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ABSTRACT OF THE DISSERTATION

Learning Under

Random Reshuffling and Distributed Features
by

Bicheng Ying
Doctor of Philosophy in Electrical and Computer Engineering
University of California, Los Angeles, 2018
Professor Ali H. Sayed, Chair

This dissertation focuses on stochastic gradient learning for problems involving large data sets
or large feature spaces. One of the main advantages of the stochastic gradient technique is its
simplicity and low computational complexity especially for large data sets. This is because
it selects, at each iteration, one data point at random from the training set, updates the
weight iterate using this data point, and continuously repeats the procedure until sufficient
convergence is attained. Two popular mechanisms for sampling the training data is to sample
with or without replacement. In the first case, some samples may be repeated during the
learning process, while in the second case the training data is first reshuffled randomly and

the algorithm is run over the reshuffled data one sample at a time.

It has been observed in the literature through experimentation that learning under ran-
dom reshuffling leads to enhanced performance, not only for the traditional stochastic gra-
dient algorithms but also for variance-reduced implementations. However, no theoretical
analysis exists that explains the phenomenon well under constant step-size adaptation. The
first part of this dissertation resolves this issue and establishes analytically that, under ran-
dom reshuffling, convergence is guaranteed to a small neighborhood of the optimizer at a
linear rate. The analysis further shows that random reshuffling outperforms uniform sam-
pling by showing that the iterates approach a smaller neighborhood of size O(u?) around the
minimizer as opposed to O(u). An analytical expression for the steady-state mean-square-
error under random reshuffling is derived, which helps clarify in greater detail the differences
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between sampling with and without replacement. The dissertation also provides an expla-

nation for the periodic behavior that is observed in random reshuffling implementations.

In addition, the dissertation examines the effect of random reshuffling on variance-reduced
techniques, which are known to converge to the exact minimizers of empirical risks at linear
convergence rates. The existing convergence results assume uniform data sampling with re-
placement and no proofs or guarantees of convergence exist under random reshuffling. The
dissertation provides a theoretical guarantee of linear convergence under random reshuffling
for the SAGA algorithm in the mean-square sense by using an argument that is also ap-
plicable to other variance-reduced algorithms. A new amortized variance-reduced gradient
(AVRG) algorithm is also proposed, which has constant storage requirements compared to

SAGA and balanced gradient computations compared to SVRG.

In the second part of the dissertation, we examine learning under large feature spaces,
where the feature information is assumed to be spread across agents in a network. In
this setting, each agent is assumed to observe part of the feature space. Through local
cooperation, the agents are supposed to interact with each other to solve an inference problem
and converge towards the global minimizer of the empirical risk. The dissertation proposes
two solution methods: one operates in the dual domain and another operates in the primal
domain. The dual domain solution builds on gradient boosting techniques, where each
agent maintains a local dual variable. By sharing the dual variable with their immediate
neighbors through a diffusion learning protocol, all agents are able to match the performance
of centralized boosting solutions even when the individual agents only have access to partial
information about the feature space. In comparison, the primal domain solution is achieved
by combining a dynamic diffusion construction, a pipeline strategy, and variance-reduced
techniques. One of the main advantages of the primal solution is that it does not require

separate time scales and convergence towards the exact minimizer occurs at a linear rate.
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CHAPTER 1

Introduction

One of the main advantages of the stochastic gradient technique is its simplicity and low
computational complexity, especially for large datasets. This is because it selects, at each
iteration, one data point at random from the training set, updates the weight iterate us-
ing this data point, and continuously repeats the procedure until sufficient convergence is
attained. Two popular mechanisms for sampling the training data is to sample with or
without replacement. In the first case, some samples may be repeated during the learn-
ing process, while in the second case, the training data is first reshuffled randomly and the
algorithm is run over the reshuffled data one sample at a time. It has been observed in
the literature through experimentation that operation under random reshuffling leads to
enhanced performance, not only for the traditional stochastic gradient algorithms but also
for variance-reduced implementations. However, no theoretical analysis exists that explains
the phenomenon well under constant step-size adaptation. The first part of this dissertation
addresses this point and establishes analytically that, under random reshuffling, convergence
is guaranteed to a small neighborhood of the optimizer at a linear rate. The dissertation
further examines the effect of random reshuffling on variance-reduced techniques, which are
known to converge to the exact minimizers of empirical risks at linear convergence rates.
The results provide a theoretical guarantee of linear convergence under random reshuffling
for the SAGA algorithm in the mean-square-error sense by using an argument that is also

applicable to other variance-reduced algorithms.

In the second part of the dissertation, we examine learning under large feature spaces,
where the feature information is assumed to be spread across agents in a network. In

this setting, each agent is assumed to observe part of the feature space. Through local



cooperation, the agents are supposed to interact with each other to solve an inference problem
and converge towards the global minimizer of the empirical risk. The dissertation proposes
two solution methods: one operates in the dual domain and another operates in the primal
domain. The first method builds on gradient boosting techniques, while the second method
avoids the need for separate time scales and is shown to converge at a linear rate to the exact
minimizer.

In this initial chapter, we provide a brief review of stochastic gradient learning and
variance-reduced algorithms, and also explain the modes for learning from distributed fea-

tures over networked agents.

1.1 Empirical Risk Minimization

Most supervised learning problems involve the minimization of empirical risk functions which,
by ergodicity arguments, provide good approximations for stochastic risk functions. The
latter are usually defined as the average over some convex loss functions, Q(w;x), where x

denotes the random data: [8-13].

we 2 argmin Jg(w) 2 E.Q(w;x) (1.1)

weRM

In ([1.1)), the expectation operator E, is over the probability distribution of the data. Since
the distribution is generally unknown beforehand, and data measurements {z,}2_, arising
from the distribution are usually available, it is customary to replace (1.1)) by an empirical

risk minimization problem of the form:

N

w2 argmin J(w) 2 =3 Qwia), (1.2)

M N
weR n=1

In many cases of interest, each data point z, consists of a pair (vy(n),h,), where y(n) is
a scalar label variable and h, € RM is a feature vector. Initially, in this dissertation, we

assume the loss function Q(w;x,) is differentiable and the empirical risk J(w) is strongly-



convex. In later chapters, we examine the case of non-smooth loss functions. Some common
choices for the loss function are listed in the Table [1.1] where r(w) represents a regularization

parameter.

Table 1.1: Examples of regularized empirical risks based on N data pairs {y(n), h, })_; and
where r(w) denotes a regularization factor.

Name Regularized empirical risk, J(w).

N
1 T \2
least-squares  r(w) + N ng_l (v(n) — hyw)

N
1 T N2
isti —_— - (n)hnw
logistic r(w) + v ; In (1 +e )
exponential r(w) + 1 i e~ 1(Mhpw
N n=1
| N
perceptron  7(w) + ; max {0, —y(n)hjw}
N
1 1 T 2 . T
n=1 U
Huber r(w) + N
N ; (Iv(n) = hyw| — 1), otherwise

hinge max {0, 1 —y(n)h w}

ﬁ
g
+
2=
-

1.2 Stochastic Gradient Learning

When the size of the dataset N is large, it is impractical to solve directly with classical
gradient descent. One simple, yet powerful, approach to remedy this difficulty is to employ
the stochastic gradient descent (SGD) method [14-21]. In this method, at every iteration i,
rather than compute the full gradient V,,J(w) on the entire data set, the algorithm picks

one index n,; at random, and employs V,,Q(w; z,,) to approximate V,,J(w). Specifically, at



iteration 7, the update for estimating the minimizer is of the form:

where (i) is the step-size parameter.

Stochastic gradient recursions of the form have been studied extensively in the
literature, primarily in the case when the step-size () is diminishing [16-20,22]. When J(w)
is strongly convex, these algorithms have been shown to converge to the minimizer w* at the
sublinear rate O(1/7). In comparison, implementations with constant step-size p(i) = p do
not converge to the exact minimizer w*, but rather to a small region around the minimizer
in the order of O(u) [11,/12,21},[23-25]. However, convergence to this region occurs at an
exponentially rate O(A"), for some scalar A € (0,1). Fast convergence to an approximate but
close solution is very useful in the context of machine learning since, after all, empirical risks
of the form correspond to auxiliary problem formulations for the true, yet inaccessible
problem of interest, i.e., . While is used for training, the actual performance
on unseen data is measured through . The intrinsic bias between w* and w° removes
the need for exact convergence to w* [18,/19]. This line of reasoning, along with the fast
exponential convergence rate and robustness to initialization, has motivated a tremendous

interest in constant step-size implementations with a focus on practical solutions [19,26/-28].

A fundamental question that arises when employing a constant step-size is how to choose
i in order to ensure a desired tolerance on the excess risk (ER) or mean-square-deviation
(MSD) that persist after convergence. Non-asymptotic bounds have been given in [1}/12,21]
25,2930], which are useful in revealing worst-case performance guarantees, but do not predict
exact performance. Recent advances in the field of online adaptation, on the other hand,
have yielded insights into the related problem of learning from streaming data [11},24,28].
In particular, MSD and ER expressions, which are accurate to first order in the step-size,
are derived in [11}28] for a broad class of risk functions beyond the traditional quadratic

measure.



1.3 Random Reshuflling

Unlike the case of the stochastic-gradient algorithm under uniform sampling, which has
well-established performance results, the study of stochatic gradient learning under random
reshuffling with constant step-sizes is less developed. In random reshuffling implementations,
the data points are no longer picked independently and uniformly at random. Instead, the
algorithm runs multiple times over the data where each run is indexed by £ > 1 and is
referred to as an epoch. For each epoch, the original data is first reshuffled and then passed
over in order. In this manner, the i-th sample of epoch k is denoted by o*(i), where the
symbol o represents a uniform random permutation of the indices. We can then express the

random reshuffling algorithm for the k—th epoch in the following manner:

wh = w! — pV,Qwlzory), 1=0,...,N—1 (1.4)

with the boundary condition:

wp = wh? (1.5)

In other words, the initial condition for epoch k is the last iterate from epoch £ — 1. The
boldface notation for the symbols w and o in emphasizes the random nature of these
variables due to the randomness in the permutation operation. While the samples over one
epoch are no longer picked independently from each other, the uniformity of the permutation

function implies the following useful properties [31-33]:

ot (i) £o*(j), 1<i#j<N (1.6)
P[ak(i):n]:%, 1<n<N (1.7)
1
—n o*(1:
Plo*(i+1) =n|o*(1: i) = N 1 Fod (1.8)

0 , n€ak(li)

where o*(1:4) represents the collection of permuted indices for the samples numbered 1

through 4.



Several recent works [34-36] have pursued justifications for the enhanced behavior of
random reshuffling implementations over uniform sampling by examining the convergence
rate of the learning process under diminishing step-sizes. It has been analytically shown
that the convergence rate under random reshuffling can be improved from O(1/i) to O(1/:?)
for strongly-convex risks [35,[37], where i is the number of iterations. ~We also provide a
short proof sketch later in Appendix [3.G] However, some of the justifications rely on loose
bounds, or their conclusions are dependent on the sample size which is problematic for large
datasets. Also, in the work [36], it only establishes that random reshuffling will not degrade

performance relative to the stochastic gradient implementation.

In this dissertation, we focus on a different setting than [34-36] involving random reshuf-
fling under constant rather than decaying step-sizes. In this case, convergence is only guar-
anteed to a small neighborhood of the optimizer albeit at a linear rate. The analysis will
establish analytically that random reshuffling outperforms independent sampling (with re-
placement) by showing that the mean-square-error of the iterate at the end of each run in the
random reshuffling strategy will be in the order of O(y?). This is a significant improvement
over the performance of traditional stochastic gradient descent, which is O(u) [13]. Further-
more, we derive an analytical expression for the steady-state mean-square-error performance
of the algorithm, which helps clarify in greater detail the differences between sampling with
and without replacement. We also explain the periodic behavior that is observed in random

reshuffling implementations.

1.4 Variance-Reduction Algorithms

As mentioned in the previous section, the stochastic gradient algorithm under constant step
size p converges to a small O(u)—region around the minimizer instead of the exact minimizer.
In recent years, several useful variance-reduced stochastic gradient algorithms have been
proposed, including SVRG [38], SAGA [39], Finito [40], SDCA [41], and SAG [42], with
the intent of reaching the exact minimizer of an empirical risk. Under constant step-sizes

and strong-convexity assumptions on the loss functions, these methods have been shown to
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attain linear convergence towards the exact minimizer when the data samples are uniformly

sampled with replacement. It is sufficient for our purposes in this dissertation to focus on

SAGA and SVRG. We list the SAGA recursions in Table [I.2]

Table 1.2: Listing of the SAGA algorithm under uniform sampling

SAGA under uniform sampling |39

Initialization: w) = 0,VQ(¢y,,;z,) =0, n=1,2,..., N.
Repeat i =0,1,... N — 1 (iteration):

=UJ[1, N] (uniformly sampled integer between 1 and N) (1.9)
i1 =w; = 1| VQ(ws; n) = VQ(y i ZVQ i )| (1.10)
¢i+1,n =Wj+1, and d)i—i-l,n - d)i,n? for n 7é n (]‘11)

End

Comparing the SAGA update step (L.10]) with the stochastic gradient update step ([L.3),
we find that SAGA has two extra gradients represented by VQ(¢; ,,; 2n) and Zn VQ(d; 57
These gradients are defined in terms of history variables {¢,,,}, which have size M x 1 each

and store previous values of the iterates w;. To facilitate the understanding of the algorithm,

we associate a matrix ®; with each run:

@ 2 [ g, | 0 | o | b (1.12)

At every iteration 7, one random column of ®; is populated by the iterate w;1; the column

location of this random cell is determined by the value of n;.

In [40], it is shown that under some mild conditions on the loss function and the step-size

parameter, the stochastic gradient used in the SAGA implement has two crucial properties:

VQ(wi; ) = VQ(¢ i @ ZVQ i3 Tn) | = VI (w;)

(1.13)

).



2

lim E =0 (1.14)

i—00

N
VQ(w;: ) — VQ($y st %Z ] VJ(w;)

The first property implies the SAGA update step provides an unbiased estimate for
the true gradient vector. The left hand side of the second expression represents the
variance of the gradient noise, which is seen to converge to zero asymptotically. These two
properties combined imply that the SAGA iteration will be able to learn the true full gradient

given sufficient iterations.

One inconvenience of the SAGA implementation is its high storage requirement, which
refers to the need to track the history variables {¢, ,} or the gradients for use in . There
is a need to store O(N) variables. In big data applications, the size of N can be prohibitive.
The same storage requirement applies to the variant with reshuffling proposed in [43]. An
alternative method is the stochastic variance-reduced gradient (SVRG) algorithm [38], which

is listed below (again under uniform sampling) for ease of reference.

Table 1.3: Listing of the SVRG algorithm under uniform sampling

SVRG under uniform sampling [3g]

Initialization: 'w8 =0.
Repeat t =0,1,2. T (epochs):

VJ('I-UO = Z VQ w07 xn)
Repeat i = 0, 1, . ..N — 1 (iteration):

=UJ[1, N] (uniformly sampled integer between 1 and N) (1.15)
w! | =w,—p [VQ(w}; 2,) — VQ(w(; 2n) +V J (w))] (1.16)
End
wh™ =wly (1.17)
End

The SVRG algorithm replaces the history variables {¢,,} of SAGA by a fixed initial

condition w}, for each epoch. This simplification greatly reduces the storage requirement.

8



However, each epoch in SVRG is preceded by an aggregation step to compute a gradient
estimate, which is time-consuming for large datasets. It also causes the operation of SVRG

to become unbalanced, with a larger time interval needed before each epoch, and shorter

time intervals needed within the epoch. Similar to the gradient properties (1.13)) and [1.14]

in SAGA, the gradient step used in SVRG also has similar properties:

En [VQ(w}; x,) —VQ(wf; 2n) + VI (wf)] = VJ(w)) (1.18)

lim E [ [[VQ(w}; ) ~ VQ(wl; 2n) + VI (wf)]] - VJ(wh)||* =0 (1.19)

All previous results and the existing convergence results assume uniform data sampling with
replacement and no proofs or guarantees of exact convergence exist for variance-reduced
algorithms under random reshuffling. The dissertation provides a theoretical guarantee of
linear convergence under random reshuffling for SAGA in the mean-square sense; the argu-
ment is also adaptable to other variance-reduced algorithms. Furthermore, a new amortized
variance-reduced gradient (AVRG) algorithm is proposed, which has constant storage re-
quirements compared to SAGA and balanced gradient computations compared to SVRG.

AVRG is also shown analytically to converge linearly.

1.5 Distributed Features over Networks

Large-scale optimization problems are common in data-intensive machine learning problems
[9,/44-46]. For applications, where both the size of the dataset and the dimension of the
feature space are large, it is not uncommon for the dataset to be too large to be stored
or even processed effectively at a single location or by a single agent. In this article, we
examine the situation where the feature data is split across agents either due to privacy
considerations or because they are already physically collected in a distributed manner by
means of a networked architecture and aggregation of the data at a central location entails
unreasonable costs. More specifically, the entries (blocks) of the feature vector are assumed

to be distributed over a collection of K networked agents, as illustrated in Fig. [I.1} For



hn,l

hn,?

one feature vector h,,

Figure 1.1: Distributing the feature across the networked agents.

instance, in sensor network applications, [47,48], multiple sensors are normally employed to
monitor an environment; the sensors are distributed over space and can be used to collect
different measurements. Likewise, in multi-view learning problems [49, 50|, the observed
model is represented by multiple feature sets. Another example is the Cournot competition
problem in networked markets [51-53], where individual factories have information about
their local markets, which will not share with each other. Distributed dictionary learning

problems [54] also fit into this scenario if viewing the dictionary as feature.

In this work, we focus on empirical risk minimization problems, which, by ergodicity
arguments, provide a good approximation for average risks [11,15,/48,55-59]. Formally, we

consider an empirical risk of the form:

N

Tw) = 5 S Q(RTwsy) +r(w) (1.20

n=1

where the unknown parameter model (or separating hyperplane) is designated by w € RM*1,

while h,, € RM™*! denotes the n-th feature vector and v, the corresponding scalar label. More-
over, the notation Q(hTw;~) refers to the loss function and is assumed to be a differentiable
and convex function over w. In most problems of interest, the loss function is dependent on
the inner product hTw rather than the individual terms {h,w}. The factor r(w) represents

the regularization term. We denote the minimizer of J(w) in ((1.20]) by w*. Although we are
10



assuming w and h, to be column vectors, and ~, to be a scalar, the analysis can be easily
extended to matrix quantities W € R™*Y and to vector labels v € RY*! which we will

illustrate later in the simulations.

Since the entries of the feature vector are assumed distributed over K agents, we partition

each h,,, and similarly the weight vector w, into K sub-vectors denoted by {hy, , w }, where

k=1,2,...,K:
hn,l wy
hy, w
he & |72, w2 | (1.21)
L hn,K ] | WK |

Each sub-feature vector h,, ; and sub-vector w;, are assumed to be located at agent k. The

dimensions of {h, x,ws} can vary over k, i.e., over agents. In this way, the empirical risk
function can be rewritten in the form

| N K K

J(w) = NZQ (Z hl,kwk;%> +Zr(wk) (1.22)

k=

n=1 k=1 1

where we are also assuming that the regularization term satisfies an additive factorization

of the form

r(w) =Y r(wy) (1.23)

k=1

with regularization applied to each sub-vector wy. This property holds for many popular
regularization choices, such as /5, ¢;, KL-divergence, etc. Observe that in the form ,
the argument of the loss function is now a sum over the inner products b} ,wy. That is, we
have a “cost-of-sum” form similar to what was discussed in [54]. Our objective is to optimize

(1.22) over the {wy} and to seek the optimal values in a distributed manner.

In the dissertation, we will first propose a solution in the dual domain that employs
gradient boosting techniques. Next, we will propose a solution that operates directly in the

primal domain, which will be shown to converge at a linear rate to the exact minimizer of

11



J(w) without requiring separate time-scales.

1.6 Organization
The dissertation is organized as follows:

e Chapter 2: In this chapter, we draw from recent results in the field of online adap-
tation to derive new tight performance expressions for empirical implementations of
stochastic gradient descent, mini-batch gradient descent, and importance sampling al-
gorithms. The expressions are exact to first order in the step-size parameter and are
tighter than existing bounds. We further quantify the performance gained from em-
ploying mini-batch solutions, and propose an optimal importance sampling algorithm

to optimize performance.

e Chapter 3: This chapter focuses on random reshuffling algorithms with constant
step-sizes. In this case, convergence is guaranteed to a small neighborhood of the
optimizer albeit at a linear rate. The analysis establishes analytically that random
reshuffling outperforms uniform sampling by showing that iterates approach a smaller

neighborhood of size O(p?) around the minimizer rather than O(u).

e Chapter 4: This chapter focuses on random reshuffling algorithm with the variance-
reduced stochastic gradient algorithms. The existing convergence results assume uni-
form data sampling with replacement. However, it has been observed in the literature
that random reshuffling can deliver superior performance over uniform sampling and,
yet, no formal proofs or guarantees of exact convergence exist. This chapter pro-
vides a theoretical guarantee of linear convergence under random reshuffling for SAGA
in the mean-square sense; the argument is also adaptable to other variance-reduced
algorithms. Under random reshuffling, this chapter also proposes a new amortized
variance-reduced gradient (AVRG) algorithm with constant storage requirements com-
pared to SAGA and with balanced gradient computations compared to SVRG. AVRG

is also shown to converge linearly.
12



e Chapter 5: Using duality arguments from optimization theory, this chapter develops
an effective distributed gradient boosting strategy for inference and classification by
networked clusters of learners. By sharing local dual variables with their immediate
neighbors through a diffusion learning protocol, the clusters are able to match the
performance of centralized boosting solutions even when the individual clusters only
have access to partial information about the feature space. The performance of the
resulting fully-distributed procedure is illustrated on two data sets with superior results

in comparison to a centralized boosting solution.

e Chapter 6: This chapter continues to study the problem of learning under both
large data and large feature space scenarios. The feature information is assumed to
be spread across agents in a network, where each agent observes some of the features.
Through local cooperation, the agents are supposed to interact with each other to solve
the inference problem and converge towards the global minimizer of the empirical risk.
We study this problem exclusively in the primal domain, and propose new and effective
distributed solutions with guaranteed convergence to the minimizer. This is achieved by
combining a dynamic diffusion construction, a pipeline strategy, and variance-reduced

techniques. Simulation results illustrate the conclusions.

e Chapter 7: This chapter examines the performance of stochastic sub-gradient learn-
ing strategies under weaker conditions than usually considered in the literature. The
conditions are shown to be automatically satisfied by several important cases of inter-
est including the construction of Linear-SVM, LASSO, and Total-Variation denoising
formulations. In comparison, these problems do not satisfy the traditional assumptions
automatically and, therefore, conclusions derived based on these earlier assumptions

are not directly applicable to these problems.
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1.7 Notation

All vectors are column vectors. We use boldface letters to denote random quantities (such
as wy;) and regular font to denote their realizations or deterministic variables (such as zy).
We use diag{z1,---,zn} to denote a (block) diagonal matrix consisting of diagonal entries
(blocks) {x1,- - ,xn}, and use col{xy, - - - ,xn} to denote a column vector formed by stacking
{z1,--+ ,zx} on top of each other. We also use E, to denote the expectation with respect
to x, (-)T to denote transposition, and || - || for the 2-norm of a matrix or the Euclidean norm

of a vector. The notation 1y = col{1,...,1} € RV,
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CHAPTER 2

Stochastic Gradient Descent with Finite Samples Sizes

In this chapter, we investigate the performance of stochastic gradient descent over finite data

sets and under constant step-sizes.

We thus consider the problem of minimizing an empirical risk function J(w), which is

defined as the sample average over a possibly large, yet finite training set:

>
1>

argmin J(w) 2 %ZQ(w;xn), (2.1)

M
weR n=1

where the {z,}Y_, are training data samples. When the size of the dataset N is large, it is
impractical to solve directly with classical gradient descent. One simple, yet powerful,
approach to remedy this difficulty is to employ the stochastic gradient method (SG) [15-21].
In this method, at every iteration, rather than compute the full gradient V,J(w) on the
entire data set, the algorithm picks one index n; at random, and employs V,,Q(w; x,,) to
approximate V,J(w). Specifically, at iteration i, the update for estimating the minimizer is

of the form:
w1 = w; — () Vo Q(wi; ,), (2.2)

where p(i) is the step-size parameter. Although uncommon in the literature, in this chapter
alone we refer to recursion ([2.1)) as the empirical stochastic gradient (E-SG) iteration, mainly

because we will be contrasting it with an online stochastic gradient (O-SG) algorithm:
w1 = w; — (i) Vo Q(wy; ;) (2.3)
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where @; is the streaming data arriving at time ¢. In comparison, in the empirical (E-SG)
implementation (2.2)), the data x,, is indexed by a randomly selected index, m;, from the

finite sample-size range 1 < n < N.

In this chapter, we reveal an interesting connection between the two classes of empirical
(E-SG) and online (O-SG) constructions. First, we show that the stochastic gradient descent
algorithm for learning empirical risks (E-SG) is a special case of online stochastic gradient
descent algorithms (O-SG) studied in |11,28]. This connection helps establish a powerful
unification for learning from finite datasets and learning from streaming data. Once this
connection is established, we then leverage this insight to great effect to derive first-order
expressions for both the MSD and ER of empirical (E-SG) implementations. The resulting
expressions appear to be the tightest in comparison to available results in the literature,
such as [1,/12,21,25] and other similar works. We further extend the analysis to include
mini-batch gradient descent [60,61] and importance sampling methods [1,2], and also derive
the corresponding MSD and ER expressions for both algorithms. In particular, we show

that the MSD and ER of mini-batch are inversely proportional to the batch size.

Another important topic in this chapter is that we use the performance expressions to
optimize the probability with which the data samples are selected during the empirical im-
plementation. Different from previous works [1,12], which assume knowledge of Lipschitz
constants and use them to design the sampling probability, we start from the uniform distri-
bution and devise a procedure that automatically learns the optimal sampling distribution

and attains the optimal ER performance.

2.1 Empirical Stochastic Gradient Descent

In this section we derive the steady-state performance of E-SG implementations by showing
how they can be viewed as special cases of O-SG implementations. The analysis will build

on results from [11], which considered stochastic optimization problems of the form ({1.1]).
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2.1.1 Relating Both Formulations

Given a finite number of data samples {z1,zs,...,2y5}, we introduce a discrete random
variable . having these samples as realizations and a uniform probability mass function

(pmf) defined by

if e = T,

I~

if e = TN-

I~

\

As a result, the empirical problem (2.1)) can be rewritten as

min  J(w) = E[Q(w; 3.)] = % S Qi ), (2.5)

weRM

which has the same form as (4) with the random data @ replaced by @.. Therefore, we can

apply the O-SG algorithm (2.3)) to solve ([2.5)), namely,
Wit = w; — pVQ(w;; T ), (2.6)

where the notation x.; represents the realization of x. that streams in at iteration ¢. Since

x.; is selected from {xy, xq,- -+ ,xx} at iteration ¢ according to the pmf (2.4), we can rewrite

Z.; as Tn, and replace (2.6) by

Here, the variable n; is a uniform discrete random variable indicating the index of the
sample that is picked at iteration i. Recursion is the E-SG algorithm . We
therefore conclude that the E-SG recursion is an O-SG recursion applied to the solution
of the stochastic optimization problem ([2.5). This interpretation is useful because we can

now call upon results from [11] for O-SG and apply them to characterize the performance of
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E-SG. This step is not as straightforward as it appears. This is because the results in [11],
as is common in studies on stochastic optimization, rely on certain regularity conditions
on the risk function and the gradient noise process. In order to be able to appeal to the
earlier results from stochastic optimization theory, we need to verify first that problem
satisfies these regularity conditions. In preparation for the main results, we list two typical

conditions on the empirical loss function.

Assumption 2.1 (Condition on loss function) It is assumed that Q(w;x,,) is differen-
tiable and has a 6,-Lipschitz continuous gradient, i.e., for every n = 1,...,N and any

wy, wy € RM:

IVwQ(wi; 7n) = VuQ(wz; )| < bnlwi — wo. (2.8)
We also assume J(w) is v-strongly convex. [
If we introduce 6 = max{dy,ds, -+ ,dn}, then each V,,Q(w;x,) is also §-Lipschitz continu-

ous.

Assumption 2.2 (Smoothness condition) It is assumed that J(w) is twice differentiable
and that the Hessian matriz of J(w) is locally Lipschitz continuous in a small neighborhood

around w*:
I3 T (w* + Aw) = Vi J(w*)]| < kel Aw], (2.9)
where ||[Aw|| < € and constant k. > 0. [

2.1.2 Gradient Noise and its Moments

For the E-SG algorithm ({2.7), the gradient noise is given by the approximate gradient at

iteration i is V,,Q(w;; zp,) and the true gradient is

Vo (w:) = % S Quwss ) (2.10)
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Therefore, we introduce the gradient noise
s;(w;) 2 VuQ(wi; Tp,) — Vi J(w;).
Let F; refer to the collection of all past iterates {w;,j < i} and define

R, 2 lim E[s,(w*)s] (w*)|F-i]
W 1«
; N Z[VwQ(w*; xn)va(w*; xn)TL

n=1

where (a) holds because V,,J(w*) = 0. Based on this definition,

1 N
Tr(RS) = N Z ||VwQ(W*§ wn)HQ
n=1

(2.11)

(2.12)

(2.13)

We now verify that the gradient noise process (2.11) has zero mean and its second-order

moment improves as the iterate gets closer to the desired minimizer, w*. These are among

the regularity conditions required in [11]. Here we show that this is not an assumption

anymore for E-SG but that it does actually hold.

Lemma 2.1 (Gradient noise properties) The first, second and fourth-order moments of

the gradient noise s;(w;) satisfy:

E[||si(w))||*|F:] < B2||wil|* + o2,

Elllsi(w)|||F] < Ballwill® + o,
where w; = w* — w; and
5 N
22207 o2 2 S [VuQutim)l

N
A A 8 .
Bl 21286% ol = =) IVWQuwtiz)|t

(2.14)
(2.15)

(2.16)

(2.17)

(2.18)



Proof: We first prove (2.14]). Since w; € F; and n; is selected uniformly, it holds that
N
Elsi(w)| Fil == 3 VaQ(w ) Vo (1) = 0 (2.19)
7 7 (2 N — w (2] n w 7 . .
Next we establish (2.15]). Using Jensen’s inequality:

E||si(wi)[*1Fi] =E[[|VWQ(wi; 2n,) =V (wig)||*|F]
= E[|VWQ(w;; 2n,)—VQ(w*; 25,) =V (i) +VuQ(w*; 24, ||*| Fi]
<2E[|VWQ(wi_1; Zn,) — VuQ(w*; 2n,) — Vi J (wi1)||*| Fi

+ 2E[|| Vo Q(w*; 2, ) |2 F ). (2.20)

where the last inequality holds because of Jensen’s inequality. For the first term in the

right-hand side of the above inequality, notice that
E[V,Q(w;; xn,) — VuQW™; zp,) | Fi] = Vid (w;). (2.21)
Noting that for any random variable «:
Ellz - Ez|* = E|z|* - |Ex|* < E||l|? (2.22)
and using V,,J(w*) = 0, we have

E[| VoQ(ws; 2n,) — VuQ(w*; 25,) = Vi J (w;) ||| Fi]

J/
-~ -~

x Ex

< E[|VuQ(wis n,) = VuQ(w*s zn,)|I*| Fi]

1 N
= D IVuQuws ) = VuQ(w )|
n=1

(a)
< 8wy — w'l|? = 8|, (2.93)

where (a) holds because of Assumption[2.1] Substituting (2.23)) into (2.20), we obtain ([2.15).
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A similar argument can be used to establish the fourth-order moment property (2.16)), which

we omit for brevity. [ |

2.1.3 Mean-square Stability and Performance of E-SG

Next we are ready to establish the mean-square stability of E-SG. Recall that the empirical
problem (2.1]) is the special case of the general stochastic optimization problem , and
E-SG is the special case of O-SG. Meanwhile, we have also verified that E-SG gradient noise
satisfies all assumptions required in [11], now we can directly apply the convergence

theorem of O-SG (Lemma 3.1 in [11]) to E-SG, and achieve its mean-square-error convergence

property.

Theorem 2.1 (Mean-square-error stability of E-SG) Under Assumption [2.1] and any
step-size satisfying p < 2v/(6* 4+ B2) = 2v/36%, it holds that

E[lwil* < o' Efwo — w*[|* + O(n). (2.24)
where o = 1 — 2vp + 36%u2 € (0,1). [ |

Theorem states that E-SG converges exponentially fast to a small neighborhood around
w* of size O(y). From (2.24)), it is also observed that E-SG is not sensitive to the initial
staring point wy because ||wg — w*||* will diminish exponentially fast. Theorem [2.1| does not
provide an accurate expression for the steady-state performance of E-SG. More is needed to
arrive at this expression. Here we appeal to Theorem 4.7 from [11] to derive the expression
for the steady-state performance of E-SG. By steady-state we mean the algorithm is applied

repeatedly in random passes over the finite training data. We denote the Hessian of the

empirical risk (2.1]) at w* by
V2 J(w). (2.25)

Theorem 2.2 (Steady-state performance) Assume the conditions under Assumptions
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and hold. When the step-size is sufficiently small, the MSD and ER metrics to
first-order in p for the E-SG algorithm (2.2)) are given by the following expressions:

MSD 2 limsupE[|w; — w*||2] = gTr(Hfle), (2.26)
i—00
ER 2 limsupE[J(w;) — J(w*)] = %Tr(RS), (2.27)
1—00
where H is defined in (2.25)) and Ry is defined in (2.12)). |

The MSD expression (2.26) is tighter than the bound given in [1], which is written as

. ~ 112 < /,LTI'(RS) _ /,I,TI"(RS)
h?iing“le S D0 pmasn 0.1~ v(0 — o)’ (2.28)

Since J(w) is v-strongly convex, we have H > vI. Therefore,

T
gTr(H_lRS) < P ry(p,) < P

2v v(1 — pd)’ (229)

where the last inequality holds because 1 — ud < 2. Relation ([2.29)) shows that our MSD
expression (2.26) is tighter. As a result, expressions (2.26) and (2.27)) are more helpful
to determine a proper step-size when a certain accuracy e is required for the MSD or ER

performance.

2.2 Mini-batch Stochastic Gradient Learning

In this section, we derive the MSD and ER performance expressions for mini-batch gradi-
ent descent. Following arguments similar to Section [2.1] we will also interpret mini-batch
gradient descent as a special case of O-SG, and then refer to the theoretical results in [11].

Suppose we have B independent discrete random variables a:él), azsf), cee a:(eB), each with

the same distribution as x. that is defined from Section [2.1.1] Using these variables, we

22



define

B
D) @ L iy AL )
Q(w7 {we y Le s y L }) _ B;Q(w7wej )7 (23())
and note that
B B
E[Q(w; {z, 22, x(®)})] ED L Z w;zd))] & Z J(w). (2.31)

It follows that the empirical problem (2.1]) can also be rewritten as:

min J(w) = E[Q(w; {wgl), a:f), e ,zc(B)})], (2.32)

weRM

which is a stochastic optimization problem. We can therefore apply the O-SG algorithm to

seek its minimizer, which leads to the mini-batch gradient descent algorithm:

Wiy = W; — ,uvw Q(wza {iL‘SZ), wgi‘)v o 733;3;)})

B
w; = 5 Y VuQwiial)

U:Jh:

] 1
B
Z Q(wi; (), (2.33)

()

where x,; )

' is the instantaneous realization of the random variable x¢” at iteration i. Equality

(a) holds because, similarly to and (2.7), we redefine gi as Tp,(;) Where the random
variables {n;(j)}/2, are mutually independent with the same pmf as n;. During the imple-
mentation of recursion (2.33)), we will sample B data with replacement at each iteration, and

then compute their average.
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2.2.1 Gradient Noise and its Moments
According to the mini-batch recursion ([2.33)), the gradient noise is
1B
si(wi) = ; VauQ(wi; Tn,(j)) — Vi (w3). (2.34)

The following result extends Lemma [2.1] to the mini-batch method.

Lemma 2.2 (Gradient noise properties) The first and second-order moments of the gra-

dient noise st(w;) defined in (2.34)) satisfy:

E[s; (w;)|F:] =0, (2.35)
E(]|si (wi)[I*1Fi] < Byllaill* + o3 (2.36)
E(]l s (wi)[I'1F] < Ball@ill® + o, (2.37)
where w; = w* — w,
£ 82/B, o 2 alB, (2.38)
Boa = B T4 = Tt (2.39)
and B2, 02, B),, and o}, are defined in Lemma . n

Proof: The argument for (2.35)) is similar to (2.19). To prove (2.36]), we start by noting

that
1 B
E[|| s} (w;)||*|Fi] = E[Hg Z VuwQ(Wi; Tni(5) — VarSomp(wi) |*|F ]
j=1
1< i
- F 5 Z (VwQ(wi;%i(j)) — VJ(wz')) Fi
j=1
1 “ 2
= E Z vaQ(wi§37ni(j)> - VJ(w;) ‘-7'7]
j=1
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1 iz( Vo Qw2 ) ~ VI (w))
J=1 k#j

(va(wi; Tsy) — V. 'wi)> ‘ 7-1}

iBZZ]E[HVwa“xn ) = VJ(w,)

ik (2.40)

where (a) holds because when k # j, n;(j) is independent of n;(k). Now using property
(2.15) from Lemma in (2.40) gives (2.36)). The derivation for the fourth-order moment
result follows from Jensen’s inequality and (2.16]). We omit the proof for brevity. [ |

One important observation is that, with the mini-batch technique, the magnitude of
the second-order moment of the gradient noise is reduced to 1/B of its original magnitude
(see (2.38))), which suggests that we should expect both the MSD and ER of mini-batch
implementations to improve by a factor of B. The analysis in the next section confirms this

conclusion.

2.2.2 Performance of Mini-batch Stochastic Gradient Learning

First, the limiting covariance matrix of the mini batch gradient noise process is given by

, 1 1
R == > R, = =R (2.41)
j=1

Then, using Theorem 4.7 from |[11] we deduce the following.

Theorem 2.3 (Steady-state performance) Under Assumptions[2.1 and[2.3, for a suffi-
ciently small step-size, the MSD and ER metrics for the mini-batch method (2.33) are given

by:
M 1pby M -1
MSD, = §Tr(H R)) = ﬁTr(H Ry), (2.42)
= H b = —M
ER, = 4Tr(RS) 4BT1“(RS), (2.43)

where H is defined in (2.25) and Ry is defined in (2.41). Moreover, the algorithm converges
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at an exponential rate:

o, =1—2vu+ (1+2/B)5*u’. (2.44)

2.3 Optimal Importance Sampling

We have assumed so far that the data samples in an empirical SG implementation are selected
uniformly at random, according to . However, we can consider other selection policies in
order to enhance performance. The works [1,2] proposed to measure the importance of each
sample according to its Lipschitz constant 9, in . Specifically, they suggest selecting
the sampling probability according to

p(n) = jn

—Zm:l 5 (2.45)

where p(n) is the sampling probability of data x,. This scheme assumes knowledge of the
Lipschitz constants, which is usually not available in advance or even known. Moreover, this
importance sampling method is not optimal, as the ensuing discussion will show where we

derive the optimal sampling algorithm.

Let us denote the new pmf for the random variable n that we wish to determine optimally

by

;

a(l), ifm=1,

a(2), ifn=2
p(n) = K) _ (2.46)

a(N), ifn=N,

\

where a(n) is the sampling probability for data z,, and it holds that the {a(n)} add up
to one. With this new pmf for n, the empirical problem ({2.1)) can be interpreted as the
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following stochastic optimization problem

i, Jw) =3 Qi) = BalQ(wsz) (2.47)
where we defined
Quiz) & Qi) (248)

Now if we apply O-SG to solve problem ([2.47)), we obtain the following importance sampling

recursion:

Wit — W; — Mval(wi§ xm)

K :

Next we will explain how to choose p(n;) such that the above recursion can reach optimal
steady-state performance. First, the gradient noise of the importance sampling approach is

given by:

Sﬁ(wz) = Vle(wi; xni) - va(wz) (250)

Lemma 2.3 (Gradient Noise Property) The gradient noise process in satisfies

the following conditions:

E[s;(w;)|Fi] =0, (2.51)

E[l|si(wi)|I*|Fi] < B2 llail* + of, (2.52)

where w; = w* — w; and

A al 52 A N 1
2 A 2 A *. 2
B = 2;(1(”)]\[2, of = 2) :a(n)NZHVwQ(w 1 2,)]|

n=1



This Lemma can be established by following arguments similar to those used in Lemmas
and . Now, calling upon Theorem 4.7 from |11] we arrive at the following expression for

the proposed importance sampling recursion ([2.49)):

ER, = —Tr (R%)

2HVwQ(w*;xn)H2 (2.53)

||M2

We can minimize this expression over the {a(n)} and solve:

N

N
sty am=1 0<am<l, n=12--- N

Fortunately, this problem has a closed-form solution, which can be derived by the Lagrangian

multiplier method:

[V @(w?; )|

e

(2.55)

Substituting into (2.53)) yields the optimal ER value:

N 2
BRf =1 (Z %IIVwQ(w*;wn)H) (2.56)

n=1

From Jensen’s inequality, we can verify that ER; is always smaller than or equal to the ER

of E-SG derived earlier in ([2.27)).

Although we determined the optimal pmf in (2.56)), one practical problem is that the
expression for a*(n) depends on the unknown w*. This problem can be overcome by replacing

the minimizer by its estimate, which leads to an adaptive importance sampling method:

et IV Q(ws; )|
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Table 2.1: Listing of optimal adaptive importance sampling for SG

Optimal adaptive importance sampling for SG

Initialization:
1, is initialized to be some large positive vector;
0o is initialized as the sum of the entires in ;
po is initialized as uniform distribution;
for i =1,2,3,...
Pick m; according to sampling probability p;;
Update 1, and 0; according to (2.58) and (2.59) respectively;
Update sampling probability p; = 4, /6;;
Update w,;; according to (2.49))
end

Expression ([2.57)) is still inefficient to update because at each iteration we have to compute
|VwQ(w;; x,)|| for all data samples and then calculate the average. To reach an efficient

update, we introduce an auxiliary variable 1 € R¥, with its nth entry updated as follows:

i1 (n) + (1 =N VuQ(wi; zn)ll, if n =mn;
Yi(n)= (2.58)

"vbifl(n)? if n 7& n;
where v € (0,1); in the simulations we selected v € (0.1,0.5). Note that each entry ,(n)
is an estimate of ||V, Q(w;;x,)||. Note further that at iteration ¢, only one entry of ¥, is

updated, and hence this update is cheap. We also update a scalar  to maintain the sum of

1. Suppose n; is picked up at iteration ¢, then

0; = sz(n) = Z¢z(n) + (i) — P,y ()
6+ (1= ) (Vo Q(ws; 2)|| — %, (ns) - (2.59)

Note that each update of 6 only requires O(1) operations, which is also cheap. The algorithm
is summarized in Table , where p; € RY is the sampling probability vector with each entry

pi(n) indicating the probability that data z,, is selected.
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In the algorithm algorithm, we initialize 1, to large entries so that p; is not too small for
some indices. In this way, we can guarantee that all data samples are accessed with large
enough probability during the initial stages. The key feature of this algorithm is that it
does not depend on any pre-knowledge of each data sample (such as the Lipschitz constants
needed in [1,2]), and can automatically learn the optimal sampling probability distribution.

Moreover, the algorithm is very efficient in computational cost.

2.4 Numerical Experiments

We illustrate the results by considering the regularized logistic regression problem:
R
J(w) = g”w”? + ~ nz::lln (1+ exp(—v(n)hlw)) , (2.60)

where h,, € R'® is the feature and v(n) € {£1} is the label scalar. In the simulation, we
generate a random data set {h,,y(n)} with N = 500. We set p = 0.01 and p = 0.01. We run
the empirical SG and mini-batch algorithms over 25 epochs. All simulation results shown
below are averaged over 100 trials. From Fig [2.1] it is clear that our bound is significantly
tighter than the bound from [1], which is also shown in (2.28). We also observe that the
MSD performance is inversely proportionally to the size of the mini-batch, as predicted by
Theorem [2.3] Moreover, the figure shows that our theoretical performance expressions match

well with the simulated results.

Next, in Fig. we illustrate the behavior of our optimal importance sampling algorithm
with the same problem setting. All algorithms use a 10 mini-batch size. The red curve is
the standard SG learning curve, which is used as reference; The blue curve is using the fixed
optimal importance sampling probability, which is precalculated with the w* information
. The green curve is our proposed adaptive importance sampling method, which is seen
to be as good as the optimal solution. We also compare against the resampling technique
from [1,2], which use the Lipschitz constants. The result is the black curve, which is only

matching the performance of the standard SG implementation and is away from the optimal
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performance.

5 ‘ ‘ ‘ —
= = = other bound ——- see caption
—— Mini—SGD with B=1
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— Mini—-SGD with B=10
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Figure 2.1: Convergence behavior of mini-batch SG for regularized logistic regression prob-
lem. B indicates the size of the mini-batch. The dotted MSD levels are calculated according
(2.42)) except for the brown line, which is calculated according to [1].
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Figure 2.2: Optimal adaptive importance sampling algorithm for regularized logistic regres-
sion problem. In the figure legend, SG refers to iteration ([2.2); SG+Optimal Sampling refers
to (2.55)); SG+Adaptive refers to (2.58)—(2.59); SG+Lipschitz is the algorithm proposed
in .

2.5 Conclusion

This chapter establishes a useful connection between empirical stochastic gradient methods
for learning from finite data samples, and online stochastic gradient methods for learning
from streaming data. Using performance expressions for the excess risk (ER), an optimal
sampling strategy is devised to attain the best ER performance. Simulation runs illustrate

the results.
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CHAPTER 3

Stochastic Learning under Random Reshuffling

This chapter focuses on random reshuffling algorithms with constant step-size case and
strongly convex loss functions. In this case, convergence is guaranteed to a small neighbor-
hood of the optimizer albeit at a linear rate. The analysis establishes analytically that ran-
dom reshuffling outperforms uniform sampling by showing explicitly that iterates approach
a smaller neighborhood of size O(y?) around the minimizer rather than O(u). Furthermore,
we derive an analytical expression for the steady-state mean-square-error performance of the
algorithm, which is exact for quadratic risks and good approximation for general risks. This
helps clarify in greater detail the differences between sampling with and without replacement
that can be described through tanh(-) functions. We also explain the periodic behavior that

is observed in random reshuffling implementations in this chapter.

3.1 Motivation

It has been noted in the literature [34,|35,/62}63] that incorporating random reshuffling into
the gradient descent implementation helps achieve better performance. More broadly than
in the case of the pure SGD algorithm, it has also been observed that applying random
reshuffling in variance-reduction algorithms, like SVRG [64], SAGA [39], can accelerate the
convergence speed [31},40,43]. The reshuffling technique has also been applied in distributed

system to reduce the communication and computation cost [65].

Several recent works [34-36] have pursued justifications for the enhanced behavior of
random reshuffling implementations over independent sampling (with replacement). The

work [35] examined the convergence rate of the learning process under diminishing step-sizes,
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i.e., u(i) = ¢/i, where c is some positive constant. It analytically showed that, for strongly
convex objective functions, the convergence rate under random reshuffling can be improved
from O(1/) in vanilla SGD [37] to O(1/i?). The incremental gradient methods [3/66], which
can be viewed as the deterministic version of random reshuffling, shares similar conclusions,
i.e., random reshuffling helps accelerate the convergence rate from O(1/i) to O(1/i?) under
decaying step-sizes. Also, in the work [36], it establishes that random reshuffling will not
degrade performance relative to the stochastic gradient descent implementation, provided
the number of epochs is not too large. In this chapter, we focus on a different setting
than [34-36] involving random reshuffling under constant rather than decaying step-sizes. In
this case, convergence is only guaranteed to a small neighborhood of the optimizer albeit at
a linear rate. The analysis will establish analytically that random reshuffling outperforms
independent sampling (with replacement) by showing that the mean-square-error of the
iterate at the end of each run in the random reshuffling strategy will be in the order of
O(p?). This is a significant improvement over the performance of traditional stochastic
gradient descent, which is O(u) [13]. Furthermore, we derive an analytical expression for the
steady-state mean-square-error performance of the algorithm, which is exact for quadratic
risks and provides a good approximation for general risks. This helps clarify in greater detail
the differences between sampling with and without replacement We also explain the periodic

behavior that is observed in random reshuffling implementations.

3.2 Stability of SGD Under Random Reshuffling

3.2.1 Properties of the Gradient Approximation

We start by examining the properties of the stochastic gradient V,,Q(w?; Tk (;)) under ran-
dom reshuffling. One main source of difficulty that we shall encounter in the analysis of
performance under random reshuffling is the fact that a single sample of the stochastic gra-
dient VwQ(wf;xak(i)) is now a biased estimate of the true gradient and, moreover, it is
no longer independent of past selections, o*(1 : 7). This is in contrast to implementations

where samples are picked independently at every iteration. Indeed, note that conditioned
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on previously picked data and on the previous iterate, we have:

E[VuQog(wh) [0f o* (1= )] = —— Y VuQuh)
n¢ok(1:i—1)
#VJ(wy) (3.1)

The difference (3.1]) is generally nonzero in view of the definition ([1.2)). For the first iteration

of every epoch however, it can be verified that the following holds:

N
B [VuQuuouh) | w] B 53 @t

VJ (wh) (3.2)

since at the beginning of one epoch, no data has been selected yet. Perhaps surprisingly,
we will be showing that the biased construction of the stochastic gradient estimate not
only does not hurt the performance of the algorithm, but instead significantly improves
it. In large part, the analysis will revolve around considering the accuracy of the gradient
approximation over an entire epoch, rather than focusing on single samples at a time. Recall
that by construction in random reshuffling, every sample is picked once and only once over
one epoch. This means that the sample average (rather than the true mean) of the gradient

noise process is zero since

N
1
i=1
for any w and any reshuffling order o*. This property will become key in the analysis.

3.2.2 Convergence Analysis

We can now establish a key convergence and performance property for the random reshuffling
algorithm, which provides solid analytical justification for its observed improved performance

in practice.
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To begin with, we assume that the risk function satisfies the following conditions, which
are automatically satisfied by many learning problems of interest, such as mean-square-error

or logistic regression analysis and their regularized versions — see, e.g., |[9-11}28,67].

Assumption 3.1 (Condition on loss function) It is assumed that Q(w;x,,) is differen-
tiable and has a 6,-Lipschitz continuous gradient, i.e., for every n = 1,..., N and any

w1, Wa € RM

IVWQ(wy; 2n) — Vi@ (wa; zn) || < 0wy — wall (3.4)
where 6, > 0. We also assume J(w) is v-strongly convex:
T 2
(ij(wl) - va<w2)) (w1 — ws) > l|wy — w| (3.5)

If we introduce § = max{dy,d2, -+ ,0n}, then each V,Q(w;z,) and V,J(w) are also o-

Lipschitz continuous.

The following theorem focuses on the convergence of the starting point of each epoch
and establishes in (3.7) that it actually approaches a smaller neighborhood of size O(u?)
around w*. Afterwards, using this result, we also show that the same O(u?)—performance

level holds for all iterates w¥ and not just for the starting points of the epochs.

To simplify the notation, we introduce the constant I, which is the gradient noise variance

at optimal point w*:

K2 < Z IV Qs z,)|* (3.6)

Theorem 3.1 (Stability of starting points) Under assumption the starting point of
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each run satisfies

41252 N2

limsup E ||wh — w*||* < —K =0 (3.7)
k—o00 14
when the step-size is sufficiently small, namely, for p < 555
Proof: Note first that
wht 2wl
(L.4)
- 'w?\f vaQ<w§V71;$ak(N))
N-1
— 1Y VuQwlix )
i=0
@, -~
= PNV T (wg) = 1 Y (VuQ(wis 2,1()) — VuQ(W5: Ton(:) (3.8)

-~

Il
=)

i £ Gy sy (Wh)
where we denote by g+ ;) (w?) the incremental gradient noise which is the mismatch between
the gradient approximations evaluated at wf and w?. Next, we introduce the error vector:
wk 2w —wh (3.9)
and let 0 < ¢t < 1 be any scalar that we will specify further below. Subtracting w* from

both sides of (3.8]), squaring, and using Jensen’s inequality in step (a) below we get:

N 2

ﬂ;’g + uNVwJ(wIS) + MZQUWi)(wf—l)

~
g2 =i
i=1

2
(a)

I
S;!|w18+uNVwJ(wI8)|I2 )

Hw0+qu J(w} H + 2= (Zﬂgak o (wh )| ) (3.10)
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where step (a) exploits the Jensen’s inequality:

t 1—t 1 1
b|? =|-a+—b|| <= 1 3.11
a1 = |[ta+ 16| < lall+ 1] (3.11)
and step (b) uses the fact that:
N 2 Ny 2 N
_ N2 2
Zx =N Z i < NZ [EA (3.12)
=1 =1 =1
We show in Appendix that the rightmost term in (3.10)) can be bounded by:
N 252 A73
NE peo"N 2|k 2
; 9o (wisy)||” < T—2,20°N2 (25 [l +’C> (3.13)

while for the first term in (3.10)) we have

2
@6+ N1 | =l1@ 1 + N9 )| + 242N (55)T 9 )

V(S ~k 2
<(1 = 2N Y [ + pN (N — —— 52
<(1 = 2N T @ + pN (N = =)V T ()|
(3.14)
where in the first inequality we exploit the co-coercivity inequality [68] that
(VJ(z) = VI(y) (z —y) > "0 lz = ylI* + LIIVJ(iﬁ) —VJ(y)|? (3.15)
T 0+4v 0+v
Next we require the step size to satisfy
< 2 (3.16)
= (0+v)N '

Then, the coefficient of the last term in (3.14) is negative. Combining with the strongly

convexity property ||V.J(wk) — V.J(w*)|| > v||wg|, we have

2

~ v - 2 ~
|6+ uv )| < (1 2uN S Y 12 + N (N =
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~k
(1= poN)? @)

Combining (3.13)) and (4.71]), we establish:

~ 1 - AN p2e%N3
w1 <5 (1= pNv)* |[ag|* +

= 1—t1— 2p202N? (252|"N"]5||2+’C)

We are free to choose ¢t € (0,1). Thus, let £ =1 — uNv. Then, we conclude that

1352N3
v(1 —2u25%2N?)
20304 N3 PR PN
—(1-puN
( PNy v(1 —2u202N?) lawoll” + v(l —2u292N?)

lwg ™ * <(1 = uNv)||wo* +

(252\ k|2 +/c>

If we assume pu is sufficiently small such that

1
1 —24%6*N? > 5

then inequality (3.19)) becomes

4ud0tN3N 20362 N3
”—> w’g”2+/‘—

|lwi 2 < (1 — uNv + K.

v
If we further assume the step-size p is sufficiently small such that

44354 N3 1

1—uNv+ §1—§,uNV

then inequality (3.21]) becomes

~ 1 - 20352 N3
@512 < (1 g ) 1+ 22

1 B 21352N3 1\ & 1 i
< (1 — —[LNI/) |w]|* + ('M—IC) (1 - —,uNV)
2 v — 2

J
1 ko 41252 N2
< (1= g ) @+ 2
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By taking expectations with respect to the filtration, i.e. the collections of the past infor-

mation, on both sides, we have

44252 N

_ 1 b
E|jwf | < (1 — §/LNV> E|jwgl|* + K (3.24)
which implies that
limsup El|@wi|? = O(u?) (3.25)

k—o0

Finally we find a sufficient range for p for stability. To satisfy (3.16]), (3.20) and (3.22), it is

enough to set u as

g < min 2 , ! , v < 7 (3.26)
(0 +v)N 20N’ /852N 302N

The argument in this derivation provides a self-contained proof for the convergence result
(3.7)), which generalizes the approach from [69]. There, the bound was derived from
an intermediate property (23) in [69], which does not always hold. Here, the same result is
re-derived and shown to hold irrespective of this property. Consequently, we are now able

to obtain Lemma 1 from [69] as a corollary to our current result, as shown next. |

Having established the stability of the first point of every epoch, we can now establish

the stability of every point.

Corollary 3.1 (Full Stability) Under assumption[3.1, it holds that

limsup E ||w? — w*||* = O(u?) (3.27)

k—o0

for all i when the step-size is sufficiently small.
Proof: We have
E ||@;||* <2E|w} — wg| + 2E |||
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i—1
<23 jEllw},, — w||* + 2B ||lwp||?
j=0
i—1
<2) JE | VuQ(wh; 2o + 2E | |
j=0

i—1
<2u?6* Y JE||lw}|* + 2E ||wg | (3.28)

Jj=0
Summing over ¢;

N-11i—1

ZEHw I* <248y ) iE|[wf|* + 2NE |l
i=1 j=0
N—-1 N-1
=20%0% ) " Y iE||w}|* + 2NE [|wp)?
=0 i=j+1

N-1
<WPN? E @k + 2NE ||

j=0
N-1
=**N* Y E||wh|* + (2N + 426> N?)E g || (3.29)
j=1
Rearranging terms, we get
N—1
~ 2N + p?6°N?
k|2 k|2
Z E[jw;|| Smﬂ": [Jws || (3.30)
Let k — o0, then
N-1
hmsupZEHw 12 = O(1?) (3.31)

koo iy
Noting that every term in the summation is non-negative, we conclude that for all j:

N-1

hmsupEHw |2 < lim sup Z E|w!|? = O(u?) (3.32)
k—

k—o0
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3.3 Illustrating Behavior and Periodicity

In this section we illustrate the theoretical findings so far by numerical simulations. We

consider the following logistic regression problem:

1 N

min J(w) = <> Qwihn, (1), (3.33)

where h,, € RM is the feature vector, y(n) € {£1} is the scalar label, and
A
Qw; s 3n) 2 pllw]? +In (1 + exp(—y(n)hTw)) (3.34)

The constant p is the regularization parameter. In the first simulation, we compare the per-
formance of the standard stochastic gradient descent (SGD) algorithm (/1.3]) with replacement
and the random reshuffling (RR) algorithm (1.4). We set N = 1000 and M = 10. Each h,, is
generated from the normal distribution AV (0; Ays), where Ay is a diagonal matrix with each
diagonal entry generated from the uniform distribution ¢(1,10). To generate ~(n), we first
generate an auxiliary random vector wy € RM with each entry following N'(0,1). Next, we
generate u(n) from a uniform distribution ¢(0,1). If u(n) < 1/(1 + exp(—hwy)) then v(n)
is set as +1; otherwise y(n) is set as —1. We select p = 0.1 during all simulations. Figure
.1 illustrates the MSD performance of the SGD and RR algorithms when p = 0.003. It is
observed that the RR algorithm oscillates during the steady-state regime, and that the MSD
at the w} is the best among all iterates {w*}Y " during epoch k. Furthermore, it is also
observed that RR has better MSD performance than SGD. Similar observations also occur

in Fig. 3.2 where p = 0.0003. It is worth noting that the gap between SGD and RR is much
larger in Fig. than in Fig. [3.1]

Next, in the second simulation we verify the conclusion that the MSD for the starting
point of each epoch for the random reshuffling algorithm, i.e., wk, can achieve O(u?) instead

of O(p). We still consider the regularized logistic regression problem ([3.33)) and (3.34)), and
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Figure 3.1: RR has better mean-square-deviation (MSD) performance than standard SGD
when g = 0.003. The dotted blue curve is drawn by connecting the MSD performance at
the starting points of the successive epochs.

the same experimental setting. Recall that in Theorem [3.1], we proved that

limsup E ||wg|* <O(u?), (3.35)

k—o00

which indicates that when p is reduced a factor of 10, the MSD-performance E ||wj ||* should
be improved by at least 20 dB. We observe a decay of about 20dB per decade in Fig. for
a logistic regression problem with N = 25 data points and 30dB per decade in Fig. [3.4 with
N = 1000.

3.4 Introducing a Long-Term Model

We proved in the earlier sections that the mean-square error under random reshuffling ap-
proaches a small O(u?)—neighborhood around the minimizer. Our objective now is to assess
more accurately the size of the constant that multiplies p? in the O(p?) result, and examine

how this constant may depend on various parameters including the amount of data, /N, and
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Figure 3.2: RR has much better MSD performance than standard SGD when p = 0.0003.
The dotted blue curve is drawn by connecting the MSD performance at the starting points
of the successive epochs.

the form of the loss function (). To do that, we proceed in two steps. First, we intro-
duce an auxiliary long-term model in (3.44)) below and subsequently determine how far the
performance of this model is from the original system described by (13.43|) further ahead.

3.4.1 Error Dynamics

In order to quantify the performance of the random reshuffling implementation more accu-
rately than the O(u?)—figure obtained earlier, we will need to impose a condition on the

smoothness of the Hessian matrix of the risk function.

Assumption 3.2 (Hessian is Lipschitz continuous) The risk function J(w) has a Lip-

schitz continuous Hessian matriz, i.e., there exists a constant k > 0, such that
V3 (wi) = Vi, J (wo) || < kflwy — wol| (3.36)
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Figure 3.3: Mean-square-deviation performance at steady-state versus the step size for a
logistic problem involving N = 25 data points. The slope is around 20 dB per decade.

Under this assumption, the gradient vector, V,,J(w), can be expressed in Taylor expansion
in the form [11} p. 378]:
Vol (w) = V2 J(w*)(w —w*) + &(w),  Yw (3.37)

w

where the residual term satisfies:
K * |2
lE)ll < Sllw — | (3.38)
As such, we can rewrite algorithm ({1.4]) in the form:
Wy =} + Vo (wF) + 1 VuQwh; 2o) = Vud (w)))
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Figure 3.4: Mean-square-deviation performance at steady-state versus the step size for a
logistic problem involving N = 1000 data points. The slope is around 30 dB per decade.

—w; — pVo,J (w)w; + pé(wf) + u(vwcxwf; Tok(i)) — W(wf)) (3.39)
To ease the notation, we introduce the Hessian matrix H and the gradient noise process:

H 2 V2.J(w)

S (W) 2 V,Qwh; k) — Vi (wh) (3.40)

7

so that (3.39) is simplified as:

Wiy = (I — pH) W, + p€(wh) + psgrgs (wk) (3.41)

Now property (3.2]) motivates us to expand (3.41]) into the following error recursion by adding

and subtracting the same gradient noise term evaluated at w:

Wiy =(I — pH)W; + (18 5y (wh)
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T y(s,k(i)(wf) — Sk (wp)) +ué (w)) (3.42)

J/

noise mismatch

Iterating (3.42)) and using ((1.5)) we can establish the following useful relation, which we call

upon in the sequel:

N-1
wy = (1= pH)V g + Yy (1= pH) s g (wp)
=0
N-1
) (1= pH)N T (8016 (W) = sqry (w5)
=0
N-1
+ ) Z(I — ,uH)N_Zﬁ('w?) <343)
=0

Note that recursion (3.43)) relates 'EJ’S to ﬂ)ﬁ“, which are the starting points of two successive
epochs. In this way, we have now transformed recursion (|1.4)), which runs from one sample to
another within the same epoch, into a relation that runs from one starting point to another

over two successive epochs.

To proceed, we will ignore the last two terms in (3.43)) and consider the following ap-

proximate model, which we shall refer to as a long-term model.

N-1

wy = (I - pH)Nwy —p Y (I—pH PN s iy (wf) (3.44)
=0
2 5/(wh)

Obviously, the state evolution will be different than (3.43) and is therefore denoted by the
prime notation, ib()k. Observe, however, that in model 1) the gradient noise process is

still being evaluated at the original state vector, wk, and not at the new state vector, wy.
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3.4.2 Performance of the Long-Term Model across Epochs

Note that the gradient noise 8'(w}) in (3.44)) has the form of a weighted sum over one epoch.

This noise clearly satisfies the property:
E[s'(wg) |wg] =0 (3.45)

We also know that s'(wk) satisfies the Markov property, i.e., it is independent of all previous
w? and o (-), where k' < k, conditioned on w&. To motivate the next lemma consider the

following auxiliary setting.

Assume we have a collection of N vectors {x;} in R? whose sum is zero. We define a
random walk over these vectors in the following manner. At each time instant, we select a
random vector x,,, uniformly and with replacement from this set and move from the current
location along the vector x,, to the next location. If we keep repeating this construction,
we obtain behavior that is represented by the right plot in Fig. 5. Assume instead that
we repeat the same experiment except that now we assume the data {z;} is first reshuffled
and then vectors x4 (;) are selected uniformly without replacement. Because of the zero sum
property, and because sampling is now performed without replacement, we find that in this
second implementation we always return to the origin after NV selections. This situation is
illustrated in the left plot of the same Fig. [3.5] The next lemma considers this scenario and
provides useful expressions that allow us to estimate the expected location after 1,2 or more
(unitl N — 1) movements. These results will be used in the sequel in our analysis of the

performance of stochastic learning under RR.

Lemma 3.1 Suppose we have a set of N vectors X = {x;}Y, with the constraint Zf\il T =
0. Assume the elements of X are randomly reshuffled and then selected uniformly without
replacement. Let B be any nonnegative constant, B be any symmetric positive semi-definite

matriz, and introduce

N
al T
R, = ¥ ;_1 T, (3.46)
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Figure 3.5: Random walk versus Random reshuffling walk. The lines with same color
represent all ¢-th choices walk in different epochs.

Var(X) 2 T3 [l = B(R.) (3.47)

Define the following functions for any 1 <n < N:

2
f(n7 X7 B é jxa(j (348)
F(n;X,B) 2 E ZB"—J’x,,(j) [Z wh;y B (3.49)
j=1 1 Lj=1
It then holds that
n—1 52; n—1 ni\2
: N — ;
f(n;X, ﬂ) — (Zz:O B )N — 1(Zz—0 ﬁ ) VCL?"(X) (350)
[Zn 1 BzR B] [Zn 1 BZ] [Zn 1 BZ:|
F(n; X, B 51
Proof: The proof is provided in Appendix [3.B] [

We now return to the stochastic gradient implementation under random reshuffling. Re-
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call from (3.3) that the stochastic gradient satisfies the zero sample mean property so that

Z Sk (i (w) =0 (3.52)

at any given point w. Applying Lemma (3.1, we readily conclude that

o N(SN - pHY RN - e
E[S (wo)s(wo) "wo]:

N -1
N -1 ’
where v
RF N T
R = NZ (wh) s, (w}) (3.54)

Similarly, we conclude for the gradient noise at the optimal w*:

R/* S [s’(w*)s’(w*)T]

N (S5 = g BT = p)) [0 ) R[S U = )]

N -1 N -1
(3.55)
where
|
* __ *. *. 0 \T
R; = N ;VQ(IU ;) VQ(w™; xy) (3.56)

Theorem 3.2 (Performance of Long-term Model) Under assumptz’ons cmd when

the step size p is small enough, the mean-square-deviation (MSD) of the long term model
is given by
A .
MSD%. = hllrcnsup |wF — w*|?
—00

=2 Tr (I = (I = pH)*™)7'RY) + O (i) (3.57)
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Proof: See Appendix 3.C ]

The simulations in Fig. show that the MSD expression fits well the perfor-
mance of the original random reshuffling algorithm. We will establish this fact analytically
in the sequel. For now, the simulation is simply confirming that the performance of the
long-term model is a good indication of the performance of the original stochastic gradient

implementation under RR.

Logistic Regression Problem

10 N=100 N=400
0 i i
—10} i L i
o —20} 1 L 1
©
= —-30F 1
—50} L i
—60L L i
-70 ' .
10 N=1000 N=10000
0 ] random shuffle
_10l | SGD(theorem) |
g 20 shuffle(theorem)
A
= 30
_40 L L i
-50 ' .
0 5000 10000 O 5000 10000

number of inner iterations number of inner iterations

Figure 3.6: Mean-square-deviation perfromance of random reshuffling algorithm curve on
least-mean-square cost function

3.4.3 Performance of the Long-Term Model over Iterations

In the previous section we examined the performance of the long-term model at the starting

points of successive epochs. In this section, we examine the performance of the same model

o1



at any iterate w¥ as time approaches co. This analysis will help explain the oscillations that
are observed in the learning curves in the simulations. First, similar to (3.55]), we need to

determine the covariance matrix R}, for any i. From Lemma , we immediately get that

R’S*l SR (w*) s (w*)"

N (b = pH Y Re(1 = )
[0 — pHY R[S — pHY
N -1

(3.58)

Theorem 3.3 (Performance Upper-bound for Long- Term Model) Under assumptions

and when the step size p satisfies pp < (SJ%/, the upper-bound of mean-square-deviation

(MSD) of the long term model at all iterations is given by

lim E [
k—o0

<(1— )2 T (1= (1 = pH)™) "' RY)

+ (1 —Q —W)%);f Tr ((1— (I — )™ ”R’gi) (3.59)
= 1 MS Dl + (1= 1) MS D, (3.60)
Proof:— See Appendix |

We need to point out unlike that , expression is an upper-bound rather
than an actual performance expression. Still, this bound can help provide useful insights
on the periodic behavior that is observed in the simulations. The expression (3.59)) on the
right-hand side is a convex combination of two performance measures as defined in (3.60)),
where the second term is always larger than the first term but approaching it as ¢ increases
towards N. This behavior will become clearer later in the context of an example and the

hyperbolic representation in section |3.5.2

Before we continue, we would like to comment on the convergence curve under random
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reshuffling. Unlike the convergence curve under uniform sampling, we observe periodic fluc-
tuations under random reshuffling in Figures [3.2] and [3.6] The main reason for this behavior
is the fact that the gradient noise is no longer i.i.d. in steady-state. Specifically, the noise
variance is now a function of the iterate and it assumes its lowest value at the beginning and
end of every epoch. In lemma (3.1} we show that the variance of the random walk process
resulting from random reshuffling at each iteration n in Eq. . We plot the function for
N = 20 and Var(z) = 1 in Fig. W Since the mean-square performance of the algorithm
is related to the variance of the gradient noise, it is expected that this bell-shape behavior
will be reflected in to the MSD curve as well, thus, resulting in better performance at the

beginning and end of every epoch.

— 3=0.8
st — B=0.9 ]
— 3=0.95
all — B=0.98 |
= ||— B=1.0
< 3 1
5
=, |
1tk i
0 . . .
0 5 10 15 20

Figure 3.7: The variance function f(n; X, ) at (3.50|) versus n with different 5 value.

3.4.4 Mismatch Bound

Now we provide an upper bound on the mismatch between the long-term model (3.44]) and

the original algorithm (|1.4)).

Lemma 3.2 (Mismatch Bound) After long enough iterations, i.e., k > 1, the difference
between the long term model trajectory and the original trajectory 18

~ ~ 4?52 N*?
limsup E ||@fF — @k < s

m su 2N_1) 1)IC +O(p®) (3.61)
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Proof: See Appendix [3.F] |

3.5 Quadratic Risks and Hyperbolic Representation

Lastly, we consider an example involving a quadratic (least-squares) risk to show that, in
this case, the long-term model provides the exact MSD for the original algorithm. The
analysis will also provide some insights into expression (3.57)). It also motivates a hyperbolic

representation for the MSD, which helps provides some more insights into the MSD behavior.

3.5.1 Quadratic Risks

Thus, consider the following quadratic risk function:

N
1
mu%n J(w) = N Z | Aw — 2, ||? (3.62)
n=1

where A has full column rank. We have:

N
Vol (w) = ATAw — AT (% Z xn> (3.63)
nA—l
VoQw;x,) =ATAw — ATz, (3.64)
Vi (wf) =ATA (3.65)
sp(w) =AT(z, — ) (3.66)

Since the gradient noise s, (w) is independent of w, we have
k ky —
Sp(wi) — s, (wg) =0 (3.67)
Moreover, since the risk is quadratic, it also holds that

{(w) =0 (3.68)
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Therefore, the long-term model is exactly the same as the original algorithm. For this

example, we can calculate the following quantities:

w* =(ATA) ATz (3.69)
LN
* AT A= _ AT A — AT
R;=A N nEZI(xn z)(x, — %) A=A R, A (3.70)
LN
_ A2
Var(z) = ngﬂ |z, — Z] (3.71)
I —pH=1—-pATA (3.72)

In special case when the columns of A are orthogonal and normalized, i.e., ATA = I, we can

simplify the MSD expression (3.57)) by noting that

1 N-1 N-1 )
e _ 2i i T
Ry TN-1 Ni0<1_:u> _(; (1_N)>>ARJ£$A

1 (N (-0
N1 20 — p? B 112 > A Ry A (3.73)
and, hence,
MSDpp =T (1= (1 — p)*™) ' RY)
_ A G ()L S W,
_N—l(Zu—u2 u2(1—(1_u)2N)>V (2)
= 8 N _ 1_(1_M)N ar(x

In order to provide further insights on this MSD expression, we simplify it under a small

assumption. We could introduce the Taylor series:

(1—p)N =1—Np+O(N*i?) (3.75)
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However, this approximation can be bad if N is large, which is not uncommon in big data.

Instead, we appeal to:

(1 o ILL)N — eNln(lf,u,) — e*ﬂN+O(u2N) ~ e*NN (376)

Notice it is O(u?N) instead of O(u?N?), and therefore (3.76)) is a tighter approximation than

(3.75) when N is large. Based on this, we further approximate:

- (="
TTa—pr tanh(uN/2) (3.77)

and arrive at the simplified expression:

p (N tanh(4Y)
MSDpp~ —— [ = - ——~27
SDgrr V1 < 5 . Var(zx)

= g% (1 — ,uiN tanh <%>) VCLT(I) (3-78)

For comparison purposes, we know that a simplified expression for MSD under uniform

sampling has the following expression [13]:
_H
MSD,,, = §Var(q:) (3.79)
Hence, the random reshuffling case has an extra multiplicative factor:

S-S (1 ~ 2 b (ﬂ)) (3.80)

We plot mgg versus p/NV in the left plot of Fig. where we ignore % Now it is clear from
the figure that the smaller the step size p or the smaller sample size N are, the larger the
improvement in performance is. In contrast, when u/N goes to infinity, the term mgrp will
converge to 1, i.e., the same performance as uniform sampling situation, which is consistent

with the infinite-horizon case.
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Figure 3.8: Left: The curve of mgp versus p/N. Right: Mean-square-deviation performance
of random reshuffling for a quadratic risk.

Lastly, noting that

i—1 i—1
Ry = —Nl_ (VY a-wr - (Ya- “)j>2> AR A
j=0 j=0

1 (Na—-wn) 1—(1—u)i>2)ATR A
1 Tr

N—=1\ 1-(1-p)? — (1=
1 (NA-( =) A= =p)) 1
= T R " ) AR, A (3.81)

and using the approximation ((3.76)):

/%
Rs,i ~

N 1—e 2 (1 —e )2
N —1 241 2N

) AR, A (3.82)
in (3.59) we get for ¢ € [1, N]:

~ o N 2 N
]}LrgoE |w!"||? ~ e’2f“%ﬁ (1 TN tanh <,u7>) Var(x)
o
2

Since tanh(-) is monotonically increasing, mggr(i) > mrgr. With ¢ increasing, the convex
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combination gives more weight to the second term, which is larger than the first term. This
explains the increasing of MSD at the first half of the cycle. With ¢ increasing further,
mrg(i) will decrease to the same level as mggr. Hence, MSD at the second half of the cycle
will decrease again. The simulation result shows in the right plot of Fig. fits with the

theoretical analysis for quadratic risks rather well.

3.5.2 Hyperbolic Representation for the MSD

Motivated by the result for the quadratic risk case, we now derive a similar expression for
the MSD more generally also in terms of a tanh function. First, we extend result (3.76) into
a matrix version. Supposing A is a positive diagonal matrix and p is sufficiently small such

that I — pA is a stable matrix, we have

(I — pA)N =~ e7#NA (3.84)
and
N-1 1
(I = pA) ==(I — pA)V AT
=0 p
1
%;e‘“NAA‘l (3.85)

It follows that

Tr ((I (I — pH)™) ! (2(1 — uHYRy(I - uH>i>)

1=0

22 1, (i > (I — pH) (I — pH)*M(I - uHYR;)

k=0



1 1
~ _T H—l * — _T A—l T p* .
gy THCH D) = 5 (A UTRYD) (3.86)

where in step (a) we used the fact that kN +i is the N-modular representation of all integer

numbers. To shorten the notation, we let:
r 2 uN (3.87)

Next, for the second part of (3.57)):

/T
~
|
Q
7;
=
5
o
N»-n
7;
m
ﬁz
.\‘»—-
t
=
N

Z:0 7,:0
o 1
@ an((z — e — ™A RAUATY(T — e_TA)>
1
_ ETr(A—l(I . —TA)(I “6—27'/\)—1(] . 6_TA)A_1UTR;U>
0 A%Tr (AT + ™) = A UTRD)
1 —1 -1 *77T
= 5T (A tanh(rA/2)A"'UR*U )
N —1A—-1 —1 *7T7T
- 2—Tr<27' A~ tanh(rA/2)A"\URU ) (3.88)
1

where step (a) replaces H by its eigendecomposition and uses (3.85)), while step (b) exploits
the fact that

I—e A =T +e™T—e™) (3.89)
Moreover, the tanh notation refers to

tanh A = diag{tanh(A;1),--- ,tanh(Ap )} (3.90)
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Combining the above two results gives

g = E L —i -1 ﬂ —177T p*
MSDgg = 2T1“<\N_ ] [[ ,LLNA tanh( 5 A)]IA U RSU> (3.91)
2 Mgr

Compared with the uniform sampling case:
_:u —1px) __ K —177T p*
MSDysg —§Tr(H R}) = §Tr(A U'R:U) (3.92)

Now, it is clear that the diagonal matrix factor Mrp serves the same purpose as mgrgr. Each
entry of this factor matrix captures the improvement of random reshuffling over uniform
sampling. Lastly, we focus on the order of expression (3.92). We know from the Taylor’s

expansion that
1 2
1 — —tanh(z) = O(z”) (3.93)
x
We conclude that
Mgg = O(u*N?) = MSD}, = O(1?) (3.94)

that confirms the observation of O(?) in the Fig.|3.2]

Lastly, similar to the derivation for the quadratic case (3.81)—(3.83)), we can establish the

hyperbolic representation of MSD for general case at all iterations:

. k12 —2ui P N 2 pN —177T px
klgr;OEle ||“ ~e 2Tr<N — {I MNA tanh (—2 A)]A U'R.U
+(—e iyl [N [I—iA’ltanh (M—iAﬂA*lUTR*U (3.95)
2 AN TN 2 s

= MRrr(i)

61



3.5.3 Infinite-Horizon Case

In this work, we are mostly interested in the finite-data case, where the data size is N. The
results so far are based on this assumption. However, it is inspiring though to see how the
performance result would simplify if we allow N to grow to infinity. In that case, we get

lim MSDy, = u° hm Tr (I — (I — pH)*™)""RY)

N—o0

= lim T (RY) (3.96)

since for sufficiently small p, the matrix I — uH is stable. Moreover, observe further that:

N-1

Jim (1 = e = (1 (1= pt)?)

-1

_ iH‘l(I — pH/2)™
_ iH +0(1) (3.97)

where O(1) represents a matrix where all entries are O(1). Hence,

lim Tr (RY)) = Tr lim R'*)
N—oo N%m
( hm (I —pH)'R:(I — MH)i)
N—>c>o

( hm (I — MH)%'R;) (3.98)

N~>oo

2u 1R* )+ 0(1) (3.99)

Substituting this result back into (3.96]), we establish:
Jim MSDi, = gTr(H’lRS) +O(12) (3.100)
—00

which is exactly the same expression we have in the streaming data case [11]. If we examine
the hyperbolic approximation of MSD, performance is proportional to tanh(uN), which
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implies the performance will degrade with uN but it will saturate if u/N keeps increasing.

Equation (3.100]) shows that the limit value is the same as the uniform sampling case.

3.6 Concluding Remarks

In conclusion, this chapter studies the performance of stochastic gradient implementations

under random reshuffling and provides a detailed analytical justification for the improved

performance of these implementations over uniform sampling. The work focuses on constant

step-size adaptation, where the agent is continuously learning. The analysis establishes

analytically that random reshuffling outperforms uniform sampling by showing that iterates

approach a smaller neighborhood of size O(u?

) around the minimizer rather than O(u).

Simulation results illustrate the theoretical findings. We also summarize the conclusions in

Table B.11

3.A Derivation of (3.13)

Indeed, from Lipschitz continuity of the gradients, we have

Z Hgak(z

Using the equivalence relation

Z(ﬂ\w — g’

=0
N-1]| i 2
Y Zw —wj)
=0 =
S 5 E zg 'w —'wj 4l
=0 =1
N—-1 1 N—-1N-1
aijE E E aij
i=0 j=1 =1 i=j
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we obtain

—-1N-1

ZHgam <6QZZ [k — wh_ |

ley

52]\/2
Z [} — wf_, |*

52N2
<D lwj —wh P (3.103)
=1

where in the second inequality we used the fact that

i
i

. . N(N-1)
i<y i= <

N2
5 - i=12,...,N (3.104)

s
I
<

.
I

<)

We can recursively bound the difference terms in (3.103)) as follows. From (1.4]), we have

e = b P =2 V@ 13 o)
§2M2||VwQ(wj—1;$ak(j)) VuQ(W*; T (; )||2
+ 202 | VW Q(w”; 2ok ) ||
<@ | + 20|V Q(u": 2 )1

<4?%||wg ||* + 420wy — will* + 21| VuQ(w s o) P (3.105)
Summing over j:

N N
_
Sl —wh [P S 4PN + 2PNK + 4280 ok, — b

j=1 J=1
N ||j-1 2
= 4p*8° N wo||* + 20°NK + 4°6% Y || > " (w] — wh )
j=1 || i=1
N j-1
= 420 N|wg||” + 20 NK + 4p26° Y > (5 — D|wf — wi, |?
j=1 i=1
N-1 N
= QPP NG| + 2 NK + 428 Y > (G = Dl —wh |
i=1 j=i+1
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_ S
< PPN B + 2ENK + 242N [k — |

J=1

N
< 4P N|wpl® + 20°NK + 202N [lwh —wh |7 (3.106)

j=1
Rearranging the terms, we get

N
(1= 202 N?) Y~ [Jwh — wh||” < 428 N wg||* + 20° NK (3.107)

J=1

After substituting into (3.103)) and simplifying, we establish (3.13]).

3.B Proof of Lemma [3.1]

We employ mathematical induction. First, it is easy to verify that f(1;X,5) = Var(X).
Now, assuming ([3.50]) is correct for case n, we consider case n + 1:

n+1 2

fn+15X,8)=E| > B,
j=1

2

=E|8D_ B op) + Tomr)

j=1
= BE| Y 8" 20| +E e’ + 26E (Zﬁnj x,,(j)> To(nt1)
j=1 j=1
(3.108)
From the uniform random reshuffling property ([1.7)), we know that:
E||Zemin|* = Var(z) (3.109)
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For the cross terms, we exploit the law of total expectation [70]:

n

n T T
E (Z 6n—j$o-(j)> To(n+l) = ]Ea(lzn) Eo-(n+1) (Z /Bn_jxo'(j)> .To-(n+1)‘ 0'(1 : n)
j=1

j=1

n T
n—j 1
- Ea’(l:n) <Z ﬁ Jxa(j)> N —n Z ZLj

j=1 jg¢o(ln)

= o (25" 2y ) Zxa

1 n—j 2
= N Betn) ;5 Nzoell

1 - n—i 6
—N—_nEa(mZﬁ ( >, J?I@%(j)) (3.110)

i=1 j=lji

Without loss of generality, we assume ¢ < j in the following argument. If ¢ > j, exchanging

the place of 7,(;) and ;) leads to the same conclusion:

Eo(1m) (250 %o ()] = Bot)ot) (Lo Tet))]

= Eopy {250 Eoi oy | o(0)]}
1
- —FEoillzonm
T RLCLEZ0L
1

N -1

=
1B

Var(X) (3.111)

Substituting (3.111f) into (3.110f), we obtain:

n T
E (Zﬁn_jl‘a(j)) To(n+1) = — Nl—n (Zﬁn J ZB” J — )Var(X)
Jj=1 j=1 7j=1

= - _Nl_ - > T Var(X) (3.112)

Jj=1
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Combining (3.108)), (3.109)), and (3.112)), we get:

Fln+1:X,6) =67 (X, §) + Var(X) = == >~ §Var(X)

( »(Zi 62’)N—(Z?;olﬁi)2+1_22?:15j>Var(X)

N -1 N -1
(T AN - (T ]ﬂv>_ : N1 =255 P x)
_ (L BN — (S0, 8
= N1 Var(X) (3.113)

Hence, we conclude that (3.50) is valid.

Next, the proof of (3.51)) is similar. It is easy to verify that F'(1; X, B) = R,. Assuming

(3.51]) is correct for case n, we consider case n + 1:

F(n+1;X,B) =E | > B"/ao() + To)
j=1

[Z Ty Bn I+ To(n+1)

=BF(n; X,B)B+E Z Bnijxa(j)ml(nﬂ)
j=1

+szan+1 HB" + R,

N - n]E D2 B weyr

j=1 i=1

_nEZZ$”Z )Bn]_I_R

=1 =1

Wprm: x,B)B -

n

a) 1 n— 1 n—
BF(nXB)B—ﬁZB IR, ——ZRB I+ R, (3.114)

(@)

7j=1

where in the step (a) we use the same trick as (3.112)):

E Zn: zn: Bn_j:L‘o-(j)ZL‘

j=1 i=1
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_EZB ]xa])x ])—i-EZZB ]170-(]

J=1 i#j

— ZBn—jRS _ —E ZB” ]xa VLo (5) (3115)

Now if we substitute the F'(n; X, B) according to (3.51)) into (3.114]), we will conclude that
the format of (3.51)) is still valid for F'(n + 1; X, B), which completes the proof.

3.C Proof of Theorem [3.2]
We introduce the eigen-decomposition [71]
H=UAUT (3.116)

where U is orthogonal and A is diagonal with positive entries. Transforming ((3.44)) into the

eigenvector space of H, we obtain:
UTwi™ = (I — pMNUTw) — pUTs' (wh) (3.117)

Let
A T~k
= Ulwy (3.118)

and introduce any positive-definite matrix >. Computing the weighted square norm of both

sides of (3.117]) and taking expectations we get
EHﬂ)k—l—l“ -EH(I A) k;HQ + QE UT ! k\|(l12 3.119
o Iz = pA) wglls + T E[U s (wp) |5 (3.119)

A :
where ||z]|2 = 2Tz and we are free to choose ¥. The cross term is canceled thanks to

property (3.45)). Letting k — oo, we get
N B (@531 sy = Jim 2B U7 ()2 (3.120)
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To recover the mean-square-deviation I ||wg ||, we choose X as the solution to the Lyapunov

equation:
S — (I —pN)V2(I — puN)N =1 (3.121)
which is given by
5= 30— AN = (1 (1= ph)?N) (3.122)
k=0

The desired MSD is given by:
MSDY,. £ lim E|@w”|? = lim E|w|? (3.123)
k—oo k—oo
and, hence,

lim E|jwg]’ EED yiy 2R U7 (wh) 2.
—00 k—}OO
= lim (*Tx (US*UTE s (wf)s' (wp) ")
k—oo

= lim @*Tr (USUTE S (w*)s' (w*)T) +
k—ro0

klim (T (USUTE S (wp)s' (wg)" — E ' (w*)s' (w*)T)
—00

=*Tr (US*UTE S (w*)s' (w*)T) + O(u*) (3.124)

The proof of last equality is provided in Appendix Combining (3.122)) and the fact that

U is the eigenvector matrix of H, we get:

o0

MSDE, = pTr (U (I — uA)QNkUTEs’(w*)s’(w*)T> +0(uh)

k=0

- R’;) +O0(uh) (3.125)
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3.D Proof of Theorem 3.3

Using a similar approach to (3.43)), we have

W} = (I = pH)' @G — Y (I = piH)™ s (w)

Jj=1

J/

1>

s;(wg)

where
E [sj(wg) |[wg] = Y (I = pH)E [sor0(wf) [wf] =0

J=1

Computing the squared norm and taking expectations we get:

E|@|* = E|[(I - pH)'w)|* + p’E||s}(wf)]”

t = (1 — pv)". Then,
E[@/|* < (1 - w)*Ellwy|® + p*E||si(wp)|?
From Lemma 3.1, we know that

R, 2 Es(w?)s)(w™)T

N (i = pHYRA(T = pH)?)
[Sioo — pHY R[S0 — pH )]
B N -1

and
E ||s;(w*)]|* = Tr(E s} (w*)sj(w*)")

70

(3.126)

(3.127)

We assume g is sufficiently small so that |[|[I — pH|| < 1 — pv, i.e. requiring p < %5 and let

(3.128)

(3.129)

(3.130)



With £ — oo, we obtain:
lim E|| W[ <(1 — p)*MSDy, + 1*Tr(R;) + O(u*) (3.131)

where the O(u*) term comes from the same argument in (3.124]).

Substituting the result (3.125]), we have

lim B &) <(1— ) (1= (1 = ™)' RE)

+ p?Tr (RY;) + O(u*) (3.132)

Lastly, we multiple (1—(1—/w)2i> and its inverse at the second term of (3.132)), which results

in (5.

3.E Mismatch of Gradient Noise in ([3.124))

In this appendix, we will show that

lim p°Tr (USUTE S (wg)s' (wh) " — Es'(w*)s' (w*)T) = O(u?) (3.133)

k—o00

which is equivalent to showing
klim Tr (USUTES (wg)s'(wf) " — Es'(w*)s'(w*)") = O(p?) (3.134)
—00

Using the inequality that |Tr(X)| < ¢||X|| for any square matrix and some constant ¢, we

can just focus on the norm instead of trace:

|US* UT(Es' (wh)s' (w)T — Es'(w )||
< JUSUT| ||ES' (wf)s' (wf)T — Es'(w?)s' (w*)"]|

= 0(1/p) ||[Es' (wf)s' (w§) " — Es'(w*)s’(w*)TH (3.135)
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where the last equality is due to

U= T <[=*l
- my

- H INuA + Op ))‘lH

=0(1/p) (3.136)
This result implies that we now need to show

lim ||Es'(wf)s' (w)" — Es' (w*)s' (w*)"|| = O(u*) (3.137)

k—o0

Since we have already established an expression for the covariance matrix of the gradient

noise in (3.53) we have:

N (vaz_ol(f — nH)'RE(I — MH)")

E[s'(wg)s'(wg)" | wg] =

N-—1
[ 25 (= pH) | RE[S55 (1 — pH)]
_ g (3.138)
Thus,
E[s'(wg)s' (wg)" | wg] — Es'(w*)s'(w*)"
N (S5 — ) R — i)') S50 - B RE[S5N (T - pH)] (3.139)
N-—1 N-—1 '
where
RF 2 RF—R? (3.140)
Rt 2 % Z Sn (W) s, (wh)T (3.141)
R 2 % Z_: S (w*) s, (w*)" (3.142)



To simplify the notation, we rewrite the first term as follows:

N-1 —-1N-1
(X wa B iy ) < S Ry o
=0 i=0 j=0
Similarly, the second term:
N-1 [N —1N-1 N
[Z(I—uﬂ)i Ry | (I uH)i] => > (I —pH)YRI — pHY (3.144)
i=0 i=0 =0 j=0

Subtracting (3.143)) from (3.144)) we obtain (in the following, the notation O(u™) is a matrix

where each entry can be bounded by O(u™)):

— O(u®)R*H + RFO(1?) (3.145)

where steps (a) and (c) use the binomial expansion, and step (b) assumes the step-size is

small enough so that I — pH is stable. Next, we conclude:

HES’(wg)s’(wlg)T — ]Es’(w*)s'(w*)TH

= s [ st T ] — B ) T
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(a)
< E x
0

B/ (w})s'(wh)T |w]| — Es/(w)s' ()|
0 oG Bet + REo ()|

< O(2E| R (3.146)
where step (a) applies Jensen’s inequality. Lastly, we prove
lim E||R¥|| = O(n) (3.147)
k—o00

From (3.140))-(3.142), we have

RF =RF — R

Il
=
WE

[sn(w0)s(wg) " — s (w*)sn(w*)"]

3
Il
—

[sn(wg)sn(wg) T — sn(wg)sn(w*)’

I
=
M =

3
Il
—

+ Sn(wlg)sn(w*)T - Sn(W*)Sn(w*)T]

I
=
WE

[ () 5 (w8) — s ()] + [s0(0h) = 50 (w")] s ()] (3.148)

I
—

n

Next, it is easy to verify that s, (w) is also 2d-Lipschitz continuity:

Isn(wg) = sa(w)|| = VI (") = VQ(w*; 2gn)) = VI (w5) = VQ(wg; 2ok |

< IV J(wg) = VI ()| + [|VQ(wg; ) — VQ(w*s 2,) |

_
< 26]|awg | (3.149)

Taking the expectation of the norm of (3.148|):

E||RY| < % D E [[su(wh)[su(wg) — su(w*)]T + [sa(wg) — su(w")]sa(w*)"|

61D 2 & N _ X
< = D E (llsuwh) 050 + ol 1sn (0]
n=1
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20 — — )
< 2 S VE s (wh) B [ 2 + /B 5 2150 ()| (3.150)
n=1

where the last inequality exploits the Cauchy-Schwartz inequality. Next, as we prove in

theorem when k> 1:

E |lw,||* = O(u?),
E [[sn(wg)|* < 2B [[sn(w5) — su(w*)[|* + 2E |5, (w")]

<O(?) +O(1) = O(1) (3.151)

Substituting the previous results into (3.150]), we conclude

EMW<—XX¢0 O(1) + /O(2)0(1))

=0(pn), k>1 (3.152)

3.F Bound on Long-term Difference

Subtracting (3.43)) from (3.44]) and then taking the conditional expectation, we obtain:

E [ [lwg™ —wg ™ |* | ws, wy' ] < %H([—MH)NHHHJ'S wy |
o2 N-1 o 2
1 E (I = pH)N 77 (s (w]) — Sor ) (W)
i=0
~ _
241° — N—i—1 k :
2T | ST ) e (3.153)
i=0

<
where we exploit the Jensen’s inequality and 0 < ¢ < 1. In the following, we assume the step

size is sufficiently small so that:

I —pH|| <1—pv (3.154)
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Now, we find a tighter bound on the B term:

(a) N-—1 2
b=k (Z (1 = 1H)Y 7] [[sgniy ( k)—sakm(wg)H)

=0

=K <Z H(I - MH)N_iu Hscrk(iﬂ)(wf—ﬁ - Sak(i+1)(’w§)H)

=1

2
<Z (1 — pH)N7| 26 ||why w’gH)

N N
= 40°) > M = pH | IE wy —wi[|w)-, —wf]
i= lj 1
— a3 T [
=1 j=1

wQ(wZ—l;'ra'k(n)) wQ(wi—l;xak(n))

=1
() NN o
< 482233 (1 — ) NN o
i=1 j=1
i—1 2 j—1 2
[Vt 4o B[S Vet ia)
n=1 n=1
2
N i—1 2
= 46212 Z(l—,uy)N LR vaQ W ak(n)) (3.155)
=1 n=1

where step (a) exploits the triangular inequality, and the sub-multiplicative property of
norms, and step (b) uses Cauchy-Schwartz. Then, we establish the following when k is large
enough:

2

2
| -k

i—1 1
EHZVMQ(wﬁfl;mak(n)) Z V(WS Tor(ny) —VQW*; T () + V(W T ()
n=1 n=1

2

i—1
i i—1 2
+2E Z (VQ(’UJI& xak(n)) - VQ(UJ*; xak(n)))
n=1
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(i—1)N — (i — 1)

2
2
o K+ O(1?) (3.156)

=2

where the last equality is because we already conclude from Lemma and (3.6)) that

2

(i — )N — (i — 1)?

i1
E ;Vwcg(w*;xak(n)) = . K (3.157)
Moreover, we know that for sufficiently large k:
i1 2
n=1

1—1
<(i = DE Y [VuQh: 2r(n) — Vi Q(w*; 201)||
n=1

i—1
<*(i—1)E Z [ ||*
n=1

=0(u?) (3.158)

Substituting previous results into (3.155)):

B <46%)2 (Z<1 _ MV)N—Z'\/Q (i—1)N — (i —1)2 . O(M2)> .

, N -1
i=1
(3.159)
We know for any 0 < < N
(i—1)N — (i — 1) N?
< .
N_1 ST (3160)
and, hence,
N? 1— (1= pu)V\?
<4522 2
B <18 (g +oun)) () K
_20°N? N2 2
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Next, we can bound the term C' when epoch k is sufficiently large:

C<NZEHI uN)V e (i) )P

=1

<NZEH€ I

-/€2N
ZEII w; ||

=0(u) (3.162)

where the last equality is due to (3.21):

_ 2352 N? \*
ik < ( 1 ) b + 2 k)

,uNu) 44554 NS
<~ 7 |w|I*+ —(1 — K? (3.163)
Let s=1— %MNV, we obtain:
_ 1 N 8 554N5
a1 < (1= Sune) )t + 2k (3.164)
v

After letting k — oo and taking expectation, we conclude E ||wg||* = O(u*).

Lastly, choosing t = (1—puv)Y in ([3.153)) and combining (3.161]) and ([3.162]), we establish:

[||~k+1 ~/k+1|| ]

<(1 = w)VE ||ws — wi'||?
2012 262 N2

T a1 RO (3.165)

+

Letting k — oo, we conclude

~/k||2 4#252]\72

mic +O(1?) (3.166)

E||wk —
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3.G Convergence for RR under Decaying Step-Sizes

In this section, we provide a sketch of the proof for the convergence of random reshuffling
under decaying step-sizes. A more detailed discussion can be found in [72]. Here, we follow

an alternate argument by modifying our derivation to arrive at a similar conclusion.

First, observe that inequality (3.23) continues to hold for decaying step-sizes:

20(k)362N?

- 1 -
B 1 < (1 Ny ) B1@ + K (3.167)
For simplicity, we only consider step-size sequences of the form:
c
k) = k>0 3.168
pl) = =k (3.168)

where ¢ is some positive constant. Then, we can exploit the Chung’s lemma [17] or [11]

Lemma F.5):
Lemma 3.3 Let u(k) > 0 denote a scalar sequence that satisfies the inequality recursion:
u(k+1) <[1—a(k)]u(k)+bk),k >0 (3.169)

When the scalar squences {a(k),b(k)} are of the form

c , d
Fr PO e

¢>0,d>0,p>0 (3.170)

it holds that, for large enough k, the sequence u(k) converges to zero at one of the following

rates depending on the value of c:

u(k) < (%p) kP +o(1/k?)  c>p
(k) = O(log(k)/k?), c=p (3.171)
(k) = O(1/k), c<p

u
u

The fastest convergence rate occurs when ¢ > p and is in the order of 1/kP
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Comparing (3.167) and (3.169)), we have

cNv s a(k) 2¢352 N3
2(k+1) ’ v(k+1)3

— b(k) (3.172)

Through lemma , we can immediately conclude that the convergence rate of E ||wg |2 is
O(1/k?). The relationship between the number of epoch k and iteration i is linear. Therefore,

it also follows that the convergence rate is O(1/:?).
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CHAPTER 4

Variance-Reduced Stochastic Learning under Random

Reshuffling

This chapter focuses on random reshuffling algorithm with the variance-reduced stochastic
gradient algorithms. The existing convergence results assume uniform data sampling with
replacement. However, it has been observed in related works that random reshuffling can
deliver superior performance over uniform sampling and, yet, no formal proofs or guarantees
of exact convergence exist for variance-reduced algorithms under random reshuffling. This
chapter provides a theoretical guarantee of linear convergence under random reshuffling for
SAGA in the mean-square sense; the argument is also adaptable to other variance-reduced

algorithms.

4.1 Introduction and Motivation

In recent years, several useful variance-reduced stochastic gradient algorithms have been
proposed, including SVRG [38], SAGA [39], Finito [40], SDCA [41], and SAG [42], with
the intent of reaching the exact minimizer of an empirical risk. Under constant step-sizes
and strong-convexity assumptions on the loss functions, these methods have been shown to
attain linear convergence towards the exact minimizer when the data samples are uniformly

sampled with replacement.

However, it has been observed in related works [34,35,/62] that implementations that rely
instead on random reshuffling (RR) of the data (i.e., sampling without replacement) achieve
better performance than implementations that rely on uniform sampling with replacement.

Under random reshuffling, the algorithm is run multiple times over the finite data set. Each
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run is indexed by the integer ¢ > 1 and is referred to as an epoch. For each epoch, the
original data is reshuffled so that the sample of index i becomes the sample of index o' (i),

where the symbol o is used to refer to a uniform random permutation of the indices.

It was shown in [35] that random reshuffling under decaying step-sizes can accelerate
the convergence rate of stochastic-gradient learning from O(1/7) to O(1/:?) [17,68], where
i is the iteration index. It was also shown in [69}/73] that random reshuffling under small
constant step-sizes, p, can boost the steady-state performance of these algorithms from O(p)-
suboptimal to O(u?)-suboptimal around a small neighborhood of the exact minimizer [11]. A
similar improvement in convergence rate and performance has been observed for the variance-
reduced Finito algorithm [40]. However, no formal proofs or guarantees of exact convergence
exist for the class of variance-reduced algorithms under random reshuffling, i.e., it is still
not known whether these types of algorithms are still guaranteed to converge to the exact
minimizer when RR is employed and under what conditions on the data. For example,
in [43], another variance-reduction algorithm is proposed under reshuffling; however, no
proof of convergence is provided. The closest attempts at proof are the useful arguments
given in [3}36|,74], which deal with special problem formulations. The work [75] deals with
the case of incremental aggregated gradients, which corresponds to a deterministic version
of RR for SAG, while the work [36] deals with SVRG in the context of ridge regression

problems using regret analysis.

The random reshuffling setting has some connection with studies that employ cyclic
or incremental implementations such as the incremental aggregate gradient (IAG) algorithm
[3,4.[74H77]. In this implementation, within each epoch, each sample is also sampled only once
but keeps the same order over all epochs. In many cases, the analysis of cyclic/incremental
algorithms can apply to the random reshuffling algorithms and vice versa. However, the
search direction in these works on incremental algorithms is based on an aggregate gradient
construction that is the best choice for studying on the random reshuffling as discussed
further ahead. For this reason, different techniques are necessary to carry out the convergence
analysis under random reshuffling.

Motivated by these considerations, this chapter makes two contributions. First, it resolves
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the open mean-square convergence issue and provides the first theoretical proof and guarantee
of linear convergence to the exact minimizer under random reshuffling for SAGA. While
the argument is easily adaptable to a wider class of variance-reduced implementations, we
illustrate the technique in this work for the SAGA algorithm and and explain how it extends
to SVRG as well. This work focuses on providing a linear convergence guarantee on the
variance-reduced algorithm under random reshuffling. However, it is still an open question
to analytically show that variance-reduced algorithms under random reshuffling converge
faster than uniform sampling. A second contribution is that, under random reshuffling,
we will propose a new amortized variance-reduced gradient (AVRG) algorithm with two
benefits: it has constant storage requirements in comparison to SAGA, and it has balanced
gradient computations in comparison to SVRG. The balancing in computations is attained by
amortizing the full gradient calculation across all iterations. AVRG is also shown analytically

to converge linearly.

In preparation for the analysis, we review briefly some of the conditions and notation
that are relevant. We consider a generic empirical risk function J(w) : RM — R, which is

defined as a sample average of loss values over a possibly large but finite training set of size

N:

N
A : A 1
w* = argmin J(w) = — W; Tp), 4.1
g J(w) 2 73 Qi) (11)

where the {z,}"_, represent training data samples.

Assumption 4.1 (Loss function) The loss function Q(w;x,) is convezx, differentiable,

and has a §-Lipschitz continuous gradient, i.e., for everyn = 1,..., N and any wy, w, € RM:
IVw@(ws; 2n) = Vi@ (ws; ) || < 6wy — ws (4.2)
where § > 0. We also assume that the empirical risk J(w) is v-strongly convex, namely,

(VT () - va(wQ))T(wl —wn) > vlfwy — wslf? (4.3)
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4.2 SAGA with Random Reshuffling

We consider the SAGA algorithm [39] in this work, while noting that our analysis can be
easily extended to other versions of variance-reduced algorithms; for example, we shall illus-
trate how the approach applies to the new variant designated by the acronym AVRG. We list
the SAGA algorithm without the proximal step but incorporate random reshuffling into the
description of the algorithm. We explain the symbols and the operation of the algorithm in
Table [4.1] In the listing below, note that, random quantities are being denoted in boldface

font, which will be our standard convention in this work.

Table 4.1: Listing of the SAGA algorithm with random reshuffling

SAGA with Random Reshuflling |39

Initialization: w) = 0,VQ(¢y,,;x,) =0, n=1,2,..., N.
Repeat ¢t =0,1,2...,T (epoch):
generate a random permutation function o(-).
Repeat i = 0,1,... N — 1 (iteration):

n=c'(i+1) (4.4)

wiy =w) — 1| VQ(w); ) — VQ(@ i@ ZVQ (4.5)

¢§+1,n = w§+1, and qbﬁﬂ,n = d)f’n, form #n (4.6)
End

wy =wly, ¢ = Py (4.7)

End

4.2.1 Operation of the Algorithm

Note that the algorithm runs a total of T times over the data of size N. For each run
t, the original data {x,}"_, is first randomly reshuffled so that the sample of index i + 1

becomes the sample of index n = o'(i + 1) in that run. To facilitate the understanding of
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the algorithm, we associate a block matrix ®" with each run, as illustrated in Fig. 4.1l This
matrix is only introduced for visualization purposes. We denote the block rows of ®' by
{#!}; one for each iteration i. Each block row ¢’ has size M x N, with its entries generated

by the SAGA recursion:

|12

b [qﬁ;l ‘ @i ‘ ‘ (ﬁf’N} (i—th block row) (4.8)

We can therefore view ® as consisting of cells {¢; ,}, each having the same M x 1 size
as the minimizer w*. At every iteration 4, one random cell in the (i + 1)—th block row is

populated by the iterate w!, ;; the column location of this random cell is determined by the

value of n.
t t t t
0,1 0,2 0,n 0,N—1 bo,n
- = t—1 _
®o [ wé ! ‘ wg ! ] Wy, [ U)é Lt ] 0 blue block
ol(l)=2
t t—1 t R - . t—1 =
b [ Wy ‘ wy ’ wt -t [ w wh™! ] 1 blue block
t —
Iterations ¢ ol(2)=N
i (03 [ wg—l ‘ wt J T wfn_l [ wé_l w} ’ 2 blue blocks
t+1 t t ¢ . t .. ¢ ;
O+ = ¢y [ L6 | ity ’ Wi [ Wy Wy ’ N blue blocks

Figure 4.1:  An illustration of the evolution of the history variables {¢; ,}.

We refer to Fig. 1 and explain in greater detail how the cells in the figure are up-
dated. These cells play the role of history variables. To begin with, at iteration ¢ = 0,
the cells in the first block row ¢} will contain a randomly reshuffled version of all iterates
{wi™ whi™t . wl '} generated during the previous run of index ¢ — 1. A random sample
of index n = (1) is selected. Assume this value turns out to be m = 2. Then, as indicated
in the blue cell in the second block row in the figure, the second cell of ¢} is updated to w?
while all other cells in this row remain invariant. Moving to iteration ¢ = 1, a new random
sample of index n = o'(2) is selected. Assume this value turns out to be n = N. Then,

as indicated again in the third block row in the figure, the last cell of ¢} is updated to w?

while all other cells in this row remain invariant. The process continues in this manner,
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by populating the cell corresponding to location n in the i—th block row. By the end of
iteration N, all cells of ¢’ would have been populated by the iterates {w!} generated during
the t—th run. Observe that, since uniform sampling without replacement is used, then all
weight iterates {w!}, from i = 1 to i = N will appear in ¢’;. These iterates appear randomly
shuffled in the last row in the figure and they constitute the initial value for @5 for the

next run.

4.2.2 Properties of the History Variables

Several useful observations can be drawn from Fig. .1l These properties will be useful in

the convergence proof in subsequent sections.

Observation 1: At the start of each epoch ¢, the components {¢g,n}nN:1 correspond to
a permutation of the weight iterates from the previous run, {w! '}V, O
Observation 2: At the beginning of the i—th iteration of an epoch ¢, all components
of indices {a!(m)}! _, will be set to weight iterates obtained during the t—th run, namely,
{w! }¢ _,, while the remaining N — i history positions will have values from the previous

run, namely, {w} "} for some values k, € {1,2,...,N}. O

Observation 3: At the beginning of the :—th iteration of an epoch t, it holds that
in = Pom: Wherem € o'(i+ 1:N) (4.9)

where o (i+1:N) represents the selected indices for future iterations i+1 to N. This property

holds because, under random reshuffling, sampling is performed without replacement. O

Using these observations, the following two results can be established.

Lemma 4.1 (Distribution of history variables) Conditioned on the previoust—1 epochs,

each history variable q,’)fn has the following probability distribution at the beginning of the
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i—th (i < N ) iteration of epoch t:

P(; | F6) = 1 o Ten T , formeo'(i+1:N) (4.10)

where F} is the collection of all information before iteration 0 at epoch t.

Proof: See Appendix [1.A] [

Lemma 4.2 (Second-order moment of ¢fn) The aggregate second-order moment of each

history variable q,’f;n s equal to:

N i N
N —1 _
E >l 12] =D Efwl |+ = D _Elw | (4.11)
n=1 n/=1 n=1
Proof: See Appendix [£.B] [

For comparison purposes, the results obtained so far do not hold for implementations
that involve sampling the data with replacement. For example, in that case (4.11]) would be

replaced instead by the following expression derived in [39]:

E K (4.12)

N
N -1
= E ||lwj|* + N > Ele
n=1

N
> llehIP
n=1

This result is similar to (4.11)) only for i = 1. However, observe that (4.12)) involves variables
{¢§—1,n} on the right-hand side, instead of the variables {w! '} that appear in (4.11)). This

is because random reshuffling updates every history variable during each run, while uniform

t

i_1, untouched. As we are going to illustrate in later

sampling may leave some variables ¢
experiments, this difference helps explain why SAGA under random reshuffling tends to have

faster convergence rate.
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4.2.3 Biased Nature of the Gradient Estimator

Before launching into the convergence analysis of the variance-reduced algorithm, we first
highlight one useful observation, namely, that it is not necessary to insist on unbiased gradient
estimators for proper operation of stochastic-gradient algorithms. To see this, let us examine
first the SAGA implementation assuming uniform data sampling with replacement. In a
manner similar to , the SAGA algorithm in this case will employ the following modified

gradient direction:

N
Gulwl) 2 VQuwhs20) — VOB 7) + 1 D VRS, 02) (113
n=1

where the subscript u is used to denote a uniformly distributed random variable, u ~ U[1, N].

As a result, this modified gradient satisfies the unbiasedness property [39):
E . [Gu(w})|Fl] = VJ(w}) (4.14)

where F' denotes the collection of all available information before iteration 4 at epoch t.
However, this property no longer holds under random reshuffling! This is because data is
now sampled without replacement and the selection of one index becomes dependent on the

selections made prior to it. Specifically, let

Gn(wh) 2 VQ(whz,) — V(i Zvcz (4.15)

denote the stochastic gradient that is employed by the SAGA recursion (4.5)). It then holds

that
-~ t t 1 t t 1 Y t
n¢ot(1:) n=1
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where n=0c"(i+1) and we exploit the uniform property of random reshuffling when expanded

the expectation [69]

1
. né¢ol(li
Plol(i+1)=n|o'(1:9)] =4 N 1 P (4.17)
0 , nea’(li)

where o (1:7) represents the collection of permuted indices for the original samples numbered
1 through 7. . It is not hard to see that the expression on the right-hand side of is
generally different from V.J(w!). Consequently, the gradient estimate that is employed by
SAGA under random reshuffling in (4.5)) is not an unbiased estimator for the true gradient.
Nevertheless, we will establish two useful facts in the following sections. First, the gradient
estimate becomes asymptotically unbiased when the algorithm converges, as t — oo.
Second, the biased gradient estimation does not harm the convergence rate because we will
observe later that SAGA under random reshuffling actually converges faster than SAGA

under uniform sampling with replacement in the simulations.

4.2.4 Convergence Analysis

The analysis employs two supporting lemmas. To begin with, we relate the starting iterates

for two successive epochs as follows by summing all gradient terms in (4.5]) over i:

wi = wy
N
t t t 1 ¢
=wy_; — 1 | VQ(wy_y; xng) - VQ(ng—l,nf\_l; x'n’}\,il) + N Z VQ(CbN—Ln; Ty)
n=1
N-1 XN
= wh =) | VO ane) = VOl wnt) + 7 D V(S m] (4.18)
=0 n=1

where we are using the notation n! = o’(i + 1). As already alluded to, one main difficulty

in the analysis is the fact that the gradient estimate is biased. For this reason, we shall
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compare against the gradient at the start of the epoch

wht! (a)

pNVJ (w)
N-1

wh —
N
EONCEMENES DRLIHED]

27
\

=

(2

o

VQ(wi; wnt) — VQ(wy; vpt)

|I§

NZ(V@ MESE VQ<¢on,xn>)]

- NNVJ('LUO)

_'“Z

—

VQ(wt; x, t) — VQ(w}; z,t)

%i( (i)~ VQ(Shiw) )|
B (4.19)

where in step (a) we added and subtracted {VQ(wf;z,)} and {VQ({ ,; )}, and we also
changed the notation VQ(¢,, 65 Tt into VQ(ey, nti Tnt) because of observation 3; in step

(b) we exploited the random reshuffling property that each index is selected only once, i.e

N—-1 N—-1
D VQ(Bh i Tnt) = Y VQ(h 5 ) (4.20)
=0 n=0

We also need to appeal to a second recursion (within epoch t). By moving w! in . to
the left-hand side and computing the squared norm, we obtain

ety = wl? = 1| VQ(w!: 2) = VQ& i ZVQ
VQ(¢1]? )+VQ(wN ; J)

NZVQ b = VQUs ]|

@ HVQw ) — VQ(wk;z;) —
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(a)

2
(w}; ) — VQ(’LUB;%)H

4302 [V QS i) — VQUawls )|
N

+ 3M2H% VQ(¢Z n’ ) - VQ(QU*, fL’n)]

‘2

®) 2 2.t 12 2 2 352# *112

where in step (a) we first added and subtracted VQ(w}; x,,) and used the fact that

Z (w5 x,) =0 (4.22)

then, we employed Jensen’s inequality; and step (b) is because of the assumed Lipschitz

condition (4.2). Using (4.19) and (4.21)), and further introducing the error quantity 'Z[;f =

w* — w!, we can establish the following auxiliary lemmas.
Lemma 4.3 (Mean-square error recursion) The mean-square-error at the start of each

epoch satisfies the following inequality recursion for step sizes p < 2/(N(v +9)):

E[wh™|* < (1 - pwN)E |[wh]?
52 N-1 N-1
dp— E [|w} — wp||? E|wy" —w, 4.23
+du— <Zl i — | +H/Z:1 lwy™ — w7l (4.23)

Proof: See Appendix [£.C] ]

Roughly, the above result shows that the mean-square error across epochs evolves according

to a dynamics that is determined by the scaling factor
A
a = (1 —uvN) (4.24)

which is smaller than one under the required condition in lemma [£.3] In addition, there are

two driving terms in . We will refer Z "E ||w! — w}||? as the forward inner difference
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N-1 - . . .
term and to >, _| E||w’,' — w!;'||? as the backward inner difference term.

Lemma 4.4 (Inner differences) The forward inner difference satisfies:

N-1
> Ellw; — wp?
i=1

N-1 N-1
< 5% (ZEuwz —whl Yl - w§1|!2> PBENE @ (4.25)
i=1 i=1
while the backward inner difference satisfies:
N-1
> Ellwy ! —wi
=1 N-1 N-1
S552u2N2<ZEHw§‘1—w6‘1|!2+ZEHw§v‘2 - w§‘2\|2> FBSNE @ P (420)
i=1

=1

Proof: See Appendix [4.D] |

Combining the above lemmas, we arrive at the following theorem. Let w|, 2w — w} and

introduce the energy function:
5 (1 NVl | V-1
A ~
Vi 2 E@5 + 2 (N S E i —wh Py S E !!wﬁv—wﬁ\P)
i=1 =1

where v = 8ud*N/v.

Theorem 4.1 (Linear convergence of SAGA) For sufficiently small step-sizes, namely,

Jor p < =555, the quantity Vi1 converges linearly:
Vi1 < oV (4.27)

where

1 —puvN/2
o=
1 —246*u3N3 v

<1 (4.28)

It follows that E ||w,||* < o'Vj.
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Proof: See Appendix [4.E] ]

Remark: To achieve an e-optimal solution, the number of iterations required is close to
O(N6§?/v?log(1/€)), which is slower than the rate proved under sampling with replacement
in [39]. The main reason is that the dependency between the samples makes it difficult to
obtain a tight bound. Also, to ensure the stability of the algorithm, the stepsize upper bound
is small. Meanwhile, as we will observe in the simulations later, in practice, the convergence
can be faster than the original SAGA and the choice of stepsize is almost independent of

size of dataset.

4.3 Amortized Variance-Reduced Gradient (AVRG) Learning

One inconvenience of the SAGA implementation is its high storage requirement, which refers
to the need to track the history variables {qbfn} or the gradients for use in 1} There is
a need to store O(N) variables. In big data applications, the size of N can be prohibitive.
The same storage requirement applies to the variant with reshuffling proposed in [43]. An
alternative method is the stochastic variance-reduced gradient (SVRG) algorithm [38], which
is listed below (again with random reshuffling) for ease of reference.

This method replaces the history variables {q&fn} of SAGA by a fixed initial condition
w, for each epoch. This simplification greatly reduces the storage requirement. However,
each epoch in SVRG is preceded by an aggregation step to compute a gradient estimate,
which is time-consuming for large data sets. It also causes the operation of SVRG to become
unbalanced, with a larger time interval needed before each epoch, and shorter time intervals
needed within the epoch. Motivated by these two important considerations, we propose a
new amortized implementation, referred to as AVRG. This new algorithm removes the initial
aggregation step from SVRG and replaces it by an estimate g'™!. This estimate is computed

iteratively within the inner loop by re-using the gradient, VQ(w?; x,,), to reduce complexity.
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Table 4.2: Listing of SVRG with random reshuffling

SVRG with Random Reshuffling [3§]

Initialization: w) = 0.
Repeat t =0,1,2...,T (epochs):

1 N
VI(wh) = 5 D VQ(wp;z)
n=1

generate a random permutation function o(-).
Repeat i =0,1,... N — 1 (iteration):

n=c'(i+1) (4.29)
why, —wl— p [VQ(w; 2) —VQ(wly )+ V.J (wh)] (4.30)
End
wh™ = wly (4.31)
End

4.3.1 Useful Properties

Several properties stand out when we compare the proposed AVRG implementation with the
previous algorithms. First, observe that the storage requirement for AVRG in each epoch

is just the variables g, g'™', and wf), which is similar to SVRG and considerably less than

SAGA.

Second, since the gradient vector Q(w!; z,,) used in (4.34]) has already been computed in
(4.33), every iteration i will only require two gradients to be evaluated. Thus, the effective

computation of gradients per epoch is smaller in AVRG than in SVRG.

Third, observe from Eq. how the estimated g’ is computed by averaging the loss
values at successive iterates. This construction is feasible because of the use of random
reshuffling. Under random reshuffling, the collection of gradients {Q(w?; z,)} that are used
in during each epoch will end up covering the entire set of data, {z,})_,. This is
not necessarily the case for operation under uniform sampling with replacement. Therefore,

the AVRG procedure assumes the use of random reshuffling. We will simply refer to it as
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Table 4.3: Listing of AVRG with random reshuffling

AVRG with Random Reshuffling

Initialization: w) =0, ¢° =0, VQ(w);x,) + 0,n=1,2,...,N
Repeat t =0,1,2...,T (epoch):

generate a random permutation function o'(-)

set gt =0

Repeat : = 0,1,... N — 1 (iteration):

n=co'(i+1) (4.32)
wi, ) =w} — 1 [VQ(w}; 2,) — VQ(wp; ) + g'] (4.33)
g g+ LVQwlir) (434
End
wh™ = w'y (4.35)

End

AVRG, rather than AVRG under RR.

Fourth, unlike the SVRG algorithm, which requires a step to compute the full gra-
dient, the AVRG implementation is amenable to decentralized implementations (i.e., to
fully-decentralized implementations with no master nodes). and also to asynchronous op-
eration [78]. The unbalanced gradient computation in SVRG poses difficulties for fully-
decentralized solutions [11},79,80] (instead of master-slave model) and introduces idle times
when multiple devices/agents with different amounts of data cooperate to solve an optimiza-
tion problem. The amenability to effective decentralized solutions is a powerful convenience
of the AVRG framework and one main motivation for introducing it, as explained in the

related work [80].

Finally, the modified gradient direction that is employed in (4.33)) by AVRG has distinc-
tive properties in relation to the modified gradient direction (4.5)) in SAGA. To see this, we
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note that the gradient direction in (4.33) can be written as

1
+ =Y VO T () (4.36)

It is clear that even when the index n is chosen uniformly, the above vector cannot be an
unbiased estimator for true gradient in general. What is more critical for convergence is that
the modified gradient direction of an algorithm should satisfy the useful property that as
the weight iterate gets closer to the optimal value, i.e., as [[w* — w}|| < e, for arbitrary small

e and large enough ¢, the modified and true gradients will also get arbitrarily close to each.

This property holds for (4.36) since

[Gn(wi) = VI (w*)|| < ||VQ(wis 20) — VQ(wi: ) |
1 N

N
1 _ *
+ N ; VQ(’LUZJI; xa-tfl(n)) — N ; VQ(UJ 3 In>

N-1
< b||w! — w*|| + d||wh — w*|| + % > i — |
n=1

< 3de (4.37)

where in the second inequality we exploited Jensen’s inequality, the triangle inequality, Lip-
schitz assumption, and the fact that o'~!(n) corresponds to sampling without replacement.

t

') must approach the true gradient at

Because € can be chosen arbitrary small, then g, (w}

w*. This result implies the aforementioned asymptotic unbiasedness property of the gradient
estimate. Actually, this property holds for all previous modified gradients in SAGA, SVRG,
SAG, Finito, and AVRG. The work [81] also discusses a case where there is an extra error
term in the gradient calculation, which supports the observation that a small gradient bias
does not necessarily harm convergence. For ease of reference, Table compares the trade-
offs between storage and computational complexity of different variance-reduced algorithms

with and without random reshuffling.
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4.3.2 Convergence Analysis

The same approach used to establish the convergence of SAGA under RR is also suitable
for AVRG. For this reason, we can be brief. First, similar to (4.19)), we derive the main

recursion for one epoch:

wh™ =wl — MNVJ(’wE) (4.38)

_NZ VQ(wl; ) — VQ(wh; 7))

N-1

+ Y [VQ@hi,) = VO )]
1=0

where, for compactness of notation, we introduce n!™' = o?71(i + 1). Second, similar to

(4.21)), we derive an inner difference recursion:

2
lwipy —wil* =1 |VQ(wi; 20) — VQ(wh; n) + g'||
| V-l
< 3u%o? <||w§ —wyl*+ 5 D lwi T —wl P + !\1776|!2> (4.39)
i=0
Next, we establish recursions related to ﬂ)é, and the forward and backward difference terms.

Lemma 4.5 (Recursions for AVRG analysis) The mean-square-error at the start of each

epoch satisfies the following inequality for step-sizes u < 2/(N(v +9)):

E [lwg"|* < (1 - pwN) E||a |*

2 2
0 (ZEII'w —wo||2+Z]E||’w wi_IIIQ) (4.40)

Moreover, the forward inner difference satisfies:
N-1

Y Efw! —wi|® < 34°8°N* Y E|lw} — wj?

=0
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N—-1
25N (Z Ef[wly" — w! ™ + NEII'fvoHQ) (4.41)

=0

while the backward inner difference satisfies:

N-1
> Elwy —wi?
=0

N—-1 N—-1
< 328N 3T E [lwh — wh|? + 3%6°N? (ZEnwz-l —wl! P +N1EHH)6||2> (1.42)

=0 =0

Proof: See Appendix {.F] |

Likewise, we introduce the energy function:
13 | N | N
A -
Vi 2 BN + 150 (N STE[wtt - wf P SO B wm?) (1.43)
i=1 =1
where v = 5ud?N/v, and state the relevant convergence theorem.

Theorem 4.2 (Linear convergence of AVRG) For sufficiently small step-sizes, namely,

Jor p < gx, the quantity Viyy converges linearly:
Vipn < aly (4.44)

where
1 — uvN/2

= 1 4.4
- 15043 N3 /v < (4.45)

It follows that E ||wg||* < o'Vj.

Proof: See Appendix 4.G| |

Remark: This is similar to the theorem for SAGA under RR except for the scaling coeffi-
cients. However, in practice, the convergence curve of AVRG will be different from the one

of SAGA under RR.
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4.3.3 Sketch of Proof for SVRG under Random Reshuffling

We provide a brief explanation of how the same proof technique applies to SVRG.

Theorem 4.3 (Linear convergence of RR-SVRG) For sufficiently small step-sizes, namely,

for u < 55 we have:
2
E |lwg" > < (1 - guﬂff\f)Ell'w’éll2 (4.46)

Proof: First, similar to (4.19)), we derive the main recursion for one epoch:

N-—
witt = wh — pNV J(wf) “Z (Wi Tnt) = VQ(wp; Tyt )] (4.47)

=0

H

Under p < after expectations and simplifying, we arrive at

pret

~ (1—puvN)?_ 2(52
E|lw,"|* < —,  E wy|* + ZEHw — wyf?
Dl 12 + N52 2
= (1= pN)E|w,|” + ZEHw — wy (4.48)
Second, similar to (4.21)), we derive an inner difference recursion:

lwh,, —wi? = 12| VQ(w; 2) — VQ(wh; ) + VI (wh)||

< 2%0% (|w; — wp|* + [lwg ) (4.49)

Then, similar to the approach in Appendix [£.D], we establish:

2

i
w —w 2< w—w
H ol 1)

1=0 j=1
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Jj=1 1i=j
N2 V-l
<72H“’ —wj,
=1
N—-1
<pPPN? Y (lw! — wh)* + J|wg|) (4.50)
j=1

Note that SVRG computes the full gradient at the start of the epoch. Therefore, RR-SVRG

will have a forward difference term only. Rearranging terms we get:

252]\73
Zuw —will* S s 16 (4.51)

Substituting back, we have

Bl 2 < (1 ) Bl + 20 a2 (4.52)
0 - 0 v (1 — p20%2N?) 0
Supposing p < 26N’ so that
353 3
0" N 4 135 N3
—————— < —w&°N 4.53
(1-— ,LL252N2) 3t (4.53)
and we obtain
Ellwy" | < (1 — pN)E [|wy||? + 44°6* N*/ (3v)E |[ag|* (4.54)
Under the further assumption p < 5555, we have
1
426 N3/ (3v) < §WN (4.55)
and we conclude that
~ 2 -
Bl < (1 - S ) B (456)
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4.3.4 Algorithms with Incremental Strategies

There is also the possibility of running through the data in a cyclic or incremental manner
[66,75,82,83]. The incremental aggregated gradient (IAG) algorithm [3,/4,74-77] is one such

example. However, the algorithm is based on the following gradient construction

1 N
9i é NZ w’r“L7 n (457)

where 7; ,, represents the gradient of the i—th component function sampled at time 7;,,. They
assume that each component function is sampled at least once in the past K > 0 iterations,

i.e., we have
1 —K<7,<K, Vnel?2 ... N (4.58)

For the cyclic case, that constant K = N and for random reshuffling K = 2N. This leads
to a counterintuitive conclusion that cyclic algorithm is to random reshuffling due to this
factor 2, which we know is not true. For this reason, different proof techniques are needed

to handle random reshuffling implementations.

4.4 Simulation Results

In this section, we illustrate the convergence performance of various algorithms by numerical

simulations. We consider the following regularized logistic regression problem:

N
> Q(w; by, y(n))

n=1

N
%Z ( [w]* + In (1 + exp(—v(n)h w

min  J(w) =

==

>

(4.59)

~—
~—
\_/

102



‘pomduwiod SHUSIPRIS JO ISqUINU 9} SNISIOA SON[RA YSLI §$00Xa o1} areduwiod
$70[d 9211} W010( S} J[IYM ‘7 ‘Xopul yooda o1} SNSIOA sdURULIONSd I0LI9-a1enbs-urot oArje[a1 o) oedurod sjo[d o1y} dog oy J,
0T-UVAID Pue ‘TADY ‘LSININ ‘@dA1a0)) :sjosejep 991} IOAO SWIILIOS[R POONPAI-90URLIRA SNOLIRA JO uostredwo)) g oInsIg

N / SIusIpelo# N / slusipel N / SIuSIpelD# N / SlusIpelo#

GE 0€ G¢ 0¢ ST OT S oommommmommao._”m ooﬂmmommmomm._”o._”m 0 GE 0€ G¢ 0¢ ST OT S O
T T T T T 1T1- T T T T T IT- T T T T T T T T T T T

Hy+vovsS ¢—¢
VOVS e—e
OUYAS ==

- OUAV v 3 -
L L mrUOQ_m Il Il OOH Il Il mruoa_w Il Il OOH Il Il m_SUOO__m Il Il N.O.H Il Il WP\_UOQ_M Il Il DOH
Y1 ¢ OT 8 9 ¥ ¢ O Y1 Z¢T 0T 8 9 ¥ T O Y1 CT 0T 8 9 v ¢ O Y1 ¢TI OT 8 9 ¥ T O
T T T T T T T HH:OH T T T T T T T HH:OH T T T T T T T Mﬁlo.H T T T T T T T HH:OH
10101 1 01-0T
K 1601 1601
N 1 60T | 1 ¢0T
1 ,-0T 1 ,-0T
L 40T | 1 4-0T
F 10T 1 ¢-0T
L 1 ,-0T | 1 4-0T
L 10T | 1 ¢0T
L 1201 1 201
F 10T 1 :-01
: : ; . ! : : 00T : : : . : : 00T : : : : 00T

0T-dv4ID TADY

103



where h,, € RM is the feature vector, v(n)€{%1} is the class label. In all our experiments, we
set p=1/N. The optimal w* and the corresponding risk value are calculated by means of the
Scikit-Learn package. We run simulations over four datasets: (:ovtype.binaryE]7 rcvl.binary
Pl MNIST] and CIFAR-1(f] The last two datasets have been transformed into binary
classification problems by considering data with labels 0 and 1, i.e., digital zero and one
classes for MNIST and airplane and automobile classes for CIFAR-10. All features have
been preprocessed and normalized to the unit vector [84]. The results are exhibited in Fig.
[4.2] To enable fair comparisons, we tune the step-size parameter of each algorithm for fastest
convergence in each case. The plots are based on measuring the relative mean-square-error,
E||wf — w*||?/||w*]|?, and the excess risk value, E J(w}) — J(w*). Two key facts to observe
from these simulations are that 1) SAGA with RR is consistently faster than SAGA, and 2)
without the high memory cost of SAGA and without the unbalanced structure of SVRG, the
proposed AVRG technique is able to match their performance reasonably well. Moreover,
as we shall show in future work [80], the AVRG technique enables effective distributed

implementations.

http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
Zhttp://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
3http://yann.lecun.com/exdb/mnist/

“http://www.cs.toronto.edu/~kriz/cifar.html
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We also compare the performance of random reshuffling and incremental implementations
in Fig.[4.3] The plot is generated by running the logistic regression problem over the MNIST
dataset with same hyperparameter setting as before. We run the incremental SAGA, SAG,
and AVRG over multiple experiments with different permutation orders. The green region
represents the difference between the best and worse cases over 25 different permutation
orders. The plot suggests that incremental and random reshuffling implementations have
similar convergence rates. However, random reshuffling has superior performance in most

cases.

4.5 Discussion and Future Work

The statements of Theorems|6.1]and [7.2| are similar. This suggests that the analysis approach
is applicable to a wider class of variance-reduced implementations. The statements also
suggest that these types of algorithms are able to deliver linear convergence for sufficiently
small constant step-sizes. One useful extension for future study is to consider situations with
non-smooth loss functions. It is also useful to note that the stability ranges and convergence
rates derived from the theoretical analysis tend to be more conservative than what is actually

observed in experiments.

4.A Proof of Lemma [6.]]
For n = o'(i+ 1) and any w! ™', i = 1,2,..., N, it holds that
P(¢), = wi | F) =D P(a")P(¢),, = wi | Ff, o)
’1
=3 LB, = wl ! F o)
1 t t—1 t t
:Z mp(qf’o,n =w,; |Fy,0)

1 _
:m ZH [¢€),n = wi 1|T67 Ut] (460)
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The second equality is because all permutation sequences are equally probable; the third
equality applies observation 3. The last equality follows from noting that, given F}, and o,
the quantity ¢ ,, becomes a deterministic variable. In this case, the probability P(¢; .| F§, o)
is either 1 or 0. We therefore express it in terms of the indicator function, where the notation
I[a] = 1 when the statement a is true and is zero otherwise. Next note that there are (N —1)!

permutations o with the n—th position storing w!™'. Substituting back, we get

B N —1)!
B(¢t,, = w! |y =V =D

1
— 4.61
N! N (4.61)

4.B Proof of Lemma [4.2]

Conditioning on the information in the past epochs:

N
(ZII¢§,nI|2> Fy| =E o gl )| Fo| +E > Nkl )| F
n=1 | \n€ot(1:) n¢ot(1:)
2| (S ) |71+ (z ol ) ]
i'=i+1
& S [t 7t + Y L3 kP
n/=1 1’—z+1 n=1
= Y E[|lwl|lF] + ZH (i (4.62)
n'=1
Taking expectation over Fj, we arrive at - |
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4.C Proof of Lemma 4.3

By introducing the error quantity w' = w* — w!, we easily arrive at the following recursion

for the evolution of the error dynamics:

N—-1
wot =y + NV I(wh) + 1Y | VQ(w) xnr) — VQ(wh; )
1=0

;fZ(VQ(@m n) = VQ(rﬁon’xn))] (4.63)

n=1

Computing the conditional mean-square-error of both sides of (4.63)), and appealing to

Jensen’s inequality, gives:

(@
< %a @) + NV J(wh)||”

E [[lw5 | 17) <
2

+ “—E{
a

N-1

D VQwh ) — VQ(wh; )

=0

2

1 N
+ D (VO 20) = VQ( xn))] ‘7_-3
n=1
® 1, t
S Hwo + uNVI(w))|
HVQ ’lU 1 Tn, t VQ(wo,(E z)
1 & 2
N; V(@ 7n) — VQ(¢) i 7)) ‘]_-3
S
@+ NI
2
+ 24 NZE [HVQ(wﬁ;xnﬁ) _ VQ(wa;mng)W |-7'_6]
QMQN N
ZE —Z QL3 20) =V QP ;2
n=1

:E @) + uNVJ (w)||”
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P 2 NZE[HVQ (w!; 7a) — VQ(awl )| 7]

1 N
~ D (VS5 ) = V(S i 0) | [F5] (460
n=1

where step (a) follows from Jensen’s inequality and a can be chosen arbitrarily in the open
interval a € (0,1); and steps (b) and (c) also follow from the following corollary of Jensen’s

inequality:

N 2

Zyi

i=1

1
= N? N%

2 N
<N uill? (4.65)
=1

We further know from the Lipschitz condition (4.2)) that:

E[[|VQw}; 7n) — VQ(w); )| < OE [Jwl - ] (4.66)
and
1 i
E |52 (VO 20) — VQ(Sh,ia) | |7
n=1
2
@ Z VQW!; Zor() = VO oty Tot(n (}"f
= N2 ZE H'LU ¢6,Ui(n)|’2“7:6]
- SOE ([} — w0+l = 1)
n=1
© 152 : t t]12 t t—1 t 2 t
< 50 (2E [l — w}|21F%] +2E [[[wh = @ e |174] )
n=1
= ﬁ iQE[H'wt —wp||* | Fo) —|—EZN: |wh ! —w!|? (4.67)
N2 ot n 0 0 N o N n .

where step (a) holds because of observation 2, steps (b) and (c) apply Jensen’s inequality; and

the last equality is because of uniform random reshuffling. Next, using the strong-convexity
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of the empirical risk, we have

~ 2 ~ ~
[ @5+ pNV T (wy)||” =llwgl* + 2 N[V (wp)[|* + 20N () TV I (wp)

Z A 2
<(1 = 20N Y@ 4+ a0V (uN = ) [V ()

where in the first inequality we exploit the co-coercivity inequality [68] that

(V) = VI ~) 2 5ol — P + 5 1V I() — VI

Next we require the step size to satisfy

2
< -
NG+

(4.68)

(4.69)

(4.70)

Then, the coefficient of the last term in (4.68) is negative. Combining with the strongly

convexity property ||VJ(w!) — VJ(w*)|| > v||wg||, we have

~ 0 - 2 ~
@+ NI ()| < (1 = 2uN 5o DI + NV (N = =)l

(1= N}

Substituting (4.66) , and ( into and letting a = uNv, we get

N N 52 N—-1
E (g™ 1| F6] < (1 —pwN) w5]* +2p— 3 B [[lw] — wi|* | 7]
=1
62 - i i ¢ t2 t 2 o
+2u— > <5 | D 2E [lw), — wi* | 7] NZHw
v =1 n=1 '=1
9 N—1

() ~ 0
= (1 — pvN) ||[wh]|? + 2#; ZE [[lw; — wgl* | o]

52 Vo1

+2M_ZZ&2<2E |w!, — wh||* | FE] —l——ZHw

n=1 i=n
b 9 N—-1

N 5
< (1= uwN) [lwg|* +2u— > E [} — wp||* | 7]

—
=
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52 — 1 2 t 2 al 1 1112
+2M; § 3 2F [||w}, — wi||* | Fo) v E |wiy " — w |
n’=1

< (1= pwN) |||

52 p 2 t 62 Y 1 1112
> E[|lw} - wi Ifo]+2u72||’w§v_ —w,, |
=1

+ 2u—
v n/=1

< (1 = uwN) || *
52 (V-1 N-1
+Ap— (ZE [llwi = will* | Fo] + ) llwh ~ WleIIZ) (4.72)
i=1 n'=1
where in step (a) and in several similar steps later, we are using the equality:
N-1 i N-1N-1
DY i)=Y f(ni) (4.73)
i=1 n=1 n=1 i=n
As for step (b), the factor $ is because:
N-1 .
i (N=n)(N+n-1) 1
Zm: e gg, 1<n<N-1 (4.74)

The last step (4.72) is unnecessary; it is used to introduce symmetry into the expression and
facilitate the treatment. Taking expectation over the past history Fj, leads to (4.23)).

4.D Proof of Lemma 4.4

Using (4.21]), we can establish an upper bound for any inner difference based on wf as

follows:

lw; — w||* = [|w; — wi_y +wjy — - —wlf?
2

Dt -

2 t t t
w; g tw; g — wo)

=1

i
1
[
0

SZi

m
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@) i1

-
< 352u%zz<llwfn—wéll2+ll’w}fv1 Pl + le%nll) (4.75)

m=0

where qb = w* — q_’)fn?n. It is important to remark here that now n = of(m +1), i.e., n is

always associated with the index before it. Summing over i, we have

N-1 -1

N—
Z Jw! — wp||> < 36%p* Y i (wan —wh|? + |wiy ! — ¢y, .17
=1 =1 m=0
1 N t
T - 2
S A
z h> (uw:n—wanu s — gt P
1 N t
- - 2
1)
()3 2 2 2N_2 t t112 t—1 t 2

m=0
1 N
n=1
®) 3o o 2N_2 t 12 t 2
:§5MN Z Jwy, —wil* + wiy ' —w), ||
m=0
1 N
NZH%H?)

32 2ar2 2 t 2 t—1112
= 58N S Jwt, — wh| +Z||w —w; |
1 N ~t 2

0 n=1

3 N*I N-1
< I (z ot — bl + 3 oot — t
=1
N
1 t
Z H¢i,nH2> (4.76)

=0 n:l
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where step (a) is because SN ' i is bounded by 2, and step (b) uses the fact that

zm+

o, =wt 41 by construction. Then, computing the conditional expectation, we get:

i,mn

N
> E [Jw} —wil*| 7y
i=1

3 N—-1 N-1
< 3t (S - w7+ 3 o -
=1 =1

i
N-2

N
1 ~t
+ > D E [ fa}) (4.77)
=0 n:l
To bound the last term, we first separate it into two quantities:

E (16,17 | 75| = E [, — b + wlI* | 7

< 2E [||¢}, — wh|* | Fp] + 2||wp] (4.78)

Using an argument similar to Lemma [4.2] we can establish that:

N i . N

N —1 _ _
>l — whl? ]fé] =3 E [l — w2 Fo| + T D it - wh P (479)
n=1 n=1

n/=1

Combining results (4.78)) and (4.79)), we can bound the last term of (4.77):

N—

l\’)

=0

1 & ~t
~ D E [n@,nn?m}
N

E [|lw; — wll* | Fo) +

VAN
M
=]
/_\

w271H2> +2N||w, |*

N—-1 1
2 N+ 1 _ ~
<~ E [[lw; — wpl* | 5] + ZH N w P 2N w12
=0 n=1 n'=1
N-1 N
< 2 B [[lw) —wil* | FG] +2) [lwkt —wh )+ 28w
1=0 n'=1
N— N-—1
= 2> E[Jwi—wf|’|Ff] +2 ) [wh ' —wh > 2Ny (4.80)
i=1 n/=1
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Substituting back into (4.77)), we have:

N—-1
> E [[|w} — wh||*| F4]
=1

3 N-1 N-1
< 35 (2 [t - il 71+ 3 "
=1 =1
N-1
+2) E [|lw, — wp|* | F]
=1

N-—1
+2 Z |wi " —wh 7 * + 2N|!17)3H2>
< N (ZE ot — wb | ]+ 3 ol wrn?)

=1 =1

N | ©

+ 30°1* N[y |

N-—1 N-—1
< 5022 N? (ZE lw! — wh||* | Fi] + D [wh! w§—1||2>

=1

+ 3622 N3||wj || (4.81)

Taking expectation over the filtration leads to (4.25)).

Next, following similar arguments, we have the following for backward inner difference

term:
lwliy ' —wi
= Hwt_l - 'wﬁv——ll + 'wg\/_—11 - w§_1||2
—1 Z lwy, ) — wi P
- ) N—l B B B B
< 30% (N — i) lwi, ! = wi P + [Jwh® — gl + Zchmn!F (4.82)
m=1
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where q,’) = w* — ¢! 1 and now n = o' !(m + 1). Summing over i, we have

N-1 N-1 N-1
D lwi ! —wl TP <387y (N — ) (wan —wy P+ wi® = ¢l
i=1 i=1 m=i

93 n¢mnu2)
N—-2N-1
= 36212 Z Z(N — 1) (wa;l —wi P+ wi? = @
m=1 i=m
53 n¢mnu2)
3 N-2
< 2Nty <wa;1 Sl gk
m=1
1 N ~t=1 o
F 3D (Bl
n=1
3 N-=-2
= Jienty” (wa;l P ol
m=1
ry n¢mnu2)
3 N-2 N—-1
- §WN2<Z = — o+ Y oy — !
1= 1=2
1 N
DI NCHY
3 N—-1
< St Xt 3 -
=1
N-2

1 Voo 9
SN (4:83)

=0 n=1

The above result is similar to (4.76)) with ¢ replaced by ¢ — 1. Therefore, the same procedure
can now be followed to arrive at (4.26)).
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4.E Proof of Theorem [6.1]

To simplify the notation, we introduce the symbols:

N—
A —_
ai = Z lw; —wpl®, by = ZEHw —w; | (4.84)

Then, the results of the previous three lemmas can be rewritten in the form:

~ 52
E[lwgH |* <(1 - pwN) EHw6H2+4uN;(a? +0;) (4.85)
ajyy < 50° N (aiyy + b)) + 36%° NE [|lwg™ | (4.86)
b2 < 56%AN%(a? 4 b2_)) + 36% > N°E ||w||? (4.87)

Before continuing, we first give a more strict condition on the step size than the one in (4.70)):

Condition #1 : (4.88)

< -
H=4G+v)N

Let v denote an arbitrary positive scalar that we are free to choose. Multiplying relations

(4.86)) and (4.87) by v and adding to (4.85)) we obtain:

52
Elwg ™ [|* + (a7, +b7) < (1 — pvN)E [|ag|* + 4MN;(C%2 +074)
+570° 1PN (a7, + b7) + 370° i NE ||y ||?

+ 5y5% P N2 (a? + b2 )) + 378 > N2E || wg || (4.89)
which simplifies to

(1= 398*1*N)E ||y ||* + 7 (1 — 56°p° N?)(ayy +b7)

. 5
< (1= uwN + 370’ N?) E ||wp > + (4MN; - 5752u2N2> (a7 +b7_)) (4.90)
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Under the condition 1 — 3v62u2N? > 0, which is equivalent to

1
Condition #2: p*y < 35IN2 (4.91)

it holds that

1 — 5622 N?
1 — 376242 N2

2,,2n72
(@ +0) < A
ApNE 4 578212 N?
1 — 3702 N?
1 — puvN + 3v5?u2 N2
1 — 37022 N2
52 2,272
(]E @ ||? + 145JZVVN++5;;555M£VN2 (a? + bf_l))

(4.92)

E [l@g" |+~ E ||y

(a? + b?ﬂ)

This relation in turn implies that

E|lwp" || + v(1 — 562 N?)(aZ,; + b})

1 — puvN + 3v8%u?N? ~ 4MN§ + 57522 N*?
1 — 3v62u>N? . ]E||'w6||2 T 1 — v N + 37822 N2 (ai +b_y) (4.93)

We can again simplify the result by noting that

1 — puvN + 3v0% > N* =1 — uwN/2 — (uvN/2 — 370?12 N'?)

<1 —uvN/2 (4.94)

where the inequality holds when pvN/2 — 3v5?u>N? > 0, i.e.,

Condition #3 : uy < 65%]\7 (4.95)
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In addition, we have the lower bound
1 — pvN + 3y0°u*N? > 1 — pwN (4.96)
Using condition #1 from Eq. (4.88)), we have

3
1—puvN >1-— > 2 (4.97)

v
46+ v)
In a similar manner,

52 52 2
4N — + 5y82 i N? < 4uN— + uN—
14 14 12
52
= 5uN— (4.98)
14

_1
5vN?

in Eq. since the latter implies that puy < ﬁ. Substituting , , and

into (4.93)), we find that

where the last inequality holds when puy < which is always valid under condition #3

E [l * +7(1 = 5667 N?)(af,, + 07)
1 —puvN/2

4 5?2
~1 112 2 2

Under condition #1 in Eq. (4.88)), we have

1 5 5
1—502u’N?>1—-50°N>——— > 1— — >— 4.100
prav = 160 +v)2N2 = 16~ 8 (4.100)

and, hence,

ity 5 1 — urN/2 _ 20 42
E w1 + §7<Q?+1 +07) < 1= 37022N? E [|wy|® + EMN;(CL? +07)

1 —uvN/2

_ 52
S 1300 2N? <E||wéu2 + 5uN;(a§ + b§1)> (4.101)

where the last inequality is unnecessary but is introduced for convenience. Recall that we
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are free to choose v, so assume we choose it to satisfy

5 52 52
8 v v

It then follows that:

~ 5 1—puvN/2 ~
E ||lwy"™ |1* + gW(afﬂ +07) < 1= 370522 (B |lwol? + 5v(af + b))
2 a(Bll@y|” + 5v(a} + ) (4.103)

where we introduced the positive parameter

A 1—pvN/2

_ 4.104
« 1 — 3v62u2N? ( )
This parameter controls the speed of convergence. It will hold that o < 1 when
1 — uvN/2 1— puvN/2 1
pN/ = p N/ <l <<= u< Y (4.105)

1—3v82u2N2 1 — 246*u3N3 v 48 2N

Let us now re-examine conditions #1 through #3, along with (4.105)), when ~ is chosen
according to (4.102). In this case, conditions #1 through #3 become

1 1 13 1 v
< L <yl 4.1
Mo v N M T 3N (5> =V igeN (4.106)

All three conditions and condition (4.105)) can be satisfied by the following single sufficient

bound on the step-size parameter (since 7% > 48):

v

752N

< (4.107)
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4.F Proof of Lemma [4.5]

Subtracting w* from both sides of (4.38]), we obtain:

N-—1
wo'! =y + pNVI(wh) + 1Y [VQ(whan) — VQ(wh; )]
N—-1 =
— 1Y [VQ(whi z) — VQ(w! ™ )] (4.108)
=0

Then, taking the squared norm and applying Jensen’s inequality, we establish the first re-
cursion for any ¢ € (0,1):

57 ? < ([} + NI ()|

N-1

202 2

[VQ(w}; 25) — VQ(w}; 2)]

1=0

v 2 NZ [VQUwf; ) — VQ(w! )] |

IN

1, - 2u262
Zwa)JrMNVJ( )* + ZH i —wyl®

2u252N

ZH 1wt !? (4.109)

Using an argument similar to (4.71]) and letting ¢t = 1 — uNv, assuming u < 2/(N(d§ + v)),

we obtain:

N—-1
. - 20162 _ _
a2 < (1 — uw V) lasp)? + 22 (}ju w24 Y ! — w! 1u2> (4.110)
=0

Taking the expectation of both sides, we establish (4.40)). The forward inner difference
recursion can be obtain by following the same procedure as in (4.75]):
i1

lwf —wol® < i) llwy, o — w|?

m=0
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@39 i1

| N2 )
< 3% ) (llfwfn — w5 Dl )
n'/=0

m=0
i—1

= 3287 Y [, —
m=0
1 N-1
T 32 (ﬁ St — i + ||fu3||2) (4.111)
n/=0

Summing over ¢, we have

N-1 N-1 i-1
> llw} —w|* < 3% < iy llwh, —wpl®

i=0 i=0 m=0
N-—1 1 N-—1
F3 2 (5 Sl - wl ||fwo||2))
i=0 n'=0
N—-1 N-1
~ 32" (Z e, — i
m=0i=m+1
N-1 1 N-1
+) i (ﬁ Do lwit —wi P+ I\@f)!!z))
i=0 n'/=0

N-1

(a)
< 3PN [|lwh, — wh®
m=0

N-1
N (Z ool — iy P+ NllfvéH2>
n/=0

N-1

= 3PN 3 ! —
=0

N-1
+ RN (Z oty — wi 2 + NIWB!P) (1112)
i=0
where step (a) is because:
N-1 N-1
N —-1)N(2N -1 N3
> i< N Z¢2:( JN( )g— (4.113)
mt1 i=0 0 3

Lastly, we establish the backwards inner difference term using the same argument as in
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(£.82):

wi|® = |lwly —why_ +wly_ — -+ wl — wl?

N-—1
< (N=i) > [lwh,yy — wh, |
m=t

N-1
| 1 _
< 3u”6*(N — i) (II’wfn — wyf? +t > Jwh = wi P+ |w ||2>
n/=0

lwly —

=

N-1
< 3P0 (N = i) ) [lwi, — wyl®
3U202(N — )2 i~ . _ N2
N R ) lw,t — w2370 (N —0)? @ |* (4.114)

N

Observing that this backward term is summing from 0 to N — 1, rather than from 1 to N —1
as in SAGA with RR, we have

N—1 N—-1 N—-1
2l — will* < 8429 3 (N =) 3 fof, —
i=0 i=0 '
N-1
+3 Y (N ( Zuw —wi! | + [ ||2>
=0
N—1 m
= 3252y Y (N = i), — wf?
m=0 =0
2N+1 _ ~
L g N ( zuw wwunwan?)
N-1
< 3pP6*N? Y Jw), — wh?
m=0
N-1
+ 3% N (Z [yt = wi P+ N H%W)
n'=0
N-—1

= 3PNy flw} — wi)?
=0
N-1

327N (Z !t — wl | + N||ﬂ:0||2> (4.115)

1=0
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where in the last inequality we used the fact that

N(N +1)(2N + 1) < N3

— Y

VN

4.G  Proof of Theorem [7.2

We let

A 1 N-1 A 1Nfl
o £ 5 LERw -l b2 53 Bl —wf
0

The recursions available so far for AVRG are:

216N
2+ 229 (o, 1 )

E|@™|?> <1 — uvN)E|w
a1 < 308 N agy + W8 Nby + p?6* N°E ||y |

by < 31262 N*(a; + be_y) + 3p*0* NE ||wp||?

(4.116)

(4.117)

(4.118)

(4.119)

(4.120)

which have exactly the same form as recursions (4.85))—(4.87)) except for the coefficients. To

simplify the argument, we can replace (4.119)) by:

a1 < 326 N*(apy + by) + 26 N2E ||wyt |2

(4.121)

Similarly, we first give a more strict condition for the step size than the one in (4.70)):

Condition #1 :

< -
F=56+ )N

Under the condition 1 — y6?u?N? > 0, which is equivalent to

Condition #2 : py <

52N2
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(4.122)

(4.123)



it further holds that

E @ ? + (1 = 340" N?) (a1 + by)

- 1 — pvN + 3yu?52N? 2’“15,& + 3yu?62 N>

1— ")/52MQN2 X <E| ’LU()H + 1 HVN i 3")//;2(52]\[2 (at + bt—l)) (4124)

Note that the numerator 1 — uvN + 3yu?6>N? is the same as SAGA in (4.94). Thus, under

condition:
Condition #3 : py < %%N (4.125)
we have:
3 _ 2 2772 _
1 < 1—pvN +3v6“pu*N* <1— uvN (4.126)
Lastly, we can verify that
206> N 2u6°N 82N
M + 3y 282N? < H +M
v v
o> N
< 2K (4.127)
v

_1

5,5 Which is always valid under condition #3.

where the last inequality holds when py <

Now, collecting the results, we have

~ 13 1—uvN/2 - 4 52
E||wt+1||2 + ’}/_(at+1 + bt) < M—/ <E| w6||2 + 3 X gﬂN; ((It + bt—l))

16 ~ 1 — yu262N?
1 —uvN/2 tg 6582
=1 202 N? <E| w "+ 1_6MN? (ar + bi1) (4.128)
Assume we choose v such that
13 65 62 52
TR = 5uN— 4.129
6 T 16t T T TR (4.129)
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It then follows that:

i1 13 1 — pvN/2 _ 13
E|jw," H2+E7(a?+1+bf) < 1= 37022N? E|w6”2+ﬁf}/(a?+b§fl)
A ~ 13
= (]Euwgu? + 1—67(af + b§1)> (4.130)

where we introduced the positive parameter

A 1—puvN/2
= - = -7 4.131
¢ T 13022 N? (4.131)
This parameter satisfies o < 1 for
1 —uvN/2 1—uvN/2 1
N2 pN/ <l <<= u< v (4.132)

1—3v82u2N?2 1 — 156%3N3 /v 30 2N

We re-examine conditions #1-#3 when ~ is chosen according to (4.129). In this case,

these conditions become

V2

Conditions 1—3: < —— P 2< (4.133)
onditions 'M_4(5+V)N’ iz 55AN3 H = 3054 N2 :
which can be met by:
1 1 v\ 1/3 v
< < <_> L u< 4.134
"=+ oN PN G "= 602N .

All these three conditions and the condition for v < 1 can be satisfied by the following

single sufficient bound on the step-size parameter:

v

602N

u< (4.135)
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CHAPTER 5

Diffusion Gradient Boosting for Networked Learning

Using duality arguments from optimization theory, this chapter develops an effective dis-
tributed gradient boosting strategy for inference and classification by networked clusters of
learners. By sharing local dual variables with their immediate neighbors through a diffusion
learning protocol, the clusters are able to match the performance of centralized boosting
solutions even when the individual clusters only have access to partial information about the
feature space. The performance of the resulting fully-distributed procedure is illustrated on

two data sets with superior results in comparison to a centralized boosting solution.

5.1 Introduction and Motivation

In statistics and machine learning, ensemble learning is a formidable technique that is able to
aggregate the recommendations of weak classifiers into a more powerful classification struc-
ture with enhanced predictive abilities [9,(10,85,86]. One prominent example is the AdaBoost
algorithm [85,87,88|, which has achieved great prominence due to its efficient implementa-
tion structure, strong performance, and its ability to limit over-fitting |9]. It also satisfies
a useful optimality property in that it can be derived from the minimization of exponential
risk functions [89]. This connection between exponential risks and AdaBoost has motivated
useful generalizations of boosting solutions using other choices for the risk function. Two of
the main generalizations introduced in [90] and [91] are the Gradient Boosting Machine and
the AnyBoost solution. These useful works helped solidify the connection between boosting

techniques and gradient-descent methods from an optimization theory perspective.

In this chapter, we exploit this connection more broadly and consider distributed im-
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plementations. Specifically, we show how to develop cooperative boosting strategies by ex-
ploiting strong duality arguments from optimization theory [15,/46] and powerful diffusion
strategies from distributed learning [11,28]. We examine the important case in which the
weak classifiers are not co-located but are dispersed, either geographically over space or by
design through the intentional partitioning of the classifier set. The main challenge is to
devise suitable cooperation and communication protocols that are able to bring forth these
enhancements. The scenario where the classifier set is partitioned into smaller sets arises
when it is desired to reduce the possibility of overfitting or when the feature space itself
can be partitioned into lower-dimensional subspaces. Regardless of the motivation for split-
ting the classifier set, we assume that the classifier set is partitioned into smaller groups,
where the elements in each group may only have access to lower dimensional subspaces of
the feature space. The groups are also networked by an outer topology — see Fig. and
further ahead. The objective is to endow the dispersed groups of classifiers, through
localized cooperation, with a distributed learning mechanism that ensures that the quality
of their predictions is as close to what would result from a centralized solution with access

to the entire feature space.

One earlier approach to distributed boosting is studied in [92H94]. It is based on learning
from subsets of the training data and then combining the weak classifiers through an ag-
gregation procedure. This formulation is different from the approach pursued in this work,
which is fully decentralized and does not involve fusing the information from across all clas-
sifiers. A second example of a distributed implementation is the Ivote procedure [95] and
its distributed version DIvote [96,/97]. These procedures, however, do not rely on boosting
and their theoretical limits of performance have not been analyzed as closely as AdaBoost.
While these various methods work well in some circumstances, they may still suffer from
over-fitting or get trapped at local minima. In comparison, our main objective in this work
is to devise truly distributed boosting solutions with performance guarantees by relying on

strong duality arguments [44,46] and the theory of diffusion adaptation [11,28].
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5.2 Gradient Boosting Algorithm

In order to prepare for the derivation of the distributed strategy, we briefly review the well-
known gradient boosting technique [90,91,98] in the context of supervised machine learning

problems. Thus, consider a collection of N data pairs:

D = {{h. v (D)} AR 1@}, T, A (N)} ] (5.1)

where h,, ERM are feature vectors and v(n) represent the class variable. In this chapter, we
assume that there are two classes and y(n)e{x1}. A generic classifier, denoted by c(h), is
a transformation that maps a feature vector h into a class value, y(h). Assume we have a

collection of L weak classifiers:
C =A{ci(h),ca(h), - ,cp(h)} (L can be larger than the data size, N) (5.2)

We would like to select combination coefficients {«(¢)} to construct a prediction for the class

variable y(h) by combining the above learners into a more powerful classifier:

F(h) 23" a(t)e(h) (5.3)

L
/=1

The coefficients {«(¢)} are determined by minimizing a surrogate risk of the following form

T 2 5 32 Q (307 (5:4)

where the symbol @Q(-) denotes a generic loss function, assumed convex and first-order
differentiable. Some popular choices for Q(-) include exponential loss, quadratic loss, hinge
loss, and logistic loss [9,/10,99]. Gradient boosting provides a solution technique by applying
a greedy strategy to the minimization of [9,190,98], where one coefficient «(¢) and
one classifier ¢,(h) are selected at a time. Specifically, assume that by the end of iteration

t — 1, we have already succedded in identifying classifiers {¢S(h), ..., ¢? ;(h)} and weights
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Table 5.1: Listing of gradient boosting algorithm

Gradient boosting algorithm [90]

Initialization: choose 7 (n), n = 1,2 N

Repeat t =1,2,...,T"

o) = — 0Q(F(n); 7(n)) (5.7)

AR e
(£, 5°) = g ‘ﬁmz (9:(n) — Bee(hy))? = set (k) = cp(h) (5.8)
a’(t) = argininz Q (:Y\(til)<hn) + acf(hy); 7(”)) (5.9)
7O (h) =34V (h) + *(t)c) () (5.10)

End

{a°(1),...,a°(t—1)}. Gradient boosting selects the next classifier, ¢;(h), and its associated
weight, a(t), in order to enlarge enlarge the aggregate prediction from iteration ¢ — 1 as

follows:

F9(h) =) a%(s)ed(h) + a(t)e(h) = 7D (h) + alt)e(h) (55)

This expression involves correcting the previous construction by adding the term a(t)c,(h).
In order to determine the optimal choices {c?(h), a°(t)}, the algorithm evaluates the negative

gradient of the empirical risk (5.4):

9:(1)
negative gradient for stage ¢ 2 : , gi(n)

9:(N)

and selects the classifier and its weight optimally as summarized below: the index ¢° is

selected through (5.8) and the coefficient «°(¢) through (5.9)).
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5.3 Diffusion Gradient Boosting

We now move on to motivate and derive an effective decentralized strategy for boosting
assuming distributed classifier groups and partial information at the groups. We first describe
a formulation that involves the centralized fusion of predictions from a collection of dispersed
learning groups. We subsequently apply duality arguments from optimization theory to show
that this can be transformed into a distributed implementation that relies solely on local

interactions among the groups.

5.3.1 Networked Groups and Partitioning Model

We consider a scenario in which the L classifiers happen to be divided into K groupings.
We index the groups by the letter k, with k =1,2,..., K. We denote the classifiers that are

available in group k:

Cr = {cka(h),cra(h),...,ckr,(h)}, (L classifiers at group or agent k) (5.11)

Note that we are attaching a subscript k to the classifiers to indicate that these are the ones
used by group k. We also allow classifiers to be repeated across groups. Moreover, for further
generality, we assume that each group k£ may have access to only a subset of the feature space
for its classification decisions. This situation is common. For example, weak classifiers are
often chosen as shallow decision trees, or simply stumps [9,/100]. When a number of these
weak classifiers is present at a particular group k, then this group will be relying on a subset
of the feature entries. To reflect this fact, for any of the training vectors h,, € RM, we shall
adopt the notation hy, € RMk to refer to the subset of the feature vector h,, that is used
by group k. Again, we allow for feature entries to be repeated across groups. Accordingly,
when we write, for example, ¢ 1(hy), this notation is meant to refer to the classifier ¢;(-)
that is present in group k and which operates on the sub-features of h,, that are included in

N -

We further assume that there is a graph structure that ties the groups together — see
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Fig. |5.1] so that if groups k and &’ are connected by some edge, then this means that these
groups can exchange information over this edge. A non-negative scalar ay j is assigned to

the edge connecting k' to k. These scalars are convex combination coefficients and satisfy:
ap g = g > 0, Z ap =1, (5.12)

where N, denotes the set of neighbors of group k; these are the groups that are directly
connected to k by edges. If we collect the scalars {aj ;} into a K x K matrix A = [ay 4],
then the above property implies that A is a symmetric matrix, and each column and each
row of A adds up to one. We say that A is a doubly-stochastic matrix. There are many

possible choices for such doubly-stochastic matrices. One popular choice is the Metropolis

rule )

size of data — N cluster 1 cro(hn.) cluster k

\ 4

4

Figure 5.1: Partitioning of the feature space and network topology.

5.3.2 Centralized Processing at the Groups

In principle, each group k£ can run its own gradient boosting procedure and, after T' < L,
iterations, come up with its own prediction, one that is based on the classifiers in C,. More

broadly, a centralized solution would seek to determine a global prediction function, 7(h),that
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combines all group classifiers in the following manner:

K T
é Zz&k (t)cre(hi,.) (5.13)

k=1 t=1

Q)

in terms of some coefficients {a(t)} that need to be determined. Observe that we are
now attaching a subscript k to coefficients arising from group k. The main difference in
the derivation that follows in relation to the gradient boosting derivation from the previous
section is that now we need to select a total of K classifiers, one for each group, for each
iteration ¢, along with their corresponding weights. That is, every stage ¢ now involves

determining K pairs {cf ,(hg.), ag(t)} for k=1,2,... K.

Assume that by the end of iteration ¢t — 1, each group k has already identified the optimal
classifiers {c} ; (h), ¢ 5(h), ..., ¢t ;1 (h)} and their combination weights {af (1), a(2),...,ag(t—
1)}. Next, we would like to select the next K classifiers, denoted generically by {cx+(h)},
and their associated weights {ax ()}, for k = 1,2,..., K, in order to enlarge the aggregate

prediction from stage ¢t — 1 by adding to it a term of the following form:

t—1 K K

TR =Y a9 () + Y ax()ena(hn,) =30 () + ) an(terlhn,) (5.14)

k=1 s=1 k=1 k=1

Observe that the aggregate update now involves the sum of K weak classifiers: one from
each group k. In order to determine the optimal choices {cf ,(h),af(t)} for k=1,2,... K,

we evaluate the negative gradient of this empirical risk:

Jrt(1)
negative gradient by group k 2 : . Gee(n)

gkz,t(N)

s 0Q(M); ()
5 (n)

A(n)=31=1) (n)

(5.15)
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and set ¢ ;(h) = cx 0 (h), where the optimal index £7, for group k, is obtained by solving:

N
(.50 = argmin > (guln) — B cislin)) (5.16)

{1§Z§Lk,5k} n=1

Once the {cf ;(h)} are selected, we then choose the weights {ay(t)} for the K groups in order

to result in steepest decline in the value of the empirical risk, namely,

{07(0)} = argmin 32 Q (5 00n) + 3 anety (i) s 7(n) ) (5.17)

Notice this function has same format as (6.1)) in the introduction. With the {cf ,(h), af(t)}

so determined, we can rewrite ([5.14)) it in terms of these optimal choices:

FO(h) =34 (h) + Y ap(t)eg, () (5.18)
k=1

The resulting algorithm is non-distributed; nevertheless, it solves the problem of selecting K
optimal classifiers and their weights at each stage in order to reduce the empirical risk value
sequentially. Since this implementation requires access to global information from across all

groups, we shall refer to it as a centralized solution.

5.3.3 Equivalence via Duality Argument

The centralized implementation of gradient boosting involves two steps, and ,
where agents require access to global information from across all other agents. Our purpose
now is to device a fully-decentralized scheme whereby groups rely solely on their local in-
formation and on exchanges with their immediate group neighbors in order to construct the

aggregate classifier without the need to access global information.

Let us consider first problem (5.17)). For generality, we consider a regularized version of
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(5.17)), say,
K N K
{an(t)} = ar{g n;in pY qlor) + ). Q (?“‘”(hn) + ) e (hin) ; v(n)> (5.19)
A k=1 n=1 k=1

where p > 0 is a regularization parameter and ¢(-) is a convex regularization function. The
key observation is that the objective function in has the form of a “cost-of-sum” since
the argument of ) involves a sum in terms of the unknowns, {a;}. The duality argument
will show that this “cost-of-sum” form can be transformed into an equivalent “sum-of-cost”

form, which are particularly amenable to distributed implementations [54].

We start by introducing, for every n = 1,2,..., N, a dummy scalar variable z(n) and

transform the above optimization problem into the following constrained form:

K N

o) P> alar) + 30 Q (FV () + 2(n) s 7(n))
k=t el (5.20)
subject to  z(n) = Zakczi(hk,n), forn=1,2,...,N
k=1

It is easy to see that problem ([5.20]) is a standard convex optimization problem and that,
under the linear equality constraints, strong duality holds [46]. As such, we can seek the

minimizer(s) {z°(n), ag(t)} by means of Lagrangian duality. Let

£(z,0,0) 2 3Q(FU V() + 2(n) () + p D alen) + D M) <z<n> -3 akcz,xhk,n))
n=1 k=1 n=1 k=1

(5.21)

where the {\(n)} are scalar Lagrange multipliers. The corresponding dual function is given

by:

D) 2 fj;?nf) {Q(U V) +2(m) + A=) 4(m)} (522)

+ pZiélkf {q(ak) — Z wak} (5.23)



where the primal variables {af (¢, A), 2°(n, A)} and the dual variable X are related via:

{2%(n, A), ag(t,\)} = argmin L(z, a, \) (5.24)
{z.0}

It will be shown later that the primal variables can be recovered in a distributed manner.
We can now call upon the concept of a conjugate function. For any function r(x) of a scalar
variable z, the conjugate function is denoted by r*(v) [46], where v is a scalar argument,
and defined as

r(v) 2 sup, (vx —r(x)) (5.25)

For many common regularization forms, closed form expressions exist for ¢*(v) — see [54,
101]. The first minimization in can also be expressed in closed form in important
cases, such as when the loss function Q(-) is chosen as the exponential loss, or the square
loss, or the logit loss. For now, we denote the minimum value of the first term generically as

Q°(n, \) 2 _inf {Q ( (t=1) hy) + z(n); ’y(n)) + )\(n)z(n)} (5.26)

z(n)

so that the expression (5.22)) can be written as:

PO = -3 pzq (Z M) (5:27

n=1 p

We introduce the following compact notation for the cost at group k:

D(\) = —Z Je(N), where Jip(X\) 2 g (Z M) Z Q°(n,\) (5.28)

k=1 P

n=1

Therefore, the problem of determining the optimal dual variable, A\°, can be equivalently
stated as

min S () = X (5.29)

The purpose of the duality argument employed so far has been to transform the original

problem (5.19) into the equivalent problem (|5.29), which involves minimizing an objective
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function that is written in the form of a “sum-of-costs.” Such forms admit efficient distributed
implementations, meaning that each group k£ is now able to estimate A° on its own by
interacting solely with its neighbors. We shall denote these local estimates by A7, with a
subscript k£ to indicate the group index. These estimates can be computed in a distributed

manner by employing consensus or diffusion strategies |11}2§].

5.3.4 Diffusion Learning

In the diffusion implementation, at every stage t and starting from some initial value, each
group k repeats the following computations a couple of times until its estimate for the vector
A, denoted by Ay ; at time ¢, converges close enough towards a limiting value, denoted by Aj;

this limiting value is the local estimate for the desired dual variable \°:

Diffusion strategy [11] (run by every group k)

Repeat i =1,2,... I:
i = M1 — WV ATk (Akiz1)

5.30
)\k,i = Z ak/k¢k’,i ( )
k'eNG
End
Set )\z = )\k,[

In the above adapt-then-combine (ATC) diffusion strategy [11}28,/102], for every i, agent
k first move along the negative direction of its cost gradient to generate the intermediate
estimate ¢y ;, followed by a consultation step where it combines the intermediate estimates
{pwi} from its neighbors to obtain A;,. We shall represent the diffusion strategy more
compactly by writing

Ay = diffusion { Ji(A), Ny, I} (5.31)

where N, denotes the neighborhood of group k, and I denotes the number of iterations

to be used; this parameter is set by the designer. All groups apply the diffusion strategy
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simultaneously. Consequently, every group k will end up with a local version, A7, for the
global dual variable \°. In this way, each group k can now compute a local version for z°(n)

and its optimal coefficient af(t) by solving:

zp(n) = argzrnin {Q (ﬁ,itil)(hn) + z; ’y(ﬂ)) + )\z(n)z} (5.32)
ag(t) = argamin {q(ak) - Z A%(n)ci’t(hk’n>> ak} (5.33)

We now explain how the prediction variables can be estimated for arbitrary features, h.
Indeed, note that after completing T" stages of the diffusion strategy to learn the dual variable,
each agent k will have available its optimal coefficients af(t) and classifier selections cf ,(-).
During testing, when a new feature vector h is received, each agent k is able to use this local

information to evaluate: .

b (h) £ gt (b (5.34)

t=1
Then, from the general form (5.13) we know that the overall prediction variable is the
aggregate sum of these individual decision variables. When A is doubly-stochastic, this sum
can be evaluated in a distributed manner by each agent £ run the traditional consensus

iteration [11},/103] to combine repeatedly the local values at its neighbors.

Local averaging (run by every group k)

Initialization : start from sg))(h) = b,(gT)(h)
Repeat j =1,2,...,J:
S’(j)(h) = Z Q! S](Cj_l)(h)

k'eN;,

(5.35)

End
Set 3, (h) = K - 5" ()
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We shall represent the above averaging procedure more compactly by writing:

W,E:T)(h) = K - average {b,gT)(h),Nk, J} (5.36)
where J is the number of iterations. In summary, the algorithm is listed as follows:
Table 5.2: Listing of diffusion gradient boosting algorithm
Diffusion gradient boosting algorithm
Initialization:
choose /y\,go)(n), forn=1...N,andk=1... K
Repeat t =1,2,...,T"
for every agent (in parallel) k =1,2,..., K:
Q7 7)
gea(n) = — — 1 5.37
k() on) | it
Y=g (n)
N 2
(62,80} = argmin (gm(n) — B cu(hkm)) — set ¢, (h) = crp(h)  (5.38)
{(1<(<Ly Br} 5=
Ji(X) = expression ([5.28)) (5.39)
¢ = diffusion { Ji(\), Ni, T} (5.40)
N
A (n)ey,(hin
ag(t) = argmin{q(ak) — (Z AQLAILE )> ozk} (5.41)
Ok n=1 p
b () = b7V (1) + a2 (1) () (5.42)
End
End
‘y\,gt)(h) = K - average {bg)(h),Nk, J} (5.43)
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5.4 Simulation on Special Loss Functions

In this section, we consider the exponential loss function, Q(7,7) = e, which is associated
with AdaBoost learning and will simplify several steps since some minimization operation
can be carried out in closed form. To explain the simplifications, we start by noting that:

a ~ . ~(t—1
_ Q) ; v(n)) = y(n)Te(n), where Tiy(n) = e

) =7 ()

(5.44)

Now, it is easy to verify following equivalence by exploiting the fact that v(n), cx¢(h) € {£1}:

N N
(7 = arg min Z (v(n)The(n) — cro(hin))® <= arg min Z Tet(n) Leke(hrn) # v(n)] (5.45)
1<e<Ly “— 1<e<L,

where [[z] denotes the indicator function; it is equal to one when its argument is true
and zero otherwise. Result (5.45) indicates that the optimal classifier 7 is selected as the

one that results in the smallest sum of weights 73 ,(n) over the misclassified data.

Next, we can evaluate the function Q°(n, A) defined by (5.26]), which in this case is given
by:

22(n, \) = —y(n) In (M) — Q2,(n, ) = y(n)A(n) [m (M) . 1} (5.46)

Tkt (n)

Assume we select the regularization function as the following elastic-net function:
1 2 * 1 2
o) =dlal + P = g w) = 5| T (5.47
where T5(v) represents the soft-threshold operator:

Ts(v) = sgn(v) - max(|v| — 6,0) (5.48)
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It follows that the individual costs, Ji()), defined by ((5.28) are given by

( Z)\ ) + %é’y(n))\(n) [m (%) - 11 (5.49)

It also follows from ([5.33)) that

2

Jit(N)

< Z)\ n)cs,, (. )) (5.50)

Furthermore, using expression ([5.46)) we now have

i ay 550

Tk,t(n)

A1) =3 ) = 1)

We can use this update to derive an alternative expression for the weight 7, (n) in terms of

the local dual variable A7 ,(n) as follows:

Trar1(n) = 7(n)AL 4 (n) (5.52)

It is useful to assign A7, ;(n) as initial starting point for A7 ,(n) in the diffusion update

(5.30)), which can reduce the number of iterations due to ([5.52]).

We now compare the performance of the diffusion Adaboost implementation with elastic-
net regularization against the standard (centralized) Adaboost algorithm on two test datasets.

Both implementations will be based on the same set of weak classifiers, which are chosen as
co(hy) = sign(h,(p) > thres,) (5.53)

Each of these classifiers simply compares the p—th entry of the feature vectors against a
threshold value. For the diffusion AdaBoost setting, we assigned 10 groups, which are
connected through a random doubly stochastic matrix. Each group is in charge of one-tenth

of total number of feature entries and corresponding weak classifiers.
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The test data is obtained from the LIBSVM websitdl We first use the Adult dataset
after preprocessing [104] with 11,220 training data and 21,341 testing data in 123 feature
dimensions. The parameter setting is as follows: regularization term coefficients p = 0.005,
¢1-norm ratio § = 0.1, and the step-size 4 = 1x107%. We also examine the performance of the
algorithm on another large-scale dataset, namely, the Reuters Corpus Volume I (RCV1) data
with 20242 training data and 253843 testing data consisting of 47236 feature dimensions. The

agent setting is the same and the parameter setting is p = 0.01, § = 0.2, and g = 1 x 1075,

One observation stands out from these results. The dotted lines in the figure confirm
that if the individual groups were to rely solely on their classifiers to solve the inference
task, then their performance will be poor. However, once they start cooperating locally and
sharing local information, the network of dispersed groups is able to match the information

of the centralized Adaboost solution.

'http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html
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Figure 5.2: Evolution of the performance curves. There are ten dotted lines. Each represents the
performance of one group based on its own weak classifiers.
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CHAPTER 6

Learning Under Distributed Features

This chapter continues to study the problem of learning under both large datasets and
large-dimensional feature space scenarios. The feature information is assumed to be spread
across agents in a network, where each agent observes some of the features. Through local
cooperation, the agents are supposed to interact with each other to solve an inference problem
and converge towards the global minimizer of an empirical risk. We study this problem
exclusively in the primal domain, and propose new and effective distributed solutions with
guaranteed convergence to the minimizer. This is achieved by combining a dynamic diffusion

construction, a pipeline strategy, and variance-reduced techniques.

6.1 Introduction and Problem Formulation

For easy reference, we illustrate our netwokred agent model in Fig. [6.1] again:

Q hn,l

th.Z

S
=
5 4
2 [ hins
g
) B4
=
<
QL hn,S
% hn,(i
hn,7
hn,S
hn79

Figure 6.1: Distributing the feature across the networked agents.
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Also, we list the empirical risk function considered in this chapter here again:
| K K
_ T .
w) = N ; Q (; B Wi 'yn> + ;r(wk) (6.1)

where we are also assuming that the regularization term satisfies an additive factorization

of the form

= Z'r(wk) (6.2)

k=1

with regularization applied to each sub-vector wy.

6.1.1 Related Works

Problems of this type have been pursued before in the literature by using duality arguments,
such as those in |15,54,105H107]. One common way to do that is to transform problem (6.1

into a constrained problem, say, as:

N K
) 1
min J(w) = ¥ ; Q (2n;n) + ; r(wg) (6.3)
K
s.t zn:Zhnkwk n=12...,N
k=1

Next, exploiting a duality argument, problem ([6.3)) is equivalent to solving the following dual

problem:

LIRS SR ARSI 5 PN | S

where the scalar y, denotes the dual variable corresponding to the n—th constraint, and
Q*(-) and 7*(-) represent the conjugate functions, i.e., f*(y) = sup,(y'z — f()), of Q(*)
and r(+), respectively. Note that the function in (6.4]) has the format of a “sum-of-cost” and

each term inside the summation can be computed by each agent alone. Therefore, problem
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(6.4) can be solved in a number of traditional distributed algorithms [11,|57}58},108,/109].
However, the resulting algorithms suffer from some limitations. One limitation is that the
term S Ynhi g inside of () has complexity O(N) to compute. Another limitation
is that the resulting algorithms rely on the use of conjugate functions, which are not always
available in closed form; this will greatly depend on the nature of the loss function Q(-).
This limitation is worse for nonlinear models, say, for:
| N K
Jw) =D Q( D2 flwn hna)iva) +r(w) (6.5)
k=

n=1 1

where f(wy, by ) is some nonlinear function. These difficulties do not arise if we pursue
a solution directly in the primal domain. For example, the case of nonlinear models can
be handled through the chain rule of differentiation (as in backpropagation), when deriving
stochastic gradient algorithms. Furthermore, we are often interested more directly in the

primal rather than the dual variable.

With regards to the large feature space, one may be motivated to consider coordinate de-
scent techniques [110}[111], which pursue optimization one coordinate y,, at a time. However,
these techniques still face difficulties in both the primal and dual domains. For instance, in
the primal domain [112-114], they will generally require two time-scales: one scale governs
the rate for updating the gradients and a second faster scale for running averaging iterations
multiple times. This feature limits the rate at which data can be sampled because the inner
calculation will need to be completed before the computation of the next datum. The same
difficulties mentioned above for the dual methods will again arise if coordinate descent so-
lutions are implemented in the dual domain [106,115,[116]. For these reasons, the approach

proposed in this chapter does not rely directly on coordinate descent implementations.

Other useful approaches to solving problems of the form (6.1)) are the Alternating Direc-
tion Method of Multipliers (ADMM) [105}/117,|118] and primal dual-methods 57,108,119,
120]. These techniques have good convergence properties but continue to suffer from high

computational costs and two-time scale communications.
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6.1.2 Novelty and Contributions

In this chapter, we propose a stochastic solution method to that operates directly
in the primal domain. By avoiding the dual formulation, we will arrive at a simple and
effective method even for large scale applications. We exploit the idea of dynamic consensus
algorithm [121,|122], which has been adopted in the distributed optimization algorithms to
track the average of gradients, see [113,|123-126]. Meanwhile, we are interested in tracking
the sum of score, Zszl hl’kwk, due to the different problem setting. More importantly,
we will show that the proposed method is able to converge at a linear rate to the ezxact
minimizer of the empirical risk J(w) even under constant step-size learning. We will also
exploit variance-reduced techniques [39] and a pipeline strategy [127] to obtain a reduced
complexity algorithm that requires only O(1) operations per iteration. The algorithm will
not require two (or separate) time-scales and will not necessitate the solution of auxiliary

sub-optimization problems as is common in prior methods in the literature.

Problems similar to (6.1)) were also studied in [5] using similar primal methods like us

but in a deterministic setting, but the approach is not well-suited for big-data applications.

Notation: We use plain letters for deterministic variables, and boldface letters for random
variables. We also use E, to denote the expectation with respect to x, col{zy,- - ,z,} to
denote a column vector formed by stacking z1, - -+, z,, (-)T to denote transposition, and || - ||
for the 2-norm of a matrix or the Euclidean norm of a vector. Through this chapter, we use
the subscript n as the index of data, the subscript 4, j as the index of iteration/time, and
k,¢ as the index of agent. We also put 7,7 as the superscript with the same meaning, i.e.,

the index of iteration/time. The notation 1y = col{l,...,1} € RY.

6.2 Preliminary Naive Solution

We first propose a simple and naive solution, which will be used to motivate the more

advanced algorithms in later sections.
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6.2.1 Networked Agent Model and Consensus Strategy

To begin with, we introduce several preliminary concepts that will be exploited in later
sections.

We consider the graph model shown in Fig. [6.1] In this construction, the communication
network of the agents is modeled as a fixed directed graph G = ({1,--- ,K}; &), where
ECHL,--- K} x{1,--- K} is the set of edges. The edge (¢, k) means that agent ¢ can
send a message to agent k, where we associate the weight ay. as a nonnegative factor that
scales the information from agent ¢ to agent k. We assume the combination matrix A = [a]

is symmetric and doubly-stochastic, i.e.,

K K
dag=1, ) an=1 (6.6)
/=1 k=1

We also assume that ag, > 0 for at least one agent k and the underlying graph G is strongly

connected.

Now assume there is a signal d; at each agent k. Then, a well-studied and traditional
algorithm for the agents to learn the average value of all the {d;} signals is to run the

consensus iteration [11,58,109,128]:

Wit1p = g agWwi e, where wg = di (6.7)
EE./\/'k-

where the notation NV}, denotes the set of neighbors of agent k. In this way, each agents starts
from its own observation vector d; and continually averages the state values of its neighbors.

After sufficient iterations, it is well-known that

1 K

under some mild conditions on A [28,/58,[128-130].
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6.2.2 Naive Solution

Now, let us consider the problem of minimizing (6.1)) by means of a stochastic gradient
recursion. Let apx = A, wy denote the inner product that is available at agent k at time n

and define

K
2, 2 Z%k (6.9)
k=1

which is the argument of Q(+) in (6.1)):

N

J(w) == Q (20 7m) + r(w) (6.10)

1 K
i 2 =) (6.11)

then the variable z, is a scaled multiple of @,, namely, z, = Ka&,. Now, the stochastic-
gradient step to solving will involve approximating the true gradient vector of J(w)
by the gradient vector of the loss function evaluated at some randomly selected data pair
(Zn;, Tn;), Where m; at iteration ¢ denotes the index of the sample pair selected uniformly
at random from the index set {1,2,..., N}. Doing so, the stochastic gradient recursion will

take the form:
Wiy = w; — Msz(zni; Vni)hni - Mva(wi) (612)

Note that n; is independent of the iterates {w) };":0- Recalling that h,, and w are partitioned

into K blocks, we can decompose (6.12]) into K parallel recursions run at the local agents:

Wit1,k = Wik — MVZQ (z'ni; ’Ynz) hni,k - uvﬂir(wi,k) (613)
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One main problem with (6.13]) is that it is not a distributed solution because agents need
to calculate V,Q(z;7) at z whose value depends on all sub-vectors {wy} from all agents and

not just on wy, from agent k. This difficulty suggests one initial solution method.

Since the desired variable z,, is proportional to the average value @, then a consensus-type
construction can be used to approximate this average. For some total number of iterations
(0)

k

J, each agent would start from &, | = a, and repeat the following calculations J times:

a > anadV, j=1.2,...,J (6.14)

LeEN}
However, this mode of operation requires the agents to complete J consensus updates be-
tween two data arrivals and requires a two-time scale operation: a faster time-scale for the
consensus iterations and a slower time-scale for the data sampling and computing the gra-
dient. One simplification is to set J = 1 and to have each agent perform only one single

combination step to generate the variable:

Znok = Z amKhy,, qwig (6.15)

fGNk
where we are expressing the result of this single combination by Z,, ; to indicate that this
is the estimate for z,, that is computed at agent £ at iteration 7. Observe also that we are

scaling the quantity inside the sum by K since, as explained before, z, = Ka,. We list the
resulting algorithm in (6.16)—(6.18]).

Observe that this implementation requires all agents to use the same random index n;
at iteration 7. Although this requirement may appear restrictive, it can still be implemented
in distributed architectures. For example, each agent can be set with the same random seed
so that they can generate the same index variable n; at iteration ¢. To agree on the same
random seed in a fully distributed manner, one way is to run the consensus algorithm on
the seed in the setting phase. Specifically, each agent generates a random seed number, then
runs the consensus algorithm until it converges and rounds the result to the nearest integer.

Alternatively, agents can sample the data in a cyclic manner instead of uniform sampling.
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Table 6.1: Listing of Naive feature-distributed method for agent k

Algorithm (Naive feature-distributed method for agent k)

Initialization: Set wg; = 0.
Repeat for:=1,2,...:

n; ~U[1, N]  (uniformly sampled) (6.16)

/z\ni,k = Z aék(KhZi,kwi,k) (617)
fENk

wi—f—l,kz = wi,k_,usz </Z\ni,k; ’Yni>hni,k: - Mvwr(wi,k) (618)

End

But in the main body of this chapter, we assume each agent k will sample the same index

n; at iteration ¢ for simplicity.
6.2.3 Limitations

Algorithm 1 is easy to implement. However, it suffers from two major drawbacks. First, the
variable Z,, r generated by the combination step is not generally a good approximation
for the global variable z,,. This approximation error affects the stability of the algorithm
and requires the use of very small step-sizes. A second drawback is that the stochastic-
gradient implementation f will converge to a small neighborhood around the
exact minimizer rather than to the exact minimizer itself [11,{13]. In the following sections,

we will design a more effective solution.

6.3 Correcting the Approximation Error

6.3.1 Dynamic Diffusion Strategy

Motivated by the dynamic average consensus method [121,122], we will design a stochastic
diffusion-based algorithm to correct the error introduced by (6.17). To motivate the algo-
rithm, let us step back and assume that each agent k£ in the network is observing some

dynamic input signal, d;;, € RY, that changes with time i. Assume we want to develop
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a scheme to ensure that each agent k is able to track the average of all local signals, i.e.,

d; = % 25:1 d; . For that purpose, we consider an optimization problem of the form:

lz — dil)® (6.19)

N | —

zERP

K
min Cy(z) = Z
k=1

where the cost function C;(z) is changing with time . The global minimizer of C;(z) is the
desired average 7;. However, we would like the agents to attain this solution in a distributed
fashion. To this end, we can apply the exact diffusion algorithm developed in [57,(131] to
solve . For this case, the algorithm simplifies to the following recursions:

Adapt: i1k = Tig — @ik — div1k) (6.20)

Correct: ¢?+Lk:: ¢%+1k'+’wﬁk'_(¢ﬁk (6.21)

Combine: ;11 = Z Ak Pit1,0 (6.22)
LeEN;,

Each agent k has a state variable x;; at time 7. Step uses the input signal d;;;
at agent k£ to update its state to the intermediate value ;5. The second step
corrects ;1 to @11, and the third step combines the intermediate values in the
neighborhood of agent k to obtain the update state x;41 5. The process continues in this
manner at all agents. Based on the results from [131] applied to (6.19)), we can set =1 in

(6.20) and combine three recursions to get

Tip1h = Z ap (Tip + dig10 — dig) (6.23)
LeN

with z¢ ;, = do, for any k. It can be shown that if the signals change slowly, the z; ; will track
the mean d; = & 22(21 d;, well [121,]122]. Also, using induction and the initial boundary
conditions, it is easy to verify that (6.23]) has the unbiasedness property:

K K
> wie =Y dig, ¥i>0 (6.24)
k=1 k=1
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In this chapter, we are interested in a second useful property that:

11— 00 1—00

K
1
lim 2, = — > dy, when lim d;j, = dy, Vk (6.25)
k=1

This means if the signals d; ;, converge, then the z; of all agents will converge to the mean

of the limit values. We refer to (6.23) as the dynamic diffusion method.

We now apply this intermediate result to the earlier recursion (6.13)) to transform it into

a distributed solution. Recall that there we need to evaluate the variable
K
Zn, = Z By, 1 Wik (6.26)
k=1

Calculating this quantity is similar to solving problem (6.19)), where each d;; corresponds
to the inner product h), ,w; ;. However, there is one key difference: the signal hy, is not
deterministic but stochastic and it varies randomly with the data index n;. At any particular
iteration 7, we do not know beforehand which random index n; is going to be chosen. This
suggests that in principle we should keep track of N variables z,, one for each possible
n=1,2,...,N. For large datasets, this is of course too costly to implement it. Instead, we
propose a more efficient solution where the data is sparsely sampled. Assume first, for the
sake of argument only, that we move ahead and compute the variable z, for every possible
value of n. If we do so, we would need to repeat construction a total of N times at

each node k, one for each n, as follows:

zi?cl = Z Aok (Z?L,e + Kh{ewi,é - Kh{gwi—l,é) (6.27)
LEN},

255 =D au (25 + Khiwi o — Khjw, 1) (6.28)
ZE/\/‘k

zi\Jfrllc = Z age (2l + Khy qwip — Ky w; 1) (6.29)
ZE/\/‘IC

In this description, we are adding a superscript ¢ to each zf%k to indicate the iteration index.
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In this way, each 2}, , will be able to track the sum Zszl hy, Wi k. However, since the data
size N is usually very large, it is too expensive to communicate and update all {z,,}_, per
iteration. We propose a stochastic algorithm in which only one datum hy,, ; is selected at
iteration i and only the corresponding entry zt} be updated while all other 2} will stay

unchanged for n # n;:

i+l J T T
z E Aok (znhe + Khm/wu — Khnh@w]',l’g)

ni,k -
Zﬁ; ::z;ﬁ7 nf#7%

where the index j in the first equation refers to the most recent iteration where the same
index n; was chosen the last time. Note that the value j depends on n; and the history of
sampling, and therefore we need to store the inner product value that is associated with it.

To fetch 27 , and Kh, ,w;_1, easily, we introduce two auxiliary variables:
i j i T
uni,e — z’ru,f’ ’Uni,Z — Khnj,ﬁwj—lf (63]‘)

If we view {201, zi! ... 25} as one long vector, the update (6.27)—(6.29) resembles a

coordinate descent algorithm [111}]113].

An unbiasedness property similar to ((6.24) will continue to hold:

K

K K
>ul = vl => Khl w1 Yni>0 (6.32)
k=1 k=1 k=1

It is easy to verify the validity of (6.32]) by taking the summation over (6.30)) and combining

the initialization conditions.

6.3.2 Variance-Reduction Algorithm

We can enhance the algorithm further by accounting for the gradient noise that is present
in (6.12)): this noise is the difference between the gradient of the risk function J(w), which
is unavailable, and the gradient of the loss function that is used in (6.12)). It is known, e.g.,
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from [11H13},|17] that under constant step-size adaptation, and due to this gradient noise,
recursion (6.12)) will only approach an O(u)—neighborhood around the global minimizer of

(6.1). We can modify the recursion to ensure convergence to the exact minimizer as follows.

There is a family of variance-reduction algorithms such as SVRG [38], SAGA [39], and
AVRG [31] that can approach the exact solution of the empirical risk function with constant
step-size. In this chapter, we exploit the SAGA construction because the variables {w, s}
can readily be used in that implementation. Let us consider an agent k£ in a non-cooperative

scenario where the vanilla SAGA recursion would be

’wz‘+1,k:wz‘,k—ﬂvz@(hlhk’wi,k; Vi) P 1 (6.33)

N
i H i
+ 1V Qi Yk = 7 D VQ(thy g ) P
n=1

. h,T” Wik, fn=mn,
ultl = ’ (6.34)

(. otherwise
It is proved in [39] that the variance of the gradient noise, i.e., the difference between the
gradient step in [6.33] and the full gradient, introduced in SAGA will vanish in expectation.
Therefore, SAGA will converge to the exact solution of problem ([1.20]). Also, note that the
N-summation term S V.Q(u’; v,)h, can be calculated in an online manner since only

one term is updated, i.e.,

N N
> OVQuET ) =Y NVLQ (s va) iy — VoQ (Y ), + VeQ(ul v, Vi, (6.35)
n=1

n=1

This online calculation results in O(1) complexity per iteration.

Note that the vanilla SAGA needs to store the gradient VZQ(ui“k;%)hn’k for n =
1,2,...,N. However, we have already stored ufl,k and the additional storage of the gra-
dient is unnecessary.

Hence, the stochastic gradient recursion(6.13)) at each agent k will be modified to ((6.38)

with two correction terms. The resulting algorithm is summarized in Table [6.2]
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Table 6.2: Listing of variance-reduced dynamic diffusion algorithm

Algorithm [Variance-Reduced Dynamic Diffusion (VRD?)]

Initialization: Set wox = 0; u) , = 0; vy, = 0.
Repeat for i =1,2,...:

n; ~ U[1, N] (uniformly sampled)
Zn k= ZCLgk (uizi,é—i_Kh;l;i,éwi,f_vizi,é)
ZENk

wi-i—l,k: - wi,k - M{[VZQ<zni,k; 7714) - vz@(“’ii,k; /ynl)} hni,k

N
1 7
+ N ; sz (un,k; ’Yn) hn,k + vwr(wi,k)}

i1 e
i1 {zni’k, ifn=mn;

7; .
Uy, 1y otherwise

e
]
Il

T : —
i+l {Khni,kw@k? if n= n;

; .
Uy, g otherwise

End

(6.38)

(6.39)

(6.40)
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6.4 Acceleration with pipeline

Algorithm can be shown to converge to the solution of problem for sufficiently
small step-sizes. However, it is observed in numerical experiments that its convergence rate
can be slow. One reason is that the variable z,, , generated by converges slowly to
Zszl h;kwiyk. To accelerate convergence, it is necessary to run ((6.37)) multiple times before
the gradient descent step , which, however, will take us back to in a two-time-scale
algorithm. In this section, we propose a pipeline method that accelerates the convergence of

Zy, while maintaining the one-time-scale structure.

A pipeline is a set of data processing elements connected in series, where the output of
one element is the input to the next element [127]. We assume each agent k stores .J variables
at iteration ¢:

[z(o) 20 g ) € R’ (6.41)

ng,k? “n;_1,k g1,

At every iteration, agent k runs a one-step average consensus recursion on its state vector
(16.41)):

1 2) J 0 1) J-1
'E"Li),lﬁ z’ELL',l,]W e z’&li)_‘]_;'_l,k] = Z Qek [zfzi),é’ Z’E’Ll‘,he7 U Z'E’Li_Jz_l,@] (642)

fENk

[z

(J)

ni_ji1,k

Then, agent k£ pops up the variable z from memory and uses it to continue the
stochastic gradient descent steps. Note that the variable zfl‘],i can be interpreted as the
result of applying J consensus iterations and, therefore, it is a better approximation for
Zszl hy Wh k. At iteration 7+ 1, agent & will push a new variable z%i%k = Khli+1,kwi+17k
into the buffer and update its state to

O L2l 20 e R (6.43)

z .
[ nit1,k? Tngko i J+2,

(1)

Recursion (6.42)) employs the pipeline strategy. For example, variable z,. ;. 1s updated
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iterations

i=17 i=j+1 i=j5+2 i=74+3 i=j+4 i=j+5

Push in

steps

I
I
|
Consensus |
I
I
I
1

Figure 6.2: Illustration of the pipeline strategy with buffer length J = 3.

(1

at iteration ¢. This new output z,,’, will become the second input at iteration ¢ and is used

)

to produce the output zfi) - Next, the output z,, =, will be the third input at iteration i + 2

Si),k' If we follow this procedure, the output zf(i)k will be
(/)

ni,k

and is used to produce the output z
reached at iteration ¢ +.J — 1. At that time, we can pop up z, ', and use it in the stochastic
gradient update. The pipeline procedure is summarized in the “Pipeline function” shown
above, and Fig. illustrates the pipeline strategy.

The pipeline strategy has two advantages. First, it is able to calculate 21(1‘],2 without inner

Table 6.3: Listing of pipeline function

Pipeline function

Initialization: z,,; = 0 for any : <0
(0) ,vi—f—J—l)

ni,k? Yk

Function Pipeline (z

Push [zﬁ?i)’k, vii’l} into the queue (6.44)
®n @ (/) © M (J-1)
[zni7k7 Pnik zni—J-s-hk] - Z ek [znif’ Pnin0" zni—J+17f] (6'45)
EEN]@
J i
Pop [zﬁli{wk, vnF”hk} out of the queue (6.46)

ni— g1,k Tmi—gy1.k

Return [z(‘]) v }

loop, which accelerates the algorithm and maintains the one-time-scale structure. Second, in

one iteration, the two-time-scale solution sends a scalar J times while the pipeline solution
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Table 6.4: Listing of pipelined variance-reduced dynamic diffusion algorithm

Algorithm [Pipelined Variance-Reduced Dynamic Diffusion ( PVRD?)]

Initialization: Set wqy = 0; u)) , = 0; v) , = 0.
Repeat for:=1,2,...:

n; ~U[1, N]  (uniformly sampling) (6.47)
[zgj)k, 'vi:jlk} = Pipeline(uili7k+Kh,Tli,kwi,k—vﬁ”’k, Kh;kwlk) (6.48)
(denote n} 2 n;_y.1)

Wit1 ) = Wik — M{[VZQ(ZEL?;C; Tnt) = VaQ (U i ’yn;)} P

N
1 .

2 20 V-Q (w90 ) B + vwr<wi,k)} (6.49)

n=1

() : /

, z ), ifn=mn]
w, =4 . (6.50)

’ U, ., otherwise

. vl ifn=mn
vy =q M . (6.51)

’ v, ),  otherwise

End

sends a J-length vector just once. Though the communication load is the same, the pipeline
solution is usually faster than the two-time-scale approach in practice. That is because
sending a scalar with J time needs all agents to synchronize for J times, which can take
longer time than the one-time communication.

(0)

Observe that when z,,”, is popped out of the pipeline after J iterations, the required

’Uﬁlk should also be from J iterations ago. This means that we need to store the past fvﬁlk
(0)

ni,k

values. One solution is to push the auxiliary v’nk along with z into the pipeline but

without doing any processing inside the pipeline. Since this value will be used J iterations

i+J—1
n;k -

into the future, this variable should be denoted by v
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6.5 Algorithm Analysis

6.5.1 Delayed gradient calculations

First, we have to point out that the pipeline solution is not equivalent to the two-time-scale
solution. It is observed that the gradient used in the stochastic gradient descent step
at iteration 7 is VZQ(zgl‘?/,€7 Yn;) Where m; = m;_j;1, which is J-time out-of-date. The cause
of the delay is that the variable 2, ; has to conduct J updates in the pipeline. When z?(;]i?k
pops up from the pipeline, the iteration index has arrived to i + J — 1. As a result, the
pipeline solution introduces delays in the gradient. Due to this delay, it does not necessarily

follow that deeper pipelines lead to better performance. Actually there is a trade off between

depth and performance.

Fortunately, problems involving delays in gradient calculations are well-studied in the
distributed machine learning and signal processing literature |[132-134]. These works show
that convergence can still occur albeit the stability ranges are affected. Although, in most
literature, the delayed gradient is usually caused by unbalanced computation loads or frag-
ile communication environments instead of pipeline structure, the proof in this chapter is

inspired from these investigations to some extent.

6.5.2 Convergence Analysis

To establish the convergence theorem, we require two assumptions

A

Assumption 6.1 (Risk Function) The loss function Q(z;y) Q(htw;~,) is differ-

entiable, and has an L-Lipschitz continuous gradient with respect to w and a 6-Lipschitz

continuous gradient with respect to z, for everyn =1,..., N, i.e., for any wi, ws € RM:

||va(th17’Vn)_va(hlw%fyn)H = ||VzQ(th1,%)hn—VzQ(hIwg,%)hnH
< Lljwy — w| (6.52)

|’vZQ(Zl;7n) - VZQ<22;7n)H S 5H21 - 22” (653)
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where L > 0 and 0 > 0. For the regularization term r(w), it is convex and has n-Lipschitz

continuous gradient:
[Vwr(wi) = Vir(ws)|| < nllwy — ws| (6.54)
We also assume that the risk J(w) is v-strongly convex, namely,
T 2
(ij(wl) - va(wQ)) (w1 — ws) > l|w; — w| (6.55)
O

Assumption 6.2 (Topology) The underlying topology is strongly connected, and the com-

bination/weighted adjacency matriz A is symmetric and doubly stochastic, i.e.,
A= AT and Al =1k (6.56)

where 1 is a vector with all unit entries. We further assume that ap, > 0 for at least one

agent k. O

Under assumption we can show that matrix A is primitive [11},/129] and that the second

largest magnitude of the eigenvalue of A, denoted by A, satisfies [130]:

0<A<1 (6.57)

Theorem 6.1 ( Convergence of PVRD?) Algorithm PVRD? converges at a linear rate

for sufficiently small step-sizes u, i.e.,

E|lw;r — w*|? < p'C, Vk,i>0 (6.58)
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for some constant C', where:

11—\
p=max | 1— 5N 1 —uv/5 (6.59)

Proof: See Appendix [6.4] ]

This theorem indicates that the convergence rate of the algorithm depends on the network
topology through A, the depth of pipeline J, and the strong convexity parameter v. When
J is not very large and the first term in (6.59) is larger than the second one, the convergence
rate will depend more on the network topology and the depth of the pipeline. However,
when J is large enough so that the second term is dominant, the algorithm performance will
depend on the strong convexity parameter v, as in the single agent case.

Remark: The theorem indicates that the algorithm converges to the minimizer of empirical
risk exactly. In many cases we are instead interested in the minimizer of the average
risk Jp(w) = E,Q(w; x)+r(w). By an ergodicity argument, the two minimizers will become

closer when the number of data samples increases. O

Notice that algorithm VRD? is a special case of algorithm PVRD? by setting J = 1.
Thus, we establish the following corollary from Theorem [6.1]

Corollary 6.1 (Convergence of VRD?) Algorithm VRD? converges at a linear rate for

sufficiently small step-sizes u, i.e.,

E|w;) —w*||* < p'C, Vk,i>0 (6.60)
for some constant C', where:
1—A
= l———1— 4 .61
p maX< SN W/) (6.61)
[ |
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6.6 Simulations

We illustrate the performance of the PVRD? algorithm on the MNIST dataset, which consists
of 50000 28 x 28 handwritten digitﬂ. In the simulation, we consider the classification task
of predicting digit 0 or digit 1. We separate the features over 8 networked agents. The loss

function we use is logistic regression:

N K K
1
=¥ Z In (1 + exp (—%Z h;kwk>> + ,OZ l|wg ||? (6.62)
n=1 k=1 k=1

In the simulation, we set p = 1 x 107%. From two subplots in Fig. [6.3, we see that each
agent is in charge of part of w, and each converges to its corresponding part of w*. Next, we
compare our algorithm to the method proposed in 5] with some modification, which can be
viewed as the deterministic full-gradient version of our algorithm without pipeline. To make
a fair comparison, we plot the convergence curve based on the count of gradients calculated
and the combination step in Fig. [6.4 Notice that when the pipeline step J is larger, we
need to do more operation on the combination step . Therefore, we use a different
mini-batch B for different J but we keep the sum, J + B equal 30. The curve shows that
the larger J we set, the faster the algorithm converges until it is large enough to trigger the

second term in the convergence rate.

Next, we compare the communication cost on the CIFAR-10 dataset, which consists of
50000 32x32 color images in 10 classes, with 5000 images per clasﬂ. For this multi class

problem, we use the softmax as the loss function:

n exp(Xpey Wil :, 7o) Thok) ) K _— |
Z < c—l eXp(Zk 1Wk[ ]Thn,k) +p;” || (6 63)

where || - || represents the Frobenius norm, W, € RM*¢ is a matrix that has dimensions

M x C, where C' = 10 in CIFAR-10 problem, and W{:,¢| is the C-th column of matrix W.

"http://yann.lecun.com/exdb/mnist/

?https://www.cs.toronto.edu/~kriz/cifar.html
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agent1: w_1 agent 2: w_2

agent 3: w_3 agent4:w 4

’

agent 5: w 5 agent 6: w_6

L

agent 7: w_7 agent 8: w_8

Figure 6.3: Left: Visualization of w;; Right: Visualization of w*.

Notice that this model is a little bit different from ((1.20). However, it is still easy to adapt
our algorithm for the softmax cost. Notice that we now need to find the summation of

C-classes, i.e.

Zn,k(l) ZII{:{Zl Wk[: ) l]Thn,k
k(2 K w,.l:,2]Th,
w27 ’k_( BIEREE k? I (6.64)
L 20 (C) J i ZkK=1 Wil e Thn i J

As long as the agent has the information of z,, it can compute the gradient locally. For

simplicity, we let

exp (an(%))
2 exp (zur(0))
exp (Zszl Wil: 7’Yn]Th””“)

prob(zn i, Yn) =

= = (6.65)
D et €XP (Zk:l Wil: 7C]Thn,k>
After some algebraic manipulations, we know that
Vel yn)In(W) = (prob(zn,k, Tn) — 1) Pk + pPWel:, Yl (6.66)
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Figure 6.4: Illustration of the convergence behavior with different pipeline depth J over
MNIST dataset caption. The dotted line is the algorithm proposed in [5]
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-10 T I |
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Total length of exchanged vector

Figure 6.5: Comparison of communication vector length between PVRD? and SAGA+Exact
Diffusion over CIFAR-10 Dataset.
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and for the other columns where ¢ # ~,,, we have

Vil g In(W) = prob(zn i, ¢)hni + pWil:, (] (6.67)

Thus, the only modification that is necessary to our algorithm is changing from sending a
scalar z,j into sending a vector z, ;. In the simulation, we compare this implementation it
with SAGA-+Exact diffusion as proposed in [80]. In the simulation, as plotted in Fig. |6.5]
we set K = 10, J = 10, p = le — 4 and mini-batch is B = 10. In Fig. the curve
is plotted based on the total number of communicated length versus the excess risk, i.e.,
J(w;) — J(w*). More specifically, for PVRD? algorithm, at every iteration, each edge of the
network will communicate a length of J x C' x B = 1000. Meanwhile, for Exact Diffusion,
it needs 32 x 32 x 3 x 10 = 30720. Hence, from Fig. [6.5, it is not surprising to find that

PVRD? is more communication-efficient.

Lastly, we provide a simulation to show the influence of network structure on algorithm
performance in Fig. [6.6l The approach we utilized to generate the network is the random
geometric graph model, which places N nodes uniformly at random in the unit square and
two nodes are joined by an edge if the Euclidean distance between the nodes is less than
some radius threshold [135]. The simulation problem is the same as the previous MNIST
problem except we distribute the feature over 28 agents. We generate four network topologies,
whose Euclidean distance threshold A are 0.3, 0.4, 0.6, and v/2—full connected networks,
respectively. For all network topologies, we fix the pipeline depth at 20 and mini-batch at
10. Figure confirms the conclusion from Theorem that the denser the topology is,

the faster it converges.

6.A Proof of Theorem [6.1]

6.A.1 Supporting lemma and proof sketch

Before we start the proof of the main theorem, we first give two useful lemmas here.
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Figure 6.6: Comparison of PVRD? with different network topologies over MNIST Dataset.

Lemma 6.1 For a v-strongly convex and L-Lipschitz gradient continuous function f(-), the

following inequality holds:
T L 2 vV 2 vV 2
(VI(2) = VW) (e —2) < Sz = ylI” = Sllz =yl = S llz — ]
Proof: From the convexity and Lipschitz conditions, we have:

F(a) <F) + V1)@ ) + 2l —
J(2) 28 () + V)T (== 9) + Sllz = ol

v
f@) 2f(2) + V(@) (@ = 2) + S llw = 2]
Combining these inequalities, we get:

Fla) = F(2) <F) + V@)@ ) + £l — ol
—Fy) = Vi) =) = Sz =yl
VI~ )+ Sl — 9l — oz — ol

f@) = f(2) 2VF(E) @z = 2) + o = 2|

Combining the above two inequalities and rearranging terms, we establish (6.68)).
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Lemma 6.2 Consider the inequality recursion for non-negative numbers «;:

where 1 > p > XA > 0. The sequence «; converges to zero according to

Proof: Iterating, we get

iv1 < Aoy + p'C

. 1
i < ptt (Olo + —C)
p— A

g1 < a1+ MO+ p'C

SA?)OQ'—Q+)\2pi_20+)\pi_10+/}ic

<A+ ) Npio
j=0

)

p
L—=2X/p

. 1
sz-i-l <O./0 + p__)\c)

S)\i-HOéo + C

(6.74)

(6.75)

(6.76)

The procedure of proving the linear convergence in Theorem [6.1] consists of two steps.

The first step is to construct an error recursion for E ||w; — w*||>. However, because of many

auxiliary variables, eventually, we establish six recursions— ([6.97)), (6.100)), (6.104)), (6.105]),
(6.107)), and (6.110]). Note that a simple energy or Lyapunov function cannot establish the

linear convergence easily due to the delay introduced by the pipeline strategy. Instead, we

employ a mathematical induction method. After assuming the quantity E ||lw; — w;_ ;||

converges linearly, the six error recursions will have the same format as (6.74) in Lemma

6.2l So that we conclude the proof by showing E ||w; — w;_;||? converges linearly in view of

Lemma [6.2]
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6.A.2 Error Recursion

In order to shorten the notation, we let d = J — 1, such that n’ = n;_4. First, we rewrite

the main recursion in vector notation:

Wit = W; — ([ zQ( 'n,’i a4y T’ ) - sz(“iﬁ?'Yn’)}hn’

+ % ; V.Qy o) hn + Vw?"(’wi)> (6.77)

where:

o
-3
0¢)

20 Eeol{zl), 20, 2D e RFX (
ui,écol{uiz,l,uil,g,--~ ,uil,vK}e RE&*1 (

zQ( n/i o) = blockdzag{VzQ( n/ 15 Tn/ VYRR ,VZQ(Z;J/?K; o) Ir JE RMxM (6.80
(

V.Q ;) = blockdiag{VZQ(u;,’l;vn/)IMl, o, VaQ(uly g ) I Y€ RMM (681

In our notation convention, all calligraphic symbols represent stacked vectors or matrices
over agents. Notice the subscript ¢+ — d in z is used to represents the z is computed from
w;_q instead of data or agent index. Introducing the error quantity w; 2wt — w;, we

obtain the error recursion:

Wit = w; + N([ zQ( n’z 4 Tn! 1) = zQ(Uiﬁ 7n’>]hn/

r Z V.QUdyi o+ Vr(wh)) (652

We introduce the filtration JF;, which consists of all previous information w,;, j < ¢ and

indices m;, j < ¢ — J. Then, the modified gradient step satisfies the unbiasedness property:

N
<[ Qi ) = Ve Qs Yo o + % Z; VQ Wl Yn) i + Vw(wﬂ) ’}-]

=— Z V.Q(2) i) + Vor(w;) (6.83)
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Thus, we have the following error recursion:

N

~ ~ 20
By (|| || 3] =i |* + 7 D0 [V Q2] i )+ Vo (w;)

n=1

H zQ n’i d>7n) zQ(“iz/;PYn’)}hn’

1 & A

< ||ai||>+ “ZNTV Q(zY)_ i 1) + Vr(w,)]

2
PR || [VoQ20 i 20) =V - QUIT 0% 3 ot

2

+ 44°E H [V-Q (s Y) = V2 Q gy w0*; Yo ) Ing | B

2

N
1 .
#4125 3|V Qs 0) = V- QBT w3 Tl
n=1

2

+ 4u2“vwr(wi) — Vyr(w”) (6.84)

where we appealed to Jensen’s inequality and I, is the M x M identity matrix. Next, we

focus on the cross term:

N N
1 ~ 1 - N
S W [V-Q() i Ao + Var(wi)] == S B VoQ(2L i ) + Vo (wi) = Vel (w”)]
n=1 n=1
@~7 |1 <
Sw] NZV Q(Zni—a; Yn)hn + Vr(w;) — Vi, J (w”)

N
1 - J _
57 2 81 [VaQ(z0) 5 1) =V Q(Znia5 1)

N
NZ ;l'[ ZQ( n,i— daP)/n)hn_sz(Znyi—d;%"b)h”]

(6.85)
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where we define

1

Znica = —1520)_€R (6.86)
K K

én,ifd é COl{Zn,i—d, te 72n,i7d} = Zn,ifd]lKe RKXl (687)

In step (a), we add and subtract the same term about V,.Q(Z,;—4;Vn)hn; In step (b), we
exploit the property that z,, ¢ = h)w; 4. Indeed, note that

=h w;_4 (6.88)

Now, to bound the first term in (6.85]), we apply the result (6.68) from Lemma so that

we immediately get

L+
Vi (wia) = Vo (w)] T (w* = ;) <=2 ffw; = wia* = S " = wia]* = Sw; =
1—1
(L+n)d v v
<——F Z Jwj —w;|* — sllwial]” — 5[|w;|?
2 “~ 2 2
j=i—d
(6.89)
and we have
T/ * ne 2 | S,
[Vur(w;) — Vyr(w;_g)] (W —w;) < §||wz' —w;_q||" + % |w; ||
nd ,
< 7 Z Jwj —w;|* + ZHﬁ%Hz (6.90)

j=i—d

where the first inequality is due to Young’s inequality a"d < §|laf|? + 5[/b]|* and € can be

any positive number. And in second step we set € = %
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For the third term in (6.85)), we obtain:

2

_ €, ~ 1 B
i [ ZQ( n,i— d? f}/n)hn - VZQ(ZTL,Z'fd; ’Yn)hn] §§|’wz“2 + Q_HVQ ZSLJZ‘)_d; ’Yn)hn - VQ(Zn,ifd; ’yn)hn

€~ _
<5 llwi]* + — Zni-dll*lhal® (6.9

Next, for the remaining terms in the main recursion (6.84)), we have the following bounds

through the Lipschitz condition:

2

[ ZQ( n'i— d77n) ZQ( W ,’Yn/IM)}h

TL

2

SQEn’ [ ZQ( n/Z‘ da'Yn’)_VZQ(Zn’,i—d;’Yn’)}hn’
2
+2En/H[V QAL Wi g V) — V-Q(hE s )]
25 _ 2 2 2~ 2
ZHZM 4 — Zni—dall” [P ” + 2L7||w;—ql| (6.92)
and
B[V Q1) = T QUT 0 o o | < B IV-QUkr 590 = V. QAT 030 o

62 7 *
<¥ D N, = by e[| (6.93)

n=1

and

1 A
2 |[V-QEi ) = VoQUiTw 30 Tad Znu R P a2 (6.94)
n=1

and

2
4y < dpn? ||, || (6.95)

‘[Vwr(wi) — Vr(w®)

171



Substituting (6.89) — (6.95) into the main error recursion ((6.84]), we have:

E (11 21F] (14 4202 [l + pd(L + 1 + -2 Z w1 — w;®
j=i—d

V., -
|w,”

— vplli-a|* = 5 12

+ pue]| s

j16° 252 2 21 b |12
+ T_|_8ILL ZHZM 4 = Zni—dll” [Pl

_ 8120 L X
+ 8EPLR@r gl + S o, — TP P (6.96)
n=1

Let € = % and denote L' 2 L+ n —|— 1. Rearranging terms we get:

i—1

o [[[ W1 12| F] (1 — pv /3 + 4pn?) i |* + pd L Y Jlwj — wy)?
j=i—d

~ 810>
— (v — 8L il + 2 Z]

2 2o Ial?

852u .
Zun w1 |[*] 712 (6.97)

where we relaxed @ + 811262 into the upper bound %, which requires

8ud? 6> 1
HOT S PRO L 826% e < — (6.98)
v v 4y

So far we have established (6.97)). Next, we seek a recursion for the inner difference:

E[[|wis1 — wil]*|Fi] =°E s

’VZQ(ZS?i_d; ) = V2 QWU )| e

1 X o i . 27:
+N; Q@ ) + Vo (w;) ‘ i (6.99)
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Applying Jensen’s inequality and combining results (6.92)), (6.93)), (6.94)), and (6.95]) we get

2 8,“252 Y (J) 2 2
E [lwir1 — wil]*|F] STZ 12mi—a = Zni-dll" [ hall
n=1

8:U252 - i *
D e = Bt L |
n=1

+

+ 8P LA |wia|* + 420 |w|?

(6.100)
Then, we derive the result:
J _ J 1 J
20 = Zianll? =Nz, — 210720

(6-45) 1 . NG

= (I - E]I]IT) AN (KHTw;_g+ul — Vi)
(a) 1 . . . 2
2 (AJ — E11T> (KH,w; g — Vi +ul, — )

® S i A2/ T 2

<Nut, — b || + Y | K H, wi—q — V|| (6.101)

where A” arises from the definition of zgi)d’n, which is the stacked vector of zfﬂ’d,n after J-step
consensus, and where we denote:

hl,n
H, 2 € RM*K (6.102)
hK,n
Step (a) holds because (A7 — L117) & =0, and
NPT RN i Kx1
i, = 11k, = }Z“n,k 1e R (6.103)
k=1

In step (b), X is the second largest eigenvalue of A. Multiplying by ||%,]|?, taking expectation
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and averaging over n:

N N

1 J _ 1 ) —1

5 2Bl = ZaalPlhall” < X 5D B e, — a1
n=1 n=1

N

2J
A 1ZEHKH,Iwi_d—v;HQthHZ (6.104)
n=1

TIoWN

Next, using the uniform sampling property, we establish a similar recursion for u/:

N

1 i —i

= DB |l = Pl hal? |
n=1

N N

Gz N — 1 i —i 1 J _

2 2 e =@ Pl + 575 D N2 — ZamalPlal? (6.105)
n=1 n=1

Similarly, we get:

; @50 1 N—-1 .
B [, — hTw1|2|F,] &2 S)j2l) = AT + =i = hlw* 1
N N
2w _ 2, _
< NHZf(z,i)fd — Zpi-dll® + N”Zn,i—d — hJ w1

N
N_l i—1 T * 2

633 2 _ 2 _
= NHZg,IZ)—d - Zn,ideQ + N”thZ,dHQ
N-—-1 .
ol A T T (6.106)

Multiplying ||k, |?, taking expectation over filtration and averaging over n:

N N N

1 . 2 J _ 2 .

3 O Bl = by L2 lhal® < 5 Y E Nz g = Zial1hal® + 5 D E a1 Bial®
n=1 n=1 n=1

N -1

+N2

N
> Bl — Bl w 1] (6.107)
n=1

Lastly, we obtain:

N -1

E, |:||KH71—wi—d — V;”Z'j:z} = NHKHn(wi—d —w;_q1)|+ THKHJ’wz'—d —vi P
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1 N -1 -
< NHKHn(wz‘—d —w;_q1)|* + N | K H w; g —VviTH?
+ N-1 IKH (wi—g — wi_q_1)]]? (6.108)

(1 o t)N n i—d i—d—1 .

If we choose t = X=L then

N-1/27
; 1+ 2(N —1)?
B [| KHywia = v,,[*| 7] S+||KHn<wi—d —w;_q1)|?
N —1/2 .
+ T/HKHr-{wi—d—l — |2 (6.109)

Notice that ||H,||? < ||H.||% = ||ha||?>. After multiplying by ||h,||?, taking expectation over

the filtration and averaging over n, we have

K? +2K2(N
N2

_12 N
S S B (i — wia) P

n=1

N

1 .

N D EKHw; g — v |*[lha]* <
n=1

N
N—1/2 i_
+—Nz/ Y E|KH wiq—vi'|*  (6.110)

n=1
To simplify the notation, we introduce
a; = E | (6.111)
b 2 E|lw; — w;q|? (6.112)
1 N
A J _
& % 5 2 B2zl I (6.113)
N ! al
= % —1 (|2 2
di = N;Ellun—unll |7l (6.114)
N al
A i T, k(2 2
e _N;EHUH Ay w* 1|2 (6.115)
1 N
A T, a2 2
fi —N;EHKﬂnwz—d Vil (|72 (6.116)
1 N
= A 6.117
N;H | ( )
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Using the above notation, we have established so far the following six recursions from (6.97]),
(6.100)), (6.104), (6.105)), (6.107]), (6.110):

i—1

tip1 < (1= pw /3 + 4pPn*)a; + pdl! Z bj+

j=i—d
816>
(v — 2L g + e, 4 81207, (6.118)
v
biy1 < 8u%6%c; + 8pPd?e; + 8uPLia;_q + 4p°n’a; (6.119)
5 )\2]
1 N -1
divg = —c; + ———d; 6.121
+ =N + N ( )
2 2 N -1
€ = Nh4ai_d + Nci + N €i—1 (6122)
N—1/2 K%+ 2K?*(N —1)?
fi < T/fi_l + N( ) h'bi_aq (6.123)

6.A.3 Linear Convergence of Error Recursion

Finally, we establish convergence of the PVRD? algorithm using Lemma and mathemat-

ical induction. Assuming b; < p'Cy for j < i — 1, where we set

11—\’
p=max|1— 5N 1 —pv/5 (6.124)

Then, from (6.123]), we have

N —1/2 K? + K*(N — 1) .
fi ST/fi—l + Np‘(l_l ) h'Cop™
Z. 1 K2+42K*N-1)? ,
250y (6.125)

Substituting (6.120]) into (6.121)), we have

2\ A2/ N-1
=y N(l—)\J)f N ( )
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A+ N-1 N A2
N N(1—\)

1\ a2
<(1- R A N

i+1 1 A
<p C
sp d0+p_1+1—]\;\‘1N(1—)\‘]) 1

fi

e (6.127)
From (|6.120)):
ci SN p'Cy + T )\JPZCH
) ; /\2J
:pl ()\ Cg + mCH)
2 piCs (6.128)

Adding (6.118]) and (6.122)) with a positive coefficient v, we have

i—1
aiy1 +ve; < (1 — pv/3 4+ 4°n*)a; + pdL’ Z bt
j=i—d
52
ci + 8ude;

8
— (v — 81 L?)a;q +

v
2 2 N -1
+ th4a@',d + %Ci + Y N €i—1 (6129)
We require that p < ﬁ such that
1 —pv/3+4p*n* <1 — pv/4 (6.130)

Rearranging terms:

i—1

2
ais1 + (7 = 8p°6%)e; < (1 — pv/4)a; + pdL' Y bj — (w — 8L — th“) i

j=i—d

4ud® 2y N -1
+( I/ +W Ci—i‘/}/ N €i—1
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i—1

8ud? 2y 2y
- ( + =) <1/u — 8u’L* — le‘) ai—q+ pdL Z bt

v N

We require that

N -1
VB =Y T TN
< [l — pvN/4]y = 8u*6*N(1 — v /4)
_ 8uP0PN(1 — pwv/4)

—
1 —puvN/4

= O(1*)
We can further require that p < ﬁ so that v has the upper bound:
2

0
v < 10p°6°N < 5pu—
1%

Let s;41 = a1 + (7 — 8120%)e;, we have

i1
8ud? 2
siv1 < (1 — pv/3)s; + pdL Z bji1 + ('UT + l) ¢

N

j=i—d

where we discard the term about a;_g4, which requires:

2y
— 8L — Ipt >0
vis— 8 N2z
2y 4
~hn
N
v > 8u*L* + 202 6% ht

1%
< <
M= 802 1 2002n

= vp > 8uPL? +

16.133)
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(6.131)

(6.132)

(6.133)

(6.134)

(6.135)



After substituting (6.133]), we have

i1
8ud?  10ud?
Siv1 <(1— pv/4)s; + pdL! .Zd bji+1+ ( t—N )¢
j=i—
— 18462
<(1— pv/4)s; + pdL’ Z o HCy + Lpng
j=i—d v
d—1
- w 18102
<(1— pww/4)si + p' (udL’Zop 7Co + 5 03)
J:
d—1
4 1867
<pso+ —L—— (dL'Y " piCo+——C
=p (80+P—1+MV/4< j;()p ot s
A
=2 p+1cv4
This also implies
a; < p'Cy
Revisiting (6.122), we have
N -1 - h4
e; < N Gt + P%dﬁcﬁ
1 h*
<p'|eo+ — C
( D= N 4)
A g
=p'Cs

Lastly, we substitute foregoing results into ((6.119)):

bis1 <816°p'Cs + 81*6°p'Cs + 8p” L '~ Cy + 4’ p'Cy

, C
=p' 11 (85203 + 86%C5 + p—;‘ + 477204)
And we require the following to complete the mathematical induction:

,U? <6(52C3 + 6(5205 + % + 4772C4> < ,OC()
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(6.137)

(6.138)

(6.139)
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In the following, we will show that (5, Cy and C5 can be upper bounded by constants

that are independent of step-size . From (6.124]), we have

1 11—\
p— 2N7
7%
>1——.
p=1""

Moreover, since p < 1/2vN, from ([6.142)) we also have

le_ﬁ21_L.
4 8N

With (6.141)) and (6.142)), it holds that

1 @I

1L 1 = NI
1 ON
[ 2\’
p—1+ 15" 1=A
p €2
p—1+mw/s — v’
1 ©ia) 9

Np—N+1 — 14N
Now we examine the upper bounds on C3, Cy and Cs. Note that

1 K2+2K?*N-—1)

o— N;V1/2 Npi-1

(6119 1+2(N —1)?
2 4

E15) 14+ 2(N —1)?
< 2K
S ot 2R T T Ry

2
e

Ci = fo+

and

1 /\2J

N —_\J

(6.145) 2027
<

02:d0—|— Cl

(6.141)

(6.142)

(6.143)

(6.144)
(6.145)

(6.146)

(6.147)

(6.148)

(6.149)



With C; and C5, we have

J >\2J A ,
03:)\ 02+m01 - 03:O<1)
Next we examine CYy:
d—1
1 , w 1842
— " |dL j
04 So+p_1+uy/4<d j;op Co+ y 03
(6.146) 27171 1 2
= 2 ((Ea+ a) 2 ¢- o
For term Cf:
h4
05 = 60+ pd+l(Np—N—|— 1)04
(6.147) 2h
ot
2h*
<eo+ Cy 2 CL=0(1).

(1 —=1/(8N))+1(1+ )

Note that all constants C%, C} and C} are independent of p. Finally, note that

C
66%C5 + 652Cs + p—;‘ + 4n*Cy

Cl
< 66°C% + 65°CL + —r + 4n°C
P
!

C
< 2 2 4 2
60°C5 + 60 C’5+(1 1/(8N))d+477 Cy

(1>

B,

and B is independent of step-size pu. Also, we have have

1
> - — .
pCo > (1 8N) Co

181

(6.150)

(6.151)

(6.152)
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To prove ([6.140), it is enough to choose p such that

1 1
2B < (1 - 8—N> Co = pu < \/(1 - 8—N) %. (6.155)

Combining with 1/2vN, we can set u as

ugmin{\/<1—8iN) %,2;]\7} (6.156)
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CHAPTER 7

Stochastic Subgradient Learning

This chapter examines the performance of stochastic sub-gradient learning strategies under
weaker conditions than usually considered in the literature. The conditions are shown to
be automatically satisfied by several important cases of interest including the construction
of Linear-SVM, LASSO, and Total-Variation denoising formulations. In comparison, these
problems do not satisfy the traditional assumptions automatically and, therefore, conclusions
derived based on these earlier assumptions are not directly applicable to these problems.
The analysis establishes that stochastic sub-gradient strategies can attain exponential con-
vergence rates, as opposed to sub-linear rates, to the steady-state. A realizable exponential-
weighting procedure is proposed to smooth the intermediate iterates by the sub-gradient
procedure and to guarantee the established performance bounds in terms of convergence
rate and excessive risk performance. Both single-agent and multi-agent scenarios are stud-
ied, where the latter case assumes that a collection of agents are interconnected by a topology
and can only interact locally with their neighbors. The theoretical conclusions are illustrated

by several examples and simulations, including comparisons with the FISTA procedure.

7.1 Introduction and Motivation

The minimization of non-differentiable convex cost functions is a critical step in the solution
of many design problems [17,44.136], including the design of sparse-aware (LASSO) solutions
[9,[137], support-vector machine (SVM) learners [8,|10}/60,/138,|139], or total-variation based
image denoising solutions [7,/140]. Several powerful techniques have been proposed in the

literature to deal with the non-differentiability aspect of the problem formulation, including
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methods that employ of sub-gradient iterations [17}44,136], cutting-plane techniques [141],
or proximal iterations [142,|143]. This work focuses on the class of sub-gradient methods
for the reasons explained in the sequel. The sub-gradient technique is closely related to the
traditional gradient-descent method where the actual gradient is replaced by a sub-gradient
at the points of non-differentiability. It is one of the simplest methods in current practice
but is known to suffer from slow convergence. For instance, it is shown in [136] that, for
convex cost functions, the optimal convergence rate that can be delivered by sub-gradient
methods in deterministic optimization problems cannot be faster than O(1/+v/4), where i is

the iteration index.

Still, there are at least three strong reasons that motivate a closer examination of the
limits of performance of sub-gradient learning algorithms. First, the explosive interest in
large-scale and big data scenarios favors the use of simple and computer-efficient algorith-
mic structures, of which the sub-gradient technique is a formidable example. Second, it is
becoming increasingly evident that more sophisticated optimization iterations do not nec-
essarily ensure improved performance when dealing with complex models and data struc-
tures [17,/19,/144}/145]. This is because the assumed models, or the adopted cost functions,
do not always reflect faithfully the underlying problem structure. In addition, the presence
of noise in the data generally implies that a solution that may be perceived to be optimal is
actually sub-optimal due to perturbations in the data and models. Third, it turns out that a
clear distinction needs to be made between optimizing deterministic costs [17,44,136], where
the cost function is known completely beforehand, and optimizing stochastic costs, where the
cost function is actually unavailable due to its dependence on the unknown probability distri-
bution of the data. Stochastic problem formulations are very common in applications arising
in machine learning problems, adaptation, and estimation. We will show that sub-gradient

algorithms have surprisingly favorable behavior in the stochastic setting.

Motivated by these remarks, we therefore examine in some detail the performance of
stochastic sub-gradient algorithms for the minimization of non-differentiable convex costs.
Our analysis will reveal some interesting properties when these algorithms are used in the
context of continuous adaptation and learning (i.e., when actual sub-gradients cannot be
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evaluated but need to be approximated continually in an online manner). The study is carried
out for both cases of single stand-alone agents and multi-agent networks [11,58,(102}/146,/147].
We start with single-agent learning and establish some revealing conclusions about how fast
and how well the agent is able to learn. Extension of the results to the multi-agent case
will require additional effort due to the coupling that exists among neighboring agents.
Nevertheless, the same broad conclusions will continue to hold in this case with proper

adjustments.

In order to examine the performance of stochastic sub-gradient implementations, it is
necessary to introduce some assumptions on the gradient noise process (which is the differ-
ence between a true sub-gradient and its approximation). Here we diverge in a noticeable
way from assumptions commonly used in the literature for two reasons (see Sec. for fur-
ther explanations). First, we introduce weaker assumptions than usually adopted in prior
works and, secondly and more importantly, we show that our assumptions are automati-
cally satisfied for important cases of interest (such as SVM, LASSO, Total Variation). In
contrast, these applications do not satisfy the traditional assumptions used in the literature
and, therefore, conclusions derived based on these earlier assumptions are not directly ap-
plicable to these problems. For example, it is common in the literature to assume that the
cost function has a bounded gradient |17,22,58,/147-149]; this condition is not even satisfied
by quadratic costs whose gradient vectors are affine in their parameter. This condition is
also in direct conflict with strongly-convex costs [149]. By weakening the assumptions, the
analysis in this chapter becomes more challenging (as the material in the appendices reveal).
At the same time, the conclusions become stronger and more revealing, and they apply to a

broader class of algorithms and scenarios.

A second aspect of our study is that we focus on the use of constant step-sizes in order
to enable continuous adaptation and learning. Since the step-size is assumed to remain
constant, the effect of gradient noise is always present and does not die out, as would occur
if we were using instead a diminishing step-size, say, of the form p(i) = 7/i for some 7 > 0
[58,160,/148]. Such diminishing step-sizes annihilate the gradient noise term asymptotically
albeit at the cost of turning off adaptation in the long run. When this happens, the learning
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algorithm loses its ability to track drifts in the solution. In contrast, a constant step-size keeps
adaptation alive and endows the learning algorithm with an inherent tracking mechanism:
if the minimizer that we are seeking drifts with time due, for example, to changes in the
statistical properties of the data, then the algorithm will be able to track the new location
since it is continually adapting |150]. This useful tracking feature comes at the expense
of a persistent gradient noise term that never dies out. The challenge in analyzing the
performance of learning algorithms in the constant adaptation regime is to show that their
feedback mechanism induces a stable behavior that reduces the size (variance) of the gradient
noise to a small level and that ensures convergence of the iterates to within O(u) of the desired
optimal solution. Moreover, and importantly, it turns out that constant step-size adaptation
is not only useful under non-stationary conditions when drifts in the data occur, but it is
also useful even under stationary conditions when the minimizer does not vary with time.
This is because, as we will see, the convergence towards the steady-state regime will now be
guaranteed to occur at an exponential rate, O(a') for some « € (0,1), which is much faster
than the O(1/i) rate that would be observed under a diminishing step-size implementation

for strongly-convex costs.

A third aspect of our contribution is that it is known that sub-gradient methods are not
descent methods. For this reason, it is customary to employ pocket variables (i.e., the best
iterate) [441/136,/151},152] or arithmetic averages [60] to smooth out the output. However,
as the analysis will reveal, the pocket method is not practical in the stochastic setting (its
implementation requires knowledge of unavailable information), and the use of arithmetic
averages [20] does not match the convergence rate derived later in Sec. [7.4.3 We shall
propose an alternative weighted averaging scheme with an exponentially-decaying weight
and show that this technique does not degrade convergence while providing the desired

smoothing effect.
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7.2 Problem Formulation: Single Agent Case

7.2.1 Problem Formulation

We consider the problem of minimizing a risk function, J(w) : RM — R, which is assumed

to be expressed as the expected value of some loss function, Q(w; ), namely,

» 2 arg min J(w), (7.1)

w

w

where we are denoting the minimizer by w* and where
J(w) 2 E Q(w; ). (7.2)

Here, the letter @ represents the random data and the expectation operation is performed
over the distribution of this data. Many problems in adaptation and learning involve risk
functions of this form, including, for example, mean-square-error designs and support vector
machine (SVM) solutions — see, e.g., [10,[139,/150]. For generality, we allow the risk function
J(w) to be non-differentiable. This situation is common in machine learning formulations,
e.g., in SVM costs and in regularized sparsity-inducing formulations; examples to this effect

are provided in the sequel.

In this chapter, we examine in some detail the performance of stochastic sub-gradient
algorithms for the minimization of and reveal some interesting properties when these
algorithms are used in the context of continuous adaptation and learning (i.e., when actual
sub-gradients cannot be evaluated but need to be approrimated continually in an online
manner). This situation arises when the probability distribution of the data is not known
beforehand, as is common in practice. In most applications, we only have access to data
realizations but not to their actual distribution. Our study is carried out for both cases
of single stand-alone agents and multi-agent networks. We start with single-agent learning
and establish some revealing conclusions about how fast and how well the agent is able to

learn. Extension of the results to the multi-agent case will require additional effort due to the
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coupling that exists among neighboring agents, and is pursued in a future section. The same

broad conclusions will continue to hold in this case as well with some proper adjustments.

7.2.2 Stochastic Sub-Gradient Algorithm

To describe the sub-gradient algorithm in the single-agent case, we first recall that the sub-
gradient of a function J(w) at any arbitrary point wy is defined as any vector g € R that
satisfies:

J(w) > J(wy) + g (w—wp), Yw (7.3)

We shall often write g(wy), instead of simply g, in order to emphasize that it is a sub-gradient
vector at location wy. We note that sub-gradients are generally non-unique. Accordingly,
a related concept is that of the sub-differential of J(w) at wy, denoted by 0J(wy). The

sub-differential is defined as the set of all possible sub-gradient vectors at wy:
8 (wo) = {g | J(w) > J(we) + g (w —wp), Vwl. (7.4)

In general, the sub-differential 0.J(wy) is a set and it will collapse to a single point if, and
only if, the cost function is differentiable at wq |136]; in that case, the sub-gradient vector

will coincide with the actual gradient vector at location wy.

Now, referring back to problem (7.1)), the traditional sub-gradient method to minimizing
the risk function J(w) takes the form:

W; = Wi—1 — ,ug(wi,l), 1 Z 0 (75)

where g(w;_;) refers to a sub-gradient vector for J(w) at location w;_;, and g > 0 is a
small step-size parameter. However, in the context of adaptation and learning, we do not
know the exact form of J(w) because the distribution of the data is not known to enable
computation of EQ(w;x). As such, true sub-gradient vectors for J(w) cannot be determined
and they will need to be replaced by stochastic approximations evaluated from streaming
data; examples to this effect are provided in the sequel in the context of support-vector
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machines and LASSO sparse designs. Accordingly, we replace the deterministic iteration

(7.5) by the following stochastic iteration [44,(136,|151}/152]:
w; = w1 — pg(w;_1), (7.6)

where the successive iterates, {w;}, are now random variables (denoted in boldface) and g(-)
represents an approximate sub-gradient vector at location w;_; estimated from data available
at time i. The difference between an actual sub-gradient vector and its approximation is

referred to as gradient noise and is denoted by

A

si(wi—1) = g(wi1) — glwi_y). (7.7)

7.2.3 Examples: SVM and LASSO

To illustrate the construction, we list two examples dealing with support vector machines
(SVM) [138] and the LASSO problem [137]; the latter is also known as the sparse LMS
problem or basis pursuit [9,/153]/154]. We will be using these two problems throughout the

manuscript to illustrate our findings.

Example 1 (SVM problem). The two-class SVM formulation deals with the problem of
determining a separating hyperplane, w € RM_ in order to classify feature vectors, denoted
by h € RM into one of two classes: 4 = +1 or v = —1. The regularized SVM risk function

is of the form:

Fm) A g||w||2+E(max{O,l—’yhTw}), (7.8)

where p > 0 is a regularization parameter. We are generally given a collection of independent
training data, {7(7), h;}, consisting of feature vectors and their class designations and as-

sumed to arise from joint wide-sense stationary processes. Using this data, the loss function
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at time ¢ is given by
svm N p .
Q@ (wi{y(i), hi}) = S llw]]” + max {0,1 = y(i)h]w} . (7.9)

where the second term on the right-hand side, which is also known as the hinge function,
is non-differentiable at all points w satisfying 1 — 'y(i)hiTw = 0. One choice to approximate
the sub-gradient vector of J*'™(w) is to employ the following instantaneous approximation

(which follows from “differentiating” the loss function ([7.9))):
7" (wi 1) = pwi—y + ()i [y (i)h] w1 <1]. (7.10)
In this expression, the indicator function I]a] is defined as follows:

1, if statement a is true
0, otherwise

It then follows that the gradient noise process in the SVM formulation is given by

s (wi—q) = V(i)hiH[V(i)hIwi—1 <1]—-E~h ]I[’YhTwz‘—1 <1]. (7.12)

(2

O

Example 2 (LASSO problem). The least-mean-squares LASSO formulation deals with
the problem of estimating a sparse weight vector by minimizing a risk function of the form

[155L[156] {1

asso Al
Jeo(w) = §E||’Y—hTw||2+5||w||1, (7.13)

where 6 > 0 is a regularization parameter and ||wl||; denotes the ¢;—norm of w. In this
problem formulation, the variable v now plays the role of a desired signal, while h plays the

role of a regression vector. It is assumed that the data are zero-mean wide-sense stationary

!Traditionally, LASSO refers to minimize a deterministic cost function, like ||y — Az ||? 4+ \||x||;. However,
since here we are more interested in stochastic version, we only consider the case like 1'
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with second-order moments denoted by
rw, = Ehy, R, £ Ehh". (7.14)
It is generally assumed that {7, h} satisfy a linear regression model of the form:
v=h"w’+mn, (7.15)

where w® € RM is the desired unknown sparse vector, and n refers to an additive zero-mean
noise component with finite variance o2 and independent of h. If we multiply both sides
of by h from the left and compute expectations, we find that w? satisfies the normal
equations:

Thy = Rhwo. (716)

We are again given a collection of independent training data, {~(i), h;}, consisting of regres-
sion vectors and their noisy measured signals. Using this data, the loss function at time 7 is
given by

Qo (w: (i) ha}) = (7(5) ~ hTw)” + Sl (717)

where the second term on the right-hand side is again non-differentiable. One choice for
the approximate sub-gradient vector of J'%**°(w) is to employ the following instantaneous

approximation (which follows from “differentiating” the loss function ([7.17)):

glasso(wiil) — —hz(7<2) — h;rwifl) +6- Sgn('LUifl)

= — hzh;r(w" — wi_1)+5 . sgn('wl_l)—hzn(z), (718)
where the notation sgn(a), for a scalar a, refers to the sign function:

+1, a>0
sgnla] = . (7.19)
—1, otherwise

When applied to a vector a, as is the case in ([7.18]), the sgn function is a vector consisting
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of the signs of the individual entries of a. It then follows that the gradient noise process in
the LASSO formulation is given by

819550 (w,_1) = (R, — hsh} )(w® — w;_1) — hyn(i). (7.20)

2

7.3 Modeling Conditions

In order to examine the performance of the stochastic sub-gradient implementation for
single-agent adaptation and learning, and later for multi-agent networks, it is necessary to
introduce some assumptions on the gradient noise process. We diverge here from assump-
tions that are commonly used in the literature for two reasons. First, we introduce weaker
assumptions than usually adopted in prior works and, secondly and more importantly, we
show that our assumptions are automatically satisfied by important cases of interest (such as
SVM and LASSO). In contrast, these applications do not satisfy the traditional assumptions
used in the literature and, therefore, conclusions derived based on these earlier assumptions
are not directly applicable to SVM and LASSO problems. We clarify these remarks in the

sequel.

Recall from that w* denotes the global minimizer that we are seeking. The first set
of conditions on the gradient noise process below essentially require that the construction of
the approximate sub-gradient vector should not introduce bias and that its error variance
should decrease as the quality of the iterate approaches the optimal solution, w*. Both
of these conditions are sensible and, moreover, they will be shown to be satisfied by, for
example, SVM and LASSO constructions. More formally, we require the gradient noise

process to satisfy the following two conditions.

Assumption 7.1 (Conditions on gradient noise) The first and second-order conditional

192



moments of the gradient noise process satisfy the following conditions:

E[si(wi,l)]]:i,l] = O, (721)

E[[lsi(wi-)|*| Fia] < Bllw* —wia|* + 02, (7.22)

for some constants 32> > 0 and 0% > 0, and where the notation F;_; denotes the filtration

(collection) corresponding to all past iterates:
Fio1 = filtration by {w;, j <i—1}. (7.23)

Assumption 7.2 (Strongly-convex risk function) The risk function is assumed to be

n—strongly-convex (or, simply, strongly-convex), i.e., there exists an n > 0 such that
J(Ow + (1 — 0)ws) < 0J(wy) + (1 — 0)J(ws) — 39(1 — )]s — walf?, (7.24)
for any 0 € [0,1], wy, and we. The above condition is equivalent to requiring [17):
J(wr) > J(ws) + g(ws) T (wy — wy) + g||w1 — wl|. (7.25)

Under this condition, the minimizer w* exists and is unique. [ |

Assumption is relatively rare in works on non-differentiable function optimization be-
cause it is customary for these works to focus on studying piece-wise linear risks; these are
important examples of non-smooth functions but they do not satisfy the strong-convexity
condition. In our case, strong-convexity is not a restriction because in the context of adapta-
tion and learning, it is common for the risk functions to include a regularization term, which

generally helps ensure strong-convexity.

Assumption 7.3 (Sub-gradient is Affine-Lipschitz) [t is assumed that the sub-gradient

of the risk function, J(w), is affine Lipschitz, which means that there exist constants ¢ > 0
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and d > 0 such that
lg(wr) = g(wa)l| < ellwr —ws +d, Ve, w,, (7.26)
and for any choice g(-) € 0J(w). |

More critically, though, it is customary in the literature to use in place of Assumption
a more restrictive condition that requires the sub-gradient to be bounded [22,44,/58|/147,/149],
ie.,

lg(w)| < di, Vw, g € 9J(w). (7.27)

which is also equivalent to assuming the risk function is Lipschitz:
[ (w1) = J(wo)|| < daf[wr —wall,  Vewi,wy (7.28)

Such a requirement does not even hold for quadratic risk functions, J(w), whose gradient
vectors are affine in w and, therefore, grow unbounded! Even more, it can be easily seen that
requirement ([7.27)) is always conflicted with the strong-convexity assumption. For example,

if we set wy, = w and wy = w* in ([7.25)), we would obtain:

J(w) > J () + 2w — |, (7.29)
Likewise, if we instead set w; = w* and we = w in ([7.25)), we would obtain:
J (") 2 Jw) + glw) (" —w) + I lw —w|”. (7.30)

Adding relations ([7.29)—(7.30|) we arrive at the so-called strong monotonicity property:

g(w) (w—w*) > nllw—w?, (7.31)
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which implies, in view of the Cauchy-Schwarz inequality, that
lg(w)[| = nllw — w*]]. (7.32)

In other words, the strong-convexity condition ([7.25)) implies that the sub-gradient satisfies
(7.32); and this condition is in clear conflict with the bounded requirement in ([7.27)).

One way to circumvent this problem is to restrict the domain of J(w) to some bounded
convex set, say, w € W, in order to bound its sub-gradient vectors, and then employ a
projection-based sub-gradient method (i.e., one in which each iteration is followed by pro-
jecting w; onto W). However, this approach has at least three difficulties. First, the un-
constrained problem is transformed into a more demanding constrained problem involving
an extra projection step. Second, the projection step may not be straightforward to carry
out unless the set W is simple enough. Third, the bound that results on the sub-gradient
vectors by limiting w to W can be very loose, which will be dependent on the diameter of

convex set W.
For these reasons, we do not rely on the restrictive condition ([7.27)) and introduce instead
the more relaxed affine-Lipschitz condition (7.26]). This condition is weaker than (7.27]).

Indeed, it can be verified that ((7.27) implies ([7.26|) but not the other way around. To see
this, assume ([7.27)) holds. Then, using the triangle inequality of norms we have

lg(wi) = glwa)|l - < [lg(wi)ll + llg(ws)]]

< d + dy

which is a special case of ([7.26) with ¢ = 0 and d = 2d;. We now verify that important
problems of interest satisfy Assumption but not the traditional condition (|7.27)).

Example 3 (SVM problem). We revisit the SVM formulation from Example 1. The risk

function ([7.8) is strongly convex due to the presence of the quadratic regularization term,
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2||wl|?, and since the hinge function E max{0, 1 —yhTw} is convex. The zero-mean property
of the gradient noise process is obvious in this case. With respect to the variance condition,

we note that

E[|s;"" (w;—1)|]*|Fic] = ER] R X[y (i)h wi_y < 1] — [[EvhI[vhTw, < 1]
<Eh,h;I[~v(i)hw;_; <1]
<Eh/h;

= Te(Ry), (7.34)

so that Assumption is satisfied with 8% = 0 and 0? = Tr(R,). Let us now verify

Assumption [7.3] For that purpose, we first note that:

g™ (w1) — g™ (w2) || < pllwr — wol| + [EvhI[yh wi < 1|+ [[EvhI[yhTw, < 1]].

(7.35)
Additionally, we have
T 2 (a) T 2
|[EvhI[yh'w < 1]||” < E||vhI[yh'w < 1]||
=EhR"hI[yh"w < 1]
where step (a) uses Jensen’s inequality |46]. Substituting into ((7.35]) gives
g™ (w1) — g™ (wa) || < pllws — wal| + 2[Te(Ry)]"2, (7.37)
which is of the same form as ((7.26)) with parameters ¢ = p and d = 2[Tr(R},)]"/2. O

Example 4 (LASSO problem). We revisit the LASSO formulation from Example 2.
Under the condition that Rj, > 0, the risk function ([7.13)) is again strongly-convex because
the quadratic term, 1E ||y — hTw||?, is strongly convex and the regularization term, é|jw||,, is

convex. With regards to the gradient noise process, it was already shown in Eq. (3.22) in |11]
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that a gradient noise process of the form ([7.20)) is zero-mean and its conditional variance

satisfies:

E {51 (w;-1)|]*|Fi-1] < al|w® — w;1|]* + o2 Tr(Ry)

< 2aljw* — w1 ||* + 02 Tr(Ry,) + 2a|w® — w*||?, (7.38)

where a = 2E||R;, — h;h||>. Tt follows that Assumption [7.1]is satisfied with 5% = 2a and
0% = o2Tr(Ry) + 2alw® — w*||>. Let us now verify Assumption [7.3] For that purpose, we
first note that:

lg"**¢ (w1) — g"****(ws) || = || Rpwi — Ruws + 8(sgn(ws) — sgn(ws))]]
< [1Bal[lJwy = wo| + 25]|1]

= || Rullllwy — wa| + 2602, (7.39)

where 1 is the column vector with all its entries equal to one. We again arrive at a relation

of the same form as ((7.26) with parameters c = || R,|| and d = 26 M'/2. O

7.4 Performance Analysis: Single Agent Case

We now carry out a detailed mean-square-error analysis of the stability and performance of
the stochastic sub-gradient recursion ([7.6)) in the presence of gradient noise and for constant

step-size adaptation.

7.4.1 Continuous Adaptation

Since the step-size is assumed to remain constant, the effect of gradient noise is continually
present and does not die out, as would occur if we were using instead a diminishing step-size,
say, of the form u(i) = 7/i. Such diminishing step-sizes annihilate the gradient noise term
asymptotically albeit at the expense of turning off adaptation in the long run. In that case,

the learning algorithm will lose its tracking ability. In contrast, a constant step-size keeps
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adaptation alive and endows the learning algorithm with a tracking mechanism and, as the
analysis will show, enables convergence towards the steady-state regime at an exponential

rate, O(a'), for some a € (0, 1).

7.4.2 A Useful Bound

In preparation for the analysis, we first conclude from ([7.26) that the following useful con-

dition also holds, involving squared-norms as opposed to the actual norms:
llg(wr) — g(wo)|* < €||wi — wal* + f2 Ywi,wa, g € dJ, (7.40)
for some nonnegative constants, €2, f2. Indeed, if we square both sides of ((7.26) we get

lg(w1) — g(ws)||> < Allwy — wsl|” + 2cd||wy — wo| +

(@) 2
< (62 + %l) |wy — wal|* + d* + 2cdR, (7.41)

where the constant R is any positive number that we are free to choose, and step (a) is

because
R, if ||wy —ws| < R
[w1 — wal| < : (7.42)
lwi —ws|[*/R, if [lwr —ws| > R
It follows that the constants {e?, f?} in (7.40) can be taken as
2cd
e 2 24 % >0 (7.43)
2 2 @42dR>0. (7.44)

There is a second easier derivation for a bound of the form ([7.40) without the need to
introduce the parameter R but it generally leads to a looser bound. For example, observe

that by squaring and appealing to Jensen’s inequality we get:

lotwn) — gl < (clwy —wsl] + ) (7.45)
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< 2% |wy — wy)* + 2d°. (7.46)
In this case, we would select e? = 2¢? and f? = 2d*. We continue with (7.41]).

7.4.3 Stability and Convergence

We are now ready to establish the following important conclusion regarding the stability and
performance of the stochastic sub-gradient algorithm ; the conclusion indicates that the
algorithm is stable and converges exponentially fast for sufficiently small step-sizes. But first,
we explain our notation and the definition of a “best” iterate, denoted by wP*** [136]. This
variable is useful in the context of sub-gradient implementations because it is known that
(negative) sub-gradient directions do not necessarily correspond to real descent directions

(as is the case with actual gradient vectors for differentiable functions).

At every iteration i, the risk value that corresponds to the iterate w; is J(w;). This value
is obviously a random variable due to the randomness in the data used to run the algorithm.
We denote the mean risk value by E J(w;). The next theorem examines how fast and how

close this mean value approaches the optimal value, J(w*). To do so, the statement in the

theorem relies on the best pocket iterate, denoted by wP*s!, and which is defined as follows.
At any iteration ¢, the value that is saved in this pocket variable is the iterate, w;, that has

generated the smallest mean risk value up to that point in time, i.e.,
best é :
w; = argmin E J(w;). (7.47)
0<j<¢

The statement below then proves that E.J(wP*!) approaches a small neighborhood of size

O(p) around J(w*) exponentially fast:

lim E J(wP®) < J(w*) + O(p), (7.48)

h 2
1— 00

where the big-O notation O(u) means in the order of p.

Theorem 7.1 (Single agent performance) Consider using the stochastic sub-gradient
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algorithm (@ to seek the unique minimizer, w*, of the optimization problem , where
the risk function, J(w), is assumed to satisfy Assumptions . If the step-size param-

eter satisfies (i.e., if it is small enough):

n
—_r 7.49
n < 2 BQ, ( )
then it holds that
EJ(w!") — J(w*) < f-aiEH'wo—w*Her,u(f2+02)/2, Vi (7.50)

That is the convergence of E J(w?b*') towards the O(u)—neighborhood around J(w*) occurs

at linear rate, O('), dictated by the parameter

A

a = 1—pn+p*e+ %) =1-0(n) (7.51)

Condition ensures o € (0,1). In the limit:

lim EJ(w!*") — J(w*) < p(f+0%)/2. (7.52)

1—00 v
That is, for large i, EJ(w?) is approzimately u(f? + o?)/2-suboptimal.

Proof: We introduce the error vector, w; = w*—w;, and use it to deduce from ([7.6])—(7.7)

the following error recursion:
{bi = ’lfIJifl -+ ,ug(’wz,l) —+ usi('wi,l). (753)
Squaring both sides and computing the conditional expectation we obtain:

]E[”ﬂ’lHQ | ‘7:2'—1] = E[ ||ﬁ7i—1 + ,ug(wi—l) + ,Usi(’wi_l)HQ ’ fi_1] (754)
(@) |~
= i1 + pg(wia)[|* + p?Elsi(wi1) [P | Fia ]
= |l |* + 2ug(wi 1) @i+ g2 g(wi )|+ B ]| si(wi)[* ] Fia ]
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In step (a), we eliminated the cross term because, conditioned on F;_;, the gradient noise

process has zero-mean. Now, from the strong convexity condition ([7.25)), it holds that
TS, * M~ 2
g(wi1) Wiy < J(w") = J(wir) = [l (7.55)
Substituting into ([7.54]) gives

N N ) n.
B2 Fi-1) < i ]2+ 20 () = J(wior) = 2 5] +
12 lg(wi)I? + p*E [||si(wi )1 | Fia ] (7.56)
Referring to (7.40), if we set w; = w;_1, wy = w*, and use the fact that g(w*) = 0, we

obtain:

lg(wi)|* < el |* + f*. (7.57)

Substituting into ([7.56)), we get
E{l|w:|* | Fi-1]

< (L= + 2| @i [|* + 200 (w”) = 2uT (wi1) + 12 f2 + WPE [[|si(wiz)[|* | Fizt]

. x
< (L= + p* (e + BEDNiaal* + 20T (w*) — 20 (wia) + p* f* + pPo™. (7.58)

Taking expectation again we eliminate the conditioning on J;_; and arrive at:

(BT (w,1) — J(w") < (1= i+ (& + BP)E @i | — E [ @ + 12 + ). (7.59)

To proceed, we simplify the notation and introduce the scalars

ali) 2 EJ(wii)— J(w") (7.60)
b(i) = Bl (7.61)
a 21—+ pdE+ 52 (7.62)

201



2 A p (7.63)
Note that since w* is the unique global minimizer of J(w), then it holds that J(w;_1) > J(w*)

so that a(i) > 0 for all i. The variable a(i) represents the average excess risk. Now, we can

rewrite ((7.59)) more compactly as
2ua(i) < ab(i — 1) — b(i) + p72. (7.64)

Iterating over 0 < i < L, gives

ZO&L_i(Q/La(Z') —127?) < aF (1) = b(L) < aFTh(—1). (7.65)

=0
Let us verify that a € (0,1). First, observe from expression (7.62) for o that a(u) is a

quadratic function in g. This function attains its minimum at location u® = n/(2¢? + 232).

For any pu, the value of a(u) is larger than the minimum value of the function at u°, i.e., it

holds that

2

Ui
>1— ————.
e )

Now, comparing relations ([7.32)) and (7.26]), we find that the sub-gradient vector satisfies:

(7.66)

njw —w*| < Jlgw)l| < cllw —w*|[ +d, Vw, (7.67)

which implies that n < ¢ since the above inequality must hold for all w. It then follows from
(7.43)) that e? > n? and from ((7.66) that

772

Ui

In other words, the parameter « is positive. Furthermore, some straightforward algebra using
(7.62)) shows that condition (7.49) implies @ < 1. We therefore established that a € (0,1),

as desired.

Returning to ([7.64), we note that because the (negative) sub-gradient direction is not
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necessarily a descent direction, we cannot ensure that a(i) < a(i —1). However, we can still
arrive at a useful conclusion by introducing a pocket variable, denoted by a**(L) > 0. This

variable saves the value of the smallest increment, a(j), up to time L, i.e.,

a®* (L) 2 min a(i) . (7.69)

0<i<L

Let further w®*s! denote the corresponding iterate w; where this best value is achieved.

Replacing a(i) by a®**(L) in ((7.65) gives

(2Mab65t(L) _ /1’27_2) < aL+1b(—1) (Z aL—i)

i=0
L+1\ 1
— oty (2
arn-n) (2 )
af (1 — )
or, equivalently,
o 04L+1(1 —
Qﬂ(lb t(L) S ,u27‘2 + b(—l) . Tlﬂrl) (771)
Plugging the definition of a”**'(L) and b(—1), we will arrive at
EJ(whe) — J(w') < o~ =YD Rl | w24 (4 022 (7.72)
T 2p(l = ot
Taking the limit as L. — oo, we conclude that
Jim EJ(wh") — J(w*) < pr?/2 = p(f* + o?)/2. (7.73)
—00
|

Remark #1: It is important to note that result (50) extends and enhances a useful result

derived by [149] where the following lower bound was established (using our notation):

EJ(w;) — J(w*) > = [Elw_y — w*|]?] (7.74)



for some constant ¢; > 0. This result shows that the convergence of J(w;) towards J(w*)
cannot be better than a linear rate when one desires convergence towards the exact minimum

value. In contrast, our analysis that led to (50) establishes the following upper bound:
EJ(w;) — J(w*) < ¢’ [ElJw_y — w*|*] + O(n) (7.75)

for some constant ¢ > 0. Observe that this expression is showing that J(w;) can actually
approach a small O(u)—neighborhood around J(w;) ezponentially fast at a rate that is
dictated by the scalar 0 < a < 1. It is clear that the two results and on the
convergence rate do not contradict each other. On the contrary, they provide complementary
views on the convergence behavior (from below and from above). Still, it is useful to remark
that the analysis employed by Agarwal and Bartlett (2012) imposes a stronger condition on
the risk function than our condition: they require the risk function to be Lipschitz continuous.
In comparison, we require the subgradient (and not the risk function) to be affine Lipschitz,

which makes the current results applicable to a borader class of problems.

Remark #2: We can similarly comment on how our result ((7.50) relates to the useful results
that appear in [157]. Using our notation, the main conclusion that follows from propositions

3.2 and 3.3 is that

G2

0

E.J(w}™) - J(u") <

1

E|lw_y — w*||* + O(n) (7.76)

for some constant (5 > 0. This result only ensures a sub-linear rate of convergence. In
contrast, our convergence analysis leads to the following result

EJ(w) — J(w*) < ¢’ [Efw_y —w[IP] + O(n) (7.77)

7

for some scalar 0 < o < 1, which shows that convergence actually occurs at a linear rate. This
conclusion is clearly more powerful. Furthermore, as was the case with the treatment in [149],

the result ((7.76) is derived in [157] by assuming the sub-gradient vectors are bounded, which
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is a stronger condition than the affine Lipschitz condition used in the current manuscript. Wl

The above theorem only clarifies the performance of the best pocket value, which is not
readily available during the algorithm implementation since the risk function itself cannot
be evaluated. That is, J(w;) cannot be computed because J(w) is not known due to the
lack of knowledge about the probability distribution of the data. However, a more practical
conclusion can be deduced from the statement of the theorem as follows. Introduce the

geometric sum:
L L+1

S 2y ot = (7.78)

11—«
as well as the normalized and convex-combination coefficients:

A abd

TL(j) ]:O’ ]‘7"'7L' (7-79)

Using these coefficients, we define the weighted iterate

1
J— S_ [aL'wo + aLil’wl + ... +awr_1 + wL} . (78())

g

=
1>
Ing

-
g

Observe that, in contrast to w?*s!, the above weighted iterate is computable since its value

depends on the successive iterates {w,} and these are available during the operation of the

algorithm. Observe further that wy, satisfies the recursive construction:
ﬁ)L = <1— —) ’IDL,1 + —wy. (781)

In particular, as L — oo, we have S;, — 1/(1 — «), and the above recursion simplifies in the
limit to

ﬂ)L = Oéﬁ]L_l + (1—a)wL. (782)

Now, since J(-) is a convex function, it holds that

J(wy) = J(ZUU)“’J) < ZTL(j)J(wj)' (7.83)

J=0 J=0
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Using this fact, the following corollary derives a result similar to (7.52)) albeit applied to wy,.

Corollary 7.1 (Weighted iterate) Under the same conditions as in Theorem it holds
that
lim EJ(w) — J(w*) < u(f*+0?)/2, (7.84)

L—o0

and the convergence of EJ(wy) towards J(w*) continues to occur at the same exponential

rate, O(a*).

Proof: We start from ([7.65]), namely,

Z o QUE J(w;) — 2pd (w*) — p?7?) < o (1), (7.85)

and divide both sides by the same sum:
L L—i QL+l
2uE J(w;) — 2uJ (w*) — 1?7%) < | =——— | b(—1), 7.86
L L
i=0 ijo ar™

which gives

> r(i)(2uE J(w;) — 2p] (w*)) < Mb(—l) + (7.87)

1 — oL+t
=0
Appealing to the convexity property (7.83) we conclude that

aF (1 — )

2u(E J(wy) — 2pJ (w)) < T b(—1) + pr* (7.88)

Taking the limit as L — oo leads to ((7.84]). |

Using « as a scaling weight in ([7.80|) may still be inconvenient because its value needs to
be determined. The analysis however suggests that we may replace o by any parameter s

satisfying o < k < 1. The parameter x plays a role similar to the step-size, y: both become
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parameters selected by the designer. Next, we introduce the new weighted variable:

L
_ A .
w, =) r(i)w;, (7.89)
j=0
where now
v (j) =k"7/S,, j=0,1,... L, (7.90)
and ;
Sp=> k. (7.91)
§=0

Corollary 7.2 (Relaxed Weighted iterate) Under the same conditions as in Theorem[7.]]
and a < K < 1, relation continues to hold with wy, replaced by w’ . Moreover, con-

vergence now occurs at the exponential rate O(k").

Proof: The argument requires some modification relative to what we have done before. We

start from ([7.64) again:
2ua(i) < ab(i — 1) — b(i) + pr2 (7.92)

But unlike the previous derivation in ([7.65), now we use k to expand the recursion from

iteration 7 = 0 to L:

L

EL:,{L ua(i) — pr?) < Z/{L_i(ab(i —1) —b(i))

=0
L-1 L
= D wFab(i) = ) RMTb)
1=0

i=—1

= i KT @ — K)b() + KETB(—1) — b(L)

i=—1

KETB(—1), (7.93)

IA

where in the last inequality we used the fact that k > «. We can now proceed from here

and complete the argument as before. [
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Corollary 7.3 (Mean-Square-Deivation Performance) Under the same conditions as

in Theorem [7.1] and o < K < 1. It holds that
Jim B |@), — wl* < u(f*+0%)/n (7.94)
—00

Moreover, convergence to the steady-state regime occurs at the exponential rate O(k%).
Proof: Referring to equation ([7.29)), we get

2

Ell@; —w*|* < = (EJ(@]) — J(w")) (7.95)
n
Combining with the corollary [7.2] we arrive at (7.94)). [ |

It is interesting to compare result with what happens in the case of differentiable
risk functions. In that case, the standard stochastic gradient algorithm, using the actual
gradient vector rather than sub-gradients, can be employed to seek the minimizer, w*. It was
established in |11, Ch. 4] that for risk functions that are twice-differentiable, the stochastic
gradient algorithm guarantees

lim EJ(w;) — J(w*) = %02, (7.96)

L—oo

where the right-hand side is dependent on o2 alone; this factor arises from the bound ((7.22)
on the gradient noise process. In contrast, in the non-smooth case ([7.84)), we established
here a similar bound that is still in the order of O(u). However, the size of the bound is not

2 anymore but it also includes the factor f?; this latter factor arises

solely dependent on o
from condition on the sub-gradient vectors. That is, there is some minor degradation
(since p is small) that arises from the non-smoothness of the risk function. If we set f =0
in , we recover ([7.96) up to a scaling factor of 2. Although the bound in this case is
still O(p), as desired, the reason why it is not as tight as the bound derived in the smooth
case in [11] is because the derivation in the current paper is not requiring the risk function

to be twice differentiable, as was the case in [11], and we are also discarding the term b(L)

in equation ([7.65]). The important conclusion to note is that the right-hand side of ((7.84)) is
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also O(u), as in the smooth case (7.96)).

7.4.4 Interpretation of Results

The results derived in this section highlight several important facts that we would like to

summarize:

(1)

First, it has been observed in the optimization literature that sub-gradient descent
iterations can perform poorly in deterministic problems (where J(w) is known). Their
convergence rate is O(1/+/7) under convexity and O(1/i) under strong-convexity [136]
when decaying step-sizes, p(i) = 1/i, are used to ensure convergence [60]. Our argu-
ments show that the situation is different in the context of stochastic optimization when
true sub-gradients are approximated from streaming data. By using constant step-sizes
to enable continuous learning and adaptation, the sub-gradient iteration is now able

to achieve exponential convergence at the rate of O(a') for some oo = 1 — O(p).

Second, of course, this substantial improvement in convergence rate comes at a cost,
but one that is acceptable and controllable. Specifically, we cannot guarantee conver-
gence of the algorithm to the global minimum value, J(w*), anymore but can instead
approach this optimal value with high accuracy in the order of O(u), where the size of

w4 is under the designer’s control and can be selected as small as desired.

Third, this performance level is sufficient in most cases of interest because, in practice,
one rarely has an infinite amount of data and, moreover, the data is often subject
to distortions not captured by any assumed models. It is increasingly recognized in
the literature that it is not always necessary to ensure exact convergence towards the
optimal solution, w*, or the minimum value, J(w*), because these optimal values may
not reflect accurately the true state due to modeling error. For example, it is explained
in the works [18}19,144] that it is generally unnecessary to reduce the error measures

below the statistical error level that is present in the data.
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7.5 Applications: Single Agent Case

We now apply the results of the previous analysis to several cases in order to illustrate that

stochastic sub-gradient constructions can indeed lead to good performance.

Example 5 (LASSO problem). For the LASSO problem, we choose R = 0.5 so that

f2=d"+ cd = 46°M + 26 M= (7.97)
It then follows that
Jim E T (wy) = J0 () < p(26°M +6M3) + Lol Tr(Ry), (7.98)
—00

In order to verify this result, we run a simulation with ¢ = 0.001, 6 = 0.002, and M = 100.
Only two entries in w® are assumed to be nonzero. The regression vectors and noise process
{h;,n(i)} are both generated according to zero-mean normal distributions with variances
Ry, = I and o2 = 0.01, respectively. From the optimality condition, 0 € 9J(w*), it is easy
to conclude that [158]

w* = Ss(w’), (7.99)

where the symbol S5 represents the soft-thresholding function with parameter 4, i.e.,
Ss(x) = sgn(z) - max{0, |z| — 0}. (7.100)

Figure [7.1| plots the evolution of the excess-risk curve, E J'%%%(wp ) — J%**°(w*), obtained by
averaging over 50 experiments. The figure compares the performance of the standard LMS

solution:

against the sparse sub-gradient version [153}/159,(160]:

w; = w;_1 + phi(y(i) — h;r'wi,l) — pd - sgn(w;_q). (7.102)
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It is observed that the stochastic sub-gradient implementation satisfies the bound predicted

by theory.
LASSO Problem
0 : ;
-@-LMS
_50 —l- Sparse LMS |
- - -Upper Bound
— , \ .
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Figure 7.1: LASSO problem. The excess-risk curves, i.e. (E J(wy) — J(w*)), for LMS and
for LASSO-LMS are obtained by averaging over 50 experiments.

O
Example 6 (SVM problem). For the SVM problem, we again select R = 0.5 and conclude
that
lim E J (@) — J¥" (w) < g <5Tr(Rh) + 2p(Tr(Rh))%> . (7.103)

L—oo

Actually, for the SVM construction, we can obtain a tighter upper bound than the one
provided by Corollary [7.1} this is because we can exploit the special structure of the SVM

cost to arrive at

lim E J*"(wy) — J*"(w*) < p(p?||w*]|* + p + Tr(Ry)/2), (7.104)

L—oo

with convergence rate a = 1 — 2up + p?p?. The proof is provided in Appendix . We
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compare the performance of the stochastic sub-gradient SVM implementation:

)
w; = (1= pp)wi—y — py (D) hI[y (i) A w;y < 1]
Si=(1=2pp+p?p*)Sia +1 (7.105)

_ 1 1\ _ . 1
w; = — = | W,;— —w;
( Si) s

(with all variables initiate at zero) against LIBSVM (a popular SVM solver that uses dual
quadratic programming) [6]. The test data is obtained from the LIBSVM websiteﬂ and also

from the UCI datasetﬂ. We first use the Adult dataset after preprocessing [104] with 11,220
training data and 21,341 testing data in 123 feature dimensions. To ensure a fair comparison,
we use linear LIBSVM with the exact same parameters as the sub-gradient method. Hence,
we choose C' = 5 x 10? for LIBSVM, which corresponds to p = % =2 x 1073. We also set

w = 0.05.
SVM problem(adult data set)

- LIBSVM
-@- Sub—gradient . .

_____

|
> |
& |
5 1
Q I
Q I
< 1
1
85¢ |

50l —l- -0 : |
1
801 1!

401 ‘ ‘ ‘ h R

4800 5200 5600
30 L L L L L L
0 1000 2000 3000 4000 5000 6000
Number of iterations

Figure 7.2: SVM solvers applied to the Adult data set. Comparison of the performance
accuracy, percentage of correct prediction over test dataset, for LIBSVM [6] and a stochastic

sub-gradient implementation ([7.105]).

Zhttp://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html

3http://archive.ics.uci.edu/ml/
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We can see from Fig. that the stochastic sub-gradient algorithm is able converge to
the performance of LIBSVM quickly. Since we only use each data point once, and since
each iteration is computationally simpler, the sub-gradient implementation ends up being
computationally more efficient. We also examine the performance of the sub-gradient SVM
solver on another large-scale dataset, namely, the Reuters Corpus Volume I (RCV1) data
with 20242 training data and 253843 testing data consisting of 47236 feature dimensions.
The chosen parameters are C' = 1 x 10°, u = 0.2. The performance is shown in Fig. [7.3]

SVM problem(RCV1 data set)

100 T T L —
9 _______
, 1
gol | [-A-LBsSVM ,’ H
—— Sub—gradient |
- | | |~@LIBSVM (best) '
g 70 > |
3 100 '
& 60 .
9 —
50 [
A
90 ]
40 b
1.6 1.7 1.8 1.9 2
4
30 Il Il Il X 10 Il
0 05 1 1.5 2
Number of iterations x 10*

Figure 7.3:  SVM solvers applied to the RCV1 data set. Comparison of the performance
accuracy, percentage of correct prediction over test dataset, for LIBSVM [6] and a stochastic
sub-gradient implementation . The blue line for LIBSVM is generated by using the
same parameters as the sub-gradient implementation, while the black line is determined by
using cross validation. The difference between both lines is because LIBSVM achieves higher
accuracy when setting p to a large value, say, around the value of one. In comparison, from
(7.104]) we know that sub-gradient methods need a small p to achieve higher accuracy.

O

Example 7 (Image denoising problem). We next illustrate how the stochastic sub-
gradient implementation can match the performance of some sophisticated techniques for
image denoising, such as the FISTA algorithm. This latter technique solves the denoising

problem by relying on the use of proximal projections and acceleration methods applied to
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a dual problem [7,/161].

One classical formulation for the image denoising problem with total-variation regular-
ization involves seeking an image (or matrix) that minimizes the following deterministic
cost [140]:

min |~ Lo [+ A~ TV(D), (7.106)

where A > 0 is a regularization factor. Moreover, the term Z denotes some rectangular or
square image that we wish to recover, say, of size N x N, and Z,, refers to the available

noisy measurement of the true image:
Tooisy = I° + noise, (7.107)

where the noise term refers to a zero-mean perturbation. The notation || - || denotes the
Frobenious norm of its matrix argument, and the operation TV (-) stands for a total-variation

computation, which is defined as follows{]]
TV(Z) 2 Y [Z(m,n) — Z(m+ 1,0)| + [Z(m,n) — Z(m,n + 1)|. (7.108)

The total variation term essentially encourages the difference between the image and some
of its shifted versions to remain nearly sparse. We may also formulate a stochastic version

of the denoising problem by considering instead:
1
min SE IZ — Zooisyll3 + X - TV(Z), (7.109)

where the expectation is now over the randomness in the noise used to generate the noisy
image (here we only consider the synthesis case). The sub-gradient of the Total Variation
term is straightforward to compute. For illustration purposes, we evaluate the sub-gradient

at some arbitrary point (mg, ng). Expanding the summation and separating the terms related

4Here, we only consider the discrete ¢1-based anisotropic TV and neglect the boundary modification.
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to point (mg, ng), we obtain:

TV(Z) = [Z(mo,no) — Z(mo + 1,m0)| + [Z(mo, no) — Z(mo,mo + 1)| +

1 Z(mo — 1,n0) — Z(mo, no)| + |Z(mo, no — 1) — Z(mo, no)| + rest,(7.110)

where the rest variable refers to terms that do not contain the variable Z(my, ng). Computing
the sub-gradient with respect to Z(mg, ng) will generate four terms with the sign function as
in the LASSO problem. It is then clear that stochastic sub-gradient implementation in this

case is given by:

4
T, =T, 1+ pu (L_l — Tooisy + Y _ A -sgn(Tioy — Ig'_l)) : (7.111)
j=1
where Z; represents the recovered image at iteration i, Z represents shifting the image to
the left by one pixel, while If, If, If represent shifting the image to the right, up, and down
by one pixel, respectively. We observe that recursion ([7.111)) now iterates repeatedly over
the same single image, Z,s,. Accordingly, in this example, the stochastic gradient noise

does not vary over time, i.e.,

Sl(Il) = 71° _Inoisyy V. (7112)

Nevertheless, Assumption still holds; it was not required there that the gradient noise
process cannot be independent of time. Table lists performance results using the Kodak
image suitd’] The table lists two metrics. The first metric is the PSNR defined as

B (255)2
PSNR =10 x log * e (7.113)

where MSE represents the mean-square-error, and the second metric is the execution time.

For a fair comparison, we used similar un-optimized MATLAB codes| under the same com-

Shttp://rOk.us/graphics/kodak/

6Code for FISTA is available at http://iew3.technion.ac.il/~becka/papers/tv_fista.zip.
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| Test Image | kodiml  kodim5 kodim7 kodim8 kodimll kodim14

Sub-gradient || 25.19 25.18 29.43 24.59 27.80 30.32
PSNR(dB) FISTA 24.90 24.87 29.14 24.26 27.59 30.25
Time(s) Sub-gradient 8.88 9.33 8.50 8.46 9.00 8.7

FISTA 9.16 9.78 10.15 8.22 10.24 9.19

Test Image | kodimlb kodiml7 kodiml9 kodim21 kodim23 kodim24

Sub-gradient 30.32 29.38 27.53 27.29 31.68 26.25
PSNR(dB) FISTA 30.25 29.17 27.23 27.03 31.51 25.95
Time(s) Sub-gradient 9.07 9.50 9.60 9.45 9.17 8.88

FISTA 10.13 9.98 9.47 9.62 10.17 8.51

Table 7.1: Comparison between the stochastic sub-gradient method and FISTA [7]
over the KODIM test image set (c.f. footnote 4). All test images are subject to additive
zero-mean Gaussian noise with standard variance 0.1 (with respect to image values in the
range [0,1]). We set A = 0.08, u = 0.002 and 300 max iterations for sub-gradient methods.
For different values of A\ and p, the results will be different, but the algorithms will perform
similarly when g is chosen properly. The results in the table show that the sub-gradient
implementation can, in general, achieve similar or higher PSNR in shorter time.

puter environment. The table shows that the sub-gradient implementation can achieve com-
parable or higher PSNR values in shorter time. Clearly, if we vary the algorithm parameters,
these values will change. However, in general, it was observed in these experiments that the
sub-gradient implementation succeeds in matching the performance of FISTA reasonably

well. 0

7.6 Problem Formulation: Multi-Agent Case

We now extend the previous analysis to multi-agent networks where a collection of agents

cooperate with each other to seek the minimizer of an aggregate cost of the form:

N
min > Ji(w), (7.114)
k=1

where £ refers to the agent index. Each individual risk function continues to be expressed

as the expected value of some loss function:

Jp(w) 2 EQyu(w;x). (7.115)
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True Image Noisy Imag

[T o e

Figure 7.4: Comparison of the performance of FISTA and sub-gradient implementations
on test image Kodim 23 (zoom-in) under low PSNR (13dB). The result of the sub-gradient
implementation is almost indistinguishable from the result of FISTA.

The expectation is over the data at agent k. We continue to assume that the individual
costs satisfy Assumptions and , i.e., each Ji(w) is strongly-convex and its sub-gradient
vectors are affine-Lipschitz with parameters {ny, cx, di}; we are attaching a subscript & to

these parameters to make them agent-dependent (alternatively, if desired, we can replace
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them by agent-independent parameters by using bounds on their values). We further assume
that the individual risks share a common minimizer, w*, which will therefore agree with the
global minimizer for . This scenario corresponds to the important situation in which
the agents have a common objective (or task), namely, that of estimating the same parameter

vector, w*, in a distributed manner through localized interactions and cooperation.

7.6.1 Network Model

Thus, consider a network consisting of N separate agents connected by a topology. As
described in [11,28], we assign a pair of nonnegative weights, {axs, as}, to the edge connecting
any two agents k and £. The scalar ay is used by agent k to scale the data it receives from
agent ¢ and similarly for az,. The network is said to be connected if paths with nonzero
scaling weights can be found linking any two distinct agents in both directions. The network
is said to be strongly—connected if it is connected with at least one self-loop, meaning that
arr > 0 for some agent k. Figure shows one example of a strongly—connected network.
For emphasis in this figure, each edge between two neighboring agents is represented by two
directed arrows. The neighborhood of any agent k is denoted by N and it consists of all
agents that are connected to k by edges; we assume by default that this set includes agent

k regardless of whether agent k& has a self-loop or not.

There are several strategies that the agents can employ to seek the minimizer, w*, in-
cluding consensus and diffusion strategies [11}28,48,58,(162]. In this chapter, we focus on the
latter class since diffusion implementations have been shown to have superior stability and
performance properties over consensus strategies when used in the context of adaptation and
learning from streaming data (i.e., when the step-sizes are set to a constant value as opposed
to a diminishing value) [11,28]/163]. As explained earlier, diminishing step-sizes annihilate the
gradient noise term but disable adaptation and learning in the long run. On the other hand,
constant step-size updates keep adaptation alive, which permits gradient noise to seep into
the operation of the algorithm. The challenge is to show that the dynamics of the algorithm

over the network is such that this noise effect does not degrade performance and that the
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self-loop PRRE TN n?igh(lj:)oLhood
of node k.

Figure 7.5: Agents that are linked by edges can share information. The neighborhood of
agent k is marked by the broken line and consists of the set N, = {6,7,¢,k}.

network will still able to learn the unknown. This kind of analysis has been answered before
in the affirmative for smooth twice-differentiable functions, Ji(w) — see [11,28,102,/146]. In
this chapter, we want to pursue the analysis more generally for possibly non-differentiable
costs in order to encompass important applications (such as SVM learning by multi-agents or
LASSO and sparsity-aware learning by similar agents [164-167]). We also want to pursue the
analysis under the weaker affine-Lipschitz assumption on the sub-gradients than the stronger

conditions used in the prior literature, as we already explained in the earlier sections.

7.6.2 Distributed Strategy

We therefore consider the following diffusion strategy in its adapt-then-combine (ATC) form:

'lpk;i = Wgi-1 — N@\k(wk,i—l)

)

wii =Y apy,

EG./\/']C

(7.116)

Here, the first step involves adaptation by agent k by using a stochastic sub-gradient iter-

ation, while the second step involves aggregation; we assume the gradient noise processes
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across all agents are independent of each other. The entries A = [ay] define a left-stochastic
matrix, namely, the entries of A are non-negative and each of its columns adds up to one.
Since the network is strongly-connected, the combination matrix A will be primitive [11,{168§].
This implies that A will admit a Jordan-decomposition of the form:

Y

A=t 2 [ ]

‘ : (7.117)

with a single eigenvalue at one and all eigenvalues strictly inside the unit circle. The matrix .J,
has a Jordan structure with the ones that would typically appear along its first sub-diagonal
replaced by a small positive number, ¢ > 0. Note that the eigenvectors of A corresponding

to the eigenvalue at one are denoted by
Ap=p, A1 =1. (7.118)

It is further known from the Perron-Frobenius theorem [168] that the entries of p are all

strictly positive and we normalize them to add up to one. We denote the individual entries
of p by {px}:

N
pr>0, Y pr=1 (7.119)
k=1

Furthermore, since V.V."! = I, it holds that

Val=0 Vip=0 V/Vz=1I. (7.120)

7.6.3 Network Performance

We are now ready to establish the following extension of Theorem to the network case.
The result establishes that the distributed strategy is stable and converges exponentially fast
for sufficiently small step-sizes. The statement below is again in terms of a pocket variable,

which we define as follows.

At every iteration 4, the risk value that is attained by iterate wy; is Jx(wy ;). This value
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is a random variable due to the randomness in the streaming data used to run the algorithm.
We denote the mean risk value at agent k by E Ji(wy,;). We again introduce a best pocket
iterate, denoted by wszt. At any iteration 7, the value that is saved in the pocket variable

is the iterate, wy ;, that has generated the smallest mean risk value up to time 7, i.e.,

w‘,fft 2 argmin E Jy(wy ;). (7.121)
0<y5<i

Observe that we now have N pocket values, one for each agent k.

Theorem 7.2 (Network performance) Consider using the stochastic sub-gradient diffu-
sion algorithm to seek the unique minimizer, w*, of the optimization problem ,
where the risk functions, Jy(w), are assumed to satisfy Assumptions with parame-

ters {nk, B2, 0%, €2, f#}. Assume the step-size parameter is sufficiently small (see condition

). Then, it holds that

N N N N
' H
E (Zkak(waft) - Zkak(w*)> < &ay ZPkHUsz,o—W*”JFE > (prf? + pio} + 2pifih)
k=1 k=1 k=1 k=1
(7.122)
for some finite constants h and £. The convergence to steady-state regime occurs at an

exponential rate, O(af]), dictated by the parameter

2

e
ay = max {1 — g+ pPeq + 2B + ,u2hf—2} =1—0(n). (7.123)

Condition further ahead ensures a € (0,1).

Proof: The argument is provided in Appendix [7.B] [

The above theorem clarifies the performance of the network in terms of the best pocket
values across the agents. However, these pocket values are not readily available because
the risk values, Ji(wy;), cannot be evaluated. This is due to the fact that the statistical
properties of the data are not known beforehand. As was the case with the single-agent

scenario, a more practical conclusion can be deduced from the statement of the theorem as
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follows. We again introduce the geometric sum

L+1
q

L
, -«
A 2 : _
SL = 045 p— 1_—%7 (7124)

r(J) o J=01.. L (7.125)

Using these coefficients, we define a weighted iterate at each agent:

Wy, 1,

rL(j)wk,j = — [Oéé’lﬂhO + ...+ QgWg 11 -+ ’LUkjL] s (7126)

St

1>
M-

and observe that wy, 1, satisfies the recursive construction:
'&)k,L = (1 — —) 'a’]g -1 + 5wgr. (7127)

In particular, as L — oo, we have S, — 1/(1 — ay), and the above recursion simplifies in

the limit to

Wy = aqWrr—1 + (1 —ag)wg . (7.128)

Corollary 7.4 (Weighted iterates) Under the same conditions as in Theorem |7.2, it
holds that

N N N
: - * H
nggo E (Zpkjk('wk,L) - Zpkjk(w )> < 5 Z (pkfxz + pioi + 2hpkfk) = O(p),
k=1 k=1 k=1
(7.129)
and convergence continues to occur at the same exponential rate, 0(045). [

Result ([7.129) is an interesting conclusion. However, the statement is in terms of the
averaged iterate wy ;, whose computation requires knowledge of ay,. This latter parameter

is a global information, which is not readily available to all agents. Nevertheless, result
222



(7.129)) motivates the following useful distributed implementation with a similar guaranteed
performance bound. We can replace oy by a design parameter, «, that is no less than «, but

still smaller than one, i.e., o, < k < 1. Next, we introduce the weighted variable:

L
Wiy = ri()wsy, (7.130)
7=0
where
r(j) = k"), §=0,1,... L, (7.131)
and
L
Sp =Y . (7.132)
7=0

Corollary 7.5 (Distributed Weighted iterates) Under the same conditions as in The-
orem and oy < K < 1, relation continues to hold with wy, 1, replaced by wj 1.

Moreover, convergence now occurs at the exponential rate O(k"). n

7.6.4 Interpretation of Results

Examining the bound in ([7.129)), and comparing it with result (7.84) for the single-agent

case, we observe that the topology of the network is now reflected in the bound through the
Perron entries, py. Recall from (7.118)) that the {py} are the entries of the right-eigenvector
of A corresponding to the eigenvalue at one. Moreover, the bound in (|7.129))involves three

terms (rather than only two as in the single-agent case):

(1) pxfZ, which arises from the non-smoothness of the risk function;

(2) pio?, which is due to gradient noise and the approximation of the true sub-gradient

vector;

(3) 2hpgfr, which is an extra term in comparison to the single agent case. We explained

in ([7.168)) that the value of h is related to how far the error at each agent is away from
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the weighted average error across the network. Therefore, the term 2hpy, fi. is induced

by the distributed cooperative strategy.

Additionally, when the risk function happens to be smooth, we have fZ = 0. But we cannot
set R = f, any more. Instead, we can set R to be a small number, say ;2. Relation (7.171))

will then give:

N

Egwi1) @it <> o (Je(w”) = EJu(wni1) = S [n-1]?)
k=1
N
F 2 pe (R By |+ 1) (7.133)
k=1

Hence, we can recover the tighter result:

L—oo

N N N
k=1 k=1 k=1

This bound is similar to the one derived in [11] except for a factor of two (/2 instead of
i/4) since the derivation in the current article does not require the cost functions to be

twice-differentiable.

Example 8 (Multi-agent LASSO problem) We now consider the LASSO problem with
20 agents connected according to Fig.[7.6(left). Each agent has different regression power and
noise level, as illustrated in Fig. [7.6{right). The remaining parameters, including w®, §,  and
M are the same as in Example 5. The parameter h ~ 1.8 is computed from the simulation

directly. Figure. compares several strategies including standard diffusion LMS [11,28[169]

Vi =Wki1 + prh i (v (K, i) — hg,iwk,i—l)

)
Wi = g aembg,i

ZG/\/‘k

(7.135)
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and sparse diffusion LMS [164-167]:

¢k,¢ =Wy ;-1 + th,i(’Y(k’» 2) - h;—,iwk7i—1) — o - sgn(wm_l)
Wg,; = Z CMM/Je,i 7

ZG.N’]C

(7.136)

in the cooperative and non-cooperative modes of operation (in the latter case, the combina-

tion step (7.116)) is absent).
L]

Example 9 (Multi-agent SVM learning) We examine the diffusion sub-gradient SVM

implementation:

,
P = (1 — pp)wy — py(k, )Ry (k, )R] w1 < 1]

Wi, = Z Gek@be,i

£eNs , (7.137)

Ski = KSki—1 + 1

(with all variables initiated at zero) over the Adult dataset again. We distribute 32561
training data over a network consisting of 20 agents. We set p = 0.002 and p = 0.15 for all
agents. From Example 6 and Theorem [7.2] we know that for the multi-agent SVM problem:

a; = max {1—pp+ 2 (h+1)e;} (7.138)

2pd
= max {1—,up+u2(h—|—1) (p%%)}.

We set kK = 1 — 0.9 - pup, which usually guarantees x > «,. Fig. (left) shows that
cooperation among the agents outperforms the non-cooperative solution. Moreover, the
distributed network can almost match the performance of the centralized LIBSVM solution.
We also examined the RCV1 dataset. Here we have 20242 training data points and we

distribute them over 20 agents. We set the parameters to p = 1 x 107° and u = 0.5(for
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limited data). We now use kK = 1 — 0.5 - up since pu is not that small. The result is shown in
Fig. [7.§ (right).
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Figure 7.6: Top: Network topology linking N = 20 agents. Left: Feature and noise variances
across the agents.
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Figure 7.7:  The excess-risk curves (Eq. [7.129) for several strategies. Cooperative LMS refers
the implementation ([7.135)); Cooperative LMS refers the implementation (|7.136f); non-coop
sparse LMS refers (7.105)); and the upper bound comes from ([7.122])

7.7 Conclusion

In summary, we examined the performance of stochastic sub-gradient learning strategies.
We proposed a new affine-Lipschitz condition, which is quite suitable for strongly convex
but non-differentiable cost functions and is applicable to several important cases including
SVM, LASSO, Total-Variation denoising, etc. Under this weaker condition, the analysis
establishes that sub-gradient strategies can attain exponential convergence rates, as opposed
to sub-linear rates. The analysis also established that these strategies can approach the
optimal solution within O(u), for sufficiently small step-size. Both single-agent and multi-

agent scenarios are studied.

7.A Derivation of the Tighter SVM Bound (7.104))

We assumed in the exposition leading to Theorem [7.I]and Corollary [7.1]that the sub-gradient
vectors and the variance of the gradient noise satisfy affine-like forms separately — see ([7.22)
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Figure 7.8: Performance of multi-agent SVM solution for the Adult dataset(Top) and RCV1
dataset(Bottom), where vertical axis measures the percentage of correct prediction over test

dataset.

and ([7.26]). For the case of the SVM problem, a joint bound can be derived as follows. First,

note that

E [[lg™ (wi-1) + si(wi—1) | | Fia ]
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=E [||§wm(wz—1>||2 |7:i—1]

_E [prH + (i) ks Ty (i) w; 1 < 1)) yfi,l}

=p|lwi1|I* + 2pE~(i)h w; oy Ty (i) b wiy < 1] Fig]+
E [v*())hih] Iy ()b wi-y < 1| Fii]

L lw |+ 20+ BRI (DR, < 1) Fiy

< pPPllwi||* + 20 + Te(Ry)

(b) _
< 207 @, ? + 207 |w*]| + 2p + Te(Ry). (7.139)

where in step (a) we used the facts that y%(i) = 1 and
Y(i)h wi Iy ()R w, o < 1| Fiq] <1, (7.140)

while step (b) follows from Jensen’s inequality by adding and subtracting w* to w;_;. We

therefore conclude that
E[[|g™™ (wi—1) + si(wi—1)||” | Fica] < 207w + 20°||w*|| + 2p + Tr(Ry). (7.141)
We now use this result to expand the first line of ((7.54)).

E(|w|* | Fior] = E[[|wi1 + pg™™ (wi1) + psi(w; 1) [|* | Fis ]
= f|lw; 1 ||* + 2ug('wi,1)TfIJi,1 + WPE[|| g™ (wi1) + si(w;1) ||? | Fizi ]
<l |]* + 2pg(wi ) @iy + P (207 | Wi [P + 207 |w* || + 2p + Te(Ry)).
(7.142)

Now following the same steps after (7.55)) , we arrive at the tighter bound ([7.104).
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7.B Proof of theorem [7.2l

Introduce the error vector, wy; = w* —wy;. We collect the iterates and the respective errors

from across the network into block column vectors:

W; col{wl,i, Wy - - ,’UJNJ'} (7143)

W; COl{’l’I)Li, 1’\1/12’2‘, C 7{[)N,i}- (7144)

We also define the extended quantities:

AL Ay (7.145)
Gwi_1) 2 col{gi(wii1),...,gn(wyi1)} (7.146)
Si(Wi—l) é COl{Sl,i(wl,i—l)y RN iji(wNJ_l)}, (7147)

where ® denotes the Kronecker product operation, and sy, ;(wy ;—1) denotes the gradient noise
at agent k. Then, it is straightforward to verify that the network error vector generated by

the diffusion strategy evolves according to the following dynamics:
\7\71' = AT ({/VVZ'_l + ,ug(wi_l) + ,uSi(Wi_1>> . (7148)

Motivated by the treatment of the smooth case in [11,102,[146], we perform a useful change
of variables. Let V. =V, ® Iy and J. = J. ® I;. Multiplying (7.148)) from the left by VGT
gives

V;I—VVZ = ._7€T [V;rlezf1 + ,MVJg(Wifﬂ + ,UVETSZ'(Wifl)} . (7.149)

We introduce the transformed quantities:

T Dw: 1 [
Vi, = PreDw: | 4 | , (7.150)
(Vg @ Iw; | i W,
VTG, = | 7 NIV s | a0ve) (7.151)
6 VEeDGw. 1) | | Gwi) |



VETSi<Wif1) =

Note that the quantities {w;, g(w;_1), 8;(w;_1)} amount to the weighted averages:

N
w; = Zpk’ka,i,
k=1
N
gwi1) = Zpk:gk(wk,i—l)>
k=1

N
5 (wis1) = Z PrSki(Whi1).
k=1

w; Ing | O w;_1 g(wi_1)

Wi 0 |J" Wi_1 G(wi 1)

Consider the top recursion, namely,

W; = W1 + pg(wi-1) + p8i(Wi-1).

Squaring and taking expectations we have

E{||lw;||*| Fiz1] = E[||lwi—1 + pg(wi—1) + usi(wi—1)||* | Fi-1]

)
—
®
N
n
7
-
1>
£nl

(7.152)

(7.153)

(7.154)

(7.155)

(7.156)

(7.157)

= [l ||* + 2ug(Wir) "@in + P lgwi)IP + B3 (W) 1P| Fica-

(7.158)

We examine the terms on the right-hand side one by one. First note that, using Jensen’s

inequality,

2

lg(wi-0)*

N
Zpkgk(wk,ifl)
k=1
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prellgr(wri—1)|)?

WE

k=1
v N
< Zpk (eink,FlHQ + f,?) (7.159)

e
Il
—

Next, using the assumed independence of the stochastic gradient noises across the agents,
we have
E(l[s:(wi-)|? | Fioa] =E | Fia

('wk,i—1>

N
= > BE[llsu(wii)|*| Fi]

;
<>p <6k | Wy i1 || +ak> (7.160)
k=1

Finally, with regards to the cross term in ([7.158)), we adapt an argument from [58] to note

that:
N
gwi1)Tw; = Zpkgx;r(wk,z‘—l)(ﬁ)k,i—l +w;—1 — ’LNUk,i—1)
k=1
N N
= pegi (Wri)Wrio1 + Y prgh (Wiio1) (Wicy — Wyio1).  (7.161)
k=1 k=1

Using the strong-convexity property, namely,

91 (wr i) Wi < Ju(w') = Ju(wpinr) = || @i |, (7.162)
we get
- 1
gowi ) iy <3 pe(uw?) = (i) — ;uak,i_l“?) +

k=1
N
Zpkgl-cr<wk,i—1) (Wi—y — Wi-1) (7.163)
k=1
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N
< () = Tulwnia) = B ral?) +
k=1

N
> pellgr(wii—) @iy — @i i ll. (7.164)

k=1

It follows, under expectation, that

N
Egwi) @1 < pi(Jelw’) = EJilwiin) = SE [Bra?) +
k=1

N

> eE (g (wi i)l wi—y — Wi l]) - (7.165)
k=1

Now, using the Cauchy-Schwartz inequality, we can bound the last expectation as

E (lg(wii ) 1@ — Briall) < 3/ lgr(wii) I2E @i — @iia]2 (7.166)
After sufficient iterations, it will hold that (see Appendix for the proof):
E||lw; 1 — wri1|* = O(1?). (7.167)
This means that there exists an I, large enough and a constant A such that for all ¢ > I,
E|lw; 1 — wyi1|® < WP (7.168)

Therefore, we find that

E (lon(wni-)wics ~ el < e (y/Ellntwnsca) )

hu <\/eiE |wg,i—1|* + f;?)

h (K ||wy -1 |? :
ul (ek Hwk,RlH + /i —|—R>, (7.169)

IN

IN
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where the last inequality follows from using

ﬁg%(%—kR), 23>0, (7.170)

for any positive R, e.g., R = f;, which allows us to conclude that, as i — oo:

N
Egwi1) @it < Y pi(Se(w?) = EJi(wrion) = SE[pi1 )

k=1

N

h ez

+ g D P (f_’;EHwk,i1H2 +2fk)- (7.171)
k=1

Taking expectation of ([7.158|) over the filtration and substituting (7.159), (7.160), and
(7.171)), we obtain asymptotically that:

N

N
Ellw,|?* < E||wi_1||2+2uzpk(<fk<w*>—Emwm_l)) — 1> el || |* +
k=1 k=1
N N
123 e (B @it |2+ £7) + 12 Y (BEE |2+ 0F ) +
k=1 k=1
2th ( E |lwpi1|? +2fk)

N
< Bl + 20> pe(Jew?) — Ee(wrin)) -
k=1
N N
> (U= o) @i P + 12 Y (puf? + Ro? + 2ifi ) (7.172)

k=1 k=1

where we defined a4, in the second inequality as follows:

A 6
L—ay = g — e — 1Ppifiy — f'; : (7.173)

Let g denote the index of the agent that has the smallest 1 — ay:

g = argmin {1 — o }. (7.174)
1<k<N
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Then, it holds that

N N
> (=) pi wpia|® > (1— ) > ek l|wg 1
k=1 k=1
> (1 — ag)E|lw; 1|, (7.175)
where we used Jensen’s inequality to deduce that
N
;1> = kW1 Z |wgi—1]]. (7.176)
k=
It follows from ([7.172) that
N N
2#(21% (E Ji(wri-1) — Jk(W*))> < B Wi |P~E|wi|*+1” > (e fi+pior+2hpefi).
k=1 k=1

(7.177)
This inequality recursion has a form similar to the one we encountered in ([7.59)) in the single
agent case. The argument can now be continued similarly to arrive at the conclusions in

the statement of the theorem and that stability is ensured for sufficiently small step-sizes

satisfying
Tlq
n< . 7.178
e + py 52 + he2/ f, ( )
This bound ensures that a, € (0,1).
7.C Proof of (7.167)
We now establish the asymptotic result (7.167]). Let
wW; = COl{'lIJZ', c.. ,’lIJZ'}, (7179)
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where the vector w; is stacked N times to match the dimension of w,. We start from the

second relation in the error recursion ((7.156)):
Wi = ._7€T <VVVZ‘71 + ,MG(Wz;l) —+ uéi(wi,1)>, (7180)

and first explain how to recover w; — w; from w;. Consider the linear system of equations
Wi = VEw;, with coefficient matrix V}. Noting from (7.120]) that V,'Vz = I, we conclude

from the relationship between the nullspace and range space of a matrix that [170]:
w; — Viw,; € N(V;) — w,=Viw, + Z, (7.181)

for some 2 € N (V}). We further know that N (V) is the linear space generated by the
vector 1, so that z is parallel to the vector 1. Therefore, we can write 2 = 1 ® z, for some

vector z. Moreover, it holds that

w; = (p'@Dw;

= P'eDViwi+ (p' @)=z

—
S)
N

pPTeH(1®:z)

—~
=
=

2 2, (7.182)

where step (a) is because (p" @ 1)V, = (p"Vz) ® I = 0, and step (b) is because of (7.119).

Hence, combining the above two results, we find that
w; —w; = Vi, (7.183)

which shows how we can recover w; — w; from w;.

Now returning to the error recursion ([7.180]), and computing the expected squared norm,

we obtain:

Ellwil? | Fia] = |7 (wios +uGwin) ||+ 2B 80w )P | Fi]
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< p(TITDWir + pGwind)IIP + 12 p(TIDE 15 (Wi ) |I* | Fial,

(7.184)
where, from [11, Ch. 9], we know that
p(TTT) < (p(J) +€)* < L. (7.185)
Let us examine the terms in ([7.184)). To begin with, note that
2
T ~ A 2 ) 1 . 1-— t .
P(TT ) Wimt + G (wii)[|” < (p(Je) +¢) s Wi1 + 1—_tﬂg(Wi—1)
@ (p(Je) +€)* (p(Je) + €)=
< VT 2 P 2
® . (p(Jo) +€)* |
< 2 2 € 2
< (p(Je) + Wit |I” + 1" 7= A G-I,
(7.186)

where step (a) is because of Jensen’s inequality and in step (b) we set t = p(Je) +€ < 1.

Next, we bound the square of the sub-gradient term:

IGowi I = VRGO
N
< VAl (X llge(wrin)2)
k=1
N
< WValP(Y el al® + 72)
k=1
(a) al
< VAl (el + > 12). (7.187)
k=1

max

where in step (a) we let €2, = maxy e;. We can then bound ((7.186) by

A ; < Je + 2 N
pTITD)Wict + pGwi)|* < (p(Je)Jre)HWz-ﬂluf%HVRHQZﬁ?
¢ k=1
2 (PU) T 0 nn o
T = VRl el Wil (7.188)
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Finally, we consider the last term involving the gradient noise in ([7.184]):

N
EmeHm%ﬂﬁ]sn%W(Eymmm4W+ﬁ>
k=1
N
< VeI BuaxlWiill® + |Ve|? Zai.
k=1
Now introduce the constants:
s GO ) o
a - v max )0 JEJe V 5maxa
WVl i+ (1T Vi
A ( (J) +€)?
b = WHVRH ka + p(JJD)||Va? Zak.

Then, substituting the previous results into ([7.184]), we arrive at

Elwill* < (p(Je) + OB [[Wir]|* + p*aR [Wis||* + b

(7.189)

(7.190)

(7.191)

(7.192)

In Appendix we show that E||w;_;||?, for any iteration 4, is bounded by a constant value

for sufficient small step-sizes. In this case, we can conclude that
E[wil* < (p(Je) + OB Wi [|* + 1V’
for some constant b, so that at steady state:

2 v 2
limsupE||w;||* < —————— =0 .
msup E |2 < o = 00)
Using relation ([7.183)), it then follows asymptotically that

Elw: —will* < [IVilI* - Elwil|* = O(u?),
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(7.194)

(7.195)



and, consequently,

Wy, —wi|* < Elw: —will* = O(u?). (7.196)

7.D Proof that E||w;||? is uniformly bounded

We follow mathematical induction to establish that E||w;||? is uniformly bounded by a

constant value, for all i. Assume, at the initial time instant we have E ||wy _||* < c for all

k and for some constant value c, such that
¢ 2mk(Je(w”) = Jp(wg)) /2, VE (7.197)
Then, assuming this bound holds at iteration ¢ — 1, namely,
E||w,; 1]* <c ,Vk (7.198)

where wj is the minimizer of Ji(w). We would like to show that it also holds at iteration
7. Recall from that the diffusion strategy consists of two steps: an adaptation step
followed by a combination step. The adaptation step has a similar structure to the single-
agent case. Hence, the same derivation that was used to establish would show that

for agent k:
20 (B Je(wii1) — Je(w*) < B g || = Blleby,,|I° + 2> (£ + o3), (7.199)
where
ag =1 — i+ (2 (ef + B) = 1 — O(p). (7.200)

Now, since E Jy(wy;—1) > Jx(w}), we conclude that

Ellgll> < aBl@ga |+ @2 (fF + 02) + p(Je(w?) = Jp(wp)

o s
< ageH+ pt(fy +op), (7.201)
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where
af, =1 — pne/2 + p*(ef + B7) =1 — O(p). (7.202)

and the step-size can be chosen small enough to ensure o, € (0,1). Now, it is also clear that

there exist sufficiently small values for p to ensure that, for all agents k:
ahe+ 12 (ff +o3) <c, (7.203)

which then guarantees that

E|lth,]* < c. (7.204)

It then follows from the combination step ([7.116]) that

2
Ellwy* = E

Z aezﬂﬁm

fGNk

Z gl H’Zm

ZE/\/’k

E QpeC

ZENk
= ¢, Vk. (7.205)

2

IN

IN

Therefore, starting from ((7.198)), we conclude that E ||wy,;||* < ¢ as well, as desired. Finally,

since E || w;||> = S0, E @y, we conclude that E|jw;||? is also uniformly bounded over

time.
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CHAPTER 8

Issues for Future Consideration

In this dissertation, we addressed several important aspects pertaining to the implementation
of distributed learning algorithms under random reshuffling. We examined the performance
of random reshuffling for both vanilla stochastic gradient and variance-reduction cases. We
showed that for vanilla stochastic gradient case, random reshuffling setting improves the
convergence region from O(u) to O(p?); while variance-reduced algorithms converge to the
exact solution at a linear rate. We further examined learning under large feature spaces,
where the feature information is assumed to be spread across agents in a network. We
proposed two solution methods: one operates in the dual domain and another operates in
the primal domain. The dual domain solution builds on gradient boosting techniques while
the primal domain solution is achieved by combining a dynamic diffusion construction, a
pipeline strategy, and variance-reduced techniques. The primal solution does not require
separate timescales and convergence towards the exact minimizer occurs at a linear rate.

There are several open issues that deserve further investigation:

1. Establish that random reshuffling techniques can lead to similar performance improve-
ment for sub-gradient implementations with constant step-size when the loss functions
are not necessarily smooth. Such improvements have been observed in simulation but

the analysis is still lacking.

2. Establish analytically that variance-reduced algorithms under random reshuffling are
indeed faster than under uniform sampling. Simulations suggest that this appears to

be the case.

3. Show that the PVRD? algorithm still converges linearly under random reshuffling. The
241



PVRD? algorithm proposed in this dissertation requires all agents to select the same

random indices. The difficulty can be addressed if we appeal to random reshuffling.

. Design an asynchronous PVRD? algorithm. The limitation that all agents select the
same random indices can be completely avoided in the asynchronous setting. Moreover,

this possibility has great potential for the distributed feature problem.
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