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Abstract

Hybrid Methods for Optimization with High Performance and Robustness
by

Dawn M. Hustig-Schultz

Optimization has valuable applications in many areas of technology, including
smart grids, transportation systems, multiagent systems, wireless sensor and com-
munications networks, and deep learning. This dissertation focuses on developing
hybrid algorithms for accelerated gradient descent, both for convex and nonconvex
objective functions, with fast convergence, stability, and robustness.

The first two algorithms, developed using hybrid system tools, feature a uniting
control strategy, in which two standard heavy ball algorithms, one used globally
and another used locally, with properly designed gravity and friction parameters,
are employed. The proposed hybrid control strategy switches the parameters to
converge quickly to the minimizer of the nonstrongly convex objective function
without oscillations. A hybrid control algorithm implementing a switching strat-
egy that measures the objective function and its gradient, and another algorithm
that only measures its gradient, are designed. Key properties of the resulting
closed-loop systems, including existence of solutions, asymptotic stability, and
convergence rate, are analyzed.

The second two algorithms — one for strongly convex objective functions and
the other for nonstrongly convex objective functions — also employ a uniting con-
trol strategy, in which Nesterov’s accelerated gradient descent is used “globally”

Y

and the heavy ball method is used “locally,” relative to the minimizer. The pro-
posed hybrid control strategy switches between these accelerated methods to en-

sure convergence to the set of minimizers without oscillations, with a (hybrid)

Xix



convergence rate that preserves the convergence rates of the individual optimiza-
tion algorithms. We analyze key properties of the resulting closed-loop system
including existence of solutions, uniform global asymptotic stability, and conver-
gence rate.

Based on the uniting algorithms above, a uniting framework is designed, which
allows the use of any accelerated gradient method for the global and local algo-
rithms. Sufficient conditions are determined, which lead to general results on
well-posedness, existence of solutions, and uniform global asymptotic stability for
the hybrid closed-loop framework.

Then, we propose a hybrid algorithm for optimization, to ensure convergence to
a local minimimzer of a nonconvex Morse objective function L with a single, scalar
argument. Developed using hybrid system tools, and based on the heavy ball
method, the algorithm features switching strategies to detect whether the state is
near a critical point and enable escape from local maximizer, using measurements
of the gradient of L. Key properties of the resulting closed-loop system, including
existence of solutions and practical global attractivity, are revealed.

In addition, we propose a totally asynchronous multiagent algorithm, based
on the heavy ball method, that guarantees fast convergence to the minimizer of
a C?, convex objective function. The algorithm is parallelized in the sense that
the decision variable is partitioned into blocks, each of which is updated only by
a single agent. We consider two types of asynchrony: in agents’ computations
and in communication between agents. We show that, for certain parameter val-
ues, the heavy ball algorithm monotonically converges to a minimizer, even under
asynchrony. Key properties of the algorithm, including existence of solutions, con-
vergence rate, and asymptotic stability, are analyzed. Numerical results validate

the findings.
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Chapter 1

Introduction and Motivation

1.1 Overview of the Work

Accelerated gradient methods have many applications in automation, such as
controlling a single autonomous agent, multiagent systems [1], [2], wireless sensor
or communication networks [2], [3], smart grids [4], [5], [6] transportation systems
[4], [7], [8] and machine learning [2], [9] [10], to name a few examples. In the con-
text of such applications, there has been growing interest in analyzing accelerated
gradient methods from a dynamical systems perspective [11], [12]. A dynami-
cal systems perspective permits the use of well established analysis tools, such
as Lyapunov theory, to study convergence and stability properties of accelerated
algorithms [13], [14], [15], [16], [17], [18], [19].

In this dissertation, we develop algorithms for global optimization with fast
convergence, reduced oscillations, and robustness, using hybrid system tools, as
described in [20], [21], [22]. In particular, as in [20], [21], [22], a hybrid dynam-
ical system is a dynamical system which exhibits behavior characteristic of both
continuous-time and discrete-time systems. It consists of a flow map, which is a

set-valued map that governs the continuous change of state variables, a flow set,



which is a subset of the state space on which solutions can evolve continuously, a
jump map, which is another set-valued map which governs the discrete change of
state variables, and a jump set, which is a subset of the state space where jumps
can occur.

Our approach to optimization incorporates both hybridity for performance
and hybridity for nonconvexity. A class of optimization algorithms, referred to as
accelerated gradient methods, involve a “velocity” term in addition to a gradient
term, to speed up optimization. For certain parameter values of the coefficient of
the gradient term, however, these types of algorithms can elicit solutions with os-
cillatory behavior as the system gets closer to a minimum of an objective function,
L. Hybridity for performance for such algorithms can ensure fast convergence to
the global minimum, without oscillations, by enabling the system to switch be-
tween two algorithms with different coefficient values: one which is more effective
when the system is still far from the minimum, and one which is more effective
when the system is close to the minimum. We extend hybridity for performance
to a general framework for hybrid optimization, which can switch between two of
any kind of gradient method.

One potential problem which can arise in optimization, when the objective
function L has multiple isolated local minima and maxima (for example, L is a
Morse function), is the possibility that the system starts at a local maximum
&*, when the velocity term equals zero. When this occurs, the system cannot
converge to a minimum, since VL({*) = 0. Hybridity for nonconvexity, in this
case, can enable the system to detect that it is at a maximum, using hysteresis,
and then push the system state term away from this maximum while still avoiding
oscillations at the local minimum.

In the last part of this dissertation, we pivot from the hybrid system approach



to develop a totally asynchronous, block-based multiagent algorithm, based on
the discrete-time version of the heavy ball method. We show that, for certain
parameter values, the heavy ball algorithm monotonically converges to a mini-
mizer, even under asynchrony. It is established that such an algorithm has an

exponential convergence rate.

1.2 Uniting Heavy Ball Algorithms for Perfor-
mance Improvement

The heavy ball method is an accelerated gradient method that guarantees con-
vergence to the minimizer of a nonstrongly convex function L [23], and that
achieves a faster convergence rate than classical gradient descent by adding a
“velocity” term to the gradient. The dynamical system characterization for this
method is

E+ N +VLE) =0 (1.1)

where A and ~ are positive tunable parameters that represent friction and gravity,
respectively; see [14], [13]. This system resembles the dynamics of a particle
sliding on a profile defined by L, with friction. In such a setting, the parameter
A represents the ratio between the viscous friction coefficient and the mass of the
particle, and v represents the gravity constant. The performance of the heavy
ball method is highly dependent on A and 7. Specifically, when A is large, heavy
ball converges very slowly, and when A is small, heavy ball converges quickly, but

with oscillations near the minimum [14].



1.2.1 Related Work

In [14], convergence is established for the continuous-time heavy ball method,
both when L is convex and when L is a Morse function, but global asymptotic
stability is not established. For the case when L is strongly convex, and inspired
by the heavy ball algorithm, two algorithms with a resettable velocity term are
proposed in [24] and shown to guarantee exponential convergence. In [25], how-
ever, it was demonstrated that the heavy ball algorithm converges exponentially
for nonstrongly convex L when such an objective function also has the property
of quadratic growth away from its minimizer.

Global asymptotic stability of the minimizer, which is the property that all
solutions that start close to the minimizer stay close, and solutions from all initial
conditions converge to the minimizer, is demonstrated in [1], [26], when L is
nonstrongly convex and smooth. The work in [13] provides several Lyapunov
functions to establish global asymptotic stability of the minimizer and convergence
rates for the heavy ball method, both when L is strongly convex and when L is
nonstrongly convex.

Contrary to classical gradient descent, accelerated gradient methods suffer
from error accumulation. In [27], [28], and [29], it is suggested that the heavy
ball method is sensitive to perturbations, due to its acceleration component. In
[29], the effect of white noise on the discrete-time heavy-ball method is analyzed,
and robustness to such noise is attained through the use of varying step-sizes. In
[1], a perturbed continuous-time heavy ball system is analyzed and shown to be
robust, but at the expense of the system measuring the Hessian of L. In [26], a
continuous-time heavy ball with perturbations is also formulated and analyzed,

where the system employs an observer to measure these perturbations.



1.2.2 Motivation

The performance of the heavy ball method, defined by the dynamical system
n (1.1), depends highly on the choice of A and ~. In particular, for a fixed value
of 7, the choice of the “friction parameter” A significantly affects the asymptotic
behavior of the solutions to (1.1). For rather simple choices of the function L,
the literature on this method indicates that large values of A are seen to give rise
to slowly converging solutions resembling solutions yielded by steepest descent
while smaller values give rise to fast solutions with oscillations getting wilder as A
decreases [14]. The top and middle plots of Figure 1.1 demonstrates the behaviors
of solutions with large values of X\ and small values of ), respectively!. Such a
compromise between damping the oscillations and converging fast motivates the
logic-based algorithms proposed in this paper. Both algorithms select heavy ball
with small A to converge quickly to nearby the minimizer and, once solutions reach
a neighborhood of the minimizer, switch to the heavy ball method with large A
to avoid oscillations. The first such algorithm uses measurements of L and VL
and requires knowledge of L*, while the second algorithm uses measurements of
VL and does not require any knowledge of the minimizer. An example solution
to our proposed logic-based algorithm, shown in the third plot from the top in
Fig. 1.1, demonstrates the improvement obtained by using small A globally and
large A locally, under relatively mild assumptions on the objective function L.
The proposed algorithm guarantees UGAS and a (hybrid) convergence rate that
holds for all hybrid time.

1.2.3 Contributions

The main contributions of the forthcoming Chapter 4 are as follows.

!Code at github.com/HybridSystemsLab/UnitingMotivationHBF.
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Figure 1.1: Comparison of the performance of the heavy ball method, with large

and small values of A, with the proposed logic-based algorithm for L(&;) = iﬁQ.

Top: when A is large, heavy ball converges very slowly. Middle: when A is small,
heavy ball converges quickly, but with wild oscillations. Bottom: our proposed

logic-based strategy yields fast convergence, with no oscillations.



1)

A uniting algorithm for fast convergence and UGAS of the minimizer: In Sec-
tion 4.2 we propose heavy ball control algorithms for optimization of a convex
objective function L, with fast convergence and reduced oscillations. The algo-
rithms utilize a uniting control strategy, developed using hybrid system tools
(see Section 2.1), which switches between two standard heavy ball algorithms
with different gravity and friction parameters. We design a hybrid control
algorithm implementing a switching strategy that measures both L and its
gradient (see Section 4.3), and then extend it to the case where it measures
only the gradient of L (see Section 4.4). The algorithm in Section 4.3 requires
no knowledge of &*, but requires knowledge of L* := L(£*). The algorithm
in Section 4.4 requires no knowledge of L* or £*. Both algorithms require no
measurements of the Hessian of L. UGAS of the minimizer £* is guaranteed

for both algorithms; see Sections 4.3.5 and 4.4.5.

Well-posedness and existence of solutions: In Sections 4.3.3 and 4.4.4 we prove
well-posedness and in Sections 4.3.4 and 4.4.5 we prove existence of solutions for
the proposed hybrid closed-loop algorithm. Hybrid systems that are well-posed
are defined to be those hybrid systems, vaguely speaking, for which graphical
limits of graphically convergent sequences of solutions, with no perturbations
and with vanishing perturbations, respectively, are still solutions [21, Chap-
ter 6]. It is important for our algorithm to be well-posed as we want to ensure

robustness to small noise in measurements of the gradient of L.

Robustness to small perturbations: Due to the well-posedness of the proposed
hybrid uniting algorithms, we show that the established UGAS property is
robust to small perturbations in measurements of the gradient of L [21, The-
orem 7.21]. We illustrate this robustness for the second algorithm in Section

4.4.7 via numerical simulations that include small noise in measurements of



the gradient.

4) A (hybrid) convergence rate preserving the rate of the heavy ball method: The
algorithms proposed in Sections 4.3 and 4.4 have a (hybrid) convergence rate
that preserves the rates of the individual optimization algorithms for all (hy-
brid) time. Specifically, we show that our algorithms attain a (hybrid) expo-

nential convergence rate, both globally and locally.

1.3 Uniting Nesterov’s Method and the Heavy
Ball Method for Performance Improvement

Another powerful accelerated gradient method is Nesterov’s accelerated gradi-
ent descent. Nesterov’'s method is an accelerated method that guarantees conver-
gence to the set of minimizers of a convex function L [30]. Nesterov’s algorithm
achieves a faster convergence rate than classical gradient descent by adding a

velocity term to the gradient.

1.3.1 Related Work

One characterization of the dynamical system for Nesterov’s algorithm for

strongly convex L, proposed in [12], is

1

arc VL(E+ 8 =0, (12)

£+ 2dE +

where M > 0 is the Lipschitz constant for VL and where the constant ( > 0
rescales time in solutions to (1.2). The dynamical system in (1.3) resembles the
model of a mass-spring-damper, with a curvature-dependent damping term where

the total damping is a linear combination of d and 3, which are time-invariant and



defined in a later section. In [12], the convergence rate for (1.2) is characterized
as exponential when ¢ = 1 and when L is strongly convex.
Another characterization of the dynamical system for Nesterov’s method, for

nonstrongly convex L, proposed in [12], is

1 .
s VHE+ B0d) =0, (13)

£+ 2d(t)E +

where M > 0 is the Lipschitz constant of the gradient of L and where the constant
¢ > 0 rescales time in solutions to (1.3). The dynamical system in (1.3) also re-
sembles the model of a mass-spring-damper, with a curvature-dependent damping
term where the total damping is a linear combination of d(t) and 3(t), which are
defined in a later section. In [12], the convergence rate of Nesterov’s method is
characterized as ﬁ for (1.3) (for ¢t > 1), when ¢ = 1, and when the minimizer
is the origin, at which L is zero. In this dissertation, for both the strongly convex
ODE in (1.2) and the nonstrongly convex ODE in (1.3), we relax such a constant
to ¢ > 0. The work in [12] assumes that the set of interest for (1.2) and (1.3) is
the origin, at which L is zero. The stability properties of (1.2) and (1.3) are not
studied in [12].

Whereas [12] started with the ODEs in (1.2) and (1.3), and subsequently
showed that the discrete-time analog of Nesterov’s method arises from discretizing
(1.3) with a semi-implicit Euler integration scheme, one of the earliest analyses of
a dynamical system characterization for Nesterov’s method, in [15], started with
the discrete-time analog of Nesterov’s method and showed that for a vanishing
step size the trajectories of such an accelerated gradient scheme approach the

solutions of the ODE
. 3.
£+ 6+ VL) =0 (14)



for all ¢ > 0. Such an ODE does not have a local curvature dependent damping
term, as (1.2) and (1.3) do, and which [12] argues is instrumental to the intuition
behind the acceleration phenomenon. The development in [15] includes the anal-
ysis of a variation of the dynamical system in (1.4) for higher friction, and show
that their dynamical system characterizations have a convergence rate of %2 In
[16], the analysis of the dynamical system in [15] is extended to include optimiza-
tion of objective functions L with non-Euclidean geometries, using a Bregman
divergence to characterize the distance of the state £ from the minimizer. The
work in [16] combines this dynamical system with mirror descent to design an
accelerated mirror descent ODE, with a convergence rate of . In [17], a dynam-
ical system, consisting of an Euler-Lagrange equation, is derived for Nesterov’s
algorithm via a Bregman Lagrangian. In [17] an exponential rate of convergence
for such a system under ideal scaling is provided, and, for a polynomial class of
dynamical systems, a convergence rate of tip with p > 2 is shown.

In [31] and [19], two hybrid algorithms based on the ODE in (1.4) are pre-
sented: one with a state-dependent, time-invariant damping input and another
with an input that controls the magnitude of the gradient term. The algorithms
require the objective function to satisfy the Polyak-tojasiewicz inequality, which
includes a subclass of nonconvex functions in which all stationary points are global
minimizers. The authors in [32] propose two hybrid reset algorithms based on the
ODE in (1.4), HAND-1 and HAND-2, which yield an exponential convergence
rate for strongly convex L and a rate of t% for nonstrongly convex L, with the
latter rate only assured until the first reset.

While the results in [12], [15], [16], [17], [31], and [19] characterize the conver-
gence properties of Nesterov’s method (or a variation of), the stability properties

of the method are not revealed. While stability properties for such methods were

10



studied in [13], a particularly useful property for optimization algorithms, called
uniform global asymptotic stability (UGAS), requires that solutions reach a neig-
borhood of the minimizer in time that is uniform on the set of initial conditions.
After finite time, the error of such solutions becomes smaller than a given threshold
[22]. Due to such a guarantee for solutions, UGAS is typically useful for certifying
robustness to small perturbations in time-varying dynamical and hybrid systems
[21], [22]. Remarkably, the algorithms with resets in the velocity term proposed in
[24] and [33] can be shown to induce UGAS of the minimizer (with zero velocity
term) and reduced oscillations, for the particular case when L is strongly convex.
Unfortunately, as shown in [32], via a counterexample, Nesterov-like algorithms
do not necessarily assure UGAS of the minimizer when L is nonstrongly convex.
In response to this, [32] proposes the HAND-1 and HAND-2 reset algorithms, and
prove UGAS of the minimizer for both algorithms. The exponential convergence
rate of HAND-2, however, only applies to strongly convex L, and the convergence
rate of t% for HAND-1, for nonstrongly convex L, only holds up until the first

reset.

1.3.2 Motivation

The work in this dissertation is motivated by the lack of an accelerated gradient
algorithm assuring UGAS, with a convergence rate that holds for all time and
that resembles that of Nesterov’s method (at least far from the minimizer), when
the objective function is nonstrongly convex. However, attaining such a rate is
expected to lead to oscillations, which are typically seen in accelerated gradient
methods. As described in Section 1.2.2, the performance of the heavy ball method,
for instance, depends highly on the choice of A when 7 is fixed, with large values of

A resulting in slowly converging solutions resembling solutions yielded by steepest

11
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Figure 1.2: Comparison of the performance of the heavy ball method, with
large A\, Nesterov’s accelerated gradient descent, and the proposed logic-based al-
gorithm, for strongly convex L. The objective function is L(¢) = £2. Top left: the
heavy ball algorithm, with large A\, converges very slowly. Top inset: zoomed out
view of heavy ball. Middle left: Nesterov’s accelerated gradient descent converges
quickly, but with oscillations. Bottom left: our proposed logic-based algorithm
yields fast convergence, with no oscillations. Right: comparison of the value of
L(§) — L* (in log scale) versus time for each algorithm. Different tunings of the
logic-based algorithm’s parameters leads to modifications of the solution’s profile.
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Figure 1.3: Comparison of the performance of the heavy ball method, with
large A\, Nesterov’s accelerated gradient descent, and the proposed logic-based al-
gorithm, for nonstrongly convex L. The objective function is L(§) = £2. Top left:
the heavy ball algorithm, with large A\, converges very slowly. Top inset: zoomed
out view of heavy ball. Middle left: Nesterov’s accelerated gradient descent con-
verges quickly, but with oscillations. Bottom left: our proposed logic-based al-
gorithm yields fast convergence, with no oscillations. Right: comparison of the
value of L(&) — L* (in log scale) versus time for each algorithm. Different tunings
of the logic-based algorithm’s parameters leads to modifications of the solution’s
profile.
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descent [14], as in the top plot? on the left in Figure 1.2 and the top plot® on
the left in Figure 1.3, and with smaller values of A resulting in fast solutions with
oscillations [14], as shown in the middle plot on the left in Figures 1.2 and 1.3.
Nesterov’s method converges quickly but also suffers from oscillations [15]. The
oscillatory behavior of Nesterov’s method for strongly convex L in (1.2), with
¢ = 1, is shown in the middle plot on the left in Figure 1.2. The oscillatory
behavior of Nesterov’s method for nonstrongly convex L, with ( = 2, is shown in
the middle plot on the left in Figure 1.3.

Due to its implications on robustness, we are particularly interested in an algo-
rithm that assures uniform global asymptotic stability of the minimizer of L with a
rate of convergence that holds for all time, and without the undesired oscillations.
As pointed out in Section 1.3.1, these properties are not guaranteed by Nesterov’s
method. The behavior shown in the top and middle plots in Figure 1.3 motivates
the logic-based algorithm proposed in this dissertation. The proposed algorithm
exploits the main features of heavy ball and Nesterov’s method to achieve fast
convergence and UGAS of the minimizer. More precisely, without knowledge of
the location of the minimizer, it selects Nesterov’s method to converge quickly to
nearby the minimizer and, once solutions reach a neighborhood of the minimizer,
switches to the heavy ball method with large A to avoid oscillations. An example
solution to our proposed logic-based algorithm for strongly convex L, shown in
the bottom plot on the left of Figure 1.2, demonstrates the improvement obtained
by using Nesterov’s method globally and the heavy ball method locally, under
relatively mild assumptions on the strongly convex objective function L. The
proposed algorithm guarantees UGAS and a (hybrid) convergence rate that holds

for all hybrid time. An example solution to our proposed logic-based algorithm for

2Code at github.com/HybridSystemsLab/UnitingMotivationSC.
3Code at gitHub.com/HybridSystemsLab/UnitingMotivation.
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nonstrongly convex L, shown in the bottom plot on the left of Figure 1.3, demon-

strates the improvement obtained by using Nesterov’s method globally and the

heavy ball method locally, under relatively mild assumptions on the nonstrongly

convex objective function L. The proposed algorithm guarantees UGAS and a

(hybrid) convergence rate that holds for all ¢ > 0.

1.3.3 Contributions For Strongly Convex L

1)

The main contributions of Section 5.1 are as follows.

A uniting algorithm for fast convergence and UGAS of the minimizer: In Sec-
tion 5.1.2, we propose a uniting algorithm, designed using hybrid system tools
(see Section 2.1), that uses Nesterov’s algorithm globally and the heavy ball
method with large A locally to guarantee fast convergence with uniform global
asymptotic stability of the minimizer of L, without knowledge of L* := L(&*)
or £; see Section 5.1.9. The proposed algorithm uses a switching strategy
that measures the gradient of L, which is typically done via the method of
finite differences, using measurements of L. Our algorithm, however, does not

require measurements of the Hessian of L.

Well-posedness and existence of solutions: In Section 5.1.7 we prove well-
posedness and in Section 5.1.8 we prove existence of solutions for the proposed
hybrid closed-loop algorithm. Hybrid systems that are well-posed are defined
to be those hybrid systems, vaguely speaking, for which graphical limits of
graphically convergent sequences of solutions, with no perturbations and with
vanishing perturbations, respectively, are still solutions [21, Chapter 6]. It is
important for our algorithm to be well-posed as we want to ensure robustness

to small noise in measurements of the gradient of L.
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3)

Robustness to small perturbations: Due to the well-posedness of the proposed
hybrid uniting algorithm, we show that the established UGAS property is
robust to small perturbations in measurements of the gradient of L [21, The-
orem 7.21]. We illustrate this robustness in Section 5.1.10 via numerical sim-

ulations that include small noise in measurements of the gradient.

A (hybrid) convergence rate preserving the rates of Nesterov’s method and heavy
ball: The algorithm proposed in Section 5.1 has a (hybrid) convergence rate
that preserves the rates of the individual optimization algorithms for all (hy-
brid) time. Specifically, we show that our algorithm attains a (hybrid) expo-

nential convergence rate, both globally and locally, when L is strongly convex.

Extension of the results on Nesterov’s method in [12]: In the process, in Section
3.1.1, we extend the properties and convergence results for Nesterov’s method
in [12]. In particular, while the convergence rate results in [12] assume that
L(&) = 0at & = 0 for (1.2), here we prove uniform global asymptotic stability
(UGAS) of the minimizer, with an exponential convergence rate, for cost func-
tions with a minimum value that is not necessarily zero. As in [12], however,

we set ( =1 in (1.2) for simplicity of analysis.

1.3.4 Contributions For Nonstrongly Convex L

The main contributions for Section 5.2 are as follows.

1) A uniting algorithm for fast convergence and UGAS of the minimizer: In Sec-

tion 5.2 we propose a uniting algorithm that solves optimization problems of
the form mingegn L(€) with accelerated gradient methods. Designed using hy-
brid system tools (see Section 2.1), the algorithm unites Nesterov’s method in

(1.5) globally and the heavy ball method in (1.1) with large A locally to guar-

15



antee fast convergence with UGAS of the minimizer £* of a nonstrongly convex
objective function L; see Sections 5.2.2 and 5.2.8. The establishment of UGAS
solves the difficult problem of achieving such a property for Nesterov-like algo-
rithms [32], [35]. The algorithm we propose exploits measurements of VL and
requires no knowledge of L* := L(£*) or £*. In practice, such measurements
of VL are typically approximated from measurements of L. The algorithm,

however, does not require measurements of the Hessian of L.

Well-posedness and existence of solutions: In Section 5.2.6 we prove well-
posedness and in Section 5.2.7 we prove existence of solutions for the proposed
hybrid closed-loop algorithm. Hybrid systems that are well-posed are defined
to be those hybrid systems, vaguely speaking, for which graphical limits of
graphically convergent sequences of solutions, with no perturbations and with
vanishing perturbations, respectively, are still solutions [21, Chapter 6]. It is
important for our algorithm to be well-posed as we want to ensure robustness

to small noise in measurements of the gradient of L.

Robustness to small perturbations: Due to the well-posedness of the proposed
hybrid uniting algorithm, we show that the established UGAS property is
robust to small perturbations in measurements of the gradient of L [21, The-
orem 7.21]. We illustrate this robustness in Section 5.2.9 via numerical simu-

lations that include small noise in measurements of the gradient.

A (hybrid) convergence rate preserving the rates of Nesterov’s method and heavy

ball: In Section 5.2.8 we show that our uniting algorithm attains a rate of ﬁ
for the global algorithm and exp (—(1 — m)vt), where m € (0,1) and a > 0 are
such that 1 := ™ > 0 and v := ¢(¢» — A) < 0, for the local algorithm. The

latter rate holds under the mild assumption on L of quadratic growth away

16



from the minimizer. As mentioned in Section 1.3.1, Nesterov-like algorithms
do not necessarily assure UGAS of the minimizer. The HAND-1 algorithm for
nonstrongly convex L, proposed in [32], provides UGAS via a hybrid restarting
mechanism that yields a convergence rate 1%2 However, this convergence rate
holds only until the first reset. The algorithm we propose not only renders the
minimizer UGAS, but also has a (hybrid) convergence rate that preserves the
rates of the individual optimization algorithms for all (hybrid) time such that
t > 0. Moreover, the global rate of our algorithm is commensurate with that
of HAND-1. In Figure 1.4 and Section 5.2.9, our uniting algorithm is shown

via numerical simulations* to have improved performance over the HAND-1

algorithm in [32].

Extension of the results on Nesterov’s method in [12]: In the process, in Section
3.1.2, we extend the properties and convergence results for Nesterov’s method
in [12]. In particular, while the convergence rate results in [12] assume that
L) = 0at & = 0, and ¢ = 1 for (1.3), here we prove uniform global
asymptotic stability of the minimizer, with a convergence rate of ﬁ for all
t > 0, for cost functions with a minimum value that is not necessarily zero,

which holds for a generic parameter ¢ > 0. We achieve the relaxation on (

by moving it into the numerator of the coefficient of the gradient, effectively

decoupling ¢ and M. This leads to the ODE
. — . 2 — .
E+ 200+ VL (E+B()E) = 0. (1.5)

Such a modification leads to faster convergence as ( increases, and slower

convergence as ¢ — 0.

4Code at gitHub.com/HybridSystemsLab/UnitingTradeoff.
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Figure 1.4: A comparison of the evolution of L over time for Nesterov’s method
in (1.5), heavy ball, HAND-1, and our proposed uniting algorithm, for a function
L(&) := £, with a single minimizer at £&* = 0. Nesterov’s method, shown in purple,
settles to within 1% of £* in about 8.8 seconds. The heavy ball algorithm, shown
in green, settles to within 1% of £* in about 138.1 seconds. HAND-1, shown in
orange, settles to within 1% of £* in about 14.3 seconds. The hybrid closed-loop
system H, shown in blue, settles to within 1% of 2 in about 2.4 seconds. As
opposed to Figure 1.3, which uses ( = 2 for Hy, this example uses ( = 1, which
results in slower convergence of solutions to H and #H; than in Figure 1.3.
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1.4 A Uniting Framework for Performance Im-
provement

We propose a general framework for algorithms that solve optimization prob-
lems of the form

min L(§) (1.6)

EeRn

with gradient methods. The proposed framework, designed using hybrid system
tools, utilizes a more general version of the uniting strategy discussed in Sections

1.2 and 1.3.

1.4.1 Related Work

Frameworks for the analysis and design of algorithms have been proposed in
the past. In [19] the two hybrid algorithms based on the ODE in (1.4), discussed
in Section 1.3.1, are presented as a framework, involving a hybrid system model
with similar flow and jump maps for each algorithm. An exponential conver-
gence rate is established for this framework. In [18], an analysis framework is
proposed for a family of Euler-Lagrange ODEs for accelerated optimization, and
exponential rates of convergence are established within this framework. In [36]
a Hamiltonian-based framework is proposed, to generalize Nesterov’s accelerated
gradient descent and Polyak’s heavy ball method to a broad class of momentum
methods in the setting of (possibly) constrained minimization in Euclidean and
non-Euclidean normed vector spaces. Convergence of the continuous-time dynam-
ics is established, and the resulting discretized class of methods converges at a rate
of k% for the Nesterov-like algorithms and at a rate of % for the heavy ball-like
algorithms.

While the results for the frameworks in [19], [18], [36] characterize the con-
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vergence properties of accelerated gradient methods, the stability properties of
such methods are not revealed. In [37] a framework allowing for four gradient-free
accelerated optimization algorithms is proposed, for optimization problems of the
following types: unconstrained nonstrongly convex, unconstrained strongly con-
vex, strongly convex with linear equality constraints, and strongly convex with
inequality constraints. The resulting nonstrongly convex algorithm has the set of
interest semiglobally practically asymptotically stable, and the resulting strongly
convex algorithms have the set of interest semiglobally practically exponentially

stable.

1.4.2 Motivation

Sections 1.2.2 and 1.3.2 discussed the motivation for designing logic-based algo-
rithms that assure UGAS of the minimizer of L with a hybrid rate of convergence
that holds for all time, without the undesired oscillations. Figure 1.1 illustrates
the benefit of a logic-based algorithm uniting two heavy ball algorithms with prop-
erly designed A and . Figure 1.2 illustrates the benefit of a logic-based algorithm,
for strongly convex L, uniting Nesterov’s algorithm globally and the heavy ball
algorithm with large A locally. Figure 1.3 illustrates the benefit of a logic-based
algorithm, for nonstrongly convex L, uniting Nesterov’s algorithm globally and
the heavy ball algorithm with large A locally. Such a pattern suggests the poten-
tial to design a general framework for uniting local and global accelerated gradient

methods.

1.4.3 Contributions

1) A general uniting framework for gradient methods: In Section 6.2.1, we propose

a general framework, designed using hybrid system tools (see Section 2.1),
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for uniting local and global optimization algorithms, which allows either the
local or global algorithms to be any gradient method, including Nesterov’s
algorithm, the heavy ball algorithm, classic gradient descent, or the triple

momentum method [38] [39].

Sufficient conditions for UGAS: In Section 6.2.3, we determine sufficient con-
ditions leading to general results on well-posedness, existence of solutions, and

uniform global asymptotic stability for the hybrid closed-loop framework.

Robustness to small perturbations: Due to the well-posedness of the proposed
hybrid uniting framework, we can show that the uniform global asymptotic
stability that we guarantee is robust to small perturbations [21, Theorem 7.21].
Such a property is illustrated for special cases in Sections 4.4.7, 5.1.10, and
5.2.9.

Examples of applying the framework: In Section 6.3, we show show special
cases of uniting algorithms in Sections 1.2 and 1.3 satisfy the basic properties

of the uniting framework.

1.5 Hybrid Optimization for Nonconvex Prob-

lems

In the forthcoming Chapter 7, we consider the problem of finding a local min-

imizer of a scalar, continuously differentiable objective function L with a single,

scalar argument, which is not necessarily convex, and may have multiple local

minimizers. In particular, we are interested in algorithms capable of solving opti-

mization problems of the form

min L(¢), (1.7)
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with a guarantee of global attractivity of the set of minimizers. By global, we mean

7

“from any initial condition (or guess).” This is different from the typical use of
the term global in the optimization literature, which corresponds to the guarantee
that an optimization algorithm converges to the global minimizer rather than to
a local minimizer. In fact, the objective functions considered in this section may
have multiple isolated critical points, which are known to impose challenges to
optimization algorithms.

For the type of nonconvex optimization problem in which we are interested,

and approaching the problem from a control theory viewpoint, it is infeasible to

design an algorithm of the form

§ = 1§ VL(E)), (1.8)

that solves the problem with attractivity and robustness when small measurement
noise exists in measurements of the gradient. This infeasibility suggests the need
of an algorithm that is robust to measurement noise. Such an algorithm would
detect when the state £ is close to a local maximum, and then implement a
strategy that moves the state away from that maximum. Instead of algorithms
of the form & = f(€, VL(§)), we propose an algorithm conveniently modeled and
designed using hybrid system tools, based on the heavy ball method in (1.1), for

convergence to a local minimum of a nonconvex Morse objective function L.

1.5.1 Related Work

To the best of our knowledge, we propose the first algorithm based on the heavy
ball method for which the set of minimizers of a nonconvex objective function L,
with a single, scalar argument, is practically globally attractive, and for which we

observe robustness to small noise in simulation. In contrast, the previous literature
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establishes only the convergence rate for the heavy ball method. In particular,
the heavy ball method was first analyzed in a nonconvex setting in [40]. In [14],
the convergence bounds for the heavy ball method, when L is a Morse function,
are derived. In [41], almost sure convergence on nonconvex objective functions is
proved for a stochastic heavy ball algorithm, but the properties of stability and
robustness to arbitrarily small noise were not addressed.

Many inertial forward-backward (FB) optimization methods incorporate the
heavy ball method, and are commonly used to solve nonconvex optimization prob-
lems. Examples of FB algorithms, including [42], [43], and [44], have established
convergence rates of these algorithms to a local minimum, but have not demon-
strated whether these algorithm render the set of minimizers globally asymptoti-
cally stable, or whether these algorithms are robust to small noise in measurements
of the gradient.

There has been a surge of interest in utilizing hybrid systems tools for gradient-
based optimization. In [45], a hybrid gradient descent algorithm using an ad-
justable diffeomorphism is proposed, to ensure global asymptotic stability to the
minimum of a compact manifold that is a circle. This result is then extended to
manifolds with an equal number of maxima and minima, and then a model-free
version of the algorithm is proposed. In [46], a class of hybrid stochastic gradi-
ent descent algorithms is proposed, to solve nonconvex optimization problems on
smooth manifolds. Uniform global asymptotic stability in probability is estab-
lished, and then such results are extended to a partially multiagent setting. In
[31] and [19], two hybrid algorithms based on Nesterov’ s accelerated gradient de-
scent are proposed: one with a state-dependent, time-invariant damping input and
another with an input that controls the magnitude of the gradient term. The algo-

rithms require the objective function to satisfy the Polyak-tf.ojasiewicz inequality,
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which includes a subclass of nonconvex functions in which all stationary points
are global minimizers. Although an exponential convergence rate is established
in [19] for these two algorithms, the attractivity properties of such algorithms are

not explored.

1.5.2 Motivation

As mentioned in Section 1.5, it is infeasible to design an algorithm of the
form (1.8) that solves nonconvex optimization problems of the form (1.7) with

attractivity and robustness. To illustrate this point, consider the function L given

by L(g) = SESIUEEI0 for each € € R, for which each € € {0, 10, 20,30}
is a local minimizer and each ¢ € {5(3 —/5),15,5(3 ++/5)} is a local maximizer.
Classic gradient descent, which corresponds to f(&§, VL(£)) = —VL(§), does not
render the set of minimizers of this function globally attractive, since when the
state € starts at a local maximizer an the initial value of £ is zero, we have that
VL is zero and the algorithm remains stuck at such a local maximizer. Moreover,
when the state £ starts close to the local maximizer and there is small noise added
to the measurements of the gradient, then the algorithm cannot always push &
away from the maximizer, even when the noise signal is arbitrarily small. This
can be seen in the top left plot of Figure 1.5, where arbitrarily small noise in the
gradient keeps the state close to the local maximizer of L at ¢ = 15.°

Algorithms of the form (1.8) with a static, discontinuous map f, for which
the nominal system has the set of minimizers of L globally asymptotically sta-

ble, are not robust to arbitrarily small measurement noise. Such a system is not

well-posed®, due to discontinuities in the map f, at local maximizers. In fact,

°Code at github.com/HybridSystemsLab/RobustnessHeavyBall.
SFor a purely continuous-time algorithm, well-posed means that solutions depend “continu-
ously” with respect to initial conditions.
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Figure 1.5: Comparing performance of the proposed hybrid algorithm to
other optimization methods, with small noise in measurements of the gradi-
ent, when the system starts near a local maximum, at & = 15. For clas-
sic gradient descent (top left), a gradient-based optimization algorithm with
discontinuous map f (top right), and simulated annealing, via Langevin diffu-
sion (bottom left) the state £ get pushed to the local maximum at £ = 15,
and stays there. All trajectories in the bottom left plot have the noise signal
9 = (— O (VL(E) + Osign(VL(€))(10712)), where 7 > 0 is time, Bss > 0
is large, and € is a normally distributed random number. The trajectory with red
dotted line converging to the minimizer has an added constant of By = 5 x 10713,
such that ¥ + By, while the other three trajectories represented by dashed lines
have added constants By equal to 3 x 107, 10713, and 10714, respectively. The
last trajectory, represented by the solid blue line, has no constant added to the
noise signal ¥. The hybrid algorithm (bottom right), with noise of the form

(—T(l%gis(zw) (VL(E) + Qsign(VL(£))(10712)) added to the gradient of L, where
is a normally distributed random number, is still able to escape the local maxi-

mum at £ = 15 and converge to a local minimum at £ = 10.
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when the state & starts close to one of the points of discontinuity, and when small
noise is added to the measurements of the gradient, there will exist a solution that
remains nearby such a point, even when the noise is arbitrarily small. The limit of
such a solution as the noise goes to zero is a solution to the differential inclusion
€ € F(&,VL(E)), where F is the Krasovskii reqularization of & — f(&, VL(E)).
Such a solution, when the right-hand side is bounded, is also a Hermes solution
[21, Theorem 4.3], and represents an equilibrium point of € € F(&, VL(£)), from
which the state £ cannot converge to a local minimizer. Therefore, the Krasovskii
regularization does not have the set of minimizers of L globally attractive. Ac-
cording to [21], the attractivity of the original system & = f(&, VL(€)) with f
discontinuous is not robust. This behavior can be seen in the top right plot of
Figure 1.5, where arbitrarily small noise induces an equilibrium point at the max-
imizer located at & = 15, at which f(§, VL()) is discontinuous.

Simulated annealing [47], via Langevin diffusion, is a popular alternative used
to find the global minimizer of a nonconvex function. Langevin diffusion, which
corresponds to &€ = —VL(€) + B(t)9¥(t) combines classic gradient descent with a
noise signal 19, such as Brownian motion, for which the magnitude is controlled by
the “temperature” function B. Although such a noise signal is used to help the
state find the global minimum, it can also be detrimental to performance. It can
be shown that when the state £ starts close to a local maximizer the algorithm
cannot always push £ away from the maximizer, due to this noise signal, no matter
how large the initial annealing temperature is. This is even the case when the
noise is arbitrarily small. This behavior is shown by the solid line in the bottom
left plot of Figure 1.5, where noise keeps the state ¢ close to the local maximizer at
¢ = 15. The dashed lines show the effect of adding a small constant to the noise,

which causes the state £ to drift away from the local maximum, and eventually
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converge to a local minimum. Essentially, as the size of such a small constant
decreases, the more likely simulated annealing is to be stuck at a local maximizer.

The issues depicted in the top left, top right, and bottom left of Figure 1.5
show that nonconvex optimization problems cannot be efficiently solved with ex-
isting line search algorithms or stochastic algorithms. On the contrary, Figure
1.5 demonstrates the need of an algorithm, modeled and designed using hybrid
system tools, that in simulation demonstrates robustness to measurement noise.
Its performance is shown in the bottom right of Figure 1.5, starting at £ ~ 15
with zero velocity, and converging despite the presence of noise in measurements

of the gradient, as is present for the other algorithms in Figure 1.5.

1.5.3 Contributions

The main contributions of the forthcoming Chapter 7 are as follows.

1) A hybrid algorithm for nonconver optimization: In Section 7.2, we develop
an optimization algorithm, based on the heavy ball method, for convergence
to a local minimum of a nonconvex Morse objective function L with a single,
scalar argument. We emphasize that our proposed algorithm is not designed
to find all the local minimizers, but rather to converge to an element in the set
of local minimizers. The algorithm employs a switching strategy, developed
using hybrid system tools (see Section 2.1), to detect whether the state £ is
near a critical point and ensure escape from a local maximizer, depicted in
Figure 1.5. Such a switching strategy employs measurements of the gradient
of L — which in practice are typically approximated from measurements of L
— and hysteresis to determine whether the state £ needs to be pushed away
from a nearby critical point, or whether the state ¢ is far enough away from

a critical point to resume use of the heavy ball method. The algorithm does
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not need to distinguish between local maximizers and local minimizers, and

therefore does not need information about the Hessian.

Well-posedness and existence of solutions: In Section 7.4 we prove well-posedness
and existence of solutions for the proposed hybrid closed-loop algorithm. Hy-
brid systems that are well-posed are defined to be those hybrid systems, vaguely
speaking, for which graphical limits of graphically convergent sequences of so-
lutions, with no perturbations and with vanishing perturbations, respectively,
are still solutions [21, Chapter 6]. It is important for our algorithm to be well-
posed as we want to ensure robustness to small noise in measurements of the

gradient of L.

Practical global attractivity of the set of minimizers of L: In Section 7.4, we
establish practical global attractivity of the set of minimizers of L for the

closed-loop system.

Robustness to small perturbations: Due to the well-posedness of the proposed
hybrid uniting algorithm, we show that the established practical global at-
tractivity property is robust to small perturbations in measurements of the
gradient of L [21, Theorem 7.21]. We illustrate this robustness in Figure 1.5
via numerical simulations that include small noise in measurements of the gra-

dient.
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1.6 A Totally Asynchronous, Block-Based Heavy
Ball Algorithm for Convex Optimization

We are interested in asynchronously solving problems of the form

minimize f(&) (1.9)

subject to £ € X

using the discrete-time version of the heavy ball method. Given f : R™ — R and

X C R", the constrained heavy ball algorithm is defined as follows:

§(k+1) = Hx [€(k) =7V [(E(R) + A(E(k) — &(k —1))] (1.10)

for each k € {1,2,3,...} C Nsq, where (k) € R" is the state of the algorithm
at discrete time k, IIx[v] = argmin, .y |w — v]| is the orthogonal projection of a
vector v onto the convex set X with respect to the Euclidean norm, and A > 0 and
~v > 0 are tunable parameters representing friction and gravity, respectively; see
[23]. We interpret (1.10) as a control system consisting of a plant and a control
algorithm. Let 2y := £(k), 22 := {(k — 1), and z := (21, 22). Then, the plant

associated with (1.10) is given by

2 u
Z;r 21

with output y = z. The control algorithm leading to (1.10) is given by

=:Gp(z,u) (z,u) e X x X xR"=: Dp (1.11)

u=rk(z):=1lx[z1 =YV [f(z1) + AMz1 — 22)] . (1.12)
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1.6.1 Related Work

In [9], it is shown that the unconstrained heavy ball method converges exponen-
tially when f is strongly convex and converges with rate % when f is nonstrongly
convex. A convergence rate of m for the constrained heavy ball method is
shown in [48] for convex, Lipschitz continuous functions, with some additional
assumptions on the parameters A and ~y. In [49], it is shown that the constrained
heavy ball method converges exponentially for nonsmooth, strongly convex func-
tions.

Since we are interested in asynchronously solving large-scale convex problems
— such as problems found in machine learning or consisting of coordinating large
numbers of autonomous agents — one challenge involves reducing potential dis-
agreements between agents, resulting from generating and communicating differ-
ent information at different times [50]. One approach to reducing disagreements,
dating back several decades, consists of repeated averaging of the agents’ iterates
[51]. Examples of multiagent algorithms with an averaging-based approach and
utilizing accelerated gradient methods — such as the heavy ball method and Nes-
terov’s accelerated gradient descent (see [30], [52]), can be found in [53], [54], [55],
[56], [57], [58]. A synchronous, unconstrained multiagent algorithm based on the
heavy ball method is proposed in [53], for strongly convex f with a Lipschitz con-
tinuous gradient and an undirected, connected graph. A convergence rate of o
is established for the algorithm. In [54], Nesterov’s method and the heavy ball
method are combined in a double accelerated, unconstrained, asynchronous algo-
rithm for strongly convex f with a Lipschitz continuous gradient and a directed
graph. Convergence for such an algorithm is exponential, under the condition
that the largest step size and momentum parameters are positive and less than

an explicitly stated upper bound. A constrained, synchronous, Nesterov-like sub-
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gradient algorithm for convex f is proposed in [55], with a convergence rate of
%, where k is the number of communication rounds, and there are multiple com-
munication steps per iteration. In [56], a hybrid, unconstrained, asynchronous,
algorithm motivated by Nesterov’s method and with a distributed reset mecha-
nism is proposed for strongly convex f. The algorithm features a complete dual
approach with Laplacian dependent restarting. Uniform global asymptotic stabil-
ity of the minimizer is established, and the hybrid convergence rate is exponential
when V f is Lipschitz continuous and % otherwise.

The drawback to averaging-based methods, such as the the methods described
above, is that such methods require bounded delays, due to the requirement
of connectedness of the agents’ communication graph over intervals of specified
length [59, Chapter 7]. In some applications, such delay bounds cannot be reli-
ably checked. Moreover, averaging-based methods can be prohibitive in large-scale
problems. Due to such drawbacks, in this paper we design a totally asynchronous,
parallelized algorithm, based on the heavy ball method, for solving large con-
strained convex optimization problems. The term “totally asynchronous” was
first used by Bertsekas [59] and includes both computations and communications
being performed asynchronously and without need for a uniform upper bound on
the length of communication delays. The term “parallelized” means that the de-
cision vector is partitioned into blocks, each of which is updated only by a single
agent. Block-based algorithms date back several decades [60], [51], and have been
shown to tolerate arbitrarily long delays in some unconstrained problems [60],
[61], [62]. For constrained problems, block-based methods have been utilized for
primal-dual algorithms with centralized updates [63], [64], for synchronous primal
updates [65], and for convex problems solved by totally asynchronous primal-dual

algorithms based on classic gradient descent [50].

31



1.6.2 Motivation
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Figure 1.6: A comparison of the performance of our proposed double heavy ball
algorithm with the asynchronous primal-dual algorithm for constrained gradient
descent, with the dual variables fixed at zero. Convergence is twice as fast for
double heavy ball (6 iterations) as it is for the gradient descent-based algorithm
(12 iterations).

Our work is motivated by the lack of a totally asynchronous, block-based algo-
rithm based on the heavy ball method. We wish to achieve fast performance with
such an algorithm, without oscillations. An essential property that any update law
must have, for totally asynchronous convergence, is to be contractive with respect
to a block-maximum norm [59]. Since the heavy ball typically converges quickly
but exhibits oscillations as A > 0 gets smaller, as discussed in Sections 1.2.2 and
1.3.2, we design an update law consisting of computing (1.12) twice, which in

the forthcoming Chapter 8 is contractive. Figure 1.6 compares the performance
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of such an algorithm?, in comparison to totally asynchronous, block-based algo-

rithm based on classic gradient descent, namely, the asynchronous primal-dual

algorithm in [50, Theorem 2], with the dual variables fixed to zero. As can be

seen in Figure 1.6, our proposed algorithm is twice as fast.

1.6.3 Contributions

The main contributions of the forthcoming Chapter 8 are as follows.

A totally asynchronous heavy ball algorithm: In Section 8.4.1, we propose a
totally asynchronous, block-based optimization algorithm, utilizing two con-
strained heavy ball computations per agent update. The proposed algorithm

guarantees fast convergence to the unique minimizer of f, without knowledge

of f*:= f(€) or €.

Existence of solutions and forward invariance of the constraint set: In Section
8.4.2, we prove existence of solutions and forward invariance of the constraint
set. It is important for the constraint set to be forward invariant, as such
a property ensures that convergence guarantees hold even when the initial

conditions are outside of the constraint set.

An exponential convergence rate: In Section 8.4.3, we show that our algorithm
has an exponential convergence rate under the assumption that f is C?, convex,
and the Hessian of f is diagonally dominant. Although such an exponential
convergence rate is theoretically no better than the primal convergence rate,
with a fixed dual variable, in [50, Theorem 2] for the asynchronous primal-dual

algorithm® in [50], we demonstrate in simulation that our algorithm is twice

"Code at github.com/HybridSystemsLab/MultiagentHBF.
8Such a comparison is fair, as the dual variables in [50] can be fixed to zero, leading to a

primal-only convergence rate and algorithm.
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as fast; see Section 8.5.

1.7 Organization

The contents of this dissertation are organized into the following chapters.

Chapter 2: Preliminaries In this chapter, we present the hybrid framework
and its basic properties. Additionally, we include definitions of properties of ob-
jective functions for optimization. We also present Morse theory, as well as some
of its basic properties. We also include preliminary information on nonsmooth
Lyapunov functions and Clarke’s generalized derivative for hybrid systems, the
Mean Value Theorem, and properties of sets. Finally, we present information on
difference inclusions and their basic properties.

Chapter 3: Accelerated Gradient Algorithms Modeled as Dynamical
Systems In this chapter, we interpret the ODEs in (1.1), (1.2), and (1.5) as control
systems consisting of a plant and a control algorithm, and then we analyze key
properties of the ODEs in (1.1), (1.2), and (1.5). In Section 3.1.1, we establish
UGAS of the minimizer for (1.2) and an exponential convergence rate. In Section
3.1.2, we establish UGAS of the minimizer and a convergence rate of ﬁ for
(1.5). In Section 3.2.2, we establish UGAS of the minimizer for nonstrongly convex
objective functions L for (1.1), and we establish exponential convergence rates for
both strongly and nonstrongly convex L for (1.1) in Sections 3.2.1 and 3.2.2,
respectively. In Section 3.2.4, we also establish almost global asymptotic stability
of a local minimizer for nonconvex Morse functions L, for (1.1).

Chapter 4: Uniting Heavy Ball Algorithms In this chapter, we propose
two logic-based algorithms uniting two heavy ball algorithms with properly de-

signed parameters A > 0 and v > 0. The first such algorithm, in Section 4.3,

utilizes measurements of L and VL, and the second algorithm, in Section 4.4,
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uses measurements of VL. Key properties of both algorithms, including UGAS
of the minimizer and an exponential (hybrid) convergence rate, are analyzed.

Chapter 5: Uniting Nesterov’s Method and the Heavy Ball Method
In this chapter, we propose two logic-based algorithms uniting Nesterov’s method
globally and the heavy ball method locally, with large A > 0 . The first such
algorithm, in Section 5.1, allows for L to be strongly convex and restricts ( = 1,
and the second such algorithm, in Section 5.2, relaxes these conditions such that L
is nonstrongly convex and ¢ > 0. Key properties — such as UGAS of the minimizer
and a hybrid exponential convergence rate when L is strongly convex, and UGAS
of the minimizer with a hybrid convergence rate consisting of ﬁ globally and
exponential locally when L is nonstrongly convex — are established.

Chapter 6: Uniting Framework for Accelerated Optimization In this
chapter, we propose a hybrid framework for uniting any type of accelerated gra-
dient method. We determine sufficient conditions leading to general results on
well-posedness, existence of solutions, and uniform global asymptotic stability for
the hybrid closed-loop framework. We show that the algorithms in Chapters 4 and
5 hold for this framework, and discuss the potential for other gradient methods
to be used within the proposed framework.

Chapter 7: Hybrid Accelerated Optimization for Nonconvexity In
this chapter, we propose a hybrid algorithm for nonconvex Morse objective func-
tions L. The algorithm is based on the heavy ball algorithm in (1.1). Key prop-
erties, such as practical global attractivity of the set of minimizers, are analyzed.

Chapter 8: Accelerated Multiagent Optimization In this chapter, Sec-
tion 8.2 introduces a completely synchronous algorithm which employs one con-

strained heavy ball update per agent update, and presents the nominal properties

of the algorithm. Section 8.3 introduces a completely synchronous algorithm which
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employs two constrained heavy ball updates per agent update, and presents nomi-
nal properties of the algorithm. Section 8.4 introduces the asynchronous algorithm
which employs two constrained heavy ball computations per agent update, and
we establish the algorithm’s nominal properties.

Chapter 9: Conclusion In this chapter, we summarize the results in this

dissertation and discuss potential future directions.
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Chapter 2

Preliminaries

2.1 Hybrid Systems

In this dissertation, we use the hybrid systems framework to design many
of our proposed algorithms since such a framework allows for the combination
of continuous-time behavior with discrete-time. A hybrid system H has data

(C,F,D,G) and is defined as [21, Definition 2.2]

b T €F(x) ze€C (2.1)

rteG(x) ze€D
where x € R™ is the system state, F' : R® = R" is the flow map, C' C R" is
the flow set, G : R = R” is the jump map, and D C R" is the jump set.
The notation = indicates that F' and G are set-valued maps. A solution z to
H is parameterized by (¢,7) € Rso x N, where ¢ is the amount of time that
has passed and j is the number of jumps that have occurred. The domain of
x, namely, domz C R>¢ x N, is a hybrid time domain, which is a set such that

for each (T,.J) € domz, domz N ([0,T] x {0,1,...,J}) = U_y([t;, t;+1],j) for a
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finite sequence of times 0 = t) < t; <ty < ... < t;i1. A hybrid arc z is a
function on a hybrid time domain that, for each j € N, t — x(t,j) is locally
absolutely continuous on the interval I/ := {t: (¢,j) € domz}. A solution z to
H is called maximal if it cannot be extended further. The set Sy contains all
maximal solutions to H. A solution is called complete if its domain is unbounded.

The following definitions, from [21] and [22], will be used in the analysis of the

hybrid closed-loop system, obtained with the proposed hybrid control algorithms.

Definition 2.1.1 (Hybrid basic conditions). A hybrid system H is said to satisfy
the hybrid basic conditions if its data (C, F, D, Q) is such that

(A1) C and D are closed subsets of R™;

(A2) F : R" = R" is outer semicontinuous and locally bounded relative to C,

C Cdom F, and F(x) is convez for every x € C;

(A3) G : R™ = R" is outer semicontinuous and locally bounded relative to D, and
D C dom G.

The notions of stability, uniform global stability, pre-attractivity, uniform
global pre-attractivity, and uniform global pre-asymptotic stability (UGpAS) are

listed in the following definition, from [22] and [21].

Definition 2.1.2 (Stability and attractivity notions). Given a hybrid

closed-loop system H as in (2.1), a nonempty set A C R™ is said to be

o Stable for H if for each € > 0 there exists 6 > 0 such that each solution x

to H with |x(0,0)| 4 < 0 satisfies |x(t, )| 4 < € for all (t,j) € domz;

o Uniformly globally stable for H if there exists a class-Ko function o such

that any solution x to H satisfies |x(t, )|, < a(|2(0,0)|,) for all (t,5) €

dom z;
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o Pre-attractive for H if there exists p > 0 such that every solution x to H
with |x(0,0)] , < p is such that (t,5) — |x(t,j)| 4 is bounded and if x is

complete then lim lz(t,j)]| 4 = 0;

(t,j)edomz, t+j—o0

o Uniformly globally pre-attractive for H if for each € > 0 and 6 > 0 there

exists T > 0 such that, for any solution x to H with |x(0,0)| , <6, (t,7) €

domz and t + j < T imply |x(t,75)| 4 < €;

o Uniformly globally pre-asymptotically stable (UGpAS) for H if it is both

uniformly globally stable and uniformly globally pre-attractive.

In the notions involving convergence in Definition 2.1.2, when every maximal
solution is complete, then the prefix “pre” is dropped to obtain attractivity, uni-
form global attractivity (UGA), and uniform global asymptotic stability (UGAS).
The prefix “pre” is in the notions involving convergence in Definition 2.1.2 to al-
low for maximal solutions that are not complete. When every maximal solution
is complete, such a property guarantees that nontrivial solutions exist from each
initial point in C' U D to the hybrid system resulting from using our proposed
uniting algorithms.

As was mentioned in Section 1.3.1, establishing UGAS for Nesterov’s algorithm
is a difficult problem to solve, due to its time-varying nature, as some solutions
converge in a non-uniform way. We show in Section 5.1.9 5.2.8 that our proposed

uniting algorithm overcomes such a difficulty.

2.2 Optimization

Some of the algorithms proposed in this dissertation allow the cost function L

to be strongly convex, as defined in [66].
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Definition 2.2.1 (Strongly convex functions). A C? function L : R — R is

strongly convex if the following hold: there exists pn > 0, such that for all u,w; €

RTL

(SC1) V2L(wy) > pl;
(SC2) L(uy) > L(wy) + (VL(21),u1 —wy) + 5 [ug — wy]?.

Other algorithms proposed in this dissertation allow the cost function L to be

convex (also referred to by some as “nonstrong convexity”), as defined in [66].

Definition 2.2.2 (Convex functions). A C! function L:R™ — R is (nonstrongly)
convex if L(uy) > L(wy) + (VL(z1),uy —wy) for all uy,w; € R™.

Additionally, some of the results in this dissertation employ the property of
quadratic growth, which is a weaker condition than strong convexity [67], [19],

[68], [69], [70].

Definition 2.2.3 (Quadratic growth). A function L : R" — R has quadratic
growth away from its minimizer zi if there exists o > 0 such that L(z) — L* >

alz — 2 for all z € R*, where L* := L(z}).

The following condition, from [68], will be used in some of the results in this

dissertation.

Definition 2.2.4. A function L : R" — R satisfies the Polyak-fojasiewicz condi-

tion if there exists 0 > 0 such that, for all z; € R",
VLGP = 20 L(z) - L. 2:2)

Definition 2.2.4 means that the gradient grows faster than a quadratic function

as we move away from the minimizer of L. Note that this inequality implies
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that every stationary point is a global minimum [68]. The Polyak-Lojasiewicz

inequality is a weaker condition than strong convexity [68] [71].

2.3 Morse Theory

In Chapter 7, we will restrict the objective function L to the class of Morse

functions [72].

Definition 2.3.1 (Morse function). The function L : R™ — R is a Morse function

if none of its critical points is degenerate.

For functions L : R™ — R, a critical point is degenerate if its Hessian is
singular. The following lemma, from [72, Theorem 1.3.1], describes the behavior

near a critical point of a Morse function.

Lemma 2.3.2. (The Morse Lemma) Let the function L : R™ — R be defined on
a compact manifold and let 27 be a nondegenerate critical point of L. There exists
an open neighborhood U of z{ and a diffeomorphism ¢ : (U, z7) — (R™,0) such
that

Logp Nay,...x) = L(zY) = > a7+ Y . (2.3)
j=1

j=it+1
The Morse Lemma shows how a real-valued function L : R™ — R behaves on a
manifold near a nondegenerate critical point, facilitating classification of an area
around that critical point according to the index of L. For instance, the indices of
minima, saddle points, and maxima are 0, 1, and 2, respectively. An immediate

corollary of the Morse Lemma [72, Corollary 1.3.2] is as follows.

Corollary 2.3.3. The nondegenerate critical points of a Morse function are iso-

lated.
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The critical points of a Morse function are isolated, which means that crit-
ical points are single points, i.e., a Morse function cannot have a continuum of
critical points. Note that although Definition 2.3.1 and Lemma 2.3.2 refer more
generally to manifolds, we will restrict our analysis to Morse functions on the
one-dimensional manifold R, namely, we consider Morse functions with a single,
scalar argument. For C? functions with a single argument in R, a saddle point
is a stationary point that is also an inflection point. For such inflection points,
the determinant of the Hessian is always singular [73, Theorem 4.8|, and therefore
degenerate. Therefore, saddle points never occur in C? for Morse functions on the
one-dimensional manifold R. See Section 9.2 for more details on possible exten-
sions to higher dimensions, where saddle points can occur, i.e., for L : R® — R

where n > 1.

2.4 Nonsmooth Lyapunov Functions

For the analysis of the ODE in (1.1) for nonconvex objective functions L in
Chapter 3, and for the analysis of the proposed hybrid algorithm for nonconvex
morse functions in Chapter 7, we will use Clarke’s generalized directional deriva-
tive.

Given a hybrid system H with data (C,F,D,G), let V : domV — R be
piecewise continuous on dom V' and locally Lipschitz on an open neighborhood
of (C'NU). Following [74], the generalized gradient in the sense of Clarke of V'
at a point z € (C NU), denoted by 0V (z), is a closed, convex, and nonempty
set equal to the convex hull of all limits of the sequence VV'(z;), where z; is any
sequence converging to z that avoids any set with zero Lebesgue measure that
contains points at which V' is nondifferentiable — since V' is locally Lipschitz, then

VV exists almost everywhere. Then, Clarke’s generalized directional derivative
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of V at a point z in the direction of y is given by

Vo(z,x) = max (¢, x) - (2.4)

Then, for any solution t — z(t) to Z € F(z),

TV () < V°(=(1), 2(1) (25

for almost all ¢ in the domain of the definition of the function z, where the deriva-
tive £V (z(t)) is understood in the standard sense since V' is locally Lipschitz. The
reader is referred to [74] for more details on the generalized gradient and Clarke’s
generalized directional derivative.

Following [75], a bound on the increase of the function V' along solutions to

the hybrid system H is obtained by defining the function u¢ : dom V' — [—o0, 00)

as
max max (C,x) z€CNU
uc(z) 1= { XEFE) V() (2.6)
—00 otherwise

Then, for each solution ¢ to H and each ¢ at which £V (4(t, j)) exists, the following
bound holds:

TV (6(t.9)) < uel6(t, ). 2.1)

Similarly, to obtain a bound on the change in V' at jumps, the following quantity

is defined:
max V(x)—V(z) zeDNU
up(z) := { X€GE) (2.8)
—00 otherwise

Then, for any solution ¢ to H and for any (¢;41,7), (tj+1,7+1) € dom ¢, it follows
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that

V(¢(tj1,7 +1)) = V(0(tin1, 7)) < up(@(tjsn; ). (2.9)

Note that when F is a single-valued map, uc(z) = V°(z, F(z)) for each z € CNU.
When G is a single-valued map, up(z) = V(G(z)) — V(z) for each z € DNU.

2.5 Mean Value Theorem

For the analysis of the proposed multiagent heavy ball algorithm in Chapter
8, we use the following version of the Mean Value Theorem (MVT), from [59,
Proposition A.30].

Proposition 2.5.1. (Mean value theorem): If L : R™ — R is continuously dif-

ferentiable, then for every x,y € R™, there exists some ¢ € [0, 1] such that

L(y) — L(z) = VL (cx + (1 —c)y)" (y — ). (2.10)

2.6 Properties of Sets

In this section, we give some basic definitions and properties that we use to
characterize sets, in the analysis of the proposed multiagent heavy ball algorithm

in Chapter 8.
Definition 2.6.1 (Inner and outer limit). For a sequence of sets {T;}2, in R"

o The inner limit of the sequence {T;}2,, denoted liminf; ., T;, is the set of
all x € R™ for which there exist points x; € T;, i € N, such that lim;_,. x; =

x.
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e The outer limit of the sequence {T;}2,, denoted limsup, . T; is the set
of all x € R™ for which there exists a subsequence {T;, }3>, of {1i}2, and

points x € T;, , k € N, such that limy_,o 73, = .

The limit of the sequence exists if the outer and inner limit sets are equal,
namely,

lim 7T; = lim inf 7; = lim sup 7;.

1—00 1—>00 1—00

The inner and outer limit of a sequence always exist and are closed, although the
limit itself might not exist.

The following definition of convergence of a sequence of sets comes from [76].

Definition 2.6.2 (Convergence of a sequence of sets). When the limit of the
sequence {T;}2, in R™ exists in the sense of Definition 2.6.1 and is equal to T,

the sequence of sets is said to converge to the set T.

2.7 Difference Inclusions

In Chapter 8, we consider discrete-time systems with data (D, G) and defined
as

:FeG(z) z€D (2.11)

where z € R™ is the system state, G : R™ == R™ is the right-hand side, and
D C R™ is the constraint set. The notation = indicates that G is a set-valued
map.

The following definitions, from [22] [21], will be used in the analysis of the

closed-loop system, obtained with the proposed control algorithm.

Definition 2.7.1 (Basic conditions). System (2.11) is said to satisfy the basic

conditions if its data (D, G) is such that
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(A1) D is a closed subset of R™;

(A2) G : R™ = R™ is outer semicontinuous and locally bounded relative to D,
and D C dom G.

The following definition of forward invariance, from [22; Definition 3.13], will

be used in the forthcoming result on asymptotic stability in Chapter 8.

Definition 2.7.2 (Forward invariance). Given a system with data (D, G), defined
in (2.11), a nonempty set Z C R™ is said to be forward invariant for (D,G) if
each mazimal solution z to (D, Q) starting from z, € Z is complete and satisfies

2(k) € Z for all k € dom 2.
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Chapter 3

Accelerated Gradient Algorithms

Modeled as Dynamical Systems

3.1 Nesterov’s Accelerated Gradient Descent
Modeled as a Dynamical System

We interpret the ODEs in (1.1), (1.2), and (1.5) as control systems consisting
of a plant and a control algorithm [34] [22]. Defining z; as & and z as &, the plant

associated with such ODEs is given by the double integrator

= Fp(z,u) (z,u) € R* x R" (3.1)

with an output given by a function of the state, as defined below. With this
model, the optimization algorithms that we consider assign u to a function of the
state that involves the cost function, and such a function of the state may be time
dependent. The control algorithm u, leading to each of the ODEs, will be defined

in the subsequent sections.
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3.1.1 Strongly Convex L

For the analysis in this section, we impose the following Assumption on L.

Assumption 3.1.1. The function L is C* and strongly convexz.

Remark 3.1.2. Assumption 3.1.1, which is a common assumption used in the
analysis of optimization algorithms [66] [52], ensures that the objective function is
continuously differentiable, which is necessary for well-posedness of the proposed
uniting algorithms. Additionally, the strongly convex property in Assumption 3.1.1
restricts the objective function to having a unique minimizer, and rules out the
possibility of the objective function having a continuum of minimizers or multiple

isolated minimaizers.

The control algorithm leading to (1.2) is
1
u=k(h(z)) = —2dzy — MVL(zl + B2z2) (3.2)

where M > 0 is the Lipschitz constant for VL and d and 3 are defined as

1 (vE-1)
di=——— >0, B:i=-— L >0 3.3
(VA +1) g (VA +1) (3:3)
where
M

is the condition number associated with L; see [66] [52]. We define h as

hz) = = . (3.5)
VL(z1+ B2)
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Using the plant in (3.1), we denote the closed-loop system resulting from r in

(3.2) as

s=| 7 2 e R, (3.6)
k(h(2))

For some of the results to follow, we impose the following assumption on VL.

Assumption 3.1.3 (Lipschitz Continuity of VL). The function VL is Lipschitz

continuous with constant M > 0, namely, for all wi,u; € R",

Remark 3.1.4. Assumption 3.1.3 is commonly used in nonlinear analysis to en-
sure that the differential equations of the individual optimization algorithms, for
example, the ODE in (1.2), does not have solutions that escape in finite time,
which is used to guarantee existence and completeness of mazximal solutions to

(3.6) [77, Theorem 3.2].

Each maximal solution to (3.6) is complete and bounded, when L satisfies

Assumptions 3.1.1 and 3.1.3, as shown in the following lemma.

Proposition 3.1.5. (Ezistence of solutions to (3.6)) Let L satisfy Assumptions
3.1.1 and 3.1.3. Let the functions d and ( be defined as in (3.3). Let r be defined
via (3.2). Then, each mazimal solutiont — z(t) to the closed-loop algorithm (3.6),

is bounded, complete, and unique.

Proof. Since d and 3, defined via (3.3), are constants, and since by Assumption
3.1.1 Lis C?, then hin (3.5) and & in (3.2) are also continuous. Furthermore, since
by Assumption 3.1.3 VL is Lipschitz continuous, then & in (3.5) and « in (3.2) are

also Lipschitz continuous which, in turn, means the map z — Fp(z,x(h(2))) is
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Lipschitz continuous. Consequently, since the map z — Fp(z, k(h(z))) is Lipschitz
continuous, then by [77, Theorem 3.2], 2 = Fp(z,x(h(z))) has no finite escape
time! from R?" and each maximal solution is complete and unique.

To show that each maximal solution is bounded, we first define the Lyapunov

function

Vile) = 5 la(a = 2) + 2 + 2 (Do) - 1) (39

where the constant a > 0 is defined as

I3 1 1
=d = — — > 0. 3.9
“ + 2K Ke @ 2K (3.9)

Then, we will show that solutions to z = Fp(z,k(h(z))) starting from any cy-

sublevel set

We={zeR™ : Vi(z) <cv | (3.10)

with ¢y > 0, remain in such a set for all time, and then we will show that V; is
radially unbounded.
To that end, note that V] is positive definite with respect to {2} x {0} since,

by Assumption 3.1.1, L is C? and strongly convex. Then, letting
v1(2) == 21 + Bz (3.11)

and since VV;(z) = [a (a(z1 —27) + 20) + 5 VL(z1) (a(z1 —25) + 22)}, we eval-
uate the derivative of V;, using the map z — Fp(z, k(h(2))), where Fp is defined

in (3.1), k is defined in (3.2), and h is defined in (3.5), to yield

Vi(2) = (VVi(2), Fp(z, k(h(2))))

L Finite escape time describes when there exists a solution ¢ + z(¢) to a continuous-time
nonlinear system that satisfies 1i/m |z(t)] = oo for some finite time t.
t At
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Z2

:<vm@»

;

—2d22 — ﬁVL(Zl + 622)

= a* (21— 2}, 20) + aln + z\14 (22, VL(21)) — 2d | 22]* — 2da (z1 — 2], 29)
- = AL VL) - 57 e VAW ()

= — (a1 — 5, VL(i(2))) + @ (a = 2d) (o1 — 21, 22)
+(a—20) [ ~ 3 {22, VL (0(2) - VL(=2)) (3.12)

for all z € R?".

Since L is C?, strongly convex by Assumption 3.1.1, and VL is Lipschitz con-
tinuous with constant M > 0 by Assumption 3.1.3, then using k. in (3.4) and the
definition of strong convexity in item (SC2) of Definition 2.2.1 with u; = 2 and

wy = v1(2), where vy is defined via (3.11), we get

M

—(i(2) = 21, VL(01(2)) = =(L(vi(2)) = L) = 5 —[va(2) = A7 (313)

C

for each z € R*". Using & in (3.4) and the definition of strong convexity in item
(SC2) of Definition 2.2.1 with u; = v1(z), where v, is defined via (3.11), and
wy = 27 yields

M
2K,

L(v1(z)) > L(z1) + (VL(z), Bza) + 2 \22]2 (3.14)

for each z € R*". Combining (3.13) and (3.14) yields

—(01(2) = 21, VL(01(2))) < = (L(z1) = L") = (VL(21), Bz2)
M

— 5, () = 211 + 5% |2l")
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Then, rearranging terms gives, for all z € R*?,

(a1 = 2, VL)) S = (K1) — 1) = o

(lon(2) = 21[* + 8|2

C

— <622, VL(’Ul (Z)) — VL(21>> . (315)
In addition, note that

01(2) = 2512 = |21 |® = 2 (21, 21) + |22 + 28 (21 — 21, 20) + B | 20|

— \zl—zﬂz—{—Qﬁ (z1 —zf,z2>+52]z2]2 (3.16)

Substituting the expression for |v;(z) — z*|> in (3.16) into the bound in (3.15),

then subsequently substituting the bound in (3.15) into (3.12) yields

2
. a a a a
) < = o2 (o) = L) = ol = 5 = 2 (o1 = 21, 2) = L [
+a(a—2d) (z — 25, 2) + (a — 2d) | 2]
1
~ (1 — Ba)(z9, VL (v1(2)) — VL(z1)) . (3.17)
for each z € R?". Then, noticing that ¢ |a(z; — 2}) + 2|* = “2—3 |z — 25 +

a’{z — 2}, z) + %\22]2, adding it to and subtracting it from (3.17), and rear-

ranging terms, yields

af

2
a
=2 = B oty = 9P
C C C
3

a
+a(a—2d)(z — 2],2) + (a — 2d) |22|2+§ EEE

a 2
|22

V() < - ali() -

b (o1 2,2+ 5 ol = o2 (1= ) (2, VL (1(2) = VL(=0)

a 1 . 3a a3?
§—a\/1(z)+2< 2—/{) |21—z1|2—|— <2—2d— . ) |z2|2
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+a (2@—2d— /f) (21 — 27, 22)
1
= 57 (1= Ba) (22, VL(11) = VL(z1)).. (3.18)

for each z € R*™. Due to the definition of a in (3.9), the cross term (z; — 27, z5)
vanishes since (2 (d + 2%0) —2d — %) = <2d + % —2d — %) =0.

By Assumption 3.1.1, L is C? and strongly convex with constant ;1 > 0. An
equivalent characterization of the strong convexity of L, from [52, Theorem 2.1.9],
for all wy,u; € R, is (VL(wy) — VL(uy),w; —uy) > p|w; — u1|2. Then, using
such a bound with w; = v1(z), where v; is defined via (3.11), and u; = z1, we get,

for all z € R?",

—(VL(v1(2)) = VL(z1), Bz9) = — (VL(v1(2)) = VL(z1),v1(2) — z1)

< —pf? |zl (3.19)

Therefore, we use — (2o, VL(v1(2)) — VL(2)) < —ufB |2/, the definition of k. in
(3.4), and the fact that 1 — fa > 0 and § > 0, to upper bound the last term in
(3.18) as follows:

o (1= 60) (20, VL() = V() < = (1= Ba) £ [

which implies

. a 1 3a
Viz) < - Vi) + 5 <a2 - K) 2 — 2P+ (2 —2d - 5) 2. (3.20)

C C

Using the definitions of a in (3.9), d, and 3 in (3.3), we show that a? — Hic <0 for
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all k. > 1, as follows.

a—— <0
Re
1 1 1
— - <0
Ke 4K2 K. T
L (3.21)
42 — '

Therefore, since k. > 1, as defined in (3.4), then —ﬁ < 0. We can also show,

using the definition of @ in (3.9), that (33“ —2d — Hﬁc) < 0 for all k. > 1. Namely,

since d > 0, 8 > 0, and k. > 1, then%(d+%>—2d—£:—ﬁl— B <.

Ke 2 ke —

Therefore, since a? — H% <0 and (37“ —2d — %) <0 for all k. > 1, then (3.20) is

upper bounded by
Vi(2) < —aVi(z) (3.22)

for all z € R?".

Then, to show that V; is radially unbounded, we show that there exist oy and
s such that, for all 2 € R*™ with 2* := (2},0),
21— 2]

B <Vi(2) < aglz — 2 (3.23)
22

o |z — 2" < [(21 — 2" 2

where oy 1= (a2 +1-— i) and B is defined as

B := (§+%)

a

2

(3.24)

NI~ R

where M > 0 comes from Assumption 3.1.3 and where, since L is strongly con-

vex by Assumption 3.1.1, then this implies that L also satisfies? Definition 2.2.3,

2This is true since quadratic growth is a weaker property than strong convexity; see [67],
[19], [68], [69], [70].
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namely, L has quadratic growth away from 2] with constant @ > 0. Then, we

lower bound V; as follows:

1 * 1 *
Vi) =5 la (a1 = 2}) + z|* + 7 (L(z) = L) (3.25)

]. % 2 (8] 12
zgla(zl—zl)jLzQ] —|—M|21—21’

? |2 * 1 2 | @ |2
25121—21‘ —|—a(21—z1,z2)—|—§|22] +M|zl—zll

2
1
> (G g ) AP G G s 4 § G )k g el
21— 2]
Z{(zl—zi")T ZQT}B
Z2

for each z € R*", where B is defined via (3.24). Next, we show that B is positive
definite, such that there exists oy such that the first two inequalities in (3.23) hold
for each z € R*". To that end, we show that the leading principal minors of B

are strictly positive, as follows. Since a > 0, o > 0, and M > 0, we have

(CL; + ;}) >0 (3.26a)
det(B) = (;) (“22 + X‘;) - (;)2 — 522> 0. (3.26b)

Therefore, since the leading principal minors of B are strictly positive, then B
is positive definite. Hence, there exists a; such that the first two inequalities in
(3.23) hold for each z € R?". The choice of oy comes from the following. The first

term of V; is upper bounded by

1

5 la(zy — 25) + 20|* < a? |21 — 21 + |z|” < d? |z — 27| (3.27)
for each 2z € R?". Then, the second term of V; can be bounded as follows. First,
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VL is Lipschitz continuous with constant M > 0 due to Assumption 3.1.3. Then,
since by Assumption 3.1.1, L is strongly convex with constant p > 0, then using

item (SC2) of Definition 2.2.1 with u; = 27, w; = 21, and VL* = 0 we have

L* >L(z) + (VL(1). 2} = 2) + 5 | — af
(VL(1), 25 = 21)] ZL(z1) = L + 5|z = =
VL(2)l |2 — =1 ZL(z1) = L + 5|25 — a1
M|z = allef = 2l 2L(2) - L' + 12 - af°
Mzt =l 2L(x) - L + 512 = a0

(M - g) 2F = 22 >L(z) — L*. (3.28)

for each z; € R™. Hence, the second term of V; can be upper bounded as follows:

1 (M-t ) 1 )
300 =) (M8 )l =t = (1= 5 ) - P

1
< (1 — 2/%) |z — 2"]. (3.29)

for each z € R?". Therefore, V; is upper bounded as follows:

Vi) =5 la (s — =) + 5 + 2 (D) — L)

1
§<a2+1—ﬁ) |z — 2% = ag |z — 27| (3.30)

for each z € R*™.

Therefore, since (3.23) is satisfied for V; in (3.8) for all z € R*", where B is
defined via (3.24) and « is defined below (3.23), then V; is radially unbounded
(in z, relative to {z}} x {0}). Since L is C* and strongly convex by Assumption

3.1.1, then L is positive definite with respect to 2 and, consequently, V; is positive
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definite with respect to {z;} x {0}. Therefore, since a > 0 by (3.9) and V] satisfies
(3.22) for all z € R?", then solutions to z = Fp(z, k(h(2))) starting from any cy--
sublevel set W := {z € R* : Vj(2) < ¢y }, ¢y > 0, remain in such a set for all
time. Therefore, W in (3.10) is compact and, due to (3.22), forward invariant for
(3.6), that is, any nontrivial solution starting in the subset W is complete and

stays in W. Therefore, each maximal solution to (3.6) is bounded. O

When L satisfies Assumptions 3.1.3 and 3.1.1, the rate of convergence for (3.6)
is exponential, as extended from [12, Proposition 3.1] to a generic L* at a generic

zi. It is as follows.

Proposition 3.1.6. (Convergence rate for (3.6)) Let L satisfy Assumptions 3.1.3
and 3.1.1. Let the functions d and [ be defined as in (3.3). Let k be defined via

(3.2). Then, each mazimal solution t — (z(t)) to (3.6) satisfies
L(z(t)) — L* < (L(z1(0)) — L*) exp (—at) (3.31)

for allt >0, where a > 0 is defined via (3.9).

Proof. By Proposition 3.1.5, V; in (3.8) satisfies (3.22) for all z € R?*". Apply-
ing Gronwall’s inequality, shows that each maximal solution ¢t — (z(t)) to (3.6)

satisfies

Vi(2(t)) < Vi(2(0)) exp (—at) (3.32)

for all ¢ > 0. This, in turn, implies that each maximal solution ¢ — (z(t)) to (3.6)

satisfies (3.31) for all ¢ > 0. O

The following theorem shows that (3.6), when L satisfies Assumptions 3.1.1
and 3.1.3, has the set

A={zeR™ : VL(z1) =2 =0 } = {z]} x {0}, (3.33)
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uniformly globally asymptotically stable.

Theorem 3.1.7. (Uniform global asymptotic stability of A for (3.6)) Let L satisfy
Assumption 3.1.83 and Assumption 3.1.1. Let the functions d and B be defined as in
(3.3). Let k be defined via (3.2). Then, the set A, defined via (3.33), is uniformly

globally asymptotically stable for (3.6).

Proof. By Proposition 3.1.5, each maximal solution to (3.6), is bounded, com-
plete, and unique. In addition, by Proposition 3.1.5, V] is positive definite and
radially unbounded (in z, relative to A in (3.33)). Then, since a > 0 by (3.9)
and Vi satisfies (3.22) for each z € R*", p(|z] ,) := aVi(z) is positive definite with
respect to A. Therefore, by an application of [21, Theorem 3.18], every complete
solution to (3.6) converges to {z]} x {0}. The arguments above involving the Lya-
punov theorem in Theorem A.1.3 yields uniform global pre-asymptotic stability
of Ain (3.33) for (3.6). Since by Proposition 3.1.5, each maximal solution to (3.6)

is complete, then A is globally asymptotically stable for (3.6). O

In Proposition 3.1.6, not only do we recover the convergence rate (3.31) from
[12, Proposition 3.1], which assumes L* = 0 and z} = 0, but we extend this
proof to show that the rate (3.31) also applies for general L* € R and 2] € R".
Additionally, in Theorem 3.1.7, we establish uniform global asymptotic stability
of the set A in (3.33) for (3.6), which was not established in [12].

3.1.2 Nonstrongly Convex L

For the analysis in this section, we impose Assumption 3.1.3 and the following

Assumption on L.

Assumption 3.1.8. The function L is C', (nonstrongly) convex, and has a single

minimizer z7 .
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Remark 3.1.9. Assumption 3.1.8, which is a common assumption used in the
analysis of optimization algorithms [66] [52], ensures that the objective function
is continuously differentiable, which is necessary for well-posedness of H, as was
explained in Section 1.3.4. Additionally, the nonstrongly convex property and the
restriction that L has a single minimizer z{ in Assumption 3.1.8 rules out the
possibility of the objective function having a continuum of minimizers or multiple

1solated minimaizers.

The control algorithm leading to (1.5) is

2

u = k(h(z,t),t) = —2d(t)z — ?QVL(zl + B(t)2) (3.34)

where M > 0 is the Lipschitz constant for VL, d and /3 are defined, for all ¢ > 0,

as

dt)i= 5 B0 = )

(3.35)

and h is defined as

Bz, t) = 2 . (3.36)
VL(z + 3(t)z)

Since the ODE in (1.5) is time varying, and since solutions to hybrid systems are
parameterized by (t,j) € R>o x N, we employ the state 7 to capture ordinary
time as a state variable, in this way, leading to a time-invariant system. To this

end, using the plant in (3.1), we denote the closed-loop system resulting from s

in (3.34) as

5= ,T=1 (2,7) € R*™ x Rxg. (3.37)

Under Assumptions 3.1.8 and 3.1.3, each maximal solution to (3.37) is com-

59



plete and unique. Such a property is useful since it guarantees that nontrivial
solutions to (3.37) exist from each initial point in R?** x Rs(, and that such so-
lutions do not escape R?*™ x Rs;. When each maximal solution is complete, then
uniform global pre-asymptotic stability of {z7} x {0} x R>( becomes uniform

global asymptotic stability.

Proposition 3.1.10. (Ezistence of solutions to (3.37)) Let L satisfy Assumptions
3.1.8 and 8.1.3. Let the functions d and [ be defined in (3.35). Let r be defined
via (3.34). Then, each maximal solution t — (z(t), 7(t)) to (3.37) is complete and

unique.

Proof. Since d and £, defined via (3.35), are continuous, and since by As-
sumption 3.1.8, L is C!, then & in (3.36) and & in (3.34) are also continuous.
Furthermore, since by Assumption 3.1.3 VL is Lipschitz continuous, then A in
(3.36) and k in (3.34) are Lipschitz continuous which, in turn, means the map
z + Fp(z,k(h(z,7),7)) is Lipschitz continuous. Consequently, since the map
2+ Fp(z,k(h(z,7),7)) is Lipschitz continuous and since the solution component
7 of (3.37) increases linearly, then by [77, Theorem 3.2], (3.37) has no finite escape
time from R*" X Rsq and each maximal solution to Hy is unique. Therefore, each

maximal solution to (3.37), is complete and unique. O

To analyze the convergence and stability properties of (3.37), we use the Lya-

punov function

2

a(r) (21 — ) + 2l + S (L) — ) (3.38)

Vi(e,m) = o

DN | —

defined for each z € R?" and each 7 > 0, where ¢ > 0, M > 0 is the Lipschitz

60



constant of VL, and the function a is defined as

a(r) := . (3.39)

When L satisfies Assumptions 3.1.8 and 3.1.3, then we can derive an upper
bound, for all t > 0, on the Lyapunov function in (3.38) along solutions to (3.37).
To derive such a bound, we extend [12, Proposition 3.2], which assumes L* = 0
and 27 = 0, to the general case of L* € R and a single minimizer 2] € R", in the

following proposition.

Proposition 3.1.11. Let L satisfy Assumptions 3.1.8 and 3.1.3. Then, each
mazximal solution t — (2(t),7(t)) to the closed-loop algorithm (3.37) with 7(0) =0
satisfies

4

Vi(z(t),1) < WW(Z(O% 0) (3.40)

for allt >0, where Vy is defined via (3.38).

Proof. The Lyapunov function V;, defined via (3.38), is positive definite with
respect to Ay, defined via (3.64), since, by Assumption 3.1.8, L is C!, nonstrongly

convex, and has a unique minimizer z{. Then, letting
o1(z,7) == 21 + B(7) 2, (3.41)

letting o(z,7) := a(1) (a(7) (21 — 27) + 22) + %VL(zl), and since VVj(z,7)

= l(p(z,T) (a() (21 — 27) + 22) dz(:

uate the derivative of Vi, using the map z — Fp(z,k1(h(z,7),7)), where Fp is

(z1 — 27, (a(T) (21 — 27) + 22)) |, we eval-
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defined in (3.1), x is defined via (3.34), and & is defined in (3.36), to yield

Vi(z, 1) = <VV1(Z, 7),

| 1
= <VV1(z, T), |:2d(7')22 — ﬁVL(vl(z,T))] >
I 1
:C_Z(T) <(_Z(T) (2’1 — ZI) + 22, ZQ) + ]4;4 <2’2, VL(21)> - 26?(7_) |Z2|2
. . a(r)¢? . _
—2d(7)a(r) (21 — 21, 22) — M (z1 — 21, VL(01(2, 7))

C2 — - da<7) %2 da<7) *
S e VI ) ) D |y D
_ a<T)<2 * - - dC_L(T) %2
= W s VL ) +an) O |y )

+ (a(r) —2d(r)) |2 + (a?(f) — 2d(r)a(r) + d?p) (21 — 2}, 2)

2

¢ _
= a7 V2 VL(0(z,7)) = VL(21)) (3.42)

for all (z,7) € R*" x Rsq. Since L is C', nonstrongly convex, and has a unique
minimizer by Assumption 3.1.8, then using the definition of nonstrong convexity
in Definition 2.2.2 with u; = 2] and w; = v1(z, 7), where v, is defined via (3.41),

we get
—(v1(z,7) — 21, VL(v1(2,7))) < — (L(vi(z, 7)) — L") (3.43)

for each z € R?*" and 7 € Rs(. Using the definition of nonstrong convexity in

Definition 2.2.2 with u; = v1(z,7), where v; is defined via (3.41), and w; = 2z
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yields
(VL(21), B(r)22) < L(®1(2,7)) — L(z1) (3.44)

for each 2 € R* and 7 € R5(. Combining (3.43) and (3.44) yields
— (51(e7) — VL@ () + (V) (1)) <=L () + L(E(27)) —

L(z1) + L*. Then, rearranging terms gives, for all z € R** and 7 € Ry,

— (21 — 2], VL(v1(2,7))) (3.45)

< — (L(z1) = L") + (B(7)22, VL(01(2,7)) = VL(21))

Substituting the bound in (3.45) into (3.42) yields

Vi(z,7) < — a(ﬁg ((L(z1) = L") = (B(7) 22, VL(01(2,7)) = VL(21)))
+a(r) di;(:) 21— 2+ (a(r) = 2d(7)) |2

4 <a2(7> od(m)a(r) + d?p) (21— 21, 2)

2

¢ _
— 2 (o2, VL(u(2,7)) = VE(21) (3.46)

for all (z,7) € R? x Rsq. Then, noticing that @ a(7) (21 — 23) + 22]” =

(—13

;T) |21 — 2P 4a%(7) (2 — 25, 20) + @ |2|*, adding it to and subtracting it from

(3.46), and rearranging terms, yields

Va(z7) € — Vel ) 4 () 0 oy — i 4 (alr) — 2d(7)) [l
(a0~ 2d(ryatr) 4 X470 ) o = sz S -
+ DD e 4 21 (21 - o1, 2
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M
< —a(rVi(z 1) + dsg) + a(T)dZ(:)> P
+ <3a2(7) ~2d(7) ] ||
+ <2a2(7) —2d(m)a(r) + d‘gp) (21 — 27, 2)
- f\; (1= B(m)a(r)) (22, VL(01(2,7)) = VL(21)) (3.47)

for all (z,7) € R?™ x Rsq. Due to the definitions of the functions @ and d, in

(3.39) and (3.35), respectively, the cross term (z; — 2}, z3) vanishes since 2a*(7) —

2d(r)a(r) + d?:) =2 <742rz>2 N 2_(2(7?; 2)) <7’3—2> N (szf = 0 More

over, the definitions of the functions d and @ lead to the |z — z}|* and |z,|” terms

in (347) v ralr >df§(7>:<7+22) () (orm) =0
and BaT(T) —2d(1) = T+2 - ( ) = 0. The bound in (3.47) reduces to
Vi(z,7) < —a(r)Vilz, ) — fw (1= B(r)a(r)) (22, VL(01(2,7)) = VL(21))

(3.48)

for all (z,7) € R?" x Rsq. By Assumption 3.1.8, L is C' and nonstrongly convex.
By [52, Theorem 2.1.3], a function L is C' and nonstrongly convex if and only if,

for each wy,u; € R,

(VL(wy) — VL(uy),w; —ug) > 0. (3.49)

Then, since 5(7) > 0 for all t > 0, using the bound in (3.49) with w; = v,(z,7),
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where 97 is defined in (3.41), and u; = 21, we get, for all z € R*" and 7 € R,

(01(2,7) — 21, VL(v1(2,7)) = VL(z1)) =
B(7) (22, VL(¥1(2,7)) — VL(z1)) = 0
—B(7) (22, VL(01(2,7)) = VL(2)) <0

{29, VL(51(2,7)) — VL(z1)) < 0 (3.50)

Therefore, since 1 — 3(7)a(7) > 0, due to a, defined via (3.39), equaling 1 at 7 =0
and monotonically decreasing toward zero (but being always positive) as 7 tends
to oo, and due to /3, defined via (3.35), equaling 0 at 7 = 0 and monotonically
increasing to 1 as 7 tends to oo, we use (3.50) to upper bound the last term of

(3.48) as follows:

—JQ\; (1= B(1)a(7)) (z2, VL(01(2,7)) = VL(21)) <0 (3.51)

This leads to, z € R?" and 7 € Ry,

Vi(z,7) < —a(r)Vi(z(1), 7). (3.52)
Applying Gronwall’s Inequality to (3.52), namely,

Vi(z(t),t) < Vi(2(0),0) exp (_ /Otade)

= V1(2(0),0) exp (—21In (t + 2) — 21n(2))
= V1(2(0),0) exp (‘ In (H22) >

1

exp (m (t+22)2>

= ‘/1(2(0),0)
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= yx0),0)

(t+2)2""

shows that each maximal solution ¢ — (z(t),7(t)) to the closed-loop algorithm
H;, such that 7(0) = 0, satisfies (3.40), for all ¢ > 0.
O

The following proposition establishes that the closed-loop algorithm (3.37) has

1

ok for all t > 0. To prove it, we use Proposition 3.1.11. This

a convergence rate

theorem is a new result, which was not analyzed in [12].

Proposition 3.1.12. (Convergence rate for (3.37)) Let L satisfy Assumptions
3.1.8 and 3.1.3. Let ¢ > 0 and M > 0 come from Assumption 3.1.3. Then, for
each mazimal solution t — (2(t),7(t)) to the closed-loop algorithm (3.37) with
7(0) = 0, the following holds:
CQ
L) - 1) (3.59)
4c
<Vi(z(t),t) <
= 1(2( )7 )— (t+2)2

for allt >0, where ¢ := (1 + (?)exp (M)

Proof. The proof consists of the following steps.

(1200) = 2> + |22(0) %)

1) First, we use the definition of nonstrong convexity in Definition 2.2.2 and the

Lipschitz continuity of VL in Assumption 3.1.3, to show that V] satisfies
Vi(z,7) < g2y, = (1+ D) |25, (3.54)

where 1+ ¢% > 0;

2) Then, we use the Lipschitz continuity of VL in Assumption 3.1.3 and the

comparison principle to show that the bound in step 1) along ¢ — z(t) satisfies
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%@@%ﬂg(k+@ﬁmp@( f+§3t>0amy—4ﬁ+pxmﬁ)mmmt2
0;

3) Next, we show that at t = 0, V;(2(0),0) is upper bounded by
e(121(0) = 5 + 2 0)). where e = (1+ e (/5 + 5 )

4) Finally, we combine the bound in 3) with (3.40) to get (3.53) for all ¢ > 0.

Proceeding with step 1), the Lyapunov function V;, defined via (3.38), can be

upper bounded by a class-K, function, namely, defining the set
Ay = {27} x {0} (3.55)

then, V] satisfies

Vi(z,7) < g |Z|f42 (3.56)

for all (z,7) € R* x Rsq, and with ay derived as follows. Since a, defined via
(3.39), equals 1 at 7 = 0 and a is monotonically decreasing toward zero (but being
always positive) as 7 tends to oo, then a is upper bounded by 1, and, consequently,

the first term of V; can be upper bounded, for all (z,7) € R?" x Rs, as follows:

2

2
(11— 2)) + 20| < |z — 2+ |2]”. (3.57)

(1 +2)

N | —

The second term of V; can be bounded as follows. Since by Assumption 3.1.8, L is
C!, (nonstrongly) convex, and has a single minimizer z;, then, since VL(z}) = 0,
we can upper bound L(z;) — L* in the following manner, using the definition of
nonstrong convexity in Definition 2.2.2 and the Lipschitz continuity of VL in As-
sumption 3.1.3, using uy = z} and wy = 21: |L(z1) — L*| < (VL(z1), 27 — z1)| <

IVL(21)| |21 — 25| < M|z — 2t|?, for each z, € R” and each 7 € Rsq. Therefore,
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since L(z1) > L*, we can upper bound the second term of V; as follows:

C2

(L) = L) < Clan = £41° < (o — 21 + |f?) (3.58)

for all z € R*". Using (3.57) and (3.58), Vi(z,7) is upper bounded as in (3.54) for
each z € R?" and each 7 € Ry,.
Next, for step 2), in order to apply the comparison principle, we define the
system
Z z
= - i = f(z,t) z€eR™ (3.59)
22 —Qd(t)ZQ - CMVL(Zl + ﬁ(t)ZQ)
Since VL is Lipschitz continuous with constant M > 0 by Assumption 3.1.3,
then using Assumption 3.1.3 with w; = z; + ﬁ_(t)zg and u; = 27 yields, for each

21,22 € R™ and each t € Rxy,
’VL(zl + B(t)22>’ <M ’21 -2+ B(t)z2’ . (3.60)

Then, since ‘J(t)‘ < < and ‘6( )’ <1 for all t > 0, we have

) 2

|f(z, t)| ]22| + ' 2d(t)zy — g—VL(zl + B(t)z)

13 4
< —|22| +C

2
<m|+ l” + 25 WLa+5m@ﬂ

M(m—zn + |2

g4 13 <4
M\Z1 77+ 4+M |22)?

13 'Y e
< <4 + M) |Z‘,42 (3.61)
for all z € R* and all t € Rsg, where Ay is defined via (3.55). The second
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inequality in (3.61) comes from applying (3.60). The comparison principle [77,

Lemma 3.4], leads to the following bound of the norm of the solution to (3.59):

2(0)|, < exp (;\/f’ + j/f) 2(0)], (362

for all t > 0. Then, (3.56) along t — (z(t)) reduces to, for all t > 0

Vi(z2(1),1)

IN

(14+¢) l2(0)1%,
(1 + C2) exp (\/f + ]g\;t) <|21(0) — 2P+ |22(0)|2> : (3.63)

In step 3), we evaluate this bound at t = 0. Finally, for step 4), taking ¢ =

(1+¢?) exp (\/f + f\;), combining (3.40) with 3) at ¢ = 0 yields (3.53) for all
t>0. O

IN

The following proposition establishes that the closed-loop system (3.37) has
the set
Al = {Zik} X {O} X RZO (364)

uniformly globally asymptotically stable. To prove it, we use Proposition 3.1.12
and [21, Theorem 3.18|. This proposition is a new result, which was not analyzed

in [12].

Proposition 3.1.13. (UGAS of Ay in (3.64) for (3.37)) Let L satisfy Assump-
tions 3.1.8 and 3.1.3. Let ( > 0 and let M > 0 come from Assumption 3.1.3.
Then, the set Ay in (3.64) is uniformly globally asymptotically stable for (3.37).

Proof. By Proposition 3.1.10, each maximal solution to #; in (3.37) is complete
and unique. Next, since L is C!, nonstrongly convex, and has a unique minimizer

by Assumption 3.1.8, then A; C R¥ x Ry, defined via (3.64), is closed by
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construction, satisfying the first assumption of [21, Theorem 3.18]. Then, since
by Assumption 3.1.8, L is C', then V; in (3.38) is continuously differentiable and
therefore, since R* x Rso C dom V;, V; is a Lyapunov function candidate for H,;
by [21, Definition 3.16], satisfying the second assumption of [21, Theorem 3.18].
Next, since the distance of the state 7 to Rs( is always zero, then we show
that V; in (3.38) is radially unbounded in z, relative to Ay, defined via (3.55).
Since L has quadratic growth away from 2] with constant o > 0, by Assumption
3.2.4, and due to a, defined via (3.39), equaling 1 at 7 = 0 and monotonically
decreasing toward zero (but being always positive) as 7 tends to 0o, then we lower

bound V; as follows:

1 ) 2 )
Vi(z,7) =3 a(7) (21 — 27) + 22| + ]CW(L(Zl) — L") (3.65)
1 . ac? )
> (a(r) (51— #0) + 2l + O [z — 5P
&2 T 1 a2
()|1 le +a()<zl_zi<722>+2|22‘2+]\ilzl—ZTQ
2 a 2 a(r
7 N =i+ ey 22
2 2
T 1
—1—(2(2 — 27, 2) + 5’22|2
21 — 2
> [(zl —z2" z;] B !
Z2

for each z € R*" and each 7 € Rs, where

+
Y
S8
N——
QI
=

(3.66)

Next, we show that B in (3.66) is positive definite, so that there exists a; such
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that?

2 < T _T| B A=A <V 7
aq |Z|A2 = (Zl - 21> Z9 = 1(2:’7_) (36 )
22

for each z € R*™ and each 7 € R>q. To that end, we show that the leading principal
minors of B in (3.66) are strictly positive, as follows. Since a(7) € (0, 1] for each
7 € Ry, @ > 0 from Assumption 3.2.4, ( > 0, and M > 0 from Assumption 3.1.3,

we have:

(‘LQ;T) + Og) >0 (3.682)
det(B) = (;) <a g> + (j\i) - (‘?) = S‘L > 0. (3.68b)

Therefore, since the leading principal minors of B are strictly positive, then B is
positive definite. Hence, there exists a; such that (3.67) is true, and V; is radially
unbounded in z, relative to As.

By Proposition 3.1.11, V; satisfies (3.52) for each 2z € R*" and 7 € R>¢. Since L
is C!', nonstrongly convex, and has a unique minimizer by Assumption 3.1.8, then
L is positive definite with respect to zi and, consequently, V; is positive definite
with respect to A; in (3.64). Then, since a(7) € (0, 1] for each 7 > 0, p (|x\Al) =
a(T)Vi(z,7) is positive definite with respect to A;. Therefore, by an application
of [21, Theorem 3.18], every complete solution to (3.37) converges to A; in (3.64).
The arguments above involving the Lyapunov theorem in [21, Theorem 3.18] yield
UGPpAS of A; for (3.37). Since by Proposition 3.1.10, each maximal solution to
(3.37) is complete, then A; is uniformly globally asymptotically stable for for
(3.37). |

31t was already shown that there exists ap such that the upper bound on V; in (3.54) holds.
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3.1.3 Extensions of the Results for Nonstrongly Convex L

Some possible extensions to the results in Section 3.1.2 are as follows.

It is possible to extend the results in Section 3.1.2 to include C', nonstrongly
convex objective functions L with a compact and connected set of minimizers.
With such an assumption, it would be straightforward to extend Proposition
3.1.10. Propositions 3.1.11, 3.1.12, and 3.1.13 could be extended via the as-
sumption of a compact and connected set of minimizers and the use of Clarke’s

generalized derivative in (2.4) with the Lyapunov function

2

(Ve o1, + 22+ S (L) — L) (3.69)

‘/].(277_) = M

where the compact and connected set Aj is defined as

and? L* := L(A3). Such an extension would lead to UGAS of the set 4; in (3.64)
for (3.37) when 7(0) = 0, for all ¢ > 0, as well as an exponential convergence rate
for all t > 0, when Az is a compact and connected set of minimizers.

It would be possible to further extend the results in Propositions 3.1.10, 3.1.11,
3.1.12, and 3.1.13 to include C!, nonstrongly convex objective functions L that

are also nonsmooth, through the use of Clarke’s generalized derivative.

4Since the value of L is the same for all 2§ € A3, L(A3) is a singleton.
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3.2 The Heavy Ball Method Modeled as a Dy-
namical System
The control algorithm leading to (1.1) is

u=k(h(z)) = —Aza =YV L(2) (3.71)

where A\ > 0 and v > 0. The function h is defined differently, based on the

different algorithms proposed in this dissertation. For some such algorithms, A is

defined as
22
h(z) := (3.72)
VL(Zl)
while for others, h is defined as
22
h(z) == |VL(z)] - (3.73)
L(z)

Using the plant in (3.1), we denote the closed-loop system resulting from « in

(3.71) as

i = { & ] 2 € R (3.74)
k(h(2))

3.2.1 Strongly Convex L

For the analysis in this section, we impose Assumptions 3.1.1 and 3.1.3 on L.
The following lemma, from [13], summarizes some of the results of Lyapunov

theory from an optimization perspective, for strongly convex L. It employs the
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following Lyapunov function, proposed in [13]

V(z) = L(z) — L". (3.75)

Lemma 3.2.1. Let L satisfy Assumption 3.1.3 and assume L is bounded below,
namely, L(z) > L*. Let the function W be such that =V (z(t)) > W(z(t)) > 0
for all t > 0. Let W(z(t)) > nV(z(0)) for all t > 0, where n > 0. Then, each

mazimal solution t — z(t) to (3.74) satisfies
V(z(t)) < V(2(0)) exp(—nt) (3.76)

for allt > 0.

Proof. Since W(z(t)) > nV(2(0)) for all t > 0, and since —V (z(t)) > W(z(t)),
this means that V (z(t)) < nV(2(0)). Applying Gronwall’s inequality to V(z(t)) <
nV (z(0)), we arrive at (3.76). O

The following proposition, from [13], gives an exponential convergence rate for
functions that satisfy the Polyak-fojasiewicz condition in Definition 2.2.4, which
is a weaker condition than strong convexity [68] [71]. To prove it, we use Lemma

3.2.1.

Proposition 3.2.2. Let L satisfy the Polyak-Lojasiewicz condition in Definition

2.2.4. Let the function W be such that —V (z(t)) > W(z(t)) > 0 for all t > 0.
Let W(z(t)) > nV(2(0)) for allt >0, where n > 0. Then, each mazimal solution
t— (21(t), 22(t)) to (3.74) satisfies

L(z1(t)) = L" < (L(21(0)) — L) exp (—2pt) (3.77)

for allt > 0, where p > 0 comes from Definitions 2.2.4 and 2.2.1.

74



Proof. By assumption, L satisfies the Polyak-Y.ojasiewicz condition in Definition
2.2.4. Then, since V is defined via (3.75), we have V(2(t)) = VL(z(t)). Letting
W(z) := |V L(2)|* and 1 := 24, by Lemma 3.2.1 we have

—V(z(t) 2W(=(1))

V(2(t)) < —nV(2(0)) (3.78)

Applying Gronwall’s inequality to (3.78), we get that each solution ¢ — (z(t)) of
(3.74) also satisfies (3.77) for all ¢ > 0. O

When L satisfies Assumption 3.1.1, the following theorem gives an exponential
convergence rate for the closed-loop algorithm in (3.74). To prove it, we use

Proposition 3.2.2.

Proposition 3.2.3. (Convergence rate of (3.74)) Let L satisfy Assumption 3.1.1.

Then, each mazximal solution t — z(t) to (3.74) satisfies (3.77) for all t > 0.

Proof. Since L is strongly convex with p > 0 by Assumption 3.1.1, then this
implies that L also satisfies the Polyak-f.ojasiewicz condition in Definition 2.2.4
with > 0; see [68, Appendix B|. Therefore, by Proposition 3.2.2, each maximal

solution ¢ — z(t) to (3.74) satisfies (3.77) for all ¢t > 0. O

3.2.2 Nonstrongly Convex L

For the analysis in this section, we impose Assumptions 3.1.8 and 3.1.3 on L.

We also impose the following assumption on L for the results in this section.

Assumption 3.2.4 (Quadratic growth of L). The function L has quadratic growth
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away from its minimizer 23 ; i.e., there exists ac > 0 such that

L(z)—L* > alzn — 20 ¥z €eR™ (3.79)

Remark 3.2.5. Assumption 3.2.4 is commonly used in the analysis of convex
optimization algorithms; see, e.g., [67], [68]. Such an assumption is employed to
establish the convergence rate for (3.74), when L is nonstrongly convex. Addition-
ally, Assumption 3.2.4 will be employed in some of our proposed hybrid algorithms
to as a means of determining when the state z is near the minimizer of L, via

measurements of VL.

When L satisfies Assumptions 3.1.8 and 3.1.3, the closed-loop system in (3.74)
satisfies the hybrid basic conditions, listed in Definition 2.1.1, as demonstrated in
the following lemma. A closed-loop system that satisfies the hybrid basic condi-
tions is said to be well-posed in the sense that the limit of a graphically convergent

sequence of solutions to (3.74) having a mild boundedness property is also a so-

lution to (3.74) [21].

Lemma 3.2.6. (Well-posedness of (3.74)) Let the function L satisfy Assumptions
3.1.8 and 3.1.3. Let k be defined via (3.71). Then, the closed-loop system in (3.74)

satisfies the hybrid basic conditions.

Proof. The set C' := R?" is closed, and the set D := 0.

The objective function L is C*, nonstrongly convex, and has a single minimizer
by Assumption 3.1.8. Therefore, since VL is continuous, then A in both (3.72)
and (3.73) and « in (3.71) are continuous.

In turn, the map z — Fp(z,k(h(2))) is also continuous since Fp in (3.1) is a

C! function of x in (3.71) and h in either (3.72) or (3.73). The map G(z) :=0. O
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Under Assumptions 3.1.8, 3.1.3, and 3.2.4, each maximal solution to (3.74)
is bounded, complete, and unique. Such a property is useful since it guarantees
that nontrivial solutions to (3.74) exist from each initial point in R*", and that
such solutions do not escape R?". When each maximal solution is complete, then
uniform global pre-asymptotic stability of {zj} x {0} becomes uniform global

asymptotic stability.

Proposition 3.2.7. (Existence of solutions to (3.74)) Let the function L satisfy
Assumptions 3.1.8, 3.1.3, and 3.2.4. Let k be defined via (3.71). Then, each

mazimal solution t — z(t) to (3.74) is bounded, complete, and unique.

Proof. Since L is C!' by Assumption 3.1.8, and VL is Lipschitz continuous by
Assumption 3.1.3, then h in (3.72) and (3.73) and & in (3.71) are Lipschitz continu-
ous, which, since Fp is a C! function of h and , means the map z +— Fp(z, k(h(z)))
is also Lipschitz continuous. Therefore, by [77, Theorem 3.2], 2 = Fp(z,k(h(2)))
has no finite time escape and each maximal solution to (3.74) is complete and
unique. To show that each maximal solution to (3.74) is bounded, we use the
Lyapunov function

Vole) =7 (L(=) = %) + 5 |2l (3.50)

defined for each z € R?", where v > 0. Then, solutions to 2 = Fp(z, k(h(z)))
starting from any cy-sublevel set W := {z € R*™ : Vy(2) < cy }, ey > 0, remains

in such a set for all time since Vj in (3.80) satisfies
Vo(2)=(VV(2), Fp(z, 5(h(2)) ==Alz|* <0 (3.81)

for each z € R?", since ) is positive. Then, to show that Vj in (3.81) is radially

unbounded, we derive class-Ko, functions a; and as such that, for all z € R?",
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with 2* 1= (27,0),

1
ai(|z — 2*|) :== min {a% 2}|z—z*|2 < Vo(2) (3.82)

1
gaﬂz—fn:(Mw+gv—zW.

Since L has quadratic growth away from 2 with constant o > 0 by Assumption

3.2.4, then the choice of a; comes from lower bounding V; in (3.80) as follows

1 1
Volz) = 7 (L(a) = L)+ 5 ol 2 oy |21 — 21 4 5 ol

1
> min {a% 2} |z — 2P = (|2 — 2*])  (3.83)

for each z € R?". The choice of ay comes from the following. Since L is C!,
nonstrongly convex, has a single minimizer by Assumption 3.1.8, and since VL
is Lipschitz continuous with constant M > 0 by Assumption 3.1.3, we first upper
bound V; in (3.80) by using the definition of nonstrong convexity in Definition

2.2.2 to get, for each z € R?",
* 1 2 * 1 2
Vo(2) =7 (L(21) = L") + S | < v [VL(z) |21 — 21] + 5 [z (3.84)

Then, using the Lipschitz bound in Assumption 3.1.3 with u; = 2 and wy = 2z,

we upper bound (3.84), yielding

1 1
Vo(z) = v (L(z1) — L*) + 3 |2o|* < ¥ |VL(21)| |21 — 27| + 5 |20)?
1
< Myl — 2 + 3 |20)?

1
< (y+3) 1= P =l -2 (3:85)
for each 2z € R?™. Since (3.82) is satisfied for V in (3.80) for each z € R?", then
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Vp is radially unbounded (in z, relative to {z7} x {0}). Therefore, W is compact
and, due to (3.81), forward invariant for (3.74), that is, any nontrivial solution
starting in the subset W is complete and stays in W. Therefore, each maximal

solution to (3.74), is bounded. O

The following result establishes that the closed-loop algorithm (3.74) has the
set {z]} x {0} uniformly globally asymptotically stable. To prove it, we use an

invariance principle.

Proposition 3.2.8. (Uniform global asymptotic stability of {z7} x {0} for (3.74))
Let L satisfy Assumptions 3.1.8, 3.2.4, and 3.1.83. For each A > 0 and v > 0,
the set {2} x {0} is uniformly globally asymptotically stable for the closed-loop
algorithm (3.74).

Proof. By Proposition 3.2.7, each maximal solution to the closed-loop algorithm
in (3.74) is bounded, complete, and unique. Recall that, in the proof of Proposition
3.2.7, it was shown that Vj in (3.80) satisfies (3.81) for all z € R*", since A is
positive. Therefore, by an application of Theorem A.1.3, since v > 0 and A > 0,
the set {27} x {0} is stable for the closed-loop algorithm in (3.74). Since by Lemma
3.2.6 the closed-loop algorithm in (3.74) satisfies the hybrid basic conditions, then,
using the invariance principle in Theorem A.1.6, each maximal solution that is
complete and bounded approaches the largest weakly invariant set for the closed-

loop algorithm in (3.74) that is contained in
{ze®R":V(2) =0} n{z e R : Vy(z) =7}, r > 0. (3.86)

Such a set is nonempty only when r = 0 and, precisely, is equal to {27} x{0}. This

property can be seen by noticing that {z e R : Vy(z) = 0} ={z e R : 2 =0},
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z 0
and that after setting z» to zero in (3.74) we obtain o= . For
0 —YVL(z)

any solution to this system, its z; component satisfies 0 = YV L(z), which, since
v > 0 and since VL(z;) = 0 only when z; is the minimizer of L, leads to z; = z].
Then, the only maximal solution that starts and stays in (3.86) is the solution
from {z}} x {0}, for which » = 0. Then, every bounded and complete solution to
the closed-loop algorithm in (3.74) converges to {z;} x {0}. The arguments above
involving the Lyapunov theorem in Theorem A.1.3 and the invariance principle in
Theorem A.1.6 yield global pre-asymptotic stability of {z]} x {0} for H,. Since
by Proposition 3.2.7, each maximal solution to (3.74) is complete, then {z]} x {0}
is globally asymptotically stable for the closed-loop algorithm in (3.74). Since
(3.74) satisfies the hybrid basic conditions by Lemma 3.2.6, then, by Theorem

A14, {2} x {0} is uniformly globally asymptotically stable for (3.74). O

Next, we establish the convergence rate of the closed-loop algorithm in (3.74).
To do so, we use the following Lyapunov function, proposed in [25, Lemma 4.2],

for (3.74):
1 2 V 2
V(z):=~(L(z) — L") + 3 | (21 — 27) + 2o|” + B |21 — 27| (3.87)

where, given A\ > 0, 1) > 0 is chosen such that v : =1 (¢ — \) < 0. When L satis-
fies Assumption 3.1.8, the following lemma, which is a version of [25, Lemma 4.2]
tailored for the unperturbed heavy ball algorithm in (3.74), gives an upper bound

on the change of the Lyapunov function in (3.87).

Lemma 3.2.9. Let L satisfy Assumption 3.1.8, and let A > 0 and v > 0, which
come from (3.74), be given. For each v > 0 such that v := ¥(¢p — \) < 0, the
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following bound is satisfied for each z € R?":
V(2) < =9 (a(z1) 4 2ve(z1)) + 2(0 — N)b(2) (3.88)

where V is defined in (3.87), a(z1) := v (L(z1) — L*), b(2) := 1 |ip(z1 — 27) + 2|*,

2

and ¢(z) = 5 |z — P

Proof. Since L is C!, nonstrongly convex, and has a single minimizer 2}, and since
VV(z) =[7VL(z1) + ¢ (¥ (21 = 2]) + 22) + v (21 — 2]) ¥ (21 — 2{) + 22|, then we
evaluate the derivative of V', defined via (3.87), using the map z — Fp(k(h(z))),
where Fp is defined via (3.1),  is defined in (3.71), and h is defined via either
(3.72) or (3.73). For each z € R?*", we obtain

V() = (V). Fo(s(h(=)))) = <vv<z>,

,{(h(z))] > (3.89)

=y (VL(21), 22) + 1 (22,9 (21 — 21) + 22) + V(22,21 — 27)
— A(22,% (21 — 27) + 22) =Y (VL(21), ¢ (21 — 27) + 22)

= — W (VL(21),21 — 2) + (v + (¥ — X)) (22,21 — 2}) + (¥ — A) |0]*.

Note that 1) (z1 — 2F) + 22| = | 22> 4+ 20 (22, 21 — 27) + % |21 — 27[°, from where
we obtain |z|” = ¢ (21 — 27) + 22| — 20 (20, 21 — 27) — )% |z — 2¢|*. Substituting

the expression for |z|* into (3.89), we arrive at, for all z € R?",

V(z) ==y (VL(21), 21 — 21) + (0 = \) [ (21 — 25) + 2
+ (v = — N) (22,21 — 25) — (W — ) |21 — 2|

=— ) (VL(z1),21 — 27) + 2(¢b — N\)b(2) — 2¢ve(z) (3.90)

since v = (¢ — A), where b(z) = 3 [¢ (21 — 2]) + z|* and ¢(z) = |z — 25
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Since L is C', nonstrongly convex, and has a unique minimizer by Assumption
3.1.8, then using the definition of nonstrong convexity in Definition 2.2.2 with
u; = 27 and wy = 21, we get — (L(z1) — L*) > — (VL(z1), 2 — 2}). Substituting
it into (3.90) yields, for all z € R?", V(2) < —vpa(z) + 2(1) — N\)b(2) — 2pve(z),
where a(z1) = v (L(z) — L*), and (3.88) is satisfied. O

We employ Lemma 5.2 to show that when L satisfies Assumptions 3.1.8 and
3.2.4, the convergence rate of the closed-loop algorithm in (3.74) is exponential.

This is supported by the following proposition, which is a version of [25, Theo-

rem 3.2] tailored for the unperturbed heavy ball algorithm in (3.74).

Proposition 3.2.10. (Convergence rate for (3.74)) Let L satisfy Assumptions
3.1.8 and 3.2.4, let « > 0 come from (3.79), and let X > 0 and v > 0 come from
(3.74). For each m € (0,1) such that ¢ := "7 > 0 and v := (¢ — A) <0, each

mazimal solution t — z(t) to the closed-loop algorithm in (3.74) satisfies
L(z(t)) = L* = O (exp (—(1 —m)yt)) ¥Vt e domz (= Rxg). (3.91)

Proof. By Lemma 3.2.9, the bound in (3.88) is satisfied for V' in (3.87) for each
2 € R?*" since, by Assumption 3.1.8, L is C!, nonstrongly convex, and has a single
minimizer z{. Then, since ¢ = "¢ > 0 is such that v = (¢ — A) < 0 and c is

nonnegative, this leads to
V(z) =a(z1) + b(2) + ve(z) < alz) +b(z) Vze R2"? (3.92)

where a, b, and ¢ are defined below (3.88). By Assumption 3.2.4, L has quadratic

growth away from z}. Therefore, we have, for all z € R?",

a(z1) + 2ve(z) =a(z) = 2|v|e(z1) = 7 (L(z1) = L7) = | [z = 7 (3.93)
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(e - 1) - PHEEIZED (- M o)

Observe that, for each m € (0,1) such that ¢ = =% > 0 and v = ¥(¢ — \) <0,

we have

V] = ¢ (A=) < M =may (3.94)

It follows from (3.93) and (3.94) that
a(z1) + 2ve(z) > (1 —m)a(z) (3.95)

for all z € R?". Noticing that from (3.92) we have a(z1) + ﬁb(z) > a(z) +
b(z) > V(z), substituting (3.95) into (3.88) we have

V(=) < —(1 — m)a(z) + 20 — A)b(z)

< (1~ m)al=) + Ub(E) T (1 — 200(2)
(1~ m)a(z) + 6b(2)
< (1= m)o () + 206

IN

< —(1=mpV(2) (3.96)

for all z € R*™. The third inequality comes from the fact that we choose ¢ =
1 > 0 such that ¢ — A < 0 and, consequently, ¢ — 2\ < 0. Applying Gronwall’s
inequality to (3.96) shows that every maximal solution ¢ — z(¢) to (1.1) satisfies
V(z(t)) < V(2(0))exp (—(1 —m)yt) for all t € dom z (= Rsg). Therefore, each
maximal solution ¢ — z(t) to the closed-loop algorithm in (3.74) satisfies (3.91)

forallt € domz (= Rxy). O
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3.2.3 Extensions of the Results for Nonstrongly Convex L

Some possible extensions to the results in Section 3.2.2 are as follows.

It is possible to extend the results in Section 3.2.2 to include C', nonstrongly
convex objective functions L with a compact and connected set of minimizers.
With such an assumption, it would be straightforward to extend Lemma 3.2.6
and Propositions 3.2.7 and Proposition 3.2.8. Lemma 3.2.9 and Proposition 3.2.10
could be extended via the assumption of a compact and connected set of mini-
mizers and the use of Clarke’s generalized derivative in (2.4) with the Lyapunov

function
% ]_ 2 1% %12
V() = (L(n) = L) + 5 [V 1l + 2] + 5 12— 5] (3.97)

where Aj is defined in (3.70) and L* := L(A3). Namely, when L is C!, nonstrongly
convex, and has a compact and connected set of minimizers, and given A > 0 and
v > 0, it can be shown that, for each 1) > 0 such that v := (b — \) < 0, the

following bound is satisfied for each z € R?":
V2, Fp(z, k(h(2)))) < =t (a(z) + 2vc(2)) + 2(¢ — A)b(2) (3.98)

where V' is defined via (3.97), Fp is defined in (3.1),  is defined via (3.71), h is
defined by either (3.72) or (3.73), and a, b, and ¢ are defined under (3.88). When,
in addition, L satisfies Assumption 3.2.4, then it can be shown that each maximal
solution ¢ — z(t) to the closed-loop algorithm in (3.74) satisfies (3.91), for all
t € domz (= Rxg).

It would be possible to further extend the results in Lemmas 3.2.6 and 3.2.9 and
Propositions 3.2.7, 3.2.8, and 3.2.10 to include C!, nonstrongly convex objective

functions L that are also nonsmooth, through the use of Clarke’s generalized
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derivative.

3.2.4 Nonconvex L

The set of all local minimizers of L is denoted as

Ay

min

Conversely, the set of all local maximizers of L is denoted as

At = {21 €R:VL(21) =0,V?L(z1) < 0}

Then, the set of all critical points of L : R — R is given as

A = Ai, U AL

min

= {zl ER:VL(z)=0,V>L(z) > 0}.

(3.99)

(3.100)

(3.101)

The following assumptions are required by some of the forthcoming results in

this section.
Assumption 3.2.11. (Properties of the objective function L)
(M1) L is a Morse function,

(M2) L is C%;

(M3) There exists dy > 0 such that each z* = (27,0) € Ay x {0} satisfies

(2% + doB) N ((Ar x {0}) \ {z"}) = 0

(M) L is radially unbounded;
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(M5) There exists o € K such that for each € > 0 sufficiently small, there ezists

6 € (0,(e)) such that if [V L(z1)| < e then [z1] 4, < 0.

Remark 3.2.12. The finite separation dy > 0 between critical points from (MS3)
ensures that critical points do not accumulate, which is required for our algorithm
to solve (1.7). A similar finite separation assumption can be found in [78]. Addi-
tionally, we do not expect that a solution to (1.7) exists without (M3). Item (M4)
ensures radial unboundedness of the Lyapunov function used in the attractivity
analysis of the proposed algorithm. Item (M5) of Assumption 3.2.11 means that
21 is suboptimal [66]. Item (M5) is used to ensure that the algorithm can detect

when the state z is near a critical point, using only measurements of VL.

In this section, we will analyze the properties of the heavy ball algorithm de-
fined in (3.74), when the objective function L is Morse, as described in Definition
2.3.1, Lemma 2.3.2, and Corollary 2.3.3. When L is a Morse function, the heavy
ball algorithm cannot converge to a local minimum when 2z (0) is at a local maxi-
mum, while 2,(0) = 0, as will be shown in Theorem 3.2.14 below. Thus, we define

the set of interest (namely, the set of local minimizers, when z, = 0) as

A=A x {0} (3.103)

Amin
We also define the set of local maximizers, when 2z, = 0, as

A= Ay, x {O}. (3.104)

Gmax

When item (M2) of Assumption 3.2.11 is satisfied, then each maximal solution

to (3.74), is complete and bounded, as stated in the following lemma.

Lemma 3.2.13. (Ezistence of solutions to (3.74) when L is nonconvex and Morse)
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Let L satisfy items (M1)-(M}) of Assumption 3.2.11. Let X\ > 0 and v > 0 be
given. Let k and h be defined via (3.71) and (3.72), respectively. Then, each maz-

imal solution t — (2(t)) to (3.74) starting from z(0) € U = R*\ A,,... is bounded

Amax

and complete.

Proof. To show that there is no finite time escape from R?, for each solution
to (3.74) starting from 2(0) € U = R*\ A we show that each solution to
(3.74) starting from 2(0) € U = R*\ A
W C R?\ A

Assumption 3.2.11, then VL exists and is C'. This means that h in (3.72) and

Gmax )

lies entirely in a compact subset

Amax

amays @S stated in [77, Theorem 3.3]. Since L is C%, by item (M2) of
Kk in (3.71) are C! and, in turn, the map z — Fp(z, k(h(2))) is C*. Therefore, by
[77, Lemma 3.2], the map z — Fp(z,k(h(2))) is locally Lipschitz. Next, due to L
being Morse and having isolated critical points by (M1), radially unbounded by
(M4), and due to the critical points having a minimum separation dy > 0 by (M3),
L has n minimizers, indexed over i € {1,2,...,n} and n — 1 maximizers, indexed
over k € {1,2,...,n — 1}. Then, we define the Lyapunov function V piecewise,
as follows.

0% (L(zl) - L(Zi)) +325, iz <z ,i=k=1

0l (L(zl) - L(z}‘i)) + 3723, ifz >z and 2 <z,

i=kl<i<n—-1,1<k<n-1

v (L(zl) - L(zfn)) +325, ifz >z i=nk=n—-1
(3.105)

and Almax
are defined via (3.99) and (3.100), respectively. Since L is Morse by item (M1),

* * * *
where v > 0, 27,2 € Ay, and 2], 2] € Ay, where Ay

L has isolated critical points with a minimum separation dy > 0, by item (M3).

Moreover, L is radially unbounded by item (M4) of Assumption 3.2.11. Therefore,
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there exists a region of each minimizer 2§, € Ay, where L is positive definite with

respect to such a minimizer. Namely:

1) L is positive definite with respect to zj, € Ay, on the domain (—ooc, 27, ),

min

where k = 1 and 2}, € A

max ?

2) L is positive definite with respect to each z{,, 1 <4 < n —1 on each respective

: * * * * .
domain [2], 27 ), where 1 <k <n—1and 2], 2], € Ai.;

3) L is positive definite with respect to 2{ € A, on the domain [z] 00), where

min

k=n—1and 2], € A,

Consequently, a region of each minimizer, z* € A where A is defined in

Gmin ) Amin

(3.103), of V is positive definite with respect to each such minimizer. Namely:

1) V is positive definite with respect to (2}, x {0}) € A,,.., ¢ = 1, where A, is

Gmin )

defined in (3.103), on

Uy = (—00,2] ) xR 21, € Ai k=1 (3.106)

max ’

Amin

2) V is positive definite with respect to each (27, x {0}) € A,,,, on

Ui :=[z,_,2],) xR 2 54, €A==k 1<k<n-11<i<n-—1

max ?

(3.107)

3) V is positive definite with respect to (27 x {0}) € A where i = n, on

Gmin )’

U, =[] 00) xR 2] €A, k=n—1 (3.108)

Furthermore, since L is radially unbounded by item (M4) of Assumption 3.2.11,
Then V is also radially unbounded on R? \ A

Gmax *
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Although L is C* by item (M2), V, defined via (3.105), is only piecewise

continuous. Namely, V is C? on R? \ A where A, ___ is defined via (3.104),

Gmax ? Gmax

but V' is not continuous at each z; = z{, € Aj,,,. Therefore, since for (3.74)
z1 € Rand z; € R, and since VV (2) = [YVL(z1) 2] exists everywhere except
at 21 = 2j,_ € Ay, for each k € {1,2,...,n — 1}, then we evaluate Clarke’s
generalized derivative of V' in (3.105), using the map z — Fp(z, k(h(z)), where
Fp is defined via (3.1), & is defined in (3.71), and h is defined via (3.72). For each
zeU =R*\ A

we obtain

Gmax )

22
Ve(z, Fp(z,k(h(2)))) = vv(rzr)lgécv(z) <VV(Z), C(h) > (3.109)

(Ve )| 7

—Azg — YV L(2)

= -2 <0

due to A > 0. Therefore, each solution to Z = Fp(z,k(h(z))) starting from any
cy-sublevel set

W .= {z ER*\ A,,.. : V(z)<ey } (3.110)

remains in such a set for all time. Since V is C? and radially unbounded on
R*\ A
unbounded by item (M4) of Assumption 3.2.11, and due to 2 = Fp(z,k(h(2)))

due to L being C? by item (M2) of Assumption 3.2.11 and radially

Gmax )

in (3.74) being locally Lipschitz on R? \ A, .. by [77, Lemma 3.2], since L is C*

by item (M2) of Assumption 3.2.11, then W in (3.110) is compact and, due to
(3.109), forward invariant for (3.74), that is, by [77, Theorem 3.3], any nontrivial

solution starting in the subset W is complete and stays in W. Therefore, each

maximal solution to (3.74) is completed and bounded. O
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The following result shows that, when Assumption 3.2.11 holds, then (3.74)

has the set A defined via (3.103), that is attractive from all points such that

Gmin?

2(0) e R2\ A To establish this result, we use an invariance principle.

Omax *

Theorem 3.2.14. (Almost global asymptotic stability of A,,.,, for (3.74)) Let L

Amin

satisfy Assumption 3.2.11. Let A > 0 and v > 0 be given. Let k and h be defined

via (3.71) and (3.72), respectively. Then, the set A,_.. in (3.103) is almost globally

asymptotically stable with basin of attraction given by R*\ A,,.., for (3.74), where

A is defined via (3.104).

Amax

Proof. By Lemma 3.2.13, each maximal solution is bounded and complete for
(3.74). Recall that, in the proof of Lemma 3.2.13, it was shown that V" in (3.105)

satisfies (3.109) for each z € U = R? \ A Therefore, by an application of

Gmax *

Theorem A.1.3, since v > 0 and A > 0, then A is stable for each z € U =

R2\ A

Gmin

for the closed-loop algorithm (3.74). Using an invariance principle, each

Gmax )

maximal solution that is complete and bounded approaches the largest weakly

invariant set for (3.74) that is contained in

{2 € R\ Ay, : Vo(2, Fp(2, k(h(2))) = 0} N {z € R\ A, : V(2) =1}
(3.111)
Such a set is nonempty only when r = 0 and, precisely, is equal to A,_, . This

property can be seen by noticing that

{z e R?\ A,,.. : V°(z, Fp(z,k(h(2)))) =0} = {z € R?\ A,,... : 22 = 0}, and that
Z 0

after setting z» to zero in (3.74) we obtain | = . For any solution
0 —YVL(z)

to this system, the z; component satisfies 0 = YV L(z1), which since v > 0 and

the minimizers of L belong to the set A; ., leads to 23 € A, Then, every

min *

complete and bounded solution starting from 2(0,0) € U := R?* \ A,,.. to the

Amax

closed-loop algorithm in (3.74) converges to A

Amin *

90



Although V' is not continuous on A;, . , note that each 2 € A, satisfies
VL(z) = 0, since L is C* by item (M2). Hence, since the points z € A
not in Y := R?\ A

are

Gmax

then such points are simply equilibria, and if the state

Gmax )

z starts at such a point, it will be stuck at such a point for all time. Therefore,

A
all initial points such that 2(0,0) € R?\ A

is not attractive from all 2(0,0) € R?, but instead A,_. is attractive from

Gmin Amin

Omax *

The arguments above involving the Lyapunov theorem in Theorem A.1.3 and

an invariance principle yield almost global pre-asymptotic stability of A, _. , with
basin of attraction given by R? \ (A, .. x {0}), for (3.74). Since by Lemma
3.2.13, each maximal solution to (3.74) is complete, then A, ., is almost globally
asymptotically stable, with basin of attraction given by R?\ (Ay,... x {0}), for

(3.74). O
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Chapter 4

Uniting Heavy Ball Algorithms

The uniting algorithms proposed in this chapter impose Assumptions 3.1.8,
3.1.3, and 3.2.4 on the objective function L. Namely, L is C!, nonstrongly convex,
and has a unique minimizer by Assumption 3.1.8, has a Lipschitz continuous
gradient by Assumption 3.1.3, and has quadratic growth away from its minimizer

2] by assumption 3.2.4.

4.1 Problem Statement

In Section 1.2.2, the performance of the heavy ball method for finding the
minimizer of an objective function is highly dependent on the choice of v and A,
and the need for a logic-based algorithm to determine which set of parameters to
use far from the minimizer and which one to use near the minimizer, was discussed.

The problem to solve is stated as follows:

Problem 4.1.1. Given a scalar, real-valued, continuously differentiable, and non-
strongly convex objective function L with a unique minimizer, design an optimiza-
tion algorithm that, without knowing the function L or the location of its mini-

mizer, has the minimizer uniformly globally asymptotically stable, with robustness
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to arbitrarily small noise in measurements of VL.

4.2 Modeling

In this chapter, we propose an algorithm that solves Problem 4.1.1. As de-
scribed in Section 3.2, defining z; as € and 2, as &, we interpret the heavy ball
ODE in (1.1) as a closed-loop system consisting of the plant in (3.1) and control
algorithm assigning v to x in (3.71), where v > 0 and A > 0.

To cope with the trade-off between damping oscillations and converging fast,
we propose a logic-based algorithm that unites two control algorithms, one with
small A\ used far from the minimizer to quickly get close to the critical point, and
one with large A used near the minimizer to avoid oscillations. The proposed
logic-based algorithm “unites” the two optimization algorithms modeled by r,,
where the logic variable ¢ € @ := {0, 1} indicates which algorithm is currently
being used. Such optimization algorithms are designed as static state-feedback
laws of the form

Ra(h(2)) == ~Agz2 — %,V L(z1) (4.1)

for each z € R*", where the output h will adopt different forms in the upcoming
sections. The parameters A\, > 0 and 7, > 0 should be designed for each ¢ € @,
so as to achieve fast convergence without oscillations nearby the minimizer. The
algorithm for ¢ = 1 will be designed to achieve fast convergence and is referred to
as global. The algorithm for ¢ = 0 will be designed to achieve stable convergence
near the minimizer and is referred to as local; see, e.g., [22, Chapter 4]. Due to
¢ jumping between 0 and 1 with hysteresis, we refer to the proposed logic-based
algorithms as hybrid algorithms.

The design of the switching rules for uniting algorithm is done using the Lya-
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punov function

Vile) =7 (D) — L) + 5 | (4.2)

defined for each ¢ € Q and each z € R?", where L* := L(z}).

—  f(h(z)
Y global (g = N - EEEEEEEN

: 22 =Uu
— wolh(z) — g
local (¢ =0) :
Supe:rvisor
q=0 (Z,Q)ECI:COU01

gt =1—¢q (z2,q9) € D:=DyU D,

Figure 4.1: Feedback diagram of the hybrid closed-loop system H, in (4.3),
uniting global and local optimization algorithms.

The switch between k¢ and k; is governed by a supervisory algorithm gov-
erning switching logic; see Figure 4.1. The supervisor selects between these two
autonomous optimization algorithms, based on the plant’ s output and on the
optimization algorithm currently applied. In our simplest algorithm, which is in-
troduced first, the idea is to define sublevel sets of V, and use hysteresis to switch
between the global heavy ball algorithm and the local one. More precisely, when
the supervisor is using the global optimization algorithm ; and V;(z) < ¢;9 with
c10 small, then z; is close to the minimum and a switch to the local algorithm is
performed to converge without oscillations. When the supervisor is using the local

algorithm ko and Vo(z) > ¢y with ¢y > ¢1, then z; is too far from its minimum
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and the supervisor switches to the global algorithm to converge quickly to the
neighborhood of the minimum. These switching events constitute the jumps in
the hybrid closed-loop system, and the cyp- and c; -sublevel sets need to be prop-
erly tuned to solve Problem 4.1.1. At times other than when these events occur,
the hybrid algorithm executes the individual optimization algorithm associated
with the current value of ¢, namely, it applies (4.1) to (3.1).

To capture the mechanism outlined above, encapsulating the plant in (3.1)
and static state-feedback laws in (4.1), we define a hybrid closed-loop system H

with state z := (2, ¢q) € R*" x Q as:

. 22
z =
ke(h(2))] p =: F(x) reC:=CyuC] (4.3a)
q.:
2t = “
" =1—¢q

where Cy, Dy, C, and D are defined differently in the subsequent sections of this
chapter.

Figure 4.1 shows the feedback diagram of this hybrid closed-loop system H.
We denote the closed-loop systems resulting from using the individual heavy ball
algorithms (k,) as H,, which is given by

z
i=| 7 2 € R, (4.4)

rig(h(2))

for each ¢ € @ = {0, 1}; i.e., Ho denotes the local heavy ball algorithm that uses
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Ao and 7y, and H; denotes the global heavy ball algorithm that uses A; and ~;.
The reader may wonder whether a (nonhybrid) discontinuous algorithm would
solve Problem 4.1.1 robustly. Unfortunately, that is not the case since solutions
without hysteresis switching may exhibit chatter at the switching surface induced
by a discontinuous algorithm. The proposed hybrid systems approach solves the

problem with robustness by virtue of hysteresis switching.

4.3 Uniting Heavy Ball Methods Using Measure-

ments of L and VL

In this section, we present a uniting optimization algorithm with switching
rules derived from sublevel sets of V; and V;, where V is defined via (4.2). This
algorithm measures L and VL at the current value of z;. That is, the output h
is defined via (3.73). Although the algorithm requires no knowledge of L, it still
requires knowledge of L*.

For the hybrid closed-loop algorithm H in (4.3), the sets Cy, Dy, Cy, and D,

are defined as

Coi={z € R™: U} x {0}, Cy :={z e R™ : R™\ Ty} x {1} (4.5a)

Dy:={z e R : R" \Up} x {0}, Dy :={z € R™: Tip} x {1} (4.5b)

The sets Uy and 71 are precisely designed in section 4.3.1, but the idea behind
their construction is as follows. When z € Uy and ¢ = 0 (i.e., x € Cp), due to
the design of Uy in Section 4.3.1, then the state z is near the minimizer, which is
denoted z7], and the supervisor allows flows of (4.3) using kg, with large A\g > 0, to

avoid oscillations. Conversely, when z € R?" \ 715 and ¢ =1 (i.e., x € (), due to
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the design of 77 in Section 4.3.1, then the state z is far from the minimizer and
the supervisor allows flows of (4.3) using k1, with large A\; > 0, to converge quickly
to the neighborhood of the minimizer. When z € T and ¢ = 1 (i.e., x € D),
then this indicates that the state z is near the minimizer, and the supervisor
assigns u to kg and resets ¢ to 0. Conversely, when z € R2"\ U, and ¢ = 0 (i.e.,
x € Dy), then this indicates that the state z is far from the minimizer and the
supervisor assigns u to k1 and resets ¢ to 1. The complete algorithm, defined in

(4.3) and (4.5), is summarized in Algorithm 1.

Algorithm 1 Uniting algorithm

else if z € Uy and ¢ = 0 then
Assign u to ko(h(z)), where kg is defined via (4.1) and h is defined in
(3.73), and update z and g according to (4.3a).
9: else if z € R\ 715 and ¢ = 1 then

1: Set ¢(0,0) to 0 and set z(0,0) as an initial condition with an arbitrary value.
2: while true do

3: if 2 € R\ Uy and g = 0 then

4: Reset ¢ to 1.

5: else if z € T,y and ¢ =1 then

6: Reset ¢ to 0.

7

8:

10: Assign u to k1(h(2)), where k; is defined via (4.1) and h is defined in
(3.73), and update z and ¢ according to (4.3a).
11: end if

12: end while

4.3.1 Design of the Sets U, and T

Based on the outline provided in Section 4.2, the supervisor selects kg or x;
in (4.1) using sublevel sets of V;, in (4.2). When the system measures L and VL,
these sets are defined as follows. Let the set Uy be defined by the cy-sublevel set
of Vj, namely,

Up:={zeR™ : Vy(2) <o }. (4.6)
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The parameter ¢y > 0, along with Ay and 7, are designed so that U, is in the
region where kg is to be used. In this design, A\ is large to avoid oscillations when
converging to the minimum. Since kg in (4.1) is such that the set {z]} x {0} is
globally asymptotically stable for the closed-loop system resulting from controlling
(3.1) by ko, as shown in Proposition 3.2.8, then Uy is contained in the basin of
attraction induced by kg. Then, roughly speaking, when ¢ = 0 and Vj(2) < ¢,
the hybrid closed-loop system will switch to the global algorithm defined by x;.
Otherwise, the local algorithm & is used.

The set Ty is defined by a ¢; g-sublevel of Vi with ¢; 9 € (0, ¢g) chosen so that

71,0 is contained in the interior of U
Tio = {z eER™ : Vi(z) < 0170} (4.7)

This choice of Ty is possible since U, and the sublevel sets of V; are compact for
small enough constants ¢y and c¢; . Then, due to the global attractivity guaranteed
by ko in Proposition 3.2.8, once z is in 7T;, the boundary of U, will never be
reached. When ¢ = 1 and Vi (z) < ¢, the supervisor will switch from the global
algorithm s, to the local algorithm x¢. The constants ¢y and ¢; o comprise the
hysteresis necessary to avoid chattering at the switching boundary. Note that,

due to ¢o > ¢1 9, W\Uoﬂ Tio=0.

4.3.2 Design of the Parameter )\,

The heavy ball parameter Ao > 0 should be made large enough to avoid oscil-
lations near the minimizer and \; > 0 should be made small enough to enable fast
convergence to the neighborhood of the minimizer, as stated in Section 4.2. To
gain some intuition on how to tune A,, consider the quadratic objective function

L(z1) = 312}, ay > 0, which was analyzed in detail in [14]. For such a case,
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solutions to the heavy ball algorithm are overdamped (i.e., converge slowly with
no oscillations) when A\ > 2,/ay, critically damped (i.e., the fastest convergence
possible with no oscillations) when A = 2,/a;, and underdamped (fast conver-
gence with oscillations) when A\ < 2,/a;. Therefore, setting Ao > 2,/a; gives the
desired behavior of solutions to Hy and setting A < 2,/a; gives the desired be-
havior of solutions to Hy, for such an objective function. More generally, setting
Ao sufficiently large to avoid oscillations and setting A, sufficiently small for fast
convergence suffices, in practice. Numerically, Ag can be tuned as follows. Choose
an arbitrarily large value of \g. If there is still oscillations or overshoot locally,
despite the switch from ki to ko being made near the minimizer, then gradually
increase A9 until the oscillations and overshoot disappear. See Examples 5.2.5,
5.2.6, and 5.2.7 where Ay was tuned in such a way. Numerically, A\; can be tuned
as follows. Choose an arbitrarily small value of A\; (generally, less than 1, to begin
with). If the state component z; does not get to the desired neighborhood of 2}
before the switch to kg, then gradually decrease \; until the algorithm switches
after z; reaches the desired neighborhood of zj. See Examples 4.3.4, 4.4.5, and

4.4.6, where \; was tuned in such a way.

4.3.3 Well-posedness of the Hybrid Closed-Loop System
H

Under Assumption 3.1.8, the hybrid closed-loop system H in (4.3), with C' and

D defined via (4.5), is well-posed as it satisfies the hybrid basic conditions.

Lemma 4.3.1. (well-posedness of H) Let L satisfy Assumption 3.1.8. Let the
sets Uy and Tio be defined via (4.6) and (4.7), respectively. Let r, be defined via
(4.1) and h be defined in (3.73). Then, the hybrid closed-loop system H in (4.3),
with C and D as defined in (4.5), satisfies the hybrid basic conditions, as listed in
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Definition 2.1.1.

Proof. Since by Assumption 3.1.8 L is C!, then for each ¢ € Q, V, in (4.2), is
continuous. Therefore, since V, is continuous, then the following hold: the set U,
defined via (4.6), is closed since it is a sublevel set of the continuous function Vj;
the set 7Ti, defined in (4.7), is closed since it is a sublevel set of the continuous
function V;. Therefore, since the sets Uy and 77 o are closed, then the sets Cy, Do,
(4, and Dy are closed. Since C' and D are both finite unions of finite and closed
sets, then C' and D are also closed.

Also, by construction, the map x — F(z) in (4.3a) is continuous, due to the
fact that L is C, since this means that VL exists and is continuous, which in turn
makes h in (3.73) and k, in (4.1) continuous. Similarly, the map G(z) in (4.3b)

is continuous by construction, satisfying item (A3) of Definition 2.1.1. O

In the forthcoming Theorem 4.3.3 we show that H has a compact
pre-asymptotically stable set. In light of this property, Lemma 4.3.1 is key as it
leads to pre-asymptotic stability that is robust to small perturbations [21, Theo-
rem 7.21]. In the case of gradient-based algorithms, for instance, such perturba-

tions can take the form of small noise in measurements of the gradient.

4.3.4 Existence of solutions to H

When, in addition, Assumptions 3.1.3 and 3.2.4 hold, each maximal solution
to the hybrid closed-loop system H is complete and bounded, as shown in the
following proposition. Such a property is useful since it guarantees that nontrivial
solutions to H exist from each initial point in C' U D, and that such solutions

do not escape C'U D. When every maximal solution is complete, then uniform
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global pre-asymptotic stability! of the set A becomes uniform global asymptotic

stability.

Proposition 4.3.2. (Existence of solutions to H) Let L satisfy Assumptions
3.1.3, 8.1.8, and 3.2.4. Let \;, > 0, 7, > 0, and c1o € (0,¢0). Let r, be
defined via (4.1) and h be defined in (3.73). Then, TI(Cy) U II(Dy) = R*",
[(Cy)UII(Dy) = R*", and each mazimal solution (t,7) — z(t,7) = (2(t,7),q(t, 7))
to the hybrid closed-loop system H in (4.3), with C' and D as defined in (4.5), is

bounded and complete.

Proof. Since L is C! by Assumption 3.1.8, then by Lemma 4.3.1 H in (4.3), with
C and D as defined in (4.5), is well-posed.

By construction, every z € U belongs to the cyp-sublevel set of Vj; recall that
Uy is defined in (4.6) and Vj is defined in (4.2). Additionally, by construction,
every z € Ti belongs to the c; g-sublevel set of V;; recall that 7T is defined in
(4.7) and V; is defined in (4.2). Therefore, since Uy is defined in (4.6), and since
by the definitions of Dy and Cy in (4.5), Dy is the closed complement of Cj, then
I1(Cy) UTL(Dy) = R*". Furthermore, since Ty is defined in (4.7), and since by
the definitions of D; and Cj in (4.5), C; is the closed complement of D;, then
II(Cy) UTI(D,) = R*".

Due to the definitions of Cy, Dy, Cy, and Dy in (4.5), Up in (4.6), and 77 in
(4.7), then C'\ D is equal to int(C'). Hence, for each point x € C'\ D, the tangent

cone to C at x is

Tc<x) _ R x {0} if x € Cy \ Dy, (48)

RQnX{l} if&?GCl\Dl.

!Uniform global pre-asymptotic stability indicates the possibility of a maximal solution that
is not complete, even though it may be bounded.
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Therefore, F(x) NTe(x) # 0, satisfying (VC) of Proposition A.1.1 for each point
x € C'\ D, and nontrivial solutions exist for every initial point in (Co U Cy) U
(Do U Dy). To prove that item (c) of Proposition A.1.1 does not hold, we show
that G(D) C C'U D, as follows. For D as defined in (4.5), G(D) is:

G(D) := (R \ Uy x {1}) U(Tio x {0}).

Then compare G(D) to the flow set C, defined in (4.5): since ¢ < co, then
(W\L{g X {1}) is a subset of Cy, and (71, x {0}) is a subset of Cj. Since this
means that G(D) C C and, consequently, G(D) C C U D, then item (c) of
Proposition A.1.1 does not hold. The only thing left to prove is that item (b) of
Proposition A.1.1 does not hold.

We show that there is no finite time escape from C for H as follows. First, since
L is C!, nonstrongly convex, and has a single minimizer 2} by Assumption 3.1.8,
since VL is Lipschitz continuous by Assumption 3.1.3, and since L has quadratic
growth away from 2] by Assumption 3.2.4, then each maximal solution to z =
Fp(z,k4(h(2))), defined via (4.4) is bounded, complete, and unique by Proposition
3.2.7. Next, for the hybrid closed-loop system H, since 2 = Fp(z, k4(h(2))) has
no finite time escape from R*", this also means that & = F(z) has no finite time
escape from C', as ¢ does not change in C. Therefore, there is no finite time
escape from C'U D, for solutions x to H in (4.3), with C' and D defined via (4.5).

Therefore, item (b) from Proposition A.1.1 does not hold. m

4.3.5 Main Result

In this section, we present a result that establishes UGAS of the set

A= {z€R™: VL(z1) = 2 = 0} x {0} = {z]} x {0} x {0} (4.9)
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and a hybrid convergence rate that is exponential both globally and locally, for
the hybrid closed-loop algorithm H in (4.3), with C' and D as defined in (4.5).
Recall that the state = := (z,¢). In light of this, the first component of .4, namely,
27, is the minimizer of L. The second component of A, namely, {0}, reflects the
fact that we need the velocity state z5 to equal zero in A so that solutions are not
pushed out of such a set. The third component in A, namely, {0}, is due to the
logic state ending with the value ¢ = 0, namely using k( as the state z reaches

the minimizer of L.

Theorem 4.3.3. (Uniform global asymptotic stability of A for H) Let L satisfy
Assumptions 3.1.8, 3.1.3, and 3.2.4. Let a > 0 be generated by Assumption
3.2.4, and let M > 0 be generated by Assumption 3.1.3. Let Ay > 0, v, > 0,
and c19 € (0,co) be given. Let r, be defined via (4.1) and let h be defined in
(3.73). Then, the set A in (4.9) is uniformly globally asymptotically stable for H
in (4.3), with C and D as defined in (4.5). Furthermore, each mazimal solution
(t,7) = x(t,5) = (2(t),q(t)) to the closed-loop algorithm H in (4.3) starting from

C1 satisfies the following:

1) The domain domx of the solution x is of the form Uj_o(I7 x {j}), with I° of
the form [to,t1] and with I' of the form [t1,00) for some t; > 0 defining the

time of the first jump;

2) For each®* t € I°
L(z(t,0)) — L* = O (exp (—(1 — m)yt)) (4.10)

where m € (0,1) is such that ¢, = %ﬁl >0 and vy := Y1 (1h; — A1) < 0.

ZNote that at each t € I°, ¢(t,0) = 1, and at each t € I', q(¢,1) = 0.
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3) For eacht € I
L(z(t,1)) — L* = O (exp (—(1 — m)yt)) (4.11)

where m € (0,1) is such that vy = %070 > 0 and vy := (o — No) < 0.

Proof. The hybrid closed-loop algorithm H in (4.3) and (4.5) satisfies the hybrid
basic conditions, by Lemma 4.3.1, satisfying the first assumption of Theorem
A.1.3. Furthermore, each maximal solution (¢, ) — x(¢,7) = (2(¢, ), q(t, 7)) to H
is complete and bounded by Proposition 4.3.2. Since by Assumption 3.1.8, L has
a unique minimizer, then A in (4.9) is compact by construction, and U = R*" x Q
contains a nonzero open neighborhood of A, satisfying the second assumption of
Theorem A.1.3.

To prove attractivity of A, we proceed by contradiction. Suppose there exists
a complete solution = to H such that Hljigloo |z(t, )| 4 # 0. Since Proposition 4.3.2

guarantees completeness of maximal solutions, we have the following cases:

a) There exists (', 7) € dom x such that x(t, 7) € C1\ D, for all (¢,j) € domx, t+
gzt +5
b) There exists (¢, j') € domx such that x(t,7) € Cy \ (AU Dy) for all (¢,7) €

domzx,t+j >t +j;
c¢) There exists (t', j') € dom x such that x(¢,j) € D for all (¢,7) € domx,t+7 >
t'+ 7.

Case a) contradicts the fact that, by Proposition 3.2.8, the set {z]} x{0}, is uni-
formly globally asymptotically stable H; in (4.4). Such uniform asymptotic stabil-
ity of {2{} x {0}, guaranteed by Proposition 3.2.8, implies there exist ¢&; € (0, 1)
and d; € (0,d; ) such that the state z reaches ({27} + &B) x ({0} + d1B) C T1,
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as t — 0o. In turn, due to the construction of C; and D; in (4.5), with 7y ¢ defined
via (4.7), the solution z must reach Dy at some (t,5) € domuz,t +j > t' + 7.
Therefore, case a) does not happen.

Case b) contradicts the fact that, by Proposition 3.2.8, {2} x {0} is uniformly
globally asymptotically stable for Hg in (4.4). In fact, Hljigm lz(t,j)] , = 0, and
since A C Cy, case b) does not happen.

Case c¢) contradicts the fact that, due to the construction of 7T in (4.7) and

Uy in (4.6), we have

G(D) N D = (R \ Uy x {1}) U (T10 x {0}))

N (R \Up x {0}) U (Tio x {1}))
=0 (4.12)

where G(D) is defined via (4.9) and D is defined in (4.5). Such an equality holds
since R2" \ Uy N T o = 0; see the end of Section 4.3.1. Therefore, case c) does not
happen.

Therefore, cases a)-c) do not happen, and each maximal and complete solution
x = (2,q) to H in (4.3) converges to {27} x {0}. Consequently, by the construction
of C and D in (4.5), the uniform global asymptotic stability of {z]} x {0} for
H, in (4.4) established in Proposition 3.2.8, and since each maximal solution
to H is complete by Proposition 4.3.2, the set {z7} x {0} is uniformly globally
asymptotically stable for H.

To show that each maximal and complete solution x to H jumps no more than
twice, we proceed by contradiction. Without loss of generality, suppose there
exists a maximal and complete solution that jumps three times. We have the

following possible cases:
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i) The solution first jumps at a point in Dy, then jumps at a point in Dy, and

then jumps at a point in Dy; or

ii) The solution first jumps at a point in Dy, then jumps at a point in Dy, and

then jumps at a point in D;.

Case i) does not hold since, once the jump in D; occurs, the solution x is in
(T10 x {0}) C Cp. Due to the construction of T in (4.25) and Uy in (4.6) such
that 7o in (4.30) such that R2n \ UyNT1 = 0, as described in the contradiction of
case ¢) above, and due to the uniform global asymptotic stability of {2z} x {0} for
H, in (4.4) by Proposition 3.2.8, the solution x will never return to Dy. Therefore,
case 1) does not happen. Case ii) leads to a contradiction for the same reason, and
in this case, once the first jumps in D; occurs, no more jumps happen. Therefore,
since cases i)-ii) do not happen, each maximal and complete solution x to H in
(4.3), with C' and D defined via (4.5), has no more than two jumps.

Finally, we prove the hybrid convergence rate of H. By Proposition 3.2.10,
since L satisfies Assumptions 3.1.8 and 3.2.4, then, given v, > 0 and A, > 0, for
each m € (0,1) such that ¢, := %q%‘ > 0 and v, := 1,(¢, — A) < 0, each maximal
solution ¢ — z(t) to the closed-loop algorithm #, in (4.4) satisfies (3.91) for all
t € domz (= Rxp). Since maximal solutions (¢,7) — x(t,7) = (2(¢,4),q(t, 7)) to
‘H starting from C' are guaranteed to jump no more than once, as implied by the
contradiction in cases i)-ii) above, then the domain of each maximal solution x to
H starting from C1 is Uj_(17, j), with I° of the form [to, 1] and with I'* of the form
[t1,00). Therefore, given A\, > 0, 7, > 0, c19 € (0,¢), €10 € (0,&0), @ > 0 from
Assumption 3.2.4, and M > 0 from Assumption 3.1.3, due to the construction
of Uy in (4.6) and Tip in (4.7) with ¢;p € (0,¢0), and due to the individual
convergence rates of H,, each maximal solution (¢, j) — z(t,7) = (2(t, ), ¢(t, 7))

to the hybrid closed-loop algorithm # in (4.3) that starts in C; satisfies (4.10) for
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each t € I° at which ¢(¢,0) is equal to 1, and satisfies (4.11) for each ¢ € I' at

which ¢(t, 1) is equal to 0. O

4.3.6 Numerical Example
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Figure 4.2: A comparison of the evolution of L over time for Hg, Hi, and H,
for a function L =z Pz, where z; € R and P = I1gox100, which has a single
minimizer at z; = (0,0,...,0). The heavy ball algorithm #; uses A; = 3 (shown
in purple) and settles to within 1% of 2} in about 16.3 seconds. The heavy ball
algorithm #H, uses A\g = 10.5 (shown in green) and settles to within 1% of 2} in
about 96.4 seconds. The hybrid closed-loop system H (shown in blue) settles to

within 1% of 2§ in about 2.9 seconds.

Example 4.3.4. To show the effectiveness of the hybrid algorithm H in (4.3),
with C' and D defined in (4.5), we compared it in simulation with the individual
optimization algorithms Ho and Hi. The local algorithm, Hq, uses a large A value

to produce slow convergence with no oscillations. The global algorithm, H,, uses a
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small X value to produce fast convergence with oscillations. The hybrid closed-loop
system H switches between the two lambda values, to ensure fast convergence with
no oscillations.

The choice of objective function, parameter values, and initial conditions are
as follows. We use the objective function L = 1z Pz, where z € R and
P = Loxi00, which has a single minimizer at z; = (0,0,...,0). The Lipschitz

constant of VL is M = 1

3. The choice of the objective function is made both to
show how the algorithm performs with arguments z, € R™, with n > 1, and was
also chosen so that we can easily tune A\, as described in Section 5.1.6. Namely,
we tuned g to 10.5 by choosing a value arbitrarily larger than 2./a;, where a;

comes from Section 5.1.6, and gradually increasing it until there is no overshoot

1

5 by choosing a value arbitrarily

in the hybrid algorithm. We also tuned A\ to
smaller than 2,/a; and gradually decreasing until the switch to Hy occurs once z;
reaches the desired neighborhood of zi. We arbitrarily chose vo = 71 = % The
parameter values for the uniting algorithm are co = 1200 and ¢, o ~ 638.370, which
are chosen for proper tuning of the algorithm, in order to get mice performance,
and the value of c1 is chosen to exploit the properties of Hy for a longer time,

so that the nominal solution gets closer to the minimizer faster. Initial conditions

for H, Ho, and Hy are z1(0,0) = —10, 22(0,0) = 0, and ¢(0,0) = 0.

| Algorithm | Time to converge (s) | % improvement of H |

H 2.942 -
Ho 96.377 96.9
Hy 16.311 82.0

Table 4.1: Average times for which H, Hg, and H; settle to within 1% of 2z,
and the average percent improvement of H over each algorithm. Percent im-
provement is calculated via (4.13). The objective function used for this table is
L= ile Pz, where z; € R and P = I109x100, Which has a single minimizer at
27 =(0,0,...,0).
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Table 4.1 shows the time that each algorithm takes to settle within® 1% of 27,
and the percent improvement of H over Ho, Hi, and HAND-1, which is calculated

using the following formula

(T@'me of Ho or Hi — Time of H

1 . 4.1
Time of Ho or H ) x 100% (4.13)

As can be seen in Figure 4.2 and Table 4.1, H converges faster than the other
algorithms, and the percent improvement of H over each of the other algorithms

in Table 4.1 is 96.9% over Ho and 82.0% over H,.

4.4 Uniting Heavy Ball Methods Using Measure-

ments of VL

In this section, we propose a switching rule for the uniting algorithm that
exploits measurements of VL, which in practice are typically approximated using
measurements of L. Namely, the algorithm in this section has output h defined
in (3.72). Unlike the switching rule in Section 4.3, the switching rule proposed in
this section does not require prior knowledge of L or of its minimizer.

For the hybrid closed-loop algorithm H in (4.3), the sets Cy, Cy, Dy, and D,

in this section are defined as

C() = Z/{O X {O}, Cl = R2n\7d1’0 X {1} (414&)

DO = 76’1 X {0}, D, = 7’170 X {1} (414b)

The sets Uy, T10, and Ty, are precisely defined in Sections 4.4.1-4.4.3, but the

idea behind their construction is as follows. As in Section 4.2, the switch between

3Code at github.com/HybridSystemsLab/UnitinglevelSetsHBF.
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ko and k1 is governed by a supervisory algorithm implementing switching logic;
see Figure 4.1. When z € Uy and ¢ = 0 (i.e., x € Cp), due to the design of
Up in Section 4.4.1, then the state z is near the minimizer, which is denoted 27,
and the supervisor allows flows of (4.3) using ko, with large Ay > 0, to avoid
oscillations. Conversely, when z € R2*\ T; 5 and ¢ = 1 (i.e., x € C,), due to the
design of 7; in Section 4.4.2, then the state z is far from the minimizer and the
supervisor allows flows of (4.3) using k1, with large A\; > 0, to converge quickly to
the neighborhood of the minimizer. When z € 7Ty and ¢ =1 (i.e., x € Dy), then
this indicates that the state z is near the minimizer, and the supervisor assigns u
to ko and resets g to 0. Conversely, when z € 71 and ¢ = 0 (i.e., z € Dy), due to
the design of 7y in Section 4.4.3, then this indicates that the state z is far from
the minimizer and the supervisor assigns u to k1 and resets ¢ to 1. The complete

algorithm, defined in (4.3) and (4.14), is summarized in Algorithm 2.

Algorithm 2 Uniting algorithm

: Set ¢(0,0) to 0, 7(0,0) to 0, and set z(0,0) as an initial condition with an
arbitrary value.
while true do
if 2 €751 and ¢ = 0 then
Reset ¢ to 1.
else if z € 71y and ¢ =1 then
Reset ¢ to 0.
else if 2z € Uy and ¢ = 0 then
Assign u to ko(h(2)), where kg is defined via (4.1) and h is defined in
(3.72), and update z and ¢ according to (4.3a).
9: else if z € R?"\ 715 and ¢ = 1 then

[t

10: Assign u to k1(h(2)), where k; is defined via (4.1) and h is defined in
(3.72), and update z and g according to (4.3a).
11: end if

12: end while

110



4.4.1 Design of U

In order for the supervisor to determine when the state component z; is close
to the minimizer of L, denoted 27, without knowledge of 2§ or L* := L(z), we will
use Assumptions 3.1.8 and 3.2.4. Under such assumptions, the following lemma,
used in some of the results to follow, relates the size of the gradient at a point to

the distance from the point to 2.

Lemma 4.4.1. (Suboptimality) Let L satisfy Assumptions 3.1.8 and 3.2.4, and
let a > 0 come from Assumption 3.2.4. For some e > 0, if z1 € R" is such that

|IVL(z1)| < e, then |z, — 2}| < e.

Proof. Combining Assumption 3.1.8 and (3.79) from Assumption 3.2.4 with

up = 2} and wy = 2z yields
ala = 2[" < |L(z1) = L*| < (VL(21), 2 — 21)| < [VL(21)| |21 — 21| (4.15)
where the first inequality holds since L(z;) > L*. Then,
. 1
|21 — 27| < o |V L(z1)]. (4.16)

From (4.16), we can deduce that [VL(z)| < ea implies |21 — 2{| < L (ea) = €. O

The suboptimality condition from Lemma 4.4.1 is typically used as a stopping
condition for optimization, as it indicates that the argument of L is close enough
to the minimizer z} [66]. We exploit Lemma 4.4.1 to determine when the state
component z; of the hybrid closed-loop system H is close enough to the minimizer
2] so as to switch to the local optimization algorithm, kg, in this way activating
Ho; see Figure 4.1.

Recall from lines 7-8 of Algorithm 2 that the objective is to design U, such
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that when z € Uy and ¢ = 0, the state component z; is near zj and the uniting
algorithm allows flows of (4.3) with k¢ in (4.1) and ¢ = 0. For such a design, we
use Assumptions 3.1.8 and 3.2.4 and the Lyapunov function V4 in (4.2). Given
go > 0, cg > 0, and vy > 0 from kg in (4.1), let & > 0 come from Assumption
3.2.4 such that

Co:=¢coax >0, dy:=co— Y (ff) > 0. (4.17)
Then, Vj in (4.2) can be upper bounded, using Assumption 3.1.8 as done to arrive

to (4.15), as follows: for each z € R*"
* 1 2 * 1 2
Vo(2) =0 (L(z1) = L) + 5 |2]” < w[VL(2)|[a = 2]+ S |7 (418)

Then, due to L being C!, nonstrongly convex, and having a single minimizer 2}
by Assumption 3.1.8, and due to L having quadratic growth away from z; by
Assumption 3.2.4, when |V L(z1)| < &, the suboptimality condition in Lemma

4.4.1 implies |z — zf| < @, from where we get
2 1
Vo(2) < <o?) +3 |2o)? (4.19)
Then, by defining the set U, as
2n L1 2
Up = {z ER™: |VL()| < 0,5 |l < do} , (4.20)

every z € Uy belongs to the cyg-sublevel set of V4. In fact, using the conditions in

(4.17) and (4.19), we have that for each z € Uy,

~2
Co

1
Vi) < 20 (2) 4 51l < o (421
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Since kg in (4.1) is such that the set {27} x {0} is globally asymptotically stable
for the closed-loop system resulting from controlling (3.1) by kg, as was shown in
the Proposition 3.2.8, the set U is contained in the basin of attraction induced

by k.

4.4.2 Design of T;

Recall from lines 5-6 of Algorithm 2 that the objective is to design 7 o such
that when z € 77 and ¢ = 1, the state component z; is near 2} and the supervisor
resets ¢ to 0 and assigns u to ko(ho(z)), where kg is defined via (4.1) and h is
defined in (3.72). For such a design, we use Assumptions 3.1.8 and 3.2.4 and the
Lyapunov function V; in (4.2). Given ¢1 € (0,¢0) and €19 € (0,e0), where ¢y > 0
and g9 > 0 come from Section 4.4.1, let ¢y and dy be given in (4.17), and let a > 0

come from Assumption 3.2.4 such that

51’0 = E1,0¢ S (O, Eo) (422&)
~2

¢
dig:=cio—mn (:f) € (0,do) (4.22b)
Then, with V; given in (4.2) and using Assumption 3.1.8 with u; = 2] and w;, = 2,
* 1 2
Vi(2) S mIVL(z)l |2 = 2] + 5 |l (4.23)

Then, due to L being C*, nonstrongly convex, and having a single minimizer z}
by Assumption 3.1.8, and due to L having quadratic growth away from z; by
Assumption 3.2.4, when |VL(2)| < ¢, the suboptimality condition in Lemma
4.4.1 implies |z — 27| < %0, from where we get

o) 1, .
Vi) < (22) 43 fal. (4.24)
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Then, by defining 7; ¢ as
1
710 = {Z € RQn . |VL(21)| S 61707 5 |22|2 S dl,O} (425)

which, by construction, is contained in the interior of Uy defined in (4.20), every
z € Tip belongs to the ¢ g-sublevel set of V;. In fact, using the conditions in

(4.22) and (4.24), we have for each z € Ty,
cio\>, 1,
Vi(z) £m (a) ) 22" < crp- (4.26)

The constants ¢y, ¢, do, and dyo in (4.17) and (4.22) comprise the hysteresis
necessary to avoid chattering at the switching boundary. The idea behind these
hysteresis boundaries is as follows. When 2z € Uy and ¢ = 1, we have that
z € R2\ Tp, and it is not yet time to switch to s but to continue to flow using
k1. But once z € Ty then z is close enough to {27} x {0}, and the supervisor
switches to kg. Figure 4.3 illustrates the hysteresis mechanism in the design of U

and T p.

4.4.3 Design of 7,

To make the switch back to x; in (4.1), we utilize Assumption 3.1.3. Recall
from lines 3-4 of Algorithm 2 that the objective is to design 7;; such that when
z € To1 and g = 0, the state component z; is far from 2z} and the supervisor resets
q to 1 and assigns u to k1(h(z)), h is defined in (3.72), so that x, steers z; back to
nearby 2. Given ¢y > 0, let a > 0 come from Assumption 3.2.4, and let M > 0
come from Assumption 3.1.3. Then, using Assumption 3.1.3 with u; = 2§ and
wy = 2y yields

IVL(z1)| < M |21 — 2] (4.27)
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Figure 4.3: An illustration of hysteresis in the design of the sets Uy, To, and T
on R?", via the constants ¢, o € (0,¢), dio € (0,dp), and ¢ > 0. Left: due to the
design of Uy in (4.20), every z € Uy belongs to the cp-sublevel set of the Lyapunov
function Vj, where V; is defined via (4.2). Hence, the same value of ¢y > 0 is also
used to define 7y ; as the closed complement of a sublevel set of Vj with level equal
to ¢o. Right: the constants ¢, € (0,¢&) and dyo € (0,dp), defined via (4.22), are
chosen such that the set 7; o in (4.25) is contained in the interior of Uy.

for all z; € R". Since L has quadratic growth away from 2 by Assumption 3.2.4,
then dividing both sides of (4.27) by M and substituting into (3.79) leads to

L(z) - L" > e IVL(z1)|” (4.28)

where o > 0 comes from Assumption 3.2.4. Then, V; in (4.2) is lower bounded as

follows: for each z € R?",

«

2 1 2
W) |VL(z)| +§|z2| . (4.29)

Val) = o (L) = L) + 5 fal® 2 70

Using the right-hand side of (4.29) and the same ¢y > 0 as in Section 4.4.1, we

define the set

« 1
Tor = {z € R : (W) VLGP + 5 |l 2 co} . (4.30)
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The set in (4.30) defines the (closed) complement of a sublevel set of the Lyapunov
function Vp in (4.2) with level equal to ¢o. The constant ¢ is also a part of the
hysteresis mechanism, as shown in Figure 4.3. When 2z € Uy and ¢ = 0, then
the supervisor does not need to switch to kq, as the state component z is close
enough to the minimizer to keep using xo. But if 2 € 75; while ¢ = 0, then z is
far enough from the minimizer, and the supervisor then switches to x;. Note that

ToaNTio=0.

4.4.4 Well-posedness of the Hybrid Closed-Loop System
H

When L satisfies Assumptions 3.1.3, 3.1.8, and 3.2.4, the hybrid closed-loop
system H in (4.3) satisfies the hybrid basic conditions, listed in Definition 2.1.1,

as demonstrated in the following lemma.

Lemma 4.4.2. (Well-posedness of H) Let the function L satisfy Assumptions
3.1.3, 8.1.8, and 3.2.4. Let the sets Uy, T10, and To1 be defined via (4.20) (4.25),
and (4.30), respectively. Let k, be defined via (4.1) and let h be defined in (3.72).
Let A\, > 0 and v, > 0. Then, the hybrid closed-loop system H in (4.3), with C
and D defined via (4.14), satisfies the hybrid basic conditions.

Proof. The objective function L is C!, nonstrongly convex, and has a single
minimizer by Assumption 3.1.8. Therefore, since VL is continuous, the following
hold: the set Uy, defined via (4.20), is closed since it is a sublevel set of the
continuous function Vj in (4.2); the set Ty, defined via (4.25), is closed since it
is a sublevel set of the continuous function Vj in (4.2); the set 751, defined via
(4.30), is closed since it is the closed complement of a set. Therefore, since the

sets Uy, Ti0, and Ty are closed, then the sets Dy, Dy, Cp, and C; are closed.
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Since C' and D are both finite unions of finite and closed sets, then C' and D are
also closed.

Since by Assumption 3.1.8, L is C!, then h in (3.72) and &, in (4.1) are contin-
uous. In turn, the map z — Fp(z, k,(h(2))) is also continuous since Fp in (3.1) is
a C! function of x, and h. Therefore, z — F(z) in (4.3a) is continuous. The map

G in (4.3b) satisfies (A3) by construction since it is continuous. O

4.4.5 Existence of solutions to H

Under Assumptions 3.1.3, 3.1.8, and 3.2.4, each maximal solution to H is
complete and bounded, as stated in the following lemma. The following lemma
also states that IT1(Cp) UTI(Dy) = R?** and I1(C) UTI(D;) = R?*". Such a property
ensures that nontrivial solutions to H in (4.3), which exist from each initial point

in C'U D, also exist from any initial point in R?" x Q.

Proposition 4.4.3. (Existence of solutions to H) Let the function L satisfy As-
sumptions 3.1.3, 3.1.8, and 3.2.4. Let the sets Uy, T, and To1 be defined via
(4.20), (4.25), and (4.30), respectively. Let k, be defined via (4.1) and let h
be defined in (3.72). Let A, > 0 and v, > 0. Then, TI(Cy) UTI(Dy) = R*",
[(Cy)UII(Dy) = R*", and each mazimal solution (t,7) — z(t,7) = (2(t,7),q(t, 7))
to H in (4.3), with C and D defined via (4.14), is bounded and complete.

Proof. Since Assumptions 3.1.3, 3.1.8, and 3.2.4 hold, then H satisfies the hybrid
basic conditions by Lemma 4.4.2. With ¢, > 0 and dy > 0 defined via (4.17), since
L is C!, nonstrongly convex, has a single minimizer by Assumption 3.1.8, and has
quadratic growth away from zj by Assumption 3.2.4, from the arguments below
(4.18), every z € Uy belongs to the co-sublevel set of Vp; recall that Uy is defined
in (4.20) and that V; is defined via (4.2). Additionally, since by Assumption 3.2.4
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L has quadratic growth away from 2] and since VL is Lipschitz continuous by
Assumption 3.1.3, then 75, in (4.30) defines the closed complement of a sublevel
set of Vy with level equal to ¢g. Therefore, due to the definitions of U in (4.20) and
Toa in (4.30), II(Cy) UTL(Dy) = R*". Furthermore, since Ty o is defined via (4.25),
and since by the definitions of C} and D; in (4.14), C} is the closed complement
of Dy, then TI(CY) UTL(D;) = R*".

Due to the definitions of Cy, Dy, Ci, and D; in (4.14), Uy in (4.20), T1o
in (4.25), and 7y in (4.30), then C'\ D is equal to int(C'). Hence, for each
point z € C'\ D, the tangent cone to C' at z is defined in (4.8). Therefore,
F(x)NTe(z) # 0, satisfying (VC) of Proposition A.1.1 for each point x € C'\ D,
and nontrivial solutions exist for every initial point in (CoUCy) U (Do U Dy),
where I1(Cy) UTI(Dy) = R** and TI(C,) UTI(D;) = R*". To prove that item (c) of
Proposition A.1.1 does not hold, we need to show that G(D) C C U D. With D
defined in (4.14),

G(D) = (Toy x {1}) U (Tio x {0}). (4.31)

Notice that 719 x {0} C Cy and To1 x {1} C C;. Therefore, G(D) C C; hence
G(D) c C'U D. Therefore, item (c) of Proposition A.1.1 does not hold. Then it
remains to prove that item (b) does not happen.

We show that there is no finite time escape from C' for ‘H as follows. First,
since L is C', nonstrongly convex, and has a single minimizer z; by Assumption
3.1.8, since VL is Lipschitz continuous by Assumption 3.1.3, and since L has
quadratic growth away from 2] by Assumption 3.2.4, then each maximal solution
to 2 = Fp(z,kq(h(2))), defined via (4.4) with s, in (4.1) and h in (3.72), is
bounded, complete, and unique by Proposition 3.2.7. Next, for the hybrid closed-
loop system H in (4.3), with C' and D defined via (4.14), since #H, has no finite

time escape from R?", then this means i = F(z) has no finite time escape from
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C for H, as q does not change in C'. Therefore, there is no finite time escape from
C' U D, for solutions = to H in (4.3), with C' and D defined via (4.14) and &,
defined in (4.1). Therefore, item (b) from Proposition A.1.1 does not hold. O

4.4.6 Main Result

In this section, we present a result that establishes UGAS of the set A in (4.9),
and a hybrid convergence rate that is exponential both globally and locally, for

the hybrid closed-loop algorithm H in (4.3), with C' and D as defined in (4.14).

Theorem 4.4.4. (Uniform global asymptotic stability of A in (4.9) for H) Let
the function L satisfy Assumptions 3.1.3, 3.1.8, and 3.2.4. Let a > 0 be generated
by Assumption 3.2.4 and let M > 0 be generated by Assumption 3.1.53. Let \; > 0,
Y >0, c10 € (0,¢0), €10 € (0,¢0), be given. Let the sets Uy, Tip, and To:1 be
defined via (4.20), (4.25), and (4.30), respectively. Let k, be defined via (4.1)
and let h be defined in (3.72). Then, the set A, defined via (4.9), is uniformly
globally asymptotically stable for H given in (4.3), with C' and D defined via
(4.14). Furthermore, each maximal solution (t,j) — xz(t,j) = (2(t),q(t)) to the
closed-loop algorithm H in (4.3) starting from Cy satisfies items 1)-3) in Theorem
4.9.3

Proof. The hybrid closed-loop algorithm H in (4.3) — with Uy, Tio, and Toa
defined via (4.20), (4.25), and (4.30), respectively — satisfies the hybrid basic con-
ditions by Lemma 4.4.2, satisfying the first assumption of Theorem A.1.3. Fur-
thermore, I1(Cy) UTI(Dy) = R?*", I1(C} ) UTI(D;) = R?*", and each maximal solution
(t,7) — x(t,5) = (2(t,7),q(t, 7)) to H is complete and bounded by Proposition
4.4.3. Since by Assumption 3.1.8, L has a unique minimizer 2}, then A, defined
via (4.9), is compact by construction, and U = R?" x @ contains a nonzero open

neighborhood of A, satisfying the second assumption of Theorem A.1.3.
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To prove attractivity of A, we proceed by contradiction. Suppose there exists
a complete solution x to H such that t+li,m |z(t, )| 4 # 0. Since Proposition 4.4.3
j—00

guarantees completeness of maximal solutions, we have the following cases:

a) There exists (¢, j') € dom x such that z(t, j) € C;\ D, for all (¢, j) € domz, t+

j=>t 475,

b) There exists (¢, j') € domx such that x(t,7) € Cy \ (AU Dy) for all (¢,7) €

domaz,t +75 >t + 5’

¢) There exists (¢, j') € dom x such that x(¢,j) € D for all (¢,j) € domz,t+j >

t'+ 7.

Case a) contradicts the fact that, by Proposition 3.2.8, the set {z7} x {0}
is uniformly globally asymptotically stable for H; in (4.4). Such uniform global
asymptotic stability of {27} x {0}, guaranteed by Proposition 3.2.8, implies there
exist ¢ € (0,¢10) and dy € (0,d; ) such that the state z reaches ({2} + &B) x
({0} +diB) C Tip as t — oo. In turn, due to the construction of Cy and D,
in (4.14), with 7y, defined via (4.25), the solution z must reach D; at some
(t,j) € domx,t+ 5 >t + j'. Therefore, case a) does not happen.

Case b) contradicts the fact that, by Proposition 3.2.8, {z]} x {0} is uniformly
globally asymptotically stable for H, in (4.4). In fact, tJrljigoo lz(t,5)|, = 0, and
since A C Cy, case b) does not happen.

Case ¢) contradicts the fact that, due to the construction of 7T; in (4.25) and

To.1 in (4.30), we have

G(D)ND = ((Toq x {1}) U (T1,0 x {0})) N ((Toq x {0}) U(Ti0 x {1})) =0
(4.32)

where G(D) is defined via (4.31) and D is defined in (4.14). Such an equality
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holds since Tio N To1 = 0; see the end of Section 4.4.3. Therefore, case c) does
not happen.

Therefore, cases a)-c) do not happen, and each maximal and complete solution
x = (z,q) to H converges to A. Consequently, by the construction of C' and D in
(4.14), the uniform global asymptotic stability of {27} x {0} for H, established in
Proposition 3.2.8, and since each maximal solution to H is complete by Proposition
4.4.3, the set A in (4.9) is uniformly globally asymptotically stable for H in (4.3),
with C' and D defined via (4.14).

To show that each maximal and complete solution x to H jumps no more than
twice, we proceed by contradiction. Without loss of generality, suppose there
exists a maximal and complete solution that jumps three times. We have the

following possible cases:

i) The solution first jumps at a point in Dy, then jumps at a point in Dy, and

then jumps at a point in Dy; or

ii) The solution first jumps at a point in Dy, then jumps at a point in Dy, and

then jumps at a point in D;.

Case i) does not hold since, once the jump in D; occurs, the solution z is in
(Tio x {0}) C Cy. Due to the construction of 71 in (4.25) and 7oy in (4.30)
such that 719N 71 = 0, as described in the contradiction of case c) above, and
due to the uniform global asymptotic stability of {z]} x {0} for H, in (4.4) by
Proposition 3.2.8, the solution = will never return to Dy. Therefore, case i) does
not happen. Case ii) leads to a contradiction for the same reason, and in this
case, once the first jumps in D; occurs, no more jumps happen. Therefore, since
cases 1)-ii) do not happen, each maximal and complete solution = to H in (4.3),

with C' and D defined via (4.14), has no more than two jumps.
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Finally, we prove the hybrid convergence rate of H. By Proposition 3.2.10,
since L satisfies Assumptions 3.1.8 and 3.2.4, then, given v, > 0 and A, > 0, for
each m € (0,1) such that ¢, := %]q > 0 and v, := ¥, (¢, —A,) < 0, each maximal
solution ¢ — z(t) to the closed-loop algorithm #, in (4.4) satisfies (3.91) for all
t € domz (= Rxp). Since maximal solutions (¢,7) — x(t,7) = (2(¢,4),q(t, 7)) to
‘H starting from C' are guaranteed to jump no more than once, as implied by the
contradiction in cases i)-ii) above, then the domain of each maximal solution x to
H starting from C} is Uj_(17, j), with I° of the form [to, 1] and with I'* of the form
[t1,00). Therefore, given A\, > 0, 7, > 0, c19 € (0,¢), €10 € (0,&0), @ > 0 from
Assumption 3.2.4, and M > 0 from Assumption 3.1.3, due to the construction of
Up, Tip, and To; in (4.20), (4.25), and (4.30), with & € (0, &) and di o € (0, dp)
defined via (4.17) and (4.22), and due to the individual convergence rates of #,,
each maximal solution (¢, j) — x(¢,7) = (2(t,J), q(t,j)) to the hybrid closed-loop
algorithm H in (4.3) that starts in C) satisfies (4.10) for each ¢ € I° at which
q(t,0) is equal to 1, and satisfies (4.11) for each ¢ € I' at which ¢(¢,1) is equal to

0. O

4.4.7 Numerical Examples

In this section, we present multiple numerical examples to illustrate the hybrid
closed-loop algorithm H in (4.3), with C' and D defined in (4.14). Example
4.4.5 first illustrates the operation of the nominal hybrid closed-loop algorithm
‘H, and then demonstrates the robustness of H to different amounts of noise in
measurements of VL. Example 4.4.6 compares solutions to the hybrid closed-loop

algorithm with solutions to Hy and H;.

Example 4.4.5. In this example, we simulate a solution to the nominal hybrid

closed-loop system H to illustrate how the uniting algorithm works. Then, we
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0 0.5 1 1.5 L% 2.5 3 3.5 4

7 | Jim_swplaatt )= =il | Jim_sup [LCat. ) — L7
0.01 1.621 x 10~4 1.314 x 1078
0.1 3.048 x 1073 4.645 x 107
0.5 8.400 x 1073 3.528 x 107
1 1.748 x 1073 1.528 x 107
) 3.387 x 1072 5.736 x 1074
10 6.666 x 10~ 2.222 x 1073
15 1.332 x 107! 8.871 x 1073
20 1.114 x 107! 6.209 x 1073
25 5.588 x 1071 1.931 x 1073

Figure 4.4: Top: The evolution over time of z;, for the nominal hybrid closed-
loop algorithm # in (4.3), with C' and D defined in (4.14), for a function L(z) :=
%zf with a single minimizer at 2 = 0. The time at which the solution settles to
within 1% of 2] is marked with a dot and labeled in seconds. The jump is labeled
with an asterisk. Bottom: Simulation results for perturbed solutions using zero
mean Gaussian noise, with each simulation using a different value of the standard

deviation o. Results listed are for a large value of ¢t + 7.
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compare that same solution to solutions with different amounts of noise in mea-
surements of VL. For both the nominal system and the perturbed system, the
choice of objective function, parameter values, and initial conditions are as fol-
lows. We use the objective function L(z) = %z%, which is monstrongly convex
with a Lipschitz continuous gradient, with constant M = 1, and which has a sin-
gle minimizer at z{ = 0. This choice of objective function is made so that we can
easily tune X\, as described in Section 5.1.6. We arbitrarily chose the heavy ball

parameter values vy = % and v, = L. We tuned Ny to 10.5 by choosing a value

3
arbitrarily larger than 2\/a;, where a, comes from Section 5.1.6, and gradually
increasing it until there is no overshoot in the hybrid algorithm. We tuned Ay to %
by choosing a value arbitrarily smaller than 2\/a; and gradually decreasing until
the switch to Ho occurs once z; reaches the desired neighborhood of z3.

The parameter values for the uniting algorithm are ¢y = 9000, ¢1 ~ 499.38,
g0 = 20, €19 = 15, and a = %, which yield the values ¢y = 20, ¢ = 15, dy =~
8733.3, and d o ~ 386.88, which are calculated via (4.17) and (4.22). These values
are chosen for proper tuning of the algorithm, in order to get nmice performance,
and the value of ¢y is chosen to exploit the properties of Hy for a longer time, so
that the nominal solution gets closer to the minimizer faster. Initial conditions for
H are z,(0,0) = 50, 25(0,0) = 0, and ¢(0,0) = 1. The plot on the top in Figure
4.4 shows the solution to the nominal hybrid closed-loop algorithm H, namely, the
value of z; over time, with the time it takes for the solution to settle to within
1% of z7 marked with a black dot and labeled in seconds. The jump at which the
switch from Hy to Hy occurs is labeled with an asterisk. The solution converges
quickly, without oscillations near the minimizer.

To show that the uniform global asymptotic stability of A, established in The-

orem 4.4.4, is robust to small perturbations, due to the hybrid closed-loop system
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Figure 4.5: Simulation results for hybrid closed-loop algorithm # in (4.3), with
C and D defined in (4.14), for a function L(z) := 52? with a single minimizer at
2z} = 0, with zero-mean Gaussian noise added to measurements of the gradient.
Each subplot is labeled with the standard deviation used. Left subplots: the value
of z; over time for each perturbed solution, with the jump in each solution labeled
by an asterisk. Right subplots: the corresponding value of L over time for each
perturbed solution.
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H satisfying the hybrid basic conditions by Lemma 4.4.2. we simulate the hybrid
algorithm, using the objective function, parameter values, and initial conditions
listed in the first paragraph of this example, with zero-mean Gaussian noise added
to measurements of the gradient. Separate simulations were run for each of the
following standard deviations: o € {0.01,0.1,0.5,1,5,10,15,20,25}. Figure 4.5
shows some of these perturbed solutions®, with each subplot labeled with the corre-
sponding standard deviation used. The subplots on the left side of Figure 5.2 show
the value of z1 over time for different standard deviations, and the subplots on
the right side of Figure 4.5 show the corresponding value of L over time for such
standard deviations. Note that, while most perturbed solutions shown in Figure
4.5 get close to the minimizer quickly, the solution with o = 15 does not, as the
random noise causes the solution to jump too early. However, the solution with
o = 15 still gets close to the minimizer eventually, as seen in Figure 4.5 and the
table in the bottom of Figure 4.4. QOverall, the perturbed solutions in Figure 4.5 do
not get as close to the minimizer as the solution to the nominal algorithm does;
see the plot on the top in Figure 4.4. Also note that, in general, as the standard
deviation gets larger, the corresponding perturbed solution stays slightly farther
away from the minimizer. The results for all standard deviations are listed in the
table in Figure 4.4, showing the neighborhood of zi that each solution settles to,

for a large value of t + j, along with the corresponding value of L.

Example 4.4.6. As was done in Fxample 4.3.4, in this example we show the
effectiveness of the hybrid algorithm H in (4.3), with C' and D defined via (4.14),
by comparing it in simulation with the individual optimization algorithms Hy and
Hy in (4.4). We use the same objective function as in Example 4.5.4, namely,

L = izIle, where z1 € R and P = Ig0x100, which has a single minimizer

4Code at github.com/HybridSystemsLab/UnitingRobustnessHBF.
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Figure 4.6: A comparison of the evolution of L over time for Hy, Hi, and H in
(4.3), with C and D defined in (4.14), for a function L = {2z, Pz, where z; € R
and P = Ijgpx100, Wwhich has a single minimizer at z; = (0,0,...,0). The heavy
ball algorithm #; uses A; = % (shown in purple) and settles to within 1% of 2} in
about 16.3 seconds. The heavy ball algorithm H, uses A\g = 10.5 (shown in green)
and settles to within 1% of z} in about 96.4 seconds. The hybrid closed-loop

system H (shown in blue) settles to within 1% of z{ in about 2.9 seconds.
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at z; = (0,0,...,0). The Lipschitz constant of L is M = 1. We use the same

approach, described in Example 4.5.4, to tuning \,, which leads to \g = 10.5 and
A = % Additionally, we use the same arbitrarily chosen vy = v = % as in
FExample 4.3.4. The parameter values for the uniting algorithm are co = 2000,
c10 ~ 1351.95, g9 = 35, €10 = 25, and o = %, which yield the values ¢o = 8.75,
¢10 = 6.25, dy ~ 1846.9, and dy o ~ 1273.8, which are calculated via (4.17) and
(4.22). These values are chosen for proper tuning of the algorithm, in order to get
nice performance, and the value of cio is chosen to exploit the properties of Hi

for a longer time, so that the solution gets closer to the minimizer faster. Initial

conditions for H, Hg, and Hy are z1(0,0) = —10, 22(0,0) = 0, and ¢(0,0) = 0.

| Algorithm | Time to converge (s) | % improvement of H |

H 2.942 -
Ho 96.377 96.9
Hi 16.311 82.0

Table 4.2: Average times for which H in (4.3), with C' and D defined in (4.14),
Ho, and H; settle to within 1% of 27, and the average percent improvement of H
over each algorithm. Percent improvement is calculated via (4.13). The objective
function used for this table is L = 1z{ Pz, where 2z € R and P = ITj00x100,
which has a single minimizer at z} = (0,0,...,0).

Table 4.2 shows the time that each algorithm takes to settle within® 1% of 27,
and the percent improvement of H over Hy, H1, and HAND-1, which is calculated
using the formula in (4.13). As can be seen in Figure 4.6 and Table 4.2, H
converges faster than the other algorithms, and the average percent improvement
of H over each of the other algorithms in Table 5.2 is 96.9% over Hoy and 82.0%

over Hi.

5Code at github.com/HybridSystemsLab/UnitingGradientsHBF.
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4.5 Extensions

Some possible extensions to the results in Section 4.3 are as follows.

It is possible to extend the results in Section 4.3 to include C*, nonstrongly con-
vex objective functions L with a compact and connected set of minimizers. With
such an assumption, it would be straightforward to extend Lemma 4.3.1, Propo-
sition 4.3.2, and the UGAS result in Theorem 4.3.3. The exponential convergence
rate result in Theorem 4.3.3 can be extended via the assumption of a compact and
connected set of minimizers and the use of Clarke’s generalized derivative in (2.4)
with the Lyapunov function in (3.97), as described in Section 3.2.3. In particular,
with the assumption that L has a compact and connected set of minimizers, it can
be shown that A in (4.9) is UGAS for H in (4.3), with C' and D defined via (4.5),
and it can be shown that each maximal solution to H that starts in C; satisfies
(4.10) for each t € IY at which ¢(¢,0) is equal to 1 and ¢t > 1, and satisfies (4.11)
for each t € I' at which ¢(¢,1) is equal to 0.

It would be possible to further extend the results in Lemma 4.3.1, Proposition
4.3.2, and Theorem 4.3.3 to nonstrongly convex objective functions L that are
also nonsmooth, through the use of Clarke’s generalized derivative.

It would be possible to extend the results in Section 4.4 in the following ways.

With the extra assumption that the C!, nonstrongly convex objective functions
L has a compact and connected set of minimizers, it would be straightforward
to extend Lemmas 4.4.1 and 4.4.2, Proposition 4.4.3, and the UGAS result in
Theorem 4.3.3. The exponential convergence rate result in Theorem 4.4.4 can be
extended via the assumption of a compact and connected set of minimizers and
the use of Clarke’s generalized derivative in (2.4) with the Lyapunov function in
(3.97), as described in Section 3.2.3. In particular, with the assumption that L

has a compact and connected set of minimizers, it can be shown that A in (4.9) is
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UGAS for H in (4.3), with C and D defined via (4.14), and it can be shown that
each maximal solution to H that starts in C) satisfies (4.10) for each t € I° at
which ¢(t,0) is equal to 1 and ¢ > 1, and satisfies (4.11) for each ¢ € I' at which
q(t, 1) is equal to 0.

It would be possible to further extend the results in Lemmas 4.4.1 and 4.4.2,
Proposition 4.4.3, and Theorem 4.4.4 to include C!, nonstrongly convex objective
functions L that are also nonsmooth, through the use of Clarke’s generalized

derivative.
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Chapter 5

Uniting Nesterov’s Method and
the Heavy Ball Method

In this chapter, we propose algorithms uniting Nesterov’s algorithm globally
and the heavy ball algorithm locally, in order to achieve UGAS of the unique
minimizer of L, while taking advantage of the convergence rates of Nesterov’s
algorithm and heavy ball in order to achieve a fast (hybrid) convergence rate. We
first present such an algorithm for strongly convex L, and then we present an

algorithm nonstrongly convex L.

5.1 Strongly Convex L

For the algorithm we present in this section, we impose Assumption 3.1.1
on L and 3.1.3 on VL. Namely, L is C?, strongly convex, and VL is Lipschitz

continuous with constant M > 0.
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5.1.1 Problem Statement

As illustrated in Figure 1.2, the performance of Nesterov’s accelerated gradient
descent commonly suffers from oscillations near the minimizer. This is also the
case for the heavy ball method when A > 0 is small. However, when X is large, the
heavy ball method converges slowly, albeit without oscillations. In Section 1.3 we
discussed how Nesterov’s algorithm guarantees an exponential convergence rate
for strongly convex L. We also discussed how the heavy ball algorithm guarantees
an exponential convergence rate for strongly convex L. We desire to attain such
rates globally and locally, while avoiding oscillations via the heavy ball algorithm

with large A. We state the problem to solve as follows:

Problem 5.1.1. Given a scalar, real-valued, continuously differentiable, and

strongly convex objective function L, design an optimization algorithm that, with-
out knowing the function L or the location of its minimizer, has the minimizer
uniformly globally asymptotically stable, with an exponential convergence rate glob-

ally and locally, and with robustness to arbitrarily small noise in measurements

of VL.

5.1.2 Modeling

In this section, we present an algorithm that solves Problem 5.1.1. As in
Chapter 4, defining z; as € and 2z, as £, we interpret the heavy ball ODE in (1.1)
as a closed-loop system consisting of the plant in (3.1) and a control algorithm
assigning u to  in (3.71). We interpret the Nesterov ODE in (1.2) as a closed-loop
system consisting of the plant in (3.1) and a control algorithm assigning u to x in
(3.2).

The proposed logic-based algorithm “unites” the two optimization algorithms

modeled by k,, where the logic variable ¢ € () := {0, 1} indicates which algorithm
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is currently being used. The local and global algorithms, respectively, are defined

as

Ko(ho(2)) = —Aza — YV L(%) (5.1a)

1

where v > 0, A > 0, M > 0 is the Lipschitz constant for VL, and d and g are
defined in (3.3). Note that, as in [12], we have set ¢ = 1 in (1.2) and, consequently,
in (5.1b), for simplicity of analysis. The algorithm defined by x; plays the role
of the global algorithm in uniting control (see, e.g., [22, Chapter 4]), while the
algorithm defined by k¢ plays the role of the local algorithm. The outputs h, are
defined as
ho(z)= | |, ha(z) = = . (5.2a)
VL(z) VL(z + Bz)
where [ is defined via (3.3). Namely, the algorithm exploits measurements of
V L, which in practice are typically approximated using measurements of L. The
parameters A > 0 and v > 0 should be designed to achieve convergence without
oscillations nearby the minimizer.
To encapsulate the plant and static state-feedback laws, the hybrid closed-loop

system H with state z := (z,¢) € R?™ x Q is defined as

Ke(hg(2))| ¢ =: F(x) xeC :=Cyuly (5.3a)
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" =1-¢q

with the sets Cy, C1, Dy, and D; defined in (4.14). We denote, for each ¢ €
Q@ = {0, 1}, the closed-loop systems resulting from the individual optimization

algorithms as ‘H,, which is defined as

5= z € R*™ (5.4)

Namely, the closed-loop resulting from using k; (Nesterov’s algorithm) is denoted
as Hi, and the closed-loop resulting from using xq (heavy ball) is denoted as H,.

The sets Uy, T10, and To; are precisely defined in Sections 5.1.3-5.1.5, but
the idea behind their construction is as follows. The switch between xy and x;
is governed by a supervisory algorithm implementing switching logic; see Figure
4.1. The supervisor selects between these two optimization algorithms, based on
the output of the plant and the optimization algorithm currently applied. When
z € Uy and g = 0 (i.e., z € Cp), due to the design of Uy in Section 5.1.3; then
the state z is near the minimizer, which is denoted 27, and the supervisor allows
flows of (5.3) using ko in (5.1a) (heavy ball, with large A) to avoid oscillations.
Conversely, when z € W’HO and ¢ = 1 (i.e., x € C1), due to the design of T ¢ in
Section 5.1.4, then the state z is far from the minimizer and the supervisor allows
flows of (5.3) using k1 in (5.1b) (Nesterov’s algorithm) to converge quickly to the
neighborhood of the minimizer. When z € 71 and ¢ = 1 (i.e., x € D;), then this
indicates that the state z is near the minimizer, and the supervisor assigns u to
ko in (5.1a) and resets ¢ to 0. Conversely, when z € 7y, and ¢ = 0 (i.e., z € Dy),

due to the design of 7y in Section 4.4.3, then this indicates that the state z is far
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from the minimizer and the supervisor assigns u to 1 in (5.1b) and resets ¢ to 1.
The complete algorithm, defined in (5.3) and (4.14), is summarized in Algorithm
2.

5.1.3 Design of i

Recall from lines 7-8 of Algorithm 2 that the objective is to design U, such
that when z € Uy and ¢ = 0, the state component z; is near zj and the uniting
algorithm allows flows of (5.3) with kg in (5.1a) and ¢ = 0. For such a design,
we use Definition 2.2.2 and! 2.2.3 and the Lyapunov function V; in (3.80), where
v > 0. Given gg > 0, ¢ > 0, and v > 0 from kg in (5.1a), let & > 0 come from

Definition 2.2.3 such that
62
Co:=coa >0, dy:=co—7 <0> > 0. (5.5)
«Q

Since the strong convexity of L in Assumption 3.1.1 implies that L also satisfies
Definition 2.2.2, then V4 in (3.80) can be upper bounded, using Definition 2.2.2

as done to arrive to (4.15), as follows: for each z € R*"
* 1 2 * 1 2
Vo(2) =7 (L(=z1) = L") + S | < v [VL(2))[ o1 = 2] + 5 [zl (5.6)

Then, due to L being C?, strongly convex, and having a single minimizer z} by
Assumption 3.1.1 — which implies that L also satisfies Definition 2.2.2 and has

quadratic growth away from 27 as in Definition 2.2.3, when |VL(z)| < &, the

!The strong convexity of L in Assumption 3.1.1 implies that L also satisfies Definition 2.2.2;
see [66]. The strong convexity of L in Assumption 3.1.1 also implies quadratic growth of L in
Definition 2.2.3, as quadratic growth is a weaker property than strong convexity; see [67], [19],
[68], [69], [70].
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suboptimality condition in Lemma 4.4.1 implies |z; — z{| < 2, from where we get
cz 1
Vo(z) <~ (Of +5 2] (5.7)

Then, by defining the set Uy as in (4.20), every z € Uy belongs to the cg-sublevel
set of Vp, with V4 defined via (3.80). In fact, using the conditions in (5.5) and

(5.7), we have that for each z € Uy,

~2

C 1
Volz) < v (a) P <a (5.8)

Since Ko in (5.1a) is such that the set {27} x {0} is globally asymptotically stable
for the closed-loop system resulting from controlling (3.1) by kg, as was shown in
the Proposition 3.2.8, the set U is contained in the basin of attraction induced

by Ro.

5.1.4 Design of T;

Recall from lines 5-6 of Algorithm 2 that the objective is to design 77 such
that when z € 719 and ¢ = 1, the state component z; is near 2} and the supervisor
resets g to 0, resets 7 to 0, and assigns u to ko(ho(z)), where kg is defined in (5.1a)
and hg is defined via (5.2). For such a design, we use Assumption 3.1.1 — which
implies that L also satisfies Definitions 2.2.2 and 2.2.3, the suboptimality condition
from Lemma 4.4.1, and the Lyapunov function in (3.8), defined for each z € R,
where M > 0 is the Lipschitz constant of VL, the constants d and [ are defined
via (3.3), and the constant a is defined in (3.9).

Given ¢ € (0,¢0) and €19 € (0,e0), where ¢ > 0 and gy > 0 come from

Section 5.1.3, let ¢ and dy be given in (5.5), and let @ > 0 come from Definition
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2.2.3 such that

51’0 =100 € (0,50) (59&)
~ 2 1 52

dy o= —2<CLO> —(99) c(0,d 5.9h

1,0 C10— @ o M\ a € (0, dyp) ( )

Then, with V} given in (3.8) and using Definition 2.2.2 with u; = 2§ and w; = 21,
1
Viz) < a®lzs — 2 + |2 + i IVL(21)| |21 — 27| (5.10)

Then, due to L being C?, strongly convex, and having a single minimizer 2} by
Assumption 3.1.1 — which implies that L also satisfies Definition 2.2.2 and has

quadratic growth away from z} as in Definition 2.2.3, when |V L(z)| < ¢, the

C1,0
(6%

suboptimality condition in Lemma 4.4.1 implies |z; — 27| < 22 from where we

get
Ero\ 2 1 (&
Vi(z) < 2(“’0) 2L (o) 5.11
1(z) <a® (2) +lal + 7 (= (5.11)

Then, by defining 7; ¢ as
Tio = {z € R :|VL(21)| < E1p, |2l < dio} (5.12)

which, by construction, is contained in the interior of Uy defined in (4.20), every
z € Tip belongs to the ¢ g-sublevel set of V;. In fact, using the conditions in (5.9)

and (5.11), we have for each z € Ty,

G102 1 (&
Vi(z) < a? <C;O> + |z + Vi (3);(]) < 1. (5.13)

As was described below (4.26), the constants ¢, ¢, do, and dy o in (5.5) and (5.9)

comprise the hysteresis necessary to avoid chattering at the switching boundary;
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see Figure 4.3.

5.1.5 Design of 7Ty,

To make the switch back to k1, we utilize Assumption 3.1.3. Recall from lines
3-4 of Algorithm 2 that the objective is to design 7o, such that when z € 7y, and
g = 0, the state component z; is far from 2] and the supervisor resets ¢ to 1 and
assigns u to k1(h(z)), where k; is defined via (5.1b) and h; is defined in (5.2), so
that k, steers z; back to nearby zj. Given ¢y > 0, let a > 0 come from Definition
2.2.3, and let M > 0 come from Assumption 3.1.3. Then, using Assumption 3.1.3
with u; = 2} and w; = 21 yields (4.27) for all z; € R". Since L is C?, strongly
convex, and has a single minimizer 2] by Assumption 3.1.1 — which implies that L
also has quadratic growth away from 2] as in Definition 2.2.3, then dividing both
sides of (4.27) by M and substituting into (3.79) leads to (4.28), where a > 0
comes from Definition 2.2.3.

Then, Vj in (3.80) is lower bounded as follows: for each z € R*",
Vo(e) =7 (L) = 1)+ 3 |l 2 7 (535 ) VLGP + 512 (5.19)

Using the right-hand side of (5.14) and the same ¢y > 0 as in Section 4.4.1, we
define the set

7(-)71 = {Z € RQn 2y <M2

>]VL(21)] 5 lal” >co} (5.15)

The set in (5.15) defines the (closed) complement of a sublevel set of the Lyapunov
function V4 in (3.80) with level equal to ¢q. The constant cq is also a part of the
hysteresis mechanism, as shown in Figure 4.3 and as described below (4.30). Note

that, as in Section 4.4.3, To1 N T10 = 0.
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5.1.6 Design of the Parameter )\

The heavy ball parameter A > 0 should be made large enough to avoid os-
cillations near the minimizer, as stated in Sections 1.3.1, 1.3.3, and 5.1.1. The
intuition on how to tune A is the same as the intuition behind how to tune \g for
the the uniting algorithms in Chapter 4, which was described in detail in Section

4.3.2. See Examples 5.2.5, 5.2.6, and 5.2.7 where A was tuned in such a way.

5.1.7 Well-posedness of the Hybrid Closed-Loop System
H

When L satisfies Assumptions 3.1.1 and 3.1.3, the hybrid closed-loop system H
in (5.3), with Uy, T1 0, and 7o defined via (4.20), (5.12), and (5.15), satisfies the
hybrid basic conditions, listed in Definition 2.1.1, as demonstrated in the following

lemma.

Lemma 5.1.2. (Well-posedness of H) Let the function L satisfy Assumptions
3.1.1 and 3.1.3. Let the sets Uy, Tip, and To1 be defined via (4.20) (5.12), and
(5.15), respectively. Let the functions d and B be defined in (3.3). Let ko and Ky
be defined via (5.1). Then, the hybrid closed-loop system H in (5.3), with C' and
D defined via (4.14), satisfies the hybrid basic conditions.

Proof. The objective function L is C? and strongly convex by Assumption 3.1.1.
Therefore, since VL is continuous, the following hold: the set Uy, defined via
(4.20), is closed since it is a sublevel set of the continuous function Vj; due to
the definition of a in (3.9), the set T;p, defined via (5.12), is closed since it is a
sublevel set of the continuous function Vi; the set 7 1, defined via (5.15), is closed
since it is the closed complement of a set. Therefore, since the sets Uy, 710, and

To.1 are closed, then the sets Dy, Dy, Cp, and Cy are closed. Since C' and D are
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both finite unions of finite and closed sets, then C' and D are also closed.

Due to the definition of d and £ in (3.3), and since by Assumption 3.1.1, L
is C%, then h, in (5.2) and k, in (5.1) are continuous. In turn, the map z ~
Fp(z, k4(hy(2))) is also continuous since Fp in (3.1) is a C? function of k, and h,,.
Therefore, x +— F(z) is continuous. The map G satisfies (A3) by construction

since it is continuous. O

5.1.8 Existence of Solutions to H

Under Assumptions 3.1.1 and 3.1.3, I1(Cy)UII(Dy) = R?*" and I1(C} )UTL(D;) =
R?" and each maximal solution to H in (5.3), with Uy, T10, and To 1 defined via
(4.20), (5.12), and (5.15), is complete and bounded, as stated in the following

lemma.

Proposition 5.1.3. (Existence of solutions to H) Let the function L satisfy As-
sumptions 3.1.1 and 3.1.3. Let M > 0 come from 3.1.3. Let the sets Uy, T10,
and To1 be defined via (4.20), (5.12), and (5.15), respectively. Let k, be defined
via (5.1). Let A > 0 and v > 0. Let the functions d and B be defined in (3.3).
Then, T1(Cy) U TI(Dy) = R*™, TI(Cy) UTI(Dy) = R*", and each mazimal solution
(t,7) = z(t,j) = (2(t,7),q(t,j)) to H in (5.3), with C and D defined via (4.14),

is bounded and complete.

Proof. Since Assumptions 3.1.8 and 3.1.3 hold, then H satisfies the hybrid basic
conditions by Lemma 5.1.2. With ¢, > 0 and dy > 0 defined via (5.5), since L is
C? and strongly convex by Assumption 3.1.8 — which implies that L also satisfies
Definition 2.2.2 and has quadratic growth away from z{ as in Definition 2.2.3 —

from the arguments below (5.6), every z € Uy belongs to the cp-sublevel set of V;

recall that Uy is defined in (4.20) and that V4 is defined via (3.80). Additionally,

140



since by Definition 2.2.3 L has quadratic growth away from 2] and since VL is
Lipschitz continuous by Assumption 3.1.3, then 75, in (5.15) defines the closed
complement of a sublevel set of V with level equal to ¢y. Therefore, due to the
definitions of Uy in (4.20) and Ty in (5.15), TI(Cy) UTI(Dy) = R**. Furthermore,
since 77 is defined via (5.12), and since by the definitions of C; and D; in (4.14),
C) is the closed complement of Dy, then II(C}) UTI(D;) = R*".

Due to the definitions of Cy, Dy, Ci, and D; in (4.14), Uy in (4.20), T1o
in (5.12), and 7p; in (5.15), then C'\ D is equal to int(C'). Hence, for each
point z € C'\ D, the tangent cone to C' at z is defined in (4.8). Therefore,
F(x)NTe(z) # 0, satisfying (VC) of Proposition A.1.1 for each point x € C'\ D,
and nontrivial solutions exist for every initial point in (CoUCy) U (Do U Dy),
where I1(Cy) UTI(Dy) = R?*" and I1(C}) UTI(D,) = R?*". To prove that item (c)
of Proposition A.1.1 does not hold, we need to show that G(D) ¢ C U D. With
D defined in (4.14), G(D) is as shown in (4.31). Notice that 71 ¢ x {0} C Cy and
To1 x {1} C Cy. Therefore, G(D) C C; hence G(D) C C'UD. Therefore, item (c)
of Proposition A.1.1 does not hold. Then it remains to prove that item (b) does
not happen.

We show that there is no finite time escape from C' for H as follows. First, since
VL is Lipschitz continuous by Assumption 3.1.3 and since L is C? and strongly
convex by Assumption 3.1.1 — which implies that L also satisfies Definition 2.2.2
and has quadratic growth away from 27 as in Definition 2.2.3, then each maximal
solution to 2 = Fp(z, ko(ho(2))), defined via (5.4) — with k¢ in (5.1a) and hg in
(5.2) — is bounded, complete, and unique by Proposition 3.2.7. Next, since VL is
Lipschitz continuous by Assumption 3.1.3 and since L is C* and strongly convex
by Assumption 3.1.1 — which implies that L also satisfies Definition 2.2.2 and has

quadratic growth away from 2 as in Definition 2.2.3, then 2 = Fp(z, k1(h1(2))) —
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with 1 in (5.1b) and h; in (5.2) — is bounded, complete, and unique by Proposition
3.1.5. Finally, for the hybrid closed-loop system # in (5.3), with C' and D defined
via (4.14) and r, defined in (5.1), since H, in (5.4) has no finite time escape from
R?" then this means # = F(x) has no finite time escape from C for H, as ¢
does not change in C'. Therefore, there is no finite time escape from C' U D, for
solutions = to H in (5.3), with C' and D defined via (4.14) and &, defined in (5.1).

Therefore, item (b) from Proposition A.1.1 does not hold. O

5.1.9 Main Result

In this section, we present a result that establishes UGAS of the set A in (4.9),
and a hybrid convergence rate that is exponential both globally and locally, for
the hybrid closed-loop algorithm # in (5.3), with C' and D defined in (4.14) and
with the sets Uy, T, and 7o defined via (4.20), (5.12), and (5.15), respectively.

Theorem 5.1.4. (Global asymptotic stability of A and convergence rate for H)
Let L satisfy Assumptions 3.1.1 and 3.1.3, and let M > 0 come from Assumption
3.1.3. Additionally, let X\ > 0, v > 0, 19 € (0,¢0), c10 € (0,c0), co > 0,
¢10 € (0,¢) come from (5.5) and (5.9a), diy € (0,dy) come from (5.5) and
(5.9b). Let the sets Uy, Tio, and To1 be defined via (4.20), (5.12), and (5.15),
respectively. Let the constants d and [ be defined in (3.3). Let k, be defined via
(5.1). Then, the set A, defined in (4.9), is globally asymptotically stable for H
in (5.3), with C and D defined via (4.14). Furthermore, each maximal solution
(t,j) — x(t,j) = (2(t,7),q(t, 7)) of the hybrid closed-loop algorithm H starting

from C1 satisfies the following:

1) The domain domx of the solution x is of the form Uj_o(I7 x {j}), with I° of
the form [to,t1] and with I' of the form [ty,00) for some t; > 0 defining the

time of the first jump;
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2) For each® t € I°
L(#(t,0)) — L* < (L(2(0,0)) — L*) exp(—at) (5.16)
3) For eacht € I'
L(z(t,1)) — L* < (L(z(t;,1)) — L*) exp(—2ut) (5.17)

where > 0 comes from Definition 2.2.1 and where a > 0 is defined in (3.9),
with k. defined via (3.4).

Proof. The hybrid closed-loop algorithm H in (5.3) — with Uy, Tio, and To.
defined via (4.20), (5.12), and (5.15), respectively — satisfies the hybrid basic
conditions by Lemma 5.1.2, satisfying the first assumption of Theorem A.1.3.
Furthermore, I1(Cy) U II(Dy) = R* II(C;) U II(D;) = R?*", and each maxi-
mal solution (¢,j) — z(t,j) = (2(t,7),q(t,5)) to H is complete and bounded by
Proposition 5.1.3. Since by Assumption 3.1.1, L is strongly convex, then L has a
unique minimizer z;. Hence, A, defined via (4.9), is compact by construction, and
U = R?" x @) contains a nonzero open neighborhood of A, satisfying the second
assumption of Theorem A.1.3.

To prove attractivity of A in (4.9), we proceed by contradiction. Suppose there
exists a complete solution x to H such that tJrljigloo |z(t,7)| 4 # 0. Since Proposition

5.1.3 guarantees completeness of maximal solutions, we have the following cases:

a) There exists (¢, j') € dom x such that z(¢, j) € C1\D; for all (¢, j) € domz, t+

J=>t+5

b) There exists (¢, ') € domx such that z(t,j) € Cy \ (AU Dy) for all (¢,j) €

2Note that at each t € I°, q(t,0) = 1, and at each t € I', q(¢,1) = 0.

143



domzx,t+j >t + 7§,

c¢) There exists (', j') € dom x such that x(¢,7) € D for all (¢,7) € domx,t+7 >

t'+ 7.

Case a) contradicts the fact that, by Theorem 3.1.7, the set {27} x {0} is
uniformly globally asymptotically stable for #; in (5.4). Such uniform global
asymptotic stability of {2} x {0}, guaranteed by Theorem 3.1.7, implies there
exist ¢ € (0,¢10) and dy € (0,dy) such that the state z reaches ({2} + & B) x
({0} +diB) C Tip as t — oco. In turn, due to the construction of Cy and D,
in (4.14), with 7y defined via (5.12), the solution z must reach D; at some
(t,7) € domz,t+ j > t' + j'. Therefore, case a) does not happen.

Case b) contradicts the fact that, by Proposition 3.2.8, {27} x {0} is uniformly
globally asymptotically stable for Hy in (5.4). In fact, . Jrljlgoo lz(t,j)] , = 0, and
since A C Cy, case b) does not happen.

Case c¢) contradicts the fact that, due to the construction of 71 in (5.12) and
To.1 in (5.15), we have G(D) N D as defined in (4.32), where G(D) is defined via
(4.31) and D is defined in (4.14). Such an equality holds since To1 N 710 = 0; see
the end of Section 5.1.5. Therefore, case ¢) does not happen.

Therefore, cases a)-c) do not happen, and each maximal and complete solution
x = (z,q) to H converges to A in (4.9). Consequently, by the construction of C'
and D in (4.14), the definition of the sets Uy in (4.20), T in (5.12), and To,
(5.15), the uniform global asymptotic stability of {z]} x {0} for H, established
in Proposition 3.2.8, the uniform global asymptotic stability of {27} x {0} for H;
established in Theorem 3.1.7, and since each maximal solution to H is complete
by Proposition 5.1.3, the set A in (4.9) is uniformly globally asymptotically stable
for H in (5.3), with C' and D defined via (4.14) and with Uy, T1 o, and 7o 1 defined
via (4.20), (5.12), and (5.15).
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To show that each maximal and complete solution x to H jumps no more than
twice, we proceed by contradiction. Without loss of generality, suppose there
exists a maximal and complete solution that jumps three times. We have the

following possible cases:

i) The solution first jumps at a point in Dy, then jumps at a point in Dy, and

then jumps at a point in Dy; or

ii) The solution first jumps at a point in D, then jumps at a point in Dy, and

then jumps at a point in D;.

Case 1) does not hold since, once the jump in D; occurs, the solution x is in
(Ti0 x {0}) C Cy. Due to the construction of 71 in (5.12) and 75y in (5.15)
such that 710N 71 = 0, as described in the contradiction of case ¢) above, and
due to the uniform global asymptotic stability of {z]} x {0} for Hy in (5.4) by
Proposition 3.2.8, the solution x will never return to Dy. Therefore, case i) does
not happen. Case ii) leads to a contradiction for the same reason, and in this
case, once the first jump in D; occurs, no more jumps happen. Therefore, since
cases i)-ii) do not happen, each maximal and complete solution z to H in (5.3),
with C' and D defined via (4.14) and with Uy, T1, and To1 defined via (4.20),
(5.12), and (5.15), has no more than two jumps.

Finally, we prove the hybrid convergence rate of H. By Proposition 3.2.3,
since L is C? and strongly convex by Assumption 3.1.1, then, given y > 0 from
Definition 2.2.1, each maximal solution ¢ +— z(t) to the closed-loop algorithm
Ho in (5.4) satisfies (3.77) for all ¢ € domz (= Rsg). By Proposition 3.1.6, L
is C? and strongly convex by Assumption 3.1.1, and VL is Lipschitz continuous
with constant M > 0 by 3.1.1, then, given p > 0 from Definition 2.2.1 and
a > 0 from (3.9), each maximal solution ¢ — z(¢) to the closed-loop algorithm

Hy in (5.4) satisfies (3.31) for all ¢ € domz (= Rsp). Since maximal solutions
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(t,7) — x(t,j) = (2(t,7),q(t, 7)) to H starting from C) are guaranteed to jump
no more than once, as implied by the contradiction in cases i)-ii) above, then the
domain of each maximal solution x to H starting from C is Uj_o([7, ), with
I° of the form [to,t;] and with I' of the form [t;,00). Therefore, given A\ > 0,
v >0, c10 € (0,¢0), €10 € (0,60), @« > 0 from Definition 2.2.3, and M > 0
from Assumption 3.1.3, due to the construction of Uy, Tio, and To, in (4.20),
(5.12), and (5.15), with ¢,9 € (0,é) and dig € (0,dy) defined via (5.5) and
(5.9), and due to the individual convergence rates of H,, each maximal solution
(t,7) — x(t,j) = (2(t,7),q(t, 7)) to the hybrid closed-loop algorithm H in (5.3)
that starts in C satisfies (5.16) for each ¢ € I at which ¢(t,0) is equal to 1, and

satisfies (5.17) for each ¢t € I' at which ¢(¢,1) is equal to 0. O

5.1.10 Numerical Examples

In this section, we present multiple numerical examples to illustrate the hybrid
closed-loop algorithm H in Sections 5.1.2-5.1.5. Example 5.1.5 first illustrates the
operation of the nominal hybrid closed-loop system H, and then demonstrates the
robustness of H to different amounts of noise in measurements of VL. Example
5.1.6 compares solutions to the hybrid closed-loop algorithm in (5.22) and (4.14)
— with Uy, 710, and 7o defined via (4.20), (5.12), and (5.15), respectively, — with
solutions to Ho, Hi, and HAND-2 from [32], with parameters chosen such that

HAND-2 and H are compared on equal footing.

Example 5.1.5. In this example, we simulate a solution to the nominal hybrid
closed-loop system H to illustrate how the uniting algorithm works. Then, we
compare that same solution to solutions with different amounts of noise in mea-
surements of VL. For both the nominal system and the perturbed system, the

choice of objective function, parameter values, and initial conditions are as fol-
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3 35 4

o [ Jim_suplar(t.5) =] [ Tm_sup [L(a(t ) — L]
0.01 5.480 x 107 3.003 x 107?

0.1 1.855 x 10~* 3.441 x 1078

0.5 1.119 x 1072 1.252 x 10~*

1 3.406 x 1072 1.160 x 1073

5 2.069 x 1072 4281 x 107*

10 1.434 x 1072 2.056 x 104

15 4.693 x 1072 2.202 x 1073

20 2.494 x 1071 6.220 x 1072

25 5.100 x 1072 2.601 x 1073

Figure 5.1: Top: The evolution over time of z;, for the nominal hybrid closed-
loop algorithm # in Sections 5.1.2-5.1.5, for a function L(z;) := 2} with a single
minimizer at z{ = 0. The time at which the solution settles to within 1% of 27 is
marked with a dot and labeled in seconds. The jump is labeled with an asterisk.
Bottom: Simulation results for perturbed solutions using zero mean Gaussian
noise, with each simulation using a different value of the standard deviation o.
Results listed are for a large value of ¢ + 7.
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lows. We use the objective function L(z1) := 2%, which is strongly convex with
= 2, the gradient of which is Lipschitz continuous with M = 2, which has a
single minimizer at z; = 0. This choice of objective function is made so that
we can easily tune A, as described in Section 5.1.6. Since k. = % = % =1 for
such an objective function, then d = % and f = 0, as calculated via (3.3). We
arbitrarily chose the heavy ball parameter value v = % and we tuned A\ to 40 by
choosing a value arbitrarily larger than 2,/ay, where ay comes from Section 5.1.6,
and gradually increasing it until there is no overshoot in the hybrid algorithm. The
parameter values for the uniting algorithm are co = 3000, ¢ ~ 402.83, o = 20,
€10 = 19, and a = 1, which yield the values ¢y = 20, ¢, 9 = 15, dy ~ 2733.3, and
dio ~ 234.08, which are calculated via (5.5) and (5.9). These values are chosen
for proper tuning of the algorithm, in order to get nice performance, and the value
of c1 is chosen to exploit the properties of Nesterov’s method for a longer time,
so that the nominal solution gets closer to the minimizer faster. Initial conditions
for H are z1(0,0) = 50, 29(0,0) = 0, and ¢(0,0) = 1. The plot on the top in Fig-
ure 5.1 shows the solution to the nominal hybrid closed-loop algorithm H, namely,
the value of zy over time, with the time it takes for the solution to settle to within
1% of zf marked with a black dot and labeled in seconds®. The jump at which the
switch from Hy to Hy occurs is labeled with an asterisk. The solution converges
quickly, without oscillations near the minimizer.

To show that the uniform global asymptotic stability of A, established in The-
orem 5.1.4, is robust to small perturbations, due to the hybrid closed-loop system
H satisfying the hybrid basic conditions by Lemma 5.1.2. we simulate the hybrid
algorithm, using the objective function, parameter values, and initial conditions

listed in the first paragraph of this example, with zero-mean Gaussian noise added

to measurements of the gradient. Separate simulations were run for each of the

3Code at github.com/HybridSystemsLab/UnitingRobustnessSC.
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Figure 5.2: Simulation results for hybrid closed-loop algorithm H in Sections
5.1.2-5.1.5, for a function L(z;) := z} with a single minimizer at 2; = 0, with
zero-mean Gaussian noise added to measurements of the gradient. Each subplot
is labeled with the standard deviation used. Left subplots: the value of z; over
time for each perturbed solution, with the jump in each solution labeled by an
asterisk. Right subplots: the corresponding value of L over time for each perturbed

solution.
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following standard deviations: o € {0.01,0.1,0.5,1,5,10,15,20,25}. Figure 5.2
shows some of these perturbed solutions, with each subplot labeled with the cor-
responding standard deviation used. The subplots on the left side of Figure 5.2
show the value of z; over time for different standard deviations, and the subplots
on the right side of Figure 5.2 show the corresponding value of L over time for
such standard deviations. Note that, while all perturbed solutions shown in Figure
5.2 get close to the minimizer quickly, such perturbed solutions do not get as close
to the minimizer as the solution to the nominal algorithm does; see the plot on
the top in Figure 5.1. Also note that, in general, as the standard deviation gets
larger, the corresponding perturbed solution stays slightly farther away from the
minimizer. The results for all standard deviations are listed in the table in Figure
5.1, showing the neighborhood of z{ that each solution settles to, for a large value

of t + 7, along with the corresponding value of L.

Example 5.1.6. In this example, to show the effectiveness of the uniting algo-
rithm, we compare the hybrid closed-loop algorithm H, defined via (5.3) and (4.14)
—withU defined in (4.20), Tio defined via (5.12), and To1 defined in (5.15) — with
the individual closed-loop optimization algorithms Ho and Hi and with the HAND-
2 algorithm from [32] which, in [32], is designed and analyzed for strongly convex
functions L satisfying Assumptions 3.1.1 and 3.1.3. Using an alternate state space
representation, namely, z, := & and 29 := £+ %5, the HAND-2 algorithm has state
(z,7) € R** and data (C, F, D, G)

%(22 — z1)

F(z,7) == | —2¢,7VL() (z,7)eC (5.18a)
1
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G(z,7) = | z (z,7) € D (5.18b)
Tmin

where ¢, > 0 and the flow and jump sets are C := {(z,7) € R*" ™ : 7 € [Thin, Tmax] }»
and D := {(z,7) € R** . 7 > T }. It is shown in [32] that, letting 0 < Ty <

max min’

Tinax < 00 and ﬁ < T2 . —T2  each mazimal solution (t,j) v (z(t,7),7(t, 7))

to the HAND-2 algorithm satisfies
L(z(t,§) = L* < ko |21(0,0) exp (=i (t + 5)) (5.19)

for all (t,j) € dom(z,7) such that z(0,0) = 25(0,0) and 7(0,0) = Tyin, where
ko = 05k M, M > 0, ky = @0 tTiw AT = T — T, ky = 1 — ko,

AT?
crp) " 4T2, . ~ . max j— ~ *
ko= {0 ain > (¢ + )= eGS0 and |2,(0,0)] = 21(0,0) — .

To compare Hy, Hi, H, and HAND-2 in simulation, we use the objective
function L(z)) := 2%, which is strongly convex with u = 2, and the gradient of
which is Lipschitz continuous with M = 2, leading to k = % = 1. Therefore,
d = % and 5 = 0, calculated via (3.3). Such an L has a single minimizer at
zi = 0. This choice of objective function is made so that we can easily tune
A, as described in Section 5.1.6. Namely, we tuned \ to 40 by choosing a value
arbitrarily larger than 2\/a;, where ay comes from Section 5.1.6, and gradually
increasing it until there is no overshoot in the hybrid algorithm. We arbitrarily
chose the heavy ball parameter value v = %

The HAND-2 parameters ¢, = % and Ty, = 3 are chosen such that the re-
sulting gain coefficients for z; and zy are the same for both H and HAND-2, so
that these algorithms are compared on equal footing. The remaining HAND-2

parameter, Ty.x = 5.1, is chosen to satisfy i <T: -T2

max min

and to get nice
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Hybrid 109
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Figure 5.3: A comparison of the evolution of L over time for Hy, H; (both in
(5.4)), HAND-2, and H in (5.3) — with ¢ in (4.20), 71 in (5.12), and 75 in (5.15)
~ for a function L(z;) := 2}, with a single minimizer at z; = 0. Nesterov’s method,
shown in purple, settles to within 1% of z7 in about 8.8 seconds. The heavy ball
algorithm, shown in green, settles to within 1% of z{ in about 138.1 seconds.
HAND-2, shown in orange, settles to within 1% of z* in about 2.1 seconds. The
hybrid closed-loop system H, shown in blue, settles to within 1% of 2} in about
2.4 seconds.
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performance. The parameter values for the uniting algorithm are ¢y = 3000,
cro ~ 402.83, ¢ = 20, €19 = 15, and o = 1, which yield the values ¢y = 20,
¢10 = 15, dy = 2733.3, and dyo ~ 234.08, which are calculated via (5.5) and
(5.9). These values are chosen for proper tuning of the algorithm, in order to
get nice performance, and the value of c1 is chosen to exploit the properties of
Nesterov’s method for a longer time, so that the nominal solution gets closer to
the minimizer faster. The initial conditions for Hy and H, are z1(0,0) = 50 and
29(0,0) = 0. Initial conditions for H are z1(0,0) = 50, 22(0,0) = 0, and ¢ = 1.
Initial conditions for HAND-2 are z1(0,0) = 25(0,0) = 50 and 7(0,0) = Tiyin-

Figure 5.3 compares the evolution of L over time*, for Ho, Hi, H, and HAND-
2. Table 5.1 shows the time that each algorithm takes to settle within 1% of =7,
and the percent improvement of H over Hog and Hy, which is calculated via the
formula in (4.13). Note that HAND-2 settles within 1% of 2z slightly faster than
H does, but HAND-2 and H have similarly good performance.

| Algorithm | Time to converge (s) | % improvement of H |

H 2.386 -

Ho 138.067 98.3

Hy 8.781 72.8
HAND-2 2.088 -

Table 5.1: Average times for which H, Hy, and H; settle to within 1% of 2}, and
the average percent improvement of H over each algorithm. Percent improvement
is calculated via (4.13). The objective function used for this table is L(z;) := 23.

5.2 Nonstrongly Convex L

The uniting algorithm proposed in this section imposes Assumptions 3.1.8,

3.1.3, and 3.2.4 on the objective function L. Namely, L is C!, nonstrongly convex,

4Code at github.com/HybridSystemsLab/UnitingSC.
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and has a unique minimizer by Assumption 3.1.8, has a Lipschitz continuous
gradient by Assumption 3.1.3, and has quadratic growth away from its minimizer

2] by assumption 3.2.4.

5.2.1 Problem Statement

In Section 5.1.1, we discussed how we desired to design a uniting algorithm
which attains an exponential rate of convergence both globally (via Nesterov’s al-
gorithm) and locally (via the heavy ball algorithm, with large A > 0), for strongly
convex L. In this section, we desire to relax the algorithm’s requirement to allow
L to be nonstrongly convex. In Section 1.3 we discussed how Nesterov’s algorithm
guarantees a rate of ﬁ for nonstrongly convex L. We also discussed how the
heavy ball algorithm guarantees a rate of % for nonstrongly convex L, although it
was demonstrated in [25] that the heavy ball algorithm converges exponentially
for nonstrongly convex L when such an objective function also has the property
of quadratic growth away from its minimizer. We desire to attain the rate ﬁ

globally and an exponential rate locally, while avoiding oscillations via the heavy

ball algorithm with large A\. We state the problem to solve as follows:

Problem 5.2.1. Given a scalar, real-valued, continuously differentiable, and non-
strongly convex objective function L with a unique minimizer, design an optimiza-
tion algorithm that, without knowing the function L or the location of its mini-
mizer, has the minimizer uniformly globally asymptotically stable, with a conver-
gence rate of ﬁ globally and an exponential convergence rate locally, and with

robustness to arbitrarily small noise in measurements of VL.
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5.2.2 Modeling

In this section, we present an algorithm that solves Problem 5.2.1. As described
in Section 3.2, defining z; as ¢ and 2z, as &, we interpret We interpret the heavy
ball ODE in (1.1) and the Nesterov ODE in (1.5) as as a closed-loop system
consisting of the plant in (3.1). With this model, the optimization algorithms
that we consider assign u to a function of the state that involves the cost function,
and such a function of the state may be time dependent. The control algorithm
leading to (1.1) assigns u to & in (3.71), where v > 0 and A > 0, and the control
algorithm leading to (1.5) assigns u to x in (3.34), where ¢ > 0, M > 0 is the
Lipschitz constant for VL, and where d and § are defined, for all ¢t > 0, in (3.35).

The proposed logic-based algorithm “unites” the two optimization algorithms
modeled by k,, where the logic variable ¢ € () := {0, 1} indicates which algorithm
is currently being used. The local algorithm kq is defined in (5.1a) and the global

algorithm is defined as

2

ri(hy(z,t),t) = —2d(t)zy — ]CWVL(zl + B(t)29) (5.20)

where the algorithm defined by x; plays the role of the global algorithm in uniting
control (see, e.g., [22, Chapter 4]), while the algorithm defined by ko plays the
role of the local algorithm. The outputs hg corresponding to the output for the
heavy ball algorithm and h; corresponding to the output for Nesterov’s algorithm
are defined as

22 22

ho(2):= yhi(z,t) = ~ . (5.21)
VL(z) VL(z + ((t)zs)

Namely, the algorithm exploits measurements of VL, which in practice are typi-
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cally approximated using measurements of L. The parameters A > 0 and v > 0
should be designed to achieve convergence without oscillations nearby the mini-
mizer.

Since the ODE in (1.5) is time varying, and since solutions to hybrid systems
are parameterized by (t,7) € R>g x N, we employ the state 7 to capture ordinary
time as a state variable, in this way, leading to a time-invariant hybrid system.
To encapsulate the plant, static state-feedback laws, and the time-varying nature
of the ODE in (1.5), we define a hybrid closed-loop system H with state x :=

(2,4,7) € R*™ x Q x Rxg as

. <2
z =
rg(hy(2,7),7)
=: F(z) reC:=CyuUC (5.22a)
q.:
T=4q
z
A=
22
=: G(x) x €D :=DyU Dy (5.22b)
" =1-¢q
=0

The sets Cy, C1, Dy, and D are defined as

Co :=Uy x {0} x {0}, Cy:==R¥\ Tio x {1} x Rx (5.23a)

Do :=Toa x {0} x {0}, D1 :=Tipo x {1} x Rxo. (5.23b)

The sets Uy, T10, and T, are precisely defined in Sections 5.2.3-5.2.5, but the

idea behind their construction is as follows. The switch between ko and x; is
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governed by a supervisory algorithm implementing switching logic; see Figure 5.4.
The supervisor selects between these two optimization algorithms, based on the
output of the plant and the optimization algorithm currently applied. When
2 €Uy, q=0,and 7 =0 (i.e., z € (p), due to the design of Uy in Section 5.2.3,
then the state z is near the minimizer, which is denoted zj, and the supervisor
allows flows of (5.22) using kg and 7 = ¢ = 0 to avoid oscillations. Conversely,
when z € R\ T and ¢ = 1 (i.e., € C}), due to the design of 77 in Section
5.2.4, then the state z is far from the minimizer and the supervisor allows flows
of (5.22) using k1 and 7 = ¢ = 1 to converge quickly to the neighborhood of the
minimizer. When z € T and ¢ = 1 (i.e., € Dy), then this indicates that the
state z is near the minimizer, and the supervisor assigns u to kg, resets ¢ to 0, and
resets 7 to 0. Conversely, when z € Ty1, ¢ =0, and 7 = 0 (i.e., z € Dy), due to
the design of 7y in Section 5.2.5, then this indicates that the state z is far from
the minimizer and the supervisor assigns u to x; and resets ¢ to 1. The complete

algorithm, defined in (5.22)-(5.23), is summarized in Algorithm 3.

Algorithm 3 Uniting algorithm
1: Set ¢(0,0) to 0, 7(0,0) to 0, and set z(0,0) as an initial condition with an
arbitrary value.
2: while true do
3 if z€ To1,¢=0,and 7 =0 then
4 Reset ¢ to 1.
5: else if z € 71y and ¢ =1 then
6
7
8
9

Reset g to 0 and 7 to 0.
else if z € Uy, ¢ =0, and 7 = 0 then
Assign u to ko(ho(z)) and update z, ¢, and 7 according to (5.22a).
: else if z € R\ 71 and ¢ = 1 then
10: Assign u to k1 (hi(z,7),7) and update z, g, and 7 according to (5.22a).
11: end if
12: end while

The reason that the state 7 in (5.22) changes at the rate ¢ during flows and

is reset to 0 at jumps is that when the state x is in C}, then 7 = ¢ = 1, which
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implies that 7 behaves as ordinary time, so it is used to represent time in the
time-varying algorithm x;. On the other hand, when the state x is in Cj, then
7 = q = 0 causes the state 7 to stay at zero, which is an appropriate value for 7 as
it is not required by the time-invariant algorithm xy. Such an evolution ensures
that the set to asymptotically stabilize is compact.

Figure 5.4 shows the feedback diagram of this hybrid closed-loop system .
We denote the closed-loop system resulting from x¢ as Hg, which is given by

z
i = ’ z € R™ (5.24)

Ko(ho(2))

and we denote the closed-loop system resulting from x; as H;, which is given by

5= , =1 (z,7) € R*™ x Rxg. (5.25)

Figure 5.4: Feedback diagram of the hybrid closed-loop system #H (on the right),
in (5.22), uniting global and local optimization algorithms. An example optimiza-
tion problem to solve is shown on the left and, for this example optimization
problem, measurements of the gradient are used for the input of &,.
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5.2.3 Design of the Set U,

In order for the supervisor to determine when the state component z; is close
to the minimizer of L, denoted 27, without knowledge of 2§ or L* := L(z), we will
use Assumptions 3.1.8 and 3.2.4, and the suboptimality condition from Lemma
4.4.1.

Recall from lines 7-8 of Algorithm 3 that the objective is to design U, such
that when z € Uy, ¢ = 0, and 7 = 0, the state component z; is near zj and the
uniting algorithm allows flows of (5.22) with g and ¢ = 0. For such a design, we
use Assumptions 3.1.8 and 3.2.4 and the Lyapunov function V4 in (3.80), defined
for each 2 € R?", where v > 0. Given gy > 0, ¢ > 0, and v > 0 from r in (5.1a),
let & > 0 come from Assumption 3.2.4 such that ¢y > 0 and dy > 0 are defined in
(5.5). Then, V; in (3.80) can be upper bounded, using Assumption 3.1.8 as done
to arrive to (4.15), as follows: for each z € R*", 1} in (3.80) is upper bounded as in
(5.6). Then, due to L being C*, nonstrongly convex, and having a single minimizer
2} by Assumption 3.1.8, and due to L having quadratic growth away from 2z} by
Assumption 3.2.4, when |VL(z)| < &, the suboptimality condition in Lemma
4.4.1 implies |z — 2;| < @, from where we get the bound on Vj shown in (5.7),
where Vj is defined via (3.80). Then, by defining the set Uy as in (4.20), every
z € Uy belongs to the co-sublevel set of Vj, where V} is defined in (3.80). In fact,
using the conditions in (5.5) and (5.7), we have that for each z € U, the bound
in (5.8) is satisfied. Since ko in (5.1a) is such that the set {zf} x {0} is globally
asymptotically stable for the closed-loop system resulting from controlling (3.1)
by ko in (5.1a), as was shown in the Proposition 3.2.8, the set Uy in (4.20) is

contained in the basin of attraction induced by k.
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5.2.4 Design of the Set T

Recall from lines 5-6 of Algorithm 3 that the objective is to design 77 such
that when z € 719 and ¢ = 1, the state component z; is near 2} and the supervisor
resets g to 0, resets 7 to 0, and assigns u to ko(ho(2)), where kg is defined via
(5.1a) . For such a design, we use Assumptions 3.1.8 and 3.2.4 and the Lyapunov
function in (3.38), defined for each z € R*" and each 7 > 0, where ¢ > 0, M >0
is the Lipschitz constant of VL, and the function a is defined in (3.39). Given
c10 € (0,¢0) and €19 € (0,¢¢), where ¢g > 0 and gy > 0 come from Section 5.2.3,
let ¢ and dp be given in (5.5), and let o > 0 come from Assumption 3.2.4 such

that

6170 = €100 € (0,50) (526&)

¢ 2 2 52
dig = c10 — (;) — §4 (;") € (0, do) (5.26b)

where ¢ > 0 comes from (1.5). Note that a, defined via (3.39), which is in Vi,
equals 1 when 7 = 0 and monotonically decreases toward zero (but being always
positive) as 7 tends to co. Namely, a is upper bounded by 1. Then, with V] given

in (3.38) and using Assumption 3.1.8 with u; = 27 and w; = 2,
2 S
Vilz,7) < |or = 5 + |zl + 12 [VL(z1)] |21 = £ (5.27)

Then, due to L being C', nonstrongly convex, and having a single minimizer z}
by Assumption 3.1.8, and due to L having quadratic growth away from 2z by

Assumption 3.2.4, when |VL(z)| < ¢, the suboptimality condition in Lemma
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. . E10
4.4.1 implies |z, — 27| < =2, from where we get

Vv < C1,0 ? 2 ¢° éio
1(2,7) < 0 + [22] +M o ) (5.28)

Then, by defining 7; as in (5.12) which, by construction, is contained in the
interior of Uy defined in (4.20), every z € Ty belongs to the ¢; g-sublevel set of
V1. In fact, using the conditions in (5.26) and (5.28), we have for each z € T g,

V. 61,0 2 2 2 5%,0
1(2,7’) S ? + ’22| + M ? S C1,0- (529)

As was described below (4.26), the constants ¢y, ¢ 9, do, and dy o in (5.5) and (5.9)
comprise the hysteresis necessary to avoid chattering at the switching boundary;

see Figure 4.3.

5.2.5 Design of the Set 7y,

Recall from lines 3-4 of Algorithm 3 that the objective is to design 7;; such
that when 2 € Ty1, ¢ = 0, and 7 = 0, the state component z; is far from 2] and
the supervisor resets ¢ to 1 and assigns u to k1(hi(z,7),7) so that i steers z;
back to nearby zj. Given ¢y > 0, let a > 0 come from Assumption 3.2.4, and let
M > 0 come from Assumption 3.1.3. Then, using Assumption 3.1.3 with u; = 2]
and wy = z; yields (4.27) for all z; € R™. Since L has quadratic growth away from
27 by Assumption 3.2.4, then dividing both sides of (4.27) by M and substituting
into (3.79) leads to (4.28), where o > 0 comes from Assumption 3.2.4. Then, 1}
in (3.80) satisfies the bound in (5.14) for each z € R?". Using the right-hand side
of (5.14) and the same ¢y > 0 as in Section 5.2.3, the set 7y, is defined as in
(5.15). The set in (5.15) defines the (closed) complement of a sublevel set of the

Lyapunov function V in (3.80) with level equal to ¢y. The constant ¢, is also a
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part of the hysteresis mechanism, as shown in Figure 4.3. When 2z € Uy — where
Uy is defined in (4.20), ¢ = 0, and 7 = 0, then the supervisor does not need to
switch to k1, as the state component z is close enough to the minimizer to keep
using o in (5.1a). But if z € Ty; while ¢ = 0 and 7 = 0, then z is far enough
from the minimizer, and the supervisor then switches to x; in (5.20). Note that

ToaNTio=0.

5.2.6 Well-posedness of the Hybrid Closed-Loop System
H

When L satisfies Assumptions 3.1.8, 3.2.4, and 3.1.3, the hybrid closed-loop
system H in (5.22), with the sets Uy, Ti,0, and 7o, defined via (4.20) (5.12), and
(5.15), respectively, satisfies the hybrid basic conditions, listed in Definition 2.1.1,
as demonstrated in the following lemma. A hybrid closed-loop system H that
satisfies the hybrid basic conditions is said to be well-posed in the sense that
the limit of a graphically convergent sequence of solutions to H having a mild

boundedness property is also a solution to H [21].

Lemma 5.2.2. (Well-posedness of H) Let the function L satisfy Assumptions
3.1.8, 3.2.4, and 3.1.3. Let the sets Uy, Tio, and To1 be defined via (4.20), (5.12),
and (5.15), respectively. Let the functions d and 3 be defined as in (3.35). Let rg
and k1 be defined via (5.1a) and (5.20), respectively. Then, the hybrid closed-loop

system H in (5.22) satisfies the hybrid basic conditions.

Proof. The objective function L is C!, nonstrongly convex, and has a single
minimizer by Assumption 3.1.8. Therefore, since VL is continuous, the following
hold: the set Uy, defined via (4.20), is closed since it is a sublevel set of the

continuous function V; due to @ in (3.39) being continuous, the set 7T; o, defined
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via (5.12), is closed since it is a sublevel set of the continuous function Vi; the
set To1, defined via (5.15), is closed since it is the closed complement of a set.
Therefore, since the sets Uy, Ti9, and Ty, are closed, then the sets Dy, D, Co,
and (' are closed. Since C' and D are both finite unions of finite and closed sets,
then C' and D are also closed.

Since d and f3, defined via (3.35), are continuous, and since by Assumption
3.1.8, L is C', then h, in (5.21), ko in (5.1a), and k; in (5.20) are continuous. In
turn, the map z — Fp(z, ke(hy(z,7), 7)) is also continuous since Fp in (3.1) is a
C! function of k, and h,. Therefore, z — F(z) is continuous. The map G satisfies

(A3) by construction since it is continuous. O

5.2.7 Existence of Solutions to H

Under Assumptions 3.1.8, 3.2.4, and 3.1.3, each maximal solution to H is
complete and bounded, as stated in the following lemma. Such a property is
useful since it guarantees that nontrivial solutions to H exist from each initial
point in C'U D, and that such solutions do not escape C'U D. When every
maximal solution is complete, then uniform global pre-asymptotic stability® of
the set A becomes uniform global asymptotic stability. The following lemma also
states that TI(Cp) U TI(Dy) = R?" and I1(C;) U TI(D;) = R®*". Such a property
ensures that nontrivial solutions to H, which exist from each initial point in CUD,

also exist from any initial point in R?" x Q X Rxg.

Proposition 5.2.3. (Existence of solutions to H) Let the function L satisfy
Assumptions 3.1.8, 3.2.4, and 3.1.3. Let the sets Uy, Tip, and To1 be defined
via (4.20), (5.12), and (5.15), respectively. Let the functions d and B be de-
fined as in (3.35). Let ko and Ky be defined via (5.1a) and (5.20), respectively.

5Uniform global pre-asymptotic stability indicates the possibility of a maximal solution that
is not complete, even though it may be bounded.
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Then, TI(Cy) UTI(Dy) = R**, TI(Cy) UTI(Dy) = R*", and each mazimal solution
(t,7) — x(t,7) = (2(t,7),q(t,5),7(t,5)) to H in (5.22) is bounded and complete.

Proof. Since Assumptions 3.1.8, 3.2.4, and 3.1.3 hold, then H satisfies the hybrid
basic conditions by Lemma 5.2.2. With ¢ > 0 and dy > 0 defined via (5.5), since
L is C!, nonstrongly convex, has a single minimizer by Assumption 3.1.8, and has
quadratic growth away from zj by Assumption 3.2.4, from the arguments below
(3.84), every z € Uy belongs to the cg-sublevel set of Vj; recall that U is defined in
(4.20) and that V; is defined via (3.80). Additionally, since by Assumption 3.2.4
L has quadratic growth away from z{ and since VL is Lipschitz continuous by
Assumption 3.1.3, then 7y, in (5.15), defines the closed complement of a sublevel
set of Vj with level equal to ¢g. Therefore, due to the definitions of U in (4.20) and
Toa in (5.15), TI(Cp) UTI(Dy) = R?*". Furthermore, since 7Ty o is defined via (5.12),
and since by the definitions of C} and D; in (5.23), C} is the closed complement
of Dy, then II(Cy) UTI(D;) = R?".

Due to the definitions of Cy, Dy, Cy, and Dy in (5.23), Uy in (4.20), Tip in
(5.12), and T, in (5.15), then C'\ D is equal to int(C'). Hence, for each point

x € C'\ D, the tangent cone to C' at x is

o) R? x {0} x {0}  ifz € Cy\ Dy, 530,

R?" x {1} X RZO if x € Cl \ Dl.

Therefore, F(x) NTe(x) # 0, satisfying (VC) of Proposition A.1.1 for each point
x € C'\ D, and nontrivial solutions exist for every initial point in (Co U Cy) U
(Do U Dy), where I1(Cy) UTI(Dg) = R?*" and I1(C} ) UTI(D;) = R?". To prove that

item (c) of Proposition A.1.1 does not hold, we need to show that G(D) C C'UD.
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With D defined in (5.23),
G(D) = (Toa x {1} x {0}) U (T10 x {0} x {0}). (5.31)

Notice that T 9 x {0} x {0} € Cy and T3 x {1} x{0} C C}. Therefore, G(D) C C;
hence G(D) C C U D. Therefore, item (c) of Proposition A.1.1 does not hold.
Then it remains to prove that item (b) does not happen.

To this end, since L is C!, nonstrongly convex, and has a single minimizer
27 by Assumption 3.1.8, since VL is Lipschitz continuous by Assumption 3.1.3,
and since L has quadratic growth away from z{ by Assumption 3.2.4, then each
maximal solution to Hy in (5.24), with x; defined via (5.1a) and hy defined via
(5.21), is bounded, complete, and unique by Proposition 3.2.7. Furthermore, since
d and 3, defined via (3.35), are continuous, since by Assumption 3.1.8, L is C',
and since by Assumption 3.1.3 VL is Lipschitz continuous, then each maximal
solution to Hi, defined via (5.25), is complete and unique by Proposition 3.1.10.

Since H, has no finite time escape from R?® and #; has no finite time escape
from R?" x R>g, then this means # = F(z) has no finite time escape from C' for H,
as ¢ does not change in C' and as the state component 7 is bounded in C', namely,
the state component 7 — which is always reset to 0 in D — increases linearly in C
and remains at 0 in Cy. Therefore, there is no finite time escape from C' U D, for

solutions x to H. Therefore, item (b) from Proposition A.1.1 does not hold. O

5.2.8 Main Result

In this section, we present a result that establishes UGAS of the set

A= {z € R™: VL(z) = 2 = 0} x {0} x {0} = {2}} x {0} x {0} x {0} (5.32)
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1

(t+2)2

exponential, for the hybrid closed loop algorithm H in (5.22) and (5.23). Recall

and a hybrid convergence rate that, globally, is equal to while locally, is
that the state x := (z,¢,7) € R? x Q X Rsg. In light of this, the first component
of A, namely, {27}, is the minimizer of L. The second component of A, namely,
{0}, reflects the fact that we need the velocity state z; to equal zero in A so that
solutions are not pushed out of such a set. The third component in A, namely,
{0}, is due to the logic state ending with the value ¢ = 0, namely using kg as the
state z reaches the set of minimizers of L. The last component in A is due to 7

being set to, and then staying at, zero when the supervisor switches to k.

Theorem 5.2.4. (Uniform global asymptotic stability of A for H ) Let the function
L satisfy Assumptions 3.1.8, 3.2.4, and 3.1.3. Let ¢ > 0, A > 0, v > 0, ¢10 €
(0,¢c), andero € (0,e0) be given. Let o > 0 be generated by Assumption 3.2.4, and
let M > 0 be generated by Assumption 3.1.8. Let ¢ € (0,¢) and dio € (0,do)
be defined via (5.5) and (5.26). Let the sets Uy, Tro, and To1 be defined via
(4.20) (5.12), and (5.15), respectively. Let the functions d and 3 be defined as
in (3.35), and let ko and Ky be defined via (5.1a) and (5.20), respectively. Then,
the set A, defined via (5.32), is uniformly globally asymptotically stable for H
giwen in (5.22)-(5.23). Furthermore, each mazimal solution (t,7) — xz(t,j) =
(z(t,7),q(t,5),7(t, 7)) of the hybrid closed-loop algorithm H starting from Cy with
7(0,0) = 0 satisfies the following:

1) The domain domx of the solution x is of the form Uj_o(I7 x {j}), with I° of
the form [to,t1] and with I' of the form [t;,00) for some t; > 0 defining the

time of the first jump;
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2) For each t € I° such that’ t >0

. 4eM w12 2
L(z(t,0)) — L* < I (121(0,0) = 2 + |22(0,0)*) (5.33)

where ¢ := (1 + () exp (M) Namely, L(z(t,0)) — L* is O(icg?fgy) ;

3) For each t € I'
L(z(t,1)) = L* = O (exp (—(1 — m)t)) (5.34)

where m € (0, 1) is such that 1 := ™% >0 and v := (¢ — A) < 0.

Proof. The hybrid closed-loop algorithm H satisfies the hybrid basic conditions
by Lemma 5.2.2; satisfying the first assumption of Theorem A.1.3. Furthermore,
[1(Co) UTI(Dy) = R?", TI(C,) UTI(D;) = R?*", and each maximal solution (¢,5)
x(t,7) = (2(t,7),q(t,j),7(t,5)) to H in (5.22)-(5.23) is complete and bounded by
Proposition 5.2.3. Since by Assumption 3.1.8, L has a unique minimizer 27, then
A, defined via (5.32), is compact by construction, and U = R*" x Q x R>( contains
a nonzero open neighborhood of A, satisfying the second assumption of Theorem
A.1.3.

To prove attractivity of A in (5.32), we proceed by contradiction. Suppose
there exists a complete solution x to H such that tJrljigoo |z(t, )| 4, # 0. Since
Proposition 5.2.3 guarantees completeness of maximal solutions, we have the fol-

lowing cases:

a) There exists (¢, j') € dom x such that z(t, j) € C;\ D, for all (¢,j) € domz, t+

Jj=>t+5%

6Note that at each t € I°, ¢(t,0) = 1, and at each t € I', q(¢,1) = 0.
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b) There exists (¢',') € domx such that z(t,j) € Cy \ (AU Dy) for all (¢,j) €

domuz,t+j5 >t + 5’

c¢) There exists (¢, j') € dom x such that x(¢,7) € D for all (¢,7) € domx,t+7 >

t'+ 7.

Case a) contradicts the fact that, by Proposition 3.1.13, the set A;, defined
via (3.64), is uniformly globally asymptotically stable for #H; in (5.25). Such
uniform global attractivity of A, guaranteed by Proposition 3.1.13, implies there
exist & € (0,¢10) and dy € (0,d; ) such that the state z reaches ({27} + &B) x
({0} + diB) C Tip at some finite flow time ¢ > 0 or as t — oo. In turn, due to
the construction of Cy and Dy in (5.23), with 7 defined via (5.12), the solution
x must reach D at some (t,j) € domx,t+j > t' + j'. Therefore, case a) does
not happen.

Case b) contradicts the fact that, by Proposition 3.2.8, {z}} x {0} is uniformly
globally asymptotically stable for Hy in (5.24). In fact, tJrl]igloo lz(t,7)| 4 = 0, and
since A C Cp, case b) does not happen.

Case ¢) contradicts the fact that, due to the construction of 7T; in (5.12) and

To.1 in (5.15), we have

G(D)ND :=((Tox x {1} x {0}) U (T, x {0} x {0}))
N ((Toa x {0} x {0}) U (Tio x {1} x Rxo))
=0 (5.35)

where G(D) is defined via (5.31) and D is defined in (5.23). Such an equality
holds since Ti o N To1 = 0; see the end of Section 5.2.5. Therefore, case ¢) does
not happen.

Therefore, cases a)-c) do not happen, and each maximal and complete solution
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x = (z,q,7) to H with 7(0,0) = 0 converges to .A. Consequently, by the construc-
tion of C' and D in (5.23), the uniform global asymptotic stability of A; (defined
via (3.64)) for H; in (5.25) established in Proposition 3.1.13, the uniform global
asymptotic stability of {2z} x {0} for H, in (5.24) established in Proposition 3.2.8,
and since each maximal solution to H is complete by Proposition 5.2.3, the set A
in (5.32) is uniformly globally asymptotically stable for H.

To show that each maximal and complete solution x to H jumps no more than
twice, we proceed by contradiction. Without loss of generality, suppose there
exists a maximal and complete solution that jumps three times. We have the

following possible cases:

i) The solution first jumps at a point in Dy, then jumps at a point in D, and

then jumps at a point in Dy; or

ii) The solution first jumps at a point in D, then jumps at a point in Dy, and

then jumps at a point in D;.

Case i) does not hold since, once the jump in D; occurs, the solution z is in
(T1,0x {0} x{0}) C Cy. Due to the construction of 71 o in (5.12) and 75 in (5.15)
such that 710N 71 = 0, as described in the contradiction of case ¢) above, and
due to the uniform global asymptotic stability of {27} x {0} for H by Proposition
3.2.8, the solution x will never return to Dy. Therefore, case i) does not happen.
Case ii) leads to a contradiction for the same reason, and in this case, once the
first jumps in D; occurs, no more jumps happen. Therefore, since cases i)-ii) do
not happen, each maximal and complete solution = to H with 7(0,0) = 0 has no
more than two jumps.

Finally, we prove the hybrid convergence rate of H. Letting ¢ > 0 and letting

M > 0 come from Assumption 3.1.3, then by Proposition 3.1.12, since L satisfies
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Assumptions 3.1.8 and 3.1.3, each maximal solution t — (z(t), 7(¢)) to the closed-
loop algorithm #; with 7(0,0) = 0 satisfies (3.53), for all ¢ > 0, where ¢ :=
(1+¢?)exp (M) By Proposition 3.2.10, since L satisfies Assumptions
3.1.8 and 3.2.4, then, given v > 0 and A > 0, for each m € (0,1) such that
Y= " > 0 and v := ¥(¥ — A) < 0, each maximal solution ¢ ~— z(t) to
the closed-loop algorithm H, satisfies (3.91) for all ¢ € domz (= Rsg). Since
maximal solutions (t,7) — xz(t,j) = (2(¢,7),q(t,j),7(t,7)) to H starting from
() are guaranteed to jump no more than once, as implied by the contradiction
in cases i)-ii) above, then the domain of each maximal solution x to H starting
from Cy is Uj_o(17, 7), with I° of the form [to,?,] and with I' of the form [t;, c0).
Therefore, given ¢ > 0, A > 0, v > 0, c19 € (0,¢0), €10 € (0,60), & > 0 from
Assumption 3.2.4, and M > 0 from Assumption 3.1.3, due to the construction of
Uy, Ti0, and To1 in (4.20), (5.12), and (5.15), with ¢ € (0, &) and dio € (0, dp)
defined via (5.5) and (5.26), and due to the individual convergence rates of H;
and Hp, each maximal solution (¢,7) — z(t,j) = (2(¢,7),q(t,j),7(t,5)) to the
hybrid closed-loop algorithm # that starts in Cy, such that 7(0,0) = 0, satisfies
(5.33) for each t € IV at which ¢(¢,0) is equal to 1 and ¢t > 0, and satisfies (5.34)

for each t € I'' at which ¢(t,1) is equal to 0. O

5.2.9 Numerical Examples

In this section, we present multiple numerical examples to illustrate the hybrid
closed-loop algorithm in (5.22) and (5.23). Example 5.2.5 first illustrates the
operation of the nominal hybrid closed-loop system H, and then demonstrates the
robustness of H to different amounts of noise in measurements of VL. Example
5.2.6 compares solutions to the hybrid closed-loop algorithm in (5.22) and (5.23)

with solutions to Hg, H1, and HAND-1 from [32], with parameters chosen such

170



that HAND-1 and H are compared on equal footing. Example 5.2.6 then compares
multiple solutions of H, starting from different initial values of z;, to multiple
solutions of HAND-1 from such initial values of z1, to show that H has a consistent
percentage of improvement over HAND-1 for different solutions. Example 5.2.7
[lustrates the trade-off between speed of convergence and the resulting values
of parameters for the uniting algorithm 7, for different tunings of { > 0. As
in Example 5.2.6, the parameter values for Example 5.2.7 are chosen such that

HAND-1 and H are compared on equal footing.

Example 5.2.5. In this example, we simulate a solution to the nominal hybrid
closed-loop system H to illustrate how the uniting algorithm works. Then, we
compare that same solution to solutions with different amounts of noise in mea-
surements of VL. For both the nominal system and the perturbed system, the
choice of objective function, parameter values, and initial conditions are as fol-
lows. We use the objective function L(z) := 2%, the gradient of which is Lipschitz
continuous with M = 2, and which has a single minimizer at 2z = 0. This choice
of objective function is made so that we can easily tune \, as described in Section
5.1.6. We arbitrarily chose the heavy ball parameter value v = % and we tuned
A to 200 by choosing a value arbitrarily larger than 2,/a,, where a, comes from
Section 5.1.6, and gradually increasing it until there is no overshoot in the hy-
brid algorithm. The parameter values for the uniting algorithm are co = 7000,
c1p ~ 6819.68, ¢g = 10, €19 = 5, and o = 1, which yield the values ¢y = 10,
¢10 = 5, dy = 6933, and dy = 6744, which are calculated via (5.5) and (5.26).
These values are chosen for proper tuning of the algorithm, in order to get nice
performance, and the value of ¢1 o is chosen to exploit the properties of Nesterov’s

method for a longer time, so that the nominal solution gets closer to the minimizer

faster. Initial conditions for H are z1(0,0) = 50, 25(0,0) = 0, ¢(0,0) = 1, and
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o | lim sup |21(2, J) — 21 (Jim_ sup |L(21(t, 7)) — L]
0.01 8.857 x 1076 7.844 x 10711
0.1 8.011 x 1074 6.418 x 1077
0.5 9.039 x 1074 8.171 x 1077
1 6.982 x 1073 4.875 x 107°
9.459 x 1073 8.947 x 107°
10 1.450 x 1072 2.103 x 1074
15 4.938 x 1072 2.438 x 1073
20 5.992 x 1072 3.591 x 1073
25 6.663 x 1072 4.439 x 1073

Figure 5.5: Top: The evolution over time of z;, for the nominal hybrid closed-
loop algorithm #, for a function L(z;) := 27 with a single minimizer at z} =
0. The time at which the solution settles to within 1% of 27 is marked with
a dot and labeled in seconds. The jump is labeled with an asterisk. Bottom:
Simulation results for perturbed solutions using zero mean Gaussian noise, with
each simulation using a different value of the standard deviation o. Results listed
are for a large value of t + j.

7(0,0) = 0. The plot on the top in Figure 5.5 shows the solution to the nominal
hybrid closed-loop algorithm”™ H, namely, the value of z; over time, with the time
it takes for the solution to settle to within 1% of z{ marked with a black dot and
labeled in seconds. The jump at which the switch from Hi to Ho occurs is labeled
with an asterisk. The solution converges quickly, without oscillations near the
MINIMizer.

To show that the uniform global asymptotic stability of A, established in The-
orem 5.2.4, is robust to small perturbations, due to the hybrid closed-loop system
H satisfying the hybrid basic conditions by Lemma 5.2.2. we simulate the hybrid

algorithm, using the objective function, parameter values, and initial conditions

"Code at gitHub.com/HybridSystemsLab/UnitingRobustness.
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tion L(z1) := 2} with a single minimizer at z; = 0, with zero-mean Gaussian noise
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listed in the first paragraph of this example, with zero-mean Gaussian noise added
to measurements of the gradient. Separate simulations were run for each of the
following standard deviations: o € {0.01,0.1,0.5,1,5,10,15,20,25}. Figure 5.6
shows some of these perturbed solutions, with each subplot labeled with the cor-
responding standard deviation used®. The subplots on the left side of Figure 5.6
show the value of z; over time for different standard deviations, and the subplots
on the right side of Figure 5.6 show the corresponding value of L over time for
such standard deviations. Note that, while all perturbed solutions shown in Figure
5.6 get close to the minimizer quickly, such perturbed solutions do not get as close
to the minimizer as the solution to the nominal algorithm does; see the plot on
the top in Figure 5.5. Also note that as the standard deviation gets larger, the
corresponding perturbed solution stays slightly farther away from the minimizer.
The results for all standard deviations are listed in the table in Figure 5.5, showing
the neighborhood of 27 that each solution settles to, for a large value of t+ j, along

with the corresponding value of L.

Example 5.2.6. In this example, to show the effectiveness of the uniting algo-
rithm, we compare the hybrid closed-loop algorithm H, defined via (5.22) and
(5.23), with the individual closed-loop optimization algorithms Ho and Hi and
with the HAND-1 algorithm from [32] which, in [32], is designed and analyzed for
nonstrongly convex functions L satisfying Assumptions 3.1.8 and 3.1.3. First, we
compare the convergence rates of H and HAND-1 analytically. Using an alter-

nate state space representation, namely, z; := £ and z9 := £ + %f, the HAND-1

8Code found at same link as in Footnote 7.
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algorithm has state (z,7) € R*"™! and data (C,F, D, G)

%(22 - z1)

F(z,7) == | =2,V L(z)| (2,7) €C, G(z,7):=

z

(z,7) €D (5.36)

Tmin
1

where ¢, > 0 and the flow and jump sets are C = {(z,7) € R*"™ .7 € [Thnin, Tinax) }

and D = {(z,7) € R*": 7 € [Theq, Tomax) }, with 0 < Tiin < Thnea < Tnax < 00,

and Tpeq > \/% + Tin > 0, dppea > 0. It is shown in [32] that each mazimal

solution (t,j) — (z(t, ), 7(t,7)) to the HAND-1 algorithm satisfies

. B
L(z(t,0)) — L* < 2 (5.37)
for all (t,j) € dom(z,7) such that j = 0, 21(0,0) = 22(0,0), 7(0,0) = Tinin,

2(0,0) € Ko := {2t} +7B, where B := =+ T2 (L(2(0,0)) — L*) > 0, 7 € Ry,

2c1 m
c1 > 0.
For the hybrid closed-loop algorithm H, the coefficient of the bound on Hy from

(5.33), namely,

. 4eM 12 2
L(z(t,0)) — L* < I (120(0,0) = 2{[* + |22(0,0) ") (5.38)

for each t € I°, t > 0, at which q(t,0) = 1, and for each { > 0, and M > 0,

is 42]2\4 (|21(0,0) — 2P+ |22(0,0)|2>, where ¢ = (1+ (*)exp <\/143 + ﬁ) The
coefficient of the bound in HAND-1 is B := % + T2, (L(21(0,0)) — L*). Since,

min

_ 1

ast — 0o, 12)?

— t%, then, comparing the coefficients of the bounds, the bound in

(5.38) is slightly better than (5.37) since 2%1 s very large for small t. Neglecting

the % term, however, the bound on H, (5.38) matches (5.37). The rate for

HAND-1, nevertheless, is only guaranteed until the first jump. After this, there
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is no characterized bound for HAND-1. In contrast, H has a characterized bound

for the domain of every solution such thatt > 0. Namely, it has rate ﬁ until
the state z is within a small neighborhood of the minimizer — where the rate then
switches to exp (—(1 — m)Wt), where, given v > 0 and A > 0, m € (0,1) is such
that = ™7 >0 and v = (¢ — A) < 0.

Next, we compare Hg, Hi, H, and HAND-1 in simulation. To compare these
algorithms, we use the same objective function L, heavy ball parameter values
A and 7y, Lipschitz parameter M, Nesterov parameter (, and uniting algorithm
parameter values cy, c10, €0, €10, @, Co, C10, do, and dyo as in Example 5.2.5.
Given ( = 2, the HAND-1 parameters ¢; = 0.5 and Ty, = 1+T\ﬁ are chosen
such that the resulting gain coefficients for zy and zy are the same for both H and
HAND-1, so that these algorithms are compared on equal footing®. The remaining
HAND-1 parameters, v and 0,04, have different values depending on the initial
conditions z1(0,0) = 22(0,0), listed in Table 5.3, which leads to different values
of Thneq and Ty, for each solution. Such values are chosen such that Tyeq >

ﬁid + Thwin > 0. Additionally, we choose Tyax = Theq + 1. The parameter
values for the uniting algorithm are eg = 10, €19 =5, and aw = 1. The remaining
parameter values co and c1 o are different depending on the initial condition z,(0,0)
and are listed in Table 5.3, which leads to different values of which leads to different
values of dy, calculated via (5.5), and di calculated via (5.26). These values are
chosen for proper tuning of the algorithm, in order to get nice performance, and
for exploiting the properties of Nesterov’s method as long as we want. Initial
conditions for all solutions to H are z5(0,0) = 0, ¢(0,0) = 1, and 7(0,0) = 0,

with values of z1(0,0) listed in Table 5.3. Initial conditions for all solutions to

HAND-1 are 7(0,0) = Tyin, with values of z1(0,0) = 25(0,0) listed in Table 5.3.

9Although there exist parameter values for which HAND-1 has faster, oscillation-free per-
formance, due to the way H and HAND-1 relate to each other, they are compared fairly for a
particular set of parameters.
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Table 5.2 shows the time that each algorithm takes to settle within®® 1% of 2},

Average time Average %
Algorithm | to converge (s) | improvement of H
H 0.811 —
Ho 690.759 99.9
Hy 4.409 81.6
HAND-1 8.649 90.6

Table 5.2: Average times for which ‘H, Hg, H1, and HAND-1 settle to within 1%
of 27, and the average percent improvement of H over each algorithm. Percent

improvement is calculated via (5.39). The objective function used for this table
is L(z) := 23

averaged over solutions starting from ten different values'' of 21(0,0) (listed in
the first column of Table 5.3), and the average percent improvement of H over

Ho, Hi, and HAND-1, which is calculated using the following formula

(Time of Ho, H1, or HAND-1— Time of H

100%. 5.39
Time of Ho. Hy, or HAND-1 )X % >:3)

As can be seen in Table 5.2, H converges faster than the other algorithms, and
the average percent improvement of H over each of the other algorithms in Table
5.2 15 99.9% over Ho, 81.6% over H1, and 90.6% over HAND-1.

Figure 5.7 compares different solutions for H and HAND-1, from different
values of 21(0,0), for the objective function'® L(z) := z}. Table 5.3 lists the
times for which each solution settles to within 1% of 25 for both H and HAND-1,
and shows the percent improvement of H over HAND-1. As can be seen in Figure
5.7 and in Table 5.3, the percent improvement of H over HAND-1 for all solutions

is 90.6%, which shows consistency in the performance of H versus HAND-1.

0Code at gitHub.com/HybridSystemsLab/UnitingNSC.
1 Code at gitHub.com/HybridSystemsLab/UnitingDifferentICs
12Code found at same link as in Footnote 11.
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Figure 5.7: The evolution of L over time, from different initial conditions, for H
(left) and HAND-1 (right). All solutions are for the objective function L(z;) :=
22, and the parameters used for HAND-1 and # are listed in Table 5.3, with
different values of ¢y and ¢; ¢ for each solution of H, leading to different values of
dy calculated via (5.5) and d; o calculated via (5.26), and different values of r and
Omea for each solution of HAND-1, leading to different values of Tiq and Ty ax.

Time to converge (s) | % Improve-
21 (O, 0) Co C1,0 r (5med H ‘ HAND-1 ment
110 34000 | 32719.231 | 111 | 240700 | 0.811 8.649 90.6
100 28000 | 27053.704 | 101 | 199000 | 0.811 8.65 90.6
90 23000 | 21927.75 | 91 | 161300 | 0.811 8.648 90.6
80 18000 | 17341.37 | 81 | 127550 | 0.811 8.65 90.6
70 14000 | 13294.565 | 71 | 97700 | 0.811 8.649 90.6
60 10500 | 9787.333 | 61 | 71875 | 0.811 8.648 90.6
50 7000 | 6819.676 | 51 | 50000 | 0.810 8.65 90.6
40 5000 | 4391.593 | 41 | 32075 | 0.811 8.65 90.6
30 3000 | 2503.083 | 31 | 18110 | 0.811 8.648 90.6
20 2000 | 1154.148 | 21 8112 | 0.811 8.648 90.6

Table 5.3: Times for which H and HAND-1 settle to within 1% of 2], and percent
improvement of ‘H over HAND-1, for solutions from different initial conditions,
shown in Figure 5.7. The objective function used for this table is L(z;) := 22.

178



The bound for HAND-1, shown in (5.37) and which holds only until the first
reset, is only guaranteed when z1(0,0) = 25(0,0). This leads to a required nonzero
velocity for HAND-1 in most scenarios, which leads to overshoot. In contrast, H
has no such constraint on z5(0,0), which can be set to zero in all scenarios. The
lack of such a constraint on the initial condition z3(0,0) for the hybrid closed-
loop algorithm H is essential to its improved performance over HAND-1, as the
overshoot in solutions to HAND-1 due to z,(0,0) = 25(0,0) leads to a slower
convergence time than for H, as seen in Table 5.2. Moreover, as described previ-
ously in this example, no bound for HAND-1 is characterized after the first reset,
whereas the (hybrid) convergence bound characterized for H holds for the domain

of every solution such that t > 1.

Example 5.2.7. This example explores the trade-off that results from using dif-
ferent values of ¢ > 0 for the uniting algorithm. Particularly, for ¢ = 1, we
first compare the uniting algorithm in simulation with the individual optimization
algorithms Ho, H1, and the HAND-1 algorithm from [32], using the same objec-
tive function as in Example 5.2.6, and next we compare the resulting solutions
with those in Table 5.2. Recall that the objective function in Example 5.2.6 is
L(z1) := 2%, the gradient of which is Lipschitz continuous with M = 2, and which
has a single minimizer at zi = 0. Since the gain coefficient of VL is proportional
to (2, we choose different parameters for the HAND-1 algorithm for the simulation
depicted in'3 Figure 1.4, so that the gain coefficients of z1 and zo are the same
for HAND-1 and H in this simulation. Namely, given { = 1, for HAND-1 we

choose Ty = 3 and ¢1 = 0.25. For the other HAND-1 parameters, we choose

r =51 and O,,.q = 4010 such that Thyeq > B4 Toin > 0, and we again choose

67ned

Tmax = Thmea+1 to ensure resets happen at the proper times. We arbitrarily choose

13Code found at same link as in Footnote 4
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v = %, and we tuned X\ to 40 by choosing a value arbitrarily larger than 2./a; and
gradually increasing until there was no overshoot in the hybrid algorithm. The
uniting algorithm parameters are co = 320, c1 9 ~ 271.584, g9 = 10, €19 = 5, and
a = 1, which yield the values ¢y = 10, ¢1 9 =5, dy ~ 253.333, and dy o ~ 234.084,
which are calculated via (5.5) and (5.26). These values are chosen for proper
tuning of the algorithm, in order to get mice performance, and for exploiting the
properties of Nesterov’s method as long as we want. Initial conditions for H are
21(0,0) = 50, 29(0,0) = 0, ¢(0,0) = 1, and 7(0,0) = 0, and for HAND-1 are
21(0,0) = 22(0,0) = 50 and 7(0,0) = Tryin-

First, we compare solutions to each algorithm within Figure 1.4 itself. Table 5.4
shows the time that each algorithm takes to settle within 1% of 2z, averaged over
solutions starting from ten different values of z1(0,0) (listed in the first column of
Table 5.3), and the percent improvement of H over Ho, Hi, and HAND-1, which
is calculated using (5.39). While the closed-loop algorithm H still converges faster
than all the other algorithms in Figure 1.4 and Table 5.4, the improvement over

Ho, Hi, and HAND-1 is smaller than it is in Table 5.2.

’ Algorithm \ Average time to converge (s) \ Average % improvement

H 2.387 -

Ho 138.066 98.3

Hi 8.782 72.8
HAND-1 14.343 83.4

Table 5.4: Times for which H, Hy, Hi, and HAND-1 settle to within 1% of
27, and percent improvement of H over each algorithm, as shown in Figure 1.4.
Percent improvement is calculated via (5.39). The objective function used for this
table is L(z1) := z3.

Next, we compare solutions using ¢ = 1, in Figure 1.4, with solutions using
¢ =2, in Table 5.2. Since ¢ > 0 scales time in solutions to (1.5), Then smaller

values of ¢ result in slower settling to within 1% of =} for Hy with less frequent
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oscillations, as seen in Figure 1.4 with ( = 1 (about 8.8 seconds), while larger
values of ¢ result in settling to within 1% of z7 for Hiy faster, with more frequent
oscillations, as seen in Figure 1.3 and Table 5.2 with ( = 2 (about 4.5 seconds).
For the uniting algorithm, this translates to faster settling to within 1% of z§ with
¢ = 2 (about 0.8 seconds), in Figure 1.3 and Table 5.2, compared with slower
settling to within 1% of 27 with ( = 1 (about 2.4 seconds), in Figure 1.4, but
with no oscillations, in both cases, due to the switch to Hy. In both Figure 1.4,
and Table 5.2, the uniting algorithm converges more quickly than the HAND-1
algorithm, when both algorithms are tuned to have the same gain coefficients for
the z1 and zo terms. Although larger ¢ results in faster convergence, the trade-off
is that even though the zy (velocity) term generally reduces quickly as it approaches
the neighborhood of the minimizer for any size of (, the zy still ends up relatively
larger near the minimizer than it is when ¢ is smaller. The consequence is that,
when ¢ s larger, dy o needs to be set much larger so that the uniting algorithm can
still make the switch to Hoy at the proper time. This also means that ¢, needs
to be set much larger, due to the definition of dyo in (5.26). Additionally, ¢y and
dy, also need to be set larger to ensure the algorithm still has adequate hysteresis.
Recall that, in Example 5.2.6, for ( = 2, we have the parameter values ¢y = 7000,
c10 ~ 6819.676, dy = 6933, and d, = 6744, which are quite large, while for the
simulation shown in Figure 1.4 these same parameters have much smaller values,

as listed in the second paragraph of this example.

5.2.10 Extensions

Some possible extensions to the results in Section 5.2 are as follows.
It is possible to extend the results in Section 5.2 to include C!, nonstrongly

convex objective functions L with a compact and connected set of minimizers.
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With such an assumption, it would be straightforward to extend Lemma 5.2.2
and Proposition 5.2.3. Theorem 5.2.4 can be extended via the assumption of
a compact and connected set of minimizers and the use of Clarke’s generalized
derivative in (2.4), with the Lyapunov function V in (3.97), as described in Section
3.2.3, and with the Lyapunov function V; in (3.69), as described in Section 3.2.3.
With such an extension, it can be shown that A in (5.32) is UGAS for H in
(5.22)-(5.23) with 7(0,0) = 0, and that each maximal solution (¢, j) — x(t,j) =
(2(t,7),q(t,7),7(t, 7)) to the hybrid closed-loop algorithm H that starts in Cf,
such that 7(0,0) = 0, satisfies (5.33) for each t € I° at which ¢(¢,0) is equal to 1
and ¢t > 1, and satisfies (5.34) for each ¢ € I' at which g(¢, 1) is equal to 0.

It would be possible to further extend the results in Lemma 5.2.2, Proposition
5.2.3, and Theorem 5.2.4 to nonstrongly convex objective functions L that are

also nonsmooth, through the use of Clarke’s generalized derivative.
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Chapter 6

Uniting Framework for

Accelerated Optimization

In this chapter, we propose a framework for logic-based algorithms, which
unite any two continuous-time, gradient-based optimization algorithms ¢ and &
to solve Problem 6.1.1. The central idea is that the global optimization algorithm
k1 provides fast convergence to the neighborhood of the set of minimizers and the
local optimization algorithm kq provides stable convergence in the neighborhood
of the set of minimizers, without oscillations. A logic variable is used to indicate
which algorithm — either ko or xk; — is currently in use, and the switch between
local and global algorithms is based on sublevel sets of the Lyapunov functions
of Ky and k;. One difficulty in designing such a uniting framework is that the
objective function L and the set of minimizers are unknown, so the algorithm

must be able to detect when to switch, and do so in a way that avoids chattering.
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6.1 Problem Statement

As illustrated in Figure 1.3, the performance of Nesterov’s accelerated gradient
descent commonly suffers from oscillations near the minimizer. This is also the
case for the heavy ball method when A\ > 0 is small. However, when X is large,
the heavy ball method converges slowly, albeit without oscillations. In Section
1.3 we discussed how the heavy ball algorithm guarantees an exponential rate
for strongly convex L and a rate of % for nonstrongly convex L, although it was
demonstrated in [79] that the heavy ball algorithm converges exponentially for
nonstrongly convex L when such an objective function also has the property of
quadratic growth away from its minimizer. We also discussed how Nesterov’s
algorithm guarantees an exponential convergence rate for strongly convex L and
a rate of ﬁ for nonstrongly convex L. We desire to attain such rates, while

avoiding oscillations via the heavy ball algorithm with large A\. We state the

following general problem to solve as follows:

Problem 6.1.1. Given a scalar, real-valued, continuously differentiable objective
function L with a unique minimizer, design a uniting optimization framework that,
without knowing the function L or the location of its minimizer, has the minimizer
uniformly globally asymptotically stable, with a convergence rate that preserves
the convergence rates of the local and global algorithms, and with robustness to

arbitrarily small noise in measurements of VL.
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6.2 Hybrid Uniting Framework for Accelerated

Gradient Methods

6.2.1 Modeling

We interpret the ODEs in (1.1), (1.2), and (1.5) as control systems consisting
of a plant and a control algorithm [34] [22]. Then, defining z; as € and 2, as &, the
plant for these ODEs is given by the double integrator in (3.1). With this model,
the class of optimization algorithms that we consider assign u to a function of the
state that involves the cost function, and such a function of the state may be time
dependent. For instance, if the ODE in (1.1) is used, then the algorithm assigns
u to =N,z — v,V L(z1), with tunable parameters A > 0 and v > 0. If the ODE in
(1.2) is used, then the algorithm assigns u to —2dz,—5;V L(z1+822), where M > 0
is the Lipschitz constant of VL and where d and (3 are defined via (3.3). If the
ODE in (1.5) is used, then the algorithm assigns u to —2d(t)z, — %VL(zl +5(t) ),
where ¢ > 0 and where d and 3 are defined via (3.35).

For the framework presented in this Chapter, we cope with the trade-off be-
tween damping oscillations and converging fast by uniting two control algorithms
k4, where the logic variable ¢ € @) := {0, 1} indicates which algorithm is currently
being used. As was discussed in Chapters 4 and 5, the algorithm defined by k1,
which plays the role of the global algorithm in uniting control (see, e.g., [22]), is
used far from the minimizer and is designed to quickly get close to the critical
point. The algorithm defined by xq, which plays the role of the local algorithm,
is used near the minimizer and is designed to avoid oscillations. The switch be-
tween kg and Ky is governed by a supervisory algorithm implementing switching
logic. The supervisor selects between these two optimization algorithms, based on

the plant’s output and the optimization algorithm currently applied. The design
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of the logic and parameters of the individual algorithms is done using Lyapunov
functions V,, which take different forms depending on the specific optimization
methods used for ko and k;. Since the ODE in (1.5) is time varying, and since
solutions to hybrid systems are parameterized by (¢,7) € Rso x N, we employ
the state 7 to capture ordinary time as a state variable, in this way, leading to a
time-invariant hybrid system.

To encapsulate the plant, static state-feedback laws, and the time-varying
nature of the ODE in (1.5), we define a hybrid closed-loop system H with state

r:=(2,q,7) € R?™ x Q X R as follows:

. <2
z =
fig(hy(2,7),7)
= F(z) ze€C:=CyUC (6.1a)
q:
T=4q
z
P
22
= G(x) z€D:=DyUD, (6.1b)
¢ =1-¢q
=0

The outputs h, are defined differently, based on the specific optimization methods
used. The sets Cy, Cy, Dy, and D; are defined as

Co := Uy x {0} x {0}, Cr =R\ Tyo x {1} x Rxg (6.2a)

Do :=Tox x {0} x {0}, Dy :="Tip x {1} x Ry, (6.2b)

and where Uy, Ti9, and Ty, are defined differently, depending on the specific
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optimization algorithms employed for ko and x; However, the idea behind their
construction is as follows. The switch between kg and k1 is governed by a su-
pervisory algorithm implementing switching logic; see Figure 5.4. The supervisor
selects between these two optimization algorithms, based on the output of the
plant and the optimization algorithm currently applied. When z € Uy, ¢ = 0, and
7 =0 (i.e., z € Cp), due to the design of Uy, then the state z is near the mini-
mizer, which is denoted 2}, and the supervisor allows flows of (6.1) using xo and
7 = q = 0 to avoid oscillations. Conversely, when z € WTLO and ¢ = 1 (i.e.,
x € (), due to the design of 7 o, then the state z is far from the minimizer and
the supervisor allows flows of (6.1) using x; and 7 = ¢ = 1 to converge quickly to
the neighborhood of the minimizer. When z € 7Ty and ¢ =1 (i.e., x € D;), then
this indicates that the state z is near the minimizer, and the supervisor assigns
u to ko, resets ¢ to 0, and resets 7 to 0. Conversely, when z € 71, ¢ = 0, and
7 =0 (i.e.,, x € Dy), due to the design of T, then this indicates that the state
z is far from the minimizer and the supervisor assigns u to x; and resets ¢ to 1.

The complete algorithm, defined in (6.1)-(6.2), is summarized in Algorithm 4.

Algorithm 4 Uniting algorithm

1: Set ¢(0,0) to 0, 7(0,0) to 0, and set z(0,0) as an initial condition with an
arbitrary value.

2:

3: while true do

4: if z€7Ty1,q=0,and 7 =0 then

5: Reset ¢ to 1.

6: else if z € 71y and ¢ = 1 then

7 Reset ¢ to 0 and 7 to 0.

8: else if z € Uy, ¢ =0, and 7 = 0 then

9: Assign u to ko(ho(z, 7),7) and update z, ¢, and 7 according to (6.1a).
10: else if z € R?"\ 715 and ¢ = 1 then

11: Assign u to ky(h1(z,7),7) and update z, ¢, and 7 according to (6.1a).

12: end if
13: end while
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The reason that the state 7 in (6.1) changes at the rate ¢ during flows and is
reset to 0 at jumps is that when the state z is in C, then 7 = ¢ = 1, which implies
that 7 behaves as ordinary time, so it is used to represent time in the potentially
time-varying algorithm ;. On the other hand, when the state = is in Cj, then
7 = q = 0 causes the state 7 to stay at zero. Such an evolution ensures that the
set to asymptotically stabilize is compact.

Figure 5.4 shows the feedback diagram of this hybrid closed-loop system H.
We denote, for each ¢ € Q) = {0, 1}, the closed-loop systems resulting from the

individual optimization algorithms as #, with state (z, 7), which are given by
Kq(hg(z,7),T) (2,7) € R* x Rxy. (6.3)

6.2.2 Design

The sets Uy and Ty o need to be designed such that the supervisor can determine
when the state component z; is close to the set of minimizers of L, denoted 27,
without knowledge of 2 or L*. To facilitate such a design, for this chapter, we
impose! Assumptions 3.1.8 and 3.2.4 on the objective function L. Namely, L is
C!, nonstrongly convex, and has a unique minimizer by Assumption 3.1.8, has
a Lipschitz continuous gradient by Assumption 3.1.3, and has quadratic growth
away from its minimizer 27 by Assumption 3.2.4.

The set Uy is defined, via Definition 2.2.2, and Lemma 4.4.1, as follows:

1
Uy = {z € R*™ . |VL(z)| < &, 5 |22 < do } (6.4)

"When L is strongly convex, then L also satisfies the definition of nonstrong convexity (Def-
inition 2.2.2) and quadratic growth in Definition 2.2.3, since these are weaker properties than
strong convexity; see [67], [69], [19], [68], [70].
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where the parameters ¢y > 0 and dy > 0 are designed so that U is in the region
where xq is used.

The set T; is defined, via Definition 2.2.2, and Lemma 4.4.1, as follows:
Tio={z € R : |VL(21)| < 10,2 <dio | (6.5)

where the parameters ¢, € (0,¢) and dy o € (0,dp) are designed such that 7y g
is contained in the interior of Uy. When ¢ = 1, |[VL(21)| < é10, and |2z|* < dy,
the supervisor will switch from the global algorithm k; to the local algorithm
ko. The constants ¢y, ¢, do, and d; o comprise the hysteresis necessary to avoid
chattering at the switching boundary; see Figure 4.3. Examples illustrating the
design of Uy and T o for specific cases of ky and x; were presented in Chapters 4
and 5.

The set 7y, should be designed such that the supervisor can determine that
the state z is far from the minimizer, when z € 75, and ¢ = 0, and make the
switch back to k1 to ensure that the state z reaches the neighborhood of the
minimizer in finite time. Additionally, the set 7y, should be designed such that,
when used in combination with U, and 7; o to define (6.2), each solution x to the
hybrid closed-loop algorithm H jumps no more than twice, and the set of interest
is guaranteed to be at least weakly forward invariant.

To ensure that the hybrid closed-loop system H in (6.1), with C and D defined
via (6.2), is well-posed, and to ensure that every maximal solution to the hybrid
closed-loop system H is complete, we impose the following assumptions on the set

To,1 and the static state-feedback laws r,(hy(2, 7))

Assumption 6.2.1 (Closed sets and continuous static state-feedback laws).
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(C1) The set Ty is the closed complement of Uy, namely,

7671 = RQn \Z/{O, (66)

(C2) The map z — Fp(z, kg(hy(2,7))), in (3.1) withu = k(h(z,7),T), is Lipschitz

continuous with constant M, > 0, namely,

|Ep (2, hig(hg(2,7), 7)) = Fp (v, kg(hy(v,7), 7))| < My |2 =0 (6.7)

for all z,v € R*™ and all 7 € Rxy.

Remark 6.2.2. Whereas C is closed by construction, item (C1) is needed to
ensure that the set D is closed. Additionally, (6.6) item (C1) is needed to ensure
that nontrivial solutions to H in (6.1) exist from any initial point in R*" x Q x
Rsq. Item (C2) is used to ensure that the map x — F(x) is continuous. The
closure of C' and D and the continuity of F' and G are required for H to be well-
posed which, in turn, leads to robustness of the asymptotic stability our framework
guarantees, as stated in results to follow. Additionally, item (C2) is an assumption
commonly used in nonlinear analysis to ensure that the closed-loop systems Hq in
(6.3) resulting from the individual optimization algorithms do not have solutions
that escape in finite time, which is used to guarantee the existence of solutions to

H, [T7, Theorem 3.2].

6.2.3 Basic Properties of H

Under Assumptions 3.1.8, 3.2.4, and 6.2.1, the hybrid closed-loop system H
in (6.1), satisfies the hybrid basic conditions, listed in Definition 2.1.1, as demon-

strated in the following lemma.
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Lemma 6.2.3. (Well-posedness of H) Let L satisfy Assumptions 3.1.8 and 3.2.4.
Let the set To:1 satisfy item (C1) of Assumption 6.2.1, and let the map z
Fp(z, k4(hy(z, 7)), T) satisfy item (C2) of Assumption 6.2.1. Let the sets Uy and
T10 be defined via (6.4) and (6.5), respectively. Then, the hybrid closed-loop system
H in (6.1) satisfies the hybrid basic conditions, as listed in Definition 2.1.1.

Proof. The sets Uy and Ty ¢ are closed by construction via Assumptions 3.1.8 and
3.2.4, and 7 is closed by item (C1) of Assumption 6.2.1. Therefore, the sets Dy,
Dy, Cy, and C] are closed. Since D and C are finite unions of finite and closed
sets, then D and C' are closed.

By construction the map x — F'(x) is continuous since, by item (C2), z —
Fp(z,k4(hy(2,7),7)) is Lipschitz continuous. The map G satisfies item (A3) by

construction. O

In Theorem 6.2.9 we show that H has a compact pre-asymptotically stable
set. In light of this property, Lemma 6.2.3 is key as it leads to pre-asymptotic
stability that is robust to small perturbations [21, Theorem 7.21]. In the case of
gradient-based algorithms, for instance, such perturbations can take the form of
small noise in measurements of the gradient.

To ensure that each maximal solution to the hybrid closed-loop system H is

bounded, we make the following assumption.
Assumption 6.2.4 (Bounded local algorithm). Each mazimal solution (t,j) —

(2(t,7),7(t, 7)) to Hg is bounded.

Remark 6.2.5. For specific optimization algorithms, some examples of assump-
tions under which Ho is bounded are as follows. When Hy is the heavy ball algo-

rithm in (1.1), then boundedness is established when L is C', nonstrongly convez,
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has a unique minimizer by Assumption 3.1.8, has quadratic growth away from z;
by Assumption 3.2.4, and VL is Lipschitz continuous by Assumption 3.1.3; see
Proposition 3.1.10. When H, is Nesterov’s algorithm in (1.2), then boundedness
is established when L is C*> and strongly convex by Assumption 3.1.1 and VL is
Lipschitz continuous by Assumption 3.1.3; see Proposition 3.1.5. Boundedness
can not be established for Nesterov’s algorithm in (1.5), however, since the set A;

in (3.64) for such an algorithm is not compact.

When Assumptions 3.1.8, 3.2.4, 6.2.1, and 6.2.4 hold, then each maximal so-
lution to H is complete and bounded, as stated in the following lemma. Such
a property is useful since it guarantees that nontrivial solutions to H exist from
each initial point in C'U D, and that such solutions do not escape C'U D. When
every maximal solution is complete, then uniform global pre-asymptotic stability?
of the set A becomes uniform global asymptotic stability. The following lemma
also states that I1(Cy) UTI(Dy) = R*™ and TI(C) UTI(D;) = R?". Such a property
ensures that nontrivial solutions to H, which exist from each initial point in CUD,

also exist from any initial point in R?" x Q x Rxg.

Proposition 6.2.6. (Existence of solutions to H) Let L satisfy Assumptions
3.1.8, 3.2.4, and 6.2.1. Let Hy satisfy Assumption 6.2.4. Let the set To1 sat-
isfy item (C1) of Assumption 6.2.1 and let the map z — Fp(z, k4(hy(2,7),7)),
for each q € Q and each T € R, satisfy item (C2) of Assumption 6.2.1. Fur-
thermore, let Uy and Tio be defined via (6.4) and (6.5), respectively. Then,
I(Co) UTL(Dy) = R?*", TI(Cy) UTI(D;) = R**, and each mazximal solution (t,j)
x(t,7) = (2(t,7),q(t,j),7(t,5)) to H in (6.1) is bounded and complete.

Proof. Since Assumptions 3.1.8 and 6.2.1 hold, then H satisfies the hybrid basic

2Uniform global pre-asymptotic stability indicates the possibility of a maximal solution that
is not complete, even though it may be bounded.
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conditions by Lemma 6.2.3. Since L is C!, nonstrongly convex, has a single mini-
mizer by Assumption 3.1.8, and has quadratic growth away from 2] by Assumption
3.2.4, since Uy is defined via (6.4), and since Ty, is the closed complement of U,
by item (C1) of Assumption 6.2.1, then II(Cy) U II(Dy) = R**. (5.12), and since
by the definitions of C} and D; in (6.2), C is the closed complement of Dy, then
II(Cy) UIL(D,) = R*".

Due to the definitions of Cy, Dy, Cy, and Dy in (6.2), Uy in (6.4), and T1
in (6.5), and due to 7y being the closed complement of Uy by item (C1) of
Assumption 6.2.1, then C'\ D is equal to int(C'). Hence, for each point = € C'\ D,

the tangent cone to C' at z is

T R2 x {0} x {0}  ifz € Cy\ Dy, .

RQn X {1} X RZO if v e Cl \ Dl.

Therefore, F(x) N To(x) # 0, satisfying (VC) of Proposition A.1.1 for each point
x € C'\ D, and nontrivial solutions exist for every initial point in (Co U C4) U
(Do U Dy), where I1(Cy) UTI(Dg) = R?*" and I1(C} ) UTI(D;) = R?". To prove that
item (c) of Proposition A.1.1 does not hold, we need to show that G(D) C C'UD.
With D defined in (6.2),

G(D) = (Toa x {1} x {0}) U (Tro x {0} x {0}) (6.9)

Notice that 719 x {0} x {0} C Cy and To1 x {1} x{0} C C,. Therefore, G(D) C C,
hence G(D) € C U D. Therefore, item (c) of Proposition A.1.1 does not hold.
Then it remains to prove that item (b) does happen.

Since by item (C2), z — Fp(z,kq(hy(z,7),7)) is Lipschitz continuous, and

since the solution component 7 increases linearly, then by [77, Theorem 3.2], H,,
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defined via (6.3), has no finite time escape from R?" x R>g. Therefore, each max-
imal solution to #, is complete and unique. Therefore, this means & = F(z) has
no finite time escape from C for H, as g does not change in C' and as 7 is bounded
in C, namely, 7 — which is always reset to 0 in D — increases linearly in C; and
remains at 0 in Cy. Moreover, since each maximal solution (¢, j) — (z(¢,7),7(¢,j))
to Hg is bounded, by Assumption 6.2.4, then each maximal solution x to H is also
bounded. Therefore, there is no finite time escape from C'U D, for solutions x to
H. Therefore, item (b) from Proposition A.1.1 does not hold. This means only

item (a) is true, and every maximal solution = to H is bounded and complete. [

To establish uniform global asymptotic stability of the set of interest for the hy-
brid closed-loop algorithm H, we impose the following assumptions on the closed-
loop algorithms #,, in (6.3). We also make assumptions about the sets Uy, 710,
and 7y, to ensure that each solution x to the hybrid closed-loop algorithm H
jumps no more than twice, and ensure that the set of interest is guaranteed to be

at least weakly forward invariant for H.

Assumption 6.2.7 (Assumptions on asymptotic stability and attractivity). Given
the set
Ap = {21} x {0} x Rsg € R*™ x Ry, (6.10)

given a plant defined via (3.1) with y = hy(z), given ¢y > 0 and dy > 0 defining the
closed set Uy € R?™ via (6.4), the interior of which contains an open neighborhood
of Ay in (6.10), and given ¢ € (0,¢) and dio € (0,dy) defining the closed set
Ti0 C Uy via (6.5), the following conditions hold:

(UC1) The closed-loop algorithm H,, resulting from Ky, has the set Ay uniformly
globally attractive, namely, each maximal solution x := (z,7) to H1, given

by (6.3) with u = k1(hi(z,7),T), is complete and for each e > 0 and r > 0
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(UC2)

(UC3)

(UC4)

there exists T > 0 such that, for any solution x to Hi with |x(0)] 4, <7,

t €domy andt > T imply [x(t)],, <¢;

There ezist positive constants ¢, € (0,¢19) and dy € (0,d1) such that the

closed set Ti o satisfies

and each solution to Hy in (6.3) with initial condition in T X Rsq, re-

sulting from applying ko, remains in Uy;

The closed-loop algorithm Hy, resulting from kg, has a set Ay uniformly
globally asymptotically stable, namely, each maximal solution x to Hy,
given by (3.1) with u = ko(ho(z,7),T), is complete, Ay is uniformly globally
attractive for Hy, and there exists a class-Ko, function o such that any

solution x to Ho satisfies |x(t)] 4, < (|X(0)|A1) for allt € dom y.

When z € To1, where Toyx comes from item (C1) of Assumption 6.2.1,
and kg 1s currently being used (q = 0), the hybrid closed-loop algorithm H

assigns u to Kq.

Remark 6.2.8. ltems (UC1) and (UC3) of Assumption 6.2.7 ensure that Hy and

Ho have the desired attractivity and stability properties, respectively, to establish

the stability of the hybrid closed-loop algorithm H. Such assumptions are reason-

able in light of the numerous results in the literature for gradient-based optimiza-

tion algorithms, cited in Sections 1.2.1 and 1.3.1. Furthermore, the conditions

in Assumption 6.2.7 are similar to conditions imposed in [22] for general uniting

control algorithms. Item (UC1) ensures that solutions (z,T) starting with z in Uy,

with ¢ =0 and 7 € Rxg, stay in Uy and converge to Ay in (6.10) under the affect
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of ko. Item (UC4) guarantees that solutions starting with the state z € Ty1 and
with ¢ = 0 triggers a jump resetting q to 1. Item (UC3) guarantees that, after
such a jump, z reaches Tio in finite time with k1 applied. Item (UC2) ensures

that solutions from Ty o under the effect of ko cannot reach the boundary of Uy.

The following theorem establishes that the hybrid closed-loop system H in
(6.1)-(6.2) has the set

A={z€R™ : VL(z1) =2 =0 } x {0} x {0} = {z]} x {0} x {0} x {0} (6.12)

uniformly globally asymptotically stable. Recall that the state z := (z,¢,7) €
R?™ x @ x Rsq. In light of this, the first component of A, namely, {2}}, is the
minimizer of L. The second component of A, namely, {0}, reflects the fact that
we need the velocity state z to equal zero in A so that solutions are not pushed
out of such a set. The third component in A, namely, {0}, is due to the logic
state ending with the value ¢ = 0, namely using x( as the state z reaches the set
of minimizers of L. The last component in A is due to 7 being set to, and then

staying at, zero when the supervisor switches to k.

Theorem 6.2.9. (Uniform global asymptotic stability of A for H) Let L satisfy
Assumptions 3.1.8 3.2.4. Let the map z — Fp(z, ky(hy(2,7), 7)), for each ¢ € Q
and each 7 € R, in (3.1) satisfy item (C2) of Assumption 6.2.1. Let the set To
satisfy item (C1) of Assumption 6.2.1. Let Hy satisfy Assumption 6.2.4. Let
the closed-loop optimization algorithms H, in (6.3) and the sets Uy, Tipo, and
To1 satisfy Assumption 6.2.7. Additionally, let ¢, € (0,¢), dip € (0,do), ¢4 €
(0,¢10), and dy € (0,d1p). Then, the set A, defined via (6.12), is uniformly

globally asymptotically stable for H given in (6.1)-(6.2).

Proof. The hybrid closed-loop algorithm H satisfies the hybrid basic conditions
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by Lemma 6.2.3, satisfying the first assumption of Theorem A.1.3. Furthermore,
each maximal solution (¢, 7) — z(t, j) = (2(¢,7),q(t,5),7(t, 7)) to H for (6.1)-(6.2)
is complete and bounded by Proposition 6.2.6. Since by Assumption 3.1.8, L has
a unique minimizer 27, then A, defined via (6.12), is compact by construction,
and U = R*™ x Q X R>g contains a nonzero open neighborhood of A, satisfying
the second assumption of Theorem A.1.3.

To prove attractivity of A, we proceed by contradiction. Suppose there exists
a complete solution = to H such that Hljigloo |z(t, )| 4 # 0. Since Proposition 6.2.6

guarantees completeness of maximal solutions, we have the following cases:

a) There exists (', 7) € dom x such that x(t, 7) € C1\D; for all (¢,j) € domx, t+

J=>t+5h

b) There exists (¢, j') € domx such that x(t,7) € Cy \ (AU Dy) for all (¢,7) €

domaz,t+75 >t + 5’

c¢) There exists (t', j') € dom x such that x(¢,j) € D for all (¢,7) € domx,t+7 >

t'+ 7.

Case a) contradicts the fact that, by item (UC1) of Assumption 6.2.7, the
set Aj, defined via (6.10), is uniformly globally attractive for H;. Such uniform
global attractivity of 4, guaranteed by item (UC1) of Assumption 6.2.7, implies
that the state z reaches ({27} + &B) x ({0} + diB) C 71 in item (UC2) at some
finite flow time ¢t > T or as t approaches co. In turn, due to the construction of
C) and Dy in (6.2), with T; o defined via (5.12), ¢ € (0,¢), and dio € (0,dy),
the solution z must reach D; at some (t,7) € domz,t+ 7 > t' + 5. Therefore,
case a) does not happen.

Case b) contradicts the fact that, by item (UC3) of Assumption 6.2.7, A; is

uniformly globally asymptotically stable for Hy. In fact, t+lim lz(t,j)] , = 0, and
j—)OO
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since A C Cy, case b) does not happen.
Case c) contradicts the fact that, due to ¢ € (0,¢) and dyo € (0,dp), due
to the construction of 77 in (5.12), and due to 7o = R?* \ U by item (C1) of

Assumption 6.2.1, 710N 71 = 0 and hence we have

G(D)N D = ((Tox x {1} x {0}) U (T10 x {0} x {0}))
N ((Toa x {0} x {0}) U (Trp x {1} x Rxo))
0

where G(D) is defined via 6.9 and D is defined in 6.2. Therefore, case ¢) does not
happen.

Therefore, cases a)-c) do not happen, and each maximal and complete solution
x = (2,q,7) to H with 7(0,0) = 0 converges to .A. As a consequence, by the
construction of C'and D in (6.2), the uniform global attractivity of A; (defined via
(6.10)) for #H; in item (UC1) of Assumption 6.2.7, the uniform global asymptotic
stability of A; for Hy in item (UC3) of Assumption 6.2.7, and since each maximal
solution to H is complete by Proposition 6.2.6, the set A is uniformly globally
asymptotically stable for H.

To show that each maximal and complete solution z to H jumps no more than
twice, we proceed by contradiction. Without loss of generality, suppose there
exists a maximal and complete solution that jumps three times. We have the

following possible cases:

i) The solution first jumps at a point in Dy, then jumps at a point in Dy, and

then jumps at a point in Dy; or

ii) The solution first jumps at a point in Dy, then jumps at a point in Dy, and

then jumps at a point in D;.
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Case 1) does not hold since, once the jump in D; occurs, the solution x is in
(Tio x {0} x {0}) C Cy. Due to the construction of 77 in (5.12) and due to
Toa = R\ U, by item (C1) of Assumption 6.2.1 such that T;o N To; = 0,
as described in the contradiction of case ¢) above, and due to the uniform global
asymptotic stability of A; for Hg by item (UC3) of Assumption 6.2.7, the solution
x will never return to Dy. Therefore, case i) does not happen. Case ii) leads to
a contradiction for the same reason, and in this case, once the first jump in D,
occurs, no more jumps happen. Therefore, since cases i)-ii) do not happen, each
maximal and complete solution = to H with 7(0,0) = 0 has no more than two

jumps. O

The framework defined in (6.1)-(6.2) allows for combinations of different meth-
ods, including Nesterov’s algorithm, the heavy ball method, and the triple mo-

mentum method [38] [39], to name a few examples.

6.3 Examples for Applying the framework

In this section, we show how the framework in Section 6.2.1 applies to some

of the algorithms proposed in Chapters 4 and 5.

6.3.1 Uniting Heavy Ball Algorithms

In Section 4.4, we proposed an algorithm uniting two heavy ball algorithms in
(1.1) with properly designed parameters \, and +,, which uses measurements of
VL. Namely, the hybrid closed-loop system # is defined in (4.3) with C' and D
defined via (4.14), Uy defined in (4.20) (and is defined the same way in (6.4)), Tio
defined via (4.25), and 7y, defined in (4.30). Note that 7 in (4.25) is defined
slightly differently than 77 in (6.5). To modify 77 in (4.25) to fit the design in
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Section 6.2.2, use the same arguments and assumptions as in Section 4.4.2, but
with d; ¢ defined as

~2

C
dig:=2c10—2m (3) € (0,do) (6.13)

to yield the definition of 714 in (6.5). Note also that the state 7 is omitted
from the framework in this special case, since the heavy ball algorithm in (1.1) is
time-invariant.

We can apply our results from section 6.2.3 to the hybrid closed-loop algorithm
H in Section 4.4, with d o defined via (6.13), as follows. Lemma 6.2.3 holds since

1. Due to L being C!, nonstrongly convex, and having a single minimizer by
Assumption 3.1.8, VL being Lipschitz continuous by 3.1.3, and L having
quadratic growth away from z; by 3.2.4, and with d; ¢ in (6.13), the sets U
in (6.4), 710 in (6.5), and 7o, in (4.30) are closed by construction and by
the arguments in Sections 4.4.1, 4.4.2, and 4.4.3. Moreover, every z € Uj is
also in the V; sublevel set with level ¢y = 0, for which 75, in (4.30) is the
closed complement, by the arguments in Sections 4.4.1 and 4.4.3; recall that
Vp is defined in (4.2). This means that 7o satisfies item (C1) of Assumption
6.2.1;

2. Due to L being C! by Assumption 3.1.8 and due to VL being Lipschitz con-
tinuous by Assumption 3.1.3, the map z — Fp(z, k4(h(z))), for H, in (4.4),
is also Lipschitz continuous since Fp in (3.1) is a C!, Lipschitz continuous
function of k, in (4.1) and h in (3.72). Therefore, item (C2) of Assumption
6.2.1 also holds.

In addition, Proposition 6.2.6 holds for the hybrid closed-loop algorithm H in
Section 4.4, with d; o defined via (6.13), since
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1. Due to L being C!, nonstrongly convex, and having a single minimizer by
Assumption 3.1.8, VL being Lipschitz continuous by 3.1.3, and L having
quadratic growth away from 2 by 3.2.4, then with d;( in (6.13), by the
arguments in Sections 4.4.1 and 4.4.2, the sets Uy and 71 are defined in
(6.4) and (6.5), respectively;

2. Moreover, due to L being C!, nonstrongly convex, having a single minimizer
by Assumptions 3.1.8, and having a Lipschitz continuous gradient by 3.1.3,
then by the arguments in Sections 4.4.1 and 4.4.3, 7o, in (4.30) satisfies

item (C1) of Assumption 6.2.1;

3. Due to L being C', nonstrongly convex, having a single minimizer by As-
sumptions 3.1.8, and having a Lipschitz continuous gradient by 3.1.3, the
map z — Fp(z, ky(h(2))), for H, in (4.4), is also Lipschitz continuous since
Fp in (3.1) is a C! function of k, and h. Therefore, item (C2) of Assumption
6.2.1 also holds;

4. Since by Proposition 3.2.7, each maximal solution to H in (4.4) is bounded,

then Assumption 6.2.4 holds.

Finally, Theorem 6.2.9 holds for the hybrid closed-loop algorithm H in Section
4.4, with dy o defined via (6.13), since

1. By Lemma 6.2.3, H is well-posed;
2. By Proposition 6.2.6, each maximal solution to H is complete and bounded;

3. By Proposition 3.2.8, {z{} x {0} is uniformly globally asymptotically stable
for H; in (4.4), resulting from x; in (4.1). This is a stronger assumption

than item (UC1) of Assumption 6.2.7;
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4. By Proposition 3.2.8, {2} x {0} is uniformly globally asymptotically sta-
ble for Hy in (4.4), resulting from kg in (4.1). Therefore, item (UC3) of

Assumption 6.2.7 is satisfied;

5. By the arguments in Section 4.4.2, with dy in (6.13), every z € Ty is in
a c1o-sublevel set of Vi, which is contained in the interior of Up; recall that
T1,0 is defined in (6.5), Uy is defined in (6.4), and V; is defined in (4.2). This
implies that there exist ¢&; € (0,¢1) and d; € (0, d; ) such that (6.11) holds.
Moreover, since item (UC3) holds, then each solution z to Ho with initial
condition in 7y o in (6.5), resulting from applying ko in (4.1), remains in Uy.

Therefore, item (UC2) holds.

6. Due to the construction of Dy in (6.2) and the jump map G in (6.1b), item
(UC4) of Assumption 6.2.7 is satisfied.

6.3.2 Uniting Nesterov’s Method and the Heavy Ball Method

for Strongly Convex L

In Section 5.1, we proposed an algorithm for strongly convex L uniting Nes-
terov’s method in (1.2) globally and the heavy ball algorithm in (1.1) with large
A > 0 locally, which uses measurements of VL. Namely, the hybrid closed-loop
system H is defined in (4.3) with C' and D defined via (4.14), Uy defined in (4.20)
(and is defined the same way in (6.4)), 710 defined via (5.12) (and defined the
same way in (6.5)), and 7y defined in (5.15). Note that the state 7 is omitted
from the framework in this special case, since Nesterov’s algorithm in (1.2) is
time-invariant.

We can apply our results from section 6.2.3 to the hybrid closed-loop algorithm

H in Section 5.1 as follows. Lemma 6.2.3 holds since
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1. Due to L being C? and strongly convex by Assumption® 3.1.1 and VL being
Lipschitz continuous by 3.1.3, the sets Uy in (6.4), Tio in (6.5), and 75, in
(5.15) are closed by construction and by the arguments in Sections 5.1.3,
5.1.4, and 5.1.5. Moreover, every z € U, is also in the V[ sublevel set
with level ¢y = 0, for which 7, in (5.15) is the closed complement, by the
arguments in Sections 5.1.3 and 5.1.5; recall that V4 is defined in (3.80).

This means that g satisfies item (C1) of Assumption 6.2.1;

2. Due to L being C? by Assumption 3.1.1, due to VL being Lipschitz con-
tinuous by Assumption 3.1.3, and due to d and [ being defined via (3.3),
the map z — Fp(z,k,(h(z))), for H, in (4.4), is also Lipschitz continuous
since Fp in (3.1) is a C?, Lipschitz continuous function of , in (5.1) and A

in (5.2). Therefore, item (C2) of Assumption 6.2.1 also holds.

In addition, Proposition 6.2.6 holds for the hybrid closed-loop algorithm H in

Section 5.1 since

1. Due to L being C? and strongly convex by Assumption 3.1.1 — which implies
L satisfies Definition 2.2.3 — and VL being Lipschitz continuous by 3.1.3,
then by the arguments in Sections 5.1.3 and 5.1.4, the sets Uy and 7Ty are
defined in (6.4) and (6.5), respectively;

2. Moreover, due to L being C?, strongly convex by Assumption 3.1.1, and
having a Lipschitz continuous gradient by 3.1.3, then by the arguments in
Sections 5.1.3 and 5.1.5, 7, in (5.15) satisfies item (C1) of Assumption
6.2.1;

3. Due to L being C? and strongly convex, by Assumption 3.1.1, and having

a Lipschitz continuous gradient by 3.1.3, the map z — Fp(z, k4(h(2))), for

3This implies that L also satisfies Definition 2.2.3.
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H, in (5.4), is also Lipschitz continuous since Fp in (3.1) is a C?, Lipschitz
continuous function of k, in (5.1) and h in (5.2). Therefore, item (C2) of

Assumption 6.2.1 also holds;

4. Since by Proposition 3.2.7, each maximal solution to H in (5.4) is bounded,

then Assumption 6.2.4 holds.

Finally, Theorem 6.2.9 holds for the hybrid closed-loop algorithm H in Section

5.1 since

1. By Lemma 6.2.3, H is well-posed;
2. By Proposition 6.2.6, each maximal solution to H is complete and bounded;

3. By Theorem 3.1.7, {27} x {0} is uniformly globally asymptotically stable
for #; in (5.4), resulting from k; in (5.1b). This is a stronger assumption

than item (UC1) of Assumption 6.2.7;

4. By Proposition 3.2.8, {2} x {0} is uniformly globally asymptotically sta-
ble for Hg in (5.4), resulting from ko in (5.1a). Therefore, item (UC3) of

Assumption 6.2.7 is satisfied;

5. By the arguments in Section 5.1.4, every z € Ty is in a ¢;g-sublevel set
of Vi, which is contained in the interior of Up; recall that 77 o is defined in
(6.5), Up is defined in (6.4), and V; is defined in (3.8). This implies that
there exist ¢ € (0,¢19) and d; € (0,d; o) such that (6.11) holds. Moreover,
since item (UC3) holds, then each solution z to Hy with initial condition in
T10 in (6.5), resulting from applying ko in (4.1), remains in Uy. Therefore,

item (UC2) holds.

6. Due to the construction of Dy in (6.2) and the jump map G in (6.1b), item
(UC4) of Assumption 6.2.7 is satisfied.
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6.3.3 Uniting Nesterov’s Method and the Heavy Ball Method

for Nonstrongly Convex L

In Section 5.1, we proposed an algorithm for nonstrongly convex L uniting
Nesterov’s method in (1.5) globally and the heavy ball algorithm in (1.1) with
large A > 0 locally, which uses measurements of VL. Namely, the hybrid closed-
loop system H is defined in (4.3) with C' and D defined via (5.23) (defined the
same way in (6.2)), Uy defined in (4.20) (and defined the same way in (6.4)), Ti o
defined via (5.12) (and defined the same way in (6.5)), and 7o defined in (5.15).

We can apply our results from section 6.2.3 to the hybrid closed-loop algorithm

H in Section 5.2 as follows. Lemma 6.2.3 holds since

1. Due to L being C!, nonstrongly convex, and having a single minimizer by
Assumption 3.1.8, VL being Lipschitz continuous by 3.1.3, and L having
quadratic growth away from z] by 3.2.4 the sets Uy in (6.4), Tio in (6.5),
and 7o in (5.15) are closed by construction and by the arguments in Sections
5.2.3, 5.2.4, and 5.2.5. Moreover, every z € U, is also in the 1} sublevel set
with level ¢y = 0, for which 7, in (5.15) is the closed complement, by the
arguments in Sections 4.4.1 and 4.4.3; recall that V4 is defined in (3.80).

This means that Ty, satisfies item (C1) of Assumption 6.2.1;

2. Since d and (3, defined via (3.35), are continuous, since L is C! by Assumption
3.1.8, and since VL is Lipschitz continuous by Assumption 3.1.3, then h, in
(5.21), Ko in (5.1a), and k1 in (5.20) are continuous. In turn, the map z —
Fp(z,kq(hy(z,7),7)) is also continuous since Fp in (3.1) is a C', Lipschitz
continuous function of k, and h,. Therefore, item (C2) of Assumption 6.2.1

also holds.
In addition, Proposition 6.2.6 holds for the hybrid closed-loop algorithm H in
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Section 5.2, since

1. Due to L being C!, nonstrongly convex, and having a single minimizer by
Assumption 3.1.8, VL being Lipschitz continuous by 3.1.3, and L having
quadratic growth away from z7 by 3.2.4, then by the arguments in Sections
5.2.3 and 5.2.4, the sets Uy and T; o are defined in (6.4) and (6.5), respec-

tively;

2. Moreover, due to L being C!, nonstrongly convex, having a single minimizer
by Assumptions 3.1.8, and having a Lipschitz continuous gradient by 3.1.3,
then by the arguments in Sections 5.2.3 and 5.2.5, 75, in (5.15) satisfies

item (C1) of Assumption 6.2.1;

3. Since d and /3, defined via (3.35), are continuous, since L is C' by Assumption
3.1.8, and since VL is Lipschitz continuous by Assumption 3.1.3, then h, in
(5.21), Ko in (5.1a), and x; in (5.20) are continuous. In turn, the map z —
Fp(z,kq(hy(2,7),7)) is also continuous since Fp in (3.1) is a C', Lipschitz
continuous function of k, and h,. Therefore, item (C2) of Assumption 6.2.1

also holds;

4. Since by Proposition 3.2.7, each maximal solution to H in (4.4) is bounded,

then Assumption 6.2.4 holds.

Finally, Theorem 6.2.9 holds for the hybrid closed-loop algorithm H in Section

5.1 since
1. By Lemma 6.2.3, H is well-posed;
2. By Proposition 6.2.6, each maximal solution to H is complete and bounded;

3. By Proposition 3.1.13, A; in (6.10) is uniformly globally asymptotically sta-

ble for #; in (5.25), resulting from &, in (5.20). This is a stronger assumption
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than item (UC1) of Assumption 6.2.7;

. By Proposition 3.2.8, {27} x {0} is uniformly globally asymptotically stable
for Hy in (5.24), resulting from ko in (5.1a). Therefore, item (UC3) of

Assumption 6.2.7 is satisfied;

. By the arguments in Section 5.2.4, every z € Ti is in a ¢ g-sublevel set
of Vi, which is contained in the interior of Up; recall that 77 is defined in
(6.5), Up is defined in (6.4), and V; is defined in (3.38). This implies that
there exist ¢ € (0,¢19) and d; € (0,d; o) such that (6.11) holds. Moreover,
since item (UC3) holds, then each solution z to Hy with initial condition in
T10 in (6.5), resulting from applying kg in (5.1a), remains in Uy. Therefore,

item (UC2) holds.

. Due to the construction of Dy in (6.2) and the jump map G in (6.1b), item
(UC4) of Assumption 6.2.7 is satisfied.

6.4 Uniting Other Gradient Algorithms

In Section 6.3, we illustrated the framework in Section 6.2.1 by applying it

to specific cases involving different combinations of the heavy ball algorithm and

Nesterov’s algorithm, for ko and ;. Other gradient-based algorithms, however,

could be used as k¢ and k; for the general framework.

One example includes the triple momentum method. The triple momentum

method was first proposed in [38] as a discrete-time accelerated gradient method.

A characterization of the continuous-time, high-resolution dynamical system, de-

rived in [39], is

£+ 2¢/n (7, )\)f + (1 + /1 (7, A) 7) VL(w)=0 (6.14a)
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w =&+ yoé (6.14D)
y =&+ /768 (6.14c)

where y € R" is the output, where the gradient is applied to w € R"™, where v > 0,

A>0,0>0,and § > 0 are tunable parameters, and where 7(vy, \) is

1=A >>2€(O,M]. (6.15)

n(y,A) = (\/W

where M > 0 is the Lipschitz constant of VL. The authors in [38] and [39] also

give an ideal tuning of of the parameters as follows:

l+p p° P’ P’
(77/\70-7 5) = < 5 s s (616)
M "2-=p (1+p)(2—-p) 1=p?
where
S (6.17)
pi= p :
where K := %, p > 0, is the condition number of L. The authors in [39] char-

acterize the convergence rate for (6.14) to be exponential, both for the general
parameters and for the optimal tuning in (6.16), and numerically found (6.14) to
converge more quickly than Nesterov’s algorithm, for given values of the condition
number x. Since (6.14) has an exponential convergence rate, it would be ideal for
use as the global optimization algorithm x; in the general framework, defined in
Section 6.2.1, with heavy ball with large A\ as k.

Another example includes classic gradient descent, which has the ODE
E+4VLE) =0 (6.18)

where v > 0 is tunable, and which is commonly known to have a convergence rate
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of % As gradient descent does not have a “velocity” term, it tends to converge
slowly, without oscillations near the minimizer. Such behavior is similar to the
behavior of heavy ball with large A\. Due to such behavior, gradient descent could
be used as the local algorithm kg in the general framework in 6.2.1, with either
heavy ball with small A, Nesterov’s algorithm, or the triple momentum method

as Ki.
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Chapter 7

Hybrid Accelerated Optimization

for Nonconvexity

In this Chapter, we present a logic-based algorithm for Morse functions that
uses the heavy ball algorithm when the state z is far from a critical point and
that uses linear feedback when the state z is near a critical point, to push z away
from such a critical point. For the algorithm in this chapter, impose Assumption

3.2.11 on the objective function L.

7.1 Problem Statement

The problem addressed in this Chapter is as follows.

Problem 7.1.1. Given a continuously differentiable Morse objective function L :
R — R, which may have multiple isolated minimizers and maximizers, design an
optimization algorithm that guarantees practical convergence to a local minimizer
from all initial conditions — including local mazimizers — using measurements of

VL.
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We emphasize that, to solve Problem 7.1.1, the algorithm has no knowledge

of the particular objective function L or of its critical points.

7.2 Design

In this section, we present a logic-based algorithm for Morse functions that
uses the heavy ball algorithm when the state z is far from a critical point and
that uses linear feedback when the state z is near a critical point, to push z away
from such a critical point.

Our proposed algorithm has a state z := (z,29) € R? where z; represents
the argument of L and z, represents the “velocity” variable. The state z remains

unchanged at jumps, but updates during flows according to
21 = Z9, Z.Q =Uu (71)

where u takes different forms depending on whether the state z is close to or far
from a critical point. Our algorithm uses a logic variable, ¢ € @ := {0,1}, to
indicate when to push the state z; away from a critical point. The logic value
q¢ = 0 leads to the algorithm using the heavy ball method to converge to the neigh-
borhood of a critical point, and ¢ = 1 leads to the algorithm using linear feedback
to push z; away from a critical point. In addition, our algorithm has a state o to
determine the magnitude and direction to push the state z; when close to a critical
point. To trigger jumps, hysteresis parameters 0 < 1 < g5 and 0 < p; < po are
used. These parameters are small enough to ensure convergence to a neighbor-
hood of a local minimum without overshooting to a neighboring maximum. The
algorithm uses a parameter ¢ > 0, to tune the speed of convergence.

A high-level description of the proposed algorithm is as follows. When the state
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z is near a critical point with small velocity, as determined by |V L(z;)| < &1 and
|z2| < p1, the algorithm resets the logic variable ¢ to 1 and assigns u to o. Then,
z moves away from the critical point according to u = o, where o := gsign(zz).
The feedback ¢sign(z2) causes the state 2z, to change linearly and z; to change
quadratically, thus eventually pushing the state z away from a critical point.
When the state z is far away from the critical point and the velocity is larger, as
determined by |V L(z1)| > €2 and |22| > pe, the algorithm resets the logic variable

q to 0 and assigns u to

k(h(z)) == —Azo — YV L(2z1), (7.2)

which is defined for all z € R?, where A > 0 represents friction, v > 0 represents

gravity, and h is given by

h(z) := . (7.3)
VL(z)

The function h characterizes the measurements used by the algorithm. With
the proposed logic, the state z converges a nearby local minimizer, contained
in Dy, with zero velocity via u = k(h(z)). From such a point, although the
state z is pushed to Dy, the state z will again converge to nearby the same local
minimizer as before, via u = k(h(z)), and this process repeats for all time. The
positive parameters (1, €9, p1, p2) need to be properly tuned to keep z in a small
neighborhood of a local minimizer. The complete algorithm is summarized in
Algorithm 1.

The rest of this section is organized as follows. Section 7.3 introduces the
hybrid system model for the proposed algorithm. Finally, Section 7.4 contains the

main results, which reveal the nominal properties of the proposed algorithm.
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Algorithm 5 Hybrid Algorithm for Morse Functions

1: Set ¢(0,0) to 0, and set z(0,0) and (0, 0) as initial conditions with arbitrary
values.

2: while true do

3: if [VL(21)| <&y and |22] < p; and ¢ = 0 then

4: Update ¢ to 1;

5: Update o to gsign(zs) and assign u to o;

6: else if [VL(z1)| > e and |z3| > p2 and ¢ = 1 then

7 Update ¢ to 0;

8: Assign u to k(h(z)), defined via (7.2).

9: else

10: Allow flows of (7.1) with u = x(h(2)) if ¢ =0 and with u = o if ¢ = 1.

11: end if
12: end while

7.3 Hybrid System Model of the Proposed Al-
gorithm

The proposed algorithm is modeled as a hybrid system H with parameter
s > 0, state 7 := (2,¢,0) € R? x Q x {—¢,c}, and data (C, F, D, G) defined as

follows:
_ . -
r(z)
F(z) = reC:=R2xQx{-s})\D (7.4a)
0
L 0 .
_ ) -
Z2
G(z) = r €D :=DyU D (7.4b)
l—gq
_gsign(zQ)_
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where ¢ > 0 is properly tuned, sign(z,) is defined as the set-valued map

1 lf 29 > 0
sign(zz) = { {=1,1} if 20 =0 (7.5)
—1 if 29 <0

and k is defined as

k(h(z)) ifqg=0
R(x) = ) e (7.6)

o ifg=1
where k(h(z)) is defined via (7.2). The sets Dy, and D; are defined below. As
was outlined above and in Algorithm 1, the algorithm jumps when the state z
is near a critical point with small velocity, as determined by |V L(z1)| < e; and
|zo| < p1, when ¢ = 0. The algorithm also jumps when the state z is far from a
critical point with larger velocity, as determined by |VL(z1)| > €3 and |2z3] > po,
when ¢ = 1, and when o € {—¢,¢}. To this end, the sets Dy and D; are defined

as

Dy:= {z€R?: |VL(21)| < 1, |22| < pr} x {0} x {=5,} (7.7a)

Dy:= {z€R?: |VL(21)| > €3, 2] > pa} x {1} x {=5,} (7.7b)

where €9 > ¢; > 0 and py > p; > 0 are the inner and outer hysteresis bounds,
used to determine whether the system is near a critical point — and needs to be
pushed away from such a point using the feedback o — or far enough away from a

critical point to use the feedback x(h(z)).

Remark 7.3.1. Our approach to tuning €5 and £ uses the minimum separation
do > 0 between critical points, from item (M3) of Assumption 8.2.11. If for a

given z1, |V L(z1)| > e, then the following relation can be derived: 0 < g1 < g9 <
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min {VL(z1):21 € {z; € R: V2L(2}) = 0}}. Since V>L(2}) = 0 occurs midway be-
tween critical points', then such a tuning ensures that when the state z is near a
local maximizer, it converges to the nearest local minimizer without overshooting
to the next local mazximizer. Such a tuning also ensures that if the state z is near
a local minimizer, it stays near that same local minimizer. The function L, how-
ever, is not always known, and the hybrid closed-loop system in (7.4) assumes no

knowledge of L. In practice, choosing 0 < €1 < €5 small enough is sufficient.

7.4 Main Result

In this section, we show that the hybrid closed-loop system H with data
(C,F,D,G) defined in (7.4) has the set

A= Ay, x {0} x @ x {—=¢,¢} (7.8)

practically globally attractive in the positive parameters (g1, €2, p1, p2), with basin
of attraction that has a z; component equal to R. Practical global attractivity
of A means that, for each ¢ > 0 and for every solution = to H, there exists
(t',7") € domx such that |z(t,7)|, < ¢ for all (t,j) € doma such that it is
satisfying t + 7 >t + j'.

Under item (M2) of Assumption 3.2.11, the hybrid closed-loop system H,

described in (7.4), is well-posed, as it meets the hybrid basic conditions.

Lemma 7.4.1. (Well posedness of H) Let L satisfy item (M2) of Assumption
3.2.11. Then, the hybrid closed-loop system H in (7.4) satisfies the hybrid basic

conditions in Definition 2.1.1.

I'Note that such a point is not itself a critical point, as it is not a stationary point, since L is
a Morse function.
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Proof. Since |VL(z;)| is continuous, due to L being C?, by (M2), then the sets
Dy and D, are closed. Consequently, D is closed since it is composed of the union
of closed sets. Since C'is the closed complement of D, then C' is also closed.

By construction, the single-valued map x — F(z) is continuous, since L is C?,
which makes % in (7.6) continuous as a function of x — this follows since, for each
q € Q, (z,a) — k(z,q,a) is continuous on R? x {—¢,¢}. The map G satisfies (A3)

by construction. O

When Assumption 3.2.11 holds, every maximal solution to the hybrid closed-

loop system H is complete and bounded, as stated in the following lemma.

Lemma 7.4.2. (Ezistence of solutions for H) Let L satisfy items (M1)-(M}) of
Assumption 3.2.11. Let A > 0, v > 0, and ¢ > 0. Let k& and sign be defined
via (7.6) and (7.5), respectively. Then, each maximal solution (t,j) — x(t,5) =
(2(t,7),q(t, j),0(t,j)) to the closed-loop system H in (7.4) is bounded and com-

plete.

Proof. Since item (M2) holds, then H is well-posed by Lemma 7.4.1. Due to the
definitions of C'in (7.4) and D in (7.7), then C'\ D is equal to [(C'). Hence, for
each point x € C'\ D, the tangent cone to C' at z is To(2) is R* x Q x {—¢,¢c}.
Therefore, F(x) N To(z) # 0, satisfying (VC) of Proposition A.1.1 for each point
x € C'\ D, and nontrivial solutions exist for every initial point in C' U D. To
prove that item (c) of Proposition A.1.1 does not hold, we need to show that
G(D) C C'UD. Note that G(D) is defined, for D via (7.7), as

G(D) = ({z€ R*:|VL(z1)| < &1, |2| < pr} x {1} x {—¢,¢})

U ({ze R2:|VL(21)| > e2,|22] > po} x {0} x {=5,5}).

Notice that, since C, as defined in (7.4), is the closed complement of D, then
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G(D) C C and this means also that G(D) C C'UD. Therefore, item (c) of Propo-
sition A.1.1 does not hold. It remains to be proved that item (b) of Proposition
A.1.1 does not hold.

By Lemma 3.2.13, (3.74) has no finite time escape from R?\ A where

Amax )

A

amax 18 defined via (3.104). Moreover, since k(h(z)) = o is linear, then & = F'(x)
has no finite time escape from C' for H in (7.4), as ¢ and o do not change in
C'. Therefore, there is no finite time escape from C' U D for solutions = to H.

Therefore, item (b) from Proposition A.1.1 does not hold. i

The following lemma describes the behavior of solutions with v = o, when
the system state is in the set {z € R? : [VL(z)| < &1, 22| < p1}. For this lemma,

consider the continuous-time system
2 = 29, %9 € ¢sign(zs) (7.9)
with ¢ > 0 and sign(z;) defined via (7.5), and consider the sets

Sy i={z €R?: |VL(21)| < &1, 2] < p1 } (7.10a)

Sy = {z € R?: [VL(21)| > 2, |20] > p2) (7.10b)

where g1 € (0,£5) and p; € (0, p2).

Lemma 7.4.3. Let L satisfy items (M1), (M3) and (M5) of Assumption 3.2.11.
Given the system in (7.9), the sets in (7.10), € > 0, g9 > 0, and py > 0, where
(€2, p2) is sufficiently small defining Ss, there exists § € (O,min{%,é}), where
do > 0 comes from (MS3), such that, for each 1 € (0,e3) and p1 € (0, pa) suffi-
ciently small defining Sy, there exists T' > 0 such that, for all z, € Sy, each solu-
tion t — z(t) to (7.9) from z, satisfies z(T') € Sy and max {|Zl(t)|A1 , |22(t)|} <90
for all t € 10,T].
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Proof. By (M1) and (M3), L is a Morse function with a finite number of isolated
critical points, and there exists a minimum distance dy > 0 between any two
critical points.

Let 0; € (0,‘11—%], 0y € (51,%0]. Then, given ¢ > 0 and g5 > 0, let § €
(O,min{‘é—o,g} . Given g9 > 0 sufficiently small, we invoke (M5) to get that,

for each €1 € (0,e9), |VL(z1,)| < e; implies that |z,

)
4, < 01. Then, we pick a
solution ¢ +— (21(t), 22(t)) to (7.9) such that z, € S;. Since zy changes linearly
and z; changes quadratically, then at some time 7" > 0 the state z arrives at Ss.

Such a time T" > 0 must satisfy the property

(52 -+ 251 2 |21<T) — 21,

> 6y + 01, (7.11)

To find T" > 0, we solve the following equation using the solutions to the

differential equations in (7.9):
1, 4
21(T) — 21, | = ‘QT +zon‘ = b+ 50 (7.12)

Hence, since for all z, € 51, 25, = 0, we obtain

T = /26, + 251. (7.13)

Then, given e, > 0 and since previously we defined &, € (61, %], we invoke (M5)
to get that |[VL(21(T))| < ez implies that |21 (T)[ 4, < d.

Since zo changes linearly and z; changes quadratically with respect to time,
and since ¢; and do are made small by definition, we conclude that 7" in (7.12) is
always finite.

Now, T" in (7.13) implies |21(T") — 21| € (62 + 61, 02 + 261) which, in turn, by
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(M5), implies that |V L(2,(T"))| > €2. Furthermore, given ps > 0 sufficiently small,

4 / 8
|21(t) — 21,] < 02 + §51 + pay[202 + 551
4 [ 8 .
= |21]y, < 0y + 00+ p2\[ 202 + 201 =: 31, (7.14)

Next, given ps > 0 sufficiently small, it is easy to show, via (7.9), that |z2(T)| > po

for any ¢ € [0, 77,

and, for all ¢ € [0, T,

| 8
‘Zg(t)‘ S T + 22, S 252 + 551 + P2 =: (5; (715)

Then, substituting (7.14) and (7.15) into max {\zl(t)]Al : |22(t)\} < 0 yields
 := max{d], 3 }. (7.16)

As mentioned previously, §; and d5 are made small by definition. Therefore, given
€9 > 0 and py > 0 sufficiently small, 0] and 45 are made sufficiently small. Hence,

given € > (0, we have § < e which finishes the proof. O

The following result shows that the hybrid closed-loop system H has the set
A in (7.8) practically globally attractive. To establish it, we employ the results
from Theorem 3.2.14 and Lemma 7.4.3.

Theorem 7.4.4. (Practical global attractivity of A in (7.8) for H) Let L satisfy
Assumption 3.2.11. Let X > 0, v > 0, and ¢ > 0. Consider the hybrid closed-
loop system H with data (C,F,D,G) defined in (7.4), with the functions K in
(7.6) and sign in (7.5), and consider the positive parameters (e1,€s, p1, p2). Then,
the set A in (7.8) is practically globally attractive for H in the sufficiently small

parameters (£1,€s, p1, p2); that is, for each ey > 0 sufficiently small, there exist
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parameters (€1,¢€z, p1, p2) with €1 € (0,e9) and p; € (0, p2) such that, for each

mazximal solution x to H, there exists (t',j') € domx such that

2t )| 4 < emn V(t,5) € doma st 45 >0 + (7.17)

Remark 7.4.5. The size of eyin > 0 needs to be sufficiently small to keep the state
z1 i a small neighborhood of a local minimizer. To give some insight into its size,
letting 6 € (0, max{%o, e}), where dy > 0 and where € > 0 is sufficiently small as in
(M5), then we need z such that max{|z|,, ,[22|} <. Moreover, since g € {0,1}
and o € {—,<} always holds, then we need ey < /202 + 12+ ¢2 for practical
global attractivity. Furthermore, we observe in simulation that solutions z to H
converge to a neighborhood of A in the presence of small noise in measurements

of the gradient.

Proof. An outline of the proof is as follows:

1. We show that the hybrid closed-loop system H is well posed and that each

maximal solution to H is bounded and complete;

2. We use a trajectory-based approach to show that each solution to the hybrid

closed-loop system H does the following:

e Converges to Dy, which contains a local minimizer, in finite time, due
to Lemma 7.4.3;

e Then, is pushed to D in finite time by Lemma 7.4.3;

e Then, converges to Dy, in finite time, containing the same local mini-

mizer.

This process repeats for all time, for all solutions;
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3. Since the process in 3) happens for all solutions, then to establish practi-
cal global attractivity, we derive the smallest sublevel set of each basin of

attraction U;, defined via (3.106)-(3.108), of V' in (3.105) that contains
Up:={z € R* : |VL(z1)| < &2, ]| < p» | (7.18)

Such a sublevel set — containing A — of each basin of attraction U; of V'
represents the smallest sublevel set to which each solution converges and in

which each solution remains for all time, giving practical attractivity.

For Step 1, By Lemma 7.4.1, the hybrid closed-loop system H meets the hybrid
basic conditions. In addition, by Lemma 7.4.2, each maximal solution of the
hybrid closed-loop system H is bounded and complete.

Next, for Step 2, We employ a trajectory-based approach, using the properties
of the heavy ball algorithm and the properties of i(z) = o, to show practical
global attractivity of the set A in (7.8). The types of solutions possible for the

hybrid closed-loop system, defined via (7.4), are as follows.
1. Solutions that start in the interior of Cy;
2. Solutions that start in the interior of Cf;
3. Solutions that start in the interior of Dy;
4. Solutions that start in the interior of Dy;

5. Solutions that start on the boundary of Dy, namely, |VL(z1(0,0))| = &1,
|Z2(070)’ = P1; Q<Oa0) =0,and 0 € {—§,§};

6. Solutions that start on the boundary of Dy, namely, |VL(21(0,0))| = &a,
|22(0,0)| = p2, ¢(0,0) =1, and 0 € {—¢,s}.

221



We start by picking a solution of type 1). For such a solution, ¢(0,0) = 0. Due
to the construction of F' and C, defined via (7.4a), respectively, such a solution
will flow, using v = £(x) = k(h(z)), where & is defined via (7.2) and h is defined

in (7.3). By Theorem 3.2.14, where it was proved that A4, . in (3.103) is almost

Gmin

globally asymptotically stable with basin of attraction given by R?\ A, where

A

Gmax )

amay 18 defined in (3.104), for the heavy ball algorithm, defined via (3.74), the
solution flows until |VL(z1)| < 1 and |z2] < p;. Note that when the state z
arrives at the boundary of Dy — namely, when |VL(z| = €9, |22| = p2, ¢ = 1,
and o € {—¢, ¢} — the algorithm can either flow or jump, due to the fact that V,
defined via (3.105), satisfies V°(z, Fp(z,k(h(2)))) <0 for all z € U := R*\ A,,...,
as shown in (3.109). But due to the construction of Dy, there exists some time
(t1,0) in the domain of the solution at which flow is no longer possible. To prove
this, we show that f(z) N T¢(z) = 0, where f is the heavy ball algorithm and
Tco(z) is R?, is eventually empty, along solutions. At the boundary of Dy, since
Ve(z, Fp(z,k(h(2)))) < 0, we can still have flow of u = k(h(z)), so we have
f(z) N Te(z) # . We denote the start of this time as (0,0) Furthermore, either
when |V L(z1)| = &1 and |z2| < p; or when |VL(z1)| < &1 and |z2| = p1, then we
can still have flow, due to V°(z, Fp(z,k(h(2)))) < 0, so f(z) NTc(z) # B. This
happens during time (t,0), where ¢ < t;. Finally, when both |VL(z)| < &1 and
|22] < p1, we can no longer flow, but can only jump, and we have f(2)NTo(z) = 0,
which happens at time (¢;,0). Therefore, the solution will eventually jump when
the state z is in Dy which, due to V satisfying (3.109) for all z € U := R?\ A,,..,
must contain a local minimizer instead of a local maximizer. When this jump
occurs, the logic variable ¢ is reset to 1, and w is assigned to ¢sign(zy), where

sign is defined via (7.5), while z remains the same. Hence, the solution is in C}.

Since, by Lemma 7.4.3, solutions to (7.9) flow from the set S; to S in (7.10),
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with (1, €9, p1, p2) sufficiently small, in finite time 7" = \/m > 0, then due
to the construction of Dy and Dy in (7.7), with (1, &9, p1, p2) sufficiently small,
solutions to the hybrid closed-loop system H flow from Dy to D; via C) using
u = gsign(zz) in finite time 7' = \/m > 0. As a consequence of Lemma
7.4.3 and due to items (M3) and (M5), the state z will not overshoot to the
nearest local maximizer. When the state reaches the boundary of D; — namely,
when |VL(z1)| = €2, |22| = p2, ¢ = 1, and 0 € {—¢, ¢} — then such a solution can
no longer flow, since doing so would cause the state z to leave the set C'U D, due
to u = ¢sign(zy) which causes both [VL(z1)| and |z| to increase. Therefore, the
solution only jumps when the state z is on the boundary of Dy, and the algorithm
resets the logic variable ¢ to 0 and assigns u to x(h(z)) while z remains the same.
Consequently, the solution is once again in Cy and, by Theorem 3.2.14, must flow
using u = k(h(z)) until the state z reaches Dy, which is a local minimizer due to
the fact that V satisfies (3.109) for all z € U := R?\ (A4, x {0}). This process
repeats for all time.

Next, we look at a solution of type 2), namely, a solution that starts in the
interior of C'y. Due to the construction of ' and C, such a solution flows, using
u = ¢sign(zz), to push z away from a critical point, which could be either a local
maximizer or a local minimizer. Due to Lemma 7.4.3, and the construction of Dy
and Dy, with (g1, e, p1, p2) sufficiently small, the solution arrives at D; in finite
time less than or equal to T' = \/m > (. Once the state z reaches Dy, the
logic variable g is reset to 0 and w is assigned to x(h(z)), and the state z remains
the same. Hence, the solution is in Cy, and from here follows the trajectory of
type 1) solutions, described above.

Then, we pick a solution of type 3), namely, a solution that starts in the interior

of Dgy. Due to the construction of Dy, in (7.9), and since both local maximizers and
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local minimizers both satisfy VL(z1) = 0, then such a solution could start near
either a local maximizer or a local minimizer. Such a solution jumps, resetting
the logic variable ¢ to 1 and assigning u to ¢sign(z;). Consequently, the state z
is in (', and from here the solution follows the trajectory of type 2) solutions,
described above.

Then, we pick a solution of type 4), which starts in the interior of D;. Due
to the construction of Dy, in (7.9), such a solution will always start far from any
local minimizer or local maximizer. In D;, the logic variable ¢ is reset to 0 and u
is assigned to x(h(z)) while z does not change. Hence, the state z is in Cy, and
from here follows the trajectory of type 1) solutions, described above.

Next, we pick a solution of type 5), which starts on the boundary of Dy. Since
V(z) <0forall z €U =R\ (A, x{0}) by Theorem 3.2.14, then the solution
could either flow or jump first. However, since by the construction of Dy, there
exists some time (¢1,0) in the domain of the solution at which flow is no longer
possible, as described for solutions for type 1), then the solution eventually jumps,
and the algorithm resets ¢ to 1 and assigns u to ¢sign(zq) while z does not change.
Consequently, the state z is in Cf, from which the solution follows the trajectory
of type 2) solutions, described above.

Then, we pick a solution of type 6), which starts on the boundary of D;. Such
a solution could not flow, since doing so would cause the state z to leave the set
C U D, due to u = ¢sign(zz), which causes both |V L(z;)| and |z to increase.
Therefore, the solution always jumps, and the algorithm resets ¢ to 0 and assigns
u to k(h(z)), while z remains unchanged. Hence, the state z is in Cp, from which
the solution follows the trajectory of type 1) solutions, described above.

Finally, for Step 3, to establish practical global attractivity of A (7.8) for

solutions of types 1)-6) above, we derive the smallest sublevel set of each basin of
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attraction U;, defined via (3.106)-(3.108), of V, defined via (3.105), that contains
{z € R? : |VL(z1)| = &3, |22] = p2 } which, when ¢ = 1, occurs on the boundary
of Dy. Namely, given ps > 0, g2 > 0, and a € K from (M5) such that §, €
(0,a(ez)) and such that if [VL(z1)| < &3 then |21| 4, < 02, and defining Uy as in
(7.18), then there exists some & > 0 such that V(z) < é& contains Up.

As shown in the proof of Theorem 3.2.14, V' is positive definite on each basin

of attraction U; in (3.106)-(3.108) with respect to (27, x {0}) € (A, X R),

where i € {1,2,...,n}. Furthermore, V is radially unbounded since L is radially
unbounded by item (M4) of Assumption 3.2.11. This implies that each piece
of V is convex on its respective U;, for i € {1,2,...,n}, with respect to each
(34, % {0}) € (A

x R), which, in turn, means that

V(z1) > V(z) + (VV (1), 25, — 1) (7.19)

for all 21, 2], € U;. Then, each piece of V' can be upper bounded on its respective

basin of attraction U; as follows.

i 1
V() =7 (L(=) ~ L)) + 5%
1
<YIVL()| |21l + 5 20| (7.20)

Then, given g5 > 0 and given o € K from item (M5) such that d; € (0, a(e2)) and
such that |V L(z1)| < g implies |21] 4, < 02, we have, for each piece of V' on its

respective basin of attraction U;
Lo

Then, given p, > 0 and since we define Uy via (7.18), then we can further upper
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bound V' by

1
V(2) < 7(e2da) + 505 = co. (7.22)
Therefore, every z € U, belongs to the ¢o-sublevel set of V in (7.22). Then, taking

Co > ¢o, the smallest sublevel set of V' that contains Z/A{O is
V(z) < é. (7.23)

Therefore, the set A is practically globally attractive for H in the parameters

(51, €2, P1, PQ)-

7.5 Numerical Example

Example 7.5.1. This example compares multiple solutions to demonstrate the
effectiveness of the hybrid algorithm H, both when escaping from local mazxima,
and when converging from initial points that are not maxima. The algorithm has
no knowledge of L, or the location of its critical points, but it uses measurements
of VL at the current value of z,. The values of the heavy ball parameters are
A =145, and v = %, and the hybrid algorithm parameter values are €1 = 0.05,
go = 0.06, p; = 0.05, po = 0.06, and ¢ = 1. The objective function is L(z) =

22 (21—10)2(21—20)2 (21 —30)>
10,000

mazima at Ay, = {5(3 —/5),15,5(3 ++/5)}.

, which has local minima at A, = {0, 10,20,30} and local

min

We show that the objective function L in this example satisfies Assumption

3.2.11 as follows. To show it satisfies item (M2), we take the gradient, namely,

VL(z) = 0.0002z; (21 — 10)*(21 — 20)*(21 — 30)?
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4 0.000227 (21 — 10) (21 — 20)*(z; — 30)?
4 0.000227 (2, — 10)?(2; — 20)(z; — 30)?

+0.000227 (2, — 10)*(2; — 20)?(21 — 30). (7.24)
By inspection, (7.24) is continuous. Now we take the Hessian:

V2L(z) = 0.00022%(z; — 10)%(z; — 20)* + 0.000227(2; — 10)*(2; — 30)?

4 0.00022% (2, — 20)*(2; — 30)?

+0.0002(z; — 10)?(z; — 20)%(z; — 30)?

+0.0008z (21 — 10)(21 — 20)*(2; — 30)?

4 0.00082 (2, — 10)%(z, — 20)(z; — 30)?

4 0.000821 (21 — 10)%(2; — 20)%(z, — 30)

4+ 0.00082% (21 — 10)(2; — 20)(z; — 30)?

+0.000827 (21 — 10)(21 — 20)*(z; — 30)

4 0.000822(2; — 10)2(2; — 20)(2; — 30) (7.25)

By inspection, (7.25) is also continuous. Therefore, L is C%, satisfying (M2). To

show L satisfies (M1), we evaluate L at all of the critical points, as follows:

0) = 7200

10) = 800

°L(
“L(
2L,(20) = 800
2L(30) = 7200
°L(

5(3 — /b)) &~ —2000
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V2L(15) ~ —562.5

V2L(5(3 +V/5)) ~ —2000 (7.26)

Since the Hessian of L does not equal zero at any of the critical points, then none
of these critical points are degenerate, and therefore L is Morse, satisfying (M1).
L satisfies (M3) because there exists a separation of at least dy = 5(3—+/5) ~ 3.28
between all critical points. Furthermore, it is easy to see that L satisfies (M}).
That is, L(z) — oo as |z1| — oo. Finally, L satisfies (M5) when choosing
ale) = |el.

The hand-tuning of the parameters (1, €2, p1, p2) can be approached as follows:

1. Start with small values, e.q., for the function in this example, we started

with e = 0.1, g9 = 0.11, and p; = 0.1, po = 0.11.

2. Then, to speed up the convergence times, gradually reduce these four param-

eter values. For this example, we decreased by about 0.01 at a time.

3. Eventually, a point is reached where decreasing the parameter values results
in convergence times starting to increase again. At this point, increase the

parameters by at most the last decrement (in our case, 0.01) and stop.

Initial conditions for the simulations are z1(0,0) =
{—1,5(3 — v/5),6,15,24.5,5(3 + v/5),31}, 22(0,0) = 0, and ¢(0,0) = 0. Note
that the function L and parameter values are the same as those used in Figure
1.5, with the exception of ¢ = 107, g5 = 10, and py = 10 in Figure 1.5. The
reason , €9, and ps are set differently in Figure 7.1 is that this example includes
no noise in measurements of the gradient. Such noise can cause jump times to
be different, and so such parameters needed to be tuned accordingly in Figure 1.5.

Recall that Figure 1.5 shows that the state z; converges with our algorithm under
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arbitrarily small noise in the gradient measurements, when starting close to a local
mazimum at z; = 15, whereas for simulated annealing the state z, remains stuck
at this same local mazimum. Although noise in the gradient measurements is not
present in Figure 7.1, it would be easy to see that simulated annealing — which
still contains a noise signal — would get stuck when starting at the local mazima at
Ar.. = {5(3—+/5),15,5(3+/5)}. In contrast, Figure 7.1 shows that the hybrid
algorithm H converges to a local minimum from such initial conditions.

Figure 7.1 shows the evolution of z; and zo over time for multiple solutions
with different initial conditions. Black dots with times labeled in seconds denote
when each simulation converges to within 0.01 of A,?. Conversely, the solutions
which start in a small neighborhood of local maxima begin with a jump, followed by
a switch to u = o, then jump again, switching to the heavy ball algorithm, before
such solutions converge to a neighborhood of a local minimum. The solutions
which do not start at critical points start with the heavy ball algorithm. Although
there are jumps near the local minimum to which such solutions converge, these
solutions also do not leave the neighborhood of a local minimum, determined by
the values chosen for (€1, €9, p1, p2). The times it takes for different solutions to

converge to within 0.01 of Ay are listed in Table 7.1.

| 21(0,0) [ Time to converge |

—1 0.0369
5(3 — v/5) 0.862
6 0.829

15 3.51
24.5 0.868
5(3 4+ v/5) 0.862
31 0.0373

Table 7.1: Times in which different solutions converge to within 0.01 of A;.

2Code at github.com/HybridSystemsLab/PGASHeavyBall

229



40 T T T T T

ol 0.037254s |
30 ré-——-—-—-—-—-—-—-——-—-——-—-—-—
0.86216s
251 -
50625
20 _\1'.868243 / - -
z1 15 % B
10 /‘%.829133 - - - -
sf ]
0 \ 0.562163
51 ]
0.036855s
_10 1 1 1 1 1
0 1 2 3 4 5 6

Figure 7.1: The evolution of z; over time for the hybrid system H, for the

objective function L(z;) = z%(zl_10)2(1?70_02(?)2(“_30)2, with Ay, = {0, 10,20, 30},
Ar = {5(3=v/5),15,5(3++v/5)}, and &, = 0.05, &5 = 0.06, p; = 0.05, ps = 0.06,
¢ =1, A= 145 and v = %. This plot shows different solutions, starting from
different initial conditions. Solutions start at local maxima at z(0,0) = 15,
21(0,0) = 5(3—+/5), and 2,(0,0) = 5(3++/5), as well as at the points 2,(0,0) = 6,
21(0,0) = 24.5, 21(0,0) = —1, and #(0,0) = 31, which are neither maxima nor
minima. All solutions start with 2z5(0,0) = 0 and ¢(0,0) = 0. Times when each
solution converges to within 0.01 of A;_. are marked with black dots and labeled

in seconds. Jumps are labeled with asterisks.
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The particular values chosen for (e1,€2, p1, p2) keeps solutions within a neigh-
borhood of size 0.01 around Ay, ... We conjecture that different tunings of (g1, €2, p1, p2)
would change the size of such a neighborhood, with larger (e1,¢€2, p1, p2) yielding

a larger neighborhood of A, and smaller (e1,¢€9, p1, p2) resulting in a smaller

min 7

neighborhood of A, .
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Chapter 8

Accelerated Multiagent

Optimizaton

8.1 Problem Statement

We propose an algorithm that solves the following optimization problem.

Problem 8.1.1. Given f : R" — R and X C R", design an optimization algo-
rithm using accelerated methods that asynchronously solves (1.9). Such an algo-
rithm must have the minimizer exponentially stable, an exponential convergence

rate, robustness, and show improvement over gradient descent in simulation.

Our approach to solving Problem 8.1.1 is as follows:

1) In Section 8.2, we design a synchronous algorithm that computes a single
constrained heavy ball update and communicates with its neighbors once every
iteration. Then, we establish that the agents’ updates over two iterations are

equivalent to a contractive mapping applied to their decision variables;
2) In Section 8.3, we design a synchronous algorithm that, during each iteration,
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computes two constrained heavy ball updates and communicates once with its
neighbors. Then, we establish an exponential convergence rate for the agents’
decision variables based on the contractive property established in Section 8.2,
and we show that it satisfies the Synchronous Convergence and Box Conditions

in [59];

3) In Section 8.4, we design a totally asynchronous version of the algorithm in
Section 8.3 and use the forthcoming Proposition B.1.2 to establish that, since
the synchronous algorithm has exponential convergence and satisfies the Syn-
chronous Convergence and Box Conditions, then the totally asynchronous al-

gorithm also has an exponential convergence rate.

8.2 Synchronous Heavy Ball

In this section, we present Step 1) in our approach to solving Problem 8.1.1.
Namely, as an intermediary step in developing an asynchronous multiagent algo-
rithm, we first design a synchronous algorithm that computes a single constrained
heavy ball update and communicates with its neighbors once every iteration.
Then, we establish that the agents’ updates over two iterations are equivalent

to a contractive mapping applied to their decision variables.

8.2.1 Modeling

To extend (1.11)-(1.12) to a multiagent setting, allowing arbitrary asynchrony
for the agents, we start by extending techniques used in [50], for parallelized,
multiagent gradient descent. The term “parallelized” means that each decision
variable is updated only by a single agent, with each decision variable assigned to

each agent referred to as a “block.” Such block-based algorithms scale better with
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large learning problems, and have been shown in some cases to tolerate arbitrarily
long delays in both communication and computation of unconstrained problems,
which eliminates the need to enforce and verify delay boundedness assumptions
[60], [61], [62].

We consider N € Ny agents indexed over i € V := {1,2,..., N} that ex-
change information over an undirected graph I' = (V, ), where edges are pairs
in the set £ C V x V which directly link two different nodes that are essential
neighbors. We use V; C V to denote the set of essential neighbors of ¢, namely,
N; is the set of indices of agents ¢ # i whose decision variables are needed for
agent i’s computations. More formally, agent ¢ € N; is an essential neighbor of
agent ¢ if V;f explicitly depends upon agent ¢’s decision variable. Only the es-
sential neighbors ¢ € N; need to communicate with agent ¢ to ensure it has the
information necessary to compute gradients. In particular, an edge from agent /¢
to agent ¢, denoted (¢,17), implies that ¢ and ¢ are essential neighbors and agent
¢ can send information to agent i. Since the graph I' is undirected, agent 7 is
an essential neighbor of agent ¢ if and only if agent ¢ is an essential neighbor of
agent i. Conversely, the lack of an edge from agent ¢ to agent i (and, hence, i to
¢) implies that ¢ and i are not essential neighbors and do not communicate with
each other.

We use superscripts to denote ownership by an agent, and use subscripts for
indexing. For instance, we denote the vector containing agent i’s local copy of all
decision variables as z¢, and we denote the constraint set corresponding to agent
i’s decision variable (denoted (zil, zgl)) as X; x X;; see definitions below. With

this in mind, we impose the following assumption on the constraint set X.

Assumption 8.2.1 (Properties of the constraint set). The constraint set X C RY
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is nonempty, compact, and convex. The constraint set can be decomposed as

X:X1XX2X...><XN

where, for each i €V, X; C R.

(8.1)

Remark 8.2.2. Assumption 8.2.1 permits the use of box constraints, which often

arise in multiagent optimization.

For each i € V, agent i stores its own decision variable and a local copy of the

decision variables of all other agents for use in local computations. We denote

agent ¢’s value for its own decision variable as
(Zi,iv Z%z) € X; x X;.
We denote agent i’s local copy of the decision variable for agent ¢ as
(ziz,zél) € X, x Xy
Thus, the full state of agent ¢ is
P (zi,zé) e X xX
where

i (i i i i
21 7= (211, 2195 - 210> - Z1N)

Y i i
25 1= (2271,,22’2, s 245 ...,227N).

(8.3)

(8.4)

(8.5a)

(8.5D)

The synchronous algorithm for the constrained heavy ball method is given in
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Algorithm 6. In this algorithm, at each discrete time instant k € N, each agent
i € V computes the new value of (zil, 252) In particular, z{; is updated to x*(z")

and zj; is updated to z} ;, where
’ii(zi) = Iy, {Ziz - ’Yviﬂzi) + )‘(Zi,i - Z;z)} (8.6)

where A > 0 and v > 0 come from (1.10); see lines 3-5 of Algorithm 6. Then,
starting at line 6 of Algorithm 6, each agent i € V receives information from
its neighbors and updates the entries (zi,e, zéj) of its state 2%, where ¢ € N, in
the following manner. For each of agent ¢’s essential neighbors, namely, for each
e N, (ziz, zég) is updated to (zfz, zgg); see lines 7-9 of Algorithm 6. For each
¢ which is not an essential neighbor of 7, (zig, zég) is left unchanged; see lines

10-12 of Algorithm 6.

Algorithm 6 Constrained, Synchronous, Multiagent Heavy Ball

1: For each i € V, set the initial state 2% to an arbitrary value in X x X.
2: for each k € N do
3: for each i € V do

4: Update (z{,i, z§1> in (8.2) to (/ﬁi(zi),zii), with k% defined via (8.6).
5: end for

6: for cach i € V do

7: for each ¢ € N, do

8: Update (Zig,Zéx) in (8.3) to (ng,zgg).
9: end for

10: for each ¢ ¢ N; do

11: Keep (zig,zé!) constant.

12: end for

13: end for

14: end for

Now, we model Algorithm 6 mathematically. From Algorithm 6, for each i € V
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agent i has its state 2z’ in (8.4) updated via the following difference equation:

(zi)+:Gi (21,22,...,ZN> deDl =X xX, (8.7)

sync sync

i
where we define G, as

G;ync (21,22, .. .,zN) = (gi (zl,z2, . ,ZN> .G (zl,ZQ, . ,ZN)) (8.8)

where, for each p € {1,2}, g; is defined as

g; (21,22,...,2N) = (8.9)

i 1.2 N\ i 1.2 N i 1.2 N
(gm(z,z,...,z )7gp,2(2,27...,2 ),...,gp’N(z,z,...,z ))

and for each s € V, ¢} , is defined as

kK'(2Y) ifs=i
gis('zleQa"')ZN) = Zf if s 6./\/; (810)

Zio ifség N

if p=1 and as

2y, ifs=1

gés (217227"'7ZN) = 2‘2973 if s EM (811)

2 ifsé N

it p = 2. The choice of keeping (zis,z;’s) constant for the case of s ¢ N in
(8.10)-(8.11) — see line 11 in Algorithm 6 — is arbitrary, since the neighbors s ¢ N
are not essential and, hence, the values of their decision variables do not enter

agent ¢’s computations.
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Then, the full multiagent system is denoted as

(21,22,...,2N)+:Gsync(zl,z2,...,zN) (8.12)

1 12 N 2 12 N N 1,2 N
(Gsync(z,z,...,z>,G (z,z,...,z),...G (z,z,...,z ))

sync

8.2.2 Results for Algorithm 6

In the results to follow, we impose the following assumption on the objective

function f.

Assumption 8.2.3. The function f is C*> and convex.

Remark 8.2.4. Assumption 8.2.3, which is a common assumption used in the
analysis of optimization algorithms [66], ensures that the Hessian matriz exists.
Additionally, the convex property ensures that every diagonal entry of the Hessian

is positive [66, Section 3.1.4].

Additionally, we impose the following diagonal dominance assumption on the

objective function f.

Assumption 8.2.5 (Diagonal dominance). The N x N Hessian matriz d —
H(d) = V2f(d) is p-diagonally dominant on X C R" for some u > 0. That is,
for each i € {1,2,... N},

\Hi(d)| — p > ivj \Hy(d)|  VdeX. (8.14)

=1, j#i
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Remark 8.2.6. Assumption 8.2.5, which is used to show that, for (Dsync, Gsync)
in (8.12), the agents’ updates over two iterations are equivalent to a contractive
mapping applied to their decision variables — which is the first step in solving Prob-
lem 8.1.1 — and is used for showing that [59, Chapter 6, Assumption 2.1(b)] holds,
is commonly used in the analysis of totally asynchronous multiagent optimization
algorithms; see, e.g., [59]. In particular, in [59, Section 6.3.2], it is observed that
some form of diagonal dominance is typically required to ensure convergence of
totally asynchronous algorithms. Diagonal dominance implies pi-strong convexity*
of f; see [80, Lemma 1]. Consequently, when f is p-diagonally dominant, then f

has a unique minimizer x*.

We denote the minimizer of f over X as z* € X. Note that under Assumption
8.2.1 the i-th entry of z*, namely, x, belongs to X;.
Under Assumptions 8.2.1, 8.2.3, and 8.2.5, the following lemma, used in some

of the results to follow, shows that z} € X; is a fixed point of s’ in (8.6).

Lemma 8.2.7. (Fized point of (8.6)) Let f satisfy Assumption 8.2.3, let X C RY
in (8.1) satisfy Assumption 8.2.1, and let H satisfy Assumption 8.2.5 with p > 0.

Then, for each i € V, x} € X, is a fized point of k' in (8.6).

Proof. By Assumption 8.2.1, the set X C R is nonempty, compact, convex, and
can be decomposed as in (8.1). Furthermore, by Assumption 8.2.5, the Hessian of
f is diagonally dominant with p > 0. As discussed in Remark 8.2.6, Assumption
8.2.5 implies p-strong convexity of f and, consequently, when H is u-diagonally

dominant, then f has a unique? minimizer z* € X.

I To illustrate that diagonal dominance is a strictly stronger condition than ji-strong convexity
1 =2
of f, consider f(d) := d"Qd + p'"d, where Q := 1 3
eigenvalues, so f is strongly convex, but H(d) fails to be diagonally dominant.
2Whereas convexity of f under Assumption 8.2.3 without the u-diagonal dominance imposed
by Assumption 8.2.5 could allow f to have a continuum of minimizers.

} The resulting H(d) has positive

239



Then, since f is convex by Assumption 8.2.3, and since x* minimizes f over

X, we have, by item (O1), of Proposition C.1.1, that, for each yi,; € X;,
(i, — ), —Vif (")) <0. (8.15)
As a consequence of the property in (8.15), we have, for each yﬁz € X;, that

(i, — 25,2 = Vif (@) + A (2] —2]) —2}) <0 (8.16)

where v > 0 and A > 0 come from (1.10). Next, since f is convex by Assumption
8.2.3 and since the set X is nonempty, compact, and convex by Assumption 8.2.1,
then by item (P1) of Proposition C.1.2, given v}, € X;, uj; € X; is equal to
Iy, [v{z} if and only if <yil —ul ;v — ulu> < 0 for all yi; € X;. Now, let
uZ“ = x} and UL = 2} — YVif(z*) + A (z} — x7). Then, for each i € V, x} =
Oy, [xf — 4V f(x*) + Axf — x7)] by (8.16). Therefore, for each i € V, xf € X is

a fixed point of £’ in (8.6). O

For the results to follow, given X in (8.1), we denote by
2= (21,22) € X x X (8.17)

the “true value,” in the sense that z in (8.17) contains the current values of the

decision variables of all agents. We define z; and z; as

(12 N
2 = (ZM, 29 ,ZLN) (8.18a)

29 1= (2%71, 2590 ,zé\jN> . (8.18Db)

Namely, z; collects the z{l components and 2z collects the zgl components, for each
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1 € V. Then, under Assumptions 8.2.1, 8.2.3, and 8.2.5 the following proposition
establishes that, for each maximal solution k +— (zl(k‘), 22(k), ... ,ZN(k)) to the
synchronous algorithm (Dgyne, Gsyne) in (8.12) from (zi, 22 ... ,zf) e (X x X)V,

the associated true value trajectory k — z(k) is contractive over two steps. To

prove it, we use Lemma 8.2.7.

Proposition 8.2.8. Suppose X C RY satisfies Assumption 8.2.1, f satisfies

Assumption 8.2.3, and H satisfies Assumption 8.2.5 with p > 0. For each

v E <0, W) ,AE (O, 72—“), and each mazimal solution k —
(Zl(k}), 22(k),. .. ,ZN(k)> to the synchronous algorithm (Dgyne, Gsyne) in (8.12)
from (zi, 22, z?) e (X x X), the associated true value trajectory k — z(k)
satisfies

|z(k+1) = 2%lo < a|]|z2(k - 1) — 2¥||0 (8.19)

for all k € N\{0}, where a := max{ay, as}, a == (1 — ypu + X\ +AX (1 — yu + N)
€[0,1), ag:=1—yu+2X€10,1), and z* is defined as

¥ = (x*2"). (8.20)

Proof. To establish the result, we proceed as follows.

1) Show that each maximal solution k +— (zl(k), 22(k), ... ,ZN(k)) to

Dgyne, Goyne) i complete;
Yy Yy

2) Show that each true value trajectory k — z(k), where z is defined via (8.17), as-
sociated to each maximal solution k — (zl(k), 22(k),. .. ,zN(k)) t0 (Dsync, Gsyne)

from (21 22 ...,zév) e (X x X)V, is such that ||z (k+1) — 2*||s =

is upper bounded by?

max;cy ziz(k +1) —af

3Tt will be shown in this step that such an upper bound comes via the non-expansiveness of
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max |R'(2(k)) — R'(2%)] for each k € N, where &' is defined as

’%Z(z) = Ziz —Vif(z1) + A(Ziz - Z;z)’ (8.21)

3) Given ¢, ¢ € RN x RY, there exists ¢ € RV x R, such that ¢} ; € (ﬁ“,d“) for
each i € V and ¢, € (EEZ,Q’QZ) for each 7 € V, and such that we can use the
MVT to upper bound |4(¢) — #%(c)| by

(I =+ N e = alle + Al = coll;

4) Upper bound both ||z (k+1) — 2*||s and ||29(k+ 1) — 2*|| s using steps 2) and
3) with ¢ = z(k), ¢ = 2%, ¢, = z1(k), &2 = 22(k), and ¢; = ¢, = z*. Then, use

such bounds to yield (8.19) for all k € N\ {0};
5) Show that a; and as, defined below (8.19), are both in [0, 1).

Proceeding with step 1), we must show that the map G . in (8.7) is defined

sync

on Dgyne and that GL . (Dsyne) € Dgyne. By construction, s in (8.6) is defined

sync

for each z' € X x X. In addition, by Assumption 8.2.1, the constraint set X

is nonempty. Furthermore, by construction, G, (21,22, 2N ) # () for each

(zl,zz,...,zN> e (X x X)Y. Therefore, by [21, Definition 2.1], domGi__ =

sync

(X x X)", which implies that Dy C dom Glyne, and each maximal solution to

sync) sync

(Di G" ) in (8.7)-(8.11) is complete. Since, by construction,
Gsyne (Zl,ZQ, . ,ZN) +£ () for each (zl, 22 ... ,zN> e (X x X)V, and since
Gt (Zl,ZQ,...,ZN> € X x X for each i € V, due to " in (8.6), then, by

sync

construction, Gsyne (zl, 22 ... ,zN) € (X x X)N. Moreover, by Assumption 8.2.1,

IIx,[], with respect to the Euclidean norm, which is listed in item (P2) of Proposition C.1.2.
NamQIYa for all v,y € an |1_IX«L [U] - HXl [y” < |U - y|
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X is nonempty. Therefore, by [21, Definition 2.1],
dom Gyne (zl, 22, ... ,zN> = (X x X)N (8.22)

which implies that Dgyn. C dom Ggyre, and each maximal solution to
(Dsynes Gsyne) in (8.12) is complete.

Next, for step 2), note that 27 € X; is a fixed point of x° in (8.6) by Lemma
8.2.7, namely, z} = x'(z*). Then, picking a solution k —
(zl(k:), 22(k), ... ,zN(k)) t0 (Dgync, Gsyne) With the associated true value trajectory
k — z(k), the norm ||z (k+1) — 2*||o, where z; is defined in (8.18a) and z* comes

from (8.20), satisfies

|z1(k+1) — 2"|| 0o = max ziz(k‘ +1)—af

=max |x, [2];(k) = 7Vif (21 (k) + X (21 (k) = 25,(0))]

—Ilx, [x] = yVif(2") + A} — 27)]]

<max 2], (k) = YVif (k) + A (2100 = 24,(0))

1€

— (@7 =AVif(@7) + AMai — 7))

for each k € N\ {0} where the last inequality follows from the
non-expansiveness of Ily,[-] with respect to the Euclidean norm, precisely, by
item (P2) of Proposition C.1.2, since f is convex by Assumption 8.2.3 and X is
nonempty, compact, and convex by Assumption 8.2.1. Note also that, in the last
inequality, * and z still denote constrained minimizers. The inequality in (8.23)
can be rewritten in terms of the function &’ in (8.21), as follows:

J21(k + 1) = 2" oo < max & (2(k)) = #(=")

, (8.24)
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for each k € N, where 2* is defined in (8.20).
Then, for step 3), given ¢,c € RY x RY and using &% in (8.21) and the MV'T
in Proposition 2.5.1, there exists ¢ € RN x RY such that ¢} ; € (ﬁ“,gﬁl) for each

i€Vandcy, € (égz,ggl) for each ¢ € V, and such that

/\

Ri(c 2_: O (U d;)+ Z gl (’ ~d;). (8.25)

1]

A

For each j # i, the partial derivatives are given by

Ol _y_ VW2 f(er) + A (8.26a)
oct ;
Ok (c)

VLY, 8.26b
ac{,j YV;Vif(er) ( )
Ik (c)

S 2
9, A (8.26¢)
o) _y (8.26d)
ac‘%’]

This allows (8.25) to be rewritten as

Ri(e) — &( 1= Vif(er) +A) (e, —di) (8.27)
N
+ (— YV;V; if(c1)) ( 1,5 leg) — A (651 _Qé,i) .
J=1, j#i

Taking the norm of both sides of (8.27) and applying the triangle inequality gives

(8.28)

Ri(D) - Ri(0)| < \1—ch1+Ach—,u

7 7
Coi — Co

iy IV Vif(enl[el, - d;

j=1, j#i

71 :

Then, denoting VZf as Hy; and V,;V,f as H;;, where H comes from Assumption
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8.2.5, we rewrite (8.28) as

i
-G

R(@) = A(Q)] <[ = yHaler)

(8.29)

52

7 7
Coi — Lo -

+7 Z | Hij(c1)] ‘Z’{J —q

J=1,j#i

From Assumption 8.2.3, f is convex and thus every diagonal entry of the Hessian
matrix is positive; see Remark 8.2.4. Using such a property and noting that, for

the unconstrained update law &’ in (8.21),

1
€ |0, , 8.30
7 max max |Hy;(n)| (8:30)
i€V pneRN
then with = 21, 1 — yHji(c1) > 1 — — rﬁ;(c‘}}__(Z1)| > 0. Thus, (8.29) may be
i€V ZlE]RN

rewritten as

()
i &

(8.31)

R(@) = #(0)] < (1= 7Haler) + ) [e)

N2

7 7
Coi — Co

N .
+v Y [Hyle)|[el; —d;

=1, j#i

71/ :

J=1, j#

< <1 ’Ysz(Cl) —|—)\+’Y Z z] Cl)|> ||El _Q1||oo
+ e — ol

where the last inequality uses the oo-norm to group the first and second terms.

Using Assumptions 8.2.3 and 8.2.5, we write the inequality

N
Hii(c1) = |Hy(er)| > Z Hij(cr)| + p. (8.32)

J=1,3

This implies that —yHj;(c1)+v X304 4 [Hij(cr)] < —vypu. Substituting (8.32) into
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(8.31) yields

Ri(@) — A < - NE - el A - ol (8:33)

In step 4), applying (8.33) to (8.24) with ¢ = z(k), ¢ = 2*, & = z(k),

Co = 2z5(k), and ¢; = ¢y = z* yields
[21(k +1) = 27[[oo < (L =yp+A) [[21(F) — 27[|oo + All22(k) — 27|, (8.34)

for each k € N, which is no longer dependent on i. Applying (8.33) to ||z1(k) —
7|00 < max;ey |A1(2(k — 1)) — £%(z*)|, which holds due to (8.24), leads to

210k +1) = 27l
< (1= 2) (=4 N llaalh = 1) =27l + Al2a(k = 1) = 27l

+ Allz2(k) — 2™ (8.35)

for each k € N\ {0}. Recall that, by the definition of (1.11), 29(k) = z1(k — 1).

Substituting such an expression for z3(k) into (8.35) and rearranging terms gives

lzn(k+1) = 2 llso <(@ =+ X+ A) 22k — 1) — 27l

AL =N 22k — 1) — 27| (8.36)

for each k € N\ {0}. Similarly, we use (8.33) to upper bound ||z2(k + 1) — 2% .
Using (8.34), we obtain

Iz2(k + 1) = 2"[loo =l[21(F) = 27][o0

<A =qu+ )|zl 1) — 2w
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+ Alza(k — 1) — 27| (8.37)
for each k € N\ {0}. Noting that

[z1(k = 1) = 2"[loo < [l2(k = 1) = 2%][o0 (8.38a)

[z2(k = 1) = 2"[loo < [l2(k = 1) = 2%][o0 (8.38b)
we further simplify (8.36) and (8.37) to

o1 ( + 1) = 2%l
< (A= + 22X A0 =+ N )2k = 1) = 2| (8.39%)

[22(k+1) = 27[[oo < (L= yp+20) [J2(k — 1) — 27| (8.39b)

for each & € N\ {0}. Using the bounds in (8.39) yields (8.19), where a =
max{ay, as}, a1 = (1 =y + X+ X+ A1 —yu+A) and ay = 1 — yu + 2\

All that remains is step 5), in which we show that a;,ay € [0,1). To this end,
we first show that yu € (0,1). Using (8.30) with = z; and Assumption 8.2.5,

which implies that max max |H;;(z1)| > p, we have

1€V z1ERN

0 << a <H_q (8.40)
max max |Hy(z1)| = p
1€V z eRN

Then, since by definition a; > 0 and ay > 0, using (8.40) and \ € (0, %), we

obtain

0<ar =1 =+ A" +X+ A1 —yu+N)

2
S S (S
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This upper bound is equal to one since

YN v ( ’YM) v 7
< 2>+2+2 2 YT Ty (842)
Moreover, we have
0<ar=1-yu+22<1l—yu+yu=1. (8.43)

Therefore, for each maximal solution k +— (Zl(k'),z2(l€), e zN(k)) to the syn-
chronous algorithm (Dsyne, Gsyne) in (8.12) from (zg, 2 ..., zév) €

(X x X)V, the associated true value trajectory k — z(k) satisfies (8.19), for each
ke N\ {0}. O

Although in Proposition 8.2.8 we establish that, for each maximal solution k
(zl(k), 22(k),. .. ,zN(k)) to the synchronous algorithm (Dgyne, Gsyne) in (8.12)

from (zl 22 2N ) € (X x X)V, the associated true value trajectory is con-

tractive over two steps, contraction at each discrete time k£ € N does not seem
possible. We exploit the property in Proposition 8.2.8 in our forthcoming syn-

chronous and asynchronous double-update heavy ball algorithms.

8.3 Synchronous, Double-Update Heavy Ball

In this section, we present Step 2) in our approach to solving Problem 8.1.1.
Namely, we propose a synchronous algorithm that updates each agent’s value
(Ziz,zéz) twice for each discrete time & € N. Then, we establish an exponen-
tial convergence rate for the agents’ decision variables based on the contractive
property established in Section 8.2, and we show that it satisfies the Synchronous

Convergence and Box Conditions in [59, Chapter 6, Assumption 2.1].
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8.3.1 Modeling

The synchronous, double-update algorithm for the constrained heavy ball al-
gorithm is given in Algorithm 7. In this algorithm, at each discrete time instant
k € N, each agent ¢+ € V computes the new value of (z{l, zél), see lines 3-5 of
Algorithm 7. In particular, z{; is updated to #’(2") and z5; is updated to &*(2*),
where

R =y, [K(2) = 4 Vif(wi(2))) + AR (2) = 21,)] (8.44)

where A > 0 and vy > 0 come from (1.10), X; comes from Assumption 8.2.1, 2" is

defined in (8.4), 2! is defined via (8.5a), x" is defined in (8.6), and w} is defined as
wh(2h) = (zil, gk (2Y) ,ziN> eX (8.45)

where X is defined in (8.1). The function wj collects the first update to the 2}
component of agent ¢’s decision variable and collects each of the zié components
of the local copies of the decision variables of all other agents, for use in the
computation of V, f in (8.44). Then, starting at line 6 of Algorithm 7, each agent
t € V receives information from its neighbors and updates the entries (zif, zéz) of
its state 2!, where ¢ € N;, in the following manner. For each of agent i’s essential
neighbors, namely, for each ¢ € A, (zh, zgyg) is updated to (zf’g, zgye); see lines
7-9 of Algorithm 7. For each ¢ which is not an essential neighbor of 1, (ziz, z§£>
is left unchanged; see lines 10-12 of Algorithm 7.

Now we model Algorithm 7 mathematically. From Algorithm 7, for each ¢ € V,
agent ¢ has its state z* in (8.4) updated via the following difference equation:

<zi)+:(~¥i (zl,z2,...,zN> deD =X xX, (8.46)

sync sync
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Algorithm 7 Constrained, Synchronous, Double-Update Heavy Ball

1: For each i € V, set the initial state 2’ to an arbitrary value in X x X.
2: for each k € N do
3: for each i € V do

4: Update (ziz,zgz> in (8.2) to (&'(2%), k'(z")), with &' defined via (8.44)
and r' defined in (8.6).

5: end for

6: for cach i € V do

7: for each ¢ € N, do

8: Update (Zig,Zéx) in (8.3) to (zfg,z&).

9: end for

10: for each ¢ ¢ N; do

11: Keep (zig,zﬁ) constant.

12: end for

13: end for

14: end for

-
where Gy, is defined as

@2ync (21,22, . ,ZN) = (gi (21722, . ,zN) G (21722, . ,ZN)> (8.47)

where, for each p € {1, 2}, g; is defined in (8.9) and for each s € V, gzi)’s is defined

as

g(2Y) ifs=i

gi,s (217Z2a"'7ZN) = Zf if s 6./\/; (848)

zi,  ifs¢EN;

if p =1, where &' is defined in (8.44), and as

kK'(2") ifs=1i
g;,s (217227" '7ZN) = Z; if s GM (849>

2 if s ¢ N;
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if p = 2, where x' is defined via (8.6). Then, the full multiagent system corre-

sponding to (8.46) is denoted as

(21,22,...,2N)+:ésync (zl,zQ,...,zN> (8.50)

A 2 N

Glsyne (z,z, 2 ) = (8.51)
51 1.2 N\ A2 1.2 N AN 1.2 N
(Gsync(z,z,...,z ),Gsync(z,z,...,z ),...,Gsync(z,z,...,z ))

8.3.2 Results for Algorithm 7

Under Assumptions 8.2.1, 8.2.3, and 8.2.5, the following lemma, used in some
of the results to follow, shows that z} € X; is a fixed point of i’ in (8.44). To

prove it, we use Lemma 8.2.7.

Lemma 8.3.1. (Fized point of &' in (8.44)) Let f satisfy Assumption 8.2.3, let
X C RY in (8.1) satisfy Assumption 8.2.1, and let H satisfy Assumption 8.2.5
with > 0. Then, for each i € V, x} € X; is a fived point of k' in (8.44).

Proof. By Assumption 8.2.1, the set X C R is nonempty, compact, convex, and
can be decomposed as in (8.1). Furthermore, by Assumption 8.2.5, the Hessian of
f is diagonally dominant with g > 0. As discussed in Remark 8.2.6,Assumption
8.2.5 implies p-strong convexity of f and, consequently, when H is u-diagonally
dominant, then f has a unique minimizer x* € X. By Lemma 8.2.7, 2} € X, is a
fixed point of x’, namely, z¥ = k'(2*), where z* is defined via (8.20). Then, since

f is convex by Assumption 8.2.3, and since z* minimizes f over X, we have, by

4See Footnote 2.
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item (O1), of Proposition C.1.1, that, for each 3 ; € X;, (8.15) is satisfied. As a

consequence of the property in (8.15), we have, for each y{z € X;, that

R R}

(i, — 2], 6(2") =y Vif (@) + A (K'(z") —27) —27) <0

<Z/L —al, ] —yVif(@") + Az —a) — xf> <0 (8.52)

where v > 0 and A > 0 come from (1.10). Next, since f is convex by Assumption
8.2.3 and since the set X is nonempty, compact, and convex by Assumption 8.2.1,
then by item (P1) of Proposition C.1.2, given v}, € X;, uj; € X; is equal to
IIx, [Uiz} if and only if <yiz —uj vl — u’12> < 0 for all yi; € X;. Now, let
uy,; =z and vi; = K'(2%) = yVif(2*) + A (k*(2*) — 2}). Then, for each i € V,
zf =y, [(2*) =YV f(x*) + M(k'(z*) — x})] by (8.52). Therefore, for each i € V,

z¥ € X; is a fixed point of &' in (8.44). O

For the result to follow, we denote the portion of the algorithm
(Dsync, ésync) in (8.50) corresponding to the update of the true value z in (8.17)
as

2T =g(2) ze X xX (8.53)

where &' is defined via (8.44) and &’ is defined in (8.6). Then, under Assumptions
8.2.1, 8.2.3, and 8.2.5, the following lemma establishes that, for each maximal so-
lution k +— (zl(k), 22(k), ..., zN(k)) to the synchronous algorithm (Dgyne, Gyne)
in (8.50) from (z}), 22, zév) € (X x X)V, the associated true value trajectory

k +— z(k), solution to (8.53), has an exponential convergence rate. Additionally,
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the following proposition shows that the oo-norm contraction property of such a
convergence bound allows us to construct sets that satisfy both the Synchronous
Convergence Condition in [59, Chapter 6, Assumption 2.1(a)] and the Box Con-
dition in [59, Chapter 6, Assumption 2.1(b)]. To prove it, we use Lemma 8.2.7,

Proposition 8.2.8, and Lemma 8.3.1.

Proposition 8.3.2. Suppose X C RY, defined via (8.1), satisfies Assumption

8.2.1, [ satisfies Assumption 8.2.3, H satisfies Assumption 8.2.5 with pu > 0,

and z, € Z, = X x X denotes the initial state of z in (8.17). For each
1 M . .

v E (0, rineag;nea;IHn(nN) ,AE (O, S ), and each mazximal solution k —

(zl(k),zz(k;),...,zN(k)) to the synchronous algorithm (Dyne, Geyne) i (8.50)

from (zi, 2 ..., zév) € (X x X)N, the associated true value trajectory k w— z(k)

starting from z, satisfies
12(k) — 2|0 < @*l|20 — 2*[| o0 (8.55)

for all k € N, where a := max{ay, as}, a1 := (1 — yu 4+ A)> + MX (1 — yu+ N

€10,1), and ay := 1 —yu+2X € [0,1), and z* is defined via (8.20). Furthermore,
for each maximal solution k — (zl(k), 22(k), ..., zN(k)) to the synchronous al-
gorithm (Dyne, Gyme) i (8.50) from (zi, 22, ... ,zév) e (X x X)N, the associated

true value trajectory k — z(k) starting from z, has sets defined as
Z(k) = {2(k) € X x X |J2(k) = 2"]loo < @[]z — 2"[|ox | (8.56)

where k € N, for which the following properties hold:

1) For each k € N
.CZk+1)CZ(k)C...C 2 (8.57)
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2) Synchronous Convergence Condition:

(a) For each k € N and each b € Z(k)
gb)e Z(k+1) (8.58)

where g is defined via (8.54);
(b) For each sequence {by}, .y such that b, € Z(k) for each k € N, klim {06} pen
—00

= 2" and z* is a fixed point of g;

3) Box Condition: For each k € N, there exist sets Z;(k) C X; x X;, i € V, such

that
Z(k) = Z1(k) x Z5(k) x ... x Zy(k). (8.59)

Proof. First, we must show that the map G% _ in (8.47) is defined on f)sync

sync

and that G (Dgne) C Dgme. By construction, % in (8.6) is defined for each

sync
2t € X x X and &' in (8.44) is defined for each z* € X x X. In addition, by
Assumption 8.2.1, the constraint set X is nonempty. Furthermore, by construc-

tion, G! (21,22,...,2N) # () for each (21,22,...,ZN> € (X ><X)N. There-

sync
fore, by [21, Definition 2.1, dom é’gync = (X x X)", which implies that Dyyn. C
dom G, and each maximal solution to (D;ync,ééync) in (8.47)-(8.49) is com-

plete. Since, by construction, ésync (zl, 22 ..., ZN) # () for each (zl, 22 ... ,ZN) €
(X x X)", and since GZ, (zl, 2., ,ZN) € X x X for each i € V, due to £" in

(8.6) and &' in (8.44), then, by construction, Gyyne (21,22, . ,ZN) e (X x X))V,

Moreover, by Assumption 8.2.1, X is nonempty. Therefore, by [21, Definition 2.1},
dom ésync (zl, 2. .. ,ZN> = (X X X)N (8.60)

which implies that Dy, C dom Géync, and each maximal solution to
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(Dgyne, Géync) in (8.50) is complete.

Next, to show that the associated true value trajectory k — z(k), start-
ing from z, € Z,, of each maximal solution to (Dsync,ésync) in (8.50) from
(zi,zf, . ,zév> e (X x X)V, satisfies (8.55) for each k € N, we use properties
of (Dgsyne, Gsyne) in (8.12) and g in (8.54). First, f is C? and convex by Assump-
tion 8.2.1, X is nonempty, compact, and convex by Assumption 8.2.3, and H is
p-diagonally dominant by Assumption 8.2.5. Then, since for the algorithm in
(8.50), (Z}Z, zéz) in (8.2) is updated to (8%(2"), k(2")) for each i € V, during each
iteration k — with 7’ defined via (8.44) and " defined in (8.6) — then one iteration
of the algorithm (Dsync, @Sync) in (8.50) is the same as two consecutive iterations
of the algorithm (Dgyne, Gsyne) in (8.12).

Therefore, since for each maximal solution k (zl(kz), 22(k), ..., zN(k;)) to the
synchronous algorithm (Dgyne, Gsyne) in (8.12) from (zi, 2, ... ,zév) e (X x X)V,
the associated true value trajectory k — z(k) satisfies (8.19) for each k € N\{0} by
Proposition 8.2.8, then for each maximal solution k& (zl(kz), 22(k), ... ,zN(k:))
to the algorithm (Dgyme, Geyne) in (8.50) from (zi,zg, . ,zév) e (X x X)V, the

associated true value trajectory k +— z(k) starting from z, satisfies
12(F) = 2"l < aflz(k = 1) = 2"l (8.61)

for each k € N\ {0}, where a € [0,1) is defined below (8.55) and z* is defined via
(8.20). Taking the product of (8.61) over k iterations yields (8.55) for each k € N.

Since, for each maximal solution to the algorithm (Dgypc, @Sym) in (8.50) from

(e Nadon] » Yo

(zl 2, ... zN> € (X x X)", the associated true value trajectory k — z(k), start-
ing from 2, satisfies (8.55) for each k € N, and since (Dgyne, Gsyne) is synchronous,
then the sets defined in (8.56) for each k € N are nonempty.

We first prove that item 1) holds. Since, for each maximal solution to the al-
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gorithm (Dgyne, Gsyne) in (8.50) from (zi, 22, ... ,ZC],V) € (X x X)", the associated
true value trajectory k +— z(k), starting from z, € Z, satisfies (8.55) for each
k € N, where a € [0, 1) is defined below (8.55) and z* is defined via (8.20), then
the property in (8.57) holds for each k € N, for the sets in (8.56).

Furthermore, the property (8.58) in item 2)a holds for each k£ € N and each
b € Z(k). This is true since the associated true value trajectory k — z(k), starting
from 2, € Z, satisfies (8.55) for all k € N. Then, due to a € [0,1), a**! < @
implies

lg () = 2"[l < @™ lzo — 27| (8.62)

o0

for each k € N and each b € Z(k), where g is defined via (8.54).
Next, we prove that item 2)b holds. Since the sets Z(k), defined via (8.56)
satisfy 8.57, then by [76, Exercise 4.3(b)], each sequence {by},.y such that by, €

Z(k) for each k € N has a limit, which is given by
Jim {bedye = lim Z(k) = kDNZ(k) _ (8.63)

Such a limit is a fixed point of g in (8.50) since, by Lemma 8.2.7, k*(z*) = z} for

each 7 € V and, by Lemma 8.3.1, #'(z*) = z} for each i € V. Hence,
g(z") = z". (8.64)

Finally, we prove that item 3) holds. Since, for each maximal solution to
(Dgyne; Gsyne) in (8.50) from (zi,zf, . ,zév) e (X x X)", the associated true
value trajectory k — z(k) starting from z, has sets Z(k) C Z, satisfying (8.57)
for each k£ € N, and since a key property of the oo-norm is that its unit sphere
has the Box Condition (see [59, Chapter 6.3]), then the sets Z(k) in (8.56) also
satisfy (8.59), for each k € N. O

256



8.4 Asynchronous, Double-Update Heavy Ball

In this section, we design an asynchronous version of the algorithm in Sec-
tion 8.3 and use Proposition 8.3.2 to establish that, since for each maximal so-
lution k — (zl(k‘), 22(k), ..., zN(k)) to the synchronous algorithm (Dgyne, Gsyne)
in (8.50) from (zi,zf, . ,zév) e (X x X)V, the associated true value trajec-
tory k — z(k) starting from z, € Z, has exponential convergence and satisfies the
Synchronous Convergence and Box Conditions in [59, Chapter 6, Assumption 2.1],
then the forthcoming asynchronous algorithm also has an exponential convergence

rate.

8.4.1 Modeling

As has been done in [50], we want to distribute the discrete-time heavy ball
among multiple agents while allowing agents to compute and share information as

asynchronously as possible. There are two behaviors that could be asynchronous:

1) Computation of Updates to Agents’ Variables: Individual agents may perform
updates at different times. Namely, the subset of times at which distinct agents

1 and ¢ compute updates need not have any relationship;

2) Communication of Updated Agents’ Variables: Communication of the agents’

variables is also totally asynchronous.

To allow these behaviors to be totally asynchronous, while still preserving con-
traction of the update law, we propose an algorithm that uses the update law &°
in (8.44), but with each agent i € V executing &' and communicating to other
agents at potentially different times, with arbitrarily long delays between updates.

The asynchronous, double-update algorithm for constrained heavy ball is sum-

marized in Algorithm 8. Since computations are totally asynchronous, then we
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denote the set of times at which agent ¢ computes updates as the unbounded set
K" C N. Note that each i € V has its own K’ At each discrete time instant
k € N, if k € K' — which defines the time of a computation event — the corre-
sponding agent i computes the value of (ziz, z§Z>, see lines 4-5 of Algorithm 8. In
particular, if k& € K*, then 2}, is updated to £’(2') in (8.44) and 25, is updated
to k(2') in (8.6). Then, agent i sends (ziyi, zéz) to all agents ¢ € N; see line 6
of Algorithm 8. Due to the possibility of communication delays, such information
might not be received for some time, and might be received at different times by
different essential neighbors.

Since communications are totally asynchronous, then we denote the set of
times at which agent i receives information from agent ¢ € N; as the unbounded
set R C N. Note that each (,0) € £ has its own R**. Then, at each discrete time
instant k£ € N, if £ € R* — which defines the time of the reception of information,
referred to as a communication event — agent ¢ updates (zie, zéz) of its state 2*

to

(210(7i (k) 24,7 (R))) € X x X (8.65)

where

mi(k) € K*CN (8.66)

denotes the time at which agent ¢ originally computed the value of its decision
variable onboard agent i at time k. Note that 7/(k) = k for all ¢ € V; see lines
8-12 of Algorithm 8.

To explain how we model the delay between sending and receiving information,
and the role of 7} in such delay, we use a simple two agent example, as follows.

Let i = 1 and £ = 2, let® K' = {1}, and let R*' = {3}. At k = 1, agent 1

5Although the sets K* and R%' are unbounded, we do not consider unboundedness in this
example, for simplicity. This two agent example also holds for unbounded sets K' and R?!
such that 1 € K, 0,2,3,4¢ K*, 3 € R, and 0,1,2,4 ¢ R>!.
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updates (zil,z%’l) to (k'(21),k'(z')), and sends such a value to agent 2. But
such a value does not arrive at agent 2 until £ = 3. When agent 2 receives
agent 1’s decision variable at k = 3, agent 2 updates its value of (21271, z%jl) to
(2%71(7'12(3)),25,1(7'12(3))), where 77(3) = 1 € K'. In this way, <2%71(4),z§71(4)> =
(+11(2). 24,(2) = (B (= (1)), #* (=" (1)),

For each ¢ which is not an essential neighbor of i, (Zi’g, 25'7@) is left unchanged;

see lines 13-15 of Algorithm 8.

Algorithm 8 Constrained, Asynchronous, Double-Update Heavy Ball

1: For each i € V, set the initial state z¢ to an arbitrary value in X x X.
2: for each k € N do
3: for each i € V do
if k£ € K’ then

Update (757117 zgz) in (8.2) to (R'(2"),k"(z")), with &' defined via
(8.44) and k' defined in (8.6);

Agent ¢ sends (zii, zgz) to all agents £ € N;. Due to communication
delays, it may not be received for some time.

2

7 end if

8: for cach ¢ € N; do

9: if k € R" then

10: Update (21, 7,) in (8.3) to (= (r}(k)), 25 ((7i(k))) in (8.65).
11: end if

12: end for

13: for each ¢ ¢ N; do

14: Keep (Zi(,ZQK) constant.
15: end for

16: end for

17: end for

Now we model Algorithm 8 mathematically. From Algorithm 8, for each i € V,

agent 7 has its state 2* in (8.4) updated via the following difference equation:

(zi)+:Gi (21,22,...,2N) deD =X xX, (8.67)

async async
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/L' .
where G, is defined as

G;Sync (21,22, e ,ZN) = (gzl (zl,zQ, e ,ZN) g5 (zl,z2, e ,ZN>) (8.68)

where, for each p € {1,2}, g;i) is defined in (8.9) and, for each s € V, gzi,’s is defined

as
k'(2") if s =1,at each computation event
i(12 N) ._ . I
91, (2 1R R ) = A if s € N;,at each communication event (8.69)
2t otherwise

if p =1, where &' is defined in (8.44), and as

k'(z") if s =1,at each computation event

' 1,2 N) ._ . Do
92, (Z EIEEEREES ) =% if s € N;,at each communication event (8.70)

25 otherwise

»S

if p = 2, where k' is defined via (8.6). In (8.69)-(8.70), a computation event by
agent 7 occurs when & € K' and a communication event occurs when agent ¢
receives information from agent s at k € R“*. Due to this, the maps ¢¢ and g3
depend on the current and past state values. Such a dependency is omitted in
(8.69)-(8.70), for simplicity of notation.

Then, the full multiagent system corresponding to (8.67) is denoted as

(zl,zz,...,zN>+:GasynC (31,22,...,2N) (8.71)
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where Gagyne is defined as

Gasyne (zl, 22 ,ZN) = (8.72)
(G;Sync (z 22, ... ) Gisync( 22,...,ZN) Givsync( 1,z2,...,zN)>

8.4.2 Forward Invariance of (X x X)" for Algorithm 8

Under Assumptions 8.2.1 and 8.2.3, the set X x X is forward invariant, as in

GZ

async’ ~'async )

Definition 2.7.2, for (D!, in (8.67)-(8.70) and, consequently, (X x X)V

is forward invariant for (D,sync, Gasync) it (8.71), as shown in the following lemma.

Lemma 8.4.1. (Forward invariance of (X X X)N for (Dasyncs Gasyne) in (8.71))
Let X C RY satisfy Assumption 8.2.1, let f satisfy Assumption 8.2.3, and let z¢ €
X x X for eachi € V. Then, (X X X)N is forward invariant for (Dasync, Gasync)

n (8.71).
Proof. First, we show that each maximal solution to (D! G, ..) is com-

async? async

plete and, by extension, each maximal solution to (Dasync, Gasync) s complete.

To that end, we must show that the map G° in (8.68) is defined on Dagync

async

and that G . (Dasync) C Dasyne- By construction, s in (8.6) is defined for

async

each 2z € X x X and &’ in (8.44) is defined for each z* € X x X. In addi-
tion, by Assumption 8.2.1, the constraint set X is nonempty. Furthermore, by

construction, G? (zl,ZQ,...,zN) # () for each (21,22,...,2N) € (X x X)N

async

Therefore, by [21, Definition 2.1], dom Gl .. = (X x X )N, which implies that
Gi...) in (8.68)-

async’ ~'async

Dygyne C dom G¢ and each maximal solution to (D!

async’
(8.70) is complete. Since, by construction, Gasync (21,22, R ) # () for each
(zl,z2, . ,ZN> € (X x X)", and since Gi,,, (21,22, . .,ZN) € X x X for each

i €V, due to k' in (8.6) and ' in (8.44), then, by construction,
Glasyne (zl, 22 ..., zN> e (X x X)N. Moreover, by Assumption 8.2.1, X is
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nonempty. Therefore, by [21, Definition 2.1],
dom G async (zl, 2., zN) = (X x X)N (8.73)

which implies that Dagyne C dom Gagyne, and each maximal solution to
(Dasyncs Gasyne) in (8.71) is complete.

Then, to show forward invariance of (X x X)", we start first with a single
agent i. First, note that since f is C* by Assumption 8.2.3, then V,f exists for
each ¢ € V. Then, by definition, x in (8.6) projects into the set X; and & in (8.44)
projects into the set X;. In addition, the communicated values (zis, 2‘575) in the
second cases of (8.69) and (8.70), for each s € N, are in the set X, x X since x*
in (8.6) projects into the set X and &° in (8.44) projects into the set X, for each
s € N;. Moreover, any values (zis, zis) which remain unchanged — due to either
s ¢ N;, s € N; with no communication event, or s = 7 with no communication
event — are already in the set X, x X, since 2! € X x X for each i € V. Therefore,
each update Gl . (21,22, . .,zN> € X x X, where X in (8.1) is a nonempty
set by Assumption 8.2.1, and, since each maximal solution to (D! Gl ) s

7
async’ ' async

G'oone), for each i € V.

. . . ’L
complete, X x X is forward invariant for (Dy ,c; Ghsyne

Since X x X is forward invariant for (D}, Gine) in (8.67)-(8.70), for each
i € V, then due to the definition of (Dasync, Gasyne) i (8.71) and due to X in (8.1)
being a nonempty set by Assumption 8.2.1, Gasync (Dasync) C (X X X )N and,

since each maximal solution to (Dasync, Gasync) is complete, (X x X )N is forward

invariant for (Dasync, Gasyne)- m|
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8.4.3 Convergence rate of Algorithm 8

For the forthcoming result for the asynchronous algorithm (Dasync, Gasyne) in

(8.71), we impose the following assumption.

Assumption 8.4.2. (Computations and Communications): For each i € V and
each { € Nj, the sets K C N and R* C N are unbounded. If {ks}sen is an
increasing sequence of times in K, then for each solution to the algorithm in
(8.71), limg — oot (k) = 0o for each £ € V such that i € Ny, where 7 is defined

via (8.66).

Remark 8.4.3. Assumption 8.4.2 ensures that no agent ever stops computing or

communicating, though delays can be arbitrarily large.

In the upcoming result, the convergence rate of (8.71) can be computed by
leveraging results in [64] and [50] in terms of the number of operations — namely,
ops(k) — the agents have completed (counted in the appropriate sequence). Namely,
we count operations as follows. Initially, we set ops(0) = 0. Then, after all agents
¢ € V have updated (z”iz, zéz) to (F'(z%), k'(2")) and have sent such updates to
and had such updates received by all essential neighbors ¢ € N; — say, by time
k' — we increment ops to ops(k’) = 1. Note that it is possible for any agent i to
compute and send — and essential neighbors ¢ € N; to receive — multiple updates
of (z}z, ZQJ, between ops(0) = 0 and ops(k’) = 1. In other words, different sub-
sequences of {ks}, € N in K’ exist for each i € V and different subsequences of
{ks}s € N in R exist for each (i,/) € &, between ops(0) = 0 and ops(k') = 1.
After ops(k’) = 1, then we wait until all agents i € V have subsequently computed
a new update of (zf,i, zél) and such updates have been sent to and received by
all other essential neighbors. If this occurs at time k”, then we set ops(k”) = 2,

and this process continues.
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For the result to follow, we denote the portion of the algorithm
(Dasyncs Gasyne) in (8.71) corresponding to the update of the true value z in (8.17)
as

2T =g(2) ze X xX (8.74)

(8.75)
where, for each i € V, g} ; and g5, are defined as
B A i'(z") at each computation event by agent i
1. (z’) = (8.76a)
2, otherwise
B A k'(z") at each computation event by agent i
G () = (8.76b)

25 otherwise

where &' is defined via (8.44), x' is defined in (8.6), and where a computation
event by agent i occurs when k € K'. Since (8.74)-(8.76) represents only the
updates of the true values of the decision variables, and not the local copies
onboard each agent ¢, then communication events are not represented in (8.76).
The model in (8.74)-(8.76) is the asynchronous version of (8.53)-(8.54), which we
use in the forthcoming proof of Theorem 8.4.4 to show that, since the true value
trajectory k — z(k) of each maximal solution to (Dsync, Gsym) satisfies items 1)-
?? of Proposition 8.3.2, then z* is a fixed point of g in (8.75) for the true value
trajectory k +— z(k) of each maximal solution to (D,sync, Gasync)-

The following theorem establishes that each maximal solution
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k — (zl(k), 22(k), ..., zN(k)> to the algorithm (Dasync, Gasync), defined via (8.71)

from (z},, 22,2 ) € (X x X)", converges exponentially to
(z*,2%,...,2%). To prove it, we use Propositions 8.3.2 and B.1.2.

Theorem 8.4.4. (Exponential convergence rate for (Dgsync, Gasyne) n (8.71))
Suppose X C RY satisfies Assumption 8.2.1, f satisfies Assumption 8.2.3, H sat-
isfies Assumption 8.2.5 with > 0, and z, € Z, := X x X denotes the initial state
of z in (8.17). For each vy € (O 1) and A € (O M), each maximal

’ max max|H;; ()] ’ 2
i€V neX

solution k (zl(k),z2(k), . zN(k)> to the asynchronous, double-update heavy
ball algorithm (D gsync, G async) from (21 22 ...,Zév) € ZN | for which Assumption

o) ~oo

8.4.2 holds, satisfies

(k) —2*

max
eV

(8.77)

< a°"®) max Hzg -2
00 eV

o0

for all k € N, where a := max{ay, as}, a; == (1 — v+ A)° + X+ A (1 —yu+ N
€[0,1), ag:=1—yu+2X€[0,1), and z* is defined via (8.20).

Proof. To establish the result, we proceed as follows.

1) We use Propositions 8.3.2 and B.1.2 to show that, for each maximal solution
k — (zl(k),zz(k), . ,ZN(k)) to the algorithm (D,sync, Gasync) it (8.71) from
(zi, 2 ... ,zév) € ZN | the associated true value trajectory k — z(k) starting
from z, € Z, has the property that, for each sequence {bOPS(k)}ops(k:)eN such
that bopsry € Z(ops(k)) for each ops(k) € N, Opg%}{r)rLOO {bOpS(k)}opS(k)eN = 2*

and z* is a fixed point of g in (8.75). Note that the function ops, which was

described below Remark 8.4.3, is solution dependent.

2) We use Proposition 8.3.2, Lemma 8.4.1, and the function ops to compute

the desired convergence rate for the asynchronous, double-update algorithm
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(Dasync, Gasync) in (8.71) by picking an arbitrary solution, analyzing its behav-

ior between ops(0) = 0 and ops(k”) = 1:

(a) First, we analyze computation events between ops(0) = 0 and ops(k')

(b) Then, we analyze communication events between ops(0) = 0 and ops(k”) =
L;
(c) Then, we complete the proof by iterating the process in 2)a-2)b above

over subsequent cycles of ops.

Proceeding with step 1), we pick a solution k +— (zl(k),z2(k:),...,zN(k;)> to
(Dasynes Gasyne) from (zé,zf, 2N ) € ZY, which has the solution dependent
function ops. By Proposition B.1.2, for such a solution to (Dasync, Gasync), the
associated true value trajectory k +— z(k) starting from z, € Z, is such that

each sequence {bops(k)} such that bops(r)y € Z(ops(k)) for each ops(k) € N

ops(k)eN

*

has a limit, which is given by lim {bops(k)} — z*, and such a limit is a
ops

ops(k)—o0
fixed point of ¢ (z) in (8.74), due to the following. By Proposition 8.3.2, for each

maximal solution to the algorithm (Dgyne, Geyne) in (8.50) from (zi, 22, ... ,zé\]) €
(X x X))V, the associated true value trajectory k — z(k) starting from z, satisfies
the bound in (8.55) for all & € N, where a is defined below (8.77) and z* is defined
via (8.20). Furthermore, by Proposition 8.3.2, the associated true value trajectory
k — z(k) of such solutions, starting from z,, has nonempty sets defined in (8.56)
for which (8.57) is satisfied, the Synchronous Convergence Condition in item 2)
of Proposition 8.3.2 holds, and the Box Condition in item 3) of Proposition 8.3.2
holds.
Next, for step 2), the solution k — (zl(k‘), 22(k),. .. ,ZN(k)) to

(Dasyncs Gasyne) from (zi,zf, oo, 2N ) € ZVN that we picked in step 1) has the
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solution-dependent sets of computation times K for each ¢ € V), the solution-
dependent sets of communication times R** for each (i,/) € £, and the solution-
dependent function 7; defined via (8.66). Recall that for a single incrementation
of the solution-dependent function ops by 1, it is possible for any agent ¢ to update
(z}z, zéz) to (£'(2%), k*(2")) multiple times, where &’ is defined via (8.44) and &' is
defined in (8.6). However, each agent ¢ € V computes such an update, and such
an update is sent to and received by each essential neighbor ¢ € N, at least once.

For step 2)a, the initial state of the solution is set to 2t € Z, for each i € V.
Suppose that, for such a solution, at time k; € K, agent i updates (z{l,zgl)
to (R(z%), k'(2%)). Then, (z{l(kz—i- 1), 2 (ki + 1)) € Z(1) € X; x X;, where
X; comes from Assumption 8.2.1. Then, by Proposition 8.3.2 and step 1), at
the discrete instant & = max;cy k; + 1, we find that (ziz(k’),zgl(k’)) € Z;i(1)
for each ¢ € V. Note that, for each discrete time instant &k € {0,1,...,k;},
(ziz(k),zéz(k)) € Z,, = X, x X, for each i € V, whether or not an update of
(z}z, z%z) to (&'(2%), k'(z%)) has occurred for any agent 7 € V. Such a property is
due to 2! € X x X, the forward invariance of X x X by Lemma 8.4.1, and — in the
case of a computation event — the contractivity of (5*(z%), k*(z")) by Proposition
8.3.2. Moreover, since Z;(1) C Z;,, then (zil(k‘Z + 1), 25 (ki + 1)) € Z; is also
satisfied for each ¢ € V.

Then, for step 2)b, suppose that, after each agent i € V has computed at
least one update (k%(z%),x(z%)) to its decision variable, each agent ¢ sends such
information, which is received by each agent ¢ € N; after some time. Consequently,
each agent ¢ € V receives (zf,z(Tg(kM)),zgvlg(T}(kw))) from each agent ¢ € N at
kio € R®. Then, by Proposition 8.3.2 and step 1), at the discrete instant k" =
max;ey maxeen; ki g, each agent @ € V has (z{,g(k‘”), zgj(k”)) € Z/(1)C X, x X, for

each ¢ € N;. Note that, for each discrete time instant k € {0,1,..., k; ¢}, whether
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or not any agent ¢ receives information from any agent ¢ € N, (Zi,z(k), zéz(k)> €
Z,. = Xy x X, for each i € V and each ¢ € N, where X, comes from Assumption
8.2.1. Such a property is due to 2! € X x X, the forward invariance of X x X by
Lemma 8.4.1, and the contractivity of (/%E(ze), RE(ZE)) by Proposition 8.3.2.
Finally, for step 2)c, z(k”) € Z(1) due to steps 2)a-2)b, and this is satisfied
precisely when a single cycle has completed, namely, when ops(k”) = 1. Iterating

such a process for subsequent cycles of ops completes the proof.

8.5 Numerical Example

Example 8.5.1. To demonstrate the effectiveness of the asynchronous, double-
update heavy ball algorithm (D gsync, Gasync) in (8.71), we compare it in simulation
with a multiagent constrained gradient descent algorithm. In particular, we com-
pare (D asyncs Gasyne) With a version of the asynchronous primal-dual algorithm for
constrained gradient descent, in [50], with the dual variables n(t) fized to zero.
First, we compare the convergence rates of (Dasync, Gasyne) and the algorithm [50]
analytically. For the asynchronous primal-dual algorithm in [50], when the dual

variables n(t) are fived at zero, the constrained update law for block i simplifies to

R(2) = TIx, [2, — 7Vif ()] (8.78)
where
! (8.79)
N .. ' '
Tglg}X %le%? 215:1 |H2] (77)|

In [50], the asynchronous primal-dual algorithm is designed and analyzed for con-

vex functions f which satisfies Assumption 8.2.3, H satisfies Assumption 8.2.5,
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the constraint set X satisfies Assumption 8.2.1, and the algorithm itself satisfies
Assumption 8.4.2.
It is shown in [50, Theorem 2] that, for the dual variables fized, each mazimal

solution k — z1(k) to the asynchronous primal-dual algorithm satisfies
i ok ops(k) £ %
max [|21 (k) — 2o < ;" max |21, —a7o (8.80)

where ¢, == (1—~p) € [0,1) and z* € X denotes the fized point of the constrained
gradient descent update law, with the dual variables fixed. Comparing the constant
qp in (8.80) with the constant a, defined below (8.77), the primal convergence rate
of asynchronous primal-dual algorithm in [50] is faster than the convergence rate
of (Dasynes Gasync)-

Next, we compare the algorithms in simulation®. For this simulation, we utilize

an example with N = 10 agents with the objective function

3 N SN2 | NN ) X
z1) = EZ:ZI (21,1') 200 1211; (211 1,6 ) (8.81)
(2

for which p = 5. We also require that 2} ; € X; = [1,10] and 25 ; € X; = [1,10] for
eachi € V. We use the parameter value v = 0.3 for the step size of both algorithms,
which satisfies v € (O ) for (Dasync, Gasyne) in (8.71) and the defi-

nition of vy in (8.79) for the asynchmnous primal-dual algorithm in [50]. Addition-

) max max |HZZ z1)
i€V z1€

ally, we use the value A = 0.075 for (Dasync, G async), which satisfies A € (0, 4*). In
this example, both algorithms have a communication rate of 0.5 (i.e., each agent
has a 50% probability of communicating the latest update to another agent at each
iteration) and a computation rate of 1 (i.e., each decision variable has a 100%

probability of updating at each iteration). The initial conditions for (D async, Gasync)

6Code at github.com/HybridSystemsLab/MultiagentHBF.
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Figure 8.1: Comparing the effect of different computation rates on solutions,
for the objective function in (8.81) with the constraint set X; = [1,10]. Top: A
comparison of the evolution over time of |21 — 2*|, with (Dasync,; Gasync) on the left
and the asynchronous primal-dual algorithm in (8.80) on the right. Bottom: A
comparison of the evolution over time of |z (k) — 21 (k — 1)|, with (Dasync; Gasync)
on the left and the asynchronous primal-dual algorithm in (8.80) on the right.
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are 2! = ((10, 10, 10, 10, 10, 10, 10, 10, 10, 10) , (10, 10, 10, 10, 10, 10, 10, 10, 10, 10)),
for alli €V, and for the asynchronous primal-dual algorithm in [50] initial con-
ditions are z{yo = (10,10, 10, 10, 10, 10, 10, 10, 10, 10), for all i € V.

Figure 1.6 demonstrates marked performance improvement of (D asyncs Gasync)
over the asynchronous primal-dual algorithm, with (Dasync, Gasyne) finishing in 6
iterations and the asynchronous primal-dual algorithm finishing in 12 iterations.
In other words, (D async, Gasyne) converges twice as fast as the asynchronous primal-
dual algorithm. From this example, we see that although the theoretical conver-
gence bound of (Dasync, Gasyne) i (8.77) is slower than the convergence bound of
the asynchronous primal-dual algorithm in (8.80), such a bound on (D asyne, Gasync)
is quite conservative compared to its numerical performance.

For both algorithms, we also compare the effect of different computation rates,
while the communication rate is set at 1. Figure 8.1 compares both the evolu-
tion over time of |z — x*| and the distance between specific iterations, namely,
|z1(k) — z1(k — 1), for (Dasync, Gasyne) and the asynchronous primal-dual algo-
rithm in (8.80), with computation rates of 1, .75, .65, and .5. The objective
function, constraint set, parameter values, and initial conditions are the same as

those listed above, for Figure 1.6.
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Chapter 9

Conclusion

In this dissertation, we addressed several problems involving accelerated gra-
dient methods. The solutions to a subset of such problems were solved via the use
of hybrid system tools, while the solutions to athe remaining problem was solved
via discrete-time methods. In this chapter, we present a summary of the major

content and describe several potential future research directions.

9.1 Summary

In Chapter 3, we analyzed key properties of the ODEs in (1.1), (1.2), and
(1.5). First, for (1.2), we established UGAS of the minimizer and an exponential
convergence rate. Next, for (1.5), we established UGAS of the minimizer and a
convergence rate of @ Then, for (1.1), we established UGAS of the minimizer
for nonstrongly convex objective functions L, and we established exponential con-
vergence rates for both strongly and nonstrongly convex L. Finally, for (1.1), we
established almost global asymptotic stability of a local minimizer for nonconvex

Morse functions L.

In Chapter 4, we developed a hybrid algorithm uniting two heavy ball al-
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gorithms with properly designed A\, > 0 and v, > 0, using hybrid system tools.
Designed for C!, nonstrongly convex objective functions L with a single minimizer,
the algorithm renders the minimizer uniformly globally asymptotically stable, with
a hybrid exponential convergence rate, and with robustness. Two different sets
of switching rules were derived: one which uses measurements of L and VL, and
one in which only measurements of VL are used. Whereas the first set of switch-
ing rules requires knowledge of L*, the second set of switching rules requires no
knowledge of the minimizer.

In Chapter 5, we presented two algorithms, designed using hybrid system tools,
that properly unites Nesterov’s algorithm globally and the heavy ball algorithm
with large A > 0 locally to ensure fast convergence and uniform global asymptotic
stability of the minimizer, with robustness. The first such algorithm, designed
for C?, strongly convex objective functions L, has a hybrid convergence rate that
is exponential. The second such algorithm, designed for C', nonstrongly convex
objective functions L with a single minimizer, has a hybrid convergence rate of
ﬁ globally and exponential locally. Both algorithms use measurements of VL,
and neither algorithm requires knowledge of the minimizer.

In Chapter 6, we presented a general framework, designed using hybrid system
tools, for uniting local and global optimization algorithms, which allows either the
local and global controllers to be any accelerated gradient algorithm. We then
determined sufficient conditions for well-posedness, existence of solutions, and
uniform global asymptotic stability of the minimizer for the hybrid closed-loop
system. The framework allows for the optimization of objective functions that
are either C? and strongly convex, or C' and nonstrongly convex with a single

minimizer. We then outlined how some of the algorithms in Chapters 4 and 5

satisfy this framework.
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In Chapter 7, we developed a hybrid optimization algorithm, based on the
heavy ball ODE in (1.1), to ensure practical global attractivity to a neighborhood
of a local minimizer of a nonconvex Morse objective function L, even when the
state z € R? starts at a local maximizer. Designed using hybrid system tools, this
algorithm utilizes a switching strategy that uses measurements of the gradient of
L to detect whether the state z is near a critical point. If z is near a critical
point, the supervisor selects linear feedback to push the state away from such a
critical point. If z is far from a critical point, the supervisor selects the heavy ball
method to converge to a small neighborhood of a local minimizer. In simulation
we demonstrated the robustness of the algorithm to small noise in measurements
of VL.

In Chapter 8, we developed a totally asynchronous, block-based optimization
algorithm, utilizing the constrained heavy ball method, which guarantees fast con-
vergence to the unique minimizer of f. Specifically, we show that our algorithm
has an exponential convergence rate under the assumption that f is C2, convex,
and the Hessian of f is diagonally dominant. Although such an exponential con-
vergence rate is no better than the primal convergence rate, with a fixed dual
variable, in [50, Theorem 2] for the asynchronous primal-dual algorithm in [50],

nevertheless we demonstrate in simulation that our algorithm is twice as fast.

9.2 Future Directions

The results for the uniting algorithms and uniting framework in Chapters 4, 5,
and 6 could be extended to allow for nonstrongly convex objective functions with
a compact, connected continuum of minimizers via the modifications described in
Sections 3.1.3, 3.2.3, 4.5, and 5.2.10, namely, via the use of the Lyapunov functions

in (3.69) and (3.97) and the use of Clarke’s generalized derivative. The results in
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Chapters 4, 5, and 6 could also be further extended to allow for nonsmooth, non-
strongly convex objective functions L using such Lyapunov functions and Clarke’s
generalized derivative.

The uniting algorithms in Chapters 4 and 5 could be applied to machine learn-
ing problems, via backpropagation in a neural network. Another potential exten-
sion would be to make the uniting algorithms adaptive, i.e., learning parameters
such as A, 7, or the Lipschitz parameter M online.

The results for the uniting framework in Chapter 6 could be extended to allow
for more types of optimization algorithms to be used as either the local or global
controller, including gradient-free accelerated optimization schemes.

The results for the hybrid algorithm for nonconvex Morse functions L, in
Chapter 7, could be extended to allow for Morse functions L : R® — R. One
challenge in doing so would be to design a mechanism to detect when the state z;
is stuck in a saddle point, and then facilitate escape from such a saddle point. Some
possible mechanisms which could be utilized include the “gradient restart” scheme
in [81] or the “speed restart” scheme in [15], which restart when the momentum
is taking the state z in a bad direction (as determined by the momentum term
and the negative gradient making an obtuse angle).

Another possible method for extending the hybrid algorithm for nonconvex
Morse functions L, in Chapter 7, is as follows. In [82], it was shown that first
order methods!, such as the heavy ball method, almost always avoid strict saddle
points — namely, saddle points where the Hessian of the objective function admits
at least one direction of negative curvature; see [83]. Moreover, in [84], it was
shown that such an advantage could also be leveraged for non-strict saddle points

by regularizing the objective function when the state is in the vicinity of such a

n [82], the term “first order method” refers to gradient-based methods, since such methods
involve a gradient term.
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non-strict saddle point. To do so, a linear regularizer is chosen in [84], since it was
proved in [85] that such a regularizer also renders the objective function Morse.

Other extensions to the algorithm in Chapter 7 would be to investigate ways of
shrinking the parameters (1, 9, p1, p2) in real time, in order to actually converge
to the set A, and to analyze the impact of different settings for such parameters
on the performance of the algorithm. Moreover, the addition of stopping criteria
for the algorithm could be explored.

The results for the totally asynchronous, multiagent algorithm in Chapter 8
can be extended to allow for each decision variable to be such that (ziﬂ-, zgl) €

XZXXZCRmXRm

276



Appendix A

General Results on Hybrid

Systems

A.1 Existence of Solutions, Stability, and Invari-
ance

The following proposition, from [21], is used to prove the existence of solutions

to many of the the hybrid closed-loop algorithms proposed in this dissertation.

Proposition A.1.1. (Basic existence of solutions) Let H = (C, F, D, G) satisfy
Definition 2.1.1. Take an arbitrary x, € CUD. Ifx, € D or

(VC) there exists a neighborhood U of x, such that for every x € UNC,
Flz) N Te() £ 0,

then there exists a nontrivial solution x to H with x(0,0) = x,. If (VC) holds for

every x, € C'\ D, then there exists a nontrivial solution to H from every initial
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point in C'U D, and every x € Sy satisfies exactly one of the following conditions:
(a) x is complete;

(b) dom z is bounded and the interval 17, where J = sup; dom z, has nonempty
interior and t «— x(t, J) is a mazimal solution to & € F(x), in fact

limy,r|z(t, J)| = oo, where T' = sup, dom x;
(c) z(T,J) ¢ CUD, where (T, J) =sup dom z.
Furthermore, if G(D) C C'U D, then (¢) above does not occur.

The following definition, from [22, Definition 3.17], describes the basic prop-
erties that a function must satisfy to serve as a Lyapunov function for the hybrid

closed-loop algorithm H.

Definition A.1.2 (Lyapunov function candidate). The sets U, A C R", and the

function V : dom V' — R define a Lyapunov function candidate on U with respect

to A for the hybrid closed-loop system H = (C, F, D, G) if the following conditions
hold:

1. (CUDUG(D))UU C domV;
2. U contains an open neighborhood of AN (C'UDUG(D));
3. 'V is continuous on U and locally Lipschitz on an open set containing C NU;

4.V is positive definite on C U D U G(D) with respect to A.

The following theorem is used to prove the uniform global asymptotic stabil-
ity of the hybrid closed-loop system, via Lyapunov stability and an invariance

principle.
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Theorem A.1.3. (Hybrid Lyapunov theorem) Given sets U, A C R"™ and a func-
tion V : dom V — R defining a Lyapunov candidate on U with respect to A for
the closed-loop hybrid system H = (C, F, D, G), suppose

o H satisfies the hybrid basic conditions;

o A is compact and U contains a nonzero open neighborhood of A;

o V and AV satisfy

V(z) = sreng(x)<VV($),§> <0 VreCnu (A1)
AV (z) = Jnax V() —V(x) <0 Vee DNU (A.2)

Then A is stable. Furthermore, A is attractive and, hence, pre-asymptotically

stable if any of the following conditions hold:
1. Strict decrease during flows and jumps:

V(z) <0 Vo € (CNU)\A (A.3)

AV(z) <0 Ve e (DNU)N\A (A.4)

2. Strict decrease during flows and no instantaneous Zeno:

(a) V(z) <0 for each z € (CNU)\A,

(b) any instantaneous Zeno solution x to H where rge x C U converges to

A;
3. Strict decrease during jumps and no complete continuous solution:
(a) AV (z) <0 for each x € (D NU)\A,
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(b) any complete continuous solution x to H where rge x C U converges to

A;

4. Weak decrease during flows and jumps: for each x € U with r .=V (x) >0

there is no complete solution x to H, x(0,0) = x such that

rgex C{x : V(z)=r}nlU (A.5)

and the set U is the subset of the basin of pre-attraction.

Observe that, if the set A is pre-asymptotically stable via Theorem A.1.3 and
the Lyapunov function V' also has compact sublevel sets, namely, for each ¢y > 0,
{z : V(x) <cy }is compact, then the origin is globally pre-asymptotically stable.

The following result is used to show that, when a hybrid closed-loop algorithm
‘H has a set A globally asymptotically stable, then when H satisfies the hybrid

basic conditions, the set A is also uniformly globally asymptotically stable! for

H.

Theorem A.1.4. (Pre-asymptotic stability implies KL pre-asymptotic stability)
Suppose that the hybrid closed-loop system H satisfies the hybrid basic conditions
and that a compact set A is pre-asymptotically stable with basin of pre-attraction
BY. Then, BY is open and A is KL pre-asymptotically stable on BY for H;

namely, there exists a function € KL such that

£(0,0)] 4 < A (|2(0.0)] (.t +5)  ¥(t.j) € domz (A.6)

for each x € Sy (BY).

!Uniform global asymptotic stability allows an equivalent characterization involving a class-
KL function [21].
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For Proposition 3.2.8 and Theorem A.1.6 we use the following definition of

weak invariance, from [21].

Definition A.1.5 (Weak invariance). Given a hybrid system H, a set S C R" is

said to be

o weakly forward invariant if for every x, € S there exists at least one complete

x € Sy(xo) with rge x C S;

o weakly backward invariant if for every x, € S and every T > 0, there exists
at least one x € Sy(S) such that for some (t*,j*) € domz, t* + j* > T,
it is the case that x(t*,j*) = zo and z(t,5) € S for all (t,7) € domz with

t_‘l_jgt*_‘_j*}.

o weakly invariant if it is both weakly forward invariant and weakly backward

nvariant.

The following hybrid invariance principle, from [22, Theorem 3.23], is used

¢

to establish attractivity when only a “weak” Lyapunov function is available —
meaning that the function does not strictly decrease along both flows and jumps
of the hybrid system. It is also useful to check where particular solutions of interest

converge to.

Theorem A.1.6. (Hybrid Invariance Principle) Given a hybrid closed-loop sys-
tem H = (C,F,D,G) with state x € R" satisfying the hybrid basic conditions,
nonempty U C R™, and a function V : domV — R, suppose that A.1.2 is satis-
fied, and that (A.1) and (A.2) hold. With X := C U D UG(D), we employ the

following definitions:

Vi) ={zeX : V(z)=r} (A.7)
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VH0) = {zeC : V() =0} (A.8)

AVH0):={z e D : AV(z) =0} (A.9)

Let x be a precompact solution to H with tgex C U. Then, for some constant

reV(UNX), the following hold:

1. The solution x converges to the largest weakly invariant set in

Vi) nun Vo) u (AVH0) n G (AVTH0)))]; (A.10)

2. The solution x converges to the largest weakly invariant set in
V) nUNAVTH0) N G (AVH(0)) (A.11)

if in addition the solution x is Zeno;

3. The solution x converges to the largest weakly invariant set in
V() nuUnVH0) (A.12)

if, in addition, the solution x is such that, for some a > 0 and some J € N,
tiz1—1t; > a forall j > J; i.e., the given solution x is such that the elapsed
time between consecutive jumps is eventually bounded below by a positive

constant a.
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Appendix B

General Results on Totally
Asynchronous Multiagent

Algorithms

B.1 Totally Asynchronous Convergence

The general fixed point problem that pertains to Proposition B.1.2 below, and
which comes from [59], is described as follows. For i € {1,2,..., N} agents, let
X1,... Xy be subsets of the Euclidean spaces R™', ... R™~ respectively. Let

m=mq~+...+my, and let X C R™ be the Cartesian product
X=X x...x Xu. (B.1)

Accordingly, elements in X are written as N-tuples of their components, i.e.,

for z € X, we write

x = (x}, . ,x%) (B.2)
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where z! are the corresponding elements of X; for agents i € {1,2,..., N}. We as-
sume there is a notion of sequence convergence defined on X. Fori € {1,2,... N},
let the function ¢’ : X — X; be a given convergence algorithm, and let g : X — X

be the synchronous function defined by

9(z) = (9'(2), ..., 9" (2)) (B.3)

for all x € X. The problem is to find the fixed point of g, namely, an element
x* € X such that z* := g(a*).

Now, to describe a distributed asynchronous version of z¢ := g¢i(2%), i €
{1,2,...,N}. Let z(t) be the value of the i-th component at time ¢+ € N. We
assume there is a set of times t € N at which one or more components of z is
updated by some agent of a distributed system. We also assume there is a set of
times at which z! is updated. We assume that agent 7 might not have access to

the most recent value of the components of . Therefore, we assume that
it +1) =g (2(r](1), ..., 2 (7h (1)), (B.4)
for all ¢ in the set of update times for 7, where 7/(f) are times satisfying
0<T7(t) <t

for all t € N, and all £ € N. At all times ¢ not in the set of update times for 7, z°
is left unchanged, namely

Zi(t+ 1) = 2i(2). (B.5)

The set of times ¢ € N should be viewed as the indices of the sequence of physical

times at which updates take place. The sequence of physical times at which agent
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1 updates does not need to be known to any one agent, since their knowledge is
not needed to execute (B.4)-(B.5), namely, there is no need for a global clock. The
difference t — 7} (k) between the current time ¢ and the time 7/(t) corresponding
to the /-th component available at the agent updating z* can be viewed as a form
of communication delay.

Assumption 8.4.2 is imposed on the general asynchronous multiagent algorithm
described in (B.4)-(B.5). The following assumptions are also imposed on the

asynchronous algorithm in (B.4)-(B.5):
Assumption B.1.1 (Synchronous and box conditions). There is a
sequence of nonempty sets X(k) C X, k € N such that

L CX(k+1)CX(k)C...CA, (B.6)

satisfying the following conditions:
(M1) (Synchronous Convergence Condition)

(i) We have g(xz(k)) € X(k+1) for all k € N and all x € X (k).

(ii) Furthermore, if {xy}ren @S a sequence such that x € X (k) for all

k € N, then every limit point of {xy}ren is a fixzed point of g.

(M2) (Box Condition) For every k € N, there exist sets X;(k) C X;, such that

X(k) = Xy (k) x Xo(k) x ... x Xy(k). (B.7)

Note that the Synchronous Convergence Condition implies that the limit points
of sequences generated by the (synchronous) iteration x := g(x) are fixed points

of X(k), assuming the initial condition z, € A,.
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The following proposition, which comes from [59], establishes that the totally

asynchronous algorithm in (B.4)-(B.5) converges to a fixed point of g.

Proposition B.1.2. (Asynchronous Convergence) [59, Proposition 2.1, Chap-
ter 6]: Let Assumption 8.4.2 hold for the synchronous algorithm in (B.3) and let
zo € X, := X. Then, every limit point of the sequence {x(t)}en generated by
(B.4)-(B.5) is a fized point of g.

Proof. We show by induction that for each k € N, there is a time ¢, € N such

that:
(a) z € X(k) for all t > t;

(b) For all ¢ in the set of update times for agent i, with ¢t > ¢, and all i € N, we

have z'(t) € X(k), where
7' (t) = (21(r](1)), .., 2N (TR (1)) (B.8)

In words, after some time, all solution estimates will be in X'(k) and all estimates
used in iteration B.4 will come from X (k).

The induction hypothesis in (a)-(b) is true for & = 0, since the initial estimate
is assumed to be in X,. Assuming it is true for a given k, we will show that there
exists a time t,,; with the required properties. For each i € N, let t* be the first
element in the set of times at which agent ¢ is updated, such that ¢* > t;. Then,
by the Synchronous Convergence Condition in item (M1) of Assumption B.1.1,
we have g(z'(¢')) € X(k + 1). This implies, in view of the Box Condition in item
(M2) of Assumption B.1.1, that

it + 1) = gi(z' () € Xi(k +1). (B.9)
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Similarly, for every t in the set of update times for agent ¢ such that ¢ > ¢!, we
have zi(t+1) € X;(k+1). Between elements ¢ in the set of update times for agent

i, x(t) does not change. Thus,
zi(t) € Xi(k+ 1)) (B.10)

for all t > t' + 1.
Let t), := max;{t'} + 1. Then, using the Box Condition in item (M2) of
Assumption B.1.1, we have

z'(t) € X(k+1) (B.11)

for all ¢t > ).

Finally, since by Assumption 8.4.2, we have 7, — oo as t — oo, where ¢ is in
the set of update times for agent i, then we can choose a time t;,, > ¢, that is
sufficiently large so that 7/ > ¢} for all ,¢ € N and all ¢ in the set of update times
for agent i with ¢ > t;,.1. We then have z4(7{(t)) € Xy(k+ 1) for all ¢ in the set of
update times for agent ¢ with ¢ > t;,; and all / € N, which by the Box Condition

in item (M2) of Assumption B.1.1 implies that, at time ¢,

7'(t) = (24(i1), ... wi(Th(1)) € X(k +1) (B.12)

and the induction is complete. O
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Appendix C

General Results on Optimality

and Projection

C.1 Optimality Conditions and Projection The-
orem

In [59, Chapter 3, Proposition 3.1], necessary and sufficient conditions for a

vector © € X to be optimal are listed. They are as follows

Proposition C.1.1. (Optimality conditions): Let f satisfy Assumption 8.2.3 and

let X be nonempty, compact, and convex. Then, the following hold:

(01) If a vector & € X minimizes f over X, then (y—&, V(&) > 0 for all

yeX;

(02) If f is also convex on the set X, then the condition of part (O1) is also

sufficient for & to minimize f over X.

A useful property of projection is also stated in [59, Chapter 3, Proposi-
tion 3.2(b)-(c)], which is as follows.
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Proposition C.1.2. (Projection theorem, parts (b) and (c)): Let f satisfy As-

sumption 8.2.3 and let X be nonempty, compact, and convexr. Then,

(P1) Given some v € R", a vector u € X 1is equal to Ilx[v] if and only if
(y —u,v—u) <0 forally € X;

(P2) Ilx[v] is continuous and nonexpansive, that is, for all v,y € R",

[Mx[o] = Tx[y]] < v —yl.
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Appendix D

Code for Numerical Examples

Most of the numerical examples in this dissertation were simulated in MAT-
LAB, using the the Hybrid Equation (HyEQ) Toolbox version 2.0.4. The Hybrid
Equation (HyEQ) Toolbox can be downloaded for free from
https://www.mathworks.com/matlabcentral/fileexchange/
41372-hybrid-equations-toolbox-v2-04.

Code for each of the numerical examples simulated in MATLAB can be found

at the following GitHub repositories.

e Figure 1.1: github.com/HybridSystemsLab/UnitingMotivationHBF

Figure 1.2: github.com/HybridSystemsLab/UnitingMotivationSC

Figure 1.3: github.com/HybridSystemsLab/UnitingMotivation

Figure 1.4 and Example 5.2.7:

gitHub.com/HybridSystemsLab/UnitingTradeoff

Figure 1.5: github.com/HybridSystemsLab/RobustnessHeavyBall

Example 4.3.4: github.com/HybridSystemsLab/UnitinglevelSetsHBF
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e Fxample 4.4.5: github.com/HybridSystemsLab/UnitingRobustnessHBF
e Example 4.4.6: github.com/HybridSystemsLab/UnitingGradientsHBF
e Example 5.1.5: github.com/HybridSystemsLab/UnitingRobustnessSC
e Example 5.1.6: github.com/HybridSystemsLab/UnitingSC

e Lixample 5.2.5: gitHub.com/HybridSystemsLab/UnitingRobustness

e Example 5.2.6: gitHub.com/HybridSystemsLab/UnitingNSC

e Example 7.5.1: github.com/HybridSystemsLab/PGASHeavyBall

The numerical examples for the totally asynchronous heavy ball algorithm

were simulated using Python 3, with the following installed package and libraries.
e NumPy: https://numpy.org
e Matplotlib: https://matplotlib.org/
e Seaborn: https://seaborn.pydata.org/

Code for the numerical examples simulated in Python 3 can be found at the

following GitHub repository.

e Figure 1.6 and 8.1: github.com/HybridSystemsLab/MultiagentHBF

291



Bibliography

1]

Simon Michalowsky and Christian Ebenbauer. The multidimensional n-th
order heavy ball method and its application to extremum seeking. In 53rd
IEEE Conference on Decision and Control, pages 2660-2666, 2014.

Euhanna Ghadimi. Accelerating convergence of large-scale optimization algo-
rithms. PhD thesis, KTH Royal Institute of Technology, 2015.

Jia Liu, Atilla Eryilmaz, Ness B Shroff, and Elizabeth S Bentley. Heavy-
ball: A new approach to tame delay and convergence in wireless network
optimization. In IEEE INFOCOM 2016-The 35th Annual IEEE International
Conference on Computer Communications, pages 1-9. IEEE, 2016.

Gianluca Bianchin, Jorge I Poveda, and Emiliano Dall’Anese. Online opti-
mization of switched Iti systems using continuous-time and hybrid accelerated
gradient flows. arXiv preprint arXiv:2008.03903, 2020.

Marcello Colombino, Emiliano Dall’Anese, and Andrey Bernstein. Online
optimization as a feedback controller: Stability and tracking. [EEE Trans-
actions on Control of Network Systems, 7(1):422-432, 2019.

Sandeep Menta, Adrian Hauswirth, Saverio Bolognani, Gabriela Hug, and
Florian Dorfler. Stability of dynamic feedback optimization with applications
to power systems. In 2018 56th Annual Allerton Conference on Communica-
tion, Control, and Computing (Allerton), pages 136-143. IEEE, 2018.

Gianluca Bianchin and Fabio Pasqualetti. Gramian-based optimization for
the analysis and control of traffic networks. IEEE Transactions on Intelligent
Transportation Systems, 21(7):3013-3024, 2019.

Ronny Kutadinata, Will Moase, Chris Manzie, Lele Zhang, and Tim Garoni.
Enhancing the performance of existing urban traffic light control through
extremum-seeking. Transportation Research Part C: Emerging Technologies,
62:1-20, 2016.

292



[9]

[10]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

Euhanna Ghadimi, Hamid Reza Feyzmahdavian, and Mikael Johansson.
Global convergence of the heavy-ball method for convex optimization. In
14th IEEE FEuropean Control Conference, pages 310-315, 2015.

Stefano Sarao Mannelli and Pierfrancesco Urbani. Analytical study of
momentum-based acceleration methods in paradigmatic high-dimensional
non-convex problems. Advances in Neural Information Processing Systems,
34, 2021.

Guilherme Franca, Daniel P Robinson, and Rene Vidal. A dynamical sys-
tems perspective on nonsmooth constrained optimization. arXiv preprint
arXiv:1808.04048, 2018.

Michael Muehlebach and Michael Jordan. A dynamical systems perspective
on nesterov acceleration. In International Conference on Machine Learning,
pages 4656-4662. PMLR, 2019.

Boris Polyak and Pavel Shcherbakov. Lyapunov functions: an optimization
theory perspective. IFAC-PapersOnLine, 50(1):7456-7461, 2017.

Hedy Attouch, Xavier Goudou, and Patrick Redont. The heavy ball with
friction method, I. the continuous dynamical system: global exploration of the
local minima of a real-valued function by asymptotic analysis of a dissipative

dynamical system. Communications in Contemporary Mathematics, 2(01):1—
34, 2000.

Weijie Su, Stephen Boyd, and Emmanuel J Candes. A differential equation
for modeling nesterov’s accelerated gradient method: Theory and insights.
The Journal of Machine Learning Research, 17(1):5312-5354, 2016.

Walid Krichene, Alexandre Bayen, and Peter Bartlett. Accelerated mirror
descent in continuous and discrete time. Advances in neural information
processing systems, 28:2845-2853, 2015.

Andre Wibisono, Ashia C Wilson, and Michael I Jordan. A variational per-
spective on accelerated methods in optimization. Proceedings of the National
Academy of Sciences, 113(47):E7351-E7358, 2016.

Ashia C Wilson, Ben Recht, and Michael I Jordan. A lyapunov analysis of
accelerated methods in optimization. Journal of Machine Learning Research,
22(113):1-34, 2021.

Arman Sharifi Kolarijani, Peyman Mohajerin Esfahani, and Tamas Keviczky.
Continuous-time accelerated methods via a hybrid control lens. IEEE Trans-
actions on Automatic Control, pages 3425-3440, October 2019.

293



[20]

[21]

[27]

28]

Rafal Goebel, Ricardo G Sanfelice, and Andrew R Teel. Hybrid dynamical
systems. IEEE Control Systems, 29(2):28-93, 20009.

R. Goebel, R. G. Sanfelice, and A. R. Teel. Hybrid Dynamical Systems:
Modeling, Stability, and Robustness. Princeton University Press, New Jersey,
2012.

Ricardo G. Sanfelice. Hybrid Feedback Control. Princeton University Press,
New Jersey, 2021.

Boris T Polyak. Some methods of speeding up the convergence of itera-
tion methods. USSR Computational Mathematics and Mathematical Physics,
4(5):1-17, 1964.

Justin H Le and Andrew R Teel. Hybrid heavy-ball systems: reset methods
for optimization with uncertainty. In 2021 American Control Conference
(ACC), pages 2236-2241. IEEE, 2021.

Othmane Sebbouh, Ch Dossal, and Aude Rondepierre. Convergence rates
of damped inertial dynamics under geometric conditions and perturbations.
SIAM Journal on Optimization, 30(3):1850-1877, 2020.

Simon Michalowsky and Christian Ebenbauer. Extremum control of linear
systems based on output feedback. In 55th IEEE Conference on Decision
and Control, pages 2963-2968, 2016.

Laurent Lessard, Benjamin Recht, and Andrew Packard. Analysis and design
of optimization algorithms via integral quadratic constraints. SIAM Journal
on Optimization, 26(1):57-95, 2016.

Olivier Devolder, Francois Glineur, and Yurii Nesterov. First-order methods
of smooth convex optimization with inexact oracle. Mathematical Program-
ming, 146(1-2):37-75, 2014.

Nicolas Flammarion and Francis Bach. From averaging to acceleration, there
is only a step-size. In Conference on Learning Theory, pages 658-695, 2015.

Yurii E Nesterov. A method for solving the convex programming problem

with convergence rate O (1%2) In Dokl. Akad. Nauk SSSR, volume 269, pages
543-547, 1983.

Arman Sharifi Kolarijani, Peyman Mohajerin Esfahani, and Tamas Keviczky.
Fast gradient-based methods with exponential rate: A hybrid control frame-
work. In International Conference on Machine Learning, pages 27282736,
2018.

294



[32]

[36]

[37]

[38]

[39]

Jorge I Poveda and Na Li. Inducing uniform asymptotic stability in non-
autonomous accelerated optimization dynamics via hybrid regularization. In
2019 IEEE 58th Conference on Decision and Control (CDC), pages 3000—
3005. IEEE, 2019.

Andrew R Teel, Jorge I Poveda, and Justin Le. First-order optimization
algorithms with resets and hamiltonian flows. In 2019 IEEFE 58th Conference
on Decision and Control (CDC), pages 5838-5843. IEEE, 2019.

D. M. Hustig-Schultz and R. G. Sanfelice. A robust hybrid heavy ball al-
gorithm for optimization with high performance. In 2019 American Control
Conference (ACC), pages 151-156, 2019.

Jorge I Poveda and Andrew R Teel. The heavy-ball ODE with time-varying
damping: Persistence of excitation and uniform asymptotic stability. In 2020
American Control Conference (ACC), pages 773-778. IEEE, 2020.

Jelena Diakonikolas and Michael I Jordan. Generalized momentum-based
methods: A hamiltonian perspective. SIAM Journal on Optimization,
31(1):915-944, 2021.

Jorge I Poveda and Na Li. Robust hybrid zero-order optimization algorithms
with acceleration via averaging in time. Automatica, 123:109361, 2021.

Bryan Van Scoy, Randy A Freeman, and Kevin M Lynch. The fastest known
globally convergent first-order method for minimizing strongly convex func-
tions. IEEE Control Systems Letters, 2(1):49-54, 2017.

Boya Sun, Jemin George, and Solmaz Kia. High-resolution modeling of the
fastest first-order optimization method for strongly convex functions. In 2020
59th IEEE Conference on Decision and Control (CDC), pages 4237-4242.
IEEE, 2020.

SK Zavriev and FV Kostyuk. Heavy-ball method in nonconvex optimization
problems. Computational Mathematics and Modeling, 4(4):336-341, 1993.

Sébastien Gadat, Fabien Panloup, Sofiane Saadane, et al. Stochastic heavy
ball. Electronic Journal of Statistics, 12(1):461-529, 2018.

Peter Ochs, Yunjin Chen, Thomas Brox, and Thomas Pock. ipiano: Inertial
proximal algorithm for nonconvex optimization. SIAM Journal on Imaging
Sciences, 7(2):1388-1419, 2014.

Thomas Pock and Shoham Sabach. Inertial proximal alternating linearized
minimization (ipalm) for nonconvex and nonsmooth problems. SIAM Journal
on Imaging Sciences, 9(4):1756-1787, 2016.

295



[44]

[45]

[46]

[54]

Radu Ioan Bot, Erné Robert Csetnek, and Szilard Csaba Léaszl6. An inertial
forward—backward algorithm for the minimization of the sum of two noncon-
vex functions. FEURO Journal on Computational Optimization, 4(1):3-25,
2016.

Tom Strizic, Jorge I Poveda, and Andrew R Teel. Hybrid gradient descent
for robust global optimization on the circle. In 2017 IEEE 56th Annual
Conference on Decision and Control (CDC), pages 2985-2990. IEEE, 2017.

Matina Baradaran, Jorge I Poveda, and Andrew R Teel. Stochastic hybrid
inclusions applied to global almost sure optimization on manifolds. In 2018
IEEE Conference on Decision and Control (CDC), pages 6538-6543. IEEE,
2018.

Tzuu-Shuh Chiang, Chii-Ruey Hwang, and Shuenn Jyi Sheu. Diffusion for
global optimization in R™. SIAM Journal on Control and Optimization,
25(3):737-753, 1987.

Hongbin Wang and Paul C Miller. Scaled heavy-ball acceleration of the
richardson-lucy algorithm for 3d microscopy image restoration. IEEE Trans-
actions on Image Processing, 23(2):848-854, 2013.

Peter Ochs, Thomas Brox, and Thomas Pock. ipiasco: inertial proximal
algorithm for strongly convex optimization. Journal of Mathematical Imaging
and Vision, 53(2):171-181, 2015.

Katherine Hendrickson and Matthew Hale. Towards totally asynchronous
primal-dual optimization in blocks. arXiv preprint arXiv:2004.05142, 2020.

John Tsitsiklis, Dimitri Bertsekas, and Michael Athans. Distributed asyn-
chronous deterministic and stochastic gradient optimization algorithms.
IEEF transactions on automatic control, 31(9):803-812, 1986.

Yurii Nesterov. Introductory lectures on convex optimization, vol. 87, 2004.

Jingzhao Zhang, César A Uribe, Aryan Mokhtari, and Ali Jadbabaie. Achiev-
ing acceleration in distributed optimization via direct discretization of the
heavy-ball ode. In 2019 American Control Conference (ACC), pages 3408
3413. IEEE, 2019.

Huaqing Li, Huqgiang Cheng, Zheng Wang, and Guo-Cheng Wu. Dis-
tributed nesterov gradient and heavy-ball double accelerated asynchronous

optimization. IEEE Transactions on Neural Networks and Learning Systems,
32(12):5723-5737, 2020.

296



[55]

[56]

Annie I Chen and Asuman Ozdaglar. A fast distributed proximal-gradient
method. In 2012 50th Annual Allerton Conference on Communication, Con-
trol, and Computing (Allerton), pages 601-608. IEEE, 2012.

Daniel E Ochoa, Jorge I Poveda, César A Uribe, and Nicanor Quijano. Ro-
bust optimization over networks using distributed restarting of accelerated
dynamics. IEEE Control Systems Letters, 5(1):301-306, 2020.

Alex Olshevsky. Linear time average consensus and distributed optimization
on fixed graphs. SIAM Journal on Control and Optimization, 55(6):3990—
4014, 2017.

Dusan Jakoveti¢, Joao Xavier, and José MF Moura. Fast distributed gradient
methods. IEEE Transactions on Automatic Control, 59(5):1131-1146, 2014.

Dimitri P Bertsekas and John N Tsitsiklis. Parallel and distributed compu-
tation: numerical methods, volume 23. Prentice hall Englewood Cliffs, NJ,
1989.

Dimitri P Bertsekas. Distributed asynchronous computation of fixed points.
Mathematical Programming, 27(1):107-120, 1983.

Stefan Hochhaus and Matthew T Hale. Asynchronous distributed optimiza-
tion with heterogeneous regularizations and normalizations. In 2018 IFEE
Conference on Decision and Control (CDC), pages 4232-4237. IEEE, 2018.

Matthew Ubl and Matthew T Hale. Totally asynchronous distributed
quadratic programming with independent stepsizes and regularizations. In
2019 IEEE 58th Conference on Decision and Control (CDC), pages 7423—
7428. TEEE, 2019.

MT Hale and Magnus Egerstedt. Cloud-based optimization: A quasi-
decentralized approach to multi-agent coordination. In 53rd IEEE Conference
on Decision and Control, pages 6635—6640. IEEE, 2014.

Matthew T Hale, Angelia Nedi¢, and Magnus Egerstedt. Asynchronous mul-
tiagent primal-dual optimization. IEEFE Transactions on Automatic Control,
62(9):4421-4435, 2017.

Jayash Koshal, Angelia Nedi¢, and Uday V Shanbhag. Multiuser optimiza-
tion: Distributed algorithms and error analysis. SIAM Journal on Optimiza-
tion, 21(3):1046-1081, 2011.

Stephen Boyd and Lieven Vandenberghe. Convexr Optimization. Cambridge
University Press, 2004.

297



[67]

[68]

[73]

[74]
[75]

Dmitriy Drusvyatskiy and Adrian S Lewis. Error bounds, quadratic growth,
and linear convergence of proximal methods. Mathematics of Operations
Research, 2018.

Hamed Karimi, Julie Nutini, and Mark Schmidt. Linear convergence of gra-
dient and proximal-gradient methods under the polyak-tojasiewicz condition.
In Joint European Conference on Machine Learning and Knowledge Discov-
ery in Databases, pages 795-811. Springer, 2016.

Ion Necoara, Yu Nesterov, and Francois Glineur. Linear convergence of first

order methods for non-strongly convex optimization. Mathematical Program-
ming, 175(1-2):69-107, 2019.

Ji Liu and Stephen J Wright. Asynchronous stochastic coordinate descent:
Parallelism and convergence properties. SIAM Journal on Optimization,
25(1):351-376, 2015.

A. S. Kolarijani, P. M. Esfahani, and T. Keviczky. Continuous-time accel-
erated methods via a hybrid control lens. IEEE Transactions on Automatic
Control, 65(8):3425-3440, 2020.

Michele Audin and Mihai Damian. Morse Theory and Floer Homology.
Springer, 2014.

Ron Larson, Robert Hostetler, and Bruce H Edwards. Calculus: Farly tran-
scendental functions. Houghton MifHin, 4th edition, 2007.

Frank H Clarke. Optimization and nonsmooth analysis. STAM, 1990.

Ricardo G Sanfelice, Rafal Goebel, and Andrew R Teel. Invariance principles
for hybrid systems with connections to detectability and asymptotic stability.
IEEFE Transactions on Automatic Control, 52(12):2282-2297, 2007.

R Tyrrell Rockafellar and Roger J-B Wets. Variational analysis, volume 317.
Springer Science & Business Media, 2009.

H. K. Khalil. Nonlinear Systems. Prentice Hall, Upper Saddle River, New
Jersey, 3 edition, 2002.

Chi Jin, Rong Ge, Praneeth Netrapalli, Sham M Kakade, and Michael I
Jordan. How to escape saddle points efficiently. In Proceedings of the 34th
International Conference on Machine Learning-Volume 70, pages 1724-1732.
JMLR. org, 2017.

Othmane Sebbouh, Charles Dossal, and Aude Rondepierre. Nesterov’s accel-
eration and polyak’s heavy ball method in continuous time: convergence rate
analysis under geometric conditions and perturbations. July 2019.

298



[30]

[31]

Gabriel Behrendt and Matthew Hale. Technical report: A totally asyn-
chronous algorithm for tracking solutions to time-varying convex optimization
problems. arXiv preprint arXiv:2110.06705, 2021.

Brendan O’donoghue and Emmanuel Candes. Adaptive restart for accelerated
gradient schemes. Foundations of computational mathematics, 15(3):715-732,
2015.

Jason D Lee, loannis Panageas, Georgios Piliouras, Max Simchowitz,
Michael I Jordan, and Benjamin Recht. First-order methods almost always
avoid strict saddle points. Mathematical programming, 176(1):311-337, 2019.

Rong Ge, Furong Huang, Chi Jin, and Yang Yuan. Escaping from saddle
points—online stochastic gradient for tensor decomposition. In Conference
on learning theory, pages 797-842. PMLR, 2015.

Matthew Ubl, Kasra Yazdani, and Matthew T Hale. Linear regularizers
enforce the strict saddle property. arXiv preprint arXiv:2205.09160, 2022.

John Milnor. Lectures on the h-cobordism theorem, volume 2258. Princeton
university press, 2015.

299



	List of Figures
	List of Tables
	List of Symbols
	Abstract
	Dedication
	Acknowledgments
	Introduction and Motivation
	Overview of the Work
	Uniting Heavy Ball Algorithms for Performance Improvement
	Related Work
	Motivation
	Contributions

	Uniting Nesterov's Method and the Heavy Ball Method for Performance Improvement
	Related Work
	Motivation
	Contributions For Strongly Convex L
	Contributions For Nonstrongly Convex L

	A Uniting Framework for Performance Improvement
	Related Work
	Motivation
	Contributions

	Hybrid Optimization for Nonconvex Problems
	Related Work
	Motivation
	Contributions

	A Totally Asynchronous, Block-Based Heavy Ball Algorithm for Convex Optimization
	Related Work
	Motivation
	Contributions

	Organization

	Preliminaries
	Hybrid Systems
	Optimization
	Morse Theory
	Nonsmooth Lyapunov Functions
	Mean Value Theorem
	Properties of Sets
	Difference Inclusions

	Accelerated Gradient Algorithms Modeled as Dynamical Systems
	Nesterov's Accelerated Gradient Descent Modeled as a Dynamical System
	Strongly Convex L
	Nonstrongly Convex L
	Extensions of the Results for Nonstrongly Convex L

	The Heavy Ball Method Modeled as a Dynamical System
	Strongly Convex L
	Nonstrongly Convex L
	Extensions of the Results for Nonstrongly Convex L
	Nonconvex L


	Uniting Heavy Ball Algorithms
	Problem Statement
	Modeling
	Uniting Heavy Ball Methods Using Measurements of L and L
	Design of the Sets U0 and T1,0
	Design of the Parameter q
	Well-posedness of the Hybrid Closed-Loop System H
	Existence of solutions to H
	Main Result
	Numerical Example

	Uniting Heavy Ball Methods Using Measurements of L
	Design of U0
	Design of T1,0
	Design of T0,1
	Well-posedness of the Hybrid Closed-Loop System H
	Existence of solutions to H
	Main Result
	Numerical Examples

	Extensions

	Uniting Nesterov's Method and the Heavy Ball Method
	Strongly Convex L
	Problem Statement
	Modeling
	Design of U0
	Design of T1,0
	Design of T0,1
	Design of the Parameter 
	Well-posedness of the Hybrid Closed-Loop System H
	Existence of Solutions to H
	Main Result
	Numerical Examples

	Nonstrongly Convex L
	Problem Statement
	Modeling
	Design of the Set U0
	Design of the Set T1,0
	Design of the Set T0,1
	Well-posedness of the Hybrid Closed-Loop System H
	Existence of Solutions to H
	Main Result
	Numerical Examples
	Extensions


	Uniting Framework for Accelerated Optimization
	Problem Statement
	Hybrid Uniting Framework for Accelerated Gradient Methods
	Modeling
	Design
	Basic Properties of H

	Examples for Applying the framework
	Uniting Heavy Ball Algorithms
	Uniting Nesterov's Method and the Heavy Ball Method for Strongly Convex L
	Uniting Nesterov's Method and the Heavy Ball Method for Nonstrongly Convex L

	Uniting Other Gradient Algorithms

	Hybrid Accelerated Optimization for Nonconvexity
	Problem Statement
	Design
	Hybrid System Model of the Proposed Algorithm
	Main Result
	Numerical Example

	Accelerated Multiagent Optimizaton
	Problem Statement
	Synchronous Heavy Ball
	Modeling
	Results for Algorithm 6

	Synchronous, Double-Update Heavy Ball
	Modeling
	Results for Algorithm 7

	Asynchronous, Double-Update Heavy Ball
	Modeling
	Forward Invariance of (XX)N for Algorithm 8
	Convergence rate of Algorithm 8

	Numerical Example

	Conclusion
	Summary
	Future Directions

	General Results on Hybrid Systems
	Existence of Solutions, Stability, and Invariance

	General Results on Totally Asynchronous Multiagent Algorithms
	Totally Asynchronous Convergence

	General Results on Optimality and Projection
	Optimality Conditions and Projection Theorem

	Code for Numerical Examples
	Bibliography



