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REFORMULATION OF N/D METHOD AND ITS 

APPLICATION TO rrN PHASE SHIFT ANALYSis* 

Chih Kwan Chen 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94720 

August 14, 1972 

ABSTRACT 

LBL-1040 

The N/D method is reformulated rigorously in the first part 

of this article, and a specific class of models:. in which the high-

and intermediate energy behavior of the input potential can be expressed 

by Regge parameters, is then investigated. A smoothing procedure of 

partial-wave phase shifts ·is discussed in the second part of this 

article, based on a circUlar application of the N/D method formulated 

in the first part. In this smoothing procedure CDD pole parameters 

are handled unambiguously, and the output solution is guaranteed to 

be free from causality violating singularities. The application of 

this .. smoothing procedure to rrN partial-wave phase shift analysis is 

discussed, and an example of smoothing of a rrN P33-wave is given. 

.• 

.• 
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PART I. THE GENERALIZED PARTIAL-WAVE DISPERSION 

RELATION AND THE . N/D METHOD * 

·'·.'"') 

~, 
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l. INTRODUCTION 

The N/D method1- 3 linearizes the no::linear integral 

equation derived from.unitarity and the :oartial""W!lVe dispersion 

relation with a finite number of subtractions. Given contribu-

tions from subtractions and unphysical cuts (the "potential") as 

well as the inelastic factor and CDD pole parameters (if nec

essary), the N/D integral equations allow calculation.of the 

elastic phase shift. Nevertheless, N/D methods have difficulties 

which, if not resolved, destroy their usefulness. In this 

article we resolve some of the difficulties and partially resolve 

the remaining ones. 

The first question about the N/D method is its validity. 

The usual N/D method is based on the partial-wave dispersion 

relation with a finite number of subtractions (throughout this 

article we refer to the latter as "the ordinary partial-wave 

dispersion relation"), which is satisfied if the Mandelstam 

reFresentation4 with a finite number of subtractions can be· 

written down. It has become realized recently that both the 

Mandelstam representation and the ordinary partial-wave disper-

sion relation with a finite number of subtractions are violated 

in models with indefinitely rising Regge trajectories, so the 

validity of the N/D method becomes questionable. We will show 

in Sec. 2 and Sec. 3 ~f this article that the unitari ty bound5 

in the physical region guarantees that a generalized partial-

wave dispersion relation can always be formulated, and the N/D 

integral equations can then be derived from the generalized 

partial-wave dispersion relation. 
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A second question about the N/D method is how to deter

mine the CDD pole parameters. It is kno1m 6-9 that the origin of 

CDD poles10 in a one-channel N/D calculation can be interpreted 

as the effect of inelastic channels. We thus can expect to 

avoid the appearance of CDD poles by considering a multichannel 

formulation, if the potentials for each channel are given. Thus 

the question of CDD pole parameters is replaced by the question 

of obtaining potentials from reasonable physical models for 

each channel. In this' article we will not consider CDD poles, 

but restrict our attention to a method for obtaining the input 

potentials. 

A physical crucial question for the N/D method, evident 

from the previous paragraph, is how the input potential is to be 

obtained. The behavior of the input potential in the low-energy 

region can be estimated. in a variety of ways (we will discuss 

these briefly in Sec. 2). Our major concern is how to obtain 

the high-energy behavior of the potential, because the solution 

of N/D equations depends critically thereon even if the low

energy behavior is given. It is this mathematical property of 

the N/D integral equation together with the difficulty (discussed 

in some detail in Sec. 4) of obtaining the high-energy behavior 

of the input potential that in previous N/D methods
11 

has led to 

arbitrary cutoff parameters or to arbitrary assumptions about 

the properties of distant singularities ('t.he high-energy 

behavior of the input Dotential is closely related to distant 

singulari tie~ iil crossed channels). We shall resolve this 

difficulty for a certain class of models by expressing the high-

-4-

energy behavior of the input potential in terms o~ Regge param-

eters. 'T'lle class of model, though net completely general, is 

large enough to contain the Veneziano mode1. 12-l5 These matters 

are discussed in Sees. 4 through 6. 

A "restricted" partial-wave dispersion relation is 

defined in Sec. 4, and in Sec. 5 con.straints on Regge parameters 

are inferred from assumptions used to formulate this ''restricted" 

relation. It turns out that some of our assumptions force Regge 

residues to have nonsense-wrong-signature zeros and also force 

the intercept of the leading Regge trajectory to be less than 

one. In Sec. 6 a definition is given of "partial-wave duality" 

for models which satisfy the restricted partial-wave dispersion 

relation, and it is shown16 thatthe high-energy tail of the input 

potential can be expressed in terms of Regge parameters if partial-

wave duality is imposed. Thus for models obeying partial-wave 

duality the N/D integral equations connect low-energy parameters 

(from the solution of the N/D equations and the input low-energy 

behavior of the potential) and high-energy parameters (from the 

input high-energy tail of the potentials). We. note that this 

connection between low- and high-energy parameters in the N/D 

method is based explicitly on the nonlinear content of unitarity, 

whereas the role of unitarity in the finite energy sum rule17 

is not explicit. 

We only consider spinless, equal mass particles; .the 

generalization to include spins and unequal mass particles being 

straightforward, though complicated. 
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2. THE GENERALIZED PARTIAL-WAVE DISPERSION RELATION 

.It is shown in this section that a generalized partial-

·.vave dispersion relation can be defined for any partial-wave 

amplitude .even though the ordinary partial-wave dispersion rela-

tion with a·finite number of subtractions is violated in models 

.with indefinitely rising trajectories, such as the Veneziano 

model.l2-l5 

where 

A partial-wave amplitude A,(s) is defined as 

p(s) 

se(s) - 1 

. 2ip(s) 

2 .!. 
[ (s - 4J.l )/sF 

"' 

and. Se is the partial wave S-matrix element, A(s,t,u) is the 

scattering amplitude and zs is the cosine of the s-channel 

scattering angle defined as 

The 

z 1 + s 

unitarity bound 

lim 
E 

s 

2t 
2 

s - 4J.l 

requires 

0 

-1 -
2u 

2 s - 4,1 

that Is, I ::: 1, so5 
"' 

for some positive 

For simplicity we only consider the case 

lim 
s~ +i> 

0 for some.positive 

€ • (2 .1) 

e· (2.2) 
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in this and the next section; the generalization to partial-wave 

a~.1plitudes which satisfy Eq. (2.1) bc;t !!ot (2.2), is strai;;;ht-

forward. 

The constraint (2 .2) allNis us to define a function 

where the s. 's 
l 

-~D 
Im A2(s') N 

A£(s) ds' L gi 
-s - s s - s. 

i l 

N being a finite integer, (2.3) 

(0 < s. ~ ~.2 ) +h 't' f th b d l ,.. are ,. e posl ·lOns o e oun -

state poles contained in the partial-wave amplitude A£(s), and 

the gi's are the pole residues: 

lim(s - si) A£(s) • 
s-+ si 

The potential function V£(s) is free from poles and also does 

not contain the s-channel normal thresholds, since V£(s) is 

real in the region 2 
s ~ 4~.t • Transposing the terms of (2.3), 

s - s 

N 

+2: Im A, ( s' ) 
<· 

i 

(2 .4) 

we call Eq. (2.4).the generalized partial-wave dispersion rela-

tion. We note that Eq. (2.4) may concain one subtraction if the 

asymptotic behavior of Eq. (2.1) is used. 

The behavior of the potential v£(s) in the low-energy 

s-channel physical region may be estimated from the assump<:ion 
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of the dominance of several nearby singularities of the cross 

channels. The validity of. such methods can be checked by 

inserting the experimental phase shift for A£(s) in both sides 

of Eq. (2.4). The above procedure cannot be distinguished from 

that used in the analysis18 of ordinary partial-wave dispersion 

relation. Therefore these previous analyses can be carried over 

directly to the generalized partial-wave dispersion relation. 

We will see in the next section that the N/D integral 

equations can also be derived from the generalized partial-wave 

dispersion relation. 

-8-

3. DERIVATION OF THE il/D INTEGRAL EQUATIONS 

We now discuss the possi-oility of decomposing a partial-

wave amplitude into the N/D form. For simplicity as discussed 

in Sec. 2, we only consider the case 

lim se A_e(s) 
s~ -too 

0 for some positive e, 

the generalization being straightforward. The generalized 

partial-wave dispersion relation is 

where 

N 

L 
i 

411
2 > s. > 0 

]_ 
(i l,•••;N) • 

The amplitude A£(s) can be parametrized as 

Im A.z(s') 
s' - s (3.2) 

where 9£(s) is real. We are aiming at the construction of 

the N/D integral equation from the R-function method. 1 If we 

want to employ the Frye-Warnock19 method, we need to consider 

the phase of s£(s) instead of that of A£(s). In the 

remaining discussion of this article we consider only the 

R-function method. 

The zeros of A£(s) require attention. Certain of the 

zeros of A,e{s) 
10 may correspond to CDD poles, and certain 

may not. On the other hand, CDD poles can be interpreted 

either as poles of the D function or zeros of the N function 

-~ 
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(the reverse of this statement is not true). If we have a D 

function with poles, we c~n always introduce a new set of D 

and N functions, by multiplying the original D and N 

functions by an appropriate polynomial, such that the new D 

function is free from poles but has different asymptotic 

behavior, while the new N function contains additional zeros. 

In this section we concentrate on the D function which is free 

from all poles, and whose zeros are in one-to-one correspondence 

with the bound state poles of A.e(s). The CDD poles (if any) 

are represented by zeros of the N function, the asymptotic 

behavior of the D function having a close connection thereto. 

::··,.1 We defer further discussion of the CDD ambiguity to the end of 

the section. We first want to show that if a partial-wave 

.· 

-

amplitude Ae(s) is given, we can construct a D function, 

under certain assumptions, such that the D function .is power

bounded, has the phase of Ae(s) in the region s ;::: 4/, is 

2 real in the region s < 4~ 1 and its zeros are in one-to-one 

correspondence with the bound-state poles of A
8
(s). Assuming 

that 

lim le.e(s)l < -t<x> , 

S-> -too 

we define a function D.e(s) as 

'1 

e £ (s' ) \ 

s'(s' - s)r' 
J 

(3-3) 

-9a-

where the si's are the positisns of poles of A.e(s). This function 

DJ:;(s) mayhavesome-;>olesat --si (i=l,···) v1hen 

we assume that e.e(s) in the asymrtotic energy region is determined 

by Regge phase. The Regge phase derived from Regge poles is continuous 

Thus we may assume that the number of rossible poles contained in 

Eq. (3.3) is finite. If such -;cl"s appear in Eq. (3.3), we multirlY 

D
2

(s) by an adequate polynomial to remove these poles. 
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We consider this ne-w function as the function D .e ( s). The 

function Dg(s) has the phase g- (s ) 
-' ± 

in the region 2 
s > 41--t ' t-

is real in the region 2 s < 41--t 1 and its zeros are in one-to-one 

correspondence with poles of A£(s). The function D.e(s) is 

power-bounded, so it satisfies a dispersion relation with a 

finite number of-subtractions. If Q.e(s) is unbounded as 

s ___,-too, the existence of a function D.e(s), power-bounded, with 

the phase 9.e(st) in the region st ~ 4~--t2 and real in the 

region s < 41--!2, is an open question. We note that this problem 

concerning the existence of D.e(s) is not specially associated . 

-.,lith the generalized partial-wave dispersion relation but 

already occurs for the N/D method based on the ordinary partial-

wave dispersion relation. We also note that an unbounded 

Qi(s) implies that the ratio Re A/s)/Im A.e(s) oscillates as 

s ___,-too. Here we assume that either 9_e(s) is bounded or that, 

if unbounded, a function D.e(s), with the properties enumerated 

above, nevertheless exists. A function N.e(s) is next defined 

as 

().4) 

so we have [note that Im A£(s}- Im V.e(s) for s < s1 J 

r o 2 for s ~ 41--t 

Im N.e(s) t n,(,) rm v,(,) 
(3 ·5) 

for s < SL' 

where s
1 

is the position o_f the nearest left-hand singularity 

of A.e(s). 
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We consider below for simplicity the case that Dg(s) 

satisfies a dispersion relation v1ith one subtraction, but no 

poles. The N function may contain zeros. This case .corre-

16 spends to the absence of CDD poles, since it can be shown that 

the sqlution is complete,ly determined by giving the potential, 

the inelastic function (the R-function), and (if required) the 

subtraction constant in the generalized.partial-wave dispersion 

relation. The. generalization to include CDD poles is straight-

forward and is discussed briefly at the end of this section. 

where 

and 

The unitarity relation can be written as 

p(s) 
1 2 .!. 
2[ (s - 41-L )/sF 

cr~otal(s) 

0elastic(s) 
£ 

From Eqs. (3.4), (3.5), and (3.6), we have the relation 

for 

for 

(3.6) 

(3.7) 

The dispersion relation for D_e(s) (only the case with one 

subtraction is considered here) can be written with the help 

of Eq. (3.7) as 

-12-

sf"" p(_s') He(s') N_g(s') 
= Di(o)-; ds' · .(3.8) 

2 s'(s' -s) 
.· 4~ 

A function Cg(s) may be defined as 

From Eqs. (3.5) and (3.7), we see that 

for 

for 

2 
s :::: 4~ 

2 
s < 4~ • 

As mentioned in Sec. 2 and at the beginning of this section, we 

only consider, for simplicity, the case that the asymptotic 

condition of Eq. (3.1) is satisfied. Therefore 

o, 

since 

Dg(s) ~ const. 
S-7 -l<x> 

N2(s), and· V,e(s) ~ o. 
S-> -l<x> 

At the other asymptotic direction on thE s-plane, the function 

A.e(s) is not necessarily power-bounded, but the function Cg(s) 

always vanishes at such limits. To see this explicitly, we 

write 

s 
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and ·suppose at some limit Is I .:..., i<>o with e = \f' f 2mrr ·. 

(m = 0,1,2,···), we have the relation 

lim lsln/A£{1sle-
9

) = 0 for any positive 
S--> i<lo . 

. 9= 'f',kmrr 
{m=o ,1·,2, • • ·) 

integer n. 

'This expression .just implies that we are assuming A£ ( s) 

power-bounded at the direction e = 'I'! 2mrr, 1 s 1 __. i<». 

the definition of V£{s) 

is not 

From 

and the constant asymptotic behavior of D£(s) {we are consider

ing this case as mentioned.before), we have the relation 

-14-

The above discussion implies that C (s) satisfies a dispersion 

relation with no subtraction, i.e. 

Substituting Eq. (3.8) into this relation, we have 

s')N(s') 
£ 

where 

1 . s' v£(s')- s v£{s) 
; p(s' )·R.e{s') -----'----

s' - s 

(3.9) 

As mentioned before, this N.e(s) may contain some zeros, but 

these zeros have nothing to do with CDD poles, since the ratio 

N.e(s)/D£(s) is determined completely16 by giving v.e(s) and 

R.e(s). Equations {3.8) and (3.9) are the N/D integral equa

tions and .their form is the same as the N/D integral 

equation2'3 associated with an ordinary partial-wave dispersion 

relation. 

We have demonstrated the derivation of the N/D integral 

equation for the simplest case, i.e., the case that D.e{s) 

satisfies a dispersion relation with one subtraction and no 

poles. For the case that D .e ( s) does not have poles but n+l 

subtractions are required to write down a dispersion relation 

•. 
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for D.e(s), we can go through a similar argument as in the case 

•·'i th one subtraction and derive the N/D integral equations. 

In this case the dispersion relation for C.e(s) requires n 

subtractions, and we have 2n+l arbitrary parameters (i.e., 

2n+l subtraction constants) in the N/D integral equations. 

Only 2n of 2n+l parameters are nontrivial, since one 

parameter will set the scale. .This case corresponds to the 

existence of n CDD poles. 

-16-

4. THE RESTRICTED PARTIAL-WAVE DISPERSION RELATION 

The N/D integral equations are derived in the previous 

section, but such equations are not usefUl unless we find 

reasonable ways to approximate the input potential. It is a 

mathematical property·of the N/D integral equations that both 

the low-energy and high-energy behavior of the input potential 

is important in determining the structure of the output solution 

at low energy. We should not confuse this statement with the 

principle of nearby singularity dominance in the analysis of 

ordinary or generalized partial-wave dispersion relations. In 

such analysis the required inputs are the low-energy behavior of 

the potential V.e(s) and the behavior of Im A2(s) in the 

region s ~ 4~2 , and the output is the behavior of Re A.e(s) in 

the low-energy region. On the other hand, the outputs of the 

N/D integral equations are both Im A.e(s) and Re A.e(s) in 

the low-energy region, and we are saying that the required 

inputs are the behavior of the potential v2(s) in the low-, 

intermediate-, and high-energy regions, as well as the inelastic 

function R,e(s) (and. CDD pole parameters if necessary). If 

the behavior of the potential V£(s) in the intermediate- and 

high-energy region can be expressed in terms of high-energy 

phenomenological parameters (e.g., Regge parameters) without 

referring to the knowledge about the low-energy phase shift, 

the N/D method will provide some connection between the low-

and high-energy phenomenological parameters, which cannot be 

obtained' from the above mentioned analysis of the generalized 
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partial-wave dispersion relation. One may think that the high

energy behavior of the potential V£(s) can be expressed in 

terms of Regge parameters from the relation 

for 2 
s >> c >> 4j.l (4.1) 

by inserting the partial-wave projected Regge asymptotic behavior 

for Re A£(s) and Im A£(s' ). But such high-energy behavior of 

V£{s) cannot be extrapolated down to the intermediate-energy 

region, since at s = C Vt(s) of Eq. (4.1) has a spurious 

singularity which should not exist in the potential V£(s) from 

its definition Eq. (2.3). The intermediate-energy behavior of 

v2(s), as can·be seen from the more general expression, is 

(4.2) 

which is sensitive to: the input behavior of ImA£{s') in·the 

low-energy region. Therefore the N/D method gives no useful 

information beyond the generalized partial-wave dispersion 

relation, if Eqs. (4.1) and (4.2) _are used to estimate the 

behavior of v2(s) in the high- and intermediate-energy region. 

In the remaining part of this article, we shall mainly be 

concerned with the possibility of expressing v2(s) in the high

and intermediate-:energy region in terms of high-energy phenomen-

ological parameters alone. 

-18-

The low-energy behavior of the potential vt(s) is 

dominated by nearby singularities in crossed channels. On the 

other hand, the intermediate- and high-energy behavior of the 

potential is controlled by both distant and nearby singularities 

of crossed channels, and only if the distant singularities are 

very weak, is the nearby contribution dominant. In previous 

N/D calculations,11 the difficulty of estimating the contribution 

of distant singularities is handled by neglecting them completely 

(e.g., in models that approximate the potential by se.veral 

nearby poles), by introducing some arbitrary regulating functions 

to approximate the discontinuity across the lef't-hand cut of 

the partial-wave amplitude A_e(s), o~ by inserting some arbitrary 

cutoff parameters into the calculation. All such approaches, of 

course, lack a profound physical basis. Starting in this section 

we will irrvestigate the possibilities of expressing the inter

mediate and high-energy behavior of V£(s) in terms of high

energy Regge parameters, and as will be shown in Sec. 6, we 

succeed for a certain class of model, which contains the 

Veneziano model12..;lS, 2i with all trajectory intercepts less 

than one. In this section we begin by formulating "the restric-

ted partial-wave dispersion relation," which applies to a 

certain class of model (such as that of Veneziano). 

A partial-wave amplitude A2(s) is said to satisfy 

"the restricted partial-wave dispersion relation" if the follow-

ing four properties are satisfied: 

(1) A scattering amplitude A(s,t,u) is a linear combina

tion of three functions Ast(s,t), Atu(t,u), and Aus(u,s), 



.· 
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each having special properties. Let (x,y,z) be an arbitrary 

cyclic permutation of (s,t,u). The function A (x,y) conxy . 

tains the x· and y channel normal thresholds and poles, but 

does not contain those for the z channel. Although the function 

is allowed to contain spurious singularities which are 

not contained in the scattering amplitude A(s,t,u) [which will 

be cancelled in the linear combination that constructs A(s,t,u)], 

we assume that such spurious singularities are absent from Axy 

in the region x < 0 with y fixed and y.::; 0 with x "fixed. 

(2) The function Axy has Regge asymptotic behavior in the 

limit x (or y) ~too ~th y (or x) fixed, but it damps out 

faster than any power at the limit x (or y) ~too with z fixed. 

We need to consider certain implications of assumption 

(1) before going on to state assumptions (3) and (4). The func-

tion Ast(s,t) can be writtenin terms of s and zs' where zs 

is the cosine of the scattering angle of the s channel: 

z s 
1 + _....::2:..:t:......,. 

s - 41-1
2 

2u 
-1- --=~2 • 

s - 41-l 

In the .s-channel physical region, i.e., 2 s 2: 41-l , we look at the 

singularities of A t(s,z ) in the complex zs-plane with s . s s 

fixed. From assumption (1) all the singularities of Ast with 

s fixed are in the region t > 0, so the singularities of Ast 

in the zs plane are in the region 

Lehman ellipse22 with forces at s z 

z > 1. We thus can draw a s 

= ±1 for Ast' implying that 

Ast has a partial-'··ave expansion in the s-channel physical 

region. The functions Atu- and Aus also have their own 

partiai-'wave ex:)ansions in the s-:channel physical 

-20-

region, by a similar argument, and of course the corresponding 

result is true in the t- and u-channel physical regions as well. 

We denote the partial-wave amplitudes of Ast' 

in the s-channel physical region as A
2
st(s), 

A£us(s) respectively. Assumptions (3) and (4) will now be 

formulated in the s channel, but_they, of course, are also true 

in the t and u channels. 

( ) A.st(s) d us 3 The partial-wave amplitudes ~ an A£ are 

po\.,rer-bounded in the s plane, although such is not required for 

the amplitude A£tu(s). 

(4) The following asymptotic condition holds: 

lim 
s~-+<x> 

< -+<>a. 

We note that models which satisfy the ordinary partial-

wave dispersion relation are not necessarily special cases of 

the restricted partial-wave dispersion relation, since assumption 

(1) is not required for the ordinary partial-wave dispersion 

relation [assumption (2) is rather independent of the partial

wave dispersion relations]. On the other hand, assumption (3) 

is more general than the ordinary partial-wave dispersion rela

tion in some sense, since A2(s) is not required to be power-

bounded in the complex s plane. 

The partial-wave amplitude 

bound, as discussed in Sec. 2, 

lim 
s~ +oo 

satisfies the unitarity 
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From assumptions (3) and (4) the amplitudes A/t(s) and A/s(s) 

satisfy dispersion relations with at most one subtraction. We 

only consider the simplest case in this section, i.e., 

0 for some positive E,_ 

but the generalization is obvious. The dispersion relations for 

st · us 
A£ (s) and A£ (s) are then 

1 I ds' 

Im A/t(s') lr ds' 
Im Ap,st(s') 

+-
JT s' - s JT s' - s L.H.C. 41-!2 

(4.2) 

1 f ds' 

Im A/s(s') . ~ r ds' 

Im A/s(s') 

JT s' - s s' - s L.H.C. 41-!2 

The amplitude A2(s) can be written from assumption (1) as 

· · A.tu(s) · ul ·t· Since the function , does not contain any slng arl les 

in the region s > 41-!2 and also does not contain any s-channel 

bound state poles [from assumption (1)], the potential v2(s) 

of the generalized partial-wave dispersion relation is 

t 11 a · u(s) + - ds' e n 
. L.H.C. s' - s 

(4.3) 
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It has been shown in the Veneziano mode112-l5 that the 

t . A" st(s) d us( ) 2) h d. func lons ~ an A
2 

s satisfy - t e lspersion rela-

t:u 
tions of Eq. ( 4. 2), but the function A,- ( s) is not power

l 

24 bounded at the limit s -+ -oo. Therefore the Veneziano model 

satisfies the.restricted partial-wave dispersion relation, but 

violates the ordinary partial-wave dispersion .relation. We note 

that if .the Pomeranchuk intercept of Wong's version of the 

Veneziano mode121 is less than one, it satisfies the restricted 

partial-wave dispersion relation, but Wong's version of the 

Veneziano model lolith Pomeranchuk intercept one violates our 

condition. We also note that the Virasoro model25 violates the 

restricted partial-wave dispersion relation. We will .see these 

points clearly in the next section. 

.. 
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5 . THE CONSTRAINTS ON REGGE PARAMETERS FROM THE 

RESTRICTED PARTIAL~WAVE DISPERSION RELATION 

Assumption (1) of Sec. 4 is a strong assumption. When 

combined with assumption (2) of Sec. 4, there is implied a set 

of constraints on Regge parameters. We consider only Regge 

poles, although the analysis can be generalized to Regge cuts.· 

The Regge asymptotic behavior of the scattering amplitude 

may be parameterized as 

A(s,t,u) -~~[ 
S--> -hx> 

x fixed 
r[ai (x) + l]·sin 1((li (x) 

i 

. t· . Ecr : )ai {x) + ~a : )ai (x)} 
~ X S. X S. 

l l 

(5.1) 

·where crt = +1, au = -.1, the subscript i denotes the 

different Regge poles, and ai{x) and Bi(x) are the Regge 

~?) trajectory and residue functions respectively, both assumed 

real in the region t ~ 4~2 • The. symbol 7i = ±l is the signa

ture of the ~th Regge trajectory and si is a real constant. 

Assumption (l) of Sec. 4 says that we can decompose A(s,t,u) 

into a linear combination of Ast' Atu' and Aus as 

A(s,t,u) 

Assumption (2) means that 

S--> -t<x> 
x fixed 

\"" 
L 
i r[ai (x) + 1] ·sin nai (x) 

(_a .E_).ai(x) \.X 'S'i 

(5.2) 
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Atu 7 
S--> -t<x> 

L--------s_ic_x_)~---
i r[cxi (x) + l] ·sin rrcxi (x) 

0 -~ ~ ~ )

a. (x) 

X S. ' 
~ 

x fixed 
(5. 3) 

where crt = +l and cru = -1. The requirement [from assumption 

(1)] about the absence of the spurious singularities of Asx 

and Atu in the region x ~ 0 with s or y fixed (if 

X = t, y = u, if X = u, y = t) forces us to choose ex. (x) 
l 

and 

and 

~.(x) in Eqs. ( 5.2) and (5.3) such that 
~ 

a. (o) <. 1 
~ 

if s.(o) f. o 
~ 

Bi(x) 
lim sin 1((l.(x) 
ai (x)--> 0 l 

<-t<x> 

lim 
. j3i (x) 

ai(x)-+-N r[ai(x) + l]•sin nai(x) 

(x ~ 0) 

< -

for N = 1,2,3,···, x < 0, 

'For the leading trajectory i = P it is obvious from the 

(5.4) 

(5 .s) 

optical theorem and the experimental total cross section that 

so the constraint of Eq. (s.4) requires that the intercept of 

the leading trajectory shouldbe less than one. If the class 

of models of Sec. 4 contains Pomeranchuk poles, this implies 

that the Pomeranchuk intercept (of this class of models) must 
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be less than one. The constraints of Eq. (5.5) imply not only 

the existence of ghost killing factors at the right signature 

points 

o,-2,-4,···, 

but also the existence of zeros in the residue 

~i(x)jr[ai(x) + l] at the nonsense wrong signature points, i.e., 

the points 

-1,-3,-S,··· . 

The argument of this section makes clear why Wong's 

version21 with unit Pomeranchuk intercept and Virasoro's model25 

do not satisfy the restricted partial-•1ave dispersion relation. 

The function Asx of Wong's version with unit Pomeranchuk 

intercept has a spurious singularity (a pole) at x = 0, which 

partially violates assumption (1). Virasoro's model does not 

satisfy assumptions (1) through (4). 
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6. PARTIAL-WAVE DUALITY 

We have introduced in Sec. 4 the restricted partial-

wave dispersion relation, which is satisfied by the Veneziano· 

model including Wong's version with the Pomeranchuk intercept 

less than one, but e~en within a model obeying the restricted 

partial-wave dispersion relation the N/D method still cannot be 

made useful. In this section we will show that if we add an 

additional assumption (the assumption of "pa.rtial-wave duality") 

to assumptions (l) through (4) of Sec. 4, we can express the 

high-energy behavior· of the input potential in terms of Regge 

parameters which can l:ie obtained, in principle, from phenomena-

logical fitting of the high-energy scattering data, and this 

high-energy behavior of v2(s) can be extrapolated down to the 

intermediate energy region without introducing spurious singu-

larities. The Veneziano model with all the intercepts of Regge 

trajectories less than one satisfy the additional requirement. 

We again only consider for simplicity the case 

E 
lim s A2(s) 
S--> +oo. . 

0 for some positive E, 

a condition that holds When all Regge trajectories have non-

vanishing slopes and intercepts less than one. Statements (1) 

through (4) of Sec. 4 are assumed. The partial-wave amplitude 

A£ sx(s) (x = t,u) satisfies a dispersion relation as shown in 

Eq. (4.1) 

. 
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=~I 
L.H.C. 

sx 
Im A£ (s') . Im A sx ( s, ) I"' ds' __ £ ___ +; ds' 

s' - s 
41l2 

s' - s 

(x = t,u) , (6.1) 

We now introduce the additional assumption 

(5) that the following asymptotic relations hold, 

and 

lim 
S-t +oo 

lim 
S-t -toe 

f a,· 
L.H.C. 

(, ds' 

rmif(s') 
£ 

s' - s 

Iin J;Cs') 
0 (x t,u) 

s' ·- s 

< +oo (x 

(6.2) 

·· The relation (6.3) holds if the Regge trajectories have 

nonvanishing slopes, since then both. A/x(s) and A_/u{s) 

have the asymptotic behavior 1/sl-b ln s (b is the intercept 

of the leading-Regge trajectory), which are obtained by partial-

wave proJ_'ecting·the Hegge asymptotic behavior of A and Atu · · SX 

respe9tively. We call the asymptotic behavior of A£xy(s) at 

the limit s -t +oo the partiai-wave Regge asymptotic behavior, 

since it is caused by the Regge asymptotic behavior of Axy 

Equation (6.2) implies 

-28-

ds' 
.s - s 

This means that the partial-wave Regge asymptotic behavior of 

A£ sx(s) is dual to the "pure" s-channel singularities, i.e., the 

right-hand singularities of A£sx(s). In this sense we call 

assumption (5) the assumption of partial-wave duality. 

The potential V~(s) of the models which satisfy 
"' 

assumptions (1) through (4) is defined in Eq. (4.2) as 

If assumption (5) is imposed, we see that 

lim V£(s) lim A£tu(s) 
s_. +oo s .... +oo 

Since the asymptotic behavior of A/u(s) can be expressed, by 

partial-wave projecting the Regge asymptotic behavior of Atu' 

in terms of Regge parameters.which can be obtained from.phenom-

enological fitting of the high-energy scattering data, so is 

the high-energy behavior of Vp,(s). To obtain the behavior of 

V£(s) in the intermediate-energ-y- region, lie must assume 'that 

partial-wave duality holds down to that energy region, i.e., 

then we can write 
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in the intermediate-energy region. This method is used in Ref. 

(16) to expre8s the behavior of the nn p-wave potential in 

terms of Pomeranchuk parameters in the intermediate and high-

energy region. 

The Veneziano model satisfies
23 the assumption of partial

··sx 
wave duality, since the discontinuity of A£ (s) (x = t~u) 

across the left~hand cut decreases fast enough to allow Eq. 

(6.2) to hold, and Eq. (6.3) holds since all the Regge trajec-

tories of that model are linear. These arguments can be 

generalized to Wong's model with the Pomeranchuk intercept less 

than one. 
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PART II. A METHOD TO SMOOTH EXPERIMENTALLY-

* DETERMINED PARTIAL-WAVE PHASE. SHIFTS 

-34-

l. INTRODUCTION 

Experi!te:ntally-determined phase shifts for elas'c.ic scattering 

processes usually contain ambiguities. For exampl·e, rrN partial-wave 

1-4 phase shifts from various groups are bumpy in the energy region where 

the inelasticity builds up. The bumpy behavior of the phase shifts 

suggests the existence of nearby singularities, e.g., resonance poles, 

but there is naturally fear that some of this bumpy behavior may be 

caused by experimental error and not correspond to genuine singular-

ities of the analytic S matrix. One category of spurious singularities 

are those with complex positions on the first sheet {usually called 

"~ausality violating singularities"). Smoothing procedures typically 

fit the data to analytic functions that lack such inadmissable 

singularities, being singular only in regions permitted by general 

S-matrixprinciples. The purpose of this article is to propos-e a 

method of smoothing, based on circular application of the N/D method. 

This method leads to a simpler smoothing procedure than do previous 

N/D methods. Ke also demonstrate that CDD poles can be handled without 

ambiguity. 

We need to review briefly previous attempts to use N/D integral 

equations in order to ma.ke clear the. differences bet,;een this and the 

previous works. The standard way to perform an N/D calculation) is 

first to esti;:;ate the nearby "left-hand" singularities of partial-;1ave 

amplitude fror:: experi::1ental data on cross channel reaco"io:1s. The 

distant "left-he.nd" singularities, the input inelastic function and 

CDD pole para"~ters are considered to be adjustable par&~eters. 

Inserting these inputs into the N/D integral equations, one tries by 

adjustment of the input parameters to obtain an output phase shift 

which iG a good fit to experiment. n1ere have also been investigations 
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different from this standard method but parallel to it. We mention 

three: One method6'7 avoids usage of the N/D integral equations. 

Ir:stead, the partial-11ave dispersion relation is solved directly by 

some variational te-chnique implementing unitari ty, though the input 

potential is parametrized as in the standard N/D approach. The second 

8-11 approach uses Blankenbecler-Sugar equation to include multi-

pai::ticle channels. The third approach ;;e want to mention is a multi-

12-14 channel N/D framework, instead of the single-channel formalism of 

the above described standard approach. The parametrization of the 

left-hand singularities of all the coupled reactions replaces both the 

input inelastic function and the CDD pole parameters. (In practice, 

of course, it is impossible to include all coupledchannels.) 

The adjustment of input parameters in the above-mentioned 

methods is coupled to the procedure for solving the integral equations, 

that is, all the input parameters must be adjusted simultaneously and 

the integral equation must be solved once after each adjustment. This 

situation makes the practical calculation very complicated if we 

require the output phase shift to become so accurate that we can 

determine whether or not the bumpy behavior of the experimental phase 

sh~ft is caused by. causality-violating singularities. Our proposal is 

"based on the observation that the N/D method is circular and that the 

standard approach corl'esp::mds only to half of the circle. 

Our method starts from a tentative phase shift based on 

experiment instead of on the-parametrization of the input potential. 

This experimental phase shift is used to calculate an "experimental 

potential," which is def:.ned to be the amplitude minus its physical 

_{right-Land) cut and v:hich ;Jill contain causality violating singular-

ities if the tentative phase shift contains the.se singularities. In 

the next step the experimental potential is fitted by a function 

b h . 1 . . 1 •t• 15,16 containing the ·t~ell kno;m near y unp ys1.ca reg1.on s1.ngu ar1. 1.es, 

plus some properly-parametrized distant singularities >-;hose positions 

are restricted by general principles. The fitted potential is, of 

course, free from causality violating singularities. If used as the 

input potential to the N/D integral equation, the output solution is 

generated to be free from causality-violating singularities so long as 

some circularity constraints are satisfied by adjusting the input 

. inelastic quantities. In this procedure all the parameters of the 

input potential are fixed before vle solve the N/D integral equations. 

Only the inelastic function and CDD pole parameters need to be 

adjusted from their experimental value during the procedure to solve 

the integral equations, and thus we can obtain.a high accuracy output 

solution with relatively less effort in the numerical analysis-.-

We note that there is no CDD pole ambiguity in this method. 

In the R-function method17 CDD poles correspond to zeros of the partial

wave amplitude in the physical region, and in the Frye-Harnock method18 

they are the zeros of the partial-wave S matrix in the physical region . 

Thus all CDD parameters are fixed by giving the experimental phase 

shift (see the next section for a review of this subject). 'tle also 

note that our method requires a tentative experimental phase shift 

for t.he er.tire range of physical energies up to infi:lity. The high 

enere;y par<: is obtaineci by partial-wave projection of sor.:te :high energy 

extrapJlation of the elastic scattering amplitude (e.g., we may use a 

Regge pole fit). Tnus our smoothing procedure aho rern:wes any 

possible causality-violating singularities (if any) caused by non-

smooth transition fror.:t high energy to low energy. 
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In this article we formulate the smoothing procedure in detail 

for the. ;:N phase shift and restrict cor.sideration to the R-function 

method. The kinematics and the defi~ition of various amplitudes for 

rrN elastic scattering are sWlli~rized in the Appendix. In Sec. II, the 

reformulation of the N/D method and the handling of CDD poles are 

reviewed, while the circular character of the N/D method is discussed 

in Sec. III. The procedure of smoothing is outlined in detail in 

Sec. IV, and a rough but illustrative example is given by performing 

the first part of the smoothing of a rrN P33-wave in Sec' v. Some 

overall assessment of the proposed procedure is given in the last 

section. 
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2. CDD POLE PAP.AMETERS AND THE GENERALIZED N/D METHOD 

' t + d 19-22 1' . t' The r>jD method has recently been recons rucue , e 1mwa 1ng 

the ass~~ption of po~er-boundedness for partial-<mve amplitudes. Here 

we follow the style of Ref. 21 and review the reconstruction.briefly in 

order to demonstrate the way to determine CDD pole parameters :from a 

given phase Shift. We use 0-
1+ . 
2 kinematics (e.g .. , rrN), summarized 

in the Appendix, and restrict consideration to the case ofone CDD pole, 

the generalization to any number of CDD poles being straightfor;;ard. 

A phase function e1 ±(W) is introduced from the pare.metriza-

tion 

. while a D function is defined as 

D(W) (2.1) 

where 

the subscript £± beir:g omitted as understood. The function D(l-1) 

•.-rill have a pole at W = 'de' if 

and 

lim e(w - e) rr c . 
E-> g + 

lh e(w + e) c 
E-> 0+ 

0 . 

,. 

,,. 
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We assume that one such pole in fact appears in the partial-wave 

amplitude. A new function D(W) is defined as 

D(W) = {We - W) D(W) (2.2) 

so as to be free from the pole at w =we. 

·For the convenience of later application in Sec. 5, and to 

simplifY the present discussion we assume that the nN elastic 

scattering amplitude satisfies the specific Regge parametrization of 

Ref. 23; then the asymptotic behavior of a partial-wave amplitude, 

neglecting the nonessential logarithmic factors, becomes 

and 

tan e(w) (C < 0) • 

The assumption of this specific as~~ptotic behavior for the partial-

, . . ti 1 t d' ' . 21 b t ak •t wave amplJ.tude l.S not essen a o our J.scussl.on, _u. m es l. 

s~le. With such asymptotic behavior for the phase,· the D function 

behaves asymptotically like 

(~ < a < 1) 

An N function is defined to be 

N(W) (2.4) 

while the potential is 

V(W) 

Also needed is a C function: 

c(w) N(W) - D(W) V(W) 
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Im f£+(W') 

W' W 

The partial-v1ave unitarity relation can be expressed as 

or 

R(vl) 
Im f£±(W) 

qsjf£±(w)j2 

(2.5) 

(2.6) 

(2.7) 

where R(W) =-1 in the elastic region and R(w) ~ 1 in the inelastic 

region. From partial-wave unitarity and the ·definitions of N(W) and 

C(W), i.e., Eqs. (2.4) and (2.6), we have 

Im D(W) 

and 

Im c (v:) 

R(W) N(W) 

fq R(W)·V(rl)·N(H) 

~ s 

·0 
L 

(2.8) 
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The D function satisfies a dispersion relation with two !phase shift) is given. The dispersion relations for D(W) and C(W) 

subtractions, according to its definition Eqs. (2.1) and (2.2) and its can be written as 

asymptotic behavior Eq. (2.3), while the C function satisfies a 

·dispersion relation with one subtraction. Therefore we need three D(W) 
w' 2 (w' - w) 

q (W' ) R(W' ) N(W') s . 
1 + YW 

subtraction constants. We choose these to be as D{O), D'(o), and 

C(O). The constant D(O) is a normalization constant for both D(~v) ! and 

a~d N(W), and will not appear in their ratio. The constants D'(O) 

and C(O) come into the problem because of the physical region zero 

o:' the partial-wave amplitude f.e±(W) at W = W
0

• If f.e±(W) does 

n.:Jt have any zero in the physical region, only the constant D(O) 

appears. Since D'(O) and C(O) constitute two parameters which 

must be supplied in addition to the potential V(W) and the R 

function in the N/D integral equations {see below), we refer to 

them as a pair of CDD pole parameters. This definition of CDn·pole is 

reasonable since in the D function, there is a pole at W=W c due 

to the zero of f.e±(W) at W = W
0

• The values of D'(O) and C(O) 

can be written down from Eqs. (2.1), (2.2), and (2.6) to be 

Y - D'(O) 

a:-.d (2.9) 

p - C(O) 1 1"" Im f.,.JH') 
dW' · ~-

n . vl' 
'~-To 

·,here the D futictioh is horinali:ied to be unity at W = 0. · From 

Eq. (2.9) ·<~e see explicitly that the CDD pole parameters are deter

mined uniquely if .the partial-10ave amplitude f.e±(W) (and thus the. 

c(w) • N(w) - v(w) D(w) • ~ + ~ 1" 
wo 

dW' 
q · (W' )R(W' )V(W' )N(W') 

s . 

W' (W' - W) 

'Inserting the dispersion relation of D(W) into that of C(W), we 

obtain the N/D integral equation as 

g(W) 

and 

D(W) 

.where 

g(lv) 

v(H) 

and 

K(W,W') 

v(W) + i • dW' K(W,W') g(W') 

0 

rj= (co q (W') R(W') -- J dW'. s 
:rr . . W' 

wo . 
1 + YW 

N('w) 
w 

1 
(p + (1 + YVl)·V(W)) 

\•1 

1 qs (W') R(W') W' v{w'}- w v{w} 
Jt W' ·w· - w 

(2.10) -. 

g(W') 
,(2.11) 

W' - W 
,·· 

•. 



3. CIRCULARITY OF THE N/D METHOD 

The N/D method outlined in the previous section has a circu

lar nature. Starting from a partial-wave amplitude f.e±(W), we calcu
/ 

late the potential V(W) from Eq. (2.5), the R function from Eq. 

(2.'7), and the necessary CDD pole parameters from Eq. {2.9). Then 

in~erting them into the N/D integral equations, an output partial-

·.:ave amplitude f.e±(W) is obtained. Of course the output partial-wave 

anplitude should be identical to the input one. By a careful study 

cf the construction of the N/D integral equations, we see that this 

circular nature is rather trivial
24 

in the sense that any partial-wave 

amplitude will satisfy this circle, if it satisfies the unitarity. 

relation in the elastic region, the unitarity bound in the inelastic 

region, the.~older continuity,19 and if its potential makes the N/D 

integral equation Fredholm. 

The above mentioned circularity of the N/D method guarantees 

the absence of ghost zeros from the output D function. But the 

absence of @1ost zeros from the D function becomes uncertain if we 

·.::) start from giving an input potential, a R function and CDD pole 

::.l 

parameters instead from an input partial-wave amplitude. Suppose such 

~ set of input informations is given, i.e., an input potential, a R 

fur:~tion and CDD pole parameters from Eqs. {2.7), {2.5), and (2.9) 

respectively. We can reconstruct an output R function, an output 

potential and CDD pole parameters. The circularity between the 

input and the output R functions is trivial [it can be shown from 

Eqs. (2,4), (2.7), and (2.8)]. The circularity for the potential and 

CDD pole parameters is not obvious. Nevertheless if the latter 

circularity is also iinposed, then the complete circularity of the N/D 

n:ethod guarantees the absence of ghost.zeros from the D .function. 
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We demonstrate the a::,ove argument by considering a simple 

example and iniiestigate the nontrivial appearance of the circularity of 

the potential. We assume that there is no CDD pole, and the potential 

contains N poles only, so it can be written as 

N 

v(w) 2: 
j=l 

_l_ 
w - w. 

J 

where 

* v (w) * v(w ) . 

The N/D integral equation becomes 

N(W) 

where 

X. 
J 

and 

F(W') 

X. 
J 

N 

V{W)- ~ cjrrwj 
w- w. 

j=l J 

F(W') N(W') 
W' - W. 

J 

q (H') R("w') 
s 

vr• 

(3.1) 

Multipl~ring both sides b;r F(H)/(W - Hi) and integrating over w 

from w0 to oo, we obtain 

N 

t. 1 \ H. X. a .. cj X. 
~ ~ rr L ~J J J 

(i 1, · · · ,N) , {3.2) 
j=l 



where 

1"' F(W') 
dW' ,-:(W-::-:-, ---'~W .'.:.f.)~(W':7-' ---:-w-."'"") 

1 J wo 

and 

Substituting Eq. (3.1) into the dispersion relation for D(W), 

D(W) 

we have 

-·-
D(W) 1 

w wjnxj) 

where 

Taking the ratio N/D of Eqs. (3.1) and (3.3), and continue to 

w = wi, we have 

. ) NtWj llm (W - w. ·n \·T 
W-. VT. 

1 

1 

w. ) 1 . 
- ----:• X, 

1': 1 

~ G wj xj) L c.a .. 1---
rt j =1 J 1J 1( 

1-,, 

(3.3) 
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lubstituting Eq. (3.2) for xi in the numerator, we have 

(i = 1, · · · ,N) 

l'his result indicates that the input potential is really- a part of the 

mphysical region singul.ari ties of the output partial-wave amplitude. 

[n order to show the absence of the other unphysical region singular-

l ties (poles) from the output partial-;.,.ave amplitude, i.e., the 

1bsence of ghost zeros from the D function, the circularity of the 

~otential must be imposed. 

The circularity of the potential can be written, from Eq. (2.5), 

iS 

N 
\'___l_ 
L w- w. 
j=l J 

where N(W) and D(W) are given by Eqs.(3.1) and (3.3) respectively. 

I'he parameters c.'s 
J 

and W.'s may be considered as given, then the 
J 

circularity equation of Eq. (3.4) becomes a nontrivial constraint for 

the R function, in other words, the R function must satisfy this 

constraint in order to guarantee the absence of.ghost zeros from the 

D function. 
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4. THE PROCEDURE FOR SMOOTHING A PHASE SHIFT 

We now outline our procedure for smoothing a phase shift based 

on the circularity of the N/D method. We discuss explictly the :n:N 

phase shift as an example, the application to other kinds of phase 

shifts b.eing straightforward. 

Starting from an experimental low- to medium-energy phase shift 

for a certain partial wave, we combine this with' the high-energy phase 

shift from the partial-wave projection of a phenomenological parametri-

zation of the high-energy nN elastic amplitude, e.g., a Regge pole 

fit etc. We call this combined phase shift the experimental phase 

shift. The experimental input potential, R function, and CDD pole 

parameters (if their existence is indicated by the experimental phase 

shift) are calculated from their definitions by inserting the experi-

mental phase shift into Eqs. (2.5), (2.7), and (2.9) respectively. In 

order to eliminate causality-violating singularities we next seeka 

"fitted" potential that approximates as well as possible the "input" 

potential but that contains only allowed unphysical region singular

ities.25 Tne structure of the near-by unphysical singularities are 

k 15 , 16 b t t' d' t t h . 1 . . ~ . :ncwn, u ne 1s an unp ys1ca -reg:1on s:Lngular:Lt:Les, whose 

position~ are kno<m, but whose magnitude is uncertain, must be 

parametrized and these parameters determined by a best fit to the 

experimental potential. This fitted potential as well as the experi-

~ental CDD pole parameters and the experimental R function are 

then used as the input to the N/D integral equation. Since the 

fitted potential is free from causality-violating singularities, the 

structure of the N/D integral equation guarantees a corresponding 

property for the N function so long as the input R function is 

continuous. 
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T.~e R function and the CDD pole parameters then must be 

adjusted from their experi:nental input to make the circularity for 

the potential and CDD pole parameters be satisfied. The output 

partial-wave amplitude, after the complete circularity is imposed, is 

guaranteed to be free from causality violating singularities. 

We note that in this smoothing procedure the determination of 

the parameters of the fitted potential is carried out before the 

integral equations are solved. This represents a considerable 

simplification of the effort in numerical analysis compared to the 

standard N/D approaches discussed in Sec. IJ where the adjustment 

of the potential parameters is coupled to the procedure for solving 

the integral equations. Further the absence of causality violating 

singularities is not guaranteed in those standard N/D approaches 

due to the ignorance of the circularity of the potential and -CDD 

pole parameters. Another characteristic of our smoothing procedure, 

which in principle also exists in the standard approach but usually 

is neglected, is the necessity to use an asymptotic high-energy phase 

shift. Thus our smoothing procedure automatically removes possible 

causality-violating singularities associated with nonsmcoth transition 

from low energies to high energies. 

There is a more effective method to check the absence of the 

ghost zeros (causality violating zeros or zeros below the elastic 

threshold) from the output D function than the explicit check of the 

circularity of the potential. Suppose the dispersion relation of D 

requires N + 1 subtractions, that is, we are considering the. case with 

N CDD poles. A D function can be constructed by Eq.(2.1) from the 

phase of the output D function. This phase should have N discon-

tinuous jumps from 1r to 0 in the physical region in order to 
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generate N poles in D. A new D function is then obtained by 

multiplying the D function with N zeros to cancel N poles of 

D. This new D function is apparently free from ghost zeros. The 

ratio between the output D and this new D function is regular on 

the whole complex energy plane. If-this entire function approaches 

a constant asymptotically at any direction, the output .D function 

is proportional to .the new D function, and it is also free from 

ghost zeros. 
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5· AN ILLUSTRATIVE EXAMPLE (SMOOTHING OF A :rrN P
33

-WAVE) 

We smooth a c:N P
33

-wave phase shift in this section as an 

example illustrative of the procedure outlined in the previous section. 

The fitting technique used in this e~ple is primitive and can be 

greatly improved by advanced numerical-analysis. The last step of the 

smoothing procedure, i.e., the check of the circularity of the potential 

and CDD pole parameters has not been performed in this simple calcu-

lation. · Instead the behavior of the output D function is investi.,

gated explictly. It turns out that there is no obvious causality 

violating zeros (ghost zeros) in our solution. 

The low-energy :rrN P
33

-wave phase shift is>taken from the 
. 1 . J 

CERN analys1s, while the h1gh-energy phase shift is obtained from a 

partial-wave projection. of Barger and Phillips' five Regge pole fit23 

to the :rrN elastic scattering amplitude. A portion of the combined 

experim~ntal phase shift (from the :rrN threshold up to 3·3 GeV in 

center of mass energy) is shown in Fig. 1 by the dotted points. The 

transition from the CERN phase shift to the Regge phase shift occurs 

around 2. 2 GeV. Substituting this combined experimental phase shift 

into Eq. (2. 5 ), an experimental potential is obtained. To simplify 

the calculation we fit the experimental potential by a finite number 

of poles. In any serious attempt to implement this smoothing proce-

dure, the Y~own structur~ of nearby unphysical region singularities 

(they are usually logaritP~ic) should be used explicitly, instead of 

just poles. For our. fitted potential in this example we use twenty

one poles; three in the interval between the origin of the W plane 

and the ~N elastic threshold, one pair of complex conjugate poles 
. ~-

at the position of.the circle singularities-) associated-with the 

.. 

-· 



.. 
.. 

-51-

t channel, and nine pairs of complex conjugate poles along the 

Lmaginary ~xis of the W plane. The positions of the poles are 

fixed, but their residues are considered as the adjustable pararneters. 

Thus we have twelve adjustable parameters (the residues of a pair of 

complex conjugate poles are complex conjugate). These twelve adjust-

able parameters are then determined by a least square fit to the 

experimental potential~ A portion of the fitted potential and the 

experimental one are shown in Fig. 2 up to about 3.5 GeV. A better 

fit can be obtained by an advanced numerical analysis, e.g., also 

take the positions of poles are adjustable parameters, and by consid-

.ering some logarithmic singularities explicitly. 

The experimental phase shift from which we started requires 

one CDD pole at infinity, whose presence reflects our definition 

of the partial-wave amplitude combined with the Regge behavior-of 

Re:f. 23, our partial-wave amplitude vanishing at infinity. This CDD 

pole could be removed by changing the definition of the partial-wave 

amplitude to let it approach a nonvanishing asymptote, but then a 

subtraction constant must be included. in the definition of the 

potential. The physics would be unchanged. Using the notion of a 

CDD pole at infinity in this example, we obtain the CDD pole 

··;t. parameters (one subtraction constant for the C function and one for 
.. 

the D fCJnction). An experimental R function is also calculated 

from the combined experimental phase shift. The fitted potential, 

the exper:..mental R function, and the experimental CDD pole param-

eters are used as the input to the N/D integral equations. The 

outp-:1t s::-lution of the integral equations has a ~3 resonance wit!: 

a mass shifted about 80 MeV. below the experimental mass {1236 MeV). 

The CDD pole parameters are varied about 10~ from their experimental 

value to bring the output mass of the ~3 resonance to its experi

mental value. The R function is adjusted by hand, starting from the 

experimental value to produce a resonanble fit to the input phase 

shift. This adjusted R function has not been listed, instead the 

output solution translated to the output phase shifts are.shown in 

Fig. 2 as the solid curve [we note that due to the trivial circularity 

of the R function, our input R function can be easily obtained from 

the output phase shift through Eq. (2.7)]. The circularity of.the 

potential and CDD pole parameters is not checked in this simple 

example, but the values of the output D function at various energies 

are plotted in Fig. 3· The lack of clockwise circle in this figure 

indicates the absence of nearby ghost zeros from the D function. 

This can also be seen from the negativity of the imaginary par~ of the 

D function in the physical region, combining with the d:..spersion 

relation of D {the imaginary part of D at complex W will never 

vanish). We note that no systematic effort has been made in this 

example to obtain a best fit to the input phase shift. 
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6. DISCUSSION 

The smoothing procedure outlined in the previous sections has 

been constructed on the ordinary pe.rtial-•Ta.ve amplitude~ We note that 

a similar smoothing procedure can be constructed on other partial-wave 

amplitudes, 26, 27 With which the p~rtial-wave expansion converges 

faster than the ordinary partial-wave expansion. 
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APPENDIX 

We review the kinematics of rcN scattering in this appendix. 

The notations follow that of Ref. 25 and Ref. 28. Let the fo1,1r, 

momenta of the incident .and outgoing pions be q1 and q2 :respec

tively, while those of the initial and final nucleons are pl and 

p2 . The. masses of pion and nucleon are denoted as .·. 1.1. and m. The· 

Mandelstam variables s, t, and u are ·defined to be 

s (pl + ql) 
2 

(q2 
.· 2 

t - q ) l 

(pl 
2 

u - q2) 

The magnitude of the three momentum vector in the center of mass frame, 

qs, and the cosine of the scattering angle, cos e, are 

and 

cos 9 

. 2 2 
[s - (m + 1.1.) ][s - (m - ~) ] 

1 +._t_ 
2 2 qs 

4s 

Two amplitudes f1 and f 2 are defined28 in terms of the 

invariant amplitudes A(s,t,u) and B(s,t,u) as 

E + m ) o~\'1 (A + (w - m B} 

and ··· 

where 

and 

f 
2 

w 

E 

E - m ( .d;W -A+ (W +m)B}, 

1. 
(s)2 

28 
The partial~•,;ave expansion of r

1 
and f

2 
are 

and 

00 

\ L (f1 +(W) P£+1 (cos 0) - f.e_(w) P£_1 (cos o)) 
l=O 

00 

L (r.e_(w) - r£+(W)) P_t(cos e) . 

£=1. 

By the help of the orthogonal relation 

·1l d(cos 9) Pk_(cos 9)(Pf.+l(cos 9) - P£_1 (cos 9)) 

-1 

we obtain 

f ·' (Vl) .(± 

+ (W- m + 1.1.)(W- m- 1.1.)·(-A_;(s) + (W + m)B£±l(s))] 
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where 

d(cos ~) A(s,t,u)P.e(cos ~) 

and 

{"l d{cos ~) B{s,t,u) P.e{cos 9) . 
J_l 
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FIGURE CAPTIONS 

Fig. 1. The dotted points below 2.2 GeV are the CEP~ experimental 

phase shift for nN P
33

-wave and those above 2.2 GeV are 

the Regge phase shift f'rom the partial-wave projection of the 

Regge po1e fit of' Ref'. 23. The solid curves are our output 

phase shift. 

Fig. 2. The dotted points represent the value of' the experimental 

potential, and the solid curve is the fitted one. 

-Fig. 3. The values of the output D function are plotted for various 

energies. 
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