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Abstract

Stability of resonances under singular perturbations
by
Alexis Drouot
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Maciej R. Zworski, Chair

We investigate the stability of complex numbers called resonances in certain open chaotic
systems. In the context of waves scattered by a potential, scattering resonances are com-
plex numbers that quantize exponential decay rates of the local energy. In the context of
hyperbolic dynamical systems, Pollicott—Ruelle resonances quantize exponential decay rates
of statistical correlations. We will show that resonances occurring in these two situations are
stochastically stable. This theoretical result supports the possibility of observing resonances
in experimental physics.

This dissertation consists of two independent chapters, based on the papers [Dr16a, Dr17].

Chapter 1 focuses on scattering resonances. We give a simple model for waves propagat-
ing through a localized disordered crystal with small typical scale of heterogeneity. Roughly
speaking, our results show that resonances (hence propagating waves) are only weakly per-
turbed by the crystal. This chapter is organized as follows:

e We describe our model and state our theorems in §1.1. We relate these results to
previous study in the idealized case of deterministic highly oscillatory perturbations,
whose understanding is very important for the proofs.

e In §1.2, we give an overview of the theory of scattering resonances. We define them
using the stationary Schrodinger resolvent and we relate them to local energy decay of
waves. This makes Chapter 1 essentially self-contained.

e §1.3 studies the general perturbation theory of scattering resonances. We work with
a parameter that typically quantifies the degree of oscillations of a random potential.
When this parameter is small enough, we characterize locally scattering resonances as
the zero set of a holomorphic function.

e In §1.4, we give a version of the Hanson—Wright inequality. This is a large deviation
estimate for a quadratic form evaluated at random vectors with many entries. It is
crucial in the rest of the proof. We also derive a modified version of the central limit
theorem, based on Lindeberg’s theorem.



§1.5 is the core of the chapter. The tools of §1.4 show that the general theory developed
in §1.3 applies to random highly oscillatory potentials. In particular, we can write their
resonances as the zeroes of a random holomorphic function. We show that this random
function can (roughly speaking) be written as a rescaled Gaussian — modulo negligeable
terms. The variance of the Gaussian arises from large deviation effects, while the
average of the Gaussian comes from constructive interference among oscillatory terms
(an effect that was thoroughly studied in the context of deterministic highly oscillatory
potentials).

In §1.6, we prove the stochastic stability theorems. These are valid with high prob-
ability. We conclude by exhibiting an example (that appears with small probability)
where the conclusions of the theorems do not hold.

Chapter 2 is a study of hyperbolic dynamical systems perturbed by a white noise. These
form stochastic processes called kinetic Brownian motion. We use a recent microlocal ap-
proach to define Pollicott—Ruelle resonances via kinetic Brownian motion. This is a form of
stochastic stability. The presentation is as follows:

In §2.1, we state our stochastic stability result: the eigenvalues of the generator of the
kinetic Brownian motion approach Pollicott-Ruelle resonances in the small white noise
regime. We give an overview of recent results for random perturbations of the geodesic
equation, and we describe related facts about the hypoelliptic Laplacian of Bismut.

In §2.2, we recall a modern perspective on Pollicott—Ruelle resonances. It consists
of seeing them as spectral quantities rather than dynamical one. This requires the
semiclassical construction of anisotropic Sobolev spaces, which improve regularity in
the contracting direction of the flow and lower it in the expanding direction. We give
an axiomatic introduction to microlocal and semiclassical analysis.

§2.3 presents the kinetic Brownian motion as a perturbation of the geodesic equation.
We also describe its lift to the orthonormal frame bundle — a step required in §2.4.

In §2.4, we prove a subelliptic estimate for the generator of the kinetic Brownian
motion. An informal probabilistic statement is as follows: the white noise perturbation
is not too large compared to the kinetic Brownian motion itself.

§2.5 reformulates the subelliptic estimate in the context of anisotropic Sobolev spaces
that are needed to define Pollicott—Ruelle resonances.

In §2.6, we show that the subelliptic estimate allows to control high frequencies of the
white noise perturbation; and that the low frequencies of the white noise perturbations
can be treated as an absorbing potential. This enables us to prove the main theorem.
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Chapter 1

Resonances for random highly
oscillatory potentials

1.1 Introduction

Predicting the behavior of waves scattered by a rough media is a difficult practical prob-
lem: the propagation media is hard to know accurately, and it may contains defects and
impurities that have a large impact on the diffusion. This motivates a general study of
propagation of waves through random medias. It is a vast subject of research with many
applications. We refer to the seminal paper of Anderson [An58] for the absence of diffu-
sion of waves by certain models of condensed matter physics; Devillard—Dunlop—Souillard
[DDS88] for oceanographic predictions; and to the monographs of Andrew—Phillips [AP9S]
and Fehler-Maeda—Sato [F'S09] for applications in electromagnetism and seismography, re-
spectively. Current mathematical research includes proofs of homogenization results and
rigorous derivation of radiative transfer equations. We refer to the lecture note of Bal [Ba06]
for a comprehensive introduction to theoretical aspects of waves in random media.

In this first chapter, we propose and study a simple model for waves scattered by a highly
heterogeneous localized media in R¢, d odd. Specifically, the disordered media is assumed
to create the random potential

V() d:efqo(x) + Z uig(Nx —j), N>1, xR (1.1.1)
je[vaN}d

where qo, ¢ € C5°(R%, C) and {u;};cza are bounded i.i.d. random variables on a probability
space (©,P,.7), with mean E(u;) = 0 and variance E(u) = 1. Vi represents the potential
created by a localized crystal {j/N, j € [N, N]?} plunged in the external field qq, with
sites j/N each generating a potential u;jq(Nxz—j). The scale of heterogeneity of such crystals
is N=!. We will concentrate on discrete spectral quantities associated to the Schrodinger
operator —Aga + Vy.

Deterministic versions of the operator —Aga + Vi were studied in work of Borisov—
Gady!l’Shin [BGO06], Borisov [Bi05], Duchéne—Weinstein [DW11], Duchéne—Vukic¢evié—Wein-
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Idealized disordered potential V. Stochastic disordered potential V¥

25

2 1 0 1 2 2 1 0 1 2
Figure 1.1: On the left, deterministic version of Vy studied in [BG06, Bi05, DW11, DVW14,
Drl15, Dr16b]. On the right, stochastic potential Vyy. Here N = 20 and Wy = qo.

stein [DVW14] and ourselves [Dr15, Dr16b]. The present work extends part of these papers
to the random case (1.1.1). For a pictorial comparison of the stochastic and deterministic
version of Vi, see Figure 1.1.

Our analysis focuses on scattering resonances of Vy. Generally speaking, the set of
resonances Res(¥) of a potential ¥ € Ci°(R? C) is the set of poles of the meromorphic
continuation to C of

Ry(\) = (—Aga + 7 = X)) 0 CP(RY, C) — C*(R%,C), d odd.

When 7 is real-valued, resonances of ¥ in the upper half plane are in one-to-one correspon-
dence with eigenvalues of —Ara + ¥: X € Res(?) with Im A > 0 if and only if A? is an
eigenvalue of —Agas + ¥". Other resonances play the role of generalized eigenvalues for this
open system. Hence, resonances strikingly quantize the decay rates of waves scattered by
#: if w is a sufficiently nice solution of (97 — Aga + Vy)u = 0, then u admits the formal
expansion

u(t, z) ~ Z up(z)e™, uy: R — C. (1.1.2)

AERes(¥)

— putting aside the issue of multiplicity and convergence of the expansion. Since for every
A >0, Res(¥)N{\ : ImA > —A} is a finite set, (1.1.2) admits a rigorous formulation
in terms of exponential decay of local energy, see e.g. [DZ16d, Theorem 3.9] and Theorem
8 below for a simplified version. A comprehensive introduction to scattering resonances is
found in [DZ16d, Chapters 2 and 3].

In this work, we localize precisely the eigenvalues and scattering resonances of the random
Schrodinger operator —Aga + Vi, where Vi is the chaotic potential given in (1.1.1). Our
analysis lies within the effective media theory, which aims to replace rapidly varying terms
by low frequency one. When Vy is real-valued, our localization results transfer directly
to qualitative information on the long-time behavior of waves, see e.g. the remark below
Theorem 3.
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1.1.1 Results

We recall that ¢g, g are two smooth compactly supported functions and that

V() Eqo(z) + Y wg(Nz—j), N>1, z€R? dodd.
jE[—N,N}d

The potential Vi has support contained in a fixed compact set and is uniformly bounded
independently of N and of the value of the {u;}, see (1.4.1) and (1.4.2) below. Let ¢ be the
Fourier transform of ¢:

1O [ gt

The influence of low frequencies of ¢ is well-described by the order of vanishing m of §(¢)
at & = 0 (i.e., the largest integer such that ¢(§) = O(|¢|™) near 0). With this notation, we
define

v d:(Efmin(7/4, d/2+m).

We recall that Res(?) C C is the set of resonances of ¥ and that we denote by m, the
multiplicity of a resonance A. The set Res(¥) is discrete; and for any A > 0, there exists B
depending only on A, on the diameter of the support of ¥ and on ||, such that

Res(¥)N{A:Im A > —A, |Re(N\)| > B} =0. (1.1.3)
A proof of this fact is given in Lemma 1.2.4.

Theorem 1. For any R > 0 such that qo has no resonance on 0D(0, R), there exist C,c > 0
such that with probability 1 — Ce™N",

Res(Viy) N D(0, R) C J D (A,N‘ﬁ). (1.1.4)

A€Res(go)ND(0,R)

Conversely, if A € Res(qo) NID(0, R) has multiplicity my, then with probability 1 — Ce=N",

Vn has exactly my resonances in D </\, N_ﬁ) — counted with multiplicity.

An application of this theorem concerns local exponential decay for waves scattered by
V. Assume that qg,q are real-valued and that Res(qp) is contained in {Im A < —A} for
some A > 0 (this is satisfied for instance if gy > 0 and go # 0). Let R be independent of N
such that for any N and any event,

Res(Vy) N {Im A > —A} C D(0, R).

The bound (1.1.3) together with (1.4.1) and (1.4.2) guarantees that R exists. Theorem 1
asserts that with probability 1 — O(e™“N"), resonances of Vy are very close to resonances of
¢o in D(0, R), in particular that Res(Vy) ND(0, R) C {Im A < —A}. The characterization
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of resonances as quantized decay of waves (see Theorem &) shows that with probability
1 —O(e=*N"), any solution u : R x R? — C of

(07 — Apa + Vy)u =0, u(0,-) € C(RY, C), du(0,-) € CE(RELC), d>3  (1.1.5)

decays faster than e~4?:

VM >0, sup |u(z,t)] = o(e™).
|z|<M
A combination of the Borel-Cantelli lemma with Theorem 1 implies the following almost-
sure, non-quantitative statement:

Corollary 2. The set of accumulation points of Re(Viy) is P-a.s. equal to Res(qo).

Since the vanishing potential has only a resonance at 0 in dimension 1 and none in higher
dimension, Theorem 1 show that most resonances of Vi with ¢y = 0 must exit every compact
set as N — oo. Our next result gives a lower bound on the rate of escape:

Theorem 3. Assume that go = 0 and that Vi is given by (1.1.1). There exist C,c, A > 0
such that with probability 1 —Ce™N", Vv have no resonance above the line Im A = —Aln(N)
— apart from a single resonance in D(0, N~/2) when d = 1.

By the same argument as in the remark below Theorem 1, if d > 3, ¢ = 0 and ¢ is
real-valued then solutions of (1.1.5) must locally decay like N=4!, with probability at least
1—O(eN").

We now investigate the speed of convergence of resonances of Vi to resonances of qp.
The next statement requires some preparation. We assume below that )\q is a resonance of
¢o with a rank-one residue and no other Lorenz coefficients:

1
Rank — ¢ (—Aga +qo — X)) tdr =1,
271 Jy,
1
VE>1, 5= ¢ (A=) (=Aps +qo — N*)HdA =0

21 Sy,

(1.1.6)

Such resonances are called simple, and are rather generic: any non-zero resonance of ¢ that
have geometric multiplicity equal to 1 in the sense of [DZ16d, (3.2.4)] is simple. In dimension
1 and for real-valued potentials with 0 € Res(7), A9 = 0 is also simple. When )\ is simple,
the residue of (—Aga + 7% — A2)~1 at \g has a lot of structure: we can find f, g € C*°(R%, C)
such that
(~Dpi+¥ = M)f =0, (~Dga+ ¥ —A)'g=0,

f®yg
A—Xo

We refer to Lemmas 1.2.2 and 1.2.3 for proofs of these facts.

(—Aga + ¥ —X2)~1 —j

is holomorphic near \,.
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If ¥ is a symmetric non-negative matrix, we denote by .47(0, X) the multivalued Gaussian
distribution centered at 0 with covariance matrix . If ¢ € C°°(R?, C) has real-part ¢; and
imaginary part o9, we define X[p] as the 2 x 2 symmetric, nonnegative matrix

E[gp](i—ef/[_1711d< P1(@)” 9”1(‘”)9”2(“3)) da. (1.1.7)

o1(z)pa(z) <P2($)2

If ¥[¢] is non-degenerate, we say that a complex-valued sequence of random variables Z;
converges in distribution to .47(0, X[y]) if the multivariate random variable (Re(Z;), Im(Z;))
converges in distribution to the multivariate normal distribution centered at 0 with covariance
matrix X[p]. If X[p] is degenerate then

/Rd p1(x) da /Rd po(x)dx — </Rd sol(x)wz(x)dx)Q —0

Hence (if, say, ¢o # 0), there exists @ € R such that ¢; = agy. In this situation, we
say that Z; converges in distribution to .A47(0,X[p]) if the multivariate random variable

(Re((1+ia)*Z;), Im((14+ia) 1 Z;)) converges in distribution to .4 (0, f[—l,l]d 901($)2d95> ®0p.
The definition for ¢, # 0 is analogous.
We will distinguish the three following cases:

e Case I: d =1 or 3 and [g, q(z)dz # 0;
e Case II: d =1 and [, q(z)dx =0, [, xq(x)dz # 0 and (f - g)’ # 0 on [—1,1];
e Case III: all other cases.

Theorem 4. Under the above notations, there exist C,c > 0 such that the following is
satisfied. For every N, there exists Ay a complex-valued random variable, such that

P(Ay € Res(Vy)) > 1 — Ce—N'*

and
e In Case I,
NY2(Ay — Xo)  d
. — (0,3 .
T oA (0, 2lfg)
e In Case II,

N*2(y = Xo) a, A(0,3[(f9)).

i fp xq(x)de
e In Case III,
2 . P-a.s. { (j(é)(j(—g) .
V=20 "5 o | RS [ @
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When ¢y and ¢ are real-valued, the case of resonances lying on the imaginary axis is of
special interest. It allows to study eigenvalues of —Aga + go: Ao € i(0,00) N Res(qp) if and
only if Ay is an eigenvalue of —Aga + qo, see for instance §1.2. It also allows to observe
the emergence of eigenvalues from the edge of the continuous spectrum in the context of
random perturbations. This phenomena was captured first for small perturbations in a
pioneering work of Simon [Si76]. It was observed for highly oscillatory perturbations in
[BGO6, Bi05, DW11, DVW14, Dr15, Drl6b]. When ¢q is real-valued and Ay € iR, we can
pick f =g in (1.1.6) and we obtain a refinement of Theorem 4:

Corollary 5. Under the above notation, assume that q, qo are real-valued and that \y €
iR N Res(qo). Then there exist C, ¢ > 0 such that the following is satisfied. For every N,
there exists Ay a random variable with values in 1R such that

P(Ay € Res(Vy)) > 1 — Ce~N*

and
e In Case I,
N.d/Q()\N - )\O) d JV(O,UQ), 0_2 d_ef/ ‘f(l’)‘4dl'
i fpa q(x)dx (~1,1)¢
e In Case II,
N3/2()\N—)\0) d def /
: N0, 0?), 02:8/ H'(x)) dx
T (0,0%) - (1P @)
o In Case III,
- NINE
N2y — Ag) 228 / GE)F 4 2)[2da.
=200 7 gt Jow te e

If in addz’tli/(zln A2 is an eigenvalue of —Aga + qo, then i is an eigenvalue with probability
1—Ce N,

Let us consider the example d = 1, go = 0 and ¢ real-valued. The potential gy has a single
resonance \g = 0, with constant resonant states f =g = 1/v/2, see (1.2.2) below. Theorem
4 shows that Vi is likely to have a resonance Ay near 0, which in addition belongs to iR. If
Jg a(x)dz # 0, we fall in Case I: Ay is roughly at distance of order N~*/2 from 0; precisely,

1/2
_QN—)\N LN A(0,1).
i Jpa(z)de

We observe that Im Ay > 0 with probability asymptotically equal to 1/2: with probability
roughly 1/2, A% is an eigenvalue that emerges from the edge of the continuous spectrum of
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—Ag. If in contrast [ q(z)dz = 0, we fall in Case III and Ay is at distance of order N2
from 0. Precisely, if @) is the compactly supported antiderivative of ¢, then

N2y 2% 3/@(:(;)2dx.
2 Jr

In particular, Vy is likely to have a unique eigenvalue A3 ~ — 7 [ @(#)2dx, which emerges
from the edge of the continuous spectrum of —Ag. This is clearly connected with the
aforementioned results in the context of highly oscillatory potentials.

1.1.2 Interpretation and comments

Theorem 1 involve the exponent v, which depends on d and m. This dependence comes from
large deviations: when {u;};cz¢ takes unlikely values, the potential Vi differs significantly
from a purely oscillatory one. This slows down the speed of convergence of resonances of Vi
to resonances of ¢y. Such large deviations happen less often in higher dimensional crystals,
because the number N? of sites grows with the dimension. Their effect is reduced when
m is large (that is, ¢ contains few low frequencies), because in such cases ¢ is inherently
oscillatory, independently of the values of the random sequence {u;};cza. This explains the
dependence of v on d and m. In §1.7, we show on an example that Theorem 3 does not hold
if one does not remove an event of exponentially small probability.

In the idealized (deterministic) case, the works of Borisov and Gadyl’shin [BG06, Bo07],
Duchéne-Weinstein—Vukicevié¢ [DVW14] and Drouot [Dr15, Dr16b] show that the difference
between resonances of deterministic highly oscillatory potentials and their weak limit is of
order N=2. This is due to constructive interference between oscillatory terms. This effect is
still present here. However it is not always the leading effect: it can be overcome by large
deviations, see the three cases in Theorem 4. These are of generally of order N=42-™ —m is
the order of vanishing of §(§) at & = 0. This explains why the transition between stochastic
and deterministic corrections generically happens when d/2 + m becomes greater than 2.
This also explains why the speed of convergence of resonances of V cannot be faster than
N2, even when d is very large.

Because of Theorem 4, if d + m/2 > 2, leading terms in approximations of simple res-
onances result from deterministic corrections. In this situation, the analogy with [DVW14,
Drl15] is at its strongest and we can derive an effective potential:

V(@) < o) + — - / “?5,2‘@

N2 (27)d
Indeed, Vg is a small perturbation of ¢y; and for the purpose of approximating resonances
with simple of Vi, V& is better that qgo: near any resonance \g of g, VI has a simple
resonance AT, that satisfies

d£ . 1[_171]d($).

)\N - )\?\f}f P-a.s.
— — 0
)\N - )\0
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— see for instance [Drl5, Lemma 3.3]. An effective potential in the above sense does not
exist if d/2 + m < 2. Indeed, Theorem 4 implies that such a potential would be given by a

distribution )

W/qu(x)dx- Z u;05/N,

jE[—N,N]d

which does not belong to L.

Theorems 1-4 show that resonances of Vi in compact sets are very close to resonances of ¢
for N large (with probability exponentially close to 1). The potential V: = Viy—qq is nowhere
small, but is weakly small — with high probability. In the proofs, it is treated as a singular
perturbation of qg, in an abstract framework due to Golowich—Weinstein [GW05]. A different
singular perturbation of gy was studied by Zworski [Zw15], who obtained resonances as
viscosity limits. The results presented here show a form of of stochastic stability of scattering
resonances; this reinforces the possibility of observing them in physical situations. Some
other stochastic stability results regarding stochastic stability of resonances were obtained
in the context of hyperbolic dynamical systems, see for instance Dyatlov—Zworski [DZ15]
and Chapter 2.

1.1.3 Further relation to existing work

To the best of our knowledge, this is the first treatment of eigenvalues and resonances for
random highly oscillatory Schrédinger operators. The closest work is possibly Klopp [K116],
where a semiclassical Weyl law for large one-dimensional discrete ergodic systems is derived.
The potentials considered there can be seen as a high amplitude version of the potentials
considered here; specifically, after rescaling, Klopp’s potential takes the form

N? Z ujq(Nx — j), x € Z, E(u;) =0, E(u?) =1, q€ Co(Z,R).

J
je[_N’N]

For one-dimensional deterministic highly oscillatory potentials (HOPs), Borisov—Gady!’-
shin [BGO6] and Borisov [Bi05] gave necessary and sufficient conditions for the existence of
a bound state. Duchéne-Vuki¢evik—Weinstein [DVW14] derived an explicit formula for a
small effective potential, created by the constructive interference of oscillatory terms. We
developed new techniques in [Drl5, Drl6b] to extend the aforementioned work in higher
dimensions. We obtained a full expansion for eigenvalues and resonances of HOPs, and a
refined formula for the effective potential. The techniques developed in [Dr15, Dr16b] happen
to be robust enough to handle here the case of random HOPs.

On a somewhat unrelated note, Duchéne-Raymond [DR16] obtained homogenization
results for large HOPs in dimension 1. Dimassi [Dil16] and Dimassi-Duong [DD17] used the
effective Hamiltonian method of Gérard-Martinez—Sjostrand [GMS91] to count resonances
and eigenvalues of semiclassical rescaled HOPs in any dimension d. They obtained a nice
Weyl law in the semiclassical limit, related to papers of Klopp [KI12, KI16] and Phong
[Ph15a, Ph15b].
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1.1.4 Structure of the proof

The proof is presented as follows. In §1.2, we review some well-known facts about scattering
resonances and spectral theory. This makes the proof of the theorems stated in §1.1.1
essentially self-contained. Specifically, we first show that the Schrodinger resolvent (—Aga +
Y —A2)71 C5°(RY) — C°°(R?Y) meromorphically continues to the whole complex plane, with
poles defining scattering resonances. This approach comes with useful estimates on the norm
of Ry (A) on standard Sobolev spaces. In the context of real-valued potentials, we investigate
the relation between resonances and rates of decay of scattered waves. The expansion of
waves in terms of resonances is proved; this result is the most spectacular manifestation of
resonances in nature. Finally, we give an overview of trace-class operators and Fredholm
determinants. These tools were originally introduced in the context of scattering theory to
count resonances of potentials in large bounded sets. The reader familiar with the theory of
scattering resonances is invited to skip §1.2.

The present work uses Fredholm determinants to study (for the first time) a form of
stochastic stability of scattering resonances. The proofs of Theorems 1 and 3 start with a
deterministic part, §1.3. We consider a scale of Banach spaces of functions 7% s > 0,
where highly oscillatory elements have small norms. These spaces were first introduced in
work of Golowich-Weinstein [GWO05]. They allow us to show that the random potential Viy
can be considered as a highly oscillatory perturbation of gy, with high probability. We are
then able to modify the arguments of [Dr15] (which studied the stability of resonances under
deterministic highly oscillatory perturbations) to prove Theorems 1 and 3.

Theorem 4 is more difficult. It relies on serious modifications of our previous work in the
(idealized) case of deterministic highly oscillatory perturbations [Dr15]. We first show that
resonances of Vy near a resonance Ay of ¢q satisfy a local characteristic equation of the form

/\:>\0+a1(V#,)\)+a2(V#,/\)—l—..., V#d:erN—qO,

In the above, the terms ay(Vx, \) are k-multilinear in V. The terms ax(Vy, A) are shown
to be negligible when & > 3. Theorem 4 requires a precise evaluation of a;(Vy, ) and
as(Vy, A), which is performed in §1.4. The central limit theorem will show that a;(V, \)
is a stochastic term induced by large deviations, generally of order N~%2~™ — m being the
order of vanishing of ¢(§) at £ = 0. Thus, it is a term produced by the low frequencies of V.
In the limit N — oo, the bilinear term ay(Vx, V) happens to be of deterministic nature:
it is created by constructive interference between high frequencies of Vy. Using techniques
of [Dr16b], we prove that ag(Vi, V) is of order N72. To conclude the proof, we compare
CL1<V#) to GQ(V#, V#)I

d=1, m<lord=3, m=0 = ay(Vy, Vx)=o0(a;(Vx)) with high probability;
every other case = a1(Vy) = o(az(Vy, Vx)) with high probability.

This explains the transition observed in Theorem 4. In Cases I and II, the stochastic effects
(due to large deviations, and carried by a;(Vy)) dominate. In Case III, the deterministic
effects (due to constructive interference and carried by as(V, Vi)) dominate.
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1.2 Mathematical theory of scattering resonances

In this section, we recall basic results — with their proofs — about scattering resonances of
bounded, compactly supported potentials. These facts, which will be needed below, include:

e Definition of resonances as poles of the meromorphic continuation of the resolvent
(—Ape + 7 = A)7h

e Existence of arbitrarily large spectral gaps;
e Structure of the residue of (—Ags + ¥ — A)~! at simple resonances (see (1.1.6));

e Expansion of scattered waves in terms of resonances.

Unless precised otherwise, ¥ € C°(R%, C), d odd, and we write A for Aga. The standard
L2-norm on R is denoted | - |.

1.2.1 Meromorphic continuation of (—A + ¥ — \?)~!
Let ¥ € C°(RY,C), d odd, XA € C and consider the equation

(-A+7V —w=u, vel’ (1.2.1)

This equation is associated with the continuous quadratic form Q(v) = |Vv|* + (¥ v,v) —
A?|v|? on the Sobolev space H!. In particular,

Re(Q(u)) = |[Vv|* + (Re(¥)v,v) — Re(AH)|v]? > |Vu* + (Im(N\)? — Re(A\)? — |7 |o0) 0]

It follows that @ is coercive for A in the cone Im A\ > ]”VL%Q + | Re(A)]. In this situation, the

equation (1.2.1) admits a unique solution v € H' — in the sense of distribution. Since this
solution satisfies —Av = f — ¥v + \2v € L2, elliptic regularity for A shows that v lies in
H?. This defines a resolvent operator

Ry(\) :u€ L? v e H?

for complex numbers A in the above cone. The family of operators Ry () is holomorphic in A
(in the sense that the pairing (R (\)u, v) depends holomorphically on ). The most standard
definition of scattering resonances of ¥ passes trough the meromorphic continuation of the
function A — Ry (A) to the whole complex plane C. We start with the case ¥ = 0:

Theorem 6. The family of operators Ry(\) : L* — H? — well defined for Im A\ > 0 — extends
uniquely to a meromorphic family of operators

Ro(\) : C°(RY,C) — Z'(R4,C), ANeC.

In addition, Ro(\) has a unique (simple) pole at X = 0 when d =1 and Ry()\) has no poles
ford > 3.
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Proof. For d =1, an explicit computation shows that

eyl _ g —
T Sz —vy).

Hence the kernel of Ry()) is the function

(=07 =A%)

L pidla—yl
(x,y) — T : (1.2.2)
It is meromorphic with a (unique) simple pole at A = 0, which shows the statement when
d = 1. Note that the residue of the kernel at 0 is given by if(x)g(y) where f =g = 1/v/2;
in particular 0 is a simple resonance of # = 0 in dimension 1, with residue if ® g. We now
work with d > 3. The kernel of Ry()\) can be written as an oscillatory integral: Ry(\) is
the Fourier multiplier with symbol & — (|£]? — A\?)~! — which belongs to L> when Im A > 0.

Therefore,
eifr

def 1
RO(A,x,y) = K()\,:C _y)a K()\,SC) = (27T)d /]Rd |£|2 _ >\2d§'

We think of the integral defining K (), z) as an oscillatory integral — see for instance Grigis—
Sjostrand [GS94, §1]. We introduce polar coordinates & = rf, so that

1 0 eir@m 1 ) T,dfldr
K(\z)% d ed—ld:—// 0 4 (6 d
Az) (27T)d/0 /gd_l r2 — \? o6y dr 2(2m)¢ Jg Sd—le o >7“2 e
(1.2.3)
(the order of integration is arbitrary because of oscillatory integral formalism). We now give

a formula for the integral over SY~1: using rotation invariance, we can assume that z = |x|e;.

We write 6 = (61, /1 — 607 - 0') so that
d—2 2\ 1/2 d—3
do(0) = \/1—02 . <d9§ dy/1— @2 ) do'(0) = \J1— 62 dodo(0),

1 d—3
ir&xd 0 :/ / ir|z|61 1 — g2 do’ (0 do
| emaoor= [ [ e ime i o,

d—2 NEL ik0y d—2 o iz [€F —e P
= ST (1+0)F [ Ml =877 (14 )F (——— ), k=rlal.

-1

A direct computation shows that

ik _ ik ‘ ' ' - 2ik
007 (S ) = P+ R, PR = e 00 (L)
] k™2
The constant ¢; € C above is a dimensional constant, which is allowed to change in the
lines below. We observe that the function F' is rational, with a simple pole at k = 0, of
multiplicity exactly d — 2. It follows that we can split (1.2.3) in two integrals:
1

rd=1dr ri=1dr

/\er—l—cd/Re_"lg”'F(—ﬂxDrZ — )\er.

K(\z) = ¢ / 1ol P (r|2])

R r2 —
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We see these as contour integrals. The first contour is deformed the first one toImr = N > 1
and the second one to Imr = —N <« —1. This creates two residues at r = +\, and the
resulting integral is shown to decay like e~V1*l because of the term e~"1*l. We consequently
obtain

rd-1 rd=ldy

. dr ;
K()\ _ zr|x\F dr — % —zr\x|F — d
A\ @) = ca 7{@ (rlal) s —ygdr—cap e Crlem = (1.2.4)

= cge TR\ z)A42.

This is an entire function of A. Tt follows that Ry()\) continues meromorphically from Cg°(R¢)

to 2'(RY). O

In the next lemma, we show that Ry()) is in fact bounded from L2 to HZ

comp locy and we
give precise estimates on the operator norm.

Lemma 1.2.1. For any p € C3°(R?, C) with support in the open ball B(0, R), there exists a
constant C' > 0 such that

C()\>je2R(Im>\),
Ml < , 1.2.
[pRo(N)plr2osms < N @D (1.2.5)
O\ 2R(Im ) -
PR pls gz < SN (1.26)

A+ (d—-1)

Proof. We begin with two observations. First, that it is enough to prove (1.2.5) for j = 0
and 2: an interpolation argument would imply it for all j in [0,2]. Second, (1.2.5) implies
(1.2.6). Indeed, the adjoint of pRy(\)p is pRo(—\)p — this can be checked for Im A > 0 and
meromorphic continuation to C. Since the RHS of (1.2.5) is invariant under A + —X, (1.2.6)
is simply dual to (1.2.5).
We start the technical details with d = 1. The kernel of pRy(\)p is explicitly given by
(2,9) = g5 p(@)e™p(y).
Y 2)\0 PLY

Therefore, if supp(p) C [—R, R] then

sup /
ze€R JR

Schur’s lemma implies that (1.2.5) holds for j = 0. The bound for j = 2 follows from a very
similar argument, observing that the kernel of ApRy(\)p is given by

2
(x)ei)\\x—mp(y) < 2R’p’oo€2R(Im)\)_.

1
0’ = o)

(z,y) — % (¢ (z) + 2irp' (z)sgn(z — y) — Np(2)sgn(z — y)) e ¥ p(y) +6(z —y)p(z)p(y).
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The first term in the kernel is treated by Schur’s lemma; the second term is the kernel of
the operator p?Id, which is uniformly bounded independently of A\. Hence (1.2.5) holds for
J = 2. An interpolation argument yields (1.2.5) for any j € [0, 2].

To treat the case d > 3, we first show an identity relating the free resolvent to the wave
propagator. We start with the following identity: for Im A > 0,

1 g .
’£|2—_/\2:/0 %6”)\(#. (127)

Using that both sides are holomorphic functions of A and |¢|, it suffices to prove (1.2.7) for
A € 4(0,00) and £ # 0 — the unique continuation principle will show that the identity holds
for all A with positive imaginary part and ¢ € R?. With X\ = is, s > 0 and & # 0, we have:

> sin(t|¢]) “’\d:il oot(i\gps)d: 1 ( -1 1 ): 1
/o g g ‘“/ T g i =) T s) e

This shows (1.2.7) (after holomorphic continuation). Using the spectral theorem, we now

define the operator
in(tv/—A
Uiy = VD) e e
VA
This propagator has L?>-norm bounded by ¢, and the identity (1.2.7) shows that the operators
Ro(A) and U(t) are related through

Ro(\) = / U(t)e™dt, TmA >0
0

(the integral converges for the topology of bounded operators on L? because of Im A > 0
and |U(t)|z2_,z2 < t). Below we will write | - |4 for the norm of an operator from L? to
itself. The propagator U(t) is related to the wave equation as follows: if u; € C5°(R?) then
u(t) = U(t)u; solves

(0} — A)yu=0 u(0) =0, Ou(0)=u.

The strong Huygens principle shows that pU(t)p = 0 for all p with support in B(0, R) and
t > 2R. Hence,

2R
pRo()\)p:/ eMpU (t)pdt, Tm A > 0.
0
Since the integral on the RHS is realized over a bounded set, both sides are meromorphic

functions of .
We are now ready to prove the bound (1.2.5). Integrating by parts,

2R ) 1 2R ]
pRo(N\)p = / e™MpU (1) pdt = —a/ e pd,U (t) pdt.
0 0
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Since 0,U(t) = cos(tv/—A) is bounded on L? by 1, we deduce that

2R
lpRo(N)plz < Wemm”*.

This shows the bound (1.2.5) away from A = 0. For d > 3 and j = 0, using that Ry(\) is an
entire family of operators, the maximum principle implies that

[pRo(0)p| 5 = (Ro(0)u, v) §| Sup_ sup (pRo(A)pu, v) < sup [pRo(AM)p| < C.
ul=|v|=1 ul=|v|=1 |A|=1 Al=1

This concludes the proof of the lemma when 5 = 0.
The statement for 5 = 1 comes from bounds on the L? — H'! norm of U(t). We have

U@z <|U@)]z + [V-AU(H)]2 = [t + 1,

which leads to .
[pRo(A)plz S/ ImN-t([¢] + 1)dt < Ce2RImN-
0

For 7 = 2 we note that

|pRo(M)plr2—mz < [pRo(N)plz + [ApRo(A)pl 1212
< |pRo(M)plz + [pPAR(N)plz + |[A, p]U (1)l 5-

The first and the third term are bounded because of the case j = 0, 1. To control the second
term, we observe that ARy(A\) = —Id — A?Ry(\) (this can be checked for Im A > 0 then
entire continuation to C). This proves the bound when j = 2. [

We now show that the resolvent of Schrédinger operators with smooth compactly sup-
ported potentials always extend meromorphically to C. We write Lcom for the space of L?

functions with compact support, and HZ_ for the space of locally H? functions.

Theorem 7. The family of operators Ry () : L? — H? — well defined for Tm X sufficiently
large — extends uniquely to a meromorphic family of operators

Ry(N): L2, = H2,. AeC.

comp

Proof. The proof of the theorem when ¥ #Z 0 uses the Lippman-Schwinger principle. It
takes the form of a simple formula:

ImA>1 = Ry(\) = Ro(\)(Id+ ¥ Re(\)p)*(Id — ¥ Ro(\)(1 — p)), (1.2.8)

where p € C°(RR) is equal to 1 on supp(p). To check (1.2.8), we first observe that
|7 Ro(N)p| < 1 if Im A is sufficiently large — this follows from Lemma 1.2.1. Thus, Id +
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¥ Ro(N)p is invertible by a Neumann series. Therefore,

(Id + ¥ Ry(\)p) " (Id — ¥ Ry (X = (=7 Ro(\)p)*(1d = ¥ Ry(A\)(1 - p))
k=0
=Y (=P Re(N)p)* = (=7 Ro(Np)*¥ Ro(N) + > (=7 Ro(\)p)" ¥ Ro(A)p
k=0 k=0 k=0
=1d =Y (=7 Ro(Np)* ¥ Ro(A) =D (=¥ Ro(N)* = (Id + ¥ Ry()))
k=0 k=0

Hence, (1.2.8) is valid if Ry (\) = Ro(\)(Id 4+ pRo(N))™!, which is immediate.

We now meromorphically continue the operator (Id + ¥ Ry(\)p) . Because of analytic
Fredholm theorem, we shall verify that Id + ¥ Ry(\)p is a Fredholm operator of index 0 on
L?, or equivalently that the operator ¥ Ro(\)p is compact on L? — see e.g. [DZ16d, Appendix
C] for general theory of analytic families Fredholm operators. This follows from the mapping
property of Ro()\) : L2 . — HZ., which proves that ¥ RO( )p maps L? to H>.

To conclude, we must show that (Id+% Ry(X)p)~" is well-defined as an operator L2, —
L2, — so that we can multiply it on the left by Ro(\). For any u € L2 u(A) =

(Id + ¥ Ro(\)p)'u is a meromorphic vector-valued function of A, and

comp’

ImA>1 = uf Z —¥ Ro(N)p)Fu.
k=0

This formula shows that supp(u()\)) C supp(p) Usupp(u) for Im A > 1. The unique contin-
uation principle shows that this holds for all A (that are not poles of u(A)). This establish
that

(Id+ ¥ Ro(N)p) "+ LZmp = Liomyp- (1.2.9)
Since Ro(M) : Ly, — Hi and Id — ¥ Ro(AN)(1 — p) : L2, = L2, we deduce that for

any A\ € C,

Ro(N)(1d + ¥ Ro(A)p) ™ (Id = ¥ Ro(A)(1 = p)) : L2y — H2.

comp

This mapping property, together with (1.2.8), provides the meromorphic continuation of
Ry(X\) from L2 to HZ O

comp loc*

The poles of Ry (\) are the scattering resonances of ¥". Because of (1.2.8), resonances
of ¥ are either poles of Ro()\) or of (Id + ¥ Ro(\)p)~* — and we recall that Ry()) is holo-
morphic for d > 3 and has a single pole at A = 0 when d = 1. This gives a more practical
characterization of resonances. In particular, we can prove (1.1.3): for any A > 0 and ¥
with supp(?) C B(0, R), there exists B depending only on A, R and |¥ | such that

HRes(¥) N {\:ImA > —A, [Re(\)| > B} = 0. (1.2.10)
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Indeed, apart from the special case of 0 in dimension 1, resonances of ¥ all occur as poles
of (Id + ¥ Ry(A\)p)~!. According to Lemma 1.2.1, the operator ¥ Ry(\)p satisfies the bound

2RA
1% Ro(\)plz < CR\”i/]OO%, ImA > —A, |Re(\)|> B.

where supp(¥’) C B(0, R) and C depends only on R. If B is large enough depending only
on |¥|w, A and R then the RHS is bounded by 1/2, hence Id + ¥ Ro(\)p is invertible by a
Neumann series and A is not a resonance. This shows that the above claim holds.

When ¥ is real valued, the operator —Aga + ¥ is selfadfjoint on L? and semibounded
from below:

((=Aga + P Ju,u) > =V |solul”.

By standard Kato perturbation theory, the spectrum of —Aga + ¥ is equal to [0, 00) modulo
a discrete set of (negative) eigenvalues. Hence, the operator Ry (\) can be meromorphically
continued to Im A > 0 by the spectral theorem. The unique continuation principle implies
that the poles A\? of Ry (\) with positive imaginary part are all the eigenvalues. This shows
the one-to-one correspondence between resonances of 7" in the upper half-plane and negative
eigenvalues of —Apgs + 7.

One of the main results of this work is Theorem 4, which works in the context of simple
resonances (i.e. resonances with simple residues and no other Lorenz coefficients), see (1.1.6).
The next lemma gives a precise description of the residue at simple resonances.

Lemma 1.2.2. Assume that g is a simple resonance of V. Then there exist two smooth
functions f and g such that

(A+7 = A)f =0, (~A+¥ —X\)'g=0,
and a holomorphic family of operators A — LAO()\) such that

zf@g
A— o

If in addition Ny € iR and ¥ is real-valued, then we can take g = f in (1.2.11).
Proof. We recall that Ry ()\) maps Cg°(R?) to C*(R%). Hence, so does

Ry(\)7! = + LY (N). (1.2.11)

of 1
M, & Ry (A)dA. (1.2.12)
27T2 Ao

Since Il has rank one, there exists a distribution g and a smooth function f such that
Iy = if(g,-). The relation (—A + ¥ — A3)Ily = 0 — coming from the identity (—A + ¥ —
M)Ry(A) = 1d — forces (=A + % — A5)f = 0. The same argument applied to Ry (\)*
(which is a Schrodinger resolvent because it is equal to Ry (—A\)) shows that g is smooth and
(—=A+ ¥ — X\2)*g = 0. Therefore,

y=if®g, f, g€ C®RY), (—A+¥ -MN)f=(-A+7—-X)g=0. (1.2.13)
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If in addition ¥ is real-valued and Ay belongs to iR, then Il = IIj. Hence, we can take
g = fin (1.2.13). This ends the proof. O

The next lemma gives fundamental examples of simple resonances. Although it is not
needed in the proofs of the new theorems of this thesis, they show that simple resonances
are generic — see [KZ95].

Lemma 1.2.3. Let A\ € Res(¥). If either (i) or (ii) is satisfied:

(1) 0% Ao and Ny has geometric multiplicity equal to one:

1
Rank — ¢ Ry (A)2XdA = 1;

e Mo

(1) d =1,V is real-valued and Ay = 0;
then Ao is a simple resonance of V' .

Proof. Assume that (7) is satisfied. Since Ry () forms a meromorphic family of Fredholm op-
erators, there exist finite rank operators Ay, ..., Ax such that modulo holomorphic operators
near \g:
K
Ay
Ry(N\) = —_—_
r(A) Z(}@_)@k
k=1
The definition of Il in (1.2.12) forces A; = 2X¢llp; by assumption, Rank(A;) = 1; and since
Ao # 0, Iy has rank one. In addition, (—A + ¥ — A)Ry()\) = Id. Hence, again modulo
holomorphic operators near Ag,

0= (—A+% = X)Ry(\)

K A K
:(_A+7/_)‘2)kz_:(>\2 A2)k - )‘2 Z (A2 — )\2
z"': —A + V= N)A A,ﬁ1 ZK: "/ A2)Ap — Apir
- A" SN S — )" |

This proves (—A + ¥ — \2)Ay = Ay Similarly Ax(—=A + ¥ — \2) = Aj41 and therefore
(—A+ ¥ — A2) : Range(A;) — Range(A4,) is nilpotent. Since Rank(A;) =1, (-A + ¥ —
A2)A; = 0. In particular, Ay = ... = Ax = 0, which shows that \g is a simple resonance.

Assume that (i7) is satisfied. The operator —A + ¥ is selfadjoint, with absolutely con-
tinuous spectrum equal to [0, 00). Therefore, if s is sufficiently small then

0<s<sy = |Ry(is)ls =— (1.2.14)

52’
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This bound shows that there exist finite rank operators A;, A, such that modulo holomorphic
operator near 0,

A

We must show that A; = 0; and that A; has rank one. Because of the identity (—A 4+ 7% —
MRy (M) = Id, we see that (—A + ¥)A; =0, j = 1,2: the range of A; is contained in the
kernel of —A+ 7. Since d = 1 and ¥ is compactly supported, this implies that any element
in the range of A; is affine outside a compact set. In addition, for any ¢ with compact
support, (1.2.14) shows that

Ry(A) =

|pAx| = lim |s°pRy (is)y| < |¢].
s—0+

In particular, A, is bounded on L2. Since d = 1 and ¥ is compactly supported, the condition
(—A+7)Ay = 0 implies that any element in the range of A, is affine outside a compact set;
and in L2 Thus it vanishes outside a compact set. Since the equation (—A + ¥)u = 0 is
an ODE, any solution vanishing on an open set vanishes everywhere. Hence Range(As) = 0,
implying Ay = 0.

We now show that A; has rank one. Observe that the kernel of the operator (9, +
iA)Ro(\)p is given by

g (san(e — ) £ 1) NV (y).

In particular, it vanishes if Fx is larger than a fixed constant depending only on the support
of x. Let u € C°(RY) and define u, = sRy(is)u. Note that u, — Aju in H2.. Because
of (1.2.8), us € Range(Ry(is)); hence (0, F s)us(z) = 0 for Fx sufficiently large. Hence,
0. Aju =0 (in H} ) for Fz sufficiently large. This shows that every element in the range of
A; is constant at infinity. Since it is also contained in the kernel of (—A + #") (which forms
the set of solutions to an ODE), the range of A; has dimension at most 1, which ends the
proof. O]

Examples of non-simple resonances include non-zero resonances with geometric multi-
plicity at least 2 (see [DZ16d, Theorem 2.4 and 3.7]); and the zero resonance when d > 2
and ¥ is real valued, see for instance [DZ16d, Theorem 3.20].

Simple resonances are structurally stable —i.e. if z — ¥ (z) € C5°(R?, C) is analytic, then
simple resonances of ¥(z) depend analytically on z. In general, (non-simple) resonances
are not structurally stable; but one can show that if z — 7#/(2) is continuous, then they
move along continuous path in z. Corollary 2 reinforces this fact: it applies to a singular
perturbation of ¢g and to all resonances of go. However, the refinement provided by Theorem
4 requires the simplicity assumption.

1.2.2 Resonance expansion for scattered waves

The most spectacular manifestation of resonances in nature arises in connection with waves
scattered by real-valued potentials. This interpretation comes back to the work of Lax—
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Phillips [LP67]. In the context of waves in bounded domains, waves can be expanded in
terms of eigenvalues. This shows that scattering resonances are the complex analog of
eigenvalues in unbounded domains.

For the sake of simplicity, we state (and prove) the resonance expansion in the following
situation: d = 1; initial data (ug, u;) with ug = 0; ¥ has no eigenvalues (their contribution
is clear anyway); and every non-zero resonance of ¥ has geometric multiplicity equal to
1 (hence all resonances of 7 are simple, see Lemma 1.2.3). We denote II,, the (possible)
residue of Ry () at A\ — which is an operator of rank 1:

1
My, = — ¢ By(\)d\

C2mi Jy,
Theorem 8. Assume that ¥ € C§°(R,R) and that u(t,x) is the solution of

u(0,2) =0,
O (0,2) = u, € H?

comp*

Then for any A > 0,

u(t, z) = illguy (z) + 2i Z ey up () + Ealt, x),
Ao€Res(7),
Im(A\g)>—A

where the above sum is realized over a finite set and for any L, there exists a constant C'
such that

sup |Eu(x)] < Ce 4.
z€[—L,L]

We will need the following lemma, which is a refinement of (1.2.10):
Lemma 1.2.4. Assume that |¥|e < M and supp(¥) C (—=L,L). For any A > 0, the
number of resonances of V in

1
: > -
{/\ Im\>—A Y7 In(1+ |Re>\\)}

is bounded by a constant depending only on A, M and L.
Proof. Let 6 = ﬁ. It suffices to prove that there are no resonances of 7 in
{A:ImA>—-A—-4§In(1+|Rel|), |Re)| > B} (1.2.15)

for B sufficiently large depending only on M, L and A. For A in the set (1.2.15) and p with
support in (—L, L) equal to 1 on supp(¥),
O M e2L(A+3 (14| Re A)))

R

|7 Ro(M\)p| < < CMe*A . (14 |ReA|)~V2
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In particular, if § = 1/4L and B = (CMe?4)? (which depends only on A, M and L) then
the RHS is strictly less than by 1. The same argument as in the proof of (1.2.10) allows us
to conclude. ]

The next result concerns the absence of embedded eigenvalues in the continuous spectrum;
for a statement in higher dimension, see [DZ16d, Theorem 3.30].

Lemma 1.2.5. Ifd =1 and ¥ is real valued, then Res(¥)NR C {0}.

Proof. Assume that ¥ has a resonance A\g € R\ 0. As in the beginning of the proof of
Lemma 1.2.3, we can write modulo holomorphic operators

(A Y - N)A,
(A = AB)¥

Ry (X) =

k=1

for some finite rank operator A; and some integer K such that
(“A+7 = X)ETA £0, (A+Y - AD)FA =0.

Let 0 # u € Range((—A + ¥ — A2)X~1A;). Then, at least in the sense of distributions, u
satisfies: (—A + 7 — A2)u = 0; and u belongs to the Sobolev space H, 2. Using elliptic
regularity, u is smooth. In addition,

lim (A2 = A2) Ry (\) = (A + 7 — ND)F 1A

)\—>)\0
By the Lippman-Schwinger formula (1.2.8) and the fact that )¢ is not a pole of Rg(\), A\g must

be a pole of order K of (Id+% Ry(\)p)~!. In particular, if By is such that (Id+¥ Ry(\)p) ™ ~
B1/(A? — X2)% near \g, we deduce that
Jim (A2 = A Ry (A) = Ro(Mo) Bi(Id — (1 — p) Ro(Xo)¥)-
0
Recalling that (Id 4+ ¥ Ro(\)p)~' maps L2, to itself, we conclude that the range of A, is
contained in the range of Ro(Ag) on LZ,,,. In particular, the explicit formula for the kernel
(1.2.2) shows that there exists ay € C with

u(z) = aze™T fa > 1.

Since \yp € R and ¥ is real-valued, w is also outgoing. We can compute the Wronskian of u
and u for £ > 1:

aieﬂ:l)\ox @6¥7)\0£

W[ua U] = Det (:l:i)\oezl:i)\ozv :F?/')\Oe:Fi)\ox

) = F2iNo|ax]?, £ > 1.

Since u and u solve the same ODE, the Wronskien is constant. This implies that a4 = 0,
hence u = 0 (because u solves an ODE and vanishes for large ). This is a contradiction. [
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Proof of Theorem 8. Under the above assumptions and notations, u(t) = u(t,-) is given by

e in(ty/ P e
wr VP - p g Ly
vV Py

(observe that since ¥ has no eigenvalues, the spectrum of Py is [0,00), in particular /Py
is well defined). Stone’s formula for the spectral measure of Py is

u(t) = Ultyur, U(t)

dEy = —(Ry(\) — Ry(=))) - 2AdA.

1
211

This is well defined because 0 is the only possible pole of Ry (\) for A € R, see Lemma 1.2.5.

Using that sin(t\)(Ry(A\) — Ry (—))) is even while cos(tA\)(Ry (X)) — Ry(—A)) is even, we
obtain

u(t) = —— /0 TSN R0 = By(—2))us - 27dA

27 A
1 o
~ lim & / §in(t) - (By () — By (—A\))u - dA
e—01T T e
1
— lim — ' (N — R (—
Jim o s sin(tA)(Ry (A) — Ry (—X))urdA
1 .
~ lim & / e (Ry(A) — Ry (= \))urd.
e—0+ 27 R\[—¢,¢]

Define €. = {ee? 0 € [—m,0]} (oriented for # from —7 to 0); and let 3. = R\ [—¢, ] U %.
(oriented from —oo to oo). Then

e—0+ 27

u(t) = lim —— /E e (Ry(\) — Ry (—\))ugd — lim — /g e (Ry(A) — Ry (=\))urd.

We compute the second term: since Ry (A) = IIj/\ modulo holomorphic terms,

! ' 1 [ om |
or . e "Ry (A) — Ry (=A))urd\ = Py . Tould)\ + 0(e) = illyuy + O(e).

This gives the contribution of the zero resonance:
1 .
lim — / e MRy (N) — Ry (=A))urd\ = illgu,.
Ce

We now study the term

1 .
by e "Ry (N) = Ry (=\))uyd,
T .
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which accounts for all other resonances — observe that this term does not depend on ¢ for ¢
sufficiently close to 0. For B, > 0 we define v = v, U 7, U y3, where:

n ¥ (o0, B|U[B, )
def

Yo =[-B,—B—i(A+dIn(1+ B))U[B,B—i(A+dIn(1+ B))
v & s —iA—isIn(1+|s|) : s € [-B, B]}.
The number 6 > 0 is fixed and sufficiently small so that there exists By > 0 with
VB > By, #Res(?)N{A:|Re(N)| > B, ImA > —-A—4dIn(l +|Re(N)])} =0 (1.2.16)

(see Lemma 1.2.4). We work with B > By — below B is bound to go to +00. When deforming
the contour Y. to the contour ~, the contribution of non-zero resonances is given by a finite
sum over residues:

1 't>\o2H>\0 1 % —itA 211, ; —t
— ¢ M=) — o204\ =2 A TT uy.
;H{Oe v=Y g f o PN e
0 0

Ao

The above sums are realized over Ay € Res(?") with Im Ay > —A — dIn(1 + |Re A\g|). The
condition (1.2.16) shows that it does not depend on B > By. In particular, the contribution
of these resonances is given by

2 Z efit)\OH)\Oul + O<€7At),
Ao€Res(¥),
ImA>—A
where the term O(e~*) does not depend on B > Bj. (note that since the term O(e=4 is
induced by a finite-rank operator, it lives in a finite dimensional space and one does not need
to precise the norm in which it is measured). It remains to show that the integral over ~ is

O(e=4%) in L. To this end, we fix p € C°((—L, L)) and we set
1

o

/ e p(Ry(N) — R«y(—)\))uld)\’
Tk 0
We observe that
Ry(V(=A +7) = NXRy(\).
Usi;;g(;I t};?t H' embeds in L> when d = 1, and that pRy(\)p is bounded from H! to L? by
CesHtim

Y

Fi(t) < C / N (Ry () — Ry (—\))uad)
<0 [ S IR ) = Ry (X)) (=D +F il

t—2L) Im A

e(t—2L)Im>\ e(
< c/ A+ P)uwdr < C|u1|H2/ S—Y
Yk |)\’ Yk ‘)\‘



CHAPTER 1. RESONANCES FOR RANDOM OSCILLATORY POTENTIALS 23

Hence, for t > 2L, we have

C
El(t) + EQ(t) S %, E3(t> S C’]u1|H267(t72L)A,
where the constant C' does not depend on B. We can then take B = e’ to conclude
EL(t) = O(e=)|uy | g2 for t > 2L. This ends the proof. O

This expansion applies to partial differential equations. It shows that locally, waves
scattered by 7 decay exponentially. Such a result cannot be applied directly to non-linear
PDEs in asymptotically FEuclidean spaces, because one still has to deal with the propa-
gation of the waves. We would like to mention some recent development in asymptoti-
cally hyperbolic spacetimes, specifically the exterior of the de-Sitter black holes. Dyatlov
[Dylla, Dyllb, Dy12] and Vasy [Val3] defined resonances for such spacetimes and studied
their distributions. They obtained a resonance expansion for scattered waves. This expan-
sion holds globally in the black-hole exterior, because the energy eventually crosses the black
hole and cosmological horizons and cannot come back. Hintz and Vasy [HV16] used these
results to prove the global stability of slowly rotating Kerr-de Sitter black holes.

1.2.3 Trace class operators and determinants

We give a brief overview to the general theory of determinants of trace-class operators. For
a complete introduction, we refer to [DZ16d, Appendix B|. This theory will be needed in the
proof of Theorem 3. Let A be a compact operator on a Hilbert space .. The spectrum of A
is described by a sequence of non-negative eigenvalues A;(A) converging to 0. The operator
(AA*)Y/2 is a compact selfadjoint operator and its spectrum is a sequence of non-negative
eigenvalues s;(A) decreasing to 0.

Thanks to the min-max principle for selfadjoint operators, there exists a very useful
characterization of singular values:

s;(A) = min{|A — K|y, K : H# — A, Rank(K) < j}.
It implies the following fundamental inequalities:

A, B compact = sj,(A+ B) <s;(A) +sx(B), sj1u(AB) < s;(A)sg(B);

1.2.17
A compact , B bounded = s;(AB) < s;(A)|B]. ( )

These two inequalities are often used to give precise estimates on the singular values of
pseudo-differential operators. Concretely, assume that (X, ¢) is a compact Riemannian man-
ifold and P : L*(X) — H*(X) for some s > 0. Let A, be the Laplacian operator on X. The
operator (Id — A,)*/2P is a bounded operator on L?*(X). Hence,

5(P) = 5,((1d = A,)(1d = A,)'P) < C's;((1d = A,)™)
= OA((1d = 8,)7) = C(1+ Xi(=D,) ™
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The last equality comes from the fact that A, is self-adjoint. The Weyl law gives precise
bounds on the eigenvalues of —A,: \;(—A,) < Cj%/?. Tt follows that

3C >0, Vj >0, s;(P) < Cj~*? (1.2.18)

where C' depends only on the norm of (Id — A,)*2P on L2. This estimate also applies when
P : L? — H? is a pseudodifferential operator on R¢, with the following growth property:

Ix € C°(RY), Px=P, xP=P. (1.2.19)

Indeed, if L is large enough so that supp(p) C (—L,L)? then P induces an equivalent
operator on the torus (R/(LZ))¢. Since (R/(LZ))? is a compact manifold, (1.2.18) follows.
We give a particularly important example in the context of scattering resonances:

Lemma 1.2.6. Let K be a compact subset of C, with 0 ¢ C if d = 1. There ezists C' > 0
such that for all X € K, 772 si((YRo(N)p)?) << C.

Proof. Let Ky(\) = ¥ Ro(\)p. This operator satisfies (1.2.19) and maps L? to H?, hence
s5;(Ky(X\) < Cj=2/4 Since s;(Ky())) is a non-increasing sequence,

Z si(Ky(N)7) < dz sai(Kr(N)7).
Apply now (1.2.17): s4i(Ky (M) < s;(Ky(X\))% It follows that
S s(Kr D) <dY s W) <0y <

where C' depends only on the norm of Ky () : L? — H?. Since \ is restricted to a compact
set, the lemma is proved. O]

There are other important inequalities due to Weyl: if A is compact on # and the
complex number \;(A) are ordered such that |\;(A)| decreases to 0, then for any n > 0,

ol < ksl [T+ e <TI0+ 54

In particular, if the sum (resp. product) on the right converges, than the sum (resp. product)
on the left converges. Equivalently, if s;(A) is summable, then one can define

[e.9]

A) d:efi Aj(A),  Det(Id + A) E T+ A(4)).

7=0
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These quantities are called the Fredholm trace of A and Fredholm determinant of Id + A.
Operators such that s;(A) is summable are called trace-class, and we write

o0

def
Al =) " si(A).

J=0

Fredholm determinants generalize the standard determinants of matrices. In particular, if A
is a trace-class operator, then

Id + A is invertible <= Det(Id + A) = 0.

This property becomes very interesting when A()) is a family of trace-class operators, de-
pending analytically on A, because it shows that the set of points such that Id + A()) is not
invertible is equal to the nodal set of the analytic function A — det(Id + A())).

Complex analysis theorems on zeroes of analytic functions can then be applied in the
context of non-selfadjoint spectral theory — in particular for scattering resonances. Nevan-
linna theory (asymptotic of the number of zeroes of entire functions of order 1 in large balls)
led Zworski [Zw87] to give precise asymptotic in large balls on the number of resonances of
potentials — see also [Fr97] and [Si00]. In higher dimension, Zworski [Zw89] established sharp
upper bounds for the number of resonances in large balls. A lower bound is known generi-
cally [DV15] but the validity of this bound for all potentials is still open. Simpler complex
analysis results about the localization of zeroes (Rouché’s theorem, Hurwitz’s theorem) are
central to the stability analysis of resonances, see Drouot [Dr15, Dr16b] and Zworski [Zw15].

In many concrete examples, we need to consider compact operators that fail to be trace-
class. This is for instance the case when P = (Id—A,) ! on a compact Riemannian manifold
(X, g) of dimension d > 2: the Weyl law shows that > s;(P) = oo. However, (1.2.18)
shows that there exists a constant C' > 0 such that

isj(P)d < C’ij2 < 00.
=0 =1

In particular, P is not trace-class, but P? is trace-class. This motivates the definition of a
Banach space P made of operators A such that A? € Z. The following trick allows to
define modified Fredholm determinants for operators A € .ZP. Let

i) = e (—a+ 5 - s LYy

We observe that Id + 1,(A) is invertible if and only Id + A is invertible. In addition, ¢
is an entire function such that ¥ (z) = O(z”) near 0. The inequality (1.2.17) implies that
,(A) € £, Hence we can define Det(Id + 1,(A)), which has the property

Id + A is invertible <= Det(Id + ¢,(A)) = 0.
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The theory of Fredholm determinants and modified Fredholm determinants was developed
in work of Grothendieck [Gr56] and Simon [Si77]. In dimension greater than 1, it is generally
difficult to apply modified Fredholm determinants for counting scattering resonances in large
compact sets, because there is no Nevanlinna theory of entire functions with order hihger
than one. They are however very useful to study stability results, as performed here.

1.3 Deterministic theory of perturbation of
resonances

1.3.1 Functional framework

Let H*® be the standard scale of Sobolev spaces on R?. The functional framework relevant
here is given by a scale of Banach space .77~*, introduced in Golowich—Weinstein [GWO05].
The associated norm |- | - is defined on smooth functions ¥ € C5*(R¢, C) as the H* — H~*
operator norm of the multiplication operator by 7

_ [V flr-s
Hs—H-s = SUPp —~——
feH® |f|Hs

Y s S|V

= [(D)*v(D)~*|, (1.3.1)

— where | - |z is the operator norm for linear operators on L?. Intuitively, a highly oscillatory
function is small in .777°. The norm on the spaces .7#° cannot be easily computed. In the
next lemma, we compare the 7~ *-norm by norms with more standard Hilbert spaces. The
bilinear structure of the hilbertian norm will be useful later.

Lemma 1.3.1. Fiz s > 0.
(1) If s > d/2, then there exists C' > 0 such that for any ¥V € C3°, |V |n-s < C|¥V|y-s.

(i7) If 0 < s <d/2, then for any s' > d/2, there exists C' > 0 such that
VO = Ve <P

H-s"
Proof. If s > d/2, then the Sobolev space H® is an algebra. Therefore, there exists C' > 0
such that for any ¥, f in H®, |¥ f|lgs < C|¥|gs|f|us. The corresponding dual inequality
reads |7 f|g-s < C|Y|g-s|f|gs. Part (i) follows now from the definition (1.3.1).
Assume now that 0 < s < d/2. By interpolation theory, for any s > d/2, |¥|p-s <

Kariia i{ks, where s = 0s’. The # -norm of ¥ is controlled by |#|s, and the £~
-norm of ¥ is controlled by |#'|,-~ because of (¢). This implies (it). O

1.3.2 Perturbation theory

In this section, we develop a perturbation theory for resonances, which is based on analytic
Fredholm theory. The results are stated without reference to Fredholm determinants, but
the proof use them in a fundamental way.
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For ¥ € C(RY,C) and p € C(RYR) equal to 1 on supp(¥), we define Ky (\) =
¥ Ro(A)p. In Lemma 1.3.2 and 1.3.3 below, ¥, %, #; denote three smooth compactly sup-
ported functions with support in [—M, M]? and bounded uniformly by M; and the constants
C depend uniformly in M.

Lemma 1.3.2. Let R > 0 such that ¥, has no resonances in OD(0, R). There exist g, C > 0
such that if C| V1| p-2 < e < &g then

Res(%) ND(0, R) C U D (A, e/m),
AE€Res(¥0)ND(0,R)
A € Res(%) NID(0, R) = #D(\o, /™) NRes(¥) + #) = my.
Proof. The proof is based on a Fredholm determinant approach. To simplify the notations,
we write Ky instead of Ky (\) in this proof. We first deal with the case d > 3 and explain

the modifications needed for d = 1 at the end.
For d > 3, let ¢ be the entire function given by

0(2) € (14 2) exp (—z—l— %2 — %) ~ 1.

We define the Fredholm determinant Dy (\) = det(Id 4+ ¢(Ky)). The function Dy ()) is
entire and its zeroes are exactly the resonances of 7 in C, with their multiplicity — see
[GLMZ05, Theorem 5.4]. We show below that

sup  |Dygi9i(A) = Dy ()] < C |7 - (1.3.2)
AED(0,R)

We first observe that

1
Dy (A) = Dy (A) 2/ OrDyyin (A)dt
t=0

) (1.3.3)
= / Dy N Tr (I + 9 (Kygye9)) " 0p (K1) dt.
t=0
Since ¢ is an entire function with ¢(z) = O(z**1) near 2 = 0, we can write 9(z) =
> o oq1 Gm 2™ with uniform convergence on bounded subsets of C. Hence,

°° d .. > .
Ob(Kyyern) = Y O — K5y = Y am Y Ky KnKy . (134)

m=2d+1 m=2d+1 jHl=m—1
The convergence is uniform in the space of trace-class operators: when j + ¢ > 2d, either

] f . ~
Ky, 14y, or Ky 4y, s trace-class, hence Lemma 1.2.6 shows that

o

(K syam) 2 <D am|(m—1)C™"

m=2d+1
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— where | - | denotes the trace-class norm. This series converges absolutely because 9 is
an entire function of order 2d, therefore |a,,| converge rapidly to 0 — see for instance [Drl15,
(4.7)] for a precise statement. The cyclicity of the trace implies that

Tr ((Id + w(Kmt%))‘lK%%K%K%%) =Tr ((Id + 1/1(K%+t“//1>)_1K%rme%> :

We combine this identity with (1.3.3) and (1.3.4) to get

Tr (1d + (Ko r0m) 00 (Krpan)) = Y manTr (1 + (K1) K 1y K )

m=2d+1

= Tr ((Id + (Kype0)) Y (Ko ) Kny) -
Since (1+(2))"2'(2) = (1 + 2)7*2%? we obtain
1
Diyon (N = Do) = [ DT (1 + Kopra) ™ 31 )
=0
1
2/ Dy (N Tr (1A + Koo ) T EKG0 by Ko Koygan) dt.
=0

Hence, |Dyy19, (X)) — Dyy(N)]

< sup ’D%H%(A)(IdJF Kygen)™!
te(0,1]

5 K iz | K Kygvon |2 (1.3.5)
We show that the RHS of (1.3.5) is uniformly bounded for A € K. If p is the polynomial
such that ¥(2) = (14 2)eP®), then

Dy NI + Kogrini) ™ = Do N (I + §(Kpgpe )7 - e?Froron), (1.3.6)

The first factor in the RHS of (1.3.6) is controlled by [Dr15, Appendix 5.1] while the second
factor is uniformly bounded by Lemma 1.2.1. The term |Kig;2% |# in the RHS of (1.3.5)
is also uniformly bounded because of Lemma 1.2.6; finally, |Ky, Ky, 11y |2 is controlled as
follows:

Ky, Kyyrin |z < |Kp(D)?z - (D) *Y1(D)?| % - (DY’ Kyysin]z < C{D) > ¥ (D) 7?| 4,

where the boundedness of K,(D)? and (D)?K, follow from Lemma 1.2.1. This shows (1.3.2).
The Fredholm determinant Dy, (\) has no zeroes on dD(0, R), hence there exists t > 0
such that | Dy, (A)| >t for A € 9D(0, R). Hence, if C|#1|n-2 < e,

A€eD(,R) = |Dyssn(N) — Dy (M) <e. (1.3.7)
If ¢ is sufficiently small, the RHS is bounded by t. Rouché’s theorem implies that

C| | -2 < e = #Res(¥1 + %) ND(0, R) = #Res(¥) ND(0, R). (1.3.8)
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Let Ay € D(0, R) be a resonance of ¥, of multiplicity m,,. We show that ¥; + ¥] has
exactly m resonances in the disk D(\g,e'/™%) for C sufficiently large, and e sufficiently
small. There exists o > 0 such that )¢ is the only zero of Dy, (\) on D(Ag,79). Hence,
|Dyy(A)| > colA — Ao|™0 for ¢q sufficiently small and A € D(Ag,79). Because of this and
(1.3.7), after possibly increasing the value of C,

A€ ID(0,e™0) = [Dyyrn (N) = Dy (M| < | Dy (A)].

Again, Rouché’s theorem implies that 75 + #; and ¥ have the same number of zeroes in
D(\g, /™) — ie. my,. This fact, combined with (1.3.8), implies that all resonances of
Yo + 71 in D(0, R) are confined in

U D, e/m™o).
Ao€Res(%0)

This concludes the proof of the lemma for d > 3.
When d = 1, the estimate (1.3.7) holds uniformly locally on ID(0, R) \ 0; however, unless
Jg ¥ (x)dz = 0, the function Dy ()) has an essential singularity at A = 0. We introduce

def

dy(\) E A det(Id + Ky (N)),

which is an entire function of A, and whose zeroes are exactly the resonances of ¥ counted
with multiplicity — see [DZ16d][Theorem 2.6]. Since Tr(Ky) = 3 [p ¥ (see for instance the
explicit formula (1.2.2) for the kernel of Ry(\) in dimension 1) and ¢(z) = (1 + 2)e”?,

Dy/(/\) _ det((1d+ Ky/)e—K«//) _ det(Id—l— K(y)e—Tr(K"t/) — )\_ld‘//()\) exp (—%/7/) .
R

It follows that .
dy(N) = ADy (N exp [ — / AP
2\
Hence, to deal with d = 1, it suffices to replace Dy by dy and essentially show
AED,R) = |dyrv(N) —dy (V)] < Ce. (1.3.9)

By the maximum principle, (1.3.9) holds on (0, R) if it holds on dD(0, R). The estimate
(1.3.7) works when d = 1 and A is away from 0 — for instance A € dD(0, R). Hence, (1.3.9)

holds if we can show
/%+%—/%
R R

This follows from the condition |#]|»-2 = O(e): if p € C3° is 1 on supp(¥),

/%+%—/%
R

This concludes the proof for d = 1. O

= 0O(e).

_ ' / w\ < aplr—=lolms < K] —slpl = O(c).
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Fix A\g € C and assume that Ay € Res(¥) is simple. Hence, there exist f,g € C*°(R?)
and a holomorphic family of operators L;g()\) near Ao such that

f®g
A= o

Ryy(A) = L2 (N) +i (1.3.10)

The next result concerns resonances of % + ¥, near )\, assuming that |#;| -2 is small. It
can be seen as a local characteristic equation for scattering resonances.

Lemma 1.3.3. Under the notations of (1.3.10), there exist ro,dy and C' all positive such
that if || -2 < &0, then:

(1) For any k >0,

A € D(0,R) Z (ALY (N )T, 9)| < Clalh (1.3.11)

(i) The potential ¥+ V1 has a unique resonance Ay in D(Ag, o).

(13i) If ¢ : D(Ng,70) — C is the holomorphic function given by

o0

PN = A= o+ S (=D} (AL (N9) 4 1.7) (13.12)

k=0
then ¢ has a unique zero Ay in D(Ng, o). In addition, Ay = A;.

Remark 1.3.1. This result is related to [GW05, Theorem 4.1], which asserts that Ay has
an expansion that depends analytically on ¥1. The proof relies on analytic Fredholm theory
instead of the implicit function theorem. The novelty of the result is the characterization of
resonances as zeroes of p. It can be seen as a local characteristic equation for resonances.

Proof. Start with (7). Let 7o > 0 such that % has no resonances but \g in D(\g, 7). Below
we work with A € D(\g, 7). We first check that po\Vg()\)p maps H~! to H'. We have:

pRy, (11)p

pL(\)p = 7{ +()\)dp. (1.3.13)
oD(oro) M

This comes from the Cauchy formula applied to Lf,‘,g (A) = Ry, (N) — f ®g and the identity

]{ ifog 1 %if@gdu— 1 %zf@gd .
9D(Xo,r0) (:u_)‘)(l‘_AO) Ao— A )\O,u—)\o Ao — A Ao M A

When € 9D(Ag,1g), the operator pRy,(1)p maps L? to H?, see Theorem 7. For any
uw € L* v e H 2, the pairing (pRy,(11)pu,v) is a holomorphic function on D(Ag, ) \ Ag — in
particular,

sup  [(pRy; (1) pu, v)| < o0
MG@D(}\(),T())
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The Banach-Steinhauss principle implies that the family Ry, (u) is bounded from L? to
H? uniformly for u € D(A\g, 7). Since (1.3.13) expresses pL%(/\)p as the contour integral
of a uniformly bounded L? — H? family of operators function over a circle, the operator
,oL,’\,/g()\)p is itself bounded from L? to H?. Using a duality argument, it also maps H 2
to L?, and (by interpolation) H~! to H!'. This shows that for A\ € D()\g,r) the operator
B(X\) = (D)pLy2(\)p(D) is bounded on L?. As operators on L?,

(D) (LR A(D) ™ = (DY %4(D) " B(V) (D) #4(D) ™. (1.3.14)
Since f and g are locally in H', we can use (1.3.14) to obtain

(AL N DAL 9Y] = [((DY  (HER (M) 44 (D) - (Do, (Dhog)|
< CMUD)Y T UD) T o f [ gl < CFFALSL.

If Y| -2 < 08 with &g < 1/(2C), then |[#] - < 1/(2C) and we can sum the above
inequality over k. This yields the bound (1.3.11), thus part (7).

Part (i7) is an immediate consequence of Lemma 1.3.2 — possibly after reducing the value
of 9. We now prove part (i7i). We first show that if | #]| -1 is sufficiently small, the function
¢ defined by (1.3.12) has a unique zero in D(\g, 7). If @o(A) = A — Ay and Jy is sufficiently
small compared to rg,

su — < (Céoy <19g= iInf
8ID>(£\)0‘90 900’ = Cog 0 8D(A07TO)I<P0‘

hence Rouché’s theorem applies and shows that ¢ and ¢y have the same number of zeros
in D(Ag, 79) — i.e. exactly one, denoted by As. We now investigate the relation between the
resonance A\, of %) + #1 and the zero Ay of . We will need a relative Lippman-Schwinger
formula:

Ryppn () = Ry (A) (Id + 7Ry, (M)p) ™ (Id = 1Ry, (\)(1 = p)) (1.3.15)
To show (1.3.15), we observe that when Im A > 1, we can write
iRy, (N)p = #1Ry(N)(Id + . Ro(N) ™' p. (1.3.16)

The operator —Apa has absolutely continuous spectrum equal to [0, 00). Hence the operator
Ro(\) satisfies |[Ry(A)|% < |A|7' when Im A > 1. In particular, for Im A > 1, Id + ¥ Ry())
is invertible by a Neumann series and the norm of its inverse is smaller than 2. The bound
on |Ry(A\)|# and (1.3.16) imply that for Im X large enough, #; Ro(\)p is bounded on L? with
norm smaller than 1/2. We deduce that Id + ¥Ry, (\)p is invertible by a Neumann series;
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we use this representation of the inverse to verify (1.3.15) when Im X is large:

Ry, (A) (Id + 1Ry, (N)p) ™" (Id = 1Ry, (M)(1 = p))

= Ry () )_(=71Ry(Np)* (Id = V1 Ry, (N)(1 = p))
= Ry (V) (Z( V1R, (A Z ~ Ry, (N)p) TRy (N (1 P))
k=0 =0
= Ry (M) (i( iRy, (A k+i (V1R (N) (1 = P))

= Ry () <1d + i(-“fﬁR%(A))“l) = Ry, (N)(Id + 7Ry (V)™ = Rygin(N).

k=0

This identity extends meromorphically for all A € C. We only need to check that (Id +
Y1Ry,(N)p)~t maps L2, to itself: this is immediate for Im A > 1 thanks to the Neumann
series representation; and it extends to all A by the unique continuation principle. This
implies (1.3.15).

Assuming that ro is sufficiently small, )y is the unique resonance of ¥#; on the disk
D(Ag, 7). The identity (1.3.15) implies that resonances of %5 + #7 in the punctured disk
D(Ag, 7o) \ Ao are the poles of

—1
ad+%R%@m)%:Od+%L%up+ﬁ%ﬂ%@) .
AN

When || -2 sufficiently small and A € D(Ag,79) \ Ao, the operator Id + %Li)g()\)p is
invertible by a Neumann series. Indeed, since pL’\%U)()\)p maps L% to H? and H? to L2

(AL (N)p)? |5 < [Hloolp L (Npli-2s12| Pl m2 2Ly (M) pl 2wz < Cl Wil < 1.

Therefore, we can write

-1

(Id + 71 Ly2 (M\)p)

_ —1
(Id+ALYNp) " S @ gp
X — o

(Id + % Ry, (\)p) ™" Gd

Hence, A is a resonance of %5 + #; in the disk D(\g, 79) \ Ao if and only if

. (Id+ LR (Np) Hf @ fp
X o

This operator is the sum of the identity with a rank one projector, hence it is not invertible
if and only if

is not invertible.

i -1
1+ )\_/\OTr<(Id+”f/1L;‘/g()\)p) "1/1f®gp> = 0.
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Using the Neumann series representation of (Id + %Lf)g (N p) _1, we obtain the characteristic

equation
o

A=Xo+i Y (“DF (ALY Np) i f,5) =0
k=0
which is exactly the equation @(A) =0 on D(Ag, 79) \ Ag. Thus Ay # A\ implies A; = Ay. To
conclude, we show that we cannot have \; = A\g and Ay # \y. Otherwise, we could reverse
the above argument — that showed that A\; is a zero of ¢ — to deduce that A\, is a resonance
of % + #;. But this is a contradiction, because according to (ii) the unique resonance of
Y+ #1 on D(Ag, 7o) is Ap, itself equal to Ag. O

1.4 Probabilistic tools

Until the end of this chapter, we consider given a sequence {u;} ;ez« of independent identically
distributed random variables, with
E(u;) =0, E(u}) =1, u; € L.

Unless specified otherwise, all the sums below are realized over indices in [—-N, N]¢. We fix
q,q0 € CgO(Rd, C) and we define V' = gy + Vi, where Vy is the random potential

Vi (z) d:equjq(Nx —Jj) N> 1.

J

The potential Vy has support contained in a fixed compact set. Indeed, if £; denotes the
support of ¢(N - —j), then E; is contained in a ball of radius C/N, centered at j/N. It
follows that

supp(Vv) C supp(qo) U U E; C supp(qo) U[-C —1,C + 1]%. (1.4.1)
je[_NvN]d

Moreover, Vy is bounded almost surely independently of N or of the value of {u;}. Indeed,
since E; of g(N - —7) is contained in a ball of radius C'//N, centered at j/N, any singleton of
R? intersects with at most C¢ sets E;. As the u; are i.i.d. and bounded almost surely, the
estimate

Vir(@)] < lgoloo + laloo Y sl 1, < 1ol + C¥alsoluloe < 00 (1.4.2)

J

holds independently of N and of {u;}.

In this section, we use the deterministic lemma of §1.3 to compare the resonances of Vy
with the resonances of gy. This requires estimates on the #~*-norms of V., and precise
asymptotic of the leading terms in the expansion (1.3.12) in the limit N — oc.
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1.4.1 Hanson—Wright inequality

Let o = (o) be a matrix with complex entries. We denote by |a|gg its Hilbert-Schmidt
norm: |affs = 37, lajl®. We recall here the following lemma, which follows immediately
from the Hanson-Wright inequality [HW71]:

Lemma 1.4.1. There exist ¢, C > 0 depending only on the distribution of the u;’s such that
the following holds. For any a = (ajr)je, the expected value of 3, , cjeujug is Tr(a). In
addition, for any t > 0 with t* > 2|Tr(a)|,

P ( Z QiU Ug
5l
Proof. For { # j, E(ujus) = E(u;)E(ue) = 0, hence
E (Z OéngjUg> = Z ajeB(ujug) = Z aij(u?) = Tr(«).
Jt gl J

This proves the statement about the expected value. To show (1.4.3), we first observe that
if 2 > 2|Tr(a)],

E QiU Uy

> t2> < Cexp (—ct?/|alus) - (1.4.3)

2
> t? =

Z ajeujug — Tr(o)

t
> t? — |Tr(a)| > 7
Jil FN4
Z QUi > t2) <P < Z ajou;uy — Tr(a)
j?e j”e

2
dl 34
2
U
< exp (—cmin (—7 —2>) .
o] el
In the above we applied the Hanson-Wright inequality [HW71] — for the general version

needed here and an elementary proof see Rudelson—Vershynin [RV13]. The constant ¢ de-
pends only on the distribution of the u;’s and |«| is the operator norm of « : cN — N,

when CN* is provided with its Euclidean norm. If in addition we assume that 2 > lalus, we

2
can use |a| < |a|gs and mtl—HS > 1 to get

2 ¢t t? tt 12
min (—, —2> > min < T ) = .
|04| |04|Hs |04‘HS |a|HS |a|HS

This implies (1.4.3) in the case t? > 2|Tr(a)| and ¢* > |a|gs. We remove the assumption

t? > |alus by observing that the opposite case implies —— < 1, which leads to

lolus —
]P( E QiU Uy
j?g

It suffices to set C' = e to end the proof. O

Therefore,

> t2> <1< 606_0t2/|a|HS'
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1.4.2 Central limit theorem

To estimate the linear term that appear in the expansion (1.3.12), we will need the following
version of the central limit theorem.

Lemma 1.4.2. Let p € C°(R? C), not identically vanishing on [—1,1]¢ and X[¢] be the
2 x 2 matriz defined in (1.1.7). Then,

N, > uy/ ( )d L 1 (0,2p)) (1.4.4)

JE[ N,NJd

where the LHS of (1.4.4) is seen as a two dimensional vector.

Proof. Write ¢ = @1 + ips. We first assume that X[y] is not degenerate. This is equivalent
to 1 and @9 linearly independent over R. Let 0]1-7 N 032-7 ~ be the two real numbers defined by

) 1 x4+

1 2

. . = - d .
;N T 05N T q@)dz /Rd Q(x)<ﬁ( N ) x

In order to show (1.4.4), it suffices to study the convergence in distribution to a Gaussian of

1
Nz 2. w(soinHtoiy), (s.8) #(0,0)

jE[_NvN}d

because of the Cramér—Wold theorem [Bi95, Theorem 29.4]. We apply the central limit theo-
rem in its version due to Lyapounov, see [Bi95, Theorem 27.3]. We remark that Lyapounov’s

condition: .
hm SUD S Z (sojy+tosy)> =0
jE[-N,N]?

is immediately satisfied because so; v + to? y = O(1). Hence, we deduce that

1
N > ui(so)y +to ) = A (0,0(s, 1)),
1
o(s,t)? = ]\}1_13[1)0 W Z (sojn +tory)?

and it remains to compute o (s,?)? and check that it is not vanishing. Since ¢ is smooth and
q has compact support, a Taylor expansion and a Riemann series argument shows

TiN = P (%) +O(NTY), o(s,t)* = / (51 + ta)*(x)du.
[7171]d
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Since ¢, and 9 are linearly independent, o(s,t) # 0 as long as (s,t) # (0,0). One recognize
the distribution of sX +tY, where (X,Y) is a Gaussian vector with mean 0 and covariance
Y[¢]. This proves the lemma when X[p] is non degenerate.

We now prove the lemma when X[p] is degenerate. The determinant of X[p] vanishes;
this yields the case of equality in the Cauchy—Schwarz inequality. Hence, we can assume
©1 = aps for some a € R\ 0 — the case 3 = v is treated similarly. We now study the

convergence of
1 o o (57)
x
Nd/2(1 +ia) fRd q(x)dx Rd

—N N]d

Nd/?f e Z u]/ < j)d:c.

—N,NJd

Again, we let & N, i 2+ be the real numbers such that

~ N 1 x4+

1 2

. . = —-——— d .
7iN TI05N Jga a(x)dx /Rd a(z)er ( N ) !

We now apply Lyapounov’s central limit theorem to study the convergence in distribution

of )
N3 Z uj(séjl-,N—l—t&?,N).
jE[*N,N]d

As in the case X[¢] non-degenerate, we first check Lyapounov’s condition — which is obviously

verified because 6% = O(1). In fact, we even have

J7
. J _ . _
=i () +OW, sy =0,
and as previously, an evaluation by a Riemann sum yields

—1 ~ ~ ~
Nd/2 Z UJ(SU;,N + tUJQ',N) — N(0,5(s,t)?),

je[fN»N}d
1
5(s,t)? = limsup ~7 5 (sojn+ 105 5)7 = 52/ ©1(7)*dx.
Nooo N¢ ’ ’ (1,14
]E[—N,N]d ’

If (X,Y) are independent random variables with distributions .4 (0, Jiiae gpl(x)zdx) and

do, respectively, the random variable sX +tY has distribution .47(0, (s, t)?). An application
of the Cramér—Wold theorem [Bi95, Theorem 29.4] concludes the proof. O
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1.5 Large N estimates on expansion terms

1.5.1 Bounds on J# *-norms

Recall that m is the order of vanishing of ¢(§) at £ = 0 and that v = min(7/4,d/2 + m).
The lemma below states that with high probability, V. is highly oscillatory — specifically, it
is small when measured in .2#~2. This will allow us to apply the deterministic Lemma 1.3.2.

Lemma 1.5.1. There exist Cy,co > 0 such that for any N,
P(|Vi| -2 > N7%) < Cpe=oN”

Proof. We start first with d < 3. In this case 2 > d/2, therefore Lemma 1.3.1 implies that
\Vie| p—2 < C|Vg| 2. Hence

P(|Viln—2 > N772) < P(|Vig|4-2 > CT2NT).

The advantage of the H2-norm over the 72 is its bilinear character. This will allow us to
apply the Hanson—-Wright inequality in the version of Lemma 1.4.1. We observe that

1 —ix .
R j

1 —ixg —ix .
=g | T [ e taNa = yde [ gty — e

Jit Re

2

dg

Substitutions x — ’“”” LY y+e , & — N¢ yield
dof 1 etU=91g(e)P?
% Q—Eauu,a —— e, 1.5.1
Vilir- — JEEIRE T Nd/Rd (1+N2|€|2)25 (15.1)

We note that E(u;) = 0, and we recall that E(u?) = 1. Hence, Tr(a) = N%go. If § vanishes
at order m, we obtain

B 1G(E) / / |G(ro)Pre
HORYS <1+N2|s| T+ NEPR™ = [y Jous (14 N2 )

2m+d 1d7" A ) J Qm-‘rd 1d7’ A )
< N~ N~ _— N =0O(N— ).
o[ ot = o [F I ot = o)

In particular, Tr(a) = O(N_QW). Since |aj¢| < |apo|, the same computation shows |alfg <
N> = O(N™). Lemma 1.4.1 implies that for N large enough,

P (V|- > t?) < Ce™ . (1.5.2)
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We remove the assumption on N by increasing the value of C'in (1.5.2).
We now deal with d > 5. In this case, 7y = 7/4. Fix s > d/2, and apply Lemma 1.3.1:
|Vie| p—2 < C’|V#|2/s Therefore,

P ([Vy|p-e > N77/2) <P <|V#|i{fs > c—lN—W) =P (Ve > CN"2) . (15.3)
We now compute |V|3,_.: asin (1.5.1),
L B (3]s
V. 2 B : def / e V)
Va3 ZCW“JW Qje = Nd wa (1 + N2[¢[2)s §

We observe that Tr(a) = N, and

o la@r G(ro)|>ri-tdrdo(9)
NQOO_/ (1+N2|§| d = /ro/gdl (1+ N2r2)s

! rd=ldr 2 d 2
<C — L+ O(N)~ N~ N5,

Since s > d/2, we obtain Tr(a) = O(N~%). Similarly, |a|4s = O(N~2?). Lemma 1.4.1 shows
that for any ¢ > 0 with ¢* > O(N~9),

P (|Vyl3oe > C5°) < Cem N, (1.5.4)

Fix now s = d/y > d/2. We have t*N¢ = (2N?")¥/)_ If we take t = N~7/2  then (1.5.4)
implies for N sufficiently large

P (|Vy|-e > CT*N™/2) < Ce™N".

Again, we can get rid of the assumption on N by increasing the value of C'. The conclusion
follows now from (1.5.3). O

Because of (1.3.11), we also need to estimate |Vi|p-1:

Lemma 1.5.2. There exist C,c > 0 such that with probability 1 — C’e_CNM,

Vil < N8 ifd=1 and /q(x)dx # 0,
R (1.5.5)
Viylws S NT® ifd>3 ord=1 and /q(m)dm = 0.
R
Proof. The proof is similar to that of Lemma 1.5.1. We start with the case d = 1. In this
case, |Va|p—1 < C|Vy|g-1. Asin (1.5.1),

L[ eg(o)
Vul?,_1 = Qg Uy, 04-d:Ef— — (€.
| #’J?” 1 ; jety e Jt N Ju 1—|—N2|£|2 £
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W]t oot a r(:k) C(Ni ) SiIIlil ) | |HS (N ) I I]e [—]ans: 7W]. ] .
I y iIIlplieS ally [0 ()
]:E (lV |jg)7] > N—3/8) — O( _CN1/4)'

If in addition fR q(z)dr = 0 then we can split the integral defining gy in low and high
frequency parts — as in the proof of Lemma 1.5.1 — and obtain agy = O(N73), Tr(a) =
O(N72) and |a|gs = O(N™*). Hence,

d= 1,/Q(x)dx =0 = P(|Vy|pr >N = O(G—CNI/ZL)‘
R

We continue the proof for d > 3. Because of Lemma 1.3.1, for s > d/2, |Vg|z—1 <
C\V#‘gfs. Apply (1.5.4) (which is also valid for any d) to t = N=%° obtain
P(|Vy|g—s > N77/8) = O(echd—h/zx).

Since d > 3, there exists s > d/2 such that d — 7s/4 = 1/4. The lemma follows. O

1.5.2 Resonances as zeroes of a random holomorphic function

Thanks to (1.3.11) and of §1.5.1, we can write (with high probability) resonances of Vy near
simple resonances of ¢ as the zeroes of a random holomorphic function that takes the form
Y peo @e(Vy, A). In this section we estimate ai(Vi, A) and as(Vg, A). The remaining terms
ap(Vy, ), k > 3, will be seen to be negligible compared to a;(Vy, A) + az(Vy, A) — thanks to
(1.5.5). Below, A¢ denotes a simple resonance of gy: there exist resonant/coresonant states
f,g € C>°(R%) and Lég()\) a family of operators that is holomorphic near Ay, such that

Z.f®g
A= o

Rgy(A\) = Lgg (A) +

An efficient application of Lemma 1.3.3 requires to estimate the first two terms which appear
in (1.3.12): (Viuf,g) and (VaLy0(A\)Vaf, 7).
Lemma 1.5.3. If [, q(z)dz # 0,

Nd/2 d
T a@is q(x)de#f, 9) — A(0,X[fg]), as N — oo, (15.6)

B(N"[(Vef.g)| = NV = O(em™™).
Proof. We have:

(Vuf,g) = Zuj /Rd g(Nx — j) f(x)g(x)dx = %Zuj /Rd q(z)(f9) (a:]—{\;]) dr. (1.5.7)
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If fg is not identically vanishing on [—1,1]¢, then Lemma 1.4.2 applies and yields (1.5.6). Tt
remains to show the non-vanishing condition. If fg vanishes on [—1, 1]¢, either f or g vanishes
on an open set ) C [—1,1]¢. Assume that f vanishes on  and define E = R¢\ supp(f).
This is an open subset of R? containing 2 and we show that it is also closed using the unique
continuation principle. Since f is a resonant state,

—Af = (=g +N)f.

Therefore, for any zg € adh(F) and any = € B(xo, 1),

[Af(@)] = [(=qo(@) + A) f(2) = (=go(w0) + A*) f(20)] < (o] + [A]*) sup [V f].

B(zo,1)

In addition, since f is smooth and vanishes at infinite order at xq, f(x) = O(|z — xo|") for
any N. [H007, Theorem 17.2.6] applies and shows that f vanishes on B(xz¢,1). Hence E is
closed and f = 0, which is not possible. If now ¢ vanishes on €2, then the same argument
using that ¢ is a coresonant state:

_ -2
—Ag=(—q@+X\)g

implies g = 0, which is not possible either. This shows the convergence in distribution of

(Vuf, ).

To show the large deviation estimate, we first write
def 1 T+
a3 = 5w o 3 [ e (S5 )de sy

Since f and g are bounded, a; = O(N~%), 3 |a;|* = O(N™%), |ajaylfs = O(N7*%). We can
then apply the Hanson-Wright inequality to obtain P(|(Vif, g)| > NY4=4/2) = O(e=eN"?),
as claimed. O

Lemma 1.5.4. Assume that d = 1 and [, q(x)dx = [, xq(x)dz = 0, or that d = 3 and
Jgs q(z)dx = 0. Then,

P(|(Vyf, )| > N~1) = O(e=N'"").

Proof. If d = 1 and [, q(x)dz = fR zq(z)dr = 0, we can find Q € C°(R,C) such that
Q" = q. We use the bilinear expressmn (1.5.8) for ]<V# f,9)|*>. Thanks to a double integration
by parts, we see that a; = O(N73):

o= Q@0 () do =55 [ @@gar (S5 ar

It follows that . ;> = O(N™°) and |ajoulus = O(N°). Hence, the Hanson-Wright
inequality yields P(|(Vyf,g)| > N=94) < Clo—eNV/2.
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If d =3 and [, g(x)dx = 0, we use again (1.5.8). Since f and g are smooth,

(fg) (x;\r,‘7> = (f9) (%) +O(NY (1.5.9)

uniformly for j € [-N, N]* and x € supp(q). Using that [, ¢(x)dz = 0, we deduce

0= s [ @) () s = o,

In particular, |ojalfg = |oyl. Using that [u, g(z)dz = 0 and (1.5.9), we see that o; =
O(N~*). Therefore, 37 |a;[* = O(N~°) and |a;aulfs = O(N~'?) and we conclude as above.
0

Lemma 1.5.5. Assume that d =1, [, q(z)dz =0 and [ zq(x)dz #0. As N — oo,

, N3/2 — d /
(fg) #0 on[-11] = m(v#ﬂm — A0, 2[(f9)']), (1.5.10)

(fg) =0on[-1,1] = (Vif,5)=O0N").

Remark 1.5.1. In practice, we can have (fg)' = 0 on [—1,1]: for instance if go = 0 and
Ao =0, then f and g are constant functions — see the discussion following Corollary 5

(Vauf,g) = Zuj/ ( )da:

Since fRd q(z)dx = 0, there exists a unique @ € C§°(R) such that @' = ¢. Integrating by
parts in the above yields

Vet 3) Z%/Q <x;j)da:.

If (fg)' is not identically vanishing on [—1, 1], then the first implication of (1.5.10) follows
from [, zq(x)dr = [, Q(x)dxr and Lemma 1.4.2.
If now (fg) vanishes on [—1, 1] then

(Vaf,9) = NQZu] /:c+j|>N fg) (%) dz. (1.5.11)

Let M > 0 such that supp(Q)) C [-M, M]. The indices j such that @) does not vanish
identically on the set {|z + j| > N} must satisfy |z + j| > N for some |z| < M, in particular

Proof. Asin (1.5.7),
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|7| > N — M. This happens for at most 2M values of the j’s, that must remain at fixed
distance from +N. For such j’s,

ar (M) =y (FET 1) = Garen + o) = o)

uniformly for z € supp(Q). Hence, the sum (1.5.11) is realized over only finitely many j,
and each term is of order O(N~1'). This leads to (Vg f,g) = O(N73). O

Lemma 1.5.6. Assume that d >3 or that d =1 and [, q(x)dz = 0. Define

def 1 (j(f)é(—@ . x)olx)dx
Lo /R e /[_M]df( )g()d (1.5.12)

Then, there ezists 7o > 0 such that for any A € D(Ao,0),

_ 1/2
P (| N*(Lo0 (\Vf, Veg) — L| > 2t) < Cexp (—CtN )

In(N)

Proof. In the steps 1 to 7 below, we assume that \g # 0 if d = 1. In the step 8, we deal with
the case A = 0 and d = 1 — which requires a special (though simpler) treatment.

Step 1. Fix ry > 0 such that gy has no resonance on D(Ag, o) \ Ao. In order to estimate
(LY (A\Vaf, Vag), we first use (1.3.13):

1 Ry (1)
L)\O - q0
w M) 271 ]{0 w— A dp

(the contour integral is realized over 0D(Ag,ro)). We combine the identity
Ryy(1) = Ro(u) (1d + qoRo(u)p) " (1d — qoRo(u)(1 = p))
with the fact (1 — p)Vx = 0 to obtain R, (u)Vy = Ro(p)Va + A(p), where

A(p) = —Ro() (Id + goRo(1)p) " qoRo(pt) Vig.

It follows that

Lo(\ Vig) = =—

(Lo MV S Vieg) = 5 [L— A i L H=A (1.5.13)
i 1 AR Vag) B
= (Ro(M)Vaf, Vag) i f;o M_—Ad“‘

Step 2. Since resonances of gy form a discrete set, ¢y has no resonances on a sufficiently
small punctured neighborhood U of A. Therefore, the operator Id + gy Ry (1)p is invertible on
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U. Its inverses form an analytic family of operators on L?, hence by the Banach—Steinhauss
theorem their operator norms are uniformly bounded on compact subsets of U. In addition,

(Id + qoRo(12)p) " qo = p(Id + qoRo(12) p) "o

This can be established by first expanding (Id 4 goRo(2)p) " as a Neumann series for Im y >>
1 (with the same argument as needed for (1.2.9)), then by meromorphic continuation and
unique continuation principle for u € C\ Res(qo). Therefore,

1 A(p) f, Vag .
i f LU G <0 (R VadlloTati) Vel (15.14)
21 Jy, M= A LEID(Ar)
Since Ry(u) and its adjoint Ro(u)* = Ro(—m) map H2 to L?, since f and g are smooth

functions, the right hand side of (1.5.14) is controlled by C|Vg|%,-.. By Lemma 1.5.1,

P <N2
We used that the under the assumptions of Lemma 1.5.6, v > 3/2. This estimate and

(1.5.13) imply
P (|N2(LY (Vi f, Vig) — L] > 2t) <P ([N (Ro(A\Vief, Vpg) — L| > £) + O(e=™).

1 AW f, Vg -
2_% < (H)fal\/#g> d,u‘ Z t) S P(CN2|V#|;5_2 Z t) S C€_CtN2 1 S CG_CtN.
Yy o —

Hence, with high probability and for A € D(Ag, 7o), the terms N?(L)*(A\)Vaf, V4g) and
(Ro(\)Vyf, Vug) are comparable. In contrast with N*(Lyo(M)Vaf, V4g), the function A\ ~—
N%(Ro(A\)Vyf, Vyg) is meromorphic on the domain of holomorphy X4 of Ro()):

Xy=Cifd>3, X;=C\0ifd=1.
We write

(Ro\)Vif, Vig) = Zugwaﬂ aje(N) E (Ry(Ng(N - —5) f,a(N - —0)g).

In the steps 3, 4 and 5 below, we estimate the terms ajy(A) for ImA > 1, Im A < —1 and
| Im A\| < 1, respectively.

Step 3. We assume that Im A > 1. In this case, the operator Ro(\) = (—A — \?)~!
is a Fourier multiplier with symbol (|¢|* — A?)~!. Using the Plancherel’s identity and the
substitutions x +— (z + j)/N, y — (y + ¢)/N and £ — N, we obtain

1 1
(2m)? Jra € —

(3) = o [ =i [ oy - gt

_ LG,
(27N)? Jga N2|EJ2 — N2 3

©)™ [ ot () de [ et (V)
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The function ¢, is the product of Fourier transforms of functions whose derivatives are all
bounded uniformly in z, j, ¢, N. It follows that

Ge(€) = 0((E) ™), 9ee(§) = O({) ™). (1.5.15)

If in addition d = 1, then [, q(z)dz = §(0) = 0 according to the assumptions of the
statement. Therefore, we can use the expansion (1.5.9) to obtain

d=1 = / ~izg (x;3>dx:u(%) Q&) +O(NT') = O0(¢| + N7,

uniformly for £ in bounded sets, N > 1 and j € [N, N|. Using that a similar estimate is
available when w is replaced by v and j is replaced by ¢, we get

d=1 = [G&)] = (el + N2 10eGiu()] = O(l¢] + N7Y). (1.5.16)

We now estimate a;;(A). When d > 3, we split the integral over  near 0 and { away
from 0 and we use the bounds (1.5.15) on ;;(§):

1 [$71¢9]
.. )\ < JJ d
NS ey o IPIEP — 2™
C - 1 —2d
N7 Jig< [IN?[E[* — 22| N4 g|>1 \N |€| |
C [ sup,ega-1 |G (rw)]
< — wEST_ ) rldr + — 1.5.17
- N4 J |N2r2 — \2| + =1 |N27“2 ( )
¢ SUP,esi-1 |G (rw/N)[ a1 / (r >
¢ dr —d
= N2d/ 2 — 22| +Nd N2 r
cN) N sup esi-1 |Gy (rw/N)| -1 C<)‘> o —de1
< Y dr + ——= dr.
e e + ey |ty
In the last line, we used the bound
2
1
ImA>1 = sup——— <. (1.5.18)

r>0 12— A2 T

The second integral in the last line of (1.5.17) is finite and the contribution of the corre-
sponding term is O((A) N~472). In dimension d > 3, we control the first integral by observing
that the function r — r4=1(r)=2 grows like 773, which is not integrable. We deduce from
(1.5.15) that

i>3 = C()x)/ SUP,ega-1 |Gy (rw/N)| rA=1 g < C<)\> (1.5.19)
0

N?d r2 +1 - Nd+2
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When d = 1, the estimate (1.5.16) implies

c) /N S, G (rw/N)| () /N PN AN Oy C
N2 )., r2 + 1 - N? J, 241 - N3 N2

This proves the validity of (1.5.19) for all d > 1. Combining the above estimates together,
we obtain that for any odd d, uniformly in A with ImX > 1, N and j € [-N, N|¢,

N
las; (M < Frare

We now estimate aje(A), for j # ¢. We first integrate by parts in &, using the identity
(j — g)DEeii(ffj) = |j — {|?e’(9);

_ ! (= ODee ) Gl
s = g S R

= ! -y (U= ODeGe(§)  2N*(j —0)§ )
= (27TN)d|j—f|2 /Rdeée J ( N2|f|2_>‘2 Z'(N2|§|2_/\2>2<g£<£) df

We argue as in the case j = £ to bound the first term. This yields

1 iee—i) U — ) DeCje(§)
2rNY|j — (]2 /Rdeu ! N2JE[2 — \2 dg’

C(A) N sup,esat [Deie(rw/N)| 4 C(A) o1
< w d (R N A dr.
= N2 ] /r:o P21 A T /7:1(7"> g

The second integral contributes to O((A\)N~972|j — ¢|71). So does the first, when d > 3.
When d = 1, we use (1.5.16) to obtain

/N supwe{i1}|D5§Jg('rw/N)\ _ C(\) N N-lp 4 N1 C(\) In(N)
N2 j— ¢

(1.5.20)

dr < .
241 SN e Pl T N

In order to control the second term in the second line of (1.5.20), we use techniques similar
to the case j = ¢ and obtain

O ey 2NG-0OE
‘Nd‘j — L /Rd ‘ i(N2|€]2 — )\2)2CJ€(5)CZ§

< O</\>2 N dsuprSd 1 |ij(rw/N)| dr + C<)‘>2 /oo <T>7d71dr
N2=15 — 1] [, (1+72)2 Nd+2|j — ¢

The second integral is O((A\)?N~972|j — ¢|7!). In dimension d > 5, given that the function

r4{ry=* is not integrable, the first integral can be controlled by O((\)2N~472|j — ¢|~1). For

the same reason, in dimension 3, it can be controlled by O((AY2)N=°In(N)[j — ¢|7!). In
dimension 1, we use (1.5.16) to obtain

/N rSUPue gy [Ge(rw/N) - O Ny < C)?In(N)
le—f\ (1+r2)2 TN A S L2 T NG =
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Grouping all these estimates together, we obtain that for any odd d, uniformly in A with
ImA>1, Nandj#/{ec|[-N,N],

(V)] < C{\)?In(N)

. 1.5.21
= |j — (| N+2 ( )

Step 4. We show here estimates for Im A < —1. In such cases, Im(—\) > 1, and we can
write

aje(A) = aje(=A) + ((Ro(A) = Ro(=A))q(N - =j) f,q(N - =L)g).

The same arguments as in [Dr15, Lemma 4.9] shows that p(Rg(\) — Ro(—\))p maps L? to
H?? with norm controlled by C|A]?*2e¢I™Al — wwhen Im A < —1. By duality, it also maps
H=21to L? (with same norm) and by interpolation, H~¢ to H? (with same norm). It follows
that

[((Bo(X) = Ro(=N)a(N - =), a(N -=0)g),
< AP 2 g(N - =) f3g-alg(N - =gl

Since H? is an algebra, the dual bound | fi fo| y—¢ < C|f1|ga|f2| g—a holds for arbitrary fi, fo €
Cs°(R?, C). Since f and g are smooth and ¢ has compact support,

|a(N - =) fl=ala(N - =gl -1 < Clg(N)[F-a.

A computation shows

1 A 2 C 00 . ~ 2
|g(N)[5-a = /R 4(6) /0 Sy cge—t [4(r)] rLdr.

d¢ <
27N Jpa (1 + N2£2)2 § = N2d (1 + N2p2)2d

Again, splitting this integral for r near 0 and r away from 0, and using ¢(0) = 0 in dimension
1, shows that it is |¢(N-)[%,_, = O(N~%"?). Therefore,

C|)\‘3d—2eC|Im)\\

e )] < (0] + TR (1522
In particular, this bound combined with (1.5.21) shows that for |[Im A\| = 1,
C(\)3d-2 C(\N?In(N)  CIAPI2
(A < a2 laje(N)] < J— NI NS (1.5.23)

Step 5. We now use the three lines theorem to estimate locally (), for any A € X,.
Because of Steps 3 and 4, it suffices to focus on the strip [Im A| < 1. For d > 3, the function
aje(A) is bounded in this strip:

e = [(Ro(Na(N - —5) f,a(N - =0)g)| < Ce“M™ g2 sup Ju()][v(y)].

x,y€supp(q)?
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The function (A+2i)3%a;,()) is also bounded in the strip | Im A| < 1, and (1.5.23) estimates
it on the edge of this strip. The three lines theorem imply that the bound (1.5.23) holds
uniformly inside the strip |Im A| < 1.

When d = 1, we remove the pole of Ry(\) at 0 by considering the function Aae(M)
instead. The same arguments as in the case d > 3 extends (1.5.23) to |ImA| <1, A # 0. In
particular, for any A € Xy, there exists C' > 0 such that uniformly in j, ¢, V,

C C'ln(N) C
oW = g sV < G —(NeE T N

Step 6. We now estimate the HS-norm of aj,(\) for A in compact subsets of Xy, so
that we can apply later the Hanson—Wright inequality. According to Step 5, it suffices to

estimate the sum
Z N2d+4 Z N4+2d| _ g|2 Z N2d+6

Given m, the number of sites j, ¢ such that |j — ¢ | = m is controlled by N2¢=!. Therefore,

Z N2d+4 Z N4+2d| ] _ g|2 N2d+6
J#L
o 0N2d—11n(N)2 AN I _ Cln(N)?
= N2d+4 + N4+2d Z m2 + N2d+6 = N5
m=1

It follows that |a(\)|gs = O(N~>/2In(N)). By the Hanson-Wright inequality (in its original

version), for A in compact subsets of X,
ctN1/?
<(C - . 1.5.24
>— o (-5 (1524

P<N2

Step 7. To conclude we estimate » ; a;;(A). For ImA > 1, we have

Gis(
Zaﬂ - dZ/ Nz,éj‘z 7dé.

J

(Ro(MVef, Virg) — Z%J

The Taylor expansion (1.5.9) shows that uniformly in j,

Gii(§) = 4(§)a(=¢) - (fg)( )*O( He™).

It follows that

(-¢) (6
D) = o7 L T .(fg>()+0( ) [ e
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We recognize a Riemann sum with step N=! on the right hand side. Since the function fg
is smooth, this Riemann sum is equal to f[—1 1]d(fg)(:zc)dzzc modulo O(N~1). In addition, we

can use (1.5.18) to control the second term, and obtain

o q(§)a(—= 5) d o 4 ON-300).
Z i ( (2 Jou N2[€2 — g - [—1,1}d(fg)( )dz + O( (A)

To obtain an asymptotic of the right hand side, we observe that the function G(£)g(—¢)/|¢|?
is integrable (because ¢(0) = 0 when d = 1 by assumptlon), and

q(8)a(=¢) 14(©)a(=IIA*
|

Il S de — | i lde| < d¢.
re N2|E[2 — 2 § /Rd N2|¢J? 5’ = Jra N2JE2 - |N2[E]2 = N2 §

We apply (1.5.18) to control the LHS:

|4 d(=O AP
R NQ‘S’Q . ‘NQ‘S’Q _ )\2‘

4(§)d(=&)IN)°
re N2[E[* - (N2[E7 + 1)
As in Step 3, we can split this integral in a part near £ = 0 and a part away from 5 = 0.

Using that ¢ has fast decay (and ¢(0) = 0 when d = 1), an upper bound is O(N3(\)?),
therefore

1 [ 9i9 o L :
I LTS | (G0 0000 = -0V E ),

dg <

d¢.

where L was defined in (1.5.12). Thanks to (1.5.22), this estimate holds also for Im A < —1,
and by the same arguments as in Step 5, for any A\ € X,;. Now, (1.5.24) yields that for A in
compact subsets of Xy,

/
P (IN*(Ro(\)Vief, Vieg) — L] 2 1) < Cexp <_C“V1 2)

In(N)

Step 8. Here we deal with the case d =1 and Ao = 0. Step 1 goes through and yields

L [ {Ro(w)Vef, Vyg) L [ {AW)], Vyg)
(L Vi Vig) = g p STl il - o f SS0L )y,

Since Ry(p) has a simple pole at 0, we obtain

(L 0V, o) = (L300 Vo) — 51 f LT,

The same method as in Step 2 above shows that

2mi W= A
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We now need to estimate N2(LJ(A\)Vyf, Vag). The kernel of LI(\) is explicitly given by
(z,y) — K(X, |z —y|), where K(A,r) = 2 (e — 1) — see for instance (1.2.2). Therefore, we
can write

LIV Tag) = 3 Brewgue, Bie(N) / K\ |2 —y)a(Na — j)a(Ny — 0 (2)g(y)dedy.
Iy R?

We estimate the term J;,. For this purpose, we define

r+j y+dl

R > 01(2)ga(v) (m;j) 5 (yTH) dudy,

where ¢, ¢o are smooth with compact support, i, w are C'*° functions on R, and K:CxR —
C is holomorphic in the first variable and locally bounded in the second. In this context,
it is clear that v[K, ¢, ¢, @, @] is O(N~2?). We observe that 8;, = v[f,q, ¢, u,v]. Let Q be
the compactly supported antiderivative of ¢. Using that Q) = ¢, we can integrate by parts
YIf, ¢, q, u,v] in x, and get:

~ o 1 ~
7[K7QI7QQ7U7W] = W/RQK ()‘7

By = Alsgn - &af, Q. q,u, ] +91f, Q. ¢, v, 0]
it — N

The function sgn-0s f is locally bounded but it has a discontinuity at 0 in the second variable.
Its derivative is the distribution 2dq - O f. Therefore, an integration by parts in y generates
a boundary term:

B = _%/R@K(A,O)Q(:GQ(% +j=0f (x;j) g (y;€> dx

7[83,]0’ Q7 Qa u, 'U] + W[Sgn ' 82f7 Q) Q7 u, UI] + V[Sgn : a?f) Q7 Q) ul7 U] + 7[.]07 Qa Q7 ula Ul]
N2

Because of ’y[[?,ql,qg,&,iu] = O(N72), of 9, K(),0) = —% and of (1.5.9),

_|_

Bie = % /RQ(:C)Q(Q: +j—=0)dx- f <%> g (%) +O(N™H). (1.5.25)

When |[j — /| is large enough, @ and Q(-+ j —¢) have disjoint support. Therefore, the leading
term in (1.5.25) vanishes unless j — ¢ is smaller than a constant independent of N. This
yields the estimate:

Bl = O(N)O(N ™) + O(N*)O(N~5) = O(N ).

We conclude by estimating » i Bjj: recognizing a Riemann sum,
1 9 1 J J -3
0=y [ Qe 3 (%) (5) +ow



CHAPTER 1. RESONANCES FOR RANDOM OSCILLATORY POTENTIALS 50

We conclude that L
P(IN*(LS, NV f, Vigg) — LI > t) < CemN”,

Since Q(&) = ¢(£)/€, the lemma for A = 0 and d = 1 follows. O

1.6 Proofs of the theorems

We conclude this chapter with the proof of the theorems.

Proof of Theorem 1 and of Corollary 2. Assume that go has no resonances on 0D(0, R). Ac-
cording to Lemma 1.3.2, it suffices to show that after removing a set of probability O(e=¢N"),
V| w2 < ¢ N7/2 for some ¢ sufficiently large. This follows from Lemma 1.5.1. This con-
cludes the proof of Theorem 1.

We now show Corollary 2. Fix R > 0 such that gy has no resonances on dD(0, R).
Introduce the event:

An d:ef{ Vy does not satisfy (1.1.4)}.

We know that P(Ay) < Ce M. In particular, Y y_,P(Ax) < oo, and the Borel-Cantelli
lemma implies that Ay happens only finitely many times. Therefore, P-almost surely, there
exists Ny such that for every N > Ny, (1.1.4) is realized. It suffices to take a countable
sequence R — oo to conclude. O

Proof of Theorem 3. The proof of this theorem follows from Lemma 1.5.1 and arguments
from [Drl15, Dr16b]. Recall that X; = C if d > 3 and X; = C\ 0. According to the formula

Ry, (A) = Ro(A)(Id + VRo(A)p) ' (Id = Ve Ro(A)(1 — p)),

the resonances of Vy = Vi in X, are exactly the poles of (Id + Vg Ro(A)p)~'. In addition,
Lemma 1.2.1 implies

Cec(lm)\),
(Vi Ro(M)p)? | < [Viglool pRo(N) pla 2 12| Vigl 2 [pRo (M) pl 2 2 < d_l—_{_|)\|2|v#|%”*2-

If the RHS is bounded by 1/2, then the operator Id + VxRy(\)p is invertible and A is not
a resonance. According to Lemma 1.5.1, [Vg|»-2 < N7 with probability 1 — Ce ",
Therefore, if Im A > (In(2C') — v1n(V))/c then with same probability,

Cec(Im A)—

mlv#‘=%—2 < 1/2

Since Theorem 3 says something only for large values of N, and since the only possible
resonance near 0 was localized in Theorem 1, the proof is over. O
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Proof of Theorem J. Fix Ao € Res(qo), of multiplicity 1, with resonant states f and g. Recall
the estimate (1.5.5): with probability 1 — O(e*d\ﬂ/‘l)7

V|1 < N8 ifd=1and /q(w)dx # 0,

R (1.6.1)

Viylwr < NT® ifd>30rd=1and /q(w)dw = 0.
R

Let us define the following event:
By = {|Vi| -2 > N2} U {Vy does not satisty (1.6.1)}.

Because of Lemma 1.5.1 and , P(By) = O(e=¥""*). Let 8, 7o be given by Lemma 1.3.3. As
in the proof of Theorem 1, we know that for N sufficiently large, Vv has a single resonance
An € D(Ao,10), for the event 2\ By. We extend Ay to all of Q by setting Ay|g, = Ao
This definition shows that the random variable Ay is a resonance of Vy with probability
1—P(By)=1—0(eN""). Moreover, Lemma 1.3.3 implies that Ay satisfies the equation

[e.e]

Av = o= Tasy O (=DM (VL (An)p)*Vie f,7) - (1.6.2)

k=0

as long as N is sufficiently large. It remains to study the speed of convergence of Ay, in the
Cases I, IT and III.
Case L. In this case, d = 1 or 3 and [, g(x)dx # 0, hence v = d/2. We have:

N2 = _
. (AN — X) = ]lsz\BNNd/2 Z(—l)kH <(V#L2§(AN)p)kV#f,g>
k=0
= NV ,9) + Ly N (Ve 9) + Lo N2 D (=) (VL2 (Aw)p) Ve £, 9) -
k=1

(1.6.3)
We show that the first and second terms in the second line of (1.6.3) converge in L' to 0.
Using that P(By) decay exponentially and that (V4 f, g) = O(1),

B(Lpy N°|(Vy £, 5)]) = O(N 2= — 0.
In addition, on Q \ By, N¥?|Vg|%,_, < N~V4 by (1.5.5) (recall that d = 1 or 3). The
estimate (1.3.11) and the definition of By yields

o0

Lovsy N2> (=1 (Ve Ly (Aw)p) Vi £,9) | < Clonsy N2V [31) = O(N4).
k=1

We deduce that
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— see for instance [Bi95, Theorem 25.4]. Lemma 1.5.3 shows that N¥2(Vy f,g) converges to
a Gaussian and this concludes the proof of Theorem 4 in Case I.

Case IL. In this case, d = 1 and [, q(z)dz = 0, [, zq(x)dz # 0 and (f-g) # 0on [-1,1].
We use (1.6.3) with a factor N3/2 instead of N'/2: %/Q(AN — o) =

N3PV f,9) + Lpy N2 (Vi £,9) + Dans N2 (=D (Ve Lo (An)p)*Vie £.7) -

k=1

The first term converges to a Gaussian according to Lemma 1.5.5. The second term converges
in L' to 0 because P(By) is exponentially small. The third term is O(N~'/4) because it is
bounded by N3/2|Vy|%, , — see (1.3.11) — itself being O(N~/4) for events in 2\ By - see
(1.6.1) and the definition of By. An application of [Bi95, Theorem 25.4] as in Case I allows
us to conclude.

Case III. Thanks to (1.6.2), we can write

N? _ _
; — (AN = Xo) = —Lay N2 (Ve £, 9) + Lansy N? (Ve Ly (AN)Va f, )
~ (1.6.4)

+lg\p, N? Z(— YV Ly (An)p) Vi £,9) -

We now evaluate the probability that the RHS of (1.6.4) is significantly different from L —
defined in Lemma 1.5.6. Since Case III is satisfied,

P(IN*(Vif,5)| > N~V = O(e=N"?). (1.6.5)

This comes from Lemma 1.5.3 when d > 5; Lemma 1.5.4 when d = 3 and [, ¢(z)dz = 0 or
d=1and [, q(x)de = [, zq(x)dr = 0; and Lemma 1.5.5 when [, ¢(z)dz = 0 and (fg)' =

on [—1,1]. According to Lemma 1.5.6 and P(By) = O(e~N""),

P(| Loy N? (Ve L) (An)Vae f,§) — L| > N7'/%)

1/4 1.6.6
2|N2 <V#L>\O /\N V#f,g> —L| > N_1/5) +]1D(BN) — O(e—cN/ ) ( )

Since Case III is satisfied, then m > 1 when d = 1. Hence, |Vy|,»—1 = O(N~7/%) on Q\ By
—see (1.5.5). Thanks to (1.3.11),

5, =O0(N"YY. (1.6.7)

Lo\py N? Z DR (VR Ly ) p)* Vi [, )| < Clayy N2V

Combining (1.6.4), (1.6.5), (1.6.6) and (1.6.7), we obtain

P(IN?*(Ay — Ag) —iL| > N~/5) = O(e=N'"™"),
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In particular,

D> PN*(Ay = Ag) —iL| > N7'/%) < 0.

N=1
This implies by the Borel-Cantelli lemma that for each elementary event, |[N*(Ay—Xg)—L| >
N~ for only finitely many N. In particular, N2(Ay — Ao) 2% L as claimed. O

Proof of Corollary 5. Assume that qq is real-valued and A\g € Res(qo) NiR. Let Ay be the
random variable constructed in the proof of Theorem 4. Then Ay is purely imaginary.
Indeed, Ay |gy = Ao € R; and on Qy \ By, Ay is the unique resonance of Viy in D(Ag, r¢), in
particular it is purely imaginary — otherwise —\y would be another resonance of Vi in the
disk ]D)(/\O; 7"0).

The convergence results follows now from Theorem 4, from the identity ¢ = f and from
the convergence mapping theorem [Bi95, Theorem 25.7]. For instance, in Case I,

Nd/Q(AN—AO) ~ Re Nd/2(>\N_/\0> - Nd/?()\N_)\O) J 02
i Jpaq(x)dz =R ( i fpa q(x)dx ) ( i foa q(z)dz ) — N (07 ) :

where a complex number z + iy is seen as a vector (z,y); m(xz + iy) = n(z,y) = z; and
of = [ _yqalf (z)|*dz. The statement about eigenvalues follows from the remark preceding
Lemma 1.2.2: in the context of real-valued potentials, eigenvalues corresponds exactly to
resonances on the half-line (0, co). O

1.7 Necessity of the assumptions of Theorem 1

We show on a simple explicit example that the conclusion of Theorem 1,

N sufficiently large = Res(Vy) ND(0, R) C U D </\,N7ﬁ> (1.7.1)

A€Res(qo)

cannot hold with probability 1.
We fix d =1, o = 0, ¢ € C°(R,R) with [, g(x)dz = 1 and u; independent Bernouilli
random variables (P(u; = 1) = P(u; = —1) = 1/2). We observe that

P({u; =1Vj € [-N,N]?}) =27 >0,

and the potential corresponding to this event is Vy () oo >~ 4(Nz—j). The weak limit of V
as N — 400 is 1[_1,1}, and the convergence is in fact strong in H~2. Indeed, if ¢ € C5°(R,C)
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then using a representation of f[—1 1 ¢(z)dr as a Riemann sum modulo O(N~}¢/|),

V) = W) = 3 [N = otoyta— [ ol

1,1]

- % (zj:/ﬂgq(:p)gp (%) dx — zj:/Rq(:v)sD (%) da:) +O(N"¢'])
A L0 o (52) o () oria

This is fully estimated by O(N~!|¢'|). Hence, Vi — 1[_1,1) converges to 0 for the topology
of distributions of order 1 on R. In dimension one, functions that are locally in C! are
locally in H?. Therefore Viy — 1117 also converges to 0 for the topology of bounded linear
functionals on H?, i.e. for the H? norm-topology, as claimed.

According to Lemma 1.3.2, resonances of Vy converge to resonances of 1;_; ;) — uniformly
on compact sets. On the other hand, the potential 1|_; ;) has infinitely many resonances —
see for instance [DZ16d, Theorem 2.14] — while gy has a single resonance. This shows that
(1.7.1) cannot hold for every R > 0 when Vi replaces Vy, in particular Theorem 1 holds
with probability at most 1 — 27V,

One can construct similar examples in higher dimensions, with the conclusion that The-
orem 1 cannot hold with probability greater than 1 — 2= ‘. The argument requires Smith—
Zworski [SZ16] instead of [DZ16d]: in odd dimension d > 3, bounded compactly supported
real-valued potentials have at least one resonance.




%)

Chapter 2

Stochastic stability of Pollicott—Ruelle
resonances

2.1 Introduction

The trajectories of individual particles submitted to a chaotic evolution is in general too
difficult to predict. This is why the asymptotic of chaotic dynamical systems are studied
via statistical correlations. Specifically, if .# is (say) a compact Riemannian manifold and
®, is a continuous dynamical system on .# which preserves the Riemannian measure, the
correlation associated to two smooth functions f and g on .Z is

(f Big) /j{ F(2)9(®4(2))dpu(x).

The dynamical system is called mixing if asymptotically, f and ®;g behave like uncorrelated
random variables:

lim (£, 9} /fdu /gd,u (2.1.1)

This is a form of chaos because knowing the initial state of the system tells you nothing
about the state of the system at large times. A stronger form of chaos consists of requiring
that the convergence (2.1.1) occurs exponentially fast. This is formally satisfied by a uni-
versal class of dynamical systems that are called Anosov (or Axiom A) in the mathematical
literature. Trajectories of Anosov flows are either expanding or contracting — they cannot be
expanding at a time then contracting at a later time. The goal of this chapter is to study the
stochastic stability of spectral quantities, called Pollicott—Ruelle resonances, associated to
certain Anosov flows. This form of stability should allow to observe physical manifestations
of these resonances in nature.
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2.1.1 Results

We will focus on the most fundamental example of Anosov flows, which is induced by chaotic
geodesic flows. We consider a smooth compact Riemannian manifold M with negative sec-
tional curvatures and cosphere bundle S*M. The generator of the geodesic flow H, € T'S*M
is an Anosov vector field, as was first noted by Anosov [An67]. On suitable spaces, Py = %H 1
has a discrete spectrum with eigenvalues called Pollicott—Ruelle resonances, denoted by
Res(Fy). These complex numbers appear as exponential decay rates in expansions of classi-
cal correlations — see Tsuji [T's10] and Nonnemacher—Zworski [NZ15]. We refer to §2.2.2 for
precise definitions.

Several authors introduced recently a stochastic process on S*M that is a natural pertur-
bation of the geodesic equation — see Franchi-Le Jan [FLO7], Grothaus—Stilgenbauer [GS13],
Angst-Bailleul-Tardif [ABT15] and Li [Lil6]. It is called in [ABT15] kinetic Brownian mo-
tion. In contrast with the Langevin process [La08], kinetic Brownian motion models diffusive
phenomena with finite speed of propagation.

We concentrate on analytic and spectral aspects of this stochastic process. Our main
object of study is the infinitesimal generator of kinetic Brownian motion. It is equal to
H; + eAs, where Ag > 0 is the vertical spherical Laplacian — see §2.3.1. We investigate the
convergence of the L%-spectrum X(P.) of P. = %(Hl +eAsg), as € goes to 07. Although the
L?-spectrum of Py is absolutely continuous and equal to R, we have:

Theorem 9. The set of accumulation points of $(P.) as e — 0T is equal to Res(F).

A finer statement is Theorem 13 below. It states that the spectral projections of P.
depend smoothly on ¢; and that if all Pollicott—Ruelle resonances of F, have simple multi-
plicity, the L2-eigenvalues of P. admit a full expansion in powers of . Remark 2.6.1 analyzes
the convergence as ¢ — 0~. In a previous version [Drl6a] of this work, we proved Theorem
9 when M is an orientable surface.

Motivation and outline of proof

Dyatlov-Zworski [DZ15] showed that the Pollicott-Ruelle resonances of an Anosov vector
field X on a Riemannian manifold are the limits as e — 0% of the L2-eigenvalues of (X +eA).
From the point of view of partial differential equations, this realizes resonances as viscosity
limits. From the point of view of probability theory, this indicates stochastic stability of
Pollicott—Ruelle resonances, because the operator %X + ieA generates the stochastic differ-

ential equation
Py = —X(®,) —V2eB(t), ®y=1dy, (2.1.2)

where B(t) is a Brownian motion on .#. Their approach also shows that the L?-eigenvalues
of %X +ie/A converge to complex conjugates of Pollicott—Ruelle resonances as ¢ — 0~. This
fact also holds here, see Remark 2.6.1.

The geodesic flow on the cosphere bundle S*M of a Riemannian manifold M is a funda-
mental example of Anosov flow. If X denotes the generator of the geodesic flow, (2.1.2) is
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a random perturbation of the geodesic equation. The perturbative term in (2.1.2) acts on
both momenta and positions. As was first modeled by Langevin’s equation [La08], a physical
random perturbation created by collisions should only act on the momentum variables. A
generalization of Langevin’s equation to cotangent bundles T*M was studied in Jgrgensen
[Jo78], Soloveitchik [S095] and Kolokoltsov [[Ko00].

In this chapter, we remain on the cosphere bundle S*M and we consider kinetic Brownian
motion. This stochastic process is a random perturbation in the momentum random of the
geodesic equation on S*M. It models diffusions with constant speed of propagation, and
has generator H; + ¢Ag. Kinetic Brownian motion was first introduced in Franchi-Le Jan
[FL.07], as an extension of Langevin’s equation in general relativity: it models the relativistic
motion of random particles, whose speed has to be bounded by the speed of light. Grothaus—
Stilgenbauer [GS13] extended the construction to cosphere bundles of Riemannian manifolds,
with applications to industry. Li [Lil6] showed the first perturbative results in the small-
and-large white force limit (respectively, ¢ — 0 and € — 00). Angst—Bailleul-Tardif [ABT15]
improved upon Li’s result and derived asymptotic in the context of rotationally invariant
manifolds. We refer to §2.3.1 for precise definitions.

Dolgopyat—Liverani [DL11] studied another perturbation of the geodesic equation. They
considered the geodesic motion of particles, coupled with an interaction of size e. When the
initial data is random and e goes to 0, they showed that a suitable rescaling of the energy
at time ¢ solves an explicit stochastic differential equation. Bernadin et al. [BHLLO11]
obtained a formal expansion of the heat conductivity for systems of weakly coupled random
particles. Conceptually, both results can be seen as a step towards deriving macroscopic
equations from principles of microscopic dynamics.

This chapter aims to generalize the main result of Dyatlov—Zworski [DZ15] to kinetic
Brownian motion. In contrast with [DZ15], the operator P. = %(Hl + eAsg) is hypoelliptic
instead of being elliptic. An earlier version [Drl6a] contains a proof of Theorem 9 when
M is an orientable surface. It can be seen as an introduction to the present chapter. The
technical details are simpler there, because in that case Ag = —V?2, with V the generator of
the circle action on the fibers of S*ML.

The lack of ellipticity of P. creates serious new difficulties that we overcome by showing
that the operator P is maximally hypoelliptic in the regime ¢ — 0, see Theorem 10. For
technical reasons, we will lift P. to an operator P. acting on functions on the orthonormal
coframe bundle of M. The proof continues with the Lebeau [Le07], where the maximal
hypoellipticity of Bismut’s hypoelliptic Laplacian [Bi05] is shown. Lebeau ingeniously uses
certain commutation relations to reduce his study to the case of the model operator % D?, +
D,,, microlocally near (0,2',0,¢), & # 0. In our approach, we bypass the microlocal
reduction and we work directly with F.. We replace Lebeau’s main step with a positive
commutator argument. This yields a maximal hypoellipticity result for P., that descends
to an estimate for P.. Lifting geometric equations to the orthonormal frame bundle has
been an efficient technique in probability theory, starting with the pioneering constructions
of stochastic processes on manifolds by Elworthy [E182]. It was used in both Li [Lil6] and
Angst—Bailleul-Tardif [ABT15] to show asymptotic results for kinetic Brownian motion.
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The remainder of the proof of Theorem 9 is similar to [DZ15]. We will decompose the
operator P. in two parts Pf + PEb . The first part acts on momentum frequencies greater
than 7!, and the maximal hypoelliptic estimate will take care of it. For the second part,
we will use the anisotropic Sobolev spaces designed in Faure-Sjostrand [F'S11] in a modified
form due to Dyatlov—Zworski [DZ16a]. Their construction relies on Melrose’s propagation
estimate at radial points [Me94], in the improved version of [DZ16a, Propositions 2.6-2.7].
For the original version of anisotropic spaces used in Anosov dynamics, see Baladi [Ba05],
Liverani [Li05], Gouézel-Liverani [GL06] and Baladi-Tsuji [BaTs07]. We also mention Vasy
[Val3] for application of similar anisotropic Sobolev spaces in the context of asymptotically
hyperbolic manifolds and general relativity.

The operator P. can be realized as the restriction of the hypoelliptic Laplacian of Bismut
[Bi05] to the cosphere bundle. This connection provides another motivation for the study
of P.. Li [Lil6] and Angst-Bailleul-Tardif [ABT'15] showed that kinetic Brownian motion
interpolates between geodesic trajectories as € — 0 and Brownian motion on M as ¢ — oo
(after projection and rescaling). This dramatically echoes Bismut-Lebeau’s motivation to
study the hypoelliptic Laplacian, obtained in [BLO8] as an operator interpolating between
the generator of the geodesic flow and the Laplacian on M (after rescaling and projection).
For the corresponding interpretation in probability theory, see Bismut [Bil5]. Improving
upon work of Bismut [Bill], Shen [Sh16] recently obtained far-reaching applications of the
hypoelliptic Laplacian, including a proof of Fried’s conjecture [Fr95] for maximally symmetric
spaces.

Baudoin-Tardif [BaTal6] showed exponential convergence of the heat operator e~#= to
equilibrium: there exists . > 0 such that for every u € S*®(S*M),

e_”Pgu—/ U u—/ ul .
S*M S*M

Because of the connection of P. with the Laplacian on M, Baudoin and Tardif expected
that the optimal value of 1. converges as ¢ — oo to the first eigenvalue of the non-negative
Laplacian on M. Though the explicit value of v, derived there converges to 0 as ¢ — oc.
When M is negatively curved, we conjecture that the optimal value of v, converges as ¢ — 0
to the largest imaginary parts of Pollicott—Ruelle resonances of %H 1.

When M is not negatively curved, we can still study the accumulation points of the L2-
eigenvalues of P. as ¢ — 0. Already in the case of the 2-torus, the behavior of this spectrum
is quite mysterious. See (in a slightly different context) [DZ15, Figure 3] and the discussion
following it, originating from Galtsev—Shafarevich [GS06]. The general case is far from
being understood. Recently, Dyatlov—Zworski [DZ16¢] showed a deep connection between
Pollicott—Ruelle resonances and topology: the order of vanishing of the Ruelle zeta function
at 0 determines the genus of a negatively curved surface. We believe that the spectrum of P
relates closed geodesics and topology, even when M is not negatively curved. The maximal
hypoelliptic estimate (2.4.2) holds with no restrictions on the sign of the curvature. However,
the methods of §2.6 are strictly restricted to the negative curvature case.

< Oe—llgt
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In order to facilitate the lecture, we provide in §2.2 an introduction to microlocal analysis
in the context of hyperbolic dynamical systems. Our presentation is axiomatic and relies on
approaches of Faure-Sjostrand [F'S11] and Dyatlov—Zworski [DZ16a]. In §2.3, we recall the
theory of kinetic Brownian motion. In particular, we show that its lift to the orthonormal
frame bundle satisfies many convenient identities.

2.2 Dynamical systems and phase-space analysis

2.2.1 Anosov flows and Pollicott—Ruelle resonances

We start with an overview of Anosov diffeomorphisms. These are hyperbolic dynamical
systems which present a very chaotic behavior: they contract in certain directions while
expanding in others; this intuitively generates a high degree of disorder. This feature, called
the Anosov property, is rigorously stated in (2.2.2)-(2.2.3) below. The first systematic study
of such flows goes back to Anosov [An67]. He showed that a fundamental example is given
by geodesic flow on negatively curved manifolds. In addition, he proved that Anosov flows
enjoy a universal property: they are mixing — which means that the state of the system at
a large time is mainly independent from the initial state. Specifically, if ®; : .# = .# has
the Anosov property, then:

Vi ®; — invariant measure, Vf, g € C(4), / frgo®du = / fdu/ gdp.  (2.2.1)
V4 V4 V4

The convergence of (2.2.1) occurs in fact exponentially for a large class of Anosov flows —
see below.

Rigorously speaking, if .# is a smooth manifold and X is a vector field on .#, the flow
e!X . # — M is Anosov if and only if at each point € .#, there exists a splitting of T,.#
as

T..# =E,(x) R - X(x) ® Es(z), (2.2.2)

with the following properties:

e E,(z) and E,(x) are invariant under the flow e**:

de'™ (2)(Eu(7)) C Ey(e" (2),  de'™(x)(Es(2)) C Ey(e (x)).

e E,(x) and E4(x) contract in the past and in the future, respectively: if | - | is induced
by a metric on ., there exists v > 0 such that

Yo € By(z), |det™ (z)v] < e M|, t <0, VYuve Eyz), |de (z)v] < e o], t > 0.
(2.2.3)

The sets E,(z) and E,(x) are called the unstable and stable subspaces, respectively. We will
say that X is Anosov if ! is Anosov.
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We recall that a contact structure on a manifold .Z is a smooth one-form o with the
following property: for any vector field V/,

wa=0, iyda=0 =V =0

(7y denotes the exterior multiplication by V). This implies that the dimension of the manifold
of A is odd: dim(.#) = 2k — 1; and that a A (da)*~! is a smooth volume form. A contact
form «a always admits a Reeb vector field, i.e. a smooth vector field Y such that a(Y) =1
and iy da = 0. The volume form a A (da)*~! is invariant under the Reeb vector field, because

fya = iydOé + diyOz - O, gydOé - d.,%yOé =0.

(we used Cartan’s magical formula). In particular, the vector field Y — seen as a differential
operator — is antiselfadjoint on L?(.#, i1). Its spectrum is equal absolutely continuous, equal
to 7RR.

On the other hand, it was observed relatively recently that Anosov vector fields enjoy
a surprising universal property: their spectrum on specifically designed Sobolev spaces (or
more generally, Banach spaces) is discrete — this offered a modern definition of Pollicott—
Ruelle resonances. This is in striking contrast with their L2-spectrum. Such anisotropic
spaces find their origin in work of Blank—Keller-Liverani [BKL02], Gouézel-Liverani [GLOG]
and Baladi-Tsuji [BaTal6]. We will use an approach due to Faure-Sjostrand [F'S11] and
Dyatlov—Zworski [DZ16a], see 2.5.1.

Spectral gaps

In the context of contact Anosov flows, a remarkable application of the existence of a discrete
spectrum is the exponential decay of correlations: the convergence (2.2.1) occurs exponen-
tially rapidly. The proof of this fact uses that there are only finitely many Pollicott—Ruelle
resonances (i.e. eigenvalues of +X) in the strip

{A:ImA\ > =6}

for some ¢ sufficiently small. This property is called a spectral gap. One can then derive a
rigorous resonance expansion for correlations in a strip of size . This is closely related to
the resonance expansion for scattered waves (Theorem 8). Since the existence of a spectral
gap governs whether correlations decay exponentially, it is a subject of intense study. In the
context of Anosov flows e!* on manifolds, a spectral gap is known when X is the generator

of

e a contact Anosov flow on a smooth compact manifold, see Dolgopyat [D098], Tsuji
[Ts10] and Nonnemacher—Zworski [NZ15];

e the geodesic flow on a convex, co-compact hyperbolic surface under a pressure condi-
tion, see Patterson [Pa76], Sullivan [Su79];
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e the geodesic flow on a convex, co-compact hyperbolic manifold under a relaxed pressure
condition, see Patterson [Na(5] for surfaces and Stoyanov [St11], Dyatlov—Zahl [DZ16]
and Dyatlov—Jin [DJ17] for higher-dimensional manifolds;

e the geodesic flow on a convex, co-compact hyperbolic surface without any pressure
condition, see Dyatlov-Bourgain [BD17].

Geodesic flow on negatively curved manifolds

We give here a particularly important example of a contact Anosov flow, induced by the
geodesic flow on negatively curved manifolds. If (M, g) is a smooth compact Riemannian
manifold, its cotangent bundle T*M admits a canonical symplectic structure, i.e. a 2-form
w € T(A*T*M) that is non-degenerate. The Hamiltonian vector field of a function f €
C>°(T*M, R) is the vector field on T*M that is uniquely defined by

Yo € T(T(T*M)), w(H;, V) = —dp(V).

This is alternatively written as iy .w = —dp. If p(x,£) = [€]2, the vector field H, is tangent
to the sphere bundle .#Z = S*M. It generates the geodesic flow in the following sense:
the geodesic v : R — M starting at (xg,v9) € SM is the projection onto M of the curve
t — e (xg, &), where (19,&) € S*M is the dual element to (xg,v9) € SM. If M is
negatively curved, the flow e/ on .# = S*M is a fundamental example of an Anosov
diffeomorphism as Anosov [An67] first noticed.

This flow is contact. The contact form is the restriction of the canonical one-form on

T*M (a smooth section of T*(T*M), also called the Liouville one-form) to .# = S*M. One
can check that H, defined above is the Reeb vector field of a, i.e.

a(H,) =1, ig,da=0.

In §2.3.1 and below, we will write H, = Hj, and | - | for the L?*norm on functions on
A = S*M induced by the volume form a A (da)*~L.

2.2.2 Anosov flows and microlocal analysis

The material here is mostly taken from [DZ16a, §2.1] and [DZ16d, Appendix E.5.2].
When M has negative curvature, H; generates an Anosov flow on S*M: there exists a
decomposition of T'S*M, invariant under the geodesic flow €1, of the form

T.5"M = Ey(z) ® E,(x) ® Eqs(x),
where Ey(z) =R - Hi(x) and E,(z), Es(x) satisfy:

v € Ey(r) = |de™(x)v] < Cefv], t <0,
v € By(r) = |de'™(z)v] < Ce |, t>0.
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For (z,§) € TS*M, let oy, (z,£) = (£, Hi(x)) — a smooth function on T'S*M. The
Hamiltonian vector field Hop, of oy, generates the flow exp(tH(,Hl) given by

exp(tHoy,, )(2,8) = (e (2), (de"™ (2)71)€) .

Since op,(2,€) = (&, Hi(z)) is homogeneous of degree 1 in &, exp(tHy, ) extends to a

map T S*M — T S*M, see [DZ16a, Proposition E.5]. A radial sink (with respect to H,,, )

is a exp(tH,,, )-invariant closed conic set L C T*S*M \ 0 with a conical neighborhood U
satisfying

t — +oo = d(k(exp(tH,p )(U)), k(L)) — 0,

(2,6) €U = |meexp(th,,, )(z,8)] = C'e[¢].

Here m¢(z, &) = €. A radial source is defined by reversing the flow direction in (2.2.4).

The decomposition T,5*M = FE,(z) ® Ey(z) @ Es(x) induces a dual decomposition
TrS*M = E¥(z) ® Ef(z) ® Ef(z). Note that in this notation, EX(x) is the dual of E,(x) and
EX(x) is the dual of E*(x). The stable and unstable foliations of Anosov flows are related
to the radial source and sinks as follows: E¥\ 0 is a radial source and E} \ 0 is a radial sink,
see [DZ16a, §2.3].

As mentioned above, Pollicott—Ruelle resonances are dynamical quantities associated to
M, that quantify the decay of classical correlations, see [Ts10, Corollary 1.2] and [NZ15,
Corollary 5]. These numbers can also be realized as eigenvalues of %Hl on specifically de-
signed Sobolev spaces. They are the poles of the meromorphic continuation of the Fredholm
family of operators (Py—\)™' = (1 H; —\) ™' : C* — Z', where 2’ is the set of distributions
on S*M. The poles of (Py — A)~! have finite rank; the multiplicity of a pole A\ € C is
rank(Il,,), where

(2.2.4)

def 1 -1
I, 57 aD(,\O,rO)(PO A) T dA (2.2.5)
and ry is small enough so that \g is the unique pole of (Py — A\)~™! on D(Ag, 7). In order to
investigate further the residues of (Py— \)~!, we recall that one can associate to each u € 2’
a conical set WF(u), called the classical wavefront set, which measures in phase space where
u is not smooth. We refer to [GS94, §7] for precise definitions. For I' € T*S*M a conical
set, let ] be the set of distributions with classical wavefront set contained in I'.

Lemma 2.2.1. If Ay is a simple Pollicott-Ruelle resonance of Py = %Hl, there exist u €
D=, v € Dge and a holomorphic family of operators A(X) defined near Ao, with

U QU
Py— Nt = A(N).
(R =2 = 122 4
Proof. According to [DZ16a, Proposition 3.3], the operator II,, defined in (2.2.5) is equal to
u ® v, where WF(u) C E, WF(v) C E?; and there exist J > 0 and a family of operators

S

A(N) : C*° — 2' holomorphic near A\ such that

(Py— Ao)i—'I
(Py — +Z OA OAO Ao (2.2.6)
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By the same argument as in the proof of [DZ16d, Theorem 2.4] the operator Py — A\g maps
Range(II,,) to itself and (Fy — )\0)|Range(m0) is nilpotent. Since Range(Il,,) has dimension
L, (P — )\)|Range(HA0) is equal to 0 and the index J in (2.2.6) is equal to 1. O

In [DZ16a] the meromorphic continuation of (Py — A\)~! is realized via analytic Fredholm

theory. Therefore, Pollicott—Ruelle resonances of P are identified with the roots of a suitable
Fredholm determinant, see [DZ15, Proposition 3.2].

2.2.3 Semiclassical analysis

We describe here a refinement of microlocal analysis, called semiclassical analysis. This
theory not only captures the lack of regularity of distributions at a point and a direction,
but also the oscillations at scale h~!, where h is small. For the sake of simplicity, our
presentation is axiomatic.

Symbolic calculus

Symbols are smooth functions on T*.# that satisfy decay conditions sufficient to associate
h-canonical operator — this process is called quantization. Specifically, a symbol of order
m € R on . is a smooth function a : T*.# x (0,1] —— C that satisfies

Vo, B, 3Cap >0, VO <h <1, sup (I 020/ a(x, &, h)| < Cup.
(z,)eT* M

In the above, g is any dual metric on .# (i.e. definitive positive section of T.# @ T.#'). The
operators 0,, 0¢ in the above are taken using local coordinates. The dependence in h of a
is often dismissed: we write a(z,§) for a(x, &, h). Semiclassical pseudodifferential operators
of order m are operators on C*°(.#') that are realized as h-quantization of symbols in S™.
They form an algebra, denoted Uj".

Conversely, to each A € U} we can associate a unique symbol equivalence class o(A) €
S™/hS™~1 — called the principal symbol of A. The map

Om: AU = g, (A) € S™/hS™ !

induces a morphism of C*-algebra, whose kernel is given by operators in \I/Z‘_l. In partic-
ular, the principal symbol of differential operators on .# is an invariantly defined class of
equivalence in S™~!. Some concrete applications are described below:

o If A e U then A* € U7, and o(A*) = o(A) € S™/hS™L.

e If A€ U and B € U}, Ao B € V™" and has principal symbol ,,(A)o,(B) €
Sern+n/hS}71n+n_1'
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o If A € U} is such that 0,,(A) has a non-vanishing represent a € S™, then we can
construct B € ¥, such that AB —1d € h\If}jl and BA—1d € hlllgl. Indeed, one can
check that a=! € S™™ and define B = Op,,(a™') € ¥,™. The operator AB — Id lies
in W) and 0o(AB —Id) = 0 € S°/hS~%. Hence, h"1(AB —1d) € ker(ay) = ¥, ', as
claimed.

e If Ac UM and B € V7, [A,B] = AB — BA € h¥}"*" " indeed, 0,,(AB — BA) =
0 € S™tn /hS™n=1 which implies that h~[A, B] € W71 In addition, the princi-
pal symbol of [A, B] € U/"*"~! can be computed using Poisson brackets: if a,b are
representant of o,,(A), 0,(B) respectively, then a representant of ¢,,,,_1([A, B]) is

h h
—{a,b} = —H,b — here H, is the Hamiltonian vector field of a € C*(T*.#).
i i

This formula is very important because it connects quantum dynamics - in the Heisen-
berg picture, the evolution of B under A is eABe™ = A + t[A, B] + O(t?) — with
classical dynamics — which evolves according to the Hamiltonian flow.

When there is no possible confusion, we will write o(A) instead of o,,(A) for the princi-
ple symbol of an operator A € ¥, We will also write 0(A) = a mod hS™ ! if a is a
representant of o(A). For instance, if X is a smooth vector field on .#, then 2X € ¥} and

o (%X) (2,€) = (€, X(z)) mod hS®.

Similarly, if A > 0 denotes the nonnegative Laplace—Beltrami operator on (.#,g), then
h*A € U2 and
o(h*A) = |¢]2 mod hS'.

Elliptic set and wavefront set

The elliptic and wavefront sets of a pseudodifferential operator A on .# are two invariantly
defined objects, that measure where A is microlocally invertible and microlocally significant,
respectively. They are defined here as subsets of the radial compactification T" .# of T* 4,
which this is a smooth manifold with interior T*.# and boundary S*.# associated with the
map

k:(x,§) eT* M \0— (x, é) cdS M =T M. (2.2.7)

g

In the above ¢ is any dual metric on .#. We will most importantly care about the topology
of ./ a basis of open sets is concretely given by the open sets in T".#, together with the
sets K 1(U) \ K, where U is an open set in S*.# = 0T .# and K is a compact subset of
T M .
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Given an operator A € U}, a point (zg,&y) € T belongs to the elliptic set of A -
denoted Ell,(A) — if there exists a neighborhood U of (z¢,&) in T .4 such that

A) = d hS™ ! = inf - > 0. 2.2.8
o(4)=a mo oo () (a6 (228)
(one can easily verify that this definition is independent of the choice of a nor of the dual
metric on .#). Hence, A is elliptic at (z9,&) € T"# if and only if a(zo,&) > 0, and
(roughly speaking) elliptic at (x,&) € OT . if and only if a(xo, £) grows like (€)™ in the
direction &. The characterization (2.2.8) shows that the elliptic set is an open subset of
T M.
We define the semiclassical wavefront set of A — denoted WF(A) — by its complement: a
point (g, &) ¢ WF,(A) if and only if there exists U neighborhood of (g, &) in T .4 such
that

o(A)=a mod hS™ ! = Vm' €R, sup (EY™ a(z, €)| < oo.
(z,£)eT*.#/NU,he(0,1)

Roughly speaking, a point (2o,&) belongs to WF(A) if A is not semiclassically negligible
at (xg,&). The wavefront set of an operator A is a closed subset of T’ "

Semiclassical estimates

The wavefront set and the elliptic sets of an operator A carry a lot of essential information
about A. This is most importantly seen in semiclassical estimates. These can be seen as
general black-box estimates that require only dynamical information on the behavior of the
elliptic and wavefront sets under the classical flow. They are often stated in semiclassical
Sobolev spaces Hi = A_,L*(.#), where A, = (Id + h®A)*?> € 5. Roughly speaking,
they quantize (in a non trivial way) facts available in the classical case (that are sometimes
trivial).

We start with the microlocal partition lemma, which quantize the following classical
statement: let f, f1, ..., f be complex-valued functions on T .# such that

supp(f) C | {z € T4 : |fi(x)| > 0}
i=1
Then there exists C' > 0 such that
Ve e T, |f(x)] <CY |fix)l.
i=1

Lemma 2.2.2. Assume that A, Ay, ..., A,, are pseudodifferential operators in U9 such that
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Then for any N, s, there exists a constant C' such that

my < Cn Z |A;u

=1

u€ H, = |Au

w; + O(h™)|ul -~

This estimates allows us to separate possible difficulties. It shows that to control u
microlocally on Wy U Wy, it suffices to control u microlocally on W; and on Ws5. The proof
relies on the following estimate — which can also be seen as a corollary:

Lemma 2.2.3. Let A € U9 B € VY such that WF,(A) C Ell,(B). Then, for any N, s,
there exists a constant C such that

ue€ H = |Au

H < C|BU

H; +O(h~ )|U|H N.

A standard proof of this lemma constructs a parametrix for the operator B on WF},(A),
i.e. an operator Q € U9 such that WF,(BQ —Id)NWF,(A) = WF,(QB—1d)NWF,(A) = 0.
Under this condition,

A(ld=Q@QB) € ™V, ™ = Au= QBu+h>™V,*u = |Au|g: < C|Bu|g: +O(h~ )|u|H_N

The construction of the parametrix is realized via an iterative scheme. The first step quan-
tizes o(B) ™' € S°/hS~! on the conical set WF},(A), hence it relies strongly on the assumption

A more sophisticated inequality is due to Garding. It quantizes in a rather subtle way
the inequality a > 0.

Lemma 2.2.4. Let A € U9 with principal symbol a mod hS™', such that Re(a) > 0. Then
there exists C' > 0 such that
<AU U>Hs > Ch|U|Hs 1.

These estimates are static in the sense that they do not require any assumption about
the classical dynamics. The next inequality, due to Duistermaat—Hormander, is called the
semiclassical propagation estimate.

Lemma 2.2.5. Let P € U; have principal symbol p —iq mod hS®, where p is real val-
ued, independent of h, and homogeneous for & sufficiently large; and q > 0. Assume that
A, B, By € VY are such that

e T (WF),(A)) C EllL(B), Vte[0,T], e »(WF,(A)) C Ell,(B,).
Then for any N, s, there exists C' > 0 such that

uwe H = |Au
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We briefly explain the proof of the estimate when ¢ = 0 and Pu = 0. It relies on the
construction of a function f that satisfies f > 0 on supp(a), f > 0 everywhere and H,f <
—cf — here 0(A) = a mod hS™'. In particular, a < C'flsupp(a) (because f > 0 on supp(a))
and f|supp(a) < Cb (because f decreases along the flow lines of H, and e~ 7"» (WF,(A4)) C
Ell,(B)). Hence, a < Cb which yields (2.2.9) after a few additional details.

This brief explanation shows that the constant C' in (2.2.9) does not depend uniformly
on T indeed, if f > 0 on supp(a) and H,f < —cf, then the argument shows f|suppa) < Crb
with Cr a priori growing exponentially with 7. Therefore, the proof cannot be adapted to
the situation 7" — oo. Further dynamical assumptions are needed.

Let X be a vector field on .#, with (representant of its) principal symbol ox(x,§) =
(¢, X (x)). Since ox is homogeneous of degree 1 in £, the Hamiltonian flow exp(tH,, ) :
T* M — T* A naturally extends as a flow T".# — T .#. A radial sink (with respect to
H,.) is a closed conic set L C T*.# \ 0 that is invariant under exp(tH,, ) and such that
there exists a conical neighborhood U of L in T*.# with:

t — +oo = d(k(exp(tH,,)(U)),k(L)) — 0,

(2,6) €U = |meexp(tHyy)(z,8)], > C e (€], (2.2.10)

Here m¢(x, &) = € and g is a dual metric on 7*.#. A radial source is defined by reversing the
flow direction in (2.2.10). Intuitively, a radial source (respectively sink) is a set where flow
lines of H,, tend to concentrate in the far past (respectively future). Their definition depend
on the long-times behavior of the flow. They appear naturally in relation with Anosov flows:
if X is an Anosov vector field on ., then the invariant splitting in unstable, invariant and
stable directions

T..# =FE,(x) R - X(x) ® Es(z)

induces a dual splitting
T;dl = Ef(x)" & (R-X(2)) ® E{(x), El(z) = Eu(x), E(s) = E{(x).

In this notation, E*(z) (the closure realized for the topology of T .#) is a radial source
and E*(z) is a radial sink. These sets also appear in relation with interior and horizons of
black-holes in general relativity, see [Val3, Zw16] but this will not be developed further here.

Radial sources and sinks provide a convenient framework to state estimates similar to
Lemma 2.2.5 in the limit 7" — co. They were introduced in work of Melrose [Me94] and
developed further in Vasy [Val3] and Dyatlov—Zworski [DZ16a].

Lemma 2.2.6. Let P € U} have principal symbol p —iq mod hS®, where p is real valued,
independent of h, and homogeneous for & sufficiently large; and ¢ > 0. Let L be a radial
source with respect to H,. Then, there exists so > 0 such that for any By € ¥} elliptic on
k(L), there exists A € W) elliptic on k(L) with

VN,s > so, u € Hy, |Aulg; < Chil‘BlpU’HfL + O(hoo)|“’H;N'
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This estimates shows that one can control w microlocally near k(L) provided that Pu
is sufficiently regular. Since radial sources and radial sinks are dual to one another, we
naturally expect a similar estimate near radial sinks:

Lemma 2.2.7. Let P € U} have principal symbol p —iq mod hS®, where p is real valued,
independent of h, and homogeneous for & sufficiently large; and ¢ > 0. Let L be a radial sink
with respect to H,. Then, there exists so < 0 such that for any By € 1)) elliptic on k(L),
there exists A € WY elliptic on k(L) and B € ¥ with WF,(B) C Ell,(By) \ (L), such that

VN,s < sg, u€ H;, |Au

m: < |Bu

H T Ch_1|Blpu

T O(hoo)|U|H;N.

The class S = S%°

In §2.4.3 only, we will need a slightly more exotic class of symbols, in the context of the flat
based space R™,n > 0. This class, first introduced by Hérmander as S%° and denoted by S
here contains all functions on T*R"™ such that

Vo, B, 3Cas > 0,V0 < h <1, sup [0207a(x,&)| < Cap.
(z,8)eT*R™

The quantization of symbols in S forms an algebra W,. This algebra is not invariant under
change of variables. In the class ¥}, the remainders in the composition formula are smaller
than the leading part, but they are not more smoothing — in contrast with ¥9. We will use
this class exclusively in §2.4.3. Our basic reference for such operators is [Zw12, Chapter 4].

2.3 Random perturbations of the geodesic equation

2.3.1 The operator P.

For every z € M, the fiber T7M is a Euclidean space and we can see S;M as a Riemannian
submanifold of 77M — provided with the induced metric. The non-negative Laplacian on
S*M is a differential operator Ag(z) : C*(SiM) — C*(SiM). Varying z we obtain a
differential operator Ag : C*°(SIM) — C>°(SiM) called the spherical vertical Laplacian.
Similarly we can define a spherical vertical gradient operator Vs : C*°(S*M) — C*°(T'S*M)
by first freezing = and taking Vs(z) the gradient operator on the Riemannian manifold S¥M,
then by varying z.

For every z € M the fiber 77 M admits a Euclidean structure and the fiber S¥M, provided
with the induced metric, is a Riemannian submanifold of 77M. The non-negative Laplacian
on SIM is a differential operator Ag(z) : C*°(SIM) — C*°(SiM). Varying z we obtain a
differential operator Ag : C*°(SIM) — C*(SiM) called the spherical vertical Laplacian.
Similarly there is a spherical vertical gradient operator Vs : C*°(S*M) — C*(T'S*M),
defined on each fiber SYM as the standard gradient. We will see below that Ag is selfadjoint
with respect to the Liouville measure on S*M.
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Let P. be the operator

def 1

1
PEZ (Hl—f-&AS) = THl—iéAg,
1

i
with L2-domain D(P.) % {u € L? : P.u € L?} - here P.u is seen as a distribution. Angst-
Bailleul-Tardif [ABT15] call P. the generator of kinetic Brownian motion. In §2.3.2 below
we compute certain Lie brackets, showing that P. satisfies Hormander’s condition [H667] for
hypoellipticity. The Rothschild-Stein theory of hypoelliptic operators [RS76, §18] yields the
subelliptic estimate (2.3.13): there exists a constant ¢. > 0 such that |u|g2s < c.(|Poul+]ul).
A significant part of this chapter, §2.4, studies the behavior of c. as ¢ — 0 when H?/3 is
replaced by its semiclassical version j2eled

This chapter studies the accumulation points as ¢ — 0 of the L?-eigenvalues of P. when
M has negative curvature and is provided with the Liouville measure. For the sake of
completeness, we prove here the following standard result:

Lemma 2.3.1. The operator P. has discrete L*-spectrum.

Proof. This is a general statement that uses that P. is subelliptic and Im(P.) < 0. We first
show that the operator P. — X is injective for Im A > 0. We have

Im(((P. — Nu,u)) = Im ((—=i(H; +eAs — Nu,u)) = Im(—ie|Vsu|*) — Im Au|?

2.3.1
= —¢|Vsu|* — Im A|u|* < —Im A|ul?. ( )

In particular P. — X is injective on L? as long as Im A > 0.

We next show that P. — X is surjective for ImA > 0. The graph of P. — X\ is closed
in L? x L? indeed assume that u, € D(P.) satisfies f, = (P. — Mu, — f € L* and
u, — u € L?. Then (P. — A)u, — (P- — A)u in the sense of distribution, which shows that
(P. — AM)u = f and hence P. — X has a closed graph. An estimate similar to (2.3.1) shows
that

Im({(P: — \)*u,u)) = Im ((i(—H; + eAs — Nu,u)) = Im(ie[Vsul*) — Im A|ul?
= ¢|Vsul? + Im A|ul* > Im Aul?.

Hence, (P. — \)* is also injective. Since P. — A has a closed graph,
{0} = ker((P. — \)*) = R(P. — A\

This shows that the range of P. — X is dense in L?. It remains to prove that this range is
also closed. If f, = (P. — Nu, — f € L? then (2.3.1) shows that u, remains bounded in
L?. Hence possibly after passing to a subsequence it converges weakly to some u in L2, In
the sense of distribution we must have (P. — A\)u = f. This shows that the range of P. — A
is closed and dense in L?, hence it is L%

We deduce that the operator P. — A is invertible when Im A > 0. We now show show that
the operator P. — A is Fredholm, i.e. that both its kernel and cokernel are finite-dimensional.
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We recall the subelliptic estimate of [RS76]: there exists a constant C. such that for every
u € D(P.),
[ulfr2rs < C(|Peul + Ju).

Every element u lying in the kernel of P. — X satisfies |u|g2/s < (C'+ |A|)|u|. This shows that
the unit ball of ker(P. — \) is contained in a bounded subset of H?/3, hence it is compact
in L?, thus finite-dimensional. This proves that ker(P. — \) is finite-dimensional. The same
argument shows that ker((P. — A\)*) is finite dimensional.

Hence P.— ) is an analytic family of Fredholm operators with index 0. Analytic Fredholm
theory (see for instance [DZ16d, Appendix C]) show that their resolvent (P.—\)~!: L? — L[?
initially defined for Im A > 0 meromorphically continues to the whole complex plane. The
set of (discrete) poles forms the L?-spectrum of P. — A\, which proves the lemma. O

2.3.2 Operators on frame bundles

This section reviews Cartan’s lifting process from the cosphere bundle S*M to the bundle
of orthonormal frames O*M. Angst-Bailleul-Tardif [ABT15] and Li [Lil16] previously used
it to show asymptotic of kinetic Brownian motion in the limits ¢ — 0, 0c0. We mention that
when M is an orientable surface, O*M = S*M x {41} and this lifting process is unnecessary.
This simplifies the technical aspects in the earlier version [Drl6a] of this work.

Horizontal and vertical vector fields

The space of frames at z € M — denoted .#M — is the vector space of linear maps ¢ : R? —
TrM. At this point ¢ is not required to be orthogonal nor an invertible. The space .# M
is a Euclidean when provided with the scalar product (¢, (") — Tr(¢*¢’). Varying the base
point z we obtain a vector bundle .#*M over M which admits a Riemannian structure.

For (z9,(0) € F*M, a vector Xo € Ty, -7 *M is said to be vertical if X is tangent
to the fiber . M. A smooth vector field X € T.7*M is vertical if X (z, () is vertical
for all (z9,() € F*M. A curve t — (2,() € F*M is said to be horizontal if for all
e € R (;(e) (which belongs to T,,M) is parallel along z; with respect to the Levi-Civita
connection. A vector Xy € T}, % *M is horizontal if there exists a horizontal curve (2, (;)
with 0 (2, (¢)(0) = Xo; a smooth vector field X € T.%*M is horizontal if X (z, ) is horizontal
for every (z,() € .#*M.

The bundle of orthonormal frames O*M is the subbundle of .#*M with fibers formed
of orthogonal maps ¢ : RY — TYM. Since parallel transport preserves angles, the Levi-
Civita derivative of an orthogonal frame along a curve is still an orthogonal frame. Vertical
and horizontal vector fields in T'O*M are defined similarly as before. We also observe that
O*M is a bundle over S*M, provided with the projection 7s : (2,() — (z,((e1)), where
€1 = (1,0, ,0) € R

Geodesics on M are identified with integral curves of the vector field H; defined in §2.3.1;
the geodesic flow is then exp(tH;). The vector field H; lifts to a horizontal vector field H; on
O*M defined as follows. Fix (20, (p) € O*M and let (29, () = (20, Co(e1)) be its projection on
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S*M; let (24, ¢}) = exp(tHi) (20, (o(€1)) be the geodesic starting at (2, (). Parallel transport
of {p along z; yields a flow (z;, (;) = P¢(z0, (o) on F*M. Since the parallel transport preserves
angles this flow actually takes values in O*M. As (2, (}) is a geodesic, ¢} = (i(e;) is the
parallel transport of ¢} along z; hence (;(e;) = ¢}. This shows that (2, (;) is a lift of (z,¢})
to the orthogonal frame bundle. The vector field H, € TO*M is the generator of ®;:

q)t(z(h CO)

The integral curves of H, are horizontal which shows that H; is horizontal.

Let Ei, be the matrix Ekg = ((5;“(5]0” and Ay, be the anti-symmetric matrix Ay, def

Eye — By, The matrix et is orthogonal and Vj, is the vector field on O*M given by
d (Z’ g o etAkg) .

Vi = —
kf(z7 C) dt o
Since the projection of (z, Coet ) on M does not depend on ¢ the vector fiels Vj, are vertical.
The brackets of H 1 with Vi, define new vector fields on O*M: H K= dof [H 1, Vik)

Expression in coordinates

A system of coordinates z,, € R? on M lifts canonically to a system of coordinates (2,,, le)

on T*M. If (2,¢) € #*M then ((e;) € TyM and we denote by (} its coordinates. This
defines a system of coordinates on % *M.
Unless precised otherwise, all the sums appearing below are run through indices from 1

to d. Let (z,¢) € O*M C .Z*M with coordinates (2, /). Then
Coe(e;) = ¢+ t¢(Apees) + O(t?) = ¢+ t6iC(er) — toinl(er) + O(t?).
Hence ¢ o "% has coordinates ¢} + t6;(} — t5ikC€ + O(tz) and

0
_ k e k ¢
szé = ; (5i€<j sz acz ZCJ acg j 8@’“ (232)
Geodesic trajectories (z, (') € T*M satisfy the equation
b =G = TT(2)CG)
i,

while covectors n € T*M that are parallely transported along (z, (') satisfy

T = — Y _TICH.

i?j

This yields the coordinate expression of ﬁ 1, ﬁm:

0 ~ 0
ilazi_i%; l]C Jaclw Hm:;@ 821_2 ”C 384"“

1,5,k,¢

ﬁlz
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Some differential operators

Recall that Ag is the operator defined in §2.3.1 and let Ay the non-negative Laplacian
operator of M. The operator A = o Ay + Ag is an elliptic operator acting on C’OO(S *M).
The operators AY, AE actmg on C*(0*M) are defined by AY & -3, AH &

i Vi
— Y, H2. The operator Ay £ "AH 4 AY is an elliptic operator on O*M. Let 75 : (2,() €
O™ — (z,((e1)) € S*M be the bundle projection of O*M to S*M. It lifts the operators
AY, A H,y as follows:

Proof of (2.3.3). In order to prove the first identity of (2.3.3) it is enough to show that for
every z € M, ms(2)*As(2) = —ms(2)* 3, ; Vii(2), where mg(2) is the canonical projection
¢ € O:M — ((er) € SiM and Vj;(z) = Vjj|cesm). Normal coordinates centered at z on
M induce coordinates ¢} on T:M (and ¢/ on .#M). In these coordinates the Euclidean
metric on TM takes the form Y_.(d¢}!)? hence they provide an isometric identification of
S*M with S, O!M with O(d), and .Z M with R4, Therefore, it suffices to show that
if mga—1 @ O(d) — S is the canonical projection, if Ags—1 and Aoy are respectively the
Laplacians on S*! and O(d) (with respect to the metric induce by the Euclidean structure
of R™4) then

Ao(d)ﬂ—gd—l = 7T§d_1ASd—l. (234)

This identity should be available in the literature, though we have found no reference. We
prove it below.
Since 871 € R? C R, Aga-r can be written as — . X7, where the X are the

projections of 891 on S — see [Hs02, Theorem 3.1.4]. In coordinates,
_ 1,k
X; =00 =Y (¢ (2.3.5)
2

A direct computation combining (2.3.5) with »>.((})* = 1 on S?! shows that if u is a
function on R?*? depending only on (Cll, e Ch),

82
1
Aga- 1u’§d 1= — Z 8C12 sz C_] Ck agiacl Z Ck aCk

We similarly compute Apgyu|owy. Using (2.3.2) and that u depends only on ({{, ..., (}),

0
A -y (Yl -y ( _ )
O(d)u|0(d) ( - J 86(5 J aCk> J acz J8<1 Ck ack

k.0 i>1 ik

_ — zji_“ 1 7%
) Zz“‘wcacﬁzzm’“acl 2.2 gy ZCJ@CI

i>1 5.k
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Because of these formula, proving (2.3.4) amounts to show that for ¢ € O(d),

Z ag12 = (G 841841 (2.3.6)

4,5,k

Since ¢ € O(d), ¢* € O(d) which implies that ), (!¢ = d;x. This relation shows that (2.3.6)
holds on O(d), which proves (2.3.4) and the first identity of (2.3.3).

The second identity in (2.3.3) is [Hs02, Proposition 3.1.2].

If (z,() = exp(tf[l)(z(), (o) with (29, ¢p) € O*M then 7s(z4, (;) is the geodesic starting at
7s(20, Co): s (2, &) = exp(tHy)ms (20, Co). The identity w5 Hy = Hymg follows. O

We define P. < 1(ﬁ1 + sAg) Because of (2.3.3), the operator P. is the lift of P. to the

orthogonal coframe bundle: P.r§ = w5 P..

Commutation identities

A computation using (2.3.2) yields the commutation relation

We next study the commutation relations between the Vi, and f[m Fix z € M together
with normal coordinates centered at z. In particular, Ffj(z) =0 and

Vies Hul(2) = (G0 = (05, Zagmg 8. — OkmCl0z = Som Hi(2) — Spm Hy(2).
2%
Since z was arbitrary, this shows that

We conclude this section by proving that the operators AY, AZ enjoy some important
commutation properties:

[AY, Vi) =0, [AB AV} =0, [Ay,Ag] =0. (2.3.9)
Proof of (2.3.9). We start with the first identity. By (2.3.7), [Viun, AY]

= Z (5€mvkn + 5nk‘/€m + 5kan€ + 5€nvmk) Vkﬁ + V;ﬂ@ (5€mvkn + 5nk‘/€m + (Skmvné + 5€nvmk)
k.l

= VinViem + Vik) + Vi + Vo) Vi = > Ve (Vien + Vine) + (Ve + Vi) Vie = 0,
k 1

where we used that Vj; + Vj; = 0.
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For the second identity, we first observe that (2.3.8) implies

WVies A8 = = 3 (G i = Sy o) Hyn + Hon (86 Hy = Sy 1 )

m

— —H,H, + H,Hy, — H/H, + H,H, = 0.

Therefore A% commutes with the Vi, and a fortiori with AY.
The third identity is equivalent to 7&[Ap, As] = 0. This is automatically satisfied since
[AZAY] = 0 and 7 intertwines Ay with AZ and Ag with A} — see (2.3.3). O

Sobolev equivalence

Recall that y is the Liouville measure on S*M, that g denotes the bundle projection O*M —
S*M and that 7g intertwines Ao with A — see (2.3.3). Let po be a measure on O*M with

veC*(S™) = vdp = / mvdpo. (2.3.10)
S*M O*M

Let A, = (Id 4+ €2A)%/2, A, = (Id + £2A0)¥/2. We define the semiclassical Sobolev space H?
on S*M (resp. H? on O*M) by HS = A_,L? (resp. A_,L?) with the corresponding norm
with respect to p (resp. po). The identity (2.3.10) implies

~ 2
%S :/ Asﬂgu) d,uoz/
N O*M

g
The commutation relation (2.3.8) shows that the vector fields Vi, [Vim, H 1] span the whole
tangent bundle TO*M. The operator P. satisfies Hormander’s condition [H567] for hypoel-
lipicity, with only one commutator needed. The Rothschild—Stein theory [RS76, §18] shows
that there exists a constant C. > 0 such that

|msu

[Agul® = [ul3,. (2.3.11)
M

v e CP(OM) = |v]z2s < Co(|Pov| + |v]). (2.3.12)

£

Thanks to (2.3.11), this subelliptic estimate for P. transfers to a subelliptic estimate on P.:
it suffices to plug v = 7du in (2.3.12) to obtain

ue C*(S™) = |ulp2s < Co(|Poul + [ul). (2.3.13)

Spherical vertical Laplacian as a sum of squares

We will need the following result: there exist n > 0 and Xj, ..., X,, smooth vector fields on
S*M such that

Ag=—> X7, div(X;) =0. (2.3.14)
j=1
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Indeed, Nash’s theorem shows there exist n > 0 and an isometric embedding ¢ : M — R™.
The manifold S*M can be seen as a submanifold of 7*R" thanks to the embedding

(2.¢") = (e(2), (du(2))"- ¢,

which in addition preserves the bundle structure. Let X1, ..., X, be the orthogonal projections
of Opy1, ..., 02, on S*ML. Following the proof of [Hs02, Theorem 3.1.4], the X;’s are divergence-
free vector fields hence (2.3.14) holds.

2.4 Maximal hypoelliptic estimates

2.4.1 Statement of the result

Recall that the operator P. is given by %(H 1 + €Ag), that the semiclassical Sobolev spaces
H? were defined in §2.3.2, and that there exist Xi,...,X,, € T'S*M such that such that
As = — ", X7. Here we prove an estimate for P. similar to [RS76, Theorem 18], but

uniform in the semiclassical regime ¢ — 0. Let p1, p2 be two smooth functions satisfying

supp(p1, p2) CRN\O,  1—p1, 1—p2 € CF(R,[0,1]),  p2 =1 onsupp(p).  (2.4.1)

Theorem 10. Let R > 0 and py, p2 two functions satisfying (2.4.1). For any N > 0, there
exists Cy g > 0 such that for every |[A\| < R, u € C*(S*M), and 0 < e < 1,

2| py (52A)U|H82/3 +el/3 Z leX;p1 <€2A)U|H51/3 + | p1(e2A)e* Agul
j=1

< COn.plpa(e®A)e(P. — Nu| + O(eM)|ul.

(2.4.2)

This Theorem applies to any smooth compact Riemannian manifold M, with no restric-
tion on the sign of its sectional curvatures, and with no change in the proof.
The paper [RS76] shows that for every ¢ > 0 there exists C. > 0 such that

|p1(*A)ul 28 < Cel|pa(e*A)e(Pe — N)ul + |ul).

Theorem 10 shows that C. = O(¢7%?3). Because of related estimates in [DSZ04] and [Le07,
§3] we believe that this upper bound is optimal. This is the subject of a work in progress of
Smith [Sm16].

We proved Theorem 10 in [Drl6a], when M is an orientable surface. In this case, Ag =
—V? where V € T'S*M generates the circle action on the fibers of S*M. Thus, Ag is a sum
of squares of vector fields that commute with Ag, a fact used in a crucial manner in the
proof of [Drl6a, Proposition 3.1]. This no longer holds when d > 3 or M is not orientable.
In order to apply nevertheless the main idea of [Dr16a] we observe that A} — the lift of Ag
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to the orthonormal coframe bundle O*M — is the sum of squares of vector fields which all
commute with AY:

Ay ==Y Vi [AGVyl=0, (2.4.3)
1,7

see §2.3.2-2.3.2. The operator P. = 1(H; + eAg) on C*°(S*M) lifts to P. = %(]Tll +eAY)
on C*°(O*M). Because of (2.4.3), we can modify the techniques of [Drl6a] to apply them
to the operator P.. This will yield estimates for functions on O*M, which we will descend
to function on S*M.

We will use semiclassical analysis to show Theorem 10. To conform with standard nota-
tions, we define

©e PYinp, = W2As+ hH,, PYinB, = h2AY, + hil;,

h
for use in §2.4.2-2./.3 only. We see h as a small parameter and P as a h-semiclassical
operator in W2. As in [Drl6a], we base our investigation on ideas of Lebeau [Le07], where
a subelliptic estimate for the Bismutian is shown, for ¢ = 1. The strategy starts to differ
when Lebeau uses a microlocal reduction to a toy model. Instead, we continue to work with
P. and we replace the microlocal reduction by a positive commutator estimate. This avoids
to use semiclassical Fourier integral operators.

2.4.2 Reduction to a subelliptic estimate

The first lemma shows that Theorem 10 is a consequence of a subelliptic estimate.

Lemma 2.4.1. Let A, ..., %y, T C W} be a collection of selfadjoint semiclassical operators

on S*M or O*M and 2 < Y4 S7 +iT . There ewist C,ho > 0 such that

J=1

q
+) h1/3|ygu|Hi/3 < C|Pu| + O(h2/3)|u|Hi/3.

J=1

O0<h<hy = |Tul+

Proof. We prove the result only in the case of S*M; the proof is identical when considering
operators on O*M. We first show the estimate

Recall that A & Ay + Ag, where Ay is the non-negative standard Laplacian on M (lifted

to S*M) and Ag is the spherical Laplacian on S*M. The H;-norm was defined in §2.3.2 by

|ul g dof |Agul, where A, = (Id + h2A)%/2. Thus,

il = NsFul? < 275 Msul+20 [Aygs, Slul? < 20750050 +OUD Ul (245)
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because [Ay/3, 7] € h\IJ,ll/g. Next we study |-#jAy/zul: using °1_, 77 = Re(Z),

q
|¢5ﬂjA1/3U|2 = (%2/\1/3“,/\1/3@ < <Z %2A1/3U,A1/3U>
j=1

S Re(<<@/\1/3u, A1/3U>> = Re((gzu, A2/3u>) + Re(([@, Al/g]u, A1/3U>)

(2.4.6)

We can estimate (Pu, Ayjzu) by | Pullul2/s. The identity &2 = 31| S7 +iT yields
h

q
Re(([2, Ayjslu, Ayjsu)) = > Re(([F7, Ayjslu, Ayysu)) + Re(([i-7, Ayyslu, Ajsu)).
j=1
The operator [i.7, A1 /3] belongs to h\I/,ll/3 therefore [([1.7, A1/s]u, A1jsu)| = O(h)|u]?{1/3. Us-
h
ing the relation [zfﬂjz,Al/g] = 515, Miyjs) + [ S, A1) and the fact that [, Ay 3] is
anti-selfadjoint we obtain
<[‘5ﬂj2’ A1/3]u’ A1/3u> = _<‘5ﬂju7 [‘Sﬂ]a A1/3]A1/3U> + <[t§ﬂ]7 Al/g]’u, %Al/:gu)

= —(Sju, [L, MjalMayau) + (Majs[ 5, Myslu, Sju) + (S5, A slu, [F Agslu).
The operators Ay 3.7}, Ay/3] and 7, A1 /3] belong to h\I/i/g and h\II}ll/g’, respectively. More-
over .72 < Re(2), hence | Sju| < | Pul/?|ul'/2. Tt follows that

(7, Aayslu, Aysu)| < | Ful[Aays[ 75, Aagslul + (75, Aags]ul®
< O 2ul 2 1u 2 [u] ora + O(B?)|ul2 1.
h h

Gluing this estimate with (2.4.5), (2.4.6), we get the bound
5l < ClPulul s + Ol + Ol Pl

< C1Zullul yora + O()ul a5 + O 2ul*ul})s) < ClPullul o + O(M)lulzs-

2/3
Hy,

In the last inequality we used ab < a2 + b? with a = |2u|"2|u|"/?, and b = hlu| 2. This
Hh/ Hy,
proves (2.4.4). We observe that (2.4.4) gives the estimate on [#ju|,1/s provided by the
h

lemma:
WP ul* < CR*P\Pulul yors + OB ul o5 < CPul* + O(h?)[uf? oys. (2.4.7)
h h h

Next we observe that
2

q
+ TP+ (L7 1T ).

Jj=1

q

>

J=1

| Zul* =
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To conclude the proof of the lemma it suffices to control the commutators ([.#2,17 |u, u).

We have .
([yQ,Zy]u,iﬁ = <[,§ﬂj,zg]u,5ﬁ]u> + <L5ﬁju7 [%729]10 = 2Re<<’5ﬁju7 [%J’?]u»

J

By interpolation, [([.7, 1.7 |u,u)| < |Fjul 15|75, 1T Jul 175 Since [75,1.7] € h¥y, it is
h h

bounded from Hi/g to H,;l/g with norm O(h). By (2.4.4),

(72,17l < Ch (12 2l 2+ 021l ) g

J H2/?

Hence we obtain

2

1Tl < CLPu + O Pul Pl + O ul s
h

o A (2.4.8)
< Cl2ul* + O )l /5.
h
In the second line we used Young’s inequality: ab < a*+b*3 with a = | 2u|V/2, b = hlu|*?,.
=Y
The estimates (2.4.7) and (2.4.8) are enough to conclude the proof. O

Roughly speaking, this lemma reduces the proof of (2.4.1) to an estimate of the form
u€ C™(S™™) = h|p (WP A)ul,s < Clpa(R*A)Pu| + O(h™)|ul. (2.4.9)
h

Because of the reasons detailed above, we will work with the lift of P to O*M rather than
directly with P. We will show the estimate

v € C®(OM) = h3|pi(h*A0)v] s < Cloa(h*Ao)Po| + O(h)|v. (2.4.10)
h

To see that (2.4.10) implies (2.4.9) we plug v = 7fu in (2.4.10), then we use the identity
(2.3.3) between P and P, A and Ap, and finally the relation (2.3.11) between Sobolev spaces
on S*M and O*M. The bound (2.4.10) will be implied by microlocal estimates on P:

Proposition 2.4.2. For every (x¢, &) € T O*M\O0 there exists an open neighborhood W
of (20, &) in T"O*M\O with the following property. For every A € U9 with WF),(A) C Wiy ¢,
there exists B with WF,(B) C Wy, ¢, Such that

v e C®(0M) = h2/3|Av|ﬁi/3 < C|PBv| + O[] gs-

Proof of Theorem 10 assuming Proposition 2./.2. It suffices to prove the Theorem when h
is sufficiently small. We first fix N, R > 0 and py, p» two functions satisfying (2.4.1). Recall
that we can write P = —h? Z?:l X f + hHy, where %Xj, %H 1 are selfadjoint semiclassical
operators in W} .
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Step 1. By Lemma 2.4.1 applied to P instead of & and p;(h*A)u instead of u,

B> Aspr (B> A)ul + 173 [hXp1(h*Aul /s + h2/3|/)1(h2A)U|H;/3
=1

< C|Ppy(h*A)u| + O(h2/3)|p1(h2A)u|Hi/3.

Let p; € C§°, be equal to 1 on supp(p;) and 0 where py # 1. Since A and Ag commute,
we have Pp;(h*A) = p1(h*A)(P — Ah) + Mhpy (R A) + [2Hy, pi(h2A)]. Both Ahp;(h*A) and
[2H1, p1(h*A)] have wavefront set contained in the elliptic set of p;(h?A). Therefore,
C|Ppy(h*A)u| + O(h2/3)\,01(h2A)u\H2/3
h
< Clpa(R*A)(P — Mh)u| + O(h2/3)]ﬁl(h2A)u|HZ/3 + O(h™)|ul.

Hence the theorem follows from a bound on h?/3|5y (h*A)ul,2/s. After lifting to O*M and
h
using (2.3.3) and (2.3.11) it suffices to show that

v EC(OM) = h3|p1(h*A0)v] zaa < Cloa(h*A0)(P — AR)o| + O(hV)[u].  (24.11)

Step 2. Since WF,(p1(h*A)) is a compact subset of T O*M \ 0, there exists a finite
collection of points (z1,&), ..., (2,,&,) € T O*M and open sets Wargrs s Wa, ¢, given by
Proposition 2.4.2 such that

WE,(p1(h*A)) € [ Wa e, (2.4.12)
k=1

Using (2.4.12)

and a microlocal partition of unity, we can construct operators Ej, € \Ifi/ ,f with

Let W', be the set of operators in W;* with wavefront set contained in W, ¢, .

v ECH(OM) = |5(h*Ao)ulzes < Y | Epo| + OB, (2.4.13)

k=1
Below we obtain bounds on the terms |FExv|.
Step 3. Let 6 = 1/15 and m < 2/3. We first claim that for every A € W}, | there exist
By € U and A € Uy with

h?3| Av| < C|PByv| + O(h)|A'v| + O(h™)|v]. (2.4.14)

The operator A_y/3AA_;,12/3 belongs to \Ilg’k. Proposition 2.4.2 gives an operator B € \If%k
such that

W23 A_y 3 AN _pia)sv] 21 < |PBu| + O(h)|v| /-
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Pick B’ € \I/‘,]l’k with WF,(B" —1d) N WF(A) = 0 and replace v by A,,_o/3B'v:
h*/3|AB'v| < C|PBAy—23B"0| + O(h)|A—2/3 80| /5.
h

Since W% A(Id — B')o| = O(h)[o], (24.14) holds with By ® BA,, 5B’ € U;5** and

A E NgjsAays B € W0

Step 4. The goal is now to iterate (2.4.14). We first need a commutator-like estimate.

For B, belongs to W, 23,

PBy = B\P+ [P, By = By(P — M) + 20 Y _ Vae[hVig, Bi] + b0y %
kL

= By(P — \h) + 210y AyjshVig - Ot + by 22,
kL

Hence there exist operators By € \IJh . and Cy € \Ilm 2/3 such that

|PByv| < C|By(P — Ah)o| + 1Y |hVie Byvl /s + hlCov|
kL

< Clpa(h*A0) (P — Ah)v| + h4/3|32v|ﬁ2/3 + h23|PByv| + h|Cov| + O(h™)]v].

In the second line we used Lemma 2.4.1 and the elliptic estimate. The slightly weaker bound
holds: there exist By € W' Land €y € \Ilm /3 such that

|PByv| < Clpa(h2Ao) (P — AR)v| + h?3| PByu| + h|Cyo| + O(h™)]|v. (2.4.15)
Iterate (2.4.15) to obtain By € Wm=2/3=N/3 and Cy € %T,;lw such that
|PByv| < Clpa(h2A0) (P — Ah)v| + W23 PByu| + h|Cyv| + O(h™)|v].

For N > 6 the operator PBy belongs to W9 and |PByv| = O(|v]). It follows that for N
large enough,

|PByv| < C|lpa(h2Ao) (P — Ah)v| + h|Conv| + O(hM)|u]. (2.4.16)
Step 5. The estimate (2.4.16) combined with (2.4.14) show that for every A; € ¥},
there exists Ay € \Ifzrf,;‘s with
h?3| Av| < C|p2(h2AO)(ﬁ — Ah)v| + hlAgv| + O(RY)|v].
Here again we can iterate this inequality sufficiently many times to obtain
B3 Ayv| < C|pa(h2A0) (P — Ah)v| + O(hN) vl (2.4.17)

Recall that p; is controlled by operators microlocalized inside W, ¢, thanks to (2.4.1). Apply

(2.4.17) with Ay = Ex, k=1, ...,v and sum over k to get (2.4.11):
h2/3]/31(h2A0) 25 < Olpa(R2A0) (P — M| + O(hY)|v].
This ends the proof of the theorem. O

vl
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2.4.3 Proof of the subelliptic estimate

In this subsection we show Proposition 2.4.2. We fix (zq,&) € T O*M \ 0. We distinguish
three cases: whether (9,&) € Ell,(h?Ag) — in this case P is elliptic at (zo, §o) —or (z0,&) €

Ell,(hH,) — in this case Im(P) is elliptic at (z0,&) — or (z0,&) ¢ Ellh(hHl) U Elly, (hH, ).
The latter is the hardest; we will use that one of the commutators [V}, hHﬂ is elliptic at

(w0, &0)-

Proof of Proposition 2.4.2 in the case (z9,&) € Ell,(h2AY). In this case (0,&) € Ell,(P).
Let W,,¢ be an open neighborhood of (zg,&) contained in Ell,(P), and A € U9 with
wavefront set contained in Wy, ¢. Let B € U9 elliptic on WF,(A) and with wavefront set

contained in W, ¢ . The operator PB is elliptic on the wavefront set of A. The elliptic
estimate 2.2.3 shows that for A small enough,
v € C®(OM) = h*3|Av| g2 < C|PBu| + O(h)|v].
h
This shows the proposition in this case. ]

Proof of Proposition 2./.2 in the case (zo,&) € Ell,(hH;). Without loss of generalities, we
can assume that (zo,&) € Ell,(hH;) \ Ell,(h2AY). In particular Vi, is characteristic at
(x0,&) for any £. Let 0,5 0v, be the principal symbols of ’f[?[m, %ng. We can find an
open neighborhood W, ¢, C Ell, (hHy) of (z, &) in T O*M such that on W, & NT*O™M,
—20v,,05, > 0. Let A € U} with wavefront set contained in W, ¢, and B € ¥} elliptic
and principal symbol og. The operator

H1
on WEFy(A), with wavefront set contained in W, ¢,

hH, B is elliptic on WF,(A) and 2.2.3 shows that
|AU’1§2/3 < C|hH,Bv| + O(h*)|v].

It remains to control |hH; Bu|. Using that P is equal to h2AY + hH; with AY selfadjoint

and H, anti-selfadjoint,
|PBu|? = |h2AY, Bu|? + |hH, Bv|* + ([h*AY,, hH| Bv, Bv) (2418)
= |W2AY, Bu|* + |hH, Bv|? + 2h Re({B* Re(h*Vi,H,) Bv, v)), .

where we used that Re([h?Al, hil]) = 2h 3, Re(h?ViHy). On Waye, N T*O'M, 0% —

20v,,05, > 0; hence 2|o(B)|*iov, iog, > |opl*(iog )*. The sharp Garding inequality glven

by Lemma 2.2.4 shows that
2h Re(B* Re(h*VigHy) Bu,v) > (B*h*H{Bv,v) — O(h)|v]%:» = —|hH Bu|* — O(h)[v[%.».
h h

Plug this inequality in (2.4.18) to obtain
veC*(OM) = |Av|~2/3 < C|hH,Bol*> + O(h®)|v]> < C|PBu|* + O(h2)|v|~1/2

This shows the proposition in the case (o, &) € Ell, (hH;). O
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The proof of Proposition 2.4.2 is substantially harder when (z¢,&y) does not Pelong to
Ell,(AY) UEl,(hH;). In this case, (zq,&) ¢ Elly,(hVie) for any k,£. Since {Vi, Hy} span

TO*M, there exists m such that (zg,&) € Ell,(hH,,). Our analysis near (xg,&p) finds its
origin in work of Lebeau [Le07]. It is best explained on the model operator

T. = €0, — (5x18x2)2

acting on C§°(R?). We observe that at (0,0,0,1) € T*R?, both 9,, and z,0,, are character-
istic; and [0y, , x10,,] = Oy, is elliptic. This situation is similar to that of P.: near (xo, &),
both H, and hVj, are characteristic; and [Vi,,, ﬁl] = H,, is elliptic.

We now explain how to get a subelliptic estimate for 7.. Since 7T is invariant with respect
to xo-translations, it is natural to conjugate it with the Fourier transform in x5, defining 1.
as

Q.
-

Te = gflng = —€0,, + (5$1§2)27 yu(mhfz) d:ef/ 67ix2§2u<$2,$1)d$2-
R

We work now with fixed &. Hence we can assume without loss of generalities that 7. acts
on (real-valued) functions u € C§°(R) in the single variable z; € R. For ¢ > 0, consider
¢ € C*°(R) with the following property:

Voy € R, g > (P%) (1) > Ly yg(a1). (2.4.19)

We start by showing an estimate when |z;| < ¢, using a positive commutator argument.
Observe that

Re((Tiu, *u)) = Re((—e/, ®2u)) + Re((ex1&2)*u, P2u))
— /R B2(2y) (u?) (1) day + 262 /R (21D () 2dy.

Integrating by parts the first term in the RHS, observing that the second term is non-
negative, and that |®?|,, < 4t thanks to (2.4.19), we obtain:

s\ Toullu| > e /R (®2) (1)u(z1)2dz) > £ / w(@r)2do. (2.4.20)

[7t7t}

We now show an estimate for |z;| > ¢:

2 (ex1&u(wy))?
w(zy)dr; = \eb162UiL1))
/|Il|2t ( ) [z1]>t (553162)2 (2‘4‘21)
< (675;)2 /R<5$1§2U(l‘1))2 < (51;2)2 Re(<T5u7u>)

Summing (2.4.20) with (2.4.21), we obtain

4t 1
2< | =+ — ) |Pul|ul.
P < (£ 4 o ) 1Pl
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_1/3552/3

We optimize this bound by chosing ¢t = ¢ . This yields the estimate

Jul < 5e 3P| Tou| = 6*3)(eD,,)* u| < 5|T.ul.

This is a HS/ %_estimate for 725, with a entirely classical proof. We will adapt this very
simple analysis to the case of P., using microlocal arguments instead. Roughly speaking, the
condition “z; is small” will transfer to “Vy,, is very far from being elliptic”; the condition
(®2) > 1[4y will be replaced by the positive argument [9,,, ®?] > 1[_;, itself quantized
by a sharp Garding inequality; the condition “z; is not too small” will transfer to “Vi,, is
not too characteristic”.

Proof of Proposition 2.4.2 in the case (xg,&) ¢ Ell,(AY) U Ell,(hH;). As explained above,
there exists m such that (x, &) € Ell,(hH,,); and for (z,£) € T*O*M in a neighborhood
of (r0,%), o7 (v,§) # 0. Changing Vi, to —Vi, does not change P; and under this

change PNIm = [Vim, ﬁl] becomes —H,,. Hence we can assume without of generalities that
og (z,§) >0 for (z,£) € T*O*M in a neighborhood of (g, o).

We subdivide the proof it in 7 short steps. In the first step we localize the functions and
operators involved in a small neighborhood of zg, diffeomorphic to R¥4+1D/2_ Tt allows us to
use the class Uy, introduced in §2.2.3 and to perform a second microlocalization in the steps
2 and 3. Step 4 is the main argument. Instead of using an energy estimate obtained after a
microlocal reduction as in [Le07] we apply a positive commutator estimate. This allows us to
control microlocally u over certain small frequencies. In step 5 we use the spectral theorem
to control microlocally u over the remaining frequencies. In step 6 we combine the results
of steps 4,5 to conclude the proof modulo an error term which is shown to be negligible in
step 7.

Step 1. The first step in the proof is a localization process. We fix Wy, ¢ an open
neighborhood of (xg,&y) in T O*M. We assume that Waoeo 1s small enough, so that for
all (z,¢) € W,

060 NTYO™M, o (7,€) > c[]y, ¢ > 0; and so that there exists a smooth
diffeomorphism ~ : % C Rj(d“)”‘l xRy = UL {r € O*M : 3¢, (2,§) € Wyyg,} such that
dv(Oplw) = Vim|u. Let T : T*% — T*U be the symplectic lift of .

def 1

Let Ve = 5 (dy"YWiely — (dy Vie|r)*). This is an anti-selfadjoint differential operator on

7 which has the same principal symbol as dy~'Vi|y. In particular there exists a function
fre € C*°(O*M) such that
Yo = Ay Vielo + 7" frelv- (2.4.22)

Extend %, to an anti-selfadjoint differential operator of order 1 on R¥4+1)/2 with coefficients
in Cp°(RUD/2) — with ¥4, specifically continued by dp — and define £} & — > ke Vip- Since
AY commutes with Vi,,, [.£Y, DyJw = 0 for each w € C®(R¥4+1/2) supported on % .

Similarly, we define 74 &< Ndy"Hy|y — (dy " Hi|p)*), which is an anti-selfadjoint dif-
ferential operator on % . It satisfies

Ay = dy Hily +7 flu, (2.4.23)
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for a certain function f € C*°(O*M). It extends to an anti-selfadjoint differential operator

of order 1 on R¥1/2 with coefficients in C2°(RUHD/2). We define 2 < h2.LY + hiA.

Let A € U9 with WF,(A) C Wye and v € C(O*M) be equal to 1 on the set
{r € O*M, 3¢, (x,&) € WF,(A)} and 0 outside U. The function 1 — ¢ can be seen as a
pseudodifferential operator in ¥ with WF,(1 — ) N W,, ¢, = 0. In particular A(1 — ) €
hooW, > (1 — ) A € h>* ¥, > and to prove the proposition it suffices to show that

v € CP(OM) = h3pAP?u| s < ClPYAY* V] + O(h)|v] 3. (2.4.24)

We define (7*)~! (resp. v*) the operator defined on functions on % (resp. O*M) by

() L) = {w("y_l(x)) if v €U (resp' V(z) = {v(’y(z)) if z € 02/) .

0 otherwise 0 otherwise

The function v AY?u has support in U; the operator </ d:ef'y*wAw('y*)*l is a pseudodifferen-
tial operator in U9 on R?® with wavefront set in I'"*(WW,, ¢, ); and

[0 AY* 0] gasa < Cly P AY* 0| gars = Ol v o, w =y o, (2.4.25)
Thanks to (2.4.22), (2.4.23),

Py ==Y W (Vig + fue) + Y h(Hy + ) =7 P — 20" Y frehVigth + g,
k.l k.l

where g d:eff —h Y fie + (Viefre) belongs to C(O*M). Tt follows that |2 .o/ v|

< [PYAY*e] +0(h) 3 (Wi Ap*o] + O(h)[o] < 2APYAY*ul + OR)[vl. (5 4.96)
k.t

In the last inequality we used that Re(P) = h2AY = — > o(PVie)? hence [AVi]* < | Pu||v].
Finally we observe that since w = v*¢w, |w|za/s = |[v*9v| 535 < Clv|za/s. Thanks to (2.4.25)
h h h

and (2.4.26) the bound (2.4.24) will follow from the estimate

w e CO(RUHD/2) supp(w) c % = h2/3|437w|1§2/3 < C|Zdw|+ Oh)|w|zas. (2.4.27)

We have reduced the estimate on O*M to an estimate on R*@1/2 In the following steps
we prove (2.4.27).

Step 2. Let x, xo € C°(RY4+1/2) be two functions such that y is supported away from
0, WF,(«7) N WF,(xo(hD)) = 0, and

o0

1= (), (€)% x(27¢) for j > 1.

J=0
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Write a Littlewood-Paley decomposition of .o7:

o =N, ;= x;(hD).
j=0

Given a a symbol on R*@+1D/2 5 RAUH+D/2 e denote by Op,,(a) the standard quantization
of a — see [Zw12, §4]. The following lemma studies the composition of a pseudodifferential
operator with symbol in S™ with a dyadic decomposition:

Lemma 2.4.3. If a € S™, the operators 2=7™Op,,(a)x(277hD) and 277™x(277hD)Op,(a)
both belong to Wy-jy,, with semiclassical symbol a;x +277h - S.

Proof. We first note that if a;(x, ) 1 o—img(x,29¢) then

277" 0py,(a)x(277hD) = Opyi,(a;#x) = Opy-sp(a;x).

It suffices to show that the S-seminorms of a;x are uniformly bounded in j. We have

0007 a;(z, )X (&) < Cog  sup 27Tl 2Igym=IAL (2.4.28)

27¢€supp(x)
Since supp(x) is a compact subset of R?\ 0, the right hand side of (2.4.28) is uniformly
bounded in j. This shows that a;#x = a;jx € S, hence 279™Op,,(a)x(277hD) belongs to
Wy-j;, with symbol a;x. The operator 277"y (277hD)Opy,(a) is the adjoint of the operator
279mQp, (a*)x(277hD), thus it also belongs to Wy—j;,. By the composition formula for symbols
of semiclassical operators, its semiclassical symbol is equal to a;x +277h - S. O

A direct application of this result shows that .o7; belongs to Ws—;j,. In addition, o €
h*W, >, which implies immediately |ehw| < O(h)|w] PR We obtain in the next steps
estimates on |&Zw| for j > 1.

Step 3. We start with a simple result:

Lemma 2.4.4. There exist functions ® € Cp°(R) and ¢ € C3°(R) such that p(0) =1, ¢ >0
and ¢* = (9?).
Proof. 1t is enough to construct ¢ with ¢(0) > 0 then to multiply ®, ¢ by a suitable multi-
plicative constant. Let ® be a smooth non-decreasing function with
0 if v < —1,
O(x) = e~ @D if e [-1,0],
1 if x > 1.

If ¢ is the non-negative root of (®?)" then ¢ has compact support and ¢(0) > 0. Since the
s € [0,00) > 4/s is smooth everywhere but at 0, ¢ is smooth everywhere but possibly at

—1. But
T2 (@4 1) e @ ) i e [—1,0],

which is smooth at z = —1. O
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Let @, ¢ be given by Lemma 2.4.4. Let h; 4 12/39-3/3 and consider the operator ®(h;Dp).
This operator belongs to Wj, with semiclassical symbol ®(&y). Below we show an estimate
on |@Zw|, by splitting it into two parts, |¢(h;Dg)w| and |(Id — ¢(h;Dg))w|.

Step 4. In order to estimate |¢(h;Dp)w| we use a positive commutator argument and
the sharp Garding inequality. Observing that o7 (7,§) > c[¢|, on Wy, ¢ N T*O*M, the
principal symbol o4 of %,%”1 satisfies

{9, 0} (2, &) > cl¢], on YW, ¢)NT*O*M.
Recall that & = h2.ZY + hs#. Similarly to [Le07, Equation (2.47)],
Re((Z atjw, ®(h; Do)’ Hjw))
— Re((h20(h; Do) 23 /w0, ®{h; Dg)styu)) + Re({hHA by, &(hy Do) ).

We study the first term. We observe that £}« = ZYx;(hD) - o/;. Lemma 2.4.3 shows
that both the operators 27%h*.£Y x;(hD) and < belong to Wo—jj,. Since 279h < h; =
h?/32-3/3 they a fortiori belong to Uy,. In addition, Dy and LY commute on % and &
has wavefront set contained in T% . The asymptotic expansion formula for composition of
pseudodifferential operators [Zw12, Theorem 4.14] show that

W ®(h;Dg) Ly oty = h* L5 ®(h;Dg) et + hUy,,.
Using that 7 = — 3, , %3 > 0 we get Re((h*®(h; Dy) L5 jw, ®(h;Dy)jw)) =
(n*.25 ®(h; Do) ljw, ©(h;Dg)etyw) + O(h5®)|w] = O(h3)|w].

We next focus on the term Re((hJ# «jw, ®(h;Dy)?<jw)). Since h.sA is anti-selfadjoint, it is
equal to Re(([hs4, ®(h;Dy)]|eZjw, ®(h;Dg)eZjw)). The real part of ®(h;Dy)[h, P(h;Dy)]
is equal to $[h#, ®(h;Dg)?*]. We obtain

Re((Pdsw, ®(h;Dg)? dyw)) > () [hIA, ®(h;Dy)?|tjw, w) + O(hF)|w].  (2.4.29)

| —

We now study the commutator term & & 2 ol [hAq, ®(h;Dg)?e/;. We claim that it
belongs to ¥y, To show this claim we fix ¥ € C§°(RU¥FD/2\ 0) equal to 1 near supp(x) and
we write

& = 2Re ((x;(hD)) - (277x;(hD)hsA) - ®(h;Dy)? - ;) .
By Lemma 2.4.3, the operators «7x;(hD), 277x;(hD)hsi and <7; belong to Wy-j;,. Since
277h < hj = h?/32-3/3 they also belong to Wy,,. The operator ®(h;Dy) has symbol equal to
(&) in the h;-quantization and the composition theorem for semiclassical operators shows
that gj € \Ifhj.
The semiclassical symbols of &7 and 277h74 are given modulo O(h;)S by

a(m,h1/32j/3§)x(h1/32_2j/3£), 2—2j/3h1/30_%7
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where a is the semiclassical symbol of .« in the h-quantization. By the composition formula
for symbols of semiclassical operators [Zw12, Theorem 4.14], the semiclassical symbol o, of
&; in the hj-quantization is given modulo O(h?)S by

X(h1/3272j/3£)2|a<x’ h1/32j/3£)’2 . ﬁ{q)(&))Q, 272j/3h1/30_jfl}
(3

= x(RM3272/3¢)2 | a(x, hM/321/3€)29(&)* - 277 h{€g. 0 }-

The wavefront set of <7 (hence the support of a) is contained in I~ (W, ¢,) itself contained
in the conical set {{&, 0.4} > cl¢|}, and [£] > ch™1/32%/3 whenever x(h'/3272/3¢) #£ 0. Tt
follows that

(2.4.30)

os, > X(hl/?)272j/3€)2m(l,7 h1/32j/3£)‘2¢(59)2 . Ch2/327j/3'
The sharp Garding inequality [Zw12, Theorem 4.32] implies

(Ew,w) = hg(hy Dy)tyul? + Ol
Since h; = h*3271/% and & = 2774/} [hA, ®(h; Dy)?] 7 this yields
(] [h A, ©(hyDy)*|jw, w) > ch?32%%|¢(h; Do) Hw]* + O(h32%) Jw .
Therefore we can come back to (2.4.29) and obtain
Re({2 /g, ®(h; Do) ctyw)) = ch322513]9(h, Do) ctyul? + OR3P

Since @ is uniformly bounded, the operator ®(h;Dy)? is bounded on L?. This gives the
estimate on |¢(h;Dy).aZjw|:

W20\ 6(h; Dy) ctyul? < C|\P syl o] + O(327)]w]?.

Step 5. The estimate on |(Id — ¢(h;Dy))w| follows from the spectral theorem. Since
®(0) = 1 there exists a smooth bounded function ¢ such that 1 —¢(t) = ty(t). The operator
©(h;Dy) is uniformly bounded on L? hence

h2/32%13(1d — ¢(h; D)) jw|* = h*/32%/3|o(h; Dg)h; Dytyw|* < C|hDpctyw|*.  (2.4.31)

We recall that 9y = ¥, and that Z5 = =3, , %7 > —77%,; hence

= 1m>
h2/32213|(1d — ¢(h; D)) Ajw|* < CLLY djw, Hjw) < C| P dyw||jw|.
Step 6. Combining the results of the steps 4 and 5, we obtain the estimate
h2/322j/3\,537jw\2 < C|Z djw||jw| + O(h329/3)|wl?.

Let ¥ € Cg°(RU4HD/2\ 0) equal to 1 on supp(x). We apply the above estimate to x;(hD)w
and we observe that both 7 and Id — x;(hD) belong to W,-;;, and that their symbols
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have disjoint supports; therefore |o7;(Id — x;(hD))w| = O(h*277°°)|w| by the composition
theorem. Similarly by Lemma 2.4.3, 27% P.¢/; belongs to ¥s-j;, and its symbol has disjoint
support from the one of Id — v, (hD); therefore 27%| 2.a7;(1d — x;(hD))w| = O(h>277°)|w.
It follows that

W)’ < O\ ] + OUPP) 3, (DYl + 02 u]?.
The inequality ab < a® + b? and the identity <7 = x;(hD)</ shows that

W24 (WD) wl* < C|2.w|* + O(h?*27) |3 (hD)w|* + O(h>279) jw?
< Cl; (kD) P wl + CI[2, s (WD) w]? + O(h2) |3, (hDYw]? + O~ Ih?)w?.
(2.4.32)
Step 7. To conclude we show the commutator term |[22, x;(hD)]27w| in the right hand
side of (2.4.32) is negligible. Recall that & = —h* 3", , %7 + hfi and write

(2, x;(hD)] = [, x;(hD)] = > 20 Ve[ Wk, X3 (BD)] + [h Ve, [ Ve, x5 (hD)])-

We first control the term |[hJ8, x;(hD)]</w|. We can write

2792, x; (hD)|(hD) ="/
= 27h A%, (hD) - 272x;(hD)(hD)™"/? — 272X (hD)(hD)"* - 27 h A% (hD).
By Lemma 2.4.3, both 277hs#¢;(hD) and 27/2x;(hD)(hD)~*/? belong to Wy-j,. It follows
that the operator 279/2[h4, x;(hD)](hD)~'/? belongs to Wy ;. Its symbol in the 277h-
quantization is given by the asymptotic formula and has vanishing leading term; therefore

2792[ho4, x;(hD)](hD)~*/2 belongs to 27 hW,y;,. As such it is bounded on L? with norm
O(279h). This yields

[[h4, x;(hD)| e/ w| = O(2‘j/2h)|w|ﬁi/z = O(Q—j/2h)|w|ﬁ2/s. (2.4.33)

By arguments similar to the one needed to show (2.4.33), [h %4, [h ke, x;(RD)]](hD)~1/2
belongs to 277/2h*W,_;, and

Wi Wi, s (D)) 0] = O30 o] s = O] (2.4.34)

The term h¥j[h ¥4, x;j(hD)| requires some extra work. Fix j. k, ¢ and define B =
(W4, xj(hD)]. Then,

|h B w|* < Re({ZPBaw, Baw)) = Re((P.ow, B* Ba/w)) + Re((|P, Bl w, B w)).

By the same arguments as needed to show (2.4.33), the operator B*B(hD)~'/2 belongs to
2772h2Wy—s,. Hence Re((Po/w, B*Ba/w)) = O(272h?)| P w||lw|z12. On the other
h
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hand the operator (hD)~%°[P, B](hD)=%/° belongs to 279/°h*¥;,  and this implies that

Re(([P, B|gw, Ba/w)) = O(2‘j/5h3)]w]%3/5. Combining all these estimates together we
h

obtain that

WV B w]* = 0271 [w[2sss + O(2772h?)| P et w |w] ays. (2.4.35)
h h

We plug (2.4.33), (2.4.34) and (2.4.35) in (2.4.32) to obtain the estimate

h4/324j/3|xj(hD)%w|2 S
Clxj(hD) 2 wl* + O(W*2)| X5 (RD)wl* + O W) |w[Zays + O 21%)| P o/ wl|w] /e

Summation over j allows us to conclude thanks to [Zw12, Equation (9.3.29)]:
h4/3|427w|%2/3 < C|Padw|)* + O(h2)|w|%1/2 + O(R*)|w| 535 + O(h?)| P A wl|w] 5375
h h h h

This implies (2.4.27), hence the proof is over. O

2.5 Subelliptic estimates in Anisotropic Sobolev
spaces

2.5.1 Anisotropic Sobolev spaces

To define Pollicott—Ruelle resonances as eigenvalues we need to change the spaces on which
H, acts. These spaces originally appeared as anisotropic Sobolev spaces in Baladi [Ba05],
Liverani [Li05], Gouézel-Liverani [GLO06], Baladi-Tsuji [BaTs07]. We follow a microlocal
approach due to Faure-Sjostrand ['S11] in a version given by Dyatlov—Zworski [DZ16a]. It
allows the use of PDE methods in the study of the Pollicott—Ruelle spectrum.

For s,r € R, let G, 4(h) € U)" with principal symbol o, , given by

06, (2,6) = (sm(z, &) +1)po(€],) log([€]y), (2.5.1)

where py € C*®(R,|0,1]) vanishes on [—1,1] and is equal to 1 on R\ [-2,2] and m €
C>®(T*S*M\ 0, [—1, 1]) is homogeneous of degree 0 with

{m(ﬂﬁ,f) =1 mnear F and {m,om, } > 0.

m(z,§) = —1 near E

The existence of m is proved in [DZ16a, Lemma 3.1]. For every s, > 0, the operator eGrs(h)

belongs to W5+ and the semiclassical spaces of [DZ16a] are defined as H;* L e=Crs [ 2,
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In particular functions in H,"® are in H'™* microlocally near E* and in H'* microlocall
h h s h
near I:

A€ W) WF,(A) sufficiently close to E* = ‘AU‘H;“ < Clulgrs,

2.5.2
A€ U), WF,(A) sufficiently close to E = | Au| -« < Clufprs. ( )

In addition if r, s € R are fixed and h > 0 varies the spaces H,” are equal and there exists
a constant C' such that

C_lh‘s‘ﬂﬂ‘um{vs < lulgps < Ch_|s|_|r||U|H{’S- (2.5.3)

2.5.2 High frequency estimate in H|”

The first result of this section extends the L2-based hypoelliptic estimate of Theorem 10 to
anisotropic Sobolev spaces:

Proposition 2.5.1. For every R,N > 0 and r,s € R, py, ps satisfying (2.4.1), there exist
CrNyrs >0 and gy > 0 such that for every 0 < e < gy and |\ < R,

|p1(e?A)e? Asulrrs < Crovslp2(e?A)e(Pe — Nulgrs + O(&?N)|u]H;~,s. (2.5.4)

Proof. First observe that as in [DZ15, Equation (4.4)], if B is a semiclassical pseudodiffer-
ential operator then

WF.(B) C T S*M\ 0 = (%= — eCrshB ¢ ey,

Since p1(e2A), p2(e2A) are microlocalized away from the zero section and because of (2.5.3),
the proposition will follow from the bound

1p1(E28)e* Agu| s < Clpa(e®A)e(Pe — Nulgrs + O(E™)|ul s (2.5.5)

Below we conjugate the operators involved in (2.5.5) with %) and show a L2-based
estimate equivalent to (2.5.5).
For A € U™ let [A], s be the operator e%rs() Ae=Cr=(&)  We have

[Al,s = A+ [G,4(g), A] + W2t (2.5.6)

see the equation [DDZ14, (3.11)] and the discussion following it. For py, ps satisfying (2.4.1),
let p1, P2 be smooth functions satisfying (2.4.1), with g; = 1 on supp(p;) and g = 0 on
{p2 # 1}. We use the identity (2.5.6) to prove that:

|(p1(£28)%As — [p1(e2A)*Aglys) v| < Clpa(2A)e(P. — N)o| 4+ O(eV)|v]. (2.5.7)
Since Ag = —» " X7, we have

p1(E2A)2As — [p1(7A) Agl,s € Y W2 X 4 20T, (2.5.8)

J=1
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where the terms in W9* have wavefront sets contained in WF_(p;(£2A)), itself contained in

Ell.(p1(e*A)). Thus,
(12 A)2 85 — (12 A)Ag)0)

Z|p1 A)eX 0] /s + O(E%) |1 (2 A)v] yars + O(£)[v].

Theorem 10 applied with the pair (p;, p2) estimates the right hand side by C|ps(e2A)e(P. —
M| 4+ O(eM)|v|. This gives (2.5.7).
Thanks to (2.5.7),
[o1(e*A)e* Aslrsv] < |pr(e?A)e® Agv| + Clp2(e?A)e(P- — A)v| + O(™) ]

< Clpa(EA)e(P: = Nyo| + O(e™)]o]. (2.5.9)

In the second line we used Theorem 10 with the pair (p1, p2). To show (2.5.5), it remains to
control |pe(e2A)e(P. — A\)v| by |[p2(e2A)e(P. — )], sv|. We will need the following lemma:

Lemma 2.5.2. Let m < 0 and By € 9™ such that WF_(By) C Ell.(p2(e?A)). For every
N > 0 there exists By € W' * with WF;,(By) C Ell.(p2(e2A)) such that
|Boe(P. — M| < |Boe[Pe — Ny.sv| + O(eY?)|Bie(P. — M| + O(eM)]|v]. (2.5.10)

Proof. The idea is similar to the second part of the proof of Theorem 10. We have

BOg(PE - >‘) - Bog[PE - A]r,s + €Z€XJ’ . \I/?H_ + 5\1}2”“‘
. = (2.5.11)
= Boe[P. — N5 +eA1y3 - Zng RS W e

J=1

Let ps, ps € C°(R3) satisfying (2.4.1) and such that WF_(By) N WF.(p3(e?A) — Id) = 0.
Equivalently, p3(e2A)By = By + ¥, We multiply both sides of (2.5.11) by p3(£2A) to
obtain Bye(P. — \) — Boe[P: — A5

=Mz pale Z€X] eI 4 eNgys - pa(e?A) - WA 4 W, (2.5.12)
j=1
Thus there exist operators Bj c U3t -t and Ej c 23+ gV with

wavefront sets contained in WF.(By) such that |Boe(P. — A\)v — Boe[P: — AJ,.sv]

<> Y (D)X Blul s + el ps(*A) Blo| s + O(e®)|v- (2.5.13)

j=1 k=12
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Theorem 10 applied to (ps, p4) estimates the right hand side of (2.5.13):
| Boe(P. — \)o| < | Boe[Pe = Npsv| + O(%) Y " |pa(e*A)e(P. — N Bjov| + O(eV)o].
jik
Since WF.(B)) N'WF.(p3(e2A) —1d) is empty and j; = 1 on supp(fs), pa(2A)e(P.—\) Bl =
e(P. — N\)B] +e>WU_>. It follows that

| Boe(P. — M\)v| < | Boe[P. — A.sv| + O (/) Z|£ . — N)Blo|+0(EM)|v].  (2.5.14)

Fix1<j<nand1l <k <2 Werecall that Bj € U4 with wavefront sets contained
in WF_(By). Similarly to (2.5.12), we write

[8(PE—/\) N]—EAl/g p3 Z@X[ kl+€A2/3 p3< A) 8Bi2+€oo\11§o,
=1

for some operators é%, Eig € W% with wavefront sets contained in WF;,(By). And
similarly to (2.5.14), we obtain the estimate

(P — \)Bjv| < [Ble(P. — M|+ O(£"%) > [e(P. = N Bl v| + O(EN)|o].  (2.5.15)

O Rk
We observe that the terms O(s'/?) le(PE—)\)éiﬁ,M above involve a factor £'/% and an operator
Bi !, that is 1/4-smoother than BJ. Since e(P. — \) - -2 C ¥, we can then iterate (2.5.15)

sufficiently many times to get an operator B; € \IIZL_I/ * with wavefront set contained in
WEF,(By), such that

Z |e(P. — N\)Blv| < | Bye(P. — A| + O(eV)]v.

We combine this bound with (2.5.14) to conclude the proof. O

The right hand side of (2.5.10) involves the term O(¢'/?)|B,e(P. — \)v| which comes with
the factor £'/3, and the operator B;. This operator is 1/4-smoother than By. We can then
iterate (2.5.10) sufficiently many times starting from By = po(e*A) € ¥? to obtain operators

By € UV Bay € U with wavefront sets contained in Ell.(p2(e2A)) and such that

3N-1
|pa(e2A)e(P. — M| < Z 3| Bre[P. — Ny.sv| + O(eM)|e(P. — \) Ban.
k=0

For N large enough, e(P. — \)Bsy € V2 and O(eV)|e(P. — X\) Bsyv| = O(eV)|v|. In addition
the operator [pa(e?A)],. 5 is elliptic on the wavefront set of the By thus

|92(£2A)e(Pe = Nv| < [[pa(e2A)e(Pe = N]rov] + O(Y)|v].
Plug this estimate back in (2.5.9) to conclude the proof of the proposition. ]
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Starting now we consider R, N,r, s fized, g gwen by Proposition 2.5.1 and e, h satisfying
0 <e < h<egy Fix py,po satisfying (2.4.1), Xl efy p1 and y be equal to 1 near 0 and
such that ypy; = 0. Define Qd:efx(hQA) and

P.()) d_efh(P —\) —iQ = —iheAs — ihHy — Ah — iQ,

- (2.5.16)
PN Y —ihex1(e2A)Ag — ihH; — M — iQ.

If P.(MN)u d:eff then P.(\)u = f + ihep (e2A) Asu TP, We use (2.5.3) to go from the space
H,” to the space H;”” and we bound F' by Proposition 2.5.1:

| Flrs < [flars + h5101(52A)ASU|H;’5 < |flurs + h_|8|_‘r|+15_1|P1(52A)52ASU‘H{’S
< | flpre 4 ChT I e o (2 A)e (P — Mulgrs + O(h™# N [u] s

We note that pa(e2A)Q = 0 because € < h, hence

he ' pa(e2A)e(Pe — Nu = pa(eA) (h(P. = X) —iQ) u = pa(e*A) Pe(Mu = pa(e°A) f.
It follows that
[Flre < |flrpe + Ch7E oy (€28) fl e + O(R™ SN fuf e (2.5.17)

The operator py(e2A) is bounded on H” since py(e2A) € WY € ¥Y and by (2.5.6),
oW py(e2A)e™Cr ) = py(2A) + U7 € WY,

Therefore \p2(52A)f]le,s < C|f|ups; and [f|grs is controlled by h—\S\—|T\‘f|HZ,s because of
(2.5.3). The estimate (2.5.17) yields

‘F‘Hns < Ch72\5\72\r|‘f‘H275 + O(h72\s\72\r|8N)‘u|HZ’s_

Recalling that f = P.(\)u and F = P.(\)u we obtain the main result of this section:

Theorem 11. For every R, N > 0, and r,s € R there exist Crn,s > 0 and g9 > 0 such
that if P.(\) and P.(\) are defined in (2.5.16),

AeDO,R), 0<e<h<eg
= |§€(A)u|H; < CRN’T’Sh*?\S\*?W|P€(/\)U|H;,s + O(h*2|s|*2|”5N)|u|H;,s.

2.6 Stochastic stability of Pollicott—Ruelle resonances

2.6.1 Invertibility of P.(\)

Recall that P.(A) is given by P.(\) = h(P. — ) —iQ on H;”®, and let D}® be its domain on
Hp®

def
Dy ={u € H,*, Hu € H,*, Asu € H;"},
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where Hju, Asu are first seen as distributions. We prove here that the operator P.(\) is
invertible from D} to H;®, provided that A is in a compact set and that A is small enough,
s is large enough.

Theorem 12. Let R > 0 and r € R. There exists so > 0 such that for every s > sg, there
exists hg > 0 with

e<h<hy |[N<R = P.(\:D;®— H> is invertible.

A necessary step to prove this result is a bound of the form ]u|H;,s < C’h|P5()\)|H;,s. In
view of Theorem 11 applied with N = 2[s| + 2|r| + 1 it suffices to show that |u[grs <

Ch_llﬁs()\)]H;s where we recall that P.()) is given by

P.(\) = —ihex1(2A)As — ihHy — Ah — iQ.

See ]35()\) as a pseudodifferential operator in the semiclassical parameter h. Its semiclassical
principal symbol is p. — iq., where p. = oy, and

e 2 € 2
00,6 = ( 55161) el €+ 0(1E

It is clear that p. belongs to S'/hS°. We claim that ¢. also belong to S*/hS° or equivalently
that

e 2) € 1 0

Recall that Ag = — E;LZI X ]2, write ox; for the principal symbol of %X ; and note that
= def —_
Qg(x,f) = ZO-XJ' (ZL’, g)Xl (|€/|3) 0X; (:Eaf/) + X(|§|3>’ "=eh 16'
j=1

It suffices to show that each term in the above sum belongs to S'/hSy, thus that (z,&)
x1(|€'12)ox, (x, &) belongs to S°/hS~". When |a| +|3] > 0,

Gl

020 (il D)o, (2.€)) | = (M (en™) a2 ofna (€ B, (2,€)]
< (EWaroga (€ ox, (2,6 < Cas,

where in the last inequality we used that X’ vanishes in a neighborhood of 0 and that
x1(|€'12)ox, (z, &) belongs to S° as a symbol in &'. Since for a = # = 0 there is nothing to
prove, we obtain (2.6.1) and ¢. € S*/hS°.

Hence the operator é(/\) belongs to W}. We next compute the principal symbol of the

operator [é(x\)]r,s def eCrsM P (\)e=CrsM) We write Ders — 4er,s for the principal symbol of
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[P-(\)]r.s, where p. s, gers are real-valued. The symbol p,, s is given by:

2
€% 9\ €
Peyrs = OHy — {UGWM (ﬁ|€|g> EO-AS}

) (2.6.2)
€ .2\ € 2 0
=opy, —sh {m,xl (F|€|g> EUAS} p0(|§|g) log [¢], mod hS".

Here we used that og, , = log(|¢[4)po(|€]2)m mod hS™' by (2.5.1), and that {oa, [£[2} = 0
because Ag commutes with A, see (2.3.9). Since m is homogeneous of degree 0, we deduce
from (2.6.1) and (2.6.2) that

Pers = 0m, + shlog|él, - S° mod hS°. (2.6.3)

Similarly the symbol q., s is given by:

g2 €
Qers = Q(|€\§) +X (ﬁm;) EO_AS + h’{O—G'r,s7 om )
(2.6.4)

2
= QUER) +x (53l€E2) T + shim.ou on(lc g ], mod 48",

where we used that hpgm{op,,log|¢|,} € hS® and that h{ow,, po(€[5)} log|€l, € hS°. We
remark that since {m,on, } > 0, ¢.,, is nonnegative when s > 0.

The key step to prove Theorem 12 is the following Proposition, whose proof is largely
inspired from [DZ16a, Proposition 3.1] and [DZ15, Lemma 4.2]:

Proposition 2.6.1. Let R > 0, r € R. There exists so such that for s > sq, there exist
ho >0 and Cgr, s > 0 with

0<e<h<hy N<R = |ulge < Crpsh ' [P(Nulpre.

Proof. We define v & ¢%=®y € L2 and we recall that [A], 1 ¢Gras(h) go=CGrs(h) when
A € U}y, Using a microlocal partition of unity it is sufficient to show the inequality

[[A]rs0] < ChH[P-(N)]rsv] + O(h)]o],

when WF,(A) is supported in a small neighborhood of (g, &) € T S*M in each of the
following cases:

Case I: (20,&) € Ell,(Q). Since {m,opn,} > 0 by construction of m, (2.6.4) shows that
Qers(20,&) > 0 when s > 0. In particular, [é()\)]m is elliptic at (xo,&p). By the elliptic
estimate, |4, 0| < C|[P.(A)]r.sv] + O(h>)]v].

Case II: (20,&) € k(E?). Here k : T*S*M — OT " S*M is the projection map defined by
(2.2.7). The operator ﬁe()\) has semiclassical principal symbol p. — ig.. We note that ¢. > 0
everywhere and that p. = op, is homogeneous of degree 1 and independent of h. Hence
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we can apply the radial source estimate (Lemma 2.2.6). Fix B; € W) with wavefront set
contained in the set {pym = 1} so that on W F},(By) the space H,"* and H; are microlocally
equivalent, see (2.5.2). There exist sy > 0 and U neighborhood of x(E*) in T" S*M such
that

s> 50, WEL(A) CUp = |Aulyres < Ch BB (Nulgres + O(h™)|ul -

After possibly shrinking the size of WF,(A) we can use that H;”® and Hj are microlocally
equivalent near WF,(A), WF,(B;) to conclude that

|Aulgre < Ch7Y P\l e + O(h*)[ul - iri-.
h

Since H;* embeds in thlrlfs’ we deduce that for v & eGras(h)y,
[Alsol < CR7H[Pe(A)],s0] + O(h*)[v].

Case IIL: (z,&) € T S*M, (z0,&) ¢ Eg ® EX. In this case (z0,&) admits a neighbor-
hood U in T S*M such that

d(exp(—tH,, )(U),k(E)) — 0 as t — —oo,

see [DZ16a, Equation (3.2)]. Hence for T" large enough, exp(—TH,, )(U) C Uy where Uy
is the open set defined in Case II. We recall that p.,s — ig., s is the principal symbol of
[é()\)]m, and that p.,s = op, + hS'/2 and ¢ers > 0. Since op, is homogeneous of degree 1
we can apply Lemma 2.2.5. It shows that if B € U9 has wavefront set contained in Uy then
I[A4],sv| < C|Bv| + C’h*1|[15€()\)]r,sv| + O(h*)|v|. Combined with the result of Case II, we
get
[A]sv] < ChTH[P(N)],s0] + O(R%)|v].
Case IV: (70,&) € E;\0. We recall that the lifted geodesic flow exp(—tH,,, )(zo,&o) is

equal to (e (o), (de™"1 () ")*&). We observe that exp(—tH,, )(zo,&) converges to
the zero section as t — +00: because of §, € E(x¢) = Es(zo) and of (2.2.4),

‘(de—tHl (xo)—l)*£0|g _ {(detHl (e—tH1 ($0)))*€0|g S C«e—ct‘

Since Ell,(Q) contains the zero section, there exists 7' > 0 such that exp(—TH,, )(zo, &)
belongs to Ell,(Q). We apply again Lemma 2.2.5: if WF}(A) is supported sufficiently close
to E¥, there exists B € U9 with wavefront set contained in the elliptic set of @ such that

I[A],..v] < C|Bu| + Ch™Y[P-(A)],.sv] + O(h*®)|v]|. Together with Case I, it implies
[A]s0] < ChH[P-()]rsv] + O(h)]o].

Case V: (20,&) € w(E}). We recall that ¢. > 0 everywhere and that p. = op, is
homogeneous of degree 1 and independent of h. Hence we can apply the radial sink estimate
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(Lemma 2.2.7). Fix By € ¥ elliptic on x(E?), such that WF;,(B;) N E; = () and such that
pom = —1 on WEF},(B;). Then (after possibly increasing the value of sy given in Case II)
there exist a neighborhood U of (zg, &) and B € U9 with WF,(B) C WF,(B;)\ k(E?) such
that if WF,(A) C U; and s > sy,

|Aul - < C|Bulgr—s + Ch By Pe(Aul - + O(h™)lul - (2.6.5)

Without loss of generality U; is small enough so that the spaces H; °, H,” are microlocally
equivalent on WF,(A), WF,,(By), WF,(B). Hence we can replace H; ° by H;”® in (2.6.5).
In addition since WFj(By) is supported away from x(Ef), it can be written as a finite sum
of operators in W9 whose wavefront sets are supported near points (zg, &) satisfying Cases
I-IV. Finally, since H"* embeds in H, °~"!, the term O(h™)|u| ;;-ir1-s in the right hand side
of (2.6.5) is bounded by O(h)]ulyr+. Tt follows that '

[Aulie < ChY PNl + Ol
Since v = e“+(My we deduce that
|[A]sv] < ChH[Po(A)]rsv] + O(h%)|v].

Case VI: (z¢,&) € E; \ EllL(Q). In particular, & # 0 and oy, (70, &) # 0. By (2.6.3),
we have p. . = ou, + shlog|€|, - S°. This shows that the operator [Po(\)].s is elliptic at
(x0,&). Therefore if A has wavefront set contained in a small neighborhood of (zg, &) the
elliptic estimate shows that |[A], sv| < C|[15€()\)]T,Sv| + O(h™)|v].

Since Cases I-VI cover the whole T S*M this ends the proof of the theorem. m

Proof of Theorem 12. 1t is very similar to the end of the proof of [DZ16a, Proposition 3.1].
Fix R > 0 and r € R. Proposition 2.6.1 shows that [u|grs < C’Rh_l\ﬁg()\)umg,s as long as
0 < e <h < hgand s is large enough. Theorem 11 applied with N = 2|s| + 2|r| + 1 yields
the estimate

[ulppe < CrRR™ 2 P-(Nulups + O(R)|ul gy

After possibly decreasing the value of hy we can absorb the term O(h)|u|grs by the left hand
side. We get |ulgrs < Crh™ " #7!P.(Nulgre. This estimate implies that the operator
P.(\) : D;* — H,” is injective.

To show the surjectivity of P.(\) we first note that the range of P.(\) is closed in H,”.
Indeed, let u; € D}® such that P.(A)u; converges in H,*. Then u; is a Cauchy sequence in
H;® and it converges to some u € H,”*. We must show that u € D;”. The sequence P.(\)u;
is bounded in H;** hence it converges weakly; it follows that P.(A\)u € H;”*. By Proposition
2.5.1, p1(2A)Asu € H;®. In addition for any € > 0, x1(e2A)Asu € C*. It follows that
Asu € H,® hence Hyu € H;®. Therefore u belongs to the domain of P.(\) and the range of
P.()) is closed.
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To conclude we show that the range of P.(\) is dense in H;”. The dual of H,” is H, "°.
Thus it suffices to prove that if f € H, " is such that (f, P.(\)u) = 0 for every u € H;”
then f = 0, or equivalently that P.()\) is injective. We have

P.(\) = —iheAg — ihH, — Ah —iQ, —P.(—=\)* = —iheAg + ihH, — \h — iQ.

Therefore —P.(—\)* is equal to P.(\) except for H; which is replaced by —H;. For the
dynamics of —H;, £} is a radial source and £ a radial sink. Moreover the imaginary part
of —P.(\)* is non-positive. The space H, " ° has low regularity near E¥ (the radial sink
for —H,) since it is microlocally equivalent to H, " near E¥. Similarly H, " has high
regularity near EY (the radial source for —H;) since it is microlocally equivalent to H, " *
near E?. Hence the same analysis as in the proof of Proposition 2.6.1 can be applied to
—P.(\)*. It shows that for s large enough and 0 < € < h small enough, A\ € D(0, R),

[ Flyrms < CRh™> 2 Y Po(=2)" f|yorms.

This shows that P.(\)* is injective. Hence the range of P.()\) is dense and P.(\) is surjective.
This ends the proof of the theorem. O

2.6.2 Proof of Theorem 9

We conclude the chapter (and the thesis) with a more precise version of Theorem 9. A
function € € (0,&9) — f(g) is said to be C'([0,&0)) if f is C' on (0,&y) and f’(¢) has a
limit when ¢ — 0. By induction we define the class C*([0,&0)). In the following, we shall
say that f is smooth at 0 if for every k > 0, there exists g, > 0 such that f € C*([0,e)).
The set $(P.) (resp. Res(F,)) is defined as the L?-spectrum of P. = 1(H; + eAg) (resp.
Pollicott—Ruelle resonances of Fy = %H 1), with inclusion according to multiplicity.

Theorem 13. The set of accumulation points of ¥(P.), as € — 07, is equal to Res(Fy). If
Ao € Res(FPy) has multiplicity m, there exist ro > 0,69 > 0 such that for every e € (0, ),
there exists {\j(e) }j, such that X(P.) ND(Ao,70) = {A\;(€)}7L,. Moreover,

j=1
(2) If m =1, then € € (0,g9) — A1(g) is smooth at 0 and
A(e) = Ao + 2'6/ (Vsu, Vsv)du + O(g?), (2.6.6)
S*M
where u,v are the left and right resonant states defined in Lemma 2.2.1.

(13) The finite-rank operators

def 1

I, = (P. —\)tdX\ : C®(S*M) — 2/'(S*M) (2.6.7)

270 Jan(ro,r0)

form a smooth trace-class family of operators at ¢ = 0.
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Remark 2.6.1. Theorem 13 shows that ase — 07, the spectrum of P*_ converges to complex
conjugates of Pollicott-Ruelle resonances. Because of the identity P. = P*_, we deduce that
the spectrum of P. converges to complex conjugates of Pollicott—Ruelle resonances ase — 0.

Proof. Fix R > 0 and kg a positive integer. For 1 < k < kg, let ry, Lfok+l g, By Theorem 12
and [DZ16a, Proposition 3.4] there are sg, hg > 0 such that for every 0 < e < hg, r € [0, 74,]
and A € D(0, R) the operator

Pa(/\) = —thoAg — ’ihoHl — )\ho — ZQ
admits a right inverse on 2" ©f na %0 there exists a bounded operator P.(\)~': 7" —
A" with range contained in the domain of P.(\) such that P.(A\)P.(\)~! = Id»--. We
show below that for every r € [0,74, — ri], the operator P.(\)~! : S~ — 7" is
C*([0, hy)). We proceed by induction on k.
We start with k& = 1. For every r € [0,74,] N [—2, 7k, — 2] = [0, 7, — r1], the operator
P.(\)7! maps S to itself and #~""2 to itself. This fact, together with the identity

PO = Pa(A)! = —i(e — &) Pa(N) T hoAgP(A) (2.6.8)

shows that € € [0, hg) = P-(\)~!: 27" — 2 ~""%is differentiable (in particular continuous)
with
O.P.(\) = —iP.(\) thoAsP.(\) . (2.6.9)

The right hand side of (2.6.9) is continuous, hence € € [0, ho) — P.(\)7! : 7" — 72
is C1([0, hy)).

Assume now that k& < ky—1 and that for every r € [0, 1, —7%], P-(A\) ™' : 7" — 77"
is C*([0, hg)). The identity (2.6.9) shows that 0. P.(\) : S~ — "2 =2is also C*([0, ho))
as long as r € [0,7k, — 7] N [—7rx — 2,7k, — 2rx — 2]. Since ryy1 = 2r, — 2, the operator
O.P.(\) : 7" — A1 is CK([0, hy)) as long as 1 € [0,74, — 7k+1]. This implies that
P.(\) : 7 — "1 is CRHL([0, hy)) for the above range of r. This completes the
induction process.

It follows that the operator P.(\)™! : S0 — 70 is C* ([0, hy)). We recall that Q is
a smoothing operator. In particular, Q) maps . "% to the Sobolev space HY for any N.
It follows that QP.()) is a trace-class operator with holomorphic dependence in A € D(0, R)
and C*o dependence in € € [0, hg). Since kg was arbitrary, QP.(\) is smooth at £ = 0. For
e € [0,hg) and XA € D(0, R), we define the Fredholm determinant

D.(\) = Det_yo(Id + iQP.(A) 1),

which depends holomorphically in A, and which is smooth at ¢ = 0.

The operator ho(P. — A) = P.(\) + iQ is Fredholm, because where P.(\) admits a right
inverse on Y and @ is compact. Hence, the J#%-spectrum of P. in D(0, R) is discrete and
equal to the zero set of D.(A). When £ # 0 the operator P. is subelliptic. Consequently,
H-eigenvectors of P. must belong to the (standard) Sobolev space H?, thus to the domain
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of P. on L?. Conversely, L*-eigenvectors of P. must belong to the (standard) Sobolev space
H*0, thus to 2#°. This shows that for ¢ # 0, the L%-spectrum and .##°-spectrum of P, in
D(0, R) are equal, and the L*-eigenvalues of P. in D(0, R) are exactly the zeroes of D.()).

For € > 0, D.()) is a holomorphic function of A whose zero set is the L*-spectrum of
P. in D(0, R), and the zero set of Dy(\) is the Pollicott—Ruelle spectrum of Fy in D(0, R) —
see [DZ16d, Proposition 3.2]. Since D.(\) is smooth at € = 0, the first part of the theorem
follows from an application of Hurwitz’s theorem.

If Ao is a Pollicott—Ruelle resonance of Py and A (¢) is the unique eigenvalue of P. converg-
ing to Ag, the implicit function theorem shows that € — A;(g) is smooth. We compute now
the leading terms in the expansion (2.6.6), inspired by the method of [Dr15, §3.1]. Denote by
Res(Fy) the set of Pollicott—Ruelle resonances of Py = %H 1 and fix K be a compact subset of
D(0, R)\Res(P). For every A € K, Dy()\) # 0 and the operator Id+iQPy(\) ™t : 50 — #°
is invertible. Therefore, for every 0 < ¢ < hg and A € K,

Id +iQP.(A) " = (Id + iQPy(A) ™) - (Id + (Id +iQP(\) ) HiQ (P.(A) ™ — PO(/\)‘1)> .

Uniformly for A € K, the operator (Id +iQPy(A)~!)"" is bounded on #° and by (2.6.8),
Q (P.(\)7! — Py(A\)™') has trace-class norm O(g). The identity (2.6.8) implies for A € K,

D.(\) = Do(\) - Det o (Id +i(1d+iQP(N) ) Q (V) — PO(A)*1)>
= Dy(N) - (1 + ehoTr o ((Id +iQPy(A)) QPO(A)*lASPE(A)*l) + 0(52)> .

The operator QPy(\)"*Ag extends to a trace-class operator in #°. Because of the identity
(2.6.8), we have uniformly for A € K,

BT ((1d+iQR(N) ™) QRN AP0 ) = 1Y) +O(e),

[ E hoTreo (14 +iQP(N) ™) QRN AsRo(N) )

It follows that uniformly for A € K,
D.(A) = Do(N) - (1 + fi(N)e + O(e?)) . (2.6.10)

In (2.6.10), the function D, is holomorphic on D(0, R) and f;(A\) is meromorphic in
D(0, R), with poles in D(0, R) N Res(Fy). Therefore we can apply [Drl5, Lemma 4.4] with
E = D(0,R), Sy = Res(Ry), D-(\)/Do(N) = 1+ fi(A)e + O(?) and g()\, &) = Dy(N)
(strictly speaking, [Dr15, Lemma 4.4] is stated there with £ = C or C \ 0; but it also holds
without change in the proof when E = (0, R)). It shows that (2.6.10) is valid uniformly
for A € D(0, R) \ Res(Fy) and that the function Dy(A)f1(A) is holomorphic on D(0, R).

Let A\g € D(0, R) be a simple resonance of Res(F). We now work with f;(A) for A in a
small punctured disk 2\ Ay C D(0, R), so that A is the only resonance of Fy in 2. We have

Ji(A) = hoTr 0 ((Id +iQPy(N)) QPO(/\)_IASPO(/\)_1>

— hoTr 0 (PO(/\)‘l (1d + iQPy(N) ™) ! QPO()\)‘lAS) = Troe0 (P — A)'QPy(A) ' Ag) .
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In the above we used the cyclicity of the trace and the identity

-1

Py(N) 7 (Id+iQPy(N)7") = (B(\) +iQ) ™ = hg (P — A) ™.

Because of (2.2.6) and since Py(\)~! is holomorphic near )y, we can write

’ A
(Po—A)'QPy(A) T As = (i(Py — A)7H = hoPy(A) HAg = % + B()\), (2.6.11)

— Ao
where B(A) denotes a holomorphic family of operators near \g. The right hand side of
(2.6.11) is trace-class on #° and the operator u ® vAg is of rank 1. Therefore B()) is

trace-class on Y and fo(\) 'y w0(B()\)) is holomorphic. It follows that

i Tr e (u®@vAg)  iTrype (Asu®v) 4 /
fl()\> fO()\> - \ — AO - A\ — )\0 - /\0 )\ S*M<VSU7 VSU>.

In the last equality we used that Asu and v have wavefront sets contained in E and E¥,
respectively. Hence the trace of the operator Agu ® v is given by integrating the kernel
Asu(x)v(y) along the diagonal {z = y} according to [GS94, Proposition 7.6]. The operator
Vs was defined in §2.3.1 and the scalar product (-, -) is inherited from the Euclidean structure
on the fibers of T*M.

Combining the above, we obtain that uniformly in € small enough and A € 2\ A,

D.(\) = Dy(\) — ie f 0_%

= Djy( o) ()\ — )Xo —ic [S*ngu, Vsv) + O(e(A — No)) + 0(52)) :

[ (% Teo) + DA + O)

Recall that A;(e) is the unique eigenvalue of P. near ). In particular D.(\;(¢)) = 0. Since
e +— Ai(e) is smooth, A;(e) = A\g + O(e). This yields

A(e) = Ao + ie/ (Vsu, Vsv) + O(e?).
S*M

This concludes the proof of (7).

For (i), we fix kg > 0 and we recall that P.(\)™! : 0 — 57" is C* ([0, hg)). Since
ho(P-—\) = P.(\)+@Q, where @Q is smoothing, the family P. —\ : 5 "0 — J#° is Fredholm
with C*o dependence in . Hence, (P.—\)~! is a meromorphic family of operators with poles
of finite rank, with C* dependence in . This shows that the family of operators ¢ — II, :
A0 — A"k given by (2.6.7) is C*([0, hy)). A fortiori, € = II. : C*(S*M) — 2'(S*M) is
also C*([0, hg)), hence smooth at ¢ = 0. O
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