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Abstract

Machine Learning Applications to Robot Control
by
Omar Abdul-hadi
Doctor of Philosophy in Engineering - Mechanical Engineering
University of California, Berkeley
Professor Ruzena Bajcsy, Co-chair

Professor Masayoshi Tomizuka, Co-chair

Control of robot manipulators can be greatly improved with the use of velocity
and torque feedforward control. However, the effectiveness of feedforward control
greatly relies on the accuracy of the model. In this study, kinematics and dynamics
analysis is performed on a six axis arm, a Delta2 robot, and a Delta3 robot. Velocity
feedforward calculation is performed using the traditional means of using the kine-
matics solution for velocity. However, a neural network is used to model the torque
feedforward equations. For each of these mechanisms, we first solve the forward and
inverse kinematics transformations. We then derive a dynamic model. Later, unlike
traditional methods of obtaining the dynamics parameters of the dynamics model,
the dynamics model is used to infer dependencies between the input and output
variables for neural network torque estimation. The neural network is trained with
joint positions, velocities, and accelerations as inputs, and joint torques as outputs.
After training is complete, the neural network is used to estimate the feedforward
torque effort. Additionally, an investigation is done on the use of neural networks for
deriving the inverse kinematics solution of a six axis arm. Although the neural net-
work demonstrated outstanding ability to model complex mathematical equations,
the inverse kinematics solution was not accurate enough for practical use.
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Chapter 1

Introduction

1.1 Background

Neural networks [18] are increasingly making their way into practical robotics appli-
cations, because of improvements in computing power [19]. A challenge with using
neural networks is that they are often slow and impractical for high speed applica-
tions [9]. In our work, we investigate the use of neural networks in learning complex
nonlinear functions in relation to various types of robots. The functions we attempt
to learn are the inverse kinematics and dynamics equations.

Literature review

Much of the prior work on machine learning for kinematics has been on simpler
mechanisms such as 3 DOF (Degree of Freedom) manipulators [14] and [31]. On the
other hand, work done on 6 axis inverse kinematics such as [2] does not solve the
most general 6 axis configurations that we attempt to solve.

The closest work that we were able to find on machine learning for dynamics was
the use of a neural network to model a 2 DOF robotic arm [23]; however like other
work in this area [22] and [3], it lacks emphasis on runtime performance limitations
of neural networks.

Embedded robot controllers have limited CPU power, but are expected to keep
up with high update rates (usually above 250 Hz). This means a neural network must
run in less than 100 us before it can even be considered for an industrial controller.

Although it may be easy to model a system using a large neural network, with
multiple hidden layers, the challenges lie in training a small enough neural network
such that it meets the performance limitations, yet is still capable of capturing the
complexities of a nonlinear dynamic system.
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Other work on neural networks for dynamics such as [10] and [13] only test the
performance in simulation mode and have no testing on physical mechanisms. As for
[16], only the performance of the neural network torque predictions are discussed.

The focus of our work is to not only predict the estimated torque efforts us-
ing a neural network, but to also improve the tracking performance on the actual
mechanism. As we will see later on, these are two completely different problems.

1.2 Motivation

Neural Networks for Kinematics

In the case of serial manipulators, it is easy to obtain the forward kinematics solutions
using Denavit Hartenberg parameters. However, the inverse kinematics solution is
much harder to solve. In the case of 6 axis mechanisms, they may be of two types,
either spherical wrist (i.e. last three axes intersect at a single point) or they can be
of a general configuration. The spherical wrist robot has a trivial inverse kinematics
solution, which we present in appendix A. However, the inverse kinematics solution
of a non spherical wrist mechanism is far harder to solve, and is very computationally
expensive. Thus an attempt is made at using the forward kinematics equations to
generate data, and then to train a neural network to learn the inverse kinematics
mapping. A challenge is that a six axis general manipulator has 16 possible solutions
[17]. For an idea of what the different solutions look like please see A.2, which shows
the 8 different possible solutions in the case of a spherical wrist manipulator. Given
the inverse kinematics problem has different solutions, a different neural network
must be trained for each solution. However, when we use the forward kinematics
equations to randomly produce the data, we need to separate the data into the dif-
ferent solutions. Another type of machine learning is considered which is clustering.
The type of clustering considered is K-means. This type of clustering works out for
us, because we only need to specify the number of clusters, which is 16 in our case,
and the learning algorithm will group the data automatically. K-means clustering is
a type of non supervised learning, because we have no labels for any of the configu-
rations. We only know that certain configurations are different from others. Given
that different inverse kinematics solutions are situations in which the world position
is the same, but joint values are very different, as can be seen in A.2, the clustering
problem attempts to separate the data based on the joint and world position values.
Thus, different data points that have very similar joint and world position values
will belong to the same configuration, while those that have different world and joint
position values will belong to different configurations.
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Neural Networks for Dynamics

Robot control is usually divided into two categories, either MIMO (Multiple Input
Multiple Output) control [27], or SISO (Single Input Single Output) control. Tra-
ditionally, in MIMO control, a single controller generates multiple control efforts
(torque/force) to all the robot. On the other hand, SISO control involves separate
controllers generating control efforts to each axis to set the output at the target value
(usually position).

Yaskawa servos run at high internal update rates. Thus, the plan for this research
is to rely on the Yaskawa servos for closing the position control loop (ie. SISO
control), yet the controller will assist the servos by providing velocity and torque
feedforward estimates.

Accurate velocity and torque feedforward estimates will improve the trajectory
following performance of the servos.

A dynamics model is critical for accurate torque estimation. A dynamics model
of a system can be expressed as 7 = f(p,v,a), where 7, p, v and a are the torque,
position, velocity and acceleration of the joints respectively. f is normally a nonlinear
function, and each variable can be a vector of arbitrary length. For the purpose of
this project, research will be done on 2 and 3 DOF Delta robots and a 6 axis robot
which are all provided by Yaskawa.

The purpose of this project is to find the function f, not by dynamics modeling,
which usually suffers from inaccuracies due to simplifications, but by training a neural
network on data generated on the actual mechanism.

Once a neural network is trained, its accuracy can be evaluated by how closely
it estimates joint torque efforts for a given position, velocity, and acceleration of the
joints. This is done by comparing the neural network torque estimate values against
actual torque feedback values.

SISO Control with Velocity and Torque Feedforward

Feedforward control can greatly improve the performance of a control system [28]. As
such, Yaskawa servo drives which support feedforward control will be used to control
each axis on the mechanisms. Each servo will implement the control loops seen in
figure 1.1. The controller will be responsible for generating the values pys, vy, and
ts¢ in this diagram which are the quantities for the target position, and velocity and
torque feedforward values respectively.
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Figure 1.1: Control schematic

1.3 Neural Networks and the Back Propagation
Algorithm

The neural network presented in figure 1.2 has only one hidden layer, and is based
on using the sigmoid function on both matrices. However, this is just one example.
Research will involve using various numbers of hidden layers with various dimensions.
Additionally, research will explore other functions besides the sigmoid function such
as the tanh function.

Details about the neural network and the back propagation algorithm [33] for
updating the matrices during learning are given below:

Note that in our case the input variable x will contain the position, velocity, and
acceleration of all the joints, while z will contain the predicted torque values. We also
note that the cost function has this particular logarithmic form, because it is well
suited for the sigmoid function. As we will see shortly, this cost function simplifies
the derivation of the gradients.

Figure 1.2: Neural network model
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x is the input variable.

y is the actual output variable.

z is the predicted output variable.

d is the dimension of the input variable x.
k is the dimension of the output variable y.
n is the number of training samples.

X is d x n and is the input training data.
Y is k x n and is the output training data.
x is (d+1) x 1 and is the input layer.

his (m+1) x 1 and is the hidden layer.

z is k x 1 and is the output layer.

Lis 1 x 1 and is the cost function.

z is the predicted value for a given input x.
y is the actual value for a given input x.

Vis (m+1) x (d+1) and maps the inputs to the hidden layer.
W is k x (m+1) and maps the hidden layer to the outputs.

1] [ hy ] (21| 1] [ V1] La

T ho 2 Yo Va Ws
r = 7h: )& = Y = ,V: 7W:

|1 |1 [ 2k | | Yk | Vint ] | W

1 /
=i, S =s-s), h=s(Ve), 2= s(VA)
L (yp Loy Wi— UG -5 EY %
0z; zj 1=z zi(1 = 2) zj(1 = %)
oL oL

Vw.L = Vi, 2; zi(1 — z))h" = (z; — y;)h"
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VwL = (z —y)h"

oL OL
Vil = Y5—=Vizj = Sz (1= )W =SW(z; —y;) = W' (z —y)
Zj aZj
oL oL T

VyL=WT(z—y)*hx*(1—h)z”

Note that * represents element wise multiplication. Additionally, 1 is a vector
of ones of appropriate size. Also note that canceling the term z;(1 — z;) in the
numerator and denominator of the derivation above is safe, because z; is the output
of a sigmoid function, and thus we have z; # 0 and z; # 1.

Finally, learning is performed using the update rule below for gradient descend:

W:W—EVWL

V=V -€eVyL

where € is the learning rate.

1.4 Six Axis Robot System

The six axis robot system was entirely composed of Yaskawa products. The diagram
in figure 1.3 shows the connectivity between the various components. The control
panel can be seen in figure 1.4. Table 1.1 contains all the joint specification and
setup information. The complete system consisted of the following:

Yaskawa MP3300iec PLC (Programmable Logic Controller)

6 Yaskawa Sigma 7 Mechatronlink Servos

Yaskawa Motoman MHJ six axis arm

Windows PC
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Development PC Legend
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Figure 1.3: Six axis system diagram
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Figure 1.4: Six axis robot control panel



CHAPTER 1. INTRODUCTION 9
Joint 0 | Joint 1 | Joint 2 | Joint 3 | Joint 4 | Joint 5
Motor Rated Torque (N.m) | 0.159 | 0.159 | 0.159 | 0.159 | 0.159 | 0.159
Motor Rated Speed (RPM) 3000 3000 3000 3000 3000 3000
Motor Power (Watts) 50 50 50 50 50 50
Encoder Resolution (tics/rev) 217 217 217 217 217 217
Gear Ratio 1:120 1:275 | 3:400 1:120 1:90 1:50
Polarity Neg Neg Neg Pos Neg Pos
Zero Position Offset (tics) 249536 | 74560 | 618464 | -38176 | 73696 | -520320
Min limit (Degrees) -160 -90 -45 -180 -130 -180
Max limit (Degrees) 160 110 210 180 130 180

Table 1.1: MHJ robot joint specification and setup
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Chapter 2

Six Axis Kinematics

2.1 Analytical Forward and Inverse Kinematics
Derivation

The first requirement for robot control is to obtain the solutions for the forward and
inverse kinematics problems. The six axis robot used for experiments in this study
is the Motoman MHJ [20] seen in Figure 2.1 This robot is a spherical wrist robot,
meaning that the last three axes of the robot intersect at a single point. This property
makes the inverse kinematics solution much easier to solve. The complete forward
and inverse kinematics derivation can be found in appendix A. This derivation
closely follows the techniques used in [32]. The kinematics model used for this
class of six axis robots can be seen in figure A.1. Additionally, table A.1 contains
the Denavit Hartenberg parameters [8]. The Euler angle convention followed for
three dimensional rotations is the commonly used Roll-Pitch-Yaw convention. This
convention is defined by various texts [32] and [29] in the same manner.

2.2 Machine Learning Inverse Kinematics
solution

As previously outlined in section 1.2, the proposed plan for solving the inverse kine-
matics solution for a general serial manipulator is as follows:

1. Generate a random mechanism by obtaining random values for the DH param-
eters a, a, and d for each of the six joints in table A.1

2. Solve forward kinematics equations
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Figure 2.1: Yaskawa Motoman MHJ robot

3. Randomly generate joint and world position values using the forward kinemat-
ics equations

4. Use K-means clustering to separate the data into the different solutions

5. Train a different neural network on each clustered dataset to learn the inverse
kinematics solution

2.3 Forward Kinematics for a Generalized
Manipulator

The forward kinematics solution was obtained using the Denavit Hartenberg conven-
tion. Equations A.1 and A.11 work for any serial manipulator with six revolute joints
even if it is not a spherical wrist mechanism. We note that for a general mechanism
that is of non spherical wrist, none of the Denavit Hartenberg parameters in table
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A.1 will be zero. However, table A.1 contains many zeros, because it is for the model
in figure A.1 which is a spherical wrist robot.

2.4 K-means Clustering

K-means clustering [12] is a commonly used unsupervised learning algorithm. TIts
purpose is to separate a set of data points into a given number of clusters based on
the distances between the data points. The method chosen for clustering is random
initialization and iterative update using the Lloyd-Forgy algorithm [1]. The initial
step is to assign the data points to random clusters given the number of clusters to
be formed. The next step is to iteratively update the mean of each cluster and later
update which cluster each data point belongs to. The sequence is below:

1. Calculate the centroid of each cluster using the mean of all the data points in
that cluster

2. Reassign each data point to the cluster whose centroid has the least euclidean
distance to that data point

The algorithm above is repeated until the solution converges. Convergence is
reached when no more data points can be reassigned to different clusters.

2.5 Neural Network Training of Each Kinematic
Solution

Given the complexity of the inverse kinematics solution, we have chosen neural net-
works for the regression algorithm. The input to the neural network in this case
is the world position of the end effector of the robot, while the output is the joint
positions of the robot. We note that a different neural network is trained for each
inverse kinematics solution according to different clusters that were previously ob-
tained. As usual, training is done on 80 percent of the data, while 20 percent of the
data is reserved for validation after training is complete. The accuracy of the inverse
kinematics solution is evaluated based on how close the joint position output values
are to the real solution.
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2.6 Challenges and Simplifications

Given the joint position vector is a 6x1 vector and given the world position vector
is also a 6x1 vector, the clustering problem presented here attempts to separate
data in a 12 dimensional space. This is a very high order system, which means an
extremely large amount of data is needed to yield accurate results. In addition, a
large amount of data would mean a long runtime until the clustering of the data
converges. Moreover, convergence is not guaranteed. In many occasions convergence
is never achieved.

Given the analytical solution for the spherical wrist robot is already solved in
appendix A, we thus do know how to separate the kinematics solutions into their
different configurations, based on the joint values. Thus we choose to use the spher-
ical wrist model for clustering, because we are able to validate the performance of
our clustering solution. We note that in the spherical wrist problem, there are 8
solutions, thus each solution is of configuration 0 through 7.

2.7 Identifying Robot Configurations from Joint
Positions

The inverse kinematics solutions given in appendix A easily allow us to choose the
solution for the joint position given the configuration we want. However, the opposite
problem is to identify the current robot configuration given a robot joint position.
This problem can be solved by analyzing figure A.2 and the multiple solutions for
Qo, 92, and 04.

The equations for the solutions of 0y are A.23, A.24, and A.25. The multiple
solutions in #, are called the Front Reach and Back Reach configurations. Front
Reach is when the difference between 0y and ¢q is zero, while Back Reach is when
the difference between 6y and ¢q is m. Given that 6, is the angle of joint L relative
to the origin, and given ¢ is the angle of joint B relative to the origin, we now know
that if joints L and B are on the same side relative to the origin, then we are in
Front Reach, otherwise we are in Back Reach configuration. The forward kinematics
equations can give us the x and y coordinates of joints L and B as follows:

] [ty 1)

DLy agsinty

[pBe ~pe|  [cos(6o)(ag + arcos(0y) + azcos(6a—1) — dssin(ba-1))
_pBy] - {py} o [sin(@o)(ao + aycos(01) + azcos(0o_1) — dzsin(fa_1)) (2.2)
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By inspecting the equations for the forward kinematics in x and y coordinates for
joints L and B above, and given the term aq is always positive, we can see that the
term (ag+aycos(01)+azcos(0o—1) —dzsin(fe_1) is responsible for making joint B have
an angle with respect to the origin opposite from that of joint L’s angle with respect
to the origin. Thus, we conclude that if the term (ag + ajcos(01) + ascos(6y_1) —
d3sin(6y-1) is positive then we are in front reach, otherwise we are in Back Reach.

As for the dual solution in 5, when the angle formed between joints L, U and B
is smaller than 180 degrees then we are in Upper Arm configuration, otherwise we
are in Lower Arm configuration. We note that when the angle of joints L., U and B
is 180 degrees then the robot arm is positioned for maximum reach. We note that
geometrically one can easily obtain that Oonfazreacn = arctan(ag/ds) + 5. Thus if
0y < arctan(az/ds) + 5 then we are in Upper Arm configuration, otherwise we are
in Lower Arm configuration.

As for the dual solution in 64, which is given in equation A.66, when 6, < 0 we
are in No Flip configuration, otherwise we are in Flip configuration. This is the case,
because the function cos™! always returns a positive angle.

In summary, the configuration flags for a spherical wrist robot are given as:

o if (ag+ ajcos(6y) + ascos(Ba_1) — dzsin(fy_1) > 0 then Front Reach, otherwise
Back Reach

o if 0, < arctan(ay/ds) + 5 then Upper Arm, otherwise Lower Arm

e if 6, < 0 then No Flip, otherwise Flip

Given we have 2 possibilities for each configuration, we obtain a total of 2x2x2 = 8
solutions.

2.8 Machine Learning for Inverse Kinematics
Results

One million data points were generated using the forward kinematics equations for
the spherical wrist robot. The K-means clustering algorithm never converged on the
dataset, and it wasn’t possible to find a mapping between the clusters assigned at the
end of the training and joint configurations obtained analytically. A workaround for
this problem was that we collected data for only configuration 0, and trained various
types of machine learning algorithms to learn the inverse kinematics solution. Two
possible approaches to training were identified, the first was to train with only one
machine learning algorithm to find all the joint values, and the second was to train a
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Algorithm All joints
Linear regression 0.13
10 Nearest neighbors 0.48
Neural network 0.56

Table 2.1: R? accuracy of regression: Training one machine learning algorithm for
all 6 joints simultaneously

Algorlthm 00 91 92 93 04 6)5
Linear regression 0391028 | O 0 0 0
10 Nearest neighbors | 0.73 | 0.33 | 0.70 | 0.50 | 0.42 | 0.20

Neural network 0.98 | 0.33 | 0.76 | 0.75 | 0.47 | 0.30

Table 2.2: R? accuracy of regression: Training separate machine learning algorithms
without propagation

AlgOI‘lthl’Il 00 91 62 93 94 6)5
Linear regression 0.39 1037 O 0 0 0
10 Nearest neighbors | 0.73 | 0.64 | 0.70 | 0.65 | 0.98 | 0.59

Neural network 0.99 1 0.94 | 0.77 | 0.87 | 0.99 | 0.80

Table 2.3: R? accuracy of regression: Training separate machine learning algorithms
with propagation

separate machine learning algorithm for each joint. The results are shown in tables
2.1, 2.2, and 2.3. Three types of machine learning algorithms were tested, which
are linear regression, 10 nearest neighbors, and neural networks. We note that as
demonstrated in [2] using elements of the end effector rotation matrix as inputs to the
neural network outperforms using Euler angles as inputs. This however should come
as no surprise given the analytical inverse kinematics solution is in fact a function of
elements of the rotation matrix, and not the Euler angles directly.

We note that the results that used propagation are based on feeding in solutions
for joint values into neural networks of subsequent joints. The dependencies of the
joint solutions to one another were obtained from the analytical solution to the
inverse kinematics problem in appendix A. The map of these dependencies can be
seen in figure 2.2.
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Figure 2.2: Neural network solution propagation

As evident from the results, the best performance was from the neural network,
and in particular when solution propagation was used.
The parameters used for the neural networks were:

e Number of layers: 2-4

Hidden layer size: 43

Activation function: Logistic

Step Size: 0.01
Batch Size: 200-300

e Maximum Number of iterations: 1,000,000
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Chapter 3

Six Axis Dynamics

3.1

Analytical Dynamics Derivation

In this section, we will go over the analytical derivation of a simplified six axis
dynamics model. The model is reduced to a 3 DOF serial manipulator [21]. The fact
that the robot is a spherical wrist mechanism does not only simplify the kinematics
derivation, but it also simplifies the dynamics model. The dynamics model presented
in figure 3.1 is for obtaining the torque estimates of the first three joints and makes
the following assumptions:

ag and ay in figure A.1 are zero, note that this is the case for an MHJ robot

Rotations in T joint have negligible effects on inertia of upper limb. This is an
accurate assumption given the T joint has negligible inertia.

Rotations in R and B joints have negligible effects on the inertia of the upper
limb. This is an accurate assumption given this robot is normally targeted for
pick and place applications such that there are no rotations in the R joint, and
rotations in the B joint are only done in order to keep the end effector oriented
down.

Robot links are approximated as uniform rods of negligible diameter

Rated payload on an MHJ (1 Kg) is negligible relative to the weight of the
MHJ (15 Kg)

An important note about figure 3.1 is that —6; is simply the negative of #; which
is from the DH parameters in table A.1. The dynamics equations can be obtained
using Lagrange’s equation of motion [15].
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Figure 3.1: MHJ dynamics model

Lagrangian:
L(6,0) = KE(6,0) — PE(0)
Lagrangian says:

d OL OL .
27z o NEFrs
il 96, 00, T; — sign(0;) F'r;

Kinetic energy:

KE(6,0) = %éTM(H)é = Y(K Eyan) + 2(K Eyo)
Potential energy:

PE(9) =m"h()g
Dynamics equation:

M(0)6 + C(6,0)0 + G(0) + sign(0)Fr = T

Below is a definition of terms:

18

(3.1)

(3.2)
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e L : Length of Lower link

e [y : Length of Upper link

e 0 : 3x1 vector of joint angles [0, 01, 05]

e 0 : 3x1 vector of joint velocities [6y, 6, 65T

e 0 : 3x1 vector of joint accelerations [0"0, 0;. 92]T

e M(#) : 3x3 Inertia matrix

e C(0,0) : 3x3 Coriolis matrix

e (G(0) : 3x1 Gravitational forces

e ['r: 3x1 Dynamic friction forces [Frg, F'ry, Fry]?
e m : 2x1 vector of link masses [mp, my]?

e h(0) : 2x1 vector of height of links [hy, hy]®

e ¢ : Acceleration due to gravity

e KE(6,6) : Kinetic Energy

e PE(f) : Potential Energy

o (0, 9) : The Lagrange of the system

o KFE.,., : Translational Kinetic Energy of the center of mass

e KF,., : Rotational Kinetic Energy about the center of mass

e 7 : 3x1 vector of joint torques |79, 71, 7]

PE(Q) = mLth + mUhUg

L L
= — mLTLsﬁlg + my(—Lpst + TUsQQ,l)g
) 1 -2 -2 <2
KEtT‘CmL(07 e) = émL(‘rcmL + YemL + ZcmL)
mLL%

) 2

19

(3.6)
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1

KEtranU(ea 6) = §mU(‘rsz + ygmU + meU)
m .o L% . . . o
= TU (L%Gl =+ TU(GQ — 91)2 — LLLUCHQ(@Q — 61)91

L .
+ (LLC¢91 + 7U6921>2902>

mLL% 2 2
24

. 1
KErotL(6,0> = §wf]LwL =

mUL?]
24

KEth(H, 9) = §LUEIUQJU = ((92 — 91)2 + 6292,1902)

20

(3.8)

(3.9)

(3.10)

Substituting equations 3.6, 3.7, 3.8, 3.9, and 3.10 into 3.1 and 3.2 then combining
with equation 3.5 yields the terms of the Matrices M (6) and C(#,6), and the vector

G(0) as follows:

mp L? my L?
L L0291+ Uty

M =
11 3 3

0292_1 + mu(L%CQ¢91 + LLLU091002_1>

My = My = My = M3, =0

mLL% mUL%]

M22 = 3 + 3 + mUL% + mULLLU092
L? L;L
Mas = M3y = _Muty  Mubr Y o,
3 2
myL?
Mg = — =4

Given that for our purposes the the individual terms of the matrix C(0, 0) are not
important, we shall define C*(0,0) = C(0,6)0. Thus C*(6,0) is now a 3x1 vector:
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6915919190 -2 3 692_1892_1(92 — 91)90
L;Ly

Cr= -2

— 2mu <L%091$9191 + <091892_1(92 — 91) + 891692_191> )90

mLL% : 2 mUL?]

092_1892_1902 + mULLLUsegég (% — Ql)

LiL .
+ my, (L%091391 + L2 v (—691802—1 + 391092_1)> 002

mULLLU - 2 mUL?]

L.L
Cp = MU 60,6,% oLy

c92_1592_1902 + 091892—19‘02

Gy =0

L L
Gy = — <mL7L + mULL) cbig — mU%ceg,lg

L
G = mU7UC(92—lg

3.2 Machine Learning Dynamics

As evident in the dynamics model derived in section 3.1, many simplifications had to
be made in order to make the dynamics model solvable without excessive complexity.
Specifically, parameters for the inertia of the links as well as the frictional terms can
be difficult to obtain accurately. Thus in this section we propose a machine learning
approach to obtaining the dynamics equations. The strategy is to move the actual
robot through random movements in space, and to collect feedback data for positions,
velocities, accelerations, and torques from each joint. After this data is collected,
a neural network can be trained on the position, velocity, and acceleration data as
inputs and the torque data as outputs. This is consistent with the dynamics equation
given in 3.5. Given the data is generated on the actual mechanism, frictional terms
will automatically be accounted for by the neural network.



CHAPTER 3. SIX AXIS DYNAMICS 22

3.3 Machine Learning Dynamics Offline Training

As a first step, the offline training approach was used. Specifically, we move the
robot, collect the data, and then train the neural network. Given the neural network
is targeted to run on an embedded real time controller, emphasis was made on the
size of the neural network, such that it does not consume too much time to run on
the controller. Thus, various sizes of neural networks were tested, and a trade off was
seen between neural network runtime and neural network accuracy. Not surprisingly,
a very large neural network can be very accurate, yet it will take a very long time
to both train and/or run. On the other hand, a very small neural network can be
very fast, yet it will be inaccurate. Figure 3.2 shows how the accuracy of the neural
network eventually plateaus even if the size of the hidden layer keeps being increased.
We note that we only used one hidden layer.

R2 Training Accuracy
o © o ©
w (o)} ~ 0]
1 1 1 1

©
N
1

2.5 5.0 7.5 10.0 125 15.0 17.5 20.0
Hidden Layer Size

Figure 3.2: Neural network accuracy vs hidden layer size

Figure 3.3 shows the estimated computational runtime of the neural network on
the 1.2 GHz processor being used in our case. As the figure shows, runtime is fairly
linear with the size of the hidden layer. This is expected, because as figure 1.2 shows,
x and z which are input and output prediction values respectively are constant in
size, while h is varied. As h is varied each of the weight matrices V and W will
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grow linearly in h, thus the amount of matrix multiplication operations as well as
additions will also grow linearly.

10 -

Runtime in us
~
1

2.5 5.0 7.5 10.0 12,5 15.0 17.5 20.0
Hidden Layer Size

Figure 3.3: Neural network runtime vs hidden layer size

Data Acquisition

Training and validation data on the MHJ was collected by moving the robot along
each edge of a prism back and forth, left and right, and up and down. Motion was
done, while the end effector orientation was constantly pointing vertically downwards.
We note that this movement results in motion in all the joints except joint 4 on
the robot. This was done, because emphasis in this work is placed on pick and
place applications where the end effector orientation will remain pointed vertically
downwards. The dimensions of the prism are given in table 3.1. The data collected
was only for the first three joints, because as previously discussed in section 3.1,
these joints have the largest effects on the inertial, Coriolis, and gravitational forces
on the system. Position, velocity, acceleration, and torque data was collected for each
joint. Inputs for the neural network were the position, velocity, and acceleration of
the three joints, and output for the neural network was the torque for each joint.
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Training limits | = Y z
min [mm] 270 | -100 | 150
max [mm] 330 | 100 | 250

Table 3.1: MHJ Cartesian coordinate training limits

As usual, four fifth of the data was split for training and one fifth was reserved for
validation. The size of the entire data set was about 10,000 points. An important step
was that only the training data was shuffled. This makes testing of the validation
data more representative of the true performance, because we will be verifying a
complete movement profile as opposed to discrete random sample points from the
entire motion profile.

Single Neural Network for all Joints Results

Plots of the actual and predicted torque values for the first three joints when the
hidden layer is of size six can be seen in figure 3.4. In this scenario one neural network
was used for all the joints. The R2 accuracy obtained was 0.75

Separate Neural Networks with Independent Variable
Elimination Results

In the previous section every single joint’s position, velocity, and acceleration was
used as an input, and all the torques were used as outputs. This however can confuse
the neural network, because as previously derived in section 3.1, the torque output
is not always a function of all the variables. Upon a closer inspection of the terms in
the inertial, Coriolis, gravitational, and frictional forces obtained in section 3.1, we
can infer the dependencies below:

We note that although 65 does not appear in the inertial, Coriolis, or gravitational
terms for 75, it does appear in the frictional term.

To = f(91,92,90791792,96)

1 = f(91792a9‘079.179'270“1a 92)
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Figure 3.4: Actual and predicted torque values on MHJ using one neural network

Ty = f(9170276‘079‘179'276"17 92)

By eliminating independent variables and training a separate neural network for
each joint, we obtain the actual and predicted torque values in figure 3.5. The R2
accuracies obtained for the first three joints were 0.90, .88, 0.87 respectively.

Neural Network Parameters

All neural networks used had a hidden layer of size 6, and used a sigmoid activation
function. As demonstrated in [11], the inputs were scaled to a mean of zero and
standard deviation of 1, and a decaying learning rate was used. The decay in the
learning rate protects against over fitting.
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Figure 3.5: Actual and predicted torque values on MHJ using separate neural net-
works with independent variable elimination

Discussion

(Clearly, using separate neural networks for each joint with independent variable elim-
ination outperformed using only one neural network for all the joints. Additionally,
runtime below 10 ps was achievable with neural networks that resulted in an ac-
curacy of approximately .90 for each joint. These results are very suitable for an
embedded PLC controller, and can greatly improve performance. Our assumption
that movement in the last three joints has negligible effects on the torques of the first
three joints appears to have been a reasonable assumption given the positive results
we obtained without using them.
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Delta3

4.1 Delta3 Used for Experiments

27

The Codian D4-650 was used for experiments [26]. It can be seen in figure 4.1. The
control panel can be seen in figure 4.2. Table 4.1 contains all the joint specification
and setup information. This mechanism has 3 axes for 3 DOF in x, y, and z Cartesian
space. Additionally, it has a fourth axis for rotating the end effector. This class of
robots was invented by Reymond Clavel [4], and is normally called a Delta robot.

Joint 0 | Joint 1 | Joint 2 | Joint 3
Motor Rated Torque (N.m) 4.9 4.9 4.9 1.27
Motor Rated Speed (RPM) 3000 3000 3000 3000
Motor Power (Watts) 1500 1500 1500 400
Encoder Resolution (tics/rev) 224 224 224 224
Gear Ratio 2:77 2:77 2:77 1:10
Polarity Neg Neg Neg Pos

Zero Position Offset (tics) 249536 | 74560 | 618464 | -38176
Min limit (Degrees) -30 -30 -30 -00
Max limit (Degrees) 88 88 88 00

Table 4.1: D4-650 robot joint specification and setup
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Figure 4.1: Codian D4-650

4.2 Analytical Kinematics

A model and an analytical solution for the position, velocity, and acceleration for-
ward and inverse kinematics solutions can be found in appendix B. The kinematics
derivation uses the loop closure equations in vector form. Note that the derivation
ignores the fourth axis on the D4-650, because it is merely a trivial rotation of the
end effector.

4.3 Machine Learning Dynamics

In our dynamics analysis, we will be ignoring the fourth axis on the system used for
rotating the end effector, because its dynamics are decoupled from the rest of the
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Figure 4.2: Codian D4-650 Control Panel

Training limits | = Yy z
min [mm)| -400 | -400 | 900
max [mm] 400 | 400 | 1100

Table 4.2: Deltad Cartesian coordinate training limits

system.

Given a Deltad mechanism is a parallel manipulator and dynamics of the first
three joints are highly coupled, it is safe to a assume that unlike the case with the
six axis arm, torques of the first three joints are dependent on the position, velocity,
and acceleration of each of the first three joints. Thus no Delta3 analytical dynamics
derivation is presented in this work.

Data Acquisition

Similar to what was done with the six axis robot, the Delta3d robot was moved within
a prism of dimensions found in table 4.2. Additionally, the fourth axis which rotates
the end effector was not used. The number of data points was approximately 67,000.
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Single Neural Network for all Joints Results

Plots of the actual and predicted torque values for the first three joint when the
hidden layer is of size six can be seen in figure 4.3. In this scenario one neural
network was used for all the joints. The R2 accuracy obtained was 0.93
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Figure 4.3: Actual and predicted torque values on D4-650 using one neural network

Discussion

The performance of the neural network is clearly very good. The predicted values
followed the actual values very closely. We would also like to note that just as in
the case of the six axis arm, the validation data was not shuffled, and no training
was done on it. This is very good confirmation that the neural network is able to
predict the required torques on movements it has not trained on. We would also
like to mention that movement profiles were run using a limited range of velocities
and accelerations, thus our expectation is that the neural network will have better
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performance within that range. Nevertheless, this is acceptable, because under usual
circumstances, the motion being performed for pick and place applications is highly
repetitive and will only span a limited range of joint positions, velocities, and accel-
erations. Additionally, given we obtained such strong prediction results using one
neural network for the whole system, this places confidence in our earlier assumption
that all position, velocity, and acceleration values affect all the torques.
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Chapter 5

Delta2

5.1 Delta2 used for Experiments

The Codian D2-800-Rz was used for experiments [25]. It can be seen in figure 5.1.
The control panel can be seen in figure 5.2. Table 5.1 contains the joint specification
and setup information. This mechanism has two axes for 2 DOF in x and z Cartesian
space. Additionally, it has a third axis for rotating the end effector. Ultimately, a
Delta2 mechanism is a simplified version of a Deltad mechanism. Given that the
dynamics equations will be of less complexity, we thought it would be worthwhile
to include the Delta2 mechanism to see if the neural network can have even better
performance.

Joint 0 | Joint 1 | Joint 3
Motor Rated Torque (N.m) 3.18 3.18 1.27
Motor Rated Speed (RPM) 3000 3000 3000
Motor Power (Watts) 1000 1000 400
Encoder Resolution (tics/rev) 224 224 224
Gear Ratio 1:31 1:31 1:10
Polarity Neg Pos Pos
Zero Position Offset (Degrees) | 31.1314 | 14.2819 0
Min limit (Degrees) -30 -30 -00
Max limit (Degrees) 85 85 00

Table 5.1: D2-800-Rz robot joint specification and setup
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Figure 5.2: Codian D2-800-Rz Panel

5.2 Analytical Kinematics

A model and an analytical solution for the position, velocity, and acceleration forward
and inverse kinematics solutions can be found in appendix C. Again, the kinematics
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Training limits | = z
min [mm)] -300 | 510
max [mm]| 300 | 700

Table 5.2: Delta2 Cartesian coordinate training limits

derivation uses the loop closure equations in vector form. Note that the derivation
ignores the third axis on the D2-800-Rz, because it is merely a trivial rotation of the
end effector.

5.3 Machine Learning Dynamics

In our dynamics analysis, we will again be ignoring the third axis on the system used
for rotating the end effector, because its dynamics are decoupled from the rest of the
system.

As in the case of the Delta3 mechanism, we will be assuming that position,
velocity, and acceleration of each of the first two joints will have effects on the
torques of the first two joints. This is because again, the mechanism is a parallel
manipulator.

Data Acquisition

Similar to what was done with the six axis robot, the Delta2 robot was moved within
a square of dimensions found in table 5.2. Additionally, the third axis which rotates
the end effector was not used. The number of data points was approximately 26,000.

Single Neural Network for all Joints Results

Plots of the actual and predicted torque values for the first three joints when the
hidden layer is of size three can be seen in figure 5.3. In this case, one neural network
was used for all the joints. The R2 accuracy obtained was 0.89

Discussion

As in the case of the six axis arm and the Delta3 mechanism, the neural network
was capable of capturing the dynamics of the system and was able to closely predict
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Figure 5.3: Actual and predicted torque values on D2-800-Rz using one neural net-
work

the torque outputs. The reason the accuracy was slightly less than that of Delta3,
is because more data was used during training for Delta3.
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Chapter 6

Delta3 On-line Neural Network
Torque Estimation

6.1 PLC Controller Architecture

The Delta3 system was composed similarly to the six axis system in figure 1.3. The
PLC controller is responsible for generating a world position, velocity and accelera-
tion trajectory profile given a target position and a profile velocity, and acceleration.
The controller then translates the world trajectory profile into a joint trajectory pro-
file using the inverse kinematics equations given in appendix B. Finally, the neural
network that was trained off line using feedback data in chapter 4 is run on the
controller using joint position, velocity, and acceleration values as inputs in order to
generate torque feedforward estimates as outputs. The controller architecture can be
seen in figure 6.1. The PLC controller generates joint position, velocity, and torque
feedforward commands, which are then sent to the servo drives controlling the mo-
tors. The servo drives use both feedforward and feedback control loops to control
the torque, velocity, and position of the motors as shown in figure 1.1.

6.2 System Overview and PLC Controller and
Servo Drive Update Rates

Given the PLC controller is designed to run PLC code in real time, it is required to
perform a great deal of processing. PLC motion controllers are normally expected
to conform to IEC-61131-3 [5] and PLCOpen Part 4 [24]. This is a high level pro-
gramming language and requires a lot of computational power to be run. Thus PLC
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Figure 6.1: PLC controller architecture

controller update rates are typically slower than those of the servos. On the other
hand, the servo drives, which are mostly running feedforward and feedback control
loops, are capable of running at much higher update rates. In our system the PLC
controller is running at 1 ms, and the servo control loops in figure 1.1 are running at
faster update rates.

6.3 Experimentation Results

In order to reduce the impact of the inaccuracies in the neural network, a highly
optimized neural network was trained on feedback data generated by seven back and
forth moves between the two world position in table 6.1. The size of the data set was
approximately 4000 points. The on-line torque feedforward prediction had excellent
tracking of the feedback torque. This can be seen in figure 6.2. The R2 accuracy was
0.96. Motion trajectory was a trapezoidal velocity profile, and the profile velocity
was 5 m/s, while the acceleration was 5 g’s.

The same test move was run with and without the neural network torque feed-
forward, and position errors reported by each servo drive were plotted. Figure 6.3
contains the position error plots.
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X| y 7
Start [mm] | 0 | 400 | 1000
End [mm] | 0 | -400 | 1000

Table 6.1: Delta3 world move limits
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Figure 6.2: Actual and predicted torque values on D4-650 using optimized neural

network

Given Yaskawa currently employs a far simpler solution for torque feedforward
estimation called Pass Through, we have also included results while running the same
moves using the Pass Through torque feedforward method in Figures 6.5 and 6.4 for
comparison purposes. We note that the Pass Through method uses the equation
Trf = C, where C is the Pass Through coefficient and is manually tunned such
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Figure 6.3: Joint position errors on D4-650 using optimized neural network

that position errors are minimized during motion. In the case of the delta3 robot
that we used C was 0.00755 for each of the three joints. We note that the Pass
Through method assumes there are no Coriolis, gravitational, or frictional terms in
the dynamics. Additionally, it assumes that the inertia of the system is constant.

6.4 Discussion

Although the neural network clearly predicted the torque values far better than the
Pass Through method, the overall improvement in position errors was clearly better
with the use of the Pass Through method.
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Figure 6.4: Actual and predicted torque values on D4-650 using optimized pass
through coefficients
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Figure 6.5: Joint position errors on D4-650 using optimized pass through coefficients
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Chapter 7

Simulation Analysis

7.1 Discrete Time Simulation of Simple Mass
System

In order to better interpret the results seen with neural network torque feedforward, a
simple test simulating the system in diagram 7.1 was run. The system was discretized
using zero order hold. Simulation was done using python. The filters in the diagram
are low pass filters for filtering out high frequency noise. Model error used was 10%.

Trajectory
Generator
a Model
~ R Uff
¢ a > F = ma—> Filter 2;
pend \Y
Vprofile [
oo N L
p Controller
pt+ e ,
—>(O—> PID —>Filter 1———

Y

Figure 7.1: Simple mass system with feedforward control

Simulation results for position errors vs time without and with feedforward can
be seen in figure 7.2. We note that the position error signals are wide due to noise.
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Figure 7.2: Joint position errors vs time without and with feedforward

7.2 Continuous Time Simulation of a MIMO
System

Given the use of a neural network for torque feedforward is essentially equivalent to
plant inversion, simulation was performed using matlab in continuous time of a 2
input 2 output system. Tests were run with and without feedforward and with and
without modeling error. Additionally tests were run with and without the M matrix
being ill-conditioned. The plant constituted of the M matrix and an integrator. The
system can be seen in figure 7.3. We note that K is a diagonal matrix, while M is
randomly generated. When M is ill-conditioned, the condition number used was 900.
The condition number was achieved using singular value decomposition in matlab
and using eigenvalues of 30 and %. When modeling error was present, 10% was used.
Diagonal elements of K were found iteratively such that the closed loop system was
stable without feedforward control.

Simulation results for a step response with and without feedforward, plant un-
certainty, and the plant being ill-conditioned, can be seen in figures 7.4, 7.5, 7.6,
and 7.7. The ill-conditioned matrix used for the plant is given in equation 7.1. A
summary of whether feedforward or no feedforward had better performance for all
the scenarios can be seen in table 7.1.

10.1345 13.7001

M=1146362 19.8843

(7.1)
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Figure 7.3: Continuous time MIMO system with plant inversion
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Figure 7.4: Ill-conditioned MIMO system step response with model uncertainty and
without and with feedforward

7.3 Discussion

The simple mass system clearly demonstrated improved performance with the use
of feedforward control. This is not surprising, because the effectiveness of feedfor-
ward control is already well established [28]. However, simulation results of the
ill-conditioned plant with feedforward showed degraded performance. Settling time
of both the inputs and the outputs of the system increased considerably when feed-
forward control was added, despite modeling error only being at 10%. This is the
case, because according to [30], inverting an ill-conditioned plant yields bad perfor-
mance if there is model uncertainty. Not surprisingly, the only situation where no



CHAPTER 7. SIMULATION ANALYSIS

Amplitude

From: In(1)

Step Response

From: In(2)

45

No FF

With FF

2 250 0.5
Time (seconds)

1

15

2

25
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Figure 7.6: Ill-conditioned MIMO system step response without model uncertainty
and without and with feedforward

feedforward outperformed feedforward is when the plant is ill-conditioned, and mod-
eling error is present. In all other scenarios, adding feedforward control improved

the overall performance of the system.
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Figure 7.7: Non ill-conditioned MIMO system step response without model uncer-

tainty and without and with feedforward

Model error No Model error

No feedforward Feedforward
Feedforward

Plant ill-conditioned
Plant not ill-conditioned Feedforward

Table 7.1: Summary of whether feedforward or no feedforward had improved step

response
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Chapter 8

Concluding Remarks and Future
Work

8.1 Concluding Remarks

As seen in this work, neural networks were capable of learning robot inverse kine-
matics solutions as well as robot dynamics equations. However, they were highly
dependent on training with large amounts of data. Additionally, removal of indepen-
dent variables from the input training data highly improved performance as seen with
the six axis robot dynamics. In the case of robot inverse kinematics, the accuracies
obtained with the neural networks are not sufficient for accurate robot positioning.
However, in the case of robot dynamics modeling, the accuracies obtained with neural
networks were sufficient for improving robot tracking performance. Neural networks
were able to produce good estimates of torque efforts on multiple types of paral-
lel and serial manipulators. Training on actual feedback data from the mechanism
eliminates the need for traditional methods of modeling and estimation that suffer
from many inaccuracies. Traditional methods of dynamics modeling require many
simplifications in the model to make the equations practical for analytical derivation.

We conclude that small but highly optimized neural networks can still accurately
capture the dynamics of nonlinear systems. The neural networks used for dynamics
in this work only had one hidden layer of length 6. These neural networks ran in
approximately 5 pus. However, as we saw while looking at the position error plots,
the neural network had mediocre improvement in performance. We attribute this to
the plant dynamics equations being ill-conditioned. This was clearly the case with
simulation results. Plant inversion degraded the performance when the plant model
was ill-conditioned.
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On the other hand, the simple Pass Through method for torque feedforward
estimation had better performance improvement in position errors although it in
fact had worse prediction of the torque values. This is because the Pass Through
method is a much milder attempt at inverting the plant, and it thus did not suffer
from the plant being ill-conditioned.

8.2 Future Work

The performance of clustering robot configurations may be increased by either using
a simpler mechanism such as a SCARA (Selective Compliance Assembly Robot Arm)
[7] robot which only has two configurations and 3 DOF, or by drastically increasing
the number of data points. This is still a very interesting problem to solve, and can
make the neural network inverse kinematics solution far more practical in the case
of a generalized manipulator.

Testing the neural network torque feedforward strategy on a different system with
faster response times such as a SCARA mechanism would be highly desirable. Since
SCARA mechanisms are normally built with direct drive motors [6], they do not
have gear boxes but have very fast response times. Direct drive motors are motors
that are large enough to provide necessary torques for motion without the use of
a gear box. As such, little torque effort goes to friction, since gear boxes normally
consume the majority of the friction. Such systems may be far more suited for neural
network torque feedforward control, because of their higher bandwidth.

Another highly desirable benefit of neural networks for torque estimation is the
potential to have the robot perform the training online. For example, as the robot
moves around, the neural network weights could be updated based on the feedback
data it receives from the motors. Thus the mechanism could continuously improve
its performance. This would require that the neural network training algorithm be
implemented on the PLC controller firmware.
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Appendix A

Six Axis Kinematics Derivation

A.1 Kinematics Model

This appendix goes over the forward and inverse kinematics derivation for a 6 DOF
Yaskawa Motoman robot. Figure A.1 has assigned frames of references that match
Yaskawa joint movement conventions. The frames of reference are also assigned to
match Denavit Hartenberg conventions.

-d; -ds
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Figure A.1: 6 DOF arm kinematics model
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Joint « a d 0
0 —I 0 6
1 ™ aq 0 01
2 —% a9 0 92
3 % 0 dg (93
4“0 0 6
5) ™ 0 d5 05

Table A.1: DH parametrization

Given the defined model, the Denavit Hartenberg parameters are presented in
table A.1

The transformation from joint n-1 to n using the Denavit Hartenberg parameters
is done using the transformation matrix in equation A.1

cosB, —sinb,cosc,, sinb,sinc, a,cosd,
n1, _ sinb,,  cosb,cosca,, —cosl,sina, a,sind, (A1)
n = .

0 Sinoy, coSQyy, d,
0 0 0 1

A.2 Position Forward Kinematics

To simplify the equations the following convention shall be used:
cosf = cl
stnf = s
608(90 + 01) = 000+1
608(90 — 91) = 090,1
Evaluating equation A.1 for joints 1 through 6 yields:

000 0 - SQO CL()C@O
390 0 090 ao 800
0 -1 0 0 |’
0 0 0 1

0A1:
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(A.3)
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04y = 0ALAZA,
-060 0 —590 CL()CQO- -091 8‘91 0 CL1€91 092 0 —592 a2092
. 8‘90 0 090 CL()SQO 891 —091 0 CL1891 802 0 092 (12892
10 -1 0 0 0 0 -1 0 0 -1 O 0
o0 0o 1 /lo 0o 0o 1 0o 0 o0 1
000 0 —800 CL()CQO_ [ 092_1 0 —892_1 a1001 + a2092_1
. 890 0 0(90 a0390 —892_1 0 —092_1 CL1$91 — a23¢92_1
~lo -1 o0 0 0o 1 0 0
o 0o 0o 1] 0o 0o o0 1
-0(90092,1 —590 —060592,1 090(a0 + a1001 + &2092,1)
. 8‘90092,1 C@O —800592,1 59()(@0 + CL1091 + (12692,1)
- 892_1 0 602_1 —a1591 + CL2802_1
0 0 0 1
(A.9)
5Ag = PAIAZ A
_003 0 803 0 094 0 —804 0 095 805 0 0
_|sf3 0 —ct3 0O sy 0 by O] |85 —cb5 0O O
|10 1 0 ds o -1 0 0 0 0 -1 ds
0 0 0 1 0 0 0 1 0 0 0 1
[cOsc0, —sO3 —ch3s0, O] [chs s05 0 0
. 8‘93094 693 —893894 0 895 —695 0 0
N 894 0 66)4 dg 0 0 -1 d5
| 0 0 0 1 0 0 0 1
-093064095 — 893895 0930Q4895 + 803085 603864 —d5003894
. 883604095 + 093895 SQ3C¢94S€5 — 093095 803804 —d5393894
B 504095 894505 —094 d5094 + dg
I 0 0 0 1
(A.10)
The complete forward transformation matrix is given by:
OAG — OAgAG (All)

Substituting equations A.9 and A.10 into A.11 and equating to A.8 gives:
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Uy Vp Wy (g cbocty_1 —sby —cbysha_q1  cbo(ag + aychy + asclsy_q)
Uy Uy Wy Gy| | Sbocla1 by —sbpsba_1 sOp(ag + arcth + aschs_q)
U, v, w, ¢ | | sb_y 0 cly_q —a1801 + ass05_1

0 0 0 1 0 0 0 1

cOzcl,c05 — s03s05  clzc0,505 + sOzcls 3804 —dsch3504
s03cl,c05 4 3805  sO3cl,805 — clzcls  sO3804 —dss03s0,
864095 894895 —004 d5094 + d3

0 0 0 1

(A.12)

Which yields the forward transformation equations below:

Uy = 080C92_1<083694095 — 893805) - 890(8‘93084095 + 093885) - 600882_1894065

y = 800092_1(083694095 — 893805) + 000(803084695 + 093895) - 890862_1894095

Uy = 892_1(603094605 - 893895) + 092_1804095

Vye = 000002_1(C€3694885 + 803695) - 800(803004805 — 003005) — 600892_1804895

Uy = 890692_1(093094805 + 803005) + 000(893004805 — 003005) — 890892_1894895

V, = 502_1(003604805 + 803695> + 092_1804895

Wy = 600692_1693894 — 590893894 + 690892_1694

Wy = 890092_1693894 + 690893894 + 800892_1604
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w, = 802_1093804 — 002_1094

Qr = —d5C00662,1C93864+d5590893894—090802,1 (d5094+d3)+090 (&0"‘@1681"—&2092,1)

qy = —d5800092_1603894—d5090803894—890802_1 (d5094+d3)+86’0(a0+a106’1 +6L2092_1>

q, = —d5SQ2_1093894 + 092_1(d5064 + d3) — a186’1 + a2802_1

A.3 Position Inverse Kinematics

Solution for S, U, and L Joint Angles

Let p denote the position of the wrist center, where the wrist center is the intersection

point of Axis 4, 5 and 6.
Using figure A.1, it follows that the position of point p in coordinate frame 6 is:

0
0

6 __

P= g (A.13)
1

Thus:

Ug Uy Wr (g 0 Q$+d5wm Dz

o |uy, v, wy g 0  |g+dswy| |py

p= U, vV, W, (q d5 N qz+d5wz B D= <A14>
O 0 0 1 1 1 1

Also using figure A.1, it follows that the position of point p in coordinate frame
3 is:
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0
0
3, —
P=lg, (A.15)
1
Using the matrix transformation, we have:
0 — 04,3 (A.16)
Left multiplying both sides of equation A.16 by the inverse of YA, yields:
(A1) Op =14 Ag%p = 1 AsPp (A17)

Note that for a general transformation matrix T with a 3 x 3 rotation R and a 3
x 1 translation vector V:

RV
r-[i ]
The inverse is given by:
RT —RTV
=[]

Given YA, is of the form:

‘R "V

04 _ |10 "W

w0

Then YA, inverse can be computed using:

O

where:
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690 890 0
CrR) =] 0 0 -1
—890 090 0
and:
090 890 0 CL()C@O —Q
_(oRl)Tovl:_ 0 0 —1| % |agsbh| =1 O
—890 C@Q 0 0 0

Thus the inverse of °A; is:

06‘0 3(90 0 —ayg

o1 | 0 0 =1 0

( Al) o —890 090 0 0 (A18)
0 0 0 1

Substituting equations A.18, A.14, A.3, A.4, and A.15 into equation A.17 yields:

cby sty 0 —agl| |[ps (¢, s, 0 aichy] [chy 0 —sby aschy

0 0 -1 0 py|  |s0h —cBi 0 a1s0i| |sOy O cby azsts
—s6y cby O 0 p.| |0 0o -1 0 0O -1 0 0
0 0 0 1 1 0 0 0 1 0 0 0 1

-6(91 891 0 CL1091- -—d3502 + (12692
591 —Ct91 0 CL1891 d3€¢92 + a2502
10 0 -1 0 0

0 0 0 1 1

-—d3(8020€1 — 092801) + (12(092001 + 802881) + a106’1
—ds(clychy + s03801) — as(sOacty — clys6y) + ays6;
n 0
i 1
_—d38(92_1 + a2092_1 + a1001
—d3092,1 — a250271 + &1591

0

1

(A.19)
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Which yields:

pxcﬁo + pyseo — Qg = Cl1091 + a2002_1 — d3892_1 (AQO)
—Pz = CL1$91 - a2892_1 — d3002_1 (AQl)
—Pasto + pycty = 0 (A.22)

Equation A.22 yields the solutions:

T (A.23)
or:

90 = (Z50 + 7 <A24)
where:

¢0 = Atanz(pyapz> <A25)

The first solution shall be denoted as the ”Front” configuration, while the second
solution shall be denoted as the ”"Back” configuration. This is illustrated in Figure

A 2a.
Summing the squares of equations A.20, A.21, and A.22 yields:

(pacCHO +py500 - aO)2 + (_pz)2 + <_p:v300 +py000)2 -
(a1091 + CLQC@Q,I — d3802,1)2 + (a1591 — a2302,1 — d3C€2,1)2 <A26>

Expanding and simplifying equation A.26 yields:

i +p§ + p? — 2prapcly — 2pyaosty + af = ai + a3 + dj + my +mg +my (A.27)
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where:
my = 2@1@2(091002_1 — 881802_1)
= 2@1@2(06(2+(3_2))> (A28)

= 2aia9c0s

mo = 2a1d3(—591c€2,1 — 091892,1)
= — 2a1d3(801002—1 + 001802_1)

A.29
= —2a1d3(s02+(3-2))) ( |

= — 2@1613892
mg = 2agds(—cla_1502_1 + s8a_1c02_1) (A.30)

=0

Substituting equations A.28, A.29 and A.30 into equation A.27 yields:

P> —|—p§ +p? — 2pgagchy — 2pyapsty + a2 = a2 +a3+d:+2ayayc0y — 2a1dsshy (A.31)

Rearranging equation A.31 yields:

]{518(92 + kQCQQ = ]{?3 <A32)
where:

kfl = —2a1d3 (A33)

k’g = 2@1&2 <A34)

ks = p2 + pf/ + p? — 2ppagchy — 2pyagsby + aj — ai — a3 — d; (A.35)

Dividing both sides of equation A.32 by \/k} + k3 yields:
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k —k k
$Oy——— — b, 2 = > (A.36)
VE? 4 k2 VE K R+ k3
which is equivalent to:
$09cpy — cha5py = Swo (A.37)

where:

1 —2a1ds 3

¢y = Atan2(—ky, k) = tan™* <_k—k2) = tan™* (—2a1a2> = tan™* <%> (A.38)

k
Wy = sin™' | ——— (A.39)
VE k3

This is equivalent to solving:

s(0 — o) = swsy (A.40)

which yields:

b2 = ¢ +ws (A.41)
or:
Oy = o + T — Wo (A.42)
ks e k| '
e > 1, then the position is unreachable. If Je| T 1, then there is

one solution, which corresponds to the robot arm extended for maximum reach. If

'\/:TSW‘ < 1, then there are two unique solutions. The solution 6, = ¢+ w- shall be
1 2

denoted as the ”Upper Arm” configuration, while the solution 8y = ¢9 + 7™ — wo shall
be denoted as the "Lower Arm” configuration. This is illustrated in Figure A.2b.
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The simplification done in equation A.38 is only accurate because the x compo-
nent of the Atan2(y,x) function is positive. Specifically, k; > 0 since a; > 0 and
ds < 0.

We also note that:

\/ l{?% + k% = \/(—2a1d3)2 + (2&1@2)2 = 2@1\/ d% + a% <A43)

Now that 6y and 65 are known, #; can be solved for by expanding and rearranging
equations A.20 and A.21, which yields:

a1091 + a2692091 + a2862591 — d3802091 -+ d3601892 = pzceo + py590 — Qo <A44)

(11891 — a2392001 + a20923¢91 - d3692691 — d3892891 = —Pz (A45)

Rearranging gives:

,lL()CQl + 1/0891 =% (A46)

,u1001 + 1/1801 =M (A47)
where:

Mo = Aq + (12002 - d3802 (A48)

Vg = (12892 + d3092 <A49)

Yo = Pxco + pysth — ag (A.50)

M1 = —a2392 — d3692 (A51)
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vy =aj + CLQC@Q - d3802 (A52)

T = —D:z (A53)

Solving equations A.46 and A.47 for ¢, and s#, yields:

1% — VY
. A.
0 170 071 ( 54)
o — Vo

s6, = Hom — H17 (A.55)
Viflo — Vola
We note that:
Mg — Vo1 = (a1 + CLQCQQ — d3892)2 + ((12892 + d3002)2 (A56)

Thus the quantity vypug — vouy is greater or equal to zero for all values of 6.
Additionally, with the use of some simple algebraic manipulation, it can be shown
that the quantity 14 pug — vopu1 is zero if and only if the robot dimensions satisfy the
following equation a? = a3+ d3 and joint B is coincident with joint L. This condition
is mechanically not possible.

Thus we obtain a unique solution:

0, = Atan2(sby, chy) = Atan2((poyr — 1), (V170 — o)) (A.57)

Solution for R, B, and T Joint Angles

Once 6y, 0;, and 0, are solved for, °As is completely known. The remaining joint
angles can be found by left multiplying both sides of equation A.11 by (°A3)~!:
SA6 = ("A3) 7 %4 (A.58)

Following the same procedure for obtaining ("A;)~! in equation A.18, (°A3)~!
can be obtained as such:
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OR OV
0 _ 3 3
=[]

(0451 = [(0%3)T - (ORi)T OV},}

600692_1 500002_1 882_1
(0R3)T = —890 Ceo 0
—090592,1 —860502,1 C02,1

and:
i 0(90692,1 890092,1 8(92,1 090(a0 + CL1091 + 662092,1)
— (OR3)TOVE3 = — —890 000 0 890((10 + &1091 + agcﬁg,l)
_—C90802_1 —860862_1 062_1 —(1,1891 + CL28¢92_1
i 662,1(60(2) + 59(2))(04) + a1001 + a2c92,1) + 892,1(—6118(91 + 02892,1)
- _ 0

_—892_1<09(2) + sQ%)(ao + (11601 + a2092_1) + 002_1(—(11891 + (12802_1)

aogcls_1 + arclichs_y + axchi | — ays6180>_1 + azsh3_,

= — 0

_—a0502_1 — a1001392_1 — a2802_1002_1 — a1891092—1 + a2802_1002_1
[agchs_1 + aiclyy(3—2) + as

= — 0

| —apsta—1 — a1592+(3,2)

—a0092_1 — CL1093 — ay
= 0
CL0$9271 + Cl18(93

Thus the inverse of A3 is:

C90062,1 800692,1 892,1 —a0092,1 — &1C93 — Q9

0 -1 —890 C&O 0 0
( AS) N —090802_1 —8‘90882_1 002_1 CL0892_1 + CL1893 (A59)

0 0 0 1
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Substituting equations A.10, A.59, and A.8 into equation A.58 yields:

cO3c0,c05 — s03s05 3004805 + sOscls  cO3s0y  —dsch3s6,
883004C95 + 093895 883064865 - 093C95 803564 —d5893894

S€4C¢95 804S€5 —604 d5094 + d3
0 0 0 1
000602_1 860602_1 802_1 —a0002_1 — CL1093 — a9y Uy
—890 CQQ 0 0 Uy
—690892_1 —890892_1 06‘2_1 a0392_1 + (11893 U,
0 0 0 1 0

67

qx
4y
q-

1

(A60)

Using equation A.60, if we equate the left and right hand side of the (3,3) (3,1)

(3,2) (1,3) and (1,2) elements of the matrices, we obtain:

—cly = —wychosba_1 — wysbpsha_1 + w,chy_q

cl350,4 = wychocls_1 + wysbycly_1 + w,sbs_4

50350, = —w, 56y + wychy
504cl5 = —uyclysha_1 — uysbpsha_1 + u cly_y
504505 = —v,c00505_1 — v, $00502_1 + V.24

Which yields:

04 = Fcos™H(w,clyshy_q + wys8psha_1 — w,clz_1)

(A.61)

(A.62)

(A.63)

(A.64)

(A.65)

(A.66)

We note that equation A.66 has a positive and a negative solution. The positive
solution shall be denoted as the "Flip” configuration, while the negative solution
shall be denoted as the "No Flip” configuration. This is illustrated in Figure A.2c.
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Unless 64 is 0 or m which is a singularity position, the last 2 angles can be
computed as follows:

wz090002—1 + wy890092_1 + szeg_l

- A.
093 5(94 ( 67)
50y = —w, 80y + wychy (A.68)
894

05 = Atan2(sb3, c6s) (A.69)

0 — —Uypclysly_1 — uysbysha_1 + u.cly_y (A.70)
894

595 _ —Um090592_1 — Uy500892_1 + UZCQQ_I <A71)
504

05 = Atan2(s6s, cbs) (A.72)

We conclude that there is a total of 8 possible solutions corresponding to the
”Front” /”Back”, ”Upper Arm” /” Lower Arm”, and ”Flip” /”No Flip” configurations
as can be seen in Figure A.2 below.
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Front Reach \R

nnnnn

(a) Front/Back Reach

(b) Upper/Lower Arm

Figure A.2: Robot configurations

(¢) No Flip/Flip
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Appendix B

Delta3 Kinematics Derivation

1

B.1 Definitions and Kinematics Model

origin

hip

knee

angle

tool position

leg angle
motor angle

base radius

base offset

base leg length
platform leg length
platform offset
platform radius

z-direction
y-direction
z-direction

base

P
platform

Figure B.1: Delta3 kinematics model

! Authored by Dr. Fernando L. Garcia Bermudez at Yaskawa America, Inc.
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B.2 Equations of Motion

b = [lai — k|,
[r,, cos ¢ | Iy cos 6;
= [P+ |rpsing; | —h; — R (=) R; (90°) | Iy sin 0
L 9% | 0 )
[ COS ¢ T COS &; cos¢; —sing; O [1 0 Of |lpcosb;
= ||p+ |rpsing; | — |mpsing; | — [sing; cos¢; 0| {0 0 1| |lsinb;
L % —0p 0 0 11 lo =1 0 0 )
pi + (1, — 1) cos ¢; — I, cos ¢; cos b;
- p;+ (rp — 1) sin ¢; — Iy sin ¢; cos 6;
pj, + 0p + 0p + lpsinb; )

Defining r = r, — r, and 0 = 0, + 0, and writing out the £>norm we get:

li = (p;i + 7 cos ¢; — I cos ¢; cos (%)2 + (p; + rsin ¢; — I sin ¢; cos 9¢)2 + (pg + 0+ lysin 902
= p? + 21 cos ¢ip; — 21 cos ¢; cos O;p; + r2cos®@; — 2l,rcos>; cos b; + ZEQ@S%Z%Q\%vL
p]2 + 2r sin ¢;p; — 2l sin ¢; cos O;p; + rsin*@; — 2lrsin®@; cos O; + I7sin®@;cos b+
pz + 20p;, + 21, sin O;p;, + 0% + 2losin 0; + I7sin4;
O0=pl+p.+p+r>+0"+1; — 2+
2 (1 (cos ¢ip; + sin ¢ip;) + op;, — Iy ((cos @ip; + sin @;p; + 1) cos 0; — (p;, + 0) sin6;))

Further simplifying by defining ¢ = r? + 0* + [ — lg we get:
0=p; +p; +pi +q

+ 2(r(cos ¢;p; + sin ¢;p;) + op; (B.1)
— Up((cos ¢ip; + sin ¢;p; + 1) cos 0; — (p; + o) sinb;))

B.3 Position

Inverse

Defining u = cos ¢;p; +sin ¢ip;, v = p; +p3 —l—pi +q+2(ru+op;), and w = 20, (u+ 1)
for brevity:

0=uv—wcosb; + 2l (p; + 0)sinb;
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2
1+tan? 92—1

72
We then apply the tangent half-angle formula where cosf; =
2tanﬁ

<

1—tan? 2%

P 2 and sin6; =
and multiply the equation by the common denominator:

77/
0; 0; 0;

0= (1—|—tan2§z) —w (1—tan2§> —|—41b(10,;+0)tan§Z
0

(v+w)tan2§i+4lb(p,;+0)tan&+(v—w)

The above quadratic equation with a = v+ w, b = 41, (p; + 0), and ¢ = v — w yields:

0 — 9 tan-! (—bj: Vb% — 4dac

)

Starting from (B.1), we define k = p? + p? + pz + ¢ and rearrange it as:

Forward

(B.2)

0=k+2((r —lycosb;) (cos ¢;p; + sin ¢;p;) + (0 + lysin ;) pp — Iy (r cos6; — osinb;))
Writing it out for all values of ::

0=Fk+2((r—1lycosb) (cosp1p; + singip;) + (0 + lpsinby) p; — I (1 cos 1 — osinby))

(B.3)
0=k+2((r—1lycosbs) (cos pap; + sin ¢ap;) + (0 + lpsinbs) pp — 1, (r cos by — 0sin b))

(B.4)
0=k +2((r—1l,cosbs) (cos ¢sp; + sin ¢sp;) + (0 + lpsinb3) pp — 1, (r cos @3 — osin b))
Combining (B.3) and (B.4):

(B.5)
((r — Iy cosBs) cos gy — (r — Iy cos by) cos 1) p; + ((r — Iy cos O) sin gy — (r — I cos 01) sin ¢y ) p; =
lp (r (cos By — cosby) — o (sinfy —sinby)) — (9 + lpsinfy — g — I sin b)) p;,
(B.6)
Combining (B.3) and (B.5):
((r — Iy cosB3) cos g3 — (r — Iy cos by) cos ¢1) ps + ((r — I cos O5) sin g3 — (r — I cos 01) sin ¢y ) p; =
lp (r (cos O3 — cosby) — o (sinfs —sinby)) — (g + lpsinfs — g — I, sin b)) p;,

(B.7)
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We can rewrite (B.6) and (B.7) in matrix form by defining:

A (r — Iy cosBy) cos g — (1 — lycosby) cos @y (r — Iy cosbBy)singy — (r — lpcosby)singy|  [ann aie
| (r—lycosb3)cos s — (r —l,cosby) cospy  (r —lpcosbs)sings — (r — lycosby)singy |  |az  ag

Where its inverse is defined as:

Al — 1 [ 22 —a12]

a11Q92 — A12Q21 | —A21 (11

i _ cos 0y — cos b B sin 6 — sin 6, A sin 6 — sin 6, A
Pl b " lcos 05 — cos 6, ? |sin 05 — sin 6, b sin f; — sin 6, P
(B.8)

Defining m and n such that:

pi mi nq
=m—np; = — ;
AR N
and substituting these into (B.3):

0= (mg— nlp/;)z + (my — n2p,;)2 +Pz +q+
2 ((r — lycos 0y) (cos ¢y (my — napy,) + sin ¢y (ma — nopy)) +
(0 + lpsin®y) p; — 1, (rcos6y — osin b))
=m? — 2minip;, + n%pi +m2 — 2maonaop;, + n%pi +pz +q — 2l (rcosf; —osinb) +
2((r — lpcos 0y) (cos pymy — cos pr1nap;, + sin g1my — sin g1nap;,) + (0 + Iy sinby) py,)
= (1 +n? + n%) pz — 2 (myng +maong + (1 — Iy cos 01) (cos p1nq + sin ping) — 0 — Iy sin ¢y ) pi+
m? +ma+q+2((r —lycos) (cospymy + sin ¢yms) — I, (rcos ) — osin b))
With quadratic coefficients defined as such:
a=1+n?+n2
b= —2(miny +maong + (r — Iy cos0y) (cos p1ny + sin p1ng) — 0 — lpsin ¢y)

c=m3+ms+q+2((r—1Iycos6) (cosdimy + sing1msy) — I, (r cos 6 — osin b))

We can solve for p; using:

b= V0?2 — 4dac
N 2a

i where we choose the p; <0 (B.9)
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B.4 Velocity

0= p; + P 4+ p; + q+ 2 (r (cos ¢ip; + sin ¢ip;) + opy,)
— 21y, ((cos ¢;p; + sin ¢;p; + 1) cos b; — (p, + 0) sin b;)
= 2pipi + 2p3p; + 2p;py, + 2 (r (cos dips + sin ¢ip;) + opy,)
— 21, ((cos Gip; + sin ¢;p;) cos 0; — (cos ¢;p; + sin ¢;p; + 1) sin 0,0, — pisiné; — (p;, + o) cos QZQZ>
= (pi +1rcosd; — lycos @; cosb;) p; + (p; + rsing; — lysin ¢; cos b;) p; + (py + 0 + lysiné;) p;,

— Uy (— (pg, + 0) cos 8; — (cos ¢;p; + sin ¢;p; + 1) sin 6;) 6,

= pp - J90
Inverse
0=J,"J,p (B.10)
Forward
p=2J,"70 (B.11)

B.5 Acceleration

0= (pg + [y cos ¢; sin 9@) D + (pj + [y sin ¢; sin 91@) D; + (p,; + I cos 9191> Dj.

+ (pi 4 1 cos ¢; — Ly cos ¢; cos ;) Py + (p; + rsin¢; — Iy sin ¢; cos 6;) Py + (pg, + 0 + Ly sin0;) py

— 1 (—pk cos 0; + (p;, + 0) sin 0;0; — (cos ¢yps + sin ¢;p;) sin 6; — (cos ¢ip; + sin gp; + 1) cos 9@) 0;
— Uy (— (p;, + 0) cos 0; — (cos ¢;p; + sin ¢;p; + ) sin 6;) 0,

= J,p+ J,p— Js0 — J,0
Inverse

6 = J;" (b + b — Job) (B.12)

Forward

p=J" (jgé + Job — jpp) (B.13)



75

Appendix C

Delta2 Kinematics Derivation

C.1 Kinematics Model

This document goes over the forward and inverse kinematics derivation of a Delta2
robot. Figure C.1 below has assigned frames of references that match Yaskawa
conventions. Additionally, joint angle measurements match Yaskawa conventions:

/\ [/

Xrecs ip
Zrpcs

Figure C.1: Delta2 kinematic model
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C.2 Equations of Motion

We denote p as the position of the TPCS (Tool Plate Coordinate System) relative
to the MCS (Machine Coordinate System). We therefore have:

=]

Given that the TPCS remains horizontal due to mechanical constraints, and given
that link [, has fixed length, we obtain the equations:

= llas — ks,
_|[{Pe —0xtTp|  |Tet lycos(0s)
N P, — 0, lpsin(0s) )

P2 — 0z + (1, — 13) — Iy cos(Os)
a p. — 0, — lysin(fg)

2

lp = lar — kLHQ
[ Pe—0x 1| |=TH— lycos(0r)
N D, — 0, lpsin(0r)
Dy — 0y — (1, — 1) + Iy cos(6r)
P, — 0, — lysin(fdy)

2

2

Defining * = p, — 05, 2 = p, — 0,, and r = 1, — 1, and writing out the /?-norm
we obtain:

2= ((x+7r)—1lcos(0s))* + (z — lysin(ds))? (C.1)

p

2= ((x—r)+lcos(0.)) + (z — lysin(y))? (C.2)
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C.3 Position

Inverse

Expanding equations C.1 and C.2 we obtain:

2= (x4+7)*=2(x+7)lycos(fs) +17 cos(0s)* + 2% — 221, sin(fs) + [} sin(fs)* (C.3)

p:

12 = (z—r)*+2(x—r)lycos(0r) +1; cos(0r)® + 2° — 2z, sin(fr) + 1 sin(6,)* (C.4)

Simplifying and rearranging we obtain:

(r+z)?+22+05 -1

zsin(fs) + (r + x) cos(s) = 2, (C.5)
zsin(0r) + (r — x) cos(fr) = (r-2) 22 b (C.6)
Equations C.5 and C.6 are of the form:
klsQS,L + k?gcegyL = k‘g (C?)
where:
ki1 =z ko =1+ ux; k_(rﬂ:a:)2~|—22+l£—l§
1 — = 2 — ) 3 —

2l

We now scale the quantities k; and ks in equation C.7 by \/k;w such that they
1 2

represent a sin and a cos of a given angle, this yields:

sin(ﬁg)L + cos(6s) i by

K2+ k2 V1R JE+R

which is equivalent to:
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sin(0s )cos(ps,r) + cos(fs,1)sin(¢ps ) = sin(ws.r,)

where:

¢s.r = Atan2(ks, k1) = Atan2(r £ z, 2)

k
wg = sin™! [ —2——
VK2 + k3

This is equivalent to solving:

sin(fs, + ¢s.) = sin(ws.L)

which yields:

Osr = —¢sL +ws.L
or:
Os = —¢sr+7T—wsr
f k3 > 1, then the position is unreachable. If ks = 1, then there
k3 +k2 k2+k3
is one solution, which corresponds to the robot leg extended for maximum reach. If
ks . . . _
\/W‘ < 1, then there are two unique solutions. The solution 051 = —¢g 1 +ws 1

shall be denoted as the "Knee Out” configuration, while the solution 05, = ¢g+7—
wg,r, shall be denoted as the "Knee In” configuration. This is illustrated in Figure
C.2. We note that Knee In configuration for leg L. is mechanically not reachable.
Additionally, delta2 mechanisms are normally operated while both legs are in Knee
Out configuration.
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Forward

Taking the difference of equations C.5 and C.6 we obtain:

z(sin(fs) — sin(0r)) 4+ r(cos(fs) — cos(0r)) + x(cos(0s) + cos(0L)) =
which yields:
r=mz—+n
where:
_ lh(sin(0s) — sin(0r)) . ly(cos(0s) — cos(01)) .
2r — ly(cos(0s) + cos(0r))’ 2r — lp(cos(fs) + cos(6r))

Substituting (C.8) into (C.5) yields:

(r+mz4+n)?+22+1 -1

zsin(fg) + (r + mz + n) cos(fs) = 57
b

which yields:

az? +bz+c=0

such that:

a=1+m?

b= 2m(r + n) — 2l,(mcos(0s) + sin(0s))

c=(r+n)’>+1; — 12— 2(r +n)cos(fs)

which yields:

79

2rx
ly
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_ —bE Vb —dac
N 2a

We note that although we obtain two solutions for z, we will only accept the one
using the positive sign. The reason the second solution was introduced is because the
original equations of motion were squared to yield equations C.1 and C.2. Squaring
the equations was necessary for eliminating the square root, but lead to introducing
a second solution for z which is always negative. As seen from figure C.1, z is never
negative.

z

C.4 Velocity

Differentiating equations C.1 and C.2, and rearranging into matrix form, we obtain:

0 =2((z + 1) — lcos(0s)) (& + lysin(0s)0s) + 2(z — lysin(fs)) (2 — lycos(0s)bs)

0=2((z — ) + lycos(8L)) (& — Lysin(AL)0L) + 2(z — lysin(01)) (2 — lycos(AL,)6L)

which can be rearranged into:

0= J,p— Jyb (C.9)
such that:

. [#] 4 [6s
<[ o= 3]

g et lycos(s) z — lpsin(bs)
Pole —r 4+ lycos(0p) 2z — lysin(6r)

Jo = [Jor Jo2)

g [—(z + 7 — lycos(0s))lysin(0s) + (z — lbsm(eg))lbcos(é’g)}
o1 0

Jn=| 0 ]
o2 (& — 7+ lycos(01)) lpsin(0r) + (z — lysin(0r))lvcos(01)
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Forward
p=J " Jp0 (C.10)

We note that the Jacobian matrix J = J; 1Jy is by definition the matrix that
takes us from joint velocities to world velocities.

Inverse

0=J, Tp (C.11)

C.5 Acceleration

Differentiating equation C.9 once more yields:

0=J,p+ Jpp— Job — Job (C.12)

jo_ T+ lbsin(QS)Ozs Z— lbcos(eg)e:g
P T — lbsin(ﬁL)HL z— leOS(eL)GL

Jo= [ Joo]

. —(z+7r— lbcos(es))lbcos(eg)ﬁg — (T + lbsin(GS.)Q.S)lbsm(HS)_
Jo1 = —(z — lpsin(0s))lpsin(0s)0s + (2 — lycos(8s)0s)lycos(s)
0

0

_ {—(m + 1) lycos(0s)0s — @lysin(0s) — zlysin(0s)0s + Zlycos(0s)]

0 -
Jor = |(x—7+ lbcos(QL))lbcos(QL)_G‘L + (& — lbsin(ﬁL)Q‘L)lbsin(ﬁL)
—(z — lpsin(0r1))lpsin(0L)0L + (2 — lycos(01)0L)lycos(0r) |

0 -
N [(x — ) lycos(0,)0;, + ilysin(0,) — zl,sin(0L,)0, + Zlycos(0r) |
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Forward
B= T, (—Jpp+ Job + Jo) (C.13)
Inverse
0= J; N (Jp+ b — Job) (C.14)
[/ )/
Ks o
Knee Out

Figure C.2: Knee Out vs. Knee In configurations





