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PHYSICAL REVIEW D, VOLUME 64, 023501
Sterile neutrino hot, warm, and cold dark matter

Kevork Abazajian,* George M. Fuller,† and Mitesh Patel‡

Department of Physics, University of California, San Diego, La Jolla, California 92093-0319
~Received 30 January 2001; published 31 May 2001!

We calculate the incoherent resonant and non-resonant scattering production of sterile neutrinos in the early
universe. We find ranges of sterile neutrino masses, vacuum mixing angles, and initial lepton numbers which
allow these species to constitute viable hot, warm, and cold dark matter~HDM, WDM, CDM! candidates
which meet observational constraints. The constraints considered here include energy loss in core collapse
supernovae, energy density limits at big bang nucleosynthesis, and those stemming from sterile neutrino decay:
limits from observed cosmic microwave background anisotropies, diffuse extragalactic background radiation,
and 6Li/D overproduction. Our calculations explicitly include matter effects, both effective mixing angle
suppression and enhancement~MSW resonance!, as well as quantum damping. We for the first time properly
include all finite temperature effects, dilution resulting from the annihilation or disappearance of relativistic
degrees of freedom, and the scattering-rate-enhancing effects of particle-antiparticle pairs~muons, tauons,
quarks! at high temperature in the early universe.

DOI: 10.1103/PhysRevD.64.023501 PACS number~s!: 95.35.1d, 14.60.Pq, 14.60.St, 98.65.2r
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I. INTRODUCTION

In this paper we calculate the non-equilibrium reson
and non-resonant production of sterile neutrinos in the e
universe and describe cosmological and astrophysical
straints on this dark matter candidate. Depending on t
masses and energy distributions, the sterile neutrinos so
duced can be either cold, warm, or hot dark matter~CDM,
WDM, HDM, respectively! and may help solve some con
temporary problems in cosmic structure formation. We c
define sterile neutrinos generically as spin-1
SU(2)-singlet particles which interact with the standa
SU(2)-doublet~‘‘active’’ ! neutrinosne , nm , andnt , solely
via ordinary mass terms. Singlet neutrinos with mas
;1012 GeV arise naturally, for example, in ‘‘see-saw’’ mod
els of neutrino mass in grand unified theories~GUTs! @1#.
Recent solar, atmospheric, and accelerator neutrino osc
tion experiments@2–6#, however, imply the existence of fou
light neutrino species with masses&10 eV, only three of
which can be active, on account of limits on the invisib
decay width of theZ0 boson @7#. The remaining neutrino
must be sterile. The existence of multiple generations
quarks and leptons in the standard model~SM! of particle
physics, as well as many independently motivated extens
of the SM, imply that there are additional, more mass
sterile neutrinos with couplings to active neutrinos curren
beyond direct experimental reach. We describe herein
cosmological implications of these heavier sterile neutrin

Some early constraints on massive sterile neutrino p
duction in the early universe were derived in Refs.@8,9#. The
first analytical estimates of the relic sterile neutrino abu
dance from scattering-induced conversion of active neutri
were made by Dodelson and Widrow@10#. They assumed a
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negligible primordial lepton number, or asymmetry, so t
neutrinos are produced non-resonantly. They found that s
ile neutrinos could be a WDM candidate with interesti
consequences for galactic and large scale structure. A
cess that can create sterile neutrino dark matter with a un
energy distribution was proposed by Shi and Fuller@11#. In
that work a non-vanishing initial primordial lepton numb
gives rise to mass-level crossings which enhance sterile
trino production, yielding dark matter with an energy spe
trum which is grossly non-thermal and skewed toward l
energies. In particular, the average energy is significa
less than that of an active neutrino, and the neutrinos s
press structure formation on small scales and behave
CDM on large scales~i.e., they behave as WDM or ‘‘coo
DM’’ !.

At no previous time has there been a greater need fo
more comprehensive study of the cosmological and as
physical consequences of active-sterile neutrino mixing. T
continuing influx of data from neutrino experiments and n
observations of galaxy cores and clusters demand a m
detailed understanding of the physics of sterile neutrino d
matter production and more sophisticated calculations
their relic abundances.

We examine these experimental and observational iss
in Secs. II and III, respectively. In Sec. IV we discuss t
present limits on primordial lepton asymmetries and poss
dynamical origins of these asymmetries. We attempt to un
the perspectives of previous work, so we take the initial le
ton asymmetry of the universe to be a free parameter wi
the rather generous bounds set by experiment. After revi
ing the physics of neutrino oscillations and matter-affec
neutrino transformation in Sec. V, we compute the con
quences of pre-existing lepton asymmetries for sterile n
trino dark matter scenarios in Secs. VI and VII. In Sec. V
we give the Boltzmann equations governing the no
equilibrium conversion of active neutrinos into sterile neut
nos and solve them in the limit of non-resonant conversio
limit which obtains when the lepton asymmetry is suf
©2001 The American Physical Society01-1
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KEVORK ABAZAJIAN, GEORGE M. FULLER, AND MITESH PATEL PHYSICAL REVIEW D64 023501
ciently small, of order the baryon asymmetry. In Sec. V
we consider larger asymmetries and examine in detail
physics of resonant neutrino transformation in the early u
verse. For the non-resonant and several resonant case
display contours of constant relic density of sterile neutrin
in the plane of neutrino mixing parameters. These res
confirm and extend previous work@10,11#. For both sets of
calculations we also take into account finite-temperature
finite-density effects for all three active neutrino species;
dilution of sterile neutrino densities due to heating of t
photons and active neutrinos from the annihilation
particle-antiparticle pairs before, during, and after the qua
hadron~QCD! transition, and we allow for the enhanced a
tive neutrino scattering rates due to the increased numbe
scatterers in equilibrium at high temperatures. In Sec. V
we calculate the collisionless damping scales relevant
structure formation, scales which classify the regions of d
matter parameter space as HDM, WDM, or CDM regio
We consider in Sec. IX the limits on sterile neutrino da
matter from the diffuse extragalactic background radiat
~DEBRA!, cosmic microwave background~CMB!, big bang
nucleosynthesis~BBN!, and 6Li and D photoproduction. Fi-
nally, in Sec. X we examine the implications of active-ster
neutrino mixing in core-collapse~Type Ib/c, II! supernovae.
Conclusions are given in Sec. XI. Throughout the paper
use natural units with\5c5kB51.

II. NEUTRINO ANOMALIES

Recent experiments have provided data indicating e
dence for new neutrino physics. The most significant rec
evidence is the Super-Kamiokande Collaboration’s stat
cally convincing result@2#, verifying previous measuremen
@3#, of a suppression of the atmosphericnm / n̄m flux. The
most persuasive Super-Kamiokande evidence for neut
oscillations is the measured zenith angle dependence o
nm / n̄m flux, an observation fit most simply by maxima
nm
nt mixing in vacuum, with vacuum mass-squared d
ferencedm2;331023 eV2.

On another front, the ground-breaking observations by
Homestake Collaboration found a solar neutrino flux far
low that predicted on the basis of sophisticated solar mo
@4#. The solar neutrino problem has an interesting poss
solution through matter-enhanced resonant conversion
the Mikheyev-Smirnov-Wolfenstein~MSW! mechanism@12#
or through vacuum or ‘‘quasi-vacuum’’ oscillations@13#.
Depending on whether the solar solution involves tw
three-, or four-neutrino mixing, the parameter space of n
trino mass-squared difference and vacuum mixing angle
constrained differently@5#.

A third indication for neutrino oscillations comes from th
Los Alamos Liquid Scintillator Neutrino Detector~LSND!

Collaboration’s observations of excessne and n̄e events in
beams ofnm and n̄m , respectively. These have been inte
preted as evidence for neutrino oscillations in thenm→ne

andn̄m→ n̄e channels@6#. The Karlsruhe Rutherford Medium
Energy Neutrino~KARMEN! experiment probes the sam
channels but does not see evidence for neutrino oscillat
02350
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@14#. A joint analysis of the LSND and KARMEN data ha
found that there are regions of neutrino mixing parame
space consistent with both experiments’ results@15#.

Efforts have been made to embed the above neutrino
cillation solutions within a three-neutrino framework@16–
19#. Leaving aside maximal vacuum mixing of all three ne
trino species @16#, these analyses generally require t
atmospheric neutrino oscillation length scale to be the
associated with the short-base-line LSND experim
@17,18#, or the solar and atmospheric solutions must be b
on the same mass difference scale@19#.

However, the zenith-angle dependence of the Sup
Kamiokande measurement requires the atmospheric neu
oscillation length to be much larger than the correspond
LSND scale @2,6#. This disfavors the first three-neutrin
scheme. Additionally, the three solar neutrino experimen
modes presently available suggest an energy dependen
the ne survival probability which is likely inconsistent with
the second three-neutrino scheme. Taking these two le
scales, and the results of global flux measurement fits for
solar neutrino oscillation interpretation@5#, the three differ-
ent oscillation length and energy scales require three dis
ate mass differences, which cannot be accommodated
three-neutrino framework. The CERNe1e2 collider LEP
measurement of theZ0 width indicates the number of activ
neutrinos with masses,mZ/2 is 3.0060.06 @7#, so the re-
sults areprima facie evidence for a light sterile neutrino
species.

A number of neutrino mass models can provide t
masses and mixings needed to accommodate all of the
trino oscillation data@20–25#. For example, in some string
theories, higher-dimensional operators, suppressed by
powers of the ratio of some intermediate mass scale and
string scale, can give the light and comparable Dirac a
Majorana masses necessary for appreciable active-st
neutrino mixing@20#. In theories with light composite fermi
ons, several of the fermions may mix with standard mo
neutrinos, giving light active and sterile neutrinos@21#. In the
minimal supersymmetric standard model~MSSM! with ex-
plicit R-parity violation, a neutralino can provide the re
quired mixing for the atmospheric and solar neutrino pro
lems @22,23#. This model can also supply a sterile o
‘‘weaker-than-weakly’’ interacting particle that has a sm
mixing with one or more active neutrino flavors. A low
energy extension of the standard model with anSO(3)
gauge group acting as a ‘‘shadow sector’’ may result in
neutral heavy lepton@24#. A model with several sterile neu
trino dark matter ‘‘particles’’ arises in brane-world scenario
It invokes bulk singlet fermions coupling with active neutr
nos on our brane@25#. However, many models of bulk neu
trinos as sterile neutrino dark matter must be rather fin
tuned and must avoid several cosmological constraints@26#.

Although these mass models have been proposed to
count for the existing neutrino anomalies, many of them
ready contain or can be easily extended to contain additio
singlet states which also mix with active neutrinos. As lo
as the new particles are sufficiently massive and have s
ciently small mixings with active neutrinos, they evade te
restrial constraints, and it is interesting and useful
1-2
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STERILE NEUTRINO HOT, WARM, AND COLD DARK MATTER PHYSICAL REVIEW D64 023501
speculate on their cosmological and astrophysical con
quences. As we show later in this paper, even appare
negligible active-sterile neutrino mixing is sufficient to in
duce the production of sterile neutrino dark matter in
early universe.

A specific model’s viability in producing a sterile neutrin
dark matter candidate depends on whether the mass and
ing properties of the candidate~s! with the active neutrinos lie
within the range that produces an appropriate amount of d
matter and whether the candidate is stable over the lifet
of the universe, does not engender conflicts with obse
tionally inferred primordial light element abundances, do
not violate CMB bounds, and does not contribute excessiv
to the DEBRA in photons@27#. Potential constraints on thes
scenarios also may arise from deleterious effects assoc
with the neutrino physics of core-collapse~Type Ib/c, II!
supernovae~see, e.g., Refs.@28,29,31# and Sec. X!. Con-
straints on massive sterile neutrinos~10 MeV<ms<100
MeV! from the SN 1987A signal and BBN were consider
previously in Ref.@30#.

The existence of massive sterile singlet neutrinos that
with ne has been probed in precision measurements of
energy spectrum of positrons in the pion decayp1

→e1ne . The best current limits are from Brittonet al. @32#,
which constrain the mixing matrix elementuUexu2,1027 for
sterile neutrino masses 50 MeV,ms,130 MeV. These lim-
its may be significantly improved in future precision expe
ments @33#. Less stringent constraints from peak and ki
searches exist for smallerms . In addition, searches for deca
of massivens have yielded constraints foruUmxu2, uUtxu2

@34#, as well asuUexu2 @7#.

III. STRUCTURE FORMATION

Conflicts may have appeared between standard cold
matter theory and simulations and observations of large
small scale cosmological structure. Simulations predict ab
500 small halos~i.e., dwarf galaxies! with mass greater than
108 M ( around a galaxy like the Milky Way, but only 1
candidates are observed near the Milky Way@35# and only
30 in the local group out to;1.5 Mpc @36#. In other words,
simulations of the standardL-CDM modelmaypredict more
dwarf galaxies than are seen~but see Ref.@37#!. Also, even if
the dwarf halos are dark, their overabundance may hin
galactic disk formation@38#.

Another potential problem with CDM simulations is th
appearance of singularities or ‘‘cusps’’ of high density in t
cores of halos. The observations of the innermost profile
galaxy clusters are ambiguous@39#, but rotation curves of the
central regions of dark matter-dominated galaxies con
tently imply low inner densities@40#. RecentN-body calcu-
lations of the nonlinear clustering of WDM models ha
found that enhanced collisionless damping can lower h
concentrations, increase core radii, and produce far fe
low mass satellites@41#. Also, the observed phase space de
sity in dwarf spheroidal galaxies may suggest a primord
velocity dispersion like that of WDM@42#.

A promising new constraint on the nature of dark mat
may come from study of the Lya forest in the spectrum o
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high-redshift quasars@43,44#. The structure of the Lya forest
at high redshifts has been used to constrain the contribu
of HDM and, therefore, the mass of the active neutrinos@45#.
The constraints presented in Ref.@45# and the Gerstein-
Zeldovich–Cowsik-McLelland bound@46# only pertain to
fully populated active neutrino seas with a thermal ene
spectrum. For example, if an active neutrino has a m
mna

;1 keV (a5m,t) and the reheating temperature of i

flation is low (TRH;1 MeV!, then the corresponding activ
neutrino sea will not be fully populated@47,48# and can be
WDM @49#. However, observations of the power spectrum
the Lya forest cannot only constrain HDM scenarios, b
also may be able to test the viability of WDM scenario
Since the absolute normalization of the power spectrum
uncertain, the relative presence of power between scales
;1 Mpc and near;100 kpc may constrain the WDM sce
narios that have a relatively large contrast in power betw
these scales@50#. In addition, the large number of high
redshift quasars found by the Sloan Digital Sky Surv
~SDSS! @51# can add considerably to the knowledge of t
Lya power spectrum, particularly at the largest scales. T
combination of the galactic power spectrum from SDSS a
the Lya power spectrum will produce even stronger co
straints on the behavior of dark matter on small scales.

IV. PRIMORDIAL LEPTON ASYMMETRY

The lepton number or asymmetry of a neutrino flavora is
defined to be

La[
nna

2nn̄a

ng
, ~4.1!

wherenna
is the proper number density of neutrino spec

na , and ng52z(3)T3/p2'0.243T3 is the proper number
density of photons at temperatureT. The lepton number~s! of
the universe is~are! not well constrained by observation. Th
best limits come from the energy density present dur
BBN and the epoch of decoupling of the CMB@52–55#. In
fact, the best current bounds on the lepton numbers co
from the observational limits on the4He abundance, radia
tion density present at the CMB decoupling, and struct
formation considerations@52,54,55#:

24.131022<Lne
<0.79, ~4.2!

uLnm ,nt
u<6.0. ~4.3!

The bound on positiveLne
is weaker than that for negativ

Lne
since it is possible to combine the effects of neutron-

proton ratio (n/p) reduction of positiveLne
with a largeLnm

or Lnt
, which increases the expansion rate and thus then/p

ratio entering BBN. This cancellation could provide a ne
trino ‘‘degenerate’’ BBN that could replicate not only th
primordial 4He, but also the D/H and7Li abundances pre-
dicted by standard BBN. See Refs.@52,54# for a further dis-
cussion. As stated, the limits~4.2!,~4.3! depend on an as
sumption of a roughly Fermi-Dirac, low-chemical-potenti
1-3
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KEVORK ABAZAJIAN, GEORGE M. FULLER, AND MITESH PATEL PHYSICAL REVIEW D64 023501
energy spectrum for each neutrino species. They do not
dress neutrino mass and do not take account of pote
bounds stemming from closure~i.e., age of the universe!
considerations. The above limits do not change significa
when recent estimates of observationally inferred primord
abundances are employed@54#. In any case, it is clear tha
neutrino number density asymmetries less than about 10%
the photon number are easily allowed. However, we will s
that lepton asymmetries at this level, or even several ord
of magnitude smaller, could have a significant and constr
able effect if there are massive sterile neutrinos~see Sec.
VII !.

An issue which arises whenever the lepton number~s! Lna

differ from the baryon numberB ~or h5nb /ng'2.79
31028Vbh2;10210, wherenb is the proper baryon numbe
density andVb is the baryon rest mass closure fraction anh
is the Hubble parameter in units of 100 km s21 Mpc21) con-
cerns the process of baryogenesis. For example, electrow
baryogenesis predicts the equality of these numbersB2L
50. Note that there also exist simple processes that vio
B2L and create lepton and/or baryon number either thro
the Affleck-Dine mechanism @56# or through non-
equilibrium decays of a heavy Majorana particle@57#. In Ref.
@58#, several natural scenarios of producing a large lep
number and the observed small baryon number were in
tigated. Furthermore, lepton number could arise sponta
ously through matter-enhanced active-sterile neutrino tra
formation at energy scales below that of the baryogen
epoch@59,60#. Finally, it should be recognized that throug
cancellation of lepton numbers we could haveB2L50
~where L5Lne

1Lnm
1Lnt

), while still having significant
lepton-driven weak potentials@see Eq.~5.12!# in the early
universe.

V. MATTER-AFFECTED NEUTRINO TRANSFORMATION

A. General framework

Neutrino mixing phenomena arise from the no
coincidence of energy-propagation eigenstate and the w
~interaction! eigenstate bases. Eigenstates of neutrino in
action ~flavor! include the active neutrinos (ne ,nm ,nt)
which are created and destroyed in the standard m
weak interactions, as well as sterile neutrinos~e.g.,
ns ,ns8 ,ns9 , . . . ) which do not participate in weak interac
tions. Eigenstates of neutrino propagation are states of d
nite mass and energy~or momentum! and evolve indepen
dently of each other between weak interaction vertices. If
bases spanned by these sets of eigenstates happen to
cide, then active and sterile neutrinos propagate indep
dently between interactions. In general, however, the ba
need not coincide, since the symmetries of the stand
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model and its many proposed extensions do not require
unitary transformation between the bases to be the iden
transformation. As a result, neutrinos can oscillate, or tra
form in flavor, between interactions.

This physics applies for any number of neutrino flavo
including the four~three active plus one sterile! which can
accommodate the neutrino experiments. In the environm
we consider, active-active mixing is suppressed due to
very similar matter effects for all active species. In gene
the 4-neutrino evolution may have multiple active spec
mixing with the sterile neutrino, or in multiple-sterile sce
narios, there may be mixing between the sterile neutrinos
our analysis here, we consider the simplifying limit of tw
neutrino~active-sterile! mixing to explore the basic physic
of sterile neutrino dark matter production.

In the case of two-neutrino mixing, the unitary transfo
mation between the bases can be written as

una&5cosuun1&1sinuun2&

uns&52sinuun1&1cosuun2&

whereuna& and uns& are active (a5e,m,t) and sterile neu-
trino flavor eigenstates, respectively, andun1& and un2& are
neutrino mass~energy! eigenstates with mass eigenvaluesm1
and m2, respectively. The vacuum mixing angleu param-
etrizes the magnitude of the mixing~and, as we shall see, th
effective coupling of the sterile neutrino in vacuum!. We
choose all of the neutrino flavor and mass eigenstates to
eigenstates of momentum with eigenvaluep. Then a mass-
energy eigenstateun i& ( i 51,2) develops in time and spac
with the phase

eipW i•xW5ei (p•x2Ei t)5ei (px2Ami
2
1p2t)'e2 ixmi

2/2p, ~5.1!

whereEi5Ami
21p2 is the energy of the eigenstate;p[upu

is the magnitude of the proper momentum of the species
the neutrino mass eigenstates are relativistic so thatEi

@mi , we haveEi'p1mi
2/2p and x't, yielding the last

approximation in Eq.~5.1!. ~In this last approximation we
suppress the part of the evolution operator proportional to
trace, as this simply gives an overall common phase to
states.! In our study of sterile neutrino production, the ster
neutrinos are always relativistic during the epochs in wh
they were produced.

The difference of the squares of the vacuum neutr
mass eigenvalues is, for example,dm25m2

22m1
2. We can

follow the evolution of a coherently propagating neutrin
stateuCn& in either the mass-energy or flavor basis. In t
flavor basis, a Schro¨dinger-like equation describes how th
flavor amplitudes,aa(x)5^nauCn(x)& with a5e,m,t and
as(x)5^nsuCn(x)&, develop with time-space coordinatex:
i
d

dx S aa

as
D 5H S p1

m1
21m2

2

4p
1

V~x,p!

2 D I 1
1

2 S V~x,p!2D~p!cos 2u D~p!sin 2u

D~p!sin 2u D~p!cos 2u2V~x,p!
D J S aa

as
D , ~5.2!
1-4
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where the first term is proportional to the identity a
D(p)[dm2/2p. In the context of the early universe it i
most convenient to takex5t, the Friedmann-Lemaitre
Robertson-Walker coordinate time~age of the universe!,
while in supernovae we takex to be position. The weak
potential V(x,p) represents the effects of neutrino neut
current and charged current forward scattering on particle
the plasma carrying weak charge. In the early universe
haveV(T,p), but in supernovae,V also depends on positio
x. We suppress thex andT dependence ofV in the rest of the
paper. For a review of these issues and neutrino astrophy
see, e.g., Refs.@61–64#.

Neutrino mixing can be modified by the presence o
finite temperature background and any asymmetry in lep
number. The oscillation length is
e
he

p

g

n
p

s

-

02350
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n

l m5$D2~p!sin22u1@D~p!cos 2u2VD2VT~p!#2%21/2.
~5.3!

The effective matter-mixing angle is

sin22um5
D2~p!sin22u

D2~p!sin22u1@D~p!cos 2u2VD2VT~p!#2
.

~5.4!

Matter effects have been separated into finite density
finite temperature potentials,VD andVT(p).

The finite density potentialVD arises fromasymmetriesin
weakly interacting particles~i.e., nonzero lepton numbers!,
not from non-zero total densities alone. In general, the fin
density potential is@65,64#
VD5H A2GF@2~nne
2nn̄e

!1~nnm
2nn̄m

!1~nnt
2nn̄t

!1~ne22ne1!2nn/2# for ne
ns ,

A2GF@~nne
2nn̄e

!12~nnm
2nn̄m

!1~nnt
2nn̄t

!2nn/2# for nm
ns ,

A2GF@~nne
2nn̄e

!1~nnm
2nn̄m

!12~nnt
2nn̄t

!2nn/2# for nt
ns .

~5.5!
-
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The thermal potentialVT arises from finite temperatur
effects and neutrino forward scattering on the seas of t
mally created particles@64#:

VT~p!52
8A2GFpn

3mZ
2 ~^Ena

&nna
1^En̄a

&nn̄a
!

2
8A2GFpn

3mW
2 ~^Ea&na1^Eā&nā!, ~5.6!

wherena (nā) is the proper number density of charged le
tons ~anti-leptons! of flavor a and ^Ea& (^Eā&) is the aver-
age energy of the lepton~antilepton!, and nna

(nn̄a
) and

^Ena
& (^En̄a

&) are the proper number density and avera

energy of the neutrinos~antineutrinos! of flavor a. The sec-
ond term in Eq.~5.6! must be included whenever the lepto
of the same flavor as the active neutrino in question is po
lated.

In this paper, we will assume that theinitial neutrino dis-
tribution functions are close to Fermi-Dirac black bodie
which for occupation of differential intervaldp have the
form

dnna
'

nna

T3F2~hna
!

p2dp

eE(p)/T2hna11
'S ng

4T3z~3!
D p2dp

eE(p)/T11
,

~5.7!

where E(p)5(p21m2)1/2, and E(p)'p in the relativistic
kinematics limit. In this expressionhna

5mna
/T is the de-

generacy parameter~chemical potential divided by tempera
ture! for neutrino speciesna and F2(h)[*0

`x2dx/(ex2h
r-

-

e

u-

,

11) is the relativistic Fermi integral of order 2@F2(0)
5(3/2)z(3)#. The distribution function for a neutrino spe
ciesa is

f a~p,t !51/~eE(p)/T2hna11!. ~5.8!

The last approximation in Eq.~5.7! follows if we take the
neutrino degeneracy parameter to be zero. This is freque
a good approximation for almost all of the range of lept
numbers which are interesting for our purposes. Howeve
may not be valid over the broader range of allowed lep
numbers given in Eqs.~4.2! and~4.3!. For small lepton num-
bershna

'1.46Lna
; in fact, wheneverna has relativistic ki-

nematics, we can write

Lna
'

1

4z~3! H p2

3
hna

1
1

3
hna

3 J . ~5.9!

This equation can easily be inverted to findhna
(Lna

).
In the early universe, for temperature ranges where

number of degrees of freedom is constant, the tim
temperature relation is a simple power law and the quan
e[p/T is a comoving invariant. The differential numbe
density for small lepton number in this case is then

dnna
'S ng

4z~3! D e2de

ee11
. ~5.10!

B. Quantitative formulation for the early universe

If one makes the assumption that the only net lepton nu
ber in the universe is that required for electric charge n
trality ~i.e., half of the baryon number when there are eq
1-5
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numbers of protons and neutrons!, then the finite density
potential usually remains negligible. In some cases wh
dm2,0, an initially small asymmetry like this can be amp
fied by matter-enhanced active-sterile conversion@59,60#.

The finite density potential in the early universe could
dominated by asymmetries in the lepton number, and s
often referred to as the ‘‘lepton potential.’’ It takes the for

VD5
2A2z~3!

p2
GFT

3S L a6
h

4 D , ~5.11!

where we take ‘‘1 ’’ for a5e and ‘‘2 ’’ for a5m,t. Here
we define the net driving lepton numberL a in terms of the
lepton numbers in each active neutrino species as

L a[2Lna
1 (

bÞa
Lnb

~5.12!

with the final sum over the active neutrino flavors other th
na . Note that in Eq.~5.11!, the baryon-to-photon ratio ish,
not to be confused with neutrino degeneracy parameter.

The total weak potential,V(p,T)5VD(T)1VT(p,T), ex-
perienced by an active neutrinona is approximately

V~p,T!'~40.2 eV!S L
1022D S T

GeVD 3

2BpS T

GeVD 4

.

~5.13!

As noted above, the thermal potentialVT must take into ac-
count the presence of populated leptons of the same fla
For ne this is required at all temperatures where the neutri
are coupled; fornm , the thermal muon term should be in
cluded at temperaturesT*20 MeV, where them is popu-
lated; and fornt , the thermal term should be included atT
*180 MeV. Therefore, the coefficientB takes on the values

B'H 10.79 eV, a5e,

3.02 eV, a5m,t,
~5.14!

for T&20 MeV;

B'H 10.79 eV a5e,m,

3.02 eV a5t,
~5.15!

for 20 MeV&T&180 MeV;

B'10.79 eV, a5e,m,t, ~5.16!

for T*180 MeV.
The trend of the weak potential experienced by an ac

neutrino speciesna is clear. When the quantityL6h/4 is
sufficiently large and positive~negative forn̄a) the potential
will rise with increasing temperature, reach a maximum, a
then turn over and eventually become negative at a h
temperature where thermal terms dominate. The potentia
a function of temperature for some representative parame
is shown as the solid line in Fig. 1. With this behavior it
obvious that neutrino mass level crossings in the tempera
regimenot dominated by the thermal terms are possible o
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if the vacuum mass eigenvalues most closely associated
some sterile neutrinos are larger than those most closely
sociated withna .

VI. NON-EQUILIBRIUM PRODUCTION: THE STERILE
NEUTRINO BOLTZMANN EQUATION

The Boltzmann equation gives the evolution of the pha
space density distribution functionf (p,t) for a particle spe-
cies. For sterile neutrinos in the early universe, it can
written as@67,66#

]

]t
f s~p,t !2Hp

]

]p
f s~p,t !

5(
i
E G i~pa8 ,p! f a~pa8 ,t !@12 f s~p,t !#d3pa8

2E G i~pa8 ,p! f s~p,t !@12 f a~pa,t !#d3pa8 ,

~6.1!

where the rate of scattering production ofns corresponding
to a particular channeli @see Eq.~6.7!# is G i . We make two
approximations regarding the scattering kernelsG i(p8,p):
~1! they are isotropic, and~2! they are conservative.

The first of these approximations is completely justifi
given a homogeneous and isotropic universe. The secon
that an active neutrino scatters into a sterile state of the s
energy—is made purely to ease the computational comp
ity of following the evolving system of neutrinos. We not
however, that Ref.@68# estimates the effects of relaxing th

FIG. 1. An example of the temperature evolution of the act
and sterile neutrino effective mass-squared,meff

2 . The active neu-
trino meff

2 is dominated by a positive finite density potential at low
temperatures and turns over when the thermal potential domin
Resonance occurs at level crossings, where the active and s
meff

2 tracks intersect.
1-6
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approximation in the context of a semi-analytic calculati
and find that it makes little qualitative or quantitative diffe
ence in the results.

Certainly, however, a better treatment could be exten
to the scattering kernel. This could, for example, change
conditions required for coherence. For example, we note
the effects described in Ref.@69# may be important, espe
cially regarding where coherence breaks down. We sh
however, in Sec. VII that coherent production of sterile ne
trinos at MSW resonances is not important in our favo
parameter regime.

In our discussion, we takef i(p,t) to be the momentum
and time-dependent distribution function of active (a
5e,m,t) and sterile~s! neutrinos. The distribution function
f a are given by Eq.~5.8!. The second left hand side term
arises from the redshifting of the distribution.

However, Eq.~6.1! is semi-classical in its evolution of th
neutrino distributions. To exactly follow the full quantum
development, including such quantum effects as damp
and off-diagonal contributions to the neutrino Hamiltonian
matter@70#, one must follow the time evolution of the den
sity matrix @71–74#. One can approximate the effects
quantum damping through a damped conversion rateG(na
→ns ;p,t). Fermi blocking effects are taken to be negligib
leaving the Boltzmann equation as
th

ju

le
se
c-

02350
d
e
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d

g

,

]

]t
f s~p,t !2Hp

]

]p
f s~p,t !

'G~na→ns ;p,t !@ f a~p,t !2 f s~p,t !#.
~6.2!

The reverse term is important for theLÞ0 case, wheref a
and f s can become comparable for certain regions of
neutrino momentum distributions.

The conversion rate to sterile neutrinos is just the prod
of half of thetotal interaction rate,Ga , of the neutrinos with
the plasma and the probability that an active neutrino
transformed to a sterile:

G~na→ns ;p,t !'
Ga

2
^Pm~na→ns ;p,t !&. ~6.3!

This probabilityPm depends on the amplitude of the matt
mixing angle and the quantum damping rateD(p)
5Ga(p)/2 @D̄(p)5Ḡa(p)/2# for neutrinos @antineutrinos#
@75–78#:
^Pm~na→ns ;p,t !&'
1

2

D~p!2 sin22u

D~p!2 sin22u1D2~p!1@D~p!cos 2u2VD2VT~p!#2
~6.4!

^Pm~ n̄a→ n̄s ;p,t !&'
1

2

D~p!2 sin22u

D~p!2 sin22u1D̄2~p!1@D~p!cos 2u1VD2VT~p!#2
. ~6.5!

The full Boltzmann equation then is

]

]t
f s~p,t !2Hp

]

]p
f s~p,t !'

Ga~p!

2
^Pm~na→ns ,t in1t!&t@ f a~p,t !2 f s~p,t !#

'
Ga~p!

2
sin22umF11S Ga~p!l m

2 D 2G21

@ f a~p,t !2 f s~p,t !#

'
1

4

Ga~p!D2~p!sin22u

D2~p!sin22u1D2~p!1@D~p!cos 2u2VL2VT~p!#2
@ f a~p,t !2 f s~p,t !#, ~6.6!
to
im-

bly
at-
us,
re

nge
where $11@Ga(p) l m/2#2%21 is the damping factor. There
are analogous equations for Eqs.~6.1!–~6.3! and Eq.~6.6!
for antineutrinos.

Previous calculations have approached the solution of
equation for the case of negligible lepton number (L'0)
analytically and have been restricted to the short epoch
prior to BBN where the Hubble expansion rateH ~evolution
of the scale factor! and time-temperature relations are simp
power laws~the temperature is proportional to the inver
scale factor! @10,68#. Such approximations allow the redu
tion of the left-hand side of Eq.~6.6! to a single term. With
is

st

the approximations that lepton numberL is always negli-
gible, that the thermal termVT is not modified by population
of leptons, that the interaction rate is not enhanced due
population of scatterers, that quantum damping is never
portant, and that the reverse rates (ns→na) are always neg-
ligible, then the right hand side can also be considera
simplified, and the solution for the sterile neutrino dark m
ter abundance is reduced to a simple integral. It is obvio
however, that many if not all of these approximations a
eventually invalid over at least some of the parameter ra
1-7
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KEVORK ABAZAJIAN, GEORGE M. FULLER, AND MITESH PATEL PHYSICAL REVIEW D64 023501
of interest for sterile neutrino dark matter.
For example, in order to probe cases where sterile n

trino dark matter production may lie above the QCD tran
tion (T*100 MeV!, and in order to improve the accuracy
the predicted dark matter contribution, we must extend
calculation to epochs where the scale factor-temperature
time-temperature relations are not simple power laws~see
the Appendix for details!. The interactions contributing to
Ga(p) which produce~and remove! sterile neutrinos are

na1nb
na1nb

na1 l 6
na1 l 6

na1q
na1q

na1na→ l 11 l 2. ~6.7!

Here, thena represent either neutrinos or anti-neutrinos,
appropriate, andq andl are any populated quark and charg
lepton flavors. The total interaction rate at temperature
MeV&T&20 MeV due to interactions of the neutrino
among themselves and thee6 pairs is

Ga~p!'H 1.27GF
2pT4, a5e,

0.92GF
2pT4, a5m,t.

~6.8!

At higher temperatures, other leptons and quarks are po
lated and contribute to the neutrino interaction rate. In
calculations, we have included the enhancement of the in
action rate due to the presence of these new particles in
plasma at high temperatures. In particular, a significant
crease to the scattering rate results at temperatures abov
QCD scale. Interestingly, the results of the production
sterile neutrino dark matter therefore depend on the temp
ture of the QCD transition, where the quark-antiquark pa
annihilate and are incorporated into color singlets.

The high scattering rate characteristic of the environm
of the early universe not only serves to populate the ste
neutrino sea, but can also suppress the production of st
neutrinos when the matter oscillation length is large co
pared to the mean free path of the neutrinos. When the
cillation length is much larger than the mean free path,
probability that an active neutrino has transformed into
sterile state becomes very small. It can be shown that s
scattering can force a quantum system to not evolve from
initial state@79,75#. Essentially, each scattering event res
the phase of the developing neutrino stateuCna

&. This is the
so-called quantum Zeno effect.

Consider the right hand side collision term in Eq.~6.2!.
The sterile neutrinos are initially not in thermal equilibrium
and therefore the reverse processes are initially unimpor
They will, however, become more important as the ste
neutrino sea is populated. Because the sterile neutrinos
never in equilibrium, the usual simplifying principle o
steady-state equilibrium@67,80# cannot be made. Therefore
to calculate the production of sterile species, we must s
with the Boltzmann equation in its ‘‘unintegrated’’ form Eq
~6.6!.
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We have directly solved the Boltzmann equation nume
cally for the L'0 case~e.g., L'10210), and found the
amount of sterile neutrino dark matter produced for a bro
range of sterile neutrino mass and mixing angles with e
of the three active neutrino flavors. In treating the redshift
the sterile distribution, we have greatly accelerated the
merical calculation by following the redshift of the steri
neutrino distribution functionf s by redshifting momenta as
p}t21/2, which is always true in a radiation dominated un
verse~a necessary condition for BBN and the CMB!. This
numerical method allows us to correctly follow the redshi
ing of the sterile neutrino without the second term of t
Liouville operator in the Boltzmann equation~6.6!, while
active neutrinos may be reheated via annihilation of ot
species.

The contribution to the closure fraction of the univers
meeting all constraints~see Secs. IX and X! is shown in Fig.
2 for ne
ns and Fig. 3 fornt
ns . A general fit to our
results for nonresonant production is

Vns
h2'0.3S sin22u

10210 D S ms

100 keVD
2

. ~6.9!

The maximum rate of sterile neutrino production occurs
temperature@10,81#

Tmax'133 MeVS ms

1 keVD 1/3

. ~6.10!

The closure fraction contribution fornm
ns is nearly
identical to nt
ns . The particular flavor~s! of the active
neutrino with which the sterile neutrino mixes does det
mine to some extent the ultimate closure fraction. Howev

FIG. 2. Regions ofVns
h2 produced by resonant and nonres

nantne↔ns neutrino conversions for selected net lepton numbeL,
after applying all constraints~see Secs. IX and X!. Regions of pa-
rameter space disfavored by supernova core collapse considera
are shown with vertical stripes.
1-8
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STERILE NEUTRINO HOT, WARM, AND COLD DARK MATTER PHYSICAL REVIEW D64 023501
this flavor dependence is negligible for largerns masses
since, from Eq.~6.10!, for sterile neutrinos withms*2 keV,
Tmax*180 MeV. At these temperatures,e6, m6 and even
t6 ~due to the high entropy of the universe! are populated
significantly, so that the thermal potentials are identical
all flavors. Therefore, the mass fractions produced for
flavors with sterile neutrino massesms*2 keV are very
similar.

The similarity of the results of production forne , nm , and
nt mixing with a sterile neutrino is at odds with the calcul
tion of Ref. @68#. There are several differences between o
treatment and that of Ref.@68# that can account for the dis
parity in results. First, the primary cause for discrepancy
the nt
ns neutrino mixing case is likely to lie in the fac
that t leptons are significantly populated at temperatu
one-tenth of their mass (T*177 MeV! due to the high-
entropy of the universe. This modifies the thermal term
Eq. ~5.6! in an important way, not included in Ref.@68#. In
our work, we follow the number and energy density of t
leptons explicitly in our numerical evolution. One can s
from Eq. ~6.10! that for masses of sterile neutrinos grea
than about 2 keV, production occurs at a temperature wh
the t lepton is significantly populated. Second, the popu
tion of massive species of scatterers (m and t leptons and
u,d,s,c,b quarks! which enhance the scattering rate is n
included in Ref.@68#, but are included in our calculations
Third, effects of re-heating on the dilution of sterile neutri
dark matter are treated only approximately in Ref.@68#. We
explicitly include reheating and dilution in our calculatio
through our treatment of the time-temperature evolution
active and sterile neutrinos, as described in the Appendi

VII. INITIAL LEPTON NUMBER AND RESONANT
PRODUCTION

In this section, we examine the resonant production
sterile neutrino dark matter for a range of initial lepton nu

FIG. 3. Same as Fig. 2, but fornt↔ns .
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bers. We will extend the treatment of this issue given in S
and Fuller@11# considering the effects of particle annihila
tion and reheating and enhanced scattering rates on coh
and incoherent evolution through MSW resonances. This
lows us to consider resonantna
ns conversion at high tem-
perature epochs in the early universe, up to the electrow
transition regime atT'100 GeV.

Resonance, or mass level crossings as seen in Fig. 1
characterized by maximal effective matter mixing ang
(um)res5p/4, where thena→ns conversion rate is, conse
quently, enhanced. The resonance condition is

D~p!cos 2u2VL2VT~p!50

D~p!cos 2u2~40.2 eV!H L6h/4

1022 J S T

GeVD 3

1BeS T

GeVD 5

50

S ms

1 keVD 2

cos 2u'8.03eH L6h/4

1022 J S T

100 MeVD
4

12e2S B

keVD S T

100 MeVD
6

. ~7.1!

Choose one of the horizontal dotted lines laying below
peak of the solid line in Fig. 1. This indicates the ‘‘ma
track’’ for a sterile neutrino species. This is, of course, si
ply the vacuum mass-squared value (meff

2 )s5ms
2 , and is flat

and independent of temperature. The effective mass-squ
track for an active neutrinona could be as shown in Fig. 1
Mass level crossings~resonances! in the na
ns system can
occur whenms

2 lies below the peak value of (meff
2 )na

. This
peak will occur at temperature

TPEAK'S 2

3D 1/2

T0

'S 4A2z~3!

3p2 D 1/2

e21/2$L6h/4%1/2 FGF~GeV!5

B G1/2

'~2.98 GeV!e21/2S L
1022D 1/2

, ~7.2!

where T0 is the high temperature at which the effectiv
mass-squared track crosses zero, and where in the las
merical expression we have assumed thatT.180 MeV.

Note that the peak value of effective mass-squared
equivalently, the largest value ofdm2 cos 2u for which a
level crossing can occur is

meff
2 ~TPEAK!5~dm2 cos 2u!m

eff(PEAK)
2

'S 4A2z~3!

3p2 D 3
$L6h/4%3

e
FGF

3~GeV!10

B2 G .
~7.3!
1-9
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For example, we can show that the largestns mass which can
have a resonance with ane is roughly

~ms!PEAK'
406 keV

e1/2 S L
1022D 3/2

. ~7.4!

As the universe expands, an active neutrino speciesna
will encounter two resonances with a sterile neutrino spec
as long as this sterile species hasms

2 less than the peak valu
of meff

2 in Eq. ~7.3!. At some epochs, both resonances may
present in a given active neutrino spectrum since the re
nance condition, Eq.~7.1!, has more than one zero. Th
behavior is shown for a particular case in Fig. 4.

What is the effect of resonance on sterile neutrino prod
tion in the early universe? The answer to this question
pends on the rate of incoherent production at the resona
whether the neutrinos are coherent as they pass through
nance and, if they are coherent, the degree of adiabat
characterizing the evolution of the neutrino flavor amplitud
through the resonance. There are two processes by w
resonance affects neutrino conversion in the early unive
~1! enhanced incoherent conversion of those neutrinos a
resonance and~2! coherent MSW transformation of neutr
nos passing through the resonance. The rate of incohe
production can be calculated numerically through the se
classical Boltzmann evolution, Eq.~6.6!.

The statistical formulation of both coherent and incoh
ent production can be described by the time evolution of
density matrix for the two neutrino states@70–75#. We show
below that the masses and mixing angles of interest for s
ile neutrino dark matter considered here give cohere
across the relevant resonance width, but usually imply
the neutrino amplitude evolution through resonance is no
diabatic. ~Adiabatic evolution at lower mixing angle coul
occur at epochs where the entropy is being transferred f
annihilating particles and where, as a consequence, the
perature and density do not change rapidly or are cons
with time, e.g., the QCD transition@82#.!

Though the expansion rate of the universe scales asT2,
the active neutrino scattering rate scales asGF

2T5. For neu-

FIG. 4. The effective matter mixing sin22um is shown for a case
with two resonances~solid line!. For this case,ms51 keV, sin22u
51029, L5631024, and T5130 MeV. The dashed line is th
active neutrino energy distribution.
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trino flavor evolution through resonances, the coherence c
dition will be met only when the inverse of the scattering ra
~the active neutrino mean free path! is much larger than the
resonance width or

T!S 4p3

5 D 1/6 g1/6

mpl
1/3GF

2/3 tan1/32u

'140 MeV
~g/100!1/6

~sin22u/10210!1/6
. ~7.5!

~Here,mpl'1.2231022 MeV is the Planck mass.! Therefore,
for the mixing angles relevant here (sin22u&10210), at tem-
peratures below 140 MeV, the resonance could in princi
drive coherentna
ns transformation. The efficiency o
MSW conversion relies on the adiabaticity of the evoluti
through the resonance region.

The width of the resonance is the product of the lo
density scale height of weak charges and tan 2u. In turn, the
biggest share of the density scale height is determined by
expansion rate of the universe,H'(8p3/90)1/2g1/2T2/mpl ,
where the statistical weight in relativistic particles,g, has
contributions from both bosonsgb and fermionsgf :

g5(
i

~gb! i17/8(
i

~gf ! i . ~7.6!

In fact, once neutrino flavor transformation begins, the inh
ent nonlinearity of this process can have a sizable, e
dominant effect on the density scale height. Ignoring this,
resonance width expressed in time isdt'(2/3)t(tan 2u)
5(1/3)H21 tan 2u, wheret'(1/2)H21 is the age of the uni-
verse at an epoch with temperatureT in radiation dominated
conditions.@The particle horizon isH21, so that, absent large
scale neutrino flavor transformation, the resonance width
constant fraction (1/3)tan 2u of the horizon scale.#

The effective matter mixing angle for the oscillation cha
nel na
ns at an epoch with temperatureT is

sin22um5H 11
@122eTV/~dm2 cos 2u!#2

tan22u
J 21

. ~7.7!

At resonance, sin22um51, so that one resonance width o
resonance this effective mixing will have fallen to sin22um
51/2. Clearly, the change in effective weak potential ov
this interval is dV'dm2 sin 2u/(2eTres), where Tres is the
resonance temperature for neutrino spectral parametee.
From this it can be seen that (dV/V)res5tan 2u and it fol-
lows that the resonance width is

dt5
dt

dV
dV'U1V •

dV

dt U
res

21

tan 2u. ~7.8!
1-10
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The neutrino oscillation length at resonance isl m
res

5(4peTres)/(dm2 sin 2u)52p/dV, and the adiabaticity pa
rameter is proportional to the ratiodt/ l m

res, and is defined as

g[2p
dt

l m
res

'~dV!2Ude

dVY de

dtU
res

. ~7.9!

When there are many oscillation lengths within the re
nance width~i.e., wheng@1) neutrino flavor evolution will
be adiabatic and we can then expect efficient flavor con
sion at resonance.@Given the small vacuum mixing angle
relevant for this work and consequent small widths,
Landau-Zener jump probability@83# with the form PLZ
'exp(2pg/2) gives an adequate gauge of the probability
na→ns conversion at resonance, 12PLZ .#

The physical interpretation of Eq.~7.9! is straightforward.
The adiabaticity parameter is proportional to the ene
width of the resonance divided by the ‘‘sweep rate,’’de/dt,
of the resonance energy through the neutrino distribu
function. The resonance sweep rate is determined mostl
the expansion rate of the universe~an inverse gravitationa
time scale!, but the rate of change of lepton numberL as
na→ns proceeds can become important, even paramoun
lepton number is used up andL→0.

The resonance energy width scaled by temperature isde
'dVude/dVures'e restan 2u, wheree res is the resonant value
of the neutrino spectral parameter atTres. If we confine our
discussion to resonances on the low temperature sid
TPEAK, where the thermal terms in the potential can be
glected, then

e res'
dm2 cos 2u

@4A2z~3!/p2#GFT
4L

'0.1245S dm2 cos 2u

1 keV2 D S 1022

L D S 100 MeV

T D 4

.

~7.10!

As the universe expands and cools with time, and for a gi
dm2, the resonance will sweep through thena energy distri-
bution function from low to high neutrino spectral parame
e. In this same limit of resonance belowTPEAK, the sweep
rate is

de

dt
'4eHS 12

L̇
4HLD , ~7.11!

where L̇ is the time rate of change of the lepton numb
resulting from neutrino flavor conversion. Since the exp
sion rate scales asH;T2, the prospects for adiabaticity ar
better at lower temperatures and later epochs in the e
universe, all other parameters being the same.

From Eqs.~7.9!, ~7.10!, and~7.11!, we can estimate tha
at resonance the degree of adiabaticity is
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g'
dm2

2eTres

sin22u

cos 2u
S 4

Ṫ

T
1

L̇
LD 21

'
3A5z~3!3/4

217/8p3

~dm2!1/4mplGF
3/4L 3/4

g1/2e1/4u12L̇/4HLu

sin22u

cos7/42u

'S ms

1 keVD 1/2S 10.75

g D 1/2S L
1022D 3/4

1

u12L̇/4HLu
S 1

e res
D 1/4

3H sin22u

7.5310210J , ~7.12!

where in the second equality we assume the stand
radiation-dominated conditions and expansion rate,
where in the final equality we have employed the appro
mationdm2'ms

2 , valid whenms@mna
, and where we have

assumed that the vacuum mixing angle is small. Here we
that for the mixing angles allowed by our constrain
sin22u,1029(3310210) for nm ,nt(ne) mixing with sterile
neutrinos, and massesms*1 keV, the resonance is not adia
batic.

We conclude that the main effect of resonance is enhan
ment of scattering-induced incoherent conversion of neu
nos with energies in the resonant region. Therefore, the
mulation of the semi-classical Boltzmann equation~6.6! is
appropriate for calculating the total production of sterile ne
trinos in the early universe.

The results of our numerical calculations can be seen
Fig. 2 for ne
ns and in Fig. 3 fornt
ns for the cases
where initially L50.001,0.01,0.1. The calculation include
both nonresonant scattering production and matter-enha
~resonant! production. Examples of the resulting sterile ne
trino energy spectra are shown in Fig. 5. Resonantly p
duced sterile neutrinos tend to have energy spectra appr
bly populated only at the lowe end. This results from the
resonant energy starting at the lowest momenta and mo

FIG. 5. The sterile neutrino distribution for four cases of res
nant and non-resonantne↔ns , as described in the text. The dotte
line is a normalized active neutrino spectrum. The thick-so
dashed, dot-dashed, and thin-solid lines correspond to cases~1!–
~4!, respectively. The inset shows a magnified view of the l
momenta range of the distributions.
1-11
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through higher momenta neutrinos@see Eq.~7.10!# as the
universe cools and lepton number is depleted through c
version into a sterile neutrino population.

Figure 5 shows the resulting spectrum for four sam
cases of sterile neutrino dark matter production:

~1! ms50.8 keV, sin22u51026, L init50.01, resulting in
Vns

h250.25 and̂ p/T&52.9;

~2! ms51 keV, sin22u51027, L init50.01, resulting in
Vns

h250.13 and̂ p/T&51.8;

~3! ms51 keV, sin22u51028, L init50.01, resulting in
Vns

h250.10 and̂ p/T&52.0;

~4! ms510 keV, sin22u51028, L init50.001, resulting in
Vns

h250.57 and̂ p/T&52.3.

A particularly interesting case is~4!, where the resonanc
passes through the distribution during the QCD transiti
where the disappearance of degrees of freedom heats
photon and neutrino plasma, forcing the universe to c
more slowly. For this period, the resonance moves m
more slowly through the spectrum and is consequently m
efficient in na→ns conversion through that region of th
neutrino energy spectra. This produces a ‘‘spike’’ in the st
ile neutrino distribution~see Ref.@82#!.

VIII. COLLISIONLESS DAMPING SCALE:
HOT, WARM OR COLD NEUTRINOS

Given the sterile neutrino energy spectrum and num
density, the transfer function for dark matter models can
calculated. Here, we instead give a rough guide based on
free streaming length at matter-radiation equality,lFS .
Structures smaller thanlFS are damped. This is because
early epochs where sterile or active neutrino species are
tivistic, they can freely flow out of the regions of size
smaller thanlFS ~very roughly the horizon size at the epoc
where the neutrinos revert to nonrelativistic kinematics!. Pre-
vious numerical work has shown that the free stream
scale is approximately@67,84#

lFS'40 MpcS 30 eV

mn
D S ^p/T&

3.15 D . ~8.1!

The mass contained within the free streaming length is t

MFS'2.631011M (~Vmh2!S 1 keV

mn
D 3S ^p/T&

3.15 D 3

,

~8.2!

where Vm is the contribution of all ‘‘matter’’ to closure.
These values can give a guide as to the collisionless dam
scale of sterile neutrino dark matter. In Fig. 6, we sh
contours ofMFS for the nt
ns sterile neutrino production
channel withL50.01. In Fig. 6, we assume that the univer
is critically closed (Vm51). Therefore, the contours ar
consistent with sterile neutrinos being the major constitu
of dark matter near the dark gray regions whereVns

h2

50.120.5.
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In Figs. 2 and 3, we label the parameter regions co
sponding toMFS.1014M ( , 105M (,MFS,1014M ( , and
MFS,105M ( as HDM, WDM, and CDM, respectively
These definitions are somewhat arbitrary and here serve
as guides. Note that sterile neutrino mass by itself does
completely determine the free streaming~or collisionless
damping! scale, since the inherentns energy spectrum a
production also helps to determine thens kinematics at a
given epoch. This latter effect is especially pronounced
nonthermal energy spectra, and is responsible, e.g., for
non-flat collisionless damping mass scale lines in Fig. 6.

IX. COSMOLOGICAL CONSTRAINTS ON STERILE
NEUTRINOS

A. Diffuse extragalactic background radiation

The decay rate of a massive sterile neutrino with vacu
mixing angleu into lighter active neutrinos is@85#

Gns
'sin22uGF

2S ms
5

768p3D
'8.7310231 s21S sin22u

10210 D S ms

1 keVD 5

. ~9.1!

We have also included in our calculations the contributio
to Gns

from visible and hadronic decays estimated from t

partial decay widths of theZ0 boson @7#. The rate of the
corresponding radiative decay branch is smaller by a fa
of 27a/8p @86#:

FIG. 6. The mass within the sterile neutrino free stream
length at matter-radiation equality (MFS) in the nt↔ns , L50.01
case. Regions of parameter space disfavored by supernova
collapse considerations are shown with vertical stripes.
1-12
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Gnsg
'sin22uaGF

2S 9ms
5

2048p4D
'6.8310233 s21S sin22u

10210 D S ms

1 keVD 5

. ~9.2!

That these sterile neutrinos can decay stems from the
that they are not truly ‘‘sterile,’’ but have an effective inte
action strength;sinm

22uGF
25sin22uGF

2 , where the last equal
ity is valid in vacuum~i.e., at late epochs in the universe!.
Obviously, if a particle is going to be a dark matter can
date, it must have a lifetimet at least of order the age of th
universe (t today*10 Gyr!. Regions ofms vs sin22u parameter
space wheret,t today and not otherwise constrained are
labeled in Figs. 7 and 8. These parameters, correspondin
generally high sterile neutrino masses, guarantee that t
particles decay away into lighter particles long before th
clump in gravitational potential wells.

The radiative decay channel for sterile neutrinos can p
vide a constraint or a possible detection mode for some
gions of thems-sin22u parameter space. In particular, radi
tive decays of sterile neutrinos occurring between CM
decoupling and today could produce an appreciable flux
photons with energies comparable toms . In fact, there are
firm upper limits on the flux from a diffuse photon comp
nent. For example, the total differential energy flux per u
solid angle for a DEBRA component is@27,67,87#

dF/dV&~1 MeV/E! cm22 sr21 s21. ~9.3!

As technology has progressed this limit on the true diffu
background has come down as distinct x-ray sources are
solved and their fluxes are removed from the count@88,89#.
At present the Chandra x-ray Observatory threatens to
solve a considerable fraction of the observed x-ray ba
ground ~in the 0.5–8 keV band! into point and extended
sources, primarily active galaxies, QSO’s, and clusters.

Clearly, sterile neutrinos with radiative decay rates grea
than an inverse Hubble time (H21'3.0931017h21 s
'9.78h21 Gyr! will tend to contribute background photon
before the sterile neutrinos fall into potential wells and fo
structure. These photons will then produce a DEBRA con
bution which must not exceed the overall limit in Eq.~9.3!.
Parameter regions violating this bound are labeled DEB
in Figs. 7 and 8.

What about sterile neutrinos with much smaller radiat
widths? These steriles could be decaying at more recen
ochs, even today. However, if these are the dark ma
~CDM or WDM!, then they are not diffuse, but are strong
clustered. In Figs. 7 and 8 the regions with widely spac
vertical lines correspond to sterile neutrino mass and mix
properties that would give a DEBRA component in excess
the limit ~9.3!, if these steriles were distributed diffusel
Since most of the decay photons will be produced when
dark matter is in structure rather than diffuse, this reg
does not as yet constitute a constraint. Rather, it serve
define parameters that could give interesting x-ray fluxes
the gravitational potential wells of clusters of galaxies
02350
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other structures, depending on redshift, the cosmological
rameters, and transfer functions and collisionless damp
scales of the sterile neutrinos. Improved observations
models could lead to these regions turning into true c
straints and may result in more stringent constraints or e
lead to detection@90#.

As an example, consider a large cluster of galaxies w
dark matter massM'1015M ( . The sterile neutrino decay
luminosity in photons is

L'731036 erg s21S sin22u

10210 D S ms

1 keVD 5

. ~9.4!

The observed x-ray luminosity for such clusters in the 1–

FIG. 7. Contours of the closure fraction are displayed as th
lines labeled withVns

h2 for negligible lepton asymmetry (L
'10210) for the three neutrino flavors mixing with a massive ster
neutrino. Shown are constraints from the energy density prese
CMB decoupling, with the dark gray region corresponding
BOOMERanG/MAXIMA’s present limits. The medium gray regio
corresponds to MAP’s predicted future constraint, and the light g
region is the Planck mission’s potential constraint region. The c
straints from DEBRA, and BBN are so labeled. The region of p
tential constraints from supernovae~SN! is also shown as closely
spaced vertical lines. The region of widely spaced vertical line
where radiative decays today may give detectable x-ray signatu
Regions filled with horizontal lines are whereVns

h2.0.5 and are
inconsistent with the observed age of the universe. Sterile neutr
with parameters in the region labeled by ‘‘t,t today’’ decay without
constrainable effects and make no contribution to the present m
density.
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KEVORK ABAZAJIAN, GEORGE M. FULLER, AND MITESH PATEL PHYSICAL REVIEW D64 023501
keV band isLcluster;1045 erg s21 @91#. Clearly, for sterile
neutrinos in our dark matter parameter space with masse
20–30 keV and sin22u'10211, the predicted luminosities
may be comparable to those observed. The energy sp
may be different, however, and this could be an avenue
constraint.

B. Cosmic microwave background

Another constraint stems from the increase in energy d
sity in relativistic particles due to massive sterile neutri
decay prior to cosmic microwave background~CMB! decou-
pling @92#. The BOOMERanG/MAXIMA observations@93#
currently limit the effective number of neutrinos (Nn) at de-
coupling toNn(CMB),13 at the 95% confidence level@55#.
Measurements to higher multipole moments by the MAP a
Planck probes will be able to further limit the relativist
energy present at decoupling. MAP may constr
Nn(CMB),3.9, and the Planck mission could reach a lim
Nn(CMB),3.05 @94#. The increase in energy density due
sterile neutrino decays was found by calculating the ene
produced by decays between active neutrino decouplingT
;1 MeV! and photon decoupling (T;0.26 eV!. The
BOOMERanG/MAXIMA constraint is shown in Figs. 7 an
8 and the potentially stringent future ‘‘constraints’’ by MA
and Planck are also shown.

FIG. 8. Contours of closure fraction are displayed as thick lin
labeled withVns

h2 for L50.001,0.01,0.1. Constraints are shown
in Fig. 7.
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C. Big bang nucleosynthesis

The energy density in the sterile neutrino sea at we
freeze-out just prior to primordial nucleosynthesis (T'0.7
MeV! must not be too large. The energy density contribut
of a sterile neutrino is often described as the fraction of
energy density in a fully populated~thermal! single neutrino-
antineutrino species plus the energy density in the ac
neutrinos,Nn . Depending on one’s particular adoption
observationally inferred primordial abundances, one can
rive at limits betweenNn,3.2 andNn,4 @95–97#. We have
calculated the energy density contributed by the sterile n
trino at BBN, and its limits are shown in Figs. 7 and 8.

D. 6Li and D photoproduction

Another constraint arises from photoproduction of deu
rium ~D! and 6Li stemming from the decay of massive steri
neutrinos after BBN@98#. Energetic cascades dissociate4He
into excessive amounts of D, which is bounded observati
ally @99#. Also, energetic3H and 3He produced in the cas
cades can synthesize6Li through 3H(3He)14He→6Li
1n(p), overproducing6Li, which is also bounded observa
tionally @100#.

These constraints lie in regions of parameter space wh
are almost identical to those bounded by CMB consid
ations. The 6Li limit can be seen to extend to the sma
region just to the left of the CMB constraints in Figs. 7 a
8 ~closely hatched area, hatching oriented from the low
right to the upper left!. It should be noted that the6Li/D
photoproduction constraints are from current observati
while the potential constraints from MAP and Planck of t
energy density present at CMB decoupling are afuture pos-
sibility that can corroborate the photoproduction constrain

X. ACTIVE-STERILE NEUTRINO TRANSFORMATION IN
CORE-COLLAPSE SUPERNOVAE

In the previous sections, we have calculated the range
sterile neutrino masses and mixing angles~and primordial
lepton asymmetries! for which sterile neutrinos can accoun
for some or all of the dark matter. In this section we descr
some of the implications for core-collapse~Type Ib/c, II!
supernovae of active-sterile neutrino transformation with
rameters in these regions. Neutrinos play a dominant, pe
sive role in core-collapse supernovae, so the stakes are
whenever we introduce non-standard neutrino physics
neutrino mixing.

In broad brush the effects are simple: too much neutr
conversion in a supernova results in too much energy los
sterile neutrinos, manifestly in conflict with observation~the
mixing angles considered here are sufficiently small that
sterile neutrinos are not trapped in the core!. Requiring the
hemorrhaging in sterile neutrinos not to be too great th
places bounds on neutrino mixing parameters.

In fine detail, however, the procedure is not so simp
since the coupled supernova neutrino transpo
transformation problem is highly nonlinear and the dynam
very difficult to treat analytically or numerically. Confound
ing the matter is our relatively poor understanding of t

s

1-14



l

an
in

s
e
a
er
fo
o

ss

,

tr

ly

ea
r.

e

i-

th
s

a
n
av
h
nt
k
e
o
o

or
nd
e

t o
ss

cal

eu-
the
-
e
r

pse
ino

of
by

r
too

n
ith
limit
t
ew
in

ther
via
the
rchy
for-

ted

vo-
the

ent
the

tes
to-
-
he

-

ion
is

tic,
te

STERILE NEUTRINO HOT, WARM, AND COLD DARK MATTER PHYSICAL REVIEW D64 023501
physics of the core-collapse phenomenon itself.
Nevertheless, we have boldly attempted~as have severa

workers before us@28–30,68,114#! to describe some of the
salient effects of neutrino transformation in a supernova
have extracted some rather conservative limits on mix
parameters, conservative, at least, for arguing the case
sterile neutrino dark matter. Our ‘‘limits’’ are by no mean
final, and much future work remains to be done in ord
ascertain the viability of sterile neutrino dark matter. In wh
follows, we give a brief biography of a core-collapse sup
nova, describe the relevant neutrino transport and trans
mation physics, and indicate how we obtained the supern
‘‘constraint’’ regions in Figs. 2, 3, 6, 7, and 8.

Core-collapse supernovae are the death throes of ma
stars. A star of mass*10M ( dies when its'1.4M ( iron
core undergoes gravitational collapse to a neutron star
event releasing'99% of the'1053 erg gravitational bind-
ing energy of the neutron star in all active species of neu
nos~see Refs.@101,102# for an introduction!. In the standard
picture this event lasts'10–15 s and can be divided rough
into three phases: the infall, shock reheating, andr-process
epochs.

During the infall epoch, the iron core collapses on a n
gravitational time scale of;1 s to a dense proto-neutron sta
As the core density rises, the forward reaction in

e21 ‘ ‘ p’ ’ 
ne1 ‘ ‘ n’ ’ ~10.1!

neutronizes the core until the neutrino trapping densityr
;1011– 1012 g cm23 is reached, a condition which allows th
forward and reverse reactions in Eq.~10.1! to achieveb
equilibrium. This equilibrium is established with relativist
cally degenerate electrons (me'25– 220 MeV! and electron
neutrinos (mne

'10– 170 MeV!.
The quotes in Eq.~10.1! refer to freeandbound baryons.

Most of the baryons are bound in large nuclei, since
infall-collapse phase is characterized by temperatureT
'1 – 3 MeV and a low entropy per baryons'1.5 ~in units
where Boltzmann’s constant is unity!.

The infall epoch ends when the core density reaches
exceeds the saturation density of nuclear matter. The in
core bounces, yielding an outward-propagating shock w
at its boundary with the outer core. The shock loses muc
its energy dissociating the nuclei in the outer core and ma
of the pre-supernova star and eventually stalls some 500
from the center of the core, far short of generating a sup
nova explosion. The post-bounce core is a hot, dense pr
neutron star consisting of free baryons, electrons and p
trons, and active neutrino-antineutrino pairs~and perhaps
also muon-antimuon pairs and strange quark matter!, all in
thermal and chemical equilibrium at a temperatureT
'30– 70 MeV and entropy per baryons'10.

During the shock reheating epoch, at times post c
bouncetpb'0.06– 1 s, neutrinos diffuse out of the core a
deposit energy behind the stalled shock, driving the sup
nova explosion@103#.

In ther-process epoch neutrinos continue to diffuse ou
the star at timestpb'1 – 15 s. The neutrinos drive mass lo
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from the proto-neutron star, possibly setting the physi
conditions for r-process~heavy element! nucleosynthesis
@104,105#.

The star’s nuclear composition becomes increasingly n
tron rich as the electron neutrinos depart the star and
reactions in Eq.~10.1! proceed with continuous, local re
establishment ofb equilibrium. For example, at core bounc
(tpb50), the electron fraction~net number of electrons pe
baryon! in the center of the core isYe'0.35; a cold neutron
star, the end point of evolution in this case, hasYe&0.01.

Since neutrinos dominate the energetics of core-colla
~Type Ib/c, II! supernovae, appreciable active-sterile neutr
transformation can completely alter the standard picture
stellar collapse. Although this picture has been refined
observations of neutrinos from SN 1987A@106#, large-scale
numerical simulations@103,107#, and semi-analytical work
@103,108–110#, it is not clear that this is the only way fo
supernovae to evolve. Nevertheless, by requiring that not
much energy be ‘‘lost’’ too quickly to singlet neutrinos i
the proto-neutron star, and hence avoiding a conflict w
standard supernova theory and observations, we can de
regions in thems-sin22u plane which may adversely affec
its evolution. In fact, many supernova constraints on n
physics rely on limiting the energy loss to exotic particles
a proto-neutron star@111#.

Sterile neutrinos can be produced in supernovae ei
coherently through mass level crossings or incoherently
scattering-induced wave function collapse. Whether
former or latter process dominates depends on the hiera
of length scales relevant for neutrino transport and trans
mation: the local neutrino mean free pathl, local neutrino
oscillation length in matterl m , and resonance widthdr @the
supernova analogue of Eq.~7.8!#. Neutrino flavor eigenstate
evolution is coherent and transformation is uninterrup
through resonance ifl@dr . Neutrino flavor transformation
is also adiabatic ifdr @ l m

res, wherel m
res> l m is the oscillation

length at resonance. This is in complete analogy to the e
lution through resonances discussed above in Sec. VII for
early universe. If instead neutrino conversion is incoher
and transformation is interrupted often by collisions, then
conversion will be suppressed by quantum damping ifl m
.l.

It is easy to show that incoherent conversion domina
sterile neutrino production in supernova cores. In a pro
neutron star of radiusR510– 50 km the density varies rela
tively slowly with distance from the center of the star, so t
scale height of the weak potential isH5ud ln V/dru21

'10– 100 km. Then the resonance width isdr 5H tan 2u
'(106– 107 cm)tan 2u. The mean free path of a typical neu
trino is aboutl'10 cm ~actuallyl;10 cm to;10 m, but
this range makes little difference for our conclusions!. There-
fore, neutrino evolution is coherent if sin22u&10212– 10210,
and the maximal resonance width giving coherent evolut
is dr max'10 cm. Now the oscillation length at resonance
l m
res54pE/dm2 sin 2u'1024 cm ~10 keV/ms)

2/sin 2u, so co-
herent evolution givesl m

res*10– 100 cm~10 keV/ms)
2. In

these conditions, however, the evolution is not adiaba
sincedr max& l m

res. As a result, mass level crossings contribu
1-15
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only subdominantly to sterile neutrino production in sup
novae. Conversion to sterile neutrinos less massive tha
keV is even less efficient, and more massive neutrinos
not have resonances.

Incoherent neutrino production is weakly damped at~or
away from! a resonance when sin22u*10210(10 keV/ms)

4.
The local oscillation length in matter away from resonance
typically much smaller than the oscillation length at res
nance, so for sterile neutrino massesms*10 eV weak damp-
ing generally obtains off resonance even if the condit
above is not met. Furthermore, since resonances last on
fraction &1028 of the neutrino diffusion time scale, as d
rived below, most neutrino conversion in a core-collapse
pernova occurs in the weak damping regime.

The time rate of energy ‘‘loss’’E to sterile neutrinos~and
sterile antineutrinos! per unit mass in a proto-neutron star
proportional to the active neutrino energy, scattering cr
section on weak targets, and the average conversion p
ability @28,29,111#:

E'
1

mN
E dFna

Esna
~E!

1

2
^Pm~na→ns ;p,t !&

1
1

mN
E dFn̄a

Esn̄a
~E!

1

2
^Pm~ n̄a→ n̄s ;p,t !&,

~10.2!

where, for the sake of simplicity, we have suppressed Pa
blocking effects. In Eq.~10.2!, the cross sections for neutrin
scattering on free baryons aresna

(E)'sn̄a
(E)'1.66GF

2E2,
and the differential neutrino and antineutrino fluxes are

dFna
5cdnna

'
d3p

~2p!3

1

eE/Tna
2hna11

'
1

2p2

E2dE

eE/Tna
2hna11

~10.3!

dFn̄a
5cdnna

'
d3p

~2p!3

1

eE/Tn̄a
2hn̄a11

'
1

2p2

E2dE

eE/Tn̄a
2hn̄a11

~10.4!

for relativistic neutrinos, wherehna
5mna

/Tna
is the de-

negeracy parameter ofna as above. A simple but somewh
crude criterion for avoiding conflict with supernova theo
and observations of SN 1987A isE&1019 erg s21 g21 @111#,
a limit on the sterile neutrino emissivity equivalent to a lo
of ;10 MeV per baryon per second.

The weak potentials@cf. Eqs.~5.5! and~5.6!# which drive
neutrino flavor transformation take a slightly different for
in supernovae than in the early universe@64#. For ne
ns
transformation the potential stemming from finite density
fects is@from Eq. ~5.5!#

VD5
GFr

A2mN

~3Ye2114Yne
12Ynm

12Ynt
!, ~10.5!

where mN'931.5 MeV is an atomic mass unit,ni is the
number density of speciesi, andYi[(ni2nī )/nB is the net
02350
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fraction of speciesi per baryon (nB5nn1np). In part, the
form of Eq. ~10.5! follows from local charge neutrality and
the assumption that muons, anti-muons, and strange q
matter are negligibly populated. The finite density poten
for nm
ns transformation is@from Eq. ~5.5!#

VD5
GFr

A2mN

~Ye2112Yne
14Ynm

12Ynt
!. ~10.6!

The potential fornt
ns transformation follows from Eq.
~10.6! upon switching the labelsnm andnt . The finite tem-
perature potentialVT is negligible in supernovae@64#, so the
total potentials for neutrino and antineutrino transformat
are V5VD1VT'VD and V̄52VD1VT'2VD'2V, re-
spectively.

The average oscillation probabilities in Eq.~10.2! depend
on the weak potentials and neutrino mixing parameters, fr
Eqs.~6.4!,~6.5!:

^Pm~na→ns ;p,t !&

'
1

2

D~E!2 sin22u

D~E!2 sin22u1D21@D~E!cos 2u2VD#2
~10.7!

^Pm~ n̄a→ n̄s ;p,t !&

'
1

2

D~E!2 sin22u

D~E!2 sin22u1D̄21@D~E!cos 2u1VD#2
, ~10.8!

whereD(p)5dm2/2p'ms
2/2E'D(E) for relativistic neutri-

nos. As before the quantum damping rateD5Gna
/2

5*dFna
sna

(E)/2 for neutrinos is one-half the neutrin
scattering rate; an analogous expression applies for the
tineutrino damping rateD̄. The coherent effects described
Ref. @69# may modify these conversion rates.

The conditions for resonance6VD5D(p)cos 2u
'ms

2 cos 2u/2E, the potentials in Eqs.~10.5!,~10.6!, and the
average oscillation probabilities in Eqs.~10.7!,~10.8! imply a
negative feedback between active~anti!neutrino transforma-
tion and the potentials. If quantum damping effects are co
parable for neutrinos and antineutrinos or are relatively
important, as argued above for most of the parameter ra
of interest, neutrino conversion is enhanced relative to
tineutrino conversion whenVD.0. The preferential conver
sion of neutrinosdecreasesthe potential, since the finite den
sity part of the potential depends on the relative excess~or
deficit! of particles over antiparticles~the net contribution of
particle-antiparticle pairs is zero!. As the potential decrease
the neutrino and antineutrino conversion rates approach
common rate they would have at vanishing potential. Sin
neutrinos and antineutrinos of all flavors are produced
roughly equal numbers and their individual number densi
are at least comparable to the electron density, the dynam
feedback mechanism may drive the potentialVD locally to
zero throughout the proto-neutron star, as long as the t
scale for this process is less than the local neutrino diffus
time scaletd;l(R/l)2/c;3 s; a similar sequence will en
1-16
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sue if VD,0. If this happens, the equal neutrino and a
tineutrino conversion rates ensure that the potential will
main zero, with any local deviation continuously smooth
out, up to the higher order effects of neutrino diffusion.

In this sense zero potential is a fixed point of the dyna
ics of neutrino transport and conversion in core-collapse
pernovae and the time scale for achieving zero potential
dynamical equilibration time scale. The situation is mo
complicated if sterile neutrinos mix with multiple active ne
trinos or if damping is important. For example, an excess
neutrinos over antineutrinos implies damping is asymmet
and this can retard equilibration. These issues will be ex
ined in more detail in a separate work@112#. We note in
passing that this behavior can also occur when neutrino s
tering is rare and mass level crossings dominate sterile
trino production@113#; some of this physics has also be
discussed in connection with active-active neutrino trans
mation in proto-neutron stars@114#.

We can estimate the equilibration time scaletV for driv-
ing a potentialV0

D to zero by computing the time over whic
the disparity in the rates of neutrino and antineutrino conv
sion will induce a potentialdVD52V0

D which cancels the
original potentialV0

D . Now Eqs. ~10.5!,~10.6! imply dVD

52A2GF(dnna
2dnn̄a

), wherednna
anddnn̄a

are the num-
bers of neutrinos and antineutrinos converted per unit v
ume, respectively. The number densities of~anti!neutrinos
converted are proportional to the rates of~anti!neutrino con-
version per baryon, the baryon density, and the time o
which the conversion takes place. If we assumetV is small
compared to the time scales for the change of the density
temperature in the star~a ‘‘static’’ approximation!, we have

dnna
52nBtV*dFna

snm
(E) 1

2 ^Pm(nm→ns ;p,t)& and simi-

larly for dnn̄a
. Solving fortV and usingnB5r/mN gives the

time scale for achieving dynamic equilibrium in thena
ns ,
n̄a
 n̄s system:

tV5
V0

DmN

2A2GFr
S E dFna

sna
~E!

1

2
^Pm~na→ns ;p,t !&

2E dFn̄a
sn̄a

~E!
1

2
^Pm~ n̄a→ n̄s ;p,t !& D 21

. ~10.9!

It is instructive to evalute the equilibration time scaletV

for the nm
ns , n̄m
 n̄s system in two limits:~i! far away
from a resonance, for whichuV0

Du@D(E)cos 2u, and~ii ! very
near or at a resonance, whereuV0

Du'D(E)cos 2u'ms
2/2E for

u!1. In the off-resonance case, inserting Eqs.~10.3!,~10.4!
and Eqs.~10.7!,~10.8! in Eq. ~10.9! and expanding to lowes
order yields

tV
off-res'

96

1.66A2

~V0
D!4mN

GF
3rT2ms

6 sin22u

'
1.531028 s

sin22u
S 1014 g cm23

r D
3S 50 MeV

T D 2S 10 keV

ms
D 6S V0

D

1 eVD 4

, ~10.10!
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where the factor of 1.66 comes from the neutrino scatter
cross section given earlier. We have derived Eq.~10.10! by
assuming a locally constant density and temperature, con
tent with our ‘‘static’’ approximation. We have also ignore
the buildup of a non-zero muon neutrino chemical poten
mnm

and accompanying Pauli blocking in neutrino scatter
and pair production as equilibration proceeds, a simplifi
tion giving dFnm

'dFn̄m
. Using the same simplifications, w

can find the time scale in the on-resonance case:

tV
on-res'

8p2

~1.66!45A2z~5!

uV0
DumN

GF
3rT5

'
16z~3!

~1.66!7p2A2z~5!

ms
2mN

GF
3rT6

'231029 sS 50 MeV

T D 5S 1014 g cm23

r DU V0
D

1 eV
U

'6.6310210 sS 50 MeV

T D 6S 1014 g cm23

r D
3S ms

10 keVD
2

. ~10.11!

The second and fourth expressions of Eq.~10.11! follow
from the resonance conditionuV0

Du'ms
2/2E and taking the

neutrino energyE to be the average neutrino energy^E&
5*dFnm

E/*dFnm
'7p4Tnm

/180z(3)'3.15Tnm
in the

proto-neutron star.
The on- and off-resonance equilibration time scales b

vary inversely with the ambient density and temperatu
Hotter conditions enhance the neutrino conversion rate
scatterer, and denser conditions enhance the number de
of scatterers. In either case it takes less time to drive a
existing potential to zero. On the other hand, only the o
resonance time scaletV

off-res depends on the vacuum mixin
angle; the inverse dependence is natural, since the emiss
in sterile ~anti!neutrinos is proportional to sin22u. The on-
resonance time scaletV

on-resis independent of sin22u, because
the relevant mixing angle at a resonance isp/4. If V0

D.0,
neutrino conversion dominates antineutrino conversion
resonance and vice versa ifV0

D,0, so this time scale is ex
tremely short compared to the neutrino diffusion time sc
or indeedany time scale typically associated with a cor
collapse supernova. Individual resonances are fleeting
result in negligible energy loss to sterile neutrinos. As a
sult, we may safely assume that most neutrino transforma
takes place off resonance, with an equilibration time sc
given by Eq.~10.10!.

We can delimit ranges of the neutrino mixing paramet
ms and sin22u which mayadversely affect core-collapse su
pernovae by evaluating the sterile neutrino emissivity in E
~10.2! in the following manner.

In the case ofne
ns transformation, the potentialVD is
initially positive in the post-bounce supernova core. If t
neutrino mixing parameters happen to givetV

off-res.td , core
1-17
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neutronization proceeds roughly on a diffusion time sca
although the conversion of electron neutrinos accelerates
shift of b equilibrium toward neutron richness. Neutroniz
tion decreases the electron fractionYe , and neutrino conver-
sion decreases the electron neutrino fractionYne

. As a con-

sequence, the potential decreases and eventually reac
value such thattV

off-res,td .
Once this occurs, neutrino conversion quickly resets

potential to zero and maintains this value as neutroniza
continues. If instead the neutrino mixing parameters hap
to give tV

off-res,td at core bounce, conversion immediate
resets and maintains the potential at zero.

In the case ofnm
ns or nt
ns transformation, the po-
tential VD is initially negativein the post-bounce core. Her
conversion has no direct effect on the rate of neutroniza
~notwithstanding feedback on the nuclear equation of sta!,
which increases the magnitude of the potential as the e
tron fraction falls to a value;0.01. UnlesstV

off-res,td from
the outset, neutronization dictates the evolution of the po
tial.

The emissivity E depends on the local, instantaneo
value of the potential, so the total energy lost to sterile n
trinos depends on the time history of the spatially vary
potential and, in particular, whether neutronization or n
trino conversion locally dominates its evolution. An accura
estimate of the spatially integrated emissivity and, hence
the regions in parameter space which may alter the stan
picture of stellar collapse clearly requires a detailed inve
gation of the dynamics of these systems, as well as a b
understanding of the physics of core-collapse supernova

From the viewpoint of the viability of sterile neutrinos a
dark matter, however, we mayconservativelyestimate the
emissivity by assuming the system achieves zero pote
relatively quickly, so thatE is evaluated withVD50. Evalu-
ating Eq.~10.2! in this limit and imposing the conditionE
&1019 erg s21 g21 gives the disfavored regions sin22u*3
310210 for ne
ns transformation and sin22u*1029 for
nm
ns or nt
ns transformation for sterile neutrino mass
ms*10 eV. For smaller masses, the limits are significan
weaker, owing to the onset of quantum damping. These
its are shown in Figs. 2, 3, 6, 7, and 8. The emissivity fa
with increasing potential away from a resonance, so m
detailed future work on this complex problem may find a
tual constraints which are weaker than the very conserva
limits given here.

Sterile neutrino dark matter parameters which lie near
edges of the disfavored regions in Figs. 2, 3, 6, 7, an
could give interesting signals in current and future supern
neutrino detectors~see, e.g., Ref.@115#!. These detectors
possibly could discern unique signatures for sterile neutrin
Such signatures would bolster the case for sterile neut
dark matter.

To summarize this section, we have delimited conser
tively the regions in the parameter space of active-ste
neutrino mixing that are disfavored by energy-loss consid
ations in core-collapse supernovae. We have found that
coupled problem of neutrino transport and flavor transform
tion in hot and dense nuclear matter is a formidable one
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involves following the local evolution of the weak potenti
which drives flavor transformation, including the feedba
from diffusion and the conversion itself. We have describ
this physics roughly by estimating the competing time sca
for lepton number diffusion and for cancellation of the p
tential. Depending on the mixing parameters and the spa
time evolution of the potential, the potential may well b
reset to zero in much of the proto-neutron star, so the effe
of neutrino propagation in matter need not suppress ste
neutrino ~or antineutrino! production. As a result, core
collapse supernovae can be significantly more sensitive
active-sterile neutrino mixing than they were found to be
previous studies@28,30,68#. These studies used a spatial
and temporally constant value of the potential, resulting
limits on mixing angles similar to ours but for significant
larger sterile neutrino masses*10 keV; for smaller masse
their limits on mixing angles are weaker because the puta
matter effects suppress conversion@28,30,68#.

Of course, we have deliberately chosen to be conserva
in applying supernova limits, since our objective in this wo
is to assess the viability of sterile neutrino dark matter. T
true limits, quite interesting in their own right and obtaine
from a self-consistent and proper treatment of the full, mu
dimensional Boltzmann evolution of the neutrino se
coupled with the nuclear equation of state, may well
somewhere in between the values determined in this and
vious studies. We leave attempts at such investigations f
future work @112#.

XI. CONCLUSIONS

We have estimated the resonant and non-resonant sca
ing prodution of sterile neutrinos in the early universe. T
basis for the production of these sterile species is a presu
mixing with active neutrinos in vacuum. Of course, su
mixing renders these species not truly ‘‘sterile.’’ As a resu
the ‘‘sterile’’ neutrinos can decay and this, together w
their overall contribution to energy density, constitutes t
basis for several stringent cosmological and astrophys
constraints which we have discussed in detail.

Additionally, these sterile species may produce signific
effects in core-collapse supernovae. Some of these effe
such as massive core energy loss, could be the basis for
constraints. However, it must be kept in mind that~1! the
supernova explosion energy is only some;1% of the total
energy resident in the active neutrino seas and that~2! we do
not yet understand in detail how supernovae explode~nor do
we have a sufficiently detailed observed core-collapse n
trino signal to place stringent constraints!. Better theoretical
understanding of supernova physics, perhaps coupled
the neutrino signature of a Galactic core-collapse event, m
allow the indicated regions on Figs. 7 and 8 to become t
hard and fast constraints instead of simply ‘‘disfavored’’ p
rameter regions. In fact, deeper insight into the time evo
tion of the potentials governing sterile neutrino production
the core may allowextensionof the constrained paramete
region to even smaller values of vacuum mixing angle.

Nevertheless, it is clear from our work that sterile ‘‘ne
trino’’ species with ranges of masses and vacuum coupli
1-18
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could be produced in quantities sufficient to explainall of
the non-baryonic dark matter, while evading all present d
laboratory and astrophysical constraints. Within the allow
ranges in mass and mixing parameters which give these
matter solutions are regions where the sterile neutrino ma
and/or energy spectra combine to produce collisionl
damping scales corresponding to warm or even cold d
matter, subsuming the interesting behavior range for la
scale structure.

It is then a disturbing possibility that the dark matt
might not be ‘‘weakly interacting massive particles
~WIMPs!, but rather ‘‘nearly noninteracting massive pa
ticles’’ ~NNIMPs! which are likely not detectable in ordinar
dark matter detection experiments. This possibility begs
questions:~1! how could we hope to constrain or definitive
detect this dark matter candidate, and~2! what are sterile
neutrinos?

The answer to the first question is more straightforw
than the resolution of the second. As outlined above, be
understanding of the neutrino and equation of state phy
of core-collapse supernovae could help us extend constra
Improved observations and models of x-ray emission fr
clusters of galaxies and other objects could provide string
constraints or, conceivably, even detections of sterile n
trino photon decay.

As discussed above, future observations bearing on
clustering of dwarf galaxy or Lyman-a cloud halos at high
redshift may provide evidence for or against WDM as o
posed to CDM. Direct evidence for WDM would constitute
point in favor of sterile neutrinos, though not a definitive o
by any means. Likewise, and insidiously, our allowed para
eter space for dark matter accommodates standard CDM
havior, even for lepton numbers equal to the baryon num

Direct detection of WIMPs in the laboratory or detectio
of gamma rays associated with WIMP annihilation in gala
tic centers@116# obviously rule out sterile neutrino dark ma
ter, given the small vacuum mixing angles suggested by
work. It is worth considering whetherb-decay electron en
ergy spectrum or pion decay experiments could be pushe
sensitivity to the point where massive sterile neutrinos
some of the allowed regions of Figs. 7 and 8 could be c
strained. This would require an increase in sensitivity
ms sin22u of at least some six orders of magnitude and this
clearly untenable withcurrent technology@33#. Finally, al-
though a number of extensions of the standard model m
vate the existence of multiple sterile neutrinos, it must
pointed out there is no independent physics suggestion
the sterile neutrino mass~;1 keV to;10 MeV! and mixing
(10217<sin22u<3310210) parameters which give viabl
dark matter candidates in our calculations.

As discussed above, sterile neutrino degrees of freed
with ultra-large masses~e.g., of order the standard mod
unification scale or even the top quark mass! are in some
sense ‘‘natural,’’ at least in the context of a see-saw exp
nation for the low masses of active neutrinos.

There is now areasonablechance that new neutrino ex
periments scheduled to come to fruition in the next few ye
@e.g., the Sudbury Neutrino Observatory~SNO! @117#, Kam-
LAND @118#, ORLaND @119#, K2K @120#, MINOS @121#,
02350
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ICARUS @122#, and Mini-BooNE @123## will allow us to
deconvolve the neutrino mass and mixing spectrum. T
would be an achievement heavy with implications for ma
aspects of physics and astrophysics. Will the requirement
sterile neutrinos remain?

It is now true that the interpretation of the current sol
atmospheric, and accelerator~LSND! data in terms of neu-
trino flavor mixing physics demands the introduction of
sterile neutrino with a rest mass comparable to that of so
of the active neutrinos, i.e., light. Necessarily, then, this s
ile neutrino is not the dark matter candidate we speculate
in this work. However, the unambiguous establishment
the existence of a light sterile neutrino would expose o
ignorance of physics in the neutrino sector in a stark a
dramatic way. On this score, the Mini-BooNE experime
@123# and the SNO neutral-current experiment@117# are the
most crucial ones for sterile neutrino dark matter. A con
mation of the LSND result invites speculation on the ex
tence of more massive sterile neutrino states.
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APPENDIX: THE GENERAL TIME-TEMPERATURE
RELATION

In this appendix, we review the calculation of the tem
perature evolution in the early universe through periods
varying statistical weight in relativistic particles,g, Eq.~7.6!.
The time derivative of the temperature can be written
@124#

dT

dt
5

dr

dtY dr

dT
~A1!

wherer[ ln(R3) andR is the scale factor. The expansion ra
is determined by the Friedmann equation

H5
dR

dt

1

R
5

1

mpl
A8p

3
r tot'0.207 s21g1/2T2, ~A2!

wherer tot5(p2/30)gT4 is the total energy density, andT is
in MeV in the last approximation of Eq.~A2!. Therefore, the
first half of the time-temperature relation, Eq.~A1!, is
straightforward:dr/dt53H. One can get the second ha
through conservation of the comoving energy:

d

dt
~rR3!1p

d

dt
~R3!50. ~A3!
1-19
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This can be rewritten into the desired form

dr

dT
5

dr tot

dT
~r tot1ptot!

21. ~A4!

With Eqs. ~A2! and ~A4! one has the general temperatu
evolution.

In our case the sterile neutrinos can contribute sign
cantly to the energy density and pressure. Approximating
species other than the sterile neutrino to be relativistic,
havep* '1/3r* , wherer* andp* are the energy and pres
sure in all particles other than the sterile neutrinos and
tineutrinos. Therefore,

dT

dr
5S 4

3
r* 1rs1psD S dr*

dT
1

drs

dT D 21

. ~A5!

The rate of change of the standard energy density is stra
forward:
th

.

tt

D
.

et
s.

02350
-
ll
e

n-

t-

dr*
dT

5
4p2

30
gT31

p2

30
T4

dg

dT
. ~A6!

The temperature derivative of the sterile neutrino ene
density is

drs

dT
5

2

p2E @ f ns
~p!1 f n̄s

~p!#@~p21ms
2!/T2#1/2p2dp

2
ms

2

2p2E @ f ns
~p!1 f n̄s

~p!#@~p21ms
2!/T2#21/2p2dp.

This, together with the energy density and pressure in
sterile neutrinos and antineutrinos calculated from their tim
dependent distribution functions, allows one to readily arr
at a consistent time-temperature evolution.
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