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ABSTRACT OF THE DISSERTATION

Boundaries and Defects

in Quantum Field Theories and Gravity

by

Seolhwa Kim
Doctor of Philosophy in Physics
University of California, Los Angeles, 2026

Professor Per J. Kraus, Chair

Boundaries and defects host localized interactions of the dynamic degrees of freedom and
provide the certain conditions on the field at the location of them. In guage theories and
gravity, the dynamics of the large gauge degrees of freedom is localized on the boundary and
are best described within the covariant phase space formalism using the symplectic form and
boundary action. When the gravitational effects are strong, these large gauge degrees of free-
dom dress the on-shell matter action, which can be described using Hamiltonian formulation
by integrating out these edge modes. We present the two efficient methods of computing
the symplectic form associated with the boundary degrees of freedom. We then consider the
near-extremal charged black holes in 4d, where the gravitational effects are enhanced at low
temperature and study the Hawking radiation at near-horizon AdS, using the Hamiltonian
formulation, with emphasis on comparing this to the JT gravity. Extending this perspective
to study of defects, we develop a Lagrangian based method for computing the higher struc-
ture of non-invertible defects and compute the associators of the duality and triality defects
in the 4d Maxwell theory. We then consider a family of codimension-1 non-conformal defects
in the free non-compact boson theory and relate the two descriptions—Ilocalized interaction

and discontinuous relations and study its scaling behavior and effects in spectrum.

1



The dissertation of Seolhwa Kim is approved.
Michael Gutperle
Thomas T. Dumitrescu
Eric D’Hoker

Per J. Kraus, Committee Chair

University of California, Los Angeles

2026

1l



To my grandmother,
who talked with me before I can remember
and helped me find my first words,

and to my parents

v



TABLE OF CONTENTS

Introduction . . . . & ¢ v v v it e e e e e e e e e e e e e e e e e e e e

Systematics of Boundary Actions in Gauge Theory and Gravity . . . .

2.1

Introduction and Summary . . . . . . . ..o Lo Lo

2.2 Review of Boundary Actions . . . . . . .. ... oL

2.3

2.4

221

2.2.2

2.2.3

2.24

U(l) CStheoryon M =D xR . . ... ... ... ... .......
Review of covariant phase space formalism . . . . ... ... .. ...
Where boundary actions come from . . . . . . ... ... L.

Discussion . . . . . .

Computing Gauge Orbit Actions . . . . . . . .. ... ... ... ... ...

2.3.1

2.3.2

2.3.3

2.34

2.3.5

2.3.6

The momentum method . . . . . .. ... .. ... .. ... ...,
The transfer field . . . . . ... ... oo
The transfer field method . . . . . . ... ... ... .
Computing €2 from the Noether charges . . . . . ... ... ... ...
Examples . . . . . .

Comparison of techniques . . . . . . . ... ... ... ... ... ..

Application to Topologically Massive Gravity . . . . . . ... ... ... ..

24.1

24.2

2.4.3

244

2.4.5

Einstein-Hilbert contribution . . . . . . .. ... ... .. ... ...
CS contribution . . . . . ... L oo L
Total charge . . . . . . . . .. L
Lower spin gravity formulation . . . .. ... ... ... .......

Boundary action for warped AdS3 . . . . . . ...



2.5

Emergent Boundary Modes . . . . . . . .. ..o oL 53

2.5.1 Background solution . . . . .. .. ... ... oo 54
2.5.2 Boundary photons . . . . ... .. Lo 5Y)
2.5.3 Boundary gravitons . . . . . . ... ... 57

3 Hamiltonian Formulation for Near-Extremal Charged Black Holes in 4d 61

3.1

3.2

3.3

3.4

3.5

Introduction and summary . . . . . . ... 61

Motivation for the ADM formulation of the 4d near-extremal charged black

holes . . . . L o 65
3.2.1 Breakdown of thermodynamics . . . . ... ... ... ... ..... 65
3.2.2  Quantum gravitational effects from the near horizon JT gravity . . . 67
3.2.3 Motivation for the real-time and ADM formulations . . . . . . . . .. 74
JT gravity and bilocal matter action . . . . . .. ... .. ... ... ... 74
3.3.1 Universal s-wave sector of 4d near-extremal charged black holes . . . 74
3.3.2  Cut-off boundary to regulate backreaction of matter . . . . . . . . .. 75
3.3.3 Solutions and symmetries of JT gravity . . . . . . .. ... ... ... 78
3.3.4 Boundary graviton propagator . . . . . ... ... L. 82
3.3.5 Scalar bilocal actions and their perturbative expansion . . . . . . .. 83
3.3.6  Thermal 4pt functions and OTOC . . . .. .. ... ... ... ... 86
ADM Hamiltonian in Euclidean space and Schwarzian theory . . . . . . . .. 89
3.4.1 ADM Hamiltonian of neutral scalarsin4d . . ... ... ....... 89
3.4.2 Comparison to Schwarzian action at zero temperature . . . . . . . . . 97
3.4.3 Comparison to Schwarzian action at finite temperature . . . . . . . . 99
In-In correlation functions . . . . . . . .. ... oL 102

vi



3.5.1 Euclidean time orderd tree-level 4-point functions . . . . . .. . . ..
3.5.2  Real time tree-level 4-point functions . . . . . . . . ... ... ..

3.5.3 1-loop 2-point functions . . . . . . ...

4 Higher Structure of Non-invertible Symmetries from Lagrangian Descrip-

4.3

4.4

4.5

Introduction and Summary . . . . . . ... Lo
Higher structure of symmetry . . . . . . . ... ... ... ... ... ...
4.2.1 Higher structure in fusion categories . . . . . . . ... ... ... ..
4.2.2  Associator 1-morphisms in 4d QFT . . . . ... ... ... ... ...
Compact bosonin2d . . . . .. .. .. ...
4.3.1 Lagrangians for TY(Zy,+1) symmetry defects . . . . . . . ... ...
4.3.2 Local fusion junctions . . . . . . .. .. Lo oo
4.3.3 F-symbols using Lagrangian . . . . . . .. .. ... ... .. ... ..
Maxwell theory in4d . . . . . . . . . . . ...
4.4.1 Non-invertible triality symmetry and defect Lagrangians . . . . . . .
4.4.2 Local fusion and morphism junctions . . . .. ... ... ... . ...
4.4.3 Associator l-morphisms . . . . ... ..o
Triality defects in Maxwell theory using group theoretical construction

4.5.1 Group-theoretical construction of triality defects . . . . . . . . .. ..
4.5.2  Overview of anyon condensations and fusion of domain walls . . . . .
4.5.3 Local fusion junctions . . . . . . .. .. ...

4.5.4  Associators for triality defects . . . . . . . ... ...,

5 Codimension-1 Non-Conformal Defects in Free Scalar Theories

vil

113



5.1

5.2

5.3

5.4

5.9

5.6

5.7

Introduction and summary . . . . . . ... Lo 180

5.1.1 Two formulations . . . . . . ... ... o 180
5.1.2 Computations . . . . . . . . . . . 184
General aspects . . . . . . . e 187
5.2.1 Matching conditions . . . . .. ... 0oL 187
5.2.2  Perturbative action approach . . . . ... ... 192
Scalar two-point function in presence of defect . . . . . . . . ... ... ... 194
5.3.1 Computation . . . . . . .. .. 195
5.3.2 Matching conditions from the correlator . . . . ... ... ... ... 198
5.3.3 Special cases. . . . . . .. 199
534 Poles . . . .. 201
Vacuum diagrams . . . . . . . ... 201
Multiple defects . . . . . . . . 203
5.5.1 Two defect partition function . . . . ... ... . ... ... ..... 203
5.5.2  Fusion of two defects . . . . . . . ..o 204
Mode expansion . . . . . . . . ... 205
5.6.1 Massless scattering modes . . . . .. ... ... ... ... 206
5.6.2 Bound statemodes . . . . ... Lo oo 207
5.6.3 Spectrum . . . . ... 209
5.6.4 Massive scalar mode expansion . . . . ... ... L. 210

Ring partition function, g-function, and entanglement entropy of accelerating

defects . . . . 211

5.7.1 Ring partition function . . . . . .. ... oo 211

viil



5.7.2  Defect g-function . . . . . . ... L 213

5.7.3 Entanglement entropy of accelerating defects . . . . . . ... ... .. 214
5.8 Defect on torus . . . . .. 217
5.8.1 Defect Hilbert space calculation . . . . . ... .. ... ........ 217
5.8.2 Torus partition function with the space-like defect . . . . . . . . . .. 222
5.8.3 Matching the two calculations . . . . . . ... ... .. ........ 225
584 Cardy formulas . . . . . . ... L 227
5.9 Spacelike ¢; defect and quench . . . . . .. ... Lo 234
5.9.1 In and out vacuum states for the general defect . . . . .. ... ... 234
5.9.2 Correlation functions . . . . . . . ... ..o 237
510 Comments . . . . . . . .. L e 240
Systematics of Boundary Action . . . . . . . . . . .00 o0 242
A.1 Forms Conventions . . . . . . . . . . . ... 242
A.2 Identically Closed Forms . . . . . . . . . .. ... ... ... .. .. ..... 243
A2.1 Motivation . . . . . . . . .. 245
A.2.2 General algorithm . . . . .. ... ..o 248
A23 Examples . . . . . .. 251
A.3 Diffeomorphism Charges for Generally non-Covariant Lagrangians . . . . . . 253
A4 Non-Abelian CS . . . . . . . . . . 254
A.5 Relation to Schwarzian Action for JT gravity . . . . . . ... ... ... ... 257
Hamiltonian formulation of near-extremal charged black holes . . . . . 259
B.1 ADM Hamiltonian of neutral scalars from AdSs . . . . ... .. ... .... 259

X



B.2 Derivation of Quasi local mass . . . . . . . .. ... ... L. 263

B.3 AdS/CFT dictionary for the matter . . . . . .. ... ... ... ... .... 264
B.4 Thermal 2pt function in 4d s-wave sector in the near-horizon region . . . . . 265

C Non-conformal Defects . . . . . . . ... 00000 oo oo 270
C.1 Higher transverse derivative terms . . . . . . . . ... ... L. 270
C.2 Fusion of two defects . . . . . . . . ... 272
C.3 Stabilization by interactions . . . . . . ... ... 0oL 273

D Higher Structure of Non-invertible Symmetries . . . . . . . ... ... 277
D.1 Fusion junctions and associators in the 2d compact boson theory . . . . . . . 277
D.1.1 Local fusion junctions . . . . . . .. .. ... oL 277

D.1.2 F-symbols . . . . . . . . . 279

D.2 Comments on alternative formalisms on the local junctions . . . . . . . . .. 285
D.3 Triality fusion junctions and associators in 4d Maxwell theory . . . . .. .. 288
D.3.1 Triality fusion junctions . . . . . .. .. .. ... ... 288

D.3.2 Triality defect associator . . . . . . . .. ... L Lo 292

D.4 Details on anyon condensation and domain wall fusion . . . .. .. ... .. 298
D.5 Duality defect associators . . . . . . . ... oo oL 301
D.5.1 Non-invertible duality symmetry and defect Lagrangians . . . . . . . 302

D.5.2 Lagrangian method for [FZID);,E,DQ] R 303

D.5.3 Group-theoretical approach . . . . . .. ... ... ... 307
References . . . . . . o v v v i i i e e e e e e e e e e e e e e e e e e 313



3.1

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.10

4.11

4.12

4.13

5.1

5.2

9.3

5.4

9.5

5.6

LIST OF FIGURES

Schwinger-Keldysh contour for the thermal 4-point function . . . . ... .. .. 108
Topological interface from half-gauging or half-stacking of a TQFT . . . . . .. 120
Local fusion junction of two codimension-1 topological defects . . . . . . .. .. 122
Zy shift symmetry defect in 2d compact boson theory . . . . . . .. ... ... 125
Topological construction of the local fusion junction for Hom(a x b,¢). Lio . . . 126
Topological construction of the local fusion junction for Hom(T x n*,T) . ... 128

Topological fusion junction of Hom (7" x T, C') and topological junction Hom(C, n*)130

Associator 1-morphism for three defects by collpase . . . . . . ... .. ... .. 133
The configuration used in computing [Ffpplympn o« oo oo oo 137
Topological construction of the local fusion junction for Hom(D, x Dy, D.) . . . 144
Hom(D3 x 1, D3) junction . . . . . . . .. o 146
Hom(Cp, 1) junction . . . . . . . .. 148
Hom (D3 x D3, D3U(1) ), Hom(D3x D3, D3U(1)_y) and Hom(U (1) yxU(1)_x, 1)

JURCEIONS . . . o o o o o s e e e 152
The diagram for [ngD&DgL’U(l)NDS ........................ 158
Ward identity in the presence of defect . . . . . . .. .. ... ... 188
Ward identity in the presence of defect . . . . . . .. .. .. ... ... .... 189
2-point function after resumming the quadrataic vertices on defect . . . . . . . . 195
Defect contributions to the connected vacuum diagram for (e=%¢) . . . . . . .. 202
Regions of bound states in the matching condition parameter space . . . . . . . 208

Lorentzian trajectory of the accelerating defect and its Euclidean counter part . 215

x1



5.7 Pair of accelerating defects continued to imaginary time . . . . ... ... ... 216
5.8 c¢y-defect wrapping around temporal cycle of torus . . . . . . ... ... 218

5.9 First three energy eigenvalues in the defect Hilbert space as a function of the

coupling ¢1 . . . .. 219
5.10 c¢q-defect wrapping around spatial cycle of torus . . . . . .. ... ... ... .. 223
5.11 Numerical verification of Z;, =2, . . . . . . . . . . . . . . ... .. 227
5.12 Three regimes of energy relative to defect couplingc¢; . . . . . . . .. ... ... 231

C.1 Regions of unstable bound state modes and solitons in the parameter space of

matching matrix . . . . . . ..o Lo 275
D.1 Local fusion junction Hom(T x T,n¥) . . . . . .. ... ... 277
D.2 Local fusion junctions Hom(n* x T, T) and Hom(n™ x o™, n™™) . . . . .. ... 278
D.3 Diagrams for F%;”,Tv T B 280
D.4 Diagrams for Ff . ., F;"Tbnn and F;:LTT ...................... 283
D.5 Triality defect various fusion junctions . . . . . .. ... .. ... ... ... .. 289
D.6 Varions triality defect associators . . . . . . .. .. ... o oL 292
D.7 Diagram for [ngﬁ%%} Ly T 303
D.8 Three parallel duality defects . . . . . . .. ... o Lo 306
D.9 Anyon condensation in the associator 1-morphism of defects . . . . .. ... .. 310

xii



LIST OF TABLES

3.1  Symmetries of Einstein-Hilbert and JT gravity and their breaking. . . . . . .. 80
4.1 Spectrum of the 2d theory based on the boundary conditions . . . . . .. . . .. 155
4.2 The 2d theories obtained after the interval reduction with different combinations

of the boundary conditions . . . . . . . . .. . L o 157
4.3 Boundary conditions for the gauge fields in Eq. (4.4.41). . . . . ... ... ... 161
4.4 Boundary conditions for the gauge fields in (4.4.41) . . . . ... ... ... ... 161
4.5 Associators of various combinations of the Dy and D5 defects . . . . . .. ... 162
4.6 The operator contents and fusion rules in (4.5.27) . . . . ... ... ... ... . 170
4.7 The topological operator contents on the fused wall Z_, . . . .. ... ... .. 171
4.8 The list of local fusion junctions of triality defects that require anyon condensa-

tions to construct . . . . . ... Lo 173
D.1 Boundary conditions for the case (1) of Eq. (D.3.29) . . ... ... ... .... 297
D.2 Boundary conditions for the case (2) of Eq. (D.3.29) . .. ... ... ...... 298

xiil



ACKNOWLEDGMENTS

[ am deeply grateful to my advisor, Professor Per Kraus, for six years of guidance and
mentorship. His remarkable work ethic, his careful approach to difficult problems, and
his ability to answer my often ill-defined questions pedagogically and from first principles
have profoundly shaped the way I think about physics. I am especially grateful to him for

introducing me to the joy of computation.

I would also like to express my sincere appreciation to my committee members, Professors
Eric D’Hoker, Thomas Dumitrescu, and Michael Gutperle, for teaching me physics and for

helping to create an inspiring intellectual environment for theoretical physics at UCLA.

It has been a privilege to work with my collaborators Orr, Richard, Ruben, Suzanne,
and Zhengdi. I am grateful for the experience of figuring things out together and for the
enthusiasm and companionship that made our projects much more enjoyable. 1 am also
indebted to Kostis, Luigi, and Theo for teaching me about generalized symmetries and for

always being willing to discuss related questions.

My time at UCLA was greatly enriched by the TEP graduate students. I am especially
grateful to Richard for countless conversations about physics and everything beyond it, and

to Anna, Christina, and Stephen for making our group feel warm and welcoming.

I have also been fortunate to meet many wonderful postdocs and friends from different
places. 1 am grateful to Adar, Aryan, Bruno, David, Diego, Dima, Edgar, Enrico, Gabi,
Giulia, Gurleen, Kassi, Kristian, Luke, Matteo, Michael, Joe, Joel, Jonah, Paul, Peter,
Pratik Manwani, Pratik Sathe, Reed, Roger, Roman, Saeedeh, Yifan, Yillin, and Yoojung
for their friendship, companionship, and the many memories we shared. In particular, my
Korean friends—Hanbit, Jinho, Seulchan, and Wanki—provided friendship, encouragement,

and motivation without which completing this Ph.D. would not have been possible.

Finally, I owe my deepest gratitude to my parents and to Tavit for their unwavering love

and support throughout this journey.

Xiv



Co-author contributions Chapter 2 of this thesis is based on [2], which was the result

of collaboration with Richard Myers and Per Kraus. Chapter 3 is based on [0], a result of
collaboration with Suzanne Bintanja and Per Kraus. Chapter 4 is based on [5], a result of
collaboration with Orr Sela and Zhengdi Sun. Finally, chapter 5 is based on [1], a result of

collaboration with Per Kraus and Zhengdi Sun.

XV



VITA

2016 B.S. Physics and Electrical Engineering, Pohang University of Science and
Technology
2018 M.S. Physics, Korea Advanced Institute of Science and Technology

20202026  Teaching Assistant, Department of Physics and Astronomy, University of

California, Los Angeles

2021-2026  Graduate Student Researcher, Department of Physics and Astronomy, Uni-

versity of California, Los Angeles

PUBLICATIONS

[1] S. Kim and E. D. Stewart, Constraining Affleck-Dine Leptogenesis after Thermal Infla-

tion, JCAP 09 (2020) 045, arXiv:1904.13158 [hep-ph]

[1] S. Kim and E. D. Stewart, Constraining Affleck-Dine Leptogenesis after Thermal Infla-
tion, JCAP 09 (2020) 045, arXiv:1904.13158 [hep-ph]

[2] S. Kim, P. Kraus, and R. M. Myers, Systematics of boundary actions in gauge theory
and gravity, JHEP 04 (2023) 121, arXiv:2301.02964 [hep-th]

[3] S. Kim, P. Kraus, R. Monten, and R. M. Myers, S-matriz path integral approach to
symmetries and soft theorems, JHEP 10 (2023) 036, arXiv:2307.12368 [hep-th]

xXvi


http://dx.doi.org/10.1088/1475-7516/2020/09/045
http://arxiv.org/abs/1904.13158
http://dx.doi.org/10.1088/1475-7516/2020/09/045
http://arxiv.org/abs/1904.13158
http://dx.doi.org/10.1007/JHEP04(2023)121
http://arxiv.org/abs/2301.02964
http://dx.doi.org/10.1007/JHEP10(2023)036
http://arxiv.org/abs/2307.12368

[1] S. Kim, P. Kraus, and Z. Sun, Codimension one defects in free scalar field theory, JHEP
06 (2025) 065, arXiv:2502.19547 [hep-th]

[5] S. Kim, O. Sela, and Z. Sun, Higher structure of non-invertible symmetries from La-

grangian descriptions, arXiv:2509.20540 [hep-th]

[6] S. Bintanja, S. Kim, and P. Kraus, Enhanced correlations in hawking radiation from

near-extremal collapse, arXiv:2607.12989 [hep-th].https://arxiv.org/abs/2607.12989

XVvil


http://dx.doi.org/10.1007/JHEP06(2025)065
http://dx.doi.org/10.1007/JHEP06(2025)065
http://arxiv.org/abs/2502.19547
http://arxiv.org/abs/2509.20540
http://arxiv.org/abs/2607.12989
https://arxiv.org/abs/2607.12989

CHAPTER 1

Introduction

In gauge theories and gravity, asymptotic or actual boundary plays an important role by
setting a stage for the various dynamic degrees of freedom. A part of pure gauge or gravity
degrees of freedom that are associated with the large gauge transformations do not propagate
in the bulk and instead their dynamics are localized on the boundary. This can be seen from
the fact that their contribution to the symplectic form is localized on the boundary. As such,
their dynamics is described by the boundary action, which can be computed by solving the
Gauss’s law constraints and plugging the solutions back to the action. Or alternatively,
one can work in the covariant phase space formalism and compute the symplectic form €2 by
solving iy, € = —0@Q)y for the asymptotic symmetry generated by the vector V' and associated
charge @)y, which can then be used in computing the boundary action. These procedures

generally involve solving the differential equations, which can be complicated.

Restricting to gauge orbits around a single solution, one can circumvent this complex-
ity using some simplified methods that do not involve solving a differential equation. These
methods are the main subject of chapter 2, where we derive two such methods, check against
known results for 3d Chern-Simons theory and AdS3 gravity with various boundary condi-
tions, and compute the symplectic form for the new situations such as low spin gravity and

Einstein-Maxwell theory in AdSs which has the near horizon AdS; x R

On the other hand, the dynamics of the matters in the gravitational theories is often
described using the minimal coupling to the fixed background. However, there are some

special circumstances where the quantum gravitational effects should be incorporated to



describe the dynamics of matter. One example is the Hawking radiation in the large, near
extremal charged black holes, where this happens at the near horizon AdS; region and
dominates any fluctuations associated with the small curvature of the bulk. In the near
horizon region, the boundary gravitons associated with the asymptotic symmetry dress the
matter’s on-shell action localized on the boundary and their action can be computed using the
aforementioned covariant space formalism. Alternatively, the enhanced Hawking radiation
can be studied within the Hamiltonian formulation by Arnott-Deser-Misner (ADM), in which
the boundary gravitons associated with asymptotic symmetry are integrated out or gauge
fixed to provide the effective action for the matter fields. This formulation is essential in
studying the observables in Unruh vacuum suitable for the evaporating near-extremal black

holes, which has a single boundary as explained in chapter 3.

For thermal correlation functions, the two methods should agree at least classically, which
we verify by computing and manipulating the ADM Hamiltonian for the 4d near-extremal
black holes in chapter 3. However, the two formulations don’t necessarily predict the same
loop contributions because their effective dynamic degrees of freedoms are different, resulting
in different regularization schemes. Nonetheless, we later show that the two descriptions

predict the same value for some 1-loop correlation functions.

Similarly to the boundary, defects host localized interactions which have far reaching ef-
fects in low energy behavior of the system, and provide the generally discontinuous relation
of the fields across them similar to the boundary conditions. When the energy and momen-
tum flux are continuous across the defect, it doesn’t cost any energy to deform the defect and
it is called topological. Topological defects generate the symmetries in the generalized sense

including non-invertible symmetries that mix the local operators with the twist operators.

These topological defects are mainly described by the fusion rules between two defects.
However, this is not all, and the topological relations (morphisms) involving three or more
defects require extra specifications known as higher structure, such as the associativity rules

of three defects, and analogous notions for four or more defects. Generally, these are given by



the TQFTs at the interface between two different configurations of the defects. These are RG
invariant data of the theory that sometimes constrain the dynamics of the system through
Ward identity. These data can be computed using the Lagrangian or localized interaction
description of the defect by collapsing the network of two configurations that the target
morphism connects, using the boundary conditions that are consistent with the localized
interaction given in the defect Lagrangian. We describe this in detail in chapter 4, where we
demonstrate its operation by applying to the Zy Tambara-Yamagami symmetry category
of 2d compact boson, associated with the T-duality and the Zy subgroup of the shift and
winding symmetries for the verification of the method and to the non-invertible duality and
triality defects associated with the Zy electric 1-form symmetry in the 4d Maxwell theory

to derive new results.

Albeit less studied, generic defects are not conformal. They behave nontrivially under
scaling and can change correlators, spectrum, and entropy. A challenge in studying non-
conformal defect is the lack of analytic control. But a defect added as a perturbation to a
free theory is expected to be tractable. With that expectation, we consider free non-compact
scalar theory in 2d in chapter 5 by first presenting two descriptions—Ilocalized interaction
and discontinuous matching conditions—of the non-conformal defects and providing a map
between them. We then use either description appropriate for the situation to study the scal-
ing behavior of the defect through its anomalous dimension and operator product expansion
and the new spectrum or excitations by studying the defect Hilbert space, defect entropy,
excitation energy introduced by the instantaneous space-filling defect and the density of
states at high temperature. Although the defect hosts only quadratic interactions, lots of
this study couldn’t be done analytically when the defect has marginal or irrelevant couplings.
We could still study the relevant defect analytically and found the existence of pathology in

the spectrum for some defects and bizarre x* type of behavior in various quantities.

Each chapter begins with its own introduction that explains the motivation and existing

literatures in more detail. Chapters 2, 3, 4 and 5 are based on [2], [0], [5] and [1], respectively.



CHAPTER 2

Systematics of Boundary Actions in Gauge Theory and

Gravity

2.1 Introduction and Summary

In gauge theories and gravity, physical degrees of freedom of the pure gauge or gravity
consist of the propagating gauge fields or gravitons plus the large gauge transformations
or diffeomorphisms around fixed solutions. The dynamics of the latter is localized on the
boundary (asymptotic or actual) in a sense that their contribution to symplectic form and
such are localized on the boundary. Famous examples include Wess-Zumino-Witten (WZW)
action for the 3d Chern-Simons theory, the Alekseev-Shatashvili action for the 3d gravity

with negative cosmological contant and JT gravity for the AdSy gravity.

As such, their dynamics, e.g. correlation functions, are described by boundary action,
which can be obtained from the symplectic form in the asymptotic symmetry basis. The way
one gets the symplectic form or boundary action is nontrivial; it involves solving the equation
1y = —0Qyv where V is the phase space vector associated with the asymptotic symmetry
and Qy is the associated Noether charge. Alternatively one can solve the constraint equation

known as Gauss’s law constraint and plug the solutions back to the action.

However, none of these processes are always simple as solving the equation is not always
guaranteed. We provided an alternative way of computing the symplectic form associated
with the boundary degrees of freedoms, the ones associated with the asymptotic symmetry

and their mixing with boundary part of matters. We found that the former process based on



the covariant phase space formalism can be simplified restricted to the gauge orbit around

a single solution, using two different methods.

First method is specialized for the case when the momentum is conserved. Inthat case, we
provide a general solution to iy,€2 = —d P, where { = 1 corresponds to translation symmetry
and P is the associated Noether charge. The solution of phase space 1-form symplectic

potential is given by
e = /dl’ [/<¢¢,¢CI>’5<I> + K}qnpq)/é‘lj + fi\p\p\Ijla\I/ + P&)(S(I) + P&,é\lf] (211)

where ®, ¥ are the boundary degrees of freedom with distinct transformation under V. We
provide the proof of uniqueness of this solution in the main text along with its application
to AdS; gravity with standard Dirichlet boundary condition on the metric and the warped
AdS3 which has gravitational Chern-Simons term for the unique boundary condition, which

agree with known Alekseev-Shatashvili action.

Our second method is based on the phase spac 1-form valued field W that we call transfer
field, contracting with which leaves a phase space differential forms invariant, i.e. iy Z = pZ,
for a phase space p-form Z. Hence the phase space variation can be identified with Lie
derivative with respect to it, d¢ = iy d¢. Using this, iy ) = 20 = +0Qw, where the sign
is flipped in last equality reflecting the fact that W is a phase space 1-form valued vector.
By skipping the step of solving 12 = 6Qw, this method simplifies the computation of the
symplectic form, and we demonstrate this on 5d Chern-Simons theory and aforementioned

gravitational theoreis.

After checking its consistency with the known result, we use these methods to compute
the boundary action and symplectic form of low spin gravity and 5d Einstein-Maxwell theory
with negative cosmological constant, which admits an asymptotically AdS; solution that has

a near horizon AdS; x R? geometry.



2.2 Review of Boundary Actions

In this section we discuss general aspects of boundary modes, their origin in terms of large

gauge transformations, and the construction of an action that describes them.

2.2.1 U(1) CS theory on M = D xR

To get oriented, we first quickly review the simple and classic example of Chern-Simons
theory on a spatial disk and the corresponding boundary gauge modes, following the original
Lagrangian approach [7]. This approach is based on solving the Gauss law constraint and
substituting back into the action, yielding a total derivative. While this method works well
here, it is not so easy to adapt to other examples such as gravity in the metric description.
For this reason we go on to develop more flexible methods based on a covariant phase space

analysis.

The action for for Abelian CS theory on a spatial disk cross time is
S = k/ ANdA + Spray
M
e —k‘/ dng(ATatAqs — Ad)@tAT + 2AtF¢7-) + Sl/)ndy s (221)
M

where we integrated by parts and absorbed the boundary term into Sy, ;. We choose bound-

ary conditions §(A; — Ag)|am = 0.

Specializing to the case (4; — Ay)|omr = 0, a good variational principle is achieved by

taking

Sty =0, Slgy = —k /8 o3 (2.2.2)

A; is a Lagrange multiplier enforcing the constraint F, = 0, which is solved by writing

A¢ = 8¢Oé s Ar = 8r04 s (223)



with a(r,t, ¢ + 2m) = a(r,t,¢). Plugging this back into the action, the bulk terms become

a total derivative, and we arrive at the chiral boson action
S—k / dtd(Dyadha — Dyadya) (2.2.4)
oM
The basic equal time Poisson-Dirac bracket is

{a(6), By0(6)} = 56(6 &) (225)

The Hamiltonian and charges generating infinitesimal gauge transformations by A are

2 27
H;, =k /0 (0p)*de,  H[N = 2k /0 Agade . (2.2.6)

The theory describes a U(1) current J = kOza whose Fourier modes obey a U(1) current
algebra. The current-current-correlator is

Grs(w) = (J(w)J(0)) = R w=¢+t, w=¢—t. (2.2.7)

A sin? (%”) ’
2.2.1.1 Physical relevance of boundary modes

Inasmuch as the preceding analysis shows that boundary modes can carry nonzero energy
and momentum, they are established as being nontrivial physical states. Nonetheless, their
“pure gauge” character leads one to wonder, at least upon first hearing, whether they might
be ignorable in some sense, for example by decoupling from the rest of the physical system
in which they are embedded. However, it is not hard to show that the boundary modes do

have measurable consequences on other observables.

To expose these effects we can think of coupling the theory in the disk region to some
external system comprised of charged matter that couples to the CS gauge field at the
boundary of the disk. In the simplest incarnation we can take the system to live on the

boundary of the disk, and to be completely explicit we consider a charged scalar field example,

S = k:/ A/\dA—I—/ A’z (D"®)*D,® . (2.2.8)
M oM



The covariant derivative is taken to correspond to a gauging of the scalar shift symmetry,
D,® = 0,9 — iqgA,. This is convenient, since the associated current, Jg’ = 4(0,® — 0,9%)
decomposes into dimension (1,0) and (0, 1) operators, which is not the case for the current
associated to phase rotations of the scalar.’ Repeating the previous steps we arrive at the

action
S = /dzx [—2k0,0050 + 40, P 0P + 2iq0s0 (05D — 0y ®")] (2.2.9)

with 9, = 3(9s + 0;), 05 = 1(05 — 0;). The coupling of a to ® has no effect on the energy
spectrum of the theory, as follows from the fact that the coupling can be removed by a
redefinition of ®. There is a nontrivial effect on scalar correlators, in particular on the two-
point function of the current J2. This effect reflects the fluctuating phase acquired by a
charged particle on traveling between the two operator insertion points on the boundary.
Treating ¢ as a perturbation, we can readily sum up contributing diagrams by performing

Wick contractions, resulting in

G o (p) = (J2(p)J2 (D)),

= 3 (4" (G o gs ()™ [Gaa D))"
m=0
GJ<I>J<I> (p)
= , 2.2.10
1+ 4.q2GJ<I>J<I> (p)Gaa (p) ( )
where the ¢ = 0 correlators are
Gyoge(p) = (5 (0) i (p)) ~
p
Gaa(p) = (9s(p)Bs(—p)) ~ Wi : (2.2.11)

At g = 0 the correlator behaves as pg/p,, corresponding to 1/ sinz(g) in position space. As

q—o0 the correlator tends to zero, with leading behavior q%g—j; being polynomial in p;, this

vanishes for unequal times.

'The non-invariance of this current under large gauge transformations is not a concern since such trans-

formations are to be viewed as global symmetries.



The point to be emphasized here is that the boundary modes leave a detectable imprint

on the scalar correlators, and so are clearly “real.”

2.2.2 Review of covariant phase space formalism

We begin with a brief review of the covariant phase space formalism, which will also serve
to establish notation for the remainder of this chapter. Along the way, we make comments
about precisely where boundary conditions enter the formalism, as these will be useful to

keep in mind later. For a more detailed review, see for example [8-11].

2.2.2.1 Action and covariant phase space

We consider a theory defined on a D = d 4+ 1 dimensional spacetime M which admits
a foliation by codimension-1 slices which we will generally denote by 3. The, potentially
asymptotic, boundary structure of M can then be decomposed into OM = X, UT'UX._ where
Y+ are the slices in the asymptotically far future and past and I' is formed by unioning the
boundaries of all the slices. On this spacetime we consider a theory with fields ¢ whose

dynamics are described by an action

3[4 :/ML+/8M£ (2.2.12)

where L is the D-form Lagrangian and ¢ is some allowed d-form boundary contribution?,

which we assume to be local functionals of the fields.

Throughout we will use § to denote the exterior variational derivative, which we refer to
as the variation. Particular infinitesimal transformations of the fields will be thought of as

vector fields V' on field space. The action of a vector V' on a field ¢ will then be denoted by

2Though we use the same symbol ¢ for the boundary contribution over all of M, there need be no
relation between ¢ on I" and ¢ on Y. Shifts in this £ on either always produce shifts in the canonical 1-form

by something ¢ exact and so do not change the symplectic structure.



the contraction® iy/d¢. By integrating by parts, the variation of the Lagrangian may always

be written
OL=FEANdp+db (2.2.13)

for some 6. Setting E = 0 will be our equations of motion. We note that 6 is always

ambiguous up to addition of a d-closed form which we will return to shortly®.

Using this identity, the variation of the action is given by
55’:/ E/\5¢+/ (9+5€)+/(9+5€). (2.2.14)
M ORI S r

In order to have a good variational principle we require that the on-shell variation have no

support on I' which then requires
0+ 60)|r =dB (2.2.15)

for some B. Of course, this B can always be absorbed into a redefinition of #. However, we
note that for a generic theory, the LHS above will not automatically take the form of a total
derivative. Instead, there will be terms which only vanish upon the imposition of boundary
conditions. This means that the B here generally depends on the boundary conditions we

choose for our theory, and the existence of B may impose conditions on what we choose for

3Though here we prefer the contraction on variation notation to denote infinitesimal transformation, the
reader may find it helpful to recall that the following are equivalent: iy dF[¢p] = Ly F[¢] = V(F[¢]) where
Ly denotes the Lie derivative on field space and V(F[¢]) is the action of the vector field V' on the function

F on field space.

4In the literature, e.g. [9], it is often mentioned that @ is also ambiguous up to addition of a d-closed
form. While this is true, any such shift in 6 is equivalent to shifting £. So we take the perspective that 6 has

no § ambiguity, but £ remains to be chosen.
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¢°. As a simple example, starting from the action (B.4.20) we find
0= —kANSA, B=0 (2.2.16)

with chiral boundary conditions.

It will be useful later to keep explicit which objects depend on the boundary conditions
and which do not. So while it is possible to absorb B into a redefinition of 6, we will refrain

from doing so in order to avoid reference to boundary conditions when writing 6.

It’s also useful to observe that having a good variational principle is equivalent to slice
independence of the symplectic form. The potential for the symplectic form is always found
by extracting what remains of the action’s variation from the initial and final time slices; we

write A to denote this. Here we have

S = A= (6 + 60 — AB) (2.2.17)

DS > D

after the imposition of (2.2.15). This means we should choose our symplectic form to be®

/w_/aA / (0 — dB). (2.2.18)

Though the ultimate argument for using this object as our symplectic form will be that it
produces the desired Poisson brackets, we can see an immediate benefit by taking a second

variation of (2.2.17), which implies that this  is independent of the slice we choose.

It is, however, useful to observe that we can show more directly that the slice indepen-
dence of Q2 is precisely equivalent to the demand (2.2.15), and hence the demand for a good

variational principle. To see this we take a second variation of (2.2.13) to find

—§(E A b¢) = dob = dw (2.2.19)

5A standard example of this would be the need to include the Gibbons-Hawking-York term in the
Einstein-Hilbert action with Dirichlet boundary conditions, though in that case we may choose B = 0

depending on our gauge fixing, see e.g. [11] for details.

SThroughout this work we ignore the complications that come from the possibility of non-trivial phase

space topology, including the possibility of a symplectic form with non-trivial De Rahm cohomology.

11



so the symplectic current is closed on-shell. Hence Q(X) is independent of the slice 3 if and
only if the pullback of w to I vanishes. This demand can be rewritten as w|r = §(0|r—dB) =
d[(0 4+ 60)|r — dB] so the condition (2.2.15), obtained from demanding a good variational

principle, is equivalent” to the slice independence of the symplectic form.

As a final comment about this definition for the symplectic form, we should discuss the
distinction between the phase space and prephase space. We will generally take prephase
space to consist of all configurations of the fields which obey the boundary conditions and
the equations of motion. On this space the quantity (2.2.18) will generally be degenerate
and hence cannot be a proper symplectic form®. For this reason, it’s often referred to as the

presymplectic form.

To form the actual phase space, we need to perform a symplectic quotient and mod out
the null directions of the symplectic form. This is a matter of viewing the prephase space
as a bundle whose fibers are the null directions and whose base space is our true phase
space. The mathematical details were laid out in [12], but in practice the result is that Q
is a non-degenerate 2-form on the base space and so working on the true phase space is a

matter is ignoring those variables whose variation lies along the pure gauge directions’.

"Strictly speaking, the slice independence of the symplectic form only implies (2.2.15) up to a d-closed

form, but locally on phase space such a form can be written as exact and absorbed into a redefinition of ¢.

8This is closely related to the lack of deterministic evolution on prephase space; specifying the fields
and some number of their derivatives on a Cauchy slice may not uniquely determine the same data on a
later time slice. The most common way to exhibit this non-uniqueness is by specifying a configuration and
applying to it a gauge transformation which differs from the identity only at times later than the first slice.
We would thus have two solutions to the equations of motion whose data agree on one slice but disagree on

another.

9If we are being strict, this is the statement that, at least locally, a section of the bundle is diffeomorphic

to the base space.
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2.2.2.2 Symmetries and charges

With the covariant phase space framework now in place, it will be important for us to review
how symmetries enter the picture. A vector field V' on phase space is typically defined to be

a symmetry if its action on the Lagrangian is a total derivative:
tyoL = dky (2.2.20)
for some ky. Contracting V onto (2.2.13) it now follows that
dJy =d(iv0 — ky) = E Niydo. (2.2.21)

So Jy = 1y 0 — ky is the conserved Noether current associated to V.

Though any vector field V' satisfying (2.2.20) admits a conserved Noether current, con-
structing the Noether charge is not always as a simple as integrating the current over a time
slice. There may be non-trivial boundary contributions to the true Noether charge Hy in

order for it to satisfy

ivQ = —0Hy. (2.2.22)

For general symmetries, one must directly evaluate the contraction on the symplectic
form, but for gauge symmetries we may find the charges by another, sometimes more efficient,
method. This was pointed out in [13] for the special case of diffeomorphism charges in
diffeomorphism invariant theories, but with the Theorem 1 of Appendix A.2 it’s simple to

generalize this calculation to any gauge transformation, as we review now'".

We suppose V) generates a gauge transformation with gauge parameter \, defined such

that V5 = 0 so A = 0 is the identity transformation. Taking an additional variation of

10Some additional simplifications that can help in computations are possible in the special case of dif-
feomorphisms even when the theory is not diffeomorphism invariant, as when gravitational Chern-Simons
terms are included in the action. This still makes use of Theorem 1 and was pointed out in [14]. We review

it in Appendix A.3.
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(2.2.21) it follows that, on-shell,
d(Ly,0 — 5ky) = 0 (2.2.23)

where we have abbreviated ky, = k. Thus we have a form closed for all free functions A
and Theorem 1 tells us that there must exist a phase space 1-form II,, constructed locally

from the fields and A, such that
Ly, 0 — k) = dII,. (2.2.24)
With this, it now follows from (2.2.18) that
§.Jy = —iy,w + d(Iy — iy, 6 B). (2.2.25)
Thus if there exists a function C'\ such that
Iy — iy, 0B = dC}, (2.2.26)
(2.2.25) implies
iy, ) = —(5/2(JA —dC)). (2.2.27)

We note that the existence of C'y is not guaranteed and will typically depend on the bound-
ary conditions chosen for the theory!''. The expression (2.2.27) now identifies the correct
boundary Noether charge as being the integral of J) with some additional boundary contri-

butions.

Since J) is closed for all A\, and is linear in A\, we can go further and compute a local
functional, referred to as the Noether-Wald charge, (), such that J, = dQ,. With this the

Noether charge may be written

= [ @-c (2.2.28)

"The insufficiency of (2.2.20) alone to ensure the existence of a charge satisfying (2.2.22) is pointed out
many placed in the literature. In e.g. [9,10], integrability conditions are required as we see here and in [11]

an auxiliary condition, there eq. (4.16), is required.
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which has support only on the boundary of our Cauchy slice. Furthermore, we note that the
only place the boundary conditions enter into this expression is through C), as J, and Q)

depend only on the Lagrangian of the theory.

Since the charges (2.2.28) have support only on the boundary, it follows immediately that
any gauge transform whose parameters A\ have compact support away from any boundaries
must produce vanishing Noether charge. The vector fields generating these transformations
are thus identified from (2.2.27) as null directions of the presymplectic form which need to
be modded out in the symplectic quotient. The non-zero Noether charges generate the large
gauge transformations of the theory and are evidently localized to the boundaries of the
spacetime. In the case these boundaries are asymptotic, the large gauge transformations are

said to be asymptotic symmetries.

2.2.3 Where boundary actions come from

Using the machinery of the covariant phase space we can understand the, rather weak,
sufficient conditions for producing boundary modes and gain some insight into the conditions
under which the action for the theory is supported exclusively on the boundary. To transform
this question into one which is easier to work with we first recall the phase space action.

Writing the symplectic form for the theory as 2 = §0, the phase space action is given by'?

Sy = / o- / H,dt (2.2.29)

where 7 is some path through phase space parametrized by t. To orient ourselves it’s useful

to recall that for point particles © = pdx so

S = /pé:c - /tht = /(p:c — Hy)dt (2.2.30)

120f course, O is not unique. Different © correspond to holding different data fixed in the initial and final
configurations. For a point particle, © = pdx is the correct potential for varying with the initial and final

position of the particle held fixed.
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where the dot denotes the derivative along the path.

If time translation is a local symmetry, as it is in a diffeomorphism invariant theory,
then by Theorem 1 the Hamiltonian generating time translation H; is supported on the
boundary. While this gives a boundary contribution to the action, we would still be left
asking about when we receive boundary contributions from © and about what happens
when time translation is not a local symmetry. We can obtain a better characterization of
boundary contributions to the action which will help answer both of these questions by first

introducing some notation.

Consider a generic theory with fields ¢ and some gauge group. We denote the action
of a gauge group element with gauge parameters'® o on ¢ by T,[¢]. For example, if ¢ is
a complex scalar field of charge q, T,[¢] = €'9%¢. If ¢ is a U(1) connection we would have

To[0] = ¢ + do.

Now, we are always free to consider the field redefinition to gauge orbit variables where
we pick a class of gauge-fixed configurations ¢ so a general configuration is in the gauge orbit
of some ¢: ¢ =T, [5] This separates the prephase space into gauge directions, parametrized

by the «, and non-gauge directions, parametrized by the gauge inequivalent ¢.

In these variables if we write'* H, = fz gt Jt@, a] is a local function of a. Since J; is

closed for all functions «, Theorem 1 tells us that we can construct a local potential Q;[¢, a]

such that

Jil6, ] = T, 0] + dQ:[¢, al. (2.2.31)

That is to say the current separates into a component we would find if we had immediately

fixed the gauge, and a boundary contribution which contains all the effects of the gauge

13For later convenience we assume that o = 0 is the identity transformation and that these o are free

functions on spacetime as might be obtained by exponentiating a Lie algebra about the identity.

141n this section only we assume for convenience that .J; has been defined to include all necessary boundary

contributions already so H; is the full Noether charge satisfying (2.2.22).
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modes «, though it’s notably also free to depend upon boundary excitations in the gauge

fixed ¢ directions. We note that J,[¢, 0] = 0 when time translation is a gauge symmetry.

A similar argument works on the symplectic form. There are only three types of com-
ponents that can appear in the symplectic form when we go to gauge orbit variables. This

fixes the generic form of the symplectic form to be
w= %[5, a)dp A 6p + W3a [0, )66 A S + Waa[@, alda A S (2.2.32)

where the coefficients should generally be understood to contract on any indices we have

suppressed in d¢ and da, and may also contain derivatives that operate on the field variations.

Since the da are completely free function in the bulk and dw = 0 on-shell by (2.2.19), we
may again apply theorem 1 but now using d« instead of o as our free functions. We thus

conclude'®
w= %[5, a)0p A 6p + din[p, o (2.2.33)

where we have put a tilde on @, because it will not be the complete contribution to the

boundary symplectic form. Importantly, @, is a local functional of the fields.

We can go further by invoking theorem 1, this time on the o dependence of w%[a, a]op A
§¢. The result is evaluating wgg at a = 0 and an additional, locally constructed contribution

to the boundary symplectic form:
W= w%[a, 0160 A 8¢ + dwy[0, al. (2.2.34)

Like with H, the symplectic form separates into a bulk component that we would have found
by gauge fixing from the very beginning and a boundary term which encapsulates the entire

effect of the gauge symmetry.

15T ess formally, one can understand that there ultimately cannot be any da: components appearing in the

bulk or 2 would have non-zero contractions on small gauge transformations.
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We can choose both of these terms to be ¢ closed on phase space separately'®. It then
follows that we can find separate potentials and the symplectic potential current A breaks

up into two terms,

Ao, a] = Ay[o] + d Ao [, al. (2.2.35)
Our arguments about the Hamiltonian and symplectic form together imply that the
action must also break up into two terms, one supported on the bulk obtained from gauge

fixing, and one supported only on the boundary'”:

5= / dt /Z (iv-Auld] — 1[.0]) + / dt /8 i (ivAow[d.0] - QBal)  (22.30)

where V' generates the path the action is evaluated on. So all gauge theories will reduce to a
bulk component which is gauge fixed, and a boundary term which contains all the dynamics
of the boundary gauge modes. Importantly, this boundary action may contain interactions
not only among the boundary fields «, but also with the boundary values of the bulk gauge
fixed fields ¢.

2.2.4 Discussion

The result (2.2.36) establishes boundary contributions to the action as a generic feature of
gauge theory independent of whether we are able to solve constraints and directly reduce the

action to the boundary as in 3d CS theory. But the nature of this boundary action varies

16To see this, suppose to the contrary that the variation of the bulk term in (2.2.34) is not & closed but
varies to something spacetime exact, 5(w%[$, 0]0¢ A §¢) = dwys, which then cancels against part of déws.
This wys cannot contain any dependence on « or da, so if a cancellation occurs it’s sufficient to consider
a = da = 0. But our use of theorem 1 implies w, = 0 in this case, so no cancellation can occur, requiring

dwps = 0, and the terms in (2.2.34) are separately closed.

170ne should be careful to take the orientation of X in these integrals to be the one induced by writing
(M) =7 An A (0X) where 7 is the normal form to the slices ¥ and n is the (outward) normal form to T'.

This is a convention consistent with Stokes theorem, see [11] for more details.
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from case to case, the main controlling factor being the structure of the asymptotic symmetry
group. For example, Einstein gravity in AdSp~3 with standard asymptotically AdS boundary
conditions has a finite dimensional asymptotic symmetry given by the SO(D —1,2) isometry
group of the global AdS vacuum. Thus instead of a boundary field theory we have a boundary
quantum mechanics, with one quantum mechanical degree of freedom corresponding to each

generator.

To illustrate this we consider the even simpler case of pure Maxwell theory in asymptot-
ically flat space. The phase space variables are (/Y, E) subject to the Gauss law constraint
V-FE = 0, and we impose that these vanish at spatial infinity. The symplectic form is
Q~ fz SE - AOA. This symplectic form together with the boundary conditions require that
the gauge parameters (%) become spatially constant at infinity. Writing A= j + 604, we

have
Qw/ ii-0F A S~ 6Q A o (2.2.37)
ox

where () is the total electric charge. As the Hamiltonian has no dependence on «, the bound-
ary action is simply S, = [dtQc, whose equation of motion is simply charge conservation.
This boundary contribution is actually familiar in another guise. In particular, consider the
Euclidean theory with periodic imaginary time, t = ¢t + 3. Since () is constant on-shell we
have S, = @ f dtae = Bu@), which identifies the boundary mode « as being proportional to

the chemical potential.

Turning now to the case of an infinite dimensional asymptotic symmetry group, here we
do expect to get a boundary field theory. This boundary field theory may either be a free
theory, as in U(1) CS theory, or interacting, as in non-Abelian CS theory or 3D gravity. In
general, it’s clear that the existence of interactions is closely tied to the bulk theory having

a non-Abelian asymptotic symmetry group.

We may also ask more practically how to compute (2.2.36). In principle, once we go

to gauge orbit variables all stages of the calculation here are algorithmic as reviewed in
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Appendix A.2. But to use the gauge orbit variables we would first need to classify the
gauge-inequivalent solutions. Since we are working in a canonical formulation it would be
sufficient to find all gauge-inequivalent initial data, but that would still mean solving the

constraints of the theory explicitly.

Instead, one could could imagine taking ¢ to be some perhaps incomplete class of initial
data solving the constraints and consider the dynamics of this subspace of the full phase
space. For example by considering a special subspace such as a moduli space of black hole

solutions.

The logical extreme of these ideas would be to take ¢ to be a single solution, so we are
looking at the gauge orbits about a background configuration. In this case d¢ = 0 and
Ajpr = 0 so the entire symplectic form lives on the boundary. This simplification allows more
efficient computational methods than the gauge orbit variable strategy described above.

Three such methods are described in the next section.

2.3 Computing Gauge Orbit Actions

As discussed in Section 2.2.4, we may have reason to consider only certain sectors of a theory.
The particular case of interest here is where we consider a single gauge fixed configuration
¢ and orbits around it. This means 6¢ = 0 and Ay; = 0. The remainder of the bulk term in
the action (2.2.36) then integrates to some constant and we are left with only the boundary
contribution to the action and more efficient methods of calculation are available to us. This

section is concerned with describing three such methods.

The first is less generically applicable, but very efficient when it applies as it directly
computes Ayys instead of the boundary symplectic form wy,. The other two methods are
concerned with computing wy, and are based on the existence of a particular 1-form valued

vector field on phase space.

It’s important to note that as d¢ = 0 suggests, these methods treat ¢ as a background
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field so any components Ag); might have had in the §¢ directions will not be captured by

these computations.

2.3.1 The momentum method

For all the 3D gravity examples considered in this work there exists a very efficient method

for deducing the boundary action [15]. We describe it here in general terms.

Supposing that expressions for boundary charges He are known, to write down the bound-
ary action we require knowledge of the boundary symplectic potential ©, defined via Q2 = 0.
A direct approach to obtaining it is to first extract €2 via the relation iy, ) = —9He, and then
compute O by solving 00 = 2. We now discuss how, under suitable assumptions, we can
write down the solution for © directly, bypassing the laborious procedure just mentioned.

This method was used in the case of cutoff AdS; gravity [15].

We consider a boundary with a single spatial dimension with coordinate x, which may
live either on the circle or line. The boundary field theory variables are written as (®, V),
where ¥ could stand for a collection of fields. On the circle or line, these fields are taken
to obey periodic boundary conditions or vanish at infinity respectively. Under phase space

vector fields Vg, which we can think of as reparametrizations of x, the fields transform as

0P = iy, 0P = £ 4 ¢
0¥ = iy, 00 = U'¢ (2.3.1)
where = 0,. The inhomogeneous term in §¢® corresponds to ® being the field associated

with z-reparametrizations. Now suppose that the charge corresponding to constant £ (we

take £ = 1 and denote this charge by P) is constrained to take the form
P = /dl’ [/{/q)q)q)a + /'iq)\pq)/qf/ + KJ\I/\I/\I/Q + Pé)q)l + P&,\Iﬂ} (232)

where the x’s are constant and the functions (Pg, Py) are local functions of (&, ®",...; U/ 0" )

i.e. do not depend on undifferentiated fields. The basic result is that up to a d-exact term,
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the unique © which solves
i =—0P, €=1 (2.3.3)
is given by
o / Az [06 D0 + Ky @0 + kg V6T + Py3d + Pyol] . (2.3.4)

To prove this, we first note that it is straightforward to verify that (2.3.3) is satisfied, so
only the question of uniqueness remains. To analyze uniqueness we consider a correction to

the symplectic form,
AQ = /dx [0 X5 AN OD +5Xy ASY] (2.3.5)

where the functions (X4, Xy ) are constrained to obey the same general properties of (Pg, Py).

We compute
i AQ = 5/dx XL + X, 0]
=—0 /dx [(Xe® + XV (2.3.6)

We need this to vanish in order not to spoil (2.3.3). Vanishing of the integrand in the second
line of (2.3.6) requires X} = X = 0, since the two terms cannot cancel each other under the
assumed form of (X¢, Xy). However, this implies that (X}, X},) are constants, which implies
that X} = 60Xy = 0, so that AQ = 0. The remaining possibility is that the integrand in
(2.3.6) is a total derivative. This requires X} = % and Xy = g—g for some F'. However, this

leads to AQ = [dzd?F = 0, so we again get no contribution.

The upshot is that just from consideration of P we are led to a unique result for €2 and
an explicit result for its potential ©. It follows, assuming that our underlying theory is
consistent, that this {2 will solve iy, = —dH, for all large gauge transformations V¢, as can

of course be checked in specific examples.

We conclude this section with comments on the assumed structure (2.3.2), which follows
from a particular gauge invariance. To make the discussion concrete we consider the bound-

ary theory in the context of pure gravity in AdSsz. Setting x = 0 corresponds to the orbit
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built on a pure AdS; background. This background is invariant under isometries that act
as translations, boosts, and dilatations on the boundary coordinates. Taking the functions
(®, V) to be general linear functions of x corresponds to acting on the background by one of
these isometries; since this does nothing to the background such functions are pure gauge,
and so all charges must vanish for such functions. This implies that only derivatives of such
functions can appear in P, and that each term must contain at least one second derivative.
This leads to (2.3.2), possibly after integrating by parts. The same comments apply to AQ.
Turning on x, which corresponds to a nonzero mass AdS3 background, breaks some of the
isometries, allowing the quadratic terms like Kee®? to appear. In fact, a more general ex-
pression like kee®™ for some n > 2 might also be anticipated, but only the n = 2 case will
arise in our examples. This is important, since the logic leading to (2.3.4) no longer holds
for the n > 2 case. In fact, given the simple form of the x dependent part of that charges
will arise, it’s easy to write down the corresponding contribution to the boundary action by

inspection.

2.3.2 The transfer field

Consider a variation of our fields in the gauge orbit variables ¢ = T, [¢], as in Section 2.2.3.
Since we are taking ¢ to be fixed, the variation can only change o. But since ¢ is constructed
by applying a gauge group element to the configuration ¢, this variation must be equivalent

to the action of some Lie algebra element on ¢.

The situation is essentially identical to the story which comes up when studying sponta-
neous symmetry breaking, in particular the broken part of the symmetry group’s non-linear
action on Nambu-Goldstone bosons when studying spontaneous symmetry breaking, see for
example [16,17]. The idea is that do defines a Lie algebra element at the origin of the
gauge group while ¢ has been transported to g. So to perform the variation of ¢ we need to

transport da to the tangent space at g. Schematically, we can think of this as inserting the
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identity in the action on ¢ to write

06 = (0T,)[¢] = (0T, T, ")[¢] (2.3.7)
so the variation of ¢ is equivalent to the action of this Lie algebra element valued as a 1-form

on phase space.

Since Lie algebra elements are the generators of group transformations, there must exist
some W which implements the action of this Lie algebra element. Because the algebra
element is valued as a 1-form on phase space, W must be a (1,1) tensor on phase space,
which we think of as a 1-form valued vector field and refer to as the transfer field. This gives

W the very special defining property
5 = w60 (2.3.8)

While the property (2.3.8) is ultimately the formal property we will exploit to compute
the boundary symplectic form, we will also need to explicitly compute the transfer field. So
it will be useful to see how the rather abstract discussion above can be realized in some

simple examples.
The simplest example is of a U(1) connection A = A + da. Here we have explicitly
0A = dda = iy, 0 A (2.3.9)
so W = Vg, implements the gauge transformation with gauge parameter da, as might be
expected for an Abelian group where translating d« is trivial.

The next simplest case is where A is a connection for some non-Abelian group. Now the
gauge orbit is A = g7'Ag + g~'dg. Here g = g(a) is defined by the exponential map. For

simplicity we could take g = exp(«) with « valued in the Lie algebra. We may now write
0A=[A g 'dg] +d(g7"0g) = iv,_,, 0A (2.3.10)

so W = V,-15, generates a gauge transformation with 1-form valued gauge parameter g~'dg.
We also note that this examples gives a concrete realization of the schematic manipulation

(2.3.7).
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As a final example of W for this section, we consider diffeomorphisms. Take the diffeo-

morphism to be y* = f*(x) and consider for simplicity the diffeomorphism orbit of a scalar

field ¢(x) = ¢(f(z)). Taking the variation of this scalar field,

06 = ()
oz
= 5fa($)a—ya

= Le (2.3.11)

y=f(z)

99(f(x))

y=f(z) Oz

so the variation is equivalent to the action of the Lie derivative with respect to the 1-form

valued (spacetime) vector field'®

o
W= ———  0f%x). 2.3.12
=S| e (23.2)
Hence W = V. This fact was also noted in [11] where it was used to circumvent some

technical difficulties in JT gravity.

With these examples in mind, there is one additional property of W which will be impor-
tant going forward. Denote by w the Lie algebra element whose action W generates. In our
examples we have w = da for the U(1) gauge group, w = g~ 'dg for the non-Abelian gauge

group, and for diffeomorphisms we have (2.3.12).

Importantly, this w is some functional of dar. Equally as important, this functional need
not be invertible as can be seen in the non-Abelian example'”. This will be important going
forward because to apply Theorem 1 we need free functions. In our setup d« are free, but w
may or may not be, depending on the details of the gauge group. For example, the relation

between  f and £ in (2.3.12) remains invertible despite diffeomorphisms being non-Abelian.

18In practical calculations, it is much simpler to move the Jacobian factor to the left and compute the
variation of f by a diffeomorphism, then defining ¢ by inverting the Jacobian. This is the approach taken in

the examples of Sections 2.3.5.2 and 2.3.5.3.

BInvertibility fails for the same reason A = ¢g~'dg is not invertible for da: if A is not flat no such de

exists.
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While the relation between w and d« is not invertible, it is injective, and hence is invertible
on the image of all 0. This means dw may always be expressed in terms of only w again.
We can see this in our examples. The U(1) case is uninteresting because dw = 0, but in the

non-Abelian case we find
Sw=6(g'0g) = —(g7'6g) A (g1 0g) = —w A w, (2.3.13)

so the general invertibility of w(d«) is unimportant to this rewriting of dw, as claimed.

The example of diffeomorphisms is slightly more complicated, but nonetheless can be

worked out to find
0t =&V NV, &8, (2.3.14)

assuming we are working with a torsionless connection so the affine part of the covariant

derivative does not contribute to this expression.

2.3.3 The transfer field method

Now that we have an understanding of the transfer field W, we can give a technique for
computing the boundary symplectic form. From the definition (2.2.18), it would clearly be
sufficient to show that the bulk 06 term is a total derivative. We may use the transfer field

to write
0 = iy 6 (2.3.15)

since in every term of 6, the 1-form factor can be replaced as in (2.3.8).

Since W generates the action of the Lie algebra element w, it follows that
0 =iwl = Jy + ky (2.3.16)

where J,, is the Noether current (2.2.21) associated to the gauge transformation generated

by w and k,, is defined by (2.2.20).
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But as discussed in Section 2.2.2, J,, = d@Q,, and hence

w =060 —déB = 6k, +dd(Qu, — B). (2.3.17)

So to find wy it is sufficient to find a potential for dk,, by solving dk,, = dk,,.

Since by (2.2.19) we have dw = 0 on-shell, we must also have ddék, = 0. Now &k,
depends on the free functions?' do so we may apply theorem 1 to conclude the existence of

a locally constructed k.

It should be commented that while da, and the fact that da = 0 corresponds to the
identity, ensures the existence of k,, it would be more computationally efficient to use w
as the free function whenever possible. This can be done when the relation between w
and d« is invertible, as discussed in the previous section. The invertibility in the case of

diffeomorphisms will be leveraged in Section 2.3.5.2.

Hence we have found
wy = ky + 6(Qu — B) (2.3.18)

which has the advantage of cleanly separating the boundary condition dependence of wy, into

the 6B term since k, and Q,, depend only on the Lagrangian.

This technique is straightforward to apply to U(1) CS theory on D x R with chiral
boundary conditions. We recall for this theory (2.2.16), note k) = kAdA, and consider a
solution A to the equations of motion, so dA = 0. The gauge orbit around this solution is

then A = A + da. As discussed in the previous section we have w = da.

20We could also argue more directly that ddk,, = diw dL = 6L = 0 since iy dL = 6L by (2.3.8).

21Tn general, the imposition of boundary conditions will restrict what functions a we allow ourselves to
consider near the boundary. However, the only place the boundary conditions enter in these arguments is
through B, and in particular the closure of §k,, requires no reference to boundary conditions. So we should
imagine performing these manipulations before imposing any boundary conditions which would then restrict

the allowed da.

27



Since ky = 0 on-shell in this theory, we have k, = 0. Then following (2.3.18), the

boundary symplectic form must be
wp = 0Qw = kOA N b (2.3.19)
where we have used B = 0. This integrates to
2m
Q= k:/ d¢ 90a N b (2.3.20)
0

and produces the usual Kac-Moody algebra (3.3.24) expected for U(1) CS theory on the
disk. Using the Hamiltonian (3.3.15) and the phase space action (2.2.36) we reproduce the
expected boundary action (3.3.50).

2.3.4 Computing (2 from the Noether charges

In the previous section we were able to leverage the transfer field to write (2.3.15). It’s

simple to see that this generalizes to any 1-form on the gauge orbit, not just 8. With some
additional though we can go beyond 1-forms and obtain a similar result for any p-form on

the orbit.

To see how this works, consider iy (6¢* A §¢°) where we have restored the indices a and

b labeling our fields. Computing the contraction we find

iw (8¢ N 6¢") = (iwdd™) NS¢ + 6 A (iwde’)
= 260" A\ 0¢" (2.3.21)

where in the second line we have used the defining relation (2.3.8) for W. It’s important to
keep track of the sign on the second term because W is 1-form valued and must be commuted

past the first factor.

With this sign understood, the generalization to a form of any degree is immediate: we

simply march through the factors in the wedge product to perform the contraction and then
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use the definition of W to rewrite the contraction back in terms of the original form. Hence,

for any p-form Z on phase space we have the generalized identity

iwZ = pZ. (2.3.22)

We can leverage this to very efficiently compute the boundary symplectic form wy, on the
gauge orbit directly from the Noether charges. The key is to observe that the contraction

on an arbitrary 2-form may be rewritten into the form
iw (60 A 3g°) = — [66° A (iwdd®) — 09" A (iwde”)] . (2.3.23)

That is, if we make sure to commute the contracted part to the right of the expression, we

obtain the negative of the expression we would have found if W was not valued as a 1-form.

It follows that if we compute 7y/{2 and make sure to commute all the contractions to the

right, we must obtain
i = +(OH|[0])|p=w (2.3.24)

since we have already argued that W generates the action of a Lie algebra element. Note
that on the right hand side we compute the variation of H before evaluating at the gauge
parameter w. This is because w enters through the contraction on the right and so clearly

cannot have a variation applied to it.

Combining this with our general observation (2.3.22) it follows that the symplectic form

on the gauge orbit is given by
1 -
Q= 5(5H[w])|u3:w (2.3.25)

where the expression on the right should be understood as placing all factors of w to the right
of any variations, and the variation taken treating w as an arbitrary, but not 1-form valued,
Lie algebra element. One must be cautious not to interpret (2.3.25) as meaning © = 3 H [w].
The order in which the variation and the evaluation at w = w occur are important for this

result, as will be seen our examples in Section 2.3.5.
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We may again revisit our U(1) CS example to demonstrate this approach. Indeed, look-
ing at (2.3.19) we can already see the basic structure of (2.3.25) since B = 0 with our
chiral boundary conditions. But going through the details to make sure the coefficients
come out correct, particularly since (2.3.19) uses the Noether current and not the complete
Noether charge, we start with the charges (3.3.15). Then (2.3.25) tells us to vary the charge,
treating w as any large gauge parameter in the theory, which generally may mean it’s state-
independent or some state-dependent function of some other parameters determining the
large gauge transformations. Here there are no such complications as w is state-independent

and we find
1 2T
§5H[U~J] = k/ W Ayde. (2.3.26)
0

The final step in computing (2.3.25) is to evaluate this charge at w = w = d. But when we

do so, we must make sure that we first move all w factors to the right of 6A4,. Doing so,
2 2
0= k‘/ dpdA, N da = k/ d¢0s0a N S (2.3.27)
0 0

which again matches the expected Kac-Moody expression (3.3.50).

2.3.5 Examples

Here we apply our methods to three examples. First we consider U(1) CS theory in D = 5.
This theory, with our chosen boundary conditions, is only marginally more complex than
the example of U(1) CS theory in D = 3 that we have been considering. It is also simple
enough that we are able to implement the manipulations in Section 2.2.3 to find (2.2.34)

with non-gauge directions included.

In Sections 2.3.5.2 and 2.3.5.3 we consider Einstein-Hilbert gravity in D = 3 with two dif-
ferent sets of boundary conditions. First we consider standard asymptotically AdS; boundary
conditions and then the boundary conditions described in [18]. The latter are designed to
produce a theory similar to what we will see in topologically massive gravity, considered in

Section 2.4.
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Finally, we mention that the example of SU(2) CS theory in D = 3 is considered in
Appendix A.4. There we also show that the results of our methods match the standard

results expected from the CS/WZW correspondence.

2.3.5.1 U(1)CSinD=5

As a first example which isn’t quite as trivial as U(1) CS in D = 3 we consider U(1) CS in
D = 5. Since we work near the boundary the details of the bulk geometry are irrelevant.
We fix the boundary geometry, though the details of this geometry will not be paramount
to most of our manipulations, to be R x S* x S2. On the boundary we choose coordinates
2, i =1,2,3,4 with 2! the coordinate on the R, which we think of as time, 2 the angular

coordinate on S', and 23, 2* some coordinates on the S%. To make contact with the D = 3

CS theory, it will sometimes be useful to write t = 2! and ¢ = 2.

For this example we choose our boundary conditions to fix A3 and A4 to be arbitrary
functions of #* and z* on the boundary while we fix A; = A, to be an arbitrary function
of z! and z?. This will allow us to draw parallels to U(1) CS in D = 3 on the cylinder in
the final result. It is useful to note that with these boundary conditions the only non-zero
boundary components of F' are Fi,, which depends dynamically on A; (and hence A,), and

F3, which is a fixed function of only 3 and a*.

The Lagrangian for this theory is
L=AANFAF (2.3.28)
which varies to produce

SL=3FANFANSA—2d(F AANGA). (2.3.29)

Thus the equations of motion, F'A F' = 0, do not imply that all solutions are flat connections.
Considering the condition (2.2.15), we see that our chosen boundary conditions allow us to

choose { = B = (.
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Since B = 0, the full symplectic current for the theory is given by
w=—20(F NA)NGA. (2.3.30)

Now, this theory is sufficiently simple that we are able to explicitly carry out the gauge-orbit
described in Section 2.2.3. We suppose A is some solution to the equations of motion and

we consider the gauge orbits around this configuration, A = A + da. It’s straightforward to

find
w=—20(FANA)ASA —2d[6(aF) Adda + §(aF) ASA — 6(F A A) A dal (2.3.31)

so we realize the expected split into the gauge-fixed part and the boundary part depending
on the large gauge transformations parametrizing the orbit. Here we can also see that the
boundary component of the symplectic form supports components which mix variations
in the gauge-fixed configuration with variations along the orbit. Indeed, there is even a

component which involves no variations of «.

But here we are interested only in the components along the orbit directions, so we take
dA =0 to find

wy = —2F5a A dda. (2.3.32)

Integrating this over the boundary and using our boundary conditions the full symplectic

form on the orbit is given by

Q= —2/ Fada A dada? Adzd A da?
%

2w
=2 (/52 F> /o Opda A dadp. (2.3.33)

Because we have chosen our boundary conditions to factor the S? from the R x S*, we obtain
the same Kac-Moody symplectic form as would be expected from the U(1) CS theory on the

cylinder, but now with an effective level set by our boundary conditions via the magnetic

flux through the S2.
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Using that the Hamiltonian generating time evolution is

H, =2 / F3A2da? A da® A da?
0%

=2 (/52 F) /O%(qu + 9y)*dg. (2.3.34)

Constructing the phase space action via (2.2.36) we thus find

S =2 ( / F) / [aw (O — Opv — 24,) — ZZ} dtde. (2.3.35)

52
Since we have restricted ourselves to the gauge orbit, « is our only dynamical variable in
this action and, in particular, this means the final Ez term can be dropped as an additive
constant to the action. In this example it’s possible to observe explicitly from (2.3.31) that,
had we not restricted to the gauge orbit of some fixed A, the ﬁgb terms here would represent

an explicit coupling between the bulk, A, and boundary, «, degrees of freedom.

This result can, of course, also be obtained by the techniques introduced in the previous

sections. Taking first the approach of Section 2.3.3 we note that
i, 0L=d\ANFANF =d(AFAF) (2.3.36)
so k) vanishes on-shell and will make no contribution. For the other ingredient, we calculate
Iy =iy 0 —ky=2d(ANANF). (2.3.37)
Thus, since B = 0 with our chosen boundary conditions, we find from (2.3.19)
wp = 26(A A F)Ada =2dda A F A da (2.3.38)

since w = da for the U(1) orbit, matching (2.3.32). From this point, imposing the bound-
ary conditions to find the true symplectic form (2.3.33), and hence the action (2.3.35), is

unchanged.

If we instead took the route of Section 2.3.4 we would need to compute the full Noether

H\ =4 (/S F) /S M (2.3.39)
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which requires that we use the boundary conditions to obtain. For example, that we fix A3

and A, completely on the boundary tells us that A\ = A(z!',2?). The formulation (2.3.25)

N=2 (/SZ F) /5A A da. (2.3.40)

Writing this explicitly in coordinates and with 6A = dda this clearly reproduces (2.3.33)

now tells us to write

and the rest of the boundary action story follows.

2.3.5.2 Asymptotically AdS; Einstein-Hilbert gravity

As a second example, we can derive the Alekseev-Shatashvili symplectic form [19] for asymp-
totically AdS3; FEinstein-Hilbert gravity. All three approaches can be worked out in this

example. We start by recalling some facts this theory.
The action and canonical 1-form for this theory are given by

B 1
167G

V—g(R+2)d%, 0 V=9(V"695, — 9" Vg )(d*z)*. (2.3.41)

L=—
167G

Where expressions are more conventionally expressed in terms of the Brown-Henneaux cen-

tral charge we write ¢ = 3/2G. We will also need later that

1

ke =i = —R\/—gé"(d%)# (2.3.42)

where we have used the equations of motion to simplify things.

In Fefferman-Graham coordinates the asymptotically AdS;z solutions to the equations of

motion are given by the Banados metrics [20]

d2
dsQZL—i—

e %<dw + pL(w)dw)(dw + pL(w)dw) (2.3.43)

where w = ¢ +t and w = ¢ — t are convenient coordinates on the boundary and p > 0 is

the radial coordinate such that the boundary is located at p = 0. Note that w is not the
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complex conjugate of w as we are working in Lorentzian signature. The boundary stress

tensor associated to these metrics is given by

1 1
Tyw = ==L, Tow=—-—=L, Tug=0. 2.3.44

The asymptotic vector fields which preserve the boundary conditions are

£ = e(w) — %aiE(@)p +O() (2.3.45)
£ = e(m) — S0%e(w)p + O(p?) (2.3.46)
€ = (Duelw) + 97 (@) p + O, (2:3.47)

where €(w) and €(w) are free functions labeling the vector field. While these vector fields do
not change the conformal metric on the boundary, they do change the components subleading

in p, and hence the stress tensor by

ive 0Ty = 2T’ + Tl + %e’” (2.3.48)
ive 0Ty = 2Ty + Tl + %E’”. (2.3.49)

The charges associated with the diffeomorphisms are then easily constructed by

1 21

H[¢) = (Toywe — Tome)do. (2.3.50)

_%O

Going to the gauge orbit means integrating up the variations (2.3.48) under an infinites-
imal diffeomorphism to a finite one. If the finite diffeomorphism on the boundary is given

by
w = flw), w = f(w) (2.3.51)
then we have

+ {7, m}) (2.3.52)
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where the Schwarzian derivative is
" 3 f//2
7o

In this orbit, the diffeomorphism f(w) = w and f(w) = W evidently produces constant

{fiw} = (2.3.53)

Tww, T'sw. The £ and K parametrize what this constant value is, and thereby parametrize

the diffeomorphism inequivalent metrics (2.3.43). The case Kk = & = 1 produces global AdS.

At p =0, (2.3.45) defines a diffeomorphism on the boundary which acts on the f and f

as
ivdf = fle, ivdf=Tfe (2.3.54)

This can be obtained by composing two diffeomorphisms and we may also verify that this
transformation rule is compatible with (2.3.48) and (2.3.52) together. Since we have the

momentum written down now as

c 2 K " _ " .,
P = H[dy = 5~ s [(if_%(%) >f,_ <§f _% (71) )f] (2.3.55)

1

"
where we have used that {f,w} = —3 (%) f" up to addition of total derivatives, we may

observe that it takes the form (2.3.2) required for the momentum method.

It therefore follows that the canonical 1-form is given by

c [ Kk, 1/1Y) i 11\ =
o=y | d¢[<§f—§<?))5f—<§f—§<?) >5f]- (2.3.56)

The variational of this potential can indeed be massaged into the more standard form
c [T /S ASF" SEASE =
Q__48_7r/0 (T—Faéf/\éf’>— ?—méf/\éf deo. (2.3.57)
of the Alekseev-Shatashvili symplectic form.
Using the canonical 1-form (2.3.56) in (2.2.29) together with the Hamiltonian H[J;] pro-
duces the Alekseev-Shatashvili action

1 " o, 1 " .
S=—g [ [mf’c%f - (T) Of —FT 0uf — <?> awf] . (2:3.58)
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We may also obtain these results by the technique in Section 2.3.4. Since we already
know the charges, the only ingredient still needed in (2.3.25) is the 1-form valued gauge
parameter w. Since we are working with diffeomorphisms this means we need to work out
(2.3.12). In this case things are simplified somewhat because we evidently only require the
vector field £ evaluated at p = 0 since the subleading components of (2.3.45) are not needed

to compute the charge H.

Now, (2.3.54) gives the variations of f and f under an arbitrary asymptotic diffeomor-

phism, the 1-form valued vector field with parameters €5 and €5 must satisfy

4] 0 €
i _( /! - ° . (2.3.59)
of 0 f €5
This is evidently (2.3.12) evaluated on the boundary and with the Jacobian factor moved to
the other side of the equality.

It now follows that (2.3.25) gives

1 27

Q:_E ((5Tww/\6§—5Tm/\E5)d¢
- (f'2+{fw})A——5<” 7 {7 }) f] (2.3.60)

Integrating by parts this expression can can be shown to equal (2.3.57).

We can also obtain this result by computing (2.3.18). For this computation we will
need the potential )¢ for the Noether current J; and the potential ]~€§ for 0ke. Much of
this discussion is independent of the choice A = —1 and D = 3, so we will leave these
undetermined until they are actually needed to simplify our expressions. The Noether-Wald

charge is well known as the so-called Komar term [21, 10],

Qe = ———=/=gV € (AP ),, (2.3.61)

16G

The computation of k¢ is straightforward from (2.3.42) if we use (2.3.14). With this we
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find
4A 1 aﬂ D—1
]_67TG5]€§ = —m 65“\/ —g + 5 VvV —499g 59&5 A 5# (d x)#
4A
= 55 V=IVA(E A (A7), (2.3.62)

From this we identify

~ 1 2A

—_ — - _ 12 v D—-2
ke = —1emp oV A (AT ) (2.3.63)

The boundary symplectic form is therefore given by (2.3.18) to find

Wy = 5@5 + ]:25
=L gl ave s o(VHEY) + 2A EENE| (AP 72e) . (2.3.64)
167G D—2 .
Computing
5(VHE)(dP %), = — [W AVAE — %Raﬁ“”sa A 5‘3} (A7), (2.3.65)

the boundary symplectic form becomes

= 1 VT AT = TGNV = SRPENE + 50 N (@)
(2.3.66)
If we now specialize to D = 3 where
R, " = bR — 6n R — dp Ry, + 05 RY — %R((Sgég — 00,0%) (2.3.67)
and use the equations of motion to write
R, =2Ag, R=6A, (2.3.68)
(2.3.66) can be simplified to
wy = —ﬁ\/—_g [wg* AVHEY — VAR A V€Y + AP A g"] (d'2) 0 (2.3.69)
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It’s straightforward to evaluate (2.3.69) on the metric (2.3.43) on the computer. We restrict
the vector field £ to take the form (2.3.45), where now e and € should be understood as the
1-form valued €5 and € we used earlier and introduced in (2.3.59). Doing so we find the
¢ = 3(w +w) component of (2.3.69) to be

c 1

Y p0¢(6 A €)dep

wb’az =

" i [ALé Ne— 4L Ne+E@ N+ N — " Ae+E" AE| dp+ O(p).(2.3.70)
m

Since we will integrate this over the circle to form the symplectic form we are free to drop total
derivatives. In particular this means the divergent term above may be dropped. Furthermore,
in the O(p") term the two terms which mix € and € combine to a total derivative. So the

symplectic form factorizes into a holomorphic and antiholomorphic term as expected,

2

¢ (4L — ") A e — (4TE — ") Ae] d. (2.3.71)

~ 487 J,

But recalling (2.3.44) and (2.3.48) we have
1
0L Ne= 5(4[/6, —€eé")Ne (2.3.72)

and similarly for L. Of course, we identify the RHS here as being precisely the factor which

appears in (2.3.71). Making the replacement we recover the first line of (2.3.60).

2.3.5.3 New AdS boundary conditions

Here we again consider the Einstein-Hilbert Lagrangian (2.3.41) in D = 3, but this time
we consider the modified boundary conditions described in [18]. Many of the details in the
calculations here are similar to those which appear in topologically massive gravity, to be
discussed in Section 2.4, so the manipulations here will be useful as a warmup in addition to
a demonstration of the techniques in Section 2.3. We write an arbitrary Fefferman-Graham

gauge metric as
dp?

1
dst =15+ (4 + pgly) + 0(p%)) dada’ (2:3.73)
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where again p > 0 is the radial coordinate with asymptotic boundary at p and z% = (t, ¢)

are the coordinate on the boundary with ¢ ~ ¢ + 27w. As before we will use the coordinates

w =1+ ¢ and W = —t + ¢ for convenience®?.
The boundary conditions considered in [18] can be phrased as fixing the components
1
g% =0, 0z9% =0, gg)i) =5 g% =4GA (2.3.74)

with A a fixed constant. Importantly, one can check that, while it is slightly modified from
the Gibbons-Hawking-York boundary term, there indeed exists a choice of £ such that B = 0
n (2.2.15).

The Einstein equations can be solved exactly for metrics obeying these boundary condi-

tions. The analog of the Banados metrics for this case are

ds? = jz + ldw(d_ + 8y Pdw) + 4G[Ldw? + A(dw + 0, Pdw)?]
+ (4G)*ApLdw(dw + 0, Pdw) (2.3.75)

where P = P(w) and L = L(w) are free functions parametrizing the solutions.

Furthermore, the asymptotic vector fields which preserve these boundary conditions are

given by
¢ = pe
£ =e+0(p)
=0 — %pe” + O(p?) (2.3.76)

where ¢(w) and o(w) are free functions parametrizing the diffeomorphism.

These diffeomorphisms act on the parameters P and L by

iv,0P = o + P'e,

1
v.oL = 2L + el — —€". 2.3.77
Yel (2.3.77)
22These coordinates relate to the coordinates (r,tT,¢~) which appear in [18] by p = 1/r? and t* = w,
t~ = —w. Later we will meet a pair of functions (P, L) which were (P, L) in [18].
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The charges associated to these diffeomorphisms can be computed to be
Hle, 0] = /27T do [(AP’2 L) e+ A1+ 2P')0} (2.3.78)
, o . 3.

From (2.3.77) it’s clear that the € part of the transformation acts just like (2.3.48) on
L while the o part of the transformations acts to shift P. This means we can integrate up

(2.3.77) to find

P=g(w), L= —%{f,w}. (2.3.79)

This can be done explicitly by applying the finite diffeomorphism

f//2
p=fp+ GA7p +0(p"),
W = 4 2GA[" 5 + O(p),
1 14
wW=w+g-— §%p + O(p?), (2.3.80)

where f(w) and g(w) are free functions, to the background metric, which we choose to be
an extremal BTZ black hole,

d p/2

d2
S 4p

2 d AW’ + 4GAdT? (2.3.81)

Diffeomorphisms act on the orbit parameters by
’ivgéf = fIE, zvgég =0+ g’e, (2382)

which can be found by composing diffeomorphisms or deducing the transformation rule from

(2.3.77) and (2.3.79). Using (2.3.79) we may also write the momentum as

P:H[1,1JZA+/O%% {A(H ) +—{f “’}}

27rd¢ /ot 11 1\” /
-a+ [ g |2 -5 (7) /] (255
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"
where in the second line we have used that {f,w} = —3 <%) f/ up to the addition of
total derivatives. As was the case in (2.3.55), this momentum is of the form (2.3.2) for the

momentum method. The canonical 1-form is given by

Tdo [, 1 /1\"

From this and the Hamiltonian H; = H[1, —1] we obtain the phase space action

dtde _ 1 /1\" .
— Ad(G—d)— — | = — M. 2.3.
S / o [ 9 (G —49') 16G<f,) (f f)} (2.3.85)
To instead apply our other techniques, (2.3.82) supplies the analog of (2.3.59), now taking

the form

S0 @ (2.3.86)

og g 1 os
With all of these expressions for this theory we are well positioned to compute the
boundary symplectic form via the methods in Sections 2.3.3 and 2.3.4. To make things
even easier, we may note that (2.3.69) applies for any theory governed by the Einstein-
Hilbert Lagrangian, independent of the boundary conditions we impose, so long as B = 0,

which happens to be the case for this theory.

Performing the evaluation we find that again the divergent 1/p term is a total derivative
as it was for asymptotically Dirichlet boundary conditions while the finite term can be
massaged to yield

27
Q= / dé [6(L — AP") ANes — 2A6P' A o) (2.3.87)
0

47

which one may check has canonical 1-form (2.3.84). Furthermore, comparing this expression
to the the charges (2.3.78) it’s immediately clear that the prescription (2.3.25) reproduces
(2.3.87) as well. Thus both the techniques of Sections 2.3.3 and 2.3.4 lead to the same phase

space action (2.3.85).
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2.3.6 Comparison of techniques

We have presented several techniques for computing actions governing boundary modes. It

is useful to discuss the computational advantages offered by each approach.

When applicable, the momentum method is the most efficient approach. As presented,
it applies to D = 3 diffeomorphism orbits built on bulk solutions that are translationally
invariant in the boundary directions. The needed inputs are simply expressions for the
boundary Hamiltonian and momentum charges written in terms of the orbit variables. The
prescription involves using integration by parts to write the momentum in a canonical form,
after which the canonical 1-form © can be read off. Together with the expression for the
Hamiltonian, the boundary action follows. A great advantage here is that one gets © directly,
bypassing the need to solve §© = ). Also noteworthy is that it can be applied order by order
in perturbation theory, for example by expanding in powers of the boundary fluctuations.

This method proved very effective in [15].

The other methods we discussed are less efficient but have a wider range of applicability.
Using the transfer vector to invert iy, {0 = —0 Hy requires that we we have computed all of
the Noether charges, rather than just the momentum. Of course this has the advantage that
it is applicable in any dimension and with any type of gauge orbit. Additionally, while the
computation of the Noether charges will generally be sensitive to the boundary conditions
of the theory, once the charges are computed the actual computation (2.3.25) is immediate.
As seen in the examples (2.3.60) and (2.3.87), the resulting form for {2 may not make solving
00 = Q) immediate.

The transfer field method is likely the most computationally involved of the three ap-
proaches, but has the unique advantage of offering a clean separation between contributions
depending on the Lagrangian of the theory and the boundary conditions imposed. In the case
one wishes to study a Lagrangian under a variety of boundary conditions, this method could

become more efficient than the others which would require that we recompute the Noether
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charges with each set of boundary conditions. For example, once (2.3.69) was known for
D = 3 Einstein-Hilbert theory, there was essentially no additional computation required to
apply it in the example in Section 2.3.5.3 beyond working out the new class of asymptotic

vector fields.

As a final point here, we note that while computing the Noether charges generally involves
solving a condition (2.2.26) to obtain the charges, each step in the transfer field method can
in principle be completed algorithmically. This opens the possibility that, given 6 and k,, for
the theory, the computation of both @), and k, can be automated on the computer, leaving

only the computation of B to obtain an expression for (2.3.18).

2.4 Application to Topologically Massive Gravity

Topologically massive gravity [22] is described by the Einstein-Hilbert action supplemented

with a gravitational CS term,

1 l
Srma = 167TGSEH e

Ses (2.4.1)

with??

2
Sgpg = /d3x\/§ <R+ l_2) + Sbndy
2
SCS_/Tr (F/\dFJrgF/\F/\P) . (2.4.2)

Here the connection 1-form is 'Yy = I'j dz*, where I'j are the usual Christoffel symbols
built out of the metric. We take v > 1 and henceforth set [ = 1. Our interest in applying
our general techniques to this theory is to illustrate various issues that are not present in
simpler examples, in particular the the non-diffeomorphism invariance of the action and the

4

existence of solutions with relatively exotic “warped” asymptotics. We find that these pose

no obstacle to implementing our general procedure to find the boundary action.

231t is straightforward to check that the boundary action may be chosen such that B = 0 in (2.2.15).
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We will be particularly interested in solutions [23] that are the warped analog of the more

familiar Banados geometries [20)],

2 . . 2 R
4 = 12|14 (at+ Ko+ (r+r7'£)ds) = (r =1 £)%A6?| , 6= +2n
T
(2.4.3)
where
1 412
LP= —— 2= — | 2.4.4
V243" ¢ v2+3 ( )

(2.4.3) is a solution to St for any functions K= K(qﬁ) and £ = ﬁ(qb) Setting K = £ =0
gives the analog of Poincaré AdSs; constant values of (K , ﬁ) can be obtained by quotienting
the vacuum solution (analogous to how one obtains BTZ); (K, £) with nontrivial dependence
on ¢ (analogous to the Banados geometries) are obtained by applying asymptotic symmetry

transformations to the solutions with constant values.

The solutions (2.4.3) live in a phase space defined by boundary conditions that are pre-
served by the asymptotic coordinate transformations x#—az* + y* which have the large r

behavior
1
=&+ _27“28‘%54) ...
1
r
X" = —r0p€? + ... (2.4.5)

Here £4¢ = £49(¢) are arbitrary periodic functions of ¢. Under an infinitesimal diffeomor-

phism of the form (2.4.5) we have
A 1 A A
oL = —503@ + 2L0467 + 0,LE°
0K = g€ + 0y(KE?) (2.4.6)

Associated to any boundary preserving vector field & = £#0, is a charge H[{]. For example,

the charges associated with rigid time and angular translations, i.e energy and angular

45



momentum, are

1 1 27rA
M=THol =155 | fde
J—H[a}——L L/% LR WY do (2.4.7)
- %= Tt u? 4 -

as will be derived below.?*

To derive the charges we can consider Sgy and Scg independently of each other. That
is, the action S = C1Sgy + C2Scs yields charges Q' = C1Qxy + CoQfg, s0 we can extract
Q' and Qg by setting one of C 5 = 0. This is allowed because the procedure to obtain

@ is linear, and the current Jgg is conserved in the Sgy theory, and likewise for Jog.

2.4.1 Einstein-Hilbert contribution

As in (2.3.61) we have
QPN = —e* Vaxpds, (2.4.8)
where ¢ is defined in Appendix A.1. Evaluating this on (2.4.3) gives

QFF = {Lu(u2 — 1)r2¢? + 2Lu(u® — 1)Kre® + Lubre!

X

+ Lu [@ﬂ(zﬁ +R?) - 6[',] € 1+ LuPKet + O(T_l)}dgb (2.4.9)

The term proportional to r2 is constant on the phase space and so will be omitted in what
follows. The same goes for the last term on the first line. On the other hand, there is a
linearly diverging term in the first line which is not constant on phase space; this term will

cancel a similar term in the CS contribution, yielding a finite result as r—o0.

Following the comments in Appendix A.3,
CEM =i 0P = —*LK¢'d¢ + O(r™") (2.4.10)

where 0FH is given by (2.3.41).

24Q0riginal references for the derivation of the charges and asymptotic symmetry algebras include [24-25].
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2.4.2 CS contribution

The Lagrangian 3-form Leg = Tr(I' A dl 4 2I'®) has variation
§Los = E°5g,,n/—gd®s + d9°° (2.4.11)
with
EP — —VgRﬁpWEW” = _90"P
09 = Tr(0T AT) — 26g,,R’sdz" A da’ | (2.4.12)

where C7* is the Cotton tensor and the Ricci tensor R, is formed from the Riemann tensor

R=dI'+T% as R, = R%,,,- We also recall that in D = 3 the Riemann tensor can be

v

expressed in terms of the Ricci tensor; in terms of the Riemann two-form this amounts to

the identity
1
R = |85 Rop — gy R — 5 ROTgp | da? A da? (2.4.13)
Following the discussion in Appendix A.3 to compute the charges, the Noether current
corresponding to the bulk vector field y is
JE% =iy 09% —iyLes — Yy (2.4.14)
where Y, defined via
dYX = 5XLCS — EXLCS
= Tr(dv A dI') (2.4.15)
with v% = Jpx*. We take
Ye=—Tr(dvAT). (2.4.16)
We also have
iy, 09° = V5V x*dz® AT, + Tr(i, RAT) — 2(V,ex, + VX)) Rida" A da?

ivLos = Tr(i,dl — T A R) (2.4.17)
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Using these relations along with (2.4.13), some algebra leads to

JO% =dQ$? (2.4.18)
with
QY% = 0T, + VXTI, 4+ x*[ — 4Ras + Rgas]da’ . (2.4.19)
The full charge is
H® = /82 QY% — C7] (2.4.20)

where Cg % is obtained by solving 505 5 =i,0, which can be written explicitly as
50 = (ST2,0%, — ST,T2 )X da? — 200, B — 395, %)X’ (2.4.21)

To proceed further we need to specify the asymptotic form of the solutions of interest. Taking

the solutions to be of the form (2.4.3) it is straightforward to compute
QYF = {Lu(u2 — 1)1 4+ 2u(u® — 1) LEre? 4+ u(u® — 1)Lre!

2\ . 10 8\ , 2\ -, )
—i—L[u (u2—§) K? + (2u3—§u+3—u) E]£¢+Lu (u2—§> K¢+ O(r 1)}d¢

cos — { —u <u2 - g) LK€ + O(r’l)}dqb (2.4.22)

Again, we can ignore terms that are constant on phase space. In writing these expressions

we have also restored the 1/6v appearing in (2.4.1).

2.4.3 Total charge

The total charge is

1
H. =
X 16nG

/6 QP - P - @FF - ) (2.4.23)

Noting the cancellation between (non-constant) diverging term, we arrive at a finite result

in the large r limit,
8

S SuLke -5 LRV R SApe:
Hy=16-G 82{3uLK§ BuL((1+u2)£ 4K)§]d¢. (2.4.24)
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2.4.4 Lower spin gravity formulation

While Einstein gravity in three dimensions can be recast as a CS theory (with gauge group
SL(2,R) x SL(2,R)), this no longer holds in the presence of a gravitational CS term because
the theory is no longer topological. However, the subsector of the theory described by the
solutions (2.4.3) can be described by a CS theory, namely one with gauge group SL(2,R) x
U(1), so-called “lower spin gravity” [29,30]. The choice of gauge group is dictated by the
isometry group of the warped vacuum solution. In particular, there is a fairly simple relation
such that the charges and symplectic form of the two theories are mapped to each other.
Since the equations of CS theory are much easier to deal with than those of TMG, this
provides a simpler route to isolating the boundary degrees of freedom. The simplification

arises essentially because the bulk degrees of freedom have been omitted.

The action is

k 2 ko[-~
S=— Tr(AAdA+§AAAAA)+8—/AAdA (2.4.25)

A7 T

Here A is an SL(2,R) connection and A is a U(1) connection. The SL(2,R) generators
obey [Ly,, L,] = (m — n)L,y, and we use the two-dimensional representation, for which

Tr LlL_l =—1.

a=Kdo+dt. (2.4.26)

Here, as is standard, the boundary connections (a, @) are related to bulk connections (A, A)

by a gauge transformation that encodes the radial dependence,
A=bltab+b'db, A=bab'+bdb!, (2.4.27)
where b = ¢~z2Lolnr, Gauge transformations act as
da =de+[a, ¢, da=de (2.4.28)
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with € = €1 Ly + €gLo + €_1L_1. The form of (2.4.26) is preserved by taking ¢y = —0s€; and

€1 = 50561 — Ley, To connect to the metric description we trade (e, €) for (£2,€") according

to
a=¢, e=¢g+ K¢, (2.4.29)
with
K=—K. (2.4.30)
The gauge transformations then act as

~ 1 A ~
oL = —533,@ + 2L0467 + 0,LE°

0K = 0,8 + 04(K€?) (2.4.31)

reproducing (2.4.6).

We can now apply relations reviewed in Appendix A.4 for CS theory. Letting V' denote the
phase space vector field implementing an infinitesimal gauge transformation with parameters
(€,€) we have iyQ = —dH|e, €| with

k k
Hle, €] = %LETT(GCO—FE/&E@

27 A
:/ dqukc#ﬁf(?) g¢+ﬁf(§f]
0

2 8T 47
2
:/ do(LE? + K¢ (2.4.32)
0
where we have defined £ according to
42T 27
L="(L-=K?%. 2.4.33
(L - T K?) (2433

The second line of (2.4.32) agrees with (2.4.24) under the identification

ul 1 — ul
k=— 114+ — k=——. 2.4.34
3G< +u2)’ 3G (2.4.34)
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We conclude that there is a simple relation between the canonical structure of lower spin

gravity and the class of solutions (2.4.3) to TMG.

One can also build the metrics (2.4.3) out of the SL(2,R) x U(1) connection, in analogy
with the corresponding relation in ordinary 3D gravity. See [29] for details. Gauge trans-
formations in the CS theory will map to diffs in the metric formulation, as follows from the

fact that we have already mapped the transformations on the phase space variables (ﬁ, K ).

2.4.5 Boundary action for warped AdS;

To compute the boundary action our first task is to obtain expressions for the charges

evaluated on a given orbit. The finite diff functions are written as (®,7") with
P=¢p+¢, T=t+&. (2.4.35)

The infinitesimal transformations are given in (2.4.31). The first expression is familiar and
exponentiates via the Schwarzian derivative and the second expression is easily handled to

yield
£(6) = (@,9)Lo — 3 {2(6), 6}
K(¢) = 0;DKy + 0,T(P) (2.4.36)

where the constant values (/30, f(o) serve as parameters labelling the orbit under considera-
tion. Translating to unhatted variables, as appear in the charge expression Q = [d¢(LE? +
K¢ we have

k

8

L(p) = (050)*Ly — ﬁ{@, O} + 0, PO T Ky + —(0sT)*

k
K () = 0,9K0 + -0, . (2.4.37)

To extract the boundary symplectic potential © we use the momentum method. The

momentum, i.e. generator of ¢ translations, is

P=Ht=0d,) = /0 " L(0)ds (2.4.38)
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To apply the momentum method we are instructed to write P in the form
P:/g@v+&wm¢ (2.4.39)

which is achieved by taking®®

8t \ &/
k

Pr =Ky + —T". (2.4.40)
8

k 1 "
Py = Lo® + — (—)

The symplectic potential is then

0= /dgb Kﬁocb’ + 8% (%) ) 0P + (Kocb’ + %T’) 5T] : (2.4.41)

The Hamiltonian corresponding to time translations is

H:QK:M:/Kw:%ﬂm (2.4.42)

so the kinetic term in the action is obtained by making the replacements (6®,87)—(®,T).
The fact that this H is a constant on phase space reflects the fact the solutions in this theory
are time independent. More interesting dynamics are obtained by choosing a Hamiltonian
that generates translations along the vector field 0, +€20,4. This is appropriate for computing
a partition function of the form Tre #H+2P)  Such partition functions are the appropriate
ones to consider for two reasons [31]. First, unitary representations of the warped current
algebra have H unbounded from below while P is positive definite, so €2 > 0 is required for
convergence. Second, the black hole solutions (2.4.3) (with constant (£, K)) have horizon

Killing vector field (defined to be the vector field that vanishes at the bifurcation surface)

Em = 0y + Q04

— 0, + (2.4.43)

1 5
WL+ K ’

25We should note that £(¢) has several terms which contain only first derivatives; as discussed in section

(2.3.1), since they are purely quadratic their contribution to €2 is easily found by directly solving iy Q = —0Qyv

for such terms.
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) must be positive for a smooth horizon, as can be seen from the expression for the surface

gravity

Ve
VEi+ K2

As in all of our examples, the boundary action captures all of the information regarding

(2.4.44)

K

the warped spacetimes that is dictated by symmetry. For instance, it can be used to compute
correlators of the currents, as well one loop corrections to the partition function coming from

the boundary modes.

2.5 Emergent Boundary Modes

As developed so far, boundary field theories arise due to the imposition of boundary con-
ditions that are preserved by some infinite dimensional group of transformations that act
nontrivially at the boundary. However, situations can arise in which the boundary in ques-
tion is not a sharp boundary in the sense of terminating the space on which the theory lives,
but rather an interface that connects the original region to an “outer region”. The question
is whether or not the boundary modes survive; that is, are they effectively transported to

the outer region?

This situation arises naturally in the AdS/CFT context. For example, one might have
an AdS3 solution which appears as the near horizon limit of some non-asymptotically AdSs
solution M. Is the asymptotic symmetry group of the AdS; region visible at the boundary of
the larger spacetime M? From the dual CFT point of view, the AdS3 region encodes physics
in the deep IR, so one is asking about how to these IR degrees of freedom are realized in

terms of the UV description.

We will flesh out how this works in a particular example. Five-dimensional Einstein-
Maxwell theory (with A < 0) admits an asymptotically AdSs solution that has a near horizon

AdS3 x R? factor which we compactify to T2 [32]. The T? is supported by a nonzero Maxwell
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field strength. We show how the boundary graviton phase space is visible at the AdSs
boundary. Including also a CS term AA F'A F', the AdS;3 region supports boundary photons,
and we again show how these appear in the full description. These results are consistent with
the low energy correlators computed in [33], which are sensitive to the emergent boundary

modes. For related work see [31,35].

2.5.1 Background solution

We first briefly summarize the relevant features of the solution; more details may be found

in [32]. The action is
S = —16;(;5 /d5w\/§(R+FMNFMN —12) + e /A/\ FAF (2.5.1)
We consider a solution of the form
ds? = A +2L(r)dztde™ 4+ VM daida’ , i=1,2
L(r)?
F = bda' A d2? (2.5.2)

The function L can be found in terms of V', but numerics are required to find V. We will

only need the asymptotics. As r—o0 we have AdS; asymptotics,
Liry=2r4..., 0 =cyr4 ... (2.5.3)

for some constant cy .

As r—0 we have AdS; x T? asymptotics,
Liry=2br+..., O =14.. (2.5.4)

Fluctuations of the metric and gauge field with polarizations and spacetime dependence
restricted to the AdS3 directions are governed by an effective 3d Einstein-CS theory, so if we
place a boundary in this region we will find the usual 2d boundary photons and gravitons. On

the other hand, the asymptotic symmetry group at the AdSs; boundary is finite dimensional,
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which leads to the aforementioned question of how the near horizon boundary modes are

visible in terms of observables computed at the AdS5 boundary.

2.5.2 Boundary photons
2.5.2.1 Linearized solutions

We considered a linearized gauge field perturbation of the form
A =ay(r,zt)dzt .

It obeys

0
Lew% + —2kba; =0

The solution which is smooth at the origin (assuming k£ > 0) is

_okb [ —dr’
e

ay(r,at) =e(x™) T Lahe2V )

This has asymptotics:

) =e(aM)rk + ...

kb
r—00 : ay(r,zt) =e(x™) (1 ——+
Ccyr

(2.5.5)

(2.5.6)

(2.5.7)

(2.5.8)

The 1/r falloff term implies a nonzero boundary current J, ~ e(z™). This solution is not

quite what we want however, since normalizable solutions, corresponding to vanishing source

in the dual CFT, should vanish in the large r limit. We can remedy this by performing a

gauge transformation. We first of all write

e(zt) = =0 \(x™)

(2.5.9)

and then perform a gauge transformation with parameter A(r,27) = f(r)A\(z™) where

lim f(r) =0, lim f(r)=1.

r—0 r—00
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After the gauge transformation we have

- R
ay + 0y A= 8+)\(x+) (f(T’) —e€ 2k ), L(r’)ez"(r’))

ar + 0N = XNax),. f(r)

a_+0_A=0 (2.5.11)

such that all components vanish at both small and large r, as desired. It is apparent that

these modes are not pure gauge, as they carry a nonzero field strength.

2.5.2.2 Symplectic form

We now wish to compute the symplectic form restricted to the space of these linearized
solutions. In particular, we compute the full D = 4 4 1 symplectic form for these non-pure
gauge solutions. We will see that the result agrees with what we would get by considering

pure gauge modes living in the near horizon AdSs, with a boundary imposed in that region.

Since all polarizations and spacetime dependence of the fluctuations is confined to three
dimensions it is convenient to dimensionally reduce the action (2.5.1). Keeping the gauge

field terms, after integrating over the T? the action can be written as

bVs
= L 2.5.12
S 47TG5 /]\43 ( g )

where V; is the coordinate volume of 7?2 and

1
L= 5q>F/\*F+/k:A/\F (2.5.13)

where ® = b~'e?”. We will consider S = [ L and tack on the 41;‘25 prefactor at the end.

Proceeding as usual, we vary the action with respect to the gauge field and write the result

as in (2.2.13), L = E40A + d6 yielding the field equation

d[® x dA + 2kA] = 0 (2.5.14)
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and the symplectic form Q = [ w with
w=100=—DPIAN*d0A — kOANSJA (2.5.15)
The fluctuation (2.5.11) takes the form A = a + dA where a obeys
O+ da+2ka=0. (2.5.16)
Using this we have
0= /’{:/Z (6a Ada — dGA A dSA) . (2.5.17)

In the case of interest a = a,dz™ and so the first term vanishes, while the second terms is

an exact form. Restoring the prefactor, we then obtain the symplectic form

kbVy
Q=— OA N dOA . 2.5.1

This symplectic form lives on the AdS5; boundary. However, and this is the main point, the
form of the result is precisely the same as would have been obtained by just considering the
pure CS action % J AN F defined on the near horizon AdS; region. It is furthermore easy
to verify that the boundary currents take the same form as well. This shows very explicitly
how the near horizon boundary photon degrees of freedom are effectively transported to the
AdSs5 boundary. The mechanism for this is not entirely trivial; in particular, note that the
fluctuation modes we used in this analysis are not pure gauge in the near horizon region, yet

the symplectic form defined on them agrees with that of pure gauge modes in AdSs.

2.5.3 Boundary gravitons
2.5.3.1 Linearized solutions

We now consider a fluctuation around the metric in (2.5.2) by considering

dr?

2 _
ds” =75

+2Ldztdz™ + M(da™)? + e*Vda'da’ (2.5.19)
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where we will work to linear order in M = M (r,x™"). For r < 1 background metric contains

the AdS; factor ds3 = -9 + 4brdz"dz~. In this near horizon region, a boundary graviton

4b2

is obtained by applying a diff x#—x" + £* with

5::emﬁja+—-a+dx+yfx—-gﬁraQ e(x)o_ . (2.5.20)

This yields a fluctuation of the form

Mz—%ﬁ3() (2.5.21)

The fluctuation (2.5.21) is not a solution of the linearized Einstein equations outside the
near horizon region. Our task is to extend (2.5.21) to a solution in the full spacetime that
respects the AdS; asymptotics. As shown in [33] such a solution is obtained by multiplying

(2.5.21) by —2bL¢(r), where

T d/r,/

Le(r) = L(r)/oo W . (2.5.22)
The asymptotics of this function are
r—0 L(r) ~ 1
2b
r—00 L(r) ~ —401‘/70 : (2.5.23)
So the desired fluctuation mode is
M =b"1L(r)d3e(zt) . (2.5.24)

This non-pure gauge solution carries a nonzero AdS; boundary stress tensor (¢ = 3/2Gj is

the near horizon Brown-Henneaux central charge),

ﬂ+_—ﬂ£§( ) (2.5.25)

which is the same form as the contribution to the AdS; boundary stress tensor coming from

the pure gauge mode (2.5.21).
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2.5.3.2 Symplectic form

The fluctuation modes found above are not yet in a form suitable for computing the sym-
plectic form. Indeed, contracting two such perturbations with the general gravitational
symplectic form will give zero; this follows from symmetry considerations, as each perturba-
tion carries two lower + indices and there are no available upper + indices to soak these up.
The issue is that the perturbation is singular at » = 0 due to the breakdown of coordinates
there. We can fix this by performing a compensating diff that zeroes out the perturbation
as 7—0 but acts trivially at large . Let f(r) interpolate smoothly between —1 and 0 in
going from small to large . We then act with a diff of the form (2.5.20) except with e(x™)

replaced by f(r)e(xt). We write the combined perturbation as

o+ op . (2.5.26)

By construction, it vanishes as r—0 and is equivalent to our original perturbation at large

r. The symplectic form contracted against two such perturbations is®°

Q1 + b1y, P2 + Paf) - (2.5.27)

Now, (¢1, ¢2) = 0 as already noted. Also Q(¢1r, p2 + ¢25) = 0. This follows since ¢y is a
pure diff mode, and §2 contracted against a pure diff mode localizes to the boundary of 3,

but ¢y + @25 vanishes as r—0 and ¢;; vanishes as r—o00, so both boundary terms are zero.

All that survives is therefore (¢, ¢2f). This again localizes to the boundary, but now
we get a nonzero boundary term at small r, Since ¢; = —¢1f at small r, this boundary
term is precisely the same expression as appears in the symplectic form of pure diff modes

in AdS;.°" So we once again find that the perturbations defined on the full spacetime carry

26Here we are using the notation Q(¢1,¢2) = dv,iv, 2, where V; denotes the phase space vector field

corresponding to the linearized perturbation ¢;.

2"This relative minus sign is cancelled by the minus sign that occurs when we switch from taking the

boundary to be inner versus outer.
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the same symplectic form as the pure gauge near horizon modes.
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CHAPTER 3

Hamiltonian Formulation for Near-Extremal Charged

Black Holes in 4d

3.1 Introduction and summary

Black holes provide an interesting set up where gravity, quantum mechanics and thermody-
namics meet. Thermodynamic description of the black holes are based on the Bekenstein-
Hawking entropy [30], which is an area of the horizon and Hawking temperature [37], which
is the surface gravity at the horizon which fit nicely into the first law of thermodynamics

with obvious notation.

OM =TgdS + QoJ + P6Q (3.1.1)

Black hole thermodynamics, however, can break down when the black hole has an electric
charge. The charged black holes have two horizons r, seperated by the difference between
the mass and charge. The geometry is described by Reissener-Nordstrom metric.
dr? — —7r_
a2 = —far + 2 fey = 7’+)§r r-)
() r (3.1.2)

ry = GM + /G2M? — GQ?

When this seperation is small, i.e. M ~ vVGQ or r. ~ r_, the black hole is called near-

extremal. Near extremal black holes have provided an important setup for analytic study
of black holes such as black hole mergers and black hole microstate counting. Interestingly,

thermodynamic description seems to fail for those near-extremal black holes.

Even without a symmetry to protect it, the near-extremal black holes have large entropy
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2
S = Tg at low temperature Ty = 5=, and hence it appears to be in the thermodynamic
+

regime. However, the excitation energy away from the extremality at low temperature below
a certain mass gap, T < My, is not enough for radiating one Hawking quantum, as can be

seen by using the definition of thermodynamic quantities.

SE—M-Q=-— o= L7 (3.1.3)
N M, 9P G(I12 4 61d) o

Therefore, to describe the radiation as well as the physics near the horizon, one has to

incorporate the quantum gravitational effects.

Indeed, the near-extremal black holes do radiate quantum mechanically. To see this,
one can take the near horizon limit by rescaling the coordinates, which has the AdS; x S?
geometry. It has a long throat while the rest of the bulk has the small curvature and thus the
quantum effect near the horizon is dominant. Banerjee and Saha [33] computed the 1-loop
determinant of the Euclidean path integral at the near horizon region of the 4d black hole,

and found that the excitation above the extremality gets a quantum correction
, 3
OE" = 0glog Z ~ §T >T (3.1.4)

which is large enough for radiating a Hawking quantum.

This was possible because the quantum gravitational effects are boosted at low temper-
ature through the effective rescaling of the coupling from G — % These quantum gravity

effects have been described by Jackiw-Teitelboim (JT') gravity [39,10].

JT gravity is an effective description of the near horizon AdSs region of the Euclidean
black hole in the s-wave sector. The gravity part of the JT action is the Schwarzian derivative
of the boundary graviton, which is a pseudo Nambu-Goldstone boson associated with the
broken reparameterization symmetry of the boundary time, and the on-shell action for scalar

fields is given by the bi-local action dressed with the boundary graviton.

Using this action, one can compute the gravity observables such as 1-loop correction to the

excitation energy and the boundary quantum mechanics observables. Through the analytic
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continuation to the Lorentzian time, they correspond to the thermal correlation functions
in the thermal state where the ingoing and outgoing modes have the same structure of the

correlation function.

However, the evaporating black holes obtained by collapse of a star are described in the
Unruh vacuum, where the outgoing radiation has thermal correlation function at late time
while the ingoing correlation in the past is not thermal. To describe this state, inherently

Lorentzian description is needed.

One can attempt to analytically continue the Schwarzian action. This is problematic
when the boundary is single sided because it has the solutions of equations of motion that
have instability or wrong sign kinetic term, which are not removed by fixing the SL(2,R)

gauge symmetry.

One way forward is using the Hamiltonian or Arnowitt-Deser-Misner (ADM) formulation,
based on the geometry as the foliation of the metric along the boundary time. The non-
dynamical gravitational degrees of freedom are integrated out by imposing the associated
constraints and the resulting Hamiltonian for the dynamic degrees of freedom (the scalar
field) is localized on the boundary. However, evaluated on the solution to the constraints,
the ADM Hamiltonian appears to be a non-local action in the bulk, which has quartic scalar
interaction at the leading order in G. This seems to be highly contrasting to the JT gravity
at first sight.

However, using the energy momentum conservation and highly nontrivial total derivative
formula, one can turn bulk integral into a boundary integral of a non-local interaction. One
then can integrate in boundary gravitons to match the action with the JT gravity plus scalar

bilocal action.

IThis is because the gauge charges evaluated on them on one boundary do not vanish. However, for the
two-sided boundary, the difference of the charges on the left and right boundaries, Q@ — Qr, can be made

to vanish and remove the instability.
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This identification, which is highly nontrivial, guarantees the agreement in tree-level cor-
relation functions, which we illustrate by explicit computations of tree-level 4-point functions
of the two boundary scalars. On the other hand, the loop corrections to the correlation func-
tions are not guaranteed to match because the two theoreis have different dynamic degrees of
freedom which generally adopt different types of regularization schemes (counter terms) for
the UV divergences. However, our explicit computations using the Hamiltonian formulation

and JT gravity show these agree, albeit not straightforwardly.

In principle, our ADM Hamiltonian can be used in computing other bulk observables
both real-time (using Schwinger-Keldysh contour and interaction picture) and Euclidean
time (using mode expansion of propagators, i.e. working in the momentum space). We leave

that for the future work.

The rest of this chapter proceeds as follows. In section 3.2, we explain the breakdown of
thermodynamics in the near-extremal black holes and the compute the quantum correction
to the partition function. In section 3.3, we review the well-established JT gravity as the low
temperature effective description for the near extremal black hole and compute the tree-level
4-point functions of two boundary scalars and 1-loop 2-point functions. In section 3.4, we
compute the ADM Hamiltonian as a bulk integral and illustrate how we identify it with
the JT action defined on the boundary by integrating in the boundary gravitons. Lastly in
section 3.5, we compute the tree-level 4-point and 1-loop 2-point functions using the ADM
Hamiltonian in the Euclidean time and find the agreement with the JT computations. We
also sketch the computation of real time 4-point function using the interaction picture and

Schwinger-Keldysh contour.
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3.2 Motivation for the ADM formulation of the 4d near-extremal
charged black holes

3.2.1 Breakdown of thermodynamics

The semi-classical thermodynamics of the black holes [36,37,41] is based on the Hawking

temperature, T, the mass of the black hole M and the Bekenstein-Hawking entropy given

A
8GN

by the area law S = . For the near-extremal Reissener-Nodrdstrom black holes in 4d,

the excitation above the extremality is given by

2 2,.3
T 1 l“r

SE=M-Q = =_ 0
@ Moy’ 9P G124 6r)’

(3.2.1)

where 7q is the horizon radius of the extremal black holes. Imagine adding some matter and
consider the backreaction. When T" < Mg, the black hole cannot radiate Hawking quanta
with energy T to relax to extremal black hole due to this energy gap, and semi-classical

thermodynamic description breaks down.

Another way to see this is using the heat capacity. In the presence of backreaction
by matters, the semi-classical description is valid if the change in temperature through
absorption/emission of a Hawking quantum is much less than the current temperature of

the black hole [12] .

aT T
(AT)—‘Ta—M —5<<T or C>1 (3.2.2)

where C' = (%—AT/[) is the heat capacity.” When this bound is not satisfied, it is ambiguous

Q7J
to use which temperature for the thermodynamic description—before absorption/emission

2Using the equilibrium relation §E — T'6.5 = 0 in the grand canonical ensemble, this condition can be

recast as the lower bound on the change in entropy given by Cq.

a8 aS
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or after or somewhere in the middle. Practically, this means that the black hole does not

radiate or absorb a Hawking quantum semi-classically.

Additionally, the continuum thermodynamic description is valid within a certain energy
window around the macroscopic mean energy. This is evident by writing the partition

function as the functional integral.
Z(B) = / dE e SEFAE (3.2.4)

The continuum thermodynamics description corresponds to the saddle point approximation
(SPA) of this integral. The saddle point F = E, is at

oS

55| =0 (3.2.5)

Ex

Expanding the exponent around the saddle point,

~S(E) + BE = ~S(B.) + BE.  3§"(E)(E ~ B’ + -+

3.2.6)
CTQ (
= =S(E.) + BE. + = (E—E)*+ -

where we used

BB =20 B(E)=p

~OF’ o
OE? |, - T20FE . 0T £, - CT?

the SPA is valid when the perturbation around the saddle point is small, e.g.

AE=|E—-E,|<TVC (3.2.8)

When C < 1, thermal fluctuations AF ~ T can push a state out of this window.

For both cases Eqs. (B.4.20) and (3.4.41), the continuum thermodynamics becomes in-
valid when C' < 1. For the finite systems, the heat capacity decreases (C' — 0) as the
temperature is lowered due to the third law of thermodynamics. On the other hand, since

the heat capacity is an extensive quantity, it scales with the number of degrees of freedom
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N, which increases in thermodynamic limit, N — oo and hence the heat capacity remains
to be O(1), allowing the continuum thermodynamic descriptions.

Extremal black holes are exception to this rule. Despite enormous entropy S = ﬁ even

at small temperatures, the extremal black holes have a very small heat capacity, Cg ~ 0.
(And T' ~ 0.) For example, for the 4d Reissener-Nordstrom black holes,

dr?

f(r)

ds? = —f(r)dt* + + r2d0? (3.2.9)

where

f(T)Zl—QGM+GQ2 (r—ry)(r—r-)
: ' - (3.2.10)

ry = GM + \/G2M? — GQ?

the Hawking temperature, Bekenstein-Hawking entropy and the heat capacity are given by

firy) ry—r ) 0Ty 2mrd (ry — o)
Ty = = S=4 Co= |- = — 3.2.11
" 47 4r? e Q oM J ry —3r_ ( )

From this, we see that the heat capacity decreases Cg — 0 in the extremal limit . —r_ — 0.

Thus, despite the large entropy, thermodynamic description is invalidated once the back-
reaction is incorporated for the extremal black holes, and one must consider potentially very
different quantum gravitational effects.

3.2.2 Quantum gravitational effects from the near horizon JT gravity

The near-extremal Reissener-Nordstrom black holes have a very long throat near the horizon,
and hence the quantum fluctuations at this region dominate. To see this nearly AdS, region

near the horizon, we parameterize the extremality using e
r+ =Tp +e (3212)
and take the near-horizon limit

t=—=7, r=r9+Np (3.2.13)



in the metric, where € = A\pj,, to obtain

dp? i
ds™ =75 | (0" = p)dr® + L 2t dﬁé} +2Arop {(p2 = pp)dr* +
h

dp

2 _

+dO2| +O(A?)
(3.2.14)

2
h

The resulting near-horizon geometry is AdS, x S? to the leading order in A, however, con-
sidering the correction from the deviation from the extremality, the geometry is not asymp-
totically AdSs. Nonetheless, the geometry has a very long throat near the horizon p ~ pp,

and hence the quantum fluctuations at the near horizon region dominate the path integral.

Using the 1-loop determinant of the Euclidean path integral at the near horizon region,
the authors of [35] showed that the near-extremal black holes indeed can radiate quantum
mechanically and there is no My, in the spectrum of the near-extremal black holes unlike
some supersymmetric black holes. Indeed, the quantum gravitational effects get boosted at
low temperature at the near horizon region of the Euclidean black holes. We explain these

in the following subsection.

3.2.2.1 1-loop Euclidean path integral

Banerjee and Saha [38] computed the Euclidean path integral at the near-horizon region of
the near-extremal black hole in 4d, without resorting to the effective Schwarzian description
and showed that the quantum effects at the near horizon region lift the excitation away from
the extremality of the near-extremal black hole to above the energy of a Hawking quantum
T, i.e. quantum effects resolve the issue with the semi-classical/thermodynamic description
by removing the My, and allow the radiation. The leading low 7" behavior of their Euclidean
path integral computed in 4d agrees that of the effective Schwarzian theory computed by [13].

We sketch Banerjee and Saha’s computation of the Euclidean path integral in the following.

Consider an Euclidean near-extremal 4d Reissener-Nordstrom black hole, in the specific

U(1) gauge field background

A, =iQ (— — —) . B, =2 (3.2.15)



Treating the near-extremal solution as the perturbations around the extremal geometry,
gh = Gy + b, AYY = AT +a, (3.2.16)

and integrating out these fluctuations, the authors get the 1-loop determinant of the quadratic

kinetic operator in their action. The actions of the fluctuations are
1 o e a0 lee =B l <
Sateo = =5 [ d'2/G ( Vah' = SVEh ) ( VEhpe = 5Veh ),

Seauge = —%/d4x\/§ (@ACLA)Q

Writing the quadratic kinetic operator as

(3.2.17)

S = / d*z/GUAT (3.2.18)

the Euclidean path integral to 1-loop order is given by the determinant of the kinetic operator.

det(A)

To compute the eigenvalues of the kinetic operator, we solve the eigenvalue problem to
the first order in 7. Namely, we decompose the kinetic operator, eigenfunctions and their

eigenvalues into the extremal and near-extremal linear in 7" parts
A=A +TAO £ = +Tf9 0%, A,=A +TAD+0O(T?) (3.2.20)

where A% A% are those of the extremal geometry (7' = 0 contribution). Then we solve the

first order perturbation
(A% + TAOY (f2(z) + Tf (@) = (AY + TAL) (fA(z) + T (2)) (3.2.21)
Using A%f9(x) = A2 f9(z), this reduces to
A Y+ AOf1D = A £+ A f1O (3.2.22)
and

1 _
log Z = —3 ;bg/\n (3.2.23)
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Only zero modes of extremal geometry contributes The extremal kinetic operator
AY has both continuous and discrete, normalizable non-zero modes and discretely degenerate,
normalizable zero modes. Some of the zero modes are shared by A and A° with zero
eigenvalues (i.e. simultaneous zero modes), whose nontrivial measure contributes to log Z ~
log(a + bT?) where a # 0. Each of these eigenfunctions contributes to log Z by
TAE
Non-zero modes :  log (A) + TA,(f)) ~ log AV + A: +O(T?)

n

Simultaneous zero modes :  log (a + bT?) ~ loga + O(T?) (3.2.24)

Exclusive zero modes :  log (TAY) ~ log T'+ O(T?)

We recall that thermodynamics broke down when the mean energy (F) = log Z of the
black hole away from the extremality M, is less than the energy of a Hawking quantum, ~ T’

below T' < M,

gap- 10 remedy the issue, the quantum effects should be stronger than terms

in log Z analytic in T. Hence, the relevant contributions come from the zero modes of the

extremal kinetic operator, that are not zero modes of the total kinetic operator A.

The zero modes of extremal part of the kinetic operator are made of the normalizable
vector modes v* and discrete, normalizable tensor modes w,,,. Isolating the parts from the
(degenerate) zero modes of the extremal part of kinetic operator in the mode expansion of

the metric and U(1) gauge fields fluctuations

v
a, = Frv, + Eag, v

1 ~ . ~ )
hm = ﬁ <E38ivu + Egslwaiv” + E45,~j831}u + E4€ijsuyajv”> (3225)

s ~ ~ N ~ ~
hyw = \/_05 (Vufl, + V& — g/u/vpgﬂ) + Eswu; & = Esvy + Esepv”

For the tensor modes w,,, the eigenvalues to O(T') are

nrl’
Afwr] = 2%0 (3.2.26)
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Using this, the 1-loop determinant is

log Ztensor = -2 % Z IOg A [wZV]

n>2

=— log (Zf) (3.2.27)

Using the Zeta-function regularization, we get the %logT contribution:

«Q 1 T3/

—_— = 3.2.28
n>2 nT  2ra?/? ( )

1.e.

3
IOg Ztensor ~ 5 log T (3229)

There are two types of vector modes—one with S? eigenvalue l =0 and [ = 1. The [ = 0
vector modes remains to be the zero modes of the linearlized near-extremal kinetic operator,

which contributes to O(T?) to the log Z, i.e. they do not have logT' contribution.

On the other hand, the normalizable vector modes with [ = 1 are no longer zero modes

of the near-extremal kinetic operator. Long story short, their 1-loop determinant is

7r3/2 T3/2 4/’,,0
IOg Zl:1 vector — 310g (EW + 310g (W_T) (3230)

at low T', it behaves as

3
log Zi—1 vector ~ 5 logT (3.2.31)

Combining the normalizable tensor modes w,,, and the [ = 1 vector modes v,,, the 1-loop

determinant from the zero-mode of the extremal kinetic operator is

7.[.3/2 T3/2 7T3/2 T3/2 47,0
which, at low T, goes as

log Z ~ 3logT (3.2.33)
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This low T behavior of Euclidean path integral is the same as that of the effective
Schwarzian description of the JT gravity, computed by [13], although the near-extremal

black hole’s near horizon region is not exactly asymptotically AdS, unlike the JT gravity.

As it dominates the energy of a single Hawking quantum ~ 7', we conclude that the near
extremal black holes can radiate the Hawking quanta at all temperature, ane there is no
M, in the spectrum of the near-extremal black hole unlike the supersymmetric black holes,

which cannot be arbitrarily close to extremality [11—1(].

In addition to this, Turiaci and Illiesiu (2020) [13] found that there is no ground state

degeneracy.

3.2.2.2 Boosted quantum gravitational effect at low T

As we will explain in detain in Section 3.3, the 4d near extremal RN black holes restricted
to the s-wave sector are described by the low energy effective description known as the

Jackiew-Teitelboim (JT) gravity [17-19].

:—lg:fG U@RH/@K} —ﬁ Ud%qs\/g(3+2>+2/bdy¢b4 + Swnlg, X+ -
(3.2.34)

where ¢ is a fluctuation around the dilaton, which controls the volume of S? and y is a
scalar field. The first square braket is topological Euler characteristic. Integrating out the
dilaton fluctuation ¢ in the bulk term of the second integral forces the geometry locally AdS,.
The third term is the Gibbons-Hawking-York (GHY) term for the well-defined variational
principle given the Dirichlet boundary conditions. Finally, the backreaction from the matter
causes the dilaton to diverge on the boundary. To regulate this, we introduce the cut-off

boundary and impose the Dirichlet boundary conditions.

1 r
g|bdy = 6_27 be = ¢|bdy = M (3235)
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The Dirichlet boundary condition on metric manifests that the trajectory of the cut-off

surface is parameterized by a curve t(u)

1 t/2 +Z/2
- = Guu =
€

5 AT et + O(€) (3.2.36)

The extrinsic curvature contains the Schwarzian derivative of the boundary curve ¢(u)

t/t/// 3t//2
K =1+ €*Sch(t(u),u) + O(e*), Sch(t(u),u) = wE T o (3.2.37)

and hence the GHY term gives rise to the famous Schwarzian action for the boundary curve

t(u).
1

_87TGN

The Schwarzian action is invariant under the SL(2,R) transformation

L/]h1¢r@oscha<uxlo, (1) = ¢j§” (3.2.38)

[Sch -

at(u) +b

Hu) = ct(u) +d’

ad —bc =1 (3.2.39)

The solution of this action is ¢(u) = tan 7 up to the SL(2,R) transformation. The fluctua-

tion around this solution

t(u) = tan @, T(u) = %Tu + 6(27%) (3.2.40)
is described by the action
I C’/ﬁd Sch(t,u), C &
= — i uSch(t, u), =30

B
= —C’/ du [Sch(r, u) + 7 Sch(t, 7))
0

g 1
=—C [ du |Sch(r, —’2]
/0 u[c(ru)—l—QT
om?C 4xw?C [P [,/ 27u w (27U
R R / H?)“ (6)]“
Am2C (P11 g (2mu\® (2 (2mu |, (27u
5 [ (CF) e (F) 0 (5 (F)
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The constant piece contributes to the entropy of the black holes. Removing the total deriva-
tives (second integral) and amending the integral range to u' = 2”7“ € [0, 27], we are left with

the action )
ﬂ_ng 27
Isg, = —
Sch 1G3 J,

From this we see that the effective grativational coupling is boosted at low temperature (that

du' (€” — €?) + O(€?) (3.2.42)

appears in the propagators of the boundary graviton, e(u').

B

27

G— —G (3.2.43)

3.2.3 Motivation for the real-time and ADM formulations

Wick rotation of Euclidean observables corresponds to correlation in thermal state, where
ingoing and outgoing Hawking radiation are the same. On the other hand, the radiation
from charged black holes obtained by a collapsing star are described by Unruh vacuum that

we explain in the next subsection. This requires a dedicated Lorentzian description.

The effective Schwarzian description relies on the SL(2, R) symmetry corresponding to the
zero modes of Schwarzian. However, the Lorentzian boundary (geodesic completion) is more
complicated and SL(2,R) sym is not obvious. One way forward is using the Hamiltonian

(ADM) formulation, that we turn to in the next next section 3.4.

3.3 JT gravity and bilocal matter action

3.3.1 Universal s-wave sector of 4d near-extremal charged black holes

Continuing the discussion of the Euclidean near extremal black holes, the Einstein-Hilbert

and Maxwell action

1 12
~ d*z\/g (Rg — ZPFWF“”) (3.3.1)
P

S Einstein-Maxwell
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where [p = 162Gy, restricted to the s-wave and magnetic monopole subsector,
ds* = hydr'de’ + ®%dQ*, F = Qsinfdp Adh, D> = ¢y + ¢ (3.3.2)
where ®? is the dilaton that controls the volume of the S?, reduces to

4 1
SEinstein-Maxwell ~ ZT dtd?"\/_ |:(I)2Rh + 2(8(1)) 5(1)72@2[?3 (333>
which is a special instance of the bigger family of dilaton actions.

1

I =
167TGN

/ d*vvV/—h [P’ Ry, + \(09)? — U (®*/d?)] (3.3.4)

The constant dilaton mode ¢ is a Lagrange multiplier that forces the equation of motion

622 + U’(¢ Jd?) = (3.3.5)
AdS

Substituting this into the action, we are left with
_ 1 2 2 2 2

A (@(]5)2 l124dS5E2
+/d%1¢0+¢} +o( Q )

The first integral is constant and a part of the (topological) Euler characteristic. The last

(3.3.6)

integral is of O (%&)7 which can be subleading in the near extremal limit. The second
integral is so called Jackiew-Teitelboim (JT) gravity, which describes the low energy effective
theory of the near extremal charged black hole in the s-wave sector. In the rest of the section,

we work with this low energy effective action.

1 1% O0E?
Igrav;bulk = SO - 167TGN /JVI deL'\/ECb (Rh + 2) + O( Adg2 ) (337)

3.3.2 Cut-off boundary to regulate backreaction of matter

Adding a matter to the dilaton gravity results in instability in dilaton on the boundary,

P2, ary = 00 To see this, we divide the action into

S = [grav + Smatter (338)
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and on the conformal gauge,
ds? = —e2 ) qutdu~ (3.3.9)
the equation of motion from varying h*+ is

—e*0, (€70, 0%) = Troner (3.3.10)

Using this, the T', ; integrated along the null direction can be related to the values of Dilaton

on the boundary.

e 20,07 | (3.3.11)

ut—0 [ ut—m

/F du+€_2wajtter — [6_2“)8_,_(1)2} |
0

We assume the AdS, extending to the boundary. This is used to replace the conformal gauge

with the global AdS,; metric, which, on the boundary, behaves as

1 1
e~ — 7 +>~ — for ut — 0
sin” (u
(1 )1 (3.3.12)
~——— forut o
(ut =)
Since T > (), the dilaton diverges at the boundary.”
To regulate this, one introduces the cut-off, r = r. = % or z = e* On the cut-off
boundary, we impose the Dirichlet boundary conditions on the metric and dilaton.
1 or(u)
g’bdy - 6_27 Oy = ¢|bdy = c (3.3.15)

3And now Sarosi associates this singularity to the irrelevant deformation, which sources the non-
normalizable modes of matter solution. Their logic is that the irrelevant deformation deforms the UV
CFT away from the IR CFT, which corresponds to having non-AdS geometry on the boundary (UV) and

instead the boundary smoothly connects to the asymptotically flat spacetime.

4As a side remark, one can translate this to the boundary CFT language by using the holographic RG

flow.

Boundary at z =0 (r>r.) <+ UV
(3.3.13)
Interior z >0 (r<r.) < IR

The interior starts out as an empty AdSs dual to IR CFT; near the horizon and smoothly connects to

asymptotically flat space, dual to a different QFT; in UV, through an irrelevant deformation.

SCFTIR — SQFTUV = SCFTIR Jr/JO du, Ao >d=1 (3.3.14)
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The boundary condition on the metric manifests that the cutoff surface (¢(u),z(u)) is pa-

rameterized by the curve t(u)

1 t/2 + Z/2

6—2 = Quu = e et/ + 0(63) (3316)

22

The reparameterization (conformal sym. in 1d) u +— f(u) changes the cut-off surface to
a new curve, t'(u) =t o f(u) due to the boundary condition and is a symmetry (of the bulk

gravitational action) that is spontaneously broken to SL(2,R).

at(u) +b

For the well-defined variational principle given the Dirichlet boundary conditions, we can
add the Gibbons-Hawking-York (GHY) boundary terms to the Euclidean action. In total,

the action is

1
SEinstein—Maxwell ~ SO - / d2l‘\/ﬁ¢ (Rh + 2) + 2/ gbbK (3318)
167TGN M oM
The extrinsic curvature has the Schwarzian derivative of ¢(u)
K =1+ €*Sch(t(u),u) + O(e*) (3.3.19)

The constant piece is combined with the curvature term to form the Euler characteristic

(topological number). The Schwarzian piece

/du or(u)Sch(t(u),u), @p(u) = ¢T€(2u) (3.3.20)

Isn = —
Sch 87TGN

is the action of the boundary curve ¢(u)” It is invariant under the SL(2, R) reparameterization

(which forms the zero modes of the Schwarzian).

where J is a source and O is an irrelevant operator deformation. We work only within the cut-off, in the
near-horizon AdS region. The irrelevant source introduces a non-normalizable modes to the matter solution

and also is responsible for the blow-up of dilaton on the boundary.

5Since this is the boundary action, the reparameterization (conformal) symmetry is not explicitly broken

yet. This is explicitly broken by the boundary condition of dilaton as will be explained in the main text.
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3.3.3 Solutions and symmetries of JT gravity

Indeed, the reparameterisation (1d conformal) symmetry explicitly broken in JT gravity,
which allows the finite energy density. To see this, recall the Einstein-Maxwell action re-

stricted to s-wave sector of the near-extremal black hole.

oialf e 8-l o ] i

(3.3.21)
The variation of the gravitational part is
1
08 = / d*x\/—g [(5(]% +2)0g"” — R P + VAV D — g’“’VZCID) 0w
1
—dy (R’“’ — §Rg’“’> 0w + (R + 2)5@} (3.3.22)

+ / dz/ 7] [2(K — 1)6® + (1"V,® — @) 7 57,4]
oM

Before discussing the boundary conditions, we note that the Dilaton term explicitly breaks
the bulk diffeomorphism invariance down to a U(1) gen by &* = €70, as can be seen by
dep = £10,0.

The dilaton’s boundary condition (3.3.15) should allow the equation of motion for the
dilaton to have a solution. One of the equations of motion is obtained by varying action

with respect to the metric

0S o _

1
59“” pv % (V,LLVI/¢ - g,w/v2(b + guy¢) =0 (3323)

The solution to this equation is parameterized by three free parameters A, B, C'

A+ Bt+C*+2?)

o(t,2) (3.3.24)
z
The DBC that allows this solution is
-(u
(blbdry = ¢ E ) (3325)
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This provides a relation between the coefficients A, B, C' and the boundary curve £(u) given

by

A+ Bi(u) + CP(u) _ 60 (1) (3.3.26)
o ) 3.

One can find all solutions in the following way. First, we can fix the A, B, C' to certain values
Ay, By, Cy and find the solution #(u). Then we can do a SL(2,R) on t on the LHS and take
the new coefficients of the new coordinate, A", B’,C’. All A, B,C are reachable from any
arbitrary Ay, By, Cy via SL(2,R) transformation in this way. Since the differential equation
has the unique solution, this means that we found all solutions. This also means that some
t(u) cannot be reached from a solution #o(u) via SL(2,R), and hence they are not consistent
with the boundary conditions. Thus, the reparameterization symmetry is explicitly broken

down to SL(2,R).

Then again, the choice of the cut-off surface (t(u)) spontaneously breaks this already
explicitly broken reparameterization symmetry. Since they are already explicitly broken, the
excitations ¢(u) around these (further) spontaneously broken generators are pseudo Nambu-

Goldstone bosons (NGB) instead of Goldstone bosons.

Since we broke the conformal symmetry down to SL(2,R), the NGBs can have a (deriva-

tive) action. This is the Schwarzian action given by

1
I= e dug,(u) Sch(t, u) (3.3.27)

The symmetries and their breaking are summarized in Table 3.1.

Indeed, this effective action reproduces the same equation of motion for the dilaton. To

see this, let’s write the full Lagrangian apart from the overall coefficient.

" 3 /" 2
L=, [7 -5 (?> ] (3.3.28)
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EH gravity JT gravity

Full diffeomorphism Diffeomorphisms: only the U(1)
Symmetries

symmetry generated by &* = €0, ¢

Full reparameterization

symmetry, spontaneously e Explicitly broken to SL(2,R)

broken to SL(2,R) e Spontaneously broken to SL(2,R)

by the choice of cutoff

Boundary Goldstone boson of Pseudo-Goldstone boson
graviton £(u) reparameterization

symmetry

Table 3.1: Symmetries of Einstein—Hilbert and JT gravity and their breaking.

The variation of Lagrangian is

oL oL

oL

0oL = E& + Wdt + &mét
d (6L, oL d oL 5L doL  d? oL
= — ot + — — — + ===+ ot
du | 6t ot du ot ot dudt”  du? ot (3.3.29)
g AL AL &L B
~du du [ 6t/ dudt”  du? 6t
=0
From this, the equation of motion is
d [6£L ddoL d* oL
Qu {E " Juor ww} =0 (8:3.30)
Each term is given by
5£ 75/// 3t”2
50 = O (72 Iz )
5L —3t" d oL 30,47\’
e = — T = 3.3.31
5o = ( ¢ ) T dudt” ( t'2 ) ( )
Lo L (5
st ¢ du2 st \ ¥
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Hence, the equation of motion is

¢T " S(bqﬂt// / t/// 3t/12 !
K? F(P0) 1o [~ 2 )| =0 (3.3.32)

This can be more concisely written as

[% ((t’%y)/], —0 (3.3.33)

The solution is given by Eq. (3.3.24).

Backreaction to boundary curve Consider the constant dilaton on the boundary. Un-
der an infinitesimal change in boundary curve, #(u) — #(u) + 6t(u) and Z(u) — Z(u) + 6z (u),
the change in Schwarzian action in Eq. (3.3.33) is

1!

1 g
dSch(t, u) = [P (;) } 0t + total derivatives
(3.3.34)

Sch’
= T(St + total derivatives
. .. . o 3 [ 2
where the second line can be explicitly checked using Sch(t,u) = %5 — 3 (t—,) .

Viewing the change in boundary curve as the large diffeomorphism®, the variation on the

matter is
6y = /T%(Sg“”de = /T%(V”ﬁ” + VVEM)da® = /T%n”ﬁ”\/’_y dX (3.3.35)

Plugging the following values and taking the leading order variation

1

n =20, d¥=/gpitivdux~t'du, /y=-, & = (0t et (3.3.36)
€

6y = / TNVt du (3.3.37)

6This looks problematic to me. If it is large diff for the matter, why not for the gravitational part? The
large diff variation on the gravitational part results in SWGNTfV =V, V,0+ 9, (V2+2)¢, not the derivative

of Schwarzian.
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Thus, the variation of the total action is

h(t
oI = / {—CM +UTM| 5t du (3.3.38)
bdry 4
which leads to the equation of motion:
h(t,u)
SNy (3.3.39)

t/

A more intuitive derivation is using ADM Hamiltonian.

11 ¢r
The energy flux is
dM 5 v
= _ 2?7 .3.41
=1, (3.3.41)

This equation can be used to find the new boundary curve modified due to the backreaction

of the matter.

3.3.4 Boundary graviton propagator

Recall the Schwarzian action for the small fluctuation around the boundary circle

t(u) = tan @ 7(u) = 2; +e<2; ) (3.3.42)
is given by
o [T 3
Isen = 1G5 J, du’ (€7 — €?) + O(€’) (3.3.43)
The boundary graviton’s propagator is
4G6 ethu
{e(u)e( 1 gjl e (3.3.44)

The discrete sum can be done by casting it to a contour integral. The result is

(e(u)e(0)) = 2;0 1yl ;w)z

+ (Ju| — m)sin ju| +a + becosu (3.3.45)

where a and b are gauge fixed to zero. We note that the LHS (position space expression) is
not analytic because u < 0 and u > 0 cases have different expressions. There are two ways

to see this from the RHS (momentum space expression).
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1. Write the sum as the contour integral

1 eiku

eiku dk
> e = % o (3.3.46)
2(k2 — 2mik _ 2(12 _
|k|;ﬁ071 k (k 1) C'O,l,sgn(u) 27T € 1 k (k 1)

where Cp 1 sgn(u) 15 the contour that closes in LHP or UPH depending on the sign of
u and avoids k = 0, 1 while containing the other poles k € Z\{0,1}. Because the two

contours for u < 0 and u > 0 are different, the result is different (LHS).

2. More directly, the third derivative of the RHS w.r.t. u is divergent because

k,iku
Yy - =0 (3.3.47)

|k|>1 w=0

This means u is not C3. Analytic function is by definition C* and hence the RHS,
which is convergent, is not analytic. Indeed, the discontinuity in derivatives evaluated

at u = 0 shows up at third order (continuous in Oth, 1st, 2nd orders).

3.3.5 Scalar bilocal actions and their perturbative expansion

The matter part of the action is

1
Iy = 5/ NG, d%x (a”xﬁux + m2x2)
M

1 1 (3.3.48)
= —/ x n*d,x d¥ + —/ [—x0"(V/90,x) + V/gm*x*] d*x
2 Jou 2 Ju
where again we used n*9d, = 20, and d¥ = tl%. The on-shell boundary action is
1 /
Iy~ = X0 x t'du (3.3.49)
2 Jom

We are interested in the case where the AdS, x S? is embedded in 4d as the near horizon
geometry. The scalar field x also extends to the full 4d geometry, and so their boundary
condition at the cut-off boundary of the near horizon AdS, region does not vanish. This
requires turning on a non-normalizable source term in the asymptotic AdS, boundary. De-

noting the source by xo(u), the boundary condition for the scalar at the asymptotic AdS,
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boundary is

lim x(t, 2) = 27 x0(t) + 22(0) + - - (3.3.50)

z—0

where A = % (d +/d? + 4m2) is the conformal dimension of deformation @ to the dual

quantum mechanics.

Additionally, one imposes the quasi-normal boundary condition at the horizon, lim x(¢,z) =
Z—00

positive frequency mode, to restrict to the in-falling modes to the horizon.

The solution to the equation of motion

=X (v/90ux) + /gm*x* = 0 (3.3.51)

subjecto the above boundary conditions is given in terms of the bulk-to-boundary propagator
A
z
t,2) = Kalt, ) xo)dt, Ka(t,z;t) = —— 3.3.52
)= [ Eaestot)dr, Kstst) - (Goprs)  Gam)
which can be checked using the limit of the bulk-to-boundary propagator
lim 227K (2, 2;2") = 6@ (x — 2)

=0 (3.3.53)
hH(l) AT Ka (z,252)) = (d — A)§D (2 — 2)

Plugging this solution to the on-shell boundary action

DAZATL[(t — ty)? + 27

lim t,2)0,x(t,z)dt = hm dt/dt t dt t
220 x(t,2)0:x(t, 2) 1 (t—t) +22]AX0( 1) 2 (t— 1)’ +z2]A+1 Xo(t2)
D 28-1 DAYo(t
. / dtlim [ dty—— <Xo(th) dt2—X°(22A)
=0 o [(t—t1)% 4 22 |t — o]
(3.3.54)
where M, is conformally R with metric ds? = dzi;. Writing £, =t + zuy,
DZ2A—1 D
li =1li 21 DA
i e o) = [ ot
D
= Xo(t)/dul—
(uf + 1)~ (3.3.55)

= Xo(t)

= / Xo(tl)é(t—tl) dtl
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Plugging this into the boundary action,

DAxo(t2)
It — t,]**

lim [ x(t,2)Bx(t, 2)dt = / dt / dty 5t — t1)xo(t1) / dty

z—0 oM
—DA/dt /dt2X0 t1)Xo 752)

|1—752

(3.3.56)

In terms of the boundary time w; o, the scalar on-shell action is bi-local, dressed with the
boundary graviton ¢(u).

Xo(t1)xo(t2)

1—152’2

Smatter ~ DA/dtldtQ (3357)

To write this in terms of the boundary time wu, we use the boundary condition (3.3.50) to

relate the non-normalizable mode x,(t) to the source x(u).

hn% x(t, 2) = 272 x0(t) = (et')d_A Yo(t) = 2 (£ 2x0(1)) = €' 2 Xo(u)
e (3.3.58)

Xo(t) = "2 %o(u)

In terms of the boundary source yo(u), the on-shell action is

DA t/ t/ A
Ion—shell — / 1l . ~ dud N
M 2 (t — to)? Xo(u1)Xo(uz) duydusy (3.3.59)

Consider the small fluctuations of the boundary gravitons that we used earlier.

7(u)
5

t(u) = tan T(u) = u+ €(u) (3.3.60)

where we set [ = 27 for simplicity. Expanding the bilocal action to the first order in the

fluctuation e(u) (for the tree-level 4pt function later),

[(Lﬁlﬁl)—t;(@?))?r N (2 sirll%>m [1 +a <€'1 +ep = Z;H_UEQH +0(¢f)  (3.3.61)

2

Derivation of boundary limit of bulk-to-boundary propagator In higher dimen-

sions, the normalized bulk-to-boundary propagator is given by

T(A)

A
R z
Ka(z,2;7") = (A — d9) [(f_ )2 +22] (3.3.62)
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We will derive the boundary limit of the bulk-to-boundary propagator in general dimension

d.
o A-d NSt N
ll_r%z Ka(z,z;2") =0 (x — 2')
lim AT KA (z,2:2)) = (d — A)6D (2 — 2')
2=

Let’s consider an integral function.

I(z,3) = /M 4’7" Ka(z, 7, 7) f(T)

where the integral manifold (boundary) is conformally R? with the metric

»2

Md, ds

Writing @ = & + zi with @ € RY,

1 \A
I(» %) = D44 d— - —
(z,7) z /Rddu(ljtu?) f(Z + 21)

Now taking the boundary limit:

1 \A
. T d—A d— - -
igrg)[(z,x)figr%)Dz /Rddu<1+u2) f(Z + 21)

1 A
. deA [ — d—
= lm Dz f(x)/Rddu<1+u2)

= lim 22 f(2)
z—0

Recalling the definition (B.4.15), we can identify (as a distribution)
lim 22 K a (2, 7;7) = 6%(Z — &)
Taking derivative with respect to z, we also get

lir% AR (2,27 = (d — A)§ (T — 1)
Z—>

3.3.6 Thermal 4pt functions and OTOC

(3.3.63)

(3.3.64)

(3.3.65)

(3.3.66)

(3.3.67)

(3.3.68)

(3.3.69)

Let’s consider two scalar fields ¢, ¢ with non-normalisable mode (sources on the boundary;

Appendix B.3 explains the basics of this dictionary.) ¢g, ¢o and the dual boundary operators
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V, W respectively.

O~ qbozA‘ + <V>2A+ ( )
3.3.70
@ ~ 0z + (W)™

There are nontrivial 4 point functions (VW VW) at tree level via exchange of the graviton.
Since the graviton propagator has two different branches depending on the sign of the time
difference, there are two types of Euclidean time-odered 4-point correlators at tree-level”,
namely, (V(t1)V (t2)W (t3)W (ty)) for t; > to > t3 > ty and (V(t1)W (t3)V (to)W (t4) for
t1 > tg > ty > t4. Other diagrams are equivalent to either of these two using the cyclic
property of trace and KMS condition. For example, (VW WV is equivalent to (VVIWW)

using

(ViWsWiVa)g = Tr (e2H Ve e PHYWE W) = Tr (e P Vau gViWsWy) = (VaysViWsWia)g
(3.3.71)

Let’s first consider the time ordering t; > ty > t3 > t4. Using the AdS/CFT dictionary

(Appendix B.3), the 4pt function can be computed as

5Zgrav
S (1) 0o (ua)dpo(us)dpo(us)

1 24
(QSin% : QSin%)

) (T{1+A (6 +ey— 22V |1+ A+, — 25

(3.3.72)

(ViVaWsWy) =

$0,0=0

where in the last line, we single out the connected diagram which has the graviton exchange

between two scalars.

(ViVaWsWa) 2 / ;€1 € / , €3 €4
=ANT - - 3.3.73
(ViVa)o(W1W2)o e T u2 T4 T usq ( )

"In quantum field theories, one can check that the out-of-Euclidean time ordered correlators are divergent
by inserting the complete set of energy eigenstates between time evolution and target operators. On the

other hand, in quantum mechanics, the out-of-Euclidean time ordered correlators can be made convergent.
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This can be computed using the green’s function (B.4.20). Passing through Mathematica,

this becomes

2
(ViVaWsWy) A (_2+ 2 )<_2+ Uss ) (3.3.74)

(ViVa)o(WiWa)o — 27C tan 42 tan “4

For the other ordering, t; > t3 > ty > t4, we flipped from ¢ty > 3 to t3 > t5 and use
the time ordered correlator (eses) in place of (exe3) in the last step of Eq. (3.3.72), which

have different expression as they fall into different branches of the 2pt function. The result

becomes
ViWs VoW, A2
< 1VV3v2 4>grav _ _9 + Uli _9 4 u:,)i n
(ViVoy (WsWy)  2nC tan “12 tan “3¢
: U1 —U2+uU3—u4g : U1 +us—u3z—us (3375)
2 [Sln (T) — S (T)} 27TU23
2 sin 432 sin “34 tan L2 tan 44

We can think of analytically continuing the 4pt function to the Lorenetzian time. Al-
though the graviton 2pt function (e(u)e(0)) is not analytic, it is separately real-analytic for
Re(u) > 0 and Re(u) < 0, and hence at each branch it an be analytically continued to the

complex domain. For example, the Euclidean time can be complexified using
ti > T =€ +it;, € > €3> € > €y (3376)

where the Euclidean time ¢; must satisfy the ordering while the Lorentzian time ¢; don’t have

any ordering. Thus, we can continue the 4pt function to the out-of-time-ordered correlator.

A? 2xa C
~ 60 es % LK %logg (3.3.77)

where the upper bound in # is placed to remain in the perturbative regime. The OTOC has

(V(a)Ws(b+ @)V (0)W (@)

exponential growth in separation, which implies the chaos.
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3.4 ADM Hamiltonian in Euclidean space and Schwarzian theory

In this section, we derive the Arnowitt-Deser-Misner (ADM) Hamiltonian of the Einstein-

Maxwell theory with a massless, charge neutral scalar in 4d asymptotically flat spacetime

_ _—/d4:c\/_ {—RJF Ly (W)z} (3.4.1)

and in AdSs
S——i/di”\/—_ 1 R+z +1(V¢)2 (3.4.2)
T o ) VT s z) 7Ty =

Our starting point is the ADM coordinates
ds? = —N%(t,r)dt? + L2(t,r) (dr + N"(t,r)dt)* + R*(t,r)dQ2 , (3.4.3)

where L(t,7) and R(t,r) are dynamical while the lapse and shift N, N” are Lagrange multi-

pliers, as will be clear in the Hamiltonian.

We consider the reduction from the 4d charged near extremal black holes (d = 4) and
from the AdS; (d = 3) in the subsequent subsections. For each case, we first perform the
Legendre transformation of the bulk action for gravity, Maxwell and scalar parts in each
paragraph. We then consider the on-shell variation to identify the needed boundary action,

namely the ADM Hamiltonian.

Once we obtained the ADM Hamiltonian, we move to the Euclidean space and carefully
integrate in boundary gravitons and find the identification with the Schwarzian action of the

well-known near horizon JT gravity to the leading order in boundary graviton.

3.4.1 ADM Hamiltonian of neutral scalars in 4d

Consider the 4d Einstein-Maxwell theory with a massless, neutral scalar.

N Y e B SN R SRV AY
S— 4W/dx\/_g{4GR+4F (V6) (3.4.4)
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3.4.1.1 Legendre transformation of bulk action

Gravity part To detange the boundary part of the Einstein-Hilbert action from the bulk

part, we use the following Gamma-Gamma formula.
V=9 R = Lyuad + Laer (3.4.5)
where
Lauaa =V =9(059" = 646" T4 Th.,  Laer = 0 [V/—9(059"" — 529" )Th] (3.4.6)

Plugging the metric into this formula, the gravity part of the action in the s-wave sector

(spherically symmetric) is

_ % / dtarY "I R / Lo dtdr (3.4.7)

sin 6
where
¢, N'BR  NR® N:RRL _LN.N;RR _ LN?R”
GL 2GL GN GN 2GN
N N,RR'L N N,L'RR N LRRN! N LR'RN, (3.48)
GN GN GN GN
RRL  LR?
~ GN 2GN
The conjugate momenta for the metric (L) and dilaton (R) are
/
= gy (VR ) = S - 349

After the Legendre transformation to these Hamiltonian variables, the gravity Lagrangian is
Lo =7 L+ npR— NHIT®W — NHIY (3.4.10)

where the constraints are

3970 _ (RR/)/ B R'? Grprr ~ GL7?

el A TR HI = R'mp — Ly, (3.4.11)

As mentioned earlier, the lapse and shifts N, N" are non-dynamical Lagrange multipliers and

we integrate them out (by solving the constraint equations) even when we consider off-shell.
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Maxwell part We consider the s-wave sector with the Coulomb potential.
A= A(t,r)dt

1 R?
2 2 12
Syw = /dtdr LNR (——4F ) /dthQLN(At)

The equation of motion

Sww (B2 )\
G

has the solution

LNQ
Al iE
Plugging this back to the action,
LNQ?
Syw = | dtd
MW / r O R2
This action adds the constraint HMW = gg

Massless, neutral scalar part The scalar action in the ADM coordinates is

1 LR* NR? LR?N? 2N, LR2
5=y [arar |- (FE - B ) o - 2

The conjugate momentum is

N
LR27T¢+N¢)

T =

LB (G-ng) - o=

The Legendre transformation of this Lagrangian is

LR2 [ N 2 1 /NR®> LR?
Ly =msb — —— ( 7T¢+N(b> —§< — Nf)¢'2

oN \LRr2 I N
. Nmj NR?
=To¢ — 2LR2 = Nedlmy = 0"

which contributes to the constraints by

2 2
s R
e L % HE=¢'my

o _
He = 2LR? 2L
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(3.4.13)

(3.4.14)

(3.4.15)

(3.4.16)

(3.4.17)

(3.4.18)

(3.4.19)

(3.4.20)



Gravity, MW and scalar combined Combining all three sectors,
S = / dtdr (WLL + mRrR + Ty — NoH, — N’Ht> (3.4.21)

where #;, = HE + H?, and H, = HE + H? which are given by

RR'\' R? Gnmirg GLn? LQ?
HtG:(GL)_2GL_ R T or o W =Rma-lm
(3.4.22)
2 2
¢ o R_ 2 ¢ _ 4/

3.4.1.2 Boundary ADM Hamiltonian

Let’s take a variation and identify the boundary terms. These will come from writing
(+)0¢" = L[(--)d¢p] — (--)'dp. The time derivative will be irrelevant using the peri-

odicity of time. The relevant variations are

OH, = 0R'tg — Loy, + mpdd' + -+ - |

AN / / 2 (3.4.23)
OHy =06 REN_ ROR on + R—d)’&;ﬁ’
GL GL L
which contributes the following total derivative to the variation.
d RR’ R'6R  R*¢ N'ROR
—— | N, —L N — — 4.24
oL > ar +TROR 57TL+7T¢5¢+ 5(GL> L + 7 5¢ L (3 )
After gauge fixing and imposing the boundary conditions
=0, R=r 0¢ =0, 0N =0 (3.4.25)
bdry bdry
the variation on the boundary is
Nr
4] =—[dtd|—=— 4.2
5 bdry / (GL) (3 6)

To cancel this, it is tempting to identify the following as the ADM Hamiltonian

Nr
O = [ dt =— 4.2
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However, on the asymptotically flat 4d boundary, the metric components fall off as N ~
1+ N71 +---and L~ 1+ L71 +- -+ and hence S, is divergent. The finite ADM Hamiltonian
would be

L
Hapy = 51 (3.4.28)

As we explain in Appendix B.2, this can be identified with the quasi-local mass of the black

hole given by
R Gn? RR? (@*

M—2G+ SR 2GL2+2R (3.4.29)
After gauge fixing, this corresponds to
T r Q r—00 2L, Ll
M) =5e-503 5 0 ag (1 L4 =5+ ) o (3.4.30)

which agrees with H py; on the boundary. The quasi-local mass is finite on the boundary,
so we take it as the ADM Hamiltonian, i.e.

T r n Q
2G  2GL2 2r

Hapy = M(o0) = (3.4.31)

Solving constrants and ADM Hamiltonian The ADM Hamiltonian (3.4.31) needs an
expression for L, which can be obtained by solving the constarint equation H; = 0, which

after fixing the gauge is

oy 1 L  LQ* ™ r2¢'?
e T -0 3.4.32
#o=(ar) “sar 26" 27 taert L (3.4.32)
Using (#)/ = % — 22’;1,, we see that multiplying by % both hand sides turns the constraint

into the form of

’ 2
(£z) =1~ CQO"_ 1 26h0) = % <% +7’2q§’2) (3.4.33)

L2 r2 L2 7

This differential equation can be written as

d T 2Gh 1 r T 2Gh GQ2
f"“s r! d = f""s I dT —_
- [ LQ} e (1 = ) (3.4.34)
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Integratng both hand sides,

ro o 2Ghdr I 2Ghd7, ! 2Ghdr// _ [T 2Ghq GQ2 ! 2Gh g,
ﬁ‘L(m)? I LI / [ 2Ghar g / O or e
(3.4.35)
Bringing the exponential in front of the integral to inside,
r . Ts r 2Ghd,r " Ny QGth,’,,// " GQ2 _ 32(l;lhdru
Rl R KR T
Following Appendix B in [50], we use integral by part to simplify each term
/T e*frz ch:/hdr”d r_ /‘T (dd/ > e N 2C,",hdr”dr/
" " (3.4.37)
r " T 2Gh "
—/ 2Gh(r e I AT A g — pe I ST gy
" GQ2 _ T,ZG—hdr” T GQQ d GQ2 _ T,ﬁdr"
p— /Tj ,r2 6 f'r I d/r/ e /T r,2 @ r/ e fr T d/r',
= _/ 2G2Q2 h(r')e” M P N GQ? GQ2 Jr 2600 g
R r Ts
(3.4.38)
Inside the shell, the metric L(r)? can be matched with the black hole metric:
1 2GM  GQ*
=1— 3.4.39
L2(ry) T + r2 ( )
and so
rs GQ?
=r,—2GM 3.4.40
L(rs)? " + Ts ( )
Combining these ingredients,
r 2 7 r G 2 r 1"” 17
M(r) = Me™ I s ar +/ (1—I— g )h(r’)e‘fr’ R gy (3.4.41)
Ts r
The ADM Hamiltonian is the boundary value
oo r o0 G 2 %) r 17
Hapy = M(o0) = Me™ I 2o +/ (1 + g )h(r’)e 2 ar dr’ (3.4.42)
Ts r
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One can simplify this by writing 1 + %Q; = F(r') + 221 in the integral, where F(r) =

1_2GM+

- GT—CQQQ Then this term becomes

2Gh(7" )dr _l_ /T (F(T,) + 2GM) h(r,)e frr, 2Gh(r )d,r.//d ’

/r./
r
r 2Gh(r') r 2Gh(") 1 1 QGh o 2GR
:MeMT-“+/FWW) S A gy 4 M/——J Jpr A gy
'r 2Gh(7‘) 7" 2Gh(7‘ Y r 2Gh('r ) 1.1
:]\4'6 TS dr—i-/F dT‘d/ M/_ef dd/

'r 2Gh(7‘ )dT‘ T 2Gh(r >d7”//

:Me 7‘5 r’ + F !

M(r) = Me™ I

r 2Gh(r") 4 1
dr' + M — Me™ Jre =4

:M+/FUWM6VWWMH’
S (3.4.43)
Using this, the ADM Hamiltonian is
o ’ ’ o0 QGh(T )dr” ’
Hapy = M(oo) = M + F(r"Yh(r')e I dr (3.4.44)
To the first order in h,
HADM =M + / F(r')h(r')dr' + O(h2) (3445)

ADM action As we integrated out the graviton L, the dynamic variable we have left is
the scalar field. Combining the kinetic terms, the ADM action is an effective action for the

scalar field.

SADM:/dth 7T¢§Z'§—/dt HADM

:/ﬁﬁr@é—/&/ﬁFWMW A g

where we dropped the constant mass term.

(3.4.46)

Near horizon limit Similarly to JT gravity, the equations of motion in the ADM formu-

lation also restricts the ADM metric to AdSs in the near horizon region. As such, we use
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the following metric ansatz in place of the ADM,

2 _ 2 dL
ds? = — f(r)dt T (3.4.47)

where the radial coordinate r is the near-horizon coordinate, not the full 4d r coordinate.

On this coordinate, the ADM action is

sﬂmci/ﬁm(wé—ﬂﬂMMKﬁ”““WQ,fnzé( +w%) (3.4.48)

To the leading order in GG, the ADM action is

SADM:/dtdr (m,cﬁ f(r +8G/dt/ dr/ dr' f(r)h(r)h (') + O (G*h?)

(3.4.49)
At the zeroth order in G, the solution of the 7, variation is
ro
Ty = 3.4.50
G (3:4:50)

Plugging this, we get

S = ;/dtdrr <f f¢'2> +8G/dt/ dr/ dr' f(r)h(r)h (') + O (G*h*) (3.4.51)
Writing
2F(¢+f¢)

r
= 2_.]@2,1_;%

We consider the scalar dynamcis to be concentrated at the near-horizon region, and take

(3.4.52)

r=rp, i.e. h = &7, which also corresponds to no-coupling of scalar to the dilaton. The

2f2

action becomes

T (r) Ty (1)
dtdr 2) 42 dt dr' =2 2p3
Sapm = 2 (f¢ f¢>+7“hG/ / / ) 20 +0 (G*h7)
(3.4.53)
In the following, we will establish the identification between this ADM action and the JT

action for zero and finite temperature.
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3.4.2 Comparison to Schwarzian action at zero temperature

At zero temperature, the near horizon AdSs is described in the Poincare coordinates

2 1t
_ (3.4.54)

The metric, energy momentum tensor and the ADM action in these coordinates are
ds? = — (—dt* + dz?) (3.4.55)

Ty = %(&2 +¢'?) (3.4.56)

and

0 "2

S = T / dtdz% (052 - ¢’2) _8Gr? / dt /0 T () / | dz”zg—QTtt( N (3.4.57)
Using the conservation of energy momentum tensor V#T,,,, = 0 in these coordinates
o1y = 0.1y., 0.1., =0T (3.4.58)
we can relate the two components of the energy momentum tensor

1
Et - 8Z—th (3459)
2

and turn the ADM action (3.4.57), the interaction term (double integral) into a single bulk

integral.

00 /2
/dt/ dz'Ty (z')/ dz”—Ttt " /dt/ dz' 0, th )/ dz’ £—2Ttt( g
0 z 2!
z
/dt/ dz—th ) T ()
(3.4.60)

Now let F' = 8itth. T,; = 0,F. Moreover, since T}, = ¢/, it satisfies the eom, (02—0*)F =
For the functions that satisfy (92 — 9?)F = 0 and F(t = +o00) = 0, the following identity
holds.

/ dt 42°F0.F = / dt 0. |:2’2 — alt (1—20.)F alt (1—20.)F (3.4.61)
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Using this,

" " // 1 ?
/dt/ dz'Ty (2 /Z dz €—2Ttt = 462/dt/ dz0, [z ( th) — (a—tz(l—zaz)th)

(3.4.62)

Assuming T}, (z = 0o) = 0 (horizon), the integral reduces to

& 1 1 ?
Hence, the on-shell action to O(G) is
B 1/ 0\ 2G73 1 ?
Son = T / dtdz (qb & ) [ (g (1= 20T ) (3.4.64)
Now, we can integrate-in the boundary gravition €(¢) to write the S, as
Lo a’l? 4

= rh/dtdz§ ((b ¢ > 50 /dte@te + arh/dte 1 — 20T, . (3.4.65)

The kinetic term edfe on the boundary corresponds to Sch(t(u),u) to O(e?), where t(u) =
u + €(u). We will show that the last term ary, [ dte[l — 20,] TZt‘z:O corresponds to the

scalar’s on-shell bilocal action on the boundary.

The scalar solution with boundary source ¢g(t) is

™

o(t, z) = [¢o(t) + O i/d’ bo (¢ O (%) (3.4.66)

Plugging this to the last term, we get

Using this and T, = ¢/¢ it’s easy to evaluate the (4.34) as
Th/ dte [1 — 20 ] L= QTh, /dt dt, (tl) ®o (t1> oo (tQ)
z=0

Q (t1 — t2)°
ary dtdts € (t1) go (t1) do (t2) + € (22) Po (t2) ¢o (1)
o (t1 — t2)

- LZ}Z (%%%(ﬁ)p (1) 6o (1)

B arp dtldtg ’ , € (tl) — € (tg)
i o e B
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which is the bilocal action
T'(t T’ (t2)
T(t

Oﬂ‘h

dt,dt, { )2} do(t1)dolts) (3.4.68)

with T'(t) =t + €(t), expanded to O(e

3.4.3 Comparison to Schwarzian action at finite temperature

At finite temperature, we manipulate the ADM action in a different way. Using the energy

momentum conservation V#T,,, = 0.

9, (fTy) = %@Ttt

— Ty = fO, (fiTtr)

and using integral-by-part for the f dr 0,(--+) term in the ADM action (3.4.46), we get

/dt/ / dr 'T“ T“ /dt/rh dro, [f(r)o; ' T (t)] /m dr’ﬁ@w [f (") O Ty ()]
/ dt / dro; ' 1,0, [ fO; ' T, ]

(3.4.69)

(3.4.70)
At finite temperature, the near horizon region is described by thermal AdS, coordinates.
dr = — f(2)dz, f(12> - %sinh (%) (3.4.71)
r=rpcoth(rpz), z(r=o00)=0, z(r=r,) =0 (3.4.72)
and
rr4 8, B= 2”52 (3.4.73)

with the metric
s rh dr? + dz?

—_— (3.4.74)
2 ginh? ()
In these coordiantes, the interaction term (3.4.70) becomes
> 1
I, = zrzG/dr/ dz?a;lTTzaz (0T ]
0 (3.4.75)

°G / dr / dzsinh? (22) 0,170, [0,y
0 ’g
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In the rescaled coordinates

2 2
= %T = Z—ZT, 7 = %z = Z—Zz (3.4.76)
the interaction term becomes
27 0
Iy = ThG/ dTI/ dz' sinh® Z/a:,lTT/Z/aZ/ [8;1TT/Z/} (3477)
0 0

Further doing the integral by part, we finally get

2 00
I, = rhG/ dT'/ d2' sinh® 20, T 0, [0 T
0 0

= ——rhG/ dT'/ dz'sinh (22) [8;1TT,Z,]2
2 0 0
From here on, we drop the primes for the ease of notation.
the energy momentum tensor T}, = ¢¢'. The solution of the scalar is
o7, = [ Kalrz57)6n(r) (3.4.79)
Using the mode expansion of the bulk-to-boundary propagator
1 sinh 2
K T ) — —
(z,7m37) 27 cosh z — cos (T — 7;)
. ! + ! 1 4
9 |1 —eriltem) ] — emztilT—T) (3.4.80)
— i —|n|z—in(T—m;)
2 -

the energy momentum tensor is

T, = /dTldTg O[O K (2,7 — 1) 0.K (2,7 — 7o) + 0.K (2,7 —711) 0. K (2,7 — 7))

_ 1 /dTldTg Z |:n1 ’nQ‘ + |n1| n2:| 6—(|n1|+|n2\)z—i(nl+n2)7'+i(n171+n272)

(27)? Sl ni + no
(3.4.81)
Performing the radial integral of the interaction term,
/OO dz sinh(2z)e*(|”1‘H"?H\nslﬂml)z
0
1 1 1
=3 {|n1| +ng| + [na| 4 [nal =2 [nal + o] + |na| 4 |na] +2 (3.4.82)
2

(Ina] + [zl + na] + |na])* — 4
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Plugging this back to the action, the interaction term is given by
1

G
int — (271') /d71d72d73d7'4 [
Z (n1 [ng| + |n1| n2) 2 (n3 [na| + |n3| ng)

(n1 + ng) (Ina| + |na| + |ns| + |na|)> — 4 (n3 + ny4)

ng

N1 T]+in2To+1iN3T3+1iN4T4
xe Ony4natns +n4}

(3.4.83)
Here, the factor nq|ns| + |n1|ny = 0 unless n; and ny have the same sign. Similarly for ng

and ny4. To satisfy Kronecker-Delta, we can write
ny + ng = k’, ng + nyg = —k’, |]€| >1 (3484)

Plugging this into the action,

Sint = LG dridredrsd i
int = Am3 1, 71472073 7’4an

n1n2n3n46in1n+in27'2+in37'3+in47'45n in k;(sn gk
1+n2,kYn34+n4,—

K2 (k2 — 1)

(3.4.85)

where Z' means sum over n; with niny > 0 and nsns > 0. Let’s define the current

/

Jk (7’1’ 7-2) — Z nln26in171+in2725n1+n27k (3486)

ni,n2

then the interaction term is written as

G Ji (11, 72) i (73, 74)
Sint = M /dTldTQdngT4 l;ﬂ k’Q (k’Q — 1)

Go(71)Po(72) o (T3)P0(74)  (3.4.87)

We recognize k?(k? — 1) in the denominator as the propagator of the Schwarzian modes.
C 2
%[ ler-i

CTh Z /{Z2 EkE k

\k\>1

I =
(3.4.88)

where we mode expanded the boundary graviton e(7) = ZI K>1 exe”*7. Integrating "in” this
boundary graviton, the interaction action can be obtained from the Schwarzian + bilocal by
integrating "out” the boundary graviton €.

7] = Crh Z k2 — 1 eke k— i — /dTldTg Z Ji (11, T2) (3.4.89)

|k\ >1 k|>1
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J (71,7'2)
€ ~ /dTlde kzx m (3.4.90)

The first term in the action is apparently the Schwarzian. To see if the second term is

the scalar bilocal action, we mode expand the bilocal action.

()" (uz)
Dyitoear = | durd 3.4.91
bilocal / uydug [|t(ul) EETONIE Po(u1)do(u2) ( )
Writing ¢(u) = tan (’Bru + 3 6(2”7“>> and expanding to O(€?),
2m B (u1,u
Tt = [ dinduzdn (1) 62 (1) T2 (3.4.92)
0 (2 sin %)
where
B (w1, u2) = & (uy) + € (up) — (¢ () — & (up)) cot % (3.4.93)
Now mode expanding each piece,
¢ (u ) _ Za e*imlul a _ ieimlTl
1 1 - - mi 9 m 27]'
—imatu 1 Mo T
b9 (uz) = mmee M2, = o€ 272
’ (3.4.94)
€(u) = Z epe” R
k
1 > .
(2 sin %) —

and taking the 6 — 0 limit at the end, we get the matter second term.

3.5 In-In correlation functions

3.5.1 Euclidean time orderd tree-level 4-point functions

In Section 3.3.6, we computed the Euclidean 4pt functions (V(¢1)V (t2)W (t3)W (t4)) and
(V(t1)W (t3)V (t2)W (t4)) of two operators V, W dual to two scalars ¢, 1) within the JT gravity
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and continued to the real time thermal correlator. The goal of this section is to see if we can

recover the same expression using the ADM action.

Indeed, as we identified the ADM action with the Schwarzian + bilocal theory in the
previous subsection, the tree-level Euclidean correlators are gauranteed to agree between the
two theories. However, we provide an explicit computation and check their identity in the
following. Then, we will provide a direct real time calculation using a Schwinger-Keldysh
contour, that can be used for states that are not thermal.

We can again write the on-shell scalars as [ Ka(7, z;7")¢o(7)d7’ and [ Ka (7, z; 7)o (7")d7’,

the energy momentum tensor is

TTZ<T7 Z) = ¢¢/ + q/),l?bl

. (3.5.1)
— [ dndr Ka(r,m)Ka (. 2573) (Go(m)on(r) + () en(r2)
From the ADM Hamiltonian
1 o / > I / -1 2
I, = —§rhG dr dz'sinh (22") [87, TT/Z/] (3.5.2)
0 0

has now a cross-term between T and T, which connects the same scalars respectively.

TZ)

Taking derivatives with respect to the four sources, the boundary 4pt correlator is

Gy = V(1) V (r)W (13)W (14)) 353)
N 3.5.3
= —%rhG/O dT/O dzsinh (2z) Fy(7, 2371, 72) Fy (T, 2, T3, T4)

where

Fo(T, 2,71, T) = 8;1 0. K (2,7 —11) 0,K (2,7 — 1) + 0, K (2,7 — 1) O, K (2,7 — T2)]

Fy(r,2,73,T4) = OO K (2,7 —73) 0.K (2,7 —74) + 0.K (2,7 — 73) 0. K (2,7 — 74)]
(3.5.4)
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As before, mode expanding Ka

Fo(r, 2,11, 72) = O 0K (2,7 — 1) 0.K (2,7 — 7o) + 0. K (2,7 —11) 0. K (2,7 — 7))

_( 1)2 Z [m [ng + |n1|n2} e~ (Inl+n2))z—i(ni+no)r+i(nimi+nams)
2m ni + ng

ni,mn2

Fy(T, 2,73, 74) = OV 0K (2,7 —73) 0.K (2,7 —74) + 0. K (2,7 — 73) 0. K (2,7 — 74)]

- _( 1)2 Z |in3 |7’L4| + |n3| n4:| 67(|n3|+\n4|)z—z’(n3+n4)‘r+i(n37'3+n4‘r4)
2w ng 4+ ny

n3,n4

(3.5.5)
Performing the radial integral and satisfying the Kronecker-delta as we did leading up to

Eq. (3.4.87), we get

1 G 1 in1T1+in2Te+in3 T3 +1iN4 T
G4(’Tl) 47T3 - annzmTLg?LLe 1T Hin2 T2 HINg TS +ing 45n1+n2,k5n3+n4,—k (356)

kyn;
We can replace the factor of ninsngny with the derivatives w.r.t. 7;.

3
4 Tn

1 : : in1T1+inoTo+in3 T3 +ing T,
m Z Z eim 1+in2T2+in3T3+ing 45n1+n2,k5n3+n4,—k (357)

|k|>1 n1,n2 N3,N4

Gi= 0102001 ), 1

We can replace the Kronecker delta by setting no = k—ny and ny = —k — ng3 and restricting
the sums to
ning =ny(k—mny1) >0 and ngngy = —ns(k+ngz) >0

k>0: 0<ni <k, —k<ng<0 (3.5.8)

k<0: k<ni <0, 0<ng<-—k
which turns the 4pt function into

47T3,r,h ZTL1 T1+ineTo+in3T3+ing T4

G Gi==00:0:01 Y D DAY D Y K2(k2 — 1)

k>1 0<ni<k —k<n3<0 k<—1k<ni1<00<nz<-—k

(3.5.9)
The sums can be evaluated.
ikt __ LiT12 —i(k—1)734 __
E>1: E ez — € € § ein3Tse — _¢ 1
' einz —1 eims — 1
0<ni<k —k<n3z<0 (3 5 10)
. ei(k+1)7'12 -1 ) 6—ik7‘34 _ 6i7‘34 T
k<—1: E emMmn? = —— — E R ——
eZT12 _ 1 ’ 627’34 _ 1
k<n1<0 0<nz<—k
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For each case, the product of these sums can be expanded as

E>1: 1 (ei734eikT13 . eikT14 o ei712+iT34eik723 + eiTlgeikTg4)
D)
| (3.5.11)
k < —1: (ei‘rlgeikng . ei712+iT34€ik7'14 . eikng + €i7'34€ik7'24)

(eiTlg _ 1)(ei7'34 _ 1)
We note that the sum of these two expressions have the following permutation symmetries

(each line corresponds to one such permutation), which can be easily checked.

T <> T2
T3 <> T4
(3.5.12)
T1 <> T3 & To <> Ty

T & 7o T

Plugging these expansions into the 4pt function

Am3r), 1
e Gy = — Z m3132a334

61’7—346ik7-13 _ eik714 _ eiT12+iTg4eikT23 + einzeik7—24
(ei’rm _ 1)(€i734 _ ]_)

_ eiT12+i7‘34 eik‘7'14 _ eik‘7'23 + eiT34 eik7'24
(eiTIQ _ 1)(6iT34 _ 1)

1 eiTlgeikT13
-> 7 1) 1020504 {

(3.5.13)

The two summand for £ > 1 and k£ < —1 on the RHS don’t seem to be the same, however,

after applying the derivatives 010,030y, they are actually identified.

81826384 |: — - 1 - - (6i7-346ik7-13 . 61‘]97-14 . eiT12+i734 6ik7’23 + eing eik724):|
— a a a a : ezrlzezkng o 61712-1—173462k'r14 . elk‘l'gg 61734ezk724
126344 (eimz — 1)(eim3t — 1) ( + )

Hence we can combine the two sums to write

43 1
TG == Y 010,050,

ei7—34eik7—13 _ eik7—14 _ eiT12+i73462'k723 + eiTlgeikTg4
G 2R 1) (eimz — 1)(em 1)
>

(3.5.15)
Now we can distribute the derivatives to match the MSY’s result (3.4.87). Using the fact

that the k-dependent term is of the form of e?*7ii | we can take the other two derivatives 0.0,
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(I,k ¢ {i,7}) on its coefficients. The result is

61 82 8384 |:

: : (eiT346ikT13 _ 6ik7’14 _ 6iT12+i734ei]€723 + eiTlgeikT24)
(e’LTlQ _ 1)(627'34 _ 1)

_ ei734 kT3 | 1 ikT14
‘8ﬁ{%@(wm—n@Wu40€ } 3@{@%(WM—wwmuﬂﬁe }

_ a 8 a a ei(7'12+7'34) eikfzs N a 8 a a 61'7'12 eikTM
203 U104 (eiT12 — 1)(61'7'34 _ 1) 204 | U103 (@i7'12 — 1)<€i7_34 — 1)
(3.5.16)

Plugging into the sum,
47T3?“h

G o
- 1 6iT34 ileg
= |;>1 ]{32(,1{;2 _ 1) {8183 [8284 <(€i7—12 _ 1)<€i7'34 — 1)) e :|

1 ikt ei(T12+T34) ik
— 0104 | 0205 (einz — 1)(eirm — 1)) © | = 0205|010, (einz — 1)(eima — 1)) © "

40504 |:81(93 ((ei712 — i)(eiﬁm — 1)> eik7241 }

:W%h&(wmf§2m—n)@“ﬂ‘W”h%(wm—gwm—m)@@]
oo ] 1 ()]

(3.5.17)
where for the last equality, we used the 2pt function of Schwarzian mode (3.3.44). We can
proceed by, for example, 0, (€1€3) and 0y (€1€4) can be combined because their coefficients are
same (up to minus sign):

oiTsa

00001 (e ) = 900 (=) (3:51%)

which can be checked by subtracting the two which is ( ) which do not depend on 73

1
ei"'l2 —1

and 7, and so will be annihilated by d3 and d4. The result agrees with the computation in

the JT theory.
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3.5.2 Real time tree-level 4-point functions

As mentioned in Section 3.3.6, the Euclidean 4pt function can be analytically continued to

the real time, resulting in thermal correlators.

For the correlators in other states, one has to work in the Lorentzian time. However,
the mode expansion of the bulk-to-boundary propagator (K (z,7;7;) = % S e Inle=in(r=my)
in Euclidean time) is not straightforward because the real time is not periodic unlike the

Euclidean time.

Instead, one can compute the real time correlators directly in the position space using
the interaction picture and use the Schwinger-Keldysh contour for the out-of-time-ordered
correlators. Here, we will compute the simplest, (real) time ordered thermal 4pt function of

two dual scalars (or boundary scalars) V' and W
Tr e PRV ()W (t)V (t3)W (ty), t1 >ty > 13> 14 >0 (3.5.19)

Using the interaction picture, this can be expanded as
Tr eV ()W (ta)V (k)W (ta) =tr [ UL (B)U (11, 0)Vi (1)U (11, 0) U (£, 0)Wi (2)U (£, 0)
U'(ts,0)Vi(t3)U(t3,0) Ut (ts, 0)Wi(ts)U (4, 0)]
=tr [ ﬁHOU](ﬁ) (tl, )‘/j(tl)U(tl,t2>W[(t2)U(t2,t3)‘/j<t3)
)

Ults, ta)Wi(ta)U(ts, 0)]
(3.5.20)

Using the expressions
U(t,0) =T e~ o Hi®¥  17,(8) = Ty o= I SHI =07 — (4B, 0) (3.5.21)

where T" and Tg are Lorentzian/Euclidean time ordering, we can expand the correlator
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perturbatively in the interaction Hamiltonian. Using the notation (-)g = tr e #Ho(.),
ty
Tr eiBHV(tl)W(Q)V(tg)W(Q) = Z/ <‘/[(tl)W[(tz)‘/j(t3)W[(t4)H[(t/)>5dt/

— i [ (Vi(t)Wi(ta)Vi(ts) Hi(t )W (ts))pdt’

[
z ; (B2 )W () Hy (#) Vi () W (£2)) 0t .

VI
(Vi(t)Hi ()W (te) Vi(ts)Wi(ts)) pdt’

/ YV ()W (t2)Vi(ts)Wr(ts))sdt’

o

—i / (A ()i (1) Wi (12 Vit Wi {(2)) st

The corresponding SK contour is depicted in Figure 3.1.

A~

.,

Figure 3.1: Schwinger-Keldysh contour for the thermal 4-point function

The formula can be simplified by using the following two facts.

First, since Hy = T, and Hj is quadratic in T, and since [T, (z1), Tr-(22)] = 0, the

two Hamiltonians commute ([Hy, H;] = 0). Hence we have

Hi(r) = ! Ho(r=m0) [y o =iHo(r=70) — Hy(r) (3.5.23)

In our ADM action, this interaction Hamiltonian is

_ rhG/dt/ dz sinh (22) [0 thZ}
— ThG/dt/ dz sinh (22) [ - (¢¢/+¢¢/)r
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We can proceed by plugging this to (3.5.22) on each line. For example, the first line proceeds

as

—i/o4(VI(tl)WI(t2)V1(tS)WI(M)HI(t/»,Bdt'

=i [ and sinh(22) 07" ({905 (G120 ()5 + (D10 (1) (D(1200(0)5 )

x 07 (0t BN E)Y ()5 + (Wt (1) s (6D (1)) )
(3.5.25)

where 0, ! corresponds to the integral over ¢, and (-)5 = Tre #H0(.) is the thermal correlation
function computed using the free Hamiltonian. In Appendix B.4, we computed the thermal

correlation function

(o(t,2)5(0,0)) g= — g log {sinh [%(7’ —z— ze)] sinh [%(7’ +z— ze)] } (3.5.26)

where 7 is Lorentzian time.

One can plug in this and evaluate the integral for all 4 segments. This is computationally
expensive and we leave the numerical comparison of such a correlator to those obtained

above for the later study.

3.5.3 1-loop 2-point functions

The Lorentzian thermal 2pt function of the matter contains spectral information. This is
clear if we write the 2pt function of the dual operators O in the dual quantum mechanics as

the spectral sum, which contains the density of states and transition amplitudes.

L
Z(B)

1-loop correction to the thermal 2pt function therefore describes the effects of the boundary

Galt) = / dEAE p(E)p (E') e~ PP i =Pt |(BO|E)? (3.5.27)
time reparameterization modes on the Schwarzian density of states and matrix elements.

It also contains the information of poles of quasi-normal modes. To see this, we recall

that the quasi normal modes are nontrivial bulk solution which has two boundary conditions:
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1) ingoing at the horizon, 2) no source at the asymptotic AdSs boundary. From the leading

behaviors of the asymptotic solution of the scalar
o(t,z) = At) 2" "2 + B(t)2> + - -- (3.5.28)

where A(t) is the boundary source and B(t) is the response, we can read off the Fourier
modes of the retarded Green’s function as the ratio of the Fourier modes of the response to

the source.

Grlw) = —~ (3.5.29)

With the time-translation invariance, the time dependence of the solution is €™, and the
quasi-normal modes are characterized by quasi-normal frequencies w,,. As they don’t have
sources, A(wy,) = 0, and hence the quasi-normal modes corresponds to the poles of G(w).

In the position space,
d .
Galt) = [ 5 ¢ “'Gnlw)
— / d_w efiwt _ B(w>
2m Al(w)(w = wn) + O((w — wn)?)
= ZZ e“nt B(wy) + - - -

n

(3.5.30)

Due to the ingoing boundary condition at the horizon, the black hole is an open, dissipative
system, and hence the kinetic operator is not self-adjoint and the quasi-normal frequencies
do not have to be real. This means that the quasi-normal modes decays in general, which is

noticeable at late time.

In JT gravity (Schwarzian + bilocal), the 1-loop 2pt function can be computed using the

bilocal action

DA A LN
I](\);-shell _ 5 / |:(t1 i12)2:| XO(UI)X()(uQ) dudus (3531)

expanded in the small fluctuations of the boundary gravitons

t(u) = tan M, T(u) = u+ €(u) (3.5.32)
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in
L, (0+e)?(1+e)”
t%A U12+€1*52)2A
2

(3.5.33)

(sin

to the second order and contracting using (e(u)e(uz)).

<‘/1‘/2>0ne loop (51 - 52)2 1 2 2 A2 / / (51 - 52) ?
Ve A\ T 2 FR)) TS <+—t—)
(3.5.34)

There are self contraction and non-self contraction of gravitons, corresponding to the two

diagrams below.

The result is

(V1V2) 4ne 100p 1 [A(UQ —2mu+2 —2cosu + 2(m — u) sinu)+
ViV e 4sin? ¥
(Va) m SI0° 5 (3.5.35)

A? -2
Ty (AU Y (R Clt 00 | TSR
2 tan o tan o

For the later comparison, we can proceed mode expanding Eq. (3.5.34) using

tree

== Z |n|e~im (3.5.36)

4 sin®( u/2 n#O

and

(e(u)e( 27TC’ Z k;2 (3.5.37)

which can be combined to

G;elf( ) Gnon _ Z Z [T(’m ) — 1] (eimu + e—z’mu) (3538)

Next, we compute the 1-loop 2pt function independently using ADM action, and will see
that they match exactly. As we are concerned with 1-loop correlation function, we should
not use the traceless-ness of the energy momentum tensor, which acquires trace-anomaly at

1-loop. Hence, we start with the following form of ADM action.

I, = —g/dT/ d=T,, (T, z)/ dz' sinh® 2T, (1, 2') (3.5.39)
0 0
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The 1-loop 2pt function can be obtained by simply Wick-contracting scalars. The bulk scalars
can be contracted at the same bulk point or between z and 2’ through bulk propagator. For

example,

0-0' G(1,2;7,2")

¢o(71)049(7, 2) 0_0(r, 2)', (7, 2)3' o(7,2')do(72)
0+ K (7,2;7m1) K(1,2';m2)
0, 0" G(r,2";71,2")

o(71)0+(7, 2) O-9(, 2) &, d(r, ) (r. Z)cbo(Ta)

L
8+K TZTl) K(T,Z 7—2)

Non-self-contraction :

Self-contraction :

é@

(3.5.40)
where K, G are bulk-to-boundary and bulk-bulk propagators. The non-self contraction part
is

(Tor (7, 2)Tr (1,2) @ (1) & (72)) = 0- K10 K20:00 G
+ 0,K,0,K50,0,G
— K, K0, K50,0.,.G (3.5.41)
— 0. K10 K50,0-.G
+ 71 T
and the self-contraction part vanishes. The non-self contraction part is evaluated to match

the JT gravity calculation (3.5.34) exactly, provided g = %
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CHAPTER 4

Higher Structure of Non-invertible Symmetries from

Lagrangian Descriptions

4.1 Introduction and Summary

Global symmetries have proven to be invaluable in the study of quantum field theories,
and in the modern perspective, they are viewed as implemented by topological operators
[51]. In order to fully specify the symmetry structure of a given theory, one begins by
identifying these topological operators and their fusion rules. However, this is not all, and
some additional physical information is encoded in the topological junctions and networks
that these defects can form, which is referred to as the higher structure of the symmetry.
This includes, in particular, the set of topological interfaces between pairs of defects, called
1-morphisms, which describe junctions (including fusion junctions) between defects and are
also used to encode the associativity structure of the fusion product. This associativity
1-morphism, known as the associator or F-symbol, is an interface obtained by shrinking a
certain topological network of defects that captures this associativity (see the next section for
more details), and is an important piece of information in specifying the symmetry structure.
In two dimensions, the F-symbols are numbers, but in a higher dimension D, they are D —2
dimensional topological field theories, and nontrivial interfaces (or 2-morphisms) might also
be considered between them. This gives rise to the notion of higher associators, where the F'-
symbols are considered as 1-associators. Overall, we have D —1 higher associators, where the

(D — 1)-associators are numbers. All the associators are part of the mathematical structure
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describing the symmetry, which is called a fusion (D — 1)-category, and contain physical
information [52]. As an example, let us note that for ordinary symmetries with group-like
fusion rules (that is, invertible symmetries), the (D — 1)-associators are simply the 't Hooft

anomalies of the symmetries.

In many occasions, the fusion of the topological defects does not follow a simple group-
like law, and the corresponding symmetry is then referred to as non-invertible (see [53,54] for
reviews). Our focus in this chapter will be on studying the higher structure of non-invertible
symmetries in theories in which an explicit Lagrangian description of the different defects is
known. We will use this Lagrangian description to construct explicitly topological junctions
between the defects, including fusion junctions in which two defects are fused into a third
one, while accounting for the appropriate boundary conditions and boundary terms at the
junctions. Then, we will use these junctions as building blocks to construct the topological
configurations of defects required for the computation of the F-symbols, and obtain the
desired results after carefully shrinking the configuration. We note that even though our
focus here will be on the F-symbols, i.e. the l-associators, the same method can similarly

be employed for the computation of the higher associators.

To illustrate our approach, we will analyze in detail two types of theories. The first
will be that of the free compact scalar in two dimensions, whose non-invertible symmetries
and associated fusion 1-category have been widely studied and are well known (see [55—(1]
for a partial list of references). This will serve as a good starting point for demonstrating
our new method and testing it against known results. Using the Lagrangian descriptions
of the shift-symmetry defects and the non-invertible T-duality defects that are present in
the theory, we will construct topological junctions and use them to study the networks of
defects that capture the different F-symbols. We will compute all the F-symbols this way
and find that they indeed match those of the familiar Tambara-Yamagami fusion category

TY (Zy, +1).

We will then turn to four dimensions and consider Maxwell theory, which was recently
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shown to host a variety of interesting non-invertible symmetries [59,60,62-658]. In this case,
even though the corresponding topological defects and their fusions were studied, the higher-
structure data was not computed explicitly (see [09-71] for related work). Focusing on the
triality and duality defects found in [64,59,62], we will use their Lagrangian descriptions
to find the actions describing the topological configurations of defects that capture the F-
symbols of the corresponding fusion 3-categories. Then, we will shrink these networks to
interfaces and find these F-symbols, which are 2d topological field theories and new results
of this chapter (see Table 4.5 and Eq. (D.5.5)). In some cases, we will find that there is
more than one possible 2d theory corresponding to a given F-symbol, depending on the
choice of boundary conditions used in its computation. In addition to these calculations, as
a complementary analysis and to check our results, we will also compute the F-symbols using

a different (group theoretical) approach that is not based on the Lagrangian description, and

find that the results obtained using the two methods indeed have the same form.!

There are a few potential applications of our results, which we leave for future study.
First, one can try to relate the F-symbols we compute, which are RG invariant data of the
symmetry category, to those of other 4d theories that have duality-preserving deformations
to Maxwell theory, and then use it to study other such deformations of these theories, see [72]
for a related recent discussion. Note that a simple example for such a flow to Maxwell theory
happens on the Coulomb branch of N' =4 SYM, as well as on that of more general N' = 2
SCFTs. Second, even though we only compute the F-symbols of the specific duality and
triality defects in free Maxwell theory, one should be able to derive all the other consistent
F-symbols for defects with the same fusion rules from the ones we computed. For instance,

for generic duality-like defects in two dimensions, the SymTFT gives a prescription for how

IThe triality and duality defects we consider are parameterized by a positive integer N, and in the case
of the triality defects the Lagrangian approach will only be used for even N while the group-theoretical one
only for certain odd N values. In this case, the two methods will match except for some cases where the

final result depends on whether N is even or odd.
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to modify certain parts of the known F-symbols in order to get all the inequivalent sets of

F-symbols with the same fusion algebra [73]. Generalizing this to 4d duality/triality defects
via the SymTFT setup described in [09] will allow us to acquire the full set of consistent
F-symbols.

The remainder of the chapter is organized as follows. In section 4.2 we briefly review the
higher structure of non-invertible symmetries, focusing on the definition of F-symbols in two
and higher dimensions. In section 4.3 we consider the 2d free compact boson theory, and
use the Lagrangian description of the symmetry defects to construct topological junctions
and networks of them. We then use it to compute the F-symbols of the Tambara-Yamagami
fusion category TY(Zy,+1) and recover the known expressions. In section 4.4 we generalize
this analysis to the triality defects of 4d Maxwell theory for even values of the integer
that parameterizes them, computing the corresponding F-symbols while highlighting some
differences compared to the previous section. Then, in section 4.5, we compute the F-symbols
for certain odd values of the parameter using a different (group theoretical) approach and
find that they take the expected form. A few appendices contain constructions of topological
junctions and computations of F-symbols that have been deferred from the main body of

the chapter for brevity, and include the case of the duality defect of 4d Maxwell theory.

4.2 Higher structure of symmetry

In this subsection, we briefly review the (higher) fusion category symmetries and their higher
structures with a focus on the associators. We begin by reviewing the associators of fusion
category symmetry in 2d to set the stage, and then move to explain the associators in higher

fusion categories following [52].
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4.2.1 Higher structure in fusion categories

Topological defect lines (TDLs) in a 2d QFT are captured by the mathematical structure
known as a fusion category. Given two TDLs labeled by £, and L;, we can fuse them by
putting them close to each other and generate a new topological line, which then in general

decomposes into a finite sum of other topological lines,
Lox Ly=EPNGLe, N €Zso. (4.2.1)

A TDL which cannot be written as a sum of other TDLs is known as a simple TDL.

When N¢, # 0, the locality of the QFT allows the configurations where £, and L, join
locally and become L. at a trivalent junction. Such topological junctions form a complex
vector space whose dimension is Ng,. Similarly, the TDL L, can locally split into £, and Ly,
and the topological junctions also form a vector space with the same dimension. To proceed,

we fix the basis for each vector space and denote them as

L. L, Ly
i , ] , o pw=12--- N&. (4.2.2)

L, Ly, L.

satisfying the following conditions

a b a b b4 c
“w
dc H dadb
= a b =0ceOpt] — 4 4.2.3
Sy Lo b (123)
ot Iz
a b a p c c

where d, is the quantum dimension of the TDL a defined as

dy = a . (4.2.4)
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Consider a single TDL splitting into three TDLs, there are two ways in which this process
can be done. They are related by the higher structure of the fusion category known as the
associativity map. With the explicit basis (4.2.2), the associativity map is characterized by

a set of C-numbers known as the F-symbols

@ b c a b c
a o
N — abc )
v o Z |:Fd :| (e,u,u),(f,p,o‘) < ' (425)
f.po
d d
As pointed out in [58,52], the F-symbols [F*] (e (F.p) BN 8lSO e computed by the

following relation

d

Laq
Ly
dadbdc abe
L, @ L. = 0 [F5") ey e (4.2.6)
Le
L
Lq

which can be derived first using (4.2.5) and (4.2.3). (4.2.6) is more convenient for extracting

F-symbols in the Lagrangian approach in 2d, as well as generalizing to higher dimensions.

To conclude, we consider an example of the Tambara-Yamagami fusion category TY (Zy, +1).
This fusion category contains a Zy invertible symmetry generated by the line 7, as well as

a non-invertible duality line T". The fusion rules between n and T are
N-1
Txn=nxT=T, TxT=>» n. (4.2.7)
k=0

The invertible lines n* have quantum dimension d,» = 1, while the duality defect has quan-
tum dimension dr = v/N. Most of the F-symbols are equal to 1 for this fusion category,

with the non-trivial F-symbols given by

n 2minm 1 2minm
T T
an7T,77m = Fﬁnm,T = eXp ( N > ) [FT,T,T] o = \/_N eXp (— N ) . (428)
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4.2.2 Associator 1-morphisms in 4d QFT

Turning to 4d, we briefly review the higher structure of the fusion 3-category focusing on

the associator 1-morphisms. We refer to [52] for more details.

Objects In a 4d QFT, all symmetry operators are captured by a fusion 3-category €.
The objects in € are 0-form symmetry operators D supported on codim-1 surfaces. These
objects admit an additive structure from the direct sum of the symmetry operators, as well
as a tensor product coming from fusing two symmetry operators. We call an object simple

if it cannot be written as a direct sum of other objects.

Morphisms Given two codim-1 symmetry operators D; and D,, a topological interfaces
(or a junction) between them is a 1-morphism from D; to D,. In particular, the morphisms
between identity codim-1 operators are 1-form symmetry operators supported on codim-2
surfaces. All such interfaces between Dy and D; form a 2-category Homgs (D1, Ds); and
the fusion 2-category Endgs (D) = Homgs (D, D) describes the symmetry operators liv-
ing in the world volume of the operator D. Invoking the definition, the fusion 2-category
Endgs (D) contains topological surface operators (as objects in Endgs (D)) and topological
line operators (as morphisms between identity surface operators in Endgis (D)) in the 3-dim

world-volume of D.

Witt equivalence class Two codim-1 defects are said to be Witt equivalent if there is
a non-trivial morphism between them?. For instance, such junctions can arise by stacking
decoupled TQFTs admitting gapped boundaries or gauging a non-anomalous symmetry in

Ende(D) as shown in Figure 4.1. We use [D] to denote the Witt equivalence class of D.

2Notice that unlike the 2d case where any simple line cannot have non-trivial junction to the identity
operator 1 unless it is 1, in 4d, a non-identity simple 0-form symmetry operator can have a non-trivial

junction to 1.
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Generically there is no preferred choice for a representative for each class [D]. But for the
O-form symmetry operators considered in this chapter, there is always a canonical choice
for the representative, which contains minimal operator content on the world-volume. We
denote them by [D]y. A generic operator in [D] can be turned into [D], by gauging certain
symmetries.

gauge A on half-space

(a) D — D D/A
with Dirichlet b.c.

stacking decoupled TFT T

with gapped boundary B

B

Figure 4.1: (a) Gauging some symmetry A in Endgs (D) on half-space with Dirichlet bound-
ary condition creates a non-trivial topological interface between D and D/A. (b) Stack-
ing a decoupled 3d TFT T with the gapped boundary B creates a non-trivial topological

interface between D and DT. D, D/A, and DT are in the same equivalence class, i.e.,

[D] = [D/A] = [DT].

Condensation defect An important example is a class of defects known as the condensa-
tion defect C' [63,71,71]. They are defined as gauging p-form symmetry on an n-dimensional
surface (™ (where n > p + 1) with a possible discrete torsion. For example, the following

condensation defect gauges a 1-form Zy symmetry generated by U (0(2)) on a 3-surface £,

1 2mi 3) 5(2)
CL(2®) = e N FRETAIN (o) | (42.9)
|HO(Z(3)7ZN)| J(z)GH;E(g)’ZN)

where k € H3(BZy,U(1)) ~ Zy parameterizes the choice of discrete torsion in the higher

gauging. The discrete torsion phase Q(X®), ¢(?)) is defined as
Q(E®, 0@ = /a(l) U B(aW) (4.2.10)
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where a) = PD(¢®,%®)) € HY(X®),Zy) is the Poincare dual 1-cocycle of ¢(®) on () and
B HY (X®) Zy) — H?*(X®),Zy) is the Bockstein homomorphism associated to the short

exact sequence Zy — Zn2 — Zy.

Such a condensation defect has higher quantum symmetries generated by Zy topological
lines living in Endgs(Ck). The higher quantum symmetries are gaugeable on the world-
volume of the condensation defect, and gauging it turns the condensation defect to the
identity operator.” Hence, a condensation defect is always Witt equivalent to the identity

operator and [Ci]o = 1.*

Local fusion junctions and associator 1-morphism The fusion of two O-form symme-
try operators D, and D, can be expanded as a sum of simple operators
D.®Dy= » C4D., (4.2.11)
De:simple
where the coefficients CS,’s are valued in 3-dimensional topological field theory. In known
cases (including the cases considered in this chapter) in d > 2, the fusion product of the
equivalence class is group-like even if the D,’s themselves are non-invertible, i.e. there is

> In such cases, we can add a 1-

always a single term appearing on the RHS of (4.2.11).
morphism junction to the canonical representative of the Witt equivalence class after the
local fusion junction. By combining the fusion and morphism junctions, we can construct a

new local fusion junction between the canonical representatives of the equivalence class as

demonstrated in Figure 4.2.

3Such a junction serves as a topological boundary with Dirichlet boundary conditions are imposed on

the quantum symmetry gauge fields of the higher quantum symmetry.
4Consequently, fusion with a condensation defect will not change the equivalence class.

5This is more explicit after quotienting out the equivalence class in the fusion rule [D,] ® [Dy] =
>N [D.] where the fusion coefficients NS, now take non-negative integer values. In known cases, there is
always a single term appearing in the RHS. For the remainder of the discussion, we restrict ourselves to this

case.
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fuse upper part gauging on D, ® Dy
with Dirichlet b.c.
D, Dy

Figure 4.2: Given with two codim-1 defects D, and D, where D, = [D,]o, Dy = [Ds]o, one

Da Db Da Db

can always construct a topological local fusion junction into [D, ® D], as follows. Starting
with two parallel D, and Dy, fusing the upper part leads to a topological local fusion junction
from D, and D, to D,®D,. Then, gauging the corresponding symmetry on the world-volume
of D, ® D, with Dirichlet boundary condition on the fusion junction leads to a topological

local fusion junction with the outgoing line being [D, ® Dy]o.

We are now ready to define the generalization of the F-symbols in ¢B). Let’s consider

the diagram

[Da ® (Do ® De)]o [Do ® (Db ® De)o [Da ® (Dy @ D)o
[Dy @ De]o 1
D, D, = D,®Dy®D, = $ Fp, D, 1. - (4.2.12)
[P © Dllo |,
[(Da ® Dp) ® De]o [(Da ® Dy) ® De]o [(Da ® Dy) @ Deo

In the first equal sign, we fuse all the defects in the middle and also fuse the fusion (splitting)
junctions represented by red (blue) dots into a single interface Z, and Z_. Then we fuse the
interfaces Z, and Z_ to create an interface from [(D, ® Dy) ® D.]o to [D, @ (D @ D,)]o; this
interface is interpreted as the generalization of the F-symbol 1-morphism in 4d [52], which

we denote by FDa,Db,Dc € Homdg] ([[(Da & Db) X Dc]]o, [[Da X (Db X Dc)]]o)
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4.3 Compact boson in 2d

4.3.1 Lagrangians for TY(Zy,+1) symmetry defects

We consider a single 2d compact scalar with periodicity 2m, described by the action

R2
S=" | dpAxdd, ¢~ b+ 2r. (4.3.1)

4
This theory is completely specified by the choice of radius R, and has the interesting property
that it is dual to the theory with radius 1/R. This duality, called T-duality, maps the
operators between the two theories in a nontrivial way, and to see how it arises let us rewrite
the action (5.6.5) in terms of an unconstrained 1-form field X (instead of d¢) and a compact

Lagrange multiplier ¢,

2 . " - -
5:/ (%X/\*X+21XM¢), é~ b+, (4.3.2)
Mz

T i
The role of the Lagrange multiplier is to restrict X to be closed and with holonomies valued
in 27rZ (which are the properties of d¢), and indeed integrating $ out sets X = d¢ and
results in the original action (5.6.5). On the other hand, given the action (5.6.4), we can
integrate out X using its equation of motion iR? x X = da and obtain an action for the
Lagrange multiplier field 5, B

S = %j . dg A *do (4.3.3)
where R = 1/R. We see that we have two dual descriptions, (5.6.5) and (4.3.3), for the same

theory, one with radius R and the other with radius 1/R. Moreover, there is a nontrivial

map between the operators of these two descriptions, for example dg = iR% xdo.

Let us next examine some of the symmetries of the theory. First, at any radius R there
is a U(1)y, X U(1)y x Z§ symmetry, where Z§ is charge conjugation under which ¢ — —¢
while U(1),, and U(1),, are the momentum (or shift) and winding symmetries, respectively,

szz'}??f%, Qw:f%' (4.3.4)

with charges
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Note that using the T-duality map of operators mentioned before, we can immediately see
that these two charges map into each other under the duality. Indeed, the winding symmetry
U(1),, of the scalar ¢ turns into the momentum symmetry U(1),, of the dual scalar ¢ which

acts by shifting it, while the momentum symmetry of ¢ turns into the winding symmetry of

0.

Even though the momentum and winding symmetries have a mixed 't Hooft anomaly,
each of them is non-anomalous by itself and can be gauged. Let us consider e.g. the effect of
gauging a Zy subgroup of the momentum symmetry. Upon such gauging, the periodicity of
¢ changes from 27 to 27 /N, and to have again a compact scalar with periodicity 27 we can
define ¢ = ¢/ /N such that ¢’ has the desired periodicity. This, however, results in the radius
of the ¢’ theory being R' = R/N (as can be seen by substituting into (5.6.5)), and we hence

see that the effect of gauging a Zy subgroup of U(1),, amounts to changing R — R/N.

At this point, we observe that combining this gauging with T-duality maps the original
radius R to N/R, such that the radius R* = N is invariant under this combined operation.
As a result, gauging Zy C U(1),, in half space (with Dirichlet boundary conditions for the
corresponding discrete gauge field) followed by T-duality in the same half space results in
a nontrivial topological defect as long as R?> = N (for other values of R we would obtain
a topological interface between different theories). Denoting this defect by T" and the basic
Zy C U(1),, defect by 7, one can show that they generate together the Tambara-Yamagami
fusion category TY (Zy,+1) [55]. The corresponding fusion algebra, which was mentioned

in subsection 4.2.1 and reproduced here for convenience, is given by

N-1
mtxt =gttt N =1, Txp=gxT=T, TxT=>Y 1 (4.3.5)
k=0
and the nontrivial F-symbols by
n 2minm 1 2minm
F’I77;7‘7T,77m = I} ymp = €xp ( N ) , [F%T;F] . \/—Nexp (— N > . (4.3.6)
As discussed in [59, 641,60, 75], one can also represent the T' and n* defects using the
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actions®

N N N
T: S = —/ d¢L AN *d¢L + Z—/ ¢Ld¢R + —/ d¢R A *d¢R (437)
4m <0 27 =0 4m >0
and
N i 2k N
toos=p [ aoensaont - [ ap(on-ont BE) 4 [ doensaon
T Ja<0 27 Jp=0 N A S0
(4.3.8)

where ¢, and ¢r denote the compact boson on the left and right sides of the defects, which
we placed at = 0. Moreover, the field ¢ in Eq. (4.3.8) is another compact scalar which is

supported only on the n* defect worldvolume, as shown in Figure 4.3.

or R
nt e

Figure 4.3: Description of an 1" line defect using two fields, ¢; and ¢p, from the two sides

of the defect and a field ¢ which is supported on the defect.

In general, in order to find what defect actions of the type (4.3.7) or (4.3.8) describe, one
should examine the part of the variation of the action which is localized on the defect and

deduce from it the way the defect acts on operators. For the T" defect, we have

55‘120 = % /0 [6¢L (‘kdqu + Zd¢R) — 5¢R (*d¢R + Zd(ﬁ[)] (439)

and therefore dog|,—o = i * ddr|z—0 and dér|.—0 = i * ddgr|s—o. Using the relation between
the compact scalar ¢ and its T-dual 5, which for the radius R? = N we consider is given

by dé = iN % d¢ (see the discussion below Eq. (4.3.3)), we have d¢r|.—0 = (1/N) d5R|x:0

6Let us comment that since the quantum dimension of 7' is not 1, but instead v/ N (see subsection 4.2.1),

the full insertion in the partition function that describes it is v N exp (127 fx:O qSLd(;SR).
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which indeed corresponds to gauging Zy C U(1),, in the right half-space followed by T-
duality, as expected. For the n* defect, we notice that integrating out ¢ in (4.3.8) sets
(pr — OL)|o=o = 27k/N + 27Z, as expected.

In the rest of this section, we will use the Lagrangian descriptions (4.3.7) and (4.3.8)
of the T and n* defects to construct topological junctions and networks of defects, paying
special attention to the boundary conditions and boundary terms at the junctions. Then, we

will use these ingredients to compute the F-symbols, recovering the expressions in (4.3.6).

4.3.2 Local fusion junctions
4.3.2.1 Topological construction of local fusion junctions

For topological defects a,b and ¢, the local fusion junction Hom(a X b,¢) can be obtained
by taking two parallel defects a and b and fusing the upper parts, as depicted in the figure

below.

T o3 T o2

Figure 4.4: Topological construction of the local fusion junction for Hom(a x b,¢). L; in
the second diagram are the semi-infinite lines from the bottom that end on the local fusion

junction at t = 0 (blue dot).

The part of the action which is supported on the defects in this configuration (like the
middle terms in Eqgs. (4.3.7) and (4.3.8)) is given by

t=00

S :/L La|d1, ¢3] +/L Ly[¢s3, ¢2] +/t (La[dr, d3] + Lo|ds, ¢2]) (4.3.10)

=0
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where L; o denote the two bottom lines that terminate at the local fusion junction, and
we use the coordinate t > 0 for the upper part of the fused defects. The first two terms
describe the defects a and b below the fusion junction, and the last term describes the fusion
of the two. One can then manipulate this last term in the upper part into the action of the
topological defect(s) expected from the fusion algebra (in this case, the action of the defect
¢), which in general may result in boundary terms at the junction and a decoupled trivial

Z, TQFT at the fused segment, i.e.

t=00

Lol ononl + o [ Gdp+ Sy (130D
™

t=0

[ oo+ tionon = [
t=0 t=0

where 5 and ¢ in the second term are fields supported only along the defect in the upper
part ¢ > 0, such as ¢3 in Figure 4.4 or the defect field ¢ in (4.3.8) used in the expression
for the n* defect. Hence, the second term on the RHS describes a trivial decoupled TQFT.
We stress that both the boundary terms and the decoupled trivial TQFT are not always

present.

Since we are interested in fusion junctions as in Figure 4.4, in which each defect (i.e. a,
b and ¢ in the figure) is not accompanied by a decoupled TQFT, when such a TQFT does
arise we will need to add a topological boundary for it along the worldvolume of the ¢ defect
(i.e. at some ty € (0,00)) and then push it to the junction at ¢ = 0, resulting overall in a
topological junction between defects with no decoupled TQFT. The topological boundary
condition at the boundary we add along the ¢ > 0 segment is that of Dirichlet for both 5

and @ in (4.3.11), as we explain next in more detail.

Boundary conditions of trivial TQFT Since we consider defects and fusion junctions
that lie within a bulk where the periodicity of the compact scalars is maintained, we impose
¢ ~ ¢ + 27 at all the topological boundaries we add when constructing such junctions.
For the trivial TQFT in (4.3.11), this implies that the well-defined operators are the vertex

operators ei® and e"™? both in its bulk and at the topological boundary we add for it. Now,
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using the equal-time commutation relation

3(0), 3(1)] = 2ri (43.12)
we see that these vertex operators generate the (gauge) transformations ¢ — ¢ + 2mm and
(E — 5 +27n and commute with each other. As a result, they are identified with the identity
operator and the topological boundary condition at the boundary we add along the t > 0
segment at some t = t; is given by’

¢,¢| =0 mod2m. (4.3.13)

t=to

These boundary conditions are consistent with the variational principle, 0.5 |t:t0 = 0, and

the periodicity (or gauge symmetry) of the compact scalars, AS = 0 mod 2.

Now that the topological boundary has been added at t = t;, we push it to ¢ = 0 and
obtain the desired junction. In this junction we have, on top of the other junction data, the

boundary condition (4.3.13).

Example: T X n* = T As an example, let us consider fusing the two defects 7' and n*

along the segment ¢t > 0 as shown in Figure 4.5.

T o3 T 92

Figure 4.5: Topological construction of the local fusion junction for Hom (T x n*, T).

"Note also that the path integral over each of the fields 5 or p restricts the other one to vanish modulo
27, such that the boundary condition (4.3.13) is the only one which is compatible with a non-vanishing

partition function.
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Using (4.3.7) and (4.3.8), the defect part of the action associated with this configuration

g4 ¢1d¢3+i/ dy (¢3—¢2+@)
L1 Lo

18

2 2 N
e T (4.3.14)
? i ~ i~
s [ oo o [ G5 S
27 Ji0 21 Jiso
where the trivial TQFT fields are
~ 2k -
O0=¢s— ot —r, ¢=p—Noy, (4.3.15)
and the boundary term is
iIN |~
Sbdry = — g¢1¢ ) (4.3.16)

The action on the first line describes the 7" and n* defects along the lines L; and Ly below
the fusion junction ¢ = 0, the first term on the second line is the T defect along the fused
segment ¢ > 0, as expected from the fusion algebra T' x n* = T, and the last term is the

boundary term at the fusion junction ¢ = 0.

Since, for ¢ > 0, ¢3 and ¢ are supported only along the fused segment of the defect, the
trivial TQFT is decoupled from the bulk; hence, as discussed above, one should impose the

Dirichlet boundary conditions

o 0= 0 mod27r, ¢|,_o=0 mod27 (4.3.17)

(obtained by adding a topological boundary for the TQFT on the ¢ > 0 segment and pushing
it to the ¢ = 0 junction). Note that we deliberately added the constant % to the expression
of 5 so that the boundary condition is consistent with the relation between the bulk fields
set along the 0¥ line, ¢ = ¢35 + % mod 27. If we did not include this constant in 5, the
boundary term would differ by %@(t = 0), which is not trivial in general. In summary, the

boundary conditions and boundary terms at the fusion junction ¢ = 0 are given by

2k
HOHI(TXT]k7T): ¢3—¢2+% :O7 SO_N¢1|t=0:O m0d27r’
=0 (4.3.18)

iN 21k
Shdry = —g% (¢3 — ¢+ T) .
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Similarly, the junction data at the corresponding splitting junction Hom(T, T x n¥) is the

same except for the boundary term, which has the opposite sign.

4.3.2.2 Extra junction

When the fusion outcome involves the direct sum of more than one simple defect, a specific
fusion channel can be obtained by adding an extra junction between the direct sum and the
particular simple defect of interest. At the junction, we impose the well-defined variational
principle and gauge invariance to get the boundary conditions and required boundary terms.

In the following, we illustrate this process using the example of the T' x T fusion.

Example: T X T = C — n* Using the method discussed in the previous subsection, a

local fusion junction can be constructed for T' x T' = Zivz_ol n" = C, where C' denotes the

condensation defect® for the Zy C U(1),, shift symmetry, as shown in Figure 4.6.

C

99/\77
o1 9P P2
¢3AC

ey

Figure 4.6: The topological fusion junction for Hom(7T' x T, C') at t = 0 (left) and the junction
Hom(C,n*) at t = p (right).

8Notice that this condensation defect is simply the projector for the Zy C U(1),, symmetry, and is not

simple as a defect.
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The defect action in the fused segment is then as follows,

N
S=2 [ (61dds + d3dgy)
2 /t>0 (4.3.19)

Y

t=0

N N
=5 | doslon—0m) = Groue,

where the first term on the second line corresponds to the condensation defect and the second
term is a boundary term. To see that the first term indeed describes the condensation defect,

let us note that the sum of the Zy C U(1),, defects used in the definition of C' is given by

N-1 : . N-1 4
1 2mn 1 mn
E — [ d — — || = — [ d — E — [ d
(4.3.20)
and the last sum restricts the winding number of ¢ to be an integer multiple of 27 N. As a

result, we can write ¢ = N¢ for some 27-periodic compact scalar ¢ and have the following

equality under the path integral,

N-1 . .
HZ:O exp l%/];dcp <¢1 — o + QWT”)} = Nexp {%/qus (¢ — @)] , (4.3.21)

which results in precisely the first term on the second line of Eq. (5.6.29) with ¢ = ¢3.”

Selection of a fusion channel A specific fusion channel such as T x T — n* can be
obtained by adding an additional junction p between the condensation defect and n* as in

the right diagram in Figure 4.6. To describe this junction, we start by examining the action

iN [P i 2k
= — — — — — . 4.3.22
S o /t—o dez(¢1 — ¢2) + or /t>pd90 <¢1 P2 + N ) (4.3.22)
Under the gauge transformations ¢; — ¢; + 2mn,,

AS = i(ny —ng)(Ngs — @) (4.3.23)

‘t:p ’

9The factor on N on the right hand side of (4.3.21) is expected and corresponds to the two factors of
VN that are present in the two T’ defects which are part of the fusion junction of Figure 4.6 (see footnote
6).
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and in order to have gauge invariance, we set

(N¢3 — gp)]t:p €2nZ. (4.3.24)
Additionally, we impose
21k
¢1 - ¢2 + — € 2nZ s (4325)
N |-,

since t = p is a part of the Zy defect n* on which this relation holds.

Turning to the variational principle, the total variation at the junction ¢ = p is given by

' 21k
381y = 30 (Ve =) (- a + 57

— ikdps(p) = 0. (4.3.26)

t=p
Now, the first term vanishes due to the boundary condition (4.3.24). However, in order to
remove the second term we need to add an extra boundary term to (4.3.22) at the junction

P
dery = Zk(bg(p) . (4327)

In summary, the boundary conditions and the boundary term at the junction Hom(C,n*)

are

Hom(C.f): (Noa @)l =0 mod 21, (61 ant 57

Svary = 1kos(p) .
(4.3.28)

Now, to obtain the local fusion junction 7' x T" — n* we can shrink the condensation
defect on the interval 0 < ¢ < p by taking p — 0. Combining the boundary terms from

TxT — C (5.6.29) and C — n* (C.3.4), the boundary data at the resulting junction is

given by
§ 2k
Hom(T' x T,n") :  (N¢s — ¢)|,_o = 0 mod 27, ¢1—¢2—0—T =0 mod 27,
t=0
N 2rk
Sbdry = — =03 (¢2 - —>
Y 2m N /i
(4.3.29)
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The analyses above can be generalized to any extra junction between two different topo-
logical defects: the gauge invariance and 0S5 = 0 at the junction fix the boundary conditions

and boundary terms.

In Appendix D.1.1, we provided an alternative derivation for the same results (4.3.29)

using the previously obtained T' x n~* — T junction data.

Other local fusion junctions In Appendix D.1.1 we provide the junction data for all the

other local fusion junctions involving the 7" and 7 defects.

4.3.3 F-symbols using Lagrangian
4.3.3.1 The method

A specific component of an associator, which is a C-number in 2d, can be computed by

collapsing the diamond-shaped region in a corresponding defect network, as described in

Figure 4.7 [58].
ax (bxc) Aax (bxc)
ea =7 Aa x (bxc)
a=0Fv=90

< J

AaXbxc — ? = Fope XA

oL | or oL | or
| A=) Alaxb) xc

Figure 4.7: The associator F ibyc can be obtained by collapsing the diamond in the middle.
First arrow: Merging the two nodes a and § and also the two nodes v and . Second
arrow: Parallel fusion of the a, b, ¢ defects in the middle. Third arrow: Reducing the interval

between the two nodes @ = [ and v = 4.
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We collapse the associator region by taking the following steps:

Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

Junction analysis: Using the method explained in Section 4.3.2, compute the
boundary conditions and boundary terms at each local fusion/splitting junction

a, 3,7, 0 as well as at possible extra junctions.

Merge the two upper junctions a and 8 by combining the boundary conditions and

boundary terms. Repeat for the lower junctions v and 9.

Global fusion: Fuse the three defects a,b,c by adding their actions along the
interval between the a = § and 7 = ¢ junctions. The result will in general be
the sum of the expected defect, some decoupled TQFT (if present) and a boundary

term,

S = Saxbxc + Sdecoupled TQFT + dery;global . (4330>

Interval reduction: Compute the path integral of the decoupled TQFT as an
inner product between the states corresponding to the boundary conditions and

some boundary terms.

Associator: Evaluate all the boundary terms using the boundary conditions in

Step 2. The associator is

F;{b’C — (Inner product) x e~y (4.3.31)

4.3.3.2 Path integral of Zy TQFT

The result of the global fusion (4.3.30) may include a 1d decoupled trivial or Zy TQFT.

After reducing the interval [y, 5], they are replaced with their path integral subject to the

given boundary conditions plus some boundary terms. For the trivial TQFT, the required

boundary terms are fixed values. However, for the decoupled Zy TQFT

; B
S = ﬂ/ ¢ dy (4.3.32)
2T J,
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the boundary terms might involve unfixed boundary values of the defect fields. However,
the unfixed part of the boundary terms will drop out once it is combined with all other
boundary terms — those from each junction and those from the global fusion part — and the
total boundary term will only involve the fixed boundary values. Therefore, the boundary
terms do not affect the path integral over the decoupled defect fields. In this subsection,
we illustrate the reduction of the interval when a decoupled Zy TQFT shows up after the

global fusion.

To perform the path integral, one can add and subtract an appropriate boundary term
to write the action as the sum of the part that has a vanishing variation on the boundary
with respect to the boundary conditions and the boundary terms. The former part is path
integrated to the inner product between the states corresponding to the boundary conditions

on the upper and lower junctions.

Example: Distinct boundary conditions As an example, consider the boundary con-

ditions'
2mm 2m™n

¢(B) =", ¢(y) == mod2r (Dirichlet),
N (4.3.33)

No(y) =0, Ne(f)=0 mod2r (Neumann).

Rewriting the action (4.3.32)

s— (4 / i = GroB)9)) + 5ro(A)e(H). (4334

the terms in the bracket have trivial variation on the boundary with respect to the given

boundary conditions. The path integral of this part results in the inner product between the

10The Neumann conditions can be written in terms of an unfixed integer 0 < k < N as ¢(y) = %
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states corresponding to Dirichlet boundary conditions at each end. Specifically,'!!?

[ elipele = 0@l e) = e (o) . @35

where Sp; is given by the terms in brackets in Eq. (4.3.34).

The boundary term (last term in (4.3.34)) is carried forward. After combined with other
boundary terms from the junction analysis or global fusion, the unfixed part in this term

will either be removed or be a part of a fixed boundary value.

To summarize, the contribution to the F-symbol from the decoupled Zy theory is the
combination of the inner product of the boundary states (4.3.35) and the boundary terms,
as stated in Eq. (4.3.31):

o [0 (o) - o) = S o (o)) . (80

General cases It is straightforward to generalize the above argument to other boundary
conditions. We list the resulting inner products and boundary terms in Table (4.3.37), where
the first two columns are the boundary conditions for the fields at the specified boundary,

and D, N denote Dirichlet and Neumann boundary conditions, respectively.

67, 8) o7, B) Shiry (DBCs|DBC.) Contribution to F
ND DN | S6(B)e(B8) yexp[5o(B)e()] 5 exp [5ro(B8)(¢(v) — ¢(B))]
DN ND | =Fo(e(r) Frexp [-50(B)o(n)] o exp [5ro(n)(p(r) — @(8))]
DD NN | -yl 06(8).6(7) 00(8).0(1 exp[ W‘]
NN DD 0 Op(8) (1) Op(8) o)

(4.3.37)

" The LHS should be understood as the analytic continuation to the Lorentzian spacetime.

27mn > —

12The noamalisation constant can be obtained by demanding the orthonormality: < = 2’”’” } ¢ =

ZkN;Ol <¢: 271'7m| = 2”—““><<p— 27rvk} ¢ = 271'7n> = O
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4.3.3.3 Example: [F;:FTT}
g

To illustrate the procedure, let us compute [Fj? 7.7]ymn Using the method explained in Sec-

tions 4.3.3.1 and 4.3.3.2, namely by collapsing the diamond region in Figure 4.8.

Figure 4.8: The configuration used in computing [F; p p]ym .

As a first step, we collect the boundary conditions and boundary terms at each junc-
tion a, 3,7, 6, taken from already computed results. Specifically, the o junction is a fusion
junction 7' x ™ — T whose data is given in Eq. (4.3.18), the § and v junctions are fusion
and splitting junctions for T x T — n* with k& = n and k = m respectively, with the data

given in Eq. (4.3.29)'3, and ¢ is the splitting junction 7' — n™ x T analyzed in Eq. (D.1.4).

Explicitly,
N
0: g1 -NoL=0, 6r—on=—2", Sla)=—p o1 (¢1—¢R+2WT”),
N 2
Bi o= Nop =0, S(8) =~ (on- 7)),
,N” , (4.3.38)
v: p2—Nor=0, S(’Y):;—W@ (%—%)7
5 ¢L—¢’I:—2”Tm, 02— Nop=0, S(5)=imop(s),

13For the splitting junction, the boundary term changes the sign.
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where all the boundary conditions are written modulo 27, and S(«) denotes the boundary
term at the junction « (and similarly for other junctions). Next, we shrink the interval [, o
to obtain a single upper junction f = «. As a consequence, we can impose the boundary
conditions at the o and /3 junctions simultaneously. Similarly, we shrink the interval [, 7]

to get the single lower junction v = 9.

Next, we fuse the three defects T' x T" x T in the middle by adding the corresponding

defect actions,

; B
S = ;ﬂ / (prdor + ¢rde) + drdor)
o (4.3.39)
iN (7 iN (7 , iN 3 -
- g/v ¢rdogr + g/ﬂy (o, — d7)d (61 — o) + o gblgb[|7

where the first term is the action for the resulting 7' defect, the second term is a decoupled
Zy TQFT and the last term is a boundary term Spgry.giobar- The decoupled TQET fields
have the following boundary conditions,

2mn

N(or —o7)(B) =0, (¢1r—or)(B) = N mod 27,

2mm

(pr — ¢1)(v) = N N(¢r — ¢r)(y) =0 mod 27,

(4.3.40)

namely ¢ — ¢, has a Dirichlet boundary condition at v and a Neumann one at /3, while
¢1 — ¢r has the opposite boundary conditions. Using the second row in Table (4.3.37), the

contribution from this Zy theory is hence

\/LNG_SZN , SZN = —im(gb[ — ¢R)|5 . (4341)

As a last step, we combine the boundary terms at the upper and lower junctions, including
the phase contribution Sz, from the Zy TQFT and the boundary term Spgry;gioba inn (4.3.39).

At the upper junction,

N , _ 2mm 2mn 2mimn
S(OZ) + S(ﬁ) + (dery;global + SZN)ﬂ = g (_¢L + ¢I — ;TV ) ((ZS[ — gbR + X/’ ) + WN
(4.3.42)
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and using the boundary conditions at the upper junction (4.3.38), % (—¢L + ¢ — %Tm) e”Z
and (¢1 — ¢Or + Q“T") € 2rZ, we find that the first term in Eq. (4.3.42) is trivial modulo 2.

Thus, the total phase contribution from the upper junction is given by

ori
S(Oé) + S(ﬂ) + (dery;global + SZN)ﬁ - W]Z\Cnn . (4343)

Turning to the lower junction, the sum of all the boundary terms vanishes, i.e.
S(W/) + 5(5) + (dery;global + SZN),Y =0. (4344)

Then, putting everything together we substitute the inner product and the boundary terms
(given in Eqs. (4.3.41), (4.3.43)-(4.3.44)) into Eq. (4.3.31) and obtain the F-symbol

1 2mimn
(Frorplyman = T P (— N ) : (4.3.45)

which agrees with the known value (4.3.6).

Other F-symbols All the other F-symbols of the compact boson theory are computed in
Appendix D.1.2 and agree with Eq. (4.3.6).

4.4 Maxwell theory in 4d

4.4.1 Non-invertible triality symmetry and defect Lagrangians
We next turn to four dimensions and consider Maxwell theory, which has the Lagrangian

1 0
= —FAxF+—FAF. 4.4.1
L ¥ A * +87T2 A ( )

Normalizing the 1-from gauge field A so that the corresponding field strength F' = dA has
fluxes 2wZ, the theory is specified by the choice of complexified coupling

0 271
T=—

— 4.4.2
27 e? ( )



and has an SL(2,Z) duality group (on spin manifolds) which is generated by
S:rt—>-1/r ., T:7—=>71+1 (4.4.3)

with the relations
s2=Cc , (ST)’=1, (4.4.4)

where C is the charge-conjugation symmetry under which A — —A. In addition to charge

conjugation, the theory also has two 1-form symmetries U (1)%” x U (1)5\14) with charges

Qr 1}{(_@*F+%F) S Qu=—4¢r, (4.4.5)

~or e? ~or

the charged objects being Wilson and 't Hooft lines, respectively. Upon gauging a z%’ -
U (1)551) subgroup of the electric 1-form symmetry we cut out all Wilson lines (at least as
genuine line operators) whose charges are not integer multiples of N, resulting in the charge
quantization Qg € NZ and @y € Z/N. To have the standard quantization Qg € Z as in
the theory before the gauging (i.e. having the same normalization for the gauge field), we
rewrite A = A’/N and 7 = 7/N? which then results in a theory which is similar to the one
before the gauging but with the new coupling 7/ = 7/N?. We therefore see that gauging
zﬁé) C U(l)g) is equivalent to changing 7 — 7/N?. Similarly, gauging a zﬁ’ C U(l)g\lf
subgroup of the magnetic 1-form symmetry would amount to changing 7 — 7N2.

In addition to simply gauging a (non-anomalous) Z§\1,) subgroup of the 1-form symmetry,
an operation usually denoted by S, we can also consider combining it with stacking an SPT
phase for the corresponding background 2-form gauge field, an operation usually denoted
by T (see [51,76,04]). Denoting the background field by B € H? (My;Zy) where M, is
the space in which the theory lives, this SPT phase is given by exp(% i) a4 (B)) for even
N (where q : H*(My;Zy) — H*(My;Zyy) is the Pontryagin square operation) and by
exp(% fM4 %BZ) for odd N. Then, considering e.g. the gauging corresponding to ST,
i.e. first stacking the SPT phase and then gauging the Zg\l,) symmetry, we have A = A’/N
and ' = 0 + 27 /N for even N which amounts to changing 7 — 7/N? + 1/N in the original
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theory, and A = A’/N and 6’ = 0 + 27 (N + 1) /N for odd N which amounts to the change
7 —7/N*+(N+1)/N.

The two ingredients discussed above, i.e. gauging a subgroup of the 1-form symmetry
(possibly with stacking an SPT phase) and performing a duality operation, were used recently
to construct many new non-invertible defects in the theory [59,62-64, 60,65, 66, 68]. For
simplicity, we will focus in this section on the triality defects at 7 = 5" N found in [64]

and on condensation defects [63, (4] associated with electric 1-form gauging, which can be

constructed as follows (in appendix D.5 we will also discuss duality defects).

Starting with the triality defect, we consider the coupling 7 = e N (for any N € N)
and perform an ST gauging of a Z%) subgroup of the electric 1-form symmetry in half space
(with Dirichlet boundary conditions for the corresponding discrete gauge field), resulting in
a topological interface between the theory with coupling 7 = e N and the theory with
coupling 7/N? +1/N = e™/3/N for even N and coupling 7/N?+ (N + 1) /N = e™/3/N + 1
for odd N. However, since the coupling e%' N is obtained by performing an S transformation
to e™/3/N and an ST~! transformation to ¢™/3/N + 1, the two sides are in fact equivalent
and we get a defect in a single theory, obtained by performing ST’ z§§> gauging and S duality
(for even N) or ST~! duality (for odd N) in half space. As shown in [(4], one can describe

this defect, which is denoted by D3, by the following action,

3N N 3N N
D32 S:/ \/_ FL/\*FL—Z—FL/\FL +/ \/_ FR/\*FR—Z—/FR/\FR
eco \ 8T 8T e>0 \ 8T 8T

N 1
+Z— (AL/\dAR+§AL/\dAL)

27 =0

(4.4.6)
where Ay and Ag denote the Maxwell gauge field from the two sides of the defect, which
is located at © = 0. The equations of motion on the defect that follow from (4.4.6), then,
determine the matching conditions between the left and right gauge fields, which in turn
results in an action of the defect on operators (whether local or not) which is indeed similar

to that of the gauging and duality used in its construction. The corresponding orientation
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reversal defect, denoted by Ds, is given by

— N 1
D3 : S = ! <AL A dAR + §AR A dAR> (447)

27 =0

where we omit the bulk action on both sides of the defect here and below for brevity.
Turning to the condensation defects we are interested in, at any 7 we can gauge a Zg\l,)

subgroup of the electric 1-form symmetry with a discrete torsion labeled by H3(BZy; U(1)) =

Zy over a codimension-1 manifold and obtain a nontrivial defect. As shown in [63,64], the

part of the action describing this defect is given by'*

C.,: S= {ﬂda VAN (AL - AR) + ik (AL — AR) VAN d(AL - AR) , (448)
Mg

7r o
where A and Ag are as before the Maxwell gauge field from the two sides of the defect, a
is a U(1) gauge field living on the worldvolume M3 and k € Zy is the discrete-torsion label.
Integrating the defect field a out sets A;, — Ar to be a flat Zy connection,'® with ¢t 4 (Ar—Anr)

generating Zy topological line operators which are identified as the higher quantum symme-

try on Cj.

Let us also describe what the identity defect looks like in the Lagrangian description in

“Our defect action for Cy (as well as for the duality defect discussed in appendix D.5) differs from that
in [64] by a total derivative term, which we choose this way in order to avoid extra boundary terms when

considering junctions between defects.

15To see this, let us decompose a as @ = @+a’ where a’ has trivial fluxes and @ is a choice of representative
for each flux sector labeled by H?(Ms3,Z). Integrating out a’ sets A;, — Agr to be flat, and the sum over
the flux sector @ corresponds to summing over the 1-cycle v € Hi(Ms,Z) where + is the Poincaré dual of
the first Chern class ¢; = % € H?(Ms,Z). Decomposing v = n;y; where {v;} is the bases of 1-cycles, the

remaining path integral becomes

[I> e fuaeman) (4.4.9)
i {ni}
: 2mi N-1
and the sum over n; implies that the holonomy et $(AL—Ar) op any ~; takes values in {e N k}k .
=0
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terms of left and right fields. It is given by the action

1: S:li/(%AUh—A@ (4.4.10)
27 s
where b is again a U(1) gauge field living on M3 which upon integrating it out sets A, — Ag

to be a pure U(1) gauge transformation on Ms.

The descriptions of the defects above can be easily used to find their fusions. For example,

one finds [64]
%X%ZWWﬁhﬁﬂﬁfﬂmw%,Ex%Z%,QXEZ%%MH)
for even N and
D3 x D3 = SU(N)_1D3 , D3 x D3 =SU(N)1Ds , Dy x D3 = D3 x D3=Cy (4.4.12)
for odd N.

In the next two subsections, we will show how the Lagrangian descriptions (4.4.6)-(4.4.10)
can be used to characterize fusion and morphism junctions between these defects, as well
as finding associator theories. We will focus on the triality associator [F Ds ] _
for even values of N and the junctions that appear in its computation, deferring the rest of
the associators to appendix D.3. Then, in section 4.5, we will compute the associators using
a different (group-theoretical) approach for certain odd values of N and see the agreement

with the results of this section, except for certain cases where the final result depends on

whether N is even or odd.

In Appendix D.5 we will also discuss the non-invertible duality defects of [79] and compute
all the associators using both the Lagrangian (which is valid for all V) and group-theoretical

methods and see their agreement.

4.4.2 Local fusion and morphism junctions

In this subsection, we will describe the fusion and morphism junctions of the non-invertible

symmetry defects we discussed above using their Lagrangian descriptions, emphasizing the
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way the boundary conditions and the boundary terms at these junctions arise. Notice that
one can also describe the same junctions alternatively by adding additional boundary degrees
of freedom as demonstrated in Appendix D.2 (see also [77,03,71]). We choose our current

approach to simplify the number of fields we need to keep track of.

4.4.2.1 Topological construction of the local fusion junction

As for the 2d case, we obtain the local fusion junction Hom(D, x Dy, D..) of the topological
defects D,, D, and D, by fusion of the upper part of the two parallel defects D, and Dy, as
depicted in the figure below.

Figure 4.9: Topological construction of the local fusion junction for Hom(D, x Dy, D..). Vi 23

are the 3-manifolds that end on the 2-dimensional local fusion junction at ¥, (blue dot).

The action associated with this configuration is

S— | LoAn A+ [ Lo [As As] + / (Lo A1, As] + Lo, [As, A])  (44.13)

Wi Vo V3
where Vj 5(V3) are 3-manifolds from the bottom (top) that end on the 2-dimensional local

fusion junction X,. The first two terms are the actions of the defects D, and D, below the
fusion junction, and the last term describes the fusion of the two. One can then manipulate
this last term in the upper part into the action of the topological defect(s) expected from
the fusion algebra (in this case, the action of the defect D.), which in general may result in

boundary terms at the junction and a decoupled trivial Z; TQFT at the fused segment, i.e.

/ (Lp,[A1, As] + Lp,[As, As]) = / ﬁDC[Al,Az,ABHQL / ANAB + Sy (4.4.14)
V3 VS

Va ™
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where A and B are the fields supported only along the defect in the upper half (V3), such
as Az in Figure 4.9 or the defect fields of the condensation and identity defects (i.e. a
and b in (4.4.8) and (4.4.10)). Hence, the second term on the right-hand side describes a
trivial decoupled TQFT. We stress that both the boundary terms and the decoupled trivial
TQFT are not always present. As we will see below, however, both do appear e.g. in the
construction of the local fusion junctions 1 x D3 = D3, D3 x 1 = D3, and their orientation

reversals.

Since we are interested in fusion junctions as in Figure 4.9, in which each defect (i.e. D,,
Dy and D, in the figure) is not accompanied with a decoupled TQFT, when such a TQFT
does arise we will need to add a topological boundary for it along V3 and then push it to the
junction g, resulting overall in a topological junction between defects with no decoupled
TQFT. The topological boundary condition at the boundary we add along V3 is that of

Dirichlet for both A and B in (4.4.14), as we explain next in more detail.

Boundary conditions of decoupled trivial TQFT In the 3d decoupled TQFT in
(4.4.14), the gauge-invariant operators are the Wilson lines ¢ih 4 and e $ E, which commute
with each other as can be seen from the commutation relation between A and B. As a result,
on the topological boundary which we add along V3, denoted by X, both of these operators
can be fixed. In fact, they have to be fixed to the identity operator (corresponding to trivial
holonomies for A and E) since the path integral over each of the fields restricts the other
one to be a pure U(1) gauge (and hence nontrivial boundary holonomies would result in
a vanishing partition function). The boundary conditions for A and B at ¥, are therefore
given by

A B L= ddap (4.4.15)

0

for some compact scalars 5 4.5, and are consistent with the variational principle (65 ‘26 =0)

and gauge invariance (AS = 0).

Now that the topological boundary has been added at ¥, we push it to ¥y and obtain the
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desired junction. In this junction we have, on top of the other junction data, the boundary

condition (4.4.15).

Example: D3 X 1 = D3 To illustrate the procedure, let’s consider the local fusion

junction for D3 x 1 = D3 shown in the figure below.

Figure 4.10: Hom(D3 x 1, D3) junction. b is the defect field on V5 used in the Lagrangian

description of the identity defect.

The part of the action along the V3 segment obtained by fusing the defects D3 and 1 in
the upper part (as in Figure 4.9) is given by'°
i N
S=— |:NA1dA3 - EA1dA1 + db(As — Ag):|

T Vs
=N (s + a,da +i/(b+NA)d(A Ay) i/b/\(A As)
_27Tv312211 o7 )i 1 3 2 s, 3 2);
(4.4.16)
where the first term on the last line describes the triality defect D3 as expected from the
fusion algebra, the second term is a trivial Z; TQFT and the last term is a boundary term.
Since the fields b + NA; and A; — A, of the trivial TQFT are defect fields living on V3 (as
may become more apparent by shifting b by —NA; and A3 by As) and do not appear in
the first term describing Ds, this TQFT is decoupled from the bulk and from Dj. Thus, as

discussed above, we introduce a topological boundary for it along V5 by imposing Dirichlet

16For the brevity of the notation, we leave the wedge product between a 1-form and an external derivative

of a 1-form implicit hereafter.
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boundary conditions for both of its fields and then push this boundary to the junction X,
effectively setting both b+ NA; and A3 — Ay to be pure U(1) gauges at the junction.

In summary, the boundary conditions and boundary term at this fusion junction are

Hom(D3 x 1, D3) : b+ NAily, , A3 — Asly, = pure U(1) gauge,
. (4.4.17)
dery == —2— b VAN (Ag - Ag) .

e Yo

Other local fusion junctions All other local fusion junctions involving the triality defect

are worked out in Appendix D.3.

4.4.2.2 Morphism junctions of condensation defects

As explained in Section 4.2.2, condensation defects and defects containing a decoupled TQFT
that admits topological boundary conditions are Witt equivalent to the identity defect. De-
manding well-defined variational principle and gauge invariance at the corresponding mor-
phism junctions fixes the boundary conditions and the extra boundary action at these junc-
tions. In this subsection, we illustrate this using the examples of the morphism junctions
between the identity defect and the condensation defects Cy and C’% , and then turn in the

next subsection to consider the morphism junction between the defect containing the TQFT

U(1)y x U(1)_n and the identity defect.
Hom(Cy,1) Consider a 2-dimensional morphism junction ¥, between the condensation

defect Cy and the identity defect supported at Vipyer and Viper, respectively, as depicted in
Figure 4.11. We denote by a and b the defect fields on Cy and 1, respectively.
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V;ipper

1:p
AN

Al 20 A2
C() or Cg%a

‘/ZO’LUET‘

Figure 4.11: Hom(Cj, 1) junction: The lower part Vj,,e- supports Cy (or C% later) and the

upper part Vy,per supports 1.

The action for this configuration is given by
N
o

S

da (A; — Ag) + L/ db (A — Ay). (4.4.18)
27T Vupper

Viower
To find the junction data at ¥,, we demand gauge invariance and a well-defined variational
principle at the junction. First, under the gauge transformations A; o — A 2 +d\; 2 we have

AvS = | (Na—b)Ad\ — As). (4.4.19)

T Js,

For small gauge transformations, i.e. \;o are single-valued such that f dA\i2 = 0, one
can integrate by parts and obtain d(Na — b)|20 = 0 for gauge invariance. Then, for the
large gauge transformations, i.e ;2 have nontrivial winding modes such that ¢ d; o # 0,

!
one can use the Poincaré dual to demand A,S = (Na — b) € 2miZ for

‘ fPD(d()\l—/\2),Eo)
gauge invariance. In other words, Na — b is a pure U(1) gauge at ¥g. Let us then write
Na — bly,, = d¢ for some compact scalar ¢, and get for the variation at X the following

1

6S|Eo — %

/ A6 A (A1 — Ay). (4.4.20)

Now, since A; — Aply, is a pure U(1) gauge on the worldvolume V5 of the identity defect

which includes the junction ¥y, 05 |Eo = 0 without needing any extra boundary terms.
In summary, we have the following junction data:
Hom(Cy,1): b— Na, A — Aglg, = pure U(1) gauge, Spary = 0. (4.4.21)
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Before moving on, let us describe another approach for arguing (4.4.21). Taking advan-
tage of the topological nature of the configuration in Figure 4.11, we turn the upper part
Vupper along which the identity defect lies clockwise until it is fused with the condensation
defect, resulting in a single defect along V..., that ends topologically at ¥y. The bulk field
A, (as well as the defect fields a and b) then becomes a defect field living only on Ve, and
the action of this new defect is given by

-
2

(Nda — db) (A; — Ay) (4.4.22)

Viower

where the bulk field is now only A;. To put this action in a more familiar form, we can
denote ¢ = Na — b and A = A; — A, and notice that they are both standard U(1) gauge
fields (with fluxes 27Z) which live only on V.. (alternatively, we can shift b by Na and
Ay by Aj). That is, we obtain a decoupled trivial Z; BF theory on V.. with Lagrangian
(i/27)Ade. Now, since this defect ends at 3y topologically, the boundary conditions for
the corresponding worldvolume TQFT should be topological, and as discussed in subsection
4.4.2.1 they are given by Dirichlet boundary conditions for both of the fields ¢ and A. This,
in turn, yields Eq. (4.4.21).

Example: Hom(C N, 1) The discussion above straightforwardly applies to the case with

a condensation defect with a nontrivial discrete torsion. For example, for C% (for even N)

_Z'N
o

S

[(Al ~ Ay)da + %(Al — A)d(A, — Ag)] + % /V (A, — A)db  (4.4.23)

‘/lower upper

and the analysis above can be used to find the following boundary conditions without any

boundary term:'”

N
Hom(C@,l): Na—l—E(Al—AQ)—b, Ay — Ayl =pure U(1) gauge, Spiry =0.

(4.4.24)

Yo

1"The boundary condition for Cj, is given by the expression below after replacing % with k.
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4.4.2.3 Morphism junctions of U(1)y X U(1)_n

When a TQFT has a topological boundary condition, there exists a morphism between a
defect on which this TQFT lives and the identity, obtained by imposing the topological
boundary condition at the morphism junction.'® Although a single U(1)y Chern-Simons
theory does not have a topological boundary condition, a U(1)y x U(1)_y Chern-Simons
theory does. One obvious choice is identifying the U(1)y and U(1)_y gauge fields, including
their gauge transformations and variations, at the junction.'” However, such a boundary
condition is not suitable for the U(1)y x U(1)_y theory when the two U(1) fields are made
of different bulk gauge fields that are independently gauge invariant. Is there a topological
boundary condition that respects both U(1) gauge symmetries? What is the correct action,

including the boundary terms, that is compatible with such a boundary condition?
To answer these questions, we note that the U(1)y x U(1)_y theory
N

S = o) (ada — bdb) (4.4.25)

has two topological boundary conditions for any integer N corresponding to condensing the

two Lagrangian algebras®
Ay ={l(1,£1)[l=0,--- ,N -1} . (4.4.26)
The gauge-invariant way of condensing A, is to impose

a £ b|y, = pure U(1) gauge (4.4.27)

18 ater, we will also refer to the gapped boundary of U(1)y x U(1)_y as a junction U(1)y xU(1)_n — 1.
The 1 here denotes the trivial theory and should not be confused with the identity defect (4.4.10) in the

Maxwell theory.

19This can be thought of as the folding trick—folding the 3-manifold supporting one U(1)y theory along
a 2-dimensional junction and relabeling the U(1)y field with the opposite parity as a U(1)_x field.

20When N = 2M for an odd prime M, the given sets are the only Lagrangian algebras.
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which are consistent with the bulk on-shell relations which set a, b to be flat U(1) connections

with Zx holonomies.

To impose these boundary conditions, one has to couple the two U(1) fields by adding a

boundary term?! to the action as follows,??

N N
5= (ada—bdb)+Z— anb
47T v

N
= (a+b)/\d(a—b)

(4.4.28)

Then, using the invariance under gauge transformations and an infinitesimal variation on

the boundary,

N
ANS =25 [ d=hat ) A (a D),

4

N (4.4.20)
3Slov = 7 | (@=) Ada+D)

T

and following the analysis around Eq. (4.4.19), the topological boundary conditions that this

action can accommodate should satisfy

Natn)

5 = kdyp, a — b|y, = flat U(1) connections (4.4.30)

ov

for some k|5 .%* We immediately see that this action is not compatible with odd integer N.**

For even N, these boundary conditions always include a condensation of the Lagrangian

210ne can add the boundary term with the minus sign instead, but that will turn out to be equivalent

using the resulting boundary conditions.

220n the other hand, the non-gauge invariant condition a = b| oy = 0 can be imposed on the bulk action
without a boundary term, S = % fv (ada — bdb). This can be seen by the gauge transformation and
the variation under these boundary conditions, AS = £¥ Joy AX A (a = b) and the variation S|y, =
[ (a£b) Ada, which are trivial.

23This is because under the gauge transformation a — a+d\, a = 28 ~do — 2]“d((,zSJr wA) and for ¢+ 2—]\]2)\

to be a 2w-periodic boson, k|7.

24We leave finding an action compatible with the gauge invariant topological boundary conditions for odd

N to a future work.
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algebras A, for k =

%, 1, given by

1N

— Ab.
4 ava

Hom(U(1)y x U(1)-n,1):  a=£b|,, = pure U(1) gauge, Spary =
(4.4.31)
Using the equations of motion Na, Nb = pure U(1) gauge, this is equivalent to*°

Hom(U()y x U(1)_n1): ath “(axh)

= pure U(1) gauge,

2 oV
. (4.4.32)
N
bdry — Z— alb.
47 oV

Alternatively, one can introduce some scalar fields at the junction that cancel the gauge
transformations of the U(1) fields @ and b and obtain the same boundary conditions by
integrating these scalars out, as explained in Section 6.2.2 of [63]. However, instead of
keeping track of these scalars, we will impose Eq. (4.4.32) at the Hom(U (1)y x U(1)—_n,1)

junctions for simplicity.

Example: D3 X (D3 X D3) = D3 U(1)y X U(1)_n — D3 Consider two consecutive

fusions, D3 x (D3 x D3) as shown in Figure 4.12.

Figure 4.12: The 3: Hom(Ds x Dz, D3U(1)y), a: Hom(Ds x Dz, DsU(1)_y) and o
Hom(U(1)ny x U(1)_y,1) junctions.

First, we construct the local fusion junction D3 x D3 by fusing the two parallel defects

along the upper part above the 2d local fusion junction 3. This fused upper part is described

% More specifically, & (a b J(aFb) £ Nb ‘av = pure U(1) gauge.

)‘av:
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by the action

_ N [ 1 1
HOHl(Dg X Dg, D3U(1)N) : S = 22—7_‘_ (A[dA,I + 514[(114[ + A,]dAR + §A/IdAII)
B
N [ 1 —
= (AIdAR + —ARdAR) (« Dy)
iN [ , ,
E (A[+AI+AR)d(A[+AI+AR) ((— U(l)N)
B
iN ,
+4— [A[/\AR+(A[—AR)AAI] ((— dery)
m s

(4.4.33)
where we denote by the integral from g to oo the 3d manifold above the 2d junction S,

and by Xz the 2d manifold corresponding to the junction 3. The fusion outcome has the
expected D3 x U(1)y along with a boundary term at Yg. Since A} is supported only on
the defect above 3, the U(1)y is decoupled from the bulk (this can be seen by shifting
Ay — AL — Ap — Ag).

Next, we take another copy of D5 and fuse it with the D3 we obtained in the previous

fusion in the segment above the « junction. The fusion outcome above « is described by the

action
- IN [ 1 1
HOIIl(Dg X D3, U(l)_ND3) : S=-— % <ALC1A[ + §A[dA[ + A]dAR + §ARdAR>
iN [ 1
= % 5 (ALdAR + §ALdAL> ((- D3)
N[
— [ A+ A+ ARA(AL + A+ A) (< U(D)-w)
N
— E [AL/\AR+(AL—AR)AA]] . ((— dery)
Za

(4.4.34)

Since they are decoupled from the bulk, the U(1)y x U(1)_y factors above a commute
with all other defects, and so it is Witt equivalent to the identity defect on a 3-manifold.
Hence, there is a morphism junction between them where the two U(1) theories end at
o/ in Figure 4.12 with a topological boundary condition. As explained above, this requires

coupling the two theories at the morphism junction by adding a boundary term and choosing
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a boundary condition out of two (or more) options:
_iN
N dm Y

Hom [U(1)y x U(1)-n, 1] : Spary(c) a A b,

(1) Z(a+b), a-— b‘z = pure U(1) gauge

B.c.
(2) a+b, F(a-— b)‘za/ = pure U(1) gauge
(4.4.35)
where a and b denote the U(1)y and U(1)_y gauge fields which, in our case, are
a:A[—i-A,I—{—AR, b:AL+A[+AR (4436)

The coefficients % in the boundary conditions can be replaced with N if we further specify

Na, Nb = pure U(1) gauge.

4.4.3 Associator 1-morphisms
4.4.3.1 The method

In four dimensions, the associator 1-morphism between three codimension-1 defects (a, b, ¢) is
described by a 2-dimensional TQFT living at the interface between the two different fusions
(a x b) x ¢c and a x (b x ¢). The first three steps in the method used in Section 4.3.3.1 to
compute these associators are still valid in higher-dimensional cases. In particular, the global
fusion outcome (Step 3) may contain some decoupled 3d TQFT, either a Zy gauge theory
or a trivial TQFT. However, since the junctions (points in Figure 4.7) are now 2-manifolds,

the last two steps need a slight modification.

Step 4 Interval reduction: Using the boundary conditions, obtain the 2d theory from the
decoupled TQFT in Step 3 after reducing the 3d interval [y, 5] to the 2d manifold Xg,.

Step 5 Associator: Evaluate all the boundary actions at the combined junction using the

boundary conditions in Step 2 and combine with the 2d theory after the reduction to
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obtain the associator 1-morphism as

FY,. = (2d theory after reduction) ® (2d theory at the combined junctions) .
(4.4.37)

In Step 4, to get the corresponding 2d theory after reducing the interval, we use a
prescription based on the spectrum of the local and line operators on the boundary, as
explained in Ref. [78]. The fate of a topological Wilson line e’$ ™4 in 3d after the interval

reduction is determined by the boundary conditions of n;A; as listed in Table 4.1.

Boundary conditions of n;A; Operator from e'# ™4 after reduction
DBC at both ends Untwisted local operator
NBC at both ends Line operator
DBC at one and NBC at the other end Twisted local operator

Table 4.1: Spectrum of the 2d theory based on the boundary conditions. We say n;A; has
Dirichlet boundary condition (DBC) if n;A; = pure U(1) gauge on the boundary, and n;A;
has Neumann boundary condition otherwise. Notice that two line operators after reduction

arising from e*$ 74¢ and ¢'¥ %4 are identified if (n;—n/)A; has DBC on at least one boundary.

For the reduction of an Abelian 3d TQFT, if the 2d theory has untwisted local operators
charged under line operators, it is a 2d G-gauge theory (G-SSB phases) where G is the group
formed by untwisted local operators. In addition, the theory also contains additional 0-form
symmetries (besides GG) which act trivially on local operators but may act non-trivially on
twisted local operators via the Lasso action. Thus, strictly speaking, the reduced theory is a
2d G-gauge theory enriched by the additional trivially acting symmetry. In the special case
where there are no untwisted local operators and G is trivial, this is nothing but an SPT
phase of those additional symmetries. In the following, we will restrict ourselves to describe

only the untwisted local operators and the line operators, and only keep track of the G-gauge
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theory part. We will then refer the reduced theory as a trivial theory when there are no

untwisted local operators.

4.4.3.2 Interval reduction of (Zx5)n (even N)

In some cases, the global fusion (Step 3) of three triality defects contains a Zy gauge theory
with twist N (denoted as (Zn)n),
) N
S=5 / Na'db+ -d'dd
Z;\Tf v . (4.4.38)
=— [ (d+bdd+b)—bdb+— [ bAd
47 v 4 v
which is equivalent to the U(1)y x U(1)_x theory together with the required boundary term,
upon redefining a = a’ + b. Thus, the boundary conditions of U(1)x x U(1)_y will apply in

this case.

Let us briefly describe the interval reduction of this theory when placed on V' = [y, 5] x My
for the two boundary conditions A4 discussed in Section 4.4.2.3, with the result summarized
in Table 4.2. Apparently, choosing the same boundary conditions on both ends leads to 2d
Zy gauge theory after reduction. On the other hand, choosing A, on one end and A_ on
the other leads to 2d Z, gauge theory after reduction. The untwisted local operators have

a+b)  The line operators also

the Z, fusion rule and the generator comes from the line ¢ ¥ 3
have the Z, fusion rule and are generated by the reduction of ¢?$¢, and act non-trivially on

the untwisted local operators.
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B.C.at v | B.C. at 8 local operators line operators 2d theory

Ay Ay eR$tt) (e zZy) | e*de (ke Zy)

: : Zy gauge theory
A A eR$et) (L ezZy) | e*de (ke Zy)
Ay A

ei'2 $@th) (ke Z,) | e*fe (ke Zy) | Zy gauge theory

Table 4.2: The 2d theories obtained after the interval reduction along [, 5] for the theory
(4.4.38) with different combinations of the boundary conditions AL at the left boundary «
and the right boundary f.

4.43.3 E le: Triality defect iat [FDS f]
Xamp e 1all1 y elect associator Ds,Ds,Ds 1,U(1)Nﬁ3

To illustrate the method discussed above, let us compute a particular triality defect associ-
ator, [Fg;D&B:;]l,U(l)Nﬁg, by collapsing the diamond region in Figure 4.13 to a 2d interface

between the two fusions

Upper part : D3 x (D3 X D3) = D3 x Cx — Dy x 1= D5,
g (4.4.39)

Lower part : (Dg X D3) Xﬁg = U(].)N 53 X Eg = U(]_)N X U(]_)_N D3 — D3,

where we have added the morphism junctions ' : C’% —land & : U(l)y x U(1)_y — L.

For simplicity, we restrict here to N = 2 x odd prime.*°

26This is in order to have only two topological boundary conditions for the U(1)x x U(1)_y theory

compatible with the Lagrangian.
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Figure 4.13: The diagram for [FD3 . ay,as are the gauge fields of the U(1)y X

Dg,Dsﬁs} 1,U(1)N D3
U(1)_y theory.

As we did in the 2d case, we first collect the boundary conditions and boundary terms
at each junction «, ', 3,7,d,¢" from our junction analyses. Specifically, Eq. (4.4.35) for
§ Uy x U(1)_y — 1, Eq. (4.4.34) for 6 : D3 U(1)_x — D3 x D3, Eq. (4.4.33) for
v :U(1)y D3 — D3 x D3, Eq. (D.3.12) for 3 : D3 x Ds — Cy, Eq. (4.4.24) for ': Cy — 1
and Eq. (4.4.17) for a : D3 x 1 — D3. Then, we shrink the interval between the upper

junctions «, " and 8 and combine the boundary conditions and boundary terms there. We
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repeat analogously for the lower junctions 7, and ¢’. Putting them all together,

a,B,0 : N(AL+ A} + Ag), A;— Ag =pure U(1) gauge,
1N N iN L1
S(Oé>_— AL/\<A[—AR), S(ﬁ)_ (AR/\AI—§A1/\AR>,

27 Js, 27 Js,

7,68 ar=AL+Aj+ A, ay=Ap+ A) + A,

(1) A — Agr, N(AL+ A} + Ag) = pure U(1) gauge

or (2) g(AL + AL+ Ag) + A — Ag, Z(A; — Ag) = pure U(1) gauge
:a;f&-az
1N , ,
S(’V):_E . [Ap N AT+ (AL — A7) N A,
1N , ,
SO)=— [ (ALNAR+ AL NAL+ A} N Ap),
47 S5
N
S((S’):Z— (Ap A Ap+ AU N Ap+ Ap A Ap + Ap A AL+ Ap A Ap)
T Jss

(4.4.40)
where S(a) denotes the boundary term at the junction « (and similarly for the other junc-
tions), a; and ay are the gauge fields of the U(1)y x U(1)_y theory and (1) and (2) are the
two possible boundary conditions at the junction ¢’ : U(1)y x U(1)_y — 1.

Next, we fuse the three defects Dy x D3 x Ds in the middle (along the interval [, 3]) by
summing their actions,

N [P 1 1 1
S = ;_ / (ALdAI + S ALdAL + ArdA] + S AdA; - AjdAR — §ARdAR)
T
.

; B
_ W (ALdAR + %ALdAL) (+ D3)

_gv

‘N [P 1

ZQ_W |:(AL + A7+ Ag)d(A; — Ag) + 5(141 — Agr)d(A; — AR):| (— (Zx)n)
2l

N / 1

% 5, <A[ A AI + §AR A AI) (<_ dery;global)

(4.4.41)

where the second line is the action for D3 as expected from the fusion algebra, the third line

is a decoupled Zy gauge theory with twist N (denoted by (Zy)y) and the last line is the
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boundary term.
At this stage, we are left with the configuration
Sp,

N

L Io
asSDs + S(ZN)N . (4442)

[ 20

N

Sp,

The total boundary term at the (combined) upper junction £ is

Sbay,s = S(@) + S(B') + Sgiobat o5
iN (4.4.43)
= — (AL+A/I—|—AR)/\(A[—AR) € 2miZ
27 Js,
which is trivial by the boundary conditions (4.4.40). Similarly, the total boundary term at
the (combined) lower junction 7 is

dey,'y = S(V) + S<5) + Sglobal‘,yg + S<5/)
iN (4.4.44)
= — (AL+A/I+A[)/\(A[—AR)627TiZ,
2T S5
which is also trivial by the boundary conditions.

Therefore, we are left with a decoupled (Zy)y theory supported on the interval [, 5] in
Eq. (4.4.41). By comparing the action given in (4.4.41) with (4.4.38), we identify that the
boundary condition at « corresponds to .A_, while the two boundary conditions (1) and (2)

at [ correspond to A_ and A, respectively.

More concretely, for the boundary condition (1) the upper and lower junctions have the
same boundary conditions for the gauge fields A; + A} + Ag and A; — Ag in the (Zx)n
action in (4.4.41), which are written in Table 4.3. Following the discussion in Section 4.4.3.1,

reducing the interval [y, §] results in a 2d Zy gauge theory.
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AL+ A} + Ap Ap — Ag

o, B, B Zyn pure U(1) gauge
v,0',0 (1) Zy pure U(1) gauge

Table 4.3: Boundary conditions for the gauge fields in Eq. (4.4.41) for the case (1) of
Eq. (4.4.40). Here, by Zy we mean that the corresponding gauge field a has the boundary
condition Na = pure U(1) gauge and that e’$¢ is a Zyy line.

Under the boundary condition (2), on the other hand, the gauge fields have different
boundary conditions at the upper and lower junctions, as written in Table 4.4. In this case,
we only find Z, untwisted local operators arising from the Wilson lines ¢i'2" flartaz) (k € Zy).

Hence, reducing the interval |7y, 5] results in a Zy gauge theory.

AL+ Ay + Ap) + (A; — Ap)  A;— Ag
a,f, B Z
v,0",8(2) pure U(1) gauge z

pure U(1) gauge

w2

|z

Table 4.4: Boundary conditions for the gauge fields in (4.4.41) for the case (2) of Eq. (4.4.40).

In summary,

Zy gauge theory

reducing interval (1) :
—

(Zn)n (4.4.45)

(2) 1 Z, gauge theory .
Overall, we obtained that the boundary terms do not contribute to this associator 1-
morphism (see Eqs. (4.4.43) and (4.4.44)), and hence it is given only by the 2d theory

obtained by reducing the (Zy)y theory on the interval [, 5], which we found in (4.4.45).
That is,

Ds3,D3,Ds

[FD3 ] _ = Zy gauge theory or Z, gauge theory (4.4.46)
1,U(1)xDs
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where the two possibilities correspond to the two options for the boundary conditions at the

junction U(1)y x U(1)_ny — 1.77

Other associators We compute all the other associators involving the triality defect Ds

and its orientation reversal D3 in Appendix D.3.2. The results are listed in Table 4.5.

F-symbol associator

D3 x D3 x Ds Zn condensation defect
D3 x D3 x Dy Trivial theory
D3 X D3 X 53

Zy gauge theory or Z, gauge theory
bg X D3 X D3

Table 4.5: Associators corresponding to various combinations of the D3 and Ds defects, for
N =2 x (odd prime) and with trivial Witt elements (i.e. the identity defect) selected at the
fusion junctions. The two different possibilities for the associator of the last two combinations
correspond to the two types of topological boundary conditions of the U(1)y xU(1)_x theory
that appears in the fusion process. The other possible four associators are related to those

in the table by orientation reversal.

For general even values of N, we expect to have more topological boundary conditions at

the morphism junction U(1)y x U(1)_y — 1, corresponding to condensing nonanomalous

N

Zoy. lines for k|5, which results in Zy, gauge theories for the F-symbol in the last row of

Table 4.5.

2TThere are only two possible topological boundary conditions for the U(1)x x U(1)_y theory since we

have restricted here to N = 2 x (odd prime).
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In the next section, we introduce a group-theoretical construction for the triality defects
for certain odd values of N and compute the above associators, which agree with the ones
in Table 4.5 except for the Z, gauge theory in the last column which becomes the trivial

theory.?®

Lastly, in Appendix D.5, we also provide an example for the computation of a duality
defect associator, [F 52252 D2]171, using the Lagrangian method and the group-theoretical ap-
proach and list the results for the other duality associators, which agree between the two

methods.

4.5 'Triality defects in Maxwell theory using group theoretical con-

struction

In this section, we describe a complementary computation of the associativity map for triality
defects that admit certain group-theoretical constructions for odd N. Recall that the fusion

rules are
D3 X D3 = SU(N)_lﬁgg , Eg X 53 = SU(N)1D3 , Eg X D3 = D3 X 53 = C(] . (451)

Here, CS theory SU(N )4 is a bosonic TQFT containing Zy Abelian anyons. Denoting the

generating line as a, the topological spin h(a”*) of a* and the braiding phase B(a*,a*') are %

k(N — k)

5N mod 1, B(a* d") = TR for SU(N)41 . (4.5.2)

h(a*) = +

28The Z, gauge theory in these associators results from the dimensional reduction of the Z gauge theory
with twist N, (Zn)n, on the interval. Due to the non-trivial twist N, this theory has an anomaly for even
N, and hence the 2d theory obtained after the dimensional reduction cannot be trivial. On the other hand,
it is not anomalous for odd N and indeed (Zx5)n =~ (Zn)o for such N, which allows for a trivial TQFT after

the dimensional reduction.

29This can be directly computed using [79], or use the fact that SU(N); is the minimal TQFT AN-V-1

[30,81] and k(g]\_,k) = 8=k? mod 1.
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In the case of the spin theory, there is an additional transparent fermion ¢. SU(N)_; X Z;ﬁ
now contains Zoy = Z% x Z4 Abelian anyons (as N is odd), and is generated by the anyon

b = a1p. The topological spin and the braiding phases are

k2 / 27 /
h(b*) = N B(bF, b)) = e vk (4.5.3)

which matches the spectrum of the U(1)y CS theory. This relation is known as the level-
rank duality [32]. For the following, we will assume that we work with bosonic theory for
simplicity; although the result holds for the spin theory as well since the additional fermion

does not have any essential effect due to its transparent nature.

4.5.1 Group-theoretical construction of triality defects

As first pointed out in [02], a non-invertible duality defect in 4d theory can be constructed
from gauging a certain 1-form symmetry in a 2-group symmetry with a certain mixed
anomaly. In [64], a group-theoretical construction for certain duality and triality defects
is provided. Let us first explain in detail the triality defects. Consider a 4d QFT X with
Zy (where N is odd) 1-form symmetry, and its partition function is invariant under the

following order-3 twisted gauging

2me N + 1 2m
ZX[A(Q)] _ Z T [a(2)] exp (%% /a(Q) U a? + %Z a(2) U A(2)) )
a@eH?2(X4,ZN)
(4.5.4)
One can define a new theory X from X by twisted gauging the 1-form symmetry
2me 2me
Z[AP] = Z Zx[a®] exp (%p'/a@) Ua® + % a® U A(2)> . (4.5.5)
a®)cH2(X4,ZN)

When the odd N is such that the following equation of p’ admits solutions
(2p)? =2 +1=0 mod N, (4.5.6)

the partition function of X satisfies

Z:[AP] = Zo[—(2p) P AP exp (% (—?(219')1) /A<2> U A<2>> , (4.5.7)
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where (2p')~! denotes the mod-N inverse of (2p’). By (4.5.6), we can choose (2p')~! = 1—2p/
and we will also choose (2p’) to be odd such that (2p')~! =1 — 2p’ is even.

Using (—2p')® = 1 from (4.5.6), one can see that the triality twisted gauging in X
is mapped to an invertible Zgo) automorphism of the dual 1-form symmetry Zg\l,) in X.
Together, they form a non-Abelian 2-group symmetry Zs\l,) X Zgo). The additional phase

indicates the mixed anomaly between the Zéo

) and Zg\l,) symmetries. Due to this anomaly, the
Zéo)—symmetry operator D3 is not gauge invariant after gauging the dual 1-form symmetry
to regain the theory X. To acquire a gauge invariant codim-1 operator, one can stack a
TQFT coupled to the gauge field a® of the dual symmetry to cancel the anomaly. There is

a canonical choice known as the minimal TQFT.

Let us recall some basic properties of the minimal TQFT A™” in the special case where
N is odd and p is even and coprime with N [¢0]. The non-spin version of this TQFT contains

Zy Abelian anyons a® (where ¢ = 1) with the topological spin

2
h(a®) = % mod 1 . (4.5.8)

The braiding between any two generic Abelian anyons a; and as is
B(al,ag) _ 627ri[h(a1a2)—h(a1)—h(ag)] ] (459)

The minimal TQFT AY® can be used to cancel the anomaly of the 1-form symmetry captured
by the 4d SPT [30,81]
2mi N + 1
_mA T, / B®uUB® (4.5.10)

Therefore, Dy = D3 AN-(2)7 [a®]° with an even choice of (2p)~" is gauge invariant in X,

but becomes non-invertible because of AN [¢(2)].

30Notice that we also use the letter a to denote Abelian anyons. Whenever we use a(™ to refer to gauge
fields, we will always add the superscript (n) to denote its degree so the readers can distinguish between

n-form gauge fields a(™ and anyons a’s.
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The orientation reversal of D is
Dy = AN,—(2p’)’1[a(2)]53 ’ (4.5.11)

where the anomaly of the minimal TQFT is flipped because of the orientation reversal.

It is instructive to check the fusion rule explicitly to highlight two subtleties compared
to the simple case in [62]. First, the non-Abelian 2-group here does not commute with the

minimal TQFT coupled to a®:
D3 ANP[aP)] = ANP[—(2p))1aP]D; (4.5.12)

Notice that here we interpret the action of Dy as changing how the bulk field a(® couples
to the anyons in the minimal TQFT AY", and Djs itself does not act on the lines in AYP.
Second, for generic minimal TQFTs, it is not easy to manipulate the Lagrangian to prove
various relations, and we will demonstrate how to do so by directly analyzing the anyon

spectrum.

For instance, let’s consider the fusion of D3 x D3. We find

1 1

D3 x Dy = D3Aﬁ7(2p’)* [a(2)]D3Ai\Q(2p’)* [a(2)]

1

= Dy AN [ (2p)aP) AN o) (4.5.13)

= [SU(N) 1], o DsA™ " [al?] = SU(N) 1 Dj .

al_Qp/ag
Here, the subscript under each TQFT denotes its generating line. In the second equal sign,

we used

1

D, AN [a(Z)] _ AN,(QP/)—1[_(2p/)—1a(2)][)3 7 (4.5.14)

followed from the action of Zéo) on Zg\}). To show the third step, one can consider the anyon

spectrum of AN [—(2p)a®@]AN ) [a®)]. We can redefine the generating lines as
by =a; ®ay, by = ad) . (4.5.15)

Furthermore, because b; and by braid trivially with each other, the theory is factorized into

two theories generated by b;, respectively. First, the bulk 2-form gauge field a® couples to
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the Zy line by which has topological spin

ha7? ay) = (0 ((—2p')*+1) mod 1

2N
2 /\—1
_ gj)v (2p) mod 1 (4.5.16)
—-N+1
= 2];— mod 1

where in the last step we used (2p')"}(2p') = —N+1 mod 2N (as (2p')~*(2p’) is even by our
choice). Thus, we see that the theory generated by b; is the minimal TQFT A{)\lf’_NH[a(?)].
To see that 53.,4,11’_]\[ [a®] is indeed Ds given in (4.5.11), one uses first the commutation

relation (4.5.14) and then the certain identity of minimal TQFT
Da Ay M a®] = AN (2p)aP]Ds = AN~ [ P]Dy | (4.5.17)

where ¢ = b; % ". The last step can be shown as follows: a® couples to the line by * " with

topological spin

o —=(2p) !
h(c) = h(b;™) = % mod 1 , (4.5.18)
thus if we consider a change of variable ¢ = b, = a;@p /)_lar; ' we sce that the minimal

TQFT can be rewritten as AY ) [a®)].

On the other hand, the anyons b% form Zy and their topological spins are

~N+1,, k(N k)
oy mod I =———o5—

h(b%) = mod 1, (4.5.19)

thus they give rise to the theory SU(NN)_; (4.5.2). Combining the two discussions, we recover
the fusion rule (4.5.13).

As another example, let’s consider D3 x Dj:

1

Dy x Dy = Dg AN [¢@) AN~ (DD, = DyC)Ds = C - (4.5.20)

The key step here is to show that AN /)71[a(2)]Ax’_(2p ,)71[a(2)] is the condensation defect
Co. We can reparameterize the Zy x Zy anyons with the following two generators

_N41_

b= (ama; )" 27, by =aa, . (4.5.21)
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The new generating lines b; are Zy bosons and have mutual braiding

27

B(bl,bg) =e¢ N . (4522)

This implies that b;’s generate a Zy gauge theory with no twist and b; and by correspond to
the electric line and the magnetic line respectively. Thus, we can write down an action for it

omi L
S = % b U sHV + 50 U a® | (4.5.23)

where the coupling b U a® comes from the fact that a® couples to the line by. This is

nothing but a condensation defect [62], as

/[Db(l)][Dl;(l)] 2”fb“>u5b<”+b(1)Ua(2)

Z B [ B DU
\/ Hl X5,Z
| 3:ZN) b<1>eH1 (X3,Zn)

(4.5.24)

Z 2mi 5 4 (2)
/ 1 en faa = CO )
|H Xg’ZN O’EHQ(X3 ZN

where we first integrate out b™ to set b™ flat and then re-express the sum using the Poincaré

dual o € Hy(Xs,Zy) of bV € H'(X3,Zy).

It is interesting to notice that the magnetic line e NP i topological and corresponds
to higher quantum symmetry. The electric line e $, 00 , however, is no longer a genuine line
operator as bM) due to the modified gauge transformation 6™ — p(1) — AY under the gauge
transformation of a® — a® + §AL". This leads to two interesting configurations. First, the
bulk 1-form symmetry operator e~ /9 can terminate topologically on Cy (as the 1-form
symmetry is gauged on Cp). This is realized by dressing e~ 7 £ 60 the intersection of
en [ with Co to ensure the gauge invariance. Second, a non-genuine line operator L(Jo)
bounding the 1-form symmetry operator ¢ ™ J-* (so that the combined L(do)es J=2® is
gauge invariant) in the bulk will become a genuine line when pushing to Cy because the
I-form symmetry is gauged. This is described by the gauge invariant line L(Jo)e™ o 0V
Furthermore, L(@J)@’WZ $50 00 ig charged under the higher quantum symmetry generated by

the magnetic line. Comparing with the description of the Lagrangian condensation defect in

Maxwell theory, we see that the higher quantum symmetry ¢ $ 0 is matched by et $ AL—Ar
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there; and the genuine line operator ¢'#¢ on the condensation defect in the Lagrangian
description is an example of the bulk non-genuine line operator which becomes genuine on

the condensation defect.

4.5.2 Overview of anyon condensations and fusion of domain walls

Following the general discussion in Section 4.2.2, to compute the associator for the three
defects Dy, Dy, D3 (where D; are triality defects dressed with corresponding minimal TQFT),

we need to evaluate the following diagram
[D1 ® (D2 @ D3)]o
[D2 ® Ds]o
Dy Dy . (4.5.25)
[D1 ® Ds]o

[(D1 ® D2) @ Ds]o

Fusing the defects in the middle, the final result will take the form

D” T [a®®)] D* T [al?)]
[ A
D= T[(L(Q)] = Dl X Dg X D3 — ||I+_[a(2)} = FD1,D2,D3 5 (4526)
| WA
D* 7. [a(2)] D* 7. [a(z)]

where z = 0, 1, 2 depending D;, Z, are the topological interfaces between 7 and 7. respec-

tively. The F-symbol here is then acquired by fusing the two interfaces Z, and Z_.
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The simplification of computing associators in this group-theoretical construction is that
everything can be phrased in the language of 3d TQFT, i.e. unitary modular tensor categories
(UMTC). Below, we will first include a summary of the results, and will include a detailed

description on how to use anyon condensation theory to acquire this in Appendix D.4.

First, the TQFT 7T is described by a UMTC and the interfaces Z,, 7. are acquired by
anyon condensations. Following [52], we use AL to denote the group of condensed anyons.

Then, we want to describe the topological line operator contents in the following configuration

T T
4 o (4.5.27)

7_ 7,

and they are summarized as follows in Table 4.6.

Line Operators Fusion rules

T. | Ly :beT/A, and B(bya)=1Vae A, | . RT, =T, : L x Ly = L},
T | Ly :beT/A and B(ba)=1VaecA_ | T-RT. =T :L, x L, =Ly,
TRI, T, : b0, =1,

7. 0r, beT/AL I, RI, =T, 4 @0 =0,
. RT, - I, : 4 @ L =1,
I_RT =TI :4, @b =1,

T 6, beT/A T RI =T by, @1, =1L,
T-RI_ =7 :L, @, =1,

Table 4.6: The operator contents and fusion rules in (4.5.27). When list the operator con-
tents, by b € T/A, in Z, for instance, we mean the line ¢; is the same line as ¢}, if b0 € A,
Notice that while we only list the fusion rules, the line operators in 7. actually form a mod-
ular tensor category respectively and the braiding structure is inherent from 7. The domain
walls Z, are fusion categories, but they also carry actions of the theories on both sides, as

captured by the additional fusion rules given above.
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To acquire the F-symbol, we consider fusing the domain walls Z, and Z_ which again
can be computed using the anyon condensation theory. The outcome is a domain wall Z_
between 7_ and 7T, , which we identify as the F-symbol. On the fused domain wall, besides
the topological line operators, generically it may also admit local operators, which link non-
trivially with the topological line operators on the wall. The result is summarized as follows

in Table 4.7 and details can be found in Appendix D.4.

T XRZ =T 4 01 =2(,
Line operators | 4,7, beANT/AL | T RT, -7 L, @4, =4,/
T RT , =T 0 L, ="
Local operators | V,, a&€A;NA_ B(V,,¢™) = B(a,b)

Table 4.7: The topological operator contents on the fused wall Z_,. Generically, there is
non-trivial braiding between the local operators and the line operators inherent from the

braiding in 7.

Finally, one also needs to remember to keep track if the resulting 2d interface Z_, couples
to the bulk gauge field a®. As we will see, this will change the physical meaning of the 2d

interface.

4.5.3 Local fusion junctions

In this subsection, we list the local fusion junctions where the defects are given by the
simplest representatives in the equivalence classes. We will demonstrate the construction by

an example, and list all other results afterwards.

Recall that D3 x D3 = Cy, however, because the condensation defect Cy is in the same
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equivalence class as the identity operator, we can construct a local fusion junction

1
) (4.5.28)
Dj Ds
via anyon condensations. First, recall that we have shown that Zy-gauge theory coupled to

the bulk gauge field a® leads to the condensation defect, and in the action,

B 271

§= (b<1> U™ + 50 U a<2>) , (4.5.29)

we see that generically only the b(M-Wilson line ¢ % *"

is topological from the equation of
motion, thus is identified as the dual 1-form Zy quantum symmetry on the condensation
defect. The canonical topological boundary of any condensation defect can be acquired
by half-space gauging (condensing) the dual quantum symmetry. Therefore, the following

interface Z between Cy and 1

I , (4.5.30)

Co = (Zn)o[a®]
is acquired by condensing the anyon coupled to the bulk gauge field a®. Applying this to
the local junction (4.5.28), in the global fusion

Dy x Dy = AN [=(2p)a? AL~ [—(2p))a®)] = (Z2)o[-(2p)a®) = Co , (4.5.31)

the bulk gauge field a® couples to the anyon by = (a1as)~?'. We thus conclude that the

condensed anyon A = ((ajas)~%") = (a1as).

The other local fusion junctions can be constructed similarly, and we summarize the

results in Table 4.8.
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Local Junctions Global Fusion Condensed Anyons A

1
[D3]111 X [E?)]az
A oy <a1a2>
_ Aé\?@?) [—(2p’)a(2)] (11\72,*(217) [_(2p/)a(2)]
D3 Eg
1
/J\\ [Dslas  [Dslay = sy~ o145 (0] (ara2)
53 D3
SU(N)_1Ds3
/K [Dslay  [Dslay = [SUN) 1], 20 [Da] —2orr 1 o 0
D3 D3

Ds
[Ds]ay % [Dslay [SU(N)1]as (a1a3” as)
= D3] -1 2w [SUN) -1, 2 [SUN ) or (ayay az')

D3 D3SU(N)1

SU(N)1 D3

/K [Dslay * [Dslaz = [Da] s 2oyt [SUN ] 2, 0
[Dslay % D3]y [SUN)-1a (a}” azas)
= [Ds], oo [SUN Y] o, [SUN) 1] or (a3 azaz")

D3 D3SU(N)-1

Table 4.8: The list of local fusion junctions that requires anyon condensations to construct.
We use the subscript @ in [Ds], and [Ds], to denote the generating anyons in the stacked
minimal TQFT and the presentation of D3 in (4.5.11) is used. We also the junctions where
no anyon is condensed to make the change of anyon generators explicit. In the 4-th and the
last junctions, we use the anyon condensation to remove [SU(N)i|, X [SU(N)_1]p. Since N
is odd, it is straightforward to check this isjti3e same as a Zy-gauge theory with no twist
(where ab generates the electric lines and ab™! generates the magnetic lines). Generically
there will be more than two choices of condensable anyons we provided depending on N;

here, we only list the two which exists for all V.



4.5.4 Associators for triality defects

With the above tools we can now compute the associators of the triality defect admitting the
above group-theoretical construction. For simplicity, we will consider the simplest special
case where N = 7, and it’s straightforward to generalize our approach for generic allowed

N. We will choose
2 =3, 2)'=1-2=-2, —()'=2, (4.5.32)
and the triality defects are given by
Dy =Ds A" ?2[a®], D3=A"?a?|D; . (4.5.33)
In the following, we will demonstrate the computation through the following four examples:
Dy x D3 x D3, DsxDsxDs, DsxDsxDs, Ds;xDsxDs, (4.5.34)

and the other four are related to the above by orientation reversal.

D3
[ D3aD37D3}SU(7)_153,SU(7)_153

Let’s consider the F-symbol for D3 x D3 x D3. Evaluating the global fusion in two different

ways, we find

(Dg X D3) X D3 = SU(?)_lﬁg X D3 = SU(?)_1C0 — SU(?)_l s ( )
4.5.35
D3 x (D3 x D3) = D3 x (SU(7)_1D3) = SU(7)_1Co — SU(T)_; .
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Thus, the corresponding diagram is

SU(T) 1 SU(7)
[ YA
T[a®] = A" 2[2aP] AT 2[4aPAT2[aP] — *Z  [aP] .
| YA
SU(T) 1 SU(7)-1
(4.5.36)

Here, the theory T is extracted using (4.5.14)

D3 x Dy x D3 = D3 A7~ [a® D A} 2[a®|Ds A7 2 [0?)]
— Dy AT 2[a? | Dy AT 2 [4a@] AT [a?)] (4.5.37)
= A5 20D A7 2 (40P AL 0]

To find that the condensed anyons A, let’s follow the fusion tree
D3 X <D3 X D3) = D3 X (SU(N),lbg,) = SU(N),lcO — SU(N),l . (4538)

In the first junction, (D3 x D3) = U(1)nA7?[a'?]Ds, as discussed previously, the minimal
TQFT A™?[a®] is generated by the anyon ajas to which the gauge field a® couples. No
anyon condensation happens here. Next, the second junction is simply the local junction
between D3 x D5 and the 1, and as shown previously, the anyon that couples to the gauge

field a(? is condensed on this interface; therefore Ay = (a?ajas). By the similar analysis,

one can show that A_ = (a%ajas).

Using the result in Table 4.7, we see that both 7. are SU(7)_1’s generated by L;t 3
2(13

respectively. The fused interface Z_, contains topological line operators factorized into
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Z; X Z7, where one Z; factor corresponds to the unconfined lines in SU(7)_; and the other
Z; factor corresponds to topological lines confined on the interface. By checking the fusion
rule between the 7. = SU(7)_; and the Z; unconfined sector, we see that the unconfined

Z; sector forms the identity interface between 7L theories.

Furthermore, the interface also contains Z; topological vertex operators labeled by V,
where a € A, NA_ = (a?ajaz). From the braiding relation between the vertex operators
and the confined lines, we see that they form a 2d Z; TQFT on the interface. However,
this TQFT actually couples to the bulk gauge field a(® through the vertex operator, thus
an effective action is given by

-
S:%z (6D U 5p© + ¢©a®) . (4.5.39)

By the similar multiplication where we integrate out b € C'(My,Z;), we see that this
is nothing but a 2d condensation defect of the bulk Zgl) symmetry (which is actually just
a projector). Hence, we conclude in this case that the F-symbol interface is given by the
identity interface of the SU(7)_; TQFT stacked with a 2d condensation defect of the bulk

Zgl) symmetry.

Let us briefly comment on the operator spectrum. First, e 79 are Z ~ topological local
operators (arising from the higher quantum symmetry line e N* JalV stretching between two
boundaries) and they can be interpreted as the 1-form higher quantum symmetry on the 2d
condensation defect. The gauge field b") again has the modified gauge transformation b —

b® — AV under the a® gauge transformation a® — a® + 5AY. Therefore, e $ 4

plays
the same role as the 3d condensation defect, namely to ensure the non-genuine line bounding
the bulk 1-form Zy symmetry becomes genuine on the 2d condensation defect. Notice that
this matches straightforwardly with the same discussion in the Lagrangian formalism in

Appendix 4.5.4.

To summarize, we find

[FB;DS,D:JSU(7),1ﬁ3,SU(7),1ﬁ3 = 2d condensation defect of Z; 1-form symmetry . (4.5.40)
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D3
D3 3D3 9D3 l,l

As another example, one can consider Dy x D3 x Ds. In this case, the diagram can be

summarized as

D3A7,—2[a(2)]

D3 A" 2[a(®)]

(4.5.41)
The theory T = A72[a®]A%2[4aP] A7 2[a®] is extracted similarly using (4.5.14) with the
presentation of D3 = A" 2[a?]|D;. From Table 4.8, we find

A_= <CL1(12> s A+ = <a2a3) . (4542)

In this case, the fused domain wall Z_, contains only topological lines labeled by Z; and
no local operators as A, N A_ is trivial. The theory T, = A7’_2[a(2)] is generated by the
anyon L} and the theory 7_ = A7’_2[a(2)] is generated by the anyon L, . Because both
L} and L, couple to the bulk gauge field a® respectively, it is natural to identify the two

lines. On the other hand, pushing L} and L, to the interface, they become £, * and £, "

respectively. But because a; = a;(ajas) *(azaz), we see that

i = (4.5.43)

al ai (alag)—l(azag) as

therefore pushing L} and L, leads to the identical line on the interface. Thus, we conclude

that the F-symbol interface here is the identity interface between triality defect D3 and Ds.
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D3,D3,D3 l,SU(7)_1ﬁ3

This component of the associator relates the following two fusion channels:

D3 x (D3 x D3) = Dy x (SU(T)_1 D3) = (SU(7), x SU(7)_1)Ds — D5 ,

- (4.5.44)
(DgXDg)XDgZCOXDg—)Dg,
and the corresponding diagram can be worked out by referring to Table 4.8:
D3 = D3 A" 2[a?)]
87, :Ai 1= (ma2), Ain=(atasas)
, (4.5.45)
o7 :A_= (a1a2>
D3 = D3 A" 2[a?)]
il
from which we conclude
A_ = <a1a2> s A+’1 == <a1a2> s A+7H = (a?a2a3> s (4546)

where for AL we have two choices. For the choice of A, 1, the interface Z_, contains vertex
operators labeled by Ay 1 NA_ = (ajas) ~ Z7 and confined Z; topological lines generated
by Z;{;;l. Together they form a decoupled 2d Z;-gauge theory. One can further check from
the fusion rules between unconfined lines and the bulk lines that the interface Z_, 1 is the

identity interface in the minimal TQFT A™2[a(?] plus the decoupled 2d Z; gauge theory.

For the choice of A} 11, there are no confined lines and no vertex operators on the interface
Z_.. And it is straightforward to check that the Z_, 11 is simply the identity interface in the
minimal TQFT A"~2[a?)].
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In summary,

[ g;Ds?DJ 1 SU(T) Dy = decoupled Z; gauge theory or trivial TQFT . (4.5.47)

220
D3,D3,D3 SU(7)_1ﬁ3,l
This component of the associator relates the two following fusions.

DgX(DgXEg):D3XCO—>D3,
N O (4.5.48)
<D3 X D3) X Dy = SU(?)_l D3 x Dy = SU(7>_1 X SU(?)l D3 — Dsg ,

and the corresponding diagram can be worked out by referring to Table 4.8:

[D3]le

D3 = D3 A" 2[a?)]

07, : AL = {ajas)

| AN ZA,J = <a2a3> N A,’H = <af2a§a3>

D3 = D3A7’_2[a(2)]

(4.5.49)

from which we conclude
A 1= {(aaz), A_pu={(a;’a3a3), Apn= (aaz), (4.5.50)

where A_ has two choices. For the choice of A_;, the interface Z_. is the identity interface
in the minimal TQFT A"~2[a(®)] together with a decoupled 2d Z; gauge theory. And for
the choice of A_y1, Z_, 11 is simply the identity interface in the minimal TQFT A™2[a®)].

Hence, we find

”

Dg,Ds,ﬁJ SUCT) o Dal = decoupled Z; gauge theory or trivial TQFT . (4.5.51)
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CHAPTER 5

Codimension-1 Non-Conformal Defects in Free Scalar

Theories

5.1 Introduction and summary

Defects in quantum field theory arise in a wide variety of physical contexts, and often eluci-
date features of the ambient theory in which they are embedded. By a “defect” we mean a
lower dimensional submanifold that hosts localized interactions and/or degrees of freedom.
In this chapter we consider a simple example of such a defect: a codimension-one defect in
free scalar field theory. We will be interested mainly in non-conformal defects embedded in
a theory that is conformal in the bulk.! As we will see, this simple example illustrates a

variety of phenomena that are also present in more elaborate contexts.

5.1.1 Two formulations

As we will discuss in detail, there are two distinct formulations of this problem. In the
first description, which we refer to as the “perturbative formulation” since it will be based

on resumming perturbation theory, we start from a Lagrangian comprising bulk and defect

INon-conformal defects in free field theory were considered in a similar spirit to ours in [$3,84]. The
folding trick relates defects to boundaries, and string theory applications arise in the context of boundary
string field theory [85,86]. More generally, boundary RG flows have been considered in many works, including

[37,88], along with other references noted below.
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contributions,

S = /ddlyda: (Lo(0) + La(¢)d(x)) (5.1.1)
where we have taken the defect to lie at & = 0. The bulk theory is a free scalar field?
1
Ly, = 5((agb)? + m*¢?) (5.1.2)

while the defect Lagrangian contains quadratic terms® with any number of derivatives trans-
verse or parallel to the defect, compatible with translation and rotation invariance on the

defect, written schematically as

La= 3" umapa(0,)™(0:)"6(0,(8,)70 - (5.1.3)

m,n,p,q
However, a field redefinition may be used to eliminate all terms with n or ¢ greater than 1;
see Appendix C.1 for more details. We may also integrate by parts along the defect to write
all terms with derivatives along the defect in the form ¢(V37)"¢. It will therefore suffice to

consider
B, 1l po B, L B n
Lq=cy +§C1¢ + 3 09 T 5% (¢') (5.1.4)

where ¢’ = 0,¢. Here, the dependence on V?J has been absorbed into the couplings 05273;
in fact, since we’ll work in momentum space along the defect this dependence plays no
significant role, and we’ll take 052’3 to be constants, noting that the dependence on Vz
can easily be incorporated by allowing these couplings to depend on the momentum along
the defect. The B superscript on the couplings indicates that these are bare couplings;

computation of physical quantities in this description will be UV divergent, necessitating a

2We mostly work in Euclidean signature and usually set the bulk mass to zero.

3The restriction to quadratic terms is made for simplicity but can also be viewed as a starting point
for an interacting theory, where the interactions are treated perturbatively in the exactly soluble quadratic

theory.
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UV cutoff A and the introduction of renormalized couplings c; 23 that are finite as A—o0.

Choosing a sharp momentum cutoff, |p| < A, we will find

2A
ClB =+ 2 ~
1— CgA

Co
Cy = =
2 1-— CgA
B C3
cg = n 5.1.5
. (5.1.5)

with A = % By the same token, we have included a defect cosmological term cf’ to cancel
divergences arising from vacuum diagrams. This term depends on the defect dimension and
the couplings c; 2 3. For example, in the case of a line defect embedded in a two-dimensional
bulk, and setting co = ¢3 = 0, we have

p_ g, (A
G =~ In (M) (5.1.6)

where i is an RG scale. Computations in this description, such as correlators involving bulk
and boundary fields, are obtained by employing perturbation theory in the couplings ¢; and
then resumming. The expressions (5.1.5) are obtained by demanding finiteness at each order

of perturbation theory.

For general couplings the defect is non-scale invariant and so describes an RG flow,
typically between a Neumann boundary condition in the UV and a Dirichlet boundary
condition in the IR, as shown in Section 5.3.3.1. For special values of the couplings the

defect is conformal or topological, as we discuss in the next section.

In the second description, we use that the theory is quadratic to encode the defect
couplings in terms of matching conditions across the defect; this approached was employed

in [39] for conformal defects. Using (L, R) to denote values immediately to the left or right
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of the defect, we impose®

Or a b oL
= (5.1.7)
Pr c d o
for some constants (a, b, ¢, d). As we discuss in the next section, time translation invariance

imposes the condition ad — bc = 1. The remaining three independent couplings are related

to the renormalized couplings defined above as

b (2—ca)®—cic3 —dcs
a ) 2
o 4—c5+cics 4—c5+cic3 (5 1 8)
= ) N . 1.
c d 4cq (24c2)"—cic3
476§+6163 4fc§+0103

These relations are fixed by matching observables computed in the two descriptions. Alterna-
tively, we can write down an action in the matching approach involving (érr, @7, r) treated
as independent such that the variational principle yields the matching conditions (5.1.8). As
we’ll see, the couplings in this description may be identified with the renormalized couplings
in the perturbative description. Note that the action in the perturbative description involves
just (¢, ¢'), and hence would be ambiguous if we attempted to incorporate field discontinu-
ities in the Lagrangian. Physical discontinuities arise in the perturbative approach via the

discontinuities of correlators computed after perturbative resummation.

Either of the two descriptions may be more convenient for different purposes. For exam-
ple, the p dependence of the ¢& term in the perturbative description makes it clear that the
defect, regarded as an operator, is scale dependent and so acquires an “anomalous dimen-
sion”, which should be taken into account when considering the modular properties of the
torus partition function with a defect insertion. On the other hand, the matching description
makes it clear how to understand the fusion of two parallel defects, as it simply involves the
multiplication of two matching matrices in (5.1.8), and is also suitable for canonical quan-
tization via mode expansions and computing partition sums. We can pass back and forth

between the two descriptions using the dictionary (5.1.8).

4Note that this is different than the matching conditions in [39] since we are not imposing conformal

invariance.
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5.1.2 Computations

In the remainder of the introduction we summarize the computations we have carried out in

this theory. The two formulations discussed above are laid out in detail in section 5.2.

In section 5.3 we compute the 2-point function of bulk fields in the presence of the defect
using the perturbative description. The computation is carried out by summing up loop
diagrams in momentum space; this is possible due to the iterative structure of the loop
diagrams. This determines the relation between the bare and renormalized couplings, and
we also use the renormalized correlator to read off the effective matching conditions on the
field and its normal derivative across the defect. We then discuss various special cases: the
UV and IR limits, the conformal defect, and the topological defect, the latter implementing

a sign flip of ¢ across the defect.

In section 5.4 we compute the sum of vacuum diagrams, which determines the defect
anomalous dimension® via the logarithmically divergent part of ¢f’. In particular, the renor-

malized defect operator Oq = e~ obeys the RG equation

d
—0O4 = v0O 5.1.9
Md,u d = YalYd ( )

A closed form expression for 74 may be obtained when c3 = 0,

1 ClLd
A1+ 1c3

Yd = ) (5110)

where L4 is the length of the defect. For ¢3 nonzero ~4 is given by a divergent series in the

couplings ¢; 2 3.

Section 5.5 considers the fusion of two parallel defects. We verify that perturbative
computation of the renormalized two-point function yields a fusion rule result consistent with

the multiplication of matching matrices (5.1.8). We also work out the leading dependence

®We use the term “anomalous dimension” to characterize the y dependence, though the defect in general

has no well defined scaling dimension since the couplings change under a scale transformation.
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of the partition function on the distance L between the two defects, which for ¢o = c3 =0

can be described in terms of a defect OPE as
Ve

oW(L)O0P )~ L0 | L0 (5.1.11)
In section 5.6 we canonically quantize the d = 141 scalar field in the presence of the defect
by working out a complete set of mode solutions. Depending on the values of the couplings
¢;, these can include bound state solutions, as well as exponentially growing (in real time)
solutions that signal an instability. The instabilities, when present, can be stabilized by
giving the scalar field a bulk mass term. The bound state solutions are identified with the

poles of the two-point function computed in an earlier section.

In section 5.7 we replace the line defect (with ¢y = ¢35 = 0) with a circular ring defect.
The partition function Z,,, depends on the dimensionless combination ¢, where /3 is the

circumference of the ring. We find

1 c c
log Zying(c18) = 3 log% +logD’ <%) : (5.1.12)

up to an additive constant. We can equivalently think of this as the partition function of a
ring placed on a cone at a fixed distance from the tip, with the length of the ring 5 controlled

by the opening angle of the cone. We can then compute the “entropy” as

s = (1 — B0p) log Ziing(c13)
1. Ba Ber Be Bey 1
= §logE +logI’ (E) - E\P (E) 5 (5.1.13)

where U(z) = I''(z)/I'(z). Using the folding trick to convert this to the partition function
of a CFT on a disk with a ¢;¢? boundary interaction, the entropy s corresponds to the g-
function [37,86,88]. The g-function in (5.1.13) is monotonically decreasing in ¢; 3, in accord
with the g-theorem [38]. Alternatively, the quantity s may be related to the entanglement
entropy of a half-space in the presence of two accelerating defects. This interpretation arises

from analytic continuation of the Euclidean ring configuration to Lorentzian space time.
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In section 5.8 we consider the torus partition function Z(L,4, L) with the ¢; defect wrapped
around a cycle of a square torus with length L,, the length of the other cycle being L. The
torus partition function depends on the two dimensionless variables (c¢;L,c;Ly) as well as
the RG scale p that is part of the definition of the renormalized defect. The torus partition
function may be computed as a sum over states in either of two channels, depending on
which direction we view as time. If we take time to run along the defect direction, then
the computation involves summing over modes with discontinuities given by the matching
conditions. The result in this channel receives a nontrivial contribution from the zero point
energy. Alternatively, taking time to run orthogonally to the defect, the computation cor-
responds to computing matrix elements of the defect operator between excited states of the
scalar field. The relation between these two descriptions is a bit subtle due to the fact that
the partition function depends on a renormalization scale p, as in (5.1.9), which must be

chosen to agree in the two descriptions.

We can use these results to give a “Cardy formula” for the asymptotic density of states of
the defect Hilbert space; i.e. of the Hilbert space of the defect located at a point on a spatial
circle of size L. The result depends on relative sizes of the dimensionless combinations of
EL and ¢, L. For ¢; L = O(1) the asymptotic density of states as a function of energy works

out to be

() ~ — (@) (L/%) e2”v3/(1+o(L)), EL>1.

al \ A8E3 VEL

(5.1.14)

The divergence as ¢;—0 corresponds to integration over the scalar field zero mode, which

acquires vanishing action in this limit. This same result also applies to the regime EL >

(c1L)? > 1 except the leading correction is O (&%) Another regime of interest is ¢; L >

EL > 1, for which the partition function becomes that of a Dirichlet defect after carefully

taking into account the zero point energy.

In section 5.9 we consider the defect as an operator inserted at a fixed Lorentzian time
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t = 0. The scalar field is taken to be in the vacuum state for ¢ < 0. As in the quench
scenario studied in [90], the insertion of the defect creates an excited state at ¢ > 0, whose
explicit form we work out by computing the Bogoliubov coefficients relating the natural in
and out modes. We also compute the expectation value of the stress tensor for ¢t > 0, finding
it to be UV divergent on account of the sharply localized (in time) nature of the defect. The
introduction of a UV regulator A yields a result logarithmically divergent in A, corresponding

to smearing the defect operator over a time window At ~ A~L.
We conclude by commenting on some natural extensions of these results in section 5.10.

A series of appendices fill in some technical details, and outline how adding bulk in-
teractions can stabilize the defect when the couplings ¢; are such that unstable modes are

present.

Other references on defects relevant to what follows include [91-121].

5.2 (General aspects

In this section we describe our two approaches to the defect problem — the matching ap-
proach and the perturbative approach — and their relation. We describe the general space

of defect couplings along with special cases that lead to conformal or topological defects.

5.2.1 Matching conditions

We consider a noncompact free massless scalar field ¢ on the Euclidean plane with coordinates
(x,t). We place an infinite line defect at © = 0, extending in the ¢ direction, and write the

action as

1 1
S=3 /Kod?:c(agb)? + 5/ d*z(04)* + Sa , (5.2.1)

>0
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where Sy is the action associated with the defect. One approach to this system consists of
imposing matching conditions across the defect while ignoring direct reference to Sy;. We

will consider linear matching conditions of the form

a b
on) o (5.2.2)
Pr ¢ d o
where ¢, r are to be evaluated just to the left or right of the defect, and ¢’ = %.

Imposing symmetries constrains the values of (a,b,c,d). Consider a correlator in the
presence of the defect, (O1(xy,t1) ... On(xy, t,))a. Given a current j#(x,t) that is conserved
away from the defect, we may attempt to derive a Ward identity in the standard fashion by
inserting an integral of j# along a contour C' that surrounds all the operators, as shown in

Figure 5.1.

Figure 5.1: A two component contour C' (red) surrounding the operators O; on each side of

the defect (blue). The current j, is integrated over the contour.

That is, we insert fC Judz. On one hand, we can deform the contour into a sum of
contours surrounding each operator and then use the j#O OPE to evaluate the integrals,

yielding

<]€ju(a:)da:“01(:v1, t1) .. Op(xp, th))a

= <501($1,t1) . On(xnatn) + ...+ 01(1'1, tl) ce 5On(xn7tn)>d . (523)
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In the absence of a defect, we alternatively expand the contour to an arbitrarily large circle,
which yields zero due to field falloffs at infinity. The Ward identity is then the statement
that the right hand side of (5.2.3) vanishes. In the presence of the defect we can instead first
expand two contours that surround the operators on either side of the defect into arbitrarily

large semi-circles, with the flat sides lying along the defect, as illustrated in Figure 5.2.

Figure 5.2: Deformation of the contour C' into two arbitrarily large semi-circles and flat sides

running along the defect.

In order to get zero in the large radius limit, we need that the two segments lying along
the defect cancel. That is, the Ward identity (i.e the vanishing of the rhs of (5.2.3)) is only

valid provided

/oojt(¢L)dt = /Oojt(¢R)dt . (5.2.4)

—00 —00

Demanding that the defect preserves a symmetry amounts to the condition that (5.2.4) be

obeyed for the Noether current j# corresponding to that symmetry.

As a first condition, we require time translation invariance, meaning invariance under a

common time shift ¢;,—t; 4+ 0t; of all operator insertions. The corresponding current is

1
_Tzz )
2T

where we use complex coordinates z = x + it and Z = x — it, and the stress tensor has

1
Jz=5-T%= (5.2.5)

Je = 2

nonzero COIIlpOIleIltS

T.. = —2m(0,¢)* , T = —27m(0:0)* . (5.2.6)
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This gives

1

ST = =09 (5.2.7)

Je =

Time translation invariance then requires

. : dX
PrOR — PLOL = I (5.2.8)
for some local operator X. Using (5.2.2) it’s easy to see that this requires
ad —bc =1 (5.2.9)
in which case
1
X = o (aco} + bdg,” +be(67)') - (5.2.10)

We will therefore restrict henceforth to matching conditions obeying (5.2.9).

Next we consider the restrictions imposed by demanding invariance of the correlation

functions under scale transformations z*'—\z'. The current is now
(A A

1 —1
o= 52Ty Jr= 57T 5.2.11
J 2mz J 27?22 ( )
and the condition (5.2.4) becomes
/ $Loutdt = / Pportdt . (5.2.12)

This now requires equality at the integrand level, gb’quL = gb’Rng R, which requires that X =0
in (5.2.10). Along with (5.2.9) this imposes d = 1/a with b = ¢ = 0 as the condition of scale
invariance. Assuming just scale invariance we automatically have conformal invariance since

the currents

1 (—1)
() _ _~ np ) T —=0.1.2.... 5.2.13
P 27_‘_7;2 2z J=z oi Z dzz, n I Rl ( )

automatically obey (5.2.4), corresponding to a single copy of Virasoro currents.
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An even more restrictive condition is to allow symmetries under both the holomorphic
and anti-holomorphic Virasoro currents. This impose the additional condition ¢2 — (¢ )% =
¢% — (¢)?, which requires @ = d = £1 with b = ¢ = 0. This defines a topological (or
transparent) interface. In particular, we have the nontrivial case of @ = d = —1 for which ¢

flips sign across the defect.

Given the matching conditions (5.2.2) it is natural to ask for an action that reproduces
these. In this section we look for an action whose variational principle implies the match-
ing conditions. Later we develop a second approach in which the defect action is treated

diagrammatically by summing up Feynman diagrams.

In considering the form of a defect action an immediate issue is that the field and its
first derivative are discontinuous across the defect, rendering ambiguous the meaning of
the “field on the defect”. To avoid this issue we work with two fields (¢, ¢r) defined at
(x = 07,2 = 0"), as already anticipated in (5.2.1). The appropriate form of S; appearing

in (5.2.1) turns out to take the form

1. _ 1.
Sa = /dt[(ch — o) ¢y + §Cl¢,24 + Capady + 503 CAN (5.2.14)
where we have defined the averaged field
ba = w . (5.2.15)

The tildes on ¢; are there to distinguish these couplings from analogous couplings that will
appear in an alternative formulation. To read off the boundary conditions we compute the

on-shell variation of the action, which works out to be

58 = — / dt( [0k — L, — C10a — C2@4] 604 + [br, — dr — Copa — C3¢y) 5¢/A> - (5.2.16)
A good variational principle is thus achieved by imposing the following conditions at the

defect
P — O — Crpa — C2¢y =0,

Gr — Gr — Capa — 39, =0 . (5.2.17)
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These conditions may be put in the form (5.2.2) with

a b (2-E2)2—&1G3 — 483
4—E24-¢163 4—G24¢183
— 2 2
= | ez s . (5.2.18)
c d 4¢; (2+¢E2)*—¢183
476%+6153 475%4»5153

This obeys ad — bc = 1 as expected. Inverting gives

_ dac _ 2a(d — a) _ —4ab
_ _ l—a) ___—fab 2.1
“ (a+1)2+bc’ “ (a+1)2+bc’ e (a+1)2+be (5:2.19)

The condition of conformal invariance, a = 1/d and b = ¢ = 0 translates to ¢ = ¢3 = 0,

2—Co
2+¢o°

b=c=0anda=d=—1.

giving a = Further taking ¢;— =+ oo yields the nontrivial topological defect with

Although we will not consider it further in this chapter, in order to make contact with

previous work [39] we now comment on how to incorporate matching conditions of the form
R a b o1

= (5.2.20)
Vn ¢ d oL

in this framework. For example, the case a = d = 0, b = 1/c yields a conformal defect not
included in our analysis above. To incorporate this example we consider the action (5.2.1)

and now choose

Sy = c/dt¢L¢R (5.2.21)

so that

55 = [ (61, ~ cor)ion ~ (6 ~ cdu)son). (5.2.22)

which implies the stated matching conditions.

5.2.2 Perturbative action approach

Another approach is to consider the action

S = /d2x(a¢)2 + Sy (5.2.23)
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with
B, B2, 5,0, 1ppe
Sq= [dt|c +§cl +c5 00 —|—§c3 (5.2.24)

and to compute correlators and other quantities via perturbative expansion in the couplings

B

7 )

as in [83,84]. To regulate the ultraviolet divergences that appear in perturbation theory
we introduce a cutoff on the momentum transverse to the defect, |p| < A, and express the
bare couplings ¢? in terms of renormalized couplings ¢; as in (5.1.5). This will be illustrated
in the next section when we compute the scalar 2-point function in the presence of the defect

by summing up the perturbative expansion.

In this approach ¢ and ¢’ are treated as being continuous across the defect at each order in
perturbation theory.® Indeed, the defect action (5.2.24) would be ambiguous if discontinuities
were allowed. Nonetheless the resummed two-point correlation exhibits discontinuities that
satisfy the matching conditions (5.2.2). So we recover the same correlators as in the (¢, ¢r)

approach, and the dictionary equating the two turns out to be extremely simple, ¢; = ¢;.

We now explain the sense in which the action (5.2.24) represents what is effectively the
most general local action quadratic in fields. First consider the inclusion of terms with
time derivatives, %ng etc. In momentum space this becomes %w%g, where w represents the
momentum along the time direction. Since the action is quadratic and w is conserved by
time translation invariance, there is no mixing among different values of w. Hence the effect
of a 1¢? term is equivalent to redefining cf—cf + w?. More generally, all terms involving
time derivatives can be included by allowing 052,3 to be arbitrary functions of w. Computing
momentum space correlation functions in the presence of w dependent couplings is the same
as for constant couplings since the value of w is conserved in any connected correlator. For
this reason we will not explicitly consider terms with time derivatives, noting that they are

simple to include if desired.

6Since we impose a momentum cutoff A the defect is effectively smeared out, and the fields are continuous

within this smeared region, which shrinks to zero as the cutoff is removed.

193



We can also add terms in the defect action involving ¢” and higher transverse derivatives.
However, by using the field equations — equivalently, the equations of motion — such terms
can always be traded for terms involving only ¢ and ¢’ and time derivatives thereof,” and we

already discussed the incorporation of such time derivative terms in the previous paragraph.

Finally, it is worth commenting that while we focus on d = 1 + 1 examples with a line
defect, what really matters as far as most of our computations go is the defect codimension.
A codimension-1 planar defect in d dimension can be treated uniformly for any d, as follows
from the fact that the d — 1 momenta parallel to the defect are conserved in any connected
diagram contributing to a momentum space correlator. On the other hand, extending our
computations to codimension-q defects is nontrivial, since the 1-dimensional loop integrals
we encounter turn into g-dimensional loop integrals, which of course changes the divergence

structure among other things. Other codimensions were considered in [33, 8]

5.3 Scalar two-point function in presence of defect

In this section we use the perturbative approach described in section 5.2.2 to compute the
scalar two-point function in the presence of a defect. The defect is placed at x = 0 and the

Euclidean action is
1 2 /12 2 l 5.9 B.uv, L g2
S =5 [Eu(0®+ %) + [dt(5e7¢° + 5 6¢ + 5¢707)
1 [dwdp ~ ~
_! / D 5 (—w, —p)(? + p)(w, D)

2 ) (2m)?
1 [dwdpidps ~ ' R
5/ (27;)3 2¢(—w,p2)(cf +ich (p1 4 p2) — ' pipa) d(w, 1) (5.3.1)
where we Fourier transformed as
dwdp ~ .
qb(fl?,t) = /(27_{_)2¢(w7p)€ tip . (532)

"We illustrate this with an example in appendix C.1.
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The ¢? denote bare couplings that depend on a UV cutoff A to be introduced below. These
will eventually be re-expressed in terms of renormalized couplings ¢; that are finite as A—00.
In the above we have omitted the defect cosmological constant term [dtcf since it doesn’t
affect the connected diagrams contributing to the 2-point function. The full correlator is the
product of the connected part and vacuum diagram contribution; the latter will be included

in section 5.4, while in this section we consider only the connected part.

5.3.1 Computation

Our strategy in this section is to treat the defect action as a perturbation and then sum up
contributions to all orders. We will compute the sum of connected diagrams in momentum
space (thus omitting the defect self-energy vacuum diagrams, which will be discussed in

section 5.4). This is shown in Figure 5.3.

¢(W17P1)

¢(w27p2)

Figure 5.3: The defect (blue) contributes the quadratic interaction vertices to the connected

two point correlation function (shown in momentum space). We sum up these contributions.
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The two-point function takes the form

@(Wl,pl)&(w%m)) = <€B(W1,p1)<5(w2,p2)>0 + <¢~5(W1ap1)¢;(w2ap2)>d (5.3.3)

where the correlator in the absence of the defect is

<<5(W17p1)45(w2,p2)>0 = ﬁ@ﬂ)z(s(m + w2)d(p1 + p2) (5.3.4)

while the contribution from the defect takes the form

~ ~ B 270 (w1 + wo)
<¢(w1,p1)¢(w2,p2)>d - (w% —i—p%)(w% +p%

)X(Wlapl,pz) : (5.3.5)

where the to-be-computed object X may be expanded in powers of the bare couplings,
X<w17p17p2) = ZI’VL(wlaplv _p2) ) In ~ (C7JB>n+1 . (536)
n=0
An elementary computation yields

[0(W1>p1>p2) = —0113 + iCQB(pl —p2) — C:?ppo . (5-3-7)

The I,~¢ are then determined recursively via

L1 (wi,p1,p2) = /A @ dgni1 Lo(wi, p1, 1) lo(wi, @1, q2) - - - Lo(W1, Gny1, P2)

2 Tom (wWi+ag?)...(wi+d¢2,)
— /A dgns1 Ln(wi, P1, @ny1) Io(wi, Gni1, Pa) (5.3.8)
A 27 Wi + gy

where we have introduced the UV cutoff A. Evaluating for n = 0 gives a linearly divergent

part and a finite part,

I (w1, p1,p2) = A(Cf - icfpl)(cg + icfpg)

— [(ef —icgpi)(ef +icgpa) —wiley —icypi)(cd +icyp)] falwn) (5.3.9)

where

—>
Il

(5.3.10)

3=
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and

A
falwi) = 1/ do L X (5.3.11)

21 oA 2+ WP mwy W1

To solve the recursion relation it’s useful write out the p, dependence of I,,(wq, p1, p2) as

Ln(w1,p1,p2) = an + bpa (5.3.12)
From (5.3.7) we have
ag = —cP +ic¥p;
bo = —icd — cFpy . (5.3.13)

Then the recursion relation (5.3.8) becomes

a, My M Qn,
+) 11 12 (5.3.14)
bn+1 M21 M22 bn
with
My, = —CleA(Wl) Mo = iCzB (A - W%fA(%))
M21 = —?:C2BfA<w1) M22 = —C:)l? (A — wffA(w1)> . (5315)
This allows us to compute X as
X(wi,p1,p2) = Z]n(wlypla —p2)
n=0
= Z (an - bnp2)
n=0
o0 a/n
= Z( I —po )
n=0 n
=3 (1 —p )M
n=0 b()
1| %
_ ( 1 —p )(1— M) ] (5.3.16)
0



Evaluating gives

X<Wlaplap2) =
e+ (Pf — (B)) [A = @i falwn)] +icB (or + o) + [(Fe — () falen) + f ] pips
det(I — M)
(5.3.17)
with

det(I — M) =1+ cPfa(wr) + [ (cPcB — (cB)?) falwr) + CSB} [A - wffA(wl)] . (5.3.18)

Now we wish to remove the cutoff A. To do so, we expand order by order in the ¢, and then
rewrite them in terms of A and renormalized couplings ¢; such that A—oco limit at fixed ¢;

is well defined. This procedure results in

A
0119 =c1+ Ca. ,
1— CgA
Co
cy = =,
2 1-— CgA
B 3
cg = — . 5.3.19
ST oA ( )
Taking the large A limit, using limp oo fa(w1) = m, then yields our final result for the
renormalized correlator
—C1 + %(0163 — C%) + iCQ(pl + pg) + (ﬁ(elcg — C%) + Cg)plpz
X(wi,p1,p2) = 15 L (o1 — cu?) — & — . (5.3.20)
g (€1 — cswi) — 3(cics — ¢3)

5.3.2 Matching conditions from the correlator

The result (5.3.20) can be used to infer matching conditions (5.2.2) across the defect. We

first Fourier transform to position space in the direction transverse to the defect by defining

dpy dpy | ~ ~ : :
Glor,22) = [ ST (Blwr, pr)d(wa, pa)) e 02

= G(x1, 2)210 (w1 + W) (5.3.21)
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with

A dpy e (71 =72) dpy dp> X (wi,p1,p2)

G(r,20) = | ——5— —— g'Pre1tipate (5.3.22
(or) = | et T or or @B )R+ 1) )

Note that in G and G we have suppressed the dependence on the frequencies w; 2. Now

suppose a function takes the form

“dpa+PBp .

= - T 5.3.23

fla) = | o (5329

Using elementary contour integration, the values of the function on either side of the origin
are

a if a  if|w]
te) = — + — "(£e) =F=— — —— . 5.3.24
fr =gt fEo=F5 - (53.24)

If we apply these formulas to (5.3.21) and (5.3.20) for 27 = £ we find

Glers) \  [a b G(—e, 3) (53.25)
G (e, 13) ¢ d G (—e€, 12)
with
(2—c2)?—cics —de
a b _ 4fc%+6163 4*6%4’2103 (5326)
c d 4cq (2+02)270163 ’ s
4—c%+clc3 4—c§+c103

We recognize the matrix as being the same as appeared in (5.2.18), except that the couplings
are now the renormalized couplings that appear in the perturbative formulation. Hence we

identify ¢; = ¢;. The equality between these two sets of couplings is not obvious a priori.

5.3.3 Special cases

We now consider several special cases of interest.
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5.3.3.1 IR/UV limit

To extract the IR/UV limits we rescale the momenta as (w, p)—(Aw, Ap). From (5.3.20) we
find
—2lw|  (w,k)—0

X(w,p1,p2)— : (5.3.27)
——Q’T;’rQ (w, k)—o0

This implies (after a bit of rewriting) the following result for the IR/UV limit of the correlator

% dw eiw(tl—tz)

(Oltr.2)o(ts,22)) = [ [elvller—zal 4 (—loliertea)) (5.3.28)

0027 2[u]
where we have taken 7 2 > 0, and the relative sign is 4 in the UV and — in the IR. The first
term on the right hand side is the correlator in the absence of the defect, and the second term
represents the image charge contribution appropriate for a Neumann (+ sign) or Dirichlet
(— sign) boundary condition. This aligns with the fact that the c3(¢’)? term in the defect

action dominates in the UV, setting ¢’ = 0 on the defect; while ¢;¢? dominates in the IR,

setting ¢ = 0 on the defect.

5.3.3.2 Conformal defect

Here we set the dimensionful couplings to zero: ¢; = ¢3 = 0. We take x; > 0 but allow either

sign for xy, yielding the defect contribution

2
[e’¢) d iw(tl—tg) _ﬁef‘w‘(xlfam) To < O
(@(t1, 21)P(t2, w2))a = / bl e ’ . (5.3.29)
oo 2T 2|w| _fﬁe—\w\(mﬁ-wz) To >0
2

200



5.3.3.3 Topological defect

For this we take the co—o0 limit of the conformal case. The total correlator in this limit,

including the free part, is

2 Ju eiwlti=ta) | —emlwl@=z2) g, <

(Oltr,21)6 02 2) = | (5.3.30)

700% 2|(,<}| €—|w||;r1—;v2\ zo >0
where we have again taken x; > 0 but allow either sign of z5. This exhibits a sign flip of the

correlator as xy crosses the origin, as characterizes the topological defect.

5.3.4 Poles

The correlator exhibits poles in w; when the denominator of X (wq, p1,p2) in (5.3.20) vanishes.

Rewriting this vanishing condition in terms of (a,b, ¢, d) given in (5.3.26) yields
poles : bw? + (a+d)|wi| +c=0. (5.3.31)

For b # 0 the roots are

—(a+d)£+/(a—d)?+4
2b

(5.3.32)

W4+ =

These roots are related to the existence of normalizable bound state modes in the presence
of the defect, as we discuss in section 5.6.2. The existence of solutions with positive w4
correspond to instabilities, i.e. modes that grow exponentially in real time. Coupling space

can thus be divided into stable and unstable regions, as will be discussed in section 5.6.

5.4 Vacuum diagrams

We now consider the sum of vacuum diagrams in the presence of the defect as illustrated in

Figure 5.4.
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Figure 5.4: Defect contributions to the connected vacuum diagram for (e=54)

This can equivalently be thought of as computing the vacuum expectation value of the

defect operator,
Zvae = €V = (e754) | (5.4.1)

where W represents the connected contributions. We can evaluate W by summing diagrams,

similarly to how we computed the correlator, and arrive at

> 1 > dwdp I,,(p,p)
W = B E 5
=~ latLa —~ 2(n /_oo (27)? w? + p?

=y (5.4.2)

where I,,(p1, p2) is the same integral defined in (5.3.8)-(5.3.9) that appeared in the correlator

computation. To get a finite result we have given the defect a large but finite length L,;. We

have also included the defect counterterm cf.

To evaluate the sum it is useful to use the identity

o0

M™ Vodz
ZnJrl_/OI—zM (54.3)

n=0
involving the matrix M. We introduce a UV cutoff A and relate the bare couplings in Sy in

terms of renormalized couplings as in (5.3.19). After some algebra we obtain

B ! Mdw 1 (=261 +wz(cies — 3))w — (B2 — (2w + ze1)c3)w?
W:—COLd—Ld dz 2—— B Y0 )
0 0 2mw Ci1C3wz® — z4c5w + 2zw4cs — 2z¢; — 4w

_ _C(?Ld B Ld /'/‘\d_(’u In |:—263(,¢}2 — (0103 — C% — 4)C<.) + 201:| '
0

(5.4.4)
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The divergence structure depends on whether the irrelevant c3 and marginal ¢, couplings are

turned on. In the simplest case with ¢y = ¢3 = 0 we have

C1 Ld 2A C1 Ld

W=—-clLsj— —"In"— — 5.4.5
o ~d 4 . 1 41 ( )
We therefore take cf = - ln% where p is an RG scale, yielding
L
G S R P (5.4.6)
4 2u

The imaginary part for ¢; < 0 reflects the presence of unstable modes. The renormalized
defect operator thus depends on the arbitrary RG scale u as (e75¢) o ,u_%. The fact that
the log divergence is linear in ¢; implies that the defect anomalous dimension 7, defined in
(5.1.9) is one-loop exact when ¢y = ¢3 = 0. However, for more general couplings v, gets

contributions at all loop orders. For example, setting c3 = 0 is easily found to imply a log

divergent term that is canceled by taking

o =— yym In(A/p) + [linear divergence] (5.4.7)

yielding 74 in (5.1.10). With all couplings ¢; 2 3 nonzero one instead finds a divergent series.

5.5 Multiple defects

We now consider two parallel defects separated by a distance L. The partition function,
which can be interpreted as computing the inter-defect potential, may be computed in the

same manner as for the single defect.

5.5.1 Two defect partition function

Writing the defect action as

2
a 1 a a 1 a
Sq = Z /dt (c(() B §c§ )’B¢2(xa, t)+ 0(2 )’ng(xa, )P (Ta,t) + §c§ )’Bgzﬁ’Q(l‘a, t)) (5.5.1)
a=1
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with 2o — 21 = L we compute Z(L) = (¥ = (¢=%1) by summing vacuum diagrams. For

simplicity we will just give the result for cga)’B = cga)’B = 0, which is

A (1) 2) NP (1) (2
dw c c cle ' +c A
(Z) d[/o 27rn<< +2w>< +2w> 42 47 n,u

(5.5.2)

where we have rewritten the bare couplings in terms of renormalized couplings using the
same expressions as before. The integral is log divergent, but the divergence is canceled by

the ¢’ counterterms yielding a finite result as A—oo. For small separation we have

L[, (D P)], P
Ly=——+—-""—|1-In|{ ——— ——LInL+... .D.
W (L) ym n o + ppm nl+ (5.5.3)
so that
Z(L) ~ Z(0) L LLajam (5.5.4)

For L = 0 we recover the partition function of a single defect with ¢; = cgl) + c?), but the

expansion in small L is neither analytic nor a power law.

5.5.2 Fusion of two defects

We now consider the fusion of two parallel defects. On general grounds, the fusion of two

defects with some quadratic couplings CEM) should result a defect with new quadratic cou-
plings ¢;. The expectation is that the couplings ¢; are determined by the composition of the

matching conditions associated to two fused defects,
_ (5.5.5)

where we have taken defect 2 to be to the right of defect 1. According to this, the couplings
¢; are then extracted from the map between (a,b,c,d) and ¢; provided by (5.3.26). This

yields a rather complicated relation between the c¢; and the 051’2).
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To verify this, we can compute the scalar two-point function in the presence of the
two defects separated by a distance L, then take L—0 and compare to our result for the
single defect correlator. The contribution of the vacuum diagrams is summarized by (5.5.3).
To define the fused defect via an OPE type procedure, we should strip off the factor of
144" Lha/Am - The connected diagrams contributing to the correlator may be summed up
using the same steps as for the single defect. The result for general L is complicated and

unenlightening. In appendix C.2 we write the result for L—0. The result is as expected: the

fused couplings ¢; are in accord with the rule (5.5.4).

5.6 Mode expansion

Consider a free massive or massless (m = 0) non-compact scalar theory in d = 1 + 1

Minkowski spacetime

S = / d%% [~ (8:9)* + (9.0)° + m?¢?] . (5.6.1)

We are interested in a timelike defect described by the matching conditions at # = 0 that

preserve the time translation symmetry

a b
o) ) ad—be—1 (5.6.2)
Pr ¢ d o
where ¢ p = lim, ,o+ ¢(¢,2). Assuming this matching condition, the Klein-Gordon (KG)
inner product of two solutions,
)= i [ (55 fo) do. (563)

—0o0

is time independent if and only if ad — bc = 1, as indicated.
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5.6.1 Massless scattering modes

There are two sets of scattering solutions to the field equation 9,0"¢ = 0 subject to the

matching condition (5.6.2), corresponding to waves incident from the left or right,

r<0: Lt e r<0: A (emiwu g pueTiv)
v Vaw ¥ u V2w w
Po = 4 4 ) P = . (564)
x>0: \/% (e7™V 4 rlewu) x>0: \/%tweﬂw“

where u =t — x, v =t 4+ x, and the transmission and reflection coefficients are

2iw , bwrtila—dw+ec . bwr—i(a—dw+c
w == . 9 Tw - . 9 Tw - . .
bw? +i(a+ d)w — ¢ bw? +i(a+ d)w — ¢ bw? +i(a+ d)w — ¢
(5.6.5)
We normalised the modes with respect to the KG inner product such that
(pl,ol) =2m0(w — '), (% @) =2md(w—u), (¢V el)=0 (5.6.6)

If there are no bound states, the scalar field can be quantised using the scattering solutions

as
[ee] d .
o(t, ) = /0 & (abt +aligl ), () = ot ) (5.6.7)
Writing .
Qo = (6, ") = —i / (D(2)p2 () — m(a) gl (x)) da
o (5.6.8)
aott = (6,05 = i / (B(2)p2 (x) — m(2) g () da

and using [¢(x), m(y)] = i0(z — y) at equal time, one can derive the canonical quantization
conditions

ay,al,] = 2m6(w — W) . (5.6.9)

For this to be consistent, the classical solutions should satisfy the completeness condition

derived from the the equal-time commutator

o) wl)] = [ G2 (L ) = oL (@) + (0 o ) o)

=id(r —vy) .
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Evaluated on the scattering solutions (5.6.4) and (5.6.5) we find,

i6(x —y) +1 [)° Lryeltl gy >0
[¢(2), w(y)] = | : (5.6.11)

i JyC St eyl zy <0
We see that completeness is satisfied provided r,, and t, are analytic in the upper half w-
plane, since then the integrals can be converted into closed contour integrals that vanish by

Cauchy’s theorem. On the other hand, the existence of poles in the upper-half plane implies

that the scattering solutions should be accompanied by bound states for completeness.

5.6.2 Bound state modes

The potential incompleteness of scattering modes leads us to examine the existence of nor-
malizable bound state modes. These are solutions that decay exponentially as |z| — oo,
and either grow or decay exponentially in ¢ (the two cases being related by time reversal.)

Plugging the following ansatz for modes that grow in ¢,

z<0: Ae®
o= : Re(k) >0 (5.6.12)
z>0: Be™

where Re(x) > 0 for normalizability, into the gluing condition (5.6.2), a normalizable mode

is seen to exist if at least one solution to
b’ + (a+d)k+c=0 (5.6.13)

has a positive real part. Upon writing kK = —iw we recognize (5.6.13) as giving the locations of
the poles in the transmission/reflection coefficients (5.6.5). For b # 0 normalizable solutions

exist if

ky >0 or ko >0, kg =

Ja—ar+a
_ord= ;Z dF+4 (5.6.14)

ac

For b = 0 we have Kk = T

(using d = 1/a) so that normalizable modes exist for ac < 0.

In the previous section, we saw that the scattering modes alone are not complete when
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Im(wy) > 0 or Im(w_) > 0. This is precisely the condition for the existence of the bound

states, Re(k4) > 0 or Re(k_) > 0, illustrated in Figure 5.5.

ke <0< k- ko <0< Ky

() b>0 (b) b< 0

Figure 5.5: Regions of (a,b,d) space where k1 have various signs. One of the signs flips
across the blue curves. There are two normalisable decaying modes in the red region, one in

yellow region and none in the blue region respectively.

For such a case, the solutions come in a pair (¢, ¢+) related by time reversal,

r<0: Niler? r<0: Niler+v
br = : ¢r = ) (5.6.15)
r>0: Ni'(a+bry)e™ r>0: Ni'(a+bky)e ™

where the normalization
1

\/1 + (CL + blii)2

is chosen such that the solutions are real-valued and satisfy (¢, ) = i.

(5.6.16)

The ¢+ modes grow exponentially in time, hence the theory is unstable when such modes

exist. Nonetheless, we can formally quantize the scalar field as
= dw L R = 7 = 4
o(t,x) = o (awps +bopl + he ) depdy + 840 +ep g (5.6.17)
0
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where ¢4 are hermitian, for wy > 0 and similarly for other cases. The same process used to

derive (5.6.9) can be recycled to derive the commutation of the modes for the bound states

ez, ex] = (¢, 02) =i . (5.6.18)

Using this, the contribution from the decaying modes to the equal-time commutator [¢(x), 7(y)]
exactly cancels the incomplete contribution (5.6.11) from the scattering modes and hence

restores the completeness

[p(x), m(y)] = id(z —y) . (5.6.19)

5.6.3 Spectrum

The classical normalizable modes grow exponentially in time, and when such modes exist
the Hamiltonian suffers from a spectrum unbounded from below. To see this, first note that

the bulk Hamiltonian H = 3 [ (¢2 + (¢’ )2) dz has a time dependence

dH d , ac o bd  ,, o
TR (bC¢L¢L + 7¢L Ty (@) ) - (5.6.20)
The Hamiltonian can be made time-independent by subtracting the total derivative above

Hyy = H — (bC¢IL¢L + %Qﬁ; + % (¢/L)2) (5-6-21)

corresponding to the defect Hamiltonian. The total Hamiltonian restricted to the normaliz-

able modes is

Hyp = —%* (cils +Crey) — %‘ (c_e_+c_c) . (5.6.22)
Renaming c; = \/Li(p +x),¢p = \/Li(p — ), Hyy is that of the inverted harmonic oscillator,
which is known to have continuous spectrum unbounded from below and above, assuming a
boundary condition that requires the wave function to vanish at spatial infinity [122]. The
unbounded spectrum implies that whenever there is a bound state, the massless theory with

matching condition (5.6.2) is ill-defined. However, the instability of the classical solutions

and the unbounded spectrum can by cured by adding a mass, as we describe in the next
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subsection, or by adding bulk interactions, as discussed in Appendix C.3. Alternatively, we

can restrict attention to the stable regime shown in Figure 5.5 (blue region).

5.6.4 Massive scalar mode expansion

The massive scalar theory with matching condition (5.6.2) has scattering modes given by

(
r<0: —Lteiwt—ike
Vi = R o (5.6.23)
Kx. >0: \/% (efzwtfzkx + ,rkefzwt+zkac)
p
r<0: 1 (e—iwt+ikm + Tke—iwt—ikm)
R V2w
o = (5.6.24)
o1 —iwt+ikx
kl‘ >0 mtke

where w = k2 + m? and t; and r; are the same as t,, and r, (5.6.5) with w — k.

As in the massless case, bound state modes exist if at least one of k. given in Eq. (5.6.14)
has positive real part. When they exist, those with k% > m? or K2 > m? are unstable, while
those with k3 < m? or ko < m? are oscillatory. We focus on the oscillatory modes, which
are given by

r<0: N;le_i@it+ﬁiw
Pr = (5.6.25)

x>0: Ni'(a+bry)e @st-rze

where

dEt\/(a—d)?+4
%iz—aJr Q(Z )+ >0, wr=1/m?—k%2€R (5.6.26)

1
N'= |2t ~ERT (5.6.27)
W\l 14 (a+bky)

The scalar field is quantized as

and

*d
o(t,x) = / ﬁ (anpl + bopl + hc.) + (cydy + c—p_ + h.c.) (5.6.28)
0

where

[CJDCL] = (¢+,0+) =1 (5.6.29)
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when both ki > 0 and similarly for other cases by dropping some bound state modes. The

Hamiltonian restricted to the bound states is

0 0 1
H= % ( ey + c+cL> + % (clc_ + c_cT,) =, <c+c+ + 5) + @ <c_c_ + —> .
(5.6.30)

Defining the vacuum state as c.|0) = 0, one can see that the spectrum is positive.

5.7 Ring partition function, g-function, and entanglement entropy

of accelerating defects

5.7.1 Ring partition function

In this section we compute the partition function of a ring shaped defect. In order to apply
this result to the applications that follows, we consider placing the ring on a cone. Namely,

we consider
ds® = dr* +1%d0* , 020+ (5.7.1)
with the ring placed at » = 1.° The ring partition function may be written as
Z(8) = (0le=5+/0) (5.7.2)

where we interpret the states in terms of radial quantization and think of e~ as an operator
on this Hilbert space. We will consider the simplest case of ¢, = ¢3 = 0; in this case e
is diagonalized in the field eigenstate basis, since the “conjugate momentum” ¢' does not

appear in the defect action. Letting ¢(f) = ¢(r = 1,6) we then have

2(3) = [ Datofde Gl0). (5.73)

We compute (¢|0) by computing the free scalar path integral in the region » < 1 with

boundary condition ¢(r = 1,0) = ¢(0). We will only be interested in the ¢; dependence of

8Choosing r = 1 implies no loss of generality since we can always rescale r along with the couplings.
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log Z(B), in which case we only need the saddle point approximation to the path integral

since the fluctuation determinant does not depend on ¢.

Writing

GO) =B+ Y 0ue T b=
n#0

the scalar field solution is

¢0 + Z 27r1n6 e 27rzn9) 27Tn/ﬁ

The action interior to the ring is

S K O S
r<l n—=1

(5.7.4)

(5.7.5)

(5.7.6)

The contribution of the exterior region S,~; takes the same form, as follows from symmetry

under r—1/r. The defect action, including the & counterterm, is

Sq = /d@ (cg} + %C@Q) o [Z Gnd_p, + %q_b?)

The ring partition function is then

=N [H/dan] e~ Sr<1=Sr>1-5q

:N’e—ﬁcég/ d¢ e 2561% H/d¢ d¢_ —(drn+Be1)d, b,

n>1

—50(])3
= Ni/% H(47m + Ber) ™t
n>1

_ e~ Per By
NI ()

where in the final equality we have absorbed a constant factor into A/. We thus find

Ba

log Z(B3) = logN——log——Zlog(1+—) Beg
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(5.7.8)

(5.7.9)



where we imposed a UV cutoff on the mode sum. To cancel the log divergence we take

cB = —Z—; log N . (5.7.10)

We then take N—oo using the formula’

N—o0

N
lim [Z log (1 + %) ~zlog N] — logD(1+2). (5.7.11)
n=1

We finally arrive at

1 ﬁcl 501
log 7 =1 —log — +logl' [ — 712
og Z(B) ogN+20g47T+og (47r>’ (5.7.12)

where we recall that N does not depend on ¢;.

5.7.2 Defect g-function

Thinking of Z() as a thermal partition function we can define the associated thermodynamic

entropy,'

s=(1—p0g)log Z(B) . (5.7.13)

Keeping just the ¢; dependent part, this evaluates to

1 BCl BCl ﬁcl ﬁCl 1
=—log— +logl'| — | ——V¥(— | — = 7.14
ST dm ©8 (47?) 4 4dr 2 (5:7.14)

where U(x) = I"(z)/I'(x).
We now comment on the relation of this result to the g-theorem [37,80,88]. We first

observe that s is a monotonically decreasing function of ¢;, which is in accord with the g-

theorem. The connection to the g-theorem, which is usually phrased in terms of a theory

9This follows from the Weierstrass formula for the Gamma function, —InTl'(z + 1) =

0 N
1
g {10g(1 + i) - = + vz where 7 is the Euler-Mascheroni constant, v = lim [ g — —log N
m’ m N m

— 00

m=1 m=1

10We use s to avoid confusion with the action S.
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defined on a space with boundary, is made via the folding trick under which our ring partition
function is related to the scalar field partition function on a disk with a ¢;¢? interaction on
the boundary. Such partition functions were considered in the context of boundary string
field theory [85, 80, , 124]. Tt would be natural to extend our computation to allow for
general c; 23 couplings but we were unable to obtain a closed form expression. The result
should decrease along the RG flow according to the argument in [38]. We also note that the
g-theorem, defects, and relations to ring partition functions have been considered in more

general contexts in [95, 96].

5.7.3 Entanglement entropy of accelerating defects

This section involves the following problem. We consider two defects under going constant
proper acceleration a in opposite directions. At time ¢ = 0 they are mutually at rest and
located at positions x = +a~!. The field ¢ is assumed to be in the Lorentz invariant quantum
state compatible with the Lorentz invariance of the defect trajectories. Given this setup, we
wish to compute the entanglement entropy at t = 0 between the two half-spaces x < 0 and
x > 0. The motivation for posing this precise question is that the answer is easily obtained

from the partition function (5.7.12).

The Lorentzian trajectories of the defects are

z(T) = j:% cosh(at), t(r)= ésinh(aT) (5.7.15)

where 7 is proper time. Rotating to Euclidean time via t—it and 7—7 the trajectory turns

into a circle of radius R = 1/a,

(r) = 2008(@7’) CHr) = 2sin(a7) (5.7.16)

where 7 is now periodic, 7 = 7 + 27 /a. This is illustrated in Figure 5.6.
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<«——Lorentzian time——>

-
.= S a

.

it
(a) (b)

Figure 5.6: Figure 5.6a: The blue curve depicts the Lorentzian trajectory of the accelerating
defect and its Euclidean counter part. Figure 5.6b: The ring defect in Euclidean space that
corresponds to the accelerating defect in the Lorentzian spacetime. Here 8 = 27/a, and we
have included a cone to indicate that we will be varying  to compute the entanglement

entropy.

The density matrix pgr[¢,d_] describing the z > 0 half-space has a standard path
integral representation, obtained (up to normalization) by doing the path integral on the
Euclidean plane with boundary conditions ¢ (¢_) imposed just above (below) the positive

real axis, as shown in figure 5.7.
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1t

Figure 5.7: Pair of accelerating defects continued to imaginary time where they describe a
ring. The density matrix describing the = > 0 half-space is obtained by performing the path
integral in the presence of the defect with prescribed boundary conditions above and below

the cut along the positive real axis.

The entanglement entropy is obtained as
s=—Tr(plnp) . (5.7.17)

As in the absence of the defect, it’s convenient to think of the usual angular direction 6 on
the plane as a time direction generated by a Rindler Hamiltonian Hgj, ~ 0. In particular

the density matrix becomes

plos, -] = N{p_|e 2 Hrin

o4) (5.7.18)
where NN is the normalization factor needed to set Tr p = 1. If we define
Z(B) = Tr e FHrin (5.7.19)

then the entanglement entropy can be obtained as the entropy associated to the partition

function Z(3) using the standard thermodynamic expression

s =(1—805)log Z(B)| ,_,, - (5.7.20)

Finally, Z(3) also has a simple path formulation: it is given by the path integral on the cone,
since the periodicity 6 =2 6 + 27 has been replaced by the periodicity 8 = 6 + 3 according to
(5.7.18).
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For simplicity we will only consider the defect with the ¢;¢? coupling. The entanglement
entropy will be a function of the dimensionless combination ¢;/a. This being the case we
will henceforth set a = 1, as it can always be restored by taking ¢;—¢; /a. The entanglement
entropy is then obtained by setting 5 = 27 in (5.7.14), which gives

1 c1 c1 C1 C1 1
— “log & 41 F(-)--@(-)——. 7.1
s 2og2+og 5 5 5 5 (5.7.21)

It follows that this entanglement entropy monotonically decreases with increasing ¢, yielding

an entanglement interpretation of the g-theorem in this example.

5.8 Defect on torus

In this section we consider the torus partition function with a defect wrapped around one of
the cycles. One motivation is to understand how to relate the computation of the partition
via a trace in either of two channels on the torus; this is a bit more subtle than usual due to
the u dependence of the defect. The partition function will also allow us to obtain a Cardy
type formula for the asymptotic density of states of the defect Hilbert space. We restrict out

attention to the ¢; defect, with ¢o = ¢3 = 0.

5.8.1 Defect Hilbert space calculation

We first compute the torus partition function in the channel where the c¢;-defect is placed
along the Euclidean time direction as shown in Figure 5.8. We denote the result as Zy(Lg, L, 11)
where 1 is the RG scale, as will be discussed shortly. Here, the subscript d denotes that the

partition function is a trace over c;-defect Hilbert space.
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Ly c1-defect

L

Figure 5.8: We choose the Euclidean time along ¢;-defect direction, and the result computed
in this channel is denoted as Z4(Lg, L, 1t).

H=1/12) gyver the

In this channel, the partition function is computing the trace of e=#
defect Hilbert space. We will parameterize the spatial direction x € [0, L) and place the
defect at © = 0. From (5.2.18), we learn that a ¢;-defect will impose the following twisted

boundary condition at x =0

L 1 0 0
o)\ 5(0)) 55
¢'(L) —a 1) \¢'(0)
For ¢; > 0, the eigenfunctions satisfying the above boundary conditions fall into two classes.

The first class is

Wl (x) = V2sin (%Tnx) ., n€Zsyg. (5.8.2)

Notice that these eigenfunctions satisfy the boundary condition (5.8.1) as ¥ (0) = ¥Z(L) =0

and ¥ (0) = ¢'(L), and are independent of the coupling c;.

The second class is

YH () = A(w)(cos(wz) + cos(w(Ls — 7)) , (5.8.3)
where the normalization factor A(w) = , /Wﬁlw)) and w > 0 satisfies
L
2w tan (%) =c . (5.8.4)
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As one can see, the second class depends continuously on the coupling ¢;, and the modes

can be viewed as the flows of the periodic eigenfunctions v/2 cos(2Z) (n € Zsg) for ¢; = 0.

Therefore, we can naturally use w,, (n > 0) to denote solutions at positive c;.

It is notable that the zero mode v = const. at ¢; = 0 is lifted upon turning on the
coupling, which we take to be positive. Furthermore, at small ¢, the leading behavior of
wy as a function of ¢; is distinct from the other w,’s, as one can see in Figure 5.9. It is

wl

27
3.0

25k = mmm e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

20

1] T e e e

OAo/f . . I . . . . I . . . . J et

0 1 2 3 4 4m

Figure 5.9: Here, we plot the first three solutions to the equation (5.8.4) as a function of the

coupling c;. Notice that we have rescaled w and ¢; with % so that they are dimensionless.

straightforward to check that at small ¢; the solutions w,, admit an expansion in ¢;:

1 a L 9 2mn c1 2
Y e O == 4+ = ) .8.
wo ”L( 24—|—O(cl)) ,wWn =7 +2n7r+0(cl)’ n>0 (5.8.5)
In the limit where ¢; — oo, all the solutions w,, have the same behavior:
27 1 47 1
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For finite ¢; one can see in Figure 5.9 that as n gets larger w,, slowly approaches (n + ) r

-,
We can also write down an expansion for large n at fixed c;:
2mn c1 1
n=—7"+—+4+0| =) . 5.8.7
“ L * 2nm * (nZ) ( )

On the other hand, if ¢; < 0, the system is pathological because one eigenfunction will
have imaginary w. It’s not hard to see this as the perturbative expansion (5.8.5) holds for
negative ¢; as well, and wy becomes imaginary when turning on small negative ¢;. For finite
negative ¢, the function 2ix tan (”L) = —2z tanh (%) remains negative and monotonically
decreasing for z > 0, thus (5.8.4) always has a purely imaginary solution when ¢; < 0.
Quantization of this mode either leads to non-unitarity or an energy spectrum unbounded

from below. Thus, we will only consider the case where ¢; > 0.

Once we understand the eigenfunctions, it is straightforward to construct the defect
Hilbert space, as the states are formed from the harmonic oscillators with frequencies given
by the w,’s from the eigenfunctions. Naively assembling the partition functions of each

oscillator together, we find

) n %) wnl
2 47
Zi(La, L) = (H 13 n) ( q—w) , (5.8.8)
n=1 q n=0 1- q 2~

. Notice that the factor arising from the vacuum energy of the oscillators:

Ld
where ¢ = e 2" T

wnL

gln=1 220 T (5.8.9)
is divergent and therefore requires regularization. We split it into three parts as

1 & Il emw, L —
IMEEISE L SN N EE PR S (L 2;;))

(5.8.10)

The first piece is regularized using familiar (-function regularization, and leads to —=5. The

second piece diverges logarithmically, and we regulate it by considering an energy cut-off at
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A; since the momentum is measured in the unit of %, this will cut the infinite sum at AL.

Then we add a counter term along the defect

C1 A
— [ dtl — 8.11
2 [anoe () | (5811
where p is the RG scale. Taking the limit A — oo, we find
AL
. ClL A ClL 1 - C1L
Algrolo [__87r2 log <;) + = 2 ﬁ] =32 [y + log(pL)] , (5.8.12)

where «y is the Euler-Mascheroni constant. The remaining part of (5.8.10) is finite as one
can see from (5.8.7) and numerically verify. To summarize, the partition function computed

in this channel is

c o wni\ —1
ZALml”u)26’%#”*W%W”h’ﬁ+%E““>II(1—q3%> [Ta-gm

n=0 m>0

5.8.13)
1. L p o0 (
=e 2 (yHlog(uL)) 421 2T oler) 1 .
nlg) 51— q¢%
where the constant Ey(c1) represents the shifted ground state energy
wo 1 2mn 1
E = —+ = n— — — — | . 5.8.14
ole) =5 +'271_1(“’ L 2nw) (5:8.14)

As a consistency check, one can also compute the partition function from the path integral
by expanding the scale field ¢(¢,z) using the eigenfunctions described above. The path
integral then reduces to a infinite product of Gaussian integrals, which can then be regulated
following the same approach taken for a free scalar field [79]. This reproduces the result
(5.8.13), and after a further regularization leads to the same final result (5.8.13).

c1L

= in front of the
T

To conclude, we want to quickly point it out that the coefficient —
—4L0og(uL) term can be viewed as the anomalous dimension of the ¢;-defect. This way of
computing anomalous dimension can be generalized to the case where both ¢; and ¢y are

activated. In this case, the twisted boundary condition is given by

(2—c2)?
oL _ s 202 o) (5.8.15)
¢'(L) % G ) \d(0)
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and the equation for the eigenvalues become

L 2 L
2w tan <%> =c + %w cot (%) : (5.8.16)

Notice that the equations can be solved exactly when ¢; = 0, and for large w they admit a

similar expansion as (5.8.5) (where for simplicity we assume ¢y > 0)

2 Co 2mn c1 1
n— T t <_>> ) : ) >0,
“n =T (arc w\2)) T AT ¢ n + arctan(cy/2) TOl), nz

oo X 2 (5.8.17)

Ca
=2 (arean (2)) 0, n>0.
“n L (arc R * L * 4 + 3 nm + arctan(cy/2) +0la), n

Then the logarithmic divergence in the zero point energy sum contributes to the partition

function as

exp (—% (i Wy, + iw%))
n=0 n=1

A A
Ld C1 1 C1 1 (5 8 18)
D _— .O.
exp ( 2 (nz:% 4 + ¢3 nm + arctan(cy /2) * nz::I 4 + ¢ nm + arctan(ce/2) >)
ClLd 1
~ ————7F—log(A) ) .
P ( I 1+ gy o8 ))
Thus, we see that the anomalous dimension for a ¢y, co-defect is given by — Cﬁd ﬁ, match-
¢

ing the calculation in (5.4.7).

5.8.2 Torus partition function with the space-like defect

Next, we compute the same torus partition function but now as a trace in the dual channel
where Euclidean time is taken run transverse to the defect, as shown in figure 5.10. We
emphasize that this is precisely the same setup as in Figure 5.8, and we are simply identifying
Euclidean time differently than before. Naturally, we expect to get the same answer as
(5.8.13); nevertheless, for the moment we will use Z, to denote the corresponding result.
The calculation can be computed using either the Hamiltonian approach or the path-integral
approach; below we demonstrate explicitly the Hamiltonian approach and briefly sketch on

the path integral computation.
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c1-defect

Lq

Figure 5.10: In the dual channel, we choose the Euclidean time to run transversely to the

ci-defect, and the result computed in this channel is denoted as Zy(Lq, L, p).

Because the defect is placed along the spatial direction, it should be treated as an operator

insertion that does not change the Hilbert space but rather acts on it. Because of this, we
2minz

take the familiar expansion of the free scalar field, ¢(x,t) = >, @n(t)e “a , to get the free

Hamiltonian (and use the (-function to regularize the vacuum energy)

s 1 27 A N
Hfpee = —o— + —70 + — bl b, + did, 5.8.19
f 6Ld+2LdW0+Ld;n(n + n )7 ( )
as well as the defect operator
~Sq _ _ClLd A2 c1Lq l NG At 9
e exp ( o ;O (0], = du) (b —d}) | - (5.8.20)

Here, the l;n,I;IL’s and a?n,cfll’s represent creation and annihilation operators of harmonic
oscillators with normalization [b,, bf] = [d,, d!] = 1, and 7, and @, represent the momentum
and the coordinate of the zero mode. Note that the defect operator effectively introduces a

mass term for the zero mode.

The torus partition function in this channel may be computed by inserting a complete

basis of states (formed by the eigenstates of the free Hamiltonian Hy,..) in the trace

Zo(La, L, ) = Tr(eSteMHrreey =N “(ipleSt|g) (ple™HHree o)) (5.8.21)

.
where again the RG scale p will be introduced shortly. It is useful to note that the defect

operator e~%¢ only mixes the two oscillators labeled by the same n, thus the partition function
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factorizes. The contribution for a given n can be computed by expanding e~ o (b —dn) (bn—dh)

and use [bf — d,,, b, — di] = 0. We find

o0

o= Gt (- —dh) |y J\Fnb+nl - alg c1Lg -1
0, 0|~ Tt Ghmdn)bn=dl)|p fyant+nl — | (1 _ ) (1 a1
> (e [€.6)d (=g (1+5 4 - ,

£,0=0

oL
where g = e °"Zs. And the contribution from the zero mode is

]_ c 2 T, L 1
_/dW0<W0|€ 1Ld(pg|770>€ i = _/dﬁod% Tole” R #8|ipo) (po|mo)e ™ 2 = .
V 27 alL

(5.8.23)
Combining everything together, we find the partition function is given by
1 - 1
q~*ﬁ - - p : (5.8.24)
val Ul(l—q "1+ Gt — (1 - G52))

where the factor (j_% comes from the vacuum energy term in Hy,... The above expression

contains a similar divergent term, which can be seen by writing

L
_a(1— Cilyg
4 dmn
. 01[@ 1
- Z 4mn ( (n))] ’

and we will regularize it in the same way as in the previous calculation. Namely, we first

oo

. _
H 1+C1Ld _q«n(l_ﬂ) =exXp _Zlog(

47mn 41n

(5.8.25)

introduce the same UV cut-off at energy A. But because the energy is measured in unit of

Li, this would instead cut the infinite sum at AL;. Next, we introduce the same counter

term
Cl A
dt 1 5.8.26
o faros () (5.8.20
and taking the limit A — oo then leads to
ALg
. c1Lq A c1Lq 1 c1Lg
1 1 — ) - —| =- 1 Lg)] . 5.8.27
Jim |42 og(ﬂ) = Zn] gy s ros(ueL) (5.8.27)
The partition function is then given by
~_ 1 oo c1Lg
_calyg 1 q_ﬂ € 4mn - _ox L
Zo(La, L, p) = e L2d (y+log(pLa)) - . G=e g
o) Al SEe Ty



As a consistency check, let’s consider the vacuum expectation value from (5.8.28), which can

be obtained from the coefficient of the leading term in the g-expansion:

c1Ly c1Ly

1 = eam e~ ~ir log(nLa) L
) _ r{1+ 2= 5.8.29
Vel }_[1 1+ 4La Vel ( w ) )

The path integral calculation can be done by expanding the scalar field ¢(x, t) using periodic

_ _caly
<e Sd) — ¢~ 4 (vtlog(ula

functions and treat the defect operator e~¢ as an operator insertion in the Gaussian integral.

It is straightforward to check that it reproduces the same unregularized result (5.8.24).

5.8.3 Matching the two calculations

As pointed out, since we are computing the same configuration with the same counter terms,

we expect the result Zy(Lg, L, ) and Z,(Lg, L, i) to match exactly:
Zd<Ld7L7:u> = Zo(LdaLalLL) : (5830)

This equality amounts to the claim

1, L c oo
o~ Tt (r+log(uL) 4 2027 Fole) 1 _
nlg) 51— q¢%
e e1lq (5.8.31)
:e_ciﬁd (y+log(uLa)) L4 i‘* H € amn '
veln(@) 51+ 95— a1 - 55
The RG scale p automatically cancels out from both sides, and leads to
— L+ L Byler) X 1 L\ ik A
4 ™ 4mn
e J—— = (—) LT (5832)
n(g) S5 1—q¢% \La ) o5 1+ Gt — (1= G24)

Let’s first check (5.8.32) at the leading order of ¢;. Keeping the leading term on both

L1 1 Lg
LHS: ———2(1+O(01)) s qZB_QWT s
V c1 Ly |77((])’ (5.8.33)

1 1 —or L

VerLn(g)?

sides, we find

RHS =



The modular property of n(q) (that is, n(¢) = +/La/Ln(q)) implies the two sides agree at
the leading order. This agreement has a simple interpretation, that is, at the leading order,
the c¢;-defect provides a mass-like regulator of the zero mode. This regulator is only modular
covariant as it soaks up the modular transformation of the partition function of the oscillator

modes to ensure the full partition function is modular invariant at this order.
c1Lyg

To see the effect of the anomalous dimension (L% 4” , we have to consider the next
order correction. Using
e 1 alqg ¢" 9
1+%—QN(1—%):1—@1 (1— 27m1—q~”+0(01)) , (5.8.34)

1
§ (5.8.35)
c1Lqg L 1 Ly ) )
ez | e (a3 e () ~estua) + 0]
where we have used
=1 =1 >0 i . )
n =D —qMm==) logl-q¢")=-7— 1 . 8.
,; nl—q" n%;l nd mz_:l og(l = q") = =157~ loa(n(d)) (5.8.36)

To derive the first order correction in ¢; on the LHS of (5.8.32), first notice that from
(5.8.5) we have

wOL
g i 1 /L alqgm (L Ly 2
N N L L RN T 5.8.37
1 _ q% Ld C1 < 27’(’ 12 <Ld L + (Cl) ’ ( )
and
1 1 calqg q" 2
= 1-— O >0 5.8.38
1—¢% 1-q" ( 2nm 1 —q» o), 7 ( )
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L
where ¢ = e~2"Z". Combining these contributions, we find

1 L 1 |:1 ClLd ( m L

ps= L[ E i [ (L2 L iostatan) + o)

= Jezior | o (i s (1) estr@ ) o] o8
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Figure 5.11: Numerical verification of (5.8.32), where we fix ¢;L = 0.1,2,20 and plot

Zq(La,L,p)

Lo 854 function £¢ (recall that the ratio does not depends on the RG scale ).

L

where we find agreement with (5.8.35) after using the modular property of the Dedekind
-function n(q) = v/Z/Lan(d).
To conclude, we consider numerical verification of (5.8.32). To do so, we fix the value of

c1 L and plot the ratio (recall that the ratio does not depend on p)

ZO(Ld7 L7 lj’)

Zo\Tay T P 5.8.40
Zd(Ldenu) ( )

as a function of £¢. We find a nice numerical match of (5.8.32) as shown in Figure 5.11.

5.8.4 Cardy formulas

The modular invariance of a CFT with compact spectrum relates the high and low tempera-
ture limits, allowing one to estimate the asymptotic growth of the density of states, yielding
a Cardy formula [125]. Though we consider a non-conformal defect, we can apply the same

reasoning by computing the partition function in the two different channels.
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5.8.4.1 Review of the standard Cardy formula

Let us first recall the derivation in the case of a generic compact CF'T with finite central

charge c. Its partition function on a square torus is defined as
Z(Lg, L) = / dE p(E)e t4E=75) (5.8.41)
0

where p(F) is the density of states, and we use Ly to denote the length of the Euclidean
time cycle, and L denotes the length of the spatial circle, even though no defect is inserted.
Modular invariance implies that Z(Lq, L) = Z(L, Ly), and in the limit £¢ — 0, Z(L, Ly) ~
e% and we find

mcLy mel

/ dE p(E)e tF ~ e~ 7e1" ebLa (5.8.42)
0

The inverse Laplace transformation py(FE) of the RHS then describes the asymptotic growth
of p(E) in the sense that

S dE p(E)

[ A po(E)

0

— 1, Enu—00. (5.8.43)

The inverse Laplace transformation

1 100 e 77rcL
po(E) = — / dLg eBlat et~ 7or! (5.8.44)

- 21

—100

can be evaluated using the saddle point approximation. Upon changing variable L, = \}—ZE,

the integral becomes

1 o imeLyy ire
po(E) = dz VP (5.8.45)

27?\/E PN

and the large F saddle point can be seen from

, vmeL 2mcl 6 9
iz = - —\/ 5 —\/WCL(Z—ZO) +... (5.8.46)

. el

where zp = —i4/ "=, Evaluating the integral around 2, leads to

po(E) = <C4[é%>l/4 2y P (1 +0 (\/ClE_L)) : (5.8.47)
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Notice that we have neglected the term e&EL” in the integral for the following reasons.

First, while it modifies the location of the saddle point, the leading error is of order %

which is negligible compared to the leading error of the saddle point approximation. Second,

3

the leading order contribution of eavEL” at the saddle point is of order \;;7 which is again

negligible as it belongs to O ( \/ClE—L> (recall that we have assume that c is finite therefore of

order O(1)).

5.8.4.2 Defect Cardy formula

We can similarly derive a Cardy formula for the spectrum of the Hamiltonian acting on the
Hilbert space of the ¢; defect. In this case, the relation (5.8.32) relates the density of states
pe, (E) of the defect Hilbert space to the high temperature limit of the partition function in
the following way. First, expanding n(q) on the LHS of (5.8.32) leads to

oo [e'e) c1lg 1 oo c1Lg
_ 14 L _ wnl | _ L m g2 e 4nn
i3+ a5 Folc1) | | 1—qg™) !t | | 1—qgz )1 == | |
q [ ( q ) ( q ) Ld 1 + clyg Cjn(l _ clLd) )

n=1 n=0 77(6) n=1 4mn 4mn

(5.8.48)

and the two infinite products on the LHS can be expressed using the density of states p., (E)

[H(l ¢ ] - q“?”ﬂL)‘l] = /OOO per(B)e”PHdE (5.8.49)

n=1 n=0
where we have chosen the ground state energy to be £ = 0. This implies that

cilyg 1 0o c1lyg

= CELygp ALy (LT C® € dmn
P, (B)e  #PdE = qiz"2x ™0 (—) R . - p . (5.8.50
J ot ) e o

and in the high temperature limit % — 0, the RHS is dominated by the contribution from

the vacuum state, and we find

/ per (E)eLiE 1 eLd(EO(cl)—&)ef%10g<%)6%661fﬁdvr i, c1Lq ’ Laq 0.
0 val 4m L
(5.8.51)

Inverse Laplace transformation of the RHS of (5.8.51) then leads to an approximate

density of state p., o(E) capturing the asymptotic behavior of p.,. However, since now we
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have two dimensionless parameters F L and ¢, L, the result of the saddle point approximation

will then depends on the relation between E and c;.
ClL = 0(1)

Let us first consider the simplest case where ¢; L = O(1), which is to say that ¢; L is held
fixed at a nonzero value of order 1 while we take FL > 1. To evaluate the saddle point
approximation only requires EFL > 1, and it is straightforward to check that the saddle

point remains the same as the usual Cardy case, and we find

1 L/27T) 1/4 7_c1l ) o (6EL EL/2x 1
ero(B) = ) eV i e VI (140 =) ), EL>1.
el ) ( VEL

vV ClL 483
(5.8.52)
T c1L
Notice that the factor eV/e8T 3= °8(*%5) i kept as the next leading term in its expansion is
log &
of order R

On the other hand, when ¢; L > 1, we must carefully discuss the relation between c¢; L

and FL. As we will demonstrate, there are three regimes as shown in Figure 5.12.
EL> (a1L)* > 1

Let us first consider the first regime FL > (¢;L)? > 1. In the case, we can still take the
saddle point to be the same as the previous conventional Cardy case, and the saddle point

approximation leads to a similar result as (5.8.52)

48 F3

1/4 . ;
pera(E) = — <L/27T) eV/otL dr os(*58) 2my B <1+0< al )) EL> (L) > 1,

Val VEL

(5.8.53)
except now the leading error is of the order O (%)
ciL > EL > 1 and comparison to Dirichlet defect
Another interesting regime that can be computed is where ¢; L > E'L > 1, which can be

analyzed by expanding the RHS of (5.8.51) for large ¢; L, and inverse Laplace transforming
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EL

EL > (¢;L)?

aiL < EL < (1 L)?
ClL —

1< EFLLcL

Figure 5.12: There are three regimes when ¢;L > 1. When EL > (¢;L)?, the asymptotic
density of states take a similar form (5.8.53) as in the case ¢;L = O(1). When 1 < FL <
c1L, the asymptotic density of states can be approximated by the asymptotic density of
states of a Dirichlet defect as in (5.8.57). Finally, the regime where ¢;L < FL < (¢;L)? is

hard to compute analytically.

the leading term. The leading order contribution of expanding (5.8.51) can be computed
by taking ¢;L — +o0; alternatively, it can be computed using the fact that ¢, = 400

corresponds to Dirichlet defect.

To be more concrete, let’s consider the massless scalar with boundary conditions ¢(z =

0) = ¢(x = L) = 0. The allowed mode solutions are then given by

¢n(z) = sin (%x) , n=1,2,--- | (5.8.54)
with allowed frequency w, = %'. Notice this can also be derived from taking ¢; — oo

limit for the two classes of modes discussed in Section 5.8.1. The torus partition function

computing the trace over defect Hilbert space can then be straightforwardly computed as
(e.9]

gt _1 n
Zm(Ld,L):H1 . =q = [J(1-q?) =nlq
n=1 -

Lqg

), q=e T, (5.8.55)

N

n=1
[eS)

1
where we have regularized the zero point energy using Z n = 1z The high temperature

n=1
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limit of the dual channel can then be established using the modular property of the Dedekind
eta function, and we find

>0 Lg =L _= L
/Opcl_oo(E)e_EdeE% 2266LLde t fd%o. (5.8.56)

From this, we conclude that the asymptotic density of states in the regime ;L > EFL > 1

can be approximated by the inverse Laplace transformation of the RHS of (5.8.56)

1 EL/2x EL 1
o(E) = — /T (1+0(—)+0<—)), aL>EL>1. (5857
P ,0( ) 4\/§E ClL \/ﬁ 1 ( )

To conclude, we want to point out that this analysis implies that the leading order term in

the large ¢; expansion of the RHS of (5.8.51) must agree with the (5.8.56). In the following,
we will show that this is indeed the case up to O(1) number in the ¢; L — oo limit as a
consistency check. Using the Stirling approximation, it is straightforward to write the RHS
of (5.8.51) as

1L6L a(Boten) ) o~ o8 () o5 o O (1+62Ld>
C1 ™
Ld L c c1L c 1
el L Eoler) — = + Silog [ £2) = Sh1 140 .
2 £ Xp{ d( o(e1) 6L+4 g(47r) ymd 7))}( + (clLd)>
(5.8.58)

To match with the calculation from the Dirichlet defect (5.8.56), we must have

L C1 1
E :——1 —(1 - — L : 8.
o(c1) g (47r) —|—47T( 7)—|—8L+O(01L2> , alL— o (5.8.59)

To study this, let’s recall that

Bo(er) = 0 4 Z ( QW) (5.8.60)

To estimate its large ¢; behavior, we notice that the expansion (5.8.5) is valid when n > /¢, L
while the expansion (5.8.6) is valid when n < ¢;L. In the region v/c;L < n < ¢ L, both

expansions are simultaneously valid.

Thus, we consider split the infinite sum at N = ecq L into two pieces

N 00
wo 1 2mn c1 1 2mn C1
E = — 4+ = _—— — _— .8.61
oler) = 5 + 3 321 (wn 7 27m) +5 ngNH (wn 7 27m> (5.8.61)
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where € is chosen such that v/c; L < ec; L < ¢; L. Notice that even though this implies that

1
c1L

< e < 1, we still consider € as being independent of ¢; L.

The first two terms in (5.8.61) we estimate using the expansion (5.8.6), which leads to
ec1L
wo 1o 2mn c1
2+2;<°“’” L _27rn>
T 1 ol 872 T 47 c1 1
T IN (L T4\ a),, (5.8.62)
2L * 2 ; ( 01L2n+ L < clL) 2n7r> N (01L2>
c

1 1 ¥ 7 1
. log(c1L) + ¢4 ( . loge — ym +O(e)> + <2L —i—O(e)) +0 (cllﬂ) :

To estimate the last term, we use the expansion (5.8.5), and to compute the O(c;) and O(1)
contribution, one must use a more detailed version of (5.8.5)
2mn c1 L
L? L?
- + c
96m3n3  16n°7°

L3 BLE Y\
96m575  128n7x7 )

Lt 1
—— 40 = 5
T o560mm © (n7)) “a

(
(
(
N (_ﬁ Lo (%)) 8 (5.8.63)
(
(

L2m—1 1 o
Qam sy + O (W)) (c1)

<2m2(+_11>)<z7r>m nlzj::1 +0 (#)) (c1)2m !

As we will see shortly, the order O(c;) contribution arises from the term of the form

o0 ( o ) 2m+1 o
Z ~—— while the order O(1) contribution arises from the term of the form Z
n=ec1 L1+1 n n=ec1L1+1

But because we do not have a generic expression for the coefficients as,, of the latter term,

we only managed to compute explicitly the order O(c;) contribution.
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To see this, we notice that

oo

1 (1P 1 1 1
> gt en = e (1v0(2g)) - G

n—=ec1L1+1

thus the order O(c;) contribution of the second sum is given by

Z o
Wp —
o
n=ec1 L+1
00

_a (=" ( L )2m+0(1) (5.8.65)

Am 2= 2m(2m + 1) \ 4me

:Z—; (1+log (4me) + O(e)) + O(1) ,

where the last result is acquired by explicitly summing over m (which we omit for simplicity)

and then expand near small €.

Combining the two results, we find that the result correctly matches the expected be-

havior (5.8.59) up to an order 1 number:

Eo(c1) = —C—; log (%) + ﬁ (1—7)+0(1). (5.8.66)

5.9 Spacelike c; defect and quench

In this section we consider time evolution on the Lorentzian plane in the presence of a
spacelike defect. For ¢ < 0 the scalar field is in its standard (no defect) vacuum state. A
spacelike defect is then inserted at ¢t = 0, leading to an excited state at t > 0. We compute
this excited state, along with the two-point scalar correlator and stress tensor expectation
value therein. This is a particular example of a quench, described by an instantaneous change

in the Hamiltonian.

5.9.1 In and out vacuum states for the general defect

In the presence of a spacelike defect inserted at t = 0, there are two types of in modes which

are either left or right moving purely positive frequency waves for ¢t < 0. To find them, we
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can plug the ansatz

. t<0: Ne ™ . t<0: N e iwu
in,L = ) ) ) in,R = ) )
t>0: N (Ae ™ + Be™") t>0: N (Ae ™"+ Be™?)
(5.9.1)
where u =t — x,v =t + z, into the matching condition
t=0" 2 a b t=0",x
gb( ) = gb( ) ) ad —bc =1 (5.9.2)
ot =07, x) c d) \op(t=0,x)
and normalise them so their KG inner products (5.6.3) are,
(5 s 5 40) = 216 (w — W) = ($5.5m P5rsn)>  all other inner products = 0 . (5.9.3)

Note that the condition ab — bc = 1 is necessary (and sufficient) for conservation of the KG

inner product across the defect. The resulting ¢n modes are

/

t<0: —Leiwv
il = Vo (5.9.4)
[t>0: \/% (Ape ™" + B,e™")
(
t<0: %e‘i‘”“
R = o (5.9.5)
[t>0 \/% (Aye ™" + B e™v)
where
1 c 1
Ay, 5 (—_—+a—|—d—zwb> =1,
D " (5.9.6)
B, =~ (,—+a—d—iwb> ==
2 \iw t

w

where r,, and t,, are the reflection and transmission coefficients given in Eq. (5.6.5). While
A, doesn’t vanish for the real-valued frequency w and (a, b, ¢, d) satisfying ad — bc = 1, B,
vanishes for the trivial (a =d =1,b=c=0) and Zy (a =d = —1,b = ¢ = 0) defects, as it

is analogous to the reflection coefficients in the presence of the time-like defect.
To quantise the theory we define the in vacuum as
a,|0;in) =0, b,[0;in) =0, Yw (5.9.7)
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where the only non-trivial commutators between the oscillators are
aw, al,] = 276 (w — w') = [by, b)) . (5.9.8)
Then, one can quantise the scalar field using the in modes (5.9.5) as
> dw w "
o(t,x) = / o (awdy  + budio g+ hoc.) . (5.9.9)
0

For ¢ > 0, which is the time after the defect insertion, one can single out the positive

frequency modes in the mode expansion

—iwu

dw [e vy e
t>0,2)= Aga, + BID) + Bral + Aub,) + h.c.
o> 0.0 = [ 27?[ e )+ = )
. _ (5.9.10)
:/ dw( e WV WU )
—Jo \/_ \/_
where we defined the new oscillators
co = Apay, +Bib . d, = Blal + Aub, . (5.9.11)

From the commutators of old oscillators (5.9.8), it follows that the new oscillators are canon-
ically quantised, i.e.

[, )] = 2718 (w — ') = [do,, dl] . (5.9.12)

These oscillators define the out vacuum state such that
Cw|0;out) =0, d,|0;out) =0, Vw. (5.9.13)

Due to the appearance of the old creation operators in the new annihilation operators, the
1n vacuum state is not annihilated by ¢, and d, and hence differs from the out vacuum state
for t > 0. Said differently, to an observer at ¢ > 0, the ¢n vacuum state corresponds to an
excited state. To write the in vacuum state in the Fock space basis of the out vacuum w.r.t.
the new oscillators we use an ansatz

|0;in) ® < Z - mw|nw,mw;0ut)> , (5.9.14)

Nw,Mw
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For ease of notation, let’s consider a fixed frequency w and drop the subscript w. The
two defining equations of the in vacuum state, i.e. a,|0;in) = b,|0;in) = 0, provide two
relations of the coefficients

AZ\/ m + 1Cm+1,n = B:)\/ﬁcm,n,1 R
A:\/ﬁCerLn = B:) v m + 1Cm,n—l .

(5.9.15)

which are solved as

B*\" b —ila — d n
s = (f) Coo = b ( - ifa = d)w + C) Coo . (5.9.16)

Hence the in vacuum state is

1 bw? —i(a—d
|0;in) = Hexp (— u z.(a o 1L ZCT dT) 00/0; out) . (5.9.17)

where Cf; are normalisation constants which should be fixed so that (0;in|0;in) = 1. For
example, for the ¢; defect (a =d=1,0=0,c=¢y)
. 1 C1 w

w

5.9.2 Correlation functions

The scalar two-point correlation function is a solution of the field equation subject to the
matching condition. When both points are below the defect, i.e. ;2 < 0, the correlation

function in the in vacuum state is the standard free theory correlation function
. 4 1 .
(in|o(t1, x1)P(te, xo)|in) = ~ix log [m® ((z1 — 22)* — (t1 — ta —i€)?)] , (5.9.19)

where the i€ prescription is chosen so that the correlator is analytic in the lower half t; — ¢,
plane, as appropriate for this operator ordering. We will be working in the massless theory
but have introduced m? in the above as an IR regulator. Due to the discontinuity across the

defect, the two-point function behaves differently depending on whether one or both points
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is (are) placed above or below the defect. There are six different cases:

I: t1>t,>0, I': to >t >0,
Im: ¢t >0>t,, Ir: to >0>1;, (5920)
II: 0>t >ts, I : 0>1t>1; .

Let’s denote the two-point function at Region X =1,--- ,III' by
Xt w1 ts, m2) = (05 in|d(ty, 21)d(ty, £2)|0;9n) . (5.9.21)

When at least one point is above the defect, one can use f' or " and the matching
conditions to fix the “initial data” to the immediate future of the defect and use that to

solve the field equation. Namely, we look for solutions of the initial value problem

QO({L‘,O) 2900(26) ) g0($,0) = Uo({lS) )
(0} —=02) =0

(5.9.22)

where the initial data ¢g(z) and vy(z) are obtained by f™ or fM (5.9.19) and the matching

condition. The solution of d’Alembert [120] is

ot 7) = wo(z + 1) 42‘ wo(z — 1) n % /: so(s)ds (5.9.23)

In Region II (¢; > 0 > t5), the initial data are

1 . .
(,00(33'1) = fIH(O,ZL'l;tQ, l’g) = _E 10g[m2<£€12 — t2 — ze)(mlz + t2 + ZE)] ,

(5.9.24)
vo(z1) = 8t1fm(0,$1;752, T9) + leIH(O, T15ta, T2)
where 19 = 1 — 9.
Plugging into d’Alembert’s solution (5.9.23), the correlation function is
fH (t17 T1; t27 1:2)
1 ) , c
=0 log [m?(us — uy + i€)(vy — vo — i€)] + ﬁ (u1 + 1)
1 ‘ _ (5.9.25)
~ (01 — v2) log [m(v1 — v2 — i€)] + (ug + v2) log [m(—u1 — vy — i€)]

+ (v + ug) log [m(vy + ug + i€)] — (uz — uy) log [m(ug — uy + ie)]
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Following the same procedure at Region I using f! obtained above, the correlation func-

tion is

fI (tl,xl;tg,.%é)

1
c
_ 8—; {(01 + uy) log [mQ(vl + u2)2 + 52} + (ug + v2) log [m2(u1 + U2)2 + 62} ]
3c?
+ ﬁ (w1 + v1) (ug + v2)
2
+ 32—17T [(m — v3)* log [m2(v) — v9)? + 2] + (uy — us)? log [m2(uy — up)? + €]

— (v1 + uz)* log [m®(v1 +u2)? 4 €] — (ur + v5)? log [m®(ur + v2)? + €] }
(5.9.26)
One can also compute these correlation functions in momentum space, starting from

Region IIT and consecutively applying the matching condition and Fourier transforming

back to the position space.

Using the correlation function, one can compute the energy momentum tensor in the

in-vacuum state. After subtracting off the value in the absence of the defect we have

(05 9n|Toyy (w)]05in) — (0;in|Ty, (u)|0; in)| = lim 8UI8U2fI(t1,a:1;t2,x2)

c1=0 ul,u2—u
3 A
16w = m (5.9.27)
(0;in| Ty (v)]0; in) — (0;in| Ty, (v)[05in)], _g = lim 8y, 0y, f1(tr, 215 t2, 2)
V1,2V
2
cq A
= —log—.
167 & m

where we regulated the UV divergence through the point splitting, |u; —us| = A~ = |v; —vy].
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Using these, the energy density and the flux are

(03 in| Ty (u, v)]0;in) — (in|Ti(u, v)|0;in)|, _y = [(0; 31| Ty (u)|0; in) + (0;in| Ty, (v)[0; in)] ;!

c1=0
2 A
= ﬂ log )
8 m

(05| Ty (w, 0)[0; im) = [—(0; 00| Ty (u) |05 im) + (05 in| Ty (v)[0; in)]
=0.

(5.9.28)
T and T, for t > 0 (5.9.27) have no O(¢y) term, because such a term comes from a single
interaction vertex on the defect given by c¢1¢(p)é(—p) which contains both left and right
moving particles while T, (7,,) contain only right(left) moving particles. On the other
hand, the O(c?) term comes from two interaction vertices on the defect, allowing two like-
moving fields to contract against each other, leaving two like-moving fields to contribute to

Ty and T,,. All higher order vertices are suppressed in the limit A — oc.

It is also worth pointing out that for the defect in Euclidean signature we have (7)) =0
at any point not on the defect, as can be easily shown as follows. Conservation implies that
(T.,) can only depend on z = x + it. Taking the defect to extend along t, we must have
that (7.) is independent of ¢ by time translation invariance. This implies that (7,,) is a
constant. But since it must also vanish at infinity, it must vanish at all points off of the
defect. The same holds for (T%;). Note that it is the last condition of vanishing at infinity
that does not hold for the spacelike quench defect, as this defect creates an excited state

that does not disperse at late times.

5.10 Comments

In this chapter we studied various aspects of codimension-one defects in free scalar field the-
ory. Even in this simplified setting there are many possible extensions that could be pursued.
For example: non-parallel defects; defects with cusps and their associated anomalous dimen-

sions; moving and dynamical defects, and so forth. Going beyond free field theory there
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are a large number of directions, many of which have been studied in the existing literature
in one form or another. For example, one could add dynamical degrees of freedom on the
defect; replace the bulk theory with an interacting CFT such as Liouville theory; couple the
defect to gravity, etc. For many of these cases, our simplified free field theory treatment

should serve as a useful starting point for perturbation theory, where applicable.
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APPENDIX A

Systematics of Boundary Action

A.1 Forms Conventions

For convenience we collect some conventions and useful expressions involving forms which

are used elsewhere in this work. For a general p-form,

1 1
W= Wy, A A At dw = —'8un1...%de AdxHt A - A datr
b p!
1
= —'V,,wm...updx” Adztt A - datr (A.1.1)
p!

so long as the connection V is torsionless. This also implies

1 1

ﬁa[,jwm...ﬂp] = m<dw)Vﬂl“'Mp (A]_Q)

where the antisymmetrization is defined to include a division by the order of the symmetric

group'. The contraction is defined by

1 . .
$& Wiy, T2 A AT (160 gy, = § Wiy - (A.1.3)

(p—1)

We often find it useful to define

igw =

1

meul“'ule'“VDfpdxyl A .-~ ANdag¥P-p (A14)

(A2 72)y1 =
and it is useful to note

i£<dD_px)M1~~~#p =& (dD_(pH)ﬁ)urpr' (A.1.5)

1For example these conventions imply (dw)as = Oaws — Opwa-
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With these notations the Hodge star is defined by

*W = \/m

g v — V19l IR
- pl(D-p)! Azt A N e = 2wy, (AP P)

K1 Hp
w 6Ml"'//fp'/p+l“'l/D p'

(A.1.6)

where €, ...,,, is the totally antisymmetric numeric array with entries 1. With this definition

*2 = (g)(=1)PP=P). Tt is sometimes also convenient to define €,,...,, = \/|9]€u1-pp-

One may also show, assuming torsionless connection, that for p+ 1 # D

1 y
B HD—(pt1) d <mX“1 HD—(p+D) (dpx)ur“up(pﬂ)l/) :

(A.17)

VVXM1~~~uD—<p+1>V<dp+1x)

Note there is no factorial in the coefficient. A useful special case of this is p = D —2 (so dw

is a (D — 1)-form current) is
1
Vv, X" (AP 1), =d <§X“”(dD_2x)W> : (A.1.8)

For the special case p = D, ifw = V,,j#/|g|dPz, then w = dJ with J = xj = /|g|7*(dP " z),.

Finally, suppose ¥ is a codimension-1 (non-null) surface in M and let ¢* be the pullback

to 2, as would appear in an integral over Y. Then

o [\/@ (delx)M} = o, (%) (A.1.9)

where 7, is the unit normal to ¥ and o = 7*n, depends on whether X is timelike or lightlike.

The orientation choice here is (M) =n A (X).

A.2 Identically Closed Forms

The Poincaré lemma ensures that if J is any closed form on spacetime then, at least locally,
there exists a potential () satisfying J = d@). Though such conserved currents are common

in physics due to Noether’s theorem, the Poincaré lemma is not typically useful because it
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carries no guarantee that () can be constructed locally from the fields in our theory. Indeed,
for a general current J, ) will indeed be non-local. The exception to this, of course, are the
Noether currents associated to gauge symmetries. These are currents J; which are closed for
every possible set of free functions £ parametrizing the gauge transformation. This additional
ingredient, closure despite depending on an arbitrary function, is what we need to ensure the
potential ()¢ can be constructed as a local functional of £ and the other fields in the theory,

assuming J¢ was local to begin with.

This result has appeared in the physics literature in [127] and [128, 129], the latter refer-
ring to the older mathematical literature on the bivariational complex? where this result is
established by finding a homotopy operator. While [127] is clear on the recursive algorithm
for constructing the potential ()¢, insights from the more mathematical literature on the

utility of higher Euler operators allow us solve the recursion explicitly in a natural way®.

As most of this work only relies on the existence of an algorithm to compute a local Q¢

and not on its details, we state the result as a theorem here®:

Theorem 1 As elsewhere, suppose M is a D-dimensional spacetime, ¢ is some collection
of fields over M, and & are some functions over M. Let J be a p-form over M (p < D) and
a local functional of ¢ and &, meaning at each point x € M it depends on only ¢ and &, and
finitely many of their derivatives, at x. Suppose further that dJ = 0 for all free functions &
and that J = Jy when & = 0. Then there exists a local functional Q) of ¢ and & such that
J = Jy+dQ.

2See [130,131] for textbook treatments on this perspective.

3This is essentially deriving the homotopy operator, though we will only show that it constructs local

potentials and not that it obeys the stronger property of defining a homotopy operator.

4The original statement in [127] is slightly more general as the ¢ are allowed to be sections of an arbitrary

bundle rather than functions, but this is all we will require and allows us to include the statement about

£€=0.
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For the interested reader, we have included a short but pedagogical review of how the
algorithm can be derived, by way of a simple example, in section A.2.1. The statement
of the algorithmic procedure can be found in section A.2.2, along with a small notational

dictionary to some other locations in the literature.

A.2.1 Motivation

The idea underlying this algorithm, in this presentation, relies on a simple observation which
can be demonstrated by considering the special case where J is a 2-form which depends only
linearly on the functions £ up to the first derivative. It is also conceptually simpler to start
with a potential for J, say Q, rather than J itself’. Writing () as an expansion in the

derivative order of £ we have
Q - [Qk’afk + Qzaaufk] dz”
= [ E(Qu) + 0,6 B (Qa)]| da® (A.2.1)

where in the second line we have integrated by parts until no derivatives act directly on the
¢k, We will refer to the coefficients Ef*"*"(Q,) as the Euler coefficients®. Here we would

have
Ek(QOé) - Qka - auézaa E}?(Qa) = ~Za' (A22)

Since the &F are free functions, the coefficients in the derivative expansion are unique. Since

there are only finitely many derivatives present we can always convert between the derivative

5This Q will be related to the potential Q we construct in the end, but in general will be different.
The actual algorithm makes no reference to this Q, so it’s only purpose here is as a useful intermediary to

motivate the key ideas.

6This language is inherited from the mathematical literature where the El 7 would be called the higher
Euler operators as they are generalizations of the Euler-Lagrange operator which produces the equations of

motion from a Lagrangian.
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and Euler expansions by integration by parts identities, so the Euler expansion must also be
unique’.
Of course, this is merely a rewriting of Q, but it’s a rewriting with the advantage that

when we take the differential of Q we find

dQ = 4 0 +  E(Qu)] +  0,0,¢"EM(Qu)]da? A da®

[ EEAQu) + OEELAQu)] + 9,0 [C B (AQu)]]da A dzt (A2.3)

12 1|

where in the second line we have written the generic Euler expansion for dQ = J. But

because the Euler expansion is unique, the aligned terms must match so

1 1 = 1 v V) (A
LB U =0 B ) = EQa). S B U = 0B Q). (A24)

Throughout this section, antisymmetrization will not include the k£ index as it’s generically
of a different type. If we were able to invert these equations for the Euler coefficients of Q,

we would have determined @ in terms of J.

Unfortunately, we cannot invert these equations, but we don’t need to because J doesn’t
have a unique potential. So really since our goal is to construct a potential for .J, we only
need to reconstruct Q up to a closed form. To do this we want to eliminate the Kronecker

deltas, and we may do so by taking a trace between p and p in (A.2.4). We find

B (he) = o (DEQ) ~ B(Qw))
P ) = i (DEH@a) — FE(Qu) + BU@a) - 85L(Q) . (A25)

The overall factors come from the (anti-)symmetrization and we see that we can classify the
types of terms which appear. If either p or p (or both) appear on the delta, we obtain a
term proportional to an Euler coefficient of Q. If both indices do not appear on the delta,

then we obtain a term which still contains a delta. In the case both p and p appear on the

"This is the step which requires the “finite derivative order” part of locality. In [127] it was that the

recursion started with the highest derivative order.
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delta we find the coefficient to be the dimension. If only p is on the delta we obtain a minus

sign®, if only p is on the delta then we obtain a plus sign.

We may rewrite (A.2.5) in the form

~ 1
En(Qa) = 57 B (Jua)-
. 2 1 .
Ei(Qa) = 5B (Jua) + 50 B (@). (A.2.6)

The second equation does not specify the Euler coefficient? of Q in terms of only J, but

observe that if we try to build Q back from these expressions we find

Q = D i—lng“(Jua) + ay (gk [%EIQW<JMO¢) + 252E5<Qu):| ):| dz®. (AQ?)

So the term preventing us from completely determining the Euler coefficients of Q in terms
of those of J has collected itself into an exact form! Furthermore, we can see that this
will be a generic conclusion because all of the upper spacetime indices (besides p which is
already contracted) have to contract on derivatives when we construct the form from the
Euler coefficients. In the “delta type” terms, at least one of these derivatives will therefore

contract on the delta and hence on a form index, making the term a total differential.

This means we can always write Q = Q+da where « is constructed from all of the “delta
type” terms. Since (), which is thus constructed entirely from the Euler coefficients of J, is
related to @ by an exact form, both are equally good potentials for J and so there is no loss

in taking @) over Q).

8That this observation generalizes to higher forms and more derivatives of £ is not completely obvious,

but is nonetheless true. The proof is essentially an exercise in combinatorics.

9In fact, the inability to invert these equations is related to the fact that we are really defining a homotopy
operator. If the homotopy operator is denoted h, then Q = hdQ + dhQ = hJ + dhQ. The “delta terms” in
our organization of the contraction collects into the second term here as we argue shortly. See e.g. [130] for
a proof that these terms organize into the particular form dh@. These extra terms are not important to our

particular application.
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The generalization to higher form degrees and arbitrary derivative orders in & is now
mostly a matter of making sure we get the coefficients on the various terms in the contraction
correct. This is not completely trivial, but a straightforward combinatorics problem, the

main difficulty resting with the result mentioned in Footnote 8.

A.2.2 General algorithm

Suppose that J is an identically closed p-form (p < D) depending on a set of free functions
€% and finitely many derivatives thereof. We give the algorithm in three steps. First we
state it for the special case where J depends only linearly on ¢ and its derivatives. We then
point out the simple generalization to other derivative operators. Finally, we state how the

algorithm for the linear case also gives the solution to the non-linear case.

Since J is linear in £ and its derivatives, it can always be written in the form

T = [ T a0 | A n i

= [SkEk(JOél"'Oép) + 8H[§kEII:(Ja1~--ap)] + - } dz®™ A~ Ada® (A28)

where in the second line we have integrated by parts to remove all derivatives from £. The
Euler coefficients, E}*"*"(J,,....,,), are all the data we need to construct a local potential for

J. Note that the upper indices of the Euler coefficients are assumed to be symmetrized.

With this, the potential is given by

1 r+1
pu— a
@ (p—l)!;D—p+r+1’“

O [EEET (Jyagay)]da® A da® (A2.9)

where the upper bound on the sum over r depends on the derivative order J as it’s a sum over
all of J’s Euler coefficients. We also take the convention where r = 0 indicates no derivatives
should be taken. The factor of (p —1)! can be absorbed into a contraction against the vector

0, to write

= L k pvpapr (o
Q=3 i OulE B i) A2.10

r
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This formula appears elsewhere in the literature using slightly different notation. In
[129,132] a multi-index notation is used (multi-index notation is also employed in [130,131],
but the conventions are slightly different which makes coefficients look different) wherein (u)
is a tuple of indices, |p| is its length, and ((u)v) is the concatenation of the tuple (u) with

and ig,J = 22 then (A.2.10)

the additional index v. If we further denote E}."""" = o

5
k
98 )

may be written compactly as

(A.2.11)

| +1 . 0 0J
— o _°2 Y97
R) g PESRCAE 0L, ) Oda”

where a summation over the length of the tuple (u) is to be understood. For example, this
is equation (A36) in [132].

The generalization from partial derivatives to covariant derivatives of arbitrary type is
described in [127]. In the proof of (A.2.9) the only property of the derivatives used is that
they obey the product rule and that the upper indices of the Euler coefficients are completely
symmetric. Symmetry of the indices follows trivially for partial derivatives, but for covariant
derivatives we can always work with the symmetrized derivatives at the cost of introducing
field strengths. So if we assume that all derivatives have first been symmetrized, we can

write!’
J = ["Ep(Jara,) + V€ Bl (Jayoa,)] + -+ ] dz® Ao Ada®™ (A.2.12)

with potential

1 r+1 . o o
0= (p—1)! ZD—]?-I—rnle“l"'vm[kaz(c e )(Jvazmap)]dx PN Adatr
" r=0

(A.2.13)

For the generalization to non-linear dependence of J on £ we consider an arbitrary 1-

parameter path £(\) through &-space. Denote by Jy the evaluation of J on &(\). This J) is

10Though we use the same symbol for the Euler coefficient, the Euler coefficients computed using sym-

metrized covariant derivatives and using partial derivatives will, of course, not generally be the same.
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still identically closed and so it’s A\ derivative is as well:
dJy, =0 (A.2.14)

where we have denoted the A derivative by a dot.

Now .Jy is an identically closed form which depends only linearly on &, which is arbitrary
and independent of £(\). Hence we may apply the (A.2.13) for the linear case to J using &

as our free function to find

" + 1 .. ke pa(vpapr) ¢

which satisfies J, = dQ,. The Euler coefficients now, of course, must be understood to have
been computed from integrating by parts on &F.

Taking the A integral we find
1
Jy=Jo+ d/ QxdA. (A.2.16)
0

If we choose the flow £(\) such that £(0) = 0 and £ = £(1), then theorem 1 is an immediate

consequence.

A useful choice of path is the contracting flow!! £(X) = A¢. In this case the potential for

J is
— [ A —————V, -V B g, T (A A217
Q 0 ;D_p+r+1 M1 HT[§ k (Zau ( 5))] ( )
where it should be understood that the Euler coefficients used here should be those of J A
Making the notational changes described above (A.2.11), we see that this expression is (A.9)

in [129].

HUMuch like the Poincaré contracting homotopy, this choice is not invariant under redefinitions of the
&. Furthermore, there may be cases where this path is not suitable. We refer the reader to the discussion
in [127] for some considerations in this direction. The contracting flow is always possible when the ¢ are

functions on spacetime.

250



A.2.3 Examples

As a simple first example we may derive the Komar term (2.3.61). Using (2.3.41) and (2.3.42)

we find

Je= 1%? (Vo (VA + V7€) — 2V9V,¢7) (da), — icL. (A.2.18)

The potential is simple to compute in this case without using the heavy machinery introduced

above. We need only write

VIVE = — R+ V, V¢ (A.2.19)
SO
— V_g,ul/d o _\/—g Vel Nl d
Je = <87TG Ry () — el | + 167TGVV<V g = vren)(de),,. (A.2.20)

The first pair of terms, linear in ¢ with no derivatives thereof, vanish on the equations of

motion. The latter pair of terms can be identified as yielding the Komar term via (A.1.8).

To demonstrate the heavy machinery, note first that we only need the linear case (A.2.10)
and that only Euler derivatives with at least one upper index (meaning at least one derivative
in the Euler expansion of Jg¢) contribute. So any terms linear in £ with no derivatives, after
putting J¢ in Euler form, will not contribute. Indeed, we can see in the example (A.2.4) that
these terms must vanish when Jg is closed'?. In particular, this means the i¢L term will not

contribute to ()¢, which we also found in (2.3.67).

Since only the 41,0 terms in J¢ will contribute. In the remaining terms we need to
symmetrize the covariant derivatives so the Euler coefficients will have symmetrized upper
derivatives. Here the derivatives are all 2nd order, so the anti-symmetrization will pro-

duce Riemann curvatures with no additional derivatives on £. These terms will again not

12This is actually a familiar statement. Note that the zeroth Euler coefficient is precisely the Euler-
Lagrange operator acting on J¢. This is then the standard statement that the Euler-Lagrange equations

annihilate total derivatives.
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contribute. The result is now

Je = 16_Gv Vo | (70 + 9770l — 2979 ) € (@), + (- (A.2.21)

The relevant Euler coeflicients are then

(6% 1 (07 (6% (0%
Ef(J) =0, EY(J) =5 (29 Oor — gtoy — gﬁ“%) (d2),. (A.2.22)

2

The reconstruction (A.2.10) now produces

_ V9 1+1 b ad
Q§_167TG O+D_(D_1)+1+1va [S Ek (ZaﬂJg)]
/=g 21 N . ) )
= l6rG32 " € (970 — g7 — g™07 ) (&) 0] (A.2.23)

which is again the Komar term, though this algorithm is obviously not unnecessary for this

example.

Another example, this time non-linear in £, would be the calculation (2.3.62). This ex-
ample is again simple enough that we can simply obtain the result (2.3.63) without applying
the general algorithm. To do this we need only (2.3.14) to find

167Goke = D4—[_\2\/—_g (€ AV,E4 + V.8 A ¢¥] (%), (A.2.24)

which is (2.3.63) upon collecting the total derivative and using (A.1.8).

To find this result using the general algorithm, we first take a derivative of dk,¢ to obtain
/ 4A ‘v v : d
167Golke = =——v/ =gV, (g NEF 4 E A gﬂ) (d%),
4A :
= =5 V=9V € A (07 = 01e)| (@), (A.2.25)

From this we extract the Euler coefficient

1

E:(él%:g):mD—F g A (07" — 6y (), (A.2.26)

where we have included a dangling wedge to remind ourselves that when we perform the

potential reconstruction the & appears to the left of this coefficient.
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Since 0ke = 0 when £ = 0, we have (A.2.16) with Jy = 0 if we use the contracting flow
(A.2.17). The reconstruction (A.2.17) then yields

. ! 0+1 4A &
_ Ny SrEr — s (A )
16m Gk /Od)\D—(D—l)+O+1D—2 g&" N A(0;¢ KE)( ),

A
_ —%\/—_gg“ A (A (A.2.27)

as we have already shown should be the case.

A.3 Diffeomorphism Charges for Generally non-Covariant Lagrangians

In section 2.2.2.2, we reviewed a general procedure for computing the Noether charge asso-
ciated to an arbitrary gauge symmetry. In the special case where the gauge transformation

is a diffeomorphism, additional simplifications are possible [14].

The transformation of the Lagrangian under a diffeomorphism & can generally be sepa-

rated into covariant and non-covariant pieces as
ke =i¢l + Ye. (A.3.1)
We may do the same for the action of the diffeomorphism on 6:
Ly 0 = L0+ 1:[5. (A.3.2)
With these separations together, (2.2.24) becomes
ATl = digh + (e — 6Ye). (A.3.3)

That is, the covariant part of the transformations collect automatically into a total derivative,

so the task of computing Il is reduced to just finding a potential X, satisfying
d¥e = Il — oY (A.3.4)
The computation of C¢ in (2.2.26) is now

5Ce = i + S — in,0B. (A.3.5)
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These considerations only alter the computations we need to find C¢ and do not change

the identification of the charge in (2.2.27) as (2.2.28).

A.4 Non-Abelian CS

Here we consider a non-Abelian CS theory in D = 3. This is an important example and
stress test of our techniques because of the CS/WZW correspondence which, at first glance,
might seem to be in tension with our methods. In particular, recall the well known fact that
one must supply an explicit parametrization in order to reduce a WZW model to an explicit
boundary theory, and in particular the theory cannot be reduced explicitly to the boundary

in terms of the gauge element g.

On the other hand, the charges for CS theory can be explicitly constructed on the bound-
ary from ¢ and its derivatives. The construction (2.3.25) would then seem to suggest that
Q) can also be constructed explicitly from g, and we will see that this is indeed the case. In
order for our construction (2.2.29) of the boundary action to be consistent with this known
property of WZW models, it must be the case that while {2 can be explicitly constructed
from g, the canonical 1-form © cannot. This is a non-trivial requirement and we will see

that it is indeed the case.

So then to define the theory we take the background manifold to be M = R x D where

the spatial slices are disks. The Lagrangian and some useful quantities are
2
L =tr (A AN dA + gA?’) ., E=2F 0=—tr(AAJA), k\y=tr(\dA). (A.4.1)

We choose the chiral boundary conditions A; = Ay so there is no need for a boundary

contribution to the action, B = ¢ = 0, in light of (2.2.15).

The Noether current associated to gauge transformations is

Jy = tr [d(AA) — 2AF] = dtr(\A) (A.4.2)
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so @y = tr(AA). Thus one may check that the full Noether charges are
27 2
HIA =2 / dotr(AA), Hy= / do tr(A2). (A.4.3)
0 0

Before attempting to apply our techniques to this theory, we should use the WZW cor-
respondence to see that the boundary action produced by standard techniques should be.
Since we will need an explicit parametrization, and hence gauge group, we wil choose for

simplicity SU(2) with the parametrization

1101 1009

g=ce e e

30y = 2sin(2ay) (A.4.4)

where o}, are the Pauli matrices and z turns out to be a convenient definition.

By solving the Lagrange multiplier constraint, the action produced by the Lagrangian

(A.4.1) becomes the WZW model

1
S = —3 /Mtr [(g_ldg)g} — /tr [g_latgg_l(%g} dt A do +/ tr [Ai] dt Ado.  (A.4.5)

oM

Using —3 tr(g~'dg)® = d(zda; A dag) the boundary action may be written
S=-2 [ taslal(en - af) + oo — ah) + (o —za)@s o) (A40)
oM

where the minus sign comes from identifying the boundary orientation to be d¢ A dt, as

commented on in footnote 17.

With this result in mind, since we already have the full Noether charges in hand, the

simplest approach is to compute the symplectic form via (2.3.25). This produces

2m 2
Q= / tr [0Ag A g og] do = / tr [0(g~"0s9) A g~ '0g] do. (A.4.7)
0 0

As promised at the beginning of this section, due to the g=! factor, this cannot be written
as 0 of something directly in terms of g. Instead we must go to the explicit parametrization

(A.4.4) in order to find the canonical 1-form.
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But this is a straightforward calculation to perform, the result being
2w
Q= —25/ [a)dan + andas + (o — zah)das] do. (A.4.8)
0
Together with
2
H; = —2/ [ + o + (o — za))aly] dop (A.4.9)
0
we find the phase space action

S = —Q/dt /82 do [0 (cn — ) + o (ds — @) + (0} — 20 ) (G — ad)].  (A.4.10)

We could also find this result by the methods in section 2.3.3. Since we already have @)y
from (A.4.2), we only need to compute the potential for dk, with w = g7'dg. In the case
of diffeomorphisms it’s simple to use (2.3.12) as our free function with respect to which the
potential k,, can be constructed. Here, however, w = ¢g~1d¢ is not a completely free function
and we must use da as our free function instead. This unfortunately means that we cannot

write down a potential &, without specifying the gauge group.
Using the parametrization (A.4.4) we find

kw = 02 A Sasday + dag A daqdz + 6oy A dzdas. (A.4.11)

Furthermore we may compute

Q. = 0z A (dazdag + dagdas) + z(ddag A dag + ddag A dag)

+ 2(50&1 N d56¥1 + 5042 N d56¥2 + 6043 A d5oz3). (A412)
Adding these forms we find
0Qu + ky = —20 [dayday + dagdas + (dag — zdag)dan ] + d(zdas A day). (A.4.13)

Integrating this over the ¢ circle the total derivative term does not contribute and we evi-

dently reproduce (A.4.8), from which the phase space action (A.4.10) follows.
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A.5 Relation to Schwarzian Action for JT gravity

From the perspective of the current paper, it is most illuminating to view JT gravity and its
Schwarzian action description [18] as a special case of our approach to 3D gravity. The 3D

origin of the JT/Schwarzian is discussed in [133].

In 3D we have the Euclidean action

1 1
Sy =——-— [d3 Ry +2)— — d2z\/hs (K5 — 1 A5.1
3= "Tgaq ) TEVOs(s 1 2) 817G Jops 3(Ks —1) (A-5.1)
The 3D class of metrics we consider are
dz? 1 22 1 1—
g _ 42 A — 1 oy o )
ds; = = + (22 + 1 LL) dwdw 2de 2de (A.5.2)

with w = ¢ +it, w = ¢ — it, (L, L) are functions of (¢,t) that take the form

L={F(¢,t), ¢} + 5 F"

— K

L ={F(¢,1), 6} + 57’2 (A.5.3)

where (k,%) are constants and ' = 4. At fixed ¢, the functions (F, F) are elements of
diff(S'). In general, the metrics (A.5.2) are off-shell; to be on-shell the functions (F,F)

must be, respectively, holomorphic and anti-holomorphic in w.

It is rather tricky to obtain the off-shell action governing (A.5.2) by direct substitution
into (A.5.1), in part because the coordinates are not globally smooth. Instead, we apply
phase space methods, viewing (F, F) at fixed time as points on phase space and building an

action out of the gravitational symplectic form and Hamiltonian on this phase space. This

procedure [131] leads to the Alekseev-Shatashvili action [19],
Spg = —— Lo | kF'OF — (= "a F +RE'O,F — = HaF (A.5.4)
A5 T 16rG ° Fr) " v Fr) v -

We now turn to the 2D story. One approach is to KK reduce the 3D action by considering

metrics

ds? =ds3 + ®*dt* |, t=t+2n (A.5.5)
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taking the metric components to be ¢ independent. Using

/ d*z/g5(Rs — A) = / d*2,/g2®(Ry — A) — 2/ dx\/ﬁn“@u@ (A.5.6)
M3 M2

M
where the metric on the 2d boundary is A and n* is the outward pointing unit normal to the

boundary, along with
VK3 = VRO K, + Vhn' 0, (A.5.7)

we find that the 3D action (A.5.2) reduces to the JT action

Sy = /d%\/ﬁ(I)(Rz +2) — L /dWﬁ@(KQ ~1) (A.5.8)

167Gy 871Gy

with Gy = G/27.

Coming back to our 3D picture, to be in accordance with (A.5.5) we should take F' = F(¢)
and F = F(¢), along with k = K. We are thus considering 3D metrics (generically off-shell)
of the form

dz2 1 Lz2\? 1 Lz2\?
2 _ 2 2
with L(¢) = {F(¢), ¢}+5F". For this restricted class of off-shell metrics it is straightforward

to evaluate the 3D action S5 on the form (A.5.9). In particular, we have Ry = —2 so only

-1
C Y

the boundary term survives. Cutting off the space at z = z. and taking ®|,—,. = 2!, we

find the action as z.—0,

1

S3 = —
3 87TG2

/L(¢)d¢ + constant (A.5.10)

which is the Schwarzian action (supplemented with the s term).'® Alternatively, we can
apply the reduction to the AS action (A.5.4). After integrating over ¢t and doing some
integration by parts, we find that (A.5.4) is equal to (A.5.10).

13The original approach to obtaining this action involved considering cutouts of AdS; with wiggly bound-
ary. Here the boundary is at fixed coordinate location z = z., and wiggles are instead encoded in fluctuations

of the metric via the function L(¢).
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APPENDIX B

Hamiltonian formulation of near-extremal charged

black holes

B.1 ADM Hamiltonian of neutral scalars from AdS;

Consider the Einstein-Hilbert gravity with a charge neutral scalar in asymptotically AdSs.

1 1 2 1
- | B/l —(Rr+Z — 2 B.1.1
s=-5- | w\ﬁg[gg( +l2)+2<w>} (B.1.1)
Using the Gamma-Gamma formula,
2N'R' 2N?L'R' 2N,R'L 2R, . 2LN,N/R  2LRN!
— — o T T = L _ NTL, o TSy T
Vooh=—7 N N v ) N -
. !/
d (RLN] n RLN, (B.1.2)
dt N N
The Legendre transformation to the Hamiltonian variables is
S = / dtdr [WLL + mpR 4wy — NH, — N”"”Hr] — / dtaM(o0) (B.1.3)

where M is the quasi-local mass of the BTZ black hole, which appears in the Schwarzschild
coordinates of BTZ black holes as

dR?
f(R)

R’ — R}
12

ds? = — f(R)AT? + + R*dQ?,  f(R) =

(B.1.4)
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As for the 4d black holes, the quasi-local mass can be written in terms of the ADM metric and

their canonical conjugates by first relating the metric in ADM and Schwarzschild coordinates.

dR?
f(R)

= —f(R)(Tdt + T"dr)? +

ds* = —f(R)dT? + + R2dy?

(Rdt + R'dr)?
f(R)
= —N(t,r)2dt® + L(t,r)? (dr + N"(t,r)dt)* + R(t,r)*dy?

Comparing the g4, gi, g components, we get three equations.

RQ

f1? 7 N? — [2N?
. Ry’
—fTT + TT = L?N, (B.1.6)
R/2
_fT/2 4 7 — L2

The first two equations relate N,, L? to f,T, R. At the end, we get

1 . fT/ . 4GL7TL

= (MR- R) = T B.1.
T TIGN ( R=r)=1ar ~ 7 (B.1.7)
Plugging this into the last equation, we get
R/2 RQ
and hence the quasi-local mass is
M R/Q RQ
Hapy =M= — =2G1} — —— + —— B.1.9
oy =M =50 =20m ~ 5o Vs (B-1.9)

The factor of g is there in the Brown-York/ADM charge Q[0;] and also to cancel the

boundary term in the variation of the bulk pieces. The boundary term is

SADM = — /dt M(OO) (B.l.lO)

After gauge fixing
7.=0, R=r (B.1.11)



1 N r?
8GL(t,r)?  8GI?

1 r?
Sapy =~ / d (_SGL(oo)2 * 8Gz2)

The solution of H; = 0 constraint equation

1\ 2r 8G
Z) e !

1 2
h=— (E —|—rq§'2>
2\ r

M(r) =

where

fixes the ——. The solution is

0
1 _ /T d’l“/2—r/€_ f:, dr"’8Gh(r"")
L2(r) . 2

" d T/2 ) ”
— dr/_ (_) e~ fT/ dr'"8Gh(r")
/m dr’ \ (?

h — fr dr ”8Gh(7 //) /i / — (7 dr”’8Gh(r"
— — —¢ T — r— e r! ( )

Th

= 5(0) = [ g ()G 51y e

Th
where

2 2

fr) =",

Plugging this, the quasi-local mass at the boundary is

2
Ty,

M() = 2o

+ / drf(r)h(r)e= - drsGh@)
Th
and action including this boundary action is

S = / dtdr (WB— FrYh(r)e I~ d’”’SGW’)) _ / dt M,

(B.1.12)

(B.1.13)

(B.1.14)

(B.1.15)

(B.1.16)

(B.1.17)

(B.1.18)

(B.1.19)

2
where M, = 82,—"12 is the quasi-local mass without a matter. Let’s call this ADM action.
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Schwarzschild coordinates We can change the coordinates to the Schwarzschild coordi-

nates
ds? = — f(R)dT? + i + R*dy? (B.1.20)
f(R)
First, the gauge fixing already related R(¢,r) = r. Using the g4, the T and t are related by
f(r
dt = %dT (B.1.21)
On the boundary,
|, _. =dT (B.1.22)
The kinetic term in the ADM action
dt dT B.1.2
[atmi— [ar a2 (B.1.23)

and the ADM Hamiltonian

/dt M(o0) = /dT M(50) (B.1.24)

Combining these, the ADM action in the Schwarzschild coordinates is

S = / dTdr (WB — FP)R(r)e T dr’SGW)) - / dT M, (B.1.25)
Now for convenience, we relabel
T —t (B.1.26)
2
ds? = —f(r)dt? + #) +r2dy? (B.1.27)
and the ADM action is
S = / dtdr (Méb— f(r)h(r)e_froodr'SGh(T,)> — / dt M, (B.1.28)

AdS2? We comment that the constraint equations along with 7, 7z variations don’t gau-
rantee the AdS, geometry. AdS, arises by solving the equations of motion. This contrasts

to JT gravity where the geometry is locally AdSs off-shell.
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B.2 Derivation of Quasi local mass

In this subsection, we derive the quasi-local mass, following the calculations in Section 4.1
of [135] for the charged black holes in 4d. Let T'(t,7) and R(t,7) be the coordinates of the
RN black holes with the metric

drR? 2GM  GQ?
02, F(R)=1- """
i R2A0%,  F(R) +

ds* = F(R)dT? + (B.2.1)

R R?
We will first find the ADM metric components N, N", L in terms of this metric and use that
to write the black hole’s mass M in terms of the canonical variables, L, 7y, N, N,,---. First,
. 1 . 2
ds? = —F(T'dt +T'dr)* + — (Rdt + R’dr) d + R0

) '2 . 1 . /2
ds? = (—FT2 + %) dt* +2 <—FTT’ + FRR’) dtdr + (—FT’2 + R?) dr?  (B.2.2)

= —(N? — L>N?)dt* + 2L*N,dtdr + L*dr?

Identifying the metric by components,

FT? — — = N?> - *N?
F T
>IN
—FTT;+if = I2N, (B.2.3)
R/Q
FT"? + — = [*
+ F
The last two equations can be solved for N and L as
N FTT' — F'RR'
T pT2 — F-1R2 (B 9 4)
R/2 o
L= —FT"? 4 —
* F
Substituting these two into the first equation, we get N given by
TR —T'F
N = y (B.2.5)

Plugging these expressions into the expression of 77, in terms of the Lagrangian variables,

R , o RFT
= ey - R = o

— T =-R'F'GLm, (B.2.6)
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Plugging this 7" into the last equation, we get the F' in terms of the canonical variables:

Gri  R® . 26GM  GQF

F:— P
Iz R

(B.2.7)

Hence, we get the mass of the black hole (quasi-local mass)

2 /2 2
R Cm RR O (B.2.8)

M= - _
5G T 2R 2G12 ' oR

B.3 AdS/CFT dictionary for the matter

Inclusion of the matter corresponds to the deformation of the CFT with the dual operator

Sputier & AS = / Al o (2)0(2) (B.3.1)

whose conformal dimension is A = 1/% + m?2(%,s. Then we have the dictionary

Smatter A /ddx ¢0 (ZE)O(I’)

Non-normalisable mode, ¢y <+  Source
(B.3.2)

Normalisable mode <> response, (O)
Zgrav = ZC’FT

In the boundary theory, the correlation function for the dual operator O can be obtained
by taking derivatives of Zopr w.r.t. the sources, ¢y. Through the last equality and ¢q as
the non-normalisable mode, such a boundary correlation function can also be computed by

taking derivative of Z,q, w.r.t. the boundary value of the field.

B 0log Zyraw
do(u1)dgo(usg) - - $0=0

(TO(z1)O(z2) - - +) (B.3.3)

Time ordering Even though the derivatives 55 - commute, it results in the time-

o0

ordered correlation function and hence changing the ordering say, from u; > wuy to us > ug
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. . dlog Z, . .
which uses the same expression 08 Zgrav ) that results in the different answers,

do(u1)dpo (u2

uy > Uy ;. (O(uq)O(us
(OG0 = | 721 (OOt (B.3.4)

ug > up - (O(ug)O(uq))

For example, the 2pt correlation function in the dual quantum mechanics of the scalars
in AdS, at the tree-level (no graviton in the loop) is given by

5Zgrav
5¢0(U1)5¢0(U2) $0,p0=0

1 28 €1 — €
<<2sinw) llJFA(E/lJFEIQ_t;n—“—HQ)D (B.3.5)
2 2
1 2A
- (23in%>

B.4 Thermal 2pt function in 4d s-wave sector in the near-horizon

(ViVa)o =

region

For a charged black hole in 4d formed by collapse of a shell, the geometry of the region

outside the shell is Reissener-Nordstrom black hole with the metric given by
ds? = —f(r)dudv + r?dQ?, u=t—r, v=t+r, (B.4.1)

where the tortoise coordinate r, is

2 2
Ty r

re=rt o log(r—ry) - = log (r - ) (B.4.2)
such that the horizon r = ry is at r, = —o0.
Writing .
p=2 (BA3)
T
the eom in terms of the field outside the shell is
(=0, + 02 +V(r) o(t,r) =0 (B.4.4)
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Using the fact that V'(r,) ~ 0 near horizon, the eom reduces to the free KG equation, and

we can mode expand using the plane waves.

~ dk 1 o .
¢(t, LE) _ / %\/Q_Tk <ak€fzwkt+zk:r + al];ezwktfzkx> ’ Wy = ‘k’| (B45)

Using the thermal occupation number

1
T _ N -
<akak/>5 = 271'(5(]6 k )eﬁwk 1 (B46)
the thermal 2 point function is
~ ~ © dk dk/ 1 —iw ikx iwpt—ikx
(p(t,)$(0,0))3 :/ o7 27 2 Jn (<aka£/>ﬂe KR L (af ap) gt )
00 dk 1 e—iwkt—‘rikax eﬂwkeiwkt—ikz
_/oo 2 2uy ( P11 > (BAT)

_ /°° dk 1 (e *t cos ka N Btk cog kx
Jo 27k ebk — 1 ePk —1

_/oo d_kl cos kx (e—ikt i ek(6+it))
0

o2k efk — 1

where [ use x = r, and the invariance under simultaneous translation. Now using it = 7 and
o

=> e (B.4.8)
n=1

we get

b - L [ dk1 coskr |, ., D) f—r
(B:0090.005 =3 / Qb L CORKT (omteen 4 g-lin=i=rhy

dk 1 coskzx * dk 1 coskx
— —(nB+1)k —(nB—7)k s ey Tk
Z/ gyl G e )+/0 ke 1"

(B.4.9)

||
o
@\

1
iw—d wtd ) (B.4.10)
—log(a +x )

a

—log(a® + %) + log(A? + %)
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where A is an IR regulator, and
~ 2 kT ! / > k(t'+iz) k(' —iz)
dk—coskx "7 = dr dk (e +e )
0 k —00 0

- | |
:_/ a7’ (T,HHT,_M) (BA11)

= —log(7? + 2?) + log(A® + z?)

the two point function becomes

(6(t,2)8(0,0))5 = —% S log [(nB+7)% + 7] [(nf — 7)? + 2] — % log(a? + 1)

= —i Zlog(nﬁ + 7 +iax)(nf + 17 —ix)(np — 7 +ix)(nf — 7 —ix)
n=1

(B.4.12)
Using the product formula
. o 2
Sm:;z — <1 + %) (B.4.13)
n=1
~ ~ 1 1
(p(t,)9(0,0))5 = — yy log {ﬁ sinh {%(m — ZT)} } ~ log {ﬁ sinh {%(1} + ZT):| }
+ o g log(nB)* — — log(z* + 7°)
=— i log {i—z sinh {%(w - 27)] sinh {%(az + ZT):| } + % ;log(nﬁ)z
(B.4.14)

where the last term is a spacetime independent constant that we can ignore. Now Wick
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rotating back to the Lorentzian time,

(6(t,2)8(0,0))5 = —i log {i—z sinh [%(:c _ t)} sinh {%(a: + t)] } (B.A15)

where we used x = r, and since it is invariant under the simultaneous translation, the

arguments can be shifted to w2 and vys.

The near horizon limit is

2 2
g T6Ph ) o
t=—7=—— = A — = Ty ~ B.4.16
A g T AP N Pt 271l ( )
The tortoise coordinate is
2
"o pP—PnY , 2P 22 2
re T+ —lo < >+—10 A — + O\, 0 B.4.17
ot sl () g [N (p* = pi)] + O(X,0) ( )
and so
1 — 4]
g u= = (phr — log P ph) e (7“0 + log [)\2(/)2 - Pi)])
2 prpen/ 2 (B.4.18)
1 P—Pn 0 202 2 -
Thv=— 1 — log [\ —
T v 2(ph7+ o8 P+Ph)+2r% (TO+ og[ (v phﬂ)
Taking the near-horizon limit, § — 0, let’s leave only the first term:
1 P — Pr
Ty u~ 3 prT — log n
P o (B.4.19)

1 p—Ph)
Ty v~ = 7+ log
" 2(ph P+ Ph

Using these,

1 1
sinh (Eum) sinh (L,m) P Lt (pl +pnp2 — ph) Y s (m —pnp2t ph) i
p B p1 = pr P2+ pu p1+ pr P2 — P
1 1
N e‘%ﬂhnz (Pl — Ph P2 +ph) ! _ 6%F’h7’12 <P1 + P p2 — Ph>4
P1+ P P2 — Ph P1 = Ph P2+ Ph

_ (emmne 4 eormz) (\/p1+Ph92_ph+\/pl_PhP2+ph>

P1 = Pn P2+ Ph P1+ Ph P2 — Ph
2 cosh pyris — (\/m T onpr o \/m — P P2 +ph>
P1 = Pr P2+ Ph P1+ Ph P2 = Ph
(B.4.20)
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The AdSs Schwarzchild coordinates (7, p) has the metric

dp?
ds® = —f(p)dr® + ——, f(p)=p*— 1} (B.4.21)
f(p)
Performing the coordinate transformation
p = pncoth(ppz) (B.4.22)

we can move to the thermal AdS, coordinates (7, z) with the metric

—dr? + d2?
ds* = pi# (B.4.23)
sinh”® pp 2z
In particular,
PHPL_ e PP o (B.424)
P = Ph P+ P
Hence, Eq. (B.4.20) becomes
: T , T
sinh (Buu) sinh (Bvlg) =2 cosh pp T2 — 2 cosh pp 212 (B.4.25)
and hence the 2pt function is
1 232
<¢(t7 .Z')¢(0, 0)>5 = _4 2 lOg o (_ cosh PrTi2 + cosh ph212) (B426)
L T

where we used ¢ = % near the horizon.

Using the coordinate transformations between the Schwarzschild AdS; and thermal AdS,

given by p = pj, coth pyz, we can write the lightcone coordinates as

p“”‘) — Pty
P+ Ph

1
Ty u 3 (phT — log 5

(B.4.27)

1 p—m) Ph
Ty v~ — 7+ 1o = —(rT—2z
o 2(ph o 2( )

Using this, the 2pt function in the thermal AdSs coordinates takes the same form as in the

coordinates outside the collapsing shell:

T2

(o(t,2)p(0,0)) 5 = —i log {6—2 sinh [%(T — z)] sinh [%(T + z)} } (B.4.28)
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APPENDIX C

Non-conformal Defects

C.1 Higher transverse derivative terms

In this appendix we illustrate how defect terms with higher transverse derivatives can be
traded away for terms with at most first transverse derivatives. As a concrete example

consider
1 2 2 1 B 2 B / 1 B 12 B /1
S = 3 d*x(0¢)* + dt(icl O+ 3 pd + 5G9 T 9¢") . (C.1.1)

The expectation is that we can use the equations of motion to replace ¢"— — é, which in
momentum space will correspond to a shift of ¢ proportional to w?. This quick argument
does not take into account the renormalization of couplings, so it is worthwhile to flesh this
out explicitly.

The two-point function is computed in the same manner as before. The expression (5.3.7)

for Io(wq, p1,pa) is now

Io(w17p17p2) = _leg + iCQB(pl - p2) - 03];31?1]92 + Cf(P? +p§) . (0-1-2)
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The relationship between the bare and renormalized couplings is now found to be

B (”—;A3 — wa) c o Ac2
cy = = + = + = =
(14 Acy)? (T4 Acy)? (14 Acy)?(1 —c37)
B _ €2
(14 Acg)(1 —e3A)
="
1-— CgA
B ¢
¢ = - C.13
VT oA (C.1.3)

We then work out the function X (wy, p1, p2) appearing in (5.3.5) as

1 1
Xnum = —C + §|W1|(6163 — Cg) + 5’&)1’362 W%C:SCZ

4
) 1
+ica(1 + §|w1|04)(1?1 +p2)
1 1
+ ca(1+ §\w1\04)(1 - —\w1\03)(pf + p3)

1
+ <03 + —(0163 62 + 20304w1)>p1p2
2| |

T C204 (p1 + P2)p1p2

2| 1
+ e = Lne)pi? (C.1.4)
— (1 — =|wiqle 1.
and
1 1
Xien =1+ W(Cl + 204wf — c:;w%) — Z<(Cl + 204wf)03 — cg) ) (C.1.5)
1

We are interested in correlation functions of fields inserted away from the defect. Such
correlators are unaffected by the shift

X (w1, p1,p2) =X (w1, p1,02) Z A (P2 + W)™ (P35 + wi)" (C.1.6)

m,n>0

where ' instructs to omit the m = n = 0 term, since this just adds to the position space
correlator terms which are delta function localized on the defect. Therefore, in (C.1.4) we

are free to make the replacements p?— — w? and p3— — w?, since this just changes X by
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terms of the form in (C.1.6). Doing so gives
P o | PP N L oo 2
Xpum = —C1 + i (Gre3 — ¢3) + ica(pr + p2) + (Q\w ‘(clcg, )+ c3)pip2 (C.1.7)
1
with

& =1+ 2cw7 (C.1.8)

Examining (C.1.5) and (C.1.7) we see that all ¢4 dependence has been absorbed into the
definition of ¢;. This confirms our expectation that the ¢4 coupling can be traded for an w;
dependent shift of ¢;. The same mechanism holds for all higher transverse derivative defect

terms.

C.2 Fusion of two defects

We write the two-defect correlator in the form (5.3.5), and write

X(wy,p1,p2) = ))((r;zl . (C.2.1)
We find, in the coincident limit L = 0,
X = ol [(e? + ) + ) = (& + Y]
L 2 P 2 - P 4 )
+1 [cg) + cg ) 4 %(cgl)c:(f) — c@cél)) — i(cgz)cgl)cé L (1) éQ)cg ))
43+ )] 1+ )
] | Ve ) = () + 052))2] pip2
+ i [ = 22 4+ () + 22 = (el + ) i (C.2.2)
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and
1 2 2
Xden = —8\w | ( cg”cf) (cél) + c§2)> + cgl) <c§2) + 2> + c§2) (cél) — 2) )
1

1 2 2
4+ = (( (2) (l)cé2) 052) cgl) . 40&1) . 80&2))05) (¢ gl) (2) + 8 +4c(2)) (2 ))

(1) (2) (1) (2)\2
cy'c ¢y +c w
(1 242 ) (¢ - 2 ) |81‘ (cé 1D (D 4 Dy — (D) - 2)2 c:(f)(cél)—I—Z)Q) _

(C.2.3)

In the above the couplings are the renormalized versions, defined in terms of the bare cou-
plings by the relations (5.3.19). The couplings of the fused defect are then read off by
equating the expression for X above with that of a single defect

—c1+ z(cres — 3)|wi| +ica(pr +p2) + (gy(cics — 3) + ca)pips

1+ ﬁ(cl — c3w?) — %1(6103 —c3)

. (C.2.4)

X(W17P17P2) =

As noted in the main text, this results in expressions for the fused couplings ¢; that agree

with those computed by composing the matching relations.

C.3 Stabilization by interactions

The unstable modes bound to the defect are analogous to the small £ modes of a tachyonic
m? < 0 free scalar, with w = VA2 + m2. In that case, the scalar potential is unbounded from
below but can be stabilized by adding an interaction term such as —¢4 In this subsection,
we add a %gb‘* term to the free massless scalars in the presence of a defect described by the

matching conditions, and discuss the solutions and fluctuations around them.

With the interaction term added, the field equation implies
/1 / 3 / A 2
" =V(d)=Ag", — ¢ = i\gcﬁ (C.3.1)
where the sign can be fixed in terms of the boundary values

dlr=400)=0, ¢lx=0")=0¢., ¢x=0")=0¢r (C.3.2)
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where ¢ g are determined by the matching conditions (5.6.2). The solution is

x<0: 1
= SR IRVEE (C.3.3)

x>0:

1
65 +sen(ér)y/ e
Plugging them into the matching condition (5.6.2), one gets

A
b¢r = apr + b -sign (¢r) \/;Zﬁ ,
(C.3.4)

61, = dor + b - sign (¢r) \/;% -

The existence of solutions, which we refer to as solitons, depend on the matching matrix.

For b > 0,

e 0 < - < a: No soliton (also no non-oscillatory bound states around ¢ = 0)

Ul

e 0<a< é or é < a < 0: One pair of ¢ ¢r > 0 solitons

< 0: One ¢r¢r > 0 solition and one ¢r¢pr < 0 soliton

Ul

This is illustrated in Figure C.1a. The number of solitonic solutions matches the number of
bound state modes around ¢ = 0 as can be seen from Figure C.1b. Thus, in the interacting
theory, whenever there is a decaying mode around ¢ = 0, the solitonic solution is also

available.
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oror > 0 i No soliton One bound statef{ No bound state
ke <0< k- Ky < k- <0

¢rdr > 0 and || Two bound statd
¢ror <0 0<ky <k
(a) Soliton solutions for b > 0 (b) Non-oscillatory decaying modes for b > 0

Figure C.1: The parameter space of unstable bound state modes and solitons in the (a,d)

domain.

To see which solution is energetically preferred, we use that the Hamiltonian in the

solitonic background is

Hyy=H+Y (C.3.5)
where
H= /_: (%dﬂ + %&) dz
= /: %¢4 dx (C.3.6)
= 1S ol + ten?)
and Y is

, ac bd , ,
Y =behpor + EQS% + o <¢L)2

(C.3.7)
— ¢} <§ + bc\/é o] + %bdaﬁi) -

Plugging the solutions ¢, p of the matching equations (C.3.4), we find that the maximum
energy is negative in all regions on the (a,d) plane where there is a soliton. Hence, we

conclude that the solitonic solutions are energetically preferred to the trivial ¢ = 0 solution.

275



In principle, we should also consider fluctuations around the solitons and check for stability,

but we have not done so.
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APPENDIX D

Higher Structure of Non-invertible Symmetries

D.1 Fusion junctions and associators in the 2d compact boson

theory

D.1.1 Local fusion junctions

In this subsection, we analyze the T'x T' — n* junction using the junction data for the fusion
T x n~% — T, and then complete our analysis of the local fusion junctions by analyzing the
n* x T =T and ™ x n™ = ™" junctions.

k — T One can begin with the local fusion junction for

T xT — n* using T X n~
T x n~% — T and flip the direction of the n* defect along L, and similarly also that of the

T defect along ¢ > 0, as described in Figure D.1.

Figure D.1: The local fusion junction Hom(T x T,n"), obtained by flipping the directions of

n~%on Ly and T on t > 0.

Flipping the direction of * corresponds to taking its inverse, i.e. S,-x(Ls) = S,r(—Lo),
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because

Nl - 90<¢2 ¢1+2;”)=%/_L2d¢<¢1—¢2—%—” —Nl

D11

However, flipping the direction of the T-defect requires a boundary term since

iN [ iN [© iN | iN |
s ‘1‘ng51 = %/0 P3dgy = o /OO $1dgz — g%% N = b5 i'Tgbl - g@bl% N
0 0

(D.1.2)
Combining the results from T'x n~% = T' (4.3.18) with a suitable relabeling of the fields and

the extra boundary term (D.1.2) needed for flipping the direction of T', one reproduces the
boundary data (4.3.29).

n® x T = T Consider fusing the upper part of the two defects n* and T to obtain the

local fusion junction in Figure D.2 (left).

n™, 1 n", p2

Figure D.2: The local fusion junctions Hom(n* x T, T) (left) and Hom(n™ x ™, n™*") (right).

The defect action in the fused part at ¢t > 0 is given by

1 2k

1N
S—g [ e (on—ent 5) + 51 [ ond

(D.1.3)

+ % /t>0 [N¢1d¢2 + (¢1 ¢3 + %) d(p— qu?)} + ikalg

where the first term on the second line corresponds to the T-duality defect as expected from

the fusion outcome, the second term is a trivial decoupled TQFT and the last term is a
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boundary term. The trivial TQFT in the current form is such that its Dirichlet boundary
conditions are consistent with the relation between the bulk fields across the n* defect,
¢1 — P3 + % L, =0 mod 27. The Dirichlet boundary conditions and the boundary term

at this junction can be summarized as

2k
Hom(nkxT,T): ¢1—¢3+L =0, QO—Ngbg\t:O:O mod 27

N iz (D.1.4)
Sbary = —tkd2(0) .

n™ X ™ = n™T™  Following the same steps for the local fusion junction n™ x n™ = n™+"

in Figure D.2 (right), the action along the fused segment takes the form

S:%/bo {d% <¢1_¢3+27rTm) + depo (¢3—¢2+27TTH)}

) 2 2
:% /t>0 |:d901 (¢1 — ¢+ W) + (¢3 — ¢+ %) d(pa — @1)1 .

The first term on the second line is the action for the expected n™*" defect and the second

(D.1.5)

term is a trivial decoupled TQFT, whose Dirichlet boundary condition is consistent with the
relation between the bulk fields on the defect. Hence, there is no boundary term but the

boundary condition is given by

2m™n
¢3 — P2 + N =0, ¢lmg= p2l—o = ¢1l,-y mod 27
t=0

Hom(n™ x n”,n"””) :

dery =0.
(D.1.6)

D.1.2 F-symbols

In this subsection, we compute all the F-symbols in the 2d compact boson theory except for

qu rr- In Figure D.3, we collected the diagrams for the first three F-symbols.
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. . : n™ T T
Figure D.3: The diagrams for Fp, . 7, Fom pn, and Fon o p.

F}T:;n’T Using the results from the previous subsection, the boundary conditions and bound-
ary terms at each junction are

2 N 2
o oy Nop=0, 61— ép+ =0, S<a>=—’2—ﬂ¢1(¢3—$),
B b0+ A =0, o~ Nog=0, S(3)=—inon(s)
. , 27m_0 Nér —0. S N ,  2mn (D.1.7)
viobr— ot =0, o1 = Neop=0, (7)—%¢L<¢1_¢I+T>7

, 2mm iIN -, 27
d0: o —Ng; =0, ¢L_¢R+T:O: 8(5):§¢1<¢R+ N2>'

The result of the global fusion of the three defects, T',n™, T in the middle is

; B ; B
s [ aor (o on+ )+ L [ (00 o+ B ) o - Now
Y v

. B
. IN . D.1.8
+ {—Zmﬁbl + %QSRQbI + m¢R] ( )
v
der;;zobaz

where the first term is the expected n™ defect, the second term is a trivial decoupled TQFT,
and the last term is a collection of boundary terms. Both decoupled TQFT fields ¢; — Nog
and ¢; — ¢ + Q’TT” have trivial Dirichlet boundary conditions from the boundary condi-

tions (D.1.7), and hence the decoupled TQFT does not contribute to the F-symbol after
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reducing the interval. Adding the boundary terms at the upper junction,
S(Oé) + S(ﬁ) + dery;global|ﬂ =0 (D19)

and at the lower junction,

1N 2mm ,  2mn 2mimn
S(v) + S(6) + Svary:giovatls = o (¢L — ¢r+ —> (be — ¢+ N ) -

, N N 110
2mimn 49r
= — mo .
N
Hence, the F-symbol is
m 27
Fl = exp ( ”;\7[””) . (D.1.11)

FT

g T Using the results from the previous subsection, the boundary conditions (modulo

27r) and the boundary terms at each junction are

2mm )
(62 ¢L_¢I+T:0, @1_N¢R:07 S(a):—zm¢R(a),
2mn IN 2mn
B: on-Nér=0, & —ént =0, S(B)=-Ng (¢;—¢R+—),
N 21 N
S / / (D.1.12)
v ¢L—¢I+T=07 01— N¢p =0, S(y) =imei(7),
2mn IN 2mn
d0: @o—Nor=0, ¢/1_¢R+T207 5(5)=%¢L(¢}—¢R+T)
and the result of the global fusion of n™, T, n™ in the middle is
iN [P ? , 2mn y g
S —g/v ¢rdor + [% (¢1 — ¢r + T) 0y + zm¢IL
; B ; B
7 2mm 7 2m™n
— — — | d — N¢,) — — — N d|( o) — — .
+ o /7 <¢L or + N > (1 or) 5 /7 (2 ér) (<Z51 Or + N )
(D.1.13)

The trivial TQFT fields have trivial Dirichlet boundary conditions and do not contribute to

the F-symbol. Adding the boundary terms at the upper junction,

S(O./) + S(B) + dery;global‘lg - %(502 - N¢1) (¢II - ¢R + %Tn) +im (¢if - ¢R)

2mmn

N

(D.1.14)
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and at the lower junction

) 2mn
S(V) + S(5> + dery;global‘(; = % (¢I ¢R N ) (N¢L - (;02) =0. (D115)
Hence,
2mimn
F%}Tmn = exp ( N ) . (D.1.16)
FnT T The boundary conditions and boundary terms at each junction are
2mm .
a: ¢>L—¢1+—:0, 01— Nor =0, S(a)=—imogr(a),
ﬁ: (bl (b] _O SOQ_N(?R:O? S(ﬁ):—ln(ﬁR(ﬁ) ;
27T(m—|—n) (D.1.17)
5: gp -+ I 0, o - Nop=0, S(6) = i(m+n)on(9)
2mn
Viop=ei=g ¢ ¢t =0, 5(1)=0.

The global fusion of ™, n™, T in the middle is
zN
/ ¢rdor + i(m + ”)¢R|ﬂ

+—/ <¢L—¢1+27T—m)d(801 P2) + <¢L ﬁb}"‘W)d(%—N@%),
(D.1.18)
and the trivial decoupled TQFT fields have the trivial Dirichlet boundary conditions. The
sums of the boundary terms at the upper and lower junctions vanish, and thus the F-symbol
is trivial,

FT

e =1 (D.1.19)
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Figure D.4: The diagrams for FIT

F77 and F7
Tmn™ n,T,T"

nmnt

FIT’ gman  Lhe boundary conditions (mod 27) and boundary terms at each junction are
2r(m +n 1N 2r(m +n
a: ¢I_¢R+¥:Oa ¢ —Nop =0, S(Oé):—§¢L<¢I—¢R+(T)),
2mn
6: ¥ = Y1 = P2, ¢,I_¢R+T:07 S(B):Oa
2rm 1N 2mm
: —_ / _— = — = = — — / _—
viodr— ot =0, o1 = Nop =0, S() 5 0L (be It — ) ;
2mn 1N 2mn
0: ¢}_¢R+T:O: 2 — Nop =0, 5(5):§¢L(¢}_¢R+T) ,
(D.1.20)

and the global fusion of the three defects ™, n™, T is

N [? : 2 g
S :Z2_7T/y ordor + {%901 (le — ¢r+ W(mT_'—n))}/
(7 2 2
#m [ [ven = enater = on+ O 4 (61— o= ) alga - )]

(D.1.21)
All trivial decoupled TQFT fields have the trivial Dirichlet boundary conditions and so the

two decoupled TQFTs do not contribute to the F-symbol. The sum of the boundary terms
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at the upper junction is given by

S(a) + S(B) + Searygiobatl 3 = i(% — N¢r) (¢I — ¢r+ W) =0 mod 27
(D.1.22)
and at the lower junction by
S(y) +5(0) + dery;globalLY = %(]\Um — 1) (¢1 — ¢r+ MN—FTL)) =0 mod 2.
(D.1.23)
Hence, the F-symbol is trivial,
Ffpmgn = 1. (D.1.24)

Ff_}?:;mn The boundary conditions (mod 27) and boundary terms at each junction are

N
ai%—Mwﬂ,%—%+%ﬂ=Q5WF—%@@ 2mﬁ,

N BTN
2mn IN 2mn
6: @2_N¢1207 ¢/I_¢R+T:05 S(ﬁ):_%¢l<¢;_¢R+T)a
o B g 2r(m—n) _ N , 2m(m —n)
v: ¢—=No;r=0, ¢ ¢1+—N =0, 5(7)—27T¢1 o — N )
2mn 2mm
d: Y = Y1 = P2, ¢/[_¢R+T:07 ¢L_¢R+T:0> 3(5)207
(D.1.25)
and the global fusion of the three defects T, T, 1™ in the middle is
iN [P 2mm ) B 2mn
525/ (¢L_¢R+T>d¢l+%/(QS/I_CbR‘i’T)d(%OQ_NQSI)
¥ ¥
N (D.1.26)

+%P(%ﬁm%ﬂﬂﬁ

v
The trivial decoupled TQFT fields have trivial Dirichlet boundary conditions. The sum of

the boundary terms at the upper junction vanishes,

S(a) + 5(8) + Svarysgiovat|s = 0 (D.1.27)
and the sum at the lower junction vanishes as well,

S(v) + S(0) + Searyigiobatl, = 0. (D.1.28)
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Hence, the F-symbol is trivial:

Fipn=1. (D.1.29)

F,?:: rr The boundary conditions (mod 27) and boundary terms at each junction are

2 2
@i pi=¢=¢ GL—rt+ o =0, -6+ =0, Sa)=0,
, 2m(m —n itN -, 2m(m —n
B: o= o =0, or—on+ T 0 s(0) = o (on - T,
2mn , Y
v ¢L_¢I+T:07 2 — Ny =0, S(7>:Zn¢l(7>’
;o 2rm _ N, _ 2mm
0: ¢p1—N¢g; =0, ¢L_¢R+T_Oa S@)—Qﬂﬁb[(ﬁb}? —N)

(D.1.30)
and the global fusion of the three defects n™,T,T in the middle is

P 2 N 2m(m — g
S:%/W dey (¢L —¢R+%) + [;—W% (¢R— W)}

5
. 8 ; B
1 2mm 7 2mn
— — — | d(N¢, — — — — ) d(py — N¢)).
+ 27r/7 (<Z5L ¢r + N ) (Nor — 1) + 27T/v <<Z5L ér + N > (2 o7)
(D.1.31)
All decoupled trivial TQFT fields have trivial Dirichlet boundary conditions, and the sum

of the boundary terms at both the upper and lower junctions vanishes,
S(a) + 5(8) + Svaryigiovatls =0, S(7) + S(0) + Sparyigioarl , = 0. (D.1.32)

Hence, the F-symbol is trivial,

m

Fipp=1. (D.1.33)

D.2 Comments on alternative formalisms on the local junctions

The topological boundary /interface of a topological defect (or a TFT) can be described either
in terms of boundary conditions or by introducing boundary degrees of freedom. In Section

4.4, we take the first approach, and in this Appendix, we want to present the alternative
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description commonly used in the literature [63,71] and discuss their relations in the concrete
example of the 3d Zy gauge theory written in terms of the CS action. Notice that there are

no new results here, and we simply hope to clarify a few subtleties in various formalisms.

Let’s first recall the topological boundary condition for Zy gauge theory given by the CS

action
N
S="" [ and. (D.2.1)

o fy

For generic N > 1, there always exist two boundary conditions

(I): alpy =doo , Nbloy = doy ,

(D.2.2)
(II) . NCL|@V = dgba s b|av = dgbb s
and we will restrict our discussion to these two for simplicity.
In the boundary condition (I), the gauge transformations are given by
a—>a+dr,, b=>b+d\y, o= 0a+Aa, DPo— o+ NN . (D.2.3)

It is straightforward to check that the action is gauge invariant and is consistent with the
variation principle. In this boundary condition, the a-Wilson line is allowed to terminate on

the boundary, described by the gauge-invariant operator

exp (—igba(p) b L a) NV ={p}, (D.2.4)

where v is some path in the bulk V' that terminates at the boundary point p € 0V. On the
boundary, the charge N b-Wilson line is identified with the identity line as there exists a local
junction between the two. In other words, the line ¢V /? can terminate on the vertex operator
e~ in a gauge-invariant way'. Hence, ¢’ $,0 generates Zy symmetry on the boundary for
the boundary condition (I). Combined, we see the boundary condition (I) yields the correct

operator spectrum for the e’f “-condensed boundary. It is straightforward to repeat the same

I'Notice that similar story happens in the bulk, except the role of e’#* is played by the monopole operator
of a [136].
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analysis for the boundary condition (II) and see it describes the ¢'$-condensed boundary

correctly.

The same boundary conditions can also be described by introducing boundary scalars
and coupling them to the bulk field, while leaving the bulk fields completely free in the action

on the boundary. The boundary coupling as well as the gauge transformations are given by

N
(D) : Sov = =~ [ ¢db |
27T Vv
a—atd,, bobrdy, ¢—b—\,
. (D.2.5)
(II)ZS@\/:— ¢da+a/\b,
27T Vv

a—a+dr,, b—=b+d\, O¢—>0—N.

It is straightforward to check that both boundary conditions are well-defined and yield the
correct operator spectrum. In the boundary condition (I), €'/ ® can terminate on the e~
in a gauge-invariant way on the boundary. At the same time, the equation of motion of
¢ implies that eV 0 = 1 thus e'$® generates Zy symmetry on the boundary?. Similarly,
in the boundary condition (II), ¢!J? can terminate on the boundary while e/ ¢ generates

Zn-symmetry instead.

The advantage of this formalism is that one can manifestly produce an action in terms of
continuous fields in the interval reduction. For instance, let’s consider placing the theory on
[0,1]; x M. Let us first consider choosing boundary condition (I) for both ¢ = 0 and ¢t = 1

boundaries. In this case, the full action is given by

N N N -
! a/\db—;— ddb+ — ddb . (D.2.6)

27T [0,1};5><M2 ™ M2|t:0 27T M2|t:1

2To see that e?NJ? can terminate on the boundary, we notice that there exists a boundary operator

O(z), defined by removing the point z from OV and require the compact scalar ¢ to have unit winding

around x when inserting in the path integral. e*V I'b can terminate gauge-invariantly on O(z).
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with the gauge transformation
a—a+dha, bobtdy, d—=0— I, = bd—As. (D.2.7)

Reducing along the interval by fusing two boundaries leads to the 2d action
N ~ N
) G-d)db=— | ®db, (D.2.8)
21 I, 27 g,

which becomes the standard 2d Zy gauge theory upon introducing the gauge invariant

compact scalar & = 5 — ¢, thus reproduces the well-known result.

On the other hand, one can also consider choosing boundary condition (I) for the ¢ = 0

boundary and boundary condition (II) for the ¢ = 1 boundary. In this case, the full action

is given by
N N N ~
il andb— 2> (¢da+a/\b)+l—/ ddb | (D.2.9)
2 [0,1]¢ x M2 2 Mz =0 2 Mali=1

with the gauge transformation
a—a+dha, bob+dy, d—=¢— D, G—¢— . (D.2.10)

Upon the reduction, we find the 2d action
1N
21 S,

—aAb—¢da+ddb, (D.2.11)

with the gauge transformation (D.2.10). Despite having a seemingly non-trivial action, the
2d theory is actually trivial as there are no gauge-invariant operators which do not commute

upon canonical quantization, also matching the well-known result.

D.3 Triality fusion junctions and associators in 4d Maxwell theory

D.3.1 Triality fusion junctions

The triality and the condensation defects form a closed non-invertible fusion algebra. In this

section, we focus on the associator for the fusion of three triality defects (not of a condensation
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defect) for even N and analyze the following relevant local fusion and morphism junctions,

Co—1(44.21), Cy —1(4424), U(l)y xU(1)-n — 1 (4.4.35),
D3 x 1= D3 (44.17), 1x D3= D3 (D.3.3), 1x Ds= D3 (D.3.5), Dsx1=Ds(D.3.7)
D3 x D3 =U(1)yD3 (4.4.33), D3 x D3 =U(1)_ynD3 (4.4.34),

Eg X D3 = CO (D39), D3 X Eg = O% (D312) .

(D.3.1)
D3 V3 Cy (or C%) L0 Vs
Al AQ A2
2o
"" Ag . '.'. o o
17 b . ‘/1 ‘/2 Dg or Dg ‘/2 i l, b Dg (OI‘ Dg) Dg (OI‘ Dg)

Figure D.5: Fusion junctions on the second line of Eq. (D.3.1); b is the defect field on V5 for
the identity defect.

1 x D3 = D3 Consider the local fusion junction for 1 x D3 — Ds, the first diagram of

Figure D.5. The action along the fused upper part V3 is

: N
S=— [db(Al — Ay) + NAzdA, + —AgdAg]
27 Jy, 2
N | N
= (AldAg + —AldAl) + 2 A A A, (D.3.2)
27 Jy, 2 A Js,
' N N
(A - A)d (b S Ay A — NAZ)
or )y, 2 2

where the first term on the last line describes the triality defect D3 as expected from the
fusion algebra, second term is the boundary term and the last term is a trivial TQFT.
Since the fields A3 and b above ¥, are supported only along the Dj defect, (by shifting
A3 — A3+ A and b — b+ %Ag + %Al + NA,, the TQFT is decoupled from the bulk. Thus,
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we impose the boundary conditions (4.4.15). In summary,

N N
HOHI(]. X D3, Dg) . Al — A3 , b— EAS — EAl — NA2 = pure U(l) gauge ,
Yo
1N
ry = — Al N A;s .
Sbary I Js, 1 N\ Ag

(D.3.3)

1 X D3 = D3 We again use the first diagram in Figure D.5 with the action along the V3

segment,
{ N
S=— {db(Al — A;) — NAzdA, — —AgdA2:|
27 Jy, 2
N 1 .
- (AldA2 4 —AszQ) T / (A — A)d(b+ NA,) . (D3.4)
27T Vs 2 27T Vs

-~

Vv
Ds Decoupled trivial TQFT

Hom(1 x D3, D3) : Ay —As, b+ NAy|g =pure U(1) gauge, Spry =0. (D.3.5)

D3 x 1= D3 This corresponds to the second diagram in Figure D.5 with the action along

the V3 segment given by

' N
p— [—NAlolA3 — 2 AydAy + dbA (A — AQ)]
27 Jy, 2
N 1 ' N
=2 (AldAQ + —AgdA2> + i/ (A3 — As)d [b CNA - = (Ay+ As)
T Vs 2 27 Vs 2
—~ s~ ~ (D.3.6)
D3 Decoupled trivial TQFT
i N
—5 s NA; N (As — Ag) + 3142 NAs .
Shtry
Imposing the boundary conditions (4.4.15) for the decoupled TQFT, we have
— — N
Hom(D3 X 17 Dg) . b— NA1 - E(AQ + Ag), A2 - Ag = pure U(].) gauge ,
. 2N (D.3.7)
dery - — NAl A (Ag - Ag) + _A2 A Ag .
27T Yo 2
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D3 x D3 = Cy This junction corresponds to the third diagram of Figure D.5. The action

along the fused part V3 is

S = uy <_A1dA3 — —AzdAs + AzdA; + —AsdA3)
e Vs 2 2
_ _Z_ dAg (Al _ Az) — Z_ A2 A A3 . (D.3.8)
27 Jy, 2m Js,
it Sbiry

No particular boundary condition is imposed, hence
— iN
Hom(D3 x D3, Cy) :no b.c.,  Spapy = o As N As . (D.3.9)
T Js,
Attaching a morphism junction between Cy and the identity (with the identity defect field
being b) using Eq. (4.4.21), we get

_ N
Hom(Dj3 x D3, 1) : b+ NA;, Ay — Ay| =pure U(1) gauge, Spary = _r Ay A Az .

2T 2o
(D.3.10)

D3 x D3 = C% This junction corresponds to the third diagram of Figure D.5, with the

action along the fused segment V5 given by

J/

g =" <A1dA3 + —A;dA; — AzdA, — —AQdA2>
T Vs 2 2
iN 1 N =
= [(Al — Ap)d(Az + Az) + 5 (A — Ag)d(As — A2)] + _/ (A2 A Ay — S ALA A2> '
T 1% 2 27T o 2

(D.3.11)

There is no particular boundary condition imposed here, hence

— N 1
Hom(D3 X Dg, C%) . No b.C., dery = 'l2_ (A2 N A3 — §A1 VAN A2> . (D312)
T Yo
Attaching a morphism junction between Cj and the identity (with the identity defect field

being b) using Eq. (4.4.24), we have

Hom(Ds3 x D3, 1) : N(Ay + A3) —b, A} — Ay = pure U(1) gauge,

iN
dery = g

. (D.3.13)
(AQ A Ag — —A1 A\ Ag) .
Yo 2
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D.3.2 Triality defect associator

In this subsection, we focus on the first three associators among the following defect trios,

with morphism junctions to the identity added whenever it is possible:
D3XD3XD3, DgngXDgg, D3XD3XE3, E3XD3XD3. (D314)

These are drawn in Figure D.6.

Figure D.6: The triality defect associators. Morphism junctions appear in purple and are

adjacent to a local fusion junction. From left to right: [Fgg(’lg];il)s]U(l)Nﬁ37U(1)Nﬁ3, [ngﬁs Dg]l’l
D
a‘nd [F5337D37D3] 1,U(1)N53 .

D.3.2.1 [FU(”N }
D3,D3:Ds | 171y y Ds,U(1) w Ds

This associator (first diagram of Figure D.6) relates the following two different fusions:

(Dg X D3) X D3y = U(l)Nﬁg X Dg = U(l)NC[) — U(].)N s
B (D.3.15)
D3 X (Dg XDg) :U<1)ND3 X D3:U<1)NC% —>U(1)N .
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Using the junction analyses in the previous subsection, the boundary data at each junction
is
N
afB: Ap—Agr, N(A;+ Ag)+ 3(141: — Ag) — b = pure U(1) gauge
N
S(a) + S(B) = - [Ap AN Ap — Ap A Ap + (A — Ag) AAY]

4 Sas

(D.3.16)
v6: Ap— Agr, b+ NA, =pure U(1) gauge ,

ny
0 5

After the parallel fuison of three D3 defects in the middle,
iN [?

_57

1 1 1
S (ALdA, 5 ALdAL + ArdA] + SAdA; + AdAg + §A}dA’I)

N (7
== / (Ap+ Ar + A)d(Ap + Ar +4) ULy
:

— 22— dA} (AL — Ag) « Condensation defect Cj
m
N

+ % - [—A} NAg+ % (ArNAL+ AT NAL+ AT A AI)] < Shdry:global
(D.3.17)

the interval hosts a U(1)y Chern-Simons theory, a condensation defect and some boundary

terms. Summing the boundary terms from the upper junctions along with Spiry.giobar We get

1N
(@) +S(8) + Swarygiobatlop = =7 | (Ar+ A7+ A AN(Ar+Ar+ A7), (D:3.18)
¥

while the sum of boundary terms at the lower junctions vanishes,

8(7) + 8(6) + dery;global|,y5 =0. (D319)

The total boundary term (D.3.18) at the upper junction connects the U(1)y theories at the
junction 5. To see this, we notice that the U(1)y theories above /3, below v and between
them are
iN [ , ,
Above E (AR+A[+AI)d(AR+AI+AI) ,
B

e (D.3.20)
[ 8] and Below 5 - [ (As+ A+ AL + A+ 45)
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Following a similar discussion as in Section 4.4.2.3 (or applying the folding trick here), we
see that the boundary term (D.3.18) ensures the gauge invariance from both sides, and the
gluing condition, (A; + Ay + A}) — (A + A} 4+ Ag) = pure U(1) gauge, indicates that this

is a trivial interface of the U(1)y theory.

Thus, we are left with a 3d condensation defect on the interval. Reducing it along the
interval leads to a 2d condensation defect of the bulk 1-form symmetry (which is simply
a projector). Notice that this is consistent with the operator spectrum analysis. First, as
follows from the boundary conditions, the Zy higher quantum symmetry line ¢?/(Az—4r)
on the 3d condensation defect can stretch between the two boundaries. After reduction,
it becomes a topological local operator and can be interpreted as the higher quantum 1-
form symmetry on the 2d condensation defect. Second, in the 4d bulk, an open Zy 1-form
symmetry operator can be viewed as a non-genuine line operator bounding the symmetry
operator; but on the condensation defect, Zy is gauged and this line operator should become
genuine. This is guaranteed by the e.o.m. of A (or Ag), which allows us to rewrite such
an open Zy 1-form symmetry operator as the A'-Wilson line €' 47. After reduction, e’$ 47
remains a line operator by the boundary conditions, encoding the fact that an open Zy

1-form symmetry operator becomes genuine in the 2d condensation defect.

We also want to highlight that the existence of local junctions Cy — 1 in the initial
diamond diagrams we considered does not necessarily imply there will be a reduction of the
condensation defect in the end. This is because we will need to perform the global fusion
to collapse the diagram, during which the condensation defect can become a decoupled Zy-
gauge theory. Only when the condensation defect appears in the global fusion, will we have
the interval reduction of the 3d condensation defect which leads to the 2d condensation

defect.

Overall, we see that the 2d theory corresponding to the associator 1-morphism results

solely from the 3d condensation defect in the interval, which reduces to a 2d condensation
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defect. As a result,

[F g?flg’; Ds = 2d Zy condensation defect . (D.3.21)

i| U(1)nyD3,U(1)nDs

D3
D.3.2.2 [Fps,Ds,D:’»L,l

This associator relates the following fusions above and below as depicted in the second
diagram of Figure D.6:
DgX(EgXDg):D3XCO—>D3X1:D3,

B (D.3.22)
(DgXDg)XDgZC%XD3—>1XD3:D3.

The boundary data at each junction can be collected to

a,B8,8: b+ NAp, b+ NA,, A;— Ar = pure U(1) gauge ,

S@) = [ bAA—AR). S(B) = [ Apnay,

27 I, 2 Js,

v,7,0: N(A+A) =V, Ap—A),, b—NA,— NAg =pure U(1) gauge ,

1N 1 N
S(y)=—-—— AV NAp— AL AN A S@)=—— [ ALNA}.
() o 27(1 1= 4L 1)7 () 7T25L I
(D.3.23)
Fusing the three defects in the middle by summing their actions result in the following
actions:
ZN 6 1 / ]' / !/ / 1 / /
v
N [P 1 N [P
== <ALdAR + —ALdAL) + (AL — ADd(Ar — Ap)
27 J, 2 27 J,
N ~— PN ~— y (D.3.24)
D3 decoupled Z gauge theory
N
+ e Ar A A,I .
\27{- Zﬂ_z’y v
der;;;lobal

Collecting the boundary terms, at the upper junctions

S(0) + S(B) + Swaryigiovatl s = — 5, (b+ NA}) A (Af — Ag) € 2miZ (D.3.25)

2 s
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where we used the boundary conditions, and at the lower junctions,

5(7) + 5(5) + dery;global’,y(g =0. (D326)

Hence, we find a decoupled 3d Zy on the interval. Since Ay — A’ has (ND) and A; — Ag has
(DN) boundary conditions on a3 and 0 respectively, there is no untwisted local operators
after reduction and the decoupled Zy gauge theory becomes the trivial theory after reducing

the interval [y, 8]. Hence,

[FDS L = Trivial theory (D.3.27)

D3,D3,Ds

D
D.3.2.3 [F5°, b liuans

Lastly, let’s compute the associator in the last diagram of D.6 which relates

Upper part: ﬁgX(DgXDg):b:J,Xﬁg U(l)N:Dg U(l),NXU(l)N%Dg, ( )
D.3.28

Lower part : (D3 X D3) x D3 =Cy x D3 —1x D3 = D5 .
The boundary data at each junction is
o a,f: ay=A+ A+ Ag, ay=aL+ A+ Ag,
(1) N(A,+ Ar+ Agr), Ap— A}, =pure U(1) gauge ,

or (2) Ap—Ap+2(A7+ A+ Ag), (AL — A}) = pure U(1) gauge ,

" N
S(a) =~ [ A AAg+ (Ap— Ar) AA; S(B) == [ A AAg+ (A — Ar) A A,
47 Yo 47 Ss
! ZN !
S(Q)Z—E . (Ar+ A7+ Ag) N (AL + Ar + Ag)

v,9,0: Ap— A}, N(Ap+ Ar+ Ag) = pure U(1) gauge ,
N iN
S() :g/A',AA,, S(0) = ~2 AL A A

(D.3.29)
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Next, we fuse the three defects D5 x D5 x Ds in the middle by summing their actions,

iN [P 1

1 1
§ = | (ALdAl = SAIdAL + AldA] + SAIdA; + AjdAn + S AydAY)
v
iN [P 1
= E/ <ALC1AR + §ALdAL) (<_ D3)
ol
ZN 5 1 / !/ /
or ), [p0AT AL — Au) (4] = A Ad(AT+ ALt Aw)| (e (Za))
1N 1
+ g . s {A/] A (AI+§AL)‘| <<_ dery;global) )
BT =y

(D.3.30)
where the first line is the action for D3 as expected from the fusion algebra, the second line
is a decoupled Zy gauge theory with the twist N (denoted by (Zy)y and the last term is

the boundary term.

The total boundary term at the upper junction is

S(a) + S(B) + S(a') + Sharygiobatl 3 =0, (D.3.31)

and the total boundary term at the lower junction is
S(v) + 5(8) + Searyigtobatl, =0 - (D.3.32)

Therefore, we indeed find a decoupled (Zy)y theory on the interval.

On the upper junction, we have two boundary conditions (1) and (2) from condensing
U(l)xy x U(1)_n. Under the boundary condition (1), the upper and lower junctions have
the same boundary conditions on gauge fields A; + Ay, + Ar and Ap — A} as written in
Table D.1. Following the discussion in Section 4.4.3.1, reducing the interval results in a 2d

Zy gauge theory.

Ar+ AL+ Ag Ap — A
af (1) Zyn pure U(1) gauge

004 Zyn pure U(1) gauge

Table D.1: Boundary conditions for the case (1) of Eq. (D.3.29)
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Under the boundary condition (2), on the other hand, the gauge fields have different
boundary conditions at the upper and lower junctions, as written in Table D.2. In this case,
we only find Z, untwisted local operators arising from the Wilson lines ¢'z # @1-+e2 (k € Zy).

Hence, reducing the interval |7y, 5] results in a Zy gauge theory.

(AL—A/I)+2<A]+AL+AR) AL—A’I

af (2) pure gauge z

ol

/

Yy Z pure gauge

m‘z

Table D.2: Boundary conditions for the case (2) of Eq. (D.3.29)

In summary,

reducing interval (1) : ZN gauge theOl“y )
—

(Zn)n (D.3.33)

(2):  Zy gauge theory .

Combining the reduction of the Zy theory on the interval and the boundary actions,

there are two choices for the associator 1-morphism,

[ £;7D37DJ I = Zy gauge theory or Z, gauge theory . (D.3.34)

D.4 Details on anyon condensation and domain wall fusion

In this appendix, we give some details on the anyon condensation computations and the

fusion of the domain walls used in Section 4.5.

Recall that we want to describe the topological operator spectrum for the following two
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diagrams

D* T[] D* T [a®)]
[ WA
D* T[a(Q)] = Dl X DQ X D3 — "I+7[a(2)} = FD1,D2,D3 (D4]_)
| Wi
D* 7T_[a®)] D* T_[a®)]

First, let us explain the line operator spectrum in the following configuration summarized

by Table 4.6.

, (D.4.2)
I T,

From the math literature of anyon condensation [74, 137], the interface Z. is given the
fusion category of Ai-modules in 77, and the theory 75 on the other side of the interface
is described by the category of local AL-modules (which is a modular tensor category). The
interfaces Z, carry the structure as bimodule categories of 7 and 7. Physically, condensing
AL means gauging the 1-form symmetry A.. The 1-form symmetry Ay can act on the line
operators by fusion and by braiding, and after gauging we keep only the operators invariant
under Ay action. On the interface Z., AL can only act by fusion as Z, is 2-dimension. The
simple invariant line operators on Zy must be invariant under fusion with any lines in A,

therefore must take the form

F = Z bxa (D.4.3)

a€AL

for any simple line operator b in 7. Clearly, ff and @ parameterize the same invariant lines

if 510" € AL. The 62[ constructed above is a Aj-module, and all the ff’s form the category

3Here we view A4 as an algebra object in 7.
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Ta, of A-modules describing the topological line operators on the interface Z.. The fusion

rules for those invariant lines are simply given by*
U x b5 =05, . (D.4.4)
It is also possible to fuse the bulk line in 7 with the interface lines with the fusion rules
reb =0, Vol =4,, YWeT. (D.4.5)

On the other hand, in the theory 7. acquired by gauging Ay, where the 1-form symmetry
AL also acts via braiding. Hence, only the /¢,’s that braid trivially with Ay are invariant
under the A; action®. Those ¢,’s are known as local A;-modules, and together they form a

modular tensor category (often denoted as 7;116) describing the 3d TQFT 7.

Next, we explain the domain wall fusion step between Z, and Z_ in (D.4.1). The outcome
is a domain wall Z_, between 7_ and 7T,, which we identify as the F-symbol. The result
has been summarized in Table 4.7, and the result is derived from the math tools known as

balanced Deligne tensor product which captures the domain wall fusion as shown in [137]

In the special case where T contains only Abelian anyons, the computation can be done as

follows®. First, one takes Z, K Z_ corresponding to naively stacking two interfaces on top of

“Notice that the tensor product of Ar-modules is the balanced tensor product ®a. over the algebra

object AL which gives rise to the correct multiplicity below.

5For that, we only need to check any one of the line in the sum braids trivially with all the lines in A4.
This is because in order to condense Ay, every anyon in AL must be boson and braids trivially with each

other.

6For experts, here we are simply using the result that, for a fusion category C, the balanced tensor
product M K¢ N between a right C-module category M and a left C-module category N can be computed
by first viewing M K A as a module category over C X C"" and taking the category of modules over the
algebra A = @ xcrrr(yX X X* in MK N. For more details, see Remark 3.9 in [135].
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each other. Using our previous notation, simple line operators on Z, X7 _ can be labeled as
gb,b/ = g; X g; . (D47)

To get the spectrum of line operators in Z, = =7, X+ 7Z_| one can simply make the identifi-
cation

Eb,b’ ~ Eba,ailb’ YaeT . (D48)

Notice that one can also fuse the lines in 7. to lines on the interface Z, , with the fusion

rules

El—; X £b2,b3 = gblbz,bg s gbz,bg & gb_l = €527b3b1 . (D49)

Finally, the interface Z, _ will be a multi-fusion category, namely it contains local operators
(corresponding to the multiple junctions between the identity lines), if Ay NA_ is non-trivial.
And the local operators are exactly labeled by A, NA_, corresponding to the lines stretching
between two interfaces. When this happens, it usually means the 2d interface contains a

sub-sector described by a decoupled 2d TQFT.

Finally, one also needs to remember to keep track of whether the resulting 2d interface
T_, couples to the bulk gauge field a(®. When it does, this will turn the decoupled 2d TQFT

to a 2d condensation defect of the 1-form symmetry.

D.5 Duality defect associators

In this section, we briefly explain the non-invertible duality symmetry in 4d Maxwell theory
at 7 = iV found in Ref. [59,62] and compute one particular associator of the duality defects
using the Lagrangian method and group-theoretical approach. Other associators can be
computed using the same methods and the results are listed. We find an agreement and

comment on the efficiency and validity of the two approaches.
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D.5.1 Non-invertible duality symmetry and defect Lagrangians

At couplings 7 = iN, there is a duality symmetry constructed as follows. We first gauge
a zﬁ) subgroup of the electric 1-form symmetry in half space (with Dirichlet boundary
conditions for the corresponding discrete gauge field), resulting in a topological interface
between the theory with coupling 7 = iN and the theory with coupling i/N. However, since
under S-duality the coupling i/N maps to iV, the two sides are in fact equivalent and we get

a defect in a single theory, obtained by performing Zg\l,) gauging and S-duality in half space.

As shown in [59], one can describe this defect, which is denoted by D,, by the following
action,
N N N
Dy: S=— dAL/\*dALJr—/ dAR/\*dAR—i—Z— ApNdAr (D51
4m Jr<o 4 J oo 27 Jo=o

where A;, and Ag denote the Maxwell gauge field from the two sides of the defect, which is
located at x = 0.
The corresponding orientation reversal defect, denoted by D, is given by

— N N N
D2 . S — dAL/\*dAL+—/ dAR/\*dAR—Z—/ AR/\dAL . (D52)
AT Jaso 21 Jz=0

4m <0

Together and with the condensation defect Cy, they satisfy the non-invertible fusion algebra

D2><E2200:52XD27 DQXDQZUXCOIEQXEQ,

o o (D.5.3)
DQXCOZCQXDQZDQ, DQXC():COXDQZDQ
where U is the charge conjugation defect given by
N N ?
U: — dAL/\*dAL+ — dARA*dAR+— db A (AL+AR) . (D54)
4r J.oco AT Joso 2m

Let us first analyze the structure of the F-symbol by the number of incoming invertible
charge conjugation defects U. First, when there are two incoming U defects, then the global
fusion in the middle contains no decoupled TQFT or condensation defect supported on the

interval; hence the F-symbol must be the trivial theory. Second, when there is one incoming
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U defect and two non-invertible defects, then the global fusion in the middle always contains
a condensation defect supported on the interval; under the interval reduction, this always
leads to a 2d condensation of the Zx 1-form symmetry. Thus, we can now focus on the cases

where all three incoming twist defects are non-invertible symmetries. We find

52 D2 D2 D2 o . .
o] P o) [Foimum)yy: [Foipup,), , = Trivial TQFT,
(D.5.5)
and the remaining ones are related to the above ones via orientation reversal. Below, we will
only demonstrate explicitly the computation for [F 52252 D2] using the Lagrangian method
) ) 171

since the other ones can be computed similarly. Notice that unlike the triality case, here the

approach holds for all N.

D.5.2 Lagrangian method for [F£2252 Dz]
) ) 1,1

In this subsection, we compute the associator 1-morphism [F 52252 DJ for any N using the
) ) 171

Lagrangian method in Section 4.4.3.1. To obtain [ngﬁz Dz] , we collapse the diamond-
D2,D2]1 1

shaped region in Figure D.7 to a 2d associator manifold. We begin by analysing each

fusion/splitting and morphism junctions.

ae
Al a
A e Ag
asCO
£e

4\00

! !
b4 I

AL’}/

e

Figure D.7: Left: Diagram for [F D> } . Right: Resolution of the morphism junctions
1,1

D2,D3,Ds
p" and 7.
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B: Dy X Dy = Cy The action along the fused part is

.
S = ;—W (—A[dA; + A}dAg)
B
RGN (D.5.6)
N , N ,
== [ d=ADA (A= AR+ o | AP A (Ar— A))
i B ™ 3g

where [ IBOO is the 3d integral above the 3 junction and s is the 2d manifold supporting the

[ junction. Therefore, at this junction, the boundary term is

N
f:  No boundary condition, S(f5) = ;— AN (AR — Ap) . (D.5.7)
T Js

B’ : Cyo — 1 junction Since we are interested in the trivial element of the Witt class, we

add another junction ' between Cy — 1. The corresponding action is

iN [P ) i [
B

21 Jjs s
Using the analysis in Section 4.4.2.2, especially Eq. (4.4.21), we impose the boundary con-

dition and add the boundary term

B a+ NAjls . Ar— Aglg = pure U(1) gauge, S(8')=0. (D.5.9)

a: Dy X1 — D,

= 2L/ NALdA[—l-da(A]—AR)
m (0%

e N
:%/ (a+ NALd (AI—AR)+Z2— ALdAR—_/ AA - Ag) . (D510)

~
decoupled trivial TQFT DQ

Following the discussion in Section 4.4.2.1, the decoupled trivial TQFT fields are condensed

on the boundary. Hence,

a: a+NApl,, A;—Ag|,=pureU(1l) gauge, S(a)= — 2 an (Ar — Ag) .
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~: Cy — Dy X Dy The fusion outcome is Cy without other terms.

N
S="2 (A — A)dA; . (D.5.12)
2m J_ o
v': 1 — Cy
. ~ . ’Y,
&:i/NMWhﬂm+i/<w&fm. (D.5.13)
27 Sy 21 J_ o
Again, using Eq. (4.4.21),
v Ap— A, b— NA|, =pure U(1) gauge, S(v')=0. (D.5.14)
o: D2 —1X D2
i [
T J -
5
N D.5.15
-/ (A - Ay b—NAR)+Z— " AdAp (D:5.15)
2 21 J_ o
decoupled tr1v1al TQFT Brg
The boundary conditions are
§: Ap— A} b— NAg|; =pure U(1) gauge, S(6)=0. (D.5.16)

Merging the upper and lower junctions As the next step, we collapse all the upper
junctions into one and combine the boundary data, and similarly for the lower junctions.

We get

B, a+NAL, a+ NAj), A;— Ag=pure U(1) gauge
N
S _——/ a N\ A[ AR) 55—22 AII/\(AR—A[)
Zs (D.5.17)

77,0 b=NA;, Ap— A}, b— NAg=pure U(1) gauge
S, =S, =85=0.
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Global fusion Next, we fuse the three defects D5, Dy, Dy in the middle (Figure D.R).

AL N AI N Al[ N AR

Dy D, D,

Figure D.8: Fusing Dy, Dy, Dy at [y, ).

The corresponding action is the sum of these defect actions, which can be rewritten as

iN [P . )
g = / (A — A))dA; + A)dAp
2w -

iN [P iN ([P (D.5.18)
= — A — ANDd(A;— A — ArdAg .
27T’Y<L Td(A; R)+27T’Y LdAR
ZN gau?g; theory Bf2

The first term corresponds to the Zy gauge theory. Collecting the boundary terms at the

upper junctions,

7 .

Sla) +5(8) = —W/ (a+ NAD A (Ar — Ay) € 2miZ (D.5.19)
Sap

where we used the boundary conditions a + N A} and Ag — A; being pure U(1) gauge at the

upper junction. And the total boundary term at the lower junction simply vanishes. The

boundary conditions of each conjugate are

af: N(Ap — A}) =pure U(1) gauge (N), A; — Ar = pure U(1) gauge (D) ,
v6: Ap— A} = pure U(1) gauge (D),  N(A;— Ag) = pure U(1) gauge (N) .
(D.5.20)

Following the discussion in Sections 4.4.3.1, there is no untwisted local operator, and hence
the 2d effective theory for the 3d Zy gauge theory on the interval with the above boundary

conditions is a trivial theory. Thus we find

[FD2 ] | = Trivial TQFT . (D.5.21)

D2,D2,Ds | 1
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D.5.3 Group-theoretical approach
D.5.3.1 Group theoretical construction

For some special values of N, the non-invertible duality can be constructed group-theoretically [139,

,64]. In particular, if N is odd and if 3 p such that p*> = —1 mod N7, the non-invertible du-
ality defect in a QFT X becomes invertible after the ST gauging with the following discrete
torsion.

ZoCP = Y Za[c®] F S (e BurBuo®) (D.5.22)
@ eH2(My,ZN)

where X is the QFT obtained by the above ST gauging in QFT X and C® is the 2-form
background field of Zy 1-form symmetry. Utilising the duality
ZH 0P = S Zy[e®] R S B0 (D.5.23)
cDeH2(My,ZN)
it follows that
Z:[0®) = Z:[pC?) T 53 Ju, PP (D.5.24)
This implies that the non-invertible duality defect in X is mapped to a Zflo) invertible O-form
symmetry in the theory X , which is an automorphism of the dual 1-form symmetry sending
C® s pC® . The additional phase in (D.5.24) represents the mixed anomaly between the
0-form symmetry and the 1-form symmetry. Let D be the generator of the Zflo) symmetry.

As for the triality case, we dress the minimal TQFT to make D a gauge invariant operator,

consistent of gauging the dual 1-form symmetry in X ,
Dy = Dy ANP[P)] (D.5.25)
where ¢ is the gauge field for the bulk 1-form symmetry. Applying the relation (D.5.25) twice

Z5[C®] = Z[-C?)], (D.5.26)

"Notice that when NN is odd and such p exists, we can always and will choose p to be even.
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we see that D? acts as charge conjugation of the dual 1-form symmetry without a mixed

anomaly in X. Finally, the orientation reversal of Dy is given by
Dy = AN ?[c@|D (D.5.27)

It is straightforward to check the above defects do reproduce the generic fusion rules (D.5.3)

following a similar approach in the triality case.

We can then proceed to work out the local fusion junctions and compute the F-symbols,
and we find the results agree with the Lagrangian method. We will skip the details here,
and only briefly list the results. For simplicity, we will choose N =5 (and take p = 2), but

it is completely straightforward to acquire the result for the generic cases. With this choice,
Dy = DA, Dy=A>2c?D! (D.5.28)

and the invertible 0-form symmetry D acts on the 1-form symmetry operators as the Z,

automorphism

DA [cPD7! = A —2c@] | DA D = A2 [2:)] . (D.5.29)

D.5.3.2 Fusion and condensation

The 3d Z5 gauge theory with 0-twist coupled to the external dynamical 1-form Z5 gauge
field ¢ € H?(M,,Z5) with the following Lagrangian

omi omi
L(z5),[c?] = %a(” ubt + %a(” Ac® (D.5.30)

represents the condensation defect Cj in the path integral. To see this, we integrate b® out
to limit a € H'(Ms,Zs) and replace a”) with its Poincaré dual [y, a™U--- = [, --- in the
integral. The path integral is then

2mi,

2mi 27i 2mi (2)
E e s fM3 alue?) — E eszz o = E e’ i fz?ﬂ'c (D531)

a€H(M3,Z5) Yo€Ho(M3,Z5) i,{m;€Z5}
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where {35} are basis of the non-contractible 2-cycles on Mj, and we normalised ¢ in the
integral so that the 1-form charge is integer quantised. In this form, the path integral is

manifestly the 1-form symmetry condensation defect.

If one condenses a by restricting to a trivial cohomology element in the path integral, we
see that the constrained path integral is trivial, i.e. it is the identity defect. Using this, the

morphism Cy — 1 is implemented by condensing a at the morphism junction (and along 1).

With all necessary ingredients at hand, we discuss the anyon condensation at the local

fusion and morphism junctions.

D, x Dy = Cy — 1 Consider a fusion
Dy x Dy = AZ?[—2cP] @ A2 [—2c)] (D.5.32)

where we used the D action on the minimal TQFTs (D.5.28), and a4 » denotes the generating
anyons of the minimal TQFT in each theory. To see if the theory on the RHS is the
condensation defect Zy gauge theory (D.5.30), we first note that a = (a1)*(ag)? is coupled
to the external field ¢ as in (D.5.30) and has the topological spin h[a] = 0. This means
that it is enough to find b such that a and b have the correct topological spin and braiding
to be the pure electric line and the pure magnetic line in (Zy)o. Let b = (a;)™(az2)"™. Then
hlb] = 0 and Bla,b] = exp (2£%) for b = (a1)"*(az)®. Hence the fusion outcome is Cy as
expected. Then the morphism junction Cy — 1 is obtained by condensing the Wilson lines

in ((a;)7?(az)72) = (a1as), i.e.

Dy x Dy = Cy — 1 by condensing {(a;as) . (D.5.33)

Dy, X Dy = Cy — 1 Following the same discussion, we can confirm the fusion algebra

Dy x Dy = Cy with a = ajay and b = a;(az) ™. Hence, at the morphism junction,

Dy x Dy =Cy— 1 by condensing (ajas) . (D.5.34)
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Dy X Dy, =U X Cy — U This time, consider the fusion
Dy X Dy = D2A2’12 [2c(2)] ® Agf[c@)] ) (D.5.35)

We note that D? = U is the charge conjugation. Following the same argument, the minimal
TQFT part corresponds to Cy with a = (a1)?as and b = (a1)*(as)™'. Again, Cy — 1 is done

by condensing ((a)%as).

Dy x Dy =U x Cy — U by condensing {(a1)*as) . (D.5.36)

Dy, X Dy =U x Cy — U The above discussion straightforwardly applies to this fusion

and morphism junctions, with a = a;(as)? and b = (a;) 2as.

Dy X Dy =U x Cy — U by condensing {a;(as)?) . (D.5.37)

D.5.3.3 Associator

In this subsection, we compute the associator 1-morphism for the three defects, say 1,2, 3,
by first collapsing the upper junctions (23) and 1(23) into Z; and similarly for the lower
junctions (first arrow in Figure D.9), and finally reducing the interval to merge 7. — Z. At
this final step, we identify the resulting 2d theory on the associator 1-morphism using the

spectrum of the local and line operators.

7T, ¢A,

T _eA_

Figure D.9: Anyon condensation in the associator 1-morphism of defects 1, 2,3
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To be specific, let’s first denote by A;; the condensed anyons at the local fusion ¢ x j
junction. For example, anyons in Agz are condensed at the junction (23) and above, and
anyons in Ajy are condensed at the junction (12) and below. After merging the two upper
junctions 1(23) and (23) into Z, the anyons in Ay = Aqj(a3) X Agg are condensed and similarly

at the lower junctions with A_ = A3 X A(12)3.

The lines that are condensed at both Z, (i.e. AL NA_) stretch between the two junctions.

Hence, after merging Z,. — Z, they become a vertex operator.

The line operators on Z are the lines on three defects after quotient out A, and A_. The
remaining lines can be in the 3d minimal TQFT coupling to the bulk fields ¢®, which are
neutral under A, x A_. Quotient out those lines, we then acquire the lines in the decoupled

2d theory.

In summary, the spectrum of the decoupled 2d theory on Z after the reduction is

Vertex operators: Ay NA_

Line operators : (neutral lines under A, X A_)\Zs X Z5 X Z5/(A; x A_) (D235
Example: [Fg;,Dz,Dz]l’l Using Egs. (D.5.33) and (D.5.34), we identify
Ags = (asas), Az =0, A= (aia2), Agzsz=0 (D.5.39)
and hence
A, = (asaz), A_ = {(aas) . (D.5.40)
Since AL N A_ = 0, there is no vertex operator on Z. The lines that are neutral under

A, x A_ are those in (ajasaz) which has no overlap with A, x A_, the lines condensed on Z.

Therefore, there is no line left on the 2d theory in the double coset (D.5.38). In other words,
[FD2 ] — Trivial TQFT . (D.5.41)
11

D3,D2,Do

This is consistent with the result using the Lagrangian method (D.5.21) with N = 5.
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Other associators Using the same procedures, one can compute the other associators,

which are all trivial TQFT, matching the results of the Lagrangian method,

D D D D ..
F5?2 = 2 o = Trivial TQFT .
|: D2,D2,D vu’ D2,D2,D2] ¢ 17’ D2,D2,D02] 9 1" D2,D2,D2 | 171 Q

(D.5.42)
Lagrangian vs group-theoretical methods While the group-theoretical approach is

simpler than the Lagrangian method, it is not available for some N (of Zx 1-form symmetry)

while the Lagrangian method applies to all N.
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