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Boundaries and defects host localized interactions of the dynamic degrees of freedom and

provide the certain conditions on the field at the location of them. In guage theories and

gravity, the dynamics of the large gauge degrees of freedom is localized on the boundary and

are best described within the covariant phase space formalism using the symplectic form and

boundary action. When the gravitational effects are strong, these large gauge degrees of free-

dom dress the on-shell matter action, which can be described using Hamiltonian formulation

by integrating out these edge modes. We present the two efficient methods of computing

the symplectic form associated with the boundary degrees of freedom. We then consider the

near-extremal charged black holes in 4d, where the gravitational effects are enhanced at low

temperature and study the Hawking radiation at near-horizon AdS2 using the Hamiltonian

formulation, with emphasis on comparing this to the JT gravity. Extending this perspective

to study of defects, we develop a Lagrangian based method for computing the higher struc-

ture of non-invertible defects and compute the associators of the duality and triality defects

in the 4d Maxwell theory. We then consider a family of codimension-1 non-conformal defects

in the free non-compact boson theory and relate the two descriptions—localized interaction

and discontinuous relations and study its scaling behavior and effects in spectrum.
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CHAPTER 1

Introduction

In gauge theories and gravity, asymptotic or actual boundary plays an important role by

setting a stage for the various dynamic degrees of freedom. A part of pure gauge or gravity

degrees of freedom that are associated with the large gauge transformations do not propagate

in the bulk and instead their dynamics are localized on the boundary. This can be seen from

the fact that their contribution to the symplectic form is localized on the boundary. As such,

their dynamics is described by the boundary action, which can be computed by solving the

Gauss’s law constraints and plugging the solutions back to the action. Or alternatively,

one can work in the covariant phase space formalism and compute the symplectic form Ω by

solving iVΩ = −δQV for the asymptotic symmetry generated by the vector V and associated

charge QV , which can then be used in computing the boundary action. These procedures

generally involve solving the differential equations, which can be complicated.

Restricting to gauge orbits around a single solution, one can circumvent this complex-

ity using some simplified methods that do not involve solving a differential equation. These

methods are the main subject of chapter 2, where we derive two such methods, check against

known results for 3d Chern-Simons theory and AdS3 gravity with various boundary condi-

tions, and compute the symplectic form for the new situations such as low spin gravity and

Einstein-Maxwell theory in AdS5 which has the near horizon AdS3 × R2.

On the other hand, the dynamics of the matters in the gravitational theories is often

described using the minimal coupling to the fixed background. However, there are some

special circumstances where the quantum gravitational effects should be incorporated to
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describe the dynamics of matter. One example is the Hawking radiation in the large, near

extremal charged black holes, where this happens at the near horizon AdS2 region and

dominates any fluctuations associated with the small curvature of the bulk. In the near

horizon region, the boundary gravitons associated with the asymptotic symmetry dress the

matter’s on-shell action localized on the boundary and their action can be computed using the

aforementioned covariant space formalism. Alternatively, the enhanced Hawking radiation

can be studied within the Hamiltonian formulation by Arnott-Deser-Misner (ADM), in which

the boundary gravitons associated with asymptotic symmetry are integrated out or gauge

fixed to provide the effective action for the matter fields. This formulation is essential in

studying the observables in Unruh vacuum suitable for the evaporating near-extremal black

holes, which has a single boundary as explained in chapter 3.

For thermal correlation functions, the two methods should agree at least classically, which

we verify by computing and manipulating the ADM Hamiltonian for the 4d near-extremal

black holes in chapter 3. However, the two formulations don’t necessarily predict the same

loop contributions because their effective dynamic degrees of freedoms are different, resulting

in different regularization schemes. Nonetheless, we later show that the two descriptions

predict the same value for some 1-loop correlation functions.

Similarly to the boundary, defects host localized interactions which have far reaching ef-

fects in low energy behavior of the system, and provide the generally discontinuous relation

of the fields across them similar to the boundary conditions. When the energy and momen-

tum flux are continuous across the defect, it doesn’t cost any energy to deform the defect and

it is called topological. Topological defects generate the symmetries in the generalized sense

including non-invertible symmetries that mix the local operators with the twist operators.

These topological defects are mainly described by the fusion rules between two defects.

However, this is not all, and the topological relations (morphisms) involving three or more

defects require extra specifications known as higher structure, such as the associativity rules

of three defects, and analogous notions for four or more defects. Generally, these are given by
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the TQFTs at the interface between two different configurations of the defects. These are RG

invariant data of the theory that sometimes constrain the dynamics of the system through

Ward identity. These data can be computed using the Lagrangian or localized interaction

description of the defect by collapsing the network of two configurations that the target

morphism connects, using the boundary conditions that are consistent with the localized

interaction given in the defect Lagrangian. We describe this in detail in chapter 4, where we

demonstrate its operation by applying to the ZN Tambara-Yamagami symmetry category

of 2d compact boson, associated with the T -duality and the ZN subgroup of the shift and

winding symmetries for the verification of the method and to the non-invertible duality and

triality defects associated with the ZN electric 1-form symmetry in the 4d Maxwell theory

to derive new results.

Albeit less studied, generic defects are not conformal. They behave nontrivially under

scaling and can change correlators, spectrum, and entropy. A challenge in studying non-

conformal defect is the lack of analytic control. But a defect added as a perturbation to a

free theory is expected to be tractable. With that expectation, we consider free non-compact

scalar theory in 2d in chapter 5 by first presenting two descriptions—localized interaction

and discontinuous matching conditions—of the non-conformal defects and providing a map

between them. We then use either description appropriate for the situation to study the scal-

ing behavior of the defect through its anomalous dimension and operator product expansion

and the new spectrum or excitations by studying the defect Hilbert space, defect entropy,

excitation energy introduced by the instantaneous space-filling defect and the density of

states at high temperature. Although the defect hosts only quadratic interactions, lots of

this study couldn’t be done analytically when the defect has marginal or irrelevant couplings.

We could still study the relevant defect analytically and found the existence of pathology in

the spectrum for some defects and bizarre xx type of behavior in various quantities.

Each chapter begins with its own introduction that explains the motivation and existing

literatures in more detail. Chapters 2, 3, 4 and 5 are based on [2], [6], [5] and [4], respectively.
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CHAPTER 2

Systematics of Boundary Actions in Gauge Theory and

Gravity

2.1 Introduction and Summary

In gauge theories and gravity, physical degrees of freedom of the pure gauge or gravity

consist of the propagating gauge fields or gravitons plus the large gauge transformations

or diffeomorphisms around fixed solutions. The dynamics of the latter is localized on the

boundary (asymptotic or actual) in a sense that their contribution to symplectic form and

such are localized on the boundary. Famous examples include Wess-Zumino-Witten (WZW)

action for the 3d Chern-Simons theory, the Alekseev-Shatashvili action for the 3d gravity

with negative cosmological contant and JT gravity for the AdS2 gravity.

As such, their dynamics, e.g. correlation functions, are described by boundary action,

which can be obtained from the symplectic form in the asymptotic symmetry basis. The way

one gets the symplectic form or boundary action is nontrivial; it involves solving the equation

iVΩ = −δQV where V is the phase space vector associated with the asymptotic symmetry

and QV is the associated Noether charge. Alternatively one can solve the constraint equation

known as Gauss’s law constraint and plug the solutions back to the action.

However, none of these processes are always simple as solving the equation is not always

guaranteed. We provided an alternative way of computing the symplectic form associated

with the boundary degrees of freedoms, the ones associated with the asymptotic symmetry

and their mixing with boundary part of matters. We found that the former process based on
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the covariant phase space formalism can be simplified restricted to the gauge orbit around

a single solution, using two different methods.

First method is specialized for the case when the momentum is conserved. Inthat case, we

provide a general solution to iVξΩ = −δP , where ξ = 1 corresponds to translation symmetry

and P is the associated Noether charge. The solution of phase space 1-form symplectic

potential is given by

Θ =

∫
dx [κΦΦΦ

′δΦ + κΦΨΦ
′δΨ+ κΨΨΨ

′δΨ+ P ′
ΦδΦ + P ′

ΨδΨ] (2.1.1)

where Φ,Ψ are the boundary degrees of freedom with distinct transformation under Vξ. We

provide the proof of uniqueness of this solution in the main text along with its application

to AdS3 gravity with standard Dirichlet boundary condition on the metric and the warped

AdS3 which has gravitational Chern-Simons term for the unique boundary condition, which

agree with known Alekseev-Shatashvili action.

Our second method is based on the phase spac 1-form valued fieldW that we call transfer

field, contracting with which leaves a phase space differential forms invariant, i.e. iWZ = pZp

for a phase space p-form Z. Hence the phase space variation can be identified with Lie

derivative with respect to it, δϕ = iW δϕ. Using this, iWΩ = 2Ω = +δQW , where the sign

is flipped in last equality reflecting the fact that W is a phase space 1-form valued vector.

By skipping the step of solving iWΩ = δQW , this method simplifies the computation of the

symplectic form, and we demonstrate this on 5d Chern-Simons theory and aforementioned

gravitational theoreis.

After checking its consistency with the known result, we use these methods to compute

the boundary action and symplectic form of low spin gravity and 5d Einstein-Maxwell theory

with negative cosmological constant, which admits an asymptotically AdS5 solution that has

a near horizon AdS3 × R2 geometry.
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2.2 Review of Boundary Actions

In this section we discuss general aspects of boundary modes, their origin in terms of large

gauge transformations, and the construction of an action that describes them.

2.2.1 U(1) CS theory on M = D × R

To get oriented, we first quickly review the simple and classic example of Chern-Simons

theory on a spatial disk and the corresponding boundary gauge modes, following the original

Lagrangian approach [7]. This approach is based on solving the Gauss law constraint and

substituting back into the action, yielding a total derivative. While this method works well

here, it is not so easy to adapt to other examples such as gravity in the metric description.

For this reason we go on to develop more flexible methods based on a covariant phase space

analysis.

The action for for Abelian CS theory on a spatial disk cross time is

S = k

∫
M

A ∧ dA+ Sbndy

= −k
∫
M

d3x(Ar∂tAϕ − Aϕ∂tAr + 2AtFϕr) + S ′
bndy , (2.2.1)

where we integrated by parts and absorbed the boundary term into S ′
bndy. We choose bound-

ary conditions δ(At − Aϕ)|∂M = 0.

Specializing to the case (At − Aϕ)|∂M = 0, a good variational principle is achieved by

taking

Sbndy = 0, S ′
bdy = −k

∫
∂M

dtdϕA2
ϕ . (2.2.2)

At is a Lagrange multiplier enforcing the constraint Fϕr = 0, which is solved by writing

Aϕ = ∂ϕα , Ar = ∂rα , (2.2.3)
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with α(r, t, ϕ + 2π) = α(r, t, ϕ). Plugging this back into the action, the bulk terms become

a total derivative, and we arrive at the chiral boson action

S = k

∫
∂M

dtdϕ(∂ϕα∂tα− ∂ϕα∂ϕα) . (2.2.4)

The basic equal time Poisson-Dirac bracket is

{α(ϕ), ∂ϕα(ϕ′)} = 1

2k
δ(ϕ− ϕ′) . (2.2.5)

The Hamiltonian and charges generating infinitesimal gauge transformations by λ are

Ht = k

∫ 2π

0

(∂ϕα)
2dϕ, H[λ] = 2k

∫ 2π

0

λ∂ϕαdϕ . (2.2.6)

The theory describes a U(1) current J = k∂ϕα whose Fourier modes obey a U(1) current

algebra. The current-current-correlator is

GJJ(w) = ⟨J(w)J(0)⟩ = −
k

4π sin2
(
w
2

) , w = ϕ+ t, w = ϕ− t . (2.2.7)

2.2.1.1 Physical relevance of boundary modes

Inasmuch as the preceding analysis shows that boundary modes can carry nonzero energy

and momentum, they are established as being nontrivial physical states. Nonetheless, their

“pure gauge” character leads one to wonder, at least upon first hearing, whether they might

be ignorable in some sense, for example by decoupling from the rest of the physical system

in which they are embedded. However, it is not hard to show that the boundary modes do

have measurable consequences on other observables.

To expose these effects we can think of coupling the theory in the disk region to some

external system comprised of charged matter that couples to the CS gauge field at the

boundary of the disk. In the simplest incarnation we can take the system to live on the

boundary of the disk, and to be completely explicit we consider a charged scalar field example,

S = k

∫
M

A ∧ dA+

∫
∂M

d2x(DµΦ)∗DµΦ . (2.2.8)
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The covariant derivative is taken to correspond to a gauging of the scalar shift symmetry,

DµΦ = ∂µΦ − iqAµ. This is convenient, since the associated current, JΦ
µ = i(∂µΦ − ∂µΦ∗)

decomposes into dimension (1, 0) and (0, 1) operators, which is not the case for the current

associated to phase rotations of the scalar.1 Repeating the previous steps we arrive at the

action

S =

∫
d2x [−2k∂ϕα∂wα + 4∂wΦ

∗∂wΦ + 2iq∂ϕα(∂wΦ− ∂wΦ∗)] (2.2.9)

with ∂w = 1
2
(∂ϕ + ∂t), ∂w = 1

2
(∂ϕ − ∂t). The coupling of α to Φ has no effect on the energy

spectrum of the theory, as follows from the fact that the coupling can be removed by a

redefinition of Φ. There is a nontrivial effect on scalar correlators, in particular on the two-

point function of the current JΦ
w . This effect reflects the fluctuating phase acquired by a

charged particle on traveling between the two operator insertion points on the boundary.

Treating q as a perturbation, we can readily sum up contributing diagrams by performing

Wick contractions, resulting in

G
(q)

JΦJΦ(p) = ⟨JΦ
w (p)J

Φ
w (−p)⟩q

=
∞∑
m=0

(−4q2)m[GJΦJΦ(p)]m+1[Gαα(p)]
m

=
GJΦJΦ(p)

1 + 4q2GJΦJΦ(p)Gαα(p)
, (2.2.10)

where the q = 0 correlators are

GJΦJΦ(p) = ⟨JΦ
w (p)J

Φ
w (−p)⟩ ∼

pw
pw

Gαα(p) = ⟨∂ϕα(p)∂ϕα(−p)⟩ ∼
pϕ
kpw

. (2.2.11)

At q = 0 the correlator behaves as pw/pw corresponding to 1/ sin2(w
2
) in position space. As

q→∞ the correlator tends to zero, with leading behavior k
q2
pw
pϕ
; being polynomial in pt, this

vanishes for unequal times.

1The non-invariance of this current under large gauge transformations is not a concern since such trans-

formations are to be viewed as global symmetries.
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The point to be emphasized here is that the boundary modes leave a detectable imprint

on the scalar correlators, and so are clearly “real.”

2.2.2 Review of covariant phase space formalism

We begin with a brief review of the covariant phase space formalism, which will also serve

to establish notation for the remainder of this chapter. Along the way, we make comments

about precisely where boundary conditions enter the formalism, as these will be useful to

keep in mind later. For a more detailed review, see for example [8–11].

2.2.2.1 Action and covariant phase space

We consider a theory defined on a D = d + 1 dimensional spacetime M which admits

a foliation by codimension-1 slices which we will generally denote by Σ. The, potentially

asymptotic, boundary structure ofM can then be decomposed into ∂M = Σ+∪Γ∪Σ− where

Σ± are the slices in the asymptotically far future and past and Γ is formed by unioning the

boundaries of all the slices. On this spacetime we consider a theory with fields ϕ whose

dynamics are described by an action

S[ϕ] =

∫
M

L+

∫
∂M

ℓ (2.2.12)

where L is the D-form Lagrangian and ℓ is some allowed d-form boundary contribution2,

which we assume to be local functionals of the fields.

Throughout we will use δ to denote the exterior variational derivative, which we refer to

as the variation. Particular infinitesimal transformations of the fields will be thought of as

vector fields V on field space. The action of a vector V on a field ϕ will then be denoted by

2Though we use the same symbol ℓ for the boundary contribution over all of ∂M , there need be no

relation between ℓ on Γ and ℓ on Σ±. Shifts in this ℓ on either always produce shifts in the canonical 1-form

by something δ exact and so do not change the symplectic structure.
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the contraction3 iV δϕ. By integrating by parts, the variation of the Lagrangian may always

be written

δL = E ∧ δϕ+ dθ (2.2.13)

for some θ. Setting E = 0 will be our equations of motion. We note that θ is always

ambiguous up to addition of a d-closed form which we will return to shortly4.

Using this identity, the variation of the action is given by

δS =

∫
M

E ∧ δϕ+

∫
Σ+−Σ−

(θ + δℓ) +

∫
Γ

(θ + δℓ). (2.2.14)

In order to have a good variational principle we require that the on-shell variation have no

support on Γ which then requires

(θ + δℓ)|Γ = dB (2.2.15)

for some B. Of course, this B can always be absorbed into a redefinition of θ. However, we

note that for a generic theory, the LHS above will not automatically take the form of a total

derivative. Instead, there will be terms which only vanish upon the imposition of boundary

conditions. This means that the B here generally depends on the boundary conditions we

choose for our theory, and the existence of B may impose conditions on what we choose for

3Though here we prefer the contraction on variation notation to denote infinitesimal transformation, the

reader may find it helpful to recall that the following are equivalent: iV δF [ϕ] = LV F [ϕ] = V (F [ϕ]) where

LV denotes the Lie derivative on field space and V (F [ϕ]) is the action of the vector field V on the function

F on field space.

4In the literature, e.g. [9], it is often mentioned that θ is also ambiguous up to addition of a δ-closed

form. While this is true, any such shift in θ is equivalent to shifting ℓ. So we take the perspective that θ has

no δ ambiguity, but ℓ remains to be chosen.
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ℓ5. As a simple example, starting from the action (B.4.20) we find

θ = −kA ∧ δA, B = 0 (2.2.16)

with chiral boundary conditions.

It will be useful later to keep explicit which objects depend on the boundary conditions

and which do not. So while it is possible to absorb B into a redefinition of θ, we will refrain

from doing so in order to avoid reference to boundary conditions when writing θ.

It’s also useful to observe that having a good variational principle is equivalent to slice

independence of the symplectic form. The potential for the symplectic form is always found

by extracting what remains of the action’s variation from the initial and final time slices; we

write A to denote this. Here we have

δS =

∫
Σ+−Σ−

A =

∫
Σ+−Σ−

(θ + δℓ− dB) (2.2.17)

after the imposition of (2.2.15). This means we should choose our symplectic form to be6

Ω =

∫
Σ

ω =

∫
Σ

δA =

∫
Σ

δ(θ − dB). (2.2.18)

Though the ultimate argument for using this object as our symplectic form will be that it

produces the desired Poisson brackets, we can see an immediate benefit by taking a second

variation of (2.2.17), which implies that this Ω is independent of the slice we choose.

It is, however, useful to observe that we can show more directly that the slice indepen-

dence of Ω is precisely equivalent to the demand (2.2.15), and hence the demand for a good

variational principle. To see this we take a second variation of (2.2.13) to find

−δ(E ∧ δϕ) = dδθ = dω (2.2.19)

5A standard example of this would be the need to include the Gibbons-Hawking-York term in the

Einstein-Hilbert action with Dirichlet boundary conditions, though in that case we may choose B = 0

depending on our gauge fixing, see e.g. [11] for details.

6Throughout this work we ignore the complications that come from the possibility of non-trivial phase

space topology, including the possibility of a symplectic form with non-trivial De Rahm cohomology.
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so the symplectic current is closed on-shell. Hence Ω(Σ) is independent of the slice Σ if and

only if the pullback of ω to Γ vanishes. This demand can be rewritten as ω|Γ = δ(θ|Γ−dB) =

δ[(θ + δℓ)|Γ − dB] so the condition (2.2.15), obtained from demanding a good variational

principle, is equivalent7 to the slice independence of the symplectic form.

As a final comment about this definition for the symplectic form, we should discuss the

distinction between the phase space and prephase space. We will generally take prephase

space to consist of all configurations of the fields which obey the boundary conditions and

the equations of motion. On this space the quantity (2.2.18) will generally be degenerate

and hence cannot be a proper symplectic form8. For this reason, it’s often referred to as the

presymplectic form.

To form the actual phase space, we need to perform a symplectic quotient and mod out

the null directions of the symplectic form. This is a matter of viewing the prephase space

as a bundle whose fibers are the null directions and whose base space is our true phase

space. The mathematical details were laid out in [12], but in practice the result is that Ω

is a non-degenerate 2-form on the base space and so working on the true phase space is a

matter is ignoring those variables whose variation lies along the pure gauge directions9.

7Strictly speaking, the slice independence of the symplectic form only implies (2.2.15) up to a δ-closed

form, but locally on phase space such a form can be written as exact and absorbed into a redefinition of ℓ.

8This is closely related to the lack of deterministic evolution on prephase space; specifying the fields

and some number of their derivatives on a Cauchy slice may not uniquely determine the same data on a

later time slice. The most common way to exhibit this non-uniqueness is by specifying a configuration and

applying to it a gauge transformation which differs from the identity only at times later than the first slice.

We would thus have two solutions to the equations of motion whose data agree on one slice but disagree on

another.

9If we are being strict, this is the statement that, at least locally, a section of the bundle is diffeomorphic

to the base space.
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2.2.2.2 Symmetries and charges

With the covariant phase space framework now in place, it will be important for us to review

how symmetries enter the picture. A vector field V on phase space is typically defined to be

a symmetry if its action on the Lagrangian is a total derivative:

iV δL = dkV (2.2.20)

for some kV . Contracting V onto (2.2.13) it now follows that

dJV ≡ d(iV θ − kV ) = E ∧ iV δϕ. (2.2.21)

So JV = iV θ − kV is the conserved Noether current associated to V .

Though any vector field V satisfying (2.2.20) admits a conserved Noether current, con-

structing the Noether charge is not always as a simple as integrating the current over a time

slice. There may be non-trivial boundary contributions to the true Noether charge HV in

order for it to satisfy

iVΩ = −δHV . (2.2.22)

For general symmetries, one must directly evaluate the contraction on the symplectic

form, but for gauge symmetries we may find the charges by another, sometimes more efficient,

method. This was pointed out in [13] for the special case of diffeomorphism charges in

diffeomorphism invariant theories, but with the Theorem 1 of Appendix A.2 it’s simple to

generalize this calculation to any gauge transformation, as we review now10.

We suppose Vλ generates a gauge transformation with gauge parameter λ, defined such

that V0 = 0 so λ = 0 is the identity transformation. Taking an additional variation of

10Some additional simplifications that can help in computations are possible in the special case of dif-

feomorphisms even when the theory is not diffeomorphism invariant, as when gravitational Chern-Simons

terms are included in the action. This still makes use of Theorem 1 and was pointed out in [14]. We review

it in Appendix A.3.
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(2.2.21) it follows that, on-shell,

d(LVλθ − δkλ) = 0 (2.2.23)

where we have abbreviated kVλ = kλ. Thus we have a form closed for all free functions λ

and Theorem 1 tells us that there must exist a phase space 1-form Πλ, constructed locally

from the fields and λ, such that

LVλθ − δkλ = dΠλ. (2.2.24)

With this, it now follows from (2.2.18) that

δJλ = −iVλω + d(Πλ − iVλδB). (2.2.25)

Thus if there exists a function Cλ such that

Πλ − iVλδB = δCλ, (2.2.26)

(2.2.25) implies

iVλΩ = −δ
∫
Σ

(Jλ − dCλ). (2.2.27)

We note that the existence of Cλ is not guaranteed and will typically depend on the bound-

ary conditions chosen for the theory11. The expression (2.2.27) now identifies the correct

boundary Noether charge as being the integral of Jλ with some additional boundary contri-

butions.

Since Jλ is closed for all λ, and is linear in λ, we can go further and compute a local

functional, referred to as the Noether-Wald charge, Qλ such that Jλ = dQλ. With this the

Noether charge may be written

H[λ] =

∫
∂Σ

(Qλ − Cλ) (2.2.28)

11The insufficiency of (2.2.20) alone to ensure the existence of a charge satisfying (2.2.22) is pointed out

many placed in the literature. In e.g. [9, 10], integrability conditions are required as we see here and in [11]

an auxiliary condition, there eq. (4.16), is required.
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which has support only on the boundary of our Cauchy slice. Furthermore, we note that the

only place the boundary conditions enter into this expression is through Cλ, as Jλ and Qλ

depend only on the Lagrangian of the theory.

Since the charges (2.2.28) have support only on the boundary, it follows immediately that

any gauge transform whose parameters λ have compact support away from any boundaries

must produce vanishing Noether charge. The vector fields generating these transformations

are thus identified from (2.2.27) as null directions of the presymplectic form which need to

be modded out in the symplectic quotient. The non-zero Noether charges generate the large

gauge transformations of the theory and are evidently localized to the boundaries of the

spacetime. In the case these boundaries are asymptotic, the large gauge transformations are

said to be asymptotic symmetries.

2.2.3 Where boundary actions come from

Using the machinery of the covariant phase space we can understand the, rather weak,

sufficient conditions for producing boundary modes and gain some insight into the conditions

under which the action for the theory is supported exclusively on the boundary. To transform

this question into one which is easier to work with we first recall the phase space action.

Writing the symplectic form for the theory as Ω = δΘ, the phase space action is given by12

S[γ] =

∫
γ

Θ−
∫
γ

Htdt (2.2.29)

where γ is some path through phase space parametrized by t. To orient ourselves it’s useful

to recall that for point particles Θ = pδx so

S =

∫
pδx−

∫
Htdt =

∫
(pẋ−Ht)dt (2.2.30)

12Of course, Θ is not unique. Different Θ correspond to holding different data fixed in the initial and final

configurations. For a point particle, Θ = pδx is the correct potential for varying with the initial and final

position of the particle held fixed.
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where the dot denotes the derivative along the path.

If time translation is a local symmetry, as it is in a diffeomorphism invariant theory,

then by Theorem 1 the Hamiltonian generating time translation Ht is supported on the

boundary. While this gives a boundary contribution to the action, we would still be left

asking about when we receive boundary contributions from Θ and about what happens

when time translation is not a local symmetry. We can obtain a better characterization of

boundary contributions to the action which will help answer both of these questions by first

introducing some notation.

Consider a generic theory with fields ϕ and some gauge group. We denote the action

of a gauge group element with gauge parameters13 α on ϕ by Tα[ϕ]. For example, if ϕ is

a complex scalar field of charge q, Tα[ϕ] = eiqαϕ. If ϕ is a U(1) connection we would have

Tα[ϕ] = ϕ+ dα.

Now, we are always free to consider the field redefinition to gauge orbit variables where

we pick a class of gauge-fixed configurations ϕ so a general configuration is in the gauge orbit

of some ϕ: ϕ = Tα[ϕ]. This separates the prephase space into gauge directions, parametrized

by the α, and non-gauge directions, parametrized by the gauge inequivalent ϕ.

In these variables if we write14 Ht =
∫
Σ
Jt, Jt[ϕ, α] is a local function of α. Since Jt is

closed for all functions α, Theorem 1 tells us that we can construct a local potential Qt[ϕ, α]

such that

Jt[ϕ, α] = Jt[ϕ, 0] + dQt[ϕ, α]. (2.2.31)

That is to say the current separates into a component we would find if we had immediately

fixed the gauge, and a boundary contribution which contains all the effects of the gauge

13For later convenience we assume that α = 0 is the identity transformation and that these α are free

functions on spacetime as might be obtained by exponentiating a Lie algebra about the identity.

14In this section only we assume for convenience that Jt has been defined to include all necessary boundary

contributions already so Ht is the full Noether charge satisfying (2.2.22).
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modes α, though it’s notably also free to depend upon boundary excitations in the gauge

fixed ϕ directions. We note that Jt[ϕ, 0] = 0 when time translation is a gauge symmetry.

A similar argument works on the symplectic form. There are only three types of com-

ponents that can appear in the symplectic form when we go to gauge orbit variables. This

fixes the generic form of the symplectic form to be

ω = ωϕϕ[ϕ, α]δϕ ∧ δϕ+ ωϕα[ϕ, α]δϕ ∧ δα+ ωαα[ϕ, α]δα ∧ δα (2.2.32)

where the coefficients should generally be understood to contract on any indices we have

suppressed in δϕ and δα, and may also contain derivatives that operate on the field variations.

Since the δα are completely free function in the bulk and dω = 0 on-shell by (2.2.19), we

may again apply theorem 1 but now using δα instead of α as our free functions. We thus

conclude15

ω = ωϕϕ[ϕ, α]δϕ ∧ δϕ+ dω̃b[ϕ, α] (2.2.33)

where we have put a tilde on ω̃b because it will not be the complete contribution to the

boundary symplectic form. Importantly, ω̃b is a local functional of the fields.

We can go further by invoking theorem 1, this time on the α dependence of ωϕϕ[ϕ, α]δϕ∧

δϕ. The result is evaluating ωϕϕ at α = 0 and an additional, locally constructed contribution

to the boundary symplectic form:

ω = ωϕϕ[ϕ, 0]δϕ ∧ δϕ+ dωb[ϕ, α]. (2.2.34)

Like with H, the symplectic form separates into a bulk component that we would have found

by gauge fixing from the very beginning and a boundary term which encapsulates the entire

effect of the gauge symmetry.

15Less formally, one can understand that there ultimately cannot be any δα components appearing in the

bulk or Ω would have non-zero contractions on small gauge transformations.

17



We can choose both of these terms to be δ closed on phase space separately16. It then

follows that we can find separate potentials and the symplectic potential current A breaks

up into two terms,

A[ϕ, α] = AM [ϕ] + dA∂M [ϕ, α]. (2.2.35)

Our arguments about the Hamiltonian and symplectic form together imply that the

action must also break up into two terms, one supported on the bulk obtained from gauge

fixing, and one supported only on the boundary17:

S =

∫
dt

∫
Σ

(
iVAM [ϕ]− Jt[ϕ, 0]

)
+

∫
dt

∫
∂Σ

(
iVA∂M [ϕ, α]−Qt[ϕ, α]

)
(2.2.36)

where V generates the path the action is evaluated on. So all gauge theories will reduce to a

bulk component which is gauge fixed, and a boundary term which contains all the dynamics

of the boundary gauge modes. Importantly, this boundary action may contain interactions

not only among the boundary fields α, but also with the boundary values of the bulk gauge

fixed fields ϕ.

2.2.4 Discussion

The result (2.2.36) establishes boundary contributions to the action as a generic feature of

gauge theory independent of whether we are able to solve constraints and directly reduce the

action to the boundary as in 3d CS theory. But the nature of this boundary action varies

16To see this, suppose to the contrary that the variation of the bulk term in (2.2.34) is not δ closed but

varies to something spacetime exact, δ(ωϕϕ[ϕ, 0]δϕ ∧ δϕ) = dωM , which then cancels against part of dδωb.

This ωM cannot contain any dependence on α or δα, so if a cancellation occurs it’s sufficient to consider

α = δα = 0. But our use of theorem 1 implies ωb = 0 in this case, so no cancellation can occur, requiring

dωM = 0, and the terms in (2.2.34) are separately closed.

17One should be careful to take the orientation of ∂Σ in these integrals to be the one induced by writing

(M) = τ ∧ n ∧ (∂Σ) where τ is the normal form to the slices Σ and n is the (outward) normal form to Γ.

This is a convention consistent with Stokes theorem, see [11] for more details.

18



from case to case, the main controlling factor being the structure of the asymptotic symmetry

group. For example, Einstein gravity in AdSD>3 with standard asymptotically AdS boundary

conditions has a finite dimensional asymptotic symmetry given by the SO(D−1, 2) isometry

group of the global AdS vacuum. Thus instead of a boundary field theory we have a boundary

quantum mechanics, with one quantum mechanical degree of freedom corresponding to each

generator.

To illustrate this we consider the even simpler case of pure Maxwell theory in asymptot-

ically flat space. The phase space variables are (A⃗, E⃗) subject to the Gauss law constraint

∇⃗ · E⃗ = 0, and we impose that these vanish at spatial infinity. The symplectic form is

Ω ∼
∫
Σ
δE⃗ · ∧δA⃗. This symplectic form together with the boundary conditions require that

the gauge parameters α(x⃗) become spatially constant at infinity. Writing A⃗ = A⃗ + ∇⃗α, we

have

Ω ∼
∫
∂Σ

n⃗ · δE⃗ ∧ δα ∼ δQ ∧ δα (2.2.37)

where Q is the total electric charge. As the Hamiltonian has no dependence on α, the bound-

ary action is simply Sα =
∫
dtQα̇, whose equation of motion is simply charge conservation.

This boundary contribution is actually familiar in another guise. In particular, consider the

Euclidean theory with periodic imaginary time, t ∼= t + β. Since Q is constant on-shell we

have Sα = Q
∫
dtα̇ ≡ βµQ, which identifies the boundary mode α as being proportional to

the chemical potential.

Turning now to the case of an infinite dimensional asymptotic symmetry group, here we

do expect to get a boundary field theory. This boundary field theory may either be a free

theory, as in U(1) CS theory, or interacting, as in non-Abelian CS theory or 3D gravity. In

general, it’s clear that the existence of interactions is closely tied to the bulk theory having

a non-Abelian asymptotic symmetry group.

We may also ask more practically how to compute (2.2.36). In principle, once we go

to gauge orbit variables all stages of the calculation here are algorithmic as reviewed in
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Appendix A.2. But to use the gauge orbit variables we would first need to classify the

gauge-inequivalent solutions. Since we are working in a canonical formulation it would be

sufficient to find all gauge-inequivalent initial data, but that would still mean solving the

constraints of the theory explicitly.

Instead, one could could imagine taking ϕ to be some perhaps incomplete class of initial

data solving the constraints and consider the dynamics of this subspace of the full phase

space. For example by considering a special subspace such as a moduli space of black hole

solutions.

The logical extreme of these ideas would be to take ϕ to be a single solution, so we are

looking at the gauge orbits about a background configuration. In this case δϕ = 0 and

AM = 0 so the entire symplectic form lives on the boundary. This simplification allows more

efficient computational methods than the gauge orbit variable strategy described above.

Three such methods are described in the next section.

2.3 Computing Gauge Orbit Actions

As discussed in Section 2.2.4, we may have reason to consider only certain sectors of a theory.

The particular case of interest here is where we consider a single gauge fixed configuration

ϕ and orbits around it. This means δϕ = 0 and AM = 0. The remainder of the bulk term in

the action (2.2.36) then integrates to some constant and we are left with only the boundary

contribution to the action and more efficient methods of calculation are available to us. This

section is concerned with describing three such methods.

The first is less generically applicable, but very efficient when it applies as it directly

computes A∂M instead of the boundary symplectic form ωb. The other two methods are

concerned with computing ωb and are based on the existence of a particular 1-form valued

vector field on phase space.

It’s important to note that as δϕ = 0 suggests, these methods treat ϕ as a background
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field so any components A∂M might have had in the δϕ directions will not be captured by

these computations.

2.3.1 The momentum method

For all the 3D gravity examples considered in this work there exists a very efficient method

for deducing the boundary action [15]. We describe it here in general terms.

Supposing that expressions for boundary chargesHξ are known, to write down the bound-

ary action we require knowledge of the boundary symplectic potential Θ, defined via Ω = δΘ.

A direct approach to obtaining it is to first extract Ω via the relation iVξΩ = −δHξ, and then

compute Θ by solving δΘ = Ω. We now discuss how, under suitable assumptions, we can

write down the solution for Θ directly, bypassing the laborious procedure just mentioned.

This method was used in the case of cutoff AdS3 gravity [15].

We consider a boundary with a single spatial dimension with coordinate x, which may

live either on the circle or line. The boundary field theory variables are written as (Φ,Ψ),

where Ψ could stand for a collection of fields. On the circle or line, these fields are taken

to obey periodic boundary conditions or vanish at infinity respectively. Under phase space

vector fields Vξ, which we can think of as reparametrizations of x, the fields transform as

δξΦ = iVξδΦ = ξ + Φ′ξ

δξΨ = iVξδΨ = Ψ′ξ (2.3.1)

where ′ = ∂x. The inhomogeneous term in δξΦ corresponds to Φ being the field associated

with x-reparametrizations. Now suppose that the charge corresponding to constant ξ (we

take ξ = 1 and denote this charge by P ) is constrained to take the form

P =

∫
dx
[
κΦΦΦ

′2 + κΦΨΦ
′Ψ′ + κΨΨΨ

′2 + P ′
ΦΦ

′ + P ′
ΨΨ

′] (2.3.2)

where the κ’s are constant and the functions (PΦ, PΨ) are local functions of (Φ
′,Φ′′, . . . ; Ψ′,Ψ′′, . . .),

i.e. do not depend on undifferentiated fields. The basic result is that up to a δ-exact term,
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the unique Θ which solves

iVξΩ = −δP , ξ = 1 (2.3.3)

is given by

Θ =

∫
dx [κΦΦΦ

′δΦ + κΦΨΦ
′δΨ+ κΨΨΨ

′δΨ+ P ′
ΦδΦ + P ′

ΨδΨ] . (2.3.4)

To prove this, we first note that it is straightforward to verify that (2.3.3) is satisfied, so

only the question of uniqueness remains. To analyze uniqueness we consider a correction to

the symplectic form,

∆Ω =

∫
dx [δX ′

Φ ∧ δΦ + δX ′
Ψ ∧ δΨ] , (2.3.5)

where the functions (XΦ, XΨ) are constrained to obey the same general properties of (PΦ, PΨ).

We compute

iVξ∆Ω = δ

∫
dx [X ′

ΦΦ
′ +X ′

ΨΨ
′]

= −δ
∫
dx [X ′′

ΦΦ +X ′′
ΨΨ] (2.3.6)

We need this to vanish in order not to spoil (2.3.3). Vanishing of the integrand in the second

line of (2.3.6) requires X ′′
Φ = X ′′

Ψ = 0, since the two terms cannot cancel each other under the

assumed form of (XΦ, XΨ). However, this implies that (X ′
Φ, X

′
Ψ) are constants, which implies

that δX ′
Φ = δX ′

Ψ = 0, so that ∆Ω = 0. The remaining possibility is that the integrand in

(2.3.6) is a total derivative. This requires X ′
Φ = δF

δΦ
and X ′

Ψ = δF
δΨ

for some F . However, this

leads to ∆Ω =
∫
dxδ2F = 0, so we again get no contribution.

The upshot is that just from consideration of P we are led to a unique result for Ω and

an explicit result for its potential Θ. It follows, assuming that our underlying theory is

consistent, that this Ω will solve iVξΩ = −δHξ for all large gauge transformations Vξ, as can

of course be checked in specific examples.

We conclude this section with comments on the assumed structure (2.3.2), which follows

from a particular gauge invariance. To make the discussion concrete we consider the bound-

ary theory in the context of pure gravity in AdS3. Setting κ = 0 corresponds to the orbit
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built on a pure AdS3 background. This background is invariant under isometries that act

as translations, boosts, and dilatations on the boundary coordinates. Taking the functions

(Φ,Ψ) to be general linear functions of x corresponds to acting on the background by one of

these isometries; since this does nothing to the background such functions are pure gauge,

and so all charges must vanish for such functions. This implies that only derivatives of such

functions can appear in P , and that each term must contain at least one second derivative.

This leads to (2.3.2), possibly after integrating by parts. The same comments apply to ∆Ω.

Turning on κ, which corresponds to a nonzero mass AdS3 background, breaks some of the

isometries, allowing the quadratic terms like κΦΦΦ
′2 to appear. In fact, a more general ex-

pression like κΦΦΦ
′n for some n > 2 might also be anticipated, but only the n = 2 case will

arise in our examples. This is important, since the logic leading to (2.3.4) no longer holds

for the n > 2 case. In fact, given the simple form of the κ dependent part of that charges

will arise, it’s easy to write down the corresponding contribution to the boundary action by

inspection.

2.3.2 The transfer field

Consider a variation of our fields in the gauge orbit variables ϕ = Tα[ϕ], as in Section 2.2.3.

Since we are taking ϕ to be fixed, the variation can only change α. But since ϕ is constructed

by applying a gauge group element to the configuration ϕ, this variation must be equivalent

to the action of some Lie algebra element on ϕ.

The situation is essentially identical to the story which comes up when studying sponta-

neous symmetry breaking, in particular the broken part of the symmetry group’s non-linear

action on Nambu-Goldstone bosons when studying spontaneous symmetry breaking, see for

example [16, 17]. The idea is that δα defines a Lie algebra element at the origin of the

gauge group while ϕ has been transported to g. So to perform the variation of ϕ we need to

transport δα to the tangent space at g. Schematically, we can think of this as inserting the
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identity in the action on ϕ to write

δϕ = (δTg)[ϕ] = (δTgT
−1
g )[ϕ] (2.3.7)

so the variation of ϕ is equivalent to the action of this Lie algebra element valued as a 1-form

on phase space.

Since Lie algebra elements are the generators of group transformations, there must exist

some W which implements the action of this Lie algebra element. Because the algebra

element is valued as a 1-form on phase space, W must be a (1, 1) tensor on phase space,

which we think of as a 1-form valued vector field and refer to as the transfer field. This gives

W the very special defining property

δϕ = iW δϕ. (2.3.8)

While the property (2.3.8) is ultimately the formal property we will exploit to compute

the boundary symplectic form, we will also need to explicitly compute the transfer field. So

it will be useful to see how the rather abstract discussion above can be realized in some

simple examples.

The simplest example is of a U(1) connection A = A+ dα. Here we have explicitly

δA = dδα = iVδαδA (2.3.9)

so W = Vδα implements the gauge transformation with gauge parameter δα, as might be

expected for an Abelian group where translating δα is trivial.

The next simplest case is where A is a connection for some non-Abelian group. Now the

gauge orbit is A = g−1Ag + g−1dg. Here g = g(α) is defined by the exponential map. For

simplicity we could take g = exp(α) with α valued in the Lie algebra. We may now write

δA = [A, g−1δg] + d(g−1δg) = iVg−1δg
δA (2.3.10)

so W = Vg−1δg generates a gauge transformation with 1-form valued gauge parameter g−1δg.

We also note that this examples gives a concrete realization of the schematic manipulation

(2.3.7).
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As a final example of W for this section, we consider diffeomorphisms. Take the diffeo-

morphism to be yα = fα(x) and consider for simplicity the diffeomorphism orbit of a scalar

field ϕ(x) = ϕ(f(x)). Taking the variation of this scalar field,

δϕ = δfα(x)
∂ϕ(y)

∂yα

∣∣∣
y=f(x)

= δfα(x)
∂xµ

∂yα

∣∣∣
y=f(x)

∂ϕ(f(x))

∂xµ

= Lξϕ (2.3.11)

so the variation is equivalent to the action of the Lie derivative with respect to the 1-form

valued (spacetime) vector field18

ξµ =
∂(f−1)µ

∂yα

∣∣∣
f(x)

δfα(x). (2.3.12)

Hence W = Vξ. This fact was also noted in [11] where it was used to circumvent some

technical difficulties in JT gravity.

With these examples in mind, there is one additional property ofW which will be impor-

tant going forward. Denote by w the Lie algebra element whose action W generates. In our

examples we have w = δα for the U(1) gauge group, w = g−1δg for the non-Abelian gauge

group, and for diffeomorphisms we have (2.3.12).

Importantly, this w is some functional of δα. Equally as important, this functional need

not be invertible as can be seen in the non-Abelian example19. This will be important going

forward because to apply Theorem 1 we need free functions. In our setup δα are free, but w

may or may not be, depending on the details of the gauge group. For example, the relation

between δf and ξ in (2.3.12) remains invertible despite diffeomorphisms being non-Abelian.

18In practical calculations, it is much simpler to move the Jacobian factor to the left and compute the

variation of f by a diffeomorphism, then defining ξ by inverting the Jacobian. This is the approach taken in

the examples of Sections 2.3.5.2 and 2.3.5.3.

19Invertibility fails for the same reason A = g−1dg is not invertible for dα: if A is not flat no such dα

exists.
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While the relation between w and δα is not invertible, it is injective, and hence is invertible

on the image of all δα. This means δw may always be expressed in terms of only w again.

We can see this in our examples. The U(1) case is uninteresting because δw = 0, but in the

non-Abelian case we find

δw = δ(g−1δg) = −(g−1δg) ∧ (g−1δg) = −w ∧ w, (2.3.13)

so the general invertibility of w(δα) is unimportant to this rewriting of δw, as claimed.

The example of diffeomorphisms is slightly more complicated, but nonetheless can be

worked out to find

δξµ = ξν ∧∇νξ
µ, (2.3.14)

assuming we are working with a torsionless connection so the affine part of the covariant

derivative does not contribute to this expression.

2.3.3 The transfer field method

Now that we have an understanding of the transfer field W , we can give a technique for

computing the boundary symplectic form. From the definition (2.2.18), it would clearly be

sufficient to show that the bulk δθ term is a total derivative. We may use the transfer field

to write

θ = iW θ (2.3.15)

since in every term of θ, the 1-form factor can be replaced as in (2.3.8).

Since W generates the action of the Lie algebra element w, it follows that

θ = iW θ = Jw + kw (2.3.16)

where Jw is the Noether current (2.2.21) associated to the gauge transformation generated

by w and kw is defined by (2.2.20).
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But as discussed in Section 2.2.2, Jw = dQw and hence

ω = δθ − dδB = δkw + dδ(Qw −B). (2.3.17)

So to find ωb it is sufficient to find a potential for δkw by solving δkw = dk̃w.

Since by (2.2.19) we have dω = 0 on-shell, we must also have dδkw = 020. Now δkw

depends on the free functions21 δα so we may apply theorem 1 to conclude the existence of

a locally constructed k̃w.

It should be commented that while δα, and the fact that δα = 0 corresponds to the

identity, ensures the existence of k̃w, it would be more computationally efficient to use w

as the free function whenever possible. This can be done when the relation between w

and δα is invertible, as discussed in the previous section. The invertibility in the case of

diffeomorphisms will be leveraged in Section 2.3.5.2.

Hence we have found

ωb = k̃w + δ(Qw −B) (2.3.18)

which has the advantage of cleanly separating the boundary condition dependence of ωb into

the δB term since k̃w and Qw depend only on the Lagrangian.

This technique is straightforward to apply to U(1) CS theory on D × R with chiral

boundary conditions. We recall for this theory (2.2.16), note kλ = kλdA, and consider a

solution A to the equations of motion, so dA = 0. The gauge orbit around this solution is

then A = A+ dα. As discussed in the previous section we have w = δα.

20We could also argue more directly that δdkw = δiW δL = δ2L = 0 since iW δL = δL by (2.3.8).

21In general, the imposition of boundary conditions will restrict what functions α we allow ourselves to

consider near the boundary. However, the only place the boundary conditions enter in these arguments is

through B, and in particular the closure of δkw requires no reference to boundary conditions. So we should

imagine performing these manipulations before imposing any boundary conditions which would then restrict

the allowed δα.
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Since kλ = 0 on-shell in this theory, we have k̃w = 0. Then following (2.3.18), the

boundary symplectic form must be

ωb = δQw = kδA ∧ δα (2.3.19)

where we have used B = 0. This integrates to

Ω = k

∫ 2π

0

dϕ ∂ϕδα ∧ δα (2.3.20)

and produces the usual Kac-Moody algebra (3.3.24) expected for U(1) CS theory on the

disk. Using the Hamiltonian (3.3.15) and the phase space action (2.2.36) we reproduce the

expected boundary action (3.3.50).

2.3.4 Computing Ω from the Noether charges

In the previous section we were able to leverage the transfer field to write (2.3.15). It’s

simple to see that this generalizes to any 1-form on the gauge orbit, not just θ. With some

additional though we can go beyond 1-forms and obtain a similar result for any p-form on

the orbit.

To see how this works, consider iW (δϕa ∧ δϕb) where we have restored the indices a and

b labeling our fields. Computing the contraction we find

iW (δϕa ∧ δϕb) = (iW δϕ
a) ∧ δϕb + δϕa ∧ (iW δϕ

b)

= 2δϕa ∧ δϕb (2.3.21)

where in the second line we have used the defining relation (2.3.8) for W . It’s important to

keep track of the sign on the second term becauseW is 1-form valued and must be commuted

past the first factor.

With this sign understood, the generalization to a form of any degree is immediate: we

simply march through the factors in the wedge product to perform the contraction and then
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use the definition of W to rewrite the contraction back in terms of the original form. Hence,

for any p-form Z on phase space we have the generalized identity

iWZ = pZ. (2.3.22)

We can leverage this to very efficiently compute the boundary symplectic form ωb on the

gauge orbit directly from the Noether charges. The key is to observe that the contraction

on an arbitrary 2-form may be rewritten into the form

iW (δϕa ∧ δϕb) = −
[
δϕb ∧ (iW δϕ

a)− δϕa ∧ (iW δϕ
b)
]
. (2.3.23)

That is, if we make sure to commute the contracted part to the right of the expression, we

obtain the negative of the expression we would have found if W was not valued as a 1-form.

It follows that if we compute iWΩ and make sure to commute all the contractions to the

right, we must obtain

iWΩ = +(δH[w̃])|w̃=w (2.3.24)

since we have already argued that W generates the action of a Lie algebra element. Note

that on the right hand side we compute the variation of H before evaluating at the gauge

parameter w. This is because w enters through the contraction on the right and so clearly

cannot have a variation applied to it.

Combining this with our general observation (2.3.22) it follows that the symplectic form

on the gauge orbit is given by

Ω =
1

2
(δH[w̃])|w̃=w (2.3.25)

where the expression on the right should be understood as placing all factors of w to the right

of any variations, and the variation taken treating w̃ as an arbitrary, but not 1-form valued,

Lie algebra element. One must be cautious not to interpret (2.3.25) as meaning Θ = 1
2
H[w].

The order in which the variation and the evaluation at w̃ = w occur are important for this

result, as will be seen our examples in Section 2.3.5.
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We may again revisit our U(1) CS example to demonstrate this approach. Indeed, look-

ing at (2.3.19) we can already see the basic structure of (2.3.25) since B = 0 with our

chiral boundary conditions. But going through the details to make sure the coefficients

come out correct, particularly since (2.3.19) uses the Noether current and not the complete

Noether charge, we start with the charges (3.3.15). Then (2.3.25) tells us to vary the charge,

treating w̃ as any large gauge parameter in the theory, which generally may mean it’s state-

independent or some state-dependent function of some other parameters determining the

large gauge transformations. Here there are no such complications as w̃ is state-independent

and we find

1

2
δH[w̃] = k

∫ 2π

0

w̃δAϕdϕ. (2.3.26)

The final step in computing (2.3.25) is to evaluate this charge at w̃ = w ≡ δα. But when we

do so, we must make sure that we first move all w̃ factors to the right of δAϕ. Doing so,

Ω = k

∫ 2π

0

dϕδAϕ ∧ δα = k

∫ 2π

0

dϕ∂ϕδα ∧ δα (2.3.27)

which again matches the expected Kac-Moody expression (3.3.50).

2.3.5 Examples

Here we apply our methods to three examples. First we consider U(1) CS theory in D = 5.

This theory, with our chosen boundary conditions, is only marginally more complex than

the example of U(1) CS theory in D = 3 that we have been considering. It is also simple

enough that we are able to implement the manipulations in Section 2.2.3 to find (2.2.34)

with non-gauge directions included.

In Sections 2.3.5.2 and 2.3.5.3 we consider Einstein-Hilbert gravity in D = 3 with two dif-

ferent sets of boundary conditions. First we consider standard asymptotically AdS3 boundary

conditions and then the boundary conditions described in [18]. The latter are designed to

produce a theory similar to what we will see in topologically massive gravity, considered in

Section 2.4.

30



Finally, we mention that the example of SU(2) CS theory in D = 3 is considered in

Appendix A.4. There we also show that the results of our methods match the standard

results expected from the CS/WZW correspondence.

2.3.5.1 U(1) CS in D = 5

As a first example which isn’t quite as trivial as U(1) CS in D = 3 we consider U(1) CS in

D = 5. Since we work near the boundary the details of the bulk geometry are irrelevant.

We fix the boundary geometry, though the details of this geometry will not be paramount

to most of our manipulations, to be R × S1 × S2. On the boundary we choose coordinates

xi, i = 1, 2, 3, 4 with x1 the coordinate on the R, which we think of as time, x2 the angular

coordinate on S1, and x3, x4 some coordinates on the S2. To make contact with the D = 3

CS theory, it will sometimes be useful to write t ≡ x1 and ϕ ≡ x2.

For this example we choose our boundary conditions to fix A3 and A4 to be arbitrary

functions of x3 and x4 on the boundary while we fix A1 = A2 to be an arbitrary function

of x1 and x2. This will allow us to draw parallels to U(1) CS in D = 3 on the cylinder in

the final result. It is useful to note that with these boundary conditions the only non-zero

boundary components of F are F12, which depends dynamically on A1 (and hence A2), and

F34 which is a fixed function of only x3 and x4.

The Lagrangian for this theory is

L = A ∧ F ∧ F (2.3.28)

which varies to produce

δL = 3F ∧ F ∧ δA− 2d(F ∧ A ∧ δA). (2.3.29)

Thus the equations of motion, F ∧F = 0, do not imply that all solutions are flat connections.

Considering the condition (2.2.15), we see that our chosen boundary conditions allow us to

choose ℓ = B = 0.
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Since B = 0, the full symplectic current for the theory is given by

ω = −2δ(F ∧ A) ∧ δA. (2.3.30)

Now, this theory is sufficiently simple that we are able to explicitly carry out the gauge-orbit

described in Section 2.2.3. We suppose A is some solution to the equations of motion and

we consider the gauge orbits around this configuration, A = A+ dα. It’s straightforward to

find

ω = −2δ(F ∧ A) ∧ δA− 2d[δ(αF ) ∧ dδα+ δ(αF ) ∧ δA− δ(F ∧ A) ∧ δα] (2.3.31)

so we realize the expected split into the gauge-fixed part and the boundary part depending

on the large gauge transformations parametrizing the orbit. Here we can also see that the

boundary component of the symplectic form supports components which mix variations

in the gauge-fixed configuration with variations along the orbit. Indeed, there is even a

component which involves no variations of α.

But here we are interested only in the components along the orbit directions, so we take

δA = 0 to find

ωb = −2Fδα ∧ dδα. (2.3.32)

Integrating this over the boundary and using our boundary conditions the full symplectic

form on the orbit is given by

Ω = −2
∫
∂Σ

F 34δα ∧ ∂2δαdx2 ∧ dx3 ∧ dx4

= 2

(∫
S2

F

)∫ 2π

0

∂ϕδα ∧ δαdϕ. (2.3.33)

Because we have chosen our boundary conditions to factor the S2 from the R×S1, we obtain

the same Kac-Moody symplectic form as would be expected from the U(1) CS theory on the

cylinder, but now with an effective level set by our boundary conditions via the magnetic

flux through the S2.
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Using that the Hamiltonian generating time evolution is

Ht = 2

∫
∂Σ

F 34A
2
2dx

2 ∧ dx3 ∧ dx4

= 2

(∫
S2

F

)∫ 2π

0

(Aϕ + ∂ϕα)
2dϕ. (2.3.34)

Constructing the phase space action via (2.2.36) we thus find

S = 2

(∫
S2

F

)∫ [
∂ϕα

(
∂tα− ∂ϕα− 2Aϕ

)
− A2

ϕ

]
dtdϕ. (2.3.35)

Since we have restricted ourselves to the gauge orbit, α is our only dynamical variable in

this action and, in particular, this means the final A
2

ϕ term can be dropped as an additive

constant to the action. In this example it’s possible to observe explicitly from (2.3.31) that,

had we not restricted to the gauge orbit of some fixed A, the Aϕ terms here would represent

an explicit coupling between the bulk, A, and boundary, α, degrees of freedom.

This result can, of course, also be obtained by the techniques introduced in the previous

sections. Taking first the approach of Section 2.3.3 we note that

iVλδL = dλ ∧ F ∧ F = d(λF ∧ F ) (2.3.36)

so kλ vanishes on-shell and will make no contribution. For the other ingredient, we calculate

Jλ = iVλθ − kλ = 2d(λA ∧ F ). (2.3.37)

Thus, since B = 0 with our chosen boundary conditions, we find from (2.3.19)

ωb = 2δ(A ∧ F ) ∧ δα = 2dδα ∧ F ∧ δα (2.3.38)

since w = δα for the U(1) orbit, matching (2.3.32). From this point, imposing the bound-

ary conditions to find the true symplectic form (2.3.33), and hence the action (2.3.35), is

unchanged.

If we instead took the route of Section 2.3.4 we would need to compute the full Noether

charges

H[λ] = 4

(∫
S2

F

)∫
S1

λA (2.3.39)
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which requires that we use the boundary conditions to obtain. For example, that we fix A3

and A4 completely on the boundary tells us that λ = λ(x1, x2). The formulation (2.3.25)

now tells us to write

Ω = 2

(∫
S2

F

)∫
δA ∧ δα. (2.3.40)

Writing this explicitly in coordinates and with δA = δdα this clearly reproduces (2.3.33)

and the rest of the boundary action story follows.

2.3.5.2 Asymptotically AdS3 Einstein-Hilbert gravity

As a second example, we can derive the Alekseev-Shatashvili symplectic form [19] for asymp-

totically AdS3 Einstein-Hilbert gravity. All three approaches can be worked out in this

example. We start by recalling some facts this theory.

The action and canonical 1-form for this theory are given by

L =
1

16πG

√
−g(R + 2)d3x, θ =

1

16πG

√
−g(∇νδgλν − gµν∇λδgµν)(d

2x)λ. (2.3.41)

Where expressions are more conventionally expressed in terms of the Brown-Henneaux cen-

tral charge we write c = 3/2G. We will also need later that

kξ = iξL = − 1

4πG

√
−gξµ(d2x)µ (2.3.42)

where we have used the equations of motion to simplify things.

In Fefferman-Graham coordinates the asymptotically AdS3 solutions to the equations of

motion are given by the Bañados metrics [20]

ds2 =
dρ2

4ρ2
+

1

ρ
(dw + ρL(w)dw)(dw + ρL(w)dw) (2.3.43)

where w = ϕ + t and w = ϕ − t are convenient coordinates on the boundary and ρ > 0 is

the radial coordinate such that the boundary is located at ρ = 0. Note that w is not the
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complex conjugate of w as we are working in Lorentzian signature. The boundary stress

tensor associated to these metrics is given by

Tww = − 1

4G
L, Tww = − 1

4G
L, Tww = 0. (2.3.44)

The asymptotic vector fields which preserve the boundary conditions are

ξw = ϵ(w)− 1

2
∂2wϵ(w)ρ+O(ρ2) (2.3.45)

ξw = ϵ(w)− 1

2
∂2wϵ(w)ρ+O(ρ2) (2.3.46)

ξρ = (∂wϵ(w) + ∂wϵ(w)) ρ+O(ρ0), (2.3.47)

where ϵ(w) and ϵ(w) are free functions labeling the vector field. While these vector fields do

not change the conformal metric on the boundary, they do change the components subleading

in ρ, and hence the stress tensor by

iVξδTww = 2Twwϵ
′ + T ′

wwϵ+
c

12
ϵ′′′ (2.3.48)

iVξδTww = 2Twwϵ
′ + T ′

wwϵ+
c

12
ϵ′′′. (2.3.49)

The charges associated with the diffeomorphisms are then easily constructed by

H[ξ] = − 1

2π

∫ 2π

0

(Twwϵ− Twwϵ)dϕ. (2.3.50)

Going to the gauge orbit means integrating up the variations (2.3.48) under an infinites-

imal diffeomorphism to a finite one. If the finite diffeomorphism on the boundary is given

by

w′ = f(w), w′ = f(w) (2.3.51)

then we have

Tww =
c

12

(κ
2
f ′2 + {f, w}

)
, Tww =

c

12

(
κ

2
f
′2
+ {f, w}

)
(2.3.52)
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where the Schwarzian derivative is

{f, w} = f ′′′

f ′ −
3

2

f ′′2

f ′2 . (2.3.53)

In this orbit, the diffeomorphism f(w) = w and f(w) = w evidently produces constant

Tww, Tww. The κ and κ parametrize what this constant value is, and thereby parametrize

the diffeomorphism inequivalent metrics (2.3.43). The case κ = κ = 1 produces global AdS.

At ρ = 0, (2.3.45) defines a diffeomorphism on the boundary which acts on the f and f

as

iVξδf = f ′ϵ, iVξδf = f
′
ϵ. (2.3.54)

This can be obtained by composing two diffeomorphisms and we may also verify that this

transformation rule is compatible with (2.3.48) and (2.3.52) together. Since we have the

momentum written down now as

P = H[∂ϕ] = −
c

24π

∫ 2π

0

dϕ

[(
κ

2
f ′ − 1

2

(
1

f ′

)′′)
f ′ −

(
κ

2
f
′ − 1

2

(
1

f
′

)′′)
f
′
]

(2.3.55)

where we have used that {f, w} = −1
2

(
1
f ′

)′′
f ′ up to addition of total derivatives, we may

observe that it takes the form (2.3.2) required for the momentum method.

It therefore follows that the canonical 1-form is given by

Θ = − c

24π

∫ 2π

0

dϕ

[(
κ

2
f ′ − 1

2

(
1

f ′

)′′)
δf −

(
κ

2
f
′ − 1

2

(
1

f
′

)′′)
δf

]
. (2.3.56)

The variational of this potential can indeed be massaged into the more standard form

Ω = − c

48π

∫ 2π

0

[(
δf ′ ∧ δf ′′

f ′2 − κδf ∧ δf ′
)
−

(
δf

′ ∧ δf ′′

f
′2 − κδf ∧ δf ′

)]
dϕ. (2.3.57)

of the Alekseev-Shatashvili symplectic form.

Using the canonical 1-form (2.3.56) in (2.2.29) together with the Hamiltonian H[∂t] pro-

duces the Alekseev-Shatashvili action

S = − c

24π

∫
d2x

[
κf ′∂wf −

(
1

f ′

)′′

∂wf − κf
′
∂wf −

(
1

f
′

)′′

∂wf

]
. (2.3.58)
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We may also obtain these results by the technique in Section 2.3.4. Since we already

know the charges, the only ingredient still needed in (2.3.25) is the 1-form valued gauge

parameter w. Since we are working with diffeomorphisms this means we need to work out

(2.3.12). In this case things are simplified somewhat because we evidently only require the

vector field ξ evaluated at ρ = 0 since the subleading components of (2.3.45) are not needed

to compute the charge H.

Now, (2.3.54) gives the variations of f and f under an arbitrary asymptotic diffeomor-

phism, the 1-form valued vector field with parameters ϵδ and ϵδ must satisfy δf

δf

 =

 f ′ 0

0 f
′

 ϵδ

ϵδ

 . (2.3.59)

This is evidently (2.3.12) evaluated on the boundary and with the Jacobian factor moved to

the other side of the equality.

It now follows that (2.3.25) gives

Ω = − 1

4π

∫ 2π

0

(δTww ∧ ϵδ − δTww ∧ ϵδ)dϕ

= − c

48π

∫ 2π

0

[
δ
(κ
2
f ′2 + {f, w}

)
∧ δf
f ′ − δ

(
κ

2
f
′2
+ {f, w}

)
∧ δf
f
′

]
dϕ. (2.3.60)

Integrating by parts this expression can can be shown to equal (2.3.57).

We can also obtain this result by computing (2.3.18). For this computation we will

need the potential Qξ for the Noether current Jξ and the potential k̃ξ for δkξ. Much of

this discussion is independent of the choice Λ = −1 and D = 3, so we will leave these

undetermined until they are actually needed to simplify our expressions. The Noether-Wald

charge is well known as the so-called Komar term [21,10],

Qξ = −
1

16πG

√
−g∇µξν(dD−2x)µν . (2.3.61)

The computation of k̃ξ is straightforward from (2.3.42) if we use (2.3.14). With this we
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find

16πGδkξ = −
4Λ

D − 2

[
δξµ
√
−g + 1

2

√
−ggαβδgαβ ∧ ξµ

]
(dD−1x)µ

=
4Λ

D − 2

√
−g∇λ(ξ

λ ∧ ξµ)(dD−1x)µ. (2.3.62)

From this we identify

k̃ξ = −
1

16πG

2Λ

D − 2

√
−gξµ ∧ ξν(dD−2x)µν . (2.3.63)

The boundary symplectic form is therefore given by (2.3.18) to find

ωb = δQξ + k̃ξ

= − 1

16πG

√
−g
[
∇λξ

λ ∧∇µξν + δ(∇µξν) +
2Λ

D − 2
ξµ ∧ ξν

]
(dD−2x)µν . (2.3.64)

Computing

δ(∇µξν)(dD−2x)µν = −
[
∇λξµ ∧∇λξ

ν − 1

2
R µν
αβ ξα ∧ ξβ

]
(dD−2x)µν (2.3.65)

the boundary symplectic form becomes

ωb = −
1

16πG

√
−g
[
∇λξ

λ ∧∇µξν −∇λξµ ∧∇λξ
ν − 1

2
R µν
αβ ξα ∧ ξβ + 2Λ

D − 2
ξµ ∧ ξν

]
(dD−2x)µν .

(2.3.66)

If we now specialize to D = 3 where

R µν
αβ = δµαR

ν
β − δναR

µ
β − δ

µ
βR

ν
α + δνβR

µ
α −

1

2
R(δµαδ

ν
β − δναδ

µ
β) (2.3.67)

and use the equations of motion to write

Rµν = 2Λgµν , R = 6Λ, (2.3.68)

(2.3.66) can be simplified to

ωb = −
c

24π

√
−g
[
∇λξ

λ ∧∇µξν −∇λξµ ∧∇λξ
ν + Λξµ ∧ ξν

]
(d1x)µν . (2.3.69)
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It’s straightforward to evaluate (2.3.69) on the metric (2.3.43) on the computer. We restrict

the vector field ξ to take the form (2.3.45), where now ϵ and ϵ should be understood as the

1-form valued ϵδ and ϵδ we used earlier and introduced in (2.3.59). Doing so we find the

ϕ = 1
2
(w + w) component of (2.3.69) to be

ωb|∂Σ =
c

24π

1

ρ
∂ϕ(ϵ ∧ ϵ)dϕ

+
c

48π

[
4Lϵ′ ∧ ϵ− 4Lϵ′ ∧ ϵ+ ϵ′ ∧ ϵ′′ + ϵ′′ ∧ ϵ′ − ϵ′′′ ∧ ϵ+ ϵ′′′ ∧ ϵ

]
dϕ+O(ρ).(2.3.70)

Since we will integrate this over the circle to form the symplectic form we are free to drop total

derivatives. In particular this means the divergent term above may be dropped. Furthermore,

in the O(ρ0) term the two terms which mix ϵ and ϵ combine to a total derivative. So the

symplectic form factorizes into a holomorphic and antiholomorphic term as expected,

Ω =
c

48π

∫ 2π

0

[
(4Lϵ′ − ϵ′′′) ∧ ϵ− (4Lϵ′ − ϵ′′′) ∧ ϵ

]
dϕ. (2.3.71)

But recalling (2.3.44) and (2.3.48) we have

δL ∧ ϵ = 1

2
(4Lϵ′ − ϵ′′′) ∧ ϵ (2.3.72)

and similarly for L. Of course, we identify the RHS here as being precisely the factor which

appears in (2.3.71). Making the replacement we recover the first line of (2.3.60).

2.3.5.3 New AdS boundary conditions

Here we again consider the Einstein-Hilbert Lagrangian (2.3.41) in D = 3, but this time

we consider the modified boundary conditions described in [18]. Many of the details in the

calculations here are similar to those which appear in topologically massive gravity, to be

discussed in Section 2.4, so the manipulations here will be useful as a warmup in addition to

a demonstration of the techniques in Section 2.3. We write an arbitrary Fefferman-Graham

gauge metric as

ds2 =
dρ2

4ρ2
+

1

ρ

(
g
(0)
ab + ρg

(1)
ab +O(ρ2)

)
dxadxb (2.3.73)
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where again ρ > 0 is the radial coordinate with asymptotic boundary at ρ and xa = (t, ϕ)

are the coordinate on the boundary with ϕ ∼ ϕ+ 2π. As before we will use the coordinates

w = t+ ϕ and w = −t+ ϕ for convenience22.

The boundary conditions considered in [18] can be phrased as fixing the components

g
(0)
ww = 0, ∂wg

(0)
ww = 0, g

(0)
ww =

1

2
, g

(1)
ww = 4G∆ (2.3.74)

with ∆ a fixed constant. Importantly, one can check that, while it is slightly modified from

the Gibbons-Hawking-York boundary term, there indeed exists a choice of ℓ such that B = 0

in (2.2.15).

The Einstein equations can be solved exactly for metrics obeying these boundary condi-

tions. The analog of the Bañados metrics for this case are

ds2 =
dρ2

4ρ2
+

1

ρ
dw(dw + ∂wPdw) + 4G[Ldw2 +∆(dw + ∂wPdw)

2]

+ (4G)2∆ρLdw(dw + ∂wPdw) (2.3.75)

where P = P (w) and L = L(w) are free functions parametrizing the solutions.

Furthermore, the asymptotic vector fields which preserve these boundary conditions are

given by

ξρ = ρϵ′

ξw = ϵ+O(ρ2)

ξw = σ − 1

2
ρϵ′′ +O(ρ2) (2.3.76)

where ϵ(w) and σ(w) are free functions parametrizing the diffeomorphism.

These diffeomorphisms act on the parameters P and L by

iVξδP = σ + P ′ϵ,

iVξδL = 2Lϵ′ + ϵL′ − 1

8G
ϵ′′′. (2.3.77)

22These coordinates relate to the coordinates (r, t+, t−) which appear in [18] by ρ = 1/r2 and t+ = w,

t− = −w. Later we will meet a pair of functions (P,L) which were (P ,L) in [18].
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The charges associated to these diffeomorphisms can be computed to be

H[ϵ, σ] =

∫ 2π

0

dϕ

2π

[(
∆P ′2 − L

)
ϵ+∆(1 + 2P ′)σ

]
. (2.3.78)

From (2.3.77) it’s clear that the ϵ part of the transformation acts just like (2.3.48) on

L while the σ part of the transformations acts to shift P . This means we can integrate up

(2.3.77) to find

P = g(w), L = − 1

8G
{f, w}. (2.3.79)

This can be done explicitly by applying the finite diffeomorphism

ρ′ = f ′ρ+G∆
f ′′2

f ′ ρ
3 +O(ρ4),

w′ = f + 2G∆f ′′ρ2 +O(ρ3),

w′ = w + g − 1

2

f ′′

f ′ ρ+O(ρ
3), (2.3.80)

where f(w) and g(w) are free functions, to the background metric, which we choose to be

an extremal BTZ black hole,

ds2 =
dρ′2

4ρ′2
+

1

ρ′
dw′dw′ + 4G∆dw2. (2.3.81)

Diffeomorphisms act on the orbit parameters by

iVξδf = f ′ϵ, iVξδg = σ + g′ϵ, (2.3.82)

which can be found by composing diffeomorphisms or deducing the transformation rule from

(2.3.77) and (2.3.79). Using (2.3.79) we may also write the momentum as

P = H[1, 1] = ∆ +

∫ 2π

0

dϕ

2π

[
∆(2 + g′)g′ +

1

8G
{f, w}

]
= ∆+

∫ 2π

0

dϕ

2π

[
∆g′g′ − 1

2

1

8G

(
1

f ′

)′′

f ′
]

(2.3.83)
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where in the second line we have used that {f, w} = −1
2

(
1
f ′

)′′
f ′ up to the addition of

total derivatives. As was the case in (2.3.55), this momentum is of the form (2.3.2) for the

momentum method. The canonical 1-form is given by

Θ =

∫ 2π

0

dϕ

2π

[
∆g′δg − 1

16G

(
1

f ′

)′′

δf

]
. (2.3.84)

From this and the Hamiltonian Ht = H[1,−1] we obtain the phase space action

S =

∫
dtdϕ

2π

[
∆g′(ġ − g′)− 1

16G

(
1

f ′

)′′

(ḟ − f ′)

]
. (2.3.85)

To instead apply our other techniques, (2.3.82) supplies the analog of (2.3.59), now taking

the form  δf

δg

 =

 f ′ 0

g′ 1

 ϵδ

σδ

 . (2.3.86)

With all of these expressions for this theory we are well positioned to compute the

boundary symplectic form via the methods in Sections 2.3.3 and 2.3.4. To make things

even easier, we may note that (2.3.69) applies for any theory governed by the Einstein-

Hilbert Lagrangian, independent of the boundary conditions we impose, so long as B = 0,

which happens to be the case for this theory.

Performing the evaluation we find that again the divergent 1/ρ term is a total derivative

as it was for asymptotically Dirichlet boundary conditions while the finite term can be

massaged to yield

Ω =

∫ 2π

0

dϕ

4π

[
δ(L−∆P ′2) ∧ ϵδ − 2∆δP ′ ∧ σδ

]
, (2.3.87)

which one may check has canonical 1-form (2.3.84). Furthermore, comparing this expression

to the the charges (2.3.78) it’s immediately clear that the prescription (2.3.25) reproduces

(2.3.87) as well. Thus both the techniques of Sections 2.3.3 and 2.3.4 lead to the same phase

space action (2.3.85).
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2.3.6 Comparison of techniques

We have presented several techniques for computing actions governing boundary modes. It

is useful to discuss the computational advantages offered by each approach.

When applicable, the momentum method is the most efficient approach. As presented,

it applies to D = 3 diffeomorphism orbits built on bulk solutions that are translationally

invariant in the boundary directions. The needed inputs are simply expressions for the

boundary Hamiltonian and momentum charges written in terms of the orbit variables. The

prescription involves using integration by parts to write the momentum in a canonical form,

after which the canonical 1-form Θ can be read off. Together with the expression for the

Hamiltonian, the boundary action follows. A great advantage here is that one gets Θ directly,

bypassing the need to solve δΘ = Ω. Also noteworthy is that it can be applied order by order

in perturbation theory, for example by expanding in powers of the boundary fluctuations.

This method proved very effective in [15].

The other methods we discussed are less efficient but have a wider range of applicability.

Using the transfer vector to invert iVΩ = −δHV requires that we we have computed all of

the Noether charges, rather than just the momentum. Of course this has the advantage that

it is applicable in any dimension and with any type of gauge orbit. Additionally, while the

computation of the Noether charges will generally be sensitive to the boundary conditions

of the theory, once the charges are computed the actual computation (2.3.25) is immediate.

As seen in the examples (2.3.60) and (2.3.87), the resulting form for Ω may not make solving

δΘ = Ω immediate.

The transfer field method is likely the most computationally involved of the three ap-

proaches, but has the unique advantage of offering a clean separation between contributions

depending on the Lagrangian of the theory and the boundary conditions imposed. In the case

one wishes to study a Lagrangian under a variety of boundary conditions, this method could

become more efficient than the others which would require that we recompute the Noether
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charges with each set of boundary conditions. For example, once (2.3.69) was known for

D = 3 Einstein-Hilbert theory, there was essentially no additional computation required to

apply it in the example in Section 2.3.5.3 beyond working out the new class of asymptotic

vector fields.

As a final point here, we note that while computing the Noether charges generally involves

solving a condition (2.2.26) to obtain the charges, each step in the transfer field method can

in principle be completed algorithmically. This opens the possibility that, given θ and kw for

the theory, the computation of both Qw and k̃w can be automated on the computer, leaving

only the computation of B to obtain an expression for (2.3.18).

2.4 Application to Topologically Massive Gravity

Topologically massive gravity [22] is described by the Einstein-Hilbert action supplemented

with a gravitational CS term,

STMG =
1

16πG
SEH −

l

96πGν
SCS (2.4.1)

with23

SEH =

∫
d3x
√
g

(
R +

2

l2

)
+ Sbndy

SCS =

∫
Tr

(
Γ ∧ dΓ +

2

3
Γ ∧ Γ ∧ Γ

)
. (2.4.2)

Here the connection 1-form is Γαβ = Γαβµdx
µ, where Γαβµ are the usual Christoffel symbols

built out of the metric. We take ν > 1 and henceforth set l = 1. Our interest in applying

our general techniques to this theory is to illustrate various issues that are not present in

simpler examples, in particular the the non-diffeomorphism invariance of the action and the

existence of solutions with relatively exotic “warped” asymptotics. We find that these pose

no obstacle to implementing our general procedure to find the boundary action.

23It is straightforward to check that the boundary action may be chosen such that B = 0 in (2.2.15).
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We will be particularly interested in solutions [23] that are the warped analog of the more

familiar Bañados geometries [20],

ds2 = L2

[
dr2

r2
+ u2

(
dt+ K̂dϕ+ (r + r−1L̂)dϕ

)2
− (r − r−1L̂)2dϕ2

]
, ϕ ∼= ϕ+ 2π

(2.4.3)

where

L2 =
1

ν2 + 3
, u2 =

4ν2

ν2 + 3
. (2.4.4)

(2.4.3) is a solution to STMG for any functions K̂ = K̂(ϕ) and L̂ = L̂(ϕ). Setting K̂ = L̂ = 0

gives the analog of Poincaré AdS3; constant values of (K̂, L̂) can be obtained by quotienting

the vacuum solution (analogous to how one obtains BTZ); (K̂, L̂) with nontrivial dependence

on ϕ (analogous to the Bañados geometries) are obtained by applying asymptotic symmetry

transformations to the solutions with constant values.

The solutions (2.4.3) live in a phase space defined by boundary conditions that are pre-

served by the asymptotic coordinate transformations xµ→xµ + χµ which have the large r

behavior

χϕ = ξϕ +
1

2r2
∂2ϕξ

ϕ + . . .

χt = ξt − 1

r
∂2ϕξ

ϕ + . . .

χr = −r∂ϕξϕ + . . . (2.4.5)

Here ξt,ϕ = ξt,ϕ(ϕ) are arbitrary periodic functions of ϕ. Under an infinitesimal diffeomor-

phism of the form (2.4.5) we have

δL̂ = −1

2
∂3ϕξ

ϕ + 2L̂∂ϕξϕ + ∂ϕL̂ξϕ

δK̂ = ∂ϕξ
t + ∂ϕ(K̂ξ

ϕ) (2.4.6)

Associated to any boundary preserving vector field ξ = ξµ∂µ is a charge H[ξ]. For example,

the charges associated with rigid time and angular translations, i.e energy and angular
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momentum, are

M =
1

uL
H[∂t] =

1

12πG

∫ 2π

0

K̂dϕ

J = H[∂ϕ] = −
1

6πG
uL

∫ 2π

0

[(
1 +

1

u2

)
L̂ − 1

4
K̂2

]
dϕ (2.4.7)

as will be derived below.24

To derive the charges we can consider SEH and SCS independently of each other. That

is, the action S = C1SEH + C2SCS yields charges Q′ = C1Q
′
EH + C2Q

′
CS, so we can extract

Q′
EH and Q′

CS by setting one of C1,2 = 0. This is allowed because the procedure to obtain

Q is linear, and the current JEH is conserved in the SEH theory, and likewise for JCS.

2.4.1 Einstein-Hilbert contribution

As in (2.3.61) we have

QEH
χ = −εαβϕ∇αχβdϕ, (2.4.8)

where ε is defined in Appendix A.1. Evaluating this on (2.4.3) gives

QEH
χ =

{
Lu(u2 − 1)r2ξϕ + 2Lu(u2 − 1)K̂rξϕ + Lu3rξt

+ Lu
[
u2(2L̂+ K̂2)− 6L̂

]
ξϕ + Lu3K̂ξt +O(r−1)

}
dϕ (2.4.9)

The term proportional to r2 is constant on the phase space and so will be omitted in what

follows. The same goes for the last term on the first line. On the other hand, there is a

linearly diverging term in the first line which is not constant on phase space; this term will

cancel a similar term in the CS contribution, yielding a finite result as r→∞.

Following the comments in Appendix A.3,

CEH
χ = iχθ

EH = −u3LK̂ξtdϕ+O(r−1) (2.4.10)

where θEH is given by (2.3.41).

24Original references for the derivation of the charges and asymptotic symmetry algebras include [24–28].
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2.4.2 CS contribution

The Lagrangian 3-form LCS = Tr(Γ ∧ dΓ + 2
3
Γ3) has variation

δLCS = Eγρδgγρ
√
−gd3x+ dθCS (2.4.11)

with

Eγρ = −∇βR
βρ
µνε

γµν = −2Cγρ

θCS = Tr(δΓ ∧ Γ)− 2δgκρR
ρ
δdx

κ ∧ dxδ , (2.4.12)

where Cγρ is the Cotton tensor and the Ricci tensor Rµν is formed from the Riemann tensor

R = dΓ + Γ2 as Rµν = Rα
µαν . We also recall that in D = 3 the Riemann tensor can be

expressed in terms of the Ricci tensor; in terms of the Riemann two-form this amounts to

the identity

Rα
β =

[
δαγRδβ − gβγRα

δ −
1

2
Rδαγ gδβ

]
dxγ ∧ dxδ (2.4.13)

Following the discussion in Appendix A.3 to compute the charges, the Noether current

corresponding to the bulk vector field χ is

JCSξ = iVχθ
CS − iχLCS − Yχ . (2.4.14)

where Yχ defined via

dYχ = δχLCS − LχLCS

= Tr(dv ∧ dΓ) (2.4.15)

with vαβ = ∂βχ
α. We take

Yξ = −Tr(dv ∧ Γ) . (2.4.16)

We also have

iVχθ
CS = ∇β∇γχ

αdxβ ∧ Γγα + Tr(iχR ∧ Γ)− 2(∇κχρ +∇ρχκ)R
ρ
δdx

κ ∧ dxδ

iχLCS = Tr(iχΓdΓ− Γ ∧ iχR) (2.4.17)
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Using these relations along with (2.4.13), some algebra leads to

JCSχ = dQCS
χ (2.4.18)

with

QCS
χ = ∂γχ

αΓγα +∇γχ
αΓγα + χa

[
− 4Raδ +Rgaδ

]
dxδ . (2.4.19)

The full charge is

HCS
χ =

∫
∂Σ

[
QCS
χ − CCS

χ

]
(2.4.20)

where CCS
χ is obtained by solving δCCS

χ = iχθ, which can be written explicitly as

δCCS
χ = (δΓακβΓ

β
δα − δΓ

α
δβΓ

β
κα)χ

κdxδ − 2(δgκρR
ρ
δ − δgδρR

ρ
κ)χ

κdxδ (2.4.21)

To proceed further we need to specify the asymptotic form of the solutions of interest. Taking

the solutions to be of the form (2.4.3) it is straightforward to compute

QCS
χ =

{
Lu(u2 − 1)r2ξϕ + 2u(u2 − 1)LK̂rξϕ + u(u2 − 1)Lrξt

+ L
[
u

(
u2 − 2

3

)
K̂2 +

(
2u3 − 10

3
u+

8

3u

)
L̂
]
ξϕ + Lu

(
u2 − 2

3

)
K̂ξt +O(r−1)

}
dϕ

CCS
χ =

{
− u

(
u2 − 2

3

)
LK̂ξt +O(r−1)

}
dϕ (2.4.22)

Again, we can ignore terms that are constant on phase space. In writing these expressions

we have also restored the 1/6ν appearing in (2.4.1).

2.4.3 Total charge

The total charge is

Hχ =
1

16πG

∫
∂Σ

[
(QEH

χ − CEH
χ )− (QCS

χ − CCS
χ )
]
. (2.4.23)

Noting the cancellation between (non-constant) diverging term, we arrive at a finite result

in the large r limit,

Hχ =
1

16πG

∫
∂Σ

[
4

3
uLK̂ξt − 8

3
uL

((
1 +

1

u2
)
L̂ − 1

4
K̂2

)
ξϕ
]
dϕ . (2.4.24)
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2.4.4 Lower spin gravity formulation

While Einstein gravity in three dimensions can be recast as a CS theory (with gauge group

SL(2,R)×SL(2,R)), this no longer holds in the presence of a gravitational CS term because

the theory is no longer topological. However, the subsector of the theory described by the

solutions (2.4.3) can be described by a CS theory, namely one with gauge group SL(2,R)×

U(1), so-called “lower spin gravity” [29, 30]. The choice of gauge group is dictated by the

isometry group of the warped vacuum solution. In particular, there is a fairly simple relation

such that the charges and symplectic form of the two theories are mapped to each other.

Since the equations of CS theory are much easier to deal with than those of TMG, this

provides a simpler route to isolating the boundary degrees of freedom. The simplification

arises essentially because the bulk degrees of freedom have been omitted.

The action is

S =
k

4π

∫
Tr

(
A ∧ dA+

2

3
A ∧ A ∧ A

)
+

k

8π

∫
A ∧ dA (2.4.25)

Here A is an SL(2,R) connection and A is a U(1) connection. The SL(2,R) generators

obey [Lm, Ln] = (m − n)Lm+n and we use the two-dimensional representation, for which

Tr L1L−1 = −1.

a = (L1 − L̂L−1)dϕ+ (ω1L0 + ω2L−1)dt

a = Kdϕ+ dt . (2.4.26)

Here, as is standard, the boundary connections (a, a) are related to bulk connections (A,A)

by a gauge transformation that encodes the radial dependence,

A = b−1ab+ b−1db , A = bab−1 + bdb−1 , (2.4.27)

where b = e−
1
2
L0 ln r. Gauge transformations act as

δa = dϵ+ [a, ϵ] , δa = dϵ (2.4.28)

49



with ϵ = ϵ1L1 + ϵ0L0 + ϵ−1L−1. The form of (2.4.26) is preserved by taking ϵ0 = −∂ϕϵ1 and

ϵ−1 =
1
2
∂2ϕϵ1−L̂ϵ1, To connect to the metric description we trade (ϵ1, ϵ) for (ξ

ϕ, ξt) according

to

ϵ1 = ξϕ , ϵ = ξt + K̂ξϕ , (2.4.29)

with

K̂ =
4π

k
K . (2.4.30)

The gauge transformations then act as

δL̂ = −1

2
∂3ϕξ

ϕ + 2L̂∂ϕξϕ + ∂ϕL̂ξϕ

δK̂ = ∂ϕξ
t + ∂ϕ(K̂ξ

ϕ) (2.4.31)

reproducing (2.4.6).

We can now apply relations reviewed in Appendix A.4 for CS theory. Letting V denote the

phase space vector field implementing an infinitesimal gauge transformation with parameters

(ϵ, ϵ) we have iVΩ = −δH[ϵ, ϵ] with

H[ϵ, ϵ] =
k

2π

∫
∂Σ

Tr(ϵa) +
k

4π

∫
∂Σ

ϵa

=

∫ 2π

0

dϕ

[(
k

2π
L̂+

k

8π
K̂2

)
ξϕ +

k

4π
K̂ξt

]
=

∫ 2π

0

dϕ(Lξϕ +Kξt) , (2.4.32)

where we have defined L according to

L̂ =
2π

k
(L − 2π

k
K2) . (2.4.33)

The second line of (2.4.32) agrees with (2.4.24) under the identification

k =
uL

3G

(
1 +

1

u2

)
, k = −uL

3G
. (2.4.34)
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We conclude that there is a simple relation between the canonical structure of lower spin

gravity and the class of solutions (2.4.3) to TMG.

One can also build the metrics (2.4.3) out of the SL(2,R)×U(1) connection, in analogy

with the corresponding relation in ordinary 3D gravity. See [29] for details. Gauge trans-

formations in the CS theory will map to diffs in the metric formulation, as follows from the

fact that we have already mapped the transformations on the phase space variables (L̂, K̂).

2.4.5 Boundary action for warped AdS3

To compute the boundary action our first task is to obtain expressions for the charges

evaluated on a given orbit. The finite diff functions are written as (Φ, T ) with

Φ = ϕ+ ξϕ , T = t+ ξt . (2.4.35)

The infinitesimal transformations are given in (2.4.31). The first expression is familiar and

exponentiates via the Schwarzian derivative and the second expression is easily handled to

yield

L̂(ϕ) = (∂ϕΦ)
2L̂0 −

1

2
{Φ(ϕ), ϕ}

K̂(ϕ) = ∂ϕΦK̂0 + ∂ϕT (Φ) (2.4.36)

where the constant values (L̂0, K̂0) serve as parameters labelling the orbit under considera-

tion. Translating to unhatted variables, as appear in the charge expression Q =
∫
dϕ(Lξϕ +

Kξt) we have

L(ϕ) = (∂ϕΦ)
2L0 −

k

4π
{Φ, ϕ}+ ∂ϕΦ∂ϕTK0 +

k

8π
(∂ϕT )

2

K(ϕ) = ∂ϕΦK0 +
k

4π
∂ϕT . (2.4.37)

To extract the boundary symplectic potential Θ we use the momentum method. The

momentum, i.e. generator of ϕ translations, is

P = H[ξ = ∂ϕ] =

∫ 2π

0

L(ϕ)dϕ . (2.4.38)
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To apply the momentum method we are instructed to write P in the form

P =

∫
(PΦΦ

′ + PTT
′)dϕ (2.4.39)

which is achieved by taking25

PΦ = L0Φ
′ +

k

8π

(
1

Φ′

)′′

PT = K0Φ
′ +

k

8π
T ′ . (2.4.40)

The symplectic potential is then

Θ =

∫
dϕ

[(
L0Φ

′ +
k

8π

(
1

Φ′

)′′)
δΦ +

(
K0Φ

′ +
k

8π
T ′
)
δT

]
. (2.4.41)

The Hamiltonian corresponding to time translations is

H = Q[ξ = ∂t] =

∫
Kdϕ = 2πK0 , (2.4.42)

so the kinetic term in the action is obtained by making the replacements (δΦ, δT )→(Φ̇, Ṫ ).

The fact that this H is a constant on phase space reflects the fact the solutions in this theory

are time independent. More interesting dynamics are obtained by choosing a Hamiltonian

that generates translations along the vector field ∂t+Ω∂ϕ. This is appropriate for computing

a partition function of the form Tr e−β(H+ΩP ). Such partition functions are the appropriate

ones to consider for two reasons [31]. First, unitary representations of the warped current

algebra have H unbounded from below while P is positive definite, so Ω > 0 is required for

convergence. Second, the black hole solutions (2.4.3) (with constant (L̂, K̂)) have horizon

Killing vector field (defined to be the vector field that vanishes at the bifurcation surface)

ξH = ∂t + Ω∂ϕ

= ∂t +
1

2
√
L̂+ K̂

∂ϕ (2.4.43)

25We should note that L(ϕ) has several terms which contain only first derivatives; as discussed in section

(2.3.1), since they are purely quadratic their contribution to Ω is easily found by directly solving iV Ω = −δQV

for such terms.
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Ω must be positive for a smooth horizon, as can be seen from the expression for the surface

gravity

κ =

√
L̂√

L̂+ K̂/2
. (2.4.44)

As in all of our examples, the boundary action captures all of the information regarding

the warped spacetimes that is dictated by symmetry. For instance, it can be used to compute

correlators of the currents, as well one loop corrections to the partition function coming from

the boundary modes.

2.5 Emergent Boundary Modes

As developed so far, boundary field theories arise due to the imposition of boundary con-

ditions that are preserved by some infinite dimensional group of transformations that act

nontrivially at the boundary. However, situations can arise in which the boundary in ques-

tion is not a sharp boundary in the sense of terminating the space on which the theory lives,

but rather an interface that connects the original region to an “outer region”. The question

is whether or not the boundary modes survive; that is, are they effectively transported to

the outer region?

This situation arises naturally in the AdS/CFT context. For example, one might have

an AdS3 solution which appears as the near horizon limit of some non-asymptotically AdS3

solutionM . Is the asymptotic symmetry group of the AdS3 region visible at the boundary of

the larger spacetimeM? From the dual CFT point of view, the AdS3 region encodes physics

in the deep IR, so one is asking about how to these IR degrees of freedom are realized in

terms of the UV description.

We will flesh out how this works in a particular example. Five-dimensional Einstein-

Maxwell theory (with Λ < 0) admits an asymptotically AdS5 solution that has a near horizon

AdS3×R2 factor which we compactify to T 2 [32]. The T 2 is supported by a nonzero Maxwell
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field strength. We show how the boundary graviton phase space is visible at the AdS5

boundary. Including also a CS term A∧F ∧F , the AdS3 region supports boundary photons,

and we again show how these appear in the full description. These results are consistent with

the low energy correlators computed in [33], which are sensitive to the emergent boundary

modes. For related work see [34,35].

2.5.1 Background solution

We first briefly summarize the relevant features of the solution; more details may be found

in [32]. The action is

S = − 1

16πG5

∫
d5x
√
g
(
R + FMNFMN − 12

)
+

k

12πG5

∫
A ∧ F ∧ F (2.5.1)

We consider a solution of the form

ds2 =
dr2

L(r)2
+ 2L(r)dx+dx− + e2V (r)dxidxi , i = 1, 2

F = bdx1 ∧ dx2 (2.5.2)

The function L can be found in terms of V , but numerics are required to find V . We will

only need the asymptotics. As r→∞ we have AdS5 asymptotics,

L(r) = 2r + . . . , e2V (r) = cV r + . . . (2.5.3)

for some constant cV .

As r→0 we have AdS3 × T 2 asymptotics,

L(r) = 2br + . . . , e2V (r) = 1 + . . . (2.5.4)

Fluctuations of the metric and gauge field with polarizations and spacetime dependence

restricted to the AdS3 directions are governed by an effective 3d Einstein-CS theory, so if we

place a boundary in this region we will find the usual 2d boundary photons and gravitons. On

the other hand, the asymptotic symmetry group at the AdS5 boundary is finite dimensional,
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which leads to the aforementioned question of how the near horizon boundary modes are

visible in terms of observables computed at the AdS5 boundary.

2.5.2 Boundary photons

2.5.2.1 Linearized solutions

We considered a linearized gauge field perturbation of the form

δA = a+(r, x
+)dx+ . (2.5.5)

It obeys

Le2V
∂a+
∂r

+−2kba+ = 0 (2.5.6)

The solution which is smooth at the origin (assuming k > 0) is

a+(r, x
+) = ϵ(x+)e

−2kb
∫∞
r

dr′

L(r′)e2V (r′) (2.5.7)

This has asymptotics:

r→0 : a+(r, x
+) = ϵ(x+)rk + . . .

r→∞ : a+(r, x
+) = ϵ(x+)

(
1− kb

cV r
+ . . .

)
. (2.5.8)

The 1/r falloff term implies a nonzero boundary current J+ ∼ ϵ(x+). This solution is not

quite what we want however, since normalizable solutions, corresponding to vanishing source

in the dual CFT, should vanish in the large r limit. We can remedy this by performing a

gauge transformation. We first of all write

ϵ(x+) = −∂+λ(x+) (2.5.9)

and then perform a gauge transformation with parameter Λ(r, x+) = f(r)λ(x+) where

lim
r→0

f(r) = 0 , lim
r→∞

f(r) = 1 . (2.5.10)
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After the gauge transformation we have

a+ + ∂+Λ = ∂+λ(x
+)

(
f(r)− e

−2kb
∫∞
r

dr′

L(r′)e2V (r′)

)
ar + ∂rΛ = λ(x+)∂rf(r)

a− + ∂−Λ = 0 (2.5.11)

such that all components vanish at both small and large r, as desired. It is apparent that

these modes are not pure gauge, as they carry a nonzero field strength.

2.5.2.2 Symplectic form

We now wish to compute the symplectic form restricted to the space of these linearized

solutions. In particular, we compute the full D = 4 + 1 symplectic form for these non-pure

gauge solutions. We will see that the result agrees with what we would get by considering

pure gauge modes living in the near horizon AdS3, with a boundary imposed in that region.

Since all polarizations and spacetime dependence of the fluctuations is confined to three

dimensions it is convenient to dimensionally reduce the action (2.5.1). Keeping the gauge

field terms, after integrating over the T 2 the action can be written as

S =
bV2
4πG5

∫
M3

L (2.5.12)

where V2 is the coordinate volume of T 2 and

L =
1

2
ΦF ∧ ⋆F + kA ∧ F (2.5.13)

where Φ = b−1e2V . We will consider S =
∫
L and tack on the bV2

4πG5
prefactor at the end.

Proceeding as usual, we vary the action with respect to the gauge field and write the result

as in (2.2.13), δL = EAδA+ dθ yielding the field equation

d[Φ ⋆ dA+ 2kA] = 0 (2.5.14)
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and the symplectic form Ω =
∫
Σ
ω with

ω = δθ = −ΦδA ∧ ⋆dδA− kδA ∧ δA (2.5.15)

The fluctuation (2.5.11) takes the form A = a+ dΛ where a obeys

Φ ⋆ da+ 2ka = 0 . (2.5.16)

Using this we have

Ω = k

∫
Σ

(
δa ∧ δa− dδΛ ∧ dδΛ

)
. (2.5.17)

In the case of interest a = a+dx
+ and so the first term vanishes, while the second terms is

an exact form. Restoring the prefactor, we then obtain the symplectic form

Ω = − kbV2
4πG5

∫
∂Σ

δΛ ∧ dδΛ . (2.5.18)

This symplectic form lives on the AdS5 boundary. However, and this is the main point, the

form of the result is precisely the same as would have been obtained by just considering the

pure CS action kb
4πG5

∫
A∧F defined on the near horizon AdS3 region. It is furthermore easy

to verify that the boundary currents take the same form as well. This shows very explicitly

how the near horizon boundary photon degrees of freedom are effectively transported to the

AdS5 boundary. The mechanism for this is not entirely trivial; in particular, note that the

fluctuation modes we used in this analysis are not pure gauge in the near horizon region, yet

the symplectic form defined on them agrees with that of pure gauge modes in AdS3.

2.5.3 Boundary gravitons

2.5.3.1 Linearized solutions

We now consider a fluctuation around the metric in (2.5.2) by considering

ds2 =
dr2

L2
+ 2Ldx+dx− +M(dx+)2 + e2V dxidxi (2.5.19)
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where we will work to linear order in M =M(r, x+). For r ≪ 1 background metric contains

the AdS3 factor ds23 =
dr2

4b2r2
+ 4brdx+dx−. In this near horizon region, a boundary graviton

is obtained by applying a diff xµ→xµ + ξµ with

ξ = ϵ(x+)∂+ − ∂+ϵ(x+)r∂r −
1

8b3r
∂2+ϵ(x

+)∂− . (2.5.20)

This yields a fluctuation of the form

M = − 1

2b2
∂3+ϵ(x

+) . (2.5.21)

The fluctuation (2.5.21) is not a solution of the linearized Einstein equations outside the

near horizon region. Our task is to extend (2.5.21) to a solution in the full spacetime that

respects the AdS5 asymptotics. As shown in [33] such a solution is obtained by multiplying

(2.5.21) by −2bLc(r), where

Lc(r) = L(r)

∫ r

∞

dr′

L(r′)2e2V (r′)
. (2.5.22)

The asymptotics of this function are

r→0 Lc0(r) ∼ −
1

2b

r→∞ Lc0(r) ∼ −
1

4cV r
. (2.5.23)

So the desired fluctuation mode is

M = b−1Lc(r)∂3+ϵ(x
+) . (2.5.24)

This non-pure gauge solution carries a nonzero AdS5 boundary stress tensor (c = 3/2G3 is

the near horizon Brown-Henneaux central charge),

T++ = − cV c
96π

∂3+ϵ(x
+) (2.5.25)

which is the same form as the contribution to the AdS3 boundary stress tensor coming from

the pure gauge mode (2.5.21).
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2.5.3.2 Symplectic form

The fluctuation modes found above are not yet in a form suitable for computing the sym-

plectic form. Indeed, contracting two such perturbations with the general gravitational

symplectic form will give zero; this follows from symmetry considerations, as each perturba-

tion carries two lower + indices and there are no available upper + indices to soak these up.

The issue is that the perturbation is singular at r = 0 due to the breakdown of coordinates

there. We can fix this by performing a compensating diff that zeroes out the perturbation

as r→0 but acts trivially at large r. Let f(r) interpolate smoothly between −1 and 0 in

going from small to large r. We then act with a diff of the form (2.5.20) except with ϵ(x+)

replaced by f(r)ϵ(x+). We write the combined perturbation as

ϕ+ ϕf . (2.5.26)

By construction, it vanishes as r→0 and is equivalent to our original perturbation at large

r. The symplectic form contracted against two such perturbations is26

Ω(ϕ1 + ϕ1f , ϕ2 + ϕ2f ) . (2.5.27)

Now, Ω(ϕ1, ϕ2) = 0 as already noted. Also Ω(ϕ1f , ϕ2 + ϕ2f ) = 0. This follows since ϕ1f is a

pure diff mode, and Ω contracted against a pure diff mode localizes to the boundary of Σ,

but ϕ2 + ϕ2f vanishes as r→0 and ϕ1f vanishes as r→∞, so both boundary terms are zero.

All that survives is therefore Ω(ϕ1, ϕ2f ). This again localizes to the boundary, but now

we get a nonzero boundary term at small r, Since ϕ1 = −ϕ1f at small r, this boundary

term is precisely the same expression as appears in the symplectic form of pure diff modes

in AdS3.
27 So we once again find that the perturbations defined on the full spacetime carry

26Here we are using the notation Ω(ϕ1, ϕ2) = iV2
iV1

Ω, where Vi denotes the phase space vector field

corresponding to the linearized perturbation ϕi.

27This relative minus sign is cancelled by the minus sign that occurs when we switch from taking the

boundary to be inner versus outer.
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the same symplectic form as the pure gauge near horizon modes.
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CHAPTER 3

Hamiltonian Formulation for Near-Extremal Charged

Black Holes in 4d

3.1 Introduction and summary

Black holes provide an interesting set up where gravity, quantum mechanics and thermody-

namics meet. Thermodynamic description of the black holes are based on the Bekenstein-

Hawking entropy [36], which is an area of the horizon and Hawking temperature [37], which

is the surface gravity at the horizon which fit nicely into the first law of thermodynamics

with obvious notation.

δM = THδS + ΩδJ + ΦδQ (3.1.1)

Black hole thermodynamics, however, can break down when the black hole has an electric

charge. The charged black holes have two horizons r±, seperated by the difference between

the mass and charge. The geometry is described by Reissener-Nordstrom metric.

ds2 = −f(r)dt2 + dr2

f(r)
+ r2dΩ2

2, f(r) =
(r − r+)(r − r−)

r2
,

r± = GM ±
√
G2M2 −GQ2

(3.1.2)

When this seperation is small, i.e. M ≈
√
GQ or r+ ≈ r−, the black hole is called near-

extremal. Near extremal black holes have provided an important setup for analytic study

of black holes such as black hole mergers and black hole microstate counting. Interestingly,

thermodynamic description seems to fail for those near-extremal black holes.

Even without a symmetry to protect it, the near-extremal black holes have large entropy

61



S =
πr2+
4G

at low temperature TH = r+−r−
4πr2+

, and hence it appears to be in the thermodynamic

regime. However, the excitation energy away from the extremality at low temperature below

a certain mass gap, T < Mgap, is not enough for radiating one Hawking quantum, as can be

seen by using the definition of thermodynamic quantities.

δE =M −Q =
T 2

Mgap

, M−1
gap ≡

l2r30
G(l2 + 6r20)

(3.1.3)

Therefore, to describe the radiation as well as the physics near the horizon, one has to

incorporate the quantum gravitational effects.

Indeed, the near-extremal black holes do radiate quantum mechanically. To see this,

one can take the near horizon limit by rescaling the coordinates, which has the AdS2 × S2

geometry. It has a long throat while the rest of the bulk has the small curvature and thus the

quantum effect near the horizon is dominant. Banerjee and Saha [38] computed the 1-loop

determinant of the Euclidean path integral at the near horizon region of the 4d black hole,

and found that the excitation above the extremality gets a quantum correction

δE ′ = ∂β logZ ∼
3

2
T > T (3.1.4)

which is large enough for radiating a Hawking quantum.

This was possible because the quantum gravitational effects are boosted at low temper-

ature through the effective rescaling of the coupling from G→ βG
2π
. These quantum gravity

effects have been described by Jackiw-Teitelboim (JT) gravity [39,40].

JT gravity is an effective description of the near horizon AdS2 region of the Euclidean

black hole in the s-wave sector. The gravity part of the JT action is the Schwarzian derivative

of the boundary graviton, which is a pseudo Nambu-Goldstone boson associated with the

broken reparameterization symmetry of the boundary time, and the on-shell action for scalar

fields is given by the bi-local action dressed with the boundary graviton.

Using this action, one can compute the gravity observables such as 1-loop correction to the

excitation energy and the boundary quantum mechanics observables. Through the analytic
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continuation to the Lorentzian time, they correspond to the thermal correlation functions

in the thermal state where the ingoing and outgoing modes have the same structure of the

correlation function.

However, the evaporating black holes obtained by collapse of a star are described in the

Unruh vacuum, where the outgoing radiation has thermal correlation function at late time

while the ingoing correlation in the past is not thermal. To describe this state, inherently

Lorentzian description is needed.

One can attempt to analytically continue the Schwarzian action. This is problematic

when the boundary is single sided because it has the solutions of equations of motion that

have instability or wrong sign kinetic term, which are not removed by fixing the SL(2,R)

gauge symmetry.1

One way forward is using the Hamiltonian or Arnowitt-Deser-Misner (ADM) formulation,

based on the geometry as the foliation of the metric along the boundary time. The non-

dynamical gravitational degrees of freedom are integrated out by imposing the associated

constraints and the resulting Hamiltonian for the dynamic degrees of freedom (the scalar

field) is localized on the boundary. However, evaluated on the solution to the constraints,

the ADM Hamiltonian appears to be a non-local action in the bulk, which has quartic scalar

interaction at the leading order in G. This seems to be highly contrasting to the JT gravity

at first sight.

However, using the energy momentum conservation and highly nontrivial total derivative

formula, one can turn bulk integral into a boundary integral of a non-local interaction. One

then can integrate in boundary gravitons to match the action with the JT gravity plus scalar

bilocal action.

1This is because the gauge charges evaluated on them on one boundary do not vanish. However, for the

two-sided boundary, the difference of the charges on the left and right boundaries, QL − QR, can be made

to vanish and remove the instability.
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This identification, which is highly nontrivial, guarantees the agreement in tree-level cor-

relation functions, which we illustrate by explicit computations of tree-level 4-point functions

of the two boundary scalars. On the other hand, the loop corrections to the correlation func-

tions are not guaranteed to match because the two theoreis have different dynamic degrees of

freedom which generally adopt different types of regularization schemes (counter terms) for

the UV divergences. However, our explicit computations using the Hamiltonian formulation

and JT gravity show these agree, albeit not straightforwardly.

In principle, our ADM Hamiltonian can be used in computing other bulk observables

both real-time (using Schwinger-Keldysh contour and interaction picture) and Euclidean

time (using mode expansion of propagators, i.e. working in the momentum space). We leave

that for the future work.

The rest of this chapter proceeds as follows. In section 3.2, we explain the breakdown of

thermodynamics in the near-extremal black holes and the compute the quantum correction

to the partition function. In section 3.3, we review the well-established JT gravity as the low

temperature effective description for the near extremal black hole and compute the tree-level

4-point functions of two boundary scalars and 1-loop 2-point functions. In section 3.4, we

compute the ADM Hamiltonian as a bulk integral and illustrate how we identify it with

the JT action defined on the boundary by integrating in the boundary gravitons. Lastly in

section 3.5, we compute the tree-level 4-point and 1-loop 2-point functions using the ADM

Hamiltonian in the Euclidean time and find the agreement with the JT computations. We

also sketch the computation of real time 4-point function using the interaction picture and

Schwinger-Keldysh contour.
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3.2 Motivation for the ADM formulation of the 4d near-extremal

charged black holes

3.2.1 Breakdown of thermodynamics

The semi-classical thermodynamics of the black holes [36, 37, 41] is based on the Hawking

temperature, T , the mass of the black hole M and the Bekenstein-Hawking entropy given

by the area law S = A
8πGN

. For the near-extremal Reissener-Nodrdstrom black holes in 4d,

the excitation above the extremality is given by

δE =M −Q =
T 2

Mgap

, M−1
gap ≡

l2r30
G(l2 + 6r20)

, (3.2.1)

where r0 is the horizon radius of the extremal black holes. Imagine adding some matter and

consider the backreaction. When T < Mgap, the black hole cannot radiate Hawking quanta

with energy T to relax to extremal black hole due to this energy gap, and semi-classical

thermodynamic description breaks down.

Another way to see this is using the heat capacity. In the presence of backreaction

by matters, the semi-classical description is valid if the change in temperature through

absorption/emission of a Hawking quantum is much less than the current temperature of

the black hole [42] .

⟨∆T ⟩ =
∣∣∣∣T ∂T

∂M

∣∣∣∣ = T

C
≪ T or C ≫ 1 (3.2.2)

where C =
(
∂M
∂T

)
Q,J

is the heat capacity.2 When this bound is not satisfied, it is ambiguous

to use which temperature for the thermodynamic description—before absorption/emission

2Using the equilibrium relation δE − TδS = 0 in the grand canonical ensemble, this condition can be

recast as the lower bound on the change in entropy given by CQ.

T
∂S

∂T
≫ 1 or ⟨∆S⟩ = T

∂S

∂M
≫ C (3.2.3)
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or after or somewhere in the middle. Practically, this means that the black hole does not

radiate or absorb a Hawking quantum semi-classically.

Additionally, the continuum thermodynamic description is valid within a certain energy

window around the macroscopic mean energy. This is evident by writing the partition

function as the functional integral.

Z(β) =

∫
dE e−S(E)+βE (3.2.4)

The continuum thermodynamics description corresponds to the saddle point approximation

(SPA) of this integral. The saddle point E = E∗ is at

∂S

∂E

∣∣∣∣
E∗

= β (3.2.5)

Expanding the exponent around the saddle point,

−S(E) + βE = −S(E∗) + βE∗ −
1

2
S ′′(E∗)(E − E∗)

2 + · · ·

= −S(E∗) + βE∗ +
CT 2

2
(E − E∗)

2 + · · ·
(3.2.6)

where we used

β̃(E) ≡ ∂S

∂E
, β̃(E∗) = β

∂2S

∂E2

∣∣∣∣
E∗

= − 1

T̃ 2

∂T̃

∂E

∣∣∣∣∣
E∗

= − 1

CT̃ 2

∣∣∣∣
E∗

= − 1

CT 2

(3.2.7)

the SPA is valid when the perturbation around the saddle point is small, e.g.

∆E = |E − E∗| ≪ T
√
C (3.2.8)

When C ≲ 1, thermal fluctuations ∆E ∼ T can push a state out of this window.

For both cases Eqs. (B.4.20) and (3.4.41), the continuum thermodynamics becomes in-

valid when C ≲ 1. For the finite systems, the heat capacity decreases (C → 0) as the

temperature is lowered due to the third law of thermodynamics. On the other hand, since

the heat capacity is an extensive quantity, it scales with the number of degrees of freedom

66



N , which increases in thermodynamic limit, N → ∞ and hence the heat capacity remains

to be O(1), allowing the continuum thermodynamic descriptions.

Extremal black holes are exception to this rule. Despite enormous entropy S = A
4GN

even

at small temperatures, the extremal black holes have a very small heat capacity, CQ ∼ 0.

(And T ∼ 0.) For example, for the 4d Reissener-Nordstrom black holes,

ds2 = −f(r)dt2 + dr2

f(r)
+ r2dΩ2 (3.2.9)

where

f(r) = 1− 2GM

r
+
GQ2

r2
≡ (r − r+)(r − r−)

r2

r± = GM ±
√
G2M2 −GQ2

(3.2.10)

the Hawking temperature, Bekenstein-Hawking entropy and the heat capacity are given by

TH =
f ′ (r+)

4π
=
r+ − r−
4πr2+

, S = 4πr2+, CQ =

(
∂TH
∂M

)
Q

= −
2πr2+ (r+ − r−)

r+ − 3r−
(3.2.11)

From this, we see that the heat capacity decreases CQ → 0 in the extremal limit r+−r− → 0.

Thus, despite the large entropy, thermodynamic description is invalidated once the back-

reaction is incorporated for the extremal black holes, and one must consider potentially very

different quantum gravitational effects.

3.2.2 Quantum gravitational effects from the near horizon JT gravity

The near-extremal Reissener-Nordstrom black holes have a very long throat near the horizon,

and hence the quantum fluctuations at this region dominate. To see this nearly AdS2 region

near the horizon, we parameterize the extremality using ϵ

r± = r0 ± ϵ (3.2.12)

and take the near-horizon limit

t =
r20
λ
τ, r = r0 + λρ (3.2.13)
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in the metric, where ϵ = λρh, to obtain

ds2 = r20

[
−(ρ2 − ρ2h)dτ 2 +

dρ2

ρ2 − ρ2h
+ dΩ2

2

]
+2λr0ρ

[
(ρ2 − ρ2h)dτ 2 +

dρ2

ρ2 − ρ2h
+ dΩ2

2

]
+O(λ2)

(3.2.14)

The resulting near-horizon geometry is AdS2 × S2 to the leading order in λ, however, con-

sidering the correction from the deviation from the extremality, the geometry is not asymp-

totically AdS2. Nonetheless, the geometry has a very long throat near the horizon ρ ≃ ρh,

and hence the quantum fluctuations at the near horizon region dominate the path integral.

Using the 1-loop determinant of the Euclidean path integral at the near horizon region,

the authors of [38] showed that the near-extremal black holes indeed can radiate quantum

mechanically and there is no Mgap in the spectrum of the near-extremal black holes unlike

some supersymmetric black holes. Indeed, the quantum gravitational effects get boosted at

low temperature at the near horizon region of the Euclidean black holes. We explain these

in the following subsection.

3.2.2.1 1-loop Euclidean path integral

Banerjee and Saha [38] computed the Euclidean path integral at the near-horizon region of

the near-extremal black hole in 4d, without resorting to the effective Schwarzian description

and showed that the quantum effects at the near horizon region lift the excitation away from

the extremality of the near-extremal black hole to above the energy of a Hawking quantum

T , i.e. quantum effects resolve the issue with the semi-classical/thermodynamic description

by removing theMgap and allow the radiation. The leading low T behavior of their Euclidean

path integral computed in 4d agrees that of the effective Schwarzian theory computed by [43].

We sketch Banerjee and Saha’s computation of the Euclidean path integral in the following.

Consider an Euclidean near-extremal 4d Reissener-Nordstrom black hole, in the specific

U(1) gauge field background

At = iQ

(
1

r+
− 1

r

)
, Frt =

iQ

r2
(3.2.15)
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Treating the near-extremal solution as the perturbations around the extremal geometry,

gNXµν = gXµν + hµν , ANXµ = AXµ + aµ (3.2.16)

and integrating out these fluctuations, the authors get the 1-loop determinant of the quadratic

kinetic operator in their action. The actions of the fluctuations are

Sdiffeo = −
1

2

∫
d4x
√
g̃

(
∇̃Ah

AC − 1

2
∇̃Ch

)(
∇̃BhBC −

1

2
∇̃Ch

)
,

Sgauge = −
1

2

∫
d4x
√
g̃
(
∇̃Aa

A
)2 (3.2.17)

Writing the quadratic kinetic operator as

S(2) ≡
∫
d4x
√
g̃Ψ∆̃Ψ (3.2.18)

the Euclidean path integral to 1-loop order is given by the determinant of the kinetic operator.

Z =

∫
DΨe−S

(2)

=
1√

det(∆̃)
(3.2.19)

To compute the eigenvalues of the kinetic operator, we solve the eigenvalue problem to

the first order in T . Namely, we decompose the kinetic operator, eigenfunctions and their

eigenvalues into the extremal and near-extremal linear in T parts

∆̃ = ∆0 + T∆(c), fn = f 0
n + Tf (c)

n +O(T 2), Λ̃n = Λ0
n + TΛ(c)

n +O(T 2) (3.2.20)

where ∆0,Λ0
n are those of the extremal geometry (T = 0 contribution). Then we solve the

first order perturbation(
∆0 + T∆(c)

) (
f 0
n(x) + Tf (c)

n (x)
)
=
(
Λ0
n + TΛ(c)

n

) (
f 0
n(x) + Tf (c)

n (x)
)

(3.2.21)

Using ∆0f 0
n(x) = Λ0

nf
0
n(x), this reduces to

∆(c)f 0
n +∆0f (c)

n = Λ(c)
n f

0
n + Λ0

nf
(c)
n (3.2.22)

and

logZ = −1

2

∑
n

log Λ̃n (3.2.23)
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Only zero modes of extremal geometry contributes The extremal kinetic operator

∆0 has both continuous and discrete, normalizable non-zero modes and discretely degenerate,

normalizable zero modes. Some of the zero modes are shared by ∆̃ and ∆0 with zero

eigenvalues (i.e. simultaneous zero modes), whose nontrivial measure contributes to logZ ∼

log(a+ bT 2) where a ̸= 0. Each of these eigenfunctions contributes to logZ by

Non-zero modes : log
(
Λ0
n + TΛ(c)

n

)
∼ log Λ0

n +
TΛ

(c)
n

Λ0
n

+O(T 2)

Simultaneous zero modes : log
(
a+ bT 2

)
∼ log a+O(T 2)

Exclusive zero modes : log
(
TΛ(c)

n

)
∼ log T +O(T 2)

(3.2.24)

We recall that thermodynamics broke down when the mean energy ⟨E⟩ = logZ of the

black hole away from the extremalityM0 is less than the energy of a Hawking quantum, ∼ T

below T ≲ Mgap. To remedy the issue, the quantum effects should be stronger than terms

in logZ analytic in T . Hence, the relevant contributions come from the zero modes of the

extremal kinetic operator, that are not zero modes of the total kinetic operator ∆̃.

The zero modes of extremal part of the kinetic operator are made of the normalizable

vector modes vµ and discrete, normalizable tensor modes wµν . Isolating the parts from the

(degenerate) zero modes of the extremal part of kinetic operator in the mode expansion of

the metric and U(1) gauge fields fluctuations

aµ = E1vµ + E2εµνv
ν

hµi =
1√
κ

(
E3∂ivµ + Ẽ3εµν∂iv

ν + E4εij∂
jvµ + Ẽ4εijεµν∂

jvν
)

hµν =
r0√
2

(
∇µξ̂ν +∇ν ξ̂µ − gµν∇ρξ̂ρ

)
+ E6wµν ; ξ̂µ = E5vµ + Ẽ5εµνv

ν

(3.2.25)

For the tensor modes wµν , the eigenvalues to O(T ) are

Λ
[
wnµν
]
=
nπT

2r0
(3.2.26)
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Using this, the 1-loop determinant is

logZtensor = −2 · 1
2

∑
n≥2

log Λ
[
wnµν
]

= −
∑
n≥2

log

(
nπT

2r0

)

= log

(∏
n≥2

2r0
nπT

)
.

(3.2.27)

Using the Zeta-function regularization, we get the 3
2
log T contribution:∏

n≥2

α

nT
=

1√
2π

T 3/2

α3/2
(3.2.28)

i.e.

logZtensor ∼
3

2
log T (3.2.29)

There are two types of vector modes—one with S2 eigenvalue l = 0 and l = 1. The l = 0

vector modes remains to be the zero modes of the linearlized near-extremal kinetic operator,

which contributes to O(T 2) to the logZ, i.e. they do not have log T contribution.

On the other hand, the normalizable vector modes with l = 1 are no longer zero modes

of the near-extremal kinetic operator. Long story short, their 1-loop determinant is

logZl=1 vector = 3 log

(
π3/2

√
2π

T 3/2

(4r0)
3/2

)
+ 3 log

(
4r0
πT

)
(3.2.30)

at low T , it behaves as

logZl=1 vector ∼
3

2
log T (3.2.31)

Combining the normalizable tensor modes wµν and the l = 1 vector modes vµ, the 1-loop

determinant from the zero-mode of the extremal kinetic operator is

logZ = log

(
π3/2

√
2π

T 3/2

(2r0)
3/2

)
+ 3 log

(
π3/2

√
2π

T 3/2

(4r0)
3/2

)
+ 3 log

(
4r0
πT

)
(3.2.32)

which, at low T , goes as

logZ ∼ 3 log T (3.2.33)

71



This low T behavior of Euclidean path integral is the same as that of the effective

Schwarzian description of the JT gravity, computed by [43], although the near-extremal

black hole’s near horizon region is not exactly asymptotically AdS2 unlike the JT gravity.

As it dominates the energy of a single Hawking quantum ∼ T , we conclude that the near

extremal black holes can radiate the Hawking quanta at all temperature, ane there is no

Mgap in the spectrum of the near-extremal black hole unlike the supersymmetric black holes,

which cannot be arbitrarily close to extremality [44–46].

In addition to this, Turiaci and Illiesiu (2020) [43] found that there is no ground state

degeneracy.

3.2.2.2 Boosted quantum gravitational effect at low T

As we will explain in detain in Section 3.3, the 4d near extremal RN black holes restricted

to the s-wave sector are described by the low energy effective description known as the

Jackiew-Teitelboim (JT) gravity [47–49].

I = − ϕ0

16πG

[∫
√
gR + 2

∫
bdy

K

]
− 1

16πG

[∫
d2xϕ

√
g(R + 2) + 2

∫
bdy

ϕbK

]
+SM [g, χ] + · · ·

(3.2.34)

where ϕ is a fluctuation around the dilaton, which controls the volume of S2 and χ is a

scalar field. The first square braket is topological Euler characteristic. Integrating out the

dilaton fluctuation ϕ in the bulk term of the second integral forces the geometry locally AdS2.

The third term is the Gibbons-Hawking-York (GHY) term for the well-defined variational

principle given the Dirichlet boundary conditions. Finally, the backreaction from the matter

causes the dilaton to diverge on the boundary. To regulate this, we introduce the cut-off

boundary and impose the Dirichlet boundary conditions.

g|bdy =
1

ϵ2
, ϕb = ϕ|bdy =

ϕr(u)

ϵ
(3.2.35)
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The Dirichlet boundary condition on metric manifests that the trajectory of the cut-off

surface is parameterized by a curve t(u)

1

ϵ2
= guu =

t′2 + z′2

z2
−→ z = ϵt′ +O

(
ϵ3
)

(3.2.36)

The extrinsic curvature contains the Schwarzian derivative of the boundary curve t(u)

K = 1 + ϵ2Sch(t(u), u) +O(ϵ4), Sch(t(u), u) ≡ t′t′′′

t′2
− 3t′′2

2t′2
(3.2.37)

and hence the GHY term gives rise to the famous Schwarzian action for the boundary curve

t(u).

ISch = − 1

8πGN

∫
du ϕr(u)Sch(t(u), u), ϕb(u) =

ϕr(u)

ϵ2
(3.2.38)

The Schwarzian action is invariant under the SL(2,R) transformation

t(u) 7→ at(u) + b

ct(u) + d
, ad− bc = 1 (3.2.39)

The solution of this action is t(u) = tan πu
β

up to the SL(2,R) transformation. The fluctua-

tion around this solution

t(u) = tan
τ(u)

2
, τ(u) =

2π

β
u+ ϵ

(
2πu

β

)
(3.2.40)

is described by the action

I = −C
∫ β

0

du Sch(t, u), C ≡ ϕ̄r
8πG

= −C
∫ β

0

du
[
Sch(τ, u) + τ ′2 Sch(t, τ)

]
= −C

∫ β

0

du

[
Sch(τ, u) +

1

2
τ ′2
]

= −2π2C

β
− 4π2C

β2

∫ β

0

[
ϵ′
(
2πu

β

)
+ ϵ′′′

(
2πu

β

)]
du

− 4π2C

β2

∫ β

0

1

2

[
−3ϵ′′

(
2πu

β

)2

+ ϵ′
(
2πu

β

)2

− 2ϵ(3)
(
2πu

β

)
ϵ′
(
2πu

β

)]
+O(ϵ3)

(3.2.41)
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The constant piece contributes to the entropy of the black holes. Removing the total deriva-

tives (second integral) and amending the integral range to u′ ≡ 2πu
β
∈ [0, 2π], we are left with

the action

ISch =
πϕ̄r
4Gβ

∫ 2π

0

du′
(
ϵ′′2 − ϵ′2

)
+O(ϵ3) (3.2.42)

From this we see that the effective grativational coupling is boosted at low temperature (that

appears in the propagators of the boundary graviton, ϵ(u′).

G→ β

2π
G (3.2.43)

3.2.3 Motivation for the real-time and ADM formulations

Wick rotation of Euclidean observables corresponds to correlation in thermal state, where

ingoing and outgoing Hawking radiation are the same. On the other hand, the radiation

from charged black holes obtained by a collapsing star are described by Unruh vacuum that

we explain in the next subsection. This requires a dedicated Lorentzian description.

The effective Schwarzian description relies on the SL(2,R) symmetry corresponding to the

zero modes of Schwarzian. However, the Lorentzian boundary (geodesic completion) is more

complicated and SL(2,R) sym is not obvious. One way forward is using the Hamiltonian

(ADM) formulation, that we turn to in the next next section 3.4.

3.3 JT gravity and bilocal matter action

3.3.1 Universal s-wave sector of 4d near-extremal charged black holes

Continuing the discussion of the Euclidean near extremal black holes, the Einstein-Hilbert

and Maxwell action

SEinstein-Maxwell ∼
1

l2P

∫
d4x
√
g

(
Rg −

l2P
4
FµνF

µν

)
(3.3.1)
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where lP = 16π2GN , restricted to the s-wave and magnetic monopole subsector,

ds2 = hijdx
idxj + Φ2dΩ2, F = Q sin θdϕ ∧ dθ, Φ2 = ϕ0 + ϕ (3.3.2)

where Φ2 is the dilaton that controls the volume of the S2, reduces to

SEinstein-Maxwell ∼
4π

l2P

∫
dtdr
√
h

[
Φ2Rh + 2(∂Φ)2 + 2− 1

2
Φ−2Q2l2P

]
(3.3.3)

which is a special instance of the bigger family of dilaton actions.

I =
1

16πGN

∫
d2x
√
−h
[
Φ2Rh + λ(∂Φ)2 − U

(
Φ2/d2

)]
(3.3.4)

The constant dilaton mode ϕ0 is a Lagrange multiplier that forces the equation of motion

2

ℓ2AdS

+
1

d2
U ′ (ϕ0/d

2
)
= 0, (3.3.5)

Substituting this into the action, we are left with

I =
1

16πGN

[∫
d2x
√
h
(
ϕ0Rh − U

(
ϕ0/d

2
))

+

∫
d2x
√
hϕ

(
Rh +

2

ℓ2AdS

)
+

∫
d2
√
h
λ

4

(∂ϕ)2

ϕ0 + ϕ

]
+O

(
l2AdSδE

2

Q2

) (3.3.6)

The first integral is constant and a part of the (topological) Euler characteristic. The last

integral is of O
(
l2AdSδE

2

Q2

)
, which can be subleading in the near extremal limit. The second

integral is so called Jackiew-Teitelboim (JT) gravity, which describes the low energy effective

theory of the near extremal charged black hole in the s-wave sector. In the rest of the section,

we work with this low energy effective action.

Igrav;bulk = S0 −
1

16πGN

∫
M

d2x
√
hϕ (Rh + 2) +O

(
l2AdSδE

2

Q2

)
(3.3.7)

3.3.2 Cut-off boundary to regulate backreaction of matter

Adding a matter to the dilaton gravity results in instability in dilaton on the boundary,

Φ2|bdry =∞. To see this, we divide the action into

S = Igrav + Smatter (3.3.8)
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and on the conformal gauge,

ds2 = −e2ω(u+,u−)du+du− (3.3.9)

the equation of motion from varying h++ is

−e2ω∂+
(
e−2ω∂+Φ

2
)
= Tmatter

++ (3.3.10)

Using this, the T++ integrated along the null direction can be related to the values of Dilaton

on the boundary.∫ π

0

du+e−2ωTmatter
++ =

[
e−2ω∂+Φ

2
]∣∣
u+→0

−
[
e−2ω∂+Φ

2
]∣∣
u+→π

(3.3.11)

We assume the AdS2 extending to the boundary. This is used to replace the conformal gauge

with the global AdS2 metric, which, on the boundary, behaves as

e2ω ∼ 1

sin2 (u+)
∼ 1

(u+)2
for u+ → 0

∼ 1

(u+ − π)2
for u+ → π

(3.3.12)

Since Tmatter++ > 0, the dilaton diverges at the boundary.3

To regulate this, one introduces the cut-off, r = rc = 1
ϵ
or z = ϵ.4 On the cut-off

boundary, we impose the Dirichlet boundary conditions on the metric and dilaton.

g|bdy =
1

ϵ2
, ϕb = ϕ|bdy =

ϕr(u)

ϵ
(3.3.15)

3And now Sarosi associates this singularity to the irrelevant deformation, which sources the non-

normalizable modes of matter solution. Their logic is that the irrelevant deformation deforms the UV

CFT away from the IR CFT, which corresponds to having non-AdS geometry on the boundary (UV) and

instead the boundary smoothly connects to the asymptotically flat spacetime.

4As a side remark, one can translate this to the boundary CFT language by using the holographic RG

flow.

Boundary at z = 0 (r > rc) ↔ UV

Interior z ≫ 0 (r < rc) ↔ IR
(3.3.13)

The interior starts out as an empty AdS2 dual to IR CFT1 near the horizon and smoothly connects to

asymptotically flat space, dual to a different QFT1 in UV, through an irrelevant deformation.

SCFTIR
→ SQFTUV

= SCFTIR
+

∫
JO du, ∆O > d = 1 (3.3.14)
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The boundary condition on the metric manifests that the cutoff surface (t(u), z(u)) is pa-

rameterized by the curve t(u)

1

ϵ2
= guu =

t′2 + z′2

z2
−→ z = ϵt′ +O

(
ϵ3
)

(3.3.16)

The reparameterization (conformal sym. in 1d) u 7→ f(u) changes the cut-off surface to

a new curve, t′(u) = t ◦ f(u) due to the boundary condition and is a symmetry (of the bulk

gravitational action) that is spontaneously broken to SL(2,R).

t(u) 7→ at(u) + b

ct(u) + d
, ad− bc = 1 (3.3.17)

For the well-defined variational principle given the Dirichlet boundary conditions, we can

add the Gibbons-Hawking-York (GHY) boundary terms to the Euclidean action. In total,

the action is

SEinstein-Maxwell ∼ S0 −
1

16πGN

[∫
M

d2x
√
hϕ (Rh + 2) + 2

∫
∂M

ϕbK

]
(3.3.18)

The extrinsic curvature has the Schwarzian derivative of t(u)

K = 1 + ϵ2Sch(t(u), u) +O(ϵ4) (3.3.19)

The constant piece is combined with the curvature term to form the Euler characteristic

(topological number). The Schwarzian piece

ISch = − 1

8πGN

∫
du ϕr(u)Sch(t(u), u), ϕb(u) =

ϕr(u)

ϵ2
(3.3.20)

is the action of the boundary curve t(u)5 It is invariant under the SL(2,R) reparameterization

(which forms the zero modes of the Schwarzian).

where J is a source and O is an irrelevant operator deformation. We work only within the cut-off, in the

near-horizon AdS region. The irrelevant source introduces a non-normalizable modes to the matter solution

and also is responsible for the blow-up of dilaton on the boundary.

5Since this is the boundary action, the reparameterization (conformal) symmetry is not explicitly broken

yet. This is explicitly broken by the boundary condition of dilaton as will be explained in the main text.
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3.3.3 Solutions and symmetries of JT gravity

Indeed, the reparameterisation (1d conformal) symmetry explicitly broken in JT gravity,

which allows the finite energy density. To see this, recall the Einstein-Maxwell action re-

stricted to s-wave sector of the near-extremal black hole.

I = − ϕ0

16πG

[∫
√
gR + 2

∫
bdy

K

]
− 1

16πG

[∫
d2xϕ

√
g(R + 2) + 2

∫
bdy

ϕbK

]
+ IM [g, χ] + · · ·

(3.3.21)

The variation of the gravitational part is

δS =

∫
d2x
√
−g
[(

1

2
(R + 2)Φgµν −RµνΦ +∇µ∇νΦ− gµν∇2Φ

)
δgµν

−Φ0

(
Rµν − 1

2
Rgµν

)
δgµν + (R + 2)δΦ

]
+

∫
∂M

dx
√
|γ|
[
2(K − 1)δΦ + (rν∇νΦ− Φ) γαβδγαβ

]
(3.3.22)

Before discussing the boundary conditions, we note that the Dilaton term explicitly breaks

the bulk diffeomorphism invariance down to a U(1) gen by ξµ = ϵµν∂νϕ as can be seen by

δξϕ = ξµ∂µϕ.

The dilaton’s boundary condition (3.3.15) should allow the equation of motion for the

dilaton to have a solution. One of the equations of motion is obtained by varying action

with respect to the metric

δS

δgµν
= T ϕµν ≡

1

8πG

(
∇µ∇νϕ− gµν∇2ϕ+ gµνϕ

)
= 0 (3.3.23)

The solution to this equation is parameterized by three free parameters A,B,C

ϕ(t, z) =
A+Bt+ C(t2 + z2)

z
(3.3.24)

The DBC that allows this solution is

ϕ|bdry =
ϕr(u)

ϵ
(3.3.25)
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This provides a relation between the coefficients A,B,C and the boundary curve t̃(u) given

by
A+Bt̃(u) + Ct̃2(u)

t̃′(u)
= ϕr(u) (3.3.26)

One can find all solutions in the following way. First, we can fix the A,B,C to certain values

A0, B0, C0 and find the solution t̃0(u). Then we can do a SL(2,R) on t̃ on the LHS and take

the new coefficients of the new coordinate, A′, B′, C ′. All A,B,C are reachable from any

arbitrary A0, B0, C0 via SL(2,R) transformation in this way. Since the differential equation

has the unique solution, this means that we found all solutions. This also means that some

t̃(u) cannot be reached from a solution t̃0(u) via SL(2,R), and hence they are not consistent

with the boundary conditions. Thus, the reparameterization symmetry is explicitly broken

down to SL(2,R).

Then again, the choice of the cut-off surface ⟨t(u)⟩ spontaneously breaks this already

explicitly broken reparameterization symmetry. Since they are already explicitly broken, the

excitations t̃(u) around these (further) spontaneously broken generators are pseudo Nambu-

Goldstone bosons (NGB) instead of Goldstone bosons.

Since we broke the conformal symmetry down to SL(2,R), the NGBs can have a (deriva-

tive) action. This is the Schwarzian action given by

I = − 1

8πG

∫
duϕr(u) Sch(t, u) (3.3.27)

The symmetries and their breaking are summarized in Table 3.1.

Indeed, this effective action reproduces the same equation of motion for the dilaton. To

see this, let’s write the full Lagrangian apart from the overall coefficient.

L = ϕr

[
t′′′

t′
− 3

2

(
t′′

t′

)2
]

(3.3.28)
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EH gravity JT gravity

Symmetries
Full diffeomorphism

symmetry

Diffeomorphisms: only the U(1)

generated by ξµ = ϵµν∂νϕ

Full reparameterization

symmetry, spontaneously

broken to SL(2,R)

• Explicitly broken to SL(2,R)

• Spontaneously broken to SL(2,R)

by the choice of cutoff

Boundary

graviton t̃(u)

Goldstone boson of

reparameterization

symmetry

Pseudo-Goldstone boson

Table 3.1: Symmetries of Einstein–Hilbert and JT gravity and their breaking.

The variation of Lagrangian is

δL =
δL
δt′
δt′ +

δL
δt′′

δt′′ +
δL
δt′′′

δt′′′

=
d

du

[
δL
δt′′′

δt′′ +
δL
δt′′
− d

du

δL
δt′′′

]
+

[
δL
δt′
− d

du

δL
δt′′

+
d2

du2
δL
δt′′′

]
δt′

=
d

du
[· · · ]− d

du

[
δL
δt′
− d

du

δL
δt′′

+
d2

du2
δL
δt′′′

]
δt

= 0

(3.3.29)

From this, the equation of motion is

d

du

[
δL
δt′
− d

du

δL
δt′′

+
d2

du2
δL
δt′′′

]
= 0 (3.3.30)

Each term is given by

δL
δt′

= ϕr

(
−t

′′′

t′2
+

3t′′2

t′3

)
δL
δt′′

= ϕr

(
−3t′′

t′2

)
,

d

du

δL
δt′′

=

(
−3ϕrt

′′

t′2

)′

δL
δt′′′

=
ϕr
t′
,

d2

du2
δL
δt′′′

=

(
ϕr
t′

)′′

(3.3.31)
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Hence, the equation of motion is[(
ϕr
t′

)′′

+

(
3ϕrt

′′

t′2

)′

+ ϕr

(
−t

′′′

t′2
+

3t′′2

t′3

)]′
= 0 (3.3.32)

This can be more concisely written as[
1

t′

(
(t′ϕr)

′

t′

)′]′
= 0 (3.3.33)

The solution is given by Eq. (3.3.24).

Backreaction to boundary curve Consider the constant dilaton on the boundary. Un-

der an infinitesimal change in boundary curve, t̃(u)→ t̃(u)+ δt(u) and z̃(u)→ z̃(u)+ δz(u),

the change in Schwarzian action in Eq. (3.3.33) is

δSch(t, u) =

[
1

t′

(
t′′

t′

)′]′
δt+ total derivatives

=
Sch′

t′
δt+ total derivatives

(3.3.34)

where the second line can be explicitly checked using Sch(t, u) = t′′′

t′
− 3

2

(
t′′

t′

)2
.

Viewing the change in boundary curve as the large diffeomorphism6, the variation on the

matter is

δIM =

∫
TMµν δg

µνdx2 =

∫
TMµν (∇µξν +∇νξµ)dx2 =

∫
TMµνn

µξν
√
γ dΣ (3.3.35)

Plugging the following values and taking the leading order variation

n = z∂z, dΣ =
√
gµν ẋµẋνdu ≃ t′du,

√
γ =

1

ϵ
, ξν = (δt, ϵδt′) (3.3.36)

δIM =

∫
TMzt t

′δt du (3.3.37)

6This looks problematic to me. If it is large diff for the matter, why not for the gravitational part? The

large diff variation on the gravitational part results in 8πGNTϕ
µν = ∇µ∇νϕ+gµν(∇2+2)ϕ, not the derivative

of Schwarzian.
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Thus, the variation of the total action is

δI =

∫
bdry

[
−C Sch(t, u)′

t′
+ t′TMtz

]
δt du (3.3.38)

which leads to the equation of motion:

C
Sch(t, u)′

t′
= t′TMtz (3.3.39)

A more intuitive derivation is using ADM Hamiltonian.

M =
1

8πG

1

ϵ
[ϕb − ∂nϕ] =

ϕ̄r
8πG

Sch(t, u) = C Sch(t, u) (3.3.40)

The energy flux is
dM

du
= t′2TMtz (3.3.41)

This equation can be used to find the new boundary curve modified due to the backreaction

of the matter.

3.3.4 Boundary graviton propagator

Recall the Schwarzian action for the small fluctuation around the boundary circle

t(u) = tan
τ(u)

2
, τ(u) =

2π

β
u+ ϵ

(
2π

β
u

)
(3.3.42)

is given by

ISch =
πϕ̄r
4Gβ

∫ 2π

0

du′
(
ϵ′′2 − ϵ′2

)
+O(ϵ3) (3.3.43)

The boundary graviton’s propagator is

⟨ϵ(u)ϵ(0)⟩ = 4Gβ

πϕ̄r

∑
|k|>1

eiku

k2(k2 − 1)
(3.3.44)

The discrete sum can be done by casting it to a contour integral. The result is

⟨ϵ(u)ϵ(0)⟩ = 1

2πC

[
−(|u| − π)2

2
+ (|u| − π) sin |u|+ a+ b cosu

]
(3.3.45)

where a and b are gauge fixed to zero. We note that the LHS (position space expression) is

not analytic because u < 0 and u > 0 cases have different expressions. There are two ways

to see this from the RHS (momentum space expression).
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1. Write the sum as the contour integral∑
|k|̸=0,1

eiku

k2(k2 − 1)
=

∮
C0,1,sgn(u)

dk

2π

1

e2πik − 1

eiku

k2(k2 − 1)
(3.3.46)

where C0,1,sgn(u) is the contour that closes in LHP or UPH depending on the sign of

u and avoids k = 0, 1 while containing the other poles k ∈ Z\{0, 1}. Because the two

contours for u < 0 and u > 0 are different, the result is different (LHS).

2. More directly, the third derivative of the RHS w.r.t. u is divergent because

∑
|k|>1

keiku

k2 − 1

∣∣∣∣∣∣
u=0

=∞ (3.3.47)

This means u is not C3. Analytic function is by definition C∞ and hence the RHS,

which is convergent, is not analytic. Indeed, the discontinuity in derivatives evaluated

at u = 0 shows up at third order (continuous in 0th, 1st, 2nd orders).

3.3.5 Scalar bilocal actions and their perturbative expansion

The matter part of the action is

IM =
1

2

∫
M

√
g d2x

(
∂µχ∂µχ+m2χ2

)
=

1

2

∫
∂M

χ nµ∂µχ dΣ +
1

2

∫
M

[
−χ∂µ(√g∂µχ) +

√
gm2χ2

]
d2x

(3.3.48)

where again we used nµ∂µ = z∂z and dΣ = t′du
ϵ
. The on-shell boundary action is

IM ≃
1

2

∫
∂M

χ∂zχ t
′du (3.3.49)

We are interested in the case where the AdS2 × S2 is embedded in 4d as the near horizon

geometry. The scalar field χ also extends to the full 4d geometry, and so their boundary

condition at the cut-off boundary of the near horizon AdS2 region does not vanish. This

requires turning on a non-normalizable source term in the asymptotic AdS2 boundary. De-

noting the source by χ0(u), the boundary condition for the scalar at the asymptotic AdS2
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boundary is

lim
z→0

χ(t, z) = zd−∆χ0(t) + z∆⟨O⟩+ · · · (3.3.50)

where ∆ = 1
2

(
d+
√
d2 + 4m2

)
is the conformal dimension of deformation O to the dual

quantum mechanics.

Additionally, one imposes the quasi-normal boundary condition at the horizon, lim
z→∞

χ(t, z) =

positive frequency mode, to restrict to the in-falling modes to the horizon.

The solution to the equation of motion

−χ∂µ(√g∂µχ) +
√
gm2χ2 = 0 (3.3.51)

subjecto the above boundary conditions is given in terms of the bulk-to-boundary propagator

χ(t, z) =

∫
bdry

K∆(t, z; t
′)χ0(t

′)dt′, K∆(t, z; t
′) =

(
z

(t− t′)2 + z2

)∆

(3.3.52)

which can be checked using the limit of the bulk-to-boundary propagator

lim
z→0

z∆−dK∆ (z, x; x′) = δ(d) (x− x′)

lim
z→0

z∆−d+1∂zK∆ (z, x; x′) = (d−∆)δ(d) (x− x′)
(3.3.53)

Plugging this solution to the on-shell boundary action

lim
z→0

∫
∂M

χ(t, z)∂zχ(t, z)dt = lim
z→0

∫
dt

∫
dt1

Dz∆

[(t− t1)2 + z2]∆
χ0(t1)

∫
dt2

D∆z∆−1 [(t− t2)2 + z2]

[(t− t2)2 + z2]∆+1
χ0(t2)

=

∫
dt lim

z→0

∫
M1

dt1
Dz2∆−1

[(t− t1)2 + z2]∆
χ0(t1)

∫
dt2

D∆χ0(t2)

|t− t2|2∆
(3.3.54)

where M1 is conformally R with metric ds2 = dt2

z2
. Writing t1 = t+ zu1,

lim
z→0

∫
M1

dt1
Dz2∆−1

[(t− t1)2 + z2]∆
χ0(t1) = lim

z→0

∫
du1

D

(u2 + 1)∆
χ0(t+ zu1)

= χ0(t)

∫
du1

D

(u21 + 1)∆

= χ0(t)

=

∫
M1

χ0(t1)δ(t− t1) dt1

(3.3.55)
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Plugging this into the boundary action,

lim
z→0

∫
∂M

χ(t, z)∂zχ(t, z)dt =

∫
dt

∫
dt1 δ(t− t1)χ0(t1)

∫
dt2

D∆χ0(t2)

|t− t2|2∆

= D∆

∫
dt1

∫
dt2

χ0(t1)χ0(t2)

|t1 − t2|2∆
(3.3.56)

In terms of the boundary time u1,2, the scalar on-shell action is bi-local, dressed with the

boundary graviton t(u).

Smatter ≃ D∆

∫
dt1dt2

χ0(t1)χ0(t2)

|t1 − t2|2∆
(3.3.57)

To write this in terms of the boundary time u, we use the boundary condition (3.3.50) to

relate the non-normalizable mode χ0(t) to the source χ̃(u).

lim
z→0

χ(t, z) = zd−∆χ0(t) = (ϵt′)
d−∆

χ0(t) = ϵd−∆
(
t′d−∆χ0(t)

)
≡ ϵd−∆χ̃0(u)

χ0(t) ≡ t′∆−dχ̃0(u)

(3.3.58)

In terms of the boundary source χ̃0(u), the on-shell action is

Ion-shellM =
D∆

2

∫ [
t′1t

′
2

(t1 − t2)2

]∆
χ̃0(u1)χ̃0(u2) du1du2 (3.3.59)

Consider the small fluctuations of the boundary gravitons that we used earlier.

t(u) = tan
τ(u)

2
, τ(u) = u+ ϵ(u) (3.3.60)

where we set β = 2π for simplicity. Expanding the bilocal action to the first order in the

fluctuation ϵ(u) (for the tree-level 4pt function later),[
t′ (u1) t

′ (u2)

(t (u1)− t (u2))2

]∆
=

(
1

2 sin u12
2

)2∆ [
1 + ∆

(
ϵ′1 + ϵ′2 −

ϵ1 − ϵ2
tan u12

2

)]
+O

(
ϵ2
)

(3.3.61)

Derivation of boundary limit of bulk-to-boundary propagator In higher dimen-

sions, the normalized bulk-to-boundary propagator is given by

K∆(z, x⃗; x⃗
′) =

Γ(∆)

πd/2Γ(∆− d/2)

[
z

(x⃗− x⃗′)2 + z2

]∆
(3.3.62)
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We will derive the boundary limit of the bulk-to-boundary propagator in general dimension

d.

lim
z→0

z∆−dK∆ (z, x; x′) = δ(d) (x− x′)

lim
z→0

z∆−d+1∂zK∆ (z, x; x′) = (d−∆)δ(d) (x− x′)
(3.3.63)

Let’s consider an integral function.

I(z, x) =

∫
Md

ddx⃗′ K∆(z, x⃗; x⃗
′)f(x⃗′) (3.3.64)

where the integral manifold (boundary) is conformally Rd with the metric

Md, ds2 =
dx⃗ · dx⃗
z2

(3.3.65)

Writing x⃗′ = x⃗+ zu⃗ with u⃗ ∈ Rd,

I(z, x⃗) = Dzd−∆

∫
Rd

ddu⃗

(
1

1 + u2

)∆

f(x⃗+ zu⃗) (3.3.66)

Now taking the boundary limit:

lim
z→0

I(z, x⃗) = lim
z→0

Dzd−∆

∫
Rd

ddu⃗

(
1

1 + u2

)∆

f(x⃗+ zu⃗)

= lim
z→0

Dzd−∆f(x⃗)

∫
Rd

ddu⃗

(
1

1 + u2

)∆

= lim
z→0

zd−∆f(x⃗)

(3.3.67)

Recalling the definition (B.4.15), we can identify (as a distribution)

lim
z→0

z∆−dK∆(z, x⃗; x⃗
′) = δd(x⃗− x⃗′) (3.3.68)

Taking derivative with respect to z, we also get

lim
z→0

z∆−d+1K∆(z, x⃗; x⃗
′) = (d−∆)δd(x⃗− x⃗′) (3.3.69)

3.3.6 Thermal 4pt functions and OTOC

Let’s consider two scalar fields ϕ, φ with non-normalisable mode (sources on the boundary;

Appendix B.3 explains the basics of this dictionary.) ϕ0, φ0 and the dual boundary operators
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V,W respectively.

ϕ ∼ ϕ0z
∆− + ⟨V ⟩z∆+

φ ∼ φ0z
∆− + ⟨W ⟩z∆+

(3.3.70)

There are nontrivial 4 point functions ⟨VWVW ⟩ at tree level via exchange of the graviton.

Since the graviton propagator has two different branches depending on the sign of the time

difference, there are two types of Euclidean time-odered 4-point correlators at tree-level7,

namely, ⟨V (t1)V (t2)W (t3)W (t4)⟩ for t1 > t2 > t3 > t4 and ⟨V (t1)W (t3)V (t2)W (t4) for

t1 > t3 > t2 > t4. Other diagrams are equivalent to either of these two using the cyclic

property of trace and KMS condition. For example, ⟨VWWV ⟩ is equivalent to ⟨V VWW ⟩

using

⟨V1W3W4V2⟩β = Tr
(
et2HV e−t2He−βHV1W3W4

)
= Tr

(
e−βHV2+βV1W3W4

)
= ⟨V2+βV1W3W4⟩β

(3.3.71)

Let’s first consider the time ordering t1 > t2 > t3 > t4. Using the AdS/CFT dictionary

(Appendix B.3), the 4pt function can be computed as

⟨V1V2W3W4⟩ =
δZgrav

δϕ0(u1)δϕ0(u2)δφ0(u3)δφ0(u4)

∣∣∣∣
ϕ0,φ0=0

=

(
1

2 sin u12
2
· 2 sin u34

2

)2∆

×
〈
T

[
1 + ∆

(
ϵ′1 + ϵ′2 −

ϵ1 − ϵ2
tan u12

2

)][
1 + ∆

(
ϵ′3 + ϵ′4 −

ϵ3 − ϵ4
tan u34

2

)]〉
conn

(3.3.72)

where in the last line, we single out the connected diagram which has the graviton exchange

between two scalars.

⟨V1V2W3W4⟩
⟨V1V2⟩0⟨W1W2⟩0

= ∆2

〈
T

(
ϵ′1 + ϵ′2 −

ϵ1 − ϵ2
tan u12

2

)(
ϵ′3 + ϵ′4 −

ϵ3 − ϵ4
tan u34

2

)〉
(3.3.73)

7In quantum field theories, one can check that the out-of-Euclidean time ordered correlators are divergent

by inserting the complete set of energy eigenstates between time evolution and target operators. On the

other hand, in quantum mechanics, the out-of-Euclidean time ordered correlators can be made convergent.
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This can be computed using the green’s function (B.4.20). Passing through Mathematica,

this becomes

⟨V1V2W3W4⟩
⟨V1V2⟩0⟨W1W2⟩0

=
∆2

2πC

(
−2 + u12

tan u12
2

)(
−2 + u34

tan u34
2

)
(3.3.74)

For the other ordering, t1 > t3 > t2 > t4, we flipped from t2 > t3 to t3 > t2 and use

the time ordered correlator ⟨ϵ3ϵ2⟩ in place of ⟨ϵ2ϵ3⟩ in the last step of Eq. (3.3.72), which

have different expression as they fall into different branches of the 2pt function. The result

becomes

⟨V1W3V2W4⟩grav
⟨V1V2⟩ ⟨W3W4⟩

=
∆2

2πC

[(
−2 + u12

tan u12
2

)(
−2 + u34

tan u34
2

)
+

+
2π
[
sin
(
u1−u2+u3−u4

2

)
− sin

(
u1+u2−u3−u4

2

)]
2 sin u12

2
sin u34

2

+
2πu23

tan u12
2
tan u34

2

] (3.3.75)

We can think of analytically continuing the 4pt function to the Lorenetzian time. Al-

though the graviton 2pt function ⟨ϵ(u)ϵ(0)⟩ is not analytic, it is separately real-analytic for

Re(u) > 0 and Re(u) < 0, and hence at each branch it an be analytically continued to the

complex domain. For example, the Euclidean time can be complexified using

ti → τi = ϵi + iti, ϵ1 > ϵ3 > ϵ2 > ϵ4 (3.3.76)

where the Euclidean time ϵi must satisfy the ordering while the Lorentzian time ti don’t have

any ordering. Thus, we can continue the 4pt function to the out-of-time-ordered correlator.

⟨V (a)W3(b+ û)V (0)W (û)⟩ ∼ β∆2

C
e

2πû
β ,

β

2π
≪ û≪ β

2π
log

C

β
(3.3.77)

where the upper bound in û is placed to remain in the perturbative regime. The OTOC has

exponential growth in separation, which implies the chaos.
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3.4 ADM Hamiltonian in Euclidean space and Schwarzian theory

In this section, we derive the Arnowitt-Deser-Misner (ADM) Hamiltonian of the Einstein-

Maxwell theory with a massless, charge neutral scalar in 4d asymptotically flat spacetime

S = − 1

4π

∫
d4x
√
−g
[

1

4G
R+

1

4
F 2 +

1

2
(∇ϕ)2

]
(3.4.1)

and in AdS3

S = − 1

2π

∫
d3x
√
−g
[

1

8G

(
R +

2

l2

)
+

1

2
(∇ϕ)2

]
(3.4.2)

Our starting point is the ADM coordinates

ds2 = −N2(t, r)dt2 + L2(t, r) (dr +N r(t, r)dt)2 +R2(t, r)dΩ2
d−2 (3.4.3)

where L(t, r) and R(t, r) are dynamical while the lapse and shift N,N r are Lagrange multi-

pliers, as will be clear in the Hamiltonian.

We consider the reduction from the 4d charged near extremal black holes (d = 4) and

from the AdS3 (d = 3) in the subsequent subsections. For each case, we first perform the

Legendre transformation of the bulk action for gravity, Maxwell and scalar parts in each

paragraph. We then consider the on-shell variation to identify the needed boundary action,

namely the ADM Hamiltonian.

Once we obtained the ADM Hamiltonian, we move to the Euclidean space and carefully

integrate in boundary gravitons and find the identification with the Schwarzian action of the

well-known near horizon JT gravity to the leading order in boundary graviton.

3.4.1 ADM Hamiltonian of neutral scalars in 4d

Consider the 4d Einstein-Maxwell theory with a massless, neutral scalar.

S = − 1

4π

∫
ddx
√
−g
[

1

4G
R+

1

4
F 2 − 1

2
(∇ϕ)2

]
(3.4.4)
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3.4.1.1 Legendre transformation of bulk action

Gravity part To detange the boundary part of the Einstein-Hilbert action from the bulk

part, we use the following Gamma-Gamma formula.

√
−g R = Lquad + Lder (3.4.5)

where

Lquad =
√
−g(δcagbd − δdagbc)ΓadkΓkbc, Lder = ∂c

[√
−g(δcagbd − δdagbc)Γabd

]
(3.4.6)

Plugging the metric into this formula, the gravity part of the action in the s-wave sector

(spherically symmetric) is

SG =
1

4G

∫
dtdr

√
−g R
sin θ

≡
∫
LG dtdr (3.4.7)

where

LG =
N ′RR′

GL
+
NR′2

2GL
− N2

rRR
′L′

GN
− LNrN

′
rRR

′

GN
− LN2

rR
′2

2GN

+
NrRR

′L̇

GN
+
NrL

′RṘ

GN
+
LRṘN ′

r

GN
+
LR′ṘNr

GN

− RṘL̇

GN
− LṘ2

2GN

(3.4.8)

The conjugate momenta for the metric (L) and dilaton (R) are

πL =
R

GN

(
NrR

′ − Ṙ
)
, πR =

(LNrR)
′

GN
− ∂t(LR)

GN
(3.4.9)

After the Legendre transformation to these Hamiltonian variables, the gravity Lagrangian is

LG = πLL̇+ πRṘ−NrHgrav
r −NHgrav

t (3.4.10)

where the constraints are

Hgrav
t =

(
RR′

GL

)′

− R′2

2GL
− GπLπR

R
+
GLπ2

L

2R
, Hgrav

r = R′πR − Lπ′
L (3.4.11)

As mentioned earlier, the lapse and shifts N,N r are non-dynamical Lagrange multipliers and

we integrate them out (by solving the constraint equations) even when we consider off-shell.
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Maxwell part We consider the s-wave sector with the Coulomb potential.

A = At(t, r)dt (3.4.12)

SMW =

∫
dtdr LNR2

(
−1

4
F 2

)
=

∫
dtdr

R2

2LN
(A′

t)
2 (3.4.13)

The equation of motion
δSMW

δAt
=

(
R2

LN
A′
t

)′

= 0 (3.4.14)

has the solution

A′
t =

LNQ

R2
(3.4.15)

Plugging this back to the action,

SMW =

∫
dtdr

LNQ2

2R2
(3.4.16)

This action adds the constraint HMW
t = −LQ2

2R2 .

Massless, neutral scalar part The scalar action in the ADM coordinates is

Sϕ =
1

2

∫
dtdr

[
LR2

N
ϕ̇2 −

(
NR2

L
− LR2N2

r

N

)
ϕ′2 − 2NrLR

2

N
ϕ̇ϕ′
]

(3.4.17)

The conjugate momentum is

πϕ =
LR2

N

(
ϕ̇−Nrϕ

′
)
→ ϕ̇ =

N

LR2
πϕ +Nrϕ

′ (3.4.18)

The Legendre transformation of this Lagrangian is

Lϕ =πϕϕ̇−
LR2

2N

(
N

LR2
πϕ +Nrϕ

′
)2

− 1

2

(
NR2

L
− LR2

N
N2
r

)
ϕ′2

=πϕϕ̇−
Nπ2

ϕ

2LR2
−Nrϕ

′πϕ −
NR2

2L
ϕ′2

(3.4.19)

which contributes to the constraints by

Hϕ
t =

π2
ϕ

2LR2
+
R2

2L
ϕ′2, Hϕ

r = ϕ′πϕ (3.4.20)
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Gravity, MW and scalar combined Combining all three sectors,

S =

∫
dtdr

(
πLL̇+ πRṘ + πϕϕ̇−NrHr −NHt

)
(3.4.21)

where Ht = HG
t +Hϕ

t , and Hr = HG
r +Hϕ

r which are given by

HG
t =

(
RR′

GL

)′

− R′2

2GL
− GπLπR

R
+
GLπ2

L

2R
+
LQ2

2R2
, HG

r = R′πR − Lπ′
L

Hϕ
t =

π2
ϕ

2LR2
+
R2

2L
ϕ′2, Hϕ

r = ϕ′πϕ

(3.4.22)

3.4.1.2 Boundary ADM Hamiltonian

Let’s take a variation and identify the boundary terms. These will come from writing

(· · · )δφ′ = d
dr
[(· · · )δφ] − (· · · )′δφ. The time derivative will be irrelevant using the peri-

odicity of time. The relevant variations are

δHr = δR′πR − Lδπ′
L + πϕδϕ′ + · · · ,

δHt = δ

(
RR′

GL

)′

− R′δR′

GL
+
R2

L
ϕ′δϕ′

(3.4.23)

which contributes the following total derivative to the variation.

δL ∋ − d

dr

[
NrπRδR− LδπL + πϕδϕ+Nδ

(
RR′

GL

)
− R′δR

GL
+
R2ϕ′

L
δϕ− N ′RδR

GL

]
(3.4.24)

After gauge fixing and imposing the boundary conditions

πL = 0, R = r, δϕ
∣∣∣
bdry

= 0, δN
∣∣∣
bdry

= 0 (3.4.25)

the variation on the boundary is

δS
∣∣∣
bdry

= −
∫

dt δ

(
Nr

GL

)
(3.4.26)

To cancel this, it is tempting to identify the following as the ADM Hamiltonian

S0
ADM =

∫
dt

Nr

GL
(3.4.27)
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However, on the asymptotically flat 4d boundary, the metric components fall off as N ∼

1+ N1

r
+ · · · and L ∼ 1+ L1

r
+ · · · and hence S0

ADM is divergent. The finite ADM Hamiltonian

would be

HADM =
L1

G
(3.4.28)

As we explain in Appendix B.2, this can be identified with the quasi-local mass of the black

hole given by

M =
R

2G
+
Gπ2

L

2R
− RR′2

2GL2
+
Q2

2R
(3.4.29)

After gauge fixing, this corresponds to

M(r) =
r

2G
− r

2GL2
+
Q

2r

r→∞−→ r

2G

(
1− 1 +

2L1

r
+ · · ·

)
=
L1

G
(3.4.30)

which agrees with HADM on the boundary. The quasi-local mass is finite on the boundary,

so we take it as the ADM Hamiltonian, i.e.

HADM =M(∞) =
r

2G
− r

2GL2
+
Q

2r
(3.4.31)

Solving constrants and ADM Hamiltonian The ADM Hamiltonian (3.4.31) needs an

expression for L, which can be obtained by solving the constarint equation Ht = 0, which

after fixing the gauge is

Ht =
( r

GL

)′
− 1

2GL
− L

2G
+
LQ2

2r2
+

π2
ϕ

2r2L
+
r2ϕ′2

2L
= 0 (3.4.32)

Using
(
r
L2

)′
= 1

L2 − 2rL′

L3 , we see that multiplying by 2G
L

both hand sides turns the constraint

into the form of( r

L2

)′
= 1− GQ2

r2
− r

L2

2Gh(r)

r
, h(r) =

1

2

(
π2
ϕ

r2
+ r2ϕ′2

)
(3.4.33)

This differential equation can be written as

d

dr

[
e
∫ r
rs

2Gh
r′ dr′ r

L2

]
= e

∫ r
rs

2Gh
r′ dr′

(
1− GQ2

r2

)
(3.4.34)
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Integratng both hand sides,

r

L2
=

rs
L(rs)2

e−
∫ r
rs

2Gh
r′ dr′ + e−

∫ r
rs

2Gh
r′ dr′

∫ r

rs

e
∫ r′
rs

2Gh
r′′ dr′′dr′ − e−

∫ r
rs

2Gh
r′ dr′

∫ r

rs

GQ2

r2
e
∫ r′
rs

2Gh
r′′ dr′′dr′

(3.4.35)

Bringing the exponential in front of the integral to inside,

r

L2
=

rs
L(rs)2

e−
∫ r
rs

2Gh
r′ dr′ +

∫ r

rs

e−
∫ r
r′

2Gh
r′′ dr′′dr′ −

∫ r

rs

GQ2

r′2
e−

∫ r
r′

2Gh
r′′ dr′′dr′ (3.4.36)

Following Appendix B in [50], we use integral by part to simplify each term∫ r

rs

e−
∫ r
r′

2Gh
r′′ dr′′dr′ =

∫ r

rs

(
d

dr′
r′
)
e−

∫ r
r′

2Gh
r′′ dr′′dr′

= −
∫ r

rs

2Gh(r′)e−
∫ r
r′

2Gh
r′′ dr′′dr′ + r − rse−

∫ r
rs

2Gh
r′′ dr′′dr′

(3.4.37)

−
∫ r

rs

GQ2

r2
e−

∫ r
r′

2Gh
r′′ dr′′dr′ =

∫ r

rs

GQ2

r′2
d

dr′

(
GQ2

r′

)
e−

∫ r
r′

2Gh
r′′ dr′′dr′

= −
∫ r

rs

2G2Q2

r′2
h(r′)e−

∫ r
r′

2Gh
r′′ dr′′dr′ +

GQ2

r
− GQ2

rs
e−

∫ r
rs

2Gh(r′′)
r′′ dr′′

(3.4.38)

Inside the shell, the metric L(rs)
2 can be matched with the black hole metric:

1

L2(rs)
= 1− 2GM

rs
+
GQ2

r2s
(3.4.39)

and so
rs

L(rs)2
= rs − 2GM +

GQ2

rs
(3.4.40)

Combining these ingredients,

M(r) =Me−
∫ r
rs

2Gh(r′)
r′ dr′ +

∫ r

rs

(
1 +

GQ2

r′2

)
h(r′)e−

∫ r
r′

2Gh(r′′)
r′′ dr′′dr′ (3.4.41)

The ADM Hamiltonian is the boundary value

HADM =M(∞) =Me−
∫∞
rs

2Gh(r′)
r′ dr′ +

∫ ∞

rs

(
1 +

GQ2

r′2

)
h(r′)e−

∫∞
r′

2Gh(r′′)
r′′ dr′′dr′ (3.4.42)
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One can simplify this by writing 1 + GQ2

r′2
= F (r′) + 2GM

r′
in the integral, where F (r) =

1− 2GM
r

+ GQ2

r2
. Then this term becomes

M(r) =Me−
∫ r
rs

2Gh(r′)
r′ dr′ +

∫ r

rs

(
F (r′) +

2GM

r′

)
h(r′)e−

∫ r
r′

2Gh(r′′)
r′′ dr′′dr′

=Me−
∫ r
rs

2Gh(r′)
r′ dr′ +

∫ r

rs

F (r′)h(r′)e−
∫ r
r′

2Gh(r′′)
r′′ dr′′dr′ +M

∫ r

rs

2Gh(r′)

r′
e−

∫ r
r′

2Gh(r′′)
r′′ dr′′dr′

=Me−
∫ r
rs

2Gh(r′)
r′ dr′ +

∫ r

rs

F (r′)h(r′)e−
∫ r
r′

2Gh(r′′)
r′′ dr′′dr′ +M

∫ r

rs

d

dr′
e−

∫ r
r′

2Gh(r′′)
r′′ dr′′dr′

=Me−
∫ r
rs

2Gh(r′)
r′ dr′ +

∫ r

rs

F (r′)h(r′)e−
∫ r
r′

2Gh(r′′)
r′′ dr′′dr′ +M −Me−

∫ r
rs

2Gh(r′′)
r′′ dr′′

=M +

∫ r

rs

F (r′)h(r′)e−
∫ r
r′

2Gh(r′′)
r′′ dr′′dr′

(3.4.43)

Using this, the ADM Hamiltonian is

HADM =M(∞) =M +

∫ ∞

rs

F (r′)h(r′)e−
∫∞
r′

2Gh(r′′)
r′′ dr′′dr′ (3.4.44)

To the first order in h,

HADM =M +

∫ ∞

rs

F (r′)h(r′)dr′ +O(h2) (3.4.45)

ADM action As we integrated out the graviton L, the dynamic variable we have left is

the scalar field. Combining the kinetic terms, the ADM action is an effective action for the

scalar field.

SADM =

∫
dtdr πϕϕ̇−

∫
dt HADM

=

∫
dtdr πϕϕ̇−

∫
dt

∫ ∞

rs

F (r′)h(r′)e−
∫∞
r′

2Gh(r′′)
r′′ dr′′dr′

(3.4.46)

where we dropped the constant mass term.

Near horizon limit Similarly to JT gravity, the equations of motion in the ADM formu-

lation also restricts the ADM metric to AdS2 in the near horizon region. As such, we use
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the following metric ansatz in place of the ADM,

ds2 = −f(r)dt2 + dr2

f(r)
(3.4.47)

where the radial coordinate r is the near-horizon coordinate, not the full 4d r coordinate.

On this coordinate, the ADM action is

SADM =

∫
dtdr

(
πϕϕ̇− f(r)h(r)e−

∫∞
r dr′8Gh(r′)

)
, h =

1

2

(
π2
ϕ

r
+ rϕ′2

)
(3.4.48)

To the leading order in G, the ADM action is

SADM =

∫
dtdr

(
πϕϕ̇− f(r)h(r)

)
+ 8G

∫
dt

∫ ∞

rh

dr

∫ ∞

r

dr′f(r)h(r)h (r′) +O
(
G2h3

)
(3.4.49)

At the zeroth order in G, the solution of the πϕ variation is

πϕ =
rϕ̇

f(r)
(3.4.50)

Plugging this, we get

S =
1

2

∫
dtdrr

(
1

f
ϕ̇2 − fϕ′2

)
+ 8G

∫
dt

∫ ∞

rh

dr

∫ ∞

r

dr′f(r)h(r)h (r′) +O
(
G2h3

)
(3.4.51)

Writing

h =
r

2f 2

(
ϕ̇2 + f 2ϕ2

)
=

r

2f 2
Ttt

(3.4.52)

We consider the scalar dynamcis to be concentrated at the near-horizon region, and take

r = rh, i.e. h = rh
2f2
Ttt, which also corresponds to no-coupling of scalar to the dilaton. The

action becomes

SADM =
rh
2

∫
dtdr

(
1

f
ϕ̇2 − fϕ′2

)
+ 2r2hG

∫
dt

∫ ∞

rh

dr

∫ ∞

r

dr′
Ttt(r)

f(r)

Ttt (r
′)

f 2 (r′)
+O

(
G2h3

)
(3.4.53)

In the following, we will establish the identification between this ADM action and the JT

action for zero and finite temperature.
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3.4.2 Comparison to Schwarzian action at zero temperature

At zero temperature, the near horizon AdS2 is described in the Poincare coordinates

r =
l2

z
, f(r) =

l4

z2
(3.4.54)

The metric, energy momentum tensor and the ADM action in these coordinates are

ds2 =
l4

z2
(−dt2 + dz2) (3.4.55)

Ttt =
1

2
(ϕ̇2 + ϕ′2) (3.4.56)

and

Snh = rh

∫
dtdz

1

2

(
ϕ̇2 − ϕ′2

)
− 8Gr2h

∫
dt

∫ ∞

0

dz′Ttt (z
′)

∫ 0

z′
dz′′

z′′2

ℓ2
Ttt (z

′′) (3.4.57)

Using the conservation of energy momentum tensor ∇µTµν = 0 in these coordinates

∂tTtt = ∂zTtz, ∂zTzz = ∂tTtz (3.4.58)

we can relate the two components of the energy momentum tensor

Ttt = ∂z
1

∂t
Ttz (3.4.59)

and turn the ADM action (3.4.57), the interaction term (double integral) into a single bulk

integral.∫
dt

∫ ∞

0

dz′Ttt (z
′)

∫ 0

z′
dz′′

z′′2

ℓ2
Ttt (z

′′) =

∫
dt

∫ ∞

0

dz′∂z′
1

∂t
Ttz (z

′)

∫ 0

z′
dz′′

z′′2

ℓ2
Ttt (z

′′)

=

∫
dt

∫ ∞

0

dz′
1

∂t
Ttz (z

′)
z′2

ℓ2
Ttt (z

′)

(3.4.60)

Now let F = 1
∂t
Ttz. Ttt = ∂zF . Moreover, since Ttz = ϕ′ϕ̇, it satisfies the eom, (∂2t −∂2z )F = 0.

For the functions that satisfy (∂2t − ∂2z )F = 0 and F (t = ±∞) = 0, the following identity

holds. ∫ ∞

−∞
dt 4z2F∂zF =

∫ ∞

−∞
dt ∂z

[
z2F 2 − 1

∂t
(1− z∂z)F

1

∂t
(1− z∂z)F

]
(3.4.61)
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Using this,∫
dt

∫ ∞

0

dz′Ttt (z
′)

∫ 0

z′
dz′′

z′′2

ℓ2
Ttt (z

′′) =
1

4ℓ2

∫
dt

∫ ∞

0

dz∂z

[
z2
(
1

∂t
Ttz

)2

−
(

1

∂2t
(1− z∂z)Ttz

)2

(3.4.62)

Assuming Ttz(z =∞) = 0 (horizon), the integral reduces to∫
dt

∫ ∞

0

dz′Ttt (z
′)

∫ 0

z′
dz′′

z′′2

ℓ2
Ttt (z

′′) =
1

4ℓ2

∫
dt

(
1

∂2t
(1− z∂z)Ttz

)2
∣∣∣∣∣
z=0

(3.4.63)

Hence, the on-shell action to O(G) is

Snh = rh

∫
dtdz

1

2

(
ϕ̇2 − ϕ′2

)
− 2Gr2h

ℓ2

∫
dt

(
1

∂2t
(1− z∂z)Ttz

)2
∣∣∣∣∣
z=0

(3.4.64)

Now, we can integrate-in the boundary gravition ϵ(t) to write the Snh as

Sϵnh = rh

∫
dtdz

1

2

(
ϕ̇2 − ϕ2

)
− α2ℓ2

2G

∫
dtϵ∂4t ϵ+ αrh

∫
dtϵ [1− z∂z]Tzt

∣∣∣∣
z=0

(3.4.65)

The kinetic term ϵ∂4t ϵ on the boundary corresponds to Sch(t(u), u) to O(ϵ2), where t(u) =

u + ϵ(u). We will show that the last term αrh
∫
dtϵ [1− z∂z]Tzt

∣∣
z=0

corresponds to the

scalar’s on-shell bilocal action on the boundary.

The scalar solution with boundary source ϕ0(t) is

ϕ(t, z) ≈
[
ϕ0(t) +O

(
z2
)]

+
z

π

∫
dt′

ϕ0 (t
′)

(t− t′)2
+O

(
z2
)

(3.4.66)

Plugging this to the last term, we get

Using this and Tzt = ϕ′ϕ̇ it’s easy to evaluate the (4.34) as

rh

∫
z=0

dtϵ [1− z∂z]Tzt =
αrh
π

∫
dt1dt2

ϵ (t1) ϕ̇0 (t1)ϕ0 (t2)

(t1 − t2)2

αrh
2π

∫
dt1dt2

ϵ (t1) ϕ̇0 (t1)ϕ0 (t2) + ϵ (t2) ϕ̇0 (t2)ϕ0 (t1)

(t1 − t2)2

= −αrh
2π

∫
dt1dt2

[
d

dt1

(
ϵ (t1)

(t1 − t2)2

)
+

d

dt2

(
ϵ (t2)

(t1 − t2)2

)]
ϕ0 (t1)ϕ0 (t2)

= −αrh
2π

∫
dt1dt2

(t1 − t2)2

[
ϵ′ (t1) + ϵ′ (t2)− 2

ϵ (t1)− ϵ (t2)
t1 − t2

]
ϕ0 (t1)ϕ0 (t2)

(3.4.67)
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which is the bilocal action

−αrh
2π

∫
dt1dt2

[
T ′(t1)T

′(t2)

(T (t1)− T (t2))2

]∆
ϕ̃0(t1)ϕ̃0(t2) (3.4.68)

with T (t) = t+ ϵ(t), expanded to O(ϵ2).

3.4.3 Comparison to Schwarzian action at finite temperature

At finite temperature, we manipulate the ADM action in a different way. Using the energy

momentum conservation ∇µTµν = 0.

∂r (fTtr) =
1

f
∂tTtt

→ Ttt = f∂r

(
f
1

∂t
Ttr

) (3.4.69)

and using integral-by-part for the
∫∞
rh

dr ∂r(· · · ) term in the ADM action (3.4.46), we get∫
dt

∫ ∞

rh

dr

∫ ∞

r

dr′
Ttt(r)

f(r)

Ttt (r
′)

f 2 (r′)
=

∫
dt

∫ ∞

rh

dr∂r
[
f(r)∂−1

t Ttr(t)
] ∫ ∞

r

dr′
1

f (r′)
∂r′
[
f (r′) ∂−1

t Ttr (r
′)
]

=

∫
dt

∫ ∞

rh

dr∂−1
t Ttr∂r

[
f∂−1

t Ttr
]

(3.4.70)

At finite temperature, the near horizon region is described by thermal AdS2 coordinates.

dr = −f(z)dz, 1

f(z)
=
l2

r2h
sinh

(rhz
l2

)
(3.4.71)

r = rh coth (rhz) , z(r =∞) = 0, z (r = rh) =∞ (3.4.72)

and

τ ∼= τ + β, β =
2πℓ2

rh
(3.4.73)

with the metric

ds2 =
r2h
ℓ2

dτ 2 + dz2

sinh2
(
rhz
ℓ2

)2 (3.4.74)

In these coordiantes, the interaction term (3.4.70) becomes

I4 = 2r2hG

∫
dτ

∫ ∞

0

dz
1

f
∂−1
τ Tτz∂z

[
∂−1
τ Tτz

]
= 2ℓ2G

∫
dτ

∫ ∞

0

dz sinh2
(rhz
ℓ

)
∂−1
τ Tτz∂z

[
∂−1
τ Tτz

] (3.4.75)
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In the rescaled coordinates

τ ′ =
2π

β
τ =

rh
ℓ2
τ, z′ =

2π

β
z =

rh
ℓ2
z (3.4.76)

the interaction term becomes

I4 = rhG

∫ 2π

0

dτ ′
∫ ∞

0

dz′ sinh2 z′∂−1
τ ′ Tτ ′z′∂z′

[
∂−1
τ ′ Tτ ′z′

]
(3.4.77)

Further doing the integral by part, we finally get

I4 = rhG

∫ 2π

0

dτ ′
∫ ∞

0

dz′ sinh2 z′∂−1
τ ′ Tτ ′z′∂z′

[
∂−1
τ ′ Tτ ′z′

]
= −1

2
rhG

∫ 2π

0

dτ ′
∫ ∞

0

dz′ sinh (2z′)
[
∂−1
τ ′ Tτ ′z′

]2 (3.4.78)

From here on, we drop the primes for the ease of notation.

the energy momentum tensor Tτz = ϕ̇ϕ′. The solution of the scalar is

ϕ(τ, z) =

∫
dτ ′K∆(τ, z; τ

′)ϕ0(τ
′) (3.4.79)

Using the mode expansion of the bulk-to-boundary propagator

K (z, τ ; τi) =
1

2π

sinh z

cosh z − cos (τ − τi)

=
1

2π

[
1

1− e−z−i(τ−τi)
+

1

1− e−z+i(τ−τi)
− 1

]
=

1

2π

∑
n

e−|n|z−in(τ−τi)

(3.4.80)

the energy momentum tensor is

Tτz =

∫
dτ1dτ2 ∂

−1
τ [∂τK (z, τ − τ1) ∂zK (z, τ − τ2) + ∂zK (z, τ − τ1) ∂τK (z, τ − τ2)]

= − 1

(2π)2

∫
dτ1dτ2

∑
n1,n2

[
n1 |n2|+ |n1|n2

n1 + n2

]
e−(|n1|+|n2|)z−i(n1+n2)τ+i(n1τ1+n2τ2)

(3.4.81)

Performing the radial integral of the interaction term,∫ ∞

0

dz sinh(2z)e−(|n1|+|n2|+|n3|+|n4|)z

=
1

2

[
1

|n1|+ |n2|+ |n3|+ |n4| − 2
− 1

|n1|+ |n2|+ |n3|+ |n4|+ 2

]
=

2

(|n1|+ |n2|+ |n3|+ |n4|)2 − 4

(3.4.82)
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Plugging this back to the action, the interaction term is given by

Sint =
1

(2π)3
G

rh

∫
dτ1dτ2dτ3dτ4 [∑
ni

(n1 |n2|+ |n1|n2)

(n1 + n2)

2

(|n1|+ |n2|+ |n3|+ |n4|)2 − 4

(n3 |n4|+ |n3|n4)

(n3 + n4)

×ein1τ1+in2τ2+in3τ3+in4τ4δn1+n2+n3+n4

]
(3.4.83)

Here, the factor n1|n2| + |n1|n2 = 0 unless n1 and n2 have the same sign. Similarly for n3

and n4. To satisfy Kronecker-Delta, we can write

n1 + n2 = k, n3 + n4 = −k, |k| > 1 (3.4.84)

Plugging this into the action,

Sint =
1

4π3

G

rh

∫
dτ1dτ2dτ3dτ4

′∑
k,ni

n1n2n3n4e
in1τ1+in2τ2+in3τ3+in4τ4δn1+n2,kδn3+n4,−k

k2 (k2 − 1)
(3.4.85)

where
∑′ means sum over ni with n1n2 > 0 and n3n4 > 0. Let’s define the current

Jk (τ1, τ2) =
′∑

n1,n2

n1n2e
in1τ1+in2τ2δn1+n2,k (3.4.86)

then the interaction term is written as

Sint =
G

4π3rh

∫
dτ1dτ2dτ3dτ4

∑
|k|>1

Jk (τ1, τ2) J−k (τ3, τ4)

k2 (k2 − 1)
ϕ0(τ1)ϕ0(τ2)ϕ0(τ3)ϕ0(τ4) (3.4.87)

We recognize k2(k2 − 1) in the denominator as the propagator of the Schwarzian modes.

Iϵ =
Crh
2G

∫ 2π

0

dτ
[
(ϵ′′)

2 − (ϵ′)
2
]

=
Crh
2G

∑
|k|>1

k2
(
k2 − 1

)
ϵkϵ−k

(3.4.88)

where we mode expanded the boundary graviton ϵ(τ) =
∑

|k|>1 ϵke
−ikτ . Integrating ”in” this

boundary graviton, the interaction action can be obtained from the Schwarzian + bilocal by

integrating ”out” the boundary graviton ϵk.

I4 [τi] =
Crh
2G

∑
|k|>1

k2
(
k2 − 1

)
ϵkϵ−k − i

√
C

π3

∫
dτ1dτ2

∑
|k|>1

Jk (τ1, τ2) ϵ−k (3.4.89)
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ϵk ∼
∫

dτ1dτ2
∑
|k|>1

Jk (τ1, τ2)

k2(k2 − 1)
(3.4.90)

The first term in the action is apparently the Schwarzian. To see if the second term is

the scalar bilocal action, we mode expand the bilocal action.

Ibilocal =

∫
du1du2

[
t′(u1)t

′(u2)

|t(u1)− t(u2)|2

]
ϕ0(u1)ϕ0(u2) (3.4.91)

Writing t(u) = tan
(
π
β
u+ 1

2
ϵ
(

2πu
β

))
and expanding to O(ϵ2),

Ibilocal =

∫ 2π

0

du1du2ϕ1 (u1)ϕ2 (u2)
B (u1, u2)(
2 sin u12

2

)2 (3.4.92)

where

B (u1, u2) = ε′ (u1) + ε′ (u2)− (ε (u1)− ε (u2)) cot
u12
2
. (3.4.93)

Now mode expanding each piece,

ϕ1 (u1) =
∑
m1

am1e
−im1u1 , am =

1

2π
eim1τ1

ϕ2 (u2) =
∑
m2

bm2e
−im2u2 , bm =

1

2π
eim2τ2

ϵ(u) =
∑
k

ϵke
−iku

1(
2 sin u12−iδ

2

)2 = −
∞∑
n=1

ne−nδe−inu12

(3.4.94)

and taking the δ → 0 limit at the end, we get the matter second term.

3.5 In-In correlation functions

3.5.1 Euclidean time orderd tree-level 4-point functions

In Section 3.3.6, we computed the Euclidean 4pt functions ⟨V (t1)V (t2)W (t3)W (t4)⟩ and

⟨V (t1)W (t3)V (t2)W (t4)⟩ of two operators V,W dual to two scalars ϕ, ψ within the JT gravity
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and continued to the real time thermal correlator. The goal of this section is to see if we can

recover the same expression using the ADM action.

Indeed, as we identified the ADM action with the Schwarzian + bilocal theory in the

previous subsection, the tree-level Euclidean correlators are gauranteed to agree between the

two theories. However, we provide an explicit computation and check their identity in the

following. Then, we will provide a direct real time calculation using a Schwinger-Keldysh

contour, that can be used for states that are not thermal.

We can again write the on-shell scalars as
∫
K∆(τ, z; τ

′)ϕ0(τ
′)dτ ′ and

∫
K∆(τ, z; τ

′)ψ0(τ
′)dτ ′,

the energy momentum tensor is

Tτz(τ, z) = ϕ̇ϕ′ + ψ̇ψ′

=

∫
dτ1dτ2 K̇∆(τ, z; τ1)K

′
∆(τ, z; τ2) (ϕ0(τ1)ϕ0(τ2) + ψ0(τ1)ψ0(τ2))

(3.5.1)

From the ADM Hamiltonian

I4 = −
1

2
rhG

∫ 2π

0

dτ ′
∫ ∞

0

dz′ sinh (2z′)
[
∂−1
τ ′ Tτ ′z′

]2
(3.5.2)

has now a cross-term between T ϕτz and Tψτz, which connects the same scalars respectively.

Taking derivatives with respect to the four sources, the boundary 4pt correlator is

G4 ≡ ⟨V (τ1)V (τ2)W (τ3)W (τ4)⟩

= −1

2
rhG

∫ 2π

0

dτ

∫ ∞

0

dz sinh (2z)Fϕ(τ, z; τ1, τ2)Fψ(τ, z; τ3, τ4)
(3.5.3)

where

Fϕ(τ, z; τ1, τ2) = ∂−1
τ [∂τK (z, τ − τ1) ∂zK (z, τ − τ2) + ∂zK (z, τ − τ1) ∂τK (z, τ − τ2)]

Fψ(τ, z; τ3, τ4) = ∂−1
τ [∂τK (z, τ − τ3) ∂zK (z, τ − τ4) + ∂zK (z, τ − τ3) ∂τK (z, τ − τ4)]

(3.5.4)
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As before, mode expanding K∆

Fϕ(τ, z; τ1, τ2) = ∂−1
τ [∂τK (z, τ − τ1) ∂zK (z, τ − τ2) + ∂zK (z, τ − τ1) ∂τK (z, τ − τ2)]

= − 1

(2π)2

∑
n1,n2

[
n1 |n2|+ |n1|n2

n1 + n2

]
e−(|n1|+|n2|)z−i(n1+n2)τ+i(n1τ1+n2τ2)

Fψ(τ, z; τ3, τ4) = ∂−1
τ [∂τK (z, τ − τ3) ∂zK (z, τ − τ4) + ∂zK (z, τ − τ3) ∂τK (z, τ − τ4)]

= − 1

(2π)2

∑
n3,n4

[
n3 |n4|+ |n3|n4

n3 + n4

]
e−(|n3|+|n4|)z−i(n3+n4)τ+i(n3τ3+n4τ4)

(3.5.5)

Performing the radial integral and satisfying the Kronecker-delta as we did leading up to

Eq. (3.4.87), we get

G4(τi) =
1

4π3

G

rh

′∑
k,ni

n1n2
1

k2 (k2 − 1)
n3n4e

in1τ1+in2τ2+in3τ3+in4τ4δn1+n2,kδn3+n4,−k (3.5.6)

We can replace the factor of n1n2n3n4 with the derivatives w.r.t. τi.

4π3rh
G

G4 = ∂1∂2∂3∂4
∑
|k|>1

1

k2(k2 − 1)

′∑
n1,n2

′∑
n3,n4

ein1τ1+in2τ2+in3τ3+in4τ4δn1+n2,kδn3+n4,−k (3.5.7)

We can replace the Kronecker delta by setting n2 = k−n1 and n4 = −k−n3 and restricting

the sums to

n1n2 = n1(k − n1) > 0 and n3n4 = −n3(k + n3) > 0

→


k > 0 : 0 < n1 < k, −k < n3 < 0

k < 0 : k < n1 < 0, 0 < n3 < −k

(3.5.8)

which turns the 4pt function into

4π3rh
G

G4 = −∂1∂2∂3∂4

[∑
k>1

∑
0<n1<k

∑
−k<n3<0

+
∑
k<−1

∑
k<n1<0

∑
0<n3<−k

]
ein1τ1+in2τ2+in3τ3+in4τ4

k2(k2 − 1)

(3.5.9)

The sums can be evaluated.

k > 1 :
∑

0<n1<k

ein1τ12 =
eikτ12 − eiτ12
eiτ12 − 1

,
∑

−k<n3<0

ein3τ34 = −e
−i(k−1)τ34 − 1

eiτ34 − 1

k < −1 :
∑

k<n1<0

ein1τ12 = −e
i(k+1)τ12 − 1

eiτ12 − 1
,

∑
0<n3<−k

ein3τ34 =
e−ikτ34 − eiτ34
eiτ34 − 1

(3.5.10)
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For each case, the product of these sums can be expanded as

k > 1 :
1

(eiτ12 − 1)(eiτ34 − 1)

(
eiτ34eikτ13 − eikτ14 − eiτ12+iτ34eikτ23 + eiτ12eikτ24

)
k < −1 :

1

(eiτ12 − 1)(eiτ34 − 1)

(
eiτ12eikτ13 − eiτ12+iτ34eikτ14 − eikτ23 + eiτ34eikτ24

) (3.5.11)

We note that the sum of these two expressions have the following permutation symmetries

(each line corresponds to one such permutation), which can be easily checked.

τ1 ↔ τ2

τ3 ↔ τ4

τ1 ↔ τ3 & τ2 ↔ τ4

τ1 ↔ τ4 & τ2 ↔ τ3

(3.5.12)

Plugging these expansions into the 4pt function

4π3rh
G

G4 = −
∑
k>1

1

k2(k2 − 1)
∂1∂2∂3∂4

[
eiτ34eikτ13 − eikτ14 − eiτ12+iτ34eikτ23 + eiτ12eikτ24

(eiτ12 − 1)(eiτ34 − 1)

]
−
∑
k<−1

1

k2(k2 − 1)
∂1∂2∂3∂4

[
eiτ12eikτ13 − eiτ12+iτ34eikτ14 − eikτ23 + eiτ34eikτ24

(eiτ12 − 1)(eiτ34 − 1)

]
(3.5.13)

The two summand for k > 1 and k < −1 on the RHS don’t seem to be the same, however,

after applying the derivatives ∂1∂2∂3∂4, they are actually identified.

∂1∂2∂3∂4

[
1

(eiτ12 − 1)(eiτ34 − 1)

(
eiτ34eikτ13 − eikτ14 − eiτ12+iτ34eikτ23 + eiτ12eikτ24

)]
= ∂1∂2∂3∂4

[
1

(eiτ12 − 1)(eiτ34 − 1)

(
eiτ12eikτ13 − eiτ12+iτ34eikτ14 − eikτ23 + eiτ34eikτ24

)] (3.5.14)

Hence we can combine the two sums to write

4π3rh
G

G4 =−
∑
|k|>1

1

k2(k2 − 1)
∂1∂2∂3∂4

[
eiτ34eikτ13 − eikτ14 − eiτ12+iτ34eikτ23 + eiτ12eikτ24

(eiτ12 − 1)(eiτ34 − 1)

]
(3.5.15)

Now we can distribute the derivatives to match the MSY’s result (3.4.87). Using the fact

that the k-dependent term is of the form of eikτij , we can take the other two derivatives ∂k∂l
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(l, k /∈ {i, j}) on its coefficients. The result is

∂1∂2∂3∂4

[
1

(eiτ12 − 1)(eiτ34 − 1)

(
eiτ34eikτ13 − eikτ14 − eiτ12+iτ34eikτ23 + eiτ12eikτ24

)]
= ∂1∂3

[
∂2∂4

(
eiτ34

(eiτ12 − 1)(eiτ34 − 1)

)
eikτ13

]
− ∂1∂4

[
∂2∂3

(
1

(eiτ12 − 1)(eiτ34 − 1)

)
eikτ14

]
− ∂2∂3

[
∂1∂4

(
ei(τ12+τ34)

(eiτ12 − 1)(eiτ34 − 1)

)
eikτ23

]
+ ∂2∂4

[
∂1∂3

(
eiτ12

(eiτ12 − 1)(eiτ34 − 1)

)
eikτ24

]
(3.5.16)

Plugging into the sum,

4π3rh
G

G4

= −
∑
|k|>1

1

k2(k2 − 1)

{
∂1∂3

[
∂2∂4

(
eiτ34

(eiτ12 − 1)(eiτ34 − 1)

)
eikτ13

]

− ∂1∂4
[
∂2∂3

(
1

(eiτ12 − 1)(eiτ34 − 1)

)
eikτ14

]
− ∂2∂3

[
∂1∂4

(
ei(τ12+τ34)

(eiτ12 − 1)(eiτ34 − 1)

)
eikτ23

]
+∂2∂4

[
∂1∂3

(
eiτ12

(eiτ12 − 1)(eiτ34 − 1)

)
eikτ24

]}
= ∂1∂3

[
∂2∂4

(
eiτ34

(eiτ12 − 1)(eiτ34 − 1)

)
⟨ϵ1ϵ3⟩

]
− ∂1∂4

[
∂2∂3

(
1

(eiτ12 − 1)(eiτ34 − 1)

)
⟨ϵ1ϵ4⟩

]
− ∂2∂3

[
∂1∂4

(
ei(τ12+τ34)

(eiτ12 − 1)(eiτ34 − 1)

)
⟨ϵ2ϵ3⟩

]
+ ∂2∂4

[
∂1∂3

(
eiτ12

(eiτ12 − 1)(eiτ34 − 1)

)
⟨ϵ2ϵ4⟩

]
(3.5.17)

where for the last equality, we used the 2pt function of Schwarzian mode (3.3.44). We can

proceed by, for example, ∂1⟨ϵ1ϵ3⟩ and ∂1⟨ϵ1ϵ4⟩ can be combined because their coefficients are

same (up to minus sign):

∂3∂2∂4

(
eiτ34

(eiτ12 − 1)(eiτ34 − 1)

)
= ∂4∂2∂3

(
1

(eiτ12 − 1)(eiτ34 − 1)

)
(3.5.18)

which can be checked by subtracting the two which is 1
(eiτ12−1)

which do not depend on τ3

and τ4 and so will be annihilated by ∂3 and ∂4. The result agrees with the computation in

the JT theory.
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3.5.2 Real time tree-level 4-point functions

As mentioned in Section 3.3.6, the Euclidean 4pt function can be analytically continued to

the real time, resulting in thermal correlators.

For the correlators in other states, one has to work in the Lorentzian time. However,

the mode expansion of the bulk-to-boundary propagator (K (z, τ ; τi) =
1
2π

∑
n e

−|n|z−in(τ−τi)

in Euclidean time) is not straightforward because the real time is not periodic unlike the

Euclidean time.

Instead, one can compute the real time correlators directly in the position space using

the interaction picture and use the Schwinger-Keldysh contour for the out-of-time-ordered

correlators. Here, we will compute the simplest, (real) time ordered thermal 4pt function of

two dual scalars (or boundary scalars) V and W

Tr e−βHV (t1)W (t2)V (t3)W (t4), t1 > t2 > t3 > t4 > 0 (3.5.19)

Using the interaction picture, this can be expanded as

Tr e−βHV (t1)W (t2)V (t3)W (t4) = tr
[
e−βH0UI(β)U

†(t1, 0)VI(t1)U(t1, 0) U
†(t2, 0)WI(t2)U(t2, 0)

U †(t3, 0)VI(t3)U(t3, 0) U
†(t4, 0)WI(t4)U(t4, 0)

]
=tr

[
e−βH0UI(β)U

†(t1, 0)VI(t1)U(t1, t2)WI(t2)U(t2, t3)VI(t3)

U(t3, t4)WI(t4)U(t4, 0)]

(3.5.20)

Using the expressions

U(t, 0) = T e−
∫ t
0 H

′
I(t

′)dt′ , UI(β) = TE e−
∫ β
0 dH′

I(−iτ)τ = U(−iβ, 0) (3.5.21)

where T and TE are Lorentzian/Euclidean time ordering, we can expand the correlator
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perturbatively in the interaction Hamiltonian. Using the notation ⟨·⟩β = tr e−βH0(·),

Tr e−βHV (t1)W (t2)V (t3)W (t4) =− i
∫ t4

0

⟨VI(t1)WI(t2)VI(t3)WI(t4)HI(t
′)⟩βdt′

− i
∫ t3

t4

⟨VI(t1)WI(t2)VI(t3)HI(t
′)WI(t4)⟩βdt′

− i
∫ t2

t3

⟨VI(t1)WI(t2)HI(t
′)VI(t3)WI(t4)⟩βdt′

− i
∫ t1

t2

⟨VI(t1)HI(t
′)WI(t2)VI(t3)WI(t4)⟩βdt′

+ i

∫ t1

0

⟨HI(t
′)VI(t1)WI(t2)VI(t3)WI(t4)⟩βdt′

− i
∫ −iβ

0

⟨HI(t
′)VI(t1)WI(t2)VI(t3)WI(t4)⟩βdt′

(3.5.22)

The corresponding SK contour is depicted in Figure 3.1.

0 τ4 τ3 τ2 τ1

−iβ

Figure 3.1: Schwinger-Keldysh contour for the thermal 4-point function

The formula can be simplified by using the following two facts.

First, since H0 = Tττ and HI is quadratic in Tττ , and since [Tττ (x1), Tττ (x2)] = 0, the

two Hamiltonians commute ([H0, HI ] = 0). Hence we have

H ′
I(τ) = eiH0(τ−τ0)HIe

−iH0(τ−τ0) = HI(τ) (3.5.23)

In our ADM action, this interaction Hamiltonian is

HI = −
rhG

2

∫
dt

∫ ∞

0

dz sinh (2z)
[
∂−1
t Ttz

]2
= −rhG

2

∫
dt

∫ ∞

0

dz sinh (2z)
[
∂−1
t (ϕ̇ϕ′ + ψ̇ψ′)

]2 (3.5.24)

108



We can proceed by plugging this to (3.5.22) on each line. For example, the first line proceeds

as

− i
∫ t4

0

⟨VI(t1)WI(t2)VI(t3)WI(t4)HI(t
′)⟩βdt′

= −i
∫ t4

0

dtdz sinh(2z) ∂−1
t

(
⟨ϕ(t1)ϕ̇(t)⟩β⟨ϕ(t2)ϕ′(t)⟩β + ⟨ϕ(t1)ϕ′(t)⟩β⟨ϕ(t2)ϕ̇(t)⟩β

)
× ∂−1

t

(
⟨ψ(t3)ψ̇(t)⟩β⟨ψ(t4)ψ′(t)⟩β + ⟨ψ(t3)ψ′(t)⟩β⟨ψ(t4)ψ̇(t)⟩β

)
(3.5.25)

where ∂−1
t corresponds to the integral over t, and ⟨·⟩β = Tre−βH0(·) is the thermal correlation

function computed using the free Hamiltonian. In Appendix B.4, we computed the thermal

correlation function

⟨ϕ̃(t, x)ϕ̃(0, 0)⟩β=−
β

4π
log
{
sinh

[ρh
2
(τ − z − iϵ)

]
sinh

[ρh
2
(τ + z − iϵ)

]}
(3.5.26)

where τ is Lorentzian time.

One can plug in this and evaluate the integral for all 4 segments. This is computationally

expensive and we leave the numerical comparison of such a correlator to those obtained

above for the later study.

3.5.3 1-loop 2-point functions

The Lorentzian thermal 2pt function of the matter contains spectral information. This is

clear if we write the 2pt function of the dual operators O in the dual quantum mechanics as

the spectral sum, which contains the density of states and transition amplitudes.

Gβ(t) =
1

Z(β)

∫
dEdE ′ρ(E)ρ (E ′) e−βEe−i(E

′−E)t |⟨E ′|O|E⟩|2 (3.5.27)

1-loop correction to the thermal 2pt function therefore describes the effects of the boundary

time reparameterization modes on the Schwarzian density of states and matrix elements.

It also contains the information of poles of quasi-normal modes. To see this, we recall

that the quasi normal modes are nontrivial bulk solution which has two boundary conditions:

109



1) ingoing at the horizon, 2) no source at the asymptotic AdS2 boundary. From the leading

behaviors of the asymptotic solution of the scalar

ϕ(t, z) = A(t)z1−∆ +B(t)z∆ + · · · (3.5.28)

where A(t) is the boundary source and B(t) is the response, we can read off the Fourier

modes of the retarded Green’s function as the ratio of the Fourier modes of the response to

the source.

G̃R(ω) =
B̃(ω)

Ã(ω)
(3.5.29)

With the time-translation invariance, the time dependence of the solution is eiωt, and the

quasi-normal modes are characterized by quasi-normal frequencies ωn. As they don’t have

sources, A(ωn) = 0, and hence the quasi-normal modes corresponds to the poles of G̃R(ω).

In the position space,

GR(t) =

∫
dω

2π
e−iωtG̃R(ω)

=

∫
dω

2π
e−iωt

B̃(ω)

Ã′(ω)(ω − ωn) +O((ω − ωn)2)

= i
∑
n

eiωntB̃(ωn) + · · ·

(3.5.30)

Due to the ingoing boundary condition at the horizon, the black hole is an open, dissipative

system, and hence the kinetic operator is not self-adjoint and the quasi-normal frequencies

do not have to be real. This means that the quasi-normal modes decays in general, which is

noticeable at late time.

In JT gravity (Schwarzian + bilocal), the 1-loop 2pt function can be computed using the

bilocal action

Ion-shellM =
D∆

2

∫ [
t′1t

′
2

(t1 − t2)2

]∆
χ̃0(u1)χ̃0(u2) du1du2 (3.5.31)

expanded in the small fluctuations of the boundary gravitons

t(u) = tan
τ(u)

2
, τ(u) = u+ ϵ(u) (3.5.32)
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in
1

t2∆12
→ (1 + ε′1)

∆ (1 + ε′2)
∆(

sin u12+ε1−ε2
2

)2∆ (3.5.33)

to the second order and contracting using ⟨ϵ(u1)ϵ(u2)⟩.

⟨V1V2⟩one loop

⟨V1V2⟩tree
= ∆

〈
(ε1 − ε2)2

4 sin2 u
2

− 1

2

(
ε′21 + ε′22

)〉
+

∆2

2

〈(
ε′1 + ε′2 −

(ε1 − ε2)
tan u

2

)2
〉
(3.5.34)

There are self contraction and non-self contraction of gravitons, corresponding to the two

diagrams below.

u1 u2

∝ ⟨ϵ(u1)2⟩ × ⟨ϵ(u2)2⟩ +
u1 u2

∝ ⟨ϵ(u1)ϵ(u2)⟩

The result is

⟨V1V2⟩one loop

⟨V1V2⟩tree
=

1

2πC

[
∆
(u2 − 2πu+ 2− 2 cosu+ 2(π − u) sinu)

4 sin2 u
2

+

+
∆2

2

(
−2 + u

tan u
2

)(
−2 + (u− 2π)

tan u
2

)]
, u = u1 − u2 > 0

(3.5.35)

For the later comparison, we can proceed mode expanding Eq. (3.5.34) using

1

4 sin2(u/2)
= −1

2

∑
n̸=0

|n|e−inu (3.5.36)

and

⟨ϵ(u)ϵ(0)⟩ = 1

2πC

∑
|k|>1

eiku

k2 (k2 − 1)
(3.5.37)

which can be combined to

Gself
2 (u) +Gnon

2 (u) = − 1

2π2C

∞∑
m=1

∞∑
r=1

rm2

(m+ r)2 [(m+ r)2 − 1]

(
eimu + e−imu

)
(3.5.38)

Next, we compute the 1-loop 2pt function independently using ADM action, and will see

that they match exactly. As we are concerned with 1-loop correlation function, we should

not use the traceless-ness of the energy momentum tensor, which acquires trace-anomaly at

1-loop. Hence, we start with the following form of ADM action.

I4 = −g
∫
dτ

∫ ∞

0

dzTττ (τ, z)

∫ z

0

dz′ sinh2 z′Tττ (τ, z
′) (3.5.39)
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The 1-loop 2pt function can be obtained by simplyWick-contracting scalars. The bulk scalars

can be contracted at the same bulk point or between z and z′ through bulk propagator. For

example,

Non-self-contraction :
K
G
K

ϕ0(τ1)∂+ϕ(τ, z)

∂+K(τ,z;τ1)

∂−∂′+G(τ,z;τ,z′)

∂−ϕ(τ, z)∂
′
+ϕ(τ, z

′) ∂′−ϕ(τ, z
′)ϕ0(τ2)

K(τ,z′;τ2)

Self-contraction : KG ϕ0(τ1)∂+ϕ(τ, z)

∂+K(τ,z;τ1)

∂−ϕ(τ, z)

∂′+∂
′
−G(τ,z′;τ,z′)

∂′+ϕ(τ, z
′)∂′−ϕ(τ, z

′)ϕ0(τ2)

K(τ,z;τ2)

(3.5.40)

where K,G are bulk-to-boundary and bulk-bulk propagators. The non-self contraction part

is

⟨Tττ (τ, z)Tττ (τ, z′)ϕ (τ1)ϕ (τ2)⟩ = ∂τK1∂τ ′K2∂τ∂τ ′G

+ ∂zK1∂z′K2∂z∂z′G

−KτK1∂z′K2∂τ∂z′G

− ∂zK1∂τ ′K2∂z∂τ ′G

+ τ1 ↔ τ2

(3.5.41)

and the self-contraction part vanishes. The non-self contraction part is evaluated to match

the JT gravity calculation (3.5.34) exactly, provided g = 2
C
.
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CHAPTER 4

Higher Structure of Non-invertible Symmetries from

Lagrangian Descriptions

4.1 Introduction and Summary

Global symmetries have proven to be invaluable in the study of quantum field theories,

and in the modern perspective, they are viewed as implemented by topological operators

[51]. In order to fully specify the symmetry structure of a given theory, one begins by

identifying these topological operators and their fusion rules. However, this is not all, and

some additional physical information is encoded in the topological junctions and networks

that these defects can form, which is referred to as the higher structure of the symmetry.

This includes, in particular, the set of topological interfaces between pairs of defects, called

1-morphisms, which describe junctions (including fusion junctions) between defects and are

also used to encode the associativity structure of the fusion product. This associativity

1-morphism, known as the associator or F -symbol, is an interface obtained by shrinking a

certain topological network of defects that captures this associativity (see the next section for

more details), and is an important piece of information in specifying the symmetry structure.

In two dimensions, the F -symbols are numbers, but in a higher dimension D, they are D−2

dimensional topological field theories, and nontrivial interfaces (or 2-morphisms) might also

be considered between them. This gives rise to the notion of higher associators, where the F -

symbols are considered as 1-associators. Overall, we have D−1 higher associators, where the

(D− 1)-associators are numbers. All the associators are part of the mathematical structure
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describing the symmetry, which is called a fusion (D − 1)-category, and contain physical

information [52]. As an example, let us note that for ordinary symmetries with group-like

fusion rules (that is, invertible symmetries), the (D − 1)-associators are simply the ’t Hooft

anomalies of the symmetries.

In many occasions, the fusion of the topological defects does not follow a simple group-

like law, and the corresponding symmetry is then referred to as non-invertible (see [53,54] for

reviews). Our focus in this chapter will be on studying the higher structure of non-invertible

symmetries in theories in which an explicit Lagrangian description of the different defects is

known. We will use this Lagrangian description to construct explicitly topological junctions

between the defects, including fusion junctions in which two defects are fused into a third

one, while accounting for the appropriate boundary conditions and boundary terms at the

junctions. Then, we will use these junctions as building blocks to construct the topological

configurations of defects required for the computation of the F -symbols, and obtain the

desired results after carefully shrinking the configuration. We note that even though our

focus here will be on the F -symbols, i.e. the 1-associators, the same method can similarly

be employed for the computation of the higher associators.

To illustrate our approach, we will analyze in detail two types of theories. The first

will be that of the free compact scalar in two dimensions, whose non-invertible symmetries

and associated fusion 1-category have been widely studied and are well known (see [55–61]

for a partial list of references). This will serve as a good starting point for demonstrating

our new method and testing it against known results. Using the Lagrangian descriptions

of the shift-symmetry defects and the non-invertible T -duality defects that are present in

the theory, we will construct topological junctions and use them to study the networks of

defects that capture the different F -symbols. We will compute all the F -symbols this way

and find that they indeed match those of the familiar Tambara-Yamagami fusion category

TY(ZN ,+1).

We will then turn to four dimensions and consider Maxwell theory, which was recently
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shown to host a variety of interesting non-invertible symmetries [59,60,62–68]. In this case,

even though the corresponding topological defects and their fusions were studied, the higher-

structure data was not computed explicitly (see [69–71] for related work). Focusing on the

triality and duality defects found in [64, 59, 62], we will use their Lagrangian descriptions

to find the actions describing the topological configurations of defects that capture the F -

symbols of the corresponding fusion 3-categories. Then, we will shrink these networks to

interfaces and find these F -symbols, which are 2d topological field theories and new results

of this chapter (see Table 4.5 and Eq. (D.5.5)). In some cases, we will find that there is

more than one possible 2d theory corresponding to a given F -symbol, depending on the

choice of boundary conditions used in its computation. In addition to these calculations, as

a complementary analysis and to check our results, we will also compute the F -symbols using

a different (group theoretical) approach that is not based on the Lagrangian description, and

find that the results obtained using the two methods indeed have the same form.1

There are a few potential applications of our results, which we leave for future study.

First, one can try to relate the F -symbols we compute, which are RG invariant data of the

symmetry category, to those of other 4d theories that have duality-preserving deformations

to Maxwell theory, and then use it to study other such deformations of these theories, see [72]

for a related recent discussion. Note that a simple example for such a flow to Maxwell theory

happens on the Coulomb branch of N = 4 SYM, as well as on that of more general N = 2

SCFTs. Second, even though we only compute the F -symbols of the specific duality and

triality defects in free Maxwell theory, one should be able to derive all the other consistent

F -symbols for defects with the same fusion rules from the ones we computed. For instance,

for generic duality-like defects in two dimensions, the SymTFT gives a prescription for how

1The triality and duality defects we consider are parameterized by a positive integer N , and in the case

of the triality defects the Lagrangian approach will only be used for even N while the group-theoretical one

only for certain odd N values. In this case, the two methods will match except for some cases where the

final result depends on whether N is even or odd.
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to modify certain parts of the known F -symbols in order to get all the inequivalent sets of

F -symbols with the same fusion algebra [73]. Generalizing this to 4d duality/triality defects

via the SymTFT setup described in [69] will allow us to acquire the full set of consistent

F -symbols.

The remainder of the chapter is organized as follows. In section 4.2 we briefly review the

higher structure of non-invertible symmetries, focusing on the definition of F -symbols in two

and higher dimensions. In section 4.3 we consider the 2d free compact boson theory, and

use the Lagrangian description of the symmetry defects to construct topological junctions

and networks of them. We then use it to compute the F -symbols of the Tambara-Yamagami

fusion category TY(ZN ,+1) and recover the known expressions. In section 4.4 we generalize

this analysis to the triality defects of 4d Maxwell theory for even values of the integer

that parameterizes them, computing the corresponding F -symbols while highlighting some

differences compared to the previous section. Then, in section 4.5, we compute the F -symbols

for certain odd values of the parameter using a different (group theoretical) approach and

find that they take the expected form. A few appendices contain constructions of topological

junctions and computations of F -symbols that have been deferred from the main body of

the chapter for brevity, and include the case of the duality defect of 4d Maxwell theory.

4.2 Higher structure of symmetry

In this subsection, we briefly review the (higher) fusion category symmetries and their higher

structures with a focus on the associators. We begin by reviewing the associators of fusion

category symmetry in 2d to set the stage, and then move to explain the associators in higher

fusion categories following [52].
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4.2.1 Higher structure in fusion categories

Topological defect lines (TDLs) in a 2d QFT are captured by the mathematical structure

known as a fusion category. Given two TDLs labeled by La and Lb, we can fuse them by

putting them close to each other and generate a new topological line, which then in general

decomposes into a finite sum of other topological lines,

La × Lb =
⊕
c

N c
abLc , N c

ab ∈ Z≥0 . (4.2.1)

A TDL which cannot be written as a sum of other TDLs is known as a simple TDL.

When N c
ab ̸= 0, the locality of the QFT allows the configurations where La and Lb join

locally and become Lc at a trivalent junction. Such topological junctions form a complex

vector space whose dimension is N c
ab. Similarly, the TDL Lc can locally split into La and Lb,

and the topological junctions also form a vector space with the same dimension. To proceed,

we fix the basis for each vector space and denote them as

µ

La Lb

Lc

, µ

La Lb

Lc

, µ = 1, 2, · · · , N c
ab , (4.2.2)

satisfying the following conditions

a b

a b

=
∑
c,µ

√
dc
dadb

a b

c

µ

µ

a b

, a b

c′

c

µ

ν
= δc,c′δµν

√
dadb
dc

c

c

, (4.2.3)

where da is the quantum dimension of the TDL a defined as

da = a . (4.2.4)
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Consider a single TDL splitting into three TDLs, there are two ways in which this process

can be done. They are related by the higher structure of the fusion category known as the

associativity map. With the explicit basis (4.2.2), the associativity map is characterized by

a set of C-numbers known as the F -symbols

a b c

e
µ

ν

d

=
∑
f,ρ,σ

[
F abc
d

]
(e,µ,ν),(f,ρ,σ)

a b c

f
ρ

σ

d

. (4.2.5)

As pointed out in [58, 52], the F -symbols
[
F abc
d

]
(e,µ,ν),(f,ρ,σ)

can also be computed by the

following relation

Ld

La

Lf

Lb Lc

Le

Ld

σ

ρ

µ

ν

=

√
dadbdc
dd

[
F abc
d

]
(e,µ,ν),(f,ρ,σ)

Ld

(4.2.6)

which can be derived first using (4.2.5) and (4.2.3). (4.2.6) is more convenient for extracting

F -symbols in the Lagrangian approach in 2d, as well as generalizing to higher dimensions.

To conclude, we consider an example of the Tambara-Yamagami fusion category TY(ZN ,+1).

This fusion category contains a ZN invertible symmetry generated by the line η, as well as

a non-invertible duality line T . The fusion rules between η and T are

T × η = η × T = T , T × T =
N−1∑
k=0

ηk . (4.2.7)

The invertible lines ηk have quantum dimension dηk = 1, while the duality defect has quan-

tum dimension dT =
√
N . Most of the F -symbols are equal to 1 for this fusion category,

with the non-trivial F -symbols given by

F T
ηn,T,ηm = F ηn

T,ηm,T = exp

(
2πinm

N

)
,

[
F T
T,T,T

]
ηn,ηm

=
1√
N

exp

(
−2πinm

N

)
. (4.2.8)
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4.2.2 Associator 1-morphisms in 4d QFT

Turning to 4d, we briefly review the higher structure of the fusion 3-category focusing on

the associator 1-morphisms. We refer to [52] for more details.

Objects In a 4d QFT, all symmetry operators are captured by a fusion 3-category C[3].

The objects in C[3] are 0-form symmetry operators D supported on codim-1 surfaces. These

objects admit an additive structure from the direct sum of the symmetry operators, as well

as a tensor product coming from fusing two symmetry operators. We call an object simple

if it cannot be written as a direct sum of other objects.

Morphisms Given two codim-1 symmetry operators D1 and D2, a topological interfaces

(or a junction) between them is a 1-morphism from D1 to D2. In particular, the morphisms

between identity codim-1 operators are 1-form symmetry operators supported on codim-2

surfaces. All such interfaces between D1 and D2 form a 2-category HomC[3](D1,D2); and

the fusion 2-category EndC[3](D) ≡ HomC[3](D,D) describes the symmetry operators liv-

ing in the world volume of the operator D. Invoking the definition, the fusion 2-category

EndC[3](D) contains topological surface operators (as objects in EndC[3](D)) and topological

line operators (as morphisms between identity surface operators in EndC[3](D)) in the 3-dim

world-volume of D.

Witt equivalence class Two codim-1 defects are said to be Witt equivalent if there is

a non-trivial morphism between them2. For instance, such junctions can arise by stacking

decoupled TQFTs admitting gapped boundaries or gauging a non-anomalous symmetry in

EndC(D) as shown in Figure 4.1. We use [[D]] to denote the Witt equivalence class of D.

2Notice that unlike the 2d case where any simple line cannot have non-trivial junction to the identity

operator 1 unless it is 1, in 4d, a non-identity simple 0-form symmetry operator can have a non-trivial

junction to 1.
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Generically there is no preferred choice for a representative for each class [[D]]. But for the

0-form symmetry operators considered in this chapter, there is always a canonical choice

for the representative, which contains minimal operator content on the world-volume. We

denote them by [[D]]0. A generic operator in [[D]] can be turned into [[D]]0 by gauging certain

symmetries.

D
gauge A on half-space

with Dirichlet b.c.
D D/A(a)

(b) D
stacking decoupled TFT T

with gapped boundary B
D DT

B

Figure 4.1: (a) Gauging some symmetry A in EndC[3](D) on half-space with Dirichlet bound-

ary condition creates a non-trivial topological interface between D and D/A. (b) Stack-

ing a decoupled 3d TFT T with the gapped boundary B creates a non-trivial topological

interface between D and DT . D, D/A, and DT are in the same equivalence class, i.e.,

[[D]] = [[D/A]] = [[DT ]].

Condensation defect An important example is a class of defects known as the condensa-

tion defect C [63,71,74]. They are defined as gauging p-form symmetry on an n-dimensional

surface Σ(n) (where n ≥ p + 1) with a possible discrete torsion. For example, the following

condensation defect gauges a 1-form ZN symmetry generated by U(σ(2)) on a 3-surface Σ(3).

Ck(Σ
(3)) =

1

|H0(Σ(3),ZN)|
∑

σ(2)∈H2(Σ(3),ZN )

e
2πi
N
kQ(Σ(3),σ(2))U(σ(2)) , (4.2.9)

where k ∈ H3(BZN , U(1)) ≃ ZN parameterizes the choice of discrete torsion in the higher

gauging. The discrete torsion phase Q(Σ(3), σ(2)) is defined as

Q(Σ(3), σ(2)) =

∫
a(1) ∪ β(a(1)) , (4.2.10)
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where a(1) = PD(σ(2),Σ(3)) ∈ H1(Σ(3),ZN) is the Poincare dual 1-cocycle of σ
(2) on Σ(3) and

β : H1(Σ(3),ZN) → H2(Σ(3),ZN) is the Bockstein homomorphism associated to the short

exact sequence ZN → ZN2 → ZN .

Such a condensation defect has higher quantum symmetries generated by ZN topological

lines living in EndC[3](Ck). The higher quantum symmetries are gaugeable on the world-

volume of the condensation defect, and gauging it turns the condensation defect to the

identity operator.3 Hence, a condensation defect is always Witt equivalent to the identity

operator and [[Ck]]0 = 1.4

Local fusion junctions and associator 1-morphism The fusion of two 0-form symme-

try operators Da and Db can be expanded as a sum of simple operators

Da ⊗Db =
∑

Dc:simple

CcabDc , (4.2.11)

where the coefficients Ccab’s are valued in 3-dimensional topological field theory. In known

cases (including the cases considered in this chapter) in d > 2, the fusion product of the

equivalence class is group-like even if the Da’s themselves are non-invertible, i.e. there is

always a single term appearing on the RHS of (4.2.11).5 In such cases, we can add a 1-

morphism junction to the canonical representative of the Witt equivalence class after the

local fusion junction. By combining the fusion and morphism junctions, we can construct a

new local fusion junction between the canonical representatives of the equivalence class as

demonstrated in Figure 4.2.

3Such a junction serves as a topological boundary with Dirichlet boundary conditions are imposed on

the quantum symmetry gauge fields of the higher quantum symmetry.

4Consequently, fusion with a condensation defect will not change the equivalence class.

5This is more explicit after quotienting out the equivalence class in the fusion rule [[Da]] ⊗ [[Db]] =∑
N c

ab[[Dc]] where the fusion coefficients N c
ab now take non-negative integer values. In known cases, there is

always a single term appearing in the RHS. For the remainder of the discussion, we restrict ourselves to this

case.
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Da Db

fuse upper part

Da Db

Da ⊗Db

gauging on Da ⊗Db

with Dirichlet b.c.

Da Db

[[Da ⊗Db]]0

Figure 4.2: Given with two codim-1 defects Da and Db where Da = [[Da]]0,Db = [[Db]]0, one

can always construct a topological local fusion junction into [[Da ⊗Db]]0 as follows. Starting

with two parallel Da and Db, fusing the upper part leads to a topological local fusion junction

from Da and Db to Da⊗Db. Then, gauging the corresponding symmetry on the world-volume

of Da ⊗ Db with Dirichlet boundary condition on the fusion junction leads to a topological

local fusion junction with the outgoing line being [[Da ⊗Db]]0.

We are now ready to define the generalization of the F -symbols in C[3]. Let’s consider

the diagram

[[Da ⊗ (Db ⊗Dc)]]0

Da

[[Db ⊗Dc]]0

Db Dc

[[Da ⊗Db]]0

[[(Da ⊗Db)⊗Dc]]0

=

[[Da ⊗ (Db ⊗Dc)]]0

[[(Da ⊗Db)⊗Dc]]0

Da ⊗Db ⊗Dc

I+

I−

=

[[Da ⊗ (Db ⊗Dc)]]0

[[(Da ⊗Db)⊗Dc]]0

FDa,Db,Dc . (4.2.12)

In the first equal sign, we fuse all the defects in the middle and also fuse the fusion (splitting)

junctions represented by red (blue) dots into a single interface I+ and I−. Then we fuse the

interfaces I+ and I− to create an interface from [[(Da⊗Db)⊗Dc]]0 to [[Da⊗ (Db⊗Dc)]]0; this

interface is interpreted as the generalization of the F -symbol 1-morphism in 4d [52], which

we denote by FDa,Db,Dc ∈ HomC[3]([[(Da ⊗Db)⊗Dc]]0, [[Da ⊗ (Db ⊗Dc)]]0).
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4.3 Compact boson in 2d

4.3.1 Lagrangians for TY(ZN ,+1) symmetry defects

We consider a single 2d compact scalar with periodicity 2π, described by the action

S =
R2

4π

∫
M2

dϕ ∧ ⋆dϕ , ϕ ∼ ϕ+ 2π . (4.3.1)

This theory is completely specified by the choice of radius R, and has the interesting property

that it is dual to the theory with radius 1/R. This duality, called T -duality, maps the

operators between the two theories in a nontrivial way, and to see how it arises let us rewrite

the action (5.6.5) in terms of an unconstrained 1-form field X (instead of dϕ) and a compact

Lagrange multiplier ϕ̃,

S =

∫
M2

(
R2

4π
X ∧ ⋆X +

i

2π
X ∧ dϕ̃

)
, ϕ̃ ∼ ϕ̃+ 2π . (4.3.2)

The role of the Lagrange multiplier is to restrict X to be closed and with holonomies valued

in 2πZ (which are the properties of dϕ), and indeed integrating ϕ̃ out sets X = dϕ and

results in the original action (5.6.5). On the other hand, given the action (5.6.4), we can

integrate out X using its equation of motion iR2 ⋆ X = dϕ̃ and obtain an action for the

Lagrange multiplier field ϕ̃,

S =
R̃2

4π

∫
M2

dϕ̃ ∧ ⋆dϕ̃ (4.3.3)

where R̃ = 1/R. We see that we have two dual descriptions, (5.6.5) and (4.3.3), for the same

theory, one with radius R and the other with radius 1/R. Moreover, there is a nontrivial

map between the operators of these two descriptions, for example dϕ̃ = iR2 ⋆ dϕ.

Let us next examine some of the symmetries of the theory. First, at any radius R there

is a U(1)m × U(1)w ⋊ ZC
2 symmetry, where ZC

2 is charge conjugation under which ϕ → −ϕ

while U(1)m and U(1)w are the momentum (or shift) and winding symmetries, respectively,

with charges

Qm = iR2

∮
⋆dϕ

2π
, Qw =

∮
dϕ

2π
. (4.3.4)
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Note that using the T -duality map of operators mentioned before, we can immediately see

that these two charges map into each other under the duality. Indeed, the winding symmetry

U(1)w of the scalar ϕ turns into the momentum symmetry U(1)m of the dual scalar ϕ̃ which

acts by shifting it, while the momentum symmetry of ϕ turns into the winding symmetry of

ϕ̃.

Even though the momentum and winding symmetries have a mixed ’t Hooft anomaly,

each of them is non-anomalous by itself and can be gauged. Let us consider e.g. the effect of

gauging a ZN subgroup of the momentum symmetry. Upon such gauging, the periodicity of

ϕ changes from 2π to 2π/N , and to have again a compact scalar with periodicity 2π we can

define ϕ = ϕ′/N such that ϕ′ has the desired periodicity. This, however, results in the radius

of the ϕ′ theory being R′ = R/N (as can be seen by substituting into (5.6.5)), and we hence

see that the effect of gauging a ZN subgroup of U(1)m amounts to changing R→ R/N .

At this point, we observe that combining this gauging with T -duality maps the original

radius R to N/R, such that the radius R2 = N is invariant under this combined operation.

As a result, gauging ZN ⊂ U(1)m in half space (with Dirichlet boundary conditions for the

corresponding discrete gauge field) followed by T -duality in the same half space results in

a nontrivial topological defect as long as R2 = N (for other values of R we would obtain

a topological interface between different theories). Denoting this defect by T and the basic

ZN ⊂ U(1)m defect by η, one can show that they generate together the Tambara-Yamagami

fusion category TY (ZN ,+1) [55]. The corresponding fusion algebra, which was mentioned

in subsection 4.2.1 and reproduced here for convenience, is given by

ηn × ηm = ηn+m , ηN = 1 , T × η = η × T = T , T × T =
N−1∑
k=0

ηk (4.3.5)

and the nontrivial F -symbols by

F T
ηn,T,ηm = F ηn

T,ηm,T = exp

(
2πinm

N

)
,

[
F T
T,T,T

]
ηn,ηm

=
1√
N

exp

(
−2πinm

N

)
. (4.3.6)

As discussed in [59, 64, 60, 75], one can also represent the T and ηk defects using the
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actions6

T : S =
N

4π

∫
x<0

dϕL ∧ ⋆dϕL +
iN

2π

∫
x=0

ϕLdϕR +
N

4π

∫
x>0

dϕR ∧ ⋆dϕR (4.3.7)

and

ηk : S =
N

4π

∫
x<0

dϕL ∧ ⋆dϕL +
i

2π

∫
x=0

dφ

(
ϕL − ϕR +

2πk

N

)
+
N

4π

∫
x>0

dϕR ∧ ⋆dϕR ,

(4.3.8)

where ϕL and ϕR denote the compact boson on the left and right sides of the defects, which

we placed at x = 0. Moreover, the field φ in Eq. (4.3.8) is another compact scalar which is

supported only on the ηk defect worldvolume, as shown in Figure 4.3.

ηk φ

ϕL ϕR

Figure 4.3: Description of an ηk line defect using two fields, ϕL and ϕR, from the two sides

of the defect and a field φ which is supported on the defect.

In general, in order to find what defect actions of the type (4.3.7) or (4.3.8) describe, one

should examine the part of the variation of the action which is localized on the defect and

deduce from it the way the defect acts on operators. For the T defect, we have

δS|x=0 =
N

2π

∫
x=0

[δϕL (⋆dϕL + idϕR)− δϕR (⋆dϕR + idϕL)] (4.3.9)

and therefore dϕR|x=0 = i ⋆ dϕL|x=0 and dϕL|x=0 = i ⋆ dϕR|x=0. Using the relation between

the compact scalar ϕ and its T -dual ϕ̃, which for the radius R2 = N we consider is given

by dϕ̃ = iN ⋆ dϕ (see the discussion below Eq. (4.3.3)), we have dϕL|x=0 = (1/N) dϕ̃R|x=0

6Let us comment that since the quantum dimension of T is not 1, but instead
√
N (see subsection 4.2.1),

the full insertion in the partition function that describes it is
√
N exp

(
iN
2π

∫
x=0

ϕLdϕR

)
.

125



which indeed corresponds to gauging ZN ⊂ U(1)m in the right half-space followed by T -

duality, as expected. For the ηk defect, we notice that integrating out φ in (4.3.8) sets

(ϕR − ϕL)|x=0 = 2πk/N + 2πZ, as expected.

In the rest of this section, we will use the Lagrangian descriptions (4.3.7) and (4.3.8)

of the T and ηk defects to construct topological junctions and networks of defects, paying

special attention to the boundary conditions and boundary terms at the junctions. Then, we

will use these ingredients to compute the F -symbols, recovering the expressions in (4.3.6).

4.3.2 Local fusion junctions

4.3.2.1 Topological construction of local fusion junctions

For topological defects a, b and c, the local fusion junction Hom(a × b, c) can be obtained

by taking two parallel defects a and b and fusing the upper parts, as depicted in the figure

below.

a

→

b

←

ϕ1 ϕ2ϕ3 →

a
L1

b

L2

c

ϕ1 ϕ2

ϕ3

0

Figure 4.4: Topological construction of the local fusion junction for Hom(a × b, c). L1,2 in

the second diagram are the semi-infinite lines from the bottom that end on the local fusion

junction at t = 0 (blue dot).

The part of the action which is supported on the defects in this configuration (like the

middle terms in Eqs. (4.3.7) and (4.3.8)) is given by

S =

∫
L1

La[ϕ1, ϕ3] +

∫
L2

Lb[ϕ3, ϕ2] +

∫ t=∞

t=0

(La[ϕ1, ϕ3] + Lb[ϕ3, ϕ2]) (4.3.10)
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where L1,2 denote the two bottom lines that terminate at the local fusion junction, and

we use the coordinate t > 0 for the upper part of the fused defects. The first two terms

describe the defects a and b below the fusion junction, and the last term describes the fusion

of the two. One can then manipulate this last term in the upper part into the action of the

topological defect(s) expected from the fusion algebra (in this case, the action of the defect

c), which in general may result in boundary terms at the junction and a decoupled trivial

Z1 TQFT at the fused segment, i.e.∫ t=∞

t=0

(La[ϕ1, ϕ3] + Lb[ϕ3, ϕ2]) =

∫ t=∞

t=0

Lc[ϕ1, ϕ2, ϕ3] +
i

2π

∫ t=∞

t=0

ϕ̃ dφ̃+ Sbdry (4.3.11)

where ϕ̃ and φ̃ in the second term are fields supported only along the defect in the upper

part t > 0, such as ϕ3 in Figure 4.4 or the defect field φ in (4.3.8) used in the expression

for the ηk defect. Hence, the second term on the RHS describes a trivial decoupled TQFT.

We stress that both the boundary terms and the decoupled trivial TQFT are not always

present.

Since we are interested in fusion junctions as in Figure 4.4, in which each defect (i.e. a,

b and c in the figure) is not accompanied by a decoupled TQFT, when such a TQFT does

arise we will need to add a topological boundary for it along the worldvolume of the c defect

(i.e. at some t0 ∈ (0,∞)) and then push it to the junction at t = 0, resulting overall in a

topological junction between defects with no decoupled TQFT. The topological boundary

condition at the boundary we add along the t > 0 segment is that of Dirichlet for both ϕ̃

and φ̃ in (4.3.11), as we explain next in more detail.

Boundary conditions of trivial TQFT Since we consider defects and fusion junctions

that lie within a bulk where the periodicity of the compact scalars is maintained, we impose

ϕ ∼ ϕ + 2π at all the topological boundaries we add when constructing such junctions.

For the trivial TQFT in (4.3.11), this implies that the well-defined operators are the vertex

operators einϕ̃ and eimφ̃, both in its bulk and at the topological boundary we add for it. Now,
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using the equal-time commutation relation

[ϕ̃(t), φ̃(t)] = 2πi (4.3.12)

we see that these vertex operators generate the (gauge) transformations φ̃→ φ̃+ 2πm and

ϕ̃→ ϕ̃+2πn and commute with each other. As a result, they are identified with the identity

operator and the topological boundary condition at the boundary we add along the t > 0

segment at some t = t0 is given by7

ϕ̃, φ̃
∣∣∣
t=t0

= 0 mod 2π . (4.3.13)

These boundary conditions are consistent with the variational principle, δS|t=t0 = 0, and

the periodicity (or gauge symmetry) of the compact scalars, ∆S = 0 mod 2π.

Now that the topological boundary has been added at t = t0, we push it to t = 0 and

obtain the desired junction. In this junction we have, on top of the other junction data, the

boundary condition (4.3.13).

Example: T × ηk = T As an example, let us consider fusing the two defects T and ηk

along the segment t > 0 as shown in Figure 4.5.

T

→

ηk

←

ϕ1 ϕ2ϕ3 →

T

L1

ηk
L2

T

ϕ1 ϕ2

ϕ3

0

Figure 4.5: Topological construction of the local fusion junction for Hom(T × ηk, T ).

7Note also that the path integral over each of the fields ϕ̃ or φ̃ restricts the other one to vanish modulo

2π, such that the boundary condition (4.3.13) is the only one which is compatible with a non-vanishing

partition function.
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Using (4.3.7) and (4.3.8), the defect part of the action associated with this configuration

is

S =
iN

2π

∫
L1

ϕ1dϕ3 +
i

2π

∫
L2

dφ

(
ϕ3 − ϕ2 +

2πk

N

)
+
iN

2π

∫
t>0

ϕ1dϕ2 +
i

2π

∫
t>0

ϕ̃dφ̃+ Sbdry ,

(4.3.14)

where the trivial TQFT fields are

ϕ̃ = ϕ3 − ϕ2 +
2πk

N
, φ̃ = φ−Nϕ1 , (4.3.15)

and the boundary term is

Sbdry = −
iN

2π
ϕ1ϕ̃

∣∣∣∣
0

. (4.3.16)

The action on the first line describes the T and ηk defects along the lines L1 and L2 below

the fusion junction t = 0, the first term on the second line is the T defect along the fused

segment t > 0, as expected from the fusion algebra T × ηk = T , and the last term is the

boundary term at the fusion junction t = 0.

Since, for t > 0, ϕ3 and φ are supported only along the fused segment of the defect, the

trivial TQFT is decoupled from the bulk; hence, as discussed above, one should impose the

Dirichlet boundary conditions

ϕ̃3

∣∣∣
t=0

= 0 mod 2π , φ̃|t=0 = 0 mod 2π (4.3.17)

(obtained by adding a topological boundary for the TQFT on the t > 0 segment and pushing

it to the t = 0 junction). Note that we deliberately added the constant 2πk
N

to the expression

of ϕ̃ so that the boundary condition is consistent with the relation between the bulk fields

set along the ηk line, ϕ2 = ϕ3 +
2πk
N

mod 2π. If we did not include this constant in ϕ̃, the

boundary term would differ by ik
N
φ̃(t = 0), which is not trivial in general. In summary, the

boundary conditions and boundary terms at the fusion junction t = 0 are given by

Hom(T × ηk, T ) : ϕ3 − ϕ2 +
2πk

N

∣∣∣∣
t=0

= 0 , φ−Nϕ1|t=0 = 0 mod 2π ,

Sbdry = −
iN

2π
ϕ1

(
ϕ3 − ϕ2 +

2πk

N

)
.

(4.3.18)
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Similarly, the junction data at the corresponding splitting junction Hom(T, T ×ηk) is the

same except for the boundary term, which has the opposite sign.

4.3.2.2 Extra junction

When the fusion outcome involves the direct sum of more than one simple defect, a specific

fusion channel can be obtained by adding an extra junction between the direct sum and the

particular simple defect of interest. At the junction, we impose the well-defined variational

principle and gauge invariance to get the boundary conditions and required boundary terms.

In the following, we illustrate this process using the example of the T × T fusion.

Example: T × T = C → ηk Using the method discussed in the previous subsection, a

local fusion junction can be constructed for T × T =
∑N−1

n=0 η
n ≡ C, where C denotes the

condensation defect8 for the ZN ⊂ U(1)m shift symmetry, as shown in Figure 4.6.

T

L1

T

L2

C

ϕ1 ϕ2

ϕ3

0 Cϕ3

ηkφ

ϕ1 ϕ2

0

ρ

Figure 4.6: The topological fusion junction for Hom(T×T,C) at t = 0 (left) and the junction

Hom(C, ηk) at t = ρ (right).

8Notice that this condensation defect is simply the projector for the ZN ⊂ U(1)m symmetry, and is not

simple as a defect.
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The defect action in the fused segment is then as follows,

S =
iN

2π

∫
t>0

(ϕ1dϕ3 + ϕ3dϕ2)

=
iN

2π

∫
t>0

dϕ3(ϕ1 − ϕ2)−
iN

2π
ϕ3ϕ2

∣∣∣∣
t=0

,

(4.3.19)

where the first term on the second line corresponds to the condensation defect and the second

term is a boundary term. To see that the first term indeed describes the condensation defect,

let us note that the sum of the ZN ⊂ U(1)m defects used in the definition of C is given by

N−1∑
n=0

exp

[
i

2π

∫
L

dφ

(
ϕ1 − ϕ2 +

2πn

N

)]
= exp

[
i

2π

∫
L

dφ (ϕ1 − ϕ2)

]N−1∑
n=0

exp

(
in

N

∫
L

dφ

)
,

(4.3.20)

and the last sum restricts the winding number of φ to be an integer multiple of 2πN . As a

result, we can write φ = Nϕ for some 2π-periodic compact scalar ϕ and have the following

equality under the path integral,

N−1∑
n=0

exp

[
i

2π

∫
L

dφ

(
ϕ1 − ϕ2 +

2πn

N

)]
= N exp

[
iN

2π

∫
L

dϕ (ϕ1 − ϕ2)

]
, (4.3.21)

which results in precisely the first term on the second line of Eq. (5.6.29) with ϕ = ϕ3.
9

Selection of a fusion channel A specific fusion channel such as T × T → ηk can be

obtained by adding an additional junction ρ between the condensation defect and ηk as in

the right diagram in Figure 4.6. To describe this junction, we start by examining the action

S =
iN

2π

∫ t=ρ

t=0

dϕ3(ϕ1 − ϕ2) +
i

2π

∫
t>ρ

dφ

(
ϕ1 − ϕ2 +

2πk

N

)
. (4.3.22)

Under the gauge transformations ϕi → ϕi + 2πni,

∆S = i(n1 − n2)(Nϕ3 − φ)|t=ρ , (4.3.23)

9The factor on N on the right hand side of (4.3.21) is expected and corresponds to the two factors of
√
N that are present in the two T defects which are part of the fusion junction of Figure 4.6 (see footnote

6).
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and in order to have gauge invariance, we set

(Nϕ3 − φ)|t=ρ ∈ 2πZ . (4.3.24)

Additionally, we impose

ϕ1 − ϕ2 +
2πk

N

∣∣∣∣
t=ρ

∈ 2πZ , (4.3.25)

since t = ρ is a part of the ZN defect ηk on which this relation holds.

Turning to the variational principle, the total variation at the junction t = ρ is given by

δS|t=ρ =
i

2π
δ (Nϕ3 − φ)

(
ϕ1 − ϕ2 +

2πk

N

)∣∣∣∣
t=ρ

− ikδϕ3(ρ) = 0 . (4.3.26)

Now, the first term vanishes due to the boundary condition (4.3.24). However, in order to

remove the second term we need to add an extra boundary term to (4.3.22) at the junction

ρ,

Sbdry = ikϕ3(ρ) . (4.3.27)

In summary, the boundary conditions and the boundary term at the junction Hom(C, ηk)

are

Hom(C, ηk) : (Nϕ3 − φ)|t=ρ = 0 mod 2π ,

(
ϕ1 − ϕ2 +

2πk

N

)∣∣∣∣
t=ρ

= 0 mod 2π ,

Sbdry = ikϕ3(ρ) .

(4.3.28)

Now, to obtain the local fusion junction T × T → ηk we can shrink the condensation

defect on the interval 0 < t < ρ by taking ρ → 0. Combining the boundary terms from

T × T → C (5.6.29) and C → ηk (C.3.4), the boundary data at the resulting junction is

given by

Hom(T × T, ηk) : (Nϕ3 − φ)|t=0 = 0 mod 2π ,

(
ϕ1 − ϕ2 +

2πk

N

)∣∣∣∣
t=0

= 0 mod 2π ,

Sbdry = −
iN

2π
ϕ3

(
ϕ2 −

2πk

N

)∣∣∣∣
t=0

.

(4.3.29)
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The analyses above can be generalized to any extra junction between two different topo-

logical defects: the gauge invariance and δS = 0 at the junction fix the boundary conditions

and boundary terms.

In Appendix D.1.1, we provided an alternative derivation for the same results (4.3.29)

using the previously obtained T × η−k → T junction data.

Other local fusion junctions In Appendix D.1.1 we provide the junction data for all the

other local fusion junctions involving the T and η defects.

4.3.3 F -symbols using Lagrangian

4.3.3.1 The method

A specific component of an associator, which is a C-number in 2d, can be computed by

collapsing the diamond-shaped region in a corresponding defect network, as described in

Figure 4.7 [58].

a× (b× c)

a

b× c

b

c

a× b

(a× b)× cϕL

ϕR

ϕ′
I

ϕI

α

β

γ

δ

→

a× (b× c)

a c

c

(a× b)× c

b

ϕL

ϕR

ϕ′
IϕI

α = β

γ = δ

→

(a× b)× c

a× b× c

a× (b× c)

α = β

γ = δ

ϕL ϕR

→

(a× b)× c

a× (b× c)

↙
α = β = γ = δ

ϕL ϕR

= F d
a,b,c×

Figure 4.7: The associator F d
a,b,c can be obtained by collapsing the diamond in the middle.

First arrow: Merging the two nodes α and β and also the two nodes γ and δ. Second

arrow: Parallel fusion of the a, b, c defects in the middle. Third arrow: Reducing the interval

between the two nodes α = β and γ = δ.
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We collapse the associator region by taking the following steps:

Step 1: Junction analysis: Using the method explained in Section 4.3.2, compute the

boundary conditions and boundary terms at each local fusion/splitting junction

α, β, γ, δ as well as at possible extra junctions.

Step 2: Merge the two upper junctions α and β by combining the boundary conditions and

boundary terms. Repeat for the lower junctions γ and δ.

Step 3: Global fusion: Fuse the three defects a, b, c by adding their actions along the

interval between the α = β and γ = δ junctions. The result will in general be

the sum of the expected defect, some decoupled TQFT (if present) and a boundary

term,

S = Sa×b×c + Sdecoupled TQFT + Sbdry;global . (4.3.30)

Step 4: Interval reduction: Compute the path integral of the decoupled TQFT as an

inner product between the states corresponding to the boundary conditions and

some boundary terms.

Step 5: Associator: Evaluate all the boundary terms using the boundary conditions in

Step 2. The associator is

F d
a,b,c = (Inner product)× e−Sbdry . (4.3.31)

4.3.3.2 Path integral of ZN TQFT

The result of the global fusion (4.3.30) may include a 1d decoupled trivial or ZN TQFT.

After reducing the interval [γ, β], they are replaced with their path integral subject to the

given boundary conditions plus some boundary terms. For the trivial TQFT, the required

boundary terms are fixed values. However, for the decoupled ZN TQFT

S =
iN

2π

∫ β

γ

ϕ dφ (4.3.32)
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the boundary terms might involve unfixed boundary values of the defect fields. However,

the unfixed part of the boundary terms will drop out once it is combined with all other

boundary terms – those from each junction and those from the global fusion part – and the

total boundary term will only involve the fixed boundary values. Therefore, the boundary

terms do not affect the path integral over the decoupled defect fields. In this subsection,

we illustrate the reduction of the interval when a decoupled ZN TQFT shows up after the

global fusion.

To perform the path integral, one can add and subtract an appropriate boundary term

to write the action as the sum of the part that has a vanishing variation on the boundary

with respect to the boundary conditions and the boundary terms. The former part is path

integrated to the inner product between the states corresponding to the boundary conditions

on the upper and lower junctions.

Example: Distinct boundary conditions As an example, consider the boundary con-

ditions10

ϕ(β) =
2πm

N
, φ(γ) =

2πn

N
mod 2π (Dirichlet) ,

Nϕ(γ) = 0 , Nφ(β) = 0 mod 2π (Neumann) .

(4.3.33)

Rewriting the action (4.3.32) as

S =

(
iN

2π

∫ β

γ

ϕdφ− iN

2π
ϕ(β)φ(β)

)
+
iN

2π
ϕ(β)φ(β) , (4.3.34)

the terms in the bracket have trivial variation on the boundary with respect to the given

boundary conditions. The path integral of this part results in the inner product between the

10The Neumann conditions can be written in terms of an unfixed integer 0 ≤ k < N as ϕ(γ) = 2πk
N .
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states corresponding to Dirichlet boundary conditions at each end. Specifically,1112∫
DBC

[Dφ][Dϕ] e−SPI = ⟨ϕ(β) |φ(γ)⟩ = 1√
N

exp

(
iN

2π
ϕ(β)φ(γ)

)
, (4.3.35)

where SPI is given by the terms in brackets in Eq. (4.3.34).

The boundary term (last term in (4.3.34)) is carried forward. After combined with other

boundary terms from the junction analysis or global fusion, the unfixed part in this term

will either be removed or be a part of a fixed boundary value.

To summarize, the contribution to the F -symbol from the decoupled ZN theory is the

combination of the inner product of the boundary states (4.3.35) and the boundary terms,

as stated in Eq. (4.3.31):

1√
N

exp

[
iN

2π
ϕ(β) (φ(γ)− φ(β))

]
=

1√
N
e

2πimn
N exp

(
−iN
2π
ϕ(β)φ(β)

)
. (4.3.36)

General cases It is straightforward to generalize the above argument to other boundary

conditions. We list the resulting inner products and boundary terms in Table (4.3.37), where

the first two columns are the boundary conditions for the fields at the specified boundary,

and D,N denote Dirichlet and Neumann boundary conditions, respectively.

ϕ(γ, β) φ(γ, β) Sbdry ⟨DBCβ|DBCγ⟩ Contribution to F

ND DN iN
2π
ϕ(β)φ(β) 1√

N
exp

[
iN
2π
ϕ(β)φ(γ)

]
1√
N
exp

[
iN
2π
ϕ(β)(φ(γ)− φ(β))

]
DN ND − iN

2π
ϕ(γ)φ(γ) 1√

N
exp

[
− iN

2π
φ(β)ϕ(γ)

]
1√
N
exp

[
iN
2π
ϕ(γ)(φ(γ)− φ(β))

]
DD NN − iN

2π
ϕφ
∣∣β
γ

δϕ(β),ϕ(γ) δϕ(β),ϕ(γ) exp
[
iN
2π
ϕφ
∣∣β
γ

]
NN DD 0 δφ(β),φ(γ) δφ(β),φ(γ)

(4.3.37)

11The LHS should be understood as the analytic continuation to the Lorentzian spacetime.

12The noamalisation constant can be obtained by demanding the orthonormality:
〈
ϕ = 2πim

N

∣∣ ϕ = 2πin
N

〉
=∑N−1

k=0

〈
ϕ = 2πim

N

∣∣ φ = 2πik
N

〉 〈
φ = 2πik

N

∣∣ ϕ = 2πin
N

〉
= δm,n.
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4.3.3.3 Example:
[
F T

T,T,T

]
ηm,ηn

To illustrate the procedure, let us compute [F T
T,T,T ]ηm,ηn using the method explained in Sec-

tions 4.3.3.1 and 4.3.3.2, namely by collapsing the diamond region in Figure 4.8.

T

T

ηn, φ1

T

T

ηm, φ2

T
ϕL

ϕR

ϕ′
I

ϕI

α

β

γ

δ

Figure 4.8: The configuration used in computing [F T
T,T,T ]ηm,ηn .

As a first step, we collect the boundary conditions and boundary terms at each junc-

tion α, β, γ, δ, taken from already computed results. Specifically, the α junction is a fusion

junction T × ηn → T whose data is given in Eq. (4.3.18), the β and γ junctions are fusion

and splitting junctions for T × T → ηk with k = n and k = m respectively, with the data

given in Eq. (4.3.29)13, and δ is the splitting junction T → ηm × T analyzed in Eq. (D.1.4).

Explicitly,

α : φ1 −NϕL = 0 , ϕI − ϕR = −2πn

N
, S(α) = −iN

2π
ϕL

(
ϕI − ϕR +

2πn

N

)
,

β : φ1 −Nϕ′
I = 0 , S(β) = −iN

2π
ϕ′
I

(
ϕR −

2πn

N

)
,

γ : φ2 −NϕI = 0 , S(γ) =
iN

2π
ϕI

(
ϕ′
I −

2πm

N

)
,

δ : ϕL − ϕ′
I = −

2πm

N
, φ2 −NϕR = 0 , S(δ) = imϕR(δ) ,

(4.3.38)

13For the splitting junction, the boundary term changes the sign.
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where all the boundary conditions are written modulo 2π, and S(α) denotes the boundary

term at the junction α (and similarly for other junctions). Next, we shrink the interval [β, α]

to obtain a single upper junction β = α. As a consequence, we can impose the boundary

conditions at the α and β junctions simultaneously. Similarly, we shrink the interval [δ, γ]

to get the single lower junction γ = δ.

Next, we fuse the three defects T × T × T in the middle by adding the corresponding

defect actions,

S =
iN

2π

∫ β

γ

(ϕLdϕI + ϕIdϕ
′
I + ϕ′

IdϕR)

=
iN

2π

∫ β

γ

ϕLdϕR +
iN

2π

∫ β

γ

(ϕL − ϕ′
I)d (ϕI − ϕR) +

iN

2π
ϕ′
IϕI |

β
γ

(4.3.39)

where the first term is the action for the resulting T defect, the second term is a decoupled

ZN TQFT and the last term is a boundary term Sbdry;global. The decoupled TQFT fields

have the following boundary conditions,

N(ϕL − ϕ′
I)(β) = 0 , (ϕI − ϕR)(β) = −

2πn

N
mod 2π ,

(ϕL − ϕ′
I)(γ) = −

2πm

N
, N(ϕI − ϕR)(γ) = 0 mod 2π ,

(4.3.40)

namely ϕL − ϕ′
I has a Dirichlet boundary condition at γ and a Neumann one at β, while

ϕI − ϕR has the opposite boundary conditions. Using the second row in Table (4.3.37), the

contribution from this ZN theory is hence

1√
N
e−SZN , SZN

= −im(ϕI − ϕR)|βγ . (4.3.41)

As a last step, we combine the boundary terms at the upper and lower junctions, including

the phase contribution SZN
from the ZN TQFT and the boundary term Sbdry;global in (4.3.39).

At the upper junction,

S(α) + S(β) + (Sbdry;global + SZN
)β =

iN

2π

(
−ϕL + ϕ′

I −
2πm

N

)(
ϕI − ϕR +

2πn

N

)
+

2πimn

N
(4.3.42)
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and using the boundary conditions at the upper junction (4.3.38), N
2π

(
−ϕL + ϕ′

I − 2πm
N

)
∈ Z

and
(
ϕI − ϕR + 2πn

N

)
∈ 2πZ, we find that the first term in Eq. (4.3.42) is trivial modulo 2πi.

Thus, the total phase contribution from the upper junction is given by

S(α) + S(β) + (Sbdry;global + SZN
)β =

2πimn

N
. (4.3.43)

Turning to the lower junction, the sum of all the boundary terms vanishes, i.e.

S(γ) + S(δ) + (Sbdry;global + SZN
)γ = 0 . (4.3.44)

Then, putting everything together we substitute the inner product and the boundary terms

(given in Eqs. (4.3.41), (4.3.43)-(4.3.44)) into Eq. (4.3.31) and obtain the F -symbol

[F T
T,T,T ]ηm,ηn =

1√
N

exp

(
−2πimn

N

)
, (4.3.45)

which agrees with the known value (4.3.6).

Other F -symbols All the other F -symbols of the compact boson theory are computed in

Appendix D.1.2 and agree with Eq. (4.3.6).

4.4 Maxwell theory in 4d

4.4.1 Non-invertible triality symmetry and defect Lagrangians

We next turn to four dimensions and consider Maxwell theory, which has the Lagrangian

L =
1

2e2
F ∧ ⋆F +

iθ

8π2
F ∧ F . (4.4.1)

Normalizing the 1-from gauge field A so that the corresponding field strength F = dA has

fluxes 2πZ, the theory is specified by the choice of complexified coupling

τ =
θ

2π
+

2πi

e2
(4.4.2)
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and has an SL(2,Z) duality group (on spin manifolds) which is generated by

S : τ → −1/τ , T : τ → τ + 1 (4.4.3)

with the relations

S2 = C , (ST)3 = 1 , (4.4.4)

where C is the charge-conjugation symmetry under which A → −A. In addition to charge

conjugation, the theory also has two 1-form symmetries U(1)
(1)
E × U(1)

(1)
M with charges

QE =
1

2π

∮ (
−2πi

e2
⋆ F +

θ

2π
F

)
, QM =

1

2π

∮
F , (4.4.5)

the charged objects being Wilson and ’t Hooft lines, respectively. Upon gauging a Z(1)
N ⊂

U(1)
(1)
E subgroup of the electric 1-form symmetry we cut out all Wilson lines (at least as

genuine line operators) whose charges are not integer multiples of N , resulting in the charge

quantization QE ∈ NZ and QM ∈ Z/N . To have the standard quantization QE,M ∈ Z as in

the theory before the gauging (i.e. having the same normalization for the gauge field), we

rewrite A = A′/N and τ = τ ′N2 which then results in a theory which is similar to the one

before the gauging but with the new coupling τ ′ = τ/N2. We therefore see that gauging

Z(1)
N ⊂ U(1)

(1)
E is equivalent to changing τ → τ/N2. Similarly, gauging a Z(1)

N ⊂ U(1)
(1)
M

subgroup of the magnetic 1-form symmetry would amount to changing τ → τN2.

In addition to simply gauging a (non-anomalous) Z(1)
N subgroup of the 1-form symmetry,

an operation usually denoted by S, we can also consider combining it with stacking an SPT

phase for the corresponding background 2-form gauge field, an operation usually denoted

by T (see [51, 76, 64]). Denoting the background field by B ∈ H2 (M4;ZN) where M4 is

the space in which the theory lives, this SPT phase is given by exp(2πi
2N

∫
M4
q (B)) for even

N (where q : H2 (M4;ZN) → H4 (M4;Z2N) is the Pontryagin square operation) and by

exp(2πi
N

∫
M4

N+1
2
B2) for odd N . Then, considering e.g. the gauging corresponding to ST ,

i.e. first stacking the SPT phase and then gauging the Z(1)
N symmetry, we have A = A′/N

and θ′ = θ + 2π/N for even N which amounts to changing τ → τ/N2 + 1/N in the original
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theory, and A = A′/N and θ′ = θ + 2π (N + 1) /N for odd N which amounts to the change

τ → τ/N2 + (N + 1) /N .

The two ingredients discussed above, i.e. gauging a subgroup of the 1-form symmetry

(possibly with stacking an SPT phase) and performing a duality operation, were used recently

to construct many new non-invertible defects in the theory [59, 62–64, 60, 65, 66, 68]. For

simplicity, we will focus in this section on the triality defects at τ = e
2πi
3 N found in [64]

and on condensation defects [63, 64] associated with electric 1-form gauging, which can be

constructed as follows (in appendix D.5 we will also discuss duality defects).

Starting with the triality defect, we consider the coupling τ = e
2πi
3 N (for any N ∈ N)

and perform an ST gauging of a Z(1)
N subgroup of the electric 1-form symmetry in half space

(with Dirichlet boundary conditions for the corresponding discrete gauge field), resulting in

a topological interface between the theory with coupling τ = e
2πi
3 N and the theory with

coupling τ/N2 + 1/N = eπi/3/N for even N and coupling τ/N2 + (N + 1) /N = eπi/3/N + 1

for odd N . However, since the coupling e
2πi
3 N is obtained by performing an S transformation

to eπi/3/N and an ST−1 transformation to eπi/3/N + 1, the two sides are in fact equivalent

and we get a defect in a single theory, obtained by performing ST Z(1)
N gauging and S duality

(for even N) or ST−1 duality (for odd N) in half space. As shown in [64], one can describe

this defect, which is denoted by D3, by the following action,

D3 : S =

∫
x<0

(√
3N

8π
FL ∧ ⋆FL −

iN

8π
FL ∧ FL

)
+

∫
x>0

(√
3N

8π
FR ∧ ⋆FR −

iN

8π

∫
FR ∧ FR

)

+
iN

2π

∫
x=0

(
AL ∧ dAR +

1

2
AL ∧ dAL

)
(4.4.6)

where AL and AR denote the Maxwell gauge field from the two sides of the defect, which

is located at x = 0. The equations of motion on the defect that follow from (4.4.6), then,

determine the matching conditions between the left and right gauge fields, which in turn

results in an action of the defect on operators (whether local or not) which is indeed similar

to that of the gauging and duality used in its construction. The corresponding orientation

141



reversal defect, denoted by D3, is given by

D3 : S = −iN
2π

∫
x=0

(
AL ∧ dAR +

1

2
AR ∧ dAR

)
(4.4.7)

where we omit the bulk action on both sides of the defect here and below for brevity.

Turning to the condensation defects we are interested in, at any τ we can gauge a Z(1)
N

subgroup of the electric 1-form symmetry with a discrete torsion labeled byH3(BZN ;U(1)) ∼=

ZN over a codimension-1 manifold and obtain a nontrivial defect. As shown in [63, 64], the

part of the action describing this defect is given by14

Ck : S =

∫
M3

[
iN

2π
da ∧ (AL − AR) +

ik

2π
(AL − AR) ∧ d(AL − AR)

]
, (4.4.8)

where AL and AR are as before the Maxwell gauge field from the two sides of the defect, a

is a U(1) gauge field living on the worldvolume M3 and k ∈ ZN is the discrete-torsion label.

Integrating the defect field a out sets AL−AR to be a flat ZN connection,15 with ei
∮
γ(AL−AR)

generating ZN topological line operators which are identified as the higher quantum symme-

try on Ck.

Let us also describe what the identity defect looks like in the Lagrangian description in

14Our defect action for Ck (as well as for the duality defect discussed in appendix D.5) differs from that

in [64] by a total derivative term, which we choose this way in order to avoid extra boundary terms when

considering junctions between defects.

15To see this, let us decompose a as a = a+a′ where a′ has trivial fluxes and a is a choice of representative

for each flux sector labeled by H2(M3,Z). Integrating out a′ sets AL − AR to be flat, and the sum over

the flux sector a corresponds to summing over the 1-cycle γ ∈ H1(M3,Z) where γ is the Poincaré dual of

the first Chern class c1 = da
2π ∈ H2(M3,Z). Decomposing γ = niγi where {γi} is the bases of 1-cycles, the

remaining path integral becomes

∏
i

∑
{ni}

e
iNni

∮
γi

(AL−AR)
(4.4.9)

and the sum over ni implies that the holonomy ei
∮
(AL−AR) on any γi takes values in

{
e

2πi
N k
}N−1

k=0
.
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terms of left and right fields. It is given by the action

1 : S =
i

2π

∫
M3

db ∧ (AL − AR) (4.4.10)

where b is again a U(1) gauge field living on M3 which upon integrating it out sets AL−AR

to be a pure U(1) gauge transformation on M3.

The descriptions of the defects above can be easily used to find their fusions. For example,

one finds [64]

D3 ×D3 = U(1)ND3 , D3 ×D3 = U(1)−ND3 , D3 ×D3 = C0 , D3 ×D3 = CN
2

(4.4.11)

for even N and

D3 ×D3 = SU(N)−1D3 , D3 ×D3 = SU(N)1D3 , D3 ×D3 = D3 ×D3 = C0 (4.4.12)

for odd N .

In the next two subsections, we will show how the Lagrangian descriptions (4.4.6)-(4.4.10)

can be used to characterize fusion and morphism junctions between these defects, as well

as finding associator theories. We will focus on the triality associator
[
FD3

D3,D3,D3

]
1,U(1)ND3

for even values of N and the junctions that appear in its computation, deferring the rest of

the associators to appendix D.3. Then, in section 4.5, we will compute the associators using

a different (group-theoretical) approach for certain odd values of N and see the agreement

with the results of this section, except for certain cases where the final result depends on

whether N is even or odd.

In Appendix D.5 we will also discuss the non-invertible duality defects of [59] and compute

all the associators using both the Lagrangian (which is valid for all N) and group-theoretical

methods and see their agreement.

4.4.2 Local fusion and morphism junctions

In this subsection, we will describe the fusion and morphism junctions of the non-invertible

symmetry defects we discussed above using their Lagrangian descriptions, emphasizing the

143



way the boundary conditions and the boundary terms at these junctions arise. Notice that

one can also describe the same junctions alternatively by adding additional boundary degrees

of freedom as demonstrated in Appendix D.2 (see also [77, 63, 71]). We choose our current

approach to simplify the number of fields we need to keep track of.

4.4.2.1 Topological construction of the local fusion junction

As for the 2d case, we obtain the local fusion junction Hom(Da ×Db,Dc) of the topological

defects Da,Db and Dc by fusion of the upper part of the two parallel defects Da and Db, as

depicted in the figure below.

Da

→

Db

←

A1 A2A3 →

Da
V1

Db
V2

Dc

A1 A2

A3

V3

Σ0

Figure 4.9: Topological construction of the local fusion junction for Hom(Da×Db,Dc). V1,2,3

are the 3-manifolds that end on the 2-dimensional local fusion junction at Σ0 (blue dot).

The action associated with this configuration is

S =

∫
V1

LDa [A1, A3] +

∫
V2

LDb
[A3, A2] +

∫
V3

(LDa [A1, A3] + LDb
[A3, A2]) (4.4.13)

where V1,2(V3) are 3-manifolds from the bottom (top) that end on the 2-dimensional local

fusion junction Σ0. The first two terms are the actions of the defects Da and Db below the

fusion junction, and the last term describes the fusion of the two. One can then manipulate

this last term in the upper part into the action of the topological defect(s) expected from

the fusion algebra (in this case, the action of the defect Dc), which in general may result in

boundary terms at the junction and a decoupled trivial Z1 TQFT at the fused segment, i.e.∫
V3

(LDa [A1, A3] + LDb
[A3, A2]) =

∫
V3

LDc [A1, A2, A3] +
i

2π

∫
V3

Ã ∧ dB̃ + Sbdry (4.4.14)
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where Ã and B̃ are the fields supported only along the defect in the upper half (V3), such

as A3 in Figure 4.9 or the defect fields of the condensation and identity defects (i.e. a

and b in (4.4.8) and (4.4.10)). Hence, the second term on the right-hand side describes a

trivial decoupled TQFT. We stress that both the boundary terms and the decoupled trivial

TQFT are not always present. As we will see below, however, both do appear e.g. in the

construction of the local fusion junctions 1×D3 = D3, D3 × 1 = D3, and their orientation

reversals.

Since we are interested in fusion junctions as in Figure 4.9, in which each defect (i.e. Da,

Db and Dc in the figure) is not accompanied with a decoupled TQFT, when such a TQFT

does arise we will need to add a topological boundary for it along V3 and then push it to the

junction Σ0, resulting overall in a topological junction between defects with no decoupled

TQFT. The topological boundary condition at the boundary we add along V3 is that of

Dirichlet for both Ã and B̃ in (4.4.14), as we explain next in more detail.

Boundary conditions of decoupled trivial TQFT In the 3d decoupled TQFT in

(4.4.14), the gauge-invariant operators are the Wilson lines ei
∮
γ Ã and ei

∮
γ′ B̃, which commute

with each other as can be seen from the commutation relation between Ã and B̃. As a result,

on the topological boundary which we add along V3, denoted by Σ′
0, both of these operators

can be fixed. In fact, they have to be fixed to the identity operator (corresponding to trivial

holonomies for Ã and B̃) since the path integral over each of the fields restricts the other

one to be a pure U(1) gauge (and hence nontrivial boundary holonomies would result in

a vanishing partition function). The boundary conditions for Ã and B̃ at Σ′
0 are therefore

given by

Ã, B̃
∣∣∣
Σ′

0

= dϕ̃A,B (4.4.15)

for some compact scalars ϕ̃A,B, and are consistent with the variational principle (δS|Σ′
0
= 0)

and gauge invariance (∆S = 0).

Now that the topological boundary has been added at Σ′
0, we push it to Σ0 and obtain the

145



desired junction. In this junction we have, on top of the other junction data, the boundary

condition (4.4.15).

Example: D3 × 1 = D3 To illustrate the procedure, let’s consider the local fusion

junction for D3 × 1 = D3 shown in the figure below.

D3 V1 1, bV2

D3 V3

A1 A2

A3

Σ0

Figure 4.10: Hom(D3 × 1, D3) junction. b is the defect field on V2 used in the Lagrangian

description of the identity defect.

The part of the action along the V3 segment obtained by fusing the defects D3 and 1 in

the upper part (as in Figure 4.9) is given by16

S =
i

2π

∫
V3

[
NA1dA3 +

N

2
A1dA1 + db(A3 − A2)

]
=
iN

2π

∫
V3

(
A1dA2 +

1

2
A1dA1

)
+

i

2π

∫
V3

(b+NA1)d(A3 − A2)−
i

2π

∫
Σ0

b ∧ (A3 − A2) ,

(4.4.16)

where the first term on the last line describes the triality defect D3 as expected from the

fusion algebra, the second term is a trivial Z1 TQFT and the last term is a boundary term.

Since the fields b +NA1 and A3 − A2 of the trivial TQFT are defect fields living on V3 (as

may become more apparent by shifting b by −NA1 and A3 by A2) and do not appear in

the first term describing D3, this TQFT is decoupled from the bulk and from D3. Thus, as

discussed above, we introduce a topological boundary for it along V3 by imposing Dirichlet

16For the brevity of the notation, we leave the wedge product between a 1-form and an external derivative

of a 1-form implicit hereafter.
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boundary conditions for both of its fields and then push this boundary to the junction Σ0,

effectively setting both b+NA1 and A3 − A2 to be pure U(1) gauges at the junction.

In summary, the boundary conditions and boundary term at this fusion junction are

Hom(D3 × 1, D3) : b+NA1|Σ0
, A3 − A2|Σ0

= pure U(1) gauge ,

Sbdry = −
i

2π

∫
Σ0

b ∧ (A3 − A2) .
(4.4.17)

Other local fusion junctions All other local fusion junctions involving the triality defect

are worked out in Appendix D.3.

4.4.2.2 Morphism junctions of condensation defects

As explained in Section 4.2.2, condensation defects and defects containing a decoupled TQFT

that admits topological boundary conditions are Witt equivalent to the identity defect. De-

manding well-defined variational principle and gauge invariance at the corresponding mor-

phism junctions fixes the boundary conditions and the extra boundary action at these junc-

tions. In this subsection, we illustrate this using the examples of the morphism junctions

between the identity defect and the condensation defects C0 and CN
2
, and then turn in the

next subsection to consider the morphism junction between the defect containing the TQFT

U(1)N × U(1)−N and the identity defect.

Hom(C0, 1) Consider a 2-dimensional morphism junction Σ0 between the condensation

defect C0 and the identity defect supported at Vlower and Vupper, respectively, as depicted in

Figure 4.11. We denote by a and b the defect fields on C0 and 1, respectively.
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C0 or CN
2

a

1 b

Σ0A1 A2

Vlower

Vupper

Figure 4.11: Hom(C0, 1) junction: The lower part Vlower supports C0 (or CN
2
later) and the

upper part Vupper supports 1.

The action for this configuration is given by

S =
iN

2π

∫
Vlower

da (A1 − A2) +
i

2π

∫
Vupper

db (A1 − A2) . (4.4.18)

To find the junction data at Σ0, we demand gauge invariance and a well-defined variational

principle at the junction. First, under the gauge transformations A1,2 → A1,2+dλ1,2 we have

∆λS =
i

2π

∫
Σ0

(Na− b) ∧ d(λ1 − λ2) . (4.4.19)

For small gauge transformations, i.e. λ1,2 are single-valued such that
∮
dλ1,2 = 0, one

can integrate by parts and obtain d(Na− b)|Σ0
= 0 for gauge invariance. Then, for the

large gauge transformations, i.e λ1,2 have nontrivial winding modes such that
∮
dλ1,2 ̸= 0,

one can use the Poincaré dual to demand ∆λS = i
∫
PD(d(λ1−λ2),Σ0)

(Na − b)
!
∈ 2πiZ for

gauge invariance. In other words, Na − b is a pure U(1) gauge at Σ0. Let us then write

Na− b|Σ0
= dϕ for some compact scalar ϕ, and get for the variation at Σ0 the following

δS|Σ0
=

i

2π

∫
Σ0

dδϕ ∧ (A1 − A2) . (4.4.20)

Now, since A1 − A2|V2 is a pure U(1) gauge on the worldvolume V2 of the identity defect

which includes the junction Σ0, δS|Σ0
= 0 without needing any extra boundary terms.

In summary, we have the following junction data:

Hom(C0, 1) : b−Na, A1 − A2|Σ0
= pure U(1) gauge, Sbdry = 0 . (4.4.21)
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Before moving on, let us describe another approach for arguing (4.4.21). Taking advan-

tage of the topological nature of the configuration in Figure 4.11, we turn the upper part

Vupper along which the identity defect lies clockwise until it is fused with the condensation

defect, resulting in a single defect along Vlower that ends topologically at Σ0. The bulk field

A2 (as well as the defect fields a and b) then becomes a defect field living only on Vlower, and

the action of this new defect is given by

i

2π

∫
Vlower

(Nda− db) (A1 − A2) (4.4.22)

where the bulk field is now only A1. To put this action in a more familiar form, we can

denote c = Na − b and Ã = A1 − A2 and notice that they are both standard U(1) gauge

fields (with fluxes 2πZ) which live only on Vlower (alternatively, we can shift b by Na and

A2 by A1). That is, we obtain a decoupled trivial Z1 BF theory on Vlower with Lagrangian

(i/2π)Ãdc. Now, since this defect ends at Σ0 topologically, the boundary conditions for

the corresponding worldvolume TQFT should be topological, and as discussed in subsection

4.4.2.1 they are given by Dirichlet boundary conditions for both of the fields c and Ã. This,

in turn, yields Eq. (4.4.21).

Example: Hom(CN
2
, 1) The discussion above straightforwardly applies to the case with

a condensation defect with a nontrivial discrete torsion. For example, for CN
2
(for even N)

S =
iN

2π

∫
Vlower

[
(A1 − A2)da+

1

2
(A1 − A2)d(A1 − A2)

]
+

i

2π

∫
Vupper

(A1 − A2)db (4.4.23)

and the analysis above can be used to find the following boundary conditions without any

boundary term:17

Hom
(
CN

2
, 1
)
: Na+

N

2
(A1 − A2)− b , A1 − A2

∣∣∣∣
Σ0

= pure U(1) gauge , Sbdry = 0 .

(4.4.24)

17The boundary condition for Ck is given by the expression below after replacing N
2 with k.

149



4.4.2.3 Morphism junctions of U(1)N × U(1)−N

When a TQFT has a topological boundary condition, there exists a morphism between a

defect on which this TQFT lives and the identity, obtained by imposing the topological

boundary condition at the morphism junction.18 Although a single U(1)N Chern-Simons

theory does not have a topological boundary condition, a U(1)N × U(1)−N Chern-Simons

theory does. One obvious choice is identifying the U(1)N and U(1)−N gauge fields, including

their gauge transformations and variations, at the junction.19 However, such a boundary

condition is not suitable for the U(1)N × U(1)−N theory when the two U(1) fields are made

of different bulk gauge fields that are independently gauge invariant. Is there a topological

boundary condition that respects both U(1) gauge symmetries? What is the correct action,

including the boundary terms, that is compatible with such a boundary condition?

To answer these questions, we note that the U(1)N × U(1)−N theory

S =
iN

4π

∫
V

(ada− bdb) (4.4.25)

has two topological boundary conditions for any integer N corresponding to condensing the

two Lagrangian algebras20

A± = {l(1,±1) | l = 0, · · · , N − 1} . (4.4.26)

The gauge-invariant way of condensing A± is to impose

a± b|∂V = pure U(1) gauge (4.4.27)

18Later, we will also refer to the gapped boundary of U(1)N×U(1)−N as a junction U(1)N×U(1)−N → 1.

The 1 here denotes the trivial theory and should not be confused with the identity defect (4.4.10) in the

Maxwell theory.

19This can be thought of as the folding trick—folding the 3-manifold supporting one U(1)N theory along

a 2-dimensional junction and relabeling the U(1)N field with the opposite parity as a U(1)−N field.

20When N = 2M for an odd prime M , the given sets are the only Lagrangian algebras.
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which are consistent with the bulk on-shell relations which set a, b to be flat U(1) connections

with ZN holonomies.

To impose these boundary conditions, one has to couple the two U(1) fields by adding a

boundary term21 to the action as follows,22

S =
iN

4π

∫
V

(ada− bdb) + iN

4π

∫
∂V

a ∧ b

=
iN

4π

∫
V

(a+ b) ∧ d(a− b) .
(4.4.28)

Then, using the invariance under gauge transformations and an infinitesimal variation on

the boundary,

∆λS =
iN

4π

∫
∂V

d(−λa + λb) ∧ (a+ b) ,

δS|∂V =
iN

4π

∫
∂V

(a− b) ∧ δ(a+ b)

(4.4.29)

and following the analysis around Eq. (4.4.19), the topological boundary conditions that this

action can accommodate should satisfy

N

2
(a+ b)

∣∣∣∣
∂V

= kdφ , a− b|∂V = flat U(1) connections (4.4.30)

for some k|N
2
.23 We immediately see that this action is not compatible with odd integer N .24

For even N , these boundary conditions always include a condensation of the Lagrangian

21One can add the boundary term with the minus sign instead, but that will turn out to be equivalent

using the resulting boundary conditions.

22On the other hand, the non-gauge invariant condition a± b|∂V = 0 can be imposed on the bulk action

without a boundary term, S = iN
4π

∫
V
(ada− bdb). This can be seen by the gauge transformation and

the variation under these boundary conditions, ∆S = iN
4π

∫
∂V

dλ ∧ (a ± b) and the variation δS|∂V =

iN
4π

∫
∂V

(a± b) ∧ δa, which are trivial.

23This is because under the gauge transformation a→ a+dλ, a = 2k
N dϕ→ 2k

N d(ϕ+ N
2kλ) and for ϕ+ N

2kλ

to be a 2π-periodic boson, k|N2 .

24We leave finding an action compatible with the gauge invariant topological boundary conditions for odd

N to a future work.
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algebras A± for k = N
2
, 1, given by

Hom(U(1)N × U(1)−N , 1) : a± b |∂V = pure U(1) gauge, Sbdry =
iN

4π

∫
∂V

a ∧ b .

(4.4.31)

Using the equations of motion Na,Nb = pure U(1) gauge, this is equivalent to25

Hom(U(1)N × U(1)−N , 1) : a± b, N

2
(a∓ b)

∣∣∣∣
∂V

= pure U(1) gauge,

Sbdry =
iN

4π

∫
∂V

a ∧ b .
(4.4.32)

Alternatively, one can introduce some scalar fields at the junction that cancel the gauge

transformations of the U(1) fields a and b and obtain the same boundary conditions by

integrating these scalars out, as explained in Section 6.2.2 of [63]. However, instead of

keeping track of these scalars, we will impose Eq. (4.4.32) at the Hom(U(1)N × U(1)−N , 1)

junctions for simplicity.

Example: D3 × (D3 ×D3) = D3 U(1)N ×U(1)−N → D3 Consider two consecutive

fusions, D3 × (D3 ×D3) as shown in Figure 4.12.

D3

D3

D3
U(1)N , a

U(1)−N , b

D3 D3

AL
ARAI

A′
I

β

α
α′

Figure 4.12: The β: Hom(D3 × D3, D3U(1)N), α: Hom(D3 × D3, D3U(1)−N) and α′:

Hom(U(1)N × U(1)−N , 1) junctions.

First, we construct the local fusion junction D3 × D3 by fusing the two parallel defects

along the upper part above the 2d local fusion junction β. This fused upper part is described

25More specifically, N
2 (a± b)

∣∣
∂V

= N
2 (a∓ b)±Nb

∣∣
∂V

= pure U(1) gauge.
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by the action

Hom(D3 ×D3, D3U(1)N) : S =
iN

2π

∫ ∞

β

(
AIdA

′
I +

1

2
AIdAI + A′

IdAR +
1

2
A′
IdA

′
I

)
= −iN

2π

∫ ∞

β

(
AIdAR +

1

2
ARdAR

)
(← D3)

+
iN

4π

∫ ∞

β

(AI + A′
I + AR)d(AI + A′

I + AR) (← U(1)N)

+
iN

4π

∫
Σβ

[AI ∧ AR + (AI − AR) ∧ A′
I ] (← Sbdry)

(4.4.33)

where we denote by the integral from β to ∞ the 3d manifold above the 2d junction β,

and by Σβ the 2d manifold corresponding to the junction β. The fusion outcome has the

expected D3 × U(1)N along with a boundary term at Σβ. Since A′
I is supported only on

the defect above β, the U(1)N is decoupled from the bulk (this can be seen by shifting

A′
I → A′

I − AI − AR).

Next, we take another copy of D3 and fuse it with the D3 we obtained in the previous

fusion in the segment above the α junction. The fusion outcome above α is described by the

action

Hom(D3 ×D3, U(1)−ND3) : S =− iN

2π

∫ ∞

α

(
ALdAI +

1

2
AIdAI + AIdAR +

1

2
ARdAR

)
=
iN

2π

∫ ∞

α

(
ALdAR +

1

2
ALdAL

)
(← D3)

− iN

4π

∫ ∞

α

(AL + AI + AR)d(AL + AI + AR) (← U(1)−N)

− iN

4π

∫
Σα

[AL ∧ AR + (AL − AR) ∧ AI ] . (← Sbdry)

(4.4.34)

Since they are decoupled from the bulk, the U(1)N × U(1)−N factors above α commute

with all other defects, and so it is Witt equivalent to the identity defect on a 3-manifold.

Hence, there is a morphism junction between them where the two U(1) theories end at

α′ in Figure 4.12 with a topological boundary condition. As explained above, this requires

coupling the two theories at the morphism junction by adding a boundary term and choosing
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a boundary condition out of two (or more) options:

Hom [U(1)N × U(1)−N , 1] : Sbdry(α
′) =

iN

4π

∫
Σα′

a ∧ b,

B.c.


(1) N

2
(a+ b), a− b

∣∣
Σα′

= pure U(1) gauge

(2) a+ b, N
2
(a− b)

∣∣
Σα′

= pure U(1) gauge

(4.4.35)

where a and b denote the U(1)N and U(1)−N gauge fields which, in our case, are

a = AI + A′
I + AR , b = AL + AI + AR . (4.4.36)

The coefficients N
2
in the boundary conditions can be replaced with N if we further specify

Na,Nb = pure U(1) gauge.

4.4.3 Associator 1-morphisms

4.4.3.1 The method

In four dimensions, the associator 1-morphism between three codimension-1 defects (a, b, c) is

described by a 2-dimensional TQFT living at the interface between the two different fusions

(a × b) × c and a × (b × c). The first three steps in the method used in Section 4.3.3.1 to

compute these associators are still valid in higher-dimensional cases. In particular, the global

fusion outcome (Step 3) may contain some decoupled 3d TQFT, either a ZN gauge theory

or a trivial TQFT. However, since the junctions (points in Figure 4.7) are now 2-manifolds,

the last two steps need a slight modification.

Step 4 Interval reduction: Using the boundary conditions, obtain the 2d theory from the

decoupled TQFT in Step 3 after reducing the 3d interval [γ, β] to the 2d manifold Σβγ.

Step 5 Associator: Evaluate all the boundary actions at the combined junction using the

boundary conditions in Step 2 and combine with the 2d theory after the reduction to
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obtain the associator 1-morphism as

F d
a,b,c = (2d theory after reduction)⊗ (2d theory at the combined junctions) .

(4.4.37)

In Step 4, to get the corresponding 2d theory after reducing the interval, we use a

prescription based on the spectrum of the local and line operators on the boundary, as

explained in Ref. [78]. The fate of a topological Wilson line ei
∮
niAi in 3d after the interval

reduction is determined by the boundary conditions of niAi as listed in Table 4.1.

Boundary conditions of niAi Operator from ei
∮
niAi after reduction

DBC at both ends Untwisted local operator

NBC at both ends Line operator

DBC at one and NBC at the other end Twisted local operator

Table 4.1: Spectrum of the 2d theory based on the boundary conditions. We say niAi has

Dirichlet boundary condition (DBC) if niAi = pure U(1) gauge on the boundary, and niAi

has Neumann boundary condition otherwise. Notice that two line operators after reduction

arising from ei
∮
niAi and ei

∮
n′
iAi are identified if (ni−n′

i)Ai has DBC on at least one boundary.

For the reduction of an Abelian 3d TQFT, if the 2d theory has untwisted local operators

charged under line operators, it is a 2d G-gauge theory (G-SSB phases) where G is the group

formed by untwisted local operators. In addition, the theory also contains additional 0-form

symmetries (besides G) which act trivially on local operators but may act non-trivially on

twisted local operators via the Lasso action. Thus, strictly speaking, the reduced theory is a

2d G-gauge theory enriched by the additional trivially acting symmetry. In the special case

where there are no untwisted local operators and G is trivial, this is nothing but an SPT

phase of those additional symmetries. In the following, we will restrict ourselves to describe

only the untwisted local operators and the line operators, and only keep track of the G-gauge
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theory part. We will then refer the reduced theory as a trivial theory when there are no

untwisted local operators.

4.4.3.2 Interval reduction of (ZN)N (even N)

In some cases, the global fusion (Step 3) of three triality defects contains a ZN gauge theory

with twist N (denoted as (ZN)N),

S =
i

2π

∫
V

Na′db+
N

2
a′da′

=
iN

4π

∫
V

(a′ + b)d(a′ + b)− bdb+ iN

4π

∫
∂V

b ∧ a′
(4.4.38)

which is equivalent to the U(1)N×U(1)−N theory together with the required boundary term,

upon redefining a = a′ + b. Thus, the boundary conditions of U(1)N ×U(1)−N will apply in

this case.

Let us briefly describe the interval reduction of this theory when placed on V = [γ, β]×M2

for the two boundary conditions A± discussed in Section 4.4.2.3, with the result summarized

in Table 4.2. Apparently, choosing the same boundary conditions on both ends leads to 2d

ZN gauge theory after reduction. On the other hand, choosing A+ on one end and A− on

the other leads to 2d Z2 gauge theory after reduction. The untwisted local operators have

the Z2 fusion rule and the generator comes from the line ei
∮

N
2
(a+b). The line operators also

have the Z2 fusion rule and are generated by the reduction of ei
∮
a, and act non-trivially on

the untwisted local operators.
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B.C. at γ B.C. at β local operators line operators 2d theory

A+ A+ eik
∮
(a+b) (k ∈ ZN) eik

∮
a (k ∈ ZN)

ZN gauge theory
A− A− eik

∮
(a−b) (k ∈ ZN) eik

∮
a (k ∈ ZN)

A+ A−
ei

Nk
2

∮
(a+b) (k ∈ Z2) eik

∮
a (k ∈ Z2) Z2 gauge theory

A− A+

Table 4.2: The 2d theories obtained after the interval reduction along [γ, β] for the theory

(4.4.38) with different combinations of the boundary conditions A± at the left boundary α

and the right boundary β.

4.4.3.3 Example: Triality defect associator
[
FD3

D3,D3,D3

]
1,U(1)ND3

To illustrate the method discussed above, let us compute a particular triality defect associ-

ator, [FD3

D3,D3,D3
]1,U(1)ND3

, by collapsing the diamond region in Figure 4.13 to a 2d interface

between the two fusions

Upper part : D3 × (D3 ×D3) = D3 × CN
2
→ D3 × 1 = D3 ,

Lower part : (D3 ×D3)×D3 = U(1)N D3 ×D3 = U(1)N × U(1)−N D3 → D3 ,
(4.4.39)

where we have added the morphism junctions β′ : CN
2
→ 1 and δ′ : U(1)N × U(1)−N → 1.

For simplicity, we restrict here to N = 2× odd prime.26

26This is in order to have only two topological boundary conditions for the U(1)N × U(1)−N theory

compatible with the Lagrangian.
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D3

1
CN

2D3

D3

D3D3

U(1)N , a1
U(1)−N , a2

D3

AL

AR

A′
I

AI

α

β′

β

γ

δ

δ′

Figure 4.13: The diagram for
[
FD3

D3,D3,D3

]
1,U(1)ND3

. a1,a2 are the gauge fields of the U(1)N ×

U(1)−N theory.

As we did in the 2d case, we first collect the boundary conditions and boundary terms

at each junction α, β′, β, γ, δ, δ′ from our junction analyses. Specifically, Eq. (4.4.35) for

δ′ : U(1)N × U(1)−N → 1, Eq. (4.4.34) for δ : D3 U(1)−N → D3 × D3, Eq. (4.4.33) for

γ : U(1)N D3 → D3×D3, Eq. (D.3.12) for β : D3×D3 → CN
2
, Eq. (4.4.24) for β′ : CN

2
→ 1

and Eq. (4.4.17) for α : D3 × 1 → D3. Then, we shrink the interval between the upper

junctions α, β′ and β and combine the boundary conditions and boundary terms there. We
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repeat analogously for the lower junctions γ, δ and δ′. Putting them all together,

α, β, β′ : N(AL + A′
I + AR), AI − AR = pure U(1) gauge ,

S(α) =
iN

2π

∫
Σα

AL ∧ (AI − AR), S(β′) =
iN

2π

∫
Σα

(
AR ∧ A′

I −
1

2
AI ∧ AR

)
,

γ, δ, δ′ : a1 = AL + A′
I + AI , a2 = AL + A′

I + AR,
(1) AI − AR︸ ︷︷ ︸

=a1−a2

, N(AL + A′
I + AR) = pure U(1) gauge

or (2) 2(AL + A′
I + AR) + AI − AR︸ ︷︷ ︸

=a1+a2

, N
2
(AI − AR) = pure U(1) gauge

S(γ) = −iN
4π

∫
Σγ

[AL ∧ A′
I + (AL − A′

I) ∧ AI ] ,

S(δ) =
iN

4π

∫
Σδ

(AL ∧ AR + AL ∧ A′
I + A′

I ∧ AR) ,

S(δ′) =
iN

4π

∫
Σδ′

(AL ∧ AR + A′
I ∧ AR + AI ∧ AL + AI ∧ A′

I + AI ∧ AR)

(4.4.40)

where S(α) denotes the boundary term at the junction α (and similarly for the other junc-

tions), a1 and a2 are the gauge fields of the U(1)N × U(1)−N theory and (1) and (2) are the

two possible boundary conditions at the junction δ′ : U(1)N × U(1)−N → 1.

Next, we fuse the three defects D3×D3×D3 in the middle (along the interval [γ, β]) by

summing their actions,

S =
iN

2π

∫ β

γ

(
ALdAI +

1

2
ALdAL + AIdA

′
I +

1

2
AIdAI − A′

IdAR −
1

2
ARdAR

)
=
iN

2π

∫ β

γ

(
ALdAR +

1

2
ALdAL

)
(← D3)

+
iN

2π

∫ β

γ

[
(AL + A′

I + AR)d(AI − AR) +
1

2
(AI − AR)d(AI − AR)

]
(← (ZN)N)

+
iN

2π

∫
Σβ−Σγ

(
A′
I ∧ AI +

1

2
AR ∧ AI

)
(← Sbdry;global)

(4.4.41)

where the second line is the action for D3 as expected from the fusion algebra, the third line

is a decoupled ZN gauge theory with twist N (denoted by (ZN)N) and the last line is the
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boundary term.

At this stage, we are left with the configuration

SD3

SD3

SD3 + S(ZN )N

γ

β

. (4.4.42)

The total boundary term at the (combined) upper junction β is

Sbdy,β = S(α) + S(β′) + Sglobal|αβ

=
iN

2π

∫
Σα

(AL + A′
I + AR) ∧ (AI − AR) ∈ 2πiZ

(4.4.43)

which is trivial by the boundary conditions (4.4.40). Similarly, the total boundary term at

the (combined) lower junction γ is

Sbdy,γ = S(γ) + S(δ) + Sglobal|γδ + S(δ′)

=
iN

2π

∫
Σγδ

(AL + A′
I + AI) ∧ (AI − AR) ∈ 2πiZ ,

(4.4.44)

which is also trivial by the boundary conditions.

Therefore, we are left with a decoupled (ZN)N theory supported on the interval [γ, β] in

Eq. (4.4.41). By comparing the action given in (4.4.41) with (4.4.38), we identify that the

boundary condition at γ corresponds to A−, while the two boundary conditions (1) and (2)

at β correspond to A− and A+, respectively.

More concretely, for the boundary condition (1) the upper and lower junctions have the

same boundary conditions for the gauge fields AL + A′
I + AR and AI − AR in the (ZN)N

action in (4.4.41), which are written in Table 4.3. Following the discussion in Section 4.4.3.1,

reducing the interval [γ, β] results in a 2d ZN gauge theory.
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AL + A′
I + AR AI − AR

α, β′, β ZN pure U(1) gauge

γ, δ′, δ (1) ZN pure U(1) gauge

Table 4.3: Boundary conditions for the gauge fields in Eq. (4.4.41) for the case (1) of

Eq. (4.4.40). Here, by ZN we mean that the corresponding gauge field a has the boundary

condition Na = pure U(1) gauge and that ei
∮
a is a ZN line.

Under the boundary condition (2), on the other hand, the gauge fields have different

boundary conditions at the upper and lower junctions, as written in Table 4.4. In this case,

we only find Z2 untwisted local operators arising from the Wilson lines ei
Nk
2

∮
(a1+a2) (k ∈ Z2).

Hence, reducing the interval [γ, β] results in a Z2 gauge theory.

2(AL + A′
I + AR) + (AI − AR) AI − AR

α, β′, β ZN
2

pure U(1) gauge

γ, δ′, δ (2) pure U(1) gauge ZN
2

Table 4.4: Boundary conditions for the gauge fields in (4.4.41) for the case (2) of Eq. (4.4.40).

In summary,

(ZN)N
reducing interval−→


(1) : ZN gauge theory

(2) : Z2 gauge theory .

(4.4.45)

Overall, we obtained that the boundary terms do not contribute to this associator 1-

morphism (see Eqs. (4.4.43) and (4.4.44)), and hence it is given only by the 2d theory

obtained by reducing the (ZN)N theory on the interval [γ, β], which we found in (4.4.45).

That is, [
FD3

D3,D3,D3

]
1,U(1)ND3

= ZN gauge theory or Z2 gauge theory (4.4.46)
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where the two possibilities correspond to the two options for the boundary conditions at the

junction U(1)N × U(1)−N → 1.27

Other associators We compute all the other associators involving the triality defect D3

and its orientation reversal D3 in Appendix D.3.2. The results are listed in Table 4.5.

F -symbol associator

D3 ×D3 ×D3 ZN condensation defect

D3 ×D3 ×D3 Trivial theory

D3 ×D3 ×D3

ZN gauge theory or Z2 gauge theory

D3 ×D3 ×D3

Table 4.5: Associators corresponding to various combinations of the D3 and D3 defects, for

N = 2× (odd prime) and with trivial Witt elements (i.e. the identity defect) selected at the

fusion junctions. The two different possibilities for the associator of the last two combinations

correspond to the two types of topological boundary conditions of the U(1)N×U(1)−N theory

that appears in the fusion process. The other possible four associators are related to those

in the table by orientation reversal.

For general even values of N , we expect to have more topological boundary conditions at

the morphism junction U(1)N × U(1)−N → 1, corresponding to condensing nonanomalous

Z2k lines for k|N
2
, which results in Z2k gauge theories for the F -symbol in the last row of

Table 4.5.

27There are only two possible topological boundary conditions for the U(1)N × U(1)−N theory since we

have restricted here to N = 2× (odd prime).
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In the next section, we introduce a group-theoretical construction for the triality defects

for certain odd values of N and compute the above associators, which agree with the ones

in Table 4.5 except for the Z2 gauge theory in the last column which becomes the trivial

theory.28

Lastly, in Appendix D.5, we also provide an example for the computation of a duality

defect associator, [FD2

D2,D2,D2
]1,1, using the Lagrangian method and the group-theoretical ap-

proach and list the results for the other duality associators, which agree between the two

methods.

4.5 Triality defects in Maxwell theory using group theoretical con-

struction

In this section, we describe a complementary computation of the associativity map for triality

defects that admit certain group-theoretical constructions for odd N . Recall that the fusion

rules are

D3 ×D3 = SU(N)−1D3 , D3 ×D3 = SU(N)1D3 , D3 ×D3 = D3 ×D3 = C0 . (4.5.1)

Here, CS theory SU(N)±1 is a bosonic TQFT containing ZN Abelian anyons. Denoting the

generating line as a, the topological spin h(ak) of ak and the braiding phase B(ak, ak
′
) are 29

h(ak) = ±k(N − k)
2N

mod 1 , B(ak, ak
′
) = e∓

2πi
N
kk′ , for SU(N)±1 . (4.5.2)

28The Z2 gauge theory in these associators results from the dimensional reduction of the ZN gauge theory

with twist N , (ZN )N , on the interval. Due to the non-trivial twist N , this theory has an anomaly for even

N , and hence the 2d theory obtained after the dimensional reduction cannot be trivial. On the other hand,

it is not anomalous for odd N and indeed (ZN )N ≃ (ZN )0 for such N , which allows for a trivial TQFT after

the dimensional reduction.

29This can be directly computed using [79], or use the fact that SU(N)1 is the minimal TQFT AN,N−1

[80, 81] and k(N−k)
2N = N−1

2N k2 mod 1.
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In the case of the spin theory, there is an additional transparent fermion ψ. SU(N)−1 ⊠ Zψ
2

now contains Z2N = Za
N × Zψ

2 Abelian anyons (as N is odd), and is generated by the anyon

b = aψ. The topological spin and the braiding phases are

h(bk) =
k2

2N
, B(bk, bk

′
) = e

2πi
N
kk′ , (4.5.3)

which matches the spectrum of the U(1)N CS theory. This relation is known as the level-

rank duality [82]. For the following, we will assume that we work with bosonic theory for

simplicity; although the result holds for the spin theory as well since the additional fermion

does not have any essential effect due to its transparent nature.

4.5.1 Group-theoretical construction of triality defects

As first pointed out in [62], a non-invertible duality defect in 4d theory can be constructed

from gauging a certain 1-form symmetry in a 2-group symmetry with a certain mixed

anomaly. In [64], a group-theoretical construction for certain duality and triality defects

is provided. Let us first explain in detail the triality defects. Consider a 4d QFT X with

ZN (where N is odd) 1-form symmetry, and its partition function is invariant under the

following order-3 twisted gauging

ZX [A
(2)] =

∑
a(2)∈H2(X4,ZN )

ZX [a
(2)] exp

(
2πi

N

N + 1

2

∫
a(2) ∪ a(2) + 2πi

N

∫
a(2) ∪ A(2)

)
.

(4.5.4)

One can define a new theory X̃ from X by twisted gauging the 1-form symmetry

ZX̃ [A
(2)] =

∑
a(2)∈H2(X4,ZN )

ZX [a
(2)] exp

(
2πi

N
p′
∫
a(2) ∪ a(2) + 2πi

N

∫
a(2) ∪ A(2)

)
. (4.5.5)

When the odd N is such that the following equation of p′ admits solutions

(2p′)2 − 2p′ + 1 = 0 mod N , (4.5.6)

the partition function of X̃ satisfies

ZX̃ [A
(2)] = ZX̃ [−(2p

′)−1A(2)] exp

(
2πi

N

(
−N + 1

2
(2p′)−1

)∫
A(2) ∪ A(2)

)
, (4.5.7)
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where (2p′)−1 denotes the mod-N inverse of (2p′). By (4.5.6), we can choose (2p′)−1 = 1−2p′

and we will also choose (2p′) to be odd such that (2p′)−1 = 1− 2p′ is even.

Using (−2p′)3 = 1 from (4.5.6), one can see that the triality twisted gauging in X

is mapped to an invertible Z(0)
3 automorphism of the dual 1-form symmetry Z(1)

N in X̃ .

Together, they form a non-Abelian 2-group symmetry Z(1)
N ⋊ Z(0)

3 . The additional phase

indicates the mixed anomaly between the Z(0)
3 and Z(1)

N symmetries. Due to this anomaly, the

Z(0)
3 -symmetry operator D3 is not gauge invariant after gauging the dual 1-form symmetry

to regain the theory X . To acquire a gauge invariant codim-1 operator, one can stack a

TQFT coupled to the gauge field a(2) of the dual symmetry to cancel the anomaly. There is

a canonical choice known as the minimal TQFT.

Let us recall some basic properties of the minimal TQFT AN,p in the special case where

N is odd and p is even and coprime with N [80]. The non-spin version of this TQFT contains

ZN Abelian anyons as (where aN = 1) with the topological spin

h(as) =
ps2

2N
mod 1 . (4.5.8)

The braiding between any two generic Abelian anyons a1 and a2 is

B(a1, a2) = e2πi[h(a1a2)−h(a1)−h(a2)] . (4.5.9)

The minimal TQFTAN,p can be used to cancel the anomaly of the 1-form symmetry captured

by the 4d SPT [80,81]

−2πi

N

N + 1

2
p

∫
B(2) ∪B(2) . (4.5.10)

Therefore, D3 = D3AN,(2p
′)−1 [

a(2)
]
30 with an even choice of (2p′)−1 is gauge invariant in X ,

but becomes non-invertible because of AN,(2p′)−1
[a(2)].

30Notice that we also use the letter a to denote Abelian anyons. Whenever we use a(n) to refer to gauge

fields, we will always add the superscript (n) to denote its degree so the readers can distinguish between

n-form gauge fields a(n) and anyons a’s.
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The orientation reversal of D3 is

D3 = AN,−(2p′)−1

[a(2)]D3 , (4.5.11)

where the anomaly of the minimal TQFT is flipped because of the orientation reversal.

It is instructive to check the fusion rule explicitly to highlight two subtleties compared

to the simple case in [62]. First, the non-Abelian 2-group here does not commute with the

minimal TQFT coupled to a(2):

D3AN,p[a(2)] = AN,p[−(2p′)−1a(2)]D3 . (4.5.12)

Notice that here we interpret the action of D3 as changing how the bulk field a(2) couples

to the anyons in the minimal TQFT AN,p, and D3 itself does not act on the lines in AN,p.

Second, for generic minimal TQFTs, it is not easy to manipulate the Lagrangian to prove

various relations, and we will demonstrate how to do so by directly analyzing the anyon

spectrum.

For instance, let’s consider the fusion of D3 ×D3. We find

D3 ×D3 = D3AN,(2p
′)−1

a1
[a(2)]D3AN,(2p

′)−1

a2
[a(2)]

= D3AN,(2p
′)−1

a1
[−(2p′)a(2)]AN,(2p′)−1

a2
[a(2)]

= [SU(N)−1]a1a2p
′

2
D3AN,−N+1

a−2p′
1 a2

[a(2)] ≡ SU(N)−1D3 .

(4.5.13)

Here, the subscript under each TQFT denotes its generating line. In the second equal sign,

we used

D3AN,(2p
′)−1

[a(2)] = AN,(2p′)−1

[−(2p′)−1a(2)]D3 , (4.5.14)

followed from the action of Z(0)
3 on Z(1)

N . To show the third step, one can consider the anyon

spectrum of AN,(2p
′)−1

a1 [−(2p′)a(2)]AN,(2p
′)−1

a2 [a(2)]. We can redefine the generating lines as

b1 = a
−(2p′)
1 a2 , b2 = a1a

(2p′)
2 . (4.5.15)

Furthermore, because b1 and b2 braid trivially with each other, the theory is factorized into

two theories generated by bi, respectively. First, the bulk 2-form gauge field a(2) couples to
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the ZN line b1 which has topological spin

h(a−2p′

1 a2) =
(2p′)−1

2N

(
(−2p′)2 + 1

)
mod 1

=
(2p′)−1

2N
(2p′) mod 1

=
−N + 1

2N
mod 1

(4.5.16)

where in the last step we used (2p′)−1(2p′) = −N+1 mod 2N (as (2p′)−1(2p′) is even by our

choice). Thus, we see that the theory generated by b1 is the minimal TQFT AN,−N+1
b1

[a(2)].

To see that D3AN,−N+1
b1

[a(2)] is indeed D3 given in (4.5.11), one uses first the commutation

relation (4.5.14) and then the certain identity of minimal TQFT

D3AN,−N+1
b1

[a(2)] = AN,−N+1
b1

[−(2p′)a(2)]D3 = AN,−(2p′)−1

c [a(2)]D3 , (4.5.17)

where c = b−2p′

1 . The last step can be shown as follows: a(2) couples to the line b−2p′

1 with

topological spin

h(c) = h(b−2p′

1 ) =
−(2p′)−1

2N
mod 1 , (4.5.18)

thus if we consider a change of variable c = b−2p′

1 = a
−(2p′)−1

1 a−2p′

2 , we see that the minimal

TQFT can be rewritten as AN,−(2p′)−1

c [a(2)].

On the other hand, the anyons bk2 form ZN and their topological spins are

h(bk2) =
−N + 1

2N
k2 mod 1 = −k(N − k)

2N
mod 1 , (4.5.19)

thus they give rise to the theory SU(N)−1 (4.5.2). Combining the two discussions, we recover

the fusion rule (4.5.13).

As another example, let’s consider D3 ×D3:

D3 ×D3 = D3AN,(2p
′)−1

a1
[a(2)]AN,−(2p′)−1

a2
[a(2)]D3 = D3C0D3 = C0 . (4.5.20)

The key step here is to show that AN,(2p
′)−1

a1 [a(2)]AN,−(2p′)−1

a2 [a(2)] is the condensation defect

C0. We can reparameterize the ZN × ZN anyons with the following two generators

b1 = (a1a
−1
2 )−

N+1
2
p′ , b2 = a1a2 . (4.5.21)
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The new generating lines bi are ZN bosons and have mutual braiding

B(b1, b2) = e−
2πi
N . (4.5.22)

This implies that bi’s generate a ZN gauge theory with no twist and b1 and b2 correspond to

the electric line and the magnetic line respectively. Thus, we can write down an action for it

S =
2πi

N

∫
b(1) ∪ δb̂(1) + b̂(1) ∪ a(2) , (4.5.23)

where the coupling b̂(1) ∪ a(2) comes from the fact that a(2) couples to the line b2. This is

nothing but a condensation defect [62], as∫
[Db(1)][Db̂(1)]e

2πi
N

∫
b(1)∪δb̂(1)+b̂(1)∪a(2) =

1√
|H1(X3,ZN)|

∑
b̂(1)∈H1(X3,ZN )

e
2πi
N

∫
b(1)∪a(2)

=
1√

|H1(X3,ZN)|

∑
σ∈H2(X3,ZN )

e
2πi
N

∮
σ a

(2) ≡ C0 ,
(4.5.24)

where we first integrate out b(1) to set b̂(1) flat and then re-express the sum using the Poincaré

dual σ ∈ H2(X3,ZN) of b̂
(1) ∈ H1(X3,ZN).

It is interesting to notice that the magnetic line e
2πi
N

∮
γ b̂

(1)

is topological and corresponds

to higher quantum symmetry. The electric line e
2πi
N

∮
γ b

(1)

, however, is no longer a genuine line

operator as b(1) due to the modified gauge transformation b(1) → b(1) − λ(1)a under the gauge

transformation of a(2) → a(2) + δλ
(1)
a . This leads to two interesting configurations. First, the

bulk 1-form symmetry operator e
2πi
N

∫
a(2) can terminate topologically on C0 (as the 1-form

symmetry is gauged on C0). This is realized by dressing e−
2πi
N

∮
γ b

(1)

on the intersection of

e
2πi
N

∫
a(2) with C0 to ensure the gauge invariance. Second, a non-genuine line operator L(∂σ)

bounding the 1-form symmetry operator e
2πi
N

∫
σ a

(2)
(so that the combined L(∂σ)e

2πi
N

∫
σ a

(2)
is

gauge invariant) in the bulk will become a genuine line when pushing to C0 because the

1-form symmetry is gauged. This is described by the gauge invariant line L(∂σ)e−
2πi
N

∮
∂σ b

(1)
.

Furthermore, L(∂σ)e−
2πi
N

∮
∂σ b

(1)
is charged under the higher quantum symmetry generated by

the magnetic line. Comparing with the description of the Lagrangian condensation defect in

Maxwell theory, we see that the higher quantum symmetry e
2πi
N

∮
γ b̂

(1)

is matched by ei
∮
AL−AR
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there; and the genuine line operator ei
∮
a on the condensation defect in the Lagrangian

description is an example of the bulk non-genuine line operator which becomes genuine on

the condensation defect.

4.5.2 Overview of anyon condensations and fusion of domain walls

Following the general discussion in Section 4.2.2, to compute the associator for the three

defects D1,D2,D3 (where Di are triality defects dressed with corresponding minimal TQFT),

we need to evaluate the following diagram

[[D1 ⊗ (D2 ⊗D3)]]0

D1

[[D2 ⊗D3]]0

D2 D3

[[D1 ⊗D2]]0

[[(D1 ⊗D2)⊗D3]]0

. (4.5.25)

Fusing the defects in the middle, the final result will take the form

Dx T−[a(2)]

Dx T+[a(2)]

Dx T [a(2)] ≡ D1 ×D2 ×D3

I−

I+

=⇒ I+−[a
(2)] ≡ FD1,D2,D3

Dx T−[a(2)]

Dx T+[a(2)]

, (4.5.26)

where x = 0, 1, 2 depending Di, I± are the topological interfaces between T and T± respec-

tively. The F -symbol here is then acquired by fusing the two interfaces I+ and I−.
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The simplification of computing associators in this group-theoretical construction is that

everything can be phrased in the language of 3d TQFT, i.e. unitary modular tensor categories

(UMTC). Below, we will first include a summary of the results, and will include a detailed

description on how to use anyon condensation theory to acquire this in Appendix D.4.

First, the TQFT T is described by a UMTC and the interfaces I±, T± are acquired by

anyon condensations. Following [52], we use A± to denote the group of condensed anyons.

Then, we want to describe the topological line operator contents in the following configuration

T− T+

I− I+

T
, (4.5.27)

and they are summarized as follows in Table 4.6.

Line Operators Fusion rules

T+ L+
b : b ∈ T /A+ and B(b, a) = 1 ∀a ∈ A+ T+ ⊠ T+ → T+ : L+

b × L
+
b′ = L+

bb′

T− L−
b : b ∈ T /A− and B(b, a) = 1 ∀a ∈ A− T− ⊠ T− → T− : L−

b × L
−
b′ = L−

bb′

I+ ℓ+b , b ∈ T /A+

T ⊠ I+ → I+ : b⊗ ℓ+b′ = ℓ+bb′

I+ ⊠ I+ → I+ : ℓ+b ⊗ ℓ
+
b′ = ℓ+bb′

I+ ⊠ T+ → I+ : ℓ+b ⊗ L
+
b′ = ℓ+bb′

I− ℓ−b , b ∈ T /A−

I− ⊠ T → I− : ℓ−b ⊗ b′ = ℓ−bb′

I− ⊠ I− → I− : ℓ−b ⊗ ℓ
−
b′ = ℓ−bb′

T− ⊠ I− → I− : L−
b ⊗ ℓ

−
b′ = ℓ−bb′

Table 4.6: The operator contents and fusion rules in (4.5.27). When list the operator con-

tents, by b ∈ T /A+ in I+ for instance, we mean the line ℓ+b is the same line as ℓ+b′ if b
−1b′ ∈ A+.

Notice that while we only list the fusion rules, the line operators in T± actually form a mod-

ular tensor category respectively and the braiding structure is inherent from T . The domain

walls I± are fusion categories, but they also carry actions of the theories on both sides, as

captured by the additional fusion rules given above.
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To acquire the F -symbol, we consider fusing the domain walls I+ and I− which again

can be computed using the anyon condensation theory. The outcome is a domain wall I−+

between T− and T+, which we identify as the F -symbol. On the fused domain wall, besides

the topological line operators, generically it may also admit local operators, which link non-

trivially with the topological line operators on the wall. The result is summarized as follows

in Table 4.7 and details can be found in Appendix D.4.

Line operators ℓ−+
b , b ∈ A−\T /A+

I−+ ⊠ I−+ → I−+ : ℓ−+
b ⊗ ℓ−+

b′ = ℓ−+
bb′

I−+ ⊠ T+ → I−+ : L−
b ⊗ ℓ

−+
b′ = ℓ−+

bb′

T− ⊠ I−+ → I−+ : ℓ−+
b ⊗ L+

b′ = ℓ−+
bb′

Local operators Va, a ∈ A+ ∩ A− B(Va, ℓ
+−
b ) = B(a, b)

Table 4.7: The topological operator contents on the fused wall I−+. Generically, there is

non-trivial braiding between the local operators and the line operators inherent from the

braiding in T .

Finally, one also needs to remember to keep track if the resulting 2d interface I−+ couples

to the bulk gauge field a(2). As we will see, this will change the physical meaning of the 2d

interface.

4.5.3 Local fusion junctions

In this subsection, we list the local fusion junctions where the defects are given by the

simplest representatives in the equivalence classes. We will demonstrate the construction by

an example, and list all other results afterwards.

Recall that D3 × D3 = C0, however, because the condensation defect C0 is in the same
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equivalence class as the identity operator, we can construct a local fusion junction

D3 D3

1

, (4.5.28)

via anyon condensations. First, recall that we have shown that ZN -gauge theory coupled to

the bulk gauge field a(2) leads to the condensation defect, and in the action,

S =
2πi

N

∫ (
b(1) ∪ δb̂(1) + b̂(1) ∪ a(2)

)
, (4.5.29)

we see that generically only the b̂(1)-Wilson line ei
∮
γ b̂

(1)

is topological from the equation of

motion, thus is identified as the dual 1-form ZN quantum symmetry on the condensation

defect. The canonical topological boundary of any condensation defect can be acquired

by half-space gauging (condensing) the dual quantum symmetry. Therefore, the following

interface I between C0 and 1

C0 = (ZN )0[a
(2)]

1

I , (4.5.30)

is acquired by condensing the anyon coupled to the bulk gauge field a(2). Applying this to

the local junction (4.5.28), in the global fusion

D3 ×D3 = AN,(2p
′)−1

a1
[−(2p′)a(2)]AN,−(2p′)−1

a2
[−(2p′)a(2)] = (Z7)0[−(2p′)a(2)] ≡ C0 , (4.5.31)

the bulk gauge field a(2) couples to the anyon b2 = (a1a2)
−2p′ . We thus conclude that the

condensed anyon A = ⟨(a1a2)−2p′⟩ = ⟨a1a2⟩.

The other local fusion junctions can be constructed similarly, and we summarize the

results in Table 4.8.
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Local Junctions Global Fusion Condensed Anyons A

D3 D3

1

[D3]a1 × [D3]a2

= AN,(2p′)−1

a1 [−(2p′)a(2)]AN,−(2p′)−1

a2 [−(2p′)a(2)]
⟨a1a2⟩

D3
D3

1

[D3]a1 × [D3]a2 = AN,−(2p′)−1

a1 [a(2)]AN,(2p′)−1

a2 [a(2)] ⟨a1a2⟩

D3 D3

SU(N)−1D3

[D3]a1
× [D3]a2

= [SU(N)−1]a1a
2p′
2

[D3]
a
−(2p′)−1

1 a−2p′
2

∅

D3 D3SU(N)1

D3

[D3]a1
× [D3]a2

[SU(N)1]a3

= [D3]
a
−(2p′)−1

1 a−2p′
2

[SU(N)−1]a1a
2p′
2

[SU(N)1]a3

⟨a1a2p
′

2 a3⟩

or ⟨a1a2p
′

2 a−1
3 ⟩

D3 D3

SU(N)1D3

[D3]a1
× [D3]a2

= [D3]
a−2p′
1 a

−(2p′)−1

2

[SU(N)1]a2p′
1 a2

∅

D3 D3SU(N)−1

D3

[D3]a1
× [D3]a2

[SU(N)−1]a3

= [D3]
a−2p′
1 a

−(2p′)−1

2

[SU(N)1]a2p′
1 a2

[SU(N)−1]a3

⟨a2p
′

1 a2a3⟩

or ⟨a2p
′

1 a2a
−1
3 ⟩

Table 4.8: The list of local fusion junctions that requires anyon condensations to construct.

We use the subscript a in [D3]a and [D3]a to denote the generating anyons in the stacked

minimal TQFT and the presentation of D3 in (4.5.11) is used. We also the junctions where

no anyon is condensed to make the change of anyon generators explicit. In the 4-th and the

last junctions, we use the anyon condensation to remove [SU(N)1]a × [SU(N)−1]b. Since N

is odd, it is straightforward to check this is the same as a ZN -gauge theory with no twist

(where ab generates the electric lines and ab−1 generates the magnetic lines). Generically

there will be more than two choices of condensable anyons we provided depending on N ;

here, we only list the two which exists for all N .
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4.5.4 Associators for triality defects

With the above tools we can now compute the associators of the triality defect admitting the

above group-theoretical construction. For simplicity, we will consider the simplest special

case where N = 7, and it’s straightforward to generalize our approach for generic allowed

N . We will choose

2p′ = 3 , (2p′)−1 = 1− 2p′ = −2 , −(2p′)−1 = 2 , (4.5.32)

and the triality defects are given by

D3 = D3A7,−2[a(2)] , D3 = A7,2[a(2)]D3 . (4.5.33)

In the following, we will demonstrate the computation through the following four examples:

D3 ×D3 ×D3 , D3 ×D3 ×D3 , D3 ×D3 ×D3 , D3 ×D3 ×D3 , (4.5.34)

and the other four are related to the above by orientation reversal.

[
FD3

D3,D3,D3

]
SU(7)−1D3,SU(7)−1D3

Let’s consider the F -symbol for D3×D3×D3. Evaluating the global fusion in two different

ways, we find

(D3 ×D3)×D3 = SU(7)−1D3 ×D3 = SU(7)−1C0 → SU(7)−1 ,

D3 × (D3 ×D3) = D3 × (SU(7)−1D3) = SU(7)−1C0 → SU(7)−1 .
(4.5.35)
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Thus, the corresponding diagram is

SU(7)−1

D3

SU(7)−1D3

D3 D3

SU(7)−1D3

SU(7)−1

−→

SU(7)−1

SU(7)−1

T [a(2)] ≡ A7,−2[2a(2)]A7,−2[4a(2)]A7,−2[a(2)]

I−

I+

−→ I−+[a
(2)]

SU(7)−1

SU(7)−1

.

(4.5.36)

Here, the theory T is extracted using (4.5.14)

D3 ×D3 ×D3 = D3A7,−2
a1

[a(2)]D3A7,−2
a2

[a(2)]D3A7,−2
a3

[a(2)]

= D3A7,−2
a1

[a(2)]D3A7,−2
a2

[4a(2)]A7,−2
a3

[a(2)]

= A7,−2
a1

[2a(2)]A7,−2
a2

[4a(2)]A7,−2
a3

[a(2)] .

(4.5.37)

To find that the condensed anyons A+, let’s follow the fusion tree

D3 × (D3 ×D3) = D3 × (SU(N)−1D3) = SU(N)−1C0 → SU(N)−1 . (4.5.38)

In the first junction, (D3 × D3) = U(1)NA7,2[a(2)]D3, as discussed previously, the minimal

TQFT A7,2[a(2)] is generated by the anyon a42a3 to which the gauge field a(2) couples. No

anyon condensation happens here. Next, the second junction is simply the local junction

between D3 ×D3 and the 1, and as shown previously, the anyon that couples to the gauge

field a(2) is condensed on this interface; therefore A+ = ⟨a21a42a3⟩. By the similar analysis,

one can show that A− = ⟨a21a42a3⟩.

Using the result in Table 4.7, we see that both T± are SU(7)−1’s generated by L±
a2a33

respectively. The fused interface I−+ contains topological line operators factorized into
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Z7 × Z7, where one Z7 factor corresponds to the unconfined lines in SU(7)−1 and the other

Z7 factor corresponds to topological lines confined on the interface. By checking the fusion

rule between the T± = SU(7)−1 and the Z7 unconfined sector, we see that the unconfined

Z7 sector forms the identity interface between T± theories.

Furthermore, the interface also contains Z7 topological vertex operators labeled by Va

where a ∈ A+ ∩ A− = ⟨a21a42a3⟩. From the braiding relation between the vertex operators

and the confined lines, we see that they form a 2d Z7 TQFT on the interface. However,

this TQFT actually couples to the bulk gauge field a(2) through the vertex operator, thus

an effective action is given by

S =
2πi

7

∫ (
b(1) ∪ δϕ(0) + ϕ(0)a(2)

)
. (4.5.39)

By the similar multiplication where we integrate out b(1) ∈ C1(M2,Z7), we see that this

is nothing but a 2d condensation defect of the bulk Z(1)
7 symmetry (which is actually just

a projector). Hence, we conclude in this case that the F -symbol interface is given by the

identity interface of the SU(7)−1 TQFT stacked with a 2d condensation defect of the bulk

Z(1)
7 symmetry.

Let us briefly comment on the operator spectrum. First, e
2πik
N

ϕ(0) are ZN topological local

operators (arising from the higher quantum symmetry line e
2πik
N

∫
a(1) stretching between two

boundaries) and they can be interpreted as the 1-form higher quantum symmetry on the 2d

condensation defect. The gauge field b(1) again has the modified gauge transformation b(1) →

b(1) − λ(1)a under the a(2) gauge transformation a(2) → a(2) + δλ
(1)
a . Therefore, e

2πi
N

∮
b(1) plays

the same role as the 3d condensation defect, namely to ensure the non-genuine line bounding

the bulk 1-form ZN symmetry becomes genuine on the 2d condensation defect. Notice that

this matches straightforwardly with the same discussion in the Lagrangian formalism in

Appendix 4.5.4.

To summarize, we find[
FD3

D3,D3,D3

]
SU(7)−1D3,SU(7)−1D3

= 2d condensation defect of Z7 1-form symmetry . (4.5.40)
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[
FD3

D3,D3,D3

]
1,1

As another example, one can consider D3 × D3 × D3. In this case, the diagram can be

summarized as

D3

D3

1

D3 D3

1

D3

−→

D3 = D3A7,−2[a(2)]

D3 = D3A7,−2[a(2)]

D3T [a(2)] ≡ D3A7,−2
a1

[a(2)]A7,2
a2

[a(2)]A7,−2
a3

[a(2)]

I−

I+

−→ I−+[a
(2)]

D3A7,−2[a(2)]

D3A7,−2[a(2)]

.

(4.5.41)

The theory T = A7,−2
a1

[a(2)]A7,2
a2
[4a(2)]A7,−2

a3
[a(2)] is extracted similarly using (4.5.14) with the

presentation of D3 = A7,−2[a(2)]D3. From Table 4.8, we find

A− = ⟨a1a2⟩ , A+ = ⟨a2a3⟩ . (4.5.42)

In this case, the fused domain wall I−+ contains only topological lines labeled by Z7 and

no local operators as A+ ∩ A− is trivial. The theory T+ = A7,−2[a(2)] is generated by the

anyon L+
a1

and the theory T− = A7,−2[a(2)] is generated by the anyon L−
a3
. Because both

L+
a1

and L−
a3

couple to the bulk gauge field a(2) respectively, it is natural to identify the two

lines. On the other hand, pushing L+
a1

and L−
a3

to the interface, they become ℓ−+
a1

and ℓ−+
a3

respectively. But because a1 = a1(a1a2)
−1(a2a3), we see that

ℓ−+
a1

= ℓ−+
a1(a1a2)−1(a2a3)

= ℓ−+
a3

, (4.5.43)

therefore pushing L+
a1

and L−
a3

leads to the identical line on the interface. Thus, we conclude

that the F -symbol interface here is the identity interface between triality defect D3 and D3.
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[
FD3

D3,D3,D3

]
1,SU(7)−1D3

This component of the associator relates the following two fusion channels:

D3 × (D3 ×D3) = D3 × (SU(7)−1D3) = (SU(7)1 × SU(7)−1)D3 → D3 ,

(D3 ×D3)×D3 = C0 ×D3 → D3 ,
(4.5.44)

and the corresponding diagram can be worked out by referring to Table 4.8:

[D3]L+

a4
1a4

2a3

[D3]a1

[SU(7)−1]a2a3
3
[D3]a2

2a
−3
3

[D3]a2 [D3]a3

1

[D3]L−
a3

AI = ⟨a1a2⟩
AII = ⟨a31a2a3⟩

A = ⟨a1a2⟩

−→

D3 = D3A7,−2[a(2)]

D3 = D3A7,−2[a(2)]

I− : A− = ⟨a1a2⟩

I+ : A+,I = ⟨a1a2⟩ , A+,II = ⟨a31a2a3⟩

, (4.5.45)

from which we conclude

A− = ⟨a1a2⟩ , A+,I = ⟨a1a2⟩ , A+,II = ⟨a31a2a3⟩ , (4.5.46)

where for A+ we have two choices. For the choice of A+,I, the interface I−+ contains vertex

operators labeled by A+,I ∩ A− = ⟨a1a2⟩ ≃ Z7 and confined Z7 topological lines generated

by ℓ−+

a1a
−1
2

. Together they form a decoupled 2d Z7-gauge theory. One can further check from

the fusion rules between unconfined lines and the bulk lines that the interface I−+,I is the

identity interface in the minimal TQFT A7,−2[a(2)] plus the decoupled 2d Z7 gauge theory.

For the choice of A+,II, there are no confined lines and no vertex operators on the interface

I−+. And it is straightforward to check that the I−+,II is simply the identity interface in the

minimal TQFT A7,−2[a(2)].
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In summary,[
FD3

D3,D3,D3

]
1,SU(7)−1D3

= decoupled Z7 gauge theory or trivial TQFT . (4.5.47)

[
FD3

D3,D3,D3

]
SU(7)−1D3,1

This component of the associator relates the two following fusions.

D3 × (D3 ×D3) = D3 × C0 → D3 ,

(D3 ×D3)×D3 = SU(7)−1D3 ×D3 = SU(7)−1 × SU(7)1D3 → D3 ,
(4.5.48)

and the corresponding diagram can be worked out by referring to Table 4.8:

[D3]L+
a1

[D3]a1

1

[D3]a2 [D3]a3

[D3]a2
1a

−3
2
[SU(7)−1]a1a3

2

[D3]L−
a1a2

2a2
3

AII = ⟨a2a3⟩
AI = ⟨a−2

1 a22a3⟩

A = ⟨a2a3⟩

−→

D3 = D3A7,−2[a(2)]

D3 = D3A7,−2[a(2)]

I− : A−,I = ⟨a2a3⟩ , A−,II = ⟨a−2
1 a22a3⟩

I+ : A+ = ⟨a1a2⟩

,

(4.5.49)

from which we conclude

A−,I = ⟨a2a3⟩ , A−,II = ⟨a−2
1 a22a3⟩ , A+,II = ⟨a2a3⟩ , (4.5.50)

where A− has two choices. For the choice of A−,I, the interface I−+ is the identity interface

in the minimal TQFT A7,−2[a(2)] together with a decoupled 2d Z7 gauge theory. And for

the choice of A−,II, I−+,II is simply the identity interface in the minimal TQFT A7,−2[a(2)].

Hence, we find[
FD3

D3,D3,D3

]
SU(7)−1D3,1

= decoupled Z7 gauge theory or trivial TQFT . (4.5.51)
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CHAPTER 5

Codimension-1 Non-Conformal Defects in Free Scalar

Theories

5.1 Introduction and summary

Defects in quantum field theory arise in a wide variety of physical contexts, and often eluci-

date features of the ambient theory in which they are embedded. By a “defect” we mean a

lower dimensional submanifold that hosts localized interactions and/or degrees of freedom.

In this chapter we consider a simple example of such a defect: a codimension-one defect in

free scalar field theory. We will be interested mainly in non-conformal defects embedded in

a theory that is conformal in the bulk.1 As we will see, this simple example illustrates a

variety of phenomena that are also present in more elaborate contexts.

5.1.1 Two formulations

As we will discuss in detail, there are two distinct formulations of this problem. In the

first description, which we refer to as the “perturbative formulation” since it will be based

on resumming perturbation theory, we start from a Lagrangian comprising bulk and defect

1Non-conformal defects in free field theory were considered in a similar spirit to ours in [83, 84]. The

folding trick relates defects to boundaries, and string theory applications arise in the context of boundary

string field theory [85,86]. More generally, boundary RG flows have been considered in many works, including

[87,88], along with other references noted below.
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contributions,

S =

∫
dd−1ydx

(
Lb(ϕ) + Ld(ϕ)δ(x)

)
(5.1.1)

where we have taken the defect to lie at x = 0. The bulk theory is a free scalar field2

Lb =
1

2

(
(∂ϕ)2 +m2ϕ2

)
(5.1.2)

while the defect Lagrangian contains quadratic terms3 with any number of derivatives trans-

verse or parallel to the defect, compatible with translation and rotation invariance on the

defect, written schematically as

Ld =
∑
m,n,p,q

αmnpq(∂y)
m(∂x)

nϕ(∂y)
p(∂x)

qϕ . (5.1.3)

However, a field redefinition may be used to eliminate all terms with n or q greater than 1;

see Appendix C.1 for more details. We may also integrate by parts along the defect to write

all terms with derivatives along the defect in the form ϕ(∇2
y)
nϕ. It will therefore suffice to

consider

Ld = cB0 +
1

2
cB1 ϕ

2 + cB2 ϕϕ
′ +

1

2
cB3 (ϕ

′)2 (5.1.4)

where ϕ′ = ∂xϕ. Here, the dependence on ∇2
y has been absorbed into the couplings cB1,2,3;

in fact, since we’ll work in momentum space along the defect this dependence plays no

significant role, and we’ll take cB1,2,3 to be constants, noting that the dependence on ∇2
y

can easily be incorporated by allowing these couplings to depend on the momentum along

the defect. The B superscript on the couplings indicates that these are bare couplings;

computation of physical quantities in this description will be UV divergent, necessitating a

2We mostly work in Euclidean signature and usually set the bulk mass to zero.

3The restriction to quadratic terms is made for simplicity but can also be viewed as a starting point

for an interacting theory, where the interactions are treated perturbatively in the exactly soluble quadratic

theory.
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UV cutoff Λ and the introduction of renormalized couplings c1,2,3 that are finite as Λ→∞.

Choosing a sharp momentum cutoff, |p| < Λ, we will find

cB1 = c1 +
c22Λ̂

1− c3Λ̂

cB2 =
c2

1− c3Λ̂

cB3 =
c3

1− c3Λ̂
(5.1.5)

with Λ̂ = Λ
π
. By the same token, we have included a defect cosmological term cB0 to cancel

divergences arising from vacuum diagrams. This term depends on the defect dimension and

the couplings c1,2,3. For example, in the case of a line defect embedded in a two-dimensional

bulk, and setting c2 = c3 = 0, we have

cB0 = − c1
4π

ln

(
Λ

µ

)
(5.1.6)

where µ is an RG scale. Computations in this description, such as correlators involving bulk

and boundary fields, are obtained by employing perturbation theory in the couplings ci and

then resumming. The expressions (5.1.5) are obtained by demanding finiteness at each order

of perturbation theory.

For general couplings the defect is non-scale invariant and so describes an RG flow,

typically between a Neumann boundary condition in the UV and a Dirichlet boundary

condition in the IR, as shown in Section 5.3.3.1. For special values of the couplings the

defect is conformal or topological, as we discuss in the next section.

In the second description, we use that the theory is quadratic to encode the defect

couplings in terms of matching conditions across the defect; this approached was employed

in [89] for conformal defects. Using (L,R) to denote values immediately to the left or right
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of the defect, we impose4  ϕR

ϕ′
R

 =

 a b

c d

 ϕL

ϕ′
L

 (5.1.7)

for some constants (a, b, c, d). As we discuss in the next section, time translation invariance

imposes the condition ad − bc = 1. The remaining three independent couplings are related

to the renormalized couplings defined above as a b

c d

 =

 (2−c2)2−c1c3
4−c22+c1c3

−4c3
4−c22+c1c3

4c1
4−c22+c1c3

(2+c2)
2−c1c3

4−c22+c1c3

 . (5.1.8)

These relations are fixed by matching observables computed in the two descriptions. Alterna-

tively, we can write down an action in the matching approach involving (ϕL,R, ϕ
′
L,R) treated

as independent such that the variational principle yields the matching conditions (5.1.8). As

we’ll see, the couplings in this description may be identified with the renormalized couplings

in the perturbative description. Note that the action in the perturbative description involves

just (ϕ, ϕ′), and hence would be ambiguous if we attempted to incorporate field discontinu-

ities in the Lagrangian. Physical discontinuities arise in the perturbative approach via the

discontinuities of correlators computed after perturbative resummation.

Either of the two descriptions may be more convenient for different purposes. For exam-

ple, the µ dependence of the cB0 term in the perturbative description makes it clear that the

defect, regarded as an operator, is scale dependent and so acquires an “anomalous dimen-

sion”, which should be taken into account when considering the modular properties of the

torus partition function with a defect insertion. On the other hand, the matching description

makes it clear how to understand the fusion of two parallel defects, as it simply involves the

multiplication of two matching matrices in (5.1.8), and is also suitable for canonical quan-

tization via mode expansions and computing partition sums. We can pass back and forth

between the two descriptions using the dictionary (5.1.8).

4Note that this is different than the matching conditions in [89] since we are not imposing conformal

invariance.
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5.1.2 Computations

In the remainder of the introduction we summarize the computations we have carried out in

this theory. The two formulations discussed above are laid out in detail in section 5.2.

In section 5.3 we compute the 2-point function of bulk fields in the presence of the defect

using the perturbative description. The computation is carried out by summing up loop

diagrams in momentum space; this is possible due to the iterative structure of the loop

diagrams. This determines the relation between the bare and renormalized couplings, and

we also use the renormalized correlator to read off the effective matching conditions on the

field and its normal derivative across the defect. We then discuss various special cases: the

UV and IR limits, the conformal defect, and the topological defect, the latter implementing

a sign flip of ϕ across the defect.

In section 5.4 we compute the sum of vacuum diagrams, which determines the defect

anomalous dimension5 via the logarithmically divergent part of cB0 . In particular, the renor-

malized defect operator Od = e−Sd obeys the RG equation

µ
d

dµ
Od = γdOd (5.1.9)

A closed form expression for γd may be obtained when c3 = 0,

γd = − 1

4π

c1Ld
1 + 1

4
c22
, (5.1.10)

where Ld is the length of the defect. For c3 nonzero γd is given by a divergent series in the

couplings c1,2,3.

Section 5.5 considers the fusion of two parallel defects. We verify that perturbative

computation of the renormalized two-point function yields a fusion rule result consistent with

the multiplication of matching matrices (5.1.8). We also work out the leading dependence

5We use the term “anomalous dimension” to characterize the µ dependence, though the defect in general

has no well defined scaling dimension since the couplings change under a scale transformation.
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of the partition function on the distance L between the two defects, which for c2 = c3 = 0

can be described in terms of a defect OPE as

O(1)
d (L)O(2)

d (0) ≈ L
c
(1)
1 c

(2)
1 LLd
4π O(12)

d , L→0 (5.1.11)

In section 5.6 we canonically quantize the d = 1+1 scalar field in the presence of the defect

by working out a complete set of mode solutions. Depending on the values of the couplings

ci, these can include bound state solutions, as well as exponentially growing (in real time)

solutions that signal an instability. The instabilities, when present, can be stabilized by

giving the scalar field a bulk mass term. The bound state solutions are identified with the

poles of the two-point function computed in an earlier section.

In section 5.7 we replace the line defect (with c2 = c3 = 0) with a circular ring defect.

The partition function Zring depends on the dimensionless combination c1β, where β is the

circumference of the ring. We find

logZring(c1β) =
1

2
log

βc1
4π

+ log Γ

(
βc1
4π

)
, (5.1.12)

up to an additive constant. We can equivalently think of this as the partition function of a

ring placed on a cone at a fixed distance from the tip, with the length of the ring β controlled

by the opening angle of the cone. We can then compute the “entropy” as

s = (1− β∂β) logZring(c1β)

=
1

2
log

βc1
4π

+ log Γ

(
βc1
4π

)
− βc1

4π
Ψ

(
βc1
4π

)
− 1

2
(5.1.13)

where Ψ(x) = Γ′(x)/Γ(x). Using the folding trick to convert this to the partition function

of a CFT on a disk with a c1ϕ
2 boundary interaction, the entropy s corresponds to the g-

function [87,86,88]. The g-function in (5.1.13) is monotonically decreasing in c1β, in accord

with the g-theorem [88]. Alternatively, the quantity s may be related to the entanglement

entropy of a half-space in the presence of two accelerating defects. This interpretation arises

from analytic continuation of the Euclidean ring configuration to Lorentzian space time.
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In section 5.8 we consider the torus partition function Z(Ld, L) with the c1 defect wrapped

around a cycle of a square torus with length Ld, the length of the other cycle being L. The

torus partition function depends on the two dimensionless variables (c1L, c1Ld) as well as

the RG scale µ that is part of the definition of the renormalized defect. The torus partition

function may be computed as a sum over states in either of two channels, depending on

which direction we view as time. If we take time to run along the defect direction, then

the computation involves summing over modes with discontinuities given by the matching

conditions. The result in this channel receives a nontrivial contribution from the zero point

energy. Alternatively, taking time to run orthogonally to the defect, the computation cor-

responds to computing matrix elements of the defect operator between excited states of the

scalar field. The relation between these two descriptions is a bit subtle due to the fact that

the partition function depends on a renormalization scale µ, as in (5.1.9), which must be

chosen to agree in the two descriptions.

We can use these results to give a “Cardy formula” for the asymptotic density of states of

the defect Hilbert space; i.e. of the Hilbert space of the defect located at a point on a spatial

circle of size L. The result depends on relative sizes of the dimensionless combinations of

EL and c1L. For c1L = O(1) the asymptotic density of states as a function of energy works

out to be

ρ(E) ≈ 1√
c1L

(
6EL

π

) 1
8

√
c21L

6πE
(
L/2π

48E3

)1/4

e2π
√

EL/2π
3

(
1 +O

(
1√
EL

))
, EL≫ 1 .

(5.1.14)

The divergence as c1→0 corresponds to integration over the scalar field zero mode, which

acquires vanishing action in this limit. This same result also applies to the regime EL ≫

(c1L)
2 ≫ 1 except the leading correction is O

(
c1L√
EL

)
. Another regime of interest is c1L ≫

EL ≫ 1, for which the partition function becomes that of a Dirichlet defect after carefully

taking into account the zero point energy.

In section 5.9 we consider the defect as an operator inserted at a fixed Lorentzian time
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t = 0. The scalar field is taken to be in the vacuum state for t < 0. As in the quench

scenario studied in [90], the insertion of the defect creates an excited state at t > 0, whose

explicit form we work out by computing the Bogoliubov coefficients relating the natural in

and out modes. We also compute the expectation value of the stress tensor for t > 0, finding

it to be UV divergent on account of the sharply localized (in time) nature of the defect. The

introduction of a UV regulator Λ yields a result logarithmically divergent in Λ, corresponding

to smearing the defect operator over a time window ∆t ∼ Λ−1.

We conclude by commenting on some natural extensions of these results in section 5.10.

A series of appendices fill in some technical details, and outline how adding bulk in-

teractions can stabilize the defect when the couplings ci are such that unstable modes are

present.

Other references on defects relevant to what follows include [91–121].

5.2 General aspects

In this section we describe our two approaches to the defect problem — the matching ap-

proach and the perturbative approach — and their relation. We describe the general space

of defect couplings along with special cases that lead to conformal or topological defects.

5.2.1 Matching conditions

We consider a noncompact free massless scalar field ϕ on the Euclidean plane with coordinates

(x, t). We place an infinite line defect at x = 0, extending in the t direction, and write the

action as

S =
1

2

∫
x<0

d2x(∂ϕ)2 +
1

2

∫
x>0

d2x(∂ϕ)2 + Sd , (5.2.1)
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where Sd is the action associated with the defect. One approach to this system consists of

imposing matching conditions across the defect while ignoring direct reference to Sd. We

will consider linear matching conditions of the form ϕR

ϕ′
R

 =

 a b

c d

 ϕL

ϕ′
L

 (5.2.2)

where ϕL,R are to be evaluated just to the left or right of the defect, and ϕ′ = ∂ϕ
∂x
.

Imposing symmetries constrains the values of (a, b, c, d). Consider a correlator in the

presence of the defect, ⟨O1(x1, t1) . . .On(xn, tn)⟩d. Given a current jµ(x, t) that is conserved

away from the defect, we may attempt to derive a Ward identity in the standard fashion by

inserting an integral of jµ along a contour C that surrounds all the operators, as shown in

Figure 5.1.

O1

O2

On−1

On

Figure 5.1: A two component contour C (red) surrounding the operators Oi on each side of

the defect (blue). The current jµ is integrated over the contour.

That is, we insert
∮
C
jµdx

µ. On one hand, we can deform the contour into a sum of

contours surrounding each operator and then use the jµO OPE to evaluate the integrals,

yielding

⟨
∮
C

jµ(x)dx
µO1(x1, t1) . . .On(xn, tn)⟩d

= ⟨δO1(x1, t1) . . .On(xn, tn) + . . .+O1(x1, t1) . . . δOn(xn, tn)⟩d . (5.2.3)
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In the absence of a defect, we alternatively expand the contour to an arbitrarily large circle,

which yields zero due to field falloffs at infinity. The Ward identity is then the statement

that the right hand side of (5.2.3) vanishes. In the presence of the defect we can instead first

expand two contours that surround the operators on either side of the defect into arbitrarily

large semi-circles, with the flat sides lying along the defect, as illustrated in Figure 5.2.

O1

O2

On−1

On

Figure 5.2: Deformation of the contour C into two arbitrarily large semi-circles and flat sides

running along the defect.

In order to get zero in the large radius limit, we need that the two segments lying along

the defect cancel. That is, the Ward identity (i.e the vanishing of the rhs of (5.2.3)) is only

valid provided ∫ ∞

−∞
jt(ϕL)dt =

∫ ∞

−∞
jt(ϕR)dt . (5.2.4)

Demanding that the defect preserves a symmetry amounts to the condition that (5.2.4) be

obeyed for the Noether current jµ corresponding to that symmetry.

As a first condition, we require time translation invariance, meaning invariance under a

common time shift ti→ti + δti of all operator insertions. The corresponding current is

jz =
1

2π
Tzz , jz =

1

2π
Tzz (5.2.5)

where we use complex coordinates z = x + it and z = x − it, and the stress tensor has

nonzero components

Tzz = −2π(∂zϕ)2 , Tzz = −2π(∂zϕ)2 . (5.2.6)
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This gives

jt =
1

2π
Txt = −ϕ′ϕ̇ . (5.2.7)

Time translation invariance then requires

ϕ′
Rϕ̇R − ϕ′

Lϕ̇L =
dX

dt
(5.2.8)

for some local operator X. Using (5.2.2) it’s easy to see that this requires

ad− bc = 1 (5.2.9)

in which case

X =
1

2

(
acϕ2

L + bdϕ′
L
2
+ bc(ϕ2

L)
′) . (5.2.10)

We will therefore restrict henceforth to matching conditions obeying (5.2.9).

Next we consider the restrictions imposed by demanding invariance of the correlation

functions under scale transformations xµi→λx
µ
i . The current is now

jz =
1

2πi
zTzz , jz =

−1
2πi

zTzz (5.2.11)

and the condition (5.2.4) becomes∫ ∞

−∞
ϕ′
Lϕ̇Ltdt =

∫ ∞

−∞
ϕ′
Rϕ̇Rtdt . (5.2.12)

This now requires equality at the integrand level, ϕ′
Lϕ̇L = ϕ′

Rϕ̇R, which requires that X = 0

in (5.2.10). Along with (5.2.9) this imposes d = 1/a with b = c = 0 as the condition of scale

invariance. Assuming just scale invariance we automatically have conformal invariance since

the currents

j(n)z =
1

2πi
znTzz , j

(n)
z =

(−1)n

2πi
znTzz , n = 0, 1, 2, . . . (5.2.13)

automatically obey (5.2.4), corresponding to a single copy of Virasoro currents.
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An even more restrictive condition is to allow symmetries under both the holomorphic

and anti-holomorphic Virasoro currents. This impose the additional condition ϕ̇2
L− (ϕ′

L)
2 =

ϕ̇2
R − (ϕ′

R)
2, which requires a = d = ±1 with b = c = 0. This defines a topological (or

transparent) interface. In particular, we have the nontrivial case of a = d = −1 for which ϕ

flips sign across the defect.

Given the matching conditions (5.2.2) it is natural to ask for an action that reproduces

these. In this section we look for an action whose variational principle implies the match-

ing conditions. Later we develop a second approach in which the defect action is treated

diagrammatically by summing up Feynman diagrams.

In considering the form of a defect action an immediate issue is that the field and its

first derivative are discontinuous across the defect, rendering ambiguous the meaning of

the “field on the defect”. To avoid this issue we work with two fields (ϕL, ϕR) defined at

(x = 0−, x = 0+), as already anticipated in (5.2.1). The appropriate form of Sd appearing

in (5.2.1) turns out to take the form

Sd =

∫
dt
[
(ϕR − ϕL)ϕ′

A +
1

2
c̃1ϕ

2
A + c̃2ϕAϕ

′
A +

1

2
c̃3 (ϕ

′
A)

2 ]
(5.2.14)

where we have defined the averaged field

ϕA =
ϕL + ϕR

2
. (5.2.15)

The tildes on c̃i are there to distinguish these couplings from analogous couplings that will

appear in an alternative formulation. To read off the boundary conditions we compute the

on-shell variation of the action, which works out to be

δS = −
∫
dt
(
[ϕ′
R − ϕ′

L − c̃1ϕA − c̃2ϕ′
A] δϕA + [ϕL − ϕR − c̃2ϕA − c̃3ϕ′

A] δϕ
′
A

)
. (5.2.16)

A good variational principle is thus achieved by imposing the following conditions at the

defect

ϕ′
R − ϕ′

L − c̃1ϕA − c̃2ϕ′
A = 0 ,

ϕL − ϕR − c̃2ϕA − c̃3ϕ′
A = 0 . (5.2.17)
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These conditions may be put in the form (5.2.2) with a b

c d

 =

 (2−c̃2)2−c̃1c̃3
4−c̃22+c̃1c̃3

−4c̃3
4−c̃22+c̃1c̃3

4c̃1
4−c̃22+c̃1c̃3

(2+c̃2)
2−c̃1c̃3

4−c̃22+c̃1c̃3

 . (5.2.18)

This obeys ad− bc = 1 as expected. Inverting gives

c̃1 =
4ac

(a+ 1)2 + bc
, c̃2 =

2a(d− a)
(a+ 1)2 + bc

, c̃3 =
−4ab

(a+ 1)2 + bc
. (5.2.19)

The condition of conformal invariance, a = 1/d and b = c = 0 translates to c̃1 = c̃3 = 0,

giving a = 2−c̃2
2+c̃2

. Further taking c̃2→ ± ∞ yields the nontrivial topological defect with

b = c = 0 and a = d = −1.

Although we will not consider it further in this chapter, in order to make contact with

previous work [89] we now comment on how to incorporate matching conditions of the form ϕ̇R

ϕ′
R

 =

 a b

c d

 ϕ̇L

ϕ′
L

 (5.2.20)

in this framework. For example, the case a = d = 0, b = 1/c yields a conformal defect not

included in our analysis above. To incorporate this example we consider the action (5.2.1)

and now choose

Sd = c

∫
dtϕ̇LϕR (5.2.21)

so that

δS =

∫
dt
[
(ϕ′

L − cϕ̇R)δϕL − (ϕ′
R − cϕ̇L)δϕR

]
, (5.2.22)

which implies the stated matching conditions.

5.2.2 Perturbative action approach

Another approach is to consider the action

S =

∫
d2x(∂ϕ)2 + Sd (5.2.23)
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with

Sd =

∫
dt

(
cB0 +

1

2
cB1 ϕ

2 + cB2 ϕϕ
′ +

1

2
cB3 ϕ

′2
)

(5.2.24)

and to compute correlators and other quantities via perturbative expansion in the couplings

cBi , as in [83,84]. To regulate the ultraviolet divergences that appear in perturbation theory

we introduce a cutoff on the momentum transverse to the defect, |p| < Λ, and express the

bare couplings cBi in terms of renormalized couplings ci as in (5.1.5). This will be illustrated

in the next section when we compute the scalar 2-point function in the presence of the defect

by summing up the perturbative expansion.

In this approach ϕ and ϕ′ are treated as being continuous across the defect at each order in

perturbation theory.6 Indeed, the defect action (5.2.24) would be ambiguous if discontinuities

were allowed. Nonetheless the resummed two-point correlation exhibits discontinuities that

satisfy the matching conditions (5.2.2). So we recover the same correlators as in the (ϕL, ϕR)

approach, and the dictionary equating the two turns out to be extremely simple, c̃i = ci.

We now explain the sense in which the action (5.2.24) represents what is effectively the

most general local action quadratic in fields. First consider the inclusion of terms with

time derivatives, 1
2
ϕ̇2 etc. In momentum space this becomes 1

2
ω2ϕ̃2, where ω represents the

momentum along the time direction. Since the action is quadratic and ω is conserved by

time translation invariance, there is no mixing among different values of ω. Hence the effect

of a 1
2
ϕ̇2 term is equivalent to redefining cB1→cB1 + ω2. More generally, all terms involving

time derivatives can be included by allowing cB1,2,3 to be arbitrary functions of ω. Computing

momentum space correlation functions in the presence of ω dependent couplings is the same

as for constant couplings since the value of ω is conserved in any connected correlator. For

this reason we will not explicitly consider terms with time derivatives, noting that they are

simple to include if desired.

6Since we impose a momentum cutoff Λ the defect is effectively smeared out, and the fields are continuous

within this smeared region, which shrinks to zero as the cutoff is removed.
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We can also add terms in the defect action involving ϕ′′ and higher transverse derivatives.

However, by using the field equations — equivalently, the equations of motion — such terms

can always be traded for terms involving only ϕ and ϕ′ and time derivatives thereof,7 and we

already discussed the incorporation of such time derivative terms in the previous paragraph.

Finally, it is worth commenting that while we focus on d = 1 + 1 examples with a line

defect, what really matters as far as most of our computations go is the defect codimension.

A codimension-1 planar defect in d dimension can be treated uniformly for any d, as follows

from the fact that the d− 1 momenta parallel to the defect are conserved in any connected

diagram contributing to a momentum space correlator. On the other hand, extending our

computations to codimension-q defects is nontrivial, since the 1-dimensional loop integrals

we encounter turn into q-dimensional loop integrals, which of course changes the divergence

structure among other things. Other codimensions were considered in [83,84]

5.3 Scalar two-point function in presence of defect

In this section we use the perturbative approach described in section 5.2.2 to compute the

scalar two-point function in the presence of a defect. The defect is placed at x = 0 and the

Euclidean action is

S =
1

2

∫
d2x(ϕ̇2 + ϕ′2) +

∫
dt
(1
2
cB1 ϕ

2 + cB2 ϕϕ
′ +

1

2
cB3 ϕ

′2)
=

1

2

∫
dωdp

(2π)2
ϕ̃(−ω,−p)(ω2 + p2)ϕ̃(ω, p)

+
1

2

∫
dωdp1dp2
(2π)3

ϕ̃(−ω, p2)
(
cB1 + icB2 (p1 + p2)− cB3 p1p2

)
ϕ̃(ω, p1) (5.3.1)

where we Fourier transformed as

ϕ(x, t) =

∫
dωdp

(2π)2
ϕ̃(ω, p)eiωt+ipx . (5.3.2)

7We illustrate this with an example in appendix C.1.
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The cBi denote bare couplings that depend on a UV cutoff Λ to be introduced below. These

will eventually be re-expressed in terms of renormalized couplings ci that are finite as Λ→∞.

In the above we have omitted the defect cosmological constant term
∫
dtcB0 since it doesn’t

affect the connected diagrams contributing to the 2-point function. The full correlator is the

product of the connected part and vacuum diagram contribution; the latter will be included

in section 5.4, while in this section we consider only the connected part.

5.3.1 Computation

Our strategy in this section is to treat the defect action as a perturbation and then sum up

contributions to all orders. We will compute the sum of connected diagrams in momentum

space (thus omitting the defect self-energy vacuum diagrams, which will be discussed in

section 5.4). This is shown in Figure 5.3.

ϕ̃(ω2, p2)

ϕ̃(ω1, p1)

Figure 5.3: The defect (blue) contributes the quadratic interaction vertices to the connected

two point correlation function (shown in momentum space). We sum up these contributions.
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The two-point function takes the form

⟨ϕ̃(ω1, p1)ϕ̃(ω2, p2)⟩ = ⟨ϕ̃(ω1, p1)ϕ̃(ω2, p2)⟩0 + ⟨ϕ̃(ω1, p1)ϕ̃(ω2, p2)⟩d (5.3.3)

where the correlator in the absence of the defect is

⟨ϕ̃(ω1, p1)ϕ̃(ω2, p2)⟩0 =
1

ω2
1 + p22

(2π)2δ(ω1 + ω2)δ(p1 + p2) (5.3.4)

while the contribution from the defect takes the form

⟨ϕ̃(ω1, p1)ϕ̃(ω2, p2)⟩d =
2πδ(ω1 + ω2)

(ω2
1 + p21)(ω

2
2 + p22)

X(ω1, p1, p2) . (5.3.5)

where the to-be-computed object X may be expanded in powers of the bare couplings,

X(ω1, p1, p2) =
∞∑
n=0

In(ω1, p1,−p2) , In ∼ (cBi )
n+1 . (5.3.6)

An elementary computation yields

I0(ω1, p1, p2) = −cB1 + icB2 (p1 − p2)− cB3 p1p2 . (5.3.7)

The In>0 are then determined recursively via

In+1(ω1, p1, p2) =

∫ Λ

−Λ

dq1
2π

. . .
dqn+1

2π

I0(ω1, p1, q1)I0(ω1, q1, q2) . . . I0(ω1, qn+1, p2)

(ω2
1 + q21) . . . (ω

2
1 + q2n+1)

=

∫ Λ

−Λ

dqn+1

2π

In(ω1, p1, qn+1)I0(ω1, qn+1, p2)

ω2
1 + q2n+1

(5.3.8)

where we have introduced the UV cutoff Λ. Evaluating for n = 0 gives a linearly divergent

part and a finite part,

I1(ω1, p1, p2) = Λ̂(cB2 − icB3 p1)(cB2 + icB3 p2)

−
[
(cB1 − icB2 p1)(cB1 + icB2 p2)− ω2

1(c
B
2 − icB3 p1)(cB2 + icB3 p2)

]
fΛ(ω1)(5.3.9)

where

Λ̂ ≡ Λ

π
(5.3.10)
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and

fΛ(ω1) =
1

2π

∫ Λ

−Λ

dq

q2 + ω2
1

=
1

πω1

tan−1 Λ

ω1

. (5.3.11)

To solve the recursion relation it’s useful write out the p2 dependence of In(ω1, p1, p2) as

In(ω1, p1, p2) = an + bnp2 . (5.3.12)

From (5.3.7) we have

a0 = −cB1 + icB2 p1 ,

b0 = −icB2 − cB3 p1 . (5.3.13)

Then the recursion relation (5.3.8) becomes an+1

bn+1

 =

 M11 M12

M21 M22

 an

bn

 (5.3.14)

with

M11 = −cB1 fΛ(ω1) M12 = icB2

(
Λ̂− ω2

1fΛ(ω1)
)

M21 = −icB2 fΛ(ω1) M22 = −cB3
(
Λ̂− ω2

1fΛ(ω1)
)
. (5.3.15)

This allows us to compute X as

X(ω1, p1, p2) =
∞∑
n=0

In(ω1, p1,−p2)

=
∞∑
n=0

(
an − bnp2

)
=

∞∑
n=0

(
1 −p2

) an

bn


=

∞∑
n=0

(
1 −p2

)
Mn

 a0

b0


=
(

1 −p2
)
(I −M)−1

 a0

b0

 . (5.3.16)
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Evaluating gives

X(ω1, p1, p2) =

−cB1 + (cB1 c
B
3 − (cB2 )

2)
[
Λ̂− ω2

1fΛ(ω1)
]
+ icB2 (p1 + p2) +

[
(cB1 c

B
3 − (cB2 )

2)fΛ(ω1) + cB3
]
p1p2

det(I −M)

(5.3.17)

with

det(I −M) = 1 + cB1 fΛ(ω1) +
[
(cB1 c

B
3 − (cB2 )

2)fΛ(ω1) + cB3

] [
Λ̂− ω2

1fΛ(ω1)
]
. (5.3.18)

Now we wish to remove the cutoff Λ. To do so, we expand order by order in the cBi , and then

rewrite them in terms of Λ and renormalized couplings ci such that Λ→∞ limit at fixed ci

is well defined. This procedure results in

cB1 = c1 +
c22Λ̂

1− c3Λ̂
,

cB2 =
c2

1− c3Λ̂
,

cB3 =
c3

1− c3Λ̂
. (5.3.19)

Taking the large Λ limit, using limΛ→∞ fΛ(ω1) = 1
2|ω1| , then yields our final result for the

renormalized correlator

X(ω1, p1, p2) =
−c1 + |ω1|

2
(c1c3 − c22) + ic2(p1 + p2) +

(
1

2|ω1|(c1c3 − c
2
2) + c3

)
p1p2

1 + 1
2|ω1|(c1 − c3ω

2
1)− 1

4
(c1c3 − c22)

. (5.3.20)

5.3.2 Matching conditions from the correlator

The result (5.3.20) can be used to infer matching conditions (5.2.2) across the defect. We

first Fourier transform to position space in the direction transverse to the defect by defining

G(x1, x2) =

∫
dp1
2π

dp2
2π
⟨ϕ̃(ω1, p1)ϕ̃(ω2, p2)⟩eip1x1+ip2x2

= Ĝ(x1, x2)2πδ(ω1 + ω2) (5.3.21)
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with

Ĝ(x1, x2) =

∫
dp1
2π

eip1(x1−x2)

p21 + ω2
1

+

∫
dp1
2π

dp2
2π

X(ω1, p1, p2)

(ω2
1 + p21)(ω

2
2 + p22)

eip1x1+ip2x2 . (5.3.22)

Note that in G and Ĝ we have suppressed the dependence on the frequencies ω1,2. Now

suppose a function takes the form

f(x) =

∫ ∞

−∞

dp

2π

α + βp

ω2 + p2
eipx . (5.3.23)

Using elementary contour integration, the values of the function on either side of the origin

are

f(±ϵ) = α

2|ω|
± iβ

2
, f ′(±ϵ) = ∓α

2
− iβ|ω|

2
. (5.3.24)

If we apply these formulas to (5.3.21) and (5.3.20) for x1 = ±ϵ we find Ĝ(ϵ, x2)

Ĝ′(ϵ, x2)

 =

 a b

c d

 Ĝ(−ϵ, x2)

Ĝ′(−ϵ, x2)

 (5.3.25)

with  a b

c d

 =

 (2−c2)2−c1c3
4−c22+c1c3

−4c3
4−c22+c1c3

4c1
4−c22+c1c3

(2+c2)
2−c1c3

4−c22+c1c3

 . (5.3.26)

We recognize the matrix as being the same as appeared in (5.2.18), except that the couplings

are now the renormalized couplings that appear in the perturbative formulation. Hence we

identify c̃i = ci. The equality between these two sets of couplings is not obvious a priori.

5.3.3 Special cases

We now consider several special cases of interest.
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5.3.3.1 IR/UV limit

To extract the IR/UV limits we rescale the momenta as (ω, p)→(λω, λp). From (5.3.20) we

find

X(ω, p1, p2)→


−2|ω| (ω, k)→0

−2p1p2
|ω| (ω, k)→∞

. (5.3.27)

This implies (after a bit of rewriting) the following result for the IR/UV limit of the correlator

⟨ϕ(t1, x1)ϕ(t2, x2)⟩ =
∫ ∞

−∞

dω

2π

eiω(t1−t2)

2|ω|
[
e−|ω||x1−x2| ± e−|ω|(x1+x2)

]
(5.3.28)

where we have taken x1,2 > 0, and the relative sign is + in the UV and − in the IR. The first

term on the right hand side is the correlator in the absence of the defect, and the second term

represents the image charge contribution appropriate for a Neumann (+ sign) or Dirichlet

(− sign) boundary condition. This aligns with the fact that the c3(ϕ
′)2 term in the defect

action dominates in the UV, setting ϕ′ = 0 on the defect; while c1ϕ
2 dominates in the IR,

setting ϕ = 0 on the defect.

5.3.3.2 Conformal defect

Here we set the dimensionful couplings to zero: c1 = c3 = 0. We take x1 > 0 but allow either

sign for x2, yielding the defect contribution

⟨ϕ(t1, x1)ϕ(t2, x2)⟩d =
∫ ∞

−∞

dω

2π

eiω(t1−t2)

2|ω|

 −
2c22
4+c22

e−|ω|(x1−x2) x2 < 0

− 4c2
4+c22

e−|ω|(x1+x2) x2 > 0

 . (5.3.29)
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5.3.3.3 Topological defect

For this we take the c2→∞ limit of the conformal case. The total correlator in this limit,

including the free part, is

⟨ϕ(t1, x1)ϕ(t2, x2)⟩ =
∫ ∞

−∞

dω

2π

eiω(t1−t2)

2|ω|

 −e−|ω|(x1−x2) x2 < 0

e−|ω||x1−x2| x2 > 0

 (5.3.30)

where we have again taken x1 > 0 but allow either sign of x2. This exhibits a sign flip of the

correlator as x2 crosses the origin, as characterizes the topological defect.

5.3.4 Poles

The correlator exhibits poles in ω1 when the denominator ofX(ω1, p1, p2) in (5.3.20) vanishes.

Rewriting this vanishing condition in terms of (a, b, c, d) given in (5.3.26) yields

poles : bω2
1 + (a+ d)|ω1|+ c = 0 . (5.3.31)

For b ̸= 0 the roots are

ω± =
−(a+ d)±

√
(a− d)2 + 4

2b
(5.3.32)

These roots are related to the existence of normalizable bound state modes in the presence

of the defect, as we discuss in section 5.6.2. The existence of solutions with positive ω±

correspond to instabilities, i.e. modes that grow exponentially in real time. Coupling space

can thus be divided into stable and unstable regions, as will be discussed in section 5.6.

5.4 Vacuum diagrams

We now consider the sum of vacuum diagrams in the presence of the defect as illustrated in

Figure 5.4.
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Figure 5.4: Defect contributions to the connected vacuum diagram for ⟨e−Sd⟩

This can equivalently be thought of as computing the vacuum expectation value of the

defect operator,

Zvac = eW = ⟨e−Sd⟩ , (5.4.1)

whereW represents the connected contributions. We can evaluateW by summing diagrams,

similarly to how we computed the correlator, and arrive at

W = −cB0 Ld + Ld

∞∑
n=0

1

2(n+ 1)

∫ ∞

−∞

dωdp

(2π)2
In(p, p)

ω2 + p2
(5.4.2)

where In(p1, p2) is the same integral defined in (5.3.8)-(5.3.9) that appeared in the correlator

computation. To get a finite result we have given the defect a large but finite length Ld. We

have also included the defect counterterm cB0 .

To evaluate the sum it is useful to use the identity
∞∑
n=0

Mn

n+ 1
=

∫ 1

0

dz

I − zM
(5.4.3)

involving the matrix M . We introduce a UV cutoff Λ and relate the bare couplings in Sd in

terms of renormalized couplings as in (5.3.19). After some algebra we obtain

W = −cB0 Ld − Ld
∫ 1

0

dz

∫ Λ

0

dω

2π

1

ω

(
− 2c1 + ωz(c1c3 − c22)

)
ω −

(
c22z − (2ω + zc1)c3

)
ω2

c1c3ωz2 − z2c22ω + 2zω2c3 − 2zc1 − 4ω

= −cB0 Ld − Ld
∫ Λ

0

dω

2π
ln

[
−2c3ω2 − (c1c3 − c22 − 4)ω + 2c1

4ω

]
.

(5.4.4)
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The divergence structure depends on whether the irrelevant c3 and marginal c2 couplings are

turned on. In the simplest case with c2 = c3 = 0 we have

W = −cB0 Ld −
c1Ld
4π

ln
2Λ

c1
− c1Ld

4π
. (5.4.5)

We therefore take cB0 = − c1
4π

ln Λ
µ
where µ is an RG scale, yielding

W = −c1Ld
4π

[
1− ln

(
c1
2µ

)]
(5.4.6)

The imaginary part for c1 < 0 reflects the presence of unstable modes. The renormalized

defect operator thus depends on the arbitrary RG scale µ as ⟨e−Sd⟩ ∝ µ− c1Ld
4π . The fact that

the log divergence is linear in c1 implies that the defect anomalous dimension γd defined in

(5.1.9) is one-loop exact when c2 = c3 = 0. However, for more general couplings γd gets

contributions at all loop orders. For example, setting c3 = 0 is easily found to imply a log

divergent term that is canceled by taking

cB0 = − 1

1 + 1
4
c22

c1
4π

ln(Λ/µ) + [linear divergence] (5.4.7)

yielding γd in (5.1.10). With all couplings c1,2,3 nonzero one instead finds a divergent series.

5.5 Multiple defects

We now consider two parallel defects separated by a distance L. The partition function,

which can be interpreted as computing the inter-defect potential, may be computed in the

same manner as for the single defect.

5.5.1 Two defect partition function

Writing the defect action as

Sd =
2∑

a=1

∫
dt

(
c
(a),B
0 +

1

2
c
(a),B
1 ϕ2(xa, t) + c

(a),B
2 ϕ(xa, t)ϕ

′(xa, t) +
1

2
c
(a),B
3 ϕ′2(xa, t)

)
(5.5.1)
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with x2 − x1 = L we compute Z(L) = eW (L) = ⟨e−Sd⟩ by summing vacuum diagrams. For

simplicity we will just give the result for c
(a),B
2 = c

(a),B
3 = 0, which is

W (L) = Ld

[∫ Λ

0

dω

2π
ln

((
1 +

c
(1)
1

2ω

)(
1 +

c
(2)
1

2ω

)
− c

(1)
1 c

(2)
1

4ω2
e−2ωL

)
− c

(1)
1 + c

(2)
1

4π
ln

Λ

µ

]
(5.5.2)

where we have rewritten the bare couplings in terms of renormalized couplings using the

same expressions as before. The integral is log divergent, but the divergence is canceled by

the cB0 counterterms yielding a finite result as Λ→∞. For small separation we have

W (L) =
(c

(1)
1 + c

(2)
1 )Ld

4π

[
1− ln

(
c
(1)
1 + c

(2)
1

2µ

)]
+
c
(1)
1 c

(2)
1 Ld
4π

L lnL+ . . . (5.5.3)

so that

Z(L) ≈ Z(0)Lc
(1)
1 c

(2)
1 LLd/4π . (5.5.4)

For L = 0 we recover the partition function of a single defect with c1 = c
(1)
1 + c

(2)
1 , but the

expansion in small L is neither analytic nor a power law.

5.5.2 Fusion of two defects

We now consider the fusion of two parallel defects. On general grounds, the fusion of two

defects with some quadratic couplings c
(1,2)
i should result a defect with new quadratic cou-

plings ci. The expectation is that the couplings ci are determined by the composition of the

matching conditions associated to two fused defects, a b

c d

 =

 a(2) b(2)

c(2) d(2)

 a(1) b(1)

c(1) d(1)

 (5.5.5)

where we have taken defect 2 to be to the right of defect 1. According to this, the couplings

ci are then extracted from the map between (a, b, c, d) and ci provided by (5.3.26). This

yields a rather complicated relation between the ci and the c
(1,2)
i .
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To verify this, we can compute the scalar two-point function in the presence of the

two defects separated by a distance L, then take L→0 and compare to our result for the

single defect correlator. The contribution of the vacuum diagrams is summarized by (5.5.3).

To define the fused defect via an OPE type procedure, we should strip off the factor of

Lc
(1)
1 c

(2)
1 LLd/4π. The connected diagrams contributing to the correlator may be summed up

using the same steps as for the single defect. The result for general L is complicated and

unenlightening. In appendix C.2 we write the result for L→0. The result is as expected: the

fused couplings ci are in accord with the rule (5.5.4).

5.6 Mode expansion

Consider a free massive or massless (m = 0) non-compact scalar theory in d = 1 + 1

Minkowski spacetime

S =

∫
d2x

1

2

[
− (∂tϕ)

2 + (∂xϕ)
2 +m2ϕ2

]
. (5.6.1)

We are interested in a timelike defect described by the matching conditions at x = 0 that

preserve the time translation symmetry ϕR

ϕ′
R

 =

 a b

c d

 ϕL

ϕ′
L

 , ad− bc = 1 (5.6.2)

where ϕL,R = limx→0∓ ϕ(t, x). Assuming this matching condition, the Klein-Gordon (KG)

inner product of two solutions,

(f, g) ≡ −i
∫ ∞

−∞

(
fġ∗ − ḟ g∗

)
dx . (5.6.3)

is time independent if and only if ad− bc = 1, as indicated.
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5.6.1 Massless scattering modes

There are two sets of scattering solutions to the field equation ∂µ∂
µϕ = 0 subject to the

matching condition (5.6.2), corresponding to waves incident from the left or right,

φvω =


x < 0 : 1√

2ω
tωe

−iωv

x > 0 : 1√
2ω

(e−iωv + rvωe
−iωu)

, φuω =


x < 0 : 1√

2ω
(e−iωu + ruωe

−iωv)

x > 0 : 1√
2ω
tωe

−iωu
(5.6.4)

where u = t− x, v = t+ x, and the transmission and reflection coefficients are

tω =
2iω

bω2 + i(a+ d)ω − c
, rvω =

bω2 + i(a− d)ω + c

bω2 + i(a+ d)ω − c
, ruω =

bω2 − i(a− d)ω + c

bω2 + i(a+ d)ω − c
.

(5.6.5)

We normalised the modes with respect to the KG inner product such that

(φvω, φ
v
ω′) = 2πδ(ω − ω′), (φuω, φ

u
ω′) = 2πδ(ω − ω′), (φuω, φ

v
ω′) = 0 (5.6.6)

If there are no bound states, the scalar field can be quantised using the scattering solutions

as

ϕ(t, x) =

∫ ∞

0

dω

2π
(avωφ

v
ω + auωφ

u
ω + h.c.) , π(t, x) = ϕ̇(t, x) . (5.6.7)

Writing

av,uω = (ϕ, φv,uω ) = −i
∫ ∞

−∞
(ϕ(x)φ̇v,uω

∗(x)− π(x)φv,uω ∗(x)) dx

av,uω
† = − (ϕ, φv,uω

∗) = i

∫ ∞

−∞
(ϕ(x)φ̇v,uω (x)− π(x)φv,uω (x)) dx

(5.6.8)

and using [ϕ(x), π(y)] = iδ(x − y) at equal time, one can derive the canonical quantization

conditions

[aω, a
†
ω′ ] = 2πδ(ω − ω′) . (5.6.9)

For this to be consistent, the classical solutions should satisfy the completeness condition

derived from the the equal-time commutator

[ϕ(x), π(y)] =

∫ ∞

0

dω

2π
(φvω(x)φ̇

v∗
ω (y)− φv∗ω (x)φ̇vω(y)) + (v ↔ u)

= iδ(x− y) .
(5.6.10)
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Evaluated on the scattering solutions (5.6.4) and (5.6.5) we find,

[ϕ(x), π(y)] =


iδ(x− y) + i

∫∞
0

dω
2π
rωe

iω|x+y| , xy > 0

i
∫∞
0

dω
2π
tω e

iω|x−y| , xy < 0

. (5.6.11)

We see that completeness is satisfied provided rω and tω are analytic in the upper half ω-

plane, since then the integrals can be converted into closed contour integrals that vanish by

Cauchy’s theorem. On the other hand, the existence of poles in the upper-half plane implies

that the scattering solutions should be accompanied by bound states for completeness.

5.6.2 Bound state modes

The potential incompleteness of scattering modes leads us to examine the existence of nor-

malizable bound state modes. These are solutions that decay exponentially as |x| → ∞,

and either grow or decay exponentially in t (the two cases being related by time reversal.)

Plugging the following ansatz for modes that grow in t,

ϕ =

 x < 0 : Aeκv

x > 0 : Beκu
, Re(κ) > 0 (5.6.12)

where Re(κ) > 0 for normalizability, into the gluing condition (5.6.2), a normalizable mode

is seen to exist if at least one solution to

bκ2 + (a+ d)κ+ c = 0 (5.6.13)

has a positive real part. Upon writing κ = −iω we recognize (5.6.13) as giving the locations of

the poles in the transmission/reflection coefficients (5.6.5). For b ̸= 0 normalizable solutions

exist if

κ+ > 0 or κ− > 0, κ± = −
a+ d±

√
(a− d)2 + 4

2b
. (5.6.14)

For b = 0 we have κ = − ac
1+a2

(using d = 1/a) so that normalizable modes exist for ac < 0.

In the previous section, we saw that the scattering modes alone are not complete when
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Im(ω+) > 0 or Im(ω−) > 0. This is precisely the condition for the existence of the bound

states, Re(κ+) > 0 or Re(κ−) > 0, illustrated in Figure 5.5.

ad = 1

ad = 1

0 < κ+ < κ−

κ+ < κ− < 0κ+ < 0 < κ−

a

d

(a) b > 0

ad = 1

ad = 1

κ− < κ+ < 0

0 < κ− < κ+κ− < 0 < κ+

a

d

(b) b < 0

Figure 5.5: Regions of (a, b, d) space where κ± have various signs. One of the signs flips

across the blue curves. There are two normalisable decaying modes in the red region, one in

yellow region and none in the blue region respectively.

For such a case, the solutions come in a pair (ϕ±, ϕ̄±) related by time reversal,

ϕ± =


x < 0 : N−1

± eκ±v

x > 0 : N−1
± (a+ bκ±) e

κ±u

, ϕ̄± =


x < 0 : N̄−1

± e−κ±u

x > 0 : N̄−1
± (a+ bκ±) e

−κ±v
(5.6.15)

where the normalization

N−1
± = N̄−1

± =
1√

1 + (a+ bκ±)
2

(5.6.16)

is chosen such that the solutions are real-valued and satisfy (ϕ±, ϕ̄±) = i.

The ϕ± modes grow exponentially in time, hence the theory is unstable when such modes

exist. Nonetheless, we can formally quantize the scalar field as

ϕ(t, x) =

∫ ∞

0

dω

2π

(
aωφ

L
ω + bωφ

R
ω + h.c.

)
+ c+ϕ+ + c̄+ϕ̄+ + c−ϕ− + c̄−ϕ̄− (5.6.17)
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where c± are hermitian, for ω± > 0 and similarly for other cases. The same process used to

derive (5.6.9) can be recycled to derive the commutation of the modes for the bound states

[c±, c̄±] = (ϕ±, ϕ̄±) = i . (5.6.18)

Using this, the contribution from the decaying modes to the equal-time commutator [ϕ(x), π(y)]

exactly cancels the incomplete contribution (5.6.11) from the scattering modes and hence

restores the completeness

[ϕ(x), π(y)] = iδ(x− y) . (5.6.19)

5.6.3 Spectrum

The classical normalizable modes grow exponentially in time, and when such modes exist

the Hamiltonian suffers from a spectrum unbounded from below. To see this, first note that

the bulk Hamiltonian H = 1
2

∫∞
−∞

(
ϕ̇2 + (ϕ′)2

)
dx has a time dependence

dH

dt
=

d

dt

(
bcϕ′

LϕL +
ac

2
ϕ2
L +

bd

2
(ϕ′

L)
2

)
. (5.6.20)

The Hamiltonian can be made time-independent by subtracting the total derivative above

Htot = H −
(
bcϕ′

LϕL +
ac

2
ϕ2
L +

bd

2
(ϕ′

L)
2

)
(5.6.21)

corresponding to the defect Hamiltonian. The total Hamiltonian restricted to the normaliz-

able modes is

Htot = −
κ+
2

(c+c̄+ + c̄+c+)−
κ−
2

(c−c̄− + c̄−c−) . (5.6.22)

Renaming c+ = 1√
2
(p + x), c̄+ = 1√

2
(p − x), Htot is that of the inverted harmonic oscillator,

which is known to have continuous spectrum unbounded from below and above, assuming a

boundary condition that requires the wave function to vanish at spatial infinity [122]. The

unbounded spectrum implies that whenever there is a bound state, the massless theory with

matching condition (5.6.2) is ill-defined. However, the instability of the classical solutions

and the unbounded spectrum can by cured by adding a mass, as we describe in the next
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subsection, or by adding bulk interactions, as discussed in Appendix C.3. Alternatively, we

can restrict attention to the stable regime shown in Figure 5.5 (blue region).

5.6.4 Massive scalar mode expansion

The massive scalar theory with matching condition (5.6.2) has scattering modes given by

φLk =


x < 0 : 1√

2ω
tke

−iωt−ikx

x > 0 : 1√
2ω

(
e−iωt−ikx + rke

−iωt+ikx) (5.6.23)

φRk =


x < 0 : 1√

2ω

(
e−iωt+ikx + rke

−iωt−ikx)
x > 0 : 1√

2ω
tke

−iωt+ikx
(5.6.24)

where ω =
√
k2 +m2 and tk and rk are the same as tω and rω (5.6.5) with ω → k.

As in the massless case, bound state modes exist if at least one of κ± given in Eq. (5.6.14)

has positive real part. When they exist, those with κ2+ > m2 or κ2− > m2 are unstable, while

those with κ2+ < m2 or κ− < m2 are oscillatory. We focus on the oscillatory modes, which

are given by

ϕ± =


x < 0 : N−1

± e−iω̄±t+κ±x

x > 0 : N−1
± (a+ bκ±) e

−iω̄±t−κ±x
(5.6.25)

where

κ± = −
a+ d±

√
(a− d)2 + 4

2b
> 0, ω̄± =

√
m2 − κ2± ∈ R (5.6.26)

and

N−1
+ =

√
κ+
ω̄+

√
1

1 + (a+ bκ+)
2 ∈ R+ (5.6.27)

The scalar field is quantized as

ϕ(t, x) =

∫ ∞

0

dκ

2π

(
aκφ

L
κ + bκφ

R
κ + h.c.

)
+ (c+ϕ+ + c−ϕ− + h.c.) (5.6.28)

where [
c±, c

†
±

]
= (ϕ±, ϕ±) = 1 (5.6.29)
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when both κ± > 0 and similarly for other cases by dropping some bound state modes. The

Hamiltonian restricted to the bound states is

H =
ω̄+

2

(
c†+c+ + c+c

†
+

)
+
ω̄+

2

(
c†−c− + c−c

†
−

)
= ω̄+

(
c̄+c+ +

1

2

)
+ ω̄−

(
c̄−c− +

1

2

)
.

(5.6.30)

Defining the vacuum state as c±|0⟩ = 0, one can see that the spectrum is positive.

5.7 Ring partition function, g-function, and entanglement entropy

of accelerating defects

5.7.1 Ring partition function

In this section we compute the partition function of a ring shaped defect. In order to apply

this result to the applications that follows, we consider placing the ring on a cone. Namely,

we consider

ds2 = dr2 + r2dθ2 , θ ∼= θ + β (5.7.1)

with the ring placed at r = 1.8 The ring partition function may be written as

Z(β) = ⟨0|e−Sd |0⟩ (5.7.2)

where we interpret the states in terms of radial quantization and think of e−Sd as an operator

on this Hilbert space. We will consider the simplest case of c2 = c3 = 0; in this case e−Sd

is diagonalized in the field eigenstate basis, since the “conjugate momentum” ϕ′ does not

appear in the defect action. Letting ϕ(θ) = ϕ(r = 1, θ) we then have

Z(β) =

∫
Dϕ⟨0|ϕ⟩e−Sd[ϕ]⟨ϕ|0⟩ . (5.7.3)

We compute ⟨ϕ|0⟩ by computing the free scalar path integral in the region r ≤ 1 with

boundary condition ϕ(r = 1, θ) = ϕ(θ). We will only be interested in the c1 dependence of

8Choosing r = 1 implies no loss of generality since we can always rescale r along with the couplings.
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logZ(β), in which case we only need the saddle point approximation to the path integral

since the fluctuation determinant does not depend on c1.

Writing

ϕ(θ) = ϕ0 +
∑
n̸=0

ϕne
2πinθ

β , ϕ−n = ϕ
∗
n (5.7.4)

the scalar field solution is

ϕ(r, θ) = ϕ0 +
∞∑
n=1

(
ϕ−ne

2πinθ
β + ϕne

− 2πinθ
β
)
r2πn/β (5.7.5)

The action interior to the ring is

Sr<1 =

∫
r<1

d2x
1

2
(∂ϕ)2 = 2π

∞∑
n=1

nϕnϕ−n . (5.7.6)

The contribution of the exterior region Sr>1 takes the same form, as follows from symmetry

under r→1/r. The defect action, including the cB0 counterterm, is

Sd =

∫
dθ

(
cB0 +

1

2
c1ϕ

2
)

= βc1

[
∞∑
n=1

ϕnϕ−n +
1

2
ϕ
2

0

]
+ βcB0 . (5.7.7)

The ring partition function is then

Z(β) = N

[∏
n

∫
dϕn

]
e−Sr<1−Sr>1−Sd

= N e−βcB0
∫ ∞

−∞
dϕ0e

− 1
2
βc1ϕ

2
0

∏
n≥1

∫
dϕndϕ−ne

−(4πn+βc1)ϕnϕ−n

= N e−βc
B
0

√
βc1

∏
n≥1

(4πn+ βc1)
−1

= N e−βc
B
0

√
βc1

∏
n≥1

(
1 +

βc1
4πn

)−1

. (5.7.8)

where in the final equality we have absorbed a constant factor into N . We thus find

logZ(β) = logN − 1

2
log

βc1
4π
−

N∑
n=1

log

(
1 +

βc1
4πn

)
− βcB0 , (5.7.9)
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where we imposed a UV cutoff on the mode sum. To cancel the log divergence we take

cB0 = − c1
4π

logN . (5.7.10)

We then take N→∞ using the formula9

lim
N→∞

[
N∑
n=1

log
(
1 +

z

n

)
− z logN

]
= − log Γ(1 + z) . (5.7.11)

We finally arrive at

logZ(β) = logN +
1

2
log

βc1
4π

+ log Γ

(
βc1
4π

)
, (5.7.12)

where we recall that N does not depend on c1.

5.7.2 Defect g-function

Thinking of Z(β) as a thermal partition function we can define the associated thermodynamic

entropy,10

s = (1− β∂β) logZ(β) . (5.7.13)

Keeping just the c1 dependent part, this evaluates to

s =
1

2
log

βc1
4π

+ log Γ

(
βc1
4π

)
− βc1

4π
Ψ

(
βc1
4π

)
− 1

2
(5.7.14)

where Ψ(x) = Γ′(x)/Γ(x).

We now comment on the relation of this result to the g-theorem [87, 86, 88]. We first

observe that s is a monotonically decreasing function of c1, which is in accord with the g-

theorem. The connection to the g-theorem, which is usually phrased in terms of a theory

9This follows from the Weierstrass formula for the Gamma function, − ln Γ(z + 1) =
∞∑

m=1

[
log(1 +

z

m
)− z

m

]
+ γz where γ is the Euler-Mascheroni constant, γ = lim

N→∞

[
N∑

m=1

1

m
− logN

]
.

10We use s to avoid confusion with the action S.
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defined on a space with boundary, is made via the folding trick under which our ring partition

function is related to the scalar field partition function on a disk with a c1ϕ
2 interaction on

the boundary. Such partition functions were considered in the context of boundary string

field theory [85, 86, 123, 124]. It would be natural to extend our computation to allow for

general c1,2,3 couplings but we were unable to obtain a closed form expression. The result

should decrease along the RG flow according to the argument in [88]. We also note that the

g-theorem, defects, and relations to ring partition functions have been considered in more

general contexts in [95,96].

5.7.3 Entanglement entropy of accelerating defects

This section involves the following problem. We consider two defects under going constant

proper acceleration a in opposite directions. At time t = 0 they are mutually at rest and

located at positions x = ±a−1. The field ϕ is assumed to be in the Lorentz invariant quantum

state compatible with the Lorentz invariance of the defect trajectories. Given this setup, we

wish to compute the entanglement entropy at t = 0 between the two half-spaces x < 0 and

x > 0. The motivation for posing this precise question is that the answer is easily obtained

from the partition function (5.7.12).

The Lorentzian trajectories of the defects are

x(τ) = ±1

a
cosh(aτ) , t(τ) =

1

a
sinh(aτ) (5.7.15)

where τ is proper time. Rotating to Euclidean time via t→it and τ→iτ the trajectory turns

into a circle of radius R = 1/a,

x(τ) =
1

a
cos(aτ) , t(τ) =

1

a
sin(aτ) (5.7.16)

where τ is now periodic, τ ∼= τ + 2π/a. This is illustrated in Figure 5.6.
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Figure 5.6: Figure 5.6a: The blue curve depicts the Lorentzian trajectory of the accelerating

defect and its Euclidean counter part. Figure 5.6b: The ring defect in Euclidean space that

corresponds to the accelerating defect in the Lorentzian spacetime. Here β = 2π/a, and we

have included a cone to indicate that we will be varying β to compute the entanglement

entropy.

The density matrix ρR[ϕ+, ϕ−] describing the x > 0 half-space has a standard path

integral representation, obtained (up to normalization) by doing the path integral on the

Euclidean plane with boundary conditions ϕ+(ϕ−) imposed just above (below) the positive

real axis, as shown in figure 5.7.
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x

it

ϕ+(x)

ϕ−(x)

Figure 5.7: Pair of accelerating defects continued to imaginary time where they describe a

ring. The density matrix describing the x > 0 half-space is obtained by performing the path

integral in the presence of the defect with prescribed boundary conditions above and below

the cut along the positive real axis.

The entanglement entropy is obtained as

s = −Tr(ρ ln ρ) . (5.7.17)

As in the absence of the defect, it’s convenient to think of the usual angular direction θ on

the plane as a time direction generated by a Rindler Hamiltonian HRin ∼ ∂θ. In particular

the density matrix becomes

ρ[ϕ+, ϕ−] = N⟨ϕ−|e−2πHRin |ϕ+⟩ (5.7.18)

where N is the normalization factor needed to set Tr ρ = 1. If we define

Z(β) = Tr e−βHRin (5.7.19)

then the entanglement entropy can be obtained as the entropy associated to the partition

function Z(β) using the standard thermodynamic expression

s = (1− β∂β) logZ(β)
∣∣
β=2π

. (5.7.20)

Finally, Z(β) also has a simple path formulation: it is given by the path integral on the cone,

since the periodicity θ ∼= θ+ 2π has been replaced by the periodicity θ ∼= θ+ β according to

(5.7.18).
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For simplicity we will only consider the defect with the c1ϕ
2 coupling. The entanglement

entropy will be a function of the dimensionless combination c1/a. This being the case we

will henceforth set a = 1, as it can always be restored by taking c1→c1/a. The entanglement

entropy is then obtained by setting β = 2π in (5.7.14), which gives

s =
1

2
log

c1
2
+ log Γ

(c1
2

)
− c1

2
Ψ
(c1
2

)
− 1

2
. (5.7.21)

It follows that this entanglement entropy monotonically decreases with increasing c1, yielding

an entanglement interpretation of the g-theorem in this example.

5.8 Defect on torus

In this section we consider the torus partition function with a defect wrapped around one of

the cycles. One motivation is to understand how to relate the computation of the partition

via a trace in either of two channels on the torus; this is a bit more subtle than usual due to

the µ dependence of the defect. The partition function will also allow us to obtain a Cardy

type formula for the asymptotic density of states of the defect Hilbert space. We restrict out

attention to the c1 defect, with c2 = c3 = 0.

5.8.1 Defect Hilbert space calculation

We first compute the torus partition function in the channel where the c1-defect is placed

along the Euclidean time direction as shown in Figure 5.8. We denote the result as Zd(Ld, L, µ)

where µ is the RG scale, as will be discussed shortly. Here, the subscript d denotes that the

partition function is a trace over c1-defect Hilbert space.
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L

Ld c1-defect

τ

Figure 5.8: We choose the Euclidean time along c1-defect direction, and the result computed

in this channel is denoted as Zd(Ld, L, µ).

In this channel, the partition function is computing the trace of e−β(H−1/12) over the

defect Hilbert space. We will parameterize the spatial direction x ∈ [0, L) and place the

defect at x = 0. From (5.2.18), we learn that a c1-defect will impose the following twisted

boundary condition at x = 0ϕ(L)
ϕ′(L)

 =

 1 0

−c1 1

ϕ(0)
ϕ′(0)

 . (5.8.1)

For c1 > 0, the eigenfunctions satisfying the above boundary conditions fall into two classes.

The first class is

ψIn(x) =
√
2 sin

(
2πn

L
x

)
, n ∈ Z>0 . (5.8.2)

Notice that these eigenfunctions satisfy the boundary condition (5.8.1) as ψIn(0) = ψIn(L) = 0

and ψI′n (0) = ψI′n (L), and are independent of the coupling c1.

The second class is

ψIIω (x) = A(ω)(cos(ωx) + cos(ω(L2 − x))) , (5.8.3)

where the normalization factor A(ω) =
√

ωL
2(ωL+sin(ωL))

and ω > 0 satisfies

2ω tan

(
ωL

2

)
= c1 . (5.8.4)
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As one can see, the second class depends continuously on the coupling c1, and the modes

can be viewed as the flows of the periodic eigenfunctions
√
2 cos(2πnx

L
) (n ∈ Z≥0) for c1 = 0.

Therefore, we can naturally use ωn (n ≥ 0) to denote solutions at positive c1.

It is notable that the zero mode ψ = const. at c1 = 0 is lifted upon turning on the

coupling, which we take to be positive. Furthermore, at small c1, the leading behavior of

ω0 as a function of c1 is distinct from the other ωn’s, as one can see in Figure 5.9. It is

0 1 2 3 4

c1 L

4 π
0.0

0.5

1.0

1.5

2.0

2.5

3.0

ω L

2 π

Figure 5.9: Here, we plot the first three solutions to the equation (5.8.4) as a function of the

coupling c1. Notice that we have rescaled ω and c1 with 1
L
so that they are dimensionless.

straightforward to check that at small c1 the solutions ωn admit an expansion in c1:

ω0 =

√
c1
L

(
1− c1L

24
+O(c21)

)
, ωn =

2πn

L
+

c1
2nπ

+O(c21) , n > 0 . (5.8.5)

In the limit where c1 →∞, all the solutions ωn have the same behavior:

ωn →
2π

L

(
n+

1

2

)(
1− 4π

c1L
+O

(
1

c21

))
, c1 →∞ . (5.8.6)
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For finite c1 one can see in Figure 5.9 that as n gets larger ωn slowly approaches
(
n+ 1

2

)
2π
L
.

We can also write down an expansion for large n at fixed c1:

ωn =
2πn

L
+

c1
2nπ

+O

(
1

n2

)
. (5.8.7)

On the other hand, if c1 < 0, the system is pathological because one eigenfunction will

have imaginary ω. It’s not hard to see this as the perturbative expansion (5.8.5) holds for

negative c1 as well, and ω0 becomes imaginary when turning on small negative c1. For finite

negative c1, the function 2ix tan
(
ixL
2

)
= −2x tanh

(
ωL
2

)
remains negative and monotonically

decreasing for x > 0, thus (5.8.4) always has a purely imaginary solution when c1 < 0.

Quantization of this mode either leads to non-unitarity or an energy spectrum unbounded

from below. Thus, we will only consider the case where c1 > 0.

Once we understand the eigenfunctions, it is straightforward to construct the defect

Hilbert space, as the states are formed from the harmonic oscillators with frequencies given

by the ωn’s from the eigenfunctions. Naively assembling the partition functions of each

oscillator together, we find

Zd(Ld, L) =

(
∞∏
n=1

q
n
2

1− qn

)(
∞∏
n=0

q
ωnL
4π

1− q ωnL
2π

)
, (5.8.8)

where q = e−2π
Ld
L . Notice that the factor arising from the vacuum energy of the oscillators:

q
∑

n=1
n
2
+
∑

n=0
ωnL
4π , (5.8.9)

is divergent and therefore requires regularization. We split it into three parts as

1

2

∞∑
n=1

n+
1

2

∞∑
n=0

ωnL

2π
=

∞∑
n=1

n+
c1L

8π2

∞∑
n=1

1

n
+

L

4π

(
ω0 +

∞∑
n=1

(
ωn −

2πn

L
− c1

2nπ

))
.

(5.8.10)

The first piece is regularized using familiar ζ-function regularization, and leads to − 1
12
. The

second piece diverges logarithmically, and we regulate it by considering an energy cut-off at
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Λ; since the momentum is measured in the unit of 1
L
, this will cut the infinite sum at ΛL.

Then we add a counter term along the defect

c1
4π

∫
dt log

(
Λ

µ

)
, (5.8.11)

where µ is the RG scale. Taking the limit Λ→∞, we find

lim
Λ→∞

[
−c1L
8π2

log

(
Λ

µ

)
+
c1L

8π2

ΛL∑
n=1

1

n

]
=
c1L

8π2
[γ + log(µL)] , (5.8.12)

where γ is the Euler–Mascheroni constant. The remaining part of (5.8.10) is finite as one

can see from (5.8.7) and numerically verify. To summarize, the partition function computed

in this channel is

Zd(Ld, L, µ) = e−
c1Ld
4π

(γ+log(µL))q−
1
12

+ L
2π
E0(c1)

∞∏
n=0

(
1− q

ωnL
2π

)−1 ∏
m>0

(1− qm)−1

= e−
c1Ld
4π

(γ+log(µL)) q
− 1

24
+ L

2π
E0(c1)

η(q)

∞∏
n=0

1

1− q ωnL
2π

,

(5.8.13)

where the constant E0(c1) represents the shifted ground state energy

E0(c1) =
ω0

2
+

1

2

∞∑
n=1

(
ωn −

2πn

L
− c1

2nπ

)
. (5.8.14)

As a consistency check, one can also compute the partition function from the path integral

by expanding the scale field ϕ(t, x) using the eigenfunctions described above. The path

integral then reduces to a infinite product of Gaussian integrals, which can then be regulated

following the same approach taken for a free scalar field [79]. This reproduces the result

(5.8.13), and after a further regularization leads to the same final result (5.8.13).

To conclude, we want to quickly point it out that the coefficient − c1L
4π

in front of the

− c1L
4π

log(µL) term can be viewed as the anomalous dimension of the c1-defect. This way of

computing anomalous dimension can be generalized to the case where both c1 and c2 are

activated. In this case, the twisted boundary condition is given byϕ(L)
ϕ′(L)

 =

 (2−c2)2
4−c22

0

− c1
4−c22

(2+c2)2

4−c22

ϕ(0)
ϕ′(0)

 , (5.8.15)
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and the equation for the eigenvalues become

2ω tan

(
ωL

2

)
= c1 +

c22
2
ω cot

(
ωL

2

)
. (5.8.16)

Notice that the equations can be solved exactly when c1 = 0, and for large ω they admit a

similar expansion as (5.8.5) (where for simplicity we assume c2 > 0)

ωn = +
2

L

(
arctan

(c2
2

))
+

2πn

L
+

c1
4 + c22

1

nπ + arctan(c2/2)
+O(c21) , n ≥ 0 ,

ω′
n = − 2

L

(
arctan

(c2
2

))
+

2πn

L
+

c1
4 + c22

1

nπ + arctan(c2/2)
+O(c21) , n > 0 .

(5.8.17)

Then the logarithmic divergence in the zero point energy sum contributes to the partition

function as

exp

(
−Ld

2

(
∞∑
n=0

ωn +
∞∑
n=1

ω′
n

))

⊃ exp

(
−Ld

2

(
Λ∑
n=0

c1
4 + c22

1

nπ + arctan(c2/2)
+

Λ∑
n=1

c1
4 + c22

1

nπ + arctan(c2/2)

))

≃ exp

(
−c1Ld

4π

1

1 + c22/4
log(Λ)

)
.

(5.8.18)

Thus, we see that the anomalous dimension for a c1, c2-defect is given by − c1Ld

4π
1

1+c22/4
, match-

ing the calculation in (5.4.7).

5.8.2 Torus partition function with the space-like defect

Next, we compute the same torus partition function but now as a trace in the dual channel

where Euclidean time is taken run transverse to the defect, as shown in figure 5.10. We

emphasize that this is precisely the same setup as in Figure 5.8, and we are simply identifying

Euclidean time differently than before. Naturally, we expect to get the same answer as

(5.8.13); nevertheless, for the moment we will use Zo to denote the corresponding result.

The calculation can be computed using either the Hamiltonian approach or the path-integral

approach; below we demonstrate explicitly the Hamiltonian approach and briefly sketch on

the path integral computation.
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Ld

L
c1-defect

τ

Figure 5.10: In the dual channel, we choose the Euclidean time to run transversely to the

c1-defect, and the result computed in this channel is denoted as Zd(Ld, L, µ).

Because the defect is placed along the spatial direction, it should be treated as an operator

insertion that does not change the Hilbert space but rather acts on it. Because of this, we

take the familiar expansion of the free scalar field, ϕ(x, t) =
∑

n φn(t)e
2πinx
Ld , to get the free

Hamiltonian (and use the ζ-function to regularize the vacuum energy)

Hfree = −
π

6Ld
+

1

2Ld
π̂2
0 +

2π

Ld

∑
n>0

n(b̂†nb̂n + d̂†ndn) , (5.8.19)

as well as the defect operator

e−Sd = exp

(
−c1Ld

2
φ̂2
0 −

c1Ld
4π

∑
n>0

1

n
(b̂†n − d̂n)(b̂n − d̂†n)

)
. (5.8.20)

Here, the b̂n, b̂
†
n’s and d̂n, d̂

†
n’s represent creation and annihilation operators of harmonic

oscillators with normalization [b̂n, b̂
†
n] = [d̂n, d̂

†
n] = 1, and π̂0 and φ̂0 represent the momentum

and the coordinate of the zero mode. Note that the defect operator effectively introduces a

mass term for the zero mode.

The torus partition function in this channel may be computed by inserting a complete

basis of states (formed by the eigenstates of the free Hamiltonian Hfree) in the trace

Zo(Ld, L, µ) = Tr(e−Sde−LHfree) =
∑
ψ,ϕ

⟨ψ|eSd |ϕ⟩⟨ϕ|e−LHfree|ψ⟩ , (5.8.21)

where again the RG scale µ will be introduced shortly. It is useful to note that the defect

operator e−Sd only mixes the two oscillators labeled by the same n, thus the partition function
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factorizes. The contribution for a given n can be computed by expanding e−
c1
4πn

(b̂†n−d̂n)(b̂n−d̂†n)

and use [b̂†n − d̂n, b̂n − d̂†n] = 0. We find
∞∑

ℓ,ℓ̃=0

⟨ℓ, ℓ̃|e−
c1Ld
4πn

(b†n−dn)(bn−d†n)|ℓ, ℓ̃⟩q̃nℓ+nℓ̃ =
[
(1− q̃n)

(
1 +

c1Ld
4πn

− q̃n
(
1− c1Ld

4πn

))]−1

,

(5.8.22)

where q̃ = e
−2π L

Ld . And the contribution from the zero mode is√
1

2π

∫
dπ0⟨π0|e−

c1Ld
2

φ̂2
0|π0⟩e

−π2
0L

2Ld =
1

2π

∫
dπ0dφ0⟨π0|e−

c1Ld
2

φ2
0 |φ0⟩⟨φ0|π0⟩e

−π2
0L

2Ld =
1√
c1L

.

(5.8.23)

Combining everything together, we find the partition function is given by

1√
c1L

q̃−
1
12

∞∏
n=1

1

(1− q̃n)(1 + c1Ld

4πn
− q̃n(1− c1Ld

4πn
))
, (5.8.24)

where the factor q̃−
1
12 comes from the vacuum energy term in Hfree. The above expression

contains a similar divergent term, which can be seen by writing

∞∏
n=1

1

1 + c1Ld

4πn
− q̃n(1− c1Ld

4πn
)
= exp

[
−
∑
n>0

log

(
1 +

c1Ld
4πn

− q̃n
(
1− c1Ld

4πn

))]

=exp

[
−
∑
n>0

c1Ld
4πn

(
1 +O

(
1

n

))]
,

(5.8.25)

and we will regularize it in the same way as in the previous calculation. Namely, we first

introduce the same UV cut-off at energy Λ. But because the energy is measured in unit of

1
Ld
, this would instead cut the infinite sum at ΛLd. Next, we introduce the same counter

term
c1
4π

∫
dt log

(
Λ

µ

)
, (5.8.26)

and taking the limit Λ→∞ then leads to

lim
Λ→∞

[
c1Ld
4π

log

(
Λ

µ

)
− c1Ld

4π

ΛLd∑
n=1

1

n

]
= −c1Ld

4π
[γ + log(µLd)] . (5.8.27)

The partition function is then given by

Zo(Ld, L, µ) = e−
c1Ld
4π

(γ+log(µLd))
1√
c1L

q̃−
1
24

η(q̃)

∞∏
n=1

e
c1Ld
4πn

1 + c1Ld

4πn
− q̃n(1− c1Ld

4πn
)
, q̃ = e

−2π L
Ld .

(5.8.28)
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As a consistency check, let’s consider the vacuum expectation value from (5.8.28), which can

be obtained from the coefficient of the leading term in the q̃-expansion:

⟨e−Sd⟩ = e−
c1Ld
4π

(γ+log(µLd))
1√
c1L

∞∏
n=1

e
c1Ld
4πn

1 + c1Ld

4πn

=
e−

c1Ld
4π

log(µLd)

√
c1L

Γ

(
1 +

c1Ld
4π

)
, (5.8.29)

The path integral calculation can be done by expanding the scalar field ϕ(x, t) using periodic

functions and treat the defect operator e−Sd as an operator insertion in the Gaussian integral.

It is straightforward to check that it reproduces the same unregularized result (5.8.24).

5.8.3 Matching the two calculations

As pointed out, since we are computing the same configuration with the same counter terms,

we expect the result Zd(Ld, L, µ) and Zo(Ld, L, µ) to match exactly:

Zd(Ld, L, µ) = Zo(Ld, L, µ) . (5.8.30)

This equality amounts to the claim

e−
c1Ld
4π

(γ+log(µL)) q
− 1

24
+ L

2π
E0(c1)

η(q)

∞∏
n=0

1

1− q ωnL
2π

=e−
c1Ld
4π

(γ+log(µLd))
1√
c1L

q̃−
1
24

η(q̃)

∞∏
n=1

e
c1Ld
4πn

1 + c1Ld

4πn
− q̃n(1− c1Ld

4πn
)
.

(5.8.31)

The RG scale µ automatically cancels out from both sides, and leads to

q−
1
24

+ L
2π
E0(c1)

η(q)

∞∏
n=0

1

1− q ωnL
2π

=

(
L

Ld

) c1Ld
4π q̃−

1
24

η(q̃)

∞∏
n=1

e
c1Ld
4πn

1 + c1Ld

4πn
− q̃n(1− c1Ld

4πn
)
. (5.8.32)

Let’s first check (5.8.32) at the leading order of c1. Keeping the leading term on both

sides, we find

LHS =

√
L

c1

1

Ld

1

|η(q)|2
(1 +O(c1)) , q = e−2π

Ld
L ,

RHS =
1√
c1L

1

η(q̃)2
(1 +O(c1)) , q̃ = e

−2π L
Ld .

(5.8.33)
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The modular property of η(q) (that is, η(q̃) =
√
Ld/Lη(q)) implies the two sides agree at

the leading order. This agreement has a simple interpretation, that is, at the leading order,

the c1-defect provides a mass-like regulator of the zero mode. This regulator is only modular

covariant as it soaks up the modular transformation of the partition function of the oscillator

modes to ensure the full partition function is modular invariant at this order.

To see the effect of the anomalous dimension
(
L
Ld

) c1Ld
4π

, we have to consider the next

order correction. Using

e
c1Ld
4πn

1 + c1Ld

4πn
− q̃n(1− c1Ld

4πn
)
=

1

1− q̃n

(
1− c1Ld

2πn

q̃n

1− q̃n
+O(c21)

)
, (5.8.34)

we find

RHS =
1√
c1L

1

|η(q̃)|2

[
1− c1Ld

2π

(
1

2
log

(
L2

L

)
+

∞∑
n=1

1

n

q̃n

1− q̃n

)
+O(c21)

]

=
1√
c1L

1

|η(q̃)|2

[
1− c1Ld

2π

(
− π

12

L

Ld
+

1

2
log

(
Ld
L

)
− log(η(q̃))

)
+O(c21)

]
,

(5.8.35)

where we have used

∞∑
n=1

1

n

q̃n

1− q̃n
=

∞∑
n,m=1

1

n
q̃nm = −

∞∑
m=1

log(1− q̃m) = − π

12

L

Ld
− log(η(q̃)) . (5.8.36)

To derive the first order correction in c1 on the LHS of (5.8.32), first notice that from

(5.8.5) we have

q
ω0L
4π

1− q
ω0L
2π

=
1

Ld

√
L

c1

(
1 +

c1Ld
2π

π

12

(
L

Ld
− Ld

L

)
+O(c21)

)
, (5.8.37)

and
1

1− q ωnL
2π

=
1

1− q̃n

(
1− c1Ld

2nπ

qn

1− qn
+O(c21)

)
, n > 0 , (5.8.38)

where q = e−2π
Ld
L . Combining these contributions, we find

LHS =
1

Ld

√
L

c1

1

|η(q)|2

[
1− c1Ld

2π

(
− π

12

L

Ld
− log(η(q))

)
+O(c21)

]
=

1√
c1L

1

|η(q̃)|2

[
1− c1Ld

2π

(
− π

12

L

Ld
+

1

2
log

(
Ld
L

)
− log(η(q̃))

)
+O(c21)

]
,

(5.8.39)
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(a) c1L = 0.1

c1L=2

0 5 10 15 20 25 30

Ld

L
0.0

0.5

1.0

1.5

2.0

Zd (Ld , L, μ)

Zo (Ld , L, μ)

(b) c1L = 2

c1L=20

0 5 10 15 20 25 30

Ld

L
0.0

0.5

1.0

1.5

2.0

Zd (Ld , L, μ)

Zo (Ld , L, μ)

(c) c1L = 20

Figure 5.11: Numerical verification of (5.8.32), where we fix c1L = 0.1, 2, 20 and plot

Zd(Ld,L,µ)
Zo(Ld,L,µ)

as a function Ld

L
(recall that the ratio does not depends on the RG scale µ).

where we find agreement with (5.8.35) after using the modular property of the Dedekind

η-function η(q) =
√
L/Ldη(q̃).

To conclude, we consider numerical verification of (5.8.32). To do so, we fix the value of

c1L and plot the ratio (recall that the ratio does not depend on µ)

Zo(Ld, L, µ)

Zd(Ld, L, µ)
(5.8.40)

as a function of Ld

L
. We find a nice numerical match of (5.8.32) as shown in Figure 5.11.

5.8.4 Cardy formulas

The modular invariance of a CFT with compact spectrum relates the high and low tempera-

ture limits, allowing one to estimate the asymptotic growth of the density of states, yielding

a Cardy formula [125]. Though we consider a non-conformal defect, we can apply the same

reasoning by computing the partition function in the two different channels.
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5.8.4.1 Review of the standard Cardy formula

Let us first recall the derivation in the case of a generic compact CFT with finite central

charge c. Its partition function on a square torus is defined as

Z(Ld, L) =

∫ ∞

0

dE ρ(E)e−Ld(E− πc
6L

) (5.8.41)

where ρ(E) is the density of states, and we use Ld to denote the length of the Euclidean

time cycle, and L denotes the length of the spatial circle, even though no defect is inserted.

Modular invariance implies that Z(Ld, L) = Z(L,Ld), and in the limit Ld

L
→ 0, Z(L,Ld) ≃

e
πL
6Ld and we find ∫ ∞

0

dE ρ(E)e−LdE ≃ e−
πcLd
6L e

πcL
6Ld . (5.8.42)

The inverse Laplace transformation ρ0(E) of the RHS then describes the asymptotic growth

of ρ(E) in the sense that ∫ Emax

0
dE ρ(E)∫ Emax

0
dE ρ0(E)

→ 1 , Emax →∞ . (5.8.43)

The inverse Laplace transformation

ρ0(E) =
1

2πi

∫ i∞

−i∞
dLd e

ELd+
πcL
6Ld

−πcLd
6L (5.8.44)

can be evaluated using the saddle point approximation. Upon changing variable Ld =
iz√
E
,

the integral becomes

ρ0(E) =
1

2π
√
E

∫ ∞

−∞
dz e

√
E(iz− iπcL

6z
)+ iπc

6
√
EL

z
, (5.8.45)

and the large E saddle point can be seen from

iz − iπcL

6z
=

√
2πcL

3
−
√

6

πcL
(z − z0)2 + . . . (5.8.46)

where z0 = −i
√

πcL
6
. Evaluating the integral around z0 leads to

ρ0(E) =

(
cL/2π

48E3

)1/4

e2π
√

cEL/2π
3

(
1 +O

(
1√
cEL

))
. (5.8.47)
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Notice that we have neglected the term e
iπc

6
√
EL

z
in the integral for the following reasons.

First, while it modifies the location of the saddle point, the leading error is of order c5/2

(EL)3/2

which is negligible compared to the leading error of the saddle point approximation. Second,

the leading order contribution of e
iπc

6
√
EL

z
at the saddle point is of order c

3
2√
EL

which is again

negligible as it belongs to O
(

1√
cEL

)
(recall that we have assume that c is finite therefore of

order O(1)).

5.8.4.2 Defect Cardy formula

We can similarly derive a Cardy formula for the spectrum of the Hamiltonian acting on the

Hilbert space of the c1 defect. In this case, the relation (5.8.32) relates the density of states

ρc1(E) of the defect Hilbert space to the high temperature limit of the partition function in

the following way. First, expanding η(q) on the LHS of (5.8.32) leads to

q−
1
12

+ L
2π
E0(c1)

[
∞∏
n=1

(1− qn)−1

∞∏
n=0

(1− q
ωnL
2π )−1

]
=

(
L

Ld

) c1Ld
4π q̃−

1
24

η(q̃)

∞∏
n=1

e
c1Ld
4πn

1 + c1Ld

4πn
− q̃n(1− c1Ld

4πn
)
,

(5.8.48)

and the two infinite products on the LHS can be expressed using the density of states ρc1(E)[
∞∏
n=1

(1− qn)−1

∞∏
n=0

(1− q
ωnL
2π )−1

]
=

∫ ∞

0

ρc1(E)e
−ELddE , (5.8.49)

where we have chosen the ground state energy to be E = 0. This implies that∫ ∞

0

ρc1(E)e
−ELddE = q

1
12

− L
2π
E0(c1)

(
L

Ld

) c1Ld
4π q̃−

1
24

η(q̃)

∞∏
n=1

e
c1Ld
4πn

1 + c1Ld

4πn
− q̃n(1− c1Ld

4πn
)
, (5.8.50)

and in the high temperature limit Ld

L
→ 0, the RHS is dominated by the contribution from

the vacuum state, and we find∫ ∞

0

ρc1(E)e
−LdE ≈ 1√

c1L
eLd(E0(c1)− π

6L)e
− c1Ld

4π
log

(
Ld
L

)
e

πL
6Ld e

c1Ldγ

4π Γ

(
1 +

c1Ld
4π

)
,

Ld
L
→ 0 .

(5.8.51)

Inverse Laplace transformation of the RHS of (5.8.51) then leads to an approximate

density of state ρc1,0(E) capturing the asymptotic behavior of ρc1 . However, since now we
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have two dimensionless parameters EL and c1L, the result of the saddle point approximation

will then depends on the relation between E and c1.

c1L = O(1)

Let us first consider the simplest case where c1L = O(1), which is to say that c1L is held

fixed at a nonzero value of order 1 while we take EL ≫ 1. To evaluate the saddle point

approximation only requires EL ≫ 1, and it is straightforward to check that the saddle

point remains the same as the usual Cardy case, and we find

ρc1,0(E) =
1√
c1L

(
L/2π

48E3

)1/4

e
√

π
6EL

c1L
8π

log( 6EL
π )e2π

√
EL/2π

3

(
1 +O

(
1√
EL

))
, EL≫ 1 .

(5.8.52)

Notice that the factor e
√

π
6EL

c1L
8π

log( 6EL
π ) is kept as the next leading term in its expansion is

of order logE√
E
.

On the other hand, when c1L ≫ 1, we must carefully discuss the relation between c1L

and EL. As we will demonstrate, there are three regimes as shown in Figure 5.12.

EL ≫ (c1L)2 ≫ 1

Let us first consider the first regime EL≫ (c1L)
2 ≫ 1. In the case, we can still take the

saddle point to be the same as the previous conventional Cardy case, and the saddle point

approximation leads to a similar result as (5.8.52)

ρc1,0(E) =
1√
c1L

(
L/2π

48E3

)1/4

e
√

π
6EL

c1L
8π

log( 6EL
π )e2π

√
EL/2π

3

(
1 +O

(
c1L√
EL

))
, EL≫ (c1L)

2 ≫ 1 ,

(5.8.53)

except now the leading error is of the order O
(

c1L√
EL

)
.

c1L ≫ EL ≫ 1 and comparison to Dirichlet defect

Another interesting regime that can be computed is where c1L≫ EL≫ 1, which can be

analyzed by expanding the RHS of (5.8.51) for large c1L, and inverse Laplace transforming
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EL

(c1L)
2

c1L

EL≫ (c1L)
2

c1L≪ EL≪ (c1L)
2

1≪ EL≪ c1L

Figure 5.12: There are three regimes when c1L ≫ 1. When EL ≫ (c1L)
2, the asymptotic

density of states take a similar form (5.8.53) as in the case c1L = O(1). When 1 ≪ EL ≪

c1L, the asymptotic density of states can be approximated by the asymptotic density of

states of a Dirichlet defect as in (5.8.57). Finally, the regime where c1L ≪ EL ≪ (c1L)
2 is

hard to compute analytically.

the leading term. The leading order contribution of expanding (5.8.51) can be computed

by taking c1L → +∞; alternatively, it can be computed using the fact that c1 = +∞

corresponds to Dirichlet defect.

To be more concrete, let’s consider the massless scalar with boundary conditions ϕ(x =

0) = ϕ(x = L) = 0. The allowed mode solutions are then given by

ϕn(x) = sin
(πn
L
x
)
, n = 1, 2, · · · , (5.8.54)

with allowed frequency ωn = πn
2
. Notice this can also be derived from taking c1 → ∞

limit for the two classes of modes discussed in Section 5.8.1. The torus partition function

computing the trace over defect Hilbert space can then be straightforwardly computed as

ZDir(Ld, L) =
∞∏
n=1

q
1
4
n

1− q 1
2

= q−
1
48

∞∏
n=1

(1− q
n
2 ) = η(q

1
2 ) , q = e−2π

Ld
L , (5.8.55)

where we have regularized the zero point energy using
∞∑
n=1

n = − 1

12
. The high temperature
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limit of the dual channel can then be established using the modular property of the Dedekind

eta function, and we find∫ ∞

0

ρc1=∞(E)e−ELddE ≈
√
Ld
2L
e

πL
6Ld e−

πLd
24L ,

Ld
L
→ 0 . (5.8.56)

From this, we conclude that the asymptotic density of states in the regime c1L ≫ EL ≫ 1

can be approximated by the inverse Laplace transformation of the RHS of (5.8.56)

ρc1,0(E) =
1

4
√
3E

e2π
√

EL/2π
3

(
1 +O

(
EL

c1L

)
+O

(
1√
EL

))
, c1L≫ EL≫ 1 . (5.8.57)

To conclude, we want to point out that this analysis implies that the leading order term in

the large c1 expansion of the RHS of (5.8.51) must agree with the (5.8.56). In the following,

we will show that this is indeed the case up to O(1) number in the c1L → ∞ limit as a

consistency check. Using the Stirling approximation, it is straightforward to write the RHS

of (5.8.51) as

1√
c1L

eLd(E0(c1)− π
6L)e

− c1Ld
4π

log
(

Ld
L

)
e

πL
6Ld e

c1Ldγ

4π Γ

(
1 +

c1Ld
4π

)
=

√
Ld
2L
e

πL
6Ld exp

[
Ld

(
E0(c1)−

π

6L
+
c1
4π

log

(
c1L

4π

)
− c1

4π
(1− γ)

)](
1 +O

(
1

c1Ld

))
.

(5.8.58)

To match with the calculation from the Dirichlet defect (5.8.56), we must have

E0(c1) = −
c1
4π

log

(
c1L

4π

)
+
c1
4π

(1− γ) + π

8L
+O

(
1

c1L2

)
, c1L→∞ . (5.8.59)

To study this, let’s recall that

E0(c1) =
ω0

2
+

1

2

∞∑
n=1

(
ωn −

2πn

L
− c1

2πn

)
. (5.8.60)

To estimate its large c1 behavior, we notice that the expansion (5.8.5) is valid when n≫
√
c1L

while the expansion (5.8.6) is valid when n ≪ c1L. In the region
√
c1L ≪ n ≪ c1L, both

expansions are simultaneously valid.

Thus, we consider split the infinite sum at N = ϵc1L into two pieces

E0(c1) =
ω0

2
+

1

2

N∑
n=1

(
ωn −

2πn

L
− c1

2πn

)
+

1

2

∞∑
n=N+1

(
ωn −

2πn

L
− c1

2πn

)
(5.8.61)
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where ϵ is chosen such that
√
c1L≪ ϵc1L≪ c1L. Notice that even though this implies that

1√
c1L
≪ ϵ≪ 1, we still consider ϵ as being independent of c1L.

The first two terms in (5.8.61) we estimate using the expansion (5.8.6), which leads to

ω0

2
+

1

2

ϵc1L∑
n=1

(
ωn −

2πn

L
− c1

2πn

)

=
π

2L
+

1

2

ϵc1L∑
n=1

(
− 8π2

c1L2
n+

π

L

(
1− 4π

c1L

)
− c1

2nπ

)
+O

(
1

c1L2

)
=− c1

4π
log(c1L) + c1

(
− 1

4π
log ϵ− γ

4π
+O(ϵ)

)
+
( π
2L

+O(ϵ)
)
+O

(
1

c1L2

)
.

(5.8.62)

To estimate the last term, we use the expansion (5.8.5), and to compute the O(c1) and O(1)

contribution, one must use a more detailed version of (5.8.5)

ωn −
2πn

L
− c1

2nπ
=− L

8π3n3
c21

+

(
− L2

96π3n3
+

L2

16n5π5

)
c31

+

(
+

L3

96n5π5
− 5L3

128n7π7

)
c41

+

(
+

L4

2560n5π5
+O

(
1

n7

))
c51

+

(
− 23

30720n7π7
+O

(
1

n9

))
c61

+ · · ·

+

(
α2m

L2m−1

n2m+1
+O

(
1

n2m+3

))
(c1)

2m

+

(
2(−1)m

(2m+ 1)(4π)m
L2m

n2m+1
+O

(
1

n2m+3

))
(c1)

2m+1

+ · · · .

(5.8.63)

As we will see shortly, the order O(c1) contribution arises from the term of the form
∞∑

n=ϵc1L1+1

(c1)
2m+1

n2m+1
while the orderO(1) contribution arises from the term of the form

∞∑
n=ϵc1L1+1

(c1)
2m

n2m+1
.

But because we do not have a generic expression for the coefficients α2m of the latter term,

we only managed to compute explicitly the order O(c1) contribution.
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To see this, we notice that

∞∑
n=ϵc1L1+1

1

np
=

(−1)p

(p− 1)!
ψ(p−1)(ϵc1L1 + 1) =

1

p− 1

1

(ϵc1L)p−1

(
1 +O

(
1

ϵc1L

))
, (5.8.64)

thus the order O(c1) contribution of the second sum is given by

1

2

∞∑
n=ϵc1L+1

ωn −
2πn

L
− c1

2nπ

=
c1
4π

∞∑
m=1

(−1)m

2m(2m+ 1)

(
1

4πϵ

)2m

+O(1)

=
c1
4π

(1 + log (4πϵ) +O(ϵ)) +O(1) ,

(5.8.65)

where the last result is acquired by explicitly summing over m (which we omit for simplicity)

and then expand near small ϵ.

Combining the two results, we find that the result correctly matches the expected be-

havior (5.8.59) up to an order 1 number:

E0(c1) = −
c1
4π

log

(
c1L

4π

)
+
c1
4π

(1− γ) +O(1) . (5.8.66)

5.9 Spacelike c1 defect and quench

In this section we consider time evolution on the Lorentzian plane in the presence of a

spacelike defect. For t < 0 the scalar field is in its standard (no defect) vacuum state. A

spacelike defect is then inserted at t = 0, leading to an excited state at t > 0. We compute

this excited state, along with the two-point scalar correlator and stress tensor expectation

value therein. This is a particular example of a quench, described by an instantaneous change

in the Hamiltonian.

5.9.1 In and out vacuum states for the general defect

In the presence of a spacelike defect inserted at t = 0, there are two types of in modes which

are either left or right moving purely positive frequency waves for t < 0. To find them, we
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can plug the ansatz

ϕωin,L =


t < 0 : N e−iωv

t > 0 : N (Ae−iωv +Beiωu)

, ϕωin,R =


t < 0 : N ′ e−iωu

t > 0 : N ′ (A′e−iωu +B′eiωv)

(5.9.1)

where u = t− x, v = t+ x, into the matching conditionϕ(t = 0+, x)

ϕ̇(t = 0+, x)

 =

a b

c d

ϕ(t = 0−, x)

ϕ̇(t = 0−, x)

 , ad− bc = 1 (5.9.2)

and normalise them so their KG inner products (5.6.3) are,

(ϕωL,in, ϕ
ω′

L,in) = 2πδ(ω − ω′) = (ϕωR,in, ϕ
ω′

R,in), all other inner products = 0 . (5.9.3)

Note that the condition ab− bc = 1 is necessary (and sufficient) for conservation of the KG

inner product across the defect. The resulting in modes are

ϕωin,L =


t < 0 : 1√

2ω
e−iωv

t > 0 : 1√
2ω

(Aωe
−iωv +Bωe

iωu)

(5.9.4)

ϕωin,R =


t < 0 : 1√

2ω
e−iωu

t > 0 : 1√
2ω

(Aωe
−iωu +Bωe

iωv)

(5.9.5)

where

Aω =
1

2

(
− c

iω
+ a+ d− iωb

)
= t−1

ω

Bω =
1

2

( c
iω

+ a− d− iωb
)
=
rvω
tω

(5.9.6)

where rω and tω are the reflection and transmission coefficients given in Eq. (5.6.5). While

Aω doesn’t vanish for the real-valued frequency ω and (a, b, c, d) satisfying ad − bc = 1, Bω

vanishes for the trivial (a = d = 1, b = c = 0) and Z2 (a = d = −1, b = c = 0) defects, as it

is analogous to the reflection coefficients in the presence of the time-like defect.

To quantise the theory we define the in vacuum as

aω|0; in⟩ = 0, bω|0; in⟩ = 0, ∀ω (5.9.7)
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where the only non-trivial commutators between the oscillators are

[aω, a
†
ω′ ] = 2πδ(ω − ω′) = [bω, b

†
ω′ ] . (5.9.8)

Then, one can quantise the scalar field using the in modes (5.9.5) as

ϕ(t, x) =

∫ ∞

0

dω

2π

(
aωϕ

ω
in,L + bωϕ

ω
in,R + h.c.

)
. (5.9.9)

For t > 0, which is the time after the defect insertion, one can single out the positive

frequency modes in the mode expansion

ϕ(t > 0, x) =

∫ ∞

0

dω

2π

[
e−iωv√
2ω

(
Aωaω +B∗

ωb
†
ω

)
+
e−iωu√
2ω

(
B∗
ωa

†
ω + Aωbω

)
+ h.c.

]
≡
∫ ∞

0

dω

2π

(
cω
e−iωv√
2ω

+ dω
e−iωu√
2ω

+ h.c.

) (5.9.10)

where we defined the new oscillators

cω = Aωaω +B∗
ωb

†
ω , dω = B∗

ωa
†
ω + Aωbω . (5.9.11)

From the commutators of old oscillators (5.9.8), it follows that the new oscillators are canon-

ically quantised, i.e.

[cω, c
†
ω′ ] = 2πδ(ω − ω′) = [dω, d

†
ω′ ] . (5.9.12)

These oscillators define the out vacuum state such that

cω|0; out⟩ = 0 , dω|0; out⟩ = 0, ∀ω . (5.9.13)

Due to the appearance of the old creation operators in the new annihilation operators, the

in vacuum state is not annihilated by cω and dω and hence differs from the out vacuum state

for t > 0. Said differently, to an observer at t > 0, the in vacuum state corresponds to an

excited state. To write the in vacuum state in the Fock space basis of the out vacuum w.r.t.

the new oscillators we use an ansatz

|0; in⟩ =
⊗
ω

( ∑
nω ,mω

Cω
nω ,mω

|nω,mω; out⟩

)
, (5.9.14)
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For ease of notation, let’s consider a fixed frequency ω and drop the subscript ω. The

two defining equations of the in vacuum state, i.e. aω|0; in⟩ = bω|0; in⟩ = 0, provide two

relations of the coefficients

A∗
ω

√
m+ 1Cm+1,n = B∗

ω

√
nCm,n−1 ,

A∗
ω

√
nCm+1,n = B∗

ω

√
m+ 1Cm,n−1 .

(5.9.15)

which are solved as

Cn,m = δn,m

(
B∗
ω

A∗
ω

)n
C0,0 = δn,m

(
bω2 − i(a− d)ω + c

bω2 − i(a+ d)ω − c

)n
C0,0 . (5.9.16)

Hence the in vacuum state is

|0; in⟩ =
∏
ω

exp

(
1

2π

bω2 − i(a− d)ω + c

bω2 − i(a+ d)ω − c
c†ωd

†
ω

)
Cω

0,0|0; out⟩ . (5.9.17)

where Cω
0,0 are normalisation constants which should be fixed so that ⟨0; in|0; in⟩ = 1. For

example, for the c1 defect (a = d = 1, b = 0, c = c1)

|0; in⟩ =
∏
ω

exp

(
− 1

2π

c1
2iω + c1

c†ωd
†
ω

)
Cω

0,0|0; out⟩ . (5.9.18)

5.9.2 Correlation functions

The scalar two-point correlation function is a solution of the field equation subject to the

matching condition. When both points are below the defect, i.e. t1,2 < 0, the correlation

function in the in vacuum state is the standard free theory correlation function

⟨in|ϕ(t1, x1)ϕ(t2, x2)|in⟩ = −
1

4π
log
[
m2
(
(x1 − x2)2 − (t1 − t2 − iϵ)2

)]
, (5.9.19)

where the iϵ prescription is chosen so that the correlator is analytic in the lower half t1 − t2

plane, as appropriate for this operator ordering. We will be working in the massless theory

but have introduced m2 in the above as an IR regulator. Due to the discontinuity across the

defect, the two-point function behaves differently depending on whether one or both points
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is (are) placed above or below the defect. There are six different cases:

I : t1 > t2 > 0 , I′ : t2 > t1 > 0 ,

II : t1 > 0 > t2 , II′ : t2 > 0 > t1 ,

III : 0 > t1 > t2 , III′ : 0 > t2 > t1 .

(5.9.20)

Let’s denote the two-point function at Region X = I, · · · , III′ by

fX(t1, x1; t2, x2) ≡ ⟨0; in|ϕ(t1, x1)ϕ(t2, x2)|0; in⟩ . (5.9.21)

When at least one point is above the defect, one can use f III or f III′ and the matching

conditions to fix the “initial data” to the immediate future of the defect and use that to

solve the field equation. Namely, we look for solutions of the initial value problem

φ(x, 0) =φ0(x) , φ̇(x, 0) = v0(x) ,(
∂2t − ∂2x

)
φ = 0

(5.9.22)

where the initial data φ0(x) and v0(x) are obtained by f III or f III′ (5.9.19) and the matching

condition. The solution of d’Alembert [126] is

φ(t, x) =
φ0(x+ t) + φ0(x− t)

2
+

1

2

∫ x+t

x−t
v0(s)ds . (5.9.23)

In Region II (t1 > 0 > t2), the initial data are

φ0(x1) = f III(0, x1; t2, x2) = −
1

4π
log[m2(x12 − t2 − iϵ)(x12 + t2 + iϵ)] ,

v0(x1) = ∂t1f
III(0, x1; t2, x2) + c1f

III(0, x1; t2, x2) ,

(5.9.24)

where x12 ≡ x1 − x2.

Plugging into d’Alembert’s solution (5.9.23), the correlation function is

f II (t1, x1; t2, x2)

= − 1

4π
log
[
m2(u2 − u1 + iϵ)(v1 − v2 − iϵ)

]
+
c1
4π

(u1 + v1)

− c1
8π

[
(v1 − v2) log [m(v1 − v2 − iϵ)] + (u1 + v2) log [m(−u1 − v2 − iϵ)]

+ (v1 + u2) log [m(v1 + u2 + iϵ)]− (u2 − u1) log [m(u2 − u1 + iϵ)]

]
.

(5.9.25)
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Following the same procedure at Region I using f II obtained above, the correlation func-

tion is

f I (t1, x1; t2, x2)

= − 1

4π
log
[
m2 (u2 − u1 + iϵ) (v1 − v2 − iϵ)

]
+
c1
4π

(u1 + v1 + u2 + v2)

− c1
8π

[
(v1 + u2) log

[
m2(v1 + u2)

2 + ϵ2
]
+ (u1 + v2) log

[
m2(u1 + v2)

2 + ϵ2
] ]

+
3c21
16π

(u1 + v1) (u2 + v2)

+
c21
32π

[
(v1 − v2)2 log

[
m2(v1 − v2)2 + ϵ2

]
+ (u1 − u2)2 log

[
m2(u1 − u2)2 + ϵ2

]
− (v1 + u2)

2 log
[
m2(v1 + u2)

2 + ϵ2
]
− (u1 + v2)

2 log
[
m2(u1 + v2)

2 + ϵ2
] ]

.

(5.9.26)

One can also compute these correlation functions in momentum space, starting from

Region III and consecutively applying the matching condition and Fourier transforming

back to the position space.

Using the correlation function, one can compute the energy momentum tensor in the

in-vacuum state. After subtracting off the value in the absence of the defect we have

⟨0; in|Tuu(u)|0; in⟩ − ⟨0; in|Tuu(u)|0; in⟩|c1=0 = lim
u1,u2→u

∂u1∂u2f
I(t1, x1; t2, x2)

=
c21
16π

log
Λ

m
,

⟨0; in|Tvv(v)|0; in⟩ − ⟨0; in|Tvv(v)|0; in⟩|c1=0 = lim
v1,v2→v

∂v1∂v2f
I(t1, x1; t2, x2)

=
c21
16π

log
Λ

m
.

(5.9.27)

where we regulated the UV divergence through the point splitting, |u1−u2| = Λ−1 = |v1−v2|.
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Using these, the energy density and the flux are

⟨0; in|Ttt(u, v)|0; in⟩ − ⟨in|Ttt(u, v)|0; in⟩|c1=0 = [⟨0; in|Tuu(u)|0; in⟩+ ⟨0; in|Tvv(v)|0; in⟩]c1c1=0

=
c21
8π

log
Λ

m
,

⟨0; in|Ttx(u, v)|0; in⟩ = [−⟨0; in|Tuu(u)|0; in⟩+ ⟨0; in|Tvv(v)|0; in⟩]

= 0 .

(5.9.28)

Tuu and Tvv for t > 0 (5.9.27) have no O(c1) term, because such a term comes from a single

interaction vertex on the defect given by c1ϕ(p)ϕ(−p) which contains both left and right

moving particles while Tuu (Tvv) contain only right(left) moving particles. On the other

hand, the O(c21) term comes from two interaction vertices on the defect, allowing two like-

moving fields to contract against each other, leaving two like-moving fields to contribute to

Tuu and Tvv. All higher order vertices are suppressed in the limit Λ→∞.

It is also worth pointing out that for the defect in Euclidean signature we have ⟨Tµν⟩ = 0

at any point not on the defect, as can be easily shown as follows. Conservation implies that

⟨Tzz⟩ can only depend on z = x + it. Taking the defect to extend along t, we must have

that ⟨Tzz⟩ is independent of t by time translation invariance. This implies that ⟨Tzz⟩ is a

constant. But since it must also vanish at infinity, it must vanish at all points off of the

defect. The same holds for ⟨Tzz⟩. Note that it is the last condition of vanishing at infinity

that does not hold for the spacelike quench defect, as this defect creates an excited state

that does not disperse at late times.

5.10 Comments

In this chapter we studied various aspects of codimension-one defects in free scalar field the-

ory. Even in this simplified setting there are many possible extensions that could be pursued.

For example: non-parallel defects; defects with cusps and their associated anomalous dimen-

sions; moving and dynamical defects, and so forth. Going beyond free field theory there
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are a large number of directions, many of which have been studied in the existing literature

in one form or another. For example, one could add dynamical degrees of freedom on the

defect; replace the bulk theory with an interacting CFT such as Liouville theory; couple the

defect to gravity, etc. For many of these cases, our simplified free field theory treatment

should serve as a useful starting point for perturbation theory, where applicable.
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APPENDIX A

Systematics of Boundary Action

A.1 Forms Conventions

For convenience we collect some conventions and useful expressions involving forms which

are used elsewhere in this work. For a general p-form,

ω =
1

p!
ωµ1···µpdx

µ1 ∧ · · · ∧ dxµp , dω =
1

p!
∂νωµ1···µpdx

ν ∧ dxµ1 ∧ · · · ∧ dxµp

=
1

p!
∇νωµ1···µpdx

ν ∧ dxµ1 ∧ · · · dxµp (A.1.1)

so long as the connection ∇ is torsionless. This also implies

1

p!
∂[νωµ1···µp] =

1

(p+ 1)!
(dω)νµ1···µp (A.1.2)

where the antisymmetrization is defined to include a division by the order of the symmetric

group1. The contraction is defined by

iξω =
1

(p− 1)!
ξνωνµ2···µpdx

µ2 ∧ · · · ∧ dxµp , (iξω)µ2···µp = ξνωνµ2···µp . (A.1.3)

We often find it useful to define

(dD−px)µ1···µp =
1

(D − p)!
ϵµ1···µpν1···νD−p

dxν1 ∧ · · · ∧ dxνD−p (A.1.4)

and it is useful to note

iξ(d
D−px)µ1···µp = ξν(dD−(p+1)x)µ1···µpν . (A.1.5)

1For example these conventions imply (dω)αβ = ∂αωβ − ∂βωα.
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With these notations the Hodge star is defined by

⋆ω =

√
|g|

p!(D − p)!
ωµ1···µpϵµ1···µpνp+1···νDdx

νp+1 ∧ · · · ∧ dxνD =

√
|g|
p!

ωµ1···µp(d
D−px)µ1···µp

(A.1.6)

where ϵµ1···µD is the totally antisymmetric numeric array with entries ±1. With this definition

⋆2 = (g)(−1)p(D−p). It is sometimes also convenient to define εµ1···µD =
√
|g|ϵµ1···µD .

One may also show, assuming torsionless connection, that for p+ 1 ̸= D

∇νX
µ1···µD−(p+1)ν(dp+1x)µ1···µD−(p+1)

= d

(
1

D − (p+ 1)
Xµ1···µD−(p+1)ν(dpx)µ1···µD−(p+1)ν

)
.

(A.1.7)

Note there is no factorial in the coefficient. A useful special case of this is p = D− 2 (so dω

is a (D − 1)-form current) is

∇νX
µν(dD−1x)ν = d

(
1

2
Xµν(dD−2x)µν

)
. (A.1.8)

For the special case p = D, if ω = ∇µj
µ
√
|g|dDx, then ω = dJ with J = ⋆j =

√
|g|jµ(dD−1x)µ.

Finally, suppose Σ is a codimension-1 (non-null) surface in M and let ϕ∗ be the pullback

to Σ, as would appear in an integral over Σ. Then

ϕ∗
[√
|g|(dD−1x)µ

]
= σn̂µ(Σ) (A.1.9)

where n̂µ is the unit normal to Σ and σ = n̂µn̂µ depends on whether Σ is timelike or lightlike.

The orientation choice here is (M) = n̂ ∧ (Σ).

A.2 Identically Closed Forms

The Poincaré lemma ensures that if J is any closed form on spacetime then, at least locally,

there exists a potential Q satisfying J = dQ. Though such conserved currents are common

in physics due to Noether’s theorem, the Poincaré lemma is not typically useful because it
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carries no guarantee that Q can be constructed locally from the fields in our theory. Indeed,

for a general current J , Q will indeed be non-local. The exception to this, of course, are the

Noether currents associated to gauge symmetries. These are currents Jξ which are closed for

every possible set of free functions ξ parametrizing the gauge transformation. This additional

ingredient, closure despite depending on an arbitrary function, is what we need to ensure the

potential Qξ can be constructed as a local functional of ξ and the other fields in the theory,

assuming Jξ was local to begin with.

This result has appeared in the physics literature in [127] and [128,129], the latter refer-

ring to the older mathematical literature on the bivariational complex2 where this result is

established by finding a homotopy operator. While [127] is clear on the recursive algorithm

for constructing the potential Qξ, insights from the more mathematical literature on the

utility of higher Euler operators allow us solve the recursion explicitly in a natural way3.

As most of this work only relies on the existence of an algorithm to compute a local Qξ

and not on its details, we state the result as a theorem here4:

Theorem 1 As elsewhere, suppose M is a D-dimensional spacetime, ϕ is some collection

of fields over M , and ξ are some functions over M . Let J be a p-form over M (p < D) and

a local functional of ϕ and ξ, meaning at each point x ∈M it depends on only ϕ and ξ, and

finitely many of their derivatives, at x. Suppose further that dJ = 0 for all free functions ξ

and that J = J0 when ξ = 0. Then there exists a local functional Q of ϕ and ξ such that

J = J0 + dQ.

2See [130,131] for textbook treatments on this perspective.

3This is essentially deriving the homotopy operator, though we will only show that it constructs local

potentials and not that it obeys the stronger property of defining a homotopy operator.

4The original statement in [127] is slightly more general as the ξ are allowed to be sections of an arbitrary

bundle rather than functions, but this is all we will require and allows us to include the statement about

ξ = 0.
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For the interested reader, we have included a short but pedagogical review of how the

algorithm can be derived, by way of a simple example, in section A.2.1. The statement

of the algorithmic procedure can be found in section A.2.2, along with a small notational

dictionary to some other locations in the literature.

A.2.1 Motivation

The idea underlying this algorithm, in this presentation, relies on a simple observation which

can be demonstrated by considering the special case where J is a 2-form which depends only

linearly on the functions ξ up to the first derivative. It is also conceptually simpler to start

with a potential for J , say Q̃, rather than J itself5. Writing Q̃ as an expansion in the

derivative order of ξ we have

Q̃ =
[
Q̃kαξ

k + Q̃µ
kα∂µξ

k
]
dxα

=
[
ξkEk(Q̃α) + ∂µ[ξ

kEµ
k (Q̃α)]

]
dxα (A.2.1)

where in the second line we have integrated by parts until no derivatives act directly on the

ξk. We will refer to the coefficients Eµ1···µr
k (Q̃α) as the Euler coefficients6. Here we would

have

Ek(Q̃α) = Q̃kα − ∂µQ̃µ
kα, Eµ

k (Q̃α) = Q̃µ
kα. (A.2.2)

Since the ξk are free functions, the coefficients in the derivative expansion are unique. Since

there are only finitely many derivatives present we can always convert between the derivative

5This Q̃ will be related to the potential Q we construct in the end, but in general will be different.

The actual algorithm makes no reference to this Q̃, so it’s only purpose here is as a useful intermediary to

motivate the key ideas.

6This language is inherited from the mathematical literature where the Eµ1···µr

k would be called the higher

Euler operators as they are generalizations of the Euler-Lagrange operator which produces the equations of

motion from a Lagrangian.
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and Euler expansions by integration by parts identities, so the Euler expansion must also be

unique7.

Of course, this is merely a rewriting of Q̃, but it’s a rewriting with the advantage that

when we take the differential of Q̃ we find

dQ̃ =
1

1!

[
0 + ∂ρ[ξ

kEk(Q̃α)] + ∂ρ∂µ[ξ
kEµ

k (Q̃α)]
]
dxρ ∧ dxα

=
1

2!

[
ξkEk(dQ̃ρα) + ∂µ[ξ

kEµ
k (dQ̃ρα)] + ∂µ∂ν [ξ

kEµν
k (dQ̃ρα)]

]
dxρ ∧ dxα (A.2.3)

where in the second line we have written the generic Euler expansion for dQ̃ = J . But

because the Euler expansion is unique, the aligned terms must match so

1

2!
Ek(Jρα) = 0,

1

2!
Eµ
k (Jρα) = δµ[ρEk(Q̃α]),

1

2!
Eµν
k (Jρα) = δ

(µ
[ρ E

ν)
k (Q̃α]). (A.2.4)

Throughout this section, antisymmetrization will not include the k index as it’s generically

of a different type. If we were able to invert these equations for the Euler coefficients of Q̃,

we would have determined Q̃ in terms of J .

Unfortunately, we cannot invert these equations, but we don’t need to because J doesn’t

have a unique potential. So really since our goal is to construct a potential for J , we only

need to reconstruct Q̃ up to a closed form. To do this we want to eliminate the Kronecker

deltas, and we may do so by taking a trace between µ and ρ in (A.2.4). We find

1

2!
Eµ
k (Jµα) =

1

2!

(
DEk(Q̃α)− Ek(Q̃α)

)
,

1

2!
Eµν
k (Jµα) =

1

2!2!

(
DEν

k (Q̃α)− Eν
k (Q̃α) + Eν

k (Q̃α)− δναE
µ
k (Q̃µ)

)
. (A.2.5)

The overall factors come from the (anti-)symmetrization and we see that we can classify the

types of terms which appear. If either µ or ρ (or both) appear on the delta, we obtain a

term proportional to an Euler coefficient of Q̃. If both indices do not appear on the delta,

then we obtain a term which still contains a delta. In the case both µ and ρ appear on the

7This is the step which requires the “finite derivative order” part of locality. In [127] it was that the

recursion started with the highest derivative order.
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delta we find the coefficient to be the dimension. If only µ is on the delta we obtain a minus

sign8, if only ρ is on the delta then we obtain a plus sign.

We may rewrite (A.2.5) in the form

Ek(Q̃α) =
1

D − 1
Eµ
k (Jµα).

Eν
k (Q̃α) =

2

D
Eµν
k (Jµα) +

1

D
δναE

µ
k (Q̃µ). (A.2.6)

The second equation does not specify the Euler coefficient9 of Q̃ in terms of only J , but

observe that if we try to build Q̃ back from these expressions we find

Q̃ =

[
1

D − 1
ξkEµ(Jµα) + ∂ν

(
ξk
[
2

D
Eµν
k (Jµα) + 2δναE

µ
k (Q̃µ)

])]
dxα. (A.2.7)

So the term preventing us from completely determining the Euler coefficients of Q̃ in terms

of those of J has collected itself into an exact form! Furthermore, we can see that this

will be a generic conclusion because all of the upper spacetime indices (besides µ which is

already contracted) have to contract on derivatives when we construct the form from the

Euler coefficients. In the “delta type” terms, at least one of these derivatives will therefore

contract on the delta and hence on a form index, making the term a total differential.

This means we can always write Q̃ = Q+dα where α is constructed from all of the “delta

type” terms. Since Q, which is thus constructed entirely from the Euler coefficients of J , is

related to Q̃ by an exact form, both are equally good potentials for J and so there is no loss

in taking Q over Q̃.

8That this observation generalizes to higher forms and more derivatives of ξ is not completely obvious,

but is nonetheless true. The proof is essentially an exercise in combinatorics.

9In fact, the inability to invert these equations is related to the fact that we are really defining a homotopy

operator. If the homotopy operator is denoted h, then Q̃ = hdQ̃+ dhQ̃ = hJ + dhQ̃. The “delta terms” in

our organization of the contraction collects into the second term here as we argue shortly. See e.g. [130] for

a proof that these terms organize into the particular form dhQ̃. These extra terms are not important to our

particular application.
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The generalization to higher form degrees and arbitrary derivative orders in ξ is now

mostly a matter of making sure we get the coefficients on the various terms in the contraction

correct. This is not completely trivial, but a straightforward combinatorics problem, the

main difficulty resting with the result mentioned in Footnote 8.

A.2.2 General algorithm

Suppose that J is an identically closed p-form (p < D) depending on a set of free functions

ξk and finitely many derivatives thereof. We give the algorithm in three steps. First we

state it for the special case where J depends only linearly on ξ and its derivatives. We then

point out the simple generalization to other derivative operators. Finally, we state how the

algorithm for the linear case also gives the solution to the non-linear case.

Since J is linear in ξ and its derivatives, it can always be written in the form

J =
[
Jkα1···αpξ

k + Jµkα1···αp
∂µξ

k + · · ·
]
dxα1 ∧ · · · ∧ dxαp

=
[
ξkEk(Jα1···αp) + ∂µ[ξ

kEµ
k (Jα1···αp)] + · · ·

]
dxα1 ∧ · · · ∧ dxαp (A.2.8)

where in the second line we have integrated by parts to remove all derivatives from ξ. The

Euler coefficients, Eµ1···µr
k (Jα1···µp), are all the data we need to construct a local potential for

J . Note that the upper indices of the Euler coefficients are assumed to be symmetrized.

With this, the potential is given by

Q =
1

(p− 1)!

∑
r=0

r + 1

D − p+ r + 1
∂µ1 · · · ∂µr [ξkE

νµ1···µr
k (Jνα2···αp)]dx

α2 ∧ · · · dxαp (A.2.9)

where the upper bound on the sum over r depends on the derivative order J as it’s a sum over

all of J ’s Euler coefficients. We also take the convention where r = 0 indicates no derivatives

should be taken. The factor of (p−1)! can be absorbed into a contraction against the vector

∂ν to write

Q =
∑
r=0

r + 1

D − p+ r + 1
∂µ1 · · · ∂µr [ξkE

νµ1···µr
k (i∂νJ)]. (A.2.10)
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This formula appears elsewhere in the literature using slightly different notation. In

[129,132] a multi-index notation is used (multi-index notation is also employed in [130,131],

but the conventions are slightly different which makes coefficients look different) wherein (µ)

is a tuple of indices, |µ| is its length, and ((µ)ν) is the concatenation of the tuple (µ) with

the additional index ν. If we further denote Eµ1···µr
k = δ

δξk
(µ)

and i∂νJ = ∂J
∂dxν

then (A.2.10)

may be written compactly as

Q =
|µ|+ 1

D − p+ |µ|+ 1
∂(µ)

[
ξk

δ

δξk(ν(µ))

∂J

∂dxν

]
(A.2.11)

where a summation over the length of the tuple (µ) is to be understood. For example, this

is equation (A36) in [132].

The generalization from partial derivatives to covariant derivatives of arbitrary type is

described in [127]. In the proof of (A.2.9) the only property of the derivatives used is that

they obey the product rule and that the upper indices of the Euler coefficients are completely

symmetric. Symmetry of the indices follows trivially for partial derivatives, but for covariant

derivatives we can always work with the symmetrized derivatives at the cost of introducing

field strengths. So if we assume that all derivatives have first been symmetrized, we can

write10

J =
[
ξkEk(Jα1···αp) +∇µ[ξ

kEµ
k (Jα1···αp)] + · · ·

]
dxα1 ∧ · · · ∧ dxαp (A.2.12)

with potential

Q =
1

(p− 1)!

∑
r=0

r + 1

D − p+ r + 1
∇µ1 · · · ∇µr [ξ

kE
(νµ1···µr)
k (Jνα2···αp)]dx

α2 ∧ · · · ∧ dxαp .

(A.2.13)

For the generalization to non-linear dependence of J on ξ we consider an arbitrary 1-

parameter path ξ(λ) through ξ-space. Denote by Jλ the evaluation of J on ξ(λ). This Jλ is

10Though we use the same symbol for the Euler coefficient, the Euler coefficients computed using sym-

metrized covariant derivatives and using partial derivatives will, of course, not generally be the same.
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still identically closed and so it’s λ derivative is as well:

dJ̇λ = 0 (A.2.14)

where we have denoted the λ derivative by a dot.

Now J̇λ is an identically closed form which depends only linearly on ξ̇, which is arbitrary

and independent of ξ(λ). Hence we may apply the (A.2.13) for the linear case to J̇ using ξ̇

as our free function to find

Qλ =
∑
r=0

r + 1

D − p+ r + 1
∇µ1 · · · ∇µr [ξ̇

kE
(νµ1···µr)
k (i∂νJ)] (A.2.15)

which satisfies J̇λ = dQλ. The Euler coefficients now, of course, must be understood to have

been computed from integrating by parts on ξ̇k.

Taking the λ integral we find

J1 = J0 + d

∫ 1

0

Qλdλ. (A.2.16)

If we choose the flow ξ(λ) such that ξ(0) = 0 and ξ = ξ(1), then theorem 1 is an immediate

consequence.

A useful choice of path is the contracting flow11 ξ(λ) = λξ. In this case the potential for

J is

Q =

∫ 1

0

dλ
∑
r=0

r + 1

D − p+ r + 1
∇µ1 · · · ∇µr [ξ

kE
(νµ1···µr)
k (i∂νJ(λξ))] (A.2.17)

where it should be understood that the Euler coefficients used here should be those of J̇λ.

Making the notational changes described above (A.2.11), we see that this expression is (A.9)

in [129].

11Much like the Poincaré contracting homotopy, this choice is not invariant under redefinitions of the

ξ. Furthermore, there may be cases where this path is not suitable. We refer the reader to the discussion

in [127] for some considerations in this direction. The contracting flow is always possible when the ξ are

functions on spacetime.
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A.2.3 Examples

As a simple first example we may derive the Komar term (2.3.61). Using (2.3.41) and (2.3.42)

we find

Jξ =

√
−g

16πG
(∇ν(∇µξν +∇νξµ)− 2∇µ∇νξ

ν) (ddx)µ − iξL. (A.2.18)

The potential is simple to compute in this case without using the heavy machinery introduced

above. We need only write

∇µ∇νξ
ν = −Rµ

νξ
ν +∇ν∇µξν (A.2.19)

so

Jξ =

(√
−g

8πG
Rµ
νξ

ν(ddx)µ − iξL
)
+

√
−g

16πG
∇ν(∇νξµ −∇µξν)(ddx)µ. (A.2.20)

The first pair of terms, linear in ξ with no derivatives thereof, vanish on the equations of

motion. The latter pair of terms can be identified as yielding the Komar term via (A.1.8).

To demonstrate the heavy machinery, note first that we only need the linear case (A.2.10)

and that only Euler derivatives with at least one upper index (meaning at least one derivative

in the Euler expansion of Jξ) contribute. So any terms linear in ξ with no derivatives, after

putting Jξ in Euler form, will not contribute. Indeed, we can see in the example (A.2.4) that

these terms must vanish when Jξ is closed
12. In particular, this means the iξL term will not

contribute to Qξ, which we also found in (2.3.67).

Since only the iVξθ terms in Jξ will contribute. In the remaining terms we need to

symmetrize the covariant derivatives so the Euler coefficients will have symmetrized upper

derivatives. Here the derivatives are all 2nd order, so the anti-symmetrization will pro-

duce Riemann curvatures with no additional derivatives on ξ. These terms will again not

12This is actually a familiar statement. Note that the zeroth Euler coefficient is precisely the Euler-

Lagrange operator acting on Jξ. This is then the standard statement that the Euler-Lagrange equations

annihilate total derivatives.
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contribute. The result is now

Jξ =

√
−g

16πG
∇(α∇β)

[(
gβµδαk + gαβδµk − 2gαµδβk

)
ξk
]
(ddx)µ + (· · · )kξk. (A.2.21)

The relevant Euler coefficients are then

Eα
k (Jξ) = 0, Eαβ

k (Jξ) =
1

2

(
2gαβδµk − g

αµδβk − g
βµδαk

)
(ddx)µ. (A.2.22)

The reconstruction (A.2.10) now produces

Qξ =

√
−g

16πG

{
0 +

1 + 1

D − (D − 1) + 1 + 1
∇α

[
ξkEαβ

k (i∂βJξ)
]}

=

√
−g

16πG

2

3

1

2
∇α

[
ξk
(
gαβδµk − g

αµδβk − g
βµδαk

)
(dd−1x)µβ

]
(A.2.23)

which is again the Komar term, though this algorithm is obviously not unnecessary for this

example.

Another example, this time non-linear in ξ, would be the calculation (2.3.62). This ex-

ample is again simple enough that we can simply obtain the result (2.3.63) without applying

the general algorithm. To do this we need only (2.3.14) to find

16πGδkξ =
4Λ

D − 2

√
−g [ξν ∧∇νξ

µ +∇νξ
ν ∧ ξµ] (ddx)µ (A.2.24)

which is (2.3.63) upon collecting the total derivative and using (A.1.8).

To find this result using the general algorithm, we first take a derivative of δkξ to obtain

16πGδk̇ξ =
4Λ

D − 2

√
−g∇ν

(
ξ̇ν ∧ ξµ + ξν ∧ ξ̇µ

)
(ddx)µ

=
4Λ

D − 2

√
−g∇ν

[
ξ̇k ∧ (δνkξ

µ − δµk ξ
ν)
]
(ddx)µ. (A.2.25)

From this we extract the Euler coefficient

Eν
k (δk̇ξ) =

1

16πG

4Λ

D − 2

√
−g ∧ (δνkξ

µ − δµk ξ
ν) (ddx)µ (A.2.26)

where we have included a dangling wedge to remind ourselves that when we perform the

potential reconstruction the ξ̇ appears to the left of this coefficient.
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Since δkξ = 0 when ξ = 0, we have (A.2.16) with J0 = 0 if we use the contracting flow

(A.2.17). The reconstruction (A.2.17) then yields

16πGk̃ξ =

∫ 1

0

dλ
0 + 1

D − (D − 1) + 0 + 1

4Λ

D − 2

√
−gξk ∧ λ(δνkξµ − δ

µ
k ξ

ν)(dd−1x)µν

= − 2Λ

D − 2

√
−gξµ ∧ ξν(dd−1x)µν , (A.2.27)

as we have already shown should be the case.

A.3 Diffeomorphism Charges for Generally non-Covariant Lagrangians

In section 2.2.2.2, we reviewed a general procedure for computing the Noether charge asso-

ciated to an arbitrary gauge symmetry. In the special case where the gauge transformation

is a diffeomorphism, additional simplifications are possible [14].

The transformation of the Lagrangian under a diffeomorphism ξ can generally be sepa-

rated into covariant and non-covariant pieces as

kξ = iξL+ Yξ. (A.3.1)

We may do the same for the action of the diffeomorphism on θ:

LVξθ = Lξθ + Π̃ξ. (A.3.2)

With these separations together, (2.2.24) becomes

dΠξ = diξθ + (Π̃ξ − δYξ). (A.3.3)

That is, the covariant part of the transformations collect automatically into a total derivative,

so the task of computing Πξ is reduced to just finding a potential Σξ satisfying

dΣξ = Π̃ξ − δYξ. (A.3.4)

The computation of Cξ in (2.2.26) is now

δCξ = iξθ + Σξ − iVξδB. (A.3.5)
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These considerations only alter the computations we need to find Cξ and do not change

the identification of the charge in (2.2.27) as (2.2.28).

A.4 Non-Abelian CS

Here we consider a non-Abelian CS theory in D = 3. This is an important example and

stress test of our techniques because of the CS/WZW correspondence which, at first glance,

might seem to be in tension with our methods. In particular, recall the well known fact that

one must supply an explicit parametrization in order to reduce a WZW model to an explicit

boundary theory, and in particular the theory cannot be reduced explicitly to the boundary

in terms of the gauge element g.

On the other hand, the charges for CS theory can be explicitly constructed on the bound-

ary from g and its derivatives. The construction (2.3.25) would then seem to suggest that

Ω can also be constructed explicitly from g, and we will see that this is indeed the case. In

order for our construction (2.2.29) of the boundary action to be consistent with this known

property of WZW models, it must be the case that while Ω can be explicitly constructed

from g, the canonical 1-form Θ cannot. This is a non-trivial requirement and we will see

that it is indeed the case.

So then to define the theory we take the background manifold to be M = R×D where

the spatial slices are disks. The Lagrangian and some useful quantities are

L = tr

(
A ∧ dA+

2

3
A3

)
, E = 2F, θ = − tr(A ∧ δA), kλ = tr(λdA). (A.4.1)

We choose the chiral boundary conditions At = Aϕ so there is no need for a boundary

contribution to the action, B = ℓ = 0, in light of (2.2.15).

The Noether current associated to gauge transformations is

Jλ = tr [d(λA)− 2λF ] = d tr(λA) (A.4.2)
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so Qλ = tr(λA). Thus one may check that the full Noether charges are

H[λ] = 2

∫ 2π

0

dϕ tr(λA), Ht =

∫ 2π

0

dϕ tr(A2
ϕ). (A.4.3)

Before attempting to apply our techniques to this theory, we should use the WZW cor-

respondence to see that the boundary action produced by standard techniques should be.

Since we will need an explicit parametrization, and hence gauge group, we wil choose for

simplicity SU(2) with the parametrization

g = eiα1σ1eiα2σ2eiα3σ3 , z = 2 sin(2α2) (A.4.4)

where σk are the Pauli matrices and z turns out to be a convenient definition.

By solving the Lagrange multiplier constraint, the action produced by the Lagrangian

(A.4.1) becomes the WZW model

S = −1

3

∫
M

tr
[(
g−1dg

)3]− ∫ tr
[
g−1∂tgg

−1∂ϕg
]
dt ∧ dϕ+

∫
∂M

tr
[
A2
ϕ

]
dt ∧ dϕ. (A.4.5)

Using −1
3
tr(g−1dg)3 = d(zdα1 ∧ dα3) the boundary action may be written

S = −2
∫
∂M

dtdϕ [α′
1(α̇1 − α′

1) + α′
2(α̇2 − α′

2) + (α′
3 − zα′

1)(α̇3 − α′
3)] (A.4.6)

where the minus sign comes from identifying the boundary orientation to be dϕ ∧ dt, as

commented on in footnote 17.

With this result in mind, since we already have the full Noether charges in hand, the

simplest approach is to compute the symplectic form via (2.3.25). This produces

Ω =

∫ 2π

0

tr
[
δAϕ ∧ g−1δg

]
dϕ =

∫ 2π

0

tr
[
δ(g−1∂ϕg) ∧ g−1δg

]
dϕ. (A.4.7)

As promised at the beginning of this section, due to the g−1 factor, this cannot be written

as δ of something directly in terms of g. Instead we must go to the explicit parametrization

(A.4.4) in order to find the canonical 1-form.
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But this is a straightforward calculation to perform, the result being

Ω = −2δ
∫ 2π

0

[α′
1δα1 + α′

2δα2 + (α′
3 − zα′

1)δα3] dϕ. (A.4.8)

Together with

Ht = −2
∫ 2π

0

[
α′2
1 + α′2

2 + (α′
3 − zα′

1)α
′
3

]
dϕ (A.4.9)

we find the phase space action

S = −2
∫

dt

∫
∂Σ

dϕ [α′
1(α̇1 − α′

1) + α′
2(α̇2 − α′

2) + (α′
3 − zα′

1)(α̇3 − α′
3)] . (A.4.10)

We could also find this result by the methods in section 2.3.3. Since we already have Qλ

from (A.4.2), we only need to compute the potential for δkw with w = g−1δg. In the case

of diffeomorphisms it’s simple to use (2.3.12) as our free function with respect to which the

potential k̃w can be constructed. Here, however, w = g−1δg is not a completely free function

and we must use δα as our free function instead. This unfortunately means that we cannot

write down a potential k̃w without specifying the gauge group.

Using the parametrization (A.4.4) we find

k̃w = δz ∧ δα3dα1 + δα3 ∧ δα1dz + δα1 ∧ δzdα3. (A.4.11)

Furthermore we may compute

δQw = δz ∧ (dα3δα1 + dα1δα3) + z(dδα3 ∧ δα1 + dδα1 ∧ δα3)

+ 2(δα1 ∧ dδα1 + δα2 ∧ dδα2 + δα3 ∧ dδα3). (A.4.12)

Adding these forms we find

δQw + k̃w = −2δ [dα1δα1 + dα2δα2 + (dα3 − zdα2)δα1] + d(zδα3 ∧ δα1). (A.4.13)

Integrating this over the ϕ circle the total derivative term does not contribute and we evi-

dently reproduce (A.4.8), from which the phase space action (A.4.10) follows.
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A.5 Relation to Schwarzian Action for JT gravity

From the perspective of the current paper, it is most illuminating to view JT gravity and its

Schwarzian action description [48] as a special case of our approach to 3D gravity. The 3D

origin of the JT/Schwarzian is discussed in [133].

In 3D we have the Euclidean action

S3 = −
1

16πG

∫
d3x
√
g3(R3 + 2)− 1

8πG

∫
∂M

d2x
√
h3(K3 − 1) (A.5.1)

The 3D class of metrics we consider are

ds23 =
dz2

z2
+

(
1

z2
+
z2

4
LL

)
dwdw − 1

2
Ldw2 − 1

2
Ldw2 (A.5.2)

with w = ϕ+ it, w = ϕ− it, (L,L) are functions of (ϕ, t) that take the form

L = {F (ϕ, t), ϕ}+ κ

2
F ′2

L = {F (ϕ, t), ϕ}+ κ

2
F

′2
(A.5.3)

where (κ, κ) are constants and ′ = ∂ϕ. At fixed t, the functions (F, F ) are elements of

diff(S1). In general, the metrics (A.5.2) are off-shell; to be on-shell the functions (F, F )

must be, respectively, holomorphic and anti-holomorphic in w.

It is rather tricky to obtain the off-shell action governing (A.5.2) by direct substitution

into (A.5.1), in part because the coordinates are not globally smooth. Instead, we apply

phase space methods, viewing (F, F ) at fixed time as points on phase space and building an

action out of the gravitational symplectic form and Hamiltonian on this phase space. This

procedure [134] leads to the Alekseev-Shatashvili action [19],

SAS = − 1

16πG

∫
d2x

[
κF ′∂w̄F −

(
1

F ′

)′′

∂w̄F + κ̄F̄ ′∂wF̄ −
(

1

F̄ ′

)′′

∂wF̄

]
. (A.5.4)

We now turn to the 2D story. One approach is to KK reduce the 3D action by considering

metrics

ds23 = ds22 + Φ2dt2 , t ∼= t+ 2π (A.5.5)
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taking the metric components to be t independent. Using∫
M3

d3x
√
g3(R3 − Λ) =

∫
M2

d2x
√
g2Φ(R2 − Λ)− 2

∫
∂M2

dx
√
hnµ∂µΦ (A.5.6)

where the metric on the 2d boundary is h and nµ is the outward pointing unit normal to the

boundary, along with

√
g3K3 =

√
hΦK2 +

√
hnν∂µΦ (A.5.7)

we find that the 3D action (A.5.2) reduces to the JT action

S3 = −
1

16πG2

∫
d2x
√
hΦ(R2 + 2)− 1

8πG2

∫
dϕ
√
hΦ(K2 − 1) (A.5.8)

with G2 = G/2π.

Coming back to our 3D picture, to be in accordance with (A.5.5) we should take F = F (ϕ)

and F = F (ϕ), along with κ = κ. We are thus considering 3D metrics (generically off-shell)

of the form

ds23 =
dz2

z2
+

1

z2

(
1− Lz2

2

)2

dϕ2 +
1

z2

(
1 +

Lz2

2

)2

dt2 (A.5.9)

with L(ϕ) = {F (ϕ), ϕ}+κ
2
F ′2. For this restricted class of off-shell metrics it is straightforward

to evaluate the 3D action S3 on the form (A.5.9). In particular, we have R2 = −2 so only

the boundary term survives. Cutting off the space at z = zc and taking Φ|z=zc = z−1
c , we

find the action as zc→0,

S3 = −
1

8πG2

∫
L(ϕ)dϕ+ constant (A.5.10)

which is the Schwarzian action (supplemented with the κ term).13 Alternatively, we can

apply the reduction to the AS action (A.5.4). After integrating over t and doing some

integration by parts, we find that (A.5.4) is equal to (A.5.10).

13The original approach to obtaining this action involved considering cutouts of AdS2 with wiggly bound-

ary. Here the boundary is at fixed coordinate location z = zc, and wiggles are instead encoded in fluctuations

of the metric via the function L(ϕ).
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APPENDIX B

Hamiltonian formulation of near-extremal charged

black holes

B.1 ADM Hamiltonian of neutral scalars from AdS3

Consider the Einstein-Hilbert gravity with a charge neutral scalar in asymptotically AdS3.

S = − 1

2π

∫
d3x
√
−g
[

1

8G

(
R +

2

l2

)
+

1

2
(∇ϕ)2

]
(B.1.1)

Using the Gamma-Gamma formula,

√
−gR =

2N ′R′

L
− 2N2

rL
′R′

N
+

2NrR
′L̇

N
− 2Ṙ

N
(L̇−NrL

′)− 2LNrN
′
rR

′

N
+

2LṘN ′
r

N

− d

dt

(
RLN ′

r

N

)
+

(
RLṄr

N

)′ (B.1.2)

The Legendre transformation to the Hamiltonian variables is

S =

∫
dtdr

[
πLL̇+ πRṘ + πϕϕ̇−NHt −N rHr

]
−
∫
dtαM(∞) (B.1.3)

whereM is the quasi-local mass of the BTZ black hole, which appears in the Schwarzschild

coordinates of BTZ black holes as

ds2 = −f(R)dT 2 +
dR2

f(R)
+R2dΩ2, f(R) =

R2 −R2
h

l2

M =
R2
h

l2

(B.1.4)
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As for the 4d black holes, the quasi-local mass can be written in terms of the ADMmetric and

their canonical conjugates by first relating the metric in ADM and Schwarzschild coordinates.

ds2 = −f(R)dT 2 +
dR2

f(R)
+R2dψ2

= −f(R)(Ṫdt+ T ′dr)2 +
(Ṙdt+R′dr)2

f(R)
+R2dψ2

= −N(t, r)2dt2 + L(t, r)2 (dr +N r(t, r)dt)2 +R(t, r)2dψ2

(B.1.5)

Comparing the gtt, gtr, grr components, we get three equations.

fṪ 2 − Ṙ2

f
= N2 − L2N2

r

−fṪT ′ +
Ṙr′

f
= L2Nr

−fT ′2 +
R′2

f
= L2

(B.1.6)

The first two equations relate Nr, L
2 to f, T,R. At the end, we get

πL = − 1

4GN

(
NrR

′ − Ṙ
)
=

fT ′

4GL
→ T ′ =

4GLπL
f

(B.1.7)

Plugging this into the last equation, we get

−16G2π2
L +

R′2

L2
= f(R) =

R2

l2
−M (B.1.8)

and hence the quasi-local mass is

HADM =M =
M

8G
= 2Gπ2

L −
R′2

8GL2
+

R2

8Gl2
(B.1.9)

The factor of 1
8G

is there in the Brown-York/ADM charge Q[∂t] and also to cancel the

boundary term in the variation of the bulk pieces. The boundary term is

SADM = −
∫

dtM(∞) (B.1.10)

After gauge fixing

πL = 0, R = r (B.1.11)
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M(r) = − 1

8GL(t, r)2
+

r2

8Gl2
(B.1.12)

SADM = −
∫

dt

(
− 1

8GL(∞)2
+

r2

8Gl2

)
(B.1.13)

The solution of Ht = 0 constraint equation(
1

L2

)′

=
2r

ℓ2
− 8G

L2
h (B.1.14)

where

h =
1

2

(
π2
ϕ

r
+ rϕ′2

)
(B.1.15)

fixes the 1
L2(r)

. The solution is

1

L2(r)
=

∫ r

rh

dr′
2r′

ℓ2
e−

∫ r
r′ dr

′′8Gh(r′′)

=

∫ r

rh

dr′
d

dr′

(
r′2

ℓ2

)
e−

∫ r
r′ dr

′′8Gh(r′′)

=
r2

ℓ2
− r2h
ℓ2
e
−

∫ r
rh
dr′′8Gh(r′′) −

∫ r

rh

dr′
r2

ℓ2
8Gh (r′) e−

∫ r
r′ dr

′′8Gh(r′′)

= f(r)−
∫ r

rh

dr′f (r′) 8Gh (r′) e−
∫ r
r′ dr

′′8Gh(r′′)

(B.1.16)

where

f(r) =
r2 − r2h
ℓ2

(B.1.17)

Plugging this, the quasi-local mass at the boundary is

M(∞) =
r2h

8Gℓ2
+

∫ ∞

rh

drf(r)h(r)e−
∫∞
r dr′8Gh(r′) (B.1.18)

and action including this boundary action is

S =

∫
dtdr

(
πϕϕ̇− f(r)h(r)e−

∫∞
r dr′8Gh(r′)

)
−
∫
dtM0 (B.1.19)

where M0 =
r2h

8Gl2
is the quasi-local mass without a matter. Let’s call this ADM action.
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Schwarzschild coordinates We can change the coordinates to the Schwarzschild coordi-

nates

ds2 = −f(R)dT 2 +
dR2

f(R)
+R2dψ2 (B.1.20)

First, the gauge fixing already related R(t, r) = r. Using the gtt, the T and t are related by

dt =
f(r)

N2
dT (B.1.21)

On the boundary,

dt|r=∞ = dT (B.1.22)

The kinetic term in the ADM action∫
dt πϕϕ̇ =

∫
dT πϕ

dϕ

dT
(B.1.23)

and the ADM Hamiltonian ∫
dtM(∞) =

∫
dT M(∞) (B.1.24)

Combining these, the ADM action in the Schwarzschild coordinates is

S =

∫
dTdr

(
πϕϕ̇− f(r)h(r)e−

∫∞
r dr′8Gh(r′)

)
−
∫

dT M0 (B.1.25)

Now for convenience, we relabel

T → t (B.1.26)

ds2 = −f(r)dt2 + dr2

f(r)
+ r2dψ2 (B.1.27)

and the ADM action is

S =

∫
dtdr

(
πϕϕ̇− f(r)h(r)e−

∫∞
r dr′8Gh(r′)

)
−
∫

dt M0 (B.1.28)

AdS2? We comment that the constraint equations along with πL, πR variations don’t gau-

rantee the AdS2 geometry. AdS2 arises by solving the equations of motion. This contrasts

to JT gravity where the geometry is locally AdS2 off-shell.
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B.2 Derivation of Quasi local mass

In this subsection, we derive the quasi-local mass, following the calculations in Section 4.1

of [135] for the charged black holes in 4d. Let T (t, r) and R(t, r) be the coordinates of the

RN black holes with the metric

ds2 = F (R)dT 2 +
dR2

F (R)
+R2dΩ2, F (R) = 1− 2GM

R
+
GQ2

R2
(B.2.1)

We will first find the ADM metric components N,N r, L in terms of this metric and use that

to write the black hole’s mass M in terms of the canonical variables, L, πL, N,Nr, · · · . First,

ds2 = −F (Ṫdt+ T ′dr)2 +
1

F

(
Ṙdt+R′dr

)2
d +R2dΩ2

ds22 =

(
−FṪ 2 +

Ṙ2

F

)
dt2 + 2

(
−FṪT ′ +

1

F
ṘR′

)
dtdr +

(
−FT ′2 +

R′2

F

)
dr2

= −(N2 − L2N2
r )dt

2 + 2L2Nrdtdr + L2dr2

(B.2.2)

Identifying the metric by components,

FṪ 2 − Ṙ2

F
= N2 − L2N2

r

−FṪT ; +Ṙr
′

F
= L2Nr

−FT ′2 +
R′2

F
= L2

(B.2.3)

The last two equations can be solved for N r and L as

Nr =
FṪT ′ − F−1ṘR′

FT ′2 − F−1R′2

L2 = −FT ′2 +
R′2

F

(B.2.4)

Substituting these two into the first equation, we get N given by

N =
ṪR′ − T ′Ṙ

L
(B.2.5)

Plugging these expressions into the expression of πL in terms of the Lagrangian variables,

πL =
R

GN
(NrR

′ − Ṙ) = −RFT
′

GL
→ T ′ = −R−1F−1GLπL (B.2.6)
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Plugging this T ′ into the last equation, we get the F in terms of the canonical variables:

F = −G
2π2

L

R2
+
R′2

L2
= 1− 2GM

R
+
GQ2

R2
(B.2.7)

Hence, we get the mass of the black hole (quasi-local mass)

M =
R

2G
+
Gπ2

L

2R
− RR′2

2GL2
+
Q2

2R
(B.2.8)

B.3 AdS/CFT dictionary for the matter

Inclusion of the matter corresponds to the deformation of the CFT with the dual operator

Smatter ↔ ∆S =

∫
ddx ϕ0(x)O(x) (B.3.1)

whose conformal dimension is ∆ =
√

d2

4
+m2ℓ2AdS. Then we have the dictionary

Smatter ↔
∫

ddx ϕ0(x)O(x)

Non-normalisable mode, ϕ0 ↔ Source

Normalisable mode ↔ response, ⟨O⟩

Zgrav = ZCFT

(B.3.2)

In the boundary theory, the correlation function for the dual operator O can be obtained

by taking derivatives of ZCFT w.r.t. the sources, ϕ0. Through the last equality and ϕ0 as

the non-normalisable mode, such a boundary correlation function can also be computed by

taking derivative of Zgrav w.r.t. the boundary value of the field.

⟨TO(x1)O(x2) · · · ⟩ =
δ logZgrav

δϕ0(u1)δϕ0(u2) · · ·

∣∣∣∣
ϕ0=0

(B.3.3)

Time ordering Even though the derivatives δ
δϕ0
· · · commute, it results in the time-

ordered correlation function and hence changing the ordering say, from u1 > u2 to u2 > u1
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which uses the same expression δ logZgrav

δϕ0(u1)δϕ0(u2)
that results in the different answers,

⟨TO(u1)O(u2)⟩ =


u1 > u2 : ⟨O(u1)O(u2)⟩

u2 > u1 : ⟨O(u2)O(u1)⟩
(B.3.4)

For example, the 2pt correlation function in the dual quantum mechanics of the scalars

in AdS2 at the tree-level (no graviton in the loop) is given by

⟨V1V2⟩0 =
δZgrav

δϕ0(u1)δϕ0(u2)

∣∣∣∣
ϕ0,φ0=0

=

〈(
1

2 sin u12
2

)2∆ [
1 + ∆

(
ϵ′1 + ϵ′2 −

ϵ1 − ϵ2
tan u12

2

)]〉

=

(
1

2 sin u12
2

)2∆

(B.3.5)

B.4 Thermal 2pt function in 4d s-wave sector in the near-horizon

region

For a charged black hole in 4d formed by collapse of a shell, the geometry of the region

outside the shell is Reissener-Nordstrom black hole with the metric given by

ds2 = −f(r)dudv + r2dΩ2, u = t− r∗, v = t+ r∗ (B.4.1)

where the tortoise coordinate r∗ is

r∗ = r +
r2+

r+ − r−
log (r − r+)−

r2−
r+ − r−

log (r − r−) (B.4.2)

such that the horizon r = r+ is at r∗ = −∞.

Writing

ϕ =
ϕ̃

r
(B.4.3)

the eom in terms of the field outside the shell is(
−∂t + ∂2r∗ + V (r∗)

)
ϕ̃(t, r∗) = 0 (B.4.4)
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Using the fact that V (r∗) ≃ 0 near horizon, the eom reduces to the free KG equation, and

we can mode expand using the plane waves.

ϕ̃(t, x) =

∫
dk

2π

1√
2ωk

(
ake

−iωkt+ikx + a†ke
iωkt−ikx

)
, ωk = |k| (B.4.5)

Using the thermal occupation number

⟨a†kak′⟩β = 2πδ(k − k′) 1

eβωk − 1
(B.4.6)

the thermal 2 point function is

⟨ϕ̃(t, x)ϕ̃(0, 0)⟩β =

∫ ∞

−∞

dk

2π

dk′

2π

1

2
√
ωkωk′

(
⟨aka†k′⟩βe

−iωkt+ikx + ⟨a†kak′⟩βe
iωkt−ikx

)
=

∫ ∞

−∞

dk

2π

1

2ωk

(
e−iωkt+ikx

eβωk − 1
+
eβωkeiωkt−ikx

eβωk − 1

)
=

∫ ∞

0

dk

2π

1

k

(
e−ikt cos kx

eβk − 1
+
e(β+it)k cos kx

eβk − 1

)
=

∫ ∞

0

dk

2π

1

k

cos kx

eβk − 1

(
e−ikt + ek(β+it)

)
(B.4.7)

where I use x = r∗ and the invariance under simultaneous translation. Now using it = τ and

1

eβk − 1
=

∞∑
n=1

e−nβk (B.4.8)

we get

⟨ϕ̃(t, x)ϕ̃(0, 0)⟩β =
∞∑
n=1

∫ ∞

0

dk

2π

1

k

cos kx

eβk − 1

(
e−(it+nβ)k + e−[(n−1)β−τ ]k)

=
∞∑
n=1

∫ ∞

0

dk

2π

1

k

cos kx

eβk − 1

(
e−(nβ+τ)k + e−(nβ−τ)k)+ ∫ ∞

0

dk

2π

1

k

cos kx

eβk − 1
eτk

(B.4.9)

Using ∫ ∞

0

dk
2

k
cos kx e−ak =

∫ ∞

a

da′
∫ ∞

0

dk
(
e(ix−a

′)k + e−(ix+a′)k
)

=

∫ ∞

a

da′
(
− 1

ix− a′
+

1

ix+ a′

)
= log(a′2 + x2)

∣∣∣∞
a

=− log(a2 + x2) + log(Λ2 + x2)

(B.4.10)
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where Λ is an IR regulator, and∫ ∞

0

dk
2

k
cos kx ekτ =

∫ τ

−∞
dτ ′
∫ ∞

0

dk
(
ek(τ

′+ix) + ek(τ
′−ix)

)
=−

∫ τ

−∞
dτ ′
(

1

τ ′ + ix
+

1

τ ′ − ix

)
=− log(τ 2 + x2) + log(Λ2 + x2)

(B.4.11)

the two point function becomes

⟨ϕ̃(t, x)ϕ̃(0, 0)⟩β = − 1

4π

∞∑
n=1

log
[
(nβ + τ)2 + x2

] [
(nβ − τ)2 + x2

]
− 1

4π
log(x2 + τ 2)

= − 1

4π

∞∑
n=1

log(nβ + τ + ix)(nβ + τ − ix)(nβ − τ + ix)(nβ − τ − ix)

− 1

4π
log(x2 + τ 2)

= − 1

4π

∞∑
n=1

log
[
(nβ)2 + (x− iτ)2

] [
(nβ)2 + (x+ iτ)2

]
− 1

4π
log(x2 + τ 2)

= − 1

4π
log

∞∏
n=1

[
1 +

(
x− iτ
nβ

)2
]
− 1

4π
log

∞∏
n=1

[
1 +

(
x+ iτ

nβ

)2
]

+
1

2π

∞∑
n=1

log(nβ)2 − 1

4π
log(x2 + τ 2)

(B.4.12)

Using the product formula
sinh πz

πz
=

∞∏
n=1

(
1 +

z2

n2

)
(B.4.13)

⟨ϕ̃(t, x)ϕ̃(0, 0)⟩β =− 1

4π
log

{
β

π(x− iτ)
sinh

[
π

β
(x− iτ)

]}
− 1

4π
log

{
β

π(x+ iτ)
sinh

[
π

β
(x+ iτ)

]}
+

1

2π

∞∑
n=1

log(nβ)2 − 1

4π
log(x2 + τ 2)

=− 1

4π
log

{
β2

π2
sinh

[
π

β
(x− iτ)

]
sinh

[
π

β
(x+ iτ)

]}
+

1

2π

∞∑
n=1

log(nβ)2

(B.4.14)

where the last term is a spacetime independent constant that we can ignore. Now Wick
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rotating back to the Lorentzian time,

⟨ϕ̃(t, x)ϕ̃(0, 0)⟩β = − 1

4π
log

{
β2

π2
sinh

[
π

β
(x− t)

]
sinh

[
π

β
(x+ t)

]}
(B.4.15)

where we used x = r∗ and since it is invariant under the simultaneous translation, the

arguments can be shifted to u12 and v12.

The near horizon limit is

t =
r20
λ
τ =

r20ρh
δ
τ, r = r0 + λρ,

δ

λ
= ρh, TH ≈

δ

2πr20
(B.4.16)

The tortoise coordinate is

r∗ ≈ r0 +
r20
2δ

log

(
ρ− ρh
ρ+ ρh

)
+

2ρ

ρh
log
[
λ2(ρ2 − ρ2h)

]
+O(λ, δ) (B.4.17)

and so

πTH u =
1

2

(
ρhτ − log

√
ρ− ρh
ρ+ ρh

)
− δ

2r20

(
r0 + log

[
λ2(ρ2 − ρ2h)

])
πTH v =

1

2

(
ρhτ + log

√
ρ− ρh
ρ+ ρh

)
+

δ

2r20

(
r0 + log

[
λ2(ρ2 − ρ2h)

]) (B.4.18)

Taking the near-horizon limit, δ → 0, let’s leave only the first term:

πTH u ≈ 1

2

(
ρhτ − log

√
ρ− ρh
ρ+ ρh

)
πTH v ≈ 1

2

(
ρhτ + log

√
ρ− ρh
ρ+ ρh

) (B.4.19)

Using these,

sinh

(
π

β
u12

)
sinh

(
π

β
v12

)
=

[
e−

1
2
ρhτ12

(
ρ1 + ρh
ρ1 − ρh

ρ2 − ρh
ρ2 + ρh

) 1
4

− e
1
2
ρhτ12

(
ρ1 − ρh
ρ1 + ρh

ρ2 + ρh
ρ2 − ρh

) 1
4

]

×

[
e−

1
2
ρhτ12

(
ρ1 − ρh
ρ1 + ρh

ρ2 + ρh
ρ2 − ρh

) 1
4

− e
1
2
ρhτ12

(
ρ1 + ρh
ρ1 − ρh

ρ2 − ρh
ρ2 + ρh

) 1
4

]

=
(
e−ρhτ12 + eρhτ12

)
−
(√

ρ1 + ρh
ρ1 − ρh

ρ2 − ρh
ρ2 + ρh

+

√
ρ1 − ρh
ρ1 + ρh

ρ2 + ρh
ρ2 − ρh

)
=2 cosh ρhτ12 −

(√
ρ1 + ρh
ρ1 − ρh

ρ2 − ρh
ρ2 + ρh

+

√
ρ1 − ρh
ρ1 + ρh

ρ2 + ρh
ρ2 − ρh

)
(B.4.20)

268



The AdS2 Schwarzchild coordinates (τ, ρ) has the metric

ds2 = −f(ρ)dτ 2 + dρ2

f(ρ)
, f(ρ) = ρ2 − ρ2h (B.4.21)

Performing the coordinate transformation

ρ = ρh coth(ρhz) (B.4.22)

we can move to the thermal AdS2 coordinates (τ, z) with the metric

ds2 = ρ2h
−dτ 2 + dz2

sinh2 ρhz
(B.4.23)

In particular,
ρ+ ρh
ρ− ρh

= e2ρhz,
ρ− ρh
ρ+ ρh

= e−2ρhz (B.4.24)

Hence, Eq. (B.4.20) becomes

sinh

(
π

β
u12

)
sinh

(
π

β
v12

)
=2 cosh ρhτ12 − 2 cosh ρhz12 (B.4.25)

and hence the 2pt function is

⟨ϕ(t, x)ϕ(0, 0)⟩β = − 1

4πr2+
log

[
2β2

π2
(− cosh ρhτ12 + cosh ρhz12)

]
(B.4.26)

where we used ϕ = ϕ̃
r+

near the horizon.

Using the coordinate transformations between the Schwarzschild AdS2 and thermal AdS2

given by ρ = ρh coth ρhz, we can write the lightcone coordinates as

πTH u ≈ 1

2

(
ρhτ − log

√
ρ− ρh
ρ+ ρh

)
=
ρh
2
(τ + z)

πTH v ≈ 1

2

(
ρhτ + log

√
ρ− ρh
ρ+ ρh

)
=
ρh
2
(τ − z)

(B.4.27)

Using this, the 2pt function in the thermal AdS2 coordinates takes the same form as in the

coordinates outside the collapsing shell:

⟨ϕ̃(t, x)ϕ̃(0, 0)⟩β = − 1

4π
log

{
β2

π2
sinh

[ρh
2
(τ − z)

]
sinh

[ρh
2
(τ + z)

]}
(B.4.28)
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APPENDIX C

Non-conformal Defects

C.1 Higher transverse derivative terms

In this appendix we illustrate how defect terms with higher transverse derivatives can be

traded away for terms with at most first transverse derivatives. As a concrete example

consider

S =
1

2

∫
d2x(∂ϕ)2 +

∫
dt
(1
2
cB1 ϕ

2 + cB2 ϕϕ
′ +

1

2
cB3 ϕ

′2 + cB4 ϕϕ
′′) . (C.1.1)

The expectation is that we can use the equations of motion to replace ϕ′′→− ϕ̈, which in

momentum space will correspond to a shift of cB1 proportional to ω2. This quick argument

does not take into account the renormalization of couplings, so it is worthwhile to flesh this

out explicitly.

The two-point function is computed in the same manner as before. The expression (5.3.7)

for I0(ω1, p1, p2) is now

I0(ω1, p1, p2) = −cB1 + icB2 (p1 − p2)− cB3 p1p2 + cB4 (p
2
1 + p22) . (C.1.2)
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The relationship between the bare and renormalized couplings is now found to be

cB1 =

(
π2

3
Λ̂3 − ω2

1Λ̂
)
c24

(1 + Λ̂c4)2
+

c1

(1 + Λ̂c4)2
+

Λ̂c22

(1 + Λ̂c4)2(1− c3Λ̂)

cB2 =
c2

(1 + Λ̂c4)(1− c3Λ̂)

cB3 =
c3

1− c3Λ̂

cB4 =
c4

1 + c4Λ̂
(C.1.3)

We then work out the function X(ω1, p1, p2) appearing in (5.3.5) as

Xnum = −c1 +
1

2
|ω1|(c1c3 − c22) +

1

2
|ω1|3c24 −

1

4
ω4
1c3c

2
4

+ ic2(1 +
1

2
|ω1|c4)(p1 + p2)

+ c4(1 +
1

2
|ω1|c4)(1−

1

2
|ω1|c3)(p21 + p22)

+
(
c3 +

1

2|ω1|
(c1c3 − c22 + 2c3c4ω

2
1)
)
p1p2

+
i

2|ω1|
c2c4(p1 + p2)p1p2

+
1

2|ω1|
c24(1−

1

2
|ω1|c3)p21p22 (C.1.4)

and

Xden = 1 +
1

2|ω1|
(
c1 + 2c4ω

2
1 − c3ω2

1

)
− 1

4

(
(c1 + 2c4ω

2
1)c3 − c22

)
. (C.1.5)

We are interested in correlation functions of fields inserted away from the defect. Such

correlators are unaffected by the shift

X(ω1, p1, p2)→X(ω1, p1, p2) +
∑
m,n≥0

′
amn(p

2
1 + ω2

1)
m(p22 + ω2

1)
n (C.1.6)

where
∑′ instructs to omit the m = n = 0 term, since this just adds to the position space

correlator terms which are delta function localized on the defect. Therefore, in (C.1.4) we

are free to make the replacements p21→− ω2
1 and p22→− ω2

1, since this just changes X by
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terms of the form in (C.1.6). Doing so gives

Xnum = −c̃1 +
|ω1|
2

(c̃1c3 − c22) + ic2(p1 + p2) +
( 1

2|ω1|
(c̃1c3 − c22) + c3

)
p1p2 (C.1.7)

with

c̃1 = c1 + 2c4ω
2
1 . (C.1.8)

Examining (C.1.5) and (C.1.7) we see that all c4 dependence has been absorbed into the

definition of c̃1. This confirms our expectation that the c4 coupling can be traded for an ω1

dependent shift of c1. The same mechanism holds for all higher transverse derivative defect

terms.

C.2 Fusion of two defects

We write the two-defect correlator in the form (5.3.5), and write

X(ω1, p1, p2) =
Xnum

Xden

. (C.2.1)

We find, in the coincident limit L = 0,

Xnum =
1

2
|ω1|
[
(c

(1)
1 + c

(2)
1 )(c

(1)
3 + c

(2)
3 )− (c

(1)
2 + c

(2)
2 )2

]
− 1

4

[
c
(1)
1 (c

(2)
2 + 2)2 + c

(2)
1 (c

(1)
2 − 2)2 − c(1)1 c

(2)
1 (c

(1)
3 + c

(2)
3 )
]

+ i
[
c
(1)
2 + c

(2)
2 +

1

2
(c

(1)
1 c

(2)
3 − c

(2)
1 c

(1)
3 )− 1

4
(c

(2)
1 c

(1)
2 c

(2)
3 + c

(1)
1 c

(2)
2 c

(1)
3 )

+
1

4
c
(1)
2 c

(2)
2 (c

(1)
2 + c

(2)
2 )
]
(p1 + p2)

+
1

2|ω1|

[
(c

(1)
1 + c

(2)
1 )(c

(1)
3 + c

(2)
3 )− (c

(1)
2 + c

(2)
2 )2

]
p1p2

+
1

4

[
c
(1)
3 (c

(2)
2 − 2)2 + c

(2)
3 (c

(1)
2 + 2)2 − c(1)3 c

(2)
3 (c

(1)
1 + c

(2)
1 )
]
p1p2 (C.2.2)
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and

Xden =
1

8|ω1|

(
−c(1)1 c

(2)
1

(
c
(1)
3 + c

(2)
3

)
+ c

(1)
1

(
c
(2)
2 + 2

)2
+ c

(2)
1

(
c
(1)
2 − 2

)2)
+

1

16

(
(c

(2)
1 c

(1)
3 c

(2)
3 − c

(2)
2

2
c
(1)
3 − 4c

(1)
3 − 8c

(2)
3 )c

(1)
1 − (c

(1)
2

2
c
(2)
3 + 8c

(1)
3 + 4c

(2)
3 )c

(2)
1

)
+

(
1 +

c
(1)
2 c

(2)
2

4

)2

+
(c

(1)
2 + c

(2)
2 )2

4
+
|ω1|
8

(
c
(1)
3 c

(2)
3 (c

(1)
1 + c

(2)
1 )− c(1)3 (c

(2)
2 − 2)2 − c(2)3 (c

(1)
2 + 2)2

)
.

(C.2.3)

In the above the couplings are the renormalized versions, defined in terms of the bare cou-

plings by the relations (5.3.19). The couplings of the fused defect are then read off by

equating the expression for X above with that of a single defect

X(ω1, p1, p2) =
−c1 + 1

2
(c1c3 − c22)|ω1|+ ic2(p1 + p2) +

(
1

2|ω1|(c1c3 − c
2
2) + c3

)
p1p2

1 + 1
2|ω1|(c1 − c3ω

2
1)− 1

4
(c1c3 − c22)

. (C.2.4)

As noted in the main text, this results in expressions for the fused couplings ci that agree

with those computed by composing the matching relations.

C.3 Stabilization by interactions

The unstable modes bound to the defect are analogous to the small k modes of a tachyonic

m2 < 0 free scalar, with ω =
√
k2 +m2. In that case, the scalar potential is unbounded from

below but can be stabilized by adding an interaction term such as λ
4
ϕ4. In this subsection,

we add a λ
4
ϕ4 term to the free massless scalars in the presence of a defect described by the

matching conditions, and discuss the solutions and fluctuations around them.

With the interaction term added, the field equation implies

ϕ′′ = V ′(ϕ) = λϕ3, → ϕ′ = ±
√
λ

2
ϕ2 (C.3.1)

where the sign can be fixed in terms of the boundary values

ϕ(x = ±∞) = 0, ϕ(x = 0−) = ϕL, ϕ(x = 0+) = ϕR (C.3.2)
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where ϕL,R are determined by the matching conditions (5.6.2). The solution is

ϕ =


x < 0 : 1

ϕ−1
L −sgn(ϕL)

√
λ
2
x

x > 0 : 1

ϕ−1
R +sgn(ϕR)

√
λ
2
x

. (C.3.3)

Plugging them into the matching condition (5.6.2), one gets

ϕR = aϕL + b · sign (ϕL)
√
λ

2
ϕ2
L ,

ϕL = dϕR + b · sign (ϕR)
√
λ

2
ϕ2
R .

(C.3.4)

The existence of solutions, which we refer to as solitons, depend on the matching matrix.

For b > 0,

• 0 < 1
d
< a: No soliton (also no non-oscillatory bound states around ϕ = 0)

• 0 < a < 1
d
or 1

d
< a < 0: One pair of ϕLϕR > 0 solitons

• a < 1
d
< 0: One ϕLϕR > 0 solition and one ϕLϕR < 0 soliton

This is illustrated in Figure C.1a. The number of solitonic solutions matches the number of

bound state modes around ϕ = 0 as can be seen from Figure C.1b. Thus, in the interacting

theory, whenever there is a decaying mode around ϕ = 0, the solitonic solution is also

available.
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ϕLϕR > 0 and

ϕLϕR < 0

No solitonϕLϕR > 0

d = 1
a

a

d

(a) Soliton solutions for b > 0

Two bound states

0 < κ+ < κ−

No bound state

κ+ < κ− < 0

One bound state

κ+ < 0 < κ−

d = 1
a

a

d

(b) Non-oscillatory decaying modes for b > 0

Figure C.1: The parameter space of unstable bound state modes and solitons in the (a, d)

domain.

To see which solution is energetically preferred, we use that the Hamiltonian in the

solitonic background is

Htot = H + Y (C.3.5)

where

H =

∫ ∞

−∞

(
1

2
ϕ′2 +

λ

4
ϕ4

)
dx

=

∫ ∞

−∞

λ

2
ϕ4 dx

=
1

3

√
λ

2

(
|ϕL|3 + |ϕR|3

)
(C.3.6)

and Y is

Y = bcϕ′
LϕL +

ac

2
ϕ2
L +

bd

2
(ϕ′

L)
2

= ϕ2
L

(
ac

2
+ bc

√
λ

2
|ϕL|+

λ

4
bdϕ2

L

)
.

(C.3.7)

Plugging the solutions ϕL,R of the matching equations (C.3.4), we find that the maximum

energy is negative in all regions on the (a, d) plane where there is a soliton. Hence, we

conclude that the solitonic solutions are energetically preferred to the trivial ϕ = 0 solution.
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In principle, we should also consider fluctuations around the solitons and check for stability,

but we have not done so.
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APPENDIX D

Higher Structure of Non-invertible Symmetries

D.1 Fusion junctions and associators in the 2d compact boson

theory

D.1.1 Local fusion junctions

In this subsection, we analyze the T ×T → ηk junction using the junction data for the fusion

T × η−k → T , and then complete our analysis of the local fusion junctions by analyzing the

ηk × T = T and ηm × ηn = ηm+n junctions.

T × T → ηk using T × η−k → T One can begin with the local fusion junction for

T × η−k → T and flip the direction of the ηk defect along L2 and similarly also that of the

T defect along t > 0, as described in Figure D.1.

T
L1

η−k
L2

T

ϕ3 ϕ1

ϕ2

0

=

T
L1

ηk
L2

T

ϕ3 ϕ1

ϕ2

0

=

T
L1

ηk
L2

T

ϕ3 ϕ1

ϕ2

0

− iN
2π
ϕ1ϕ3

∣∣0
∞

Figure D.1: The local fusion junction Hom(T ×T, ηk), obtained by flipping the directions of

η−k on L2 and T on t > 0.

Flipping the direction of ηk corresponds to taking its inverse, i.e. Sη−k(L2) = Sηk(−L2),
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because

η−k
ϕ2 ϕ1

0

=
i

2π

∫
L2

dφ

(
ϕ2 − ϕ1 +

2πη

N

)
=

i

2π

∫
−L2

dφ

(
ϕ1 − ϕ2 −

2πη

N

)
=

ηk
ϕ2 ϕ1

0

(D.1.1)

However, flipping the direction of the T -defect requires a boundary term since

T

0

ϕ1ϕ3

=
iN

2π

∫ ∞

0

ϕ3dϕ1 =
iN

2π

∫ 0

∞
ϕ1dϕ3 −

iN

2π
ϕ1ϕ3

∣∣∣∣0
∞

= T

0

ϕ1ϕ3

− iN

2π
ϕ1ϕ3

∣∣∣∣0
∞
.

(D.1.2)

Combining the results from T × η−k = T (4.3.18) with a suitable relabeling of the fields and

the extra boundary term (D.1.2) needed for flipping the direction of T , one reproduces the

boundary data (4.3.29).

ηk × T = T Consider fusing the upper part of the two defects ηk and T to obtain the

local fusion junction in Figure D.2 (left).

ηk, φ
L1

T

L2

T

ϕ1 ϕ2

ϕ3

0

ηm, φ1

L1

ηn, φ2

L2

ηm+n, φ

ϕ1 ϕ2

ϕ3

0

Figure D.2: The local fusion junctions Hom(ηk×T, T ) (left) and Hom(ηm×ηn, ηm+n) (right).

The defect action in the fused part at t > 0 is given by

S =
i

2π

∫
L1

dφ

(
ϕ1 − ϕ3 +

2πk

N

)
+
iN

2π

∫
L2

ϕ3dϕ2

+
i

2π

∫
t>0

[
Nϕ1dϕ2 +

(
ϕ1 − ϕ3 +

2πk

N

)
d (φ−Nϕ2)

]
+ ikϕ2|∞0

(D.1.3)

where the first term on the second line corresponds to the T -duality defect as expected from

the fusion outcome, the second term is a trivial decoupled TQFT and the last term is a
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boundary term. The trivial TQFT in the current form is such that its Dirichlet boundary

conditions are consistent with the relation between the bulk fields across the ηk defect,

ϕ1 − ϕ3 +
2πk
N

∣∣
L1

= 0 mod 2π. The Dirichlet boundary conditions and the boundary term

at this junction can be summarized as

Hom(ηk × T, T ) : ϕ1 − ϕ3 +
2πk

N

∣∣∣∣
t=0

= 0 , φ−Nϕ2|t=0 = 0 mod 2π

Sbdry = −ikϕ2(0) .

(D.1.4)

ηm × ηn = ηm+n Following the same steps for the local fusion junction ηm × ηn = ηm+n

in Figure D.2 (right), the action along the fused segment takes the form

S =
i

2π

∫
t>0

[
dφ1

(
ϕ1 − ϕ3 +

2πm

N

)
+ dφ2

(
ϕ3 − ϕ2 +

2πn

N

)]
=
i

2π

∫
t>0

[
dφ1

(
ϕ1 − ϕ2 +

2π(m+ n)

N

)
+

(
ϕ3 − ϕ2 +

2πn

N

)
d(φ2 − φ1)

]
.

(D.1.5)

The first term on the second line is the action for the expected ηm+n defect and the second

term is a trivial decoupled TQFT, whose Dirichlet boundary condition is consistent with the

relation between the bulk fields on the defect. Hence, there is no boundary term but the

boundary condition is given by

Hom(ηm × ηn, ηm+n) : ϕ3 − ϕ2 +
2πn

N

∣∣∣∣
t=0

= 0 , φ|t=0 = φ2|t=0 = φ1|t=0 mod 2π

Sbdry = 0 .

(D.1.6)

D.1.2 F -symbols

In this subsection, we compute all the F -symbols in the 2d compact boson theory except for

F T
T,T,T . In Figure D.3, we collected the diagrams for the first three F -symbols.
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ηm φ2

T

T

ηn

φ1 T

T

ηm φ2
ϕL

ϕR

ϕ′
I

ϕI

α

β

γ

δ

T

ηm, φ1

T

T

ηn, φ2

T

T
ϕL

ϕR

ϕ′
I

ϕI

α

β

γ

δ

T

ηm, φ1

T

ηn

φ2 T

ηm+n, φ

T
ϕL

ϕR

ϕ′
I

ϕI

α

β

γ

δ

Figure D.3: The diagrams for F ηm

T,ηn,T , F
T
ηm,T,ηn , and F

T
ηm,ηn,T .

F ηm

T,ηn,T Using the results from the previous subsection, the boundary conditions and bound-

ary terms at each junction are

α : φ2 −NϕI = 0 , ϕL − ϕR +
2πm

N
= 0 , S(α) = −iN

2π
ϕI

(
ϕR −

2πm

N

)
,

β : ϕI − ϕ′
I +

2πn

N
= 0 , φ1 −NϕR = 0 , S(β) = −inϕR(β),

γ : ϕI − ϕ′
I +

2πn

N
= 0 , φ1 −NϕL = 0 , S(γ) =

iN

2π
ϕL

(
ϕI − ϕ′

I +
2πn

N

)
,

δ : φ2 −Nϕ′
I = 0 , ϕL − ϕR +

2πm

N
= 0 , S(δ) =

iN

2π
ϕ′
I

(
ϕR +

2πη2
N

)
.

(D.1.7)

The result of the global fusion of the three defects, T, ηn, T in the middle is

S =
iN

2π

∫ β

γ

dϕI

(
ϕL − ϕR +

2πm

N

)
+

i

2π

∫ β

γ

(
ϕI − ϕ′

I +
2πn

N

)
d (φ1 −NϕR)

+

[
−imϕI +

iN

2π
ϕRϕI + inϕR

]β
γ︸ ︷︷ ︸

Sbdry;global

(D.1.8)

where the first term is the expected ηm defect, the second term is a trivial decoupled TQFT,

and the last term is a collection of boundary terms. Both decoupled TQFT fields φ1−NϕR

and ϕI − ϕ′
I +

2πn
N

have trivial Dirichlet boundary conditions from the boundary condi-

tions (D.1.7), and hence the decoupled TQFT does not contribute to the F -symbol after
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reducing the interval. Adding the boundary terms at the upper junction,

S(α) + S(β) + Sbdry;global|β = 0 (D.1.9)

and at the lower junction,

S(γ) + S(δ) + Sbdry;global|δ =
iN

2π

(
ϕL − ϕR +

2πm

N

)(
ϕI − ϕ′

I +
2πn

N

)
− 2πimn

N

= −2πimn

N
mod 2π .

(D.1.10)

Hence, the F -symbol is

F ηm

T,ηn,T = exp

(
2πimn

N

)
. (D.1.11)

F T
ηm,T,ηn Using the results from the previous subsection, the boundary conditions (modulo

2π) and the boundary terms at each junction are

α : ϕL − ϕI +
2πm

N
= 0, φ1 −NϕR = 0, S(α) = −imϕR(α),

β : φ2 −NϕI = 0, ϕ′
I − ϕR +

2πn

N
= 0, S(β) = −iN

2π
ϕI

(
ϕ′
I − ϕR +

2πn

N

)
,

γ : ϕL − ϕI +
2πm

N
= 0, φ1 −Nϕ′

I = 0, S(γ) = imϕ′
I(γ),

δ : φ2 −NϕI = 0, ϕ′
I − ϕR +

2πn

N
= 0, S(δ) =

iN

2π
ϕL

(
ϕ′
I − ϕR +

2πn

N

)
(D.1.12)

and the result of the global fusion of ηm, T, ηn in the middle is

S =
iN

2π

∫ β

γ

ϕLdϕR +

[
i

2π

(
ϕ′
I − ϕR +

2πn

N

)
φ2 + imϕ′

I

]β
γ

+
i

2π

∫ β

γ

(
ϕL − ϕI +

2πm

N

)
d(φ1 −Nϕ′

I)−
i

2π

∫ β

γ

(φ2 −NϕL) d
(
ϕ′
I − ϕR +

2πn

N

)
.

(D.1.13)

The trivial TQFT fields have trivial Dirichlet boundary conditions and do not contribute to

the F -symbol. Adding the boundary terms at the upper junction,

S(α) + S(β) + Sbdry;global|β =
i

2π
(φ2 −NϕI)

(
ϕ′
I − ϕR +

2πn

N

)
+ im (ϕ′

I − ϕR)

= −2πimn

N

(D.1.14)
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and at the lower junction

S(γ) + S(δ) + Sbdry;global|δ =
i

2π

(
ϕ′
I − ϕR +

2πn

N

)
(NϕL − φ2) = 0 . (D.1.15)

Hence,

F T
ηm,T,ηn = exp

(
2πimn

N

)
. (D.1.16)

F T
ηm,ηn,T The boundary conditions and boundary terms at each junction are

α : ϕL − ϕI +
2πm

N
= 0, φ1 −NϕR = 0, S(α) = −imϕR(α) ,

β : ϕI − ϕ′
I +

2πn

N
= 0, φ2 −NϕR = 0, S(β) = −inϕR(β) ,

δ : ϕL − ϕ′
I +

2π(m+ n)

N
= 0, φ−NϕR = 0, S(δ) = i(m+ n)ϕR(δ) ,

γ : φ = φ1 = φ2, ϕI − ϕ′
I +

2πn

N
= 0, S(γ) = 0 .

(D.1.17)

The global fusion of ηm, ηn, T in the middle is

S =
iN

2π

∫ β

γ

ϕLdϕR + i(m+ n)ϕR|βγ

+
i

2π

∫ β

γ

(
ϕL − ϕI +

2πm

N

)
d(φ1 − φ2) +

(
ϕL − ϕ′

I +
2π(m+ n)

N

)
d(φ2 −NϕR) ,

(D.1.18)

and the trivial decoupled TQFT fields have the trivial Dirichlet boundary conditions. The

sums of the boundary terms at the upper and lower junctions vanish, and thus the F -symbol

is trivial,

F T
ηm,ηn,T = 1 . (D.1.19)
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ϕI
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γ

δ

ηm φ1
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ηn, φ2

ηm−n, φ

ηm φ1
ϕL

ϕR

ϕ′
I

ϕI

α

β

γ

δ

ηm φ1

ηn, φ2

ηm−n, φ

T

T

T

ηm φ1
ϕL

ϕR

ϕ′
I

ϕI

α

β

γ

δ

Figure D.4: The diagrams for F T
T,ηm,ηn , F

ηm

T,T,ηn and F ηm

ηn,T,T .

F T
T,ηm,ηn The boundary conditions (mod 2π) and boundary terms at each junction are

α : ϕI − ϕR +
2π(m+ n)

N
= 0, φ−NϕL = 0, S(α) = −iN

2π
ϕL

(
ϕI − ϕR +

2π(m+ n)

N

)
,

β : φ = φ1 = φ2, ϕ′
I − ϕR +

2πn

N
= 0, S(β) = 0 ,

γ : ϕI − ϕ′
I +

2πm

N
= 0, φ1 −NϕL = 0, S(γ) =

iN

2π
ϕL

(
ϕI − ϕ′

I +
2πm

N

)
,

δ : ϕ′
I − ϕR +

2πn

N
= 0, φ2 −NϕL = 0, S(δ) =

iN

2π
ϕL

(
ϕ′
I − ϕR +

2πn

N

)
,

(D.1.20)

and the global fusion of the three defects ηm, ηn, T is

S =
iN

2π

∫ β

γ

ϕLdϕR +

[
i

2π
φ1

(
ϕI − ϕR +

2π(m+ n)

N

)]β
γ

+
i

2π

∫ β

γ

[
(NϕL − φ1)d(ϕI − ϕR +

2π(m+ n)

N
) +

(
ϕ′
I − ϕR −

2πη2
N

)
d(φ2 − φ1)

]
.

(D.1.21)

All trivial decoupled TQFT fields have the trivial Dirichlet boundary conditions and so the

two decoupled TQFTs do not contribute to the F -symbol. The sum of the boundary terms
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at the upper junction is given by

S(α) + S(β) + Sbdry;global|β =
i

2π
(φ1 −NϕL)

(
ϕI − ϕR +

2π(m+ n)

N

)
= 0 mod 2π

(D.1.22)

and at the lower junction by

S(γ) + S(δ) + Sbdry;global|γ =
i

2π
(NϕL − φ1)

(
ϕI − ϕR +

2π(m+ n)

N

)
= 0 mod 2π .

(D.1.23)

Hence, the F -symbol is trivial,

F T
T,ηm,ηn = 1 . (D.1.24)

F ηm

T,T,ηn The boundary conditions (mod 2π) and boundary terms at each junction are

α : φ1 −NϕI = 0, ϕL − ϕR +
2πm

N
= 0, S(α) = −iN

2π
ϕI

(
ϕR −

2πm

N

)
,

β : φ2 −NϕI = 0, ϕ′
I − ϕR +

2πn

N
= 0, S(β) = −iN

2π
ϕI

(
ϕ′
I − ϕR +

2πn

N

)
,

γ : φ−NϕI = 0, ϕL − ϕ′
I +

2π(m− n)
N

= 0, S(γ) =
iN

2π
ϕI

(
ϕ′
I −

2π(m− n)
N

)
,

δ : φ = φ1 = φ2, ϕ′
I − ϕR +

2πn

N
= 0, ϕL − ϕR +

2πm

N
= 0, S(δ) = 0 ,

(D.1.25)

and the global fusion of the three defects T, T, ηn in the middle is

S =
iN

2π

∫ β

γ

(
ϕL − ϕR +

2πm

N

)
dϕI +

i

2π

∫ β

γ

(ϕ′
I − ϕR +

2πn

N
)d(φ2 −NϕI)

+
iN

2π

[
ϕI

(
ϕ′
I −

2π(m− n)
N

)]β
γ

.

(D.1.26)

The trivial decoupled TQFT fields have trivial Dirichlet boundary conditions. The sum of

the boundary terms at the upper junction vanishes,

S(α) + S(β) + Sbdry;global|β = 0 , (D.1.27)

and the sum at the lower junction vanishes as well,

S(γ) + S(δ) + Sbdry;global|γ = 0 . (D.1.28)
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Hence, the F -symbol is trivial:

F ηm

T,T,ηn = 1 . (D.1.29)

F ηm

ηn,T,T The boundary conditions (mod 2π) and boundary terms at each junction are

α : φ1 = φ2 = φ, ϕL − ϕR +
2πm

N
= 0, ϕL − ϕI +

2πn

N
= 0, S(α) = 0,

β : φ−Nϕ′
I = 0, ϕI − ϕR +

2π(m− n)
N

= 0, S(β) = −iN
2π
ϕ′
I

(
ϕR −

2π(m− n)
N

)
,

γ : ϕL − ϕI +
2πn

N
= 0, φ2 −Nϕ′

I = 0, S(γ) = inϕ′
I(γ),

δ : φ1 −Nϕ′
I = 0, ϕL − ϕR +

2πm

N
= 0, S(δ) =

iN

2π
ϕ′
I

(
ϕR −

2πm

N

)
(D.1.30)

and the global fusion of the three defects ηn, T, T in the middle is

S =
i

2π

∫ β

γ

dφ1

(
ϕL − ϕR +

2πm

N

)
+

[
iN

2π
ϕ′
I

(
ϕR −

2π(m− n)
N

)]β
γ

+
i

2π

∫ β

γ

(
ϕL − ϕR +

2πm

N

)
d(Nϕ′

I − φ1) +
i

2π

∫ β

γ

(
ϕL − ϕI +

2πn

N

)
d(φ2 −Nϕ′

I) .

(D.1.31)

All decoupled trivial TQFT fields have trivial Dirichlet boundary conditions, and the sum

of the boundary terms at both the upper and lower junctions vanishes,

S(α) + S(β) + Sbdry;global|β = 0 , S(γ) + S(δ) + Sbdry;global|γ = 0 . (D.1.32)

Hence, the F -symbol is trivial,

F ηm

ηn,T,T = 1 . (D.1.33)

D.2 Comments on alternative formalisms on the local junctions

The topological boundary/interface of a topological defect (or a TFT) can be described either

in terms of boundary conditions or by introducing boundary degrees of freedom. In Section

4.4, we take the first approach, and in this Appendix, we want to present the alternative
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description commonly used in the literature [63,71] and discuss their relations in the concrete

example of the 3d ZN gauge theory written in terms of the CS action. Notice that there are

no new results here, and we simply hope to clarify a few subtleties in various formalisms.

Let’s first recall the topological boundary condition for ZN gauge theory given by the CS

action

S =
iN

2π

∫
V

a ∧ db . (D.2.1)

For generic N > 1, there always exist two boundary conditions

(I) : a|∂V = dϕa , Nb|∂V = dϕb ,

(II) : Na|∂V = dϕa , b|∂V = dϕb ,
(D.2.2)

and we will restrict our discussion to these two for simplicity.

In the boundary condition (I), the gauge transformations are given by

a→ a+ dλa , b→ b+ dλb , ϕa → ϕa + λa , ϕb → ϕb +Nλb . (D.2.3)

It is straightforward to check that the action is gauge invariant and is consistent with the

variation principle. In this boundary condition, the a-Wilson line is allowed to terminate on

the boundary, described by the gauge-invariant operator

exp

(
−iϕa(p) + i

∫
γ

a

)
, γ ∩ ∂V = {p} , (D.2.4)

where γ is some path in the bulk V that terminates at the boundary point p ∈ ∂V . On the

boundary, the charge N b-Wilson line is identified with the identity line as there exists a local

junction between the two. In other words, the line eiN
∫
b can terminate on the vertex operator

e−iϕb in a gauge-invariant way1. Hence, ei
∮
γ b generates ZN symmetry on the boundary for

the boundary condition (I). Combined, we see the boundary condition (I) yields the correct

operator spectrum for the ei
∮
a-condensed boundary. It is straightforward to repeat the same

1Notice that similar story happens in the bulk, except the role of eiϕb is played by the monopole operator

of a [136].
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analysis for the boundary condition (II) and see it describes the ei
∮
b-condensed boundary

correctly.

The same boundary conditions can also be described by introducing boundary scalars

and coupling them to the bulk field, while leaving the bulk fields completely free in the action

on the boundary. The boundary coupling as well as the gauge transformations are given by

(I) : S∂V =
iN

2π

∫
∂V

ϕdb ,

a→ a+ dλa , b→ b+ dλb , ϕ→ ϕ− λa ,

(II) : S∂V =
iN

2π

∫
∂V

ϕda+ a ∧ b ,

a→ a+ dλa , b→ b+ dλb , ϕ→ ϕ− λb .

(D.2.5)

It is straightforward to check that both boundary conditions are well-defined and yield the

correct operator spectrum. In the boundary condition (I), ei
∫
a can terminate on the e−iϕ

in a gauge-invariant way on the boundary. At the same time, the equation of motion of

ϕ implies that eiN
∮
b = 1 thus ei

∮
b generates ZN symmetry on the boundary2. Similarly,

in the boundary condition (II), ei
∫
b can terminate on the boundary while ei

∮
a generates

ZN -symmetry instead.

The advantage of this formalism is that one can manifestly produce an action in terms of

continuous fields in the interval reduction. For instance, let’s consider placing the theory on

[0, 1]t ×M2. Let us first consider choosing boundary condition (I) for both t = 0 and t = 1

boundaries. In this case, the full action is given by

iN

2π

∫
[0,1]t×M2

a ∧ db− iN

2π

∫
M2|t=0

ϕ db+
iN

2π

∫
M2|t=1

ϕ̃ db , (D.2.6)

2To see that eiN
∫
b can terminate on the boundary, we notice that there exists a boundary operator

O(x), defined by removing the point x from ∂V and require the compact scalar ϕ to have unit winding

around x when inserting in the path integral. eiN
∫
b can terminate gauge-invariantly on O(x).
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with the gauge transformation

a→ a+ dλa , b→ b+ dλb , ϕ→ ϕ− λa , ϕ̃→ ϕ− λa . (D.2.7)

Reducing along the interval by fusing two boundaries leads to the 2d action

iN

2π

∫
M2

(ϕ̃− ϕ) db ≡ iN

2π

∫
M2

Φ db , (D.2.8)

which becomes the standard 2d ZN gauge theory upon introducing the gauge invariant

compact scalar Φ = ϕ̃− ϕ, thus reproduces the well-known result.

On the other hand, one can also consider choosing boundary condition (I) for the t = 0

boundary and boundary condition (II) for the t = 1 boundary. In this case, the full action

is given by

iN

2π

∫
[0,1]t×M2

a ∧ db− iN

2π

∫
M2|t=0

(ϕ da+ a ∧ b) + iN

2π

∫
M2|t=1

ϕ̃ db , (D.2.9)

with the gauge transformation

a→ a+ dλa , b→ b+ dλb , ϕ→ ϕ− λb , ϕ̃→ ϕ− λa . (D.2.10)

Upon the reduction, we find the 2d action

iN

2π

∫
M2

−a ∧ b− ϕ da+ ϕ̃ db , (D.2.11)

with the gauge transformation (D.2.10). Despite having a seemingly non-trivial action, the

2d theory is actually trivial as there are no gauge-invariant operators which do not commute

upon canonical quantization, also matching the well-known result.

D.3 Triality fusion junctions and associators in 4d Maxwell theory

D.3.1 Triality fusion junctions

The triality and the condensation defects form a closed non-invertible fusion algebra. In this

section, we focus on the associator for the fusion of three triality defects (not of a condensation
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defect) for even N and analyze the following relevant local fusion and morphism junctions,

C0 → 1 (4.4.21), CN
2
→ 1 (4.4.24), U(1)N × U(1)−N → 1 (4.4.35),

D3 × 1 = D3 (4.4.17), 1×D3 = D3 (D.3.3), 1×D3 = D3 (D.3.5), D3 × 1 = D3 (D.3.7)

D3 ×D3 = U(1)ND3 (4.4.33), D3 ×D3 = U(1)−ND3 (4.4.34),

D3 ×D3 = C0 (D.3.9), D3 ×D3 = CN
2
(D.3.12) .

(D.3.1)

1, b V1 D3 or D3V2

D3 V3

A1 A2

A3

Σ0

D3 V1 1, bV2

D3 V3

A1 A2

A3

Σ0

D3 (or D3) V1 D3 (or D3)V2

C0 (or CN
2
) , a V3

A1 A2

A3

Σ0

Figure D.5: Fusion junctions on the second line of Eq. (D.3.1); b is the defect field on V2 for

the identity defect.

1 × D3 = D3 Consider the local fusion junction for 1 × D3 → D3, the first diagram of

Figure D.5. The action along the fused upper part V3 is

S =
i

2π

∫
V3

[
db(A1 − A3) +NA3dA2 +

N

2
A3dA3

]
=
iN

2π

∫
V3

(
A1dA2 +

1

2
A1dA1

)
+
iN

4π

∫
Σ0

A1 ∧ A3

+
i

2π

∫
V3

(A1 − A3) d

(
b− N

2
A3 −

N

2
A1 −NA2

) (D.3.2)

where the first term on the last line describes the triality defect D3 as expected from the

fusion algebra, second term is the boundary term and the last term is a trivial TQFT.

Since the fields A3 and b above Σ0 are supported only along the D3 defect, (by shifting

A3 → A3+A1 and b→ b+ N
2
A3+

N
2
A1+NA2, the TQFT is decoupled from the bulk. Thus,
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we impose the boundary conditions (4.4.15). In summary,

Hom(1×D3, D3) : A1 − A3 , b− N

2
A3 −

N

2
A1 −NA2

∣∣∣∣
Σ0

= pure U(1) gauge ,

Sbdry =
iN

4π

∫
Σ0

A1 ∧ A3 .

(D.3.3)

1 × D3 = D3 We again use the first diagram in Figure D.5 with the action along the V3

segment,

S =
i

2π

∫
V3

[
db(A1 − A3)−NA3dA2 −

N

2
A2dA2

]
= −iN

2π

∫
V3

(
A1dA2 +

1

2
A2dA2

)
︸ ︷︷ ︸

D3

+
i

2π

∫
V3

(A1 − A3)d(b+NA2)︸ ︷︷ ︸
Decoupled trivial TQFT

.
(D.3.4)

Hom(1×D3, D3) : A1 − A3, b+NA2|Σ0
= pure U(1) gauge, Sbdry = 0 . (D.3.5)

D3×1 = D3 This corresponds to the second diagram in Figure D.5 with the action along

the V3 segment given by

S =
i

2π

∫
V3

[
−NA1dA3 −

N

2
A3dA3 + db ∧ (A3 − A2)

]
= −iN

2π

∫
V3

(
A1dA2 +

1

2
A2dA2

)
︸ ︷︷ ︸

D3

+
i

2π

∫
V3

(A3 − A2)d

[
b−NA1 −

N

2
(A2 + A3)

]
︸ ︷︷ ︸

Decoupled trivial TQFT

− i

2π

∫
Σ0

NA1 ∧ (A3 − A2) +
N

2
A2 ∧ A3︸ ︷︷ ︸

Sbdry

.

(D.3.6)

Imposing the boundary conditions (4.4.15) for the decoupled TQFT, we have

Hom(D3 × 1, D3) : b−NA1 −
N

2
(A2 + A3), A2 − A3

∣∣∣∣
Σ0

= pure U(1) gauge ,

Sbdry = −
i

2π

∫
Σ0

NA1 ∧ (A3 − A2) +
N

2
A2 ∧ A3 .

(D.3.7)

290



D3 ×D3 = C0 This junction corresponds to the third diagram of Figure D.5. The action

along the fused part V3 is

S =
iN

2π

∫
V3

(
−A1dA3 −

1

2
A3dA3 + A3dA2 +

1

2
A3dA3

)
= −iN

2π

∫
V3

dA3 (A1 − A2)︸ ︷︷ ︸
C0

− iN
2π

∫
Σ0

A2 ∧ A3︸ ︷︷ ︸
Sbdry

.
(D.3.8)

No particular boundary condition is imposed, hence

Hom(D3 ×D3, C0) : no b.c., Sbdry = −
iN

2π

∫
Σ0

A2 ∧ A3 . (D.3.9)

Attaching a morphism junction between C0 and the identity (with the identity defect field

being b) using Eq. (4.4.21), we get

Hom(D3 ×D3, 1) : b+NA3, A1 − A2| = pure U(1) gauge, Sbdry = −
iN

2π

∫
Σ0

A2 ∧ A3 .

(D.3.10)

D3 × D3 = CN
2

This junction corresponds to the third diagram of Figure D.5, with the

action along the fused segment V3 given by

S =
iN

2π

∫
V3

(
A1dA3 +

1

2
A1dA1 − A3dA2 −

1

2
A2dA2

)
=
iN

2π

∫
V3

[
(A1 − A2)d(A3 + A2) +

1

2
(A1 − A2)d(A1 − A2)

]
︸ ︷︷ ︸

CN
2

+
iN

2π

∫
Σ0

(
A2 ∧ A3 −

1

2
A1 ∧ A2

)
︸ ︷︷ ︸

Sbdry

.

(D.3.11)

There is no particular boundary condition imposed here, hence

Hom(D3 ×D3, CN
2
) : No b.c., Sbdry =

iN

2π

∫
Σ0

(
A2 ∧ A3 −

1

2
A1 ∧ A2

)
. (D.3.12)

Attaching a morphism junction between C0 and the identity (with the identity defect field

being b) using Eq. (4.4.24), we have

Hom(D3 ×D3, 1) : N(A2 + A3)− b, A1 − A2 = pure U(1) gauge,

Sbdry =
iN

2π

∫
Σ0

(
A2 ∧ A3 −

1

2
A1 ∧ A2

)
.

(D.3.13)
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D.3.2 Triality defect associator

In this subsection, we focus on the first three associators among the following defect trios,

with morphism junctions to the identity added whenever it is possible:

D3 ×D3 ×D3 , D3 ×D3 ×D3 , D3 ×D3 ×D3 , D3 ×D3 ×D3 . (D.3.14)

These are drawn in Figure D.6.

1, b

CN
2

U(1)N , a1

D3

D3

D3

D3

D3

U(1)N , a2

1, b
AL

AR

A′
I

AI

α′

α

β

γ

δ

D3

1, b

D3

D3

D3

1, b′

D3
AL

AR

A′
I

AI

α

β

γ

δ

D3

U(1)N , a1

D3

U(1)−N , a2

D3

D3

D3

1, b

D3

AL

AR

A′
I

AI

α′

α

β

γ

δ

Figure D.6: The triality defect associators. Morphism junctions appear in purple and are

adjacent to a local fusion junction. From left to right: [F
U(1)N
D3,D3,D3

]U(1)ND3,U(1)ND3
, [FD3

D3,D3,D3
]1,1

and [FD3

D3,D3,D3
]1,U(1)ND3

.

D.3.2.1
[
F

U(1)N
D3,D3,D3

]
U(1)ND3,U(1)ND3

This associator (first diagram of Figure D.6) relates the following two different fusions:

(D3 ×D3)×D3 = U(1)N D3 ×D3 = U(1)N C0 → U(1)N ,

D3 × (D3 ×D3) = U(1)N D3 ×D3 = U(1)N CN
2
→ U(1)N .

(D.3.15)

292



Using the junction analyses in the previous subsection, the boundary data at each junction

is

αβ : AL − AR, N(AI + AR) +
N

2
(AL − AR)− b = pure U(1) gauge

S(α) + S(β) =
iN

4π

∫
Σαβ

[AR ∧ AI − AL ∧ AR + (AI − AR) ∧ A′
I ] ,

γδ : AL − AR, b+NA′
I = pure U(1) gauge ,

S(γ) + S(δ) = −iN
4π

∫
Σγδ

[AL ∧ AI + AL ∧ A′
I + AI ∧ A′

I − 2AR ∧ A′
I ] .

(D.3.16)

After the parallel fuison of three D3 defects in the middle,

S =
iN

2π

∫ β

γ

(
ALdAI +

1

2
ALdAL + AIdA

′
I +

1

2
AIdAI + A′

IdAR +
1

2
A′
IdA

′
I

)
=
iN

4π

∫ β

γ

(AL + AI + A′
I)d(AL + AI + A′

I) ← U(1)N

− iN

2π

∫ β

γ

dA′
I (AL − AR) ← Condensation defect C0

+
iN

2π

∫
Σβ−Σγ

[
−A′

I ∧ AR +
1

2
(AI ∧ AL + A′

I ∧ AL + A′
I ∧ AI)

]
← Sbdry;global

(D.3.17)

the interval hosts a U(1)N Chern-Simons theory, a condensation defect and some boundary

terms. Summing the boundary terms from the upper junctions along with Sbdry;global we get

S(α) + S(β) + Sbdry;global|αβ = −iN
4π

∫
Σ

(AI + A′
I + AL) ∧ (AR + AI + A′

I) , (D.3.18)

while the sum of boundary terms at the lower junctions vanishes,

S(γ) + S(δ) + Sbdry;global|γδ = 0 . (D.3.19)

The total boundary term (D.3.18) at the upper junction connects the U(1)N theories at the

junction β. To see this, we notice that the U(1)N theories above β, below γ and between

them are

Above β
iN

4π

∫ ∞

β

(AR + AI + A′
I)d(AR + AI + A′

I) ,

[γ, β] and Below γ
iN

4π

∫ β

−∞
(AL + AI + A′

I)d(AL + AI + A′
I) .

(D.3.20)
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Following a similar discussion as in Section 4.4.2.3 (or applying the folding trick here), we

see that the boundary term (D.3.18) ensures the gauge invariance from both sides, and the

gluing condition, (AL + AI + A′
I)− (AI + A′

I + AR) = pure U(1) gauge, indicates that this

is a trivial interface of the U(1)N theory.

Thus, we are left with a 3d condensation defect on the interval. Reducing it along the

interval leads to a 2d condensation defect of the bulk 1-form symmetry (which is simply

a projector). Notice that this is consistent with the operator spectrum analysis. First, as

follows from the boundary conditions, the ZN higher quantum symmetry line ei
∫
(AL−AR)

on the 3d condensation defect can stretch between the two boundaries. After reduction,

it becomes a topological local operator and can be interpreted as the higher quantum 1-

form symmetry on the 2d condensation defect. Second, in the 4d bulk, an open ZN 1-form

symmetry operator can be viewed as a non-genuine line operator bounding the symmetry

operator; but on the condensation defect, ZN is gauged and this line operator should become

genuine. This is guaranteed by the e.o.m. of AL (or AR), which allows us to rewrite such

an open ZN 1-form symmetry operator as the A′
I-Wilson line ei

∮
A′

I . After reduction, ei
∮
A′

I

remains a line operator by the boundary conditions, encoding the fact that an open ZN

1-form symmetry operator becomes genuine in the 2d condensation defect.

We also want to highlight that the existence of local junctions Ck → 1 in the initial

diamond diagrams we considered does not necessarily imply there will be a reduction of the

condensation defect in the end. This is because we will need to perform the global fusion

to collapse the diagram, during which the condensation defect can become a decoupled ZN -

gauge theory. Only when the condensation defect appears in the global fusion, will we have

the interval reduction of the 3d condensation defect which leads to the 2d condensation

defect.

Overall, we see that the 2d theory corresponding to the associator 1-morphism results

solely from the 3d condensation defect in the interval, which reduces to a 2d condensation
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defect. As a result,[
F
U(1)N
D3,D3,D3

]
U(1)ND3,U(1)ND3

= 2d ZN condensation defect . (D.3.21)

D.3.2.2
[
FD3

D3,D3,D3

]
1,1

This associator relates the following fusions above and below as depicted in the second

diagram of Figure D.6:

D3 × (D3 ×D3) = D3 × C0 → D3 × 1 = D3 ,

(D3 ×D3)×D3 = CN
2
×D3 → 1×D3 = D3 .

(D.3.22)

The boundary data at each junction can be collected to

α, β, β′ : b+NAL, b+NA′
I , AI − AR = pure U(1) gauge ,

S(α) = − i

2π

∫
Σα

b ∧ (AI − AR), S(β) = −iN
2π

∫
Σβ

AR ∧ A′
I ,

γ, γ′, δ : N(AI + A′
I)− b′, AL − A′

I , b−NAL −NAR = pure U(1) gauge ,

S(γ) = −iN
2π

∫
Σγ

(
A′
I ∧ AI −

1

2
AL ∧ A′

I

)
, S(δ) = −iN

4π

∫
Σδ

AL ∧ A′
I .

(D.3.23)

Fusing the three defects in the middle by summing their actions result in the following

actions:

S =
iN

2π

∫ β

γ

(
ALdAI +

1

2
ALdAL − AIdA′

I −
1

2
A′
IdA

′
I + A′

IdAR +
1

2
A′
IdA

′
I

)
=
iN

2π

∫ β

γ

(
ALdAR +

1

2
ALdAL

)
︸ ︷︷ ︸

D3

+
iN

2π

∫ β

γ

(AL − A′
I)d(AI − AR)︸ ︷︷ ︸

decoupled ZN gauge theory

+
iN

2π

∫
Σβ−Σγ

AI ∧ A′
I︸ ︷︷ ︸

Sbdry;global

.

(D.3.24)

Collecting the boundary terms, at the upper junctions

S(α) + S(β) + Sbdry;global|αβ = − i

2π

∫
Σαβ

(b+NA′
I) ∧ (AI − AR) ∈ 2πiZ (D.3.25)
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where we used the boundary conditions, and at the lower junctions,

S(γ) + S(δ) + Sbdry;global|γδ = 0 . (D.3.26)

Hence, we find a decoupled 3d ZN on the interval. Since AL−A′
I has (ND) and AI−AR has

(DN) boundary conditions on αβ and γδ respectively, there is no untwisted local operators

after reduction and the decoupled ZN gauge theory becomes the trivial theory after reducing

the interval [γ, β]. Hence, [
FD3

D3,D3,D3

]
1,1

= Trivial theory . (D.3.27)

D.3.2.3 [FD3

D3,D3,D3
]1,U(1)ND3

Lastly, let’s compute the associator in the last diagram of D.6 which relates

Upper part : D3 × (D3 ×D3) = D3 ×D3 U(1)N = D3 U(1)−N × U(1)N → D3 ,

Lower part : (D3 ×D3)×D3 = C0 ×D3 → 1×D3 = D3 .
(D.3.28)

The boundary data at each junction is

α′, α, β : a1 = AI + A′
I + AR , a2 = aL + AI + AR ,

(1) N(A′
I + AI + AR), AL − A′

I = pure U(1) gauge ,

or (2) AL − A′
I + 2(A′

I + AI + AR),
N
2
(AL − A′

I) = pure U(1) gauge ,

S(α) = −iN
4π

∫
Σα

AL ∧ AR + (AL − AR) ∧ AI , S(β) =
iN

4π

∫
Σβ

AI ∧ AR + (AI − AR) ∧ A′
I ,

S(α′) = − iN
4π

∫
Σα′

(AI + A′
I + AR) ∧ (AL + AI + AR) ,

γ, γ′, δ : AL − A′
I , N(AL + AI + AR) = pure U(1) gauge ,

S(γ) =
iN

2π

∫
A′
I ∧ AI , S(δ) = −iN

2π
AL ∧ A′

I .

(D.3.29)
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Next, we fuse the three defects D3 ×D3 ×D3 in the middle by summing their actions,

S =
iN

2π

∫ β

γ

(−ALdAI −
1

2
AIdAI + AIdA

′
I +

1

2
AIdAI + A′

IdAR +
1

2
A′
IdA

′
I)

=
iN

2π

∫ β

γ

(
ALdAR +

1

2
ALdAL

)
(← D3)

+
iN

2π

∫ β

γ

[
1

2
(A′

I − AL)d(A′
I − AL) + (A′

I − AL) ∧ d(AI + AL + AR)

]
(← (ZN)N)

+
iN

2π

∫
Σβ−Σγ

[
A′
I ∧ (AI+

1

2
AL)

]
(← Sbdry;global) ,

(D.3.30)

where the first line is the action for D3 as expected from the fusion algebra, the second line

is a decoupled ZN gauge theory with the twist N (denoted by (ZN)N and the last term is

the boundary term.

The total boundary term at the upper junction is

S(α) + S(β) + S(α′) + Sbdry;global|β = 0 , (D.3.31)

and the total boundary term at the lower junction is

S(γ) + S(δ) + Sbdry;global|γ = 0 . (D.3.32)

Therefore, we indeed find a decoupled (ZN)N theory on the interval.

On the upper junction, we have two boundary conditions (1) and (2) from condensing

U(1)N × U(1)−N . Under the boundary condition (1), the upper and lower junctions have

the same boundary conditions on gauge fields AI + AL + AR and AL − A′
I as written in

Table D.1. Following the discussion in Section 4.4.3.1, reducing the interval results in a 2d

ZN gauge theory.

AI + AL + AR AL − A′
I

αβ (1) ZN pure U(1) gauge

γγ′ ZN pure U(1) gauge

Table D.1: Boundary conditions for the case (1) of Eq. (D.3.29)
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Under the boundary condition (2), on the other hand, the gauge fields have different

boundary conditions at the upper and lower junctions, as written in Table D.2. In this case,

we only find Z2 untwisted local operators arising from the Wilson lines ei
Nk
2

∮
a1+a2 (k ∈ Z2).

Hence, reducing the interval [γ, β] results in a Z2 gauge theory.

(AL − A′
I) + 2(AI + AL + AR) AL − A′

I

αβ (2) pure gauge ZN
2

γγ′ ZN
2

pure gauge

Table D.2: Boundary conditions for the case (2) of Eq. (D.3.29)

In summary,

(ZN)N
reducing interval−→


(1) : ZN gauge theory ,

(2) : Z2 gauge theory .

(D.3.33)

Combining the reduction of the ZN theory on the interval and the boundary actions,

there are two choices for the associator 1-morphism,[
FD3

D3,D3,D3

]
U(1)ND3,1

= ZN gauge theory or Z2 gauge theory . (D.3.34)

D.4 Details on anyon condensation and domain wall fusion

In this appendix, we give some details on the anyon condensation computations and the

fusion of the domain walls used in Section 4.5.

Recall that we want to describe the topological operator spectrum for the following two
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diagrams

Dx T−[a(2)]

Dx T+[a(2)]

Dx T [a(2)] ≡ D1 ×D2 ×D3

I−

I+

=⇒ I+−[a
(2)] ≡ FD1,D2,D3

Dx T−[a(2)]

Dx T+[a(2)]

(D.4.1)

First, let us explain the line operator spectrum in the following configuration summarized

by Table 4.6.

T− T+

I− I+

T
, (D.4.2)

From the math literature of anyon condensation [74, 137], the interface I± is given the

fusion category of A±-modules in T 3, and the theory T± on the other side of the interface

is described by the category of local A±-modules (which is a modular tensor category). The

interfaces I± carry the structure as bimodule categories of T and T±. Physically, condensing

A± means gauging the 1-form symmetry A±. The 1-form symmetry A± can act on the line

operators by fusion and by braiding, and after gauging we keep only the operators invariant

under A± action. On the interface I±, A± can only act by fusion as I± is 2-dimension. The

simple invariant line operators on I± must be invariant under fusion with any lines in A±,

therefore must take the form

ℓ±b ≡
∑
a∈A±

b× a (D.4.3)

for any simple line operator b in T . Clearly, ℓ±b and ℓ±b′ parameterize the same invariant lines

if b−1b′ ∈ A±. The ℓ
±
b constructed above is a A±-module, and all the ℓ±b ’s form the category

3Here we view A± as an algebra object in T .
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TA± of A±-modules describing the topological line operators on the interface I±. The fusion

rules for those invariant lines are simply given by4

ℓ±b × ℓ
±
b′ = ℓ±bb′ . (D.4.4)

It is also possible to fuse the bulk line in T with the interface lines with the fusion rules

ℓ+b ⊗ b
′ = ℓ+bb′ , b′ ⊗ ℓ−b = ℓ−b′b , ∀b′ ∈ T . (D.4.5)

On the other hand, in the theory T± acquired by gauging A±, where the 1-form symmetry

A± also acts via braiding. Hence, only the ℓb’s that braid trivially with A± are invariant

under the A± action5. Those ℓb’s are known as local A±-modules, and together they form a

modular tensor category (often denoted as T locA±
) describing the 3d TQFT T±.

Next, we explain the domain wall fusion step between I+ and I− in (D.4.1). The outcome

is a domain wall I−+ between T− and T+, which we identify as the F -symbol. The result

has been summarized in Table 4.7, and the result is derived from the math tools known as

balanced Deligne tensor product which captures the domain wall fusion as shown in [137]

I+− = I+ ⊠T I− . (D.4.6)

In the special case where T contains only Abelian anyons, the computation can be done as

follows6. First, one takes I+ ⊠ I− corresponding to naively stacking two interfaces on top of

4Notice that the tensor product of A±-modules is the balanced tensor product ⊗A± over the algebra

object A± which gives rise to the correct multiplicity below.

5For that, we only need to check any one of the line in the sum braids trivially with all the lines in A±.

This is because in order to condense A±, every anyon in A± must be boson and braids trivially with each

other.

6For experts, here we are simply using the result that, for a fusion category C, the balanced tensor

productM⊠C N between a right C-module categoryM and a left C-module category N can be computed

by first viewing M ⊠ N as a module category over C ⊠ Crev and taking the category of modules over the

algebra A = ⊕X∈Irr(C)X ⊠X∗ inM⊠N . For more details, see Remark 3.9 in [138].
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each other. Using our previous notation, simple line operators on I+ ⊠ I− can be labeled as

ℓb,b′ ≡ ℓ+b ⊠ ℓ−b . (D.4.7)

To get the spectrum of line operators in I+− = I+ ⊠T I−, one can simply make the identifi-

cation

ℓb,b′ ≃ ℓba,a−1b′ ∀a ∈ T . (D.4.8)

Notice that one can also fuse the lines in T± to lines on the interface I+−, with the fusion

rules

ℓ+b1 ⊗ ℓb2,b3 = ℓb1b2,b3 , ℓb2,b3 ⊗ ℓ−b1 = ℓb2,b3b1 . (D.4.9)

Finally, the interface I+− will be a multi-fusion category, namely it contains local operators

(corresponding to the multiple junctions between the identity lines), if A+∩A− is non-trivial.

And the local operators are exactly labeled by A+∩A−, corresponding to the lines stretching

between two interfaces. When this happens, it usually means the 2d interface contains a

sub-sector described by a decoupled 2d TQFT.

Finally, one also needs to remember to keep track of whether the resulting 2d interface

I−+ couples to the bulk gauge field a(2). When it does, this will turn the decoupled 2d TQFT

to a 2d condensation defect of the 1-form symmetry.

D.5 Duality defect associators

In this section, we briefly explain the non-invertible duality symmetry in 4d Maxwell theory

at τ = iN found in Ref. [59,62] and compute one particular associator of the duality defects

using the Lagrangian method and group-theoretical approach. Other associators can be

computed using the same methods and the results are listed. We find an agreement and

comment on the efficiency and validity of the two approaches.
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D.5.1 Non-invertible duality symmetry and defect Lagrangians

At couplings τ = iN , there is a duality symmetry constructed as follows. We first gauge

a Z(1)
N subgroup of the electric 1-form symmetry in half space (with Dirichlet boundary

conditions for the corresponding discrete gauge field), resulting in a topological interface

between the theory with coupling τ = iN and the theory with coupling i/N . However, since

under S-duality the coupling i/N maps to iN , the two sides are in fact equivalent and we get

a defect in a single theory, obtained by performing Z(1)
N gauging and S-duality in half space.

As shown in [59], one can describe this defect, which is denoted by D2, by the following

action,

D2 : S =
N

4π

∫
x<0

dAL ∧ ⋆dAL +
N

4π

∫
x>0

dAR ∧ ⋆dAR +
iN

2π

∫
x=0

AL ∧ dAR (D.5.1)

where AL and AR denote the Maxwell gauge field from the two sides of the defect, which is

located at x = 0.

The corresponding orientation reversal defect, denoted by D2, is given by

D2 : S =
N

4π

∫
x<0

dAL ∧ ⋆dAL +
N

4π

∫
x>0

dAR ∧ ⋆dAR −
iN

2π

∫
x=0

AR ∧ dAL . (D.5.2)

Together and with the condensation defect C0, they satisfy the non-invertible fusion algebra

D2 ×D2 = C0 = D2 ×D2, D2 ×D2 = U × C0 = D2 ×D2,

D2 × C0 = C0 ×D2 = D2, D2 × C0 = C0 ×D2 = D2

(D.5.3)

where U is the charge conjugation defect given by

U :
N

4π

∫
x<0

dAL ∧ ⋆dAL +
N

4π

∫
x>0

dAR ∧ ⋆dAR +
i

2π

∫
db ∧ (AL + AR) . (D.5.4)

Let us first analyze the structure of the F -symbol by the number of incoming invertible

charge conjugation defects U . First, when there are two incoming U defects, then the global

fusion in the middle contains no decoupled TQFT or condensation defect supported on the

interval; hence the F -symbol must be the trivial theory. Second, when there is one incoming
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U defect and two non-invertible defects, then the global fusion in the middle always contains

a condensation defect supported on the interval; under the interval reduction, this always

leads to a 2d condensation of the ZN 1-form symmetry. Thus, we can now focus on the cases

where all three incoming twist defects are non-invertible symmetries. We find[
FD2
D2,D2,D2

]
U,U

,
[
FD2

D2,D2,D2

]
1,U

,
[
FD2

D2,D2,D2

]
1,1
,
[
FD2

D2,D2,D2

]
U,1

= Trivial TQFT ,

(D.5.5)

and the remaining ones are related to the above ones via orientation reversal. Below, we will

only demonstrate explicitly the computation for
[
FD2

D2,D2,D2

]
1,1

using the Lagrangian method

since the other ones can be computed similarly. Notice that unlike the triality case, here the

approach holds for all N .

D.5.2 Lagrangian method for
[
FD2

D2,D2,D2

]
1,1

In this subsection, we compute the associator 1-morphism
[
FD2

D2,D2,D2

]
1,1

for any N using the

Lagrangian method in Section 4.4.3.1. To obtain
[
FD2

D2,D2,D2

]
1,1

, we collapse the diamond-

shaped region in Figure D.7 to a 2d associator manifold. We begin by analysing each

fusion/splitting and morphism junctions.

D2

D2

1, a

D2

D2

1, b

D2
AL

AR

A′
I

AI

α

β′, β

γ, γ′

δ

C0

1, a
AI ARβ′

α

β

1, a

C0

AL A′
Iγ′

γ

δ

Figure D.7: Left: Diagram for
[
FD2

D2,D2,D2

]
1,1

. Right: Resolution of the morphism junctions

β′ and γ′.
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β: D2 × D2 = C0 The action along the fused part is

S =
iN

2π

∫ ∞

β

(−A′
IdAI + A′

IdAR)

=
iN

2π

∫ ∞

β

d(−A′
I) ∧ (AI − AR) +

iN

2π

∫
Σβ

A′
I ∧ (AR − AI)

(D.5.6)

where
∫∞
β

is the 3d integral above the β junction and Σβ is the 2d manifold supporting the

β junction. Therefore, at this junction, the boundary term is

β : No boundary condition, S(β) =
iN

2π

∫
Σβ

A′
I ∧ (AR − AI) . (D.5.7)

β′ : C0 → 1 junction Since we are interested in the trivial element of the Witt class, we

add another junction β′ between C0 → 1. The corresponding action is

S =
iN

2π

∫ β′

β

d(−A′
I) ∧ (AI − AR) +

i

2π

∫ ∞

β

da ∧ (AI − AR) . (D.5.8)

Using the analysis in Section 4.4.2.2, especially Eq. (4.4.21), we impose the boundary con-

dition and add the boundary term

β′ : a+NA′
I |β′ , AI − AR|β′ = pure U(1) gauge, S(β′) = 0 . (D.5.9)

α: D2 × 1 → D2

S =
i

2π

∫ ∞

α

NALdAI + da(AI − AR)

=
i

2π

∫ ∞

α

(a+NAL)d(AI − AR)︸ ︷︷ ︸
decoupled trivial TQFT

+
iN

2π

∫ ∞

α

ALdAR︸ ︷︷ ︸
D2

− i

2π

∫
Σα

a ∧ (AI − AR)︸ ︷︷ ︸
S(α)

. (D.5.10)

Following the discussion in Section 4.4.2.1, the decoupled trivial TQFT fields are condensed

on the boundary. Hence,

α : a+NAL|α , AI − AR|α = pure U(1) gauge, S(α) = − i

2π

∫
Σα

a ∧ (AI − AR) .

(D.5.11)
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γ: C0 → D2 × D2 The fusion outcome is C0 without other terms.

S =
iN

2π

∫ γ

−∞
(AL − A′

I)dAI . (D.5.12)

γ′: 1 → C0

Sd =
i

2π

∫ γ

γ′
NdAI(AL − A′

I) +
i

2π

∫ γ′

−∞
db(AL − A′

I) . (D.5.13)

Again, using Eq. (4.4.21),

γ′ : AL − A′
I , b−NAI |γ′ = pure U(1) gauge, S(γ′) = 0 . (D.5.14)

δ: D2 → 1 × D2

S =
i

2π

∫ δ

−∞
[db(AL − A′

I) +NA′
IdAR]

=
i

2π

∫ δ

−∞
(AL − A′

I)d(b−NAR)︸ ︷︷ ︸
decoupled trivial TQFT

+
iN

2π

∫ δ

−∞
ALdAR︸ ︷︷ ︸

D2

.
(D.5.15)

The boundary conditions are

δ : AL − A′
I b−NAR|δ = pure U(1) gauge, S(δ) = 0 . (D.5.16)

Merging the upper and lower junctions As the next step, we collapse all the upper

junctions into one and combine the boundary data, and similarly for the lower junctions.

We get

α, β, β′ : a+NAL, a+NA′
I , AI − AR = pure U(1) gauge

Sα = − i

2π

∫
Σα

a ∧ (AI − AR), Sβ =
iN

2π

∫
Σβ

A′
I ∧ (AR − AI)

γ, γ′, δ : b = NAI , AL − A′
I , b−NAR = pure U(1) gauge

Sγ = Sγ′ = Sδ = 0 .

(D.5.17)
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Global fusion Next, we fuse the three defects D2, D2, D2 in the middle (Figure D.8).

D2 D2 D2

AL AI A′
I AR

Figure D.8: Fusing D2, D2, D2 at [γ, β].

The corresponding action is the sum of these defect actions, which can be rewritten as

S =
iN

2π

∫ β

γ

(AL − A′
I)dAI + A′

IdAR

=
iN

2π

∫ β

γ

(AL − A′
I)d(AI − AR)︸ ︷︷ ︸

ZN gauge theory

+
iN

2π

∫ β

γ

ALdAR︸ ︷︷ ︸
D2

.
(D.5.18)

The first term corresponds to the ZN gauge theory. Collecting the boundary terms at the

upper junctions,

S(α) + S(β) =
i

2π

∫
Σαβ

(a+NA′
I) ∧ (AR − AI) ∈ 2πiZ , (D.5.19)

where we used the boundary conditions a+NA′
I and AR−AI being pure U(1) gauge at the

upper junction. And the total boundary term at the lower junction simply vanishes. The

boundary conditions of each conjugate are

αβ : N(AL − A′
I) = pure U(1) gauge (N), AI − AR = pure U(1) gauge (D) ,

γδ : AL − A′
I = pure U(1) gauge (D), N(AI − AR) = pure U(1) gauge (N) .

(D.5.20)

Following the discussion in Sections 4.4.3.1, there is no untwisted local operator, and hence

the 2d effective theory for the 3d ZN gauge theory on the interval with the above boundary

conditions is a trivial theory. Thus we find[
FD2

D2,D2,D2

]
1,1

= Trivial TQFT . (D.5.21)
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D.5.3 Group-theoretical approach

D.5.3.1 Group theoretical construction

For some special values ofN , the non-invertible duality can be constructed group-theoretically [139,

62,64]. In particular, if N is odd and if ∃ p such that p2 = −1 mod N7, the non-invertible du-

ality defect in a QFT X becomes invertible after the ST gauging with the following discrete

torsion.

ZX̃ [C
(2)] =

∑
c(2)∈H2(M4,ZN )

ZX [c
(2)] e

2πi
N

∫
M4
(N+1

2
p c(2)∪c(2)+c(2)∪C(2)) (D.5.22)

where X̃ is the QFT obtained by the above ST gauging in QFT X and C(2) is the 2-form

background field of ZN 1-form symmetry. Utilising the duality

ZX̃ [C
(2)] =

∑
c(2)∈H2(M4,ZN )

ZX [c
(2)] e

2πi
N

∫
M4

c(2)∪C(2)

, (D.5.23)

it follows that

ZX̃ [C
(2)] = ZX̃ [pC

(2)] e
2πi
N

N+1
2
p
∫
M4

C(2)∪C(2)

. (D.5.24)

This implies that the non-invertible duality defect in X is mapped to a Z(0)
4 invertible 0-form

symmetry in the theory X̃ , which is an automorphism of the dual 1-form symmetry sending

C(2) 7→ pC(2). The additional phase in (D.5.24) represents the mixed anomaly between the

0-form symmetry and the 1-form symmetry. Let D be the generator of the Z(0)
4 symmetry.

As for the triality case, we dress the minimal TQFT to make D a gauge invariant operator,

consistent of gauging the dual 1-form symmetry in X̃ ,

D2 = D2AN,p[c(2)] (D.5.25)

where c is the gauge field for the bulk 1-form symmetry. Applying the relation (D.5.25) twice

ZX̃ [C
(2)] = ZX̃ [−C

(2)] , (D.5.26)

7Notice that when N is odd and such p exists, we can always and will choose p to be even.
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we see that D2 acts as charge conjugation of the dual 1-form symmetry without a mixed

anomaly in X̃ . Finally, the orientation reversal of D2 is given by

D2 = AN,−p[c(2)]D−1 . (D.5.27)

It is straightforward to check the above defects do reproduce the generic fusion rules (D.5.3)

following a similar approach in the triality case.

We can then proceed to work out the local fusion junctions and compute the F -symbols,

and we find the results agree with the Lagrangian method. We will skip the details here,

and only briefly list the results. For simplicity, we will choose N = 5 (and take p = 2), but

it is completely straightforward to acquire the result for the generic cases. With this choice,

D2 = DA5,2[c(2)], D2 = A5,−2[c(2)]D−1 (D.5.28)

and the invertible 0-form symmetry D acts on the 1-form symmetry operators as the Z4

automorphism

DA5,±2[c(2)]D−1 = A5,±2[−2c(2)] , D−1A5,±2[c(2)]D = A5,±2[2c(2)] . (D.5.29)

D.5.3.2 Fusion and condensation

The 3d Z5 gauge theory with 0-twist coupled to the external dynamical 1-form Z5 gauge

field c ∈ H2(M4,Z5) with the following Lagrangian

L(Z5)0 [c
(2)] =

2πi

5
a(1) ∪ δb(1) + 2πi

5
a(1) ∧ c(2) (D.5.30)

represents the condensation defect C0 in the path integral. To see this, we integrate b(1) out

to limit a ∈ H1(M3,Z5) and replace a(1) with its Poincaré dual
∫
M3
a(1)∪ · · · =

∫
Σ2
· · · in the

integral. The path integral is then

∑
a∈H1(M3,Z5)

e
2πi
5

∫
M3

a(1)∪c(2)
=

∑
Σ2∈H2(M3,Z5)

e
2πi
5

∮
Σ2

c(2)
=

∑
i,{mi∈Z5}

e
2πi
5
mi

∮
Σ2,i

c(2)

(D.5.31)
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where {Σ2,i} are basis of the non-contractible 2-cycles on M3, and we normalised c in the

integral so that the 1-form charge is integer quantised. In this form, the path integral is

manifestly the 1-form symmetry condensation defect.

If one condenses a by restricting to a trivial cohomology element in the path integral, we

see that the constrained path integral is trivial, i.e. it is the identity defect. Using this, the

morphism C0 → 1 is implemented by condensing a at the morphism junction (and along 1).

With all necessary ingredients at hand, we discuss the anyon condensation at the local

fusion and morphism junctions.

D2 × D2 = C0 → 1 Consider a fusion

D2 ×D2 = A5,2
a1
[−2c(2)]⊗A5,−2

a2
[−2c(2)] (D.5.32)

where we used the D action on the minimal TQFTs (D.5.28), and a1,2 denotes the generating

anyons of the minimal TQFT in each theory. To see if the theory on the RHS is the

condensation defect ZN gauge theory (D.5.30), we first note that a = (a1)
2(a2)

2 is coupled

to the external field c(2) as in (D.5.30) and has the topological spin h[a] = 0. This means

that it is enough to find b such that a and b have the correct topological spin and braiding

to be the pure electric line and the pure magnetic line in (ZN)0. Let b = (a1)
m(a2)

n. Then

h[b] = 0 and B[a, b] = exp
(
2πi
5

)
for b = (a1)

−2(a2)
2. Hence the fusion outcome is C0 as

expected. Then the morphism junction C0 → 1 is obtained by condensing the Wilson lines

in ⟨(a1)−2(a2)
−2⟩ = ⟨a1a2⟩, i.e.

D2 ×D2 = C0 → 1 by condensing ⟨a1a2⟩ . (D.5.33)

D2 × D2 = C0 → 1 Following the same discussion, we can confirm the fusion algebra

D2 ×D2 = C0 with a = a1a2 and b = a1(a2)
−1. Hence, at the morphism junction,

D2 ×D2 = C0 → 1 by condensing ⟨a1a2⟩ . (D.5.34)
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D2 × D2 = U × C0 → U This time, consider the fusion

D2 ×D2 = D2A5,2
a1
[2c(2)]⊗A5,2

a2
[c(2)] . (D.5.35)

We note that D2 = U is the charge conjugation. Following the same argument, the minimal

TQFT part corresponds to C0 with a = (a1)
2a2 and b = (a1)

2(a2)
−1. Again, C0 → 1 is done

by condensing ⟨(a1)2a2⟩.

D2 ×D2 = U × C0 → U by condensing ⟨(a1)2a2⟩ . (D.5.36)

D2 × D2 = U × C0 → U The above discussion straightforwardly applies to this fusion

and morphism junctions, with a = a1(a2)
2 and b = (a1)

−2a2.

D2 ×D2 = U × C0 → U by condensing ⟨a1(a2)2⟩ . (D.5.37)

D.5.3.3 Associator

In this subsection, we compute the associator 1-morphism for the three defects, say 1, 2, 3,

by first collapsing the upper junctions (23) and 1(23) into I+ and similarly for the lower

junctions (first arrow in Figure D.9), and finally reducing the interval to merge I± → I. At

this final step, we identify the resulting 2d theory on the associator 1-morphism using the

spectrum of the local and line operators.

1(23)
(23)

(12)
(12)3

→

I+ A+

I− A−

→ I

Figure D.9: Anyon condensation in the associator 1-morphism of defects 1, 2, 3
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To be specific, let’s first denote by Aij the condensed anyons at the local fusion i × j

junction. For example, anyons in A23 are condensed at the junction (23) and above, and

anyons in A12 are condensed at the junction (12) and below. After merging the two upper

junctions 1(23) and (23) into I+, the anyons in A+ = A1(23)×A23 are condensed and similarly

at the lower junctions with A− = A12 × A(12)3.

The lines that are condensed at both I± (i.e. A+∩A−) stretch between the two junctions.

Hence, after merging I± → I, they become a vertex operator.

The line operators on I are the lines on three defects after quotient out A+ and A−. The

remaining lines can be in the 3d minimal TQFT coupling to the bulk fields c(2), which are

neutral under A+× A−. Quotient out those lines, we then acquire the lines in the decoupled

2d theory.

In summary, the spectrum of the decoupled 2d theory on I after the reduction is

Vertex operators : A+ ∩ A−

Line operators : (neutral lines under A+ × A−)\Z5 × Z5 × Z5/(A+ × A−)
(D.5.38)

Example:
[
FD2

D2,D2,D2

]
1,1

Using Eqs. (D.5.33) and (D.5.34), we identify

A23 = ⟨a2a3⟩, A1(23) = 0, A12 = ⟨a1a2⟩, A(12)3 = 0 (D.5.39)

and hence

A+ = ⟨a2a3⟩, A− = ⟨a1a2⟩ . (D.5.40)

Since A+ ∩ A− = 0, there is no vertex operator on I. The lines that are neutral under

A+×A− are those in ⟨a1a2a3⟩ which has no overlap with A+×A−, the lines condensed on I.

Therefore, there is no line left on the 2d theory in the double coset (D.5.38). In other words,[
FD2

D2,D2,D2

]
1,1

= Trivial TQFT . (D.5.41)

This is consistent with the result using the Lagrangian method (D.5.21) with N = 5.
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Other associators Using the same procedures, one can compute the other associators,

which are all trivial TQFT, matching the results of the Lagrangian method,[
FD2
D2,D2,D2

]
U,U

,
[
FD2

D2,D2,D2

]
1,U

,
[
FD2

D2,D2,D2

]
1,1
,
[
FD2

D2,D2,D2

]
U,1

= Trivial TQFT .

(D.5.42)

Lagrangian vs group-theoretical methods While the group-theoretical approach is

simpler than the Lagrangian method, it is not available for some N (of ZN 1-form symmetry)

while the Lagrangian method applies to all N .
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