UC San Diego
UC San Diego Previously Published Works

Title
Higher-order Fourier Analysis and Applications

Permalink
https://escholarship.org/uc/item/783251ht

Journal
Foundations and Trends® in Theoretical Computer Science, 13(4)

ISSN
1551-305X

Authors

Hatami, Hamed
Hatami, Pooya
Lovett, Shachar

Publication Date
2019

DOI
10.1561/0400000064

Peer reviewed

eScholarship.org Powered by the California Diqgital Library

University of California


https://escholarship.org/uc/item/783251ht
https://escholarship.org
http://www.cdlib.org/

The version of record is available at: http://dx.doi.org/10.1561/0400000064

Higher-order Fourier Analysis and
Applications

Hamed Hatami', Pooya Hatami? and Shachar Lovett?

L McGill University; hatami@cs.mcgill.ca
2Ohio State University; pooyahat@gmail.com
3 University of California, San Diego; slovett@cs.ucsd.edu

ABSTRACT

Fourier analysis has been extremely useful in many areas of
mathematics. In the last several decades, it has been used
extensively in theoretical computer science. Higher-order
Fourier analysis is an extension of the classical Fourier anal-
ysis, where one allows to generalize the “linear phases” to
higher degree polynomials. It has emerged from the semi-
nal proof of Gowers of Szemerédi’s theorem with improved
quantitative bounds, and has been developed since, chiefly
by the number theory community. In parallel, it has found
applications also in theoretical computer science, mostly in
algebraic property testing, coding theory and complexity
theory.

The purpose of this book is to lay the foundations of higher-
order Fourier analysis, aimed towards applications in theo-
retical computer science with a focus on algebraic property
testing.

Hamed Hatami, Pooya Hatami and Shachar Lovett (2019), “Higher-order Fourier
Analysis and Applications”, Foundations and Trends® in Theoretical Computer
Science: Vol. 13, No. 4, pp 247-448. DOI: 10.1561/0400000064.
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Introduction

The purpose of this text is to provide an introduction to the field
of higher-order Fourier analysis with an emphasis on its applications
to theoretical computer science. Higher-order Fourier analysis is an
extension of the classical Fourier analysis. It was initiated by a seminal
paper of Gowers [37] on a new proof for Szemerédi’s theorem, and has
been developed by several mathematicians over the past few decades
in order to study problems in an area of mathematics called additive
combinatorics, which is primarily concerned with linear patterns such
as arithmetic progressions in subsets of integers. While most of the
developments in additive combinatorics were focused on the group Z,
it was quickly noticed that the analogous questions and results for the
group F are of great importance to theoretical computer scientists as
they are related to basic concepts in areas such as property testing and
coding theory.

Classical Fourier analysis is a powerful tool that studies functions
by expanding them in terms of the Fourier characters, which are “linear
phase functions” such as n — e~ 3™ for the group Zy, or (T1,...,Ty)
(—l)zaﬂf for the group F3. Note that n and )" a;jx; are both linear
functions. Fourier analysis has been extremely successful in the study
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of certain linear patterns such as three-term arithmetic progressions.
For example, if the number of three-term arithmetic progressions in
a subset A C Zy deviates from the expected number of them in a
random subset of Zy with the same cardinality as A, then A must have
significant correlation with a linear phase function. In other words, the
characteristic function of A must have a large non-principal Fourier
coefficient. Roth [66] used these ideas to show that every subset of
integers of positive upper density contains an arithmetic progression
of length 3. However, classical Fourier analysis seems to be inadequate
in detecting more complex linear patterns such as four-term or longer
arithmetic progressions. Indeed, one can easily construct dense sets
A C Zy that do not have significant correlation with any linear phase
function, and nevertheless do not contain the number of four-term
arithmetic progressions that one expects by considering random subsets
of the same cardinality. Hence in order to generalize Roth’s theorem to
arithmetic progressions of arbitrary length, Szemerédi [76, 77] departed
from the Fourier analytic approach and appealed to purely combinatorial
ideas. However, his proof of this major result, originally conjectured by
Erdos and Turén [27], provided poor quantitative bounds on the minimal
density that guarantees the existence of the arithmetic progressions of
the desired length. Later Furstenberg [31] developed an ergodic-theoretic
framework and gave a new proof for Szemerédi’s theorem, but his proof
was still qualitative. His theory is further developed by - to name a few
- Host, Kra, Ziegler, Bergelson, Tao (See e.g. [51], [88], and [10, 82]),
and there are important parallels between this theory and higher-order
Fourier analysis. Indeed some of the terms that are commonly used in
higher-order Fourier analysis such as “phase functions” or “factors” are
ergodic theoretic terms.

Generalizing Roth’s original proof and obtaining good quantitative
bounds for Szemerédi’s theorem remained a challenge until finally Gow-
ers [37] discovered that the essential idea to overcome the obstacles
described above is to consider higher-order phase functions. His proof
laid the foundation for the area of higher-order Fourier analysis, where
one studies a function by approximating it by a linear combination of
few higher-order phase functions. Although the idea of using higher-
order phase functions already appears in Gowers’s work [37], it was not
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until more than fifteen years later that some of the major technical diffi-
culties in achieving a satisfactory theory of higher-order Fourier analysis
have been resolved. By now, due to great contributions by prominent
mathematicians such as Gowers, Green, Tao, Szegedy, Host, Kra and
Ziegler (See [75] and [80] and the references there), there is a deep
understanding of qualitative aspects of this theory. However, despite
these major breakthroughs, still very little is known from a quantitative
perspective as many of the proofs are based on soft analytic techniques,
and obtaining efficient bounds is one of the major challenges in this
area.

This survey will emphasize the applications of the theory of higher-
order Fourier analysis to theoretical computer science, and to this end,
we will present the foundations of this theory through such applications,
in particular to the area of property testing. In the early nineties, it was
noticed by Blum et al. [20] and Babai et al. [6] that Fourier analysis
can be used to design a very efficient algorithm that distinguishes linear
functions f : F§ — F9 from functions that are far from being linear.
This initiated the area of property testing, the study of algorithms that
query their input a very small number of times and with high probability
decide correctly whether their input satisfies a given property or is “far”
from satisfying that property. It was soon noticed that generalizing
the linearity test of Blum et al. [20] and Babai et al. [6] to other
properties such as the property of being a quadratic polynomial requires
overcoming the same obstacles that one faces in an attempt to generalize
Fourier analytic study of three-term arithmetic progressions to four-term
arithmetic progressions. Hence in parallel to additive combinatorics,
theoretical computer scientists have also been working on developing
tools in higher-order Fourier analysis to tackle such problems. In fact
some of the most basic results, such as the inverse theorem for the
Gowers U3 norm for the group F%, were first proved by Samorodnitsky
[70] in the context of property testing for quadratic polynomials.

In Part I we discuss the linearity test due to Blum et al. [20]
and its generalization to higher degree polynomials. We will see how
this naturally necessitates the development of a theory of higher-order
Fourier analysis. In Part II we present the fundamental results of the
theory of higher-order Fourier analysis. Since we are interested in the
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applications to theoretical computer science, we will only consider the
group I} where p is a fixed prime, and asymptotics are as n tends to
infinity. Higher-order Fourier analysis for the group Zy, which is of more
interest for number theoretic applications, shares the same basic ideas
but differs on some technical aspects. For this group, the higher order
phase functions, rather than being exponentials of polynomials, are the
so called nilsequences. We refer the interested reader to Tao [80] for
more details. In Part III we use the tools developed in Part II to prove
some general results about property testing for algebraic properties.

Throughout most of the text, we will consider fields of constant
prime order, namely F = [F,, where p is a constant, and study functions
from F to R, C, or F, when n is growing. Our choice is mainly for
simplicity of exposition, as there have been recent research that extend
several of the tools from higher-order Fourier analysis to large or non-
prime fields. We refer the interested reader to a paper by Bhattacharyya
et al. [12] for treatment of non-prime fields. In Chapter 8 we will discuss
a paper by Bhowmick and Lovett [19] considering the case F}; when p
is allowed to grow as a function of n.
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We start Part I by presenting the Fourier analytic linearity test
of Blum et al. [20] in Chapter 2. In Chapter 3, we show how this
test can be generalized from linear functions to polynomials of higher
degree. The focus will be on the so-called “99% regime”, where the
test is designed to distinguish polynomials of a given degree d from the
functions that are somewhat far from them, i.e. functions that do not
match with any polynomial of degree d on more than 1 — € fraction of
the points for a small € > 0. In Chapter 4, we turn our attention to the
more challenging case of the so-called “1% regime”, where the test is
supposed to distinguish functions that have some noticeable correlation
with polynomials of degree d (i.e. more than a small constant € > 0) from
functions that, similar to a typical random function, have essentially no
correlation with any polynomial of degree d. Chapter 4 is focused on
the case of quadratic polynomials. Polynomials of higher degrees are
more complex and are discussed in Part II of the survey.
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Fourier Analytic Property Testing

The field of property testing is the study of algorithms that query their
input a very small number of times and with high probability decide
correctly whether their input satisfies a given property or is “far” from
satisfying that property. In this chapter we survey some of the earliest
yet important results in the area of property testing that use classical
Fourier analysis to design efficient tests for certain algebraic properties.
In particular, we analyze the linearity test of Blum et al. [20] which
together with a paper by Babai et al. [6] are often considered as the
earliest explicit examples of property testing. These results inspired
Rubinfeld and Sudan [69] and Goldreich et al. [32] to formally define this
field and initiate a systematic study of testable properties. A property
is called testable, or sometimes strongly testable or locally testable, if the
number of queries can be made independent of the size of the object
without affecting the correctness probability. Perhaps surprisingly, it has
been found that many natural properties satisfy this strong requirement.
In this survey we will only discuss algebraic properties, however we refer
the reader to [29, 68, 65, 74] for a general overview of this field.

254
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Let [R] denote the set {1,..., R}. Let F denote a finite field, and
F™ denote an n-dimensional vector space over F. Given two functions
f,g : F™ — [R], their distance is the fraction of points on which they
disagree,

dist(f,g) := J;E%n[f(x) # g(7)],

where here and throughout Pr,cpn[-] means the probability of an event
given a uniform choice of x € F”.

A property is a subset of functions, P C {f : F" — [R] : n € Z>¢}.
The distance of f : F" — [R] is e-far from P is its minimal distance to
a function in P,

dist(f, P) := min dist(f, g),

where the minimum is taken over all functions g € P defined over the
same domain as f (namely, g : F* — [R]). If dist(f, P) < e then we say
that f is e-close to P, and otherwise we say that it is e-far from P.

Definition 2.1 (Testability with one-sided error). A property P is said to
be testable with one-sided error if there are functions ¢ : (0,1) — Zxy,
0:(0,1) = (0,1), and an algorithm 7" that, given as input a parameter
e > 0 and oracle access to a function f : F" — [R], makes at most
q(e) queries to the oracle for f, always accepts if f € P and rejects
with probability at least d(¢) if f is e-far from P. If, furthermore, ¢ is
a constant function, then P is said to be proximity-obliviously testable
(PO testable).

In the above definition we only allow one-sided error. These are
algorithms that do not err when the function satisfies the property.
However, it is also natural to study tests with two-sided error, and
indeed in Chapter 17 we will see examples of such tests.

The term proximity-oblivious testing was coined by Goldreich and
Ron [35]. Indeed as we will see in Section 2.1, the famous linearity test
of Blum et al. [20] is an example of a proximity oblivious test. It shows
that the linearity of a function f : F"* — F is testable using only 3
queries. This test accepts if f is linear and rejects with probability ()
if f is e-far from linear.
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2.1 Linearity testing

Linearity testing is a cornerstone of property testing, and in particular
the birthplace of algebraic property testing. There are two equivalent
definitions for linear functions. A function f : F§ — Fy is linear if

(1) Global definition. f(z) = >, a;x; for some a; € Fs.
(2) Local definition. For all z,y € F3, f(x 4+ y) = f(x) + f(y).

Our goal will to be determine whether a given function f is linear,
or whether it is far from it. The distance of a function f to the family
of linear functions is given by

min Pr(f(z) # g(=)],

g:F3 —F2 linear

where the probability is over a uniform choice of x € Fy. The BLR
tester of Blum et al. [20] uses the local definition of linearity: it chooses
random x and y accepts the function if f(z +y) = f(z) + f(y).
BLR test. With query access to f : Fy — Fa:

1. Choose z,y € [y independently and uniformly at random.
. Query f(z), f(y), f(z +y).
. Accept if f(z) + f(y) = f(z + y) and Reject otherwise.

[\

w

It is clear that the tester always accepts linear functions. It turns out
that the probability that the above tester rejects is directly related to
the distance of f from linearity. We follow the proof of Bellare et al. [9],
which simplifies and improves the original analysis of Blum et al. [20].
The proof relies on classical Fourier analysis. As there are a number of
good books on the topic, for example an excellent book of O’Donnell [63],
we assume basic familiarity with classical Fourier analysis (concretely:
the definition of Fourier coefficients, the Fourier inversion formula and
Parseval’s identity).

Theorem 2.2 (Bellare et al. [9]). Let f: Fy — [y be a function whose
distance to linear functions is €. Then the BLR test rejects f with
probability between ¢ and 5e.
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Proof. Let F(z) = (—1)7®). We can express the acceptance probability
of the test in terms of the Fourier coefficients of F, which to recall
are given by the Fourier decomposition F(z) = 2 aek? Fa)(=1)le).
Below, all probabilities and expectations are taken over uniformly chosen
z,y € Fy.

Prif(z) + f(y) = fz +y)]

+5E [F(x)F(y)F(z +y)]

Y F@F(B)Fm) E
a,B,yEFD e
+% 3 F(a).

a€cly

+
N — N =

N = N = N =

[(_1) (a7$>+(57y>+(v,w+y>]

Here, we used the fact that
E [(_1)<a7:v>+(,6‘,y>+<%x+y>} —F [(_1)<a+%x>} E [(_1)<6+%w>}

x,y Yy
is equal to 1 if « = 8 = «, and equal to 0 otherwise.
To prove the upper bound on the acceptance probability, we can
bound

1 ~
Prf(z) + f(y) = fle +y)] < 5 (1 +ma>;§F(a)> ;
T,y 2 QG]FQ
where we applied Parseval’s identity Y F(a)? = E[F(z)?] = 1. If
f has distance ¢ from linear functions, then for any linear function
g(x) = (z,a) it holds that Pr[f(z) # g(z)] > . Then for any a € F%,

A

F(a) = E[F@)(~1)"] = Pr{f(x) = g(2)]Pr[f(2) # g(x)] < 1-2=.

x

We thus obtain that

Pr(f(z) + f(y) = flz +yl<1-e

For the lower bound, if the distance of f to linear functions is €, then
there exists a* € F% such that F'(a*) =1 — 2¢. Thus F(a*)? > 1 — 6¢
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F(a) <

and the contribution of all other terms is bounded by 3,
Y arar [F(Q)? =1— F(a*)? < 4e. So

ata*

Prlf(@) + (y) = fr )] = 5 (1 + P+ 30 ﬁ<a>3>

>1— 5e.

2.2 Testing for affine linearity

A very related notion to linear functions is that of being an affine
linear function. Again, there are two equivalent definitions. A function
[ F§ — Ty is affine linear if

(1) Global definition. f(x) = ag + >_i*; a;x; for some a; € Fs.

(2) Local definition. For all z,y,2z € Fy, f(x) + f(y) + f(z) =
fla+y+2).

Let P; denote the family of affine linear functions (equivalently,
functions whose degree as an Fo-polynomial is at most 1). A very
similar test to the BLR test can detect if a function is affine linear or
far from it.

BLR test for affine linearity. With query access to f : F§ — Fa:
1. Choose z,y, z € Fy independently and uniformly at random.
2. Query f(x), f(y), f(2), f(z +y + 2).
3. Accept if f(z)+ f(y)+ f(z) = f(z+y+2) and Reject otherwise.

Theorem 2.3. Let f : F§ — [y be a function whose distance to affine
linear functions is €. Then the BLR test for affine linearity rejects f
with probability between € and 6e.
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Proof. Let F(z) = (—1)7®). We can express the acceptance probability
of the test in terms of the Fourier coefficients of F' as

Pr [f(z) + f(y) + f(2) = f(x +y + 2)]

x?y7z

1 1

=S +5 E [F@)F@FE)F(@+y+2)
2 2azyz
1 1 =~

=~ 45> Fla)!
2 2

a€lFy

For the upper bound, we can apply Parseval’s identity and bound

Pr{f() + f) + 1) = flety+ ) < 5 (1 + max |ﬁ<a>|2>

ang
acly

< % (1 + max |ﬁ(a)|> |

If f has distance € from affine linear functions, then for any linear
function g(x) = (z,«) it holds that Pr[f(x) # g(z)] > ¢ and Pr[f(x) #
g(x) + 1] > €. Then for any o € F3,

‘ﬁ(a)‘ =

thM_DW®HS1_%'

Thus
Lrlf(@) + fly) +f(z) = flz+y+2)]<1-e

For the lower bound, if the distance of f to affine linear functions is
g, then there exists o € F§ such that |F(a*)| = 1 — 2e. By the same
analysis as that of linearity testing, F'(a*)* > 1—8¢ and > atar Fla)* <
4e. So

Lrlf@) + )+ f(z) = fle+y +2)]
_ % (1 + R + Y ﬁ(a)4)

aFta*
>1— 6e.
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2.3 Limitations of Fourier analysis

The analysis of linearity testing makes use of the fact that functions
that are close to linear, must have a large Fourier coefficient; and those
that are close to affine linear, must have a large Fourier coeflicient in
absolute value. Unfortunately, this property does not carry over if we
are interested in testing for higher-degree behavior, such as quadratic
polynomials. As the following example shows, there are quadratic poly-
nomials which have negligible Fourier coefficients. This will necessitate
the introduction of higher-order analogs of Fourier analysis.

Claim 2.4. Assume n is even and consider the quadratic polynomial

f :Fy — Py defined as

f(x) = z129 + T34 + -+ + Tp_1Tn.
Let F(z) = (—1)/®). Then |F(a)| = 27/2 for all o € F3.
Proof. Fix a € F3. Then

F(a)=E [(,1)f(m>+<m,a>}

x

n/2

= E {(_1)3621'71I2¢+042i71932¢71+a2w2¢} )
i=1 T2i—1,L24

The proof follows as for any a,b € F,

E [(_1)xy+ax+by}:(_l)ab E {(_1)(x+a)(y+b)}

z,y€f2 z,y€F2
_l)ab
— (-1 ab E —1)%¥ :(7
D" B ()7 = 5

Thus,

~

F(a) — 9 n/2, (_1)Oé1a2+...+an_1an_
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Low-degree Tests, the 99% Regime

In Section 2.1 we showed that linearity can be tested by a very simple
test: sample a random pair =,y € Fy and check if f(z+y) = f(z)+ f(y).
This tempts one to suspect that similar tests would perform well even
for more complex properties which similarly have a local definition. One
such property is that of being a low-degree polynomial. Given query
access to a function, we are interested in testing whether the function
is a low-degree polynomial or far from any low-degree polynomial. The
testability of low-degree polynomials was first proved by Alon et al.
[3], where they showed that the local characterization of low-degree
polynomials can be used to design a natural test for this task. The
analysis was sharpened by Bhattacharyya et al. [18]. In this chapter, we
focus on the “99% regime”, where the goal is to distinguish functions
very close to low-degree polynomials, from functions which are somewhat
far from low-degree polynomials.

3.1 Basic properties of low-degree polynomials

Let f :Fy — Fo, and d > 1 be an integer. A function f : Fy — Fa is a
polynomial of degree (at most) d if one of the following two equivalent
conditions hold:

261
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(1) Global definition. f(z) = Y gcn),s1<d @5 [lics @i for some ag €
Fs.

(2) Local definition. For all z,y1, -+ ,yq+1 € FY, it holds that
Yosciary [ (@ + X esyi) = 0.

We denote by P, the family of all polynomials of degree at most
d. In order to prove that the two definitions for degree d polynomials
agree, we need to first prove a few basic facts about polynomials.

A very useful notion is that of directional derivatives. For f : Fy —
Fy and y € Fy, the directional derivative of f in direction y, denoted
D, f :Fy — Fo, is defined as

Dyf(z) = f(z +y) + f(z).

Note that D, is a linear operator, that is Dy,(f + g) = Dyf + Dyg.
Iterated derivatives are defined as Dy, . o f = Dy, ...D,, f. It is
straightforward to verify that

Dy,.. 7ykf Z f <$+Zyz>~

SClk] €S

Then, the local definition of f being a degree d polynomial is equivalent
to Dy,...yg f =0 for all y1,...,y441 € F5. We next prove some facts
about derivatives.

Claim 3.1. Let f : F§ — F2 be a polynomial of degree d (according to
the global definition). Then D, f is a polynomial of degree at most d — 1
(according to the global definition).

Proof. It suffices to prove the claim for monomials of degree d. Let
m(z) = [1%, z;. Then

Dym(x) = m(z +y) +m(z )
d
sz"i'yz Hl'z
Z H%Hyz

SC[d]i€S  igS
All the z-monomials in D,m have degree at most d — 1, and hence Dym
is a polynomial of degree at most d — 1. O
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Claim 3.2. Let m(x) = [, z;. Then for any yi,...,yas1 € F3,

1. Dy, yom(x) => ngl Yi (i), Where 7 ranges over all permuta-
tions of {1,...,d}. In particular, it is independent of z.

2. D m = 0.

Y1y--Yd+1

Proof. The second claim follows immediately from the first, as any
derivative of a constant function is zero. We prove the first claim by
induction on d. We have that

Dyla“-»ydm(x) = Dylw-’yd—lDydm(x)

Dy,....ya-1 (Z H%Hydz>~

Scld]i€S ¢S

All the monomials in Dy, m(x) of degree less than d—1 will be annihilated
by taking d — 1 derivatives. Hence

Dylv“-’ydm(x) =Dy,...yas (Zyd,j H x’) ‘

jed  deld\{j}
By induction, we have for any j € [d] that

Dy1,~~~,yd1< H .’L'l):Z H Yio(i)
i€]

€ld\{5} o i€[d\{j}

where o enumerates all one-to-one functions from [d — 1] to [d] \ {j}.
The claim follows by linearity.

We now prove that the global and local definitions for being a
polynomial of degree at most d are equivalent.

Lemma 3.3. The global and local definitions of being a degree d poly-
nomial are equivalent.

Proof. Let f(z) be a polynomial which has degree exactly d according
to the global definition. We need to show that its degree according to
the local definition is also exactly d. That is, we need to show that
Dy, ... yo f =0 forall y1,...,y441 € Fy, but that Dy, .. f # 0 for
some yi,...,Yq € F5.
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The first claim follows immediately from Claim 3.1. For the latter
claim, let f(2) = Y gcpn),s<d @s [lies ¥ Where ag # 0 for some S with
|S| = d. By Claim 3.2,

d
Dyl,...,ydf(x) = Z as Z H Yim(@)-

SchnllSl=d 7 i=1

This is a nonzero polynomial (according to the global definition) in
the variables {y;; : i € [d],j € [n]}, as all the monomials [[{_, Yin(i)
are distinct and some have nonzero coefficient. Hence, there must exist
a value for yi,...,yqs which makes it nonzero. For example, if S =
{J1,...,Ja} satisfies ag # 0, then we can choose y; ;, =1 and y; ; =0
for all j # j;. O

We will also need the basic fact that the minimal distance of Py is
274, For a proof see e.g. [62].

Claim 3.4. Let f,g € P4 be distinct polynomials of degree d. Then
Pr(f(z) # g(z)] > 277

3.2 Low-degree testing

The question of testing low-degree polynomials was first studied by
Alon et al. [3], where they showed that an appropriate extension of
the linearity test also works for low-degree polynomials. The original
test defined in [3] is specific to polynomials of degree at most d with
f£(0) =0, but with minor changes it extends to the more natural family
of all polynomials of degree at most d, which is the test presented below.

AKKLR(d) test. With query access to f : F§ — [Fa:

1. Choose z,¥1,...,yqs+1 € Fy independently and uniformly at ran-
dom.

2. Query f(x + > ,cqyi) forall S C [d+1].

3. Accept if 3 gc(411) f(z + Xics ¥i) = 0 and Reject otherwise.
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The reader can verify that this is indeed an extension of the BLR test
for affine linear functions, which correspond to d = 1. There, we tested
if f(x)+ f(y) + f(2) = f(x + y + z) for uniformly chosen z,y, z € Fy.
Here, we test that f(z)+ f(z+vy1) + f(z +v2) + f(x +y1 +y2) = 0 for
uniformly chosen x,y1,y2 € F5. The tests are identical as can be seen
by setting y1 = x + y,y2 = = + 2. We denote by d4(f) the distance of a
function f from degree d polynomials,

da(f) = dist(f, Pa).
Theorem 3.5 (Alon et al. [3]). The AKKLR(d) test rejects every func-

tion f : Fy — [Fo with probability at least €2 (651(2];)),

If we want to reject functions which are e-far from P; with constant
probability, then we can simply repeat the basic AKKLR(d) test O(% -24)
times. This gives a tester with query complexity O(% -4%). Tt was shown
in [3] that any tester for P; must make at least Q(2¢ + 1) queries,
leaving a quadratic gap between their upper and lower-bounds. More
recently, Bhattacharyya et al. [18] gave a tighter analysis of this tester
and closed this gap.

Theorem 3.6 (Bhattacharyya et al. [18]). Fix 1 < d < n. For all functions
[ Fy — Ty,

Pr[AKKLR(d) test rejects f] > ¢ - min{2%4(f), 1},
where ¢ > 0 is an absolute constant.

Given the improved analysis, if one wishes to reject functions which
are e-far from P; with constant probability, a tester can repeat the
AKKLR(d) test only O(1 + 52%1) times, obtaining an asymptotically
optimal query complexity of O(2d + %) We present the analysis of
Bhattacharyya et al. [18] in the next section.

3.3 Analysis of the AKKLR test

In this section we present a proof of Theorem 3.6. First, we describe a
variant of the test which is easier to analyze, and is essentially equivalent

to the AKKLR(d) test.
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(d + 1)-flat test. With query access to f : Fy — Fa:
1. Pick A, a random affine (d + 1)-dimensional subspace of F%.
2. Query f|a, the restriction of f to A.

3. Reject if f|4 is not a degree d polynomial, or equivalently if

ZCEEA f(.%') 7& 0.

Theorem 3.6 follows from the following theorem analyzing the (d+1)-flat
test.

Theorem 3.7. Fix 1 < d < n. For all functions f : F§ — Fy,
Pr[(d + 1)-flat test rejects f] > cmin{2d6d(f), 1},
where ¢ > 0 is an absolute constant.
First we show how Theorem 3.6 follows from Theorem 3.7.

Proof of Theorem 3.6 given Theorem 3.7. We may assume that n >
d+ 1. Let y1,...,Y4+1 € F§ be uniformly chosen. The probability that
Yl .., Yds1 are linearly independent is at least 1 —2¢+1=" Conditioned
on this event, they span a uniform (d 4 1)-flat. Hence,

Pr[AKKLR(d) test rejects f]
> Pr[(d + 1)-flat test rejects f](1 — 2¢+17)
> (c/2) min(Zdéd(f)’ 1).

O]

The proof of Theorem 3.7 is split into two parts, based on proximity
of f to degree d polynomials. We first analyze the case where d4(f) is
small.

Lemma 3.8 (Small proximity to degree d polynomials). For any function
f:Fy — Fy,

Pr[(d + 1)-flat test rejects f] > 2715,(f)(1 — 297154(F)).
In particular, if d4(f) < 27(@*2) then

Pr[(d + 1)-flat test rejects f] > 2%64(f).
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Proof. The main idea is to lower-bound the probability that in the (d+1)-
flat A, there is exactly one point where f and the closest polynomial of
degree d differ. Note that in this case, the tester rejects f. Let g € Py be
a polynomial of degree d such that Pr[f(z) = g(x)] = d4(f). Consider
a random (d + 1)-dimensional affine subspace A, generated by picking
a random z € Fy and a full-rank matrix M € F;X(dﬂ)
A=g+ MFF = {x+ My |y cFiY.

For a € F&™!, let E, be the event that f(z + Ma) # g(x + Ma),
and let Fy, be the event that f(x + Ma) # g(z + Ma) and for every
b#a, f(x + Mb) = g(x + Mb). Note that if F}, occurs then the tester

rejects f, and that the events F|, are pairwise disjoint. Hence

and letting

Pr[(d + 1)-flat test rejects f] > Pr[UF}] Z Pr[F,

aeFd'H
Next, for a € ™! we have that
Pr[F,] > Pr[E,] — Y Pr[E, N Ey).
b#a
Moreover Pr[E,] = d4(f) and Pr[E, N Ey] = Pr[E,] Pr[Ey] = d4(f)?, as

the events E,, B, are pairwise independent (since M has full rank). So
Pr[(d + 1)-flat test rejects f] > 2%F15,(f)(1 — 297154(F)).
O

So, from now on we consider the case where f is at least 2~ (@+2)_far
from Py, and show that in such a case, the (d+1)-flat test rejects f with
constant probability (independent of d,n). It will be useful to introduce
yet another variant of the tester, called the k-flat test, for &k > d + 1,
where the tester first samples a k-flat and then tests if f is a degree d
polynomial when restricted to A.
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k-flat test. With query access to f : Fy — [Fa:
1. Pick A, a random affine k-dimensional subspace of F5.
2. Query f|a, the restriction of f to A.
3. Reject if f|4 is not a degree d polynomial.

The following lemma allows us to analyze the rejection probability
of the k-flat test for k = d + ¢ where ¢ = O(1).

Lemma 3.9. For every n and k > k' > d+ 1, and every f : F§y — Fo,
we have

Pr [k/-flat test rejects f] > Pr[k-flat test rejects f] - 9~ (k=K"),

Proof. 1t suffices to prove the lemma for ¥’ = k — 1, as the general
case follows by an iterative application. Let A be a random k-flat and
let A’ be a random k — 1 flat inside A. We will show that if the k-flat
tester rejects f, namely if f|4 has degree > d, then with probability at
least 1/2 it holds that f|4s also has degree > d, and hence reject by the
(k — 1)-flat tester.

So, fix A and assume towards contradiction that f|4 has degree
> d, but that for a strict majority of (k — 1)-flats (namely, hyperplanes)
H C A it holds that f|g has degree < d. First, this implies that there
must exist two disjoint hyperplanes H', H” such that f|g, f|g» have
degree d. By interpolation, this implies that f|4 has degree at most
d + 1. Decompose f|a(z) = fat1(x) + f<a(x) where fi41(z) is the
homogeneous part of f of degree d+ 1. On any hyperplane H where f|g
has degree < d it then holds that fyi1|g has degree < d. The number
of such hyperplanes is by assumption more than half of all hyperplanes,
namely > $2(2% — 1), which is at least 2¥. Hence, there must exist k
linearly independent hyperplanes Hy, ..., Hy on which f|p, has degree
< d. We will show that this implies that fz11 has degree < d, which
implies that f|4 has degree < d, contradicting our assumption. To see
that, apply an affine linear transformation mapping H; to {z : x; = 0}.
Then f;11 has degree < d whenever we set some variable z; = 0. As
k > d + 2, this can only happen if f;1 has degree < d. O
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So, it suffices to prove that if d4(f) > 27(@*+2) then the k-flat tester
rejects it with constant probability for some & = d + O(1). This is
exactly what the next lemma shows.

Lemma 3.10. For any 0 < 8 < 1/24 there exist absolute constants
v,€,¢ > 0 such that the following holds for any n > k > d + c. Let
f:F5 — Ty be a function with dq(f) > £2~¢. Then

Pr [k-flat test rejects f] > e 4 - 297",

Proof. The proof will require choices of 5 < 1/24, ¢ < 1/8, v > 72 and
2¢ > max{li—gs, T %} Fix k > d + ¢. We apply induction on n > k.
For the base case of n = k, the k-flat test rejects f with probability 1.
By our choice of parameters, 1 > ¢ 4+~ - 247",

Let H denote the set of all hyperplanes of F§ and let N := |H| =
2(2" —1). Also, let H* be the set of all hyperplanes A € H such that
sa(fla) < B27%, and let K := |H*|. We have

Pr [k-flat test rejects f] = A]E [Pr [k-flat test rejects f|a]].
eEH

By the induction hypothesis for every A € H \ H*, the k-flat test rejects
f|a with probability at least & 4 7 - 521, and thus

N
od K
on-1  N°

. K 24
Pr[k-flat test rejects fla] > (1— =) e+ - ST

e+

If K < ~2¢ then we are done. So, assume from now on that K > 72¢.
We show below in Lemma 3.11 that as long as § < 1/4, this implies
that 3 9

Sa(f) < g2+ o < 97 (d+2)

where the second inequality uses § < 1/24 and v > 72. At this point
Lemma 3.8 asserts that the k-flat test (in fact, even the (d + 1)-flat
test), will reject f with probability at least

2d5d(f)2526+72_025+7.2d—n_
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Lemma 3.11. Let f : 5 — F;. Assume that there exist distinct
hyperplanes Aj,---, Ag such that §4(f|a,) < a. If K > 29+ and
a < 27(@+2) then

3 9
< a4+ —.
5d(f)_2a+K

Proof. For each A;, let P; be a degree d polynomial a-close to f|a,.
Claim 3.12. If 4a < 27¢, then for every i, j, Pila;na; = Pjlana,-

Proof. The claim is vacuously true if A; = A;. Otherwise, |4; N A;| =
41172 = |4;/2 and

diSt<f‘AiﬂAj7 PL‘AlﬂA]) S 204

and similarly for P;, and thus dist(FP;]a;na,, Pjla,na;) < 4a < 2=9 The
claim now follows because P;| 4,0 A P; |40 A; are degree < d polynomials,
and by Claim 3.4 the minimum distance of distinct degree d polynomials
is 279, O

Observe that there are at least ¢ = |logy(K + 1)] > d linearly
independent hyperplanes among Ay, - -+ , Ax. Without loss of generality
assume that Aj,---, Ay are linearly independent, and that A; = {z €
F% | ; = 0}, by applying an appropriate affine transformation on F%.
This way, for ¢ € [¢], P, naturally corresponds to a polynomial over
F% which does not depend on z;. The idea of the proof now is to glue
Py, .-, Py together to get a polynomial P close to f.

To this end, decompose x = (z1,...,2¢,y) where z; € Fy and
Yy € IFS_Z. For every i, P; can be decomposed as

Pi(z1,--,ze,y) = Y Pis(y) [ =,

SCle] Jjes

where P; g is a polynomial of degree at most d — |S| which depends
only on y. In particular P; g = 0 if |S| > d. Note that, if P; does not
depend on z; and j € S, then P; 5 = 0. The following claim follows
immediately from Claim 3.12.

Claim 3.13. For every S C [{] and i,j € [(]\ S, P;s(y) = P s(y).
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We can now formally glue together the polynomials P;. For S C [¢],
define Pg to be P; g for some i € [(] \ S. The above claim asserts that
Pg is unique. Now define the degree d polynomial P over F3 as follows

P(xy,...,x4,y) = Z Ps(y) I—IxZ

Scle] =
Claim 3.14. For every i € [K], Pla, = Pj|4,.

Proof. The claim is easy to see for i € [¢], since the coefficients of
the two polynomials P and P; are identically the same when z; = 0.
Now assume that i € K \ [{]. First note that for any j € [{] and
x € A; N Aj, it follows from Claim 3.12 that Pi(z) = Pj(xz) = P(x).
Thus Pi‘(uje[e]Aj)mAi = P’(Uje[Z]Aj)mAi' Now, note that since ¢ > d then

‘Ai N (Uje[e] Aj)‘
| A

>1-2ft>1-271

The claim now follows from the minimum distance between degree d
polynomials (Claim 3.4). O

Next, we will show that P is close to f. Since Aq,---, Ax do not
necessarily cover Fy uniformly, we show that they do so approximately
uniformly. Let

BAD := {z € F§ | z is contained in less than K/3
of the hyperplanes A;,--- , Ax}.

Claim 3.15. [BAD| <272,

Proof. Let z € F5 be uniformly chosen. The random variables 1,c4,
each have probability 1/2, and they are pairwise independent. Let
S =%  1.ca,. Then E[S] = K/2 and Var[S] = K/4. By Chebyshev’s
inequality,

Pr[z € BAD] = Pr[S < K/3] < Pr[|S — E[S]| < K/6]

_ K4 9
T (K/6)? K
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The following claim now finishes the proof of the lemma.

Claim 3.16. dist(f, P) < 3a 4+ BAPl <3 L 9

Proof. Pick z € F4 and i € [K] uniformly at random. Then

Pris € AiAf(2) £ P(2)| = 3B | Pr 1) # Pi(2)]| <

| Q

On the other hand, since P|4, = P;|4,, we have that
Prlz € A A f(2) # Pi(2) = Prls € Ai A f(2) # P(2)
> Prlz € Ai A f(2) # P(z) A= ¢ BAD]
= Pr(f(z) # P() A= € BAD)
Prlz € Ailf(2) # P(z) Az ¢ BAD]

> Pr[f() # P(z) A= ¢ BAD] - 5
A
> (dist(f, P) - 'inD’) |
0
0

Theorem 3.6 now directly follows from Lemma 3.8, Lemma 3.9, and
Lemma 3.10.

3.4 Implications for the Gowers norms

We will introduce the Gowers uniformity norm in later chapters. For
now, it suffices to know that for f : F§ — [y, its (d + 1)-th Gowers
norm is defined as

I(=1)7 flgrass

= (Pr[AKKLR(d) accepts f] — Pr[AKKLR(d) rejects f] )1/2d+1.

It is easy to see that this expression is bounded between 0 and 1, and
is equal to 1 if and only if f is a polynomial of degree d. Theorem 3.6
shows that if the Gowers norm is close to 1, then f is close to a degree
d polynomial.
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Theorem 3.17. Let f : F} — Fy. Then for any 1 < d < n, if || f||ga+2 >
1 — e then §4(f) < ce, where ¢ > 0 is an absolute constant.

Proof. If || f||gra+1 > 1 — € then by definition,

2d+1

2Pr [AKKLR(d) rejects f] <1— (1 —¢)* < 2%tle,

Hence by Theorem 3.6, we have d4(f) < ce. O

Theorem 3.17 becomes trivial when € > 1/c. In particular it says
nothing about the case where ||(—1)/||a+1 is bounded away from zero,
e.g. ||[(=1)f||yar1 > 1/3. One expects such functions to have some
structure as a typical random function will satisfy ||(—1)/||ya+1 = o(1)
with high probability. In the next section we will see a result due to
Samorodnitsky [70] and independently Green and Tao [42] relating the
Gowers U? norm to proximity to quadratic polynomials even in the
regime where the distance is close to 1/2. More precisely, they prove
that if [|(—1)f||ys is bounded away from 0, then f must have significant
correlation with a quadratic polynomial. This immediately gives a tester
for proximity to quadratics in the 1% regime.
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4

Low-degree Tests, the 1% Regime

In Chapter 3 we presented the AKKLR test for proximity to degree-d
polynomials. The analysis in Theorem 3.6 shows that the test is effective
in the 99% regime: it can distinguish functions which are very close to
degree-d polynomials from those which are somewhat far. Concretely,
its rejection probability is ¢ - min(d4(f)2%,1) for some absolute constant
¢ > 0. In this chapter, we will focus on the 1% regime, where we have
the more ambitious goal of detecting any non-trivial agreement with
degree-d polynomials. Concretely, we would like to distinguish between
functions with §4(f) < 1 — ¢ from functions with dq(f) = 5 — o(1).
Compare to the 99% regime, the 1% regime is much more complex.
In the 99% regime, we are interested in functions which are close to
polynomials of degree d. Hence so much of the polynomial structure is
remained in these functions that by taking only few samples, we can
obtain a good understanding of the global structure of the function.
Indeed, as we saw in Chapter 3, the proof of the AKKLR test in the
99% regime was based on such ideas. However in the 1% regime, we
are concerned with functions with very little structure. For example,
consider a degree d polynomial (think of it as a completely structured
function), and obtain a new function from it by retaining the values of

274
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1% of the points and assigning random values to the rest. Thus, this
function is likely to agree with the polynomial on about 50.5% fraction
of the inputs, only slightly more than a random function, which is likely
to agree with the polynomial on about 50% of the inputs. While in
this blurry picture much of the structure of the original polynomial
is lost, some of it is still maintained since a typical random function
cannot agree with any polynomial of degree d on 50.5% of the points.
However, detecting this structure seems to be much harder as now if
we sample the function, we will typically receive random values that
are not related to the original polynomial.

It was conjectured independently by Samorodnitsky [70] and Green
and Tao [42] that the AKKLR test can be used to detect such weak
structures, and thus distinguish between functions with d4(f) < % —€
from functions with dq(f) = & — o(1).

Conjecture 4.1 (AKKLR test, 1% regime). Fix d > 1. For f: F} — [y
let pa(f) = Pr[AKKLR(d) accepts f]. Then

e (Completeness) If §4(f) < 5 — ¢ then pya(f) > & + a(e), where
ae) > 0.

e (Soundness) If py(f) > % + ¢ then d4(f) < 3 — B(e), where
B(e) > 0.

We will see that completeness holds for any d > 1 with a(e) =
Q(stH). However, soundness turns out to be more intricate. For d = 1
it follows by a relatively simple extension of linearity testing. For d = 2
it also holds, but the proof is much more involved. It was accomplished
independently by Samorodnitsky [70] and Green and Tao [42], where the
analysis relies on tools from additive combinatorics. For d = 3 it turns
out to be false! The counter-example was discovered independently by
Lovett et al. [60] and Green and Tao [43], and will be presented in
Chapter 5.
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4.1 Completeness

We prove that any function at a distance noticeably smaller than % from
degree d polynomials, is accepted by the AKKLR test with probability
noticeably larger that %

Theorem 4.2. Fix d > 1. Let f : F§ — Fy with d4(f) = 3 — . Then
1 2d
Pr[AKKLR(d) accepts f] > 3 (1 + (2¢) ) .

Proof. Let P(x) be a polynomial of degree d so that dist(f, P) = % —c
and hence E[(—1)U/+P)®)] = 2¢. To recall, the AKKLR test samples
Z,Y1,--.,Yd+1 € F5 independently and accepts f if

Z f (a: + Z yz> =0.
SCld+1] =
The test always accepts degree-d polynomials, as it holds that
Z P (x + Z yi> = 0.
SC[d+1] icS

Thus, we can reformulate the acceptance probability of the test as

Pr[AKKLR(d) accepts f]

= Pr Z f<m+2yz>: ]

W1 reta 1 EFD
EYLoYdt1 SCd+1] i€s

= Pr | > (f+P) <x+§qy>=]

Z,Y1 5 ,Yd+1 EFY SCld+1]

_ % (1 + E [(—1>D*“ """ ““WP)(Z)D '

T Y1, Yd+1EFY

The lemma then follows from the following claim: for any function
g : Fy — Fy and any k > 1, it holds that

T,Y1 50, Yk EFY
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The claim holds for £k =1 as

E [(_1)Dy9($)} = E [(_1)g(x)+g(a:+y)}

x,y€Fy z,y€Fy

2
_ ;Ey {(_1)9(&:)-&-9(1/)} - <I£%n [(_1)9(96)}) 7

and for k£ > 1 by induction:

|:(_1)Dy1 ,,,,, ykg(ﬂf)] — E |:E [(_1)DykDy1 AAAAA yk_lg(a,’):|:|
Z,Y1y--3Yk Y15--Yk—1 LT:Yk
2
- E (IE [(—1)Pme yklng
Yi,--Yk—1 \T

> < E |:(_]_)Dy1 ,,,,, yklg(x)Dz

ZY1y--Yk—1

> (& [(—1)9(”’])2k,

where the first inequality follows by the Cauchy-Schwartz inequality,
and the second by induction. O

4.2 Soundness ford =1

We show that if the AKKLR(1) test accepts a function with probability
noticeably larger than %, then the function has a non-trivial correlation
with some linear polynomial. Equivalently, it has a noticeable Fourier
coefficient.

Theorem 4.3. Let f : F§ — Fo. Assume that PrJAKKLR(1) accepts f] >
2 +e. Then 6i(f) < 1 — /e/2.

Proof. As in the proof of Theorem 2.3, let F(z) = (—1)7(®) where we
expand the acceptance probability of the test in terms of the Fourier
coefficients of F,

Pr[AKKLR(1) accepts f] = Pr_[f(z)+ f(y)+ f(z) = f(x +y + 2)]

z,y,2€Fy

1 1 ~
=-4+= F(a)*.
55 2 Flo)

aeFy
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Then
2 < Fla)* <|[FII% Y F(a)* = ||F|%.
a€FD aE]F;

Thus ||F||ls > v/2¢. To conclude observe that 8;(f) = F(1- |Fllo). O

o3

Corollary 4.4. For any ¢ > 0 there is a test which makes O(1/&®)
queries to a function f and distinguishes, with high probability, between
functions with 6;(f) < % + ¢ and functions with & (f) > 5 — o(1).

Proof. Consider the AKKLR(1) test. If 61(f) < 1 + ¢, then by Theo-
rem 4.2 it accepts f with probability at least (1 + (2¢)*). If, on the
other hand, d;(f) > % —o(1), then by Theorem 4.3 it accepts f with
probability at most 3(1 + o(1)). Thus, if we repeat the test Q(1/<%)
times, then with high probability we can distinguish the two cases. [

4.3 Soundness for d = 2

We show that if the AKKLR(2) test accepts a function with probability

noticeably larger than %, then the function has a non-trivial correlation

with some quadratic polynomial. We follow [70] below.

Theorem 4.5. Let f : F§ — Fy. Assume that AKKLR(2) accepts f
with probability at least 3 + . Then 62(f) < 5 — B(e), where B(g) >
exp(—c - log(1/¢)*) for an absolute constant ¢ > 0.

Fix a function f : F§ — Fy for the remainder of this section,
which we assume is accepted by the AKKLR(2) test with probability
at least 1 + . We may assume that n > c¢-log(1/e)?, as otherwise
the conclusion of Theorem 4.5 is trivial. Let F(z) = (—=1)7® and
Fy(z) = (-1)P®) = F(2)F(z + ).

In order to build intuition, consider first the case that f(z) = 2!Dx
is a quadratic polynomial. Then F,(z) = (—1){®(P +D) and hence F,
has only one nonzero Fourier coefficient, which is at (D + D!)y. Note
that D + D! is a symmetric matrix with a zero diagonal. We will show
that obtaining this, even approximately, implies that f is correlated
with a quadratic polynomial.
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Lemma 4.6. Assume there exists an n X n symmetric matrix A with a
zero diagonal such that

E |F,(4y)?| > 7.
Y
Then there exists a quadratic polynomial ¢(z) such that

_ 1 1
dist(f,q) < 5 §\FY

In order to prove Lemma 4.6 we need a few technical claims. For
functions G, H : F§ — R define GH(z) = G(z)H (z) and (G x H)(x) =
Eyerp [G(y)H (x + y)]. It is a standard fact in classical Fourier analysis
that G + H () = G(a)H(a).

Claim 4.7. Let G : F3 — R. Let Gy(z) = G(2)G(z +y). Then (G *
Gy)(x) = (Ga x Gz)(y)-
Proof. We have

(GyxGy)(x) = E [Gy(s)Gy(z + )]

sefy

= E [G(s)G(s+y)G(z+5)G(z+5+y)].

sefy
The claim follows as the RHS is symmetric to swapping = and y. [

Claim 4.8. Let G, H : Fy — R. Let Gy(z) = G(x)G(x+y) and Hy(z) =
H(x)H(xz +y). Then

—

E [( E [Gy(ac)Hy(x)]> ] :ZGH(a)4.

yeFy z€Fy o
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Proof.
2
| (sicu @) |
= E [Gy()Hy(@)Gy() Hy(a)]
T [G(2)G(z + y)H(x)H (x4 y)G(2')G (' + y)H(z')H (' + y)]
= E [GH@GH +y)GHE)GH( +y)]

O]

Proof of Lemma 4.6. Decompose A = D + D' where D is upper trian-
gular and let G(z) = (—=1)*'P*. Note that Gy (z) = G(z)G(z +y) =
(—1)4%  We will show that FG has a noticeable Fourier coefficient.
By Claim 4.8 and our assumption,

xT

¥ (o) = | (16,0 |

=E [(E [Fy<x><—1><IvAy>D2] =E R, (40| 2.

x
This implies that F'G has a large Fourier coefficient, as
> FG(a)' < |FGIE Y FG(a)® = |[FG.
[e% 63
So, there exists o € F5 and ¢ € Fy such that

E |F(2)G(2)(~1)"%] = |FG(a)] > V7.

T

So, the quadratic polynomial ¢(z) = z' Dz+(z, a)+c satisfies dist(f, ¢) <
11
PR AVARE =
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So, our goal from now on is to show the existence of such a matrix
A for which E(Ay) is noticeable for a typical y. As a first step, we
show that for a typical y, I}, has some noticeable Fourier coefficients.
Formally, we show that the 4th moments of E are noticeable.

Claim 4.9. Eycpy [Z%Fg Fy(“)ﬂ > 2¢.

Proof. Let f, = D, f. We can express

Pr[AKKLR(2) accepts f] = - y r - [Z f (m+2yl = ]

SC[3) ies
= E  Pr [fy(x) + fy(x+y1) + fy(x +y2) + fy(z +y1 +y2) = 0].

As in the proof of Theorem 4.3, we can express the inner probability as
[fy(@) + fy(x + 1) + fy(z +y2) + fy(z +y1 +y2) = 0]

+ZF

acly

T,Y1, y2 e]Fn

l\D\»—l

Thus

Y Fy(e)*

a€cly

1
Pr[AKKLR(2) accepts f] = 3 (1 + I%_
yely

The claim follows from our assumption that PrfAKKLR(2) accepts f] >
1
5 T e O
2

The next step is to show that the noticeable Fourier coefficients of
F, have an approximate linear structure. The following lemma plays an
important role in this.

Lemma 4.10.
> Fa)’F(B)?*Fya(a+B)?*| = E | Y Fyla)
weF a,BEFy YRS | acky
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Proof. Note that E\/(Oz)2 = Euwerp Fy(u)Fy(u)(=1)+%2) Using this,
we can expand the LHS in the lemma statement as

LHS = Z Fy(0)*F(8)*Fy 1= (0 + B)?

= E Z [ E F ( )F (u/)(_l)(u—i—u’,a) ‘K FZ(U)FZ(U/)(_l)(v—i—v’,/})_
Y B 2 v,

z

E Fypa(w)Fypa(w') - <—1><“’“”"a+m]'
w,w’

Next, note that
Z(_1)<u+u’,a>(_1)<v+v’75>(_1)(w+w’7a+6>
a?IB
— Z(_1)<u+u’+w+w’,a> Z(_1)<v+v’+w+w’,ﬁ)
a B
= 22n : 1[u+u’:v+v’:w+w/]'
We can thus restrict our attention to the case that u + v = v+ v =

w+ w' = s for some s € F4, and obtain a simplified expression for the
LHS as

LHS = E [EF,(u)Fy(u+s) EF.(0)F.(v+5)

Y,2,8 Lu v
. Iz[j:) Fyio(w)Fyq.(w+ s)}
= y@s [(Fy * Fy)(s)(Fz * F2)(8)(Fytz * Fyy2)(s)]

= E [(Fs* Fy)(y)(Fs % Fy)(2)(Fs % Fy)(y + 2)]

y’Z7
—_—
* Fs(a

-
| 1

As a corollary, we obtain that the noticeable Fourier coefficients of

o

J‘j

2
2 rile

O]

]/J\’y have an approximate linear structure, at least locally.
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Corollary 4.11. E, .cpr [Za,ﬁng F(0)2FL(8)2Fyra(a+ 5)2} > 42

Proof. By Claim 4.9 we have E, ZQE(Q)4 > 2e. By the Cauchy-
Schwartz inequality

Y Fy(e)t =Y Fy(a) Fy(a)?®

Thus we have
2 2
EY Fy ()’ >E (Z Fy(a)‘*) > (EZFy(a)4> > 4¢2.
v vy \“Z v

The corollary now follows by Lemma 4.10. O

The next step is to show that a typical 1?},3 has a noticeable Fourier
coefficient at ¢(z), where ¢ is approximately linear. This will be the
starting point for finding an actual linear map for which this holds.

Lemma 4.12. There exists X C Fy and a map ¢ : X — F} such that

—

(i) Fu(p(z))? > e? for all v € X.

(ii) Progyernlz,y, 2 +y € X A o(z) 4+ ¢(y) = ¢(z +y)] > €%/2.

Proof. Define a random function ¢ : 5 — F5 by picking, independently
for each y € Fy, ¢(y) = a with probability Fz,(a)Q. Note that this is
indeed a probability distribution as by Parseval’s identity Y, ﬁ;(a)Q =1
for each y. For § = €2 define

L(g) = Pr |o(@+y) = o(x) +6(y), Fa(d(2))* =6,
Fy(6)* > 6, Fory(é(z +y))* > 3,

It suffices to show that Eg L(¢) > €2/2. Indeed for a choice of ¢ which
attains the bound, by taking

X = {x e F?: Fy(o(x))? > 5},
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the desired items (i),(ii) will follow by definition. In order to compute
Eg L(¢), it will be useful to define

={( ) €F3": Fo()? 2 6, Fy(B)® > 6, Fupyla+8)* >0}
Then,

E[L(¢))=E | > Prip(z)=a,¢(y) =8 6= +y)=a+p
¢ Y | (Byer @

Next, by definition of ¢, if x,y,z + y are all distinct then
Prig(z) = o, ¢y) = B, ¢(x +y) = a+ f]
= Prlo(x) = ol Prlo(y) = B Pro(a +9) = o+ ]

= Fo(0)Fy(B)*Fryy(a+ B).

The probability that z,y,z + y are not all distinct is O(27"). Thus,

P [L( S Fl B)2Fyry(a + B)°

(a,B)EA

—o@E™).

We would like to extend the sum to include all choices of «, 3, so that
we can then apply Corollary 4.11. The sum over « for which F,(a)? < &
can be bounded by

E| Y F(a)?F(8)*Fory(a+B)?
a,ﬁ:ﬁ(a)2<5

IN
>

ZF x+ya+ﬁ)

8
<

I
(=%

ZF :H—y )2

8
<

I
=
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where we used Parseval’s identity. We can bound the sum over «, 8 for
which F,(8)? < 6 or Fyiy(a+ 8)? < § in a similar manner. We thus
have

EL@]>E | 3 Fu(a)?Fy(8)*Frsyla+ )| —36 —0(27")
¢ Ty o,BeFD

>4 —35-0(2™) > - 027" > £2/2,

where in the last inequality we used our assumption that n is large
enough. O

Next, we show that ¢ can be approximated by a linear map. To that
end, we will need several results in additive combinatorics. For a set
S CTFY its sumset is S+ S ={s+ s : s, € S}. The first result is the
Balog-Szemerédi-Gowers theorem (abbreviated BSG theorem) [8, 37]. It
states that if many pairs in S have their sum in a small set, then there
is a large subset of S with a small sumset. The proof can be found in
the original paper of [37]. See also [81]. A simplified proof for the case
of G = F4 can be found in an exposition of Viola [84].

Theorem 4.13 (BSG theorem [8, 37]). Let G be an Abelian group and
let SCG.If

Pr [s+s € 9] >¢,
s,s'eS

then there exists S’ C S of size |S’| > ce?|S| such that |S" + S'| <
c~1e7®|Al. Here, ¢ > 0 is an absolute constant.

The other ingredient required is the structure of sets S for which
S + S is not much larger than S. Here, the best result to date is by
Sanders [71]. See also the survey by Sanders [72] for more details, and
the exposition by Lovett [59] giving a simplified proof for G = F3.
Below, we present the result specialized to the case of G = F5.

Theorem 4.14 (Sanders [71]). Let S C F% be a set such that |[S + S| <
K|S|. Then there exists an affine linear subspace V' C Fy of size |[V| < | 5]
such that

SAV] > exp(—clog! K)IS],

where ¢ > 0 is an absolute constant.
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With these theorems at our disposal, let S = {(z,¢(x)) : z € X} C
F3" be the graph of ¢. By Lemma 4.12 we have that Pry, s,es[s1+ 52 €
S] > £2/2. By Theorem 4.13, there exists a subset S’ C S of size
|S’| > 'e* such that |S' + 5’| < ¢"e710|S’|. By Theorem 4.14, there
exists an affine linear subspace V' C F3" such that S’ NV is large
and |V| < |S’|. We will only use the fact that |V] < 2" and that
1S N V| > 72" where n = exp(—c”log*(1/¢)) (here, ¢/,c”, " > 0 are
unspecified absolute constants). Next, we show that this implies the
existence of a linear map which approximates ¢.

Lemma 4.15. There exist an n x n matrix A and a vector b € F5 such
that

Pr[¢(x) = Az +b] > n*.

zeS
Proof. Let U = {x : (z,y) € V} be the projection of V to the first n
coordinates. As |[SNV| > 72" and S contains at most one element (z,y)
for each = € Fy, it must be that |U| > n2". Thus, we can decompose V
as the disjoint union of subspaces of the form V; = {(z,¢;(x)) : x € U},
where ¢; : U — F4 are affine linear maps, and 1 < ¢ < |[V/U|. Choose
¢ = ¢; which maximizes |S N V;|. For this choice, we get |S N V;| >
n|SNV| > n?2". If |U| < F§ then complete ¢ arbitrarily to a linear map
from F3. The lemma follows as the fact that ¢ is an affine linear map
implies ¢(z) = Az + b. O

Corollary 4.16. v := Eycry [E(Ay + b)ﬂ > nie?.

Proof. For any y € S we have 1/7;(<Z>(y))2 > 2. There are 1| S| elements
y € S for which ¢(y) = Ay + b. Finally, |S| > |SNV| > n2™. O

To conclude, we would want to apply Lemma 4.6. To do so, we need
to show that we can take (i) A to be symmetric with zero diagonal; and
(ii) b = 0. The following claim will be useful for both. For M € {A, A},
define Ry : Fy — R as

Ry (z) == Z P/Z(My%—z)z.
yEFg

First, we prove a general claim on the Fourier coefficients of R),.
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Claim 4.17. Ry(a) = Fo(M'a)2.
Proof.

RM [Z (My + z) 1)<a’z>1

zEF”

- ze]F” lzy: B {Fy(U)Fy(u’)(_l)<U+u’,My+z>+<a,Z>}1

u,u’ €FY

:Z E [Fy(u)Fy(ul)(_1)<u+u’,My>, E [(_1)<u+u’+a,z>}]

y wwERy z€Fy

The last term is 27" if v/ = u + «, and is zero otherwise. Thus, we may
restrict to the case that v/ = u + « and get

)=2 "Z E, [F@F(u+ a) (-]

= E | E {Fy(u)Fy(u+a)(—1)<a’My>H
yeFy | ucky

= E_|(Fy* Fy)(a)(=)M)]

= E_|(Fax Fa)(y) (=)™

= Fox Fa(M'a) = (Fa(M'a))".

Next, we show that we may assume b = 0.
Claim 4.18. Eyery |F,(Ay)?| > v

Proof. Let R = R4. Since the Fourier coefficients of R are all non-
negative, we have that R(0) > R(z) for all z € 3, as

=Y R(a) > Y R(a)(-1){*? = R(2).
In particular,

E [F(Ay)?] = RO) > R(b) = E_[F(Ay+b)?*| =

y€Fy y€EFy
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We continue with showing that A may be taken to be symmetric
with zero diagonal. The following claim will be useful.

Claim 4.19. Let y,a € F§ with (o, y) = 1. Then I/J'\y(a) = 0.

Proof.

We next show that many large Fourier coefficients are supported on
y for which Ay = Aly.

Claim 4.20. Eycry [Fy(Ay)? - 1ayary| > 12

Proof. Let G(z) = (—1)*4* and R = Ry By Claim 4.17, R(y) =
F,(Ay)?. By Claim 4.19, if F,(Ay) # 0 then necessarily (Ay,y) = 0,
which is equivalent to G(y) = 1. Thus

~

G(y)R(y) = R(y).

This implies that

~

v= E [Rw)] = E CWRW = E [CERE)].

Recall that by definition R(z) > 0. Moreover, by Parseval’s identity

E [R()]=2" Y FMy+z)?*=1

n
€l y,z€FY

Thus by Jensen inequality,

E [6(:)2R()] 2 @ [é(z)R(z)]>2 =2

z€FY

On the other hand,
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Now,

(G+G)(y) = E [(-1)A=tlrnat)]

2€Fy

— | [|(=1)®A+A)y+y Ay
z€Fy “ ) ]

= 1ay=at,G(Y).
We thus obtained

—~ 2 o r o~
ygFg [1Ay:AtyFy(Ay) } = yg?% _lAy:AtyR(y)}
= B [14,-40,G()R
&y [Lav=aty ()R(y)]
= E [(G=G))R(y) >*].
yelky b

O]

Let W := {z : Ax = A'z} be a linear subspace of F%. Restricted to
W, A is symmetric. Thus, we can find a symmetric matrix A’ such that
A’z = Ax for all x € W. We have that
E [F(Av? > E [F(A? Lew] > 12
yelFy yery
It remains to deal with the diagonal of A’. Let v € F} be the diagonal
of A’, and define

A" = A + ot
Clearly, A” is symmetric with zero diagonal. The follow claim is the
last step in the proof.

Claim 4.21. Eyery |Fy(A"y)?] > Eyery |Fy(A'y)?).

Proof. We have A"y = A’y + (y,v)vvt. If {(y,v) = 0 then A"y = A'y. If
(y,v) =1 then y* A’y = (y,v) = 1 and hence by Claim 4.19, F,(A'y) =
0. O

So, we have constructed a symmetric matrix with zero diagonal A”
for which
E [FA"y?] > v
yelry
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By Lemma 4.6 this implies the existence of a quadratic polynomial ¢
whose distance from f is noticeably less than 1/2. Concretely,
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5

Gowers Norms, the Inverse Gowers Conjecture
and its Failure

To recall, the probability that the AKKLR(d) test accepts a function
f :Fy — Fy is given by

Pr[AKKLR(d) accepts f] = Pr

TyY1sesYd+1 GFS

Z f(x+2yz> =0].
SCld+1] i€S
The AKKLR test is intimately related to Gowers norms, which we now
define.

5.1 Gowers norms

In its most general form, the Gowers norms are defined for functions
F : G — C, where G is a finite Abelian group (as a motivating example,
consider the case of G = F} and F(z) = (—1)/®). The (multiplicative)
derivative of F' in direction y € G is given by Ay F(x) = F(z + y)F(z).
Note that if F(z) = (—1)7@ then A, F = (—1)f@Tv)+f@) = (—1)Ps/,
Iterative derivatives are defined as Ay, . F = Ay, ... Ay, F. The Gow-
ers norm of order d for F' is defined as the expected d-th multiplicative

derivative of F' in d random directions at a random point.

291
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Definition 5.1 (Gowers norm). Let G be a finite Abelian group, d > 1.
Given a function F' : G — C, the Gowers norm of order d for F' is given
by

1/2¢
[Fllpa=| E _ [(Ay Ay, - Ay, F)(2)]
Y1,--5Yd,2€EG
1/2¢
= E H Cd_SF(33+Zyi)] ,
YlyeesYd , XEG

SCld) i€s
where C is the conjugation operator C(z) = Z.

Note that as ||F||;n = |E[F]| the Gowers norm of order 1 is only
a semi-norm. However, for d > 1 it turns out that || - ||« is indeed a

norm [37]. It satisfies the following inequality, known as the Gowers
Cauchy-Schwarz inequality.

Lemma 5.2 (Gowers Cauchy-Schwarz [37]). Consider a family of func-
tions Fs : G — C, where S C [d]. Then

II Fs(z+ Zyi)]

SCld] i€S

E

Y1, Yyd EF™

< II IFsllya.

SCld]

In this survey, we will only consider the case of G = F" where F
is a finite field. Gowers norms are directly related to the acceptance
probability of the AKKLR test. If f :Fy — Fy then

||(—1)f||2Udd = Pr[AKKLR(d) accepts f] — Pr[AKKLR(d) rejects f]

In particular, if f : Fy — Fy is a polynomial of degree < d, then
|(=1)||yas1 = 1. We can rephrase Theorem 4.2, Theorem 4.3 and
Theorem 4.5 as a direct theorem and inverse theorems for the Gowers
norm for functions F : F§ — {—1,1}. The results and proofs generalize
to bounded functions F': Fj) — C, where p > 2 is a fixed prime. For a
polynomial P : F) — ), let e(P) = exp(27i/p- P(x)). For two functions
F,G : F} — C define their inner product as (F,G) = Eq F(2)G(x).

Theorem 5.3. Let p > 2 be a fixed prime. Let F' : Fj; — C with
|IF||co < 1. Then
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e (Direct theorem) For any polynomial P : F, — ), of degree
< d —1, it holds that [(F,e(P))| < ||F||¢ra-

o (Inverse theorem, d = 1) If ||F||y2 > ¢, then there exists a
polynomial P : ) — I, of degree d = 1 such that |[(F,e(P))| > 2.

o (Inverse theorem, d = 2) If ||F||ys > ¢, then there exists a
polynomial P : F} — ¥}, of degree d = 2 such that [(F,e(P))| >
where § = §(p,e) > 0.

The (original) inverse Gowers conjecture, independently due to
Samorodnitsky [70] and Green and Tao [42], states that the inverse
theorem should hold for any d > 1.

Conjecture 5.4. Let p > 2 be a fixed prime, and let d > 1. Let F' :
) — C with |[Fljoc < 1. If || F|[ya+1 > € then there exists a polynomial
P :Fy — Ty of degree < d such that [(F,e(P))| > 0 where § = §(p,d,¢).

As we will shortly see, Conjecture 5.4 is false, even for p = 2,d =
3. To salvage the conjecture, we will need to revise our notion of
polynomials. These are the so-called nonclassical polynomials, which
will be introduced in Chapter 6.

5.2 The counter-example

We give a counter example to Conjecture 5.4 for p = 2,d = 3. It
combines the bounds obtained in Lovett et al. [60] and Green and Tao
[43]. The example is the degree 4 symmetric polynomial S4. In this
section, all of the functions are defined on [F3.

Definition 5.5 (Symmetric polynomials). Let £ > 1 be an integer. The
elementary symmetric polynomial of degree k over n variables is denoted

by Sk and is defined as

Sk(x1,...,2p) = Z Hxl

SC[n],|S|=ki€S

Theorem 5.6 (Lovett et al. [60], Green and Tao [43]). Let n > 1 be
sufficiently large. Then

1
I=D3 I = §+0@™2),
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but for any polynomial @ : F§ — Fa of degree < 3 it holds that

1
Pr[Si(x) = Q)] — 5| < exp(—en),
for some absolute constant ¢ > 0.

5.2.1 U®%*-norm of S,

Our goal is to prove
1 -n
(-3 = ¢ + 02,
Define the symmetric bilinear form B : F§ x Fy — Fy by

B(a,b) = Z a;bj,

1,J€[n]:i#]

for a = (a1,...,a,),b = (b1,...,b,) in F§. It is easy to verify the
following identity regarding the fourth additive derivatives of Sy.

DoDyD.DgS4(x) = B(a,b)B(c,d) + B(a,c)B(b,d) + B(a,d)B(b, c).

Consequently

||(_1)S4||1Ei1 — E (_1)B(a,b)B(c,d)+B(a,c)B(b,d)+B(a,d)B(b,c). (51)
a,b,c,deFy

In order to understand the above quantity, we need to understand the
distribution of

Bg(a,b,c,d) := (B(a,b), B(a,c), B(a,d), B(b,c), B(b,d), B(c,d))

over ]Fg, when a, b, c,d € Fy are chosen uniformly and independently at
random. The next lemma shows that for large n, they are essentially
independently and uniformly chosen.

Lemma 5.7. For every 7 € FS,

1
— = — _n/2
a,b,gfngﬂ [Bg(a,b,c,d) = 7] 56 +0(2 ).
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Proof. By standard Fourier analysis, it is sufficient to show that for
every collection of Ay, Aac, Aads Abes Abd, Aed € Fo, not all zero,

E |: _ 1)>\abB(avb)+)\acB(avc)+>‘adB(a7d)+>‘ch(bvc)+Ade(b1d)+>‘ch(Cvd):|
a,b,c,deFy
= 0(27?).

We may assume A\, = 1 by symmetry. It suffices to show that for every
c,d €y,

E [(_1)B(a,b)—f—)\acB(a,c)+>\adB(a,d)—MbCB(b,c)+Ade(b,d)+)\ch(c,d)}
a,belFy
=0(27"?).

Since B is a bilinear form, B(-,c) and B(-,d) are linear forms and we
can rewrite the above quantity as

1) Bl@b) L (a)+La(b)
a,bIE]FQ [( ) }

I

where L1 := A\ B(+, ¢) + AaaB(+,d) and Lo := \peB(-, ¢) + \pg B(, d) are
two linear forms. The term Ls(b) can be removed by an application of
the Cauchy-Schwarz inequality on a, and we obtain

<k [(FpBletabthifata]

E [(_1)B(a,b)+L1(a)+L2(b)}
a,a’ ,beFy

a,belFy

Now observe that by the definition of B, Ep {(_1)B(a+a’,b)+L1(a+a/)} =0
whenever a # a'. Giving

E [(—1)3(‘1*“'7”)“1(““/)} = Pr [a=d]=2"",
a,a’ ,beFy

as was desired. O
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Lemma 5.7 implies that the joint distribution of Bg(a,b,c,d) is
O(27"/?)-close in statistical distance to uniform over FS. Thus, for a
uniformly random 7 = (Tap, Tac, Tads Thes Tod, Ted) € Fy, we have

[ (_1)34 Hqu1 _ E { _1)B(a,b)B(c,d)+B(a,c)B(b,d)-i—B(a,d)B(b,c)}
a,b,c,deFy

= E [(_1)Tab7'cd+7'ac7'bd+7'ad7'bc+O(2_n/2>}
TG]FS

u,v€Fg

3
= ( E [(—1)"“’]) +0(27?) = é +0(27"/?).

5.2.2 Bounds on correlation with cubic polynomials

The exponential bound on the correlation with cubic polynomials was
obtained by Lovett et al. [60], the proof of which is involved. We instead
present the proof of a weaker bound due to Green and Tao [43] which
is still sufficient to refute Conjecture 5.4. Green and Tao [43] obtain
the following bound using a modification of a clever Ramsey-theoretic
argument by Alon and Beigel [1].

Theorem 5.8 (Green and Tao [43]). Let n > 1 be large enough. Then

for any polynomial @ : F5 — Fa of degree at most 3,

1
Pr[Sy(z) = Q(x)] = 5| < exp(—clogloglogn),
X
for some absolute constant ¢ > 0.

We first show that S4 has small correlation with symmetric cubic
polynomials.

Lemma 5.9. For any cg, 1, ca, c3 € Fa,

E [(_1)S4($)+0353(IE)+C252(€E)+6151(m)JrcO]

< exp(—cn)
z€Fy

for some absolute constant ¢ > 0.

Proof. Let |z| denote the hamming weight of z, that is the number of
nonzero coordinates in x. Let |z| = 3, b;(x)2" be its binary representa-
tion with b;(xz) € {0,1}. By Lucas’ theorem on binomial coefficients [61],
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Si(x) = bo(z), Sa(x) = bi(z), S3(z) = bo(x)b1(x), and S4(z) = ba(z).
Thus,

E |:(_1)54($)+CSS3($)+0252(1‘)+6151(:L‘)+Co:|
z€Fy

- E { _1)b2($)+03bobl(x)+02b1(:v)+61b0(2)+60] )
z€Fy
Note that if bo(z),b1(z), ba(x) were uniformly distributed in {0,1}3,
then the average would be zero. To conclude, we need to show that
they are close to uniformly distributed. Equivalently, we will show that
|z| mod 8 = "2 b;(x)2 is close to uniformly distributed in Zg. For
any a € Zg we have

e (1
IED]I%L [|x| mod 8 = CL] =2"" Z (k‘) 1k mod 8=a

r k=0

7 eQﬂir(kfa)/8

n n
_ 2—n Z ( ) r=0
P k 8
7 9 n
_ 1 Z e—27ri7"a/8 l+e 2mir/8
= g 5 .

r=0

The term corresponding for » = 0 is equal to 1/8. For any r # 0, we
can bound its corresponding term contribution by |(1 + e=27"/8) /2|7 <
exp(—cn), for some ¢ > 0. Thus,

1
Pr [|z| mod 8 = q] ~ 3

< — .
Ok, < exp(—cn)

O]

The proof of Theorem 5.8 follows from a Ramsey-type argument,
which allows to reduce any polynomial to a symmetric polynomial with
fewer variables.

Lemma 5.10. Let @ : F} — Fy be a polynomial of degree < 3. Then
there exists a symmetric polynomial Q' : FSI — Iy of degree < 3, with
n’ = Q(logloglogn), such that

Pr [Q'(z) = Su(z)] > Pr [Q(x) = Sa()].

zeFy zely
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Proof. Let @ be a degree 3 polynomial. Decompose

Q(x) =t jrrizizy + Q2(x),

where Q2 is a quadratic polynomial. Let H be a 3-uniform hypergraph
with V(H) = [n] and E(H) = {(i,7,k) : ¢i jx = 1}. By the hypergraph
Ramsey theorem [25, 24] there exists a set A C [n] of size |A| >
Q(loglogn) such that A is either a clique or an independent set for
H.Forz €4, ac IF[;]\A let Sy(x,a) and Q(x,a) be the polynomials
with the appropriate inputs. By an averaging argument, there exists an
assignment a € F[Qn]\A such that

P [S1(r,0) = Q(,0)] 2 Py [Si(x) = Q(x)]

Note that S4(z,a) is a symmetric polynomial in = of degree 4, whose
homogenous degree 4 part is Si(z); and Q(z,a) is a polynomial of
degree < 3, whose homogeneous degree 3 part is symmetric, equal either
to 0 or to S3(x). Next, we make the quadratic part symmetric. Let
Qa(z,a) = > ¢ jmiwj + Qu(x),
i,jEA
where Q1(x) is a linear polynomial. Applying a similar argument, let
G be a graph with V(G) = A and E(G) = {(i,j) € A: ¢;; = 1}. By
Ramsey’s theorem for graphs [26], there exists a subset B C A of size
|B| > Q(log|A|) which is either a clique or an independent set. Thus,
there exists an assignment b € FQA\B for which
Pr [1(r,0,0) = Q(z,0,D)] 2 Pr [Si(r,0) = Q(a,a)

z€F; z€lfy

> Pr [Sa(z) = Q(x)].

z€Fy

Note that Q(x,a,b) has homogeneous parts of degrees 3 and 2 both
being symmetric. To conclude, let

Qi(z,a,b) => qizi+q".
i€B
Let C C B be a set for which ¢ for i € B are all equal, where
|C| > |B|/2. There exists an assignment ¢ € FQB\C such that

Pr [54(3; a,b,c) = Q(x,a,b)] > xE%g[SA‘(x) = Q(x)].

xGF



The version of record is available at: http://dx.doi.org/10.1561/0400000064
5.2.  The counter-example 299

The lemma follows as Sy(z, a, b, c)+Q(x, a, b) is a symmetric polynomial
of degree 4 in |C| = Q(logloglogn) variables, whose homogeneous part
of degree 4 is equal to Sy(x). O

Proof of Theorem 5.8. Let Q(x) be a cubic polynomial which maximizes
| Pr[Q(z) = S4(z)] — 1/2|. By possibly replacing @ with @ + 1, we may
assume that Pr[Q(z) = Si(x)] > 1/2. By Lemma 5.10, there exists
a symmetric cubic polynomial @ on n’ = Q(logloglogn) variables
such that Pr[Q(z) = Si(z)] < Pr[Q'(z) = Si(z)]. By Lemma 5.9,
Pr(Q'(z) = Su(z)] < 1/2 4 exp(—ecn'). O
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In Part II of the survey we will introduce the foundations of higher-
order Fourier analysis in detail. In classical Fourier analysis characters
are the exponentials of linear functions. Since a typical random func-
tion f : Fj — [~1,1] has very small correlation with all the Fourier
characters, it is natural to consider the characters as highly structured
functions. This leads to a “structure” versus “pseudorandomness” di-
chotomy in which functions that have small correlation with all the
Fourier characters are regarded as pseudorandom functions, and the ones
that have noticeable correlation with a Fourier character are considered
to be somewhat structured.

Consequently, the large Fourier coefficients of f : Fy — [~1,1]
constitute the structured part of f, while the small Fourier coefficients
correspond to its pseudorandom part. This can be formulated as an
“approximate structure theorem” that says that, we can decompose
any function f as f = fi1 + fo, where f; is structured as it is a linear
combination of few Fourier characters, and f; is pseudorandom in that
all of the Fourier coefficients of fs are small. Such approximate structure
theorems are very useful as for many problems such as estimating the
probability of the success of linearity test, or estimating the density of
3-term arithmetic progressions in a set. The reason is that it is possible
to treat fo as a small random noise, and extract the desired information
about f from the highly structured part, namely fi.

In order to be able to discard fs safely, we need to deduce from the
fact that fo does not have a noticeable correlation with any Fourier
character that it does not contribute significantly to the estimated
parameter. In other words, we need an inverse theorem which would
state that significant contribution implies significant correlation with a
character. Although, at first glance, it might appear that one needs to
establish a separate inverse theorem for every problem that one wishes
to study via this theory, fortunately, this is not the case. It suffices to
prove an inverse theorem for the Gowers U? norm. It turns out that
for many problems, a few applications of the classical Cauchy-Schwarz
inequality show that fs can be discarded if || f2||;r2 is small.

The structure versus pseudorandomness dichotomy discussed above
is not sufficiently strong to be applicable to more complex linear struc-
tures. In other words discarding fa2, even when || fa||;r2 is very small, can
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have a significant effect on certain parameters such as the probability of
success of AKKLR(d) test for d > 1, or the density of four-term arith-
metic progressions in a set. To resolve this issue, Gowers [37] defined
higher uniformity norms U?, and found a new proof for Szemerédi’s
theorem by partially extending the above program for these norms.
Indeed, as we shall see in Chapter 11, for every linear pattern, there
exists a d such that if || fa||;;a is sufficiently small, then for the purpose
of estimating the density of that pattern, the pseudorandom f> can be
discarded without having a significant effect on the estimate. However,
this fact by itself is not very useful without an inverse theorem for U¢
norm as one needs an inverse theorem to extract a structured part from
every function with noticeable U¢ norm.

In Theorem 5.3 we established an inverse theorem for the U3 norm.
This theorem lays the foundation of quadratic Fourier analysis as it
implies that every function f : ) — [~1,1] can be decomposed into a
structured part that is a linear combination of the exponentials of a few
quadratic characters and a pseudorandom part that has small U? norm.
Unfortunately, as we saw in Theorem 5.6 its most natural generalization
Conjecture 5.4 to higher uniformity norms is false. In other words,
classical polynomials are not the right structure for higher uniformity
norms. Tao and Ziegler [83] proved that Conjecture 5.4 can be fixed
by replacing classical polynomials with a generalization of classical
polynomials, which we will refer to as non-classical polynomials.

We introduce non-classical polynomials and state Tao and Ziegler’s
inverse theorem in Chapter 6. We then proceed to develop the theory
of higher order Fourier analysis in the remainder of this part. Con-
cretely, in Chapter 7 we introduce the notions of rank, regularity and
uniformity for polynomials, which are the basis for the structure vs pseu-
dorandomness dichotomy discussed above. In Chapter 9 we develop the
decomposition theorems. In Chapter 10 we develop a notion of homoge-
neous non-classical polynomials, which is useful in certain applications.
In Chapter 11 we apply these to the study of linear patterns in sets. A
few technical proofs from these chapters are deferred to Chapter 12.
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6

Nonclassical Polynomials, and the Inverse
Gowers Theorem

In Theorem 5.6 we saw that the most natural generalization of the U?
and U? inverse theorem to higher uniformity norms is false. That is for
d > 4, there exist bounded functions that have large U% norm but do
not have significant correlation with the exponential of any polynomial
of degree d — 1. In this chapter, we address this issue by introducing
an extension of classical polynomials, called nonclassical polynomials.
We will show that an inverse theorem for Gowers uniformity norms
of any order holds for nonclassical polynomials. Below we will give
some intuition on how we can arrive to the definition of nonclassical
polynomials.

Let d > 0 be an integer. Similar to the situation over finite fields,
there are both a global and a local definition for a low degree real-valued
polynomial A real-valued function P : R™ — R being a polynomial of
(total) degree < d can be defined in two equivalent ways:

303
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(1) Global definition. P is a polynomial of degree < d if it can be

written as
_ . st i
P(zy,--  zn) = E : Ciy,onyin Ty 0 Ty
i1, ,in >0
i1 tin<d

with coefficients ¢;, ... ;, € R.

(2) Local definition. P is a polynomial of degree < d if it is d + 1
times differentiable and its (d 4+ 1)-th derivative vanishes every-
where.

It is easy to see by linearity of the derivative operator that (i) implies
(7i). For the other direction, one can use the Taylor series expansion
to go from the local to the global condition, and show that the two
definitions above are equivalent. Both these definitions can be extended
to the finite characteristic setting, i.e. when P : F" — G for a finite
field F and an Abelian group G. The global definition extends in a
straightforward manner, and the local definition uses the notion of
additive directional derivatives.

Definition 6.1 (Polynomials over finite fields (local definition)). For an
integer d > 0, a function P : F" — G is said to be a polynomial of
degree < d if for all yy,...,y4+1, 2 € F™, it holds that

(Dy, -+ Dy, P)(x) =0,

Yd+1

where D, P(x) = P(x +y) — P(x) is the additive derivative of P with
direction y evaluated at x. The degree of P is the smallest d for which
the above holds.

It follows simply from the definition that for any direction y € F",
deg(DyP) < deg(P). In the “classical” case of polynomials P : F" — F,
it is a well-known fact that the global and local definitions coincide.
However, the situation is different in more general groups. One can
already suspect this from the fact that division by d! may not be possible
in G, and hence one cannot make use of the Taylor expansion to go
from the local definition to the global one.
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When the range of P is the torus R/Z, it turns out that the global
definition must be refined to the “nonclassical polynomials”, which
may have monomials that are different from the classical case. This
phenomenon was first noted by Tao and Ziegler [83] in the study of
Gowers norms, where it was also proved that Conjecture 5.4 can be
modified to hold by replacing classical polynomials with nonclassical
polynomials.

6.1 Nonclassical polynomials

Let T = R/Z denote the torus (namely, the group of addition modulo
1). Let e : T — C be given by e(x) = exp(2miz). Fix a prime finite
field F = I, for the remainder of this chapter. Nonclassical polynomials
arise when studying functions P : F"* — T and their phase functions
f=e(P):F"— C.

Definition 6.2 (Nonclassical polynomials). For an integer d > 0, a func-
tion P : F" — T is said to be a nonclassical polynomial of degree < d
(or simply a polynomial of degree < d) if for all y1,...,yg+1,z € F™, it
holds that

(Dy, -+ Dy, ,P)(z) =0. (6.1)

The degree of P is the smallest d for which the above holds. A function
P :F" — T is said to be a classical polynomial of degree < d if it is

Yd+1

a nonclassical polynomial of degree < d whose image is contained in
%Z/ Z.

Denote by Poly(F" — T), Poly,(F" — T) and Poly,4(F" — T), the
set of all nonclassical polynomials over ", all nonclassical polynomials
of degree d and all nonclassical polynomials of degree < d, respectively.

The following lemma of Tao and Ziegler [83] shows that a classical
polynomial P of degree d must always be of the form x +— @1(%)', where
Q@ : F" — F is a polynomial (in the usual sense) of degree d, and |-| is the
canonical map from F =T, to {0,1,...,p — 1}. Moreover, it provides a

global characterization of the structure of nonclassical polynomials.
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Lemma 6.3 (Tao and Ziegler [83], Lemma 1.7). A function P : F" — T
is a polynomial of degree < d if and only if P can be represented as

211 o
pk+1

Cdy,...,dn k
P(zy1,...,2y) = a+ Z -
0<d1,....,dn <p; k>0:
0<> " | di<d—k(p—1)

mod 1,

for a unique choice of ¢4, 4,5 € {0,1,...,p—1} and a € T. The
element « is called the shift of P, and the largest integer k£ such that
there exist dy,...,d, for which cq, 4, # 0 is called the depth of
P. A depth-k polynomial P takes values in a coset of the subgroup
Ugy1 = #Z/Z. Classical polynomials correspond to polynomials
with 0 shift and 0 depth.

In many cases, for the sake of brevity, we will omit writing “mod 1”
in the description of the defined nonclassical polynomials. We do not
include the proof of Lemma 6.3 in this text. For a proof we refer the
reader to either the paper of Tao and Ziegler [83] or to a blog post of
Tao [79] describing the proof.

Example 6.4. Consider the univariate function f : Fy — T given by
f(z) = % mod 1. Is is a nonclassical polynomial of degree 2. To see
this, we compute its derivatives D, f for y € 5. Clearly Dy f = 0 for
any univariate function, so it suffices to compute D; f. One can verify
that

R S

1
:4+@mod1.

Moreover,

Dlle(.ZL') = %, DlDlle(;L') =0.

Thus, taking 3 derivatives annihilates f, but not 2 derivatives. So by
JEi]

definition f is a degree 2 polynomial. Similarly, one can show that oz

is a nonclassical polynomial of degree k.

Remark 6.5. An equivalent definition of nonclassical polynomials is via
functions which map Fj) to the ring Z k1. Concretely, if f: F) — T is
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a nonclassical polynomial of degree d and depth k, then its takes values
in ZﬁZ/Z. Thus, we can write f as

flx) = ik(ff mod 1,

where F': F) — Z,r+1. One can verify that F' is a polynomial. However,

note that the classical definition of degree for F' (based on monomials)

does not coincide with our definition of degree for f (based on deriva-

tives). For example, in the univariate case F'(z) = z corresponds to
x

flx) = s which has degree 1+ (p— 1)k, while F'(z) = px corresponds
to f(x) = 2% which has degree 1+ (p — 1)(k — 1).

pk
Note that Lemma 6.3 immediately implies the following important

corollary. Below we use the following standard shorthand, which follows
as T is an Abelian group. For n € Z and x € T, nx stands for x+-- -+
if n >0 and —z — --- — x otherwise, where there are |n| terms in both
expressions.

Corollary 6.6. Let Q : F) — T be a polynomial of degree d and depth
k. Then

(1) If X € Z is co-prime to p then AQ also has degree d and depth k.

(2) p@ has degree max(d—p+1,0) and depth k£ — 1. In other words, if
(Q is classical, then p@) vanishes, and otherwise, its degree decreases
by p — 1 and its depth by 1.

(3) p**1Q = 0. This implies that if A = )’ mod p**! then AQ = N'Q.

For convenience of exposition, henceforth we will assume that the
shifts of all polynomials are zero. This can be done without affecting
any of the results presented in this text. Under this assumption, all
polynomials of depth k take values in Uy .

6.2 The inverse theorem for Gowers norms

Gowers norms, which were introduced by Gowers [37], play an impor-
tant role in additive combinatorics, more specifically in the study of



The version of record is available at: http://dx.doi.org/10.1561/0400000064
308 Nonclassical Polynomials, and the Inverse Gowers Theorem

polynomials of bounded degree. We have seen in the direct theorem
for Gowers norms (Theorem 4.2; see also Theorem 5.3, direct theorem)
that correlation with polynomials implies large Gowers norm. The proof
generalizes directly to include nonclassical polynomials.

Theorem 6.7 (Direct theorem for Gowers norm). Let f : F" — C be a
function and d > 1 an integer. Then for every degree-d nonclassical
polynomial P : F* — T,

[(Fre(PD] < [ fllgasr-

The theorem follows from the monotonicity of the Gowers norms.
Claim 6.8. Let f:F" — C and d > 1. Then || f||ga+: > || f]|ya-

Proof. Recall that for a function g : F* — C and y € F", Ayg(z) =

g(z + y)g(x) denotes the multiplicative derivative of g at direction y.
We have

d+1
1flgen = E  [Ay e f(@)]
ZT,Y1y-,Yd+1
o E [ e [Aylﬂ.n,ydf(w + yd+1) ) Ayhm,ydf(x)H
Ylres¥d | T5Yd1
2
= E [E[Ayl,m,ydf(x)]
Ylres¥d || T
2
> E [Ay1,~~~,ydf($)]
TyY1yeeey Yd
d+1
=|IflIFa -

Proof of Theorem 6.7. Let g(z) = f(z)e(P(z)). Then

[(fse(P))| = llgllor < llgllgas-

Now, for any yi1,...,yq4+1 € F" it holds that

Ayly-~~7yd+1g(x) = Ayl,...,yd+1f(x) : e(Dy1,~~-,yd+1P(x)) = Ay17~--,yd+1 f(l‘)v
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and hence,
d+1
HQH%]d-H = E [Ayhmydﬂg(xﬂ
Y1,--Yd+1
d+1
= B [Aygen @] = 117
Y1,--Yd41

O

As we showed in Section 5.2, the inverse direction is false, when we
restrict ourselves to classical polynomials. However, Tao and Ziegler [83]
proved that it is true if we include nonclassical polynomials. The inverse
theorem only applies to bounded functions. Let D := {z € C: |z| < 1}
be the unit disk in the complex plane.

Theorem 6.9 (Inverse theorem for Gowers norm ([83], Theorem 1.11)).
Fix d > 1 an integer and € > 0. There exists an § = d¢.9(FF, d, €) such that
the following holds. For every function f : F” — D with || f|ye1 > €,
there exists a polynomial P € Poly_,;(F" — T) that is d-correlated with
f, that is -

[{f;e(P))] = 6.

A comment about notation. We use the following notation through-
out the survey: unspecified constants (such as d¢.9(F, d, €) in Section 6.2)
are labeled by the number of the lemma / theorem where they are
referenced.

It is easy to see that for every degree d nonclassical polynomial P,
lle(P)||gra+1 = 1. Theorem 6.7 and Theorem 6.9 provide a robust version
of this statement, showing that the Gowers norm of a function f is large if
and only if it contains some low degree structure, namely if f correlates
with a low degree polynomial. We also note that Theorem 6.9 only
shows existence of a constant § > 0 for every € and finding reasonable
quantitative bounds or limitations to such bounds is a fascinating
problem which to this day remains unsolved. In the case of quadratics
d = 1, we have ||f||y2 = ||flla which gives § = Q(e2). The case of
d = 2 is already nontrivial and the best known lower-bound for ¢ is
quasi-polynomial in €, which follows from a result of Sanders on the
Bogolyubov-Ruzsa conjecture (Sanders [71], see also Lovett [58, 59]).



The version of record is available at: http://dx.doi.org/10.1561/0400000064

7

Rank, Regularity, and Other Notions of
Uniformity

Consider a function f : F) — [~1, 1] and a positive integer d. As we shall
see in Chapter 9 the inverse theorems (Theorem 5.3 and Theorem 6.9)
allow us to approximate f in the U%! norm by a linear combination of a
few higher-order phase functions, which are exponentials of nonclassical
polynomials of degree d. We will think of this as an order-d Fourier
expansion of f, and regard it as the structured part of f. Unlike classical
Fourier expansion, higher-order Fourier expansions are not unique by any
means. This is simply because there are too many polynomials of degree
d, (there are asymptotically 20(n”) (lassical degree < d polynomials),
and thus they cannot form a linear basis for the space of functions
whose dimension is p”. However, this might be disappointing as one
of the most important and useful properties of the classical Fourier
characters is that they form an orthonormal basis. While it is not
possible to achieve this orthogonality in an exact way, we can still hope
to obtain an approximate version of it by approximating f with a linear
combination of a few higher-order phase functions which are pairwise
almost orthogonal. We will see how to accomplish this through the
notions of rank and regularity, which are the topic of this chapter. We
will present these topics for the general case of an arbitrary fixed value

310
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of d, and unfortunately this leads to many technicalities that might be
overwhelming for the readers who see these materials for the first time.
Some of these technicalities are unnecessary for the case of the quadratic
Fourier analysis, i.e. d = 2, and many definitions and statements are
more intuitive and familiar in this case, and for example the definition
of rank coincides with the familiar notion of rank from linear algebra.
Thus we recommend those readers who find this chapter too technical
and unintuitive to first consult the excellent lecture notes of Ben Green
on quadratic Fourier analysis [41].

A property of Fourier characters is that they behave like a random
function, for example their value is uniformly distributed when the input
is drawn uniformly at random. Having this in mind, we can demand
several such random-like behaviors from higher-degree polynomials.
We refer to such properties as regularity. One property of random
functions is that they cannot be expressed as a function of few low-
degree polynomials. We will capture this property by defining the notion
of rank of a polynomial, intended to capture its complexity according
to lower degree polynomials.

Definition 7.1 (Rank of a polynomial). Given a polynomial P : F* — T
and an integer d > 1, the d-rank of P, denoted ranky(P), is defined to
be the smallest integer r such that there exist polynomials Q1,...,Q, :
F* — T of degree < d — 1 and a function I' : T" — T satisfying
P(z) =T(Qi(x),...,Qr(x)). If d =1, then 1-rank is defined to be oo if
P is non-constant, and 0 otherwise.

The rank of a polynomial P : F" — T is its deg(P)-rank. We say
that P is r-regular if rank(P) > r.

Note that for an integer 1 < A\ < p — 1, rank(P) = rank(AP). A
high-rank polynomial of degree d is, intuitively, a “generic” degree-
d polynomial; there are no unexpected ways to decompose it into
lower degree polynomials. For future use, we record here a simple
lemma stating that restrictions of high rank polynomials to hyperplanes
generally preserve degree and high rank.
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Lemma 7.2. Suppose P : F" — T is a polynomial of degree d and rank
> r, where r > p + 1. Let A be a hyperplane in F", and denote by P’
the restriction of P to A. Then, P’ is a polynomial of degree d and rank
>r —p, unless d = 1 and P is constant on A.

Proof. For the case d = 1, we can check directly that either P’ is
constant or else, P’ is a non-constant degree-1 polynomial and so has
rank infinity.

So, assume d > 1. By applying an affine transformation, we can
assume without loss of generality that A is the hyperplane {x : 1 = 0}.
Let 7 : F* — F"~! be the projection to A given by 7(z1,x2,...,2,) =
(0,z9,...,2,). Let P" = P — P o . Clearly, P” is zero on A. For
a € F\ {0}, let hy = (a,0,...,0) € F*. Note that Dy, P” is of degree
< d —1 and that (Dy,P")(y) = P"(y + h,) for all y € A. Hence,
for every a € F\ {0}, P on A + h, agrees with a polynomial @, of
degree < d — 1. So, for a function T': T?*! — T, we can write P(z) =
L(|z1l/p, P'(z), Q1(2), Q2(2), - .., @p-1(2)), Where [z1]/p, Q1, ..., Qp—1
are of degree < d — 1.

Now, if P’ itself is of degree d — 1, then P is of rank < p+1 < r,
a contradiction. If P’ is of rank < r — p, then again P is of rank
<r—p+p=r, a contradiction. ]

7.1 Polynomial factors

Next, we will formalize the notion of a generic collection of polynomials.
Intuitively, it should mean that there are no unexpected algebraic
dependencies among the polynomials. First, we need to set up some
notation.

Definition 7.3 (Factors). If X is a finite set, then by a factor B we
simply mean a partition of X into finitely many parts called atoms.

A finite collection of functions ¢q,...,¢c from X to some other
space Y naturally define a factor B = By, . 4, whose atoms are sets
of the form {x € X : (¢1(x),...,0c(x)) = (y1,...,yc)} for some
(y1,...,yc) € YC. By an abuse of notation we also use B to denote the
map = — (¢1(x),...,¢c(x)), thus also identifying the atom containing

x with (¢1(z),..., oc(x)).
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Definition 7.4 (Polynomial factors). If Py, ..., Po : F" — T is a sequence
of polynomials, then the factor Bp,, . p. is called a polynomial factor.

The complexity of B, denoted |B| := C, is the number of defining
polynomials. The degree of B is the maximum degree among its defining
polynomials Py,..., Pc. If Py,..., Pc are of depths ki,..., ko, respec-
tively, then the number of atoms of B is at most ||B]| := [1<, pFit!.

Note that it makes a difference whether we define atoms according
to the ordered set of evaluations (Pj(x),..., Po(x)) rather than the
multiset {P;(z),..., Po(z)}, and we choose the former in our definition.

We say that a function f : F" — T is measurable in a polynomial
factor Bp,, .. p, (or B-measurable in short) if there exists a I' : T¢ > T
such that

f=T(P,...,Po),

or in other words the value of f(x) can be determined by knowing only
the values of Pi(z),..., Po(x). Note that, here I" is an arbitrary map
with no restriction on its degree or complexity. Equivalently, we say
that f is B-measurable if f is constant over each atom of B.

Example 7.5. The function f(z) := Z128023 4 238 i measurable in
the factor defined by P, = %, P, = :mzﬂ and Py = 3.

Next we define conditional expectation over a factor, which results
in a function that is constant on each atom of the factor.

Definition 7.6 (Conditional expectation over factors). Let B be a poly-
nomial factor defined by Pi,...,Po : F* — T. For f : F* — C, the
conditional expectation of f with respect to B, denoted E[f|B] : F" — C,
is

ELf|B](z) := ygﬁ,n [fW)|Pi(y) = Pi(x), ..., Pely) = Po(x)] -

Namely, E[f|B] is constant on every atom of B, and takes the average

value of f over this atom.

Note that E[f|B] is B-measurable. The following is a simple ob-
servation stating that E[f|B] has the same correlation as f with any
B-measurable function.
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Remark 7.7. Let f:F" — C. Let B be a polynomial factor defined by
polynomials Py, ..., Po : F* — T, and let g : F"* — C be a B-measurable
function. Then

(f,9) = (E(fIB), 9)-

Finally, we define the rank of a polynomial factor. We require that
every nonzero linear combination of the polynomials which define the
factor has high rank. Recall that by Corollary 6.6, if P : F) — T is a
polynomial of depth k then for A € Z, the depth of AP depends only

on A mod pFtl.

Definition 7.8 (Rank of a factor). Let B be a polynomial factor defined
by a sequence of polynomials Pi,..., Pc : F* — T with respective
depths k1, ..., kc. The rank of B is the least integer r, for which there
exists (A1,...,\o) € Z%, with (A\; mod p¥'*1, ... A\c mod pFctl) #£
0, such that ranky(>%, \iP;) < r, where d = max; deg(\;P;).

Given a polynomial factor B and a function r : N — N, we say that
B is r-regular if the rank of B is larger than r(|B]).

Notice that by the definition of rank, for a degree-d polynomial P
of depth k£ we have

rank({P}) = min {rankd(P), rankg_(,—1)(pP); ... ,rankd_k(p_l)(ka)} ,

where { P} is a polynomial factor consisting of one polynomial P.

Regular factors indeed do behave like a generic collection of polyno-
mials, and we will establish this in a precise sense in Section 7.4. Thus,
given any factor B that is not regular, it is often useful to regularize
B, that is to find a refinement B’ of B that is regular up to our de-
sires. Various regularity lemmas for polynomials will be discussed in
Section 7.5

7.2 Analytic measures of uniformity

Regularity defined by the notion of rank is an algebraic/combinatorial
notion of pseudorandomness. There are several cases where an analytic
notion would be much more useful. In many cases, what is needed
from the notion of regularity is that the polynomials defining the
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factor, when evaluated jointly on a uniform input, would behave as
independent random variables. This can be equivalently expressed as
the condition that any nonzero linear combination of the polynomials
is almost uniformly distributed. We will accomplish this through the
analytic notion of bias.

Definition 7.9 (Bias). The bias of a function f : F" — T is defined to
be

bias(f) := E le(f(x))].

zeFn

Note that a function f that takes every value from Uy equally likely,
will satisfy bias(f) = 0, and that a random polynomial will have bias
very close to 0, and thus having small bias can be potentially used as
an analytic notion of regularity.

It turns out that the bias and the rank of a polynomial are closely
related. The following theorem was first proven for the case of d < |F| by
Green and Tao [43], and then extended to the general case by Kaufman
and Lovett [54].

Theorem 7.10 (Green and Tao [43] and Kaufman and Lovett [54]). Fix
a prime finite field I, an integer d > 1 and a real € > 0. There exists
r = r710(F, d, €) such that the following is true. If P : F* — T is a
degree-d polynomial with rank greater than r, then |E.[e (P(2))]| < e.

Kaufman and Lovett originally proved Theorem 7.10 for classical
polynomials. However, their proof extends to nonclassical ones without
modification. Note that r710(F, d, ) does not depend on the dimension
n of F™, but depends in an unspecified way to I, d, e. The original proof
had terrible dependency on all three parameters (Ackerman-type), and
hence only applies for constant-size prime finite fields, constant degree
and constant bias.

Remark 7.11. Theorem 7.10 was extended in two ways by subsequent
papers. Bhattacharyya et al. [12] extended it to constant-size non-prime
finite fields. Bhowmick and Lovett [19] refined the dependency on the
field size and bias to be polynomial. This allows the theorem to be
applicable for large finite fields, of size possibly growing with n. We
present this in Chapter 8. In this section, we restrict our attention to
constant-size prime finite fields.
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Next, motivated by Theorem 7.10 we define unbiasedness for poly-
nomial factors.

Definition 7.12 (Unbiased factor). Let ¢ : N — RT be a decreas-
ing function. A polynomial factor B defined by a sequence of poly-
nomials Pi,...,Pc : F"* — T with respective depths ki,...,kc is
said to be e-unbiased if for every collection (A1,...,Ac) € ZC, with
(A1 mod p*1F1 ... Ao mod pFetl) #£ 0% it holds that

(e

Using Gowers norms, one can define the following analytic notion
of uniformity for polynomials which is stronger than unbiasedness.

<e(|B)).

Definition 7.13 (Uniformity). Let € > 0 be a real. A degree-d polynomial
P :F" — T is said to be e-uniform if

le (P)|lya <e.

Tao and Ziegler [83] used Theorem 7.10 to show that high rank
polynomials have small Gowers norm.

Theorem 7.14 (Tao and Ziegler [83], Theorem 1.20). Fix a prime finite
field IF, an integer d > 1 and ¢ > 0. There exists r = r7.14(F, d, ¢) such
that the following is true. For every nonclassical polynomial P : F* — T
of degree < d, if ||e (P)||ya > €, then rank;(P) < r.

This immediately implies that a high-rank polynomial is also uniform
in the sense of Definition 7.13.

Corollary 7.15. Let F,d, e and r(F,d, ) be as in Theorem 7.14. Every
r-regular polynomial P of degree d is also e-uniform.

The next claim, which is a standard application of Fourier analysis,
shows that the converse of this is true at least qualitatively.

Claim 7.16. Fix a prime finite field IF, and integers d,r > 1. There exists
e = e7.16(F,d,r) such that the following is true. For every P : F" — T,
if ranky(P) < r then |le (P)|y« > .
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Proof. We will show that low rank functions cannot be very uniform.
Let F = F,. Assume that P(z) = I'(Q:1(z),...,Qr(x)), where each
Qi : Fy — T is a polynomial of degree < d—1 and depth k;, and where I :
[Ti=1 Ug;+1 — T. Shorthand G := [];_; Uy, 41 and let G" := [[i_q Z ;01
be the dual group. The Fourier decomposition of e(I') : G — C is given
by R

e(l(2)) = ) T(a)e({a,2)),

aceG’
where \f‘(a)] <1 for all a. Let Qq := > ;Q;(x) for a € G’, which is a
polynomial of degree < d — 1. Then

e(P(x)) = Z/f(a)e(Qa(ﬂf)l (7.1)
Thus -
1= [{e(P(z)),e(P(x)))| < zé [(e(P(2)), e(Qa(x)))],
which shows that for some o* € G’,aE

(e(P), (Que))] = —

|Gl
Next, observe that by the direct theorem for the Gowers norm (Theo-
rem 6.7), as Qo+ has degree < d — 1 we have

le(P)lira > [{e(P), e(Qa))| > |G|~
To conclude, a simple calculation gives that
|G| = plrt D)ot lbrt1) < (1+1(d=1)/(p—1)])r
as ki(p—1) < d— 1. Thus we conclude that
le(P)||ra > e(Fp, d,7) := p~ (A d=1)/(e=1))r
O]

Remark 7.17. The expansion in Equation (7.1) is referred to as the
higher-order Fourier expansion of e(P), and will be discussed further in
Section 9.2. Throughout this text we will repeatedly use the higher-order
Fourier expansion of a function g to argue that ¢ must be correlated
with some low-degree polynomial.
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It is straightforward to extend the notion of uniformity from a single
polynomial (Definition 7.13) to a polynomial factor.

Definition 7.18 (Uniform factor). Let ¢ : N — R be a decreasing
function. A polynomial factor B defined by a sequence of polynomials
Pi,...,Po:F* — T with respective depths ki, ..., ko is said to be &-
uniform if for every collection (A1, ..., A¢) € Z¢, with (A\; mod pP1+1, ...

0%, it holds that

where d = max; deg(\; P;).

<e(|Bl),
Ud

Remark 7.19 (Equivalence between regularity and uniformity). Similar
to Corollary 7.15 it also follows from Theorem 7.14 that an r-regular
degree-d factor B is also e-uniform when r = r714(F,d,¢) is as in
Theorem 7.14. By Claim 7.16 the converse of this also holds and we
have an approximate equivalence between regularity and uniformity.

7.3 The derivative polynomial

Let P :F" — T be a nonclassical polynomial of degree d. The order-d
Gowers norm of e(P), which we have seen to control its correlation with
lower degree polynomials, can be expressed as the bias of the derivative
polynomial of P.

Definition 7.20 (Derivative polynomial). Let P : F" — T be a degree-d
polynomial. The derivative polynomial P : (F*)? — T of P is defined
as

OP(h1,...,hq) := Dy, -+ Dy,
where hi,...,hg € F™.

P(0),

d

Remark 7.21. Note that we could equivalently define OP(h1, ..., hq) :=
Dy, -+ Dy, P(y) for an arbitrary y € F”. This is due to the fact that
Dy, --- Dy, P is a degree 0 function, which is a constant function.

A closed form for 0P, applying the derivatives iteratively, is

OP(hy,....hg) = Y (-1)* 5P (Z hi> .

SCld] i€S

,A¢c mod 7
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The following lemma shows some useful properties of the derivative
polynomial.

Lemma 7.22. Let P : F" — T be a degree-d polynomial. Then
(i) OP(h,...,hq) is a classical homogeneous polynomial of degree d.

)
(ii) OP(h1,...,hq) is invariant under permutations of hy, ..., hg.
(iii) OP(hi,...,hq) is linear in each of hq, ..., hq.

(iv) For any € F*, Dy, --- Dp,P(x) = OP(h1, ..., hq).
Proof. The proof follows by the properties of the additive derivative Dj,.
By definition, OP(hq, ..., hq) is a (possibly nonclassical) polynomial of

degree d. Item (i) follows since OP is annihilated by multiplication by
P, since

pap(h17h27~"7hd) :pDhl th(P)(O) :Dhl th(pP)(O) :07

as we have deg(pP) = max(d — (p —1),0) < d (see Corollary 6.6). Item
(ii) holds since D, Dyp/@Q = Dy D@ for every function @ : F* — T
and every h,h/ € F". Item (iii) holds as every monomial of 9P must
depend on each of the variable sets h;, as for example if we set h; =0
then OP(0,hs,...,hg) = 0 since DpQQ = 0 for any function Q. As
deg(0P) < d, each monomial must contain exactly one variable from
each h;. Hence OP is linear in each h; and has the form

n d
8P(h1, e ,hd) = Z Cil,...,id H(hj)ijv
i1,eig=1 j=1
where ¢;, .. ;, depends only on the multiset {i1,...,i4}. Item (iv) follows
as
Dh1 thp(l'—i-h) _Dh1 thP(x) = Dh1 thDhP(.Z') =0.

O

Corollary 7.23. Let P : F" — T be a polynomial of degree < d. Then P
has low rank if and only if its derivative polynomial is biased. Formally,
there exists functions e1(F, d, 1) and r2(F, d, e2) such that rankg(P) <
r1 implies bias(OP) > ¢; and bias(0P) > €2 implies rank,(P) < ra.
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Proof. The corollary follows from Theorem 7.14 and Claim 7.16, since

le(Pl[fia =, E [e(Dn, -+ Du,P())]
= B, [e(Dn, - D PO))]
= bias(0P)

7.4 Equidistribution of regular factors

In this section, we make precise the intuition that a high-rank collection
of polynomials, evaluated on a joint input, behaves close to a collection of
independent random variables. The key technical tool is the connection
between the combinatorial notion of rank and the analytic notion of
bias (Theorem 7.10).

Using a standard observation that relates the bias of a function to
its distribution on its range, Theorem 7.10 implies the following.

Lemma 7.24 (Size of atoms). Given € > 0, let B be a polynomial factor
of degree d > 1, complexity C, and rank r710(F, d, €), defined by a tuple
of polynomials Py, ..., Po : F" — T having respective depths k1, ..., kc.
Suppose b = (b1,...,bc) € Ug,41 X -+ X Ug,41. Then
1
Pr [B(z)=0=— +te.

Lo 1B(z) =) 8] ¢
In particular, for e < ﬁ, B(x) attains every possible value in its range
and thus has || B|| atoms.
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Proof. We can express the fraction of inputs in an atom b as

P [B(z) =)

C
=E [H 1[Pi<m>bi}1

i=1

C 1 pkiﬂLlfl
=E [ 5 > eQuPile) —b)
Tli=P Xi=0
c
- Hp‘(kﬁl) . > E [e (Z Ni(Pi(z) — bi))] ‘
' (/\17~--7)\C)GHZ.C:1[O,p’%+1_1] v i=1

The second equality uses the fact that P;(z) —b; is in Uy, 4; and that for
every nonzero x € Uy, 11, Z’;\’:() “le (Az) = 0. By our assumption that
B is r-regular, for every (Ai,...,A¢) # 0 we have that Z?:l \iPi(x)
has rank at least r, which by Theorem 7.10 implies that its bias is at
most €. Thus

C C
s _ 1
Pr [B(z) =] = [[p %0 (1 +e Hp’“*l) = 18] +e.

i=1 =1

O]

An almost identical proof implies a similar statement for unbiased
factors instead of regular factors.

Lemma 7.25 (Equidistribution for unbiased factors). Suppose that ¢ :
N — RT is a decreasing function. Let B be an e-unbiased factor of
degree d > 1, defined by a tuple of polynomials Py,..., Pc : F* — T
having respective depths ki, ..., kc. Suppose b = (b1, ...,bc) € Ug, 41 X
-+ X Ugyyqr1. Then

B(x) = 1) = ”;” + ().

r
zelfn
7.5 Regularization of factors

Due to the generic properties of regular factors, it is often useful to
refine a given polynomial factor to a regular one. We will first formally
define what we mean by refining a polynomial factor.
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Definition 7.26 (Refinement). A factor B’ is called a refinement of B,
and denoted B’ = B, if the induced partition by B’ is a combinatorial
refinement of the partition induced by B. In other words, if for every
z,y € F", B'(z) = B'(y) implies B(z) = B(y).

One needs to be careful about distinguishing between two types of
refinements.

Definition 7.27 (Semantic and syntactic refinements). B’ is called a
syntactic refinement of B, and denoted B’ =, B, if the sequence of
polynomials defining B’ extends that of B. It is called a semantic refine-
ment, and denoted B’ =, B if the induced partition is a combinatorial
refinement of the partition induced by B. In other words, if for every
z,y € F", B'(z) = B'(y) implies B(z) = B(y).

Remark 7.28. Clearly, being a syntactic refinement is stronger than
being a semantic refinement. But observe that if B’ is a semantic
refinement of B, then there exists a syntactic refinement B” of B that
induces the same partition of F™ as B’, and for which |B"| < |B'| + |B].
To construct B”, simply add the defining polynomials of B to those of
B.

The following lemma by Green and Tao [43] shows that every classical
polynomial factor can be refined to a regular factor. The basic idea
is simple: if some polynomial has low rank, decompose it to a few
lower degree polynomials, and repeat. Formally, it follows by transfinite
induction on the number of polynomials of each degree that define the
polynomial factor.

Lemma 7.29 (Regularity lemma for classical polynomials [43]). Fix a
prime finite field F, an integer d > 1 and a non-decreasing function
r : N = N. There exists a function CI; ’QdéT : N = N for which the
following holds.

Suppose B is a polynomial factor of degree < d and complexity C,
defined by classical polynomials P, ..., Po : F" — F. Then there exists
an r-regular factor B’ that semantically refines B, where B’ has degree
< d and complexity C’ < C%’g’r)(C).
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Furthermore, if B is itself a syntactic refinement of some By that
has rank > r(C"), then B’ can be taken to be a syntactic refinement of
By.

Proof. Let B be a polynomial factor defined by classical polynomials
Py, ..., Pc: F" — T of degree at most d. Define M (B) := (Mg, ..., M) €
N? where M; is the number of polynomials of degree i among P, ..., Pc.
Note that My + ...+ My = C = |B|. We define the lexicographic order
on N%, where M > M’ if M; > M] for some 1 < i < d and M; = M
for all j > 4. The proof will be by transfinite induction on M under the
lexicographic order. Namely, we will apply the fact that N¢ under the
lexicographic order is Noetherian, that is, it does not contain an infinite
decreasing sequence.

Let B be a polynomial factor, and assume that B is not r-regular.
Then by definition, some linear combination of the polynomials that
define B has rank less than r(C). Let P(x) = > \;Pi(z) with \; € T,
not all zero, such that rank(P) < r(C'). By definition of rank, we can
decompose P as a function of r(C') lower degree polynomials. That is,

P@) =T (Qi@),.... Qxc)())

where deg(Q;) < deg(P) — 1 and where I' : F*(¢) — F is some func-
tion. Let ¢* € [C] be chosen so that A\ # 0 and e = deg(P;) is
maximal. In particular, deg(P;+) > deg(P). We can express P+ as
a linear combination of {F; : i # i*} and I'(Q1,...,Q,(c)). Define
B =B\ {R*} U {Ql, R QT(C)} We claim that:

(i) B is a semantic refinement of 5.
(il) M(B1) < M(B).

The first item follows by definition, and the second since in order to
construct B, we removed one polynomial of degree e from B and added
r(|B|) many lower degree polynomials. If By is still not r-regular, we
can repeat this process and obtain By which is a semantic refinement of
B1, and so on. By transfinite induction, this process must halt after a
finite number of steps. More formally, the number of steps depends only
on M(B) as in the argument above, we can provide an upper bound
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M’ which depends only on M (B) such that M (By) < M’ < M(B), by
taking M’ = (Mg, ..., Mey1, Me — 1, My +r(|B|), ..., M1 +r(|B])).
For the final part, assume that B is a syntactic refinement of a
polynomial factor By, defined without loss of generality by the Cy = |Bp|
polynomials Py, ..., Pg, : F" — F. In the regularization process, we will
attempt to choose P« ¢ {Pi,..., Pg,} if possible. If we can achieve this
at every step, then at the end we retain all the original polynomials
that define By, and hence we obtain a syntactic refinement of By. If we
fail, then at some stage we obtained a polynomial factor B” for which

some linear combination of polynomials from P, ..., Pc, has rank at
most 7(|B”|) < r(C"). This contradicts our assumption that By has high
rank. O

The bounds obtained on C’E ’;f have Ackermann-type dependence
on the degree d, even when r(-) is a “reasonable” function. As such,
it gives nontrivial results only for constant degrees. The extension of
Lemma 7.29 to nonclassical polynomials is more involved, and was
proved by Tao and Ziegler [83] as part of their proof of the inverse
Gowers theorem (Theorem 6.9).

Theorem 7.30 (Regularity lemma for nonclassical polynomials [83]). Fix
a prime finite field F, an integer d > 1 and a non-decreasing function
r : N — N. There exists a function CI7F_ ’gdr : N — N for which the
following holds.

Suppose B is a polynomial factor of degree < d and complexity C,
defined by nonclassical polynomials Pj,..., Po : F* — T. Then there
exists an r-regular factor B’ that semantically refines B, where B’ has
degree < d and complexity C’ < C’gg’r)(C’).

Furthermore, if B is itself a syntactic refinement of some By that
has rank > r(C"), then B’ can be taken to be a syntactic refinement of

Bo.

We sketch the proof of Theorem 7.30. The basic approach is the
same as that of Lemma 7.29. Let B be a polynomial factor defined by
nonclassical polynomials of degree < d. It is said to be extended if when-
ever P € B, then either pP = 0 or pP € B. Clearly, every polynomial
factor can be made extended by adding the appropriate polynomials to



The version of record is available at: http://dx.doi.org/10.1561/0400000064
7.6. Strong equidistribution of regular factors 325

it. If B is extended and defined by polynomials Py, ..., Po, then for it
to have rank r, it suffices if rank(>~ N\;P;) > r for all A; € {0,...,p—1},
not all zero. The main idea in the proof of Theorem 7.30 is to apply
the same inductive argument as in the proof of Lemma 7.29, while
maintaining an extended factor throughout the proof. However, this
raises the following challenge: assume that P; has low rank, and we wish
to replace it with a few lower degree polynomials. However, assume
that also P; = pP;, for some other polynomial P; defining the factor.
Then, we must remove P; from the factor as well. If P; also had low
rank, that would suffice. However, this need not be true. What is true
is that P; can be decomposed as a function of a few polynomials, each
of which either has lower degree or the same degree and lower depth as
that of P;. We summarize this in a lemma below, for which we omit
the proof. With that lemma in hand, the proof goes through as before,
except that now we need to keep track of the number of polynomials of
a given depth and a given degree.

Lemma 7.31 (Tao and Ziegler [83]). Let P : F" — T be a polynomial
of degree d and rank r. Assume that P = p@Q, where @ is a polynomial
of degree d + (p — 1). Then Q(z) = I'(Q1(z),...,Q(x)), where for
each 7, either deg(Q;) < deg(Q) or deg(Q;) = deg(Q) and depth(Q;) <
depth(Q). Furthermore, ¢ < C7.3,(F, d, r).

7.6 Strong equidistribution of regular factors

One of the important and useful properties of the classical Fourier charac-
ters is that they form an orthonormal basis. Theorem 7.10, Lemma 7.24
and Lemma 7.25 provide an approximate version of this phenomenon
that is useful for several applications. However, for certain applications
we need a stronger notion of orthogonality, one where each polynomial
of the factor is evaluated not just on a single input, but on a collection
of inputs given by linear forms.

A linear form in k variables is a vector L = (\1,...,\;) € FF.
It defines a map L : (F,)* — F, by L(z1,...,2x) = > \iz;. Often,
we would need to analyze averages of f evaluated on several linear
forms with joint variables. Consider for example the BLR linearity
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test, explored in Chapter 2. Given a function P : F§ — Fy, let f(x) =
(=1)P(®), The acceptance probability of the BLR linearity test on P is
equal to
St B [@IW)e ).
x,yelfm
Thus, in order to analyze it, we needed to evaluate f on three related
inputs: z,y,x + vy.

The general form is as follows. Let L1, ..., L, € F¥ be linear forms,
where to recall L; : (F")* — F". The goal is to analyze, for f : F" — C,
averages of the form

E [f(Li(X)) - f(Lm(X))]-
Xe(Fn)k

The first step in such an analysis will be to find a suitable polyno-
mial factor B, such that we can replace f with E[f|B] without affect-
ing the average by much. Let us assume that we have already done
so. Then we can specialize our treatment to functions of the form
f(x) = T(Pi(z),...,Po(x)), where P; : F* — T are bounded degree
polynomials. This in turn would require to analyze the joint distribution
of Py, ..., Pc on the linear forms Li(X),..., L, (X). That is, we would
need to understand the distribution of the random variable

P(L(X)) P(Li(X)) ... Po(li(X))
Pi(La(X))  Po(La(X)) ... Po(La(X))
AB,L:(X) = . . s
Pl(Lm(X)) PQ(Lm(X)) PC(Lm(X))
where X € (F")k is uniformly distributed, B = { Py, ..., Pc} is a family
of nonclassical polynomials and £ = {L1, ..., L,,} C F¥ is a system of

linear forms.

Our analysis so far (see Lemma 7.24) have shown that if we restrict
our attention to a single linear form, namely a single row of Ag £(X),
then if we assume that B is regular enough, then its values are distributed
close to uniform in their range H]C:1 Uk, +1. Thus, a first guess might be
that if B is regular enough, then Ag , should be uniformly distributed
over all the m x C matrices A € [[;; H]C:1 Ug;+1-

However, this is false. The reason is that nonclassical polynomials of
a given degree satisfy various linear identities, governed by the fact that
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they are annihilated by taking enough derivatives. For example, if P; is
a linear polynomial then Pj(x1 + x2 4+ x3) — Pi(z1 + x2) — Pi(z1 +x3) +
Py(x1) = 0 holds, and hence the four random variables (P (z1 + z2 +
x3), P1(x1 + x2), Pi(x1 + 23), P1(z1)) are far from independent. Thus,
the rows of Ag (X)) satisfy certain linear constraints. As we will shortly
see, strong equidistribution implies that Ag £(X) is close to uniform on
all values that satisfy the necessary linear constraints. In particular, the
columns of Apg £(X) are nearly independent, with each column being
uniform modulo the required linear dependencies.

The development of the strong equidistribution theorem occurred
in several steps. Hatami and Lovett [48] established a strong near-
equidistribution for factors of classical polynomials, when the char-
acteristic of the field F is greater than the degree of the polynomial
factor. Bhattacharyya et al. [14] later extended the result to the general
characteristic case and nonclassical polynomials, but under an extra as-
sumption that the system of linear forms is affine, i.e. there is a variable
that appears with coefficient 1 in all the linear forms. Bhattacharyya
et al. [17] used the same proof technique to replace the condition that
each L; is affine, with the condition that all the coefficients of L; are in
{0,1}. Finally, in the work of Hatami et al. [46] the joint distribution
of the matrix Ap  was fully characterized for nonclassical polynomials
without any extra assumptions on the linear forms. Instead, it requires
that the polynomials are homogeneous.

We formally define and analyze homogeneous nonclassical polynomi-
als in Chapter 10. For the time being, it is sufficient to note that each
nonclassical polynomial P(z) of degree d can be decomposed as a sum
of homogeneous nonclassical polynomials of degrees 1,...,d; and that
in the regularization process (as in Theorem 7.30) one can require that
the resulting polynomials are all homogeneous. Thus, one can always
assume that a polynomial factor is defined by homogeneous nonclassical
polynomials, and these can be made high rank by regularization.

Theorem 7.32 (Near orthogonality over linear forms). Let IF be a prime
field, d > 1, € > 0. Let {Ly,..., Ly} be a system of linear forms.
Let B = {Py,...,Pc} be a polynomial factor of degree at most d
and rank(B) > r7.32(F,d,e). Assume furthermore that each P; is a
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nonclassical homogeneous polynomial (defined in Chapter 10). For
every set of coefficients A = {\;j € Z:i € [C],j € [m]}, let

C m
Pa(z) ==Y NijPi(Lj(x)).

i=1j=1
Then one of the following two cases holds:

e Py = 0. In this case, for every i € [C] and any nonclassical
homogeneous polynomials @Q; : F* — T with deg(Q;) = deg(P;)
and depth(Q;) < depth(F;) it holds that 3~ ¢, AijQi(L;()) = 0.

e Py # 0. In this case, |E[e(Py)]] < e.

We defer the proof of Theorem 7.32 to Section 12.1, after we cover
some more necessary background material.

Next, we state a special version of Theorem 7.32 useful in some
applications. A system of linear forms L1, ..., L,, is said to be an affine
constraint if L;1 = 1 for all i € [m]. Such systems arise naturally in
the study of affine invariant properties, which we discuss in Chapter 14.
Here, we state a special case of Theorem 7.32 for affine constraints,
where the polynomials are not required to be homogeneous. For the
proof see [14].

Theorem 7.33 (Near orthogonality over affine constraints). Let F be a
prime field, d > 1, ¢ > 0. Let {Ly,..., L} be an affine constraint.
Let B={P,...,P.} be a polynomial factor of degree at most d and
rank(B) > r7.33(F, d,e). For every set of coefficients A = {\; ; € Z :i €
[c],j € [m]}, let
Cc m
PA({L‘) = Z Z )\ZJPl(LJ(:L'))

i=1j=1

Then one of the following two cases holds:

e Py = 0. In this case, for every i € [C] and any nonclassi-
cal polynomials @; : F* — T with deg(Q;) < deg(F;) and
depth(Q;) < depth(F;), it holds that > jcim] XijQi(Lj(-)) = 0.

e Py # 0. In this case, |E[e(Py)]] < e.

In the next section, as a corollary of Theorem 7.32, we determine
the distribution of Ag ; when B is of sufficiently high rank.
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7.7 Joint distribution of high-rank polynomials over linear forms

In order to understand the joint distribution of polynomials over linear
forms, we first need to understand the necessary linear constraints. The
following definition formalizes this.

Definition 7.34. Let F = I, be a prime field. Given a system of linear
forms Lq,..., Ly over F in £ variables. and integers d,k > 0, the
(d, k)-dependency set of Ly, ..., Ly, is the set of tuples (A1,...,\y,) €
Z™M. ., such that > 7" A\iP(L;(x1,...,2¢)) = 0 for every homogeneous

P
polynomial P : F" — T of degree d and depth k.

Observe that the (d, k)-dependency set of L1, ..., Ly, is closed under
addition, and hence is a subgroup of Z;’}CH. We do not currently have
an explicit description of it, except for the implicit definition given in
Definition 7.34.

Theorem 7.32 characterizes exactly when for a regular factor B it
holds that Py, = 0. We record this in the language of dependency sets.

Corollary 7.35. Let Ly, ..., Ly, be a system of linear forms over F = F,
in ¢ variables. Fix an integer ¢ > 0, tuples (di,...,d.) € ZS, and
(k1,...,ke) € ZS,. For i € [c], let A; be the (d;, k;)-dependency set of
Li,....,Lp.

Then, for every polynomial factor B defined by homogeneous polyno-
mials Pp,..., P.: F* — T, where P; has degree d; and depth k;, and B
has rank > r7.14 (F, max; d;, 2), it is the case that a tuple (\;, )ze[ d,j€lm]

satisfies
ZZAJP (21, .., 20))

i=17=1

0

if and only if for every i € [¢],
()‘i,l mod pkﬁ_la cee 7)\i,m mod pkﬁ_l) € A;.

Proof. The “if” direction is obvious. For the “only if” direction, we
use Theorem 7.32 to conclude that if 3=, ; Ai jP5(L;(1)) = 0, it must
be that for every i € [c], >2; Ai jQi(L;(+)) = 0 for every homogeneous
polynomial @); with degree d; and depth k;. This is equivalent to saying
()‘iyl mod pkﬁ_l, . 7)\i,m mod pkﬁ_l) S Al L]
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Remark 7.36. For large characteristic fields, Hatami and Lovett [48]
showed that the analog of Corollary 7.35 is true even without the rank
condition.

The joint distribution of (Pj(L;(x1,...,x¢)) i € [c],j € [m]) is only
going to be supported on atoms which respect the constraints imposed
by dependency sets. This is obvious: if P is a polynomial of degree d and
depth k, such that P(L;j(z1,...,2z¢)) = bj, then for every (A1,...,A\n)
in the (d, k)-dependency set of (L1, ..., Ly,,) it must be the case that
>_j Ajbj = 0. We call atoms which respect this constraint for all F; in a
factor, comsistent.

Definition 7.37 (Consistency). Let F be a prime field. Let Lq,..., Ly,
be a system of linear forms over F in ¢ variables. A sequence of ele-
ments by, ..., b, € T are said to be (d, k)-consistent with Ly, ..., Ly,
if by,...,by € Ugyr and for every tuple (A1,...,A\,) in the (d,k)-
dependency set of Ly, ..., Ly, it holds that Y i, \;b; = 0.

Given vectors d = (d1,...,d.) € Z$y and k = (k1,...,k.) € Z), a
sequence of vectors by, ..., by, € T¢ are said to be (d, k)—consz’stent_with
Ly,..., Ly, if for every i € [c], the elements by ;,...,bn,; are (d;, k;)-
consistent with Ly, ..., Ly,.

If B is a polynomial factor, the term B-consistent with L1, ..., Ly, is
a synonym for (d, k)-consistent with Ly, ..., Ly, where d = (dy,...,d.)
and k = (ki, ..., k) are respectively the degree and depth sequences of
polynomials defining 5.

Theorem 7.32 implies that for a polynomial factor of large enough
rank, the joint distribution (P;(L;(z1,...,x¢)) is equi-distributed on all
consistent values.

Theorem 7.38. Given € > 0, let B be a polynomial factor of degree d >
0 and rank at least 77.10(FF, d, £). Assume that B is defined by a sequence
of homogeneous polynomials Pi,..., P. : F* — T having respective
degrees d, ..., d. and respective depths ki,...,k.. Let Ly,..., L., be
a system of linear forms over F in ¢ variables, and let A; be the (d;, k;)-
dependency set of Ly,..., Ly,.
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Suppose by, ..., b, € T¢ are atoms of B that are B-consistent with
Ly,...,Ly. We denote b; = (bi1,...,bic). Then

[Ty [A]

Pr_ ALy m) = big Vi € [d:j € [l = =0

T1,...,L0EFM

+e.

Proof. The proof is similar to that of Lemma 7.24. Let = (z1,...,x¢).

Pr(Bi(Lj(z)) = bj; Vi € [d],Vj € [m]]

PRt
2152[ II pk}H > €(>\z’,j(Pz'(Lj(ﬂf))—bj7i))]

i€[c],j€[m] i, ;=0
= pfm Z;:I (kit1),

Z € (— Z )\i,jbj,i> E [e (Z )\i,jPi(Lj(x)>]
(/\i,j)GHi’j[O,pki"'lfl] 5 i,
= p_ngzl(ki"‘l) . <ﬁ |A;| £ gmefl(ki+1)> )

i=1
To see the last equality, observe that by Corollary 7.35, 3=, + Ai j P;(L;(+))
is identically zero for [[;|A;| many tuples ()\;;) and, in that case,
>_ij Aijbji = 0 because of the consistency requirement. For any other
tuple (\; ;), the expectation in the third line is bounded by ¢ in absolute
value. O
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8

Bias vs Low Rank in Large Fields

Theorem 7.10 exhibited the “bias implies low rank” phenomena: every
biased polynomial has low rank. Concretely, if P : F" — F is a degree
d polynomial, and |Ezle (P(z))]| > ¢, then rank(P) < r719(F,d,¢). In
this section, we describe an improved theorem due to Bhowmick and
Lovett [19] which allows for large fields (of size growing with n) as well
as for errors which are polynomially small in the field order.

Theorem 8.1. Let d,s € N. Let F be a finite field of characteristic
char(F) > d. Let P : F" — F be a polynomial of degree d. Suppose that
| Ezernle (P(z))]| > |F|~%. Then, rank(P) < rg.1(d, s).

Observe that here rg1(d,s) does not depend on the field. Also,
the error is allowed to be polynomially small in the field size. For
concreteness, we focus on the proof where F is a prime field, where
we assume throughout that |F| > d. For the proof for non-prime fields
we refer the interested reader to the original paper by Bhowmick and
Lovett [19].

332
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8.1 Bias implies low rank approximation

We start by showing that biased polynomials can be approximated by
a few lower degree polynomials.

Lemma 8.2. Let d,s,t € N. Let P : F* — F be a polynomial of
degree d. Suppose that |Ezcpn[e (P(z))]| > |F|~%. Then, there exist

polynomials @1, - ,Q. : F* — [F of degree at most d — 1, where
c=c(d,s,t) = (d+t225+3), and a function I' : F¢ — F, such that
P [P2) #T(Qu(2), -+, Qe(@))] < ||~

We prove Lemma 8.2 in this section. Fix a polynomial P : F* — F
of degree d, and let p := Eyepn[e (P(x))] be its bias, where we assume
|| > |F|~%. We begin with the following claim.

Claim 8.3. For all z € F™,

pe(=Pr)) = yggn[e (DyP(2))].

Proof. We have
E [e(DyP(x)]= E [e(P(z+y))e(—P(z))]

yeFn yeln
— £ [e(P(y))] e (~P@))
yern

O

Fix z € F". Pick z = (21, ... 2) € (F*)* uniformly for some k to be
specified later. For a € F¥, 2 € (F™)¥, we shorthand a - z = Y%, a;2 €
F™. For a € F¥\ {0}, let W, 4(2) be the random variable (over the choice
of z) defined as

We.a(2) =€ (Dqy..P(x)).

For a # 0%, we have

LB Weal9l = B [e(DyP()]

Also, observe that for distinct «, 5 € F,
le (@) —e(B)] > |F| ",
We have the following.
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Claim 8.4. Fix x € F™. If for z € (F")¥ it holds that

1 1
FF—1 Y Weal(2) —IE[G (DyP(2))]| < 2[R
acFk\ {0k}
then
P(z) =T (Da-P(x) : a € F¥\ {0})
where I'g : FIF“=1 5 F is defined as
1 |F‘k_1
Lo(v1,...vpp_1) = argmln BFECT Z e(v) —e(—a)ul.
i=1

Proof. By Claim 8.3, we have p-e(—P(x)) = Ey [e (DyP(x))]. Observe
that for any g € F\ {—P(x)},

lpw-e(—P(x)) —p-e(B)| > p- ‘F|_1 > |]F|—(5+1)‘

Thus by the assumption of the claim, the value of —P(z) (and hence
P(z)) is determined by finding a for which, p - e(a) is closest to
Iﬂ*‘\’%l > ack\ [0k} Wa,a(2). It is easy to check that this is captured by
I'p, namely
Lo (Da-P(z) s a € F¥\ {0}) = P(z),
O

Observe that the random variables {W, . (2) : a € F¥\ {0}} are
pairwise independent. That is, for any distinct a,a’ the random variable
(Wa.a(2), Wy ar(2)) is uniformly distributed in F2, when z € F* is uni-
formly chosen. Thus, we can apply Chebychev’s inequality and obtain
that, for kK =t + 2s + 3, it holds that

1
Pr T,a - D,P Z
ZE(F” [ |]F|k -1 ;)W ( Yy (33))] 2|]FS+1:|
4‘1@’25—}—2 1
< —. (8.1
St =@ O

Thus, for all z € F",

P o (Da-P(2) s a € F*\ {0}) = P(x)] > 1 [F| ™"
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Therefore, by an averaging argument, there exists a choice of z € (F")*
for which

Pr [T (Da-P(@):a € FF\ {0}) = P()] > 1= [F| ™. (8.2)

We now prove that we only need a constant number of derivatives in
order to approximate P, instead of a number which is polynomial in |F|.
Let |-| : F — N be the canonical map |z| = = for z = {0,1,...,|F| —1}.

Claim 8.5. Let B :={b e F*: Y-¥_, |b;| < d}. Then for any a € F¥,
Do..P(x) = XapDy..P(x)
beB
for some A, € F.
Proof. Let |a| = Y%, |a;|. We prove the claim by induction on |a|. If
la| < d, the claim is straightforward, so assume |a| > d. As P is a degree
d polynomial, we have for any m > d and y1, ..., ym € F” that
D,,...D, P=0.

This translates to
ce{0,1}m™

As the sum of the coefficients is zero, this implies

Z (—1)251' (P (:U + chya — P(x))

ce{0,1}m
= Y (~1)ZDeyP(z) =0,
ce{0,1}m™

for y = (y1,...,Ym). Apply this for m = |a| and y1,...,ym set to z

repeated a; times, zo repeated ao times, up to z; repeated aj times.
Then we obtain that

Z Vg Do, P(x) = 0,

a’<a
where the sum is over all a’ € F¥ such that |a}| < |a;| for all 1 <i <k,
and vy = (—1)I¥ITIE | (%). In particular, v, € {—1,+1}. This implies
that D,., P(x) is a linear combination of D/, P(x) for a’ € F* with |a/| <
|a|. The claim now follows by applying the induction hypothesis. [
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This concludes the proof of Lemma 8.2. By Claim 8.5 we may rewrite
Lo (Da-P(z) :a € ¥\ {0}) =T (Da.P(x) :a € B),

where ¢ = |B| and T' : F¢ — T is defined as I'(v, : b € B) =
Iy ((ZbeB Aapp) : a € FF\ {O}) Let Q1,...,Q. in the statement of
Lemma 8.2 be {D,.,P(x) : a € B}. Clearly, these are polynomials of
degree < d — 1. To conclude, we need to bound ¢ = |B|. We have

o-£0)-()

Lemma 8.2 follows as we set k = ¢+ 2s + 3.

8.2 Bias implies low rank exact computation

We prove Theorem 8.1 in this section. The proof is by induction on the
degree d and follows along the lines of Theorem 1.7 of [43]. We sketch
the proof below.

We first show that Theorem 8.1 implies a similar theorem, where
instead of assuming that a polynomial is biased, we assume that it has
a noticeable Gowers uniformity norm.

Lemma 8.6 (Large Gowers norm implies low rank). Suppose Theorem 8.1
is true up to degree d. Let P : F* — F be a polynomial of degree d.
Suppose that [|e (P)||yya > [F|~*. Then rank(P) < r(5)(d, ).

Proof. We have

d _od
E _ [e(Dy..yaP@)]| = lle(P)|[Fa > F|7>.
Y1, Yd EF™

Define @ : F™@+1) 5 F ag

Q(.%', Yty 7yd) = Dy1,--~7ydp(x)'

By Theorem 8.1,
rank(Q) < r(g.1)(d, 2%s).
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Applying the Taylor approximation theorem to P, as we assume d < |F|,
we have

1
d!

where R is a polynomial of degree < d — 1. We conclude that rank(P) <
rank(Q@) + 1. This concludes the lemma by setting

P(z) = =D,

[RRRS}

P(0) + R(z) = %Q(O, T 7) + R(x),

T(8.6)(d7 8) = T(g_l)(d, st) + 1. ]

The next lemma shows that a regular factor has atoms of roughly
equal size. We shorthand a £ § to denote any element in the interval
[ — 0, 0 + 6.

Lemma 8.7 (Size of atoms). Suppose Theorem 8.1 is true up to degree
d. Let B ={Q1,...,Q.} be a polynomial factor of degree at most d.
Given s € N, assume that B has rank at least 75 1)(d, s). Then for every
b € e,

1 1
P =b| = + .
D5 B(@) = bl = e &

Proof. For any b € F€,

Pr[B(z) =b = \IF]C Z IE [ (Z ai(Qi(r) — bz))]

aE]FC
1 1
0sacFe | * i
_ 1.t
|Fle— [F[®

The last line follows because of the following argument. Suppose
for some a # 0, |Ez[e(3; aiQi(x))]| > ﬁ. Then by Theorem 8.1,
rank(}; a;Q;) < rg1)(d,s). This contradicts the assumption on the
rank of B. O

Recall that a linear form L = (¢1,...,4;) € F¥ is said to be affine if
¢1 = 1. Next, we argue that a high rank factor evaluated on a system
of affine linear forms is near orthogonal.
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Lemma 8.8 (Near orthogonality of affine linear forms). Suppose Theo-
rem 8.1 is true up to degree d. Let ¢,d, k,s,m € N. Let B = {Q1,...,Q.}
be a polynomial factor of degree at most d. Assume B has rank at least
78.8)(d, k,s). Let (L1, ..., Ly) be a system of affine linear forms on k
variables. Let A = (Xjj)ic[¢] je[m] De a tuple of integers. Define

QA(.’L'l,...,(L'k) = Z /\UQZ(LJ(xl,,xk))

i€[c],j€[m)]

Then, one of the following is true.

1. Qa = 0. Moreover, for every i € [c], and Q; of degree at most d,

it holds that 37" Ai;Qi(L;(+)) =

2. Qa # 0. Moreover, |E[e (Qa(x1,...,2zx))]| < |F|~5.

q,
0.

The proof is identical to the proof of Theorem 7.33, specialized
to only allow classical polynomials, and taking care of the improved
dependence on |F| guaranteed by Lemma 8.6. As a corollary, we state
the above result for the case of parallelepipeds, which will be needed
for the inductive proof of Theorem 8.1. We first set up some notations,
following Section 4 of [43].

Let B ={Q1,...,Q.} be a polynomial factor of degree at most d.
We assume B has rank at least r(g6)(d, s). For i € [d], let M; denote
the number of polynomials in B of degree exactly equal to .

Definition 8.9 (Faces and lower faces). Let k € Nand 0 < k' < k. A set
F C{0,1}* is called a face of dimension k' if
F={be{0,1}*:b; =6;,i €I},

where I C [k], |I| = k — k" and 6; € {0,1}. If §; = 0 for all ¢ € I, then
F' is called a lower face.

Let ¥ := ®i€[d]FMi, so that £{01}* =~ |IF]21c 2icta Ml We will con-
sider vectors v € S0 indexed as v(i, j,w) for i € [d],j € [M;],w €
{0, 1}*.

Definition 8.10 (Face vectors and parallelepiped constraints). Let ig € [d],
jo € [M,] and F C {0,1}*. Let vlig, jo, F] € S{0U" be given by
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v(i, j,w) = (=1 if i = iy, j = jo and w € F and zero otherwise. This
is called a face vector. If F' is a lower face, then it corresponds to a
lower face vector. If dim(F') > ig + 1, then it is a relevant (lower) face
vector. A vector ¢ € S{01}" satisfies the parallelepiped constraints if it
is orthogonal to all the relevant lower face vectors.

Let ¢ C {01 he the subspace of vectors satisfying the paral-
lelepiped constraints. Below we use the following shorthand: ( fz) =

i (k
j=0 (j)
Claim 8.11 (Dimension of ¥y (Green and Tao [43], Lemma 4.4)). Let
d < k. Then,
d k
dim(3g) = M; -
i) =300 £
Lemma 8.12 (Equidistribution of parallelepipeds). Suppose Theorem 8.1
is true up to degree d. Given s,d < k € N, let B be a polynomial factor
of rank at least (g 19)(k, s) defined by polynomials Q1,...,Q. : F" = F

of degree at most d. Then for every ¢t € ¥ and every x € F" such that
B(x) = t(0), it holds that

1 1
_— + .
|F|Z§i:1 M) |Fl

yeg‘a)k [B(x +w-y) =tw) Yw € {0, 1}’“} =

Proof. This immediately follows from the dimension of ¥ (Claim 8.11)
and Lemma 8.8 applied to the parallelepiped. O

We are now ready to prove Theorem 8.1, but before doing so, let us
explain the high-level approach. Given a biased degree-d polynomial P,
we use Lemma 8.2 to approximate P by a function that is measurable
in a degree-(d — 1) polynomial factor 5. We then regularize this factor
to a sufficiently regular polynomial factor B’ of degree d — 1. The final
step of the proof is to show that P itself is measurable in B’. To show
this, we divide atoms of B’ into two categories: we call an atom A of B’
“good” if P is almost a constant over A, and otherwise we call it “bad”.
We first argue that P is in fact constant in each good atom. Let A be
a good atom and let ¢4 be P’s most popular value over A. We argue
that for every x € A, there are directions yi, ..., y411 such that for any
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nonempty S C [d+ 1], P(z + > ;cq ¥i) = ca. As a result, observing that
Dy,...yse P(x) =0, and all terms but P(x) in Dy, .., P(x) are equal
to ca, we get that P(x) = c4. If Ais a bad atom, we first find a collection
of good atoms A, for w € {0,1}4F1\ {0}9+!, such that the evaluation
vector of B’ over this collection of atoms satisfies the parallelepiped
constraints. Let ¢, be the constant value that P takes on the good atom
A,. Having found such a collection of atoms, given an arbitrary x € A,
we may invoke Lemma 8.12 to show that there exists yi, ..., yg+1 such
that for all nonempty S C [d+ 1], x + > ,c5¥i € Ay. Finally, similar to
the good atom case, we use the d 4 1-th derivative of P to argue that
P(z) a fixed value determined by ¢, for w € {0,1}4+1\ {0}4+!

Proof of Theorem 8.1. The base case of d = 1 is trivial. Indeed, if a
linear polynomial P : F" — T satisfies |E[e (P(z))]| > |F|~*, then by
orthogonality of linear polynomials, we have P(z) is a constant and
hence has rank 0.

So, suppose that the hypothesis is true for degrees up to d — 1, and
we will prove it for d. Let ¢t € N depending on d be specified later. Recall
that we assume that | E[e (P(x))]| > |F|~°. By Lemma 8.2, there exists
a polynomial factor B = {Q1,...Q.} of degree d— 1 where ¢ = ¢(d, s, t),
and I' : F¢ — T, such that

Pr [P(z) # D(Qi(x), -, Qc(2))] < [F|™".

z€eFn
Let 7 : N — N be a growth function that depends on d and will be
specified later. Regularize B to an r-regular polynomial factor B’ =
{Q1,...,QL}, ¢ < Cﬁzzg) (¢). Thus, we have for an appropriate I" :
F¢ — T that

Pr [P(x) # I'(Q)(x), -, Qu(x))] < |F|™".

zelfn

We will now prove that P is B’-measurable, namely, P is constant on
each atom of B’. This will conclude the proof of Theorem 8.1.
We will assume that r(j) > r(.1)(d, 2t + j) for all j € N. Say that
an atom A of B’ is good if
Pr[P(z) # I'(Q4 (), -, Qu(x))] < [F| /%,

€A
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By Markov’s inequality and Lemma 8.7, at least 1 — |F|~*/* fraction of
the atoms A of B’ are good. The first step is to prove that on such atoms,
P is constant. Fix a good atom A and let A” C A be the set where
P(2) = T/(@Q}(x), -+ , QL (x)). Observe that T(Q}(x), - ,Qls(x)) is
constant on A, and hence P(z) = cy4 for some constant ¢4 for all z € A’

Lemma 8.13. Let ¢t be large enough depending on d. Let x € A be
arbitrary. Then there exists h € (F?)%*! such that 2 4+ w - h € A’ for all
w € {0,114+ gd+L,

We omit the proof of Lemma 8.13, and note for the interested reader
that it is identical to the proof of Lemma 5.2 of [43]. Continuing, since
P is a degree d polynomial, we have

Z (~1)“P(z+w-h)=0.
weq{0,1}d+1
Now, Lemma 8.13 has guaranteed that P(x 4+ w - h) = ¢4 for all w # 0.
Plugging in c4 for all the terms except P(x) in the above equation
implies P(x) = c4. Since x was an arbitrary point in A, we have proved
that P is constant on the entire atom A. This finishes the first step.

We have shown for 1 — [F|7%/* fraction of the atoms A of B, i.e
the good atoms, that P(x) = cy4 for all x € A. The final step shows
that for any arbitrary atom A, there exist good atoms A, for w €
{0,1}9+1\ {0}9+! such that the vector ¢ = B/(A,) € SO satisfies
the parallelepiped constraints. To achieve this, it is enough to find
one parallelepiped for which x + w - h lie in good atoms for all w # 0.
Indeed, let x € A be arbitrary. Pick hq, ..., hgy1 € F” randomly. The
probability that for a fixed w # 0, x + w - h lies in a good atom is at
least 1 — |F|~7%/4 > 1 — 2724 for t large enough. The result now follows
by a union bound over w € {0,1}4+!. Let t € {00 1o defined by
this parallelepiped. By Lemma 8.12, there is a choice of r such that, for
every x € A,

Pr [:E—Fw'yEAwVwE {0,1}k] > 0.
Y1y Uk
Now as all 4, but A are chosen to be good atoms, the value of P(x)
for x € A is a fixed value determined by ¢,, for w € {0, 1}4+1\ {0}¢+1
concretely P(z) = Zwe{(),l}dﬂ\{o}dﬂ(—1)|w|+1cw. O
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Decomposition Theorems

“Decomposition theorems” [38, 78, 43] are important consequences of
inverse theorems. They allow one to decompose an arbitrary function
into a “structured” part and a “pseudorandom” part. The structured
part is simple enough to be analyzed directly (often when assuming
regularity and equidistribution as a result of regularization lemmas),
and the pseudorandomness requirements are usually set up so that the
pseudorandom part has little effect on the analysis and can often be
ignored as small noise. We refer the interested reader to the papers
by Gowers [38] and Reingold et al. [64] for a detailed discussion of
decomposition theorems of this type and how the finite-dimensional
Hahn-Banach theorem can be used to give short and transparent proofs
of many results of these kinds.

9.1 Basic decomposition theorem

The following decomposition theorem is a direct consequence of the
inverse theorem for Gowers norms, Theorem 6.9. Recall that D = {z €
C : |z| < 1} denotes the unit disk in the complex plane.

342
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Theorem 9.1 (Basic decomposition theorem). Let F be a prime finite
field, d > 1,6 > 0 and let r : N — N be an arbitrary function. Every
function f : F" — D can be decomposed as

f=g9+h
where

(i) g = E[f|B], where B is an r-regular polynomial factor of degree
at most d and complexity C' < Co1(F,d,r,e).

(ii) ”hHUd+1 < €.

Furthermore, if we are given an initial polynomial factor B; of degree
at most d, then we may assume that B is a refinement of B;, and in
which case we have that C = |B| < Cy1(F,d,r,e,|B1]).

Proof. We define a sequence By, Bo, ... of r-regular polynomial factors
of degree at most d, where if By is not given then we take By = (). Let
gi = E[f|B;] and h; = f — g;. We will show that for a bounded value
of i we have ||h;||a+1 < € in which case we are done, as we can take
9= gi,h = h;.

So, consider i > 1 with ||h;||;7a+1 > €. By Theorem 6.9, there exists a
polynomial P; : F" — T of degree < d such that |(h;,e(F;))| > §, where
d = d6.9(F,d,e). In this case, let B, = B; U{P;} and let B;y; be an r-
regular factor refining B., as given by Theorem 7.30. Note that |B;11] is
bounded by a function of |B;|, d,r. Concretely, |Bit+1] < C[;éiér(]l’)’i\ +1).
In order to show that this process terminates after a bounded number
of steps, we will show that [|giy1]l5 > [lg:l|3 + 6%, and hence the process
must terminate after at most 1/ 52 steps.

To see that, first note that (g;, h;) = 0, as the average of h; =
f — E[f|B;] in any atom of B; is zero, while g; is B;-measurable, and
hence is constant on any atom of B;. In particular, this implies that
9313+ 1Aal3 = |£13 < 1. Next, let g! = E[f|B]) and &, = f — g.. As B!
is a refinement of B; we also have that (g;, g} — ¢;) = 0. Thus

19:l13 = llg:ll5 + lg — gill3 = Nlgill3 + |1hs — Rall3-
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Next, note that |(h;, e(FP;))| > 6 but (h},e(P;)) = 0, since in any atom
of B} we have that P; is constant and the average of h/ is zero. Thus

|7} — hill3 = E |hi(x) — hi(x)[?
= E|(hi(z) — hi(x))e(Pi(x))[?

> IIJ@ [(hi(z) = hi(z))e(Pi(x))] |
> 52,

To conclude the proof, note that as B, is a refinement of B} we have
that [|gi+1]3 = 913 + llgir1 — gill3 = llgill3- O

In Section 12.2 we will use a multifunction version of Theorem 9.1,
namely decomposing a collection of functions using a single regular
polynomial factor. This can be achieved by a proof almost identical to
the above.

9.2 Higher-order Fourier expansion

Let f : F" — D be a function, B a polynomial factor and let g = E[f|B].
It is possible to express g as a function of the polynomials which define
B. Assume that B is defined by polynomials { P, ..., Pc}. Then as g is
constant on the atoms of BB, we can express

9(z) =T(Pi(z),..., Fo(x)),
for some function I' : T — T. More concretely, assume that P; has
depth k;, and hence takes values in Uy, ;. Let G = HZ»CZI Ug,+1 and
let G' = Hl-czl Zyp;i+1 be the dual group. Applying standard Fourier
decomposition to I' : G — C gives
L(z) = Y [(a)e({a,2)).
acG’
As ||glloo < ||fllooc <1 we have ||T'||s < 1. Hence by Parseval’s identity,
S |T'(a)|? < 1. We can apply the same decomposition to g. Define
polynomials P,(z) = Y «a;P;(z) for @ € G'. Then the higher-order
Fourier expansion of g is given by

glz) = Y T(a)e(Pa(2)).

acG’
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Note that the polynomials P, play the role of characters in standard
Fourier analysis. In standard Fourier analysis, characters are orthogonal,
which plays an important role. If we assume that the polynomial factor
B has a high enough rank, then the same approximately holds for
higher-order Fourier expansions.

Claim 9.2 (claim). Assume that rank(B) > r9o(F,d, ¢, |B|). Then
(g, e(Pa)) = T(a)| < =.

Proof. Assume that B is r-regular for r = r7.19(F, d, /|G|), where note
that |G| < p/(d=D/=DIIBI By the regularity assumption, bias(P,/) <
e/|G| for all o # 0. Thus

(9,e(Pa)) = E[g(z)e(—Pu(z))]

and
[(g,e(Pa)) = T@)| < 32 [F(e)][bias(Par—a)| <.
’;ﬁa
O

Via a similar analysis one can obtain an approximate version of
Plancheral’s theorem when the expansion has high rank.

9.3 Strong decomposition theorems

In many applications, once we decompose f = g + h where g = E[f|B]
and [|h||a+1 < €, then it is necessary to make € small in terms of the
complexity of B. It turns out that this is possible, if we allow another
Ly error term.

Theorem 9.3 (Strong decomposition theorem). Let F be a prime finite
field, d > 1,6 > 0, and let ¢ : N — R™ and r : N — N be arbitrary
functions. Any function f : F® — ID can be decomposed as

f=h+fa+f5
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where

(i) f1 = E[f|B], where B is an r-regular polynomial factor of degree
at most d and complexity C' < Cy1(F,d,r,¢e,9).

(ii) [[fallgyarr <e(|B]) and || f2lec < 2.
(iii) [|f3ll2 < 9.

Furthermore, if we are given an initial polynomial factor B; of degree
at most d, then we may assume that B is a refinement of B, in which
case we have that C = |B| < Cy1(F,d,r¢e,9,|Bi]).

Proof. Define a sequence By, Bo, ... of polynomial factors as follows.
The first factor B is given as input, and otherwise let By = ). To
obtain B;i1, apply Theorem 9.1 with initial factor B; and error ¢; =
£(|B;|). Define as before g; = E[f|B;] and h; = f — g;. Note that as
B; 11 is a refinement of B; we have that (g;, gi+1 — g;) = 0 and hence
lgiv1l3 = llgill? + llgic1 — gill3- Let i < 1/6% be minimal such that
lgi+113 < lg:l13 + 6. We then take

B=DB;, fi=gi fo=hit1, f3="h;i—hi1.

Note that by definition, fi = E[f|B] and || f2||garr < e(|B]). It is also
simple to verify that || falcc < ||flloc + [|gi+1lloc < 2. Finally by our

construction we have that ||f3)|2 = ||k — hiv1ll3 = |lgi — giv1l3 =
lgi+1l3 = llgill3 < 6% 0

If we specialize Theorem 9.4 to Boolean functions, we can have more
control on the ranges of fi, fo, f3.

Theorem 9.4 (Strong decomposition theorem, Boolean functions). Let
f:F" —{0,1}. Under the same conditions as that of Theorem 9.3, we
obtain the same decomposition f = f; + fo 4+ f3, which furthermore
satisfies that f; and f; + f3 take values in [0,1]; and fo and f3 take
values in [—1,1].

Proof. We have fi1 = g; = E[f|B;] and fi+ f3 = gi+1 = E[f|Bit1], which
guarantees that they take values in [0,1]. We have fo = f — E[f|B;]
and f3 = E[f|B;] — E[f|Bi+1], which guarantees that they take values
in [—1,1]. O
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Theorem 9.3 can also be extended to decompose multiple functions
with a single polynomial factor, which is useful in certain applications.
The proof is identical and is omitted.

Theorem 9.5 (Strong decomposition theorem, multiple functions). Let F
be a prime finite field, d > 1,m > 1,6 > 0 and let e : N — R* and r :
N — N be arbitrary functions. Any m functions f, ..., f(™ . F" D
can be decomposed as

where

° fl(i) = E[f?|B], where B is an r-regular polynomial factor of
degree at most d and complexity C' < Cy5(F,d, m,r,¢e,6).

o [1fSlgaer < e(1B]) and || 57|00 < 2.
o [I£57]2 < 6.

Furthermore, if we are given an initial polynomial factor By of degree
at most d, then we may assume that B is a refinement of By, and in
which case we have that C = |B| < Cy5(F,d, m,r,e,d, |Bi]).

9.4 Sub-atom selection

It turns out that the strong decomposition theorems are not sufficiently
strong for certain applications in algebraic property testing. These
require to control all the error terms, including the Lo error term, by a
function of the complexity of the polynomial factor. This is impossible if
we have just one polynomial factor, but becomes possible when working
in parallel with two factors: a polynomial factor and a refinement of it.

First, we need to define the notion of a polynomial factor representing
another polynomial factor for a function. As all the applications of these
tools apply to Boolean functions, we specialize the treatment below for
Boolean functions, and note that it can be easily extended to bounded
complex functions.
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Definition 9.6 (Polynomial factor represents another factor). Let f :
F* — {0,1}, B a polynomial factor and B’ a refinement of it. For
0 < ¢ < 1, we say that B’ (-represents B with respect to f, if for at
most ¢ fraction of atoms ¢ of B, more than ¢ fraction of the atoms ¢’ of
B’ lying inside ¢ satisfy | E[f|c] — E[f|]| > ¢.

We now state the following “Two-level decomposition theorem”
proved by Bhattacharyya et al. [15] (it is referred to as “super de-
composition theorem” in [15]).

Theorem 9.7 (Two-level decomposition theorem (Bhattacharyya et al. [15],
Theorem 4.9)). Let d > 1,( >0 and let £,§ : N - RT and r: N - N
be arbitrary functions. Given any function f : F"™ — {0, 1} there exists
a polynomial factor B of degree d, and a refinement of it B’ of degree d,
both r-regular and of complexity at most Cy 7(F,d,r,¢,6,(), such that
the following holds. We can decompose

f=h+fa+ /s
where
(i) f1 =E[f[B].
(i) [[f2llgars <e(IB]).
(iii) [Ifsll2 < 4(1BI).
(iv) f1 and f1+ f3 take values in [0, 1]; and fa, f3 take values in [—1,1].
(v) B’ {-represents B with respect to f.

Proof. Define a sequence Bi, Bs, ... of polynomial factors as follows,
where initially By is empty, and B;y1 is obtained by applying Theo-
rem 9.4 with the parameters d, r, e and §; = 0(|B;|). If B;11 (-represents
B; with respect to f, then the theorem follows with B = B;, B’ = B; 1,
and f1, fo, f3 as given in the decomposition with B;41. If not, then one
can verify that

E[f|Bi+1]* = Elf|Bi]* + ¢*.
Hence, for some i < 1/¢3, the condition will hold. O
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Although the above two-level decomposition theorem may be useful
by itself for some applications, certain algebraic property testing appli-
cations require the ability to choose a sub-atom in B’ inside each atom
of B, such that the error of f3 on all sub-atoms is bounded, and most
sub-atoms represent their atoms. Moreover, we would need this choice
to be algebraically consistent.

To define this latter condition formally, assume that B’ is a syn-
tactic refinement of B, and thus is defined by adding new polynomials
Q1,- -, Q||| to the polynomials defining B. Thus, we can describe
atoms of B’ as (c,s), where ¢ € TIBl describes an atom of B and
s € TIB'I=1BI The choice of s allows to choose a sub-atom (c, s) of the
finer factor within an atom c of the coarser partition.

We require that there exists a fized s € TIF' =18l such that

e For all atoms c in B, the L? error term f3 within the corresponding
sub-atom is small.

e For most atoms ¢ in B, the sub-atom (¢, s) represents the atom c,
in the sense that E[f|c] ~ E[f|(c, s)].

The following theorem formalizes this. It is presented for one function,
but can be easily extended to allow multiple functions, in the same way
that Theorem 9.5 extends Theorem 9.3 to multiple functions.

Theorem 9.8 (Subatom selection (Bhattacharyya et al. [15], Theorem
4.12)). Let f : F" — {0,1}. Under the same conditions as in Theo-
rem 9.7, there exists a polynomial factor B and a syntactic refinement
of it B/, whose atoms are indexed by (¢, s) with ¢ € T8I, s € TIF'I-IBI,
such that in addition to the guarantees of Theorem 9.7, there exists a
choice of s € TIF'I=IBI for which the following is true:

(vi) For every atom c of B, the sub-atom (c, s) of B’ satisfies that
E[Ifs@) | B(2) = (c,s)] < 6(B))*

(vii) For at most a ( fraction of atoms ¢ in B it holds that

[E[f]e] = E[f[(c; s)]| > ¢
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Proof sketch. The proof is very similar to the proof of Theorem 9.7.
The fact that B’ is a syntactic refinement of B can be guaranteed by
making sure that B has high enough rank. Choose s uniformly among
the possible set of values. Condition (vi) holds with high probability by
a union bound on all the |B| possible atoms, by choosing §(|B|) < 1/|B|
small enough. Condition (vii) follows by condition (v) and Markov

inequality. O
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Homogeneous Nonclassical Polynomials

The main difficulty in dealing with fields of low characteristic is that
in the higher-order Fourier expansions, instead of the exponentials of
classical polynomials, one has to work with exponentials of nonclassical
polynomials. These do not share many of the convenient properties of
classical polynomials. To overcome these difficulties, we develop a theory
of nonclassical homogeneous polynomials which will enable us to confine
to this simpler class of nonclassical polynomials. Recall that the need
for homogeneous nonclassical polynomials arises in Theorem 7.32, which
characterizes the joint distribution of multiple high-rank polynomials
evaluated in parallel on multiple linear forms.

A classical degree d polynomial P : F* — F is called homogeneous if
all of its monomials are of degree d. A simple consequence of homogeneity
is that every homogeneous classical polynomial P(x) satisfies P(cx) =
c?P(x) for every ¢ € F. It turns out that this consequence is the “right”
way to generalize homogeneity for nonclassical polynomials.

Definition 10.1 (Homogeneity). A (nonclassical) polynomial P : F"* —
T is called homogeneous if, for every ¢ € F, there exists o, € Z such
that P(cx) = o.P(x) for all x € F™.

We start with a simple yet useful constraint on o.

351
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Claim 10.2. Let P : F" — T be a degree d polynomial. Assume that
P(cx) = 0.P(z) for some o, € Z. Then

|deg(P)

o. = |c mod p.

Proof. Recall that P is the derivative polynomial of P (see Defini-
tion 7.20). Define Q(x) = P(cx) — 0.P(x), where by assumption @ = 0.
Then

0= BQ(hl, v ,hd) = aP(Chl, e ,Chd) — acé)P(hl, .. .,hd).

By Lemma 7.22 0P is a classical homogeneous polynomial of de-
gree d which is linear in each of hq,...,hg. Thus OP(chy,...,chy) =
|c|?0P(hq, ..., hg). So we obtained that

0= (|¢|* = ae)dP(h1, ..., ha).

As OP is a nonzero classical polynomial this implies that |c|? — 0. =
0 mod p. O

Notice that for a polynomial P to be homogeneous, it suffices that for
some generator ¢ of F* (the multiplicative group of the field IF) it holds
that P(¢x) = o P(z). This is since any nonzero ¢ € F' can be represented
as ¢ = (" for some 0 < m < p—1, and hence P(cz) = c™P(x).

If P has depth k, then we can assume that o € {0,... ,pFtl — 1}
since p*t1P = 0. Obviously, the value of o depends on the choice of (.
However, the following lemma shows that for a fixed ¢, the value of o is
uniquely determined for all homogeneous polynomials of degree d and
depth k. Henceforth, we will denote this unique value by o(d, k).

Let Z, denote the p-adic integers. We will show that there exists
a choice of o(d) € Z, such that o(d, k) = o(d) mod pF*! for all k > 0.
This is related to the so-called Teichmiiller characters (see e.g. Section
4.3 of [23]). However, in order to keep the presentation elementary, we
avoid exploiting this connection.

Lemma 10.3. Fix a prime finite field F = F,, and a generator ¢ € F*. For
every d > 1,k > 0 there exists a unique o = o(d, k) € {0,...,p*1 —1},
such that for every homogeneous polynomial P : F"" — T of degree d
and depth k, it holds that P({z) = o P(x). Furthermore, there exists
o(d) € Z, such that o(d, k) = o(d) mod pF+i.
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Proof. Let P be a homogeneous polynomial of degree d and depth k, and
let o € {0,...,p"*! — 1} be such that P((x) = ¢ P(x). By Claim 10.2
we know that o = |¢|? mod p. Observe that as (! = 1 it holds that
P(x) = P(¢P"'z) = oP~1 P(x), from which and the assumption that P
has depth k it follows that 6?1 = 1 mod p*+1.

We claim that o € {0,..., phtl — 1} is uniquely determined by these
two properties:

(i) o= [¢| mod p;
(i) oP~' =1 mod p*+1.

Suppose to the contrary that there exist two nonzero values 01,09 €
Zy+1 that satisfy the above two properties, and choose ¢ € Z,r+1 such
that o1 = tog. It follows from (i) that ¢t = 1 mod p and from (ii) that
tP~1 = 1. We will show that ¢t = 1 is the only possible such value in

Zpk+1.

Let ay,...,ap € Zyr+1 be all the possible solutions to x =1 mod p
in Z,r+1. Note that tas,...,tay is a permutation of the first sequence
and thus

tpk H a; — H a;.

Consequently " = 1 mod pF+!

t =1 mod pFtl.

For the last assertion, note that o(d, k)?~! = 1 mod p**! implies
o(d, k)Pt = 1 mod p**! for every ¢ < k. By the uniqueness of o(d, ¢),
this implies that o(d, k) = o(d, £) mod p*T!. We can thus take o (d) € Z,
given by the equations o(d) mod p**' = o(d, k). O

, which combined with t? = t implies

Lemma 6.3 allows us to express every nonclassical polynomial as a

. . dy ... dn
linear span of monomials of the form %

. Unfortunately, unlike
in the classical case, these monomials are not necessarily homogeneous,
and for some applications it is important to express a polynomial as a
linear span of homogeneous polynomials. We show that this is possible
as homogeneous nonclassical polynomials form a basis for the space of

nonclassical polynomials.
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10.1 A homogeneous basis for nonclassical polynomials

In this section we will prove that homogeneous polynomials span the
space of all nonclassical polynomials.

Theorem 10.4. There is a basis for Poly(F" — T) consisting only of
homogeneous multivariate polynomials.

This theorem allows us to make the extra assumption in decompo-
sition theorems, that the resulting polynomial factor B consists only
of homogeneous polynomials. In order to achieve that, we decompose
each polynomial of degree d and depth k as a sum of homogeneous
polynomials of degree d and depths 1, ... k. If one of these polynomials
has low rank, we decompose it to a few lower degree polynomials, and
repeat the process.

We start by proving the following simple observation.

Claim 10.5. Let P : F — T be a univariate polynomial of degree d.
Then for every ¢ € F\{0},

deg (P(cm) - |c|dP(x)) <d.

Proof. By Lemma 6.3 it suffices to prove the claim for a monomial

s

m(x) = p'ﬂl with k(p — 1) + s = d. Note that m(cz) — |c|m(z) takes

values in #Z /Z as by Fermat’s little theorem

lcz|® — |e|d|z|® = |x]*|e)*(1 — [¢|*®P~D) = 0 mod p.

It follows then from Lemma 6.3 that m(cz) — |c|?m(z) is of depth at
most k — 1, and hence

deg (m(cx) - \c]dm(:(:)) <@ p-1Dk-1D+{p-1) <d (10.1)
O

It is not difficult to show that the above claim holds also for any
multivariate polynomial P : F* — T. We provide a proof of this fact,
although the univariate case suffices for our purposes in this section.
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Claim 10.6. Let P : F" — T be a multivariate polynomial of degree d.
Then for every ¢ € F\{0},

deg (P(cz) = |e['P(x)) < d.

Proof. Notice that the claim is trivial for classical polynomials, since in
this case, if R denotes the homogeneous degree-d part of P, then R(cz)—
lc|*R(x) = 0. We prove the statement for nonclassical polynomials. Let
Q(z) := P(cz), and note deg(Q) = d. We will inspect the derivative
polynomial of Q). Recall from Definition 7.20 and Lemma 7.22 that the
derivative polynomial of @,

aQ(ylv‘ . '7yd) = Dy1 o .Dde(O)ﬂ

is a degree-d classical homogeneous multi-linear polynomial which is
invariant under permutations of (y,...,y4). In particular

|C‘_daQ(y17 s 7yd) = 8Q(C_ly17 s 7c_lyd)
= Dc—llecflyQ e Dcflde(O)

= > (-n* 'S'Q< 1Zy>

SCld] 1€S
=Y (-p+Eip (Z%)
SCld] 1€S

= 6P(y17 .. '7yd)'

This implies that 9(Q — |¢[*P) = 0 and thus deg(Q — |c|’P) < d. [

10.1.1 A homogeneous basis, the univariate case
First, we prove Theorem 10.4 for univariate polynomials.

Lemma 10.7. There is a basis of homogeneous univariate polynomials
for Poly(F — T).

Proof. We will prove by induction on d that there is a basis {h1, ..., hq}
of homogeneous univariate polynomials for Poly,;(F — T) for every
d. Let ¢ be a fixed generator of F*. For any de_gree d > 0, we will
build a degree-d homogeneous polynomial hg(z) such that hg((z) =
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oghq(x) for some integer o4. The base case of d < p — 1 is trivial as
Poly,,_1(F — T) consists of only classical polynomials, and those are

spanned by ho(z) := ]lj,hl(:z:) = %,... hp—1(x) —% Now suppose
that d=s+ (p—1)(k—1) with 0 < s <p—1, and k > 1. It suffices
|[*

to show that the degree-d monomial =~ can be expressed as a linear
combination of homogeneous polynomials. Consider the function

s d|..|s
P

% k

p p
Claim 10.5 implies that deg(f) < d. Using the induction hypothesis,
we can express f(z) as a linear combination of @ for £ =0,...,k—1,

and h. for e < d with e # s mod (p — 1):

S behe(a).

e<d,
e#d mod (p—1)

Set A := |C|d+2g 1agp ~¢. so that
Ical” _ Am ST behe(a). (10.2)

pk p e<d,
e#d mod (p—1)
By the induction hypothesis, for e < d, h.((z) = och(z) where o, =
|¢|® mod p, and thus as A = |¢|? mod p, we have o, # A mod p when
e # d mod (p — 1). Consequently,

Yoo behe(r) = > Ueb_eA(ae—A)he(x)

e<d, e<d,
e#d mod (p—1) e#d mod (p—1)
be
=T () - Ah@)

e<d,
e#d mod (p—1)

Combining this with (10.2) we conclude that
Ed be
ha(z) == E Z oo — Ahe(‘r)y

p e<d,
e#d mod (p—1)

satisfies

ha(Cx) = Aha(x).
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10.1.2 A homogeneous basis, the multivariate case

We are now ready to prove the main result of this section.

Theorem 10.4 (restated). There is a basis for Poly(F" — T) consist-
ing only of homogeneous multivariate polynomials.

Proof. We will show by induction on the degree d and k, that every
degree d monomial of depth & can be written as a linear combination of
homogeneous polynomials. The base case of d < p, kK = 0 is trivial as such
monomials are classical and thus homogeneous themselves. Consider
a nonclassical monomial m(z1,...,x,) = % of degree d =
s1+---+sn+(p—1)k. For every i € [n] let g;(2:) := hg, 4 (p—1)k(7:) Where
hg,+(p—1)k is the homogeneous univariate polynomial from Lemma 10.7.

Every g; takes values in IﬁZ/ Z, and thus corresponds to a poly-

nomial G; : F — Zx41. That is,

_ Gi(=)

gi(z) = S mod 1.

Define H : F* — Zpk+1 as
H(xy,...,xpn) :=Gi(x1) - Gplzn),

and A :F* — T as

We claim that
(i) h is a homogeneous polynomial.
(ii) deg(h) = d.
(iii) deg(h —m) <d—1.

Thus by induction m can be written as a sum of homogeneous polyno-
mials. To conclude the proof we verify (i)-(iii).

To verify (i) note that as g; is a homogeneous univariate polynomial
it holds that g;(Cz;) = 0;gi(x;) mod 1 for some o; € Z. Thus G;(Cx;) =
0igi(x;) mod pF*1. This implies that H((x) = ([[o;)H (x) mod p*+1
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and hence h((z) = ([]o;)h(x) mod 1. To verify (ii) and (iii) note that
by construction, G;(x;) = '+ Pi(x;) +pQ;(z;) where deg(P;) < s;. One
can then verify that H(z) contains the monomial [];*, and all other
monomials are of the form p€[] x?, where >~ t; < d—1+ (p—1)e. Thus
h(z) contains a single monomial of degree d, which is m(zx), and all the
remaining monomials have degree < d—1. Thus deg(h—m) < d—1. O
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Complexity of Systems of Linear Forms

Gowers norms control the density of linear patterns in subsets of an
Abelian group. For example, given a linear pattern, for a sufficiently
large d, if the characteristic function of two sets are close in the U? norm,
then they contain almost the same number of copies of this pattern.
For example, if A, B C F" are two subsets whose indicator functions
1a,1p : F* — {0,1} satisfy that |14 — 1|« is negligible, then the
number of (d+1)-term arithmetic progressions z, x+y, x+2y, ..., z+dy
that fall in A is approximately the same as the number that falls in B
(see Corollary 11.3 below).

More generally, in order to study the density of linear patterns in
a set, one can use a decomposition theorem to first decompose the
function into a structured part and and a pseudorandom part, and then
use this property of Gowers norms to discard the pseudorandom part
and restrict the analysis to the simpler structured part. Since for smaller
values of d, decomposition theorems provide a simpler structured part,
a natural question arises:

Given a linear pattern, what is the smallest value of d for
which the above statements hold?

359
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Investigating such questions lead to various notions of complexity
associated with a collection of linear forms. In this chapter we study
such notions.

11.1 Cauchy-Schwarz complexity

Let A be a subset of F” with the indicator function 14 : F" — {0,1}.
Let Ly, ..., Ly, be linear forms over F in ¢ variables. Let X € (F")¢ be
chosen uniformly at random. The probability that Li(X),..., L, (X)
all fall in A, can be expressed as

E[1a(L1(X) -+ La(Ln(X))].

Roughly speaking, we say A C F" is pseudorandom with regards to
L= (Li,...,Ly) if

E 14(L;(X 7 ( ;

E LHl (Li( ))] p

That is if the probability that all L;(X),..., L, (X) fall in A is close
to what we would expect if A was a random subset of F" of cardinality
|Al. Let o := | A|/|F|™ be the density of A, and define f :=14 — a. We
have

B [fj 1A<Li<X>>] . [ﬁ (ot f(Li(X)))]

S )

=a"+ Y o PR [H f(Li(X))] :
SC[m],57#0 X Lies

Therefore, a sufficient condition for A to be pseudorandom with regards

to L is that Ex [[[;eq f(Li(X))] is negligible for all nonempty subsets

S C [m]. Green and Tao [45] showed that a sufficient condition for this

to occur is that || f||;rs+1 is small enough, where s is the Cauchy-Schwarz

complezity of the system of linear forms, defined below.

Definition 11.1 (Cauchy-Schwarz complexity [45]). Let £ = {L1,..., Ly}
be a system of linear forms over a field F in ¢ variables. The Cauchy-
Schwarz complezity of L is the minimal s such that the following holds.
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For every 1 <i < m, we can partition {L;};c[m)\{;} into s + 1 subsets,

such that L; does not belong to the linear span of any of the subsets.

The reason for the term Cauchy-Schwarz complexity is the following
lemma due to Green and Tao [45] whose proof is based on carefully
chosen iterative applications of the Cauchy-Schwarz inequality.

Lemma 11.2 (Green and Tao [45], see also Gowers and Wolf [39], Theorem
2.3). Let f1,..., f;m : F" = D. Let £L = {Ly,..., Ly} be a system of
linear forms in ¢ variables of Cauchy-Schwarz complexity s. Then

[fpesn)

Note that the Cauchy-Schwarz complexity of any system of m linear

< min [[fiflpes.

XG ]Fn 1<i<m

forms in which every two linear forms are linearly independent (i.e. one
is not a multiple of the other) is at most m — 2, since we can always
partition {L;};cm)\(i} into the m — 1 singleton subsets.

As an example, we prove the statement made in the beginning of
the chapter regarding arithmetic progressions.

Corollary 11.3. Fix a prime finite field F, d > 2, > 0. Let A C F" of
density o = |A|/|F|™. Assume that |14 — «|7a < e. Then the number
of (d + 1)-term arithmetic progressions in A is

Pr [z,z+vy,...,z+dy € Al — | <e(1+a)?tl

z,yclkFn

Proof. Let f =14 — «. Consider the system of m = d + 1 linear forms
Li(x,y) = x + iy for i = 0,...,d. Its Cauchy-Schwarz complexity is
s =d — 1. Lemma 11.2 gives that for every nonempty S C [d + 1],

< | fllgstr <e.

xyEF [Hf (x +1iy)

€S
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Thus,
Pr [z,z+vy,...,x+dy € A]
x,yckn
I 14t
yEIE‘
adtl 4 Z Qd+1-18| lH Fla +iy)
SCld+1],52£0 ’yEF icS
And,

Pr [z,2+vy,...,x+dye A —a!

z,ycfn
<e Y a8 < (1 4 ),
SC[d+1],5#£0

11.2 The True Complexity

The Cauchy-Schwarz complexity of £ gives an upper bound on s, such
that if || f||7s+1 is small enough for some function f : F"* — D, then f
is pseudorandom with regards to £. Gowers and Wolf [39] defined the
true complexity of a system of linear forms as the minimal s such that
the above condition holds for all f : F" — D.

Definition 11.4 (True complexity [39]). Let £L = {L1,..., Ly} be a
system of linear forms over F in ¢ variables. The true complexity of £
is the smallest d € N with the following property. For every £ > 0 and
o > 0, there exists 6 > 0 such that if f: F" — D is any function with
Hf - CM”Ud+1 S (5, then

B [ﬁ f(LAX))] o

Xe(Fn)t ;2

<e.

An obvious upper bound on the true complexity is the Cauchy-
Schwarz complexity of the system. However, there are cases where this
is not tight. Gowers and Wolf conjectured that the true complexity
of a system of linear forms can be characterized by a simple linear
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algebraic condition: the smallest d > 1 such that LclHl, cee ijl are
linearly independent, where the d-th tensor power of a linear form
L= (A1,...,\) is defined as

d
L4 = (H Aij 11, .. iq € [4}) c F,
j=1

Remark 11.5. Note that if L¢™, ... L%+! are linearly independent,
then for every e > d, the vectors Lf“, ..., L&Y are also linearly inde-
pendent. Thus, for a system of linear forms Ly, ..., L,,, it is natural to
B,

consider the smallest d for which . ,Lfln"H are linearly indepen-

dent.

Conjecture 11.6 (True complexity characterization [39]. Resolved below
in Theorem 11.8). The true complexity of a system of linear forms
L = {Liy,...,Ly} is the smallest d such that {L{™!, ... L&Y are
linearly independent.

Example 11.7. Consider the collection of linear forms L; = (1,0,0),
Ly, = (1,1,0), Ly = (1,0,1), Ly = (1,1,1), Ls = (1,1,-1), Lg =
(1,—1,1). It is easy to check that here the Cauchy-Schwarz complexity
is 2, while as observed by Gowers and Wolf, the true complexity of this
system of linear forms is 1.

Gowers and Wolf [40] verified their conjecture in the case where
|F| is sufficiently large; more precisely when |F| is at least the Cauchy-
Schwarz complexity of the system of linear form. Conjecture 11.6 in its
full generality was settled by Hatami et al. [47] through the following
theorem.

Theorem 11.8 (Hatami et al. [47]). Let £L = {Li,..., Ly} be a sys-
tem of linear forms over F in £ variables. Assume that L‘f“, . ,L‘an
are linearly independent. Then for every € > 0, there exists § > 0
such that for any collection of functions fi,..., fn : F* — D with
Minjefy) || fill parr < 3, we have

<e.

A(Li(X
xeBe [Hl filLi(X))
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We defer the proof of Theorem 11.8 to Section 12.2. Remark 11.5
and Theorem 11.8 imply that the smallest d for which L‘f‘*‘l7 o, LA
are linearly independent equals the true complexity of the system.

To see the usefulness of Theorem 11.8, let £L = {Li,...,L,,} be a
system of linear forms of true complexity d. Assume that we are given
bounded functions fi,..., f;,. A version of Theorem 9.1 for multiple
functions (a simpler version of Theorem 9.5), allows us to find a high
rank polynomial factor B of degree d, such that we can decompose
fi = gi + h; with g; = E[f|B] and ||h;||ya+1 < . The following corollary
to Theorem 11.8 shows that we may simply replace f; with g; when
counting linear patterns. In particular, choosing f1 =--- = f,,, = f and
g1 =+ = gm = « proves the Gowers-Wolf conjecture (Conjecture 11.6)
in its full generality.

Corollary 11.9. Let £ = {Ly,..., Ly} be a system of linear forms over
F in ¢ variables. Assume that Lil+17 ..., L3+ are linearly independent.
Then for every € > 0, there exists § > 0 such that for any functions
fiyeos fmy 1y oy Gm 2 B — D with || f; — gil|arr < d, we have

g L:l_[1 fi(Li(X))] *% Lzl_ll gi(Li(X))

<e.

Proof. Choosing § = §(¢’) as in Theorem 11.8 for € := ¢/m, we have

E [H fi(Li(X))l -E [H gi(Li(X))] ’
i1 :

NE
<
N
s
5
e

i—1 m
e (L) - T £i(Li(X)
j=1

=17 | j=i+1 ]

m [ i—1 m T
< DB | (fi= ) (LX) - [T g5 (Ls(X)) - T f3(L5(X)

=1 | j=1 j=i+1 ]
<m-€ <e,

where the second inequality follows from Theorem 11.8 since ||f; —
gi||Ud+1 < 4. O
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Deferred Technical Proofs

In this chapter we prove Theorem 7.32 and Theorem 11.8. The proofs are
somewhat technical, but they demonstrate the power of the techniques
that we have developed so far.

12.1 Near-orthogonality: Proof of Theorem 7.32

Theorem 7.32 (restated). Let F be a prime field, d > 1, € > 0. Let
{L1,..., Ly} be a system of linear forms, and B = {Py,...,Pc} be
a polynomial factor of degree at most d and rank(B) > r7.32(F,d,¢).
Assume that each P; is a nonclassical homogeneous polynomial. For
every set of coefficients A = {\; j € Z : i € [C],j € [m]}, define

C m
Pa(z) =YY AijPi(Lj(x)).

i=1j=1

Then, one of the following two cases holds:

365
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e Py = 0. In this case, for every i € [C], and any nonclassical
homogeneous polynomials Q; : F* — T with deg(Q;) = deg(F;)
and depth(Q;) < depth(F;), we have 3~ cin) AijQi(L;(+)) = 0.

e Py #0. In this case, |E [e(Py)]] < e.

We present the proof given by Hatami et al. [47]. By a linear form
we will always mean L € F¢, i.e. a linear form over a prime field F = Fp
in ¢ variables. For a linear form L = (\1,..., ) define |L| = >0 |\il.

Claim 12.1. Let d > 0 be an integer, and L = (\1,...,\;) € F* be a

linear form. Then there exist linear forms L; = (Ai1,...,Aig) € F¢ for
i=1,...,m, and integer coefficients ay, ..., a, € Z with m < |F|¢ such
that

o P(L(X)) =>",a,P(Li(X)) for every degree-d polynomial P :
F" — T,

o |L;| <d for every i € [m];
o |\ij| < |\ for every ¢ € [m] and j € [].

Proof. The proof proceeds by simplifying P(L(X)) using identities that
are valid for every polynomial P : F” — T of degree d.

We prove the statement by induction on |L|. For the base case
|L| < d there is nothing to prove. Consider |L| > d. Since P is of
degree d then deriving it d + 1 times yields the zero polynomial. As
|L| > d, the same holds if we derive it |L| times. So, for every choice of
Y1, -,y € F", we have

S (-plH-slp (Z yi> = (Dy, ... Dy, P)(0) = 0. (12.1)
SClIL] ies

Let X = (x1,...,2¢) € (F")’. Setting |\;| of the vectors Yy Y|
to be equal to z; for every i € [¢], Equation (12.1) gives linear forms
Mz’ = (7’@1, ey 7'1'75) for which

P(L(X)) = ZaiP(Mi(X))7 (12.2)
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for all 4, |M;| < |L| — 1, and for every j € [{], |7 ;| < |Aj]. Since
|M;| < |L| — 1, we can apply the induction hypothesis to obtain the

mj
X)) => ayP(M,
j=1

where the linear forms M;; = (pij1, ..., pije) satisfy |[M;;| < d, and
\pijk| < |mij| < |Aj| for every i,j, k. Substituting these identities in
Equation (12.2) yields the desired result. O

identities

The next claim shows that we can further simplify the expression
given in Claim 12.1. Let £; C F? denote the set of nonzero linear forms
L with |L| < d and with the first (left-most) nonzero coefficient equal
to 1, e.g. (0,1,0,2) € L3 but (2,1,0,0) & L3.

Claim 12.2. For any linear form L € F¢ and integer d > 0, there exists
a collection of integer coefficients {ar . € Z}ner, ccr such that for
every degree-d polynomial P : F"* — T,

PLX)= Y. amcP(cM(X)). (12.3)
MEeLg,ceF*
Proof. Similar to the proof of Claim 12.1 we simplify P(L(X)) using
identities that are valid for every polynomial P : F" — T of degree d.
We use induction on the number of nonzero entries of L. The case
when L has only one nonzero entry is trivial. For the induction step,
choose ¢ € F so that the leading nonzero coefficient of L' = ¢- L is
equal to 1. Assume that L' = (A\y,..., ). If |L'| < d we are done.
Assume otherwise that |L'| > d. Applying Claim 12.1 for the degree-d
polynomial R(x) := P(c 'z) and the linear form L’ we can write

P(L(X)) = P(c'L/(X)) = R(L'(X))
= BiR(Mi(X)) Zﬁz (' My(X)), (12.4)

where for every i, §; € Z and M; = (Xi1,...,\iy) satisfies |M;| < d;
and |\ ;| < |A;j] for every j € [¢]. Let Z = {i : M; € L4}. Then

) =D P Mi(X)) + ) i P(c” M;(X)). (12.5)

€T i¢T
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In order to conclude the proof, we need to handle the sum over i ¢ 7.
Observe that if i ¢ Z, then as the leading coefficient of L’ is 1, then
Claim 12.1 implies in particular that M; has smaller support than L.
Thus, we may apply our induction hypothesis for ¢='M; for all i ¢ T,
which concludes the proof. O

Claim 12.2 applies to all polynomials of degree d. If we also specify
the depth, then we can obtain a stronger statement. However, in this
statement we shall need to assume that the polynomials are homoge-
neous.

Claim 12.3. Let d > 1,k >0, L1,..., Ly, € F* be linear forms, and let
{\i € Z}igjm) be integer coefficients. Then there exist integer coefficients
{anm € Z} per, such that the following is true. For every homogeneous
polynomial P : F* — T of degree d and depth < k,

o XL MP(Li(X)) = Xnrer, am P(M(X));
e For every M with aps # 0, we have |M| < deg(ap P).

Proof. The proof is similar to that of Claim 12.2, except that now
we repeatedly apply Claim 12.2 to every term of the form AP(L(X))
to express it as an integer linear combination of P(cM (X)) for M €
Lyeg(xp) and ¢ € F*. We use the assumption that P is homogeneous of
degree d to replace P(cM (X)) with o.P(M (X)), where if ¢ = (* for the
fixed generator ¢ € F* then o, = o(d, k)*. Observe that the condition
apr P # 0 depends only on the depth of P (that is, if it is zero for some
polynomial P of depth k, then it is also zero for all polynomials of depth
< k). Thus, the above process depends only on the assumption that P
is homogeneous, its degree d, and a bound on its depth k. By repeating
this procedure we arrive at the desired expansion. O

We are now ready for the proof of Theorem 7.32. For a linear form
L = (A,..., ), let lc(L) denote the index of its first nonzero entry,
namely lc(L) := min;.y,-q 7.



The version of record is available at: http://dx.doi.org/10.1561/0400000064

12.1. Near-orthogonality: Proof of Theorem 7.32 369

Proof of Theorem 7.32. Let d be the degree of the factor. For every
i € [C], by Claim 12.3 we have

m
DN Bi(Li(X) = Y Ny Pi(M(X)) (12.6)
7=1 MeLy

for some integers A} ,; such that if A} ,; # 0 then [M| < deg(X; 5, Pi).
The simplifications of Claim 12.3 depend only on the degrees and
depths of the polynomials. Hence, if )\;7 uPi =0 forall M € L4, then
(Xis---,Aim) is in the (d;, k})-dependency set for all k] < k; (see
Definition 7.34 for the definition). This implies that 374 A; ;Q:(L; (X))
for all homogeneous polynomials @Q; of degree d; and depth < k;.

So to prove the theorem, it suffices to show that P, has small bias
if X r P # 0 for some i € [C] and M € L. Suppose this is true, and
thus there exists a nonempty set M C L, such that

PAX)= >, XNuB(M(X),
1€[C],MeM
and for every M € M, there is at least one index i € [C] for which
Ay Pi #Z 0. Choose i* € [C] and M* € M in the following manner.

e First, let M* € M be such that le(M*) = minprepq le(M), and
among these, |M*| is maximal.

e Then, let i* € [C] be such that deg(Xj. 5« P;+) is maximized.

Without loss of generality assume that * = 1, le(M*) = 1, and let
d* := deg(\] py« P1) < d. We claim that if 35,1, A1,;P1(L;(X)) is not
the zero polynomial, then deg(Py) > d*, and moreover, Py has small
bias. We prove this by deriving P, in specific directions in a manner
that all the terms but A} ;. P1(M*(X)) vanish.

The following definition will be useful to that affect.

Definition 12.4 (Derivative according to pair). Let P : (F")¢ — T. For
a vector a € F* and an element y € F”, the derivative of P according
to the pair («,y) is defined as

D(Cx,y)P(xla"'a'IZ) = P(l’l + oy, - ,ZE(—‘—OL[y) _P('xlv"'al"E)'
(12.7)



The version of record is available at: http://dx.doi.org/10.1561/0400000064
370 Deferred Technical Proofs

For P; : F* — T and a linear form M € F*, define P,o M : (F*)* — T
as
(Pyo M) (x1,...,x¢) == Py(M(z1,...,x0)).
Note that for every M € M,
D(a’y)(P- o M)(a:l, cee ,a:g)
= P;(M(z1,...,x¢0) + M(oa,...,c0)y) — Pi(M(x1,...,20))
= (Diar,ayy Pi) (M (21, - . ., 0)).

Thus if « is chosen such that (M, a) = 0 then D, 4 (P; 0 M) = 0. Thus,
our goal is to carefully choose a set of directions that will annihilate all
linear forms but M*, which will greatly simplify the analysis.

Assume that M* = (wj,...,w;), where wi = 1. Let t := |M*|. By
Claim 12.3 we have t < d*, since if \ ;;. # 0 then necessarily [M*| <
deg(\; - Pi) =d*. As a first step, take ay :=e; = (1,0,0,...,0) € IF¢.
Choose additional ¢ —1 vectors as follows: for each 7 = 2, ..., ¢, and each
w=1,...,w;—1, pick aj, = —we1 +€; = (—w,0,...,0,1,0,...,0) €
¢, where the 1 is in the j-th coordinate. Observe that there are are
indeed |M*| —1 =t — 1 such vectors, and for convenience number them
as ag,...,0 e F¢.

The following claim shows that deriving P, iteratively according to
the pairs (a1,91), ..., (o4, y) annihilates all linear forms except M*.

Claim 12.5.

Dy - Doy ) Pa(X)

any) at,yt)

= <D<M*7a1>y1~-D<M*7 (ZA M*P>> *(X)). (12.8)

Proof. We need to show that for every M = M \ {M*}, there exists
i € [t] such that (M, ;) = 0. Assume that M = (wy,...,we). If w; =0
then (M, ;) = 0. Otherwise by our assumption w; = 1. As |M*| was
chosen to be maximal among all M with le(M) = lc(M™), there must

exist some j = 2,...,¢ for which w; < wj. But then the appropriate
Q; = Qjqp; satisfies (M, a;) = 0. O
Next, we choose additional d* — ¢ vectors ayi1,...,aq € F to

only keep polynomials P; in the sum for which )\;7 v+ Pi has maximal
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degree, namely d*. To do so, simply choose ayy1 = -+ = ag« =
e; € F’. The next claim shows that deriving P, according to the
pairs (a1,y1),. -, (Qg+, yq+) annihilates all linear forms but M*, and
furthermore keeps only polynomials P; where )\gy a+Pi has degree d.

Claim 12.6.
D(a17y1) T D(ad* ,yd*)PA(X)
= <D<M*,a1)y1 ’ ”D<M*7ad*>yd* Z )‘;l,M*P%) (M*(X))
1€[C]:
deg(X, M*P)—d*

(12.9)
Proof. We already know by Claim 12.5 that
Dy

“ Doy ) Pr(X)

at,yt)
= <D(M*aa1>y1 ) M* )y, (Z X M*P>> (X))

Thus, we just need to additionally derive this expression according to

aiyi)

the pairs (o441, Yt41),- - -, (gr, yg= ). We have

Dy Dy Py(X)

Qg Yar)
= (D(M*,a1>y : M* Qg )Y <Z)‘ M*P>> (X))

The claim follows as by the choice of d* we have deg(\} y. P;) < d* for all
i. If deg (A} pp« Pi) < d* then the d* derivatives Dar+ o)y, =+ D age )y,
annihilate )\; a+Pi. Thus, we only retain the polynomials P; for which

i ur- P has maximal degree, namely d*. O

Let Q(x) := Zze[C] :deg (N
that

al’yl) o

py=a» Ni+Pi(w). Claim 12.6 implies

i, M*

YLseo Y E];];:”,XG(IF‘")Z {e (D(al,yl) e D(ad*,yd*)PA)(X))}

- y17---,yd*6%E",Xe(Fn)f {e ((D<M*7a1>y1 Do g Yy Q) (M*(X)))} .



The version of record is available at: http://dx.doi.org/10.1561/0400000064
372 Deferred Technical Proofs

Next, define x = M*(X) € F" and z; = (M*, oj)y; € F". It is simple
to verify from our construction that (M*,a;) # 0 for all j. Thus, the
joint distribution of z, z1, ..., zg« € F™ is uniform and independent, and
hence

y1,...,£* cF™, {e (D(O‘l’yl) Doy 7yd*)PA)(X)>}
Xe(Fm)*

— E le (D2, -+ D2, Q) ()]

T,21,...,2q% EF™
d*
= QI Fa
Recall that B is assumed to be of high rank. Concretely, we require
B to have rank at least r732(F,d,e) := r7.14(F,d,¢). By definition,
any linear combination of the polynomials defining B has such rank.

In particular, this holds for @}, which by Theorem 7.14 implies that
|Q|l 7= < €. Thus

2d
In order to conclude the proof, we need to relate the LHS of the above
expression to the bias of Py. This can be achieved via a repeated appli-
cation of the Cauchy-Schwarz inequality. The following claim appeared
first in [14].

Claim 12.7 (Bhattacharyya et al. [14], Claim 3.4). For any nonzero
Ay .nny Og* EFZ,

E e (D, o Digw ) Pa) (X
yl,.A.,yd*eFvl,Xe(F")e{ <( () e ) P )”
2d
>| E [e(PA(X))]
Xe(Fn)t

Proof. Tt suffices to show that for any function P : (F*)¢ — T and
nonzero o = (a, ..., ap) € F¢,

2

>| E [e(P(X))]

Xe(Fn)t

E gy [ (Pany PIX)))

y€Ffn 7X€(Fn)f
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Recall that (Do) P)(1,...,2¢) = P(r1+a1y, ..., vetay) —P(w1,. ..,
x¢). Without loss of generality, suppose a; # 0. We make a change of
coordinates so that o can be assumed to be (1,0, ...,0). More precisely,
define P’ : (F")! — T as

/ T2 + ax1 T3+ asxry Ty + agxy
P(xl,...,xg)::P<x1, , ey ———— ).

aq aq al
Observe that with this definition,

P(z1,...,20) = P'(z1, 0122 — agz1, 0123 — azx1,...,a12 — aex1)
and
(D(a’y)P)(xl, )
= P'(z1 + a1y, a122 — asx1, . .. ,a1%¢ — apx)
— P'(z1,a172 — a1, ..., a120 — agx1).
Therefore
E |e((DayP)ai,...20)]
Y, T1,...,Lg EF
- E {e(P’(xl + a1y, a1x2 — a2x1, ..., a1T¢ — ApT1)
Y1y, g €EF
— P'(z1,a122 — agx1, ..., a120 — aﬂl))}
= E [6 (P/(‘Tl+a1y7x25”'a$f)_P/(xlnyV"axf))}
Y, T1,e., Lg EF
2
= E [e(P'(z1,22,...,20))]
z2,...,2¢€F |z1EF

We can thus conclude the proof as, by the Cauchy-Schwartz inequality,
it holds that

E |e((DayP)a,.20)] |

YsT1 e, T EF

2

IN

E  [e(P'(z1,22,...,70))]

T1,2,...,0EF

2

- E  [e(P(z1,22,...,10))]

T1,2,...,L0EF
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O]

O

Remark 12.8. The proof of Theorem 7.32 also shows the following.
Suppose, under the same conditions of Theorem 7.32, that for every
polynomial P; for ¢ € [C] and any linear form L; for j € [m], one the
following two conditions holds:

[ |LJ| < deg()\LjPi); or
[ ] )\i,jPi = 0.

Now, if A;; = 0 mod pdePth(F)+1 for all i € [C],j € [m], then clearly
Ai,jP; = 0 for all 4, j and hence Py, = 0. In all other cases, we obtain
that Py # 0 and hence bias(Py) < e. The proof is identical to the proof
of Theorem 7.32, except that there is no need to transform \; j to A} ;
in the beginning of the proof.

12.2 Proof of Theorem 11.8

Theorem 11.8 (restated). Let £ = {Li,...,L,,} be a system of
linear forms in ¢ variables, such that LCIIH, el L;‘,lnH are linearly inde-
pendent. For every € > 0, there exists § > 0 such that for any collection
of functions f1,..., fym : F* — D with min;c,) || fillyar: < 0, we have

<e. (12.10)

Xe%n)k LH1 fi(Li(X))

We present the proof due to Hatami et al. [47]. First, note that
since L‘li‘*'l7 ..., L3+ are linearly independent, it must be the case that
Lq,..., L, are pairwise linearly independent. That is, it is not the case
that L; = cL; for some distinct 7, j € [m] and ¢ € F. Consequently,
L ={Ly,...,Ly} is of finite Cauchy-Schwarz complexity s for some
s < m — 2 < 00, because as pointed out earlier, for every ¢ € [m], the
partition of {L;};cm)\ (i} into m — 1 singletons satisfies the requirement
of Definition 11.1. The case when s < d follows from Lemma 11.2. Thus
we are left with the case when s > d. We will prove that || fi||yar1 <6
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where ¢ is sufficiently small, implies Equation (12.10). The theorem
then follows by symmetry in the choice of fi.

As a first step, we decompose the functions as f; = ¢; + h;, where
gi = E[f|B] for a suitably chosen polynomial factor B of sufficiently
high rank, and where h; has negligible (s+ 1)-th Gowers norm. In order
to do so, let 7 : N — N be a large enough rank bound to be chosen later.
Apply a multifunction version of Theorem 9.1 along with Theorem 10.4
and Theorem 7.30, to obtain a simultaneous decomposition f; = g; + h;
for all i € [m] where

1. ¢g; = E[fi|B], where B is an r-regular polynomial factor, defined
by homogeneous polynomials, of degree at most s and complexity
C < Chax(|F|, s, m,e,r(-)).
2. ||hillgs+r < 5
We will assume that the rank r(C) is chosen large enough, so that
B is v(C)-uniform for v(C') > 0 to be chosen later (See Remark 7.19).
We first show that we may replace f;’s in Equation (12.10) with g;’s,
using the same proof as Corollary 11.9.

Claim 12.9. [Exe(enys [TT21 fi(Li(X))] ~ Exeqenye [T 0i(Li( X))

£

3

IN

Proof. We have

@ L:l_[l fi(Li(X))] _§ [H gz’(Lz‘(X))H

m

<=
=
=
£

1—1 m
AT gL (X)) - T fi(Li(X))
j=1

j=i+1

@
I
—

IN

s
I
—

i—1 m
E hi(Li(X)) - [T 95(L; (X)) - T £3(L;(X))
j=1

j=it1

NE

<D hillgst <

e
25

.
Il
fa

where the second inequality follows from Lemma 11.2 as the Cauchy-
Schwarz complexity of L is s. O
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Thus it is sufficient to bound ‘IEXG(W)@ [T, gz(Ll(X))]‘ < g/2.
For each i, g; = E[f;|B] and thus

gi(x) =Ti(Pi(z),..., Po(x)),

where Pi,..., Po are the nonclassical homogeneous polynomials of
degree < s defining B and T'; : T — D is a function. Let k; = depth(P;)
so that by Lemma 6.3, each P; takes values in Uy, 41 = ﬁZ/Z. Let
Y = Zpk1+1 X - X Zpkc+1.

Using the Fourier transform on Uy, 1 X ... X Ug,41 = X, for every
7= (m,...,7c) € X we have

C
Ti(r) = > fi(A).e(ZAm), (12.11)

where

is the Fourier coefficient of I'; corresponding to A. Observe that |T;(A)] <
1. Consequently,

C
g9i(z) = > Ti(A) e (Z )‘jpj($)) : (12.12)
j=1

A=(A1,..,Ac)ET

Let Py := chzl \jPj(x) for the sake of brevity so that we may write

m m m
g laon| = 5 (1100 £l (Erwe)]|
X i1 AtyoAmeS \i=1 X i=1
(12.13)
We will show that each term in Equation (12.13) can be bounded by
2|§|m, thus concluding the proof by the triangle inequality.
We first show that the terms for which deg(Pp,) < d are small.
Recall that by our assumption || fi||;7a+1 < J, where § is small enough

to be determined later.
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Claim 12.10. Let A; € ¥ be such that deg(P,,) < d. Then
Ty(A)| < 3+ [2I(C).
Proof. Tt follows from Equation (12.12) that

T1(A1) = H%n [g1(x)e (= Py, (2))]— > Iy (A 117" le (Pa(z) — P, (2))] .
Tre A#A; xe

We bound the first term.

B (g1 (2)e (~Pa, ()| = [5[A()e (- Py, (@)

< |l fre (=Ppy)l[ga+
= |l fillgar: <0

The first equality follows as g1 = E[f1|B] and Py, is B-measurable.
Next, we bound each summand in the second term. Fix A £ A;.
Recall that the polynomial factor B is v(C')-uniform by our construction.
In particular the bias of Py — Py, = Pp_j, is at most v(C). That
is, | Eecrn [e (Pa(z) — Py, (z))]| < v(C). As also |T1(A)] < 1, each

summand in the sum in the second term is bounded by v(C). O

Claim 12.10 allows us to bound the contribution of the terms in
Equation (12.13) corresponding to tuples (Ai,...,A,) € ¥™ with
deg(Py,) < d.

> (H E-(A») E [ (Z PAi<Li<X>>>] <[5 (5 + [EI(C)).
A1, Am€S: \i=1 i=1
deg(Py,)<d

(12.14)
Next, we bound the terms for which deg(Pp,) > d. We will need the
following lemma.

Lemma 12.11. Assume that L‘li+1, e ,Lfln“ are linearly independent,
and let (Aq,...,Ay,) € £ be such that deg(Py,) > d + 1. Then
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Before proving Lemma 12.11 let us first describe why it suffices to
complete the proof of Theorem 11.8. Theorem 7.32 gives that, if we
that the rank r(-) is chosen so that r(C) > r7.32(F, s, ), then under the
conclusion of Lemma 12.11, we in fact have that

o ()

We may thus conclude that

> (M10wa) g e (L)
Aty Ames: \i=1 i—1

deg(Pa,)>d+1

<.

<z (12.15)

Combining (12.14) and (12.15) allows us to conclude that

> (ﬁ fz‘@z’)) E [6 (i PAi(Li(X))>
ApyAmes \i=1 =1

To conclude We set parameters. Observe that [3| = ]IF‘|Z ydepth(P)+1

|IF‘|EZE deg(P) < |F|€*. Thus, we may choose 7(+) so that v(C)|Z|™+! <
/4. To conclude, after choosing r(-) we have an upper bound on the
complexity of B, namely C' < Cpax = Cmax(|F|, s,m,e,7r(-)). We set
§ := (¢/4)|F|Cmax" and conclude the proof.

Thus, we are left with proving Lemma 12.11. This is the only place
in the proof where we actually use the assumption that L‘i”l, .. ,L‘,inJrl

< (6 +[X[p(C)IZ™.

are linearly independent.

Proof of Lemma 12.11. Assume to the contrary that > ;| Py, (Li(X))
is identically zero. Denoting the coordinates of A; by (Ai1,...,Nic) €
»¢ we have

SoPy(Li(X) = D AiPi(Li(X)) =0.
i=1 i€[m],j€[C]
We apply Theorem 7.32. This requires assuming that the polynomial

factor B has high enough rank, which we can achieve by requiring that
r(C) > r7.32(F, s,1/2), say. Thus, for every j € [C] we must have

ZA”P ) = 0. (12.16)
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In fact, we know more: for any nonclassical homogeneous polynomials
Q; with deg(Q;) = deg(P;) and depth(Q;) < depth(P;) it holds that

D Xij@Qi(Li(X)) = 0.
=1

Next, as we assume that deg(Py,) > d + 1, there must exist j €
[C] such that deg(A1;P;) > d+ 1. Let j* € [C] be such that d* :=
deg (A1 j« Pj+) is maximized. By our assumptions, d* > d+ 1. Let t > 0
be the largest integer such that p' = |F|* divides \; j« for all i € [m].
Define y; := \; j+/p' € Z and P(z) = p'Pj=(z). Then

S P (X)) = 30 2 Py (L) =0
=1 =1

The polynomial P belongs to B. As such, {P} has rank at least
r(C) as well. Thus by another application of Theorem 7.32, for any
homogeneous polynomial @ of degree deg(Q) = deg(P) and depth(Q) <
depth(P) it holds that

m

3 mQLi(X)) = 0. (12.17)

i=1
In particular, this holds for any homogeneous classical polynomial
Q of degree D := deg(P) > deg(\;P;) = d* > d + 1. That is, if
R :F" — F is a homogeneous classical polynomial of degree D then, by
setting Q(z) = @ we get
> iR(Li(X)) = 0 mod p. (12.18)
i=1

We apply it to the homogeneous classical monomial R(z) = z122. .. 2p.
In order to compute R(L;(X)), let X = (21,...,2¢) € (F")* where
x; = (i1, .., 2in) € F" Let Ly = (i1, ..., \ig) € FX. Then

D ¢
() = T (S v )
=1 \b=1
In particular, for by,...,bp € [{], the coefficient of the monomial

12, 2,0 in R(Li(X)) is [T, \ip,, which is the (by,...,bp) coef-
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ficient of L. Thus (12.18) implies that

m

Z,uiLl-D = 0 mod p.

i=1
However, by our choice of ¢, there must exist ¢* € [m] for which p‘\;« j«
does not divide by p. That is, g; # 0 mod p. But then we get that

LP,...,LP are linearly dependent. This contradicts the assumption
that the assumption that L‘liﬂ, e ,L,dn+1 are linearly independent. [
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13

Algorithmic Regularity

This chapter is concerned with the algorithmic versions of regularity
lemmas for polynomials over finite fields. The regularity lemmas proved
by Green and Tao [43] and Kaufman and Lovett [54] as discussed in
Section 7.5 show that one can modify a given collection of polynomials
B={P,...,P.} into a regular collection B = {Py, ..., P} of polyno-
mials of same or lower degree. Here, we mean regularity in the sense
of Definition 7.8. These lemmas are central to higher-order Fourier
analysis and have various applications. Bhattacharyya et al. [17] studied
algorithmic versions of these theorems and showed that analytic notions
of regularity such as the ones defined in Section 7.2 allow for efficient
algorithms.

13.1 A lemma of Bogdanov and Viola

A key first step in proofs of inverse theorems for Gowers norms and
that biased polynomials have small rank is an elegant argument due to
Bogdanov and Viola [21], proving that if a polynomial of degree d is
biased, then it can be approximated by a bounded set of polynomials of
lower degree. In Chapter 8 we saw a more efficient version of this lemma
due to Bhowmick and Lovett [19]. It was observed by Bhattacharyya

381
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et al. [17] that the Bogdanov-Viola lemma can be made algorithmic due
to its probabilistic proof.

Lemma 13.1 (Algorithmic Bogdanov-Viola lemma [17]). Let d > 0 be an
integer, and 0,0, 8 € (0, 1] be parameters. There exists a randomized
algorithm, that given a polynomial P : F" — F of degree d with

bias(P) > 4,

runs in time Os g » (n?), and with probability 1 — 3 returns functions
P.F*"—>TF asnd I' : F = F, and a set of polynomials Py, --- , Pg,
where C' < % and deg(P;) < d for all i € [C], for which

e Pr,(P(z) # P(x)) < 0, and
. ]S(x) =T'(P(x), -, Po(x)).

The idea is to use derivatives of P at a few randomly chosen direc-
tions in order to approximate the value of P.

Proof. The proof will be an adaptation of the proof from the paper
by Green and Tao [43]. Given query access to the polynomial P, we can
compute the explicit description of P in O(n?) queries. For every a € F
define the measure p,(t) := Pr(P(x) = a+t). It is easy to see that if
bias(P(x)) > ¢ then, for every a # b,

46
Hﬂa - Mb”oo > m (13.1)

We will try to estimate each of these distributions. Let
_ 1
fla(t) == C Z ]lP(zi):a-l—ta
1<i<C
where C' > %, and 1,29, -+ ,x¢c € F" are chosen uniformly at
random. Therefore by an application of Chebyshev’s inequality

_ J B1
Pr (J7a(t) = pa()] > 55 ) < ok
2|2 ||
for all ¢t € F and therefore

_ 5
Pr (HM ~ ]| > 2MF2> <81 (13.2)
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Now we will focus on approximating P(z). Remember that Dy, P(x) =
P(z + h) — P(x) is the additive derivative of P(z) in direction h. We
have

Pr(DyP(x) = r) = Pr(P(z + h) = P(2) =) = ip(e(r),

where h € F" is chosen uniformly at random. Let h = (hq,--- ,h¢) €
(F™) be chosen uniformly at random, where C is a sufficiently large
constant to be chosen later. Define the corresponding “observed” distri-

bution as
:uobs : Z th
1<2<C

and let

ﬁh(l') := arg min||f, — u(()f))sﬂoo.
relf

Now choosing C' > 5';3';2, another application of Chebyshev’s inequality

gives
Pr(Pu(e) # P@) < Pr (15l = nreo oo > ) < oo (133)
where the first inequality follows from (13.1) and (13.2). Therefore
5}1;(15;1(:1:) # P(x)) = EEH B ()P () = o2,

and thus
P}’Zr {f;r (ﬁh(x) # P(x)) > o] < Ba.

Let P; := Dy, P, so that P; is of degree < d and B, is a function of
P, , Po. Now setting 1 := 2 and [y := ﬁnishes the proof.

O

w

13.2 Algorithmic regularity lemmas

Lemma 13.1 implies an algorithmic analogue of the Lemma 7.29, with
the caveat that the refinement is approximate. The proof is by an
induction similar to that of Lemma 7.29 with the difference that at each
step one has to control the errors that are introduced through the use
of Lemma 13.1 and the probability of correctness.
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Definition 13.2. Let 7 = {P,..., P;,} be a polynomial factor of degree
d. We say that a polynomial factor 7/ = {Q1,...,Qu} is o-close to

being a refinement of F, if there exists a map I" for which Pr,cpn [F(z) #
IN(F'(x))] <o.

Lemma 13.3 (Unbiased almost refinement). Let d > 1 be an integer.
Suppose v : N — R* is a decreasing function and o, p € (0, 1]. There is
a randomized algorithm that given a factor F of degree d, runs in time
0, p,0,dim(F) (n%) and with probability 1 — p returns a y-unbiased factor
F' with dim(F") = O, , 5.dim(F)(1), such that F’ is o-close to being a
refinement of F.

Proof. The proof idea is similar to that of Lemma 7.29 in the sense that
we use the same type of induction. The difference is that at each step
we will have to control the errors that we introduce and the probability
of correctness. At all steps in the proof without loss of generality we
will assume that the polynomials in the factor are linearly independent,
because otherwise we can always detect such a linear combination in
0, p,0,dim(F) (n?) time and remove a polynomial that can be written as
a linear combination of the rest of the polynomials in the factor.

The base case for d = 1 is simple, a linearly independent set of
non-constant linear polynomials is not biased at all, namely it is 0-
unbiased. If F is y-biased, then there exists a set of coefficients {¢; ; €
F}lﬁifd,lijMi such that

bias(z Ci,jPi,j> Z ’y(lel(]:))
0.
To detect this, we will use the following algorithm:

We will estimate bias of each of the |F|9™) linear combinations
and check whether it is greater than w. To do so, for each
linear combination }_; ; ¢; P j independently select a set of vectors

1, -+ ,xc uniformly at random from F", and let bAiz;s(Zm- ¢ijPj) =
% de[c} GF(ye)’, where y; = Zi,j ¢ij - Pij(xp). Choosing
1 1
C =0y — _log(=
dlm(]'—) <7(d1m(.7:))2 Og(p)) )

we can distinguish bias > ~ from bias < 1

7, with probability 1 — p/,
where p/ := WP"‘(F)' Let 3=, ; ¢ijP;j be such that the estimated bias
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3v(dim(F)) . . . .
was above =-——=* and k be its degree. We will stop if there is no

such linear combination or if the factor is of degree 1. Since by a union
bound with probability at least 1 — £, bias(}>; ; ¢ ;Pij) > w, by
Lemma 13.1 we can find, with probability 1 — £, a set of polynomials
Q1, - ,Q, of degree k — 1 such that

® > ;cijbi;is §-close to a function of Q1,---, Qr,

16|F|®
* TS S@m(A))Fos

We replace one polynomial of highest degree that appears in }; ; ¢; ;P ;
with polynomials Q1,--- , Q.

We will prove by the induction that our algorithm satisfies the
statement of the lemma. For the base case, if F is of degree 1, our
algorithm does not refine F by design. Again, since we have removed
all linear dependencies, F is in fact 0-unbiased in this case.

Now given a factor F, if F is y-biased, then with probability 1—p’ our
algorithm will refine 7. With probability 1 — £ the linear combination

M—biased. Let F be the outcome of one

used for the refinement is
step of our algorithm. With probability 1 — ¢, Fis g-close to being a
refinement of F. Using the induction hypothesis with parameters v, §, §
we can find, with probability 1 — £, a y-unbiased factor ' which is
g-close to being a refinement of F and therefore, with probability at
least 1 — (£ 4+ 4+ 4§+ ') > 1—p, is o-close to being a refinement of F.

O

When the field order is large, this approximate refinement can be
made exact if we work with uniform factors (see Definition 7.18).

Lemma 13.4 (Uniform refinement [17]). Suppose d < |F| is a positive
integer and p € (0, 1] is a parameter. There is a randomized algorithm
that, takes as input a factor F of degree d over F", and a decreasing
function v : N — R™, runs in time O ooyl F| (n?), and with probability

1 — p outputs a ~v-uniform factor F, such that F is a refinement of F of
the same degree d, and |F| < |7 1.

We only sketch the proof of Lemma 13.4, which is by induction on
the dimension vector of F. For the induction step, one checks whether
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there is a linear combination of polynomials in F that has large Gowers
norm. One then uses this to replace a polynomial P from F with a set of
lower degree polynomials. To do this, we first approximate P with a few
lower degree polynomials 1, - - , @, then use the induction hypothesis
to refine {Q1,---,Q,} to a uniform factor {@1, e ,@T/} and use an
argument similar to that seen in Section 8.2 that approximation by a
sufficiently uniform factor implies exact computation to conclude that
P is measurable in {@1, e ,@r/}.

A similar argument combined with Lemma 13.1 gives the following.

Lemma 13.5. Suppose that an integer d satisfies 0 < d < |F|. Let
0, B € (0,1]. There is a randomized algorithm that given a polynomial P :
F" — T of degree d such that bias(P) > & > 0, runs in O; s(n?) and with
probability 1 — /3, returns a polynomial factor F = {P; j }1<i<d—1,1<j<m,
of degree d — 1 and |F| = Os (1) such that P is measurable in F.

Algorithmic regularity in low characteristic. Unfortunately, Gowers
uniformity for polynomial factors fails to address “bias implies low rank”
phenomena in the case when F has small characteristic. Kaufman and
Lovett [54] introduce a stronger notion of regularity in order to handle
the general case. This notion is rather technical and we omit introducing
it here.

Algorithmic versions of the results of Kaufman and Lovett [54] were
proved by Bhattacharyya et al. [17] by using a similar but stronger
notion of regular factors referred to as “strong unbiased factors”. The
reason for the need of this new notion is likewise that uniform factors
(Definition 7.18) fail to address fields of low characteristic, for the reason
that previously in order to refine a factor to a uniform factor we made
use of division by d! which is not possible in fields with |F| < d.

The main result of Bhattacharyya et al. [17] in the low-characteristic
setting is an algorithm for regularization of factors in low characteristic.

Lemma 13.6 (Strongly unbiased refinement (informal)). Suppose that
v : N — RT is a regularity parameter. There is a deterministic algorithm
that given a factor F = {Py,---, Py} of degree d, runs in Ov(no(d)),
returns a strongly y-unbiased degree < d factor 7' = F.
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13.3 Algorithmic inverse theorem for polynomials

From Lemma 13.5 one can deduce an algorithmic version of an inverse
theorem for Gowers norm (Theorem 6.9) for polynomials in the high
characteristic setting.

Theorem 13.7 (Algorithmic inverse theorem in high characteristic). Sup-
pose that |F| > d > 2 and that ¢, 5 € (0,1]. There is an 7. 54 € (0, 1],
and a randomized algorithm that given a polynomial P : F* — [F of
degree d with ||eg(P(z))||yx+1 > €, runs in O; g(n?) and with probability
1 — B, returns a polynomial ) of degree < k such that

[(er(P), er(Q))] > n.

This theorem follows from the following proposition via a basic

Fourier analytic argument, along with a theorem of Goldreich and Levin
[34].
Proposition 13.1 (Computing polynomials with high Gowers norm). Sup-
pose that |F| > d > 2 and that 6,8 € (0,1]. There is a random-
ized algorithm that given a polynomial P : F* — F of degree d with
ler(P(z))||ga > 6, runs in O g(n?) and with probability 1 — 3, returns
a polynomial factor F of degree d — 1 such that

e There is a function T': F¥I — I such that P = I'(F).

° |.7'—| = Od7575(1).

Proof. Write P (hy,- -+ ,hq) :== Dy, - -- Dy, P(z). Since P has degree
d, 9P does not depend on z. From the definition of the U% norm, we
have

bias(9?P) = |le(P)|| % > 6*".

Applying Lemma 13.5 to 9P, with probability 1 — g, we can find a
factor F of degree d—1, such that | F| = Oy 5.4(1) and 0?P is measurable
in F. It is easy to check that since |F| > d, we have the following Taylor
expansion

1
where @ is a polynomial of degree < d — 1. We can find an explicit

description of P, and therefore one of @ in O(n?). Thus letting F’ :=
F U{Q} finishes the proof. O
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We are now ready to see the proof of Theorem 13.7.

Proof of Theorem 13.7. By Proposition 13.1, with probability
1- g we can find a polynomial factor F of degree d — 1 such that
P is measurable in F. Let v : N — RT be a decreasing function to
be specified later. By Lemma 13.4, with probability 1 — g, we can
refine F to a ~y-uniform factor F = {P1,---, Pp} of the same degree
d — 1, with dim(F) = O, g(1). Since P is measurable in F, there exists
I : Fdm(F) 5 F such that P = I'(F). Using the Fourier decomposition
of ep(I') we can write

f(x) = ch ex((a, F)(z)), (13.4)

where L = |F‘dim(}—) = O’y,,é’(l)’ a® c Fdim(]—")’ and

(@, F)a) =3 al?
j=1

Notice that the terms in (13.4), unlike Fourier characters, are not
orthogonal. But since the factor is y-uniform, Theorem 7.33 ensures
approximate orthogonality. Let Q; := (a(®, F). Choose y(u) < mgu,

k+1
so that v(dim(F)) < 75, where o := EQT. It follows from the near
orthogonality of the terms in (13.4) by Theorem 7.33 that

i = (f, er(Q:))| < (13.5)

<2
L’

and
L

]|\f|2 2| < . (13.6)

=1
Claim 13.8. There exists ¢’ (e, |F|) € (0, 1] such that the following holds.
Assume that f and F are as above. Then there is ¢ € [L], for which

deg(Qi) < k and |(f,ex(Qs))| > 0".

Proof. We will induct on the degree of F. Assume for the base case
that F is of degree k, i.e. d = k + 1. The following Cauchy-Schwarz

inequality
2k+1

< G < NFIBIF]

k+1 k+1_
62 ’2 2

(13.7)
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k41
and (13.6) imply that there exists i € [L] such that ¢ > QT_" =
362k+1

k41
17— which combined with (13.5) implies that |(f, er(Q;))| > %
Now for the induction step, assume that d > k+1. We will decompose

(13.4) into two parts, first part consisting of the terms of degree < k
and the second part consisting of the terms of degree strictly higher
than k. Namely, letting S := {i € [L] : deg(Q;) < k} we write f = g+h
where g := >";cgcier(Qi) and h == 37\ s cier(Qi). Notice that by
the triangle inequality of Gowers norm, our choice of 7, and the fact
that F is y-uniform

k+1 k+1
2 62

€
[Pllges < D leil - lew(@illrsn < L+ 75 = =7
i€[L]\S
and thus .
lgllgnss > 5.
Now the claim follows by the base case. 0

Let (e, |F|) be as in the above claim. We will use the following
theorem of [34] which gives an algorithm to find all the large Fourier
coefficients of ep(I").

Theorem 13.9 (Goldreich-Levin theorem [34]). Let ¢, p € (0,1]. There
is a randomized algorithm, which given oracle access to a function

[:F™ — F, runs in time O(m?logm - poly(%, log(%))) and outputs a
decomposition

l
I'= Zb’ . 6[5‘(<’I7i,l‘>) + F/,
i=1
with the following guarantee:

o /= O(%)

o Pr[3i: |b; —T(m)| >¢/2] <p.

e Pr |Va such that |f(a)| > ¢, Jin =a| >1—p.
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We will use the above theorem with parameters ¢:= 2 " and p = 5
By Claim 13.8 there is i € [L] such that I['(a) = ¢ > 3‘5. With
probability 1-— é there is j such that n; = «; and with probability at
least 1 — ]b cl| < % < %/, and therefore ¢; > %/.

By a union bound, adding up the probabilities of the errors, with
probability at least 1 — 3, we find ); such that

(fee@)] = 2.

13.4 Derandomization via PRGs for polynomials

In this section we will discuss how all the algorithms that we have dis-
cussed above can be derandomized to efficient deterministic algorithms.
The key point here is that our only uses of randomness above have
been in evaluating a collection of polynomials on set of inputs that
are chosen uniformly at random from F". We will use known efficient
constructions of pseudorandom generators for polynomials [85, 57].

Definition 13.10. A distribution D on F" is said to e-fool degree d
polynomials in n variables over F" if for every degree d polynomial
P:F"—> T,

[ Ele(P(D))] — Ele(PUDI] < ¢,

where U € F" is uniformly distributed.

The following lemma shows that a distribution that fools a single
polynomial can be used to fool a collection of polynomials with a slightly
worse error term.

Lemma 13.11. If D e-fools degree d polynomials, then for every collec-
tion of C' degree d polynomials Py, --- , Po,

3 ‘}l’)r[Pl(D) — by A+ A Po(D) = bc]

= Pr[P{(U) = by A+ A Po(U) = bel| < p%,
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We will use Viola’s explicit construction of pseudorandom generators
for degree d polynomials.

Theorem 13.12 (Viola [85]). There is an explicit generator g : F¥ — F”
with s = dlog,n + O(d - 24 . 1og(1/¢)), such that for uniform Z € F*,
9(Z) e-fools degree d polynomials.

Derandomized Bogdanov-Viola lemma. In the proof of Lemma 13.1
we have used randomness in two steps.

First, we estimated p, in the statistical distance by sampling P on
a constant number of randomly selected inputs. This step can be simply
derandomized using Theorem 13.12, by evaluating P on g(z) for z € F*.
This requires 2° = O(n?) queries to P.

Second, we chose h = (hy,--- ,h¢) € (F?)¢ uniformly at random,
and obtained a distribution pps and ]5}1 such that for every x

z () J
P (Pu@) # P@) < e () = | = 7 ) < o

Suppose z is fixed, and consider polynomials Q;(hi,--- ,hc) =
P(xz + h;). By Lemma 13.11 and Theorem 13.12, there is a map g :
F* — (F™)¢ such that

(@) 0 c
Pr By (@) # P@) < Pr (1) = el = 7 ) <o+ e

Therefore, choosing e sufficiently small, there exists Z € F® such that
gr(ﬁg(z) (z) # P(x)) < 0B+ p° e <o (13.8)

Thus we can iterate through all the p® = Poly(n) choices of Z, and
check whether Equation (13.8) holds for that value of Z. Note that
Equation (13.8) can itself be deterministically decided in Poly(n) time
using pseudorandom generators for low-degree polynomials.

Derandomized regularity lemmas. Having access to a determinis-
tic Bogdanov-Viola lemma, consequently Lemma 13.3, Lemma 13.4,
Lemma 13.5, Lemma 13.6, Theorem 13.7 and Proposition 13.1 can also
be made deterministic. The key observation is that all these results use
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their randomness only in the application of Bogdanov-Viola lemma and
towards estimating bias or Gowers norm of a given polynomial. Theo-
rem 13.12 can be used to derandomize any step that requires estimating
bias of a low-degree polynomial, and Theorem 13.12 combined with
Lemma 13.11 can be used in order to estimate the Gowers norm of a
low-degree polynomial.

13.5 Algorithmic Decomposition Theorems

Given a positive integer k, a vector of positive integers A = (A1, Ag,
..., Ag) and a function T : F¥ — [, we say that a function P : F* — F is
(k, A, T')-structured if there exist polynomials Py, Ps,..., Py : F* - F
with each deg(P;) < A; such that for all x € F",

P(z) =T(Pi(x), Py(x), ..., Py(x)).

The polynomials Py, ..., Py are said to form a (k, A, T')-decomposition
(or simply, a polynomial decomposition). For instance, an n-variate
polynomial over the field F of total degree d factors non-trivially exactly
when it is (2, (d—1,d—1), prod)-structured where prod(a, b) = a-b. Later
in Chapter 16 we will see that the property of being (k, A, T')-structured
is constant query testable with one-sided error even when P does not
necessarily have bounded degree. However, the problem is harder if we
ask for finding a decomposition realizing the (k, A, T')-structure.

Somewhat surprisingly, using the algorithmic regularity lemmas it
can be shown that every degree-structural property can be decided in
polynomial time.

Theorem 13.13 (Bhattacharyya [11]). For every finite field F of prime
order, positive integers d < |F|, k, every vector of positive integers A =
(A1, Ag, ..., Ay) and every function I' : F¥ — F, there is a deterministic
algorithm Ay A 1 that takes as input a polynomial P : F" — F of degree
d, runs in time polynomial in n, and outputs a (k, A, I')-decomposition
of P if one exists while otherwise returning NO.

The algorithm is quite simple. Given a polynomial P : F" — [,
we first use a corollary of Lemma 13.4 and Lemma 13.5 to write P as
a function of a uniform polynomial factor {Q1,...,Qn}, i.e. P(x) =
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G(Q1(z),...,Qm(x)) where m = O(1) and G : F™ — F. Now, the proof
technique of Bhattacharyya [11]! shows that the only way P can have a
(k, A,T')-decomposition is if there are functions Gy,...,Gg : T™ — T
such that G(z1,...,2m) = I'(Gi(z1,...,2m), ..., Gr(z1,...,2m)) and
also, for every i € [k], Gi(Q1(x),...,Qm(z)) is a polynomial of degree
at most A;. Since m = O(1), there are only a constant number of
possible G, ..., Gy, and so the whole algorithm runs in polynomial
time.

We will use the following corollary of Lemma 13.4 and Remark 7.19.

Theorem 13.14. Suppose d < |F|, p € (0,1) and R : ZT — Z* is
a non-decreasing function. There is a function C' : Z* — ZT and
an efficient algorithm that takes as input a polynomial factor B of
degree < d outputs an R-regular factor B where B is a refinement of
B, is of degree d, and ||B|| < C(|B|). Additionally, if B is defined by
polynomials P, --- , Pp,, then we can find functions I'y,--- ,I[',, such
that P;(z) = I';(B(x)) for every i € [m).

Moreover, if B itself is a syntactic refinement of some polynomial
factor B’ of rank at least R(|B|) + 1, then B will also be a syntactic
refinement of B'.

Proof of Theorem 13.13. Let R : ZT — Z" be chosen so that
R(m) =r(C(m+k))+C(m+k)+|F| for a function r : ZT — Z* to be
fixed later, where C' is as in Theorem 13.14. Applying Theorem 13.14
to the factor defined by the single polynomial P, we find an R-regular
polynomial factor B of degree d defined by polynomials P;,---, Po :
F" — F such that P(z) = G(B(z)) for some G : F¢ — F. Note that
here C'= O(1). Note that for small n < Cd, we can decide whether f is
(k, A,T')-structured by brute force in O(1) time, and further find such
a decomposition if it exists.

Suppose n > Cd. From each P;, pick a monomial m; with degree
equal to deg(F;). Since n > Cd, there exists iy € [n] such that z;, does
not appear in any of the m;’s. Let B’ be the polynomial factor defined
by polynomials P, -- , P/, which are respectively the restrictions of
Py, -+, Pc to xj, = 0. Moreover, by Lemma 7.2, B’ is (R — |F|)-regular.

!Bhattacharyya et al. [14] used a similar reasoning in their proof of testability of
degree structural properties.
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Recursively, decide (k, A,T')-structure for the polynomial P’ :=
Plg, =0 on n — 1 variables. Note that

P'(z) = G(P{(x),- -, Po(x).

It is easy to see that if P’ does not admit (k, A, T')-structure, then the
same is true for P. So, in this case we will safely output NO. Assume
otherwise that we have found

P'(z) =T(S1(x),- -, Sk()),

where deg(S;) < A;. We will show how in this case P is (k,A,T')-
structured, and in fact we can find such a decomposition efficiently. We
will use Theorem 13.14 on the factor defined by Py,--- , P4, S1,- -+, Sk
to find a refinement B’ of rank at least r(B’). Note that the setting of our
parameters and Theorem 13.14 guarantee that B’ is a syntactic refine-
ment of P[,--- , P/. That is B’ is defined by P[,--- , P and S7,--- ,Sp
where for each i € [k], Si(z) = Gi(P|(x),- -, Ph(x),Si(x),--- ,Sp(x))
for some function G;. Thus we have for all z

G(P{(x),+ , Po()) =
F(Gl (Pll(x)7 e ,Pé«(.’L‘),Si(l‘), e 7S/D(x)> ’
< G (P{(@), -+, Pe(@), Sy (@), , Sp(@)) )

Suppose r is set large enough so that by Lemma 7.24 all the atoms
of B’ are nonempty. This means that B'(x) acquires all possible values
in its range FE*P. This allows us to deduce from the above equation
that

G(ala"' )QC)
:F(Gl(ab"' aaC'7b1a"' 7bD)7"' aGk’(ala"' 7aCab1>"' 7bD))7
for all ai,--- ,ac,b1,--- ,bp € F. Define

Qi(x) = Gi(Py(x), -, Po(x),0,---,0)

for i € [k]. We will use Corollary 16.6 which will be proved in Chapter 16,
to show that for each i € [k], deg(Q;) < deg(S;) < A;. Thus we have

P(z) =T(Q1(x), -, Qr()),
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is a (k,A,T") decomposition of P.

The final algorithm is by recursively applying the above process
until n is a constant, and building back the decomposition step by
step. ]
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In Part I of this text we discussed linearity testing and more generally
tests for being a polynomial of a given degree. These are all instances
of “algebraic properties”, a general class that we are going to define
shortly. It includes more complex properties such as being a product
of two low-degree polynomials, or having sparse Fourier representation.
In this part of the survey, we will use the tools developed in Part II
to establish a general result showing that all algebraic properties that
have local definitions are testable. We will focus on one-sided testable
properties and for the treatment of the two-sided testable properties
we refer the reader to Yoshida [87, 86], where nonstandard analysis is
used to give a characterization.
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Algebraic Properties

The study of property testing originated from the linearity test of Blum,
Luby, and Rubinfeld [20] and was formally coined by Rubinfeld and
Sudan [69] and Goldreich et al. [32]. A substantial treatment of testable
combinatorial properties due to Goldreich et al. [32] was later followed
by seminal subsequent work that lead to an in-depth understanding of
testable graph properties [2, 4, 22, 5, 30]. There has also been a great
deal of success in testing algebraic properties including testing Reed-
Muller codes (in other words, bounded degree polynomials) [6, 7, 28,
69, 3], testing Fourier sparsity [36], testing BCH codes [53], and testing
of functions satisfying functional equations [67]. Kaufman and Sudan
[56] noted affine-invariance as a common characteristic of majority of
the studied algebraic properties, and initiated the fruitful study of
testability of affine-invariant properties [13, 73, 16, 15, 14].

14.1 Affine and linear invariance

Recall that F = F), for a fixed prime p. Let [R] = {1,...,R} be a
constant sized set. A property of functions f : F* — [R] is simply a
subset of all such functions, namely P C {F" — [R]}. Typically, we
assume that such a property is defined for all n > 1.

398
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Note that a generic property can completely ignore the algebraic
structure of F™ and treat it as an arbitrary set of size |F|”. Hence, any
notion of “algebraic property” must require some assumptions on P that
take the algebraic structure of the set F” into account. This is typically
done by requiring that the property P is invariant under certain algebraic
transformations. Indeed this is analogous to other combinatorial settings
such as graph properties, or hypergraph properties, where the properties
are assumed to be invariant under permutation of the vertices.

We say that a property P C {F" — [R]} is linear-invariant if
it is the case that for any f € P and for any linear transformation
L : F* — F", it holds that fo L € P, where (f o L)(z) = f(L(z)).
Similarly, an affine-invariant property is closed under composition with
affine transformation A : F" — F" (an affine transformation A is of the
form A(x) = Lx + ¢ where L is linear and ¢ is a constant). Both linear
invariance and affine invariance are very natural candidates for defining
algebraic properties.

The property of a function f : F* — F being affine is testable
by a simple reduction to linearity testing [20], and is itself affine-
invariant. Other well-studied examples of affine-invariant (and hence,
linear-invariant) properties include Reed-Muller codes (in other words,
bounded degree polynomials) [6, 7, 28, 69, 3] and Fourier sparsity [36]. In
fact, affine invariance seems to be a common feature of most interesting
properties that one would classify as algebraic. Kaufman and Sudan [56]
made explicit note of this phenomenon and initiated a general study of
the testability of affine-invariant properties. See also [33]. In particular,
they asked for necessary and sufficient conditions for the testability of
affine-invariant properties.

14.2 Locally characterized properties

Let P C {F" — [R]}. Let us first assume that P is testable in the
strongest possible way, and see what this entails. To recall, we say that
P is one-sided proximity-oblivious g-query testable if there is a local
test which makes ¢ queries to a function f : F" — [R], always accepts if
f € P and otherwise rejects f with probability related to the distance
of f from P. See Definition 2.1 for a more formal definition.
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So, assume P is one-sided proximity-oblivious g-query testable. Every
such test has the following structure:

e Step 1: Randomly pick points (z1,...,z,) € (F")? according to
some joint distribution u.

e Step 2: Query the values of f(z1),..., f(z,) and accordingly out-
put “f e ’P77 or (Lf ¢ ’PW.

Suppose that the queries result in (f(x1),..., f(zq)) = o € [R]%.
Since the algorithm is only allowed to make a one-sided error, if there
is a function g € P with (g(z1),...,9(z¢)) = o, then the algorithm
must return “f € P”. On the other hand, if there is no such function
g € P, then it can safely return “f ¢ P”. In such a case we say that
C = (x1,22,...,24;0) forms a g-local constraint for P (equivalently, a
g-local witness for non-membership in P), as if f € P then necessarily

(f(x1),. .., f(zg)) # 0.

Definition 14.1 (Local constraint). A g-local constraint for a property
P C{F" — [R]} is C = (21,...,24;0), where z1,...,2, € F", 0 € [R]4
such that for all g € P it holds that (g(x1),...,9(zq)) # 0.

Let C = (z1,...,24;0) be a local constraint for P. If f : F* — [R]
satisfies that (f(z1),...,f(zq)) = o, then we say that f violates the
constraint C. In particular, we know that f ¢ P. Let Cy,...,Cp, be the
set of all the g-local constraints for the above test. One can rewrite the
above test as in the following:

e Step 1: Randomly pick points (z1,...,2z4) € (F")? according to
some joint distribution .

o Step 2: If (x1,...,xq; f(x1),..., f(zq)) equals some C; then output
“f & P”. Otherwise output “f € P”.

Note that if f ¢ P, then according to Definition 2.1, the tester must
reject f with positive probability. Consequently, there must exist at
least one g-local constraint among Cy, . .., Cy, that is violated by f. This
provides a “local characterization” for P. Namely,

P ={f:F" — [R] that do not violate any of C1,...,Cp}.
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The following definition formalizes this notion.

Definition 14.2 (Locally characterized property). A property P C {F" —
[R]} is g-locally characterized if there exist g-local constraints Cy, . ..,Cp,
such that

P ={f:F" — [R] that do not violate any of C1,...,Cpn}.

We say P is locally characterized if it is g-locally characterized
for some constant g. It follows from the above discussion that if P is
one-sided proximity-oblivious g-query testable then it is also g-locally
characterized.

We now give some examples of locally characterized affine-invariant
properties. Consider the property of f : F” — F being an affine function
(namely, a degree 1 polynomial). It is 4-locally characterized because a
function f is affine if and only if f(z)— f(z+y)—f(z+2)+ f(z+y+2z) =0
for every x,y, z € F™. Note that this characterization naturally suggests
a 4-query test: pick random z,y, z € F™ and check whether the identity
holds or not for that choice of x,y, z. As we saw in Chapter 2, this is
indeed a local test for the property of affine functions (we proved it for
F = F9 in Theorem 2.3, and the proof can be extended to any finite
field).

More generally, consider the property of being a polynomial of de-
gree at most d, for some fixed integer d > 0. If f : F” — F has degree
< d, then it is annihilated by taking d + 1 directional derivatives (See
Section 3.1). This implies that this property is also locally characteriz-
able. Independent papers by Kaufman and Ron [55] and Jutla et al. [52]
has obtained the optimal value of ¢ for general fields F,,: the property of

=)

being a degree < d polynomial is ¢-locally characterized for ¢ = p
These papers also showed that the property is testable. Again, the test
is simply to pick a random constraint and check if it is violated.
Indeed, for any g-locally characterized property P defined by con-
straints Ci,...,C,,, one can design the following ¢-query test: choose a
constraint C; uniformly at random and reject only if the input function
violates C;. Clearly, if the input function f is in P, the test always
accepts. The main challenge is in showing that if f is e-far from P, then

this test rejects f with some probability 6 = §(¢) > 0. Equivalently
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put, f is e-far from P then at least dm of the local constraints are
violated. This was conjectured by Kaufman and Sudan [56] and proved
in a sequence of papers [13, 73, 16, 15, 14].

Theorem 14.3 (Bhattacharyya et al. [14]). Every ¢-locally characterized
affine-invariant property is proximity obliviously testable with ¢ queries.

The proof of Theorem 14.3 is presented in Chapter 15.

14.3 Locality of affine invariant properties via linear forms

In the context of linear-invariant and affine-invariant properties, we can
define the notion of local characterization in a more algebraic way. As
most of the research has focused on affine invariant properties we also
limit our discussion to such properties. Many of the observations below
naturally extend to linear invariant properties.

Consider an affine-invariant property P C {F" — [R]} that is locally
characterized by a collection C = {Cy,...,Cp} of g-local constraints. As
P is affine-invariant, one can assume that C is also invariant under affine
transformations. In other words, if (a1,as,...,a4;0) € C, then also
(Aay, Aag, ..., Aaq; o) € C for every affine transformation A : F" — F™.

This can be rephrased using linear forms. Assume that ai,...,aq €
F™ span a linear space of dimension r < ¢, and let by,...,b. € F"™ be
a basis for this subspace. Let {\;; € F : i € [g],j € [r]} be such that
a; = Z§:1 Aijbj. The assumption that P is affine invariant means that
for every linear map L : F" — F™ and every c € F", we also have that
(Lai+c,...,Lag+c;0) € C. Let Ly, ..., Ly € F""! be linear forms given
by Li = (1, \i1,- .., Air). Then the following are also g-local constraints
for P:

(Li(zo, 1, ., 2p), ..., Lg(zo, ..., 2y);0) Vrg, ...,z € F".

The linear forms Ly, ..., L, are affine forms, where we recall the defini-
tion that a linear form is affine if its first coordinate is 1.
Next, we formalize this notion of affine local constraints.

Definition 14.4 (Affine local constraints). An affine constraint of size
q on k wvariables is a tuple A = (Li,...,Lq0) of ¢ affine forms
Li,...,Ly € F* and o € [R]9.
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An affine constraint can be used to define affine invariant properties
in the following way.

Definition 14.5 (Properties defined by affine constraints). Consider an
affine constraint (A4, o) of size ¢ on k variables. A function f : F" — [R]
is said to be (A, o)-free if there exist no z1,...,z; € F" such that

(f(La(w1,. . sk))s - f(Lg(m1,. .0 78))) = 0.

On the other hand, if such x1, ...,z exist, we say that f induces (A, o)
at x1,...,Tk.

Given a (possibly infinite) collection A = {(A!,0!), (A2, 0?),...} of
affine constraints, a function f : F" — [R] is said to be A-free if it is
(A%, o%)-free for every i > 1.

The above discussion shows that an affine-invariant property is ¢-
locally characterized if and only if it can be described using a bounded
number of affine constraints of size q.

14.4 Subspace hereditary properties

Just as a necessary condition for proximity oblivious testability with
one-sided error is local characterization, one can formulate a natural
condition that is (almost) necessary for testability in general. In the
context of affine-invariant properties, the condition can be succinctly
stated as follows. We will assume throughout that P is a property of
functions f : F" — [R] for all n > 1.

Definition 14.6 (Subspace hereditary properties). An affine-invariant
property P is said to be affine-subspace hereditary if for any f : F" — [R]
satisfying P, the restriction of f to any affine subspace of F" also satisfies

P.

Bhattacharyya et al. [16] showed that every affine-invariant property
testable by a “natural” tester is very “close” to a subspace hereditary
property’. Thus, if we gloss over some technicalities, subspace heredi-

We omit the technical definitions of “natural” and “close”, since they are
unimportant here. Informally, the behavior of a “natural” tester is independent of
the size of the domain and “close” means that the property deviates from an actual
affine subspace hereditary property on functions over a finite domain. See [16] for
details, or [4] for the analogous definitions in a graph-theoretic context.
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tariness is a necessary condition for testability. In the opposite direction,
Bhattacharyya et al. [16] conjecture the following:

Conjecture 14.7 (Bhattacharyya et al. [16]). Every affine-subspace hered-
itary property is testable with one-sided error.

Resolving Conjecture 14.7 would yield a combinatorial character-
ization of the (natural) one-sided testable affine-invariant properties,
similar to the characterization for testable dense graph properties [4].

Affine subspace hereditariness and affine constraints are related
through the following simple observation.

Observation 14.8. An affine-invariant property P is subspace heredi-
tary if and only if it is equivalent to the property of A-freeness for some
fixed collection A of affine constraints (possibly infinite).

Proof. Given an affine invariant subspace hereditary property P, a
simple (though inefficient) way to obtain the set A is the following.
For every m > 1, every function g : F* — [R] that is not in P, and
an m-dimensional subspace V of F", include the constraint that the
restriction of f : F" — [R] to V is not equal to g.

This can be expressed as an affine constraint. For every a € F™ let
L, € F™*! be an affine form given by L, = (1,a1,...,ay). The affine
constraint we add is is

Cyg:=((Lg:acFm");(g(a):acF™)).

In particular, g is not Cy-free, as g induces Cy at 1 = e1,..., Ty =
em, where e; is the i-th unit vector. Hence the property defined by A is
contained in P. The containment in the other direction follows from P
being affine-invariant and hereditary.

The other direction of the observation is trivial. ]

Conjecture 14.7 is not yet confirmed or refuted, however Bhat-
tacharyya et al. [14] prove testability under an additional assumption
of “bounded complexity”. Define the Cauchy-Schwarz complezity (see
Definition 11.1) of an affine constraint (A, o) to be simply the Cauchy-
Schwarz complexity of A. Let the Cauchy-Schwarz complexity of a
collection A = {(Al,01),(A42,0?),...} of affine constraints to be the



The version of record is available at: http://dx.doi.org/10.1561/0400000064
14.5. Locality dimension 405

maximum of Cauchy-Schwarz complexity of the constrains (A%, o%). We
will see a proof of the following theorem in Chapter 15.

Theorem 14.9 (Bhattacharyya et al. [14]). Every subspace hereditary
property of bounded Cauchy-Schwarz complexity is testable with one-
sided error.

All natural affine-invariant properties that we know of have bounded
complexity (in fact, most are locally characterized). However, testing
the subspace hereditary properties not covered by Theorem 14.9 is of
theoretical interest.

14.5 Locality dimension

The notion of ¢-local characterization uses the number of queries to
measure the complexity of the characterization. In the algebraic setting
of affine-invariant properties it is as natural to consider the dimension
of the affine subspace containing those queries.

Definition 14.10 (Locality dimension). The locality dimension of an
affine-invariant property P C {F"” — [R]} is the smallest K such that
the following holds. There exists a collection F C {FX — [R]} such that
for f: F™ — [R], f € P if and only if f|y € F for all K-dimensional
affine subspaces V' C F™.

As discussed above, every g¢-locally characterized P is equivalent
to A-freeness, where A is a collection of affine constraints with each
constraint on at most g + 1 variables. Obviously one can extend this to
include all the affine linear forms on these variables, or equivalent query
f on the ¢-dimensional affine subspace containing these ¢ + 1 variables.
Thus every g-locally characterized property has locality dimension of
at most ¢. In the other direction, if P is of locality dimension K, then
it is equivalent to A-freeness, where A is a finite collection of affine
constraints, with each constraint of size |F|® on K + 1 variables.
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The notion of locality dimension is even more natural for affine-
subspace hereditary properties.

Observation 14.11 (Locality dimension for hereditary properties). The
locality dimension of a hereditary affine-invariant property P C {F" —
[R]} is the smallest K such that for f: F" — [R], f € P if and only if
flv € P for all K-dimensional affine subspaces V' C ™.
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15

One-Sided Algebraic Property Testing

In this Chapter we establish Theorem 14.3 and Theorem 14.9. That is,
we show that every g-locally characterized affine-invariant property is
proximity obliviously testable with one-sided error using g queries, and
more generally we show that every affine invariant subspace hereditary
property of bounded Cauchy-Schwarz complexity is testable with one-
sided error.

15.1 Proof overview

Before delving into the technical details let us first present an overview
of the proof. For simplicity, assume for now that A consists only of
a single affine constraint (A, o) where A is the tuple of affine linear
forms (Lq,..., L), each over £ variables, and o € [R]™. Our goal is to
show that, when f is e-far from being (A, o)-free, then f contains many
instances of violation of (A, o)-freeness. The decomposition theorems
presented in Chapter 9 allow us to find a polynomial factor partition of
the domain F" such that, for the purpose of counting the number of
violations of (A, o) freeness, f looks uniform in most of the parts. If
the notion of e-farness would have allowed to remove points from the
domain of f, then the proof would have become much simpler.

407
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Let us first consider this simpler case. Suppose that if remove any
given e-fraction of points from F", there are still copies of (A4, 0) in f.
Now we look at the polynomial factor decomposition of f and remove
all the points that are not in the uniform cells. We also remove all the
points that have unpopular values in the uniform cells. That is for every
cell, if there is a value that appears on very few points in that cell, then
we remove all the points from that cell with that value. Now since the
number of non-uniform cells is small, and also the number of unpopular
points is small (by their definition), we have removed only few points
from the domain. Hence according the modified notion of e-farness,
there are still copies of (A4, 0) remaining in f. Now every point in any
such copy must belong to a uniform cell and its value is not unpopular
in that cell. It follows from these two properties that there are many
such copies of (A, o) in f.

Unfortunately, the natural notion of e-farness does not allow remov-
ing points from the domain of f, and instead one is only allowed to
change the value of f on at most e-faction of the points. This makes
proving the theorem considerably more difficult. Now one has to appeal
to the more technical decomposition theorems such as Theorem 9.8.
This decomposition theorem, roughly speaking, shows the existence
of a polynomial factor partition B of the domain such that for every
atom c of B, there is a sub-atom ¢’ that comes from a finer partition
B’ such that most sub-atoms provide good statistical samples of the
demography of the atom that contains them. Now the most popular
values inside sub-atoms will play an important role, and instead of
removing points from the domain we will change the value of f to such
values. In other words, unpopular values and mis-represented values
inside every atom are changed to the most popular value inside the
corresponding sub-atom.

Again, the number of changes will be small (less than e-fraction of
points). So the new function will still contain at least one copy of (A, o).
Note that the values in this copy are abundant in the corresponding
sub-atoms as we changed the unpopular values to the most popular
values in the sub-atoms. Then, a key property of sub-atoms (i.e. the fact
that s is fixed in Theorem 9.8) and the uniformity of sub-atoms allows
us to find many copies of (A, o) inside the corresponding sub-atoms.
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15.2 Big picture functions

Suppose we have a function f : F" — [R], and we want to find out
whether it induces a particular affine constraint (A,o), where A =
(Ly,...,Ly) is a sequence of affine forms on ¢ variables and o € [R)
Now, suppose F" is partitioned by a polynomial factor B defined by
nonclassical polynomials Py, ..., Po of degrees di,...,dc and depths
ki,...,kc, respectively. Then, observe that if by, . .., by, € TC denote the
atoms of B containing Lq(x1,...,2¢),..., Lim(x1,...,2z) respectively,
it must be the case that by,...,b,, are B-consistent with A (as defined
in Definition 7.37). Thus, to locate where f might induce (A4,0), we
should restrict our search to sequences of atoms consistent with A.

m

It will be convenient to “blur” the given function f so as to retain
only atom-level information about it. That is, for every atom c of B,
we will define fz(c) C [R] to be the set of all values that f takes within
c. We denote by P([R]) the power set of [R].

Definition 15.1. Given a function f : F* — [R] and a polynomial
factor B, the big picture function of f is the function f5 : T8 — P([R]),

defined by fr(c) = {f(x) : B(x) = c}.

On the other hand, given any function g : T¢ — P([R]), and a vector
of degrees d = (dy, ...,d¢) and depths k = (kq, ..., ko) (which we think
of as corresponding to the degrees and depths of some polynomial factor

of complexity C'), we will define what it means for such a function to
“induce” a copy of a given constraint.

Definition 15.2 (Partially induce). Suppose we are given d = (dy, ...,
dc) € Ly , k= (k1. .., ko) € LSy, g : [lie(c) Uki+1 — P([R]), and an
affine constraint (A, o) of size m. We say that g partially (d,k)-induces
(A, 0) if there exist a sequence by, ..., b, € T¢ such that

(i) (b1,...,bm) is (d, k)-consistent with A (see Definition 7.37).
(ii) o; € g(b;) for each j € [m].

Definition 15.2 is justified by the following trivial observation.
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Observation 15.3. If f : F" — [R] induces a constraint (A, o), then for
a factor B defined by polynomials of respective degrees (d1, ..., d|g) = d
and respective depths (ki,...,kp) = k, the big picture function fg
partially (d,k)-induces (4, 0).

To handle a possibly infinite collection A of affine constraints (in
order to prove Theorem 14.9), we will employ a compactness argument,
analogous to one used by Alon and Shapira [5] in the context of graph
properties, to bound the size of the constraint partially induced by the
big picture function. Let us make the following definition:

Definition 15.4 (The compactness function). Suppose we are given
positive integers C' and d, and a possibly infinite collection of affine
constraints A = {(A!,0'),(42,02),...}, where (A%, o) is of size m;.

C
For fixed d = (di,...,dc) € [d|€ and k = (ki,. .., ko) € [0, L%H :
denote by G(d, k) the set of functions g : [T, U1 — P([R]) that
partially (d, k)-induce some (A%, o%) € A. The compactness function is

defined as

U 4(C,d) = max max ~ min m;
dk geg(d,k) (A%,0%) partially
(d, k)-induced by g
where the outer max is over vectors d = (dy,...,dc) € [d]¢ and
C
k= (ki,...,kc) € [O, LZ%%H . Whenever G(d, k) is empty, we set the

corresponding maximum to 0.

Note that W 4(C,d) is indeed finite, as the number of possible degree
and depth sequences are bounded by d?¢, and the size of Gg(d,k) is
bounded by 2Rp

Remark 15.5. Note that if a function g : T¢ — P([R]) partially (d, k)-
induces some constraint from A where d € [d]°, then g must belong
to G(d, k), and consequently it will necessarily partially induce some
(A% o) € A whose size is at most ¥ 4(C, d).

15.3 Proof of testability

In this section we establish our main result Theorem 14.9 which in turn
implies Theorem 14.3. It suffices to prove the following.
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Theorem 15.6. Let d > 0 be an integer. Suppose we are given a possibly
infinite collection of affine constraints A = {(A!,0!), (4%,02),...}
where each (A%, ¢*) is an affine constraint of Cauchy-Schwarz complexity
< d, and of size m; on ¢; variables. Then, there are functions £ 4 : (0,1) —
Zso and d4 : (0,1) — (0,1) such that the following is true. For every
e € (0,1), if a function f : F" — [R] is e-far from being A-free, then f
induces at least 04(¢)|F|"* many copies of some (A?, o) with £; < £4(¢)

Moreover, if A is g-locally characterized, then ¢4(e) < g and hence
is bounded by a constant independent of &.

Theorem 14.9 follow immediately. Given A as in the statement of
the theorems, let f : F™ — [R] which is e-far from A. Let Ay C A be
the subset of all (4% 0%) € A with ¢; < £4(e). Observe that Ag is a
finite set, as we may assume that m; < p%.

Consider the following test. Pick a uniform (4%, o%) € Ap, pick uni-
formly X = (x1,...,2,) € F* and test if (f(L1(X)), ..., f(Lm,(X))) =
o'. By Theorem 15.6, if f is e-far from A-freeness, this test rejects with
probability at least |Ag|~1d.4(¢). For Theorem 14.3, note that if A is
g-locally characterized, then the test is a one-sided proximity oblivious
g-local test. Below, we prove Theorem 15.6.

Fix a function f : F" — [R] that is e-far from being A-free. For
i € [R], define f(® : F"* — {0,1} so that f()(z) equals 1 when f(z) =i
and equals 0 otherwise. Additionally, set the following parameters, where
W 4 is the compactness function from Definition 15.4:

¢ = =
a(C) = p2dCTYa(Cd) r(C) = rruuF,d a(C))

Cv
AC) = %C‘I”“(C’d), n(C) = m(ﬁ)w( )

Intuitively, think of ¢ as a small enough constant (depending only on

g, R), of r(-) as a large enough rank, and of «a(-), A(:),n(-) as taking
small enough positive values.

Decomposing by regular factors. As a first step, we apply (the multi-
function generalization) of Theorem 9.8 to the functions fO @),
By the theorem, there exists a polynomial factor B of degree d, and a
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refinement of it B’ of degree d, both r-regular of complexity at most
Cys(F,d,r,n, A, (), such that the following holds. We can decompose
each £ as ' ‘ .
f(z) — fl(l) + fQ(Z) + fgl)

where

(i) £ =El/1B).

(i) 1113 s < n(B):

(i) 1175”12 < A(B).

(iv) f1 and fi1+ f3 take values in [0, 1]; and fa, f3 take values in [—1,1].

(v) B’ (-represents B with respect to f.

Moreover, assume that the atoms of B’ are indexed by (c,s) with
c € TIBl s € TIF'I=IBI Then exists a choice of s € TIF'I=18I for which the
following is true:

(vi) For every atom c of B, the sub-atom (c, s) of B’ satisfies that
E (| @) | B(@) = (c,5)] < A(B)2
(vii) For at most a ¢ fraction of atoms ¢ in B it holds that
[ELFDle] — ELFOl(e, )| > ¢.

We denote the sequence of polynomials defining B’ by Py, ..., P
Denote the degree of P; by d; and the depth of P; by k;. Since B’ is
a syntactic refinement of B, we may assume B is generated by the
polynomials P, ..., Pg. We denote C' = |B| and C' = |B'].

Note that ||B|| < plkmextDC < pdC where kpax < [(d —1)/(p — 1)]
is the maximum depth of a polynomial in B.

Cleanup. Based on B’ and B, we construct a function F : F" — [R]
that is §-close to f and hence, still violates A-freeness. The “cleaner’
structure of F' will help us locate the induced constraint violated by f.

)

The function F' is the same as f except for the following. For every
atom c of B, let t. = argmax;c(g Pr[f(x) = j | B'(z) = (c,s)] be the
most popular value inside the corresponding subatom (c, s).
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e Poorly-represented atoms: If there exists ¢ € [R] such that
| Pr(f(z) =i | B(x) = o] = Pr[f(z) =i | B'(z) = (¢,8)]| >, then
set F'(z) = t. for every z in the atom c.

e Unpopular values: For any ¢ € [R] such that Pr;[f(z) =
i| B'(z) = (¢,8)] < ¢, if z in the atom ¢ satisfies f(z) = 1,
then set F(z) = t,.

e For all other z in the atom ¢, set F(z) = f(z2).

A key property of the cleanup function F' is that it supports a value
inside an atom c¢ of B only if the original function f acquires the value
on at least an ¢ fraction of the subatom (c,s). Furthermore as the
following lemma shows it is £/2-close to f, and therefore as f is e-far
from A-freeness, we have that F' is not A-free.

Lemma 15.7. The cleanup function F' is €/2-close to f, and therefore,
it is not A-free.

Proof. The first step (fixing poorly represented atoms) applies to at most
CR)||B|| atoms, since B (-represents B with respect to each f(1), ..., (7).
By Lemma 7.24, each atom of B occupies at most H%II + a(C) fraction
of the entire domain. So, the fraction of points whose values are set in
the first step is at most CRHBH(@ +a(C)) < 2R =¢/4.

In the second step (changing unpopular values), if Pr[f(z) =i | B'(z)
= (¢,8)] < ¢, then Pr[f(z) =i | B(z) = ] < Pr[f(z) =i | B'(z) =
(¢,s)] + ¢ < 2¢. Hence, the fraction of the points z whose values are set
in the second step is at most 2(R = ¢/4.

Thus, the distance of F' from f is bounded by /2. O

Locating a violated constraint. We now want to use F' to “locate” a
popular affine constraint induced in f. Setting d = (dy,...,d¢) and
k = (ki1,...,kc), we have by Observation 15.3 that the big picture
function Fp of F will partially (d,k)-induce some constraint from
A, and hence by Remark 15.5, it will partially (d,k)-induce some
(A,0) € A of size m < U 4(C,d) on ¢ variables. We will show that the
original function f violates many instances of this constraint.
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Denote the affine forms in A by (L, ..., Ly,) and the vector o by
(01,...,0m). Since we can assume ¢ < m (without loss of generality by
making a change of variables), we can now define

la(e) =V 4(Cos(F,d,r,m,A,C),d). (15.1)

Let by,...,b,, € Hiczl Uy, +1 correspond to the atoms of B where
(A, o) is partially (d, k)-induced by F. That is, by, ..., by, are consistent
with A, and o; € Fg(b;) for every ¢ € [m]. Also, let b},...,b,, €
Hgl Ug,+1 index the associated subatoms in B, obtained by letting
v, = (b, s) for every j € [m].

Lemma 15.8. The subatoms b},...,b;, are consistent with A.

Proof. Since by, ..., b, are already consistent with A, we only need
to show that for every i € [C' + 1,C"], the sequence (b} ;,...,b,;) =

(Si—Cy Si—Cy - - - » Si—C) 18 (d;, k; )-consistent. That is, we need to show that
there exists a homogeneous nonclassical polynomial P of degree d and
depth k, and a choice of z1,...,2, € F", such that P(L;(z1,...,2)) =
si—c for all j € [m]. This is Where we use the assumption that the linear
forms are affine. Take 3 = ... =2y = 0. Then L;(x1,0,...,0) = z;. So
we only need to show the existence of P as above and of z; € F" for
which P(z1) = s;—¢. But this clearly holds, say by taking P = P; and
x1 any value in the (¢, s) subatom. O

The main analysis. Let X = (z1,...,2¢) where x,...,2y € F™ are
independently and uniformly chosen. Our goal is to prove a lower bound
on

Pr[f(L1(X)) = 01 Ao A f(Ln(X)) =
=E[/"L () S (Ln(X))] . (152)

Theorem 15.6 follows if the above expectation is larger than the respec-
tive 0. 4(¢). We rewrite the expectation as

(15.2) = E[(A7) + 17 + 7)) (La(X))

T+ BT+ BT (Ln(X)]. (15.3)
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We can expand the expression inside the expectation as a sum of
3™ terms. The expectation of any term involving fQ(Uj ) for any j € [m]
is bounded in magnitude by HfQ(aj) e < n(|B'|), by Lemma 11.2 and
the assumption that the Cauchy-Schwarz complexity of A is bounded
by d. Hence, the expression (15.3) is at least

(15.3) > E [(7) + £7) (L1 (X))
(T BT (L (X)] = 37 (1)

Next, because of the non-negativity of fl(oj ) 4 f:JEUj ) for every j € [m],
we may further require that any event holds. We will require that
B'(L;j(X)) = b} for all j. So

(15.3) 2 B | (A7) + £57) L0) - (A7 + £57) (Ln(X)

1 Us,o0p=e| =3B, (15.4)

J€[m]

where 1[3/(Lj(x)):b/j} is the indicator function of the event B'(L;(X)) =
b;. In other words, now we are only counting patterns that arise from
the selected subatoms b/, ...,/ .

Next, expand the product inside the expectation into 2" terms. We
will show that the contribution from each of the 2™ — 1 terms involving
fég"’) for any k € [m] is small. Each such term is trivially bounded from
above by

E [‘féak)(Lk(X))‘ 11 1[8/(@(}()):5;;]] : (15.5)
]

jE[M
Here, we used fact that | fli) ()] <1 for all i € [R], which follows from

(i) in our construction. The next lemma bounds the expression in (15.5).
Let A; denote the (d;, k;)-dependency set of Ly, ..., L,, for i € [C].

Lemma 15.9.

Hie[C/] |A,\

= 28O g

@[‘fégk)(Lk(X))‘ 1T LB (L, (x0)=0/]

JE€m]
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Proof. In order to simplify the proof, apply a change of basis on
Ly,...,Ly, so that Ly = e;. Namely, Ly(X) = x;. To simplify no-
tation let us also denote x = 1 and x = (xa,...,xy).

As a first step, we apply the Cauchy-Schwartz inequality and obtain

2
Flew( g1, ,
o 7] L s

2
= (Uk 1 / / 1 / ’
(:ce]Fn ey [‘f QIS | R b]])

Jjelm]
2
SIxE[‘f?EUk)(x)F]_[B,(x) } ( 1;[]1[3/ ]> . (15.6)
JjEmM

We first bound the first term in the right hand side. By (vi) in our
construction and Lemma 7.24, we have

E 1/ @)1y
=B || @) | B(x) = b| Pr[B/(2) = 4]

2
< AXC) B (0) = ] < 4%(C) (7 + () = 2

(15.7)

The second term in the right hand side of (15.6) is equal to

2
E (2@ 11 1[B'<Lj<x,x>>:b;1)

S
r 2
1 i /
- 18]z IE; E H 1+1 Z € (>‘Lj (Pi(Lj(w, %)) — bi,j))
ie[C’] )\i,jZO
L Je[m]
1
= ”B/HZmIE Z Z )‘J 2%
(i)l jlopFitt— 1] z]eel[C/]
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'Ige Z)‘JP ,X))

ie[C’)
Je[m]

1
SW Z E |e Z AZ]P ))

z,X
(X,5):(7i 5)€ Y ig[C’]
ki+1_ JE[M]
[1, lopritt -1

Z Tij P ,Y))

ie[C]
J€lm]
(15.8)
Here, y = (y2,...,y¢) where ya,...,y; € F" are new independent

uniform random variables.

We can bound the above using Theorem 7.32. Let A’ denote the set
of 2m linear forms: {L;(x1,22,...,2) | j € [m]} U {L;j(z1,y2,...,%¢)
|7 € [m]} in variables z1,..., 24, y2,...,ys. Let A, denote the (d;, k;)-
dependency set of A’.

Applying Theorem 7.32 (just as in the proof of Theorem 7.38), we
get that

2Hie[C’] ’A”
1872

Hie[cf} ’A;’

(15.8) <
)< B

a(C) < (15.9)

Thus, the next step is to compute |A}].
Claim 15.10. For each i € [C'] it holds that |A}] = |A;]? - pFitl.

Proof. Recall that by our initial change of basis, Li(z,x) = Li(z,y) =
z. Forany A, 7 € A; and any o € Z,+1, note that (M+a, Ao,y A, T1—
Q, Ty, Tm) € AL Hence, |AL| > [A]|2-pF+1. To show |AL] < |A;]2-pFitt,
we give a map from A} to A; x A; that is p¥t1-to-1.

Suppose that

Z/\Q xl,.%'g,..., +ZTJ 1‘1,y2,...,yg))50
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for every nonclassical homogeneous polynomial @) of degree d; and depth
k;. Setting xo = ... = xy = 0 shows that

ZT] xlayQa"'ayf (Z)‘])

J=1
which imphes that

( Z)\j,)\z,...,)\m) € A;.

Similarly, setting yo = = y¢ = 0 shows that

Z)\Q 1‘171‘2,... )):_(iTj) Q(ﬂfl)
j=1

which imphes that
m
(—ZTj,TQ,...,Tm) € A;.
=2
Consequently,

o (( S5k ) ( S ))

is a map from A} to A; x A;. To see that it is pFitlto-1, note that if
(ALy oo s Ay 1, - oo, i) € A} then also

()q—i—’)/,)\g,...,)\m,Tl—’y,TQ,...,Tm) 6/\2

for every v € Z,;+1, and that these p* Tl elements are all mapped to
the same element in A; x A; by our map. O
Thus

2[Tiegen |APP T 2TTieien Al
18" 18]
Combining this with Equation (15.7) and Equation (15.6), we obtain

(15.9) <

[ieer 1A
1B]2m

This concludes the proof of the lemma.

(15.6) < 4A%(C) (15.10)

O
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Finally, we turn to the main term in the expansion of Equation (15.4).

We know from Lemma 15.8 that the subatoms b}, ..., b, are consistent
with A. Thus
E [A™@0) - A7 L (X)) TT Visiesco-
j€lm]

= Pr(B/(Li(X)) = ¥ A~ A B (Lin(X)) = B, ]

E (A7 L1 00) - A7 (LX) | ¥ € m], BI(L;(X)) = ]

> ( ||ZB}H|”/:| (C’)) ¢ (15.11)

Let us justify the last line. The first term is due to the lower bound
on the probability from Theorem 7.38. The second term in (15.11)
follows since each fl(aj ) is constant on the atoms of B/ , and because by
construction, the big picture function Fpi of the cleanup function F, on
which (A, o) was partially induced, supports a value inside an atom b
of B only if the original function f acquires the value on at least an ¢
fraction of the subatom (¢, s). By our choice of a(C"), we can further
deduce that

o Om) HZC:, Ai
L 0) - AT LX) - TT e, }}Zméhm"

J€[m]

(15.12)

Setting 8 = ||B/||=™ - [, |Ai| and combining the bounds from
(15.4), Lemma 15.9 and (15.12), we conclude

(15.2) > B ( (Si%)m _ 2m+1A(C)) —3m ().

To complete the proof, we need to specify our choices of parameters.
We have ||B'|| < pdcl and m < W 4(C,d). Thus, 3 > ||B/||~¥4GD), We

choose A(C) = {5(57) "4, 1(C") < g (55) ", and

both C and C” are upper-bounded by Cys(F,d,r,n, A, ). Finally, we
conclude by setting

dale) =-p

7d\IIA (09.8 (A»nvpvc7R))Cg.8 (A,T],p,C,R) . <€
4

‘IJ.A(CQB (A77]7P7C7R) 7d)
i)
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Degree Structural Properties

Theorem 14.3 shows that every locally characterizable property is
proximity-oblivious testable with one-sided error. The condition of
being locally characterizable is quite general, and as a result, we ex-
pect that there are many such interesting algebraic properties. This, in
fact, turns out to be the case. We show that a class of properties that
we call degree-structural are all locally characterized and are, hence,
proximity-obliviously testable by Theorem 14.3.

Before giving the formal definition, let us first list some examples of
degree-structural properties. Let d be a fixed positive integer, F = IF,
a fixed prime finite field. Each of the following definitions defines a
degree-structural property.

e Degree < d: All polynomials F': F" — F of degree < d;

e Product of linear forms: Polynomials F' : F* — F of degree
< d which are the product of at most d linear functions;

e Composite polynomials: Polynomials F' : F" — F of degree
< d which factor as F' = GH where G, H are polynomials of
degree 1 < deg(G),deg(H) <d —1,

420
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e Having square root: Polynomials F' : F* — F of degree < d
which can be factored as F = G? for a polynomial G of degree
<d/2;

e Sum of two products: Polynomials F' : F” — F of degree
< d which can be decomposed as F' = G1Go + G3G4, where
1 <deg(G;) <d—1forallie{l,23,4};

e Low d-rank: For fixed integers r > 1, R > 2, a function F :
F™ — [R] has d-rank at most r if there exist classical polynomials
Gi,...,Gy : F" — F of degree < d—1 and a function ' : F" — [R]
such that F =T'(Gy,...,G,).

In fact, roughly speaking, any property that can be described as the
property of being decomposable into a known structure of low-degree
polynomials is degree-structural. The following definition formalizes
this notion.

Definition 16.1 (Degree-structural property). Let F = F, be a prime
finite field and let R > 2. Given an integer ¢ > 1, a vector of non-
negative integers d = (dy,...,d.) € Z%, and a function I' : F¢ — [R],
define the (¢, d,T")-structured propertyjco be the collection of functions
F : F" — [R] for which there exist polynomials P,..., P, : F" — F of
degrees deg(P;) < d; for all i € [¢], such that F(z) = I'(Pi(x),..., Pe(x))
for all x € F”.

We say a property P C {F : F" — [R]} is degree-structural if there
exist integers ¢,d > 1 and a set of tuples

S c{(c,d,T')|de]0,dT:F° — [R]},

such that a function F' € P if and only if F is (¢,d,I')-structured for
some (¢,d,T") € S. We call R the range, ¢ the scope and d the mazx-degree
of the degree-structural property P.

Remark 16.2. We could allow for an even more general definition of
degree-structural properties, by allowing the polynomials P; above to
be nonclassical with some bound on the depth. Everything below can
be extended to this setting as well.
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It is straightforward to see that the examples described above all
satisfy this definition. By definition, any degree structural property is
affine invariant. In this section, we present a result of Bhattacharyya
et al. [14] that shows that any degree-structural property with bounded
scope and max-degree has a local characterization.

Theorem 16.3. Fix a prime finite field F. Every degree-structural prop-
erty P with range R, scope c and max-degree d is g-locally characterized
for some ¢ = q(F, R, ¢, d).

An immediate corollary of Theorem 16.3 and Theorem 14.3 is that
any degree-structural property is proximity-oblivious locally testable.

Corollary 16.4. Fix a prime finite field F. Every degree-structural prop-
erty P with range R, scope ¢ and max-degree d is g-locally testable for
some q = q(F, R, ¢, d).

The proof of Theorem 16.3 will rely on Theorem 7.32. In the original
paper, Bhattacharyya et al. [14], the proof utilized a special version of
Theorem 7.32 for affine constraints, as these are the systems of linear
forms which arise in affine invariant property testing. Here, we present
a slightly different version, which avoids the need to introduce this
specialized form of Theorem 7.32.

16.1 Proof of Theorem 16.3

We proceed to give the proof of Theorem 16.3. The proof would utilize
the following lemma due to Bhattacharyya et al. [12], which shows that
locally characterized properties cannot distinguish between polynomials
of high rank, as long as they have the same degree and depth.

Lemma 16.5. Let F = F, be a prime finite field, and fix d, ¢, ¢ > 1. Let
P be a g-locally characterized property of functions F" — [R]. Let B be
a polynomial factor of rank > ri45(F, d, ¢, q) defined by homogeneous
nonclassical polynomials Py, ..., P. : F® — T of degrees < d, and define
F(z) =T(Pi(x),...,P(z)) for some function I' : T — [R].

Assume that F' € P. Then, for any homogeneous polynomials
Q1,...,Qc : F" — T for which deg(Q;) = deg(F;) and depth(Q;) =
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depth(P;), it holds that the function G(z) = I'(Q1(z), ..., Q.(z)) is also
in P.

Proof. Assume that G ¢ P. As P is g-locally characterized, there must
be ¢ points z1,...,24 € F" such that the values of G(z1),...,G(zq)
witness the fact that G ¢ P. We will show that there exists points
7, ..., T, € F" which witness the fact that F' ¢ P, a contradiction.
Let e denote the dimension of the linear subspace spanned by
x1,...,Tq, and assume without loss of generality that z1,...,z. are
linearly independent. Let Lq,..., L, : F¢ — I be linear forms such that
x; = Li(x1,...,x.). For every Q;, we have that Q;(L1(x1,...,x¢)),...,
Qi(Lg(x1,...,2c)) are (d;, k;)-consistent with Ly, ..., Ly,, where d; =
deg(P;) = deg(Q;) and k; = depth(P;) = depth(Q;) (see Definition 7.37).
Theorem 7.38 then implies that, as long as B has high enough rank (con-
cretely, rank at least r710(F, d, ) for e = 1/2|B|™) then ((Pi(Lj(X))) :

X e (F”)e) attain all values in T™¢ which are (d, k)-consistent with
Ly,..., Ly, where d = (dy,...,d;) and k = (ki,...,k.). In partic-

ular, there are some z1,...,2, € F” such that P;(L;(z],...,2.)) =
Qi(Lj(z1,...,x)) for all i € [¢],j € [m]. This implies F(z;) = G(x;)
for all i € [g], which in turn shows F' ¢ P. O

As a specific corollary, we obtain that under the definitions of
Lemma 16.5, if F': F" — T is a polynomial of degree D then deg(G) <
D.

Corollary 16.6. Let F = ), be a prime finite field, and fix ¢,d > 1. Let
B be a polynomial factor of rank > r164(F, d, ¢) defined by homogeneous
nonclassical polynomials Py, ..., P.: F" — T of degrees < d, and define
F(z) =T(Pi(z),..., P(x)) for some function I' : T® — F.

Assume that deg(F') = D. Then, for any homogeneous polynomials
Q1,...,Qc : F" — T for which deg(Q;) = deg(F;) and depth(Q;) =
depth(F;), it holds that the function G(z) = I'(Q1(z),...,Q.(z)) has
deg(G) < D.

Proof. The corollary follows as the property of being a polynomial
of degree < D is g-locally characterized for ¢ < 2. Moreover, if
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deg(F') = D and F is a function of ¢ nonclassical polynomials of degree
< d, then D < depl®/ (=11, O

Proof of Theorem 16.3. Let P be a degree-structural property with
range R, scope ¢ and max-degree d. Denote by S the set of tuples
(¢,d,T') such that P is the union over all (¢,d,T') € S of (¢,d,T)-
structured functions. It is clear that P is affine-invariant, as having
degree bounded by some d; is an affine-invariant property. It is also
immediate that P is closed under taking restrictions to subspaces, since
if F'is (¢,d,T")-structured, then F restricted to any hyperplane is also
(c,d, T')-structured. The non-trivial part of the theorem is to show that
the locality dimension is bounded. In other words, we need to show
that there is a constant K = K(F, R, c,d), such that for n > K, if
F : F" — [R] is a function with F|g € P for every K-dimensional
subspace H < ", then this implies that F' € P. To do that, it suffices
(by induction) to prove a weaker statement: for n > K, if F': F" — [R]
is a function with F|p € P for every hyperplane (namely, an (n — 1)-
dimensional subspace) H < F", then this implies that F' € P.

Foreacht € [R]let Fy : F" — {0,1} C F be given by Fy() = 1p(5)—-
The first step will be bound the degrees of F;. Recall that we assume
that F'|g € P for every hyperplane H. Thus

F’H(CE) = PH(PHJ(.%), ve ,PH7C(:IZ))

for some polynomials Pp; of degrees deg(Ppy;) < d; < d and some
I'y : F¢ — [R]. This implies that (Fy)|g(z) =y (Pri(z),. .., Pu.(z))
where 'y ¢(2) = 1, ()= In particular, deg((F})|n) < D := [F|cd for
all t € [R]. As the property of being low degree is locally characterized,
by making sure that K > D we obtain that also deg(F}) < D.

Let 71 : Z~g — Z~q be a function to be determined later. Define
vyt Zsg — Zisg 50 that 7o(-) > r1(C P (4 ¢) + PP (4 o) + |
Apply Theorem 7.30 to the polynomial factor {F},..., Fr} to obtain an
ro-regular polynomial factor B of degree < D, defined by homogeneous
nonclassical polynomials Ry,..., Rc : F" — T, where C < CI; ’gg’d(R).
Since each F} is measurable with respect to B, so is F. So, there exists

a function ¥ : T¢ — [R] such that

F(z) = (Ry(2), ..., Ro(z)).
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From each R; pick a monomial with degree equal to deg(R;) and a
monomial (possibly the same one) with depth equal to depth(R;). By
taking K to be sufficiently large, and as we assume that n > K, we can
guarantee the existence of an ig € [n] such that z;, is not involved in any
of these monomials. Let R],..., Ry be the restrictions of Ry, ..., R,
respectively, to the hyperplane H = {z;, = 0}. By the choice of i
we have that deg(R]) = deg(R;) and depth(R]) = depth(R;) for all
i € [C], Also, by Lemma 7.2, R}, ..., R, have rank > ro(C') — p. Since
F|xi0:0 € P by our assumption, by definition of P, there must exist
(¢,d,I') € S such that

Y(Ri(z),...,Re(z)) =T(Pi(z),..., P(z)),
where deg(P;) < d; for all i € [¢].

Next, apply Theorem 7.30 again to find an ri-regular refinement of
the factor defined by the tuple of polynomials (Rj,...,Rq, Pi, ..., P.).
Because of our choice of ro and the last part of Theorem 7.30, we
obtain a syntactic refinement of {R},..., Ri-}. That is, we obtain a
polynomial factor B’ defined by homogeneous nonclassical polynomials

oo Re,S1, ..., SE « F" — T such that it has degree < D, rank
> r1(C + E) where C + E < CL%™(C + ). In particular, for each
i € [c] we have

Pl(x) = FZ(Rll(x)a R ,Rb(l‘), 51(1‘), SO SE(x))
for some function T; : TTF — T. So for all z € F”,
S(Ry(2), ..., Re(x) =
(01 (Ry(2), ..., Re(2), $1(=), ., Su(x)),

o De(Ri(@), ., R (@), Si(2), .., Sp(2)) ).

Applying Lemma 7.24, we see that if the rank of B’ is > r7.94 (F, D, )
where e > 0 is sufficiently small (say e = m), then (R} (z),..., Rp(x),

Si(z),...,Sg(x)) acquires every value in its range. Thus, we have the
identity
E(ala cee ,CLC)

:F(Fl(al,...,ac,bl,...,bE),...,Fc(al,...,ac,bl,...,bE)),
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for every a; € Ugeptn(r/)+1 and b; € Ugepin(s;)+1- Hence, we can substi-
tute R; for R, and 0 for S; in the above equation and still retain the
identity

F(z) = ¥(Ri(x),...,Rc(x))
= F(I‘l(Rl(a:), ..., Re(2),0,...,0),

o Te(Ri(2),., Ro(),0,....,0))
= T(Q1(2),...,Qc(x))

where @); : F™ — T are defined as Q;(z) = I';(R1(z), ..., Rc(x),0,...,0).
Since for every i, deg(R;) = deg(R}) and depth(R;) = depth(R}), we
apply Corollary 16.6 to conclude that deg(Q;) < deg(P;) < d; for every
i € [c], as long as the rank of B is > ri64(F, d, C).

Finally, we argue that @1, ..., Q. are classical polynomials. Indeed,
since Py, ..., P. are classical polynomials, I'1,...,I'. must map to U; on
all of [T, Udeptn(r))+1 X [1i21 Udepth(s,)+1 2 [T Udeptn(riy+1 x {037
Hence, @1, ..., Q. take values in Uy, and hence are classical polynomials.
We conclude that F' € P. O
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Estimating the Distance from Algebraic
Properties

In Chapter 15 and Chapter 16 we discussed one-sided error testable
affine-invariant properties. In this section we discuss two different set-
tings, testability with two-sided error and parameter estimation. First
let us define the notion of testability with two-sided error.

Definition 17.1 (Testability with two-sided error). A property P C
{F™ — [R]} is said to be testable with two-sided error if there is a
function ¢ : (0,1) — N and a randomized algorithm T that, given as
input a parameter € > 0 and oracle access to a function f : F" — [R],
makes at most ¢(€) queries to the oracle for f, accepts with probability
at least 2/3 if f € P and rejects with probability at least 2/3 if f is
e-far from P.

Parameter estimation. A function parameter is any map 7 which
maps a function f : F* — [R] to 7(f) € [0,1]. A function parameter
is affine invariant if for any f : F* — [R] and any invertible affine
map A : F" — F" it holds that n(f) = 7(f o A). An example of a
function parameter is the distance from an affine invariant property.
That is, if P C {f : F" — [R]} is an affine invariant property, then
7(f) = dist(f, P) is an affine-invariant function parameter.

427
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Definition 17.2 (Parameter estimation). A function parameter 7 of
functions f : F™ — [R] is said to be estimable if there is a function
q:(0,1) = N and a randomized algorithm T that, given as input a
parameter € > 0 and oracle access to a function f : F" — [R], makes
at most ¢(¢) queries to the oracle for f, and outputs a value which is
within e of 7(f) with probability at least 2/3.

Hatami and Lovett [49] showed that the distance to any constant-
query testable (with two-sided error) hereditary affine-invariant property
is constant-query estimable.

Theorem 17.3 (Hatami and Lovett [49]). For every two-sided error
testable hereditary affine-invariant property P the parameter dist(f,P)
is estimable.

We will present a sketch of the proof of Theorem 17.3. We would
like to prove that given an oracle access to a function f : F" — [R]
and an error parameter ¢ > 0, one can query the function f on ¢(g)
points, and output an estimate of dist(f,P) that is, with probability
> 2/3 (say), within ¢ of the correct value. The test we study is very
natural. We show that there exists a constant m = m(P, ) such that
for a random affine subspace H of dimension m it holds that

Pri|dist(f, P) — dist(f|, P)| < €] = 2/3.

Note that crucially, m is independent of n.

The proof of Theorem 17.3 combines higher-order Fourier analysis
with the framework of Fischer and Newman [30] which obtained similar
results for graph properties. At a high level, the approach for the graph
case and the affine-invariant case are similar. One applies a regularization
process, which allows one to represent a graph (or a function) by a small
structure. Then, one argues that a large enough random sample of the
graph or function should have a similar small structure representing it.
Hence, properties of the main object can be approximated by properties
of a large enough sample of it. Fischer and Newman [30] implemented
this idea in the graph case. Adapting this to the algebraic case inevitably
introduces some new challenges.
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To simplify the presentation, we focus on the case R = 2 from now
on. That is, we assume that all functions are f : F" — {0,1}. Also, we
fix the required success probability at 2/3 (any other constant strictly
less than 1 would also work). The following theorem formalizes the
discussion above.

Theorem 17.4. Let P C {f : F" — {0,1} : n € N} be an affine-
invariant hereditary property which is two-sided testable. Then, for any
e > 0, there exists a constant m = m(P,¢e) such that the following
holds. Let H C F™ be a uniformly chosen m-dimensional affine subspace.

Then for any f:F" — {0,1},

17.1 Proof sketch of Theorem 17.4

Let P C {f : F* — {0,1} : n € N} be an affine-invariant hereditary
property which is two-sided testable. Let f : F" — {0,1} be a function,
and let f be the restriction of the function to a random m-dimensional
affine subspace H C F". We show that, if m = m(P,¢) is chosen large
enough, then

e Completeness: If dist(f,P) < §, then with high probability,
dist(f,P) <0 +e.

e Soundness: If dist(f,P) > ¢ + &, then with high probability,
dist(f,P) > 6.

Let us first fix notations. Let A : F™ — F” be a random full
rank affine transformation. Note that Af : F™ — {0,1} defined as
Af(x) = f(Ax) is the restriction of f to the affine subspace which is
the image of A. Thus in the above discussion f = Af.

The proof of the completeness is simple. If §(f,P) < § then there
exists g € P for which 6(f,g) < 6. With high probability over a random
restriction, the distance of Af and Ag is at most § + o0,,,(1). This is
because (i) E4 dist(Af, Ag) = dist(f, g), as each point in F" has equal
probability to be in the image of A, and (ii) a random affine subspace is



The version of record is available at: http://dx.doi.org/10.1561/0400000064
430 Estimating the Distance from Algebraic Properties

pairwise independent with regards to whether an element is contained
in it. Thus, by Chebychev’s inequality,
Pr{[dist(AF, Ag) — dist(f.g)] > <] < mlmm'

Clearly, choosing m large enough guarantees that the probability is
bounded by 1/10 (say).

The main challenge (as in nearly all results in property testing) is
to establish soundness. That is, we wish to show that if a function f
is far from P then, with high probability, a random restriction of it is
also far from P as well. The main idea is to show that if for a typical
restriction Af is d-close to a function h : F™ — {0, 1} which is in P,
then h can be “pulled back” to a function ¢ : F™ — {0, 1} which is both
roughly dé-close to f and also very close to P. This will contradict our
initial assumption that f is (6 4+ ¢)-far from P. In order to do so we
apply the machinery of higher order Fourier analysis. Our description
in this overview subsection will hide various “cheats” but will present
the correct general outline. For the full details we refer to the original
paper [49].

First, we apply two-sided testability to deduce that a restriction to
a low-dimensional subspace can distinguish between f € P and f which
is e-far from P.

Claim 17.5. For any € > 0, there is k = k(P,¢) and a partition of the
set, of functions {F¥ — {0,1}} to two disjoint sets F, F_ such that
the following holds. Let B : F*¥ — F”™ be a random full rank affine
transformation. Then for any f : F" — {0,1}:

o If f € P then Pr[Bf € Fy] > 0.9.
o If dist(f,P) > ¢ then Pr[Bf € F_] > 0.9.

Proof. The assumption that P is two-sided locally testable means that
for some g = ¢(e), there is a local test which uses ¢ queries, that
can distinguish with probability 0.9 between f € P and f for which
dist(f,P) > e. As the property if affine-invariant, we may assume that
the queries come from affine forms in some k& < g variables. In particular,
all the queries are contained in an affine subspace of dimension k. The
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sets F'., F_ are determined by which restrictions make the tester accept
and which ones make it reject. O

Next, we apply the decomposition theorems discussed in Chapter 9.
These allow us to decompose f to “structured” parts which we will
study, and “pseudo-random” parts which do not affect the distribution
of restrictions to k-dimensional subspaces. In order to do so, for a
function f : F™ — {0,1} define by py ) the distribution of its restriction
to k-dimensional subspaces. That is, for any v : F¥ — {0,1} let

ppxle) = Pr{Bf =),

where to recall B : F¥ — F” is a random full rank affine transformation.

We will need to slightly generalize this definition to randomized
functions. In our context, these can be modeled as f : F* — [0,1].
Such a function describes a distribution over (deterministic) functions
' F* — {0,1} as follows: for each zz € F™ independently, sample
f'(z) € {0,1} so that E[f'(z)] = f(z). We extend the definition of py
to functions f : F™ — [0, 1] by setting

upklo] = E [pplv]]

Our definition implies that if two functions f,g : F" — [0, 1] have
distributions pyx and g close in statistical distance, then random
restrictions to k-dimensional affine subspaces cannot distinguish f from
g. This will be useful in the analysis of the soundness.

We next decompose our function f : F* — {0,1} based on the
above intuition. Let d to be determined later. Theorem 9.1 gives a
decomposition

f=h+/
where f1 =I'(Pi(z),..., Pc(z)) : F* — [0, 1] for a high-rank polynomial
factor {Pi,..., Pc} and where || f2||;7a is small enough. In the actual

proof one has to use the strong decomposition theorem (Theorem 9.3)
into three parts f = fi1 + fo + f3. However for the sake of sketching the
proof one can ignore this technicality. For an appropriately chosen d
(d > |F|¥ suffices) we can then replace f with f; for the purposes of
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analyzing its restrictions to k-dimensional subspaces. That is,

Hfk =~ Hfik

where f; : F" — [0, 1] and where closeness is in statistical distance. Thus,
from now on we restrict our attention to f;, namely the “structured
part” of f.

The next step is to show that the same type of decomposition can
be applied to the restriction Af of f, recalling that A : F"™ — F" is a
random full rank affine transformation. We will later choose m > k
for the proof to work. Clearly, Af = Af; + Afs. We next analyze the
typical behavior of Af; and Afs.

First, note that Af; = I'(Q1(z),...,Qc(x)) where Q; = AP; are
the restrictions of P, ..., Pc. One can show (and we omit the details in
this proof sketch) that as Py, ..., Pc is a high-rank polynomial factor,
then @1, ..., Q¢ is also a high-rank polynomial factor. Thus f; and Af;
have the same “high level” factorization I' to high-rank polynomials.

Next, we analyze Afo. We claim that with high probability over the
choice of A, if m is chosen large enough, then || A fa||;7a = || f2||g7a. This
holds since

d d —m
B[ Afs|[fa = [l 2lf + O F|™™).

So, Af and Af; also have similar distribution of their restrictions to
random k-dimensional subspaces. That is,

HAf Kk~ HASf k-

Next, assume that dist(Af,P) < e. By definition, there exists h :
F™ — {0,1}, where h € P, such that dist(Af, h) < e. We apply the
same decomposition process to h. Thus, we decompose

h = h1 + ha,

where h; is structured and ||ha||;a is very small. Thus as before, pp, 1, =~
Khy k-

By choosing the exact parameters of “high rank” for h; to be lower
than those for Af;, but still high enough (for exact details, see the
original paper [49]), we may assume that the polynomials that appear
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in the decomposition of h; extend Q1,...,Qc which appear in the
decomposition of Af;. That is, we have

hi(z) =T"(Q1(z),...,Qc/(z))

for some C’ > C, such that the entire set of polynomials Q1, . .., Q¢ is of
high rank. The important aspect here is that the polynomials Q1, ..., Q¢
which comprise A fi are part of the description of hy (however, it may be
the case that I” ignores them; we will see soon that this is impossible).
To summarize: both Af; and hy can be defined in terms of the same
basic “building blocks”, namely high rank polynomials Q1,..., Q¢ .

The next step is to “pull back” h to a function ¢ : F” — {0, 1}, such
that ¢ is very close to P, and such that dist(f, ¢) =~ dist(Af, h). This
will show that

dist(f, P) < dist(f, @) + o (1) = dist(Af, h) + 0 (1) < 5 4 0 (1).

Setting m = m(k, ) large enough would show that dist(f,P) < d + ¢,
which is our goal.

The first step is to pull back hy. To recall, hi(x) = I'(Q1(z), ...,
Qc(z)), and moreover Q; = AP, for 1 < i < C. So, for C < i < ('
we need to define pull-back polynomials P; : F* — {0, 1} such that (i)
Q; = AP;; and (ii) Py, ..., Pcr are of high rank. This can be done for
example by letting P; = DQ); for any affine map D : F™* — F™ for which
AD is the identity map on F™. So, define ¢, : F" — [0, 1] given by

¢ (z) =T (P (x),..., Po(x)).

Note that A¢1 = hq; that is, ¢ is the pull-back of the “structured part”
hy of h. However, it does not in general generate a function close to f.
This makes sense, as we still have not used the finer “pseudo-random”
structure of hs.

However, we can already show something about ¢;: it is very close
to P. More concretely, as Py, ..., Por are high rank polynomials, and
also @1, ..., Q¢ are high rank polynomials, we have

o1k = Hhy k-

Recall that we have shown pp, p = pnk, and that h € P. Thus, the
tester which distinguishes functions in P from those e-far from P cannot
distinguish ¢; from functions in P. Hence, ¢1 must be e-close to P.
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The final step is to define the more refined pull-back ¢ of h. Define
an atom as a subset {z € F" : Pi(x) = a1, ..., Por(x) = acr} for values
ai,...,acr. Note that the functions f1, hy are constant over atoms. We
next define ¢ : F" — [0, 1] by redefining ¢; inside each atom, so that
the average over each atom of ¢ and ¢; is the same, but such that ¢
is as close as possible to f given this constraint. Concretely, we can
consider three cases:

e An atom where the average of f over the atom equals the value
¢ assigns to this atom. In this atom, we simply set ¢(x) = f(x)
for all points x in this atom.

e An atom where the average of f over the atom is larger than the
value ¢ assigns to this atom. In this atom, for any z, if f(x) =0
then we set ¢(x) = 0, and if f(z) = 1 then we set ¢(z) = o where
the value « is chosen so that the average of ¢ and ¢; over the
atom is the same.

e An atom where the average of f over the atom is lower than the
value ¢ assigns to this atom. This is analogous to the previous
case.

One can show that under this choice, ¢ is indeed a proper pull-back
of h, in the sense that

dist(f, @) = dist(f1, 1) ~ dist(Af, hy) =~ dist(Af, h).

Moreover,
dist(¢, P) ~ dist(¢1,P) = om(1).

We thus conclude that dist(f, P) < dist(Af, h) + 0m(1) < 0 4+ 0 (1).
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Open Problems

We conclude this survey with a quick overview of the main open problems
in this area. Several of these have already been mentioned in the text,
and we repeat them here for completeness.

18.1 Testability of hereditary properties

A beautiful and fundamental result of Alon and Shapira [4] says that
every hereditary graph property is testable. In [16] the analogue of Alon
and Shapira’s result is conjectured for algebraic properties.

Conjecture 14.7 (restated). Every affine invariant subspace heredi-
tary property is testable with one-sided error.

Resolving Conjecture 14.7 would yield a combinatorial characteriza-
tion of the one-sided testable affine-invariant properties, similar to the
characterization for testable dense graph properties [4]. In Theorem 14.9,
we made major progress towards resolving Conjecture 14.7 by proving
the testability under an additional assumption of “bounded complexity”.
The authors of the survey believe that it is likely that Conjecture 14.7
is in fact false, and some assumption on the complexity of the property
is necessary.

436
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18.2 Testing correlation with classical polynomials

As we saw in Section 6.2, estimating the Gowers norm || f||y,,, can
be used as a test for whether a function f has significant or negligible
correlation with degree d nonclassical polynomials. We also saw in
Chapter 5 that d = 3 is the first case where the Gowers norm is not a
test for correlation with classical polynomials. The d = 3 still remains a
fascinating open problem.

Problem 18.1. Does there exist a tester which queries a function f :
F3 — Fo on a constant number of positions, and which can distinguish
whether f has noticeable or negligible correlation with classical cubic
polynomials?

More precisely, we would like a universal test with a constant number
of queries for which the following holds. For every € > 0, there exists
a constant 0 < d(¢) < ¢, such that with probability at least 2/3 the
test correctly distinguishes between functions that have correlation at
most d(e) with all classical cubic polynomials, and the ones that have
correlation at least € with some classical cubic polynomial.

As we saw in Chapter 17, a tester for which the number of queries
depends on the error parameter exists and was given in [49], however
the above problem is left open. See [50] for more results and discussion
on the subject.

18.3 Quantitative bounds for inverse theorems

Recall that the inverse theorem for Gowers norms, Theorem 6.9, shows
existence of €(d,d, F) such that the following holds. For every function
f:F" — C with || f|]lcc <1 and ||f||ga+1 > 9, there exists a polynomial
P € Poly4(F" — T) of degree < d that is e-correlated with f, meaning

E f(2)e(~P@))| > <.

zeFn
The asymptotics of the required dependence of € on § are not well under-
stood and in fact it is a major open problem whether this dependence
can be made polynomial, even in the special case of d = 3 and |F| = 2.
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Conjecture 18.2 (Polynomial inverse Gowers conjecture for U3). Let
f:F3 = Fy. If H(—I)JCHU3 > ¢, then there exists a quadratic classical

polynomial ¢ such that Pr[f(z) = ¢(z)] > L+, where § = ce¢ for some
absolute constant ¢ > 0.

As evidence for the importance of understanding quantitative bounds
for the inverse theorem, Green and Tao [44] and Lovett [58] proved that
the above conjecture is equivalent to a very important conjecture in
additive combinatorics, namely the well-known polynomial Freiman-
Ruzsa conjecture. The best known lower-bound for 4 is quasi-polynomial
in € which follows from the paper of Sanders on the Bogolyubov-Ruzsa
conjecture [71].

18.4 Complexity of linear forms

In Theorem 11.8 we proved that if £ = {Ly,..., Ly} is a system of
linear forms for which LilH, L‘QHI, ..., L3+ are linearly independent,
then for every € > 0, there exists § > 0 such that for any collection of
functions f1,..., fm : F* — D with || f1|ar1 < d, we have

<e.

Our proof of this fact goes through inverse theorem for Gowers norms
and regularity lemmas for polynomials and as a result the dependence
of § on ¢ is really bad. It is left open whether this theorem can be
proved with reasonable bounds on §. We state an open problem due to
Gowers and Wolf [40] that focuses on the polynomial regime.

Problem 18.3 (Gowers and Wolf [40], Problem 7.6 reformulated). Does
there exist an integer d > 1 and a system of linear forms L1, ..., L,
with L‘lHl, . ,Lfnﬂ linearly independent, such that the following holds:
For every positive real number r, there exists ¢ > 0 and functions
fi : ™ — C such that || fi||;« < e" for every i, and yet

Xe?}%n)d ZZI_II fZ(LZ(X)) > €.
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18.5 Norms defined by linear forms.

A possibly challenging open problem is to give a full characterization of

collections of linear forms L, ..., Ly, for which
m 1/m
XeFk 2

defines a norm on the space {f : F" — R}. Note that both the Gowers
norm as well as the L, norms for even values of p are of this type. In
fact, one can show a characterization when F has characteristic larger
than the true complexity of the linear forms. It turns out that in this
case, all such norms are essentially either equivalent to an L, norm for
some p > 0 or equivalent to the Gowers norm of some order d. However,
the techniques do not seem to extend to the general question which is
the interesting regime.
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