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Improved Coding Techniques for Digital Recording Systems

by
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Doctor of Philosophy in Electrical Engineering
(Communication Theory and Systems)
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Professor Paul H. Siegel, Chair

This dissertation addresses various problems related to data encoding and error-

correction techniques to design more reliable and higher density digital data storage

technologies.

In the first chapter, we give an overview of the existing data storage technolo-

gies and highlight the relevance of the techniques discussed in this dissertation to these

technologies.

In the second chapter, the problem of rewriting for multilevel flash memories

is considered and a novel construction method for WOM codes based on lattices is

proposed. Using the continuous approximation, hyperbolic write-regions are shown to

be sum-rate optimal for arbitrary number of writes. An algorithm that determines an

xiv



optimal encoding scheme is proposed for the case of two cells. Using these ideas, WOM

codes are proposed that achieve high sum-rates.

In the third chapter, the problem of designing a block-precoder for a magnetic

recording channel is considered with the objective of minimizing the error rate. The

precoder design problem is equivalent to solving a quadratic assignment problem which

is NP-complete in general. Precoders are constructed using a branch-and-bound tech-

nique with a reduced search space, as well as using a sub-optimal local search algorithm.

Simulation results show that these block-precoders out-perform existing precoding tech-

niques.

The fourth chapter discusses a novel technique for using polar codes for partial

response channels. Multiple polar codes of various rates are designed for memoryless

channels estimated by removing the effects of intersymbol interference from the partial

response channel. Data is encoded using these codes and the codewords are interleaved

before transmission. Decoding is done sequentially using a multi-stage decoding tech-

nique. Simulation results demonstrate that the performance of these codes is comparable

to LDPC codes.

The fifth chapter studies the performance of stochastic decoding on LDPC code

ensembles in the limit of infinite blocklength. Two methods to perform the density evo-

lution for stochastic decoding are provided. Alternative descriptions of the variable node

update in stochastic decoding are given and connections to other decoding algorithms

are highlighted.

The sixth chapter explores the performance of binary images of non-binary LDPC

codes. For the binary erasure channel, it is shown that the collection of stopping sets for

a non-binary LDPC code are a subset of the collection of stopping sets of its basic binary

image. An efficient algorithm is proposed that eliminates these additional stopping sets

by adding redundant parity checks to the basic binary images. Simulation results confirm

that the few redundant checks are sufficient to match the performance of the original

non-binary LDPC codes with lower complexity.
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Chapter 1

Introduction

1.1 Background

The ubiquitous use of computers in our lives and increasing broadband availabil-

ity has caused digital data to be generated at a rapidly increasing rate. The fast-growing

global data volume leads to an ever-growing demand from storage systems. Digital stor-

age technologies have evolved progressively, starting from mechanical devices like punch

cards to magnetic storage including tape and spinning disk drives, to optical disks and

semiconductor based random-access memory devices including flash memories, and many

more technologies are in development.

With increasing demands of higher densities, higher transmission speeds and

lower costs from these storage systems, communication theory plays an important role

in their design. The research in this dissertation focuses on several coding techniques

that are important in contemporary storage and communication technologies.

1.2 System Model

The concept of a communication channel is typically associated with the ex-

change of information between two agents at separate physical locations, with one agent

transmitting and the other agent receiving data through some medium. This concept

of information exchange is also incorporated in the data storage and retrieval process.

While a wireless connection to a cell phone, or a TV broadcast allows communication in

1
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Figure 1.1: A simplified block diagram representing a generic communication system.

space, a data storage device enables communication in time.

Typical communication channels are imperfect - the received data can be cor-

rupted by random noise and interference due to various sources present in the channel

- while accurate transmission is often vital. Claude Shannon in his seminal 1948 paper

“A Mathematical Theory of Communication” [1] set up the theoretical foundation of

modern communications. Shannon argued that all information can be represented digi-

tally, for e.g. as binary digits (bits) 0 and 1. He showed that information sources have a

source rate associated with them and channels have a capacity. He proved that reliable

communication is possible over noisy channels as long as the transmission rate does not

exceed the capacity of the channel. That is, by encoding the information source suitably,

one could transmit it over an imperfect channel so that the receiver can then decode with

a high probability the intended message based on the output of the channel. Figure 1.1

shows a simplified block diagram of such a communication system. It is assumed that the

encoding scheme is known to both the transmitter and the receiver, while the channel

noise realization is unknown to both.

1.2.1 Coding for noisy channels

While Shannon’s work set up the theoretical limits to the rate of communication,

his proof relies on a coding scheme which cannot be implemented efficiently. Several

efforts have been made since then in the coding theory literature to develop efficient

methods that achieve reliable communication over such noisy channels at rates close to

their Shannon limit but using low-complexity encoding and decoding processes. A simple

scheme, known as the repetition code, is as follows. To communicate any bit, the encoder

transmits multiple copies of the message bit. For example, if the bit to be communicated
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is 1, the encoder transmits the codeword

1111111.

The noise in the channel may cause some of these transmitted bits to be received incor-

rectly due to random noise so that the sequence received may, for example, be

1011011.

The receiver can then employ a majority vote rule to decode the message bit as 1. This

scheme allows transmission at a rate of 1/7 bits per use of the channel and the message

bit can be communicated correctly if no more than 3 bits are in error.

However, this simple repetition coding scheme cannot be used to decrease the

probability of error to an arbitrary small number without simultaneously decreasing the

transmission rate to zero. Many error correcting codes that performed well including

Bose-Chaudhuri-Hocquenghem (BCH) codes [2, 3, 4], Reed-Solomon codes [5], and con-

volutional codes [6, 7] have been studied. Still, error-correcting codes that allow the

error probability to vanish while achieving rates close to the Shannon limit were not

known till the discovery of Turbo codes [8] and the rediscovery of low-density parity

check (LDPC) codes in the 1990s [9]. Both these classes of codes have random-like

constructions with large blocklengths. They are specified by simpler constituent codes

that interact with each other to define the larger code. This allows them to be decoded

using low-complexity sub-optimal decoding algorithms that iteratively exchange their

local information regarding the transmitted bit. Since these codes achieve rates close

to the capacity of the channel, there has been a large body of work to analyze and de-

velop lower-complexity decoding algorithms for these codes. In this work, we analyze a

low-complexity decoding algorithm for LDPC codes, and also develop a low-complexity

decoding technique for LDPC codes based on non-binary elements that have better per-

formance than those based on binary elements.

More recently, a family of linear block codes called polar codes has been proven to

achieve the capacity of arbitrary symmetric binary-input discrete memoryless channels

(B-DMC) with low-complexity encoding and decoding algorithms [10]. These codes
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are constructed based on a technique called polarization that transforms a B-DMC to

create channels that are either noiseless or completely noisy, by performing a sequence of

recursive transformations. An important difference between polar codes and previously

known codes is that the construction of polar codes is based on the channel on which

transmission occurs. As we will see in Section 1.2.2, magnetic recording systems are

modeled as intersymbol interference channels that are not memoryless. This implies

that, as described in literature, it is not known if polar codes are capacity-achieving for

magnetic recording and the known polar code construction methods do not apply. In this

dissertation, we will propose a novel technique that allows the use of known construction,

encoding and decoding methods to achieve performance comparable to LDPC codes on

models of magnetic recording channels.

1.2.2 Magnetic Recording Systems

The magnetic disk drive has improved rapidly in the past through developments

in heads, media, servo and signal processing technologies that have improved the areal

densities from 2 Kb/inch2 in 1957 [11] to over 800 Gb/inch2 in 2014 [12]. However, with

the areal density approaching its physical limits and its CAGR in the last 5 years slowing

down to ∼ 10% from a historical 40% [13], improvements in signal processing and coding

techniques have become more significant. As the worldwide need for storage continues

to grow, hard disk drives remain the only cost effective option to meet this demand.

A block diagram showing a model of the contemporary magnetic recording system

is shown in Figure 1.2. The user data is protected by an outer modulation code and an

inner systematic error-correcting code. The parity bits of the ECC codeword are then

precoded and the coded sequence is recorded on the magnetic disk. The read-back

signal is sampled and equalized to a partial-response (PR) target. A sequence detector

is applied to the equalized target and and a-posteriori probabilities are generated for

each bit of the coded sequence. These are then passed to the ECC decoder which tries

to estimate the transmitted codeword. After the ECC decoder converges to a valid

codeword, the decoded codeword is passed to the modulation decoder which generates

the decoded user data.

The modulation code is used to encode arbitrary input sequences into constrained
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Figure 1.2: A block diagram showing the encoder and decoder in a magnetic recording

system.

sequences that satisfy certain desirable properties. These constraints could be designed

to disallow patterns that may be more prone to errors. For example, a (d, k) run-length-

limited code ensures that there are at least d and at most k 0 bits between two 1 bits

in the output sequence, which can help the timing recovery algorithm at the decoder.

Other examples include modulation codes that increase the minimum distance properties

of the sequence detector [14, 15, 16] by eliminating sequences that the detector cannot

distinguish very well. In comparison, the error-correcting code is used to correct any

errors after they occur at the detector output.

Early disk drives used the ECC as the outer code and the modulation code as the

inner code. This results in severe error propagation from the output of the modulation

decoder when a high-rate modulation code is used. Current disk drives therefore use

the reverse concatenation (RC) architecture [17], as depicted in Figure 1.2, that does

not suffer from the error propagation problem. The RC architecture also allows the

use of soft-decision decoding of the error correcting code that is required for turbo-

equalization. In this architecture, the user bits are encoded with a high-rate modulation

code and stored on the magnetic recording channel, while the parity-bits of the ECC

codeword are encoded by a precoder such as the 1/(1⊕D) precoder. In this dissertation



6

we consider designing better precoders for the parity bits, as well as for the constrained

bits.

The read-back signal from the magnetic recording channel includes intersymbol

interference (ISI) from a large number of adjacent bits. The amount of ISI increases with

increasing recording densities as the bits are recorded closer to each other. On one hand,

the complexity of detecting the sequence increases exponentially with the memory. On

the other hand, removing the ISI completely through a zero-forcing equalizer enhances

the noise present in the read-back signal. Thus, to limit the complexity of the detector

while avoiding noise enhancement, the read-back signal is equalized to a partial response

(PR) target which has a short impulse response. The output of a PR channel with target

h(D) =
∑ν

i=0 hiD
i is given by

yt =

ν∑
i=0

hi xt−i + nt

where xt is the input bit at time t and nt is an i.i.d. Gaussian noise sequence. The PR

channel impulse response is often of the form

h(D) = (1−D)(1 +D)n.

When n = 0, the equalized channel, or the PR channel, is called the dicode channel; when

n = 1, the PR4 channel; when n = 2, the extended PR4 (EPR4) channel. Generalized

PR channels which have arbitrary coefficients rather than integer coefficients are also

used in magnetic recording systems [18].

Given the output of the PR channel, a sequence detector like soft-output Viterbi

detector [19] or BCJR [20] estimates the likelihood of each input bit being 0 or 1. These

likelihoods, also known as soft-information, are then input to the ECC decoder. This

soft-input decoding scheme performs better than maximum likelihood (ML) detection

which only provides hard-decisions as inputs to the decoding algorithm.

Turbo-equalization is often used where the ECC decoder and the sequence de-

tector iteratively generate soft-information to be used as priors by each other. For this

purpose, an ECC decoder that produces soft-outputs is required. LDPC codes have itera-

tive message-passing decoding algorithms that use soft-information as input and produce
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soft-information as outputs. Due to their superior performance and low-complexity de-

coding algorithms, they have replaced Reed-Solomon codes as the ECC codes in magnetic

recording applications.

In this dissertation, we explore using polar codes for PR channels and compare

their performance to the use of LDPC codes decoded using turbo-equalization.

1.2.3 Flash Memories

While the storage industry has been dominated by traditional magnetic stor-

age technologies, recent advances in semiconductor technology have enabled solid-state

memories that offer many advantages that make them attractive for many applications.

These benefits, which include higher throughputs, smaller form-factors, lower power

consumption, and no moving parts, have made solid-state memories the preferred non-

volatile storage device in most consumer electronics and high-performance applications.

However, these technologies present unique challenges in terms of cost, capacity, relia-

bility and endurance. Even the most developed and cheapest of these technologies, flash

memory technology, has a per-gigabyte cost that is higher than that offered by hard

disk drives. Flash memories have a limited lifetime in which they can be used reliably.

Moreover, increasing the data density to increase the capacity of flash memory devices

decreases their lifetime further. Improved error-correction techniques and better coding

methods may allow these issues to be mitigated.

Flash memory devices store information in the form of charge in a floating gate

transistor, referred to as a cell. Using hot-electron injection charge is injected into a

cell where the electrons get trapped in the floating gate of the transistor. When charge

is present in the floating gate, the voltage at which the transistor becomes conductive,

known as the threshold voltage, rises. Therefore, the presence or absence of charge can

be sensed by testing whether the threshold voltage is large or small. This process is

used to read the cell in flash memory. The cell is said to be in the programmed state if

the cell stores charge, or in the erased state if it does not. For this thesis, we map the

programmed and erased states to bits 1 and 0 respectively.

The state of each cell can change from 0 to 1 by the hot-electron injection method

as mentioned above. However, changing the state from 1 to 0, or erasing the cell, requires



8

moving the charge from the floating gate through a tunnel oxide layer using high electric

field Fowler-Nordheim tunneling. Since erasing a cell is a slow process, it is performed

together on a large array of cells called blocks that may contain ∼ 106 cells. Moreover,

each flash cell can tolerate a limited number of program-erase cycles before the tunnel

oxide layer is depleted and the cell can no longer store charge reliably.

Cells in early flash devices only supported two levels of charge and could therefore

store a single bit each. Newer flash memories have cells that can support multiple levels

of charge through tighter control of charge injection during programming and by testing

for multiple threshold voltages to determine the charge level. Depending on the number

of levels supported, flash memory devices are categorized as SLC (2 levels), MLC (4

levels), or TLC (8 levels). With increasing number of charge levels, the storage density

increases. However, smaller changes in the charge of the floating gate may lead to an

error while writing or reading data from a cell. Thus, the number of program-erase cycles

that a device can reliably perform decreases.

In this dissertation, we investigate data encoding techniques that overcome the

asymmetry in program and erase operations in a flash memory device. In particular, we

consider codes that allow data to be rewritten on the cells multiple times without requir-

ing an erase operation. We propose a novel construction of codes that allow rewriting

the multilevel flash memories that support a large number of charge levels.

1.3 Dissertation Overview

This dissertation is divided into self-contained chapters that focus first on data

encoding techniques for flash memories, then on coding techniques for magnetic recording

systems, and finally on reduced complexity decoding algorithms for LDPC codes.

Chapter 2 considers the problem of endurance for flash memories and proposes

rewriting on multilevel flash cells using WOM codes. A novel construction method

for WOM codes based on lattices is proposed. Using the continuous approximation

for dense lattices, it is shown that hyperbolic write-regions are sum-rate optimal for

arbitrary number of writes and arbitrary number of cells. Motivated by these hyperbolic

write-regions, we discuss construction and encoding of codebooks for cells with discrete
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support. We present a polynomial-time algorithm to assign messages to the codebooks

and show that it achieves the optimal sum-rate for any given codebook when the number

of cells is equal to 2. Using this approach, we construct codes that achieve high-sum

rate. We describe an alternative formulation of the message assignment problem when

the number is cells is greater than or equal to 3, a problem which remains open.

In Chapter 3, the problem of designing a rate-1 block-precoder for a magnetic

recording channel is considered with the objective of minimizing the bit/symbol error

rate. It is shown that the precoder design problem is equivalent to solving a quadratic

assignment problem which is NP-complete in general. Precoders for various blocklengths

are constructed using a branch-and-bound technique with a reduced search space, as well

as using a sub-optimal local search algorithm. Simulation results show that these block-

precoders out-perform existing precoding techniques.

Chapter 4 discusses a novel technique for using polar codes for magnetic record-

ing channels, modeled as partial response channels with additive white Gaussian noise.

The proposed scheme uses interleaved polar codes and a sequential decoding technique

as follows. Multiple polar codes of various rates are designed for memoryless channels

estimated by removing the effects of intersymbol interference from the partial response

channel. Data is partitioned and encoded using these codes. The codewords are in-

terleaved before transmission and decoded sequentially using a multi-stage decoding

technique that allows the use of a hard decision decoder. Simulation results demonstrate

that the performance of these codes is comparable to LDPC codes.

Chapter 5 studies the stochastic decoding algorithm for LDPC codes. The perfor-

mance of stochastic decoding on LDPC code ensembles is analyzed in the limit of infinite

blocklength. We provide two methods to perform the density evolution for stochastic de-

coding. We first provide a method to perform exact density evolution and show that its

complexity grows with the number of iterations. We then propose an approximation to

the exact method which assumes that the memory of the decoding process is truncated.

The approximation allows efficient computation of thresholds for LDPC code ensem-

bles. We also provide alternative descriptions of the variable node update in stochastic

decoding and highlight connections to other decoding algorithms.

Chapter 6 explores the idea of decoding non-binary LDPC codes by using message
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passing algorithms on binary graphs. For the binary erasure channel, it is shown that the

collection of stopping sets for a non-binary LDPC code are a subset of the collection of

stopping sets of its basic binary image. An efficient algorithm is proposed that eliminates

these additional stopping sets by adding redundant parity checks to the basic binary

images. Simulation results confirm that the few redundant checks are sufficient to match

the performance of the original non-binary LDPC codes with lower complexity.
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Chapter 2

Lattice-Based WOM Codes for

Multilevel Flash Memories

As introduced in Chapter 1, flash memory stores information in the form of charge

in a floating gate transistor, referred to as a cell. In the case of single-level-cell (SLC)

flash memory, each cell has two levels of charge and thus stores a single bit. Multilevel

cells (MLCs) or triple-level cells (TLCs) can store 2 or 3 bits by storing 4 or 8 different

levels of charge, respectively. With rising demand for increasing the capacity of flash

memories, the number of levels stored in a cell is expected to increase further [1]. While

increasing the charge level of an individual cell is a simple program operation with low

latency, decreasing the level of a cell requires a complex erase operation on a large block

of cells (∼ 106 cells) that also decreases the lifetime of the device.

In this chapter we treat multilevel flash memory cells as noiseless write-once

memory (WOM) elements. We then aim to design WOM-codes that allow t-writes and

maximize the amount of information that can be stored in a given number of cells in

the worst-case before an erase operation is needed. When the number of levels, denoted

by q in this chapter, is large, we assume that the cells can store a continuous range of

levels. For cells that satisfy this continuous approximation, we prove that hyperbolic

write-regions are optimal for maximizing the worst-case sum-rate. Motivated by these

hyperbolic write-regions, we discuss construction and encoding of codebooks for cells

with discrete support. We present a polynomial-time algorithm to assign messages to

the codebooks and show that it achieves the optimal sum-rate for any given codebook

13
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when n = 2. Using this approach, we construct codes that achieve high-sum rate. We

describe an alternative formulation of the message assignment problem for n ≥ 3, a

problem which remains open.

2.1 WOM Codes and Flash Memories

The model of write-once memories was first proposed in [2]. WOMs are storage

devices consisting of memory elements called cells each of which can change state from

0 to 1 but not vice-versa. Though such memories seem to be capable of only storing

information once, WOM codes allow data to be ‘re-written’ on these WOMs without

changing the state of any cell from 1 to 0. We present the construction from [2] in Table

2.1, which is referred to as the Rivest-Shamir code in literature. The code allows storing

2 bits of information twice in two writes using 3 WOM cells. All cells are assumed to

be in state 0 before the first write. Let the data to be stored on the first write be 01, so

the state of the cells after the first write is 100 as indicated by the first-write codebook.

Suppose, the data is updated to 00, so according to the codebook for the second write,

the state of the cells is changed to 111. It is clear from the table that, regardless of the

data to be stored, no cell changes state from 1 to 0. The code achieves rates 2/3 bits/cell

in each of the two writes and therefore has an overall sum-rate of 4/3 bits/cell.

Table 2.1: Rivest-Shamir 2-write WOM code

Data First-Write Codebook Second-Write Codebook

00 000 111

01 100 011

10 010 101

11 001 110

The WOM model introduced in [2] was generalized to memories with q-ary cells

in [3]. In such a memory, each cell is in one out of q states and the legal state transitions

are described by an arbitrary directed acyclic graph. The simplest such generalization

allows the states 0, 1, . . . , q−1 with the restriction that the state of a cell cannot decrease.

These memories will be referred to as WOMs with multilevel cells. Designing high sum-
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rate WOM codes for such memories are the topic of study in this chapter.

The study of write-once memories (WOMs) in the field of data storage was

first motivated by applications like punch cards and optical disks [4]. More recently,

WOM codes have been proposed as a lifetime-enhancing method for flash memories.

WOM codes can be used to write information multiple times before an erase operation

is required, thereby enhancing the lifetime of the device [5, 6, 7].

Considerable progress has been made in the last few years in the study of binary

WOM code constructions for single-level cell (SLC) flash memory devices where each cell

supports q = 2 levels [5, 7, 8]. However, to increase storage densities, future flash memory

devices are expected to support a large number of cell levels, continuing the trend seen

with the use of MLC and TLC devices that support 4 and 8 levels, respectively. This

has motivated a body of work on the construction of WOM codes for multilevel cells

that support q ≥ 3 levels [9, 10, 11, 12, 13]. The capacity of WOM codes for t writes

on q-ary cells is known to be log2

(
q+t−1
q−1

)
[14], although explicit characterization of the

capacity region remains an open problem.

In this chapter, we consider the construction of lattice-based WOM codes for t

writes on q-level cells. Lattice-based 2-write WOM codes over n cells in the asymptotic

setting of continuous cell levels were derived in [13] for the fixed-rate scenario, where

the cardinality of the message set is the same on each write. Allowing the cardinality

of the message set on each write to be different can increase the sum-rate. Using a

continuous approximation approach, it was hypothesized in [13] that the hyperbolic

shaping regions were optimal for maximizing sum-rates of two writes over lattices in

arbitrary dimensions. Optimality of hyperbolic shaping regions was proven in [15] for

lattices in n = 2 dimensions when the number of writes, t, is arbitrary. A proof of

optimality was provided in [16] for the case of an arbitrary number of cells, n, and t = 2

writes.

Here, we consider the most general case of an arbitrary number of writes on

an arbitrary number of cells where each cell supports a large number of levels. Using

the continuous approximation approach we prove that hyperbolic shaping regions are

optimal for maximizing the sum-rate. We also discuss the problem of encoding for

these codes. Encoding requires a consistent assignment of messages to cell levels that
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does not depend on the state of the memory after the previous write. A consistent

message assignment algorithm is optimal if, for any given codebook, the message set

cardinality is the largest possible. We show that a consistent assignment scheme for a

given codebook and message set cardinality may not always exist when n > 2. The

problem of determining the existence of a consistent assignment for arbitrary n is shown

to be an instance of an NP-complete problem, but with additional structure introduced

by the geometry of the shaping regions. We exploit this structure to find an optimal

linear-time algorithm for the case where n = 2. For n ≥ 3, we use a sub-optimal

algorithm for finding consistent assignments. Using these results, we construct codes

that achieve high sum-rates for memories with multilevel cells.

The rest of the chapter is organized as follows. Section 2.2 formulates the code

design problem. In Section 2.3, we extend ideas presented in [13] and invoke the con-

tinuous approximation to obtain an upper bound on the worst-case sum-rate optimal

t-write regions for n cells and consider its asymptotic behavior as the number of cells

grows large. In Section 2.4, we discuss the case where the cells support a finite num-

ber of levels and propose methods for assignment of messages to cell levels. Finally, we

present our conclusions in Section 2.5. Proofs of the lemmas and propositions appearing

in Sections 2.3 and 2.4 are given in the Appendix 2.6.

2.2 Lattice-based WOM Codes

We now give a precise definition of lattices and WOM codes that were introduced

less formally in the previous section.

2.2.1 Lattices, Lattice Codes and Flash Memories

An n-dimensional lattice Λ is defined by an n-by-n generator matrix G. The

lattice consists of the discrete set of points x = (x1, x2, . . . , xn) for which

x = b ·G,

where b = (b1, b2, . . . , bn) ∈ Zn is any n-dimensional integer-valued vector.
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The Voronoi region of a point x ∈ Λ is the set of points of Rn which are closer

to x than to any other point x′ ∈ Λ. The volume of a Voronoi region Vol (Λ) is

Vol (Λ) , |det G| .

A lattice code L is a finite subset of a lattice Λ, described by a shaping region

A ⊂ Rn,

L = Λ ∩ A. (2.1)

For a thorough treatment of lattices, refer to [17].

The coordinate values of an n-dimensional lattice code may be stored in n cells of

a flash memory. In the most general case, cell j stores a continuous value between 0 and

`j , so that the stored values in n cells are represented by x ∈ [0, `1]×[0, `2]×. . . [0, `n] , A

where xj ∈ R,∀ j = 1, 2, . . . , n. The volume of region A is ‖A‖ =
∏n
j=1 `j . Allowing

arbitrary `j proves to be helpful in the sequel. However, in the typical case of a q-ary

flash memory, we have `j = q−1 for all j, so A = [0, q−1]n and the codebook is L = Znq .

2.2.2 WOM Codebooks

Consider a flash memory device with n cells storing values (x1, x2, . . . , xn) ∈ L
such that the level of a cell can only be increased during a write operation. We consider

writing information in these cells t times before there is a need for a block erasure.

A t-write WOM code stores Mi messages in n cells in the worst case at write i,

i = 1, . . . , t. The instantaneous rate for write i is

Ri,t =
1

n
log2Mi bits per cell per write.

The worst-case sum-rate for the t-write code is

Rt =

t∑
i=1

Ri,t bits per cell per erase.

A lattice-based t-write WOM codebook is defined by a partition of a lattice code L into
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t subsets, denoted as L1,L2, . . . ,Lt. The subset Li is the codebook for write i and has

cardinality |Li|. Note that since these codes have disjoint codebooks for each write, they

are a special case of WOM codes referred to as synchronized WOM codes in [2].

A point x ∈ L is said to be accessible from another point s, denoted as x � s, if

xj ≥ sj for all j = 1, 2, . . . , n and s 6= x. Suppose the point stored at write i − 1 is s;

then the set of points that may be stored at write i is

Li(s) , {x ∈ Li : x � s} .

Here, Li(s), the subset of Li accessible from s, may be a proper subset of the codebook

Li. Since the worst-case rate is of interest, define codebook cardinality, denoted by Ci, as

the minimum number of points in Li that are accessible from any point in Li−1,

Ci , min
s∈Li−1

|Li(s)|. (2.2)

Also define the total codebook cardinality, Πt, as

Πt ,
t∏
i=1

Ci.

The state of the memory before the first write is s = 0 and all points in the

codebook L1 are accessible. Thus, M1 = C1. However, the set of points that may be

stored at any other write i > 1 depends on the point stored on the previous write. As a

result, there may not exist a scheme which can consistently map Ci messages to points

in the codebook Li. In some cases, then, Mi may be smaller than Ci,

Mi ≤ Ci,

and accordingly each rate Ri,t is upper bounded as,

Ri,t ≤
1

n
log2Ci,
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and the worst-case sum-rate is upper bounded as,

Rt ≤
1

n
log2 Πt. (2.3)

Parts of this work concentrate on maximizing Ci and Πt because they provide upper

bounds on Ri,t and Rt, respectively. The matter of consistent encoding-decoding is

introduced in the next subsection and is discussed again in Section 2.4.

2.2.3 WOM Encoding and Decoding

The set of messages that can be stored on write i is Mi , {1, 2, . . . ,Mi}. For

given codebooks L1,L2, . . . ,Lt, the encoder-decoder pair (φ, ψ) is

φ :

t⋃
i=1

(
Mi × Li−1

)
7→ L, ψ : L 7→ [t]×

t⋃
i=1

Mi

where [t] , {1, 2, . . . , t} which satisfy

φ(m,x) ∈ Li(x) ∀ m ∈Mi,x ∈ Li−1, (2.4)

ψ(x) ∈ {i} ×Mi ∀ x ∈ Li (2.5)

for i = 1, . . . , t. The condition in (2.4) implies that on write i, the t-write code encodes

a message by only increasing the cell levels and the condition in (2.5) implies that the

decoder maps every point in Li to a message in Mi. For a consistent encoder-decoder

pair, we will further require

ψ (φ(m,x)) = (i,m) ∀ m ∈Mi,x ∈ Li−1 (2.6)

for i = 1, . . . , t. The condition in (2.6) requires that the cell levels after write i are

decoded to the correct message without the knowledge of any of the previous i − 1

writes. Thus, an n-cell t-write code ({Li}, φ, ψ) that satisfies conditions (2.4), (2.5) and

(2.6) achieves worst-case sum-rate Rt = 1
n

∑t
i=1 logMi.

Section 2.3 only considers the problem of partitioning the code L into t codebooks

{Li}. Since the value of Mi cannot be determined without giving a consistent encoder-
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decoder scheme, the codebook cardinality, Ci, will be used as the figure of merit to define

sum-rates in Section 2.3.

2.2.4 Continuous Approximation

According to the continuous approximation principle for dense lattices [18], [19],

the number of points in a codebook L formed using (2.1) can be approximated as

|L| ≈ ‖A‖
Vol (Λ)

,

where |L| denotes the cardinality of the discrete set L and ‖A‖ denotes the volume of

the shaping region A. This approximation becomes increasingly accurate as the density

of the lattice increases. The use of the continuous approximation principle for WOM

codes was introduced in [13].

WOM codebooks L1, . . . ,Lt may be constructed by partitioning A into t write

regions, A1,A2, . . . ,At. To construct codebooks for cells that support discrete levels, let

Li = L ∩ Ai. (2.7)

Applying the continuous approximation to the individual write regions, the codebook

cardinality for the first write is approximated by

C1 = |L1| ≈
‖A1‖

Vol (Λ)
, V1.

If the state of the memory after write i− 1 is s ∈ Ai−1, then the set of possible

levels that can be written on write i is

Ai(s) , {x ∈ Ai : x � s}.

Applying the continuous approximation for writes 2, 3, . . . , t, the codebook cardinality is

approximated by

Ci ≈
1

Vol(Λ)
inf

s∈Ai−1

‖Ai(s)‖ , Vi,
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and the total codebook cardinality in t writes is approximated by

Πt ≈
t∏
i=1

Vi , St.

In the following sections, the quantities Vi and St are also referred to as the codebook

cardinality and the total codebook cardinality, respectively. Since both the lattice and

the maximum cell values `i may be scaled arbitrarily, in Section 2.3 we assume that

Vol (Λ) = 1.

2.3 Optimal Codebooks

In this section and the next section, we do not design WOM codebooks directly.

Rather, we select shaping regions A1,A2, . . . ,At and maximize the total codebook cardi-

nality St. Under the continuous approximation principle, this corresponds to maximizing

the upper bound on the worst-case sum rate (2.3).

Subsection 2.3.1 shows that for t = 2 writes, the optimal shaping region A1 has a

hyperbolic shape. Subsection 2.3.2 extends this result to an arbitrary number of writes

t. Subsection 2.3.3 considers the parameters defining the shaping regions which provide

the optimal total codebook cardinality. Subsection 2.3.4 finds the value of St asymptotic

in n, and gives conditions under which St approaches capacity.

2.3.1 Optimal 2-Write Regions

This subsection describes the case where n cells are used to store information

twice before being erased, that is, t = 2. We will assume that the levels of the cell can

only be increased from a previously written level.

Let B1 be the manifold that forms the boundary between A1 and A2. Alterna-

tively, for a given boundary B1, A1(B1) is defined as the closed region bounded by B1 and

hyperplanes xj ≥ 0. The explicit dependence of the region A1 on the given boundary B1

will be suppressed when the meaning is clear from the context. With this notation, the
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codebook cardinality in the first write is

V1(B1) , ‖A1‖ .

Suppose the state of the memory after the first write is s. Then, the region that

remains available for writing is

A2(s) = {x ∈ A2 : x � s} .

This is a rectangular region with volume
n∏
j=1

(`j − sj), that is

‖A2(s)‖ =

n∏
j=1

(`j − sj) .

In the worst case, the total codebook cardinality with two writes using n cells is

S2 (B1) = V1 (B1) · V2 (B1)

= ‖A1‖ · inf
s∈A1

‖A2(s)‖ .

This quantity is a function of the boundary B1 alone. We refer to

B∗1 = arg max
B1⊂A

S2 (B1) ,

as the optimal boundary for the first write, assuming that the cells are to be used twice

before each erase. The optimal boundary between the two write regions is known to be

a rectangular hyperbola [16].

Definition 2.3.1. Define H(u) as the region in A enclosed by an n-dimensional rectan-

gular hyperbola with parameter u, i.e.,

H(u) ,

x ∈ A :

n∏
j=1

(`j − xj) ≥ u · ‖A‖

 ,

with 0 ≤ u ≤ 1.
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x

‖H(u)‖ = ∆(u) · ℓn

‖{x′ : x′ ≻ x}‖ = u · ℓn

ℓ(1− u)

ℓ(1− u)

0

ℓ

ℓ

Figure 2.1: A 2-dimensional rectangular hyperbola H(u) in region A = [0, `] × [0, `].

The region under the hyperbola and the region accessible from a given point x on the

hyperbola are shaded in blue and red, respectively, and their volumes are equal to ∆(u)·`n
and u · `n, respectively.

Definition 2.3.2. The normalized volume of the region H(u) is denoted as

∆(u) , ‖A‖−1 · ‖H(u)‖ .

Geometrically, the parameter u, given in Definition 2.3.1, characterizes the point

where the hyperbola touches the axes, and is also equal to the normalized volume of the

region accessible from any point on the boundary of the hyperbola. ∆(u) is equal to the

normalized volume of the region under the hyperbola. As will be shown in Lemma 2.3.5,

∆(u) can be expressed in closed form. Figure 2.1 shows a 2-dimensional rectangular

hyperbola H(u).

The next lemma, first stated in [16], shows the optimality of the hyperbolic

boundary.

Lemma 2.3.3 (Optimal boundary for 2 writes). The optimal boundary for the first
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write-region for a 2-write WOM code is an n-dimensional rectangular hyperbola, i.e.

B∗1 =

x ∈ A :
n∏
j=1

(`j − xj) = u∗2 · ‖A‖



where

u∗2 = arg max
u∈[0,1]

u ·∆(u).

Proof. Let B∗1 denote the optimal boundary for the first write. Then, the codebook

cardinality for the first write is

V1 (B∗1) = ‖A1 (B∗1)‖

and for the second write is

V2 (B∗1) = inf
x∈A1(B∗1)

‖A2 (x)‖

= inf
x∈B∗1

n∏
j=1

(`j − xj) .

Define another boundary B′1 ⊂ A such that

B′1 =

x ∈ A :

n∏
j=1

(`j − xj) = V2 (B∗1)

 .

Then, for any x ∈ B′1, ‖A2(x)‖ = V2 (B∗1), and therefore, the boundaries B′1 and B∗1
achieve the same codebook cardinality on the second write, i.e.

V2 (B′1) = V2 (B∗1) .

We claim that A1 (B′1) ⊇ A1 (B∗1). Suppose the opposite is true, i.e., there exists

some x′ ∈ A1 (B∗1) such that x′ /∈ A1 (B′1) which implies that x′ /∈ H
(
V2 (B∗1) · ‖A‖−1

)
.
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Then,

n∏
j=1

(
`j − x′j

)
< V2 (B∗1) ,

which contradicts the assumption that the codebook cardinality from any point in A1 (B∗1)

is

V2 (B∗1) = inf
x∈B∗1

n∏
j=1

(`j − xj) .

Hence, A1 (B′1) ⊇ A1 (B∗1) and ‖A1 (B′1)‖ = V1 (B′1) ≥ V1 (B∗1) = ‖A1 (B∗1)‖; that is, the

codebook cardinality on the first write when using the boundary B′1 is at least as large

as the codebook cardinality when using the optimal boundary.

Suppose V1 (B′1) > V1 (B∗1). Thus, using B′1 as the boundary for the first write

increases the codebook cardinality for the first write, while ensuring that the worst-case

codebook cardinality on the second write is still the same. This contradicts the assump-

tion that B∗1 is optimal, and therefore, ‖A1 (B′1)‖ = V1 (B′1) = V1 (B∗1) = ‖A1 (B∗1)‖. We

have shown that the first-write regions corresponding to boundaries B∗1 and B′1 have the

same volume, and one is a subset of the other. It follows from Lemma 2.6.1 in Appendix

2.6.1 that A1(B∗1) = A1(B′1), and B∗1 = B′1. The optimal total codebook cardinality in

two writes is given by

S2(B∗1) = V1 (B∗1) · V2 (B∗1)

= V1

(
B′1
)
· V2

(
B′1
)

= (∆ (u∗2) · ‖A‖) · (u∗2 · ‖A‖) .

Since B∗1 is optimal, it follows that u∗2 = arg maxu∈[0,1]u · ∆(u). This completes the

proof.

In the next subsection, we extend Lemma 2.3.3 to the case of t > 2 writes.
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2.3.2 Optimal t-Write Regions

Consider n cells that can store levels [0, `1] × [0, `2] × . . . × [0, `n] = A. Let the

subset Ai ⊂ A denote the set of points that may be used on write i, for i = 1, . . . , t. If

si ∈ Ai is written on write i, the set of points, Ai+1(si), that can be written in write

i+ 1 is

Ai+1(si) = {x ∈ Ai+1 : x � si}.

Let Bi denote the boundary for write i, Vi denote the codebook cardinality for write i,

and St(`1, `2, . . . , `n) denote the total codebook cardinality.

The following theorem gives the sum-rate optimal write-regions for t writes on n

cells.

Theorem 2.3.4 (Sum-rate optimal t-writes). The boundary for the ith write when stor-

ing information t times on n cells such that the total codebook cardinality is maximized

is given by

B∗i =

x ∈ A :
n∏
j=1

(`j − xj) =
t∏

m=t−i+1

u∗m · ‖A‖


for all i = 1, . . . , t− 1 where u∗1 = 0 and

u∗k , arg max
u∈[0,1]

∆(u) · uk−1 (2.8)

for all k = 2, . . . , t. The codebook cardinality on write i, for i = 1, . . . , t, is

V ∗i =

(
t∏

m=t−i+2

u∗m

)
·∆
(
u∗t−i+1

)
· ‖A‖ ,

and the total codebook cardinality in t writes is

S∗t (`1, . . . , `n) =

(
t∏

m=2

(u∗m)m−1 ∆ (u∗m)

)
· ( ‖A‖ )t . (2.9)

Proof. The theorem is proved by induction. From Lemma 2.3.3, the claim is true for
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x1

x′1
A1

A2(x1)

A2(x
′
1)

0

ℓ

ℓ

Figure 2.2: Optimal boundaries for 3 writes over 2 cells. We can see that the boundaries

for the second write are independent of the points written on the first write.

t = 2. Suppose the claim is true for k writes. Consider the case for k+ 1 writes. Let the

optimal boundary for the first write be B∗1,k+1. Here the second subscript denotes that

the total number of writes is k + 1. The codebook cardinality on the first write is

V1,k+1(B∗1,k+1) =
∥∥A1,k+1(B∗1,k+1)

∥∥ .
Suppose that a point x ∈ A1,k+1(B∗1,k+1) is written on the first write; then

S∗k (`1 − x1, `2 − x2, . . . , `n − xn)

is an upper bound on the total codebook cardinality in k subsequent writes. Let

Ωk+1
2 (B∗1,k+1) denote the product of the codebook cardinalities for writes i = 2, 3, . . . , k+1

after an arbitrary first write with B∗1,k+1 as the boundary of the first write-region. Thus,

we can upper bound this product of codebook cardinalities as

Ωk+1
2 (B∗1,k+1) ≤ inf

x∈A1,k+1(B∗1,k+1)
S∗k (`1 − x1, . . . , `n − xn)
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= inf
x∈A1,k+1(B∗1,k+1)

c∗k · [(`1 − x1)(`2 − x2) . . . (`n − xn)]k (2.10)

= c∗k

 inf
x∈A1,k+1(B∗1,k+1)

n∏
j=1

(`j − xj)

k ,

where c∗k =
k∏

m=2
(u∗m)m−1 ∆(u∗m) is a constant independent of x or B∗1,k+1. Here the

equality labeled (2.10) follows from the induction hypothesis. Let p ∈ [0, 1] satisfy

p , ‖A‖−1 · inf
x∈A1,k+1(B∗1,k+1)

n∏
j=1

(`j − xj).

Define B′ to be an n-dimensional hyperbola such that

n∏
j=1

(`j − yj) = p · ‖A‖

for all y ∈ B′. Then, using the definition of p, one can easily show that

A1,k+1

(
B∗1,k+1

)
⊆ A1,k+1

(
B′
)

= H(p)

and therefore,

V1,k+1

(
B∗1,k+1

)
≤ V1,k+1

(
B′
)

= ∆(p) · ‖A‖ .

By the induction hypothesis, for a point x′ ∈ B′, the optimal boundary for the ith

subsequent write in [x′1, `1]× [x′2, `2]× . . .× [x′n, `n], is

x′ + B∗i,k
(
`1 − x′1, . . . , `n − x′n

)
(2.11)

=

x ∈ A :
n∏
j=1

(
(`j − x′j)− (xj − x′j)

)
=

k∏
m=k−i+1

u∗m ·
n∏
j=1

(
`j − x′j

)
=

x ∈ A :

n∏
j=1

(`j − xj) =
k∏

m=k−i+1

u∗m · p · ‖A‖


where B∗i,k (a1, . . . , an) is the optimal boundary for cells that can store levels [0, a1] ×
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. . .× [0, an] and x +B denotes the set {x + y : y ∈ B}. Note that the boundary in (2.11)

is independent of the point x′ written on the first write, for all i = 1, . . . , k − 1. This

implies that

Ωk+1
2 (B′) = c∗k · pk ‖A‖k

≥ Ωk+1
2 (B∗1,k+1).

Therefore the optimal boundary B∗1,k+1 is same as the hyperbolic boundary B′, and

V1,k+1

(
B∗1,k+1

)
=
∥∥A1,k+1

(
B′
)∥∥ = ∆(p) · ‖A‖

for some p ∈ [0, 1]. Then the total codebook cardinality in k + 1 writes is

Sk+1(B∗1,k+1) = V1,k+1

(
B′
)
· Ωk+1

2 (B′)

= c∗k ‖A‖k+1 · ∆(p) · pk

By (2.8), the value of p that maximizes pk ·∆(p) is u∗k+1, which implies that

B∗i,k+1 =

x ∈ A :
n∏
j=1

(`j − xj) =
k+1∏

m=k−i+2

u∗m · ‖A‖


for i = 1, . . . , k. Hence the claim is true for k + 1 writes. This completes the induction

step, proving the theorem.

2.3.3 Computing the optimal hyperbola parameters, u∗k

The expression defining u∗k in (2.8) can be interpreted as follows. When the

first write region is H(u∗k), the total codebook cardinality for k writes, Sk, is given by

the product of the codebook cardinality in the first write, V1, and the total codebook

cardinality in the last k − 1 writes, Sk−1. V1 is proportional to ∆(u∗k), the normalized

volume enclosed by the hyperbola. In the worst case, the volume accessible for the last

k−1 writes is equal to the volume accessible from a point on the boundary of H(u∗k) and,

thus, proportional to u∗k. Then, replacing t by k − 1 and ‖A‖ by a constant times u∗k in
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(2.9), the total codebook cardinality in the last k − 1 writes is proportional to (u∗k)
k−1.

Therefore, the total codebook cardinality in k writes is proportional to (u∗k)
k−1 ·∆(u∗k)

and the optimal hyperbola parameter is clearly given by the expression in (2.8). We now

show how to compute this optimal parameter. We make use of the following lemma,

which gives an expression for the normalized volume of the region H(u).

Lemma 2.3.5. For n ≥ 2,

∆(u) = 1− u
n−1∑
i=0

1

i!

[
ln

(
1

u

)]i

Proof. See Appendix 2.6.2.

First consider the case of n = 2 cells. The following proposition from [15] gives

the value of the optimal hyperbola parameter, u∗k.

Proposition 2.3.6. For n = 2 cells and for any k ≥ 2, let

fk(u) , ∆(u) · uk−1

= (1− u+ u lnu) · uk−1

for all u ∈ [0, 1] and let τk , −k−1
k . Then, fk has one local maximum in the interval

[0, 1] at

u∗k = arg max
u∈(0,1)

fk(u) =
τk

W−1 (τkeτk)

where W−1 is the real branch of the Lambert W function satisfying W (x) < −1 [20].

Proof. See Appendix 2.6.3.

For n = 2, the proposition shows that the optimal hyperbola parameter, u∗k, can

be expressed in closed form using the Lambert W function. In contrast, for arbitrary

n, the parameter u∗k can only be found numerically. For the case of t = 2 writes on n

cells, let z∗n ∈ [0,∞) satisfy u∗2 = e−z
∗
n , where u∗2 is the optimal hyperbola parameter.

We computed the value of z∗n for different values of n and plot the results in Figure 2.4.

We now bound u∗t as a function of t and n.
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Figure 2.3: Optimal hyperbola parameter, u∗2, computed numerically and bounds from

Section 2.3.3.

Proposition 2.3.7. For t ≥ 2,

e−
n
t−1 < u∗t < e−

n
t

Proof. See Appendix 2.6.4.

Remark 2.3.8. Note that tighter bounds may be obtained by setting multiple terms from

the summation in (2.20) equal to 1
t−1 · 1

(n−1)! , as done in Proposition 2.3.7 with one term.

For example, Figure 2.3 shows the lower bounds obtained on u∗2 with one and two terms

in the summation in (2.20), compared to actual values obtained numerically.

2.3.4 Asymptotic Rates

In this subsection, we determine the rates that the continuous approximation

achieves asymptotically as the number of cells, n, becomes large, that is, as n → ∞,

when cells can store fixed discrete levels in Znq . We consider t = 2 writes on n cells in

the region [0, q − 1]n in this section.

Let the first write region be the hyperbolic region H(u). Then the total codebook

cardinality in two writes is S2(u) = u ·∆(u) · ‖A‖2. We consider u = e−zn for some non-
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Figure 2.4: Ratio of z∗n and n, where u∗2 = e−z
∗
n is the optimal hyperbola parameter for

t = 2 writes on n cells. The ratio z∗n/n converges monotonically to 0.5 as n increases.

negative zn ∈ R so that 0 ≤ u ≤ 1. Then, by Lemma 2.3.5,

S2(e−zn) = e−zn ·∆(e−zn) · ‖A‖2

= e−zn
(

1− e−zn
n−1∑
i=0

(zn)i

i!

)
· (q − 1)2n

where ‖A‖ =
∏n
j=1 `i = (q − 1)n. Continuing, the sum-rate upper bound in (2.3) is

R2 ≤
1

n
log2 Π2 ≈

1

n
log2 S2(e−zn)

= log2 (q − 1)2 − log2 e ·
zn
n

+ log2 [P(n, zn)]
1
n (2.12)

where P(n, x) is the lower normalized incomplete Gamma function [21].

The value of zn that maximizes the expression in (2.12), denoted by z∗n, can

be found numerically. Figure 2.4 shows that z∗n/n approaches 0.5 monotonically as n

increases. The following proposition confirms this numerical behavior.

Proposition 2.3.9. Consider t = 2 writes on n cells with hyperbola parameter u2 =

e−αn, where α depends on n. For increasing n, the optimal value of α, in the sense of

maximizing the total codebook cardinality, S2(e−αn), approaches 0.5, that is

lim
n→∞

arg max
α

1

n
log2 S2

(
e−αn

)
= 0.5,
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and

lim
n→∞

1

n
log2 S2

(
e−0.5n

)
= log2

(
q2 − 2q + 1

)
− 1.

Proof. See Appendix 2.6.5.

For comparison, the capacity for t writes on cells with q discrete levels was shown

in [14] to be

Cq,t , log2

(
q + t− 1

q − 1

)
.

For t = 2 writes,

R2 ≤ lim
n→∞

1

n
log2 Π2

≈ lim
n→∞

1

n
log2 S2

(
e−z

∗
n

)
< Cq,2 = log2

(
q2 + q

)
− 1.

That is, for any fixed q, even if the optimal value z∗n is selected, the sum-rate under the

assumptions of the continuous approximation is strictly less than the capacity. But, as

q becomes large, their ratio goes to 1.

2.4 Message Assignment for Codes with Discrete Support

In this section we consider cells that support discrete levels x ∈ L and discuss the

construction of an encoder-decoder pair (φ, ψ) for a given codebook {Li}ti=1 as described

in Section 2.2.2. We associate with the encoder-decoder pair a function

Φ : L 7→ ∪iMi,

such that Φ(x) denotes the message associated with any point x ∈ L. Then, the encoder

and decoder are defined in Algorithm 2.1 using look-ups of the message assignment Φ.

We will refer to the function Φ as the message assignment. The encoder-decoder pair

(φ, ψ) that satisfy the conditions (2.4), (2.5) and (2.6) can be defined in this manner if



34

and only if Step 7 in Algorithm 2.1 can be performed successfully, that is, Φ satisfies the

following property for all j = 1, . . . , t and for all x ∈ Lj−1:

∃x′ ∈ Lj(x) : Φ(x′) = m ∀m ∈Mj . (2.13)

The condition in (2.13) implies that from any point, x, there exists at least one accessible

point in the next write-region, x′, that encodes the message m, for all messages m.

Algorithm 2.1 Encoder-decoder pair (φ, ψ) based on matrix Φ

1: // Inputs are message to be written and current cell levels

2: // Output is next cell levels

Require: (m,x) ∈ ∪tj=1 (Mj × Lj−1)

3: function φ (m,x)

4: // Determine the number of writes already completed

5: i←∑t
j=1 j · 1{x ∈ Lj−1}

6: // Find an accessible point that encodes message m

7: Find x′ ∈ Li(x) : Φ(x′) = m

8: return x′

9: end function
10: // Input is current cell levels

11: // Outputs are number of writes and message

12: function ψ (x)

13: // Determine the number of writes done

14: i←∑t
j=1 j · 1{x∈Lj}

15: // Determine the message that point x encodes

16: m← Φ(x)

17: return (i,m)

18: end function

In the following subsections, we discuss the construction of a message assignment

function Φ for the case of n = 2 cells, and then for an arbitrary number of cells. Note

that [12] uses a lattice to define the message assignment function where codebooks are

defined using tilings of the lattice. Here, we consider message assignment problem for

an arbitrary codebook {Li}. For numerical results in this section, the codebooks were

constructed using (2.7) with the proposed hyperbolic shaping regions as Ai.
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2.4.1 Message assignment for 2 cells

We first consider the case of n = 2 cells with cell levels (x1, x2) ∈ L = Z2
q . In

this case, we propose an algorithm to find a function Φ that satisfies (2.13) for a given

codebook {Li}ti=1 such that the number of messages on write i, Mi, is equal to the

codebook cardinality, Ci. The implementation details are given in Algorithm 2.2. We

now describe how this iterative algorithm works and prove its correctness.

For each write i, on iteration 0, we start at the point in the codebook Li−1 that

can access the least number of points,

(x̂1, x̂2) = arg min
(x1,x2)∈Li−1

|Li(x1, x2)| .

Let us call this point the pivot point at iteration 0. Note that |Li(x̂1, x̂2)| is equal to Ci by

the definition of codebook cardinality in (2.2). We assign messages Mi = {1, 2, . . . , Ci}
to the points in Li accessible from this pivot point. On the first iteration, the algorithm

considers as the pivot point a point (x′′1, x
′′
2) ∈ Li−1 such that x′′1 = x̂1 − 1 and x′′2 is the

largest possible. On subsequent iterations, the algorithm will consider pivot points with

decreasing levels on the first cell. The pivot point in the previous iteration is denoted as

(x′1, x
′
2).

At every iteration, the algorithm finds messages previously assigned to the points

in Li(x′1, x′2) \ Li(x′′1, x′′2) , Llost(x
′′
1, x
′′
2). Let Mlost be the set of these messages that

were encodable in the previous iteration but are not encodable in the current iteration.

The algorithm then assigns Mlost to the points Li(x′′, y′′) that have not yet been as-

signed any messages, a set we denote as Lspare(x
′′, y′′). The algorithm repeats these

steps, with a different pivot point at every iteration. We show in Appendix 2.6.6 that

|Lspare(x
′′, y′′)| ≥ |Mlost| at every iteration, so that a message assignment function that

satisfies the condition in (2.13) with Mi = Ci can be defined for any given codebook.

A 4-write code for n = 2 cells with q = 8 levels each is shown in Figure 2.5. For

this code, the codebook {Li}4i=1 is constructed using Equation (2.7) where the shaping

regions {Ai} are as defined in Theorem 2.3.4 with ` = q − 1 = 7 and the message

assignment function Φ is defined using Algorithm 2.2. The code allows 8, 8, 9 and 8
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Algorithm 2.2 Algorithm to construct Φ given {Li}ti=1

1: procedure DefinePhi ({Li}ti=1)

2: for all i ∈ {1, · · · , t} do

3: // Initialize Φ to Unassigned (denoted by ε)

4: for all (x1, x2) ∈ Li do

5: Φ(x1, x2)← ε

6: end for

7: // Start with point that achieves the min. volume

8: (x̂1, x̂2)← arg min
(x1,x2)∈Li−1

|Li(x1, x2)|

9: Mi ← {1, 2, . . . , |Li(x̂1, x̂2)|}
10: // Assign messages to points (x̂1, x̂2) can access

11: AssignPhi (Li(x̂1, x̂2),Mi)

12: // Assign messages from other points in Li−1

13: (x′1, x
′
2)← (x̂1, x̂2)

14: while x′1 > 1 ∧ x′2 < q do

15: // Find new pivot point and lost messages

16: (x′′1, x
′′
2)← (x′1 − 1, x2) ∈ Li−1 : x2 is largest

17: Mlost ←Mi \ Φ(Li(x′′1, x′′2))

18: AssignPhi (Li(x′′1, x′′2),Mlost)

19: (x′1, x
′
2)← (x′′1, x

′′
2)

20: end while

21: (x′1, x
′
2)← (x̂1, x̂2)

22: while x′1 < q ∧ x′2 ≥ 1 do

23: // Find new pivot point and lost messages

24: (x′′1, x
′′
2)← (x′1 + 1, x2) ∈ Li−1 : x2 is largest

25: Mlost ←Mi \ Φ(Li(x′′1, x′′2))

26: AssignPhi (Li(x′′1, x′′2),Mlost)

27: (x′, y′)← (x′′, y′′)
28: end while

29: end for

30: end procedure
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Figure 2.5: 4-write code for 2 cells with 8 levels each that achieves rate 6.085

bits/cell/erase. Points in the ith codebook are assigned messages {Ai,Bi, · · · } according

to message assignment function defined in Algorithm 2.2 such that after any i−1 writes,

Mi messages may be stored on the next write.
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Algorithm 2.3 Procedure to assign messages M′ to points in set L′
Require: |M′| ≤ |{(x1, x2) ∈ L′ : Φ(x1, x2) = ε}|
1: procedure AssignPhi (L′,M′)
2: Lspare ← {(x1, x2) ∈ L′ : Φ(x1, x2) = ε}
3: for all m ∈M′ do

4: (xspare, yspare)← (x, y) : (x, y) ∈ Lspare

5: Φ(xspare, yspare)← m

6: Lspare ← Lspare \ {(xspare, yspare)}
7: end for

8: end procedure

Table 2.2: Worst-Case Sum-Rates Rt in bits per cell per erase achieved by t-write codes

on 2 cells with q levels.

q 4 8 12 16 32

↓ t\ log2 q → 2 3 3.59 4 5

2 2.70 4.55 5.63 6.44 8.40

3 2.95 5.48 7.11 8.25 11.13

4 2.59 6.09 8.17 9.71 13.46

5 2.09 6.55 9.07 10.90 15.40

6 1.79 6.61 9.63 11.80 17.21

7 − 6.70 10.10 12.54 18.72

8 − 6.42 10.26 13.15 20.22

9 − 6.38 10.55 13.73 21.43

10 − 5.88 10.78 14.19 22.57

messages on the sequence of four writes to give a worst-case sum-rate of

R4 =
1

2
log2(8 · 8 · 9 · 8) = 6.085 bits per cell per erase.

In Table 2.2, we list the worst-case sum rate Rt achieved by the proposed codes over

n = 2 cells that support levels {0, 1, . . . q − 1}, for various values of t and q. With no

coding, these cells achieve a sum-rate equal to log2 q bits/cell/erase. As is clear from

Table 2.2, the proposed WOM codes achieve a significant gain in sum-rate even when

coding is done over only 2 cells.
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2.4.2 Message assignment for arbitrary number of cells

In the case of n = 2 cells above, we could always define an encoder-decoder pair

that, on any write, could store a set of messages with cardinality equal to the codebook

cardinality, that is, Mi = Ci for all i. However, when n > 2, a consistent encoder-

decoder with this property may not exist for some codebooks over n cells as we show in

the following example.

Example 2.4.1. Consider a code over 3 cells that support 2 levels, {0, 1}, with codebooks

L1 = {(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1)}

= {x0,x1,x2,x3}

and

L2 = {(1, 1, 0), (1, 0, 1), (0, 1, 1), (1, 1, 1)}

= {b1,b2,b3, c}.

Then, there are 3 points in the second write-region that are accessible from points xi for

i = 1, 2, 3. For example, points b1,b2 and c are accessible from x1, but b3 is not. This is

depicted schematically in Figure 2.6 where points L1 are represented as circular regions

and accessible points in L2 for each of the points in L1 are represented as subregions of

the respective regions. Clearly C2 = 3. However, there does not exist any assignment

of 3 messages to points in L2 such that all points in L1 satisfy the condition in (2.13)

required for a valid Φ function. Therefore, M2 < C2 for the given codebooks.

It is easy to determine that the maximum number of messages that can be stored

in the second write for the case discussed in Example 2.4.1 is 2; that is, M2 = 2. However,

in general, given codebooks Li−1 and Li and a positive integer M ≥ 2, the problem to

determine whether there exists an encoder-decoder pair that guarantees M messages on

write i is an instance of a combinatorial problem, referred to as Set M -Coloring in [22],

and defined as follows.

Definition 2.4.1 (Set M -Coloring). Given a collection of finite subsets S1,S2, . . . , Sm
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Figure 2.6: Diagram for Example 2.4.1 showing points of second-write region accessible

from points of first write region

of a set U , does there exist a coloring

I :
m⋃
k=1

Sk 7→ {1, 2, . . . ,M}

such that, for each k = 1, . . . ,m, and for each color j = 1, . . . ,M , the set Sk has at least

one element of color j?

One can see that the existence of a message assignment with M messages can be

interpreted as an instance of the Set M -Coloring problem. Specifically suppose Li−1 =

{x1, . . . ,xm}. Then sets U = Li and Sk = Li(xk) for k = 1, . . . ,m. It was shown in [22,

Theorem 5.5] that the Set M -Coloring problem is NP-complete [23] for any fixed M ≥ 2.

It is important to note that this does not prove hardness for the message assignment

problem. Indeed, we show that Algorithm 2.2 is a polynomial-time algorithm that solves

the message assignment problem for n = 2.

For a given codebook, the problem of finding a message assignment for a given

codebook has been interpreted as finding the disjoint coverings for a corresponding bipar-

tite graph, as shown in [24]. This bipartite covering problem is an optimization version

of the Set-M Coloring problem and therefore is NP-hard. Solving this covering problem

sub-optimally [25, Algorithm 1], we have found message assignments for some codebooks

that achieve higher sum-rates with 3 cells than achieved with 2 cells in Table 2.2. For

e.g., for t = 2 writes on n = 3 cells where q = 8, we could construct a message assign-

ment function with M1 = 136 and M2 = 101, giving a sum-rate 4.582 bits/cell/erase;
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the n = 2 cells case achieves 4.554 bits/cell/erase for the same t and q.

2.5 Concluding Remarks

This chapter described the design of lattice-based WOM codebooks using min-

imal assumptions of the continuous approximation and a worst-case rate. The optimal

shaping regions were shown to bounded by rectangular hyperbolas, and we defined a

total codebook cardinality Πt which gave an upper bound on the sum-rate. For large

q, corresponding to the condition of the continuous approximation, this upper bound

approaches the capacity, for the case of t = 2 writes.

In this chapter, we derived worst-case sum-rate optimal write-regions. In prac-

tice, one may require the rates on all writes to be equal. In this case of fixed-rate for

all writes, it has been optimal write-regions for t writes on an arbitrary number of cells

for memories that support continuous levels are also bounded by rectangular hyperbolas

with a suitable parameter [26].

Note that the analysis only considered maximizing the size of codebooks. Indeed,

an example showed that a consistent encoder-decoder pair that achieves rates equal to

the codebook cardinality may not exist for all codebooks when n ≥ 3. That is, it has

not been shown that hyperbolic shaping regions have a consistent encoder-decoder that

can achieve capacity. But for n = 2 cells, we proposed an algorithm to find a message

assignment for codes and proved that the algorithm achieves a message set cardinality

equal to the codebook cardinality and is therefore optimal.

Determining the existence of a message assignment with M ≥ 2 messages for

codes over multiple cells for a given codebook is a special case of the Set M -Coloring

problem. An important open problem is finding low-complexity algorithms to determine

message assignments that can achieve high rates for a given codebook.
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2.6 Appendix

2.6.1 Lemma for Section 2.3

The following lemma [27] is used to prove the uniqueness of the optimal boundary

in Section 2.3.

Lemma 2.6.1. Let C and D be closed subsets of A. Let Ex,δ = {y ∈ A : ‖y − x‖ < δ}
be an open ball with radius δ and center x and let ‖x− y‖ denote the Euclidean distance

between x and y. Suppose C ⊆ D and ‖C‖ = ‖D‖ > 0. If, ∀ δ > 0 and ∀x ∈ D,

‖D ∩ Ex,δ‖>0, then C=D.

Proof. Suppose the opposite is true; that is, suppose C is strictly contained in D. Let

x′ ∈ A be a point in A such that x′ ∈ D, but x′ /∈ C. Since C is closed, there exists

an open ball Ex′,δ′ such that Ex′,δ′ ∩ C = ∅.
∥∥D ∩ Ex′,δ′

∥∥ > 0 implies that‖D‖ ≥ ‖C‖ +∥∥D ∩ Ex′,δ′
∥∥ > ‖C‖, which contradicts the assumption that ‖C‖ = ‖D‖. Therefore,

C = D.

2.6.2 Proof of Lemma 2.3.5

∆〈n〉(u) = ‖A‖−1 ·
∫

x∈H(u)

dx

=

an−1∫
0

an−2∫
0

· · ·
a1∫

0

(
1− u

n−1∏
j=1

(1− xj)

)
dx1 · · · dxn−1 (2.14)

where

ai , 1− u∏n−1
j=i+1(1− xj)

for all i = 1, 2, . . . , n− 1,
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is the normalized volume of region H(u) when the number of cells is n. One can verify

the claim for n = 2, namely

∆〈2〉(u) =

1−u∫
0

(
1− u

1− x1

)
dx1

= 1− u
(

1 + ln

(
1

u

))
.

Now, let the hypothesis be true for some n− 1, n ≥ 3. Then from (2.14),

∆〈n〉(u) =

1−u∫
0

∆〈n−1〉
(

u

1− xn−1

)
dxn−1

=

1−u∫
0

(
1−

(
u

1− x

) n−2∑
i=0

1

i!

[
− ln

(
u

1− x

)]i)
dx (2.15)

= (1− u)−
n−1∑
i=0

(−1)i

i!
Ψi(u) (2.16)

where the equality labeled (2.15) is true from the induction hypothesis and

Ψi(u) ,

1−u∫
0

u

1− x

[
ln

(
u

1− x

)]i
dx.

If 1− x = t, then dx = −dt. Thus,

Ψi(u) =

∫ 1

u

u

t

[
ln
(u
t

)]i
dt.

Now, note that

d

dt

[
ln
(u
t

)]i+1
= −(i+ 1)

1

t

[
ln
(u
t

)]i
.

Therefore,

∫ 1

u

u

t

[
ln
(u
t

)]i
dt = − u

i+ 1

[
ln
(u
t

)]i+1
∣∣∣∣1
t=u

,
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which implies

Ψi(u) = − u

i+ 1
(lnu)i+1 . (2.17)

Then, replacing (2.17) in (2.16),

∆〈n〉(u) = (1− u)−
n−2∑
i=0

(−1)i

i!

(
− u

i+ 1
(lnu)i+1

)

= 1− u
n−1∑
i=0

1

i!

[
ln

(
1

u

)]i
,

which is the required result for n. Hence, the lemma is true for all n ≥ 2 by induction.

2.6.3 Proof of Proposition 2.3.6

First, let us show that fk(u) = ∆(u) · uk−1 ≥ 0 for all u ∈ [0, 1]. Since fk(0) = 0

and u ≥ 0 in the interval, it is sufficient to show

1− u
u

+ lnu ≥ 0 ∀u ∈ (0, 1].

Let y = 1− u. Then it is sufficient to show

y

1− y + ln(1− y) ≥ 0 ∀ y ∈ [0, 1).

Replacing each term on the left by its Taylor series, we get

∞∑
n=1

yn −
∞∑
n=1

yn

n

=

∞∑
n=1

(
n− 1

n

)
yn ≥ 0, (2.18)

where the summation in (2.18) is non-negative because each term in the summation

above is non-negative. Thus fk(u) ≥ 0 for all u ∈ [0, 1].

Now, to prove the proposition, we determine the local extrema for fk. We set
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Figure 2.7: Real branches of Lambert W function.

the derivative of fk(u) with respect to u to 0 and solve for u to get,

d

du
[fk(u)] = (t− 1)uk−2

(
1− u+

k

k − 1
u lnu

)
= 0

which implies

u = 0 or

(
1− u− 1

τk
u lnu

)
= 0 (2.19)

where τk = −k−1
k as defined in the statement of the proposition. For u = 0, fk(0) = 0;

thus u∗k 6= 0. The other expression in (2.19) is equivalent to

e
τk
u
τk
u

= τke
τk .

But, by the definition of the Lambert W function, eW (τke
τk )W (τke

τk) = τke
τk ;

therefore,

u =
τk

W (τkeτk)

is a root of (2.19). Since τke
τk ∈

(
−1
e ,− 1

2
√
e

]
⊂
(
−1
e , 0
)
, W (τke

τk) is multi-valued and

takes two values W0 (τke
τk) and W−1 (τke

τk) corresponding to the two branches of the



46

Lambert W function, as shown in Figure 2.7. One can check that the root τk
W0(τke

τk )

equals 1 and is a local minimum. The other root, denoted as

u∗k =
τk

W−1 (τkeτk)
,

corresponds to the local maximum.

2.6.4 Proof of Proposition 2.3.7

Before we prove Proposition 2.3.7, first let us prove the following lemma.

Lemma 2.6.2. For t ≥ 2, u∗t is the solution to the equation

∆(u) =
u

(t− 1)
· [ln(1/u)]n−1

(n− 1)!

Proof. Since u∗t = arg maxu u
t−1 ·∆(u), it is the solution to

d

du

[
ut−1 ·∆(u)

]
= 0,

or

(t− 1)ut−2

[
1− u

n−1∑
i=0

[ln(1/u)]i

i!
− u

(t− 1)
· [ln(1/u)]n−1

(n− 1)!

]
= 0.

Note that u 6= 0 because

ut−1∆(u)
∣∣
u=0

= 0 = min
u
ut−1∆(u).

Therefore u∗t is the solution to

1− u
n−1∑
i=0

[ln(1/u)]i

i!
− u

(t− 1)
· [ln(1/u)]n−1

(n− 1)!
= 0.

We now prove Proposition 2.3.7.
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Proof of Proposition 2.3.7. From Lemma 2.6.2, u∗t is the solution to

1− u
n−1∑
i=0

[ln(1/u)]i

i!
− u

(t− 1)
· [ln(1/u)]n−1

(n− 1)!
= 0.

Let ln 1
u = z, that is, u = e−z. Therefore,

1− e−z
n−1∑
i=0

zi

i!
− e−z

t− 1
· zn−1

(n− 1)!
= 0.

Using the Taylor series for ez at z = 0,

1− e−z
(
ez −

∞∑
i=n

zi

i!

)
− e−z

t− 1
· zn−1

(n− 1)!
= 0,

or

∞∑
i=n

zi−(n−1)

i!
=

1

t− 1
· 1

(n− 1)!

Define

gt,n(z) =
∞∑
i=n

zi−(n−1)

i!
− 1

t− 1
· 1

(n− 1)!
. (2.20)

Then,

gt,n

(n
t

)
=

∞∑
j=0

(
n
t

)j+1

(n+ j)!
− 1

t− 1
· 1

(n− 1)!

=
t−1

(n− 1)!

∞∑
j=0

(
t−j · nj+1∏j

k=0(n+ k)

)
− 1

t− 1
· 1

(n− 1)!

<
t−1

(n− 1)!

∞∑
j=0

t−j − 1

t− 1
· 1

(n− 1)!

=
t−1

(n− 1)!
· t

t− 1
− 1

t− 1
· 1

(n− 1)!

= 0



48

and

gt,n

(
n

t− 1

)
=

1

n!

(
n

t− 1

)
+
∞∑
i=2

(
n
t−1

)i
(i+ n− 1)!

− 1

(t− 1)(n− 1)!

=

∞∑
i=2

(
n
t−1

)i
(i+ n− 1)!

> 0 .

Also, gt,n(z) is a continuous function of z, increasing for z > 0. Therefore gt,n(z) must

have all its roots in the interval
(
n
t ,

n
t−1

)
. Since − log(u∗t ) is a root of gt,n(z),

e−
n
t−1 < u∗t < e−

n
t .

2.6.5 Proof of Proposition 2.3.9

An asymptotic expression is needed for the last term in (2.12) as it depends on

n. From [21], the lower normalized incomplete Gamma function P can be expressed as

P(n, αn) =
1

2
erfc

(
−ζ
√
n/2

)
− R(n, ζ),

where ζ = − (2 (α− 1− loge α))
1
2 for α < 1, erfc is the complementary error function

and function R has the following asymptotic expansion that is valid for all α ≥ 0:

R(n, ζ) ∼ e−
1
2
n ζ2

√
2πn

∞∑
k=0

dk(ζ)n−k.

where dk is a constant that depends only on ζ and k. The following asymptotic expression

for the complementary error function holds for x→∞:

erfc(x) ∼ e−x
2

x
√
π

[
1 +

∞∑
k=1

(−1)k
(2k − 1)!!

(2x2)k

]
,

where (2k − 1)!! is the double factorial, that is, the product of all odd numbers up to

(2k − 1). Thus,

P(n, αn) =
e−

ζ2n
2√

2πn

∞∑
k=0

(
(−1)k

(2k − 1)!!

ζ2k+1
− dk(ζ)

)
n−k,
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,
e−

ζ2n
2√

2πn

∞∑
k=0

Dk(ζ)n−k.

Therefore,

1

n
log2 [P(n, αn)] ∼ −ζ

2

2
log2(e) +

log2(2πn)

2n
+

log2

(∑∞
k=0 Dk(ζ)n−k

)
n

,

and from (2.12),

lim
n→∞

1

n
log2S2

(
e−αn

)
= log2 (q − 1)2 − (2α− 1) log2(e) + log2(α). (2.21)

The total codebook cardinality in (2.21) is maximized when α = 0.5 and is equal

to

lim
n→∞

1

n
log2 S2

(
e−0.5n

)
= log2 (q − 1)2 − 1.

Similarly, it can be shown that for α > 1, ζ = + (2 (α− 1− loge α))
1
2 so that

lim
n→∞

1

n
log2 [P(n, αn)] = 0.

This completes the proof of the proposition.

2.6.6 Proof of correctness of Algorithm 2.2

Consider stage i where the algorithm assigns messages to points in the codebook

for write i. Let xk denote the kth pivot point in the codebook Li−1 and Ṽk = |Li(xk)|
denote the number of points in codebook Li accessible from xk. In this proof, we will

show that at any iteration k of the ith stage, the number of points in Li(xk) that have not

been assigned a message at any iteration ` < k is larger than the number of messages

that point xk cannot encode at the start of the kth iteration. Then, the call to the

procedure AssignPhi from DefinePhi has valid arguments; Thus, the algorithm is able

to assign messages such that the kth pivot point, xk, satisfies the condition in (2.13) at

the end of the kth iteration, assuming the previous pivot point satisfied the condition in
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(2.13) after the previous iteration.

We need to keep track of the following variables for the purpose of this proof.

Let S−k be the number of points in Li(xk) that were not assigned any messages up to any

iteration ` < k. Similarly, let S+
k be the number of points Li(xk) that were not assigned

any messages up to any iteration ` ≤ k. The set Llost(xk+1) denotes the points in Li
that were accessible from xk but are not accessible from xk+1. Partition Llost(xk+1) into

sets of points that were assigned (or were not assigned) messages up to some iteration

` ≤ k. Denote the cardinality of these sets as Ak,k+1 and Sk,k+1, respectively. That is,

Ak,k+1 is the number of points in Llost(xk+1) that were assigned messages up to some

iteration ` ≤ k. and Sk,k+1 is the number of points in Llost(xk+1) that were not assigned

messages up to any iteration ` ≤ k. Finally, let Gk,k+1 be the number of points in Li
accessible from xk+1 but were not accessible from xk. By the definitions above, for all `,

Ṽ` = Ṽ`−1 − (A`−1,` + S`−1,`) +G`−1,`, (2.22)

S−` = S+
`−1 − S`−1,` +G`−1,`, (2.23)

S+
` = S−` −A`−1,`, (2.24)

S−` = |Lspare(x`)| ≥ S`,`+1, (2.25)

and

A`−1,` = |Mlost(x`)| . (2.26)

Here, (2.22) follows from the property that the number of points accessible from the `th

pivot point, x`, are equal to the sum of the number of points accessible from x`−1 and the

number of points accessible from x` but not x`−1, minus the number of points accessible

from x`−1 but not x`. Similarly, (2.23) follows by partitioning and counting the elements

of the set of spare points accessible from x` into the set of spare points accessible from x`

and x`−1 and the set of all points accessible from x` but not x`−1. (2.24) holds because

the set of spare points accessible from x` after the `th iteration consist of all spare points

that were accessible before the `th iteration except the ones that are assigned a message

at that iteration. (2.25) and (2.26) follow from the definitions of Lspare and Mlost, from

Section 2.4.1, respectively.
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Now, from (2.23) and (2.24),

S−`+1 = S−` −A`−1,` − S`,`+1 +G`,`+1,

which implies

S−k+1 − S−0 =
k∑
`=0

(−A`−1,` − S`,`+1 +G`,`+1) . (2.27)

However, from (2.22),

Ṽk+1 − Ṽ0 =

k∑
`=0

(−A`,`+1 − S`,`+1 +G`,`+1) . (2.28)

So, combining (2.27) and (2.28),

S−k+1 − S−0 =
(
Ṽk+1 − Ṽ0

)
+Ak,k+1 −A−1,0.

Since S−0 = A−1,0 = Ṽ0 = Mi and Ṽk+1 ≥ Mi by definition of the first pivot

point, we have

S−k+1 ≥ Ak,k+1,

So,

|Lspare(xk+1)| ≥ |Mlost(xk+1)| .

and S+
k+1 ≥ 0. Thus, at every iteration, the algorithm has enough spare points that have

not yet been assigned a message to assign all the missing messages.
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Chapter 3

Precoding Mapping Optimization

for Magnetic Recording Channels

We study the problem of designing a rate-1 block-precoder to minimize bit/symbol

error rate when storing a given source on a magnetic recording channel. A block-precoder

of length b-bits is defined by a permutation π on 2b blocks. We show that the problem

of finding a permutation for the block-precoder that minimizes bit/symbol error rate is

equivalent to solving a known combinatorial optimization problem that is NP-complete

in general. We exploit the symmetry group of the b-dimensional hypercube to reduce the

search space, allowing a branch-and-bound technique to find the optimal 5-bit precoders.

We also implement a local search algorithm that can find good precoders for larger block-

lengths. We design precoders for MTR-constrained user bits and unconstrained parity

bits with a reverse-concatenation architecture, and we evaluate the resulting SNR gains

in a turbo equalization scheme.

3.1 Introduction

In many magnetic recording applications, low-density parity check (LDPC) codes

are used as an outer code in a turbo equalization scheme, where the partial response

channel is treated as the inner code. In high linear density regimes, the performance

of iterative detection-decoding schemes has been shown to be improved by the use of

precoders [1] and modulation codes [2]. In this work, we study the problem of designing

56
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Source
X

PR
Channel

Sequence
Detector

Detected
Sequence

Y

Equivalent Channel W

Figure 3.1: Equivalent channel from source X to detected sequence Y.

rate-1 block-precoders that minimize the error-rate as seen by the outer code. We show

that designing optimal precoders is equivalent to solving a combinatorial optimization

problem. For small block lengths, we derive good precoders that give noticeable SNR

gains over the 1/(1⊕D) precoder studied in [1] with negligible increase in the complexity.

Our setup allows us to design precoders that improve raw bit/symbol error rates for both

parity bits as well as the MTR-constrained bits [3].

This chapter of the dissertation is organized as follows. In Section 3.2, we for-

mulate the system model that is used to define a block-precoder and quantify its perfor-

mance. In Section 3.3 we describe the various approaches we take to find good precoders.

In Section 3.4 we show how the proposed precoders may be incorporated in the encoding

and decoding architectures used for magnetic recording applications. Section 3.5 shows

the performance of the proposed precoders over magnetic recording channels through

simulation results.

3.2 System Model

Let X = {Xk}k∈N denote the outputs of a source that has alphabet Fb2, for some

b ∈ N such that Xk are independent and identically distributed (i.i.d.) according to the

probability distribution function pX for all k. This source is transmitted on a magnetic

recording channel, modeled as a partial response (PR) channel with data-dependent

colored noise, and the received sequence is passed to the bit-wise MAP sequence detector

with noise prediction. Let the output from the sequence detector be denoted by Y =

{Yk}k∈N, with Yk ∈ Fb2. We denote the channel from X to Y as the equivalent channel

W as shown in Fig. 3.1.
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Let P = [pi,j ] denote the equivalent channel transition probability matrix, where

pi,j = Pr (Yk = j | Xk = i) · pX(i),

for 1 ≤ i, j ≤ 2b. Although P is often not available in closed form, it can be calculated

numerically using Monte Carlo techniques. Let H = [hi,j ] denote the Hamming distance

matrix, where hi,j denotes the Hamming distance between binary sequences i and j, for

i, j ∈ Fb2. Then the bit error rate, d(X,Y), can be expressed as

d(X,Y) ,
1

b
〈H,P〉 =

1

b

∑
i,j

hi,jpi,j

where 〈·, ·〉 denotes the Frobenius product of two matrices.

The block-precoder is defined by a permutation π : Fb2 7→ Fb2. Fig. 3.2 shows

the system model with the precoder. The data X is grouped into b-bit blocks and each

block is precoded using a rate-1 encoder given by π. At the decoder, the output of

the equivalent channel, denoted by Z, is then inverse precoded to get Y = {Yk}, where

each Yk = π−1(Zk). Note that the precoder is different from an interleaver; the former

replaces b-bit blocks with other blocks, while the latter shuffles the bit sequence. The

bit error rate of the scheme with the precoder, dπ(X,Y), is given by

dπ(X,Y) ,
1

b

∑
i,j

hi,jpπ(i),π(j) (3.1)

=
1

b

〈
H,ΠPΠT

〉
where Π will be used to denote the permutation matrix associated with the permutation

π.

X
Block

Precoder
π

{π(Xk)} Equivalent
Channel
W

Z Inverse
Precoder
π−1

Detected Bits
Y

=
{
π−1(Zk)

}
Figure 3.2: Channel model with block-precoder π.
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3.3 Precoder Design

The objective of the precoder design is to find a precoder that minimizes the bit

error rate. The optimal precoder, denoted by π∗, is given by

π∗ , arg min
π∈S

2b

dπ(X,Y) = arg min
π∈S

2b

∑
i,j

hi,jpπ(i),π(j), (3.2)

where S2b is the symmetric group of permutations on 2b elements. Searching for the

optimal precoder by enumeration of all possible (2b)! permutations is infeasible, even for

small values of b. In fact, the optimization problem in (3.2) is a known combinatorial

optimization problem, called the Koopmans-Beckmann Quadratic Assignment Problem

(QAP) [4, 5, 6]. QAP is in general an NP-complete problem. Moreover, any method

that gives an ε-approximate solution for QAP is NP-complete [7]. This problem has been

studied in the context of communication theory earlier in the study of index assignment

for vector-quantization systems that operate on noisy channels [8, 9, 10, 11].

Methods for solving the QAP problem can be divided into two classes: exact

algorithms and suboptimal algorithms. We discuss these in the following subsections.

3.3.1 Exact Algorithms

Naive enumeration of all (2b)! permutations gives us the exact solution, but it

is only feasible to perform when b ≤ 3. For b = 4 the search space consists of over 20

trillion permutations as candidates for the solution. This search space can be reduced

by noting that for our problem the matrix H has a special structure since it consists of

the Hamming distance between all b-bit blocks. The symmetry group of a b-dimensional

hypercube defines a set of permutations I ⊂ S2b with cardinality |I| = b! · 2b such that

for all π ∈ I, Π ·H ·ΠT =
[
hπ(i),π(j)

]
= H. Then, for any permutation π′′ ∈ S2b there are

|I| distinct permutations π′ ∈ I such that dπ′′◦π′−1(X,Y) = dπ′′(X,Y). This reduces

the search space for the optimization problem in (3.2) from (2b)! to (2b)!
b!·2b .

After reducing the search space, we used a branch-and-bound technique where

a given QAP was divided into multiple QAPs with fewer degrees of freedom by partial

assignment, and the Gilmore-Lawler lower bounds on the achievable cost were obtained
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for these reduced QAPs by solving a relaxation to a linear assignment problem [12, 13].

Details of the techniques used are available in [5].

3.3.2 Heuristic Algorithms

The branch-and-bound algorithm described above lets us find optimal block-

precoders for up to b = 5 bits. QAP problems of higher dimensions are not practical to

solve optimally because of the higher running time requirements. This necessitates the

use of heuristic algorithms that provide good solutions in a reasonable time, although

they do not provide any guarantees of optimality. Many types of heuristic algorithms

have been proposed for solving QAPs [5]. We used the tabu search algorithm, first

introduced in [14, 15]. Tabu search is a local search algorithm that starts with an initial

permutation and iteratively tries to improve it by finding a better permutation in its

neighborhood. The algorithm maintains a tabu list where it lists forbidden transpositions

on the current solution. Transpositions are moved out of the list after some iterations.

Tabu search was used to find good precoders for up to b = 6 bits. For b ≤ 5, these

precoders were confirmed to be optimal using exact algorithms.

3.4 Block-precoders in Magnetic Recording

We now relate the system model with the block-precoder introduced in Section 3.2

to the system model used in current magnetic recording applications. We also generalize

the system model in Section 3.2 to allow the precoder to minimize the symbol error rate

when a non-binary LDPC code is used for error-correction.

3.4.1 Precoding in reverse concatenation architecture

We consider the reverse concatenation (RC) architecture [16] of magnetic record-

ing channels, where the user bits are encoded using an MTR-constrained code [3] and

parity bits are calculated on the MTR-constrained bits using a systematic error correc-

tion code. We design separate block-precoders for the MTR-constrained bit sequence

and unconstrained parity bits that may be used independently. Fig. 3.3 shows the block

diagram of the RC architecture with the block-precoders. For error-correction, we con-
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Figure 3.3: Reverse concatenation architecture with separate block-precoders, πMTR

and πParity, for MTR-constrained user bits and unconstrained parity bits, respectively.

sider LDPC codes decoded using sum-product algorithm decoding. For the detector,

a soft-input soft-output MAP detector like SOVA [17] is used with a trellis that rep-

resents the possible MTR-constrained sequences at the output of a PR channel. The

SOVA is modified to appropriately encode the survivor and loser paths using the chosen

block-precoder. Figs. 3.4a and 3.4b show the channel models observed by the MTR-

constrained bits and the parity bits between the LDPC encoder and the LDPC decoder

in the RC architecture. These diagrams can be compared to the generic channel model

presented earlier in Fig. 3.2. For all simulations, we used h(D) = 6 + 11D + 5D2 as the

PR target and assume 70% jitter noise.

3.4.2 Minimizing symbol error rate

An extension of the system model presented in Section 3.2 is one where sequences

X,Y have alphabet (Fq)m where q is some power of a prime. Such a system is of

importance for the use of non-binary LDPC codes in magnetic recording applications

[18] where minimizing the raw symbol error rate is of concern. For such a model the

elements of matrix H = [hi,j ] are defined as the Hamming distance between non-binary

sequences i and j, for i, j ∈ (Fq)m. Using this H matrix, the cost function dπ(X,Y),

defined according to (3.1), is proportional to the symbol error rate. The optimal precoder
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(a) Encoding and decoding the MTR-constrained bits using precoder πMTR.
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(b) Encoding and decoding the unconstrained parity bits using precoder πParity.

Figure 3.4: Schematic diagrams showing the effect of the precoders in the RC archi-

tecture on (a) the MTR-constrained user bits, (b) the unconstrained parity bits.

that minimizes the symbol error rate is then given by the optimization problem in (3.2)

and was found to be different from the block-precoder optimized for minimizing the bit

error rate.

3.5 Simulation Results

We now present some experimental performance results obtained for the pre-

coders we designed in the previous sections on magnetic recording channels and compare

them to those obtained for the 1/(1 ⊕ D) precoder. We first consider the raw error

rates between the transmitted codeword and the word received by the LDPC decoder

and show the improvement obtained using the proposed precoders. We then discuss the

improvement in the SNR gains obtained by these precoders as a function of the channel

bit density. Finally we present the simulation results obtained by the precoders when

LDPC coded sequences are transmitted and decoded in the RC architecture along with

turbo equalization between the MAP detector and the LDPC code decoder.
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Figure 3.5: Raw Bit Error Rate at the output of the detector with various precoders

for an i.u.d. source X.

3.5.1 Precoders for parity bits

Consider a bit sequence XP generated using an independent uniformly distributed

(i.u.d.) source with alphabet (F2)b. This models the distribution of the parity bits of

a linear block code. This bit sequence is transmitted through the channel shown in

Fig. 3.4b and the average bit error rate, d(XP,YP), is calculated by simulation. Fig. 3.5

shows the raw bit error rates for the 6-bit block-precoder and the 1/(1 ⊕D) precoder,

where + − + is the dominant error event without any precoding. The proposed block-

precoder has a gain of 0.5 dB over the scheme with no precoding and 0.2 dB compared

to the 1/(1 ⊕ D) precoder at low SNRs. Though the 1/(1 ⊕ D) precoder reduces the

effect of the +−+ error, the proposed block-precoder can reduce the effect of other high

weight error events as well.

As discussed in Section 3.4.2, a non-binary source XP may be of interest. We

consider block-precoders that map 3 symbols of F4 to other symbols. The precoder that

minimizes the symbol error rate is found using the techniques described in Section 3.3.

Fig. 3.6 shows the symbol error rates for the best 3-symbol block-precoder we found and

for the bit-wise use of the 1/(1⊕D) precoder, where the source XP randomly generates

i.u.d. symbols from F4. As shown in the Fig. 3.6, the 1/(1⊕D) precoder increases the
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Figure 3.6: Raw Symbol Error Rate at the output of the detector with various precoders

for an i.u.d. source X with alphabet F4.

symbol error rate compared to the scheme with no precoding.

3.5.2 Precoders for MTR-constrained bits

We now consider optimizing a different precoder for the MTR-constrained bits.

MTR (j = 3; k =∞) constrained bits are generated using a high-rate finite-state encoder

[1]. These bit sequences represent π(XM) in the channel model in Fig. 3.4a. We find

good block-precoders that have low error rates. Figs. 3.7 and 3.8 show the bit error rate

for the best 6-bit precoder and the symbol error rate for the best 3-symbol precoder,

respectively. Note that the gain for the MTR-constrained bits is lower than the gains for

the parity bits since there are no error events with high weight that are dominant in this

case, unlike the + − + error events for the latter. However, the MTR-constrained bits

form a large fraction of the codeword bits for a high-rate code. Therefore even smaller

gains for them using precoding are useful.

3.5.3 SNR gain versus channel bit density

Table 3.1 shows the SNR gains for the proposed block-precoders at various chan-

nel bit densities, for the channel models given in Figs. 3.4a and 3.4b for MTR-constrained
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Figure 3.7: Raw Bit Error Rate at the output of the detector with a 6-bit precoder for

a MTR-3 constrained sequence.

bits and parity bits, respectively. These SNR gains are relative to no-precoding scheme

and are measured at raw bit/symbol error rates 0.01. It is clear that the SNR gains

increase as the channel bit density increases.

Table 3.1: SNR gains for the proposed block-precoders for MTR-constrained bits and

parity bits at various channel bit densities compared to no-precoding scheme.

Channel

Bit

Density

SNR Gains (in dB)

MTR Bits Parity Bits

BER SER BER SER

1.151 0 0 0.043 0

1.319 0.001 0 0.130 0

1.532 0.052 0.007 0.514 0.052

3.5.4 Precoders in RC architecture

We consider transmission of a coded sequence over the channel model described

in Section 3.4.1. A rate 0.9 (3, 31)-regular binary LDPC code of blocklength 4818 is

used in the reverse concatenation architecture along with turbo equalization at channel

bit density 1.532. We performed up to 5 global iterations, with 20 iterations of sum-
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Figure 3.8: Raw Symbol Error Rate at the output of the detector with a 3-symbol

precoder for MTR-3 constrained sequence where each symbol consists of 2 bits.

product algorithm decoding in each global iteration. We measured the bit error rate on

the MTR-constrained bits with and without a precoder on the MTR-constrained bits

and/or parity bits.

Fig. 3.9 shows the bit error rates for each of these cases, showing that the SNR

gain is approximately 0.1 dB for each precoder. This confirms that the proposed pre-

coders give gains similar to those observed in raw bit error rates, even when multiple

rounds of the detector and decoder are performed in turbo equalization.

3.6 Concluding Remarks

In this chapter we studied the design of precoders for magnetic recording channels

that minimize the raw bit/symbol error rates. We found optimal precoders by using a

branch-and bound method with a reduced search space. For the branch-and-bound

algorithm, the Gilmore-Lawler lower bound was used which is easy to compute but

deteriorates fast for increasing problem sizes. Tighter bounds based on semidefinite

programming relaxations have been proposed in [19]. These bounds have been improved

for QAPs with a distance matrix that has suitable symmetry properties [20, 21] which

also hold for the problem in (3.2). Using these techniques may result in an overall faster
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Figure 3.9: Bit Error Rate on MTR-constrained user bits with various precoders and

a rate 0.9 binary LDPC code decoded using turbo equalization.

search for the optimal precoder. This should allow us to prove the optimality of the

larger block length precoders found by the tabu search.

The precoder design discussed in this chapter can be generalized in various ways.

Instead of using rate-1 block-precoders that map b input bits to b output bits, one

may use m : n precoders that have rate m
n < 1 when m < n. The rate loss may

be compensated by ensuring that the precoder does not produce patterns that cause

frequent errors as outputs by satisfying a weak constraint like MTR with j ≥ 4. The

use of guided-scrambling [22] has been proposed [23] to encode the unconstrained parity

bit sequences such that the encoded sequences also satisfy the MTR-constraint with

a high probability. This approach enables the trade-off between the rate-loss of using

the precoder and the probability that the MTR-constraint is satisfied. Further study is

needed to determine which of these approaches provide the highest SNR gain when the

rate-loss is compensated for by using a higher channel bit density.

Another generalization is using block-precoders that have memory. These pre-

coders may use a different permutation based on the previous encoded block. Such a

scheme increases the complexity associated with the design process, since a joint search

over multiple permutations is needed. However, such precoders may provide lower aver-

age error rates since, unlike the precoders proposed in this chapter, they do not ignore
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the effects of the memory in the magnetic recording channel.
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Chapter 4

Polar Codes for Magnetic

Recording Channels

Polar codes provably achieve the capacity of binary memoryless symmetric (BMS)

channels with low complexity encoding and decoding algorithms, and their finite-length

performance on these channels, when combined with suitable decoding algorithms (such

as list decoding) and code modifications (such as a concatenated CRC code), has been

shown in simulation to be competitive with that of LDPC codes. However, magnetic

recording channels are generally modeled as binary-input intersymbol interference (ISI)

channels, and the design of polar coding schemes for these channels remains an important

open problem. Current magnetic hard disk drives use LDPC codes incorporated into a

turbo-equalization (TE) architecture that combines a soft-output channel detector with

a soft-input, soft-output sum-product algorithm (SPA) decoder. An interleaved coding

scheme with a multistage decoding (MSD) architecture with LDPC codes as component

codes has been proposed as an alternative to TE for ISI channels. In this work, we

investigate the use of polar codes as component codes in the TE and MSD architectures.

In the TE scheme, soft-output decoders based upon variations of belief-propagation

decoding are considered, and modified polar code construction algorithms are used to

improve performance. In the MSD scheme, the equivalent channels for each codeword

may be assumed to be memoryless, so encoding/decoding methods developed for polar

codes on memoryless channels may be used. It is shown that the achievable rate of the

MSD scheme converges to the symmetric information rate of the ISI channel when the

71
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number of interleaves is large. Simulations results comparing the performance of LDPC

codes and polar codes in TE and MSD architectures are presented.

4.1 Introduction

Channel polarization was originally proposed in [1] for binary input discrete mem-

oryless channels. This technique allows transforming multiple copies of an arbitrary

symmetric binary-input discrete memoryless channel (B-DMC) to create ‘bit-channels’

that are either noiseless or completely noisy, such that the fraction of bit-channels that

are essentially noiseless is close to the capacity of the original B-DMC. Identifying which

bit-channels are noiseless after this polarization transformation allows the construction

of polar codes, a family of codes that provably achieve the capacity of B-DMC with

low-complexity encoding and decoding algorithms. Since the seminal paper by Arikan,

polar codes have been generalized in a wide range of directions. General conditions for

a transformation to polarize a binary-input memoryless channel have been obtained in

[2]. Polar codes have found use in the context of MAC channels [3], wiretap channels [4]

and source coding [5].

Since construction of polar codes has complexity exponential in blocklength for

channels other than the binary erasure channel, a number of approximate construction

methods that have linear complexity have been proposed [6], [7], [8]. While polar codes

achieve the capacity with a successive cancellation (SC) decoder at infinite blocklengths,

the performance of finite-length polar codes can be improved by the use of better decod-

ing algorithms. Successive cancellation list decoder was proposed in [9] for hard-decision

decoding and the performance was comparable to that of LDPC codes with belief prop-

agation (BP) decoding. SC-list decoding operates like SC decoding, but whenever a

decision on an unfrozen bit is needed, it splits the decoding path into two to try both 0

and 1. When the number of paths grows beyond the prescribed threshold L, the decoder

keeps only the L most likely paths. BP decoding over the polar code factor graph was

proposed in [10] as a soft-output decoder for polar codes. Soft cancellation (SCAN)

decoder, proposed in [11], uses a message passing schedule motivated by the SC decoder

and improves the soft-output decoding performance further.
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Polar codes are closely related to Reed-Muller (RM) codes, a connection that

was identified in [1]. The rows of the generator matrix for both codes are chosen from

the rows of the matrix [ 1 0
1 1 ]
⊗n

where ⊗ denotes the Kronecker product. For RM codes,

the rows with the largest Hamming weight are chosen. However, for polar codes, rows

corresponding to the noiseless channels obtained by the recursive channel-polarization

transforms are chosen. Thus the choice depends on the channel and requires that the

recursive transforms polarize the channel. Magnetic recording channels are modeled

as a binary-input channel with finite memory due to intersymbol interference. The

polarization phenomenon for stationary, ergodic, finite-order Markov processes through

the polarization transform has been shown in [12]. However, it is only conjectured

that the polarization result extends to intersymbol interference channels. Also, code

construction for channels with memory remains an open problem as the code construction

techniques in [6, 7, 8] only apply for memoryless channels. Thus, the construction of

capacity-achieving polar codes for magnetic recording channels is a challenging problem.

Current magnetic recording technologies use LDPC codes as error-correction

codes (ECC) incorporated into a turbo-equalization (TE) architecture that combines

a soft-output channel detector with a soft-input soft-output (SISO) LDPC decoder. An

interleaved coding with multistage decoding (MSD) architecture with LDPC codes as

component codes has been proposed in [13] as an alternative to TE for ISI channels. In

this scheme, M independent codewords are interleaved at the encoder. At the receiver,

the M codewords are decoded sequentially, with each decoded codeword being used for

decoding subsequent interleaves. It is known that the achievable rate of this MSD scheme

converges to the symmetric information rate (SIR) of the ISI channel when M →∞.

In this work, we investigate the use of polar codes in system architectures based

on turbo-equalization and interleaved coding with multistage decoding. First we study

the incorporation of polar codes for use with the TE architecture. Since this requires

a soft-output polar decoder, neither SC decoding nor SC-list decoding can be used.

Instead, we need a soft-output variant of the SC decoder, such as the BP decoder, or

the SCAN decoder. We compare some methods to construct polar codes for use in this

architecture.

We also propose the use of an interleaved coding scheme with multistage decoding
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with polar codes as component codes. The MSD architecture has several attractive

features when polar codes are used as component codes. First, this architecture does

not require soft outputs from the component polar decoders, so SC and SC-list decoders

may be used. Second, the component polar code for each stage can be designed using

techniques developed for memoryless channels. Finally, common hardware designs for

encoding and decoding can be shared among the interleaves.

The rest of the paper is organized as follows. The channel model and the TE and

MSD architectures are presented in Sections 4.2, 4.3, and 4.4, respectively. Simulation

results are presented in Section 4.5. Conclusions are discussed in Section 4.6.

4.2 Channel Model

Magnetic recording channels are modeled as binary-input intersymbol-interference

channels with additive white Gaussian noise (AWGN). More specifically, if X = {xk} is

the input sequence drawn from a binary alphabet {±1}, the channel output at time n

is given by yn =
∑ν

i=0 hixn−i + an. Here {hi} is a known channel impulse response

associated with the transfer function h(D) =
∑ν

i=0 hiD
i and an is i.i.d. Gaussian noise

with zero mean and variance σ2. Such a channel is referred to as a partial-response

(PR) channel. A well known example is the dicode channel which has transfer function

h(D) = 1−D. We note here that the results presented in [12] regarding polarization in

the presence of memory do not apply to PR channels.

4.3 Turbo-Equalization Architecture

Current magnetic storage drives use a decoding architecture based upon turbo-

equalization [14] that combines a SISO sequence detector and a SISO decoder exchange

information iteratively as shown in Figure 4.1. Here, the user data sequence is denoted by

W, the output of the ECC encoder is denoted by X, and the channel output sequence is

denoted by Y. To decode the user data, the BCJR algorithm [15] is used to determine the

log-a-posteriori probability (APP) ratios L. An ECC decoder feeds back soft-information

to the sequence detector until it can decode to the codeword X̂.

There are two issues in using polar codes as ECC in this architecture. First, we
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Figure 4.1: Encoder and decoder for turbo-equalization.
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Figure 4.2: Performance of a rate 0.7 blocklength 4096 polar code on AWGN channel

when decoded using BP, SCAN, SC and SC-list decoders. The polar code was designed

for AWGN channel with Eb/No = 2.14 dB. Concatenation with an outer 16-bit CRC

code is used for SC-list with L = 8.
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need to use a soft-output decoder to be able to feed back soft information to the sequence

detector as priors. While BP and SCAN decoders can provide soft-outputs, a larger

coding gain is obtained when polar codes are decoded by the SC-list decoder which only

provides hard decisions. This is demonstrated in Figure 4.2 which shows the performance

of the BP, SCAN, SC, and SC-list for a rate 0.7 polar code on a AWGN channel. The

second issue is that the choice of unfrozen bit-channels during polar code construction

depends on the underlying channel. The equivalent channel seen by the ECC decoder is

not memoryless and there is no method known for making the optimal choice. Therefore,

we use the following two sub-optimal approaches. In the first approach, we construct

polar codes using the method of [7] for AWGN channels with different noise variances.

In the second approach, the conditional output density of the equivalent channel seen by

the ECC decoder on the first iteration of TE, that is P(Lj |Cj), is estimated using Monte-

Carlo simulation. Polar codes are constructed for this equivalent channel by assuming

it to be memoryless (not necessarily true). The simulation results obtained for codes

constructed by these two approaches are shown in Figure 4.3.

4.4 Multistage Decoding Architecture

An interleaved code design with a multi-stage decoding (MSD) algorithm is con-

sidered as an alternative to turbo equalization for binary ISI channels in [13]. In this

scheme, M independent codewords of potentially different rates are interleaved at the

encoder. At the receiver, each of the M codewords are decoded sequentially, with each

decoded codeword being used for decoding subsequent interleaves. Figure 4.4 shows the

block diagram for the encoder. The user data, W, is partitioned into M blocks, {U〈i〉}Mi=1

of lengths K〈1〉,K〈2〉, . . . ,K〈M〉 respectively. Each of these M blocks are encoded using

codes C1, . . . , CM of rates Ri = K〈i〉
N such that the codewords {C〈i〉}Mi=1 are all of length

N bits, denoted as
(
C
〈i〉
1 , . . . , C

〈i〉
N

)
for each i. These M codewords are then randomly

interleaved into a sequence X which is transmitted.

Figure 4.5 presents the decoder architecture for multi-stage decoding. Given

received word Y, the decoding proceeds to recover the interleaved codewords in M stages.

In stage i, let Ĉ
〈k〉

denote the estimate for the kth codeword obtained by the decoder at
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Figure 4.4: Encoder for interleaved coding scheme.

Figure 4.5: Multi-stage decoding scheme.
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stage k = 1, 2, . . . , i−1. Then, the channel detector determines the log-APP ratio vector

L〈i〉 =
(
L
〈i〉
1 , L

〈i〉
2 , . . . , L

〈i〉
N

)
according to

L
〈i〉
j = log

(
1− P 〈i〉j
P
〈i〉
j

)
,

where,

P
〈i〉
j = P

(
C
〈i〉
j = 1

∣∣∣Y, C〈1〉 = Ĉ
〈1〉
, . . .C〈i−1〉 = Ĉ

〈i−1〉)
.

L〈i〉 can be computed efficiently using the BCJR algorithm on the entire received se-

quence while assuming that the estimates for codeword at previous stages are correct

and assuming the codewords belonging to the future stages are distributed independently

and uniformly. These log-APP ratios are then used by the ith component decoder to

estimate the ith codeword as Ĉ
〈i〉

.

The channel, as seen by the code at the ith stage, can be represented by the

equivalent sub-channel shown in Figure 4.6. It is shown in [13] that a rate

R〈i〉 , I
(
C
〈i〉
j ;L

〈i〉
j

)
= 1− E

[
log2

(
1 + e−L

〈i〉
j

) ∣∣∣∣ C〈i〉j ] (4.1)

is an achievable information rate for the ith stage, even when the decoder has only the

knowledge of the marginal channel law P
(
C
〈i〉
j , L

〈i〉
j

)
. It is shown in [13] that random

codes achieve these bounds with decoders that assume that the equivalent sub-channels

are memoryless and that use only partial knowledge about the channel in the form of the

marginal output densities. The overall rate, Rav,M = 1
M

∑M
i=1R

〈i〉, is shown to converge

to the SIR of the ISI channel as M →∞. The paper then optimizes component LDPC

codes for each sub-channel to achieve thresholds close to the achievable rates.

In this work, we propose the use of polar codes in place of LDPC codes as

interleaved codes in the MSD scheme described in [13]. One can simulate the equivalent

sub-channel assuming perfect decision feedback from the component decoders to obtain

a set of input and output sequences. The densities P
(
C
〈i〉
j , L

〈i〉
j

)
can then be estimated

using the histograms for each of the M stages. A different polar code is constructed for

each stage by choosing the frozen bits for a memoryless channel according to the method



80

Figure 4.6: Equivalent sub-channel for ith stage with C〈1〉, . . . , C〈i−1〉 known to the

decoder.

described in [7], starting with the channel law given by the densities estimated by the

Monte-Carlo simulations.

We now explain how interleaved polar codes can achieve the symmetric infor-

mation rate of the magnetic recording channel when the number of interleaves is large.

First, consider the use of a windowed APP-detector that determines the APP based

on a fixed window of channel observations with side-length ω. For large enough ω and

codeword length N , the window-APP detector achieves the performance of the BCJR

algorithm [16]. For such a windowed detector, the output log-APP ratios that are suf-

ficiently separated in time are conditionally independent. Therefore, with large enough

M , the equivalent sub-channel seen by each stage is memoryless. Once these equiva-

lent sub-channels have been estimated with sufficient accuracy using the Monte-Carlo

simulations described above, the methods known for construction and decoding of polar

codes for memoryless channels may be used to achieve rates given by (4.1). The overall

rate Rav,M has been shown to converge to the SIR of the ISI channel asymptotically [13],

which completes the argument.

4.5 Simulation Results

We demonstrate the performance of the proposed MSD scheme on the dicode

channel with h(D) = 1−D. First, we simulate the equivalent subchannels for different

number of levels to determine the achievable rates given by (4.1) at various SNR points.

The results with M = 2 and with M = 4 stages are presented in Figure 4.7 and 4.8,

respectively. As expected, the rates for successive interleaved stages increase and saturate

at the capacity of the AWGN channel with the same noise variance as the ISI channel.

Figures 4.9 and 4.10 show the overall rate for the M -stage MSD system for the
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Figure 4.7: Achievable rates for the 2 stages and the average rate for the 2-stage MSD

scheme on the dicode channel.
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Figure 4.8: Achievable rates for the 4 stages and the average rate for the 4-stage MSD

scheme on the dicode channel
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Figure 4.9: Overall rate for a MLC-MSD scheme on the dicode channel for various

number of stages.

dicode and EPR4 channels, respectively, for various values of M . It can be seen that a

small value of M is sufficient to achieve a rate close to SIR of the channel when random

codebooks are used.

We use the histograms obtained by the Monte-Carlo simulations to estimate

the densities P
(
L
〈i〉
j = l

〈i〉
j

∣∣∣ C〈i〉j = c
)

at various values of channel SNR and construct

polar codes of the rates given by (4.1). The choice of frozen bits for these polar codes

was done using the algorithm proposed in [7]. The codes were decoded using a SC

decoder in the probability domain using double precision floating point numbers. The

following results have been obtained by simulations of a 2-stage MSD scheme for the

dicode channel. We constructed pairs of polar codes of lengths N = 210, 212, 214, 216

such that R〈1〉 = 0.85 and R〈2〉 = 0.93 (as given by the‘ plot in Figure 4.7 at Es/No =

3.5 dB). We examined the performance of systematic and non-systematic encoding of
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Figure 4.10: Overall rate for a MLC-MSD scheme on the EPR4 channel for various

number of stages.
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polar codes [17]. Figure 4.11 shows the BER curves for systematic and non-systematic

encoding of polar codes that have been designed for the 2 stages of MSD estimated at

channel SNR Es/No = 3.5 dB. Clearly, the systematic encoding has much better BER

performance compared to non-systematic encoding. These results are surprising, given

that the SC decoder computes the codeword bits indirectly by first making decisions

on the information bits and then encoding the information word back to the codeword.

One would expect any decoding errors in the information word to be amplified in the

re-encoding process. However, simulation results shown here and those presented earlier

in the literature for AWGN channels [17] show that this is not the case. An analytic

justification for this phenomenon is still lacking and this represents an important open

problem when considering reverse-concatenation with constrained codes, an architecture

that is favored in magnetic recording systems.

Since polar codes are constructed for the underlying sub-channels which are ob-

tained by Monte-Carlo simulations at a certain SNR of the channel, we also examined

how the choice of the design SNR affects the performance of the polar code. Figure

4.12 shows the BER performance for three pairs of polar codes of the same rate but

with different frozen-bit sets which have been determined using simulations at different

SNRs (Es/No = 3.5 dB, 4.3 dB and 5.0 dB). It can be seen that the codes optimized at

a slightly lower noise variance have a reasonable waterfall performance while ensuring

that the error floor is low enough. A similar result has been reported for polar codes

on memoryless channels in [18]. Also, if the decoders for all polar codes of the same

length share the same SC decoding architecture, the knowledge of the operating SNR

will optionally allow one to exploit the difference in the performance of these codes of

the same rate.

Next we consider the use of the more powerful SC-list decoder. Figure 4.13 shows

the BER improvement as the list size increases for a 2-stage MSD scheme with polar

codes of rates 0.69 and 0.85 constructed at design SNR 3.5 dB. The list decoder with

L = 32 performs 0.65 dB better than the SC decoder, which is plotted as list size = 1.

These results match those reported for memoryless channels where at higher SNRs the

SC-list decoder quickly approaches the performance of the ML decoder with increasing

list sizes.
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Figure 4.11: BER versus SNR for the 2-stage MSD scheme with various block lengths,

N . The dashed and solid lines show the BER for the systematic and non-systematic

encodings, respectively.
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constructed at different SNRs.
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Figure 4.14: FER for the 2-stage MSD scheme using SC-List decoder for polar codes

(N = 214), with a concatenated 16-bit CRC. FER for the 2-stage MSD scheme with

LDPC codes and TE scheme with LDPC and polar codes is also shown.

In order to improve the SC-list decoder, concatenation with an outer CRC code

was proposed in [7]. During decoding, the decoder searches for a survivor path which

satisfies the CRC. Results in [19] show that this concatenation improves the minimum

distance of the polar codes by eliminating low-weight codewords. We obtained a list of

minimum weight codewords for two polar codes of length N = 214 of rates R〈1〉 ≈ 0.77

and R〈2〉 ≈ 0.88 with design SNR 2.4 dB. We found that a 16-bit CRC could eliminate

all weight-16 minimum Hamming weight codewords we could find for those codes, using

L ≤ 10000. Figure 4.14 shows the FER performance of these polar codes. We also plot

the performance of the MSD scheme using optimized LDPC codes of equal rates and

blocklengths (design parameters in Table 4.1, 4.2 and 4.3) and the performance obtained

using the TE scheme, for comparison. The performance of concatenated polar codes can

be improved further by increasing the list size as was noted in [19], or by increasing the

number of interleaves.
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Table 4.1: Code parameters for the LDPC Code used as component code for the first

stage in the 2-stage MSD scheme in Figure 4.14.

Design Rate 0.7812

Number of Variable Nodes 16384

Number of Check Nodes 3584

Number of Degree-2 Variable Nodes 1536

Number of Degree-3 Variable Nodes 8192

Number of Degree-4 Variable Nodes 3584

Number of Degree-5 Variable Nodes 512

Number of Degree-6 Variable Nodes 512

Number of Degree-7 Variable Nodes 1536

Number of Degree-9 Variable Nodes 512

Number of Degree-12 Check Nodes 512

Number of Degree-13 Check Nodes 512

Number of Degree-16 Check Nodes 512

Number of Degree-17 Check Nodes 1024

Number of Degree-20 Check Nodes 512

Number of Degree-28 Check Nodes 512

Table 4.2: Code parameters for the LDPC Code used as component code for the second

stage in the 2-stage MSD scheme in Figure 4.14.

Design Rate 0.8750

Number of Variable Nodes 16384

Number of Check Nodes 2048

Number of Degree-2 Variable Nodes 1024

Number of Degree-3 Variable Nodes 10752

Number of Degree-4 Variable Nodes 2048

Number of Degree-5 Variable Nodes 512

Number of Degree-6 Variable Nodes 1024

Number of Degree-7 Variable Nodes 512

Number of Degree-8 Variable Nodes 512

Number of Degree-26 Check Nodes 512

Number of Degree-28 Check Nodes 512

Number of Degree-29 Check Nodes 512

Number of Degree-32 Check Nodes 512
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Table 4.3: Code parameters for the LDPC Code used for the turbo equalization scheme

in Figure 4.14.

Design Rate 0.8281

Number of Variable Nodes 16384

Number of Check Nodes 2816

Number of Degree-2 Variable Nodes 1024

Number of Degree-3 Variable Nodes 14592

Number of Degree-9 Variable Nodes 256

Number of Degree-13 Variable Nodes 256

Number of Degree-14 Variable Nodes 256

Number of Degree-20 Check Nodes 1792

Number of Degree-19 Check Nodes 512

Number of Degree-21 Check Nodes 512

4.6 Conclusions

The MSD scheme allows the decoder to assume that the equivalent sub-channels

are memoryless, allowing us to use encoding/decoding methods designed for polar codes

for binary memoryless channels. For long blocklengths and large number of interleaved

stages, polar codes are able to achieve the SIR of the ISI channels. For small number of

interleaves, simulation results show that the MSD scheme outperforms the TE scheme

when polar codes are used as component codes and are comparable to LDPC codes with

the TE scheme.
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Chapter 5

Analysis of Stochastic Decoding

of LDPC Codes

While stochastic decoding of LDPC codes has been shown to perform well with

low hardware complexity, an analysis of the decoding algorithm has been lacking. In this

chapter, we study the performance of stochastic decoding on LDPC codes ensembles in

the limit of infinite blocklength and provide a method to perform density evolution

for stochastic decoding. We also provide alternative descriptions of the variable node

update in stochastic decoding: as a Markov process, as a probabilistic and-or gate, and

as a successively relaxed sum-product algorithm.

5.1 Introduction

Low-density parity-check (LDPC) codes, introduced by Gallager [1] and redis-

covered in the 1990’s by Davey and MacKay have been shown to be among the best

known codes for an AWGN channel. Out of the various message-passing soft-decoding

schemes proposed for LDPC codes, the sum-product algorithm (SPA) is the most widely

studied decoding algorithm. However its high complexity has been a bottleneck in many

applications. This complexity is two-fold. First, the update rules at each node in the

SPA require considerable hardware. Second, passing the messages between nodes while

retaining the parallelism inherent in the decoding requires many parallel wires, leading

to routing congestion. In order to reduce the complexity of the hardware involved in

94
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the decoder implementation, several ways to approximate the SPA using finite precision

messages have been proposed [2, 3, 4, 5].

The aim of stochastic decoding (SD) is to simplify the update rules of the SPA

while retaining its superior performance. While SD has been shown to perform as well

as the SPA for certain codes and with a few modifications to take care of dependencies

in the Tanner graphs (e.g. see [8, 6, 7, 9] and references therein), an analysis of the

process showing the reason for the observed performance has been lacking. In this

chapter, we aim to analyze the performance of ensembles of LDPC codes using SD in a

process that parallels density evolution analysis for SPA. The introduction of memory in

the variable node update for SD makes density evolution more complicated because the

outgoing messages on an edge at iteration ` are no longer independent of the messages

on the same edge at the previous iteration, an assumption that is required for the density

evolution for SPA. Similar to the work on density evolution for deterministic decoding

algorithms with memory [10], we derive a Bayesian network [13] for SD which is then

used to analyze the performance of SD using density evolution. We also provide novel

descriptions for the variable node update used in SD, connecting it to other known

decoding algorithms. First, we present the variable node update as producing output

bits according to a Markov process and study the stationary distribution and rate of

convergence of this process. Second, we show that the variable node update can be

interpreted as a probabilistic AND-OR logic. Finally, we cast SD as a successively

relaxed SPA, where the relaxation parameter depends on the incoming messages at each

iteration.

This chapter is organized as follows. A review of the SPA decoder is provided

in Section 5.2 for the case where messages are in the probability domain. Section 5.3

introduces the update rules for SD and analyzes their connection to those used in SPA

decoding. Alternative descriptions for the variable node update for SD are provided in

Section 5.4. Density evolution for SD is discussed in Section 5.5. Finally, conclusions

are presented in Section 5.6.
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5.2 Sum Product Algorithm

SPA works iteratively with exchange of soft information from variable nodes to

check nodes and vice-versa. Though the SPA decoder is typically implemented in the

log-likelihood-ratio (LLR) domain, one may represent the update rules in the probability

domain where messages are the a-posteriori probability (APP) of the sent bit being a 1

(i.e. −1 after BPSK modulation). Assuming equal priors, the LLR (µ) and APP (p) are

related as follows:

µ = ln

(
P (x = +1|y)

P (x = −1|y)

)
= ln

(
1− p
p

)
. (5.1)

Then, the update rules are represented in the APP-domain as follows. At a check node

of degree dc,

qj =
1

2

1−
dc∏
i=1
i 6=j

(1− 2pi)

 ∀ j = 1, . . . , dc (5.2)

and at a variable node of degree dv,

pj =

dv∏
i=0
i 6=j

qi

dv∏
i=0
i 6=j

qi +
dv∏
i=0
i 6=j

(1− qi)
∀ j = 1, . . . , dv (5.3)

where q0 is the APP received from the channel and pi’s and qi’s denote messages from

variable nodes and check nodes respectively.

5.3 Stochastic Decoding Algorithm

The idea behind stochastic decoding is to communicate the APP between a pair

of nodes not by passing quantized versions of the probability as in (5.2) and (5.3), but

through the statistics of a bitstream passed between these nodes. SD is an iterative

message passing algorithm where random bits are passed along the edges of the Tanner

graph. These bits are distributed according to a Bernoulli distribution with parameter

p where the parameter p is the a-posteriori probability in equation (5.1). This alleviates
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Figure 5.1: Hardware implementation for stochastic decoding updates.

the routing congestion problem mentioned before as only a single wire is required to

pass the ‘messages’ as bits. Since SD aims at achieving the performance of the SPA, the

update rules defined for the messages are such that the outgoing bits on any edge have a

Bernoulli distribution with parameter p given by the equations (5.2) and (5.3). We start

with updates for a node with two incoming bits A and B, and an outgoing bit C, and

then generalize the implementation to other node degrees. In this section, we assume

that incoming bits are independent.

The check node update, as given by equation (5.2) for dc = 2, can be written as

qc = pa (1− pb) + pb (1− pa)

where P (A = 1) = pa, P (B = 1) = pb and P (C = 1) = qc. Then the hardware imple-

mentation shown in Figure 5.1a, where A and B are fed as inputs to an XOR-gate and

the output is fed to C, gives us exactly the required update rule. A check node update

for an arbitrary node degree is obtained by XORing all the input streams.

For a degree-2 variable node, from equation (5.3) we have

pc =
qaqb

qaqb + (1− qa) (1− qb)
.

Consider the hardware setup shown in Figure 5.1b. Here we use a JK flip-flop, whose

output is given as

Q = (J ∧ ¬Q′) ∨ (¬K ∧Q′)

where the ¬ denotes negation and Q′ denotes the value of Q at the previous cycle. Then

the outgoing message is 1 with probability

pc = P (C = 1)
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= P (A = B = 1) + P
(
A = 0, B = 1, C ′ = 1

)
+ P

(
A = 1, B = 0, C ′ = 1

)
= qaqb + (1− qa) qb p′c + qa (1− qb) p′c
= p′c + βab

(
pSPA − p′c

)
(5.4)

where βab = qaqb + (1− qa) (1− qb) and

pSPA =
qaqb

qaqb + (1− qa) (1− qb)
.

Equation (5.4) has the form of a gradient update rule that converges to pSPA, the required

update. A generalization to degree dv at iteration ` is straightforward and the outgoing

message is 1 with probability given by

p(`) =

dv−1∏
i=0

q
(`)
i + p(`−1)

(
1−

dv−1∏
i=0

q
(`)
i −

dv−1∏
i=0

(1− q(`)
i )

)
(5.5)

Note that although the variable node operation is deterministic, it has memory.

5.4 Alternative Descriptions of SD

In this section, we provide some alternative descriptions of the stochastic decod-

ing algorithm and highlight its some novel connections to other decoding algorithms.

5.4.1 Variable node update as a Markov chain

The two-input variable node can also be analyzed as a Markov chain since the

outputs of the node depend on the present inputs and the previous output. The state

diagram for this Markov chain is shown in Figure 5.2. This chain is aperiodic and

Figure 5.2: Markov chain representing the variable node update.

irreducible and therefore has a stationary distribution with probability of C being 1
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given by

π1 =
α1

α0 + α1
= pSPA.

Although the variable update rule for SD does converge to the update given by SPA,

the rate of this convergence is also important and we consider it in the following. The

statistic of the output of the variable node at the lth iteration of the update, given by

equation (5.4), can be written as

p(`) = p(`−1) + βab

(
pSPA − p(`−1)

)
= p(0) (1− βab)` + pSPA

(
1− (1− βab)`

)
.

Therefore, ∣∣∣p(`) − pSPA

∣∣∣ =
∣∣∣p(0) − pSPA

∣∣∣ e−η` (5.6)

where

η = ln

(
1

1− βab

)
≥ 0.

From equation (5.6), the output statistic converges to the target value, pSPA, exponen-

tially in `, the number of iterations of the update rules. However, this is true when

the statistics of the inputs do not change with the iterations, which is not true for SD

as the statistics of the input streams are also being updated. Nevertheless, the analysis

above indicates that if incoming statistics have converged to the correct value, the output

stream statistic should converge exponentially fast in iterations.

5.4.2 Variable node update as a probabilistic AND-OR gate

We now look at another interpretation of the variable node update used in

stochastic decoding. We attempt to find a simple update rule for the bit-messages that

would require less hardware for implementation and would update the statistics of the

bit-messages in a logical way. Using the notation from equation (5.5), trivial upper and
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lower bounds on the statistic of the outgoing bit-stream from a variable node are

d−1∏
i=0

q
(`)
i ≤ p

(`)
d ≤ 1−

d−1∏
i=0

(1− q(`)
i ).

These lower and upper bounds are achieved when all incoming bits are 1 and 0, re-

spectively. These bounds correspond to statistics obtained with AND and OR gate

operations on incoming bit-streams. While the AND gate update drives the statistic

towards 0, the OR gate update drives it towards 1. Thus, the variable node update

should be an AND gate update or an OR gate update according to whether the variable

node is likely to be 0 or 1, respectively. The current estimate regarding whether the bit

corresponding to the variable node is 0 or 1 is the value of the update on the previous

iteration, p
(`−1)
d . Therefore, it seems reasonable to use the AND gate update and the OR

gate update in the proportion of 1 − p(`−1)
d : p

(`−1)
d . Then, the statistic of the outgoing

bitstream is given by

p
(`)
d =

(
1− p(`−1)

d

) d−1∏
i=0

q
(`)
i + p

(`−1)
d

(
1−

d−1∏
i=0

(
1− q(`)

i

))

and is the same as the SD variable node update in equation (5.5). Thus, the above

analysis shows that the variable update used in SD is a simple sequential logic that one

can use to update the bitstream at the variable node.

5.4.3 Variable node update as successively relaxed SPA

We now look at yet another interpretation of the variable node update used in

stochastic decoding. The outgoing bitstream statistic for the variable node update can

be written as

p
(`)
d = pSPA βq(`) + p

(`−1)
d

(
1− βq(`)

)
where pSPA =

∏
i q

(`)
i∏

i q
(`)
i +

∏
i

(
1− q(`)

i

)
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is the SPA variable update with the same incoming messages, and

βq(`) ,
∏
i

q
(`)
i +

∏
i

(
1− q(`)

i

)
(5.7)

is a relaxation parameter in the range [0, 1]. Thus, the outgoing statistic is a weighted

sum of the SPA update pSPA and the statistic used on the edge in the previous iteration

p
(`−1)
d . The variable node update used in SD may therefore be treated as a successively

relaxed version of the variable node update in SPA, where the relaxation factor is given

by equation (5.7). The relaxation parameter βq(`) is a function of the incoming bitstream

statistics only and as the consensus in the incoming bitstreams increases, βq(`) increases

and the weight for pSPA increases; otherwise, when incoming messages do not agree, p
(`)
d

has larger weight.

There are some other forms of relaxed SPA variable node update known [14, 15].

In [14], relaxed SPA is used as an approximation to analog iterative decoding of LDPC

codes. Analog decoding is modeled by first-order non-linear differential equations and

the system of differential equations is approximated by a successive relaxation method

as

p(`) = pSPA β + p(`−1) (1− β)

where β is a small constant. It is shown through simulation that given a large num-

ber of iterations (10 000), this version of relaxed SPA (β = 0.05) performs better than

conventional SPA (β = 1) by 0.4 dB. [15] uses a randomized message passing similar

to SD for belief propagation for the purpose of inference over graphs called Stochastic

Belief Propagation (SBP). A variable node update corresponding to the SBP algorithm

is given by

p(`) = pSPA β` + p(`−1) (1− β`)

where β` depends on iteration number, `, and not on incoming statistics, {qi}. It was

shown through analysis that SBP converges almost surely to the BP fixed point.

It is interesting to note that relaxed versions of SPA have been shown to have

good performance and asymptotic analysis has been provided. However, it is difficult
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Figure 5.3: Alternative way to represent variable node update for a stochastic decoder

used in density evolution in Section 5.5.

to generalize the analysis to the case of SD, where the relaxation parameter depends on

the incoming messages.

5.5 Asymptotic Analysis for SD

Following the extensive work on asymptotic analysis for decoding LDPC codes

from a given ensemble using various message passing algorithms, in this section we

explore an approach for computing the densities of the messages in stochastic decoding

as they evolve during the decoding process. Assuming decoding is being performed for

an infinitely long code, the computation graph of the message over any edge is a tree.

Since we are considering BMS channels, it also suffices to analyze the performance under

the assumption of transmission of the all-zero codeword.

Upper case variables will denote random variables, while their lower case counter-

parts denote a value from their alphabet. Vectors will be denoted by a bar underneath.

Let M and N denote outgoing the messages (bits) from check nodes and variable nodes,

respectively, and Q denote the channel messages (bits) generated randomly according to

the APP value received from the channel,

Q̃ , P (Xch = 1 | Ych) .

In the following, M
(`)
d represents a random vector of bits corresponding to the outgoing

messages from a check node at depth d in the computation tree for ` iterations. The

subscript denoting depth in the tree will be dropped whenever it is clear from the context

to simplify the notation. To simplify the density evolution, we introduce ternary variables
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T and U in the variable node update in stochastic decoding, as depicted pictorially in

Figure 5.3. T and U take values from the alphabet {0, 1, ?} and are defined in terms of

the incoming messages to a variable node, M(`−1) and Q(`), as follows:

T (`) = f(M(`−1)) ,

m, if M(`−1) = (m, . . . ,m)

?, otherwise,

and U (`) = g(T (`), Q(`)) ,

?, if T (`) 6= Q(`)

T (`), otherwise.

Then, the outgoing message from the variable node, N (`) at iteration ` is given by

N (`) = h(U (`), N (`−1)) ,

N
(`−1), if U (`) = ?

U (`), otherwise.

5.5.1 Bayesian Network for the Stochastic Decoder

A Bayesian network is a graphical model that represents a set of random variables

and their conditional dependencies via a directed acyclic graph (DAG). Formally, a

DAG G(V, E) is a Bayesian network with respect to a set of random variables V =

{V1, V2, . . . , VN} if the joint probability distribution of V can be factored as

P (V) = P (V1, . . . , VN ) =
N∏
i=1

P (Vi | pa(Vi))

where pa(Vi) = {W ∈ V : (W,Vi) ∈ E} denotes the set of parents of Vi.

The dependencies between messages passed in stochastic decoding are depicted

in the Bayesian network in Figure 5.4, where one dimension represents the iteration

number ` and the other represents the depth in the computation tree d.

5.5.2 Exact Density Evolution

Using the Bayesian network in Figure 5.4, we can compute the exact densities of

the random variables N (`) by recursively computing the joint densities of U (0:`), T (1:`),

M (0:`−1), andN (0:`−1) for each `. The steps required are presented next in this subsection.
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Increasing

`

Increasing

d

Figure 5.4: Bayesian network for a stochastic decoder. Variables in red, green and blue

are channel APPs, binary and ternary variables, respectively. Variables with dashed

incoming links are stochastic functions of the incoming variables; all other variables are

a deterministic function of the incoming variables.

Computing P
(
N

(`)
0

)
From the Bayesian network in Figure 5.4, we have

P
(
N (`) = n′

)
=
∑
n,u

P
(
N (`) = n′, N (`−1) = n,U (`) = u

)
=
∑
n,u

P
(
N (`−1) = n,U (`) = u

)
1
{
n′ = h(u, n)

}

We therefore consider the joint distribution P
(
N (`−1) = n,U (`) = u

)
. From the

Bayesian network in Figure 5.4, N (`−1) and U (`) are independent given U (0:`−1) so that

P
(
N (`−1) = n,U (`) = u

)
=

∑
u(0:`−1)

P
(
N (`−1) = n,U (0:`) = u(0:`−1) · u

)
=

∑
u(0:`−1)

P
(
N (`−1) = n

∣∣∣ U (0:`−1) = u(0:`−1)
)

︸ ︷︷ ︸
,A(`)(n,u(0:`−1))

P
(
U (0:`) = u(0:`−1) · u

)
︸ ︷︷ ︸

,B(`)(u(0:`−1)·u)

. (5.8)
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In (5.8), A(`) can be computed as

A(`)
(
n, u(0:`−1)

)
= P

(
N (`−1) = n

∣∣∣ U (0:`−1) = u(0:`−1)
)

=
`−1∑
j=0

1

{
u(j) = n

}
1

{
u(j+1:`−1) = (?, . . . , ?)

}
.

Computing P
(
U

(0:`)
0

)
To evaluate Equation (5.8), we need to compute

B(`)
(
u(0:`)

)
= P

(
U (0:`) = u(0:`)

)
(5.9)

=

∫
q̃∈[0,1]

dP
(
Q̃ = q̃

)
P
(
U (0:`) = u(0:`)

∣∣∣ Q̃ = q̃
)

︸ ︷︷ ︸
,C(`)(u(0:`),q)

which can be computed via

C(`)
(
u(0:`), q̃

)
= P

(
U (0:`) = u(0:`)

∣∣∣ Q̃ = q̃
)

= P
(
U (0) = u(0)

∣∣∣ Q̃ = q̃
)∑
t(1:`)

(
P
(
T (1:`) = t(1:`)

)
×

∏̀
i=1

P
(
U (i) = u(i)

∣∣∣ T (i) = t(i), Q̃ = q̃
))

. (5.10)

According to the update rules of the stochastic decoder,

P
(
U (0) = u(0)

∣∣∣ Q̃ = q̃
)

= q̃ · 1
{
u(0) = 1

}
+ (1− q̃) · 1

{
u(0) = 0

}
. (5.11)

For any i ≥ 1,

P
(
U (i) = u(i)

∣∣∣ T (i) = t(i), Q̃ = q̃
)

= q̃ · 1
{
u(i) = g

(
t(i), 1

)}
+ (1− q̃) · 1

{
u(i) = g

(
t(i), 0

)}
. (5.12)
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Equations (5.11) and (5.12) are then used to compute (5.10).

Computing P
(
T

(1:`)
0

)
Next, we need to compute

D(`)
(
t(1:`)

)
, P

(
T (1:`) = t(1:`)

)
=

∑
m(0:`−1)

P
(
T (1:`) = t(1:`)

∣∣∣ M(0:`−1) = m(0:`−1)
)
P
(

M(0:`−1) = m(0:`−1)
)

=
∑

m(0:`−1)

(∏̀
i=1

1

{
t(i) = f

(
m(i−1)

)})
P
(

M(0:`−1) = m(0:`−1)
)

where M(i) =
{
M

(i)
[1] ,M

(i)
[2] , . . . ,M

(i)
[dv−1]

}
denote the dv−1 incoming messages from neigh-

boring check nodes. Now, we note that

P
(

M
(0:`−1)
0 = m

(0:`−1)
0

)
=

dv−1∏
i=1

P
(
M

(0:`−1)
0,[i] = m

(0:`−1)
0,[i]

)

because messages from different parts of the computation tree are independent. Then,

we need to calculate P
(
M

(0:`−1)
0

)
where the subscript [i] has been dropped because

M
(0:`−1)
0,[i] are identically distributed for all i.

Computing P
(
M

(0:`−1)
0

)
According to the check node operation of the stochastic decoder,

E(`)
(
m(0:`−1)

)
, P

(
M (0:`−1) = m(0:`−1)

)
=

∑
n(0:`−1)

1

`−1∏
i=0

1

m(i) =

dc−1⊕
j=1

n
(i)
1,[j]


P

(
N

(0:`−1)
1 = n

(0:`−1)
1

)
(5.13)

where N
(i)
1 =

{
N

(i)
1,[1], N

(i)
1,[2], . . . , N

(i)
1,[dc−1]

}
.

Again,

P
(

N
(0:`−1)
1 = n

(0:`−1)
1

)
=

dc−1∏
j=1

P
(
N

(0:`−1)
1,[j] = n

(0:`−1)
1,[j]

)

by independence of messages from different subtrees of the computation tree.
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Computing P
(
N

(0:`−1)
1

)
To evaluate Equation (5.13) we need to compute P

(
N

(0:`−1)
1

)
; however, the

density of N
(0:`−1)
1 is the same as the density of N

(0:`−1)
0 which can be computed as

F (`)
(
n(0:`−1)

)
, P

(
N (0:`−1) = n(0:`−1)

)
=
∑

u(0:`−1)

B(`−1)
(
u(0:`−1)

)
1

{
n(0) = u(0)

}(`−1∏
i=1

1

{
n(i) = h

(
n(i−1), u(i)

)})

where B(`−1) has been computed using equation (5.9) in the previous iteration.

Remark 5.5.1. The analysis presented here is easily extended to incorporate various

improvements proposed for stochastic decoding, including noise-scaling, edge-memories

and tracking-forecast memories [6, 7].

5.5.3 Approximate Density Evolution

The support of the densities computed in Section 5.5.2 grows exponentially in

the number of iterations. For example, U (0:`) can take all 3`+1 possible values from the

set {0, 1, ?}`+1. This makes it infeasible to compute these densities when the number

of iterations is large. In [10], the authors face a similar problem while performing the

density evolution analysis of a differential decoding with binary message passing (DD-

BMP) algorithm [11, 12]. The authors in [10] proposed an approximation by truncating

the memory of the decoding process, and estimating the densities assuming a Markov

process of order K, where K is a constant independent of the number of iterations `. This

is achieved by removing some edges in the Bayesian network, or equivalently, ignoring

some dependencies between certain random variables.

In this subsection we use a similar approach to define an approximate density

evolution technique for stochastic decoding that can be computed efficiently. In partic-

ular, we assume that at iteration ` the edge between N (`−K) and N (`−K+1) is removed

from the Bayesian network, for some K > 0, so that

N (`−1) ⊥⊥ U (`)
∣∣∣ U (`−K+1:`−1) . (5.14)
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The parameter K is called the the memory order of the approximate density evolution.

Approximate density evolution proceeds as follows.

Computing P
(
N (`−1), U (`)

)
Instead of using Equation (5.8) for computing P

(
N (`−1), U (`)

)
, we use the fol-

lowing

P
(
N (`−1), U (`)

)
=

∑
u(`−K+1:`−1)

∫
q̃∈[0,1]

P
(
N (`−1), U (`−K+1:`), Q̃

)
dP
(
Q̃
)

=
∑

u(`−K+1:`−1)

∫
q̃∈[0,1]

P
(
N (`−1)

∣∣∣ U (`−K+1:`), Q̃
)
P
(
U (`−K+1:`)

∣∣∣ Q̃) dP
(
Q̃
)

=
∑

u(`−K+1:`−1)

∫
q̃∈[0,1]

Ã(`)
(
n(`−1), u(`−K+1:`), q̃

)
B̃(`)

(
u(`−K+1:`), q̃

)
dP
(
Q̃
)

(5.15)

where

Ã(`)
(
n(`−1), u(`−K+1:`), q̃

)
, P

(
N (`−1)

∣∣∣ U (`−K+1:`), Q̃
)

and

B̃(`)
(
u(`−K+1:`), q̃

)
, P

(
U (`−K+1:`)

∣∣∣ Q̃) .
Computing Ã(`)

Using the approximation in (5.14),

Ã(`)
(
n(`−1), u(`−K+1:`), q̃

)
= P

(
N (`−1)

∣∣∣ U (`−K+1:`), Q̃
)

≈ P
(
N (`−1)

∣∣∣ U (`−K+1:`−1), Q̃
)

=
∑
n(`−2)

P
(
N (`−1)

∣∣∣ N (`−2), U (`−1)
)
P
(
N (`−2)

∣∣∣ U (`−K+1:`−1), Q̃
)

=
∑
n(`−2)

1

{
n(`−1) = h

(
(n(`−2), u(`−1)

)}
C̃(`)

(
n(`−2), u(`−K−1:`−1), q̃

)
(5.16)
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where

C̃(`)
(
n(`−2), u(`−K−1:`−1), q̃

)
, P

(
N (`−2)

∣∣∣ U (`−K+1:`−1), Q̃
)
.

Computing B̃(`)

B̃(`) needed for (5.15) is computed as

B̃(`)
(
u(`−K+1:`), q̃

)
= P

(
U (`−K+1:`)

∣∣∣ Q̃)
=

∑
t(`−K+1:`)

P
(
T (`−K+1:`)

)
︸ ︷︷ ︸

,D̃(`)

∏̀
i=`−K+1

P
(
U (i)

∣∣∣ T (i), Q̃
)

(5.17)

where

D̃(`)
(
t(`−K+1:`)

)
, P

(
T (`−K+1:`)

)
.

Computing C̃(`)

For evaluating (5.16), C̃(`) should be evaluated first using

C̃(`)
(
n(`−2), u(`−K−1:`−1), q̃

)
= P

(
N (`−2)

∣∣∣ U (`−K+1:`−1), Q̃
)

=
∑
u(`−K)

P
(
N (`−2)

∣∣∣ U (`−K:`−1), Q̃
)
P
(
U (`−K)

∣∣∣ U (`−K+1:`−1), Q̃
)

≈

∑
u(`−K)

P
(
N (`−2)

∣∣∣ U (`−K:`−2), Q̃
)
P
(
U (`−K:`−1)

∣∣∣ Q̃)∑
u(`−K)

P
(
U (`−K:`−1)

∣∣∣ Q̃)

=

∑
u(`−K)

Ã(`−1)
(
n(`−2), u(`−K:`−2), q̃

)
B̃(`−1)

(
u(`−K:`−1), q̃

)
∑

u(`−K)

B̃(`−1)
(
u(`−K:`−1), q̃

) . (5.18)

Ã(`−1) and B̃(`−1) in Equation (5.18) are known from the previous iteration.
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Computing D̃(`)

The following steps are needed to compute D̃(`) required for (5.17),

D̃(`)
(
t(`−K+1:`)

)
= P

(
T (`−K+1:`)

)
=

∑
m(`−K:`−1)

( ∏̀
i=`−K+1

P
(
T (i)

∣∣∣M (i−1)
))dv−1∏

j=1

P
(
M

(`−K:`−1)
[j]

) .

As in Section 5.5.2,

M
(`−K:`−1)
[j1] ⊥⊥M (`−K:`−1)

[j2] for j1 6= j2

and identically distributed. Therefore, we only need to compute

Ẽ(`)
(
m(`−K:`−1)

)
, P

(
M (`−K:`−1)

)
.

Computing Ẽ(`)

Ẽ(`) needed above is computed as

Ẽ(`)
(
m(`−K:`−1)

)
= P

(
M (`−K:`−1)

)
=

∑
n(`−K:`−1)

( `−1∏
i=`−K

P
(
M (i)

∣∣∣ N (i)
)) dc−1∏

j=1

P
(
N

(`−K:`−1)
[j]

)
(5.19)

As before, N
(`−K:`−1)
[j] are i.i.d. for all j = 1, 2, . . . , dc − 1. Therefore, we only need to

compute

F̃ (`)
(
n(`−K:`−1)

)
, P

(
N (`−K:`−1)

)
.

Computing F̃ (`)

F̃ (`), required for (5.19), is computed as

F̃ (`)
(
n(`−K:`−1)

)
= P

(
N (`−K:`−1)

)
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=
∑

u(`−K+1:`−1)

(
`−1∏

i=`−K+1

P
(
N (i)

∣∣∣ N (i−1), U (i)
))

P
(
N (`−K), U (`−K+1:`−1)

)
︸ ︷︷ ︸

,G̃(`)

where

G̃(`)
(
n(`−K), u(`−K+1:`−1)

)
, P

(
N (`−K), U (`−K+1:`−1)

)
.

Computing G̃(`)

G̃(`) needed above is computed as

G̃(`)
(
n(`−K), u(`−K+1:`−1)

)
= P

(
N (`−K), U (`−K+1:`−1)

)
=

∑
u(`−K),n(`−K−1)

∫
q̃∈[0,1]

dP
(
Q̃
)
P
(
N (`−K−1:`−K), U (`−K:`−1)

∣∣∣ Q̃)

=
∑

u(`−K),n(`−K−1)

∫
q̃∈[0,1]

dP
(
Q̃
)
P
(
N (`−K)

∣∣∣ N (`−K−1), U (`−K)
)
×

P
(
N (`−K−1), U (`−K:`−1)

∣∣∣ Q̃)
=

∑
u(`−K),n(`−K−1)

∫
q̃∈[0,1]

dP
(
Q̃
)
1

{
n(`−K) = h

(
(n(`−K−1), u(`−K)

)}
×

P
(
U (`−K:`−1)

∣∣∣ Q̃)P(N (`−K−1)
∣∣∣ U (`−K:`−1), Q̃

)
≈

∑
u(`−K),n(`−K−1)

∫
q̃∈[0,1]

dP
(
Q̃
)
1

{
n(`−K) = h

(
(n(`−K−1), u(`−K)

)}
×

P
(
U (`−K:`−1)

∣∣∣ Q̃)︸ ︷︷ ︸
=B̃(`−1)

P
(
N (`−K−1)

∣∣∣ U (`−K), Q̃
)

︸ ︷︷ ︸
,H̃(`)

Computing H̃(`)

H̃(`) needed above is computed as

H̃(`)
(
n(`−K−1), u(`−K), q̃

)
= P

(
N (`−K−1)

∣∣∣ U (`−K), Q̃
)

=
∑

u(`−2K+1:`−K−1)

P
(
N (`−K−1)

∣∣∣ U (`−2K+1:`−K), Q̃
) P

(
U (`−2K+1:`−K)

∣∣∣ Q̃)
P
(
U (`−K)

∣∣∣ Q̃)
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=

∑
u(`−2K+1:`−K−1)

Ã(`−K)B̃(`−K)

∑
u(`−2K+1:`−K−1)

B̃(`−K)
(5.20)

Ã(`−K) and B̃(`−K) in Equation (5.20) are known from the iteration `−K. Thus,

following the sequence of steps described in this subsection, one can perform the approx-

imate density evolution for a given LDPC ensemble.
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Figure 5.5: P
(
N (`) = 1

)
for different iterations, `, computed for the (3, 6)-regular LDPC

code ensemble using approximate density evolution with memory order K ∈ {3, 4, . . . , 8}
when transmission takes place over a binary symmetric channel with crossover probability

ε = 0.0338.

Figure 5.5 shows the evolution of P
(
N (`) = 1

)
with iterations ` for a (3, 6)-regular

LDPC code ensemble computed using the approximate density evolution method de-

scribed above with different values of the memory order K. Clearly, the results converge

even with small values of the parameter K, which indicates that the approximation is

good.

5.5.4 Threshold for stochastic decoding

Figure 5.6 shows P
(
N (`) = 1

)
versus ` for a (3, 6)-regular LDPC code ensem-

ble when transmitted over binary symmetric channels with various crossover probabili-
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Figure 5.6: P
(
N (`) = 1

)
for different iterations, `, computed for the (3, 6)-regular LDPC

code ensemble using approximate density evolution with memory order K = 7 when

transmission takes place over a binary symmetric channel with crossover probability ε.

ties. The graph demonstrates a thresholding behavior, that is, P
(
N (`) = 1

)
goes to zero

rapidly for crossover probabilities below 0.0440 with increasing iterations `; however,

P
(
N (`) = 1

)
does not decrease when the crossover probability is larger than 0.0440 even

for large number of iterations. Note that P
(
N (`) = 1

)
denotes the probability that an

edge carries an incorrect message to the check node since the all-zero codeword is as-

sumed to be transmitted. Thus, this allows us to define an approximate threshold for

the stochastic decoder that can be computed efficiently using the approximate density

evolution technique described in the above subsection.

Definition 5.5.2 (Approximate threshold). Consider a family of BMS channels param-

eterized by channel parameter ε. Then the threshold, εSDK , is defined as

εSDK = sup
{
ε : P

(
N (`) = 1

)
`→∞→ 0

}
where memory truncation of order K is used to compute P

(
N (`)

)
.

Table 5.1 shows the threshold computed for various values of the parameter K

for some ensembles with regular degree nodes. The thresholds computed with different
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values of the memory order K are close to each other and are comparable to those

obtained for the Gallager A algorithm.

Table 5.1: Thresholds for various LDPC code ensembles under stochastic decoding,

Gallager’s algorithm A, and the sum-product algorithm, along with the corresponding

Shannon capacity for BSC.

dv dc εSD
K=4 εSD

K=5 εSD
K=6 εSD

K=7 εSD
K=8 εGal εSPA εSha

3 6 0.0451 0.0448 0.0445 0.0440 0.0435 0.039 0.084 0.110

4 8 0.0393 0.0394 0.0395 - - 0.047 0.076 0.110

5 10 0.0324 0.0326 - - - 0.027 0.068 0.110

3 5 0.0631 0.0629 0.0626 0.0621 - 0.061 0.113 0.146

4 6 0.0619 0.0622 0.0625 0.0626 - 0.066 0.116 0.174

3 4 0.0972 0.0974 0.0973 0.0968 0.0959 0.106 0.167 0.215

5.6 Conclusions

Novel descriptions of the variable node update in stochastic decoding of LDPC

codes are presented. We represent the variable node update as producing output bits

according to a Markov process and study the stationary distribution and rate of conver-

gence of this process. We show that the variable node update can be interpreted as a

probabilistic AND-OR logic. We also represent SD as a successively relaxed SPA, where

the relaxation parameter depends on the incoming messages at each iteration unlike other

successively relaxed sum-product algorithms. We propose a method for performing the

density evolution for stochastic decoding. However, the proposed method for perform-

ing exact density evolution is shown to be computationally infeasible. A method for

performing approximate density evolution efficiently is demonstrated and thresholds for

some regular LDPC codes are calculated. The proposed method should allow optimizing

LDPC code design for stochastic decoding.
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Chapter 6

Enhancing Binary Images of

Non-Binary LDPC Codes

In this chapter, we investigate the reasons behind the superior performance of

belief propagation decoding of non-binary LDPC codes over their binary images when the

transmission occurs over the binary erasure channel. We show that although decoding

over the binary image has lower complexity, it has worse performance owing to its larger

number of stopping sets relative to the original non-binary code. We propose a method to

find redundant parity-checks of the binary image that eliminate these additional stopping

sets, so that we achieve performance comparable to that of the original non-binary LDPC

code with lower decoding complexity.

6.1 Introduction

Low-density parity-check (LDPC) codes were introduced by Gallager [1] and

rediscovered in the 1990’s. Davey and MacKay showed that non-binary LDPC (NB-

LDPC) codes perform better than binary codes for the same bit length [2]. Despite their

better performance, higher decoding complexity has limited the implementation of non-

binary LDPC codes in real-world applications. Reduced complexity decoding is possible

using an equivalent binary Tanner graph, called the binary image of the code. There are

many ways to construct binary images of non-binary codes - one way, referred to as basic

binary image, is to represent each non-binary codeword by a binary vector of the same

118
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bit length. A recent result [3] defines an extended binary image of longer bit length and

establishes the equivalence of belief propagation (BP) decoding over it to BP decoding

over the non-binary codes for the binary erasure channel (BEC). Based on this image,

we compare NB-LDPC code to their basic binary images and suggest an algorithm to

find redundant parity-checks to improve the performance of the basic binary images.

The remainder of the chapter is organized as follows. In Section 6.2, we briefly

describe the BP decoding of NB-LDPC codes. We define the basic and extended binary

images in Section 6.3. The superiority of BP decoding over NB-LDPC code for BEC

compared to its basic binary image is shown in Section 6.4 and the algorithm to bridge

this gap in performance through addition of redundant parity-checks to the basic binary

image is given in Section 6.5. We summarize our findings in Section 6.6.

6.2 GF(2b)-LDPC Codes

An LDPC code Cq over GF(q) where q = 2b is specified by a parity-check matrix

Hq of dimension mq×nq whose elements are from GF(q), where the number of non-zero

elements in Hq is proportional to nq. The code is then defined as the nullspace of Hq,

i.e.,

Cq = {X ∈ GF(q)nq : Hq ⊗q XT = 0T}

where X is assumed to be a row-vector, 0 the all-zero row-vector, ⊗q denotes matrix mul-

tiplication when matrix elements belong to GF(q), and T denotes transposition. When

the parity-check matrix Hq is full-rank, the code Cq is a vector-subspace of GF(q)nq

of dimension kq = nq − mq, has a blocklength nq symbols, and is therefore of rate

R =
kq
nq

= 1− mq
nq

.

We associate with the matrix Hq a bipartite graph, called the Tanner graph Gq, as

follows. Corresponding to the jth column of Hq is a variable node V q
j , and corresponding

to the ith row is a check node Cqi , i ∈ [mq] , {1, 2, . . . ,mq}, j ∈ [nq]. Every non-zero

entry hi,j of Hq corresponds to an edge between Cqi and V q
j with label hi,j . We denote

by N v(j) the set of check nodes connected to a given variable node j ∈ [nq], i.e., the

neighbors of the jth variable node, and by N c(i) the set of variable nodes connected to

a given check node i ∈ [mq]. When the degree of every variable node and every check
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node in Gq is dl and dr respectively, i.e., |N v(j)| = dl, |N c(i)| = dr ∀ i ∈ [mq], j ∈ [nq],

the LDPC code Cq is said to be (dl, dr)-regular. It is easy to see that for a (dl, dr)-regular

code, the rate satisfies R = 1− mq
nq

= 1− dl
dr

.

Belief Propagation Decoding

The messages passed around on the Tanner graphs in the BP decoder represent

the a posteriori probabilities of the symbols of GF(q). We will briefly describe the BP

decoding of non-binary LDPC codes over the binary erasure channel (BEC) using the

analogue of the peeling decoder, which for the BEC is the same as the BP decoder over

Gq, which we denote as BP(Hq).

We assume a fixed isomorphism ΦB : GF(q) 7→ GF(2)b that preserves the addition

operation defined on GF(q). This isomorphism is used to map codewords X ∈ Cq ⊂
GF(q)nq to binary vectors x ∈ GF(2)bnq . The vector x is transmitted over a BEC with

erasure probability ε and let E be the index set of the erasures in the received word. At

the receiver, the a priori set of eligible symbols Q(0)
j for the jth variable node consists

of symbols which fit the received binary sequence corresponding to the jth transmitted

symbol. Thus Q(0)
j has 2a symbols if a out of the b bits in the received binary sequence

corresponding to the jth transmitted symbol are erased. The peeling decoder updates

these sets iteratively by exchanging messages between variable and check nodes. For

the BEC, the messages passed around iteratively can be represented by sets of eligible

symbols. Let Q(`)
i,j denote the set of eligible symbols sent by the ith check node to the

jth variable node in the `th iteration. Then, the peeling decoder performs the following

steps iteratively for ` ≥ 1

• Check node processing: For check node Cqi , i ∈ [mq],

Q(`)
i,j =

∑
j′∈N c(i)\{j}

hi,j′Q(`−1)
j′ ∀ j ∈ N c(i).

• Variable node processing: For variable node V q
j , j ∈ [nq],

Q(`)
j = Q(`−1)

j ∩
( ⋂
i∈N v(j)

h−1
i,jQ

(`)
i,j

)
.
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where, if h ∈ GF(q) and Q,Q1,Q2 ⊆ GF(q), we define

hQ , {ha | a ∈ Q}

Q1 +Q2 , {a1 + a2 | a1 ∈ Q1, a2 ∈ Q2}.

The decoder stops when |Q(`)
j | = |Q(`−1)

j | ∀ j ∈ [nq]. Decoding is successful if

|Q(`)
j | = 1 ∀ j ∈ [nq] for some ` ∈ N. It should be noted that any set of eligible symbols

(Q(`)
j or Q(`)

i,j ) is a coset of a vector subspace of GF(q) [4].

6.3 Binary Images

Since codes defined over GF(2b) can be written as a collection of vectors over

GF(2), we can consider the binary images of these codes. Further, since BP decoding

for GF(q) has a high computational complexity, we can make use of the binary images

to decode the non-binary code.

6.3.1 Basic Binary Image

The isomorphism ΦB defined in Section 6.2 maps any row-vector of symbols

X = (X1, . . . , Xnq) ∈ GF(q)nq

to a binary row-vector

ΦB(X) , (ΦB(X1), . . . ,ΦB(Xnq))

of length bnq. The basic binary image of Cq is defined as the set CB ⊂ GF(2)bnq where

CB = {ΦB(X) : X ∈ Cq}. As described earlier, the codewords of CB are the ones that

are transmitted over the BEC. Note that there are
∏b−1
l=0

(
2b − 2l

)
possible choices for

the isomorphism ΦB.

Once fixed, the isomorphism ΦB identifies a mapping Ψm : GF(q) 7→ Mb, where

Mb is the collection of all invertible matrices over GF(2) of size b× b, defined below. For
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any h ∈ GF(q),

Ψm(h) =


ΦB

(
h× Φ−1

B

(
u1,b

))
ΦB

(
h× Φ−1

B

(
u2,b

))
...

ΦB

(
h× Φ−1

B

(
ub,b
))



T

where ui,b denotes the binary row-vector of length b with the element i as 1 and other ele-

ments equal to 0, i.e., the unit vector along the ith dimension. The set {Ψm(h) : h ∈ GF(q)} ⊂
Mb constitutes a field under matrix addition and matrix multiplication operations over

GF(2), i.e., for h1, h2 ∈ GF(q), Ψm(h1 + h2) = Ψm(h1) ⊕2 Ψm(h2) and Ψm(h1h2) =

Ψm(h1)⊗2 Ψm(h2). Also, it is easy to see that for any h, x ∈ GF(q), Ψm(h)⊗2 ΦB(x)T =

ΦB(hx)T.

The mappings ΦB and Ψm allow us to identify CB as a linear block code with

parity-check matrix HB that is obtained by replacing each element of Hq by its image

given by Ψm. We could perform BP on the Tanner graph of HB, denoted by BP(HB),

instead of the more complex BP(Hq). However this has worse performance in general

due to the large number of short cycles introduced by Ψm(h)’s in the parity-check matrix

HB. In particular, for the BEC, we shall show later that this bad performance can be

attributed to a larger number of stopping sets of HB.

6.3.2 Extended Binary Image

The observation made at the end of the previous subsection leads us to the

question whether it is possible to design a binary image of a non-binary code that matches

the performance of the non-binary code. This question was answered in the affirmative

by Savin in [3] for the BEC. We briefly describe the construction of this code, called the

extended binary image.

We define a mapping ΦE : GF(q) 7→ GF(2)2b−1 such that each symbol of GF(q)

is mapped to a codeword of the simplex code CS(b) of length 2b − 1, i.e., the dual of the

Hamming code of blocklength 2b − 1. For X ∈ GF(q),

ΦE(X) , ΦB(X)⊗2 GS(b)
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where GS(b) is the generator matrix of the simplex code of size b×(2b−1). By linearity of

ΦB, ΦE(X1 +X2) = ΦE(X1)⊕2 ΦE(X2). Note that the columns of GS(b) are all vectors

of weight 1 ≤ w ≤ b. We will let the ith column of GS(b) be (g1,i, g2,i, . . . , gb,i)
T where

i =
∑b

j=1 gj,i2
j−1 for i ∈ [2b− 1]. We use the mapping ΦE to map row-vector of symbols

X = (X1, . . . , Xnq) ∈ GF(q)nq to a binary row-vector ΦE(X) , (ΦE(X1), . . . ,ΦE(Xnq))

of length (2b − 1)nq. The ordering of the columns of GS(b) implies that for i ∈ [nq],

j ∈ [b]

(ΦB(Xi))j = (ΦE(Xi))2j−1 , (6.1)

where we write (ΦB(X))e to denote the eth element of the vector representing ΦB(X) for

X ∈ GF(q). The extended binary image of Cq is defined as the set CE ⊂ GF(2)(2b−1)nq

where CE = {ΦE(X) : X ∈ Cq}. For a fixed ΦE , one can define a mapping ΨM : GF(q) 7→
M2b−1 such that

ΨM (h)⊗2 ΦE(X)T = ΦE(hX)T ∀ h,X ∈ GF(q).

Then the following can be shown.

Lemma 6.3.1. ΨM (h) is a permutation matrix for all h ∈ GF(q).

The matrix HPM of dimension mq(2
b−1)×nq(2b−1) is defined as one obtained

by replacing each element of Hq by its image under ΨM . Then, the Tanner graph of

HPM is a graph cover [5] of Gq with all edge labels equal to 1. It is easy to show that

the extended binary image is

CE = {x ∈ GF(2)(2b−1)nq : HPM ⊗2 x
T = 0T} ∩ CS(b)nq

where

CS(b)nq = CS(b)× . . .× CS(b)︸ ︷︷ ︸
nq

⊂ GF(2)(2b−1)nq .

The overall parity-check matrix for the extended binary code is therefore of the form

HE =

 HPM

Inq �HS(b)


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where Inq is the (nq×nq) identity matrix, HS(b) is the parity-check matrix of the simplex

code and � represents the Kronecker product.

As a consequence of Equation (6.1), transmitting the codewords of CB amounts

to transmitting bits indexed by the set It = {i ∈ [(2b − 1)nq] : i = 2j mod (2b − 1), j ∈
{0, 1, . . . , b − 1}} of the corresponding codewords in CE and puncturing the rest. We

will let Ip = [(2b − 1)nq] \ It denote the index set of punctured bits in CE . For ease of

notation, we will define xBi,j , (ΦB(Xi))j and xEi,j , (ΦE(Xi))j .

Example 6.3.1. Let us consider a code over GF(8) given by the following parity-check

matrix Hq = (α α2 1), where α is a primitive element of GF(8) with the primitive

polynomial being x3+x+1 = 0. The code may be represented as solutions to the following

linear constraint αX1 + α2X2 +X3 = 0. Table 6.1 gives the chosen mapping ΦB. Then

Table 6.1: Mapping ΦB : GF(8) 7→ GF(2)3

X ∈ GF(8) ΦB(X)

0 (0, 0, 0)

α (0, 0, 1)

α3 (0, 1, 0)

α6 (1, 0, 0)

α2 (1, 1, 1)

α4 (1, 1, 0)

α5 (1, 0, 1)

α7 (0, 1, 1)

the parity equations for the basic binary code can be written as
0 1 1

1 1 1

1 0 1




xB1,1

xB1,2

xB1,3

+


0 1 0

0 0 1

1 1 0




xB2,1

xB2,2

xB2,3



+


1 0 0

0 1 0

0 0 1




xB3,1

xB3,2

xB3,3

 =


0

0

0

 , i.e.,

(xB1,2 + xB1,3) + xB2,2 + xB3,1 = 0, (6.2)
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(xB1,1 + xB1,2 + xB1,3) + xB2,3 + xB3,2 = 0, (6.3)

(xB1,1 + xB1,3) + (xB2,1 + xB2,2) + xB3,3 = 0. (6.4)

The parity-check equation for the extended binary image can be written as

ΨM (α)ΦE(X1) + ΨM (α2)ΦE(X2) + ΨM (1)ΦE(X3) = 0.

Thus, the seven binary parity-check equations represented by the equation above are rep-

resented by HPM given by

(ΦE(X1))j (ΦE(X2))j (ΦE(X3))j
j 1 2 3 4 5 6 7 1 2 3 4 5 6 7 1 2 3 4 5 6 7

P1 1 1 1

P2 1 1 1

P3 1 1 1

P4 1 1 1

P5 1 1 1

P6 1 1 1

P7 1 1 1

Here, equation P1 is xE1,6 + xE2,2 + xE3,1 = 0 which together with the simplex constraints

xE1,6 = xB1,2 +xB1,3, xE2,2 = xB2,2 and xE3,1 = xB3,1 can be written as Equation (6.2). Similarly,

equations P2 and P4 correspond to Equations (6.3) and (6.4) respectively. Equations

P3, P5, P6, P7 are all linear combinations of the above equations.

In [3], it was shown that the extended binary image was equivalent to the non-

binary code from which it was constructed. But this equivalence was established for

the BEC with BP updates at the parity-check nodes and ML updates at the simplex

nodes. In order to achieve this equivalence with BP, we will assume that the parity-

check matrices representing the simplex codes have redundant parity-checks assuring

ML performance with BP. For the simplex codes, this is achieved by forming the parity-

check matrix with rows of weight 3 [6]. Hence, HS(b) is the parity-check matrix of size

(2b − 1)(2b−1 − 1) × (2b − 1) for the simplex code. We will denote BP over the Tanner

graph of HE with HS(b) having redundant checks and when only bits indexed by It are

transmitted as BP(HE).
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6.4 Superiority of BP(Hq) over BP(HB)

From the construction of the basic binary image and the extended binary image,

it is clear that for each parity-check equation in Hq, there are b parity-check equations

in HB and (2b − 1) parity-check equations in the HPM portion of HE .

Lemma 6.4.1. For each row hq in the parity-check matrix Hq, the parity-check matrix

HE contains all non-trivial linear combinations of the b rows corresponding to hq in the

parity-check matrix HB.

Discussion: First, note that the extra variables in the extended binary image were

defined such that all non-trivial linear combinations of the transmitted bits were repre-

sented by a variable and these linear relations were maintained through the use of the

simplex code for each non-binary symbol. Second, observe that by using the permutation

matrices, we obtained a set of (2b− 1) parity-check equations each involving exactly one

of the variables from each simplex codeword. Putting these two together, we can show

the above result.

Since it is known that the performance of BP(Hq) is the same as that of BP(HE),

it suffices to show that BP(HE) has superior performance in comparison with BP(HB).

The performance of codes over the BEC with BP decoding is determined by the stopping

sets of the Tanner graph of their parity-check matrix [7]. By an erasure pattern E , we

mean the index set of the erasures in a vector. For a binary parity-check matrix H,

let β(H, E) denote the erasure pattern obtained at the end of decoding the received

word with erasure pattern E using BP on the Tanner graph of H. Then a stopping

set is an erasure pattern E such that β(H, E) = E . Let S(H) = {E : β(H, E) = E}
be the set of stopping sets of H. Notice that this condition is the same as the graph-

theoretic requirement that every check node neighbor of variables in the Tanner graph

of H indexed by E be connected to these variables at least twice. However, with the

extended binary image, we are interested in erasure patterns only among the transmitted

variables. Hence we do not have a corresponding graph-theoretic definition of stopping

sets of BP(HE).

Definition 6.4.2 (Stopping Sets of BP(HE)). Consider BP decoding of the extended

binary code over the BEC with the parity-check matrix HE. A stopping set, E, is a subset
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of the index set of transmitted bits such that BP decoding can recover no transmitted bit

in E, i.e.,

E ⊂ It such that β(HE , E ∪ Ip) ∩ It = E .

Discussion: Let us denote by SE the set of all stopping sets of the extended binary

image as defined above. Let S(HE) denote the set of all stopping sets of the code with

parity-check matrix HE assuming all bits are transmitted. Define

St(HE) = {S ∩ It : S ∈ S(HE)}.

Then, SE = St(HE). This is because for each S ∈ St(HE), β(HE ,S) is the maximal

stopping set S ′ ∈ S(HE) such that S ′ ∩ It = S. Note that for the basic binary image,

the set of all stopping sets is just the normal definition SB = S(HB) since every bit of

the basic binary image is transmitted.

Proposition 6.4.3 (BP(HE) better than BP(HB)). SE ⊂ SB.

Proof. Suppose to the contrary that ∃ S ∈ SE \ SB. Then, there is a parity-check

equation in HB that involves only one erasure, say xBi,e = (ΦB(Xi))e. Let this equation

be

∑
j∈Ii

(ΦB(Xi))j +
∑
k∈I

∑
j∈Ik

(ΦB(Xk))j = 0

⇒
∑
j∈Ii

xBi,j +
∑
k∈I

∑
j∈Ik

xBk,j = 0 (6.5)

for some index sets Ii, Ik ⊂ [b], ∀ k ∈ I, I ⊂ [nq] \ {i} and e ∈ Ii. We know from the

construction of the extended binary image that there exist variables

xEk,Σk , (ΦE(Xk))∑
j∈Ik 2j−1 =

∑
j∈Ik

(ΦB(Xk))j

=
∑
j∈Ik

(ΦE(Xk))2j−1 , k ∈ I ∪ {i}.
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From Lemma 6.4.1, we also know that the equation

xEi,Σi +
∑
k∈I

xEk,Σk = 0 (6.6)

is contained in HPM . Since every bit except xBi,e was known in Equation (6.5), every bit

except xEi,Σi is known in Equation (6.6). Hence the extended binary image can solve for

xEi,Σi . But the simplex portion of HE contains the equation

xEi,Σi =
∑
j∈Ii

xEi,2j−1 =
∑
j∈Ii

(ΦB(Xi))j

which has only one unknown xEi,2e−1 = xBi,e, which can also be solved for. This is a

contradiction to the assumption that S ∈ SE . Therefore, SE \ SB = ∅.

Example 6.4.1. Consider the code in Example 6.3.1 and let the received word be (?0? 0?0 000),

where ? denotes an erasure. It is easy to see that this received word corresponds to

a stopping set of the basic binary image. However, the extended binary image can

recover all erasures. Using P6 we can recover xE2,7, then using the simplex equation

xE2,7 = xE2,1 + xE2,2 + xE2,4 we obtain xE2,2. In turn, xE2,i ∀i ∈ {1, . . . , 7} can be obtained.

Finally we can use P3 and P7 to recover xE1,1 and xE1,4.

Note that although we have only shown improper containment of SE in the set

of stopping sets of HB, in most cases this containment is proper, i.e., SE ( SB. One

case where SE = SB is when the Tanner graph corresponding to HB is cycle-free.

Proposition 6.4.3 gives us an analytical insight into why non-binary codes perform

well. However, since the superiority is established only in comparison with the basic

binary image corresponding to the non-binary code, the result constitutes only a partial

answer to why non-binary codes are better than their binary counterparts in general.

6.5 Enhancing CB using Redundant Parities

It is known that the performance of a linear code over the BEC with BP can

be improved by using a parity-check matrix with redundant parity-checks (RPCs). In

fact, by adding enough parity-checks, we can guarantee ML performance with BP (See
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[6] and references therein). A similar notion is that of stopping redundancy [8], where

RPCs are added to remove stopping sets of size smaller than the minimum distance of

the code. In the same spirit, we pose the question whether it is possible to achieve the

performance of a non-binary code by its basic binary image with some RPCs.

Proposition 6.5.1. For every S ∈ SB \ SE, there exists an RPC for the basic binary

image, hS ⊗2 ΦB(X)T = 0, such that S /∈ S(ĤB) where ĤT
B = (HT

B|hTS).

Proof. Since S /∈ SE , the BP decoder working over HE can solve for some erased trans-

mitted bit xEi,2e−1 = xBi,e. This implies that the ML decoder working with HB can also

solve for xBi,e. Since ML decoding over the BEC is the same as Gaussian elimination, the

above means that there exists a linear combination of the parity-check equations in HB

which has only xBi,e as the unknown, which can be set as hS .

Note that since there might be multiple linear combinations of parity-check equa-

tions of HB that can solve for xBi,e, the RPC hS is not always unique.

We now describe an algorithm that finds the RPC hS , pseudo-code for which is

given as Algorithm 6.1. Given S, the algorithm starts the peeling decoding over HE

with the erasure pattern S ∪ Ip. The decoder maintains a list of all the punctured bits

that were solved and the unerased transmitted bits that were used to solve them. When

a transmitted but erased bit is solved, the decoder is terminated and the algorithm finds

an equation involving only this recovered transmitted bit and some unerased transmitted

bits chosen based on the punctured bits that appear in the computation tree for this

recovered transmitted bit. Thus, for a given stopping set, the algorithm uses a partial

peeling decoding attempt over the extended binary image and a traversal through the

computation tree of a recoverable transmitted bit to obtain the corresponding RPC of

HB. For a given collection of stopping sets, this algorithm is first run for low-weight

stopping sets since RPCs that eliminate low-weight stopping sets may also eliminate

higher weight stopping sets containing those low-weight stopping sets as a subset. It

is possible to optimize the choice of RPCs to minimize the degrees of the additional

check nodes introduced by them. However, this optimization was not considered in the

implementation used for this paper. Note that the idea here is different from the one in

[9] where the authors try to optimize the set of transmitted bits under the assumption
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Algorithm 6.1 Algorithm to find hS given S ∈ SB \ SE
1: R ← ∅, L ← ∅, hS ← 0

2: while ∃ a row hEj ∈ HE that solves (ΦE(X))i do

3: R ← R∪ {(i, j)}
4: if i ∈ It then

5: L ← {(i, j)}
6: while L 6= ∅ do

7: (i, j)← pop(L)

8: Let Ij ⊂ [(2b − 1)nq] :
∑

k∈Ij uk,(2b−1)nq = hEj
9: for all i′ ∈ Ij ∩ Ip \ {i} do

10: Locate (i′, j′) ∈ R
11: push(L, (i′, j′))
12: end for

13: for all k ∈ Ij ∩ It do

14: σk ← b k
2b−1
cb+ (k mod (2b − 1))

15: hS ← hS ⊕2 uσk,bnq
16: end for

17: end while

18: return hS
19: end if

20: end while

that bits of the extended binary image indexed by a subset of Ip are also transmitted to

obtain a lower rate code that performs better.

Tables 6.2 and 6.3 list the number of codewords and number of stopping sets for

two non-binary LDPC codes, C4 and C8, and their binary images. Tanner graph for C4

is constructed randomly with parameters q = 22, nq = 96, kq = 32, and dl = 2, dr = 3.

Tanner graph for C8 is constructed using Progressive Edge-Growth (PEG) [10] with

parameters q = 23, nq = 100, kq = 50, and dl = 2, dr ' 4. Let AwB denote the number

of codewords of weight w in the basic binary image CB. Let Sw(H) denote the set of

stopping sets of H of weight w, SwE the set of stopping sets of the extended binary image

of weight w. For C4, RPCs were added to its basic binary image to remove extra stopping

sets of weights up to 12 in H12
B and weights up to 15 in H15

B while, for C8, RPCs were

added to remove extra stopping sets of weights up to 8 in H8
B and weights up to 10

in H10
B . The stopping sets SB = S(HB) were found using the algorithm in [11] and

whether these were in SE was verified by running the BP decoder over HE . For those

stopping sets in SB \ SE , the RPCs were found using the algorithm described earlier in
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this section. For C4, the basic binary image has 192 variable nodes and 128 check nodes,

while the number of RPCs in H12
B and H15

B are 93 and 154, respectively. For comparison,

the extended binary image has 288 variable nodes and 288 check nodes. Similarly, the

basic binary image for C8 has 300 variable nodes and 150 check nodes, while the number

of RPCs in H8
B and H10

B is 60 and 185, respectively. The number of variable and check

nodes in the extended binary image for C8 is 700 and 1050, respectively. In general,

for a NB-LDPC code over GF(q), the number of variable and check nodes in the basic

binary image is O(log q) while it is O(q) in the extended binary image. The number of

variables nodes in the enhanced basic binary image is the same as basic binary image,

while the number of check nodes is the sum of the number of check nodes in the basic

binary image and the additional RPCs added.

Table 6.2: Stopping set weights for a GF(4) code, C4, and its binary images

w AwB |SwE | |Sw(HB)| |Sw(H12
B )| |Sw(H15

B )|
≤ 4 0 0 0 0 0

5 4 4 6 4 4

6 2 2 11 2 2

7 7 7 31 7 7

8 7 9 50 9 9

9 3 4 86 4 4

10 12 23 171 23 23

11 22 30 343 30 30

12 63 80 873 80 80

13 87 120 2199 151 120

14 122 204 5463 287 204

15 205 418 13891 650 418

16 369 793 35209 1322 821

For the codes under consideration, Figures 6.1 and 6.2 plot the BP performance

of the non-binary codes, their basic binary images, and the enhanced binary images.

The improvement in performance with RPCs is evident in the figures. The FERs of

the non-binary code and the enhanced binary image are close to each other, and the

corresponding BERs are also comparable.
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Table 6.3: Stopping set weights for a GF(8) code, C8, and its binary images

w AwB |SwE | |Sw(HB)| |Sw(H8
B)| |Sw(H10

B )|
≤ 2 0 0 0 0 0

3 0 0 9 0 0

4 0 0 0 0 0

5 0 0 0 0 0

6 1 1 59 1 1

7 5 5 82 5 5

8 13 13 509 13 13

9 38 38 2781 156 38

10 64 64 11763 612 64

11 143 147 45310 2102 310

12 309 358 169120 6363 871

13 799 970 663617 19346 2575

14 1906 2525 2727519 62032 7893

6.6 Concluding Remarks

We showed that when the transmission of a non-binary LDPC codeword occurs

over the BEC, BP decoding over the non-binary graph has a better performance than BP

decoding over the Tanner graph of the basic binary image of the code. We proposed an

algorithm to efficiently find effective redundant parity-checks for the basic binary image

by observation of the BP decoding iterations of the extended binary image. Through

numerical results and simulations, the effectiveness of the proposed algorithm was es-

tablished. Obtaining bounds on the number of RPCs of the basic binary image needed

to achieve the same performance as BP over non-binary code would be of interest. Sim-

ilar characterization of the reasons for the superiority of non-binary codes over other

channels involving errors as well as erasures will give further insight on designing strong

codes and efficient decoding algorithms for such channels.

Acknowledgements

This chapter is a reprint of the paper “Enhancing Binary Images of Non-Binary

LDPC Codes,” Aman Bhatia, Aravind R. Iyengar, Paul H. Siegel; published in Proc.

IEEE Globecom, Houston, Texas, December 5-9, 2011, pp. 1–6. The dissertation author



133

10−6

10−5

10−4

10−3

10−2

10−1

100

B
E
R
/
F
E
R

0.1 0.2 0.3 0.4 0.5 0.6
ǫ

Figure 6.1: Bit (dashed curves) and frame (solid curves) error rates for the random

non-binary code C4 with parameters q = 22, nq = 96, kq = 32, dl = 2, dr = 3 and its

binary images considered in Table 6.2.

was the primary investigator and author of this paper, and co-authors have approved

the use of the material for this dissertation.



134

10−6

10−5

10−4

10−3

10−2

10−1

100

B
E
R
/
F
E
R

0.25 0.3 0.35 0.4 0.45 0.5
ǫ

Figure 6.2: Bit (dashed curves) and frame (solid curves) error rates for the PEG
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