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SINGLE PION'PRODUCTION IN THE K+P CHANNEL 

FROM 860 TO 1360 MeV/c 

Roger Woodward Bland 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

March 11, 1968 

ABSTRACT 

We have studied single pion production by K+ mesons on protons from 

860 to 1360 MeV/c incident beam momentum. We find strong N*(1236) produc-

tion in this region, with its maximum cross section occurring slightly 

below the 1250 MeV/c peak in the total cross section reported by Cool 

et al. 2 A partial wave analysis of the KN* final state indicates that 

the N* production is dominated by the Pl / 2 and P
3
/ 2 states in the region 

of the Cool peak, with no evident phase variation from 860 to 1360 MeV/C. 

* The N production is qualitatively consistent with the predictions of 

the magnetic dipole (Ml) p-exchange model; near threshold, however, 

the experimental cross section is too high by a factor of 5 and the 

detailed partial wave structure deviates considerably from the Ml predic-

tions. The smooth variation with beam momentum of all properties of 

+ + 
the K p system suggests that the K p channel has no strong resonant 

activity" and should be interpreted in terms of t-channel phenomena. 
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INTRODUCTION 

In 1963 the Bevatron Scheduling Committee approved a high-statistics, 

low-energy K+P experiment, to be done in the 25-inch hydrogen bubble 

+ 
~hamber. At the time there was little detailed data ot:! the K p channel 

above 810 MeV/c. 1~e total cross section was known to rise rapidly from 

about 13 mb at 810 MeV/c, leveling off at higher momenta at about 18 mb.
l 

The only known resonances produced in this region were the K*(89l) and 

the N*(1236) and'possibly the controversial K meson at 725 MeV. This 

+ . 
experiment was intended to study the K p interaction in detail in the 

region of the single pion threshold and to search for K production at 

momenta just below threshold ,for production of other resonances. 

This experiment has been long in analysis. Since the film was taken 

the K meson has been largely discredited. However, recent very accurate 

2 
total cross-section measurements (Cool et al. at Brookhaven and Bugg 

et al. 3 at Rutherford Laboratory) have confirmed the presence of struc-

ture just above the single pion production threshold, and suggest the 

possibility of resonant behavior in the s channel. The high inelasticity 

of such a resonance, if it exists, and the lack of polarization data in 

K+p elastic scattering make it mandatory to study the inelastic channels 

in detail. The experiment may be equally interesting in the absence of 

such a resonance, however. With the lack of strong resonant activity in 

the s channel and with relatively few resonating particle pairs in the 

inelastic· final states, this channel is ideal for studying the t-channel 

* * structure of the KN and K N production amplitudes. 

The plan of this paper is as follows: Section I includes a descrip-

tion of the experimental setup, exposure of the film, and the subsequent, 
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scanning, measuring, and 'fitting of events. In Section II we discuss 

bias corrections and errors and finally calculate cross sections for the 

various reactions detected in the bubble chamber. Sections III and IV 

contain a relatively model-independent exposition of the main features 

of the single pion production data. In Section III the mass distribu-

tions are used to determine the cross sections for resonance production 

and nonresonant background, and in Section IV the angular distributions 

of the 3-body system are discussed, emphasizing the Nrr and Krr diparticle 

pairings. In Section V the KN*(1236) and K*(89l)N final states are 

discussed in terms of their exchange model interpretation. A contrasting 

analysis of the KN* final state, in terms of partial waves, is presented 

in Section VI. Section VII discusses the interference between the KN* 

aJ.?-d K*N amplitudes in terms of a previously published model for this 

process. A summary of the paper and our conclusions are presented in 

Section VIII. 

w ~. 

! 
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I. DESCRIPTION OF THE EXPERIMENT 

The data for this thesis are part of a 600 OOO-picture exposure of 

the Lawrence Radiation Laboratory 25-inch hydrogen bubble chamber at the 

Bevatron in the spring and summer of 1964. A two-stage variable momentum 

mass separated beam was built especially for this experiment.4 The layout 

of the beam is shown in Fig. 1. The target was in an extracted proton 

beam, external to the Bevatron field, enabling the beam to operate over 

a wide range of momenta and for 'positive or negative beam .particles. 

There were two mass separation stages, each consisting of an electrostatic 

separator and a vertical mass slit. The central beam momentum and momentum 

bite (about ± 1% in this experiment) were defined at the first horizonta1 

focus by the horizontal aperture of slit 1. The beam was limited to 

operating momenta at or below about 1600 MeV/c, due to saturation of the 

+ + magnets, and the optical separ~tion of·K mesons from n mesons and protons 

was good at all operating momenta. However, there was a substantial beam 

contamination at higher momenta due to pions and protons passing through 

the jaws of the slits. 

In Table I we give, for the four momenta discussed in this thesis, 

the numbers of pictures analyzed5 and numbers of events of each topology 

included in this analysis. The average fitted beam momentum at the point 

+ of the K interaction or decay is given in this table; hereafter we will 

use for reference the nominal ~omenta of 860, 960, 1200, and 1360 MeV/C. 

The numbers in Table I refer to the entire analysis. However, due to 

scanning inconsistencies and other bookkeeping problems, a subsample was 

chosen at each momentum from which to determine cross sections. At 860 

and 1360 MeV/c almost all events were used, and at 960 and 1200 MeV/c, 

i ,. 
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Diagram of the beam. 
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Table I. Number of pictures taken· and numbers of events analyzed at the four momenta included 
in this thesis. 

Beam Number of Numbers of events analyzed 

momentum pictures 2-prong, 2-prong, 
(BeV/c) analyzed 3-prong no yo with yo 4-prong Total 

--
864 46 000 2 300 13 000 350 20 15 670 

{ 25 000 1 100 8 100 500 30 9 730 
969 

17 OOOa 200 200 

44 000 12 600 14 850 
I 

1207 1 100 1 100 50 \J1 
I 

1367 66 000 1 500 1 800 400 3 700 

all 198 000 6 000 33 700 3 950 500 44 150 

aOnly VO events were measured in this section of film. 

+-.' .. ---~.- •. -~. 
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slightly over half; the numbers in Tables III, IV, and V refer to .this 

selected cross-section sample. The detailed analysis in subsequent 

sections is based on events-from the entire data sample, however~ 

The primary measuring device for this experiment was the Berkeley 

Flying Spot Digitizer (FSD), a rapid automatic film-plane digitizer 

measuring at a rate of about 100 events per hour. The FSD requires that 

an event to be measured. Scanning and rough digitizing proceeds at a rate 

of about 20 events per hour. A small fraction of the data was measured 

by two IIFranckenstein" film-plane measuring projectors, at a rate of about. 

four events per hour. 

All events, with a few exceptions, were first measured by the FSD •. 

After the first measurement certain configuration-unbiased failures were 

rejected and not considered further in the analysis, in order to reduce 

the remeasurement task. Gross non-beam events, accidental duplicate .L 

measurements and events outside the fiducial volume were also rejected 

at this stage. All other failures were again predigitized and measured 

on the FSD. Those still failing were measured on the Franckensteins, 

some several times, until only a small fraction of the events remained 

unresolved. The exceptions to this procedure were (1) a small fraction 

of the events, about 2%, with tracks too short for the FSD to measure, 

,'hieh were recorded by hand and later measured on the Franekensteins; 

and (2) events from about 70% of the film at 1360 MeV/c, whieh were meas-

ured only on the Franckensteins. 

In Table II we give the numbers of passing and failing events for 

the first two FSD measurements, at 1200 MeV/c, for events with three 
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Table II. Numbers of passing and failing events at 1200 MeV/c, 
for first and second measurements on the FSD • 

First 

FSD 

measurement 

Second 

FSD 

measurement 

Topology 

Number measured 

Accepted events 

Unbiased FSD rejects 

Fiducial rejects 

Other failures (to be 
remeasured) 

% remeasured 

Number measured 

Accepted events 

Fiducial rejects 

Other failures (to be 
remeasured) 

% remeasured 

~-prong, 

no 'tf> 

11 960 

7 421 

1148 

300 

3 091 

26% 

3 091 

1 325 

136 

1 630 

53% 

3-prong 

1 120 

654 

126 

35 

305 

27% 

305 

99 

15 

191 

62% 

.' 
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. t a·nd no VO• prongs or wo prongs The 27% of events remeasured after the 

first 'measurement can be broken down roughly into' 17% bad measurements 

and 10% of events apparently well-measured but failing to fit. Most of 

those in the latter category fit either after the second FSD measurement 

or after measurement on the Franckenstein, and are due to undetected 

measurement errors. We'have not included events with VO's in Table II 

because we did not try to optimize their passing rate. o The V presented 

a special problem when measured on the FSD because the direction of the 

neutral track depends on the reconstruction of the decay vertex, and for 

short neutral flight paths large errors were often made. This problem 

was not so great for events measured on the Franckensteins, since difficult 

decay vertices can be located more reliably by a human measurer. For this 

reason: and to minimize special programming for small numbers of events, 

four-prong events and events with VO's were measured' primarily on the 

Francke n ste in s • 

The measurements were analyzed with two sequences of' programs. The 

FOG-CLOUDY-FAIR system was used for FSD measurements, and PACKAGE for the 

Franckenstein measurements. The onl~ unconventional feature of the fitting 

was "total beam track editing." This procedure 'Was adopted because the 

heavy flux of beam tracks, 15-25 per frame, caused a large failure rate 

for beam tracks measured by the FSD. This measurement of the beam track 

was therefore discarded, and replaced by an artificial track. The artifi-

.i· , 
I 
.i 
i 

I .,( 
i , 

,. 
I. 

to 

t 
l 
I 
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.' 
I 
to 

cial track had for angles and momentum the average beam angles and momentum, t 

and for measurement errors the half-widths of the beam distributions. The 

beam distributions were determined from a sample of four-constraint events 

measured on the Franckensteins and analyzed by PACKAGE. Total beam editing 
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was not adopted in PACKAGE, since for events measured by hand the correct 

beam track could usually be located satisfactorily. However, except for 

the sample to determine the beam profile, PACKAGE events were momentum-

averaged; for each event the measured momentum and the central beam 

momentum were averaged with weights inversely proportional to their 

. respective errors, and this "beam-averaged" momentum was used in the 

fitting. 

There are two drawb~cks to total beam editing. First, the loss in 

accuracy of the beam direction increases the number of fitting ambiguities. 

This did not handicap us severely, since four-constraint hypotheses were 

still identified uniquely by fitting, and one-constraint fits would have 

been checked on the scan table for ionization in any case. With inspec-

tion of one-constraint events on the scan table the ability to resolve 

ambiguities was adequate at the momenta considered here. The second 

problem was that events induced by non-beam tracks could not be eliminated 

by testing on the measured beam direction or momentum, since these were 

discarded. Such events usually failed to fit, however, and were detected 

when measured on the Franckensteins. 

Classification of Events After Fitting 

After measuring and fitting and inspection of ionization where neces-

sary, all events were either accepted, rejected as one of a number of 

distinct reject types, or remeasured. For an event to be accepted it 

was first required that all secondaries be well-measured, as indicated 

by the spread of measured points from the fitted curve. 2 A X cutoff was 

2 
made at X = 20 for the elastics (confidence level = 0.06%), and at the 

. ,. 
t· 
~,. 

~ . 
i 

L 
! , .. 
~ : 

i 
.. L 

,. 
t 

I 
" I 
f 
t 
I; 



-10-

1% level for other hypotheses. ·Fits to four-constraint hypotheses were 

accepted regardless of whether the one-constr,aint hypotheses fit. A check 

of this procedure on about one-third of all events by inspection of ioniza- . 

tion revealed no instance where the inelastic fit should have been chosen. 

After inspection of ionization there were no ambiguities among the four-

,constraint hypotheses, an,d the ambiguities among the one~constraint 

hypotheses were very fe-w, always les.s than 2% of the inelastic events. 

The numbers of unambiguous accepted events are given in Tables IIIa-d, 

for our four momenta. 

Badly measured events were always returned for re.measurement. In 

addi tion, well-measuredFSD events giving no incident-K+ fits were .sent 

to the Franckensteins for remeasurement, since incident-:rc+ fits were not 

tried in· CLOUDY. After measurement on the Franckensteins, well-measured 

events were either accepted or rejected. The reject types, given in 

Tables IIIa-d, are defined as follows: 

Unbiased.FSD Reject - an event failing on the first FSD measurement 

for reasons independent of the final-state configuration, such as 

a frame number error or an unreadable data box. 

Non-Beam Reject - an event induced by a track either grossly non-

beam or re,jected by the PACKAGE beam track criteria. In PACKAGE 

we required beam tracks to have a measured momentum within three 

standard errors of the central beam momentum and to have dip and 

azimuthal angles within o ± 1.5 of the average beam angles. 

latter requirement occasionally lead to rejection of good events 

with poorly-measured beam tracks. This effect will be discussed 

further in the next section. 
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Table IlIa. 860 MeV/c,'numbers of events found and their classifica- ~ 

tion after fitting. 

,~ 

Topology 3-prong 2-prong 2-prong 4-prong All no VO with VO 
(~'. 

Total number found 2 313 13 009 345 23 15 690 

Accepted, unambiguous 1 865 11 385 239 15 13 504 

Accepted, ambiguous 0 0 

All accepted 1 865 11 385 239 15 13 504 

Unresolved 40 107 32 2 181 

Unbiased FSD rejects 213 866 34 2 1 115 

Non-beam rejects 83 411 29 2 525 

% non-beam rejects 3.6% 3·16% 8.4% 8·7% 3·35% 

False events 68 97 8 1 174. 

No fit events 18 60 1 0 79 

Immeasurable 26 55 2 0 83 

Zero-constraint 20 20 

All rejects 408 1 509 74 5 1 996 

Adjusted non-beam 
rejects 73 411 11 1 496 

Adjusted % 3.16% 3.16% 3·16% 3·16% 3·16% 

t . 
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Table IIIb. 960 MeV/c, numbers of events found and their cla.ssifica- I 

tion after fitting. " ~ , . ;'. 

r;;.~ , 

Topology 3-prong 2-prong 2-prong 4-prong All' no VO, with VO 
;. 

Total number found 765 5 165 315 16 6 261' 

Accepted, unambiguous 626 4 553 253 13 5 445 

Accepted, ambiguous 12 12 

All accepted 626 4, 565 253 13 '5 457 

I, 

Unresolved 35 76 33 2 146 
; 

Unbiased FSD rejects 33 ' 154 4 0 191 

Non-beam rejects 34 195 21 1 251 

% non-beam rejects 4.4% 3.77% 6·7% 7% 4.01% c 

False events 32 145 4 0 181 i 
r 
1 

No fit events 1 8 0 0 9 t 

Immeasurable 4 7 0 0 11 ',I' 
i. 

Zero-constraint 15 0 0 15 ,t 
, , 

All rejects 104 524 29 1 658 
' , , 

f , 
~ 

Adjusted non-beam r' 
rejects 29 195 12 1 237 i 

f 

Adjusted % 3.77% 3·77% 3·77% 3·77% 3·77% 
·1 

i , 
i' 

i, 

li 
i 
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Table IIIc. 1200 MeV/c, 'numbers of events found and their classifica-
tion after fitting. 

,1>, 

Topology 3-prong 2-prong 2-prong 4-prong All no yO with yo 
.' 

Total number found 624 6 724 614 65 8 027 

Accepted, ll!lambiguous 488 5 550 475 43 6 556 

Accepted, ambiguous 26 26 

All accepted 488 5 576 475 43 6 582 

Unresolved 11 30 25 8 74 

UnbiasedFSD rejects ,77 740 85 6 908 

Non-beam rejects 17 258 17 6 298 

% non-beam rejects 2.7% 3.84% 2.8% 9·3% 3·71% 

False events 25 58 8 0 91 

No fit events 5 20 4 1 29 

Immeasurable 1 6 0 1 8 

Zero-constraint 36 0 0 36 

All rejects 125 1 118 114 14 1 371 

Adjusted non-beam !, 

rejects 24 259 24 ·2 309 

Adjusted % 3.84% 3.84% 3.84% 3·84% 3.84% 
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Table IIId.1360 MeV/c, 'numbers of events found and their classifica- ' 
, tion after fitting. 

Topology 3-prong 2-prong 4-prong All with va 

Total number found 1 534 ,1 756 367 3 657 

Accepted, unambiguous ,,' 1 251 1 447 251 2 949 

Accepted, ambiguous 0 0 0 0 

All accepted 1 251 1 447 251 2 949 

Unresolved 85 152 23 260 

Unbiased FSD rejects 

Non-beam rejects 87 99 71 257 

% non-beam rejects 5.7% 5.5% 19% 7·0% 
j 

False events 88 43 9 142 

No fit events 13 8· 10 31 

Immeasurable 10 6 3 19 

Zero-constraint 0 1 0 1 

All rejects 198 157 93 448 
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False Event - this category includes duplicate events, phony events 

due to accidental coincidence of background tracks in the chamber, 

and three-prong events coming from a decay of a beam track giving 

a Dalitz pair and one other charged secondary. 

No Fit - this classification is reserved for well-measured events 

giving no acceptable fits, with an incident K+ meson, rr+ meson, 

or proton. Most of these events are slightly low in momentum, 

and a small fraction probably have undetected measurement errors. 

Immeasurable - obscured by passing tracks, chamber distortion, or 

film damage. 

Zero-Constraint - well measured but with a secondary scatter or decay 

so near the primary vertex that the momentum of the secondary 

track cannot be measured. This category includes only such events 

which did not give three-constraint fits to hypotheses with no 

missing neutrals, and thus presumably have one or more missing 

neutrals. 

For completeness we also include in Tables IIIa-d the number of events 

never successfully measured, or unresolved. 
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II. . CROSS SECTIONS FOR STABLE FINAL STATES 

In the previous section we discussed the detection of events and 

their classification as fitted events or failures and rejects of various 

types. In this. section we will calculate cross sections for all the 

reactions observed in this experiment. First, however, we must discuss 

the biases in our data, correct for them, and estimate the errors in the 

resulting numbers of events. Because of the difficulty of directly 

estimating systematic errors from specific sources, we will assign a 

single systematic error to the number of events in each channel. The 

errors given for the various corrections made in Tables IV and V will 

thus be statistical only. 

We will use· two different method·s of normalization in calculating 

our cross sections. At all four momenta we have measured K+ beam particles 

+ + + -decaying by the T mode, K ~ rr rr rr , in the same fiducial volume used for 

interactions. + From the number of such decays we can infer the total K -

meson. path length, and use this to relate numbers of interactions to 

cross sections. In addition, at 960.and 1200 MeV/c we can normalize our 

+ data to recent very accurate counter measurements of the total K p cross 

2 section, by Cool etal. at Brookhaven. Since our data include many mo~e 

interactions than T decays, and since the uncertainty in the T decay 

branching ratio is not negligible, the second method will be more accurate, 

and vii 11 provide a check on the decay normalization procedure. The data 

of Cool et al. do not extend as low a.s 860 MeV/c, and at 1360 MeV/c we 

do not measure the cross sections for all channels, having measured only 

selected event topologies; at these two momenta we can normalize only to 

T decays. 
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Before discussing corrections to the data we observe that except in 

the 3-'prong topology they have very little effect. The only corrections 

with a substantial uncertainty are those dependent only on topology. 

However, most of our information comes from a single topology, that with 

o 4 two prongs and no V. The contribution of the -prongs is small, with 

the accuracy of the cross sections for the four-body final state always 

statistics-limited. The 2-prong with VO topology contributes only one

third to the KOrr+p cross section and at most, at 1200 MeV/c, 10% to the 

total cross section, and so corrections to this topology introduce much 

smaller fractional changes in the cross sections. Thus the accuracy of 

the elastic scattering and single pion production cross sections depends' 

mainly on our distinguishing reliably among the various final states in 

o the 2-prong, no V topology. 

We can divide the corrections to be made into two categories, interna-l 

corrections and bias corrections. The first type of correction involves 

distributing among the various final states the unresolved events and 

certain categories of rejects. The biases to be corrected for include 

beam contamination, scanning loss, and K~ escape loss. 

Internal Corrections 

The internal corrections to our data are given in Tables IVa-d'. They 

involve distributing ambiguous and zero-constraint events within the 2-

prong, no VO topology, making a topology-dependent non-beam reject correc-

tion, and distributing among all final states the unresolved and various 

categories of unbiased rejects. We will discuss these corrections in 

6 the order in which they occur in Table IV. 



Table IVa. 860 MeV/c, numbers of accepted events for each final state and all internal corrections. 

Accepted events Corrections for rejected 
and unresolved events 

A~ v til tf} 'Or-! til 
~ oP f:r.t ~..o r-l ~ 
0 til ~ mm r-l 0 

Topology Reaction ~ ~ '0 -rl ~tIl '0 "' H tU r-! -rl 
0 V mtll v til "' ~ moP 

-rl ~ oP til HoP VoP tIloP '0 til "' ~ CJ 

~ r-! PI oP loP CJ ..oCJ tUCJVtU r-! H v 
-rl tU v ~ o til V IV -rl V :> v tU v H v 

tU 

~ 
oP CJ V H~-'J ~-'J ..0 -'Jr-! ~ oPoPH'O 

~ o CJ :> v.o v ov ~Q)o o ~ 0 tU 
:::> 1:-1 tU v NCJH ~H :::> H tIl-rl 1:-1 -rl CJ S 

--
3-prong K+ ~ + + -1! 1! 1! 1865±43 0 1865±43 0 10±1 272±17 2147±46 . 

~p ~K+p 10278±101 0 10278±101 0 11202±115 
~K+p1!° 305±17 0 305±17 7±3 340±19 I 

2-prong, ~ ~K+n1!+ lll±ll 0 lll±ll 3±2 X 1.090 124±12 b) 
no yO ±0.003 I 

~ KOp1!+, 
KO unseen 657±26 0 657±26 10±3 727±29 

2-prong + ~ + K p ~ 1! p, 
,lith VO KO ~ + ~ 239±15 0 239±15 0 18±1 68±8 325±17 I 1! 1! {K'"P -->n+p(n+.-) 0 14±4 ; 0 14±4 0 1±0 3±2 18±4 

4-prong 
KI 

+ + + -
1!P~1!1!1!P 2±1 0 2±1 0 0 l±l 3±2 -

( 1! + P ~:n: + p:n:o 17±4 0 17±4 0 -- } 18±4 
2-prong, { --> .+nn+ 2±1 0 2±1 0 X 1.090 2±1 

no yO 1!+P ~1!+P 17±4 0 17±4 0 ±0.003 18±4 
pp ~pp 6±3 0 6±3 0 7±3 

. , 

.... ..0: ~ ~" '!7. 
__ 'u_ •• ~~ ... ___ .....- ... ..,~.~ _~" ...... __ ..... ___ •• r«-....... _ ... _~~ ••• _ ..... ~ __ •.. ~.~ -..- _~,_"''' .... _. ~ •• ,- '. 
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Table IVb. 960 MeV/c, numbers of accepted events for each final state and all internal corrections. 

Accepted events Corrections for rejected 
and unresolved events 

1 QQ) Q) 
00 en H rcl r-I 00 
~ +' Iii § ~ ~. r-I s::: 
0 00 s::: r-I 0 

Topology Reaction So ~ rcl .~ S rcl", H cO r-I .~ 
0 Q) cO 00 cO 00 Q)OO",~ cO+' 

oM So +' 00 H+' Q)+' OO+'rcl 00 "' s::: 0 
'§ r-I PI +' 1+'0 ,0 0 cOOClJcO r-I H Q) 

.~ cO Q) s::: OOOQ) 1 Q) .~ Q) :> Q) cOQ)HClJ 
cO 

~ 
+'OQ) H s:::.r;, s::: .r;, ,0 .r;,r-I ~ +' +' H rcl 

s::: 00:> Q)OQ) o Q) s::: Q) 0 o s::: 0 cO 
:::> 8 cO Q) NOH :<::;H :::> H oo.~ 8 .~ 0 S 

3-prong + + + -K ~rcrcrc 626±25 0 626±25 5±3 72±8 703±26 

K+p ~K+p 3672±6l 0 3672±6l 

f 

3860±64 1 
~ 

~ K+prco 247±16 2±1 249±16 4±1 266±17 \0 
2-prong, ~ ~K+ nrc+ X 1.051 1 

no va 88±9 4±2 92±9 3±1 ±0.003 
100±10 

~ KOprc+, 
KO unseen 504±22 4±2 508±22 8±3 542±24 

2-prong K+ p ~ KO rc + p, 
with va ~~rc+rc- 253±16 0 253±16 9±4 37±6 299±18 

4-prong K+ p ~ rc + p (rc + rc- ) 
K~ 

l3±4 0 l3±4 O±O 2±1 l5±4 

-_ .. 
{ .+p -->n+p 14±3 0 l4±3 } X 1.051 15±4 

2-prong rc + p ~ rc + prco l6±4. 0 l6±4 0 l7±4 
pp ~pp 13±4 0 l3±4 ±0.003 14±4 



Table IVc. 1200 }<leVie, munbers of accepted events for each final state and all internal corrections. 

Accepted events Corrections for rejected 
and unresolved events 

CIJ A~ro Q) 
Cf.l$:l$:lr4 CIJ ;::S +l f:r;:::scd..o M $:l 

0 CIJ $:l cd M 0 Topology Reaction ~ ;::S ro 0,-1 S ro",",~ cd M 0,-1 

° Q) cdCIJ ct! CIJ Q) CIJ ro :::s cd+l 0,-1 

~ +l CIJ ~+l Q) +l CIJ +l Q) CIJ "' $:l () 

'S M Pi+l I +l () ..0 () cd () :> cd M~Q) 
0,-1 cd Q) $:l o CIJ Q) I Q) ..-I Q)M Q) cdQ)~Q) 

ct! 

~ 
+l () Cl> ~ $:lOr;) $:l Or;) ..0 Or;) 0 ~ +l+l ~ro 

$:l o () :> Q) 0 Q) 0 Q) $:lQ)CIJ o $:l 0 ct! ::::> E-I cd Q) N () ~ z ~ ::::> ~ 0,-1 E-I 0,-1 () S 

3-prong K+ ~ 1{+ 1{+ 1{- 488±22 0 488±22 0 - 7±2 87±9 568±24 

~p ~K+p 347l±58 0 3471±58 0 

l 
3953±70 I 

~ -7 K+ 1{op 587±24 1l±3 598±24 lO±3 693±28 I\) 

2-prong, X 1.139 0 
-7 K+ 1ln 184±14 4±2 188±14 5±2 220±16 I 

no va -- ±O.OO5 
-7 K°1{+p, 

~ unseen 1106±33 5±2 1111±33 2l±5 -- 1290±38 

2-prong K+·p -7 KO 1{ +'p , 
with yo KO ~ 1{+ 1{- 475±22 0 475±22 0 ~ - 7±2 Il0±lO. 578±24 . 1 

{K'"P -'.+p(.+.-) 23±5 0 23±5 0 2±1} , 33±7 
KO 

1+1 ,x 1·32 -7 K+ + - 1 6±3 0 6±3" 0 9±3 4-prong 1{ 1{ P - . ±o.08 ._-
1{ + p .~ 1{+ 1{ + 1{ - P 14±4 0 14±4 0 1±1 .20±5 

~ 1{+P 76±9. 0 76±9 0 87±lO 
2-prong, J -) n: ~pn:o 88±9 0 88±9. O· -- X 1.139 10O±10 

no va -7 n:+ 1{+n 23±5 0 23±5 0 ±O.OO5 26±6 

pp ~pp 5±2 0 5±2 0 6±2 
pp ~ pn:+n 4±2 0 4±2 0 4±2 

' .. 
... .. .-.; .,.~. 
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Table IVd. 1360 MeV/c, numbers of accepted events for each final state and all internal corrections. 

Accepted events Corrections for~ rejected 
and unresolved events 

J Q) 
Ul AH Q) 

U) § '0 r-I Ul ;:s .p f:ri ~,o r-I ~ 

Topology Reaction ° Ul ~ Cll Cll r-I ° Eb ;:s '0 -M S '0 ... H Cll r-I -M 
° Q) CllUl CllUl Q) Ul ... ;:s Cll-P -M So 

-p Ul H-P Q).p Ul -p '0 Ul ... ~ c.> 
~ 

r-I p..--p I -P c.> ,oc.> Cllc.>Q)Cll· r-I H Q) -M Cll Q) ~ ° Ul Q) IQ) -M Q) :> Q) Cll Q) H Q) 
cd 

~ 
-P c.> Q) H~-'J ~-'J ,0 -'Jr-I ~ -P-PH'O 

~ ° c.> :> Q) ° Q) OQ) ~Q)O ° ~ 0 Cll :::> E-I Cll Q) Nc.>H i2iH :::>HUl-M E-I -M c.> S 

3-prong K+ + + ---7:n::n:" 1251±35 0 1251±35 0 93±10 1344±36 

K+p --7Ko:n:+p, 
I 

~ --7 ,,+ ,,- 1430±38 0 1430±38 0 156±13 1586±40 I'\) 
I-' 

2-prong, < K+ g --7 K~<P:n:O, I 
with yo Kl --7:n: " 14±4 0 14±4 l±l 2±1 17±4 

K+p --7 KO,,+:n:+n, 
K~--7:n:+:n:- 3±2 0 3±2 0 O±l 3±2 

r K+p -. .+p(.+.-) 0 39±6 0 39±6 0 4±1 43±7 
Kl 

--7 :n: + p:n:o (rr + ,,-) ° l±l 0 l±l 0 0 l±l 

4-prong ) Kl 
+ + - 58±8 0 58±8 0 6±1 64±8 --7K:n::n:p 

+ + + - 140±12 0 140±12 0 15±3 155±13 n: p --7""" P 
:n:+p --7 :n:+,,+ rr-p:n:o 13±4 0 13±4 0 l±l 14±4 
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The number ofaccepied events for each fitting hypothesis is given 

in Tables IVa-d. (The notation (~+~-) 0 indicates a ~+ft- pair coming 
K 

from a KO decayver,y near the production vertex. For the fit to be 

accepted the ~+~- effective mass was required to be'consistent with the 

mass of the KO meson.) The ambiguous events are very few, and are ambig-

uous only among the three single-pion-production final states. We assign 

them by choosing the fit with the lowest X2 A few events are. ambiguous 

between hypotheses with the same final state but interchanged identities 

for the two charged secondaries; in such cases we also choose the fit 

with the lowest x2, but do not consider the event as an ambiguity in 

Table IV. 

The zero-constraint events are rather few, equal to about 2% of the 

accepted single-pion production events. Since events with two missing 

neutrals are negligible,6 we assign all of these to the single-pion-

production final states. They are divided among the three charge states 

in.proportion to the probability per cm of a secondary interaction or 

decay, where for each charge state the interaction and decay probabilities 

are averaged over our experimentally observed laboratory momentum spectra 

of the secondaries. 

The non-beam rejects require the most difficult correction in our 

analysis. They arise. from two sources: tracks genuinely off-momentum 

or off-direction, and good beam tracks rejected because of inaccurate 

measurement. Since beam tracks were not measured on the FSD, the latter 

effect is.larger for those topologies measured more frequently on the 

Franckensteins. For example, at 860 and 960 MeV/c Vo events were meas-

ured only on the Franckensteins, and in Tables IIIa-b they show a larger 
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fraction of non-beam rejects than 2- and 3-prong events, which were meas-

ured primarily on the FSD. We will make two assumptions: that the scan-

ning criteria for beam tracks were the same for each topology,and that 

the fraction of 2-prong non-beam rejects due to pion events is small. 

Then all topologies should have the same fraction of bona-fide non-beam 

rejects, and we adjust the numbers of non-beam rejects appropriately at 

860, 960, and 1200 MeV/c. The adjusted numbers of rejects are given in 

Tables IIIa-c, and the corresponding corrections in Tables IVa-c. 

At 1360 MeV/c the situation is slightly different, since there are 

o no 2-prong, no V events. All topologies were measured almost entirely 

on the Franckensteins at this momentum, so we expect the same number of 

"false" rejects due to bad measurement for each topology. The 3-prong 

and 2-prong with VO topologies bear out this expectation; they are uncon-

taminated by incident pions, and they have the same fraction of non-beam 

rejects. That there are more four-prong rejects is also expected, since 

this topology is dominated by pion-induced events, and the pions have a 

much larger non-beam component. At 1360 MeV/c we make no corrections to 

the numbers of non-beam rejects. 

The unresolved events, unbiased FSD rejects, and immeasurable events 

are all assumed to be unbiased according to final state, and are distributed 

within each topology according to the number of accepted events. In the 

2-prong and 4-prong topologies they are distributed within the topology 

according to the number of accepted events. In the 3-prong topology 

2-1/2% of the well-measured events are K+ decays with a nO giving a 

Dalitz pair, rather than T decays. (Some of the more obvious Dalitz 

pair events are not recorded by the scanners.) We therefore enter in 
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Table IV '97-1/2% of the Unresolved, unbiased FSDrejected, and immeas~, 

urable 3:"prongs. 

'Beam Contamination 

The contamination of the K+ beam with other particles was small at 

1200 MeV/c and lower momenta, but rose rapidly at higher momenta. Partly 

in anticipation of contamination problems, we measured at 1360 MeV/c only 

3-prongs, 4-prongs, and events with associated VO's. The 3-prongs arise 

only from beam particle decays and are not simulated by incident pions 

or protons. These contaminants may produce 2-prong events with visible 

~ + ++0 
V decays, as in the reaction ,:rr, p ~ :rr K A • Such events would be easily 

identified from the fit to the neutral decay alone, however. The threshold 

for this reaction is 1140 MeV/c, and we observed no examples of it at 

1200 or 1360 MeV/C. The simplest contaminant reaction producing a neutral 

Kmeson, :rr+p ~ K+pKo, is well below its threshold of 1500 MeV/c incident 

pion momentum. The 4-prongs are substantially contaminated by incident 

pionsj at 1200 and 1360 MeV/c the majority of them fit only as incident 

pions. 
+ + ' 

However, the separation ofK events from:rr events by fitting 

and inspection of ionization is quite adequate for the small number of 

events observed. 

Since the mass separation of the 'beam improved rapidly with decreasing 

momentum, ,of the lower three momenta the contamination problem was most 

severe at 1200 MeV/C. At that momentum we measured events from half of 

+ a roll of film, exposed at the time of the K p run but with the beam 

tuned to transmit pions. These events were measured on the FSD and 
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only incident K+ hypothes'es were tried, four-constraint fits were accepted 

without inspection of ionization, and one-constraint fits were accepted 

only when compatible with track ionizations. The results of this analysis 

for the 2-prong events are given in Table VI. We assume that when meas-.. 
+ ured on the Franckenstein the events giving no valid K fit would again 

fail to fit the incident K+ hypotheses and would fit incident n+ hypotheses. 

+ This ,gives for the ratio R of spurious accepted K fits to events fitting 

+ only n hypotheses, 

More important than the statistical error in this number are errors 

due to differences in treatment of the known n+ events in the control 

sample and those from contamination pions in the K beam. One possible 

source of error is due to more careful scrutiny of track ionization for 

the known pion events. Another is the fact that the contaminant pions 

in the K beam were on the average somewhat lower in momentum than the 

beam particles, most of them having been degraded by passing through the 

edge of the mass separation slit. The control sample of pions passed 

through the center of the slit and was not degraded in momentum. Both 

kinds of pion events were "total beam edited" to the same momentum value, 

however, and so the "control" sample was in fact not a perfect control. 

We make the reasonable assumption that the off-momentum pions in the K 

beam give the same fraction and distribution of spurious K+ fits as the 

on-momentum control sample. 

Using the number of detected pion 2-prong events from Table IVc, we 

infer the total number of 2-prong pion interactions in our sample to be 

257, corresponding to a pion contamination in the beam of 2%. For the 
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number of spurious accepted K+ fits in the 1200 MeV/csample we find 

71±10~ 'Dividing these among the final states according to the numbers, 

of accepted events in the control sample as given in Table VI, we obtain 

the corrections given in Tables Va-d. 

At 860 and 960 MeV/c we assume the same ratio of spurious accepted 

events to identified pion events, and the same division of the spurious 

events by final state,as at 1200 MeV/C. This arbitrary assumption is 

justified by the smallness of the numbers of detected pion events at these 

momenta. As seen in Tables Va-b, the entire correction at the lower two 

momenta is always less than 10% of the statistical error. 

Detected events due to incident protons are few at all momenta. 

There is little inelasticity in proton interactions at or below 1200 MeV/c, 

and a proton-proton elastic scattering event is extremely unlikely to be 

+ accepted as a K p inelastic final state, since both secondaries should be 

recognizable as protons by their heavy ionization. We will make no correc

+ tion for spurious K fits due to protons in the beam. 

Scanning Biases 

In order to determine what scanning errors were, made, a sample of 

film was rescanned at each of the lower three momenta. The results are 

given in Table VII. We do not include loss of elastic scattering events 

with stopping protons shorter than the length corresponding to elastic 

scattering with cos e > 0.9; this correction is treated separately. c .m. 

In part of the 1360 MeV/c film events of the 2-prong, no VO topology were 

recorded by the scanners, although they were not analyzed further. For 

this reason events of other topologies acc~dentally identified as the 
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. Table Va. 860 MeV/c; bias corrections, final numbers of events, and cross sections • 

Total Bias corrections Cross 
number of Total section, 

events, all Pion Scanning Short System- number, all decay 
Reaction internal contami- loss proton atic corrections normal-

corrections nation loss error made ization 
made (mb) 

+ + + -K -?rr rr rr 2147±46 0 73±17 ±47 2220±68 1.075±0.038 
(.l.b/event 

K+p -? K+p 11202±115 - 11±4 403±67 316±35 ±109· l1910±175 l2.8l±0.49 

.-? K+ prro 340±19 - l±l l2±2 ±19 351±27 0·38±0.03 
-? K+ rr+ n l24±12 - l±l 4±1 ±ll 127±16 0.136±0.018 I 

f\) 

+ ° + 
~ 

I 
K P -? K prr , 

KO unseen 727±29 - l±l 26±4 ±27 752±40 

-? KOprr+, 
0+_ 

Kl -? rr rr 325±17 0 17±7 ±18 342±26 

-?rr+p(rr+rr-) 0 18±4 0 0 ±4 l8±6 
Kl 

-?Korr+p ll12±48 1.20±0.07 

K + p -? all final 
states l3500±185 14·50±0·55 



Table Vb. 960 MeV/c; bias corrections, fin~l numbers of events, and cross sections. 

Total Bias corrections Cross Cross 
number of section, section, . 

events, all Pion Short System- Total decay counter 
Reaction internal contami- Scanning proton atic number, all norma 1- normal-

corrections loss corrections ization ization .• 
made nation loss error made (mb) (mb) 

K+ + + - 703±26 34±8 ±27 737±38 2.88±0.16 --7 rc rc rc 
j.lb/event 

K+p --7 K+ P 3860±64 - 7±3 177±27 64±23 ±64 409S±97 lLSO±O·71 12.00±O.27 

--7 K+ prco 266±17 - l±l 12±2 ±17 277±24 O.So±o.08 O.Sl±O.07 
+ + 100±10 - l±l 5±2 ±10 lo4±14 0.30±0.04 0.31±O.04 I 

--7 K nrc I\) 
en 
I 

K+ p --7 KOp:n:+, 

KO unseen 542±24 - 1±J, 25±4 ±24 566±34. 
o + --7 K p:n: , 

KO +-1 --7:n: :n: 299±i8 15±6 ±18 314±26 

--7:n:+p(:n:+:n:-) 0 15±4 0 ±4 15±5 
Kl 

K+P --7 KOrc + p 895±43 2·58±0.17 2.63±0.13 

+ 
K p --7 all final 

states 5374±111 15·48±L02 15·74±0·30 

.. . :~ . ' . 
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Table Vc. 1200 NeV/c; bias corrections, final nwnbers of events, and cross sections. 

Total Bias corrections Cross Cross 
nwnber of section, section, 

events, all Pion Short System- Total decay counter 
Reaction internal Scanning nwnber, all· normal- normal-

corrections contami- loss proton atic corrections ization ization 
made nation loss error made': (mb) (mb) 

K+ + + -
~J(J(J( 568±24 42±11 ±25 610±36 . 2.80±0.17 

!J.b/event 

K+p ~~p 3953±70 - 51±10 106±20 l84±46 ±65 4192±108 11·72±0.73 10.88±0.i8 

~ K+ PJ(° 693±28 - 8±2 19±3 ±27 704±39 L97±0.16 L83±0.10 

~ K+nJ(+ 220±16 - 7±2 6±1 ±15 219±22 0.6l±0.07 0·57±0.06 I 
I\) 
\.0 

I + 0 + K P ~ K PJ( , 

~ unseen l290±38 - 6±2 35±6 ±36 13l9±53 

~ ~PJ(+, 
o + -Kl ~ J( J( 578±24 32±12 ±25 6ll±38 

~ J(+p(J(+J(-) 33±7 3±3 ±6 36±10 
KO 

1 
K+p ~ KOpJ(+ 1966±66 5·50±0.38 5·l0±0.15 

K+ p ~ K+pJ(+ J(- 9±3 0 l±l ±3 10±4 0.028±0.Oll 0.026±0.010 

K+ P ~ all final 
19.84±1.25 18.40±0.12 states 709l±132 



Table Yd. 1360 ~IeV/cj bias corrections, final numbers of events, and cross sections. 

Reaction 

+ + + -K -?rrrrrr 

K+p -? ~1t'+p, 

K°-? +-1 1t' rr 
+ ( + -) -?1t'prrrr 0 

Kl 
o + -? K 1t' p, 

~ observed. 

-? ~rr+p 

+ 0 + 0 K P -? K 1t' prr , 

K°-? +-1 1t' rr 
+ o( + -) -? rr P1t' 1t' 1t' 0 

Kl 
TrO + 0 -?.l\. -1t' P1t' , 

o K observed 
. 0 + 0 
-?K 1t' P1t' 

+ 0 + + K P -? K :iT 1t' n, 
0+

Kl-? 1t' rr 

-? K°'jf+ 1t'+n 

K+ P -? ~P1t'+ rr-

Total 
number of 

events, all 
internal 

corrections 
made 

1344±36 

1586±40 

43±7 

17±4 

l±l 

3±2 

64±8 

Bias corrections 

Pion 
contami
nation 

o 

o 
o 

o 
o 

o 

o 

Scanning 
loss 

123±28 

.152±39 

o 

2±1 

o 

o 

o 

Escape 
loss 

o 

'15±4 

O±l 

o 
o 

o 

o 
a We take R(K0 -? 1t'+1t'- )/R(~ -? all modes) = 0.346, from Ref. 8. 

System
atic 
error 

±38 

±42 

±13 

±4 

±l 

±2 

±8 

Total 
number, all' 
corrections 

made 

1467±59 

1753±70 

43±15 

1796±72 

19±6 

l±l 

20±6 

3±2 

64±11 

Cros·s 
section, 
decay 

normal
ization 

(mb) 

1. 027±0 • 043 
Ilb/event 

1.84±0.11 

5.32±0.32
a 

0.020±o.006 

0.059±0.018a 

·0.003±0.002 

0.009±0.006a 

o.066±0.011 
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';L'able VI. Summary of 1200 MeV/c n+p 2-prong interactions analyzed 
as incident ~ interactions. 

Events measured 

Events with all tracks well-measured 

Non-fitting events 

No valid K+ fit 

Non-beam track 

Well-fitted events (X2 (4c) < 20, 

X2(lc) <: 7J 

~Kon+p 

~K+ nOp 

+ + 
~K n n 

266 

2 

72 

8 

11 

10 

800 

268 

101 
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Table VII. Calculation of scanning efficiencies. The number's 
of 2-prong events 'with. no vD missed do not include elastic .. 

scattering events with cos e . >0.9. . . 

Nominal 
. beam 

momentum 
(MeV/c) 

860 

1200 

. c.m. 

Topology 

2 prongs, no VO 

2 prongs with V
O 

4 prongs 

3 prongs 

2 prongs, no VO 

2 prongs with V
O 

4 prongs 

3 prongs 

2 prongs, no VO 

2 prongs with V
O 

4 prongs 

3 prongs 

2 0 prongs with V 

4 prongs 

3 prongs 

Total 
events 

1 001 

94 

3 

611 

1 033 

140 

6 

366 

985 

139 

13 

188 

219 

50, 

164 

Events 
missed % loss in in 

original original 
scan scan 

36 3.6±0.6 

5 5·3±2.2 

0 0 

21 3·4±0.8 

48 4.6±0.7 

7 5·0±1.9 

0 0 

18 4·9±1.2 

27 2·7±0·5 

8 5·8±2.0 

1 8.0±8.0 

14 7·5±2.0 

21 9·6±2.1 

0 0 

15 9·2±2.4 
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2-prong, no VO topology ( a common scanner error) ~ere omitted from our 

sampl~. Errors of this type are included for 1360 MeV/c in Table VII, 

contributing to the larger scanning loss at that momentum. 

Short Proton Loss 

Elastic .scattering events ~ith short recoil protons are missed by 

scanners with increasing frequency as the scattering angle decreases. 

+ For K p elastic scattering ~ith cos e = 0.9, the recoiling proton 
c .m. 

has a stopping range of 1.16, 1.70, or 2.9 cm, at 860, 960, or 1200 MeV/c, 

respectively. Scanning loss for events ~ith larger scattering angles is 

included in the rescan data. Loss of events ~ith smaller scattering 

angles can be estimated from inspection of the experimental elastic 

scattering angular distribution, ~ith no scanning efficiency corrections, 

to suffic~ent accuracy for the purpose of determining cross sections. 

These estimates are given in Tables Va-c. 

Escape Correction 

The average flight path of a 1000-MeV/c K~ meson before decaying is. 

5.2 cm. Our fiducial volume includes very fe~ events ~ithin 10 cm of the 

edge of the visible chamber volumej thus, the correction to the numbers 

of events ~ith visible decays is small. We have nevertheless· 

made such a correction at 1360 MeV/c for the KOrr+p final state, amounting 

to 1%. No correction is necessary at lower momenta, since the lost VO 

o events are still identified and analyzed as members of a no-V topology. 

Systematic Error 

To account for all sources of systematic error ~e rather arbitrarily 

introduce an error of IN, equal to the statistical error, for each channel. 
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with cross sections normalized to the number of Tdecays. The cross, 

sections are calculated from the formula 

where 

a = Ninteraction X ~ X ~ 
N T)CT PH N decay A , 2 

,. , 

~ (atomic weight of hydrogen) = 1.008, 

NA (Avogadro's number) = 6.0225 X 1023 mole- l , 

PH 
2 

(density of hydrogen in the bubble chamber) 

T} = Pbeam/M + , 
K 

8 ,10 / c = 2.99 X 10 cm sec, 

T (K+ lifetime) = 1.235 X 10-8 8 sec, 

= 0.0608 gm/cm3,7 

B (K+ branching ratio into the T decay mode) =: 0.056±0.001.8 

At 960 and l200 MeV/c we have also computed cross sections normalized to 

the total cross section measurements of Cool et al., as privately commu

nicated to us by T. KyCia.. 9 The errors on the total cross section meas-

urements are statistical only, and future changes in the cross section 

values comparable to the statistical error due to refined theoretical 

corrections cannot be ruled out. 

+ In Table VIII we give a complete s~ary of K p cross sections from 

600 to 1960 MeV/C. We include all published data, in this momentum interval' 

except for the 5-body final states, at 1960 MeV/c only, and final states 

with two or more missing neutrals. At 1455 and 1960 MeV/c the published 

cross sections have been scaled by factors of 0.986 and 0.905, respectively, 

so as to agree with the Cool et ale total cross sectionsj the errors have, 
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Table VII:t. 
+ ' . 

K p cross sections, in mb, in the momentum 
interval 642-1960 MeV/c. 

Q) 

m ...... ~ ~ $:1 CJ , + + $:1 
~ CJ ~ ~. $:1 'F: 'F: 'F: Q) 

,oM $:1 ........... + 0 +'F: + 0 + r-I H 

~~ ~ 'F: 'F: :;:::; 'F: 'F: 'F: ro Q) 

+ 0 +~ + 'F: + 0 0 ~ tr-i 

~3 b~ ~. 'b~ b~ b~ b~ b~ ~ &l b b 
----

642 12.4 0.06· 12.4 (taus) 10 ±0.9 ±0.03 ±0·9 

0.13 0.03 0.02 0.18 .. 
735 ±0.01 ±0.01 ±0.01 ±0.01 11 

785 12.6 0.340.110.07 0·52 
±0.4 ±0.03 ±0.01 ±0.01 ±0.03 

13·1 ( ) ±0.4 taus 11,12. 

810 13·0 0.64 0.22 0.11' 0·95 
±0.7 ±0.08 ±0.05 ±0.04 ±0.16 

14.0 ( ) 
±0.7 taus 13,14 

865 12.8 1.20 0·38 0.14 1·72 
±0.5 ±0.07 ±0.03 ±0.02 ±0.08 

14·5 ( ) ±0.6 taus 

910 
2.1 14.65 

15 ±0.2 ±0.38 (ctr) 

970 12.0 2.63 0.81 0·31 3·75 15.74 
±0.3 ±0.13 ±0.07 ±0.04 ±0.15 ±0.30. (ctr) 

1140 
4.6 17·99 16 

±0·3 ±0.15 (ctr) 

1205 10·9 5·10 1.83 0·57 7.50 0.026 18.40 
±0.2 ±0.16 ±0.10 ±0.06 ±0.22 ±0.010 . ±0.12 (ctr) 

1365 5·3 0.07 0.06 0.009 18.28 
±0·3 ±0.01 ±0.02 . ±0.006 ±0.10 (ctr) 

1450 9.6 4.9 1.9 1.3 8.1 0.15 0.08 0.02 17·92 ' 
17 . ±0·5 ;to.3 ±0.2 ±0.1 ±0.4 ±0.04 ±0.05 ±0.02 ±0.10 (ctr) 

1585 
)~,.8 0·39 17·73 18 

±0·5 ±0.04 ±0.09 (ctr) 
>: 

1960 6 •84•2 1.8 1.4 7.4 1.5 1.2 0·30 17·57 (ctr) 19 ±0.7 ±0.6 ±0-3 ±0.3 ±0·7 ±0.2 ±0.2 ±0.1 ±0.08 
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not been changed from the published values. We give the interpolated 
. 

Cool et ale total cross sections at all tabulated momenta in the interval ., 

covered by that experiment, but the partial cross sections are normalized 

to that data only at 96o, 1200, 1450, and 1960 MeV/c. 

Some of these cross sections are plotted in Figs. 2 and 3. One 

cannot avoid concluding from these data that the Cool bump is related 

to single-pion-productionthreshold phenomena. The remainder of this 

paper will be devoted to a detailed study of single pion production in 

the region of the Cool peak. 
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\4 0,0 re f. 10-19 
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O~~L-~~~~~~~~~~~ 

06 0.8 to J.Z 1.4 1.6 1.8 2.0 
XBL 683-276 

+ Fig. 2. K P cross s'ections in the region of the Cool peak. 
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XBL 683-277 

Fig. 3. Cross sections for single pion production in the region 
of the Cool peak. 
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III. CROSS SEc"TIONS FOR RESONANCE PRODUCTION 

As we have shown in the last section, K+p interactions in the mqmentum 

region of our experiment are dominated by a few simple processes: 

elastic scattering, 

+ 
K P ~ 

+ 
Kp ; (1) 

single pion production, 

+ o + 
K P ~ K 1! P , 

~ K+ 0 1! P , 
+ + 

.~ K 1! n ; 

and double pion production, mainly 

+ + + -
Kp~K1!1!p 

Single pion production is further simplified by the dominance of two 

quasi-two-body final states: 

K+ p ~ KN* (1236) 

J~ 1!N 

K+p ~ K*(891)N 

I~ K1! 

(6) 

• 

This is seen most clearly in the Dalitz plots at 1200 and 1360 MeV/c, 

Fig. 4. The resonance bands are well-defined, and there appears to be • 

remarkably little nonresonant background. In the 860 and 960 MeV/c 

. * * Dalitz plots, below K threshold and near the N threshold, there are 

* no clear resonance bands, since the 116 MeV-wide N covers the entire 

Dalitz plots. (see Fig. 5). We will show, however, that at these momenta 

single pion production goes largely through the KN* intermediate state. 
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1200 MeV/c 
~K~ ~ K.°1!~p .-

1.B ~ 

N -> ~ v 1.2:: 
co ".111 

0.4 
•• ,I ••• I •••. , •• 'f I .J ,..1 I •• , • 

0.6 0,8 

18~ 

1.6 

1.2 
1 1 \ 

O.G 
c 

.. 

. ! 

1360 MeV/c 

0:: ........ 0 '" 
.0,. :0:: . . .. :, ~ ..... 
.~~:- 0° • ',. 

." . ' .. : .. \ : .... , 

. " . . .. 

.: 

,_ •. f • 1.-, I I I I l I ) , .f •• '.1 I ••. f I I J • ':1 

O.G O.S \.0 

.. 
. .. 

• '_11.1.' I,.' I J,' " '~ ... ,J," I." 
O.G 0.8 

XBL 683-278 

Fig. 4. Da11tz plots for the KnN final states, at 1200 and 1360 MeV/c~ 
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960 MeV/c 860 MeV/c 
\.6-: k'-4-p 

(.4 -: 
.f" 

1.2 -: 
. I I J ~ I 

I • 

\.6~ 
t'J ~ 

,-.. 
: !"." ,.'. 

...... 

~ 1.4-= 
CO ~ , .. '. 

'--' 
0" • ° 0 

I J ~ 

.. 
1.4..;: 

.. 

1.2-: , . I J • ,- c I • , I I 

0.6 0.7 0.4 

. M~1T (BeV)2. 
0.4 0.5 0.5 0.6 

XBL 683-279 

Fig. 5. Dalitz plots for the K~N final states, at 860 and 960 MeV/c. 
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Sepa.rating resonance production from background in the single pion 

production final states is a difficult problem, requiring in principle 

a detailed knowledge of the amplitudes .fOr both processes. In this 

section we will use·a very simple model in which we represent the Dalitz 

* . * plot population as a non-interfering superposition of N productlon, K 

production, and three-body phase space (background). While we do in fact 

see interference effects not taken into account by this model, it has the 

virtue of requiring few dynamical assumptions. 

We can represent the Dalitz plot density for resonance production 

alone rather generally as the product Of a Breit-Wigner function, a 

production angular momentum barrier factor, and a function specifying 

the density distribution within the resonance band along a line of fixed 

resonance mass. The latter is best represented in terms of the decay 

angle ~, and its general form is determined by the spin of the decaying 

resonance. For the N~ system, we define ~ as the decay angle, in the N~ 

c.m., of the pion with respect to the kaon, as shown in Fig. 6. Along a 

line of constant ~~, ~~ is proportional to cos ~,with cos ~ = ± 1 

corresponding to the edges of the Dalitz plot. For the K~ system we 

similarly define ~ as the decay angle of the pion with respect to the 

nucleon, in the K~ c.m. * * 9ince the Nand K decay in p-waves, they must 

have distributions in ~ of the form 

2 . 
- W(cos ~) oc 1 + A cos ~ • (8) 

We will leave the values of A for the two resonances as free parameters 

to be varied in the fit. 

The choice of a particular angular momentum barrier is the feature 

of this model which most compromises its generality. However, at 1200 
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n 

K 

N 
XBL 683-280 

Fig. 6. Definition of ~, the pion decay angle in the N~ c.rn. with 

respect to the kaon direction • 
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and 1360 MeV/c both resonances are far enough from threshold so that the 

.* effect of the angular momentum barrier factor is. negligible; and near N .' 

-threshold where the.effect is important we have a clear indication from 

the Nrr mass spectrum of what orbital angular momentum isinvolveq. Near 

* threshold the Nrr mass distribution forN production is strongly dependent 

on the angular momentum state in which it is produced. If the final

state KN* system is in a re~ative S wave, the mass spectrum is the product 

of phase space and the N* Breit-Wigner function. For nonzero orbital 

angular momentum in the final state, however, the angular momentum barrier 

* factor will have a dependence on outgoing N momentum favoring high momenta. 

This tends to suppress production of high-mass Nrr systems. This effect 

is illustrated in Fig. 7, where we show the Nrr mass distribution at 860 

M~V/c and the predictions for phase space and for N* production in S, P, 

and D waves. We have used an angular momentum barrier function of the 

form 

, 

where q' is the outgOing kaon momentum in the overall c.m. and where for 

m we take the rho mass, as suggested by the rho-exchange hypothesiS for 

N* production (see Appendix B). Other values of mover 400 MeV give 

almost indistinguishable results. Of course, as m is decreased to zero, 

the P- an4 D-wave curves approach the S-wave curve. From Fig •. 7 we see 

that the data are inconsistent with any superposition of phase space and 

S-wave N* production, and thus require the presence of N* production in 

a higher partial wave. On the basis of the excellent agreement of the 

860 MeV/c data with the P-wave predictions as seen in Fig. 7, we will 

use a P-wave angular momentum barrier factor for the N*. * For the K we 
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860 MeV/c 

N 

> Q) ~ 

rD 100 N~ 

N 
o 

5- wave prod.~~,JL 

. 80 P- wave prod. 

" D-wave 

.12 . GO Phase 
s: Space~ 

OJ 40 .> 
Q) 

20 

1.2 1.4 
M2 . (BeV 2) 

Nrr 

L6 

XBL 683-281 

Fig. 7· Experimental ~~ distribution at 860 MeV/c, and the predictions 

for pure N* production in S, P, and D waves. 
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will use no angular mome'ntum barrier' factor, since at none of our momenta 

is the K* near enough to its production threshold 'for this factor to be 

important. 

The Dalitz plot denSity is given under these assumptions by 

do +'b BW *(1 + A * 
2 
~) 

~t( a{t( 
= a cos 

K ' K 
2 

+ BW *(1 + A * 
2 
~) 

, 9. t . (10) c cos 2 
, 

N N qt 2 m 
+2 

here BW is the p-wave,Breit-Wigner function given by Eq. (A29) and q' is 

the outgoing kaon momentum in the overall c.m. The fit is carried out 

by the maximum likelihood technique, using for each eveht its values of· 

~t( and ~t( and the total energy corresponding to the fitted beam momentum 

for that event. At 860 and 960 MeV/c we assume that the K* does not 

contribute, and keep b = O. (With b = 0, the fit is completely equiv

alen~, in its determination of the ratio of N* to background, to fit'ting 

only the Nt( mass projection of the Dalitz plot.) The fractions of N* 

production, K* production, and background thus determined are given in 

Table IX. The errors are statistical only, corresponding to a decrease 

by one of the logari thin of the likelihood. Also shown are the results 

of fitting published ~t( distributions for the KOrc+p final state at 735 

. * ' 
and 785 MeV/c, using the same assumption of P-wave N production and non-

interfering phase space background. 20 

The strongest criticism of the model just discussed is that for the 

K°t(+p and K+rcop final states above K* threshold it ignores K*-N* inter-

ference. The interference model described in Section VII was devised 

specifically to account for this effect. There definite amplitudes for 
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Table IX. Fractions of N* production, K* production, N*-K* interference, 
and background in the single pion production channel, for the different 

charge states,and as a function of beam momentum. 

Momentum Final 
(MeV/c) state 

Data 
sample ~~tOf % N* % K* % bkgd. % interf. 

860 

1200 

1360 

a Data 
CHISQ -
NO INT -

INT 
PvlA 

---

Ko + 
:J( P 

K
o + 

:J( P 

+ 0 
K :J( P 

K
+ + 

:J( n 

Ko + 
:J( P 

+ 0 
K :J( P 

K+ + 
:J( n 

Ko + 
:J( P 

K+ + 
:J( n 

o + 
'K :J( P 

all events 

all events 
all events 

all events 
all events 

all events 
all events 

all events 
all events 

all events 
all events 

all events 
all events 

all events 
all events 
cos AK < 0 
all but overlap 

sector 
cos AK < 0 

all events 
all events 
cos AK < 0 
'all but overlap 

sector 
cos AK < 0 

all events 
all events 

all events 
all events 
cos AK < 0 
all but overlap 

sector 
cos AK < 0 

CHISQ 

CHISQ 

NO INT 
PWA 

NO INT 
PWA 

NO INT 
PWA 

NO INT 
PWA 

NO INT 
PWA 

NO INT 
PWA 

NO INT 
INT 
NO INT 

NO INT 
PWA 

NO INT 
INT 
NO INT 

NO INT 
PWA 

NO INT 
PWA 

NO INT 
INT 
NO INT 

NO INT 
PWA 

78±6 
8l±10 
61±11 
52±22 
56±16 
64±18 

90±3 
95±2 
56±8 
69±13 
89±13 
89±6 

71±3 
57±4 
65±3 

63±3 
65±3 
47±4 
34±5 
42±4 

39±4 
46±4 
67±6 
62±13 

from Ref. 11, fit described in text. 

16±2 

39±2 
25±4 

22±6 
19±10 

39±11 
48±22 
44±16 
36±18 

10±3 
5±2 

44±8 
31±13 
1l±13 
11±6 

4±3 
20±4 

9±2 

5±2 
8±3 

12±3 
36±5 
15±3 

14±4 
12±3 
33±6 
38±13 

- 5±2 
17±4 
4±2 

6 

16 

17 

12 

12 

Least-squares fit with non-interfering N* and background 
Maximum-likelihood fit with non-interfering N*, K*, and back
ground (see Sec. III) 
Fit ~o background and i~terfe:ing N* and K* (see Sec. VII) 
PartJ.al-wave analYSis, lncludlng N* and background (see Sec. VI) 
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N* and K* production are assumed,and the Dalitz plot density is calculated· . 

incluaing coherent N* and K*production and a non-interfering phase space 

background. A least-squares fit to the Dalitz plot distribution deter

mines the amount of N* production, K* production, and background and the 

* * N -K relative phase. This model has its drawback too, however; the 

detailed distribution of the interference over the Dalitz plot is highly 

* * dependent on the production model assumed for the Nand K. The results 

of this fit are shown in Table IX, for 1200 and 1360 MeV/c. Comparing 

them with the results of the no-interference model, we see that the 

general effect of neglecting the interference is to overestimate the 

amounts of N* and K* production, and to underestimate the amount of 

background. 

Both the non-interference hypothesis and the interference model are 

subject to theoretical uncertainties which maybe the dominant source of 

error in the results of the fits. For this reason it seems advantageous 

to try to extract the information we need without using the region of 

* * the Dalitz plot where the N and K bands cross. Using the representa-

tion of the Dalitz plot density described in this section, we will first 

use only events in the cos ~ < 0 (low Kn mass) half of the Dalitz plot, 

assuming that effects of K* production are negligible there. This is a 

relatively mild assumption, since we are neglecting interference only 

in the tail of one or the other of the resonances. * Then Nand back-

ground events should be produced in equal numbers in both halves of the 

Dalitz plot, and so the amount of N* production and background is deter-

mined from the fit to the cos ~ < 0 half of the Dalitz plot. The 
o -)(0 oJ(- -)(0 

excess is attributed to K production and K -N interference. A further 
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extension of this approach is to use all of the Dalitz plot except the 

quarter with cos ~ > 0, cos ~ < 0, thus excluding only the quarter of 

the Dalitz plot including the N*-K* overlap region. Hopefully we still 

avoid most of the K*-N* interference effects, and so we can infer the 

amount of N* production, K* production, and background in the entire 

Dalitz plot; the remaining excess we attribute to N*-K* interference in 

the excluded part of the Dalitz plot. The results from fitting the two 

restricted regions of the Dalitz plot are given in Table IX, for 1200 

and 1360 MeV/c. Although less marked, the same differences from the 

re~ults of the interference fit are present: * * more N and K production, 

less background. We prefer the results of the no-interference fit 

excluding the overlap region, both because of its relative simplicity 

and because the interference model gives a rather poor fit in the parts 

of the Dalitz plot away from the resonance bands. 

As a final check we list in Table IX the results of the partial wave 

analysis discussed in Section VI. The partial wave analysis use's only 

events in the cos ~ < 0 half of the Dalitz plot, but uses all of the 

kinematical information from each event. We see that the PWA results 

are generally compatible with the no-interference results from the same 

data sample. 

We must now determine from the various fitting results the "best" 

values and realistic errors. At momenta below 1200 MeV/c and for the 

+ + * K ~ n final state at 1200 MeV/c, K production and its attendant compli-

cations are not present. There we will average the fitting results from 

the no-interference fit and from the partial wave analysis, and for errors 

take the average and multiply by~2 to account for theoretical uncertainties. 



-50-

* where the K is present we will use the results from the no-interference 

fit excluding the N*-K*'overlap region, and multiply all errors by a factor 

of 2. The amount of N*-K* interference is probably not determined reliably' 

by any of the fits discussed, and it is included only in Table IX. ' 

The final cross sections for resonance production, and background 

are given in Table X. We have included published results at nearby 

momenta. These values are plotted in Fig. 8, with the exception of those 

at 1140 and 1450 MeV/C. They have been excluded because at nearby momenta 

. * * * * we see strong N -K interference. In the region where the N -K overlap 

region occupies much of the Dalitz plot results obtained with different 

analysis techniques should not be compared, and to do so might distort 

the shape of the cross-section curves for resonance production. 

~(725) Production 

There have appeared in the literature at various times'unconfirmed 

reports of a KIT resonance called the ~, of mass about 725 MeV and with 

a width usually consistent with zero, 'Within experimental resolution. 

A resonance with isospin I = 1/2 
+ + . 

would not be seen in the K IT n final 

+ + state, since the K IT state has I = 3/2; an' z I = 3/2 resonance would 

be produced most strongly in this final state, however. We have looked 

in all charge states at all of our momenta' for a narrow KIT resonance. 

* We have examined separately events with NIT mass in the N band and outside 

of it, and events with low and high momentum transfer to the KIT system. 

The results are negative. 

We can estimate the amount of ~ production which would pass undetected 

in our experiment. The number of events per 15 MeV KIT mass interval in 
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Table X. Summary of c'ross sections for N* production, K* production, 
and background. 

Momentum 
(MeV/c) 

865 

970 

1205 

735
11 

Reaction 

K+p ~K°1t'+P 
~K+1t'op 
~K+1t'+n 

~K1t'N 

K+p ~K°1t'+p 
~K+1t'Op 
~~1t'+n 

~K1t'N 

K+p ~~1t'+p 
~K+ 1t'°P . 
~~1t'+n 

~K1t'N 

cr(KN*) 
(mb) 

0·95±0.15 
0.21±0.09 
0.08±0.04 

1.24±0.18 

2.43±0.15 
0·51±0.13 
0.28±0.06 

3·22±0.2l 

3·2l±0·32 
0·7l±0.15 
0·37±0.09 

4.29±0·36 

2.92±0.36 

3.9 ±0.5a 

0.82±0.21 
0·55±0.11 

1.37±0.24 

1.9l±0·33 

2.9 ±0.5b 

Data frOm other experiments 

+ 0 + K P ~K 1t' P 

~K1t'N 

+ K P ~K1t'N 

0.08±0.05 

0.11±0.06a 

o .19±0 .OJ+ 

0.25±0.05a 

3.6 ±0.5 

4.8 ±0.7a 

3.2 ±O.r 

~ 2.6 
a 

~ 3·5 

~ 2.0 

0.9 ±0.3 

1.3 ±0.5b 

~ 1.9 
b 

~ 2·9 

~ 1.2 
b 

~ 1.8 

a We have used R(all N* charge states) /R(N*++ ~ 1t' + p) = 4/3 
b We have used R(a1l K* charge states)/R(K*+ ~K°1t'+) = 3/2 

cr(bkgd) 
(mb) 

0.25±0.14 
0.17±0.09 
0.06±0.04 

0.48±0.16 

0.20±0.09 
0·30±0.12 
0.03±0.04' 

0·53±0.16 

0.25±0.20 
0.26±0.15, 
0.20±0.08 

0·7l±0.26 

- 0.16±0.21 

0.15±0.04 
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Fig. 8. Cross sections for N* production, K* production, and nonresona~t 

background in the single-pion-production final states, in the region 
of the Cool peak. 
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the region of 725 MeV is given in Table XI, at each of our momenta and 

for each charge state measured. Since our mass resolution is about 15 MeV, 

a narrow K would appear mainly in a single 15-MeV bin. As a crude upper 

limit on the number of events due to K production we take three times 

the statistical error on the number of events per bin which we observe 

experimentally. The cross sections corresponding to these numbers are 

given in Table XI. 
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Table XI. Estimated upper limits on the cross section for production 
of a: narrow It me son ~ 

:'; " 

.' ,.':." '0, . 

Momentum Background events Upper limit 

. (MeV/c) Final state per 15 MeV on C11'C 
K:rr-mass bin (jJ.b) 

860 o + 108 40 K :rr p 
.,~ .' 

K+ 0 :rr p 45 25 
+ + 

··K :rr n 12 15 

960 o + 
K :rr p 150 75 

+ 0 . 
K :rr p 22 30 

+ + 
K :rr n 7 15 

1200 : ·0+ 
K :rr p 115 55 

':". 
+ 0 

K :rr p 36 30 
+ + 

K :rr n 11 15 

1360 o + K :rr p 30 60 

"""".:::: 

'., ' . 

. J,-
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IV. ANGULAR DISTRIBUTIONS 

Four variables are required to specify a three-body final state 

configuration, in the absence of nucleon polarization measurements. We 

choose them to be a diparticle effective mass, its production angle in 

the overall c.m., and a pair of decay angles in the diparticlec.m. 

Having discussed the mass distributions in the previous section, we will 

now examine the production and decay angular distributions. 

. * 
Since our data is dominated by N* and K production, we will empha-

+ size the Nrr and Krr diparticle systems in this section. The K p system 

is pure I = 1, and it follows that the N* and K* are produced in reac-

tions 2, 3, and 4 in the ratios 9:2:1 and 2:1:0, respectively. The 

KOrr+p final state (reaction 2) is thus richest in resonance production, 

and will be emphasized in the ensuing discussion. 

We can estimate the amount of background" in the resonance samples 

in the KOrr+p final state, using the results of Section III. * For the N 

the background is ~20% at 860 MeV/c and ~ 10% at 960, 1200, and 1360 

MeV/c. The background under the K*, mainly due to the tail of the N*, 

is about 40% at 1200 MeV/c and 15% at 1360 MeV/c. Background interference 

* effects may not be negligible, especially with the K • 

In order to avoid repeating the selection criteria for the data 

samples to be discussed, the mass bands and momentum transfer regions 

to be used are given in Table XII. In addition to these cuts, in the 

KOrr+p and K+rrop final states at 1200 and 1360 MeV/c we must separate the 

* * Nand K. There we restrict ourselves, when discussing properties of 

* the N , to the cos ~ < 0 (low Krr mass) region of the Dalitz plot; and, 

* "lhen discussing the K ,to cos ~ < 0 (high Nrc mass). 



,. 

* * Table XII. Mass and. momentum transfer ~tervals used in the analysis of Nand K production, and 
the experimental peak positions of the rr distributions (for cos ~K < 0 at 1200 and 1360 MeV/c). 

{rr limits ~rr ·limits ~rr 
(Be~) 2 limits Jv~ peak (BeV/c ). 

(MeV/c) Momentum 1 rr 

(MeV/c) 
position 

* K* 
(BeV)2 N Low Medium High Low Medium Hi~h 

band mass mass mass 6,2 6,2 ~ band 

860 2 no 1.32-1.40 1.40 -t ~ 0.16 0.16-0.28 0.28 -t .(1.170) limits ~ 1.32 

960 (1.191)2 no 
~1.36 1.36-1.45 1..45 -t . ~ 0.22 0.22-0·38 0.38 -t limits I 

\J1 

1200 (1.212)2 1.35-1.65 ~1.42 1.42-1.52 1.52-1.74 ~ 0.28 0.28-0.50 0.50 -t 840-:-940 
0\ 
I 

1360 (1.212)2 1.35-1.65 ~1.44 1.44-1.52 1.52-1. 76 ~0.28 0.28-0.60 0.60 -t 840-940 

,':, .:.' " ., 
~. 
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* A. N (1236) Production Angular Distributions 

The simplest and most easily interpreted information on the KN* final 

state is its production angular distribution. We show these distributions, 

for our four momenta, in Fig. 9. (The values of the s~uared momentum 

transfer t given on the x axis are approximate, assuming a fixed value 

of the Nn mass.) We note two simple features of the data: near threshold 

the distributions have a large sin2 e component, and, as the total c.m. 

energy increases, there is an increasing asymmetry toward the forward 

direction. The second feature continues smoothly into the high energy 

region, where the reaction is ~uite peripheral. A more ~uantitative 

description of these effects is given by the Legendre coeffficients, as 

defined by 

(11) 

These coefficients are shown as a function of beam momentum in Fig. 10, 

for our data and for other published data. ll,17 We have included coeffi-

+ 0 + + cients for the K n p and K ~ n final states where available, for complete-

ness. They add little information about N* production, however, with 

o + differences from the K n p final state probably representing background 

effects. 

Let us first consider the even Legendre coefficients. AO is propor

* tional to the cross section for N production, which peaks at about 

1150 MeV/C. ~/AO is large and negative near threshold, corresponding 

to the sin
2 e character of the 860 and 960 MeV/c data. (Pure sin2 e 

corresponds to A2/AO = - 1.) The sin2 e component requires the presence 

* of P or higher waves in the final-state KN system, and it is remarkable 
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. I 

K+p ~ KON>I:++ 
- Ml 
-- ~- (? 

120 150 

100 

\I'} 
+- MeV/c c 40 50 ' 
QJ 
> 
Q.J 

4- 0 
°-('0 0 -to 0 to 0 \.0 

t. (t=-.44) tt=-.OS) Ct= -.57) (t= -:.04) 
<lJ 

..0 150 E 60 
~ 
c: 

100 40 

50 2.0 

1360 MeVIt 
o ~_.l--.-..l_--'-__ 0 ...t:-_"'---'_--I-__ ' 

-1.0 0 (t:~·.Oo':l) G;t·l}~l.,n) 0 LO ) 
(~= -.92) oJ \ ';J (t.a-.02 

COS I prod 
XBL 683-283 

Fig. 9. N* production angular distributions at 860, 960, 1200, and 1360 
MeV/c. The solid and dashed curves are the predictions of the p
exchange model, with magnetic dipole and Jackson-Pilkuhn coupling, 
respectively, as discussed in Section V. 
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Fig. 10. Legendre coefficients for the N* production angular distri
bution, as a function of beam momentum. 
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that it remains strong at the lowest momenta, where a final-state S wa¥e 

would be favored by the absence of an angular momentum barrier factor. 

TheA4/AO coefficient vanishes near threshold, and increases steadily 

throughout the Cool peak. The even coefficients thus show a large P-wave 

component near threshold, with a transition to higher waves taking place 

in the region of the cross-section peak. 

The odd Legendre coefficients represent interference between waves 

of opposite parity, and so should reflect any rapid phase change in a 

single amplitude. From Fig. 10 we see that both Al/Ao and A3/AO are 

smooth and monotonic near 1150 MeV/c. This lack of evident phase change 

will be the crucial piece of evidence against a resonance in our partial 

wave analysis, in Section VI. 

There is one fUrther feature of the N* production angular distribu-

tions which is worth noting, although probably not relevant to the reso-

nance question. This is seen in Fig. 11, where we show the two lowest 

Legendre coefficients as a function of the N~ mass. (The mass intervals 

1 ) 0+ 1 the' are given in Tab e XII. Considering first the K ~ P channe , we see 

forward-backward asymmetry (Al/AO) varying dramatically with N~ mass, 

and almost vanishing in the high mass region. The second Legendre 

coefficient also varies markedly with mass. Such an effect cannot 
-x-

result from N production alone, but must result from interference between 

* * . the N and a background wave. Then the relative phase of the N and back-

ground amplitudes varies with N~ mass as the phase of the N* Breit-Wigner 

varies, giving the effect observed. The background amplitude must be of 

a rather special sort, however; since in the production angular distri-

bution the decay angles in the N~ c.m. have been integrated out, the' 

,:': . 
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£K (N*):= I Ai. P.e (cos e) 
1, .-

o 8bO Me-VIc. 0 9 GO MeY/c 

C1 1200 MeV/c D \360 MeV/c 

AYAo AZ/Ao 

K+p ~ K°-rr+p 

-.50 

1.2. 

0.8 

o 

XllL 683-285 

Fig. 11. Variation of the first and second Legendre coefficients for 
N* production with Nn mass • 
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interfering wave must have the N1t' system in a,'P
3
/ 2 state, as other £j 

. * states are orthogonal to the 'P3/2 N* • Since the' KN final state is 

almost entirely P-wave near threshold, the background wave must have 

com'P0nents with both even K~(N1t') orbital angular momentum, to 'Produce 

the effect seen in the Al coefficient, and odd orbital angular momentum,. 

to 'Produce the effect in~. Com'Parison between the three charge states 

in Fig. 11 'Provides some additional information. The change in the 

asymmetry coefficients Ai with increasing mass is large and negative 

o + ' 
for the K 1t' 'P final state. The effect is much weaker in the other two 

charge states, and a 'Positive change with increasing mass .is suggested 

+ 0 . in the K 1t' 'P f~nal state. No model for the background has been suggested 

which eX'Plains these effects. 

* B. N (1236) Decay Angular Distributions 

We describe the decay of the N* in a coordinate system in the N1t' c.m., 

with the x axis along the direction of the incoming 'Proton as seen in the 

N1t' c.m., and the z axis along the direction of the normal to the 'Produc-

tion 'Plane. The coordinate system and decay angles are illustrated in 

* Fig. 12; the decay angles refer to the nucleon from theN decay. 

From symmetry considerations we can 'Predict some properties of the 

decay angular distribution. First, the entire production and decay process 

is invariant under the parity transformation, or, equivalently, reflection 

* about the N production plane. From Fig. 12 we see that this corresponds 

to the transformation 

, (12a) 
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'" n A A 
X= R 
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(ifl +~e. 0\1 e.Nl.\\ or 
p N*c..YY\. - .see -text) 

A 
X 
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* Fig. 12. Coordinate system used in describing the N decay. The 
decay angles refer to the direction of the decay nucleon. 
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or 

(12b) 

· We Will assume this symmetry in our analysis. .A second symmetry is the· 

parity inversion of· the outgoing nucleon and pion in the Nrr .c.m., corre-· 

sponding to the transformation 

{co; ex} ~ {-cp c~s·rrc.x}, (13a) 

or 

(13b) 

This isa valid symmetry only if the Nn system is in a state of definite 

parity. Interference between states of opposite parities introduces 

· terms not satisfying this symmetry. 

We will parametrize the decay angular distribution with the usual 

* 21 N density matrix elements, and add two functions which are odd under 

parity inversion of the N* decay and so represent interference of the N* 

· amplitude with a background amplitude. The form of these terms ismoti-

vated by their appearance in the partial wave analysis as interference 

* terms between P-wave N production and a totally isotropic background 

wave. (See Appendix C, Eq. (C10) and (:C12).) The general form of the 

decay angular distribution is then 

W'(cos ex,cp) -3 ( . 2 1 2 ex) -lh( . P
33 

s~n ex + Pll (3 + cos 

2 
Re P3,-1 

. 2 2 2 
sin 2ex cos cp s~n ex cos cp - - Re P 

.[3 .[3 3,1 

. + Rl cos ex + R2 sin ex coscp) ; (14a) 

or, in the (r,o) system, 

'I"~ 

• '-l' ," 

I: j 

! 
i 
I 

I 
.. I 

.' 

. \ 

1 , 
t 

It ! 
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W(cos y,o) =tfrr· (ph sin
2 

Y + 
1 ;. 2 

Pil(3 + cos y) 

2 2 
Re P3,-1 sin Y cos 20 

.[3 
+ .s Im pI . . 2 Y sin 20 3,-1 s:).n 

.[3 

+ Rl sin Y cos 0 + R2 sin Y sin oJ, (14b) 

1 R I 1 1 
Re P3,-1 ep =-'4+ P -- , 

.[3 3,-1 33 .[3 

1 I 2 
Re P31 Im P = --

.[3 3, -1 J3 

(Note that all terms of Eqs. (14a) and (14b) are invariant under the 

overall parity transformation, Eq. (12), but only the first four terms 

are even under the Nrr c.m. parity transformation, Eq. (13).) 

We have determined the density matrix elements and the two inter-

ference parameters Rl and ~ by the .maximum likelihood technique.. All 

decay correlations are thus taken into account, so it is immaterial which 

set of angles is used, a and ~ or Y and o. However, the one-dimensional 

angular distributions in cos a and ~ obtained by integrating Eq. (14a) 

over ~ and cos a, respectively, are not equivalent in informational 

content to the cos Yand 0 distributions;.Re P
3

,1 and ~ are not meas

urable from the cos a and ~ distributions, whereas all coefficients are 

measurable from the cos Y and 0 distributions. For this reason we will 

emphasize the density matrix elements of Eq. (14b) and the cos Y and 0 

angular distributions. 

A complication arises at those momenta where the crossing of the K* 

band obscures part of the N* band. In the KOrr+p and K+rrop final states 
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'* at 1200 and,1360 MeV/c we have used only N events~itp. cos'~ < 0, 

"corresponding to choosing one' hemisphere of decay solid angle iri the 

Nrc c.m. We are in that case obliged to fold the angular distributions, 

according to Eq~, (13) into the ranges 0 ~ (cos 0:, cos y) ~ 1, 0. ~ (cp,8) '~ rt, 

and to drop the interference terms from the eX}lansions of Eq~ (14). At" 

860 and 960 MeV/c and in the K+rc+n final state at 1200 MeV/c the full 

expansion has been used. 

In Fig. 13 we show the density matrix elements of Eq. (14b) for the 

'Korc+p final state, as a function of beam momentum, and we give our corre-" 

sponding cosY and 8 distributions in Figs. 14 and 15, respectively. We 

have included in Fig. 13 all published values from other eX}leriments in 

the region from our highest momentum to 3 BeV/c. In Fig. 16 we show ,the , 

variation of these density matrix elements with momentum transfer; this, 

along with the production angular dis,tributions, provides in principle 

* ' a complete description of the N product:l.. on proce ss. ,For the convenience 

of readers accustomed to the more conventional density matrix elements 

of Eq. (14a), those are given in Figs. 17 and 18. 

The behavior of all density matrix elements, as seen in Fig. 13, is 

smooth as a function of beam momentum, with no dramatic change near 1150 

MeV/ c. Thus neither in the production nor in the decay angular distri-

butions do we see evidence for a resonance in the reaction 
+ .-)(-
Kp~ KN. 

We have now given a complete description of the production and decay, 
-1(. 

of the N. For analysis of the process in terms of partial waves, however, 

it is desirable to consider the decay angular distributions in another 

coordinate system, identical to the one previously described except that 

the x axis is taken as the direction of the incident proton as seen in 
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o other ex pts (ref. 17-19) 22- 24) 
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Fig. 13. N* density matrix elements of Eq. (14b), as a function of 
beam momentum; the curves are discussed in Section V. 
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Fig. 14. Distribution in cos r for N* production, at 860, 960, 1200, 
and 1360 MeV/e. The curves have the same meaning as in Fig. 9· 
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Fig. 15. Distributions in 0 for N* production, at 860, 960, 1200, 
and 1360 MeV/C. The curves have the same meaning as in Fig. 9. 
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Fig. 16. Variation of the N* density matrix elements of Eq. (14b) 
with momentum transfer to the N*. The predictions of p exchange 
with JP coupling are given by the solid curves; the predictions 
for Ml coupling are zero for all three matrix elements (see 
Section V). 
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Fig. 17. N* density matrix elements of Eq. (14a), as a function 
of beam momentum. 
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Fig. 18. Variation of the N* density matrix elements of Eq. (14a) 
with momentum transfer to the N*. 
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the overall c.m. The momenta in the Nrr c.m. must be obtained through a 

Lorentz transformation directly from the overall c.m. to the Nrr c.m. In 

this system the N* at rest will have the same magnetic quantum number as 

* the in-flight N produced in the overall c.m., which simplifies the 

predictions of a partial wave representation. This coord.inate system 

we refer to as the partial wave analysis (PWA) coordinate system. 

The angular distributions in the PWA coordinate system are expanded 

as before, according to Eq. (14b). The density matrix elements are given 

as a function of beam momentuID.in Fig. 19, for all three charge states, 

and the interference coefficients are given in Fig. 20. The corresponding 

angular distributions are given in Figs. 14 and 21. (The polar angle r 

is the same in both coordinate systems, since they differ only by a 

rotation about the z axisj the azimuth in the PWA system is denoted by 

5'.) We note that Rl is always small, consistent with zero, while R2 is 

sUbstantial and varies with momentum. 

We have already seen that the production angular distributions vary 

* with the Nrr mass, indicating the presence of an N -background interference. 

We will now look for a similar effect in the N* decay angular distributions. 

The angular coefficients are plotted as a function of ~rr in Figs. 22-24 

for the three charge states. The only striking effect is in the inter-

ference coefficient R2 , which increases with increasing mass in all'three 
, 

charge states. Since the interference terms involve background waves of 

opposite parity in the Nn system, different background waves are involved 

here from those seen in the production angular distributions. The back-

ground must thus include components with the following properties: 
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1360 MeV/c. The curves correspond to the density matrix elements 
and interference coefficients given in the two previous figures. 
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for the'Nrr system, and even K~(N1{) orbital angular 

momentum (~aria~ion in Al/AO); 

b)' .£j= P3/2for the Nrr system and odd K-(Nrr) orbital angular 

. momentum (var.iation in ~/Ao); 

·c) even.£ for.the Nrr system (variation in ~). 

We now record one final property of the Nrr angular distributions, 

an asymmetry in the distributions in cos~. As discussed in Section III, 

cos ~ is proportional to position on the Dalitz plot along a line of 

fixed~rr. An asymmetry in this distribution canno.tarise from pure N* , 

" * , production, and probably indicates interference of the N wlth a back-

ground wave. This asymmetry is closely related to the presence of the 

R2 coefficient in the PWA coordinate system, but has the practical advan

tage that it can be obtained directly from the Dalitz plot. This asym

metry between high and low Krr mass, defined as A = (H - L)/(H + L),is 

shown in Fig. 25, for our data and for other low-momentum data. ll,13 

(Final states including the K* are not considered, since then the asym-

* metry would be due primarily to the presence of the K on the high-Krr 

mass side of the Dalitz plot.) 

Aside from the aforementioned interference effects, we can summarize 

the angular distributions as follows: The production angular distributions 

indicate the presence of large P waves at threshold, with higher waves 

cOming in smoothly with momentum and with all odd Legendre coefficients 

increasing monotonically with momentum. The decay angular distributions 

show no marked change with momentum, and deviate only slightly from the 

magnetic dipole p-exchange predictions, P33 = Re P3,,..1 = Im P3,-1 = O. 
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Fig. 25. The Dalitz plot asymmetry coefficient A as a function of 
beam momentum. 
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. * c. K (891) Production 

We restrict ourK* sample to be in the half' of' the Dalitz plot.away 

f'rom the N* (cos ~ > 0), within the Krc mass band 840-940 MeV. This still 

, *" ' does not give complete separation from the N' at 1200 and 1360 MeV/c, but 

no more restrictive cuts can be made without biasing the angular distri-

butions in a very complicated way. We have checked for effects due to 

the presence of the N* tail by choosing events in a narrow Krc mass band 

and comparing them with those in the wider band. Results using the mass 

band 870-910 MeV are not distinguishable within statistical errors from 

those, given here. We will consider events only from the KOrc+p final 

state. Besides our own data we include for comparison the data of Bettini 

et.,al. at 1450 MeV/c,17 Bowler et ale at 1585 MeV/c,18 and S. Goldhaber 

et ale at 1960 MeV/c. 19 

The production angular distributions ,are given in Fig. 26, and the 

corresponding Legendre coefficients in Fig. 27. The variation in all the 

Legendre coefficients with momentum is remarkably smooth, with the reac-

tion becoming steadily more peripheral with increasing momentum. We will 

describe the decay of the K* in a coordinate system similar to tliat used 

for the N* (Fig. 12); the z axis is along the normal to the production 

plane and the x axis is along the direction of' the incoming K+ meson as 

* seen in the Krc c.m. The K decay angular distribution is given in terms 

21 of the density matrix elements as 

w( ) 3 ( 2 + " 2 Sl" n2 2 cos o,~ = 4; POO cos 0 Pll Sln 0 - Pl,-l a cos ~ 

- .[2 Re PIO sin 20 cos~} , (16) 
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Fig. 26. K* production angular distributions at 1200, 1360, 1450, 
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where In Fig. 28 we show these density matrix elements 

as a 'function of momentum, and in Fig. 29 the distributions in cbs a and 

~ are given. The curves correspond to the density matrix elements of 

Fig. 28. There is evidently little change in the K* polarization in this 

momentum region. The implications of these data in terms of exchange 

models are discussed in Section V. 
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v~ EXCHANGE MODELS 

The exchange of a single meson is qualitatively appealing as the 

dominant process in medium- to high-energy particle interactions. Exchange 

model calculations have had encouraging successes in predicting the polar

ization of mesons produced by pion exchange and of N*rs produced by p 

exchange in reaction 2. The p-exchange model has failed, however, in 

predicting production angular distributiori's and cross sections over a, 

wide range of incident momenta. This is not too surprising, since without 

additional s~dependent attenuation of the cross section the model violates 

unitarity. A good part of our data, however, is at energies where the 

unitarity limit is not important. Exchange model calculations are not 

usually considered valid near threshold,but the KN channel is unique in 

the absence of any established s-channel'resonances, and may therefore 

be hoped to have simple t-channel properties. 

In this section we will describe the single particle exchange models 

for K* and N* production in reaction 2 and compare their predictions with 

our data. * The calculations for N production by p exchange are carried 

* out in Appendix B, and for the K we use the results of Jackson and 

Pilkuhn.
21 

A. N*(1236) Production 

The me'son exchangediagraIh for'N* production is shown in Fig. 30. 

I-spin conservation at upper and lower vertices requires I = 1 in the 

t channel, and conservation of angular momentum and parity at the upper 
'J 

vertex requires normal spin-parity: --'P + - + 
J = 0 , 1 ,2:, ... • We assume 

that the ~ = 1- p meson dominates the cross channel. 
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XBL 683-304 . . 

Fig. 30. Feynman diagram for N* production by p exchange. 



-90-

* The general amplitude for KN production by p exchange is discussed 

in Apl>endix B. We wtll consider here only two specific choices for the 

coupling. First, we make the stodolsky-Sakurai assumption of pureMl 

coupling.25 This gives the simple matrix' element 

where 1 
P = 2(a + c), and the momenta a, b, c, d, and e are defined on 

the Feynman diagram of Fig. 30. The resulting differential cross section 

is 
2 2 E + 

__ .."..-d_O __ = q' gl g2 [b ~ 
d cos .e dnd 3 2 4r( 4; 2md ecay sqmd 

s ] {l + 3 cos
2 r} . (18) 

( 2 2)2 2 e - m e 

The square-bracketed quantity contains the production angle dependence, 

and the curly-bracketed expression describes the decay. A zero-width N* 

is assumed in Eq. (18). In our numerical calculations, however, we have 

multiplied by the N* Breit-Wigner (Eq. (A29) of Appendix A) and integrated 

over the Nrr mass. The predictions for the Ml model are simple: 

W(COSy) = 1 + 3 cos2 
Y , (19a) 

W(5) = constant , 

W(cos e) ~ sin2 e/(l - b cos e)2 * , 
where 

b = 29,9,' 
2 ~) 

, 
m + 2(EkEK: -p 

s = 2 2 sq q' sin e 

* We neglect the small dependence of [~ + m. ] . on cos e. 
o N*c.m. 

(19b) 

(19c) 

(20) 

(21) 

. i 

, . 
• 

. I· , 
.~ I 
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and q and qf are the c.m. momenta for the incoming and outgoing two-body 

systems. The expansion parameter E is small near threshold, giving a 

sin2 e production angular distribution at low momenta. The total cross 

section must be obtained by numerical integration of Eq. (18) over min. 
We note, however, that the resulting cross section rises very rapidly 

near threshold, due to the ql2 dependence of the p-wave threshold term. 

The matrix element of Eq. (17) is probably the best covariant formu-

lation of the magnetic dipole coupling. There is, however, another 

coupl~ng, proposed by Jackson and Pilkuhn as the correct relativistic 

generalization of the Ml coupling. The Jackson-Pilkuhn (J-p) coupling 

reduces to that of Eq. (17) in the "static" limit Of~ = md, t = o. 

This coupling is obtained by replacing the curly-bracketed expression 

in Eq. ( 17) by 

SPIN
JP 

_ 1 {ij (d)Y Y
5
U(b) [pIlev _ pVell )} 

md Il v 
(22) 

Our data do not fulfill the conditions of the static limit very closely, 

and the JP coupling gives considerable admixtures of E2 and L2 couplings. 

We can now compare our data with these two models. The experimental 

cross section for the reaction K+p ~ KN* is plotted in Fig. 31. The 

solid curve is the Ml prediction, the dashed curve that of the JP coupling. 

We have taken 

2 2 
g g 
Ie'" p +J<.O pp +N*++ 

----,,-!;:....- -"'-'-;-- = 90 4n 4~ , 

21 as suggested by Jackson, and have multiplied the differential cross 

section by 4/3 so as to include all three final states, reactions (2), 

(3), and (4). The disagreement between experiment and theory is substantial.
26 

i: 
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We also show the Ml predictions with the product of coupling constants, 

Eq. (23), taken to be 450. This gives a good fit near threshold, but 

the large value for the coupling constants is quite implausible. Unless 

the SU(3) relation leading to Eq. (23) is badly broken, this result is 

inconsistent with simple rho exchange. However, the good agreement with 

the threshold energy dependence of the cross section reaffirms the P-wave 

nature of the production. process. 

The production angular distributions predicted by these models are 

shown in Fig. 9, together with our data.. The agreement is fairly goodj 

both models. predict largely P-wave production, as already suggested by 

the N~ mass distribution. The JP coupling has an L2 term, multiplied 

by a coefficient proportional to t, which causes a backward asymmetry 

near threshold not seen in the data. The predicted forward peaking of 

the N* p~Oduction is of course due to the presence of the p propagator, 

and the good agreement with experiment up through 1360 MeV/c confirms 

that the exchanged particle is a heavy one such as the p meson. It is 

significant that near threshold no form factor is necessary to fit the 

data. This is'inconsistent with the various form factors proposed to 

. 17 19 24 fit hlgher energy data. ' , 

We now examine the decay angular distributions. In terms of the 

density matrix elements, the magnetic dipole model predicts 

p , ::: Re p'::: 1m p'::: 0 
33 3,-1 3,-1 

(24) 

The JP predictions are more complicated, and are indicated in Fig. 13. 

(In calculating the JP density matrix elements we have not averaged 

over N~ mass, but have used the peak masses given in Table XII.) In 
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Fig •. 13:-re see rather go'od agreement with the Ml predictions, from',' 

threshold to 3 BeV/c • The small discrepancies which do occur are 

primarily near threshold, where our data lie. In Figs. 14 and 15 the 

Mland JP predictions are compared with the experimental cos Y and 0 

distributions. Both models fit the cos Y distribution rather well, but 

do not reproduce the details of the 0 distribution. In Fig. 16 the 

predicted momentum transfer dependence of the denSity matrix elements 

is compared with our data; the curves are the JP predictions, and the 

Ml :predict~ons are all zero. Neither model reproduces the data very 

well. In Table XIII we give the contributions of the various multipole 

terms to the density matrix elements. The negative experimental values 

of Im P3,-1 indicate the presence of an L2 multipole component, as 

predicted by the JP model. 

We can now draw the following conclusions about the p-exchange 

models considered: 

a) The exchange models predict a rapidly rising cross section for 

N* production which exceeds the unitarity limits on the lower 

partial waves not far above threshold; this leads to larger 

cross sections and less forward collimation of the N* produc-

tion than that observed. 

b) Near threshold where the unitarity limit is not important the 

production angular distribution and the observed rate of increase' 

of the cross section with momentum agree rather well with the 

model's predictions, for pure Ml coupling. The experimental 

cross section near threshold is much larger than predicted, 

however, requiring coupling constants much larger than the knc-w 
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Table XIII. Contributions of the various multipole terms 
to the N* density matrix. 

Multipole , 
Re I 

Im P3,-1 term P33 P3,-1 

IM~12 0 0 0 

IE212 1/2 0 0 

IL212 3/8 - ~3/8 0 

2 Ml·E2 ± 1/2 0 

2 Ml·L2 0 - ~3/8 

2 E2·L2 0 + 1/4 
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p coupling constants. Whether this is a criticism of the p~ 

exchange hypothesis or merely of the extrapolation of the p 

vertex functions to negative ~ is not clear. 

c) The N* spin-density matrix is well approximated by the'magnetic 

dipole predictions at all energies.. This is especially remarkable 

in view of the evidently large unitarity modifications in the 

cross section and production angular distributions. 

In short, the p-exchange model requires some further theoretical "fixing 

'up" to fit the data. One model which attempts this has been proposed 

by Gerald Hite.27 He uses the K~matrix formalism to treat the problem 

of three coupled (quasi-) two-body states: + * * K p, KN , and K N. Even 

with a number of approximations, including assuming a zero-width N*, he 

-)(. 
succeeds in qualitatively reproducing most features of the N production. 

Below about 1 BeV/c his model reduces to the simple exchange model which 

we have described. The N* is produced largely in P waves with a rapidly 

risin.g cross section. However, as the largeP waves approach their 

unitary limits, 0U(J) 
1 2 = (J + 2)rrX , his model correctly predicts the 

fall-off and subsequent decrease of the cross section. He finds the 

Cool bump in the total cross section then appearing as a consequence of 

the bump in the N* production cross section. We' feel that this calcula-

+ tion removes any necessity to postulate a resonance in the K p channel 

near the Cool peak. 

B. K*(89l) Production 

* , K, production in reaction 2 can proceed through exchange of a 

pseudo scalar meson (rr,~) or a vector meson (p,ro,~). (We neglect the 

',: . -: ... 
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exchange of higher-spin resonances such as the A2 meson.) As shown below, . 

pseudoscalar and vector exchange result in quite different decay angular 

distributions for the K*. We use the usual decay angles a and ~, defined 

+ as polar and azimuthal angles with respect to the incident K direction, 

* as seen in the K c.m. The cos a distribution for pseudoscalar exchange 

2 is pure cos a, corresponding to POO = 1) while vector exchange gives 

2 pure sin a, Poo = O. From Figs. 28 and 29 it is obvious that in the 

exchange model interpretation the dominant process is vector exchange, 

especially near threshold. We can go one step further by using the 

values of POO from Fig. 28 to divide the K* production cross section 

into pseudo scalar- and vector-exchange contributions: ap/av = POO/(l - poo)' 

In Fig. 32 we plot as a 'function of momentum the K* production cross sec-

tion and its particle-exchange components, obtained as described above. 

(We have minimized the effects of experimental errors by using values 

'of a andpOO from the hand-drawn interpolating curves in Figs. 28 and 32.) 

For the theoretical exchange model predictions we quote here the 

results of Jackson and Pilkuhn:2l 

dap 2:rrq' G2 2 1 { . 2 2 = __ ,-;-JL_ (t - (m.. - m
K

*) )(t - (m
K

+ + m
K

*) ) d cos e dnd sq ~:rr 4:rr 4 2 K 
ecay nx 

Fp(t) 2} 3 2 
X (- t) 2 [4:rr' cos aJ (25) 

m - t 
l? 
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Fig. 32. Experimental cross section for K* production as a function 
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in Section V. 
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dO'V _ ~ ·l 
d cos. e dfl - sq 2 

decay 4n~* 

2 2 + 2sq q' . 2 e 
s~n 

(26) 

Here q and q' are the incoming and outgoing three-momenta in the overall 

c.m., and e is the c.m. production angle of the K*. For pseudo scalar 

exchange we assume pion exchange, and take -G2/4n = 15, g2/4n = 0.75. 

These values include the Clebsch-Gordon coefficients appropriate to th~ 

. + *+ *+. 
react~on K p ~ K p, including both charge states for the K decay. 

As the pion form factor we take 

Fp(t) = (A - m:)/(A - t) , (27) 

where A = 0.165 (BeV/c)2 •. This form factor was used successfully by 

28 Goldhaber et ale to predict the momentum transfer distribution and 

+ * * / cross sections in the reaction K p ~ K N at 1.96 BeV c. For vector 

exchange we assume that only the ill meson is exchanged. The p meson is 

excluded because of the apparent absence of vector exchange in charge

exchange production of the K*o in 2.3 BeV/c K+d interactions.29 There· 

is little reason to exclude the cp, but our conclusions would be affected 

little by its presence. 21 Following Jackson, we take for the illpp coupling 

constants GT = 0 and GV = 2.77, and f2/4rr = 4.3. For the form factor 

we choose an exponential form which reasonably well reproduces our data 

at 1200 MeV/cj 
tiT = e , (28) 
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with 1"= 0.8 (BeV/c)2. 'A stronger form factor, with T = 0.49 (BeV/c)2, 
. 24 

was· required to fit the CERN 3.0 BeV/c data for this reaction. We 

take the view, however, that the higher-energy form factor is a phenom~ 

enological representation of absorption eT'fects (as ours may be), and 

is not applicable near threshold. 

We will now compare the data with the predictions of two models; the. 

theoretical model just described, and a "semi theoretical" model obtained 

by adjusting the exchange model coupling·constants at each momentum so 
as to give the experimentally observed values of POO and the cross section •. 

This seems a reasonable modification of the theoretical model, since 

exchange models have had their greatest successes in predicting angular 

distributions and their greatest failures in predicting cross sections. 

In Fig. 32 we show the cross section contributions predicted by the 

two calculations. The theoretical curve s illustrate a familiar problem. 

* encountered in fitting low-energy K production; near threshold pion 

exchange should dominate over vector exchange, whereas the data shows 

vector exchange dominating. We know of no solution for this problem. 

It is interesting to note that if we abandon pion exchange completely 

and multiply the theoretical vector-exchange curve by a factor of 3.8 

(dotted curve), the threshold behavior of the cross section is reproduced 

rather well. 
, 

The semitheoretical predictions for the production angular d1stri-

butions are shown in Fig. 26, along with their pion-exchange and vector-

exchange components. (The pion-exchange component is distinguished by 

its sharp forward peak.) The fit is fairly good. It is furthermore 

clear that a large pion-exchange component near threshold would be 
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'I , . 

'. 



'iI'" , 

". 

.,. 

-101-

inconsistent with the data. The two sets of predictions for the density 

matrix elements are shown in Fig. 28. ' The theoretical dominance of pion 

exchange is seen in the large value of POO predicted near threshold, 

which the semi theoretical model is designed to correct. Otherwise both 

sets of predictions are plausible; detailed agreement would certainly 

require careful fitting of the form factors and the vector-exchange 

coupling constants, which we have not attempted. 

From the above observations it is tempting to draw a simple picture 

of K* production, very similar to that for the N*: 

1) Near threshold vector exchange dominates; the coupling constants 

are a factor of four larger than expected, and only a weak form 

factor is required. This predicts the cross section and produc-

tion angular distribution correctly near threshold, andqualita-

tively reproduces the decay angular distributions. 

2) Shortly above threshold unitarity effects become important, 

first attenuating the cross section and later causing the reac-

. tion to become more periphe,ral than predicted by the Born term. 

The role of pion exchange in this reaction is unclear. The production 

~ . . + ~ of the K ~n the react~on K n ~ K P has been attributed largely to 

pion exchange,29 implying the presence of some pion exchange in our 

reaction. It remains a mystery why this does not lead t,o large pion-
. 

exchange contributions near threshold • 



-102-

VI~ PARTIAL WAVE ANALYSIS OF THE KN* FINAL STATE 
, .... . + 

:The precise measurement of the total K p cross section by Cool and 

coworkers2 (see Fig. 2) has raised the important question of whether or 

'.' not there are resonances in the I = 1 , KN system. Such a resonance 

would have to belong to,a 27 representation of SU(3), a representation 

not 'required by the other known particles, and in terms of its quark 

structure would have to be made from at least five quarks. + Elastic K p 

sca ttering in the region of the Cool bUI!lp has not revealed evidence for 

30 ' 
a resonance, but a conclusive analysis is difficult because of the 

absence of proton polarization information. Furthermore, if the Cool 

bump is a resonance, it, decays mostly into inelastic .final states. For 

a total resonant cross section of 4 mb, as estimated by Cool et al., the 

impli~d elasticity is 0.3 for a resonance fed by an incoming J = 1/2 

wave, and less forhigher-J waves. The KN* final state is a promising 

candidate for the decay of such a resonance, as its' cross section peaks 

just above threshold, nearly under the Cool bump. In this section we 

will examine the KN* final state for evidence of resonant behavior. 

Ideally in searching for a resonance one should perform a general 

partial wave fit, using ,all low order partial waves. Unfortunately, 
'. + 

this is not possible; as in K p elastic scattering, we suffer from the 

absence of data on the final state nucleon polarization.. We can, however, 

do an analysis using a restricted set of waves which is still general 

enough to reproduce the features of our data. As already noted, the • 

* distribution in N mass and production angle suggest the dominance of 

P ",aves near threshold. The magnetic dipole p-exchange model reproduces 

this feature and also fits the angular distributions fairly well. Our 

').oj 

r 
. ·t", , 

, . 
. - I 

f 

" 

j . 
. i' 

. t 
'. ! 

. ~ 
,j' 

f 

~. , , 
.' t 

i-

l 

. ! 

, 
I 



-103-

minimal set of partial waves should then include the lowest-order waves 

of the Ml model. To allow for complete freedom in the lower partial 

waves we include Pl / 2 and P
3
/ 2 waves, to be varied independently, and 

the amplitude MIl, defined as the Ml amplitude with its PI / 2 and P
3
/ 2 

components subtracted out. This MIl amplitude represents our approxima-

tion to all partial waves higher than P
3
/ 2 • These three waves can 

0+ 
reproduce most of the features of the K rc p final state. One feature 

not eXplained, however, is the apparent interference with a non-N-lI-

background amplitude. We therefore add the simplest background ampli- . 

tude, s-wave in all particle pairs, which we call S1. (This wave is 

fed by the incident PI / 2 state,and has the same? as our PI wave.) 

This wave interferes with ~he N* amplitude to give the observed Dalitz 

plot asymmetry towards high Krcmass, or equivalently the negative sin 51 

moment in the N* decay angular distribution. 
. 

(These effects were discussed 
\ 

in Section IV.) * \ Finally we include a S3/2 KN final state, coming from" 
\ 

This wave is not important in our analysis, 

but we include it because of its a priori attractiveness as a resonant 

state: the high inelasticity of the proposed resonance could be explained 

by the absence of an angular momentum barrier in the S3/2 KN* final state, 

as compared with the competing D3/2 elastic final state. 

The partial waves used in our analysis are given below in Table XIV, 

vii th their corresponding angular distributions. We have also included 

in the table the one remaining low-order partial wave, the Sl/2 ~ DI(2 

transition. 

Before carrying out a fit, we can ask one very important question; 

can the bump in the KN
ox
- cross section arise from a single .r state? 



+ * Table XIV. Low-order partial i~aves for the reaction K p ~ KN and their corresponding 
distributions in N* production and decay angles. 

+ . 
K P initial 

state 

D3/2 

Pl / 2 

P3/ 2 

Sl/2 

Pl / 2 

<" 

KN* final
state 

~ 

S3/2 

Pl / 2 

P3/ 2 

Dl / 2 

;/ 

3/2-

1/2+ 

3/2+ 

1/2-

1/2+ 

."-"':. .... ~ ~ , . - ". 

Name 

S3 

Pl 

P3 

Dl 

Sl 

Ml' 

Production angular 
distribution 

Isotropic 

Isotropic 
4 ' 

1 - "5 P2 (cos e) 

Isotropic 

Isotropic 

Decay angular distributions· 

cos, 

1 - .1 
5 

1 - .1 
5 

2 . cos , 

2 cos , 

1 + 21 2 13 cos , 

1 - .1 
5 

2 cos , 

Isotropic 

2 
1 + 3 cos , 

.0'·· 

1 1 + - cos 20' 
2 
1 

l-b'cos20' 

11 
1 + - cos 20' 

30 
1 

1 - b' cos 20' 

Isotropic 

Isotropic 

"\ t: 

I 

b 
~ 
I 
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If so, this would make a strong case for the existence of a 8 = 1 baryon 

resonance, decaying predominantly into the KN~ final state. In Fig. 33 

we compare our data for reaction (2) at 960 MeV/c with the predictions 

for the various KN* states given in Table XIV. We see that the only 

pure state consistent with the cose and cos, -y distributions is the 

P
3
/ 2 state, while the delta prime dtstribution rejects this hypothesis. 

The same features are present in our data at our other three momenta. 

It is thus clear that a superposition of waves is required to fit the data. 

We have attempted to fit our data for reaction 2 separately at each 

momentum, using five waves; 81, 83, Pl, P3, and Ml'. The detailed forms 

of the amplitudes used and the parametrization of the energy dependence 

are given in Appendix C. The input information was the one-dimensional 

distributions in cos e, cos Y, 0', and Nrr mass, with the sample selected 

as described in Section IV. We have also used published data at 1580 

/ 
18 MeV c. No correlations were included and in particular the variation 

of the angular distributions with Nrr mass was ignored. The 0' distribu

tion had to be folded at 1200 and 1360 MeV/c, since the N* sample was 

taken from only half of the Dalitz plot. The effect in the folded distri-

* butions of interference between N and background amplitudes is very diffi-

cult to calculate, and our analysis assumes that this interference is not 

present at 1200 MeV/c and higher momenta. There the Sl wave is treated 
, 

as an incoherent phase-space,like background. 

The.input data and fitted curves are given in Figs. 34a-e. The fits 

are quite good except at 1580 MeV/C. There the Ml' amplitude accounts 

for about 1/3 of the cros~ section, and more flexibility in the higher 

waves may be required to fit the data well. The cross section contribution 
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Fig. 33. N* production and decay angular distributions at 960 MeV/c, 
and the predictions for production in various low-order partial 
waves. 
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K+p -) KOn +p 
860 MeV/c 
')(2=:35 fol" 40 d.o.T. 
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Fig. 34a. 860 MeV/c N~ mass distribution and N* production and decay 
angular distributions used as input to the partial wave analysis 
of the KN* final state, and the curves corresponding to the partial 
wave solutions. 
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Fig. 34b. 960 MeV/c N~ mass distribution and N* production and de~ay 
angular distributions used as input to the partial wave analysis 
of the KN* final state, and the curves corresponding to the partial 
wave solutions. / . 
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K+p -v(n+p 
1200 MeV/c 
-x 2. = 75 for 62 d.c. f. 
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Fig. 34c. 1200 MeV/c N,( mass distl'ibution and N'x- production and decay 
angular distributions used as input to the pal'tial'vave analysis 
of theKN7(- final state, and the curve s corre sponding to the partial 
.lave solutions. 
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K+p -- KOn+p 
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Fig. 34d. 1360 MeV/c N1! mass distribution and N-x- production and de'cay 
angular distributions used as input to the partial ,\lave analysis 
of the KN* final state, and the curves' corresponding to the partial 
'Have solutions. 
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Fig. 34e. 1580 MeV/c N~ mass distribution and N* production and decay 
angular distributions, taken from Ref. 18, used as input to the 
partial wave analysis of the KN* final state, and the curves 
corresponding to the partial wave solutions. 
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and phase for each partial wave is given in Table XV • We have normalized,' 

* ',' 
the sum of the cross' section contributions to the, sum of the N produc~ 

tion and background cross sections as given in Table X; contributions 

* ' from K production and N*-K* interference are thus excluded. The corre-

sponding partial wave amplitudes are displayed in Fig. 35 in the Tripp 

representation, plotting the amplitudes in the complex plane. The phases 

of the KN* amplitudes are of course dependent on the Nn: mass. In fitting 

the data we have evaluated the phase at the mass corresponding to the 

peak of the Nn: mass distribution, as given in Table XII, and we use that 

phase in Fig. 35. One phase is arbitrary, so we take the Ml' amplitude 

to be real, since it represents a p-exchange background which should not, ,.;. 

change phase rapidly. The amplitudes are normalized so that the unit 

circle on Fig. 35 represents complete absorption of the appropriate 

inCOming wave; 

There is an ambiguity in the amplitudes determined by our fit due to the 

fact that only complex "dot products" of amplitudes appear in the calcula-

tions; all phases could be reversed in sign without changing the fit. 

The finite width of the N*, however, allows us to resolve this ambiguity. 

* If we assume that the background has a fairly constant phase, the N-

backgrou~d relative phase is a strong function of Nrr mass. We have seen 

in Fig. 22.that the ~ coefficient varies rapidly with Nn: mass. In the 

partial wave analysis the sin 0' term which ~ multiplies comes largely 

from the interference term 81' (2Pl + P3). From Fig. 35 this dot product 

is seen to be negative at 860 a~d 960 MeV/c,. With increasing Nn: mass 
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Table xv. Partial i~ave solutions, for the K01/p final state; each double entry gives the cross-
section contribution and the phase, relative to the Ml' amplitude. 

Cross section (mb), 
Phase (deg) 

Momentum 1f."Jt2 Sl S3 Pl 
c.

P 3 Ml' Sum 

(MeV/ c) (mb) 
(background) 

860 5·5 0.21±0.05 0.01±0.01 0.46±0.05 0.44±0.04 0.08±0.03 1.20 
43±10 120±40 - 70±12 - 51±9 0 

960 4·7 0.12±0.05 0.05±0.04 0.90±0.08 1. 30±0.07 0.26±0.06 2.63 
20±20 - 175±12 - 95±6 - 68±4 0 I 

f-J 
f-J w 

1200 3.4 0·39±0.10 0.10±0.07 1.10±0.13 1.43±0.11 0.44±0.08 3·46 I 

1 78±12 - 84±8 - 54±5 0 

1360 2·9 0.21±0.06 0.20±0.11 0.43±0.13 1.42±0.15 0.50±0.08 2.76 
170±15 - 89±12 - 50±5· 0 

1580 2.4 0.56±0.07 0.13±0.10 0.02±0.03 1.17±O.15 1. 02±0. 10 2·90 
160±40 - 42±5 - 19±6 0 
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the Pl and P3 amplitudes would move in a counterclockwise direction in 

Fig. 35, becoming orthogonal to Sl at a Nrc mass value somewhat above the 

peak position. From Fig. 22 we see that ~ is negative at the central 

Nrc mass values, and vanishes at higher Nrc mass. Thus, in the convention 

* . that the N phase increases with increasing Nrc mass, the sign of the 

phases in Fig. 35 has been chosen correctly. 

In Fig. 35a totally resonant amplitude would start at the center of 

the plot, traverse a counterclockwise circle with increasing energy, and 

return to the center. A resonant amplitude superimposed on a constant 

background would follow a circular trajectory which would not necessarily 

pass through the center. 960 and 1360 MeV/c are respectively about one 

half-width below and above the center of the peak in the total cross 

. * section as estimated by Cool et al., and span the peak in the N produc-

tion cross section. One would thus expect a pure resonant amplitude to 
. 0 

go through a phase change of about 90 between 960 and 1360 MeV/C. We 

see from Fig. 35 that in fact the dominant Pl and P3 amplitudes are nearly 

stationary in this region, over a range in total c.m. energy of 170 MeV, 

and the S3 amplitude is always small. (The total c.m. energies corre-

sponding to the five momenta analyzed are: 1730, 1780, 1890, 1960, and 

2060 MeV.) Our analysis thus shows no substantial resonant component 

in any partial wave amplitude in the region of the Cool peak. 

A feature of the P3 trajectory in Fig. 35 which must be noted is the 

large phase change between 1360 and 1580 MeV/C. This could indicate an 

uncompleted resonant trajectory, somewhat above the Cool peak and with 

a very large width. More probably it is due to the breakdown of the 

validity of the simple set of amplitudes that we have chosen. It is a 
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deficiency of the Ml amplitude that it is less peripheral at higher 

energies than the data. Our fit at 1580 MeV/c is probably compensating 

- - * -
for this deficiency in the Ml' amplitude by maximizing the 2 Re(P3 Ml') 

term, which gives a forward asymmetry. 

In the K-matrix treatment of this channel it is the- restrictions 

of unitarity which cause the rapidly rising vector-exchange cross section 

to turn over at about 1200 MeV/c. It is instructive to compare the cross 

section for those ,amplitudes which come from the incident Pl / 2 wave with 

the maximum inelastic cross section for this wave, ~~2 At 1200 MeV/c 

the sum of 81 and Pl cross sections (both come from the incident Pl / 2 
2 wave) is, from Table XV, 1.49 mb, to be compared wi th ~;,. = 3.4 mb. 

If we suppose that the remainder of the single-pion-production cross 

section has the same partial wave composition as the sub sample used in 

the partial wave analysis, we find 1.49 mb X 7.5/3.46 = 3.2 mb coming 

from the incident Pl / 2 wave, very close to the unitarity limit of 3.4 mb. 

Clearly the Pl wave must be feeling unitarity effects at 1200 MeV/C. 

We note that the partial wave solutions at the three lower momenta 

have Pl and P3 present in about a 1:1 ratio, instead of the 1:5 ratio 

predicted by the magnetic dipole model. It is this difference that accounts 

for the main deviations 'of the decay angular distributions from the magnetic 

dipole predictions. 

To summarize the results of the phase shift analysis, our simple 

partial wave model gives a good representation of the experimental dat(t. 

from 860 to 1360 MeV/c~ throughout the region of the Cool peak. * -N produc-

tion is dominated by the Pl/2 and P3/2 states, in roughly equal amounts 

near threshold and in more nearly the magnetic dipole ratio of 1:5 at 

. ,." 
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. higher momenta. No rapid phase variation is seen in either of the dominant 

amplitudes in the region of the Cool peak. Thus, while a small resonant 

component in either of the P waves cannot be ruled out, the 1150 MeV/c 

* peak in the N production cross section is clearly not due primarily to 

a single resonant amplitude. 
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VII. * * -K -N INTERFERENCE·· 

* *-'When two different resonances, the K and the N , are produced in 

the same three-body final state, there are events seen in the bubble 
. , . . 

chamber which may have passed through either the KN* or the K*N inter--

mediate state, specifically those events in the region of the Dalitz 

* * . plot where the Nand K bands cross. There the intensity is not just 

the sum of squares of the N* and K*production amplitudes,but includes 
. .' 

an interference term. Such an effect can be seen in the Dalitz plot 

for K+P ~ KO~+p at 1200 MeV/c, where there is constructive N*-K* 

interference. To make a quantitative estimate of this effect we consider 

the four regions of the Dalitz plot shown in Fig •. 36. Region I is in 
. . 

the N*-K* overlap region (1.35 < ~~ <1.55, o. 73 <{~ < 0.83), regions 

II ~d III are the mass-conjugate regions to I in the N* and K* bands, 

respectively, and region IV is mass-conjugate to region III in the N~ 

c.m. Because of mass conjugation invariance within a resonance band 

for a pure parity state, we should have, neglecting background and inter--

ference, NI = NIl + NIII ; or, using region IV to subtract possible uniform 

background, NI + NIV = NIl + NIII • Using the numbers from Fig. 36 and 

converting to cross section, we have NI + NIV - NII - NIII = (0.30±0.06)mb •. ~ .. 

Similarly we get for the K+~op final state at 1200 MeV/c, (O.10±O.03) mb; 

o + and for the K ~ P final state at 1360 MeV/c,(0.24±0.07) mb. The excess 
, 

in the overlap region is thus always positive, and quite significant in 

o + - * -J\< the K rr p final state. We attribute this excess to constructive N -K • 

interference in the overlap region. 

An analysis of this phenomenon has been carried out, largely by 

George Trilling,31 and pUblished. 32 In his analysis the N* was assumed 
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to .be produced only in Pl/2 and P
3
/ 2 waves, in the ratio given by thee 

magnetic dipole model. The K* was also assumed to be produced in P-waves,· . 

in 'the ratio given by vector exchange with G = - G • 
V T 

The density.for 

given values of ~rr and ~rr was calculated using coherent N* and K* 

amplitudes and an incoherent phase space background, averaging over 

the two remaining kinematical variables. By fitting to the Dalitz plot 

denSity the N* and K* amplitudes and the amount of background were deter

mined. From these were calculated cross sections forN* production (with 

the K* amplitude turned off), K* production (with the N* turned off), 

'* * N -K interference, and background. These numbers are given in Table 

XVI along with the phase angle ~O· ~O = ~N* - ~K* is the phase angle. 

between the N* and K* amplitudes, not including the phase of the complex 

* * / Nand K propagators. The 1200 MeV c results in Table XVI are taken 

from Ref. 32, with the total cross section for each reaction adjusted 

·to agree with our values, given in Table VIII. The 1360 MeV/c results 

in Table XVI were obtained by carrying out Trilling's analysis on our 

data at that momentum. 

The phase ~O is seen to lie always in the region of 30-50 degrees. 

The N*, having a large width and a small Q value,is quite asymmetric, 

peaking at about 1212 MeV with a Breit-Wigner phase of about 650
• The 

addi ti6nal phase cPO thus makes the two resonances interfere most construc

tively just where the highest-density parts of the bands cross. It also 

arranges, however, to have the interference between the tails of the two 

resonances maximally destructive in the low Krr mass, high Nrr mass quadrant 

of the Dalitz plot. This interference is not negligible, and in fact 

depletes that quadrant of the Dalitz plot sufficiently that the fit 
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Table XVI. Phase angle and cross sections for K*-N* interference fits •. 
The 1200 MeV/c results are taken from Ref. 32. 

Cross sections (mb) 
Momentum CPo 
(MeV/c) Reaction (degrees) N* K* Interference Background Total 

+ 0 + 
40±11 0.87±0.14 

~~/ 

1200 Kp~KJ!p 2.9 ±0.3 0.3 ±0.2 1.0±0·3 5·1±0·3 

1200 
+ + 0 

57±17 0.60±0.13 0·59±0.11 - 0.05±0.15 0.6±0.1 1.8±0.1 . I 
Kp~KJ!p I-' 

f\) 
I-' 
I 

1360 
+ 0 + 
Kp~KJ!p 29±11 2.4 ±0.3 1.3 ±0.2 0.7 ±0.15 0·9±0.2 5·3±0·3 
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requires a substantial phase space background. In Table IX we compare 

the interference fits with several otherfi tting hy})otheses, all of which ." 

neglect N*-K* interference. The no-interference fit using all of the 

Dalitz plot but the overlap region agrees reasonably well with the 

interference fit, except that most of the phase space of the interference 

fit is divided among the other processes. It is our feeling that the 

large phase space contribution required by the interference fit is not 

real, but indicates that the amplitudes assumed for the K* and N* are 

not.general enough to give a good fit over the entire Dalitz plot. 

.: .... 
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VIII. SUMMARY 

+ ,Single pion production in the K p channel is strongly dominated by 

the KN* and K*N quasi-two-body final states, with very little nonresonant 

background. Thus, out of necessity, our analysis has emphasized resonance 

production. 

Most of our events can be attributed to the reaction K+ p ~ K.N*. 

This ~eaction shows the following features: 

a) The production near threshold is largely via P waves, as predicted 

by the magnetic dipole p-exchange model. This is indicated by 

the Nrr mass distribution, the rate of rise of the cross section, 

2 and by the strong sin e component in the production angular 

distribution. 

b) However, the vector-exchange squared coupling constants as deter-

c) 

mined near threshold are about five times larger than expected 

on theoretical grounds; and the cross section ratio for the Pl / 2 

and P
3
/ 2 KN* states, as determined from the decay angular distri

butions, is about 1 near threshold, instead of 1/5 as predict~d 

by the Ml model. 

* Despite the variation in the P-wave amplitudes, the N decay 

angular dist'ributions vary little as a function of momentum, 

and are always well approximated by the Ml predictions: 

2 W(cos y) = 1 + 3 cos Y, W(5) = isotropic. 

The K* production is similar in many respects to the N* production. 

a) * Near threshold the K is produced in low partial waves, with 

a rapidly rising cross section. The production angular distri-

butions are consistent with vector exchange, which is largely 

P-vTave near thre sholu. 
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b)· The vector exchange squared coupling constants as determined 
~ . 

near threshold are about four times larger than predicted 

theoretically. 

c) The decay angular distributions are characteristic of vector 

exchange, with little change from threshold to the high energy 

region. In fact, the absence of pion exchan~ near threshold 

is quite puzzling. 

The weakness of vector exchange models is that the predicted cross 

section rises so rapidly as to violate unitarity. The K-matrix calcula

tion of Hite27 has demonstrated that by imposing the restrictions of 

* ' unitarity on the vector-exchange Born term the peaks in the N produc-

tion and total cross sections can be reproduced, without changing the 

threshold behavior and without changing significantly the high-energy 

predictions for the decay angular distributions. We therefore suggest 

that single-particle exchange is the dominant inelastic process in the 

+ K P channel from threshold to the high energy region. 

Even though particle exchange seems adequate to explain all phenomena 

+ observed in the inelastic reactions, the interest in possible K p resonances 

has induced us. to study the partial wave structure of the inelastic reac-

tions in more detail. . * Our partial wave model for the KN final state 

has succeed.ed in fitting our data rather precisely in the· region of the , 

Cool bump, with no evidence for a resonance in the dominant P-waves. 

This is probably equivalent to the observation that the Legendre coeffi-

. * cJ.ents for the N production angular distribution and the density matrix 

elements are smooth functions of momentum. The latter is true also for 

.,. 

,,-. 
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the K*N final state, from its threshold at about the center of the Cool 

peak to 2 BeV/c. It seems unlikely that a conventional resonance, with 
J 

a rapid phase, variation with total c.m. energy, could pass these tests 

* undetected. We believe that the Cool bump is a conse~uence of the N 

production threshold peak, with several partial waves participating and 

none of them resonating. 

Charles Wohl has studied the K+p elastic scattering33 and has found 

the data in the forward hemisphere 'to be well approximated by an exponential 

, V~ / form, e ,from high energies down to 1200 MeV c. Thus in every respect 

. + the K p channel seems to behave as continuously as possible with energy. 

It should be an ideal channel in which to stUdy nonresonant scattering 

models, such as the Regge pole model. 
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APPENDIX A 

Conventions and Kinematics 

This appendix is intended to include just' enough information to 

make the formulae discussed in the text complete and ~ambiguous, to 

the reader who wishes to understand or reproduce the complete calcula-

tions. , 

1- Re la ti vi t;y: 

We use the 

so that 

four-space metric 

( gfv 
gIJ.v = = 
~" 

. II v 
A·B = K" B g 

IJ.V 

1 
0 
0 
0 

o 0 ~~ = A, B - A·B 

0 0 0) -1 0 0 , 
0 -1 o . 

-1·· . 0 0 

, 

where the components of a four-momentum vector are defined as 

pIJ. = (E, P , P , P ) 
x Y z 

and 

P = pV g = (E, _ P , _ P , _ P ) 
IJ. VIJ. x y z 

2. . Di rac Equation 

We use spinor wave functions u satisfying 

p u(p) = m u(p) , u(p) p = u(p)m 

1-There p == Y·p, and u = u y. They-matrices satisfy o 

, 

and Y
5 

is defined by 

, 

, (Al) 

(A2) 

(A3a) 

(A3b) 

• 
~ .. j 
. \ 

, ·i' 
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Where a specific representation is needed we use 

, and r~ = ( a 
- o. 

~ 

and thus 

o. ) 
a~ 

The matrices 0. are the usual 2 X 2 Pauli matrices. 
~ 

The positive energy spinor wave function is 

u(p) = .JE+m ( X ) 
.£.:..E X ' 
E+m 

(A6) 

(A7a) 

(A8) 

where X is the two-component spin wave function of the fermion in its 

own c.m. (The fermion c.m. and the system of observation must be related 

by a simple boost.) The spinor is normalized to 

u u = 2 m 

3. Kinematics for spin 3/2 

We use the Rarita-Schwinger representation for spin 3/2. A projec

tion operator p~ is used to' project spin 3/2 and positive energy from v ' 

the direct product of a four-vector and a Dirac spinor. Thus 

, (Ala) 

where the normalization fay tor 

(All) 

is chosen so that in the particle's c.m. 

(A12) 



Here P and M are. the momentum and the mass of the spin 3/2 particle, and 

p, E; and m are the momentum, energy, and mass of the spin 1/2 decay 

particle. This is the analog of Eq. (A9)·for a system with the final 

~tate configuration space of (nucleon spin) X (decay solid angle). 

Both wave functions are normalized to probability density 2m in final~ 

state configuration space. In the particle c.m. UI-Ltakes the form 

; (A13) . 

i.e. , 

The projection operator P~ is given by 

P I-L = ~ (ol-L _ l: yl-Ly + l [pIly - yl-LP ] - ~ pIlP ), (A14) 
v 2M v 3 v 3M v v 3M2 v 

or, in the particle c .m., 

r o .. i 
0 

p. . = _ 3 3 €. ·kO'k 
p.1-L ~ lJ lJ . 

V lJ 
0 0 

4. Reaction Kinematics 

A (differential) cross section is given by 

O'(s, other final state variables) = (flux) 

X 1;111 2 . 
aver. over 

X (phase) 
space 

initial spin 

For, an incident two-body state, 

flux , 

) (A15) 

(A16) 

.... ,.~.: 

. ," ,_ .. 

. ., -. 
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where q is the c .m. inc'oming three-momentum. /f11s the invariant Feynman 

amplitude, given by the following rules: 

For each external line, include a 

for each vertex, include a factor 

factor of 1/(2~)3/2; 

of (2~)4/i; 

for each internal line, include a factor of 

i 
4 

(2~.) 

p 
. a(3 

2 2 
P - m + ie 

where PCXf3 is the appropriate spin projection operator; 

multiply by a coupling constant and a spin and angular momentum 

coupling at each vertex; 

1 . " " and mu t1ply by a bonus factor of i. (A18) 

5. Phase Space 

Phase space for an n-body final state is in general 

n 
n I-LI14 22 p = 5(pI-L - L p.) d p.5(m. - P.) 

n . 1 1 . 1 1 1 1 1= 1= 
(A19) 

We integrate out the individual particle delta functions to put them on 

the mass shell, giving the familiar factor for each particle, 

and integrate over four variables to eliminate the overall momentum 

conservation delta function.' This leads to the following phase space 

factors: 

Two-:body phase space: 

(n) ql 
P =- , 

2 4[s 
(A20a) 

I 

( e ) -_ 2!Sl:.. P2 cos , 
3[s 

(A20b) 

P (t) = _TC_ 

2 4gj"s 
(A20c) 
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where q and q' are overall c. m. incoming and outgoing three-momenta.· 

-Three-body phase space: 

(0 M2 0 ) 
P3 prod' , decay 

= (~) (L) 
4J"s 4M 

(A2la) . 

~, 
q 

Note that this is just the product of two-body phase space for the produc-

tion and decay processes; 

2 
P3(El , E2) = ~ 

6. Relationship of N* Decay Coupling Constant to Decay Width 

(A2lb) 

The matrix element for production and decay of a "stable" (ze:ro-, 

width) N* can be written 

!l1stable = if! VIJ. ' (A22) 

where if! is the normalized N* wave function described in Sec. 3 of this 

appendix, and V contains all of 
IJ. 

* the production dynamics. The N 

production rate is 

(J = (flux) X .I J dO 1 !f1stable 12 X 
decay 

proton spin 

* plJ. For an unstable N , the v 

matrix element is p2 _ 
(M -

0 

pv 
!I1unstable = u(p) plJ. IJ. V grcNN* p2 _ (M - . r)2 v 

1 -
0 2 

(production ) 
phase space . (A23) 

. r)2 l-
2 

1 

(2rc)3!2 
(A24) 

" 

" 
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(The'number of fina1-:state p:9-rtic1es has increased by 1, hence the factor 

1/(2~)3/2.) The corresponding N* production rate is 

o :: (flux) X J~y 
proton spins 

X (production) X p 
phase space 4M 

We require that in the limit r ~ 0, Eq. (A25) reduce to Eq. (A23). 

Using the form (AlO) for the N* wave function, this means that 

. 2 *. 
1·· J~ g ~NN . ..P... 1 
r~~ (2~) 3 4M [p2 - (M _ 

Since 

we get 

2 NN* g ~ 
4~ 

o 

7. Breit-Wigner Resonance Formula 

3M (A26) r 2 2:: ~2 . 
i 2)] 4~p (E+m) 

(A28) 

The N*(1236) and K*(891) are both p-wave resonances, and. so the 

differential cross section for production and decay of one of these 

resonances must include a factor 

RES , 

where 

. ) (. 2 ) _ -.9.( q2. qo 
r - ro q 2 2 / 2 2 ' 

oq+a q+a 
. 0 

.. 

'. ", ~ . ' . 



-138-

Mandr are the nominal resonance mass and width '(1.236 arid 0.116 Bey 
o 0 

for' the N~,.,O.89l'and 0'.05.0 for. the K*), M'jA3'the Nrtor'Krt--mass; and q 
, ,I' ... " ~,~ .• t!'..(, ",' ,·.r. . '.'~f.f 

and q' are the decay momenta evaluated atM and M, respectively. The o 

* * parameter ~ was taken to be one pion mass, for both the N and the K . 

Equation' (A29) is normalized so that 

lim:- J~ RES(~) = 1 
r. ~O' 
'0 " 

.' 

It includes the effect of the 2-body resonance decay phase space, in the 

factor qj%; if used in an expression multiplied by 3~bodyphase space 

including-the decay, the factor should be dropped. 

,', 

" -

< 
'. ,( 

'- /',\ 

":.,.: 

.. - ~ 

.", . ~. ; -' 

- ; 
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APPENDIX B 

N* Production by p-Meson Exchange 

In this appendix we will carry out the calculations of results used 

in the text, and will briefly discuss the multipole and partial wave 

structure of the Ml and Jackson-Pilkuhn coupling. 

The Covariant Couplings 

The invariant amplitude for the exchange diagram of Fig. 30 is, 

assuming a stable N*, 

ft1 = 1 gl 
(2rr)2 ace e2 _ m2 ~de X SPIN 

p 

. . (Bl) 

SPIN is the angular momentum coupling function and has the form 

(B2) 

~ is the N* wave function described in Appendix A, HV contains the PPN* 
!l 

coupling information, and e' is the spin vector of the p meson, after 
v 

production at the KKp vertex and propagation to the other vertex: 

= P 
!l 

, 

where P =~(a+ c). The second line of (B3) follows only when particles 

a and c have the same mass; then p!le 
!l 

.2 2 2 = a - c = m a 
2 

m = O. c This is. 

to a good' approximation in our case, since both a and care K mesons. 

There are three ways for a spin 1/2 proton and a spin 1 p meson to 

combine with their orbital angular momentum to give a spin 3/2 N*; and 

so we expect three independent terms in HV. There is a pion produced, 
!l 

so SPIN must be a pseudo scalar, and therefore HV must be a pseudotensor. 
!l 
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HV can be built out of the vectors band d and the operators y' andY
5

'. 
1-1 1-1 1-1 1-1 

Remembering , that lfa = lfy = 0, we can form the three terms 
I-l I-l 

(:84) 

The coupling coefficients G can in general be functions of t and md, 

allowing quite a variation in the form of the coupling. For pure Ml 

coupling, 

~iving* 

1 - ( "VA.Tl SPIN = -' U d)u(b)db P €,... 'I 

Ml m2 1-1 .v A. 11 
d 

(:86) 

'The Jackson-Pilkuhn version is 

giving 

(:88), 

In the" static limit," t = 0, ~ = md, (B5) reduces to (B7); the first' 

two terms become equal and the third term of (B5) is of higher order in ' 

the exchanged particle's momentum, which vanishes. 

* In going from (B5) to (:86) we have used the identity 

€I-1VA.ll = (yl-L yVyA.y 11 _ lV yA.y 11 + ~A.yVy11 _ ~Tl,YVYA. 

gVA.yI-1yTl + gVTlyl-1yA. gA.Tlyl-1yV 

Ii, ' 
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Non-Covariant Reduction 

. The covariant reduction of is difficult and the result 

is not easily interpreted in terms of multipoles or partial waves. We 

will therefore reduce (B6) and (B8) to the form 

evaluated in the N* c.m. The spin sum is then trivial: 

~ L. I SPIN I 2 = A*A + 1*.it 

Ml Coupling 

Using the forms for ~ and u given in Appendix A, we get 

1 - -7 -7 
SPINMI = In-"" ~u· e X P 

d 
(BlO) 

Xt (2~. -7e X p-7 _ 1" A X (-7 X -7p) }IL d
l 

.I:' cr·p e '0 (Bll) 

We now need the relation 

(B12a) 

(overall c .m.) (B12b) 

2 -7 -72 * = md (e X p) (N c .m.) (B12c) 

We can then evaluate the spin sum for MI. coupling: 

1 2 Eb+~ S 2 
-2 L. I SPIN MIl = 12 2 (1 + 3 cos y) 

:rrmd -
md 

, (B13) 

leading to 
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2 2 . 
dO' _ ~ gace ~de 

d ·cos e dn
d 

- 3qs J+;{ J+;{ prod ecay . 

(B14) 

Jackson-Pilkuhn Coupling 

The reduction of SPINJP is more tedious, but straightforward- We 

obtain 

JEb + ~ {. ~t ~ . ~ . 
SPINJP= 12mm

d 
- A X -P iO'-e X 

Ylhere 

and 

We noVl use 

Using 

~ 

X = (2p + iO' X p)Xd ' 
1 

. ~ +md 
A=Eb+~ , 

Po 

to derive 

1 - A ~t· ~ [~ ~ ~ ~ 2 ~ ~ 
+ 2 X X ia: P e + e P - 3~P-e ] 

+ B X~ tx ~ [~ ~ 1 Te~ 2 ] ) ia: e e 0- '3 A 

~ ~ 

P = e 
~~ 

e-P --+ ->2 
e 

~ ~ ~ (eXP)Xe 1 
->2 . e . 

, 

(B16a) 

(B16b) 

(B16c) 

(B17) 

(B18) 

• 1 •• / ,. 



, 
" 

-143-

we separate SPINJP into its multipole components: 

SPIN =J~ + ~ (1 + A xtx.~x ~ 
JP 12rond 2 

+ 1 - A ~t . ~ 1 [~~') ~ ~ ~ (~~ ~ 2 X X ~o: ~2 (e X P X e e + e e X p) X e 
e 

2 ~ ~ ~ ~ 
3 ~ e· (e X p) X e ] 

Po t ~t . ~ 1 ~ ~ 1 'r ~2 
E + X X ~a: ~2 [e e - 3 F4 e ]} 

b ~ e 

~~ - (Ml + E2 + L2) - 12:ran 
d 

(B19) 

The last term in each square bracket contributes nothing, but is retained-

for elegance. The spin structure of these three terms can be seen by 

inspection. 
~ 

The first term, Ml, combines the photon spin P and momentum" 
~ 

e, representing the orbital angular momentum, into spin 1. The second 

~ ~ 
term, E2, combines the transverse component of P with e to get a spin 

2 tensor (i.e., a 2-index symmetric traceless tensor). The third term, 

~ ~ 

L2, makes spin 2 out of e and the longitudinal component of P. 

Finally, we reduce this to the form (B9), convenient for calculations. 

1 + A -( A ~ ~ "(~~)) Ml = 2 2p·e x P - io·p X e X P , (B20a) 

1 - A 1 ~ ~ ,~" ~ E2 = ~2 [3io·(e x p) x e p·e 2 e 

+ ~A (~ 3ia·e p. e X pj X ~ ] , (B20b) 

-P t 
A ~2 ] L2 o 1 [ ~" ~ (B20c) = (~ + ~) ~2 3io·e p·e - io.p e 

From Eq. (B20) we can easily do the spin sums, for the direct and 

interference terms. The coefficients for these terms depend on their 
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coefficients in the J-P coupling, but the angular distributions are of . 

co~rse characteristic of the multipoles. . .~.'" 

(B2la) 

(B21b) 

.. 1 2 P t 2 2· Pt· 2 2 2 
2 L. IL21= (~ ~ ) (1 + 3 cos 0:) = (~ ~. ) (1 +·3 sin Y cos 8) 

. ~ ~ (B21c) 
o 

1 '" 1 ,. 3 2 ~ ~ 2 2 2· 2 L.. 2Ml·E2 = 2(1 - A ) (e X p) (cos 0: - cos (3) 

= ~(l - A2)(~ X p)2(sin2 
Y cos 28) (B21d) 

1· . (1 + A) Po t 1 ~ ~I .. - L. l2MloL21 = 2 (- E + ) e X P (- 3 cos 0: cos (3) 
2 .b ~ 

Pot ~ ~ 3 2 .. 
= (1 + A) (- ~ + ~) 1 e X P 1(- 2 sin Y sin 28) (B21e) 

P t ~ ~ 
= (1 - A)(- ~ ~ ~)Ie X pl(3 cos 0: cos (3) 

Pt .. ~ ~ .3. 2· 
= (1 ~. A)(- E~ )Ie X pi (2 sin Y sin 28) ~ 
.. b ~ 

(B2lf) 

The cross section for the J-P coupling is finally obtained: 

.! L. 1 SPIN 1 2 = ~ + md ·.!2 L.. IMl + E2 + L212 (B22) 
2 . JP 12rcm

d 

and 

2 2 
dO" rcq r gace ~de l' 1 

d cos e dn
d 

= qs 4;( 4;( 2 2 2 X 2 L. 
. ecay (e - m ) .. 

p 

(B23) 

Note that in the static limit E2 and L2 vanish, A= 1, and the right- . 

hand side of Eq. (B22) is equal to that of Eq. (B13). 
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APPENDIX C 

Partial Wave Formalism 

The following formalism was developed especially for this applica

tion, using the techniques developed by Charles Zem.ach. 34 It is non-

covariant but relativistically correct, provided that the overall c.m. 

and the N* c.m. are related by a pure velocity transformation, without 

any rotation. 

1. Partial Waves in the Momentum Space Representation 

Zemachrs approach is to write wave functions as much as possible in 

terms of the experimentally measured particle momenta, rather than in 

terms of l:e,m) states. This approach is especially advantageous in our 

application to lower partial waves, as the partial wave structure of 

meson-exchange amplitudes is more clear in this representation. We 

therefore construct the tensors T.. k ,with spin 1 indices ij ••• k 
~J. •• ,a 

and spin 1/2 index a. A tensor with j spin 1 indices is generally a 

linear combination of angular momentum j ± 1/2. A tensor corresponding 

to a 2-body state of definite :e is built up from ~ powers of the c.m. 
-7 

momentum q, the Pauli matrices a, and the Pauli spinor X. Thus, for 

the incident K+P state, 

T(Sl/2) = Xa (Cla) 

Ti ,a(Pl / 2 ) = ((1 - ia X q) iXa ; (Clb) 

Ti ,a(P3/ 2) = (2q + ia X 1) .x (Clc) 
J. ex 

Ti ,a(D3/ 2) (" " 1 (Cld) = q a·q - "3 cr).X 
J. a 
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To each of the tensors (la) ••• (ld) corresponds another of the same L. 
J 

but opposite parit;y. We have chosen the most convenient form in each 
. , 

case, corresponding to parities (+,+,+,-), respectively. In single-pion 

production the amplitudes must bea pseudoscalar, so they will be combined 

with outgoing tensors of parity (-,-,-,+). The outgoing tensors are made 

by combining the N* decay momentum and decay proton spinor in the form 

(lc) to get P3/2' then combining with 1 powers of the orbital angular 

momentum. Thus, 

Vi ,a(S3/2) ='(2p+ i a XP)iXa ' (C2a) 

Vi ,a(Pl / 2, P3/ 2) = [q' x (2p + i a X P)]iXa ' (C2b) 

Va (D1/ 2) = a·q'q'·(2p+ i a X p)Xa 
. , (C2c) 

and, for the nonresonant background wave, 

(C2d) 

We have used q and q' for the incoming and outgoing c.m. momenta, and 

p for the outgoing nucleon momentum in the Nlf c.m. We will not bother 

to construct pure P
3

/ 2 and Pl / 2 amplitudes; the tensor (C2b) contains 

both, and a pure incoming state will project out the appropriate component. 

These tensors combine to give the following partial wave amplitudl!::s 

(labeled according to the final state): 
, 

A(S3) = X+(2p 
-7 

p).q i a·q X (C3a) - i a X 

A(Pl) +( A = X 2p - i 
-7 

p) q"(q - i aX q)X (C3b) aX X 

A(P3) = X+(2p - i a X p) X q'. (2q + i a X q.)x (C3c) 

A(Dl) + ( A = X 2p - i axp)·q' i a.q' X (C3d) 

A(Sl) 
+ = X i a.(q - i a X q)X '. (C3e) 

';" " 

("" 

, 
" 



-147-

The Dl amplitude is not used in our analysis; we include it here only 

for completeness. We are also interested in the Ml amplitude, 

+(2" i (J X p) X "I " X 
A(Ml) =X E - q .q 

1 - b <i·Cit (c4) 
+ ( " = X 2p - i (J X p) X ql.q X(l + b q.ql + b2 (q.q,)2 + 

Here b is given by 

where My is the mass of the vector particle exchanged. The first term 

is pure P-wave, equal to A(Pl) + A(p3), and the second term is a linear 

combination of D3/2 and D
5
/ 2 • The third term, however, is a mixture of 

F and P waves. In our analysis we will use as an approximation to all 

high partial waves the Ml amplitude with P-waves subtracted out: 

2 
A(M11) = A(Ml) - (1 + b

5
) (A(Pl) + A(p3) ) (c6) 

4 Terms of order b are neglected in.this equation and in our analysis. 

2. Calculation of the Matrix Element 

The calculation of the final state distributions is lengthy, and I 

will give just the results. We take as the amplitude for the reaction 

A = 81 A( 81) + 83 A( 83) + Pl A(P1) + P3 A(P3) + Ml A(Ml ' ) 

(C7) 
where 81, ••• , Ml are undetermined functions of s and Mf(N~). We use 

as final-state variables the production angle e of the N~ diparticle, 

the N~ mass-squared, and the N~ c.m. decay angles rand o. The decay 

angles are as defined in Fig. 12, with the production plane normal 

"'q X "'q I th . d t as - e z-ax~s an as x-axis the direction of the incoming pro on 
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as seen in the o'rerallcomo 
, ' 

The final:- state·intensi ty distribution in ' 

terms of these variables is 

w(cos e, nd ,~;2' ) =-21 
" ecay ~n 

~ I AI2 X (phase space) X (flux) 

inkal 
and final 

proton spins 

= f(co, s e, n ~?-) X (phase space) X (flux)." decay' .L'~" (C8) 

where 

_ q'P , 
phase space - 2E ~_ ' 

tot-'Nn 
(C9a) 

1 ' 
flux = - , 

qJ"s 
and 

f(cos e,ndecay' ~n) = w{cos
2 e(- 3P3 - aMl)o(Pl + 2P3 + aMI) 

+ 5 cose S3 0 (Pl'- P3) + S12 + ~ S32 + (PI + 2P3 + aMl)2 

+ (PI - P3) o(~ P1 - ~ P3 - aMI)} + X{- 3 cos2 e[(P1 + 2P3 + aM1)2 

32 - (PI - P3)-(Pl + 2P3 + aM1)] + 3 cos e s3-(p3 - PI) - '2 S3 

'+ 3(P1 + 2P3 + aMl)2 + 3(p3 - Pl)-(~ P1 + ~ P3 + aMI)} 

+ Y(3 sin e cos e(Pl - P3) 0 (PI + 2P3 + aM1) + 3 sin e S3 - (P1 + 2P3 + aMI)} 

+ Z(3 cos
2 

e(P1 - P3)·(PI + 2P3 + aM1) + 3 cos e S3-(P1 - P3) 

+ ~ S3
2 

- 3(P1 - P3)·(PI + 2P3 + aMI) + ~(Pl - P3)2} 

+ G{'4 SloS3 + 4 cos e Sl-(Pl - P3)} 

+ H 2 sin e Slo(2Pl + P3 + aMI) (ClO) 

b cos e b
2 

a = -'--- 1 - b cos e 5 (Cll) 



, •. 

and 

-149-

W = 1 

x = cos2 y 

Y = sin2 
Y sin 20' 

Z = sin2 
Y cos 20' 

G :::: cos 0' sin Y 

H = sin 0' sin Y (C12) 

The dot product of two complex numbers is defined as 

Perhaps more useful are the various projections of this distribution 

obtained by integrating over some of the variables. The integration over 

* N decay angles is trivialj the integral over cos e is somewhat more 

difficultj and the integral over if(Nrc) can only be done numerically. 

To do the integral over cos e it is helpful to define the following 

averages over cos e: 

( :::: ( b cos e b
2 

1 1 + b b
2 

A == a) cos e 1 - b cos e - 5) cos e' = 2b t!tn 1 ..., b - (1 + 5) 
2 2 2 2 

:::: 2 b _ 1: (1 + ~)t!tn 1 + b + ~ (2 + ~) 
1 _ b2 b 5 1 - b 5 . 5 

SA == (sin e a) - 2.... (1 - 'h 
- 2b2 

SCA == (sin e e a):::: 1t3 (1-..)1 b2) 
1t cos -41) 

2b 

{sin 
2 e a) 2 b2 1 1 - b

2 
t!tn 1 + b S2A == :::: - -(1 + -) + --

3 5 b
2 2b3 1 - b 

S2A2 (sin 2 e a2 ) ::: _11°- (- 15 + b2 + b 4) b2 
::= +-

15b
2 25 

( 2 1)(b2 + 5) 1 + b b -

5b3 t!tn :L=l) 

( C14a) 

(c14b) 

(c14c) 

(c14d) 

(C14e) 

( c14f) 
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We now readily obtain the following projections: 

. 12 f(cos e, ~) = S12 + 2S32 + 2(Pl - P3)2 . 
8:Jt' 

+ 2 sin2 e(pl + 2P3 + aMI)· (3P3 + aMI) 

+ 4 cos e S3· (PI - P3) (C15) -

1 . 2 2 1 . 2 2· 2 2 f(cosr, m ) = Sl + '2(5 -3 cos r) (S3 + (PI - P3) .) 
8:Jt' .. 

+ (1 + 3 cos2 i)[2P3·(Pl + 2P3) + S2A MI· (PI + 5P3) + S2A2 MlJ 

(c16) 

. '. 

~f(O' ,m2) = Sl~ + 2832 +2P12 + 10P32 + 2S2AMl·(Pl + 5P3) + 2S2A2 M12 

+ cos 20' [(-}) (PI - P3) ·(Pl + llP3 + 6·S2A Ml) + S32 ] 

+ 2 sin 20' [SCA Ml: (PI - P3) + SA S3·Ml + E S3· (PI + 2P3)]-

+ cos 0':Jt' Sl·S2 + sin Of *[~ Sl.(2Pl ~ P3) + 2SASl·Ml] (C17). 

(C18) 

3 •. Energy Dependence of the Amplitudes 

We parametrize the dependence of the amplitudes on sand rS:Jt' (or, 

equivalently, on incoming and outgoing c.m. momenta) as follows: 

Sl = Sl 

S3 = S3 • CPROP 

PI = Pl • q).J q2 + a2 qf /.J q,2 + a f2 • CPROP 

P3 = P3 • q)Jq2 + a2 qf/.Jqf2 +af2 • CPROP 

Ml = Ml ~: ~ .J S2A2 . CPROP 

(C19a) . 

(C19c) 

(C19d) 

(C1ge) 

CPROP is the complex propagator and decay coupling for the N* which when 

squared gives the usual Breit-Wigner resonance form, Eq. (A30). The 
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'" . '" complex coefficients Sl, ••• , Ml will be the fitting parameters. The 

parameter a affects only the dependence of the amplitudes on the total 

energy, and the results of our fits are insensitive to values of a l over 

about 200 MeV/c. Our choice of values for a and at was motivated by the 

form of b, Eq. (C5), which plays the role of a barrier factor in th~ 

p-exchange amplitude. Near threshold b can be rewritten approximately as 

(C20) 

Since the Ml amplitude describes our data fairly well, we give our P-waves 

a similar dependence on ~I by taking a = at = M~/~2 . in Eqs. (C19). 

To calculate the cross section the following integrals have been 

done numerically: 

Sl INT == (4rr)2 Jdm2 1S1/ s"'112 X (phase space) X (flux) ( C21a) 

S3 INT == (4rr)2 Jdm2
1 S3/ s31 2 

X (phase space) X (flux) ( C21b) 

PI INT == (4rr)2 Jdm2 I Pl/ Pll 2 
X (phase space) X (flux) (C21c) 

P3 INT == (4rr):2 J dm21 P3/. P3 12 X (phase space) X (flux) ( C21d) 

Ml INT. == (4rr) 2 J dm 21 Ml/ Ml 1 2 X (phase space) X (flux) • ( C21e) 

Then 

+ 2S2A2 INTIMl. :1 2 
(C22) 
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sponsored work. Neither the United States, nor the Com
mISSIon, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completenes~, 

or usefulness of the information contained in this 
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or for damages resulting from the use of any infor
mation, apparatus, method, or process disclosed in 
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with the Commission, or his employment with such contractor • 






