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Dimensionality-Reductio n an d Constrain t  i n Late r  Visio n 
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Abstrac t 

A computational tool is presented for maintaining and accessing knowledge of certain types of 

constrain t  i n data :  whe n dat a sample s i n a n n-dimensiona l  featur e spac e ar e al l  constraine d t o 

li e o n a n m-dimensiona l  surface ,  m <  n ,  the y ca n b e encode d mor e concisel y an d economicall y i n 

term s o f  locatio n o n th e m-dimensiona l  surfac e tha n i n term s o f  th e n  featur e coordinates .  Th e 

recedin g o f  dat a i n thi s wa y i s calle d dimensionality-reduction .  Dimensionality-reductio n ma y prov e 

a usefu l  computationa l  too l  relevan t  t o late r  visua l  processing .  Example s ar e presente d fro m shap e 

analysis . 

1 Introduction 

It is commonly understood that vision involves the interaction of incoming data with a priori 

knowledg e abou t  th e world .  I n Earl y Vision ,  constrain t  du e t o th e physic s o f  imag e formation , 

rule s o f  imagin g geometry ,  an d statistica l  propertie s o f  th e worl d ca n b e analyze d mathematicall y 

t o suppor t  inference s abou t  primitiv e scen e propertie s base d o n imag e measurements .  Problem s 

of  late r  vision ,  however ,  involvin g th e interpretatio n o f  imag e dat a i n term s o f  tas k goals ,  objec t 

models ,  an d meaningfu l  worl d events ,  d o no t  offe r  straightforwar d mathematica l  characterization s 

of  th e mor e abstrac t  constraint s tha t  giv e ris e t o comprehensibl e images .  Fo r  example ,  i t  i s  difficul t 

t o characteriz e th e constraint s o n a  shap e profil e tha t  migh t  qualif y i t  t o b e calle d a  "scissors " 

shape . 

One typ e o f  constrain t  tha t  arise s i n shap e analysi s ca n b e cas t  i n term s o f  surface s embedde d i n 

high-dimensiona l  featur e spaces .  Thi s pape r  suggest s tha t  th e computationa l  too l  o f  dimensionality -

reductio n ca n b e use d t o maintai n an d acces s knowledg e o f  comple x constraint s o f  thi s form . 

2 Dimensionality-Reduction 

An idealized view of early visual processing is that certain image features are extracted from raw 

images .  Fo r  example ,  figure  1  show s primitiv e feature s extracte d fro m a n imag e o f  a  pai r  o f  scissors , 

makin g explici t  th e z-location ,  y-location ,  an d orientation s o f  edge s an d corners .  Slightl y mor e 

comple x feature s ma y b e constructe d b y combinin g primitives ,  say ,  b y measurin g th e distance s 

and relativ e orientation s betwee n pair s o f  corners .  W e migh t  imagin e tha t  on e aspec t  o f  earl y 

visua l  processin g involve s th e deliver y o f  imag e description s i n term s o f  dat a point s i n a  hug e 

multidimensiona l  featur e spac e whos e coordinat e axe s ar e define d b y th e feature s measured .  Th e 

jo b o f  late r  visua l  processin g i s t o mak e sens e ou t  o f  th e featur e description s delivere d it . 

Imag e featur e dat a ca n onl y b e meaningfull y interprete d b y appea l  t o knowledg e o f  constraint s 

governin g th e worl d givin g ris e t o images .  Thes e constraint s ar e reflecte d i n th e behavio r  o f  ex -

tracte d feature s fo r  give n classe s o f  shapes .  Fo r  example ,  feature s associate d wit h a  pai r  o f  scissor s 
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Figur e 1 .  Hypothetica l  corne r  primitive s extracte d fro m th e imag e o f  a  pai r  o f 

scissors .  Thes e ca n b e combine d int o mor e comple x feature s suc h a s th e distance s 

betwee n pair s o f  corners . 
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Figur e 2 .  Slic e o f  featur e spac e plottin g value s o f  feature s / i  an d / ]  fro m figure 

1.  A  scissor s shap e generate s a  one-dimensiona l  constrain t  curv e i n featur e spac e a s 

th e blade s ope n an d close .  Differen t  objects ,  suc h a s wir e cutters ,  generat e differen t 

constrain t  curves . 

generat e no t  a  singl e point ,  bu t  a  pat h throug h featur e spac e a s th e blade s rotat e abou t  th e pivot . 

The shap e class ,  "pai r  o f  scissors, "  eichlbit s on e degre e o f  freedom  i n th e featur e space ,  an d ever y 

featur e spac e descriptio n o f  th e scissor s mus t  b e a  dat a poin t  lyin g somewher e o n th e constrain t 

curve ,  jus t  wher e dependin g upo n ho w ope n th e blade s ar e (se e figure  2) .  Dimensionality-reductio n 

[Krishnaia h an d Kanal ,  1982 ;  Kohonen ,  1984 ]  i s  th e computationa l  mappin g betwee n th e descrip -

tio n o f  dat a expresse d i n term s o f  it s  locatio n i n a  high-dimensiona l  featur e space ,  an d i n term s o f 

it s  locatio n o n a  lower-dimensiona l  constrain t  surface .  Figur e 3  illustrates .  Thi s mappin g employ s 

knowledg e o f  th e lower-dimensiona l  constrain t  surface ,  embedde d i n th e high-dimensiona l  featur e 
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F igu r e 3 .  Dimensional i ty-reduct io n i s a  m a p p i n g b e t w e e n point s describe d i n a 

h igh-d imens iona l  featur e space ,  a n d point s describe d i n t e r m s o f  locatio n o n a  lower -

d imens iona l  constrain t  surface . 

space ,  tha t  i s  generate d b y a  physica l  proces s o r  clas s o f  data .  Differen t  object s generat e differen t 

constrain t  surface s i n th e featur e space ,  a s see n i n figur e 2 . 

T h e p u r p o s e serve d b y dimensionality-reductio n i s  abstractio n a n d simplificatio n i n th e descrip -

tio n o f  da ta .  A  descriptio n consistin g o f  a  symbo l i c t oke n indicatin g tha t  a n inpu t  d a t u m lie s o n 

th e "scissors "  constrain t  surfac e i n th e featur e space ,  plu s o n e p a r a m e t e r  indicatin g w h e r e i t  lie s o n 

th e surfac e ( h o w o p e n th e scissor s a re ) ,  i s  certainl y preferabl e t o a  listin g o f  th e input' s coordinat e 

locatio n a lon g e a c h o f  th e n  featur e d imens ions .  I n general ,  a  dimensional i ty-reduce d represen -

tatio n c a n b e expec te d t o m a k e explici t  descriptiv e pa rame te r s captur in g th e natura l  degree s o f 

variabilit y  inheren t  t o a  clas s o f  da ta ,  whi l e i t  factor s ou t  r e d u n d a n c y laten t  a m o n g th e origina l 

m e a s u r e d features . 

3 Achievin g Dimensionality-Reductio n 

A black box depiction of a dimensionality-reducer is presented in figure 4. Each such box contains 

knowledg e o f  on e constrain t  surface ,  suc h as ,  fo r  example ,  migh t  characteriz e on e clas s o f  objec t 

shapes .  A t  th e botto m o f  th e bo x enter s th e descriptio n o f  a n imag e i n term s o f  a n n-dimensiona l 

featur e vector .  Ou t  th e to p emerg e n  lines ,  an d ou t  th e side ,  m more ,  wher e m i s th e dimensionalit y 

of  th e constrain t  surface .  Eac h lin e ca n represen t  a  bounde d rea l  number ;  fo r  convenienc e suppos e 

tha t  th e featur e coordinate s ar e normalize d s o tha t  al l  feature s tak e value s betwee n 0  an d 1 . 

The dimensionality-reduce r  operate s a s follows .  I f  th e number s comin g ou t  th e to p o f  th e blac k 

box matc h thos e comin g i n th e bottom ,  the n i t  i s  determine d tha t  th e dat a poin t  whos e featur e 

vecto r  i s give n doe s i n fac t  li e o n th e constrain t  surface ,  an d it s locatio n o n th e constrain t  surfac e 

may b e rea d o n th e m line s comin g ou t  th e sid e (th e dimensionality-reduce r  implicitl y  create s a 

coordinat e syste m fo r  th e constrain t  surface) .  I f  th e number s comin g ou t  th e to p d o no t  matc h th e 

inpu t  featur e vector ,  the n i t  i s  determine d tha t  th e dat a poin t  specifie d a t  th e inpu t  doe s no t  li e 

on th e constrain t  surface . 

Thi s black-bo x dimensionality-reduce r  ma y als o b e use d i n th e opposit e direction .  Tha t  is ,  a n 

m-dimensiona l  vecto r  specifyin g a  locatio n o n th e constrain t  surfac e ma y b e place d o n th e sid e line s 

as input ,  an d th e dimensionality-reduce r  wil l  the n compute ,  an d outpu t  a t  th e top ,  th e coordinate s 

of  thi s dat a poin t  i n th e n-dimensiona l  featur e space . 

Severa l  alternativ e implementation s o f  suc h a  blac k bo x dimensionality-reduce r  ar e possible . 
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Figur e 4 .  Blac k bo x dimensionality-reducer . 
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Figur e 5 .  A  connectionis t  networ k i s compose d o f  simpl e computin g element s con -

necte d b y weighte d links ,  u;,-,,- .  a .  "Activity "  i n a  uni t  i s compute d t o b e th e weighte d 

su m o f  activitie s i n unit s o f  th e previou s layer ,  passe d throug h a  semilinea r  functio n 

mappin g th e activit y t o a  numbe r  betwee n 0  an d 1 .  b .  Thre e laye r  network . 

When i t  i s  assume d tha t  th e constrain t  surfac e i s alway s linear ,  the n dimensionality-reductio n 

amount s  t o principl e component s analysis ,  o r  facto r  analysis ,  an d th e computatio n ma y b e expresse d 

as a  matri x multiplicatio n [Watanabe ,  1965 ;  To u an d Heydorn ,  1967 ;  Fukunag a an d Koontz ,  1970 ; 

Kittle r  an d Young ,  1973] . 

A mor e genera l  implementation ,  i n whic h th e constrain t  surfac e ma y curv e t o a  considerabl e 

degree ,  use s a  connectionis t  networ k o f  simpl e computin g elements .  Figur e 5  illustrate s a  three -

laye r  network .  Eac h uni t  take s a n activit y betwee n 0  an d 1 .  Activit y  i s fixed  a t  th e botto m laye r 

as input ,  the n activit y fo r  eac h uni t  i n th e middl e laye r  (calle d th e "hidden "  layer )  i s compute d a s 
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Figur e 6 .  Scala r  value s be twee n 0  a n d 1  ar e represente d i n set s o f  units ,  calle d scala r 

sets ,  w h o s e activit y take s a  characteristi c u n i m o d a l  pattern .  Activit y o f  a  uni t  i s 

represente d a s siz e o f  circle .  T h e activit y patter n s h o w n i n thi s 12-uni t  scalar-se t 

represent s th e n u m b e r ,  .4 . 
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Figur e 7 .  Connectionis t  dimensionality-reducer .  I n thi s case ,  t w o scalar-set s ar e 

provide d a t  th e inpu t  a n d ou tpu t  layers ,  a n d th e h idde n laye r  i s a  one-dimensiona l 

scala r  set ,  therefore ,  this  networ k ca n represen t  one-dimensiona l  constrain t  curv e 

i n a  two-dimensiona l  feature-space .  Du r i n g trainin g period ,  error s f r o m desire d 

activit y ar e use d t o trai n ne twor k t o reproduc e inpu t  activit y patter n a t  output . 

a semilinear function of the weighted sum of activities on the input units. Output layer activity is 

c o m p u t e d f r o m th e h idde n laye r  activit y i n a  simila r  way . 

E a c h scala r  featur e valu e i s represente d a s th e patter n o f  activit y ove r  a  se t  o f  units ,  calle d a 

scalar-set ,  a s illustrate d i n figure  6 .  A  one-dimensiona l  scalar-se t  i s  provide d a t  th e inpu t  laye r  an d 

at  th e ou tpu t  laye r  fo r  eac h d imensio n o f  th e higher-dimensiona l  featur e space .  T h e h idde n laye r  i s 

configure d a s a  scalar-se t  w h o s e dimensionalit y ma tche s tha t  o f  th e e m b e d d e d constrain t  surface . 

T h e input ,  h idden ,  a n d outpu t  layer s o f  th e ne twor k correspon d t o th e b o t t o m ,  side ,  an d to p o f 

th e blac k b o x dimensionality-reduce r  (se e figure  7 ) . 

Dimensionality-reducin g behavio r  i s achieve d b y virtu e o f  th e lin k weight s be twee n successiv e 

layer s o f  th e network .  T h e s e weight s ar e establishe d usin g th e backpropagat io n trainin g procedur e 

R u m e m l a r t ,  H in to n a n d Wil l iams ,  1985 ;  R u m e l h a r t  a n d McCle l land ,  1986] ,  wh ic h furnishe s crucia l 

self-organizin g propertie s durin g th e trainin g phase .  Trainin g consist s o f  repeate d presentatio n o f 

inpu t  activity/desire d outpu t  activit y paurs ,  w h e r e th e desire d outpu t  i s define d t o b e identica l 
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t o th e inpu t  activity .  A t  eac h trainin g trial ,  activit y a t  th e inpu t  laye r  i s fixed  accordin g t o th e 

coordinate s o f  a  dat a sampl e expresse d term s o f  th e high-dimensiona l  featur e space .  Fo r  example , 

eac h imag e o f  a  pai r  o f  scissors ,  wit h blade s ope n t o som e degree ,  generate s on e trainin g sample , 

or  dat a poin t  i n featur e space .  Activit y propagate s throug h th e network ,  an d th e outpu t  laye r 

activit y i s  compare d wit h tha t  o f  th e input ,  t o creat e a n outpu t  erro r  vector .  Thi s erro r  i s use d t o 

incrementall y updat e lin k weight s betwee n th e hidde n an d outpu t  layer s i n suc h a  wa y a s t o reduc e 

th e error .  I n addition ,  th e outpu t  activit y erro r  i s  backpropagate d throug h th e hidde n layer/outpu t 

laye r  lin k weight s t o arriv e a t  a n equivalen t  erro r  i n activit y a t  th e hidde n layer .  Thi s essentiall y 

amount s t o analyzin g h o w eac h uni t  a t  th e hidde n laye r  contribute d t o th e erro r  observe d a t  th e 

outpu t  layer .  T h e hidde n laye r  erro r  i s i n tur n use d t o updat e lin k weight s betwee n th e inpu t  an d 

hidde n layers .  I n orde r  t o achiev e pattern s o f  activit y a t  th e hidde n laye r  tha t  ar e interpretabl e i n 

term s o f  a  locatio n o n th e lower-dimensiona l  constrain t  surface ,  a n auxiliar y erro r  i s introduce d a t 

th e hidde n laye r  t o b e adde d t o th e backpropagate d error .  Thi s axixiliar y erro r  serve s t o pressur e 

th e input/hidde n link s int o creatin g pattern s o f  activit y a t  th e hidde n laye r  scalar-se t  takin g a 

characteristi c unimoda l  for m representin g a  locatio n o n th e constrain t  surface .  A  mor e detaile d 

discussio n o f  th e connectionis t  dimensionality-reduce r  i s presente d i n [Saund ,  1986 ]  an d [Saund , 

1987] , 

4 Dimensionality-Reduction in Shape Description 

The practical matter of using a dimensionality-reducer involves measuring feature parameters on 

image s an d pluggin g the m int o appropriat e slot s i n th e '*blac k box "  input .  Eac h dimensionality -

reduce r  possesse s knowledg e o f  lega l  configuration s o f  feature s fo r  a  give n clas s o f  data ,  suc h a s a 

shap e category .  Task s suc h a s objec t  recognitio n ar e i n principl e accomplishe d b y testin g featur e 

vector s delivere d b y earl y visio n agains t  variou s objects '  dimensionality-reducers ,  amountin g t o a 

sor t  o f  generalize d templat e matching .  Som e mean s mus t  b e provide d fo r  determinin g jus t  wha t 

measure d feature s t o pati r  wit h eac h inpu t  line ;  a s th e numbe r  o f  measure d feature s increase s ther e 

occur s a  combinatori c explosio n o f  possibl e feature/inpu t  matchings .  Therefore ,  t o b e utilize d b y a 

visua l  syste m th e dimensionality-reductio n too l  mus t  b e use d withi n a  computationa l  shel l  control -

lin g th e mechanic s o f  measurin g features ,  selectin g candidat e objec t  models ,  assignin g measure d 

featur e value s t o appropriat e inpu t  lines ,  evaluatin g th e dimensionality-reducer' s applicabilit y  t o 

th e featur e vector ,  an d readin g th e reduce d descriptio n of f  th e sid e outpu t  lines . 

Th e choic e o f  feature s definin g a  higher-dimensiona l  featur e spac e i s importan t  t o achievin g 

usefu l  dat a abstractio n throug h dimensionality-reduction .  T h e exampl e abov e illustrate s tha t  a 

pai r  o f  scissor s generate s a  one-dimensiona l  constrain t  surfac e i n a  featur e space  derive d fro m simpl e 

edge an d come r  primitives .  However ,  differentl y shape d scissor s giv e ris e t o differen t  constrain t 

curve s i n th e featur e spac e becaus e the y al l  creat e somewha t  differen t  configuration s o f  edg e an d 

corne r  features ,  an d a  separat e dimensionality-reduce r  woul d b e require d fo r  eac h constrain t  curve . 

Where dimensionality-reductio n migh t  mor e realisticall y com e int o pla y i s i n interpretin g featur e 

description s a t  a  mor e abstrac t  level ,  say ,  onc e edg e an d come r  primitive s hav e bee n groupe d int o 

parts .  Then ,  a  singl e dimensionaJity-reduce r  migh t  suffic e t o captur e th e blad e pivotin g constrain t 

inheren t  t o al l  pair s o f  scissors . 

Prio r  t o trainin g a  dimensionality-reducer ,  i t  i s  importan t  t o selec t  a  dimensionalit y fo r  th e con -

strain t  surfac e t o matc h th e inheren t  dimensionalit y o f  th e data .  T h e connectionis t  dimensionality -

reduce r  describe d abov e provide s n o mean s fo r  doin g thi s automatically .  However ,  i t  i s  eas y t o 

detec t  whethe r  th e constrain t  surfac e i s o f  inadequat e dimensionality ,  becaus e unde r  thi s condition , 

durin g training ,  a  networ k wil l  converg e t o a  stat e i n whic h i t  doe s no t  correctl y m a p activit y a t 

th e inpu t  laye r  t o (nearly )  identica l  activit y a t  th e outpu t  laye r  i n term s a  unimoda l  patter n o f 
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Figur e 8 .  a .  Banan a shape s arrange d accordin g t o thei r  location s o n a  two -

dimensiona l  constrain t  surfac e foun d b y a  connectionis t  dimensionality-reducer . 

Thes e wer e originall y describe d i n term s o f  si x simpl e feature s suc h a s distance s 

betwee n th e end s an d length s an d curvature s o f  variou s contou r  segments .  Th e 

parameter s o f  variabilit y  foun d t o pertai n amon g thes e banana s ar e roughl y th e 

curvatur e o f  th e lowe r  par t  o f  th e banan a (left/right) ,  an d th e overal l  siz e o f  th e 

banan a (up/down) ,  b .  Activit y o f  th e dimensionality-reductio n networ k fo r  on e 

banana .  Not e tha t  outpu t  activit y matche s inpu t  activity ,  an d tha t  hidde n laye r 

activit y i s centere d aroun d on e locatio n i n th e two-dimensiona l  scalar-set . 

activit y a t  th e hidde n layer . 

I t  i s  desirabl e t o see k constrain t  surface s o f  lo w dimensionalit y fo r  tw o reasons .  First ,  limit s m a y 

exis t  o n th e tractabilit y  o f  discoverin g many-dimensiona l  constrain t  surfaces .  Th e amoun t  o f  dat a 

tha t  mus t  b e ainalyze d i n orde r  t o establis h a  constrain t  surfac e increase s a s th e powe r  o f  th e sur -

face' s dimensionality .  I n th e curren t  compute r  implementatio n o f  th e connectionis t  dimensionality -

reducer ,  th e cos t  i n term s o f  networ k link s an d node s appear s t o becom e prohibitiv e afte r  m become s 

thre e o r  four .  Second ,  th e dat a simplificatio n afforde d b y dimensionality-reductio n m a y los e som e 

valu e whe n th e underlyin g constrain t  surfac e i s ye t  o f  hig h dimensionality .  Fo r  example ,  i t  i s  no t 

certai n tha t  m u c h i s gaine d b y describin g dat a i n term s o f  a  ten-dimensiona l  coordinat e syste m in -

stea d o f  a  twenty-dimensiona l  coordinate  system .  Dimensionality-reductio n i s perhap s mos t  usefu l 

when th e constraint s operatin g i n a  give n proble m ca n b e decompose d int o system s o f  jus t  a  fe w 

inheren t  degree s o f  freedo m each . 

Constrain t  surface s i n multidimensiona l  featur e space s aris e i n severa l  differen t  ways .  Th e 

scissor s exampl e illustrate s a  situatio n i n whic h a  singl e objec t  generate s a  one-dimensiona l  pa -

rameterize d clas s o f  shape s b y virtu e o f  physicall y constraine d motio n betwee n parts .  Constrain t 

surface s m a y als o originat e i n classe s o f  shap e object s i n whic h eac h individua l  objec t  ha s a  fixe d 

shape ,  bu t  on e tha t  ca n var y i n onl y certai n way s fro m th e shape s o f  othe r  object s i n th e class . 

Figur e 8  show s a  se t  o f  banana s tha t  wer e originall y describe d i n term s o f  si x propertie s crudel y 

measure d o n th e banan a shapes ,  suc h a s th e distanc e betwee n th e end s an d averag e curvatur e o f 

variou s contou r  segments .  B y trainin g a  connectionis t  dimensionality-reduce r  o n thes e dat a sam -

ples ,  th e banana s wer e foun d t o li e o n a  two-dimensiona l  constrain t  surfac e i n th e six-dimensiona l 

featur e space .  T h e organizatio n o f  thi s constrain t  surfac e i s illustrate d i n th e figure ;  banana s ar e 
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place d o n a  plan e accordin g t o thei r  respectiv e two-dimensiona l  coordinates .  Not e tha t  banan a 

shape s ar e organize d o n th e basi s o f  ver y subtl e difference s i n thei r  geometrica l  properties . 

Althoug h th e reduce d dimensionalit y representatio n concisel y encode s th e essentia l  parameter s 

of  variabilit y  amon g member s o f  th e dat a clas s fallin g o n a  constrain t  surface ,  th e lower-dimensiona l 

coordinat e axe s d o no t  necessaril y alig n wit h interpretation s o f  thes e parameter s preferre d b y huma n 

observers .  Fo r  example ,  th e horizonta l  an d vertica l  axe s o f  figur e 8  roughl y correspon d t o curvatur e 

of  th e lowe r  par t  o f  a  banana ,  an d banan a size ,  respectively ,  however ,  th e dimensionality-reductio n 

trainin g procedur e ru n agai n o n th e sam e banan a dat a migh t  rotat e thes e axe s a n arbitrar y amoun t 

i n th e plane . 

5 Conclusion 

Dimensionality-reduction is a computational tool for exploiting knowledge of constraint latent in 

a collectio n o f  dat a i n orde r  t o achiev e simple r  an d mor e perspicuou s descriptions .  I t  i s applicabl e 

when dat a sample s li e o n a  lower-dimensiona l  constrain t  surfac e embedde d i n a n initial ,  higher -

dimensional ,  descriptiv e featur e space .  Unlik e mathematica l  an d physica l  mode l  base d procedure s 

fo r  capturin g constrain t  i n earl y vision ,  dimensionality-re d notio n i s a  quit e genera l  concep t  whic h 

hold s th e possibilit y  fo r  capturin g th e rathe r  mor e comple x an d non-analyti c natur e o f  regularitie s 

inheren t  t o late r  visua l  analysis .  Th e ultimat e utilit y  o f  thi s too l  i n computationa l  visio n an d 

Cognitiv e Scienc e rest s wit h th e degre e t o whic h th e visua l  worl d exhibit s th e appropriat e typ e o f 

constraint .  Thi s pape r  present s tw o rathe r  simpl e example s o f  dimensionality-reductio n a t  wor k i n 

th e analysi s o f  visua l  shape . 
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