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Abstract
Essays on Econometrics of Dyadic Data
by
Fengshi Niu
Doctor of Philosophy in Economics
University of California, Berkeley

Professor Bryan S. Graham, Chair

Many important social and economic variables are naturally defined for pairs of agents (or
dyads). Examples include trade between pairs of countries (e.g., Tinbergen, 1962), input
purchases and sales between pairs of firms (e.g., Atalay et al., 2011), research and devel-
opment (R&D) partnerships across firms (e.g., Konig et al., 2019) and friendships between
individuals (e.g., Christakis et al., 2020). Dyadic data arises frequently in the analysis of
social and economic issues. See Graham (2020a) for many other examples and references.
While the statistical analysis of network data began almost a century ago, rigorously justified
methods of inference for dyadic or network statistics are only now emerging (cf., Goldenberg
et al., 2010).

This dissertation studies statistical inference problems of dyadic data. Throughout I focus
on target parameters of fundamental theoretical and applied interest. These include density
functions, regression functions, density-weighted average derivatives, and coefficients in linear
regressions. Dyadic data exhibits a distinct kind of local dependence property: i.e., any
random variables of dyads that share one or two indices/agents may be dependent. The
four chapters of this dissertation develop a broad set of theoretical results for estimation
and inference of nonparametric, parametric, and semiparametric models for dyadic data and
present generic and in some cases surprising implications of the local dependence.

In Chapter 1 I study nonparametric estimation of density functions for undirected dyadic ran-

dom variables (i.e., random variables defined for all n = (];[ ) unordered pairs of agents/nodes
in a weighted network of order N). In this setting, I show that density functions may be
estimated by an application of the kernel estimation method of Rosenblatt et al. (1956) and
Parzen (1962). I suggest an estimate of their asymptotic variances inspired by a combination
of (i) Newey’s (1994) method of variance estimation for kernel estimators in the “monadic”
setting and (ii) a variance estimator for the (estimated) density of a simple network first
suggested by Holland and Leinhardt (1976). More unusual are the rates of convergence and



asymptotic (normal) distributions of these dyadic density estimates. Specifically, I show
that they converge at the same rate as the (unconditional) dyadic sample mean: the square
root of the number, N, of nodes. This differs from the results for nonparametric estimation
of densities and regression functions for monadic data, which generally have a slower rate
of convergence than their corresponding sample mean. Then I study the robustness of the
normality-based and the bootstrap-based inference procedures. Since the distribution of this
kernel density estimator depends on both the unknown presence/absence of dyadic depen-
dence and the bandwidth choice, successfully approximating its distribution under a wide
range of scenarios is both nonstandard and especially desirable. Toward this goal, T first
establish the robustness of the normality-based inference by showing that the consistency
of variance estimator and asymptotic normal approximation are valid under both depen-
dence regimes with both commonly used and small-bandwidth asymptotics (Cattaneo et al.,
2014b). Then, I establish asymptotic inconsistency of a wide class of generalized bootstrap
(tailored toward U-statistics) in this setting. Finally, I propose a simple modification of
the bootstrap procedure and show its consistency holds robustly. The chapter ends with a
semiparametric efficiency bound calculation for density estimation and shows that the kernel
density estimator achieves optimal asymptotic variance. Section 1.1, 1.2, 1.3 of this chapter
are joint work with Bryan Graham and James Powell.

In Chapter 2 I study nonparametric estimation of regression functions for directed dyadic
data. Let ¢« = 1,..., N index a simple random sample of units drawn from some large
population. For each unit, researchers observe the vector of regressors X; and, for each of the
N (N — 1) ordered pairs of units, an outcome Y;;. The outcomes Y;; and Y}, are independent
if their indices are disjoint, but dependent otherwise (i.e., “dyadically dependent”). Let
Wi = (X{,X ]’-)/; using the sampled data I seek to construct a nonparametric estimate

of the mean regression function g (Wj;) Y E[Y;;| X;, X;]. I present two sets of results.
First, I calculate lower bounds on the minimax risk for estimating the regression function
at (i) a point and (ii) under the infinity norm. Second, I calculate (i) pointwise and (ii)
uniform convergence rates for the dyadic analog of the familiar Nadaraya-Watson (NW)
kernel regression estimator. I show that the NW kernel regression estimator achieves the
optimal rates suggested by the risk bounds when an appropriate bandwidth sequence is
chosen. This optimal rate differs from the one available under iid data: the effective sample
size is smaller and dy = dim(W;;) influences the rate differently. This chapter is joint work
with Bryan Graham and James Powell.

In Chapter 3 I study estimation of the density-weighted average derivative for directed dyadic
data. This parameter is of substantial practical interest as it is proportional to the coefficients
in single index models (Powell et al., 1989), which encompasses various models of limited
dependent variables. Besides carefully setting up the directed dyadic single index regression
model with both monadic and dyadic explainable variables, the main contributions of this
chapter are extending the kernel-based estimator of the density-weighted average derivatives
from the “monadic” iid setup (e.g. Stoker, 1986; Powell et al., 1989; Newey and Stoker, 1993)



to directed dyadic data and proving its robust asymptotic normality (asymptotic normality
holds under both nondegeneracy and degeneracy and across a wide range of bandwidth
sequences) using asymptotic quadratic approximation. This robust asymptotic normality
result presents an interesting contrast between this kernel-based semiparametric estimator
and the sample mean of dyadic data, which exhibits asymptotic non-normality when dyadic
dependence is absent and whose uniform nonconservative inference procedure does not exist
(Menzel, 2021). This chapter marks the start of my analysis of estimation of semiparametric
models for dyadic data, which is continued in the next chapter.

In Chapter 4 I study error components models of dyadic data, of which a major motivation
is separating the monadic and dyadic components of variation. The development parallels
that of error components with panel data: I progressively enrich the random effect model
by going from being without covariates to being with covariates and from homoskedasticity
to multiplicative heteroskedasticity. Throughout enriching the models, I focus on estimating
the coefficients in a linear regression, which includes both monadic and dyadic explanatory
variables. To understand the nature of the estimation problem under different error compo-
nents models, I study the performance of intuitive OLS estimators, propose more efficient
estimators, calculate the asymptotic efficiency bounds (Cramér-Rao lower bound, CRLB),
and compare the efficiency bounds to variances of the estimators. Under homoskedasticity,
I prove the sample mean, which converges at rate O(N~'/2), and least square estimator

with double-differencing operation, which converges at rate O ((];/ )_1/2>, achieve the CRLB

and are asymptotically efficient for estimating the marginal expectation and the coefficients
of dyadic variables in a linear regression respectively. Under unknown multiplicative het-
eroskedasticity, [ show that the intuitive two-step semiparametric generalized score estimator
for estimating the linear regression coefficients, which is a natural extension of the classical
feasible generalized least square estimator (FGLS) for linear regression with heteroskedas-
ticity for the “monadic” iid data, is not adaptive to the unknown heteroskedasticity. Its
convergence rate is faster than that of the OLS estimator, O(N~1/2), but slower than the

rate suggested by CRLB, O ((12V ) 71/2) . This result makes a distinction from a familiar result

in the monadic iid setting, i.e. a two-step semiparametric generalized score estimator often
indeed achieves adaptivity and CRLB in iid setting. The gap between the performance of
the best available estimator and the CRLB suggests that for this estimation problem with
dyadic data either there exists a better estimator that is adaptive and achieves the CRLB,
or there is a tighter efficiency bound. I point this gap out for further research.



To my parents, Xiuqin Jia and Xiangchen Niu
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Chapter 1

Estimating the Density of A Dyadic
Random Variable !

1.1 Introduction and Summary

Many important social and economic variables are naturally defined for pairs of agents (or
dyads). Examples include trade between pairs of countries (e.g., Tinbergen, 1962), input
purchases and sales between pairs of firms (e.g., Atalay et al., 2011), research and devel-
opment (R&D) partnerships across firms (e.g., Konig et al., 2019) and friendships between
individuals (e.g., Christakis et al., 2020). Dyadic data arises frequently in the analysis of
social and economic networks. In economics, such analyses are predominant in, for example,
the analysis of international trade flows. See Graham (2020a) for many other examples and
references.

While the statistical analysis of network data began almost a century ago, rigorously
justified methods of inference for network statistics are only now emerging (cf., Goldenberg
et al., 2010). In this chapter, we study nonparametric estimation of the density function of a
(continuously-valued) dyadic random variable. Examples included the density of migration
across states, trade across nations, liabilities across banks, or minutes of telephone conver-
sation among individuals. While nonparametric density estimation using independent and
identically distributed random samples, henceforth “monadic” data, is well-understood, its
dyadic counterpart has, to our knowledge, not yet been studied.

Holland and Leinhardt (1976) derived the sampling variance of the link frequency in a
simple network (and of other low order subgraph counts). A general asymptotic distribu-
tion theory for subgraph counts, exploiting recent ideas from the probability literature on
dense graph limits (e.g., Diaconis and Janson, 2008; Lovéasz, 2012), was presented in Bickel
et al. (2011).2 Menzel (2021) presents bootstrap procedures for inference on the mean of a
dyadic random variable. Our focus on nonparametric density estimation appears to be novel.

1Section 1.1, 1.2, 1.3 of this chapter are joint work with Bryan Graham and James Powell.
2See Nowicki (1991) for a summary of earlier research in this area.
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Density estimation is, of course, a topic of intrinsic interest to econometricians and statisti-
cians, but it also provides a relatively simple and canonical starting point for understanding
nonparametric estimation more generally.

We show that an (obvious) adaptation of the Rosenblatt et al. (1956) and Parzen (1962)
kernel density estimator applies to dyadic data. While our dyadic density estimator is
straightforward to define, its rate of convergence and asymptotic sampling properties, depart
significantly from its monadic counterpart. Let N be the number of sampled agents and n =
(];7 ) the corresponding number of dyads. Estimation is based upon the n dyadic outcomes.
Due to dependence across dyads sharing an agent in common, the rate of convergence of our
density estimate is (generally) much slower than it would be with n i.i.d. outcomes. This rate
of convergence is also invariant across a wide range of bandwidth sequences. This property
is familiar from the econometric literature on semiparametric estimation (e.g., Powell, 1994).
Indeed, from a certain perspective, our nonparametric dyadic density estimate can be viewed
as a semiparametric estimator (in the sense that it can be thought of as an average of
nonparametrically estimated densities).

We also explore the impact of “degeneracy” — which arises either when dependence across
dyads vanishes or when the bandwidth sequence is small — on our sampling theory; such
degeneracy features prominently in Menzel’s (2021) innovative analysis of inference on dyadic
means. To address the concern of degeneracy, we incorporate both the traditional and the
small-bandwidth asymptotics (Cattaneo et al., 2014b) and show that variance estimator
and inference based on asymptotic normality are consistent both under nondegeneracy and
degeneracy.

To further explore the impact of degeneracy on the inference problem, we study the
behavior of a class of generalized bootstrap procedures tailored toward U-statistics and
show bootstrap failure in our setting. More specifically, bootstrap procedures consistent
in the nondegenerate case when the bandwidth is large are strictly conservative in either
the degenerate case or cases with small bandwidth. The conservativeness is severe in the
sense that the confidence interval based on the bootstrap approximation is at least 40%
wider than the percentile interval based on the true distribution of the estimator. This
vanilla version of bootstrap-based inference is hence much less robust compared to inference
based on normal approximation. We then propose a simple algorithmic fix to get a robust
bootstrap and prove its consistency in all scenarios. The robust bootstrap uses a multiple
of the original bandwidth to generate bootstrap samples. The multiplier factor depends on
a specific weight used in the generalized bootstrap and can be calculated analytically. We
think bootstrapping the kernel density estimator provides a relatively simple and canonical
starting point for understanding bootstrapping nonparametric estimators for dyadic data
more generally.

We then calculate the efficient influence function and the optimal asymptotic variance
for estimating the density under degeneracy and verify that the kernel density estimator is
asymptotically efficient. The calculation is based on reducing the problem to the traditional
iid setting by inspecting a particular submodel and then leverage existing theory on efficient
influence function.
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In what follows, section 1.2 presents the setup and assumptions. Section 1.3 shows the
rate of convergence, consistent variance estimation, and asymptotic normality results for
the kernel density estimator. Section 1.4 shows bootstrap failure and presents a robust
generalized bootstrap procedure that works. Section 1.5 calculate the efficient influence
function and the optimal asymptotic variance. Section 1.6 contains proofs of results in the
main text.

1.2 Setup and Assumptions

We use a nonparametric model of dyadic variables. Let ¢ = 1,..., N index a random sample
of N individuals. An undirected pair of individuals is called a dyad. {A;,..., Ay} is an
individual level random sample and {V;;,1 <1i < j < N} is a dyad level random sample. We
assume these two are independent. n = (g ) total number of dyads have their corresponding
scalar outcomes {W;;,1 <i < j < N}, where

VVZ‘]‘ = W(Az,AJ,‘/;]) (1]_)

To keep a coherent undirected setup, the function W is assumed to be symmetric w.r.t. its
first two arguments, i.e. W(aq,az,v) = W(az,as,v) for any as, aq,v, and Vj; = V;; so that
Wj = W(A;j, A;, Vi;) = W (A, A;, V};). The statistician observes {W;;,1 <i < j < N} only.

In what follows we directly maintain (1.1), however, it also a consequence of assuming
that the infinite graph sampled from is jointly exchangeable (Aldous, 1981; Hoover, 1979).
Joint exchangeability of the sampled graph W = [WW;;] implies that

Wyl = [Wer)] (1.2)
for every m € II where w : {1,...,N} — {1,..., N} is a permutation of the node indices.
Put differently, when node labels have no meaning we have that the “likelihood” of any
simultaneous row and column permutation of W is the same as that of W itself.?> See
Menzel (2021) for a related discussion.

The object of interest is the marginal density fy of W;; at point wy, i.e.

fw (wo).

This marginal density fu (wo) of W;; can be estimated using an immediate extension of
the kernel density estimator for monadic data first proposed by Rosenblatt et al. (1956) and
Parzen (1962):

N

fwx(w) = (2)1szl i KNy ij(wo),

i=1 j=i+1

3For W = [W;;] the N x N weighted adjacency matrix and P any conformable permutation matrix

Pr(W <w)=Pr(PWP <w)

N
for allWEW:R(2).
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wo—Wi;
hy )"
function. hy is the vanishing bandwidth and K is a fixed kernel function. A discussion of
the motivation for the kernel estimator fW(w) and its statistical properties under random
sampling (of monadic variables) can be found in Silverman (1986, Chapers 2 & 3).

In the following we will omit subscripts W, N, hy to save notation when there is no
confusion. For example, we will often use K;; to denote Ky, .ij(wo). We will use the
following assumptions of the model. They are meant to define the scope of our study.

The kernel density estimator of fy (wp) is

fwx(w) = (];[) _UVZ_I i KN i (Wo),

i=1 j=i+1

where Ky py.ij(wo) = h]’le ( hy is the vanishing bandwidth and K is a fixed kernel

wo—W;,

where Ky i (wo) = hiy' K ( L)
function. In the following, we will omit subscripts W, N, hy to save notation when there

is no confusion. For example, we will often use K;; to denote Ky p, ij(wo). We will use the
following assumptions of the model. They are meant to define the scope of our study.

hy is the vanishing bandwidth and K is a fixed kernel

Assumption 1.2.1 (Model). (a) (Marginal Density) Wi, is absolutely continuous
with density fw. fw(wo) > 0. fw is continuously differentiable with derivative fj, .
fiy is L-Lipschitz, i.e. |f{y (w1) — fiy (we2)| < L|lw; — ws| for any wy, wy € R.

(b) (Conditional Density) Let fiya(w|a) be the conditional density of W;; given A; = a.
Assume the conditional density exists. For all a, fia(wl|a) is continuously differen-
tiable in w and its first derivative is L-Lipschitz. fy4 is bounded by a constant M,
i.e. sup,, fwa(wla) < M < oo.

Note that this model nests two special cases. Special case 1: W;; = W(A4;,A,) is a
deterministic function of individual-level random variables. It does not depend on the dyad
level idiosyncratic terms V;;. Special case 2: W;; = W(V;;) is a function of the dyad level
idiosyncratic terms V;; only. It does not depend on the individual-level terms A;, A;. The
following analysis will work well for all cases. The key dichotomy of the problem will be

Var (fija (wo|A1)) > 0 or Var (fi(a (wo|A1)) = 0.

We will refer to the case in which Var ( fira (wo|A1)) > 0 as the nondegenerate case and
the case in which Var (fW‘A (wolAl)) = 0 as the degenerate case. To save notation, we
will use €; to denote Var (fia (wo|A;)) from here on

Qy = Var (fwa (wol A1) -

Here is the reason why this variance drives the nature of the estimation problem. {2; pins
down the magnitude of the Hajék projection. If it is zero, the remainder terms of the Hajék
projection will be the leading term and the U-type statistic is degenerate. Special case 2
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is a representative example of the degenerate case. Since dyadic dependence is absent (in
first order) under degeneracy, variance of the estimator and convergence rate could have
qualitatively different magnitude. Our analysis will take care of this degeneracy.

We will use the following standard assumptions of the kernel throughout.

Assumption 1.2.2 (Kernel). K integrates to one, i.e. [ K(u)du = 1. K is even, ie.
K(u) = K(—u) for any v € R. K is bounded, i.e. sup,|K(u)] < M. K has bounded
support, i.e. K(u) =0 for any |u| > M.

Note that symmetry of the kernel implies the kernel is orthogonal to the first-order
polynomial, i.e. [uK(u)du = 0. We do not require the use of a higher-order kernel. Given
the assumption of boundedness of conditional density, the assumptions of boundedness and
bounded support conditions of the kernel ensure the integrability of all generic moments
that matter in later analysis. These assumptions are not essential as they can be replaced by
directly imposing relevant integrability conditions. For example, Gaussian kernel, which has
rapidly vanishing tails, would ensure integrability in many cases. Even though it does not
strictly satisfy our assumptions, our results will still hold for it with some rare exceptions.

The purpose of the following assumption is to ensure consistency of the estimator.

Assumption 1.2.3 (Consistency). The sequence of bandwidth hy satisfies N2 < hy <
1.

Here ay < by means §% — 0 as N — oo for the two sequences {an} and {by}. Note

this assumption is both necessary and sufficient for consistency. In the following, we will
explicitly impose additional bandwidth conditions for relevant results.

1.3 Kernel Density Estimator: Rate of Convergence,
Consistent Variance Estimation, Asymptotic
Normality

We develop results on the rate of convergence, consistent variance estimation, and asymp-
totic normality in this section. These results also serve as a warm-up for the discussion
of the bootstrap-based inference. Our results incorporate both degenerate case and small-
bandwidth range.

Bias, Variance, and Consistency

Examining the bias and especially variance of the estimator is the most instructive way
to understand its behavior and appreciate the concern of degeneracy and small bandwidth
range. We will present the results first and follow them with the key calculation steps.

Theorem 1.3.1. If assumptions 1.2.1, 1.2.2, and 1.2.3 hold and
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~

(a) (Bias) Bias ( fW<w0)) —E [ fW<w0)] ~ flwe) = O (h2).
(b) (Variance)

17 e — .
J?VEVar(fW(wo)):{N (1 N1 )491+() hy'Qe + O (N"24+ N7RZ)  if Q>0

(N R+ O (N2 4 N-1hd) fQ=0"
(1.3)
where €)1 = Var <f5V|A(wO|A1)> and Qs = fw(wo) [ K*(u)du
(c) (Consistency)
; _ J O(hy+ N+ N2h}) if Q1 >0
MSE ( fiv(wo) ) = { O (hYy + N7UhL + N“2hyl)  ifQ =0 (1.4)

And the estimator is consistent fy (w) 5 fw (wo).

Proofs can be found in the appendix. Here is the sketch of the variance calculation, which
resembles variance calculation of a U-statistic.

o) e () ')
-(3

) ST Cov(Kiy, Kig)
( > K ) Var (Ki2) + N(N = 1)(N — 2) Cov (K1g, K13)
N

11<J1 12<j2
N—-—1)""(N=-2)4 Q5+ NN -1)""hy' 20N, (1.5)

where 2 v = hy Var (Kj3) converges to €y and Qy y = Cov (Kjg, Ki3) converges to 2.
The third equality follows elementary counting and the fact that K ; and Kj,;, sharing
zero index are independent.

To further appreciate the results in the nondegenerate case, provided that Q;(wg) # 0
(i.e. the nondegenerate case) and the bandwidth sequence hy is chosen such that

Nh — oo, Nh*t =0 (1.6)

as N — oo, we get that

MSE ( fir(w)) = o (%) +0 (%) o <%>
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and hence that )
m(fw(wo) — fw(wo)) = Op(l)-

In fact, the rate of convergence of fyy (wp) to fuy (wo) will be v/N as long as Nh* < C' < Nh
for some C' > 0 as N — o0, although the mean-squared error will include an additional bias
or variance term of O(N~1) if either Nh or (Nh*)~! does not diverge to infinity.

To derive the MSE-optimal bandwidth sequence, we minimize (1.4) with respect to its
first and third terms, this yields an optimal bandwidth sequence of

by =0 (N—%) .

This sequence satisfies condition (1.6) above.
Interestingly, the rate of convergence of fy(wg) to fw(wo) under condition (1.6) is the
same as the rate of convergence of the sample mean

—_def 1
L )

to its expectation pypy o E[W;;] when E[W?] < oco. Similar variance calculations to those
for f,,(wo) yield (see also Holland and Leinhardt (1976) and Menzel (2021))

Var(IW) = O (%) +0 (WM(E][VW“ 'Ai])>

of3).

provided E[IV;;|A;] is non-degenerate, yielding

VNI = ) = 0,(1).

Thus, in contrast to the case of i.i.d monadic data, there is no convergence-rate “cost”
associated with nonparametric estimation of fy (wg). The presence of dyadic dependence,
due to its impact on estimation variance, does slow down the feasible rate of convergence
substantially. With iid data, the relevant rate for density estimation would be n*® when
the MSE-optimal bandwidth sequence is used. Recalling that n = O (N?), the VN rate we
find here corresponds to an n'/* rate. The slowdown from n?/® to n'/* captures the rate of
convergence costs of dyadic dependence on the variance of our density estimate.

The lack of dependence of the convergence rate of fy (wy) to fi(wo) on the precise
bandwidth sequence chosen is analogous to that for semiparametric estimators defined as
averages over nonparametrically-estimated components (e.g., Newey, 1994). Defining K, déf
Kij, the estimator fy (wg) can be expressed as

A~

N
(o) = 5 3 Fwtalun|Ay),
i=1
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where
N

~ def 1
fW|A<wO|Ai) = m Z Kij-
J#i,j=1
Holding i fixed, the estimator fW|A(w0|Ai) can be shown to converge to fya(wo|A;) at the
nonparametric rate v/ N h, but the average of this nonparametric estimator over A; converges

at the faster (parametric) rate v/ N. In comparison, while

i=1
for
def 1 N
E[VVZ]|AZ] = N—1 Z Wl]a
J#iLj=1

the latter converges at the parametric rate v/ N, and the additional averaging to obtain W
does not improve upon that rate.

In the degenerate case (i.e. €; = 0), the convergence rate of the estimator could be faster
than v/N because the covariance of terms sharing a single index M n = Cov(K;;, Ky) van-
ishes to zero as IV goes to infinity. In the extreme case where W;; = W (A4;, A;,Vi;) = W*(Vi;),
Wijs are independent from each other and the density estimation problem of “dyadic” vari-
ables reduces to the standard density estimation problem of n iid variables. In this case,
the problem is truely “nonparametric” in the sense that we rediscover the optimal non-
parametric rate of convergence MSE(fi (wo)) = O(n™5) by setting the optimal bandwidth

*N =0 ( N—2/5)

Variance Estimation

To quantify the uncertainty of the estimator fy/(wy), we need a con-
sistent estimator of its variance. Motivated by the variance expression

-2 . ...
UJZV = (];) Zz’1<j1 qug d(’é1;]1,’é27j2) Cov (Km’l, Kigjz) ,  where d(7'17jlaz27j2) =
1 (i1 =ig or iy = jy or j; =iy or j; = ja), we propose the following analog estimator

o = (Z) - Z Z d(i1, j1, %2, J2) (Ki1j1 — fw(w0)> (Kim - fw(w0)> -

11<J1 12<J2

The following theorem gives us a consistency result that holds under degeneracy and small
bandwidth range.

Theorem 1.3.2 (Consistent Variance Estimation). If assumptions 1.2.1, 1.2.2, 1.2.3
hold, and hy < N~'*, then
~2
ON
% = 1 —f- Op(l).
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Notice this theorem holds under a broad range of bandwidth sequences N72 < hy <
N-Y* for both degenerate and non-degenerate case. The proof starts by rewriting the
estimator as

oy = (];[) _22 > " d(ir, jr, iz, o) (Ki1j1 - fW(wo)) (Km‘g - fw(wo))

11<Jit2<j2

=N YN -1)"HN =24y +NYN-1)" hy'2 Q. (1.8)

where

. N\ KK + Kii K + Kin K .
e () (St )

iy 3
1<j<k

. N\t .

Qo n = (2) ;hNKZ'Qj - thI%V(wO)'
i<j

This expression mirrors the variance expression (1.5). It proceeds by showing the discrepancy
Qy n — €1 and Qy x — €25 goes to zero fast enough under the assumptions on the bandwidth
sequence. See the detail of the proof in the appendix.

Asymptotic Normality

The following theorem ensures asymptotic normality of fW(wo) for both nondegenerate and
degenerate cases and for both standard and small bandwidth range.

Theorem 1.3.3 (Asymptotic Normality). If assumptions 1.2.1, 1.2.2, 1.2.3 hold, and
hy < N72/5 then

o3t (Flwn) = fir(wo)) = N(O, 1),

The proof of theorem 1.3.3 uses martingale CLT. The martingale structure is constructed
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by arranging terms in Hoeffding decomposition carefully.

ot ~Bun) = (3) X 3

=1 j=i+1
=N~ 22 (K| Ai] — BK ;) (1.9)
N —-1N—-1 N
+ (2> > (K Kij|Ai] = E[KGj|Aj]l + EKy)
=1 j=i+1

N~'2D M N FE
it 9 Z
=1

where D; = IE[ Al — EKy;, By = Ky — E[K;|A)] — E[Kj|Aj] + EKyj, and Yy, =
N~12D; + ( ) ZZ ! Ej;. The first equahty is by definition. The second equality is the
Hoeffding decomposntlon of U-statistics. The third and fourth equality reveals the martingale
structure. More precisely, let F; = o (Ay, ..., A;, Vi, 1 <k <1<1i) be a filtration. Then
E [D;|Fi—1] = 0, E[E;;|Fi—1] = 0,Vj < i, hence E[Yy,;|Fi—1] = 0. The sequence (Yy;,i =
1,..., N) therefore is a martingale adapted to (F;,7 = 1,...,N). Applying the martingale
CLT in Hall and Heyde (1980) gives the desired normality result for the centered statistic
fw (wo) — Efyw (wo). The under-smoothing bandwidth assumption iy < N~2/5 ensures the
bias Efy (wo) — fw (wo) is of smaller order. Together these implied the asymptotic normality
result. See the proof in the appendix.

To better appreciate the result, remember Menzel (2021) shows that under degeneracy,
the limit distribution of the sample mean, W, equation (1.7), may be non-Gaussian. This
occurs because the second-order terms in the Hoeffding decomposition of W dominate the
variation under degeneracy and could be asymptotically non-Gaussian (as is familiar from
the theory of U-Statistics, e.g., Chapter 12 of Van der Vaart (2000)).

The situation is both more complicated and simpler here. In the case of the estimated
density fW (wp), due to the presence of the vanishing bandwidth, Liaponuv condition, an
important condition for the martingale CLT

N
MY E[VE] S0,
=1

continues to hold under degeneracy. It follows then # ( fur (wo) — fw (w0)> continues to be

normal in the limit. This result ensures the normality based inference methods is robust.
Namely, the following Wald-based confidence interval

CI( fw (wo)) := [fur(wo) — (1 — &/2) - G, fw(wo) + (1 — o/2) - 6],
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where ® is the cdf of standard normal, is asymptotically consistent with coverage probability
1 — « under the assumptions of theorem 1.3.3.

1.4 Bootstrap Failure and Robust Generalized
Bootstrap

In this section, we review a general class of weighted bootstrap for U-statistic, show its
inconsistency for estimating the distribution of our estimator by a detailed variance calcu-
lation, and propose a simple fix. We then show the bootstrap consistency of the modified
bootstrap procedure. The corresponding bootstrap statistic is preferable both analytically
and computationally.

Generalized Bootstrap

Bootstrapping U-statistics has a well-developed line of literature (see e.g. Bickel and Freed-
man (1981), Arcones and Gine (1992), Janssen (1994), Mccullagh (2000), Owen (2007),
Menzel (2021), Bose and Chatterjee (2018), and Levin and Levina (2019)). A unifying
class of weighted bootstrap statistics proposed by Bose and Chatterjee (2018) encompasses
most state-of-the-art specific proposals. To be concrete, let’s consider a generic second-order

U-statistic Uy = (sz)fl SV Z;.V:Hl Hy (X;,X;). Its corresponding weighted bootstrap

statistic is then
N\ LY N
Ub = (2) > AngHy (X X5),

i=1 j=i+1

where the weights satisfy the following assumption.

Assumption 1.4.1 (Weights). (Ay;,1 < i < j < N) € R(2) is a vector of random
weights independent from the observed data. It satisfies

(a) Exchangeability in the sense that (AN,ﬂ—(l)ﬂ—(2), e 7AN,Tr(1)7r(N)7 AN77-I—(2)7T(3)7 e ,AN’ﬂ—(Q)ﬂ—(N), el
Az (n-1)x(n)) has the same distribution for all permutation 7 of {1,..., N}

(b) EANJQ:,U,N—)1 as N — oo

(c) Var (Ani2) = vn2 — v, Cov(Ani2, Ani3) = vng — v1, Cov (Ania, Ange) =
vno — 0, where vy, v; > 0 are positive constants.

Multiple ways of extending bootstrap statistic of sample mean in iid setting to U-statstic
setting are special cases lying in this class. Product weights of the form Ay;; = Ay;An,;
with (An1,...,Ax ) ~ Mult(XV, %, e %) is an analog of Efron’s nonparametric bootstrap.
An analog of Bayesian bootstrap is (An1,...,Anx ) ~ N -Dirichlet(N,1,...,1). Both cases

satisfy assumption 4 with v, = 3,v; = 1. Additive weights of the form Ay ;; = Ay +Apn;—1
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with (Ay1,...,Axn) ~ Mult(V, %, e %) corresponds to pigeon-hole bootstrap. This case

satisfies assumption 4 with vy = 2, v; = 1.

Inconsistency of Generalized Bootstrap

We will write down the generalized bootstrap statistic of the centered kernel density estimator
and show its inconsistency by comparing its conditional variance to the variance of the kernel
density estimator. More specifically, bootstrap consistent in the nondegenerate case when
the bandwidth is large is strictly conservative in either the degenerate case or cases with
small bandwidth. The conservativeness is severe in the sense that the confidence intervals
based on these bootstrap approximations are at least 40% wider than the percentile interval
based on the true distribution of the estimator.

As notation we use P,[E, Var to denote probability, expectation, variance under P and
use P*,[E*, Var* to denote the conditional probability, expectation, variance under the con-
ditional probability given Fy = o (4;, Vjy,1 <i < N, 1 <j <k <N).
 Consider the following exchangeably weighted bootstrap statistics of the centered statistic
v —Efn

~ . A N —-1N-1 N -
(fN,hN — EfN,hN> = (2) Z Z ANij (KN pnii — KNy ,-) s

i=1 j=i+1

We use K N,hy,- to denote fN in this context in order to emphasize it is a sample average.
The most instructive way to understand the behavior of the weighted bootstrap statistic
is to inspect its conditional variance.

Lemma 1.4.1. If assumptions 1.2.1, 1.2.2, 1.2.3, 1.4.1 hold and hy < N~Y*, then

Var™ ((fN,hN - EfN,hN)A) = (N_l (1 - ﬁ) 4 v + (];)_ h' Qs - U2> (L4 0p(1)).

(1.10)

The proof of the result is in the appendix. The proof uses basic variance expansion and
convergence results used in the proof of theorem 1.3.2, consistency of the variance estimator.

Armed with this lemma and theorem 1.3.3, we are ready to state the the bootstrap
inconsistency result.

Theorem 1.4.2 (Bootstrap Inconsistency). If assumptions 1.2.1, 1.2.2, 1.2.3, 1.4.1 hold
. . A
and hy < N=Y* and if the bootstrap is consistent, i.e. on (fNth —]EfN,hN> }FN ~p

N(0,1), in the nondegenerate case when hy > N7, then it is inconsistent both in the
nondegenerate case when h << N~1 and in the degenerate case.
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Proof. A necessary  condition  for  bootstrap  consistency is  the ra-

. . A
tio of the  conditional  variance  Var® ( ( Inny —Efnn N) ) in  equa-

tion (1.10) to the variance 0% =  Var (fN,hN(w0)> in  equation (1.3)

1 M 1 N\
<N_1 <1 — m) 491 U1 -+ <2> h&lQQ ‘UQ) / (N_l (1 - m) 4Q1 + <2> h]_VlQQ)

should converge in probability to 1. Both equations hold under the assumptions. We can
check for what kind of weight regimes the limit of the ratio is 1 under different scenarios.
In the nondegenerate case when hy > N1, the limit of the ratio being 1 would imply
v; = 1. In either the nondegenerate case when hy << N~! or the degenerage case, the
limit of the ratio being 1 would imply ve = 1, However, vy = 1 and v, = 1 can never
happen together. To see this, notice by the definition of v; and v, for any constant integer k,

Un2 UN1 UNnNo '+ UNp
vy U1 UN1 UN2 UN1 - - UNp AN
U1 Vg . Uno UN1 UN2 - - UNp . Anas
= lim ' ' ’ ' = lim Var )
Uy N—oo : : N—o0
. . . . . AN kkt1
U1 U2/ o : . . . U kk+
UNo UNOo UNO " UN1 UN2/ . .

is positive semidefinite. Specificaly, kvy — 2(k — 1)v; = limy_,o, Var (Zle(—l)iAii+1> > 0.

This means vy > (2 — %)vl for any positive integer k. Taking the limit gives us vy > 2vy.
This implies for example, if v; = 1, then vy > 2 and vy # 2. (This bound is sharp since it is
attained by for example additive multinomial weights.) This means there exists no weight
regimes satisfying bootstrap consistency simultaneously in both cases. [

Here is the intuition behind this bootstrap failure. The variance Var ( PNy (wo)) is a

summation of dyad specific variance and the covariance due to node sharing as shown in
equation (1.5). In the nondegenerate case when hy > N~! the covariance due to node
sharing is dominating. Bootstrap consistency in this case requires the bootstrap weights to
exhibit a similar dependence structure with covariance due to node sharing. As a side effect,
this class of dependent weights will necessarily capture too much dyad specific variance.
This is not a problem in this case per se because the contribution of dyad specific variance
is infinitesimal in the limit. However, this is a serious problem both in the nondegenerate
case when hy << N~! and in the degenerate case, where the contribution of dyad specific
variance is first-order. A serious upward bias will show up. In this situation, the “best”
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weights would be those achieving the lower bound vy = 2vy, e.g. additive weights, so that
this upward bias is the smallest.

Roughly speaking, bootstrap consistency in the first case requires weights to exhibits
nondegenerate U-type dependence in the limit; bootstrap consistency in the second case
requires weights to exhibits independence (or equivalently degenerate U-type dependence)
in the limit. The set of weights satisfying both is empty.

Robustness in the sense of consistency across all cases is not achievable by any weight
regimes. However, it is achievable by altering the bootstrapped terms through altering the

bandwidth used to construct them. This idea first shows up in a remark in Cattaneo et al.
(2014a).

Modification: Bootstrapping with a Constant Multiple Bandwidth

We propose a simple algorithmic fix to get a robust bootstrap consistent in all scenarios. This
robust bootstrap uses a multiple of the original bandwidth to generate bootstrap samples.
The multiplier factor depends on a specific weight used in the generalized bootstrap and can
be calculated analytically.

Consider the following modified bootstrap statistic

A A A A 1AL )
(fN,h;V —EfN,h'N> = (2) Z Z AN@] KN, i KN,h;V,..)-

=1 j=i+1
This is exactly the previously discussed bootstrap statistic with a different bandwidth, A’y .

V2, N
By = —="hy
U1,N

is a multiple of hy with a known weight-specific multiplier ng . Plugging this bandwidth
into equation (1.10) gives us the conditional variance

ar* (ho/ —Eho/ >A = N_l 1-— L 491 U1 + N _1h QQ Uy - UlN
o o N -1 2 Vo,N
(1+0p(1))
= Var <JEN,hN — ]EfN,hN) V1.

This means this bootstrap statistic has consistent conditional variance simultaneously across

all cases for weights with v; = 1. Enlarging the bandwidth by a ratio of Qx reduces the

dyad specific variance while retains the covariance contribution. This prec1se1y cancels out
the previously discussed upward bias. We summarize this result in the following lemma.

Lemma 1.4.3. If assumptions 1.2.1, 1.2.2, 1.2.3, 1.4.1 hold and hy < N~*,, and v; = 1,
o o A o o
then Var® ((fN,h’N — EfN,hQV) ) — Var (fN,hN - EfN,hN) (14 0,(1)).
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Robust Bootstrap Consistency

We will show consistency of the modified bootstrap statistic with the following additive
weights.

Assumption 1.4.2 (Additive Multinomial Weights). The weights (Ay;;,1 < @ <

j S N) is of the additive form AN,ij = AN,i + ANJ‘ — 1 with (ANJ,..., N,N)
Mult(N, %, ..., %)

Bootstrap with additive multinomial weights enjoys both analytical convenience and
computational efficiency due to the following algebraic relation.

R R A N —-1N-1 N )
(fN’th B EfNMV) - (2) Z Z (Ani+An; —1) (KN,h;V,ij - KN,hgv,..)
i=1 j=i+1
N — _
=N A2 (Kngi — Ko (1.11)
i=1

where KN7h9V7i' = (N — 1)_1 Z];ﬁl KN,h%],ij'

Expression (1.11) reveals the same probabilistic structure as the well-studied nonpara-
metric bootstrap in iid setting. The bootstrapped object here is the empirical Hajek pro-
jection in the sense that 2 (KNJ%V:Z“ — KNJL?V"') in the expression is an empirical analog of
terms 2 (E (K;;|A4;) — E(K;;)) in the actual Héjek projection (1.9). This interpretation is
intuitively appealing in its own right. Moreover, this expression enables directly applying
probability results of the iid setting, which simplifies the asymptotic analysis.

In terms of computation, expression (1.11) implies that the time complexity and space
complexity of sampling this bootstrap statistic B times are O (N(B + 1) + N?) and O(N)
as shown in Bose and Chatterjee (2018). Those of bootstrap with general weights are
O (N%*(B +1)) and O (N?), both of which are significantly improved under additivity.

. . A
In what follows we will prove consistency of using the distribution of < Inny, —Efnw, >

to estimate the distribution of the original estimation error fN,hN — f. The key technical
tool behind this proof is what we call conditional Lindeberg-Feller central limit theorem.

Theorem 1.4.4 (Conditional Lindeberg-Feller CLT). Let Fy be a sequence of
o—algebra. If

1. Xn1,...,XNky are random wariables conditionally independent given Fy with
E[Xnm|Fn] =0, m=1,2,... ky

2. ZfLE [XJQ\I,1|IN] ~p 1

3. For all e > 0, Zle E[|Xni*1 (| Xni| > €) | Fn] ~, 0,
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then S, = 321" X4 has Sp|Fy ~» N(0,1) in the sense that for anyt € R, P (S, < t|F,) ~,
D ().

This theorem says if the triangular array X, 1,..., X, s, satisfies the conditions of the
classic Lindeberg-Feller CLT conditional on some information set Fp, then the sum S, =
2?21 X, given F weakly converge to the standard normal distribution in probability. The
proof of the theorem relies on a subsequence argument.

Proof. Denote Qn(t) = P(Sy <t|Fy), VWw = ZfﬁlE [ XR iy [ Fn], and Tn(e) =
SN B [| Xl *1 (| X > €) [Fn]. We will prove that for any ¢t € R, Qu(t) ~, ® (t) by
a subsequence argument. Since for any fixed ¢, Qn(t) ~», ® (¢) if and only if for every sub-
sequence @ n(m)(t) there is a further subsequence Qn(m,)(t) that converges almost surely to
® (t), we can focus on proving the latter in order to prove the former.

For any fixed sequence of indices N(m), condition 2 and 3 imply that there is a subse-
quence N(my) and E with P(E) = 1 s.t. Viy(m,) — 1 and for all € > 0, Tiy(m,)(€) — 0 on
E. Lindeberg-Feller CLT for Qnm,) on E implies Qy(m,)(t) = ® () on E. In other word,

QN(mp) (1) = @ (t). We've proved the latter. Hence, for any ¢t € R, Qn(t) ~, ® (). O

To use the conditional Lindeberg-Feller CLT, the first thing we do is writing the statis-
A

tic oy fN,h’N —E fNﬁEv) as a sum of conditionally independent random variables given

realization of the data.

—1 r P A N 1 s _
ON <fN,h'N - EfN,hg\{) = ZO’N 2 <Kth§\ni' = KN7h§V7..) : (1.12)
i=1
where K}s are independent uniform draws with replacement from K., K., ..., Ky.. This

rewriting uses the special structure of multinomial weights. The RHS term has similar
stochastic nature as a generic statistic from nonparametric bootstrap in the iid setting.

Theorem 1.4.5 (Robust Bootstrap Consistency). If assumptions 1.2.1, 1.2.2, 1.2.3,
1.4.1, 1.4.2 hold and hy < N~2/>, then

. . A
o' <fN,h’N - EfN,h%,) ’FN ~ N(0,1), (1.13)
which together with the asymptotic normality of the original estimator implies bootstrap con-

P (UNl <fN,h’N - EJEN,h;V)A < t) - P (0&1 (fN,hN - f) < t)

%o

sistency sup;cp

Proof. We will verify the three conditions of theorem 1.4.4 (conditional Lindeberg-
Feller CLT) to prove the weak convergence of (1.12). The conditioning information
here is Fy = 0(A;,Vi,1<i <N, 1<j<k<N). The triangular array is Xy, =

-1 [k I
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The first condition, conditional independence and mean zero, holds by the definition of

I_(j{,’h,N’i,s and E ([_(;,’h,N’i. — I_(N7h3w..|}"N> = ZZN:l % <I_(]’(,’h§v’i, — KN»%;»“) = (0. The second
condition, convergence of conditional variance in probability, is established in lemma 1.4.3.
The third condition, conditional Lindeberg’s condition in probability, is verified by moment
calculations in lemma 1.6.4 in the appendix. Since all three conditions are satisfied, theorem

1.4.4 implies the weak convergence in probability (1.13). O

1.5 Efficient Influence Function and Optimal
Asymptotic Variance

Now that we have developed an in-depth understanding of a specific estimator, the kernel
density estimator, we will take one step further and find out the efficiency bound of this
density estimation problem across all possible estimators. The following theorem rigorously
derives the efficient influence function under nondegeneracy, £2; # 0, and shows that the
kernel estimator is asymptotically efficient.

Theorem 1.5.1 (Efficient Influence Function and Optimal Asymptotic Variance). If as-
sumption 1.2.1 holds and the problem is nondegenerate, 2y # 0, then the efficient influence
function for estimating fu (wo) is

U(a) =2+ [fwa(wo|A = a) — fuw(wo)]

and the optimal asymptotic variance is 4 Var (fW|A(w0|A = a)). If in addition assumptions
1.2.2, 1.2.2 holds and N™' < hy < N7%/°, the kernel density estimator is asymptotically
efficient.

Proof. Imagine the situation where we observe (Ap,...,Ay) in addition to
(Wij,1<i<j<N). Since the set of estimators as a function of the infeasible hy-
pothetical data (Ay,..., Ay, W;;,1 < i < j < N) is larger than the set of estimators as
a function of the actual data (W;;,1 < i < j < N), the asymptotic efficiency bound of
the former serves as a lower bound of that of the latter. We will work with the former
set of estimators to get the efficiency bound and then show that the bound obtained are
achievable by sequences of estimators using only the actual data (W;;,1 < i < 7 < N),
which concludes the proof.

To start the discussion, let’s index the full nonparametric model by the pair (PA, Py 4 A).
P, denotes the distribution of A. Pyja4 denotes the conditional distribution of W;;|A;, A;.
We denote the full model by

P = {P(PA,PWMA) : Assumption 1.2.1 is satisﬁed} )

The first step of calculating the efficiency bound is reducing the problem to the familiar iid
setting by a sufficiency argument. Consider the following submodel with a fixed and known
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primitive Pyjaa = Pwiaao

P(Pwiaap) = {P(PA,PW‘AA) €P: Pwjaa = PW|AA,0} ,

where the conditional distribution of Wi, given A;, A is fixed and known. This submodel
is indexed by P4, which is the only unknown. Since for every (ai,...,an) and Pja, the
conditional distribution of (Ay,..., Ay, W;;,1 < i < j < N) under P<P P

Ay W|AA,0)

(A1,...,Ay) = (ai,...,ay) does not depend on Pa, (Ay,...,Ayn) is a sufficient statistic
for P(Pwiaao) (or for (Ay,..., Ay, Wi;,1 < i < j < N)). As a result, for any estimator
as a function of (Ay,..., An,W;;,1 < i < j < N), there exists a (random) estimator as a
function of (Ay,..., Ay) only with the same distribution. Hence, for the purpose of getting
distributional properties of estimators, working with estimators as a function of (A;,..., Ay)
only is completely general in this submodel. Notice this means we are back in the iid setting
in the sense we are looking at the set of estimators which are functions of iid random variables
(A1,...,Ay) and the only unknown is P4. We can use all the machinery developed for iid
data to get an efficiency bound among estimators which are functions of (Ai,..., Ay) for
estimating fy (wp) in this submodel.

In the submodel P (Pyyja4,0) with the data (Ay, ..., Ay), write the estimand fi (wo) as
a function of the unknown primitive Py

given

Jur(wo) = v (Pa) = ~= / / P yano(wlar, as)dPa(ay)dPa(as).

dww wo

Take a directional derivative of the parameter v with respect to h — Py

5 (Py) (h — PA)—d’ v (Pa+t(h— Py))

i
_dit il wo(//PW|AAO wlay, as)

d(Pa+t(h— Pa)) (a1)d (Ps +t(h — Fy)) (aQ))
2 [ ] [ Prasolwlasax)dPa@)d(h - Pa) )

_ / 2 fuia(wol A = a)d (h — Pa) (as)
= Ph—PA¢7

where 9(a) = 2fwja(wo|A = a) is identified as the influence function. Since the model is
nonparametric in the sense P4 can be any probability law on the sample space, the tangent
set at P4 consists of all measurable functions g satisfying [ gdP4s = 0. The efficient influence
function, which is the projection of influence function ¥ (a) onto the tangent set, is

Y(a) =Y(a) —Eyp(A) =2 [fW|A(w0|A =a) — fw(wo)].
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An estimator is efficient if and only if it has the asymptotic linear expansion o (P4) = v (P4)+
N—1/2 vazl Up, (A;) + op (N~1/2). Under assumption 1.2.2, 1.2.3, and N~! < hy < N~/
the kernel density estimator has exactly this asymptotic linear expansion. This implies the
kernel density estimator is asymptotically efficient in any submodel P(Pyjaa,0) and it is
asymptotically efficient in the full nonparametric model P. [J

1.6 Appendix: Proofs

This Appendix contains proofs of results in the main text of Chapter 1.

Proof of Theorem 1.3.1
Proof.  (a)

A

E [ fW(wo)} — EKy

(o)
:/h 1K( hN )fw(s)ds

_ / K (u) fur(wo — hyw)du

_ / K (u) [ (wo) — fly (wo — hya)hu] du

- /K (u) [fw(wo) = fiy (wo)hwu + O (hyu?)] du
= fw(wo) + O (hy) .

The third equality uses change of variable u = “-=. The fourth equality follows mean

value theorem guaranteed by continuous dlfferentlablhty of fw. The fifth equahty
follows Lipschitz condition of f};,. The last equality follows the fact that [ K (u)u du =
0 because K (u) = K(—u). Integrability of all terms are guaranteed by boundedness of
K and fy and the bounded support assumption on the kernel K.
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=it [ @) Uivn) = fiy o ~ b)) da
=it [ @) [wun) = iy (o) + O] du
(o) / K (w)]2 du — fly (wo) / K ()P du+ O(hy)

= h]_vlfw(wo) / K?(u)du + O(1).

Plug it into the definition of Q2 y.
. 2
Qg}N = hNE |:K122] — hNE |:fw(’LU0):|

- {th Fur (10) / K (u)]? du + 0(1)} i [f (o) + 0 (12)]
=0+ O(hN)-

Qv = E [(E[Kio|Ai] — EK1p)]

=E { [ fwia(wo| Ar) = fw(wo) + O (h?v)f}

[+ O Q>0
— 1 o) if O =0.

The second equality follows the observation that

E (K12] A1) = fwja(wo| A1) + O (hY) (1.14)

and EKj5 = fiw(wo) + O (h%). In the special case Var <f5V|A(w0|A1)> = 0, we

have fya(wolAr) — fw(wo) = 0 and E { [fW|A(w0]A1) — fw(wy) + O (h?\,)f} —
E {[O +0 (h?v)f} = O (hY%). Plug these back into variance formula (1.5).

A “1(] - L A 2 L N-1p2Y
o2 = Var <fw(w0)> _ NN 7£1 ) ) 4 +2(2) th4§22 +O(N2+N'h}) %f Q>0 7
(V) Ry + O (N2 4 N-1hd) it Q=0
(c) This part is implied by (a) and (b).

O
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Proof of Theorem 1.3.2

Proof. The variance estimator is

N\ ; ;

(2) Z Zd(il,jbimﬁ) (Ki1j1 - fw(wo)) (ng - fw(wo))

11 <Jit2<j2

NYN = 1)"YN =2)4 Qun + NHN = 1) Thy'2 Qon,

oy

where

- AN K K + Kig K+ K\
tuv=(y) X (Pt Rt Bl )

R N\ ! A
szN = (2) ZhNK’Z — th%/(wo)

i<j
The following lemma is useful for proving theorem 1.3.2.

Lemma 1.6.1. Under assumption 1.2.1, 1.2.2, 1.2.3,

(CI,) EQLN = Ql,N — 0-12\/’ EQZN = 9271\7 — hNO']QV.

(b)
- O (N73h + N2hy! + N71) if Q>0
Var (QI’N> = { O (N—3hg,2 + N72hy' + N‘lh?\,) if Q=0
(c) Var (QQ,N) <0 (N*th_\,1 + Nﬁl).
The proof of this lemma can be found at the end of this subsection. Armed with this

lemma, we are ready to prove theorem 1.3.2.
By the definition of 0%, 6% in equation (1.3), (1.8),

6% NTUN-1)hy'2Qn + NN —1)7H(N =24 Oy
0% N-YN —1)"1h!2 Qon + N-LU(N — 1)"}(N —2)4 O n

C Qon (N = 2)hn2 Qun
QZN + (N - Q)hNQ QLN'

By lemma (1.6.1) (a),

o3 =1+ o(1).

E {ﬁ] _ EQsn + (N — 2)hn2 EQun . 14 2(N —2)R%,
2

o2 Qon+(N—=2)hn2 Uy Qon+2(N—2)hy Uiy
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This result doesn’t depend on assumption of €2;. The variance is

) . B R
Var <U]2V> = Var <QQ’N + (IV — 2)h2 QMV)

o2 Qon + (N —2)h2 Uy
< [ + (N = 2)h2 Qun) 7 [2Var (o) + 2 Var (N = 2)h2 Q15 )]

Based on bounds in lemma 1.6.1 and bound in the proof of theorem 1.3.1(b), we get
Case 1: ; >0

A2
Var < )
UN

+ Nhy) 2 [N“2ht + N7k N2R3(N73h? + N 720yt + N])

O
O
O

(a
(1 + Nhy) 2[N‘%‘l+N‘1+hN+J\UﬁV})
(N?hy! + N+ hy + N7

1

o(1).
Case 2: ;=0

Var (2

|°>
zw|z®

2INT2ht 4+ N7 N2RG(NTh” + N72hyyt + N 7Ry )

)

O
O

(17
(N72hy! + N7'+ N7 + hy + Nhy)
o(1).

The second step and the last step uses the fact that hy < N~/4
To summarize, we’ve shown

~2

E [@} — 14 0(1), Var (“-5) — o(1).

ON ON

SUESG
2“|2“

Hence, % =14 0,(1). O

Proof of Lemma 1.6.2

The following technical lemma and the calculation in its proof is useful for proving lemma
1.6.1. We will prove it first.

Lemma 1.6.2 (Moments). Under assumption 1.2.1, 1.2.2, 1.2.3,

(a) For any c € N, E(|K2|*) = O (h§(6_1)+>.
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(b) For any k € {1,2,...,N}, ¢; € N, E

1<j

HH’KU\C“] < O | hy KE%) L

TTTTHS 1
1<)
irjk
(c) Let m = |unique(iy, J1, 12, Jo, i3, j3, 14, ja)| be the number of distinct nodes of the four

dyads (i1>j1)a (i27j2)a (i37j3), (i4,j4)~ Then

0 ifm=28
Cov (KuhKszw K13J3K24J4) = 10, (hJ—VL‘l—m/?J) if2<m<T

Moreover, if Q1 =0, then Cov (K;,j, Kiyjy, Kiyjy Kisjs) = O(h3) in case m = 1.
Proof. (a) If ¢ =0, then (¢ — 1), =0, A% =1 and E(|K2|°) = 1 = O (1) is trivial. If

c > 1, then
_ Wo S ¢
B(xial) =iy [ | (50| o

= hoY / |K (w)|° fi (wo — hyu)ds
< et (fw(wo) [ 1K rds + o<hN>)
—0 (h e ”) .

(b) By the iterated expectation formula,

# |1 :E{E TTTTi1

1<j 1<J
) E{E [T1 ]l

i<j
L,jFk

E ([]I%x

ik

Cl]

Ala"'aAkflaAk+17"'>AN }

Ala"'aAk:—lvAk’-i—la"')AN

Cik

Alv"'7Ak—1aAk+1a"'7AN

} (1.15)

By Jensen’s inequality;,

Tl <Y

i#£k i1#£k l;ék Cik

‘ Zz;ék Clk
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The second term in (1.15) is hence upper bounded by

E ][5l

itk

Al?"'vAk—laAk-‘rl?"'vAN

<E

Z Clk
’K l#£k

l;ék Cik

Al, ce >Ak:—17Ak:+1a Ce ,AN
=2 —Ci UKEW”“ A]
Tr 2tk Cik

= _Gk 9 h[(l;k%) IL

ik 2 it Cik

Az,

=0 | hy

Plug this back in (1.15). We get
E|[1T] 170 | =& {E IR

1<J 1<J
(5
=0 + E{E LTI

Ala"'aAk—lvAk+1a"'7AN

}

Alv“'7Ak—17Ak+17“'7AN }

| ()]

(c) Im =38, Ki,j,Ki,j», Kisj;Ki,j, are independent from each other and their covariance
is zero.
If m <7, we will use the bound from part (b) to iteratively remove nodes and bound
the moments E | K, ;, Ky, Ky, Ky, |- The exact bound will depend on the graph

111N i2j2 1) iggs
G = (V = unique(i1, j1, 92, J2, 93, J3, i1, Ja), £ = { (i1, 1), (@2, Ja), (i3, J3), (1, 74) }) -
If m = 2, there is only a single possible graph

O———O0
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If m = 3, all possible graphs are

ANVANAN

If m = 4, then all possible graphs are

o o o—o0 o——o0 o
<] o o o o o o o o o

o——o0

It’s also feasible to list the possible graph isomorphisms for m = 5,6, 7.

We will give an example of how to use the bound in part (a),(b) for a typical graph
like the red one above when m = 4. We start from the first graph below on the
left. To apply bound of part (b), we typically pick the node k as the node with the
smallest number of dyads in the graph. Here in step one, we pick node k = 3, which
is highlighted in green. Since node 3 is in a single dyad, its contribution is of order

(@) <h§\1[_1)+> = O(1). After applying the bound, we can then delete node 3 and reduce

the graph to the second graph. In the second step, we apply the bound in part (b)
with node £ = 4. Since node 4 is in two dyad in this graph, its contribution is of order

O <h§371)+> = O(h). We can then delete node 4 and reduce the graph to the third
graph. In the third step, we apply the bound in part (b). Since there is a single dyad
left in the graph, its contribution is of order O (hE\l,_l)+> = O(1). The total magnitude

of E|K;, j, Kiyjo Kiyjy Ky, | is therefore bounded by the sum of contributions in all three
steps, which is O(1) - O(hy) - O(1) = O(hy).

Apply this bound iteratively gives us the result of part (c).
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In the special case where (; = 0, we have fy (wo|A41) = fw (wo) and hence E (K;;|4;) =
fur(wolAr) + O (R%) 2 fur(w) + O (k). Calculation based on this fact shows

E (K19K13K14K15) = fii(wo) + O

E (K12 K13K14Ky5) = fr(wo) + O(h

E (K19 Ko3K14Ky5) = fév(wo) +0
(EK12K13)? = fi (wo) + O(hY),

which implies if 1 = 0, then Cov (K, ;, K;

O

i Kinins Kigjs Kiyjy) = O(h?) in case m = 1.

Proof of Lemma 1.6.1

Proof.  (a)
EQLN =E [K12K13] —-E [ﬁv(wo)} = QLN - 012\7
EQsy = hE [K3] = hE | f3(wo)| = Qo — hyo.

(b)

. N\ KK+ Kii K + KK ,
Var<Q1,N>=Var<(3) Z( R J3]k+ : M)—fﬁ,(w@)

1<j<k
N\ KK+ Kii K + Kip K .
§2Var<(3) Z( ik ¥ j33k+ b ]k)>+2\/ar<f%/(wo)>.
i<j<k

(1.16)

Calculation of the first term is similar to the previous variance calculation.

M Kij K, + Ki; K + KK i
v 1743 14ty 7 J
o((5) (e

1<j<k

—O(N?) £ O (N2 moy +O (N ) -y (117)
where

’}/3’]\[ = Var (8123)
Y2,N = Cov (5123, 5124)
T,N = Cov (5123, 3145)

o = Kii K, + Kij K, + K K,
ijk = :
3
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We will get general bounds of 3 n, 72 5, 71,5 using lemma 1.6.2.

KioKi3 + KioKo3 + Ki3K93
3

v3.n = Var (s123) = Var (

<0 (hy’)
”Yz,N\ = |COV (5123, 3124) !
= 97" |Cov (K12K13 + K19Kog + K13Ka3, K19 K14 + K12Koy + K14 Ko4)|

) < Var (Ki2K13) < E [K}, K1)

= 9_1{E | Ko K13 K19 K| + B [ Ko K3 Ko Kog| + B[ Ko K13 K14 Ko

+ E K12 Ko3 K1 K1y| + E | K19 K3 K19 Kos| + E | K19 Koz K14 Ko

+ E|K13Ko3 K19 K14| + E | K13 K93 K19 Kos| + E | K13 K3 K14 K4 } + O(1)
=0 (hy') .

The last equality follows the same argument as the proof in lemma 1.6.2(c). The four
different relevant graph isomorphisms in the nine terms are

1 4 1 4 1 4

- - o

o 4
2° oy (<} o (< o

Lastly, we bound |y, x| by

|71,
= |COV (8123, 5145) !
=9 |Cov (K12K413 + K12Ko3 + Ki3Ko3, KiaK15 + K1aKus + Ki5K45)|

=971 Cov (K19K13, K14K15) + Cov (K19K 13, K14Kys5) + Cov (K19K 13, K15Ky5)

+ Cov (K12K93, K14K15) + Cov (K12 K3, K14Ky5) + Cov (K12 Koz, K15K45)

+ Cov (K13K93, K14K15) + Cov (K13K3, K14Ky5) + Cov (K13Ka3, K15K45)

=971 Cov (K12 K3, K14K15) + 4 Cov (K19 K13, K14K45) + 4 Cov (K12 Ka3, K14K45)

= 9_1’]E (K12 K13K14K15) + 4B (K12 K13 K14 Ky5) + 4B (K12 K23 K14 Ky5) — 9 (EK12K13) ‘
<0(1).

The last inequality follows from applying lemma (1.6.2)(a)(b). In the special case when
Q; =0, lemma (1.6.2)(c) implies v; y = O(h%).
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Use these bounds in equation (1.17). We get in general

N\ ! KiK.+ Kii K, + K K
Var (( ) Z ( 1743 ] 7 J
3 i<j<k 3

=0 (N7?) 13n+O(N7?) %2n+O (N7 vn
<O (N7°hy’ + N72hyt + N 7).

In the special case in which €2, =0,

N\ Ko K + Ky K + KK a3, p-2pl A
Var<(3> > ( : o 21 < O(NTPhg? + N2hy' + N7'hy) .
1<j<k

To calculate the second term in (1.16), notice

Var (fi(wo) ) = Var ((Z) Do) Km)

11<Ji12<Jj2

4
_ (];[) SN DN Cov (Kiyj Koy Kigju Kiyj)

11 <J;12<J213<j3t4<ja

N [4-m/2]
:(2) ST oo ()
m=2
=O(N®)-O(NT-1+ N ht + N°hg' + N*h + N°hy + N°hy)
= O (N°hy +N71).
The third equality follow the fact that there are O ((Y)) = O (N™) number of terms

with | unique(iy, ji, 2, j2, 73, J3, 14, ja)| = m number of distinct associated nodes and the
bound from lemma (1.6.2). In the special case €; = 0, we have a tighter bound for

m =1 and Var (f%,(w@) = O(N72hy' + N71h3)
Going back to (1.16), we have proved

- O (N73hy* 4+ N72hy' + N7 if Q) >0
Var (QLN> = { O (N=3h32 + N=2hy  + N~'h)  if Q=0

1
Var (QQ,N> = Var ((];[) ZhNKfj — thgv(w(J))

i<j

< 2Var <<J2V> ‘lthK§j> +2Var (thV?V(wO)> . (1.18)

1<j
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Calculation of the first term in (1.18) is similar to the variance calculation done previ-
ously.

N -1
Var ((2) ZhNKZ23> = O (N_Z) n27N + O (N_l) 771,N7

i<j
where

2

mn = Var (hyK7,) = hyE [K)y] — hYE [K@}Q = hy - O (hy’) = h30 (hy')” = O (hy)
my = Cov (hy K%, hyK2) = hBAE [K%LK%] — B3R [K3)
= h?VE [E (K122’A1) E (K123‘A1)} - h?VE [K122}2
= O (hy')* = b3y - O (hy')?
—0(1).

Plug these back into the variance expression.
N
Var ((2) ZhN 12]> <0 (N*2hxf1 —|—N*1) )
i<j
The second term in (1.18) has been bounded already in part (b). Combine these

together. We get Var <QQ7N> =0 (N*QhX,1 + N’l).
0]

Proof of Theorem 1.3.3

Proof. We will apply Brown’s martingale central limit theorem, as rephrased in in [Hall and
Heyde| Corollary 3.1, p. 58. This requires us check two conditions:

1. Conditional Lindeberg condition

2

al YNio (Yni P
for any € > 0, ZE 51 >e€ | |Fi1| — 0. (1.19)
i=1

2. Stability condition

P
> ]—"i_l} 51 (1.20)

iE [Y]%
1 N

i=

In order to verify these, we will investigate their sufficient conditions which are easier to
work with, namely
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1’. Lyapunov condition

N
o S E[Vi] S0, (1.21)
i=1
2’. Stronger stability condition
N
oY V2 5L (1.22)
i=1

(1.21) implies (1.19). (1.21) (1.22) together implies (1.20). The following two facts are
particularly useful for verifying (1.21) and (1.22).

DI = B (K140 ~ BKy] = |fwalunl) ~ frlun) +0 ()] ={ 004 16 70

: (1.23)
E (1K,][4)) = 0(1).

First, we verify Lyapunov condition (1.21). Since

(a+b)* < 8a' + 8b*,

to show

N N —1i-1 4
a]—v‘*ZE [Yii] = a;v‘*ZE (N‘12DZ- + ( ) Z > — 0,
=1 =1

we only need to show
N AN Ll 4
- E[ N~12D;) ]—>O,and N\ ( ) E;| | —o.
The first term is
—27 -1 —1\ "2 ar-3) _ -1 :
ZE VD] — o((N hN+_2N )N =O(NTY) i >0
O ((N-2h3t) N‘3h§v> —O(NRY) Q=0

Y

which converges to zero as long as hy < N/, To simplify the second term

i-1 4 i-1 j1—1
(Z Eﬁ) Z 2 Y ELEL|
Jj=1 J1=2j2=1
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where we use the fact that E [ES Ej,i| = E |E;;Ej B2, = E[EjEpiEjyiEi] = 0,V51 #

Jit J3t

Jo # Js # Ja, 1 < j1, J2, Js, ja < ¢ — 1. Hence

N i—1 4 N -1 N -1 j1—1
Y E (Z EJ> => Y E[Ef]+2> ) > E[E,E;]
=1 7j=1 =1 j=1 =1 j1=2j2=1

1
= O (N?hy’ + N°hy?) .

Back to the original term, in all cases

<5 |(() 55)

O ((N72h3") ™ N8 (N2hy 4+ N*?))

O(Nhy + N7
o(1).

By now, we’ve verified Lyapunov condition (1.21). Second, let’s verify the stronger stability
condition (1.22).

ZYNZ Z( 12Di+( >_1§Eﬂ)

=1

-1 N i—1 -2 N i-1
:N‘24ZD3+N‘1( ) 4ZZEWD+( ) >
1

=1 =2 j=1 =2 j=
-2 N -1 j1—1
+(5) XXX Bt (12
1=3 j1=2j2=1

We will bound the variance of these four terms. To bound the variance of the first term in
(1.24), note that

N
O(N) it 3 >0
ar(ZD?) :NVar(D?):{ O (Nh4) ifQizO .
i=1

To bound the variance of the second term in (1.24), note that

N i—1
ar (Z > EjiDi> => > Cov(E;D;, ExDy)
i=2 j=1 j<i I<k
= Var(E;D;)+2 > Cov(E;;D;, EjDy)
j<i j<i<k
B { O (N?h + N3)  if Q1 >0
“ L O(N?h% + N3hg) if Q=0
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The second equality follows from the fact that Cov (E;;D;, EiDy) = 0 when j # . The
third inequality follows from repeatedly applying the bound (1.23). To bound the variance
of the third term in (1.24), note that

N i1
ar (Z Z Ejzz) ZZ Cov (E%, Ej,)
=2 j=1 j<i 1<k

jio ji>

= Var(E},) +2 > [Cov(E}, E},) + Cov (E}, E},) + Cov (Ej,, Ej,)]
J<i j<i<k
= O (N?hy’ + N°hy?) .
The last equality follows
Var (E2) < E(BL) = 0 (B (K2)) = 0 (i)
Cov (B2, E%) <E(ELEL) = E (E(F3[4,)°) = 0 (E (B (K2]4;)%)) = 0 (h3?)
To bound the variance of the fourth term in (1.24), note that

N i1 j1—1
ar (Z Z Z EjliEj2i> = Z Var (EjliEjzi) +2 Z Cov (E]NlEle? E]112E9212)

1=3 j1=2j2=1 Jje<ji<t J2<j1<iz<iy

= O (N°hy + N*hy').

The first equality is due to Cov (Ej,i, Ejyirs Ekyis Erkyi,) 7 0 only if (j1 = ki and jo = ky) or
(71 = k2 and jo = kp). The second equality follows

Var (B Bji) < E (E3,E2) = E (E (E2,]4)") = 0 (E (E(K},/4)°) ) = 0 (h3?)
Cov (Ej12'1 Ejzin Ejliz Ej2i2) =0 (E (KhuKJzu K]lZQKJQ'LQ)) O (h;fl) :

Now go back to equation (1.24).

Var(i)/,%_j>§4\/ar( 24ZD2>+4Var< 1(];]> 4ZZEJD>+4VM<( )22\;21; )

i=1 i=1

+ 4 Var (( )722 i i 721 EmE/zz)

=3 j1=2 j2=1
(@)
o
0]
0]

{

This suggestsd

N
oyt Var <Z Y]\2“>

i=1

(N4 N+ N=6. (N?hy! +N“)+N’8~(NZ}L;,3+1V3}1,;,2)+N’8 (N3hy? +N4h ) if Q1 >0
4 6 273 3 -8 27,3 312 8. 3 4 1 3 —
L ! 1=
(N Nh*+ N=6- (N?h3, + N3hy) + N8+ (N?h3* + N°h?) + N=8 - (N3hi? + NRy'))  if Q=0
(N34 N7*hyt + N=°hy? +N6h 3) if Q>0
N73hy + N~*h} + N~ 4h + N7h + N7Oh3%) if @ =0
(v N

O ((N72hy' + N71) 72 (N3 4 N74hy! + N2 + N*ﬁhjvi“)) if Q>0
O ((N72h3") 2 (N34 + N=4hd, + N~*hy' + N2 + N—ﬁh;ﬁ)) if Q=0

_ [ O(NT+ N2 if Q1 >0
Tl O(NRY +hy+ N+ N2RY) i Q=0
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If N72 < h < N6, then this converge to zero and the stability condition holds. Now
that we’ve verified both conditions, the CLT implies

o (fw(wo) _ Efw(w0)> - N(0,1).

Under the under-smoothing bandwidth condition hy << N ~2/5_the bias is of smaller order
Bias®( fw (wo)) = 0,(fw (wo) — Efw (wo)). Together these implies

o5 (Fw(wn) = fir(wo) ) N(O, ).

O

Proof of Lemma 1.4.1
Proof.

Var® (( Ny — ]EfN,hN>A>

A 2 B _
(2) D Cov(Anig Avisis) (Knhini = Knhyer) (KNyinis — KN ohy.-)
—2

11 <J1 12<J2

N\
) {UN,z (Z KR hwii — (Q)Klz\f,hw,-) +2UN,1|: Z (KN,hN,inN,hN,ik

i<j i<j<k

o>

1 _
+ KN hy i Kby ik + KN,hN,ikKN,hN,jk) — §N(N —1)(N — Q)K?v,hN,..]

+ 2uny [ E (KN,hN,inN,hN,kl + KN by ik KN byt

i<j<k<l
1 _
+ KN,hN,uKN,hN,jk> - gN(N —1)(N = 2)(N — 3>K]2\7,hN,-} }
= CLNSQ + bN53 - CNS4
where
1
Sz = mZKfj
2) i<j
1 1
Ss= " Y 3 (K Kty + Ky K + KiiKr)
(3)i<j<l~c

1 1
4/ i<j<k<l
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and
oy MY A7) (N-(N-3)) 2
aN—UN,Q(Q) —(UNQ(Q) +UNvlm+vN’o N(N —-1) )N(N—l)
—uxa(y ) (o)
4N -2) AR AN —2) (N —2)(N—-3)) 4(N-2)
bN_UNJm—(UNQ(Q) +UN,1m+UN,O N(N —1) )N(N—l)
4(N —2)

= vy =y 1+ olD)
o [UNO_ (UN2(N)—1+UN1 A(N —2) +UNO(N—2)(N—3)>] (N —2)(N —3)

2 N(N - 1) NN - 1) N(N —1)

= (UN,Q (g) + UN,I%) (1+0(1)).

. ) A
Var” ((thN — EfN,hN> ) =anSy + byS3 — ey Sy

A(N - 2)

= [UN,2 (JZ)_ (52— 54) + UN,lm(Sl — 54)| (1+0,(1))

(1.25)

Now use the following lemma and the assumption 1.4.1. This lemma is a result of lemma
1.6.2 and 1.6.1.

Lemma 1.6.3. If assumptions 1.2.1, 1.2.2, 1.2.3 hold, and hy < N~Y*, then
(a) hnSy ~p Qo
(b) Sz ~p B[f2(w]A)] = 1 + [ (w)
(¢) Sa~p fiy(w).
Equation (1.25) becomes

o NN . 1 N\
Var <fN,hN—EfN,hN> = |N 1—m 40, - vy + 5 hiy Qs - vy

O

(14 0,(1)).
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Proof of Conditional Lindeberg’s Condition In Probability

Lemma 1.6.4 (Conditional Lindeberg’s Condition In Probability). If assumptions 1.2.1,
1.2.2, 1.2.3, 1.4.1 hold and hy < N='4, for all € > 0,

N 2
| 1 ., -
Ty(e)=)» E ‘N—W(Ki,—}(..) ]l(‘N—UN(Ki,—K..)‘>e> ‘]—"N] ~sy 0,
=1

where Fy =0 (W;;,1 <i<j<N).

Proof.
- 1 P 1 _
Tn(e) = ;E [ Now~ (K —K.) ( Nou (K; — K)‘ > 6) ‘]—"N]
o I N 1
=3 |y (- K[ 1 ( e (K —K)‘ >e)
ETN(G)—NE 1 (K_K)Q]l 1 (K'—K)>€
Noy V" Noy V"
1 1 - _ 4
8
= S B|Ke = furlwn)| 4 |K. ~ fur(wo)]]
16
€2N307% E [(KZ B fW(wO))ﬂ
B O N3(N1+1N?hN1)2) -0 (1 —f-N*lh]—Vl _I_N—ZhJ—VQ _’_N73h]—v3) if Ql =0
—N3(N12h,]‘\]1)2) -0 (h8 + N—lh?v + N_Qhﬁ + N—sh]—vza) O, =0
_ [ O(NT + N2hy i, >0
"L O(NRR + 13+ NP+ N72hg!) it @ =0

=o(1).

_ i i 2

The second line is due to 1 ( NL (Ki. — K)‘ > e) <L Nl (KZ-. — K)‘ . The third line is
ON € | Non -

due to [z+y|* < 8(|z[*+[y|*). The fourth line is due to K. — fw(w) = N~ 37, (K. — fw(wo))

and E(K.. — fir(w))* < E[N'Y (K — fw(wo))*] = E[(K;. — fu(wp))*]. The fifth line is
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due to 1.3.1(b) and the fact that
E[(Ki - fw(wo)’]
e (E (Ko — v () (Kus — fur(w0)) (Fna — fov ) (K — i (o)

+N'E [(Km - fW(wo))2 (K13 - fW(wo)) (K14 - fw(wo))}
+ N72E [(K12 - fW(w0>>3 (K13 - fW(’UJ())) + (Klg - fw(wo))2 (Klg — fw(wo))ﬂ

£ NE[(Kis - fur(wo))] )

[ O+ N7'hyt + N72h2 + N73hy) if Q1 >0
Tl OhS + N7'h3 + N72h\2 + N73hy?) if Q=0

the second line of which is based on implications of lemma 1.6.2 and equation (1.23)

B[(Kia — i) (R = fv) (s = forCun) (s — fvtun))] = { S0 467 0

E [(K2 — fu (w0))? (K13 — fu (wo)) (K14 — fw(wo))] = { Ooﬁ%)) ii 81 i 8

E [(K12 — fw(wo))® (K13 — fw(wo)) + (K12 — fw(wo))® (K12 — fr(wo))’] = O(hy?)
E [(Ki2 — fw(wo))'] = O(hy).

Ty(e) >0 and ETy(e) — 0 as N — oo implies Ty (€) 5o 0
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Chapter 2

Nonparametric Dyadic Regression !

2.1 Introduction and Summary

Let i =1,..., N index a simple random sample of units drawn from some large population.
For each unit we observe the vector of regressors X; and, for each of the N (N — 1) ordered
pairs of units, or directed dyads, we observe the “dyadic” outcome Y;; (e.g., total exports
from country i to country 7). The outcomes Y;; and Yj; are independent if their indices are
disjoint, but dependent otherwise (e.g., exports from Japan to Korea may covary with those
from Japan to Vietnam).

Let Wi; = (XZ’ ,X]‘),; using the sampled data we seek to construct a nonparametric
estimate of the mean regression function

U
<~

€

9 (W) = E[Yy] X5, X5]. (2.1)

We present two sets of results. First, we calculate lower bounds on the minimax risk for
estimating the regression function at (i) a point and (ii) under the infinity norm. Second, we
calculate (i) pointwise and (ii) uniform convergence rates for the dyadic analog of the familiar
Nadaraya-Watson (NW) kernel regression estimator. We show that the NW kernel regression
estimator achieves the optimal rates suggested by our risk bounds when an appropriate
bandwidth sequence is chosen.

Analogous results are widely available in the i.i.d. setting. For nonparametric regression
risk bounds see, for example, Stone (1980, 1982) and Ibragimov and Has’ Minskii (1982,
1984). Tsybakov (2008) provides a masterful synthesis of these results, from which we draw
in formulating our own proofs.

Uniform convergence of kernel averages with i.i.d. data, as well as stationary strong mix-
ing data, have been studied by, for example, Newey (1994) and Hansen (2008) respectively.
The latter paper includes additional references to the extensive literature in this area. Our
uniform convergence proofs build upon those of Hansen (2008). Nonparametric density esti-

IThis chapter is joint work with Bryan Graham and James Powell.
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mation with dyadic data was first considered by Graham et al. (2019); Chiang et al. (2019)
present uniform convergence results for dyadic density estimators.?
Our results provide insight in the structure of dyadic nonparametric estimation problems.

Our minimax risk bounds suggest that, N, the number of units, not n =4 N x (N —1), the
number of dyadic outcomes, is the relevant “sample size” for dyadic estimation problems.
This is consistent with the long standing intuition among empirical researchers that dyadic
dependence makes inference less precise (see Aronow et al. (2017) and the references cited
therein), as well as with a small, but growing, number of more formal rates-of-convergence
results (cf., Graham, 2020a).

More surprisingly, we find that the relevant dimension of our estimation problem is just
dx = dim(Xj;), not dw = 2dx. We provide two intuitions for this fact. The first, described
below, stems from the thought experiment underlying our minimax risk bound calculations.
The second, arises from the fact that the Hajek projection of the NW estimator has a
“partial-mean-like” structure. As is well known, averaging over the marginal distribution of
some regressors, while holding the remaining ones fixed, improves rates-of-convergence (e.g.,
Newey, 1994; Linton and Nielsen, 1995).

Graham (2020a) surveys empirical studies in economics utilizing dyadic data. Interest
in, as well as the availability of, such data are growing in economics, other academic fields,
and in enterprise settings. This paper provides an initial set of results for nonparametric
regression with dyadic data. These results are, of course, of direct interest. They should, as
has been true with their i.i.d. predecessors, also be useful for proving consistency of two-step
semiparametric M-estimators under dyadic dependence (see Chiang et al. (2019) for some
results on double machine learning with dyadic data).

2.2 Lower Bounds on the Minimax Risk

Let i =1,..., N index a simple random sample of units drawn from some large population.
The econometrician observes the vector of regressors, X;, for each sampled unit as well as
the scalar outcome, Y;;, for each directed pair of sampled units (i.e., each directed dyad). Let
Zny = (Xy,...,XN,Y;;,1 <i# j < N) be the observable data when NN units are sampled.
The regression function of interest is (2.1) above. The goal is to construct a nonparametric
estimate of g : R — R where dy = 2d,.

We assume that Yj; is generated according to the following conditionally independent

dyad (CID) model (cf., Graham, 2020a, Section 3.3).
Yy = hM(X;, X;,U;, Uy, Vi), (2.2)

Random sampling ensures that (X;,U;) is independent and identically distributed for
1 = 1,...,N. We further assume that {(V;j,VjZ-)}KKKN are 1.i.d. and indepenent of

2Tt is possible that the methods of inference presented in Chiang et al. (2019) could be adapted to our
setting.
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X = (X1,...,Xy) and U = (Uy,...,Uy). Here h is an unknown function, often called
the graphon. This set-up, which can also be derived as an implication of more primitive
exchangeability assumptions, has the following implications (see Graham (2020a,b) for ad-
ditional discussion):

1. The Y;; are relatively exchangeable given the W;;. Namely, the conditional distribution

of Y is invariant across permutations of the indices o : N — N satisfying the restriction
d
Wotyo)] = [Wisl:
d
Yis] = Yoot)]-

2. Y;; and Y}, are independent if their indices are disjoint.

3. Y;; and Y, are dependent (unconditionally or conditionally given X, ..., Xy) if they
share at least one index in common.

The statistical problem is to estimate the regression function g when the only prior
restriction on it is that it belongs to the Holder class of functions.

Definition 2.2.1. (HOLDER CLASS) Given a vector s = (s1, ..., 84), define |s| = s1+---+54

and
o1+ tsa

D? = .
851w1 e 65dwd
Let 8 and L be two positive numbers. The Holder class (53, L) on R is defined as the set
of I = | 3] times differentiable functions g : R — R whose partial derivative D*g satisfies
|D*g(w) — D*g(w')] < Lljw —w'I5T",  Vw,w' € R?
for all s such that |s| = |B]. |5] denotes the greatest integer strictly less than the real
number .

An estimator gy is a function w — gy(w) = gy(w,Zy) measurable with respect to Z.
Our first result establishes a lower bound on the minimax risk for estimating the regression
function at a single point and under the infinity norm. We state this result under a Gaussian
error assumption, which simplifies the proof.

Theorem 2.2.1. (MINIMAX RISk LOWER BOUND) Suppose that 5 > 0 and L > 0; X;
is continuously distributed on R with density f and sup, f(zr) < Bs < oo; and Yj; is
generated according to the following nonparametric regression model:

Yii=9g (W) +ey, 1#7,

iid iid

with €ij = Uz + Uj + V;j, Uz ~ N(O, 1), and ‘/ij ~ N(O, 1), then
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(i) For all w € R
2
liminfinf sup E, [N”*dx (gn(w) — g(w))Q] > ¢,
N=eo 9N gex(B,L)

where ¢; > 0 depends only on 8 and L.

(i)
2p
N 2B+dx R 9
(ﬁ) llgn — gll2,

where co > 0 also depends only on [ and L.

liminfinf sup [E,

1 Z Co,
N=00 gN gex(B,L)

Our proof follows the general recipe outlined in Chapter 2 of Tsybakov (2008). The lower
bound at a point is based on Le Cam’s method of two hypotheses. The lower bound under
the infinity norm is based on Fano’s method of multiple hypotheses.

The key, and novel, step in our proof involves constructing hypotheses close enough to
one other in terms of Kullback-Leibler (KL) divergence while being at the same time different
enough in terms of the target regression function.

An essential feature of our construction is additive separability of the regression functions.
In the hypotheses we consider, Y;; = k(X;) + k(X;) + U; + U; + V;;. Next suppose we also

de
observe T; 2 k(X;) + U;. Observe that (X;,T;,¢ = 1,...,N) is sufficient with respect to
(X;, T;,i=1,...,N,Yu,1 <k #1<N) for the parameter k.
It is well-known that the optimal rates of convergence for estimating k£ using iid data

(X, T;,i = 1,...,N) are N_% pointwise and (%)_ﬁ for the infinity norm. We
expect the rates for estimating g to be no faster than these. The proof of Theorem 2.2.1
makes this intuition rigorous.

Relative to its iid counterpart, there are two distinctive features of Theorem 2.2.1. First,
the relevant sample size is not the number of observed dyadic outcomes n = N x (N — 1),
but instead the number of sampled units, N. Dependence across outcomes sharing indices
in common is strong enough to slow down the feasible rate of convergence. Second, although
the regression function has dy = 2dx arguments, the relevant dimension reflected in the
rate of convergence result is just dx (i.e., just half of what might naively be expected).

The form of our constructed hypotheses provides one intuition for this second finding:
clearly the relevant dimension of the problem of estimating k(z) is just dx. Relatedly this
finding is consistent with those of Linton and Nielsen (1995) in their analysis of additively
separable, but otherwise nonparametric, regression functions (see also Newey (1994)).

The pairwise structure of dyadic data results in apparent data abundance (sample N
agents, but observe O(N?) outcomes!). This abundance is both illusory, in the sense that
the effective sample size is indeed just N, and real, in the sense that availability of the
pairwise outcome data allows for an effective reduction in the dimensionality of the problem
via partial mean like average (as in Newey (1994) and Linton and Nielsen (1995) in a different
context).
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2.3 Kernel Estimator of Dyadic Regression

In this section we study the properties of a specific nonparametric regression estimator.
Namely, the dyadic analog of the well-known Nadaraya-Watson (NW) kernel regression esti-
mator. While our results are specific to this estimator, they could, for example, be extended
to apply to local linear regression (e.g., Hansen, 2008).

The dyadic NW kernel regression estimator is

v (w) == Zlgi;éjgN Kijn(w)Yy (2.3)
N Ca ) .
Zlgi;éjSN Kijn(w)

1 WZ —w
Kijn(w) = K )

K is a fixed multivariate kernel function, and hy is a vanishing bandwidth sequence.
We first develop a sequence of results useful for bounding the variance of kernel objects
of the form

where

Uy (w) ::ﬁ > YiKin(w) (2.4)

1<iAj<N

and then apply these results to the NW regression estimator. We then bound the NW
estimator’s bias and combine the two sets of results to formulate a risk bound.

Variance Bound and Uniform Convergence

Here we are interested in bounding the deviation of ¥ n(w) from its mean. We begin with a
presentation of our maintained assumptions.

Assumption 2.3.1 (MODEL). The data generating process is as described in Section 2.2
with

(i) X; continuously distributed with marginal density f(x) s.t. sup,cpix f(z) < B3 < 00;

(ii) sup,, pyerix E [[Yi2?|(X1, Xo) = (21, 22)] - f(21) f(22) < By < 00,
1,22
SUD,, 4y enerix B [[V12Yis|[(X1, X2, X3) = (21, 22, 23)] - f(21) f(22) f(23) < Bs < 0.

Condition (i) is a standard condition in the context of kernel estimation, while (ii) ensures
that various second moments appearing in our variance calculations are finite.

Assumption 2.3.2 (KERNEL, PART A). sup,cpiw [K(w)] <  Kpax < 00,
Joeraw K (w)|dw < By < oo, and sup,cgay [ |K(z,2")|d2" < By < oo.

Assumption 2.3.2 is satisfied by many widely-used multivariate kernel functions. Our
first result holds under Assumptions 2.3.1 and 2.3.2.
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Theorem 2.3.1 (VARIANCE BOUND). Under Assumptions 2.5.1 and 2.3.2, and the band-
width condition Nh?VX — 00 as N — oo, there exists a constant My < oo such that for N
sufficiently large

My

Nh3x

Var (@N(w)> <

for all w € R,

A proof is available in the appendix. Mirroring our risk bound results, two features of
Theorem 2.3.1 merit comment. First, N not n = N x (N — 1) appears in the denominator.
This is due to the effects of dependence across dyads sharing units in common. Second,
the relevant dimension of the problem is dx, not dy = 2dx, this reflects the U-statistic
like structure of kernel weighted averages and the partial mean like averaging this structure
induces.

To establish uniform convergence, we need additional moment conditions on Y;; as well as
some smoothness conditions on the kernel K. As in Hansen (2008), we require the kernel to
either have bounded support and be Lipschitz or have bounded derivatives and an integrable
tail. See Hansen (2008) for additional discussion about these conditions. As with Assumption
2.3.2 above, most commonly used kernels satisfy these conditions.

Assumption 2.3.3 (REGULARITY CONDITION). (i) For some s > 2, E|Y}5|® < oo and
SUP,, gyerix B [[Va2l*[(X1, X2) = (z1,22)] - f(21,22) < By < 00;

(ii) For some A; < oo and L < oo, either (a) or (b) holds

(a) K(w) =0 for |[|w|]| > L, and |K(w) — K(w')| < Ay]jw — w'|| for all w,w’ € R*?
w) is differentiable, |[|ZZK(w)|| < Ay, where [|[ZK(w)|| =
| 2K (w)|| < Aqljw||7 for

‘ , and for some v > 1,
o0

Part (ii) coincides with Assumption 3 in Hansen (2008). This assumption implies that
for all ||wy —ws|| <§ <L,

[ K (w2) = K (w)] < 6K (wy),

where K*(u) satisfies Assumption 2.3.1. If case (a) holds, then K*(u) = 2dA1(||u|| < 2L).
If case (b) holds, then, K*(u) = 2d[A11(||ul|] < 2L) + (||u|| — L) 1(|Ju|| > 2L)]. In both

cases K* is bounded and integrable and therefore satisfies Assumption 2.3.1.

Define
(N2
an ‘= Nh?VX .

Theorem 2.3.2 (WEAK UNIFORM CONVERGENCE).  Under As-
sumptions 2.3.1, 2.3.2, 2.3.3, and the bandwidth conditions
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1

max{min{<a]vh§gx>—si1,[N2(1n(1nN))21nN]i},a]v“} < min{a&l,%h%dx} and

n

N

ln]\,h‘f\,x — 00, we have for any q > 0, cy = N9,

sup | Wy (w) — E@N(w)‘ = Op(an).

l[|w||<cn

This theorem establishes uniform convergence of ¥ ~v(w) to its mean in probability over
an expanding set with radius growing at a polynomial rate.
In the proof, we decompose ¥y (w) into two parts

A

\I/N(U)) = \i[N('lU) + RN(’U)),

in which ¥y (w) = m Y i<izjen Yij - L (|Yij] < 7n) Kij v is a truncated version of Uy (w)
with a carefully chosen threshold parameter 7y and Ry(w) is a residual. The boundedness
induced by this truncation is technically convenient as it facilitates the application of various
concentration inequalities. To establish concentration of Uy, we apply Bernstein inequality
to its Hajek Projection (i.e., to the first-order terms in the Hoeffding decomposition) and
apply Arcones and Gine (1993)’s concentration inequalities for degenerate U-statistics to
the second-order terms in the Hoeffding decompositon. Both these bounds requires the
truncation threshold to be small enough. To bound the magnitude of the residual Ry, we
can either apply a triangular inequality to bound the sup of its first moment or use the Borel-
Cantelli Lemma to bound its probability of being nonzero. Both these bounds requires the
truncation threshold to be large.

A proper truncation threshold satisfying both requirements exists only if the bandwidth
sequence satisfies the condition

. f

max {min {(aNh?\‘,iX)fsfll, [N*(In(In N))*In N]%} ,a]_vs_l} < min {a&l, %h%dx} :
The complicated form of this condition is technical in nature. When all (conditional) mo-
ments of Y}, are bounded, such that s = oo (of Assumption 2.3.3 above), this condition
simplifies to %h]%dx > 1.

In order to state the weak uniform convergence result for the kernel regression estimator
Jgn, we need additional smoothness assumptions on the kernel. As in other applications of
kernel estimation, these assumptions are employed for bias reduction purpose.

Assumption 2.3.4 (KERNEL, PART B).

ll... ldW o 1, ifllz'-~:ldW:O
/Rdwwl Wiy, K(w)dw_{ 0, if(ll,...,ldW)IGZiW and [1_|_..._|_ldX <B

We can now give a uniform convergence result for the NW regression estimator under
dyadic dependence over a sequence of expanding sets.
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Theorem 2.3.3. Suppose fw,g € X(B,L) and éy = infjju<cy fw(w) > 0, Sytay — 0

1/2

where ayy = (;;f);) + h?\,. Under the Assumptions of Theorem, 2.3.2 and Assumption
N

2.9

sup g (w) — g(w)| = 0,0y a}y).

[lw]||[<Cn

The optimal convergence rate s

B
R 4 [ In N\ 2P+dx
sup[g(w) — glw)| = O, (w () )
[[w||<CN

As in the iid case, the KW estimator achieves the optimal rate suggested by Theorem
2.2.1 for a compact set with C'y = C'. If we look at a sequence of expanding sets approaching
the entire space R% | then there is an additional penalty term &y due to the presence of the
denominator fy (w).

2.4 Appendix: Proofs

This Appendix contains proofs of results in the main text of Chapter 2.
All notation is as established in the main text unless noted otherwise. Equation num-
bering continues in sequence with that of the main text.

Proof of Theorem 2.2.1

Our method of proof follows the general approach outlined in Chapter 2 of Tsybakov (2008).
To prove part (i) we use Le Cam’s two-point method to find a lower risk bound for estimation
of the regression function at a point. To prove statement (ii), which involves the infinity-norm
metric, we use Fano’s method.

Proof of statement (i)

Our proof of statement (i) essentially involves checking the conditions, as specially formulated
for our dyadic regression problem, of Theorem 2.3 of (Tsybakov, 2008).

For k = 0,1, let Py be a probability measure for the observed data {(X;,Y;)} ooy
with regression function gxn. The general reduction scheme outlined in Section 2.2 of Tsy-
bakov (2008), as well as his Theorems 2.1 and 2.2, imply that our Theorem 2.2.1 will hold
if we can construct two sequences of hypotheses gon, g1 such that

(a) the regression functions gon, g1y are in the Holder class ¥(3, L);

(b) d(01,00) = |gin(w) — gon(w)| > 2Ay with Yy = N %45 and 0o = gon(w) and
01 = gin(w) for some fixed w € X x X;
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(c) the Kullback-Leibler divergence of Fyy from Py is bounded: KL(Pyy, Piy) < a < oo.

The “trick” of the proof is choosing these two sequences of hypotheses appropriately.
Letting w = (x19, Z29) we choose the sequences:

gon(z1,22) =0

LIS - _ _ B
gl £2) = % [K (mlh—jm) o (zlh—Nxm) o (xz thm) o <x2 thmﬂ

where hy = cgN 7x and the function K : R — [0, 00) satisfies
K€Y (B,1/2) N C=(R™) and K(z) > 0 <= ||| € (—1/2,1/2). (2.5)

There exist functions K satisfying this condition. For example, for a sufficiently small a > 0,
we can take

K(z) =19 \(z;), where \(u) = an(2u) and 5(u) = exp (—1 —1u2> L(ju| <1).

See also Equation (2.34) in Tsybakov (2008).
We verify conditions (a), (b) and (c) in sequence.

Verification of (a) gon,g1n € (5, L)

For s = (S1,. .., Sdy, Sdy s - -+ S2ay) With [s] = [B], w = (21, 22) and w' = (2, 2}), the s
s kS
order derivative of gy is
D2 gin(w)
T —x T —x Ty — X Ty —
=Lhy |D°'K (——= ) + DK | ——=2 | + D°K [ =—= | + D'K | 2 —=
hN hN hN hN
0 if [S1] ¢ {0, |s[}
B—15]
_ ] DS (=) 4 DS ()| 1S = s

N2 |:D82K <12 x10>+D82K (xz 3620)} if |81|ZO
Therefore, if |S1] ¢ {0, |s|}, then |D*giy(w) — D¥giy(w')| = 0; if |S1| = |s], then
| D*g1n (w) = D*gun (w'))]

_ Lhﬁ;lﬁj Dle 1 — T10 B Dle .fCll — T10
2 hn hn

DSUK T1— T2\ DSIK T — Ty
hN hN

< Ll|zy — |5
< Ljw —w'||35 1

+
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and, finally, if |S;| = 0, then
|D*gin(w) — D*gin(w')|

_ Lhﬁf_Lm HDSQK <x2 — :L‘10> B DszK (ZE’Z —1‘10)‘
2

DS [ Lo — X0\ DS | ZU/Q — T20
hN hN

< Ll|zz — 3|5
< Ljw —w'||37.

_|_

Hence g1y € X(f, L). We also have that goy € X(/, L) by inspection.

Veriﬁcation Of (b) d(Q (PON) ,9 (PlN)) = |glN(w) —gON(w)| Z QA@/JN With ’l/JN = NﬁTid

Here we check that our hypotheses are 2s-separated. We have that

LhP _ _
gin(w) — gon(w)] = —=X [2K (0) + K | 20720 4 g (22210 1 > 9nnf K (0)
2 hy hx
= LK (0)Jipy,
LEK(0)c)

and hence condition (b) holds with A =

2

Verification of (c): KL(Pyn, Piy) < a < o

This condition allows for the application of part (iii) of Theorem 2.2 in Tsybakov (2008). We
begin by establishing some helpful notation. Let Y = [Y};]i<;j<ny be the N x N adjacency
matrix; Gy = [grnv(Wij)]i<ij<n for & = 0,1 the associated matrices of regression functions
for the two sequences of hypotheses; and V = [V;;]1<; j<n the corresponding matrix of dyadic-
specific disturbances. Note the diagonals of each of these matrices consist of “structural”
zeros. Further let U = [U;]1<;<n be the N x 1 vector of agent-specific disturbances. Finally

B
let K be the N x 1 vector with i*" element “5¥ | K (X500 ) 4 f¢ (Xm0 )|,

Let ¢; denote a J x 1 vector of ones, Oy ; a K x J matrix of zeros, and I; the J x J
identity matrix. We also define the following selection matrices:

(i 0 0 - 00 (On-11  In-1)
000 1 0) 01 )

from which we form 7 = 71+ 75 and, finally, T = 1, ® 7. Next let y = (vech(Y’)’, vech(Y)’)’
be the N(N — 1) x 1 vectorization of the dyadic outcomes. Similarly let g for £ = 0,1 and
v be the corresponding vectorizations of, respectively, G, and V.
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Using this notation we can write the N(N — 1) x 1 vector of composite regression errors
eij = Ui +U; + Vi as e = TU + v and its variance covariance matrix as
Q = Var (e) = In(v—1)xnv-1) + TT".
Under FPyy we have that
go=0, y=e, y|X~N(0,9).
While under P,y we instead have that

g1=TK, y=TK +e, y X ~N(TK, ).

Let Knax = max, K(u) and recall that hy = coN x| We can now evaluate the KL
divergence as follows:

dP,
KL (Pow, Piy) = / log dPON
1N

pon (¥|X)
= log ——=—~2dF,
/ & i (y[X) N
1

=3 /yTQ‘ly —(y—8)'Q ' (y —g1)dPon

dPyy (2.6)

1
= §/g1Tng1dPON

1

= E]EPON
1

< E]EPON [K'K]

1
S §L2K2 th?\fﬁ-‘rdXN

max
1

_ §L2K2 BgCS'B+dX,

max

[K'T'(I+TT") 'TK]

for N large enough such that N hC]l\f‘ > 1 and LKmaXh?f bounded above.
In the derivation above, the third equality follows from the form of the multivariate
normal density. The weak inequality in line six holds because

KTK . KTTT(I + TTT)—ITK — KT |:IN . TT(I + TTT)—IT} K

— K [Iy+T'T] 'K
> 0.
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Finally, the weak inequality in line seven holds because, using condition (2.5) above,
Xi — 10 Xi — a0 ?
K|{———— K|{——
()= (552)
Xi — 10 ? Xi — a0 ?
K|——— K|{——
(e () + ( (5
r—x 2 r—x 2
=2 / K 2)) + (K %)) dF(x)
hN hN
§2K§m/]1 ( L)< %) +1 ( i)

I | = E) dF ()
= 2K3{l&xh3l\7x {/ 1 <|u| < %) [f(z10 + hyu) + f(z20 + hNU)]dU]

< 4h%X B3 K2

max’

E

<2E

and where it is also helpful to remind oneself of the definition of K given earlier.

If we take ¢y = (%) QBHX, then we obtain KL (Pyy, Pin) < «. This result, and

condition (b) above, gives — invoking equations (2.7) and (2.9) on p. 29 of Tsybakov (2008)
as well as part (iii) of his Theorem 2.2:

. 1 1-/%
inf sup E,[1(Jginv(w) — gon(w)| > Ahy)] > max | —exp (—a),
9N gexi(B,L) 4 2

for N large enough. Some rearrangement and the Markov Inequality then yield

28 1 1—./2
inf sup Eg [NQB“’X (g1n(w) — goN(w))2] > A?max | ~ exp (—a), Vi .
aN gex(p.L) 4 2

Since the constant to the right of the inequality only depends on § and L part (i) of the
Theorem follows after taking the limit inferior of the expression above as N — oc.

Proof of statement (ii)

Again let Py be the probability measure of the observed data (X;,Y;;,1 <i # j < N) with
the regression function gxy. Theorem 2.5 of Tsybakov (2008) implies that part (ii) will hold
if we can construct sequences of hypotheses Pyn, Pin, ..., Py~ such that

(a) gonsgeny € X(B, L), k=1,..., My;

__B8
(b) d(0x,0) = llgrn — givlloe > 2A%n, ¥n = () ¥* and 6, = gey and 6 = gy for
k#land k,l=1,..., My;
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(©) 5= Sw K L(Pry, Poy) < aln My.
Define the hypotheses:

gon (x1,22) = 0

9kN3(fE1,IL"2)—>Lh§3V K Y1 = TkN + K L2 = TkN
hn hy

_ 1
where k € IN = {1,2,...,mN}dX, hN = ¢y (%) 26+dX, my = UL —I MN = |IN| = mN ,
and for k = (ki,ko,..., kq), xpny = (lﬂrg—?,'@n:—]lvﬂ,...,]”n:—iﬂ), the function K : R¥&x —

[0, 00) satisfies (2.5). Notice the supports of these functions for the same N are disjoint.
The results follows by verifying conditions (a), (b) and (c). We have already shown that
condition (a) holds in the proof of part (i). The condition (b) holds with A = LK(0)c]

because
gen — ginlloo > 19w (@an, Trw) — Giv(@ns 2w )| = 2LAG K (0) = 2LK (0)cgiy -

To verify condition (c) we evaluate the KL-divergence:

1
. > KL(Pey, Pox) < Z IEPON (K, K]
N kezy kEIN
1
< Z 2L2h25K§mX2/ ( —mev | _ 5) dF(z;)
kEIN
1 Lo Z/Z —SUkN <L A4F (z;)
M - keln -~ 2

< 2L2h26+dx K2 N

max

_ 2L2K2 /3+dx In N.

max

The first and second line are proved in part (i). The fourth line use the fact that the
support of functions gkN, k € Iy are disjoint and ZkeI 1 < W < %) < 1. We have

In My = ln(m‘]j\f‘) > 2ﬁ+d In (thN) —dxIncy > mln]\f for sufficiently large N. The

condition is thus satisfied with sufficiently large ¢y. The result follows from Theorem 2.5 of
Tsybakov (2008).

Proof of Theorem 2.3.1
Applying the variance operator to W (w) yields

. 4N -2 M
V(‘”“’)) S v-it (2) Vi
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where, starting with the second term,

1
VN2 =V (5 [Yio Ko + Y21K21]> <V (Yi2K32) <E (Y122K122)

rT—T1 X — Ty

hy 7 hy
= b /]E [Y31(X1, Xs) = (z — hysi, 2’ — hyss)]

- f(x — hys)) f(z' — hasa) K2 (s1,55) ds;dsy
< hy™ BiK pax B1.

= 1 [ B [VRI00, ) = (o) K2 ) ) o) donda

Next, consider the first term. We get that

1 1
Vn1=C (5 (Yia K12 + Y1 K1) , 5 (Yis K3 + Y31K31))

)

1 1

5 Var (E <}/12K12 Xl, U1>) + §Var (E <Y’21K21
1 1

< §E (Yo Kq2Y13Kq3) + §]E (Y1 K21 Y351 K31)

I
= §hN4dX /E(Y12Y13|(X1,X2,X3) = (21,22, 73))

K (.Z‘ — I x — .IQ) K (l’ — I f— Jf?,) f(xl)f(xQ)f(g;g)dxldl’gdx:%

1
=V (E [5 (Yo Ko + Yo1 Ky)

IN

)

hN ’ hN hN ’ hN

1 _
g B (Va0 X Xo) = (0,2,2)

- K (x ; x2, x/h_ $1) K <ZE }: $3, x/h_ xl) f(zq) f(22) f(x3)dz1daedas
N N N N
— hNdX% /E (Y12Y13| (X1, Xo, X3) = (v — hysi, 2" — hysa, @' — hyss))
f(x = hys1) f(2" — hysa) f(2" — hysg) K (s1,82) K (s1,83) dsidsadss
el / E (Yor Yt (X1, X, X3) = (& — sy, — hasy, @ — hyss))
f(@ = hynsy)f(x — hnse) f(x — hnsz) K (s1,89) K (81, 83) dsidsadss
< hAﬂX135J/|J<(sl752)H}<(51,33)|d31d82d53

< hy™X Bs B,y B;. (2.7)
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These two bounds imply the variance bound

. N\' AN -2)
\ <\I/(U})> < <2> hN2dX B4KmaXB1 + thdX B5BgBl

N -2 4N
_ n—1lp—dx —13 —dx
— N1y [—N —4B; By By + N~y

1 B4KmaxBl:| ’

which, in turn, implies that for My = 4B5ByB; + 1 and sufficiently large N, V (@(w)) <

Mo for all w € R as claimed.
NRSX

Proof of Theorem 2.3.2

For 7 a sequence of positive truncation parameters we consider the sum

_ 1 1 1 w— Wi,
N

(2) 1<i<j<N

Y- 1(|Y;, K Vi) |
+Yj (M!<Tzv)h7vw ( . >]

We will use Z ~ij to denote the summands in the above expression in what follows. The
Hoeffding decomposition of this U-like statistic is

N
~ 2 _ 1 >
U(w) = E¥(w) + > Znitaw DL I
i=1 (2) 1<i<j<N
\_v_/ . ~ /
Tn,1(w) Tn,2(w)

where

Zni=E | Zni

X;, Ui| = BZi

ZN,ij = ZN,ij —E |:ZN,ij

X;, Ui = B | Zi

X;, U] + EZns.

Notice that T (w) is an average of N iid mean-zero random variables while Ty o(w) is a
degenerate second-order U-like statistic.
To proceed further we require the following Lemma.

Lemma 2.4.1. Under Assumptions 2.3.1 and 2.53.2, for any a > 0, there exists constant
M, such that

(i) if Tn < ay', then supycgaw P (|Tvi(w)| > Maan) = O (N~%);

(i) if v < Nh2x/InN and ay = o(1), then superiw P (|Tn2(w)| > Myan) =
O(N—a);
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(iii) if for some s > 1, sup,, . crix B [[Yao|*| (X1, X2) = (21, 22)] - f(21,22) < By, < 00 and

1

TN > ay' ', then sup,cgaw ’E (&D(w) - é(w))‘ =o(ay);
(i) if for some s > 1, E|Yio|° < Bss and v > (aNh?\?X)fﬁ, then
SUDerdw | PN (W) — @n(w)| = op (an);

1

(v) if for some s > 2, Ty = (N?¢n)* where ¢y = (In(In N))*In N, and E|Yi5]* < Bgs,
then P(®y = Oy) = P <<i>N(w) = Oy (w),Yw € RQdX) —1as N — oco.
The proof of the above Lemma may be found below. The bandwidth conditions stated

in the hypotheses of Theorem 2.3.2 ensure that we can pick truncation thresholds 7 which
satisfy the following conditions

1. v K a]_\,l;

3d
2. v K %hf\, X
1
3. TN > ay"T;

1

1
4. 75 > (N26n)° or Ty > (anhyX) 5.

These conditions allow for the application of Lemma 2.4.1. Denote Ry(w) := Uy (w) —
Uy (w). For any set Cy C R,

P (sup Uy (w) — E@N(w)’ > 8MaN>

weCn

=P (sup )@N(w) — EVy(w) + Ry(w) — ERN(w)’ > 8MaN)

weClpn

<P (Sup ‘@N(w) - E@N(w)‘ > 6MaN) + P (sup |Ry(w) — ERy(w)| > 2MaN> .
weln weln
(2.8)

The second term in inequality (2.8) converges to zero because

P sup IFx(u) = BR(uw)] > 2y

weCn

<P ( sup |Ry(w) — ERy(w)| > 2MCLN>

weRIW

<P ( sup |Ry(w)| > MaN) +1 < sup |ERy(w)| > MaN> (2.9)

weRIW weRIW

= o(1).
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The last line holds because

1 < sup |[ERy(w)| > MaN) =0 for large N (2.10)
weRIW

P ( sup |Ry(w)| > MaN) =op(1). (2.11)
weRIW

To see (2.10), notice part (iii) of Lemma 2.4.1 implies that sup,cgan |[ERn(w)| = o(an).
Hence 1 (sup,,cped |[ERN(w)| > May) = 0 for large N. To see (2.11), notice the inequality

. - E R
P < sup |Ry(w)| > MaN> < min {1 — P(dy = Dy), SUPyegtw | R (w) } :
weRIW MCLN
suggests we can bound either term on the right-hand side to bound the term on the left-hand
side. The threshold we pick meets the conditions of both parts (iv) and (v) of Lemma 2.4.1,

which ensures either 1— P(®y = ®p) = o(1) or Esupweﬁjzvzv‘RN(W)l = 0(1). This implies (2.11).

To show the first term in inequality (2.8) converges to zero, we will use a covering ar-
gument to reduce finding the supremum over an infinite number points to finding the max-
imum over a finite number of points. We then invoke point-wise concentration bounds.
This part closely follows the argument in Hansen (2008). Cover any compact region
Cy C R by finite number of balls of radius ayhy centered at grid points in the set
Ly ={wn1,wng, ..., wn Ly} (Here we abuse the notation a bit: Ly is used to refer to both
the set and its cardinality). Denote the ball Ay; = {w € R™ : ||w — wy ;|| < axhy}. For
N large enough such that ay < L (L is the constant appearing in Assumption 2.3.3), for

any point w € Ay ; within the ball, assumption 2.3.3 (ii) implies

‘K (—w _hWij) ~K (—ww - W’“‘)‘ < anK* (—wN’j - W) . (2.12)

Define

) = Ny, 2 Y’*"'MWUN)WK( h ]>’

1<iAj<N

which is a version of ®(w) with K replaced by K*. The bound (2.12) implies

“i’N(’w) — Uy (wyy)| < an®n(wyy),
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with [E®y (wy,;)| < BiﬂB;/Q J |K*(w)|dw < oo. Next bound the sup within the ball by a
value at the center and the sup discrepancy

sup | Uy (w) — E@N(w)‘

’LUGANJ

< [Fn(wng) = By wny)| + sup [Tx(w) = Ty (wy,)

”LUEANJ'

+ sup ‘E <\11N(w) — @N(wN,j)>

'LUGAN,J'

< | Wn(wy,;) — By (wn,)| + ay [ch(wN,j) + E&)N<wN,j)i|
S \i/N(wNJ) — E@N(U}N’j) + an ‘&)N(UJNJ) — ECfDN(wN,j) + 2CLNE&)N(U)N’J‘)
S \IIN(U}NJ‘) — E\IIN(U)NJ) + &)N(QUNJ') — Eci)N(’lUNJ') + QQNE(EN(UJN,]').

The last inequality follow because ay < 1 for N large enough. For any constant M >
B Byl? [ K (w)|dw > By (wy,),

P ( sup ‘@N(w) — E\I/N(w)‘ > 6MaN>

'LUGAN’J
S P (‘@N(UJNJ) — E@N(MNJ)

S P <‘\11N(UJN7J‘) — E@N(MNJ‘)

+ ’(i)N(w) - E(i)N(w)‘ + 2ayED y (w) > 6MaN)

> QMGN> + P (‘(i)N(w) —E(i)N(’LU)‘ > QMGN> ,

as well as

P (sup U (w) — E@N(w)‘ > 6MaN>

weECN

Ly
< ZP ( sup ‘@N(w) —E\I/N(w)‘ > 6MaN>
Jj=1 /

wEAN,]

<Ly max P ( sup ‘@N(w) —E@N(w)‘ > 6MaN>

j€{1,2 ..... LN} weAN’]
< Ly max P <‘\TIN(ZUN7]‘) — E@N(MNJ) > 2MaN>
je{1,2,....Ln}
Ly max P (‘éN(w) - E&)N(w)’ > 2May) . (2.13)
je{1,2,....Ln}

We now bound the two terms in (2.13) using the same argument, as both K and K* satisfy
Assumption 2.3.1, and this is the only property of the function K or K* we will use. For
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any o > 0 and M, as in Lemma 2.4.1, for any w € R4W

sup P ()@N(w) — E@N(w)’ > 2MaaN> = sup P(|Tni(w)+ Tyz(w)| > 2Myay)

weRIW weRIW

< sup P(|Tnq(w)| > Maan)

weRIW

+ sup P (|Tna(w)| > Maan)

wERIW

=0 (N™9).
Hence

P (Sup @N(w) - E@N(w)‘ > GMaN) <0 (LNN_O‘) )

weCN

If we take Cy = {w € RW : ||w|]| < cy} where cy = NY then Cy can be covered by

d
Ly =2 (CL%N) v number of balls with radius ayhy. Hence we can take « large enough,

— (q+ L)dw +3, 50 that O (LyN-) = O [ ()™ N0} = 0 (Nt Daws2-0) =
e.g. @ = (q+3)dw +3, so that O (LyN~?) .
O (N71) = o(1). We have therefore shown that

P (fé?fv Uy (w) — E@N(w)‘ > 6MaN> = o(1). (2.14)

Together the two bounds (2.9) and (2.14) imply that the right-hand side of equal-
ity (2.8) is o(1). This is saying for sufficiently large M < oo, we have

P (SUPwecN ‘@N(w) — E@N(w)’ > 8MaN) = 0(1), which is sufficient for

A A

B (w) — IE\IJN(w)‘ — O(ay).

sup
l[|w||<cn

as required.

Proof of Lemma 2.4.1
Proof of claim (i)

To prove the first claim of the Lemma we will apply the classic Bernstein’s inequality (see
equation 2.10 on p. 36 of the textbook Boucheron et al. (2013)).

Let Q1,...,Qn be independent random variables with finite variance such that
Q; < b for some b > 0 almost surely for all i < N. Let S = Z,]\Ll(Qz —EQ;) and

v ="V E[Q?. Then for any t > 0,

pis s <o (g tor)
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In order to invoke the inequality, we first show that Q;(w) = 75 'h% Zn.i(w) is bounded.
In the following we will use the abbreviated notation @); for Q;(w). Remember Zy ; is the

X, Ul} . Since

mean-normalized version of E [Z N,ij

T&lhdx ‘E [ZN,ij

1
=15 h™X |E {—

X, U

5 Vi - 1 (Y] < 7v) Kij

+Yji - 1 (Yl < 7n) K

X;, Uil

1 -
< h?vX§E _|Kij| + [ Kl | X, Uz}

w— Wy, w—W;,
K i K (Y= ‘XZ-
‘ ( hn ) ( hn )' }
1 r—x; ¥ —x; r—x; ¥ —ux
. 7dx_ ? J J ¢ . .
= 2/HK< hy * hy )‘JF‘K( hy 7~ hy )Hf(xj)dxj
— . /_ .
K(x xl,s) f(ac/—th)+’K<
hu

S BQB37

+

we have |Q;] = |7y 'h% Zni| < 2ByBs. Write P (T 1(w) > May) in the form suitable for
applying Bernstein’s inequality

N
2 _
P (Tyi(w) > May) = P <—N Elj Ini > MaN>

N
- M
=P <Z Tﬁlhﬁl\,XZNvi > ?Nh?vXaNTK,I)
i=1

= P(S > 1),
in which § = Zfil Q; and t = %N h?lvx anTy'. Applying Bernstein’s inequality gives us

P(S >t) < exp (—W%) where v := "N E[Q?] and b = 2B,Bs. Since the function

+2 .. . . /
exp ( W) is increasing in v, we have for any v’ > v

P(S>1t) <exp (—W) : (2.15)

The upper bound v" we are going to use is the following one

N N ~ 9
v=YE[@] =Y E {(T]\_,lhﬁleZMO } = T2 NV < 7y2NRY BsByBy =0/,
=1 =1
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in which the inequality is an implication of (2.7). Plugging the expression of v/, ¢, b, and ay
into the RHS of (2.15) gives us

2 M?
)= - N .
eXp( 2(v’+bt/3)) eXp( 8By By By + 8ByBsMantn /3 )

By assumption ay7y — 0 as N — oo, we can pick Ny such that 8 ByBsan7y/3 < 1 for

any N > Ny. For any a > 0, we can pick M large enough so that 8353124% > « and

. (0% « « . .
exp ( My N) < N¢. In particular, M, = Ty 2+322353231 will work. This means

" 8B5B2B1+M
we have proved

P (TN71(U}) > MaaN) =0 (N_a) .

We get the two-sided bound by applying the same argument twice for Ty ; (w) and —Ty 1 (w).
Moreover, because the derivation of the bound and the value of M, doesn’t depend on the
specific point w, we have also proved our desired result

sup P (|Ty1(w)| > Maay) = O (N7%).

weRIW

Proof of claim (ii)

We will use Propsition 2.3(c), a concentration inequality, from Arcones and Gine (1993)3 to
prove the second claim.

Let {X;,i € N} and {Vj, ., (i1,...,4n,) € IN} be independent random samples;
flloo < € EJf(X0r-o. X Vi )] = 0, 0% = E[f2(Xy,..., X Vi_)]; f 8
P-canonical, then there are constants ¢; depending only on m such that for any
t >0,

P me/Q Z f(Xim s 7Xim7 ‘/;1,...,im) >t

(ilaw-vim)e-['r]r\z]

- 02t2/m
> C1 €Xp o2/m N (Ctl/mN_1/2)2/(m+l) .

In order to apply the inequality, we first show that T&lh?\,dx Z ~.ij is bounded. Decompose

ZN,ij = ZN,ij —E |:ZN,ij

X, Ui] =B | Z

X, U] + EZns.

3There is a small modification compared to the original proposition. Since our statistic is not exactly a
U-statistic as there are the iid V;; variables in our setup, we include this additional term in the statement
of inequality. The proof of the inequality in our setup could follow the same steps of the original Arcones
and Gine (1993) one. The reason this works is that the V;; terms are iid and won’t affect the randomization
inequality, decoupling inequality, and the hypercontractivity inequality used in the proof.
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The last three terms on the right-hand side are bounded because Ty'EZy,; =
O(1) and 73'E | Zuy|Xo, U] = O(hy™). Moreover, |r'h3Zusl = 3Iry'Viy -
1(Yy] < ) K (w WZJ> |+ Y L (Y] < 7v) K (w;_}t@) | < Kmax. Hence, there exists

constant ¢ > 0 s.t. |7y h2 Zy ;| < ¢. Applying the concentration inequality to Tyo(w)

then gives us
> M(IN>

=P < Nil Z 1thXZN ,i]

1<i<j<N

< Cgt
crexp | —
B T
t
=crexp | — @ 273 In N
oln N + (ct'/2N-1/2)""In N

P (|Twa(w)| > May) = P ( % S s

1<i<j<N

N -
> M—— Lt aNTN1>

where t = M%h%xaNTgl and 02> = Var (T&lh?\f’( ZN,Z-]). We will show that
cat ¢
o N+ (ct/2N=1/2) iy (crr/2n-1/2) Ny
o0 as N — oo.
Beginning with the former claim:
t MEERYayry'  M(N —1)ay M(N = Day
o o 1/2 - o 1/2 = 1/2
ol N Tglh?\?x Var <ZN,ij> InN 2Var (ZNJ-j) In N 2Vys In N
MNay M ( In N ) -
4 (h;fdx B4KmaxB1> N ABiKne BT \NRY
M -1

(B4Kma:vBl)1/2 N
— o0, as N — oo.
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The latter claim follows because:

R A
B 2(InN)3

(ctl/2N~-1/2 2/31 N ( 2(In N)3
1/3
(—N3 3h;l\§lxa?\,TN2>

2/3

_ 1602) (Nh2 (In V)~ *1)

3
The last line above is an implication of the condition 7v < N hf\,dx /In N. Combining these

two limit results gives us eat 573 — 00 as N — oo. Notice the bound again
oln N+(ct!/2N=1/2) N

doesn’t depend on w and the inequality still holds when we take the sup over w € R™ on
the left-hand side. Hence for any M > 0 and any a > 0, sup,cgpaw P (|In2(w)| > May) =
O (N~@).

Proof of claim (iii)

Direct evaluation yields

[ (40 - 8w)| = [ [y 1v51 > =) K ("5

_ s—1 1 w_I/Vz
<E [|YZ]| I Y (Y] > ) o ‘K (TJ) H
N

—(s— w—Wi'
S TN( DE {‘ ’ QdX ( h ]) H
1

= [ BVl |60 X0) = (v, 3
N

K i xl, R f(.ﬁEl, l'Q)diIfldl'Q
hn hn

= 71?7(8_1) /E (Y12 (X1, Xo) = (2 — hysi, @' — hysa)]
X f(x — hysi, 2" — hysa) | K (s1,89)| dsidsy
S TJ\_/(S_l)B4’SB1.

Since the last expression doesn’t depend on w, we have sup,,cpaw ‘E (@(w) - é(w))‘ =

o(ay).
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Proof of claim (iv)

First, we eliminate the sup by upper bounding the terms involving K by K .x.

. - 1 w— Wi
sup |Py(w) — @N(w)‘ = sup | Z Yii| > 7~) dWK( . J)‘
weRIW weRIW ( 1<Z¢3<N hy N
1 1 w— W
<oy 2 Wl ) e s |k (M)
NN —-1) 1<§<N ] ’ I werdw hoy
1
< Kmath2dx —(5—1) }/l s .
— N ™~ N(N . 1) 1<#Zj<N | ]‘

Then, taking expectation on both sides yields

E( Sup ‘éN(w) —éN(w)D < Konaxh X7y U VE (1V5]°) < Knax Bosh 2737 = o(ay).

weRIW

Proof of claim (v)

If all the |Yj;|,1 <i# j < N are smaller than the truncation threshold 7y, then Py =Dy,

P<@N:@N)2P(max ‘ ’STN).

1<i<j<N

We now show that the RHS converges to 1. Observe

oo N-—1 oo N-—1
SN IP(Yin| > 7v) + P (Yl > )] < )0 [E([Vin[*ry®) + E ([Ywil*7y*)]
N=2 =1 N=2 =1
oo N-—1
=E([Yin*) Y ) 2Ny
N=2 =1
<E(Val)Y. =
w N(Inln N)2In N
N=2
< o0,

The Borel-Cantelli lemma implies P(A;;,7 # j,i.0.) = 0 where the set 4;; = {w : Y};(w) >
Tmax{ij} }- This means, except for a null set N, for any w € N, there exists a N(w) s.t. for
all N > N(w), Yin(w) < 7n. Since 7y T 00 as N — oo, we can take N*(w) > N(w) such that
TN+ (w) > MAX; j<N(w) |Yij(w)]. Then for any N > N*(w), we have max;<;<j<n |Yi;(w)| < 7n
and hence ®y = ®y. Define the set Ey ={w: N'(w) <N} C{w: dy = Py}, Since
Ex T N¢and P(N°) = 1, we have P(Oy = ®y) > P(Ey) — 1 as N — oc.
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Proof of Theorem 2.3.3

The proof follows the general approach used in Hansen (2008). Denote fW7N(w) =
N(]\lf—l) > 1<izj<n Kijn(w). We can write

gn(w) = Un(w)

- fW,N(w)'

We examine the numerator and denominator separately. An application of Theorem 2.3.2
yields

sup \\i/N(w) — E@N(wﬂ = O,(an)

llwl|<CN

sup | fw v (w) — Efwn(w)| = Opay).

llwl|<Cn
Standard bias calculations give

sup By (w) — ¥ (w)| = O(hly)

llwl|<CN

sup | fwn(w) — fw(w)] = O(hy,).

[|[w]|<Cn

Combining these results we get

A

sup Uy (w) — ¥ (w)| = Oy(an) + O(hy) = O(ay)

[lw]||[<Cn

sup | fwv(w) — fir(w)| = Op(an) + O(RY) = O(ay).

llwl|<CN

Uniformly over ||w|| < Cx we have

Un(w) _ Un(w)/fwlw) _ glw) + (Fy(w) = U(w)/fwlw) _ glw) + 0,05 ax)

fwnw)  fwn@)/fww) 1+ oy @) = fw@)/fww) 1+ 005" ax)
= g(w) + O, (05 aky)

1
as claimed. The optimal rate is obtained by setting hy < (%) 2tdx
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Chapter 3

Density-Weighted Average
Derivatives for Dyadic Data

3.1 Introduction and Summary

In this chapter, we study estimation of the density-weighted average derivative for directed
dyadic data. This parameter is of substantial practical interest as it is proportional to the
coefficients in single index models (Powell et al., 1989), which encompasses various models of
limited dependent variables. The main contributions of this chapter are extending the clas-
sical kernel-based estimator of the density-weighted average derivatives from the “monadic”
iid setup (e.g. Stoker, 1986; Powell et al., 1989; Newey and Stoker, 1993) to directed dyadic
data, and proving its robust asymptotic normality (in the sense asymptotic normality holds
under both nondegeneracy and degeneracy and across a wide range of bandwidth sequences)
using asymptotic quadratic approximation. This robust asymptotic normality result presents
an interesting contrast between this kernel-based semiparametric estimator and the sample
mean of dyadic data, which exhibits asymptotic non-normality when dyadic dependence is
absent and whose uniform nonconservative inference procedure doesn’t exist (Menzel, 2021).

Compared to the previous two chapters, this chapter studies a richer setup for directed
dyadic data in the following sense. Instead of only considering monadic regressors as in
chapter 2, we consider both monadic and dyadic regressors in this chapter. To appreciate
this, consider a model of export/import among countries. Natural explainable variables
include both GDP of each country, a monadic variable, and export/import tax between
pairs of countries, a dyadic variable. As we will see in the results, the rate of convergence of
estimators may differ depending on whether we are estimating the coefficient of a monadic
variable or a dyadic variable. A similar phenomenon also shows up in Chapter 4 (for different
reasons though).
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3.2 Population and Sampling Framework

We consider an empirical problem where ¢ € N indices agents in an infinite population of
interest. Agents are also referred as nodes, individuals, or monads. A (directed) pair of
agent (7, j) constitutes a dyad, in which we refer to agent i as “ego” and agent j as “alter”.

The data generating process specifies the joint distribution of the dyadic outcome Y;; for
dyad (7, 7) together with observed monadic ego regressors B;, monadic alter regressors C},
and dyadic regressors D;;.

In a toy specification of the gravity equation in international trade, Y;; is the logarithm
of export from country ¢ to country j. B;, C; are the logarithm of the values of exporter’s
output and the value of importer’s expenditure, respectively. D;; is the logarithm of the
distance from country i to j.

We are going to use a latent space model satisfying the following key modeling assump-
tions. First, the regressors X;; := (B;, C;, D;;) are jointly exchangeable. Namely,

d
[(Xi5] = [Xo()o)]

for every permutation 7 € Il where 7 : {1,2,..., N} — {1,2,..., N} is a permutation of
the nodes indices. In other words, the joint likelihood of regressors is invariant to the node
labeling. Second, the outcome are relatively exchangeable given the regressors. Namely,

the conditional distribution of Y is invariant against permutation of indices ox : N — N

satisfying the restriction [ X, (i)oy ()] L [Xi;]:

d
[Yij] = Yoxox ()]-

Put differently, the conditional likelihood of outcomes given the regressor values does not
depend on the node labeling. Third, outcomes of dyads sharing zero index are independent
of each other. Outcomes of dyads sharing one index, like Y;; and Yj;, are allowed to be corre-
lated with each other even conditional on the observed covariates. This dyadic dependence is
crucial for statistical analysis. For many statistical procedures, the dyadic dependence ren-
ders the effective sample size to be the number of nodes instead of the much larger number
of dyads.

We state the sampling assumptions of all relevant latent variables first. Then we con-
struct the observed variables using the latent variables. Let {(A;, B;, C;)}is1, {(Ui)}is1,
{(Vi;, Vii) Yigstii<ir {(€ijs€5i) Yij>1,i<; De sequences of i.i.d. random variables additionally in-
dependent of one another. (V;;,V};) and (e;;,€j;) are both symmetric, namely (V;;, Vj;) £
(Vji, Vi) and (€5, €5) L (€ji, €i5). We explain specific roles of these variables in the following.

For each agent i, we observe the monadic random variables (B;, C;) in which B; € B C

R?z is ego-relevant and C; € C C R is alter-relevant. For each dyad (i, ), we observe
dyadic explanatory variables D;; € D C R generated according to

Dij = D (Ai, Aj, €i5)
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where A; is an agent-specific random vector of attributes (of arbitrary dimension, not nec-
essarily observable) and ¢;; is an unobservable random vector. The scalar dyadic outcome
variable Y;; € Y C R is generated according to

Y; — Y(Bi,Cj,Dij,UhUja‘/ij)’

where U; is an unobservable scalar random variable uniformly distributed on [0, 1] and V}; is
an unobservable scalar random variable.

This latent space model could be motivated by the Aldous-Hoover representation of
jointly exchangeable array (Aldous, 1981; Hoover, 1979) and its extension to relative ex-
changeable arrays by Crane and Towsner (2018). More extensive discussion can be found in
Graham (2020a), Menzel (2021), and Davezies et al. (2021).

Compared to existing setups in the literature, the model here highlights the distinct roles
of monadic and dyadic regressors. The latent variables A;, U; for example serve as elements
of the exchangeable array representation and do not necessarily have an explicit structural
interpretation. Interestingly, we will see later on the monadic and dyadic regressors may
exhibit different rates of convergence. One crucial assumption is that the dimension of
monadic regressors is greater or equal to one. We will give more comments on this after we
present the rate of convergence result.

3.3 Estimand, Estimator, and Hoeffding
Decomposition

We introduce the target parameter of our interest here and follow it with a specification and
discussion of the estimator, density weighted average derivatives.

The object of our interest is the regression function of the outcome Yj; given all the
observed variables involving nodes i and j, (B;, C;, B;, C;, D;;, Dj;). This regression function
is assumed to be a function of X;; := (B;,C;, D;;) € R¥ ! dx = dg+dc+dp. B; captures
the ego-relevant effect, C; captures the alter-relevant effect, D;; captures the dyadic effect:

E [Yi;| By, Ci, By, Cj, Dyj, Dji] = E[Yy5] By, Cj, D] = g (X5) . (3.1)
XAA

To save notation, we will assume dp = d¢, which is the most common case in a typical setting.
Besides its innate conceptual meaning, the ego vs alter distinction is technically relevant as it
facilitates the statement of support conditions, which is crucial for nonparametric estimation.

The main assumption on this regression function is the single index restriction: g(x) =
G(2'By). This assumption says the regression function depends on the projection of z

'Notice there is no hidden exclusion restriction from a representation perspective, because we can always
pinpoint the ego-relevant and alter-relevant variables after inspecting the conditional expectation given full
information. However, real exclusion restrictions may be present when any specific specification is being
used.
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onto a single dimension identified by fy. Under this assumption, 6§, := E ( f(X )898()*?{)) =
E ( F(X)G(X ﬁo)> By is proportional to the index coefficient 5y. If in addition the function
g(z) f?(x) vanishes at the boundary, which facilitates the application of integration by parts,
then as shown by Powell et al. (1989) (PSS thereafter) the following representation holds

0o = —2E [Y%] . (3.2)

This representation motivates the density weighted average derivative estimator
R 1 9
Oy = 2—-— E Yii—fnii (Xii), 3.3

where the two-way leave-out kernel density estimator is

o 1 1 r—Xim
Fle) = 7—pm—y & ik (T) | (3.4)

(1m)
I£mi]

Notice we leave dyads involving 7 and j out when we are estimating the density at point X;.
This trick is a generalization of PSS’s leave-out trick with the cross-sectional data to the
dyadic data. It makes the bias much simpler to analyze, which resonates with the multiway
cross fitting procedure in Chiang and Tan (2020). It also facilitates setting up the estimator
as a fourth-order “U”-statistic, 2

Define 5 1 ¥ ¥
Siitm(B) = Yy — ¢ | 24 im
gl ( ) P Xij hd < h )
and its symmetrized version

1
Pijim(h) == By Z Oirjrrme (H).

(ilvj/7l/7m/) epz]lm

Each term p;ji,(h) is a symmetric function of primitive node variables and dyad variables
involving 1, 7, [, m:

pijlm(h> = p(ha Ai7 Bi7 Ci> Ui7 Aj: Bj> Cj7 Uj7 Al7 Bla Cla Ul7 Am> Bm7 Cm7 Uma

€ij, ‘/:Lja €ji, ‘/jia €ils ‘/ila €lis ‘/lia €im, ‘/imv €mi, Vmi> €1, ‘/}la €15, ‘/lja €lm, Wm7 €ml; le)

2The quotation marks around the U indicates that the statistic is not strictly speaking a U-statistic in
the traditional sense as an average of symmetric functions of combinations of iid random variables because of
the presence of dyadic primitive variables € and V' in this statistics. However, this will not make the analysis
of this statistic any different from a U-statistic, as will be revealed by the Hoeffding decomposition.
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Write the estimator as a “U”-statistics:
. N\ !
On(h) = —2 ( 4) > pijim(h). (3.5)
i<j<l<m

We will study its Hoeffding decomposition to understand its asymptotic behavior. Toward
this end, define the information sets (o-algebra) for one, two, and three indices as

Fup=o0 (Ai, B;, Cy, Us)
Frijy =0 (A, B, C;, Uy, Ay, By, C5,Uj €45, Vij, €51, Vii)
-F{i,j,l} =0 (A’L7 B’i7 C’i7 Ui7Aj7 B]7 C]7 Uj7 Al; Bl7 Cl7 Ul7 6i]7 ‘/Zja Ejla ‘/]7,7 €il, ‘/;;la €li, ‘/lia 6jla ‘/jlu Elja Wj) .

Define the Hoeffding decomposition of the “U”-statistics Uy (h) := (]Z)_1 > icj<iem Pijim(h)
by

in which each Uy .(h) is defined by

1
Une(h) = 3~ Z Geis...ie (P)

( c) 1<i1 < <ie <N

with
QO(h) =E (pijlm(h))
01i(h) = E (pigim(h)| Friy) — E (Dijim (7))
G245 (h) = E (pijim (M) Figy) = E (0iim (M) Fiy) — E (ijim (W) F(53) + E (Pijim (7))
g3,i1(h) = E (pijim (M) Frijny) — E (Dijim (W) Frijy) = E (Digim (W) Friny) = E (Pigim ()| F 3
+ E (pijim(W)|Friy) +E (Pijim (W) F5y) +E (Pigim (W) Fiy) — E (Dijim(h))

Q4,ijlm(h) = pijlm(h> -E (pijlm<h)|f{i,j,l}) —-E (pz‘jlm(hﬂf{i,jym})

(pzylm h ‘f{i,l,m}) —E (pijlrn( )|~F{]ml})
M Figy) +E (pijim (W Fiay) + E pigim (W) Fi.my) + E (pigim (h) | Fi3)
W Fimy) +E pigim (W) Fimy) = E (pigim (h) Fiy) = B (pijim (h)| F(53)
Namely Uy o(h) = E (pijim(h)) is the expectation. Uy 1(h), Un2(h), Uns(h), Una(h) are “U”-
statistics of order 1, 2, 3, 4. Un1(h), the first-order terms, is often referred as the Hajek
projection. The Hajek projection gives a best approximation by a sum of functions of one

node information Fy;; at a time. The Hoeffding decomposition gives improved approximation
by using sums of functions of two, three, or four nodes information.

DPijim

(
( wlm(
( (
(

~—— ~— ~—



CHAPTER 3. DENSITY-WEIGHTED AVERAGE DERIVATIVES 67

3.4 Assumptions

This section presents assumptions on the model, kernel, and bandwidth sequences. These
assumptions ensure that the estimand 6 is well-defined and the estimator 6 is well-behaved.

Assumption 3.4.1 (Model). (a) EY;} < oco.
(b) 2 as defined in lemma 3.6.3 is positive definite.

(¢) The density function f and the function gf is (@ + 1) times differentiable, and f, g f
and their first () + 1) derivatives are bounded, for some @) > 2.

(d) limypsee[f(x) + |g(x) f(2)]] = 0 where || - || is the Euclidean norm.

(e) (Bi, Dij) conditional on Fyj;y has density fp, p,; 7, (b, d|Fy;1), which is bounded to-
gether with its first two derivatives. E [Yij|Bi =b,D;; =d, F{j}] fBinij‘]'—{j} (b, d|F{j})
and its first two derivatives are bounded.

(f) (C}, Dyj) conditional on Fy;y has density fo, p,;|7, (c, d|}"{i}), which is bounded together
with its first two derivatives. E [YU\C]- =c,D;j=d, ]-"{1-}] fe;. 017, (c, dl]:{j}) and its
first two derivatives are bounded.

The Q in assumption 3.4.1 Part (b) is the asymptotic variance of the second-order terms in
the Hoeffding decomposition. This assumption says this second-order term is nondegenerate.
We are not imposing assumptions on the first-order term. The asymptotic variance of the

0

first-order term
i
X, “ } )

is allowed to be not strictly positive definite. In this sense, we are allowing for first-order
degeneracy.

The other assumptions are mostly technical. They ensures relevant smoothness and
boundedness.

0 0 0
9f (Xi) + aTﬁgf(Xﬂ) - Yz‘jﬁTijf (Xi5) — Y}'i@Tjif (Xji)

i var (B |

Assumption 3.4.2 (Kernel). (a) K follows a product form: for z = (b,¢,d) where b €
RdB, CcE Rdc, d e RdD, K(ZL’) = KB(b)Kc(C)KD(d) fRdB KB(b)db = fRdC Kc(C)dC =
Jgip Kp(d)dd =1

(b) Kp, K¢, Kp are even and differentiable. K and its first derivative are bounded.
(c) [ K(u)K(u)'du is positive definite where K (u) = 2 K(u).
(d) For some @ > 2, [oa | K (w)| (1+ [[ul|?) du+ [ || K (w)]| (14 ||u]|?) du < oo, and

b gt < b T = =l =0
/V]RUZXU1 UdX (U)u {O, if(ll,...,ld)/GZiXandl1+...+ldX<Q



CHAPTER 3. DENSITY-WEIGHTED AVERAGE DERIVATIVES 68

The assumptions on the kernel are standard. We use multiplicative kernels, K(z) =
Kg(b)Kc(c)Kp(d), to simplify the derivation.

Q+8
N

Assumption 3.4.3 (Bias). Nhy * — 0.

This assumption is equivalent to N _thvdB > h?\,@, which ensures the square bias of the
estimator is always asymptotically smaller than the second-order term Uy, in the Hoeffding
decomposition.

dgt+dp—+2

Assumption 3.4.4 (Asymptotically Quadratic). Nh, 2 — 00

This condition ensures the estimator fy is asymptotically equivalent to a second-order
U-statistic, the sum of its first-order and second-order terms in the Hoeffding decomposi-
tion. This condition is weaker than the more frequently seen asymptotic linearity condition,
which would imply the estimator Oy is asymptotically equivalent to a sample mean, a first-

order U-statistic. To see this more closely, note the condition for asymptotic linearity is

max{d3+2’dB+23dD+2} dp+dp+2 dp+2dp+2
— 00. DBecause % = i(dB +2) + % (%) is a convex

combination of dg + 2 and W, assumption 3.4.4 is a weakly weaker condition. Also,

this condition ensures the second-order term always dominates the fourth-order term both.
m{ dp+dp+2 dp+2dp+2 }
Under nondegeneracy, this condition can be weaken to Nh : °

— OQ.

3.5 Asymptotic Quadratic Approximation and
Asymptotic Normality

This section presents the main theoretical results. The final goals are to show the asymptotic
normality of the estimator and [to present a consistent variance estimator].

Both lemma 3.5.1, 3.5.2 below are imported from PSS. Lemma 3.5.1 gives us the repre-
sentation motivating the estimator. Lemma 3.5.2 bounds the order of magnitude of the bias.
Their proofs are in the appendix.

Lemma 3.5.1 (Representation). Given Assumptions 3.4.1,

O :=E (f(M%) = —2F <y%>

Lemma 3.5.2 (Bias). Given Assumption 3.4.1, 3.4.2 and hy — 0,
Edy — 6 =0 (h%)

Lemma 3.5.3 below involves calculation specific for the dyadic data setup. The de-
tail of the calculation is in the appendix. The key task in the calculation is figuring out
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the order of magnitude of the second moments of E [pijlm(hN)U-"{i}], E [pijlm(hN)LF{m}],
E [pijlm(h]vﬂf{i’j’l}], and p;jim(hy). Taking conditional expectation of the kernel object
Pijim(h) given some information set means smoothing (integrating) over variables condi-
tionally continuously distributed while keeping variables fully pinned down by these infor-
mation fixed. Intuition tells us conditional expectation given less information has smaller
order of magnitude because more conditionally continuously distributed variables are get-
ting smoothed over. The support conditions specified in Assumption 3.4.1 on the regressor
Xi; = (B, Cj, D;;) solidify this intuition by making sure all the variables not fully pinned
down to be conditionally continuously distributed.

Lemma 3.5.3 (Order of Magnitude of the Hoeffding Decomposition). Given Assumption
3.4.1, 3.4.2, and hy — 0, the order of magnitude of terms in the Hoeffding decomposition
are

1
_ Q
Var (\/NUNJ) = =540 (hN> (3.6)
dpte
N N ! ’ 1
dp+2
Var < 5 ) O hNBQ 93 UN72(hN) = %Q + O (hN) (37)
0 0 hy
dp+2
hy? 0 0
Var 0 h;Bzw 0 |Uns|=0(N7?) (3.8)
d
0 0 hg
Var (Uy.4) = N0 (h]*V(de) . (3.9)

Proof of this lemma is in the appendix. Notice that these results crucially depend on
the presence of monadic regressors. Without the presence of monadic regressors, the con-

vergence rate of the dyadic regressor will be parametric (either VN or 4/ (];[ ) depending on

(non)degeneracy).

Notice the variance of the Hajek projection 4Uy ; is of order O(N~!) under nondegen-
eracy. The variance of the second-order term Uy s is always larger than that of the third-
order term Uy s by order of V. The relative magnitude of the fourth-order term versus the
second-order term depends on the bandwidth: only when the bandwidth is very small the
fourth-order term is larger. When the bandwidth is large, the Hajek projection captures the
leading variance. This together with Lindberg-Levy CLT leads to the result of first-order
asymptotic normality. This result will technically break if the U-statistic is degenerate, in
which case the first-order terms vanish. The concern of degeneracy motivates us to explore
a more robust asymptotic approximation using a quadratic form, which incorporates the
second-order terms in addition to the first-order terms. Verifying conditions of a martingale
CLT in Eubank and Wang (1999) gives us asymptotic normality of the quadratic approxi-
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mation, which holds under both degeneracy and nondegeneracy and across a broader range
of bandwidth sequences (Cattaneo et al., 2014b).

Lemma 3.5.4 (CLT). Given Assumption 3.4.1, 3.4.2, 3.4.3, 3.4.4,
VNAUy 1 (hy)

dg+2

(5) hN02 hj% 8 6Una(hw) | 7N ((8)(% 8)) (3.10)

ap

0 0  hge

Proof. Our proof strategy follows that of CCJ (2014).
To prepare, notice lemma 3.6.2 shows that E[p;ju, (hn)|Fa] = 3m + O (h%), in which

n; =K [_%gf(xw) X gf( jl) + YZJ X1, f( ) + )Gzax (Xﬂ)
pend on N. This implies

}"{i}}. n; doesn’t de-

N
VNAUy, (hy) = LZ —En,) + Op <hQ>
=1

VN
because

| X

\/_4UN1 hy) — —= Z — En;)
\/N =1
| X

- \/_— Z 4]E pzalm (hn)|Fey } — (4E[pijim(hn)] — Eﬁz)}

=1

whose variance is bounded above by O <h?VQ>.
The multivariate CLT (3.10) holds once

N
V Nduy, + (2)6%2(@) ~ N (0,07 + w?) (3.11)
for any \; € R% and )\, € R%X, where

1
Ny = Zz L= XN —En), 2= NI\,

N -1 , dg+2
Unz =\ o E WNij 5 WNij = Ay 0 hy?
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Assuming A\; and Ay are both none zero, we establish (3.11) by invoking the theorem of
Eubank and Wang (1999). In our notation, conditions (1.3)-(1.6) of Eubank and Wang

(1999) are
A ! N
2
(2> max, E [wNﬂ-j] —0 (3.12)
===
A 2
2) Euy , — 3w* (3.13)
N
N2 B[] =0 (3.14)

A L N j-1 2
<2> N7'E <Z E (w5l Fpa,... j_l})) — 0. (3.15)

Because of exchangeability, (3.12) is equivalent to N~'E [w?\,”] — 0, which is satisfied
because of

dp+2

hy? 0 0
dp+2
E [w]QVlJ] = Ay Var 0 hN32 0 | @ii(hn) | A2 = ApQ)g = w? (3.16)
d
0 0 hy

by lemma (3.6.4).
By de Jong (1987) Prop. 3.1, condition (3.13) is satisfied if

N7?E[wy ;] = 0 (3.17)
N7'E[w} ;;wh ] — 0 (3.18)

Elwn i jWN 4 WN jmWN im] — 0 (3.19)
E[w?vm] — w? (3.20)

We verify each of the condition one by one.

(3.17): Elwy ] = hy'® by change of variable and (3.17) holds if N?h% — oo, which is
ensured by assumption 3.4.4.

(3.18): E[w},;wyq] = E[E[w}, ;| Fa]?] = O(1) and (3.18) holds because N~'O(1) = o(1).
(3.19): Elwnijwnawn jmWnim] = EE[wyjwna|Fnl?l = h% — 0. This can be shown
using change of variable.

(3.20): This is the same as (3.16).

Condition (3.14) is ensured by E[l{] = O(1) and N2E[l{] = N720(1) = o(1).

Condition (3.15) is equivalent to E [(E (wN’ijlj|]:{i}))2] — 0. Since E (wn;jlj|Fy) = h
by integration by parts and bounding arguments, (3.15) is satisfied. [J

ZN‘U?
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Now we are ready to prove the asymptotic normality result based on asymptotic quadratic
approximation.

Theorem 3.5.5 (Asymptotic Quadratic Approximation). Given Assumptions 3.4.1, 3.4.2,
3.4.3, 3.4.4, the second-order approximation of Uy dominates the approximation error,

Un — Unyp (hn) = [4Un;1 (hn) + 6Ung (ha)] (14 0p(1)) .
And Oy is asymptotically normal
~ -1/2 /.
Var (9]\[) (9]\/ - 60) ~ N(O, IdX) y

in which the variance

) AN hyt 0 0 hyt 0 0
Var (eN):4 N12+<2) Ayl 0yt o] 0 Ayt 0] (1+0(1))
0 0 1 0 0 1

Proof. Remember by definition the estimator Oy = —2Uy. The Hoeffding decompositon of
U, N is

UN<hN> - UN,O(hN) — 4UN’1(hN) "— 6UN72(hN) + 4UN73(hN) + UN,4(hN)-

Uni(hy), Un2(hy), Uns(hn), Una(hy) are all mean zero. They are uncorrelated with each
other and their variance are calculated in lemma 3.5.3.
First, we will show the bias is asymptotically negligible. Notice

On — 0y = —2Ux — By
= —Q(UN - UN’()) + (_QUN,O - 90) )

in which the first part is the deviation from the mean and the second part is the bias. Lemma
3.5.2 tells us the bias square is bounded above by O (h?\,@). Lemma 3.5.3 together with
assumption 3.4.1 (b) tells us the variance of the second-order term Var (Uyz) is of order
at least N~2h9%. These together with the bandwidth condition assumption 3.4.3 ensures
(=2Uno — 60)° = o(Var (Uyyz)) and (—2Un, — 6p)* = o (Var (Uy)). As a result, bias plays
an asymptotically negligible role.

0o

N 71/2 N _ _
Var (91\/) <0N — 90> = — Var (Uy) 2 (Uy — Uny) — Var (Uy) 2 (Uno + 3)

= — Var (Uy) "2 (Uy — Unyo) + o(1).

Second, we will show CLT holds for the centered statistic Uy — Upp.

Under Assumption 3.4.1 (b) about second order nondegeneracy and assumption 3.4.4,
lemma 3.5.3 ensures the second-order term dominates the third-order term and the fourth-
order term Var (Uns(hy)) = o(Var (Una(hy))) and Var (Uya(hy)) = o(Var (Uy2(hy))).
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Consequently, the sum of the first- and second-order term dominates in the Hoeffding de-
composition Var (4Uy 3 + Uy a) = o (Var (4Un 1 + 6Un2)). Hence,

Var (UN)fl/2 (Un — Unyp)

— Var (4Un1 + 6Un s + 4Uxs + Un ) ? (4Uny + 6Uns + 4Uns + Uy g)

= [Var (4UN71 + 6UN72)]_1/2 (4UN71 + 6UN72) + 0(1)

CLT in lemma 3.5.4 together with the fact that

AUni 46Uy = N™V24V/NUy 4

dp+2 dg+2

hy 0 0 hy? 0 0
N\ 2N _dp+2 N N dp+2
1, 0  hy °’ 0 5 0 hy> 0 [6Unz
d d
0 hy? 0 0 hy

implies the CLT holds for 4Uy 1 + 6Uny.2: Var (Uy)™"* (Ux — Un.e) ~ N(0, I, ). Hence,

Var <éN) e (éN — 90) ~ N(0, 14y )-
[

This robust asymptotic normality result based on asymptotic quadratic approximation
suggests the possibility of constructing a normality-based robust confidence interval. The
only ingredient left to be filled is a consistent variance estimator. We propose a variance
estimator in the following. Though we do not have a formal consistency result for this
estimator, we conjecture that this estimator will be consistent under similar to that in
theorem 3.5.5.

Variance Estimation
Motivated by the variance expression
1 A N\ 2
7 var (91\/) =4 > > Cov (pirjrtimy (A), Pinjatoms (hn))
11 <j1<li<mi i2<j2<la<ma
we propose the following analog estimator

-2
56-() F T {snmnin

11 <j1<li<mj i2<ja<la<mo

[Pijiim: (hw) — UN Pigjatams (hav) — Un]' }



CHAPTER 3. DENSITY-WEIGHTED AVERAGE DERIVATIVES 74

Consistency result of this estimator is left for further research.
To prove consistency, we will decompose this variance estimator into four parts each
corresponding to one term in the Hoeffding decomposition.

d (i1, 71,1, m1, 12, J2, lo, ma) = dy (i1, J1, L, ma, 42, Jo, la, ma) + da (i1, J1, L, ma, g2, Jo, la, m2)

+ds (i1, j1, li, ma, ia, Jo, lo, ma) + dy (i1, j1, I, ma, ia, Ja, lo, ma)
where

|{i1,j1,l1,m1} N {Z'Q,]'z, l2,m2}| =1

dy (71, J1, l1, M1, 19, J2, [2, M2 )
[{i, g, by ma} N {2, J2, b, mo}t| = 2)
)
)

( )
d2 (ily,jl?lhmhi27j27l27m2) =
d3 (ilajbl17m17i27j2al27m2)

( )

dy i17j1,l1,m17i2,j27l2,m2

|{i17j17l17m1} N {i27j2al2am2}’ =3
i1, 1, Loy ma } N {dg, g2, lo, ma}| = 4).

A~~~ I/~ —~

Write V (Uy) into four parts.

V(UN)=Vi+ Vot Vs+ Vi

2
Vi = (Z) Z Z {dl (i1, 71, 11, ma, 12, Jo, l2, ma)

i1 <j1<l1<my i2<j2<la<mg

[Pivjrtimi (An) — Un] [Pisgotams (hn) — UN]/}

. [N\ o o
Vy = (4) Z Z {dg (Zl,jl,llymlul%]%l2am2>

11 <j1<li<mi i2<ja<lo<ma

[Pirjrtymi (h) — UN] [Pigjatams (hn) — UN],}

- N\ ? o o
Vi = (4) Z Z {ds (21,]1,11,m1,127]2,l2,mz)

11 <j1<li<mi i2<ja<la<ma

Pragtams () = UN] iatama (o) = Un]' }

2
Vi= (Z) Z Z {d4 (21, J1, li, ma, @2, Ja, lo, M)

11 <j1<l1<mq i2<ja2<la<ma

’ [pi1jll1m1<hN) - UN] [pi2j2l2m2 (hN) - UN]/}
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We'd like to show

N5y
N hy 0 0\ [hy 0 0
(2)h‘f\? 0 hy OVl 0 Ay O 20
0 0 1 0 0 1
1 hyt 0 0 Ryt 0 0
~ ~ 1 N —d -1 -1
Vit Vi=op [NTS+ () hy™ [ 0 hgt 0@ 0 ht 0
0 0 1 0 0 1

Completion of this proof outline is left for further research.

3.6 Appendix: Proofs

This Appendix contains proofs of results in the main text of Chapter 3.

Proof of Lemma 3.5.1

Proof. Partition x into its first coordinate vs the rest, z = (z1,2" ),

E (f(X)%) = /f2<w>%g—gd
_ / . / fz(xl,x,l)mdxl

8 x ,x
— —Q/dxo/f T1,T_1) f(a 1)g(x1,x_1)dx1

xy
-2 (v,

where the third equality follows by integration by part and the limit condition

g(x ,x o
/f T1,T— 1 : l)dxl:g(xbm*l)fq(xl’x*l)r—roo

- /Qf(xl, x_l)%;_l)g(xl, xr_q)dxy

— / 2f (1, xl)%g(m, x_1)dxy.

1)

(3.21)

(3.22)

(3.23)
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Proof of Lemma 3.5.2

Proof. Use the following notation to distinguish the first coordinate from the rest in X;; =
(Xij, X5 1)

0 1 Xii — Xim [ 0 1 Xii — Xim
E Y, K J =E X)) E K J X
[ 70X Y ( hy )] _g( ) [GXW e < hy )' ””

[ 0
=E |g(Xy) (mf(Xij) +0 (hQ))}

L l]?

0
_Elv.— % f(x.. Q
B Vg /()] +0 (19),

which implies Eby =60+ O (hQ). The second equality follows by

0 1 Xii — X,
E K Y m X
{aXij,l hix < hy ) | ]]

_/8Xij1hde< . )f(:}:)dx

//h_a_K ur, u—1) f(Xij1 — hyur, Xij—1 — hvu_r)durdu_,
Uy

K (u X, — hyu)du
/ z]l_hNU)f( J N )

aX@ﬂf( U>+o<hQ>

in which the third equality follows by integration by part:

1 0
/E(‘?_MK(ULU 1) F(Xija = hvun, Xij 1 = hyu-i)duy

1
= —K(ul,u ) (Xija — hvuy, X5y — hyu_q) [T

0
/K Uy, U_1) f(Xijn — hnvuy, Xij -1 — hyu_y)duy

Xija _hNU)

0
= /K(Uh U—l)a( [(Xija — hyuy, Xij -1 — hyu_y)duy

ij,l — hNU)

O

Proof of Lemma 3.5.3

To prove lemma 3.5.3, we will need to calculate E [pijum(R)|Fguy], E [pijim(h)|Friz],
E [pz»jlm(h)|F{i,j7l}}. Toward this end, we will first calculate the conditional expectations of
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dijim(h) in lemma 3.6.1. Then we use these result to calculate and bound corresponding condi-
tional second moments of p; i, () in lemma 3.6.3 and variance of gn14, N 2,ij: AN.3.ij1s AN Ajijim
in lemma 3.6.4. Lemma 3.5.3 is a natural result of lemma 3.6.4.

U1

, we use V2 to denote element-wise square
U2

In the following, for a vector V =

Lemma 3.6.1. Under Assumption 3.4.1, 3.4.2, and hy — 0,

Ko (%522) [~ {B Vil Bi = Bu Dy = Dins Fip) 0,17, (Brs DinkFi) } + O (i)
(a) E {%lm(’w)‘f{j,z‘m}] = hd('+‘ K¢ (C f") [ [Yij|Bi = Bi, Dij = Dim, Fi3y] f5..0,17,, (B Diml Fijy) + O(hN)] ,
3 ( — m) { S {IE [Yi|Bi = B, Dy = Dims Fipy) f017,, (Bis D1m|]—"{j})} +0 (hN)] .
,dBHI‘B (B; B’) [ [Yw\c Cun, Dij = Dim, Fiy] fe; 0,517 (Cimy Din|Friy) + O (hw)]
E {@jlm(hN)‘]:{i,l,m}] = | ke (B B‘) [ { = O, Dij = D, Fiay] fo,p417, (CnuDzm\f{'})} +O(hN)} ;
. Ky (B2 Bt) [ {E[ \c Cons Dig = Dis Fia ] fe,p,171 (o DinkFiy) b+ 0 ()]

C;—Cnm
N gl ( ) i {33 DBl F oy (Digy Bil Fiamy) + O (R N)}
dc+1 Kc (C hCm) ij [fDlm B F(my (D”,B |f{m} _|_ O hN)

N

KC ( Cm) Yi; |:8D I D, Bi|Fmy (DWB |]:{m}) +O(h N)]
h;iVB+1 KB (B hBl) ij |:fDlm Cml|Fpy (Dlj7c ’f{l} +0 hN ]
1 Kp (Bl;Bl) Yij [acm JDim, Cm|F 1y (Dwa ¢ |]:{l}) +0 (hN)}

3B
Ko (P52) Yy (b oucatry (D Ci\Fi) + O ()]

E [8iim(h)|Fosm | = |

E {%‘lm(hzv)‘f {w‘,l}] =

() E [@ﬂm(m)\f{i,j}] = Yijsl f(Xy) + 0 (1),
ks (5 A”’) [E [Y51C; — i = 0. D = Diw = 0. Fiuy) S -Punia(0.01F10) + O )]
E [5zjlm(hN)‘]:{M}} = an‘B (B B') { 2i=oE [Yy|Cj = Con = t, Di = D = 0, Fiiy| ;oD Doy (101 F(iy) + O(hw)} ;
I‘B (B Bl) [*(%h:U]E [Yij|Cj = Co = 0, Dij = Digy = t, Fiiy] ;- ConDyay—Dim Froy (0 H1Fgiay) + O(h,N)]

E [@jzm(hfv)’f{i,m}] = o {E Vil Xig = Xim =t Friomy ] fx~Xoml oy (t|f{z‘,m})}+
O (hw),

L [%zm(hzv)‘f{y s) = -4 » {E Yol Xy = Xon = t.Fi0] sz (FGn) | +
O (hn) -,

,LL K¢ ( —Cum ) [%lf:nE (VB = Bi = t, Dij = Dim = 0, Fijm}) f B B0y Dl F1ymy (5 O F 1jm}) + O(hN)]
Ci=Cn
-7:{],1”}} = hd( ~Ke ( Lm ) [E [Yij|Bi — By =0, Dij — Dy = 0, Fijmy] IBi=B1,Ds; Dy F iy (05 O1F g .my) + ()(h,N)] 5
=Ko (( cm) [75%|L:0E [Yi| Bi = Bt =0, Dij — Diy = t, Fiimy] F5,— 1,015 il Py (05 1 F imy) + OU“\")]

E [@jlm(h]v)]f{hm}] =~ 52/ (Xin) + O (n§).

E [&jlm(}lw)
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(c) E :5ijlm(hN) f{i}] =E [Eja%jf(Xij) J:{vs}} +0 (h%)
E :5ijzm(hN) f{j}] =E [Yz’ja%.jf (Xij) f{j}} +0 (h@,
= :5ijlm(hN) f{l}] =E [—%gf (Xim) ‘}"{l}] +0 <h%>;
E :5ijlm(hN) ]:{m}] =K [—%gf (Xim) ’}—{m}} +0 (h%)-
Proof.  (a)
o]

h)
A ()
vl (5 (55 (B
- Y;jaf(ij{h;’chC (Cj ;Lcm>

e (52) 0 (22 ]

0 1 C; —Cy
=Y 8XZ-J» { Kc ( . ) | Dy B Fm (Digy Bil Fmy) + O (hN)]}

hdc
KC (C = ) i [a%fDlm,anm (Dij, Bil Fimy) + O (hN)]
= hdc+1 Ko (C'_hcm) Y [fDlm,Bl\fm (Dij7 B¢|]:{m}) +0 (hN)]
oo (9582) Yy [ 585 o iz, (Digy BIFom) + 0 (h)]

Similarly,

th+1 KB ( h ) |:fDlm Cm|]:l (DZ]’ C “F{l}) + O (hN)]
E [5ijlm(hN)“/—'-{i,j,l}} = hN ( ) ij [acm S Dt Ol (Dijv Cj|~7:{l}) +0 (hN)}
W5 Kp (252) Yy [aglm Il (Diy C5l Fy) + O (hN)}
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© s |Fiao]

0 1 (X — Xim

KC (C Cm) E [Ywhdgide Kp (B Bl) Kp (%) “7:{-77[””}]
— thHKC (CJ NC’") E [Yw thB”D Kp (BZVBl) Kp (Dij’;NDl"") ’f{j,hm}]

oo (Gt ) B [YK (B522) b B (22 ||
hjlv K¢ (C NCm) [ 2B, { [YMB By, Di; = Dlmv}—{J}] I, \Dij| Fisy (Bllemu:{j})} + O(hN)}
_ Ko (c Ncm) [ [Y;5|Bs = Bi, Dij = Dim, Fiy] f5.0417,, (Bis Diml Fisy) +0(hN)}

1 Ko (C C"‘) [ BD { [Yij|Bi = By, Dij = Dim, Fij3) IB.,0s1F (Bz-,D1nL|-7:{j})} +O(h1v)}

hn

e
Similarly,
E {%lm(hw)‘f{i’l’m}}
hd;HKB (BFBL) { [YU|C Con Dij = Dim, Fiiy) foy.0017; (Cons Dinl Friy) + O hN}
= | (B Bz) [_%{ — Cly Dij = Dimy Fiiy) fy 04170, (C’m,Dlm|}'{z})} +0 (hN)]
KB ( i ) {_agln { YZ]|C Cony Dij = D, Friy] fo;,0417 (Cis Dlm|}'{i})} +0 (hN)}

/

E [5ijlm(hN)‘]:{i7j}] =FE |:}/;'j 3;9(2']' hfljl\;( K (Xz'j — le) ‘f{i,j}}

0o 1 Xii — X
= }/’L]E K Y m ‘ 1.1
’ [3Xz‘j h ( > d ’]}}
0

= YijaTijf(Xij) +0 (h%) :
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E [&jzm(hzv)‘f{i,z}]

0 1 (Xy- X,m) }
—E Vo K (22 |7
|: JaXij }L?VX ( hN {31}
9 1 Bi— B G~ Cm Dy — Dim
- {Yiﬂ'ﬁthKB () e () o (B2 o
dBHKB< { it Be (92 Kop (22 | f{”}}
= (B Bl) E 7,] hdcl+d,) ac; KC ( ) KD ( lm) ‘F{z 1}

Ci—Cm ) Dij—Dim .
( ) Yy d< +dD KF( hy >6D1] ( hy JL-{ul}

43+1 KB ( ) |C —Cp=0,Di; — Dy, = 0, }—{uﬂ fC,—Cm,Dij—D,m\f“(O:O|]:{i,l}) + O(hN)]
=| KB (B,ZNBZ) [—ghzoE [ Y;;|C; — Cy =t,Dyj — Dy, = 0,-7:{1',1}] fC“,,me,DufDlm\}'{j’[}(tuo‘]_—{i,l}) + O(hN)]
i —+Kp (B Bl) [—%\z:oE [Yij|Cj = Cop = 0, Dyj — Dy = t, Friy fe,—CoDpiny =Dl Friay (05 1 Fgiy) + O(hN)]
Simllarly,

E [%‘lm(hzv) ‘f{j,m}]

0 1 Xij — Xim
:]EY; K m
oy () P

oot () () (252 ]

e (%= B [Vt e (%52) Ko (24522 [Py

| e (55 B gt () o (52 )

K (%) E [Y,-,]- s K (852 55 Ko (Pl ‘ f{_,.m}

ﬁKC (C]h_vc> [_%‘t:OE [Yij|Bi = Bl =t, Dij = Dipy = 0, Fijmy] FBi=B1Dis— D | F iy (£ O F (my) + O(}LN)]

= hd('Jrl KC (C Cm) |:E I:Y;J|Bl - Bl = 07 DL] - Dlm = Oy-F{J,m}:I qufBl,D”‘fDlm\}"{]ym} (07 O‘F{]”m}) + O(}LN)]

KC ((“ —Ci > [ a‘tZOE [Yij‘Bi — By =0,D;; — Dy, = t,F{ﬁm}} fBl—B,,D”valm‘}‘{]’m}(0,t|]'—{j’m}) + O(hN)]

E [@-ﬂm(hN)‘f{i,m}} -E {Yi]-af(ijéK (X - le> ‘]-'{m}]
P

oot

{E [Yij\Xij = Xim =1, f{zﬁ,m}} IX 5= Xim | F sy (t‘f{i,m})} + O (hy).

t=0

E [5ijlm(hN)‘f{j,l}]
0 1 Xii — X,
—E |v; K ij m ’
{ 70Xy hix ( hy ) i l}]

0
~3 {E (Vi Xij — Xom = t, Fiyy] Fxiy—xuml 7 (tlf{j,l})} + O (hw).
t=0




CHAPTER 3. DENSITY-WEIGHTED AVERAGE DERIVATIVES

o 1 Xii — Xim,
E |:5ijlm<hN)‘F{l,m}] =E [Yij X, thK ( ! I ) ‘]:{l m}]
e N

1 0 :L'—le)
= — K d

0

= g0/ (Xin) + O (h%) .

E |:5ijlm(hN)“F{i}:| =K [E (Yij af(ij h}‘llVXK (ng - le) ’f{z ]}) ‘f{l ]

0
=E {Yijﬁf()@j) f{i}} +0 (h%> -
ij

Similarly, E |:(51‘jlm(h]\7)‘f{j}:| =E [Y;ja%ijf(Xij)

Fin| +0 (1}).
E |:5ijlm(hN)‘f{l}i| =K {E (YZ] a)a(ij h;VXK (X - le) ‘]‘-{l m}) ’]'—{l}]

E [— a;zlmgf (Xim) ‘f{z}] +0 (h@ :

Similarly, E [@ﬂm(hN)(f{m}] —F [—%g £ (Xim) ‘]—"{m}} 41O (hff,).
0

Lemma (3.6.1) directly implies the following lemma (3.6.2).

Lemma 3.6.2. Under Assumption 3.4.1, 3.4.2, and hy — 0,
(a) E (nglm(h]v”]:{l}) 477Z +0 <hQ> , in which

nZ:]E[—a%ijgf(Xi) 8X 591 ( J1)+YZJ<9X f(Xi) + Y;“?X F(X;i)

(b)

f{z}}

81
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E [12pijim (hn) [ Fpijy]

:Yi,-a%ijf(Xn) + Yﬁa%ﬁf(xﬁ) - a%ﬁgf(xﬁ) gf( X;i) + O(hy)
_ % L {IE [YalXi — Xy = t, Figy] fxa-x Xons i t|]—'{,]} }
_ % . {B Vil X = X = 1. F i) fxxmiri, (1Fn) |
_ % g {]E (Yl X0 = Xim = t. Fpay] Fy—Xoml 7y (HF001) }
_ % t:o{ Vil X = Xim = £, Fip) S xomi (1F ) }
Wlﬂkﬂ (BZVB’_) {E [Ya|Ci = Cin = 0, Dyt = Djm = 0, Fiijy] fer-ConDi—Dyml 7oy (0,01 F(izy) + O(hN)}

(B',;\,B’ {E [YalCi — Cpo =t, Dy — Dy = 0, Frijy) JC1=ConDi=Djm| iy (¢, Ol}-{i,j})} + O(hy)
B

1
+ | it
LK
F

e
(B,T 1) 2 {]E [YulCi = Coy = 0, Dyt = Djoy = t, Fii 3| for-ConDi— Dy 7oy (0,t|]~'{i)j})} + O(hy)

hn 0
K (Blf ) {E [YjilCy = C = 0, Dji = Dis = 0, Fiijy] fer-Com - DimiF sy (0,01 F(igy) + O(hN)}
'N ‘

T hiB
11\(

i fﬁKB (B,h;si) % 0 {E YilCi = Co = t, Dji = Dimy = 0, Fpi 3] fer-ConDyi-DimlFropy (6 o|f{i,j})} + O(h,N):
7}121%](3 (B’%NB" % . {E YitlCr = Cop = 0, Dyt = Dy = t, Fpigy| for-Dyi-DinlFy (O=t|}—{i,j})} + O(hN)_
ke (52) B {E [Yal B = B = t, Dii = Doy = 0, Fi] fi b Dty (601 F i) } + O(h)|

+| ek (%) {DIE [Vl B = B = 0, D = Dy = 0, Fi) i 07 (0,01 F0y) + Ol }
ey (c;;c]) o 0 {]E [Yil B = B = 0, Dis = Dy = t, Fiiy] f1-Bun0Doy 5 (o,t|f{i,j})} + O(hy)
—1: Ke (CJ;,:\C ) 5 {E [Yij| Bi = Bo = t, Dij = Dyni = 0, Fiijy] [5,- B0y —Dyil 71,y (L OI}'{M})} + O(hN)_

| ke (%52) {OE [Yi|Bi = By = 0.0 = Do = 0.F ] fiy Dotz (001 F(an) +0(n)}
~ e Ko (o]};g) _5% U {]E (Y5l By = B = t, Dy — D = t, Fyiy] Fi0ny Dty (0 t\f{,-,j})} +0(h)]

Proof. These are direct results of lemma (3.6.1) and the definition of p;jj,(hy) O

Lemma 3.6.3. Under Assumption 3.4.1, 3.4.2, and hy — 0,
(a) E [E (piﬂm(hN)U:{i})Q] =52+0 (h%), in which

> = Var (E {—%gf()(}]) 8X gf( Jz) + Y;J 9X;; (le) + Y}lax f( ﬂ)

7))

(b) For dp = dc,

dB+2
hy! 0 0
dp+2
Var 0 hy? 0 |E[pgm(n)Funl | = %Q +O(hy).
d
0 0 he
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Qpp Qe Qsp
in which Q= | QLo Qcc Qep
QED QgD Qpp

1 Rp
O =- lim — Var R
4 N—oo th ¢ ’
Rp
i which
. (B~ B,
Rp = Kp I E [Yiz|Cl —Cn=0,Dy — Djy, = Oa]:{i,j}] fe1-ConDi=Djun| Fpiy (0,01 Fisy)

-E D/JI|CI - Cm = Oa Djl - Dim = 07 ‘F{Z,J}} flecm,DﬂfD,m\]:‘ri‘” (07 Ol‘F{Z,J}) + O(hN)}
. (G- G,
Rc = K¢ T E [Yy|B; — By = 0, Dy — Diyy = 0, Fijy) IB1-Bo.D1 Doyl Py (0,01 F (i)

— E [Yy|Bi = B = 0, Dij — Dyni = 0, Fpijy| 51— BoD1y— Doil 7y (0,01 Fgigy) + O(hN)}
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Rp = —Kp (Bii;VBQ % O{E [YalCi = G = 0, Di = Dy = £, Fii ) fer-copa-ymires; (0:HF i) }
+ % 0 {E [YilCL = Cow = 0, Dt = Do = t, Fiay] fer—comnnoni7sy (0 t|f{i,j})} + O(hN):

e <Oif;vcj> % 0 {E [Yil By = B = 0, Dis = Dy = £, Fip) f 100Dty (0:1F i) |
+ % . {]E (Y| By = By, =t, Dij — Dy = t, Fi; jy] JBi=Bo, D1y~ Dol Fi sy (0, t|]:{i,j})} + O(hN):

U = / Ky (b) K7, (b) db

IE{ []E [YalCi = Cop = 0, Dyg = Dy = 0, Fpijy| fe,-ConDaDymiFropy (001 F (i)

2
— E [Yji|Ci — G = 0, Djt — Dimy = 0, Fiijy] for-ConDy— Dol 7oy (0, 0|f{i,j})] |B; — Bj = 0}

- fB,-B,(0) + O(hn)
Qce = i/f(c (¢) K/ (¢)de

E{ {E [Yii|Bi — By = 0, Dy — Dy = 0, Fii jy] IB1-Bu DDy Py (0,01 F (i)

2
—E[Yy|Bi = B = 0, Dij — Dy = 0, Fpijy | [B-BoD1y—Doil 75y (0,01F(iy) } |Cs = Cj = 0}

- foi—0;(0) + O(hy)
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Qpp
11 B, — B; J .
=V ( e < Ty ) {& 0 {E[YalCi = Cou = 0, Dt = Dy = t, Fiu)] for-cnpiDmiziy (0:HF i) |
5 .
+ % { Y;|C,— C,, =0,Djy — Dy, = 12-7:{1,]')] fq—cm,Dﬂ—D”,,,\F{t,J} (0: t\}'{w'})}
- K¢ ( . ) { {E [Yil By = B = 0, Dy — Dy = t, Fijy] S Bi=Bun,Dii— Do | Fii iy (07t|-7:{z',,j})}
) :
+ En { Yi;| B — =1, Dy — D = t, Fiijy] S Bi= B, D= Dol iy (0,t|f{i,j})} )
1 -
=1 / A%(b)dbE<{ ’ Ll\cz ~Cn=0,Dy — Dj, = ty]:{i,j}} JC1=Con,Dit—Djml Fi jy (07t|f{i=J})}
p 12
+ & { [ Yu|C,— Cp =0,Djy — Dy = tw]:{i‘j}] JC1=Con D= Dinn| Fii sy (0., t‘}—{vﬁu‘})} Bi—B; = 0)
1 .
+ Z/Ké(c)ddﬁl([a‘ {]E [YulBi = B = 0, Dii = Dinj = t, Fi j3] f8,-Bon. Dy~ Doyl 7oy (07t|]:{i=j})}
an
o 12
+ ot {E [Y17|B‘ — By =1t,Dij — Dpi = tv}—{i«j}] th*BrmDu*DmV:{w) (O"t|]_—{i’j})} G=G= 0)
0 ]
1 2 B; — B, d
+ 135111)0 % Cov ( — Kp ( e '7> {5 . {E [YulCt = C = 0, Dig = Djm = t, Fii jy| f1-ConDi-Dyml Frogy (07t|]:{ivj})}
. ' .
+ E {E D//llcl - Cm = 07 Dﬂ - D”" = t7 ]:{17.7}] fcl*CmxD.'/l’Dlm‘f{t,J} (0 t‘]:{”})} )
N |
C;—C; d
— K¢ J — {]E [Yli|Bl - B, =0,Dy; — ij =t, ]:{i,j}} fBl—Ble@_D"u‘]:(w} (0’ t|]:{i'”)}
}LN ot 0
) B}
+ En {E [Ylj|Bz — By =1t,Djj — Dy = tu]:{i,j}] fB[*Bm:D[;*szl]:{u]) (0*t|]:{i,j})} )
0 J
dp+2
hyr 0 0
dg+2
(c) Var 0 hy’ 0 |E [pN,ijlm|-F{i,j,l}] =0 (1),
dp
2
0 0 hy

(4) Var (pim(h)) = O (2.
Proof.  (a) This is a direct result of lemma (3.6.2)(a).

(b) The scaling is exactly making the variance asymptotically converging to a finite PSD
matrix. To see this, focus on the first dg components:
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1 .. (B;— B,
hTB Var (KB <hNJ) {E [Y;l‘cl - Cm = 07 Dil - Djm = 07}—{1‘,]‘}] sz—Cm,Du—Djm\f{i,j} (07 O|]:{’i»j})
N

—E [Yu|Ci = Cpy = 0, Dyt = Dy = 0, Fpijy] for-C Dy Diml iy (0,01 FGigy) + O(hN)}>

1 (. (Bi—B;\ .1 (Bi—B,
= —E(Kp | ——2) K |——
e () i (55

{]E [Ya|C = Cpy = 0, Dy — Dy = 0, Fpi ] Jer=ConDit—Djml Fri iy (0,01 Fgiz)

2
—E [Y;|C = Cry = 0,Dj; — Diny = 0, F; 3] Je1=ConDji—Dim| Frigy (0,0|Fgijy) + O(hN)} >
+O@%“)
= QBB =+ O(hN).
Calculation for the middle do components and the last dp components are conceptu-
ally similar. The covariance term in the definition of {2pp is written as a limit because
we know the covariance term is not exploding but pinning down its limit requires

additional specification of the joint support conditions of B; — By, C; — C}, which we
don’t need to get into.

(c) Integration by parts, change of variable, and bounding arguments give us the result.

(d) Integration by part together with change of variable give us the result.

1 d X — X\ \°
& K| ——"
7 p2dx (aXij ( hiy )) ]

E [0ijim(hn)?] = E

1 a X’L . le 2
-t 0= | (ax (445 |
1 9 a 2
= th+2E E (Y;J|XU) / %K (U) f (Xij — hNu) du
N

=0 (h]—v(dx—i-2)>
E [pijlm(hN)ﬂ <E [5ijlm(hN)2] —0 <h;v(dx+2)> .
U

Lemma 3.6.4. Under Assumption 3.4.1, 3.4.2, and hy — 0,

(a) Var (q1(hn)?) = 5+ 0 (%),
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dp+2
hy: 0 0
dp+2
(b) Var 0 hNB2 0 | @i(hy) | =352+ 0 (hw),
d
0 0 he
dp+2
hy? 0 0
dp+2
(¢) Var 0 hN82 0 | Bip(hy) | =0(1),
d
0 0 he

(d) Var (qajim(hn)) = O (h;v(dX“)),

Proof.  (a) Var (qui(hn)) = Var (E (pijim(hn)|Friy)) = 155 + O (h%) :

dp+2 dpt2? dp+2
hy? 0 0 hy? 0 0 hy? 0 0
, ' p+2 , dns2 . ags2
(b) Var 0 hy? 0 @,ij(hn) | = Var 0 hy? 0 E (pwl?n(hz\/)‘f{uj}) —2Var 0 hy? 0 E (pijlm(hs\")‘]:{f})
. . i
0 0 hy 0 0 hy 0 0 hy

1
= —Q+ O(hy).
36 T Othw)

dp+2 dp+2
hyf 0 0 hyr 0 0
dp+2 dp+2
(c) Var 0 hy? 0 |@alhy) | < Var 0 hy? 0 | E@ium(hn)[Fugy) | =OQ).
d d
0 0 hg 0 0 he

(d) Similarly, Var (qqijum(hx)) < Var (pijim(hy)) = O (h&(dx+2))_
UJ

Proof of lemma 3.5.3

Proof. These are results of lemma 3.6.4 together with the facts

Var (Un1(hy)) = N~ Var (q?\]“)

[ 0 0 hy? 0 0
dp+2 dg+2
Var (2) 0 hy? 0 |Una(hy)|=Var 0 hy? 0 | @y
d d
0 hy 0 0 hy
dg+2
hy? 0 0 -1
dp+2 N
V|| o a0 [Uvatw) | = (5) Varuantin)
d
0 0 hy

Var (Uy 4(hy)) = (]D & (4%,aijtm)
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Chapter 4

Error Components Models for Dyadic
Data

4.1 Introduction and Summary

In this chapter, we study error components models of dyadic data, of which a major mo-
tivation is separating the monadic and dyadic components of variation. Our development
parallels that of error components with panel data: we progressively enrich the random effect
model by going from being without covariates to being with covariates and from homoskedas-
ticity to multiplicative heteroskedasticity. Throughout enriching the models, we focus on
estimation of the coefficients in a linear regression, which includes both monadic and dyadic
explanatory variables. To understand the nature of the estimation problems under different
error components models, we study the performance of intuitive OLS estimators, propose
more efficient estimators, calculate the asymptotic efficiency bounds (Cramér-Rao lower
bound, CRLB), and compare the efficiency bounds to the estimators we propose. A central
theme of this dissertation is understanding estimation problems of non/semiparametric mod-
els for dyadic data. The linear model with homo/heteroskedasticity is an ideal playground
for this themed exploration.

Under homoskedasticity, we prove the sample mean, which converges at rate O(N—Y/2),
and least square estimator with double-differencing operation, which converges at rate

O ((12v )_1/2>, achieve the CRLB and are asymptotically efficient for estimating the marginal

expectation and the coefficients of dyadic variables in a linear regression respectively. Under
unknown multiplicative heteroskedasticity, we show that the intuitive two-step semipara-
metric generalized score estimator for estimating the linear regression coefficients, which is
a natural extension of the classical feasible generalized least square estimator (FGLS) for
linear regression with heteroskedasticity for the “monadic” iid data, is not adaptive to the
unknown heteroskedasticity. Its convergence rate is faster than that of the OLS estimator,

O(N~2), but slower than the rate suggested by CRLB, O <(];[)—1/2>‘ This result makes a

distinction from a familiar result in the monadic iid setting, i.e. a two-step semiparametric
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generalized score estimator often indeed achieves adaptivity and CRLB in iid setting. The
gap between the performance of the best available estimator and the CRLB suggests that
for this estimation problem with dyadic data either there exists a better estimator that is
adaptive and achieves the CRLB, or there is a tighter efficiency bound. We point this gap
out for further research.

Compared to previous literature, one of our main contributions is extending the discus-
sion of estimating parameters of linear regression from the homoskedasticity model to the
multiplicative heteroskedasticity model. From a modeling perspective, we are moving the
discussion from a parametric model to a semiparametric model. Another main contribu-
tion is calculating the efficiency bound under both homoskedasticity and heteroskedasticity
models. Even though we do not have a formal theory for efficiency bound for dyadic data
yet, the CRLB calculation is intuitive and valuable in its own right. A third contribution
is that we propose and characterize the asymptotic behavior of tetrad-difference estimators,
“fixed-effect” regression estimators, and a feasible two-step semiparametric generalized score
estimator for the unknown heteroskedasticity model. A final contribution is pointing out the
gap between CRLB and the asymptotic behavior of these proposed estimators.

4.2 A Variance Decomposition
We start from a simple variance-components model

Model: }/ij:M+Ui+Uj+‘/ij,1§i<j§N
Up,...,.Uy SN (0,08), Vi SN(0,0%),
(Uy,...,Un,Vij,1 <i < j<N) are independent
, o4, 0‘2/ are unknown

Data: (Y;;,1 <i<j <N) only, U; are unobserved

Estimand: p, 07, 0%
Write the variables in matrix form

Yy = Heyy + Ty Uma + V0

2
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in which the matrix collecting all the dummies is

110 - 00

ro0o1 .- 00

100 --- 10

100 --- 01

T=(011--00 = (ay,...,an).

0 0 - 10

010 01

000 11/ xx

2
Conditionally
YU ~ N () + Tpyyn U, o))

Marginally

Y ~N (ML(N), = obly + a?]TTT> .
The (unconditional) likelihood is
L(p,00,00:,Y) = 1 (Y— LN >TZ_1 (Y— LN ) — 1ln(det(E)) (N 11n(27r)
OV 2 HEE) HE)) ™2 2)2 '
The MLE is
o (N
i=v=(3) T
1<)
Notice that the fi here coincides with the GLS with known ¥. Gauss-Markov theorem

implies f1 is BLUE. Tt is also asymptotic efficient. v'N (i — p) ~» N (0,40%). The MLE for
the variances 67, 6% seems reasonable but they are not our main focus.

4.3 Error Components Regression

Homoskedasticity

The regression version of the previous model with conditioning variables based on individual
covariates is

Model: Yi; =Y (X;,U;, X;,U;, Vi) = Wi B+ (fi+ fi) v+ e, 1<i<j<N
€ij = U, + Uj + V;j,
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where the regressor W;; = W(X;, X;) for a known function W : R?? — RPW | f; = f(X;) for
a known function f : R — RP/ and

Sampling assumption: Xi,..., Xy Y Px known, Uy,...,Uy N (O, 0(2]) . Vi N (0, 0‘2/)

(X1,..., XN, Uy, ..., UN, Vi, 1 <i < j < N) are independent.
Primitives: 8 € R’ v € R/ o7, 07 € R, are unknown
W, f, Px are known

Data : (Y;;,1 <i<j<N,X,...,Xy) only, U; are unobserved

Estimand: 3,7, 0%, 0.

Compared to the error-components model in the previous section, this regression model
specifies a richer form of error components allowing for a potential correlation between the
monadic effect and the dyadic effect.

Conditionally

Y|IX,U~N (W(g)xpwﬁ + T(z;)foNpr’)/ + T(g’)xNUNXb U%](};)) .
Marginally
YIX ~ N (W) B+ Ty v S =0y + o3 TT ).
The (unconditional) likelihood is

L(8,7,08,0:Y,X) = —% (Y - WpB —Tfy) 871 (Y - W3 — Tfy)
1 N\ 1
~3 In(det(X)) — (2 ) 5 In(27).
MLE

Here we report the MLE of the linear coefficients (/3,v). We are using S and T interchange-
ably here (S =T).

() [ (o] o) s

The MLE in this type of model is not guaranteed to have good performance. It seems to
perform reasonably in line with the intuition. It could be tedious but insightful to understand
its performance. We are not writing down full explicit analytical expressions here.
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OLS in Levels

Here we report the OLS (in levels) estimator of (/3,7) and outline its asymptotic properties.

(2) - [(wse) (wr)| (wsr)
(ﬁ:f) - (s0w (g;ssff)_l (t)°

) [; ((f mef‘j/)z‘j/vz; (fimf]}ggi(}; ff)ij)T)] i > (( fﬁf?») €ij

1<j

In the special case where we know -, the infeasible OLS of a scalar 8 has

VN (3-7)

-1

AN A

B k 2) > WZ%] \/N( 2) > Wieis ~ N (0, (EWp,) "4 Var (PyWaz) o) -
i<j i<j

Here Py Wiy := E[W15| X ] — EW;; is the Hajek projection of Wi, on index 1. In the special

case where we know [, the infeasible OLS of a scalar v has

(3) "o () S

i<j i<y
~ N (0, (E(fy + f2)*) "4 Var (f1) o7;) -

The OLS estimator 4 is asymptotically efficient, as we will see in the discussion of efficiency.
The OLS estimator B is rate inefficient. Since [ could be identified by dyadic variation, we
naturally expect a root- (g] ) convergence rate. This could be achieved by several estimators,
including “fixed-effect” estimator and tetrad difference estimator.

VN (3 =) =

Tetrad Estimator

Consider the following estimator of S.

1 1 2
Qnb) = Y S [AgkY — AW T
n(b) N(N-DN-2)(N-3) _ S, 2 [Aijna W b]

B = argmin Qx (b).

beRPW

where we use the notation A2 = Z;; — Zi, — Zji + Zyy. Tetrad differencing removes the
the monadic effects and keeps only the dyadic effects left

AiirY = DijW ' B+ Dijra(f + ) + Dij(U + U + V)
= AijleTﬁ + A V.
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We can write B explicitly as

. 1 . -
s (N(N—l)(N—zw—g) 2 B e )

1<ij#kAISN

1
'<N<N—1>(N—2)<N—3> 2 Aw‘klw%klv) (4.1)

1<ij#kAISN

Moreover we write the second term in (4.1) as a U-statistic

1 N\ !
NN —1)(N —2)(N —3) > AW ARY = (4> > Gu

1<i£jAkAI<N i<j<k<l

1
fijkl = E Z AabchVAabcal‘/7
(a;b,c,d)ep({i,g,k,l})
where &;;i; is a symmetrized kernel. Since
E [£1234| X1, Ui] = 0,

this U-statistic is degenerate in the sense that its Hajek projection is zero, which implies the
variance of this second term is of order O(N~?). Together with the fact the first converges
to a constant in the limit, it implies 8 converges at rate root- (]; )

“Fixed-Effect” Estimator

The fixed-effect estimator achieves similar goal as the tetrad difference estimator.
B=[WT(I-Pr)W| "W (I-Pp)Y,

where Py = T(T'T)™'TT is the projection matrix of column space of T. This estimator
uses I — Pr to extract pure dyadic variation and regress the projection residual of Y onto
that of W. This estimator is intuitively again converging at rate root- (];f )

Infeasible OLS with Second-Order Terms in Hoeffding Decomposition

For this particular model, Hoeffding decomposition decomposes monadic effect and dyadic
effect in a clear way.! For any random variable Z, denote PZ = EZ, PwZ =E[Z|X;,U;)] —
EZ, PupZ = 7Z — E[Z|X;,U;] — E[Z|X;,U;] + EZ. Let’s write down the decomposition
explicitly
Yij = PYi; + (PyYi; + PyyYi) + Py Vs
PY;; = PWTB+2PfTy
(PayYij + Py ) = (PayWig + PiyWeg) ' B+ (fi+ f; = 2Pf) 'y + Ui + Uj
P Yy = PapyW; B+ Vy

'We will see later on that there may still be subtlety unrevealed by Hoeffding decomposition
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Both the tetrad estimator and the “fixed-effect” estimator are essentially asymptotically
equivalent to OLS of

Py Yy = Py Wi B+ V.

Estimators based on the second-order terms in the Hoeffding decomposition may exhibit rate
root- (];; ) convergence. This is because the “score” term (];/ ) - > < Pi.jyWij-Vij 1s degenerate
with zero Hajek projection. Namely, E [(P{i,j}Wij) - Vil X, Ui} = 0 or equivalently

(PuyWis) - Vig € Hyjy = {PupyZ(Xi, Ui, X5,U;, Vyg) « VZ R 5 RP p=1,2,...}.

Heteroskedasticity

Here we extend the homoskedastic model in the previous section by introducing a specific
form of multiplicative heteroskedasticity.
Model: }/ij = Wz;rﬂ + (fz + fj)T’Y + Tij 1 S 7 <] S N
rij = 0(Xi, Xj) - ey = 0(Xi, Xj) - (Us + Uj + V),

where o : R? — R, specifies the form of heteroskedasticity. The sampling assumptions stay
the same as the homoskedastic model. One may suspect the tetrad estimator or the “fixed-
effect” estimator has the same fast rate of convergence in this enriched model. However, this
is not the case. We will see tetrad/fixed-effect estimator will lose their fast root- (12v ) rate in

general. The best way to see this is by inspecting the second-order terms in the Hoeffding
decomposition.

Py jyYij = PayWis B+ Pgyris
= PupyW,; 8
+ [0(X;, Xj) — Po — Po(X;, X;)|U; + [0(X;, X;) — Po — Prjyo(X;, X;)]U;
+ o (X5, X;)Vij.
The key observation for understanding the (infeasible) OLS based on this equation is the

. —1 ) .
following. The “score” term (];[ ) Yoic j[Pi,jWij - P, jri;] is a nondegenerate U-statistic in

general. To see this, we need to show that its Hajek projection is not zero. Let’s compute
the projection of Py j3Wij - Py jyri; onto the space of (X, U;).
Py (P yWi - Pugyri) = E (PagyWis - Pagyri| Xi, Us)
which is not zero in general. > To interpret this nondegeneracy, notice
P{i,j}rij = [O'(Xi, X])—PO'—P{Z}O'(XZ, X])]Uz‘l—[U(XZ, X])—PO'—P{l}O'(X“ X])]Uz—f—O'(XZ, Xj)%j)

2For example, if Wi; = X;X; and o(X;,X;) = 1+ Xfij, then the last term is U;X?(X; —
EX) Cov (Xj,Xf).
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which involves both monadic and dyadic variation. Py jy7y; itself being degenerate doesn’t
guarantee its product with Py j;Wj; to be degenerate. In fact, the product is degenerate only
in special cases, e.g. homoskedasticity. When o(X;, X;) = o is a constant, the product is
degenerate. To make this more explicit, o(X;, X;) = o implies Py jyrij; = 0Py e = oVij,
which is totally independent of the monadic variation. Unfortunately, this degeneracy is
special rather than general.

The nondegeneracy of Py yzWi; - Py jyri; implies that the infeasible OLS converges at
rate root-N instead of root- (g) The remaining question is “Can we construct root- (27)
estimator?”

Before trying to answer this question, it is instructive to investigate a local to homoskedas-
ticity asymptotics.

Local to Homoskedasticity

We are looking at a sequence of model with moving primitives. In particular, oy (X;, X;) =
o+N~%6(X;, X;) where o is a constant and 5 (X;, X;) is a mean-zero function. o > 0 controls
the speed of slipping into homoskedasticity. In this sequence of model, the projection term

is shrinking to zero at rate N~®.  This implies the variance of the score term
Ny —1 . _ _

(2) 2ics (PagpyWij - Pagyrig) s of order O (N!Var (Ppay (P Wi - Prijyris)) + N72) =
O (N~172¢ 1 N=2). The convergence rate of the infeasible OLS is root-N—mn{l+2a.2}  Thig
asymptotic analysis interpolates the “homo-" and the “hetero-” worlds

Infeasible Weighted OLS with Infeasible Weight

A simple (infeasible) reweighting, namely

Yy =o(Xi, X;)7'Yy
= U(Xz‘an)_IVVijTﬂ + o (Xi, X;) 7N (fi + fj)TV + 0 (X, X;) 'y

= VVJB + fijT'Y + €ijs
gets us back into the nice situation under homoskedasticity. Here we list some comments
about this result. First, the infeasible OLS with infeasible weight is expected to converge at
rate root- (g) Second, it seems to open up the possibility to estimate v at a faster rate than
root-IN. The main takeaway is that we can construct a more efficient estimator if we have
additional knowledge about the heteroskedasticity structure. We will see in the following
that even if we do not know this heteroskedasticity form o, we can still estimate it and use
the estimated o to construct a more efficient estimator.
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Feasible Weighted Tetrad Estimator

Suppose we do not know the exact form of the heteroskedasticity function o(X;, X;). We
would like to construct a feasible version of the previous infeasible OLS with infeasible
weight. This task is similar to constructing a feasible GLS in the classical linear regression
with heteroskedasticity model. Here is the proposed algorithm.

Algorithm 1 Feasible Weighted Tetrad Estimator
1: Input: Monadic variables {X;, f;,i = 1,..., N}, dyadic outcome {Y;;,1 <i < j < N},
function W.
2: Output: estimate (3,?)

4: Fit a simple OLS (in level) to get an initial estimate of § and =

() () ()] ()

5: Compute the regression residual 7;; = Y;; — W} 3—(fi+ f;)7A7°

6: Estimate o® function by running a (non)parametric regression of 77; on regressor (X;, X;).
Use 62 to denote the estimated function

7: Construct transformed data using 62. Yi; = 6(X;, X;) 'Yy, Wy = 6(Xi, X;) "' Wy, fij =
o (Xi, X;) "M (fi + £i)-

8: Generate the final estimate by an OLS on tetrad-difference terms

({j) — argmin Qu(b.o).

b,cERPW TPf

1 1 - - 12
Qn(bc) = > S Ay = AW b — Ay fTe|
w(b:¢) NIN=D(N=2)(N=3) _ <<, 2 [ TH oM mif e

In the following, we will outline an informal analysis of this estimator. The first step
OLS estimator has an estimation error of order root-N as we have shown before. As a
result, the discrepancy between the residual 7 and the true regression error r is also of
order O(N~'/2). The nonparametric regression for estimating o2 has an estimation error

8

at rate O <N LR ) This estimation error together with the already existing discrepancy
8

72 = r2 4+ O(N~Y?) implies the 6 — o = O (Nf BHd ) The residual in the transformed data

3A more principled way to generate these residuals involves sample splitting (or graph splitting) and
constructing residuals from out-of-sample predictions. This trick help us bypass the in-sample overfitting
problem and simplify the bias analysis.
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Yi; = WiEB+ fly+7is

rij =

Tij L 0, Xy) — o(Xy, X;)
———=(1- €.
(X, X;) o(Xi, X;) !
WaXoeXeXy) — o (N~im
The result from local to homoskedasticity analysis suggests the infeasible OLS will converge

at rate .
(1=3) o =)

We expect that replacing the infeasible OLS with the tetrad estimator in the last step
will not change this result. Notice that using this nonparametrically estimated weight is
not asymptotically equivalent to using the infeasible weight. Weighting by the estimated
weight pushes the estimator in the heteroskedastic model to be equivalent to the unweighted
estimator in the local to homoskedasticity model (but not equivalent to the unweighted
estimator in the homoskedastic model).

One way to think about the problem here is that the estimated weight is converging slower
than (or equal to) the usual cutoff rate, n='/*4 = (];)_1/4 = N~'2_in a typical analysis of
two-step semiparametric estimator. The analogy to an unweighted estimator under local to
homoskedasticity gives a more precise intuition.

Suppose we are willing to specify a parametric model for o2 and estimate it using para-
metric dyadic regression instead of nonparametric dyadic regression. In this case, the weight
can be estimated at a faster rate 6 —o = O(N~1/2) . This is a knife-edge case in the following
sense. The estimation error is exactly equal to the n='/* cutoff rate for two-step semiparamet-

Since ), the transformed data is local to homoskedasticity.

ric estimation. Local to homoskedasticity analysis will tell us (g : f > = O (N71), which is

the same rate as the infeasible weighted infeasible OLS. This is the best convergence rate we
can achieve. We conjecture the knife-edge nature implies a non-vanishing asymptotic bias or
an additional variance term when we go from an infeasible estimator to a feasible estimator.

4.4 Cramér-Rao Lower Bound

In previous sections, we see that parameters can be estimated at different rates ranging
between root-N and root- (g ) and the convergence rate may be different depending on what
estimator we use. In this section, we want to understand the nature of the estimation
problems in a different way by calculating the Cramér-Rao lower bound of parameters in the
linear dyadic regression. The exercise delivers not only the optimal rate of convergence but
also the optimal asymptotic variance. Even though we do not have a theorem formalizing
this, we conjecture the CRLB gives us an efficiency bound in dyadic setting. We work out

the calculation of CRLB in the following.
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We are working with a slightly more general nonlinear regression model with het-
eroskedasticity here.

Model: Y;'j = ,LLQ(XZ',XJ‘) —|—T2‘j, 1< <j <N
ri = 0(Xi, X;) - ey = 0(Xi, X;) - (U + Uj + Vig), Uy RN(0,1), Vi S N(0,1). (4.2)

Suppose the density of X denoted by A is also known. The only unknown parameters in this
model are # and o.

The log likelihood and the score of observing the hypothetical data (X,U,Y) =
(Xl,...,XN,Ul,...,UN,Y;j,Z' <]) is

1(,0:X,U,Y) = Z[log A (X;) + log ¢ (U;)]

+3 [1og¢ ( (/;é,())?’)X i)y U) —log cr(Xi,Xj)}

1<J
los (0,0:X,U,Y) = %Z(Q,U;X,Uﬁ( ZV “za
1<j
0
=0 ( 70-( + g) )43y Uy ) Z( VJ6]+ )g]

1<j

¢ here denotes the density of the standard normal distribution. The last line is calculating
the directional derivative of the log likelihood w.r.t. the ¢ in a direction defined by function
g. To calculate the score of the actual data (X,Y), notice

0

1(0,0;X,Y) := %Z(G 0;X,Y)
Qp ,U(XvuvY)
_ %peﬁ (X7 Y) _ % (f Do.o (X, u, Y) dll) _ agei(x’uyy) *Po,o (X7 u, Y) du
Do, (X7 Y) Do, (X7 Y) Do, (X7 Y)

= /l'(Q,J;X,u,Y)pg,U <u

— Ey, [z’ 6,0:X,U,Y) ‘X, Y] .

X, Y) du

Applying this to our problem gives

oo (0.0:X,Y) = Y _E (Vigle) - i 6)

1<j Z]

e) eij + 1i| gij;

9
ot

[(0,0(1+19) X, Y) =Y [_E (sz

1<j

t=0
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where e = (e;;,7 < j). The overall “efficient score” for 6 is

l~9,g 0,0;X,Y) := l'g,g (0,0;X,Y) —1I ig’a (0,0;X,Y)
=gy (0,0;X,Y) =0
- Z.H,a (‘97 g, X7 Y) ) (43)

in which II l‘g’o (0,0;X,Y) denotes the Ly projection of l.gﬂ (0,0;X,Y) onto
the tangent space spanned by the overall score of the nuisance parameter

{% t:Ol (0,0(1+tg) 15 XY): g: R 5 R ||g]]e < oo} The projection is zero because

for any direction g

9
ot

) MZJ 9) ; [—E (‘/1_7

t=0

Cov (ia (0,0;X,Y)
— Cov (ZE( ale) 2
Y Y eE(v

) ’ [_E <V;2j2
11<J1 12<j2

- > SoE|lely,

. ag;
11<J1 12<J2 g

1(0,0(1+1t9) 1 X, Y))

e) €ij + 1} gij>

)i +1]} 5 [l ]

Oi1j1

= 0.

Here the second equality holds because E <Vi1j1 e> K (Vim‘e) * €i,j, can be expressed as
third-order (see equation (4.8) in the appendix) polynomials of Us and Vs and all of these
third-order polynomials have zero expectation. (4.3) implies the “efficient score function”
nga doesn’t depend on whether the nuisance parameter o is known or not. Remarkably, the
efficiency bound remains the same even if we do not know o. Remember a similar result
holds for linear regression with unknown heteroskedasticity in the cross-sectional iid setting.

We summarize the previous analysis into the following theorem.

Theorem 4.4.1 (CRLB of Dyadic Regression with Heteroskedasticity). For the dyadic re-
gression model with heteroskedasticity in (4.2), the overall efficient score for 0 is

loo (0,0:X,Y) =y, (0,0,X,Y) Z]E( g ) f1(6) (4.4)

1<J l]

The Fisher information of 6 is Z(#) = Var <l~970 0, 0; X,Y)) and the CRLB is Z(0)~!

To appreciate this result, it’s useful to calculate the Fisher information explicitly in special
cases. Suppose the true model is indeed homoskedastic with o(X;, X;) = 1. If pg(xq, 22) =



CHAPTER 4. ERROR COMPONENTS MODELS FOR DYADIC DATA 100

(21 + 22) - 0, then [(6;X,Y) = N, XiUi + o2 (\/N) 1(6) = NE[X?] (1 + o(1)). If

po(w1, ) = 11-22-0, then [ (6;X,Y) = [Zi<j Vij (X — pux) (X — MX)} (1+op(1)), I(B) =
(];[ ) Var (X1)* (14 0p(1)). The results are in line with our intuition. The coefficient of the
monadic regressor will at best converge at rate O (N -1/ 2). The coefficient of the dyadic
N —-1/2

) )
achieves the optimal asymptotic variance for the former model and the tetrad estimator
achieves the optimal asymptotic variance for the later model.

Let’s go back to the model in 4.3 now. Because the CRLB stays the same either we

N) 71/2) rate of

regressor will at best converge at rate O (( Careful inspection reveals that OLS

2
convergence for the parameter 5, 7. The best estimator we proposed, the feasible weighted

know o or we don’t know o, we expect an efficient estimator will deliver O <(

—(iy_B8 .
tetrad estimator in 4.3, only converges at a slower rate O (N (2+oia )> This gap between

the estimator and the efficiency bound is quite interesting in its own right. Remember there
is not any such gap for linear regression with unknown heteroskedasticity with iid data,
where a similar two-step estimator achieves the asymptotic efficiency bound. For dyadic
regression, either there exists a better estimator that is adaptive and achieves the CRLB, or
there is a tighter efficiency bound. We are not sure which case is happening. We point this
out as an open question for further research.

4.5 Appendix: Proofs

This appendix gives some detailed calculations of score functions. Here we give an analytical
expression of the term E (V;;|e), which shows up repeatedly in the derivation and in the
expression of the efficient score (4.4). Toward this goal, we first calculate E (U;|e). A useful
expression is e = TU + V. Because all the variables Us, Vs, and es are jointly normal,
calculating conditional expectation reduces to calculating the best linear approximation.
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The normality assumption comes in very handy in this case.

B(v
-1

:(1,...,1,0,...0)1X(N)(1(g)+TTT> ©

e) — Cov (Uy,e) Var (e) e

2

= (1 L,0,..0) [I(N) — (N = 1)7TTT AN - )TN - 1) g Uy e

‘Ni,_/l 2 2
(4.5)
1 T T 2 T
- [N — (v Oy ) = (N —1)(2N —1) 1(5)} © (4.6)
N
:61—2N_1€, (4.7)

where e = ﬁ Zj;él €1, and e := ﬁ Zi<j €ij- The third equality (45) uses the fOHOWiIlg
2

explicit expression of the inverse matrix.

(1 +117) "

Iy =T (Iy+T7T) " T7
I( )~ T(N-1)"" Iy — (2N = 1)7"1513) T T
= Iy = (N = DT'TTT +4(N - 1) 12N — 1)*11@)1&)

The fourth equality (4.6) is due to

(In_1, 0T [1 )7ITTT +4(N —1)7H(2N — 1)—11(1;)1(})}
= (154, o(TN)fol) — (N — 1) YN =1,1,...,DnaTT +4(N —1)712N — 1) H(N — 1)1<TN)

T -1 T T T 4 7
= (1y- 1:0( )N - J—(N=1) [(N—Q)(lN_l,O(];,) )+21( )} +m1(1§)
1 T T 2 T
= v v Oy v - (N—1)(2N—1)1(§)'

We are now ready to calculate E (Vi3le).

E (vm)e> ~E (m — U, — U e>

2612—E<U18>—E<U2€)
2N
2612—61—€2+2N_16 (4.8)
1 2N
—= — J— 1 -
=W V2+<+2N—1>V+N—1(U1+U2) N_DEeN =D
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where V; := ﬁzﬁﬂ Vi, Vo= @Ziq Vij, and U = £ >, U;. In the main text we

made the following claim: if py(xy,22) = (1 + x2) - 0, then Z(@;X,Y) = Zf\il X,U; +
o2 <\/N> , I(0) = NE[X?] (1 + o(1)). We give its derivation here. Theorem 4.4.1 implies

lpo (0,0:X,Y) = ZE(” e) - (Xi+X,),

1<j

Plug in the expression of E (%2‘6).

:iXi'<W_2NN—1V+U" (1_N1—1)+(N—1>Z<\;N_1>U)

)ZXU +ZXV+ZX ( 2N—1v+(N—1)](VQN—1)U)

(-
= iXiUi + 02 (\/N) :
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