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We discuss here a number of selected topics related to the funda

mentals of nonlinear optics. First, in Sec. I, we give a brief 

description on the theory of nonlinear optical susceptibilities. 

Emphasis is on the basic properties, on the recently developed bond 

theory, and on the dispersion of nonlinear susceptibilities. Then, in 

Sec. II, we discuss the coupled wave approach. We show that the 

transverse resonant excitation in a material can be treated as a material 

excitational wave, and most nonlinear optics problems can be understood 

as results of coupling between em waves or em and material excitational 

waves. A number of examples of current interest are presented. These 

include sum- and difference-frequency generation, Raman scattering by 

coherent excitation, stimulated Raman and stimulated polariton scattering, 

four-wave mixing, and vibrational relaxation measurements. Finally, 

in Sec. III, we consider the physical distinction between laser 

emission and resonant stimulated Raman scattering in an optically 

pumped three-level system. A similar problem on the distinction of 

hot luminescence and resonant Raman scattering has recently attracted 

much attention. We show that the hot laser action is connected 

directly with the population inversion, while the resonant stimulated 

Raman scattering is connected with transverse excitation. The problem 

is however more complicated for a multi-level system. 

;J 
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I. NONLINEAR SUSCEPTIBILITIES 

Theoretical description of any optical.phenomenon always begins 

with the Maxwell equations or the resulting wave equations 

-+-+ 
E(r,t) 

-+ 
'V • E 

-+ 
-4rr'V • p 

=·-
4rr a2 

-+ -+ 2 - 2 P(r,t) 
c dt 

(1) 

-+-+ -+ 
where P(r,t) is the electric-dipole polarization. More generally, P 

-+ 
should.be replaced by a generalized electric polarization 1T which con-

-+ 
tains not only P but also all the multipole contributions including the 

-+ -+ 
conduction current density J d' the dipole magnetization, M, the con 

~ . 1-3 
electric-quadrupole polarization Q, etc. 

-+ -+ ~ ~ 

Clrr/Clt = Jcond + ClP/Clt- C'VXM + Cl'V • Q/Clt + .... 

In these lectures, for the sake of convenience in presentation, we 

-+ ·-+ 
shall assume 1T = P unless specified. 

-+ 
As a response to the external field, P should of course be a 

-+ + -+ 

(2) 

function of E. While P must be linear in E in the weak-field limit, 

-+ 
it is in general a nonlinear function of E. In principle, a nonlinear 

-+ -+ 
optical effect is fully described if P as a nonlinear function of E is 

known and the solution of Eq. (1) can be found. Unfortunately, this 

is usually not the case. Theories of nonlinear optics deal mainly 

with the problem of how reasonable approximations can be made to 

-+-+ 
describe P(r,t) properly and to solve Eq. (1) accordingly. 

-+-+ -+-+ 
Formally, P(r,t) as a function of E(r,t) obeys an equation of 

2 4 motion, which can be derived quantum-mechanically from ' 

.(;; e 0 n ~ t~ 0 f> n 0 t' .J 
..,...,~, ~.Jl 

,. l 



-4- LBL-4179 

-+-+ -+ -+ 
P (r, t) Tr[p(r,t)p] 

[JC,p] + ih(E.£.) . 
dt damp1ng (3) 

-+ 
where p is the density matrix operator, p is the electric dipole 

operator, and JC is the total Hamiltonian. However, such an equation 

-+ 
for P is usually too complicated to be useful. In some cases, a 

-+ 
simple equation for P does exist. For example, for an effective two-

-+ 
level system, P obeys the Bloch equation, which, together with Eq. (1), 

properly describes most of the observed transient coherent optical 

5 phenomena. 

Here, we shall limit our discussion to steady-state problems. They 

often involve interaction of several monochromatic or quasi-monocrhomatic 

field components in a nonlinear medium. It is then convenient to de-

·-+-+ -+-+ 
compose E(r,t) and P(r,t) into Fourier components. 

-+ 
where E(w.) 

1 

-+ -+ 
E(r,t) 

-+ -+ 
P(r,t) 

LE(w.) 
. 1 
1 

v<w.) 
. 1 
1 

-+ -+ -+ -+ 
&(w.) exp (ik. 

1 1 
• r - iwt) and P(w.) can be written as 

1 

P(w.) =x( 1 )(w.) • E(w.) 1 1 1 

+ 
\' ~(2) -+ -+ 
L X (w.=w.+wk)E(w.)E(~) 

. k 1 ] ] K 
J ' 

\' ~(3) -+ -+ -+ 
L X (w.=w.+~+wR,)E(w.)E(~ )E(wn) 

. k 1 J K J K N 

J ' ' 

+ 

+ ..... 

(4) 

(5) 
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The tensors X(n) in the above equation are known as the nth order 

susceptibility tensors. 
+ 

They ate independent of the wave vectors k 's 
i 

in the electric-dipole approximation. The so-called nth-order nonlinear 

#(n) 
optical effect is then governed by X • Clearly~ the importance of 

x(n) to nonlinear optics is the same as the importance of x(l) (or 

# 

linear dielectric constant €) to linear optics. For this reason, 

there has always been strong research interest in nonlinear susceptibili-

ties of materials. 

How do we find x(n) theoretically for a given medium? As an nth-

rank tensor, x(n) has 3n elements, but not all of them are independent 

because of symmetry of the medium. We can .therefore divide the 

problem into two parts. First, from the symmetry of the given medium, 

find the independent nonvanishing elements of x(n), and then, from a 

microscopic theory, find the magnitudes of these independent elements. 

The first part is straightforward. For a given medium with a 

certain class of symmetry, there is a set of symmetry operations such 

as rotations, inversions, etc., which, operating on the medium, leave 

the properties of the medium unchanged. Let S be one of the symmetry 

operations. Then, under the transformation of S, the tensor elements of 

#(n) X should remain unchanged. We have for example 

. #t "' #(2) # "' # "' 
(S . • i) • X· : (S • j) (S • k) = "' #(2) ~"' 

i • X · :Jk. (6) 

There is one such equation for every symmetry operation. These equations 

. #(n) 
will make some elements of X vanish and some depend on others. As 

an example, Eq. (6) leads immediately to the well-known result that a 

9 0 0 0 0 0 
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d . . th . . h #(2) me 1.um Wl. 1.nvers1.on symmetry as zero X . The reduced forms of 

X( 2) and X(J) for various classes of materials can be found in Ref. 6. 

The microscopic expression for X(n) is also not difficult to find, 

at least in principle. It comes directly from an nth-order perturbation 

calculation, e.g., from Eq. (3) by solving the equation of motion for p 

iteratively to obtain the nth-order term p(n). 

As an . illustration, we derive here the microscopic expression for 

x( 2
)(wi = wj+wk). 4 We shall consider only the electronic contribution. 

We can expand p(t) into a series of ascending order 

p(t) (7) 

where p(O) is the density matrix at equilibrium in the absence of the 

field, p(l) is 1 • . +E ( 2) • d • • +E 1.near 1.n , p 1.s qua rat1.c 1.n ·,etc. For each term 

in Eq. (7), we can also decompose it into Fourier components 

p (n)(t) (8) 

with ap(n)(w.)/at = -iw.p(n)(w.). We are interested in finding 
J J J 

p(
2
)(wi = wj+wk) a: E(wj)E(wk), from which we can obtain the second-order 

nonlinear polarization 

+(2) #(2) + + ~ cz) + 
P {w.=w.+w. )=x (w.=w.+wk) :E(w.)E(wk)=NTr[p (w.=w.+wk)p] (9) 

l_ J k l_ J ]" l_ J 

and hence x( 2)(w. 
l_ 
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·with electric-dipole approximation, the total Hamiltonian in Eq. (3) 

takes the form 

JC = JC + JC(l) 
o int 

J< In> 
0 

E In> n , E -E - hw 
n m nm 

+ + Jf(l) = 
int -p • E + complex conjugate (10) 

where JC is .the unperturbed Hamil toni an of the rna terial sys tern, In> is 
0 

the corresponding eigenstate, and E is the eigenenergy. The equation . . n 

of motion for p can then.be decomposed into a set of equations 

ih ap (n) = 
at 

4 We usually assume 

a I I (-.<n n'> at p )damping 

I [W ,<n' IP[n'> ~ W , <nlpln>] , nn n n 
n 

-f ,<niPin'> for n#.n' 
nn 

(11) 

(12) . 

where W , is the transition probability from In'> to ln>due to random 
nn 

perturbation and r , is a damping coefficient. With the help of Eqs. (10) 
nn 

and (12), the solution of Eq. (11) can be easily obtained for a certain 

Fourier component of p(n). We find for example 

L e 6 (j 0 u tr c~ h 0 () 
o,. 

c:;.f: 
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<nl,...; • E(w.) In'> (O) (O) 
(w.-w +if ) (pn' -pn ) 

J nn' nn 1 

<nlp( 2)(w.=w.+wk) In'> 
l. J 

LBL-4179 

I{ -+-+ (1) -+-+ (1) }i <n [-p•E(w.),p (wk)]+[-p•E(wk),p (w.)] n'> 

h(w.-w ,+if,) 
1. nn nn 

(13) 

where p(O) = <niP(O) In> is the equilibrium population in In>. 
n Then, 

from Eq. (9), we obtain 

)(( 2) (w. =w .+wk) 1 \~ {<g IP ln><n' IP I g><n IP In'> 
1. J - h2g LL , (w.-w +if )(w.-w , +if , ) n,n 1. ng ng J n g n g 

+ <giPin><nlrln'><n' lrlg> <n' l.rlg><niPin'><glpln> 
(w.-w +if ) (wk-w , +if , ) + (w.-w ,+if ,)(wk-w +if ) 

1. ng ng n g n g 1. gn gn gn gn 

<n' IPin><glpln'><n/plg> 
+ (w.-w ,+if ,)(w.-w +if ) 

1. gn gn J gn gn (w.-w ,+if ,)(w.-w ,+if ,) 
1. nn nn J gn gn 

-+ -+· -+ 
<n' I pIn>< g I p tn' ><nIp I g> <n' lrln><nlrlg><glrln'> 

(w.-w ,+if ,)(wk-w +if ) 
1. nn nn . ng ng (w.-w ,+if ,)(wk-w ,+if ,) 

1. nn nn gn gn 

<n' Jp/n><nlpJg><g/p/n'> } (0) 
(w.-w ,+if ,)(w.-w +if ) pg 

1. nn nn J ng ng 

When all frequencies are far ~way from resonance so that f's in the 

(14) 

denominators can be neglected, Eq. (14) leads immediately to the permuta-

. 1 . 7 t1.on symmetry re at1.on 
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(2) = X o (wk=w.-w.). n.x.m 1 J 
(15) 

The above result is valid for any material systemas long as appropri-

ate eigenstates of the system are used. While localized electronic 

states may be used for gases, liquids, molecular solids, and low-

lying states of ionic solids, band electronic states should be used 

for covalent and even weakly covalent solids. In the case of 

condensed matter, since the applied field is different from the 

local field, one should also incorporate in i(n) a local-field correc

tion factor L(n). The expressior{ for L(n) is often complicated. 3 ' 8 

For covalent solids, even the theory of local-field correction is 

still in a primitive stage. 

In order to calculate the magnitude of i(n), we must know both 

the eigenenergies and the eigenwavefunctions of the material system. 

Such information is usually not available except for simple atomic 

systems. Therefore, for most practical cases, a microscopic expres

sion for i(n) in the form similar to Eq. (14) is almost useless. We 

must use appropriate approximations to simplify the calculation. For 

example, one simplifying assumption often used is to replace the 

frequency denominator in every term of i(n) by an averaged one. The 

approximation is presumably fair when all frequencies are far away 

from resonance. Then, by closure property of the eigenstates, the 

matrix element part can. be written in terms of moments of the ground-'

state charge distribution. 9 , 10 The problem is thus reduced to finding 

. 10 11 an accurate ground state wavefunct1on. ' 

(} ,, ~ 0 tc 0 0 B e 6 
~ ,, 

0 ... ~: ' 
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12 ~(2) 
Recently, the bond model has been used to calculate X and 

~X(3) for sol1"ds · h 1 f 1· · · h 13 •14 
1n t e ow- requency 1m1t w1t apparent success. 

The bond theory assumes that the induced polarization in a crystal is 

the vectorial sum of the induced dipoles on all bonds connecting 

the atoms in a unit volume and that identical bonds in different solids 

have the same properties. We can therefore write 

\tr (n) 
LIJ· . 1 
1 

. ~(n) 
where S. is the nth-order polarizability tensor for the ith bond 

1 

and the suoonation is over all .the bonds in a unit volume.· In order 

· ~Cn) ~(n) 
to calculate X , we only need to find S for different types of 

bonds. We begin by f{rst finding ~(l). 

(16) 

Consider a semiconductor or insulator of cubic symmetry composed 

of identical bonds. We expect 

Q(l) 
giJl G 

(1) 
X.R,t (17) 

where sl~l) and sl(l) are linear polarizabilities parallel and perpendicu

lar to the bond respectively with sl(l) /SI~l) = K, and g and G are 

geometric factors depending on the crystal structure. At sufficiently 

(1) 
low temperatures, X.R,.R, is given by the well-known expression

15 

(18) 
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If we assume w2 ~ w2 
ng 

and . . ( 2 2) . E (18) b (- 2 2) h b approx1mate w -w 1n q. y an average w -w , t en y 
ng ng 

the 
. 15 (1) 

Thomas-Re1che-Kuhn sum rule, X~~ (w) becomes 

(H 
xu\w) (19) 

where SG is the plasma frequency of thevalence electrons. Equation (19) p 

has been derived more rigorously by Penn in the limit of w + 0. 16 

How do we find w ? According to the bond theory of Phillips, the 
ng 

E - h . . b 12' 17 average energy gap -= w 1s g1ven y · 
g ng 

-2 
E 

g 
= E 2 + c2 

h 
(20) 

where the holopolar gap Eh and the heteropolar gap C have the expressions 

(21) 

Here, a, b, and s are constants; ZA and z8 are the valences and rA and 

r 8 are the covalent radii of the A and B atoms forming the bond; 

d = rA+r8 is the bond length and 'exp(-ksd/2) is the Thomas-Fermi 

screening factor. Equation (20) can be seen more physically from the 

18 molecular orbital theory. There are two eigenstates for the bond 

electrons, a lower bonding state and an upper antibonding state. The 

energy difference between the two states is E . For a homopolar bond 
g 

(';; 0 l? ~7 0 0 0 
11. c;; n 

--·" 
>. 



-12-:- LBL-4179 

(A= B), the bond electrons see a symmetric potential with respect to 

the bond center and we have E g = Eh. For a heteropolar bond (A i= B), 

the bond electrons an asymmetric 
-2 E~ + c2 

with c see potential and E 
g 

proportional to the antisymmetric part of the potential. In Fig. 1, 

we sketch the wavefunction of the bonding state along a heteropolar 

bond. We notice that there is a charge transfer from the less electro-

negative atom to the more electronegative atom. From the simple 

molecular orbital theory, the amount of charge transfer Q is related 

to the heteropolar gap C by 

Q -2eC/E 
g 

Figure 1 also shows that there is a bond charge cloud between the 

(22) 

two atoms. According to Phillips, 17 the magnitude of the bond charge 

is 

q 
(23) 

Levine
13 

has suggested that the bond charge may be considered as a 

point charge sitting at a distance rA and rB respectively from the atoms 

A and B. 

(1) ~(1) 
We have seen how to calculate X.Q,.Q. from Eq. (19) and hence S . 

What happens when the bond is subject to another low-frequency field 

icw')? Clearly, ~(l) should now depend on i(w'). The dependence is 

through w orE in Eq. (19). We do not expect the bond length d to 
ng g 

-+ 
vary with E(w'). Therefore, Eq. (21) suggests that at least in the 
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~ 

first-order approximation, Eh is independent of E(w'). On the other 

hand, the bond charge position, or the amount of charge transfer, or 

~ ~ 

both, can depend on E(w'), and hence Cis a strong function of E(w'). 

Knowing 13(l) as a function of E(w'), we can then find 13(n) from the 

relation 

-++(n) s 

~ 

Two models have been used to calculate oC/oE(w'). The bond-charge 

13 ~ ~ 
model assumes that the tield E(w') induces only a change 6r in the 

~ + 
bond charge position. We then have oC/oE(w')=(oC/orA)•(orA/oE) 

+ ~ + 
+ (oC/orB)•(orB/oE) where orA/oE(w') and orB/oE(w') can be obtained from 

-++(1) + + 
the relationS • E(w') = q6r. Usually, the calculation is simplified 

by assuming the field component E1 (w') perpendicular to the bond has 

little effect on the bond properties so that oC/oE
1 

(w') = 0. The 

14 ~ 
charge-transfer model assumes that the field E(w').induces only a 

+ 
change 6Q in the amount of charge transfer. We have oC/oE(w') 

(oC/oQ)(oQ/oE) where oQ/oE(w') can be obtained from 13(l) •E(w') 

+ 
(6Q)d, assuming again that E1 (w') is pot effective in inducing the 

change. Thus, all the quantitie.s in Eq. (24) for 13(n) are easily 

calculable. 

1 . 13 h d h b d h d 1 1 1 -++( 2) d -++( 3) ev1ne as use t e on ~c arge mo e to ca cu ate X an X 

for a large number of crystals and found good agreement with the measured 

values. 14 Tang and coworkers, on the other hand, have used the charge-

(\ f~ ("' 0 
t~ \1? ' .,A 

() 0 
'i_,_.... 

n, G1 0 .fl 
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transfer model to calculate X(Z) for a number of semiconductors. Their 

results also agree well with the measured values. Then, an immediate 

question one would ask is which model is more correct. 

Actually, both models are only crude approximations of the real 

situation. The empirical pseudopotential calculation
19 

shows that 

the distribution of the valence electrons around the bond is rather 

broad with its peak situated at the center of the bond. An example 

is shown in Fig. 2. When a de field is applied along the bond, this 

broad charge distribution becomes only slightly more asymmetric with 

its peak essentially unshifted.
20 

This is sketched in Fig. 3 for the 

charge distribution along a bond in Si and GaAs. Presumably, in 

the bond-charge mddel, the field-induced shift in the bond charge 

position refers to the shift in the c~nter of gravity of the valence 

charge distribution. In the charge-transfer model, the field-induced 

charge transfer may refer to the redistribution of valence charges 

rather than net charge transferred from one ion core to the other. 

The above discussion tells us that large nonlinear bond polarizabili-

ties are essential for large nonlinear susceptibilities~ For large 

.... X ( 2) , we should 1· n dd · · · h 1 t b a 1t1on !equ1re t e crysta structure o e as 

asymmetric as possible so that the summation in Eq. (16) has as little 

cancellation as possible from different s~ 2 ). 
1 

The calculations discussed above are of course only valid in the 

low-frequency limit. The approximations break down when the optical 

frequencies are near or within the band absorption region. Because 

of resonant enhancement, those transitions with transition frequencies 

closer to th0 optical frequencies contribute much more to X(n). In 
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order to calculate x(n) and its dispersion in these cases, we must 

use the full microscopic expression for X(n). Such calculations have 

been made for the nonlinear susceptibilities )((2)(2w) of zincblende 

semiconductors, using Eq. (14) (wj=wk) with different degrees of 

approximation. 

Assuming constant matrix elements independent of the band states, 

Chang et a1.
21 

rearranged the expression of x(
2)(2w) into the form 

xyz 

x< 2) (2w) 
xyz 

Q(l)(~) Q{2)(~) 
Af d 3k \ ( CV + _c"-'v---] 

L 2 2 + · 2 . 2 + 
B.Z. c,v w -w (k) 4w -w (k) cv cv 

(25) 

where A is a constant. If Q(l)' (2 )(~) are assumed to be independent 
cv 

of k, then X ( 2) (2w) could be written as a linear combination of X (l) (w) 
xyz 

and X(l)(2w). The structure in X(l)(w) and X(l)(2w) would then be 

reflected in x(
2

)(2w) versus w. However, in Eq. (14) with wJ. = wk, we xyz 

can have two types of resonances, e.g., single resonances with 

+ + . 
w = w (k) or 2w w (k) and double resonances with both w 

CV CV . 

and 2w = w , (~) at .the same ~. .At double resonances, Q(l) 
c v cv 

+ 
= w (k) 

cv 

or Q( 2) in 
cv 

Eq. (25) should have a singularity, and hence they can no longer be 

+ 
independent of k. 

Bel122 used a simplified three-band model to calculate X (
2

) (2w). 
xyz 

He also assumed constant matrix elements and anticipated the structure 

in X(Z)(2w) to arise from critical point transitions at f and along A 
xyz 

in the Brillouin zone. It seems that his calculation has given too 

much weight to the transitions at r where the density of states is 

known to be small. 

Recently, Fong and Shen23 have calculated x(
2)(2w) from Eq. (14), 

xyz 
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using the wavefunctions and energies of the band states obtained 

from the empirical pseudopotential method. Such a method has been 

very successful in reproducing the observed X(l)(w) for zincblende 

semiconductors, 24 and presumably, it will also give fairly accurate 

results for x(
2}(2w). The calculation of Fong and Shen has included 

the contributions from 4 lowest conduction bands and 4 highest valence 

-+ 
bands. It was found that the k-dependent dipole matrix elements could 

change significantly the dispersion of x(
2)(2w). An example is shown 

in Fig. 4 for InSb. The shoulder at 1.6 eV and the peak at 1.8 eV in 

the solid curve arise from double resonances in the fKX plane near r 

and in the fLK plane near r respectively. Comparfson with experimental 

results 25 shows fair agreement in the positions of the structure in 

x(
2)(2w) while the shapes of the structure may look different. 

The discrepancy between theory and experiment is at least partially 

due to experimental difficulties. Aside from the inherently worse 

accuracy in nonlinear optical experiments, the high-intensity laser 

beam necessary for second-harmonic generation may also heat up the 

sample appreciably and change the sample characteristics. This would 

be the case when the laser intensity is not far from the surface damage 

threshold of the sample. The discrepancy can of course also be due 

to inaccuracy in the numerical calculations of the matrix elements. 
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II. COUPLING BETWEEN ELECTROMAGNETIC AND MATERIAL EXCITATIONAL WAVES 

We now assume that )(( 2)(w. = w.+wk) is known for a given medium. 
1. J 

To find th~ corresponding second-order nonlinear optical effects, we 

must solve Eq. (1). This is .usuall~ done by decomposing it into a set 

of three coupled equations for the three Fourier components at w., w,, 
1. J 

~ ~(2) ~ ~ 
• E(w.) +X (w. = w.+~ ):E(w.)E(wk). 

1. 1. J k J 

.~ ~(1) 
wk, with P (wi) = X (wi) and 

The solution is well-known3 •7 and we will not repeat it here. However, 

such a procedure is only strictly correct when all frequencies are in 

the transparent region. If one of the frequencies is in the absorbing 

region, the problem becomes somewhat different. The medium is now 

being excited and this leads to the following questions . 

. First, how do we describe the material excitation and its coupling 

to the electromagnetic waves? How do we take care of the transient 

response of the material excitation? Second, while )(( 2) of Eq. (14) 

with its complex denominators governs the second-order nonlinear effect, 

does it also take into account two-photon absorption, or should the 

absorption be described by a separate coefficient? Third, is sum- or 

difference-frequency generation a higher-order nonlinear effect than 

two-photon absorption,or vice versa? 

In this. section, we shall try to answer these questions by 

considering a special case where w.(=w.+wk) is near resonance with a 
' 1. J 

discrete transition from <gj to <fj with transition frequency wfg· We 

shall apply the results to illustrate a number of interesting physical 

problems, e. g., sum-frequency generation and two-photon absorption 

near a discrete resonance, tunable far-infrared generation, Raman 

scattering by coherent excitation, stimulated light scattering, stimulated 
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polariton scattering, four-wave mixing, and vibrational relaxation 

measurements. 

In Fig. 5, we show schematically the simultaneous one-photon 

and two-photon resonant excitation from <gl to <fl. For such a case, 
..,. 

we expect the polarization P to have a resonant part and a nonresonant 

part 

..,. 
P(w.) 

1 

..,. 
NTr[p(w.)p] 

1 

(26) 

..,. 
The complete expression for P(w.) or p(w.) can be derived in 

1 .1 

principle from the density matrix method as sketched in the previous 

section. The resonant part, however, can be most easily obtained by 

using an effective interaction Hamiltonian JC'eff for the resonant 

. . 26 exc1tat1on . 

'JC' eff 
..,. ..,. <+ ..,. ..,. 

= -p • E(w.) 
1 

q:E(wj)E(wk) + complex conjugate 

..,...,. ..,...,. 
p•E(w.) ln><nlp•E(~) 

~[ . + 
L w. -w 
n K ng 

;•E(wk} ln><ni;•E(w.) 

w -w ] 
j ng 

where In> is an intermediate state in Fig. 5 .. We then have from the 

(27) 
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equation of motion for the density matrix, · 

-+ -+ 
-[<flplg>•E(w.) 

1 

where pg and pf are the populations in lg> and If> respectively. Clearly, 

<flpR(wi) lg> is the only resonant matrix element of pR(wi) as wi 

approaches wfg' For the sake of simplicity we shall assume in the 

following all fields to be linearly polarized and use the notations 

lj.l(w.) - <flpR(wi) lg> 
1 

Afg - <fl;•e(wi) lg> 

Bfg 
I# A . A I <f q:e(wj)e(wk) g>. 

From Eq. (24), we obtain 

* - NAf. lj.l(w.). g 1 

The polarizations at other frequencies can be derived by using 

the average coupling energy, whose resonant part is 

<JC' > 
eff 

* - - <p> E(w.) 
1 

* <q> E(wj)E(~) + complex conjugate 

* * Af lJ.I' (w.)E(w.) g 1 . 1 
Bf ljJ (w. )E (w .)E(wk) 

g 1 J 
+ c.c. 

(29) 

(30) 

(31) 
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We find 

* -Na<JC' >;a E <w.) 
eff J 

and a similar expression for PR(wk). The nonresonant part is similar 

th f d . 3 to at or a transparent me 1um. 

As shown here, 1/J(w.) corresponds to an off·-diagonal density-matrix 
1 

element. In terms of magnetic-resonance language, it is a. transverse 

excitation.
27 

If the driving fields are coherent, then 1jJ is a coherent 

excitational wave. Its phase memory decays with a transverse relaxation 

time T2 = 1/ffg" We should also expect in addition a longitudinal 

excitation. This corresponds to a population change !::,p in <gj and <f I· 

p -p(O) 
f f 

(33) 

where piO) and p~O) ~re the populations at thermal equilibrium. The 

rate equation for !::,p can be obtained from simple physical argument 

a 1 (- + -)6p at T
1 

1 
2w

1 

* ClP (wA.) 
L [ Clt E(wA) + complex conjugate] 

A.=i,j,k 

~2· [Af 1/J*(w.)E(w.) 
g 1 1 

* * Af 1jJ(w. )E (w .. ) 
g 1 1 

* * * * + Bf 1jJ (w.)E(w.)E(w. )-Bf 1jJ(w.)E (w
3
.)E (w.)]. (34) 

g 1 J K g · 1 K 

·-
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As seen in the equation, !::.p has a longitudinal relaxation time T
1

. 

We can summarize the above discussion as follows: Under one-

photon and two-photon resonant excitation, the medium is excited both 

11 transversely11 and 11 longitudinally. 11 The transverse excitation \}J obeys 

the wave equation in Eq. (29) or 

- [Af E (wi)+Bf E (w.) E (w. ) ](p :-Pf) g g J k . g 
(35) 

\ .·~ ~· 
where wfg is in general a fun~~-tion of the. wa~e vector k of the exci tational 

., 
wave \jJ; T,he lm;gitudinal excifation /1p ob~y~;Eq. (34). These resonant 

l'r , .. ·i~ i:~~ 

~xcitationi should affect the prdpagation o~f tlf1 electromagnetic waves 
I "\·.' . f.\' ~ i :~ \{\ .. 

at wi' wj' an-d ,wk ~through the wave equation~~ w~ 

.. 3 'd2. 
['Vx(\7x) + 

2 
-

2
]E(w.) 

c dt J 

·<-:.~·· ~\ 
\}' 

\ \ . 2 
··{ir .a 

= ---z\2 
c . dt 

4n a2 * * (2)* * 
- -

2 
-

2 
[Bf \}J(w. )E (w.)+XNR E(w. )E (w.)]. 

'I g 1 J. 1 J c ot 

\ 

\ 
. \··I 
.. \ .. 

I 
(36) 

. \ 
We hi~~'negl~2:t~q,~~~;re\~erms of x~i) 1Ei 2

E. In the following.discussion, 

they w'']\1 be inse~t-ed wpen necessary·. Equations (34)-(36) form a set 
' • I 

,~., \ ~ .. 
of coupled equations. They govern all the lower-order nonlinear optical 

phenomena created by the three nonlinearly coupled em waves in the 

resonant medium. ..( 

I: 
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Equations (34) anq (35) describe the time-dependent response of the 

material excitations to the applied fields. In the steady-state case, 

we can replace chjJ(w.)/'dt by -iw.1jJ(w.). The dispersion of 1/J(w.) for 
1 1 1 1 

k ~ 105 cm-l is often negligible except in special cases. We then have 

(37) 

We can therefore eliminate 1jJ in the coupled wave equations. Substitution 

of Eq. (37) into Eq. (36) gives· 
1 '.II i 

1 ' 

. w.2 
' 2 I 47TW . (2) ('ilx ('ilx) 1 1 

- -2(Ei)eff]E(wi) 2 (Xi )effE(wj)E(wk),. 
c c {r 

/ 

-2 2 
w. 47TW. . (2) * 

['ilx ('ilx) - ~(Ej)eff]E(wj) = 2 (Xj )effE(wi)E (wk) 
c c 

wk2 
2 

['ilx('ilx) 
4nwk (2) * 

(w .) . (38) - -2(Ek}eff]E(~) = 2 <xk )effE(wi)E J 
c c 

He have defined 
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(X. (2)) 
1. eff 

(2) <xj ) eff = 

2· 
s.-4nNIAf I (p -Pf)/D ]. g g 

(2) 
<xk )eff 

D- h(w.~wf +iff). ]. g g 

In the following, we shall assume p = p (O) unless specif~ed._ 

The physical implication of the expressions in Eq. (39) is as 

follows. The em wave E(w.) couples directly with the excitational 
]. 

(39) 

wave ~(w.). The coupling leads to a mixed mode known as polaritons.
28 

]. 

In the present formalism, k. = w.(s.) 112eff/c actually describes the 
]. ]. ]. 

polariton dispersion (Fig. 6) and attenuation. The expressions of 

(sj)eff and (sk)eff have a field-dependent term arising from two-photon 

transition; those of X~~~ sho~- explicitly the contribution of the 

resonant excitation to the second-order nonlinear susceptibility. We 

then realize that in Eq. (38), there are ·separate terms governing 

t~o-photo'n transitions and sum- or difference-frequency generation. 
. . 3 

The two-photon transition terms are proportional to E , while the 

second-order nonlinear interaction terms are proportional to E2 We 

also notice that <xi2
))eff is in fact equivalent to x( 2

)(wi=wj+wk) in 

(.'\ 9 6 0 0 " f., r, t'\ 
0 Q r.,.,. ~.., ~ ; [' r:- ;_.. 

' -
·-~ 
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Eq. (14) with wi ~ wfg' as can be shown explicitly. 

A number of special cases are of interest: 

0. We have the ordinary case of second-order nonlinear 

effect in a transparent medium. 

(b) Afg = 0. We have nonresonant second-order nonlinear effect under 

the influence of two-photon transition. 

X~i) = 0. We have a case of pure two-photon transition~ 

(d) Bfg = 0. We have non-resonant second-order nonlinear effect with 

(e) 

the field at wj+wk propagating as a polariton wave. 

Bfg 
(2) 

XNR = 0. We have no nonlinear coupling 

field at w. propagates as a polariton wave. 
~ 

between waves. 

We can now use the formalism to discuss some specific problems 

The 

which have recently attracted a great deal of attention. For simplicity, 

shall assume that all beams are collinear and -a
2
;az

2 
replaces Vx(Vx) we 

in Eq. (38). This assumption can be easily removed. For the noncollinear 

case, we only consider phase mismatch along the z direction. We shall 

also assume that the depletion of all pump fields is small and negligible 

in the first-order approximation. 

A. Sum-freq~o1ency generation and two-photon absorption in the polariton 

regi.on. 

We consider first the'sum-frequency generation. From Eq. (38) with 

E B.exp(ikz-iwt) and the approximation lk.aB.(w.)/azl~ a
2
B.(w.)/az

2 
, 

~ ~ ~ 

()~ (w.) 
l.. 

dZ 

/ 
I 

21fW 
2 

. 
--=i-( (2)) 8, ( )B. ( ) ~6kz 

2 x. ff w
3
. wk e . 

. k ~ e 
lC i I 

(40) 

r~ ~"i! 
.( '" 



-25- LBL-4179 

B. Far-infrared generation in the polariton region. 

The above results and discussion (in A) can apply equally well to 

the present case if we simply replace wk by -wk (and hence E(wk) by 

* E (wk)). The field generated here is the difference-frequency field at 

wi = wj-~' which can be in the far infrared. This happens for example 

when the final state jf> is a Zeeman-split excited magnetic state.
26

•
32

•33 

In this case, the spin-flip transition from <gl to <fl can be induced 

both by one-photon magnetic-dipole transition and two-photon Raman 

transition. However, because of the weak magnetic-dipole oscillator 

strength (small jAf j
2), the direct coupling ben.veen infrared wave g . 

E(uJ.) and the excitational wave t/J(w.) is weak. Hence, the gap between 
l l 

the two polariton branches is small (Fig. 6(b)), and (Ei)eff- £: •• 
l 

On the other hand, the Raman transition can be strong (large Bfg) and 

(2) 
the resonant part of (Xi )eff can dominate over the nonresonant part 

as w - wf . Then, from Eq. (42), if llk and k'.' do not vary appreciably . g l 

as wi is tuned over the resonant line, the intensity of the generated 

far-infrared field is proportional to I (x~ 2 )) eff 1
2 

which has a resonant 

peak at wi ""' wfg. An example is shm.vn in Fig. 7 for the spin-flip 

transition in InSb. 26 
The theory is in good agreement i h 

. . 32 w t exper1ment. 

The resonant peak can be.tuned by varying the Zeeman splitting. This 

the-n leads to a potential far-infrared source which is coherent and 

32 
tunable. 

In many cases, the polariton in the infrared region is composed 

of photon and phonon. Then the material ~xcitation corresponds to phonon 

excitation. The wave equation for optical phonon ~s 

9 0 0 
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If &(w.) 
1 

where 

0 at z 

~(w.,z) 
1 

k. 
1 

0, we find 

2 
2TIWi ( 2) 

2 <x. ) ff&(w.)&(wk) 
. k 1 e J 
1C . 

1 

_1_( i6kz -l) 
i1'1k e . 

k '+'k"=[ 2< ) I 21112 . 1 . W. E. ff C 
1 1 1 1 e 

6k'+i1'1k" (k ~+kk'-k ~ )+i (k':+kk"-K':'). 
J 1 J 1 

The intensity of the sum-frequency field at z is therefore given by 

I&( ) ikiz\2 1 W., Z e 
1 

( 41) 

Note that the phase matching condition 1'1k' = 0 actually corresponds to 

resonant excitation of polariton wave. ,Sum-frequency generation here is 

often described-as the generation of polariton wave which converts into 

light at the output crystal boundary. Experimentally, second-harmonic 

generation in the polariton region has been studied by Haueisen and 

29 
~1ahr. 

He now consider the absorption of E(wj) orE(~). There are two 

physical mechanisms responsible for the nonlinear attentuation of E(w.), 
J 

one being two-photon absorption and the other being sum-frequency 

r,eneration. We can ~rite E(w.) = &(w.)exp(ik.z-iw.t) with 
J J J J 

2 2 2 
k. ru (t..J.)c·ff/c . From Lqs. (38) and (41) with the approximation 

J 

n ;·: 



lk.Cl&(w.)/ozl 
J J 

Cl&(w.) 

Clz 
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K(w.) 
J 

2 2 (2) (2) 4 = 47TW. W. (X. ) ff(X. \...ffjc k.k .. 
1. J 1. e J .~=- 1. J 

LBL-4179 

(43) 

For illustration, let us assume L'lkz -~land kkz ~ 1. Then, the solution 

of Eq. (43) leads to 

2 . II ( )' I ·, ) 12 2 
JE(w.,O)I e-2kJ.ze-Kwj E(~ z 

J . 
(44) 

wherekj is proportional to IE(wk) 1
2

. Thus, the two exponential factors 

together can be considered as attenuation due to apparent (or effective) 

two-photon absorption. The factor exp(-2k1:z) 
. J 

is due to true two-photon 

absorption while the factor exp[-KIE(wk) 1
2

z
2

] is due to depletion by 

sum-frequency generation. As a check, we notice that in case 

(2) 
XNR = 0, but Bfg * 0, we should still expect two-photon excita-

tions to occur. Indeed, when Afg = X~~) = 0, we have K = 0, but k; * 0. 

30 
Baggett and Loudon in their treatment of this problem have lumped the 

two parts of two·-photon absorption together. Thev have neglected the 

grm..rth of E (w.) along z. Two.:.photon absorption by polari tons has been 
1. 

studied experimentally by Frohlich and his associates in CuCL 
31 

6· () 0 0 0 
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(45) 

where Q is the normal coordinate and the microscopic expressions for Af 
g 

d B . h" h b d . d . h 1· . 26 • 34 If an fg 1n t 1s case ave een er1ve 1n t e 1terature. we 

are only interested in the region wi - wfg' then Eq. (45) can be reduced 

to 

* -[Af E(w.)+Bf E(w.)E (wk) ](p -pf) 
g 1 g J g 

(46) 

which is identical to Eq. (35) for l}! if we define (2w/h) l/ZQ :: l}!. 

Therefore, Eq. (42) can again be used to describe far-infrared generation 

by difference-frequency wave mixing in the phonon polariton region. 

DeHartini35 has studied the problem both theoretically and experimentally 

in GaP. 36 Yang ~ al. have measured the dispersion of the far-infrared 

output along the polariton curve. 

C. Raman scattering by coherent excitation. 

Recently, Romestain ~ a1. 37 have found that when ann-type CdS 

sample is irradiated by microwaves at frequency w. close to the donor 
1 

spin resonance, forward scattering of laser light at w. shows intense 
J 

sidebands at w. ± w. which are several orders of magnitude _larger than 
J 1 

spontaneous spin-flip Raman scattering. This phenomenon can be easily 

explained by mixing of the optical wave at w. with the polariton wave 
J 

at cu .• From Eq. (38) \-lith w. replaced by ±w and (!J. by -w., we find, 
1 1 i J J 

following the usu~l approximation, 

,..., 
'' '·· 

. I ') 
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jE(wk=w.±w.,z) 1
2 

J l 

(47) 

where 6k± = kj ±ki -kk. \vith low laser power, (E:k) eff :::: £k. The generated 

field is most intense when 6k~ ~ 0 which occurs near the forward direction. 

The nonlinear susceptibility (x~2))eff has a resonant peak at wi ~ wfg 

and can be calculated. With reasonable microwave power, the intensity 

of coherent scattering at w. ± w. as estimated from Eq. (47) is indeed 
J l 

much larger than spontaneous scattering. 

D. Stimulated Raman scattering. 

(2) 
Here, '"e consider a special case '"here Afg = XNR = 0, but Bfg =1=- 0. 

Then x(
2

) - 0 and we have pure two-photon transition. eff - For two-photon 

Raman transition, we replace wk by -wk in Eq. (38) and let wj > wk. 

Hith E(wj) being the pump field, we expect E(wk) to get amplified.· 

The solution 

depletion of 

of Eq. (38) for this case is simple. 

jE(w.) j
2

, we find immediately 
J 

For negligible 

E(w.) 
l 

0 

jE(wk_,O) f .exp.(gz_) 

g - -2k" 
k 

[-E" + 
k 

47TNjBfgj2(pg-pf)ffg 

2 2 
(w.-ulk -wf ) +f f J g .g 

jE(w.)j
2
]. 

J 

0 0 

( 48) 
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The result here applies not only to stimulated Raman scattering by 

electronic. excitation, for example, stimulated spin-flip Raman scattering, 

but also to stimulated Raman scattering by optical phonons since the 

phonon wave equation has been shown to be identical in form to the 

wave equation for electronic excitation. 

More geherally, ~ can also represent other types of excitational 

waves, such as entropy wave, molecular orientational and librational 

34 38 
waves, acoustic phonon, magnon, plasmon, etc. ' There is a class of 

stimulated light scattering for each type of excitation. In general, 

the resonant frequency of~ can have dispersion, i.e., wfg is a function 

of the wave vector k. In the equation for ~. we should then replace 

-+- -1 
wfg(k) by wfg(i ~). Because of the spatial derivatives in Eq. (35) for 

~.we can no longer eliminate~ to obtain Eq. (37). We must now find 

. ( ) . (36)34,38 the solution to the problem by solv1ng Eq. 35 together w1th Eq. . 

E. Stimulated polariton scattering. 

What happens to stimulated Raman scattering when ~ is also directly 

excitable by infrared radiation, i.e., Afg * 0? We assume E(w.) is the 
J 

pump field with lwj I >lwkl and replace wk by -wk in Eq. (38). We 

also assume in g~neral X~~) * 0. Equation (38) shows clearly that the 

Stokes field E(wk) is now generated simultaneously by pure stimulated 

Raman transition via (Ek)eff and by parametric amplification process 

. ( ( 2)) If A = B 0 
V

1a Xk eff' fg fg = ( 2) d . h h or XNR om1nates, t en we ave 

ordinary pure parametric amplification, of which the solution from 

Eq. (38) is well known. 3 Stimulated polariton scattering can therefore 

l"" . -, 
•, ~ 

:: 
' 
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be considered as a combined stimulated Raman and parame·tric: amplification 

" process with the idler mode sitting on the polariton dispersion curve. 

We know that parametric amplification is inefficient when there is a 

large phase mismatch or strong attenuation at either the signal or 

the idler frequency. On the other hand, stimulated Raman scattering 

is not affected by phase mismatch and the nonresonant background absorption 

at the idler frequency w .. As a result, stimulated Raman scatterin~ 
1 

may dominate over parametric amplification in stimulated polariton 

scattering. This happens for stimulated polariton scattering connected 

with the spin-flip transition in InSb. There, Af is small because of 
g 

the weak magnetic-dipole transition, and hence IX~~~~ is small even 

near resonance. The absorption coefficient at w. is large and for 
1 

collinear wave propagation, the phase mismatch llk' = k~-k1_-kk is also 
J . 

large. Consequently, aithough strictly speaking generation of E(wk) 

and E(w.) is described by the parametric solutJon of the coupled equa-
1 

tions in Eq. (38), 26 it can also be described physically as a two-step 

process. First, E(wk) is generated by stimulated Raman scattering and 

then E(w.) is generated by optical mixing between E(w.) and E(wk). In 
1 . J 

' ' 
such a process, we expect to find both E(wi) and E(wk) in the output. 

Experimentally, however, only E(wk) has been observed in the stimulated 

spin-flip Raman scattering. But then, only E(wi) propagating collinearly 

with E(wj) and E(wk) has been looked at, whil~ E(wi) is expected to be 

large only in the phase-matched direction which is noncollinear. 

In general, stimulated Raman scattering and parametric.amplification 

are equally important in stimulated polariton scattering. The solution 

f . E . (38) . . 11 h h f . 1· f · · 39 
o q. 1s essent1a y t e same as t at or parametr1c amp 1 1cat1on. 

l 9 ·6 0 
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Assuming negligible depletion of pump power, we find 

1( ) ± [(yk+y~)2_4A]l/2 K± = Z yk -y i .._ 

-Lik' -i (w. J 2cl (E: ~) ff) (E: 1
.') ff 

~ ~ e ~ e 

where Llk' = kj-kk-k~ is the linear phase mismatch. For stimulated 

scattering, we only need to consider the solution corresponding to 

(49) 

g > 0. We expect g to be a maximum at Llk' ""'0. However, for a given 

-+ -+ 
wj and for a certain angle between kj and ~· phase matching is satisfied 

only for a definite set of wk and wi. The output of stimulated polariton 

scattering can therefore be tuned over a range of frequencies by 

-+ -+ 
adjusting the angle between kj and kk. Stimulated polariton scattering 

has been observed in many solids. 40 It has also been demonstrated as 

t'" i. 
., 

. ' 
' 

., !) 
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"bl . h t bl f . f d d" . 41 a poss1. · e means to generate co eren tuna e ar-1.n rare ra 1.at1.on. 

F. Wave mixing spectroscopy. 

Let us now assume the presence of two more fields at w~ and w~ 
J 

in the medium with w'+w' = wj+wk = w .. Then, Eq. (35) for 1{! should 
j k l. 

have an additional driving term on the right-hand side and it becomes 

-[Af E(w.)+Bf E(w.)E(wk) g l. g J . 

(50) 

Let E(wj), E(wj), and E(wk) be the pump fields and we are interested in 

the generation of E(wi) and E(~). The wave equations for E(w.) and 
l. 

E(~) in the steady state can be obtained by substituting Eq. (SO) into 

Eq. (36). (The equation for E (w~) is similar to that for E (wk).) 

[V'x('vx) 

where 

(3) 
X 

a 9 

+ (x~ 2))' E(w~)E(w')] 
1. eff J k 

* NBf Bf' (p -pf)/D ·g g g 
(52) 

0 0 
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( E ) and (X ( 2)) by 
k eff eff 

putting primes on appropriate quantities. 

(2) 
Consider first the simple case where Afg = 0 and XNR = 0. Then, 

11 ( 2) . h d E ( ) 0 1 E ( ') . a Xeff van1.s an Wi = . ·On y Wk is generated parametrically 

by a third-order four~wave mixing process. Assuming Eeff ~ s, we have 

at phase matching, 

2 2 
2 TIW~ , ( 3) 2 2 * 2 

- ( 2 ; lx I z jE(w.)E (w~)E(wk) 
c k' J J . 

k 

The output is directly proportional to lx (3)12. Heasurements of 

IE(w~,z) 1
2 

as a function of wi = wj+wk can therefore yield direct 

informa.tion about the dispersion of lx(3) (w' - w .f.w w') I Around k- . k- . . 
J J 

(53) 

(3) 
wi - wfg' if the dispersion of XNR is negligible, the maximum and minimum 

of lx( 3) I occur at (w.+~) respectively with 
J k ± 

(w.+wk· ) + 
J -

a = (54) 

From the measured values 

Usually, 

a can also be deduced from the cross-section for two-photon transitions; 

th b h 1 1 d h . f (3) b d d d en ot t1e va ue an t e s1.gn o XNR can e e uce . 

(3) 
spectroscopic technique has the advantage of finding XNR 

through accurate frequency measurements. 

··~ .. ' _, 

This nonlinear 

accurately 
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The technique has recently been applied to a variety of materials, 

. 1 d. 42 1. . d d 1. d 43 ' 44 1nc u 1ng gases, 1qu1 s, an so 1 s. . In most cases, Raman-

active vibrational modes were studied. An example is shown in Fig. 8. 

tn such cases, we should replace wk by -w and w~ by ~w~ in the above 
k J J 

discussion such that wj-wk = wk-wJ - wfg" For simple molecules or 

solids, when the resonance of other vibrational modes are far away, 

x~i) is mainly of electronic origin. 

It is seen ·in Fig. 8 that the signal from four-wave mixing can 

be extremely large. The technique can therefore be used for detection 

of low-concentration substances from its characteristic resonances in 

X
(3).42,45 42 Regnier and Taran have shown that, with input laser powers 

.. 
of about 1 MW, they can· detect lin H

2 
concentration of about 10 ppm in 

an N
2 

gas of 1 atm. pressure. The sensitivity can be greatly improved 

by letting w. and w~ approach resonances. 
J J 

The problem becomes somewhat more complicated when the one-photon 

excitation of ljJ is also allowed (Af * 0) and the medium lacks inversion g . 

43 
symmetry. We must now also take into account E(w.) by solving the 

1. 

coupled equations in Eq. (51). Physically, E(~) is generated not only 

directly by four-wave mixing through x(3), but also indirectly by 

first generating E(wi) from mixing of E(wj) and E(~) and then generating 

E(w.') from mixing of E(w~) and E(w.). More generally, intermediate 
K ] 1 

fields at other frequencies can be generated. They also contribute 

43 
to. indirect two-step generation of E(wk), but here, we shall neglect 

their contribution. We can solve Eq. (51) by iteration. First, we 

find 

6 6 0 0 0 
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2 
2TIWi (2) 1 -i~k z 

2 (X ... ) ffE(wJ.)E(wk) ·~k(l-e a) 
·c k ~ e ~ 
l . 

l 
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(55) 

2 2 2 
where ki = wi /c (E:i)eff and ~ka kj+kk~ki, assuming (E:k,)eff E:k'' 

Then, we have 

a e.(~) ;a z 
2 12 

TIWk (3) 
-~-[x 
. 2k_ 
lC _1<. 1 

* i~kbz x-&(w.)&(w )& (w~)e 
J k J 

2 
+ _

2
n_w-=i=--(x(2)) ( (2)) 1 _1_( i~kcz -l) -i~kbz 12 

2 i e f f xk e ff ilk e . e 
c k.~k c 

1 a 

~k· =k k k .- • 1- kl. c l J 
(56) 

We notice that the two-step contribution from (X~ 2 ))eff(X~2 )) 1 eff 

can become comparable to the direct four-wave mixing contribution from 

·X( 3
) if [~k I is not too large. 

a 
(2) -7 . 

For example, if Xeff - 10 esu and 

(3) -11 
X - 10 · esu, then the two contributions become comparable when 

ik./~k (E.) ff\ - 10
3 . It is possible to make either X(3) or 

1 a 1 e 

'.J 
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(2) (2) 1 
(Xi )eff(Xk )eff vanish by choosing particular directions of beam 

' d 1 . . 43 I 1 h h propagat~on an po ar~zat~on. n genera , owever, t e two terms 

wil1 interfere with each other. By varying wj+wk, one often finds two 

special ranges of interest. First, when w j +wk approaches wfg, phase 

mismatch and attenuation L'lk may become so large that the two-step 
a 

generation of E(wk) is negligible. The problem reduces to the simple 

case of four-wave mixing we discussed earlier. Second, if wj+wk is 

sufficiently far away from wf and L'lk is sufficiently small, then X(J) -g a 

is negligible and E(wk) is effectively generated by the two-step process. 

The expression of jE(wk,z) 1
2 

in Eq. (56) also shows that if L'lkb for 

four-wave mixing is small but L'lk = k.-k. 1 -kk 1 is large, then the output 
c ~ J 

appe~rs to be generated by an effective four-wave mixing process with 

(3) (3) 2 (2) (2) 1 2 
Xeff =X - 2nwi (Xi )eff(Xk' )effie kiL'Ika. 

Experiments with wj+wk ne~r a dipole-allowed excitonic transition
46 

43 or with wj,-~ near an infrared-active phonon mode have been reported. 

The results close to resonance ·can be interpreted approximately by 

(3) 
considering only four-wave mixing via X . 

G. Heasurements of relaxation times of material excitation. 

We now consider a transient case of four-wave mixing with 

(2) 
Afg = XNR = 0. First, the medium is excited with a short pulse 

containing freque_ncies wj and wk such _t:hat wj +~ :: wfg. Both longitudinaL 

and transverse excitations are excited according to Eqs. (34) and (35) 

respectively. 

calculated. 

Given the laser pulseshape, L'lp(t) andt);(w. ,t) can be 
~ 

At a latet time tD, a short probing pulse at w~ is 

0 0 0 0 0 
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propagated into the medium. Then, two output signals at ~ are expected. 

One from mixing of E(w~) with ~(w.) is coherent and is peaked in the 
J 1 

phase-matched direction for four-wave mixing. The other due to anti-

Stokes scattering from /1p(t) in the excited state is incoheren.t and has 

broad angular distribution. The two signals can therefore be dis-

tinguished by detection along different dir~ctions. 

From the time-dependent wave equation for the coherent scattered 

field E(w~), we find 

(_l_++j_) 8.(wk1 ,z,t) az vkl at 

2 12 
. TIWk I * * I -ikktz+iw{t 
1( 2 )Bf ~(w.,t+tD)E (w.,t)e 

' k g 1 J 
c kl 

(57) 

vlhere vk I is the p;roup velocity of E (w~). 

and hence at phase matching, the coherent signal strength is 

Constant !dt 1 l!dz&*(w~,t 1 )~(w.,t+tD) 1
2

. 
J 1 

'(58) 

The incoherent antiStokes signal, on the other hand, is given by 

(59) 

The variations of ~ and /1p as a function of time can be quite complicated, 

especially in the presence of the exciting pulse. However, we are often 

interested only in the relaxation times of the excitations. Then, if the 

cxcLtlng pulse\vldth 1s smaller than, or comparable wJth, the relaxation 

times, !1p(t) and ~(t) -should decay as exp(-t/T1) and cxp(-t/T 2) 
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respectively at sufficiently large t, where '.1:' 2 = 1/r fg" With a short 

probing pulse, we should find Sinc(tD~ ~ exp(-tD/T
1

) and Scoh(tD) 

~ exp ( -tD/T 
2

) for large tD. 

f h d f Sinc(tD) rom t e ecays o 

Thus, \-le can measure T
1 

and T
2 

directly 

coh 
and S ( tD). 

DeMartini and Ducuing47 first used such a method to measure T of 
1 

the vibrational excitation of gaseous H
2

. More recently, Alfano and 

Sh . 48 d K . d h" k 49 
ap1ro, an a1ser an 1s cowor ers have used picosecond laser 

pulses to measure T
1 

and T
2 

of molecular or lattice vibration in liquids 

and solids. In their cases, the vibration· is actually excited by transient 

stimulated Raman scattering with a laser pulse at w .. The underlying 
"] 

principle for the relaxation measurements is however the same. This 

provides the only method for direct measurements of vibrational relaxa-

tion times of condensed matter in the picosecond range. By detecting the 

incoherent antiStokes signals at various frequencies as a function of 

. 1 d h d f . 1 . . 50 
tD, one can a so stu y t e ecay routes o a part1cu ar exc1tat1on. 

b 0 0 t_:~h~ o . a·· 
J ~ 
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III. DISTINCTION BETWEEN RESONANT STIMULATED RAMAN SCATTERING AND HOT 

STIMULATED EMISSION 

In the previous section, we have assumed no intermediate resonance 

in the two-photon excitation, i.e., wj or wk is far away from the transi

tion frequency w between the ground state lg> and an intermediate 
ng 

state jn>. What happens \Y"hen w. or wk approaches w ? Excitation of jn> 
J ng 

will certainly make the problem even more complicated. We shall consider 

here only the special case of resonant stimulated Raman scattering (SRS). 

Generalization of the description to other cases in Section III is 

straightforward. 

Let us first give a physical description of the problem. Figure 9 

shows the Raman process in a three-level system. As Wn approaches w , 
N ng 

we should expect a resonant enhancement in the emission rate of E(w ), 
s 

but then if the transition from jg> to In> becomes real, we should also 

expect hot emission of E(w ) in the form of three-level laser action. 
s 

Now, the question arises as to whether the enhanced emission rate at 

w is due to resonant enhancement in SRS or hot stimulated emission (SE), 
s 

or both. Essentially, the same question has recently come up in the 

d . . f . d h 1 . 51 
~scuss~on o spontaneous resonant Raman scatter~ng an ot um~nescence. 

The answer to the above equation is that both SRS and hot SE con-

tribute to the enhanced rate of emission as Wn approaches w 
N ng 

The two 

processes are, however, physically different. Resonant SRS is a direct 

two-photon process, while the hot SE is a t\Y"O-s tep process. Hot SE 

arises from the excess population pumped into the excited intermediate 

state In> by E(w~)· but resonant SRS does not depend on the induced 

population change in the lower-order approximation. Hot SE is connected 
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to the longitudinal excitation from lg> to In>, while resonant SRS is 

connected to the transverse excitation. Therefore, in the transient 

experiments, the two processes should show different dynamic behavior, 

as governed by the longitudinal and transverse relaxations respectively. 

Since both processes contribute to emission at the frequency w , they 
s 

can interfere with each other in generating E(w ). In steady-state 
s 

measurements, it is then impossible to distinguish one from the other. 

\.Je shall nmv give a formal derivation to show explic1 tly the 

differences between resonant SRS and hot SE. It is most appropriate 

to use the density matrix formalism here since as a resonant phenomenon, 

we must treat relaxation of the excitations properly. Both resonant 

SRS and h0t SE are third-order wave processes. We should, therefore, 

find the third-order polarization t<J)(w) • NTr[p(J)(w )tJ. We can 
. s . s 

use iterative procedure to solve the equation of motion for the density 

matrix pin Eq. (ll) with the Hamiltonian given in Eq. (10), where 

-+ -+ -+ 
E = E(w.Q) + E(ws) and wi:...ws = wfg" In each iterative process, we only 

need to keep those density matrix elements which are near resonance. 

Thus, if we assume for simplicity p(O) = l and p(O) = pf(O) = 0, the 
g n 

equations for the relevant density matrix elements of various orders are 

0 (" .J·. 
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... -+* . (1) 
-<fjp •K (w) ln><nJp (Wn) lg> s s )\, 

(2) ... ... . 
+ <nIP (0) ln><n IP •E(w ) 1£> s s . 

(60) 

where we have used (a<nJp( 2):1n>/ot)d . =- <nlp( 2)'1n>/T., which is 
amp1ng ·· · n 

a good approximation. The third-order nonlinear polarization is given 

by 

We realize~ from the equation for <n]p( 3)(w) If> in Eq. (60), that 
s 

(61) 

P(3)(ws) has two parts of different origins, one from <fiP(Z)(wt-ws) lg> 

and the other from <nlp( 2)(0) In>. Note that <fjp( 2)(wt-ws) lg> is just 

the quantity we defined as ~(wi=wt-w) in Sectio~ Ill and is responsible 

for SRS. On the other hand, <nlp(Z) In> is the excess population pumped 

by E(w1) into In> and therefore is responsible for SE from In> to If>. 

We c·onsider the solution of Eq. (60) for a special case where 



-43- LBL-4179 

E(w~) is switched on at t = - 00 and then suddenly switched off at 

t = t • A Stokes beam of constant intensity is used to probe the gain 
0 

at w
8

• Hith E(w~) = &i[l-u(t-t
0

) ]exp(iktz-iwtt) and E(ws) = 

& exp(ik z-iw t), where u(t-t) is a step function, we find from Eq. (60) 
s s s 0 

P(3) (w ) 
s 

N l<f IPs ln><n IPt&i I g>_l
2
& s 

Pi~~(ws) = eiksz 
h

3
(w 0 -W -w -if )(W 0 -W -if )(w -w +if ) 

~ s fg fg ~ ng ng s nf nf 

P(3) (w ) 
SE s 

-2f T.N. 
2 

2 
ng n l<flp ln><nlp Jg>l l&tl I& I 

~3r )2r 2 s t s 
11 Wn-W + 

~ ng ng 

1-u(t-t ) . u(t-t ) . ( . 111, ).( ) i 
x { · o -1Wst+ o -1Ws- n t-t 0 - sto 

w -w +if · e w -w f+i(f f-1/T )e 
'S nf nf s n n n 

+ [ 1 . ·f - 1r ]u(t-t )e(-iWut~rnf)(t..;;.to)-i(t\ t J 
w -w f+1 f w -w f+i( f-1/T ) · o s o 

s n n s n n . n 

The gain coefficient at w is then given by 
s 

g (2nw /ciE')Im[P( 3)(w )/E(w )]. 
s . s s s . 

We notice in Eq. ( 62) that it lwt-w I ~ lw -w fl > f f ng , nf '· ng s · n 

then the contribt1tion from SE is negligible and 

£ l 6 o o ~ ~ o r o o 

(62) 

(63) 
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(64) 

The results in Eq. (62) also show explicitly the transient behavior of 

the two contributions for t ~ t the gain due to both SRS and SE has 
o' 

a term which appears in the form of a damped oscillation with an 

oscillating frequency iws-wnfl and a decay rate fnf' Physically, this 

is due to mixing of E(ws) with the transverse excitation at wnf induced 

by the sudden switch-off of E(w.R,). The transverse excitation has a 

decay rate fnf' The phenomenon is equivalent to the coherent Raman 

. 52 
beat effect recently observed by Shoemaker and Brewer. There is 

another contribution to the gain from stimulated emission. This one 

decays purely exponentially with a time constant T . Clearly, it 
n 

.., 

. reflects the decay of the excess population in In>. If T
11 

?> 1/f nf, 

then SE should show up with a much longer transient response than SRS. 

The steady-state solution of Eq. (60) is obtained by letting 

u(t-t) = 0 in Eq. (62). In general, the explicit expression for the 
0 

steady-state gain g obtained from P( 3) (w ) is quite complicated. 
s 

However, if the linewidths of the states involved are dominated by 

lifetime broadening such that f .. (i=i=j) = (T.-l+T.-l)/2 where.T. and 
l.J 1. J 1. 

T. are lifetimes of 
J 

I i> and lj> and if T > T T such that 2f · T =1, , g n, f ng n 

then P~~~(ws) and PS~3E,) (<u ) can be combined into a simple form. The 
' . s 

') 

corresponding gain becomes (assuming nep;ligible depletion of ll:.t I'-) 
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g 
·~-N-Il-=f~_1 &~R-_1_2 ----:- <f IPs I n><n I P tl g>l

2 

(21Tw /c-l"i') - -
s s 3 z r 2 (wt-w +if ) li. [ (wn-W -wf ) + f · ] ng ng . . • s g g 

(65) 

This is the usual expression one would obtain for resonant stimulated 

Raman scattering from the golden-rule approach which implicitly assumes 

lifetime broadening for the states and T ~ T 
g n' 

As we have seen 

from our derivation, Eq. (65) actually includes contributions from both 

resonant SRS and hot HE. 

It is interesting to compare this case ,.,i th a case where an inverted 

population between In> andjf> is established by some other means, e.g., 

discharge pumping. In a laser medium, the gain profile, g(w ), should 
s 

2 2 
be proportional tor fl'{(w -w f) + r f ], but here, according to 

n . - s n n 

Eq. (65), g(w) ~ ff /[(w 0 -W -wf )
2
+ff 

2
] is dominated by the Raman 

s g • s . g g 

lineshape even though the resonant excitation at wt has established an 

inverted populati~n. between In> and if>. He should however emphasize 

that the results here may be mainly of academic interest since they are 

derived for an ideal three-level system. A practical system often has 

many states degenerate or nearly degenerate. Cross relaxation among 

degenerate or nearly degenerate states makes the problem more complicated. 

Consider a system with a set of intermediate states In> which are close 

together and E(wt) is at resonance with some of them but not all. In 

this case, we can still divide the emission into an SRS part due to 

transverse excitation <flp(Z)(w1-ws) lg> and an SE part due to excess 

populations <nlp(
2

) (0) In> in the intermediate states In>. Even those 

intermediate states which are not resonantly excited by E(wi) are 

getting excess populations through relaxation of populations from the 

, l 6 0 0 i7 .,"# 0 {!. 0 0 .., ,. 
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resonantly excited states. Emission from the unexcited intermediate 

states is of course not hot emission by definition, but its spectrum 

may overlap with that of hot emission, making the distinction between 

resonant SRS and hot SE more difficult. The problem of multiple 

intermediate states has been discussed in some detail in Ref. 51. Here, 

we only want to point out that the usual expression for reson.ant 

stimulated Raman gain 

g(w )··= (2Tiw /c/£) 
s s s 

(66) 

which includes the contribution of hot SE, is strictly valid only if the 

cross relaxation between the intermediate states is negligible and the 

states are dominated by lifetime broadening with Tg ::> Tn, Tf. 

No experiment has yet been reported to distinguish resonant SRS 

and hot SE. As we hav~ seen, their differences lie in the differences 

between longitudinal and transverse excitations. That longitudinal and 

transverse .excitations are different is of course a well-established 

physical fact. For example, it is clearly demonstrated by the experi-

ments discussed in Section III-G. 
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FIGURE CAPTIONS 

Fig. 1 Sketch of bonding electron wave function along a heteropolar 

bond. 

Fig. 2 Contour map of valence electron density distribution (in units 

of e per primitive cell for GaAs in the (1, -1, 0) plane. 

(Taken from J. P. Walter and M. L. Cohen, Phys. Rev. 

Lett. 1.§., 17 (1971). 

Fig. 3 Sketch of the charge distribution along a bond in (a) Si and 

(b) GaAs. Solid and dashed curves refer to cases with and 

without an external field respectively. 

Fig. 4 I (2) I Comparison of x14 {2w) . of InSb calculated from empirical 

pseudopotential method with available experimental data. 

(Taken from C. Y. Fang andY. R. Shen, Phys. Rev. (to be 

published). 

Fig. 5 Sketch showing one-photon and two-photon absorption processes 

in a three-level system. 

Fig. 6 Polariton dispersion curves. (a) Weak coupling and (b) 

strong coupling be tWeen electromagnetic and material 

excitational waves; 

Fig. 7 Theoratical results (crosses) of normalized far-infrared 

output in optical mixing in comparison with the experimental 

results of V. T. Nguyen and T. J. Bridges, Phys. Rev. Lett. 

12_, 359 (1972). (Taken from Ref. 26) 

Fig. 8 Generated antiStokes intensity intensity in calcite using the 

0 0 0 
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four-wave mixing spectroscopic technique. The polarizations 

were perpendicular to the optical axis of calcite (after 

M. D. Levenson~ IEEE J. Quantum Electron, QE-10, 110 (1974). 

Sketch of Raman Stokes process in a three-level system. 
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any legal liability or responsibility for the accuracy, completeness 
or usefulness of any information, apparatus, product or process 
disclosed, or represents that its use would not infringe privately 
owned rights. 
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