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Dong Min Roh, 915520552

Abstract

The dissertation focuses on nonlinear eigenvector algorithms for generalized Rayleigh quotient
optimizations and their applications. A well-known result in linear algebra and optimization is the
connection between the Rayleigh quotient optimization and a linear eigenvalue problem. Conse-
quently, linear eigensolvers can solve the Rayleigh quotient optimization. Another known result is
the characterization of the trace ratio optimization by an eigenvector-dependent nonlinear eigen-
value problem (NEPv). The NEPv formulation of the trace ratio optimization can be solved using
the self-consistent field (SCF) iteration. However, in the case of addressing the generalized variants
of the Rayleigh quotient optimization, it remains an active area of research. We explore the non-
linear generalization of the Rayleigh quotient optimization in the context of the robust common
spatial pattern, an algorithm used for signal processing in brain-computer interface system. Within
this framework, the nonlinear Rayleigh quotient optimization is associated with a NEPv. We pro-
pose to solve this NEPv using the SCF iteration. The numerical advantages of this approach over
existing methods are demonstrated using real-world datasets. Afterwards, we discuss Wasserstein
discriminant analysis, a bi-level optimization for dimensionality reduction that is formulated as a
nonlinear trace ratio optimization. We present an eigenvector algorithm for Wasserstein discrim-
inant analysis that leverages the NEPv formulations of the inner and outer optimizations. We
demonstrate convergence and scalability of our proposed eigenvector algorithm for Wasserstein

discriminant analysis.
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CHAPTER 1

Introduction

1.1. Motivation and Background

Central to many machine learning problems is the concept of optimizing the contrast between
two quantities, which often leads to the optimization problem of the Rayleigh quotient or its
generalized variants. Classical examples of this concept include principal component analysis and
Fisher’s linear discriminant analysis [48]. Solving the Rayleigh quotient optimization is often relied
on the fundamental result that its solution corresponds to an eigenvector of a linear eigenvalue
problem [36,49,84,101]. Consequently, the solution of the Rayleigh quotient optimization is found
by linear eigensolvers. Meanwhile, the trace ratio optimization can be addressed by its equivalent
eigenvector-dependent nonlinear eigenvalue problem formulation [124,126]. This formulation is
efficiently solved using the self-consistent field iteration [25,125].

Addressing the nonlinear generalizations of the Rayleigh quotient optimization and the trace
ratio optimization, however, remains an active area of research. The application of the nonlinear
Rayleigh quotient optimization includes the robust Rayleigh quotient optimization for modeling
data uncertainty, such as robust Fisher LDA [61], robust generalized eigenvalue classifier [119], and
robust common spatial pattern [59]. The nonlinear trace ratio optimization arises in Wasserstein
discriminant analysis [45,72,90], a bi-level optimization for dimensionality reduction.

From a linear algebra perspective, the discussion of these nonlinear generalizations revolves
around the eigenvector-dependent nonlinear eigenvalue problem (NEPv) in which the matrices
depend nonlinearly on the eigenvector(s). NEPv arises in various engineering domains, such as
the Kohn-Sham equation of density functional theory in electronic structure calculations [29,77,
92,105] and the Gross-Pitaevskii equation in modeling particles in Bose-Einstein condensates

[12,54]. NEPv also emerges in many machine learning problems, including dimensionality reduction



[30,48,115,120,124], spectral clustering [5,109,110], and applications of robust Rayleigh quotient
optimization [11].

The self-consistent field (SCF) iteration is the most commonly used algorithm to solve NEPv
[9,10,25,26,27,28,73,74,111,121,122]. Some of the applications for which it is prominently
applied includes the Kohn-Sham equation [77,92], the trace ratio optimization [115,124], and
robust Rayleigh quotient optimization [11]. In essence, the SCF iteration iteratively solves the
linear eigenvalue problems that arise from fixing the eigenvector dependence at the current iterate.
The SCF iteration can be efficiently implemented by the use of fast Krylov subspace methods such

as the implicitly restarted Arnoldi algorithm [100] for solving the linear eigenvalue problems.

1.2. Contributions and Organization

The dissertation is organized as follows. In Chapter 2, we review the Rayleigh quotient op-
timization and the trace ratio optimization, along with their respective linear eigenvalue problem
and NEPv formulations. Moreover, we discuss the Dinkelbach’s algorithm for tackling the trace
ratio optimization. In Chapter 3, we extend the Rayleigh quotient optimization to a nonlinear
setting and demonstrate its occurrence in a specific application called the robust common spatial
pattern, a signal processing algorithm in brain-computer interface system. Additionally, we provide
the NEPv formulation of the robust common spatial pattern. In Chapter 4, we present an algo-
rithm based on the SCF iteration for solving this NEPv formulation. Extensive numerical results
supplement the proposed algorithm. Chapters 5 and 6 are based on the preprint [11], co-authored
with Prof. Zhaojun Bai and Prof. Ren-Cang Li. In Chapter 5, we introduce Wasserstein discrimi-
nant analysis, a bi-level optimization for dimensionality reduction which can consider both global
and local interconnections between data classes. We show that Wasserstein discriminant analysis
is formulated as a nonlinear trace ratio optimization. In Chapter 6, we propose an eigenvector
algorithm to solve Wasserstein discriminant analysis. The proposed algorithm leverages the NEPv
formulations of the inner and outer optimizations of Wasserstein discriminant analysis. In addi-
tion, the convergence analysis as well as the scalability of the proposed algorithm are presented. In
Chapter 7, we conclude the dissertation and address remaining open questions. The dissertation

also includes two appendices: Appendix A discusses vector and matrix calculus that are primarily
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utilized in Chapter 3 and Appendix B introduces the Dinkelbach’s algorithm, which is applied to
the trace ratio optimization in Chapter 2.

My own contributions to this dissertation include:

e A detailed derivation and explicit formulations of the eigenvector-dependent nonlinear
eigenvalue problems for the robust common spatial pattern (Section 3.4). Extensive nu-
merical results on convergence behavior and classification rate of the SCF-based algorithm
using real-world data (Section 4.2).

e Presenting a novel eigenvector algorithm for Wasserstein discriminant analysis (Section 6.2),
along with numerical results showcasing its convergence, classification performance, and

scalability (Section 6.3).

1.3. Notation

R™ and R™*™ denote the sets of all real vectors of size n and all n x m real matrices, respectively.
With the addition of the ‘4’ in the subscript, R and R’ represent the sets of vectors and
matrices, respectively, whose components are non-negative. Capital letters (e.g., A, B) are reserved
for matrices while lower-case letters (e.g., x) are reserved for vectors.

1, € R" denotes the vector whose components are all ones, and I, € RP*P denotes the identity
matrix. ¢;; denotes the Kronecker delta, i.e., §;; = 1 only if ¢ = j and J;; = 0 otherwise. The
notation -7 denotes the transpose of a vector or a matrix, while -~! denotes the inverse of a square
matrix. A > 0 and A > 0 indicate that the symmetric matrix A (with AT = A) is positive definite
and positive semi-definite, respectively. Similarly, A < 0 and A < 0 denote that the symmetric A is
negative definite and negative semi-definite. Throughout, ) is reserved for denoting an eigenvalue,
except in Chapter 5 and Chapter 6 where it represents a regularization parameter.

Given a vector z of size n, |z|ls := V2Tx denotes the Euclidean vector norm, and |z|wy =
VaTWz denotes the weighted vector norm under the matrix W € R®*". The notation (A, B) :=
Tr(A” B) represents the Frobenius inner product between matrices A, B € R®*™, where the symbol
Tr denotes the trace operator on a square matrix. D(z) € R™ "™ represents a diagonal matrix
constructed from the vector x € R™, where the elements of x are placed on the diagonal. The

symbol ./ denotes element-wise division between vectors of the same dimension. V, and Vx denote
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gradient operators with respect to vector x and matrix X, respectively. If there’s no ambiguity,

the subscript notation of the gradient operators is dropped.



CHAPTER 2

Preliminaries

2.1. Rayleigh Quotient Optimization (RQopt)
Many scientific problems involve optimization of the ratio of two quadratic forms. In mechanics,
for example, the ratio between potential energy =’ Az and kinetic energy ! Bz is often maximized.
Consequently, a key function in these type of problems is the Rayleigh quotient:

L Az
2.1 [PE—
(2.1) a(z) 2T Bx

defined for all x # 0 where A, B € R™*™ are symmetric matrices with B positive definite (B > 0).

2.1.1. Rayleigh Quotient and Eigenvalues. There exists a fundamental relation between

the Rayleigh quotient g(x) (2.1) and the eigenvalues of the following linear eigenvalue problem
(2.2) Az = \Buz,

where the matrices A and B correspond to matrices in (2.1). Namely, the eigenvalues of (2.2)
are characterized as the minmax/maxmin optimizations of the Rayleigh quotient ¢(z) (2.1). This

result is known as the Courant-Fischer minimax theorem [84, Theorem 10.2.1].

THEOREM 2.1.1 (Courant-Fischer minimax theorem). Let W denote a subspace of R™. If A, B €

R™™ qre symmetric matrices with B positive definite such that the eigenvalues of the matriz pair

(A, B) are ordered as M\ (A, B) = X\a(A,B) = --- = A\, (A, B), then

(2.3) Xi(A,B) = min max w! Aw
dim(W)=n—i+1 w%vgz;\/:l
and
(2.4) Ai(A,B) = max min  w? Aw
dimowv)=i pEW
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fori=1,2,... n.

The generalization of the Courant-Fischer minimiax theorem to the sum of eigenvalues is the
result presented in [43, Theorem 1], known commonly as Ky Fan’s maximum principle or Ky Fan

trace theorem.

THEOREM 2.1.2 (Ky Fan trace theorem). If A, B € R"*" are symmetric matrices with B positive
definite such that the eigenvalues of the matriz pair (A, B) are ordered as M\ (A, B) = X2(A,B) =
-+ = A\ (A, B), then

P
(2.5) 2 Ni(A,B) = XTIE?(X:IP Tr(XTAX)
and
y T
(2.6) i_dz;oﬂ)\i(A, B) = o Tr(XTAX)
forp=1,2,....,n. X is a solution to the mazimum problem in (2.5) if and only if X is an or-

thonormal eigenbasis corresponding to the p largest eigenvalues of (A, B). Similarly, X is a solution
to the minimum problem in (2.6) if and only if X is an orthonormal eigenbasis corresponding to

the p smallest eigenvalues of (A, B).

2.1.2. RQopt and Linear Eigenvalue Problem. We consider the problem of maximizing

the Rayleigh quotient, which we refer to as RQopt:

(RQopt) max {q(az) A }

270 T Bx

(RQopt) arises in various applications, such as the study of vibrations analysis, buckling, elas-
ticity, etc. In machine learning, it arises in problems such as generalized eigenvalue classifiers [76],
common spatial pattern [17], and Fisher’s linear discriminant analysis [48].

As a direct consequence of Theorem 2.1.1 (the Courant-Fischer minimax theorem), we have the

following result between (RQopt) and the linear eigenvalue problem (2.2).

THEOREM 2.1.3. z is a global maximizer of (RQopt) if and only if x is an eigenvector of (2.2)

with respect to the largest eigenvalue.



2.1.3. RQopt Algorithms. To solve (RQopt), we can compute the eigenvector of (2.2) cor-
responding to the largest eigenvalue.

There are several strategies and algorithms available for computing the largest eigenpair of (2.2).
One approach involves transforming (2.2) into a standard linear eigenvalue problem by applying
Cholesky decomposition, where B is decomposed as LL™. After this transformation, classical
algorithms such as the Power method, Shift-and-invert method, Lanczos method, and Jacobi-
Davidson method can be applied to the matrix L~'AL~7 [8,49,84]. Additionally, other algorithms,
including the implicitly restarted Arnoldi algorithm [100], the Krylov-Schur algorithm [102], and

LOBPCG [64], can be employed to compute the largest eigenpair of (2.2).

2.1.4. Nonlinear Generalization of RQopt. The nonlinear Rayleigh quotient optimization
(NRQopt) is a nonlinear generalization of (RQopt) in which the matrices depend nonlinearly on
the vector. It is defined as:

oTA(z)x }

(NRQopt) max {q(m) = B

r#0

where, similar to (RQopt), A(z), B(xz) € R™ "™ are symmetric matrices with B(z) positive definite.

(NRQopt) can arise from the robust Rayleigh quotient optimization, where the data matrices
of the of the Rayleigh quotient are influenced by uncertainties [11]. Some of the applications for
the robust Rayleigh quotient optimization include the robust Fisher LDA [61], robust generalized
eigenvalue classifier [119], and robust common spatial pattern [59]. In Chapter 3 and Chapter 4,
we discuss (NRQopt) in the context of the robust common spatial pattern, a signal processing
technique in brain-computer interface system. The robust common spatial pattern improves the
robustness of the standard common spatial pattern by taking into account the nonstationarity of the
data. In this context, (NRQopt) is formulated as an eigenvector-dependent nonlinear eigenvalue
problem (NEPv). Subsequently, we employ the self-consistent field (SCF) iteration to solve the
resulting NEPv.

2.2. Trace Ratio Optimization (TRopt)

2.2.1. Trace Ratio. Many dimensionality reduction and feature extraction problems in pat-

tern recognition, computer vision, and machine learning concern the trace ratio optimization
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(TRopt). In TRopt, the goal is to maximize the trace ratio ¢(X), subject to the orthonormal-
ity constraint:

Tr(XTAX
(TRopt) XITH)?EI,, {q(X) = TrEXTBX;}

(TRopt) is defined for symmetric matrices A, B € R"*", where B is positive definite. ! Here, p is
typically much smaller than n.

(TRopt) predominantly arises in problems such as Fisher’s linear discriminant analysis (LDA)
[48], Marginal Fisher analysis (MFA) [120], and Local discriminant embedding [30], where the goal
is to maximize one quantity while minimizing another. In LDA, for example, the objective is to find
an orthonormal projection X that maximizes the dispersion between classes while minimizing the
dispersion within classes. This objective leads to (TRopt), where A corresponds to the between-
class scatter matrix Sy, and B corresponds to the within-class scatter matrix S,,.

2.2.1.1. TRopt is not RTopt. While sometimes overlooked, it is crucial to differentiate between
(TRopt) and the ratio trace optimization (RTopt), defined as:

(RTopt) max Tr (XTBX) 'XTAX).
XeRnxp

The solution of (RTopt) is an eigenbasis of (2.2) corresponding to the p largest eigenvalues [48]. On
the other hand, the solution of (TRopt) corresponds to an eigenbasis of an eigenvector-dependent
nonlinear eigenvalue problem (NEPv).

The use of the surrogate model (RTopt) often leads to a suboptimal solution of (TRopt).
Moreover, in dimensionality reduction and feature extraction problems, an additional challenge
of discriminability arises, especially when posterior classification or clustering is important. The
discriminant capability of (RTopt) is generally inferior to that of (TRopt), resulting in (RTopt)

achieving inferior classification and clustering performance compared to (TRopt) [51,79,115].

2.2.2. Relation between TRopt and NEPv. The following lemma states that a local

maximizer of (TRopt) is an orthonormal eigenbasis of a NEPv corresponding to some p eigenvalues.

LlWhile we defined (TRopt) for a positive definite B, it is possible to relax the positive definiteness of B to positive
semi-definiteness. As long as the rank of B is at least n — p + 1, it can be positive semi-definite to guarantee that
Tr(XTBX) > 0 [79].



LEMMA 2.2.1 ( [124,126]). If X is a local mazimizer of (TRopt), then it is an orthonormal
etgenbasis of the following NEPv:

(2.7) H(X)X = XMy,
where
(X T
(2.8) H(X):=A—-q(X)B with ¢(X) = M’

and My = XTH(X)X is an eigenblock. Moreover, the sum of the eigenvalues of H(X) corre-

sponding to the orthonormal eigenbasis X s zero.

PRrROOF. The Lagrangian function of (TRopt) is defined as

(2.9) L(X,T) = ~Tr(I(XTX - 1),

where I € RP*P is symmetric and contains the Lagrange multipliers. By the result VTr(X7AX) =
2AX for symmetric A (Lemma A.0.1(c)), the gradient of L(X,I") with respect to X yields

(2AX)(Tr(XTBX)) — (Tr(XTAX))(2BX)

(Tr(XTBX))2 - 24T

VxL(X,T) =

2

(2.10) = T XTEX)

H(X)X — 2XT.
The first-order necessary conditions [82, Theorem 12.1, p.321] of (TRopt),
VxL(X,A)=0 and X'X =1,

imply

1
(2.11) I = mXTH(X)X.

Substituting T (2.11) into (2.10) and setting it to 0 we obtain

HX)X = X(XTH(X)X).
9



Moreover, the sum of the eigenvalues of H(X) corresponding to the orthonormal eigenbasis X is

Tr(My) = Te(XTH(X)X) = Tr(XTAX) — ¢(X)Tr(XTBX) = 0.

A local maximizer X of (TRopt) is an orthonormal eigenbasis of H(X) such that the corre-
sponding p eigenvalues sum to zero. However, the eigenvalue ordering is unknown, meaning that
we do not know which of the eigenvalues of H(X) these p eigenvalues correspond to.

Fortunately, when X is a global maximizer, the eigenvalue ordering is known.

THEOREM 2.2.1 ( [124,126]). X is a global mazimizer of (TRopt) if and only if X is an

orthonormal eigenbasis of the NEPv (2.7) corresponding to the p largest eigenvalues of H(X).

PROOF. Let X be a global maximizer of (TRopt). By Lemma 2.2.1, X is an orthonormal
eigenbasis of the NEPv (2.7). Suppose, on the contrary, that the eigenvalues corresponding to X
are not the p largest eigenvalues of H(X). Instead, let V' be an orthonormal eigenbasis of H(X)
corresponding to the p largest eigenvalues. Then, according to Theorem 2.1.2 (the Ky Fan trace
theorem), V' is a solution to

max Tr(YTH(X)Y)
YTY=I,

while X is not. Thus, we have
Tr(VIH(X)V) > Tr(XTH(X)X) = 0.

The inequality indicates that (V') > ¢(X), which is a contradiction since X is a global optimizer of
(TRopt). Therefore, X must be an orthonormal eigenbasis of H(X) corresponding to the p largest
eigenvalues.

Conversely, suppose that X is an orthonormal eigenbasis of H(X) corresponding to the p largest

eigenvalues. Then, for any orthonormal V', we have

0=Tr(XTHX)X)>Te(VITH(X)V) = Te(VTAV)—¢(X)Tr(VIBV) = Te(VI BV) (¢(V) —q(X)).
10



Since Tr(VTBV) > 0 due to the positive definiteness of B, this implies ¢(X) > ¢(V), indicating

that X is a global maximizer of (TRopt). O

2.2.3. TRopt Algorithms. A widely used approach for solving (TRopt) is through the ap-
plication of parametrization techniques. Research efforts [51, 55,79, 80,115,124, 128] in this
approach utilize the fact that the maximal value of (TRopt) corresponds to the unique root of the
parametric function f(q), defined as

(2.12) flq) = ij)?iclp Tr(XT(A - ¢B)X), qgeR.

Notably, an efficient iterative method proposed in [115] computes the root of f(q) by solving the
nonlinear parametrization programming (2.12) at each iteration. This iterative method can be
interpreted as the Newton-Raphson method for solving f(q) = 0 [55,79], as well as the self-
consistent field (SCF) iteration for solving the NEPv (2.7) [25,125].

Interestingly enough, applying the Dinkelbach’s algorithm [37], designed for nonlinear fractional
programming, to (TRopt) also yields an equivalence with this iterative method. This connection
has not been previously explored in the literature. In light of this, we provide an overview of the
Dinkelbach’s algorithm for solving (TRopt). Afterwards, we discuss the Newton—Raphson method
and the SCF iteration, and establish the equivalence of the Dinkelbach’s algorithm to these two
methods.

2.2.3.1. Dinkelbach’s Algorithm. We provide a summary of the Dinkelbach’s algorithm in Ap-
pendix B for a general nonlinear fractional programming.

Note that Tr(X7TAX) and Tr(X7BX) are continuous and real-valued functions defined over
{X e R™P: XTX = [,}, a compact and connected subset. In addition, we have Tr(X?TBX) > 0.

Therefore, according to Lemma B.1.1:

e The parametric function f(g) (2.12) is a continuous and strictly monotonic decreasing
function.

e f(g) has a unique root.
Furthermore, as stated in Theorem B.1.1:

e ¢, is the maximal value of (TRopt) if and only if ¢, is the root of f(q).
11



e X, is a global maximizer of (TRopt) if and only if X, is a global maximizer of the

parametrization programming (2.12) at g = gx.

In other words, we have

Tr(XIAX,) Tr(XTAX)
= —————1 = MmaX — o
T T(XTBX,)  xtxes, Tr(XTBX)

and

0= f(gs) = Tr(XL (A — qB)Xy) = Jnax. Tr(XT(A - ¢.B)X).

At each iteration, the Dinkelbach’s algorithm computes the following steps:

 Tr(XTAXy)
(1) ax = Tr(XIz“BXk)'

(2) Xpy1 = argmaxyry_; {Tr(X7(A - ¢, B)X)}.

According to Theorem 2.1.2 (the Ky Fan trace theorem), X1 in the second step corresponds to
the orthonormal eigenbasis of the matrix A — ¢qi B corresponding to the p largest eigenvalues.

The convergence proof of Dinkelbach’s algorithm in Appendix B.2.1 guarantees that {qx} is
a strictly monotonic increasing sequence converging to the root g. of f(q), or equivalently, the
maximal value of (TRopt).

2.2.3.2. Newton-Raphson Method. Applied to computing the root of the parametric function

f(g) (2.12), the Newton-Raphson method makes an update according to

f(ar)

(2.13) Qk+1 = Gk — Flan)’

where f” denotes the derivative of f. In the following, we derive f’(qy).

To each g € R, we can express the following eigenvalue problem

(A—¢B)X(q) = X(¢)D(q),

where X (g) is an orthonormal eigenbasis of A — ¢B corresponding to the p largest eigenvalues, and

D(q) is a diagonal matrix containing these eigenvalues. Thus, we can denote f(q) as

(2.14) fla) = Tr(X(q)" (A — ¢B)X (q)).
12



Additionally, since the matrix A — ¢B is symmetric and differentiable with respect to ¢ € R, the
orthonormal eigenbasis X (q) is differentiable with respect to ¢ € R as well [58, Chapter II, section
6]. We outline the steps to compute the derivative of (2.14).

First, we have

L@ (A B)X (@) = L (X(@TAX(0) - J(aX(@)TBX ()

_ d);;(J)TAX( )+ X( )TAd);g’)

- x@"Bx@ — o 50 B + x5

= d);é(J)T(A —qB)X(q) + X(9)"(A—¢B) d)iéq> — X(9)"BX(q)
(2.15) - 0 ()b + D9 x ("X x (g Bx ()
Furthermore, the orthonormality of X (g) implies

0= d(X(q;ZX(q» - dE;Q)TX (q) + X (Q)TdE;Q)7

which indicates that 25" X (q) has zero diagonals. Consequently, by taking the trace of (2.15),

we obtain

dq

df(q) _ 2Tr<dX (@)"
= —Tr(X ()" BX(q))-

Therefore, the Newton-Raphson method (2.13) is:

o Tr(X (qx)" (A — @ B) X (q1))
et = B T T (X () TBX (a1)

Tr(X (qr)" AX (qr))

Tr(X (gr)TBX (qr))

In summary, at each iteration, the Newton-Raphson method computes the following steps:

(1) Compute X(gi) as the orthonormal eigenbasis of A — g B corresponding to the p largest

eigenvalues.

13



(2) a1 = RixtaTEx )
2.2.3.3. SCF Iteration. In Theorem 2.2.1, we established that a global maximizer of (TRopt)
corresponds to an orthonormal eigenbasis of the NEPv (2.7) associated with the p largest eigenval-
ues. A commonly employed approach for solving a NEPv problem is the self-consistent field (SCF)
iteration.

Applied to solving the NEPv (2.7), the SCF iteration can be summarized as follows:
(2.16) X1 «— eigenvectors of the p largest eigenvalues of A — q(Xy)B.

2.2.3.4. Equivalence of Algorithms. As evident from the discussion, when applied to solving
(TRopt), the Dinkelbach’s algorithm shares the same updating scheme as the Newton-Raphson
method (2.13) and the SCF iteration (2.16) despite not relying on differentiability or addressing
eigenvector-dependent nonlinear eigenvalue problems.

We provide the summary of the algorithm in Algorithm 1.

Algorithm 1 (TRopt) Solver
Input: Initial Xy € .S, tolerance tol.

Output: A global maximizer X, of (TRopt).

1: for k=0,1,... do

Tr(XFAXy)

2: Set qdr = m

3:  Compute an orthonormal eigenpair (Xx41,Ag+1) of A — g B corresponding to the p largest
eigenvalues.

4: if Tr(Ag41) < tol then

5: return X, = Xg1.
6: end if
7: end for

The stopping criteria in line 4 of Algorithm 1 can be interpreted in two ways: either as checking
whether the root of the parametric function f(gq) (2.12) has been found or as verifying that the

sum of the p largest eigenvalues of the NEPv (2.7) is zero.
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Algorithm 1 is globally convergent to a global maximizer of (TRopt) [37,79,115,124] and has

a local quadratic convergence [25,124].

2.2.4. Nonlinear Trace Ratio Optimization (NTRopt). Similar to the generalization of
(RQopt) to (NRQopt), the nonlinear trace ratio optimization (NTRopt) is a nonlinear generaliza-
tion of (TRopt). It is defined as the maximization of the nonlinear trace ratio ¢(X), subject to the

orthonormality constraint:

NTRopt a
( pt) e

. Tr(XTAX)X)
{‘"(X) TH(XTB(X)X) }

where A(X), B(X) € R™ "™ are symmetric with B(X) positive definite. Asin (TRopt), p is typically
much smaller than n.

One instance where (NTRopt) can arise is in the effort to enhance the robustness of the data
matrices of (TRopt) which are subject to uncertainties. Similar to how (NRQopt) is derived from
(RQopt), (NTRopt) can also be derived from the robust trace ratio optimization using the same
methodology.

However, more generally, (NTRopt) can be encountered in a bi-level optimization of the trace
ratio involving inner and outer optimizations. In Chapter 5 and Chapter 6, we discuss dimen-
sionality reduction application called Wasserstein discriminant analysis (WDA), which follows the
structure of bi-level optimization and is formulated as (NTRopt). WDA can account for both global
and local interconnections between data classes by using the underlying principles of optimal trans-
port. We introduce an eigenvector algorithm that solves WDA by leveraging the bi-level structure

within the framework of eigenvector-dependent nonlinear eigenvalue problems.
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CHAPTER 3

Robust Common Spatial Pattern Analysis: NRQopt and NEPv

3.1. Introduction

3.1.1. BCI, EEG, and ERD. Brain-computer interface (BCI) is a system that translates
the participating subject’s intent into control actions, such as control of computer applications or
prosthetic devices [41,69,118|. BCI studies have utilized a range of approaches for capturing the
brain signals pertaining to the subject’s intent, from invasive (such as brain implants) and partially
invasive (inside the skull but outside the brain) to non-invasive (such as head-worn electrodes).
Among non-invasive approaches, electroencephalogram (EEG) based BCIs are the most widely
studied due to their ease of setup and non-invasive nature.

In EEG based BClIs, the brain signals are often captured through the electrodes (small metal
discs) attached to the subject’s scalp while they perform motor imagery tasks. An EEG-BCI
session typically involves two phases: the calibration phase and the feedback phase [17]. During
the calibration phase, the preprocessed and spatially filtered EEG signals are used to train a
classifier. In the feedback phase, the trained classifier interprets the subject’s EEG signals and
translates them into control actions, such as cursor control or button selection, often occurring in
real-time.

The translation of the subject’s motor imagery into commands is based on the phenomenon
known as the event-related desynchronization (ERD) [17,88]. Processing of motor imagery com-
mands causes an ERD, a decrease in the rhythmic activity over the sensorimotor cortex. Specific
locations in the sensorimotor cortex are related to corresponding parts of the body. For example,
the left and right hands correspond to the right and left motor cortex, respectively. Consequently,

the cortical area where an ERD occurs indicates which motor task is taking place.

3.1.2. CSP. Spatial filtering is a crucial step to uncover the discriminatory modulation of an

ERD [17]. One popular spatial filtering technique in EEG-based BCIs is common spatial pattern
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(CSP) analysis [17,65,75,89]. The CSP is a data-driven approach that computes subject-specific
spatial filters to increase the signal-to-noise ratio in EEG signals and uncover the discrimination
between two motor imagery conditions [95]. Mathematically, the principal spatial filters that
optimally discriminate the motor imagery conditions can be expressed as solutions to Rayleigh

quotient optimizations.

3.1.3. Robust CSP and Existing Work. However, the CSP is often subject to poor per-
formance due to the nonstationary nature of EEG signals [17,95]. The nonstationarity of a signal
is influenced by various factors such as artifacts resulting from non-task-related muscle movements
and eye movements, as well as between-session errors such as small differences in electrode positions
and a gradual increase in the subject’s tiredness. Consequently, some of the EEG signals can be
noisy and act as outliers. This leads to poor average covariance matrices that do not accurately
capture the underlying variances of the signals. As a result, the CSP, which computes its principal
spatial filters using the average covariance matrices in the Rayleigh quotient, can be highly sensitive
to noise and prone to overfitting [89,123].

There are many variants of the CSP that seek to improve its robustness. One approach in-
volves regularizing the CSP to ensure its spatial filters remain invariant to nonstationarities in the
signals [14,95], or by first removing the nonstationary contributions before applying the CSP [94].
Another approach includes the use of divergence functions from information geometry, such as the
Kullback—Leibler divergence [6] and the beta divergence [93], to mitigate the influence of outliers.
Reformulations of the CSP based on norms other than the L2-norm also seek to suppress the effect
of outliers. These norms include the L1-norm [71,114] and the L21-norm [50]. Another approach
aims to enhance the robustness of the covariance matrices. This includes the dynamic time warp-
ing approach [7], the application of the minimum covariance determinant estimator [123], and the

minmax CSP [59, 60].

3.2. Common Spatial Pattern Analysis

3.2.1. Data Preprocessing and Data Covariance Matrices. An EEG-BCI session in-
volves collecting trials, which are time series of EEG signals recorded from electrode channels

placed on the subject’s scalp during motor imagery tasks. Data preprocessing steps of the trials
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include channel selection, bandpass filtering, and time interval selection. Channel selection involves
choosing the electrode channels around the cortical area corresponding to the motor imagery ac-
tions to increase the signal-to-noise ratio. Bandpass filtering is used to filter out low and high
frequencies that may originate from non-EEG related artifacts. Time interval selection is used to
choose the time interval in which the motor imagery takes place. By applying these preprocessing
steps, the quality of the EEG signals is improved, leading to better performance of CSP [17,40,78].

We use YC(i) to denote the preprocessed i1 trial for the motor imagery condition ¢, where
¢ € {—, +} represents the condition of interest, such as left hand and right hand motor imagery.
Each trial Yc(i) is a n x t matrix, where a row corresponds to an EEG signal sampled at an electrode
channel with ¢ many sampled time points. We assume that the trials are scaled and centered, i.e.,
1

y@)
¢ Vi—1

, 1
YO, - gltltT)-

The data covariance matrix for the trial Yc(i) is defined as

(3.1) =) = YDy ®”

nxn
o . e R™ ™,

Denoting N, as the number of trials, the average of the data covariance matrices is given by

M|

1 Y
_ (%) nxmn
(3.2) c= Nc;lzc e R™™,

ASSUMPTION 3.2.1. We assume that the average covariance matriz . (3.2) is positive definite,

i.e.,

(3.3) 3. > 0.

Assumption 3.2.1 is reasonable given that ¥, is the average of the data covariance matrices 2?)

which are positive semi-definite.

3.2.2. Spatial Filters and Linear Eigenvalue Problems. The principle of CSP is to find
spatial filters such that the variance of the spatially filtered signals under one condition is minimized,
while that of the other condition is maximized. Let the columns of X € R™*™ denote the n spatial

filters. X is defined such that the following couple of properties hold [17,65]:
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(i) The average covariance matrices Y and X, are simultaneously diagonalized such that

XTS_X =A_,
(3.4)
XTS. X = Ay,

where A_ and A, are diagonal matrices.

(ii) The spatial filters X are scaled such that
(3.5) XTE_+S)X =A_+A, =1,
Let Zéi) denote the spatially filtered trial of Yc(i), ie.,
(3.6) z .= xTy®,

Then,

(i) By the property (3.4), the average covariance matrix of Zc(i) is diagonalized:

3.7 LSS 720707 _ 1 3 XTyOyo x - x7(1 3 SOV X = XTS. X = A
() NZ_Z;C c _]Vcl_Z:l c c - (Ml_zll c) = c = lc.

c

This indicates that the spatially filtered signals between electrode channels are uncorre-
lated.

(ii) The diagonals of A, (3.7) correspond to the average variances of the filtered signals in
condition ¢. Since both ¥_ and X, are positive definite by Assumption 3.2.1, the prop-
erty (3.5) indicates that the variance of either condition must lie between 0 and 1, and
that the sum of the variances of the two conditions must be 1. This indicates that a small

variance in one condition implies a large variance in other condition, and vice versa.

The properties (3.4) and (3.5) together imply that the spatial filters X correspond to the
eigenvectors of the eigenvalue problem
X =(3_+30)XA

(3.8)
XT(E_+Y)X =1,

19



or, equivalently, the eigenvectors of the eigenvalue problem

i_},.X == (i_ +i+)XA+
(3.9)

XT(Z_+3)X =1I,.

3.2.3. Principal Spatial Filters and Rayleigh Quotient Optimizations. In practice,
only a small subset of the spatial filters, rather than all n of them, are necessary for CSP [17,59].
In this paper, we consider the computations of the principal spatial filters x_ and x,, where
x_ minimizes the variance of condition ‘—’ and x, minimizes the variance of condition ‘+’.

By the equivalence of the spatial filters X to the eigenvectors of the eigenvalue problems (3.8)
and (3.9), z_ is the eigenvector of of the matrix pair (X_,X_ + ) with respect to the smallest
eigenvalue, and z, is the eigenvector of of the matrix pair (X4,X_ + 3, ) with respect to the
smallest eigenvalue.

By Theorem 2.1.1 (the Courant-Fischer minimax theorem), x_ is the solution of the Rayleigh
quotient optimization (RQopt)1

e
(3.10) i T(ziz)
and z is the solution of the Rayleigh quotient optimization
=
(3.11) min m

3.3. Minmax CSP

The minmax CSP proposed in [59,60] improves CSP’s robustness to the nonstationarity and
artifacts present in the EEG signals. Instead of being limited to fixed covariance matrices as in (3.10)
and (3.11) for CSP, the minmax CSP considers the sets S, for ¢ € {—, +} containing candidate

covariance matrices. The so-called robust principal spatial filters z_ and z, are computed by

1Strictly speaking, the solution of the Rayleigh quotient optimization (3.10) may not satisfy the normalization con-

straint mT(Ef + ¥4)z = 1. But, in this case, we can always normalize the obtained solution by applying the

transformation z «— JTe 0. to obtain z_. Hence, we can regard the Rayleigh quotient optimization (3.10)
€T — + €T

as the optimization of interest for computing the principal spatial filter z_.
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solving the minmax optimizations?

T
ztY_x
3.12 i v =
(3.12) 120 5 oS 2T (E_ + X))z
E+€S+
and
T
DI
3.13 i ks o
(3:.13) WY T 1y
Z+€S+

respectively. The sets S, are called the tolerance sets and they are constructed to reflect the
regions of variability of the covariance matrices. The inner maximization in (3.12) and (3.13)
corresponds to seeking the worst-case Rayleigh quotient within all possible covariance matrices in
the tolerance sets. Optimizing for the worst-case behavior is a popular paradigm in optimization

to obtain solutions that are more robust to noise and overfitting [13].

3.3.1. Tolerance Sets of the Minmax CSP. We consider the data-driven approach to
construct S, as the set of covariance matrices described by the interpolation matrices derived from
the data covariance matrices {Z?’}f&l (3.1). The tolerance sets in this approach can effectively
capture the variability present in the data covariance matrices and eliminate the need for additional

assumptions or prior information [59,60].

Given the average covariance matrix Y. (3.2), the symmetric interpolation matrices Vc(i) e R*xn
for i =1,...,m, and the weight matrix W, € R™*™ with positive weights w,(;i),
(3.14) W, := diag(wM,w®, ..., w™),

the tolerance sets of the data-driven approach are constructed as

(3.15) S. = {Zc(ac) =T+ ) av ‘ loell 1 < 50} :

=1

2We point out that in [59, 60], the optimizations are stated as equivalent maxmin optimizations. For in-

stance, max,zominyg cs_(z7Xyz)/(zT(3- + Xy)z) is equivalent to our minmax optimization (3.12) using
3ieSy

(#T8i2)/(2T (2 + B4)z) =1 — (278 2)/(aT (2= + T4)x).
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where J. > 0 denotes the tolerance set radius. [ac|y, -1 is a weighted vector norm defined as’

(3.16) laclpy—1 == A oI W e

The symmetric interpolation matrices {Vc(i)}?;1 and the weight matrix W, are parameters that are
obtained from the data covariance matrices {Eg)}fvjl (3.1) to reflect their variability.
3.3.1.1. Why X.(a) of Se (3.15) increases robustness. The average covariance matrix 3. tends
to overestimate the largest eigenvalue and underestimate the smallest eigenvalue [68]. For CSP,
which relies on the average covariance matrices, this effect can significantly influence the variance
of two conditions. On the other hand, the covariance matrices X.(a.) of the tolerance set S. (3.15)
reduce the relative impact of under- and over-estimations by the addition of the term 2;.11049 Vc(i)
to X.. As a result, ¥.(ce) can robustly represent the variance of its corresponding condition.
Another factor contributing to the robustness of ¥.(«a.) is the adequate size of the tolerance set S..
If the radius d. of S, is zero, then ¥.(a,) is equal to Y., the covariance matrix used in the standard
CSP. If ¢, is set to be large, then one can capture the influence of the outliers. By selecting an
appropriate ., X.(a.) can capture the intrinsic variability of the data while ignoring outliers that
may dominate the variability.
3.3.1.2. Computing Vc(i) and weight matriz W.. One way to obtain the interpolation matrices
Vc(i) and the weight matrix W, is by performing the principal component analysis (PCA) on the
data covariance matrices {zﬁi)}fv;l (3.1). The following steps outline this process:
(1) Vectorize each data covariance matrix » by stacking its columns into a n?-dimensional
vector, i.e., obtain Vec(Eg)) e R™.
(2) Compute the covariance matrix I'. € R"**"” of the vectorized covariance matrices {vec(Et(:i)) o
(3) Compute the m largest eigenvalues and corresponding eigenvectors (principal components)
of ', as {wgi)}?il and {u((;i)}’iil, respectively.
(4) Transform the eigenvectors {Véi)}i"ll into n x n matrices, i.e., obtain mat(yéi)), then sym-
metrizing afterwards to obtain the interpolation matrices {Vc(i) mo

(5) Form the weight matrix W, := diag(wgl), w,(f), .. ,w((;m)).

3In [59,60], the norm (3.16) was referred to as the PCA-based norm, reflecting the derivation of the weights {w'”}7,
from the PCA applied to the data covariance matrices. However, we recognize the norm (3.16) as a weighted vector

norm defined for general values of wgi).
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The interpolation matrices Vc(i) and the weights w((;i) obtained in this process correspond to the
principal components and variances of the data covariance matrices {Eﬁi)}fgl, respectively. Conse-
quently, the tolerance set S, (3.15) has a nice geometric interpretation as an ellipsoid of covariance
matrices that is centered at the average covariance matrix ¥, and spanned by the principal com-

ponents Vc(i). Moreover, note that a larger variance wgi) allows a larger value of agi)

according
to the norm (3.16). This implies that more significant variations are permitted in the directions
indicated by the leading principal components. Therefore, the tolerance set S. obtained in this
process effectively captures the variability of the data covariance matrices.

We point out that the covariance matrix I'. may only be positive semi-definite if the number
of data covariance matrices is insufficient. In such cases, some of the eigenvalues wgi) may be zero,

causing the norm definition (3.16) to be ill-defined. To address this issue, we make sure to choose

m such that all {wéi)}ggl are positive.

3.3.2. Minmax CSP and Nonlinear Rayleigh Quotient Optimization. We first note
that a covariance matrix X.(a.) of the tolerance set S. (3.15) can be characterized as a function

on the subspace 2, € R™:
(3.17) Q= {ac eR™| love][yy—1 < 56} .

Consequently, we can express the optimizations (3.12) and (3.13) of the minmax CSP as

2TY (o )x

3.18 i

(3.18) 220 oo 2T (S_(a_) + Sy (ay )z
C!+EQ+

and

a'% (o)

3.19 i

(3.19) 220 a0 2T (S_(a_) + Sy (ayg )z
OL+EQ+

respectively.

ASSuMPTION 3.3.1. We assume that each covariance matriz in the tolerance set (3.15) is pos-

itive definite, i.e.,

(3.20) Ye(ae) >0 for all o € Q.
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Assumption 3.3.1 holds in practice for a small tolerance set radius d.. If X.(«.) fails the positive
definiteness property, we may set its negative eigenvalues to zero, add a small perturbation term
el, or perform the modified Cholesky algorithm (as described in [31]) to obtain a positive definite
matrix.

In the following, we show that the minmax CSP (3.18) and (3.19) can be formulated as nonlinear

Rayleigh quotient optimizations [11,59,60].

THEOREM 3.3.1. Under Assumption 3.5.1,

(i) The minmax CSP (3.18) is equivalent to the following OptNRQ-_:

2T (2)x }
@)

(3.21) Igl;{)l {q_(az) = T

where, for ce {+,—},

oD (z)V® > 0.

R

I
—

(3.22) Ye(z) =3, +

)

oz((;i) () is a component of ae(z) : R™ — R™, a vector-valued function of x, defined as

C(Sc chc(x)u

(3.23) 2e(®) = = @ we

where W, is the weight matriz defined in (3.14) and v.(x) : R™ — R™ is a vector-valued

function defined as

(3.24) Ve(x) :=

.’ET‘/C(m)l‘

{Vc(i) M, are the interpolation matrices.

(i) The minmax CSP (3.19) is equivalent to the following OptNRQ, :

2T'Y, (2)x }
REESRE:

(3.25) min {Q+ (z) := T
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where, for c€ {+,—},
(3.26) Se(x) = Se + Y. al )V > 0.
i=1

()

ae’ (x) is a component of ac(x) : R™ — R™, a vector-valued function of x, defined as

cOe

(3.27) ) = @) T

L@LU0($),

where W, is the weight matriz defined in (3.14) and v.(x) is a vector defined in (3.24).

{Vc(i) ™, are the interpolation matrices.

PROOF. We show the proof for result (i). Result (ii) follows the proof of result (i) by swapping
the roles of ‘=" and ‘+’.

By Assumption 3.3.1, it follows that

max z'Y_(a_ )z

(3.28) e IS _(a )z a_eQ_
. X = .
aeQ_ 2T (X_(a-) + Xi(ay))z max 2T7X_(a_)z + min 2% (ag)x
a+€Q+ a_eQ_ a+eQ+

For both ¢ € {—,+}, we have
TS (o) = 2T 8o + 2 D (@TVvz) = 278 + ol ve(z)
i=1

with v.(z) as defined in (3.24). Thus, the solutions to the two optimizations in (3.28) are found by

optimizing
(3.29) argmax a’v_(z) and argmin X v, (z).
a_eQ)_ ap ey
We have
o ve(@)| = [ad W PW ()] = [(We ' Pae)T (Wi Pue ()]
(3.30) < IW el - W vu(@) |2 = Aol Wit ac - 4 fvele) T Weve(a)
(3.31) < e ve(@)we,

25



where the inequality (3.30) follows from the Cauchy-Schwarz inequality and the inequality (3.31)
follows from the constraint |ov|y,—1 < dc of the subspace Q¢ (3.17).
With the choice of a.(z) = iWchc(w) in Q., we have |alv.(z)| = 0. - |ve()|w,.

Therefore, the solutions to the two optimizations in (3.29) correspond to the a.(z) as defined

in (3.23). 0

In the rest of this chapter, we focus our discussion and analysis on OptNRQ_ (3.21) associated
with the principal spatial filter z_ for simplicity. The results for OptNRQ; (3.25) associated with

the principal spatial filter x; can be obtained by swapping the sign ‘=’ with ‘+’.

3.3.3. Equivalent Constrained Optimizations. Due to the homogeneity of a.(z) (3.23),

for both c € {—, +}, the covariance matrix 3.(x) (3.22) is a homogeneous function, i.e.,
(3.32) Ye(yz) = Be(2)

for any nonzero 7 € R. The homogeneous property (3.32) enables OptNRQ_ (3.21) to be described
by the following equivalent constrained optimization

min  z7Y_(2),
(3.33)

st. 2T(Z_(2) + X4 (z))x = 1.

Alternatively, OptNRQ_ (3.21) can be described by the following equivalent optimization on

the unit sphere S"! := {z e R" : 2Tz = 1}:

. 2TY_(z)z
(3.54) sesnt 2T (S_(2) + 51 (@))z

While the constrained optimizations (3.33) and (3.34) are equivalent in the sense that an appro-
priate scaling of the solution of one optimization leads to the solution of the other, the algorithms
for solving the two optimizations differ. In next section, we start with the optimization (3.33), and
show that it can be tackled by solving the associated eigenvector-dependent nonlinear eigenvalue
problem (NEPv) using the self-consistent field (SCF) iteration.

The optimization (3.34) can be addressed using matrix manifold optimization methods (refer

to [1] for a variety of algorithms). In Section 4.2.3, we provide examples of convergence for the
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Riemannian conjugate gradient algorithm and the trust region algorithm, applied to solving the
optimization (3.34). We demonstrate that the SCF iteration proves to be more efficient than the

two manifold optimization algorithms.

3.4. NEPv Formulations

In this section, we begin with a NEPv formulation of OptNRQ_ (3.21) by utilizing the first
order optimality conditions of the constrained optimization (3.33). Unfortunately, this first NEPv
formulation encounters a so-called “eigenvalue ordering issue”.* To resolve this issue, we derive an

alternative NEPv by considering the second order optimality conditions of (3.33).

3.4.1. First Order Optimality Conditions.
3.4.1.1. Preliminaries. To facilitate the conveyance of the results of this section, we introduce

a new vector 7.(z) as

(3.35) (o) = L o).

[ve() |l
Consequently, a.(x) in (3.23) is
ac(‘r) = _050770(55)

and X.(z) in (3.22) is
p— m . .
(3.36) Se(x) = S — b > n (2)VD.
i=1
In the following Lemma, we present the gradients of functions v.(x), [|vc(z)|w, and n.(z).

LEMMA 3.4.1. Let v.(z) € R™ and n.(z) € R™ be as defined in (3.24) and (3.35), respectively.
Then,

(a) Voe(z) = [QVC(”x W@z ... 2Vc(m>m] .
(b) Vlve(@)|w, = Voe(z)ne(x).
(c) Vne(z) = m < — Voe(2)ne(z)n.(z)T + ch(a:)Wc>.

4Given an eigenvalue A\, we use the terminology eigenvalue ordering to define the position of A among the eigenvalues
A< A< < A
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PROOF. (a) For i = 1,2,...,m, the ith column of Vue(x) € RM*™ is Vol (x) € R™, the
gradient of the ith component of v.(x). By Lemma A.0.1(b), Vol (x) = V(xTV;(i)x) =
2Vc(i):c, and the result follows.

(b) By definitions,

T Ve Ve cVe
(3.37) V|ve() | w, = Vo ve(z)T Wove(z) = Z&U( )TVvVVv<( ))) _ ;jv (x )VVVV U( ))

(3.38) = Vue(z)n.(x)

by using the chain rule and Lemma A.0.2(a) in (3.37), and the definition of n.(z) (3.35)

n (3.38).
(c) We apply Lemma A.0.2(c) with a(z) = ch(;)l\w and y(z) = Weve(x) to obtain
(3.39) Vie(z) = V <1> (v (@)W, ) + <1> v (W v (x))
' ‘ Jve(@)lw. )\ ‘ [ve(@) lw A
By the chain rule and applying the result V|v.(z)|w. in Lemma 3.4.1(b), we have
1 1

3.40 V| +——— | = ———5—Vu.(z)n.(x).
240 (Feeins) = T Voo

For V(W_ve(z)), note that

[ w (@TV D ) ]
S wg2) (xTVC&):r)
_wgm)(xTVC(m):r)_
so that its gradient is
(3.41) V(Weve(x)) = [ngl)vc(l)x 2w£2)Vc(2):U 2w£m)\/c(m)g:] = Vou(x)W,

by using Vv.(z) in Lemma 3.4.1(a).
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With results (3.40) and (3.41), Vn.(z) (3.39) is

o
lve() Gy,
1

(3.42) = ————Ve(@)ne(z)ne ()"
[ve() lw

Ve(@)ne(a)ve(a) We +

V"?c(fU) = V'Uc(x)WC

[ve(2)|w.
1

b V(z)We
lve(@) [ w.

where the equality (3.42) follows from the definition of 7.(z) (3.35).

We introduce the following quantity s.(z) for representing the quadratic form of the matrix

Ye(x):
(3.43) se(x) := 21 ¥o(2)x, for both ce {—, +}.
LEMMA 3.4.2. Let s.(x) be the quadratic form as defined in (3.43). Then, its gradient is
(3.44) Vse(z) = 25 (x)z.
PROOF. By the definition of ¥.(x) (3.36) and the definition of v.(x) (3.24), we have
se(x) = 2T S — ¢d. i () (2T VD2) = 2T ex — edene(2)Tve(z)
i=1

(3.45) = 33Tic¢ — cdefve(z)|w.

where the second term 7.(x)?v.(z) was simplified to |Jv.(z)|w.,.
By Lemma A.0.1(b), the gradient of the first term 27 Y.z of (3.45) is 2X.2. For the second
term, we use the result V|v.(z)|w. = Vve(z)n.(x) in Lemma 3.4.1(b). Therefore, by combining

the gradients of the two terms in (3.45), the gradient of s.(x) is

(3.46) Vsc($) = 2§c$ - C&ch(ﬁ?)ﬁc(ﬂ?)

(3.47) = 2w — 20, ), @)V
i=1

(3.48) = 2%.(x)x.
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where the equality (3.47) follows from the result Vu.(z) in Lemma 3.4.1(a) and the equality (3.48)
follows from the definition of X.(z) (3.36). O

3.4.1.2. NEPv with Unknown Eigenvalue Ordering. We proceed to state the first order necessary
conditions of OptNRQ_ (3.21) in Theorem 3.4.1 and derive a NEPv.

THEOREM 3.4.1. Under Assumption 3.3.1, if x is a local minimizer of OptNRQ— (3.21), then
x is an eigenvector of the NEPv:

(3.49) Y_(x)z =AN2_(z) + X4 ()=

el (B-(2) + By (2))r = 1,

for some eigenvalue A > 0.

PROOF. Let us consider the equivalent problem, the constrained optimization (3.33) of OptNRQ_ (3.21).

The Lagrangian function of the constrained optimization (3.33) is defined as
(3.50) Lz, \) =22 (2)z — MzT (B_(z) + 24 (z))z — 1).
By Lemma 3.4.2, the gradient of (3.50) with respect to x is

(3.51) VeL(z,A) =28 _(2)z —2\(E_(z) + L4 (2))x.

Then, the first-order necessary conditions [82, Theorem 12.1, p.321] of the constrained optimiza-
tion (3.33),
VoL(z,A) =0 and 27(Z_(z) + 2y (x))z =1,

imply that a local minimizer x is an eigenvector of the NEPv (3.49).

The eigenvalue A is positive due to the positive definiteness of ¥.(z) under Assumption 3.3.1. [

REMARK 3.4.1. Note that while a local minimizer of OptNRQ_ (3.21) is an eigenvector of the
NEPv (3.49) corresponding to some eigenvalue A > 0, the eigenvalue ordering is unknown. That is,
we do not know in advance which of the n eigenvalues of the matriz pair (X_(x),X_(x) + X4 (x))
corresponds to the eigenvalue X\. To address this, we introduce an alternative NEPv for which the

etgenvalue ordering of A\ is known in advance.
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3.4.2. Second Order Optimality Conditions.

3.4.2.1. Preliminaries.

LEMMA 3.4.3. Let s.(x) be the quadratic form as defined in (3.43). Then, its Hessian matriz is

~

(3.52) Vis.(x) = 2(Ze(z) + Xe(z)),
where
(3.53) Se(x) i= —%cécVnc(a:)ch(x)T

with Vne(z) and Vu.(z) as defined in Lemma 3.4.1(c) and Lemma 3.4.1(a), respectively.

PROOF. We compute the gradients of the two terms of Vs.(z) in (3.46) to compute the Hessian
matrix V2s.(x). The gradient of the first term 2%.x of (3.46) is 23, by Lemma A.0.1(a). For the
second term, we apply Lemma A.0.2(b) with B(z) = Vu.(z) and y(z) = n.(z):

V(Voe(@)ne(z)) = Y (0 (2)) (V) + Vne(2) Vo ()"
i=1

Therefore, by combining the gradients of the two terms in (3.46) together, we have

V2s.(z) = 28, — 2¢b, Z 1 (2)VD — 5. Vne(2)Vve(z)T

=1
_ UL , 1
=2 <ZC — ¢l Z W (z)V® — QCécVnc(x)ch(:n)T>
i=1
(3.54) = 2(Se(x) + 3e()
where the equality (3.54) follows from the definition of X.(x) (3.36) and () (3.53). O

LEMMA 3.44. Let G.(z) € R™™™ be defined as
(3.55) Ge(x) := Ee(z) + Xe(x).

Then, the following properties for G.(x) hold:

(a) Ge(z) is symmetric.
(b) Ge(x)x = Ee(x)z.
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(c) Under Assumption 3.3.1, G_(x) > 0.

PROOF. (a) Since X.(z) is symmetric, we only need to show that S.(z) is symmetric.
From the result of V7.(z) in Lemma 3.4.1(c) and Vuv.(z) in Lemma 3.4.1(a), we obtain

1

(3.56) Vne(z)Voe(z)! = ——————
[ve(@) lw

(v%ﬁwnaxmxxﬂthxfﬁ—VummwavM«wT>,

which is a symmetric matrix in R"*". Therefore, by the definition of £.(z) in (3.53),
S.(z) is symmetric.

(b) We prove that S.(z)z = 0. From the equation V7.(z)Vue(z)T in (3.56), we have the

following:
357 V(@) Vo) = —— <2ch(x)nc(x)nc(x)Tvc(x) - 2ch(a:)chc(a:)>
lve(z) [w,
(3.58) = —2Vue(x)ne(z) + 2Vue(z)n.(x)

=0

by applying Vou.(r)Tz = 2v.(x) for the equality (3.57), and applying n.(x)Tv.(z) =
|ve(z)|w, and the definition of n.(x) (3.35) for the equality (3.58). Therefore, by the
definition of ¥.(x) in (3.53), Se(z)z = 0.

(¢) We first show that S_(xz) is positive semi-definite while 3, (z) is negative semi-definite.
Then, since G_(z) is defined as the sum of $_(z), a positive definite matrix, and ¥_(z),
a positive semi-definite matrix, it is positive definite.

By the definition of $.(z) in (3.53) and the equation of Vne(z)Vu.(x)T in (3.56), we

have

> 1 1
(3.59) Ye(z) = =cde

| Vo @)ne(2)ne(2) T Vo (2)T = Vo (2)W.Vove(z)T
90 1oy (V@) Toula)” ~ Tuo) W)

for both ¢ € {—,+}. We consider the definiteness on the matrix inside the parenthesis

of (3.59). That is, for a nonzero y € R™ we check the sign of the quantity

(3.60) yl (ch(:c)nc(x)nc(x)TVUc(x)T - ch(x)WCch(m)T) y.
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(3.61)

(3.62)

(3.63)

(3.64)

By the definition of n.(x) (3.35) and the equation Vv.(x) in Lemma 3.4.1(a), we can show

that the quantity (3.60) is equal to

e <Z“’ 2V )‘42“’ =)

_ | S el @V v“) B I RO
Zm 1 w<(3 )($TV( i=1

With vectors ac, b. € R™ defined as

A /wgl)(l‘TVc(l)x) w((;l)(yTV}(l)x)
A /w£2) ($TVC(2)35) w£2) (yTVC(z)l‘)

Qe 1= . > be := . )

wgm) (xTVC(m):C)

the quantity (3.61) is further simplified as:

o St o],

lac/3

By the Cauchy-Schwarz inequality we have (alb.)? < |ac|3 - |be]3 so that

(aTb)? Jocl3 - el
o S - o] < af oz e o] -0

lacl3 lacl

Therefore, according to the equation of ic(a:) in (3.59), for any nonzero y € R™ we have

Therefore, i_(m) is positive semi-definite and §3+(x) is negative semi-definite.

3.4.2.2. NEPv with Known FEigenvalue Ordering. Utilizing Lemma 3.4.4, we derive another

NEPv. The eigenvalue ordering of this alternative NEPv can be established using the second order

optimality conditions of OptNRQ_ (3.21).

THEOREM 3.4.2. Under Assumption 8.3.1,
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(i) If z is a local minimizer of OptNRQ_ (3.21), then x is an eigenvector of the NEPv, referred
to as OptNRQ-nepuv:

(3.65) G_(z)z = NG_(z) + Gy (x))z

2T (G_(z) + G4 (2))z =1,
corresponding to the smallest positive eigenvalue \.
(ii) If A is the smallest positive eigenvalue of OptNRQ-nepv (3.65) and is simple, then the cor-
responding eigenvector x of OptNRQ-nepv (3.65) is a strict local minimizer of OptNRQ— (3.21).

ProOOF. For result (i): Let x be a local minimizer of the equivalent problem the constrained
optimization (3.33) of OptNRQ_ (3.21). By Theorem 3.4.1, z is an eigenvector of the NEPv (3.49)
for some eigenvalue A > 0. By utilizing the property G.(z)r = X.(z)r in Lemma 3.4.4(b), z is also

an eigenvector of OptNRQ-nepv (3.65) corresponding to the same eigenvalue A > 0.

Next, we show that A must be the smallest positive eigenvalue of OptNRQ-nepv (3.65) using
the second order necessary conditions of a constrained optimization [82, Theorem 12.5, p.332].

Both G_(z) and G4 (x) are symmetric by Lemma 3.4.4(a), and G_(z) > 0 by Lemma 3.4.4(c).
The positive definiteness of G (x) and G_(x) 4+ G4 (z), however, are not guaranteed. This implies
that the eigenvalues of the matrix pair (G_(z), G_(x)+G4(z)) are real (possibly including infinity)
but not necessarily positive. We denote the eigenvalues as A\; < Ao < --- < A, and the corresponding

eigenvectors as v1,va, ..., v, so that
(3.66) G_(x)v; = \i(G=(z) + G4 (x))v;, for i=1,...,n.
We take the eigenvectors to be G_(x)-orthogonal, i.e.,

T 1 if i=j
(3.67) v; G_(z)vj =
0 otherwise.

As (A, x) is an eigenpair of OptNRQ-nepv (3.65), we have

(368) A= )‘]'07 T = ’Ujo
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for some 1 < jg < n. We will deduce the order of A from the second order necessary conditions of

the constrained optimization (3.33) for a local minimizer z:
(3.69) IV L(2,0)2 >0, VYzeR™ such that 27(X_(2)+ 2, (z))z =0

where L(z, A) is the Lagrangian function as defined in (3.50). Let z € R™ be a vector satisfying the
condition (3.69), i.e., z1(X_(z) + X4 (z))r = 0. We can write the expansion of z in terms of the

eigenbasis {v;}I' ;:
n
z = Z a;V;
i=1

where a; = 2T G_(z)v; by using (3.67). In particular, we have a;, = 2T G_(2)v;, = \j, 2T (G_(x) +
G (7))vj, = A2T(2_(2) + 4 (z))z = 0 by (3.66) and (3.68). So, 2 can be written as

n

z = Z a;v;.

i=1,i#jo

We use Lemma 3.4.3 to compute the gradient of V,L(x,\) in (3.51):
Ve L(z,\) = 2G_(2) — 2A(G_(z) + G4 (x)).
So, the inequality of (3.69) becomes
(3.70) 2. zT<G_(af) —AMG_(z) + G+(:c)))z =2 Zn: a?(1— Ao >0
i \;

i=1,i#7Jo

by using (3.67) and substituting A\ = \j, from (3.68). Since (3.70) holds for arbitrary a;, the
inequality (3.70) implies that 1 — 32 > 0, Vi = 1,...,n with i # jo. As A = Xj, > 0, this

establishes \; = A for all positive eigenvalues A;.

For result (ii): If A = \j, is the smallest positive eigenvalue of OptNRQ-nepv (3.65), and A is

simple, then for the corresponding eigenvector x of OptNRQ-nepv (3.65) we have

IV e L(z,\)z >0, VzeR"™ suchthat 27(3_(z)+ 2 (z)z=0 and z#0
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which is precisely the second order sufficient conditions [82, Theorem 12.6, p.333] for x to be a strict
local minimizer of the constrained optimization (3.33). Consequently, x is a strict local minimizer

of OptNRQ_ (3.21). O

In the following example, we highlight the contrast in certainty concerning the order of the
eigenvalue \ with respect to the NEPv (3.49) and OptNRQ-nepv (3.65). Specifically, we demon-
strate that while the order of A for the NEPv (3.49) cannot be predetermined, it consistently

corresponds to the smallest positive eigenvalue for OptNRQ-nepv (3.65).

ExAMPLE 3.4.1. (Eigenvalue ordering issue.)

We consider solving OptNRQ, ((3.21) and (3.25)), for conditions ¢ € {—, +}, using the synthetic
dataset (see Section 4.2.1 for its description). We generate trials Yc(i) € RI9X200 with 50 trials for
each condition. For both conditions, we choose two out of the 10 sources to be discriminative.
That is, we have s™ € R® for the nondiscriminative sources and s € R? for the discriminative
sources. The first discriminative source is sampled from A/(0,0.2)° for condition ‘—’ and N(0, 1.8)
for condition ‘4+’. The second discriminative source is sampled from N(0,1.4) for condition ‘—’
and N(0,0.6) for condition ‘+’. For both conditions, all 8 nondiscriminative sources are sampled
from NM(0,1) and the 10 nonstationary noise sources of € are sampled from N(0,2). Finally, the
tolerance set radius is set as . = 6 for both conditions.

Let Z_ and T, denote the solutions of OptNRQ_ (3.21) and OptNRQ (3.25), respectively.
These solutions are obtained using the algorithm OptNRQ-nepv (discussed in Section 4.1.2) and

verified by the Riemannian trust region algorithm.

8)

Consider the NEPv (3.49). For z_, the first two eigenvalues of the matrix pair (X_(Z_), X_(
Y (Z_)) are

O+

A1 = 0.3486, Ay = 0.4286,

where the eigenvector corresponding to the underlined eigenvalue is T_. Meanwhile, for Z,, the

first few eigenvalues of the matrix pair (X4 (Z4),X_(Z4+) + X4+ (Z4)) are
A1 =0.3035, ..., Xg=0.5120,

SN (i, 0?) denotes the Gaussian distribution where p is the mean and o2 is the variance.
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where the eigenvector corresponding to the underlined eigenvalue is Z,. As we can see, the eigen-
value ordering of the NEPv (3.49) for z_ is different from that of Z,. Based on this observation, we
conclude that we could not have known in advance the order of the eigenvalue of the NEPv (3.49).

Next, let us consider the OptNRQ-nepv (3.65). For z_, the first two eigenvalues of the matrix
pair (G_(z_),G_(Z-) + G4 (Z_)) are

A1 = 0.4286, Ag = 0.5155,

where the eigenvector corresponding to the underlined eigenvalue is Z_. Meanwhile, for Z, the

first three eigenvalues of the matrix pair (G4 (Z4),G_(Z+) + G4(Z)) are
A1 = —4.7463, )Xo =0.5120, A3 = 0.5532,

where the eigenvector corresponding to the underlined eigenvalue is Z,. As we can see, for both

Z., the corresponding eigenvalue is the smallest positive eigenvalue of the OptNRQ-nepv (3.65). []

REMARK 3.4.2. We do not pursue solving the NEPv (3.49) due to the challenge posed by its
unknown eigenvalue ordering. This uncertainty makes it difficult to determine which eigenvector
of the NEPv (3.49) to compute. Instead, we opt to solve OptNRQ-nepv (3.65), for which we can

always compute the eigenvector associated with the smallest positive eigenvalue.
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CHAPTER 4

Robust Common Spatial Pattern Analysis: Algorithms and

Numerical Results

4.1. Algorithms

In this section, we discuss the algorithms for OptNRQ_ (3.21) to compute the principal spatial
filter x_. The algorithms for OptNRQ; (3.25) associated with the principal spatial filter x is
obtained by swapping the sign ‘—" and ‘+’. We consider two algorithms. The first algorithm
is a fixed-point type iteration scheme on OptNRQ_ (3.21). The second algorithm employs the

self-consistent field (SCF) iteration on OptNRQ-nepv (3.65) formulation of OptNRQ_ (3.21).
4.1.1. Fixed-point Iteration. As presented in [59], one natural idea for solving OptNRQ_ (3.21)
is using the following fixed-point type iteration:

T
) 'Y _(xg)x
4.1 T «—— argmin .
(41) ket s 2T (S (wx) + 4 (an)a

The minimization in (4.1) is a Rayleigh quotient optimization. We refer to this scheme as OptNRQ-
fp. By Theorem 2.1.1 (the Courant-Fischer minimax theorem), xx 1 of OptNRQ-fp (4.1) is the

eigenvector of the eigenvalue problem

(4.2) S (zp)r = ME-(2r) + 2y (21)) 2,

corresponding to the smallest eigenvalue. In other words, OptNRQ-fp (4.1) is equivalent to
(4.3) @41 < an eigenvector w.r.t. the smallest eigenvalue of (S_(z), S_(z) + X4 (zk)).

This is the self-consistent field (SCF) iteration for solving the NEPv (3.49) where the corresponding
eigenvalue is the smallest.

There are two issues with OptNRQ-fp (4.3):
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(i) OptNRQ-fp (4.3) often fails to converge and arrives at suboptimal solutions (illustrated
in Section 4.2.3).

(ii) As illustrated in Example 3.4.1, the solution of OptNRQ_ (3.21) may not be an eigenvec-
tor with respect to the smallest eigenvalue of the NEPv (3.49). Consequently, even when
OptNRQ-fp (4.3) converges, its converged vector may not be the solution of OptNRQ_ (3.21).

4.1.2. Self-consistent Field Iteration.
4.1.2.1. Plain SCF. Applied to OptNRQ-nepv (3.65), the SCF iteration is given by
(4.4)

Tp+1 «<— an eigenvector w.r.t. the smallest positive eigenvalue of (G_(zy), G_(z) + G4 (xg)).

The converged solution of the SCF iteration (4.4) is an eigenvector with respect to the smallest
positive eigenvalue of OptNRQ-nepv (3.65). According to Theorem 3.4.2, if the corresponding eigen-
value is simple, then the solution is guaranteed to be a strict local minimizer of OptNRQ_ (3.21).

4.1.2.2. Line search. Anissue with the plain SCF iteration (4.4) is that the value of the objective
function ¢_(z) of OptNRQ- (3.21) may not decrease monotonically. That is, denoting T, as the
next iterate of z in the plain SCF iteration (4.4), it may occur that ¢ (Zx+1) € ¢—(zx).

To address this issue, we employ the line search method. In the line search method, the search
direction dj is computed, and the step size § is determined to specify the distance to move along

the search direction from the current iterate xp. The updated iterate is then given by

Tp1 = Tk + By
to satisfy the condition
(4.5) 0 (w541) < 4 ().

The effectiveness of the line search method relies on making appropriate choices of the search
direction dj and the step size 8. A desirable search direction is a descent direction, in which case

we can find a step size 8 such that xy1 = xp + [dj satisfies (4.5) [82, p.21,22]. dj is descent
39



direction of ¢_(z) at xy, if
(4.6) dtVq_(zy) <0,

where, by applying Lemma 3.4.2, the gradient of ¢_(x) is

2

(47) Vi) = w50~ @) + 5@ )

In the following, we discuss a strategy for choosing a descent direction di. In this strategy, we first

consider the search direction to be
(4.8) dp = ‘%k+1 — Tk
dr, (4.8) is always a descent direction (with a possible sign change of T 1) except for a rare case.

To see this, note that for the direction (4.8) we have

1 T (2 () + B ()
gk V(o) = Ot =0 5

tx,
o (B (wp) + Xy (zp) 7

where

(4.9) te = (A1 — 4 (2x)) - Tppa (B (1) + B (1)

Ai+1 is the smallest positive eigenvalue of the matrix pair (G_(zy), G—(zr) + G4 (x)). Since
o1 (S_(zy) + X4 (wg))xy is always positive, the sign of ¢ determines whether dj, (4.8) is a descent

direction.

e ;. is negative. In this case, dy = Tr11 — 2k is a descent direction.

e 1 is positive. In this case, we can simply scale Z 1 by —1, i.e.,
(4.10) Thy1 «— —Tpy1,

which will ensure that d = Z,1 — x is a descent direction.
e t; is zero. We can assume that g1 — ¢—(zx) # 0, as otherwise, it would indicate that

the iteration has already converged. Thus, only in the rare case where I} (X_(2x) +
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Y4 (z1))zr, = 0 we have that ¢, = 0. In this rare case, or more generally when 27, (X_ () +
Y4 (z))z is close to zero, we reset the search direction as the steepest-descent direction

Vg (zx)

(4.11) %= @)

By adopting this strategy, we ensure that we can always choose a descent direction. Moreover,
we scarcely choose the steepest-descent direction (4.11) and avoid replicating the steepest descent
method, which can suffer from slow convergence [82].

We follow the standard line search practice where an inexact step size 8 is computed to satisfy

the following sufficient decrease condition (also known as Armijo condition):
(4.12) q_(zp + Bdy) < q_(xp) + pf - diVa_(zp),

for some p € (0,1). As the objective function ¢_(x) is uniformly bounded below by zero, there
exists a [ satisfying the sufficient decrease condition (4.12) [82, Lemma 3.1].

To obtain the inexact step size (3, we apply the Armijo backtracking [82, Algorithm 3.1, p.37],
which ensures that the step size (8 is short enough to have a sufficient decrease but not too short.
We start with an initial 5 = 1 and update the step length as 8 «— 73, for some 7 € (0,1), until
the sufficient decrease condition (4.12) is satisfied.

4.1.2.3. Algorithm pseudocode. The algorithm for the SCF iteration (4.4) with line search is
shown in Algorithm 2. We refer to Algorithm 2 as OptNRQ-nepv.
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Algorithm 2 OptNRQ-nepv

Input: Initial xg € R™, line search factors p, 7 € (0,1) (e.g. p =7 = 0.01), tolerance tol.

Output: Approximate solution Z_ to OptNRQ_ (3.21).
1: for k=0,1,... do
2. Set A = G_(xy), By = G_(x) + G4+ (xg), and g =

: || Azt —arBrxk||2
: <
3 Mt B, < tol then

T
xy, ApTy

T .
l’k kak

4: return T_ = xy,.
5. end if
6:  Compute the smallest positive eigenvalue and eigenvector (Agy1, Zk+1) of (Ak, Br).

7 if q_(2411) > ¢_(ax) then

8: Set tgy = (Mes1 — q—(z)) - 2, Bry.
9: if |tx| < tol then

10: Set dj, = —Toi= M.

11: else if ¢, > 0 then

12: Set d, = —xp11 — Tk

13: else

14: Set d, = xr11 — Tk

15: end if

16: Set 3 =1.

17: while ¢_(zy + Bdg) > q—(xx) + pB - dF Vq_(zy) do
18: B :=T1p.

19: end while

20: Tpy1 = Tk + PBdk.

21:  end if

22: end for

4.1.2.4. Implementation details.

e In line 3, the stopping criterion checks whether OptNRQ-nepv (3.65) is satisfied.
e The smallest positive eigenpair in line 6 can be efficiently computed using sparse eigen-

solvers such as the implicitly restarted Arnoldi method [100].
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e If the value of the objective function ¢_(x) does not decrease at the next iterate (line 7),
the algorithm takes appropriate steps (lines 8 to 15) to find a descent direction, and the
Armijo backtracking (lines 16 to 19) is used to obtain an appropriate step length 3, and

consequently, the next iterate is updated in line 20.

REMARK 4.1.1. While a formal convergence proof of OptNRQ-nepv (Algorithm 2) is still subject
to further study, our numerical experiments demonstrate both convergence and quadratic local
convergence. For the proof of quadratic local convergence for the SCF iteration pertaining to a

general robust Rayleigh quotient optimization, we refer the reader to [11].

4.2. Numerical Experiments

The numerical experiments section is organized into four subsections. In the first subsection,
we provide descriptions of the synthetic datasets and real-world BCI datasets used in the exper-
iments. The specific experimental settings are outlined in the second subsection. In the third
subsection, we present the convergence behavior and running time of OptNRQ-nepv (Algorithm 2),
OptNRQ-fp (4.1), and manifold optimization algorithms. Lastly, the fourth subsection presents the
classification results obtained using OptNRQ-nepv, OptNRQ-fp, and CSP for both the synthetic

and real-world datasets.

4.2.1. Datasets.

4.2.1.1. Synthetic Dataset. The synthetic dataset, utilized in [11,59], comprises of trials
v — [xl T xt] e R™*,

where, for ¢ = 1,2,...,t, x; € R" is a synthetic signal of n channels. The synthetic signals are

randomly generated using the following linear mixing model:
(4.13) x;=A + €.

The matrix A € R™*™ is a random rotation matrix that simulates the smearing effect that occurs
when the source signals are transmitted through the skull and the skin of the head and recorded

by multiple electrodes on the scalp during EEG recordings. The discriminative sources s € R™
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represent the brain sources that exhibit changes in rhythmic activity during motor imagery, whereas
the nondiscriminative sources s2 € R™ represent the brain sources that maintain their rhythmic
activity throughout. The nonstationary noise € € R™ corresponds to artifacts that occur during the
experiment, such as blinking and muscle movements.

4.2.1.2. Dataset IIla. The dataset is from the BCI competition III [15] and includes EEG
recordings from three subjects performing left hand, right hand, foot, and tongue motor imageries.
EEG signals were recorded from 60 electrode channels, and each subject had either six or nine runs.
Within each run, there were ten trials of motor imagery performed for each motor condition. For
more detailed information about the dataset, please refer to the competition’s website.!

We use the recordings corresponding to left hand and right hand motor imageries. Following
the preprocessing steps suggested in [75,95], we apply a 5th order Butterworth filter to bandpass
filter the EEG signals in the 8-30Hz frequency band. We then extract the features of the EEG
signals from the time segment from Os to 3.0s after the cue instructing the subject to perform
motor imagery. In summary, for each subject, there are N. = 60 or 90 trials Yc(i) e ROOXT50 for
both conditions ¢ € {—, +}.

4.2.1.3. Distraction Dataset. The distraction dataset is obtained from the BCI experiment [19,
20,21] that aimed to simulate real-world scenarios by introducing six types of distractions on top
of the primary motor imagery tasks (left hand and right hand). The six secondary tasks included
no distraction (Clean), closing eyes (Eyes), listening to news (News), searching the room for a
particular number (Numbers), watching a flickering video (Flicker), and dealing with vibro-tactile
stimulation (Stimulation). The experiment involved 16 participants and EEG recordings were
collected from 63 channels. The participants performed 7 runs of EEG recordings, with each run
consisting of 36 trials of left hand motor imagery and 36 trials of right hand motor imagery. In
the first run, motor imageries were performed without any distractions, and in the subsequent six
runs, each distraction was added, one at a time. The dataset is publicly available.?

For preprocessing the EEG signals, we use the provided subject-specific frequency bands and

time intervals to bandpass filter and select the time segment of the EEG signals. In summary, there

Ihttp:/ /www.bbci.de/competition /iii /desc_IT1a.pdf
Zhttps:/ /depositonce.tu-berlin.de/handle/11303/10934.2
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are N, = 252 trials Yc(i) € R83! for both conditions c € {—, +}, where the number of time samples
t differs for each subject and ranges between 1,550 to 3, 532.

4.2.1.4. Berlin Dataset. This dataset is from the Berlin BCI experiment described in [16,96],
which involved 80 subjects performing left hand, right hand, and right foot motor imagery while
EEG signals were recorded from 119 channels. The dataset consists of three runs of motor imagery
calibration and three runs of motor imagery feedback, with each calibration run comprising 75 trials
per condition and each feedback run comprising 150 trials per condition. Although the dataset is
publicly available?, it includes signals from only 40 of the subjects.

We focus on the recordings corresponding to the left hand and right hand. We preprocess the
EEG signals by bandpass filtering them with a 2nd order Butterworth filter in the 8-30Hz frequency
band and selecting 86 out of the 119 electrode channels that densely cover the motor cortex. For
each subject, there are N, = 675 trials v e R86x301 for hoth conditions ¢ e {—,+}.

4.2.1.5. Gwangju Dataset. The EEG signals in this dataset* were recorded during the motor-
imagery based Gwangju BCI experiment [32]. EEG signals were collected from 64 channels while
52 subjects performed left and right hand motor imagery. Each subject participated in either 5 or
6 runs, with each run consisting of 20 trials per motor imagery condition. Some of the trials were
labeled as ‘bad trials’ either if their voltage magnitude exceeded a particular threshold or if they
exhibited a high correlation with electromyography (EMG) activity.

Following the approach in [32], we discard the bad trials for each subject and exclude the
subjects ‘s29’ and ‘s34’, who had more than 90% of their trials declared as bad trials. To preprocess
the data, we apply a 4th order Butterworth bandpass filter to the signals in the 8-30Hz frequency
range, and select the time interval from 0.5s to 2.5s after the cue instructing the subject to perform
motor imagery. For each subject, there are N, trials YD e R64X1025 o1 hoth conditions ¢ € {—,+},
where the number of trials N, differs for each subject and ranges between 83 to 240.

4.2.1.6. Summary. In Table 4.1, we summarize the datasets, which include the number of chan-
nels and time samples of each trial, as well as the number of trials and participating subjects. Among

the available motor imagery types, we italicize the ones we utilize.

Shttps:/ /depositonce.tu-berlin.de/handle/11303/8979?mode=simple
“http://gigadb.org/dataset /view /id /100295
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TABLE 4.1. Summary of datasets.

Name Channels(n) Time Samples (¢) Trials (N.) Subjects Motor Imagery Type
Synthetic n t N N/A N/A
left hand, right hand,
Dataset IIIa 60 750 60 or 90 3
foot, tongue
Distraction 63 range of 1550 to 3532 252 16 left hand, right hand
119 80 left hand, right hand,
Berlin 301 675
(86 chosen) (40 available) right foot
52
Gwangju 64 1025 range of 83 to 240 left hand, right hand
(50 used)

4.2.2. Experiment Setting. We solve OptNRQ_ (3.21) and OptNRQ; (3.25) to compute
the principal spatial filters z_ and x, respectively, of the minmax CSP. Three different approaches

are considered to do so:

e OptNRQ-fp (4.3) solves OptNRQ_ (3.21) and OptNRQ (3.25) directly.

e OptNRQ-nepv (Algorithm 2) solves the NEPv formulation, OptNRQ-nepv (3.65), of OptNRQ_ (3.21)
and OptNRQ4 (3.25).

e Manifold optimization algorithms in Manopt [18], a popular optimization toolbox on man-
ifolds, solve the equivalent the constrained optimization (3.34) of OptNRQ_ (3.21) and
OptNRQ+ (3.25).

We initialize all algorithms with the solutions of CSP, i.e., the Rayleigh quotient optimizations (3.10)
and (3.11). The stopping criteria tolerance tol is set to 10~% for all algorithms.

We utilize the BBCI toolbox® to preprocess the raw EEG signals. For both conditions ¢ €
{—,+}, we choose m = 10 as the number of interpolation matrices {Vc(i)}l”;1 and weights {wgi) ™
in the formulations of OptNRQ_ (3.21) and OptNRQ (3.25).

The experiments were conducted using MATLAB on a PC with an Apple M1 Pro processor

with 16GB of RAM. To advocate for reproducible research, we share the preprocessed datasets as

5https ://github. com/bbci/bbci_public
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well as our MATLAB codes for the algorithms and the numerical experiments presented in this
paper. 6

4.2.3. Convergence Behavior and Timing.

In this section, we examine the convergence behavior of OptNRQ-nepv (Algorithm 2) in compar-
ison to OptNRQ-fp (4.3) and manifold optimization algorithms. Our findings reveal that OptNRQ-
fp fails to converge and exhibits oscillatory behavior. The manifold optimization algorithms do
converge, but they are relatively slow when compared to OptNRQ-nepv. On the other hand,
OptNRQ-nepv converges within a small number of iterations and displays a local quadratic con-

vergence.

EXAMPLE 4.2.1 (Synthetic dataset). We generate trials v e R10%200 with 50 trials for each
condition. For both conditions, we choose two out of the 10 sources to be discriminative. That is,
we have s™ € R® for the nondiscriminative sources and s € R? for the discriminative sources. The
first discriminative source is sampled from A(0,0.2) for condition ‘-’ and N (0, 1.8) for condition
‘4+’. The second discriminative source is sampled from N (0, 1.4) for condition ‘—’ and N (0, 0.6) for
condition ‘+’. For both conditions, all 8 nondiscriminative sources are sampled from A(0,1) and
the 10 nonstationary noise sources of € are sampled from AN(0,2). The tolerance set radius is set
as 0. = 6 for both conditions.

Four algorithms are used to solve OptNRQ_ (3.21): OptNRQ-fp (4.3), OptNRQ-nepv (Al-
gorithm 2), the Riemannian conjugate gradient algorithm in Manopt, and the Riemannian trust
region algorithm in Manopt.

The convergence behaviors of the algorithms are depicted in Figure 4.1. Panel (a) displays
the value of the objective function ¢_(z) of the minmax CSP_ at each iterate xj, while panel (b)
shows the errors, measured as the difference between g_(xx) and g_(x,), where z, is the solution
computed by OptNRQ-nepv.

These results demonstrate that OptNRQ-fp (4.3) oscillates between two points and fails to
converge. Thus, it computes a suboptimal solution. Meanwhile, the Riemannian conjugate gradient

algorithm takes 497 iterations to converge. The computation time is 1.416 seconds. The Riemannian

6Github page: https://github.com/gnodking7/Robust-CSP.git
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trust region algorithm takes 19 iterations. The computation time is 0.328 seconds. The OptNRQ-
nepv achieves convergence in just 9 iterations with only 3 line searches. The computation time is

0.028 seconds.

OptNRQ-fp OptNRQ-nepv Conjugate Gradient Trust Region

Iteration Does not converge 9 (3) 497 19
Time (seconds) 0.05 0.028 1.416 0.328

Although the trust region algorithm demonstrates faster convergence compared to the conjugate
gradient algorithm due to its utilization of second-order gradient information, both algorithms
fall short in terms of convergence speed when compared to OptNRQ-nepv. We attribute the
swift convergence of OptNRQ-nepv to its utilization of the explicit equation associated with the
second order derivative information. Namely, OptNRQ-nepv takes advantage of solving OptNRQ-
nepv (3.65) derived from the second order optimality conditions of OptNRQ_ (3.21).

——OptNRQ-fp

i —-e—-OptNRQ-nepv

=+ Conjugate Gradient
Trust Region

——OptNRQ-fp
—e—OptNRQ-nepv

= Conjugate Gradient ||
Trust Region

L 1015 L L L
15 20 25 30 0 5 10 15 20 25 30

lterations Iterations
(a) (b)

FIGURE 4.1. Synthetic dataset: convergence behaviors of OptNRQ-fp (4.3),
OptNRQ-nepv (Algorithm 2), the Riemannian conjugate gradient algorithm in
Manopt, and the Riemannian trust region algorithm in Manopt. (a) displays the
objective value g_(x) of the minmax CSP_ at each iteration, and (b) shows the
errors between the objective values of the iterate x; and the solution z, obtained
by OptNRQ-nepv.

EXAMPLE 4.2.2 (Berlin dataset). We continue the convergence behavior experiments on the
Berlin dataset. We focus on the subject #40 and utilize the trials from the calibration runs. For

both conditions, we set 6. = 0.4 as the tolerance set radius.
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Four algorithms are considered for solving OptNRQ_ (3.21): OptNRQ-fp (4.3), OptNRQ-nepv
(Algorithm 2), the Riemannian conjugate gradient algorithm in Manopt, and the Riemannian trust
region algorithm in Manopt.

The convergence behaviors of algorithms for this subject are shown in Figure 4.2. In panel (a),
we display the value of the objective function ¢_(z) of the minmax CSP_ at each iterate zy, while
in panel (b), we present the errors measured as the difference between ¢_(zy) and q_(z,), where

T4 is the solution computed by OptNRQ-nepv.

0.58 10
f ——OptNRQ-fp
0% 1k ——OptNRQ-nepv 1 102
\ = Conjugate Gradient =
0.54 . *
Trust Region & o
T2 052 Q‘ﬂ
\E:E/ E ) | 10®
| —
S & ——OptNRQ-fp
e 7wt —e—OptNRQ-nepv
y = —+Conjugate Gradient
046 ¥ 1070 Trust Region
0.44 h O-Gug. 233 - = 10712 L L L
5 10 15 20 25 30 ) 5 10 15 20 25 30
lterations Iterations
(a) (b)

FIGURE 4.2. Berlin dataset: convergence behaviors of OptNRQ-fp (4.3), OptNRQ-
nepv (Algorithm 2), the conjugate gradient algorithm using Manopt, and the trust
region algorithm using Manopt. (a) displays the objective values ¢_(z) of the min-
max CSP_ at each iteration, and (b) shows the errors between the objective values
of the iterate xj and the solution x, obtained by OptNRQ-nepv.

Similar to the results observed in Example 4.2.1, we find that OptNRQ-fp (4.3) exhibits oscilla-
tory behavior and fails to converge. Consequently, it finds a suboptimal solution. The Riemannian
conjugate gradient algorithm fails to converge within the preset 1000 iterations. The computation
time is 38.2 seconds. The Riemmanian trust region algorithm converges in 73 iterations. The
computation time is 73.792 seconds. Once again, OptNRQ-nepv achieves the fastest convergence.
It converges in just 14 iterations and requires only 4 line searches. The computation time is only

0.389 seconds.
OptNRQ-fp OptNRQ-nepv Conjugate Gradient Trust Region

Iteration Does not converge 14 (4) 1000+ 73
Time (seconds) 0.91 0.389 38.2 73.792
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4.2.4. Classification Results. We follow the common signal classification process in BCI-

EEG experiments:

(i) The principal spatial filters 2z_ and x4 are computed using the trials corresponding to the
training dataset.
(ii) A linear classifier is trained using the principal spatial filters z_ and z.

(iii) The conditions of the testing trials are determined using the trained linear classifier.

4.2.4.1. Linear classifier and classification rate. After computing the principal spatial filters x_
and x,, a common classification practice is to apply a linear classifier to the log-variance features
of the filtered signals [16,17,59]. While other classifiers that do not involve the application of
the logarithm are discussed in [106,107], we adhere to the prevailing convention of using a linear
classifier on the log-variance features.

For a given trial Y, the log-variance features f(Y) € R? are computed as

log(zTYYTx_)

(4.14) fY) =

log(xTYYTz,)
and a linear classifier is defined as
(4.15) oY) :=al f(Y)—b

where the sign of the classifier ¢(Y') determines the condition of Y.

The linear weights @ € R? and b € R are determined from the training trials {Yc(i)}éiel using

Fisher’s linear discriminant analysis (LDA). Specifically, denoting fci) = f (Yc(i)) as the log-variance

features, and

N, Ne
(4.16) Co= Y (f = m)(f = m)T with m. = Ni 219
i=1 €i=1

as the scatter matrices for ¢ € {—, +}, the weights are determined by

~

(4.17) a= ﬁ with @ = (C_ + Cy) " Y(m_ — my),
2
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and

1
(4.18) b= §aT(m_ +my).

Note that the linear classifier p(Y") (4.15) is positive if and only if a” f(Y) is closer to a’m_

)

than it is to a”m,. Therefore, the classification of a testing trial Y,(i) in condition ‘—’ is counted

)

to be correct when go(Y(i)) > 0, and similarly, a testing trial Yf in condition ‘4’ is counted to be

correctly classified when <p(Yf)) < 0. The classification rate of a subject is defined as:

() N_ (i) N,
Y 0} Y 0t
Classification Rate = [{p(Y=7) > Ohiy + {p(Ys7) < Oy ,
N_ N,

where |{g0(Y_(i)) > O}ij\i’l\ represents the number of times that gp(Y_(i)) > 0, and |{g0(Yf)) < 0}51*1

is defined similarly.

EXAMPLE 4.2.3 (Synthetic dataset). For both conditions ¢ € {—, +}, we generate trials v e
R10%200 from the synthetic dataset. We have s € R® for the nondiscriminative sources and
s"2 € R? for the discriminative sources. The first discriminative source is sampled from N(0,0.2)
for condition ‘=’ and N(0, 1.8) for condition ‘+’. The second discriminative source is sampled from
N(0,1.4) for condition ‘—> and N(0,0.6) for condition ‘+’. For both conditions, all 8 nondiscrim-
inative sources are sampled from N(0,1). The 10 nonstationary noise sources of € are sampled
from A(0,2) for the training trials, while they are sampled from A/ (0, 30) for the testing trials. We
create 50 trials for training and 50 trials for testing for each condition.

We compute three sets of principal spatial filters x_ and x:

(i) One set obtained from CSP by solving the Rayleigh quotient optimizations (3.10) and
(3.11),
(ii) Another set obtained from OptNRQ-fp (4.3) for OptNRQ_ (3.21) and OptNRQ (3.25),
(iii) The last set obtained from OptNRQ-nepv (Algorithm 2) solving the NEPv formulation,
OptNRQ-nepv (3.65), of OptNRQ_ (3.21) and OptNRQ+ (3.25).

We consider various tolerance set radii é. € {0.5, 1,2, 4, 6,8} for OptNRQ_ (3.21) and OptNRQ (3.25).

When OptNRQ-fp (4.3) fails to converge, we select the solutions with the smallest objective value
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among its iterations. The experiment is repeated for 100 random generations of the synthetic
dataset.

The resulting classification rates are summarized as boxplots in Figure 4.3. In both panels (a)
and (b), the first boxplot corresponds to the classification rate of CSP. The rest of the boxplots
correspond to the classification rate results by OptNRQ-fp (4.3) in panel (a), and by OptNRQ-nepv

in panel (b) for different o, values.

OptNRQ-fp OptNRQ-nepv
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FI1GURE 4.3. The boxplots of the classification rate for the synthetic dataset. The
first boxplot of both panel (a) and panel (b) correspond to the classification rate
of CSP. The rest of the boxplots correspond to the classification rates of OptNRQ-
fp (4.3) in panel (a), and by OptNRQ-nepv (Algorithm 2) in panel (b) for the
tolerance set radius 6. € {0.5,1,2,4,6,8}.

For small 4. values of 0.5 and 1, OptNRQ-fp (4.3) converges, but it fails to converge for higher
0. values. This leads to suboptimal solutions and thus inaccurate principal spatial filters, and an
inability to effectively utilize the tolerance set with an appropriate radius. Consequently, the clas-
sification rate of OptNRQ-fp (4.3) deteriorates significantly for . values larger than 1, performing
even worse than CSP.

In contrast, OptNRQ-nepv demonstrates a steady increase in performance as J. increases be-
yond 1. It reaches an appropriate radius d. that allows the tolerance set to capture the intrinsic
variability of the data while disregarding the outliers. Our observations suggest that this optimal
0. value lies between 4 and 6. At these values, OptNRQ-nepv achieves significant improvements

compared to CSP.
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6. =050, =110.=2]06,=40.=6]0,=38
Forz_|4 0 |4 0|5 06 010 4|12 5
Forzy |4 0 |4 01]5 0/6 0]9 1[17 7

TABLE 4.2. Number of iterations and line searches of OptNRQ-nepv (Algorithm 2)
on the synthetic dataset. To each tolerance set radius J., two numbers are displayed
for the principal spatial filters x_ and z,, first for the number of iterations of
OptNRQ-nepv and the second for the number of line searches invoked in OptNRQ-
nepv. Both numbers tend to increase as the radius d. increases.

Additionally, we provide the iteration profile of OptNRQ-nepv for various values of §.. Table 4.2
presents the number of iterations and line searches. The first number represents the number of
iterations, while the second number corresponds to the number of line searches. For small values
of d., the number of iterations is typically low, and no line searches are required. However, as &,

increases, both the number of iterations and line searches also increase.

EXAMPLE 4.2.4 (Dataset IIIa). In this example, we investigate a suitable range of the tolerance
set radius 6, values for which the minmax CSP can achieve an improved classification rate compared
to CSP when considering real-world BCI datasets. We use Dataset Illa, where the trials for each
subject are evenly divided between training and testing datasets, as indicated by the provided
labels.

Figure 4.4 presents the classification rate results with . values ranging from 0.1 to 1.5 with
a step size of 0.1. The blue line represents the classification rates of the minmax CSP (solved by
OptNRQ-nepv) for different d. values, while the gray dashed line represents the classification rate
of CSP, serving as a baseline for comparison.

Our results indicate that the minmax CSP outperforms CSP for . values less than 1. However,
when the tolerance set radius becomes too large, the performance of the minmax CSP degrades
significantly and falls below that of CSP. This decline in performance is attributed to the inclusion
of outlying trials within the tolerance set, which results in a poor covariance matrix estimation.
Based on the results in Figure 4.4, we restrict the tolerance set radii J. to values less than 1 for

further classification experiments on real-world BCI datasets.

EXAMPLE 4.2.5 (Berlin dataset). For each subject, we use the calibration trials as the train-

ing dataset and the feedback trials as the testing dataset. We conduct two types of experiments:
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FI1GURE 4.4. Classification rate plot for each subject. The blue line corresponds to
the classification rates of the minmax CSP (solved by OptNRQ-nepv) for different
values of the tolerance set radius d., while the gray dashed line corresponds to the
baseline classification rate obtained from CSP.

(i) comparing the classification performance between OptNRQ-fp (4.3) and OptNRQ-nepv (Algo-

rithm 2), and (ii) comparing the classification performance between CSP and OptNRQ-nepv.

(i) We fix the tolerance set radius d. to be the same for all subjects in both OptNRQ-fp (4.3)
and OptNRQ-nepv to ensure a fair comparison. Specifically, we choose é. = 0.4, a value
that yielded the best performance for the majority of subjects in both algorithms. When
OptNRQ-fp (4.3) fails to converge, we obtain the solutions with the smallest objective
value among its iterations. The classification rate results are presented in Figure 4.5(a),
where each dot represents a subject. The red diagonal line represents equal performance
between OptNRQ-fp (4.3) and OptNRQ-nepv, and a dot lying above the red diagonal line
indicates an improved classification rate for OptNRQ-nepv. We observe that OptNRQ-
nepv outperforms OptNRQ-fp (4.3) for half of the subjects. The average classification rate
of the subjects improved from 62.1% with OptNRQ-fp to 65.3% with OptNRQ-nepv.

(ii) For OptNRQ-nepv, we select the optimal tolerance set radius ¢, for each subject from a
range of 0.1 to 1.0 with a step size of 0.1. The red diagonal line represents equal perfor-
mance between the CSP and OptNRQ-nepv, and a dot lying above the red diagonal line
indicates an improved classification rate for OptNRQ-nepv. We observe that 87.5% of the
dots lie above the diagonal line, indicating a significant improvement in classification rates
for OptNRQ-nepv compared to the CSP. The average classification rate of the subjects

improved from 64.9% with CSP to 70.5% with OptNRQ-nepv.
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FIGURE 4.5. Scatter plots comparing the classification rates for Berlin dataset:
(a) OptNRQ-fp (4.3) vs. OptNRQ-nepv (b) CSP vs. OptNRQ-nepv. Each dot
represents a subject, and if the dot is above the red diagonal line, then OptNRQ-
nepv has a higher classification rate for that subject. The percentages on the upper
left and on the lower right indicate the percentage of subjects that performs better
for the corresponding algorithm.

ExAMPLE 4.2.6 (Distraction dataset). In this example, we illustrate the robustness of OptNRQ-
nepv to noises by utilizing the Distraction dataset. In particular, we measure the robustness by
the classification rate. For each subject, the trials without any distractions are set as the training
dataset and the trials from the six distraction tasks are set as the testing dataset.

We compute two sets of principal spatial filters from the training dataset: (i) one set obtained
from CSP and (ii) another set obtained from OptNRQ-nepv. For each testing dataset of distraction
task, the tolerance set radius d. is optimally selected from a range of 0.1 to 1.0 with a step size of
0.1.

The scatter plot in Figure 4.6 compares the classification rates of CSP and OptNRQ-nepv for
each subject. The red diagonal line represents the equal performance of the two algorithms, and
each dot represents a subject. A dot located above the diagonal line indicates an improvement in
the classification rate for OptNRQ-nepv compared to CSP.

We observe clear improvements in classification rates for OptNRQ-nepv compared to CSP,
particularly for the subjects with low BCI control, across all six distraction tasks. The average

classification rate of the subjects increased from 62.35% with CSP to 66.68% with OptNRQ-nepv.
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FiGURE 4.6. Classification rate scatter plots for 6 distraction tasks. For each sub-
ject, optimal d. are found for each distraction task. Each dot represents a subject - a
dot above the red diagonal line indicates the performance improvement of OptNRQ-
nepv (Algorithm 2) over CSP. The percentages in the upper left and lower right
corners indicate the proportion of subjects for whom OptNRQ-nepv outperforms
the CSP and vice versa, respectively.

These results demonstrate the increased robustness of OptNRQ-nepv to CSP in the presence of

noise in EEG signals.

ExAMPLE 4.2.7 (Gwangju dataset). To perform a classification rate experiment on the Gwangju
dataset, we follow the cross-validation steps outlined in [32]. Firstly, the trials for each motor
condition are randomly divided into 10 subsets. Next, seven of these subsets are chosen as the
training set, and the remaining three subsets are used for testing. For each subject, this procedure
is conducted for all 120 possible combinations of training and testing datasets creation.

For each combination, we compute the principal spatial filters of CSP and OptNRQ-nepv (Al-
gorithm 2). For OptNRQ-nepv, we find the optimal tolerance set radius d. for each subject from a
range of 0.1 to 1.0 with a step size of 0.1.

The average classification rates of the 120 combinations for each of the 50 subjects are computed.

These results are shown in Figure 4.7, where the red diagonal line represents equal performance
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between the CSP and OptNRQ-nepv, and each dot represents the average classification rates of
a subject. A dot lying above the red diagonal line indicates an improved classification rate for

OptNRQ-nepv compared to CSP.

Classification Rate

OptNRQ-nepv

FIGURE 4.7. Scatter plots comparing the classification rates of CSP and OptNRQ-
nepv (Algorithm 2) for the Gwangju dataset. Each dot represents a subject, and if
the dot is above the red diagonal line, then OptNRQ-nepv has a higher classification
rate than CSP. The percentages on the upper left and on the lower right indicate
the percentage of subjects that OptNRQ-nepv performs better than CSP and vice
versa, respectively.

With the exception of one subject whose classification rates for the CSP and OptNRQ-nepv are
equal, all other subjects benefit from OptNRQ-nepv. The average classification rate of the subjects
improved from 61.2% for CSP to 67.0% for OptNRQ-nepv.
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CHAPTER 5

Wasserstein Discriminant Analysis: NTRopt

5.1. Introduction

As widely used feature extraction approaches in machine learning, dimensionality reduction
(DR) methods [23,33,46,112] learn projections such that the projected lower dimensional sub-
spaces maintain the coherent structure of datasets and reduce computational costs of classification
or clustering. The linear projection obtained from linear DR methods takes the form of a matrix
such that the embedding to the lower dimensional subspace only involves matrix multiplications.
Due to such ease in interpretation and implementation, linear DR methods are often the favored
choice among numerous DR methods. For example, principal component analysis (PCA) [48] seeks
to find a linear projection that preserves the dataset’s variation and is one of the most common
and well-known DR methods. Other well-known DR methods include Fisher linear discriminant
analysis (LDA) [48] to take into account the information of classes and compute a linear projection
that best separates different classes, and Mahalanobis metric learning [67] to seek a distance metric
that better models the relationship among dataset from a linear projection.

Wasserstein discriminant analysis (WDA) [45] is a supervised linear DR that is based on the use
of regularized Wasserstein distances [34] as a distance metric. Similar to Fisher linear discriminant
analysis (LDA), WDA seeks a projection matrix to maximize the dispersion of projected points
between different classes and minimize the dispersion of projected points within same classes. An
important distinction between LDA and WDA is that while LDA only considers the global relations
between data points [24,44,81,117], WDA can dynamically take into account both global and
local information through the choice of a regularization parameter. A recent study has shown that
WDA outperforms other linear DR methods in various learning tasks, such as sequence pattern

analysis [103,104], graph classification [127], and multi-view classification [57].
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WDA is formulated as a bi-level nonlinear trace ratio optimization [45]. The inner optimization
computes the optimal transport (OT) matrices of the regularized Wasserstein distance, an essential
factor responsible for WDA’s ability to account for both global and local relations. The outer

optimization involves a nonlinear trace ratio for the dispersion of data classes.

5.2. Wasserstein Distances

We first present the background on Wasserstein distance [34,113], also known as Earth mover’s
distance [91], and its regularized variant known as regularized Wasserstein distance [45]. These

distances define a geometry over the space of probability distributions.

5.2.1. Wasserstein Distance. Given two probability vectors r € R"} and c € R, i.e., rT1, =

1 and ¢’'1,, = 1, the following set of positive matrices
(5.1) Ul(r,c) := {T | T e RY*™, T1,, =7, TT1,, = c}

is called the transport polytope of 7 and c¢. In analogy, if we consider each component of r as a pile
of sand and each component of ¢ as a hole to be filled in, the component T;; of T represents the
amount of sand from the pile 7; that gets moved to the hole ¢;. For this reason, a matrix 7" e U(r, c)
is referred to as a transport matrix of r and c.

Let M € R™™ ™ be a non-negative matrix whose elements M;; > 0 represents the unit cost of
transporting r; to ¢;. Then, the cost of transporting r to ¢ using a transport matrix 7" and a cost

matrix M is quantified as

(5.2) (T, M)y =) T;j M.

]
Given the matrix M, the optimization problem, referred to as the optimal transport problem
[34,113],

5.3 1474 — min (T.M
(5.3) (r,¢) Tergl(gc)<, >
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seeks a transport matrix 7' that minimizes the transport cost between r and c. When M is a metric

matrix, i.e., M belongs in the cone
M = {M | MERﬁxm, Mij =0<1i=7, and MZ‘]‘ < My +Mkj7 Vi,j,k},

then W (r,c) (5.3) forms a distance between r and ¢ [113], and is called the optimal transport

distance or the Wasserstein distance! between r and c.

5.2.2. Regularized Wasserstein Distance. Computing the Wasserstein distance, however,
is subject to heavy costs that scale in super-cubic with respect to the size of the probability vector
[86]. To reduce such heavy costs, Cuturi [34] proposed an entropic constraint on the transport
matrix that not only lowers the computation cost of the problem but also smooths the search space.

Namely, a convex subset Uy (7, ¢) of U(r, ¢) was introduced:
(5.4) Ua(r,c) := {T | T eU(r,c) and h(T) = h(r) + h(c) — a},

where @ = 0 and h(r) and h(T) are the entropy of a probability vector and the entropy of a
transport matrix, respectively, defined as
n
(5.5) h(r) = — Z rilogr; and h(T) = —Z’Ej log T;;.
i=1 ij
Then, Cuturi [34] defined the following distance between r and ¢

5.6 Wo(r,c) ;= min (T,M
(5.6) (r,¢) Te%f’&,c)< p

as the Sinkhorn distance, such naming due to its solvability by the Sinkhorn-Knopp algorithm.
By considering the Lagrange multiplier for the entropy constraint of the Sinkhorn distance, the
optimal solution to (5.6), denoted as T' A can be computed as the solution to the problem

(5.7) T* = argmin {<T, M) — lh(T)}
TeU(r.c) A

1Stric‘cly speaking, the correct terminology of W(r,c) (5.3) is the 1lst Wasserstein distance with discrete measure
[87,113]. To be consistent with the terminology in Wasserstein Discriminant Analysis [45], we will refer to it as the
Wasserstein distance and its regularized counterpart as the regularized Wasserstein distance.
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Consistent with the terminology in [45], we refer to T as the optimal transport (OT) matrix

with A as the regularization parameter, and
(5.8) Wi(r,c) := (T, M)

as the regularized Wasserstein distance between the probability vectors r and c¢. By duality
theory, to each « in Sinkhorn distance (5.6) corresponds a A € [0, 0] in regularized Wasserstein
distance (5.8) such that

Wy (r,c) = Wi(r, ).

Moreover, as the regularized parameter A — 0, the regularized Wasserstein distance W) (r,c)

approaches the Wasserstein distance W (r, c) [34].

5.2.3. Structure of the Optimal Transport Matrix. The entropy smoothed optimal
transport problem (5.7) looks to minimize the total transport cost while maximizing the entropy
of the transport matrix. Both of these terms are convex which makes the problem (5.7) a convex
problem. Thus, the OT matrix 7 exists and is unique [34]. Furthermore, the OT matrix T*

admits a simple structure based on the first order analysis and Sinkhorn’s Theorem [98].

THEOREM 5.2.1. For X\ > 0, the solution T* to the entropy smoothed optimal transport prob-

lem (5.7) is unique and has the form

(5.9) T* = D(u)KD(v),

—A\M

where u € R}, v € R, and K := e is the element-wise exponential of —AM. u and v are

uniquely defined up to a multiplication factor® by the relation

(5.10) u=r./(Kv)

v=c./(KTu).
PROOF. See [34, Lemma 2]. O

Theorem 5.2.1 indicates that computing the OT matrix 7% is equivalent to the problem of
computing the vectors u € R” and v € R} from the given matrix K € R} to satisfy (5.10). Such

2Given solutions u and v to (5.9), for any positive nonzero scalar «, au and %v are also solutions to (5.9).
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problem belongs to the class of well-known problems called the matrix balancing problems. We

leave the discussion of the matrix balancing problem and its algorithms to Section 6.2.2.

5.2.4. Costs of Wasserstein Distance and Regularized Wasserstein Distance. Com-
puting the Wasserstein distance (5.3) comes with a high computational cost. Assuming d =n =m
for simplicity, for any convex optimization algorithms, such as network simplex method or in-
terior point method, the cost of computing the Wasserstein distance (5.3) scales in super-cubic
O(d®log(d)) [86]. On the other hand, as a matrix balancing problem, the regularized Wasserstein
distance (5.8) can be solved more efficiently with existing algorithms. For instance, it can be com-
puted with the Sinkhorn-Knopp (SK) iteration [97,98,99] with a linear convergence rate [47,62].
The SK algorithm only involves matrix-vector multiplications and scales as O(d?). We will discuss

the SK iteration and its accelerated variants in Section 6.2.2.

REMARK 5.2.1. As pointed out in [45], the entropy smoothed optimal transport problem (5.7)
of the OT matriz T® can equivalently be written as

(5.11) T* = argmin {)\<T, M) — h(T)}.
TeU(r,c)

We adopt the formulation (5.11) for the rest of the WDA discussion.

5.3. Wasserstein Discriminant Analysis

Wasserstein discriminant analysis (WDA) seeks to find a projection matrix that maximizes the
dispersion between different classes and minimizes the dispersion within same classes. Meanwhile,
WDA can also control global and local inter-relations between data classes using a regularized
Wasserstein distance. In this section, we present the formulation of WDA as a nonlinear trace ratio

optimization. Then, we conclude the section with discussions on the advantages of WDA.

5.3.1. Data Matrices and Their Distances. Consider the datasets {xf}fvzcl of data points
x5 e R? for different classes ¢ = 1,2,...,C, where N, denotes the number of data points in class c.
For each class ¢, a data matrix X¢ e R?*Ne is formed by constructing its columns to be the vectors

x§ in class c:



Without loss of generality, we assume that the data matrices X¢ are standardized, i.e., each feature
is scaled such that it has mean 0 and standard deviation 1. Otherwise, we can always preprocess

X as
1

X X°—
Ne

(X“1n,)1%,

to have mean 0 then divide each feature by its standard deviation to set its standard deviation
to be 1. Data standardization is a common practice in machine learning algorithms to transform
the features to a common scale while maintaining the structure of the data. This often leads to

improved performance in algorithms [52].

5.3.2. Definition of Wasserstein Discriminant Analysis. WDA introduced in [45] pre-
sumes empirical measure as the underlying probability measure of the data matrices and uses the
regularized Wasserstein distance as the distance metric. Specifically, the regularized Wasserstein
distance between two projected data matrices by an orthonormal projection P € R¥P (p « d) is

defined as

(5.12) WA(PT X, PTXY) := (T (P), Mpr ye pr e,

where M pr Xe pT X is the cost matrix defined as the Euclidean distances between projected points:
(513) Mpr e pre = ([1P7a$ — PTaf Bl ) € RNXN

and T (P) is the OT matrix, defined as the solution of the entropy-smoothed OT problem:

(5.14) T°¢(P) := argmin {)\<T, MPTXC’PTXCQ—h(T)},

TEUNCJVC/
where U, v, is the transport polytope between PTX¢ and PTX¢ defined as

/ 1 1
(5.15) UNe,N = {T | TeRY™™ Tiy, = v Ty, = 1Nc,}.
c c

The regularization parameter A > 0 plays a critical role in dynamically controlling the global and
local relations between data points. We highlight the role of A in the discussion of the advantages

of WDA.
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WDA adopts the formulation of Linear discriminant analysis (LDA) to seek a projection matrix

P € R¥*P by solving

Zc cd>c W)\(PTXC7 PTXC/)
(5.16) max : 7
prp=1, > .Wi(PTXec, PTXc)

The numerator and the denominator of (5.16) are the sums of the regularized Wasserstein dis-
tances (5.12) between the inter-classes and the intra-classes, respectively. As a maximization prob-
lem, WDA (5.16) seeks a projection that maximizes the numerator (the dispersion between different

classes) and minimizes the denominator (the dispersion within same classes).

5.3.3. Nonlinear Trace Ratio Formulation of WDA. By (5.13) and the Frobenius inner

product, the inter-class distance between data matrices PTX¢ and PTX < is

WA(PTX®, PTX) = (T°°(P), Mprye pr xer)

(5.17) ZT“ )P 2§ — PTx¢ |3
Z TCC Tr(PT (2¢ - le)(:c — § T p)
— (P ZTCC (af — a5 (af —5)"1P)
(5.18) =: Tr(PTC%¢ (P)P),
where
(5.19) coe (P ET” (2§ — 25 ) (2 — 25)7.

Similarly, the intra-class distance between PTX¢ to itself is a trace operator

(5.20) Wy(PTx¢ PTX¢) = Tr(PTC*“(P)P),
where
(5.21) Co(P) i= Y T (P)(f — o) (af — 25)".

ij
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Thus, by (5.18) and (5.20), WDA (5.16) can be reformulated as the nonlinear trace ratio optimiza-
tion (NTRopt), which we refer to as NTRopt-WDA:

(5.22) max {q(P) =

Tr(PTCy(P)P)
PTP=I, } ’

Te(PTC,(P)P)

where Cy,(P) and Cy,(P) are defined as the between and within cross-covariance matrices, respec-

tively:

(5.23) Cy(P)i= Y. C(P)= D) N T (P)(af — af)(af — o) e R™,
c,c/>c c,c/>c 1j

(5.24) Cw(P) := Y C%(P) = Y. Y T3 (P)(af — x5)(af — 25)" e R™Y
C (4 z]

We emphasize that NTRopt-WDA (5.22) is a bi-level optimization. In order to obtain the cross-
covariance matrices Cy(P) and Cy(P), the OT matrices {TC’C/}QC/X and {T“°}. need to be com-

puted from the minimization problems (5.14).

5.3.4. Advantages of WDA. Among the number of advantages of WDA, two outstanding
ones are that WDA is a generalization of LDA and that WDA can dynamically consider both global

and local relations of the data points.

e When the regularization parameter A = 0, each relation between data points is treated
equally and NTRopt-WDA (5.22) reduces to LDA. Specifically, by (5.11), the OT matrix
is

T°¢ .= argmax h(T).

TEUNC,NE/

The entropy maximizing matrix is simply

/ 1
TC,C — 1
NCNCI NC,NC/ 5

and the cross-covariance matrices become

/

e

1 c c c c
= NN Z(xl — x5 ) (@] — 5 )7L
ij
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(5.25)

Consequently, NTRopt-WDA reduces to LDA:

ma TI(PTSbP)
v = b7
pTp=1, Tr(PTS,P)

where

Svim 3 o e — e — )T and Sy = 3o Yt - a5)(of — )"
ij ¢

e >c ¢ ij

The between and within cross-covariance matrices S, and Sy, respectively, indicate that
all relations between data points carry equal weight. Therefore, LDA strictly enforces
global relations among data points.

Unlike other linear DR methods that are strictly based on either global relations (such
as LDA) or local relations (such as Large Margin Nearest Neighbor [117]) of the data
points, WDA can dynamically consider both global and local relations by varying the
regularization parameter A in the regularized Wasserstein distances.

In the regularized Wasserstein distance (5.17), the transportation weight 1}3’6/ (P) quan-
tifies the importance of the quantity | P7z¢— PT:C§/ |3, i.e., the Euclidean distance between
the projected data point x{ in class ¢ and the projected data point x?l in class ¢’. By vary-
ing the strength of A, the regularized Wasserstein distance is able to control the value of
the transportation weights and thus the relations between data points. Small A puts more
emphasis on the global coherency and large A puts more emphasis on the local structure
of the class manifold.

Figure 5.1 illustrates the impact that A has on the transportation weights. Shown in
the figure is a synthetic dataset consisting of a class that displays a half-moon shape and
another class that is a bi-modal Gaussian distribution with a mode on each side of the
half-moon shape. The transportation weights are represented as the edges between the
data points such that their magnitudes are reflected by the visibility of the edges. The left
column shows the inter-class relations and the right column shows the intra-class relations.
Each row corresponds to a different A value, with the first row corresponding to A = 0.1,
the second row to A = 0.5, and the third row to A = 1. For both inter-class and intra-class
relations, we observe that as A\ increases from A = 0.1 to A = 1 the structure of the class
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(5.26)

(5.27)

(5.28)

manifold shifts from globality to locality. For instance, when A = 0.1, if we focus on one of
the red data points on the top mode we observe that it has strong inter-class relations with
almost all the blue points and strong intra-class relations with almost all the red points.
However, when A = 1, the same red data point has strong inter-class relations only with
the blue points that are close-by and strong intra-class relations only with the red points
that are in the top modal.

The impact of A on the global and local relations between the projected data points
can be explained by examining the formulation of the transportation weights and the sum
constraint imposed on them. Suppose that we have three data points x, ."L‘?l, xz/ such that

PTx¢ is closer to PT:U? than it is to PTacg, ie,
/ /
|PTaf = PTaf |5 < |PTaf — PTag 3.

According to Theorem 5.2.1, the transportation weights Eé’CI(P) and ﬂc,;C/(P) between

PTxf and PTx;T/ and between PTxf and PTa:g, respectively, are equal to

7 !\ PTgc— pT ¢ (2 / ’ ;o T c_pT |2 /
Ticj,c (P) _ u:,c e A PE s § HQ,UJC_,C and Tzck,c (P) _ ’LL:’C e N P*xf—P*af HQ,UI?C :

/
¢, ¢
where u;”" , v;

3 vg’cl are found by an algorithm for matrix balancing problems such as the
Sinkhorn-Knopp (SK) algorithm or the accelerated SK (Acc-SK) algorithm. According
to (5.27), the condition (5.26) suggests that EZ’C,(P) > E%CI(P), with the value of A
determining the magnitude difference between T;;CI(P) and ZI;.C,;C,(P). Specifically, as A
increases, the disparity in size between EE’CI(P) and Tfk’cl (P) also increases. This indicates
that the relationship between closely-distanced data points is emphasized more than the

relationship between widely-distanced data points. Furthermore, the sum constraint on

the OT matrix T4 (P), expressed as

1
N

1 ,
—1y, and T (P)T1y, =

T (P)ly, =
C

1Nc/7

implies that satisfying the constraint (5.28) requires an inverse relationship between trans-
portation weights. When one transportation weight becomes small, the other transporta-
tion weights must become large. In other words, for large A, the weaker data relations
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between distantly located data points contribute to the stronger data relations between
closely located data points. This leads to a more pronounced locality in the relationships

within the class manifold.

. o
&, - 8
“te . "t:;.' e . ‘.o ’
. .-"! . P > -
5
~F .
Inter-Class Intra-Class

A=0.1

A=0.5

Ficure 5.1. Illustration of globality and locality relations of two class datasets
as the regularization parameter takes on the values A = 0.1,0.5,1. The first plot
displays the shape of two classes, and the following left column and the following
right column illustrate inter-class relations and intra-class relations, respectively,
with each row corresponding to different .
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CHAPTER 6

Wasserstein Discriminant Analysis: Algorithms and Numerical

Results

6.1. Existing Algorithms

To the best of our knowledge, there are two algorithms that are specifically designed for solving
NTRopt-WDA (5.22). In this section, we provide a summary of these two algorithms and point

out their shortcomings.

6.1.1. WDA-gd. In [45], NTRopt-WDA (5.22) is solved using the projected gradient descent
method. The derivative of the OT matrix is computed as the derivative of the matrix 7% (P) =
D(u")K D(v") obtained from a preset L iteration of SK algorithm (see Section 6.2.2 for the
discussion on SK algorithm). A recursion occurs in computing the derivative of T*(P) as ul
depends on v” which in turn depends on u”~!. An automatic differentiation is used to compute the

derivative of T*(P) in order to utilize the recursion scheme of SK algorithm. This derivative-based

algorithm is referred to as WDA-gd. However, WDA-gd is subject to some practical shortcomings.

e A large number of SK iterations may be needed to obtain the OT matrices and their
derivatives (see Example 6.2.2). If the iteration number L is not large enough, both the
OT matrices and their derivatives may be inaccurate.

e Computing the derivative of the objective function of NTRopt-WDA (5.22) comes with
a heavy cost that scales quadratically in the dimension size, the number of data points,
and the number of data classes. Assuming that each class has N number of data points,
at each iteration of WDA-gd, the costs of computing the derivatives of the OT matrices
from automatic differentiation are O(LpN?2d?), where L is the number of SK iterations, p
is the size of subspace dimension, and d is the size of the original dimension. The other

computation costs in the derivative of the objective function are O(pC2N?d) where C is
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the number of classes. Therefore, the overall cost for computing the derivative at each

iteration is O(LpC2N2d?).

6.1.2. WDA-eig. In [72], the authors proposed to approximate NTRopt-WDA (5.22) with
the following ratio trace surrogate model

(6.1) max Tr((PT%(P)P)*(PT@(P)P)),

then further approximate this surrogate model using the NEPv:
(6.2) Cy(P)P = Cy(P)PA,

where P is the eigenvector corresponding to the p largest eigenvalues of (Cy(P),Cy(P)). The

NEPv (6.2) was solved using the self-consistent field (SCF) iteration:
(6.3) P11 < eigenvectors of the p largest eigenvalues of (Cy(Py), Cyy(Py)).

The approach was named WDA-eig. There are major issues with this approach.

e The OT matrices needed in Cy(Py) and C,(Pg) are computed using SK algorithm. As a
result, WDA-eig suffers from the same shortcomings as WDA-gd of needing a large number
of SK iterations.

e As discussed in Section 2.2.1.1, (RTopt) can be a poor approximation to (TRopt), often
leading to suboptimal solutions and inferior classification outcomes compared to (TRopt).
Similarly, in the case of their nonlinear extensions, the surrogate trace ratio model (6.1)
may also serve as a poor approximation to NTRopt-WDA (5.22). In Figure 6.6, we present
an illustration demonstrating that the surrogate model (6.1) leads to suboptimal solutions.

e There is no proper quantification for the quality of the surrogate model (6.1) to the
NEPv (6.2). It is not known if the solution P of the model (6.1) corresponds to the
p largest eigenvectors of the NEPv (6.2). Therefore, the converged projection from the

SCF iteration (6.3) may not be the solution to the surrogate model (6.1).
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6.2. A Bi-Level Nonlinear Eigenvector Algorithm

In this section, we present a new algorithm, called WDA-nepv, to address the shortcomings
of WDA-gd and WDA-eig. Unlike WDA-gd, WDA-nepv eliminates the need for computing the
derivatives of the objective function ¢(P) in NTRopt-WDA (5.22). Meanwhile, unlike WDA-
eig, WDA-nepv directly tackles the objective function ¢(P) without using a surrogate function.
Therefore, WDA-nepv is derivative-free and surrogate-model-free. WDA-nepv fully leverages the
bi-level structure of NTRopt-WDA (5.22) by formulating both the inner and outer optimizations
as NEPvs. This approach presents a unified framework for addressing NTRopt-WDA (5.22).

6.2.1. Algorithm Outline. WDA-nepv follows a bi-level or inner-outer iteration scheme in
which at each iteration the projection dependence on the cross-covariance matrices is fixed and the
projection is updated as the solution of the resulting trace ratio optimization (TRopt). There lie
two NEPvs in WDA-nepv: one for computing the OT matrices of the cross-covariance matrices
and the other for computing (TRopt). Here is an outline of WDA-nepv:

(1) Start with an initial projection Py with P} Py = I,
(2) At the kth iteration:
(a) Compute the OT matrices T (P) and T%¢(P;) by an NEPv (Sec. 6.2.2).
(b) Use the OT matrices 7% (P;) and T¢(P;,) to form between and within cross-covariances
Cy(Py) and Cy,(Py) by level-3 BLAS (Basic Linear Algebra Subprograms) (see Sec. 6.2.3).

(c) Compute Pjiq:

Tr(PTCy(Py)P)
6.4 P =
(04 b S R (PTC, (POP)

by another NEPv for (TRopt) (see Sec. 6.2.4);
(3) Terminate when Py and Py, are sufficiently close (see remarks of Algorithm 4).

We solve both NEPvs using the self-consistent field (SCF) iteration.

6.2.2. Computing OT Matrices by NEPv. In NTRopt-WDA (5.22), a key computation
step involves computing the OT matrices defined in (5.14). The OT matrices take an integral
part in quantifying the global and local relations of data points. Therefore, accurate and efficient

computations of OT matrices are crucial. According to Theorem 5.2.1, the computation of the OT
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matrices can be recast as a matrix balancing problem. In this section, we discuss Sinkhorn-Knopp
(SK) algorithm, one of the most well-known algorithms for the matrix balancing problem, followed
by its accelerated variant (named Acc-SK) that can converge in a smaller number of iterations. In
contrast to WDA-gd and WDA-eig which use SK algorithm directly, we use Acc-SK to compute
the OT matrices. We conclude the section with two examples to demonstrate the efficiency and
accuracy of Acc-SK in comparison to SK.

6.2.2.1. Matriz Balancing Problem. For the sake of simplicity, we denote the OT matrices
T C’CI(P;C) and Euclidean distance matrix M P xe,pTX 8 T> € RY*™ and M € R}*™, respectively.
According to Theorem 5.2.1,

T* = D(u)KD(v)

AM

where K := e”*" is an element-wise exponential, and u € R’} and v € R satisfy the relation

D(u)KD(v)ly, = 11,
(6.5)

D(w)KTD(u)1, = L1,,.
Computing u € R”} and v € R from K to satisfy the relation (6.5) is known as the matrix balancing
problem.

There is a vast literature on the matrix balancing problem and one of its earliest works can
be dated back as far as 1937 [66] where the problem arose in the calculation of traffic flow. Its
applications lie in many different areas such as balancing the matrix to improve the sensitivity
of the eigenvalue problem [85] or balancing the matrix pencil to improve the sensitivity of the
generalized eigenvalue problem [39,70,116] in order to compute more accurate eigenvalues, and in
optimal transport [34] to compute the distance between probability vectors. See [53] for further
discussions on the applications and the historical remarks of the matrix balancing problems.

The most notable work on the matrix balancing problem is Sinkhorn’s paper in 1964 [97] that
showed the matrix balancing problem is solvable for a positive square matrix. In 1967 [98], Sinkhorn
further extended his result to prove the existence of a matrix with prescribed row and column sums
from a positive rectangular matrix, and with Knopp, derived conditions for the existence of a doubly

stochastic matrix from a non-negative square matrix [99].
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6.2.2.2. Sinkhorn-Knopp (SK) Algorithm. Sinkhorn-Knopp (SK) algorithm [97, 98, 99], also
known as RAS method or Bregman’s balancing method, is one of the most well-known algorithms
for the matrix balancing problem. SK iteratively scales the matrix involving only matrix-vector
multiplications, and converges linearly [47,56,62]. Applied to computing the OT matrix 7%, SK
obtains the vectors v and u satisfying (6.5) by an alternating updating scheme on the matrix K:

(6:6) Ukt = oL/ (KT uy,)

Uky1 = 3 1n./(Kvpy1).

6.2.2.3. Reformulation of SK as Nonlinear Mapping and NEPv. While simple, the SK algorithm
is subject to slow convergence [4,62]. There are variants of the SK algorithm for acceleration. They
include a different updating scheme for scaling the matrix [83], an inner-outer iteration algorithm
based on Newton’s method [63], a greedy Sinkhorn algorithm called Greenkhorn algorithm [2, 3],
and the SCF iteration for solving the NEPv formulation [4].

In our algorithm WDA-nepv, we consider accelerating the SK algorithm by solving the NEPv
formulation. We note that the SK iteration (6.6) for obtaining the vector v can be rewritten as the

following iteration

(6.7) Ukt1 = R(vk),
where
(6.8) R(v) :=D7* (KTD—l (KU) 1:) %’"

is a nonlinear mapping. R is a contraction mapping on the space of non-negative vectors [22].
Thus, the fixed point of R exists and is unique.

In the following, we show that the fixed point v of the mapping R is an eigenvector corresponding
to the largest eigenvalue of Jr(v) € R™*™  the Jacobian of the mapping R. First, we have the

following theorem due to [4, Theorem 5].1

1Although only positive square matrices were subject to discussion in [4], we can extend their results to positive
rectangular matrices.
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THEOREM 6.2.1. For a positive vector v, it holds
(6.9) R(v) = Jr(v)o,

where Jg is the Jacobian of the mapping R defined as in (6.8).

PROOF. The equation (6.8) can be written as the composition of mappings
(6.10) R(v) = %U(KTS(U))
where U and S are defined as
(6.11) U(w)=1./v and S(v)=U(Kuv).

Note that we define U as a component-wise reciprocal operator for vectors of any size. In particular,
since K is n x m, U in the operator S operates on the vector of size n.

The Jacobian of U is
(6.12) Ju(v) = —D7%(v) = —D*(1./v) = —D*({U(v)),
where the last equality holds by (6.11). The Jacobian of S is
(6.13) Js(v) = —D7}(Kv)K = —D?*(1,,./(Kv))K = —D*(U(Kv))K = —D?*(S(v))K,

where the last two equalities hold by (6.11).

By the chain rule, the Jacobian matrix of the mapping R is
n
Jr(v) = Jnyperg(v) = EJU(KTS(U)) KT Js(v).

Utilizing the results (6.12), (6.13) and substituting the mappings R (6.10), Jr(v) is further simpli-
fied as

Jr(v) = —[=D*(U(KTS()KT][-D*(S(v))K]

(6.14) — —D*(R())KTD*(S(v))K

S13 3=
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Then,

T = Z“D*(R(w))KTDX(S(v))Kv = “D*(R(v)) KT D2(U(Kv))Kv

- %DZ(R(U))KTD_Q(KU)KU - %D2(R(U))KTD—1(KU)1n
- %Dz(R(U))KTD(U(KU))ln - %Dz(R(v))KTS(v)
- %D‘Z(KTS(v))KTS(v) - %D‘l(KTS(v))lm

- %D(U(KTS(U)))lm = D(R(v))1n = R(v)

By Theorem 6.2.1, the fixed point v of the mapping R satisfies
(6.15) Jr(v)v = v,

i.e., v is an eigenvector of Jr(v) corresponding to the eigenvalue ;1 = 1. Note that the fixed
point v is strictly positive and the exponential Euclidean distance matrix K is strictly positive.
Consequently, it is clear from the equation (6.14) that Jr(v) is a positive matrix. Therefore, by the

Perron-Frobenius theorem [49], v must be the eigenvector corresponding to the largest eigenvalue

of the NEPv:
(6.16) () —

6.2.2.4. Accelerated Sinkhorn-Knopp (Acc-SK) Algorithm. The above discussion indicates that
the SK algorithm (6.6) is equivalent to finding the eigenvector v corresponding to the largest
eigenvalue of Jr(v). To accelerate the SK iteration, we can apply the following SCF iteration for

solving the NEPv (6.16):
(6.17) Vp+1 < eigenvector of pmax(Jr(vE)).

The SCF iteration (6.17) is referred to as Acc-SK. Once Acc-SK converges to v, u is computed by
an extra update (6.6), i.e.,
1
u = ﬁln./(Kv).
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In summary, Acc-SK for computing the OT matrix 7* is shown in Algorithm 3. The eigenvalue
problem in line 4 of Algorithm 3 can be efficiently solved by a Krylov-subspace eigensolver such as
the implicitly restarted Arnoldi method [100]. The stopping criteria in line 5 checks whether the

distance between vi1 and vy is smaller than a preset tolerance tol.

Algorithm 3 Computation of 7* via NEPv

Input: Matrix K € R}*™, tolerance tol
Output: the OT matrix 7% in (5.9)
1: Create a starting vg > 0
2: for k=0,1,... do
3 Set J, = JR(Uk)
4:  Set viy1 as the eigenvector of the largest eigenvalue of Jj,
5: if d(ka, Uk) < tol then
6 return v = vg41
7. end if
8: end for
9: Compute u = 21,,./(Kv)
10: Return 7* = D(u)K D(v)

6.2.2.5. Advantages of Acc-SK. Acc-SK significantly improves over SK in number of iterations
when the magnitude of the components of an input matrix is small [4]. In the context of NTRopt-
WDA (5.22), this situation can occur when the regularization parameter X is sufficiently large, i.e.,
when the local relationships between data points are emphasized. We illustrate the acceleration
of Acc-SK over SK in the following two examples: the first example for general synthetic matrices
and the second example for computing the OT matrices of NTRopt-WDA (5.22). For both SK and
Acc-SK, the starting vector is taken as vy = %1m and the convergence behavior is displayed by
the error ||vg4+1 — vi/|2. We show that while SK is subject to slow convergence, Acc-SK converges

efficiently in a small number of iterations.

EXAMPLE 6.2.1. Consider the following synthetic matrices

1 ¢
1 €

K = , Ko=11 1
1 1

1 1
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where € is a small positive number. The convergence behaviors of SK and Acc-SK for the matrices
K and K, with e = 1078 in Figure 6.1 shows that SK is unable to converge within 50 iterations
for matrix K and that while it converges for the matrix Ks, it does so slowly. Meanwhile, Acc-SK

converges in around 10 iterations for both matrices.

10° 16 T T T T 10° T T T T
-%= SK
—w K =0~ AccSK
— 0O AccSK
10° ]
® 10
1
£ ' £
g 10710 o g
S ! S
| 1 w
\ 1010k
1078 !
R R T
1015
10-20 L L n n
0 10 20 30 40 50
Iteration Iteration
(a) Matrix K, (b) Matrix Ks

FiGURE 6.1. Convergence behaviors of SK and Acc-SK on matrices K1 and K.
Each plot displays the error |vg4+1 — vg[2 of SK and Acc-SK.

EXAMPLE 6.2.2. Using the synthetic dataset (see Sec. 6.3.1 for its description), we create data
matrices X1 e R?2X60 X2 ¢ R2x100 We choose a sufficiently large regularization parameter A = 1 to
emphasize the local relations of the data points and form exponential Euclidean distance matrices
K%2? ¢ R(iouoo and Kbl e Rﬁ_OXGO. With this choice of the regularization parameter, some of the
components of K12 and K11 are small. Figure 6.2 depicts the convergence behavior. We observe
that SK exhibits slow convergence for K2 and does not converge below the error 10~° for K!. On

the other hand, Acc-SK displays fast and accurate convergence, converging in just two iterations

for both K12 and K1,

6.2.3. Computation of Cross-covariance Matrices Cy(Py) and C,(Py). Recall that the

between and within cross-covariance matrices Cy(Py) and Cy,(Py) defined in (5.23) and (5.24)

= ) ST (P — 1) — )T

c,c>c 1]
ZZT“ Py)(xf — x5)(§ — 25)T
C
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FIGURE 6.2. Convergence behaviors of SK and Acc-SK on matrices K2 and K.
Each plot displays the error |vg4+1 — vi[2 of SK and Acc-SK.

are the weighted sums of the outer products of the data points, where the weights are the compo-

nents of the OT matrices. The number of double sums in Cy(Py) and C,(Py) are

C C
Ny:= ». NNy and N, := Y NZ,
C

¢, >c
respectively. Overall, the number of double sums grow quadratically in the number of classes or
data points.

A straightforward implementation for computing these cross-covariance matrices is by a double
for-loop with IV and N,, calls to level-2 BLAS in forming the outer products of Cy(Py) and C,(FPy),
respectively. However, memory access is the bottleneck on modern computing platforms. Unlike
level-2 BLAS, level-3 BLAS makes full reuse of data and avoids excessive movement of data to
and from memory [38]. Therefore, we propose to compute the cross-covariance matrices using
level-3 BLAS to improve computational efficiency. Specifically, we reformulate the sum of the outer

products as a matrix-matrix multiplication:

(6.18) Cy(Pr) = Co(P)CL(Py) and  Cyu(Pr) = Cuw(Py)CL(Py)
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where Cy(Py,) € RN and Cyy(Py) € RN have columns

T (Po)(af — ) and /T (P (o — ),

respectively. As level-3 BLAS, the matrix-matrix multiplications (6.18) are far more efficient than
forming the sum of outer products. In particular, the improvement in efficiency becomes more
prominent as the data dimension gets large. For an instance of the synthetic dataset (see Section 6.3
for its description) with d = 2000, the running time of the sum of outer products took 127 seconds
while the level-3 BLAS formulation only took 0.63 seconds.

We note that efficient computations of the cross-covariance matrices using level-3 BLAS is a
novelty of this work. In WDA-gd, cross-covariance matrices are not formed explicitly. Instead,
each regularized Wasserstein distance is computed directly as the weighted sum (5.17) and the
reciprocal of the objective function (5.16) is an input in Pymanopt [108], an optimizer on matrix
manifold. In WDA-eig, the cross-covariance matrices are implemented directly from their double

sum formulations using tensor operations.

6.2.4. Solving TRopt by NEPv. Now let us consider the outer iteration for solving the

TRopt (6.4). For notation convenience, set
A=Cy(Py), B=Cy(Pr).

Note that by (6.18), A and B are symmetric positive semi-definite. Furthermore, given that the
number of data points is typically larger than the dimension size, we can safely assume that A
and B are positive definite. Then, the corresponding TRopt (6.4) can be solved by Algorithm 1,
the SCF iteration on the NEPv (2.7). Algorithm 1 is monotonic, globally convergent to the global

maximizer for any initial projection Py, and has a local quadratic convergence.

6.2.5. WDA-nepv. Combining Algorithm 3 and Algorithm 1, WDA-nepv is presented in
Algorithm 4. A possible choice of the initial projection P is using a random orthogonal projection
or using the projection obtained as the solution to PCA or as the solution to LDA. In line 4,
the initial for Algorithm 3 can be chosen as the uniformly distributed probability vector, i.e.,

vo = 1n,/Ne and vy = 1y,/N, for T4 (P,) and T°(P;), respectively. In line 6, the initial
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Algorithm 4 WDA-nepv

Input: Data matrices X! e RNt X¢ e R4*Ne regularization A = 0, tolerance tol
Output: solution P to NTRopt-WDA (5.22)
1: Create a starting Py with POTPO =1,
2: for k=0,1,... do )
3. Compute Ko (Py) € RVXNer with [Ko€ (Py)];; = e M =-Piei 13 and Koe(P,) € RNexNe
with [KeC(Py)]yy = e i Fe il
4:  Compute OT matrices T4 (P) € RNe*Ner and T4¢(P) € RNeXNe by Alg. 3 with K¢ (Py)
and K¢(Py)
5. Compute Cy(Py) and Cy(Py) by level-3 BLAS (6.18)
6:  Compute P, 1 by Alg. 1 with Cy(Pg) and Cy(FPy)
7. if d(Pgy1, P;) < tol then
8 Return P = Py
9: end if
10: end for

projection for Algorithm 1 can be chosen as Py, the current kth projection. The stopping criteria
d(Pgy1, Pr) < tol in line 7 is measured as the largest principal angle between the subspaces spanned
by the matrices P11 and Py [49].

Regarding the complexity of Algorithm 4, suppose that the numbers of data points of classes are
the same, i.e., N = N, for all c = 1,2,...,C. Then, for one iteration of Algorithm 4: O(C?) many
OT matrices are computed, and each OT matrix costs O(N?) at each iteration of Algorithm 3.
The formation of the cross-covariance matrices Cy(P;,) and Cy,(P,) are O(N2d?). The other cost
is a Krylov subspace eigensolver for SCF in Algorithm 1, whose leading cost is O(d?) for the
matrix-vector products on the d x d covariance matrices. In summary, WDA-nepv (Algorithm 4)

is quadratic in the number of data points IV and the dimension d.

6.2.6. Convergence of WDA-nepv. In this section, we provide the convergence analysis
of the proposed WDA-nepv. We first note that given P, the inner optimization (Algorithm 3)
to compute the OT matrices T c’C/(Pk) is globally convergent. Furthermore, for applications of
WDA, the desired accuracy is typically low, say at the range of tol = 1072 to 10~°. Therefore,
for simplicity, in our analysis we assume that the OT matrices are accurately computed so that
they can be regarded as “eract’. Similarly, the SCF iteration for TRopts (Algorithm 1) in the

outer optimization is also globally convergent so that Py, is accurately computed to be regarded
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as “exact’. Therefore, we have

Tr(PL Cy(Pr) Pry1)
6.19 Cy(Py) — a Cw(P) | Pyes1 = PypiA,
( ) b( k) TT(PE+1Cw(Pk)P]€+1) ( k‘) k+1 k+14\k

. _

~
=:Hy,

where the eigenvalues of Ay consist of the p largest eigenvalues of H k-
Next, we make the following so-called monotonicity assumption whose rigorous verification

remains open but is numerically demonstrated throughout all our numerical tests.

ASSUMPTION 6.2.1. For orthonormal P,j5 e R¥*P and the function q(P) defined in NTRopt-
WDA (5.22), if

Te(PTCy(P)P

(6.20) (P G(P)P) = q(P) +,
Te(PTC,(P)P)

where n € R, then

(6.21) q(P) = q(P) + en

for some constant ¢ > 0, independent of P, P.

The convergence of WDA-nepv is stated in the following theorem. It provides a theoretical

justification of the SCF framework for solving NTRopt-WDA (5.22).

THEOREM 6.2.2. Suppose Assumption (6.2.1) holds and that the sum of the p smallest eigenval-
ues of Cy(P) is uniformly bounded below for all orthonormal P € R¥P. Similarly, suppose that the
sum of the p largest eigenvalues of Cy,(P) is uniformly bounded above for all orthonormal P € RT¥P,

Let the sequence { Py}, be generated by WDA-nepv (Algorithm 4). The following statements hold.

(a) {q(Pr)}L, is monotonically increasing and convergent.

(b) {Pr}y_y has a convergent subsequence {Pj}rer, converging to Py, and
lim q(Px) = q(Px).
k—o0

(c) Py is an orthonormal eigenbasis matriz of Hy := H(Py) = Cy(Px) — q(Px) Cu(Px) associ-

ated with its p largest eigenvalues.
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(d) If \p(Hy) — Aps1(H,) > 0, then

B TI‘(PTCb(P*)P)
(6.22) Be=arg mox T (PTC,(P.)P)

where \j(Hy) is the ith largest eigenvalues of H.

PROOF. (a) Recall that the projection Py is computed exactly to form an orthonormal
eigenbasis matrix corresponding to the p largest eigenvalues of H k. Therefore, by the Ky
Fan trace theorem (Theorem 2.1.2) Py is a solution to the following optimization:

6.23 Te(PT H, P),
(6.23) pinax, Tr(PTHLP)

and we have from (6.19) that
0 = Tr(PL  HyPey1) = Tr(Ag) = Tr(PLHLP),

which yields (6.20) with P = P, P = Py.q, and n = 0. Hence, by assumption 6.2.1, we
conclude q(Py11) = q(Pg).
According to (2.6), we know that Tr(P?C,(P)P) is not smaller than the sum of the
p smallest eigenvalues of Cy,(P). Since the sum of the p smallest eigenvalues of Cy,(P)
is assumed to be uniformly bounded from below for any orthonormal P, {q(Py)}}, is
monotonically increasing and bounded and hence convergent.
(b) Since {Py}7., is a bounded sequence, it has a convergent subsequence {P}}er, converging

to an orthonormal Py. As ¢(P) is continuous with respect to P, by item (a), we have
lim ¢(P) = lim q(P) = q( lim Py) = q(Py).
k—o0 Isk—o0 Isk—o0

(c¢) Let w be the uniform upper bound of the sum of the p largest eigenvalues of Cy,(P).
Recall that we have (6.19). {Py+1}ker, as a bounded sequence, has a convergent sub-

sequence {Pji1}ker,, converging to an orthonormal ]3*, where [; < I. Letting I; 2 k — o
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in (6.19) yields

Tr(PTCy(P,) P, A .
Cb(P*)_ 1"( ; b( *> A*> Cw(P*) *:P*A*a
Tr(PL'Cy(Px)Py)

-
\

where the eigenvalues of A, consist of the p largest eigenvalues of H,. We claim that P, is
an orthonormal eigenbasis matrix of H, associated with its p largest eigenvalues as well,

just like P, is. Otherwise, according to (2.5),

n = Te(PTH,P,) — Te(PLH,P,) > 0,

yielding
Tr(PICy(P,) P,
Ix( bl )A)*Q(P*)'i‘ TT] >Q(P*>+E'
(P C ( ) ) TI'(P* Cw(P*)P*) w
By continuity, there is an kg € I; such that
Tr(Piy 11 Co(Pro) Pro1) _ Tr(PYCy(P)P)  1n
Tr(PL  Cuw(Prg)Pros1) ~ Tr(PTCy(Py)Py) 3w’
and
len
Q(Pko) = Q(P*) - g;
Therefore,
T (P 41C(Pry) Pro1) n_1n 2
2 q(Pe) + = — 2= =q(P) + 5= 2 q(Py) + 53—
Tr(PL , Cuw(Pry)Prot1) * 3w * 77 3w
By assumption 6.2.1, we get
2 n len 2n len
P P —2q(Py) — =— +cz— =q(P. —— P,),
U(Prys1) = 0(Ply) + 52 > q(P) = 50 420 = g(P) + 570 > g(Py)

contradicting all q(Py) < q(Px).
The contradiction indicates that P, is an orthonormal eigenbasis matrix of H, associ-

ated with its p largest eigenvalues, and hence n = 0, i.e.,

Te(PLC,(Py) Py) .
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implying H, = H,. Therefore, in conclusion, P, is an orthonormal eigenbasis matrix of
H, associated with its p largest eigenvalues.

(d) In proving item (c), we concluded that H, = H, and so we have H, P, = P, A, upon letting
I} 3k — o0 in (6.19), where the eigenvalues of A, consist of the p largest eigenvalue of H,.
By item (c), Py and ]3* are two orthonormal eigenbasis matrices of H, associated with
its p largest eigenvalues. By the assumption that A,(Hs) — Apy1(Hx) > 0, we conclude

~

P, = P,Q where @ € RP*P is an orthogonal matrix. Hence, we have

P are mas Tr(PTCy(Py)P)
* o gPTP:Ip Tr(PTCy(Py)P)

6.3. Numerical Experiments

In this section, we demonstrate the convergence, classification accuracy, and scalability of WDA-
nepv. The outline of the section is as follows: first, we provide a brief summary of datasets that
we perform numerical experiments on. Then, we demonstrate the convergence behaviors of WDA-
nepv, followed by a discussion on non-optimal convergence. Using the K-Nearest-Neighbors (KNN)
algorithm to measure the classification accuracy, we demonstrate that WDA-nepv performs either
competitively or better than WDA-gd and WDA-eig. Finally, we demonstrate that WDA-nepv
scales linearly in subspace dimension p, and quadratically in dimension d and in number of data
points N.

The experiments were conducted using Python on a PC with an Intel Core i7-7500U processor
with 16GB of RAM. To advocate for reproducible research, we share our Python implementation
of WDA-nepv for the experiment results presented?. The codes of WDA-gd and WDA-eig are
provided by their respective authors®. For all experiments, the initial projection Py is chosen as a
random orthogonal matrix. Unless otherwise stated, the stopping tolerance parameter is preset at

1075,

6.3.1. Datasets.

2Github page for WDA-nepv: https://github.com/gnodking7/WDAnepv
3Code for WDA-gd: https://pythonot.github.io/auto_examples/others/plot_WDA.html.
Github page for WDA-eig: https://github.com/HexuanLiu/WDA_eig
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6.3.1.1. Synthetic Dataset. We consider the synthetic dataset used in [45,72]. The dataset

consists of three bi-modal classes such that the corresponding three data matrices are

(6.24) X'eRPM, X2e RPN X% e RPN,

Each data point is a d dimensional vector whose first two components are discriminative and
the remaining components are Gaussian noise, i.e., drawn from the standard normal distribution
N(0,1). In particular, each class consists of two separate modes in its discriminative components
such that the number of data points is equally split among the two modes.

The discriminative behavior is shown in Figure 6.3 for an example N; = 30, Ny = 40, N3 = 30:

the left subplot shows the first two components and the right subplot the next two components.
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Other dimensions
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FIGURE 6.3. Each of the three classes is displayed in a different color. The left
figure is the plot of the first two components of the data points, and the right figure
is the plot of the next two components.

6.3.1.2. UCI Datasets. The UCI Repository [42] is a collection of datasets that are widely
used by the machine learning community for the empirical analysis of machine learning algorithms.
In particular, the repository provides a wide variety of datasets that are suitable for clustering
and classification tasks. Among the datasets, we choose the real-life datasets named Iris, Wine,
Tonosphere, LSVT, and Parkinson’s Disease. In Table 6.1, their dimension size, number of data

points, and number of classes are displayed.
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‘Iris Wine Ionosphere LSVT Parkinson

Dimension (d) 4 13 34 309 754
Data points (3>, N.) | 150 178 351 126 756
Classes (C) 3 3 2 2 2

TABLE 6.1. UCI datasets description.

6.3.2. WDA-nepv: Convergence Behavior.

ExXAMPLE 6.3.1. To investigate the convergence behavior of WDA-nepv, we use a synthetic
dataset with a dimension of d = 10 and three classes of data points of sizes (N1, N2, N3) =
(30,40, 30). We perform two experiments to investigate the convergence behavior of WDA-nepv:

e With fixed regularization parameter A = 0.01, the convergence behavior of WDA-nepv is
depicted for various subspace dimensions p € {1,2,3,4, 5}; see Figure 6.4(a).
e With fixed subspace dimension p = 2, the convergence behavior of WDA-nepv is reported

for various regularization parameters A € {0.001,0.01,0.1}; see Figure 6.4(b).

10° 4 —— p=1 100 4 e ) =0.001
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5 107 K| 107*
< <
o h=1
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, , . . T T T T T T .
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(a) Varying p (b) Varying A

F1GURE 6.4. Convergence behavior of WDA-nepv on the synthetic dataset.

Both plots in Figure 6.4 illustrate linear convergence for WDA-nepv regardless of the choice of
the regularization parameter or the subspace dimension. WDA-nepv achieves the fastest conver-
gence rate for the subspace dimension p = 2, the dimension size of the true discriminative subspace
of the dataset. For a similar subspace dimension size p = 1 WDA-nepv achieves a similar conver-
gence rate as p = 2, while as the subspace dimension p increases the convergence rate slows down.

We also observe that the convergence rate slows down as the regularization parameter A increases.
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When X is small, NTRopt-WDA (5.22) can be considered as LDA with a small perturbation to the
cross-covariance matrices. In this case, as LDA is known to have a local quadratic convergence [25],

WDA-nepv converges faster than the cases where A is larger.

6.3.2.1. Many Local Mazima and Non-optimal Convergence. NTRopt-WDA (5.22) is a highly
nonlinear, non-convex bi-level optimization that often has many local optimizers. The following

example illustrates this.

EXAMPLE 6.3.2. Let us consider the Synthetic dataset with d = 2 and the number of data
points N1 = 30, Ny = 40, N3 = 30. We desire to compute a projection P that projects these data
points onto a subspace of dimension p = 1, i.e., P is a normalized vector p € R?*!. We define ¢(P)

as the value of the objective function of NTRopt-WDA at a normalized vector p. That is,

Tr(pL'C
(6.25) q(p) = W.

Figure 6.5 plots the values ¢(P) (gray points) at 2000 random normalized vectors p, where the
regularization parameter is chosen as A = 0.1 for plot (a) and A = 1 for plot (b). We observe that

for both regularization parameters, there are many local maxima.

Finding a global optimizer of a non-convex problem is NP-hard. Algorithms for non-convex
problems are prone to converge towards a local optimizer, and consequently, lead to a suboptimal
solution. A suboptimal solution is not desirable in optimization and for the task at hand. For
instance, in a classification task, relying on a suboptimal projection often proves insufficient for

identifying the subspace that effectively discriminates the projected data points.

EXAMPLE 6.3.3. In order to analyze the convergence behaviors of WDA-gd, WDA-eig and
WDA-nepv, we examine the history of their NTRopt-WDA values for the problem described in
Example 6.3.2. That is, for projections p; obtained at each iteration of an algorithm, we examine
how the values q(px) (6.25) are changing. Figure 6.5 illustrates the local convergence behavior for
WDA-nepv, WDA-gd, and WDA-eig.

For both regularization parameters A € {0.1,1}, the same initial projection py corresponding

to a local minimizer is used and shared by all three algorithms. In the figure, the value ¢(py) is
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FIGURE 6.5. Plots of NTRopt-WDA values ¢(px) (gray points) at random normal-
ized vectors, with regularization parameter A = 0.1 in (a) and A = 1 in (b). For
all three considered algorithms, the initial projection py (a green triangle) is chosen
as a local minimizer. The values ¢(py) of WDA-nepv (red circles), WDA-gd (black
circles), and WDA-eig (blue circles) are displayed for the projections py obtained at
each iteration of an algorithm. For each algorithm, the value ¢(ps) for the converged
projection p, is displayed as the ‘x’ symbol.

represented as a green triangle, while the values ¢(py) are shown as red circles for WDA-nepv, black
circles for WDA-gd, and blue circles for WDA-eig. The final value ¢(p) for the converged projection
P+ is displayed as the ‘x’ symbol, with each color corresponding to the respective algorithm.

In Figure 6.5(a), we observe that for a regularization parameter A = 0.1, WDA-nepv and
WDA-eig converge towards a local maximizer while WDA-gd successfully finds a global maximizer.
However, in Figure 6.5(b), when A = 1, we also observe that WDA-gd fails to find a global maximizer

and remains trapped in the initial local minimizer.

EXAMPLE 6.3.4. In addition, we use the UCI datasets Wine and Iris to further illustrate the
convergence towards non-global local optimizers. We set the regularization parameter as A = 0.01
for the Wine dataset and A = 1 for the Iris dataset. For both datasets, we solve the NTRopt-WDA
problem for subspace dimensions p € {2,3}. The history of the NTRopt-WDA values, denoted as
q(Py), is plotted in Figure 6.6. All three algorithms share the same initial projection Py, resulting

in the same value of q(Pp).
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FiGURE 6.6. History of the NTRopt-WDA values for Wine and Iris. Subspace
dimensions p € {1,2,3} are considered and regularization parameters are set at
A =0.01 and A = 1 for Wine and Iris, respectively.

For the Wine dataset, we observe that both WDA-gd and WDA-nepv achieve the same optimal
value, q(Py), while WDA-eig’s optimal value, q(Px), is smaller for both p = 2 and p = 3, indicat-
ing that WDA-eig found a suboptimal solution. This highlights the suboptimality of WDA-eig’s
surrogate ratio trace model (6.1).

Regarding the Iris dataset, WDA-nepv obtains the largest optimal value, ¢(Py), among the
three algorithms for all considered subspace dimensions. Moreover, WDA-nepv demonstrates faster

convergence, requiring significantly fewer iterations compared to WDA-gd.
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Both Example 6.3.3 and Example 6.3.4 illustrate that convergence to non-global optima can
be a prevalent issue for all three algorithms. The convergence behavior varies across datasets, with
instances where some or all three algorithms successfully converge to the same optimizer, as well
as instances where they converge to different optimizers. Notably, when the initial projection is
chosen close to the global maximizer, it can lead to global convergence. However, since the global
maximizer is typically unknown in advance, obtaining an initial projection close to it may require

multiple attempts.

6.3.3. WDA-nepv: Classification Accuracy. One of the many goals of DR methods is to
derive a projection such that the projected data vectors maintain or amplify the coherent structure
of the original dataset. For a supervised linear DR method, one hopes to obtain an optimal
projection matrix P such that the class structure of the original data vectors in the projected
subspace is more pronounced. For this reason, the effectiveness of a supervised linear DR method
is often measured by the accuracy of classification on the projected data vectors. Measuring the
accuracy of NTRopt-WDA (5.22) is no exception. To evaluate the classification accuracy of an

algorithm, we follow the following conventional steps:

(1) Randomly divide a given dataset into a training dataset and a testing dataset, with equal
size of 50% each.

(2) Compute the optimal projection matrix P, using the training dataset.

(3) Project the testing dataset onto the lower-dimensional subspace using the optimal projec-
tion matrix Pi.

(4) Employ the K-Nearest-Neighbors classifier (KNN) on the projected testing dataset to

compute the classification accuracy.

The classification accuracy is quantified in terms of prediction error. A smaller error indicates

better performance.

ExAMPLE 6.3.5. Using the UCI datasets Wine, Ionosphere, LSVT, and Parkinson’s Disease,
the classification accuracy of WDA-nepv is compared with the classification accuracy of WDA-gd
and WDA-eig. As suggested in WDA-eig [72], we add a small perturbation term el with € = 1

to the matrix Cy,(Pg). This enforces the positive definiteness of Cy,(F)) in practice and helps the
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robustness of the computation of the eigenvalue problems. The regularization parameter A = 0.01 is
fixed throughout and the stopping tolerance parameter is set at 107°. Each experiment is repeated
20 times, and the average and the min-max interval of classification errors are reported. Two
different experiments are considered; one to observe the algorithm behavior in KNN number and

another in subspace dimension.

e With fixed subspace dimension p = 5, various KNN numbers K € {1, 3,5,7,9,11,13,15,17,19}
are considered; see left column of Figure 6.7.
e With fixed KNN number K = 11, various subspace dimensions p € {1,2,3,4,5} are con-

sidered; see right column of Figure 6.7.

For Wine and Ionosphere, we observe that WDA-nepv performs comparable to WDA-gd and
WDA-eig, achieving similar accuracy as the other two WDA algorithms - when looking at the
averages, less than 1% classification accuracy difference exists between WDA-nepv and the best
performing algorithm for all considered values of KNN numbers and subspace dimensions.

For higher dimensional datasets LSVT and Parkinson, WDA-nepv achieves lowest average pre-
diction errors and has the smallest min-max error intervals among the three algorithms. For LSVT,
WDA-nepv achieves, on average, at least 2% to 4% higher classification accuracy for considered
KNN numbers, and at least 1% to 4% higher classification accuracy for considered subspace di-
mensions. For Parkinson, WDA-nepv achieves, on average, at least 2% to 4% higher classification
accuracy for considered KNN numbers, and at least 3% to 5% higher classification accuracy for

considered subspace dimensions.

6.3.4. WDA-nepv: Timing and Scalability. We demonstrate the efficiency of WDA-nepv

by reporting its running time and its scalability.

EXAMPLE 6.3.6. We compare the running time of WDA-gd, WDA-eig, and WDA-nepv on the
UCI datasets Wine, Ionosphere, LSVT, and Parkinson. For the fixed regularization parameter
A = 0.01, we measure the running time for different subspace dimensions p € {3, 4,5} for Wine and
Ionosphere, and p € {15, 20,25} for larger dimensional datasets LSVT and Parkinson. We repeat

the experiment 20 times and report the average running times are shown in the following table:
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p=3 |p=4 |p=5 p=3 |p=4 |p=5
WDA-gd 1.854 | 2.354 | 2.078 WDA-gd 12.234 | 12.530 | 11.896
WDA-eig | 0.019 | 0.018 | 0.017 WDA-eig | 0.868 | 0.902 |0.891
WDA-nepv | 0.031 | 0.028 | 0.028 WDA-nepv | 0.242 | 0.241 | 0.284

(A) Wine (B) Tonosphere
p=15|p=20|p=25 p=15 |p=20 |p=25
WDA-gd 11.332 | 12.965 | 14.106 WDA-gd 1060.76 | 1000.56 | 1001.29
WDA-eig | 13.689 | 14.007 | 14.153 WDA-eig | 258.33 |285.68 |281.66
WDA-nepv | 4.683 | 4.811 | 5.068 WDA-nepv | 180.32 | 189.82 | 205.89

(c) LSVT (D) Parkinson

For a small dimensional Wine, we observe that while WDA-eig has the shortest running time,
the running time of WDA-nepv only differs from WDA-eig by around 0.01 seconds. For larger
dimensional Ionosphere, LSVT, and Parkinon, however, WDA-nepv achieves a running time that
is more than half of the running time of WDA-gd and WDA-eig. Unlike WDA-gd, which incurs
heavy computational costs from computing the derivatives, WDA-nepv is derivative-free and has a
short running time. Additionally, the efficient use of level-3 BLAS for the cross-covariance matrices

gives WDA-nepv an edge over WDA-eig in terms of running time.

EXAMPLE 6.3.7. We demonstrate that WDA-nepv scales linearly in subspace dimension p and
quadratically in data dimension d, and number of data points N using the Synthetic dataset. The
regularization parameters A = 0.1,0.01,0.001 are considered, and the reported scalability results

are averaged over 100 trials. Three experiments are performed:

e With dimension d = 10 and number of total data points N = 100 with (N1, Na, N3) =
(30,40, 30), various subspace dimensions p € {1,2,3,4,5} are considered.

e With subspace dimension p = 2 and number of total data points N = 100 with (N7, Na, N3) =
(30, 40, 30), various dimensions d € {80, 160, 320, 640, 1280, 2560} are considered.

e With dimension d = 50 and subspace dimension p = 2, various number of total data points

N € {100,200, 300, 500, 1000} are considered.

Figure 6.8 illustrates that larger A incurs more running time. As discussed previously, as A
approaches zero, WDA-nepv becomes increasingly similar to LDA, which has a local quadratic
convergence. Therefore, convergence speed is generally faster for small values of X\. The left plot

indicates that the running time of WDA-nepv scales linearly in subspace dimension p. This linear
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scalability in p is due to the matrix-vector multiplications involved in the exponential Euclidean
distance matrices K and the number of dominant eigenvectors in (TRopt) computations. The
scalability in data dimension d and number of data points IV is displayed in the center and right log-
log plots, respectively, in order to exemplify their quadratic scalability. Moreover, a line of quadratic
function is included in the log-log plots. We observe that the slope of the lines corresponding to the
running time of WDA-nepv match closely with the line of a quadratic function, indicating that the
running time of WDA-nepv scales quadratically in data dimension d and number of data points V.
These quadratic scalability are due to the level-3 BLAS in the evaluation of the cross-covariance

matrices Cy(P) and C(P) (6.18).
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CHAPTER 7

Conclusion

The dissertation presented eigenvector algorithms to solve the nonlinear Rayleigh quotient op-
timization and the nonlinear trace ratio optimization. As preliminaries, we discussed the classical
result of the connection between the Rayleigh quotient optimization and a linear eigenvalue problem.
In addition, we showed that the trace ratio optimization is equivalent to an eigenvector-dependent
nonlinear eigenvalue problem. Afterwards, we investigated the robust common spatial pattern,
a signal processing method in brain-computer interface system. In this context, we encountered
the nonlinear Rayleigh quotient optimization, which we characterized as an eigenvector-dependent
nonlinear eigenvalue problem. The effectiveness of the self-consistent field iteration in solving this
nonlinear eigenvalue problem was demonstrated through numerous numerical results using real-
world data, highlighting its advantages over existing algorithms. Finally, we explored Wasserstein
discriminant analysis, a dimensionality reduction method in machine learning that can dynamically
capture global and local relations among the data. The bi-level optimization structure of Wasser-
stein discriminant analysis is formulated into a nonlinear trace ratio optimization. We proposed an
eigenvector algorithm that solves the eigenvector-dependent nonlinear eigenvalue problems in both
the inner and outer optimizations of Wasserstein discriminant analysis. Furthermore, we provided
numerical results showcasing the convergence, classification rates, and scalability of the proposed
eigenvector algorithm for Wasserstein discriminant analysis.

Mathematically, a main open question remains regarding the nonlinear Rayleigh quotient opti-
mization and the nonlinear trace ratio optimization. Given their linear counterparts are linked to
the linear eigenvalue problem and the eigenvector-dependent nonlinear eigenvalue problem, respec-

tively, a natural question arises:

Under what conditions can we characterize the nonlinear Rayleigh quotient optimization

and the nonlinear trace ratio optimization with an eigenvalue problem?
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Specifically, we would like to understand the conditions of the nonlinear matrices A(z), B(x), for
the nonlinear Rayleigh quotient optimization, and A(X), B(X), for the nonlinear trace ratio opti-
mization, that impact the answer to the above question.

From an algorithmic perspective, understanding the behavior of the self-consistent field iteration
for solving the eigenvector-dependent nonlinear eigenvalue problem is critical. We aim to study
the conditions under which the convergence of the self-consistent field iteration is guaranteed for
the related eigenvector-dependent nonlinear eigenvalue problems. Additionally, we plan to explore

various strategies to accelerate its convergence.
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APPENDIX A

Vector and Matrix Calculus

Let x be a vector of size n,

_xl_
T = 2 e R",
_xn_
and let X be a matrix of size n x p
_9011 T12 e $1p_
x= |7 T T g,
_xnl Tn2 l‘np_

The gradient of a differentiable function a(z) : R"™ — R with respect to z is defined as

da(x)
ox1
da(x)

0x2

da(x)

| Ozn |
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Similarly, the gradient of a differentiable vector-valued function y(x) : R™ — R™ with respect to z

is defined as

oyi(z) Oya(z) . Oym(x)
ox1 ox1 ox1
Oyi(z) Oy2(x) .. Oym(z)
V)= | @%2
oyi(x) Ody2(x) .. Oym(z)
| 0Tn 0Tn 0Tn |
(A.2) = V(@) Visle) o V(o) | R

where Vy;(z) € R" is the gradient of the ith component of y(x).
In the following two lemmas, the first lemma consists of basic vector and matrix gradients
involving a symmetric matrix whose proofs can be found in a textbook such as [35, Appendix D].

For the second lemma, we provide the proofs.

LEMMA A.0.1. Let A€ R™"™ be a symmetric matriz. Then, the following gradients hold:
(a) V(Az) = A.
(b) V(zTAz) = 2Ax.
(c) VTr(XTAX) = 2AX.

LEMMA A.0.2. Let a(z) : R™ — R be a differentiable real-valued function of x. Let y(x) : R" —
R™ be a differentiable vector-valued function of x. Let B(x) : R™ — R™™ be a differentiable matriz-
valued function of x, where the column vectors of B(x) are represented as b;(x) fori=1,2,...,m

(a) Given a diagonal matriz W e R™*™ VY (y(x)T Wy(x)) = 2Vy(z)Wy(x) € R™.
(b) V(B(z)y(x)) = 321 vi(2)Vbi(w) + Vy(2)B(z)" e R™".
(¢) V(a(z)y(z)) = Va(z)y(z)" + a(z)Vy(z) € R™™.

PROOF. (a) We have y(2)TWy(x) = 37" | w;(yi(z))? where w; is the ith diagonal element
of W. Then, by the chain rule,

V(y(z)" Wy() Zszyz )Vyi(x),

which is precisely 2Vy(z)Wy(x).
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bii(z) - bim(z) | | yi(2) 2y bij(a)y;(x)
B(z)y(x) = : : : = : e R",

bpi(z) o bam(z) | [ym(2) Z;n:l by (2)y; ()

so that the it column of the gradient V(B(z)y(z)) € R™*™ is the gradient of B(x)y(x)’s
ith element:

V(O bij(x)y; Z ) Vbij(x Z ) Vy;(x
j=1 j=1

V(B(z)y(x)) can then be written as a sum of two matrices

V(B(x)y(x)) = B(z) + Y(2),

where
B(@) = [T, yy@)Vhij(e) S0y () by (@) - S0 () by ()| € BT
and
V(@) =[S by @) Vs (0) S by (@) Vs () - X bay(a) Vs ()| € RO
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By decomposing, B(x) is equal to the sum of m many n x n matrices:

B@) = | (@)Vbu(2) (@) Vba(a) - y1(2)Vba(a)]
+|1a(0)Vbis(a) wa()Vbn(a) - yale) Voua(a) |
ot (9@ V(@) Yo () Voo (2) () V()
—51(2) [Vbiu(@) Vbn(a) - Vbu(a)]
+92(2) [ Vbia(e) Vboa(e) - Vbua(o)]
ot (@) [ Vbim(e) Vbom(@) - V()]
OELE

where Vb;(x) is the gradient of the it column of B ().

For Y(z), note that
Vy()B(x)" = ) Vy;(x)b;(2)".
j=1

This indicates that the it column of Vy(z)B(z)T corresponds to 2t bij(2)Vy;(2),
which is the i*® column of Y(z). Hence, we have Y(z) = Vy(z)B(x)T.
(c) We have
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Via(@y(@) - V(a@)ym ()]
y1(z)Va(z) + a(z)Vy (2) Ym(z)Va(z) + a(x)Vym(l’)]
y1(z)Va(z) ym(:r)Va($)] + [a(m)Vyl(fL’) a(x)Vym(m)]



APPENDIX B

Dinkelbach’s Algorithm

Introduced in 1967, the Dinkelbach’s algorithm [37] is an approach used to solve nonlinear
fractional programmings through the utilization of a parametrization technique. It is based on the
observation that the global optimum of the nonlinear fractional programming is the unique root of
the closely related parametric function, which is defined as a nonlinear parametric programming.
Moreover, the solution of the parametric programming at the root of the parametric function
corresponds to the global optimal solution of the nonlinear fractional programming. By solving the
parametric programming, the Dinkelbach’s algorithm obtains a parameter sequence that exhibits

monotonic behavior and converges globally to the root of the parametric function.

B.1. Preliminaries

Let N(X) and D(X) be continuous and real-valued functions defined over a compact, connected
subset S € R™*P with D(X) > 0 for all X € S. We are interested in solving the following nonlinear

fractional programming (NFP):

N(X)
(NFP) RES D(X)

A closely related problem to (NFP) is the following nonlinear parametric programming (NPP):

(NPP) fla) = max{N(X) - gD(X)},  qeR.

In both (NFP) and (NPP), the functions N(X) and D(X) are continuous on the compact subset

S, and D(X) > 0. This guarantees the existence of solutions for both problems.

LEMMA B.1.1 ( [37]). For the parametric function f(q) of (NPP), the following properties hold:

(a) f(q) is a convex function over R.

(b) f(q) is a continuous function over R.
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(c) f(q) is a strictly monotonic decreasing function, i.e., f(¢") < f(¢') if ¢ < q".
(d) f(q) has a unique root, denoted by q.

(e) If qo = gggg for some Xy € S, then f(qp) = 0.

PROOF. (a) Let Xy maximize (NPP) corresponding to f(tq' + (1 —t)q”) with ¢’ # ¢” and
0 <t < 1. Then,
ftg' + (1 =t)g") = N(X¢) — (tg' + (1 = t)¢") D(X)
=t[N(X:) — ¢ D(Xy)] + (1 = )[N(X¢) — ¢"D(Xy)]
<tf(d) + A -1 f(d")

(b) Since f is finite and convex over an open set R, it is continuous.

(¢) Let X” maximize (NPP) corresponding to f(¢”). Then,
f(d") = N(X") = ¢"D(X") < N(X") = ¢'D(X") < f(¢).

(d) This follows since f is continuous, monotonically decreasing, and lim,,_o f(¢) = o0 and

limg .o f(g) = —o0.

(e) Let go = ggﬁ; for some Xy € S. Then,

flqo) = I)I(lgg{N(X) —qoD(X)} = N(Xo) — qoD(Xp) = 0.
O

The following theorem establishes that the global maximum of (NFP) corresponds to the root
g+« of the parametric function f(q). Additionally, the global maximizer of (NFP) is also the global

maximizer of the (NPP) corresponding to f(g«).

THEOREM B.1.1 ( [37]). g« = gg:g = maxxegs ][\)[88 if and only if f(gx) = N(Xs)—qD(Xx) =
maxxes{N(X)—q¢.:D(X)} =0.

PROOF. Let X, be the global maximizer to (NFP). Then, it holds that ¢, = gg:; > ]]:\)788 for

all X € S so that
N(X)—q¢«:D(X) <0 forall XeS.
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Since N(X,) — ¢.D(Xx) = 0, X, maximizes (NPP) corresponding to f(gx).
Conversely, let X, be the global maximizer of (NPP) corresponding to f(gs«), where g, is the
root of f(q). Thus, N(X) — ¢«D(X,) = 0. Then, we have

N(X)—qD(X) < N(Xy) — q«D(X4) =0 forall XeS.

N(X)

Therefore, D) S U for all X € S, indicating that g, is the global maxima of (NFP). Moreover,
Gx = ggg:;, which implies that X, is the global maximizer of (NFP). O

B.2. Algorithm

We introduce the Dinkelbach’s algorithm [37] for solving (NFP). The algorithm generates a
monotonically increasing sequence {qx} that approaches the root g, of the parametric function f(q).

The sequence is generated by iteratively solving (NPP).

Algorithm 5 Dinkelbach’s Algorithm
Input: Initial Xy € .S, tolerance tol.

Output: Global maximizer X, of (NFP).

1: for k=0,1,... do

N(Xk)
D(Xk) "

3:  Compute the global maximizer X1 to f(gx) = maxxes{N(X) — qxD(X)}.

2:  Set g =

4: if f(qx) < tol then

5: return X, = Xg11.
6: end if
7: end for

The stopping criteria in line 4 of Algorithm 5 checks whether ¢ is the root of the parametric
function f(q). If so, Xx+1 computed in line 3 is the global maximizer of (NFP).

We emphasize that an accurate computation of the global maximizer of (NPP) in line 3 is
crucial for the success of the Dinkelbach’s algorithm. When N (X) is concave and D(X) is convex,
concave programming methods can be employed to solve (NPP). However, it is important to note
that (NPP) can be a challenging problem in general, requiring careful consideration and specialized

techniques.
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B.2.1. Convergence proof of {q;} of Algorithm 5. In the following analysis, we con-
sider Xj11 to be accurately computed and regarded as “exact”. We show that the sequence {qx}
generated by Algorithm 5 converges monotonically to ¢y, the root of the parametric function f(q).

We first show that the sequence {gy} is strictly monotonically increasing, i.e., gx+1 > qi. Here,
we assume that g # g4 since Algorithm 5 would have converged otherwise. Then, f(gz) > 0

according to Lemma B.1.1(e) and Lemma B.1.1(d). Consequently, we obtain

(B.1) 0< flar) = N(Xp41) — D (Xp41) = qer1D(Xps1) — e D(Xp41) = (qry1 — qr) D (Tp41).-

Since D(X) > 0 for all X € S, this inequality shows that q¢x+1 > gx.

For g # q«, we have f(qr) > 0. According to Lemma B.1.1(c), this indicates g < g«. Hence,
we have a strictly monotonic increasing sequence {q;} that is bounded above by ¢.. Consequently,
the sequence must converge to some limit point . We show that § = ¢..

Suppose on the contrary that § # ¢« so that ¢ < g« and f(q) > 0. Since g monotonically
increases towards ¢, for any € > 0, there exists a large enough k such that ¢ — qx < €. Specifically,

we choose

f@ _ 1@
D D(Xpn)

where D := maxxes D(X). Then, by f(qx) = (qr+1 — ) D(zp41) from (B.1) and the fact that
flar) = f(Q), we have

O<e=

f(ar) > gt f(q) St e

Qi1 =G + = =
e D(Xp41) D(Xp41)

which contradicts the assumption that ¢ is the limit point of {gy}. Therefore, we conclude that

q = Gx.
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