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Abstract

Quantitative normal approximation bounds are important to obtain finite-sample, non-
asymptotic inferential guarantees for various statistical problems. We derived such
quantitative normal approximation results for a class of stabilizing statistics. Examples of
such statistics include K-nearest neighbor based Entropy estimators, Euler
characteristics, minimal spanning trees and Random forests. The central challenge in
these problems is to handle the delicate dependency structure arising in such statistics.
We handle this by utilizing the concept of stabilization, which we combine with Stein's
method to establish our results. This notion of stabilization is quite universal in
characterizing the local dependencies and thus provides a powerful tool for obtaining
normal approximation analysis and doing finite-sample statistical inferences. Additionally,
bootstrap methodology can be considered for performing practical statistical inference for
the above class of problems.
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1 Introduction

Let (X, F) be a metric measure space equipped with a o-finite measure Q and a metric d : X x
X — [0,00). For s > 1, let Py denote the canonical Poisson process on X with intensity measure
A= sQ, and for Q a probability measure, let &, denote a binomial process with n i.i.d. observations
from Q. Let dx(Y,Z) denote the Kolmogorov distance between two random variables Y, Z, i.e.,
dxg(Y,Z) :=supycp | P(Y <t) —P(Z < t)|. In this thesis, we study normal approximation results
for real-valued functionals Fs(Ps) and F),(&,), respectively, of the Poisson and the binomial point
processes in the Kolmogorov and Wasserstein metrics under relatively flexible assumptions on the
functionals. In particular, motivated by geometric and topological statistics, we focus on the case
when the functionals Fy and F,, are not necessarily expressible as sums of certain score functions,
and on obtaining presumably optimal bounds in this case.

Our proof techniques are based on the concept of stabilization, which was first used by Kesten
and Lee (1996) to establish central limit theorems for Poisson-based minimal spanning tree. Since
then, it has been extensively developed as a general tool to establish normal approximation rates for
various functionals of Poisson and Binomial point process. We refer the interested reader to Penrose
and Yukich (2001); Penrose (2005); Baryshnikov and Yukich (2005); Penrose and Yukich (2005);
Schreiber (2010); Last et al. (2016); Chatterjee and Sen (2017); Lachi¢ze-Rey and Peccati (2017)
and reference therein for details. In particular, Last et al. (2016) develops normal approximation
bounds for a fairly general class of functions of Poisson processes by combining Malliavin-Stein tech-
niques (Peccati et al., 2010; Peccati and Reitzner, 2016), second-order Poincaré inequalities (Chat-
terjee, 2009; Nourdin et al., 2009) and stabilization concepts, and by using the iterated add-one cost
operator, also called second order cost operator. Considering the case of functionals expressible as a
sum of exponentially stabilizing score functions, Lachiéze-Rey et al. (2019) establishes user-friendly
normal approximation results based on Last et al. (2016). The work of Lachié¢ze-Rey et al. (2022)
introduces bounds for general functionals of Poisson process. Their method does not involve the
hard-to-evaluate iterated add-one cost operators but uses the add-one cost operator at two different
scales, an approach pioneered by Chatterjee and Sen (2017) for the case of Poisson-based minimal
spanning trees. However, their generality comes at the cost of sub-optimality — in general, the
bounds based on Lachiéze-Rey et al. (2022) are sub-optimal compared to those of Last et al. (2016).
Furthermore, for the case of functionals that are expressible as a sum of exponentially stabilizing
score functions, the bounds of Lachiéze-Rey et al. (2022) necessarily lead to sub-optimal rates.

Hence, the following question remains: Can one obtain presumably optimal bounds for general
functionals that automatically result in presumably optimal bounds when specialized to the case of
functionals that can be expressed as sums of score functions? Following Lachiéze-Rey et al. (2019),
we use the term presumably optimal to refer to the case when the order of the normal approximation
is the same as that of a sum of i.i.d. random variables. In this thesis, we answer this question in the
affirmative for a class of functionals. Similar to Lachiéze-Rey et al. (2022), our approach is based
on the idea of using the add-one cost operator at two scales. However, in contrast to their work, we
use it to directly simplify the evaluation of the iterated add-one cost operators. When specialized
to the case of sums of score functions, such an approach recovers the presumably optimal results
of Lachiéze-Rey et al. (2019). In summary, we make the following contributions:

e In Definition 2.7, we leverage a flexible notion of the add-one cost operator with a general set
Ay that allows to (relatively) easily evaluate computations with the iterated add-one cost or
second-order difference operators, for general functionals of Poisson and binomial point process
that are not necessarily a sum. While this notion was proposed originally in Lachiéze-Rey
et al. (2022), our use of it appears to be new and different.



e In our main results, Theorems 2.1 and 2.2, we provide normal approximation results for
functionals of Poisson and binomial point processes, respectively. In particular, the functionals
do not necessarily need to be expressible as sums of certain score functions.

o We illustrate the applicability of our approach by deriving normal approximation results for
several geometric and topological statistics. Specifically, in Theorem 2.3 and 2.4 we use
our approach to derive normal approximation results for the total edge length of k-Nearest
Neighbor graphs and weighted k-Nearest Neighbor graph based Shannon entropy estimators.
In Theorem 2.5, we derive results for the Euler Characteristic, which is an elementary statistics
widely used in the field of topological data analysis. Finally, we discuss the applicability of
our approach for the minimal spanning tree problem in Theorem 2.6, by recovering existing
results via our approach.

Furthermore, in this thesis, we also considered a very important statistics: random forest, which
lies in this stabilization framework, where we adopted and developed a generalized version of sta-
bilization concept: region-based stabilization. Random forest (Amit and Geman, 1997; Ho, 1998;
Breiman, 2001) is an extremely successful general-purpose prediction method. It is based on ag-
gregating randomized tree-based base-learners and has been successfully applied in a wide range of
fields including remote sensing (Belgiu and Dragut, 2016), healthcare (Khalilia et al., 2011; Qi, 2012)
and causal inference (Wager and Athey, 2018). Different versions of random forest mainly differ by
their randomized tree-building processes. Broadly speaking, there are two sources of randomness
while constructing the random forest.

e Bagging or sub-sampling: The first is due to the use of bagging or sub-sampling, where a ran-
domly chosen subset of the entire training data is used to construct the individual (random)
trees. Breiman (1996a) originally considered the random forest with bagging where the trees
are constructed by bootstrap sub-samples from the original sample. It was also shown that
for unstable base-learners, the bagging random forest can increase the accuracy; see Breiman
(1996b) for more details. Moreover, other works including those by Peng et al. (2022), Mentch
and Hooker (2016) and Wager (2014) focus on averaging all possible sub-samples of the training,
with a particular fixed size.

e Random tree construction: The second source depends on the way in which the random-tree based
base-learners are constructed. If the randomization in the tree construction only depends on the
covariates, then such random forests are called non-adaptive random forests. They are also closely
related to the kernel-based prediction techniques (Lin and Jeon, 2006; Scornet, 2016b). From
the perspective of nearest neighbor regression methods, non-adaptive random forests could also
be viewed as an implicitly adaptive nearest neighbor method. Conversely, if the randomization
in the tree construction also depends on the response, such random forests are called adaptive
random forests.

Despite the widespread usage, progress in the theoretical understanding of their statistical prop-
erties has been rather slow. Motivated by the works of Breiman (2000, 2004), the most theoretically
well-studied version of random forest has been the non-bagging and non-adaptive random forest.
Specifically Lin and Jeon (2006), Meinshausen (2006), Biau and Devroye (2010), Biau et al. (2008),
Biau (2012), Scornet (2016a), Scornet (2016b), Mourtada et al. (2020), Klusowski (2021) and Klu-
sowski and Tian (2022) studied consistency properties, with a few of them also establishing minimax
rates over various smooth function classes. Biau and Scornet (2016) provide an exposition of the
above results. Wager et al. (2014), Mentch and Hooker (2016), Zhou et al. (2021) and Cattaneo
et al. (2023) studied asymptotic normality and developed asymptotically valid confidence intervals.



The focus in the above works are mainly about the fluctuations with respect to the bagging pro-
cedure, and are agnostic to the randomization in the base-learners. Due to the asymptotic nature,
the above works do not provide any insight into when the Gaussian behavior actually kicks-in, from
a finite-sample perspective.

Many practical versions of random forests are truly adaptive (Breiman, 2001). From a theo-
retical perspective, a condition that bridges adaptive and non-adaptive random forest is that of
honesty considered in various forms in Biau et al. (2008); Biau (2012). Roughly speaking, an honest
(random) tree is defined as a tree that avoids using the same training labels for both selecting split-
points for the tree construction process, and for making the predictions. This essentially makes the
random forest non-adaptive for all statistical analysis purposes. This condition was further exam-
ined in detail by Wager and Athey (2018). Specifically, they argue that honesty-type conditions
are essentially necessary to obtain point-wise asymptotic Gaussianity of non-bagging random forest
predictions, and provide various examples. However, we would like to remark here that Gaussian
limits (and other non-Gaussian limits) might be possible under certain non-standard scalings.

Alternatively, Scornet et al. (2015) and Chi et al. (2022) studied consistency of adaptive random
forest (without requiring any honesty-type conditions) under additive model assumptions on the
truth and with CART splitting criterion respectively. We are not aware of any further theoretical
analysis of statistical properties (e.g., minimax rates and asymptotic normality) of random forests
without honest-type conditions. Apart from studying classical statistical properties, works such as
Mentch and Zhou (2020) and Tan et al. (2022) have also looked at explanations for the better (or
worse) performance of random forests and related methods over other approaches with similar or
comparable statistical properties.

From a finite-sample inference perspective, it is essential to provide non-asymptotic Gaussian
approximation bounds for random forest predictions. To the best of our knowledge, only Peng et al.
(2022) establishes such bounds for sub-sampling based non-adaptive random forest predictions in
the univariate setting. Their approach was based on directly leveraging standard results on Berry-
Esseen bounds for U-statistics by Stein’s method (see e.g., Chen et al., 2011, Chapter 10). They
also specialized their result to the case when the base-learners are the so-called k-nearest neighbors
or k-potential nearest neighbors (see Section 3.1 for details). However, as a consequence of a direct
limitation of their proof techniques, they are only able to handle the case of fixed k. Handling the
case of growing k is highly non-trivial and requires a very different proof technique.

In contrast to the above works, our main goal is to obtain multivariate Gaussian approximation
bounds for random forest predictions (see Theorem 3.1 and Corollary 3.1), focusing on the non-
bagging and non-adaptive version in the context of regression with growing k. Apart from being
applicable to non-bagging and non-adaptive random forests, our results are also applicable to the
so-called purely random forest such as the one studied by Mourtada et al. (2020). From a technical
point-of-view, we show that random forests satisfy a certain region-based stabilization property (see
Section 3.3.2), which enables us to develop and leverage tools based on Stein’s method to establish
a Gaussian approximation result.

Standard stabilization-based approaches, in combination with Stein’s method and second-order
Poincaré inequalities are well-studied to establish Gaussian approximation for functionals of Poisson
and binomial point processes; see, e.g., Last et al. (2016); Lachiéze-Rey et al. (2019, 2022); Schulte
and Yukich (2019); Shi et al. (2023+); Schulte and Yukich (2023b) and references therein for details.
Recently Bhattacharjee and Molchanov (2022) developed the notion of region-based stabilization
which strictly generalizes standard stabilization, and is more widely applicable. In this thesis, we
extend the univariate results in Bhattacharjee and Molchanov (2022) to the multivariate setting;
Theorems 3.2 and 3.3 are widely applicable to a class of multivariate functionals of a Poisson process
whose score functions satisfy the region-based stabilization property. Specializing these results to



random forests, we obtain the multivariate Gaussian approximation bounds in Theorem 3.1 and
Corollary 3.1.

All our results for the multivariate settings are under the Poisson sampling setting. This entails
that to handle the widely studied case of independent and identically distributed (i.i.d.) observa-
tions, we need to use a de-Poissonization trick. The use of Poisson sampling setting is actually
due to the technical reason that there is no natural multivariate second-order Poincaré inequality
for the case of binomial point processes; see Remark 3.6 for more details. However, we would like
to highlight that the proof techniques in this paper are potentially valid, with some appropriate
modifications, when a univariate normal approximation of the random forest is considered under
a binomial sampling regime (i.e., i.i.d. samples). Furthermore, despite the fact that we focus on
a non-adaptive random forest as an example in Theorem 3.1 and Corollary 3.1, our approach of
using region-based stabilization theory and Stein’s method to establish Gaussian approximation
results, as stated in Theorems 3.2 and 3.3, is much more widely applicable for adaptive random
forests and other non-parametric regression problems such as Nadaraya-Watson and wavelets-type
in which case, one would need to work with appropriate regions (depending on the procedure) and
then apply our general results in Theorems 3.2 and 3.3.

2 Gaussian Approximation for General Stabilizing Statistics

In this section, we focus on general normal approximation theories on statistics that satisfy certain
stabilization property with some examples including: total edge length of k-nearest neighbor graphs,
Shannon entropy, Euler characteristic and edge length of the minimal spanning tree.

2.1 Preliminaries
2.1.1 Point process basics

Let (X, F) be a measure space with a o-finite measure Q and a metric d : Xx X — [0, 00). Let N be
the set of all locally finite counting measures on X, which can be interpreted as point configurations
in X. Thus, we treat the elements in N also as sets. The collection N is equipped with the
smallest o-field N such that the maps m4 : N — NU {0, 00}, M — M(A) are measurable for all
A € F; see Kallenberg and Kallenberg (1997) and Last and Penrose (2011). A point process 7 is
a random element in N. Denote by F(N) the class of all measurable functions f : N — R, and by
LX) := LY(X, F) the class of all real-valued, measurable functions F' on X. Note that, as F is
the completion of o(n), each F' € LY(X) can be written as F' = f(n) for some measurable function
f € F(N). Such a mapping f, called a representative of F, is Qon~'-a.s. uniquely defined. In order
to simplify the discussion, we make this convention: whenever a general function F' is introduced, we
will select one of its representatives and denote such a representative mapping by the same symbol
F'. Throughout this paper, we denote by L% = L%(X) the space of all square-integrable functions F’
of a point process  with EF?(n) < co. We mainly consider two different classes of point processes:
Poisson point process and binomial point process.

Definition 2.1 (Poisson point process). A Poisson point process with intensity measure X\ is a point
process P(A) on X with the following two properties:

1. VB € F, P(\)(B) is a Poisson random variable with parameter \(B).
2. ¥Ym € Ny and for any pairwise disjoint sets By, Ba,..., B, € F, we have that the random
variables P(N\)(B1), P(A)(B2), ..., P(A\)(B) are independent.



Definition 2.2 (Binomial point process). Let P be a probability distribution and n be a fized positive
integer. Let X1, Xa,..., X, be i.i.d. random variables sampled from P. The binomial point process
&n based on P and n is defined as &, := > - 0x,, where § is the Dirac measure.

We now describe the setting for developing normal approximations of functionals of Poisson
and binomial point processes. For s > 1, let A := sQ be the intensity measure of Poisson point
process P(A) := Ps. For the case when Q is the probability measure, let &, be the binomial point
process based on Q and n. Consider square-integrable functionals of these two point processes, i.e.,
F(Ps) := Fy(Ps) € L}, (X) and F(&,) := F,(&) € Lgn (X). We then seek upper bounds for the
following two quantities:

dx (FS(PS) _EFS(PS)’N> 7 and dx <Fn(§n) _EFn(fn>’N> ,

Var Fs(Ps) Var F, (&)

where N is a standard normal random variable.

2.1.2 Stabilization

The notion of stabilization is widely used in deriving normal approximation rates for functionals
of Poisson or binomial point processes (Kesten and Lee, 1996; Penrose and Yukich, 2001; Penrose,
2005; Penrose and Yukich, 2005). We start with introducing notions of stabilization for functionals
that are not necessarily representable as sums of sore functions.

Definition 2.3 (Add-one cost operator). Let F' be a measurable functional of a point process n on
(X, F). The family of Add-One Cost Operators, D = (D;)zecx, are defined as

D.F(n) = F(nu{z}) — F(n).

Similarly, we can define a second-order cost operator (also called iterated add-one cost operator):
for any x1, 19 € X,

Dayan (1) := F(nU {21, 22}) = F(nU{z1}) — F(nU {22}) + F(n).

In addition, we define for any y € X,

Dy FY(n) == F(nU{y}U{z}) — F(nU{y}).

Clearly, when {y} = @, D, FY degenerates into the add-one cost operator.
Based on the add-one cost operator introduced above, we next introduce weak and strong sta-
bilization in the context of the functionals F' of the point process 7.

Definition 2.4 (Weak stabilization). The functional F' is said to be weakly stabilizing at x € X, if
and only if there exists a random variable A, such that for any sequence (W, )m>1 in F tending to
X, as m — oo, we have Dy F(nNWp,) — A, almost surely.

Definition 2.5 (Strong stabilization). The functional F' is said to be strongly stabilizing at x € X,
if and only if there exists an almost surely finite random variable R,, which s referred to as the
radius of stabilization, such that for all finite A C X\ By (Ry), with probability 1,

Da:F((n N Ba:(Rx)) U A) = DmF(n N Ba:(Rx))a

where By (Ry) = {y € X:d(z,y) < R;}.



Clearly, strong stabilization implies weak stabilization. We now discuss some special cases. In
the context of Poisson or binomial point process, the functionals Fy and F,, can sometimes be
represented as sums of the form

Fs:= Fy(Ps) := Z fs(z, Ps), and Fy = (&) = Z fn(z,&n),

TEPs HASIZ

where fs, f,, are called score functions. In this case, there exists a useful notion of stabilization
based on the score functions. For simplicity, we still state the definition for functionals of Poisson
point process; the binomial case is defined similarly.

Definition 2.6 (Score-based stabilization (Lachiéze-Rey et al., 2019)). The score function f is said
to be stabilizing at x € X, if and only if there exists an almost surely finite random variable r, (the
radius of stabilization) such that for all finite A C X\ By(rz), we have

[, (n 0 By(rz)) UA) = f(x,n 0 Bx(rs)).

Informally speaking, the above definition posits that the value of the score function f will not
be affected by the points outside the ball centered at x with radius r,. For discussing the relation
between strong stabilization and score-based stabilization, we present the following simple result.

Proposition 2.1. Given any Fs(Ps) = 3. cp, fs(y, Ps), we have for all x € X,

Da:Fs(Ps) = fS(:E?PS U {ZL'}) + Z Dxfs(yvps)'

yEPs
A similar result also holds for F,.

Proof of Proposition 2.1. The proof is straightforward by using the definitions. See Lachiéze-Rey
et al. (2019, Lemma 5.2). O

Remark 2.1.

(1) In contrast to score-based notions of stabilization, strong stabilization focuses on the cost func-
tion of the functional F itself. The above result reveals the relationship between the two notions.
It plays an important role in Section 2.4.2 and its proof.

(2) Strong stabilization does not restrict the form of the functional to be expressible as a sum of
scores, and, if applicable, it thus avoids finding appropriate scores that can be handled by the
method.

The following example from the literature on Topological Data Analysis (TDA), further illus-
trates the aforementioned remarks. Readers unfamiliar with the basics of TDA are directed to the
elementary definitions provided in the Supplementary Material (Shi et al., 2023). We also refer
to Edelsbrunner and Harer (2010) and Boissonnat et al. (2018) for more on the basics of TDA.

Example 2.1 (Euler characteristic). Given a simplicial complex K, the Euler characteristic is
defined as

X(K) =Y (1) #{S},

k=0

where #{Sk} is the number of simplices of dimension k.



Typically, the simplicial complex K, is taken to be the Vietoris-Rips complex (VR complex) or
the Cech complex, constructed over a point cloud sampled from binomial or Poisson point processes
& or Py, respectively. In this case, we denote the simplicial complex as K (&) or K (Ps) to denote the
dependency on the underlying point process explicitly. We now discuss the stabilization properties
of the above statistic. While it is possible to express the Euler characteristic as a sum of certain
score functions, it is not required to do so, as the Euler characteristic is strongly stabilizing with
radius of stabilization R, = 2r for the Cech and the VR-complex; see Krebs et al. (2021).

The following example on the total edge length of a k-nearest neighbor graph is a canonical
example of a geometric statistic satisfying score-based stabilization and strong stabilization.

Example 2.2 (k-nearest neighbor (k-NN) graphs). Consider a configuration of a Poisson point
process Ps, where here we represent Ps by a random number of (conditionally) i.i.d. points X;, i.e.
Ps = {Xi}zsl‘. For some k € Ny, and for every integer 1 < j < k, denote by X;; the j-nearest
neighbor ' of X;, i.e. X 18 the j-th closest point to X;. Furthermore, let p;; denote the distance
between X;; and X;. Then, the (undirected) k-NN graph NGy (Ps) is the graph with the vertex set
V := Ps and an edge x ~ y if y is some j-nearest neighbor of X and (or) x is some j-nearest
netghbor of y. For ¥ > 0, we define

1
Z §d(x,y)79, if x,y are mutual k-nearest neighbors,

fs(xa Ps) =g Y (2.1)
Z d(z, y)ﬁ, if x,y are not mutual k-nearest neighbors.

T~y

The total edge length is defined as
Fyi= Y folx,Ps).

zE€Ps

According to Lachiéze-Rey et al. (2019), the total edge length statistic satisfies score-based stabiliza-
tion. Additionally, by the proof of Lemma 6.1 in Penrose and Yukich (2001), we also have that it
satisfies strong stabilization. For instance, when d = 2, the radius of stabilization is R, = 4R, where
R is defined in the following way: for each t > 0, construct siz disjoint equilateral triangles T;(t),
1 < j <6, such that the origin is a vertex of each triangle, such that each triangle has edge length
t and such that Tj(t) C Tj(u) whenever t < u. Then, define R to be the minimum t such that each
triangle Tj(t) contains at least k + 1 points from Ps.

By definition, strong stabilization only focuses on the first-order add-one cost operator. In
order to deal with second-order cost operators, which are also crucial in obtaining our normal
approximation results, we introduce the following flexible notion of add-one cost operators.

Definition 2.7 (Flexible add-one cost, Lachiéze-Rey et al. (2022)). For any point process n in
(X, F), any x € X and a set Ay € F (that may or may not depend on x), the flexible add-one cost
operator for the functional F is defined as

Dy F(Az) := Do F(Az)(n) := DaF(n]a,) := F((nAs) U{z}) — F(n|Az),
where we denote by n|A, the restriction of the point process n to the set A,.

Informally speaking, the flexible add-one cost D, F'(A;) observes the point process in the ‘win-
dow’ A,. Obviously, if one sets A, = X, the flexible add-one cost function degenerates into the

!We refer to Lachiéze-Rey et al. (2019) for details about the the tie-breaking procedure.



classical add-one cost function in Definition 2.3. The above flexible cost functions were proposed in
Lachiéze-Rey et al. (2022). We here name it "flexible" as our main Theorem will allow the set A,
to be picked adaptively.

Observe that the second-order cost functions can be expressed as the telescoping sums of differ-
ences of flexible cost functions and standard add-one cost functions:

Da:hsz = (DmFIQ - DmFm(Ax)) + (DmFm(Ax) - DmF(Ax)) + (DJ:lF(Ax) - Doc1F)-

We use this simple observation in our proofs in a different way compared to Lachiéze-Rey et al.
(2022) to obtain improved rates.

2.2 Assumptions

We now discuss the assumptions to obtain the normal approximation results. Following Penrose
(2007); Penrose and Yukich (2005); Yukich (2015); Lachiéze-Rey et al. (2019), we make the following
assumption on the measure Q: There exist constants x > 0,w > 1 such that for » > 0 and all z € X,

lim sup Q(Bz(r +¢)) — Q(Bx(r))

< wwr L (2.2)
e—0t €

This assumption implies Q is diffuse, i.e. Q({z}) = 0 for all x € X (see Lachiéze-Rey et al.,
2019, Lemma 5.1 (a)). For example, one can consider a measure Q on X, a full dimensional subset
of R?, with a bounded density f with respect to the Lebesgue measure, where one can choose
k = Vgsup f, where Vj; is the volume of the unit ball, and w = d. Another example is given
by Riemannian manifolds X with non-negative Ricci curvature, with the semi-metric d being the
geodesic distance; see Lachiéze-Rey et al. (2019) for more details and other examples.

We also make the following tail-bound assumption on the radius of strong stabilization. Recall
that Fs refers to a functional of a Poisson process with intensity measure sQ while F}, stands for a
functional of a binomial process associated with n i.i.d. points sampled from Q.

Assumption 2.1 (Decay of radius of stabilization). Under the setting of strong stabilization and
(2.2), we say the radius of stabilization R, of Fs decays exponentially if and only if there exist
constants ci, ca,cg > 0 such that for r > 0,

P(R, > 1) < cre—e2(s"/*n)3,
If R, is the radius of stabilization of F,,, then the same definition holds with s replaced by n.

Yet another reason for why we refer to Definition 2.7 as “flexible” is that even when the tail
probability of the radius of stabilization R, is unknown for a specific functional, it might be possible
to pick A, “strategically” and use our approach to obtain normal approximation bounds. We
illustrate this point in the proofs of the results of Section 2.4.4 by using our approach to recover
existing results on normal approximation for the total edge length of the minimal spanning tree.

Assumption 2.2 (K-exponential bound). We say the add-one cost function D,Fy satisfies a K-
exponential bound, where K is a measurable subset of X, if and only if for x,x* € X, there exist
constants ki, ko, ks > 0 such that

]P)(DIFS # 0) S kle_des(x,K)kB,

and
P(|Dyg Fy| # 0) < kye ke max{ds(oa) ds(@10.du(a” KO}s

where ds(-,-) = s/¥d(-,-) and d(z,K) = infyex d(z,y). A similar assumption holds for Fy, by
changing s to n.



Here, we make the assumption directly on the cost functions, which captures a more general class
of functionals than that considered in Lachiéze-Rey et al. (2019). Particularly, when the functional
is expressed as a sum of scores, the above assumption coincides with a condition mentioned in
Lachiéze-Rey et al. (2019, Proof of Lemma 5.9). Moreover, a similar assumption has been made
in Lachiéze-Rey et al. (2019, Equations (2.8) and (2.9)) on the score functions to capture functionals
whose variances exhibit surface area order scaling. If K = X, the second bound is directly obtained
by the definition of strong stabilization and Assumption 2.1.

Assumption 2.3 (Moment Condition). The cost function of Fs satisfies the following moment
condition: For p > 4,

sup sup (E |D,F,|P + E|D,F:
s>1 zax*eX

P)='H < o0. (2.3)

A similar assumption holds for D, F, by simply changing s to n.

Bounded moment conditions are commonly assumed when normal approximation results are
derived. For related work in the context of stabilizing functionals of point process, see Lachiéze-Rey
et al. (2019), equations (2.6) and (2.7), and Lachiéze-Rey et al. (2022), equations (1.5) and (1.8).
While Lachiéze-Rey et al. (2019) considers moment conditions on score functions, we directly deal
with the cost functions so that it fits a more general class.

2.3 Main results

We now present our two main results on the normal approximation of a certain class of functionals
of Poisson and binomial point process, Theorem 2.1 and 2.2 respectively, that are not necessarily
expressible as sums of score functions. We discuss several applications in Section 2.4.

We first present our main result for the Poisson case. Note that while this result is not leveraging
Assumptions 2.1, 2.2 and 2.3, the refined result presented in Corollary 2.1 does.

Theorem 2.1 (Normal approximation for functionals of Poisson point processes). Let F' be a
functional of the Poisson point process P(\) with F € L%(/\) and E [(D,F)*\(dz) < co. For any
z,x1,x9 € X and sets Ay, Ay, € F, define

E|D,F — D F(A)|* =: bi(z, Ay), E|D.F(A,)[* =: by(x, A,),
and

E‘D:MFIQ - DmFm (A$1)‘4 = b3(x1’x27‘4$1)’
E|D:Jc1F$2(A£E1) - Dl“lF(AIl)|4 = b4($1’$2’A$1)'

Then, there is an absolute constant C* > 0 such that

dK(i\% ) <C*Z%,

where

2 2
1 1 1
71/ . VarF(/ [;bﬂ 1, A 4;% T2, Ay,)*

-
[




4 4
l 1 1 1
(b1 (23, Agy )1 E (23,21, Agy) 4)(51 (23, Agg )1 +Zb] r3, T2, A 4)]

N
N

Yo 1= ValrF (/ <b1($3,x4m3) + ij(x?nxlaAzg)) (51(£U3,A13) + ij(9637962,z4¢3))

Jj=3 Jj=3

V3 = v 1F)3 /ibj(x’Ax)i)‘(dx)a
ar )z J 5
Y b, AT (de) 2 . 1 2 ;
7 “Ver FY? (( / ;bj<x,Ax>zA<dx>) +( / Zb (2, A)A(dx))
+(VarF)§>,
= g ([ b A @)

Remark 2.2.

(i) Theorem 2.1 provides an alternative way of controlling the bounds derived in Last et al. (2016,

Theorem 1.2) by leveraging the cost function D,yFs(Ay).

(i) Theorem 2.1 is valid for deriving normal approzimation rates for general functionals or stabi-
lizing functionals not having a known tail probability bound; see Section 2./.4. When such tail

bounds are known, a more refined result is available (see Corollary 2.1 below).

With A, = X and A = sQ, Assumptions 2.1, 2.2 and 2.3 can be leveraged to give upper bounds
for the following crucial probabilities that appear implicitly in the proof of Theorem 2.1:

Iy(x) = P(D,Fs #0),
Js(w1,22) = P(|Dgy 2, Fs| #0).

resulting in the following corollary.

Corollary 2.1. Suppose Fy € L%

10

. and that F is strongly stabilizing with the radius of stabilization
satisfying Assumption 2.1. Furthermore, suppose Assumption 2.2 and Assumption 2.3 hold. Then,



there exists a constant Co > 0 depending only on the constants in (2.2) and (2.3) such that for
s>1,

1 5 3
F, —EF, Ok Oks | Oxs T Ok
dg [ =——2 N ) < Ks 4 K, _+ K, Hj, ’
v/ Var Fj VarFs ~ (Var F,)2 (Var Fy)

where

(p—4) (ds(xK) |
_ o P2) A\
Ok s ::s/e C ( 2 ) Q(dx). (2.5)
X

Corollary 2.2. Under the conditions of Corollary 2.1, and assuming there exists a constant C' > (

such that

Ok s
] C 2.6
8812111) VarF, = ' (2:6)

there exists a constant C{y > 0 depending on C' and the constants in (2.2) and (2.3) such that for

s>1,
F, —EF:
dK(SS N>§C(’)

T (2.7)

1
VVar Fy

Next, we consider the binomial case, which requires some different tools as compared to the
Poisson case treated above. Indeed, for the Poisson case we leverage Theorem 77 for our proofs.
However, due to the fact that there is no nice counterpart of the second-order Poincaré inequality (see
Last et al., 2016), an analogue of Theorem ?? is not known for the binomial case. Instead, we will
use Lachiéze-Rey and Peccati (2017, Theorem 5.1) in this binomial setting. This then leads to the
following result:

Theorem 2.2 (Normal approximation for functionals of binomial point process). Suppose F), € Lgn
and F, is strongly stabilizing with radius of stabilization satisfying Assumption 2.1. Furthermore,
suppose Assumption 2.2 and Assumption 2.3 hold. Then, there exists a constant Cy > 0 depending
only on the constants in (2.2) and (2.3) such that for n > 2,

1 3
Fn_EFn @Zn ) n @K,n+@2n
dic <N> <y | - =SB s (2.8)
v/ Var F), VarFy  (Var F,)2 (Var F),)

where

(p74) dn (IvK)

OK,n :—n/xe_c2“’(2)cs<@(dx).

Remark 2.3. Compared to the Poisson case, the exponent of Ok ,, in the third component of the sum
on the right hand side of (2.8) is different. In essence, this difference can be traced back to the above
mentioned fundamental fact that there is no nice counterpart of the second-order Poincaré inequality
for the binomial case (see Last et al., 2016). Instead, we use the approach taken in Lachiéze-Rey
et al. (2019, Theorem 4.2) to prove Theorem 2.2.

Corollary 2.3. Under the conditions of Theorem 2.2, assume there exists a constant C > 0 such

that o
K,n
— 2.9
" Vary <C 29)
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then there exists a constant Cy > 0 depending on C' and the constants in (2.2) and (2.3) such that

forn > 2,
F, — EF, 1
dg | ——=2,N | < Ch——ee. 2.10
K < Var F, > = O VarF, 210

Remark 2.4. We make the following remarks on the above main results for both Poisson and
binomial cases.

(1) If K=X and Q(X) < oo, the conditions (2.6) and (2.9) can be simplified as

sup (2.11)

S
<C
s>1 Var F, — ’

<C 2.12
ilgl) VarF,, — ( )

(#7) Optimality: Following Lachiéze-Rey et al. (2019), we refer to cases where the bounds in (2.7)
and (2.10) can be attained, as being presumably optimal. Indeed, Corollary 2.2 and 2.3 show
that if the variance of the statistics Fs, F, are bounded below by Ok s, Ok n, respectively, a
presumably optimal normal approzimation rate is achieved. To give an intuition on why the
above situation is referred to as being presumably optimal, note that for the case of sums of
i.1.d random variables, non-trivial i.i.d. random variables can be constructed that achieve the
upper bounds of the form in (2.7) and (2.10). Formal lower bounds on the optimality are
available for the case of integer-valued statistics in Englund (1981) and Pekoz et al. (2013).
Furthermore, in a recent work, Schulte and Yukich (2023a) established lower bounds for a large
class of statistics.

(iii) Wasserstein distance: The quantitative bounds derived in this section are also valid for the
Wasserstein distance. Recall that for two random variables X,Y with E|X| < oo, E|Y| < oo,
the Wasserstein distance between X and 'Y is defined as

dw(X,Y):= sup [ER(X) — EA(Y)]
heLip(1)

where Lip(1) stands for the set of all Lipschitz functions h : R — R with Lipschitz constant
at most 1. Indeed, as mentioned in the remark in Section 4 in Lachiéze-Rey et al. (2019), the
underlying bounds in Theorem 6.1 in Last et al. (2016) and Theorem 4.3 (see also Remark 4.3
in Lachiéze-Rey and Peccati, 2017) are true for dy as well. Consequently, our results in this
section, which are derived based on the above theorems, are also immediately valid.

Comparison to related works. We now provide some comparisons to the related work.
Firstly, our proof techniques, similar to Lachiéze-Rey et al. (2019), are based on several central
ideas proposed in Last et al. (2016). For the case of functionals that are expressible as sums of score
functions, Lachiéze-Rey et al. (2019) established presumably optimal bounds under the score-based
stabilization assumption, for both the binomial and Poisson cases. While they too use second-order
cost operators, our Theorems 2.1 and 2.2 handle a much larger class of functionals (not necessarily
as sums of scores). The work of Lachiéze-Rey et al. (2022) consider general functionals (not nec-
essarily sums) and work under strong stabilization assumption. However, they only consider the
Poisson case. To get explicit bounds (e.g., their Corollary 1.5 and Proposition 1.12), they intro-
duce a specific form of A, in their proofs and their overall approach results in sub-optimal rates
in comparison to our results, Corollary 2.1, and to Lachiéze-Rey et al. (2019) in the case when the
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functional is expressible as sums of scores. Our Theorem 2.1 generalizes Last et al. (2016), Theorem
1.2, by introducing the flexible cost function D, F(A,) for general functionals of Poisson point pro-
cess. The work of Chatterjee (2008) also considers normal approximations of general functions (not
necessarily sums). However, their approach is only valid for the binomial case. Moreover, a further
investigation of the main theorems Chatterjee (2008, Theorem 2.2) and Lachiéze-Rey and Peccati
(2017, Theorem 4.2) reveals that their normal approximation bounds are obtained by computing
certain quantities (for example, T4, T in Chatterjee (2008, Section 2) and T,7” in Lachiéze-Rey
and Peccati (2017, Section 4)), which are complicated to deal with for some functionals, e.g., Euler
characteristic; see Krebs et al. (2021, Proof of Theorem 3.2).

Applying our main results. We conclude this section, with the following three-step procedure
illustrating how to apply our main theorems, Theorems 2.1 and 2.2.

e Step 1: Check whether the functional F' is strongly stabilization (Definition 2.5); whether
the tail probability of the radius of stabilization (Assumptions 2.1) can be computed; verify
Assumption 2.2 on the cost functions.

— If the functional is not strongly stabilizing or no upper bound of the radius of stabilization
R, is known, consider the flexible cost functions D, Fs(A,) with appropriate choice of
A, and apply Theorem 2.1.

e Step 2: Check the bounded moment condition (Assumption 2.3).
e Step 3: In order to check for presumable optimality, one can seek to bound the variance, i.e.,
(2.11) and (2.12).

If the above three steps are satisfied, apply Corollary 2.1 and Theorem 2.2 for the Poisson and
binomial settings respectively.
2.4 Applications

In this section, we illustrate the applicability of our bounds in Theorem 2.1, Corollary 2.1 and
Theorem 2.2 on several geometric and topological statistics thereby following the agenda outlined
above.

2.4.1 Total edge length of k-nearest neighbor graphs

Recall the definition of k-NN Graphs in Example 2.2 and define the total edge length of a k-NN
graph based on a Poisson process P; as:

FENN(P) = > fol@, Ps), (2.13)

{L’E’Ps

with fs as defined in (2.1) for some 9 > 0. Similarly, for an underlying binomial point process &,
we define FF—NN(¢).

Theorem 2.3. Assume there exists a constant ¢ > 0 such that, for r < diam(X) < oo,

fé;fg Q(Bg(r)) > cr®. (2.14)

If there exists a constant C > 0 such that

S
- < 2.1
SUP S PN (R = (2.15)

13



then there exists a constant Cy > 0 such that for s > 1,

k-NN o k-NN
dK FS (PS) EFS (7)3) , N S C(]
VarEF-NN(P,)

-

Moreover, if there exists a constant C > 0 such that

n
- < 2.1
S Var FEAN(E,) = © (2.16)

then forn > 2,

< (o

El

i (F#NN(fn) — BEFM(6). N)
VarFEN(E,)

Remark 2.5.

(i) Condition (2.14), is required in addition to (2.2) for the k-NN statistic; see Lachiéze-Rey et al.
(2019) for details. Note that the total edge length of a k-NN graph (2.13) is expressible as
a sum of score functions. Hence, the results in Lachiéze-Rey et al. (2019) already provide
presumably optimal bounds. Our results above also recover the same bounds.

(i) Now we compare our results to Lachiéze-Rey et al. (2022) in the Poisson setting. Recall that
similar to our results, they considered general functionals (not necessarily expressible as sums
of scores). However, their generality comes at the cost of not having presumably optimal
bounds in the setting of the total edge length of a k-NN graph. Specifically, Lachiéze-Rey et al.
(2022, Proposition 1.12), term +/by/n with b, — oo implies that it has a slower rate than
1/y/n. This highlights the benefit of our approach: despite its generality, we can still obtain
presumably optimal bounds.

(iii) For the binomial setting, Lachiéze-Rey and Peccati (2017) obtained rates in the Kolmogorov
metric for the same statistic. However, as discussed in Lachié¢ze-Rey et al. (2019, Remark (i)
below Theorem 3.1), their results are sub-optimal and involve additional logarithmic factors,
that we avoid.

(iv) For X a full-dimensional compact convex subset of R? and w = d, as shown in Penrose and
Yukich (2001, Proof of Theorem 6.1)*, the conditions (2.15) and (2.16) are satisfied.

2.4.2 Shannon entropy

Given an i.i.d. sample X1, Xo, ..., X,, from a density ¢ on R?, the differential (Shannon) entropy is
defined as H(q) := —Ex~qlogq(X) = — [pa ¢(x) log ¢(x)dz. The nearest neighbor entropy estimate,
also known as the Kozachenko-Leonenko estimator, was first proposed in Kozachenko and Leonenko
(1987) based on the 1-NN density estimator. A generalization of this estimator based on k-NN
density estimator is given by

where py; is the distance between X; and its k-nearest neighbor among X1, Xo,..., X, V; =
7t JT(1+ 2) is the volume of a unit d-dimensional Euclidean ball, ¥(k) = —v + Zf:_ll 1/i is the

?Penrose and Yukich (2001) consider the case of 9 = 1. However, a closer examination of the proof shows that it
can be easily extended for any 9 > 0.
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digamma function with 7 the Euler-Mascheroni constant (Penrose and Yukich, 2013; Berrett et al.,
2019).

Consistency and a CLT for the above estimator in a manifold setting were shown in Penrose and
Yukich (2013) by stabilization theory. However, a non-trivial bias term arises for d > 4, rendering
the above estimator asymptotically inefficient in the sense of Van der Vaart (2000, page 367). To
have an (asymptotically) unbiased and efficient estimator, the following weighted k-NN estimator
was proposed in Berrett et al. (2019). Defining &, as the binomial point process associated with
X1, Xo, ..., X,, the proposed estimator could be viewed as a functional of &, and is given by

FEE(En) = Zfﬁu(X,@n) where  fV(X;,&,) = Zw] log < n— 1)(‘)/dpj z) ,

i=1

where w; are weights (such that Z _,wj = 1) chosen to cancel the dominant bias term and to

make FEE asymptotically efficient. We now provide our normal approximation results for the above
estimator, based on a slightly modified set of assumptions considered in Berrett et al. (2019).

Theorem 2.4. Let q be a density of Q with respect to Lebesque measure on R, and let X C R be
the support of q. Assume that q is bounded, and that m = [3] —1 times differentiable for 5>0. Let
a:(0,00) = [1,00) be a decreasing function such that a(d) = o(67¢) as 6 \, 0, for every ¢ > 0. For

z€X, let ro(x) == (Sd%a(q(l‘)))_ﬁ and define:

®) (m) _ ,(m)
M, o p(x) == max {t max M7 sup Il (y) — ¢\ (x)]| } ’

=L...m q(x) yEBE(rq(z)) q(z)[ly — =[F=m

where BS(r) := By(r)\{z}, and assume that

sup Mgy qp(x) < a(d), Vo> 0.
z:q(x)>0

Define the class of weights as follows: for k € N, let

r o
whim {uw e B T =0, for = 1 L4 g = Loy =0, i ¢ (L8 %) .
(2.17)
Then under the conditions of Berrett et al. (2019, Theorem 1), that is, for any a > d, B > ¢

2
and for any two deterministic sequences of positive integers kf,, = kg, = ki with kj < k7,
ki/log’n — oo, ki = O(n™) and ki = o(n™), where, with B* := B A1,

2 - 4B d d
71 < min a ,a d, p , and Tp:=min{l-— —34 1 —}
ba+3d 20 4B*+3d 1119 28

ln

as well as the assumption (2.14), there exist constants Cy > 0,7 > 0 (independent of k,n) such that

F"(&) — H(q) ENT
K( VarFTA?E(é‘n) ,N) < CO <n> )

for ki < k <k}, where T only depends on o, d and .

Remark 2.6.
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(i) Asymptotic limit theorems for estimators of the Shannon entropy have been obtained, for
example, in Penrose and Yukich (2013), Berrett et al. (2019). The result in Penrose and
Yukich (20183) is a central limit theorem not addressing the bias. The result in Berrett et al.
(2019), is a central limit theorem characterizing the fluctuations around the population entropy
H(q), and was established under the case that the density is supported on R?. However, no
normal convergence rate results were provided in the above works. To our best knowledge, the
above result, is the first normal convergence rate result with the true center H(q).

(ii) It is also possible to obtain a similar result using the method in Lachiéze-Rey et al. (2019)
since the estimator F2P(€,) is expressible as a sum of score functions.

(iii) Furthermore, the result in Theorem 2./ is provided for the binomial case. To the best of our
knowledge, the asymptotic unbiasedness and efficiency of the weighted k-NN estimator of the
Shannon entropy based on Poisson point process are still open problems.

2.4.3 Euler characteristic

Recall Example 2.1. Following the setting of Krebs et al. (2021), consider a bounded density ¢ on
[0, l]d. Let &, be a binomial point process associated with n i.i.d. samples according to the density
q and let P, be a Poisson point process with intensity measure n@Q, where Q has a density ¢ with
respect to the Lebesgue measure, i.e., we set s = n.

Construct the Cech complex or the Vietoris-Rips complex K, (népn), Kr(néfn), see Definition
6.2 and 6.3 based on the Poisson point process P,, and the binomial point process &, respectivel
with 7 > 0 as the filtration time. Here, K, represents both complexes for simplicity. The factor nd
corresponds to the thermodynamic/critical regime (Goel et al., 2019; Owada and Thomas, 2020;
Trinh, 2017) such that this is equivalent to the case nré — r € (0, 00) with 7, as the filtration time.

With the above construction, the Euler characteristic is given by
1 1
Fy9(Pn) = x(Kp(ndPy))  and  FpO(&) := x(Kr(n1&n))

where the Euler characteristic x (K (n)) for a filtration K constructed from a point cloud sampled
from a point process 7 is defined in Example 2.1.

Theorem 2.5. Under the above setting, for some T’ > 0 such that 0 < r < T, there exists a constant
Co > 0 such that forn > 1,

(chwn) ~ EFEO(P,)
di

) N < CO i )
VarFEC(P,,) n

NG

and for n > 2,

FnEC(gn) — Ech(gn) L
" ( EEEe) )=

Remark 2.7. We make the following remarks about the above result.

(i) CLTs and functional limit theorems for the Euler characteristic have been studied in Thomas
and Owada (2021) by viewing the FEuler characteristic as a process indexed by r. Normal
approrimation rates of the Fuler characteristic under binomial and Poisson sampling were
obtained in Krebs et al. (2021) by computing certain geometric quantities (see proof of The-
orem 3.2) appearing in the general result in Lachiéze-Rey and Peccati (2017). Our flexible
stabilization method has the advantage of avoiding such computations.
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(ii) For the Poisson case, Lachiéze-Rey et al. (2022) require a specific form of Ay, rendering their
result sub-optimal, i.e., the term /by /n in Lachiéze-Rey et al. (2022, Proposition 1.12), leads
to a slower rate than 1/\/n that we obtain above.

(ii) While Euler characteristic could also be expressible as a sum of score functions, one could
possibly leverage the results of Lachiéze-Rey et al. (2019) to derive normal convergence rate.
Our goal in this example is to demonstrate the flexibility of our general result.

(iv) As mentioned in Remark 2.4, part (ii), since the Euler characteristic is integer-valued, the
bounds wn Theorem 2.5 are optimal.

All above applications consider stabilizing statistics when there are known tail bounds for the
radius of stabilization R,, i.e., quantities in (2.4). Our Theorem 2.1, however, can deal with the case
when we do not have immediate bounds for those probabilities based on the flexible cost function
D,Fs(A;). We illustrate the above mentioned idea by the following application concerning the
minimal spanning tree.

2.4.4 Edge length of the minimal spanning tree

Consider a finite set V' C RY (usually it is embedded in an underlying graph G := (V,E)). A
spanning tree T' of V' is a connected graph with the vertex set V. Define

M(V) :=min el,

( ) r eisan%geofT|’

where the minimum is taken over all possible spanning trees T' of V. According to Penrose (2005)
and Chatterjee and Sen (2017), the total edge length statistic M (V') does satisfy certain required
stabilization properties. However, to the best of our knowledge, there is no result on the rates of
stabilization including quantitative bound on the tail probability of the radius of stabilization. This
fact poses a major difficulty when attempting to derive normal approximation rate for M (V') by
using other methods such as the approach in Lachiéze-Rey et al. (2019). Our flexible stabilization
method can yield the following theorem by picking A, “strategically” to make use of some other
existing bounds.

Theorem 2.6. Following the Fuclidean setting in Lachiéze-Rey et al. (2022), consider By as the
unit hypercube in R? centered at the origin and let B, := nBy, n € Ny. Given a homogeneous
Poisson process P(A\) on R with intensity X\ > 0, let

FEET(P(V) = M(P(V)]5,)-
Then, there exist constants Cy > 0,1 > Dy > 0 and Do > 0 not depending on n such that
FYETPO)) - BRESTRO) | {cgn—Dl, faz2,

dx |
|/ Var FAST(P()) Co(logn)™P2, ifd > 3.

Remark 2.8. The normal approximation rate of the edge length statistic of the minimal spanning
tree has been derived previously in Chatterjee and Sen (2017) and in Lachiéze-Rey et al. (2022)
with similar results as Theorem 2.6. However, Chatterjee and Sen (2017) only focused on the
minimal spanning tree therefore it is hard to gemeralize for other stabilizing functionals. Lachiéze-
Rey et al. (2022) used the similar idea of introducing the set A, but their bounds usually give
sub-optimal normal convergence rates (for e.g., see Remark 2.5 regarding the total edge length of
k-nearest neighbor graphs in Section 2.4.1) than ours due to the specific form of their set A, lacking
flexibility.
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3 Random Forest and Region-based Stabilization

In this section, we particular focus on one important statistic: random forest, to which we apply
our generalized region-based stabilization to obtain normal approximation.

3.1 Random forests and k-potential nearest neighbors

We consider the following regression model:
y=r(z,e), (z,y)cR!xR, ek, (3.1)

where & ~ Q with a.e. continuous density g on R?, d € N and the noise € ~ P. independent of
x. We define the true regression function as ro(:) := Ep_[r(-,e)] = Ep_[r(x,€)|x = -]. Note that
we do not necessarily assume that the function r is additive with respect to « and e. For the
special case of additive-noise models, r(x,e) assumes the form r(x,e) = ro(x) + €. We also define
02(-) = Varp_[r(-,€)], and highlight that we allow for heteroscedastic variance in the regression
model.

We model the distribution of the training samples {(x;, y;)}\,, where y; = Yz, = r(Ti,€x,)
for 1 < i < N, by assuming that the pairs {(z;,€4,)}, are being drawn from an underlying
marked Poisson process P, with intensity measure n(Q ® F;) (see Section 3.3 for definition and
additional details). Here, N is a Poisson random variable with mean n, and €5’s are independent
marks associated to each point « in the sample. We refer to this sampling as the Poisson sampling
setting. This sample, as a collection of points in the product space R? x R, can be thought of as
a mixed binomial point process Zf\i 1 0(a;,e;,)» Where N is a Poisson random variable with mean n
and {(x;, &)}, are iid. samples from Q ® P, independent of the N; here d(4, ;) is the Dirac
measure at (x;,€;). In other words, we have an infinite i.i.d. sequence (x1,€1), (x2,€2),... with
x; ~ Q and independent noise g; ~ P, for ¢ € N, and the sample size is given by an independent
Poisson random variable N with mean n. Furthermore, we denote by P, the process obtained by
projecting the marked Poisson process Py on R? consisting of the Poisson sample {z;} ;.

Before we introduce the specific form of the random forest we study in this thesis, we introduce
a geometric concept, the so-called k-Potential Nearest Neighbors (k-PNNs), which can be inter-
preted as a generalization of the classical k-nearest neighbors (k-NNs). The k-PNNs share a close
connection with random forest as we explain subsequently.

For any z1 = (azgl), ... ,:cgd)), To = (xgl), e ,azéd)) € R?, we define the hyperrectangle Rect(z1, 22)
defined by 1, z2, and its volume respectively as

d d
Rect(z1, z2) := H[x&l) A xg),xgz) v xg)], and |x1 — @2 1= H \:Ugl) - xg)].
i=1 i=1

Definition 3.1 (k-PNN). Given a target point xo, and a locally finite point configuration u in RY,
a point x € p is said to be a k-PNN to xy (with respect to p) if there are fewer than k points from

w\ {z} in Rect(x,xop).

The number of k-PNNs to a target point xq is always larger than or equal to k, provided that
the underlying configuration p has at least k points. Figure 1 illustrates an example of 2-PNNs to a
point xg in a given configuration. One can also interpret k-PNNs in terms of monotone metrics. A
metric d on R? is said to be monotone if for any two points x1, z2, and any point z in Rect(x1, z2),
one has d(z,21) < d(21,22). For instance, the Euclidean distance in R? is one such metric. Then,
given a collection of points u, a point z € p is a k-PNN of a target point xg, if and only if there
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Figure 1: The set of 2-PNNs around a point zg € R2. The point configuration includes all points in
the figure except zg. The blue and red points together are the 2-PNNs to xg. The red ones such as
o has exactly 1 point in its corresponding rectangle. The blue ones, such as x;, are also a 1-PNN,
or LNN, with no other point in the rectangle formed by zy and those points.

exists a monotone metric under which x is among the k closest points in g from zg. Obviously, the
classical k-NN is a special case of k-PNN with some chosen monotone metric. The case k = 1 is
a special case, and 1-PNNs are also called layered nearest neighbors (LNNs). It has been observed
that nearest neighbor methods with adaptively chosen metrics that are monotone demonstrate good
empirical performance (Hastie and Tibshirani, 1995; Domeniconi et al., 2002).

The notion of k-PNN is also intrinsically linked with the notions of “dominance” and “number
of maximal/minimal points”; see, e.g., Bai et al. (2005, 2006) and references therein. A point
x] = (33(11), . ,xgd)) € R? is said to dominate a point o = (xél), . ,:rgd)) € R if 1 — 2o € R1\{0},
ie., xgi) > :Uéi) for all i € [d], represented by the binary relations z1 > z2 or x9 < x1. Furthermore,
points in the sample not dominating any other points are called minimal (or Pareto optimal) points
of the sample, and points that are not dominated by any other sample points are called maximal.
Thus, LNNs to a point zg € R? can be thought of as a collection consisting of 2¢ independent copies
(one copy for each quadrant) of the classical minimal points w.r.t. xo.

With this background, we now describe the non-bagging and non-adaptive random forest pre-
dictors that we analyze here. For a given target point, all its k-PNNs in the training set are also
called its voting points. The prediction for that target point is then expressed as a (randomly)
weighted linear combination of the labels corresponding to the voting points; see, e.g., Lin and Jeon
(2006); Biau and Devroye (2010). The non-adaptiveness comes from the fact that both the weights
and the randomized splitting scheme used to construct the base decision trees of the random forest
do not depend on the labels. Furthermore, as discussed by Lin and Jeon (2006), regardless of the
tree generating schemes, as long as the terminal nodes of each randomized tree define rectangular
areas, voting points are all k.-PNNs to zg and all .-PNNs to xy can be voting points. Particularly,
if £ = 1, the above procedure is also called as Layered Nearest Neighbor based prediction (Biau and
Devroye, 2010; Wager, 2014).

For a given test point g € R?, the random forest type estimator studied in this paper is of the
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form

Tn,k,w(xo) = Z an(xO)y:c (32)
(x,e2)EP(X)

Here the weights Wi,z (z0) = Wi (x0, P(A)) are nonnegative Borel measurable functions of xg, of the
samples {mz}fil and of the random variables used to generate randomized trees independent of the
sample. Note here that we assume the weights to not depend on the marks e; see Remark 3.12 for
discussions on removing this assumption. The subscript n indicates the dependence of the weights
on the given configuration of the Poisson process, which is such that Wy (20) = 0 if ¢ Ly, 1 (o),

where L, ;(z0) = Ly, (20, P(A)) is the set of all k-PNNs to z in the Poisson sample, and

Yo Wezo)) = > Waa(zo)laes, p@o) = 1- (3.3)
(x,e5)EP(N) (x,e2)EP(N)

In other words, one can view the weights {Wa(20)}zer,, . (z0) @S @ probability mass function of a
distribution over all k-PNNs of xg. If this distribution is uniform, we have the following so-called
k-PNN estimator:

]lméﬂn (z0)
ok (20) = Z T(’;O)Oym, (3.4)
(z,e2)EP(N) ’

where Ly, x(20) = Ly x (0, P(\)) = |Lp (w0, P(N))|. Here by convention, the sum is zero when P(\)
is empty, which by properties of Poisson processes happens with the exponentially small probability
e MRIXR) — o=n Uplike k-NNs, the number of k-PNNs is usually larger than k& and actually, it is
increasing both in k£ and in n. For instance, Lin and Jeon (2006) shows that if the density g of the
distribution Q is bounded from above and below on [0, 1]¢, EL, k(o) is of the order klog?!n.

3.2 Main results: Rates of multivariate Gaussian approximation for Random
Forest

3.2.1 Probability metrics

We now introduce the integral probability metrics that we use in this thesis to quantify the error
in Gaussian approximations.
Let z; = (z%l), e zgd)) and zg = (zél), e ,zéd)) be two d-dimensional random vectors. Denote

by 7—[&2) the class of all C2-functions h : R¢ — R such that

|h(z1) — h(z2)| < ||x1 — m2||, 1,22 € ]Rd, and supd ||Hess h(x)|lop < 1,
zeR

where Hess h is the Hessian of h, and let 7-[((13) be the class of all C3-functions such that the absolute
values of the second and third derivatives are bounded by 1. The ds- and ds-distances between the
laws of z1 and zy are given respectively by

da(21,22) = sup [E(h(21)) — E(h(22))],
heH?

d3(2z1,22) == sup [E(h(21)) — E(h(22))]-
her$)
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Here as well as for the metric dex below, to simplify notation, with a slight abuse of notation
we write the distances between the random vectors z; and zo, while they are indeed distances
between their laws. The distances dy and d3 are well-defined for random vectors z; and z9 that
satisfy E(||z1]]), E(||22]]) < oo, and E(||21]|?), E(||22]|?) < oo respectively. We also use the following
non-smooth integral probability metric given by
dCVX(z17 Zg) ‘= sup ‘E(h(z1>) - E(h(z2))|a
hel

where 7 is the set of all indicators of measurable convex sets in R%. If we restrict the set Z to sets of
the form ]].Hd (—oo,ti] for all t; € R, ¢ > 1, where II here means the Cartesian product, the distance
becomes the so-called Kolmogorov distance given by

1 d
dK(Zl,ZQ) = sup ‘P( <t1, ..,z%)Std)—IP’(zé)§t1,...,z§)§td)\.
(tl,...,td)ERd
Note here that we trivially have dg < dex. Thus, any bound on the de, distance also holds
for the Kolmogorov distance. The above probability metrics are widely used in the literature on
quantitative bounds for Gaussian and non-Gaussian approximations.

3.2.2 Gaussian approximation bounds for random forests

We now present our main result providing rates for the multivariate Gaussian approximation of the
random forest type estimator given by (3.2) for multiple test points xo1,202,...,Zom € R? for
some m € N. For notational convenience, when m = 1, we simply refer to xg1 as wo.

Recall the regression model in (3.1), and the Poisson processes P(\) and P()) in Section 3.1.
For m € N and z¢; € RYi=1,...,m, let

Tpkw = ("”n,k,w ($0,1)7 .- ,Tn,k,w(1‘07m))T (35)

denote the vector of corresponding random forest predictions as defined in (3.2). Below, we write
Piy = Prng + 5(%%) + 7 for the marked Poisson process P,z with additional point (x,e,) and an
additional finite collection of points n C R% x R.
Theorem 3.1. Assume there exist p > 0 and 0> > 0 such that

E(|r(x,€)|51P) < 0o and o? :=inf o?(z) > 0.
x

Form € N and zo; € R i=1,...,m, let I'nkw e as in (3.5), with covariance matriz ¥,,. Then,
ford,n>2 and k = O(n®) for 0 < a < 1, there exists ¢ > 0 depending on d, 0%, g, a andp >0,
such that for Q™-almost all (zo1,...,Tom),

d (2;1/2(rn,k,w - E(rn’k’w)),N) < cgm*3/OfTH! Hﬁ}i} {W(n, k)23 1og(d=1)/i n}
je

for d € {da,ds,dcyx, di }, where,

max (Squ,\mgg ”Wnl’(xO,i’PIﬂ?)HLG+p)

W(n, k) = o™ : (3.6)
i B (S gepy Waa(@0:)?)
and
T:=6(6+68+1/24 [21(1+¢)/(6+p/2)], (3.7)
with
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o f3:= 32:%41), and ¢ := m, for d € {da,ds}, resulting in T € (%, %)

. . 1
o 3:= #@, and ¢ := Mfﬁ, for d € {devx, A}, Tesulting in T € (78, %)
In both cases, T is a decreasing function of p.

The main ingredient of the proof of Theorem 3.1 is a general multivariate Gaussian approx-
imation bound (see Theorems 3.2 and 3.3) for certain classes of functionals of Poisson process.
Specifically the classes of functionals are expressed as sums of score functions (as in (3.9)), with
the scores themselves satisfying the so-called region-based stabilization property (see Definition 3.3
and Section 3.3.2). Intuitively speaking, bounds on the region of stabilization control the level of
dependency in the statistic, thereby enabling the statistic to converge to a Gaussian limit. We
show that the random forest statistic satisfies region-based stabilization and leverage Theorems 3.2
and 3.3 to prove Theorem 3.1. We defer the proof of the result to Appendix 5.2.4.

Remark 3.1. The ceiling function in the exponent T is due to the proof technique required in
Lemmas 5.15, 5.17 and 5.18. While we believe the exponent could be improved by removing the
ceiling functions, it may require additional tedious arguments in the proof, which we do not pursue
for the sake avoiding a more complicated exposition.

Remark 3.2 (De-localization of weights). The factor W(n,k) is a function of n and k, and it
depends on the distribution of the random weights used to weight the set of k-PNNs for a given
test point. To have a meaningful normal approximation bound, it is required to decay to zero, as
suggested by Theorem 3.1. In effect, this entails that the weight distribution needs to be de-localized.
Indeed, even in the case of CLTs for weighted sums of general random variable, the weights need to
be sufficiently de-localized to get Gaussian limits.

Note also that using the Cauchy-Schwarz inequality followed by (3.3) and Jensen’s inequality,
for the denominator term (considering m = 1 for simplicity), we have that

2
w. >w Wha (w0) — _ —(d—
= (Zmep(x) m(xo)2> =k ( 672(:7),6(;50) 2) > (E[Lyx(20)]) " 2 kb~ Hog= @V,

where the last inequality is due to Lemma 5.19. From the definition of W (n, k), this implies that a
smaller supremum of the weights in the numerator (meaning the weights are more equally distributed)
will result in a tighter upper bound, see Corollary 5.1.

Remark 3.3. The fractional powers 1/j, for j = 1,4, in the bound corresponds to the fractional
powers in I'y — g from Theorem 3.3, which is used to prove Theorem 3.1. These in turn come from
the use of the multivariate second order Poincaré inequality, see Theorem 5.2.

As a corollary to Theorem 3.1, we obtain the rates of convergence for multivariate Gaussian
approximation in the case of uniform weights, i.e., for the k&-PNN estimator given by (3.4). See
Appendix 5.2.4 for its proof.

Corollary 3.1. Under the setting of Theorem 3.1, let ry, ) be as in (3.4) with k > 11. Then, there
exists ¢, > 0 depending on d, 0%, o and p > 0 such that for Q™-almost all (0,15 Z0,m),

m43/6 kT

—1/2(, _mN
d (Em (T i E(rn,k>)7N) < Cu log @172,

de {d2ad37dcvxadK}, (3.8)

where X, is the covariance matriz of v, and T is as in (3.7). In particular, for m fized, if
k= 0( log(d=1)/(27) n), then ry 1 is asymptotically normal.
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Remark 3.4. As a corollary of Theorem 3.1, one could just replace the general weights in (3.2)
by the uniform weights given in (3.4) to compute the quantity W(n,k) in (3.6). However, simply
doing so will result in a slightly worse bound in the power of k as Theorem 3.1 is proved without
knowing any additional specific information on the weights thus W(n, k). We therefore adopted a
more refined proof argument for Corollary 3.1 with the uniform weights.

We now make a few additional remarks pertaining to both Theorem 3.1 and Corollary 3.1.

Remark 3.5 (Moment condition). The assumption of (6 + p) moments in Theorem 3.1 is only
needed for a multivariate normal approximation result. It can be relaxed to a (4 + p)-moment
condition when considering a univariate normal approzimation, utilizing results by Bhattacharjee
and Molchanov (2022).

Remark 3.6 (Binomial Point Processes). Apart from the Poisson setting considered here, the case
of i.i.d. sampling (i.e., binomial point processes) is also of interest. According to Bhattacharjee and
Molchanov (2022), for the i.i.d. case, a univariate normal approxzimation result for region-based sta-
bilization can be achieved by adapting the scheme elaborated by Lachiéze-Rey et al. (2019, Theorem
4.8) and bounding the required terms similarly as done in the proof of Theorem 3.3. Furthermore,
replacing the Poisson cumulative distribution function (c.d.f.) in (5.40) by a binomial c.d.f., one
can follow the subsequent line of argument to derive a univariate version of rates of normal approz-
imation paralleling our Theorems 3.1 and Corollary 3.1 for the i.i.d. sampling case. Specifically, if
we let m =1 and consider the uniform weights based predictor 1, (xo) as in (3.4), we obtain

Tk (%0) — E(rnk(0)) ) k" d
d : : N <ecp—rr—, or Q — almost all xg € R“.
K( Var(r, (o)) - log(d_l)/2 n for @ 0

According to Schulte and Yukich (2023b), second-order Poincaré inequalities for the multivariate
normal approzimation of Poisson functionals have no available counterparts for binomial point pro-
cesses. Thus, there are no immediate versions of multivariate (i.e., for m > 1) normal approzima-
tions (i.e., analogs of Theorem 3.2 and Theorem 3.3) of region-based stabilizing functionals under
1.1.d. samples. This remains an open problem, with applications beyond the scope of this thesis.

Remark 3.7 (Comparison to MSE rates). It has been emphasized, for instance, by Lin and Jeon
(2006), that as k increases the mean squared error (MSE) of the random forest estimator ry, j .
1s at least of the order k:_llog_(d_l)n, Hence, by picking k appropriately, one can obtain (near)
optimal rates of convergence for the MSE in regression problems under various assumptions. This
is in contrast to the dependence on k in Corollary 3.1; see also the following remarks.

Remark 3.8 (Dependence on k). Recall the random forest predictor with uniform weights as in
(3.4). As mentioned previously, we show later in Section 3.3 that the statistic in (3.4) is a sum
of certain score functions that satisfies a region-based stabilization property. In particular, as k in-
creases, the region of stabilization for each summand becomes large resulting in increased dependency
between the scores at different points, deviating much further away from a i.i.d. setup, which has a
negative effect for obtaining Gaussian limiting distributions.

In particular, a main part of our proof of Theorem 3.1 and Corollary 3.1 is related to bounding
the cumulative distribution function (in terms of k) of the Poisson probability that x is in the set
of k-PNNs to xo denoted by Ly, ;(xo). This plays a key role in controlling the size of the region
of stabilization and results in the k™ term in the numerator of (3.8). In Lemma 5.16, we establish
a lower bound in k matching our upper bound. This is due to the fact that, as k increases, for
points x in a set of substantial measure, the probability that x is in the region of stabilization
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given by P(Poi(w) < k), where w = nfRect(xoyx)g(z)dz, is close to 1, meaning that the region of
stabilization is substantially large; see Lemma 5.16 for more details. Hence, the kT term cannot be
further improved using the current proof technique (i.e., using region-based stabilization and Stein’s
method). Resolving this question of optimal k dependency, either by demonstrating that the order
of k is necessary or by improving the k dependency is thus an important open question.

Remark 3.9 (Optimality in n). In terms of n, our bounds are presumably optimal. This can be
noted, by considering the response yg to be integer-valued. Pekoz et al. (2013, Lemma 4.1) prove that
for integer-valued functionals (3.9), it leads to a lower bound matching the classical Berry-Esseen
upper bound mentioned above in terms of n, we then have the claimed optimality result.

Remark 3.10 (Extension to bagging random forests). As mentioned in Section 7?7, Wager (2014),
Mentch and Hooker (2016) and Peng et al. (2022) studied the bagging random forest based on sub-
sampling from the entire training data to construct the base-learners. Particularly, this random
forest is in essence expressible in the form of a U-statistic, given by

—1
n
n,s — h ily ey ’is; i)y
Un, <s> (Z:) (241 Tis; W;)
n,s

where {x;1,...,z;s} are subsamples of size s from n i.i.d. samples {x1,...,x,} according to some
randomness w; and h is an estimator that is permutation invariant in its arguments. Typically, the
estimators h are tree-style base-learners such as k-NN estimators and k-PNN estimators discussed
in Section 3.1.

Among the aforementioned works, only Peng et al. (2022) derived Gaussian approzimation
bounds in the univariate setting, albeit for fized k. An approach to improve the rate in k in our
results is to combine the U-statistics based sub-sampling approach with the region-based stabilization
proof technique that we introduce in this thesis. We believe this is an intricate problem and requires
further non-trivial efforts.

Remark 3.11 (Generalization to metric-valued data). Although Theorem 3.1 is stated in the context
of the input data taking values in the Euclidean space, the proof techniques and the concept of k-
PNNs actually do not rely on the geometry or topology of Euclidean spaces as it only requires a
monotone metric. Therefore, the above result could potentially be generalized to other metric spaces
of the inputs x by considering k-PNNs under other metrics (Haghiri et al., 2018). Indeed, our main
probabilistic results (see Theorem 3.3 and Theorem 3.2) used to prove Theorem 5.1 are derived for
general metric spaces.

Remark 3.12 (Extension to adaptive random forest). In Theorem 3.1 we consider non-adaptive
random forest, i.e., the weights Wyg (o) in (3.2) are not depending on the response yg. Indeed,
the independence between Whyg (o) and yz due to non-adaptivity is used in (5.38). However, we
would like to highlight that our general result, stated later in Theorem 3.3, can be used to derive
multivariate Gaussian approximation of the adaptive random forest. Indeed, it might be possible
to use honesty-type assumptions to directly bound the left-hand side of (5.38) resulting in a more
complicated analysis. A detailed examination of this is left as future work.

3.2.3 Towards statistical inference

Note that the bounds in Theorem 3.1 and Corollary 3.1, could be leveraged to obtained rates for con-
structing non-asymptotically valid confidence intervals for the expected random forest predictions.
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For example, as a consequence of Corollary 3.1, for a significance level 0 < a < 1, we immediately

have
P (]ETn,k(l‘o) € <Tn,k(x0> -\ Var Tn,k(xO)Zl—a/27 T’mk(fﬂo) + \/ Var 7"’71,16(560)21—01/2)>

>1—a—ck log=(@D/2p,

where z1_,/9 is the (1 — @/2)-quantile of the standard normal distribution. However, there are
two key issue towards using the above result in practice: (i) we need to estimate the unknown
mean E(r, x(x0)) and variance Var(r, x(x¢)) and, (ii) we only get the confidence interval for the
expected random forest prediction (i.e., Ery, ;(20)) and not the true regression function value at zg
(i.e, 7o(zo)). Replacing the mean parameter by the true regression at xy will result in an error of
bias. Hence in order to make practical statistical inferences on the true regression function, it is
required to do data-driven bias correction, along with variance (and expectation) estimates, which
is beyond the scope of this thesis.

In the following, we give a quantitative analysis on the order of bias and show that the bias is
not small enough to be negligible compared to the standard deviation. We state a proposition (see
Appendix 5.2.6 for its proof) providing a rate of convergence to zero for the bias of the random
forest estimator (3.4) with uniform weights under some regularity conditions. Recall that a function
¥ : R = R is said to be Holder continuous at zg € R? if there exist constants Ly >0 and vy >0
such that for z € R¢,

ih(x) — P(xo)| < Lyle — o]

Proposition 3.1. Let the assumptions required for Corollary 3.1 prevail. In addition, assume the
density g(x) and the function ro(x) are Hélder continuous at xo with parameters Lg,vg > 0 and
Li,v1 > 0 respectively and assume y, = r(x,e) is uniformly bounded. Then for any 0 < ( <1 and
zo € R, the bias satisfies

[Erp i(20) — ro(z0)| S ((log=(0 ) n) v (k714 log=(@=1/4 n))
for n large enough.

The bias of the subsampling random forest has been considered by Wager and Athey (2018,
Theorem 3.2). Our result above considers the non-subsampling version associated with k-PNN
estimators and allow k to increase with n. We want to emphasize that the bias bound here is
consistent with that derived by Biau and Devroye (2010, Lemma 3 and section 5.3), and we assume
Holder continuity to quantify the convergence of the bias to zero as mentioned above.

As we mentioned before, the bias given above turns out to be relatively large compared to the
standard deviation. Indeed, according to (5.68) and Lemma 5.19, note that the standard deviation
is lower bounded by (klog? ! n)~1/2 such that (Varr,x(z0)) "/2|Er, x(x0) — ro(w0)| — oo. A bias
reduction technique is hence of great importance for inferences on the true regression function rg,
for instance, deriving consistent confidence intervals. While some preliminary work is undertaken
by Mentch and Hooker (2016) with bootstrap in the context of bagging random forests, it remains
an open problem how to reduce the bias to get non-asymptotically valid confidence intervals. We
leave a detailed methodological study of this, including performing large scale simulations, for future
work.
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3.3 Region-based stabilizing functionals and Gaussian approximation

In this section, we introduce some preliminaries about point processes, region-based stabilizing
functionals, and some related notation. We refer to works by Schulte and Yukich (2023b) and
Bhattacharjee and Molchanov (2022) for additional details and background. As mentioned earlier,
the general multivariate Gaussian approximation results (i.e., Theorems 3.2 and 3.3) established in
this section form the backbone for establishing our main result in Theorem 3.1 for random forest.

3.3.1 Functionals of point processes

Let (X, F) be a measure space with a o-finite measure Q. We will generally consider marked Poisson
processes (see recent work of Schulte and Yukich (2023b) for more details) where the points live
in X while their marks live in a probability space (M, Fyr, Q). Let X := X x M with F as the
product o-field of F and Fy and Q := Q ® Qy is the product measure. When (M, Fyg, Q) is
a singleton endowed with a Dirac point mass, then the measure Q reduces to Q. For # € X, we
shall use the representation & := (z,m,) with x € X and m, € M. Let N be the set of o-finite
counting measures on (X, F ), which can be interpreted as point configurations in X. The set N is
equipped with the smallest o-field .4 such that the maps m4 : N — NU {0, 00}, M — M(A) are
measurable for all A € F. A point process is a random element in N. For n € N, we write & € n
if n({#}) > 1. Furthermore, denote by 14 the restriction of  onto the set A € F. For n1,7n2 € N,
we write 71 < 7y if the difference 71 — 72 is non-negative. Denote by P()\) and P()) the Poisson
processes with intensity measures A := nQ (resp. A := nQ) on (X, F) (resp. (X, F)).

To proceed, we need additional definitions and notation. Denote by F(N) the class of all
measurable functions f : N — R, and by L%(X) = L(X, F) the class of all real-valued, measurable
functions F on X. Note that, as F is the completion of o(n), each F € L%(X) can be written as
F = f(n) for some measurable function f € F(N). Such a mapping f, called a representative of
F,is Qon~'-a.s. uniquely defined. In order to simplify the presentation, we make this convention:
whenever a general function F' is introduced, we will select one of its representatives and denote
such a representative mapping by the same symbol F. We denote by L?D &) (X) = L?D &) (X, F) the
space of all square-integrable functions F' of the Poisson process P(\) with E(F?) < oc.

For n,m € N, and i € [m], consider a collection of real-valued F ®.4 -measurable score functions
57(5)(3 -) defined on each pair (Z,7), where @ € n and n € N. We are interested in the following
functionals of the Poisson process P(\):

FO =FP(PWN) = Y & ((z,ma), PV). (3.9)
F€P(N)

We define F,(Li) = FT(Li) —IE[FT(Li)] and seek to have a result on rates of multivariate normal approxima-
tion for the m-vector F,, = (FS), . ,F,(lm)) or F, = (Eﬁl), . ,F’,(Lm)) with a appropriate normalizer
and m > 1.

Definition 3.2 (Cost/Difference Operators). Let F' be a measurable function on N. The family of

add-one cost operators, D = (Dz);cx, are defined as
DiF(n) = F(n+6d;) — F(n), #e€X,neN.

Similarly, we can define a second-order cost operator (also called iterated add-one cost operator):
for any 1,22 € X and n € N,

D2, 2, F(n) = F(n+ 6z, + 6z,) — F(n+ 0z,) — F(n+ 6z,) + F(n).
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We say that F belongs to the domain of the difference operator F € dom D if F' € L% X) and

!
/ E((DzF)*)A(di) < oo.
X

Definition 3.3 (Region of Stabilization). For n,m € N we consider the class of F @ A -measurable
score functions 57(5) (Z,m) fori € [m]. Throughout the paper, we will always assume that iffff) (Z,m) =
&V (&,m2) for some m,my € N with 0 # 1 <y then

&€&, m) = &V(&, ) for alln' € N with g < < na. (3.10)
This is a form of monotonicity property that is natural to any reasonable choice of score functions.

We now introduce some additional assumptions on the score functions that are sufficient to
derive our Gaussian approximation results. Specifically, we assume that for each ¢ € [m], the score

functions f,(f) (Z,7n) are region-stabilizing (Bhattacharjee and Molchanov, 2022), i.e., for all n > 1,

(R1) there exists a map R from {(Z,7) € Xx N : & €7} to F such that for all n € N and & € 7,
we have that

En(,1) = &n(T, M50 0 )3 (3.11)
(R2) the set
{(&, 91, 92,m) « {31, 92} C RY (&, + 02)}
is measurable with respect to the o-field on X3 x N;

(R3) the map R,(f ) is monotonically decreasing in the second argument:
RO (&,m) 2 RY(#,m2), m <ma, & €
(R4) for all n € N and & € 1, we have that

nRsLi)(jm) 7& 0 = (77 + 537)R5Li)(f77]+5g) 7é 07 for all g ¢ RS) ('ia 77)

Before moving on with our further assumptions, we note here that the notion of region-stabilization
is a generalization of the idea of stabilization radius. In particular, while classically it is assumed
that a stabilizing score function at a point is determined by the configuration inside a ball around
the point, our Assumption (R1) only requires a local region R,,, which is not necessarily a ball, on
which the score function &, can be determined. Thus, the dependency between the score functions at
different points could be measured only by the size of regions around those points alone, which leads
to a Gaussian limit when the regions are small enough. An example where classical stabilization
works well is the £-NN distance based for entropy estimation (Berrett et al., 2019; Shi et al., 2023+),
where the ball formed by the point and its k-th nearest neighbor determines the k-NNs.

On the other hand, if we consider the k-PNNs (see Definition 3.1), it turns out that considering
balls is vastly suboptimal, and one needs to consider general regions to prove Gaussian convergence
with presumably optimal rates. Our Assumption (R3) is a geometric condition that roughly says
that if we add more points to our configuration, the stabilization region RS ) can only get smaller,
i.e., one would need to explore the configuration in a smaller region to determine the value of the
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score function. Such a property is very natural and is satisfied for most stabilizing functionals. The
Assumptions (R2) and (R4) are rather technical ones, in particular, as noted by Bhattacharjee and
Molchanov (2022, Section 2), Assumption (R2) ensures that

neN:g€ R, (Z,n+0z)} €N
for all (&,7) € X2, and that
P(y € Ro(2,n+0z)) and P({t1, %2} € Ru(E,n+ dz))

are measurable functions of (&, %) € X2 and (&, 1, 72) € X° respectively.

3.3.2 Connection to random forest

We now connect the terminology above with the random forest notation introduced in Section 3.1.
We have X = R? and the measure Q is taken to be a probability with an a.e. continuous density g
with respect to the Lebesgue measure Ay on R%. Hence, the intensity measure A = ng. Moreover,
the mark space M which represents in this case the domain of the noise €, is taken to be R with Qyy
being its distribution P.. Correspondingly the marked version of the intensity measure is A = ng.
We now let P,5 and P,4 denote the canonical Poisson process on X (resp. X) with intensity measure
nQ (resp. nQ) for n > 1. The random forest predictor in (3.2), as well as the one in (3.4) with
uniform weights, are given respectively by

T (Z0) = Z Wha(20)Laer,, , (z0) Y and
(x,£2)EPny
Laer, 1 (20)
alw) = 3y,
(x,62)€Pny ™

Now, observe that for r, i . (20), is a region-based stabilizing functional with the region of
stabilization given by

5 {Rect(wo,x) x R, if Ppg((Rect(zo, z)\{z}) x R) < k,
Rn (x y Png) = A
&, otherwise.

This region is similar to the one considered by Bhattacharjee and Molchanov (2022, Theorem 2.2)
in the context of minimal points, and is indeed a generalized version exploiting the connection
between k-PNNs and minimal points. In particular, for most k-PNNs, this region is thin in some
directions and long in the other directions, which makes it suboptimal for it to be enclose by a ball.
Consequently, standard results on multivariate Gaussian approximation (e.g., Schulte and Yukich,
2023b) are not immediately applicable in this example due to the fact that they require a ball with
a small radius as the region of stabilization.

3.3.3 Tail condition

Going back to our general model, it is clear that with a general stabilization region as ours, we
need some control on its size, so that the score functions are only locally dependent facilitating a
Gaussian limit. This motivates the following assumption. Below, for x € X, we write m, to denote
the random mark associated to x independent of all else.
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(T) For each i € [m], assume that there exists a measurable function r X x X - [0, o0] such
that

P((y,my,) € RV ((z,m.), P(A) + O(zma)) < e*’ﬂg)(x’y), z,y € X a.e. (3.12)

When n(f) does not vanish, Assumption (T) is an analog of the usual exponential stabilization
condition by Schulte and Yukich (2023b). Note that rgf) is allowed to be infinity and the probability

(3.12) is well-defined due to Assumption (R2).
3.3.4 Moment condition

(M) For some pg > 0, there exists p > 0 such that for all i € [m] and n € N with n(X) < 3 + po,
1€ (2, m0), PON) + 80 ma) + D)Ly < My p(@), 121, 2 € Xae, (3.13)

i)

where M,%O,p : X = R, n,m > 1, i € [m] are measurable functions. When ng,/po,p(:v) is a constant

not depending on z, it recovers the standard case by Schulte and Yukich (2023b) with uniformly
(4)

bounded moments. For brevity of notation, in the sequel we will always write M, ’ instead of
MT(ZZ)DO,p, and generally drop pg, p from all subscripts.
3.3.5 Gaussian approximation For Region-based Stabilization
We will require a few additional quantities to present our main results. For i € [m], let
a2 = [ B{(orme), (a2 ma)} € ROEPO) +6)Q). @14
For ( >0,y € X and i € [m], let
o) i=n [ X eNQ), W)= [ M@y Q) (39
and
G\ (y) = M (y) + B () P2 (1 4 gy, (y)Po) V/ o2r2), (3.16)
For ae >0, ¢,7,1,t € [m], and a;, oj, a7 > 0, define for y € X,
S ) =n / G (@) G (@) G () e 9 g da)
+n / G (@) GO () e UDQ(dr) (3.17)
w0 [ G @) G @) G (@) lf (a,1) Qo).
Moreover, we define for z € X and ¢ € [m],
r (@) = PED ((@,my), PV) + 8(zm,)) # 0)- (3.18)
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The above quantities are essential to our multivariate Gaussian approximation of region-based
stabilizing functionals, where qg) (1, x2), gg) (y) and K\ (z) correspond to the tail probability con-
dition (T), i.e., the “size” of the region of stabilization (see Lemma 5.10), and Y (:U),G,(f) (y) are
associated with the moment condition (M).

For i € [m], assume F{” € dom D defined in Section 3.2. We also define

Pt = diag(1/0(),...,1/0™),

as the normalizer for F,,. Let ¥ := (Uij)%zl € R™*™ be any given positive definite matrix and

recall that Ns, be the m-dimensional normal random vector with mean 0 and covariance matrix .
Define

D= 3l — Cov((FY /el (F9 /o)) (3.19)
ij=1
(7635 2
“ 1 1jb’5 )

I = Z

m ) () ()3
Iy ::Z”Q(( 9 )G (3.21)

i=1 (ng))?’

The following two theorems provide rates for the multivariate normal approximation of region-
based stabilizing functionals measured by do-, d3- and d¢yx distances defined in Section 3.2.1. These
results are generalizations of their univariate versions proved by Bhattacharjee and Molchanov
(2022). See Appendix 5.2.1 for the proofs.

(3.20)

Theorem 3.2 (Multivariate Normal Approximation in de- and ds-distances). For i € [m], sup-

pose the functional F,(Li) € dom D assumes the form (3.9) with the score function §7(f) satisfying
Assumptions (R1)-(R4), (T) and (M) for po =4 and p > 0. Let ¢ := p/(40 + 10p) in (3.15) and
B :=p/(32+4p) in (3.19)-(3.21). Then for a positive definite matriz ¥ as above, we have

(a) for all n > 1, there exists a constant cg > 0 depending only on p, such that

ds (P;an,NE) < csm (F(] + I+ ’ITLFQ),

and

(b) for allm > 1, there exists a constant ca > 0 depending only on p, such that

_ 1 1 3
dz (P 'Fp, M) < c2 (!\El\lopllz\\gpFo + 1= lopIZl18pT1 + m2H21\|3p|12H0ng>.

In order to state our next theorem for the dc,x distance, we introduce the following additional
terms. Define

& Qs + g @)
s = Z (93 ’

i=1 (on”)

(3.22)

30



1

m (i (4) 68 (1)\4 R
”@((“n + g )% (G ))) ( ”@(fmo:m))
Iy = (m + 220367 ) 7 (3.23)
; ( 7(1)) ”221 (Qv(z)&(zj))
( 7]7l7t) 2 l
& nQ(f111/25) 3
I, _fm<z pPlaa L 2) , (3.24)
1,7,0,t=1 s=1 On (QTL On )

(.7 2 1
m m n@ fll ,3) 1
o 3/4 sLyLy
Ts .—m/< § E—) & j))2> ) (3.25)

i,5,l,t=1 s=1 (on on on

Theorem 3.3 (Multivariate Normal Approximation in deyx-distance). For i € [m], suppose the

functional F,SZ) € dom D assumes the form (3.9) with the score function 5,(11) satisfying Assumptions
(R1)-(R4), (T) and (M) with pg = 6. Let ¢ := p/(84 + 14p) in (3.15) and 5 := p/(72 + 6p) in

23.19), (3.20) and (3.22)-(3.25). Then, for any positive definite matriz X := (o) € R™*™, we
ave

dev (P Fp, N5 < canm® (Hz*l/?yyop v Hz*l/?”ip) (CoVI1 VI3 V... VTg),

for all n > 1, where the constant ccyx depends only on p and m.

Remark 3.13. Theorems 3.2 and 3.5 admittedly involve several complicated quantities which may
seem hard to interpret. The backbone of these results is a multivariate second-order Poincaré in-
equality (see Theorem 5.2) proved by Schulte and Yukich (2019, Theorems 1.1 and 1.2). Just as the
classical Poincaré inequality provides concentration bounds for Poisson functionals in terms of their
first order difference (Wu, 2000), a second order Poincaré inequality provides a central limit theorem
with non-asymptotic bounds on various distances between a Poisson functional and a Gaussian ran-
dom wvariable/vector in terms of certain moments of the first and second order differences. In many
examples, one needs to make some additional assumptions on the functionals to be able to optimally
bound these moments. One such simplification is the assumption of stabilization, or as in our case,
region-stabilization. All the quantities in our bounds, except Iy, are essentially upper bounds on
these quantities involving various moments of the differences, under the additional assumption of
region-stabilization. On the other hand, the term 'y simply measures the error in approximation
incurred due to replacing the sample covariance matrix by .

We would like to highlight when the region of stabilization Rg) is taken to be a ball with its
radius having an exponentially decaying tail, and the bound MT(Li) () in our moment condition (M)
is constant independent of x, Theorem 3.3 simplifies to the following bound proved by Schulte and
Yukich (2023b):

devx (n_l/QFmNZ) < Ccvxn_l/da (3'26)

where ¥ is taken to be the limiting covariance matrix. The relative complexity of our bounds
compared to a result such as in (3.26) is mainly because of the fact that our setting and assumptions
are more general. Specifically, compared to the work by Schulte and Yukich (2023b) including: (a)
we assume general regions of stabilization instead of a ball, which is essential in our main applications
Theorem 3.1 and Corollary 3.1; (b) in our moment condition, a non-uniform bound is assumed, which
is often necessary to obtain optimal rates. It should be noted that in many statistical problems,
a ball as region of stabilization and the uniformly bounded moments suffice to obtain presumably
optimal rates of convergence, see Lachiéze-Rey et al. (2019); Shi et al. (2023+); Schulte and Yukich
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(2023b) for several such statistical applications. Despite their seemingly complicated forms, our
Theorems 3.2 and 3.3 are often required to obtain optimal rates, or even to prove Gaussian limits
in some case, with the random forest results being a concrete example.

4 Discussion

Quantitative normal approximation bounds are important to obtain finite-sample, non-asymptotic
inferential guarantees for various statistical problems. A central problem in normal approximation
theory is to go beyond independence to non-independent assumptions. Motivated by the classical
Berry-Esseen theorem, which is applicable mainly to a sum of independent score functions F,(X},) =
o fu(X;) based on iid. data X, = {X1,...,X,}, one question of interest in this thesis is to
allow non-independent structures among scores functions, i.e., F,(X,) = > 1| fn(X;; &,). By this
extension, many geometric and topological statistics including those related to k-nearest neighbor
graphs, the minimal spanning trees and the Euler characteristics could be handled. Furthermore,
there are also statistics that are not (or hard to be) expressed into sums of score functions. Hence,
extending Berry-Esseen bounds to a general class of statistics is of great importance.

Towards this goal, a flexible concept of stabilization was introduced here. Our proposed con-
cept, generalizes related notions of stabilization proposed in Lachiéze-Rey et al. (2019) and refer-
ences therein. It consists of many variants: weak stabilization, score-based stabilization and strong
stabilization. While they all focus on many statistics of interest having mostly local dependence,
among them, only strong stabilization can quantify the local dependence of the statistics F;, while
not necessarily assuming F;, to be expressed as sum of score functions. Based on this and Stein’s
method, we then derive presumably optimal rates of normal approximation for strong stabilizing
statistics in terms of recovering the Berry-Esseen bounds. This improves the recent sub-optimal
rates in Lachiéze-Rey et al. (2022).

Concretely, we provided Gaussian approximation bounds for a class of statistics that satisfy cer-
tain stabilization properties. Examples of such statistics include k-nearest neighbor based Entropy
estimators, Euler characteristics, minimal spanning trees and Random forests. The proof technique
is based on our observation that such statistics could be expressed as functions which subsequently
satisfy a certain stabilization property. Based on this observation, the Gaussian approximation
bounds are derived by using Malliavin-Stein’s method. Additionally, our bounds are also applied
to many other statistics of certain geometric local properties, for instance, average treatment effect
(ATE) estimators, wavelet estimators, etc.

Furthermore, as a very important example which falls in our stabilization framework, random
forest is an extremely successful general-purpose prediction method. Despite their widespread usage,
theoretical understanding of their statistical properties has been rather slow. Among many variants
of random forest, the most theoretically well-studied version of random forest is the non-bagging
and non-adaptive random forest. We refer to Biau and Devroye (2010) for an exposition of this
kind. One of the key questions that has remained open regarding non-bagging and non-adaptive
random forest is its (multivariate) normal approximation, with applications to statistical inference.

Motivated by the link of random forest with k-potential nearest neighbors in Lin and Jeon
(2006), which is an adaptive version of classical k-nearest neighbors, in this thesis, we discover that
random forest falls in the category of the region-based stabilization. Region-based stabilization
allows general regions to capture the aforementioned local dependence instead of only ball-shaped
regions. Based on this and Stein’s method, we derived rates of multivariate normal approximation
of random forest while allowing k to grow with n, which is the first in the literature. Further-
more, a smoothed Bootstrap procedure has been discussed for possible statistical inferences such as
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confidence intervals.

Specially, for random forest application, we conclude our thesis with the following potential fu-
ture direction. First note that combining our multivariate result with standard tightness arguments
will entail that trained non-adaptive and non-bagging random forests are Gaussian processes (with
a particular covariance function) in the limit. As discussed by Athey et al. (2019), honesty-type
conditions (which essentially make random forest to be non-adaptive for all statistical analysis pur-
pose) appear to be necessary to have Gaussian limits. It is interesting to explore limit theorems and
distributional approximation bounds (both at multivariate and process level) for adaptive random
forests, so as to reveal the advantages of adaptivity, when considering true regression functions to
be coming from a more general function class, and also make further advances towards develop-
ing rigorous non-asymptotically valid statistical inference for random forest predictions. Finally,
bootstrap procedures such as smoothed bootstrap can be considered for constructing practically
confidence intervals.

Finally, we want to highlight that the approach of using region-based stabilization theory and
Stein’s method to establish Gaussian approximation results, as stated in Theorems 3.2 and 3.3, is
much more widely applicable for other non-parametric regression problems such as Nadaraya-Watson
and wavelets-type in which case, one would need to work with appropriate regions (depending on
the procedure) and then apply our general results in Theorems 3.2 and 3.3. This reveals a very
important tool to handle the dedicated dependence structure in modern statistics: Controlling
dependence within a small region and moment conditions lead to rates of normal approximation.

5 Proof

5.1 Proof of Section 2

Proof of Theorem 2.1. The idea is to use the above theorem, and to bound the first and second
order cost functions appearing in the quantities v;,7 = 1,...,6 by using our flexible approach. To
this end, we rewrite the first and second order cost functions as:

Do F = (Do F — Do F(Az)) + Do F(Az),
and
Dy oy B = (Dyy F™' — Dy F*1 (Ayy)) + (Day F* (Agy) — Day F(Asy)) + (Dyy F(Ayy) — Dy F).
We start with v3. By the fact that (a + b)3 < 4(a® + b?) for any a > 0,b > 0, we have
(VarF) v = [[BI(D.F — D,F(A,)) + DoF(4,)°Ada)
< /4E|DmF — D, F(A)Md) + /4E\D$F(Ax)3)\(dx).

By Hélder’s inequality and the assumptions in Theorem 2.1, we then have

E|DyF(Ay)P < (E|DpF(Ag)| ") 11171 < ba(x, A,)1. (5.1)
Similarly,

E|D,F — D, F(A,)|? < by(x, Ag)*.
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Therefore,
2
(VarF)%*yg < C/ij(x,Ax)i)\(dx) =: C(VarF)%'yé.
j=1
Next, we turn to 4. According to Last et al. (2016, Lemma 4.3), we have
2
E(F — EF)* < max {256 (/(E(DIF)‘*)%)\(dx)) ,4/E(DIF)4>\(dx) + 2(Var F)2} :

Consequently,

< LEDELN (4 ([(B(D,F))? Ada)? + VE (JB(DLF)  Ad)) s + 23 (Var F)})

By calculations similar to 3, we have

2
/ (E(D,F)*)2A(dz) < C / ij(:p,Ax)%)\(dx).

Similarly,

2
JEw.ryying < c [ b0 ) i)
j=1

2
/ E(D,F,)*\(dz) < C / D bi(z, A A(da).
j=1

Combining all above, we have

. CfZ§:E\f;;(er;;4;)i)\(dx) << /ibj(%Am);A(dx))

NI

j=1
n </§bj(x,Ax))\(d:E)>i + (VarF)%> — )

Furthermore, by similar arguments on bounding s, it leads to

1
2

2
C
352 g | [ LobleAord) | = o
j=1

We next move on to bounding the remaining part: 71, 72 and ~g, that involve the second
order cost functions. Before we proceed, for notational convenience, we would like to define for all
r1,x2 € X and Am e F,

bs(x1, 22, Az,) == b1 (21, Agy)-

Although it is true that b5 actually doesn’t depend on x9, this slight abuse of notation allows us to
write

4
E(Dyy 2, F)* < C Y bj(w1, w2, Agy) + b1(1, Asy)
j=3
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5
=C) bj(x1, 22, Asy), (5.2)

J=3

as a compact form, similar to the first order cost function.
Using Cauchy-Schwarz inequality, we have

< E(D,, F)")iE(D,, F)")1, (5.3)
E(Dm as F)Y)TE(Dyy 0y )Y (5.4)

(E(Dz, F)*(Da, F)?)
(E(Dzy 03F)*(Day o5 F)?)

[NIES N

IN

With all results above, according to (5.1) to (5.4), we give an upper bound for 7 in a similar way
by Holder’s inequality:

2
Z lz 1
"N VarF(/( b (@1, 42,)7 b] 72, 4z,)*
J=1
1

5 5
Zb] .%'3,.%'1, Zzbj :C3,x2, 3 4>)\3(d(x1,x2,x3))>
Jj=3 J=3

1
2

[un

=: Cv}.

Similarly, we have

(NI

5
/72 >~ VarF /Zb $3a$17 T3 Zb] $3a$27 )\3(d($1,$2,l‘3))
7j=3

= 0727
. . 5 L
V= Var F </Zb 71, Ay )2 32;% 21, %9, Agy )2 + ]Z;bj r1, 29, A AQ(d(xl,@))>
=: Cvg.
Combining the obtained bounds above for ;, 1 < i < 6, we complete the proof. O

5.1.1 Proof of Corollary 2.1

Without loss of generality, we assume ¢; = k1 := C1,c3 = kg := Cy and ¢3 = k3 := C3. In Theorem
2.1, we set A, = X and A = sQ. Then, we can set

b1 (SE, A ) 0

b3(w1, 22, Azy) =0,

bs(x1, 22, Az,) = 0.

Recall that as mentioned in Section 77, for notational convenience, we would like to define for all
r1,x2 € X and Aml e F,

bs(z1, 72, Agy) 1= b1(w1, Agy)-
According to Assumption 2.3, by Hélder’s inequality, we have:

bo(2,X) := E|DyFy|! < E|D,F,PP(D,Fy # 0)'" 5 < CP(D,F, # 0)'~
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and

_4
ba(21, 29, X) := E|Dy, F*> — Dy, Fy|* < E|Dy, F* — Dy, Fo|PP(| Dy, F*? — Dy, Fy| # 0)' v

< CP(|Dy, F22 = Dy, Fi| #0)' 7

Define

bui= s | PDLF, £ 0)5 Qo)
bs(@1, @) = P(|Dy, F2 — Dy Fy| #0)'5 . (5.5)

With all b;, 1 < i <5, given above, we will bound all 7/, 1 < ¢ < 6 in Theorem 2.1. We again start
with ~4:

2

3
e § DL DR
(Var F¢ 7 j=1

Similarly, as for ~4, it holds that

N |=

For ~}, we have

= IZ?:l(l)\?;fé;z?iA(dx) <(/22:bj($7Ax);)\(dx)>;

W=

Respectively,

) < cot,
Uéb " )A(d@)i S UALEAT (ozg:>>i
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< 09t
and
/Zb (2, Ay) i\ (dz) = /XP(DxFS#O)“?)i@wx)

< Cos.

From the above calculations, we see that the exponent (p — 4)/2p is set so that indeed ¢ provides
an upper bound for all the terms appearing in the right hand of (5.6). Hence, we have

3 5
¢3 + ¢4 s
/ S C
! (Var Fy)? (Var Fy)

3
2

For terms that include b;, 3 < 7 <5, we have

2
1 1
Zb 1'17 :cl ZZ[)] x27 xg Z
VarF (/( =

5 5
1 1
Zb] 23,71, Agy)3 > bj(ws, w2, A 4>>\3(d(9€1,x2,$3)))
7=3

Jj=

7 =

1
2

|0

S

C P(|D D, F|£0)%
4
— VaI“Fs /X3( (| 1 S 1 S| # ) P

P( Doy F2* — Dy | # oﬂf)@%d(ml,u,m)))

1
2

3
S2

:CVarFs \//X </st(fv17$2)Q(d$2)>2Q(dﬂh)‘

Similarly,
1
5 5 2
é /ij r3,71, A 3 ij T3, T2, A >‘3(d(x17x2>$3>)
7j=3 7j=3
3
S2 p—4
(/X3 Dy F{? — Dy, Fs| #0) »
1
p=4\ 4 2
P(| Dy Fg? — Dy, Fi| #0) P )Q (d($1,$2,9€3))>
53
VarF \// /ws x1,%2) d962)> Q(dz1),
and

M\»—A
N

5
+ij $17$27 )\Q(d(‘rth)))

Jj=3

5
;
Vé:VarF </Zb a1, Az, 2;% 1,22, Azy)
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S p—4
- CVarFS (/Xz P(|Dyy F® — Dy, Fs| #0) 20
1

+ P Da, B2 = Dy | £ 0)'7 Q¥ (d(a1,2)))

N =

S " p—4
= CYarF, < /X P(|Day 5 = Dy o[ # 0) > @2(d($1,m2))>

<C

Va;FS \/ 2 Vs(71, 22)2Q(d(21, 22)).

Therefore, combining all bounds for 7/, 1 <14 < 6, we have by Theorem 2.1,

F, —EF
dig | ——=LN | <C(61 +603+6

where

6, = VafF \//X2 Vs (w1, 22)2Q%(d(x1, 22)),

VargF \// /1/15 T1,72) d$2)> Q(dz1),

0o e (¢>s)§ Os n ¢§ +¢s,2
3 Var F, (Var Fs)% (Var Fy)2’

We next proceed to obtain refined bounds for ¢s and 1s(x1,x2). Before proceeding, we
the following definitions from (2.4):

I,(z) = P(D,F, # 0),
Js(x1,m2) = P(| Dy, 2, Fs| #0).

(5.7)

(5.8)

(5.9)

(5.10)

recall

Lemma 5.1. Assume that all conditions in Corollary 2.1 hold, and recall that R, denotes the radius

of stabilization. Then,

N i c
¢s < C's / e~ L g ),
X
and
Ps(w1,22) < 06_02%‘13(”51@2)03‘
Proof of Lemma 5.1. Based on the Assumptions 2.1 and 2.2, we immediately obtain

I(z) < Cre- O,

Jo(a1, wg) < Cye~C2maxtds(@i,m).ds (e K) do (w2, K)} %

Recall the definition of ¢ in (5.5). Applying the above bound for Is(z), we have

¢s < C'S/Xe_czlglds(x’K)CS@(d:c).

Similarly, applying the bound for Js(z1,x2), we obtain the stated upper bound for ¥s(x1, x2).
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Lemma 5.2. Suppose the condition (2.2) holds. Then, for any x € X and r > 0, we have
Q(By(r)) < kr®.

Proof of Lemma 5.2. For any x € X fixed, consider Q(r) := Q(Bg(r)),r > 0 as an increasing
function of r. According to Lebesgue’s theorem for the differentiability of monotone functions, the
derivative Q' (r) exists almost everywhere and then with the condition (2.2),

Q(Bz(r)) — Q(B(0)) < /07“ Q' (u)du < /T kwu’ tdu = kr¥.

0
Note that Q(B;(0)) = 0. Therefore, we obtain the desired result. O

Lemma 5.3. Suppose the condition (2.2) holds. For any x € X, r > 0 and a > 0, there ezists a
constant C' > 0 such that

/ e~ @B Q(dy) < ge*%a(sl/”)%.
X\Bg(r)

S

Proof of Lemma 5.3. Let {r,}>2, be an increasing sequence satisfying

r=r,  lim r,=oc0, and  lim sup |ry — 7y 1| =0.
n—oo n—o0 nZQ

Then,

/X\B ( )eads(x,y)CSQ(dy) < Ze*a(sl/wrn_1)03Q(Bgc(rn)\Bz(Tn_l))

n=2

00
_ 1/w Cg _
< 2 :6 a(st/%rp_1) /iwr;’_ll(m — Tn—l)

n=2

e.)
—ols/w)C _
:/ e BT o du.
,
Therefore, it suffices to show

(o)
a(1/w,\C _ 1/w,\C _
C(s,7) = se2 (7 3/ e—als!/u)%s, w1 g
T

is bounded on © := {(s,7) : s > 1,7 > 0}. Since ((s,) is a continuous function, then we only need
to show

li ,7) < 00.
(s,riga@C(S T) >

Note that

Moreover, let

with



Then,

Consequently, noting

a 2« <0
s _a
2 3 6 ’
we have
lim s,1) < 00,
(s,r)ﬁa@g( )
giving us the desired result. O

Lemma 5.4. For any s > 1, r >0 and B > 0, there exists a constant C' > 0 such that

@B o =1 B(sH9n)s

Proof of Lemma 5.4. Let

It suffices to prove

sup pu(s,r) < oo.
s>1,r>0

Similar to ((s,r) in Lemma 5.3, we only need to show

li ) < )
(o065 7)<

where © := {(s,7) : s > 1,7 > 0}. We note that the above claim follows by calculations similar to
that in the proof of Lemma 5.3 and the fact that —(/2 < 0, thus providing the desired result. O

Before proceeding, we recall the definition of Ok s from (2.5) for convenience:

(p—4) (ds(x,K) 3
_o, ) [ Es(TR)
Ok, s ::s/e o ( 2 ) Q(dx).
X

Note that by Lemma 5.1, we also have that ¢, < COx g, for a constant C' > 0.

Lemma 5.5. Suppose the conditions in Corollary 2.1 hold. Then, there exists a constant C' > 0
such that

e / (r, 29)°Q%(d(1, 22)) < COR.s.
X2

Proof of Lemma 5.5. Without loss of generality, we assume dg (1, K) > ds(z2, K). Similar reasoning
can be used for the other case. According to Lemma 5.1,

—_C, =4 C
be(21, 39) < Ce~C2ap max{ds(zr.22)ds (21, K}

Let
Lzz,s = S/ 1/15(1’1,372)2@(dl‘1).
X
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It suffices to show there exists a constant C' > 0 such that

o p—4 (ds(z3,K)\ O3
Ly, s <Ce C2'gy ( 2 ) .

Let r = %d(:rg,K) and note the fact that max{z,y} > z, max{x,y} > y for any z,y, then

Ly, s < Cs / ¢~ ety maxtds(aea) ds (@ NS g gy
X

< C’s/ e_CQ%dS(Il’K)%@(da:l) + C’s/ 6_02%%@1@2)03@(0[1‘1)
By, (r) X\ng2 (r)

= CL; + CLs.
By the triangle inequality, 2r < d(z2,K) < d(z1,x2)+d(x1,K), then when d(z2,z1) < r, d(z1,K) >

r. Therefore, according to Lemma 5.2 and lemma 5.4, there exists a constant C' > 0 such that

(b= 1/ C (b= 1/ C (b= .1/ C
Ly < 5/ T ‘Q(day) < swr¥e” P m (T < e 2y (5
BZQ(T)

According to Lemma 5.3, there exists a constant C' > 0 such that
— w C. B " .
Ly <s- 96702%(81/ n) 06702%(51/ r) ’.
s

Then,

_ w \C: 4 [ ds(ee.)\ 3
Luys < oGt (5150) 7 _ g =Catigt (4529)

9

giving us the desired result. O

Lemma 5.6. Suppose the conditions in Corollary 2.1 hold. Then, there exists a constant C' > 0
such that

53/X </X1/15(x1,mg)Q(dxg))QQ(dxl) < COg .

Proof of Lemma 5.6. We can prove this lemma in a similar way as Lemma 5.5. Let

I, = s/ (1, 02)Qdes).
X
Similar to L, s, one can show there exists a constant C' > 0 such that

p—4 ds(zlaK) C3
1, <ce 5 (M)

1,8

Therefore,

53/X (/st(xl,xg)(@(dazg)>2Q(dml) :s/X <5/Xl/15(m1,xz)(@(dxz)>2@(dx1)
< CS/ 6_02%(M)C3Q(dxl)
B X
< COk,s.
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With the above ingredients in place, we are finally in a position to prove Corollary 2.1.

Proof of Corollary 2.1. Recall the definition of 0, 62 and 63 respectively in (5.8), (5.9) and (5.10).
According to Lemma 5.1, Lemma 5.5 and Lemma 5.6, there exists a constant C' > 0 such that

1 1
(@K s) 2 (@K s) 2
0 < : 0y < . < .
1O B0 g % <00k
Therefore, according to (5.7), we complete the proof. O

5.1.2 Proof of Theorem 2.2

The proof of the Poisson case applies mutatis mutandis to the binomial case. We now highlight the
main changes. First, recall that we do not have a similar result like Theorem 2.1 for Poisson case due
to the fact that there is no nice counterpart of the second order Poincaré inequality (see Last et al.
(2016)). Hence, Theorem 2.2 cannot follow from Theorem 2.1. Instead, we use (Lachiéze-Rey et al.,
2019, Theorem 4.2) that provides an auxiliary result for the binomial case. While Lachiéze-Rey
et al. (2019) provided a general result for marked binomial point process, we state the following
result for the unmarked binomial point process.

Theorem 5.1 (Lachiéze-Rey et al., 2019). Let n > 3 and let F' be a functional of a binomial point
process 0, with EF(&,)? < co. Assume that there are constants ¢, p € (0,00) such that

ElDoF (&1 o) UA)*"? <¢, Q—ae,z€XACKX,A[<2.

Then, there is a constant C := C(c, p) € (0,00) such that

F—-EF
dig | ———=,N | < C(S] + S, + S%),
K(\/W >— (1 2 3)

with
T, :=n / P(DyF(€n_1) # 0)52 Q(dx),
X

_P_
Tﬂ%(% xl) = sup P(Dx,z’F(gn—2—|A|) 7é 0) st2e,
ACX:[A|<1

5t = VM\/ [, vhean@de. )

<

2
Sh = VarF\// /1/Jnxa; da:)
T T T ()
53 = Var F (VarF)%+ (Var F')2 (5.11)

Remark 5.1. The exponent of T}, in the third component of the sum on the right hand side of
(5.11) is different than that of Poisson case, due to the fact that it is not derived by the counterpart
of the second order Poincaré inequality. In fact, it is obtained by Lachiéze-Rey et al. (2019, Theorem
4.3).

Now, based on Theorem 5.1, we start to prove Theorem 2.2.
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Proof of Theorem 2.2. The proof of the binomial point process is similar to that of the Poisson case,
based on Theorem 5.1 for binomial case. We treat Theorem 5.1 for binomial as a counterpart of
(5.7) for Poisson noting D, ./ F,, = DxF,f/ — D, F,. Starting with this, one can follow the same
procedure to get the required counterparts of Lemma 5.1 to Lemma 5.6 by changing s as n. This
provides the desired result. O

5.1.3 Total edge length of k-NN

Proof of Theorem 2.3. We begin with the Poisson point process case and consider the statistic
FFNN(P) = > wep, [s(x,Ps), with fs as defined in (2.1).

Step 1: From Example 2.2, FFNN(P.) is a strongly stabilizing functional with the radius of
stabilization R, = 4R, with R being defined as follows: for each ¢ > 0, construct six disjoint
equilateral triangles T;(t), 1 < j < 6, such that the origin is a vertex of each triangle, such that
each triangle has edge length ¢ and such that T;(t) C Tj(u) whenever ¢ < u. Then, define R to be
the minimum ¢ such that each triangle Tj(t) contains at least k 4 1 points from Ps. Consequently,
we have

P(R > 1) <P (P, (W_,Tj(r)) < 6k)) <P (PS (Bx (r\/§/2)) < 6k> ,

where Pq (Bx (r\/g/ 2)) follows Poisson distribution with parameter sQ (Bx (r\/g/ 2)) According
to the assumption (2.14) and a Chernoff bound for Poisson tail, (Penrose, 2003, Lemma 1.2), we
have that there exits a constant ¢’ > 0 such that

e <o (o (15 <o)
(o () ) <)

< 6]{:670’37““’

This implies the radius of stabilization R, = 4R decays exponentially. Furthermore, we set K =X
for the K—exponential bound.

Step 2: As for the bounded moment condition, according to Lachi¢ze-Rey et al. (2019, Lemma
5.5), for some p > 4, the bounded moment condition holds.

Step 3: As for the variance condition, by the assumption (2.15), it is satisfied.

Therefore, according to Corollary 2.2, we end the proof for the Poisson case. The proof for
the binomial case is similar to the Poisson case by considering a Chernoff bound for the binomial
distribution as in Penrose (2003, Lemma 1.1) and Lachiéze-Rey et al. (2019, Lemma 5.6). O

5.1.4 Shannon entropy estimation

Proof of Theorem 2.. We start by replacing the biased center EFSF(,) by the true parameter
H(q). By triangle inequality, we have that

FRB(&) — H(q) FR (&) —EFR(E)
< Vo TG ’N) SdK( Var PR (6,) ’N>

—d
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+d FSE(fn) - H(‘]) FEE(gn) - EFSE(fn)
Ve ERE) T N )

=:do

We first apply Corollary 2.3 to bound dj, using the three step approach.

Step 1: Similar to the total edge length of k-NN, following the proof of Penrose and Yukich
(2001, Lemma 6.1), F5F(¢,) is strongly stabilizing with the radius of stabilization R, decaying
exponentially and we take K = X.

Step 2: As for the moment condition, again, by Lachiéze-Rey et al. (2019, Lemma 5.6), the
bounded moment condition holds for p > 4.

Step 8: For the variance, note that for di, we have

Var F3E(&,) v/ Var (nF3E(&,))

)

where < means equal in distribution. Therefore, we can consider the variance condition for the
nEFSE(&,) instead. According to Berrett et al. (2019, Lemma 7), there exits a constant C' > 0 such
that for kg < k < kj,

sup o <C. (5.12)

n>0 Var (nFEE(gn))

By Corollary 2.3, we immediately have that d; < C{j(k, p)/+/n. Since k also diverges as n goes
to oo, it is necessary to calculate the constant C{(k,p) more explicitly. Therefore, we derive the
following lemma, which is a refined version of Theorem 5.1 as it reveals how the constant C{(k,p)
is related to the constant p and the functional F, and thus k.

Lemma 5.7. Assume there are constants ¢ > 0,pg > 0 such that
E|DoF(€,1_ja UA) 7 <o, |A] <2.

Then, there exists some constant C' not depending on n nor F such that

F—-EF
d —— N | <C(51+ 85+ 853+ 54+ 855),
K(\/W ) (S1+S2+ S5+ 5S4+ S5)

where

_2
S1 1= c4tro

n / /
VM\/ [l )@ ),

3 2
2 n2
c— 4+ / /
Sy 1= cttro VarF\//X </Xwn(x,x)(@(dx )> Q(dx),
2 Ty
. At
S5 = e Var F’
1 I‘é 1 F,%l
Sy = (\/grnax 47/2¢ %0 —_— V2¢% o —+1
(Var F')2 (Var F')2
- rs > - 4 n
+ Is +po s +po —|— c4+P0 s
ni(VarF)% (Var F)% (Var F)?



3

S5 1= cttro n

(Var F)% .

Here,

T, = n/X]P(DwF(gn_l) £ 0)5%2m0 Q(dx),

4
wn(J?, x/) = sup P(vam/F(fn—2—|A| U A) 7& O) 8+2p0 .
ACX:|A|<1

The proof of Lemma 5.7 follows in a straightforward manner by Lachiéze-Rey et al. (2019, Proof
of Theorem 4.2). Now, we proceed to calculate moment bounds to see how k is related to the

constant C}). Let
n-— 1)Vdp 7
G = ij log ( 0) & ) .

Following Lachiéze-Rey et al. (2019, Lemma 5.6), by Jensen’s inequality, for p = 4 + pg, pg > 0,

E|Dy 3 (&—q—a) U AP0
4+po

=E |G Goroa U UA) + > DyCila, &u—1-ja)

TEL, 1|4 UA

< ARG (y, §umrmja) U {y} U AP0 4+ 430N "R Dy G, g o) [T
z€EA

1 43+p0 Z E| Dy G (, &1y [P0

TEER 1|4

=

Then, following Lachiéze-Rey et al. (2019, Proof of Lemma 5.6), the constant ¢ in Lemma 5.7

satisfies
4+po

c < 43+poc + 43+pocb + 45+2p0 ;+2P0 k4+2p0

where A < B means there is a constant C' > 0 such that A < CB. Note that according to the
definition of weights (2.17), there only exist finitely many terms in the sum of ¢; and according to

Singh and Poczos (2016, Section 3.2),
(n—1)Vapil,; o
log BT

ca = ElGu(y, En1-jay U {y} UA)TP < Jw||E < oo,

and similarly,
cb : = E|DyCr(w, &uor—ja) |70 < oo,

Then,
Pg
442
c < kAo

and by Lachiéze-Rey et al. (2019, Theorem 4.3) and Lachiéze-Rey and Peccati (2017, Theorem 5.1),
the constant C' in Lemma 5.7 does not depend on either n or k.
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Therefore, according to Corollary 2.3 and Lemma 5.7,

1 . 1 %
dy < ﬁ x ¢ < 7]{;(4+P0)(4+2P0)_ (5.13)
Next, we focus on da, which is related to the bias, RF>F(&,) — H(q). Let

_ FSE(&Z) _EF§E<§n> and AR — H(Q) _EFS’E(fn)

Var FSE(&,) VVar FSE(&,)

A" :

Then we have

do:=d FSE(‘Sn) _H(Q) FEE(gn) —EFSE@”)
2 NVarFSE(,) T \/Var FRE(E,)
. FP(&) —H(g) _,\ _ [ E2" (&) — EF" (&)
=1 ( Var FR ) t) ’ ( Va B (G) t>|

=sup |P(h" < t+ Ah)—P(h" <1)|
teR

< 2dy +sup |®(t+ Ah) — (L)
teR

(e (2) -3

PR (RS

2
< dy + |Ahl,

where @ is the c.d.f. of the standard normal distribution and actually, we applied a tight bound for
standard normal distribution function according to Mastin and Jaillet (2013). Therefore,

B (FSE(fn) — H(g) N> < max{dy, |Ah[}.

V/Var FSE(&,)

The bias of F>F(&,) satisfies the following bound according to Berrett et al. (2019, Corollary 4):

for every € > 0,
o4
— . 14
(%) (5.14)

. E\ard ¢ [k

sup |[EfH; — H(f)] = 0O | max <> , <>
f€Fa0 n n

Note that &« > d and 8 > %. With (5.12) and (5.14) , by elementary algebraic manipulation we

have that

2(1¢)+1)
d

PN . 2041+ 1 L -

a+d 2 d 2 d
|Ah| < max () () () : (5.15)
n n mn

Comparing (5.13) and (5.15), we obtain the desired result.

N[
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5.1.5 FEuler characteristic

Proof of Theorem 2.5. We follow the 3-step procedure.

Step 1: According to Example 2.1, the Euler characteristic is strongly stabilizing with the radius
of stabilization R, = 2r. Clearly, as a constant, R, can be bounded exponentially as one can choose

c1 large enough and cs, c3 > 0 such that for 0 <t < 2r,

1< crem !/

The similar argument also holds for Poisson case. Also, we take K = [0, 1]¢.

Step 2: Moreover, for the bounded moment condition, note that for p > 4, there exists a constant

C(d,T) > 0 such that

sup  E|D,F(¢n) P <E

n>0,z€[0,1]¢

IN

IN

<

=0
P
o is an ¢-simplex intersecting with {z}}

> Y (Elaen(nh)

£=0 {jlv"'vj[}c{1727"'7n}

Z": <7Z> (C(d, Tzllleqlloord)z

=0

p

" (Cd,T Oordfp
Z(( )lJ!!tJH )

=0

<(eC@Dlldlloer®yp o o0

Also, by Yogeshwaran et al. (2017, Lemma 4.1) and Krebs et al. (2021, Proof of Lemma 4.2),

sup  E|FFC(P,)]P < .
n>0,z€[0,1]4

Moreover, consider

+X(KT

(n (6 U e} U {eD) ) = x (Kr (ni6))
(ni&n)) = x (5 (ni (&0 U {=D) ).

and following a similar argument like (5.16), we have

sup

E|D, FEC(¢,)" [P < oc.

n>0,z€(0,1]4,2*€[0,1]4

The bounded moment condition is satisfied and similar arguments can be utilized to show for Poisson

case.

Step 3: According to Penrose and Yukich (2001, Theorem 2.1) and Krebs et al. (2021, Proposition

4.6), there exists a constant C' > 0 such that

Ssu ——
hoo Var FEC(€,)

and it also holds for Poisson case.

n
<C,

Therefore, according to Corollary 2.2 and Corollary 2.3, we complete the proof.
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5.1.6 Edge length statistic of the minimum spanning tree

Proof of Theorem 2.6. According to Penrose (2005, Theorem 3.3), the total edge length M (V) of
the minimal spanning tree satisfies the strong stabilization with a radius of stabilization R, almost
surely finite. Without knowing the tail probability of R,, we need to use Theorem 2.1. Set

A:cl =B,N {:(,‘1 + naB()},

where 0 < @ < 1 and {z + A} :={x 4+ y:y € A} for any set A. According to Lachiéze-Rey et al.
(2022, Proposition 3.7), for any go > 0 and « € B,,, there exists a constant Cy, > 0 independent of
n, x such that uniformly

E|D,FYST(P(N)|® < Cy,. (5.17)

The same bound also holds for DJCFg’i\/IST

As for the second order cost, according to Lachiéze-Rey et al. (2022, Proposition 3.11)%, for
any qo > 1, there exist constants Fy > 0,F; > 0,Fy > 0 such that for any z; € B, with
d(xl,E)Bn) > n,

Eon B, ifd =2,

5.18
Eo(logn)™%2, if d > 3. (5.18)

E| Dy, FYST(Ay,) — Dy FEST(P(V))[%0 < {

The same bound also holds for lengv{ST. On the other hand, the variance bound is directly from
Lachieze-Rey et al. (2022, Propostion 3.9): there exists a constant ¢ > 0,

Var FEST(P(N)) > ¢|B,| < nt.

Then, plugging these two bounds (5.17) and (5.18) in Theorem 2.1, we get that there exist
constants Crst > 0 and Cgecong > 0 such that,

2Eon B, ifd=2,
~ | 2Eo(logn) "2, ifd >3,
and for other (x1,x3) € B, X B, the points near the boundary of B,,, similar to Lachié¢ze-Rey

et al. (2022, proof of Proposition 3.11), we just apply uniform moment bounds for the flexible cost
functions and get

PN

1
bj(w?);xl’A{L'g)Z + bl(x37A:c3) < Csecond-

4
j=3
Therefore, by the fact that

{(z,y) € B2: A, N B, N A, # 2} < nind*,

3This proposition is provided for go = 1. However, a closer examination of the proof reveals that it can be extended
to any go > 1 in a straightforward manner.
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then we have,

da

n?2
—F
d C’second + 2Ebn 17
/ n2
QLN

do

n 2

Tcsecond + 2Ey (108; n)iEQ, if d > 3.

nz2
Similarly, one can derive

da

nz _E
d C’second + 2EOn 17
/ n2
V2 S do

n 2

Tcsecond + 2Ky (10g n)_EQ, if d > 3,

n2

and

/
’7:,%’74,7% 5

S
vla|

and

da
n?2
—-FE
Tcsecond + QE()TL 17
/ n2
V6 S da

n 2
d
nz2

Therefore, we complete the proof by invoking Theorem 2.1.

5.2 Proof of Section 3

5.2.1 Proofs of results in Section 3.3

For multivariate normal approximation of Poisson functionals, the second order Poincaré inequalities
(see, e.g., Schulte and Yukich, 2019, Theorem 1.1 and 1.2) serve as a key tool. Even though the
result therein is stated for an unmarked Poisson process, we can obviously apply it to a marked
point process by simply considering the marked space as the underlying space. Since we consider
the marked Poisson process 77(;\) with independent marks distributed as Qn and intensity measure
A =A®Qu = nQ ® Qu, where Q is a o-finite measure, we state in Theorem 5.2 below the marked
version of the results. According to Schulte and Yukich (2019, Theorem 1.1 and 1.2), and upon
using the Cauchy-Schwarz inequality, we have the following result; see the proof of Theorem 4.5

therein for more details.

Let H:= (HW, ..., H™) be a vector of functionals of the Poisson process 79(
(DzHW, ...,

and H® € dom D for all i € [m]. Denote D;H :=
(D2 . HD ,D%@H(m)) for &, %1, &9 € X and define

T1,T2

oy 1
" ‘<Z/XS (D, HO (D, HO)R) R (B(DE,

(Dgz,xgH(i)f)%)\B(d(fﬂh T, xs))>

49

if d =2,

if d =2,

if d =2,

Csecond + 2Ep (10g n)_EQ, if d> 3,

H(i))2

1
2

)
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Hy2y L
. (Z / 2 L HOR(D2 L HOY)
3,7=1 X3
1
2

< (B(D2, , HO(D? H<J>>>2A3<d<x1,x2,x3>>>,

1,23 T2,Z3

g 1= Z/XMDQEH(@')PA(M),

e < 3 / E(Ds HOY M (dar) + 6 / (E(D2, ., HOY")3 (B(Ds, HD)')
ij=17% X

NG

Ndor,2) +3 [ (B, 5, 1O))HE(D2 x2H<j>>4>%A2<d<m1,xg>>) ,
X?

m
3
= (3% [ (Blon, msos,  saolIDn I + D2, H)'

Z1,23
ij=1
N
% (D, | + 1D, 5, 15 |Ds, HO 2 Dy, HO2)
X (B| Dz, HO[| D, HOP) S X (1, 2, 3))
m 1
3 3\3
+3 /X (E(IDz, | + | D2, 2, HI)3 (|1 Ds H| + |1 D2, ., HI)F)*
1,j=1
b5 i 1 i i 1
(5 A2, 2, HOPIDE, 5, HOP) (BIDs, HOPlDs, HOP)!
9 i 1 1
+ GEID2, o HOP|DE, 1, HOP)} (BIDE, o, HOP|DE, o, HOP )

-

)\3(d(a:1, 9, .733))) 57

3
= (35 [ (B, o, meolI1Ds I 10, B

7] 1 fElfL‘
2
3 i) 3 )13\ 3
% (| Da H2 4 | D2, 5, H|[%)F | Ds, HO| 2| Doy HOJS )
(E|Ds, HOP|Dg HD)3 X (d(21, 23, 25))
1
3 3\ 3
+ Z / E(| D, HI? + D2, 2, HI%)% (| De, HI? + | D2, 2, HI)F )
i,7=1
135 HOPB (0)3y3 O ()33
x| g (BIDZ, 5, HYPIDZ, 5, HYP) 3 (B Day HY | Day HY) 3
27 ()3 1 ()13\ %
< EIDZ, 5 HOPDZ, 5 HOP)s (BIDF, 5, HOP|DZ, 5 HO) )3

NG

)\3(d(a:1, 9, .733)))

We note here that by a slight abuse of notation for the sake of brevity, in the expressions of ~;,
1 < ¢ < 6 above as well as in integrals in the rest of this section, we write &1, Z2 and &2 to mean
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(x1,myz,), (x2,Mmy,) and (z3, my,) respectively, i.e., we integrate only over z,z2 and x3, while
their marks are random, and are integrated as part of the various expectations in the integrands.

Theorem 5.2 (Schulte and Yukich (2019) Theorems 1.1 and 1.2, and 4.5). For H := (H(, ... H™)
a vector of functionals P(\) with E[H®] = 0 and H" € dom D for all i € [m], let v;, 1 <i <6
be as above. Then, for a positive semi-definite matriz ¥ := (U”) —1 €ER™ x R™, we have

m2

m i m
d3(H»N2)S§Z|0ij—COV( HO HD)| 4+ my + 52T

3,j=1

Additionally, if 3 is positive definite, we have

1 e © g0 -1 3
da(H, Nx) < S YoplIZN18 Y |05 = Cov(HY, HD)| +2[[S7|0p |2 187

1,j=1

\/%

1
+ 12 HoplIZldo72 + %7 1||0pHEHOP’Y3v

and

dewlH, N5) < 941m° (IS g v [5712)3,)

(2

,j=1

Oij —COV(H(i),H(j))‘ V7 \/...\/"}/6),

where XY/2 is the positive definite matriz such that XY/2%Y2 =% and $=1/2 .= (21/2)~1

5.2.2 Proof of Theorem 3.2

The key idea of proving Theorem 3.2 is to bound the terms v;, 1 < ¢ < 6, appearing in Theorem
5.2 by combining properties of region of stabilization, Assumptions (R1)-(R4), (T) and (M) with
po = 4. We start by noicing that by Holder’s inequality, for ¢ € (0,4 + p/2) and ¢, 91,92 € X, we
have
p/2
E|D,FO|7 < (E|DyF® [“+7/2) 5 P(D,F) # 0) w7 (5.19)
and

4+p/2—q

E|D? 09 < (B|D2, , FO| P2y imm (D2, | F) £ 0) e (5.20)

91,92 n g1, yQ

The following result, whose proof is immediate from deﬁmtlonb reveals the connection between the
cost functions Dy Fy, () , D2 o Fn ) and the score function §n for i € [m] and n > 1.
Lemma 5.8. For §,71,92 € X, i € [m] and n > 1,
Dy ED(P(N) = €05, PV +85) + Y Dyl (2, P(3),
zeP(A)
and
D3, 5 ES(P(N) = Dy &7 (92, P(N) + 652) - Dgzgg” (1, P(N) + 65,)

yl:y2
+ X Dhab)EPA).
2eP(A)

o1



The next lemma implies the cost operator Dy vanishes if 7 is outside the region of stabilization.

Lemma 5.9. Let Assumptions (R1)-(R4) hold. For 4,951,752 € X, i € [m] and n > 1, we have that
if9 ¢ B (2, P(Y) +65),
Dy (2, P(A) + 6z) =0,
and if {§1. 52} S By (2, P(3) +05),
D2 &9z, P(N) +6z) = 0.

Proof. According to Bhattacharjee and Molchanov (2022, Lemma 5.3), for the marked Poisson
process Ppg and all i € [m], the result follows. O

Lemma 5.10. Let Assumptions (R1)-(R4) and (T) hold. For y,y1,y2 € X, we have
P(DgF{ #0) < £ (y) + 95 (),
and

F(z) 75 O) < efrg)(yg,yl) + 677"%)(@/17?/2) + q(l) (yl,yz)-

n

P(D?

1,927 n
Proof. According to the Mecke formula, (3.15), (3.18), Lemma 5.8 and Lemma 5.9, we have

B(DyF)(P(N) # 0) < PED (@, PN +6,) #0) +E Y 1, 0
zeP(A)

kKO (y) +n | P(Dgeld (2, P(X) + 65) # 0)Q(d2)

(2,P(A)#0

IN IN
>

D (y) + 989 (y),

where the last inequality follows from the fact that 0 < ( = p/(40 + 10p) < 1. Similarly, the Mecke
formula, (3.12), (3.14), Lemma 5.8 and Lemma 5.9 yield

P(Dy, 5 F (P(N)) # 0)
< ]P)(Dzhgr(f) (gQ’ P(j‘) + 692) 7& 0) + P(Dﬂzfg) (glv P(j‘) + 5371) 7é 0)

TE D, 1p

T DZ 0 (2, P()#£0
zeP(})

< e o) 4 el o | B(Dy g 0(5, POV + 85) # 0)Q(d2)

S

< 6*7'7(’5)(9271/1) + e—n(f)(yhyQ) + qr(f) (y1, yg).
O

Lemma 5.11. Under Assumptions (R1)-(R4), (T) and (M) with po = 4, there exits a constant
Cp € (0,00) depending only on p such that for alli € [m], n > 1, y € X and n € N with n(X) <1,
we have

BID, O (P() + )72 < Gy (MO 0)*/2 + KO ()1 + 6 (1))
< CpGg) (y)4+p/2'

92



Proof of Lemma 5.11. The proof of the first inequality is an extension of a result by Bhattacharjee
and Molchanov (2022, Lemma 5.5) to the marked Poisson process P()), noting additionally that
the intensity measure nQ = nQ ® Qu assumes a product form due to independent marks, and
hence the marks can be integrated using the Cauchy-Schwarz inequality. The second inequality is
stratghforward from Lemma 6.1. O

Now, we are in a position to prove Theorem 3.2.

Proof of Theorem 3.2. According to Theorem 5.2, ds- and ds-distances only involve 7;, 2 and 3.
We begin by bounding ~;. ' '
For i € [m], let H® := (gﬁf))—lﬁé’). By Holder inequality, for ¢, 5 € [m],

(E(Ds, FY(Ds, )% < (B(Ds FY)'): (B(Ds, FY)'):, (5:21)
and
1 i 1 i 1
(E(D3, 5, 132 (D3, 5, F0)%)? < (B(DZ, 4, F30)) 3 (B(D3, 5, F37) )5 (5.22)
According to (5.19) and Lemma 5.11, we have
(E(Ds, FP))E < (BIDs, F[“#/2) 57 B(Dg, FY) # 0)52H
1
<y GU) (). (5.23)
Similarly,
(E(Dihng(Z)) )% (E’Dxl xg (Z) ‘4+p/2) 4-;?/2 P(Di1 (LgF(Z 7é 0) 32+4p * (524)
By definition,
D}, 2, B (POV) = Day B (P(X) + 035) = Diy F{P (P(V))
= D, ) (P(A) + 85,) = Day i\ (P(N))
Consequently, by Lemmas 6.1 and 5.11, we have
E|D3, s, F\) (P(A)[ 172
< P2 (E| Dy, ) (P(A) + 82,) [P/ + E| Dy, D (P(V))[*7/2)
< 24+p/20pG£Li) (x1)4+p/2’
as well as
IE|DZ,1 o F l)|4+p/2 < 24+p/20 Gl () (5)4+P/2,
Therefore, according to (5.24) and Lemma 5.10, we obtain
I ,
(B(D2, 5, F{)")5 < 205777 (G (1) A G (w3)) (D, 5, F) # 0)574%
1
< 26,7 (G (21) A G (w3)) (63”“”%”1’ )
+qg>(x17x3)ﬁ) . (5.25)
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Combining (5.23) and (5.25), and recalling (3.17), we obtain

m

4 7
3 <ACTT S @) e [ (n [ 6Pt (ewﬂp”(“’“)
] X X

(i) . 2
e (015) 4 gl <H>> @(dx1>> Q(das)

2
7‘77177‘
a4 m ”Q<ﬁgpﬁ>

< W .
4G Y — G o (5.26)
3,j=1 (Qn On )
Using (5.25) again, we obtain
) 2
2 72 - nQ( 1’1{6’7’[3)
P
v2 < 16C, Z OO (5.27)
i,7=1 (Qn On )
As for ~3, note that by letting ¢ = 3 in (5.19), we have for i € [m],
E|D:FO < (B|Ds FQ[/2) T B(Dy FS) # 0) 0
Arguing similarly as for (5.23), by Lemma 5.11 we have
E|DF{[* < (E|Ds FY) |/ T P(Ds FD # 0)55
3
< Gy GO (@) P(D;FY # 0)54
3
< Gy PG (@) (5 () + g ()"
Therefore, we obtain
3
7 < cp“”” / G () (s (2) + 9 () Q)
. m nQ ((Hn +gi)s (Gﬁf)) )
4+p/2
<G, Z o . (5.28)
=1 (Qn )
Combining (5.26), (5.27) and (5.28) and invoking Theorem 5.2, the result follows. O

5.2.3 Proof of Theorem 3.3

Since deyx is a distance with non-smooth test functions, it requires relatively stronger assumptions.
We now take pg = 6 in (3.13). Again, we make use of Theorem 5.2 with H(®) := (gﬁf))—lﬁﬁ) for
i € [m]. Note that the bound on dey involves three additional ~;, i = 4,5,6 compared to the bound
on do and d3. We will need a slightly modified version of Lemma 5.11 as stated below in Lemma
5.12, whose proof follows from that of Lemma 5.11 by observing that 6 +p/2 =4+ (2 +p/2).

Lemma 5.12. Under Assumptions (R1)-(R4), (T) and (M) with py = 6, there exits a constant
C), depending only on p such that for alli € im], n>1, y € X and n € N with n(X) <1, we have

E|DyF\) (Pag +n)*17/2 < C, (MT(L“ )2 + h{ (y) (1 + g (y)6>> < CpGY) (y)oTP/2,

o4



Proof of Theorem 5.3. We start by bounding ~;, ¢ = 1,2,3 in a similar way as in the proof of
Theorem 3.2. By considering similar (changing pg = 4 to pp = 6) Holder inequalities as for (5.19),
(5.20), (5.21) and (5.22) in the proof of Theorem 3.2 and using Lemma 5.12, we have for i, j € [m],

(E(Ds F))} < (E1Day FPI AT, FD 00575
< Ce+p/2 G( )(fﬁl)

1 . .
(E(DZ, 5, FO))E < 20577 (G (1) A G (23) B (D, 5, FY) # 0)75

£1,T3

_4+p

1
< 20176+p/2 (Gﬁf)(m) /\G,(f)(xg)) <6_4gi4p i (w3,21) + e TSP i (@1,23)

(i) i
+q, (x1, x3) 5+ ) (5.29)
and

E|D;FOPP < E|DyFW(0+P/2)552p( D, F + 0)1245

< C;”T/QG;)( PPP(DzFW 0)63
< GTPT G (2P (64 () + 00 ).
Combining all the bounds above and recalling (3.17), we obtain
2
oo 50)

W.s < 16CT Y
i5=1

CRDE

and

. . AN\ 3
. (0 + a0 (c))
v3 < Cp P 4 :
i=1 (Qn

Next, we proceed to bounding the remaining terms ~;, ¢ = 4,5,6. First, we focus on 4.
Appplying Holder’s inequality as before and using Lemma 5.12, we have
B(D:F)* < (BIDSF() 04/ B(DLE) 4 0)5F
< G Gl @) (DL 2 0)

< 06”/2 G (@) (P (y) + 9 (2))*° (5.30)

n

Thus, by (5.29) and (5.30), we obtain

m nQ <("€n +9§L))6B (Gg)>4>

C6+p/2 Cﬁ Qf2 QJgEZ))B
"2 mZ G

(on”)* i,j=1 (on’0i’)?
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Next, we turn to 75 and 7. By Lemmas 6.1 and 5.12, we have

m
E||DsFo |72 < m™ 57 3 E|DFO G0/

i=1
44p/2 s
D
<m 2z CpY GW(x)5tr?, (5.31)
=1
and
4+4p/2 .
E|D3, 5, Ful /% <m™> ZEIDxlx FD(6+0/2
=1
6+p/2
< m* 32954020, Z < (z1) A G“)(xg)) . (5.32)
=1
Then, by the Holder inequality (noting that 12’1}9 +2 X 5 +2p +2 X 12‘1}) + ﬁ =1, the last power

being for the factor one), we have

3
Elp: | 002, Foro([DaFull +1DZ, 4 Fnl)

z2,Z3

3 3 iV 3
 (IDsaFoll D2, 2 Fol) D FOO 1 Dy O
3 3
S Bl puro 0, ropol 1 Da Pl + D2, 5 Fall®)
< (IDssFull? + 1102, 5, Full )| Ds, |3 Dy FSV

SP(DZ, ;. Fn #0,D3,  Fp # 0) ™%

£1,%3

« ((B1Ds, P [F72) 7575 + (| D2

Fn||6+p/2)m)

£1,%3

((EHD F H6+p/2>4(6+p/2) + (E|D2 n||6+p/2)4(6+p/2)>

2,3

X (E‘DilFrg’i)|6+P/2)2(6+p/2) (E‘D@Fr(bi ’6+p/2)2(6fp/2)_
Plugging in (5.31) and (5.32) and by Lemma 5.12, we have

3
Ellpz . r.z0.02, , Foro([DeFull + D3, 2, Fnll)?
3 3 3
% (|DayFoll + ID2, 5, Ful) 7| Day F9 |2 | Dy FO |2
<P(DZ .. F, #0, DWF £ 0)2

£1,T3

3
% m402(6+p/2) ZG(l xl Z Z l

=1 =1

.Mc.o

(I

SRR

< mi C 6+p/Q)P(Dil 5 Fn #0, Dm 2 Fn # O)ﬁGg)(fﬁl)%Gg)(m)

x Z G (1)1 Z GO (22)1. (5.33)
=1 =1

Also, we have by Lemma 5.12,

(EIDs, P P|Ds, FY))F < (EIDs, FD[*#/2) 507 (E| Dy, FD| /%) 5072
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2 ,
< Gy PG (21) G (w2). (5.34)
Therefore, by writing vg’ = 751 + 7¥5.2 for the first term and the second term in 5, we have by
(5.33) and (5.34),

m

V5.1 S \/RCI?‘LLP/2 Z (Z(Q%S))—l)(gg))%(gg))—Q

ijl=1 s=1
2
X n / <n / GO (21)GP (21)GY (21)2P(D2, 4, F. %o)saiw@(dxl)) Q(dzs), (5.35)
X X

where we have pulled the sum out of the integral, and used the fact that

a5 Rl = (e 20sr ) < () (osr) )

=1 =1 i=1
< (32 D FOR) < (o)) IDsFll,
=1 =1 =1

which also applies to D2 . F,,. Moreover, note that

£1,%3

P(D?2 36+3p < ZP 1.5 PV £ 0) 36430 56435 | (5.36)

I 13

Consequently, according to (5.35) and (5.36), we have

m

o ST S (S ) el

iglt=1  s=1
. ) 1 P 2
n [ (0 [ G0 @NCY )G (1) PDE, 1, FY £ 05 Qo)) Q).
X X

where we have pulled the sum (over the probabilities) out of the integral resulting in the extra factor
m by Lemma 6.1. Similar arguments also yield that

752<m206+p/2 Z <Z ()~ > o) 2 (o)

1,7,l,t=1 s=1
) : 1 P 2
n [ (0 [ G0 @NGY )G (1) P(DE, 1, FY £ 075 Q1)) Qldzs).
X X

Combining the bounds on 51 and 752, we obtain

BEmicET 3 () el )

ijlt=1 s=1

/( /G (21)G JI1)G(1)($1)%P(D§M3 7’50)72+6p(@(d1’1))2@(da:3)

<f(1j,l,t )2
<m 206+p/2 Z Z 111/2,3 '

3,7,0,t=1 s=1 )

o7



Similar to 75, one can derive

i S mi e ZmI (i(&(f))_l)2(955))_2(955))_2

ijlt=1 s=1

/ ( / G (@) G (@) G (@)P(DF, g, Fy #0>72+6p@<dx1>>2@(dx3>

e $ (§< 07 02 (150
i,j,lt=1 s=1
iglt)) 2
< m306+p/2 zm: Em: e (fl’lj’l’;)

1,7,l,t=1 s=1 QTL Qn n )

where in the last step, we use the Lemma 6.1. Putting together all the bounds on ~; to v above
yields the desired conclusion. O

5.2.4 Proofs of results in Section 3.2

Additional Notation: For ¢ € R, b := (b(l),...,b(d)) € R% and ¥ : R — R, we write ab :=
(abM, ..., ab D), a4+ b := (a4 bV, ... a+bD) and (b) := (Y(OWD),...,(d®D)). Let I be a
subset of [d] and denote by z! := (2());c; the subvector indexed by the set I. We also write
I¢ = [d\I.

Given a target point zo € RY, recall from (3.2) the random forest estimator at zo associated to
k-PNNs for some k& > 1, which is given by

7nn,k,w($0) = Z an(l‘())]lmeﬁn,k(zo)yma
(z,€2)EPng

Particularly, for the case (3.4) with uniform weights, we have,

]laceﬁn (
Tnk(20) = Z ﬁ’;x;)yw:
(x,£0)EPny n,k 0
where Yz = r(x,€,). As mentioned briefly in Section 3.3, 7, 1w (20), n kx(20) can be viewed as

sums of score functions of the marked Poisson process P,y with intensity measure nQ ® P, where
Q has an a.e. continuous density g on R?. Given a target point zy € R?, we can consider the score
function &, associated to 7, ;4 (x0) given by

é.n(jja 77) = an(:EO)n)]leEn’k(:vo,n) Yz, 0 7& ne N753 €n,
while in the special case of uniform weights in 7, (o), the score function becomes

]1'1176[%,1@(370777)

é‘n(ja 77) - Ln,k(aj07 77)

Yz, 0#neN,Te€n.

By the definition of k-PNNs, it is straightforward to see that the score functions above are region-
stabilizing in the sense of (3.11) with the region of stabilization given by

(i) = {Rect(:co,a;) x R, if n((Rect(zg,z)\{z}) x R) < k

. (5.37)
&, otherwise
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for n € N and & € n. Therefore, we aim to apply the theorems in Section 3.3. Throughout this
section, we shall omit A4 in integrals and simply write dz instead of A\g(dz). It is straightforward
to check that Assumptions (3.10) and (R1)-(R4) are satisfied for this score function and the region
(5.37). For n € N with n(R? x R) < 9 (since pp = 6 here), and z € R? recall that P, :=
Prg + O(z,e,) + n- By independence, for any p > 0 we have

HWTLZ’ ($0, ,anﬁ)]leﬁn,k(xOsz,n)yx

Le+p
1/(6+
< (Ep€|7“(€m,.7})|6+p) /(6+p) sup ‘|an(x0,7);pm)|’[/6+p,
(z,n):[n|<9
and

Loer, b (w0 Pz,n) 6p T 1
ko Pea), | < (B, fr(eg, @)) TP sup [ (5.38)
H Lo (@0, Pay) Létp ( ' ) @a):lnl<0 | Lo (20, Pan)

Le+p

Since Ly, (0, Psy) > 1 for all  # xp, Assumption (M) is satisfied for & # xo with pp = 6 and

M () = Qure (o), (5.39)
where
sup  ||[Wha(zo, va”)HLgﬂ, for 7y k,w(20),
QO - (zm):|n[<9
! sup || Lngo(20, Pasn) " llzgy,  for rnp(zo),

(,n):In|<9
. * . 6+p 1/(6+p)
which does not depend on z, and 7§, ,(z) = (Ep,|r(es, z)|°P)

for 7,9 € R? x R,

. Also, from (5.37), we have

J
(2)dz (n fRect(a;,acO) g(z)dz)
7l

k—1
P(g € Rn(fb,Png +9z)) = Z ]lyERect(zo,x)e_nfRe“(ﬂWo)g
i=0

= ﬂyERect(xo,x)¢(nv ka xo, {L'), (540)

where for notational convenience, for n, k > 1 and zq, z € R%, we define

v(n, k,zp,x) =P (Poi (n/ g(z)dz) < k)
Rect(xo,z)

J
)dz (” fRect(x,zo) g(z)dz>
J! '

[y

-n fRect(zO,z) g(z

e (5.41)

0

<

Noting that for any ¢ > 0 and 0 < j < k—1, et/ < j!, so that e~ (1=U+2"DE(1— (j4+2)"1)t)d <
4!, we obtain

(2)dz (" JRect(a.z0) 9 (Z)dz)j

z)dz
7! '

ein fRect(z,zo) 9

S (1 _ (] + 2)_1)_jeij%nfRect(z,zo) g(

29



Note that (1 — (j +2)~1) ™7 < e//U+2) < ¢, Therefore, we can upper bound the probability in
Assumption (T) as

k—1
P(jj € Ry(&, Png +0z)) <€y ¢ 72" rect(a,n) 9Nz . =rala) (5.42)
j=0

when y € Rect(zg,x), while we take r,(x,y) = oo otherwise. Therefore, Assumption (T) is also
satisfied. It remains to estimate the quantities appearing in Theorems 3.2 and 3.3.

To this end, we first introduce a function that will play a key role in the estimation. For an a.e.
continuous function ¢(z) : R? — Ry with [ ¢(2)g(z)dz < 00, a,s >0, d > 1 and z € R, define
the function cq sz, : R? & R as

—as z)dz
Cousz0 (4) = 3 /R Myerect(apare et T g(a)g(a)de, (5.43)

where we suppress the dependence on ¢ for ease of notation. Observe that c, s 4, has the following
scaling property: for all a, s > 0,

Ca,s,xq (y) = a_lcl,as,aco (y) (5.44)

Therefore, we will often take o = 1 without loss of generality. While a similar function was also
studied by Bhattacharjee and Molchanov (2022, Section 3) in the context of minimal points, it is
important to emphasize here that we relax several assumptions made therein. For instance, we do
not require a uniform density g on a compact set [0, 1]d, and consider instead an a.e. continuous
density g on R%. The way we deal with such a general density is to divide the integral over R? into
one over a suitable compact hyperrectangle A which we choose to be a neighborhood of the point
g, and another integral over its complement A°. For the integral over A, we can apply similar
arguments as done by Bhattacharjee and Molchanov (2022, Section 3), since up to finitely many
rotations, translations and scalings, any hyperrectangle in R is “equivalent” to [0,1]%. On A°, we
bound the integral over the coordinates that are within the neighborhood and those outside the
neighborhood separately.

For € > 0, we write the m-dimensional vector € := (e,...,€). Note that we can choose a set
A C R? with Q(A) = 1 such that for 79 € A we have g(zo) > 0 and ¢(z), g(z) are continuous at
xg. For such an zp and 6 € (0,1/2 g(xp)), by continuity, there exists € := e(xg,d) > 0 such that for
x € Rect(xg — €, 20 — €),

6(x) — d(xo)| <0 and [g(x) — g(zo)| < 6. (5.45)

Also recall that for z € R% and j € [d], we denote 2! := (™), ... 20)). For j € {0} U[d] let
Ce(x%) = :E]a + [—e¢, €}/, where j denotes a j-tuple with elements in {0} U [d].

Lemma 5.13. Let 29 € A be as above and 6 € (0,1/2 g(xp)). Then there exists € > 0 such that for
all o >0 and n,d, k > 1, we have

oot 1)t ma (4) < e~ 0D o0 -9t / $(2)g(x)dz

d n(g(z) =8I\, J
AD; (k41 a2 Y sy
DI (55X
j

60



. <a (”(9(932)—; 15)6d_j> Yl — xé|> |

7—1
X ( +1> ]lylecg(x%)’

where ) denotes the sum over all of j-tuples in [d], and for j € [d], D; > 0 is a constant depending

only on j, while Aj = A(j,€) > 0 is a constant depending on xo, j, €, ¢ and g. In particular, we can

take Ag == (¢(zo) + 0)(g(x0) + 9).

Proof. Fix g € A, § € (0,1/2 g(xp)). By arguments similar to Biau and Devroye (2010, Proof of
Theorem 2.2), for n > 0,

—-n z)dz
Cl,n,z0 (y) = n/Rd ]lyERect(:vo,:v)e fReCt(z’zO)g( ) d’(l‘)g(l’)dl‘
—n [ yeneatrome " e O o a)g )
Ce(zo)

T / LycRect(zoaye " Rect0) 9% 6 () g () da
RAN\Ce(z0)

=:c1(y) + c2(y),

where Ce(z9) = CE(Z‘%) = Rect(xzo — €,20 + €). We first bound ¢1(y). Fix ¢ € (0,¢(zg,9)), and
denote Ay = (g(xo) — 5)5 Let Ay € (0,00), depending only on zg, j, €,¢ and g, be such that
¢g is uniformly bounded by Ag on Cc(x). In particular, By (5.45) we see that we can take Ay <
(¢(x0) + 9)(g(zo) + 0). Thus we obtain

Cl(y) S Adn/ ]lyeRect(:vo,ac)e_n(g(xo)_é)lx_xo‘dl‘

Ce ($0)

= Adn/ ]ly—mOERect(O,ac)e_n(g(mO)_éﬂz‘dl‘
Rect(—¢,€)

Ay

——=<n
g($0) -9 Rect(—Age,Aq€)

LA (y—0)eRect(0.0)€ " " dz.

First note that c1(y) = 0 for y ¢ Ce(wo), since the indicator 1ycrect(ay,z) in the first step is then
always zero. Also note that the indicator 1 ,(y—z)eRect(0,2) €nforces that z in the integral can only
be in one of the 2¢ orthants. Let abs(y) := (I9"])iefa) denote the vector of absolute values of the
coordinates of y € R%. Then, by symmetry we obtain

Aqg
—=N
g(.l‘()) =9 0<x<Ag€

(¢(z0) + 6)(g(x0) +6) / .
: I . A
B g(zg) =6 n 0<2<A e abs(Aq(y—zo))ERect(0,2)€ dx (5.46)

C1 (y) < ]labs(Ad(y—xo))GRect(O,:v)e_n|$‘dm

Next, we note the following inequality which is due to Bhattacharjee and Molchanov (2022, Lemma
3.1): for a > 0 and n > 1, there exists a constant D > 0 depending only on d such that

D
n / 1,0 e oldz < 2 emenlsl2(1 1 |log(anly))|* ). (5.47)
[0,1] a

Using the transformation # = (Age) !z in the first step and (5.47) in the second (replacing n
by n|Aqe| and taking y = e !(y — z0)), from (5.44) we obtain

—nl|x
n/ ﬂabs(Ad(y—mo))ERect(O,m)e | ‘dJU
0<£B<Ad6
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—n|Aq€||Z] 74
= n|Ade]/[ " Lo<e—1 abs(y—ao)<7€ |AqellZ] g7
0,1

< De Al mr0l/2(1 4 log(n| Agelle ™ (y — o)) *1)
— De—"Aa(y—=0)|/2 <1 + | log(n|Ag(y — xo)md—l) . (5.48)

To bound ¢y, we argue similar to Biau and Devroye (2010, Proof of Theorem 2.2). Note that

d—1
RN\Ce(z0) = | J Cj. (5.49)

J=0

where, Cj, j € {0} U [d — 1] denotes the collection of all y € R?\C¢(z() which have exactly j of the
d coordinates within an e-neighborhood of the corresponding coordinates of zg. By symmetry, for
each j € {0} U[d — 1],

¢ =UJa, (5.50)
J

where the index j runs over all ( ) possible j-tuples in [d], and C; = CIO denotes the collection

of points for which the coordinates in j are within an e-neighborhood of those coordinates of xg.
Denote the function

(¢g);(2?) := o(x)g(x)dz! N\,

Rd—J
For € = €(x0, d), note that for each j € {0} U [d — 1], there exists A; € (0, 00) depending only on zq,

Jj» €, ¢ and g such that the functions (¢g); are uniformly bounded over Ce (x%) by A;.
Considering the integral in cp over Cy, by (5.45) we have

—n z)dz
[ Byt e O @) o)
0
-n z)dz
< n/ ﬂyERect(xo,x)e fCE(zO)g( ) ¢($)g($)dl’

Co

< ne~(9(w0)=0)e! /R [ O(x)g()da. (5.51)

Similarly, for j € [d — 1], one may write

-n z)dz
n/C ]lyERect(xo,x)e fReCt(z’zo)g( ) ¢($)g($)d$
J

—-n 2)dz
= /C Lyeect(aom)€ "Rt o0 9% 6 () g (2)da
i J

—j O]

} : —n(g(20)=0)e? 7 []je; [V —ay |

<n / ]lyERect(xo,a:)e & ?
—Jey

—nlalzn)—38)ed—i ) w(l)_m(l)
< nZ/ (z y J€Rect xo,xf)e o Hlel‘ |(¢g) (x])da:j
€ o

¢(z)g(x)dx

where in the final step, we have integrated ¢(z)g(x) over the coordinates [d]\j. We again note that

the integral inside the sum is zero when yl € Ce(x%)c. Thus, the sum is zero when the number
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of coordinates i € [d] where y(¥) € [z QR xéi) + € is less than j. Since each (¢g); is uniformly

bounded by A; over Ce (ZL‘O) letting A; := (g(xo) — 5)%, arguing sumilarly as for ¢, we obtain

—n(g(xg)—05)ed—I .1’<)—:(;(l>
”/ 1yeneetzome 00 0 e #0700 002 da

7
(l)|
dxl

< Ajn L, i ein(g(xo)f‘;)ed_j [T |2 —aq
- c(2d) yLeRect (z3,aL)

= fj ; —n(g(20)=8)e? I [Tye; 12D ;
— A]n /[O e]j ]labs(yl_wé)eRect(O,q;Z)e J dl'7

A —nlzd| 7.7
~ (g(@o) - 5)6d_jn/[oa-ed/j]j Labstyiahyereatoaaste-apan® W (5:52)
]
Note that the integral in the last step in (5.52), when we take j = d, is exactly the same as the
integral in (5.46). Therefore, a similar argument as used in bounding c¢; can be applied here, and
we obtain for j € [d — 1],

n / ]lyERect(xo,x) e fRECt(I’IO) g(Z)dz¢(x)g($)dx

Cj

A;Dj —n|A;eld=)/d (yi g N ; -
>~ (g(xo)j_ ;‘)Ed—j Ze lA] I (yL 0)'/2 (| log(n|A]e(d ])/](yl — :1;‘76)|)|] 1 + 1) ’ (553)
J

where the constant D; € (0, 00) depends only on j by (5.47). Now, combining (5.51) and (5.53), we
have

CQ(y) < nefn(g(xo)fé)ﬁd dl. + Z d Z e—n‘Ajg(d*Jv)/j(ylfx%)‘/Q
o —J
Jj= 1 J
“( log(”‘Aje(d_”/ Kol 1) ety (5.0

Combining (5.46), (5.48) and (5.54), the result now follows by (5.44) upon replacing n as a(k +
1)~ n. O

Remark 5.2. We will often make use of this translation yl — a:% and the scaling 1/e, as done
in the proof of Lemma 5.13 above in various similar integrals in later proofs: up to the term
ne~o(k+1) " n(g(wo)~ f o(x)g(x)dz, fory ¢ Ce(xo), the terms in the sum in the bound in Lemma
5.18 are obtained from lower dzmenswnal versions of can,z,, where we upper bound the integral of
¢g over coordinates that are not within an € neighbourhood of the corresponding coordinates of xq.
This approach enables us to make use of some results by Bhattacharjee and Molchanov (2022) in
the setting where X = [0,1]¢ and g is a uniform density.

For a,s > 0, d € N, define another function ¢, s : R — R as

as(0) = 5 / ¢ Iretonnn) 1% (2)g (@) da,
R4

where the function ¢(z) : R? — R as before is a.e. continuous with [p, ¢(z)g(z)dz < co. As for
Ca,s,z0, the function ¢, s also satisfies a scaling property. Consequently, we will often take o = 1.
Below we use the notation Oy to mean that the constant in the O term may depend on § (it may
also depend on other parameters and functions, such as «, g, ¢, xg, which remain fixed for us).
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Lemma 5.14. Under the same setting of Lemma 5.13, for all n,d > 1 and o > 0, we have

éa(kJrl)—l,n(xO) < ne—a(k+1)_ln(9(x0)—5)ed /Rd @(ﬁ)g(&?)dl‘

a1 () (e (52577)

where Aj for j € [d] is as in Lemma 5.13. Moreover, for fited 0 < 6§ < 1/2 g(x¢), we have

d
+
Jj=

Eaths1)-1m(@0) = (k +1)O; <logd_1 <ka1>> . (5.55)

Proof. We follow a very similar argument as in the proof of Lemma 5.13 and also use notation
introduced there. For s > 0, write

E1n(20) =7 / ¢ resstno) SO (0 g ()
Rd
:”/ ¢ " recttaizo) X g (3) g () da
Ce(o)

+ n/ e M Irect(esg) 9% (1) g(x)dz
R4\Ce (o)

= ¢1(xo) + E2(o).

Arguing as for bounding ¢; in the proof of Lemma 5.13, with A; as therein, we have
Aq

g(xo) — 6n 0<z<Ag€

a(¢(z0) +0)(g(zo0) +9) o—nlel g
=2 g(z0) — 0 /()<x<Ade o (5:56)

where the additional 2¢ is due to identical integrals over the 2¢ different orthants. It is well known
that (see, e.g., Bai et al., 2005) for n > 1 and d € N.

¢1(xg) < 24 e "7l dy

n/ ez = O(log?~ ' n),
[0,1]¢
Similar to the proof of Lemma 5.13, by the transformation & = (Age) ™'z, we obtain
n/ e 7l dr = O(log?™ (nA%e?)) = Os(log?~! n). (5.57)
0<z<Ag4€

Next, we bound é3(zp). Note using the same notation as in (5.49) and (5.50), arguing similarly
as in (5.51) we have

n/ e_"fRect(zyzo)9(z)dz¢(x)g(:n)d1: < ne_"(g(xo)_‘s)ed/ o(x)g(x)dz. (5.58)
Co Rd

For j € [d — 1], the argument for C; also mimics the same in Lemma 5.13. As in there, one may
write upon integrating ¢(z)g(x) over the coordinates [d]\j and bounding (¢g); by A; and letting

A;j = (g(wo) — 6)7, )

”/c ¢ Inectna MO o 2) g (@) de

J
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_j 0}
<ny / ol e 1O (5 (8 g

< _ o] g 1], 5.59
~ (g(xo) — d)ed ! /[o,Ajed/j]j ‘ v (5.59)

Note that the integral on the last inequality (5.59) is exactly the same as the integral in (5.56) when
j = d. Therefore, arguing as for bounding ¢; above, we have for j =1,...,d — 1,

nf (2)d 27 (YA, : :
n/ e " Rect(aw0) IV (1) g () da < J O(log]_l(nA;ed)). (5.60)
¢

; (9(zo) — d)et

Combining (5.58) and (5.60), we have

) d—1 9i C.l)Aj . A
Go(20) < me 9@ =0 [ gy g (x)d + Y —O(log/ ! (nAle?)). (5.61)
Rd = (g(z0) = 0)ed=J
The result now follows from noting that 6a(k+1 -1 p(z0) = (B+ )a‘lél’a(kﬂ)_ln(aco), by replac-
ing n as a(k + 1)"'n and combining the bounds in (5.56), (5.57) and (5.61). O

Denote by I, C [d] the coordinates i € [d] with (¥ > 0, so that for j € [d]\I,, z9) < 0.
Define Rect(z, OR?) := Hi61+7jeli(—oo,x(j)] x [2(), 00) as the "hyperrectangle" defined by x and

the boundary of R%. Let A,,(x) denote the set of points in R? which are in the same orthant as
r € R? wr.t. 29. For x1,29 € R? with x5 € A, (1) (ie., #1 and 2 are in the same orthant
w.r.t. 29), denote by (21 V 22)z, the unique point in Rect(z1, OR?) N Rect(z2, OR?) # @ having the
minimal distance to xp. In particular, when zo = 0 and z¢ < 1, x2, we have (z1V z2)z, = 1 V 2.

In the setting when g is uniform on X = [0,1]? and ¢ = 1 on X, all three bounds in the following
result follow according to Bhattacharjee and Molchanov (2022, Lemma 3.2). Here, we extend these
results to the general setting we consider.

Lemma 5.15. For alli € N, a,t > 0, n,d > 2 and xg,0 as in Lemma 5.13, when k <n — 1, we
have

n /R | Calie1) 1 nao (V) 0W)g(Y)dy = (k +1)"10; (logd‘1 ((k+ 1)‘1?%)) : (5.62)

o [ (0 [ Baeagraterny s (o V i) )ol@)ato)s ) oty

— (k+1)%+ 05 (1ogd*1 ((k+ 1)*1n)> ,

—a(k+1)~ in v 2)dz ‘
n/ <n/ Lca,, (5)° ( Jreet(og,(2vizg) 92) qﬁ(@g(x)dm) g(y)dy
Rd Rd

= (k + 1)1 0y <1ogd*1 ((k+ 1)*1n)) . (5.63)
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Proof. The arguments employed to prove the bounds are similar to that used by Bhattacharjee and
Molchanov (2022, Lemma 3.2), upon using the approach outlined in Remark 5.2, and demonstrated
in the proof of Lemma 5.13. Therefore, we will only give a very brief outline of the proofs here by
using notation introduced in the proofs above. We start by proving the first two bounds. Note that
forallt >0,n>1,j€ [n] and o > 0, we trivially have

nt-i—le—ja(k—i—l)*ln(g(:co)—cg)ed = (k+ 1)t+10(5 (logd_l((k‘ + 1)—1n)> )

On the other hand, as argued in Remark 5.2, for the terms in the sum in the upper bound in Lemma
5.13, for each j with yl e Ce(x%), we can first integrate over the other d — j coordinates and then

upper bound (¢g); uniformly over C’e(:c%) by A;, and finally arguing as in the proof of (Bhattacharjee

and Molchanov, 2022, Equation (3.10) in Lemma 3.2) with s there replaced by %, we
can obtain an upper bound for the integrals of each of these summands. Since [pq ¢(x)g(z)dz < oo,
the first conclusion follows by a simple application of Lemma 6.1. The second conclusion now also
follows arguing exactly as in (Bhattacharjee and Molchanov, 2022, Equation (3.12) in Lemma 3.2).
Arguing similarly using Lemma 5.14 instead of Lemma 5.13, the last bound also follows mimicking
arguments in the proof of (Bhattacharjee and Molchanov, 2022, Equation (3.11) in Lemma 3.2). [

Before we proceed to more results related to the function cq p 4., Which serves as an upper bound
on the probability (5.40) that a point ¢ is in the region of stabilization of another point &, we present
the following lemma providing a lower bound to this probability. The result indeed shows that the
upper bounds in Lemma 5.15 which are polynomial in k£ are tight by our method.

Lemma 5.16. Let ¢ be bounded from below by a constant Cy > 0. Then for t > 0, there exists
a constant Cloy,y > 0 depending only on d, o and t such that for y € Rect(xg, ), when k < 2n, we
have:

o/ (n / <P<yeRn<:z=,7>ng+6j>>>a<z><:c>g<x>dx) 6)9(y)dy > Crowk™.
Rd Rd

Proof. Since by (5.45), the density g can be lower bounded by a positive constant in some rectangle
around xo, without loss of generality, we consider the density g = 1 ;ja and 29 = 0. Thus from
(5.40) we have

" /R <” /R (P(§ € Ru(&, Pug + 62)))° ¢<x>g<x>daz) (y)9(y)dy
-n /[071](1 (n /[071]61 ]lyERect(O@)w(n, k,0, $)a¢($)d1’> (b(y)dy

t
Z C(I;)+1n/[() 1]d (n /[0 1]d ﬂyeRECt(va)w(n7 k’ 07 x)adx> dy7

where 1(n, k, 0, x) is defined at (5.41). Note that for g being uniform and 2y = 0, the parameter of
the Possion distribution in (5.41) simply becomes n|z|. By Poisson concentration (see Lemma 6.2),
we have for z with n|z| < 1k,

oo| =

Y(n,k,0,2) >1—e 5.
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Therefore, by restricting the integral over y to region A := {(k/(4n))"/1 < = < (k/(2n))"/41}, and
noting that the volume of this region is larger than (1 — d(2'/¢ — 1))k/(4n), we obtain the lower

bound
t
n/ (TL/ ]lyERect(O,:c)qu}(na k‘,O,:L‘)adiL‘> dy
[0,1]4 (0,1)¢

Zn/ (/wnkOx)adx>dy
[0,(k/4n)1/d]d

(1 —e s)at( o d(21/d - 1)) 4t+1 it

O

Remark 5.3. By Lemmas 5.15 and 5.106, it follows that the bound on the double integral therein of
the tail probability P(§ € Ry, (&, Png+0z)) of the region of stabilization is tight in k, i.e, the rate kJ*1
cannot be improved by our method. This is due to the fact that the Poisson distribution concentrates
around its mean. This along with (5.42) results in a tail bound that is exponential decaying in n, at
the cost of having a polynomial growth in k.

Lemma 5.17. For aj, a2 >0,0< (< p,i€N, j€{1,2} andn > 2,
02D (o (avaag ) 9 ’
n /R , <n /R L Lre g ) Can (b+1) 1m0 ()" “ Hreeizo ) 9 Zg(w)dx> 9(y)dy

= (k + 1)0+Di+10; (1ogd—1 ((k+ 1)—1n)) ,

) J
n/Rd <TL /Rd ]lxeAxO(y)CC(k+1)—1,n,xo(x)zcﬁ(k+1)—1,n,xo((w \/y)xo)g(.’E)dl‘) g(y)dy
= (k + 1)1 05 <logd—1 ((k + 1)_1n)) ‘

Proof. The proof of the first bound for j = 2 is similar to the proof of Lemma 5.15 by applying
Lemma 3.4 (rather than Lemma 3.2) in Bhattacharjee and Molchanov (2022) and replacing s by

nlglwo) =0’ f j' € [n]. The bounds of As from the proof of Lemma 3.5 in Bhattacharjee and
k+1

Molchanov (2022), yleld the second bound in Lemma 5.17 for j = 2. For j = 1, the desired two

bounds follow by mimicking the derivation of the bounds of A; and A, respectlvely, in the proof of

ed—3'

Lemma 3.3 in Bhattacharjee and Molchanov (2022) with s replaced by %, j en]. O

Lemma 5.18. Fora >0,p>0,i€ {1,2} andn > 2,

i
n /R ) (n /R Acretwone e zo)g(z)d%(w)g(w)dw) 9(y)dy
= (k + 1)1 05 (1ogd*1 ((k + 1)*1n)) .
Proof. Note that when = € Rect(x,y), we have (z V y)z, = y. Thus, replacing Rect(y,xo) by
Rect((x V y)zy, o) in the exponent in the integral in Lemma 5.18 and dropping the indicator

12 cRect(zo,y), the double integral is upper bounded by the integral in (5.63), and hence the result
follows by invoking Lemma 5.15. O

67



Recall the definiton (5.41) of the c.d.f. of the Poisson distribution. In the following lemma, we
show that the function 1 (n, k, zg,z) has a localizing effect, "forcing" the integral of the product
Y(n, k,xo,x)p(x)g(x), where ¢ is an a.e. continuous and integrable function, to converge to ¢(zg)
with the rate klog?~!n.

Lemma 5.19. Under the setting of Lemma 5.13, forn,d > 2,k > 1 and k = O(n®) with0 < a < 1,
we have

24 (p(xo) — 6)(g(x0) — 9)
(d— 1)! g(xg) + 6

<n [ wlnka0,2)8()g()ds

o 20 ((m0) +0)(g(wo) +9)
~(d-1)! g(xo) =0

Particularly, taking ¢(x) = 1, there exist constants C1 > Co > 0 (depending on the parameters 0, €
and g,xo) such that

kOs(log?1 n)

kOs(log? 1 n).

Cgk:log“l*1 n <EL, k(zg) < Clk:logd*1 n.

Proof. Arguing as in the proof of Lemma 5.14, we have

n | W(n, ko, x)p(x)g(x)dx

R4
J
k-1 n z)dz
— n/ e_"fRecw:co,x)g(z)dZ( fReCt(m’.m)g( ) ) ¢(z)g(r)dz
= Jeewo) J!
J
k-1 n g(2)dz
+3n / e—nfaecmo,wwz( fRe““”t? ) (x)g(z)dz
=0 RA\Ce(z0) J:
S (n(g(0) = &)l — wol)?
< n/ o—n(9(0)—8)|e—zo| "I\ L0 - O b(x)g(x)da
o Jce@o) J!
k—1 S j
+ n/ e—n(g(xg)—5)|x—:co| (n(g(:co) _‘ )’1‘ — xOD <b(ac)g(x)dw
j=0 7RN\Ce(wo) j!
k—1
=: (ej1+e€j2),
5=0

where the inequality follows due to the decresingness of the c.d.f. of Poisson distribution with
respect to the Poisson parameter.
We first consider e;; for 0 < j < k — 1. Note by (5.45) that

ej1 < (¢(xo) + 0)(g(x0) + 0)
y n/ o—n(g(@0)—8) a0l (Mg (20) = )|z — o[} |
Ce(z0)

J! v
_ d(@(z0) +9)(g(z0) +6) onlel (nlz|)’ -
2 g(wo) — 6 /0<I<Ade J! -
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Now, with similar calculations as in Bai et al. (2005), we have

J
n / ol (2 0
[0,1]4 J!
1

== —lul|ylid _ o —1/d
= - e "ull du x=n"1dy,
3! Jiona)e Ful ( )
1 4 d
Tl expe B — (j+1)) zode (2= —logu)
]' [~d—1logn,00)d -
) le
1 R d
- ||/ (logn + 2)* exp(—(j + 1)z — e *)dx T = Z %
JNd =) 1ogn 2
1 n )
= loen — lo dilefy Jd — e %
j!(dl)!/o (log gy) ydy  (y )
log® 1, d—1\ (=1 fo° o iy )
- % Z < l ) ( l) / (logl y)e Yyldy + O(e "n? logd 1n)
J: " o<i<d—1 log" n Jo
logd_1 ' B
= gy + Oogjlog"n).

where, noting that fooo(logl y)e_y%dy is the I[-th moment of log X with X following a gamma
distribution Gamma(j + 1,1) for 0 < [ < d, according to the moment generating function of log-
Gamma distribution, we have

G +1)

TG D) = O(log' j),

oo i
/0 (log! y)e*y%dy =

with T'(+) as the gamma function and I'¥(-) denotes its I-th derivative.
Therefore, with the transformation # = (Age) ™'z, we obtain

k—1
Z €j1 < ( 20 (9lzo) +9)(g(xo) +9) (klog?t(nAled) + kO (log klogd_Q(nAged)>
j=0

—1)! g(zo) =6
2% (¢(x0) + 6)(g(x0) +9) -
- 0 ey Tk O (logd 1n) . (5.64)

Next, for ej2, 0 < j < k — 1, similar to bounding ¢ in Lemma 5.14, we have

k—1 k-1

Zej’2 < Zne—n(g(zo)—é)ed (n(g(wo) = 8)e?)’ /Rd (2)g(x)dx

J!

k—1d—1 1(d
2 (1A
(l) ledil(’) <logj logl_l(nAfed)>

2 2 go) - )

= Oy (k log k log? =2 n) . (5.65)

Combining (5.64) and (5.65), we obtain the upper bound.
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As for the lower bound, we trivially have
k—1
n | 4(n.k, zo, 2)¢(w)g(z)de 2 > e
R .
7=0

Using a similar argument as for the upper bound, letting A/, = (g(zo) + 6)"/%, we have for 0 < j <
k—1,

ej1 =(d(w0) — 0)(g(zo) — 0)n / o (o(eo)o)la—zo] (Ug(20) + )| — o))

i
e(xo) ']
) D=0, [ ek,
g({L'()) +9 0<z<Ale .]‘
_ 2% (o) =) (g(x0) =8) a1, i d o d2, Ard.d
~@=n o(a0) + 0 (log® *(nAFe”) + O(log jlog® “(nAje?))). (5.66)
Consequently, it yields
k—1 d
2¢  (9(xo) — 6)(g(xo) — 9) i1
> 1 .
;eﬂ = (d—1) g(z0) + 6 kOs ( ©8 ”)
This proves the first assertion. By taking ¢(x) = 1, we have the second assertion. O

Remark 5.4. A slightly more careful computation in the proof of Lemma 5.19 above (first fixing
0 <& < g(x0)/2 and letting n — oo, and then letting § — 0 with k = o(log!=Y/C7) n) in Corollary
3.1) gives the following limit:

i s VR0 Doy 2

n—00 klog?1n (d—-1)
Remark 5.5. It was shown by Lin and Jeon (2006) that if the density g is bounded above and
away from zero from below, the expected number of k-PNNs ELy, 1(xo) to a target point xg € R? is
of the order klog® ' n. For general g, one might expect that the size of EL,, 1(x0) depends on the
smoothness of g. Lemma 5.19 shows that the same order holds for any a.e. continuous density g.

5.2.5 Proofs of Theorem 3.1 and Corollary 3.1

We will employ Theorems 3.2 and 3.3 to prove the results. In view of this, we take F,, therein as
I'n kw, We pick the normalizer p,(f) = /Varry, i w(x0,) for all i € [m] and take

__ Cov(rnkw(®0i), Tnkw(T0,5))
VVar i kw (€0.0) v/ Var o g (w0 )

for all 4, j € [m] so that ¥ = Cov(P;,'F,,) in Theorems 3.2 and 3.3. We define p,(f) and o0;; similarly
for the uniform weights case 7, i(x0,;). We have already checked the Assumptions (R1)-(R4), (T)
and (M) with py € (0,6] for the score functions associated to ry ., and r, . We fix pg = 6 in
the sequel. Thus we can apply Theorems 3.2 and 3.3. By our choice of ¥, we have that ' = 0 in
(3.19). Also, letting 02 := inf, Varp, r(e,,z), note that for all i € [m], by the law of total variance,
we have

J,;j :

<p,(f)> ? = Varr, 1 (%0,
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>E | Var Z an(xo,i)ym Pﬂg

(x,£2)EPny

>0’E | D Waa(z0.)® | - (5.67)

TEPng

Specializing to the uniform weights case r,, (o), ¢ € [m], with o? as before, by Jensen’s inequality
we obtain the lower bound

N\ 2 1
(1)> > O.ZE o 1 |
<pn = Ln7k(x07i)2 a:ezp €L 1 (T0,1)
ng
1
2
=0o“E
<ank (x07’5)>
1

=7 L (a0s) 5.68
ELn,k(ﬁUo,z’) ( )

Recall from (5.39) the moment bound M#)(x) = Qinrgy,(z) for i € [m], with rg, (2) =

(EPe I (€x, ) ‘6+p) 1/(6+p) and

sup ||an(x0,ia Px,r]) for Tn,k,w(xo,i)a

||L6+p

0 (zm):Inl<9 (5.69)
in = _ .
sup ||Ln,k‘(l‘0,i7 Px,n) 1HL6+p for Tn,k‘(xo,i)7
(z,m):In|<9
where Py := Png + §(z:m,) + -
Recall from (5.42) that
(1) G d 1 d
€_Tn ($,y) = ezeij?nff{cct(z,zo’l)g(z) Z S keimn\chct(z,zo,l)g(Z) 27 y c Rect($071,$), (570)
j=1
and r,(ll)(x,y) = 0o otherwise. Then, from (3.15) we have
(1)
rD(y) = n 5 MWD (2)6+P/2=6r @) g (1) die
6+p/2 —C+1) ™' [Rect(emg 1) 92z
S Ql,:,p/ kon /Rd ]lyGRect(xo,l,:c)e "Jn tweo.) 97 Z’I“6+p($)6+p/2g(l‘)d$
6+p/2
S Qlj’;lp/ kCCC(k:-H)*l,n,zo,l(y)v
and
_ (D
gV y) =n /R e N g(@)dr S K egrry =t (0), (5.71)

with c¢(r41) is defined in (5.43) with ¢ as above. Plugging these in (3.16), we obtain

71?”71‘0,1

GMy)
:Ql,nrg—i—p(y) =+ Ql,n(kccg(kJrl)_l,n,mo’l (y))l/(6+p/2)(1 + (k‘)CCC(k+1)_1,n,zo’1 (y))6)1/(6+p/2)
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< nrg (1) + Qa1+ (RS op1)-1 mzo, (1) /7))
S (rGp (1) V 1) Qi (K1) i, (80) 7. (5.72)

Also, from (3.14) we obtain

i) =n [ P12} € B (5 P + 500
RaxR
N kc(k'f‘l)_l,nﬂ&o,l ((xl v xQ)xO,l) ]lx1€A1071(:p2)~ (5.73)

Finally, according to (3.18), we have

— “1p z)az
KD () = P(ED (&, Pog + 02) £ 0) < ke BT M recttao 0 994 (5.74)

While it is complicated to deal with general weights €2;,, from (5.69), we can start with the
following estimate of );,, in the uniform case.

Lemma 5.20. In the case of uniform weights, for k > 11, k = O(n®) with 0 < o < 1 and i € [m],
we have

1 1
Qp=sup | Lnk(z03Prn)  llLes, = :
- (x,n):\n|§9H k(200> Pen) oy klogmn ~ ELyk(zo,)

(5.75)

Proof. Fix i € [m], x € RY, 5 with || < 9. According to Adamczak et al. (2022, Proposition 4.20)
and Lemma 6.1, it follows that for any integer r > 1,

r

E(L-EL* <, |E (/ (DQL)ZX(dg))T—HE 3 (D;L)2 ,

QG"Png

where L = Ly, (20,4, Pey) and D3 L(n) := L(n) — L(n — 6z) for & € n is the remove-one cost
operator, similar to the add-one cost function in Definition 3.2. Then for the first summand above,

using Holder’s inequality we obtain
s
H (‘DQZL)2] )‘T(dgh sy dgr)

E </ (DgL)QX(dy)>T = /E 11
< ([ w1 aan) - (5.76)

Now, we also have by Hélder’s inequality that

[E(D;L)*]"" < (BID,LIP"+)FHP(DyL # 0) 7.

Notice, that DyL # 0 implies that Rect(y, zo;) has at most £ — 1 points from the configuration P,
(since if not, then adding § won’t change the value of L), and hence also from the configuration
Prg. Thus, by (5.70),

P(DyL #0) < ke‘ﬁl”fpxect(y,mo’i) Q(Z)dz‘
On the other hand, E|DgL|2T+1 can be bounded similarly as in Lemma 5.11. Indeed, letting

/ !/
L'= > lyisakPNNtoso,inPoy = D & (@ Png),

JIE'Png .IE'Png
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we have |L — L'| < 10, so that E|DyL|* ™1 <, 1+ E[DyL'|>*1. Also, the scores ¢ has region of
stabilization as defined at (5.37). Now arguing as in Lemma 5.11 with 4 4+ p/2 replaced by 2r + 1
(i.e., p replaced by 4r — 6), since L' is a sum of indicators, taking the bound on the L*"~2 (in place
of L**P) norm in Lemma 5.11 trivially as 1, we obtain

E|DyL' | <, 1+ gn(9)°

with g, defined as in (3.15) with { = (o := (2r — 3)/(2r + 17) (in place of p/(40 + p)) and r,, as in
(5.42). Thus, by (5.71), we have

[ED;L)*]"" <, (1 )3T sy
J Sr (14 gn(9)2+1)P(Dy L # 0)

10

1
10¢g —Lnf L g(z)dz | T@r+D)
Sr <1 + k2r+t Clo(k+1)~1,n,20,i (y) 2T+1) (k’e k17 Reet(y,20,i) .

Hence,

)dz

« 1 -1
[ BT A 5y ke | T st 2% )y
10¢y

1 0 -1
—+ k2r+1+r(2r+l)n/ cC()(k:-l—l)*l anI(y)me 7‘(2T+1)(k+1)nfRect(y,zo’i) g(z)dz
Rd UZEAVN

9(y)dy

(z)dz

Ty T2 +11)(1< 1)nfRect( zg ;)9
< krEEn | e TR U0, 9(y)dy
R

10¢g 20

7_;'_# 2
+ k2 e <n /R L Ceokt1) n.zo . () 2T+19(y)dy)

1
2 d 2
% <n/de r(2'r+1)(k+l)nfRect(vaO,i)g(z) Zg(y)dy>
R

10¢g 1 10
<, k2r+l+r(2'r+1)+l+2r+l logd—l n

)

where the final step is due to (5.55) and (5.62). Thus, (5.76) yields

E </ (DQL)Q X(dg)) ST‘ kj’/‘(’rconc‘f'l) logr(d_l) n,

where we have T¢one := %(1 + <o) + r(2r1+1) < T%giﬁ) < %.
For the second summand, using Lemma 6.1, followed by an application of the Mecke formula, a
similar argument as above yields
T
2 2r 2 2
El Y (DQ‘L) SE|Y (Dy?L) Y (D;IL) ---(DQ_TL)
ﬂepng gepng Q17’5---7ﬁyr€7’ng
< k;'l'(TconC—Fl) logr(d—l) .

Now by Chebyshev’s inequality,

E(L — EL)>r

P(L <EL/2) < DT

Next we need a lower bound on EL. Since k > 10, even in the presence of additional points x and
n (which together are at most 10), we have L = L, (20, Pzy) > Lnk—10(%0,, Png), so that by
Lemma 5.19,

EL > ELnd_lo(IL‘()’i, Png) = klogd_l n.
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Combining this with the above tail bound, we obtain
P(L <EL/2) <, (k logd_l n)—Qrkr(Tconc—l—l) logr(d—l) n — k—T(1=7conc) log—r(d—l) n

Thus, since L > 1, we have:

1
E—(6+P) < (EL)6+P +P(L < EL/Q) <, (k:logdfl n)7(6+p) + L~ (1=Tconc) logfr(d—l) n,

so that

r(1—Tconc) (d 1)

”L—lHLHp:(EL—(ﬁﬂ))ﬁ < (klogmtn) ™t 4 k™ o log o n.

Now since Teone < 10/7, we have % > %(r —10). Thus, choosing r = 17 yields

1

-1
HL HL6+p 5 k:log;Tln'

Since the choice of s and 7 were arbitrary and the upper bound above doesn’t depend on this choice,

taking a supremum yields the desired bound. The final part of the result is due to Lemma 5.19. [

Remark 5.6. Note that although Lemma 5.20 focuses on the first moment of Ly (xo,) for i €
[m], the proof arguments provided above are actually valid for generalizing it to any moment, i.e,
(klog® ' n)? < EL?  (v0,) fori € [m] and q € Z.

In the following, we will bound the I';’s in Theorems 3.2 and 3.3. Throughout, we take ¢(x) =
7. p(@)P/2 v 1 in (5.43). Write

'7 ‘7l7t — (1/7]7l7t) (7'7]7l7t) (lvjalvt
f‘givjaj:'ll»a(y) o aivo‘jvo‘lvavl(y) + fai,ajyazﬂ,?( y)+ fomag,% (y)’

with
T o an @) _”/G(Z (2) G ()9 GO (@) e @D Q(d), (5.77)
Ja a2 ) == / Gy (@) GO (@)oreom’ 00 Q(da), (5.78)
T () =n /X GO (2)GY) ()% GV (2)°1 0 (w, y)*Q(da). (5.79)

We first consider then case when ¢ = j = | = ¢, and without loss of generality, we fix 4,j,l,t = 1.
We start with 'y defined at (3.20). By (5.72), (5.77), (5.78), (5.79) and Lemma 6.1, we have

1,1,1,1 RPN
1o ) = ”/Rd(G%l)(iﬂ))Ze froe9) () da
< Qin <n/ (rg+p(x)2 v 1)6_BT$L1)($’y)g(x)d$
Rd

(1)
+RH/C 2 /R Lok gy (1)1 O™ & (x’y)g(w)dw) . (5.80)

— ’f‘(l) X
5w = n [ @@ 0 g @)
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S0, (0 [ Gip@? v e 0y (0)aa
LR/ 64p/2), /R K ¢(k+1)1,n,x0,1(:c)14/(6+p/2)eﬂTS)(y’”g(mMm) (581
and
W0 =n [ (60 @) D ) g(w)ds
S0, (0 [ (il v DD o) g(0)da
+[14¢/(6+p/2), /R ) cc(k+1)—1yn7x0’1(x)14/(6+p/2)q7(11)(x,y)ﬂg(m)dx> : (5.82)
Also, from (5.80), we have that
(5 S 9a(n [ Gipler? v D ey @)ae)

Qb K6/ (n /

R4

,  (5.83)

— r(l) x
k1) (1) /O D0 ) g )

For the rest of this proof, we fix ¢ € (0,1/2min; g(zo,)) and € as in Lemma 5.13 such that the
conclusion therein holds for all zg;, i € [m]. To simplify notation, we also drop the dependence on
d and simply write O = Os. Recalling that ¢(z) = rg‘+p($)6+p/2 V 1 and using (5.70), by (5.62) we
have

2
* —8rD (g
w [ <n [ gl v e vy>g<x>dx) g(y)dy
R’i Rd
S kn /Rd Caha1) L maon (¥) 9(W)dy = (k + 1P 0 (log ™ ((k +1)7"n)). (5.84)

Also, using that can,z0, (%) < Canao, (y) for y € Rect(zo,1, ), and that ¢ < 3, again by (5.70) and
(5.62),

2
— r(l) x
n/Rd (n /Rd Cg(k+1)*1,n7x0,1(x)14/(6+p/2)6 Bra’ ( ,y)g(x)dx> g(y)dy

2
—8rV (g
<n /R etz (1) P (n /]R et ’y)g(l’)dx> 9(y)dy

< k2Pn /R bty (0P D2 ) dy
= (k 4 1)28+3+28/(6+2/2) 0 (10671 ((k + 1)~ 'n)). (5.85)

Combining (5.84) and (5.85), from (5.80) we obtain

2
nQ (fio5) = u(h+ )20/ 00 T (h+ 1)) (5.86)



2
+ QK562 <n /R gyt o (1)1 PP (2, y) g (2 )dx> :
For 0 < a < 1 and y € R%, we observe that

f ect(x x g(Z f ect(x g(Z)dZ
Cl,n,xo,l(y)a _ (n /Rd ]lyeRect(xo,l,x)e ( Rect(zq 1,2) Rect(zq,1,y) )
_ d @
e oo s SO 4812 g )
_ d
e an fRect(zO’l,y) g(z)dz <TL /d ﬂReCt(ggo 1,:5)6 <fRect(z0 1,@) g(z)d fRect(zO 1:9) Q(Z)dz>
R
(e
(751 272V gl )
_ d
<e anfReCt(mo’l’y)g(Z) - (1 + n/ ]lRect(zo 1,%)
Rd '
X ein(chct(zo,l,z) g(z)dszRccc(zo,py) g(z)dZ) (Tg+p(x)6+p/2 \ 1)g(x)d$>
_ d
=e fRCCt(zoll’y) 9(e)dz + Ca,n,z0,1 (Y)- (5.87)

Thus, using (5.73) in the first step and (5.87) in the second, for 0 < 8 < 1), Lemma 5.15 yields

2
o [ ([ @ 0 st ) gy
R4 Rd
2
S0 [ (0] a0t s (2 9 )0 ¥ D)) o)
—B(k+1)"1n [ g(z)dz
28 ﬁ Rect(zqg,1,(zVYy)z )
Sk n~/Rd <n/R 1x€A101(y)(k+1) (01 . 0’1)
2
X (@) V Dg(@)da) "g(y)dy
* k2ﬁn /Rd <n /Rd ]lzeAwo,l(y)(k + 1)ﬂ_165(k+1)_1:n7$0,1 (($ v y)zo,l)

X (7 (@) V Dg(w)dr) g(u)dy
= (k+ )" B30og ! ((k + 1) 'n)). (5.88)

On the other hand, using (5.87) again, arguing same as above yields
2
0 [ (0 [ i s @O D ) g0z ) gty

2
5 ' Bn /Rd (n /Rd ]lmEAZO (y)(k + 1)BCC(k+l)_1,n,xo 1 (-73)14/(6+p/2)

BT frcer (.1 (eviag 1) 9 o )dm>2 -~
+in /]Rd (n /]Rd ]1$6A$0,1(1/)(k + 1)I8_164(k+1)_17n:900,1 ($)14/(6+p/2)
2
X o)~ o (@ V )ao,)9(@)d) " g(y)dy
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(5.89)

=: A1 + As.
Since for any a,t > 1, we have ca n.z0, (2)! < max{ca,nzo, (@), canzo, ()11}, by Lemma 5.17, we
have that Ay, Ay = (k + 1)*+3+128/6+p/210(1og? 1 ((k 4 1)~'n)). Therefore, by (5.88) and (5.89),
(5.90)

1,1,1,1)

we obtain
2
nQ (ff’1’0’5’3> — Q‘ll Lk + 1)4B+3+(28(1+<)/(6+p/2)1O(logd—l((k + 1)—1n))'

5.81), we have

2 (1) 2
< 47n (n/ (r§+p(ac)2 vV l)e_m” (y’x)g(:r)dx>
]Rd

1,1,1,1
(Aishaw) <ol
2
— T(1> X
b, k) <n /R )t (2) VDA )Q(x)dx> ,

From (

For the first term, using (5.70) and Lemma 5.18 yields
2
Gep(@)”V 1)g(x)d$) 9(y)dy

(1) 2
n/ <n/ o Prn (yvx)(rngp(x)ZVl)g(x)dw) g(y)dy
R4 R4
T6+p

_ -1
S kQﬁn/ (n/ 1I€Rect(x0,17y)e Pl nfReCt(yyzo’l) s& (
R4 R4
(5.91)

= (b + 1?30 (log® 1 ((k + 1)'n)).
As for the second term, changing the order of integration in the second step and using the Cauchy-

Schwarz inequality in the third, (5.62) and Lemma 5.17 yield
2
—8r (2
n /]R , (” /R Q1) (1) OB )g(x)dw) g(y)dy

=B+ "0 [3eciie (z)dz
< kwn/ <n/ ]IIERect(xo,lyy)cC(k—l—l)’l,n,aco,1(x)14/(6+p/2)e Irecttao 109
Rd Rd
2
X g(l‘)dw> 9(y)dy

14/(6+p/2)0§(k+1)—1 w0 (y)14/(6+17/2)

26,2
<k Bn /Rded (113361410’1(y)CC(k—Q—l)—l,n,:L‘oJ(m)
X o) o (2 W)a0.)9(@)g(y) ) dudy

1
3
<k <n /Rd cc(kﬂ)_l’n’m’l(33)28/(6+p/2)g(33)dx> A
(5.92)

= (k+ 1)2’8+3+28/(6+p/2)O(logd_l((k + 1)—1n))’

where A is defined at (5.89).
Combining (5.91) and (5.92), we have
2
(1,1,1,1)) _ Qiln(k i 1)25+3+(28(1+<)1/(6+p/2)0(10gd—1((k+ 1)—1n)). (5.93)

nQ ( 1,1,0,8,2

Now, putting together (5.86), (5.90) and (5.93), we obtain

1,1,1,1))2 — Qb (k4 1)/ O logh (K + 1) 'n)).

nQ (555
it



Therefore, by (5.67), (5.69) ((5.68) and (5.75), respectively, in the uniform case) and Lemma 5.19,
with

2
(9P myni<o IWae (@01, Pl ., )

1
=g + CQ, and Wi(n, k) := , (5.94)
+p/ E (Zacp,, Waa(01)%)
we have
(1,1,1,1) ?
nQ (fl,l,o B > |23/ 2 s gy (n, k)(’)(log(d_l)/2 n), for general weights, (5.95)
(gg) ,(11)) N 2B+1/24 1141 0 (1og = (=172 ), for uniform weights. -

Next, we focus on I's and I'y defined at (3.22) and (3.23), respectively. For i € {3,4}, by Lemma
6.1 we have

G (@) (r) (@) + gV (2))% S G (@) wD (@)% + GID () g ().

Using (5.72) in the first step, (5.74) in the second, and (5.55) and (5.62) in the final one, for ¢ € {3,4}
we obtain

w [ G D @) )
S0 [ D@0 @)V Dgla)da
]Rd
Qi kTG / o)Lz s (1) DD (2)58 (1) da
S o [ D s 608 ) v g )
]Rd

+ in’nk66+7i§/(6+p/2)n/Rd Celhsn) 1 n7x0’1($)7i/(6+p/2) —68(k+1)~ nfRect(zO 1) 9(Z)d29($)dx

<o nkﬁﬁn/ o OB faeciag I (1) v 1) g () dae
’ Rd

Qi KOS/ G p/2) (n/ CC(k—l—l)—l,n,xo1(x)14i/(6+p/2)g($)dx>
R4 ’

1
) <n/ ~128(k+1) 7' et (o ) 92 )dzg(x)dl')2
R4
= O}, (k + D)0 1og ! ((k +1)7"n)). o

Applying (5.62) in Lemma 5.15, from (5.71) and (5.72) we also have

n | GV (@) (2)g(x)da
Rd

< Qi k%P /R Celr )1 maas (@)OB(* (@) V 1)g()de

Q k6<ﬁ+724/ o+e/?) / C¢(k+1)~"1n,z0, (z )71'/(6+p/2)c€‘(k+1)*17n,a:o,1(aj)Gﬂg(‘r)dw
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= Qi (k + 1)SPTOFIHTT O (10g? 1 ((k + 1) 'n)), (5.97)

where the last step is by (5.55) and (5.62). Combining (5.96) and (5.97), we obtain
nQ <( + g% (G} >)) = Q (k + 1)SPHEBHIHTE 0 (1og 1 (k4 1) "1n)).

Therefore, (5.67), (5.69) ((5.68) and (5.75), respectively, in the uniform case) and Lemma 5.19 yield
that for ¢ € {3,4},

nQ (( + gt (68) )
(o)
E6CA+68+1+[Tic] Wi(n, k)i/zO(logd_l n), for general weights,
JOCHHOBH1=1/24[Tic] O (1og (=D =/2) ) for uniform weights,

(5.98)

yielding a bound for I's and the first summand of I'y.
For the second summand in I'4, note that by (5.77) and (5.72), we have

1,1,1,1 ¥ —-38r (z
f30a51 () S O (n [t v e 0 @)
— r(1> T
28/ (64p/2),, /R TN e L T ,y>g(x)dw>_
By (5.70) and (5.62),
w oo [ g @) Dg(e)dag(u)dy
Rd R4
S Kn /R L3801~ o, )W)y = (k + )P 20(og™ H((k+1)7 ). (5.99)
Using that ¢ < 3/, we have by (5.85), (5.70) and (5.62) that
— r<1> x
w [ by s (0O g0 g () dy
Rd Rd
— 7‘(1> T
<n /R )tz (8)7CHP <n /R et ’y)g(:v)dw> g(y)dy

S k36n /Rd CC(k-i—l)_l,n,xo,l (y)28/(6+p/2)+lg(y)dy
= (k 4 1)38+2428/(6+2/2) O (1og?1 ((k + 1) 'n)). (5.100)
Together, (5.99) and (5.100) yield
nQfS5ss = Qb (k + 1) 2250 1og =Y ((k + 1) "'n)). (5.101)

Next, note that by (5.79) and (5.72),

R0 5 9 (0 [ (@) v 000 g(0)da
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+k28§/(6+p/2)n/Rd cc<k+1)—1,n,zo,1(@28/(6”/2)%9)(%yﬁﬁg(w)dfﬂ) .

Since 0 < 38 < 1, using (5.73) and arguing as for (5.87) in the second step, Lemma 5.15 yields

nf / oD, ) (1 () 1) g ) g y)dy
Rd
S0 [ 0 [ By, iy s (@ 9 05y )1 Dglo)dzgl)dy

S [0 [ By 0 D% sty s (0 D 1 (0 D
x g(w)dzg(y)dy
+k¥n / / J(k+1)%e
Rd ]Rd z() 1
g(w)dzg(y)dy

—38(k+1)"n [, )9
= (k+1)"20(log? L ((k + 1)"!n)). (5.102)

RECt(IO,lv(ZVy>IO’1

(rfap(2)* V1)

Using (5.73) and arguing similarly, we also have

/]Rd / Celh 1)t oo, (@) O gD (2, ) g () dg (y)dy

< k*n /Rd n/Rd Loc Ary, (k41 maon (2 O P e ny 1 (@ V Y)ag 1)
x g(x)dzg(y)dy
S [0 [ a2 4 1
e—35(k+1)’1n ZeReCt(ZOJV(Ivy)ZO’l)g(z)dz
+ k38 /Rd /Rd Aug s D CCht 1)1 nw01< )28/(6+p/2)(k + 1)36—1

X C3B(k+1)—1,n,xo,1((l‘ \ y)xo,l)g(x)dxg(y)dy
— By + By, (5.103)

g(w)dzg(y)dy

By Lemma 5.17, we have By, By = (k + 1)0824[28/6+/210(10g? 1 ((k + 1)7'n)). Therefore,
combining (5.102) and (5.103), we obtain

nQfs 5k = Q1 (k + 1924210 (10g? 1 ((k + 1)), (5.104)
Note also that by (5.78) and (5.72),
* —38r Y (y,x
10 5 0 (0 [ i@ v e 0y (0)a

— r(l) T
+k28</(6+p/2)n/Rd Cg(k+1)fl,n,z0,1($)28/(6+p/2)e 3Brn (v, )g(;p)d:];) .

By (5.70) and Lemma 5.18, we have

/d /Rd 73ﬁr yx) (J})4 v 1)g(x)dzg(y)dy
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=38(k+1) 711 [Roctin z2)dz ,
S8 [0 [ Laentae 7 o T @) g(a)deg )y
= (k4 1)3720(log? Y ((k + 1)"1n)). (5.105)
Again using that ¢ < 38, (5.70) and (5.62) yield
— r(l) x
n/ n/ c((k+1)_17n,:(30,1(I)28/(6+p/2)6 36ry (y, )g($)d$g(y)dy
R4 R4
— r(l) x
<n / Co(lr1) =1 gy ()28 OFP/2) (n / el )g(y)dy> g(x)da
R4 R4
Sk n /R L el 1) mo,s ()2 O+ H g () da
= (k +1)3P+228/6+2/2) 0 (1o (k. + 1) 'n)). (5.106)
From (5.105) and (5.106), we have
nQfs 55 = Q4 (k + 1?20 (10gd 1 (K + 1)), (5.107)
Combining (5.101), (5.104) and (5.107), we obtain
nQfs50a8 = Ok + D20 og Y (k + 1)'n)). (5.108)

Now (5.98) and (5.108) together with (5.67), (5.69) ((5.68) and (5.75), respectively, in the uniform
case) and Lemma 5.19 yield

1
N
nQ ((,{S) + gi)os (GS)) ) i ( nQLLLY ) 3
+ 2,2,0,308

(o o2

{ k3PN, (k) O(log @D/ n),  for general weights, (5.109)

A3 O (10g=(4=1/2 ) for uniform weights.

Finally, we are left to bound I's and T'g defined at (3.24) and (3.25) respectively. By similar
arguments as those used in bounding I'; (with i =j=1=1¢ =1 and s = 1), one can show

( (111,1) >2 3 R8I35 /317 (1, k)30 (log @ D/3 ),
ERRTY:
(1)( (1) (1))2

= for general weights, (5.110)
JAB/3H6H356/31 0 (10g ™ (d=1/2 ), for uniform weights.

and

PN

nQ(AO)\ T (R  K)O1og T ),
(o0 o2

= for general weights,  (5.111)
KOH121/210 (10g= (@072 ), for uniform weights.

Therefore, combining (5.95), (5.98), (5.109), (5.110) and (5.111) and recalling that 'y = 0, we
conclude that the sums of all the contributions from T'y, s € {0,1,3,4,5,6} withi = j = [ =t (after
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writing the power of the sums as sums of powers, up to constants, using Lemma 6.1) is of the order

EOCAH68+3/24[21c] o (W(n k)21 O(1ogld= 1)/ n)>
je{1,4} ’ ’
for general weights, (5.112)

EOCAHE8HL/ 24211 0 (1og =(4=1)/2 ) for uniform weights,
where we recall from (3.6) that

2
_ax (Sup(x7n):‘n|§9 |Wha (0.4, Px,n)||L6+p)
W(n ]C) - i=1,...m
’ ‘jlnin E [Zm Wha (33071')2]

[ARR)

Next, we will consider the case when i, j, [, ¢ are not all equal. According to Theorems 3.2 and 3.3,
only T'1,Ty,T's and T'g will change. We first focus on the case when i # j, and without loss of
generality, take ¢ = 1 and j = 2.

Again, we start with I';. Note that by (5.77), (5.72) and Cauchy’s inequality,

1,2,1,1 2
(i)
2
S @t 04 (0 [ (51l v e @ a1
R4
2
— r(l) T
+Q%,nk28</(6+p/2) <n /Rd CC(k-‘rl)’l,nﬂio,l(x)14/(6+p/2)6 Br( ,y)g(w)dx>

2
— r(l) T
T8, B/ 62) (n /R d ettty o () OHP/D B ,y)g@)dx) _

Therefore, it suffices to derive bounds for the final additional term compared to (5.83). Denote

2
— r(l) x
Iadd = n/Rd <n /l;d Cg(k_;'_l)fl’njmog(x)14/(6+p/2)e ﬂ n ( 7y)g(x)dx> g(y)dy

Fix 6 € (0,1/2(g(x0,1) Ag(xo2))) and € as in Lemma 5.13 such that the conclusion therein holds
for both xg1,x02. We argue as in Lemma 5.13 using the partition (5.49) for the inside integral in
Zadd- For any j, C [d] with [j | = j1 > 1, we have

2
—8rV(z
" /Rd (” /Czo,l Clh 1)~ g, () /O el ’y)g(w)dw> 9(y)dy
1y

_Bn _§)ed—3d W _..Q
14/(64p/2 (9(w0,1)=0)e* 7 [ ;e |o'—ap 1]
5n/ n/ Co(ir1) 1 o (2) 1 CHPID e g ()
Rd CjO,l
21

; g
y21 €Rect(z1 7956,11)

dm) 9(y)dy.

Now, we further bound c¢(441)-1,n,20, (%) using Lemma 5.13. In the upper bound therein, the first
term

ne—e(k+) " n(g(zo,1)—0)e! /Rd ¢(x)g(x)dz,
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is exponentially small, so consider the summand corresponding to Jy with | j2| =4 <d-1,ie.,

= 1. First assume that j. Nj, = @. Writing a = 14/(6 + p/2) for ease, we have
2 ECE (QZO 2) <1 22

an(g(z )76)€d_j2
n n e*((—g 0’;?“ )\wJZ 1*2 |/2
Rd c; ot
J

log << (n<9<$0,2)+_15)6dj2> ]a: 2 — x(])22’)

X (
X e k+1(9($0 1)—68)ed=7 |zl — %11

(z0,2)—8)? J
—9 n(g(wg,3) =) 772 ) Jo —z%]/2
S n/m e C( k+1 I ‘/
C 0,1

Iy
X (

28" (g(20,1)—6)e? I |al1 xéll I (yL J
8 n/RJ’l (n /C;O,l € i g(x)]lyil €Rect(z = x611 da g 1(y l)dy 1
L1

5 k3(f)(10gj1 +j2—2 n),

a(jz—1)
+ 1)

2
g(z)1 )d:c> 9(y)dy

y21 eRect(zl1 méll

2a(j2—1)

+ 1) g(x)dx

where we have used the Cauchy-Schwarz inequality in the penultimate step. Since j1 + jo < d, this
is at most of the order k3log? % n

Now, we are left with the case when j NIy # . Let us illustrate with the computation when
J,\j, # @. Let ji, = j, \ j, with [ji]| = j;. Writing a = 14/(6 + p/2) for ease, we have

an(g(x —6 ed_]Q J
(Y
n n ) &
Rd C"_“O,l
EA ]

< log <C (n(g(xo’z)+_16)6dj2) lad> — xé?2|>

2
n J
« e~ EF1(9(01)=0)e It —agh| 0 1yq )dm> 9(y)dy

y21 €Rect(zl1 xo 1
(9(0,2)—8)e? =92 34
—2C(an’k— |z g — —T%]/2
< n/x e i
c 0,1

)
2a(j2—1)

+ 1) g(z)dx

2a'n Jl . . .

—3en ol —a 3y (0] J

k41 0,1 ) J J J.

8 n/]RJi <n /c;”O,l ¢ g(x)]lylleRect( 1 moll)d$>g 1(y 1)dy '
2

< /{Z)’(’)(logjlﬂé_2 n),

where we have used the Cauchy-Schwarz inequality, and

a’ = min {C (a(g(mo,g) — 5)ed_j2/2) ,B(g(zo1) — 6)ed_j} .
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Since j; + jb < d, this is again at most of the order k3 log?=2n. The case when J, N7y % &, but
12\11 = @ can be dealt with similarly as above, by putting the exponential factor corresponding
to the common coordinates in one of the exponential factors, instead of in both. Finally, the case
when j; = 0 is trivial, since in this case,

o B @y) < 1B wrrned(a(zo,) )

Combining all the above analysis, we conclude that the additional term appeared Z,qq is of lower

order compared to the corresponding bound for fl(ll’ldlﬂ’ll).

2 2
Using similar arguments as for (f1(11’20’15’12) (y)) and ( 1(11’20’1[;1?2@)) , combining the cases i = j in
5.95) and the case when 7 # j, from (3.20) we finally obtain
d th h # 7, f 2 finally obtai
mk2H3 2SIy () k) O(log /2 n), for general weights,
L=
mk2P /214 (9(log_(d_1)/2 n), for uniform weights,

where ¢ is given in (5.94) and W (n, k) is defined in (3.6).
Similar arguments using (5.109), (5.110) and (5.111) as well as (3.23), (3.24) and (3.25) yield

r {mk‘gw”ﬁ“”l‘mW(n, k)O(log\ =72 ), for general weights,
L=

mk3BH3BHAT O (10g= (@112 ) for uniform weights,

{m13/6k45/3+1+[35§/31W(n, k‘)E’/GO(log(d_l)/?’ n), for general weights,
5 pu—

m13/0A8/3+1/6+[35¢/310 (1og=(@=1D/2 ) | for uniform weights,
and

m2 kP32 ()34 O (log D/ ), for general weights,
o m2EPH2210(10g=(4=1/2 ), for uniform weights.

Proofs of Theorem 3.1 and Corollary 3.1. Putting together all bounds above on I's for s € {0, 1, 3,4, 5,6}
as well as a similar bound for I'y, and I'y with pg = 4, we obtain the proof of Theorem 3.1 and
Corollary 3.1 by invoking Theorems 3.2 and 3.3. O

5.2.6 Proof of Proposition 3.1

Proof of Proposition 3.1. We start with studying the following general integral more carefully. By
the Mecke formula, for any function ¢(x) as considered in Lemma 5.19 and Remark 5.4, we have

B( Y d)ace,uian ) =1 [ 000 ka0, 0)o(0lg(a)d
EPny

When ¢g and ¢ are assumed to be continuous, by Remark 5.4, we in particular have that

lim n fRd 1/}(”7 ka Zo, $)¢($)g($)d$ _ 2d
n—00 klog?'n (d—-1)

!¢(9C0)-

The rate of convergence for this limit, which we estimate below in (5.116), plays a key role in
analyzing the bias.
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Let ¢ and g be a Holder continuous functions at x¢ with parameters Ly, v4 > 0 and Lg,v4 > 0,
respectively. Note for any ¢ € (0,1/2 g(xo)) and € > 0 as in (5.45), according to the proof of Lemma
5.19, by (5.64), (5.65) and (5.66), we have

24 (p(w0) — 6)(g(wo) — )
(d— 1)! g(xo) +6

<n [ ko0 0)0(@)g(a)da

o 20 (o) +0)(g(xo) +9)
~(d-1)! g(xo) — 0
k-1

n o) — Ed '
+Zne—n(g($o)—5)ed( (g( 02‘ 5) )] /Rd o(x)g(z)dx

(k log?~t(nAe?) 4+ kO (log k logd_2(nA2lded))>

(k log?1(nA%e?) + kO (log k logd*Q(nAged)»

§=0

s N

2 ( l)A(l, €)
+ > kO (log klog T (nAfeh) ) 5.113

lz: (9(330) — 5)€d—l g g ( l ) ( )
Now to obtain a rate of convergence, instead of fixing the pair (d,€) as in the proofs of Theorem
3.1 and Corollary 3.1, we use the assumed Hoélder continuity to determine (4, €) more explicitly as
a function of n. We have for any = € Ce(z0),

9(20) — g(@)] < Ly(d2)¥ = Lyd ¥ —: 5, (5.114)
and
(6(x0) — B(@)] < Ly(de?) s = Lyd s €1 =: 5, (5.115)

To make sure that e (@D log ™t n = o(log? ' n) in (5.113), we pick € = e(n) = log=¢n for some
0< (<1l Thusfor1<I<d-1,

— longl n— log(dfl)c+(l*1) < logd72+( n— o(logd” n),
€

while for [ = d — 1, we have

1 -1 d—24¢
g log

n = log n > logd_2 n

.o e . on,a ¥\ 7
Now, from (5.114), we have §; = Lqyd2 log™ " n so that choosing n > exp g("mo) , ensures

that 0, < 1/2 g(x¢). Also, noting that d4 = L¢,d77¢ log~¢7 n, starting with § = §(n) = d, V d,, we
have that the above choice of € = ¢(n) satisfies (5.45). Thus from (5.113) we obtain

nfRd ¢(n7 k,$0,$)¢($)g(.’1})d$ 2d
klog® " n (d—1)!
=0 ((log_4(79A7¢) n) V (log klog~ (=% n)) . (5.116)
Moreover, when ¢(zg) = 0, we have
k d
" Jue w(n’kl’gﬁl)i(x)g DT _ 05, v 8,) = O(log=<0519) ). (5.117)
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The above is now being applied for the actual proof of Proposition 3.1. From (3.4), by Fubini’s
theorem, we have

Ery, 1 (z0) — ro(z0)

Tper k(o)
=F — (Y — 1o
E (o) (y o(z0))
(x,£2)EPng

- Lace, i(ao)
“E{ 2 sl e @D (o) b))

1 Lz
=E > 267(’;()0)(7"0(37) —ro(20)) |,
(x,€2)€EPny n,kA0

where the final step is due to the fact that Elyz|x] = ro(z). In order to apply (5.117) with

() = ro(x) —ro(zo), we aim to substitute Ly, (zo) with EL,, x(z¢) and bound the error term. To
this end, by the triangle inequality we can write

]1:1:6 k(xo
[Erop(zo) —ro(zo)| <E [ 3 -2kl (@) g (ay))

(,62)EPng ELy, k(o)
1 1
+E B e
(z eg);png ‘Ln,k(l’o) ELy, k(zo) vl p(z0) (T0(x) = T0(20))
= J1+ Jo. -

Plugging ¢(z) = ro(x) — ro(xg), which is Holder continuous at z¢ with parameters Li,y; > 0 by
our assumption, in (5.117) and using Lemma 5.19, we conclude that for any ¢ € (0, 1),

Ji = O(log =0/ 1) ).

To estimate J, we proceed with the following two subcases. First, on & := {| Ly i (x0) —ELy, x(20)| <
(ELy,x(20))%/*}, we have

1 1

EL, k(z0) Ly k(o)

_ ‘Ln,k(xO) - ELn,k(-TO” 1
L”7k(‘r0)EL”7k($o) L?’L,k(:‘["O)(H'-?"Ln,k(xO))i

Next, on £ = {|L,, x(w0) — ELp 1 (0)| > (EL, x(20))*/*}, we simply bound

' 1 B 1
ELy x(x0)  Ln k(o)

which holds since EL,, (z9) = O(klog?~* n) by Remark 5.4. On the other hand, arguing as in the
proof of Lemma 5.20, we have for any r > 1 that

17, @o>1| S 1 (5.119)

P(£°) = P(| Ly x(70) — ELnk(w0)| > (ELyk(20))**)
< E(Lnk(w0) — ELp . (20))*"
~ (ELp 1 (20))%/?

<, (k logd—l n)—3r/2kr(%onc+1) logr(d_l) n
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— kT(Tconc+1)*37’/2 logf(dfl)r/Z n, (5120)
where 7T¢one are defined in the proof of Lemma 5.20 and it satisfies Teone < 10/r. Taking r = 29 so
that Teone < 10/29, we thus have

]P(gC) < k_9/2 log—29(d—1)/2 n

Using the above bounds with the fact that both ro(x) and 7¢(z¢) are uniformly bounded (almost
surely) by our assumption, we now obtain

1
Io < E(]lg 1 )
2 ELn’k(xQ)) n k wezp -’EG[:,L k xo
ng
¥ IE(]I ! 1DoE! )
ge -
EL, i(x0) Lnk(z 2Py €L,k (x0)

S (BLy p(w0)) 4 + E(Ln,kmo)ngc)

< (klog®tn) V4 4\ [EL, 4 (20)2P(£°)
< (klog1n) =14 4 |75/ 4 10g =D/ = O((klog? ! n)~1/4),

where in the penultimate step, we have also used Remark 5.6. Putting the bounds for J; and J»
together in (5.118) now yields

Tnk(Z0) — = o\ n og n )
[Erai(@0) = ro(w0)| = O ((log™¢0s" 1) ) v (k™ 10g~@=D/4 ) ) (5.121)

completing the proof. O

6 Auxillary Results

Lemma 6.1. The two inequalities below, follow by elementary analysis:
L
e For{a;}f_; CRand ¢ >1, (Zle ai) <t Zle at.

L
o For{a;}:_; CRy and 0 < < 1, we have that (Zle ai> < Zle at.

Lemma 6.2 (Poisson concentration). Let h : [—1,00) — R be given by h(x) := 2(1+) 1(;%(1+m)_x,

and let Poi(A\g) be a Poisson random variable with parameter Ao > 0. Then, for any x > 0, we have
P(Poi(Ag) > M+ z) <e o <70),

and, for any 0 < x < Ag,
P(Poi(Ag) < Xo—1x) <e 2gc*oh( Ao).

In particular, this implies that for x > 0,

2

max [P(Poi(Xg) > Ao + z), P(Poi(Ag) < Ao — )] < e~ 00T |

The proof of Lemma 6.2 follows by a standard use of Chernoff’s bound, and is hence omitted.
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6.1 Background on TDA

Definition 6.1 (Simplicial Complexes). An abstract simplicial complex over a (finite) vertex set
Ay :=Aay,...,a,} is a collection S of subsets of A, with the properties that

(i) {a;} € S,i=1,...,n,
(1)) o € S and 7 C o implies that T € S.
Every T C o is called a face of 0. Every o € S with |o| = ¢+ 1,¢ > 0, is called ¢-simplex.

Note that the vertices do not necessarily have to be elements of a Euclidean space. If they are
(affinely independent) elements of R?, one can think of every simplex of order ¢ < d as a convex
hull of ¢ + 1 (affinely independent) vertices, so that O-simplices are points, 1-simplices are lines,
2-simplices are triangles, etc. The following two types of simplicial complexes, the Vietoris-Rips
complex (VR complex) and the Cech complex, are widely used in TDA.

Definition 6.2 (VR Complex). Following the definition 6.1, let the vertex set A, be in a metric
space with the metric d. Then, the VR complex VR.(A,) for a given postive real number r > 0
is a collection of simplices, where a simplex o € VR,(Ay) if and only if for any pair of vertices
a;,a; € o, d(ai,a;) <.

Definition 6.3 (éech Complex). Following the definition 6.1, let the vertex set A, be in a metric
space with the metric d. Then, the Cech complex Cr(Ay,) for a given postive real number r > 0 is a
collection of simplices, where a simplex o := {a;}icr € Cr(Ay,) for some I C {1,2,....n} if and only
if for iQIB‘” (%) #* .

Definition 6.4 (Filtrations). A filtration S of a simplicial complex S is a nested sequence of sim-
plicial complexes @ =Sy C S1 C--- C S; =8, where S; = S5;_1Uo;,i=1,...,1 for some o; € S.
A filtration is thus equivalent to an ordering of the simplices in the complex. Usually, a filtration
is given in form of a filtration function ¢ : S — R that assigns a real value (o) to each simplex
o € 5. The filtration itself is then defined via S(r) = {c € S : ¢¥(o) < r}. Note that while r is
a continuous parameter, there are only finitely many values of v at which the complex is changing
for a simplex over a finite set of vertices as considered here. Additionally, the parameter r here is
called as the filtration parameter or the filtration time.

Remark 6.1. The real number r in Definition 6.2 and 6.3 is called the filtration parameter/time
for the VR complex and the Cech complex respectively.
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