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Solar cells are specially engineered semiconductor diodes that have the ability to 

convert solar energy, in the form of light, into electricity.  Manufacturing high-efficiency low-

cost photovoltaic devices has been the goal of researchers since it was discovered in 1954 that 

a voltage developed across a semiconductor pn junction when the lights in the room on.  The 

costs associated with manufacturing solar modules can be greatly reduced if thinner 

semiconductor wafers are used.  In order to maintain cell efficiency, novel light trapping 
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methods that increase photon path lengths must be employed to ensure the usable portion of 

the solar spectrum is fully absorbed by thinner cells. 

Due to the planar symmetry of semiconductor wafers, any light transmitted into the 

cell from the top surface will be confined to the continuum of radiation modes only.  

Transmitted photons that reflect from the back of the cell will be incident onto the front of the 

cell at angles that reside within the exit cone of the semiconductor as mandated by reciprocity.  

Thus, a large portion of unabsorbed photons are transmitted out of the cell after a single 

round-trip through the material.  To trap light in the cell, it is required to break the non-ergodic 

geometry of the planar material so that transmitted photons propagate at angles greater than 

what is required to totally internally reflect at the cell boundaries. 

This dissertation reports on absorption enhancing methods that employ the unique 

light scattering properties of metal and dielectric nanoparticles deposited onto the planar 

surfaces of a-Si and InP/InGaAsP quantum-well solar cells.  The nanoparticles scatter incident 

light not only into radiation modes, but also into laterally propagating trapped modes.  Due to 

increased path traveled by laterally propagating photons, enhanced absorption and increased 

energy conversion efficiency is observed.  The non-ergodic geometry of planar cells treated in 

this manner is broken without modifying or damaging the surface of the semiconductor, 

thereby mitigating losses incurred by increased surface recombination of minority carriers.  

This method provides a new way to enhance solar energy conversion in solar cells that are too 

thin or too delicate to be textured using conventional approaches. 
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1. I�TRODUCTIO� 

 

1.1 Introduction 

Solar cells, or photovoltaic cells, are specially engineered semiconductor diodes that 

have the ability to convert solar energy, in the form of light, into electricity.  Manufacturing 

high-efficiency low-cost photovoltaic devices has been the goal of researchers since it was 

accidentally discovered1 in 1954 that a voltage developed across a semiconductor pn junction 

when the lights in the room were left on.  Within one year, a 6% efficient pn junction Si solar 

cell was fabricated at Bell Labs2 along with a 6% efficient CuS/CdS thin film solar cell 

developed by the US Air Force3.  Today, the record energy conversion efficiency is 40.8%, 

obtained by an inverted two terminal GaInP/GaAs/GaInAs triple-junction solar cell under 140 

sun concentration.4  The conversion efficiency of most production cells is only ~15-20%.  

Thus, increasing the efficiency of solar cells will help reduce the cost of solar energy and 

could help stabilize political tension surrounding energy resources. 

The average market price for solar electricity in February 2009 the US was $4.81/Wp 

(dollars per peak watt delivered).5  It is estimated that photovoltaic modules will become a 

realistic alternative to grid power if the module price decreases to ~$3/Wp.  An obvious way to 

lower the costs associated with manufacturing solar modules is to reduce the amount of 

semiconductor material used in cell fabrication.  In order to maintain cell efficiency, novel 

light trapping methods that increase the photon path length must be employed to ensure the 

usable portion of the solar spectrum is fully absorbed by the thinned cells. 

One way to enhance absorption in a planar solar cell is to deposit a reflective metal on 

the back and employ a quarter wavelength anti-refection coating on the front surface.  This 
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method increases light transmission into the cell and allows unabsorbed light to be reflected 

by the metal, back into the absorbing region.  Due to the planar symmetry, any light 

transmitted into the cell from the outside region will be confined to the continuum of radiation 

modes only as illustrated in Figure 1.1 (a).  Transmitted waves that reflect from the back of the 

cell will be incident onto the front of the cell at angles that reside within the exit cone of the 

semiconductor as mandated by reciprocity.  Thus, long wavelength photons are transmitted 

out of the cell after a single round-trip through the material.  The presence of an anti-reflection 

layer, in fact, makes the radiation mode loss even greater.  To trap light within the cell, it is 

required to break the non-ergodic geometry of the planar material. 

 

Figure 1.1. (a) Schematic diagram of light transmitted into two substrates of different thicknesses. Light 
trapping is accomplished by coupling into both radiation and trapped modes and requires a break in the 
symmetry between the top and bottom interfaces. In thick substrates, both radiation and trapped modes 
form a continuum. In thin substrates, trapped modes are discrete and only waves traveling at specific 
angles are not canceled by destructive interference. Image modified from Ref. 6. (b) Finite element 
model of 100 nm Au nanoparticle deposited above a 160 nm InP-on-insulator absorbing layer at λ = 900 
nm.  The resulting scattered y-component of the electric displacement is shown.  Light scattered by the 

nanoparticle clearly couples into the resonant waveguide modes of the structure. 

 



3 

Symmetry-breaking absorption enhancing techniques are often based on texturing the 

front surface of the cell by techniques such as anisotropically etching inverted pyramids7 or 

isotropically etching honeycombs8 into Si, reactive ion etching diffraction grating-like 

structures,9 chemically etching moth eye10,11 structures to create black Si,12,13,14 

electrochemically etching a graded index layer to create porous Si,15 or by depositing 

semiconductor materials on randomly textured16 or diffraction grating-like textured17 

substrates.  While these methods all aid in increasing the path length traveled by transmitted 

photons, they also have the ill effect of dramatically increasing the surface area of the cell; 

thus, making the device – and in particular thin film devices – highly susceptible to surface 

recombination losses. 

This dissertation reports on absorption enhancing techniques that employ the unique 

light scattering properties of nanostructured materials deposited onto the surfaces of solar cells 

combined with engineering of the active semiconductor device region to exploit theses 

properties for high-efficiency power conversion.  The non-ergodic geometry of planar cells 

treated in this manner is broken without modifying or damaging the surface of the 

semiconductor, thereby mitigating losses incurred by increased surface recombination of 

minority carriers, and providing a new method of enhancement for solar cells that are too thin 

to be textured using conventional approaches.  Figure 1.1 (b) illustrates a finite element model 

of a 100 nm Au nanoparticle deposited above an InP-on-insulator solar cell.  In the absence of 

the particle, incident light is confined to the radiation modes only as illustrated in the bottom 

cell of Figure 1.1 (a).  When the particle is present, the incident field is scattered, resulting in 

coupling of the field into both radiation and waveguide modes supported by the cell.  Figure 

1.1 (b) shows the resulting y-component of the electric displacement; the incident field is 

polarized in the x-direction, thus any resulting field having a y-component is due to scattering 
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by the nanoparticle.  When incident light couples into the waveguide modes of the cell, photon 

path lengths are increased which leads to enhanced absorption and increased energy 

conversion efficiency. 

1.2 Cell Design 

Today, nearly 90% of all solar cells are made from high purity solar grade c-Si.18  A 

steady decline in the cost of Si and a growing wafer feedstock help to maintain the status quo.  

Si is also the second most abundant element in the Earth’s crust, so there are no fears of a 

future shortage in raw materials.  Interestingly, c-Si, having an indirect band gap energy of 

1.12 eV, is not the ideal material to use for solar energy absorption.  The thickness of a silicon 

wafer required to completely absorb the usable solar spectrum should be greater than the 

inverse of the absorption coefficient near the band gap edge.  For Si, the required thickness is 

~700 µm, well over 100 times thicker than what is required by a direct band gap 

semiconductor.19  By texturing the front surface of the cell, it is possible to make transmitted 

light reflect multiple times within the cell, effectively increasing the photon path length and 

enhancing the absorption.  Thus, c-Si cells, with textured front surfaces and reflective back 

contacts, can be reduced to ~200-300 µm in thickness.  The highest recorded efficiency of a c-

Si solar cell is 25.0%, obtained by the PERL20 cell developed at the University of New South 

Wales. 

Figure 1.2 illustrates a basic solar cell under illumination.  When light of sufficient 

energy is absorbed by a semiconductor, electron-hole pairs are generated at various depths 

throughout cell.  The resulting minority carriers on each side of the pn junction diffuse to the 

depletion region where they are spatially separated from their oppositely charged counterpart 

by the built-in electric field.  Upon separation, minority carriers are injected into the adjacent 

region where they become majority carriers, and are later collected by Ohmic contacts. 
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Figure 1.2. Schematic of a semiconductor pn junction solar cell under illumination. Photogenerated 
carriers diffuse to the depletion region where they are swept into the adjacent region by the built in 
voltage. Note that the flow of illumination current opposes the flow of conventional forward bias 

current. 

 

The collection and spatial separation of photogenerated electron-hole pairs is 

fundamental to the operation of pn junction solar cells.  Separation must occur before the 

photogenerated pairs recombine and release their energy either by emitting a photon or by 

emitting lattice phonons (heat).  The distance a minority carrier travels before recombination 

occurs is called the minority carrier diffusion length.  Because the minority carrier diffusion 

length of electrons is much greater than that of holes (~1000 µm versus ~100 µm for electrons 

and holes in c-Si, respectively), it is common to diffuse a phosphorous-doped (~1018 cm-3) n-

type emitter into a boron-doped (~1016 cm-3) p-type substrate.  The junction is designed in this 

manner so that the majority of the depletion region extends into the p-type region where the 

minority carrier diffusion length for electrons in long compared to the thickness of the base. 
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All recombination, be it radiative or non-radiative, is detrimental to solar cell 

performance.  Photogenerated carriers that recombine radiatively emit a photon with energy 

equal to the band gap of the semiconductor.  Radiative recombination cannot be suppressed 

and is an intrinsic loss mechanism in all solar cells.  The rate at which radiative recombination 

occurs increases exponentially with the difference between the quasi-Fermi levels of the 

majority carriers.  Thus, there is an optimum point that a solar cell should be biased at in order 

to deliver the maximum amount of power to a load.   

Non-radiative recombination, caused in part by crystalline defects and other lattice 

impurities, can theoretically be eliminated in the bulk of the cell.  Thus, material quality is 

directly correlated to the rate at which photogenerated carriers recombine.  For a solar cell to 

operate efficiently, the minority carrier diffusion lengths of electrons and holes must be 

comparable to the thickness of the p and n-type regions of the cell, respectively.  If not, bulk 

recombination will take place before minority carriers have a chance of diffusing to the 

depletion region, and the conversion efficiency of the cell will decrease.  High quality solar 

grade c-Si exhibits long minority carrier diffusion lengths; so despite the relatively thick ~200-

300 µm requirement, it is possible to collect carriers that are generated far from the pn 

junction. 

 

1.3 Thin Film Solar Cells 

Solar grade c-Si wafers account for approximately 45% of the final installation price 

of a standard solar cell module.21  Thinning the cell while maintaining the energy conversion 

efficiency leads to a substantial improvement in a module’s $/Wp figure of merit.  For this 

reason, great effort has gone into developing thin film crystalline and poly-crystalline Si solar 

cells on the order of 10 µm thick.  Thinner cells have less minority carrier recombination in 
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the active region, a lower dark current, and a higher operating voltage.  Thus, for a given 

material quality, the efficiency of a cell can actually be increased by decreasing the thickness 

of the cell if well designed anti-reflection coatings and light trapping techniques are employed. 

Unfortunately, as the cell thickness is reduced, surface recombination rapidly 

degrades the open circuit voltage of the cell.  At the front of the cell, surface recombination 

can be mitigated by growing or depositing a passivation layer that aids in compensating the 

dangling bonds present at the surface.  This procedure minimizes the midgap energy states that 

are created by the abrupt ending of the crystal periodicity at the surface of cell.  The 

passivation layer can also double as an anti-reflection coating if the proper thickness is 

deposited.  At the rear of the cell, where longer wavelength photons are absorbed, electronic 

reflectors – or back surface fields – are integrated into the cell design to help reflect minority 

carriers away from the surface.  This is achieved by heavily doping a thin region of the cell 

between the bulk region and the back contact. 

 

1.4 Amorphous Silicon Solar Cells 

In 1976, Carlson and Wronski developed the first amorphous silicon solar cell22 after 

the fortuitous discovery of hydrogenated amorphous silicon (a-Si:H) in 1972.23  Amorphous 

silicon (a-Si) has an enormous cost advantage over c-Si for solar cells because it can be 

deposited onto relatively inexpensive metallic or transparent conductive oxide (TCO) covered 

glass substrates via RF,24 DC,25 or microwave26 plasma enhanced chemical vapor deposition 

(PECVD) or by hot-wire27 chemical vapor deposition (HWCVD).  Films grown by PECVD 

are easily doped with phosphine (PH3) and diborane (B2H6).  Amorphous material lacks long 

range crystalline order and has a high density of defect states in the band gap that degrade the 

minority carrier diffusion lengths in the material.  By incorporating hydrogen during 
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deposition, dangling bonds are compensated and hydrogenated amorphous silicon (a-Si:H) can 

be made into a promising photovoltaic material.  Because of the amorphous structure, the 

selection rules that prohibit absorption in c-Si are relaxed, resulting in a direct “optical” band 

gap of 1.7 eV and a large absorption coefficient.   Most a-Si:H material can sufficiently absorb 

the usable solar spectrum in ~1 µm of material. 

In p and n-doped a-Si:H, the minority carrier diffusion length is ~100 nm or less, so 

the probability of minority carriers diffusing to edge of the depletion region is quite low.  For 

this reason, the structure of a-Si:H solar cells must be modified so that the majority of 

photogenerated carriers are created in the depletion region where a large built-in electric field 

can immediately separate the electron-hole pair.  In a-Si:H cells, the drift length is an 

important parameter which is proportional to the strength of the electric field and the diffusion 

length squared.  As illustrated in Figure 1.3, the structure of a a-Si:H solar cell is that of a p-i-

n photodiode with a long intrinsic region (~500 nm) and very short n and p-regions (~20 nm).  

The width of the intrinsic region is adjusted to maximize photon absorption at the expense of a 

lower electric field.  A field of 10 kV/cm is sufficient to separate carriers in higher quality 

material.28 

A strange but important phenomena present in a-Si:H and a-SiGe:H devices is the 

Staebler-Wronski effect.29  Si-Si bonds are broken by illumination, leaving dangling bonds 

behind.  Both photoconductivity and dark conductivity decrease below their initial values due 

to this effect.  The process is self-terminating when a metastable state is reached but 

completely reversible after heating the film above 150oC.  This effect is mainly seen in 

intrinsic material as the conductivity is not affected by deep level light induced trap states.  

For this reason, many a-Si:H solar cells are limited in efficiency to 6-7%, but because of their 

low-cost advantage, they have proven to be legitimate competitor in the photovoltaic market. 
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Figure 1.3. Band edge and Fermi-level profiles in a p-i-n solar cell under open-circuit conditions.  The 
open-circuit voltage is precisely the value of EFh at the left interface (x=0).  The built-in potential Vbi is 

illustrated. [Ref. 30] 

 

1.5 Tandem Solar Cells 

High efficiency solar cells can be made by monolithically growing two or three solar 

cells in tandem on a single substrate.  A recent design under investigation at the National 

Renewable Energy Laboratory (NREL) is shown in Figure 1.4.  The sub-cells of the stack 

must decrease in band gap energy from top to bottom.  High energy photons are absorbed in 

the top cell with the largest band gap while lower energy photons pass through and get 

absorbed in the lower sub-cells. 
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Figure 1.4. Schematic of an inverted triple-junction solar cell. The band gap of the semiconductor layers 
is indicated by a rainbow color scale (violet=high and red=low). The cell was grown, electroplated with 

Au, and glued to a handle. Finally, the substrate was removed by a selective chemical etch. [Ref. 31] 

 

Two terminal tandem cells are connected in series via monolithically grown quantum 

mechanical tunneling junctions.  A disadvantage of this arrangement is that the total current in 

the device is limited by the cell that produces the least amount of current.  For this reason, 

each sub-cell’s band gap and thickness must be precisely controlled to ensure that proper 
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current matching is achieved.  The advantage of this design is that the voltage delivered by 

each sub-cell is added while the total current remains low which helps to reduce thermal 

buildup.  Some dual junction tandem cells are three terminal devices.  While the bottom and 

top of each sub-cell is still electrically connected, the sub-cells are no longer required to have 

matching currents nor the same polarity. 

Tandem solar cells aim to be economically favorable compared to their single 

crystalline or thin film competitors in conjunction with the use of solar concentrating systems.  

Concentrators are manufactured out of inexpensive materials and usually incorporate a non-

imaging32 optical element such as Fresnel lens or reflective parabolic dish that focuses a large 

area of inbound light onto the small area of a solar cell.  The conversion efficiency of solar 

cells under concentration increases due to lower entropy creation.  Today, most concentrator 

cells range in size from 1 cm2 to 1 mm2 and operate under concentrations of 200 to 1000 suns.  

Thus, a relatively inexpensive lens is used in conjunction with a very small cell to produce a 

high power system. 

 

1.6 Light Concentration 

Ultra high efficiency tandem solar cells typically require light to be concentrated onto 

the cell in order to be competitive in the photovoltaic market.  Because there is no image to 

preserve, concentrator systems use non-imaging optics that can modeled by ray tracing 

software packages.  An ideal concentrator only accepts light arriving from angles less than 

θmax,in as illustrated in Figure 1.5.  The maximum level of concentration achievable is always 

less than the ratio of the input area of the concentrator to the area of the cell, or C ≤ Aconc/Acell.  

Taking into account the radius of the sun and the distance from the sun to the earth, the 
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theoretical minimum input angle is θmax,in = 0.2667o.  Thus, the maximum possible 

concentration in three dimensions follows as 

 C ≤ Aconc/Acell ≤ n2sin2(θmax,out)/sin2(θmax,in) ≤ 40650n
2, (1.1) 

when the cell is immersed in a material with index of refraction n.33  Concentration of this 

magnitude is not ideal for many reasons.  First, the heat generated with this level of 

concentration would be extremely difficult if not impossible to dissipate.  Second, it is not 

desirable to have light exiting the concentrator at large angles as it will reflect from the surface 

of the solar cell.  Third, it is not economical to design a sun-tracking system of such high 

fidelity; while decreasing the acceptance angle of the design increases the concentration value, 

it also severely limits mechanical tolerances in the design of the tracking system. 

 

Figure 1.5. Geometry of an ideal solar contractor with input aperture Aconc and output aperture Acell.  The 
maximum concentration is obtained when the input acceptance angle is limited to sin-1(r1/ r2) ≈ 0.2667o, 
where r1 is the radius of the sun and r2 is the distance from the sun to the earth.34  The maximum 

concentration is C ≈ 40650n
2. 
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A considerable drawback of cells that require concentration is that collection of 

incident light diminishes for non-normal incidence.  Thus, concentrator cells collect very little 

diffuse sunlight and work rather poorly under cloudy conditions.  In addition, concentrator 

systems require the use of expensive motorized sun tracking systems to ensure the cell 

receives normally incident sunlight throughout each day and season of the year.  Several 

examples of two-axis sun tracking systems are illustrated in Figure 1.6. 

 

Figure 1.6. Several two-axis sun tracking systems. (a) Pedestal mounted  tracker with elevation and 

azimuth tracking. (b) Tunable two-axis tracker. (c) Roll-tilt tracking arrangement. [Ref. 35] 
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1.7 Quantum Well Solar Cells 

In 1990, Barnham and Duggan at the Imperial College of London proposed that the 

operating voltage and short circuit current of a solar cell could be independently controlled by 

including low dimensional structures into the cell.36  Quantum wells, in particular, if 

incorporated into the absorbing region of a host cell, could be varied in width and composition 

to extend absorption to longer wavelengths in host cell.  Figure 1.7 illustrates a generic band 

diagram of a p-i-n junction quantum-well solar cell.  By introducing a lower band gap 

material, an increase in short circuit current should be observed compared to a cell made of 

only the higher band gap host material.  Additionally, the operating voltage of the cell was 

sought to be controlled solely by the host material. 

 

Figure 1.7. Energy band diagram of a p-i-n junction quantum-well solar cell studied in Ref. 38.  Photons 

are absorbed in both the well and the barrier materials. Image adapted from Ref. 37. 
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In 1991, the Imperial College group showed that by incorporating GaAs (Eg = 1.4 eV) 

quantum wells in the intrinsic region of an Al0.3Ga0.7As (Eg = 1.8 eV) p-i-n solar cell, the short 

circuit current and overall conversion efficiency was improved compared to the Al0.3Ga0.7As 

control cell at the expense of a decreased open circuit voltage.38  Figure 1.8 summarized their 

initial findings.  The GaAs quantum-wells clearly extend the absorption below the band gap of 

the host material (Figure 1.8, (a) versus (b)).  If a large electric field is maintained across the i-

region, the carriers generated in the wells could escape to the bulk of the cell and contribute to 

the observed increase in short circuit current. 

 

Figure 1.8. (a) Photocurrent of a control Al0.3Ga0.7As p-i-n solar cell (CB316) compared to a 
Al0.3Ga0.7As/GaAs p-i-n quantum-well solar cell of the same thickness (CB315). (b) Current-voltage 
characteristics of the two cells in (a). The short circuit current is greatly increased over that of the 

control sample at the expense of a reduced open circuit voltage. 
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The unexpected and highly disputed39 claim made by the Imperial College group was 

that the observed reduction in open circuit voltage of the quantum-well cell CB315 is simply 

the result of increased non-radiative recombination caused by the introduction of additional 

epitaxial interfaces.  They argued that, in theory, the voltage drop could be eliminated and that 

the maximum theoretical efficiency of quantum-well solar cells is greater than that of a single 

junction cell made of the host material.  Araujo and Marti argued40,41 that the larger-than-

optimum band gap energy of the Al0.3Ga0.7As control sample was tuned by the GaAs quantum-

wells to better absorb the white light illumination source they used.  For the next two decades, 

a fervent exchange of physical measurements and theoretical arguments took place between 

many groups.  While no agreement has been reached on the true maximum theoretical 

conversion efficiency of quantum-well solar cells, it is undisputed that the incorporation of 

quantum-wells leads to extended absorption and often improved conversion efficiency for 

many host materials including AlGaAs, GaAs42, InP43, GaN44, and even SiO2
45. 

 

1.8 Maximum Conversion Efficiency versus Band Gap Energy 

In 1961, Shockley and Queisser formulated the detailed balance efficiency limit of 

solar energy conversion in a semiconductor.  The cell is required to have two bands of carrier 

gases (separated by a band gap energy Eg) with individual quasi-Fermi levels that describe the 

carrier concentration in the respective bands.46  They were the first to point out that in addition 

to light absorption, light emission occurs via radiative recombination at a rate that increases 

exponentially with the difference between the quasi-Fermi levels of the electron gases.  Thus, 

the cell is simultaneously acting like an LED.  This ideal cell is said to be operating in the 

radiative limit – the only loss mechanism present is radiative recombination.  As a result, in 

semiconductor pn junction solar cells, the bias energy across the cell at the maximum power 
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point is typically 0.4-0.5 eV less than the band gap energy of the semiconductor due to 

radiative recombination.   

Single band gap semiconductors also fail to extract work out of every photon in the 

solar spectrum.  Photons having energy less than the band gap of the semiconductor are not 

absorbed in the cell.  Photons having energy greater than the band gap of the semiconductor 

are absorbed, but any energy an electron has in excess of conduction band minimum will be 

lost as heat through thermalization.  Thus, the maximum theoretical efficiency of a 

semiconductor solar cell illuminated by the sun can be plotted against its band gap energy,47  

as shown in Figure 1.9.  Theoretical efficiencies of ~31% are expected for semiconductors 

having 1.1eV ≤ Eg ≤ 1.4 eV.  The conversion efficiency of solar cells under concentration 

increases due to lower entropy creation.  The maximum theoretical conversion efficiency for 

single, double, and triple junction solar cells under 1000 sun concentration is 37%, 50%, and 

56%, respectively.47 

 

Figure 1.9. (red curve) Maximum theoretical conversion efficiency of a single band gap semiconductor 
plotted as a function of band gap energy under AM1.5g solar illumination. (black curve) Solar photon 

flux of the AM1.5g spectrum (962.5 Wm-2). 
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1.9 Thesis Overview 

This dissertation reports on absorption enhancing techniques that employ the unique 

light scattering properties of metal and dielectric nanoparticles deposited onto the surface of 

planar solar cells.  Most light trapping techniques used today involve roughening the surface 

of the semiconductor; making the cell highly susceptible to surface recombination losses.  

Because the surface of the semiconductor is not compromised by the nanoparticle deposition 

process, losses due to increased surface recombination of minority carriers can be mitigated.  

Incident light scattered by deposited spherical nanoparticles will be shown to enhance the 

conversion efficiency of aSi:H48, Si photodetectors49, and InP based quantum-well solar 

cells.43 

Chapter 2 is dedicated to introducing the physics of solar cells.  A review of pn 

junctions and the minority carrier transport equations are included for reference.  Practical 

design limitations and considerations briefly introduced in this chapter are further explored 

and analyzed using the software package PC1D.  The derivation of the relationship between 

the maximum theoretical efficiency of solar energy conversion versus the band gap energy of 

the semiconductor is included. 

Chapter 3 is divided into three sections.  In part one, the optical properties of 

interfaces are introduced.  The well known Fresnel reflection and transmission coefficients are 

reviewed for oblique incident waves.  Anti-reflection coatings and their limitations are 

summarized.  In part two, an investigation into the interaction of light with small spherical 

particles is performed using the results of Mie Theory.  The absorption and scattering cross 

sections of small dielectric and metallic nanoparticles are calculated.  Finally, the modification 

of the absorption and scattering cross sections by the presence of a nearby interface or 

waveguide layer is summarized.  Part three presents the engineered enhancements in optical 



19 

absorption, short-circuit current density, and energy conversion efficiency of a-Si:H thin film 

solar cells via scattering from Au nanoparticles deposited on top of the device.  At relatively 

modest nanoparticle densities, increases in short-circuit current density and energy conversion 

efficiency under halogen lamp illumination are obtained in excess of 8%. 

Chapter 4 is also divided into three sections.  In part one, a thorough review of 

quantum-well solar cells is provided including current designs and their limitations.  The 

behavior of the quasi-Fermi levels in non-equilibrium devices is reviewed.  In part two, the 

improved performance of InP/InGaAsP quantum-well waveguide solar cells via light 

scattering from deposited dielectric or metal nanoparticles is reported.  The integration of 

metal or dielectric nanoparticles deposited above quantum-well solar cells is shown to couple 

normally incident light into lateral optical propagation paths, with optical confinement 

provided by the refractive index contrast between the quantum-well layers and surrounding 

material.  With minimal optimization, a short-circuit current density increase of 12.9% and 

7.3% and power conversion efficiency increases of 17% and 1% are observed for silica and 

Au nanoparticles, respectively.  In part three, recent progress towards designing a ultra-thin 

InP/InGaAsP quantum-well waveguide solar cell is presented.  The device is grown with an 

InGaAs etch stop layer so that the substrate can eventually be removed.  This method supports 

high optical confinement within the quantum well region.  Results and analysis are presented. 

In part one of the Appendix, a broad introduction to energy and the environment is 

outlined.  In part two of the Appendix, a number of MATLAB scripts are included to help the 

motivated reader regenerate many of the figures listed throughout this dissertation. 
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2. THE PHYSICS OF SOLAR CELLS 

 

2.1 Introduction 

The semiconductor physics related to the operation of solar cells is outlined in the 

following sections.  The solar spectrum is introduced followed by a brief introduction to 

materials and their electrical properties.  The physics and operation of semiconductor solar 

cells is summarized.  An example PC1D simulation is employed to model extrinsic losses 

commonly found in solar cells.  The theoretical limits of single band gap solar cells are later 

developed. 

 

2.2 Solar Cells 

Solar cells, as illustrated in Figure 2.1, are semiconductor diodes that are designed to 

maximize the absorption of incoming solar energy and convert the absorbed energy into 

electricity.  Four elements are essential to efficient cell operation: (1) minimize the reflection 

of incident light from the surface of the cell, (2) generate the maximum number electron-hole 

pairs by absorbing photons with energy greater than the band gap energy of the 

semiconductor, (3) spatially separate and collect all light-generated carriers, and (4) deliver a 

high voltage across a load so as to achieve optimum energy conversion. 

Weakly bound electrons in the valence band of a semiconductor may be excited into 

the conduction band where the electrons are free to move and conduct electricity.  The energy 

needed to excite an electron from the valence band to the conduction band is provided by 

incident sunlight.  Conduction band electrons can then travel to a metal Ohmic contact that 
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connects the semiconductor to an external circuit containing a load.  The excited electron loses 

its energy by performing work on the load, for example, by charging a battery.  The electron is 

then returned by the circuit to the semiconductor valence band.  The potential delivered to the 

load by the electron is always slightly less than the band gap of the semiconductor.  Most 

semiconductors used in solar cells have band gaps that range between 0.75 eV ≤ Eg ≤ 2 eV.  

Thus, Si, having a band gap energy of 1.12 eV, delivers only ~ 0.7 V to the load – even if the 

exciting photon has energy greater than the band gap energy of the semiconductor. 

 

Figure 2.1. Schematic of a semiconductor pn junction solar cell. 

 

A solar cell’s quantum efficiency, which is often reported, describes the efficiency of 

the conversion process as a function of wavelength.  The overall conversion efficiency of a 

solar cell is calculated by taking the ratio of the incoming power per unit area to the total 

power per unit area delivered by the cell.  Efficiencies range anywhere from less than 5% to 
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more than 40%.  However, the majority of solar cells sold today have efficiencies of 10-15%.  

The conversion efficiency is limited by intrinsic loss mechanisms inherent to semiconductor 

materials which will be discussed later.  Extrinsic losses such as series resistance and non-zero 

surface reflection may also reduce the energy conversion efficiency. 

 

Figure 2.2. Schematic diagram of a solar cell powering a variable load resistance. 

 

Figure 2.2 shows a schematic equivalent circuit diagram of a solar cell, modeled by a 

constant current source in parallel with a diode.  The current source represents light-generated 

photocurrent and opposes the conventional flow of current through the diode.  There may also 

be parasitic resistances including non-zero series resistance, Rseries, or non-infinite shunt 

resistance, Rshunt.  An ideal solar cell has no parasitic resistances so the voltage across the 

diode is equal to the voltage across the load resistance.  The current delivered to the load, 

�����  =  ���	
� – �����, forward biases the load, which in turn, forward biases the diode.  The 

load resistance is adjusted so that the solar cell operates at the maximum power point defined 

by ���� = ��������. 
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When solar cells operate at their maximum power point, changing the load resistance 

to produce a higher voltage has the adverse effect of reducing the delivered current.  Similarly, 

adjusting the load resistance to increase the delivered current decreases the voltage across the 

load.  In installed cells, the load circuit is continuously monitored and adjusted to 

accommodate for the fluctuating input spectrum throughout the day.  At night, the circuit 

connecting the battery to the cell is disconnected to prevent discharge. 

 

2.3 The Solar Spectrum 

The fusion reaction that converts hydrogen to helium in the center of the sun results in 

the emission of electromagnetic radiation (primarily 0.2 to 3 µm) that resembles that of a 

5800K black body radiator.  Over 1.5 x 10
22

 J of radiant solar energy reach the Earth every 

day.  Comparatively, humans use approximately 1.8 x 10
18

 J of energy per day.
1
  Enough solar 

energy reaches the Earth in one hour to supply the world’s energy needs for approximately 

one year. 

The air mass (AM) factor is used to calculate the total attenuation the Earth’s 

atmosphere has on the incoming solar spectrum.  AM0 represents the solar spectrum outside 

the Earth’s atmosphere and has an irradiance (or power density as a function of wavelength) of 

1353 W/m
2
.  The AM1.0 spectrum is the attenuated solar spectrum at sea level when the sun is 

at zenith.  Atmospheric attenuation is the result of absorption of ultraviolet (UV) radiation by 

the ozone layer, absorption of infrared radiation by water vapor, and a multitude of 

backscattering processes originating from atmospheric particulates. 
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The most widely used reference for solar cell device simulation is the AM1.5 

spectrum, which represents an average atmospheric attenuation due to incident sunlight 

arriving from varying angles throughout the day.  The AM1.5 spectrum has an irradiance of 

853 W/m
2
 for direct (AM1.5d) or 1000 W/m

2
 for direct and diffuse light (AM1.5g).  The 

spectral irradiance of the AM0 and AM1.5g spectra are shown in Figure 2.3. 

 

Figure 2.3. AM0 and AM1.5g solar spectra.
2
 

 

2.4 Electronic Band Structure of Materials 

Atoms consist of a positively charged nucleus surrounded by a cloud of electrons that 

occupy quantized energy states or orbitals.  The development of quantum mechanics in the 

early 1900s helped solve many of the mysteries associated with the behavior of matter on an 

atomic scale.  For example, classical physics falls short of explaining why electrons orbit 
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about the nucleus instead of falling into the nucleus from the strong electrostatic attraction.  In 

classical physics, the position of large particles can be determined exactly.  In quantum 

physics, a particle’s position – no matter the size – can be determined only within an 

uncertainty Δx ≥ ℏ 2Δp�  , where ℏ is the reduced Plank’s constant, x is the particle’s position, 

and p is the particle’s momentum.  Following the quantum mechanical limitation in resolution, 

an electron positioned at the nucleus of an atom would result in a known Δx that mandates the 

electron to have a momentum exceeding that which is necessary to break free from the 

nucleus.  Thus, replacing classical Newtonian physics was essential to developing an 

understanding of atomic physics. 

The use of quantum mechanics is also necessary to describe the behavior of electrons 

traveling throughout a periodic crystalline solid.  Electrons in motion are represented by a 

complex valued wave function, �����, that behaves in accordance with the Schrödinger wave 

equation, �� =  �, where E is energy, and � = !" 2#� + ����� is the Hamiltonian operator.  

The Schrödinger wave equation is a quantum mechanical postulate akin to the classical 

statement of the conservation of energy.  The wave function itself, being complex valued, does 

not represent a physical quantity, however, it is defined so that the probability of finding an 

electron in a differential volume %&� is proportional to '�'"%&� . 

The solution to the Schrödinger wave equation with an appropriate material potential 

function ����� describes the electronic band structure of the material; the relationship between 

an electron’s allowed energy levels versus momentum.
3
  As a result, the motion of electrons is 

adequately described according to the classical equation of motion ( = #∗* where the normal 

mass has been replaced by an effective mass #∗ = + ,-.
 ℏ-,/-012

. 
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2.5 Bonding 

Individual atoms bind together to form periodic crystalline solids due to the 

electrostatic attraction between the negatively charged electrons and positively charged ion 

cores.  The number of valence electrons in the outermost orbital of the joining atoms 

determines if bonding will occur between adjacent atoms.  There are four types of bonds: (1) 

ionic, (2) covalent, (3) metallic, and (4) van der Waals.  The covalent bond, common in most 

semiconductor crystals, is the result of atoms sharing electrons with their nearest neighbors to 

achieve a stable closed shell electron configuration.  This typically occurs when group IV, 

group III/V, or group II/VI elements pair together. 

When multiple atoms are drawn closer to one another, the wave functions of the outer 

shell electrons begin to spatially overlap with one another.  According to the Pauli exclusion 

principle, no two electrons can have the same four quantum numbers; meaning no two 

electrons can occupy the same energy level unless they have anti-parallel spin.  Thus, 

overlapping of multiple electron wave functions results in the discrete quantized states of 

individual atoms splitting into two slightly different energy levels.  The energy level splitting 

is a result of a non-zero electron probability distribution located in between the individual core 

atoms which favorably lowers the total energy of the lattice.  As more atoms are introduced, a 

nearly continuous band of energy levels results. 

 

2.6 Metals, Insulators, Semiconductors, and Semimetals 

Solids are classified into four groups: (1) metals, (2) semimetals, (3) semiconductors, 

and (4) insulators.  Each group potentially varies in electrical conductivity, the type of bond 

holding the atoms together, the final stable electron configuration, and the overall free electron 
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density of the material.  An extremely important property of matter is its electrical 

conductivity, or inversely, its electrical resistivity.  The electrical resistivity of a material is a 

measure of how well charge carriers respond to an applied electric field.  Ranging from 10
-10

 

ohm-cm to 10
22

 ohm-cm, the variation in resistivity of a pure metal to a good insulator is one 

of the largest variations in the properties of matter.
4
  A net movement of charge, or drift 

current, is induced when a field is applied provided there are unoccupied energy states above 

the current energy state of the charge carriers.  Thus, one can write an expression for the drift 

current density, Jd, as 

 3�� = �456� 7� =  8 7�, (2.1) 

where e is charge (C), n is the carrier density (cm
-3

) , µ is the mobility (cm
2
/V·s), E is the 

applied field (V/cm), and 8 is the conductivity (S/cm). 

Metals have high values of electrical conductivity and are often characterized by the 

free electron model.  This simplified model describes the electrical properties of metals quite 

well because conduction band electrons experience very little deflection from the periodic 

potential of the lattice ion cores, and due to the Pauli exclusion principle, electrons are seldom 

scattered by other electrons.
5
  In metals, the highest energy band is partially filled as a result of 

electron configuration.  Thus, a large population of electrons in the band is able to respond to 

an applied field in a continuous manner as there are unoccupied energy states immediately 

above the occupied states. 

Figure 2.4 illustrates the simplified band structures of metals, semiconductors, and 

insulators.  Energy band gaps present in insulators and semiconductors are induced when the 

wave functions of electrons in a crystal interact with the periodic potential of the ion cores.
6
  

Bragg reflection occurs at the Brillouin zone boundaries and results in the formation of 
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standing waves.  The standing wave functions induce an electron probability distribution that 

alters the potential energy compared to the average potential energy seen by an unperturbed 

electron.  The difference between the potential energy variations is the origin of the energy 

band gap. 

 

Figure 2.4. Simplified energy band diagrams of metals, semiconductors and insulators. Occupied states 

are indicated by dark grey regions, unoccupied states by light grey regions. 

 

When the highest energy band of a crystal is completely filled by valence electrons at 

0 K, the material is classified as an insulator and an applied field will not induce current flow.  

Semiconductors are insulators with lower band gap energies.  The point at which a 

semiconductor becomes an insulator is somewhat arbitrary.  Semimetals differ from 

semiconductors in that there is a small overlap between the valence and conduction bands.  

There are equal numbers of occupied states in the upper conduction band as there are empty 

states in the lower valence band.  As a result, at 0 K, there is a finite number of electrons in the 

conduction band.  Due to the limited number of free carriers, the electrical conductivity is 

lower than that of a metal. 
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Electrons, as fermions, behave according to Fermi-Dirac statistics; at non-zero 

temperatures, there is a probability that electrons in the valence band of an insulator will be 

thermally excited to an empty state in a higher energy band.  The probability that an electron 

has an energy E is determined by the Fermi function, 

 9� � =  2
:�;<;=�/?@A2 , (2.2) 

where E is the energy in reference to the valence band, EF is the Fermi energy level, k is the 

Boltzman constant, and T is the temperature.  At 0 K, electrons fill all available energy states 

below the Fermi level EF and no carriers are available for conduction.  At higher temperatures, 

some electrons are excited to levels above the Fermi level.  Because electrons are not allowed 

to reside within the forbidden band gap, excited valence band electrons occupy available 

conduction band states and leave behind unoccupied states in the valence band.  The 

unoccupied state in the valence band is called a hole.  While metals have a single charge 

carrier, semiconductors have two charge carriers: the negatively charged electron in the 

conduction band and the positively charged vacancy – or hole – in the valence band.  The 

concentration of electrons in the conduction band is 

 5 = B CD� �9� �% = 2 E�F∗ /G
"Hℏ- I&/" 4�.=1.J�//GK

.J , (2.3) 

and the concentration of holes in the valence band is 

 ! = B CL� �M1 − 9� �P% = 2 E�Q∗ RG
"Hℏ- I&/" 4�.S1.T�//G.S

1K , (2.4) 

where gc (gv) is the electron (hole) density of states, and #U∗  V#W∗ X is the effective mass of 

electrons (holes). 

The Fermi level of an intrinsic semiconductor,  YZ, resides close to the middle of the 

band gap and is a function of the effective mass of electrons and holes: 
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  YZ =  �Z,[�W + \
]^_ ln �Q∗

�F∗
 . (2.5) 

The total intrinsic carrier concentration of an undoped semiconductor is: 

 5Z =  2 E�F∗ /G
"Hℏ- I&/" 4�.J1.=b�//G (2.6) 

Because there are two carriers in semiconductors, the current density as function of electron 

and hole mobility may now be rewritten as 

 3�� = V456U +  4!6WX 7� =  8 7�. (2.7) 

 

2.7 Optical Transitions in Semiconductors 

When light propagates in a semiconductor, the intensity, or number of photons per 

unit area, is reduced by absorption according to 

 ��d� = ��de�4�1f�g�'�1�h'�, (2.8) 

where i�j� (cm
-1

) is the optical absorption coefficient and x (cm) is distance from the surface.  

Absorption occurs when photons of sufficient energy excite electrons from filled valence band 

states to unoccupied conduction bands states.  The transition process requires the conservation 

of both energy and momentum.  When the conduction band minimum and the valence band 

maximum reside at the same point in k-space, the material has a direct band gap resulting in a 

sharp onset of absorption at the band gap energy.  The transition is said to be vertical since 

momentum added by the photon, !Wk = ℎ j� , is much less than the crystal momentum, 

!m�nnZD: = ℎ/*, where λ (m) is the wavelength of light and a is the lattice constant of the 

crystal. 
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When the conduction band minimum and the valence band maximum are located at different 

points in k-space, additional momentum must be added to the excited electron via 

simultaneous absorption or emission of a lattice phonon.  In this process, the energy added or 

taken by phonon interaction is presumed to be negligibly small.  Because an indirect transition 

relies on two events occurring simultaneously, the probability of the absorption is less likely.  

Figure 2.5 illustrates schematically the absorption characteristics of direct and indirect band 

gap semiconductors.  The absorption coefficient of indirect band gap materials remains low 

until a threshold energy for an indirect transition is reached. 

 

Figure 2.5. Schematic illustration of the absorption coefficients of direct and indirect band gap 

materials. 

 

The absorption coefficient is a strong function of wavelength; higher energy photons 

are absorbed close to the incident surface and longer wavelength photons are absorbed deeper 

in the material.  Figure 2.6 plots the absorption coefficients of Si and InP.  Nearly 90% of all 

solar modules are manufactured with Si solar cells.  In a c-Si-based solar module, the cost of 

the c-Si wafers alone accounts for nearly 50% of the final installation price.  Naturally, 

thinning the Si wafers would reduce the price of each cell.  Unfortunately, due to the indirect 

band gap of Si, nearly 100 µm of material is necessary to completely absorb the same portion 
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of the solar spectrum as 1 µm of a direct band gap semiconductor like InP.  InP is a compound 

semiconductor that is often used for space solar cells.  Thinning finished InP cells to reduce 

their weight is not uncommon due to payload limitations of space flight.  Unfortunately, InP 

solar cells are currently very expensive to fabricate because active regions must be grown 

epitaxially on lattice-matched substrates. 

 

Figure 2.6. Absorption coefficients of direct (InP) and indirect (Si) band gap semiconductors.
7
 

 

2.8 Generation, Recombination, and Minority Carrier Lifetimes 

Efficient operation of solar cells is dependent on the ability of a semiconductor to 

absorb light.  Through absorption, electron-hole pairs are generated at a rate according to
8
 

 o�d� = BV1 − ��j�X9�j�i�j�41f�%j, (2.9) 
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where ��j� is the reflectance of light off the surface of the cell, and 9�j� is the incident 

photon flux (photons/cm
2
/s/nm).  Under illumination, the cell is no longer in thermal 

equilibrium, and excited electrons eventually relax to their equilibrium energy state through a 

process called recombination. 

Recombination requires the release of energy and ultimately results in the annihilation 

of a hole.  In thermal equilibrium, the concentration of electrons and holes are independent of 

time, requiring the generation and recombination rates to be equal, or G = R.  The lifetime of a 

carrier is determined by the summation of different recombination mechanisms.  Because 

recombination requires both an electron and a hole, the minority carrier lifetime in the material 

dominates the total recombination lifetime.  There are three recombination mechanisms 

prevalent in solar cells: (1)  radiative recombination, (2) Auger recombination, and (3) trap or 

defect recombination. 

Radiative recombination occurs when a conduction band electron recombines with a 

valence band hole, emitting a photon in the process.  The energy of the emitted photon is very 

close to the band gap energy of the semiconductor and is therefore only weakly absorbed.  

Radiative recombination, like generation, is more likely to occur in direct band gap materials, 

and is fundamental to the operation of LEDs and lasers. 

Auger recombination occurs when a high-energy electron recombines with a valence 

band hole and passes the given-up energy to another conduction band electron.  The newly 

excited electron then thermalizes down to the conduction band edge.  Auger recombination is 

the inverse of impact ionization and is most important in heavily doped semiconductors. 

Defect or Shockley-Read-Hall recombination occurs when a carrier gets trapped at a 

localized midgap energy state and later recombines with an oppositely charged carrier.  The 
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trap state may be created by crystalline impurities, surfaces, or dislocations in the crystal.  The 

probability of recombination occurring is dependent upon the energy difference between the 

defect state and the conduction or valence band edge.  If the localized state is near the 

conduction band edge, there is high probability a trapped electron will be ejected before 

recombination occurs.  Therefore, defect energy levels near the middle of the gap are likely to 

create a recombination center.  Non-radiative recombination in all forms is detrimental to solar 

cell performance. 

The complete expressions for recombination are beyond the scope of this summary, 

however, they are often simplified under the assumptions that trap states are located near the 

middle of the band gap energy, and that the semiconductor is under low injection.  Low 

injection occurs when the excess carrier concentration is much less than the thermal 

equilibrium majority carrier concentration (in a p-type material 5e ≤ 5 ≪ !e).
9
  Under these 

limitations, R simplifies to 

 rs = UQ1UQt
uF

= vUw
uF

, (2.10) 

 rx = WF1WFt
uQ

= vWy
uQ

  (2.11) 

where ∆nP and ∆p� are the excess minority carrier concentrations in the p- and n-regions 

respectively. 

The total lifetime of minority carriers in a material is the geometric sum of the 

lifetimes of all the recombination mechanisms, 

 
2
u = 2

uz{|
+ 2

u}~�
+ 2

u���
. (2.12) 

The minority carrier diffusion length, L, is related to the minority carrier diffusion coefficient 

and the carrier lifetime by, 
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 �W = ��W�W , (2.13) 

 �U = ��U�U . (2.14) 

 

2.9 Impurity Conductivity 

The electrical conductivity of a semiconductor can be controlled by introducing 

impurities, or dopants, into the crystal to increase the number of conduction band electrons 

(donor impurity concentration, �d) or valence band holes (acceptor impurity concentration, 

�a).  A semiconductor having electrons as the majority carrier is n-type and a semiconductor 

having holes as the majority carrier is p-type.  The operation of solar cells relies in the ability 

to make both n-type and p-type materials. 

 

Figure 2.7. Energy band diagram of a p-type semiconductor (left) and n-type semiconductor (right). The 

acceptor and donor levels are indicated in bold dashed red liens. The Fermi levels are indicated in bold 

dashed black lines. 

 

Dopants introduce localized energy levels often lying within the energy band gap as 

illustrated in Figure 2.7.  For example, when group V donors are incorporated into a group IV 

semiconductor like Si, four of the donor’s valence electrons are used to form covalent bonds 

with neighboring atoms while the remaining electron is available to fill an empty state in the 

conduction band.  A similar phenomenon occurs when group III acceptors are incorporated in 
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the crystal.  Valence band electrons may be excited into localized acceptor states thereby 

increasing the number of holes in the semiconductor. 

The activation energy required to ionize the impurity atoms varies, however, dopants 

are typically selected such that at room temperature there is enough thermal energy available 

to fully ionize all the atoms.  Charge neutrality, which equates the density of negative charges 

to positive charges, must be preserved, or 

 �5e + ��1� =  �!e + ��A�, (2.15) 

where no and po are the thermal equilibrium electron and hole concentrations in the conduction 

and valence bands, and �d
+
 and �a

-
 are the concentration of positively charged donor states or 

negatively charged acceptor states, respectively. 

 

2.10 Continuity Equations 

The ability to spatially control doping profiles induces a second type of current in 

semiconductors in addition to drift current.  When a high concentration of carriers is present in 

a region of a semiconductor, the carriers will diffuse to a region of lower concentration until 

thermal equilibrium is reached.  The net flow of charge results in a diffusion current.  For 

electrons and holes, the diffusion current density is 

 3�U1,Z� = 4�U∇5 (2.16) 

and 

 3�W1,Z� = −4�W∇!, (2.17) 
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where Dn and Dp are the diffusion coefficients of electrons and holes, respectively.  The 

diffusion coefficients are related to the mobility of the semiconductor through the Einstein 

relation, 

  �F
�F

= 2
: 5 + �U

�.=
012 = /G

: , (2.18) 

and 

  �Q
�Q

= 2
: ! + �W

�.=
012 = /G

: . (2.19) 

Combining drift and diffusion, the total electron and hole current densities are 

 3�U = 456U 7� + 4�U∇5, (2.20) 

 3�W = 4!6U 7� − 4�W∇!, (2.21) 

and 

 3� = 3�U + 3�W. (2.22) 

Finally, the continuity equations can be used to describe the behavior of excess carriers in a 

semiconductor as a function of time 

 ∇ ∙ 3W777� = � Eo − rW − �W
�nI (2.23) 

 ∇ ∙ 3U777� = � ErU − o + �U
�nI. (2.24) 

 

2.11 Semiconductor pn Junctions 

Most semiconductor devices, including solar cells, rely on the rectifying properties of 

pn junctions.  When an n-type semiconductor is in contact with a p-type semiconductor, 

carriers on each side of the junction diffuse into the adjacent material due to the inherent 

concentration gradient.  When electrons diffuse from the n-region, fixed positive charges from 
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the donor atoms remain.  Similarly, fixed negative charges remain in the p-region.  The 

resulting space charge region, or depletion region, creates an electric field from the fixed 

charge distribution.  Figure 2.8 shows the diffusion process and the resulting thermal 

equilibrium band diagram.  Carriers continue to diffuse until the force from the built-in 

electric field equally opposes the diffusion force.  When this occurs, the junction is said to be 

in equilibrium, resulting in a constant Fermi level throughout the device.  The width of the 

depletion region is defined by −dW < d < dU.  Charge neutrality mandates that dU�, = dW��. 

The electric field present in the depletion region is found by solving Poisson’s equation for the 

resulting charge distribution 

 ∇ ∙  7� = �
��

= �
��

�! − 5 + ��A − ��1�, (2.25) 

where ρ is the total charge concentration resulting from the difference between the electron 

and hole concentrations and the ionized doping concentrations.  The electric field in one 

dimension,  = B ����
��

%d, for an evenly doped pn junction is triangular shaped – reaching a 

maximum at the metallurgical interface and falling to zero at the edges of the depletion region.  

Assuming the electron and hole concentrations are dominated by the ionized doping 

concentration (n = �d, p = �a), the built in potential is
10

 

 ��Z = /G
� ln Ex�x~

Ub- I. (2.26) 

The maximum electric field at the junction between the n- and p-regions is 

  = 1:x�
��

�"����b
: +x~

x�
0 + 2

x�Ax~
0�2/"

. (2.27) 

A strong electric field is very important in operation of solar cells because it is responsible for 

sweeping photo-generated carriers out of the depletion region.  In addition, minority carriers 

that are thermally or optically generated within a minority carrier diffusion length of the 



depletion region can be swept by the field into the adjacent side where they become majority 

carriers and add to the overall current of the solar cell.

Figure 2.8. Charges diffuse across the boundary between n

fixed charges that create a built

field forces equal one another.

 

depletion region can be swept by the field into the adjacent side where they become majority 

carriers and add to the overall current of the solar cell. 

Charges diffuse across the boundary between n-type and p-type materials leaving behind 

eate a built-in electric field. The diffusion continues until diffusion and electric 

field forces equal one another. 
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depletion region can be swept by the field into the adjacent side where they become majority 

 

type materials leaving behind 

The diffusion continues until diffusion and electric 
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2.12 Solving the Continuity Equations 

The I-V characteristics of solar cells may be derived by systematically solving the 

coupled set of partial differential equations (2.21) through (2.26) under the appropriate 

boundary conditions.  While a full derivation is beyond the scope of this dissertation, the 

method for deriving the I-V characteristics is outlined below.  Many commercial software 

packages simulate solar cell characteristics, including PC1D which is available for free 

download.
11

  A very thorough review may be found in Ref. 12. 

It is possible to derive an analytical expression for the solution to the continuity 

equations in one-dimension using proper boundary conditions that simplify the problem 

substantially.  If the cell is operating in steady state; any external voltage or light inputs are 

not changing with time.  The one dimensional continuity equations for a uniformly doped pn 

junction simplify to 

 
�.7�
�� = �

��
�! − 5 + ��A − ��1�, (2.28) 

 �6W
�

�� �! � − ��W
�-W
��- = ��o − r�, (2.29) 

and 

 �6U
�

�� �5 � + ��U
�-U
��- = ��r − o�. (2.30) 

If the cell is assumed to obey the depletion approximation, a non-zero electric field exists only 

in the depletion region.  The device can now be divided into three regions, one with an electric 

field and two without an electric field.  In regions far from the depletion region where the 

electric field is negligible, the continuity equations under low injection reduce to 

 �W
�-vWy

��- − vWy
uQ

= −o�d� (2.31) 
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and 

 �U
�-vUw

��- − vUw
uF

= −o�d�, (2.32) 

where the � and P stand for the n- and p-regions respectively.  A closed-form solution of 

∆nP(x) and ∆p�(x) is found by first imposing Ohmic contacts at the front (x = -Wp) and the rear 

(x = Wn) of the cell by forcing ∆nP(-Wp) = 0 and p�(Wn) = 0.  Additionally, a surface 

recombination term may be incorporated by setting the boundary condition to 
,vU
,� =

�
�Q

Δ5�−�W�, where S is the surface recombination velocity.  Assuming that under bias, the 

quasi-Fermi levels remain constant throughout the depletion region, the minority carrier 

concentrations at the depletion edges are !x�dU� = Ub-
x�

4��//G and 5sV−dWX = Ub-
xz

4��//G.  

Finally, it is necessary to account for light incident at the front of the cell, or 

 o�d� = BV1 − ��j�X9�j�i�j�41fV�A�QX%j. (2.33) 

It is now possible to solve for the general and particular solutions of the continuity equations.  

From Ref. 12, the general solutions are 

 ∆!x�d� =  x sinh¤�d − dU�/�W¥ + ¦x cosh¤�d − dU�/�W¥ + ∆!x© �d� (2.34) 

in the n-region and 

 ∆5s�d� =  s sinh¤�d + dW�/�ª¥ + ¦s cosh¤�d + dW�/�ª¥ + ∆5s© �d� (2.35) 

in the p-region.  The particular solutions are 

 ∆!x© �d� = − B uQ
V«Q- f-12X M1 − ��j�P9�j� i�j�41fV�A�QX%j (2.36) 

and 

 ∆5s© �d� = − B uF
V«F- f-12X M1 − ��j�P9�j� i�j�41fV�A�QX%j (2.37) 

After substituting the boundary conditions, one can solve for A�, B�, AP, and BP. 
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2.13 Solar Cell I-V Characteristics 

The general expression for the current of a solar cell with area A is 

 � =   +3W,x�dU� + 3U,sV−dWX + 3� − � ��Ub
u�

V4��/"/G − 1X0, (2.38) 

where 

 3� = � BM1 − ��j�P9�j� �41fV�Q1�QX − 41fV�FA�QX� %j, (2.39) 

 3W,x�dU� = −��W
,vWy

,� '�¬�F, (2.40) 

and 

 3U,sV−dWX = ��U
,vUw

,� '�¬1�Q. (2.41) 

The two terms, 3W,x�dU� and 3U,sV−dX, are the minority carrier diffusion current densities in 

the quasi-neutral n and p-regions, respectively.  The third term, 3�, is the generation current 

from the depletion region.  The last term represents any recombination that occurs in the 

depletion region of width WD and recombination lifetime, ��. 

 

2.14 Solar Cell Design: PC1D Example 

An example PC1D simulation will be used to investigate solar cell I-V characteristics.  

A screenshot of the program simulating a 1 cm
2
 10 µm thick InP solar cell is shown in Figure 

2.9.  The front of the cell is coated with an 80 nm thick anti-reflection coating with index of 

refraction n = 1.8.  The n-type region has an error function doping profile with a peak 

concentration of 2.87x10
19

 cm
-3

 and a peak depth of 100 nm.  The p-region doping 

concentration is 1.513x10
16

 cm
-3

.  The bulk recombination lifetimes are τn = 2 ns and τp = 3 µs.  

The front surface recombination velocities are Sn = 10
7
 cm/s and Sp = 10

4
 cm/s. 
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Figure 2.9. Screenshot of PC1D simulation of 1 cm
2
 10µm thick InP solar cell. 

a) b)  

Figure 2.10. (a) I-V and power curves for the InP solar cell. Isc = 29.7 mA and Voc = 0.84 V. The 

maximum power is 21.3 mW indicated by the minimum in the red curve. (b) Internal and external 

quantum efficiency curves for the cell. The reflectance of the surface is also plotted. 
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 The cell is illuminated by a one-sun intensity AM1.5g source and the voltage is swept 

from -0.8 V to 1.0 V.  Figure 2.10 (a) plots the I-V relationship of the simulated cell.  The 

short circuit current (Isc) is 29.7 mA and the open circuit voltage (Voc) is 0.84 V.  The 

maximum power delivered by the cell is 21.3 mW as indicated by the minimum in the red 

curve.  The fill factor, defined by (( = s®~¯
�°±²�±

< 1, provides a quick measure of the losses 

incurred by the cell.  In this example, the FF is 0.85.  Shorter recombination lifetimes and 

higher series resistance lower the fill factor and the overall performance of solar cells. 

Figure 2.10 (b) shows the internal and external quantum efficiency of the cell.  The 

low internal quantum efficiency at shorter wavelengths is due to high surface recombination at 

the front of the cell and a short minority carrier diffusion length in the emitter.  The external 

quantum efficiency is further reduced by a non-zero surface reflectance.  While a single anti-

reflection layer reduces surface reflectance, it is insufficient to fully suppress reflection at all 

wavelengths. 

 

2.15 7on-Ideal Losses: Series and Shunt Resistance 

Ideal solar cells have perfect Ohmic contacts at the emitter and base.  In practice, solar 

cells have a non-zero contact resistance that is in series with the driven load.  Series resistance 

is extremely detrimental to solar cell performance as illustrated in Figure 2.11.  For series 

resistance values of 0.1 Ω, 5 Ω, and 20 Ω, the corresponding fill factors drop from 0.82 to 0.76 

to 0.33, respectively.  The series resistance has no effect on the open-circuit voltage, but does 

affect the short-circuit current. 
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Similarly, ideal solar cells have an infinite shunt resistance that prevents leakage of 

current through the junction.  A non-infinite shunt resistance may be included by adding 

resistor in parallel to the solar cell.  For shunt resistance values of 10 kΩ, 1 kΩ, and 100 kΩ, 

the corresponding fill factors drop from 0.85 to 0.83 to 0.64.  Shunt resistance has no effect on 

the short-circuit current but does negatively affect the open-circuit voltage. 

a) b)  

Figure 2.11. I-V plots with non-zero series resistance values (a) and finite shunt resistance values (b). 

For the listed series resistance values, the corresponding fill factors are 0.82, 0.76, and 0.33. For the 

non-infinite shunt values listed, the fill factors are 0.85, 0.83, and 0.64. 

 

2.16 Theoretical Solar Cell Energy Conversion Efficiency 

Extrinsic losses in semiconductors include contact shadowing, surface reflection, 

series resistance, incomplete photogenerated carrier collection, nonradiative recombination, 

and junction leakage.  While the extrinsic losses may be eliminated in theory, there are two 

intrinsic losses inherent to semiconductors that will always reduce the conversion efficiency of 

solar cells. 
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In 1961, Shockley and Queisser defined the detailed balance efficiency limit for solar 

energy conversion in a material with two gases of electrons with different quasi-Fermi 

levels.
13

  They were the first to point out that in addition to light absorption, light emission 

occurs via radiative recombination at a rate that increases exponentially with the difference 

between the quasi-Fermi levels of the recombining electrons and holes.  The device is stated to 

be operating in the radiative limit – in that the only loss mechanism present is that which is 

lost due to radiative recombination.  In semiconductor solar cells, this phenomenon is 

observed when the cell is operating at its maximum power point; the bias energy across the 

cell is typically 0.4-0.5 eV less than the band gap energy of the semiconductor. 

The second intrinsic loss mechanism arises from the inability of a single band gap 

semiconductor to extract work out of all incident photons.  Photons having energy less than 

the band gap of the semiconductor are not absorbed by the cell.  Photons with energy equal to 

or greater than the band gap of the semiconductor are absorbed, resulting in the creation of 

electron hole pairs.  However, any energy the excited electron has that is greater than the 

conduction band minimum will be lost as heat through thermalization in 10-20 ps.
14

  Thus, 

high energy photons do no more useful work than photons having energy equal to the band 

gap.  Solar cells based on hot-carrier collection
15

 have been proposed, but collection before 

thermalization is non-trivial. 

A graphical method of determining the maximum theoretical energy conversion 

efficiency of solar cells has been developed by Henry [Ref. 16].  The photon flux 
,UQ³
,ℏ´  

(photons cm
-2

 sec
-1

 eV
-1

) of the AM1.5g solar spectrum is plotted in Figure 2.12.  In Figure 

2.13, the solar flux, 5WkV [X =  B ,UQ³
,ℏ´

∞

.|  %ℏµ (photons cm-2 sec-1), is the total number of 

photons absorbed by a semiconductor with band gap energy  [. 
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Figure 2.12. AM1.5g spectrum plotted as photon flux 
,UQ³
,ℏ´  versus band gap energy. 

 

Figure 2.13. The variable nph(Eg) is the total number of AM1.5g photons that are absorbed by a 

semiconductor with a band gap Eg. For example, a semiconductor having a band gap of 1 eV will 

absorb ~ 3 E17 photons/cm
2
/s. The black curve represents the total work delivered per photon as a 

result of loss due to radiative recombination. 
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The area under the red curve represents the total solar power per unit area P/A.  The 

percentage of the area under the curve that can be converted into useful work is equal to the 

conversion efficiency of the solar cell.  The efficiency of a solar cell can be determined by 

overlaying a rectangle on Figure 2.13 with one corner at the graph’s origin and the other 

located at the intersection of the red curve and the band gap energy of the semiconductor.  The 

efficiency is limited by the two loss mechanisms discussed earlier; region 1 represents loss 

due to transparency, and region 3 represents the loss due to thermalization of hot carriers.  

Additionally, region 4 represents loss due to radiative recombination.  Radiative 

recombination limits the amount of work deliverable per photon, W, or 

 � ≅  [ − ^_ ·ln ¸ �
:UQ³

¹ + ln E1 + :�®
/G I + 1º, (2.42) 

where 

   ≅ :VU-A2X.|-/G
»H-ℏ\D- = 5693 ["

�
D�-, (2.43) 

and where the maximum voltage is calculated by the transcendental equation, 

 4���� =  [ − ^_ ln ¸ �
:UQ³

¹ − ^_ ln E1 + :�®
/G I. (2.44) 

W is the inner black curve plotted in Figure 2.13.  The conversion efficiency of the cell is 

calculated by taking the ratio of the area of region 2 to the total area under the red curve.  The 

MATLAB code to generate Figure 2.13 is included in the Appendix B. 

Figure 2.15 plots the maximum theoretical conversion efficiency as a function of band 

gap energy calculated from the above graphical technique.  The maximum efficiency is 31% at 

band gap energies of 1.1 to 1.3 eV.  Increasing the concentration, C, of light incident on the 

solar cell results in an increase in the maximum theoretical conversion efficiency.  
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Mathematically, W increases with concentration by ^_ ln À.  Thermodynamically, increasing 

the concentration of light increases the order in the system and reduces entropy. 

 

Figure 2.14. The ratio of the area of region 2 to the total area underneath the red curve is the conversion 

efficiency of the 1.4 eV semiconductor solar cell.  

 

Figure 2.15. Maximum theoretical efficiency of a single band gap solar cell under 1 sun illumination. 
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2.17 Fundamental Limit To Energy Conversion Efficiency 

It is interesting to compare the maximum conversion efficiency of solar cells to that of 

the fundamental thermodynamic limit of energy conversion.
16

  Energy E, work W, and heat Q 

are related by the first and second laws of thermodynamics by 

 E = W + Q, (2.45) 

 Q = TsurrS, (2.46) 

where heat is passing through the surrounding temperature Tsurr = 300K and S is the entropy of 

the heat source.  The entropy for a 5800K blackbody spectrum akin to that of the sun’s is 

given by 

 S = (4/3)E/Tsun (2.47) 

Thus, the heat of the sun is calculated by 

 Q = (4/3)(T/Tsun)E. (2.48) 

The maximum efficiency of conversion is calculated by 

 ηmax = 100(W/E), (2.49) 

or 

 ηmax = 100(1 - 4Tsurr/3Tsun) = 93%. (2.50) 

This efficiency is lower than that of the Carnot engine efficiency of 95% due to the emission 

of sun’s radiation being an irreversible process.  The exhausted heat Q in Eqn. (2.49) of a 

Carnot engine is the same, but the energy input is increased and equal to E + PV = (4/3)E 

because the radiation is emitted into a slowly expanding cylinder.  The efficiency of a Carnot 

engine is then given by  

 ΗCarnot = 100(1-Tsurr/Tsun) = 95%. (2.51) 
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3. IMPROVED PERFORMA�CE OF THI� FILM SOLAR CELLS VIA 

SCATTERI�G FROM AU �A�OPARTICLES 

 

3.1 Introduction 

Hydrogenated amorphous silicon (a-Si:H) solar cells have been of long-standing 

interest as a thin-film, low-cost alternative to bulk crystalline Si cells.  Compared to crystalline 

Si (c-Si), a-Si:H offers a much larger absorption coefficient across the solar radiation 

spectrum, as selection rules that apply to optical transitions in periodic crystals are relaxed in 

amorphous materials.
1
  Thus, an a-Si:H film of thickness ~500 nm absorbs sufficient sunlight 

to enable efficient solar cell operation, compared to thicknesses of several tens to hundreds of 

microns that are required for bulk crystalline Si devices.
2
  However, the high defect densities 

typically present in a-Si:H thin films limit the minority carrier diffusion lengths to ~100 nm;
3
 

consequently, a-Si:H solar cells are generally fabricated using even thinner a-Si:H layers, 

resulting in reduced absorption of incident solar radiation. 

A variety of approaches for increasing optical absorption in semiconductor materials 

based on excitation of surface plasmon polariton resonances in proximate metallic 

nanoparticles has been explored, frequently in the context of photovoltaic applications, for 

both organic
4-6

 and solid-state device structures.
7-10

  More recently, studies have shown that 

spherical Au nanoparticles with diameters of 50-100 nm deposited on c-Si pn junction 

photodiodes increase the absorption of light over a broad spectral range via the interaction of 

the incident electromagnetic radiation with surface plasmon polariton modes in the 

nanoparticles.
10

  Because electromagnetic fields present in a semiconductor give rise to an 

optical transition rate proportional to the square of the electric field amplitude, the resulting 
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increase in amplitude of the transmitted electromagnetic fields results in increased 

photogeneration of electron-hole pairs, and consequently increased photogenerated current in 

a pn junction diode. 

In this work, we investigate the coupling of light into a-Si:H solar cells via scattering 

from Au nanoparticles deposited above the substrate to achieve engineered enhancements in 

optical absorption, short-circuit current density, and energy conversion efficiency.  At 

relatively modest nanoparticle densities, we obtain increases in short-circuit current density 

and energy conversion efficiency under halogen lamp illumination in excess of 8%, with 

finite-element electromagnetic simulations indicating that substantially larger increases should 

be possible at higher nanoparticle densities. 

This details of this investigation will be reported in three parts.  In part one, the optical 

properties of planar interfaces are introduced.  The well known Fresnel reflection and 

transmission coefficients are reviewed for oblique incident waves.  Antireflection coatings and 

their limitations are summarized. The thermodynamic limits of absorption for optically thick 

and thin absorbing substrates will be summarized. 

In part two, the optical properties of spherical noble metal nanoparticles are 

introduced using the results of Mie Theory.  The absorption and scattering cross sections for 

particles of various sizes and materials are calculated.  In addition, the contribution of modes 

to the total extinction behavior is discussed. 

In part three, the enhancement of a-Si:H thin film solar cells via scattering from Au 

nanoparticles deposited on top of the device is reported.  At relatively modest nanoparticle 

densities, increases in short-circuit current density and energy conversion efficiency under 

halogen lamp illumination are obtained in excess of 8%. 
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3.2 Optical Properties of Planar Interfaces 

 

3.2.1 Introduction 

In this subsection, the interaction of light with planar surfaces will be introduced.  For 

bare semiconductors, more than 30% of light is reflected at normal incidence.  Minimizing 

reflection from the surface of a solar cell is vital to maximizing the power conversion 

efficiency.  The reflection and transmission of electromagnetic waves at planar interfaces will 

first be discussed, followed by a review of antireflection coatings.  A discussion on surface 

texturing and the theoretical limits of optical trapping will follow. 

 

3.2.2 Reflection and Transmission 

When light passes from a medium of refractive index ���, to another medium of 

refractive index ���, part of the incident light will be reflected and part will be transmitted.  To 

quantify the reflection and transmission of light incident on a surface at any angle, it is 

necessary to deconstruct an incoming plane wave into its TE and TM polarized components.  

Figure 3.1 illustrates the refection and transmission of TE and TM polarized waves.  The 

incident, reflected, and transmitted wave vectors form the plane of incidence.  In this example, 

the plane of incidence is the x-z plane.  Boundary conditions require that the tangential 

components of the electric and magnetic fields on each side of the interface are continuous, 

resulting in the law of reflection and refraction.  The law of reflection states that the angle of 

incidence will always equal the angle of reflectance.  Additionally, the law of refraction, or 
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Snell’s Law, requires ��� sin �� = ��� sin ��.  The complex index of refraction of a material, 

�� = � + �� , is related to complex permittivity through 

 �� = ���������
���� = ������ − ������� |���� μ !μ". (3.1) 

The Fresnel reflection and transmission coefficients are the ratio of the reflected or 

transmitted electric fields to the incident electric field, respectively.  The coefficients are 

complex valued and are valid for lossy and lossless materials.  Because the electric field may 

flip directions upon reflection, the reflection coefficient may take on positive and negative 

values.  Extreme care must be taken when calculating the Fresnel coefficients at lossy 

interfaces as different computational packages have different ways of evaluating complex 

trigonometric expressions i.e. when Im{θt} ≠ 0. 

 

Figure 3.1. TE and TM plane waves incident at oblique angles. [Ref. 11] 

 

The Fresnel reflection and transmission coefficients for incident TE polarization are
11

 

 Γ$% = Γ& =  %'(
%')

= �μ*+* ,-. /)0�μ1+1 ,-. /2

�μ*+* ,-. /)3�μ1+1 ,-. /2
, (3.2) 
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and 

 T$% = T& =  %'2
%')

= ��μ*+* ,-. /)

�μ*+* ,-. /)3�μ1+1 ,-. /2
. (3.3) 

Similarly, the Fresnel reflection and transmission coefficients for incident TM polarization are 

 Γ$5 = Γ|| =  %||(
%||)

= �μ*+* ,-. /20�μ1+1 ,-. /)

�μ*+* ,-. /23�μ1+1 ,-. /)
, (3.4) 

and 

 T$5 = T|| =  %||2
%||)

= ��μ*+* ,-. /)

�μ*+* ,-. /23�μ1+1 ,-. /)
. (3.5) 

The term reflectivity is often used in lieu of the reflection coefficient.  The reflectance, 

R, is used to describe a time-averaged power ratio of the reflected to the incident wave, 

proportional to the number of reflected photons, and is equal to the square of the reflectivity.  

Similarly, the transmittance, T, represent the average power ratio of the transmitted to the 

incident wave; however, it should be noted that the transmittance is not equal to the square of 

the transmission coefficient.  Conservation of energy requires that the reflectance plus the 

transmittance to be equal to 1, or T + R = 1. 

The magnitude of the Fresnel reflection coefficient is plotted in Figure 3.2 for a 

vacuum-to-InP interface at a free space wavelength of λ = 600 nm.  The black curve represents 

the calculation performed when the complex dielectric function of InP is used.  The dashed 

curve represents the calculation performed with lossless material.  The point at which the 

reflection coefficient goes to zero is known as the Brewster angle.  Note that this phenomenon 

only exists for TM polarized light.  The MATLAB code used to calculate Fresnel coefficients 

is included in the Appendix B. 
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a)  

b)  

Figure 3.2. The Fresnel reflection coefficients for (a) vacuum-to-InP interface and (b) InP-to-vacuum 

interface at λ = 600 nm. Dashed curves represent calculations performed with lossless material. The 

lossless and lossy cases overlap for the TE case in (a). Note the onset of the Brewster angle in (a) and 

the critical angle in (b). 
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It is important to inspect the Fresnel reflection coefficients for light traveling from a 

higher index medium to a lower index medium.  A phenomenon known as total internal 

reflection occurs when the incident angle of the wave in the higher index material is greater 

than the critical angle, or 

 �6 ≥ �8 = sin0� 9��*
�1: for �� ≤ �� and <� = <�. (3.6) 

Figure 3.2 plots the Fresnel reflection coefficients for the InP-to-vacuum interface at a free 

space wavelength of λ = 600 nm for lossy and lossless material.  The onset of the total internal 

reflection occurs at approximately 16
o
.  Note that if the material is lossy, some radiation is 

transmitted to the vacuum region at incident angles greater than the critical angle. 

Because the dielectric functions of semiconductors are dispersive, the reflection and 

transmission coefficients change according to wavelength as well.  Figure 3.3 illustrates the 

reflection coefficients of the vacuum-to-InP interface and the InP-to-vacuum interface.  The 

calculations were performed with lossy material.  Note that there is no sharp onset of critical 

angle at shorter wavelengths where absorption coefficient of InP is high. 

Calculating the critical angle (or exit cone in three dimensions) is extremely important 

when designing solar cells that require light trapping.  Crystalline Si solar cells can be 

anisotropically etched in solutions of KOH or NaOH, which exposes the (111) crystal plane, 

producing pyramids on the (100) wafer surface that have dimensions on the order of a few 

microns.
12

  Incident light can be reflected from one face of a pyramid to an adjacent face, 

reducing the reflectivity of the cell as illustrated in Figure 3.4 (a).  Provided the back of the 

cell is flat and highly reflective, any light reflected to the front of the cell having an incident 

angle greater than the critical angle will be reflected back into the cell as in Figure 3.4 (b).  
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Because the exit cone of a semiconductor-air interface is much less than 2π steradians, the 

majority of randomly transmitted light will remain trapped within the cell via total internal 

reflection.  In production cells, very little enhancement is actually due to the internal 

reflections produced in this manner because the concept relies on having a highly reflective 

back surface.  Most production cells have poorly reflecting rough Al backside contact which 

limits efficacy of light trapping due to absorption in the metal contact. 

 

 

Figure 3.3. (top) Fresnel reflection coefficients for TE and TM waves for a vacuum-to-InP interface. 

(bottom) Fresnel reflection coefficients for TE and TM waves for a InP-to-vacuum interface. Note the 

onset of the critical angle changes with respect to the vacuum wavelength. Calculations were performed 

with lossy material. 
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Figure 3.4. Anisotropically etching the surface of c-Si results in pyramid-like shapes that transmit light 

into the cell at randomly distributed angles. (a) Some light is reflected to adjacent pyramids reducing 

the overall reflection. (b) Randomly distributed transmission increases photon path lengths and helps 

increase absorption at long wavelengths. (c) A c-Si PERL
13

 cell employs pyramid texturing and 

antireflection coatings to increase light absorption. 

 

3.2.3 Antireflection Coatings 

Nanometer scale dielectric coatings are often deposited on solar cells to suppress 

reflection.  At normal incidence, TE and TM reflection coefficients go to zero at a vacuum 

wavelength λo if a coating with index �=>?  = ��@�ABC6 and thickness D = λ-/4�=>?   is 

deposited.  Figure 3.5 illustrates the premise behind a quarter wavelength antireflection 

coating.  A fraction of the incident wave is initially reflected by the coating while the 

remaining light is transmitted into the coating.  The transmitted wave in the coating is 

subsequently reflected by the semiconductor and a portion of it passes back out the coating.  

The two reflected waves are now 180
o
 out of phase thus resulting in destructive interference of 

the primary reflected wave.  This process continues indefinitely.  In practice, one must first 

choose a dielectric material that best meets the index of refraction requirement and then adjust 

the thickness of the coating to achieve a minimum at the desired wavelength.  Because the 

solar spectrum has a maximum irradiance near 600 nm, antireflection coatings are usually 

designed to minimize reflections at this wavelength. 
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Figure 3.5. Schematic diagram of the quarter wavelength antireflection coating. 

 

The optical thickness of an antireflection coating changes when light propagates 

through it at non-normal angles.  Because destructive interference only occurs when the 

reflected waves are 180
o
 out of phase with one another, the effectiveness of an antireflection 

coating quickly decreases at other wavelengths or angles of incidence.  For this reason, double 

or triple layer antireflection coatings with increasing indices from air to semiconductor may be 

deposited to help increase the bandwidth of the suppressed reflection.  Difficulties arise when 

more layers are needed as there are a limited number of available dielectrics that are both 

durable and have the correct index of refraction. 

Figure 3.6 illustrates the resulting reflectivity of an InP substrate covered by a 80nm 

SiO2 (n = 1.8) quarter wavelength antireflection coating.  At normal incidence, a sharp 

minimum in reflectivity at 600 nm results from the application of the coating.  The difference 

between the uncoated InP substrate and the coated substrate is also illustrated in the bottom 

portion of the figure.  If the cell is illuminated by a source that has a constant intensity at all 

wavelengths for all angles, the total reduction in reflectivity is 24% and 7% for TE and TM 

waves, respectively.  It is clear that single layer antireflection coatings suppress reflection 
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extremely well at normal incidence for one specific wavelength.  However, the reflectivity 

quickly increases for at other wavelengths or if the incident light arrives at oblique incidence. 

 

 

Figure 3.6. Fresnel reflection coefficients for TE and TM polarized incident light onto a (top) vacuum-

to-InP interface, (middle) vacuum-to-InP interface with a 80nm SiO2 quarter wavelength antireflection 

coating, (bottom) the difference in reflectivity between the uncoated substrate and the coated substrate. 

When integrated over all wavelengths and incident angles, the reduction in reflectivity is ~24% and 7% 

for TE and TM incident polarizations, respectively. 
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The reflection and transmission coefficients of multi-layered media are most 

accurately calculated using a standard transfer matrix approach.
14

  Many of the calculations 

provided in this dissertation rely on this approach.  See Ref. 14 for an in-depth review of 

multilayer coatings and an extensive MATLAB electromagnetic waves toolbox.  The 

MATLAB code to generate the reflection coefficients for multi-layered media is included in 

Appendix B. 

 

3.2.4 Thermodynamic Limit to Optical Absorption 

To develop an understanding of the upper limits to absorption enhancement in solar 

cells, it is necessary to examine two slabs with different thicknesses and absorption qualities.  

Crystalline Si will be used as an example in both cases as it has a gradually decreasing 

absorption coefficient due to the indirect band gap.  It will be shown that maximum absorption 

enhancement for a weakly absorbing material is achieved if all radiation modes and totally 

internally reflected modes of the material are filled.  These implications are less severe for 

direct band gap materials. 

For a planar c-Si slab of infinite thickness d, the optical absorption is a function of the 

transmittance of the interface.  At normal incidence, the reflectance, R (defined by the ratio of 

the reflected intensity to the incident intensity), and the transmittance, T (defined by the ratio 

of the transmitted intensity to the incident intensity), must sum to unity; or R + T = 1.  At 

normal incidence, the transmittance for an air-Si interface is 
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when nSi is approximated to be 3.69 at λ = 800 nm.  Thus, the fraction of incoming light (at a 

particular wavelength) that could be absorbed by the infinitely thick c-Si slab is 0.67. 

 

Figure 3.7. Schematic diagram of light transmitting into two substrates of different thicknesses. Light 

trapping is accomplished by coupling into both radiation and trapped modes. In thick substrates, both 

radiation and trapped modes form a continuum. In thin substrates, trapped modes are discrete and only 

rays traveling at specific angles are not canceled by destructive interference. Image modified from Ref. 

15. 

 

To maximize optical absorption in a thick slab  �D ≫ I@�, it is necessary to: (1) 

increase the optical path length of light transmitted into the cell, (2) make the reflectance at the 

top and bottom of the cell asymmetrical, and (3) minimize the reflectance of the incident 

light.
16

  A convenient way to do this is to sufficiently roughen the front surface of a cell and 

deposit a perfectly reflecting layer on the rear of the cell.  Full trapping requires light to be 

coupled into both radiation and trapped mode continuums as shown in the top illustration of 

Figure 3.7.  Surface texturing results in complete randomization of transmitted photons; the 
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transmitted waves are spatially incoherent so that the randomized light is not guided by the 

slab, rather it is trapped by the slab due to total internal reflection.  Yablonovitch and Cody 

performed a statistical mechanical analysis of absorption in such a slab.
 17

  They show that 

when geometric optics apply, the enhancement limit takes the form of the radiance theorem, in 

that the total internal intensity within the slab is increased proportionally to the density of 

photon states of the material.  The intensity of light in a medium of index n in equilibrium 

with an external blackbody radiation source confined to the half-space above the cell is
18

 

 
externalinternal InI 22=  (3.8) 

Thus, the maximum possible intensity of light inside a cell with a randomly textured front 

surface (with a perfectly reflecting back surface) over that of a planar surface is 2n
2
 ≈ 26.  This 

result implies that a randomly oriented transmitted light ray will make 26 internal reflections 

before it is expected to escape.  This limit is only applicable for weakly absorbing materials of 

thickness D ≫ I@/2�.  Thus, it is presumed that the internal intensity of light throughout the 

entire cell is equal, a situation not unrealistic for Si solar cells illuminated by low energy 

photons. 

The fraction of incoming light absorbed by a weakly absorbing volume of material of 

thickness D ≥ I@ is represented by
19
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 (3.9) 

where α is the absorption coefficient, and the index of the material, n, is presumed to be real.  

The probability of a photon being absorbed is the ratio of the rate of absorption (numerator) 

divided by the rate of absorption and escape through the exit cone (denominator).
20

  In the 

case of high absorption, equation (3.9) reduces to ftotal = 1, implying a perfectly absorbing 
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material with zero surface reflection.  Figure 3.8 plots the theoretical maximum value of the 

absorption of light in a c-Si volume of thickness d.  As the substrate thickness decreases, it is 

observed that the fraction of absorption in the volume decreases since the total path length 

traveled by the trapped photon is reduced. 

 

Figure 3.8. (left) The fraction of incident light that is absorbed by a roughened Si volume with a 

perfectly reflecting backing. (right) The absorption coefficient of c-Si used in the calculation. 

 

3.2.5 Thermodynamic Limit to Optical Absorption in Thin Films 

When an absorbing material has a thicknesses on the order of a wavelength of light, 

the radiance theorem no longer applies because the totally internally reflected modes do not 

occupy a continuous spectrum as they do in optically thick devices.  Thus, enhancing methods 

like surface roughening or nanoparticle scattering have fewer modes to couple into, resulting 

in a lower fractional volume absorption.  To investigate the theoretical limit to absorption 

enhancement in thin films that do not support a continuous set of internally trapped modes, we 

will employ a model developed by Stuart and Hall.
15

  Throughout the analysis, a c-Si 

waveguide will be used as an example.  The c-Si waveguide (nSi = 3.69) of thickness d is 
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bounded on the top by vacuum, and on the bottom by SiO2 with index of refraction nb = 1.45.  

The absorption parameter, αd = 0.02, is presumed to be very small for the wavelengths of 

interest. 

 

Figure 3.9. A 250 nm c-Si slab waveguide bounded by vacuum on top and SiO2 on the bottom. 

 

The thin film structure in Figure 3.9 supports radiation modes and, if nb < nSi, an 

increasing number of laterally propagating TE and TM modes as the thickness of the cell 

increases or the wavelength of light decreases.  The dispersion relations of the waveguide 

describe the behavior of each mode’s wave vector, β, and its corresponding value as a function 

of wavelength.  The dispersion relations for a general anti-symmetric slab waveguide are 

found by solving the scalar wave equations
21

 under the appropriate boundary conditions for 

each material layer j, or  
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The resulting transcendental equation must be solved for TE modes 

 ( )







 −

+
=

2
1

tan

h

pq
h

qp
hd , (3.11) 

and for TM modes 



71 

 ( ) ( )
( )''

''
tan

2 qph

qph
hd

−

+
= . (3.12) 

The corresponding wave numbers in c-Si, air, and boundary regions are 
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respectively.  In addition, 
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Finally, the waveguide parameter, V, may be defined which characterizes the ability of the 

slab to guide light, where 
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. (3.15) 

The dispersion relations for the slab waveguide in Figure 3.9 are plotted in Figure 

3.10.  The waveguide supports four modes near the wavelength corresponding to the band gap 

energy of Si.  Modes will cease to be guided as the ray angle inside the guide approaches the 

critical angle.  Thus, as β approaches nbko, the mode is cut off.  It should be noted that guided 

modes also exist for thin cells bounded by reflective metals.  The same analysis may be 

followed by replacing the index of refraction nb with the index of refraction of the metal. 
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Figure 3.10. Dispersion relations for TE modes (open circles) and TM modes (closed circles) of a 250 

nm c-Si slab waveguide bounded by vacuum on top and SiO2 on the bottom. To determine the number 

of modes supported at a particular wavelength, draw a vertical line and count the modes starting at the 

top (TE) and work down. 

 

 

Figure 3.11. The three general types of modes that can exist in an asymmetrical slab waveguide. (left) β 

< konair implies radiation modes (middle) konair < β < konb implies substrate modes (right) konb < β < 

konSi implies guided modes. 



73 

The value of β determines what type of field exists in each of the three regions of the 

waveguide.  Figure 3.11 illustrates the corresponding behavior of the three possible solutions.  

When β < konair, the solutions to the wave equation vary sinusoidally in all three regions and 

thus represent radiation modes.  When konair < β < konb, the solutions vary exponentially in the 

air region and sinusoidally in the c-Si and boundary regions.  These modes are called substrate 

modes and form a continuous set.  When konb < β < konSi, the modes are fully guided and only 

a discrete number of modes exist.  The field in the air and boundary regions decays 

exponentially away from the waveguide region. 

By extending the Yablonovitch analysis, Stuart and Hall calculate a thermodynamic 

limit to light trapping in thin planar structures employing a modified version
22

 of the radiance 

theorem.  The fractional absorption of light that is coupled into the radiation modes is 
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where α is the absorption coefficient, ρ0 is the free-space density of modes per unit volume in 

air, ρtotal is the sum of the number of radiation modes and supported TE and TM modes in the 

cell, νg
0
 is the group velocity of the incident field, and νg

radiative
 is the group velocity of the 

radiative modes.  Additionally, the total occupation in the guided modes of the cell is 
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where νg
mode

 is the group velocity of the particular guided mode, and Γmode is the mode 

confinement factor related to the density of guided modes in a planar waveguide through  
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βmode takes on the values show in Figure 3.10. 

Finally, an expression similar to equation (3.9) defining the total fractional absorption 

from all radiative and confined modes is 
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Figure 3.12. The total fractional energy absorption [Eqn. (3.19)] of a c-Si thin film waveguide with 

absorption parameter αd = 0.02. The Yablonovitch limit [Eqn. (3.9)] is plotted for reference but is only 

valid for large values of V where there is a continuum of trapped modes.  The waveguide parameter 

increases when (a) the thickness increases (b) the wavelength decreases, or (c) the difference in index of 

refraction between the guiding layer and the bottom boundary layer increases. As V increases, the 

number of supported waveguide modes increases causing the total fractional absorption to follow.  The 

lower line indicated by frad = 0 is the total factional absorption without considering absorption by the 

radiation modes, thus indicating that the majority of absorption is due to guided modes. The dashed line 

on the bottom is the absorption for normal incidence with no light trapping, interference, or mode 

coupling effects. Figure from Ref. 15. 
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 Figure 3.12 plots the total fractional energy absorption [Eqn. (3.14)] of the thin film 

waveguide with absorption parameter αd = 0.02.  The Yablonovitch limit [Eqn. (3.9)] is 

plotted for reference but is only valid for large values of V where there is a continuum of 

trapped modes.  As the waveguide parameter increases, the number of supported waveguide 

modes increases causing the total fractional absorption to follow.  At cutoff wavelengths, there 

is a discontinuity in the fractional absorption.  Through cutoff, a portion of the energy that was 

formerly coupled into well-confined guided modes and radiation modes is funneled into the 

new, less-well-confined mode, reducing the degree of absorption as shown in Ref. 15.  The 

lower line indicated by frad = 0 is the total factional absorption less absorption by the radiation 

modes, indicating that the majority of absorption is due to guided modes. 

 Using this analysis, it is clear that the maximum theoretical absorption limit in thin 

films quickly approaches that of thicker films when as few as three or four modes are 

supported.  Also, due to the very little direct absorption into radiation modes, waveguide 

structures are excellent candidates for coupling by nanoparticle scattering. 

 

3.3 Optical Properties of Spherical �anoparticles 

 

3.3.1 Introduction 

Interest in the optical properties of nanometer scale spherical particles has 

dramatically increased due, in part, to the initial discovery that the excitation of surface 

plasmon-polariton resonances of metal nanoparticles results in a large field localization that 

dramatically increases the scattered Raman signal of absorbed molecules in surface enhanced 

Raman spectroscopy (SERS).
23,24

  More recently, the scattering properties associated with the 
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surface plasmon polariton resonance of metal nanoparticles have been employed to enhance 

absorption in optoelectronic devices including silicon-on-insulator photodetectors,
7 ,25

 c-Si pn 

junction solar cells,
25,26

 a-Si solar cells,
27

 c-Si photodetectors,
28,29

 CdSe/Si heterojunction solar 

cells,
30

 and quantum-well waveguide solar cells.
31

  Several reviews have been written very 

recently on the subject as well.
32,33,34

 

 

Figure 3.13. The electromagnetic solution of light incident on a spherical particle in the following 

configuration can be solved for using Mie Theory. 

 

The electromagnetic solution to the interaction of light with the surface of a small 

spherical particle (with a radius a) embedded in a material (with an index of refraction ��) is 

solved by Mie Theory.
35,36

  The scattered electric field (Esca) and the electric field inside the 

particle (Esph) can be decomposed into a series of even and odd vector spherical harmonics: 

�emn, �omn, Memn, and Momn.  If the incident light is a plane wave polarized in the x-direction 

as in Figure 3.13, only the spherical vector harmonic terms �emn and Momn for m=1 exist in the 

expression for Esca and Esph: 

 ∑
∞

=

−
+
+

=
1

11 )(
)1(

12 )1()1(

n

h

non

h

nen

n

oscat
nn bia

nn

n
iE M�E , (3.20) 



77 

and 

 ∑
∞

=

−
+
+

=
1

)(

1

)(

1 )(
)1(

12

n

kaj

nen

kaj

non

n

osph
nn idc

nn

n
iE �ME , (3.21) 

given 

 n

n

k

k
m

mkamkajkahkakahmkajm

kakajkamhkakahkamj
d

mkamkajkahkakahmkaj

kakajkahkakahkaj
c

mkamkajkahkakahmkaj

mkamkajkajkakajmkaj
b

mkamkajkahkakahmkajm

mkamkajkajkakajmkajm
a

spheresphere

nnspherenn

nnspherennsphere

n

nnnnsphere

nnspherennsphere

n

nnnnsphere

nnnnsphere

n

nnspherenn

nnspherenn

n

~

~

)]'()[()]'()[(

)]'()[()]'()[(

)]'()[()]'()[(

)]'()[()]'()[(

)]'()[()]'()[(

)]'()[()]'()[(

)]'()[()]'()[(

)]'()[()]'()[(

)1()1(2

)1()1(

)1()1(

)1()1(

)1()1(

)1()1(2

2

==

−

−
=

−

−
=

−

−
=

−

−
=

µµ

µµ

µµ

µµ

µµ

µµ

µµ

µµ

 (3.22) 

where µ is the permeability, k is the wavevector, Eo is the incident field magnitude, n=1, 2… is 

the mode number, jn indicates the spherical vector harmonic function based on spherical 

Bessel functions, and hn
(1)

 indicates the spherical vector harmonic function based on spherical 

Hankel functions.  For completeness, the spherical vector harmonic expressions may be found 

in Ref. 36. 

The resulting electric fields are most easily understood by observing the scattered 

electric field pattern associated with each mode as n increases as shown in Figure 3.14.  For 

each n, there are two modes: the TM mode which has no radial components of the magnetic 

field and the TE mode which has no radial components of the electric field.  The total field is 



the superposition of all the modes

bn, cn, and dn, determine the strength of the contribution of 

largely influenced by the particle size parameter

~100 nm ( 1<<ka ), the only 

field distribution is that of 

the index of the surrounding medium increases, higher order modes 

field patterns. 

Figure 3.14. Electric field patter

As the particle size increases, the contribution of multi

radius much smaller than the wavelength of light, the only mode

where Escat is proportion to �

as Figure 3.13. Image from Ref. 

of all the modes summed to infinity.  The magnitude of the coefficients 

, determine the strength of the contribution of each spherical harmonic

largely influenced by the particle size parameter, ka.  For very small particles

), the only contributing coefficient in the visible spectrum

is that of a dipole as illustrated in Figure 3.15.  As the size of the particle or 

the index of the surrounding medium increases, higher order modes begin to 

 

field patterns for normal modes due to the interaction of light with a small sphere. 

As the particle size increases, the contribution of multi-polar modes increases.  Thus, for a particle with 

us much smaller than the wavelength of light, the only mode that will exist is the dipolar mode

�e11.  Note that the coordinates for this figure are not in the same orientation 

Ref. 36. 
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Figure 3.15. Surface plot of the electric field distribution of a dipole located at (0, 0, 0) oscillating in the 

x-direction.  This field distribution occurs when particles are small compared to the wavelength. 

 

3.3.2 Surface Plasmon-Polariton Resonance 

The denominator of the coefficient an in equation (3.22) approaches zero when 
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If the particle is small ( 1<<ka ), a1 is the only dominant coefficient, and the above expression 

is satisfied when 

 0",2' =−= εεε m
, (3.24) 

where 
spherenj ~"' =− εε  and mε is the dielectric function of the (lossless) medium in which the 

nanoparticle is embedded.  The frequency at which this condition occurs is called the Fröhlich 

mode – also more commonly known as the surface plasmon-polariton resonance.  When the 

imaginary part of the dielectric function of the nanoparticle is fairly close to 0 (i.e. very low 
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loss), and the real part is twice the negative value of the dielectric constant of the embedding 

medium, there is a resonance coupling between the incident light and the conduction band 

electrons in the particle.  This coupling results in strong optical absorption  due to the creation 

of the dipole-like collective oscillation of free electrons in the particle.  Figure 3.16 plots the 

real and imaginary parts of the dielectric functions of Au and Ag.  The strength of the resonant 

coupling is dependent on the loss associated with the imaginary part of the dielectric function 

near the frequency 2' −=ε . 

 

Figure 3.16. Real and imaginary parts of the dielectric functions of Au and Ag. The arrow indicates the 

approximate point at which 2' −=ε for both noble metals. The strength of the resonant coupling is 

dependent on the loss due to the imaginary part of the dielectric function.  Au has higher loss than Au 

and results in a broadening of the resonant peak. 

 

3.3.3 Extinction, Absorption, and Scattering Cross Sections 

The scattering characteristics of small particles are determined by the dielectric 

function of the particle, the size of the particle, the shape of the particle, and dielectric medium 

in which the particle is embedded.  If a detector the size of the particle is placed in line with 

the incident light flux, the intensity of the signal received when a particle is placed in front of 
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the detector will be the incident intensity less any light that has been absorbed by the particle 

or scattered in a direction away from the detector.  The total rate of absorption and scattering 

by a particle, normalized to the incident irradiance, is called the extinction cross section, or 

 Cext = Cabs + Csca (3.25) 

Figure 3.17 illustrates the concept of extinction cross sections that are less than, equal to, or 

greater than one.  The expressions for the absorption and scattering cross section of spherical 

particles are 
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Typically, efficiency cross sections are reported which are simply the cross sections 

normalized to the cross sectional area of the particle, or 

 Qext = (Cabs + Csca)/πa
2
 = Qabs + Qsca. (3.28) 

 

 

Figure 3.17. Cartoon illustrating the concept of extinction cross sections that are (left) less than one, 

(middle) equal to one, and (right) greater than one. 
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Figure 3.18. Absorption, scattering, and extinction cross sections for Au (left) and Ag (right) 

nanoparticles in vacuum of radius 5 nm (top), 25 nm (middle), and 50 nm (bottom). The extinction line 

is the topmost line in each graph. Absorption plus scattering equals extinction. Absorption and 

scattering peaks are associated with the plasmon-polariton resonance. An extinction cross section that is 

dominated by absorption should be avoided when enhancing solar cells with nanoparticles. 
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The absorption, scattering, and extinction cross section efficiencies for Au and Ag 

nanoparticles of radius 5 nm (top), 25 nm (middle), and 50 nm (bottom) are plotted in Figure 

3.18.  The large peaks in the absorption and scattering plots are due to the onset of the surface 

plasmon-polariton resonance.  Note that the scattering cross section efficiency of Ag is much 

greater than that of Au.  Additionally, the absorption cross section efficiency of Ag is much 

less than that of Au owning to the small imaginary part of the dielectric function of Ag.  Both 

Au and Ag nanoparticles do not efficiently scatter light until their radius approaches 50 nm.   

   

 

Figure 3.19. (top left) Cross section efficiencies of a 10 nm radius Ag nanoparticle. The total extinction 

is dominated by absorption. This allows one to visually observe the absorption cross section by looking 

at the time average power flow of light illuminating the particle. Finite element models of light incident 

onto the particle represent absorption cross section efficiencies that are (top right) less than one at 400 

nm, (bottom left) equal to one at 320 nm, and (bottom right) greater than one at the plasmon resonance 

wavelength of 335 nm. The streamlines represent time averaged power flow and the background color 

is the scattered field. 
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To gain an understanding of how a cross section can be less than or greater than the 

size of a particle, we will look at an example of a very small Ag nanoparticle of radius 10 nm.  

The absorption, scattering, and extinction cross section efficiencies of the nanoparticle are 

shown in top left of Figure 3.19.  Finite element simulations are also shown for light incident 

onto the same 10 nm radius Ag nanoparticle.  The total extinction for this small Ag 

nanoparticle is dominated by absorption only.  This allows one to visualize the absorption 

cross section by calculating the time average power flow of light illuminating the particle.  In 

these simulations, the nanoparticle is illuminated by a TM polarized wave from the top 

boundary.  The streamlines represent time averaged power flow of the resulting field and the 

colored background is proportional to the intensity of the resulting electric field with the 

incident plane wave subtracted from it.  The converging streamlines represent absorption cross 

section efficiencies that are (top right) less than one at 400 nm, (bottom left) equal to one at 

320 nm, and (bottom right) greater than one at the plasmon resonance wavelength of 335 nm.  

It should be noted that to isolate the absorption cross section in this manner, it is only possible 

in situations where the total extinction is dominated by absorption. 

Figure 3.20. illustrates the intensity of the scattered light (|Cscat|
2
) as a function of 

scattering angle for Au spheres of different sizes under the illumination of both TE and TM 

polarized light incident from the left side of the figure.  Light that is scattered at 0
o
 is forward 

scattered and light scattered at 180
o
 is back scattered.  The intensity is proportional to the 

scattering cross section and is not normalized to the size parameter.  As the particle diameter 

increases from 100 nm to 10 µm, the intensity of the forward scattered light increases.  Thus, 

for small particles on the order of 100 nm, the scattering profile remains dipole like for Au and 

Ag at all wavelengths of interest. 
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Figure 3.20. Intensity profiles of scattered light (|Cscat|
2
) as a function of scattering angle for Au spheres 

of different sizes under the illumination of both TE and TM polarized light. Light that is scattered at 0
o
 

is forward scattered and light scattered at 180
o
 is back scattered. For small particles ~100 nm, the 

scattering profile is dipole-like for Au and Ag at all wavelengths of interest for solar cells. It is not until 

the particle radius increases to ~2 um that a strong forward lobe begins to develop. It should be noted 

that the absorption in very large particles becomes too great for use in enhancing solar cells. Calculated 

with Mieplot. [Ref. 37] 
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3.3.4 Modification of Absorption and Scattering Cross Sections 

The modification of the absorption and scattering cross section of a dipole oscillator 

located above the surface of a planar substrate was investigated by Mertz.
38

  Because the 

method is based on the Lorentz reciprocity theorem, it is only applicable for non-absorbing 

mediums, so it cannot be used to quantify absorption enhancement due to coupling of 

scattered light.  However, the method of Mertz does provide a relatively straight forward way 

to visualize the effect a substrate has on the absorption and scattering cross sections of small 

spherical nanoparticles that behave as dipole oscillators.  The details of the derivation will be 

omitted in this dissertation, however we do provide the motivated reader with the necessary 

MATLAB code to perform these calculations in the Appendix B. 

 

Figure 3.21. Radiation patterns for a dipole located a distance z = 0 above a dielectric of index n=1.5. 

(a) Radiation pattern for a vertical dipole in vacuum. (b) Radiation pattern for vertical dipole above a 

glass substrate. (c) Radiation pattern for a horizontal dipole in vacuum is shown in blue. (d) Radiation 

pattern for horizontal dipole above a glass substrate is shown in blue. The original dipole patterns are 

included in (c) and (d) for reference only. 
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The top two plots in Figure 3.21 illustrate the angular power distribution of vertical (a) 

and horizontal (b) oscillating dipoles in vacuum.  The presence of the glass (n = 1.5) interface 

situated below the oscillating dipoles affects the local field intensity and the effective dipole 

polarizability.  The bottom two plots illustrate the resulting angular power distribution when 

the dipole is located a distance z = 0 above the glass.  In (c), the vertical dipole strongly 

couples into the totally internally reflected modes of the glass substrate indicated by the large 

intensity present in the substrate at angles greater than the critical angle (90
 o

 < θ < 138.2
o
)and 

(221.8
o
 < θ < 270

o
).  In (d), the horizontal dipole couples into both radiation modes and totally 

internally trapped modes of the substrate. 

 

Figure 3.22. Total absorption or scattering cross sections of a dipole placed above a (left) glass substrate 

n =1.5, and a (right) Si substrate n = 3.5425 + 0.0008i as a function of TM or TE polarized driving 

incident field. The cross sections are normalized to those of a dipole in a homogeneous medium for the 

same input field. Light is coupled by the dipole into trapped modes indicated by the sharp rise up from 

90
 o
 < θ < θc in both cases. 

 

Figure 3.22 illustrates the modification of the absorption and scattering cross sections 

for horizontally and vertically aligned dipole resting above glass (left) and Si (right).  The 

scattering cross sections are normalized to those of a dipole in vacuum.  Scattered light is 
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coupled by the dipole into the totally internally trapped modes indicated by the sharp rise up 

from 90
 o
 < θ < θc in both cases 

 

3.4 Improved Performance of Amorphous Silicon Solar Cells via Scattering from 

Surface Plasmon Polaritons in �earby Metallic �anoparticles 

 

3.4.1 Introduction 

In this subsection, we investigate the efficacy of coupling light into non-radiative 

modes of a-Si:H solar cells via scattering from Au nanoparticles deposited above the substrate.  

We achieve engineered enhancements in optical absorption, short-circuit current density, and 

energy conversion efficiency.  At relatively modest nanoparticle densities, we obtain increases 

in short-circuit current density and energy conversion efficiency under halogen lamp 

illumination in excess of 8%, with finite-element electromagnetic simulations indicating that 

substantially larger increases should be possible at higher nanoparticle densities. 

 

3.4.2 Processing 

The basic device structure employed in these studies is shown in Figure 3.23.  240 nm 

a-Si:H p-i-n structures were deposited by hot-wire chemical vapor deposition on stainless steel 

substrates.  Contact patterns to the p-type surface were formed by optical lithography, 

followed by immersion in buffered oxide etch for 15 s to remove the surface oxide.  A 20 nm 

indium tin oxide (ITO) contact layer was then deposited by RF sputtering for 3 min at 350°C, 

and a standard liftoff procedure was then employed to produce circular diodes 500 µm in 
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diameter on a 5 mm × 5 mm sample.  In this work, we report only relative changes in 

conversion efficiency so it was reasonable to assume the active area of each diode to be equal 

to the ITO contact area due to the short (~100nm) minority carrier diffusion length of a-Si:H.
3
  

Photovoltaic devices fabricated from the same a-Si:H samples using Pd metal contacts ~15 nm 

in thickness yielded energy conversion efficiencies of approximately 5% under AM1.5 

illumination.
39

 

a) b)  

Figure 3.23. (a) Schematic diagram of a-Si:H p-i-n solar cell structure with Au nanoparticle. (b) SEM 

image of 100 nm-diameter Au nanoparticles deposited on device surface at a concentration of 

3.7×10
8
cm

-2
. 

 

3.4.3 Nanoparticle Deposition Procedure 

Following deposition of the ITO contacts, the device surface was subjected to a 5 min 

exposure to a poly-L-lysine solution and then a 4 min exposure to a solution containing 100 

nm Au colloidal nanoparticles, and then blown dry with N2.  A 5 min oxygen clean was then 

used to remove residual poly-L-lysine from the surface, leading to more direct contact 

between the nanoparticles and the underlying ITO layer.  To increase the concentration of 

nanoparticles on the surface, this deposition procedure was repeated up to 5 times; additional 

iterations typically resulted in clustering of nanoparticles on the surface.  Scanning electron 
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microscope (SEM) images, as shown in Figure 3.23 (b), confirmed that predominantly 

isolated Au nanoparticles were present, with a surface concentration for the device reported 

here of 3.7×10
8
 cm

-2
. 

 

3.4.4 Experiment and Results 

Current density v. voltage (J-V) characteristics were measured using a Hewlett-

Packard 4150a semiconductor parameter analyzer.  The diodes were illuminated using a fiber 

optic lamp with a 30 watt quartz-halogen bulb, locked into position above the sample to 

provide illumination at normal incidence to the device surface.  Samples were placed on the 

stage of a probe station and contacts were aligned by microscope beneath the light source to 

ensure precise and reproducible positioning of each diode under illumination during 

successive measurements.  As references, J-V characteristics for each diode on each sample 

were first measured both in the dark and under illumination prior to nanoparticle deposition.  

Following these initial measurements, Au nanoparticles were deposited in the manner 

described above, and J-V measurements were performed on the resulting devices both in the 

dark and under illumination.  J-V characteristics from 8 diodes spanning two samples were 

measured; standard deviations of only ~0.1 mA/cm
2
 between diode J-V measurements were 

observed, and the J-V characteristics reported here represent averages across all diodes 

measured for each set of structures and measurement conditions. 

J-V characteristics, and the corresponding power output, for the reference device 

structure without Au nanoparticles and for the same device structure following Au 

nanoparticle deposition are indicated by the dashed and solid lines, respectively, in Figure 

3.24.  An 8.1% increase in short-circuit (V=0) current density, from 6.66 mA/cm
2
 to 7.20 

mA/cm
2
, and a 8.3% increase in power output (and consequently in energy conversion 



efficiency), from 2.77 mW/cm

which Au nanoparticles of con

increases in short-circuit current density and energy conversion efficiency are a consequence 

of a slight increase in fill factor, from 52.6% to 52.8%, following nanoparticle deposition.  We 

observed that the multiple cleanings performed as part of the nanoparticle deposition process 

can result in a rounding of the illuminated 

density, typically by ~3-5%, a substantial decrease in the open circuit 

in diode dark current, typically by a factor of 80

Au nanoparticle concentration of 1.75×10

7.5% increase in short-circuit current density,

from a decrease in the open circuit voltage, from 0.75

from 49.0% to 48.5%, and a 1.2% decrease in power output, from 2.52

mW/cm
2
.  Thus, the improvement in short

efficiency arising specifically from the presence of the Au nanoparticles and their influence on 

distribution of electromagnetic field intensity may in fact be larger than the increase 

determined from our measurements, but care in device

Figure 3.24. J-V and power output curves measured for reference diodes without Au nanoparticles 

(dashed lines), and for the same diodes after dep

lines).  Short-circuit current density and maximum power increase by 8.1% and 8.3%, respectively, for 

devices incorporating Au nanoparticles.

mW/cm
2
 to 3.00 mW/cm

2
, are observed for the device structure in 

which Au nanoparticles of concentration 3.7×10
8
 cm

-2
 have been incorporated.  The different 

circuit current density and energy conversion efficiency are a consequence 

of a slight increase in fill factor, from 52.6% to 52.8%, following nanoparticle deposition.  We 

served that the multiple cleanings performed as part of the nanoparticle deposition process 

can result in a rounding of the illuminated J-V curves, a decrease in short

5%, a substantial decrease in the open circuit voltage, and an increase 

in diode dark current, typically by a factor of 80-100.  For example, a sample having a lower 

Au nanoparticle concentration of 1.75×10
8
 cm

-2
 undergoing a more rigorous clean yielded a 

circuit current density, from 6.85 mA/cm
2
 to 7.35 mA/cm

from a decrease in the open circuit voltage, from 0.75 V to 0.70 V, a decrease in the fill factor, 

from 49.0% to 48.5%, and a 1.2% decrease in power output, from 2.52 mW/cm

improvement in short-circuit current density and energy conversion 

efficiency arising specifically from the presence of the Au nanoparticles and their influence on 

distribution of electromagnetic field intensity may in fact be larger than the increase 

rmined from our measurements, but care in device processing must be exercised.

 

and power output curves measured for reference diodes without Au nanoparticles 

(dashed lines), and for the same diodes after deposition of 100 nm-diameter Au nanoparticles (solid 

circuit current density and maximum power increase by 8.1% and 8.3%, respectively, for 

devices incorporating Au nanoparticles. 
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, are observed for the device structure in 

have been incorporated.  The different 

circuit current density and energy conversion efficiency are a consequence 

of a slight increase in fill factor, from 52.6% to 52.8%, following nanoparticle deposition.  We 

served that the multiple cleanings performed as part of the nanoparticle deposition process 

curves, a decrease in short-circuit current 

voltage, and an increase 

100.  For example, a sample having a lower 

undergoing a more rigorous clean yielded a 

mA/cm
2
, but suffers 

V, a decrease in the fill factor, 

mW/cm
2
 to 2.49 

circuit current density and energy conversion 

efficiency arising specifically from the presence of the Au nanoparticles and their influence on 

distribution of electromagnetic field intensity may in fact be larger than the increase 

processing must be exercised. 

and power output curves measured for reference diodes without Au nanoparticles 

diameter Au nanoparticles (solid 

circuit current density and maximum power increase by 8.1% and 8.3%, respectively, for 
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3.4.5 Discussion 

These results can be explained through a combination of the well-known Mie theory 

for electromagnetic absorption and scattering by isolated spherical particles, and – to account 

for the more elaborate geometry of the devices studied here – computational electromagnetic 

simulations.  As light of wavelength λ interacts with small (diameter d<<λ) metallic particles, 

extinction behavior due to resonant excitation of electron oscillations in the metal is observed 

as a distinct minimum in the transmission spectrum.
40

  For particles with diameter below ~10 

nm, only a single dipolar mode is supported; as the particle size increases, dipolar, 

quadrupolar, and other higher-order modes may be supported as well.  Each supported mode 

may be described in terms of electric and magnetic partial waves emanating from the particle, 

with the electric partial waves resulting from the collective oscillation of conduction electrons 

– surface plasmon polaritons – giving rise to the particle’s extinction characteristics. 

The total Mie extinction is a sum of contributions from absorption and from scattering 

associated with each supported surface plasmon polariton mode of the particle.  For small 

particles supporting only dipolar modes, the total extinction cross-section consists of a large 

absorption cross-section and a smaller scattering cross-section as shown in Figure 3.19.  For 

larger particles, with diameters of ~100 nm or larger, the opposite is true: although the total 

extinction cross-section remains dominated by dipolar contributions, calculations have shown 

that the scattering cross-section is much larger than the absorption cross-section as shown in 

Figure 3.18.  In addition, scattering of incident light from large particles in the visible 

spectrum at and above the Au nanoparticle resonant wavelength (~ 500 nm) is partially in the 

forward direction.
40

 

The conclusion that visible light is scattered in a dipole-like manner when incident on 

a single large nanoparticle is true in general for an ensemble of non-interacting particles 
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suspended in a dielectric medium, and intuitively suggests that transmission of 

electromagnetic radiation into an appropriately positioned structure might be enhanced.  

However, for closely spaced particles on an absorbing substrate, particle-particle, particle-

substrate, and particle-substrate-particle electromagnetic interactions complicate the 

propagation of the scattered field into the substrate and modify the effective scattering cross 

section.   

We have therefore performed finite-element electromagnetic simulations using 

FEMLAB
TM

 for the geometry shown in Figure 3.25.  Simulations were performed for device 

structures with and without 100 nm Au nanoparticles on top of a 20 nm ITO contact and a 240 

nm a-Si:H substrate; the dielectric functions for a-Si:H and ITO were obtained from Ref. 41 

and Ref. 42, respectively.  A reflective boundary condition was applied beneath the a-Si:H 

layer to model the stainless steel substrate.  Quarter-plane symmetry was used for 

computational efficiency, and periodic boundary conditions were employed resulting in 

simulation of a periodic array of nanoparticles atop the ITO/a-Si:H thin-film structure.  

Transverse electromagnetic waves were launched from above the substrate and nanoparticle, if 

present, with wave vector normal to the substrate surface (TM polarization). 

Figure 3.25 illustrates the amplitude of the simulated electric field for an incident 

wave with λ=600 nm and effective particle density of 3.7×10
8 

cm
-2

 – the same as that for the 

actual devices studied experimentally.  The dipole-like surface plasmon polariton resonance of 

the nanoparticle results in the enhanced electric field amplitude to the left of the nanoparticle, 

and as postulated we observe an enhanced electric field amplitude in the a-Si:H layer below 

the nanoparticle, which arises due to forward scattering of the incident wave by the 

nanoparticle.  The oscillations visible in the a-Si:H are a consequence of the reflecting 

boundary created by the stainless steel substrate. 
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An enhancement ratio |E|
2

particle/|E|
2

no particle is defined by dividing the square of the 

volume integrated normalized electric field present in the semiconductor with and without 

nanoparticles.  The ratio provides a comparison of the energy density present in the a-Si:H at 

each wavelength.  The enhancement ratio of three nanoparticle concentrations are shown in 

Figure 3.25.  The shaded region in each graph represents the energy density present in a 

device without particles.  It is apparent that the field enhancement summed over all 

wavelengths reaches a maximum at a particular particle concentration as the ratio of the 

shaded curve area to the area under the horizontal line is 1.007, 1.092, and 1.025 for the 

increasing particle concentrations in Figure 3.25, respectively. 

 

Figure 3.25. Electromagnetic field amplitude distribution for a transverse electromagnetic wave at 600 

nm wavelength incident on a structure consisting of a 100 nm-diameter Au sphere atop 20 nm ITO and 

240 nm a-Si:H.  Regions of high field amplitude are evident to the left of the particle (arising from the 

particle surface plasmon polariton resonance) and below the particle (arising from forward scattering of 

the incident wave). (b) Simulated |E|
2

particle/|E|
2

no particle for three increasing particle concentrations 

calculated by dividing the square of the volume integrated normalized electric field present in the 

semiconductor with and without 100 nm Au nanoparticles. The ratio of the area under each curve to the 

area in grey represents the net energy density increase summed over all wavelengths. This value is 

1.007, 1.092, and 1.025 for nanoparticle concentrations of 2.5E8, 3.7E8, and 2.5E9 particles/cm
2
 

respectively. 

 

The enhanced electric field in the a-Si:H indicates that the field scattered by the 

particle is transmitted into the substrate.  Despite the relative agreement between the 9.2% 
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increase in energy density and 8.1% increase in photocurrent, this simulated result should not 

be interpreted as being the photocurrent response of the device as this calculated ratio is not 

calibrated to the photon flux of the illumination lamp, nor does it account for collection of 

photogenerated carriers.  In addition, it should be noted that the optical properties of periodic 

arrays of nanoparticles differ from that of stochastic ensembles due to dipole interaction terms 

being strongly correlated with the particle periodicity.
43

 

To estimate the influence of this field on the optical transition rate in the a-Si:H layer, 

and consequently on the photogenerated current, we note that the optical transition rate is 

proportional to the square of the electric field amplitude, |E0|
2
.  Thus, computation of the ratio 

Rp of |E0|
2
, integrated over the entire a-Si:H layer, for a structure with an Au nanoparticle 

present to that for a structure with no nanoparticle should provide a very approximate measure 

of the relative change in photogenerated current for light incident at a single wavelength due 

to the presence of the Au nanoparticle.  Figure 3.26 shows this ratio, derived from our 

simulations for an incident electromagnetic wave with wavelength 600nm, as a function of Au 

nanoparticle density.  While this relatively simple calculation does not provide a quantitative 

prediction of the corresponding increase in photogenerated current, it is clear that a 

substantially larger increase than that observed in our experiments should be attainable at 

higher particle densities.  At a wavelength of 600nm, a particle density of approximately 

2.5×10
9
cm

-2
 appears to be optimal, resulting in an increase in Rp approximately three times 

larger than that at the concentration present in our experiments. 



96 

 

Figure 3.26. The ratio Rp of |E0|
2
, integrated over the a-Si:H layer, for devices incorporating Au 

nanoparticles to that for reference devices without Au nanoparticles, as a function of particle density, 

computed for incident electromagnetic radiation at λ = 600 nm. 

 

3.4.6 Waveguide Mode Coupling 

Light incident on metallic nanoparticles positioned above an underlying waveguide 

structure results in scattered dipolar fields that can couple into supported waveguide modes of 

the high refractive index a-Si:H layer as shown in Figure 3.27.  A model developed by Soller 

and Hall
44

 shows that when a horizontal electric dipole is located above a silicon-on-insulator 

substrate, in excess of 80% of the light emitted by the dipole is coupled into the supported 

waveguide modes of the high refractive index guiding Si layer.
45

  In this model, based on 

classical radiation theory of an electric dipole oscillating in air above a plane-layered medium, 

the dipole’s total dissipated power, P, is calculated in terms of the vector field amplitudes of 

the modified dipole moment and local electric field due to the presence of the layered-media 

below.  The vector field components can be expanded into an angular spectrum of plane 

waves by writing the fields as k-space integrals over the normalized wave-number u, where u 

is parallel to the z-axis and 



97 

 ( )[ ] θω sin//1
2/122 =−= cku x . (3.29) 

Decomposing the field in this manner allows one to incorporate reflections in terms of the 

Fresnel reflection coefficients for transverse electric (TE) and transverse magnetic (TM) 

polarized light, ΓTE and ΓTM, respectively.  The Fresnel reflection coefficients of the air/ITO/a-

Si:H/stainless steel structure are then calculated by the transfer matrix method.
46

  The resulting 

power spectrum for a horizontal electric dipole (HED) located directly above plane-layered 

media is 

 ( )
( )

( )[ ] [ ]{ }sp rru
u

u
du

u

P
uS ++−−

−
∝

∂
∂

= ∫ 111
1

2

2/12

3

. (3.30) 

When ( )1,0∈u , and subsequently ( )[ ]πθ ,0∈ , the full spectrum of propagating waves having 

nonzero x̂±  wave vector components is represented.  This represents waves propagating 

upward into the half-space above the structure with refractive index n = 1 in Figure 3.27.  

When ( )∞∈ ,1u , and subsequently ( )[ ]0Im ≠θ , the full spectrum of evanescent waves is 

represented.  The waves emitted by the dipole can couple into three categories of modes as 

indicated in Figure 3.27 (b): (1) radiative modes that propagate above and below the air-cell 

interface ( )[ ]1,0∈u , (2) “leaky” or substrate radiation modes that are evanescent above and 

propagating below the air-cell interface ( )[ ]
reflectornu ,1∈ , and (3) fully guided modes that are 

evanescent above and below the waveguide region ( )[ ]∞∈ ,reflectornu , where nreflector is the 

refractive index of the substrate which is taken to be Ag in this analysis.  Because the Ag 

substrate is highly reflective, it is safe to assume there are no substrate modes.  The band gap 

energy of a-Si:H used in the simulations is ~1.6 eV corresponding to absorption cutoff near 

~775 nm. 
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Figure 3.27. (a) Schematic diagram of a horizontal electric dipole situated above an a-Si:H solar cell 

structure. (b) Representation of three categories of modes that waves emitted by the dipole can couple 

into. Waves that propagate above and below the air-cell interface occur when ( )1,0∈u . So-called leaky 

waves occur when ( )
reflectornu ,1∈  and are evanescent above and propagating below the air-cell interface. 

Fully guided modes are evanescent above and below the waveguide region within the cell when 

( )∞∈ ,reflectornu . 

 

The power spectrum, S(u), as a function of u for a horizontal electric dipole located 

above the air/ITO/a-Si:H/Ag structure is plotted for λ = 600 nm, 700 nm, and 800 nm in 

Figure 3.28.  The vertical dashed line delineates two regions that light can couple into: 

propagating, and guided.  The horizontal dashed line highlights a power spectrum value of 

one.  Power spectrum values greater than one indicate strong coupling into the corresponding 

mode.  Because the absorption coefficient of a-Si:H decreases with increasing wavelength, the 

mode coupling peaks sharpen and are therefore are more easily observed. 
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Figure 3.28. Calculated power spectra, S(u), for a horizontal electric dipole located above a simulated 

air/ITO/a-Si:H/Ag at wavelengths of 600 nm, 700 nm, and 800 nm. The vertical dashed line delineates 

two regions that light can couple into: propagating, and guided. Because the substrate is taken to be 

highly reflective, there are no leaky modes until ~ 400 nm wavelength when Ag begins to absorb 

slightly. The horizontal dash line indicates a scattering power spectrum of one. Any value greater than 

one is an indication of strong coupling into the particular mode or continuum of modes. As the 

absorption coefficient of a-Si:H decreases with increasing wavelength, the mode coupling peaks get 

larger. As the wavelength decreases, the modal peaks merge together due to increasing absorption in the 

material. 

 

It is interesting to compare the power spectrum analysis shown in Figure 3.28 to the 

finite element simulations shown in Figure 3.25.  At 600 nm, the power spectrum curve (red) 

in Figure 3.28 indicates suppressed coupling into radiation modes ( )( )1,0∈u
 
and slightly 

enhanced coupling into a large range of evanescent modes.  Because the absorption is high in 

a-Si:H at this wavelength, peaks are attenuated in the resulting power spectrum.  This result 
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agrees with the finite element simulations shown in Figure 3.25 which indicate an enhanced 

integrated field intensity in the semiconductor at wavelengths 550 nm < λ < 700 nm.  (The 

reduced field at wavelengths 400 nm < λ < 550 nm is due to absorption by the particle and is 

not modeled by the power spectrum coupling analysis.) 

At 700 nm, the power spectrum curve (blue) in Figure 3.28 indicates strong coupling 

into both radiation modes ( )( )1,0∈u  and guided modes.  Because coupling into radiation 

modes results in light that is easily transmitted back out of the semiconductor, a reduction in 

field intensity should be observed at the corresponding wavelength in the finite element 

model.  Indeed, at wavelengths near 700-750 nm in Figure 3.25, there is a reduction of the 

integrated field intensity in the a-Si:H slab.  The onset of the reduction varies with particle 

concentration due to interference effects.  It should be noted that the dipole coupling analysis 

does not take into effect a dipole surface concentration, rather it presumes a single dipole is 

located above an infinitely large planar surface.  Despite this difference, there is strong 

agreement between the two models. 

Finally, at 800 nm, the power spectrum curve (black) in Figure 3.28 indicates 

suppressed coupling into radiation modes, and enhanced coupling into guided modes of the 

structure.  The absorption coefficient of a-Si:H is quite low at this wavelength, resulting in 

sharp coupling peaks.  Again, this agrees qualitatively with the integrated field intensity ratios 

shown in Figure 3.25. 

The coupling efficiency, or ratio of power radiated into a fully guided modes to the 

total radiated power, is given by 

 uduSuduS
reflectorn ∫∫

∞∞

0
)(/)( . (3.31) 
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Because the Ag substrate is taken to be highly reflective, we can calculate the waveguide 

mode coupling efficiency as 

 uduSuduS ∫∫
∞∞

01
)(/)(   (3.32) 

for wavelengths 400-900 nm as shown in Figure 3.29.  Coupling efficiencies greater than 82% 

are present throughout the entire spectrum.  The curve clearly resembles the integrated field 

intensity plots in Figure 3.25 indicating that the measured enhancement is the result of 

coupling into guided modes of the structure. 

 

Figure 3.29. Waveguide mode coupling efficiency of a horizontal electric dipole above a-Si:H solar 

cell.  Note qualitative similarities to the integrated field intensity ratios in Figure 3.25. 

 

3.4.7 Conclusion 

In summary, we have fabricated and characterized a-Si:H thin-film solar cells in 

which Au nanoparticles have been employed to engineer the transmission and spatial 

distribution of electromagnetic fields within the a-Si:H layer, resulting in an increase of 8.1% 
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in short-circuit current density and 8.3% in energy conversion efficiency compared to values 

achieved in reference devices without Au nanoparticles.  Computational electromagnetic 

simulations confirm that the presence of the Au nanoparticles results in increased transmission 

into and concentration of electromagnetic fields within the a-Si:H layer, and indicate that 

substantially larger increases should be possible at higher particle densities.  

Part of this chapter was published in Applied Physics Letters 2006, D. Derkacs, S. H. 

Lim, P. Matheu, W. Mar, and E. T. Yu.  The dissertation author is the first author of this 

paper.  Part of this work was supported by a grant from the UCSD Von Liebig Center, and 

through the University of California CLC program.  The authors would like to acknowledge 

helpful discussions with C.-S. Jiang, and to acknowledge Y. Q. Xu from the U.S. National 

Renewable Energy Laboratory for providing a-Si:H thin films for this work. 
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4. COUPLI	G OF LIGHT SCATTERED BY 	A	OPARTICLES I	TO GUIDED 

MODES OF QUA	TUM-WELL SOLAR CELLS 

 

4.1 Introduction 

There is currently intense interest in the application of semiconductor nanostructures, 

including quantum-well structures,
1
 nanowires,

2
 and quantum-dots

3,4
 in photovoltaic devices 

capable of operation at power conversion efficiencies that exceed the theoretical homojunction 

limit of 31%.
5,6

  Quantum-well solar cells, for which maximum predicted theoretical power 

conversion efficiencies range from 44.5%
1
 to over 63%,

7
 possess an especially problematic 

tradeoff between the incorporation of a sufficient number of quantum wells to ensure high 

photon absorption efficiency and increased short-circuit current density (Jsc), and the resulting 

reduction in open-circuit voltage (Voc) due to less-than-unity efficiency collection of 

photogenerated carriers.
8
  In spite of this difficulty, the resulting maximum power delivered 

for a quantum-well solar cell device can exceed that of a corresponding homojunction device 

by extending the absorption spectrum to longer wavelengths.
8,9

 

The absorption coefficient of a direct band gap semiconductor is ~10
4
 cm

-1
 at 

wavelengths close to the edge of the band gap.  Thus, ~1 µm of material is required to absorb 

1/e incident photons with energy near the band gap edge.  An ideal quantum-well solar cell 

would therefore have ~ 1 µm of lower band gap well material throughout the device to ensure 

sufficient absorption of the usable long wavelength incident spectrum.  Because it is difficult 

to attain high performance when a large number of quantum-wells are incorporated into the 

intrinsic region of the cell, quantum-well solar cells have poor quantum efficiencies at 
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wavelengths exclusively absorbed in the well material as there is not enough material to fully 

absorb the incident spectrum. 

By properly engineering the structure of a quantum-well solar cell, an effective slab 

waveguide may be made out of the absorbing region if the index of refraction of the 

surrounding material is less than the index of refraction of the active region of the cell.  Then, 

by employing light scattering from deposited nanoparticles, incident light may be coupled into 

the guided modes of the cell, increasing absorption and photogenerated current at longer 

wavelengths.   

We begin this chapter with a discussion of the physics of quantum-well, quantum-dot, 

and other multiple energy level solar cells.  These cells may one day surpass the Shockley-

Queisser energy conversion limit for homojunction solar cells by increasing the long 

wavelength photoresponse of the cell.  The behavior of quasi-Fermi levels in non-equilibrium 

quantum-well and quantum-dot devices is thoroughly reviewed.  

In part two, we show that incident light can be coupled into lateral optical propagation 

paths within the quantum-well solar cell device via scattering from metal or dielectric 

nanoparticles, with optical confinement provided by the refractive index contrast between the 

quantum-well layers and surrounding material.  Substantially improved current generation and 

collection over a broad range of wavelengths of incident light is observed, particularly at long 

wavelengths for which absorption occurs exclusively in the quantum-well layers. 

In part three we present our recent progress towards developing an ultra thin quantum 

well solar cell.  By increasing the index of refraction contrast between the guiding and 

surrounding layers, the confinement factor of the waveguide and overall absorption 

enhancement will increase.   
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4.2 Quantum Well Solar Cells 

The energy conversion efficiency of homojunction solar cells is limited by the 

mismatch between the incident solar spectrum and the energy at which photogenerated 

carriers are collected.  Photons having energy lower than the band gap of the semiconductor 

are not absorbed by the cell.  Photons having energy greater than the band gap of the 

semiconductor are absorbed, but any energy an electron gains in excess of conduction band 

minimum will be quickly lost via thermalization.  Absorption of light by a semiconductor 

results in the creation of two metastable carrier populations, each having an average energy 

level described by their respective quasi-Fermi level.  The quasi-Fermi level separation, ∆EF, 

determines the radiative recombination rate of electron and holes; hence, the maximum 

voltage delivered by the cell is reduced by the difference between the band gap energy and 

∆EF.  Thus, in addition to the spectral mismatch, solar cells also suffer loss through radiative 

recombination. 

While radiative recombination is inherent to all absorbing materials, it is possible to 

compensate for the spectral mismatch by designing a cell in a way that results in more than 

two metastable carrier populations; all of which have their own quasi-Fermi level.  The carrier 

populations must not reach thermal equilibrium with each other, or the lattice, before they 

reach an area of the cell in which the average energy level of the carrier population is near 

equilibrium, i.e., away from the depletion region.
10

  One approach to selectively extracting 

energy from a cell having more than two quasi-Fermi levels is to manufacture a dual-junction-

four-terminal tandem device that has no shared electrical contact between the two sub-cells 

(Figure 4.1 (a)).  A cell designed in this manner has no constraints on the polarity of the 

stacked sub-cells (pn or np) nor does it require the photocurrents of the top and bottom sub-

cells to be matched.
11

  Unfortunately, a four terminal device requires a mechanical stack, as 
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growing and contacting such a device monolithically is difficult.  To avoid this complexity, 

tandem devices are typically grown monolithically, incorporating two- or three-terminal 

contact configurations.  Three-terminal devices have the same advantages as four-terminal 

with the disadvantage that it is necessary to contact the middle junction of the stack.  This 

usually requires etching through one of the sub-cells causing a reduction in the active area of 

the device.  Two-terminal, series-connected, tandem devices still have the advantage that the 

voltage of the two sub-cells are added, but they are further constrained because the 

photocurrents of the two sub-cells must be matched. 

 

Figure 4.1. Energy band diagrams and contact schemes for multiple band gap solar cells. (a) Four-

terminal tandem cell. (b) Quantum-well or intermediate band cell requiring thermal excitation or a two-

photon absorption process to excite carriers out of the well. Image from Ref. 10. 

 

In 1990, Barnham and colleagues
12

 proposed the idea of using quantum-well 

technology to exceed the Shockley-Queisser homojunction efficiency limit of 31%.  Quantum 

wells, if incorporated into the absorbing region of a solar cell, could be varied in width and 

composition to absorb long wavelength photons and increase the electrical current delivered 

by the device.  It was presumed that the operating voltage and radiative recombination current 

would be determined by quasi-Fermi level separation in the higher band gap host material.  

Thus, the open circuit voltage and short circuit current of the cell could be independently 

controlled by proper selection of host and well materials. 
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In 1991, Barnham and colleagues showed that by incorporating GaAs (Eg = 1.4 eV) 

quantum wells in the intrinsic region of an Al0.3Ga0.7As (Eg = 1.8 eV) p-i-n solar cell, the short 

circuit current and energy conversion efficiency could be improved at the expense of a 

decreased open circuit voltage.
13

  Figure 4.2 illustrates a general band diagram of a p-i-n 

junction quantum-well solar cell that is similar to what was used in their studies.  Figure 4.3 

summarized their initial findings.  Carriers generated in the GaAs wells contributed to 

photocurrent in addition to carriers generated by higher energy absorption in the wide band 

gap Al0.3Ga0.7As regions.  It was stated, and later shown,
14

 that phonon absorption provided 

the excess energy necessary for the electrons to escape from the wells into the conduction 

band of the host material. 

 

Figure 4.2. Band diagram of a standard p-i-n junction quantum-well solar cell studied in Ref. 13.  

Photons are absorbed in both the well and the barrier materials.  It is argued that a thermal escape 

mechanism is responsible for exciting electrons and holes out of the wells at room temperature. Image 

adapted from Ref 15. 
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The highly debated
16,17

 result in Figure 4.3  is the reduction in open circuit voltage of 

the cell with quantum wells.  Barnham and colleagues argued that the voltage loss could be 

eliminated and was simply the result of increased non-radiative recombination caused by the 

additional epitaxial interfaces.  Araujo and Marti argued
18,19

 that the larger than optimum band 

gap of the AlGaAs control sample was tuned by the GaAs quantum wells to better absorb the 

illumination source they had used.  Thus, contrary to what was originally proposed, the 

theoretical maximum conversion efficiency of quantum-well solar cells would be limited by 

detailed balance arguments and could not exceed the homojunction Shockley-Queisser limit of 

the host material.  

 

Figure 4.3. (a) Photocurrent of a control Al0.3Ga0.7As p-i-n solar cell (CB316) compared to a 

Al0.3Ga0.7As/GaAs p-i-n quantum-well solar cell of the same thickness (CB315). (b) Current-voltage 

characteristics of the two cells in (a). The short circuit current is greatly increased over that of the 

control sample at the expense of a reduced open circuit voltage. Results from Ref. 13. 
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Figure 4.4. Three possible quasi-Fermi level split cases in quantum-well solar cells: (a) equal quasi-

Fermi levels in all regions, (b) quasi-Fermi level split higher in the well region, and (c) quasi-Fermi 

level split higher in the barrier region than in the well region. Image from Ref. 16. 

 

Araujo and Marti’s argument against quantum-well solar cells surpassing the 

Shockley-Queisser efficiency limit presumed that the quasi-Fermi level separation remains 

equal throughout the device as illustrated in Figure 4.4(a) [Ref. 19].  Barnham and colleagues 

subsequently reported experimental measurements that indicated that the quasi-Fermi level 

separation is greater in the barrier region than in the well region as illustrated in Figure 4.4 

(c).
20,21,22

  They argued that quantum-well systems under forward bias cannot be described by 

the assumption that ∆EF is equal to the bias voltage across the cell; ∆EF must be less than the 

bias because radiative recombination is less than presumed by a normal detailed balance 

model due to photogenerated carriers escaping the wells by thermionic emission.  Again, a 

detailed balance calculation of a quantum-well solar cell with quasi-Fermi level separations as 

in Figure 4.4 (c) was performed by Luque and colleagues
16

 in the radiative limit which 

mandates: (1) 100% internal quantum efficiency, (2) infinite mobility of the photogenerated 

carriers, (3) the only recombination that occurs in the device is radiative.  They hypothesize 

that under certain monochromatic illumination conditions, a quasi-Fermi level separation as in 

Figure 4.4 (c) requires a “pumping” of electrons out of the well that ultimately produces a 
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negative rate of irreversible entropy; a violation of the second law of thermodynamics.  Thus, 

it was argued once again that it is not possible for a quantum-well solar cell to surpass the 

homojunction Shockley-Queisser conversion efficiency limit if only one photon is absorbed 

by electrons in the well-region.  Other maximum theoretical efficiency works
23,24

 on quantum-

well solar cells were also criticized. 

While no agreement has been reached on the theoretical maximum conversion 

efficiency of quantum-well solar cells, it is undisputed that the incorporation of quantum-wells 

leads to extended absorption and often improved conversion efficiency for many host 

materials including AlGaAs
13

, GaAs
25

, InP
26

, GaN
27

, and even SiO2
28

.  It has been shown that 

there is a threshold electric field that must be maintained within the intrinsic region in most 

quantum-well solar cells in order to ensure complete carrier collection prior to 

recombination.
29

  The cell performance is also correlated to the well depth,
30

 and the carrier 

escape sequence,
31

 and the  valence band/conduction band offsets.
32

  The presence of a high 

electric field prevents photogenerated carriers that have escaped from the quantum-wells from 

being recaptured into the wells. 

a)  b)  

Figure 4.5. (a) Simplified band diagram of a intermediate band solar cell under illumination and 

forward bias. (b) A quantum dot intermediate band p-i-n junction solar cell.  The barrier and QD 

materials are GaAs and InAs, respectively. A silicon delta-doped layer, with a density approximately to 

equal the quantum-dot density (4 × 10
10

 cm− 2) is inserted between each quantum-dot layer to half-fill 

the confined states with electrons via modulation doping. From Ref. 33. 
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Luque and Marti argue that an intermediate band solar cell
34

  is capable of absorbing 

two sub-band-gap photons thereby allowing for a theoretical conversion efficiency that 

surpasses that of the Shockley-Queisser limit for homojunction and tandem cells.  While the 

differences between an intermediate band solar cell and a quantum-well solar cell are subtle, 

the distinction lies in that the intermediate band solar cell effectively has three carrier 

populations; each having an independent quasi-Fermi level.  Because the long wavelength 

photoresponse relies on a two photon absorption process, the voltage delivered by the cell will 

be equal to the quasi-Fermi level separation in the host material and should theoretically 

remain unaffected by the presence of the midgap band.  As a result, the limiting efficiency of 

the intermediate band solar cell is 63.2% under maximum concentration, compared to 40.7% 

for a single gap solar cell or 55.4% for a monolithic tandem cell.
34,35

  The increased efficiency 

over tandem cells is due to the requirement that in tandem cells, two photons deliver only one 

electron to the external circuit at all wavelengths.  In intermediate band cells, this reduced 

quantum efficiency only occurs at long wavelengths.
34

 

The energy band diagram and device structure of a quantum-dot intermediate band 

solar cell is shown in Figure 4.5.  Quantum-dots are preferred over quantum wells because the 

zero density of states between the confined states and the conduction band, and in quantum-

wells, if carriers are extracted out of the wells via photon absorption, then symmetry selection 

rules may prevent intraband optical transitions from occurring between the confined states and 

the conduction band for light incident normally to the cell.
33

  It seems as though it is a 

necessary requirement for the intermediate band to be partially filled with electrons to provide 

both empty states to receive electrons from the  valence band and filled states to provide 

electrons to be supplied to the conduction band.
36
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4.3 Coupling Light Scattered by Metal and Dielectric 	anoparticles into Guided 

Modes of Quantum-Well Solar Cells 

 

4.3.1 Introduction 

We have demonstrated improved performance of InP/InGaAsP quantum-well 

waveguide solar cells via light scattering from deposited dielectric or metal nanoparticles.  

The integration of metal or dielectric nanoparticles above the quantum-well solar cell device is 

shown to couple normally incident light into lateral optical propagation paths, with optical 

confinement provided by the refractive index contrast between the quantum-well layers and 

surrounding material.  With minimal optimization, a short-circuit current density increase of 

12.9% and 7.3% and power conversion efficiency increases of 17% and 1% are observed for 

silica and Au nanoparticles, respectively. 

 

Figure 4.6. (a) Schematic diagram of InP-based quantum-well solar cells with nanoparticles on the 

device surface. (b) The refractive index profile of the quantum-well solar cell. 
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4.3.2 Growth 

Nominally lattice-matched InP/(In0.53Ga0.47As)x(InP)1−x multiple-quantum-well p-i-n 

solar cell structures, shown schematically in Figure 4.6(a), were employed in our studies.  All 

semiconductor epitaxial layers were grown in a horizontal quartz growth tube by metal 

organic chemical vapor deposition.  Two sets of device structures (A and B) were studied. The 

n-type electrode of all p-i-n diode structures consisted of a S doped InP substrate (S 

concentration ~5×10
18

cm
-3

), while the intrinsic region consisted of 10 nm In0.91Ga0.09As0.2P0.8 

barriers alternating with 10 nm In0.81Ga0.19As0.4P0.6 quantum wells for ten periods with an 

additional 50 nm (device set A) or 25 nm (device set B) In0.91Ga0.09As0.2P0.8 barrier above the 

top quantum-well layer.  The p-type electrode consisted of a heavily Zn doped (Zn 

concentration ~3×10
18 

cm
-3

) 50 nm p-type InP layer (set A) or 25 nm p-type InP plus 10 nm p-

type In0.47Ga0.53As (set B). 

Growth rates, layer compositions, and layer thicknesses were determined using 

standard x-ray diffraction (XRD) and photoluminescence spectroscopy (PL) techniques.  

Figure 4.7 shows XRD measurements for three typical test runs with varying Ga and As 

concentrations.  The lattice mismatch between the InP substrate and the epitaxially grown 

(In0.53Ga0.47As)x(InP)1−x layer is proportional to the difference between the peak diffraction 

intensities, ∆θ, by  

 )cot( InPa

a θθ∆=⊥∆
. (4.1) 

The lattice constant, a, is that of InP.  The peak (004) diffraction angle for InP is ~31.8
o
.  This 

relationship presumes pseudomorphic growth; the thickness of the strained epitaxial layer is 

less than the critical thickness, and the material is not in a relaxed state.   
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Figure 4.7. XRD ω-2θ measurements for a CuKα1 source on three 200 nm InGaAsP test growths 

showing progression towards a latticed matched structure. The large center peak is that of the InP (004) 

substrate reflection. The diffraction peak to the right provides a measurement of the lattice mismatch 

between the quaternary InGaAsP and InP.  As ∆θ is positive, the lattice constant of the particular 

(In0.53Ga0.47As)x(InP)1−x is too small, indicating that the epitaxial layer is Ga rich. 

 

Additional information about the elemental composition of the epitaxial layer may be 

obtained by measuring the band gap of the material using PL spectra.  Figure 4.8 shows the 

PL measurements of two typical test growths used in conjunction with the XRD data to 

determine if the correct elemental composition has been obtained. 

 

Figure 4.8. PL measurements of 200 nm epitaxial layers of (red) (In0.53Ga0.47As)0.4(InP)0.6 (well 

material), and (black) (In0.53Ga0.47As)0.2(InP)0.8 (barrier material) grown on an InP substrate. A large 

peak intensity and a narrow full width half maximum of the PL signal is an indication of higher quality 

material. 
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Figure 4.9 shows the XRD rocking curves for a typical growth series of an InP control 

sample, an In0.91Ga0.09As0.2P0.8 barrier only control sample, and an In0.81Ga0.19As0.4P0.6/ 

In0.91Ga0.09As0.2P0.8 quantum-well solar cell sample.  The development of satellite peaks in the 

quantum-well solar cell XRD curve is indicative of the periodic nature of the epitaxial layers.  

A wider full-width half maximum of the XRD signal indicates poorer material and interface 

quality. 

 
Figure 4.9. XRD rocking curves for a typical growth series including an InP control sample (blue), an 

In0.91Ga0.09As0.2P0.8 barrier only control sample(black), and an In0.81Ga0.19As0.4P0.6/In0.91Ga0.09As0.2P0.8 

quantum-well solar cell sample (red). The development of satellite peaks in the quantum-well solar cell 

XRD curve is indicative of the periodic nature of the epitaxial layers. A wider full-width half maximum 

of the XRD signal indicates poorer material and interface quality. 
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4.3.3 Contact Formation 

Large-area (typically 1 cm
2
) n-type Ohmic contacts were formed using 40 nm Ti/200 

nm Au metallization deposited by electron-beam evaporation.  2 mm
2
 active device window 

regions were defined by conventional photolithography, and p-type contacts were then formed 

using 20 nm Ti/20 nm Pd/200 nm Au metallization deposited by electron-beam evaporation 

and a standard lift-off process.  The top In0.47Ga0.53As contact layer (device set B only) was 

then removed from the window region by a selective wet etch (1:10:220 H2SO4:H2O2:H2O for 

15 sec), and a ~15 nm SiO2 surface passivation layer was sputter deposited over the active 

window area of all devices. 

 

4.3.4 Quantum-Well Solar Cell Design Considerations 

To optimize collection of photogenerated carriers from the quantum wells and to 

minimize the reduction of Voc, a sufficiently large electric field across the intrinsic region – on 

the order of 30 kV/cm or more
31

 – is typically required, and the barriers over which the 

carriers must be thermally or optically excited generally must be 200-450 meV or less.
29,30

  

The former condition requires that the intrinsic region in the p-i-n diode be sufficiently thin, 

while the latter is satisfied by appropriate choice of quantum-well and barrier materials.  For 

the device structure shown in Figure 4.6(a), with an intrinsic layer thickness of 250 nm, the 

quantum-well electric field is estimated to be 48 kV/cm in equilibrium and 32 kV/cm at a 

maximum-power operating voltage of ~0.4 V.  The energy band diagram under zero bias of 

the quantum-well solar cell under investigation is illustrated in Figure 4.10. 
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Figure 4.10. Energy band diagram for the p-i-n junction In0.81Ga0.19As0.4P0.6/ In0.91Ga0.09As0.2P0.8 

quantum-well solar cell under investigation. 

 

Incorporation of the multiple-quantum-well region, in addition to enabling photon 

absorption at longer wavelengths, also increases the refractive index within the intrinsic region 

relative to the surrounding electrode layers,
37

 as shown in Figure 4.6(b), producing a slab 

waveguide structure.  Scattering of incident light into lateral propagation paths that are 

optically confined by this waveguide can dramatically increase photon propagation lengths, 

and consequently photon absorption efficiency.  Indeed, waveguide mode coupling by light 

scattered from metallic nanoparticles has previously been demonstrated using metal 

nanoparticles on silicon-on-insulator (SOI) photodetectors.
38,39

  Here, we achieve this 

scattering effect by deposition of metal or dielectric nanoparticles atop the semiconductor 

device, as shown in Figure 4.6(a).  Scattering of incident light by the nanoparticles enables 

both improved transmission of photons into the semiconductor active layers and coupling of 

normally incident photons into lateral optically confined paths within the multiple-quantum-

well waveguide layer, resulting in increased photon absorption, photocurrent generation, and 

power conversion efficiency. 



120 

 

4.3.5 Results 

Figure 4.11 (a) shows the spectral photocurrent response for an InP homojunction 

control device, a p-InP/i-In0.91Ga0.09As0.2P0.8/n-InP barrier-only control device, and a p-i-n 

quantum-well solar cell device from device set B.  The measurements were obtained using a 

50 W tungsten halogen lamp as an illumination source and a monochromator with a 600 

groove/mm grating, yielding monochromatic light for measurements extending over a 

wavelength range of 400–1200 nm.  For measurements at wavelengths of 600 nm and longer, 

a red filter was employed to eliminate illumination from the second-order diffraction line.  In 

addition, a near-infrared filter was employed at wavelengths 900 nm and longer to verify long 

wavelength results.  Illumination was incident normal to the surface of the solar cell through a 

chopper operating at 338 Hz and the resulting photocurrent generated in the device was fed to 

a lock-in amplifier to isolate the signal component arising specifically from the incident 

illumination.  A beam splitter was used to divert part of the light beam emerging from the 

monochromator to a Ge photodetector, the output of which was fed to second lock-in 

amplifier. 

The epitaxial layer structures for the control and quantum well devices were grown in 

immediate succession under identical reactor conditions with identical i-layer thicknesses of 

225 nm.  The photocurrent response for the InP control sample extends only to the InP 

absorption edge at 960 nm, while for the barrier-only control and quantum-well devices the 

photocurrent responses extend to the absorption edges of In0.91Ga0.09As0.2P0.8 (1040 nm) and 

In0.81Ga0.19As0.4P0.6 (1160 nm), respectively.  Figure 4.11 (b) shows the maximum-power 

curves for InP homojunction, p-InP/i-In0.91Ga0.09As0.2P0.8/n-InP barrier-only, and p-i-n 

quantum-well solar cell devices from device set A, grown in the same sequential manner as 

device set B, with i-layer thicknesses of 250 nm.  Despite the drop in Voc from 0.63-0.64 V for 
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the homojunction and barrier-only devices to 0.53 V for the quantum-well devices, the 

quantum-well devices exhibit an increase in maximum power output of 7.4% and 4.6% 

relative to the homojunction and barrier-only devices, respectively. 

 

Figure 4.11. (a) Photocurrent response spectra for device set B: InP p-i-n control device (dashed line), 

barrier-material p-i-n control device (dotted line), and p-i-n quantum-well solar cell device (solid line).   

Absorption edges of InP, In0.91Ga0.09As0.2P0.8, and In0.81Ga0.19As0.4P0.6 are indicated. (b) Power output 

curves for device set A: InP p-i-n control device (dashed line), barrier-only p-i-n control device (dotted 

line), and p-i-n quantum-well solar cell device (solid line). 

 

To illustrate the effectiveness of nanoparticle scattering in improving photocurrent 

response and power conversion efficiency, we show in Figure 4.12 photocurrent response 

spectra for quantum-well solar cells from device set B with either 100 nm diameter Au or 150 

nm diameter SiO2 nanoparticles deposited on the surface, plotted as ratios relative to the 

spectrum for the same device without nanoparticles.  Surface particle densities of ~2.7×10
9
 

cm
-2

 and ~2.1×10
9
 cm

-2
 were employed for Au and SiO2 nanoparticles, respectively.  

The nanoparticle deposition procedure, as explained in the previous chapter and 

elsewhere,
40

 was improved upon by increasing the deposition time and by performing the 

deposition in a humid environment to prevent the nanoparticle solution from evaporating.  A 

drop of nanoparticle solution was placed on top of the poly-L-lysine treated cell resting on a 
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moist towel. The cell and towel were then covered with a Petri dish and the towel was 

periodically re-moistened with DI water.  Deposition times as long as 30 minutes were used.  

Very high un-clustered particle concentrations may be obtained in the manner.  

Scattering of incident light by Au nanoparticles yields a reduction in photocurrent 

response at wavelengths of ~570 nm and below associated with a phase shift in the scattered 

wave near the nanoparticle plasmon resonance that results in partial destructive interference 

between the scattered and the directly transmitted waves.
41

 A broad increase from ~570 nm to 

> 900 nm arises from strong forward scattering of light by the nanoparticles.  For the SiO2 

nanoparticles, no surface plasmon polariton resonance is present, and we observe increased 

transmission and photocurrent response over the entire 400-1200 nm range of wavelengths.
42

 

 

a) b)  

Figure 4.12. (a) Scanning electron microscope images of 100 nm-diameter Au nanoparticles (top) and 

150 nm-diameter SiO2 nanoparticles (bottom) deposited on quantum-well solar cell device surfaces 

(device set B). (b) Photocurrent response spectra of p-i-n quantum-well solar cells from device set B 

with either 100 nm diameter Au nanoparticles (dashed line) or 150 nm diameter SiO2 nanoparticles 

(solid line) deposited on the surface, plotted as ratios relative to the spectrum for the same devices 

without nanoparticles. 
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For devices functionalized with Au nanoparticles, we also observe a pronounced 

increase in photocurrent response between 960 nm and cutoff at ~1200 nm.  We attribute this 

behavior to the scattering of incident radiation into optical propagation modes associated with 

the slab waveguide formed by the multiple-quantum-well region and surrounding layers.  A 

standard calculation
43

 shows that this waveguide supports two confined modes at wavelengths 

of 960-1200 nm.  Furthermore, with increasing wavelength the optical waveguide structure 

becomes better defined due to the wavelength dependence of the semiconductor refractive 

indices, resulting in increased coupling efficiency into the guided modes.
39

  The improved 

photocurrent response in this wavelength range then arises because coupling of incident light 

into the guided and substrate radiation modes leads to a dramatic increase in photon path 

lengths within the multiple-quantum-well region associated with lateral, rather than vertical, 

photon propagation, and consequently greater efficiency in photon absorption. 

 

 

Figure 4.13. J-V and output power curves measured for quantum-well solar cell devices (device set B) 

without SiO2 nanoparticles (dashed lines), and for the same devices after deposition of 150 nm-diameter 

SiO2 nanoparticles (solid lines). 
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Previously, our group and others have reported increased Jsc and power conversion 

efficiency due to optical scattering from metal nanoparticles deposited on a-Si solar cells,
40

 

and Si solar cells.
 41,44,45

  The enhanced photocurrent response in nanoparticle-functionalized 

quantum-well solar cells observed here also leads to improved Jsc and power conversion 

efficiency under illumination provided by a Newport 96000 150 watt solar simulator with a 

xenon arc lamp under normal illumination incidence.  Figure 4.13 shows current density-

voltage characteristics and the corresponding power output for a quantum-well solar cell from 

device set B before and after deposition of SiO2 nanoparticles on the device surface.  For a 

SiO2 nanoparticle surface density of ~2.1×10
9
 cm

-2
, a 12.9% increase in Jsc, an increase in the 

fill factor from 58% to 59%, and a 17.0% increase in maximum power conversion efficiency 

were observed relative to the same device prior to nanoparticle deposition.  For an Au 

nanoparticle surface density of ~2.7×10
9
 cm

-2
, a 7.3% increase in Jsc and an increase of 1% in 

maximum power conversion efficiency relative to the same device prior to nanoparticle 

deposition were measured. 

 

4.3.6 Waveguide Mode Coupling Analysis 

Light incident on metallic nanoparticles positioned above an underlying waveguide 

structure (Figure 4.14) results in scattered dipolar fields that can couple into supported 

waveguide modes of the high refractive index guiding layers below.  We will again use the 

model developed by Soller and Hall to analyze the quantum-well waveguide structure.
46,47

 We 

repeat the description of the model for clarity, as some details are different for this structure.  

In this model, based on classical radiation theory of an electric dipole oscillating in air above a 

plane-layered media, the dipole’s total dissipated power, P, is calculated in terms of the vector 
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field amplitudes of the modified dipole moment and local electric field due to the presence of 

the layered-medium below.  The vector field components can be expanded into an angular 

spectrum of plane waves by writing the fields as k-space integrals over the normalized wave-

number u, where u is parallel to the z-axis and 

 ( )[ ] θω sin//1
2/122 =−= cku x . (4.2) 

Decomposing the field in this manner allows one to incorporate reflections in terms of the 

Fresnel reflection coefficients for transverse electric (TE) and transverse magnetic (TM) 

polarized light, ΓTE and ΓTM, respectively.  The Fresnel reflection coefficients of the 26-layer 

air/SiO2/multiple-quantum-well/substrate cell are then calculated by the transfer matrix 

method.
48

  The resulting power spectrum for a horizontal electric dipole (HED) located 

directly above plane-layered media is 

 ( )
( )

( )[ ] [ ]{ }sp rru
u

u
du

u

P
uS ++−−

−
∝

∂

∂
= ∫ 111

1

2

2/12

3

. (4.3) 

When ( )1,0∈u , and subsequently ( )[ ]πθ ,0∈ , the full spectrum of propagating waves having 

nonzero x̂±  wave vector components is represented.  When ( )∞∈ ,1u , and subsequently

( )[ ]0Im ≠θ , the full spectrum of evanescent waves is represented.  The waves emitted by the 

dipole can couple into three categories of modes as indicated in Figure 4.14 (b): (1) waves that 

propagate above and below the air-cell interface ( )[ ]1,0∈u , (2) “leaky” or substrate radiation 

modes that are evanescent above and propagating below the air-cell interface ( )[ ]InPnu ,1∈ , and 

(3) fully guided modes that are evanescent above and below the waveguide region within the 

cell ( )[ ]∞∈ ,InPnu , where nInP is the real part of the refractive index of the InP substrate. 
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Figure 4.14. (a) Schematic diagram of a horizontal electric dipole situated above a multiple-quantum-

well solar cell structure. The darker shaded region is indicative of layers that have a higher index of 

refraction than the surrounding air or InP layers. (b) Representation of three categories of modes that 

waves emitted by the dipole can couple into. Waves that propagate above and below the air-cell 

interface occur when ( )1,0∈u . So-called leaky waves occur when ( )InPnu ,1∈  and are evanescent above 

and propagating below the air-cell interface. Fully guided modes are evanescent above and below the 

waveguide region within the cell when ( )∞∈ ,InPnu .  

 

The power spectrum as a function of u for a horizontal electric dipole located above 

the multiple-quantum-well solar cell at various wavelengths is plotted in Figure 4.15.  The 

symbols near the top of the upper plot indicate the value of nInP for each wavelength shown. 

The large peaks present in the plots for u ≥ nInP at each wavelength indicate strong coupling 

into the guided optical modes of the multiple-quantum well waveguide region.  The greatest 

coupling occurs at 1150 nm as indicated by the sharp peaks at u = 3.246 (TM0 mode) and u = 

3.252 (TE0 mode).  As the wavelength decreases, the modal peaks merge together due to 

increasing absorption in the material.  Note the strong behavioral correlation between the 

coupled power spectrum and the photocurrent response ratio for Au nanoparticles shown in 

Figure 4.12. 
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Figure 4.15. Calculated power spectrum, S(u), for a horizontal electric dipole located above a multiple-

quantum-well solar cell.  In the lower plot, the vertical dashed lines delineate the three regions that light 

can couple into: (from left to right) propagating, leaky, and guided.  The magnified view in the upper 

plot shows S(u) for wavelengths ranging from 1000 nm to 1150 nm. The symbols near the top of the 

upper plot indicate the value of nInP and consequently the onset of guided mode coupling (for u > nInP) 

at 1150 nm (squares), 1100 nm (triangles), 1050 nm (stars), and 1000 nm (circles). The peaks present in 

the plots for u ≥ nInP indicate strong coupling into the guided optical modes of the multiple-quantum 

well waveguide region.  The greatest coupling occurs at 1150 nm as indicated by the sharp peak on the 

left (TM0 mode) and on the right (TE0 mode).  As the wavelength decreases, the two modal peaks 

merge together due to increasing absorption in the material. Note the strong correlation in coupled 

power spectrum and the photocurrent response ratio for Au nanoparticles shown in Figure 4.12. 
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a) b)  

Figure 4.16. Coupled power spectrum of a horizontal electric dipole a) fully guided modes, and b) 

guided and substrate modes.  The coupling efficiency falls in b) as the index of refraction of the guiding 

layer decreases with wavelength. 

 

The ratio of the power radiated into a fully guided modes to the total radiated power, 

given by 

 uduSuduS
InPn ∫∫

∞∞

0
)(/)( , (4.4) 

is computed for wavelengths ~600-1200 nm as illustrated in Figure 4.16(a).  Coupling of 

radiation from a HED into the slab waveguide modes occurs with an efficiency less than 10%.  

However, coupling of radiation from a HED into either a guided or a substrate radiation 

modes, given by  

 uduSuduS ∫∫
∞∞

01
)(/)( ,  (4.5) 

occurs with an efficiency of 88-92% over the ~600-1200nm wavelength range as illustrated in 

Figure 4.16(b).  This result suggests that with optimization of optical mode structure and 

coupling, of material absorption properties, and of electric field profiles for carrier collection 

efficiency, a large increase in power conversion efficiency due to absorption of long-

wavelength photons in the quantum wells within the waveguide region should be attainable. 
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4.3.7 Conclusion 

In summary, we have shown that the performance of quantum-well solar cells can be 

substantially improved by integration of dielectric or metal nanoparticles with the 

semiconductor device to couple normally incident light into lateral propagation paths confined 

within the slab waveguide formed by the multiple-quantum-well intrinsic layer.  This 

approach enables the conflict normally inherent in achieving both efficient photon absorption 

(mandating a thick multiple-quantum-well layer) and efficient collection of photogenerated 

carriers (typically requiring a thin multiple-quantum-well layer) to be circumvented, and could 

help enable realization of the very high maximum power conversion efficiencies predicted for 

quantum-well solar cells.  Furthermore, the concepts demonstrated here are expected to be 

broadly applicable to a variety of other advanced photovoltaic structures, such as intermediate-

band solar cells and various other thin-film devices, as well as other types of semiconductor-

based photodetectors in which wavelength-specific enhancement of photoresponse is desired. 

 

4.4 Ultra-thin Quantum-Well Solar Cells 

In this section, we report on recent progress towards developing a thinned ~1 µm 

thick quantum-well solar cell that is mechanically attached to an inexpensive handle 

substrate.  Substantially larger improvements for nanoparticle scattering coupling 

efficiency and photocurrent enhancement are anticipated for quantum-well solar cell 

structures that bound the quantum-well region with a low refractive index substrate or 

a highly reflective metal backing.  To facilitate contacting the back of the cell, a highly 

reflective Au layer is used as the waveguide boundary. 
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Figure 4.17. Processing steps for manufacturing an ultra-thin quantum well solar cells.  (a) 1405 nm 

quantum-well solar cell epitaxial structure is grown on a 300 µm thick substrate. (b) Ohmic contacts are 

deposited onto p-type surface. Substrate is flipped and bonded with conductive epoxy to Au coated Si 

handle. (c) InP substrate is selectively etched with HCl stopping at the 200 nm InGaAs layer.  Ti/Au 

contacts are deposited onto n+ InGaAs layer. (d) Exposed InGaAs is selectively etched with 

H3P04:H202:H20 (1:1:8) to expose n+-InP layer. A 1205 nm ultra-thin quantum well solar cell remains.  

Standard nanoparticle deposition procedure may then be performed. 
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Lattice-matched InP/(In0.53Ga0.47As)x(InP)1−x multiple-quantum-well p-i-n solar cell 

structures, shown schematically in Figure 4.17, were grown by Spire Semiconductor in a 

vertical growth chamber by metal organic chemical vapor deposition.  Two device structures, 

including a InP control cell and a quantum-well solar cell, were grown on p-type two-inch InP 

(001) wafers.  The epitaxial layers for the control and quantum well devices were grown in 

immediate succession under identical reactor conditions with identical layer thicknesses.  All 

devices were grown on a 200 nm thick lattice matched n-type In0.53Ga0.47As etch stop layer.  

The n-type electrode of all p-i-n diode structures consisted of a 20 nm Te doped (1x10
18

cm
-3

) 

back surface field layer and a 40nm n-type Te doped (1x10
17

cm
-3

) InP layer. 

The 800 nm i-InP layer was subsequently grown.  In the quantum well cell, 400nm of i-

InP was first grown, followed by 10 nm In0.91Ga0.09As0.2P0.8 quantum wells alternating with 10 

nm InP barriers.  The well region was capped with a 200 nm i-InP layer.  The p-type electrode 

consisted of a Zn doped (1×10
17 

cm
-3

) 300 nm p-type InP layer followed by a 20 nm p+ Zn 

doped (1×10
18 

cm
-3

)
 
layer.  The growth was terminated by a 25 nm p-type In0.47Ga0.53As to help 

promote Ohmic contact formation to the p-region.  Figure 4.18 plots the XRD rocking curve 

for the quantum-well solar cell samples under investigation, indicating a lattice matched 

epitaxial structure.  Figure 4.19 shows the PL spectra for the quantum-well solar cell samples 

indicating a peak photoluminescence near ~1015 nm. 

Following growth, the substrates were immersed for 30 sec in 1:10 HF:H2O solution to 

remove any native oxide.  A 20 nm Ti/20 nm Pd/40 nm Au metallization was used to contact 

the p-region.  The edges of the 1 cm
2
 device was coated with photoresist and several small 

drops of Ag conductive epoxy were smeared onto the back Au contact.  The cell was bonded 

to a Ti/Au covered Si handle.  After allowing the epoxy to cure for ~1 hr at 60
o 

C, the device 

was submerged in concentrated HCl for ~1 hr to remove the InP substrate.  The etching 
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process will cease once the highly reflective In0.53Ga0.47As etch stop layer is exposed.  The 

200nm n-type In0.53Ga0.47As layer may be used to contact the cell, if so desired, using a 

standard 20 nm Ti/ 40 nm Au metallization.  Prior to device measurement, the remaining 

In0.53Ga0.47As layer must be removed to prevent filtering of the incident spectrum. 

 

Figure 4.18. XRD rocking curve for the lattice matched quantum-well solar cell wafer under 

investigation. 

 

Figure 4.19. PL spectra for the quantum-well solar cell wafer under investigation. 
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a) b)  

Figure 4.20. Calculated horizontal electric dipole coupling efficiency for an ultra-thin quantum-well 

solar cell bounded on the bottom by (a) Au and (b) ITO.  It can be observed that the Au backing results 

in a higher coupling efficiency due to increased reflectivity at the back surface. 

 

Figure 4.20 plots the coupling efficiency of a horizontal electric dipole above the 

quantum-well solar cell bounded on the bottom by (a) Au and (b) ITO.  It can be observed that 

the Au backing results in a higher coupling efficiency due to increased reflectivity at the back 

surface.  While work on this device is still in progress, Figure 4.21 shows preliminary data of 

the measured photocurrent spectra for an ultra-thin quantum-well solar cell with a Au back 

layer.  

 

Figure 4.21. Preliminary measured photocurrent of a thinned quantum-well solar cell with a Au back. 
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APPE�DIX A  – E�ERGY A�D THE E�VIRO�ME�T 

 

A.1 Energy Production and Consumption 

Nearly all life on Earth depends on the conversion of solar energy into stored 

chemical energy.  Algae, plants, and certain bacteria perform this energy conversion via the 

metabolic pathway known as photosynthesis.  This process, in its simplest form, uses solar 

energy to convert CO2 and H2O via an electron transport chain into O2 and stored chemical 

energy in the form of complex starches and sugars found in plant tissues.  Photosynthesis is 

ultimately responsible for the production of all biomass, which serves as the fundamental 

source of food for animals.  Equally as important, photosynthesis also regulates the amount of 

CO2 and O2 in the Earth’s atmosphere by capturing CO2 and replenishing O2 that is consumed 

by plants and animals through aerobic respiration.  Without replenishment, all oxygen in the 

atmosphere would be consumed in approximately 3000 years.1  

 

Figure A.1. 2005 world energy consumption by energy source. 
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In addition to the direct relationship between photosynthesis and life on Earth, humans 

also depend on the decomposition products of plants and animals for energy.  Fossil fuels are 

non-renewable in the sense that it takes millions of years to convert the decomposed biomass 

into the fossil fuels we use every day.  The world consumed 4.9 x 1020 J of energy in 2005.  As 

indicated in Figure 1.1, over 86% of all the energy consumed in the world is produced by 

burning fossil fuels.  This has led to dramatic increases in the atmospheric concentration of 

greenhouse gasses; for example, recorded increases since 1750 include a 31% increase in CO2, 

a 151% increase in CH4, and a 17% increase in N2O.
2  The increased concentration of 

greenhouse gasses has been attributed to an increase in global temperature by 0.6oC since the 

late 19th century.2  Clearly, there is need for change. 

 

Figure A.2. U.S. production of energy by source and consumption by sector in 2007.3 
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Figure A.2 shows energy production in the United States in 2007 by source and how it 

is distributed to each consumption sector.  Fossil fuels are the leading resources used in all 

sectors, totaling 84.8%.  Obtaining energy from renewable resources for use in any sector will 

improve the current energy crisis; however, certain sectors are more easily adapted to than 

others.  For example, convenience factors prevent using renewable energy sources for 

transportation as petroleum products allow for long distance travel without tethering to a 

permanent energy grid or battery systems.  Of all energy consumed in the United States, 29% 

is used for transportation – of which only 2% is generated from renewable energy sources 

(mainly biodiesel and ethanol) as indicated by Figure A.3.  Despite the growing increase in 

energy required for extraction and processing, liquid petroleum still offers a high energy 

return on investment – one that has yet to be surpassed by renewable energy sources such as 

hydrogen or ethanol from corn. 

 

Figure A.3. 2007 U.S. renewable energy consumption.4 
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As the United States aims for greater energy independence, large-scale photovoltaic 

and wind farms tied into the electrical grid could become part of a nationwide push towards an 

electric car nation.  However, to avoid the costly environmental impact of coal powered 

transportation industry, a significant portion of the supplied electrical energy must come from 

renewable resources.  Coal, natural gas, and petroleum currently supply 70% of the generated 

electric energy in the United States today.  Fortunately, wind, tidal, geothermal, and solar 

power offer an immediate solution to reducing the amount of fossil fuels used in the 

production of electricity.  Today, only 9% of the total electrical energy is produced from 

renewable sources – mainly from hydroelectric dams (6%) and wind power (2%). 

 

A.2 Airborne Pollutants and Energy Production 

The Clean Air Act5 requires the Environmental Protection Agency (EPA) to provide a 

National Ambient Air Quality Standard for six commonly measured air pollutants (Figure 

A.4): ozone (O3), nitrogen oxides (NOx), lead (Pb), sulfur oxides (SOx), carbon monoxide 

(CO), and airborne particulates.6  These pollutants cause respiratory problems, harm the 

environment, and lead to property damage.  Acid rain can damage foliage, change chemical 

composition of soil, and make aquatic environments too acidic for fish.  The amount of air 

pollution in the United States is largely generated by internal combustion engines.  However, 

of the six pollutants monitored, particulate pollution and ground-level ozone cause most health 

and respiratory problems. 
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Figure A.4. Common air pollutants and their sources.7 

 

A.3 Ozone, �itrogen Oxides, Sulfur Oxides, and Volatile Organic Compounds 

Ozone, the primary constituent of smog, is created at ground level when sunlight 

catalyzes the chemical reaction between nitrogen oxide and volatile organic compounds 

(VOC) emitted by motor vehicle exhaust, industrial emissions, gasoline vapors, and common 

solvents.  Due to sunnier conditions during the summer months, ozone is often higher in 

concentration at this time.  Nitrogen oxides, sulfur oxides, and ozone all contribute to smog. 

Additionally, nitrogen oxides causes the reddish-brown color of smog while sulfur oxides 

causes the haze seen in many national parks. 



142 

Since the removal of lead from gasoline, levels of lead in the air dramatically 

decreased in the United States.  Currently, the main contributor to airborne lead pollution is 

metals processing.  The highest levels of airborne lead concentrations are usually found near 

lead smelters, waste incinerators, utilities, and lead-acid battery manufacturers. 

Carbon monoxide is a poisonous, colorless, odorless gas that is formed due to 

incomplete combustion of a fossil fuel.  Carbon monoxide is a component of motor vehicle 

exhaust.  Nearly 56% of all carbon monoxide comes from vehicular exhaust while an 

additional 22% is produced by non-road engines including construction equipment and boats.  

The highest measured levels of carbon monoxide are found during the winter months when 

inversion conditions trap pollution near the ground beneath a layer of warmer air. 

 

A.4 Greenhouse Gasses, Climate Change, and Energy 

Reducing human dependence on fossil fuels is crucial to lowering atmospheric 

concentrations of greenhouse gasses.  Fossil fuel emissions contribute to the greenhouse effect 

directly if the gas has the ability to absorb solar radiation.  Emissions may also indirectly 

effect radiative forcing in a number of ways: emissions may induce chemical reactions that 

result in the production of other greenhouse gases; emissions may influence the atmospheric 

lifetimes of other gases; or emissions may affect cloud formation or the Earth’s albedo. 

The EPA calculates greenhouse gas emissions and sinks, and uses the 

Intergovernmental Panel on Climate Change (IPCC) standard developed for comparing the 

efficacy of a particular gas to trap heat in the atmosphere.  The Global Warming Potential 

(GWP) of a greenhouse gas is the ratio of the integrated radiative forcing of the gas to that of 
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CO2 – having units of 10
12 grams of CO2 equivalents (Tg CO2 Eq.).

8  Table A.1 lists the GWP 

of common greenhouse gasses.  The use of ozone depleting substances including 

chlorofluorocarbons (CFCs) and hydrochlorofluorocarbons (HCFCs) has been phased out 

since the passing of the Montreal Protocol in mid-1980s.  These gasses have since been 

replaced by hydrofluorocarbons (HFCs), perfluorocarbons (PFCs), and sulfur hexafluoride 

(SF6) – gasses that do not deplete stratospheric ozone but are extremely potent greenhouse 

gases. 

Gas GWP Gas GWP 

CO2 1 HFC-143a 3,800 

CH4 21 HFC-236fa 6,300 

HFC-152a 140 CF4 6,500 

N2O 310 C4F10 7,000 

HFC-32 650 C6F14 7,400 

HFC-134a 1,300 C2F6 9,200 

HFC-4310mee 1,300 HFC-23 11,700 

HFC-125 2,800 SF6 23,900 

HFC-227ea 2,900 (in Tg CO2 Eq.) 

 
Table A.1. GWP of common gasses (in Tg CO2 Eq.).

9 

 

 The total equivalent greenhouse gas emission is largely dominated by CO2 – totaling 

over 84% of the equivalent CO2 present in the atmosphere as indicated in Figure A.5.  Clearly, 

reducing the amount of CO2 alone will have an enormous impact on global climate change.  

Figure A.6 indicates that despite the popular belief that most CO2 emission is generated from 

vehicles, nearly 42% results from electricity generation.  Thus, widespread use of 

photovoltaics could play an important role in reducing global climate change. 
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Figure A.5. Composition of greenhouse gas emissions in 2006 in the United States.10 

 

 

Figure A.6. 2006 end-use emissions of CO2 from fossil fuel combustion.11 
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A.5 Future Outlook 

How likely is it that greater use of photovoltaics will have any impact on the world 

energy market?  In 2002, when the price of oil was less than $30/barrel, the cumulative 

production of all photovoltaic modules in the world could generate just enough electricity to 

replace a single 500 MW power plant.12   While the cumulative total today is much greater, it 

is still difficult to envisage photovoltaics becoming a major player world energy market even 

with an average annual growth of 33% per year.  Currently, less than 0.1% of the total energy 

consumed by the world is produced by solar energy conversion. 

Producing photovoltaic modules includes the fabrication of individual solar cells and 

the final assembly of the cells into a module that can withstand outdoor environments.  Nearly 

90% of all photovoltaic modules sold today are fabricated with silicon solar cells.  In a 

standard silicon-based solar module, the cost of the silicon wafers alone accounts for 

approximately 50% of the final installation price.  The current market price for solar electricity 

in the United States is $4.81/Wp (peak wattage).13  It is estimated that photovoltaic systems 

will be competitive when costs falls to $3/Wp which will require a reduction in the overall per 

unit cost of photovoltaic modules.  Module costs may be reduced in a number of ways 

including (1) increasing individual solar cell efficiencies, (2) thinning cells to reduce base 

material costs, (3) increasing individual solar cell production yield, (4) using less expensive 

semiconductor materials, (5) reducing the energy conversion efficiency loss when individual 

solar cells are assembled into modules, (6) improving the throughput of the manufacturing and 

assembly processes, or (7) increasing solar flux on modules via solar tracking and 

concentrating systems.  While many improvements can be made in the manufacturing and 

assembly processes, this dissertation will focus mainly on research conducted on ways to 

improve the conversion efficiency of individual solar cells. 
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APPE�DIX B  – MATLAB SCRIPTS 

B.1 Dielectric Functions of  Materials 

function x = materials(lambda, mat) 
% materials.m 
% lambda in meters 
% materials must match case 

nu_emwh = 3e8/lambda; 

if mat=='si' 

    realn_Si(1,:) = [1.146E+15 1.141E+15 1.136E+15 1.132E+15 1.127E+15 1.122E+15 1.117E+15 
1.112E+15 1.107E+15 1.103E+15 1.098E+15 1.093E+15 1.088E+15 1.083E+15 1.078E+15 
1.074E+15 1.069E+15 1.064E+15 1.059E+15 1.054E+15 1.049E+15 1.045E+15 1.040E+15 
1.035E+15 1.030E+15 1.025E+15 1.020E+15 1.016E+15 1.011E+15 1.006E+15 1.001E+15 
9.962E+14 9.914E+14 9.866E+14 9.817E+14 9.769E+14 9.720E+14 9.672E+14 9.624E+14 
9.575E+14 9.527E+14 9.479E+14 9.430E+14 9.382E+14 9.334E+14 9.285E+14 9.237E+14 
9.188E+14 9.140E+14 9.092E+14 9.043E+14 8.995E+14 8.947E+14 8.898E+14 8.850E+14 
8.802E+14 8.753E+14 8.705E+14 8.657E+14 8.608E+14 8.560E+14 8.511E+14 8.463E+14 
8.415E+14 8.366E+14 8.318E+14 8.270E+14 8.221E+14 8.173E+14 8.125E+14 8.076E+14 
8.028E+14 7.979E+14 7.931E+14 7.883E+14 7.834E+14 7.786E+14 7.738E+14 7.689E+14 
7.641E+14 7.593E+14 7.544E+14 7.496E+14 7.448E+14 7.399E+14 7.351E+14 7.302E+14 
7.254E+14 7.206E+14 7.157E+14 7.109E+14 7.061E+14 7.012E+14 6.964E+14 6.916E+14 
6.867E+14 6.819E+14 6.770E+14 6.722E+14 6.674E+14 6.625E+14 6.577E+14 6.529E+14 
6.480E+14 6.432E+14 6.384E+14 6.335E+14 6.287E+14 6.239E+14 6.190E+14 6.142E+14 
6.093E+14 6.045E+14 5.997E+14 5.948E+14 5.900E+14 5.852E+14 5.803E+14 5.755E+14 
5.707E+14 5.658E+14 5.610E+14 5.561E+14 5.513E+14 5.465E+14 5.416E+14 5.368E+14 
5.320E+14 5.271E+14 5.223E+14 5.175E+14 5.126E+14 5.078E+14 5.029E+14 4.981E+14 
4.933E+14 4.884E+14 4.836E+14 4.788E+14 4.739E+14 4.691E+14 4.643E+14 4.594E+14 
4.546E+14 4.498E+14 4.449E+14 4.401E+14 4.352E+14 4.304E+14 4.256E+14 4.207E+14 
4.159E+14 4.111E+14 4.062E+14 4.014E+14 3.966E+14 3.917E+14 3.869E+14 3.820E+14 
3.772E+14 3.724E+14 3.675E+14 3.627E+14 2.677E+14 2.621E+14 2.498E+14 2.185E+14 

2.141E+14 1.957E+14 1.874E+14 1.768E+14]; 

    realn_Si(2,:) = [1.713 1.737 1.764 1.794 1.831 1.874 1.927 1.988 2.059 2.140 2.234 2.339 2.451 
2.572 2.700 2.833 2.974 3.120 3.277 3.444 3.634 3.849 4.086 4.318 4.525 4.686 4.805 4.888 4.941 
4.977 4.999 5.012 5.020 5.021 5.020 5.018 5.015 5.010 5.009 5.010 5.009 5.012 5.016 5.021 5.029 
5.040 5.052 5.065 5.079 5.095 5.115 5.134 5.156 5.179 5.204 5.231 5.261 5.296 5.336 5.383 5.442 
5.515 5.610 5.733 5.894 6.089 6.308 6.522 6.695 6.796 6.829 6.799 6.709 6.585 6.452 6.316 6.185 
6.062 5.948 5.842 5.744 5.654 5.570 5.493 5.420 5.349 5.284 5.222 5.164 5.109 5.058 5.001 4.961 
4.916 4.872 4.831 4.791 4.753 4.718 4.682 4.648 4.615 4.583 4.553 4.522 4.495 4.466 4.442 4.416 
4.391 4.367 4.343 4.320 4.298 4.277 4.255 4.235 4.215 4.196 4.177 4.159 4.140 4.123 4.106 4.089 
4.073 4.057 4.042 4.026 4.012 3.997 3.983 3.969 3.956 3.943 3.930 3.918 3.906 3.893 3.882 3.870 
3.858 3.847 3.837 3.826 3.815 3.805 3.796 3.787 3.778 3.768 3.761 3.752 3.749 3.736 3.728 3.721 

3.714 3.705 3.697 3.688 3.681 3.673 3.5361 3.5295 3.35193 3.5007 3.4876 3.4784 3.471 3.4644]; 

    imagn_Si(1,:) = [1.146E+15 1.141E+15 1.136E+15 1.132E+15 1.127E+15 1.122E+15 1.117E+15 
1.112E+15 1.107E+15 1.103E+15 1.098E+15 1.093E+15 1.088E+15 1.083E+15 1.078E+15 
1.074E+15 1.069E+15 1.064E+15 1.059E+15 1.054E+15 1.049E+15 1.045E+15 1.040E+15 
1.035E+15 1.030E+15 1.025E+15 1.020E+15 1.016E+15 1.011E+15 1.006E+15 1.001E+15 
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9.962E+14 9.914E+14 9.866E+14 9.817E+14 9.769E+14 9.720E+14 9.672E+14 9.624E+14 
9.575E+14 9.527E+14 9.479E+14 9.430E+14 9.382E+14 9.334E+14 9.285E+14 9.237E+14 
9.188E+14 9.140E+14 9.092E+14 9.043E+14 8.995E+14 8.947E+14 8.898E+14 8.850E+14 
8.802E+14 8.753E+14 8.705E+14 8.657E+14 8.608E+14 8.560E+14 8.511E+14 8.463E+14 
8.415E+14 8.366E+14 8.318E+14 8.270E+14 8.221E+14 8.173E+14 8.125E+14 8.076E+14 
8.028E+14 7.979E+14 7.931E+14 7.883E+14 7.834E+14 7.786E+14 7.738E+14 7.689E+14 
7.641E+14 7.593E+14 7.544E+14 7.496E+14 7.448E+14 7.399E+14 7.351E+14 7.302E+14 
7.254E+14 7.206E+14 7.157E+14 7.109E+14 7.061E+14 7.012E+14 6.964E+14 6.916E+14 
6.867E+14 6.819E+14 6.770E+14 6.722E+14 6.674E+14 6.625E+14 6.577E+14 6.529E+14 
6.480E+14 6.432E+14 6.384E+14 6.335E+14 6.287E+14 6.239E+14 6.190E+14 6.142E+14 
6.093E+14 6.045E+14 5.997E+14 5.948E+14 5.900E+14 5.852E+14 5.803E+14 5.755E+14 
5.707E+14 5.658E+14 5.610E+14 5.561E+14 5.513E+14 5.465E+14 5.416E+14 5.368E+14 
5.320E+14 5.271E+14 5.223E+14 5.175E+14 5.126E+14 5.078E+14 5.029E+14 4.981E+14 
4.933E+14 4.884E+14 4.836E+14 4.788E+14 4.739E+14 4.691E+14 4.643E+14 4.594E+14 
4.546E+14 4.498E+14 4.449E+14 4.401E+14 4.352E+14 4.304E+14 4.256E+14 4.207E+14 
4.159E+14 4.111E+14 4.062E+14 4.014E+14 3.966E+14 3.917E+14 3.869E+14 3.820E+14 
3.772E+14 3.724E+14 3.675E+14 3.627E+14 2.677E+14 2.621E+14 2.498E+14 2.185E+14 

2.141E+14 1.957E+14 1.874E+14 1.768E+14]; 

    imagn_Si(2,:) = [4.149 4.211 4.278 4.350 4.426 4.506 4.590 4.678 4.764 4.849 4.933 5.011 5.082 
5.148 5.206 5.257 5.304 5.344 5.381 5.414 5.435 5.439 5.395 5.301 5.158 4.989 4.812 4.639 4.480 
4.335 4.204 4.086 3.979 3.885 3.798 3.720 3.650 3.587 3.529 3.477 3.429 3.386 3.346 3.310 3.275 
3.242 3.211 3.182 3.154 3.128 3.103 3.079 3.058 3.039 3.021 3.007 2.995 2.987 2.983 2.984 2.989 
2.999 3.014 3.026 3.023 2.982 2.881 2.705 2.456 2.169 1.870 1.577 1.321 1.110 0.945 0.815 0.714 
0.630 0.561 0.505 0.456 0.416 0.387 0.355 0.329 0.313 0.291 0.269 0.255 0.244 0.228 0.211 0.203 
0.194 0.185 0.185 0.170 0.163 0.149 0.149 0.133 0.131 0.130 0.131 0.134 0.120 0.120 0.090 0.094 
0.083 0.079 0.077 0.073 0.073 0.066 0.072 0.060 0.060 0.056 0.053 0.043 0.045 0.048 0.044 0.044 
0.032 0.038 0.032 0.034 0.030 0.027 0.030 0.030 0.027 0.025 0.025 0.024 0.022 0.022 0.019 0.018 
0.017 0.016 0.016 0.015 0.014 0.013 0.013 0.013 0.012 0.011 0.011 0.010 0.010 0.009 0.009 0.008 
0.008 0.007 0.007 0.006 0.006 0.005 0.0005 0.00005 0.000005 0.0000005 0.00000005 0.000000005 

0.0000000005 0.00000000005];  

    rn_Si = interp1(realn_Si(1,:), realn_Si(2,:), nu_emwh, 'pchip'); 
    in_Si = j*interp1(imagn_Si(1,:), imagn_Si(2,:), nu_emwh, 'pchip'); 

    x = rn_Si+in_Si; 

end 

if mat=='ag' 

    %Silver 

    realn_Ag(1,:) = [1.8377E14 1.88606E14 1.93442E14 1.98278E14 2.03114E14
 2.0795E14 2.12786E14 2.17622E14 2.22458E14 2.27294E14
 2.3213E14 2.36966E14 2.41803E14 2.65983E14 2.90163E14
 3.14343E14 3.38524E14 3.62704E14 3.86884E14 4.11064E14
 4.35245E14 4.59425E14 4.83605E14 5.07785E14 5.31966E14
 5.56146E14 5.80326E14 6.04506E14 6.28687E14 6.52867E14
 6.77047E14 7.01227E14 7.25408E14 7.49588E14 7.73768E14
 7.97948E14 8.22129E14 8.46309E14 8.70489E14 8.82579E14
 8.94669E14 9.01923E14 9.06759E14 9.1885E14 9.26104E14
 9.3094E14 9.38194E14 9.4303E14 9.50284E14 9.5512E14
 9.62374E14 9.6721E14 9.793E14 9.9139E14 1.00348E15
 1.01557E15 1.03975E15 1.06393E15 1.08811E15 1.11229E15
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 1.13647E15 1.16065E15 1.18483E15 1.20901E15 1.25737E15

 1.30573E15 1.35409E15 1.40245E15 1.45082E15]; 

    realn_Ag(2,:) = [0.501 0.485 0.469 0.455 0.442 0.431 0.421 0.411 0.401
 0.392 0.383 0.375 0.329 0.251 0.226 0.198 0.163 0.145 0.143
 0.148 0.14 0.14 0.131 0.121 0.12 0.129 0.13 0.13 0.132
 0.144 0.157 0.16 0.173 0.173 0.192 0.2 0.186 0.209 0.238
 0.259 0.294 0.321 0.371 0.526 0.616 0.708 0.815 0.93 1.044
 1.149 1.246 1.323 1.432 1.496 1.522 1.519 1.502 1.476 1.441

 1.404 1.372 1.343 1.32 1.298 1.265 1.238 1.208 1.173 1.125]; 

    imagn_Ag(1,:) = [1.8377E14 1.88606E14 1.93442E14 1.98278E14 2.03114E14
 2.0795E14 2.12786E14 2.17622E14 2.22458E14 2.27294E14
 2.3213E14 2.36966E14 2.41803E14 2.65983E14 2.90163E14
 3.14343E14 3.38524E14 3.62704E14 3.86884E14 4.11064E14
 4.35245E14 4.59425E14 4.83605E14 5.07785E14 5.31966E14
 5.56146E14 5.80326E14 6.04506E14 6.28687E14 6.52867E14
 6.77047E14 7.01227E14 7.25408E14 7.49588E14 7.73768E14
 7.97948E14 8.22129E14 8.46309E14 8.70489E14 8.82579E14
 8.94669E14 9.01923E14 9.06759E14 9.1885E14 9.26104E14
 9.3094E14 9.38194E14 9.4303E14 9.50284E14 9.5512E14
 9.62374E14 9.6721E14 9.793E14 9.9139E14 1.00348E15
 1.01557E15 1.03975E15 1.06393E15 1.08811E15 1.11229E15
 1.13647E15 1.16065E15 1.18483E15 1.20901E15 1.25737E15

 1.30573E15 1.35409E15 1.40245E15 1.45082E15]; 

    imagn_Ag(2,:) = [9.84 9.57 9.32 9.08 8.88 8.7 8.37 8.37 8.21 8.06
 7.92 7.78 8.49 7.67 6.99 6.43 5.95 5.5 5.09 4.74 4.44
 4.15 3.88 3.66 3.45 3.25 3.07 2.88 2.72 2.56 2.4 2.26
 2.11 1.95 1.81 1.67 1.61 1.44 1.24 1.12 0.986 0.902
 0.813 0.663 0.609 0.565 0.526 0.504 0.514 0.54 0.586 0.647
 0.766 0.882 0.992 1.08 1.19 1.26 1.31 1.33 1.35 1.35 1.35

 1.35 1.33 1.31 1.3 1.29 1.27]; 

    rn_Ag = interp1(realn_Ag(1,:), realn_Ag(2,:), nu_emwh, 'pchip'); 
    in_Ag = j*interp1(imagn_Ag(1,:), imagn_Ag(2,:), nu_emwh, 'pchip'); 

    x = rn_Ag+in_Ag; 

end 

if mat=='it' 

    %ITO 
    reale_ITO(1,:) = [2.25E14 3E14 4.5E14 6E14 7.5E14 9E14 9.6E14 1.05E15]; 
    reale_ITO(2,:) = [1.8 2.8 3.6 4 4.4 5.1 5.6 5.5]; 
    image_ITO(1,:) = [2.25E14 3E14 4.5E14 6E14 7.5E14 9E14 9.6E14 1.05E15]; 
    image_ITO(2,:) = [0.4 0.2 0.1 0 0.1 0.2 0.5 1.3]; 
    re_ITO = interp1(reale_ITO(1,:), reale_ITO(2,:), nu_emwh, 'pchip'); 
    ie_ITO = j*interp1(image_ITO(1,:), image_ITO(2,:), nu_emwh, 'pchip'); 

    x = sqrt(re_ITO+ie_ITO) 

end 

if mat=='as' 
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    %a-Si 

    realn_Asi(1,:) = [1.69262E14 1.93442E14 2.17622E14 2.41803E14 2.65983E14
 2.90163E14 3.14343E14 3.38524E14 3.62704E14 3.86884E14
 4.11064E14 4.35245E14 4.59425E14 4.83605E14 5.31966E14
 5.80326E14 6.04506E14 6.28687E14 6.77047E14 7.25408E14
 7.73768E14 8.22129E14 8.46309E14 8.70489E14 9.1885E14
 9.6721E14 1.01557E15 1.06393E15 1.11229E15 1.16065E15

 1.20901E15 1.32991E15 1.45082E15]; 

    realn_Asi(2,:) = [3.45 3.48 3.5 3.54 3.57 3.61 3.68 3.77 3.86
 3.931 4.01 4.09 4.17 4.23 4.36 4.46 4.47 4.49 4.47 4.38
 4.17 3.9 3.73 3.55 3.21 2.97 2.56 2.3 2.07 1.86 1.69

 1.35 1.11]; 

    imagn_Asi(1,:) = [1.69262E14 1.93442E14 2.17622E14 2.41803E14 2.65983E14
 2.90163E14 3.14343E14 3.38524E14 3.62704E14 3.86884E14
 4.11064E14 4.35245E14 4.59425E14 4.83605E14 5.31966E14
 5.80326E14 6.04506E14 6.28687E14 6.77047E14 7.25408E14
 7.73768E14 8.22129E14 8.46309E14 8.70489E14 9.1885E14
 9.6721E14 1.01557E15 1.06393E15 1.11229E15 1.16065E15

 1.20901E15 1.32991E15 1.45082E15]; 

    imagn_Asi(2,:) = [0 0 0 0 0 0 0 0 0.0812
 0.136 0.199 0.271 0.363 0.461 0.69 0.969 1.12 1.28 1.64 2.02
 2.38 2.66 2.79 2.88 3 3.06 3.04 2.99 2.93 2.85 2.76
 2.51 2.28]; 

    rn_Asi = interp1(realn_Asi(1,:), realn_Asi(2,:), nu_emwh, 'pchip'); 
    in_Asi = j*interp1(imagn_Asi(1,:), imagn_Asi(2,:), nu_emwh, 'pchip'); 

    x = rn_Asi+in_Asi; 

end 

if mat=='au' 

    %Gold 

    realn_Au(1,:) = [1.84E14 1.89E14 1.93E14 1.98E14 2.03E14 2.08E14 2.13E14 2.18E14
 2.22E14 2.27E14 2.32E14 2.37E14 2.42E14 2.66E14 2.9E14 3.14E14 3.39E14 3.63E14
 3.87E14 4.11E14 4.35E14 4.59E14 5.32E14 5.56E14 5.8E14 6.05E14 6.29E14 6.53E14
 6.77E14 7.01E14 7.25E14 7.5E14 7.74E14 7.98E14 8.22E14 8.46E14 8.7E14 8.95E14
 9.19E14 9.43E14 9.67E14 9.91E14 1.02E15 1.04E15 1.06E15 1.09E15 1.11E15 1.14E15
 1.16E15 1.18E15 1.21E15 1.23E15 1.26E15 1.28E15 1.31E15 1.33E15 1.35E15 1.38E15

 1.4E15 1.43E15 1.45E15]; 

    realn_Au(2,:) = [0.609 0.583 0.559 0.537 0.515 0.493 0.473 0.454 0.436
 0.419 0.403 0.389 0.372 0.312 0.272 0.236 0.21 0.188 0.174
 0.164 0.16 0.166 0.306 0.402 0.608 0.916 1.242 1.426 1.562
 1.616 1.636 1.658 1.674 1.696 1.716 1.74 1.766 1.798 1.824 1.84
 1.83 1.812 1.776 1.742 1.69 1.648 1.598 1.546 1.504 1.49
 1.484 1.478 1.47 1.462 1.454 1.452 1.442 1.438 1.432 1.43

 1.422]; 



150 

    imagn_Au(1,:) = [1.84E14 1.89E14 1.93E14 1.98E14 2.03E14 2.08E14 2.13E14 2.18E14
 2.22E14 2.27E14 2.32E14 2.37E14 2.42E14 2.66E14 2.9E14 3.14E14 3.39E14 3.63E14
 3.87E14 4.11E14 4.35E14 4.59E14 5.32E14 5.56E14 5.8E14 6.05E14 6.29E14 6.53E14
 6.77E14 7.01E14 7.25E14 7.5E14 7.74E14 7.98E14 8.22E14 8.46E14 8.7E14 8.95E14
 9.19E14 9.43E14 9.67E14 9.91E14 1.02E15 1.04E15 1.06E15 1.09E15 1.11E15 1.14E15
 1.16E15 1.18E15 1.21E15 1.23E15 1.26E15 1.28E15 1.31E15 1.33E15 1.35E15 1.38E15

 1.4E15 1.43E15 1.45E15]; 

    imagn_Au(2,:) = [10.3 10.1 9.81 9.58 9.36 9.15 8.96 8.77 8.59 8.42
 8.25 8.09 8.77 7.93 7.07 6.47 5.88 5.39 4.86 4.35 3.8
 3.15 2.88 2.54 2.12 1.84 1.796 1.846 1.904 1.94 1.958
 1.956 1.936 1.906 1.862 1.848 1.846 1.86 1.878 1.904 1.916 1.92
 1.918 1.9 1.882 1.852 1.822 1.784 1.748 1.698 1.636 1.59 1.55

 1.51 1.478 1.442 1.418 1.388 1.364 1.334 1.306]; 

    rn_Au = interp1(realn_Au(1,:), realn_Au(2,:), nu_emwh, 'pchip'); 
    in_Au = j*interp1(imagn_Au(1,:), imagn_Au(2,:), nu_emwh, 'pchip'); 

    x = rn_Au+in_Au; 

end 

if mat=='ip' 

    % InP 

    realn_InP(1,:) = 1e-6*[0.2066 0.2084 0.2101 0.2119 0.2138 0.2156 0.2175 0.2194 0.2214 0.2234 
0.2254 0.2275 0.2296 0.2317 0.2339 0.2362 0.2384 0.2407 0.2431 0.2455 0.2480 0.2505 0.2530 0.2556 
0.2583 0.2610 0.2638 0.2666 0.2695 0.2725 0.2755 0.2786 0.2818 0.2850 0.2883 0.2917 0.2952 0.2988 
0.3024 0.3061 0.3100 0.3139 0.3179 0.3220 0.3263 0.3306 0.3351 0.3397 0.3444 0.3493 0.3542 0.3594 
0.3647 0.3701 0.3757 0.3815 0.3875 0.3936 0.4000 0.4065 0.4133 0.4203 0.4275 0.4350 0.4428 0.4509 
0.4592 0.4679 0.4769 0.4862 0.4959 0.5061 0.5166 0.5276 0.5391 0.5510 0.5636 0.5767 0.5904 0.6048 
0.6199 0.6358 0.6526 0.6702 0.6888 0.7085 0.7293 0.7514 0.7749 0.7999 0.8266 0.8551 0.8856 0.9184 
0.9537 0.9919 1.0332 1.0781 1.1271 1.1808 1.2399 1.3051 1.3776 1.4586 1.5498 1.6531 1.7712 1.9075 

2.0664 2.2543 2.4797]; 

    realn_InP(2,:) = [1.3360 1.3079 1.3010 1.2962 1.2990 1.3088 1.3250 1.3484 1.3750 1.4018 1.4260 
1.4420 1.4550 1.4656 1.4820 1.5100 1.5580 1.6321 1.7450 1.9237 2.1310 2.3353 2.5460 2.7549 2.9840 
3.2844 3.5600 3.7224 3.8000 3.7741 3.6970 3.6145 3.5270 3.4517 3.3840 3.3255 3.2750 3.2321 3.1960 
3.1656 3.1410 3.1219 3.1080 3.0989 3.0950 3.0963 3.1030 3.1147 3.1330 3.1582 3.1930 3.2324 3.2990 
3.4191 3.5760 3.7659 3.9760 4.2217 4.4150 4.4411 4.3950 4.3327 4.2560 4.1871 4.1210 4.0604 4.0040 
3.9515 3.9030 3.8588 3.8180 3.7801 3.7450 3.7123 3.6820 3.6543 3.6290 3.6059 3.5850 3.5663 3.5490 
3.5323 3.5170 3.5035 3.4920 3.4830 3.4760 3.4712 3.4670 3.4633 3.4560 3.4402 3.4186 3.3920 3.3620 
3.3287 3.2970 3.2736 3.2540 3.2361 3.2200 3.2049 3.1910 3.1785 3.1670 3.1561 3.1460 3.1372 3.1290 

3.1210 3.1140]; 

    imagn_InP(1,:) = 1e-6*[0.2066 0.2084 0.2101 0.2119 0.2138 0.2156 0.2175 0.2194 0.2214 0.2234 
0.2254 0.2275 0.2296 0.2317 0.2339 0.2362 0.2384 0.2407 0.2431 0.2455 0.2480 0.2505 0.2530 0.2556 
0.2583 0.2610 0.2638 0.2666 0.2695 0.2725 0.2755 0.2786 0.2818 0.2850 0.2883 0.2917 0.2952 0.2988 
0.3024 0.3061 0.3100 0.3139 0.3179 0.3220 0.3263 0.3306 0.3351 0.3397 0.3444 0.3493 0.3542 0.3594 
0.3647 0.3701 0.3757 0.3815 0.3875 0.3936 0.4000 0.4065 0.4133 0.4203 0.4275 0.4350 0.4428 0.4509 
0.4592 0.4679 0.4769 0.4862 0.4959 0.5061 0.5166 0.5276 0.5391 0.5510 0.5636 0.5767 0.5904 0.6048 
0.6199 0.6358 0.6526 0.6702 0.6888 0.7085 0.7293 0.7514 0.7749 0.7999 0.8266 0.8551 0.8856 0.9184 
0.9537 0.9919 1.0332 1.0781 1.1271 1.1808 1.2399 1.3051 1.3776 1.4586 1.5498 1.6531 1.7712 1.9075 

2.0664 2.2543 2.4797]; 
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    imagn_InP(2,:) = [2.1130 2.1487 2.1830 2.2294 2.2800 2.3312 2.3830 2.4351 2.4840 2.5237 2.5620 
2.6025 2.6520 2.7193 2.8020 2.9012 3.0160 3.1541 3.2910 3.4090 3.4950 3.5171 3.5140 3.5351 3.5170 
3.4068 3.2230 2.9398 2.6370 2.3898 2.1860 2.0464 1.9480 1.8761 1.8260 1.7881 1.7620 1.7448 1.7350 
1.7299 1.7300 1.7349 1.7440 1.7567 1.7730 1.7928 1.8160 1.8419 1.8720 1.9065 1.9480 1.9994 2.0600 
2.1456 2.2090 2.2108 2.1430 1.9654 1.7350 1.4832 1.2470 1.0861 0.9640 0.8648 0.7860 0.7209 0.6670 
0.6198 0.5790 0.5429 0.5110 0.4823 0.4570 0.4354 0.4160 0.3975 0.3800 0.3631 0.3470 0.3314 0.3170 
0.3046 0.2930 0.2818 0.2700 0.2561 0.2420 0.2292 0.2180 0.2149 0.2030 0.1619 0.1090 0.0689 0.033 

0.017 0.0056 0.00012 0 0 0 0 0 0 0 0 0 0 0 0 0]; 

    rn_InP = interp1(realn_InP(1,:), realn_InP(2,:), lambda, 'pchip'); 
    in_InP = j*interp1(imagn_InP(1,:), imagn_InP(2,:), lambda, 'pchip'); 

    x = rn_InP+in_InP; 

end 

if mat=='ig' 

    % InGaAs 

    realn_InGaAs(1,:) = 1e-9*[206.6420 207.3331 208.0288 208.7293 209.4344 210.1444 210.8592 
211.5788 212.3034 213.0330 213.7676 214.5072 215.2521 216.0021 216.7573 217.5179 218.2838 
219.0551 219.8319 220.6142 221.4021 222.1957 222.9949 223.8000 224.6108 225.4276 226.2503 
227.0791 227.9139 228.7549 229.6022 230.4557 231.3156 232.1820 233.0549 233.9343 234.8204 
235.7133 236.6129 237.5195 238.4330 239.3536 240.2814 241.2163 242.1586 243.1082 244.0653 
245.0300 246.0023 246.9824 247.9704 248.9662 249.9701 250.9821 252.0024 253.0310 254.0680 
255.1135 256.1677 257.2307 258.3025 259.3832 260.4731 261.5721 262.6805 263.7983 264.9256 
266.0626 267.2094 268.3662 269.5330 270.7100 271.8973 273.0951 274.3035 275.5226 276.7526 
277.9937 279.2459 280.5095 281.7845 283.0712 284.3697 285.6801 287.0027 288.3376 289.6850 
291.0450 292.4179 293.8037 295.2028 296.6153 298.0413 299.4811 300.9349 302.4029 303.8852 
305.3822 306.8940 308.4208 309.9630 311.5206 313.0939 314.6832 316.2887 317.9107 319.5494 
321.2051 322.8781 324.5685 326.2768 328.0031 329.7478 331.5112 333.2935 335.0951 336.9163 
338.7573 340.6186 342.5005 344.4033 346.3273 348.2730 350.2406 352.2306 354.2434 356.2793 
358.3387 360.4220 362.5298 364.6623 366.8201 369.0035 371.2131 373.4493 375.7127 378.0036 
380.3226 382.6703 385.0471 387.4537 389.8905 392.3582 394.8573 397.3884 399.9522 402.5493 
405.1803 407.8460 410.5470 413.2839 416.0577 418.8689 421.7183 424.6068 427.5351 430.5041 
433.5146 436.5675 439.6638 442.8042 445.9899 449.2217 452.5007 455.8279 459.2044 462.6313 
466.1097 469.6408 473.2259 476.8661 480.5627 484.3171 488.1306 492.0047 495.9407 499.9402 
504.0048 508.1360 512.3355 516.6049 520.9461 525.3609 529.8512 534.4189 539.0660 543.7947 
548.6070 553.5053 558.4918 563.5690 568.7394 574.0055 579.3700 584.8358 590.4056 596.0826 
601.8698 607.7705 613.7880 619.9259 626.1878 632.5775 639.0989 645.7562 652.5536 659.4956 
666.5870 673.8325 681.2373 688.8066 696.5460 704.4613 712.5585 720.8441 729.3246 738.0070 
746.8987 756.0072 765.3406 774.9074 784.7163 794.7768 805.0986 815.6920 826.5679 855.1 885.6 
918.4 953.7 991.9 1033.2 1078.1 1127.1 1180.8 1239.9 1305.1 1377.6 1458.6 1549.8 1653.1 1771.2 

1907.5 2066.4 2254.3 2479.7]; 

    realn_InGaAs(2,:) = [1.3440 1.3251 1.3066 1.3217 1.3044 1.3202 1.3125 1.3074 1.3055 1.2993 
1.3033 1.3008 1.3000 1.3020 1.3028 1.3044 1.3022 1.3081 1.3102 1.3124 1.3164 1.3216 1.3279 1.3325 
1.3380 1.3449 1.3523 1.3597 1.3685 1.3769 1.3877 1.3977 1.4078 1.4196 1.4312 1.4434 1.4572 1.4691 
1.4834 1.4975 1.5139 1.5299 1.5470 1.5643 1.5829 1.6015 1.6231 1.6456 1.6691 1.6953 1.7248 1.7565 
1.7909 1.8293 1.8704 1.9161 1.9642 2.0183 2.0752 2.1372 2.2027 2.2725 2.3452 2.4205 2.4970 2.5766 
2.6566 2.7362 2.8151 2.8926 2.9664 3.0371 3.1039 3.1665 3.2258 3.2806 3.3349 3.3834 3.4300 3.4700 
3.5060 3.5359 3.5590 3.5754 3.5866 3.5934 3.5963 3.5957 3.5931 3.5878 3.5805 3.5719 3.5618 3.5497 
3.5373 3.5250 3.5128 3.5005 3.4885 3.4766 3.4646 3.4532 3.4421 3.4312 3.4214 3.4113 3.4018 3.3932 
3.3851 3.3771 3.3693 3.3623 3.3558 3.3509 3.3453 3.3404 3.3363 3.3327 3.3291 3.3269 3.3249 3.3234 
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3.3224 3.3216 3.3213 3.3220 3.3233 3.3249 3.3269 3.3295 3.3333 3.3373 3.3422 3.3478 3.3542 3.3616 
3.3694 3.3782 3.3880 3.3986 3.4109 3.4244 3.4389 3.4552 3.4725 3.4915 3.5126 3.5360 3.5623 3.5903 
3.6227 3.6571 3.6956 3.7392 3.7865 3.8386 3.8942 3.9510 4.0058 4.0568 4.1028 4.1433 4.1792 4.2123 
4.2431 4.2728 4.3047 4.3393 4.3824 4.4319 4.4840 4.5334 4.5749 4.6021 4.6144 4.6128 4.6005 4.5810 
4.5562 4.5281 4.4994 4.4693 4.4389 4.4085 4.3795 4.3509 4.3233 4.2968 4.2709 4.2461 4.2231 4.2002 
4.1776 4.1560 4.1348 4.1142 4.0944 4.0757 4.0578 4.0401 4.0231 4.0065 3.9901 3.9733 3.9580 3.9427 
3.9277 3.9127 3.8996 3.8869 3.8739 3.8616 3.8503 3.8387 3.8280 3.8163 3.8059 3.7967 3.7859 3.7741 
3.7636 3.7536 3.7443 3.7338 3.7262 3.7203 3.7203 3.6987 3.6721 3.6421 3.6088 3.5771 3.5537 3.5341 

3.5162 3.5001 3.4850 3.4711 3.4586 3.4471 3.4362 3.4261 3.4173 3.4091 3.4011 3.3941];  

    imagn_InGaAs(1,:) = 1e-9*[206.6420 207.3331 208.0288 208.7293 209.4344 210.1444 210.8592 
211.5788 212.3034 213.0330 213.7676 214.5072 215.2521 216.0021 216.7573 217.5179 218.2838 
219.0551 219.8319 220.6142 221.4021 222.1957 222.9949 223.8000 224.6108 225.4276 226.2503 
227.0791 227.9139 228.7549 229.6022 230.4557 231.3156 232.1820 233.0549 233.9343 234.8204 
235.7133 236.6129 237.5195 238.4330 239.3536 240.2814 241.2163 242.1586 243.1082 244.0653 
245.0300 246.0023 246.9824 247.9704 248.9662 249.9701 250.9821 252.0024 253.0310 254.0680 
255.1135 256.1677 257.2307 258.3025 259.3832 260.4731 261.5721 262.6805 263.7983 264.9256 
266.0626 267.2094 268.3662 269.5330 270.7100 271.8973 273.0951 274.3035 275.5226 276.7526 
277.9937 279.2459 280.5095 281.7845 283.0712 284.3697 285.6801 287.0027 288.3376 289.6850 
291.0450 292.4179 293.8037 295.2028 296.6153 298.0413 299.4811 300.9349 302.4029 303.8852 
305.3822 306.8940 308.4208 309.9630 311.5206 313.0939 314.6832 316.2887 317.9107 319.5494 
321.2051 322.8781 324.5685 326.2768 328.0031 329.7478 331.5112 333.2935 335.0951 336.9163 
338.7573 340.6186 342.5005 344.4033 346.3273 348.2730 350.2406 352.2306 354.2434 356.2793 
358.3387 360.4220 362.5298 364.6623 366.8201 369.0035 371.2131 373.4493 375.7127 378.0036 
380.3226 382.6703 385.0471 387.4537 389.8905 392.3582 394.8573 397.3884 399.9522 402.5493 
405.1803 407.8460 410.5470 413.2839 416.0577 418.8689 421.7183 424.6068 427.5351 430.5041 
433.5146 436.5675 439.6638 442.8042 445.9899 449.2217 452.5007 455.8279 459.2044 462.6313 
466.1097 469.6408 473.2259 476.8661 480.5627 484.3171 488.1306 492.0047 495.9407 499.9402 
504.0048 508.1360 512.3355 516.6049 520.9461 525.3609 529.8512 534.4189 539.0660 543.7947 
548.6070 553.5053 558.4918 563.5690 568.7394 574.0055 579.3700 584.8358 590.4056 596.0826 
601.8698 607.7705 613.7880 619.9259 626.1878 632.5775 639.0989 645.7562 652.5536 659.4956 
666.5870 673.8325 681.2373 688.8066 696.5460 704.4613 712.5585 720.8441 729.3246 738.0070 
746.8987 756.0072 765.3406 774.9074 784.7163 794.7768 805.0986 815.6920 826.5679 855.1 885.6 
918.4 953.7 991.9 1033.2 1078.1 1127.1 1180.8 1239.9 1305.1 1377.6 1458.6 1549.8 1653.1 1771.2 

1907.5 2066.4 2254.3 2479.7]; 

    imagn_InGaAs(2,:) = [2.2677 2.2142 2.2876 2.2733 2.2630 2.2694 2.2905 2.2793 2.2876 2.2999 
2.3091 2.3257 2.3412 2.3536 2.3639 2.3771 2.3937 2.4114 2.4246 2.4446 2.4617 2.4767 2.4932 2.5113 
2.5297 2.5468 2.5646 2.5862 2.6051 2.6247 2.6457 2.6648 2.6854 2.7058 2.7269 2.7489 2.7705 2.7951 
2.8169 2.8400 2.8647 2.8895 2.9143 2.9396 2.9665 2.9946 3.0233 3.0522 3.0831 3.1146 3.1481 3.1826 
3.2168 3.2521 3.2879 3.3222 3.3554 3.3875 3.4171 3.4442 3.4676 3.4872 3.5024 3.5126 3.5168 3.5156 
3.5079 3.4947 3.4751 3.4489 3.4174 3.3808 3.3405 3.2973 3.2514 3.2022 3.1513 3.0969 3.0396 2.9794 
2.9166 2.8524 2.7868 2.7229 2.6610 2.6021 2.5459 2.4923 2.4425 2.3956 2.3520 2.3109 2.2730 2.2379 
2.2052 2.1746 2.1465 2.1203 2.0963 2.0744 2.0540 2.0351 2.0177 2.0016 1.9873 1.9745 1.9626 1.9512 
1.9408 1.9316 1.9234 1.9160 1.9097 1.9033 1.8984 1.8937 1.8900 1.8865 1.8836 1.8814 1.8795 1.8784 
1.8776 1.8773 1.8778 1.8784 1.8798 1.8814 1.8835 1.8862 1.8891 1.8930 1.8967 1.9012 1.9065 1.9122 
1.9181 1.9242 1.9310 1.9383 1.9460 1.9544 1.9632 1.9724 1.9816 1.9913 2.0013 2.0115 2.0220 2.0327 
2.0432 2.0526 2.0613 2.0663 2.0692 2.0669 2.0578 2.0410 2.0171 1.9865 1.9518 1.9145 1.8767 1.8390 
1.8040 1.7720 1.7416 1.7127 1.6777 1.6381 1.5866 1.5230 1.4447 1.3582 1.2677 1.1807 1.1017 1.0290 
0.9631 0.9042 0.8503 0.8056 0.7652 0.7292 0.6939 0.6646 0.6382 0.6122 0.5868 0.5651 0.5437 0.5246 
0.5075 0.4920 0.4791 0.4658 0.4522 0.4406 0.4277 0.4135 0.4015 0.3901 0.3794 0.3734 0.3650 0.3563 
0.3508 0.3473 0.3400 0.3313 0.3267 0.3175 0.3092 0.3067 0.2978 0.2974 0.2912 0.2902 0.2892 0.2873 
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0.2868 0.2856 0.2828 0.2814 0.2807 0.2799 0.2789 0.2770 0.2760 0.2750 0.2738 0.2710 0.2676 0.2604 

0.2519 0.2290 0.2089 0.1633 0.1017 0.0456 0.01600 0.00530 0.00020 0.00010 0.00005 0 ]; 

    rn_InGaAs = interp1(realn_InGaAs(1,:), realn_InGaAs(2,:), lambda, 'pchip'); 
    in_InGaAs = j*interp1(imagn_InGaAs(1,:), imagn_InGaAs(2,:), lambda, 'pchip'); 

    x = rn_InGaAs+in_InGaAs; 

end 
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B.2 Soller and Hall Analysis 

function x = sollerhall_dissertation() 
% sollerhall_dissertation.m 
clear all; 
h=6.62602896e-34; 
c = 3e8; 
q=1.6e-19; 

indicator = 1; 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% DONT CHANGE 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

div = 401; 
data = zeros(4,div+1); 
u = 0:4/div:4; 

data(1,:) = u; 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% CHANGE lambda sweep wavelength or ‘d’ to sweep over dipole distance from surface 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

% Define the wavelength 
for lambda = 1050e-9:10e-9:1050e-9; 

    indicator = indicator+1; 

   for d = 5e-9:5e-9:5e-9; 

        % Define the height xs of the dipole above the substrate 

        xs = 0e-9; 
        nu_emwh = 3e8./lambda; 

        index = 0; 

        % Si 

        n_Si = materials(lambda,'si');         

        % Au 

        n_Au = materials(lambda,'au'); 

        % a-Si 

        n_aSi = materials(lambda,'as'); 

        % Ag 

        n_ag = materials(lambda,'ag'); 

        % ITO 

        n_ITO = materials(lambda,'it'); 

        % InP and InGaAsP  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 % CHANGE Interpolation between InP and InGaAs 
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 % y to indicate concentration of As and any number of concentrations 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

        for y = [0 .2 .4]; % for InP, 20% InGaAs0.2P0.8, InGaAs structure   

            index = index+1;  
            e_current = h*c/lambda/q; 
            eV = 0.56; 
            lambda_new = h*c/q/(e_current+y.*eV); 
            lambda_new2 = h*c/q/(e_current-(1-y).*eV); 
            n_InP = materials(lambda_new,'ip'); 
            n_InGaAs = materials(lambda_new2,'ig'); 

            n_InGaAsP(index) = (1-y).*(n_InP.*(1+.045.*y))+ y.*n_InGaAs; 

        end; 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% CHANGE to reflect current structure 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%         

        % Dennis Hall (30nm above substrate) 
        % n_sub = [1.0+j*realmin 3.662+j*.0052 1.5375+j*realmin 3.662+j*.0052]; 

        % n_subl = [(3.662)*160e-9/lambda (1.5375)*205e-9/lambda]; 

        % Dennis Hall II(LiF spacer 15nm) 

        %         d = 167e-9; 
        %         n_sub = [1.0 1.38 n_Si 1.48 n_Si]; 

        %         n_subl = [(1.38)*15e-9/lambda n_Si*d/lambda (1.48)*205e-9/lambda]; 

        % Our Old Structure  

 n_sub = [1.0 n_InGaAsP(1) n_InGaAsP(2) n_InGaAsP(3) n_InGaAsP(2) n_InGaAsP(3)     
n_InGaAsP(2) n_InGaAsP(3) n_InGaAsP(2) n_InGaAsP(3) n_InGaAsP(2) n_InGaAsP(3) 
n_InGaAsP(2) n_InGaAsP(3) n_InGaAsP(2) n_InGaAsP(3) n_InGaAsP(2) n_InGaAsP(3) 
n_InGaAsP(2) n_InGaAsP(3) n_InGaAsP(2) n_InGaAsP(3) n_InGaAsP(2) n_InGaAsP(1)]; 

        n_subl = [(n_InGaAsP(1))*25e-9/lambda ((n_InGaAsP(2)))*60e-9/lambda ((n_InGaAsP(3)))*10e-
9/lambda ((n_InGaAsP(2)))*10e-9/lambda ((n_InGaAsP(3)))*10e-9/lambda ((n_InGaAsP(2)))*10e-
9/lambda ((n_InGaAsP(3)))*10e-9/lambda ((n_InGaAsP(2)))*10e-9/lambda ((n_InGaAsP(3)))*10e-
9/lambda ((n_InGaAsP(2)))*10e-9/lambda ((n_InGaAsP(3)))*10e-9/lambda ((n_InGaAsP(2)))*10e-
9/lambda ((n_InGaAsP(3)))*10e-9/lambda ((n_InGaAsP(2)))*10e-9/lambda ((n_InGaAsP(3)))*10e-
9/lambda ((n_InGaAsP(2)))*10e-9/lambda ((n_InGaAsP(3)))*10e-9/lambda ((n_InGaAsP(2)))*10e-
9/lambda ((n_InGaAsP(3)))*10e-9/lambda ((n_InGaAsP(2)))*10e-9/lambda ((n_InGaAsP(3)))*10e-
9/lambda ((n_InGaAsP(2)))*10e-9/lambda];    

        %         % New Structure - bounded by Sio2  
        %         n_sub =[1.0 n_InGaAsP(1) n_InGaAsP(2) n_InGaAsP(1) n_InGaAsP(2) n_InGaAsP(1) 
n_InGaAsP(2) n_InGaAsP(1) n_InGaAsP(2) n_InGaAsP(1) n_InGaAsP(2) n_InGaAsP(1) 
n_InGaAsP(2) n_InGaAsP(1) n_InGaAsP(2) n_InGaAsP(1) n_InGaAsP(2) n_InGaAsP(1) 

n_InGaAsP(2) n_InGaAsP(1) n_InGaAsP(2) n_InGaAsP(1) n_InGaAsP(1) 1.48]; 

        %         well = n_InGaAsP(2)*10e-9/lambda; 
        %         barrier = n_InGaAsP(1)*10e-9/lambda; 
        %         n_subl =[n_InGaAsP(1)*460e-9/lambda well barrier well barrier well barrier well barrier 
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well barrier well barrier well barrier well barrier well barrier well barrier n_InGaAsP(1)*545e-

9/lambda]; 

        %         New Structure - bounded by Au  
        %         n_sub =[1.0 n_InGaAsP(1) n_InGaAsP(2) n_InGaAsP(1) n_InGaAsP(2) n_InGaAsP(1) 
n_InGaAsP(2) n_InGaAsP(1) n_InGaAsP(2) n_InGaAsP(1) n_InGaAsP(2) n_InGaAsP(1) 
n_InGaAsP(2) n_InGaAsP(1) n_InGaAsP(2) n_InGaAsP(1) n_InGaAsP(2) n_InGaAsP(1) 

n_InGaAsP(2) n_InGaAsP(1) n_InGaAsP(2) n_InGaAsP(1) n_InGaAsP(1) (n_Au)]; 

        %         well = n_InGaAsP(2)*10e-9/lambda; 
        %         barrier = n_InGaAsP(1)*10e-9/lambda; 
        %         n_subl =[n_InGaAsP(1)*460e-9/lambda well barrier well barrier well barrier well barrier 
well barrier well barrier well barrier well barrier well barrier well barrier n_InGaAsP(1)*545e-

9/lambda]; 

     
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 % CHANGE u TO REFLECT correct highest index bounding substrate 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%    

        %n_barrier = find(u>=real(n_Au)); % for lower bounding index of Au 
        n_barrier = find(u>=real(n_InGaAsP(1))); % for lower bounding index of InGaAs  
        %n_barrier = find(u>=1.48); %for lower bounding index of SiO2 
        %n_barrier = find(u>=1); % for all coupled light - leaky and non leaky 
              
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 % DONT CHANGE 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%         

        ks = 2*pi./lambda;    
        costh = sqrt((1 - (u).^2-j*realmin)); 

        ksx = ks.*costh; 

        % Multiple substrate method  

        for ind = 1:1:length(u); 

            rs(ind) = calc_reflection(n_sub,n_subl,1,u(ind),'te'); 
            rp(ind) = calc_reflection(n_sub,n_subl,1,u(ind),'tm'); 

        end; 

        Su_VED = (u.^3)./sqrt(1-u.^2-j*realmin).*(1+rp.*exp(-2*j*xs*ksx)); 
        Su_HED = (u)./sqrt(1-u.^2-j*realmin).*(((1-u.^2).*(1-rp.*exp(-2*j*xs*ksx)))+(1+rs.*exp(-
2*j*xs*ksx)));        

        top = sum((real(Su_HED(n_barrier(1):length(u))))); 
        bottom = sum((real(Su_HED(1:length(u))))); 

        HED = top/bottom; 

        top2 = sum((real(Su_VED(n_barrier(1):length(u))))); 
        bottom2 = sum((real(Su_VED(1:length(u))))); 

        VED = top2/bottom2; 
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        %         figure(20); 
        %         plot(lambda,HED,'-*r','LineWidth',3,'MarkerSize',2);hold on; 

        %         plot(lambda,VED,'-*k','LineWidth',3,'MarkerSize',2);hold on;    

        % When plotting a function of d instead of lambda 

        %         figure(21); 
        %         plot(d,HED,'-*r','LineWidth',3,'MarkerSize',2);hold on; 
        %         xlabel('guide thickness'); 
        %         ylabel('guided'); 
        %         legend('HED'); 
        %         title(strcat('\lambda = ',num2str(lambda), ' InGaAsP on InP versus layer thickness'));     
        %         subplot(4,2,8); 
        %         plot(d,VED,'-*k','LineWidth',3,'MarkerSize',2);hold on; 
        %         xlabel('guide thickness'); 
        %         ylabel('% guided'); 
        %         legend('VED'); 

        %         title(strcat('\lambda = ',num2str(lambda), ' InGaAsP on InP versus layer thickness')); 

    end; 

     

    figure(13); 
    semilogy(u, (real(Su_VED)),'--k','LineWidth',3,'MarkerSize',2); hold on; 
    data(indicator,:)=real(Su_HED);   
    semilogy(u, (real(Su_HED)),'-*k','LineWidth',3,'MarkerSize',2); hold on; 
    xlabel('sin(\theta_i_n)'); 
    ylabel('Power Spectrum S(u) (a.u.)'); 
    legend('VED','HED'); 
    xlim([0 4]); 

    ylim([10^-3 100]); 

end; 

% data = data'; 

% save('data.txt', 'data', '-ascii', '-double'); 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%  Calculate Reflection 
%  DONT CHANGE 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

function output = calc_reflection(n,L,lambda,sintheta,pol) 

if nargin==0, help multidiel1; return; end 
if nargin<=4, pol='te'; end 
M = length(n)-2;                                % number of slabs 

if M==0, L = []; end                           % single interface, no slabs 

theta= acos(sqrt(1-sintheta.^2)); 

costh = (sqrt(conj(1 - (n(1) * sintheta ./ n).^2)-j*realmin));     

% conj needed when na>n(i) and theta>th_c  
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if pol=='te' | pol=='TE', 

    nT = n .* costh;                            % transverse refractive indices 

    r = -diff(nT) ./ (diff(nT) + 2*nT(1:M+1));  % r(i) = (n(i-1)-n(i)) / (n(i-1)+n(i))  

else 

    nT = n ./ costh;                            % TM case, fails at 90 deg for left medium 

    r = diff(nT) ./ (diff(nT) + 2*nT(1:M+1)); 

end 

if M>0, 

    L = (sqrt(conj((L).^2-j*realmin))); 
    L = L .* costh(2:M+1);                      % n(i)*l(i)*cos(th(i)) 

end 

Gamma1 = r(M+1) * ones(1,length(lambda));       % initialize Gamma at right-most interface 

for i = M:-1:1, 

    delta = 2*pi*L(i)./lambda;                  % phase thickness in i-th layer 
    z = exp(-2*j*delta);                           

    Gamma1 = (r(i) + Gamma1.*z) ./ (1 + r(i)*Gamma1.*z); 

end 
output = Gamma1; 

end; 
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B.3 Calculate Slab Waveguide Modes 

% calc_slab_waveguide_modes_dissertation.m 
% Calculate Waveguide modes in asymmetric slab waveguide 
 
clear all; 
comp(1,:) = 0; 
comp(2,:) = 0; 

comp(3,:) = 0; 

comp2(1,:) = 0; 
comp2(2,:) = 0; 

comp2(3,:) = 0; 

comp3(1,:) = 0; 
comp3(2,:) = 0; 
comp3(3,:) = 0; 

g = 0; 

for lambda = 600e-9:10e-9:1200e-9; 
    g=g+1; 
    nu_emwh = 3e8./lambda; 
    w = 2*pi.*nu_emwh; 
    k0 = 2*pi./lambda; 
    c = 3e8; 
    h=6.62602896e-34; 
    q=1.6e-19; 
    hp=6.626e-34; 
    ec=1.6e-19; 

    index=0; 

    n1 = 1; 
    n2 = real(3.5+j*0.02); 

    n3 = real(.2+j*0.001);         

    B = real(n3)*k0:1e4:real(n2)*k0; 

    h = ((n2*w/c)^2 - B.^2).^(1/2); 
    q = (B.^2 - (n1*w/c)^2).^(1/2); 
    p = (B.^2 - (n3*w/c)^2).^(1/2); 
    p_ = (n2^2/n3^2).*p; 
    q_ = (n2^2/n1^2).*q;   
 
    t = 250e-9; 
    TE_mode = ones(1); 
    TE_counter = 0; 
    TM_mode = ones(1); 
    TM_counter = 0;      

    solution = (tan(h.*t) - (p+q)./h./(1-p.*q./h./h)); % TE 

    solution2 = (tan(h.*t) - h.*(p_+q_)./(h.*h-p_.*q_)); % TM 
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    for index = length(B)-1:-1:1;             
        if((solution(index))>=0 & (solution(index+1)<0)); 
             
            TE_counter = TE_counter +1; 
            TE_mode(1,TE_counter) = index; 
             
        end; 

         

        if((solution2(index)>=0) & (solution2(index+1)<0)); 
             
            TM_counter = TM_counter +1; 
            TM_mode(1,TM_counter) = index; 
             
        end; 

    end; 

    comp(1,g) = lambda; 
    comp(2,g) = B(1,TE_mode(1,1))/w*c; 
    comp(3,g) = B(1,TM_mode(1,1))/w*c; 

     

    if(length(TE_mode)>1); 
        comp2(1,g) = lambda; 
        comp2(2,g) = B(1,TE_mode(1,2))/w*c; 
    end; 
 
    if(length(TM_mode)>1); 
        comp2(3,g) = B(1,TM_mode(1,2))/w*c; 
    end; 
 
    if(length(TE_mode)>2); 
        comp3(1,g) = t/lambda; 
        comp3(2,g) = B(1,TE_mode(1,3))/w*c; 
    end; 
 
    if(length(TM_mode)>2); 
        comp3(3,g) = B(1,TM_mode(1,3))/w*c; 

    end;    

    plot(1e9*(lambda), (B(1,TE_mode(1,:))/w*c),'--ko','LineWidth',1,...  
      'MarkerEdgeColor','k','MarkerSize',5); axis tight; 
    hold on; 
    ylabel('Propagation value B_z','FontSize',10); 
    xlabel('\lambda','FontSize',10); 
    plot((1e9*lambda), (B(1,TM_mode(1,:))/w*c),'--ks','LineWidth',2,... 
        'MarkerEdgeColor','k',... 
        'MarkerSize',2); hold on; axis tight; 
     
end; 
% comp = comp';% comp2 = comp2';% comp3 = comp3'; 
% save comp.txt comp -ascii;% save comp2.txt comp2 -ascii;% save comp3.txt comp3 -ascii; 
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B.4 Mertz Angular Scattering 

% mertz_dissertation.m 
% Mertz paper  
 
function x = mertz_dissertation(); 
clear all; 
h=6.62602896e-34; 
c = 3e8; 
q=1.6e-19; 

indicator = 0; 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Define phi. It is the angle of the oscillating diple used only for some calculations 
% 0 = vertical (Te dipole) (-pi/4) = 45 degree (-pi/2) = horrizontal (TM) dipole 
for phi = -pi/2; %0:-pi/2:0; 

    % Define the wavelength 
    lambda = 1100e-9; 
    index = 0; 
    indicator = indicator+1; 
    nu_emwh = 3e8./lambda; 
    % Define the height of the dipole above the substrate 
    zo = 0; 
    % Si 
    n_Si = materials(lambda,'si'); 
     
    % Au         
    n_Au = materials(lambda,'au'); 
     
    % InP and InGaAsP 
    
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%    
%  CHANGE Interpolation between InP and InGaAs 
 %  y to indicate concentration of As and any number of concentrations 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

    for y = [0 .2 .4]; % for InP, 20% InGaAs0.2P0.8, InGaAs structure   

        index = index+1;     
        e_current = h*c/lambda/q; 
        eV = 0.56; 
        lambda_new = h*c/q/(e_current+y.*eV); 
        lambda_new2 = h*c/q/(e_current-(1-y).*eV); 
        n_InP = materials(lambda_new,'ip'); 
        n_InGaAs = materials(lambda_new2,'ig');            
        n_InGaAsP(index) = (1-y).*(n_InP.*(1+.045.*y))+ y.*n_InGaAs; 
         

    end; 
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 % CHANGE Define your structure here 
 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%  

    % Dennis Hall (30nm above substrate) 
    %   n_sub = [1.0 3.61+j*.005 1.46 3.61+j*.005]; 
    %   n_subl = [(3.61)*160e-9/lambda (1.46)*205e-9/lambda]; 

     

    % Dennis Hall II(LiF spacer 15nm) 
    %    d = 167e-9; 
    %    n_sub = [1.0-j*realmin 1.38-j*realmin n_Si 1.48-j*realmin n_Si]; 

    %    n_subl = [(1.38)*15e-9/lambda (real(n_Si))*d/lambda (1.48)*205e-9/lambda]; 

     

    %     n_sub = [1.0 real(n_InGaAsP(1)) 1.5]; 
    %     n_subl = [real(n_InGaAsP(1))*300e-9/lambda]; 
     
    n_sub = [1.0 n_Si]; 
    n_subl = [0 0]; 
    n_Si 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 % DONT CHANGE 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%                
    k1 = 2*pi./lambda; 
    z = 180/pi; 
    div = 1000; 
    index = 0; 
     
    n_t =  fliplr(n_sub);   % flip the structure around for transmission calculations 

    n_lt =  fliplr(n_subl); % flip the structure around for transmission calculations   

    n1 = ones(1,length(n_sub));         % don't change this as it is only for normalization 

    n1l = zeros(1,length(n_subl));      % don't change this as it is only for normalization 

    a = [n1; n_sub]; 
    b = [n1l; n_subl]; 
    c = [n1; n_t]; 

    d = [n1l; n_lt]; 

    for abcd = 1:1:2; 
         
        n = a(abcd,:); 
        nl = b(abcd,:); 
        nt = c(abcd,:); 
        nlt = d(abcd,:); 

        index = index + 1; 

        % for theta_in < 90 
        theta_in = -(pi/2)+pi/div:pi/div:(pi/2)-pi/div; 
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        theta_1 = theta_in; 
         
        % Multiple substrate method  
        for ind = 1:1:length(theta_in); 
            rs(ind) = calc_reflection(n,nl,1,theta_in(ind),'te'); 
            rp(ind) = calc_reflection(n,nl,1,theta_in(ind),'tm'); 
        end; 
         
        % Complex field modifiers 
        Kp_par_1 = cos(theta_1).*(-exp(-i*k1*zo*cos(theta_1)) + rp.*exp(i*k1*zo*cos(theta_1))); 
        Ks_par_1 = exp(-i*k1*zo*cos(theta_1)) + rs.*exp(i*k1*zo*cos(theta_1)); 
        Kp_per_1 = sin(theta_1).*(-exp(-i*k1*zo*cos(theta_1)) - rp.*exp(i*k1*zo*cos(theta_1))); 
         
        % Real field terms with ratio of n_output / n_where_diple_is_located 
        Ls_par_sca_1 = (n(1)/n(1)).*(abs(Ks_par_1).^2); 
        Lp_par_sca_1 = (n(1)/n(1)).*(abs(Kp_par_1).^2); 
        Lp_per_sca_1 = (n(1)/n(1)).*(abs(Kp_per_1).^2); 
         
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 % DONT CHANGE 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%         
 
        % for theta_in > 90 
        theta_in_2 = (pi/2+pi/div):pi/div:3*pi/2-pi/div; 
        sine_2 = sin(theta_in_2); 
        %theta_2_2 = pi - theta_in_2; 
        theta_2_2 = theta_in_2; 
         
        for ind = 1:1:length(theta_2_2); 
            ts(ind) = calc_transmission(nt,nlt,1,theta_2_2(ind),'te'); 
            tp(ind) = calc_transmission(nt,nlt,1,theta_2_2(ind),'tm'); 
             
            if(theta_2_2(ind)<0) 
                theta_1_2(ind) = asin(n(length(n))/n(1).*sin(theta_2_2(ind)));  
                cos_theta_out(ind) = cos(theta_1_2(ind));             
                 
                Kp_par_2(ind) = -tp(ind).*cos_theta_out(ind).*exp(-i*k1*zo*cos_theta_out(ind));            
                Ks_par_2(ind) = ts(ind).*exp(-i*k1*zo*cos_theta_out(ind)); 
                Kp_per_2(ind) = tp(ind).*sin(theta_1_2(ind)).*exp(-i*k1*zo*cos_theta_out(ind)); 
                 
            else 
                theta_1_2(ind) = conj(asin(n(2)/n(1).*sin(theta_2_2(ind)))); 
                cos_theta_out(ind) = cos(theta_1_2(ind));        
                 
                Kp_par_2(ind) = -tp(ind).*cos_theta_out(ind).*exp(i*k1*zo*cos_theta_out(ind)); 
                Ks_par_2(ind) = ts(ind).*exp(i*k1*zo*cos_theta_out(ind)); 
                Kp_per_2(ind) = tp(ind).*sin(theta_1_2(ind)).*exp(i*k1*zo*cos_theta_out(ind)); 
                 
            end; 
        end; 
         
        % Real field terms with ratio of n_output / n_where_diple_is_located 
        Ls_par_sca_2 = (nt(1))/n(1).*(abs(Ks_par_2).^2); 
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        Lp_par_sca_2 = (nt(1))/n(1).*(abs(Kp_par_2).^2); 
        Lp_per_sca_2 = (nt(1))/n(1).*(abs(Kp_per_2).^2); 
         
        % Combine some variables 
        theta = [theta_in theta_in_2]; 
        Ls_par = [Ls_par_sca_1 Ls_par_sca_2]; 
        Lp_par = [Lp_par_sca_1 Lp_par_sca_2]; 
        Lp_per = [Lp_per_sca_1 Lp_per_sca_2]; 
         
         
        % Call functions to calculate power spectrums for perp and parallel input fields 
        % Equations in Mertz 30 a) b) 
        N_parallel(index) = calc_Npara(div,theta,Ls_par,Lp_par); 
        N_perp(index) = calc_Nperp(div,theta,Lp_per); 
         
        % Calculate the cross sections for perp and parallel input fields 
        % Equations in Mertz 34 a) b) but not including infinite cross sections 
        sigma_s(index,:) = Ls_par/N_parallel(index); 
        sigma_p(index,:) = Lp_par/N_parallel(index) + Lp_per/N_perp(index); 
         
        % Initialze some variables 
        Lphe_sig(index,:) = theta; 
        N(index,:) = Lphe_sig(index,:); 
        N(index,:) = 0; 
         
        for phe = 0:pi/div:pi; 
             
            % Equations used to calculate fixed dipole 
            Lsp_par_1 = Ls_par_sca_1*(sin(phe)^2) + Lp_par_sca_1*(cos(phe)^2); 
            Lsp_par_2 = Ls_par_sca_2*(sin(phe)^2) + Lp_par_sca_2*(cos(phe)^2); 
            Lsp_sig = [Lsp_par_1 Lsp_par_2]; 
             
            Lpx_1 = (n(1)/n(1))*Kp_par_1.*conj(Kp_per_1); 
            Lpx_2 = (n(1)/n(length(n)))*Kp_par_2.*conj(Kp_per_2); 
            Lpx = [Lpx_1 Lpx_2];  
             
            Lpx_sig1 = (n(1)/n(1))*Kp_par_1.*conj(Kp_per_1).*cos(phe); 
            Lpx_sig2 = (n(length(n))/n(1))*Kp_par_2.*conj(Kp_per_2).*cos(phe); 
            Lpx_sig = [Lpx_sig1 Lpx_sig2];       
             
            % Mertz eqn. 22 - angular power distrubution 
            Lphe_sig(index,:) = Lsp_sig*(sin(phi)^2) + Lp_per.*(cos(phi)^2) + real(Lpx_sig)*sin(2*phi);           
            N(index,:) = N(index,:) + Lphe_sig(index,:); 
            %---^^^^^ 
        end; 
        % Mertz eqn. 26 - normalized total radiated power 
        N_final(index,:) = (3/8/pi).*N(index,:); 
    end; %end for         
     
    
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 % CHANGE PLOTS IF YOU WISH 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%         
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    figure(1); 
    polar(theta,N_final(2,:)./N_final(1,:),'r'); hold on; 
    b = ['(fixed) Normalized radiated power z = ' num2str((zo)) ' dipole angle = ' num2str((phi*z),'%6.0f') 
' n = ' num2str(n,'%6.1f')]; 
hold on; 
    xlabel('\psi azimuthal angle'); 
    title([b]); 
     
    figure(2); 
    polar(theta, abs(Lphe_sig(2,:)),'b'); hold on; 
    polar(theta, abs(Lphe_sig(1,:)),'r'); 
    b = ['(fixed) Angular power distribution (rad pattern) z = ' num2str((zo)) ' dipole angle = ' 
num2str((phi*z),'%6.0f') ' n = ' num2str(n,'%6.1f')]; 
    xlabel('\theta_i_n'); 
    ylabel('L_\phi'); 
    title ([b]); 
     
    figure(3); 
    plot(180/pi*theta((div/2):(3*div/2)),(sigma_p(2,(div/2):(3*div/2)))./(sigma_p(1,(div/2):(3*div/2))),'--
r','LineWidth',3);hold on; 
    plot(180/pi*theta((div/2):(3*div/2)),(sigma_s(2,(div/2):(3*div/2)))./(sigma_s(1,(div/2):(3*div/2))),'--
b','LineWidth',3);hold on; 
    plot(180/pi*theta((div):(3*div/2)),(sigma_p(2,(div):(3*div/2)))./(sigma_p(1,(div):(3*div/2))),'--
r','LineWidth',3);hold on; 
    plot(180/pi*theta((div):(3*div/2)),(sigma_s(2,(div):(3*div/2)))./(sigma_s(1,(div):(3*div/2))),'--
b','LineWidth',3);hold on; 
    b = ['z = ' num2str((zo)) ' dipole angle = ' num2str((phi*z),'%6.0f') ' n = ' num2str(n,'%6.1f')]; 
    xlabel('\theta_i_n'); 
    ylabel('\sigma/\sigma [a.u]'); 
    legend('\sigma_p - scattering cross section for TM dipole','\sigma_s - scattering cross section for TE 
dipole'); 
    set(gcf,'Color','w'); 
    set(gcf, 'PaperPositionMode', 'auto')   % Use screen size 
         
end; 
end; 
 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%  Calculate N_para 
 % DONT CHANGE 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%         
function ans1 = calc_Npara(div,theta,Ls,Lp) 
ans1 = 0;     
for y = div/2:1:3*div/2; % integral from 0 to pi but theta is from -pi/2 to 3pi/2 
    ans1 = ans1 + (3/8)*((Ls(y)+Lp(y)).*sin(theta(y))); 
end; 
end; 
 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%  Calculate N_perp 
 % DONT CHANGE 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%         
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function ans2 = calc_Nperp(div,theta,Lpp) 
ans2 = 0;     
for y = div/2:1:3*div/2; 
    ans2 = ans2 + (3/4)*(Lpp(y).*sin(theta(y))); 
end; 
end; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%  Calculate Reflection 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 % DONT CHANGE 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%         
function output = calc_reflection(n,L,lambda,theta,pol) 
 
if nargin==0, help multidiel1; return; end 
if nargin<=4, pol='te'; end 
if nargin==3, theta=0; end 
 
M = length(n)-2;                                % number of slabs 
if M==0, L = []; end                            % single interface, no slabs 
 
costh = (sqrt(conj(1 - (n(1) * sin(theta) ./ n).^2)-j*realmin)); 
 
if pol=='te' | pol=='TE', 
    nT = n .* costh;                            % transverse refractive indices 
    r = -diff(nT) ./ (diff(nT) + 2*nT(1:M+1));  % r(i) = (n(i-1)-n(i)) / (n(i-1)+n(i))  
else 
    nT = n ./ costh;                            % TM case, fails at 90 deg for left medium 
    r = diff(nT) ./ (diff(nT) + 2*nT(1:M+1));   % special case 
end 
 
if M>0, 
    L = (sqrt(conj((L).^2-j*realmin))); 
    L = L .* costh(2:M+1);                      % n(i)*l(i)*cos(th(i)) 
end 
 
Gamma1 = r(M+1) * ones(1,length(lambda));       % initialize Gamma at right-most interface 
 
for k = M:-1:1, 
    delta = 2*pi*L(k)./lambda;                  % phase thickness in i-th layer 
    zg = exp(-2*j*delta);                           
    Gamma1 = (r(k) + Gamma1.*zg) ./ (1 + r(k)*Gamma1.*zg); 
end 
output = Gamma1; 
end; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Calculate Transmission 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
 % DONT CHANGE 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%         
function output = calc_transmission(n,L,lambda,theta,pol) 
 
if nargin==0, help multidiel1; return; end 
if nargin<=4, pol='te'; end 
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if nargin==3, theta=0; end 
 
M = length(n)-2;                                % number of slabs 
 
if M==0, L = []; end                            % single interface, no slabs 
 
costh = (sqrt(conj(1 - (n(1) * sin(theta) ./ n).^2)-j*realmin)); 
if pol=='te' | pol=='TE', 
    nT = n .* costh;                            % transverse refractive indices 
    r = -diff(nT) ./ (diff(nT) + 2*nT(1:M+1));  % r(i) = (n(i-1)-n(i)) / (n(i-1)+n(i))  
    t = 1 + r; 
else 
    nT = n ./ costh;                            % TM case, fails at 90 deg for left medium 
    r = diff(nT) ./ (diff(nT) + 2*nT(1:M+1));   
    for x = 1:1:M+1; 
        t(x) =  2*n(x)*costh(x) /( n(x+1)*costh(x) + n(x)*costh(x+1) ); 
    end; 
     
end 
 
if M>0, 
    L = L .* costh(2:M+1);                      % n(i)*l(i)*cos(th(i)) 
end 
 
Trans = (1/t(M+1)).*[1 r(M+1); r(M+1) 1]*[1; 0];% initialize 
for w = M:-1:1, 
    delta = 2*pi*L(w)./lambda; 
    z1 = exp(j*delta); 
    z2 = exp(-j*delta); 
    Trans = (1/t(w)).*[z1 r(w).*z2; r(w).*z1 z2]*Trans; 
end; 
 
output = 1./Trans(1); 

end; 

  



168 

B.5 Germanium Detector Responsivity 

clear all; 
wave = 400:2:1250; 
data = [400 0.02 
500 0.028 
603.889 0.0398144 
609.444 0.0398197 
648.158 0.0460258 
692.428 0.0532063 
731.107 0.0632945 
764.301 0.0710741 
808.536 0.0845614 
858.326 0.100622 
897.005 0.1197 
941.275 0.138374 
996.551 0.174434 
1051.83 0.219891 
1073.94 0.239848 
1112.66 0.27723 
1129.22 0.302352 
1167.93 0.349475 
1190.09 0.370379 
1234.32 0.440664 
1256.44 0.48066 
1311.75 0.588727 
1361.58 0.680664 
1405.91 0.742839 
1433.62 0.787379 
1466.88 0.834699 
1500.18 0.859759 
1539.07 0.860562 
1566.92 0.812965 
1594.76 0.768002 
1617.09 0.704847 
1639.38 0.665774 
1667.36 0.560555 
1689.76 0.485682 
1717.78 0.397323 
1745.87 0.306857 
1785.21 0.211274]; 
data = data'; 
interp(1,:) = wave; 
interp(2,:) = interp1(data(1,:), data(2,:), wave, 'spline','extrap'); 
figure(2) 

% plot(data(1,:),data(2,:),'r',interp(1,:),interp(2,:),'k'); 
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B.6 Calculate Fresnel Coefficients 

% fresnel_wavelength.m 

% This code calculates the Fresnel reflection coefficients of various semiconductors at all wavelengths 

for specific angles of incidence 

% This code has been modified from:  

% S. J. Orfanidis - 2000 - www.ece.rutgers.edu/~orfanidi/ewa multidiel.m 

% The multiple layer interface is like this: 

%          na | n1 | n2 | ... | nM | nb 

% left medium | L1 | L2 | ... | LM | right medium  

%   interface 1    2    3     M   M+1 

% 

% Usage: Gamma = calc_reflection(n,L,lambda,theta,pol) 

% 

% n      = isotropic 1x(M+2), uniaxial 2x(M+2), or biaxial 3x(M+2), matrix of refractive indices 

% L      = vector of optical lengths of layers, in units of lambda_0 

% lambda = vector of free-space wavelengths at which to evaluate the reflection response 

% theta  = incidence angle from left medium (in degrees) 

% pol    = for 'tm' or 'te', parallel or perpendicular, p or s, polarizations 

% Gamma  = reflection response at interface-1 into left medium evaluated at lambda  

%        lambda is in units of lambda_0, that is, lambda/lambda_0 = f_0/f 

 

function x = fresnel_wavelength(); 

clear all; 

close all; 

div = 100; 

file = 0; 

angle = 0; 

 

% This is in terms of photons/cm2/sec/nm where photons has been extracted from Watts 

solar15 = load('AM15Photons.txt', '-ascii'); 

solar15 = solar15'; 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

% EDIT HERE 

% Define the wavelength and angles 

 

for theta_in = 0*(pi/180):2*(pi/180):88*(pi/180); 

     

    index = 0; 

    file = file+ 1; 

    angle(file) = theta_in; 

    for lambda = 400e-9:10e-9:1200e-9; 

        

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
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        % DO NOT EDIT BELOW   

         

        index = index+1; 

        lam(index) = lambda; 

        nu_emwh = 3e8./lambda; 

         

        % Convert solar spectrum to interpolated wavelengths 

        solar(index) = interp1(solar15(1,:), solar15(2,:), lambda, 'pchip'); 

         

        % Si 

        n_Si = materials(lambda,'si'); 

         

        % Au         

        n_Au = materials(lambda,'au'); 

         

        % Interpolate between InGaAs & InP for InGaAsP.  0 is pure InP and 1 is InGaAs 

        % CHANGE Interpolation between InP and InGaAs 

        % y to indicate concentration of As and any number of concentrations 

        y = 0; % for InP, 20% InGaAs0.2P0.8, InGaAs structure   

    

            e_current = h*c/lambda/q; 

            eV = 0.56; 

            lambda_new = h*c/q/(e_current+y.*eV); 

            lambda_new2 = h*c/q/(e_current-(1-y).*eV); 

            n_InP = materials(lambda_new,'ip'); 

            n_InGaAs = materials(lambda_new2,'ig');            

            n_InGaAsP = (1-y).*(n_InP.*(1+.045.*y))+ y.*n_InGaAs; 

             

       

             

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

        % CHANGE HERE  

         

         

                % Define your anti-reflection structure here.  

                n_sub_1 = [1  1.8 n_InGaAsP]; 

                n_subl_1 = [1.8*80e-9/lambda]; 

                 

                %Define your baseline structure here.  

                n_sub_2 = [1  n_InGaAsP ]; 

                n_subl_2 = [0 0];  

        

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

        % DO NOT EDIT BELOW    

        % Multiple substrate method  
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        rs_1(index) = calc_reflection(n_sub_1,n_subl_1,1,theta_in,'te'); 

        rp_1(index) = calc_reflection(n_sub_1,n_subl_1,1,theta_in,'tm'); 

        rs_2(index) = calc_reflection(n_sub_2,n_subl_2,1,theta_in,'te'); 

        rp_2(index) = calc_reflection(n_sub_2,n_subl_2,1,theta_in,'tm'); 

         

    end; 

     

    

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

    %This will subtract the effect of an antireflection coating etc. 

    f(:,1)=lam'; 

    f2(:,file)=(rs_1)'; 

    g(:,1)=lam'; 

    g2(:,file)=(rp_1)'; 

     

    hh(:,1)=lam'; 

    hh2(:,file)=(rs_2)'; 

    ii(:,1)=lam'; 

    ii2(:,file)=(rp_2)'; 

     

    solarjj(:,1)=lam'; 

    solarjj2(:,file)=(solar)'; 

     

end; 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

% PLOTS 

figure (1); 

set(gcf,'Color','w'); 

set(gcf, 'PaperPositionMode', 'auto')    

%plot solar spectrum 

subplot(3,1,1); 

plot(lam,solar); 

title('Solar Spectrum'); 

legend('Solar Spectrum in W/m^2/nm'); 

%Plot reflectance not reflectivity: scale it by the number of wavelengths swept over 

subplot(3,1,2); 

plot(angle*180/pi, sum(abs(f2.^2)-abs(hh2.^2))/length(f),'k');hold on; 

plot(angle*180/pi, sum(abs(g2.^2)-abs(ii2.^2))/length(g),'r'); 

legend('TE', 'TM') 

title('Summed Change in Reflectance, | \Gamma |^2, (summed over all wavelengths)'); 

ylabel('\Delta Reflectance |  \Gamma^2 ARC |-|  \Gamma^2 No ARC | ','FontSize',10); 

xlabel('Angle (deg)','FontSize',10); 

%Plot scaled reflectance to solar spectrum. Spectrum is in W/m^2 

%Scaling is a bit difficult here.  Need to scale by total number of watts which is 

%sum(solarjj2) but that results in a column vector. The answer is the same for all angles so just put a ./ 
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instead of just / 

subplot(3,1,3); 

plot(angle*180/pi, sum((abs(f2.^2)-abs(hh2.^2)).*solarjj2)./(sum(solarjj2)),'k'); 

hold on; 

plot(angle*180/pi, sum((abs(g2.^2)-abs(ii2.^2)).*solarjj2)./(sum(solarjj2)),'r'); 

legend('TE', 'TM') 

title('Solar Scaled Change in Reflectance, | \Gamma |^2, Summed over all wavelengths'); 

ylabel('\Delta Reflectance |  \Gamma^2 ARC |-|  \Gamma^2 No ARC | ','FontSize',10); 

xlabel('Angle (deg)','FontSize',10); 

 

% Plot 3D Plots 

figure(2); 

set(gcf,'Color','w'); 

set(gcf, 'PaperPositionMode', 'auto')    

 

subplot(2,2,1); 

surfc(angle*180/pi,f,abs(f2)-abs(hh2)); 

ylabel('Wavelength (m)','FontSize',12); 

xlabel('Angle of incidence (deg)','FontSize',12); 

zlabel('Reduction in Reflectivity |  \Gamma_T_E ARC |-|  \Gamma_T_E | [a.u.]','FontSize',12); 

reduction = sum(sum(abs(f2)-abs(hh2))/length(f)/length(angle)); 

t = ['TE Reduction in Reflectivity = ' num2str(reduction)]; 

title(t); 

axis([0 90 300e-9 1200e-9 -1 1 -1 1]); 

caxis([-1 1]); 

colormap(jet); 

shading interp; 

colorbar; 

 

subplot(2,2,2); 

surfc(angle*180/pi,g,abs(g2)-abs(ii2)); 

ylabel('Wavelength (m)','FontSize',12); 

xlabel('Angle of incidence (deg)','FontSize',12); 

title('Reduction in Reflectivity'); 

zlabel('Reduction in Reflectivity |  \Gamma_T_M ARC |-|  \Gamma_T_M | [a.u.]','FontSize',12); 

reduction = sum(sum(abs(g2)-abs(ii2))/length(g)/length(angle)); 

t = ['TM Reduction in Reflectivity = ' num2str(reduction)]; 

title(t); 

caxis([-1 1]); 

axis([0 90 300e-9 1200e-9 -1 1 -1 1]); 

colormap(jet); 

shading interp; 

colorbar; 

 

subplot(2,2,3); 

surfc(angle*180/pi,f,(abs(f2.^2)-abs(hh2.^2)).*solarjj2 ); 
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hold on; 

ylabel('Wavelength (m)','FontSize',12); 

xlabel('Angle of incidence (deg)','FontSize',12); 

title('Solar Scaled Reduction in Reflectance'); 

zlabel('Spectrum *[|  \Gamma_T_M ARC |^2-|  \Gamma_T_M |^2] [a.u.]','FontSize',12); 

reduction = sum(sum((abs(f2.^2)-abs(hh2.^2)).*solarjj2))/sum(sum(solarjj2)); 

t = ['TE Reduction in Reflectance = ' num2str(reduction) ' (scaled to solar spectrum)']; 

title(t); 

caxis([-1 1]); 

axis([0 90 300e-9 1200e-9 -1 1 -1 1]); 

colormap(jet); 

shading interp; 

colorbar; 

colormap(lines); 

alim([0 0.5]) 

 

subplot(2,2,4); 

surfc(angle*180/pi,g,(abs(g2.^2)-abs(ii2.^2)).*solarjj2 ); 

ylabel('Wavelength (m)','FontSize',12); 

xlabel('Angle of incidence (deg)','FontSize',12); 

title('Solar Scaled Reduction in Reflectance'); 

zlabel('Spectrum*[|  \Gamma_T_M ARC |^2-|  \Gamma_T_M |^2] [a.u.]','FontSize',12); 

reduction = sum(sum((abs(g2.^2)-abs(ii2.^2)).*solarjj2))/sum(sum(solarjj2)); 

t = ['TE Reduction in Reflectance = ' num2str(reduction) ' (scaled to solar spectrum)']; 

title(t); 

caxis([-1 1]); 

axis([0 90 300e-9 1200e-9 -1 1 -1 1]); 

colormap(jet); 

shading interp; 

colorbar; 

 

figure(3); 

set(gcf,'Color','w'); 

set(gcf, 'PaperPositionMode', 'auto')    

subplot(2,2,1) 

surfc(angle*180/pi,hh,abs(hh2)); 

ylabel('Wavelength (m)','FontSize',12); 

xlabel('Angle of incidence (deg)','FontSize',12); 

zlabel('Reflectivity | \Gamma_T_E | [a.u.]','FontSize',12); 

t = ['TE No ARC Reflectivity']; 

title(t); 

axis([0 90 300e-9 1200e-9 0 1 0 1]); 

colormap(jet); 

shading interp; 

colorbar; 
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subplot(2,2,2) 

surfc(angle*180/pi,ii,abs(ii2)); 

ylabel('Wavelength (m)','FontSize',12); 

xlabel('Angle of incidence (deg)','FontSize',12); 

zlabel('Reflectivity | \Gamma_T_M | [a.u.]','FontSize',12); 

t = ['TM No ARC Reflectivity']; 

title(t); 

axis([0 90 300e-9 1200e-9 0 1 0 1]); 

colormap(jet); 

shading interp; 

colorbar; 

 

subplot(2,2,3) 

surfc(angle*180/pi,f,abs(f2)); 

ylabel('Wavelength (m)','FontSize',12); 

xlabel('Angle of incidence (deg)','FontSize',12); 

zlabel('Reflectivity | \Gamma_T_E | [a.u.]','FontSize',12); 

t = ['TE ARC Reflectivity']; 

title(t); 

axis([0 90 300e-9 1200e-9 0 1 0 1]); 

colormap(jet); 

shading interp; 

colorbar; 

 

subplot(2,2,4) 

surfc(angle*180/pi,g,abs(g2)); 

ylabel('Wavelength (m)','FontSize',12); 

xlabel('Angle of incidence (deg)','FontSize',12); 

zlabel('Reflectivity | \Gamma_T_M | [a.u.]','FontSize',12); 

t = ['TM ARC Reflectivity']; 

title(t); 

axis([0 90 300e-9 1200e-9 0 1 0 1]); 

colormap(jet); 

shading interp; 

colorbar; 

 

% Save? 

%  abcd = strcat('wavelength_Rs', '.txt'); 

%  save(abcd,'f','-ASCII'); 

%  abcd = strcat('wavelength_Rp', '.txt'); 

%  save(abcd,'g','-ASCII'); 

 

%%%%% Calculate Reflection 

function output = calc_reflection(n,L,lambdax,theta,pol) 

 

if nargin==0, return; end 
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if nargin<=4, pol='te'; end 

if nargin==3, theta=0; end 

 

M = length(n)-2;                                % number of slabs 

if M==0, L = []; end                            % single interface, no slabs 

costh = conj(sqrt(conj(1 - (n(1) * sin(theta) ./ n).^2-j*realmin)));    % conj needed when na>n(i) and 

theta>th_c  

 

if pol=='te' | pol=='TE', 

    nT = n .* costh;                            % transverse refractive indices 

    r = -diff(nT) ./ (diff(nT) + 2*nT(1:M+1));  % r(i) = (n(i-1)-n(i)) / (n(i-1)+n(i))  

else 

    nT = n ./ costh;                            % TM case, fails at 90 deg for left medium 

    r = -diff(nT) ./ (diff(nT) + 2*nT(1:M+1));   

end 

 

if M>0, 

    L = (sqrt(conj((L).^2-j*realmin)));          %HACK add to make it the complex conjugate 

    L = (L).* costh(2:M+1);                      % n(i)*l(i)*cos(th(i)) 

end 

 

Gamma1 = r(M+1) * ones(1,length(lambdax));       % initialize Gamma at right-most interface 

 

for k = M:-1:1, 

    delta = 2*pi*L(k)./lambdax;                  % phase thickness in i-th layer 

    zg = exp(-2*j*delta);                           

    Gamma1 = (r(k) + Gamma1.*zg) ./ (1 + r(k)*Gamma1.*zg); 

end 

output = Gamma1; 
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B.7 Maximum Theoretical Efficiency for Solar Cells  

% vmax.m 

% calculate maximum theoretical efficiency using Henry graphical method  

 
nph=[1.78E-12 7.87E-11 5.11E-10 1.99E-8 2.21E-7 1.16E-6 5.97E-6 1.64E-5 3.72E-4 0.00192 0.00836 
0.0545 0.223 1.55 6.78 33.2 236 893 3430 14600 52100 149000 434000 1.49E6 4.48E6 9.65E6 2.12E7 
5.6E7 1.26E8 2.44E8 4.83E8 1.08E9 2.17E9 3.91E9 6.38E9 1.15E10 1.98E10 3.05E10 4.57E10 
7.39E10 1.08E11 1.51E11 2.21E11 3.21E11 4.31E11 5.98E11 8.82E11 1.25E12 1.64E12 2.13E12 
2.82E12 3.6E12 4.38E12 5.27E12 6.44E12 7.95E12 9.55E12 1.13E13 1.3E13 1.49E13 1.71E13 
1.98E13 2.34E13 2.7E13 3.1E13 3.52E13 3.98E13 4.44E13 4.96E13 5.52E13 6.1E13 6.61E13 7.14E13 
7.79E13 8.53E13 9.32E13 1.01E14 1.09E14 1.18E14 1.26E14 1.35E14 1.46E14 1.57E14 1.67E14 
1.77E14 1.87E14 1.96E14 2.07E14 2.19E14 2.32E14 2.44E14 2.59E14 2.76E14 2.94E14 3.12E14 
3.3E14 3.46E14 3.63E14 3.82E14 4.04E14 4.25E14 4.45E14 4.64E14 4.84E14 5.05E14 5.25E14 
5.45E14 5.65E14 5.85E14 6.06E14 6.29E14 6.5E14 6.71E14 6.89E14 7.08E14 7.27E14 7.49E14 
7.72E14 7.95E14 8.18E14 8.44E14 8.69E14 8.93E14 9.17E14 9.42E14 9.68E14 9.95E14 1.02E15 
1.04E15 1.06E15 1.09E15 1.11E15 1.14E15 1.16E15 1.19E15 1.22E15 1.24E15 1.27E15 1.29E15 
1.32E15 1.35E15 1.38E15 1.41E15 1.44E15 1.47E15 1.5E15 1.52E15 1.56E15 1.59E15 1.63E15 
1.66E15 1.69E15 1.73E15 1.76E15 1.78E15 1.81E15 1.84E15 1.86E15 1.89E15 1.92E15 1.96E15 
1.99E15 2.02E15 2.05E15 2.08E15 2.12E15 2.15E15 2.19E15 2.23E15 2.26E15 2.3E15 2.34E15 
2.39E15 2.44E15 2.48E15 2.53E15 2.57E15 2.61E15 2.65E15 2.7E15 2.75E15 2.79E15 2.84E15 
2.88E15 2.93E15 2.97E15 3.01E15 3.04E15 3.08E15 3.12E15 3.15E15 3.2E15 3.24E15 3.29E15 
3.33E15 3.39E15 3.44E15 3.5E15 3.55E15 3.59E15 3.64E15 3.69E15 3.75E15 3.79E15 3.83E15 
3.87E15 3.9E15 3.93E15 3.97E15 4.01E15 4.05E15 4.1E15 4.14E15 4.19E15 4.24E15 4.28E15 
4.33E15 4.37E15 4.42E15 4.47E15 4.53E15 4.59E15 4.65E15 4.71E15 4.77E15 4.82E15 4.85E15 
4.88E15 4.92E15 4.97E15 5.03E15 5.09E15 5.15E15 5.19E15 5.22E15 5.27E15 5.33E15 5.41E15 
5.49E15 5.57E15 5.74E15 5.92E15 6.1E15 6.28E15 6.46E15 6.64E15 6.82E15 6.99E15 7.17E15 
7.36E15 7.53E15 7.72E15 7.92E15 8.11E15 8.3E15 8.5E15 8.71E15 8.91E15 9.1E15 9.3E15 9.49E15 
9.7E15 9.91E15 1.01E16 1.03E16 1.05E16 1.07E16 1.09E16 1.11E16 1.13E16 1.15E16 1.16E16 
1.19E16 1.21E16 1.23E16 1.25E16 1.27E16 1.3E16 1.32E16 1.34E16 1.37E16 1.39E16 1.42E16 
1.44E16 1.47E16 1.49E16 1.52E16 1.55E16 1.57E16 1.6E16 1.63E16 1.66E16 1.69E16 1.72E16 
1.75E16 1.77E16 1.8E16 1.83E16 1.86E16 1.89E16 1.92E16 1.95E16 1.99E16 2.02E16 2.05E16 
2.08E16 2.11E16 2.14E16 2.17E16 2.2E16 2.23E16 2.26E16 2.29E16 2.32E16 2.36E16 2.39E16 
2.42E16 2.45E16 2.49E16 2.52E16 2.55E16 2.59E16 2.62E16 2.65E16 2.68E16 2.72E16 2.74E16 
2.77E16 2.81E16 2.84E16 2.87E16 2.9E16 2.94E16 2.97E16 3E16 3.04E16 3.07E16 3.11E16 3.14E16 
3.17E16 3.21E16 3.24E16 3.27E16 3.31E16 3.34E16 3.37E16 3.41E16 3.44E16 3.48E16 3.51E16 
3.55E16 3.58E16 3.62E16 3.65E16 3.69E16 3.72E16 3.76E16 3.79E16 3.82E16 3.85E16 3.89E16 
3.92E16 3.96E16 3.99E16 4.03E16 4.06E16 4.1E16 4.13E16 4.17E16 4.2E16 4.24E16 4.28E16 
4.32E16 4.35E16 4.39E16 4.42E16 4.46E16 4.5E16 4.53E16 4.57E16 4.61E16 4.64E16 4.68E16 
4.72E16 4.75E16 4.79E16 4.83E16 4.87E16 4.9E16 4.94E16 4.98E16 5.02E16 5.05E16 5.09E16 
5.13E16 5.17E16 5.21E16 5.24E16 5.28E16 5.32E16 5.36E16 5.39E16 5.43E16 5.47E16 5.51E16 
5.55E16 5.58E16 5.62E16 5.66E16 5.7E16 5.74E16 5.77E16 5.81E16 5.85E16 5.89E16 5.93E16 
5.97E16 6.01E16 6.04E16 6.08E16 6.12E16 6.16E16 6.2E16 6.24E16 6.28E16 6.32E16 6.36E16 
6.4E16 6.44E16 6.48E16 6.51E16 6.55E16 6.59E16 6.63E16 6.67E16 6.71E16 6.75E16 6.79E16 
6.83E16 6.87E16 6.91E16 6.94E16 6.98E16 7.02E16 7.06E16 7.11E16 7.15E16 7.19E16 7.23E16 
7.27E16 7.31E16 7.35E16 7.39E16 7.43E16 7.47E16 7.51E16 7.55E16 7.59E16 7.63E16 7.67E16 
7.71E16 7.76E16 7.8E16 7.84E16 7.88E16 7.92E16 7.96E16 8E16 8.04E16 8.08E16 8.12E16 8.16E16 
8.2E16 8.24E16 8.28E16 8.32E16 8.36E16 8.4E16 8.45E16 8.49E16 8.53E16 8.57E16 8.61E16 
8.66E16 8.7E16 8.74E16 8.78E16 8.82E16 8.87E16 8.91E16 8.95E16 8.99E16 9.03E16 9.07E16 
9.11E16 9.15E16 9.19E16 9.23E16 9.27E16 9.31E16 9.35E16 9.39E16 9.43E16 9.48E16 9.52E16 
9.56E16 9.6E16 9.65E16 9.69E16 9.73E16 9.78E16 9.82E16 9.86E16 9.91E16 9.95E16 9.99E16 1E17 
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1.01E17 1.01E17 1.02E17 1.02E17 1.03E17 1.03E17 1.03E17 1.04E17 1.04E17 1.05E17 1.05E17 
1.05E17 1.06E17 1.06E17 1.06E17 1.07E17 1.07E17 1.08E17 1.08E17 1.08E17 1.09E17 1.09E17 
1.1E17 1.1E17 1.11E17 1.11E17 1.11E17 1.12E17 1.12E17 1.13E17 1.13E17 1.13E17 1.14E17 
1.14E17 1.15E17 1.15E17 1.16E17 1.16E17 1.16E17 1.17E17 1.17E17 1.17E17 1.18E17 1.18E17 
1.18E17 1.19E17 1.19E17 1.2E17 1.2E17 1.2E17 1.21E17 1.21E17 1.21E17 1.22E17 1.22E17 1.23E17 
1.23E17 1.23E17 1.24E17 1.24E17 1.25E17 1.25E17 1.25E17 1.26E17 1.26E17 1.27E17 1.27E17 
1.27E17 1.28E17 1.28E17 1.29E17 1.29E17 1.3E17 1.3E17 1.3E17 1.31E17 1.31E17 1.32E17 1.32E17 
1.33E17 1.33E17 1.33E17 1.34E17 1.34E17 1.34E17 1.34E17 1.34E17 1.35E17 1.35E17 1.35E17 
1.35E17 1.36E17 1.36E17 1.37E17 1.37E17 1.37E17 1.38E17 1.38E17 1.39E17 1.39E17 1.4E17 
1.4E17 1.4E17 1.41E17 1.41E17 1.42E17 1.42E17 1.43E17 1.43E17 1.43E17 1.44E17 1.44E17 
1.45E17 1.45E17 1.45E17 1.46E17 1.46E17 1.47E17 1.47E17 1.47E17 1.48E17 1.48E17 1.49E17 
1.49E17 1.49E17 1.5E17 1.5E17 1.51E17 1.51E17 1.51E17 1.52E17 1.52E17 1.53E17 1.53E17 
1.53E17 1.54E17 1.54E17 1.55E17 1.55E17 1.55E17 1.56E17 1.56E17 1.56E17 1.56E17 1.57E17 
1.57E17 1.58E17 1.58E17 1.58E17 1.59E17 1.59E17 1.59E17 1.6E17 1.6E17 1.6E17 1.61E17 1.61E17 
1.61E17 1.62E17 1.62E17 1.63E17 1.63E17 1.63E17 1.64E17 1.64E17 1.65E17 1.65E17 1.65E17 
1.66E17 1.66E17 1.67E17 1.67E17 1.67E17 1.68E17 1.68E17 1.68E17 1.69E17 1.69E17 1.7E17 
1.7E17 1.7E17 1.71E17 1.71E17 1.72E17 1.72E17 1.72E17 1.73E17 1.73E17 1.74E17 1.74E17 
1.74E17 1.75E17 1.75E17 1.75E17 1.76E17 1.76E17 1.77E17 1.77E17 1.77E17 1.78E17 1.78E17 
1.78E17 1.79E17 1.79E17 1.8E17 1.8E17 1.8E17 1.81E17 1.81E17 1.82E17 1.82E17 1.82E17 1.83E17 
1.83E17 1.83E17 1.84E17 1.84E17 1.85E17 1.85E17 1.85E17 1.86E17 1.86E17 1.86E17 1.86E17 
1.87E17 1.87E17 1.87E17 1.88E17 1.88E17 1.88E17 1.89E17 1.89E17 1.89E17 1.89E17 1.9E17 
1.9E17 1.9E17 1.9E17 1.91E17 1.91E17 1.91E17 1.92E17 1.92E17 1.92E17 1.93E17 1.93E17 1.93E17 
1.94E17 1.94E17 1.94E17 1.94E17 1.95E17 1.95E17 1.95E17 1.95E17 1.95E17 1.96E17 1.96E17 
1.96E17 1.96E17 1.96E17 1.96E17 1.96E17 1.96E17 1.97E17 1.97E17 1.97E17 1.97E17 1.97E17 
1.97E17 1.97E17 1.98E17 1.98E17 1.98E17 1.98E17 1.98E17 1.98E17 1.99E17 1.99E17 1.99E17 
1.99E17 1.99E17 1.99E17 2E17 2E17 2E17 2E17 2E17 2.01E17 2.01E17 2.01E17 2.01E17 2.02E17 
2.02E17 2.02E17 2.03E17 2.03E17 2.03E17 2.03E17 2.04E17 2.04E17 2.04E17 2.05E17 2.05E17 
2.05E17 2.05E17 2.06E17 2.06E17 2.06E17 2.07E17 2.07E17 2.07E17 2.08E17 2.08E17 2.09E17 
2.09E17 2.09E17 2.1E17 2.1E17 2.1E17 2.11E17 2.11E17 2.11E17 2.12E17 2.12E17 2.12E17 2.13E17 
2.13E17 2.13E17 2.14E17 2.14E17 2.14E17 2.15E17 2.15E17 2.15E17 2.16E17 2.16E17 2.16E17 
2.17E17 2.17E17 2.18E17 2.18E17 2.18E17 2.19E17 2.19E17 2.19E17 2.2E17 2.2E17 2.2E17 2.21E17 
2.21E17 2.21E17 2.22E17 2.22E17 2.22E17 2.23E17 2.23E17 2.23E17 2.24E17 2.24E17 2.24E17 
2.25E17 2.25E17 2.25E17 2.26E17 2.26E17 2.26E17 2.27E17 2.27E17 2.27E17 2.28E17 2.28E17 
2.28E17 2.29E17 2.29E17 2.29E17 2.29E17 2.3E17 2.3E17 2.3E17 2.31E17 2.31E17 2.31E17 2.32E17 
2.32E17 2.32E17 2.33E17 2.33E17 2.33E17 2.34E17 2.34E17 2.34E17 2.35E17 2.35E17 2.35E17 
2.35E17 2.36E17 2.36E17 2.36E17 2.37E17 2.37E17 2.37E17 2.38E17 2.38E17 2.38E17 2.39E17 
2.39E17 2.39E17 2.39E17 2.4E17 2.4E17 2.4E17 2.41E17 2.41E17 2.41E17 2.42E17 2.42E17 2.42E17 
2.42E17 2.43E17 2.43E17 2.43E17 2.43E17 2.44E17 2.44E17 2.44E17 2.44E17 2.45E17 2.45E17 
2.45E17 2.45E17 2.46E17 2.46E17 2.46E17 2.46E17 2.47E17 2.47E17 2.47E17 2.47E17 2.47E17 
2.47E17 2.47E17 2.47E17 2.47E17 2.48E17 2.48E17 2.48E17 2.48E17 2.48E17 2.48E17 2.48E17 
2.48E17 2.48E17 2.48E17 2.48E17 2.48E17 2.48E17 2.48E17 2.48E17 2.48E17 2.49E17 2.49E17 
2.49E17 2.49E17 2.49E17 2.49E17 2.49E17 2.5E17 2.5E17 2.5E17 2.5E17 2.5E17 2.5E17 2.5E17 
2.5E17 2.5E17 2.5E17 2.51E17 2.51E17 2.51E17 2.51E17 2.51E17 2.51E17 2.52E17 2.52E17 2.52E17 
2.52E17 2.52E17 2.53E17 2.53E17 2.53E17 2.53E17 2.54E17 2.54E17 2.54E17 2.54E17 2.55E17 
2.55E17 2.55E17 2.55E17 2.56E17 2.56E17 2.56E17 2.56E17 2.57E17 2.57E17 2.57E17 2.57E17 
2.57E17 2.58E17 2.58E17 2.58E17 2.58E17 2.59E17 2.59E17 2.59E17 2.59E17 2.6E17 2.6E17 2.6E17 
2.6E17 2.61E17 2.61E17 2.61E17 2.61E17 2.62E17 2.62E17 2.62E17 2.62E17 2.63E17 2.63E17 
2.63E17 2.63E17 2.64E17 2.64E17 2.64E17 2.64E17 2.65E17 2.65E17 2.65E17 2.66E17 2.66E17 
2.66E17 2.66E17 2.67E17 2.67E17 2.67E17 2.67E17 2.68E17 2.68E17 2.68E17 2.68E17 2.69E17 
2.69E17 2.69E17 2.7E17 2.7E17 2.7E17 2.7E17 2.71E17 2.71E17 2.71E17 2.71E17 2.72E17 2.72E17 
2.72E17 2.73E17 2.73E17 2.73E17 2.73E17 2.74E17 2.74E17 2.74E17 2.74E17 2.75E17 2.75E17 
2.75E17 2.76E17 2.76E17 2.76E17 2.76E17 2.77E17 2.77E17 2.77E17 2.77E17 2.78E17 2.78E17 
2.78E17 2.78E17 2.79E17 2.79E17 2.79E17 2.79E17 2.79E17 2.8E17 2.8E17 2.8E17 2.8E17 2.81E17 
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2.81E17 2.81E17 2.81E17 2.82E17 2.82E17 2.82E17 2.82E17 2.83E17 2.83E17 2.83E17 2.84E17 
2.84E17 2.84E17 2.84E17 2.85E17 2.85E17 2.85E17 2.85E17 2.86E17 2.86E17 2.86E17 2.86E17 
2.87E17 2.87E17 2.87E17 2.87E17 2.87E17 2.88E17 2.88E17 2.88E17 2.88E17 2.89E17 2.89E17 
2.89E17 2.89E17 2.89E17 2.9E17 2.9E17 2.9E17 2.9E17 2.9E17 2.91E17 2.91E17 2.91E17 2.91E17 
2.91E17 2.92E17 2.92E17 2.92E17 2.92E17 2.92E17 2.92E17 2.93E17 2.93E17 2.93E17 2.93E17 
2.93E17 2.93E17 2.93E17 2.93E17 2.94E17 2.94E17 2.94E17 2.94E17 2.94E17 2.94E17 2.94E17 
2.94E17 2.94E17 2.94E17 2.94E17 2.94E17 2.94E17 2.94E17 2.95E17 2.95E17 2.95E17 2.95E17 
2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 
2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 
2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 
2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 
2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 
2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 
2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 
2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 
2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 2.95E17 
2.95E17 2.96E17 2.96E17 2.96E17 2.96E17 2.96E17 2.96E17 2.96E17 2.96E17 2.96E17 2.96E17 
2.96E17 2.96E17 2.96E17 2.96E17 2.97E17 2.97E17 2.97E17 2.97E17 2.97E17 2.97E17 2.97E17 
2.97E17 2.97E17 2.97E17 2.97E17 2.97E17 2.97E17 2.97E17 2.97E17 2.97E17 2.98E17 2.98E17 
2.98E17 2.98E17 2.98E17 2.98E17 2.98E17 2.98E17 2.98E17 2.99E17 2.99E17 2.99E17 2.99E17 
2.99E17 2.99E17 2.99E17 3E17 3E17 3E17 3E17 3E17 3E17 3.01E17 3.01E17 3.01E17 3.01E17 
3.01E17 3.01E17 3.02E17 3.02E17 3.02E17 3.02E17 3.02E17 3.03E17 3.03E17 3.03E17 3.03E17 
3.03E17 3.03E17 3.04E17 3.04E17 3.04E17 3.04E17 3.04E17 3.05E17 3.05E17 3.05E17 3.05E17 
3.06E17 3.06E17 3.06E17 3.06E17 3.06E17 3.07E17 3.07E17 3.07E17 3.07E17 3.07E17 3.08E17 
3.08E17 3.08E17 3.08E17 3.08E17 3.09E17 3.09E17 3.09E17 3.09E17 3.09E17 3.1E17 3.1E17 3.1E17 
3.1E17 3.1E17 3.11E17 3.11E17 3.11E17 3.11E17 3.11E17 3.12E17 3.12E17 3.12E17 3.12E17 
3.12E17 3.13E17 3.13E17 3.13E17 3.13E17 3.13E17 3.14E17 3.14E17 3.14E17 3.14E17 3.14E17 
3.14E17 3.15E17 3.15E17 3.15E17 3.15E17 3.15E17 3.16E17 3.16E17 3.16E17 3.16E17 3.16E17 
3.17E17 3.17E17 3.17E17 3.17E17 3.17E17 3.18E17 3.18E17 3.18E17 3.18E17 3.18E17 3.19E17 
3.19E17 3.19E17 3.19E17 3.19E17 3.19E17 3.2E17 3.2E17 3.2E17 3.2E17 3.2E17 3.21E17 3.21E17 
3.21E17 3.21E17 3.21E17 3.21E17 3.22E17 3.22E17 3.22E17 3.22E17 3.22E17 3.23E17 3.23E17 
3.23E17 3.23E17 3.23E17 3.24E17 3.24E17 3.24E17 3.24E17 3.24E17 3.24E17 3.25E17 3.25E17 
3.25E17 3.25E17 3.25E17 3.26E17 3.26E17 3.26E17 3.26E17 3.26E17 3.26E17 3.27E17 3.27E17 
3.27E17 3.27E17 3.27E17 3.28E17 3.28E17 3.28E17 3.28E17 3.28E17 3.28E17 3.29E17 3.29E17 
3.29E17 3.29E17 3.29E17 3.29E17 3.3E17 3.3E17 3.3E17 3.3E17 3.3E17 3.31E17 3.31E17 3.31E17 
3.31E17 3.31E17 3.31E17 3.32E17 3.32E17 3.32E17 3.32E17 3.32E17 3.32E17 3.33E17 3.33E17 
3.33E17 3.33E17 3.33E17 3.33E17 3.34E17 3.34E17 3.34E17 3.34E17 3.34E17 3.35E17 3.35E17 
3.35E17 3.35E17 3.35E17 3.35E17 3.36E17 3.36E17 3.36E17 3.36E17 3.36E17 3.36E17 3.37E17 
3.37E17 3.37E17 3.38E17 3.39E17 3.4E17 3.41E17 3.41E17 3.42E17 3.43E17 3.43E17 3.44E17 
3.45E17 3.46E17 3.46E17 3.47E17 3.47E17 3.48E17 3.48E17 3.49E17 3.49E17 3.49E17 3.49E17 
3.49E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 
3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 
3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.5E17 3.51E17 3.51E17 3.51E17 3.52E17 
3.52E17 3.52E17 3.52E17 3.53E17 3.53E17 3.53E17 3.53E17 3.54E17 3.54E17 3.55E17 3.55E17 
3.56E17 3.56E17 3.56E17 3.56E17 3.57E17 3.57E17 3.58E17 3.58E17 3.59E17 3.59E17 3.59E17 
3.6E17 3.6E17 3.61E17 3.61E17 3.62E17 3.62E17 3.63E17 3.63E17 3.64E17 3.64E17 3.65E17 
3.65E17 3.65E17 3.66E17 3.66E17 3.67E17 3.67E17 3.68E17 3.68E17 3.68E17 3.69E17 3.69E17 
3.7E17 3.7E17 3.71E17 3.71E17 3.71E17 3.72E17 3.72E17 3.73E17 3.73E17 3.73E17 3.74E17 
3.74E17 3.74E17 3.75E17 3.75E17 3.76E17 3.76E17 3.76E17 3.77E17 3.77E17 3.77E17 3.78E17 
3.78E17 3.78E17 3.79E17 3.79E17 3.79E17 3.79E17 3.8E17 3.8E17 3.8E17 3.8E17 3.81E17 3.81E17 
3.81E17 3.81E17 3.82E17 3.82E17 3.82E17 3.82E17 3.82E17 3.83E17 3.83E17 3.83E17 3.83E17 
3.83E17 3.83E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 
3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 
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3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 
3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 
3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 
3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 
3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 
3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 3.84E17 
3.84E17 3.84E17 3.84E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 
3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 
3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 
3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.85E17 3.86E17 3.86E17 3.86E17 3.86E17 3.86E17 
3.86E17 3.86E17 3.86E17 3.86E17 3.86E17 3.86E17 3.86E17 3.86E17 3.86E17 3.86E17 3.86E17 
3.86E17 3.86E17 3.86E17 3.86E17 3.86E17 3.86E17 3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 
3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 
3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 
3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 3.87E17 3.88E17 3.88E17 3.88E17 3.88E17 
3.88E17 3.88E17 3.88E17 3.88E17 3.88E17 3.88E17 3.88E17 3.88E17 3.88E17 3.88E17 3.88E17 
3.89E17 3.89E17 3.89E17 3.89E17 3.89E17 3.89E17 3.89E17 3.89E17 3.89E17 3.89E17 3.89E17 
3.9E17 3.9E17 3.9E17 3.9E17 3.9E17 3.9E17 3.9E17 3.9E17 3.9E17 3.91E17 3.91E17 3.91E17 
3.91E17 3.91E17 3.91E17 3.91E17 3.91E17 3.91E17 3.91E17 3.91E17 3.91E17 3.92E17 3.92E17 
3.92E17 3.92E17 3.92E17 3.92E17 3.92E17 3.92E17 3.92E17 3.92E17 3.92E17 3.93E17 3.93E17 
3.93E17 3.93E17 3.93E17 3.93E17 3.93E17 3.93E17 3.93E17 3.93E17 3.93E17 3.94E17 3.94E17 
3.94E17 3.94E17 3.94E17 3.94E17 3.94E17 3.94E17 3.94E17 3.94E17 3.94E17 3.95E17 3.95E17 
3.95E17 3.95E17 3.95E17 3.95E17 3.95E17 3.95E17 3.95E17 3.95E17 3.95E17 3.95E17 3.96E17 
3.96E17 3.96E17 3.96E17 3.96E17 3.96E17 3.96E17 3.96E17 3.96E17 3.96E17 3.96E17 3.96E17 
3.97E17 3.97E17 3.97E17 3.97E17 3.97E17 3.97E17 3.97E17 3.97E17 3.97E17 3.97E17 3.97E17 
3.97E17 3.97E17 3.97E17 3.98E17 3.98E17 3.98E17 3.98E17 3.98E17 3.98E17 3.98E17 3.98E17 
3.98E17 3.98E17 3.98E17 3.98E17 3.98E17 3.99E17 3.99E17 3.99E17 3.99E17 3.99E17 3.99E17 
3.99E17 3.99E17 3.99E17 3.99E17 3.99E17 3.99E17 3.99E17 3.99E17 3.99E17 3.99E17 4E17 4E17 
4E17 4E17 4E17 4E17 4E17 4E17 4E17 4E17 4E17 4E17 4E17 4E17 4E17 4E17 4E17 4E17 4.01E17 
4.01E17 4.01E17 4.01E17 4.01E17 4.01E17 4.01E17 4.01E17 4.01E17 4.01E17 4.01E17 4.01E17 
4.01E17 4.01E17 4.01E17 4.01E17 4.01E17 4.01E17 4.01E17 4.01E17 4.01E17 4.01E17 4.02E17 
4.02E17 4.02E17 4.02E17 4.02E17 4.02E17 4.02E17 4.02E17 4.02E17 4.02E17 4.02E17 4.02E17 
4.02E17 4.02E17 4.02E17 4.02E17 4.02E17 4.02E17 4.02E17 4.02E17 4.02E17 4.02E17 4.02E17 
4.02E17 4.02E17 4.02E17 4.02E17 4.02E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 
4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 
4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 
4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 4.03E17 
4.03E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 
4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 
4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 
4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 
4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 
4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 4.04E17 
4.04E17 4.04E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
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4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 
4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 

4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17 4.05E17]; 

 

Eg=[4.44 4.43 4.42 4.41 4.41 4.4 4.39 4.38 4.37 4.37 4.36 4.35 4.34 4.34 4.33 4.32 4.31 4.31 4.3 4.29 
4.28 4.28 4.27 4.26 4.25 4.25 4.24 4.23 4.23 4.22 4.21 4.2 4.2 4.19 4.18 4.18 4.17 4.16 4.16 4.15 4.14 
4.13 4.13 4.12 4.11 4.11 4.1 4.09 4.09 4.08 4.07 4.07 4.06 4.05 4.05 4.04 4.03 4.03 4.02 4.01 4.01 4 
3.99 3.99 3.98 3.98 3.97 3.96 3.96 3.95 3.94 3.94 3.93 3.93 3.92 3.91 3.91 3.9 3.89 3.89 3.88 3.88 3.87 
3.86 3.86 3.85 3.85 3.84 3.83 3.83 3.82 3.82 3.81 3.81 3.8 3.79 3.79 3.78 3.78 3.77 3.76 3.76 3.75 3.75 
3.74 3.74 3.73 3.73 3.72 3.71 3.71 3.7 3.7 3.69 3.69 3.68 3.68 3.67 3.66 3.66 3.65 3.65 3.64 3.64 3.63 
3.63 3.62 3.62 3.61 3.61 3.6 3.6 3.59 3.59 3.58 3.58 3.57 3.56 3.56 3.55 3.55 3.54 3.54 3.53 3.53 3.52 
3.52 3.51 3.51 3.5 3.5 3.49 3.49 3.48 3.48 3.48 3.47 3.47 3.46 3.46 3.45 3.45 3.44 3.44 3.43 3.43 3.42 
3.42 3.41 3.41 3.4 3.4 3.39 3.39 3.39 3.38 3.38 3.37 3.37 3.36 3.36 3.35 3.35 3.34 3.34 3.34 3.33 3.33 
3.32 3.32 3.31 3.31 3.3 3.3 3.3 3.29 3.29 3.28 3.28 3.27 3.27 3.27 3.26 3.26 3.25 3.25 3.24 3.24 3.24 
3.23 3.23 3.22 3.22 3.21 3.21 3.21 3.2 3.2 3.19 3.19 3.19 3.18 3.18 3.17 3.17 3.17 3.16 3.16 3.15 3.15 
3.15 3.14 3.14 3.13 3.13 3.13 3.12 3.12 3.11 3.11 3.11 3.1 3.09 3.08 3.08 3.07 3.06 3.05 3.05 3.04 3.03 
3.02 3.02 3.01 3 2.99 2.99 2.98 2.97 2.97 2.96 2.95 2.94 2.94 2.93 2.92 2.92 2.91 2.9 2.9 2.89 2.88 2.88 
2.87 2.86 2.86 2.85 2.84 2.84 2.83 2.82 2.82 2.81 2.8 2.8 2.79 2.79 2.78 2.77 2.77 2.76 2.75 2.75 2.74 
2.74 2.73 2.72 2.72 2.71 2.71 2.7 2.69 2.69 2.68 2.68 2.67 2.67 2.66 2.65 2.65 2.64 2.64 2.63 2.63 2.62 
2.62 2.61 2.6 2.6 2.59 2.59 2.58 2.58 2.57 2.57 2.56 2.56 2.55 2.55 2.54 2.54 2.53 2.53 2.52 2.51 2.51 
2.5 2.5 2.49 2.49 2.48 2.48 2.47 2.47 2.47 2.46 2.46 2.45 2.45 2.44 2.44 2.43 2.43 2.42 2.42 2.41 2.41 
2.4 2.4 2.39 2.39 2.38 2.38 2.38 2.37 2.37 2.36 2.36 2.35 2.35 2.34 2.34 2.34 2.33 2.33 2.32 2.32 2.31 
2.31 2.3 2.3 2.3 2.29 2.29 2.28 2.28 2.28 2.27 2.27 2.26 2.26 2.25 2.25 2.25 2.24 2.24 2.23 2.23 2.23 
2.22 2.22 2.21 2.21 2.21 2.2 2.2 2.2 2.19 2.19 2.18 2.18 2.18 2.17 2.17 2.16 2.16 2.16 2.15 2.15 2.15 
2.14 2.14 2.13 2.13 2.13 2.12 2.12 2.12 2.11 2.11 2.11 2.1 2.1 2.1 2.09 2.09 2.08 2.08 2.08 2.07 2.07 
2.07 2.06 2.06 2.06 2.05 2.05 2.05 2.04 2.04 2.04 2.03 2.03 2.03 2.02 2.02 2.02 2.01 2.01 2.01 2 2 2 
1.99 1.99 1.99 1.98 1.98 1.98 1.98 1.97 1.97 1.97 1.96 1.96 1.96 1.95 1.95 1.95 1.94 1.94 1.94 1.94 1.93 
1.93 1.93 1.92 1.92 1.92 1.91 1.91 1.91 1.91 1.9 1.9 1.9 1.89 1.89 1.89 1.89 1.88 1.88 1.88 1.87 1.87 
1.87 1.87 1.86 1.86 1.86 1.85 1.85 1.85 1.85 1.84 1.84 1.84 1.84 1.83 1.83 1.83 1.82 1.82 1.82 1.82 1.81 
1.81 1.81 1.81 1.8 1.8 1.8 1.8 1.79 1.79 1.79 1.79 1.78 1.78 1.78 1.77 1.77 1.77 1.77 1.76 1.76 1.76 1.76 
1.75 1.75 1.75 1.75 1.74 1.74 1.74 1.74 1.74 1.73 1.73 1.73 1.73 1.72 1.72 1.72 1.72 1.71 1.71 1.71 1.71 
1.7 1.7 1.7 1.7 1.69 1.69 1.69 1.69 1.69 1.68 1.68 1.68 1.68 1.67 1.67 1.67 1.67 1.67 1.66 1.66 1.66 1.66 
1.65 1.65 1.65 1.65 1.65 1.64 1.64 1.64 1.64 1.63 1.63 1.63 1.63 1.63 1.62 1.62 1.62 1.62 1.62 1.61 1.61 
1.61 1.61 1.61 1.6 1.6 1.6 1.6 1.59 1.59 1.59 1.59 1.59 1.58 1.58 1.58 1.58 1.58 1.57 1.57 1.57 1.57 1.57 
1.56 1.56 1.56 1.56 1.56 1.55 1.55 1.55 1.55 1.55 1.55 1.54 1.54 1.54 1.54 1.54 1.53 1.53 1.53 1.53 1.53 
1.52 1.52 1.52 1.52 1.52 1.52 1.51 1.51 1.51 1.51 1.51 1.5 1.5 1.5 1.5 1.5 1.5 1.49 1.49 1.49 1.49 1.49 
1.48 1.48 1.48 1.48 1.48 1.48 1.47 1.47 1.47 1.47 1.47 1.47 1.46 1.46 1.46 1.46 1.46 1.45 1.45 1.45 1.45 
1.45 1.45 1.44 1.44 1.44 1.44 1.44 1.44 1.43 1.43 1.43 1.43 1.43 1.43 1.42 1.42 1.42 1.42 1.42 1.42 1.42 
1.41 1.41 1.41 1.41 1.41 1.41 1.4 1.4 1.4 1.4 1.4 1.4 1.39 1.39 1.39 1.39 1.39 1.39 1.39 1.38 1.38 1.38 
1.38 1.38 1.38 1.37 1.37 1.37 1.37 1.37 1.37 1.37 1.36 1.36 1.36 1.36 1.36 1.36 1.35 1.35 1.35 1.35 1.35 
1.35 1.35 1.34 1.34 1.34 1.34 1.34 1.34 1.34 1.33 1.33 1.33 1.33 1.33 1.33 1.33 1.32 1.32 1.32 1.32 1.32 
1.32 1.32 1.31 1.31 1.31 1.31 1.31 1.31 1.31 1.31 1.3 1.3 1.3 1.3 1.3 1.3 1.3 1.29 1.29 1.29 1.29 1.29 
1.29 1.29 1.28 1.28 1.28 1.28 1.28 1.28 1.28 1.28 1.27 1.27 1.27 1.27 1.27 1.27 1.27 1.27 1.26 1.26 1.26 
1.26 1.26 1.26 1.26 1.25 1.25 1.25 1.25 1.25 1.25 1.25 1.25 1.24 1.24 1.24 1.24 1.24 1.24 1.24 1.24 1.23 
1.23 1.23 1.23 1.23 1.23 1.23 1.23 1.23 1.22 1.22 1.22 1.22 1.22 1.22 1.22 1.22 1.21 1.21 1.21 1.21 1.21 
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1.21 1.21 1.21 1.21 1.2 1.2 1.2 1.2 1.2 1.2 1.2 1.2 1.19 1.19 1.19 1.19 1.19 1.19 1.19 1.19 1.19 1.18 1.18 
1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.17 1.17 1.17 1.17 1.17 1.17 1.17 1.17 1.17 1.16 1.16 1.16 1.16 1.16 
1.16 1.16 1.16 1.16 1.15 1.15 1.15 1.15 1.15 1.15 1.15 1.15 1.15 1.15 1.14 1.14 1.14 1.14 1.14 1.14 1.14 
1.14 1.14 1.13 1.13 1.13 1.13 1.13 1.13 1.13 1.13 1.13 1.13 1.12 1.12 1.12 1.12 1.12 1.12 1.12 1.12 1.12 
1.12 1.11 1.11 1.11 1.11 1.11 1.11 1.11 1.11 1.11 1.11 1.1 1.1 1.1 1.1 1.1 1.1 1.1 1.1 1.1 1.1 1.09 1.09 
1.09 1.09 1.09 1.09 1.09 1.09 1.09 1.09 1.09 1.08 1.08 1.08 1.08 1.08 1.08 1.08 1.08 1.08 1.08 1.07 1.07 
1.07 1.07 1.07 1.07 1.07 1.07 1.07 1.07 1.07 1.06 1.06 1.06 1.06 1.06 1.06 1.06 1.06 1.06 1.06 1.06 1.05 
1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.04 1.04 1.04 1.04 1.04 1.04 1.04 1.04 1.04 1.04 1.04 
1.04 1.03 1.03 1.03 1.03 1.03 1.03 1.03 1.03 1.03 1.03 1.03 1.03 1.02 1.02 1.02 1.02 1.02 1.02 1.02 1.02 
1.02 1.02 1.02 1.02 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1 1 1 1 1 1 1 0.999 
0.998 0.997 0.996 0.996 0.995 0.994 0.993 0.992 0.992 0.991 0.99 0.989 0.988 0.988 0.987 0.986 0.985 
0.984 0.984 0.983 0.982 0.981 0.981 0.98 0.979 0.978 0.977 0.977 0.976 0.975 0.974 0.974 0.973 0.972 
0.971 0.971 0.97 0.969 0.968 0.968 0.967 0.966 0.965 0.965 0.964 0.963 0.962 0.962 0.961 0.96 0.959 
0.959 0.958 0.957 0.956 0.956 0.955 0.954 0.953 0.953 0.952 0.951 0.951 0.95 0.949 0.948 0.948 0.947 
0.946 0.946 0.945 0.944 0.943 0.943 0.942 0.941 0.94 0.94 0.939 0.938 0.938 0.937 0.936 0.936 0.935 
0.934 0.933 0.933 0.932 0.931 0.931 0.93 0.929 0.929 0.928 0.927 0.926 0.926 0.925 0.924 0.924 0.923 
0.922 0.922 0.921 0.92 0.92 0.919 0.918 0.918 0.917 0.916 0.916 0.915 0.914 0.914 0.913 0.912 0.912 
0.911 0.91 0.91 0.909 0.908 0.908 0.907 0.906 0.906 0.905 0.904 0.904 0.903 0.902 0.902 0.901 0.9 0.9 
0.899 0.898 0.898 0.897 0.896 0.896 0.895 0.894 0.894 0.893 0.893 0.892 0.891 0.891 0.89 0.889 0.889 
0.888 0.887 0.887 0.886 0.886 0.885 0.884 0.884 0.883 0.882 0.882 0.881 0.881 0.88 0.879 0.879 0.878 
0.877 0.877 0.876 0.876 0.875 0.874 0.874 0.873 0.872 0.872 0.871 0.871 0.87 0.869 0.869 0.868 0.868 
0.867 0.866 0.866 0.865 0.865 0.864 0.863 0.863 0.862 0.862 0.861 0.86 0.86 0.859 0.859 0.858 0.857 
0.857 0.856 0.856 0.855 0.854 0.854 0.853 0.853 0.852 0.852 0.851 0.85 0.85 0.849 0.849 0.848 0.847 
0.847 0.846 0.846 0.845 0.845 0.844 0.843 0.843 0.842 0.842 0.841 0.841 0.84 0.839 0.839 0.838 0.838 
0.837 0.837 0.836 0.836 0.835 0.834 0.834 0.833 0.833 0.832 0.832 0.831 0.83 0.83 0.829 0.829 0.828 
0.828 0.827 0.827 0.826 0.826 0.825 0.824 0.824 0.823 0.823 0.822 0.822 0.821 0.821 0.82 0.82 0.819 
0.818 0.818 0.817 0.817 0.816 0.816 0.815 0.815 0.814 0.814 0.813 0.813 0.812 0.811 0.811 0.81 0.81 
0.809 0.809 0.808 0.808 0.807 0.807 0.806 0.806 0.805 0.805 0.804 0.804 0.803 0.803 0.802 0.802 
0.801 0.801 0.8 0.799 0.799 0.798 0.798 0.797 0.797 0.796 0.796 0.795 0.795 0.794 0.794 0.793 0.793 
0.792 0.792 0.791 0.791 0.79 0.79 0.789 0.789 0.788 0.788 0.787 0.787 0.786 0.786 0.785 0.785 0.784 
0.784 0.783 0.783 0.782 0.782 0.781 0.781 0.78 0.78 0.779 0.779 0.778 0.778 0.777 0.777 0.776 0.776 
0.776 0.775 0.775 0.774 0.774 0.773 0.773 0.772 0.772 0.771 0.771 0.77 0.77 0.769 0.769 0.768 0.768 
0.767 0.767 0.766 0.766 0.765 0.765 0.765 0.764 0.764 0.763 0.763 0.762 0.762 0.761 0.761 0.76 0.76 
0.759 0.759 0.758 0.758 0.758 0.757 0.757 0.756 0.756 0.755 0.755 0.754 0.754 0.753 0.753 0.753 
0.752 0.752 0.751 0.751 0.75 0.75 0.749 0.749 0.748 0.748 0.748 0.747 0.747 0.746 0.746 0.745 0.745 
0.744 0.744 0.744 0.743 0.743 0.742 0.742 0.741 0.741 0.74 0.74 0.74 0.739 0.739 0.738 0.738 0.737 
0.737 0.736 0.736 0.736 0.735 0.735 0.734 0.734 0.733 0.733 0.733 0.732 0.732 0.731 0.731 0.73 0.729 
0.727 0.724 0.722 0.72 0.718 0.716 0.714 0.712 0.71 0.708 0.706 0.704 0.702 0.7 0.698 0.696 0.694 
0.692 0.69 0.688 0.686 0.685 0.683 0.681 0.679 0.677 0.675 0.673 0.672 0.67 0.668 0.666 0.664 0.663 
0.661 0.659 0.657 0.656 0.654 0.652 0.65 0.649 0.647 0.645 0.644 0.642 0.64 0.639 0.637 0.635 0.634 
0.632 0.631 0.629 0.627 0.626 0.624 0.623 0.621 0.62 0.618 0.617 0.615 0.614 0.612 0.611 0.609 0.608 
0.606 0.605 0.603 0.602 0.6 0.599 0.597 0.596 0.594 0.593 0.592 0.59 0.589 0.587 0.586 0.585 0.583 
0.582 0.581 0.579 0.578 0.577 0.575 0.574 0.573 0.571 0.57 0.569 0.567 0.566 0.565 0.563 0.562 0.561 
0.56 0.558 0.557 0.556 0.555 0.553 0.552 0.551 0.55 0.549 0.547 0.546 0.545 0.544 0.543 0.541 0.54 
0.539 0.538 0.537 0.536 0.534 0.533 0.532 0.531 0.53 0.529 0.528 0.526 0.525 0.524 0.523 0.522 0.521 
0.52 0.519 0.518 0.517 0.516 0.514 0.513 0.512 0.511 0.51 0.509 0.508 0.507 0.506 0.505 0.504 0.503 
0.502 0.501 0.5 0.499 0.498 0.497 0.496 0.495 0.494 0.493 0.492 0.491 0.49 0.489 0.488 0.487 0.486 
0.485 0.484 0.483 0.482 0.482 0.481 0.48 0.479 0.478 0.477 0.476 0.475 0.474 0.473 0.472 0.471 0.471 
0.47 0.469 0.468 0.467 0.466 0.465 0.464 0.464 0.463 0.462 0.461 0.46 0.459 0.458 0.458 0.457 0.456 
0.455 0.454 0.453 0.453 0.452 0.451 0.45 0.449 0.449 0.448 0.447 0.446 0.445 0.445 0.444 0.443 0.442 
0.441 0.441 0.44 0.439 0.438 0.437 0.437 0.436 0.435 0.434 0.434 0.433 0.432 0.431 0.431 0.43 0.429 
0.428 0.428 0.427 0.426 0.425 0.425 0.424 0.423 0.423 0.422 0.421 0.42 0.42 0.419 0.418 0.418 0.417 
0.416 0.416 0.415 0.414 0.413 0.413 0.412 0.411 0.411 0.41 0.409 0.409 0.408 0.407 0.407 0.406 0.405 
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0.405 0.404 0.403 0.403 0.402 0.401 0.401 0.4 0.399 0.399 0.398 0.398 0.397 0.396 0.396 0.395 0.394 
0.394 0.393 0.393 0.392 0.391 0.391 0.39 0.389 0.389 0.388 0.388 0.387 0.386 0.386 0.385 0.385 0.384 
0.383 0.383 0.382 0.382 0.381 0.381 0.38 0.379 0.379 0.378 0.378 0.377 0.376 0.376 0.375 0.375 0.374 
0.374 0.373 0.373 0.372 0.371 0.371 0.37 0.37 0.369 0.369 0.368 0.368 0.367 0.366 0.366 0.365 0.365 
0.364 0.364 0.363 0.363 0.362 0.362 0.361 0.361 0.36 0.36 0.359 0.359 0.358 0.358 0.357 0.356 0.356 
0.355 0.355 0.354 0.354 0.353 0.353 0.352 0.352 0.351 0.351 0.35 0.35 0.349 0.349 0.348 0.348 0.348 
0.347 0.347 0.346 0.346 0.345 0.345 0.344 0.344 0.343 0.343 0.342 0.342 0.341 0.341 0.34 0.34 0.339 
0.339 0.339 0.338 0.338 0.337 0.337 0.336 0.336 0.335 0.335 0.334 0.334 0.334 0.333 0.333 0.332 
0.332 0.331 0.331 0.33 0.33 0.33 0.329 0.329 0.328 0.328 0.327 0.327 0.327 0.326 0.326 0.325 0.325 
0.324 0.324 0.324 0.323 0.323 0.322 0.322 0.321 0.321 0.321 0.32 0.32 0.319 0.319 0.319 0.318 0.318 
0.317 0.317 0.317 0.316 0.316 0.315 0.315 0.315 0.314 0.314 0.313 0.313 0.313 0.312 0.312 0.311 
0.311 0.311 0.31 0.31 0.309 0.309 0.309 0.308 0.308 0.308 0.307 0.307 0.306 0.306 0.306 0.305 0.305 
0.305 0.304 0.304 0.303 0.303 0.303 0.302 0.302 0.302 0.301 0.301 0.3 0.3 0.3 0.299 0.299 0.299 0.298 
0.298 0.298 0.297 0.297 0.297 0.296 0.296 0.295 0.295 0.295 0.294 0.294 0.294 0.293 0.293 0.293 
0.292 0.292 0.292 0.291 0.291 0.291 0.29 0.29 0.29 0.289 0.289 0.289 0.288 0.288 0.288 0.287 0.287 
0.287 0.286 0.286 0.286 0.285 0.285 0.285 0.284 0.284 0.284 0.283 0.283 0.283 0.282 0.282 0.282 
0.281 0.281 0.281 0.28 0.28 0.28 0.28 0.279 0.279 0.279 0.278 0.278 0.278 0.277 0.277 0.277 0.276 
0.265 0.254 0.244 0.235 0.226 0.218 0.211 0.204 0.197 0.191 0.186 0.18 0.175 0.17 0.166 0.161 0.157 
0.153 0.15 0.146 0.143 0.14 0.137 0.134 0.131 0.128 0.126 0.123 0.121 0.118 0.116 0.114 0.112 0.11 
0.108 0.106 0.104 0.103 0.101 0.0994 0.0979 0.0963 0.0949 0.0934 0.0921 0.0907 0.0894 0.0881 
0.0869 0.0857 0.0845 0.0834 0.0823 0.0812 0.0802 0.0792 0.0782 0.0772 0.0762 0.0753 0.0744 0.0735 
0.0727 0.0718 0.071 0.0702 0.0694 0.0687 0.0679 0.0672 0.0665 0.0658 0.0651 0.0644 0.0637 0.0631 
0.0624 0.0618 0.0612 0.0606 0.06 0.0595 0.0589 0.0583 0.0578 0.0573 0.0567 0.0562 0.0557 0.0552 
0.0547 0.0543 0.0538 0.0533 0.0529 0.0524 0.052 0.0516 0.0511 0.0507 0.0503 0.0499 0.0495 0.0491 
0.0487 0.0484 0.048 0.0476 0.0472 0.0469 0.0465 0.0462 0.0459 0.0455 0.0452 0.0449 0.0445 0.0442 
0.0439 0.0436 0.0433 0.043 0.0427 0.0424 0.0421 0.0418 0.0416 0.0413 0.041 0.0407 0.0405 0.0402 
0.04 0.0397 0.0394 0.0392 0.039 0.0387 0.0385 0.0382 0.038 0.0378 0.0375 0.0373 0.0371 0.0369 
0.0367 0.0364 0.0362 0.036 0.0358 0.0356 0.0354 0.0352 0.035 0.0348 0.0346 0.0344 0.0342 0.034 
0.0339 0.0337 0.0335 0.0333 0.0331 0.033 0.0328 0.0326 0.0324 0.0323 0.0321 0.0319 0.0318 0.0316 
0.0315 0.0313 0.0311 0.031 0.0308 0.0307 0.0305 0.0304 0.0302 0.0301 0.0299 0.0298 0.0297 0.0295 
0.0294 0.0292 0.0291 0.029 0.0288 0.0287 0.0286 0.0284 0.0283 0.0282 0.028 0.0279 0.0278 0.0277 
0.0276 0.0274 0.0273 0.0272 0.0271 0.027 0.0268 0.0267 0.0266 0.0265 0.0264 0.0263 0.0262 0.026 
0.0259 0.0258 0.0257 0.0256 0.0255 0.0254 0.0253 0.0252 0.0251 0.025 0.0249 0.0248 0.0247 0.0246 
0.0245 0.0244 0.0243 0.0242 0.0241 0.024 0.0239 0.0238 0.0238 0.0237 0.0236 0.0235 0.0234 0.0233 
0.0232 0.0231 0.0231 0.023 0.0229 0.0228 0.0227 0.0226 0.0225 0.0225 0.0224 0.0223 0.0222 0.0221 
0.0221 0.022 0.0219 0.0218 0.0218 0.0217 0.0216 0.0215 0.0215 0.0214 0.0213 0.0212 0.0212 0.0211 
0.021 0.021 0.0209 0.0208 0.0207 0.0207 0.0206 0.0205 0.0205 0.0204 0.0203 0.0203 0.0202 0.0201 

0.0201 0.02 0.0199 0.0199 0.0198 0.0198 0.0197 0.0196 0.0196 0.0195 0.0194]; 

A=5693.*Eg.^2; voc = Eg-.02586*log(A./1.6e-19./nph); tempout = 0; 
for i=1:1:length(Eg) 
current = 1000; 
 for lhs = .2:.01:5 
  rhs = voc(i)-.02586.*log(1+lhs/.02586); 
  if ( abs(lhs-rhs) < current ) 
    current = abs(lhs-rhs);  tempout = lhs; 
  end; 
 end; 
 Vmax(i) = tempout; 
end; 
Work=Eg-.02586*(log(A./1.6e-19./nph)+log(1+Vmax/0.02586)+1); 

figure(2); plot(Eg,nph); hold on; plot(abs(Work),nph,'k'); 
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B.8 Solar AM1.5g Spectrum 

% Perform transpose and save in file named AM15Photons.txt.  First column is wavelength, second is 

% photon flux. Put in working directory of *.m files. 

%Wavelength  

2.8E-7 2.805E-7 2.81E-7 2.815E-7 2.82E-7 2.825E-7 2.83E-7 2.835E-7 2.84E-7 2.845E-7 2.85E-7 
2.855E-7 2.86E-7 2.865E-7 2.87E-7 2.875E-7 2.88E-7 2.885E-7 2.89E-7 2.895E-7 2.9E-7 2.905E-7 
2.91E-7 2.915E-7 2.92E-7 2.925E-7 2.93E-7 2.935E-7 2.94E-7 2.945E-7 2.95E-7 2.955E-7 2.96E-7 
2.965E-7 2.97E-7 2.975E-7 2.98E-7 2.985E-7 2.99E-7 2.995E-7 3E-7 3.005E-7 3.01E-7 3.015E-7 
3.02E-7 3.025E-7 3.03E-7 3.035E-7 3.04E-7 3.045E-7 3.05E-7 3.055E-7 3.06E-7 3.065E-7 3.07E-7 
3.075E-7 3.08E-7 3.085E-7 3.09E-7 3.095E-7 3.1E-7 3.105E-7 3.11E-7 3.115E-7 3.12E-7 3.125E-7 
3.13E-7 3.135E-7 3.14E-7 3.145E-7 3.15E-7 3.155E-7 3.16E-7 3.165E-7 3.17E-7 3.175E-7 3.18E-7 
3.185E-7 3.19E-7 3.195E-7 3.2E-7 3.205E-7 3.21E-7 3.215E-7 3.22E-7 3.225E-7 3.23E-7 3.235E-7 
3.24E-7 3.245E-7 3.25E-7 3.255E-7 3.26E-7 3.265E-7 3.27E-7 3.275E-7 3.28E-7 3.285E-7 3.29E-7 
3.295E-7 3.3E-7 3.305E-7 3.31E-7 3.315E-7 3.32E-7 3.325E-7 3.33E-7 3.335E-7 3.34E-7 3.345E-7 
3.35E-7 3.355E-7 3.36E-7 3.365E-7 3.37E-7 3.375E-7 3.38E-7 3.385E-7 3.39E-7 3.395E-7 3.4E-7 
3.405E-7 3.41E-7 3.415E-7 3.42E-7 3.425E-7 3.43E-7 3.435E-7 3.44E-7 3.445E-7 3.45E-7 3.455E-7 
3.46E-7 3.465E-7 3.47E-7 3.475E-7 3.48E-7 3.485E-7 3.49E-7 3.495E-7 3.5E-7 3.505E-7 3.51E-7 
3.515E-7 3.52E-7 3.525E-7 3.53E-7 3.535E-7 3.54E-7 3.545E-7 3.55E-7 3.555E-7 3.56E-7 3.565E-7 
3.57E-7 3.575E-7 3.58E-7 3.585E-7 3.59E-7 3.595E-7 3.6E-7 3.605E-7 3.61E-7 3.615E-7 3.62E-7 
3.625E-7 3.63E-7 3.635E-7 3.64E-7 3.645E-7 3.65E-7 3.655E-7 3.66E-7 3.665E-7 3.67E-7 3.675E-7 
3.68E-7 3.685E-7 3.69E-7 3.695E-7 3.7E-7 3.705E-7 3.71E-7 3.715E-7 3.72E-7 3.725E-7 3.73E-7 
3.735E-7 3.74E-7 3.745E-7 3.75E-7 3.755E-7 3.76E-7 3.765E-7 3.77E-7 3.775E-7 3.78E-7 3.785E-7 
3.79E-7 3.795E-7 3.8E-7 3.805E-7 3.81E-7 3.815E-7 3.82E-7 3.825E-7 3.83E-7 3.835E-7 3.84E-7 
3.845E-7 3.85E-7 3.855E-7 3.86E-7 3.865E-7 3.87E-7 3.875E-7 3.88E-7 3.885E-7 3.89E-7 3.895E-7 
3.9E-7 3.905E-7 3.91E-7 3.915E-7 3.92E-7 3.925E-7 3.93E-7 3.935E-7 3.94E-7 3.945E-7 3.95E-7 
3.955E-7 3.96E-7 3.965E-7 3.97E-7 3.975E-7 3.98E-7 3.985E-7 3.99E-7 3.995E-7 4E-7 4.01E-7 
4.02E-7 4.03E-7 4.04E-7 4.05E-7 4.06E-7 4.07E-7 4.08E-7 4.09E-7 4.1E-7 4.11E-7 4.12E-7 4.13E-7 
4.14E-7 4.15E-7 4.16E-7 4.17E-7 4.18E-7 4.19E-7 4.2E-7 4.21E-7 4.22E-7 4.23E-7 4.24E-7 4.25E-7 
4.26E-7 4.27E-7 4.28E-7 4.29E-7 4.3E-7 4.31E-7 4.32E-7 4.33E-7 4.34E-7 4.35E-7 4.36E-7 4.37E-7 
4.38E-7 4.39E-7 4.4E-7 4.41E-7 4.42E-7 4.43E-7 4.44E-7 4.45E-7 4.46E-7 4.47E-7 4.48E-7 4.49E-7 
4.5E-7 4.51E-7 4.52E-7 4.53E-7 4.54E-7 4.55E-7 4.56E-7 4.57E-7 4.58E-7 4.59E-7 4.6E-7 4.61E-7 
4.62E-7 4.63E-7 4.64E-7 4.65E-7 4.66E-7 4.67E-7 4.68E-7 4.69E-7 4.7E-7 4.71E-7 4.72E-7 4.73E-7 
4.74E-7 4.75E-7 4.76E-7 4.77E-7 4.78E-7 4.79E-7 4.8E-7 4.81E-7 4.82E-7 4.83E-7 4.84E-7 4.85E-7 
4.86E-7 4.87E-7 4.88E-7 4.89E-7 4.9E-7 4.91E-7 4.92E-7 4.93E-7 4.94E-7 4.95E-7 4.96E-7 4.97E-7 
4.98E-7 4.99E-7 5E-7 5.01E-7 5.02E-7 5.03E-7 5.04E-7 5.05E-7 5.06E-7 5.07E-7 5.08E-7 5.09E-7 
5.1E-7 5.11E-7 5.12E-7 5.13E-7 5.14E-7 5.15E-7 5.16E-7 5.17E-7 5.18E-7 5.19E-7 5.2E-7 5.21E-7 
5.22E-7 5.23E-7 5.24E-7 5.25E-7 5.26E-7 5.27E-7 5.28E-7 5.29E-7 5.3E-7 5.31E-7 5.32E-7 5.33E-7 
5.34E-7 5.35E-7 5.36E-7 5.37E-7 5.38E-7 5.39E-7 5.4E-7 5.41E-7 5.42E-7 5.43E-7 5.44E-7 5.45E-7 
5.46E-7 5.47E-7 5.48E-7 5.49E-7 5.5E-7 5.51E-7 5.52E-7 5.53E-7 5.54E-7 5.55E-7 5.56E-7 5.57E-7 
5.58E-7 5.59E-7 5.6E-7 5.61E-7 5.62E-7 5.63E-7 5.64E-7 5.65E-7 5.66E-7 5.67E-7 5.68E-7 5.69E-7 
5.7E-7 5.71E-7 5.72E-7 5.73E-7 5.74E-7 5.75E-7 5.76E-7 5.77E-7 5.78E-7 5.79E-7 5.8E-7 5.81E-7 
5.82E-7 5.83E-7 5.84E-7 5.85E-7 5.86E-7 5.87E-7 5.88E-7 5.89E-7 5.9E-7 5.91E-7 5.92E-7 5.93E-7 
5.94E-7 5.95E-7 5.96E-7 5.97E-7 5.98E-7 5.99E-7 6E-7 6.01E-7 6.02E-7 6.03E-7 6.04E-7 6.05E-7 
6.06E-7 6.07E-7 6.08E-7 6.09E-7 6.1E-7 6.11E-7 6.12E-7 6.13E-7 6.14E-7 6.15E-7 6.16E-7 6.17E-7 
6.18E-7 6.19E-7 6.2E-7 6.21E-7 6.22E-7 6.23E-7 6.24E-7 6.25E-7 6.26E-7 6.27E-7 6.28E-7 6.29E-7 
6.3E-7 6.31E-7 6.32E-7 6.33E-7 6.34E-7 6.35E-7 6.36E-7 6.37E-7 6.38E-7 6.39E-7 6.4E-7 6.41E-7 
6.42E-7 6.43E-7 6.44E-7 6.45E-7 6.46E-7 6.47E-7 6.48E-7 6.49E-7 6.5E-7 6.51E-7 6.52E-7 6.53E-7 
6.54E-7 6.55E-7 6.56E-7 6.57E-7 6.58E-7 6.59E-7 6.6E-7 6.61E-7 6.62E-7 6.63E-7 6.64E-7 6.65E-7 
6.66E-7 6.67E-7 6.68E-7 6.69E-7 6.7E-7 6.71E-7 6.72E-7 6.73E-7 6.74E-7 6.75E-7 6.76E-7 6.77E-7 
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6.78E-7 6.79E-7 6.8E-7 6.81E-7 6.82E-7 6.83E-7 6.84E-7 6.85E-7 6.86E-7 6.87E-7 6.88E-7 6.89E-7 
6.9E-7 6.91E-7 6.92E-7 6.93E-7 6.94E-7 6.95E-7 6.96E-7 6.97E-7 6.98E-7 6.99E-7 7E-7 7.01E-7 
7.02E-7 7.03E-7 7.04E-7 7.05E-7 7.06E-7 7.07E-7 7.08E-7 7.09E-7 7.1E-7 7.11E-7 7.12E-7 7.13E-7 
7.14E-7 7.15E-7 7.16E-7 7.17E-7 7.18E-7 7.19E-7 7.2E-7 7.21E-7 7.22E-7 7.23E-7 7.24E-7 7.25E-7 
7.26E-7 7.27E-7 7.28E-7 7.29E-7 7.3E-7 7.31E-7 7.32E-7 7.33E-7 7.34E-7 7.35E-7 7.36E-7 7.37E-7 
7.38E-7 7.39E-7 7.4E-7 7.41E-7 7.42E-7 7.43E-7 7.44E-7 7.45E-7 7.46E-7 7.47E-7 7.48E-7 7.49E-7 
7.5E-7 7.51E-7 7.52E-7 7.53E-7 7.54E-7 7.55E-7 7.56E-7 7.57E-7 7.58E-7 7.59E-7 7.6E-7 7.61E-7 
7.62E-7 7.63E-7 7.64E-7 7.65E-7 7.66E-7 7.67E-7 7.68E-7 7.69E-7 7.7E-7 7.71E-7 7.72E-7 7.73E-7 
7.74E-7 7.75E-7 7.76E-7 7.77E-7 7.78E-7 7.79E-7 7.8E-7 7.81E-7 7.82E-7 7.83E-7 7.84E-7 7.85E-7 
7.86E-7 7.87E-7 7.88E-7 7.89E-7 7.9E-7 7.91E-7 7.92E-7 7.93E-7 7.94E-7 7.95E-7 7.96E-7 7.97E-7 
7.98E-7 7.99E-7 8E-7 8.01E-7 8.02E-7 8.03E-7 8.04E-7 8.05E-7 8.06E-7 8.07E-7 8.08E-7 8.09E-7 
8.1E-7 8.11E-7 8.12E-7 8.13E-7 8.14E-7 8.15E-7 8.16E-7 8.17E-7 8.18E-7 8.19E-7 8.2E-7 8.21E-7 
8.22E-7 8.23E-7 8.24E-7 8.25E-7 8.26E-7 8.27E-7 8.28E-7 8.29E-7 8.3E-7 8.31E-7 8.32E-7 8.33E-7 
8.34E-7 8.35E-7 8.36E-7 8.37E-7 8.38E-7 8.39E-7 8.4E-7 8.41E-7 8.42E-7 8.43E-7 8.44E-7 8.45E-7 
8.46E-7 8.47E-7 8.48E-7 8.49E-7 8.5E-7 8.51E-7 8.52E-7 8.53E-7 8.54E-7 8.55E-7 8.56E-7 8.57E-7 
8.58E-7 8.59E-7 8.6E-7 8.61E-7 8.62E-7 8.63E-7 8.64E-7 8.65E-7 8.66E-7 8.67E-7 8.68E-7 8.69E-7 
8.7E-7 8.71E-7 8.72E-7 8.73E-7 8.74E-7 8.75E-7 8.76E-7 8.77E-7 8.78E-7 8.79E-7 8.8E-7 8.81E-7 
8.82E-7 8.83E-7 8.84E-7 8.85E-7 8.86E-7 8.87E-7 8.88E-7 8.89E-7 8.9E-7 8.91E-7 8.92E-7 8.93E-7 
8.94E-7 8.95E-7 8.96E-7 8.97E-7 8.98E-7 8.99E-7 9E-7 9.01E-7 9.02E-7 9.03E-7 9.04E-7 9.05E-7 
9.06E-7 9.07E-7 9.08E-7 9.09E-7 9.1E-7 9.11E-7 9.12E-7 9.13E-7 9.14E-7 9.15E-7 9.16E-7 9.17E-7 
9.18E-7 9.19E-7 9.2E-7 9.21E-7 9.22E-7 9.23E-7 9.24E-7 9.25E-7 9.26E-7 9.27E-7 9.28E-7 9.29E-7 
9.3E-7 9.31E-7 9.32E-7 9.33E-7 9.34E-7 9.35E-7 9.36E-7 9.37E-7 9.38E-7 9.39E-7 9.4E-7 9.41E-7 
9.42E-7 9.43E-7 9.44E-7 9.45E-7 9.46E-7 9.47E-7 9.48E-7 9.49E-7 9.5E-7 9.51E-7 9.52E-7 9.53E-7 
9.54E-7 9.55E-7 9.56E-7 9.57E-7 9.58E-7 9.59E-7 9.6E-7 9.61E-7 9.62E-7 9.63E-7 9.64E-7 9.65E-7 
9.66E-7 9.67E-7 9.68E-7 9.69E-7 9.7E-7 9.71E-7 9.72E-7 9.73E-7 9.74E-7 9.75E-7 9.76E-7 9.77E-7 
9.78E-7 9.79E-7 9.8E-7 9.81E-7 9.82E-7 9.83E-7 9.84E-7 9.85E-7 9.86E-7 9.87E-7 9.88E-7 9.89E-7 
9.9E-7 9.91E-7 9.92E-7 9.93E-7 9.94E-7 9.95E-7 9.96E-7 9.97E-7 9.98E-7 9.99E-7 1E-6 1.001E-6 
1.002E-6 1.003E-6 1.004E-6 1.005E-6 1.006E-6 1.007E-6 1.008E-6 1.009E-6 1.01E-6 1.011E-6 
1.012E-6 1.013E-6 1.014E-6 1.015E-6 1.016E-6 1.017E-6 1.018E-6 1.019E-6 1.02E-6 1.021E-6 
1.022E-6 1.023E-6 1.024E-6 1.025E-6 1.026E-6 1.027E-6 1.028E-6 1.029E-6 1.03E-6 1.031E-6 
1.032E-6 1.033E-6 1.034E-6 1.035E-6 1.036E-6 1.037E-6 1.038E-6 1.039E-6 1.04E-6 1.041E-6 
1.042E-6 1.043E-6 1.044E-6 1.045E-6 1.046E-6 1.047E-6 1.048E-6 1.049E-6 1.05E-6 1.051E-6 
1.052E-6 1.053E-6 1.054E-6 1.055E-6 1.056E-6 1.057E-6 1.058E-6 1.059E-6 1.06E-6 1.061E-6 
1.062E-6 1.063E-6 1.064E-6 1.065E-6 1.066E-6 1.067E-6 1.068E-6 1.069E-6 1.07E-6 1.071E-6 
1.072E-6 1.073E-6 1.074E-6 1.075E-6 1.076E-6 1.077E-6 1.078E-6 1.079E-6 1.08E-6 1.081E-6 
1.082E-6 1.083E-6 1.084E-6 1.085E-6 1.086E-6 1.087E-6 1.088E-6 1.089E-6 1.09E-6 1.091E-6 
1.092E-6 1.093E-6 1.094E-6 1.095E-6 1.096E-6 1.097E-6 1.098E-6 1.099E-6 1.1E-6 1.101E-6 1.102E-
6 1.103E-6 1.104E-6 1.105E-6 1.106E-6 1.107E-6 1.108E-6 1.109E-6 1.11E-6 1.111E-6 1.112E-6 
1.113E-6 1.114E-6 1.115E-6 1.116E-6 1.117E-6 1.118E-6 1.119E-6 1.12E-6 1.121E-6 1.122E-6 
1.123E-6 1.124E-6 1.125E-6 1.126E-6 1.127E-6 1.128E-6 1.129E-6 1.13E-6 1.131E-6 1.132E-6 
1.133E-6 1.134E-6 1.135E-6 1.136E-6 1.137E-6 1.138E-6 1.139E-6 1.14E-6 1.141E-6 1.142E-6 
1.143E-6 1.144E-6 1.145E-6 1.146E-6 1.147E-6 1.148E-6 1.149E-6 1.15E-6 1.151E-6 1.152E-6 
1.153E-6 1.154E-6 1.155E-6 1.156E-6 1.157E-6 1.158E-6 1.159E-6 1.16E-6 1.161E-6 1.162E-6 
1.163E-6 1.164E-6 1.165E-6 1.166E-6 1.167E-6 1.168E-6 1.169E-6 1.17E-6 1.171E-6 1.172E-6 
1.173E-6 1.174E-6 1.175E-6 1.176E-6 1.177E-6 1.178E-6 1.179E-6 1.18E-6 1.181E-6 1.182E-6 
1.183E-6 1.184E-6 1.185E-6 1.186E-6 1.187E-6 1.188E-6 1.189E-6 1.19E-6 1.191E-6 1.192E-6 
1.193E-6 1.194E-6 1.195E-6 1.196E-6 1.197E-6 1.198E-6 1.199E-6 1.2E-6 1.201E-6 1.202E-6 1.203E-
6 1.204E-6 1.205E-6 1.206E-6 1.207E-6 1.208E-6 1.209E-6 1.21E-6 1.211E-6 1.212E-6 1.213E-6 
1.214E-6 1.215E-6 1.216E-6 1.217E-6 1.218E-6 1.219E-6 1.22E-6 1.221E-6 1.222E-6 1.223E-6 
1.224E-6 1.225E-6 1.226E-6 1.227E-6 1.228E-6 1.229E-6 1.23E-6 1.231E-6 1.232E-6 1.233E-6 
1.234E-6 1.235E-6 1.236E-6 1.237E-6 1.238E-6 1.239E-6 1.24E-6 1.241E-6 1.242E-6 1.243E-6 
1.244E-6 1.245E-6 1.246E-6 1.247E-6 1.248E-6 1.249E-6 1.25E-6 1.251E-6 1.252E-6 1.253E-6 
1.254E-6 1.255E-6 1.256E-6 1.257E-6 1.258E-6 1.259E-6 1.26E-6 1.261E-6 1.262E-6 1.263E-6 
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1.264E-6 1.265E-6 1.266E-6 1.267E-6 1.268E-6 1.269E-6 1.27E-6 1.271E-6 1.272E-6 1.273E-6 
1.274E-6 1.275E-6 1.276E-6 1.277E-6 1.278E-6 1.279E-6 1.28E-6 1.281E-6 1.282E-6 1.283E-6 
1.284E-6 1.285E-6 1.286E-6 1.287E-6 1.288E-6 1.289E-6 1.29E-6 1.291E-6 1.292E-6 1.293E-6 
1.294E-6 1.295E-6 1.296E-6 1.297E-6 1.298E-6 1.299E-6 1.3E-6 

%nph 

2.5361E-26 1.0917E-24 6.1253E-24 2.7479E-22 2.8346E-21 1.3271E-20 6.7646E-20 1.4614E-19 
4.9838E-18 2.1624E-17 8.9998E-17 6.4424E-16 2.3503E-15 1.8458E-14 7.2547E-14 3.6618E-13 
2.8061E-12 9.0651E-12 3.4978E-11 1.5368E-10 5.1454E-10 1.3303E-9 3.8965E-9 1.4425E-8 4.0789E-
8 7.0414E-8 1.576E-7 4.7095E-7 9.4558E-7 1.5965E-6 3.2246E-6 8.0206E-6 1.4737E-5 2.3312E-5 
3.3187E-5 6.7912E-5 1.1127E-4 1.427E-4 2.0323E-4 3.7386E-4 4.5631E-4 5.7207E-4 9.1926E-4 
0.00132 0.00146 0.00219 0.00373 0.0048 0.0051 0.00647 0.00893 0.01019 0.01015 0.01157 0.01525 
0.01947 0.02075 0.02275 0.0223 0.02367 0.02783 0.03588 0.04539 0.04616 0.0509 0.05377 0.05832 
0.059 0.06527 0.07048 0.07369 0.06483 0.06709 0.08112 0.09302 0.09971 0.09581 0.10005 0.10971 
0.10693 0.11277 0.13305 0.13414 0.12817 0.122 0.1197 0.11623 0.13393 0.14852 0.15467 0.15504 
0.17936 0.20868 0.22162 0.21834 0.21285 0.19773 0.20675 0.23297 0.25864 0.26192 0.24103 0.22835 
0.23635 0.24508 0.24655 0.24263 0.23265 0.23823 0.25434 0.26477 0.25894 0.23813 0.22099 0.21767 
0.23434 0.25321 0.26549 0.27096 0.27847 0.29659 0.29674 0.27932 0.27853 0.29121 0.30296 0.30857 
0.29246 0.25352 0.24439 0.27854 0.29761 0.29132 0.29747 0.30318 0.29351 0.29306 0.29884 0.28864 
0.2972 0.32913 0.35471 0.34603 0.33388 0.32674 0.30954 0.32975 0.36351 0.38523 0.39043 0.3914 
0.37878 0.35627 0.33495 0.29527 0.2995 0.27936 0.25998 0.3065 0.37013 0.3924 0.37167 0.34278 
0.33647 0.3535 0.38804 0.40005 0.38994 0.40472 0.40179 0.4181 0.4611 0.49508 0.49694 0.48869 
0.48041 0.45319 0.45106 0.47244 0.50856 0.51666 0.46798 0.47628 0.49587 0.46506 0.44389 0.42833 
0.38682 0.38651 0.38435 0.41087 0.45514 0.47218 0.46538 0.50014 0.5589 0.60314 0.58892 0.52616 
0.47255 0.49751 0.53396 0.54424 0.49135 0.41958 0.36361 0.32648 0.31658 0.36689 0.44239 0.48638 
0.46549 0.44984 0.46848 0.47343 0.46731 0.4635 0.46096 0.50121 0.55637 0.58457 0.59038 0.62634 
0.63617 0.58656 0.48961 0.35502 0.28272 0.3678 0.50811 0.60096 0.64101 0.56443 0.41101 0.31882 
0.47151 0.63944 0.75622 0.80408 0.8298 0.83989 0.87691 0.91387 0.88211 0.89849 0.87849 0.85878 
0.84545 0.88488 0.94717 0.8091 0.9077 0.96686 0.92951 0.92134 0.95569 0.98628 0.96392 0.92392 
0.96354 0.88467 1.0067 0.99499 0.96531 0.96182 0.99312 0.96667 0.9355 0.94625 0.87766 0.70134 
0.63779 1.0628 0.9905 0.91653 1.007 1.1061 1.1306 0.99368 0.95753 1.0993 1.0859 1.164 1.1823 
1.1537 1.1992 1.0766 1.2257 1.2422 1.2409 1.2881 1.3376 1.2822 1.1854 1.273 1.2655 1.3088 1.3213 
1.2946 1.2859 1.2791 1.3255 1.3392 1.3452 1.3055 1.2905 1.319 1.2616 1.3178 1.3247 1.2749 1.2975 
1.3661 1.3144 1.3304 1.3755 1.3299 1.3392 1.3839 1.3586 1.3825 1.3836 1.3899 1.3742 1.3492 1.3457 
1.0918 1.2235 1.3252 1.2492 1.3968 1.3435 1.2818 1.3719 1.3402 1.4238 1.3548 1.3788 1.3421 1.3429 
1.3391 1.299 1.2991 1.3597 1.2682 1.3598 1.4153 1.3548 1.321 1.385 1.3497 1.3753 1.4125 1.3277 
1.3003 1.3385 1.3514 1.1017 1.2605 1.2222 1.3349 1.3452 1.376 1.2976 1.3962 1.3859 1.3479 1.1795 
1.3508 1.4142 1.3598 1.4348 1.4094 1.259 1.3491 1.3701 1.4292 1.3229 1.3896 1.3558 1.3096 1.2595 
1.3714 1.3493 1.3971 1.3657 1.3536 1.3717 1.3331 1.3752 1.3648 1.3639 1.3923 1.3533 1.3802 1.3883 
1.3651 1.3321 1.3613 1.2885 1.3118 1.3885 1.3225 1.3731 1.3466 1.3555 1.2823 1.3673 1.3554 1.3228 
1.324 1.281 1.3534 1.3595 1.3527 1.3225 1.3118 1.3452 1.304 1.323 1.3455 1.3518 1.3729 1.3872 
1.3845 1.3737 1.3409 1.3708 1.3403 1.1582 1.2316 1.3171 1.29 1.3086 1.3029 1.287 1.326 1.3303 
1.3142 1.3145 1.3278 1.3123 1.2928 1.3205 1.3439 1.3418 1.3353 1.3434 1.3392 1.3292 1.3237 1.317 
1.337 1.3182 1.2783 1.3254 1.2906 1.2744 1.3228 1.3292 1.3299 1.3359 1.2882 1.2793 1.2751 1.2667 
1.2655 1.3022 1.2328 1.2758 1.2589 1.2799 1.2327 1.311 1.2907 1.3065 1.2768 1.3204 1.3292 1.3238 
1.2962 1.297 1.2995 1.313 1.3074 1.317 1.2797 1.2744 1.2625 1.2234 1.2299 1.3071 1.2558 1.295 
1.2807 1.222 1.0727 1.1218 1.254 1.2586 1.2668 1.2618 1.2518 1.2539 1.2647 1.2871 1.286 1.2767 
1.281 1.3032 1.2853 1.2829 1.2651 1.276 1.2742 1.2639 1.2786 1.2669 1.2737 1.2629 1.265 1.2601 
1.2662 1.2526 1.2445 1.2454 1.2174 0.88285 1.0195 1.026 1.0746 1.1201 1.1516 1.1446 1.1318 1.1538 
1.1513 1.2151 1.1961 1.1721 1.1636 1.1489 1.15 1.1567 1.1864 1.1989 1.1925 1.1875 1.1839 1.188 
1.1954 1.1934 1.1856 1.1719 1.1823 1.1428 1.1548 1.0081 0.93873 0.84274 0.8994 0.98967 1.1281 
1.0423 0.96305 0.94741 0.98638 0.98988 0.94968 0.95503 1.0294 0.97702 1.052 1.0901 1.1261 1.1101 
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1.0994 1.0978 1.1184 1.0855 1.1119 1.1078 1.1084 1.1316 1.1408 1.1404 1.1381 1.1389 1.1323 1.1286 
1.1273 1.1224 1.1265 1.121 1.1353 1.1321 1.1185 1.1176 1.1246 1.0932 0.24716 0.14328 0.63491 
0.35217 0.49885 0.63377 0.7508 0.89574 1.0222 1.0347 1.0646 1.0716 1.0802 1.0797 1.08 1.0801 
1.0827 1.0764 1.0754 1.0803 1.0687 1.0662 1.0714 1.0672 1.0602 1.0649 1.0656 1.053 1.0399 1.0359 
1.0045 1.0179 1.0084 1.0015 1.0101 1.0066 0.98985 1.0057 1.0245 1.0048 0.98859 0.99978 1.0011 
0.98288 0.99452 0.9727 1.0122 1.0018 0.99844 0.97353 0.97488 0.97273 0.94882 0.93236 0.83681 
0.82927 0.77171 0.78984 0.76299 0.83844 0.79899 0.92292 0.88081 0.62576 0.86619 0.89752 0.8653 
0.91178 0.7887 0.86135 0.8493 0.85666 0.82961 0.88622 0.86608 0.92917 0.90135 0.93493 0.92585 
0.92783 0.94124 0.93626 0.92411 0.93171 0.91434 0.94226 0.94447 0.91947 0.9201 0.91447 0.829 
0.90454 0.89942 0.8954 0.79 0.84746 0.90343 0.92059 0.92094 0.92081 0.91764 0.91648 0.92367 
0.92934 0.90956 0.89487 0.78882 0.85066 0.8914 0.88252 0.89933 0.88671 0.89887 0.88999 0.87451 
0.86204 0.88625 0.88948 0.88607 0.87144 0.87434 0.84563 0.86787 0.86494 0.86859 0.87913 0.84515 
0.84799 0.85899 0.87041 0.86078 0.86255 0.84688 0.81412 0.79413 0.75956 0.71265 0.6231 0.67137 
0.51461 0.69429 0.56162 0.625 0.64483 0.78862 0.76337 0.72502 0.59833 0.61091 0.65912 0.58553 
0.6258 0.64508 0.58906 0.5874 0.6355 0.54099 0.6835 0.55612 0.69161 0.69657 0.73004 0.65584 
0.69698 0.67571 0.66621 0.65875 0.73684 0.55363 0.51792 0.40679 0.3854 0.28386 0.23459 0.13604 
0.2369 0.15267 0.15453 0.18962 0.37591 0.44411 0.35071 0.38192 0.26289 0.26987 0.34729 0.18409 
0.3501 0.25911 0.46514 0.13944 0.45563 0.25418 0.32442 0.39988 0.32204 0.30996 0.25591 0.43453 
0.35294 0.39685 0.43481 0.41664 0.47585 0.43242 0.47469 0.47377 0.47353 0.61301 0.6448 0.59689 
0.67059 0.64629 0.57081 0.5417 0.55536 0.53872 0.60084 0.57903 0.60046 0.56941 0.67058 0.65102 
0.62915 0.6929 0.64734 0.70553 0.69489 0.69059 0.70391 0.68843 0.70833 0.70597 0.69325 0.70891 
0.70673 0.70409 0.69555 0.69481 0.69455 0.69159 0.70013 0.68498 0.69086 0.68056 0.6414 0.67047 
0.68463 0.68407 0.67742 0.67695 0.68034 0.67667 0.67556 0.67848 0.66676 0.66976 0.66237 0.67263 
0.6488 0.65839 0.66107 0.6498 0.6549 0.65077 0.65727 0.65625 0.65318 0.65398 0.64687 0.65092 
0.64799 0.64852 0.63751 0.64136 0.64348 0.64323 0.63664 0.63361 0.63802 0.63366 0.63379 0.63406 
0.62773 0.63067 0.62712 0.61078 0.62008 0.62559 0.62206 0.61802 0.61862 0.61487 0.61302 0.61048 
0.61242 0.61055 0.6091 0.60286 0.58453 0.60073 0.58694 0.59782 0.58815 0.59722 0.59461 0.5833 
0.58637 0.58561 0.55428 0.57178 0.58304 0.58194 0.57086 0.5878 0.56054 0.58141 0.57175 0.57076 
0.5721 0.56519 0.54973 0.55773 0.56603 0.54775 0.56163 0.52496 0.53685 0.56159 0.54856 0.52656 
0.55722 0.55048 0.48417 0.5112 0.49363 0.47731 0.54805 0.47709 0.48161 0.46113 0.47169 0.44513 
0.44291 0.44412 0.48065 0.3784 0.45866 0.39517 0.39249 0.45496 0.31572 0.3933 0.25599 0.28576 
0.23833 0.19223 0.07616 0.20763 0.10821 0.13562 0.17753 0.07816 0.12255 0.10397 0.13794 0.04939 
0.15032 0.09495 0.10133 0.06757 0.28201 0.22359 0.14661 0.03999 0.01482 0.1232 0.27472 0.19428 
0.28484 0.24447 0.18486 0.21481 0.29758 0.10843 0.13976 0.15085 0.05672 0.25898 0.20894 0.11648 
0.19453 0.23666 0.22762 0.13643 0.29903 0.26837 0.3004 0.2977 0.32163 0.27371 0.33167 0.33412 
0.44644 0.38332 0.3708 0.35781 0.39105 0.40018 0.40348 0.43731 0.4275 0.4337 0.43522 0.32193 
0.43142 0.45447 0.4504 0.34391 0.46114 0.42052 0.43423 0.30903 0.41853 0.40083 0.38908 0.45518 
0.43494 0.32039 0.39685 0.44124 0.42638 0.45171 0.4337 0.44751 0.42671 0.41188 0.45527 0.41426 
0.34869 0.42789 0.41735 0.41743 0.41441 0.34645 0.41714 0.45872 0.41044 0.41379 0.39548 0.43267 
0.40319 0.40572 0.44804 0.41443 0.40851 0.44509 0.43457 0.43842 0.42639 0.43724 0.44413 0.43096 
0.424 0.42788 0.44141 0.44696 0.4136 0.44544 0.44608 0.43928 0.45067 0.44525 0.43359 0.44893 
0.44409 0.44795 0.44259 0.44694 0.44194 0.44011 0.4413 0.44179 0.43712 0.43499 0.43622 0.43902 
0.43715 0.43828 0.4393 0.43684 0.4326 0.43106 0.42803 0.42416 0.43088 0.42096 0.4163 0.42549 
0.40868 0.41235 0.39371 0.37867 0.383 0.35568 0.37871 0.36881 0.37159 0.35475 0.23656 0.37087 
0.39062 0.39114 0.38874 0.38864 0.39455 0.39895 0.40191 0.40916 0.40626 0.40387 0.39554 0.35695 
0.38978 0.40268 0.40577 0.40878 0.40405 0.40192 0.39194 0.39522 0.40004 0.37946 0.39506 0.38709 

0.38801 0.37322 0.35583 0.37536 0.39127 0.33855 
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