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Stability of fractional Chern insulators with a non-Landau level continuum limit

Bartholomew Andrews,’? Mathi Raja,’ Nimit Mishra,? Michael P. Zaletel,! and Rahul Roy?

! Department of Physics, University of California at Berkeley,
100 South Dr, Berkeley, California 94720, USA
2 Department of Physics and Astronomy, University of California at Los Angeles,
475 Portola Plaza, Los Angeles, California 90095, USA
(Dated: June 5, 2024)

The stability of fractional Chern insulators is widely believed to be predicted by the resemblance
of their single-particle spectra to Landau levels. We investigate the scope of this geometric stability
hypothesis by analyzing the stability of a set of fractional Chern insulators that explicitly do not
have a Landau level continuum limit. By computing the many-body spectra of Laughlin states in a
generalized Hofstadter model, we analyze the relationship between single-particle metrics, such as
trace inequality saturation, and many-body metrics, such as the magnitude of the many-body and
entanglement gaps. We show numerically that the geometric stability hypothesis holds for Chern
bands that are not continuously connected to Landau levels, as well as conventional Chern bands,
albeit often requiring larger system sizes to converge for these configurations.

I. INTRODUCTION

For over 40 years, the fractional quantum Hall effect
(FQHE) has inspired a large and diverse body of re-
search, since it is the original example of a topological
phase of matter with fractional excitations and has the
scope for revolutionary applications in quantum metrol-
ogy and computing [1, 2]. In the past decade, research
interest has focused particularly on lattice generalizations
of these fractional quantum Hall states, known as frac-
tional Chern insulators (FCIs) [3-5], which enrich FQHE
physics through their enhanced configurability and have
the potential to be realized at zero magnetic field [6, 7]
and high temperatures [8]. Most notably, the past few
years have seen exciting experimental reports of low- and
zero-field FCIs in moiré lattices of graphene [9, 10] and
transition-metal dichalcogenides [11], which has reignited
theoretical interest in FCI stability [12-21]. The under-
lying goal of such research is to use the single-particle
band structure to predict properties of the many-body
spectrum, in order to identify so-called “ideal” Chern
bands that yield the most robust FCIs [22-24]. The cor-
nerstone of FCI stability theory is the geometric stabil-
ity hypothesis [25], which conjectures that FCIs become
more robust as the trace inequality is saturated, on the
basis that at this point the Chern band projected den-
sity algebra is identical to that of Landau levels [26, 27].
This hypothesis has been rigorously tested in a variety of
topological flat band models and is found to hold in many
typical cases [25, 28, 29]. However, recently, several ex-
tensions to the geometric stability hypothesis have been
proposed [16, 20, 23, 30, 31], with authors arguing ana-
lytically that the single-particle resemblance to Landau
levels cannot be the defining criterion of FCI stability but
rather, a special case. In light of this, there is motiva-
tion to construct a simple many-body lattice model that
can numerically test the geometric stability hypothesis
decoupled from the Landau level limit.

In this paper, we investigate the scope of the geomet-
ric stability hypothesis by studying FCIs in a family of

topological tight-binding models that do not have a Lan-
dau level continuum limit. Specifically, by adding a set of
longer-range hoppings to the Hofstadter model, we show
that terms quadratic in momentum exactly cancel in its
small flux density expansion, which breaks the SO(2)
symmetry present in the Landau level Hamiltonian. In
typical topological flat band models, the continuum and
Landau level limits are synonymous and so the effect of
each is obscured, whereas in our model we can decouple
these limits, and approach non-Landau flat bands in the
continuum. This is particularly useful for probing the
geometric stability hypothesis, which explains the gener-
ally increasing stability of FCIs in the continuum limit,
as a consequence of the increasing similarity of their host
Chern bands to Landau levels. In this framework, we
study the many-body properties of bosonic and fermionic
Laughlin states numerically using exact diagonalization
on a torus, and we quantify the robustness of FCIs using
many-body gaps in their energy and entanglement spec-
tra. We show how the geometric stability hypothesis may
appear to break down as we approach the non-Landau
level continuum limit, at system sizes and flux densities
typically used in exact numerics [25, 28, 29], however is
recovered as we take the thermodynamic or continuum
limits, which highlights the limitations of comparing FCI
stability using finite-size numerics. We argue that the
geometric stability hypothesis is widely supported by nu-
merics for small systems because the continuum and Lan-
dau level limits typically coincide [25, 28]. Moreover, we
comment on proposals that the underlying FCI stability
criterion goes beyond the resemblance of single-particle
spectra to Landau levels [23, 30, 31].

The structure of this paper is as follows. In Sec. II,
we introduce the single-particle and many-body Hamil-
tonians, and we explain our choice of system parameters.
In Sec. III, we outline the method for quantifying the
geometric stability hypothesis, as well as the stability of
FCIs. In Sec. IV, we present the exact diagonalization
results for the bosonic and fermionic Laughlin states, and
compare properties of the single-particle and many-body



spectra. Finally, in Sec. V, we summarize and discuss
the results, and comment on their implications.

II. MODEL

In this section, we introduce the lattice model. In
Sec. IT A, we focus on the single-particle Hamiltonian,
and in Sec. II B, we include interactions to define the
complete many-body model.

A. Single-particle model

We consider a system of N particles hopping in the
zy-plane, on a finite square lattice with basis vectors
{az,a,} = a{é,,&,}, spacing a, and dimensions N, X N,
with periodic boundary conditions, in the presence of a
perpendicular magnetic field B = Beé,. We define the
single-particle Hamiltonian of this system as the gener-
alized Hofstadter model [32-34]

Hy=- Z Z tneie”c;rcj +H.c, (1)

n>0 (i3)

where (...), denotes nth nearest-neighbors (NN) with
corresponding hopping strength ¢,, 6;; denotes the
Peierls phase acquired by hopping from site i to site j,
and ch) is the particle (creation)annihilation operator at
site 4. In particular, the Peierls phases are defined as
0:; = (2 /o) [] A - dl, where ¢ = h/e is the flux quan-
tum, A is the vector potential, and dl is the infinitesimal
line element going from site 7 to site j. These phases
incorporate the perpendicular magnetic field in the sys-
tem to a good approximation [35, 36], and they define
a magnetic unit cell (MUC) of dimensions I, x I, = ¢,
such that L, x L, are the system dimensions in MUC
units. The flux density of the system is then given as
ng = Ba?/¢o = p/q, where (p,q) are coprime integers,
and ¢ — oo corresponds to the continuum limit. The
incommensurability between the MUC area and the flux
quantum gives rise to the celebrated fractal energy spec-
trum as a function of ng, known as the Hofstadter but-
terfly [34, 37, 38]. Consequently, the Hofstadter model
is a popular choice, for both theorists [39-43] and ex-
perimentalists [44-48], due to its ability to generate an
infinite selection of topological band structures with ar-
bitrary Chern number.

In the conventional Hofstadter model (with ¢,~1 = 0),
it is straightforward to show that the lattice model ap-
proaches the Landau level Hamiltonian in the continuum
limit. We first write the NN Hofstadter model, Hyn, as
a symmetric sum of magnetic translation operators, such
that

Hny = —tl(Tm + Ty) + H.c., (2)

where T, = Z(Uh.m eieiﬂ’c;—rcj and (ij), ,, denotes lst-

NN in the &, direction [49]. Since magnetic translation

operators are unitary, we can express them in terms of
the Hermitian generators T, = e/ where the pseudo-
momenta K, are the lattice analogues of the dynamical
momenta 7, and satisfy [K,, K] = 2mngi. This yields

Hnn = —2t1(cos K + cos Ky). (3)

Finally, we can make the dependence on the flux density
explicit by defining P, = n(;l/ 2Km and expand in small
ng to yield

Hyy = —4—|—n¢(P§—|—PyQ)—|—O(ni). (4)

Using the fact that P, = (¢{/h)7m,,, where £ is the mag-
netic length, we can show that the effective Hamilto-
nian Hyn ~ ng(PZ + P2) is isomorphic to the Lan-
dau level Hamiltonian Hyy, = (72 + m.)/(2m*) with
m* = h?/(2a%). Further details of this derivation are
discussed in Ref. 29.

In the generalized Hofstadter model (with ¢,~1 # 0),
the procedure for taking the continuum limit follows in
a similar way. For simplicity, we restrict ourselves to the
generalized Hofstadter model with hoppings along the
cardinal axes, H | , to avoid cross terms in our expansion.
We start by writing the model as a symmetric sum of
magnetic translation operators

Hy=-> t(T}+1T))+He, (5)
n>0

where {tll, /2, é,ti, cee } = {tl,t3,t6,t9, .. } is the set of
hoppings along the cardinal axes. Next, we write the
magnetic translation operators in terms of the Hermitian
generators T}, = 5= introduce P,, = n;I/QKm, and
expand in small flux density, which yields

Hy =-4) t, +ny(P;+P2)> n’t,
n>0 n>0

2/ pd 4 n' ’

—ng(Py +Py)Zﬁtn
n>0

6
n
+n3 (P + PY) Z %t; +O0(ny).
n>0
(6)

Crucially, by including longer-range hoppings in the
Hamiltonian, we are able to tune the coefficients in our
expansion and depart from the Landau level limit.

In this paper, we focus on the generalized Hofstadter
model with n € {1,3,6,9} hoppings along the cardinal
axes and t; = 1, as depicted in Fig. 1, which we refer to
simply as the (3,6,9) Hofstadter model, H(3¢.9). In this
case, there is a plane of parameters 1+4t3+9t5+16t9 = 0
on which the leading (non-constant) term in the small ng
Hamiltonian expansion is 4th-order in momentum, and
the SO(2) symmetry of the continuum Hamiltonian is
reduced to the square lattice point group [29]. We refer
to this as the quartic plane. The (t3,ts,t9) = (—1/4,0,0)



FIG. 1. (3,6,9) Hofstadter model. Sketch of the hopping
terms in the (3, 6,9) Hofstadter Hamiltonian (conjugates not
drawn). The radii for the first 9 sets of nearest neighbors on

a square lattice are: 1, v/2, 2, V5, 2v/2, 3, v/10, V13, 4.

point on this plane corresponds to the “zero-quadratic
model” in Ref. 29. Similarly, on this plane, there is a
line in parameter space tg = (1 — 15tg)/64 on which the
leading term is 6th-order in momentum, which we call
the hezic line, and a point on this line t9 = —1/56 for
which the leading term is 8th-order in momentum, which
we call the octic point. Hence, the (3,6,9) Hofstadter
model allows us to explore a family of topological flat
band models that do not have a Landau level continuum
limit, and also comment on many-body behavior as we
depart from this limit order-by-order.

In Fig. 2(a), we show the single-particle band structure
of the (3,6, 9) Hofstadter model at the point (¢3,ts,t9) =
(—0.11,—0.15,0.05) on the hexic line, with flux density
ng = 1/9. The first Chern numbers of each band are la-
beled on the plot, and the bands are colored according to
their sign. We note that the (3, 6,9) model has a topolog-
ically distinct band structure to the Hofstadter Hamilto-
nian, which would have the Chern numbers of the 5th and
6th bands interchanged to respect its symmetry. Never-
theless, we obtain a low-lying topological flat band with
Chern number C; = 1, amenable to hosting the FQHE,
as in the conventional Hofstadter case. In Fig. 2(b), we
show the fractal energy spectrum of the (3,6,9) model as
a function of ngy = p/199 at the same point in parameter
space, with Chern numbers in the range C' € [—10, 10]
colored from blue to red. Here we note that the center of
the spectrum is shifted in the negative E direction, when
compared to the conventional Hofstadter butterfly, with
subbands in the lower middle of the spectrum overlapping
each other. This distortion reflects the slightly different
band dispersion and Chern numbers resulting from the
longer-range hoppings, as seen in Fig. 2(a). However, the
broad properties of the spectrum are similar to the Hofs-
tadter model, despite the fact that the ng — 0, 1 lines no
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FIG. 2. Single- and many-body spectra on the hexic
line. (a) Single-particle band structure of the (3,6,9) Hofs-
tadter model, defined as Eq. 1 with t; =1, n = {1, 3,6,9}, at
the point (¢3,ts,t9) = (—0.11,—0.15,0.05) on the hexic line,
with ng = 1/9. The Chern number C' of each band is labeled
and the bands are colored according to its sign. Note that
bands 5 and 6 are not touching. The fluctuations of the lowest
band about its mean are shown inset. (b) Butterfly plot show-
ing the fractal single-particle energy spectrum as a function of
ng. The bands are colored from blue to red according to their
Chern number, in the range C' € [—10,10]. (c) Many-body
energy spectrum for the 8-particle fermionic Laughlin state
filling v = 1/3 of the lowest band at ng = 1/24, stabilized
using nearest-neighbor interactions V;; = d(;;. The many-
body gap Am.p. and quasidegeneracy spread § are labeled,
and the gap scaling with magnetic unit cell area ¢ is shown in-
set. (d) Spectral flow of the 3 quasidegenerate grounds states
shown in (c), as a flux ® is threaded through the handle of the
torus. (e) Particle entanglement spectrum corresponding to
(c) obtained by tracing over half of the particles. The princi-
pal entanglement gap A¢ is labeled and the number of states
below the gap obeys the (1,3) counting rule [4]. (f) Particle
entanglement spectra corresponding to (¢), in the k = 0 mo-
mentum sector, obtained by tracing over N4 particles. The
entanglement gap is shaded gray.

longer correspond to the Landau level limit. Overall, the
single-particle properties of the (3,6,9) model show that
it has the potential to host FCIs, provided it is tuned to



the appropriate system parameters. For a derivation of
the single-particle band structure for the (3,6,9) Hofs-
tadter model, we refer the reader to Appendix A.

B. Many-body model

We introduce short-range particle interactions using
minimal delta function terms in the Hamiltonian, such
that the many-body system is described by

H = H@z69) + PLB Z Vij :pipj: PuB, (7)
ij

where Prp is the projector to the lowest band,
Vij = 045(d(5) is the contact(NN) interaction for
bosons(fermions), and p; = cgci is the particle density
operator at site i. It has been shown numerically for the
Hofstadter model that neither the band projection nor
the short-range interactions obstruct the stabilization of
FCIs in the Jain series, owing to the favorable proper-
ties of the topological band structure [39]. Moreover, for
simplicity, we restrict ourselves to lowest-lying topolog-
ical flat bands with C7 = 1 achieved at flux densities
ne = 1/q, where the continuum limit corresponds to the
Landau level limit in the conventional Hofstadter case.

In order to stabilize an FCI, it is crucial to define the
correct lattice geometry and particle filling. We consider
square system sizes, such that N, = IV, since this has
been shown to be most stable for our numerical simu-
lations [50]. Moreover, we focus on the primary states
in the Jain series [51, 52|, the Laughlin states at filling
v =1/s, with s = 2(3) for bosons(fermions), since these
are the most robust and well-understood FQH states with
the clearest signatures. For the bosonic Laughlin state,
we consider MUCs of dimension I, x I, = m x m with
L, x L, = 4 x 4, whereas for the fermionic Laughlin
state, we consider MUCs of dimension I, x [, = 3n x 2n
with L, x Ly, = 4 x 6. In both cases, we choose the
integers m,n to tune the flux density and we target the
v = N/N, = 1/2 and 1/3 FQH states for bosons and
fermions, respectively, where Ny = L, x L, is the to-
tal number of flux quanta. We focus on Laughlin states
with N = 8 particles because it has been shown, through
extensive exact diagonalization computations, that the
many-body spectra of Laughlin FCIs in the Hofstadter
model are already well-converged in the thermodynamic
continuum limit at this system size (cf. Figs. 2 and 6
of Ref. 39). Moreover, we would like to obtain a many-
body example that is readily reproducible and compara-
ble with previous studies [25, 28, 29].

In Fig. 2(c), we show an example many-body energy
spectrum of a fermionic Laughlin state stabilized at ng =
1/24. Here, the many-body energies E, 1,. are offset with
respect to the ground state energy Ey, 1., ¢ and plotted
against the linearized momentum index k,L, + k, [53].
The ground-state degeneracy of a v = r/s FQH state is
given by s9, where g is the genus of the ground-state man-
ifold [54]. On the torus (g = 1), we observe a three-fold

degenerate ground state clearly separated by a many-
body gap Apn.p. to the higher-lying states. In practice,
the degeneracy of these ground states is not exact, de-
pending on physical factors, such as the proximity of an
FCI to a phase transition [39, 55], as well as numerical
factors, such as system size and numerical precision [39].
Therefore, we also define the quasidegeneracy spread of
the ground states 0 (although this spread is not visible
on the scale of the plot). We can confirm the topo-
logical character of these ground states by threading a
flux through the handle of the torus and verifying the
spectral flow [4, 42], as shown in Fig. 2(d). Finally, we
note that due to the nature of the contact and NN in-
teractions, the many-body gap scales Ay, 1. o 1/ q(2) for
bosons(fermions) [25, 28, 39], as depicted in the inset of
Fig. 2(c).

In Fig. 2(e), we show the particle entanglement spec-
trum (PES) corresponding to the FCI in Fig. 2(c). The
spectrum is defined as the generalization of the particle-
space Schmidt decomposition of a non-degenerate ground
state |U) = Y, e %/2|UA) @ |UP) to the degenerate
case, such that {e=¢/2 |&4(B))} now corresponds to the
eigenbasis of the reduced density matrix ps () = trpa)p
with p =137 | |W;) (¥;]. By tracing over the positions
of a subset of particles, it can be shown that the level
counting corresponds exactly to the number of quasi-
holes in the system, and hence is a signature of FQH
states. In FClIs, the relevant low-energy sector with pre-
cise quasihole counting is generally separated from the
non-universal high-energy sector by a principal entangle-
ment gap A¢. In the case of the bosonic Laughlin state,
we expect a counting according to the (1,2) generalized
Pauli exclusion principal, which for N4 = 4 particles in
L, x L, = 4 x 4 orbitals on a torus yields a total of
660 quasihole states, whereas for the fermionic Laugh-
lin state, we expect a (1,3) counting, which for Ny =4
with L, x L, =4 x 6 yields a total of 2730 states and is
what we observe in Fig. 2(e) [4]. In Fig. 2(f), we show
the PES in the k = 0 momentum sector corresponding
to Figs. 2(c,e) as we trace over Ny particles. Here we
can see how the number of states below the gap reduces
for Na # 4. For further details of the expected FCI
quasihole counting, we refer the reader to Ref. 4.

III. METHOD

In this section, we outline our approach for probing the
geometric stability hypothesis. In Sec. IIT A, we intro-
duce the stability metrics in single-particle spectra, and
analogously, in Sec. III B, we define our stability metrics
in many-body spectra.

A. Single-particle metrics

Since the numerical discovery of FCIs [5-8], a number
of single-particle metrics have been used to predict their



stability. The most rudimentary of these is the flatness
criterion W <« V' <« A, which predicts that, at sufficient
interaction strength V', an increase in the gap-to-width
ratio A/W will enhance FCI stability [54]. The intu-
ition is that flat bands have a near-singular density of
states, which together with a large V' and fractional fill-
ing maximizes particle interactions, while the large gap
A prevents hopping to the next highest band. Although
roughly true, several exceptions to this rule have been
found, such as FCIs stabilized with V' > A [41], and
so this is not a precise indicator. Closely related to the
gap-to-width ratio, the normalized Berry curvature fluc-
tuations 65 = o/pup are also often used as an indicator
of stability, where ug, op correspond to the mean and
standard deviation of the Berry curvature B defined over
the Brillouin zone (BZ). The reasoning here is that Berry
flatness is observed in Landau levels of the FQHE, which
are known to exhibit robust fractional states [26].

Despite the frequent success of these two simple met-
rics, however, it was soon realized that band geometry
plays an important role, in addition to band topology.
Both of these properties are consolidated in the quan-
tum geometric tensor (QGT), which underpins a diverse
set of physical phenomena, from superfluidity to electri-
cal conductance [56-66]. In the context of Chern bands,
the QGT is given as

R% (k) = [akl <k7 a” Qa(k) I:akj |k7 a>] ) (8)

where « is the band index, 7, j are spatial indices, |k, «) is
the Bloch eigenstate in band « with momentum k, and
Qu(k) =1-345,, |k B)(k,B| is the orthogonal band
projector. The real part of the QGT is given by the
Fubini-Study metric g¢(k) = R[R¢;], which corresponds
to the distance between eigenstates on the Bloch sphere,
whereas the imaginary part of the QGT is given by the
Berry curvature B%(k) = —23([Rg, (k)]. Crucially, since
band geometry and topology are components of the same
tensor, we can derive relations between them, namely

D) = det g(k) — (|BR)P >0, (9)
T(K) = trg(k) - |BK)] > 0, (10)

where we have dropped the band index « for simplicity,
and we define D as the determinant inequality satura-
tion measure (DISM) and 7 as the trace inequality sat-
uration measure (TISM). It has been shown analytically
that when the trace(determinant) inequality is saturated
for a Chern band, the algebra of projected density op-
erators is identical(isomorphic) to that in Landau lev-
els [26]. We note that since the trace inequality is the
stronger condition of the two, the DISM is normally not
considered. Based on this, it was conjectured that the
closer the TISM is to zero, the more amenable a Chern
band is to hosting FCI states [25]. This is known as the
geometric stability hypothesis, which succinctly consoli-
dates and extends all of the single-particle metrics that
were used prior. Recently, more general numerical tests

have been proposed to identify ideal Chern bands [31],
however it is not yet numerically shown that these pro-
vide a meaningful continuous metric away from the ideal
point.

In light of this, we use the BZ-averaged TISM (7)) as
our prominent single-particle stability metric. However,
for reference we also compute: the BZ-averaged DISM
(D); the normalized Berry curvature fluctuations over
the BZ 65, which is the leading-order contribution when
mapping the algebra of projected density operators from
Chern bands to Landau levels; the Fubini-Study metric
fluctuations over the BZ o = 53, 05, which is the
next-to-leading-order contribution; and the gap-to-width
ratio A/W. We define these quantities as in Ref. 25, for
easy comparison.

B. Many-body metrics

One of the main difficulties in testing the geometric
stability hypothesis is that there is no unique way of
defining the magnitude of FCI stability. Several methods
have been employed in the literature, such as: the mag-
nitude of the many-body gap Anp. [25, 28, 29, 39, 42,
67, 68], the magnitude of the many-body gap scaled by
the quasidegeneracy spread Ay, 1,/ [55], the magnitude
of the principal entanglement gap A, [18, 28, 39, 68],
the critical interaction strength at which there is a
phase transition Ve [41, 69], and the extent to which
a finite many-body gap Ap.p. persists in the large-IN
limit [39, 42, 67], to name a few. Although these metrics
are often correlated, such as the magnitude of the many-
body and entanglement gaps [28], there are also cases
when they are not. For example, we observe an infi-
nite entanglement gap for the ground states of Laughlin
and Read-Rezayi parent Hamiltonians, which becomes
finite when we add a small perturbation to the Hamil-
tonian [68], whereas the many-body gap will only be in-
finitesimally affected in this case. Hence, there is a need
to unambiguously define a many-body metric in order to
quantitatively compare FCI stability and comment on a
stability hypothesis.

In our systems, we expect a quasidegeneracy spread
of close to zero in all cases [39], and so we cannot effec-
tively use the A, p./d metric. Based on empirical test-
ing, we find that this measure works best as an FCI is
tuned through a phase transition, where § changes sig-
nificantly. Nevertheless, we compute the quasidegeneracy
spread in each case to verify that § ~ 0. Moreover, since
phase transitions vary in nature and can be difficult to
numerically characterize, it is not efficient to use the crit-
ical interaction strength V. metric. Instead, we define
FCI stability on fundamental terms, using the magnitude
of gaps in the many-body and entanglement spectra, as
shown in Figs. 2(c,e), which we spot check at larger N to
ensure that they are stable in the thermodynamic limit.
We define the many-body gap as the gap between the
largest s-fold quasidegenerate eigenenergy and the next



highest state. Similarly, we define the principal entangle-
ment gap as the gap between the largest of the quasihole
entanglement eigenenergies and the next highest state.
By using these metrics in unison, we can obtain a clearer
picture of relative FCI stability with respect to the TISM,
which will allow us to quantitatively evaluate the geomet-
ric stability hypothesis. Further details of the numerical
method are described in Appendix B.

IV. RESULTS

In this section, we present a total of 735 numerical ex-
act diagonalization computations, solving for the many-
body spectra of the (3,6,9) Hofstadter Hamiltonian on
a torus, and targeting the bosonic and fermionic Laugh-
lin states in the lowest C; = 1 topological flat band at
ne = 1/q. In all cases, we project the interaction Hamil-
tonian to the lowest band.

In Fig. 3, we show our comparison of single-particle
and many-body stability metrics for the bosonic Laugh-
lin state in the (3,6,9) Hofstadter Hamiltonian on the
quartic plane 1+ 4t3 + 9tg + 16t9 = 0. We reiterate that
unlike for the conventional Hofstadter model, for which
the geometric stability hypothesis is known to hold, the
single-particle bands do not converge to Landau levels as
ng — 0 anywhere on this plane. In this figure, the top
row (Fig. 3(a)) corresponds to our single-particle indica-
tor, the BZ-averaged TISM, and the other three rows are
derived from the many-body spectra. Figure 3(b) shows
the many-body gap, Fig. 3(c) shows the quasidegeneracy
spread, and Fig. 3(d) shows the principal entanglement
gap. In Fig. 3(a), we can see that the scaled TISM (T) /¢
converges in the continuum limit. The TISM is approxi-
mately zero for the region below the hexic line, where the
quartic term has positive sign, and gradually increases as
tg, tg increase, in the region where the quartic term has
negative sign. According to the geometric stability hy-
pothesis, this would imply that FCIs are most stable be-
low the hexic line and will either breakdown or decrease
in stability as we move above the hexic line. From the
many-body gap data in Fig. 3(b), this is what we ob-
serve at ng = 1/16,1/49. In these plots, we can see that
there is a constant non-zero many-body gap below the
hexic line, with a magnitude ¢qA,, 1, ~ 0.6 comparable
to that of the Hofstadter model in the thermodynamic
continuum limit [28, 39], which drops to approximately
zero as we move above the line, signaling a breakdown
of the FCI phase. The success of the geometric stability
hypothesis here is perhaps unsurprising because at large
ne, the (3,6,9) Hofstadter model behaves like the topo-
logical flat band models previously tested [25]. It is only
as we approach the continuum limit ng — 0 that the
effect of having no quadratic terms in momentum is ac-
centuated. Indeed, as we move closer to the continuum at
ng = 1/81, we witness anomalous behavior. In this case,
we still observe a comparable non-zero many-body gap
below the hexic line, however now there are also fluctu-

FIG. 3. Stability of the bosonic Laughlin state on the
quartic plane. (a) BZ-averaged TISM (T), scaled by the
MUC area ¢, plotted in the quartic plane 1+44t3+9ts+ 16t9 =
0, for ng = 1/16,1/49,1/81. The hexic line tg = (1 —15t¢)/64
and octic point t9 = —1/56 are overlaid in green. The points
corresponding to Fig. 4 are marked by blue crosses and the
cross-section corresponding to Fig. 7(a) is marked by a red
dashed line. (b) Many-body gap Am.b., scaled by the MUC
area ¢, with parameters corresponding to (a). The results
are shown for the 8-particle bosonic Laughlin state stabilized
by the contact interaction Vi; = d;;. (c¢) Quasidegeneracy
spread §, scaled by the MUC area ¢, corresponding to (b).
(d) Principal entanglement gap Ag, corresponding to (b,c).

ating non-zero many-body gaps above the hexic line. By
taking vertical cross-sections of this plot, we can see that
the magnitude of the many-body gap does not monotoni-
cally decrease as the TISM increases. Moreover, there are
FCIs at (T) = 0 that have a smaller many-body gap than
states with (7)) > 0. In order to investigate this observa-
tion, we plot the quasidegeneracy spread in Fig. 3(c). At
small flux densities ngy = 1/16,1/49, we can see a noisy
distribution of § values above the hexic line indicating
unordered many-body spectra that are not in a topolog-
ical phase. However, as we approach the continuum at
ne = 1/81, we can see the quasidegeneracy spread re-
duces to zero in the region where we previously observed
a non-zero many-body gap. Finally, we probe the phase
diagram further by analyzing the entanglement spectra
in Fig. 3(d). Corresponding to the plots above, we no-
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FIG. 4. Many-body spectra for candidate bosonic

Laughlin states with small and large TISM. Compari-
son of many-body energy and entanglement spectra for can-
didate 10-particle bosonic Laughlin FCIs at ny, = 1/81, on
the quartic plane, with (a) (te,t9) = (—0.25,—0.25), and
(b) (te,to) = (0.25,0.25), corresponding to the blue crosses
in Fig. 3. The ground-state energies are (a) Emb.,0 = —72.0
and (b) Em.p.0 = —74.6. The entanglement energies included
in the (1,2) counting are colored red. The bottom panels
show the corresponding finite-size scaling of the many-body
and entanglement gaps. The many-body gaps are marked
by blue dots and the entanglement gaps are marked by red
crosses. For reference, the scaled many-body gap of the Hofs-
tadter model in the thermodynamic continuum limit is shown
as a blue dashed line [28, 39]. The lattice geometries are se-
lected so that the total system is approximately square, with
|1 — Ny /Ny| < 50% in all cases. The PES are computed with
Na = |N/2|.

tice a clear non-zero principal entanglement gap above
the correct (1,2) counting in the region below the hexic
line in all cases, which indicates the presence of an FCI
phase. The gap magnitude A¢ ~ 23 converges as ng — 0
and is comparable to that for the Hofstadter model in the
continuum limit (cf. Fig.5(a) of Ref. 28). For ny = 1/81,
however, we also observe a non-uniform non-zero gap re-
gion appearing above the hexic line. Moreover, as for
the many-body gap data, there are points with (7) > 0
that have a larger entanglement gap than in the (7) ~ 0
region.

At first glance, this may appear as though the geomet-
ric stability hypothesis has been violated. However, by
performing a finite-size scaling, we find that the many-
body and entanglement gaps in the region below the
hexic line are stable in the thermodynamic limit, whereas
the gaps in the region above the hexic line are unstable, as
shown in Fig. 4. In particular, for the anomalous region,
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FIG. 5. Stability of the fermionic Laughlin state
on the quartic plane. (a) BZ-averaged TISM (T), scaled
by the MUC area g, plotted in the quartic plane 1 + 4ts +
9ts + 16ty = 0, for ny = 1/24,1/54,1/96. The hexic line
to = (1 — 15t6)/64 and octic point t9 = —1/56 are overlaid
in green. The point corresponding to Fig. 2 is marked by a
red cross, the points corresponding to Fig. 6 are marked by
blue crosses, and the cross-section corresponding to Fig. 7(b)
is marked by a red dashed line. (b) Many-body gap Am.b.,
scaled by the MUC area ¢, with parameters corresponding
to (a). The results are shown for the 8-particle fermionic
Laughlin state stabilized by the nearest-neighbor interaction
Vij = 045y~ (c) Quasidegeneracy spread 6, scaled by the MUC
area g, corresponding to (b). (d) Principal entanglement gap
Ag, corresponding to (b,c).

we observe that the entanglement gap closes as we in-
crease particle number, which disqualifies it from an FCI
phase [25], whereas the entanglement gap in the lower re-
gion remains non-zero throughout the scaling and shows
signs of convergence. Similarly, in Appendix C we per-
form a flux density scaling and show that the anomalous
region is also not robust in the continuum limit. This
suggests that the geometric stability hypothesis holds in
the thermodynamic and continuum limits, even for bands
that are not continuously connected to Landau levels.
In Fig. 5, we show the plot for the fermionic Laugh-
lin state corresponding to Fig. 3. As before, we see
in Fig. 5(a) that the scaled TISM (7) /q converges in
the continuum limit. From the many-body gap data in



Fig. 5(b), we notice a similar trend to the bosonic Laugh-
lin state in Fig. 3(b). At all values of flux density, we ob-
serve a constant non-zero many-body gap below the hexic
line, with a similar magnitude ¢?An1,. ~ 1.2 to that for
the Hofstadter model in the thermodynamic continuum
limit [70] (cf. Fig.4(b) of Ref. 28). At intermediate values
of flux density ngy = 1/24,1/54, we can see that this non-
zero many-body gap diminishes above the hexic line, in
agreement with the geometric stability hypothesis, apart
from a few sporadic points, which we do not categorize as
FCIs due to an incorrect quasihole counting. However,
as we approach the continuum limit at ng = 1/96, we
can see that there is a region above the hexic line that
has a non-zero many-body gap, which is approximately
an order of magnitude larger than the gap observed for
(T) ~ 0 [71]. Data for the quasidegeneracy spread are
less insightful here, since § ~ 0 in almost all cases, how-
ever they do not eliminate the possibility of an FCI phase.
Finally, in Fig. 5(d), we notice an analogous trend to
that seen in Fig. 3. At flux densities ny = 1/24,1/54,
we observe the correct (1,3) counting below the hexic
line with a clear non-zero entanglement gap that con-
verges as ng — 0, whereas above the hexic line the gap
goes to zero, indicating a breakdown of the FCI phase.
This shows that the points of non-zero many-body gap
above the hexic line, observed in the left two panels of
Fig. 5(b), do not correspond to FCIs. As we approach the
continuum at ny, = 1/96, we can again see the constant
region of non-zero entanglement gap A¢ =~ 16 below the
hexic line, with a magnitude comparable to that for the
Hofstadter model in the continuum limit (cf. Fig.5(b) of
Ref. 28). Moreover, there is now also an anomalous non-
uniform region of non-zero gap above the hexic line, with
a significantly larger entanglement gap.

As before, this may appear as though the geomet-
ric stability hypothesis has been violated at first glance.
However, by performing a finite-size scaling, we can see
that the many-body and entanglement gaps are stable in
the region below the hexic line, whereas they fluctuate
wildly in the region above the hexic line, as shown in
Fig. 6. In particular, the entanglement gap closes in the
anomalous region as we increase particle number, which
disqualifies it from an FCI phase [25], whereas the entan-
glement gap remains non-zero and shows signs of conver-
gence in the lower region. In addition, the flux density
scaling in Appendix C shows that the anomalous region
is also not robust in the continuum limit. We emphasize
that the system sizes and flux densities chosen in Figs. 3
and 5 correspond to those used in previous numerical
studies of the geometric stability hypothesis [25, 28, 29],
which highlights the additional care required when ana-
lyzing models with a non-Landau level continuum limit.
Ultimately, these data again support the geometric sta-
bility hypothesis in the thermodynamic and continuum
limits, even for bands not continuously connected to Lan-
dau levels.

To explicitly demonstrate the spurious violations of the
geometric stability hypothesis at small system sizes, we
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FIG. 6. Many-body spectra for candidate fermionic
Laughlin states with small and large TISM. Compari-
son of many-body energy and entanglement spectra for can-
didate 10-particle fermionic Laughlin FCIs at ngy = 1/96, on
the quartic plane, with (a) (ts,t9) = (—0.25,—0.25), and
(b) (t6,t9) = (0.25,0.25), corresponding to the blue crosses
in Fig. 5. The ground-state energies are (a) Emb.,0 = —72.1
and (b) Emb.,0 = —75.8. The entanglement energies included
in the (1,3) counting are colored red. The bottom panels
show the corresponding finite-size scaling of the many-body
and entanglement gaps. The many-body gaps are marked
by blue dots and the entanglement gaps are marked by red
crosses. For reference, the scaled many-body gap of the Hofs-
tadter model in the thermodynamic continuum limit is shown
as a blue dashed line [28, 39]. The lattice geometries are se-
lected so that the total system is approximately square, with
|1 — No/Ny| < 27% in all cases. The PES are computed with
Na = |N/2|.

focus on the cross-sections marked by the red dashed lines
in Figs. 3 and 5. We start with the cross-section for the
bosonic Laughlin state from Fig. 3 at ny = 1/81, which is
plotted in Fig. 7(a). According to the geometric stability
hypothesis, we would expect FCI stability to monoton-
ically increase as (7) — 0. Instead, there appears to
be a phase transition, with a trivial phase observed at
tg = 0.05 [72], suggesting that a monotonic decrease in
the TISM does not lead to a monotonic increase in FCI
stability. Moreover, in this case we notice that both of
our FCI stability metrics, i.e. the many-body gap and the
entanglement gap, are correlated, and they both seem to
indicate that states at large (T) & 50 are more stable
than at (7) ~ 0. For comparison, we also plot the other
single-particle stability metrics discussed in Sec. IITA.
Here we can see that the DISM is strongly correlated with
the TISM, and the gap-to-width ratio is inversely corre-
lated with the Berry fluctuations, as expected. We note
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FIG. 7. Stability of Laughlin states on cross-sections
of the quartic plane. Comparison of cross-sections at
(a) t¢ = —0.05 for the bosonic Laughlin state at ng = 1/81,
and (b) t¢ = 0.25 for the fermionic Laughlin state at ny =
1/96, corresponding to the red dashed lines in Figs. 3 and 5.
The first panels show the scaled many-body gap, ¢? A b, for
bosons(fermions), and the principal entanglement gap A¢, as
a function of tg. The many-body gaps are marked by blue dots
and the entanglement gaps are marked by red crosses. The
maximum values of the gaps are marked with dashed lines,
and the hexic line is marked with a solid green line, as in
Figs. 3 and 5. The subsequent panels show the correspond-
ing single-particle metrics in black. The second, third, and
fourth panels show the scaling of the BZ-averaged TISM (7),
the BZ-averaged DISM (D), and fluctuations of the Fubini-
Study metric o4, respectively. The minima of the TISM and
DISM are marked with a dashed line. Finally, the fifth and
sixth panels show the scaling of the normalized Berry curva-
ture fluctuations 65 and the gap-to-width ratio A/W. The
logarithmic scale on the y-axes is base 10.

that in this example, the primitive single-particle sta-
bility metrics, such as the gap-to-width ratio and Berry
fluctuations accord with the band geometric measures,
such as the TISM, DISM, and Fubini-Study fluctuations,
which is not always the case [23]. For all metrics, we
notice a clear transition about the hexic line, where the
quartic term changes sign. Similarly, we can examine
the cross-section for the fermionic Laughlin state from
Fig. 5 at ny = 1/96, which is plotted in Fig. 7(b). As in
Fig. 7(a), we can see that FCI stability does not appear
to monotonically increase as (T) — 0, regardless of which
many-body stability metric is considered. Interestingly,
on this occasion we can see that the many-body and en-

tanglement gaps are inversely correlated above the hexic
line. This reflects the rapid reduction of the many-body
gap as tg,tg > 0 are increased, which is obscured by the
color scale in the right panel of Fig. 5(b). Nevertheless,
there are points with (7) a2 50 for which both the many-
body and entanglement gaps are larger than at (7) ~ 0.
Again, we can see that all single-particle metrics accord
with each other, showing a distinct transition about the
hexic line. Comparing FCIs at quartic, hexic, and octic
points with fixed flux density in Figs. 3 and 5, we do not
notice a significant change in the many-body and entan-
glement gaps, although these Hamiltonian properties do
have an overall effect on the phase diagram.

V. DISCUSSION & CONCLUSIONS

In this paper, we have investigated the scope of the
geometric stability hypothesis by analyzing the stability
of a family of FCIs that do not have a Landau level con-
tinuum limit. In Sec. IT A, we started by explaining why
the (3,6,9) Hofstadter model in the quartic plane has a
non-Landau level continuum limit. In Sec. II B, we then
showed how the flat bands of this model are amenable to
hosting FCIs given an appropriate lattice geometry, fill-
ing fraction, and interaction Hamiltonian. Subsequently,
in Sec. I, we outlined our method for testing the geo-
metric stability hypothesis. In Sec. IIT A, we explained
why the TISM is the prominent single-particle stability
metric, and in Sec. III B, we justified our choice of many-
body and entanglement gaps as quantifiers of FCI sta-
bility. Lastly, in Sec. IV, we analyzed the stability of
Laughlin states in our model and demonstrated that the
geometric stability hypothesis also applies to non-Landau
flat bands, albeit often requiring larger system sizes to
converge for these configurations.

In Sec. IV, we chose system sizes and flux densities that
correspond to previous numerical studies of the geometric
stability hypothesis for topological flat band models with
a Landau level continuum limit [25, 28, 29]. In doing
so, we are able to directly compare numerical aspects
of the simulations. We find that, even though N = 8
Laughlin FCIs are well-converged in the thermodynamic
limit for the conventional Hofstadter model [39], this is
not the case for the (3,6,9) model. In Figs. 3 and 5, we
notice anomalous regions above the hexic line that are
not robust in the N — oo limit, and in Appendix C, we
show that these regions also diminish as we continue to
take the ny — 0 limit. Since these anomalous regions are
fluctuating, highly-sensitive to numerical precision, and
not robust in the thermodynamic or continuum limits,
we attribute this to a numerical instability and not a
physical phase transition. Moreover, since the relative
magnetic length in our simulations is constant, the most
likely cause of this transient numerical instability is the
relative dominance of the fourth-order momentum term
in the Hamiltonian.

As previously mentioned, the definition of FCI stabil-



ity is ambiguous, which makes quantitatively testing the
geometric stability hypothesis problematic. We decided
to use the many-body and entanglement gaps as quanti-
fiers because they are direct properties of the many-body
Hamiltonian, despite the fact that they are not always
correlated. Other methods of quantifying FCI stability,
such as the range of interaction strengths over which an
FCI is stabilized [41, 69], may lead to different results.
Another factor that is important to consider is the form
of the interaction term. For example, an FCI at (T) =0
will not be more stable than an FCI at (7) > 0 if its
interaction terms are significantly less optimal. In our
investigation, we have compared FCIs with identical con-
tact / NN interactions to remove this variable. We also
reiterate that, despite the plethora of recent extensions
and generalizations [16, 20, 23, 30, 31], the original geo-
metric stability hypothesis holds up well for models that
are not continuously connected to Landau levels in our
study, modulo misleading breakdowns that are of numer-
ical origin.

We have presented results highlighting the limita-
tions of testing the geometric stability hypothesis us-
ing finite-size numerics. In future work, it would be in-
teresting to develop and test the efficacy of continuous
single-particle stability metrics in more general frame-
works [16, 23, 30, 31], analogous to the TISM, since most
current research is focused on criteria for the ideal Chern
band itself [14, 31]. Moreover, although we have pre-
sented a simple example of a model that does not have
a Landau level continuum limit, this is not the only ex-
ample. The conventional Hofstadter model famously has
an effective continuum for bands of higher Chern num-
ber in the limit ny, — 1/|C| [39]. It would therefore
be interesting to check whether there is also a finite-size
breakdown in the geometric stability hypothesis here, al-
though this would be more challenging, since it would
require systematically stabilizing a large set of higher-
|C| FCIs [39, 42, 67, 73, 74]. We hope that showcasing
the scope of the geometric stability hypothesis motivates
further efforts toward its generalization, along with a re-
liable and inexpensive single-particle metric, that can be
used to universally compare the relative stability of FCIs.
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Appendix A: Single-particle band structure of the
(3,6,9) Hofstadter model

In this section, we consider the (3,6,9) Hofstadter
model, defined as Eq. 1 with n = {1,3,6,9} and ¢; = 1.

As mentioned in the main text, the Peierls phase is
defined as 6;; = (27/¢o) [/ A - dl, where A is the vector
potential and dl is an infinitesimal line element along
the path from i = (X;,Y;) to j = (X,,Y;). Performing
this line integral in Landau gauge A = Bzé, yields the
general formula

X, — X;
91‘]‘ = 27T’n¢(ij — Y;) (Xi + ]21> 5 (Al)

where the flux density ng = Ba?/¢o = p/q with coprime
integers (p, q), ¢o is the flux quantum, and X, Y are mea-
sured in units of a. Note that, in this choice of gauge,
the Peierls phase depends on relative y-coordinates but
absolute z-coordinates. Using this formula, we find that
the only hoppings in the (3,6,9) Hofstadter model with
a non-zero Peierls phase are given as

2mngm,

gl —

)

( )
dmngm, j = (m,n+2),
6rngm, ( )

( )

8mngm,

where we have defined i = (m,n).

Taking the plane wave ansatz ¥, , = gikamagikynay,
and substituting this into the time-independent
Schrodinger equation HV,, ,, = E¥,, ,,, leaves us with

Eyy = F g4+ D™ Y3 + C P2
+B*7/}m—1 + Amdjm + B1/}m,+1 (A3)
+C¢m+2 + Dwm-‘r?) + Fw7n+4a

where
4
A, = -2 Z t" cos(2rmnem + Tkya), (A4)
=1
B = —t|elk=, (A5)
C = —thel?F=a, (A6)
D = —thetkaa, (A7)
F = —t)elthea (A8)

and we have skipped the letter F to avoid confusion with
the eigenenergies. Consequently, the full eigenvalue prob-
lem Hp = E1p, where p = (1,12, ...,1%,)T, is described
by the ¢ x ¢ Hamiltonian matrix



A, B C D F
B* A, B C D
C* B* Ay B C
D* C* B* A, B
F* D* C* B* As .

H=| : S
00 0 0 0
F 0 0 0 0
D F 0 0 0
C D F 0 0
B C D F 0

The eigenvalues of the above Hamiltonian yield the g-
band single-particle energy spectrum for the (3,6,9) Hof-
stadter model with ng = p/q, shown in Figs. 2(a,b).

Appendix B: Details of the numerical method

We compute the many-body spectra of the (3, 6,9) Hof-
stadter model using the Lanczos algorithm implemented
in the DiagHam package. In most cases, we use a Lanczos
precision of AE, p. = 1071 and compute the lowest five
eigenstates in each momentum sector. However, there are
a few cases, where we need to either adjust the precision
or compute a larger number of eigenstates in order to
ensure that the low-lying states are properly converged,
such as for the N = 9 point in Fig. 6(a). This can have a
significant effect on the energy and entanglement spectra,
with the latter being more sensitive.

For the systematic computations on the quartic plane,
shown in Figs. 3, 5, 7, and 8, we use a square total system
size, as described in the main text. However, when per-
forming the finite-size scaling in Figs. 4 and 6, or the flux
density scaling for fermions in Fig. 9, this is not always
possible for the given particle numbers and flux densities,
and so we use approximately square systems. We define
the squareness deviation parameter as

N,
ez’l—x.

N (B1)

For each system size, we search for lattice geometries that
yield the correct filling fraction LyL,/N = s and flux
density l;l, = ¢, while minimizing €. For the bosonic
Laughlin state in Fig. 4, lattice geometries that satisfy
this for 1 < Ly, 15, Ly, 1, < 100 are given in Table I(a).
For the fermionic Laughlin state in Fig. 6, corresponding
lattice geometries are given in Table I(b).

Appendix C: Flux density scaling for Laughlin states
on the quartic plane

In this section, we present a total of 1694 numerical
exact diagonalization computations, to complement the
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0 F* D C* B*
0 0 F*  D* C*
0 0 0 F* D~
0 0 0 0 F*
0 0 0 0 0
o : : : (A9)
. Ag-s B C D F
B* A, B cC D
¢ B* A, B C
D Cc* B* A, B
F~ D* C* B A,
(a) bosons
N lo I, Lo L, ¢
6 9 9 3 4 0.25
7 27 3 1 14 0.36
8 9 9 4 4 0
9 9 9 3 6 0.5
10 9 9 4 5 0.20
(b) fermions
N o I, Lo L, ¢
6 12 8 3 6 0.25
7 16 6 3 7 0.14
8 12 8 4 6 0
9 16 6 3 9 0.11
10 16 6 3 10 0.20
11 16 6 3 11 0.27

TABLE I. Lattice geometries used for the finite-size scaling
in the bottom panels of (a) Fig. 4 and (b) Fig. 6.

results in Sec. IV. In particular, we directly follow on
from Figs. 3 and 5 and investigate the stability of Laugh-
lin states on the quartic plane as we go deeper into the
continuum limit ng — 0.

In Fig. 8, we show a direct continuation of Fig. 3 for the
stability of the bosonic Laughlin state at smaller values
of ng. As in the main text, we consider square configura-
tions with MUCs of dimension I, x[,, = mxm and system
dimensions L, X L, = 4 x 4. In the figure, we see that the
anomalous regions of large many-body and entanglement
gaps above the hexic line gradually diminish as ng — 0,
which shows that this is a transient phenomenon. At
the smallest flux density of ny = 1/256, the anomalous
regions have almost completely disappeared and the geo-
metric stability hypothesis is recovered, with clear signa-
tures of FCIs observed only below the hexic line, where
the TISM is smallest.

Similarly, in Fig. 9, we show a direct continuation of
Fig. 5 for the stability of the fermionic Laughlin state
at smaller values of ng. In this case, we are not able
to restrict ourselves to square configurations, due to the
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FIG. 8.

averaged TISM (T), scaled by the MUC area ¢, plotted in the quartic plane 1 + 4¢3 + 9t¢ + 16t = 0, for ny =
1/100,1/121,1/144,1/169,1/196,1/225,1/256. The hexic line t9 = (1 — 15t¢)/64 and octic point t9 = —1/56 are overlaid
in green. (b) Many-body gap Am.b., scaled by the MUC area ¢, with parameters corresponding to (a). The results are shown
for the 8-particle bosonic Laughlin state stabilized by the contact interaction Vi; = d;;. (c) Quasidegeneracy spread ¢, scaled

by the MUC area ¢, corresponding to (b).
directly from Fig. 3.

increasingly challenging convergence of the Lanczos algo-
rithm. Instead, we consider approximately square config-
urations with € < 7%, using the algorithm described in
Appendix B. As for the bosonic Laughlin state in Fig. 8,
we see that the anomalous regions diminish as ng — 0.
Similarly, the anomalous regions for the many-body and
entanglement gaps are correlated and recede from the
top-right corner, where the TISM is largest.

From performing the computations, we find that the
anomalous regions are not only fluctuating, but also
highly sensitive to the precision of the Lanczos algo-

(d) Principal entanglement gap A, corresponding to (b,c). These results follow

rithm. Coupled with the fact that these regions are not
robust in the thermodynamic or continuum limits, we at-
tribute this to a numerical instability and not a physical
phase transition. Since the ratio of the linear system size
/NN, ~ /g to magnetic length ¢ ~ (27ny)~1/2 ~ /g
is constant, this is not a length scale phenomenon. In-
stead, the most likely cause of the transient numerical
instability is the relative dominance of the fourth-order
momentum term in the Hamiltonian. This highlights the
additional care needed to recover the geometric stabil-
ity hypothesis for Chern bands with a non-Landau level
continuum limit.
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