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Soft corals in the Xeniidae family pulse in an energetically expensive manner to generate
fluid flow, which benefits them biologically. This flow has been modeled using
computationally intensive numerical methods, such as the Immersed Boundary Method,
which limits the ability to explore a wide parameter space. To address this challenge, we
introduce Gaussian Process Regression as a surrogate model to capture the kinematic and
flow outcomes of these simulations. By training on a limited set of simulations, the
surrogates enable accurate predictions across a broader range of parameters than those
originally sampled. These surrogate models can then be optimized to identify the
parameter combinations which maximize fluid flow. The resulting optimal parameters can
further guide additional numerical simulations, creating an iterative framework for
targeted exploration of the parameter space. This approach offers new insights into how
the coral polyp musculature and local flow conditions influence the resulting kinematics
and fluid transport while substantially reducing computational cost.
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Chapter 1
Introduction

Soft pulsing corals in the Xeniidae family are known for their unique movement,
which drives fluid flow around them. Because these sessile animals do not use this
energetically expensive motion for locomotion, researchers have long questioned what
purpose it serves. While some soft corals use bending or flexing to feed [58], this is not
believed to be the case for xeniid corals. They are rarely found with prey in their gastric
cavity [28, 58, 98] and exhibit low primary energy production [19]. Instead, these corals
depend on endosymbiotic algae (zooxanthella) to photosynthesize and provide energy to
their coral host [106]. This has led to the prevailing hypothesis that pulsation enhances
both the influx of carbon dioxide necessary for photosynthesis and the efflux of oxygen
around the coral polyp, thereby improving the photosynthetic ability of these algae [40,
54, 68]. Additionally, pulsation can enhance the uptake of other key nutrients, such as
nitrogen and phosphorus, which benefit both the coral host and its symbiotic algae [22, 40,
56].

Several numerical studies have examined this pulsing motion to better understand the
result role of the fluid flow. Three-dimensional immersed boundary models have
demonstrated that pulsation enhances local mixing and re-filtration of the surrounding
fluid [5, 91]. Later work explored interactions among multiple coral polyps, showing that
mixing effects are strongest in the region immediately surrounding an individual polyp
[92]. Incorporating laboratory data improved model resolution and accuracy [93], while
two-dimensional models captured oxygen concentration dynamics and transport [97].
Most recently, a tension-based model has been developed to explicitly capture the
muscle-driven pulsing behavior, rather than following a phenomenological motion [96].
Collectively, these studies support the hypothesis that Xeniid corals have evolved to
circulate fluid in ways that benefit both the polyp and its symbionts.

Despite these prior works, the interaction between fluid properties and muscle
mechanics creates a high-dimensional parameter space that is difficult to explore using
direct numerical simulations alone. While some studies have explored minor variations in
biological parameters, most focus on fixed values and do not systematically investigate
how changes in muscle mechanics or environmental conditions influence the resulting
flow [5, 91, 92, 93]. Santiago et al. [96] developed a new mechanistic model and
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examined key parameters in greater depth, but many questions remain. Consequently, it
remains unclear how changes in these parameters affect the induced flow dynamics or
whether biological coral polyps operate near conditions that maximize fluid transport.

To address these questions, this dissertation conducts a parameter study examining
how fluid properties and muscle mechanics influence the pulsing motion. Specifically, we
address two main questions:

1. Have biological coral polyps evolved to efficiently drive fluid flow?

2. What conditions lead to the greatest fluid transport and mixing?

We hypothesize that biological corals are tuned to efficiently generate local fluid motion
and that the environments in which they thrive correspond to conditions that maximize
fluid flow. Consequently, we expect that the parameter values producing the greatest fluid
motion will align with the biological values.

In chapter 2 we conduct this parameter study. We develop a model of the
fluid-structure interaction using the immersed boundary method [83], which couples a
Lagrangian elastic structure with an Eulerian fluid domain. Specifically, we employ the
nodal immersed finite element finite difference formulation [35, 119], allowing us to
compute velocity and pressure fields while updating the structures motion accordingly.
We vary both the Reynolds numbera dimensionless measure of inertial versus viscous
forcesand the muscle parameters that drive pulsing, such as muscle length, maximum
muscle tension, and tentacle elasticity. After running these simulations, we analyze the
resulting kinematics and flow fields through kinematic, flow, and cost metrics to quantify
the impact of each parameter on the induced fluid flow. This workflow is summarized in
the top panel of Fig. 1.1, illustrating the sequence from parameter selection to the
resulting kinematic and flow metrics.

Figure 1.1: Top: Direct numerical workflow. Bottom: Proposed plan to bypass direct
numerical simulations.

While these methods are well established, they are computationally intensive: a single
simulation can take several days to reach steady state on a high-performance cluster and
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produce datasets exceeding one terabyte. Thus, only a limited number of simulations can
be performed. To overcome this limitation, chapter 3 develops surrogate models using
Gaussian process regression [62, 69, 88], a nonparametric technique which interpolates
between known results to reveal underlying functional relationships. This allows us to learn
general trends from a limited dataset and identify promising regions of the parameter space
for further refinement. Portions of this surrogate modeling framework were previously
published in the proceedings of IEEE OCEANS 2025 [66], and are substantially expanded
here to include additional training data and analyses. The original publication is included in
Appendix A. This process, represented in the bottom panel of Fig. 1.1, allows us to estimate
the kinematic, flow, and cost outputs across a uniform grid, bypassing the full simulation
workflow once an initial set of simulations has been performed.

Finally, the surrogate models are optimized to determine the parameter combinations
that yield the greatest fluid flow and mixing in chapter 4. We compare four optimization
methods: generalized pattern search and Nelder-Mead (derivative-free), and gradient
descent and trust-region methods (derivative-based). Because the smoothness of the
surrogate surfaces is uncertain, both approaches are tested for convergence and efficiency.
We also compare optimization time and performance, with the aim of finding a
computationally efficient approach to identify optimal parameter combinations. In some
cases, we optimize a single objective, while in others we use weighted combinations (such
as maximizing upward flow while minimizing energetic cost).

Related methodological work in optimization was previously conducted in separate
conference studies on drug-drug interaction prediction [64, 65]. Although those studies
addressed a different application domain, they informed the optimization framework
employed here. The full publications are included in Appendices B–C.

After generating and optimizing the initial surrogate model, the workflow then enters
an iterative phase. Additional simulations, focused on the current optimal parameters, are
used to construct an updated surrogate model, which can then inform subsequent rounds of
optimization. We present one iteration in chapter 5.

The methods and insights presented here contribute to a broader understanding of
coral reef ecosystem dynamics. Soft corals are generally more resilient to climate change
than stony corals [24, 71, 112], and shifts toward soft-coral dominance have been
observed in several benthic communities [48]. Understanding how pulsing corals interact
with their surrounding fluid environment may therefore provide insight into the ecological
roles these organisms play in evolving reef systems. Beyond ecological implications, the
modeling and optimization framework developed here may also inform biomimetic
engineering applications, where animal-inspired mechanisms are used to enhance fluid
transport and mixing in industrial systems.



Chapter 2
Fluid Flow Analysis of Pulsing Soft Corals

2.1 Introduction
This work begins by characterizing the fluid flow generated by pulsing corals across

different muscle parameters and local flow regimes. We employ the immersed boundary
(IB) method, a numerical method developed by Charles Peskin, which allows for the
modeling of coupled fluid-structure interactions [85]. A key advantage of this method, and
one reason for its popularity in biological fluid studies, is that it models the fluid in an
Eulerian framework, tracking flow properties on a fixed Cartesian grid, while representing
the elastic structure in a Lagrangian framework, where points move with the boundary.
These two frameworks communicate through a set of interaction equations, enabling
conversion between the Eulerian and Lagrangian grids. Thus, fluid velocity and pressure
can be computed on a simple Cartesian grid, while still accommodating for complex,
moving structures that would be difficult to represent otherwise. Applications of this
methodology have expanded well beyond its original purpose of studying flow through a
heart [83, 84] to now include the study of heart valves [36, 73], the inner ear [6], sperm
motility [20], aquatic animal location [21, 43], immersed winds [75], insect flight [49],
and jellyfish swimming [39, 42, 44, 45].

Additionally, the immersed boundary method has been extensively studied, both in
terms of its stability and accuracy [8, 33, 46, 57, 108, 113] and through the development
of extensions aimed at improving stability, accuracy, computational efficiency as well as
adapting to particular applications. This includes a discretization of the entire system
through finite elements [61, 117, 125, 126] as well as a discretization of the fluid through
finite difference and the structure through finite elements [35, 119]. Aside from
discretization, adaptations have also focused on utilizing energy functionals to compute
the elastic force [18], applying a projection method as a preconditioner [32], introducing
an adaptive Eulerian grid [34], implementing a fully variational method which removed
the need for regularized delta functions [7, 38, 90], using a meshless method [26, 27],
accounting for the mass of a structure [51, 76], and using radial basis functions to define
structure deformation [99].

4
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We utilize the nodal finite element / finite difference variation to understand the fluid
dynamics of pulsing corals belonging to the Xeniidae family. This is an ongoing
collaboration that has produced a breadth of results. Early studies examined the
three-dimensional fluid-structure interaction using the standard immersed boundary
method and modeled the tentacle’s motion through a set of prescribed equations [5, 91].
These results were further refined by tracking the motion and fluid flow of corals in a lab
environment using particle image velocimetry [93]. This led to the introduction of a more
accurate prescribed motion. Up to this point, each of these studies had only focused on the
dynamics of a single coral polyp. However, these corals live in colonies and therefore, the
flow of a single polyp has the potential to affect its neighbors’ flow. Subsequent studies
then found that pulsing corals only impact the flow of the fluid in their local area and that
there is no benefit to coordinated pulsing between corals when placed nearby to each other
[92]. This study also found that polyp pairs would produce slightly less flow than single
coral polyps and that as coral colonies became bigger, the flow generated by a single
polyp within the colony was not significantly altered from that of a pair. This indicated
that corals form colonies for reasons other than gaining a hydrodynamic advantage. This
also showcases how studies with only one coral polyp can be extrapolated to generally
understand colony dynamics as a whole [92]. More recently, there have been efforts to
understand not only the fluid flow but also the mixing generated by this pulsing. Results
for a two-dimensional computational coral quantified the mixing through the use of
Poincaré maps and found that as the Reynolds number increases, so does the amount of
fluid entering regions of interest near the coral polyp, indicating that more mixing was
occurring [95, 97]. This study also explored photosynthesis of the symbiotic algae by
modeling the advection and diffusion of oxygen, serving as a proxy for the photosynthesis,
and found that the flow and mixing parameters that govern the coral system play a key
role in both the resulting mixing and photosynthesis [97]. Most recently, new work has
been conducted to update the pulsing motion of these simulations to a mechanistic model,
modeling the coral polyp’s muscle dynamics and solving for the kinematics [96].

This chapter extends and expands upon these previous studies by adding a parameter
sweep of the variables that determine the muscle-driven model. This will allow us to
understand the conditions that allow coral polyps to generate the most fluid flow.

2.2 Model Equations and Numerical Methods
We employ the nodal immersed boundary finite element / finite difference method

(IFED) to solve for the coral motion and resulting fluid flow [35, 96, 119]. IFED utilizes a
finite element discretization of the structure’s Lagrangian framework and a finite
difference discretization of the fluid’s Eulerian framework. This is an improvement over
the standard immersed boundary method, as it allows for coarser Lagrangian meshes
relative to the Eulerian mesh, while ensuring that the structure remains "watertight"
throughout the structure’s deformation, preventing numerical and discretization errors
[35].

The Eulerian fluid domain has positions ~x ∈ Ω at which the fluid velocity and pressure
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are solved, where Ω is the entire fluid domain. IFED makes use of a reference
configuration for the Lagrangian coral structure, which will be the structure with no
movement applied. The Lagrangian grid is defined as ~X ∈ S, where ~X is a grid point on
the reference configuration. To arrive at the current configuration, ~χ( ~X, t), we apply the
deformation tensor F, which allows us to find the physical Lagrangian position in time t
after some movement has been applied. This setup is illustrated in Fig. 2.1.

Figure 2.1: IFED configuration. Here, Ω is the Eulerian grid, while S is the Lagrangian
grid. The structure is deformed through the deformation tensor F, allowing the structure to
move from its initial configuration ~X to its current configuration ~χ. Redrawn from Santiago
[95].

The IFED method is a numerical method which solves a system of equations for the
movement of the coral and resulting fluid flow in a coupled manner. The model system
includes the Lagrangian force of the coral on the fluid, ~F ( ~X, t), given in weak form by∫

S

~F ( ~X, t) · ~φ( ~X)d ~X =−
∫

S
P( ~X, t) : ∇ ~X

~φ( ~X)d ~X

+
∫

S

~FT ( ~X, t) · ~φ( ~X)d ~X,
(2.1)

where P is the first Piola-Kirchhoff (PK1) stress tensor, ~FT is the tether force holding our
structure in place, ~φ( ~X) is a test function, : is the double dot product, and∇ ~X is the gradient
with respect to ~X [35, 96]. Details on P and ~FT will be given in Section 2.3.

The model also includes interaction equations, which are used to convert between the
Lagrangian and Eulerian frameworks. First, the Lagrangian force applied by the immersed
structure onto the fluid is spread to the Eulerian fluid grid by

~f(~x, t) =
∫

S

~F ( ~X, t)δ
(
~χ( ~X, t)− ~x

)
d ~X, (2.2)
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where ~F ( ~X, t) is the Lagrangian force (solved for in Eq. (2.1)) being spread to the Cartesian
grid and δ(·) is the Dirac delta function. This results in the Eulerian force applied to the
fluid by the immersed structure, ~f(~x, t).

The Navier-Stokes equations are solved on the Eulerian grid using this force, given by

ρ

(
∂~u

∂t
+ ~u · ∇~u

)
+∇p = µ∆~u+ ~f,

∇ · ~u = 0.
(2.3)

Here, ~u(~x, t) is the fluid velocity, p(~x, t) is the fluid pressure, ρ is the fluid density, and µ
is the fluid viscosity. In this equation, the advection term, ~u · ∇~u, represents the change in
fluid velocity due to the motion of the fluid itself, while the diffusion term, µ∆~u, describes
how viscosity diffuses momentum through the fluid. The pressure gradient, ∇p, enforces
incompressibility.

IB methods offer a clear advantage: we only need to solve for the fluid velocity and
pressure on the fixed Eulerian grid. A central non-dimensional parameter for these
equations is the Reynolds number, Re, which is the ratio of inertial to viscous forces in the
fluid,

Re = ρπL2
T

2µTc

. (2.4)

In this formulation, which is based on the coral tentacle kinematics, LT is the tentacle
length and Tc is the contraction period. We takeRe = 46.5892 as our base value, with other
relevant parameters listed in Table 2.1. These values are drawn from prior experimental
studies of xeniid corals, ensuring our simulations are biologically realistic [93].

Parameter Variable Value Units

Fluid domain volume Ω 0.09923 m3

Fluid density ρ 1029 kg m−3

Dynamic viscosity µ 0.00108 kg m−1 s−1

Tentacle length LT 0.0041 m
Contraction period Tc 0.54 s
Expansion period Te 0.71 s

Resting period Tr 0.64 s
Pulsing period Tper 1.89 s

Reynolds number Re 46.5892 dimensionless

Table 2.1: Base fluid and kinematic parameters used in the pulsing coral simulations.

The second of our interaction equations interpolates the fluid velocity to the Lagrangian
structure,

∂~χ( ~X, t)
∂t

= ~U( ~X, t)

=
∫

Ω
~u(~x, t)δ

(
~χ( ~X, t)− ~x

)
d~x,

(2.5)
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where ~U( ~X, t) is the velocity of the structure. This allows the coral to be moved as a result
of the updated fluid velocity.

The IFED method temporally and spatially discretizes this system of equations. The
Eulerian fluid variables are discretized using finite differences on a marker-and-cell
(MAC) staggered grid. Adaptive mesh refinement is employed to increase resolution in
regions of large fluid vorticity. The Lagrangian structure is discretized using a
finite-element triangulation, denoted Fh, consisting of m nodes and associated
finite-element basis functions φq( ~X).

The interaction between the Eulerian fluid and the Lagrangian structure is represented
through the interaction equations, given in Eq. (2.2) and Eq. (2.5). In the IFED formulation,
these interactions are evaluated using quadrature rules defined on the Lagrangian mesh. In
particular, a nodal quadrature rule Nq = {( ~Xq, wq)} is defined such that each quadrature
point ~Xq corresponds to a node of Fh with weights given by

wq =
∫
φq( ~Xq) ·~1d ~Xq, (2.6)

where φq is the finite-element basis function associated with node q.
The Lagrangian elastic forces are obtained by discretizing Eq. (2.1) using the finite-

element basis. This results in a linear system for the nodal force vector,

M~F = ~L, (2.7)

where M is the finite-element mass matrix and ~L is the load vector. The entries of the load
vector are given by

~Li = −
∑

( ~Xq ,wq)∈Hq

Pe( ~Xq, t) : ∇ ~Xφi( ~Xq)wq, (2.8)

where Pe denotes the passive elastic stress tensor and Hq = {( ~Xq, wq)} is the Gaussian
quadrature rule defined over the elements of the finite-element mesh.

In practice, the load vector is evaluated using Gaussian quadrature to accurately
integrate the stress over each element. The mass matrix is evaluated using the nodal
quadrature rule. Once the nodal forces have been obtained, the Eulerian-Lagrangian
interaction operators are applied. The force spreading operator distributes the Lagrangian
nodal forces to the surrounding Eulerian grid using a regularized discrete delta function
corresponding to the four-point Peskin kernel, which spreads forces over four Eulerian
grid cells in each coordinate direction [85]. The velocity interpolation operator evaluates
the fluid velocity at the Lagrangian nodes. In the IFED formulation, both operators are
evaluated using the nodal quadrature rule.

The coupled system is advanced in time using a semi-implicit scheme. In particular,
the nonlinear advection term is treated explicitly using a second-order Adams-Bashforth
method, while the viscous term is treated implicitly using Crank-Nicolson. The resulting
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discretized momentum equation takes the form

ρ

(
~un+1 − ~un

∆t

)
+ 3

2 (~un · ∇~un)− 1
2
(
~un−1 · ∇~un−1

)
= −∇pn+1/2 + µ∆

(
~un+1 + ~un

2

)
+ ~fn+1/2. (2.9)

where ~fn+1/2 denotes the Eulerian force evaluated at the half timestep. The Lagrangian
nodes are updated explicitly using the interpolated fluid velocities at each timestep via
Eq. (2.5). When adaptive mesh refinement is used, Lagrangian forces are spread to the
finest fluid level, and the fluid velocity is interpolated back to the Lagrangian nodes across
the hierarchy. The timestep is chosen to satisfy both a CFL condition based on the
maximum fluid velocity and a stability constraint arising from the Lagrangian elasticity.

A summary of this procedure can be found in Alg. 2.1. Additional details of the nodal
IFED formulation can be found in Wells et al. [119].

Algorithm 2.1 Solution procedure for nodal IFED simulations, computed each timestep

1. Evaluate Lagrangian forces by discretizing Eq. (2.1) and solving the resulting linear
system for ~F (Eq. (2.7)).

2. Spread Lagrangian forces to the Eulerian grid using the interaction equation
(Eq. (2.2)) with the four-point Peskin kernel.

3. Advance the Eulerian fluid equations (Eq. (2.9)) using a semi-implicit scheme.

4. Interpolate updated fluid velocities to the Lagrangian nodes (Eq. (2.5)).

5. Update Lagrangian node positions using the interpolated velocities.

To implement this, we utilized the software library Immersed Boundary Adaptive Mesh
Refinement (IBAMR), version 0.13, to solve the discretized equations numerically [34, 35,
47]. Simulations were executed on the High Performance Computing (HPC) system at
UC Merced, initially using the MERCED cluster and later the Pinnacles cluster, running
on a single compute node utilizing all available CPU cores, typically 56. At the base Re,
simulations required approximately 2 days of wall-clock time to reach periodic steady state,
defined as consistent fluid behavior across successive pulses. Steady state was determined
by examining the horizontal and vertical velocities in a cylindrical region near the coral,
and was typically achieved by the 15th pulse, although higher Re simulations required
more pulses to reach steady state.

Once the simulations reached steady state, kinematic and fluid flow analyses were
completed using the visualization software VisIt [10, 37] and MATLAB [109].
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2.3 Kinematics
We employ a tension-based mechanistic model for the musculature of the coral polyp,

which was developed in Santiago et al. [96]. This model incorporates the first
Piola-Kirchhoff, PK1, stress tensor,

P = Pe + Pt, (2.10)

which is a summation of the passive elasticity Pe and the active tension Pt. The PK1 stress
tensor defines stress relative to a reference configuration, unlike the Cauchy stress tensor,
which defines stress in the current configuration. This is advantageous for our model, as it
removes the need to track stress in the evolving deformed state.

The passive elasticity, Pe, determines the elastic forces of our structure, guiding its
return to the resting configuration. This is described by a neo-Hookean material model

Pe = ηJ−2/3
(
F− I1

3 F−>
)

+ β ln(J)F−>. (2.11)

Here, F = ∂~χ/∂ ~X is the deformation tensor, J = det(F) is the determinant of the
deformation tensor, and I1 = tr(F>F) is a tensor invariant of the right Cauchy-Green
tensor. Additionally, the shear elastic modulus, η, is defined in relation to the material
parameters, the Young’s modulus, E, and Poisson’s ratio, ν = 0.4:

η = E

2(1 + ν) . (2.12)

We will define η directly below as varying over the coral tentacles. Lastly, the term
β ln(J)F−> in Eq. (2.11) is a volume stabilization term to reinforce incompressibility and
improve the volume conservation of the material, where β is the bulk density [114], given
by

β = 2η(1 + ν)
3(1− 2ν) . (2.13)

The active tension, Pt, is used to model the musculature of the coral polyp, which we
compute as follows. First, we define the muscle fiber direction

~fl
′
o =

−X1,
Rt( ~X)

X2 − 0.01 ,−X3

 , (2.14)

where Rt( ~X) is a scalar determining how far along the tentacle a point ~X is

Rt( ~X) =
√
X2

1 +X2
3 . (2.15)

We normalize ~fl
′
o as a unit vector,

~flo =
~fl

′
o

‖~fl
′
o‖
. (2.16)
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This properly orients the muscles, making it so the coral tentacles pull inward towards the
oral disc [29, 30]. Then, we define the active tension as

Pt = JTF~flotr
(
~flo

)
, (2.17)

where T is the magnitude of the tension and tr
(
~flo

)
is the trace of the muscle fiber direction.

The edges of the tentacles make up the pinnule region consists of fine branches covered
in cilia, hair-like organelles, that generate local ciliary flow by driving water through and
around the tentacle [80, 81, 100]. Modeling this phenomenon would be computationally
expensive, so instead Eq. (2.13) is modeled through variable elasticity. Specifically, we
vary the shear elastic modulus, η, over the tentacle domain,

η = ηp +
(
ηt − ηplη(Rt) max

(
τ( ~X), σ(Rt)

))
, (2.18)

where ηp is the elasticity applied to the tentacle edges, representing the pinnule region, and
ηt is the elasticity applied to the tentacle center. We also include a spatial variation along
the tentacle length through lη. Altogether, this formulation produces a tentacle that is most
rigid near the center (stalk region) and most flexible toward the edges (pinnule region).

The transition in elasticity between the central and pinnule regions is determined by two
sigmoidal terms: (i) the longitudinal transition between the oral disc and tentacle, given by

σ( ~X) = 1− 1
1 + exp

[
−λs

(
Rt( ~X)− ro

)] , (2.19)

where λs is a smoothing parameter and ro is the radius of the oral disc; and (ii) the
transverse transition across the tentacle width, given by

τ( ~X) = − 1
1 + exp

[
λτ

(
rm( ~X)− eτ

)] + 1
1 + exp

[
λτ

(
rm( ~X) + eτ

)] , (2.20)

where λτ is a smoothing parameter, eτ = 0.0002 m defines the boundary of the central
(stiff) region, and rm( ~X) is the distance from the tentacles midline in the transverse
direction (i.e., across the tentacle thickness).

The variable elasticity along the length of the tentacle, lη is defined through a piecewise
function:

lη( ~X) =


1 Rt( ~X) < 0.01
lηc( ~X) 0.01 ≤ Rt( ~X) < rp

0 rp < Rt( ~X)
, (2.21)

where rp = 0.9LT + ro is the length along which the tentacle starts to recede into the
pinnule region, with LT being the tentacle length and

lηc( ~X) = 1
2 + 1

2 ∗ cos
(

π

0.9LT

(
Rt( ~X)− ro

))
(2.22)

is the ramp down through the stalk. This produces variable elasticity along the length of
the tentacle, making it most rigid near the oral disc and most flexible toward the tentacle
tip.
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Finally, note that the implementation of η in Eq. (2.18) serves as an approximation to
the formal definition given in Eq. (2.12), and an example of its distribution is shown in
Fig. 2.2.

Heatmap showing elasticity along one tentacle which is attached to the oral disc. Warmer colors indicate greater elasticity, and the variable eta represents tentacle stiffness.





Figure 2.2: Tentacle elasticity, η. One tentacle and the oral disc is presented here. Warmer
colors represent greater tentacle elasticity.

Next, we introduce the muscle tension, T ( ~X, t), for Eq. (2.17), given by

T ( ~X, t) =Tmaxa(t)mloc( ~X) (2.23)

where Tmax is the maximum tension, a(t) is an activation function for the tension, and
mloc( ~X) is the muscle location function corresponding to where the tension is applied [29,
30]. The activation function

a(t) = A1

(
1

1 + exp (−Aa(tp − 0.15)) −
1

1 + exp (−Ad(tp − 0.4))

)
(2.24)

determines how the tension is applied along the muscles as time varies and is responsible for
the resulting periodic pulsing behavior of the coral polyp. Here, Aa and Ad are scalars that
control the ramp-up and ramp-down respectively, A1 is a scalar such that max (a(t)) = 1,
and tp = tmodTper which ensures that the activation function is periodic within the desired
pulsing period, Tper. This can be seen plotted over the course of a single pulse in Fig. 2.3.
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Figure 2.3: Muscle activation function, a(t), over a pulsing period.

Heatmap showing muscle location and tension along one tentacle which is attached to the oral disc. Warmer colors indicate higher muscle tension, with tension represented as T at each location X.





Figure 2.4: Muscle location, mloc, and tension, T ( ~X, 0). One tentacle and the oral disc is
presented here. Warmer colors represent areas with greater muscle tension.
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The muscle location function, mloc( ~X), is the location where the tension is applied and
is given by

mloc( ~X) = h( ~X)lm( ~X)τ( ~X) (2.25)

where
h( ~X) = 1

1 + exp
(
−λcRc( ~X)

) (2.26)

determines if a point is on the top or bottom of a tentacle, with λc a smoothing parameter
and

Rc( ~X) = 0.0099−
√
x2

1 + (x2 − 0.01)2 +X2
3 , (2.27)

such that Rc( ~X) = −0.0001m on the bottom of the coral body and Rc( ~X) = 0.0001m on
the top of the coral body. Lastly,

lm( ~X) = 1
1 + exp

(
−λs

(
Rt( ~X)−ms

)) + 1
1 + exp

(
−λc

(
Rt( ~X)−me

)) ,
ms =LsLT + ro,

me =LeLT + ro,

(2.28)

determines the length of the muscle, where Ls = 0.05 and Le = 0.45 are dimensionless
scalars indicating that the muscle starts at 5% of the tentacle length and ends at 45% of the
tentacle length. This is used to calculate the actual starting and stopping point of the
muscle though ms and me, respectively. Finally, λs and λe are smoothing parameters for
the transition at the start of the muscle and end of the muscle. Altogether, the muscle
location for the reference configuration can be seen in Fig. 2.4 where warmer colors
represent increased muscle tension.

This model results in a kinematic motion similar to that of the biological corals [93].
Motion starts with contraction, where the muscles tense and drive the tentacle in an inward
and upward direction, as seen on the right of Fig. 2.5. Once fully contracted, expansion
begins where the muscles relax and elasticity returns the coral to its resting configuration,
seen on the left of Fig. 2.5. Finally, the polyp enters its resting phase where the muscles do
not move, resulting in no active motion. Altogether, the total pulse period, Tper, is the sum
of these three kinematic phases: the contraction period (Tc), the expansion period (Te), and
the resting period (Tr).

A summary of the parameters used to generate the biologically realistic (base) case of
this muscle model can be seen in Table2.2. These are the parameters used in all example
figures in this section.
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Diagram of a coral model at two time states. The left panel shows the coral fully expanded, and the right panel shows it fully contracted, illustrating the range of motion.  

  

  

Figure 2.5: Coral model when fully expanded (left) and fully contracted (right).

Parameter Variable Value Units
Radius of oral disc ro 0.001 m−1

Elasticity of pinnule region ηp 20 Pa
Elasticity of central tentacle region ηt 5,000 Pa

Maximum tension Tmax 4,500 N
Muscle width (from tentacle’s centerline) eτ 0.0002 m

Muscle start fraction Ls 0.05 -
Muscle end fraction Le 0.45 -

Elasticity smoothing parameter λτ 50,000 m−1

Surface smoothing parameter λc 100,000 m−1

Muscle start smoothing parameter λs 4,000 m−1

Muscle end smoothing parameter λe 12,000 m−1

Activation function normalization parameter A1 1/0.935 -
Activation function ramp-up Aa 40 s−1

Activation function ramp-down Ad 20 s−1

Table 2.2: Parameters used to define the tension-driven muscle coral model’s motion [96].
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2.4 Kinematic and Flow Analysis
As described in Section 2.2, simulations are run until they reach a periodic steady state,

which typically occurs within 15 pulses. At this stage, the coral polyp has settled into a
repetitive motion, allowing for meaningful analysis of its fluid-structure interactions. To
characterize the system, we perform a series of analyses using the softwares VisIt [10,
37] and MATLAB [109]. These include the evaluation of tentacle kinematics to quantify
motion patterns, vorticity to assess local mixing and vortex formation, volumetric flux to
measure fluid transport (assessed via vertical and horizontal fluid velocities), and energy
and power expenditure to determine the mechanical effort required for pulsation. Together,
these analyses provide a comprehensive picture of how the coral polyp interacts with and
influences its surrounding fluid environment.

2.4.1 Kinematic Comparison
A comparison of the motion of the corals throughout a pulse is conducted to understand

both how the muscle and flow parameters impact the movement of the tentacles, as well
as how this changing movement impacts the resulting fluid flow. This is done by tracking
a two-dimensional slice of a single tentacle throughout a pulse and plotting the path that
the tip of the tentacle takes. This process can be seen in Fig. 2.6. Additionally, we can
compare the maximum ranges of motion achieved during a pulse, specifically the maximum
height reached during contraction and the maximum width reached during expansion. This
analysis is computed for only a single tentacle, as we assume symmetry in the coral polyp
as it is pulsing.

Figure 2.6: Tentacle tip tracking used for kinematic comparison. From left to right, the
tentacle starts at rest, rises to its contracted position, and then expands to its resting position.

2.4.2 Vorticity
Vorticity, which quantifies the local rotation of a fluid, is used here to understand how

vortices are generated as a result of tentacle pulsation. Mathematically, it is defined as the
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curl of the velocity field:
ω = ∇× ~u. (2.29)

Previous studies have shown that vorticity is generated at the tentacle tips, with
oppositely spinning vortices forming on opposing tentacles. These vortices support an
upward jet of fluid flow around the polyp [93]. Moreover, at higher Reynolds numbers,
vortices can separate from the tentacles and continue transporting fluid upward, while at
lower Reynolds numbers they dissipate rapidly [92].

In this study, we continue this analysis using three-dimensional vorticity contours. Our
primary focus is on the generation of vortices and vortex rings, which serve as indicators
of upward fluid transport.

To further quantify vorticity, we examine the average magnitude within a region of
interest near the coral. Specifically, we use the cylinder VA, shown in Fig. 2.7, positioned
above the contracted coral polyp with a height ofLT and a radius of 0.002 m. This approach
provides a measure of fluid rotation near the coral and serves as an indicator of fluid mixing.

Two-panel diagram showing regions analyzed for fluid flow. The left panel highlights regions used to measure vorticity magnitude and vertical flow. The right panel shows regions for horizontal flow, compared to a fully contracted coral polyp at the top and a fully expanded coral polyp at the bottom.



 

Figure 2.7: Left: Regions of study for magnitude of vorticity and vertical flow. Right:
Regions of interest for horizontal flow, as compared to a fully contracted (top) and fully
expanded (bottom) coral polyp.

2.4.3 Volumetric Flux
We measure volumetric flux through the average vertical, uy, and horizontal, ux,

velocities in regions of interest near the coral polyp. Starting with vertical flow, we
average uy in a cylinder placed above the coral polyp, as seen in Fig. 2.7. While previous
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studies have computed this metric in boxes [91, 92] or along planes [93, 96], we have
chosen to utilize cylinders as they more closely mirror the morphology of the coral polyp
and the flow regions generated by its pulsing. This metric is computed for two regions
which each have a height of LT meters and a radius of 0.002 meters, but vary in their
location as follows: VA directly on top of the fully contracted coral polyp, VB directly on
top of region VA.

Secondly, we explore horizontal flow by averaging ux in cylinders placed to the side of
the coral polyp, as seen in Fig. 2.7. This metric is computed for three total regions which
have a diameter of a fully contracted coral polyp but vary in their length and placement:
HA directly to the side of the fully contracted coral polyp with a length that ends at the
fully expanded coral polyp, HB directly to the side of the fully expanded coral polyp with
a length of LT/2, HC directly to the side of HB with a length of LT/2.

Since we do not compute volumetric flux directly, these velocities serve as a proxy for
the fluid transport generated by the coral. These measurements allow us to estimate the
spatial extent and strength of flow induced by the coral. Previous studies found that corals
only impact the fluid flow locally, implying that we should see the greatest generation of
fluid flow in the regions closest to the coral polyp, while relatively little fluid flow should
be found as we move further away from the coral polyp [92].

2.4.4 Energy and Power Expenditure
There are several ways to quantify the energy and power expenditure of pulsing corals

throughout their motion. Here, we focus on measures that capture both the mechanical
effort of the coral structure and the energy transmitted to the surrounding fluid.

Energy, or the capacity to do work, can be defined in multiple ways. One approach is a
tension-based formulation:

Etension = 1
Tper

∫ Tper

0

N∑
i=1

Ti( ~X, t)
∥∥∥∆χi( ~X, t)

∥∥∥
2
dt, (2.30)

where Tper is the duration of a pulse, N is the number of Lagrangian points and ∆χ( ~X, t)
is the structure’s displacement from the reference configuration [96]. The 2-norm in
‖∆χi( ~X, t)‖2 is taken over the three displacement components of mesh point i at each
time t within the pulse period. Alternatively, a force-based formulation defines energy as

Eforce =
∫ Tper

0

N∑
i=1

∣∣∣~Fi(t) · ~Ui(t)
∣∣∣ dt, (2.31)

where ~Fi is the Lagrangian force at mesh point i in the Lagrangian discretization (see
Eq. (2.1)), and ~Ui is the corresponding Lagrangian velocity. In both cases, energy has units
of N m. The tension-based energy characterizes the instantaneous work done by the corals
structure, while the force-based energy captures the total work transmitted to the fluid over
time.
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Similarly, power, the rate of energy transfer, can be expressed through either model.
The tension-based power is given by

Ptension = 1
Tper

∫ Tper

0

N∑
i=1

Ti( ~X, t)
∥∥∥~Ui( ~X, t)

∥∥∥
2
dt. (2.32)

The force-based definition is

Pforce =
N∑

i=1

∣∣∣~Fi(t) · ~Ui(t)
∣∣∣ . (2.33)

Both have units of N m s. Tension-based power quantifies the corals internal energetic
expenditure, while force-based power represents how effectively that energy is transmitted
into the fluid.

2.5 Parameter Variation
As previously discussed, we first establish a base case representative of a biological

coral polyp, using the fluid parameters listed in Table 2.1 and the muscle parameters in
Table 2.2. We then conduct a parameter study in which these values are systematically
varied. Previous studies have primarily examined parameter values close to those observed
biologically [92, 93] or explored only a limited set of variations [96, 97]. By considering
a broader range of parameters, we aim to better understand how these variables influence
the resulting flow dynamics and energetic costs. This approach also allows us to identify
parameter regimes that generate specific kinematic motions and enhance flow production.

The parameter study begins by varying the Reynolds number according to Re = 2k,
where k = 0, 1, 2, . . . , 9, through adjustments to the fluid dynamic viscosity µ in Eq. (2.4).
AsRe characterizes the balance between inertial and viscous effects in the fluid, it provides
a fundamental measure for understanding how changes in the flow regime influence coral
kinematics and fluid transport.

Beyond Re, several muscle-related parameters governing coral pulsing can also be
varied, providing deeper insight into how these parameters influence kinematics and fluid
flow. In Santiago et al. [96], the authors varied: (1) the maximum tension exerted by the
corals muscles, Tmax; (2) the tentacle elasticity parameter, ηt, which determines the shear
elastic modulus η in Eq. (2.18) with proportional muscle tension such that Tmax = 0.9ηt;
and (3) the pulsing frequency, 1/Tc, where Tc is the contraction period. These parameters
were tested at biologically relevant values, with each varied incrementally to assess its
effect on coral performance.

Building upon this framework, we explore four main muscle parameters:

1. Maximum muscle tension (with constant elasticity): T ∗
max = 1

2Tmax,
3
2Tmax,

2. Maximum muscle tension with proportional elasticity: T ∗
max = 1

2Tmax,
3
2Tmax with

ηt = Tmax
0.9 ,
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3. Tension-elasticity ratio: ψ = Tmax/ηt varied by adjusting ηt such that ψ = 0.45, 1.5,

4. Muscle end fraction: me = LeLT + r0 in Eq. (2.28) with Le = 0.5, 1.5.

Each of these simulations is conducted for Re = 1, 16, 32, 64, 128, 512. For higher
Reynolds numbers (e.g. Re = 512) or extreme muscle parameters, some simulations were
either too slow to run to completion (e.g., one case ran for 20 days of compute time to
reach 15 pulses and had not yet reached steady state) or failed to converge after many
extra pulses, and were therefore omitted.

A summary of the varied parameters is provided in Table 2.3, while the specific
parameter combinations and the number of simulations performed for each set are listed in
Table 2.4.

Name Parameter Varied

Reynolds number (initial simulations) Re
Maximum muscle tension (constant elasticity) Tmax

Maximum muscle tension with proportional elasticity Tmax, ηt

Tension–elasticity ratio ψ = Tmax/ηt

Muscle end fraction Le

Table 2.3: Summary of fluid and muscle parameters varied across simulation studies.

Tmax ηt ψ = Tmax/ηt Le
# Varied Re Simulations

(with varied Re)

4,500 5,000 0.9 0.45 16
2,250 5,000 0.45 0.45 6
2,250 2,500 0.9 0.45 6
6,750 5,000 1.35 0.45 5
6,750 7,500 0.9 0.45 5
4,500 10,000 0.45 0.45 6
4,500 3,000 1.5 0.45 5
4,500 5,000 0.9 0.225 6
4,500 5,000 0.9 0.675 5

Table 2.4: Summary of muscle parameter combinations and the number of simulations
performed with varying Reynolds number.

We elected not to vary the pulse frequency or other time-related parameters. Previous
work found that altering pulse frequency prevented full contraction of the coral polyp [96].
Additionally, preliminary tests with varied resting times showed minimal impact on overall
fluid transport, aside from allowing more time for the fluid to settle toward the coral polyp.
As such, these parameters were excluded from further analysis. Other parameters could
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also be varied within the model, but we focused on those believed to have the largest impact
on the resulting kinematics and fluid flow.

2.6 Results
The following sections examine how variations to both fluid and muscle parameters

influence the kinematics, fluid flow, and overall energetic performance of the pulsing coral
system. Together, these analyses provide a comprehensive view of how both
environmental and biological factors shape the coral polyps fluid-structure interactions.
All analyses are performed after the simulations reach steady state, so that each pulse
exhibits similar behavior.

2.6.1 Fluid Parameter Variation
In this section, we present results from the fluid parameter variations, with muscle

parameters held constant at the values listed in Table 2.2.

Kinematic Comparison

The influence of Reynolds number (Re) on tentacle kinematics is shown in Fig. 2.8. As
Re increases, the tentacles exhibit a larger range of motion.

The shape of the tentacle trajectory also changes with Re. At lower Re, the path forms
an approximate figure-8, as seen for Re = 8 in Fig. 2.8. Laboratory studies using particle
image velocimetry have observed a similar, though more pronounced, figure-8 motion in
coral polyps [67]. Since this motion is only reproduced at low Re in our simulations, it
suggests that our baseline parameters may not exactly capture the biological conditions of
the coral.

To quantify this behavior, we measured the maximum height (reached during
contraction) and the maximum width (reached during expansion), presented in Fig. 2.9.
At low Re, both measures increase sharply with Re, indicating that viscous forces
strongly limit movement. Near the biological Re, however, the range stabilizes,
suggesting that the coral musculature can overcome viscous resistance and achieve its
characteristic movement.

Additionally, we can compare the time points at which the tentacle tip reaches its point
of greatest contraction and expansion. For each of the varied Reynolds number
simulations, the time at which the tentacle reaches its point of greatest contraction is
relatively stable, occurring between t = [0.54, 0.66]. This occurs because contraction is
controlled by tension driving the tentacle inward. The time at which the tentacle reaches
its greatest expansion, however, varies substantially, occurring between t = [1.12, 1.67],
with maximum expansion being achieved more quickly as Re increases. Note that for
Re ≤ 16, the greatest point of expansion is achieved before contraction begins, and has
therefore been left out of this comparison. This is due to the fact that expansion is
dominated by passive elastic forces pulling the coral tentacle down to its resting position.
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Figure 2.8: Tentacle tip path for varied Reynolds numbers.

Figure 2.9: Maximum displacement of coral tentacle during pulsation. The maximum
height is achieved during contraction while the maximum width is achieved during
expansion.
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Figure 2.10: Average magnitude of tentacle velocity (2-norm) over a single tentacle mesh,
for different Reynolds numbers during the pulsing cycle.

Figure 2.11: Comparative tentacle trajectories. Top row: t = 0.54 (end of contraction),
Bottom row: t = 1.25 (end of expansion), Left column: Re = 32, Middle column: Re =
46.5892 (base), Right column: Re = 128.
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As demonstrated in Fig. 2.10, the maximum tentacle velocity increases as Re increases
(we will also see that as Re increases, greater fluid flow is achieved), reflecting the
reduced viscous effects and stronger inertial effects at higher Reynolds numbers. This
allows the tentacle to return to its resting position more quickly.

This trend is demonstrated in Fig. 2.11, where the tentacle tip path is shown for three
increasing Reynolds numbers at two representative time points: the end of contraction and
the end of the expansion phase. Here it can be seen that the Re = 32 and base cases
reach similar expansion positions by the end of the expansion period. However, the higher
Reynolds number case (Re = 128) has progressed further along the expansion trajectory,
reaching a lower vertical position.

Vorticity

Vorticity contours for snapshots over the pulsing period are shown in Fig. 2.12 for a
few cases, specifically Re = 1, 46.5892 (base), and 128. At Re = 1, there is minimal
vortex generation, consistent with the limited tentacle motion observed at lower Reynolds
numbers. At the base Re, a vortex ring is formed, indicating an upward jet of fluid flow
that pushes water away from the coral. This vortex ring appears as the rest period is ending
and expansion begins, maintaining upward flow even while the coral is not actively pulsing.
Despite this, some of the vorticity generated in the previous pulse dissipates, allowing the
fluid to partially relax before the next pulse. This creates a biological advantage as the coral
polyp does not need to continuously expend energy to maintain flow generation. Finally,
at Re = 128, vortex generation is much more pronounced, with strong vortex shedding
and complex flow structures, including vortex rings that are formed and pushed upward,
suggesting enhanced fluid transport and mixing at higher Re values. Biologically, this may
be disadvantageous, as the strong upward flow prevents the local accumulation of carbon-
rich water needed for photosynthesis. In contrast, such an effect may be inconsequential in
industrial applications. This is consistent with prior work, which found that pulsing corals
generate oppositely swirling vortices during contraction that form vortex rings [92, 93, 96].

Looking at the spatially averaged magnitude of the vorticity, presented in Fig. 2.13, tells
a similar story to the vorticity contours. As Re increases, the mean vorticity magnitude
rises correspondingly. This demonstrates that increasing Re amplifies local fluid flow and
mixing near the coral polyp.

Interestingly, we find that greater tentacle motion is not tied to increased vortex
generation. Beyond our low Re simulations (Re ≤ 16), the tentacle kinematics only
changed modestly, yet vorticity continues to rise. This indicates a shift in the resulting
fluid dynamics: once inertial effects begin to dominate over viscosity, even similar
motions can shed stronger vortices and drive greater fluid flow. The enhanced vortex
generation thus reflects a regime transition rather than increased mechanical input.



25

Multi-panel diagram showing vorticity contours around a coral polyp at different Reynolds numbers and times in the pulsing cycle. Rows correspond to Reynolds numbers: top 1, middle 46.5892 (base), bottom 128. Columns correspond to time snapshots: left start of contraction (0), middle halfway through contraction (0.27), right beginning of expansion (0.57).





















       

Figure 2.12: Vorticity contours for various Reynolds numbers at snapshots of the pulsing
period. Top row: Re = 1, Middle row: Re = 46.5892 (base), Bottom row: Re = 128.
Left column: t = 0 (start of contraction), Middle column: t = 0.27 (halfway through
contraction), Right column: t = 0.57 (beginning of expansion).
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Figure 2.13: Average magnitude of vorticity in region VA (see Fig. 2.7) for varying
Reynolds numbers.

Volumetric Flux

The average vertical flow for regions VA and VB for varying Reynolds numbers is shown
in Fig. 2.14 (see Fig. 2.7 for region definitions).

We first consider cylinder VA, the region closest to the coral polyp. It can be seen that
the vertical flow begins near zero, increases as contraction ends, and decreases during
expansion before returning to near zero by the end of the rest period. The maximum
vertical flow achieved by the end of contraction increases monotonically with Re,
indicating that higher Reynolds numbers drive stronger upward flow directly above the
coral polyp. This corresponds with the results of our vorticity studies, where stronger
vorticity was also generated as Re increased. During expansion, the base and lower Re
cases exhibit negative flow, meaning fluid falls back toward the coral. Higher Re cases
maintain upward flow that gradually diminishes during expansion and rest. As with our
vorticity study, this result is consistent with findings from previous studies [92, 93, 96].

From a biological standpoint, the lower Re cases generate little upward transport and
thus would not effectively drive the efflux of oxygen-rich water. Conversely, very high Re
cases may generate excessive upward flow, enhancing oxygen removal but reducing the
opportunity for carbon dioxide-rich water to flow toward the coral polyp. The base case
appears to strike a balance, producing sufficient flow for both oxygen efflux and carbon
uptake.

Moving farther from the coral, cylinder VB probes the extent of the polyps influence on
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Figure 2.14: Results for average vertical flow. Top: Vertical flow in cylinder VA. Bottom:
Vertical flow in cylinder VB.
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the surrounding fluid. Here, very little flow occurs in the base and lower Re cases, with
upward flow only observed at higher Re. This is consistent with previous findings that
corals primarily alter flow in their immediate vicinity. This finding may be significant for
industrial mixing applications, where a larger Re is needed to generate fluid flow outside
of the local region.

Finally, we again see that increased vertical fluid transport is not driven by changes
in the tentacle kinematics beyond a certain Re. This implies that vertical velocity scales
with vorticity generation, not with the extent of tentacle motion. This reinforces that once
inertial forces dominate, the fluids own dynamics, not increased deformation of the coral,
govern transport efficiency.

Shifting focus to the horizontal fluid flow, the average horizontal flow for regions HA,
HB, and HC for varying Reynolds numbers can be found in Fig. 2.15 (see Fig. 2.7 for
region definitions).

In HA, the flow begins near zero, becomes negative during contraction, shifts positive
during expansion, and returns to near zero during rest. Physically, this reflects fluid being
pulled toward the polyp during contraction and expelled outward during expansion.
Differences across Re are relatively minor: smaller Re cases reach their minimum earlier
in contraction, and slight variations occur in maximum flow and its timing. Thus, near the
pulsing tentacles, Re has little effect on horizontal transport.

Farther away, in HB and HC , the smaller Re cases generate the strongest negative flow
during contraction, though at reduced magnitudes compared to HA. At the highest Re,
greater horizontal flow persists farther from the polyp. Physically, this indicates the base
case and lower Re simulations drive an influx of carbon dioxide-rich water towards the
polyp. Alternatively, higher Re simulations have such a high generation of flow away from
the polyp that this phenomena cannot occur. Additionally, these results support the theory
that biological corals mainly influence their local environment, while higherRemay extend
the range of hydrodynamic impact.

Finally, it should be noted that vertical flow reaches much greater magnitudes than
horizontal flow. This indicates that pulsing is highly effective at driving upward flow
while less effective at generating lateral transport. For coral colonies, this is advantageous:
investing energy in horizontal mixing would be unnecessary, as neighboring polyps
influence those regions. In contrast, for biomimetic mixer applications, this suggests that
multiple devices would be required for effective lateral transport, whereas a single mixer
could be optimized for vertical mixing. Based on this result, we will only examine the
vertical flow moving forward.
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Figure 2.15: Results for average horizontal flow with the top plot corresponding to cylinder
HA, the middle to HB, and the bottom to HC .
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Energy and Power Expenditure

A comparison of energy and power computed using the tension-based and force-based
definitions is shown in Fig. 2.16 for varying Reynolds numbers.

Figure 2.16: Comparison of energy and power with tension-based (left) and force-based
(right) definitions.

Starting with energy (top panel of Fig. 2.16), the two definitions display distinct
trends. Because muscle tension is held constant across all Re simulations, the
tension-based energy primarily reflects the tentacles displacement from its reference
configuration. As expected, this measure is lowest at low Re, where motion is minimal.
This metric peaks at intermediate Re and then decreases again at higher Re values. The
decline occurs because simulations at high Re return to their resting position more
quickly, as previously evidenced in Fig. 2.11. Additionally, higher Re simulations achieve
both a greater contraction and a lower expansion point, resulting in a smaller average
displacement, as quantified in Fig. 2.17. In contrast, the force-based energy shows more
variability, generally starting low, decreasing slightly at intermediate Re, and then
increasing at higher values. As shown in Fig. 2.10, the maximum tentacle velocity
increases with Re, and at low Re not only is the peak velocity smaller, but the velocity
remains low for most of the pulsing cycle. At the same time, the Lagrangian force
decreases as Re increases (Fig. 2.18), because viscous resistance is lower and the coral
must apply less force to achieve contraction. The combination of increasing velocity and
decreasing force produces the observed trend in the force-based energy: low at small Re
due to slow motion, slightly decreasing at intermediate Re as forces drop faster than
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velocities rise, increasing at higher Re as velocities become large enough to dominate the
integral, and finally beginning to decrease at extreme Re values as force nears zero.

Figure 2.17: Time-averaged tentacle displacement for various Reynolds numbers.
Computed as the 2-norm from the reference configuration and then averaged over the pulse
period.

Figure 2.18: Average magnitude of tentacle force (2-norm) over a single tentacle mesh, for
different Reynolds numbers during the pulsing cycle.

Turning to power (bottom panel of Fig. 2.16), the tension-based power rises
monotonically with Re,scaling with the tentacles Lagrangian velocity. Consequently,
faster motion at higher Re produces greater power, with the largest increase observed
from low to intermediate Re where the Lagrangian velocity rises most sharply. The
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force-based power mirrors the behavior of the force-based energy: it begins low, shows a
small drop at intermediate Re, and generally increases as Re grows.

Together, these results highlight that the two approaches capture different aspects of
the coral polyps energetic output. The tension-based metrics describe the internal cost
of motion, how much and how quickly the coral moves, whereas the force-based metrics
quantify the effort exerted on the surrounding fluid. We expect greater force generation at
low and intermediate Re, where the coral must overcome strong viscous resistance.

In summary, lower viscous forces, which restrict kinematic activity and fluid transport,
are associated with reduced energetic costs. The Reynolds number at which cost peaks
depends on the metric used, yet overarching patterns emerge, with energy and power
generally rising with increasing Re.

2.6.2 Muscle Parameter Variation
In this section, we present results for the muscle parameter variations, listed in

Tables 2.3 and 2.4.

Kinematic Comparison

We begin by examining how variations in Tmax, ψ = Tmax/ηt, and Le influence tentacle
kinematics. As with changes in Re, these parameters can significantly alter the range and
trajectory of polyp motion. Results are shown in Figs. 2.19–2.22, which illustrate the
effects of varying the tension-elasticity ratio ψ, maximum muscle tension Tmax, and muscle
length Le. Detailed tentacle tip trajectories for varied Le are provided in Fig. 2.23.

Across all muscle parameter variations, the range of tentacle motion increases with Re,
with a pronounced increase between Re = 1 and Re = 32. At low Re, variations in
muscle parameters result in different resting positions of the tentacle tip, which determine
the start and end points of the kinematic path. The specific fluid-structure mechanisms
driving these differences are not fully clear, but they highlight the sensitivity of resting
positions to muscle properties.

Examining each muscle parameter individually, we first consider the muscle-tension
ratio, ψ, with constant muscle tension, Tmax = 4, 500, shown in Fig. 2.19. As ψ increases
(i.e., tentacle elasticity decreases), the range of motion generally increases. This trend
persists across different Tmax values, demonstrated in Fig. 2.20. In this figure, decreases
in Tmax are shown in orange while increases in Tmax are shown in red, with dashed lines
indicating lower ψ (greater elasticity) and solid lines with markers indicating higher ψ
(reduced elasticity). The exception occurs at high Re (e.g., Re = 512) with increased
Tmax, where the tentacle has already reached near-maximal motion and differences due
to ψ are less apparent. Focusing solely on Tmax, we also observe that increasing tension
generally increases the range of motion, though this effect can be partially offset by greater
tentacle elasticity. To isolate the effect of Tmax, we held ψ constant at 0.9 by adjusting ηt as
Tmax was varied (Fig. 2.21). As in the other cases, increasing Tmax leads to a larger tentacle
range of motion.
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Figure 2.19: Tentacle kinematics with constant muscle tension, Tmax, and varied tension-
elasticity ratio, ψ. Left to right: Re = 1, Re = 32, and Re = 128.

Three-panel diagram showing coral tentacle motion with varied muscle tension and varied tension-elasticity ratio. Panels left to right correspond to Reynolds numbers 1, 32, and 128, illustrating combined effects of tension and elasticity on tentacle kinematics.       

Figure 2.20: Tentacle kinematics with varied Tmax and ψ. Left to right: Re = 1, Re = 32,
and Re = 128.
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Figure 2.21: Tentacle kinematics with varied Tmax and constant ψ = 0.9. Left to right:
Re = 1, Re = 32, and Re = 128.

Turning to variations in muscle length, shown in Fig. 2.22, increasing Le both
increases the kinematic range and alters the pulse pattern of the tentacle. The tentacle with
decreased muscle length follows a muted path similar to the base case, whereas increased
length causes the tentacle to curve inward, producing a pronounced bulging tip trajectory
(Fig. 2.23). It should be noted that for Re = 1, the tentacle path corresponding to the
simulation with increased muscle length (the yellow path) does not fully close. This
simulation was run to steady state, indicating that the small offset is not due to the initial
conditions. Instead, it likely results from small numerical effects in the fluid-structure
interaction solver or slight asymmetries introduced by the increased muscle length, which
can produce a minor drift in the final tentacle-tip position over a pulsing period.

Overall, muscle length has the strongest effect on tentacle kinematics, while changes
in tension and elasticity produce more moderate adjustments. These results highlight that
while Re modulates overall motion amplitude, muscle parameters, particularly length,
determine the detailed shape and extent of tentacle trajectories.
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Figure 2.22: Tentacle kinematics with varied muscle length, Le. Left to right: Re = 1,
Re = 32, and Re = 128.

Figure 2.23: Comparison of tentacle tip tracking for Re = 32 with varied muscle length,
Le. Top: Decreased muscle length, Bottom: Increased muscle length.
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Vorticity

We next examine the spatially averaged magnitude of vorticity within the region VA

(see Fig. 2.7). Results are shown in Figs. 2.24–2.27, which illustrate the effects of varying
the tension-elasticity ratio ψ, maximum muscle tension Tmax, and muscle length Le.

In general, we find that at Re = 1, vorticity generation is minimal even when muscle
parameters are varied, consistent with the dominance of viscous effects at low Reynolds
numbers. As Re increases, the peak vorticity increases across all parameter variations.

We again examine each muscle parameter individually, beginning with the muscle–
tension ratio, ψ, with constant muscle tension, Tmax = 4, 500, shown in Fig. 2.24. Here we
observe that a decreased ψ (i.e., a more elastic tentacle) produces notably less vorticity than
cases with larger ψ. Increasing ψ produces the greatest vorticity, although only marginally
more than the base case. This coincides with the result of our kinematic analysis, where it
was found that a greater value of ψ produces an increased tentacle range of motion.

Three-panel diagram showing the magnitude of fluid vorticity around a coral polyp with constant muscle tension and varied tension-elasticity ratio. Panels left to right correspond to Reynolds numbers 1, 32, and 128, illustrating how flow rotation varies with different flow conditions.       

 

Figure 2.24: Magnitude of vorticity with constant muscle tension, Tmax and varied tension-
elasticity ratio, ψ. Left to right: Re = 1, Re = 32, and Re = 128.

We next consider variations in Tmax. As Tmax increases, greater vortex generation is
observed, as demonstrated in Fig. 2.25 and Fig. 2.26. In the case with decreased Tmax
and decreased ψ, we observe almost no vortex generation across all Reynolds numbers,
illustrated by the orange dashed line. Holding Tmax low while increasing ψ still produces
minimal vortex generation, even at Re = 128. For the cases with increased Tmax, similar
peak vorticity magnitudes are achieved, although the value of ψ shifts the timing of the
peak. This shift is likely driven by differences in contraction timing: the tentacle with
ψ = 1.35 (corresponding to the purple line in Fig. 2.25) reaches its maximum contraction
at t = 0.49 s, whereas the case with ψ = 0.9 (corresponding to the red dashed line in
Fig. 2.25) reaches maximum contraction at t = 0.88 s. Although active contraction has
ended in the latter case, the tentacle elasticity and fluid momentum continue to drive an
inward motion, shifting the timing of peak vorticity.
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Three-panel diagram showing the magnitude of fluid vorticity around a coral polyp with varied muscle tension and varied tension-elasticity ratio. Panels left to right correspond to Reynolds numbers 1, 32, and 128, illustrating the combined effect of tension and elasticity on flow rotation.       

 

Figure 2.25: Magnitude of vorticity with varied Tmax and ψ. Left to right: Re = 1,
Re = 32, and Re = 128.

Three-panel diagram showing the magnitude of fluid vorticity around a coral polyp with varied muscle tension and a constant tension-elasticity ratio of 0.9. Panels left to right correspond to Reynolds numbers 1, 32, and 128, illustrating the effect of tension alone on flow rotation.       

 

Figure 2.26: Magnitude of vorticity with varied Tmax and constant ψ = 0.9. Left to right:
Re = 1, Re = 32, and Re = 128.

Finally, we examine the impact of increasing and decreasing muscle length (Fig. 2.27).
Across all Re, there is little vortex generation when Le is halved from the base value.
Additionally, increasing the muscle length also leads to less vortex generation than the
base parameter. This suggests that the coral polyp may operate near an optimal muscle
length with respect to this metric.

Overall, these results indicate that vorticity, and therefore fluid transport, is strongly
enhanced at higher Re and with increased muscle parameters, namely increased Tmax and
ψ, whereas low-Re conditions suppress vortex formation regardless of parameter
variation. Additionally, the timing of fluid transport can be modified by adjusting the
tentacle’s elasticity.
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Three-panel diagram showing the magnitude of fluid vorticity around a coral polyp with varied muscle length. Panels left to right correspond to Reynolds numbers 1, 32, and 128, illustrating how muscle length affects flow rotation patterns.       

 

Figure 2.27: Magnitude of vorticity with varied muscle length, Le. Left to right: Re = 1,
Re = 32, and Re = 128.

Volumetric Flux

We next examine vertical flow under the muscle parameter variations. Results for
region VA are shown in Figs. 2.30–2.31, while the corresponding results for region VB are
shown in Figs. 2.32–2.35. The figures illustrate the effects of varying the tension-elasticity
ratio ψ, maximum muscle tension Tmax, and muscle length Le (see Fig. 2.7 for region
definitions). Results for horizontal flow are omitted as they were found to be negligible.

Closest to the coral polyp, in region VA, the trend observed for varying Re persists: the
maximum vertical flow during a pulse increases with Reynolds number. At the lowest Re
(Re = 1), fluid motion remains minimal regardless of muscle parameter changes.

Consistent with the vorticity results, increasing Tmax leads to increased vertical flow, as
shown in Fig. 2.28 and Fig. 2.29. The greatest vertical flow occurs when both Tmax and ψ
are increased. The influence of ψ alone appears weaker than in the vorticity results; minor
shifts in the peak do occur, but it is not clear that these are driven primarily by ψ. For
example, this shift is not observed when Tmax is held constant (Fig. 2.30), but does occur
when ψ is constant and Tmax is varied (Fig. 2.29).

Three-panel diagram showing average vertical fluid flow in region VA with varied muscle tension and varied tension-elasticity ratio. Panels left to right correspond to Reynolds numbers 1, 32, and 128, illustrating the combined effect of tension and elasticity on vertical flow.       

 




Figure 2.28: Averaged vertical flow in VA with varied Tmax and ψ. Left to right: Re = 1,
Re = 32, and Re = 128.
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Three-panel diagram showing average vertical fluid flow in region VA with varied muscle tension and a constant tension-elasticity ratio of 0.9. Panels left to right correspond to Reynolds numbers 1, 32, and 128, illustrating the effect of tension alone on vertical flow.       

 




Figure 2.29: Averaged vertical flow in VA with varied Tmax and constant ψ = 0.9. Left to
right: Re = 1, Re = 32, and Re = 128.

Three-panel diagram showing average vertical fluid flow in region VA with constant muscle tension and varied tension-elasticity ratio. Panels left to right correspond to Reynolds numbers 1, 32, and 128, illustrating how vertical flow magnitude varies with flow conditions.       

 




Figure 2.30: Averaged vertical flow in VA with constant muscle tension, Tmax, and varied
tension-elasticity ratio, ψ. Left to right: Re = 1, Re = 32, and Re = 128.
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Shifting focus to the muscle length, shown in Fig. 2.31, we find that the greatest vertical
flow coincides with the base value, consistent with the vorticity results.

Three-panel diagram showing average vertical fluid flow in region VA with varied muscle length. Panels left to right correspond to Reynolds numbers 1, 32, and 128, illustrating how muscle length affects vertical flow patterns.       

 




Figure 2.31: Averaged vertical flow in VA with varied muscle length, Le. Left to right:
Re = 1, Re = 32, and Re = 128.

For region VB, we assess whether parameter variations drive fluid motion beyond the
corals immediate neighborhood. The trend observed in the Re-only variations again
persists: appreciable vertical flow outside the local region occurs only at high Re. In the
low-to-medium Re regimes, variations in muscle parameters do not substantially alter the
surrounding flow field. At high Re, increasing ψ (Figs. 2.32-2.33) produces a modest
increase in fluid transport away from the organism, with the strongest effect occurring
when both maximum muscle tension and the tension-elasticity ratio are increased, as
shown by the solid purple curve in Fig. 2.33. This suggests that ψ plays a primary role in
modulating transport in this outer region, as variations in Tmax alone (with ψ held
constant; Fig. 2.34) do not produce a significant change in the flow.

Three-panel diagram showing average vertical fluid flow in region VB with constant muscle tension and varied tension-elasticity ratio. Panels left to right correspond to Reynolds numbers 1, 32, and 128, showing how vertical flow changes with different flow conditions.       

 




Figure 2.32: Averaged vertical flow in VB with constant muscle tension, Tmax, and varied
tension-elasticity ratio, ψ. Left to right: Re = 1, Re = 32, and Re = 128.
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Three-panel diagram showing average vertical fluid flow in region VB with varied muscle tension and varied tension-elasticity ratio. Panels left to right correspond to Reynolds numbers 1, 32, and 128, illustrating combined effects of tension and elasticity on vertical flow.       

 




Figure 2.33: Averaged vertical flow in VB with varied Tmax and ψ. Left to right: Re = 1,
Re = 32, and Re = 128.

Three-panel diagram showing average vertical fluid flow in region VB with varied muscle tension and constant tension-elasticity ratio of 0.9. Panels left to right correspond to Reynolds numbers 1, 32, and 128, showing the effect of tension alone on vertical flow.       

 




Figure 2.34: Averaged vertical flow in VB with varied Tmax and constant ψ = 0.9. Left to
right: Re = 1, Re = 32, and Re = 128.
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Turning to muscle length (Fig. 2.35), the greatest vertical transport continues to occur
at the base parameter value, indicating that the base muscle length is well tuned for driving
fluid motion in this regime.

Three-panel diagram showing average vertical fluid flow in region VB with varied muscle length. Panels left to right correspond to Reynolds numbers 1, 32, and 128, showing how muscle length affects vertical flow patterns.       

 




Figure 2.35: Averaged vertical flow in VB with varied muscle length, Le. Left to right:
Re = 1, Re = 32, and Re = 128.

Overall, these results suggest that within the parameter ranges studied, biomimetic
mixers inspired by this morphology would primarily function as local mixers, with limited
ability to influence flow at a distance, even under parameter tuning.

Energy and Power Expenditure

Finally, we examine the cost metrics for our varied muscle parameters. The tension-
based energy and power are shown in Fig. 2.36 and Fig. 2.37, respectively, while the force-
based energy and power are shown in Fig. 2.38 and Fig. 2.39.

We focus first on the tension-based metrics. The energy expenditure (Fig. 2.36) begins
relatively low, increases to a peak around Re = 16, and then dips to a plateau. Power
(Fig. 2.37) starts low and increases to a plateau asRe increases. In both metrics, the greatest
energy and power are achieved when the muscle length is increased (yellow line), while the
least occurs when the muscle length is decreased. Parameters that increase vorticity and
flow also increase energetic cost: higher Tmax raises energy expenditure, and a smaller ψ
(less elastic tentacle) also leads to higher cost. These trends highlight the role of muscle
kinematics and the tension-elasticity balance in governing the energetic demands of polyp
pulsing.
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Four-panel figure showing averaged tension-based energy across muscle parameter variations. Panels (top left to bottom right) show effects of: 1) varying tension-elasticity ratio with constant maximum tension T max, 2) varying T max with constant psi, 3) varying both T max and psi, and 4) varying muscle length Le. Each panel visualizes energy differences across Reynolds numbers.















Figure 2.36: Averaged tension-based energy across muscle parameter variations. The
subplots, starting at the top left, show the effect of varying tension-elasticity ratio ψ with
constant Tmax, maximum muscle tension Tmax with constant ψ, varied Tmax and ψ, and
muscle length Le.

Four-panel figure showing averaged tension-based power across muscle parameter variations. Panels (top left to bottom right) show effects of: 1) varying tension-elasticity ratio psi with constant T max, 2) varying T max with constant psi, 3) varying both T max and psi, 4) varying muscle length Le. Each panel illustrates power output across Reynolds numbers.













Figure 2.37: Averaged tension-based power across muscle parameter variations. The
subplots, starting at the top left, show the effect of varying tension-elasticity ratio ψ with
constant Tmax, maximum muscle tension Tmax with constant ψ, varied Tmax and ψ, and
muscle length Le.
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Next we examine the force-based metrics, presented in Fig. 2.38 and Fig. 2.39 for the
energy and power respectively. The force-based energy and power exhibit similar overall
trends, with modest increases from Re = 1 to Re = 16, followed by plateaus or slight
decreases. As with tension-based metrics, increased muscle length yields the highest
expenditures, while decreased muscle length yields the lowest. However, variations in ψ
play a smaller role, and the effects of Tmax dominate. Overall, these results indicate clear
patterns for tension-based metrics and more subtle trends for force-based metrics,
informing our choice of metrics for subsequent surrogate modeling.

These observations suggest that the force-based metrics are less smooth and may be
harder to capture accurately with our surrogate models in the next phase of work, whereas
tension-based metrics are more predictable. In both cases, reducing muscle length or
tension lowers energetic cost, but only the tension-based metrics reflect the influence of
tentacle elasticity. Across all metrics, the biological base parameters result in intermediate
energy expenditures, suggesting that corals may be naturally tuned to balance energetic
cost and fluid transport efficiency. Consequently, tension-based metrics are prioritized for
further modeling due to their smoother behavior and ease of analysis.

Four-panel figure showing averaged force-based energy across muscle parameter variations. Panels (top left to bottom right) show effects of: 1) varying tension-elasticity ratio psi with constant T max, 2) varying T max with constant psi, 3) varying both T max and psi, 4) varying muscle length Le. Each panel visualizes energy differences across Reynolds numbers.















Figure 2.38: Averaged force-based energy across muscle parameter variations. The
subplots, starting at the top left, show the effect of varying tension-elasticity ratio ψ with
constant Tmax, maximum muscle tension Tmax with constant ψ, varied Tmax and ψ, and
muscle length Le.
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Four-panel figure showing averaged force-based power across muscle parameter variations. Panels (top left to bottom right) show effects of: 1) varying tension-elasticity ratio psi with constant T max, 2) varying T max with constant psi, 3) varying both T max and psi, 4) varying muscle length Le. Each panel illustrates power output across Reynolds numbers.













Figure 2.39: Averaged force-based power across muscle parameter variations. The
subplots, starting at the top left, show the effect of varying tension-elasticity ratio ψ with
constant Tmax, maximum muscle tension Tmax with constant ψ, varied Tmax and ψ, and
muscle length Le.

2.7 Conclusion
Overall, varying the muscle and fluid parameters that define a pulsing coral simulation

can substantially affect the resulting kinematics, fluid flow, and energetic cost to the coral.
In general, increasing these parameters produces greater kinematic motion and stronger
fluid flow. However we find that beyond a certain Re threshold, the tentacle motion
stagnates while the fluid transport continues to increase as inertial effects begin to
dominate. Likewise, increasing these parameters generally leads to an increase in the
energy expenditure. This implies that the biological corals may have evolved to pulse in a
way which expends enough energy to drive the necessary fluid flow, without expending
excess energy for unnecessary fluid transport. Overall, these results highlight that small
mechanical changes can lead to vastly different hydrodynamic responses.

Although we examined a broad range of parameter combinations, it is infeasible to test
all possibilities to identify those that maximize fluid flow. The simulations used in this
study took approximately 181 days of compute time to generate. Additionally, each
simulation is on the order of 1 terabyte in size, making data processing and storage an
issue. To address this, the next chapter (Ch. 3) employs statistical learning techniques,
specifically Gaussian process regression, to model these results. This approach will enable
us to uncover the underlying trends within the parameter space without the need to
conduct more simulations. From there, we can more efficiently identify additional regions
of interest for further study within the parameter space.



Chapter 3
Surrogate Modeling of Fluid Flow Analysis

3.1 Introduction
A downside to conducting numerical studies such as that presented in Ch. 2 is that

they can be computationally expensive. The immersed boundary method, computed using
the IBAMR library [35, 47], which solves for our fluid velocity and pressure, takes about
38 hours when running on a high-performance computer, and results in files that can be
upwards of one terabyte in size. After this, additional time and computing cost are
required for the subsequent analyses. This makes it difficult to study the large set of
parameters necessary to gain an encompassing understanding of the parameters that drive
fluid flow. Therefore, we propose the use of Gaussian processes (GPs), which can learn
the underlying flow dynamics from a relatively small set of parameter variations [62, 88].
Gaussian processes are a nonparametric statistical model that use the probability
distribution of observed data to make inferences about new data. Intuitively, GPs define a
distribution over possible functions that fit the observed data. Instead of outputting a
single prediction, GPs provide a mean estimate along a measure of uncertainty, making
them especially valuable for probabilistic modeling and decision-making. This tool has
been widely used in geostatistics, where it is referred to as kriging [69]. However, GPs
have since found applications in many fields where the goal is to model or infer the
distribution of some quantity of interest over a space of input parameters. With this in
mind, we hope to model and interpolate our results from Ch. 2 onto a uniform parameter
space, facilitating a deeper understanding of the parameters that drive kinematic motion
and fluid flow.

3.2 Methods

3.2.1 Gaussian Process Regression
We follow the standard GP process to construct surrogate models for each output

variable independently. Given a dataset with inputs Q = [~q1, ~q2, ..., ~qn] (i.e. our muscle
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and fluid parameters) and corresponding outputs ~O = [o1, o2, ..., on] (i.e. the result being
modeled), our goal is to recover the relationship

oi = ĝ(~qi) + εi, (3.1)

where εi ∼ N (0, σ2
i ) represents zero-mean Gaussian noise with variance σ2

i . Here, ĝ(~q) is
an unknown function describing the underlying system, and the GP framework allows us
to infer this function from limited observations. This is done by defining a distribution,

g(~q) ∼ GP (E[g(~q)], k(~q, ~q′)) , (3.2)

where E[g(~q)] is the mean function and k(~q, ~q′) is the covariance (kernel) function [88].
Intuitively, inputs that are close in the input space should produce similar outputs, and the
kernel encodes this similarity quantitatively through the covariance function.

The prior distribution over the training outputs is

g(Q) ∼ N (E[g(Q)], K) , where K = k(Q,Q). (3.3)

Here,K is the symmetric, positive-semidefinite covariance matrix of the GP prior evaluated
at the training inputs Q. Including observational noise gives

cov( ~O) = K + diag(σ2
1, σ

2
2, . . . , σ

2
n). (3.4)

The joint distribution of observed outputs ~O and test outputs ~O∗ at new inputs Q∗ is[
~O
~O∗

]
∼ N

([
E[g(Q)]
E[g(Q∗)]

]
,

[
cov( ~O) K∗

(K∗)ᵀ K∗∗

])
, (3.5)

where
K∗ = k(Q,Q∗) and K∗∗ = k(Q∗,Q∗).

This distribution captures dependencies between observed and test outputs, enabling
predictions at new points.

The posterior predictive distribution at new inputs combines prior beliefs with observed
data:

g∗|Q, ~O,Q∗ ∼ N (ō∗, cov(o∗)), (3.6)

with

ō∗ = E[g(Q∗)] + (K∗)ᵀK−1
y ( ~O − E[g(Q)]), (3.7)

cov(o∗) = K∗∗ − (K∗)ᵀK−1
y K∗. (3.8)

Here, ō∗ is the predicted mean, and cov(o∗) quantifies prediction uncertainty [79, 88].
Specifying a meaningful mean function can be difficult in practice. Instead, we include

basis functions to account for a nonzero mean:

o(Q) = h(Q)ᵀζ + g(Q), (3.9)
g(Q) ∼ GP (0, k(Q,Q′)) , (3.10)
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where h(Q) is a set of fixed basis functions and ζ is a coefficient vector. In this work, we
use a constant basis h(Q) = 1, which assumes that the outputs fluctuate around a single
central value. The GP then captures the structure of the residuals via the covariance matrix.

Finally, two standard limitations of GP models should be noted. First, conventional
GP regression treats each output independently and does not account for correlations
between multiple outputs. In applications where several outputs must be modeled
simultaneously, multi-output GP regression (co-kriging) can be used; however, this
approach is computationally expensive. We therefore adopt the simpler strategy of
training a separate GP model for each output, with the option to incorporate a multi-output
framework if needed. Second, standard GPs scale cubically with the number of training
points, O(n3), making them costly for large datasets. To mitigate this computational
burden, sparse GP approximations, which rely on a selected subset of the training data,
can significantly reduce cost while retaining predictive performance [60, 87].

3.2.2 Kernel Functions
Intuitively, the kernel function, k(~q, ~q′), controls how quickly outputs change as inputs

vary. It therefore determines many important properties of the surrogate model, including
smoothness and characteristic length scales. Selecting an appropriate kernel is thus crucial
for obtaining an accurate and well-behaved model.

We test several standard kernels commonly used in GP regression:

• Exponential: k(~q, ~q′) = σ2
o exp

(
− ||~q−~q′||2

`

)

• Squared Exponential: k(~q, ~q′) = σ2
o exp

(
− ||~q−~q′||22

`2

)

• Rational Quadratic: k(~q, ~q′) = σ2
o

(
1 + ||~q−~q′||22

2αRQ`2

)−αRQ

• Matern 3/2: k(~q, ~q′) = σ2
o

(
1 +

√
3||~q−~q′||2

`

)
exp

(
−

√
3||~q−~q′||2

`

)

• Matern 5/2: k(~q, ~q′) = σ2
o

(
1 +

√
5||~q−~q′||2

`
+ 5||~q−~q′||22

3`2

)
exp

(
−

√
5||~q−~q′||2

`

)
Here, σ2

o is the output variance, ` is the length scale controlling how far correlations
extend in input space, and αRQ is a non-negative scale-mixture parameter specific to the
Rational Quadratic kernel [88]. To provide intuition for how these kernels affect the GP
predictions, an illustration of each of these functions is provided in Fig. 3.1. The
Exponential kernel produces rough functions, the Squared Exponential yields very smooth
curves, and the Rational Quadratic exhibits intermediate smoothness with multiple length
scales. The Matern kernels provide intermediate smoothness between these extremes.
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Figure 3.1: Example of kernel function. Top: Exponential, Squared Exponential, and
Rational Quadratic; Bottom: Matern 3/2 and 5/2.
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The hyperparameters σ2
o , `, and αRQ are learned from the data during GP training. Note

that σ2
o has the same units as the square of the output, while αRQ is unitless.

MSE = 1
n

n∑
i=1

(oi − ôi)2 , (3.11)

where n is the number of training points and ôi is the true value. This MSE provides a
straightforward measure of how well the GP captures the underlying function at the
observed points, allowing comparison of the relative fit across different kernel choices.
Note that the MSE has units equal to the square of the output units.

3.2.3 Implementation
Surrogate GP models are generated in MATLAB using fitrgp [109]. When data

points are sparse, i.e., separated by distances larger than the kernel length scale `, the GP
prior dominates, causing predictions to revert toward the prior mean and variance.

To mitigate this effect, we apply three preprocessing steps:

1. Transform the Reynolds number as R̂e = log2(Re) to reduce skew in its distribution;

2. Standardize all input parameters to zero mean and unit variance, ensuring that the
kernel treats each input dimension consistently;

3. Normalize outputs such that max(y) = 1 to prevent differences in output scale from
dominating the similarity measure.

Hyperparameters, including the noise variance σ and basis function coefficient ζ , are
optimized internally by fitrgp to minimize cross-validation loss. We evaluate
automatic relevance determination (ARD) kernels for the Exponential, Squared
Exponential, Matern 3/2, Matern 5/2, and Rational Quadratic kernels [25, 63]. ARD
assigns a separate length scale to each input, allowing the GP to automatically learn which
parameters are most influential. For each surrogate model, the kernel type yielding the
lowest mean-squared error (MSE) on the training data is selected, providing a quantitative
measure of predictive accuracy.

For models that include time t as an input, a sparse GP approximation is employed due
to the increased data volume [60, 87]. Sparse approximations reduce computational cost by
selecting a subset of representative training points, making GP training feasible for large
datasets. For datasets of manageable size, exact GP models are used.

3.3 Results
We evaluate the GP surrogates across the full set of simulations outlined in Sec. 2.5,

allowing us to assess model accuracy and predictive capability across the entire input
parameter space. Prior to this comprehensive study, a preliminary GP surrogate was
developed for the vertical velocity with only Re and t varied. These initial results were
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published and presented at the IEEE OCEANS 2025 conference and the published paper
is included in Appendix A [66].

The results of the present analysis are reported in terms of overall performance,
quantified using the MSE, relative error (RE), and visual comparisons between predicted
and true values. Relative error,

REi = |ôi − oi|
|ôi|

, (3.12)

quantifies the magnitude of the prediction error relative to the true output ôi, providing a
normalized measure of accuracy across outputs with different scales. Detailed evaluations
for individual cases are provided in the following subsections, while an overview of each
models performance appears in Table 3.1, with summaries of the relative error given in
Table 3.2.

Result being
Modeled

Training MSE (units2) Kernel Type (ARD) σo (units2) αRQ

Kinematic Motion–
X

6.53× 10−5 Rational Quadratic 0.1497 2.11

Kinematic Motion–
Z

5.96× 10−5 Rational Quadratic 0.4328 2.73

Magnitude of
Vorticity

3.57× 10−5 Matern 5/2 0.1728 -

Vertical flow in VA 4.43× 10−5 Rational Quadratic 0.1420 1.69
Vertical flow in VB 7.09× 10−6 Rational Quadratic 0.2444 0.60
Tension-based
Energy

7.10× 10−4 Rational Quadratic 0.4663 4.46

Tension-based
Power

1.65× 10−4 Rational Quadratic 0.6063 9.47× 105

Force-based Energy 4.97× 10−8 Rational Quadratic 0.0890 0.25
Force-based Power 0.0017 Rational Quadratic 6.6393× 10−5 0.68

Table 3.1: GP surrogate model accuracy across the full parameter space. All models except
magnitude of vorticity employ a Rational Quadratic kernel, reflecting the smoothness and
regularity of the input data.

All models that depend on time, that is, all models except energy and power, are
trained using a subset-of-regressors (SR) sparse approximation, a common approach for
large datasets. Although the dataset contains only 60 simulations, each simulation
provides data at dt = 0.01 from t = 0 to t = 1.89, quickly producing a large number of
points. Training a full GP on every timestep would be computationally expensive and
increase the risk of overfitting. The SR approximation mitigates this by using a random
10% of the training points, which can lead to slightly higher relative error at some points
[102, 103]. Predictions were made using the fully independent conditional (FIC) method.
While SR tends to underestimate predictive variance, especially far from the training
subset, FIC adds a diagonal correction to the predictive covariance to account for variance
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Metric Mean Relative Error
(% over all points)

Median Relative Error
(% over all points)

Max Relative Error
(% over all points)

Kinematic Motion
X

0.98% 0.28% 16.69%

Kinematic Motion
Y

0.66% 0.21% 36.07%

Kinematic Motion
Combined

0.69% 0.33% 25.15%

Vorticity 12,347% 5.53% 7.31×107%
Vertical Flow in VA 66.17% 2.16% 253,880%
Vertical Flow in VB 14.88% 0.88% 24,449%

Tension-based Energy 8.04% 6.26% 59.08%
Tension-based Power 5.24% 3.09% 39.13%
Force-based Energy 0.05% 0.02% 0.24%
Force-based Power 7.01% 4.58% 39.55%

Table 3.2: Relative errors of GP surrogate models when evaluated on the training data.
Reported values are the mean, median, and maximum of the relative error computed for all
time points and simulations. Percentages are relative to the observed output at each point.

not captured by the subset [104]. This correction ensures that uncertainty estimates remain
meaningful across the input space.

These modeling choices also influence how different error metrics behave. In particular,
the use of a sparse subset and approximate predictive variance can lead to small deviations
that appear more pronounced when measured as relative error, especially for outputs with
small magnitudes. While MSE captures the overall squared deviation across all points,
relative error provides insight into performance relative to the size of the predicted values.
Consequently, models were primarily selected based on MSE, with relative error used as a
complementary measure to assess performance across all data scales.

3.3.1 Kinematic Comparison
A common limitation of Gaussian Process (GP) models is that they are typically

formulated to handle only a single output variable at a time. However, the tentacle
kinematics problem inherently has the x and z positions correlated with one another.
Although multi-output GP models, also known as co-kriging, have been developed to
jointly model correlated outputs such as this, these approaches significantly increase the
training cost and model complexity. Because the primary goal of the surrogate is to
provide a computationally inexpensive approximation of the full simulation, we instead
model the x and z components independently and evaluate whether the full tentacle
trajectory can be accurately reconstructed from these separate models.

The resulting models yield MSEs of 6.5340 × 10−5 for x and 5.9634 × 10−5 for z.
Since these errors are of comparable magnitude and remain small, this indicates that each
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component can be modeled accurately on its own, suggesting that treating the outputs
independently does not introduce a significant loss of fidelity.

The reconstructed tentacle path evaluated over a uniform grid of t and Re with base
muscle parameters is presented in Fig. 3.2. This also demonstrates how the x and z
positions are modeled separately and then combined to generate a single trajectory.
Additionally, we recreate the muscle parameter variations from Section 2.6.2, presented in
Figs. 3.3–3.6.

Figure 3.2: Surrogate model for the tentacle path evaluated over a uniform t and Re. The
x (top-left) and z (bottom-left) components are modeled independently and combined to
reconstruct the tentacle path (right).

In both cases, deviations from the input data largely occur near the beginning and end
of the pulsing period (near t = 0 and t = 1.89). In these regions, the model does not
fully close the loop, whereas the true motion begins and ends at approximately the same
spatial position. This is most evident in the muscle length variations (Fig. 3.6), where the
predicted tentacle-tip trajectories for both increased and decreased muscle length do not
end at the same position where they begin. For the increased muscle length case at Re = 1,
this behavior is partially inherited from a small simulation error discussed in Section 2.6.2.
However, this error was not present in other simulations and therefore does not fully explain
the observed behavior.

This discrepancy highlights a limitation of surrogate models such as this: while they can
capture overall trends in the data, they do not explicitly enforce the physical constraints of
the system. Aside from these boundaries, the overall trajectory is well captured, indicating
that the independent GP models reproduce the general kinematic behavior accurately.
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Predicted tentacle kinematics with constant muscle tension T max and varied tension-elasticity ratio psi. Results shown for Re=1, Re=32, and Re=128.       

Figure 3.3: Predicted tentacle kinematics with constant muscle tension, Tmax, and varied
tension-elasticity ratio, ψ. Left to right: Re = 1, Re = 32, and Re = 128. These results
correspond to the parameter variations presented in Fig 2.19.

Predicted tentacle kinematics with varied muscle tension T max and varied tension-elasticity ratio psi. Results shown for Re=1, Re=32, and Re=128.       

Figure 3.4: Predicted tentacle kinematics with varied Tmax and ψ. Left to right: Re = 1,
Re = 32, and Re = 128. These results correspond to the parameter variations presented in
Fig 2.20.
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Predicted tentacle kinematics with varied muscle tension T max and constant tension-elasticity ratio psi=0.9. Results shown for Re=1, Re=32, and Re=128.       

Figure 3.5: Predicted tentacle kinematics with varied Tmax and constant ψ = 0.9. Left
to right: Re = 1, Re = 32, and Re = 128. These results correspond to the parameter
variations presented in Fig 2.21.

Predicted tentacle kinematics with varied muscle length Le. Results shown for Re=1, Re=32, and Re=128.       

Figure 3.6: Predicted tentacle kinematics with varied muscle length, Le. Left to right:
Re = 1, Re = 32, and Re = 128. These results correspond to the parameter variations
presented in Fig 2.22.
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3.3.2 Vorticity
The surrogate model for vorticity magnitude achieves an MSE of 3.57 × 10−5. This

results in the accurate reproduction of the data trends as Re and t are varied and other
muscle parameters are held constant, presented in Fig. 3.7 Fig. 3.7. We also recreate the
muscle parameter variations from Section 2.6.2, seen in Figs. 3.8–3.11. While the
predictions remain accurate for the base muscle parameters, some muscle variations
produce small negative predictions, even though vorticity magnitude is strictly
nonnegative. One such example occurs when ψ = 1.5 and Re = 128, presented in both
Fig. 3.8 and Fig. 3.9. This behavior again reflects a limitation of the surrogate model,
which does not explicitly enforce physical constraints, namely that vorticity magnitude
cannot be negative. These discrepancies occur near dataset boundaries where the true
vorticity is near zero. Since the main interest is identifying parameter combinations
producing strong vorticity and mixing, these minor deviations should not be
consequential.

Notably, this is the only surrogate model for which the rational quadratic kernel is
not optimal; instead, the Matern 5/2 kernel provides superior performance. This suggests
that the vorticity magnitude varies less smoothly with the input parameters than the other
outputs and is therefore better captured by a kernel that allows for slightly sharper changes.

Figure 3.7: True (top) vs predicted (bottom) magnitude of vorticity for region VA plotted
along a uniform t and Re.
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Predicted magnitude of vorticity with constant muscle tension T max and varied tension-elasticity ratio psi. Results shown for Re=1, Re=32, and Re=128.       

 

Figure 3.8: Predicted magnitude of vorticity with constant muscle tension, Tmax, and varied
tension-elasticity ratio, ψ. Left to right: Re = 1, Re = 32, and Re = 128. These results
correspond to the parameter variations presented in Fig 2.24.

Predicted magnitude of vorticity with varied muscle tension T max and varied tension-elasticity ratio psi. Results shown for Re=1, Re=32, and Re=128.       

 

Figure 3.9: Predicted magnitude of vorticity with varied Tmax and ψ. Left to right: Re = 1,
Re = 32, and Re = 128. These results correspond to the parameter variations presented in
Fig 2.25.
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Predicted magnitude of vorticity with varied muscle tension T max and constant tension-elasticity ratio psi=0.9. Results shown for Re=1, Re=32, and Re=128.       

 

Figure 3.10: Predicted magnitude of vorticity with varied Tmax and constant ψ = 0.9. Left
to right: Re = 1, Re = 32, and Re = 128. These results correspond to the parameter
variations presented in Fig 2.26.

Predicted magnitude of vorticity with varied muscle length Le. Results shown for Re=1, Re=32, and Re=128.       

 

Figure 3.11: Predicted magnitude of vorticity with varied muscle length, Le. Left to right:
Re = 1, Re = 32, and Re = 128. These results correspond to the parameter variations
presented in Fig 2.27.
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3.3.3 Volumetric Flux
The GP surrogate models for the vertical flow in regions VA and VB achieve mean

squared errors of 4.43×10−5 and 7.09×10−6, respectively, demonstrating strong agreement
with the simulation data. Visual comparisons of the true and predicted fields, presented in
Fig. 3.12, where Re and t vary while the muscle parameters are held at baseline confirm
that the surrogate accurately captures dominant trends and generalizes smoothly to higher
Re without introducing artifacts.

Muscle parameter variations from Section 2.6.2 are recreated in Figs. 3.13–3.16 for
region VA and Figs. 3.17–3.20 for region VB. Across all cases, the surrogate produces
smooth, physically consistent fields that visually match the training data.

Unlike the kinematics and vorticity results, no nonphysical behavior is observed in the
vertical flow predictions. However, some smoothing of the predicted curves is evident.
This effect is most pronounced when the muscle length is increased, seen in Fig. 3.16,
Fig. 3.20, and Fig. 3.21, where oscillations present in the simulation data are not fully
captured. This behavior is likely driven by the relatively low smoothness of this parameter
case compared to others, leading the GP to favor smoother trends. Although modeling all
parameter variations is desirable, the practical emphasis is on accurately capturing regimes
that generate the most fluid flow. Since increased muscle length consistently produces less
vertical flow than the baseline, the associated smoothing and errors are less significant than
for parameter combinations that enhance flow.

True vs predicted vertical flow in regions VA (top) and VB (bottom) with Re and t varied, holding muscle parameters at base values. Left: true, Right: predicted.








Figure 3.12: True (left) vs predicted (right) vertical flow in regions VA (top) and VB

(bottom) with Re and t varied while muscle parameters are held at their base values.
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Predicted vertical flow in VA with constant muscle tension T max and varied tension-elasticity ratio psi. Results shown for Re=1, Re=32, and Re=128.       

 




Figure 3.13: Predicted vertical flow in VA with constant muscle tension, Tmax, and varied
tension-elasticity ratio, ψ. Left to right: Re = 1, Re = 32, and Re = 128. These results
correspond to the parameter variations presented in Fig 2.30.

Predicted vertical flow in VA with varied muscle tension T max and varied tension-elasticity ratio psi. Results shown for Re=1, Re=32, and Re=128.       

 




Figure 3.14: Predicted vertical flow in VA with varied Tmax and ψ. Left to right: Re = 1,
Re = 32, and Re = 128. These results correspond to the parameter variations presented in
Fig 2.28.
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Predicted vertical flow in VA with varied muscle tension T max and constant tension-elasticity ratio psi=0.9. Results shown for Re=1, Re=32, and Re=128.       

 




Figure 3.15: Predicted vertical flow in VA with varied Tmax and constant ψ = 0.9. Left
to right: Re = 1, Re = 32, and Re = 128. These results correspond to the parameter
variations presented in Fig 2.29.

Predicted vertical flow in VA with varied muscle length Le. Results shown for Re=1, Re=32, and Re=128.       

 




Figure 3.16: Predicted vertical flow in VA with varied muscle length, Le. Left to right:
Re = 1, Re = 32, and Re = 128. These results correspond to the parameter variations
presented in Fig 2.31.



62

Predicted vertical flow in VB with constant muscle tension T max and varied tension-elasticity ratio psi. Results shown for Re=1, Re=32, and Re=128.       

 




Figure 3.17: Predicted vertical flow in VB with constant muscle tension, Tmax, and varied
tension-elasticity ratio, ψ. Left to right: Re = 1, Re = 32, and Re = 128. These results
correspond to the parameter variations presented in Fig 2.32.

Predicted vertical flow in VB with varied muscle tension T max and varied tension-elasticity ratio psi. Results shown for Re=1, Re=32, and Re=128.       

 




Figure 3.18: Predicted vertical flow in VB with varied Tmax and ψ. Left to right: Re = 1,
Re = 32, and Re = 128. These results correspond to the parameter variations presented in
Fig 2.33.
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Predicted vertical flow in VB with varied muscle tension T max and constant tension-elasticity ratio psi=0.9. Results shown for Re=1, Re=32, and Re=128.       

 




Figure 3.19: Predicted vertical flow in VB with varied Tmax and constant ψ = 0.9. Left
to right: Re = 1, Re = 32, and Re = 128. These results correspond to the parameter
variations presented in Fig 2.34.

Predicted vertical flow in VB with varied muscle length Le. Results shown for Re=1, Re=32, and Re=128.       

 




Figure 3.20: Predicted vertical flow in VB with varied muscle length, Le. Left to right:
Re = 1, Re = 32, and Re = 128. These results correspond to the parameter variations
presented in Fig 2.35.
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True vs predicted vertical flow in regions VA (top) and VB (bottom) with increased muscle length 1.5*Le, other parameters held at base values. Left: true, Right: predicted.







    

Figure 3.21: True vs predicted vertical flow in regions VA (top) and VB (bottom) with
1.5 ∗ Le and other parameters held constant at their base.

3.3.4 Energy and Power Expenditure
The final surrogate models correspond to tension- and force-based energy and power.

The tension-based models achieve MSEs of 7.10 × 10−4 for energy and 1.65 × 10−4 for
power, while the force-based models attain MSEs of 4.97 × 10−8 and 1.7 × 10−3,
respectively.

Beginning with the tension-based metrics, we compare the true and predicted energy
and power asRe varies with muscle parameters held constant (Fig. 3.22). In these cases, the
predicted outputs generally follow the simulation data, though small deviations are evident.
We also examine surrogate predictions under the muscle parameter variations introduced
in Section 2.6.2, shown in Figs. 3.23–3.24. Across these parameter sweeps, the surrogates
produce smooth responses that capture the primary minima and maxima of the data.

For the force-based metrics, the energy surrogate performs substantially better than the
power surrogate, as reflected by the difference in magnitude of their respective MSEs. The
force-based energy results are shown in the left panel of Fig. 3.25 for varied Re and base
muscle parameters, and in Fig. 3.26 for the muscle parameter variations from
Section 2.6.2. For the varied Re case, the surrogate closely follows the simulation data,
despite the data exhibiting greater variability. Additionally, for the parameter variations,
the surrogate produces smooth predictions that reproduce the major trends observed in the
data.
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True vs predicted tension-based energy (left) and power (right) with Re varied, muscle parameters held at base values.  



Figure 3.22: True vs predicted tension-based energy (left) and power (right) withRe varied
while muscle parameters are held at their base values.

Predicted tension-based energy across muscle parameter variations. Subplots show effect of varying psi with constant T max, T max with constant psi, varied T max and psi, and muscle length Le.















Figure 3.23: Predicted tension-based energy across muscle parameter variations. The
subplots, starting at the top left, show the effect of varying tension-elasticity ratio ψ
with constant Tmax, maximum muscle tension Tmax with constant ψ, varied Tmax and ψ,
and muscle length Le. These results correspond to the parameter variations presented in
Fig 2.36.
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Figure 3.24: Predicted tension-based power across muscle parameter variations. The
subplots, starting at the top left, show the effect of varying tension-elasticity ratio ψ
with constant Tmax, maximum muscle tension Tmax with constant ψ, varied Tmax and ψ,
and muscle length Le. These results correspond to the parameter variations presented in
Fig 2.37.

True vs predicted force-based energy (left) and power (right) with Re varied, muscle parameters held at base values.

  

Figure 3.25: True vs predicted force-based energy (left) and power (right) with Re varied
while muscle parameters are held at their base values.
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Predicted force-based energy across muscle parameter variations. Subplots show effect of varying psi with constant T max, T max with constant psi, varied T max and psi, and muscle length Le.















Figure 3.26: Predicted force-based energy across muscle parameter variations. The
subplots, starting at the top left, show the effect of varying tension-elasticity ratio ψ
with constant Tmax, maximum muscle tension Tmax with constant ψ, varied Tmax and ψ,
and muscle length Le. These results correspond to the parameter variations presented in
Fig 2.38.
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The force-based power surrogate, however, performs less consistently. In the case of
varied Re with the base muscle parameters, presented in the right panel of Fig. 3.25, the
surrogate produces an overly smooth approximation that falls between neighboring data
points rather than reproducing their local variations. When the muscle parameters are
varied to recreate the results from Section 2.6.2, presented in Fig. 3.27, a similar effect
occurs. This is especially evident for the increased muscle length (yellow curve in
Fig. 3.27), which fails to reproduce the large peak present in the simulation data.

Predicted force-based power across muscle parameter variations. Subplots show effect of varying psi with constant T max, T max with constant psi, varied T max and psi, and muscle length Le.













Figure 3.27: Predicted force-based power across muscle parameter variations. The
subplots, starting at the top left, show the effect of varying tension-elasticity ratio ψ
with constant Tmax, maximum muscle tension Tmax with constant ψ, varied Tmax and ψ,
and muscle length Le. These results correspond to the parameter variations presented in
Fig 2.39.

From an optimization perspective, however, accurately capturing parameter
combinations associated with extreme energy or power costs remains important. Despite
the discrepancies observed in the force-based power model, the surrogate models remain
useful for identifying regions of parameter space associated with large energetic costs.
Notably, despite visual similarities in overall trends, the force-based energy surrogate
performs exceptionally well, suggesting that force-based energy varies more smoothly
across the parameter space and is therefore more amenable to GP approximation.

Further insight can be gleaned by examining the optimized noise variance σo and
rational quadratic parameter αRQ (Table 3.1). The tension-based models exhibit large
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αRQ values, causing the rational quadratic kernel to behave similarly to a squared
exponential kernel with a single characteristic length scale. Combined with a relatively
large σo, this leads to smoother surrogates that emphasize generalizable trends. In
contrast, the force-based surrogates exhibit very small σo, indicating that the GP attributes
nearly all observed variability to the underlying signal. For the force-based power model,
this low noise level, together with the comparatively higher MSE, suggests the presence of
sharper or more complex features that are not fully resolved by the available training data.

Finally, although the surrogate models in previous sections were primarily used to
interpolate between existing simulation data, they can also be used to estimate system
behavior for parameter combinations that were not explicitly simulated. An example
occurs when muscle tension is increased while ψ remains at its base value (red curve in
the top-right panels of Figs. 3.23–3.24 and Figs. 3.26–3.27). This case was not simulated
for Re = 512 due to computational constraints. The surrogate therefore provides an
estimate of the corresponding energy and power values at this Reynolds number.

3.4 Conclusion
Overall, the GP surrogates demonstrate strong predictive capability across the full

parameter space for all evaluated outputs. The models accurately reproduce the key trends
of the reference data, with MSEs ranging from 10−10 to 10−4 depending on the quantity
being modeled. Although small discrepancies remain such as slight offsets in the final
kinematic position and minor numerical artifacts in the vorticity field, the surrogates
successfully capture the dominant extrema and overall trends of the outputs, which are the
primary features of interest.

Together, these results demonstrate that the GP framework provides an effective
approach for surrogate modeling of both kinematic and flow metrics, capturing the
coupled effects of fluid and muscle parameters. The resulting models enable rapid
evaluation of system behavior across the parameter space and can subsequently be used
for optimization to identify parameters combinations of interest, such as those that
minimize energy expenditure or maximize fluid flow, which will be explored in Ch. 4.



Chapter 4
Optimization of Muscle and Parameters

In Chapter 3, Gaussian Process (GP) surrogate models were constructed to
approximate several quantities of interest, including kinematic metrics, fluid flow
measures, and energetic costs, as functions of the muscle and fluid parameters ~q. Each
surrogate model, g(~q) represents the GP approximation of the underlying system
response. In the following optimization, we treat g(~q) as the objective function to be
maximized or minimized with respect to ~q.

With these surrogate models, we can efficiently explore the kinematic and fluid flow
responses for a range of fluid and muscle parameters beyond those originally sampled.
This naturally raises the question: do the biologically observed parameters maximize fluid
flow under specific conditions, and if not, which parameter combinations do? More
generally, the optimal combinations may depend on the metric being considered, for
example, maximizing fluid flow, minimizing energetic cost, or balancing both, and on the
surrounding fluid environment. To investigate these possibilities, we optimize the GP
surrogate model developed in Ch. 3. After identifying promising parameters, we can run
the immersed boundary simulations under these conditions to validate the GP predictions
and refine the parameter space in further regions of particular interest.

To identify optimal parameters, we compare several optimization approaches spanning
both gradient-free and gradient-based methods. The goal of this comparison is to determine
which class of algorithms is best suited for optimizing the GP model. Specifically, we test
generalized pattern search, Nelder-Mead optimization, gradient descent, and trust-region
optimization. Pattern search and Nelder-Mead are gradient-free methods [77, 111], often
used when gradients are unavailable or expensive to compute. While gradients of the GP
surrogate could in principle be obtained analytically, the simplicity and interpretability of
these methods make them attractive candidates. In contrast, gradient descent and trust-
region optimization are gradient-based methods [16, 78], which typically converge more
rapidly but may be sensitive to local minima in complex objective landscapes.

In our optimization, the objective functions are the GP surrogate predictions g(~q),
which provide smooth approximations of the system responses for the quantities of
interest (e.g., kinematic metrics, fluid flow measures, energetic costs). Since an exact
analytical gradient of g(~q) is not used here, we approximate gradients and Hessians
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numerically using central finite differences. For a scalar parameter q, the first and second
derivatives are approximated as

g′(q) ≈ g(q + h)− g(q − h)
2h , (4.1)

g′′(q) ≈ g(q + h)− 2g(q) + g(q − h)
h2 , (4.2)

where h is a small step size chosen to match the scale of the variable being optimized.
Consequently, our "gradient-based" methods are effectively approximate-gradient-based,
though the underlying optimization methodology remains unchanged.

Related optimization studies were conducted on drug-drug interaction and the
published works are given in Appendix B [65] and Appendix C [64].

4.1 Methods

4.1.1 Generalized Pattern Search
Pattern search methods evaluate the objective function at multiple points arranged along

a lattice or "pattern." Based on these evaluations, the lattice is shifted or reshaped, and the
process is iterated until convergence is achieved.

While this class of methods was originally proposed by Hooke-Jeeves [41], a unifying
framework that generalizes all pattern search methods and guarantees their convergence are
discussed in detail in Torczon [111]. In this framework, sampling the objective function
along the pattern is referred to as the exploratory moves. While the specific form of these
exploratory moves varies by method, two requirements must be met to ensure convergence:

• The step direction sk must be defined by the pattern PSk, and its length by a step
length parameter ∆P S

k .

• If a decrease in the objective function exists among the trial points, the exploratory
moves must include at least one step that achieves a decrease.

These conditions ensure that the exploratory moves produce a simple descent by returning
the step that minimizes the objective function value.

Mathematically, the pattern can be defined through a non-singular basis matrix B ∈
Rn×n and a generating matrix Ck ∈ Zn×m, with m > 2n. A common choice is B = I ,
though this may vary depending on the problem. The generating matrix can be expressed
as

Ck = [Mk −Mk Lk] = [Γk Lk] , (4.3)

where Mk ∈ M ⊂ Zn×n, M is a finite set of non-singular matrices, and Lk ∈ Zn×(m−2n)

includes at least one column of zeros.
The pattern PSk is then defined by the columns of

PSk = BCk = [BMk −BMk BLk] = [BΓk BLk] . (4.4)
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Each trial step si
k at iteration k is given by

si
k = ∆kBc

i
k, (4.5)

where ci
k is the ith column of Ck = [c1

k, . . . , c
p
k], Bci

k defines the step direction, and ∆P S
k >

0 is the step length parameter. This step generates a trial point

qi
k = qk + si

k, (4.6)

where qk is the current iterate. For details, see Torczon [111].
After the exploratory moves, the algorithm performs an update step. If any trial point

reduces the objective function, i.e.,

g(qk + si
k) < g(qk), (4.7)

the corresponding point becomes the new base point for the next iteration. Otherwise, the
step size ∆P S

k is reduced by a contraction factor α ∈ (0, 1), and the exploratory moves are
repeated until convergence.

In practice, the initial simplex can significantly influence convergence speed. In the
original Hooke-Jeeves paper, a coordinate axis pattern is utilized, as illustrated in Fig. 4.1
[41]. Another common choice is a simplex with n + 1 vertices, where n is the problem
dimension. For example, a 2D problem uses a triangular simplex, while a 3D problem uses
a triangular prism simplex [111]. More complex simplices may cover a larger area in a
single exploratory move, but also require additional function evaluations, which can slow
convergence.

Examples of 2D and 3D pattern search simplices.

Figure 4.1: Examples of 2D (left) and 3D (right) pattern search simplices.

An outline of this method is provided in Algorithm 4.1.
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Algorithm 4.1 Generalized Pattern Search

Require: Objective function g(~q), initial point q0 ∈ Rn, initial step size ∆P S
0 > 0,

contraction factor 0 < α < 1, tolerance ε, maximum iterations Imax, pattern directions
D = {d1, . . . , dm} ⊂ Rn

Output: Approximate minimizer q
1: q ← q0
2: Evaluate g(q)
3: ∆P S ← ∆P S

0
4: i← 0
5: while stopping criterion not met (e.g., step size > ε) and i < Imax do
6: Construct pattern points:

PS = {q + ∆P Sd | d ∈ D} ∪ {q}

7: Evaluate g at all points in PS
8: Let qbest = arg minq∈P S g(q) with value gbest

9: Update center: q ← qbest . Exploratory move: move to best trial point
10: if qbest is the original center then
11: ∆P S ← α ·∆P S . shrink step size
12: end if
13: i← i+ 1
14: end while
15: return q
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4.1.2 Nelder-Mead Simplex Method
The Nelder-Mead optimization method is a widely used direct search technique,

related to pattern search methods [77]. Although similar in spirit, it does not follow the
strict definition of pattern and exploratory moves, placing it in a different class of
methods. The algorithm maintains an initial simplex consisting of n + 1 vertices for an
n-dimensional problem, which is iteratively updated through reflection, expansion,
contraction (either inside or outside), or shrink operations.

Figure 4.2: Illustration of the simplex transformations in the Nelder-Mead method, where
q3 is the worst point which is being transformed. From left to right: reflection, expansion,
outside contraction, inside contraction, and shrink. Blue dotted triangle: original simplex;
red solid triangle: updated simplex. Redrawn from Wright [124].

The points are first ordered such that g(q1) ≤ g(q2) ≤ · · · ≤ g(qn+1), where g(q) (the
GP surrogate) is the objective function being minimized. The centroid of all points except
the worst point qn+1 is denoted q̄.

The reflection point is computed as

qr = q̄ + αNM(q̄ − qn+1), αNM > 0. (4.8)

If g(q1) ≤ g(qr) ≤ g(qn), then qn+1 is replaced by qr and the process restarts.
If the reflection point improves upon the best point (g(qr) ≤ g(q1)), we attempt an

expansion:
qe = q̄ + γNM(qr − q̄), γNM > 1. (4.9)

If g(qe) < g(qr), qn+1 is replaced by qe, otherwise, by qr.
For contraction, two cases are considered based on the reflection point. If the reflection

point lies between the best and worst vertices, i.e. g(qr) < g(qn+1), an outside contraction
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is performed:
qc = q̄ + ρNM(qr − q̄), 0 < ρNM ≤ 0.5. (4.10)

If g(qc) < g(qr), then the worst vertex qn+1 is replaced by qc. Otherwise, if g(qr) ≥
g(qn+1), an inside contraction is performed:

qc = q̄ + ρNM(qn+1 − q̄). (4.11)

If g(qc) < g(qn+1), the worst vertex qn+1 is replaced by qc.
If contraction fails to yield improvement, the simplex is shrunk toward the best point:

qi = q1 + σNM(qi − q1). (4.12)

Standard parameter values are αNM = 1, γNM = 2, ρNM = 0.5, and σNM = 0.5. An
illustration of these moves can be found in Fig. 4.2. An outline of this method can be found
in Algorithm 4.2.

4.1.3 Gradient Descent
Gradient descent, also known as the method of steepest descent, is a first-order

optimization method that minimizes a function by iteratively moving in the direction of
steepest decrease [78]. For an objective function q(q) (our GP surrogate), the gradient
∇g(q) points in the direction of steepest ascent; thus, the next iterate is

qk+1 = qk − αGD
k ∇g(qk), αGD

k > 0 (4.13)

where qk is the current iterate and αGD
k is the step size [13, 78].

Intuitively, gradient descent can be thought of as taking small steps directly downhill
along the steepest slope, adjusting the step size to ensure each move decreases the objective
function without overshooting the minimum.

The ideal step length provides a substantial decrease in the objective function, but
computing it exactly can be expensive. Instead we use backtracking line search with the
Armijo-Wolfe conditions to adaptively determine the step size αGD

k at each iteration [3,
121, 122]. These conditions ensure sufficient decrease and curvature control:

g(qk − αGD
k ∇g(qk)) ≤ g(qk)− cGD

1 αGD
k ‖∇g(qk)‖2, (4.14)

∇g(qk − αGD
k ∇g(qk))T (−∇g(qk)) ≥ cGD

2 ‖∇g(qk)‖2, (4.15)

where 0 < cGD
1 < cGD

2 < 1, with standard values being cGD
1 = 10−4, cGD

2 = 0.9 [78]. We
iteratively adjust αGD

k until both conditions are satisfied, ensuring sufficient reduction of
the objective function along each step.

These steps are outlined in Algorithm 4.3.
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Algorithm 4.2 Nelder-Mead Simplex Method

Require: Objective function g(q), initial simplex {q1, . . . , qn+1}, tolerance ε, reflection
αNM , expansion γNM , contraction ρNM , shrink σNM , maximum iterations Imax

Output: Approximate minimizer qbest
1: k ← 0 . iteration counter
2: while stopping criterion not met (e.g., simplex size > ε) and k < Imax do
3: Order the simplex: g(q1) ≤ g(q2) ≤ · · · ≤ g(qn+1) . q1 best, qn+1 worst
4: Compute centroid excluding worst: q̄ = (1/n)∑n

i=1 qi

5: Reflect worst vertex: qr = q̄ + αNM(q̄ − qn+1)
6: if g(q1) ≤ g(qr) ≤ g(qn) then
7: Replace qn+1 ← qr

8: else if g(qr) < g(q1) then . Expansion
9: qe = q̄ + γNM(qr − q̄)

10: if g(qe) < g(qr) then
11: Replace qn+1 ← qe

12: else
13: Replace qn+1 ← qr

14: end if
15: else . Contraction
16: if g(qr) < g(qn+1) then . Outside contraction
17: qc = q̄ + ρNM(qr − q̄)
18: else . Inside contraction
19: qc = q̄ + ρNM(qn+1 − q̄)
20: end if
21: if g(qc) < g(qn+1) then
22: Replace qn+1 ← qc

23: else
24: Shrink all vertices toward best: qi ← q1 + σNM(qi − q1), i = 2, . . . , n+ 1
25: end if
26: end if
27: k ← k + 1
28: end while
29: return q1 . Best vertex as approximate minimizer



77

Algorithm 4.3 Gradient Descent with Armijo–Wolfe Line Search

Require: Initial point q0, tolerance ε, maximum iterations Imax, Armijo parameter cGD
1 ∈

(0, 1), Wolfe parameter cGD
2 ∈ (cGD

1 , 1), initial step size αGD
0 > 0, backtracking factor

τ ∈ (0, 1)
Output: Approximate minimizer q
1: k ← 0
2: while Stopping criterion not met (e.g. ‖∇g(qk)‖ > ε) and k < Imax do
3: Compute descent direction: dk = −∇g(qk)
4: Initialize step size: α← αGD

0
5: while Armijo or Wolfe condition not satisfied do
6: if g(qk + αdk) > g(qk) + cGD

1 α∇g(qk)Tdk then
7: α← τα . Reduce step for Armijo condition
8: else if∇g(qk + αdk)Tdk < cGD

2 ∇g(qk)Tdk then
9: α← τα . Reduce step for Wolfe curvature condition

10: end if
11: end while
12: Update iterate: qk+1 ← qk + αdk

13: k ← k + 1
14: end while
15: return qk

4.1.4 Trust Region Methods
Trust-region methods define a neighborhood around the current iterate within which a

model is “trusted” to approximate the objective function accurately. A step is then chosen
to minimize the model within this region. If the step is deemed unacceptable, the trust-
region radius is reduced, and a new minimizer is computed [16, 78]. An example of this
process is illustrated in Fig. 4.3.

Within the trust region, we assume that a quadratic model, mT R
k , adequately represents

the objective function. This is based on a Taylor expansion of g (the surrogate model)
around the current iterate qk:

g(qk + s) = g(qk) + g′(qk)T s+ 1
2s

Tg′′(qk + ts)s, t ∈ [0, 1], (4.16)

where g′(qk) and g′′(qk) are the gradient and Hessian of g at qk. Replacing the Hessian with
a symmetric approximation Hk gives the simplified quadratic model:

mT R
k (s) = g(qk) + g′(qk)T s+ 1

2s
THks. (4.17)

As a reminder, we use finite differences to calculate both the derivative and Hessian of g.
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Figure 4.3: A-E: Example of trust-region steps as the algorithm searches for the minimum
of the Rosenbrock function [89]. F: Steihaug conjugate gradient iterations for finding sk.
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The trust-region step is defined as the solution to the constrained quadratic
minimization problem:

min
s∈Rn

mT R
k (s) subject to ‖s‖ ≤ ∆T R

k , ∆T R
k > 0, (4.18)

where ∆T R
k is the trust-region radius at iteration k.

The quality of a step is assessed via a ratio of the actual and predicted reductions:

ρT R
k = g(qk)− g(qk + sk)

mT R
k (0)−mT R

k (sk) , (4.19)

where sk is the computed trust-region step. If ρT R
k ≈ 1, the model closely approximates

g and the trust region can be expanded. If ρT R
k � 1, the step is poor and the trust region

should be shrunk. If ρT R
k < 0, the step increases the objective and should be rejected [12].

An outline of the trust region method is given in Algorithm 4.4.

Algorithm 4.4 Trust-Region Method

Require: Initial point q0, trust-region radius ∆T R
0 , tolerance ε, max iterations Imax,

parameters 0 < η1 < η2 < 1, scaling factors 0 < γ1 < 1 < γ2
Output: Approximate minimizer q

1: k ← 0, ∆T R
k ← ∆T R

0
2: while ‖g′(qk)‖ > ε and k < Imax do
3: Compute gradient g′(qk) and Hessian approximation Hk

4: Solve the trust-region subproblem approximately using an iterative method, for
example a conjugate gradient-based method (Alg. 4.5), to obtain sk.

5: Compute ratio of actual to predicted reduction:

ρT R
k = g(qk)− g(qk + sk)

mT R
k (0)−mT R

k (sk)

6: if ρT R
k < η1 then

7: Reject step: qk+1 = qk, ∆T R
k+1 = γ1∆T R

k

8: else if ρT R
k > η2 and ‖sk‖ ≈ ∆T R

k then
9: Accept step: qk+1 = qk + sk, ∆T R

k+1 = γ2∆T R
k

10: else
11: Accept step: qk+1 = qk + sk, ∆T R

k+1 = ∆T R
k

12: end if
13: k ← k + 1
14: end while
15: return qk
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Steihaug Conjugate Gradient Method for the Trust-Region Subproblem

Solving Eq. (4.18) exactly is expensive. Steepest descent may be too slow, and dogleg
methods require Hk to be positive definite [86]. Instead, we use Steihaug’s conjugate
gradient (CG) method [105], which approximately solves the trust-region subproblem.
This method generates a search path using CG iterations rather than a piecewise linear
dogleg path. An example of directions considered by this method is shown in Fig. 4.3.

The quadratic subproblem in Steihaug’s CG method is:

mT R
k (s) = g′(qk)T sCG + 1

2(sCG)THks
CG, (4.20)

where Hk is a real symmetric matrix and g′(qk) 6= 0. If Hk were positive definite and
unconstrained, the minimizer would satisfy

Hks
CG = −g′(qk), (4.21)

which is solved iteratively by CG.
Starting from sCG

0 = 0, rCG
0 = g′(qk), dCG

0 = −rCG
0 , the standard CG iterations are:

αCG
i = (rCG

i )T rCG
i

(dCG
i )THkdCG

i

, (4.22)

sCG
i+1 = sCG

i + αCG
i dCG

i , (4.23)

rCG
i+1 = rCG

i + αCG
i Hkd

CG
i , (4.24)

βCG
i = (rCG

i+1)T rCG
i+1

(rCG
i )T rCG

i

, (4.25)

dCG
i+1 = −rCG

i+1 + βCG
i dCG

i . (4.26)

Steihaug’s method introduces early stopping conditions:

1. Boundary check: If the next CG step would leave the trust region
(‖sCG

i + αCG
i dCG

i ‖ > ∆T R
k ), compute a truncated step:

s∗ = sCG
i + τdCG

i , τ ≥ 0 such that ‖s∗‖ = ∆T R
k . (4.27)

2. Negative curvature check: If (dCG
i )THkd

CG
i ≤ 0, the model is non-convex along

dCG
i . Truncate along the direction of negative curvature:

s∗ = sCG
i + τdCG

i , τ ≥ 0 chosen to approximately minimize mT R
k (s). (4.28)

The step returned by Steihaug CG, s∗, is then assigned as the trust-region step: sk = s∗.
This ensures robustness even when Hk is indefinite or poorly conditioned.

Steihaug refers to the method as a preconditioned CG approach. The
"preconditioning" here refers to early truncation via the stopping conditions, not the
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classical use of a preconditioner [105]. Classical preconditioning can still be applied, but
we use the standard method [15].

Intuitively, Steihaug’s CG method can be thought of as taking a step downhill on the
quadratic surface, pausing whenever it would step outside of the trust region or encounter
a direction where the surface curves downward. Each step is therefore safe, feasible, and
makes consistent progress toward minimizing the model, even if the Hessian is indefinite.

An outline of the Steihaug CG subproblem solver can be found in Algorithms 4.5.

Algorithm 4.5 Steihaug Conjugate Gradient Method for the Trust-Region Subproblem

Require: Gradient g′(qk), Hessian Hk (or approximation), trust-region radius ∆T R
k ,

tolerance ε
Output: Approximate solution sk of min‖s‖≤∆T R

k
g′(qk)T s+ 1

2s
THks

1: Initialize sCG
0 = 0, rCG

0 = g′(qk), dCG
0 = −rCG

0
2: for i = 0, 1, 2, . . . do
3: if (dCG

i )THkd
CG
i ≤ 0 then . Negative curvature

4: Find τ ≥ 0 such that ‖sCG
i + τdCG

i ‖ = ∆T R
k

5: return sk = sCG
i + τdCG

i

6: end if
7: αCG

i = (rCG
i )T rCG

i

(dCG
i )T HkdCG

i

8: if ‖sCG
i + αCG

i dCG
i ‖ ≥ ∆T R

k then . Hit trust-region boundary
9: Find τ ≥ 0 such that ‖sCG

i + τdCG
i ‖ = ∆T R

k

10: return sk = sCG
i + τdCG

i

11: end if
12: Update:

sCG
i+1 = sCG

i + αCG
i dCG

i , rCG
i+1 = rCG

i + αCG
i Hkd

CG
i

13: if ‖rCG
i+1‖ ≤ ε then

14: return sk = sCG
i+1

15: end if
16: βCG

i = (rCG
i+1)T rCG

i+1
(rCG

i )T rCG
i

17: dCG
i+1 = −rCG

i+1 + βCG
i dCG

i

18: end for

4.1.5 Multi-objective Optimization
To evaluate competing objective functions, multi-objective optimization can be used.

This approach combines multiple objective functions into one composite objective function
which will then be minimized. A simple example for two objective functions, g1(q) and
g2(q), is the weighted additive objective function:

h+(q) = g1(q) + ω+g2(q), (4.29)
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where g1(q) and g2(q) are surrogate models representing different outputs, such as fluid
flow and energy usage. In this formulation, the weight of g1(q) is fixed at 1, while the
second weight, ω+, adjusts the relative importance of g2(q) in the optimization.

An alternative is the multiplicative composite objective:

h×(q) = g1(q)g2(q)ω× . (4.30)

Here, ω× controls the influence of g2(q), emphasizing solutions where both objectives
perform well simultaneously rather than allowing one to dominate.

In this work, we adopt a scalarization-based approach, in which multiple objectives
are combined into a single composite objective that can be minimized using standard
optimization techniques. Common scalarization strategies include weighted additive or
multiplicative formulations. While these approaches are straightforward to implement,
their performance is highly sensitive to the choice of weights, which can be difficult to
tune in practice, particularly when objectives differ in scale or exhibit conflicting behavior.

While additive and multiplicative scalarizations are straightforward to implement, they
are highly sensitive to the choice of weights, especially when objectives differ in scale or
exhibit conflicting trends. To address this limitation, we introduce the Augmented
Chebyshev (AC) scalarization, which combines a weighted Chebyshev norm with a small
augmentation term to smooth the objective landscape [11, 53]. For two objectives, the AC
scalarization is defined as

hAC(q) = max
[
ωAC |g1(q)− z∗

1 |, (1− ωAC)|g2(q)− z∗
2 |
]

+ ρAC

(
|g1(q)− z∗

1 |+ |g2(q)− z∗
2 |
)
,

(4.31)

where ωAC ∈ [0, 1] controls the relative weighting of the objectives, with larger values
favoring g1(q). The bounded and interpretable nature of ω enables systematic exploration
of trade-offs between objectives by varying a single parameter. The reference values z∗

1
and z∗

2 are typically the maximum observed or ideal values of g1(q) and g2(q). The first
term in Eq. (4.31) penalizes solutions that perform poorly on either objective, while the
second term, scaled by a small augmentation parameter ρAC � 1, smooths the objective
landscape, producing a gradual transition between the optima of the individual objectives.
Following common practice in the literature, we adopt ρAC = 0.05 [11, 53].

Preliminary Multi-Objective Optimization Tests

To determine an appropriate multi-objective composite function, we first tested
additive, multiplicative, and augmented Chebyshev (AC) scalarizations on simple
surrogate models. Here, g1(q) represents the vertical flow in region VA, and g2(q)
represents the tension-based energy, with the optimization parameters limited to t and Re.
All surrogate outputs were normalized and standardized prior to optimization, though
reported values for g1(q), g2(q), and parameter combinations are converted back to
physical units. The composite objectives were minimized to balance the competing goals
of maximizing vertical fluid flow while minimizing energy expenditure.
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For this test problem, the maximum of g1(q) occurs at (t, Re) = (0.4313, 1000), while
the minimum of g2(q) occurs at Re = 1, as g2(q) is independent of t. Tables 4.1-4.3
summarize results for the additive, multiplicative, and AC objectives across several
weighting parameters.

For the additive and multiplicative objectives, the pattern search method consistently
achieved the lowest objective values with the shortest compute times, reflecting its ability
to take large exploratory steps with relatively few function evaluations. In contrast, for
the AC formulation, pattern search performed best when ωAC ≤ 0.25, whereas gradient
descent dominated for ωAC ≥ 0.5. Gradient descent required more computational time
in these regimes but converged to lower objective values, highlighting how the weighting
parameter shapes the optimization landscape and favors different methods under different
conditions.

The additive and multiplicative objectives also exhibited sharp transitions in the
location of the optimum as their relative weights changed. For h+(q), when ω+ ≤ 4.9, the
optimizer converged to the maximum of g1(q), but for ω+ ≥ 4.95, the optimum abruptly
shifted to the minimum of g2(q), indicating dominance of the energy term. Similarly,
h×(q) remained at the maximum of g1(q) for ω× ≤ 1.75 but jumped to the minimum of
g2(q) for ω× ≥ 1.8. These sharp transitions make meaningful weighting difficult without
extensive parameter exploration.

ω+ Method h+(q) g1(q) g2(q)

2 Pattern Search 0.549 0.008 1.054
4.9 Pattern Search -0.302 0.008 1.054
4.95 Pattern Search -0.400 0.001 0.331

5 Pattern Search -0.3145 0.0011 0.3313

Table 4.1: Best-performing results for the additive composite objective h+(q). g1 is vertical
flow in VA, g2 is tension-based energy. Other optimization methods exhibited similar trends
but required more iterations or longer compute times.

ω× Method h×(q) g1(q) g2(q)

1.5 Pattern Search 7.148 0.008 1.054
1.75 Pattern Search 9.713 0.008 1.054
1.8 Pattern Search 10.681 0.011 0.331
2 Pattern Search 17.205 0.001 0.331

Table 4.2: Best-performing results for the multiplicative composite objective h×(q). g1 is
vertical flow in VA, g2 is tension-based energy. Other methods followed similar trends but
required more iterations or compute time.

In contrast, the AC formulation produces a smoother transition between objectives. By
construction, it balances maximizing g1 and minimizing g2 across ωAC ∈ [0, 1]. Small
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ωAC values favor g2, while larger values shift the solution toward maximizing g1. The
weighting parameter is bounded and interpretable, allowing systematic exploration of
trade-offs between objectives. For the simple surrogate problem, ωAC = 0.25 provided the
closest balance between objectives while still favoring g2.

ωAC Method hAC g1(q) g2(q)

0.10 Pattern Search -0.094 0.001 0.331
0.25 Pattern Search -0.205 0.002 0.898
0.50 Gradient Descent -0.152 0.008 1.058
0.75 Gradient Descent -0.077 0.008 1.075
0.90 Gradient Descent -0.031 0.008 1.081

Table 4.3: Best-performing results for the augmented Chebyshev (AC) composite objective
hAC with ρ = 0.05. g1 is vertical flow in VA, g2 is tension-based energy. Pattern Search
dominates for low ωAC , while Gradient Descent is best for higher ωAC . Other methods
followed similar trends but required more iterations or compute time.

Based on these observations, we adopt the AC scalarization with a range of ωAC values
for the full parameter-space exploration. For notational simplicity, we refer to ωAC as ω in
subsequent sections.

4.1.6 Implementation
All optimization methods are implemented in MATLAB. Upper and lower bounds are

imposed on each parameter to ensure feasible solutions: t ∈ [0, 1.89], Re ∈ [1, 1000],
Tmax ∈ [500, 10000), ψ = Tmax/ηT ∈ [0.25, 3), and Le ∈ (0.1, 0.9). These ranges were
selected to represent both the physical and computational limits of the system.

Because the initial guess can strongly influence optimization outcomes, the initial
point is chosen as the average of the parameter space, i.e. q0 = {t̄, R̄e, T̄max, ψ̄, L̄e} with ·̄
denoting the average. The optimization bounds and initial starting guess are provided in
Table 4.4. To mitigate local minima, additional start points are generated through
randomized grid sampling [72]. The final solution is selected as the best result among all
runs.

Full parameter-space optimizations were performed on the Pinnacles cluster, a High
Performance Computing system at UC Merced.

4.2 Results
We now discuss optimization of the full parameter space. We start by optimizing only

a single surrogate objective function at a time. Specifically, we will be maximizing the
vorticity and vertical flow surrogates and minimizing the energy and power surrogates.
This will allow us to find the parameters that produce either the greatest fluid flow or are
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Bounds

Name Variable Baseline Initial Guess Min Max

Time in pulse t – 0.9450 0 1.89
Reynolds number Re 46.5892 500.5 1 1000
Maximum muscle tension Tmax 4,500 5,250 500 10,000
Tension–elasticity ratio ψ = Tmax/ηt 0.9 1.625 0.25 3.0
Muscle end ratio Le 0.45 0.5 0.1 0.9

Table 4.4: Baseline values, initial guesses, and optimization bounds for surrogate model
optimization.

the least energetically expansive. At this time, we omit the kinematic surrogate, though
this could also be optimized to determine the parameters which result in the greatest
tentacle motion. After single-objective optimization, we move onto multi-objective
optimization, where we take into account both the fluid flow and energetic expenditure.
Whether a surrogate function is minimized or maximized will stay consistent throughout
both the single- and multi-objective optimization.

We compare results for each of the four methods previously presented for both single-
and multi-objective optimization. Each optimization method is allowed a maximum of
10,000 iterations and has 100 start points sampled via a Latin hypercube sample.

4.2.1 Single-Objective Optimization of GP Models
A summary of the optimization results for vorticity and vertical flow, both of which

were maximized, is presented in Table 4.5. Among the methods tested, Nelder-Mead
consistently produced the best performance. Pattern search also performed reasonably well,
but appeared to converge prematurely, a behavior that could potentially be mitigated by
relaxing its termination criteria.

Across both vorticity and vertical flow optimizations, the optimal end length of the
tentacle was found to be Le ≈ 0.45-0.48, closely matching the biological value of Le =
0.45. In contrast, the optimal tension-elasticity ratio falls in the range ψ = Tmax/ηt ≈
1.35-1.90, which is substantially larger than the biological value of ψ = 0.9 used in the base
model. Similarly, the optimal tension values lie in the range Tmax ≈ 4, 675-6, 650, slightly
exceeding the base value of Tmax = 4, 500. Taken together, these results suggest that
maximizing fluid transport within the current framework favors increased muscle stiffness
and tension relative to the base parameter choices. This discrepancy may reflect either
limitations of the base parameter assumptions and the fact that the optimization prioritizes
fluid transport efficiency over other physiological considerations.
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Metric Method o(q) t (s) Re Tmax (N) ψ Le
Compute
Time (s)

Vorticity Nelder-Mead 28.870 0.62 1,000 4,675 1.35 0.48 0.072
Flow in VA Nelder-Mead 0.012 0.55 266 6,280 1.55 0.46 0.083
Flow in VB Nelder-Mead 0.009 0.98 167 6,650 1.90 0.45 0.102

Table 4.5: Optimization results showing only the best-performing method for each
metric. All function outputs are maximized. Full results for all methods are provided
in Appendix D.

During the initial optimization of energy and power expenditures, the surrogate
models predicted negative minima, which were not observed in the corresponding
simulations.This discrepancy is attributed to Gaussian process extrapolation, which
produces an artificial drop-off at low Reynolds numbers, as evident in Figs. 4.4–4.5,
which are recreations of the tension-based results presented in Fig. 3.23–3.24 with a focus
on low Reynolds numbers. Physically, these negative predictions are not meaningful:
tension-based energy depends on the pulse-averaged muscle tension and the norm of the
structures displacement, while tension-based power depends on muscle tension and the
norm of the Lagrangian tentacle velocity. Similarly, force-based energy and power depend
on the magnitude of the Lagrangian force and tentacle velocity. All of these quantities are
inherently non-negative.

Predicted tension-based energy across muscle parameter variations focusing on low Reynolds numbers. Recreation of previous figure highlighting low Re values.















Figure 4.4: Predicted tension-based energy across muscle parameter variations. Recreation
of Fig. 3.23 with a focus on low Reynolds numbers.
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Predicted tension-based power across muscle parameter variations focusing on low Reynolds numbers. Recreation of previous figure highlighting low Re values.













Figure 4.5: Predicted tension-based energy across muscle parameter variations. Recreation
of Fig. 3.24 with a focus on low Reynolds numbers.

To enforce this physical condition, we impose a hard constraint requiring the predicted
objective values at the optima to be non-negative for each metric. Enforcing this constraint
allows for the possibility that multiple parameter combinations yield near-zero energy or
power, as observed for the tension-based energy metric, where both the Nelder-Mead and
trust-region methods converge to similar objective values using different parameter sets.
With this in mind, a result of zero energy or power would come from a stationary (or
nearly-stationary) coral. Therefore parameter combinations that produce this result are
unlikely to have such a low output if they were to be run as full simulations, but can help
point to parameter regimes that are more cost effective.

With this hard constraint enforced, the Nelder-Mead method consistently achieved the
lowest values across all cost metrics (Tab. 4.6). The minimum energy and power typically
occur when Re, Tmax, and Le are small. This behavior is expected, as reducing any of
these parameters limits the coral polyps ability to pulse, resulting in muted motion and
weaker fluid flow. Comparing tension- and force-based results, we observe that the force-
based optimization tends to favor a higher tension-elasticity ratio, ψ and a lower muscle
length, Le. Physically, a high tension-elasticity ratio indicates a more tension-dominated,
less elastic response, while a shorter muscle length reduces the overall kinematic motion of
the coral polyp. Together, these effects likely suppress the generation of Lagrangian forces
used to compute this metric.

While these single-optimization results point towards the parameters which produce the
greatest flow or least energy cost, the coral has many other competing priorities. Therefore,
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it is more realistic to consider an optimization scheme which attempts to balance these
needs. This will be explored in the following section, where multi-objective optimization
is employed.

Metric Method o(q) t (s) Re Tmax (N) ψ Le
Compute
Time (s)

Tension Energy Nelder-Mead 0 - 7 2,481 0.49 0.37 0.069
Tension Power Nelder-Mead 0 - 3 3,279 0.64 0.37 0.082
Force Energy Nelder-Mead 0 - 29 2,449 1.23 0.25 0.103
Force Power Nelder-Mead 0 - 2 3,488 1.45 0.19 0.104

Table 4.6: Optimization results showing only the best-performing method for each metric.
All function outputs are minimized. Function outputs smaller than 1 × 10−6 have been
rounded to 0. Full results for all methods are provided in Appendix D.

4.2.2 Multi-Objective Optimization of GP Models
Multi-objective optimization was performed for the vertical flow in region VA and for

vorticity, each paired with tension-based energy and power. We focus on VA because flow
is strongest near the coral polyp, and on tension-based metrics because they produce
smoother surrogate models. Tables 4.7 and 4.8 summarize the best-performing method for
vorticity, while Tables 4.9 and 4.10 report results for vertical flow, each paired with energy
and power. Full results for all methods and parameter sets are provided in Appendix E. As
a reminder, ω ∈ [0, 1] is the weight parameter for the Augmented Chebyshev scalarization,
with ω ≈ 0 favoring g2 and ω ≈ 1 favoring g1. Throughout this results section, g1 will be
represented by either the surrogate for vertical flow or vorticity and will thus be
maximized. Alternatively, g2 will be the surrogate for tension-based energy or power and
will be minimized. Therefore, a smaller ω will favor minimizing cost, while a larger ω
will favor increasing vertical flow.

ω Method hAC g1 g2 t (s) Re Tmax (N) ψ Le
Compute
Time (s)

0.10 Trust Region -0.088 3.85 0.32 0.67 348 6,497 0.61 0.25 0.68
0.25 Trust Region -0.160 8.31 0.70 0.78 441 4,451 1.02 0.34 153.91
0.50 Trust Region -0.149 14.51 0.97 0.59 533 5,847 0.61 0.44 77.34
0.65 Trust Region -0.108 16.90 1.01 0.67 466 4,580 1.03 0.40 0.79
0.75 Gradient Descent -0.073 18.16 0.95 0.62 541 4,054 1.00 0.42 0.89
0.90 Pattern Search -0.021 27.41 1.31 0.65 1,000 4,904 1.25 0.44 0.04

Table 4.7: Best-performing method for each ω in the augmented Chebyshev optimization
for vorticity and tension-based energy. Full results for all methods are provided in
Appendix E.
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ω Method hAC g1 g2 t (s) Re Tmax (N) ψ Le
Compute
Time (s)

0.10 Trust Region -0.085 4.48 0.15 0.79 424 4,492 1.04 0.27 1.02
0.25 Gradient Descent -0.159 8.39 0.35 0.85 369 4,607 1.37 0.35 2.65
0.50 Trust Region -0.175 13.59 0.57 0.64 320 3,280 1.17 0.47 155.04
0.65 Gradient Descent -0.099 17.15 0.46 0.60 374 4,607 1.35 0.39 0.62
0.75 Gradient Descent -0.077 18.06 0.50 0.61 375 4,607 1.36 0.40 0.35
0.90 Gradient Descent -0.033 19.24 0.55 0.62 442 4,492 1.14 0.41 0.48

Table 4.8: Best-performing method for each ω in the augmented Chebyshev optimization
for vorticity and tension-based power. Full results for all methods are provided in
Appendix E.

ω Method hAC g1 g2 t (s) Re Tmax (N) ψ Le
Compute
Time (s)

0.10 Gradient Descent -0.080 0.003 0.29 0.30 484 4,054 0.93 0.25 0.40
0.25 Gradient Descent -0.152 0.005 0.66 0.40 232 3,627 0.68 0.43 0.59
0.50 Pattern Search -0.162 0.008 1.03 0.46 483 6,081 0.94 0.38 0.02
0.65 Pattern Search -0.132 0.009 1.23 0.49 468 5,046 1.06 0.43 0.05
0.75 Pattern Search -0.110 0.010 1.46 0.50 358 4,904 1.25 0.44 0.02
0.90 Pattern Search -0.049 0.011 1.63 0.49 341 6,333 1.23 0.43 0.05

Table 4.9: Best-performing method for each ω in the augmented Chebyshev optimization
for vertical flow in VA and tension-based energy. Full results for all methods are provided
in Appendix E.

ω Method hAC g1 g2 t (s) Re Tmax (N) ψ Le
Compute
Time (s)

0.10 Gradient Descent -0.070 0.004 0.11 0.35 485 4,054 0.96 0.29 0.35
0.25 Gradient Descent -0.131 0.006 0.28 0.41 196 3,702 1.23 0.38 0.50
0.50 Pattern Search -0.146 0.008 0.48 0.60 508 5,187 1.68 0.36 0.02
0.65 Pattern Search -0.123 0.009 0.57 0.55 398 5,857 1.63 0.36 0.01
0.75 Pattern Search -0.096 0.010 0.59 0.61 344 5,014 1.66 0.40 0.05
0.90 Gradient Descent -0.046 0.010 0.75 0.53 466 4,733 1.53 0.46 2.81

Table 4.10: Best-performing method for each ω in the augmented Chebyshev optimization
for vertical flow in VA and tension-based power. Full results for all methods are provided
in Appendix E.
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While no single optimization method consistently performs best, clear patterns emerge.
In the case of vorticity with energy, the trust-region method often performs the best. Here
gradient-free methods fall into a local minimum at Re = 1000 and fail to progress further.
Similarly, for vorticity with power, gradient-based methods continue to dominate, though it
is more split between gradient descent and the trust-region. Often, these methods converge
to similar enough minima that gradient descent could be used moving forward as it is the
simpler technique. Shifting to vertical flow, we see that pattern search and gradient descent
alternate as the dominant method, depending on the value of ω. These results suggest that
pattern search and gradient descent together provide adequate coverage of the optimization
landscape and are the preferred choices for future analyses.

Turning to the optimal parameters, several consistent trends emerge. There is a clear
trade-off between flow and cost, unlike the preliminary test problem, where solutions
jumped abruptly between extremes. Here, higher flow is increasingly favored as ω grows.
Most solutions converge to Re ≥ 200, even at low ω, while shifts in other parameters are
non-uniform. This highlights the non-convexity of the problem and shows that different
parameter combinations can produce similar optimal outputs. When compared with
biological data, solutions for ω = 0.5-0.75 most closely match observed polyp parameters,
capturing the expected balance between strong vertical flow and minimal energetic
expenditure.

For vertical flow, multi-objective optimization favors a larger Reynolds number than
the single-objective optimization (Table 4.5), while simultaneously reducing Tmax and
increasing ψ. This suggests that reducing energetic cost can be achieved by lowering
overall muscle tension and elasticity. In contrast, optimizing vorticity shifts the solution
toward lower Reynolds numbers and reduces elasticity by increasing ψ, indicating a
different balance when prioritizing fluid rotation versus upward transport. Overall, the
multi-objective formulation reveals biologically meaningful trade-offs between flow
generation and energetic expenditure.

4.3 Conclusion
In this chapter, we demonstrated that both single- and multi-objective optimization can

be applied to our surrogate models to identify parameter values that maximize or
minimize desired outputs. The results reveal biologically meaningful trade-offs between
flow generation and energetic expenditure, showing how the coral balances its competing
needs, and highlight how different objective functions lead to distinct optimal strategies.
This demonstrates that the surrogate models are effective tools for guiding optimization
across a high-dimensional parameter space, despite localized limitations. Using these
optimal parameters, full numerical simulations can be re-run to validate surrogate
predictions, explore regions of interest in greater detail, and develop improved surrogate
models. This iterative process of optimization and model refinement will be explored
further in Ch. 5.



Chapter 5
Iterative Surrogate Model Refinement

The workflow introduced in previous chapters can be iterated to progressively improve
model accuracy and insight. In this chapter, the optimal parameters identified in Ch. 4 are
used to re-run the numerical simulations from Ch. 1, generating additional data in regions
of interest. From these simulations, updated surrogate models are constructed and
re-optimized, forming an iterative cycle illustrated in Fig. 5.1.

Figure 5.1: After the initial simulations, modeling, and optimization are complete, the
resulting optimal parameters can be used to generate additional simulations in regions of
interest. This process can then be repeated to progressively improve the surrogate model
accuracy.

This iterative approach has two key objectives. First, it validates the accuracy of the
initial surrogate by comparing predicted optima with high-fidelity numerical results.
Second, it refines the parameter space around regions of interest, allowing subsequent
simulations to be conducted more efficiently and with improved resolution.
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5.1 Model Verification
We selected parameter sets from the multi-objective optimization corresponding to

ω = 0.25 and ω = 0.65. The lower value, ω = 0.25, emphasizes minimizing energy
expenditure, yielding smaller Reynolds numbers that align closely with the biologically
relevant regime for Vertical Flow. The intermediate value, ω = 0.65, represents a balance
between fluid transport and energetic cost, falling within the range (ω = 0.5-0.75) that
most closely matches observed polyp behavior.

The chosen parameter sets are summarized in Table 5.1. Full simulations were run with
these parameter settings, and their kinematic and flow results were used to test the surrogate
models predictive accuracy, with this new data serving as out-of-sample evaluation data
which was not in the original training set. Following Section 3.3, the relative error

REi = |oi − ôi|
|ôi|

, (5.1)

quantifies the magnitude of the error of the prediction oi relative to the true output ôi,
providing a normalized measure of accuracy across outputs with different scales. The
relative error of the original surrogate model is summarized in Table 5.2, with further
discussion provided in the following subsections. For the kinematic motion, vorticity, and
vertical flow, which are all dependent on time, the relative error is calculated at each time
step and then averaged over all time points for each of the eight simulations. For energy
and power, which are independent of time, the relative error is calculated using the eight
simulation values directly. Further details and results are presented in the following
subsections.

Test ID
Maximized
Parameter

Minimized
Parameter ω Re Tmax (N) ψ Le Source Table

1 Vorticity Energy 0.25 441 4,451 1.02 0.34 Table 4.7
2 Vorticity Power 0.25 369 4,607 1.37 0.35 Table 4.8
3 Vertical Flow Energy 0.25 232 3,627 0.68 0.43 Table 4.9
4 Vertical Flow Power 0.25 196 3,702 1.23 0.38 Table 4.10
5 Vorticity Energy 0.65 466 4,580 1.03 0.40 Table 4.7
6 Vorticity Power 0.65 374 4,607 1.35 0.39 Table 4.8
7 Vertical Flow Energy 0.65 468 5,046 1.06 0.43 Table 4.9
8 Vertical Flow Power 0.65 398 5,857 1.63 0.36 Table 4.10

Table 5.1: Simulation parameters based on optimization results, with test identifiers used
for reference in subsequent figures. Note that energy and power each refer to the tension-
based definitions.
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Metric Average
Relative Error

Median
Relative Error

Maximum
Relative Error

Kinematic Motion 7.12% 5.46% 39.31%
Vorticity– full curve 40.02% 32.36% 541.44%
Vorticity– at peak value 17.85% 16.62% 33.44%
Vertical Flow in VA– full curve 35.44% 31.14% 140.65%
Vertical Flow in VA– at peak value 9.74% 7.97% 22.22%
Vertical Flow in VB– full curve 17.92% 16.78% 46.73%
Vertical Flow in VB– at peak value 15.23% 12.03% 28.76%
Tension-based Energy 11.41% 11.17% 27.93%
Tension-based Power 17.96% 17.03% 31.21%
Force-based Energy 14.12% 12.96% 31.34%
Force-based Power 6.38% 4.26% 14.60%

Table 5.2: Relative error of surrogate models evaluated on new simulations not used in
training. Note that relative error at the peak values, which are the values of interest, are
relatively small.

5.1.1 Kinematic Comparison
We evaluated the surrogate model for both the x and z position of the tentacle

kinematics across the eight test cases. Highlights of these results are shown in Fig. 5.2.
The top panel presents the time-averaged relative error for each new simulation, computed
using the combined 2D displacement: at each time point, the error is calculated as the
Euclidean distance between the predicted and true positions normalized by the true
position, and then averaged over time. This combined metric ranges from 0.044 to 0.141.
Test ID #5 exhibits the lowest error, with predicted and true trajectories closely aligned;
the largest deviations occur near the loop extrema, where the polyp transitions between
contraction and expansion.

By contrast, Test ID #8 shows the highest relative error. Here, the predicted trajectory is
less smooth and shorter than the full simulation result. This behavior is associated with the
parameter regime. Both Tmax and ψ are at their largest values, representing a high muscle
tension-to-elasticity ratio. This is because the training dataset only included ψ values up to
1.5, meaning this test case partially exceeds the surrogates trained domain.

Even in this extreme case, the surrogate maintains relative errors below 40% across
all unseen simulations at any time point, demonstrating that it reliably captures the overall
pattern of tentacle kinematics both within and slightly beyond the training parameter space.
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Figure 5.2: Top: Surrogate model accuracy for tentacle kinematics on unseen data. Middle
and bottom: Predicted versus true trajectories for the best (ID #5) and worst (ID #8) relative
errors. Test IDs correspond to Table 5.1.
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5.1.2 Vorticity
Next, we examine the spatially averaged magnitude of vorticity, shown in Fig. 5.3. A

key question is whether the surrogate captures the full result over time or mainly
reproduces the peak value. Because the goal of optimization emphasizes peak vorticity,
we focus on evaluating the surrogate’s performance in reproducing the peak. Unlike the
time-averaged relative error, which is computed over all time points, the relative error at
the peak is calculated only at the peak point in each simulation and then averaged across
the eight simulations.

Across the test cases, relative error at the peak ranges from 0.031 to 0.334, presented
in the top panel of Fig. 5.3. Test ID #4 exhibits the highest error in this regard, while
Test ID #8 exhibits the lowest. Test ID #8 accurately reproduces the peak vorticity but
fails to reproduce the spatially averaged vorticity over time, highlighting that surrogate
performance is most critical in the context of the modeling objective. While the surrogate
captures peak behavior effectively, improving accuracy over the entire time series would
likely require additional training data.

5.1.3 Volumetric Flux
We next examine the surrogate models for vertical flow in regions VA and VB (see

Fig. 2.7 for region definitions). Relative errors at the peak and over time are presented in the
top panels of Figs. 5.4–5.5, while the middle and bottom panels show the simulations with
the best and worst peak predictions. As with vorticity, the primary interest is accurately
predicting peak flow rather than reproducing the full temporal profile, so we focus on cases
that performed best and worst in this regard.

For VA, Fig. 5.4, the relative error at the peak is substantially lower than the time-
averaged error. Test ID #1 achieves the lowest peak error (0.027), whereas Test ID #6
performs worst (0.222). Notably, Test ID #6 has a Tmax similar to the baseline but a much
larger ψ, corresponding to a coral polyp with reduced elasticity. This suggests the surrogate
captures peaks well under most conditions but struggles to reproduce the general output
trends.

For VB (Fig. 5.5), the peak and time-averaged relative errors are more similar. Test ID
#7 performs best, while Test ID #6 again performs worst. When the peak flow is predicted
accurately, the surrogate also reproduces the overall data trends, but poor peak predictions
coincide with less accurate predictions over the entire time period.

Overall, relative errors remain below 22% for VA and 28.8% for VB, even in challenging
regions of the parameter space. This demonstrates that the surrogate reliably captures the
dominant features of vertical flow, particularly the peaks most relevant for evaluating coral
performance. While overall data trends may be less precise in some cases, the model
provides a robust and efficient tool for identifying conditions that maximize flow.
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Figure 5.3: Top: Surrogate model accuracy for the spatially averaged magnitude of vorticity
for unseen simulations. Middle and bottom: Predicted versus true outputs for the best (ID
#8) and worst (ID #4) relative errors at the peak value. Test IDs correspond to Table 5.1.
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Figure 5.4: Top: Surrogate model accuracy for the spatially averaged vertical flow in VA.
Middle and bottom: Predicted versus true outputs for the best (ID #1) and worst (ID #6)
relative errors at the peak value. Test IDs correspond to Table 5.1.
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Figure 5.5: Top: Surrogate model accuracy for the spatially averaged vertical flow in VB

for unseen simulations. Middle and bottom: Predicted versus true outputs for the worst (ID
#6) and best (ID #7) relative errors at the peak value. Test IDs correspond to Table 5.1.
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5.1.4 Energy and Power Expenditure
Finally, we evaluate the surrogate models for tension- and force-based energy and

power. Tension-based results are shown in Fig. 5.6, while force-based quantities are
presented in Fig. 5.7. Among these, the force-based power surrogate performs best, with a
maximum relative error of 0.146. In contrast, the remaining surrogates exhibit maximum
errors of roughly 30%. Interestingly, the force-based power surrogate shows the lowest
maximum error on unseen data despite having the largest training MSE, emphasizing that
training error alone is not a reliable indicator of generalization.

No test ID consistently yields the best or worst performance across all energy and
power metrics. This demonstrates that surrogate accuracy depends on the output quantity
rather than the parameter set, and that no parameter combination uniformly produces
highly accurate or highly inaccurate predictions.

Figure 5.6: Top: Surrogate accuracy for tension-based energy (left) and power (right) on
unseen data. Bottom: Predicted versus true energy (left) and power (right). Test IDs
correspond to Table 5.1.
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Figure 5.7: Top: Surrogate accuracy for force-based energy (left) and power (right) on
unseen data. Bottom: Predicted versus true energy (left) and power (right). Test IDs
correspond to Table 5.1.

5.2 Updated Surrogate Model
Using the new simulation data, we updated the surrogate models for each output

quantity. Table 5.3 summarizes the MSE and optimized kernel hyperparameters for the
updated surrogates. The MSE associated with kinematic motion and magnitude of
vorticity decreases slightly with the expanded training set, while the MSE for the
remaining outputs remains similar to the original surrogates. These results indicate that
the underlying functional relationships are preserved, with minor improvements in select
outputs.

Result being Modeled MSE ARD Kernel σo αRQ

Kinematic Motion– X 0.0084 Rational Quadratic 0.2077 2.33
Kinematic Motion– Z 0.0066 Rational Quadratic 0.2674 10.13
Magnitude of Vorticity 0.0077 Matern 5/2 0.2422 -
Vertical Flow in VA 5.15× 10−5 Rational Quadratic 0.1609 1.50
Vertical Flow in VB 1.29× 10−5 Rational Quadratic 0.1894 5.52
Tension-based Energy 6.85× 10−4 Rational Quadratic 0.4432 8.87
Tension-based Power 2.79× 10−5 Rational Quadratic 0.5722 59.47
Force-based Energy 5.18× 10−9 Rational Quadratic 0.7088 0.03
Force-based Power 1.05× 10−12 Rational Quadratic 0.7091 0.03

Table 5.3: Summary of GP surrogate model accuracy, including the new training data.
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5.2.1 Hyperparameter Interpretation
The optimized kernel parameters are generally consistent with the original models,

indicating that underlying functional relationships are preserved. Notable exceptions
include:

• An increase in αRQ for the vertical (z) component of kinematic motion;

• A substantial decrease in αRQ for tension-based power;

• An increase in signal variance σo for force-based power.

Higher αRQ corresponds to a smoother inferred function, suggesting that additional
simulations reduce apparent variability in the vertical kinematics. Conversely, the lower
αRQ for tension-based power indicates increased local variability, requiring a less smooth
kernel to capture the observed behavior. Finally, the increased σo for force-based power
reflects broader output variance, consistent with the expanded dataset exposing a wider
range of power outputs.

5.2.2 Comparison of Original and Updated Surrogates
To evaluate the effects of the updated surrogates, we compare original and updated

models for tension- and force-based energy and power, presented in Figs .5.8–5.9, with
Re varied while the muscle parameters are held at their base values. For tension-based
metrics, the updated surrogate model closely reproduces predictions from the original
model. By contrast, notable differences are observed for the force-based metrics. The
energy surrogates align well up to Re = 512, after which the updated model decreases
while the original remains constant. Additionally, the power predictions now match the
observed data trends much better. These changes reflect the increased σo for force-based
outputs, producing less smooth but more data-specific surrogate models. In essence, these
updated surrogates improve accuracy but raise potential concerns about overfitting.

We next compare original and updated surrogates for tentacle kinematics, presented in
Fig. 5.10 for an increased muscle length with other parameters at their base, and in Fig. 5.11
for an increased muscle tension (and ψ = 1.35) with other parameters at their base. While
differences are less pronounced than for the force-based metrics, the updated model does
exhibit noticeable changes in predicted tentacle motion. Specifically, for Re = 1, the
updated surrogates produce more oscillatory trajectories, resulting in paths that are less
smooth and biologically unrealistic. This behavior appears to result from the increase in
αRQ for the z-component of the kinematic motion. Although αRQ increased from 2 to 10,
this change does not substantially improve the fit to the observed data points. The effect is
most evident at low Re, where constrained trajectories exaggerate local variations, while at
higher Re, predictions remain smooth and accurate.
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Figure 5.8: True versus predicted tension-based energy (left) and power (right) for varying
Re, with muscle parameters held at base values, using the original (Model 1) and updated
(Model 2) surrogate models.

Figure 5.9: True versus predicted force-based energy (left) and power (right) for varying
Re, with muscle parameters held at base values, using the original (Model 1) and updated
(Model 2) surrogate models.
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Figure 5.10: Top: True versus predicted tentacle kinematics for Re = 1 (left), Re = 32
(middle), and Re = 128 (right) with 1.5 ∗ Le and other parameters held at base, using the
original (Model 1) and updated (Model 2) surrogate models.. Bottom: Zoom-in of Re = 1.

Figure 5.11: Top: True versus predicted tentacle kinematics for Re = 1 (left), Re = 32
(middle), and Re = 128 (right) with 1.5 ∗ Tmax, ψ = 1.35, and other parameters held
at base, using the original (Model 1) and updated (Model 2) surrogate models.. Bottom:
Zoom-in of Re = 1.
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Finally, it should be noted that changes in the surrogate model can arise even when the
hyperparameters are only slightly adjusted, as is the case for the magnitude of vorticity.
Because vorticity was modeled using a Matern 5/2 kernel, there is no αRQ parameter,
however, the signal variance, σo, increased slightly from 0.17 to 0.22 between the original
and updated models. Despite this modest change, Fig. 5.12 shows that the updated
surrogate does not reproduce the same peak vorticity at Re = 128 as the original model.
The increased σo, though small, slightly shifted the models predictions in sparsely
sampled regions, highlighting the sensitivity of surrogate outputs to both hyperparameter
and data changes.

Figure 5.12: True versus predicted magnitude of vorticity for Re = 1 (left), Re = 32
(middle), andRe = 128 (right) with 1.5∗Tmax, ψ = 0.9, and other parameters held at base.

5.3 Optimization of Updated Surrogates
Using the updated surrogate models, we repeat the multi-objective optimization

procedure. The goal remains to identify parameter combinations that maximize fluid
transport while minimizing energetic cost to the coral polyp. Because the updated
surrogates are refined in regions associated with optimal performance, modest shifts in the
predicted optima are expected.

We compare the same four optimization methods introduced in Chapter 4: generalized
pattern search, Nelder-Mead, gradient descent (with an approximate gradient), and trust
region methods (with approximate gradient and Hessian). In the original optimization,
pattern search and gradient descent were the most effective approaches; the present study
evaluates whether this conclusion holds after surrogate refinement.

Optimization is performed using augmented Chebyshev scalarizations that (i) maximize
vorticity while minimizing tension-based energy, (ii) maximize vorticity while minimizing
tension-based power, (iii) maximize vertical flow in VA while minimizing tension-based
energy, and (iv) maximize vertical flow in VA while minimizing tension-based power. Each
objective pairing is evaluated for ω = 0.25 and ω = 0.65, corresponding to the parameter
regimes targeted by the additional high-fidelity simulations. A summary of the resulting
optimal parameters is provided in Table 5.4, with detailed results in Appendix F.
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Best Method
Maximized
Parameter

Minimized
Parameter

ω o1 o2 Re Tmax (N) ψ Le

Pattern Search Vorticity Energy 0.25 12.52 0.48 1,000 5,187 0.25 0.36
Gradient Descent Vorticity Power 0.25 8.65 0.34 367 2,829 0.76 0.42

Gradient Descent
Vertical Flow

in VA
Energy 0.25 0.005 0.62 183 4,439 0.94 0.34

Gradient Descent
Vertical Flow

in VA
Power 0.25 0.005 0.32 196 3,702 1.32 0.32

Gradient Descent Vorticity Energy 0.65 17.32 0.87 544 4,525 0.79 0.43
Gradient Descent Vorticity Power 0.65 17.11 0.47 852 3,310 1.09 0.44

Pattern Search
Vertical Flow

in VA
Energy 0.65 0.009 1.36 567 6,206 1.18 0.42

Pattern Search
Vertical Flow

in VA
Power 0.65 0.008 0.71 141 4,904 1.35 0.44

Table 5.4: Updated simulation parameters based on iterated optimization results. Note that
energy and power each refer to the tension-based definitions.

Across all updated optimization runs, gradient descent and pattern search consistently
outperform Nelder-Mead and trust region methods. Although the trust region method
performed best for one objective pairing in the original optimization, it is substantially
more computationally expensive and does not justify its use in the refined surrogate
settings. Consequently, Nelder-Mead and trust region methods are not recommended for
future optimization rounds.

While the refined optimization produces shifts in several optimal parameters, compared
to Tables. 4.7–4.10, certain trends persist. Muscle length remains stable, with Le ≈ 0.4,
and the optimal Reynolds number stays within the same range, except when maximizing
vorticity while minimizing tension-based energy at ω = 0.25 and minimizing tension-
based power at ω = 0.65. Values of Tmax also remain stable, with a single exception for
maximizing vorticity when minimizing tension-based power at ω = 0.25. Notably, the
optimal tension–elasticity ratio decreases substantially across all cases, indicating that the
optimization now favors more elastic regimes.

Among the updated results, the optimal parameters obtained when maximizing
vorticity while minimizing energy warrant closer examination for two reasons. First, the
optimization problem appears to lack a unique solution: multiple parameter combinations
can produce comparably optimal objective values. In this case, the refined optimization
identifies an optimal parameter set that differs substantially from the original solution.
The composite landscape is sensitive to changes in surrogate data, which can guide the
optimization toward a different, yet similarly optimal, region of parameter space. Second,
the feasibility of the resulting parameters must be considered. For example, with
Tmax = 5, 187 and ψ = 0.25, the resulting tentacle elasticity ηt = 20, 748 may prevent the
simulation from reaching steady state or require computationally infeasible runtimes. This
suggests that future optimization rounds may require additional constraints to exclude
parameter regimes that are not practically realizable.
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Overall, these shifts highlight that changes in surrogate training data can alter
predicted optima or guide the optimization toward different, but similarly effective,
regions of parameter space. The trends observed- stable parameters, occasional outliers,
and sensitivity to surrogate updates, support careful interpretation of optimal solutions
rather than assuming strict uniqueness

5.4 Conclusion and Next Steps
Moving forward, the iterative surrogate refinement and optimization procedure can be

repeated until the optimal parameter sets converge, producing surrogate models
increasingly focused on regions of parameter space most relevant to optimal performance.
This process simultaneously refines estimates of the fluid and muscle parameters that
maximize transport efficiency subject to energetic constraints.

The refinement process can also highlight additional parameters that merit further
exploration. For example, muscle length rapidly converged to a consistent value across
cases, suggesting a robust optimum, whereas the tension-elasticity ratio exhibited
substantial variation. Targeted additional simulations that vary these sensitive parameters
could further clarify their influence on the objective space.

Overall, this chapter demonstrates an iterative surrogate-optimization pipeline provides
a practical framework for efficiently exploring complex parameter spaces, guiding both
computational and experimental investigations toward regions of high performance.



Chapter 6
Conclusion

This dissertation examined the fluid flow generated by pulsing corals through numerical
simulations, statistical modeling, and optimization. The central goal was to determine
whether pulsing soft corals operate in regimes that efficiently drive fluid transport and to
identify parameter combinations that maximize flow while accounting for energetic costs.

In Chapter 2, we presented numerical simulations and conducted a parameter sweep
across fluid and muscle parameters governing coral polyp kinematics and the resulting
flow. We found that increasing parameters such as muscle tension, muscle length, and
Reynolds number generally enhanced fluid transport. However, these increases also entail
higher energetic costs for the coral polyp, highlighting an inherent trade-off between
maximizing flow and minimizing energy expenditure. Computational expense further
limited the number of parameter combinations that could be directly analyzed, motivating
the need for surrogate modeling.

Chapter 3 introduced Gaussian process regression to address the computational
limitations of directly simulating many parameter combinations. Surrogate models
mapped fluid and muscle parameters to kinematic and flow outputs, enabling efficient
exploration of trends across the parameter space. This predictive framework allowed us to
infer general patterns in the complex system and prepare the data for targeted
optimization.

Building on this, Chapter 4 applied optimization techniques to these surrogate models.
Single- and multi-objective optimization identified parameter combinations that maximize
fluid transport or minimize energetic cost, as well as those that provide a balanced trade-off
between the two objectives.

Chapter 5 further refined this approach through iterative modeling. Optimized
parameter sets were used to generate new simulations, which in turn produced updated
surrogate models. This iterative framework allows for progressively more efficient
sampling of the parameter space, focusing computational resources on regions that
produce results of greatest interest.

Our results indicate that biological corals largely occupy near-optimal regions of
parameter space. In particular, the optimal maximum muscle tension closely matched the
baseline values observed in natural polyps, and muscle length rapidly converged to its
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biological value during optimization. These results suggest that the physical and muscular
properties of coral polyps are well tuned to promote efficient fluid transport and mixing.
The most notable deviation from baseline occurred in the Reynolds number: higher Re
values were associated with increased fluid transport, indicating potential for enhanced
flow under alternative environmental conditions.

Overall, these findings suggest that coral polyps operate in regimes that promote
effective fluid mixing. However, the evolutionary mechanisms underlying these parameter
choices remain uncertain, and it is not clear whether corals evolved specifically to
optimize fluid transport or whether these properties arise from other biological constraints.

The insights gained from studying pulsing corals also have practical implications
beyond the original biological motivation. For example, the iterative
surrogate-optimization framework developed here could guide the design of biomimetic
systems that mimic coral kinematics to enhance fluid transport. By leveraging the
trade-offs between transport efficiency and energetic cost revealed in the coral system,
engineers could create artificial systems that achieve robust performance with minimal
energy input. More generally, the methods and workflow of this dissertation, combining
numerical simulations, surrogate modeling, and iterative optimization, are applicable to
other computationally expensive problems, enabling efficient exploration of complex
parameter spaces and informed decision-making in both biological and engineering
contexts. In the context of pulsing corals, this work contributes to a growing
understanding of how organisms interact with their surrounding fluid environments.
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Appendix A
Gaussian Processes as a Surrogate for
Fluid Flow Analysis of Soft Corals

The following is a copy of a previously published paper which supports this dissertation
work [66].

A.1 Introduction
Soft corals in the Xeniidae family, seen modeled in Fig. A.1, have the unique

characteristic of pulsing in a rhythmic manner to generate fluid flow around themselves.
This energetically expensive motion is not for locomotion, leading researchers to question
its motive. The prevailing theory is that this is for the benefit of the endosymbiotic algae
which live inside the coral’s cells and produce energy for the coral polyp through
photosynthesis. Through this process, the algae take in carbon dioxide rich water,
producing both energy for the algae and coral polyp, as well as oxygen, a waste product of
photosynthesis. The accumulation of oxygen near the coral polyp can lead to a decrease in
photosynthesis [68], however, by pulsing, the coral polyp enhances the efflux of oxygen
rich water. This has been supported by several studies that found that photosynthesis is
increased when fluid flow is present [17, 54]. Together, these studies support the theory
that the pulsing motion of xeniid corals is derived to best support the coral ecosystem in
which it exists.

In addition to these biological studies, several numerical studies have been completed
with the goal of better understanding this pulsing motion [5, 91, 92, 93, 96, 97]. Each of
these has supported the hypothesis that these corals evolved to circulate flow in a way that
is advantageous to themselves and their symbionts.

One downside to computing such numerical studies is the computational cost required
to solve for the fluid flow and to analyze the subsequent fluid flow and mixing. This makes
it difficult to gain a broad understanding of the impact of the various kinematic, flow, and
muscle parameters that determine this system. Therefore, we propose the introduction of
Gaussian processes, which can learn the underlying flow dynamics from a relatively small
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Figure A.1: Model of xeniid pulsing coral at contraction shown from different angles.

set of parameter variations [62, 88]. Through this application, we can better understand the
conditions under which the most fluid flow and mixing are achieved without incurring a
high computational cost.

A.2 Methods

A.2.1 Model Equations and Numerical Methods
The immersed boundary method [83] is a widely used framework for studying

fluid-structure interactions, as it allows problems to be formulated using an Eulerian grid
for the fluid and a moving Lagrangian grid for the structure. Since its introduction, many
extensions and alternate versions of this method have been developed, including the
hybrid finite difference / finite element immersed boundary method (IBFE) [35]. IBFE
utilizes a finite element discretization of the structure’s Lagrangian framework and a finite
difference discretization of the fluid’s Eulerian framework. This is an improvement over
the standard immersed boundary method, as it allows for coarser Lagrangian meshes
relative to the Eulerian mesh, while ensuring that the structure remains “watertight”
throughout the structure’s deformation, preventing numerical and discretization errors
[35].

The Eulerian fluid domain has positions, ~x ∈ Ω, at which the fluid velocity and pressure
are solved where Ω is the fluid domain. IBFE makes use of a reference configuration for
the Lagrangian structure. The Lagrangian grid is defined as ~X ∈ S, where ~X is a grid point
on the resting configuration. To arrive at the current configuration, ~χ( ~X, t), we apply the
deformation gradient F, which allows us to find the physical Lagrangian position in time t.
This set-up is illustrated in Fig. A.2.
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Figure A.2: Immersed boundary material configuration. Here, Ω is the Eulerian grid while
S is the Lagrangian grid. The structure is deformed through the deformation gradient F,
allowing the structure to move from its initial configuration ~X to its current configuration
~χ. Redrawn from Santiago [95].

The IBFE method is a numerical method that solves a system of equations for the
movement of the coral and resulting fluid flow in a coupled manner. The model system
includes the Lagrangian force of the coral on the fluid given in weak form by∫

S

~F ( ~X, t) · ~φ( ~X)d ~X =−
∫

S
P( ~X, t) : ∇ ~X

~Xd ~X

+
∫

S

~FT ( ~X, t) · ~φ( ~X)d ~X
(A.1)

where P is the first Piola-Kirchhoff (PK1) stress tensor, ~FT is the tether force holding our
structure in place, ~φ( ~X, t) is a test function, and : is the double dot product and ∇x is the
gradient with respect to ~X [35, 96]. Details on P and ~FT will be given below in Section
A.2.2 [96].

The model also includes interaction equations which are used to convert between the
Lagrangian and Eulerian frameworks. First, the Lagrangian force applied by the immersed
structure onto the fluid is spread to the Eulerian fluid grid by

~f(~x, t) =
∫

S

~F ( ~X, t)δ
(
~x− ~χ( ~X, t)

)
d ~X (A.2)

where ~F ( ~X, t) is the Lagrangian force solved for in Eq. ((A.1)) being spread to the
Cartesian grid and δ(·) is the Dirac delta function.

The Navier-Stokes equations are solved for on the Eulerian grid using this force, given
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by

ρ

(
∂~u

∂t
+ ~u · ∇~u

)
+∇p = µ∆~u+ ~f,

∇ · ~u = 0,
(A.3)

Here, ~u(~x, t) is the fluid velocity, ~f is the force applied to the fluid by the immersed
structure, p(~x, t) is the fluid pressure, ρ is the fluid density, and µ is the fluid viscosity.
This introduces a key advantage to this method, namely, we only solve for the fluid
velocity and pressure on the fixed Eulerian grid. A key parameter for these equations is
the Reynolds number, Re, which is the ratio of inertial to viscous forces,

Re = ρπL2
T

2µTc

(A.4)

where LT is the tentacle length and Tc is the contraction time. For the biologically relevant
coral, we define Re = 46.5892 to be our base value with other relevant base parameters
seen in Tab A.1. Initially, this sweep varied Re along Re = 2k, k = {0, 1, 2, . . . , 9},
in addition to the base case. To ensure sufficient resolution for GP regression, additional
points were added, resulting in a final dataset of 16 simulations: Re = [1, 2, 4, 8, 12, 16,
24, 32, 36, 46.5892, 64, 96, 128, 192, 256, 512].

Parameter Variable Units Base Value
Domain Size D m 0.0992
Fluid Density ρ kgm−3 1029

Fluid Dynamic Viscosity µ kgms−1 0.00108
Tentacle Length LT m 0.0041

Contraction Period Tc s 0.54
Expansion Period Te s 0.71

Resting Period Tr s 0.64
Pulsing Period Tper s 1.89

Reynolds Number Re - 46.5892

Table A.1: Base values for pulsing coral simulations

The second of our interaction equations interpolates the fluid velocity to the structure,

∂~χ( ~X, t)
∂t

= ~U( ~X, t)

=
∫

Ω
~u(~x, t)δ

(
~x− ~χ( ~X, t)

)
d~x,

(A.5)

where ~U( ~X, t) is the velocity of the structure. This allows the structure to move as a result
of the updated fluid velocity.

The IBFE method temporally and spatially discretizes this system of equations. We
utilize the Immersed Boundary Method Adaptive Mesh Refinement (IBAMR) software
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to solve this discretization numerically [34, 35, 47]. These simulations were executed
on the High Performance Computing system at UC Merced, with early iterations using
the MERCED cluster and newer simulations using the Pinnacles cluster. On this system,
simulations at the base Re take approximately 2 days to reach a periodic steady state. This
is defined as when the fluid flow exhibits a consistent behavior across successive pulses
and was determined by examining the horizontal and vertical velocities of a simulation in
a cylinder near the coral. Steady state was typically achieved by the 15th pulse although
higher Re simulations required more pulses to converge.

Once the simulations reached steady state, fluid flow analyses were completed using the
visualization software, VisIt [10]. These results were then imported to MATLAB where GP
regression was computed using the built-in function fitrgp [109].

A.2.2 Kinematics
We employ a tension-based mechanistic model to mimic the musculature of the coral

polyp, which was developed in [96]. This model incorporates the Piola-Kirchoff stress
tensor,

P = Pe + Pt, (A.6)

which is a summation of the passive elasticity Pe and the active tension Pt.
The passive elasticity, Pe, determines the elastic forces of our structure, guiding its

return to the resting configuration. This is described by a neo-Hookean material model

Pe = ηJ−2/3
(
F− I1

3 F−>
)

+ β ln(J)F−>. (A.7)

Here, F = ∂~χ/∂ ~X is the deformation tensor, J = det(F) is the determinant of the
deformation tensor, and I1 = tr(F>F) is a tensor invariant of the right Cauchy-Green
tensor. Additionally, the shear elastic modulus, η, is defined in relation to the material
parameters, the Young’s modulus, E, and Poisson’s ratio, ν = 0.4:

η = E

2(1 + ν) . (A.8)

We will define η below as varying over the coral tentacles. Lastly, the term β ln(J)F−>

in Eq. (A.7) is a volume stabilization term to reinforce incompressibility and improve the
volume conservation of the material, where β is the bulk density [114], given by

β = 2η(1 + ν)
3(1− 2ν) . (A.9)

The active tension, Pt, is used to model the musculature of the coral polyp, which we
compute as follows. First, we define the muscle fiber direction

~fl0 =
−X1,

Rt( ~X)
X2 − 0.01 ,−X3

 , (A.10)
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where Rt( ~X) is a scalar determining how far along the tentacle a point ~X is

Rt( ~X) =
√
X2

1 +X2
3 . (A.11)

We let ~fl0 be the unit vector in the direction of ~fl0, which allows for proper orientation of
the muscles, making it so that the coral pulls in an inward direction towards the oral disc
[29, 30]. Finally, we define the active tension as

Pt = JTF~fl0tr
(
~fl0
)
, (A.12)

where T is the magnitude of the tension and tr
(
~fl0
)

is the trace of the muscle fiber
direction.

To account for the varied elasticity that would be found along the coral tentacle, we
vary the shear elastic modulus, η, over the tentacle domain,

η = ηp +
(
ηt − ηplη(Rt) max

(
τ( ~X), s(Rt)

))
, (A.13)

where ηp is the elasticity applied to the edges of the tentacle model, representing the pinnule
region, and ηt is the elasticity applied to the center of the tentacle. This allows for the model
to be most stiff in the center of the tentacle where the stalk is located, and most flexible at
the edges where the pinnules are located. The elasticity between these two regions is then
determined by two terms: (i) the elasticity s( ~X) in the region between the oral disk and the
tentacle:

s( ~X) = 1− 1
1 + exp

(
−λs(Rt( ~X)− ro)

) , (A.14)

where λs is a smoothing parameter and ro is the radius of the oral disk, and (ii) the elasticity
τ( ~X) along the width of the tentacle:

τ( ~X) = −1
1 + exp

(
λτ (D( ~X)− eτ )

)
+ 1

1 + exp
(
λτ (D( ~X) + eτ )

) , (A.15)

where λτ is another smoothing parameter, eτ is the end of the central region in regards to
the tentacle width, and D( ~X) is the distance from the middle of the central region of the
tentacle in regards to tentacle width. Note that when we say width, we are referring to the
thickness of the tentacles.

We also include an elasticity lη( ~X) along the length of the tentacle:

lη( ~X) =


1 Rt( ~X) < 0.01
lηs( ~X) 0.01 ≤ Rt( ~X) < el

0 el < Rt( ~X)
, (A.16)
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where el = 0.9LT +ro is the length along which the tentacle starts to recede into the pinnule
region with LT being the tentacle length and

lηs( ~X) = 1
2 + 1

2 ∗ cos
(

π

0.9LT

(
Rt( ~X)− ro

))
(A.17)

is the ramp down through the stalk.
Note that this representation of η in Eq. (A.13) serves as an approximation to the

definition given in Eq. (A.8).
Next, we introduce the muscle tension, T ( ~X, t), given by

T ( ~X, t) =Tmaxa(t)m( ~X) (A.18)

where Tmax is the maximum tension, a(t) is an activation function for the tension, and
m( ~X) is the muscle location function corresponding to where the tension is applied [29,
30]. The activation function

a(t) = A1

(
1

1 + exp (−Aa(tp − 0.15))

− 1
1 + exp (−Ad(tp − 0.4))

) (A.19)

determines how the tension is applied along the muscles as time varies and is responsible
for the resulting periodic pulsing behavior of the coral polyp. Here, Aa and Ad are scalars
that control the ramp-up and ramp-down, A1 is a scalar such that max (a(t)) = 1, and
tp = tmodTper which ensures that the activation function is periodic within the desired
pulsing period. The muscle location function, m( ~X), is the location where the tension is
then applied and is given by

m( ~X) = h( ~X)lm( ~X)τ( ~X) (A.20)

where
h( ~X) = 1

1 + exp
(
−λcRc( ~X)

) (A.21)

determines if a point is on the top or bottom of a tentacle, with λc a smoothing parameter
and

Rc( ~X) = 0.0099−
√
x2

1 + (x2 − 0.01)2 +X2
3 , (A.22)

and
lm( ~X) = 1

1 + exp
(
−λb

(
Rt( ~X)− bm

))
+ 1

1 + exp
(
−λc

(
Rt( ~X)− em

)) , (A.23)

determines the length of the muscle, where bm = 0.05LT + ro and em = 0.45LT + ro are
scalars that define the start and end of the muscle in relation to the tentacle length and λb
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and λe are smoothing parameters for the transition between the oral disc and the muscle
and the muscle and the end of the tentacle.

This model results in a kinematic motion similar to that of biological corals [93].
Motion starts with contraction, where the muscles tense and drive the tentacle in an
inward and upward direction. Once fully contracted, expansion begins where the muscles
relax and elasticity returns the coral to its resting configuration. Finally, the polyp enters
its resting phase where the muscles do not move, resulting in no active motion.

A summary of the parameters used to generate the biologically relevant base case of
this muscle model can be seen in Tab. A.2.

Parameter Value Units
rs 0.01 m−1

ro 0.001 m−1

ηmin 20 Pa
ηmax 5000 Pa
Tmax 4500 N
eτ 0.0002 m−1

λτ 50000 m−1

λσ 10000 m−1

λc 100000 m−1

λb 4000 m−1

λe 12000 m−1

A1
1

0.935 -
Aa 40 s−1

Ad 20 s−1

Table A.2: Parameters used to define the tension-driven muscle coral model’s motion [96].

A.2.3 Kinematic & Flow Analysis
Kinematic Comparison

A comparison of the motion of the corals throughout a pulse is conducted to understand
how the movement of the tentacles depends on the coupling of the muscle dynamics and
fluid parameters. This is done by tracking the tip of a tentacle throughout a pulse and
finding the path it takes. Additionally, we compare the maximum height achieved during
contraction and width achieved during expansion to see if the coral polyp is able to fully
contract and expand as compared to the biologically relevant case. Note that this analysis
is done on a slice in 2-dimensions, as we assume there is symmetry in the coral polyp as it
is pulsing.
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Vertical Flux

Vertical flux is quantified by finding the average vertical velocity, uy, in a cylinder
placed above the coral polyp, as seen in Fig. A.3. Previous studies used boxes to compute
this metric, however we have chosen to utilize cylinders as they more closely mirror the
morphology of the coral polyp and the flow regions generated by its pulsing. We compute
this metric in four total regions which each have a height of LT meters but vary in their
radius and location as follows: (A) directly on top of the fully contracted coral polyp with
a radius 0.002 meters (B) directly on top of region A with a radius of 0.002 meters (C)
directly on top of the fully contracted coral polyp with a radius of 0.003509 meters (D)
directly on top of region C with a radius of 0.003509 meters. The value of the radii for
these regions have been chosen as they closely approximate the radius of the coral model
when fully contracted and expanded.

Figure A.3: Regions in which average vertical flux are computed.

Previous studies of corals using biological parameters found the peak in vertical flux to
occur just before the end of the contraction phase, followed by a steep drop-off during the
expansion phase [91, 92, 93]. Additionally, it has been shown that the vertical flux for a live
coral polyp, as opposed to a simulated one, is found to always be positive in planes above
the coral polyp, meaning it never draws fluid back down towards it [93]. Therefore, we
expect to find similar dynamics for our simulated pulsing coral with biological parameters,
referred to as the base case.

A.2.4 Gaussian Processes Regression
Gaussian processes (GPs) are nonparametric statistical models that use the probability

distribution of the observed data to make inferences about new data. Intuitively, Gaussian
processes define a distribution over possible functions that fit the observed data. Instead of
outputting a single prediction, GPs provide a mean estimate along with a measure of
uncertainty, making them especially valuable for probabilistic modeling and
decision-making under uncertainty. This tool has been widely used in geostatistics, where
it is referred to as kriging [69, 70]. However, GPs have since found applications in many
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fields where the goal is to model or infer the distribution of some quantity of interest over
a space of input parameters. With this in mind, we hope to use GPs as a surrogate model
for the numerical modeling and analyses previously presented.

In the context of our flow analyses (Section A.2.3) we assume the existence of an
underlying function f(Re, t) which determines the final fluid flow metric as a function of
the Reynolds number and time within the pulse. Using GP regression (GPR), our goal is
to infer this function, f , which serves as a surrogate for the previously computed flow
analyses.

Given a generic dataset with inputs X = [ ~x1, ~x2, ..., ~xn] and corresponding outputs
~y = [y1, y2, ..., yn] we seek to model the relationship y = f(~x) + ε where ε ∼ N (0, σ2)
represents zero-mean Gaussian noise with variance σ2. A GP is defined as a distribution,

f(~x) ∼ GP (E[f(~x)], k(~x, ~x′)) (A.24)

where E[f(~x)] is the expected value of our function, also known as the mean function, and
k(~x, ~x′) = E [(f(~x)− E[f(~x)]) (f(~x′)− E[f(~x′)])] is the covariance function, or kernel
[88].

To construct a GP model, we start by defining a prior probability distribution,

f(X) ∼ N (E(f(X)), K) (A.25)

whereK = k(X,X) is the covariance matrix computing using a kernel function. Assuming
some observational noise, the covariance of ~y becomes cov(~y) = K(X,X) + σ2I , with I
being the identity matrix. We use the exponential kernel, given by

k(~x, ~x′) = σ2
y exp

(
−||~x− ~x

′||2
`

)
(A.26)

with σ2
y being the standard deviation of the output y while ` is the length scale of the input

space. In practice, the hyper-parameters σ2
y and ` are learned from the data by minimizing

the cross-validation loss.
Finally, we form a joint probability distribution[

~y
~y∗

]
∼ N

([
E(f(X))
E(f(X∗))

]
,

[
Ky K∗

(K∗)ᵀ K∗∗

])
(A.27)

where X∗ is a test input point, y∗ is the resulting test output value, K = k(X,X), K∗ =
k(X,X∗), K∗∗ = k(X∗,X∗), and Ky = K + σ2

nI . From this joint distribution, we can
compute the posterior predictive distribution [79, 88] for the test outputs

f ∗|X, ~y,X∗ ∼ N (ȳ∗, cov(y∗)), (A.28)

where

ȳ∗ = E(f(X∗)) + (K∗)ᵀK−1
y (~y − E((X))) , (A.29)

cov(y∗) = K∗∗ − (K∗)ᵀK−1
y K∗. (A.30)
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In practice, it is often difficult to specify a meaningful mean function as given in
Eq. (A.29). Instead, a more flexible approach involves incorporating basis functions.
Doing so alters our problem formulation:

g(X) = f(X) + h(X)ᵀβ, (A.31)
f(X) ∼ GP (0, k(X,X′)) , (A.32)

where h(X) is a set of fixed basis functions and β is a basis function coefficient. We will
specifically be using a constant basis function, meaning that h(X) = 1 while β ∈ R is a
constant which offsets the model since we now assume a zero-mean GP.

It should be noted that a standard limitation of GPs is their computational complexity,
being O(n3), due to the inverse of the covariance matrix, K−1

y . A common work-around is
the use of sparse approximations of the covariance matrix [60].

A.3 Results & Discussion

A.3.1 Kinematic Comparison
When tracking the tentacle tip, we find that the range of kinematic motion increases as

the Reynolds number increases, as seen in Fig. A.4. Additionally, the path the tentacle takes
changes as the Reynolds number varies. For Reynolds 16 and below, the tentacle moves in
a figure-eight like motion, while the larger Reynolds number simulations generate more of
a circular path which never crosses itself.

Figure A.4: Path of tentacle tip over the course of a pulse. Cooler colors represent lower
Reynolds numbers and warmers colors represent higher Reynolds numbers, with the base
Reynolds of 46.5892 being an intermediate value.

We can further quantify the tentacle motion by plotting the maximum height and width
achieved during a pulse, which can be seen in Fig. A.5. Here, the maximum height achieved
occurs as contraction is ending, while the maximum width occurs as expansion is ending.



130

We see a rapid ramp-up in both the height and width as the Reynolds number increases
from one to sixteen. This indicates that this may be a transition point where the muscles
are able to overcome the viscous forces to complete a fuller pulsing motion. Interestingly,
the maximum height dips a bit after this, likely a result of the change in pulsing motion
from the figure-eight motion to the rounder path.

Figure A.5: Maximum (a) height and (b) width achieved during a pulse. Note that the
maximum height is achieved near the end of contraction, while the maximum width is
achieved near the end of expansion.

This phenomenon can be modeled through a GP model where Reynolds and time are
our independent variables and the X and Y of the tentale tip are our dependent variables.
We de-couple the X and Y position for this modeling, but can re-couple them after the fact
to plot the predicted tentacle tip path. The uncoupled version of both the inputs and
outputs can be seen in Fig. A.6. When re-coupled, it can be seen that we accurately
recreate the tentacle paths that were originally generated, with the modeled outputs seen
in Fig. A.7 matching nearly exactly to Fig. A.4. We can confirm that the GPR model is
working accurately as we have a mean squared error of 1.71× 10−17 when modeling the x
position and 6.966× 10−14 when modeling the y position.
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Figure A.6: Inputs and outputs of GPR model for tentacle tip path. (a) X position input to
model (b) Y position input to model (c) X position output by model (d) Y position output
by model.

Figure A.7: Path of tentacle tip over the course of a pulse, as modeled using the GPR.
Cooler colors represent lower Reynolds numbers and warmers colors represent higher
Reynolds numbers, with the base Reynolds being closest modeled by a Reynolds value
of 46.5.
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A.3.2 Vertical Flux
The average vertical flux for region A can be seen in Fig. A.8, where cooler colors

signify lower Reynolds numbers and warmer colors represent higher Reynolds numbers.
Additionally, analysis can be broken down into the three phases of motion: contraction,
expansion, and rest. Looking first at contraction, there is a monotonic increase in the
vertical flux as the Reynolds number increases. During expansion, vertical flux decreases
such that the biological value dips just below zero, whereas the lower Reynolds numbers
dip into negative vertical flux and the higher Reynolds numbers maintain a positive vertical
flux. Finally during rest, vertical flux stabilizes around zero. It is believed that this pattern
achieved by the biological polyps is what allows the coral to generate enough upward flow
to push oxygen rich water away during contraction, but then having flow settle down so
that new carbon dioxide rich water can enter the region near the tentacles during expansion
and rest [93].

Figure A.8: Vertical flux (m/s) averaged over region A for one pulse. Cooler colors
represent lower Reynolds numbers and warmers colors represent higher Reynolds numbers,
with the base Reynolds of 46.5892 being an intermediate value.

Note that this analysis was similarly completed for the other regions outlined in of
interest and can be made available upon request.

Similarly to the GP modeling of the kinematic motion, we create a GP model where
the Reynolds number and time are our independent variables, and the vertical flux for our
regions of interest are our dependent variables which we are hoping to recover. The result
of this can be seen in Fig. A.9, where we model the input average vertical flux with a mean
squared error of 2.7193× 10−16.
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Figure A.9: Inputs and outputs of GPR model for average vertical flux in region A. (a)
Input to model (b) Output of model.

A.4 Conclusion
Through the use of Gaussian process regression modeling, we are able to accurately

re-create the kinematic and fluid flow results from varied Reynolds number computational
fluid dynamics simulations and analyses. This allows us to gain a deeper understanding of
how the Reynolds number impacts these results, without needing to expend the
computational cost to compute a vast number of simulations. Moving forward, this work
can be expanded to include other flow and mixing analysis. Additionally, we can varying
other kinematic and flow parameters, such as the tentacle’s tension and elasticity, and
recreate these models with these are additional input parameters.



Appendix B
Wasserstein-Based Similarity Constrained
Matrix Factorization for Drug-Drug
Interaction Prediction

The following is a copy of a previously published paper which supports this dissertation
work [65].

B.1 Introduction
As of August 2023, it was estimated that approximately 60% of the adult population in

the United States had taken at least one prescription medication within the previous year,
with 37% reporting the use of three or more in the same time period [52]. Given the large
percentage of the population that takes prescription drugs, it is paramount for public health
initiatives to understand potential drug interactions.

A significant hurdle in achieving this understanding lies in the timeline from a drug’s
conception to its approval, spanning nearly eight years on average from the initiation of
clinical trials to final regulatory clearance, excluding the initial phases of drug development
[14]. While clinical trials address some potential interactions, the focus tends to center
on commonly co-prescribed medications [82]. Compounding this issue is the accelerated
rate at which drugs are gaining approval. Between 2011 and 2018, the FDA’s Center for
Drug Evaluation and Research sanctioned an average of 26 drugs annually, compared to
an average of 23 approvals per year from 2000 to 2010 [4]. This influx of medications
makes it increasingly impractical to assess all possible drug combinations that a patient
might encounter. Consequently, healthcare practitioners often only recognize interactions
between frequently prescribed drugs or in cases where adverse effects are severe.

In response to these challenges, researchers have turned to data analytics and machine
learning techniques to enhance the prediction of drug-drug interactions (DDIs). Leveraging
graphical representations of drugs, these methods employ matrix completion algorithms to
predict interactions based on drug features and similarities [31, 59, 115, 116]. We aim

134
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to add to this class of understanding by proposing the Wasserstein distance as an alternate
similarity measure to those already studied, as it allows us to look at features of a drug at the
atomic level which ultimately provides greater insight into the drug itself. Specifically, we
apply the Wasserstein distance to the Manifold Regularized Matrix Factorization method
for drug interaction prediction, which has previously seen success at predicting DDIs.

B.2 Methods

B.2.1 Drug molecules as probability measures
Graphs serve as a powerful depiction of small molecules, where atoms are nodes and

chemical bonds are edges. This graph-based representation efficiently captures both the
structural and chemical characteristics of these molecules. Our methodology of obtaining
the similarity matrix unfolds in several stages: (1) converting each drug molecule into a
set of node embeddings derived from its atomic properties; (2) measuring the Wasserstein
distance between all pairs of graphs by solving the drug matching problem as an optimal
transport problem; and (3) building the similarity matrix using the computed Wasserstein
distance. By solving the graph matching of the chemical atomic-level and topological
features of the drugs, we produce an informative similarity matrix that is used to enforce
the drug similarity constraints on our matrix factorization optimization problem.

To formalize the attributed graph-matching problem, we consider undirected labeled
graphs, denoted as tuples in the form: G(V , E , lf ). Here, (V , E) represents the set of vertices
and edges within the graph. The function lf assigns each vertex vi ∈ V a feature vector
ai = lf (vi) in a specific feature metric space. In our specific application, this feature
vector captures atomic properties in a chemical compound. Following [1, 2], we enhance
the graph by introducing a histogram to convey the relative significance of its vertices.
In this enhancement, assuming the graph comprises N vertices, individual weights hi are
assigned to each vertex. Consequently, our graph takes the form G(V , E , lf , hG), where
hG is a function associating a weight with each vertex with hi = hG(vi). This definition
enables us to represent the graph as a probability measure with comprehensive support
across the feature space. In scenarios where all weights are equal (hi = 1

N
), every vertex

holds an equivalent degree of relative importance.
Our objective is to define a matching distance metric between two graphs (i.e., drug

molecules), labeled G1 and G2, each possessing N and K vertices (atoms), respectively.
These graphs are distinguished by their corresponding probability measures, hG1 and hG2 .
Subsequently, we proceed to calculate the pairwise distances between the drugs using
optimal transport. This begins with the computation of ground distances for each node
pair.

B.2.2 Wasserstein distance on drug molecules
Optimal transport, as outlined in [94], offers a mathematical paradigm tailored to

solving the challenge of finding the most efficient way of relocating objects, often
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probability distributions, from one configuration to another while minimizing costs.
Efficiency, in this context, pertains to achieving such transfers at minimal expense.

To mathematically formulate the transportation problem in the context of graphs,
consider two sets of nodes, denoted as X = {xj}N

j=1 representing the source samples,
which correspond to the nodes of the first graph (representing the molecules of one drug),
and Y = {yi}K

i=1, corresponding to the target nodes of the second graph (representing a
second drug). We introduce two discretized distributions of interest, denoted as p ∈ HN

and q ∈ HK . Here, HN and HK signify histograms with N and K bins, respectively. The
vector p serves to convey the relative significance of the vertices (atoms) within the first
drug, and the vector q for the second drug. These distributions adhere to the following
constraints: p ∈ RN

+ , indicating that each element of p is a non-negative real number, and
the sum of its elements equals 1, i.e.,

∑
j pj = 1. Similarly, q ∈ RK

+ with the constraint∑
i qi = 1.

Define Q ∈ R+K×N as the transportation plan or coupling matrix, with elements
denoted as Qij . This matrix precisely quantifies the amount situated at the source xj ,
having a total mass of pj , which necessitates transportation to the target location yi,
possessing a total mass of qi. From a linear algebra perspective, the entries in the j th

column of Q represent the amounts from the j th source to be transported to the targets,
while the entries in the ith row signify the amounts from the sources transported to the ith

target. Mathematically,

N∑
j=1

Qij = qi for all i ∈ {1, .., K},

K∑
i=1

Qij = pj for all j ∈ {1, .., N}.
(B.1)

The transportation process involves a cost matrixC, whereCij represents the geometric
distance between xi and yj . The total cost related to a transport plan is defined as follows:

〈C,Q〉F =
K∑

i=1

N∑
j=1

CijQij (B.2)

where 〈 · , · 〉 is the Frobenius dot-product of two matrices. The optimal transport is thus
formulated as the following optimization problem:

minimize
Q∈RK×N

〈C,Q〉F

subject to
N∑

j=1
Qij = qi for all i ∈ {1, .., K}

K∑
i=1

Qij = pj for all j ∈ {1, .., N}

Qij ≥ 0 for all (i, j) ∈ {1, .., K} × {1, .., N}

(B.3)
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In each column, the transportation process must precisely allocate the mass pi to achieve
a perfect match with the intended mass qj . This optimization problem can be expressed
more succinctly as follows:

minimize
Q∈RK×N

〈C,Q〉F

subject to Q1N = q, QT 1K = p, Q ≥ 0,
(B.4)

where 1N and 1K represent vectors of ones in dimension N and K, respectively. We
define the set of all admissible couplings or transport plans Q(p,q) between histograms as
follows:

Q(p,q) = {Q ∈ RK×N
+ | Q1N = q, QT 1K = p}.

In a specific scenario where the cost function C aligns with a distance matrix, the
optimal transport problem leads to the Wasserstein distance onHN×HK . The Wasserstein
distance is defined as:

W (p,q) = minimize
Q∈Q(p,q)

〈C,Q〉F . (B.5)

We employ the simplex method [123] to solve (B.4), which iteratively moves from one
feasible solution to another along the edges of the feasible region until an optimal solution
is attained. The method employs a tableau representation, with each iteration selecting a
pivot column and row for tableau update. The algorithm iterates until optimality conditions
are satisfied.

We solve (B.4) for each pair of drugs and obtain the distance matrix D ∈ Rm×m, where
m is the number of drugs and where the entries are given by (B.5). We define our similarity
matrix S as follows:

S = 1
max(D)

(
max(D)1m×m −D

)
(B.6)

where max(D) is the maximum element in the matrix D and 1m×m is the matrix of ones
of size m × m. Note that the entries sij of S are between 0 and 1. Also, the larger the
distance, i.e., the entry in D, the closer the corresponding entry in S is to 0, and vice versa.

B.2.3 Similarity-Constrained Matrix Factorization
Our implementation follows the methodology introduced by Zhang[127]. We assume

we have a DDI matrix,A, which is anm×m symmetric matrix with zeroes on the diagonal.
The elements of A indicate whether or not an interaction is known between each drug, with
a value of 1 indicating a known interaction while 0 indicates either no interaction or no
known interaction.

Once A and S are known, the goal is to decompose A into two low-rank matrices
X ∈ Rm×k, Y ∈ Rm×k such that A = XY T , where k is the dimension of a latent feature
vector. The objective function we consider in this work is

L(X,Y ) = 1
2‖A−XY

T‖2
F + λ

2
(
‖X‖2

F + ‖Y ‖2
F

)
(B.7)

= 1
2
∑
i,j

(
aij−~xi~y

T
j

)2
+ λ

2
∑

i

(
‖~xi‖2

2 + ‖~yj‖2
2

)
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where the first term in (B.7) is a fitting term and the second is a regularization term to make
the problem well-posed. Here ‖ · ‖F is the Frobenius norm, ‖ · ‖2 is the Euclidean norm,
~xi is the ith row of X , ~yj is the jth row of Y , and λ > 0 is the Tikhonov regularization
parameter.

This method assumes that drug-drug similarities can be represented by manifolds in the
drug feature space, meaning that each drug feature has a neighborhood that maps to the
drug similarity. By making this assumption, we can utilize the fact that nearby points in the
drug feature space will likely have a similar mapping to their drug similarity. Therefore,
the objective function L can then be regularized over the manifolds by

Lrow
reg (X) = 1

2
∑
i,j

sij‖~xi − ~xj‖2
2 (B.8)

Lcol
reg(Y ) = 1

2
∑
i,j

sij‖~yi − ~yj‖2
2 (B.9)

where sij is the similarity between the ith and jth drugs. Finally, we attain the Manifold
Regularized Matrix Factorization (MRMF) [127] by combining (B.7) with (B.8) and (B.9)
resulting in the following optimization problem:

minimize
X,Y ∈Rm×k

Lmix(X,Y )

= L(X,Y ) + µ
(
Lrow

reg (X) + Lcol
reg(Y )

)
,

(B.10)

where µ > 0 is a manifold regularization parameter.
To find the minimizer of (B.10), we utilize an alternating descent method in [127]. This

method is equivalent to a gradient descent where ~xi and ~yj are successively fixed. We start
by randomly initializing ~xi and ~yj . Then, we use Newton’s method to compute each update
to ~xi and ~yj:

~xi ← ~xi −∇~xi
Lmix

(
∇2

~xi
Lmix

)−1
(B.11)

~yj ← ~yj −∇~yj
Lmix

(
∇2

~yj
Lmix

)−1
(B.12)

where ∇~xi
Lmix and ∇~yj

Lmix are the gradients of Lmix with respect to ~xi and yvecj ,
respectively, and ∇2

~xi
Lmix and ∇2

~yj
Lmix are the Hessians of Lmix with respect to ~xi and

yvecj , respectively. The updates (B.11) and (B.12) are continued until convergence.

B.3 Numerical Experiments

B.3.1 Data
As pharmaceutical data becomes increasingly accessible, researchers have turned to

curated databases for comprehensive drug information. TWOSIDEs, for instance,
aggregates reported drug interactions without attribution to a specific drug [107].
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Complementary feature data, encompassing side effects, off-label effects, and chemical
compositions, are drawn from established repositories such as SIDER [55], OFFSIDES
[107], PubChem [50], and DrugBank [120]. By linking drugs with known interactions to
those with detailed feature information, a comprehensive dataset is formed. This mapping,
compiled by Zhang [128], identifies 548 drugs with both interaction data and detailed
features. The dataset, including the drug-drug interaction matrix, A, is publicly accessible
via Github1.

The key feature utilized to construct our similarity matrix is the Simplified
Molecular-Input Line-Entry System (SMILES) string associated with each drug. SMILES
leverages molecular graph theory to provide atomic-level feature representation for drugs
[118]. However, it’s worth noting that four drugs in the original dataset lack SMILES
indices, resulting in a final dataset comprising 544 drugs with a total of 47,537 known
interactions.

To evaluate the accuracy of our method, 10% of the known interactions are randomly
withheld. Subsequently, our objective is to accurately reconstruct the original drug-drug
interaction matrix A.

B.3.2 Parameter Settings
The three parameters in the MRMF method that can be altered are (i) the latent feature

vector size, k, (ii) the Tikhonov regularization parameter, λ, and (iii) the manifold
regularization parameter, µ. Several experiments were run altering these parameters to
find the optimal parameter setting. Zhang [127] found k = 0.08 ∗m, λ = 22, and µ = 22

to produce the best result, so we initially started with this combination. In their study, this
was found to be the best combination of parameters, regardless of the similarity metric
used. Our results show that this is not an optimal parameter combination when using the
Wasserstein distance metric, as it predicts that no drug interactions are present.

We then swept over the parameter space field to find the optimal settings. Our first
sweep held k = 0.1 ∗m while looping over λ, µ ∈ J = {2κ : κ ∈ −4,−3,−2, · · · , 2, 3}.
Next, we conducted four variations of an experiment where µ and λ are held constant while
looping over k = 0.01β ∗ m, where β ∈ {2, 4, 6, 8, 10, 12, 14, 16, 18, 20}. In the first of
these we set µ = λ = 22, in the second µ = λ = 2−2, in the third µ = λ = 2−4, and finally
in the fourth µ = λ = 2−6.

Of these experiments, the greatest results were achieved when k = 0.1 ∗ m and µ =
λ = 2−6. The results presented from here on will be based on these parameters.

Ultimately, these experiments found that the value for the latent feature vector, k, did
not have as great of an impact on the results as the regularization parameters µ and λ. When
these regularization parameters are properly tuned, nearly identical results are achieved,
regardless of k. This allows us to project a large DDI matrix into a much smaller space,
saving computational cost. In our numerical experiments, we found that k = 0.1 ∗ m is
sufficient.

1https://github.com/zw9977129/drug-drug-interaction/tree/master

https://github.com/zw9977129/drug-drug-interaction/tree/master
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B.4 Results and Discussion

B.4.1 Evaluation Metrics
To analyze the performance of our method, we compare recall, precision, accuracy, and

F-score values:

Recall = TP

TP + FN
, (B.13)

Precision = TP

TP + FP
(B.14)

Accuracy = TP + TN

TP + FP + TN + FN
(B.15)

F-Score = 2 ∗ Recall ∗ Precision
Recall + Precision

(B.16)

where TP is the number of true positives, TN is the number of true negatives, FP is
the number of false positives, and FN is the number of false negatives. Additionally, we
utilize the area under the ROC Curve (AUC), which is a metric of the true positives vs false
positive rates, and the area under the precision-recall curve (AUPRC), which measures the
true positives to predicted positives.

Of these metrics, the AUPRC takes precedence in assessing method performance, as it
directly measures the ratio of correctly predicted true positives to all predicted positives.
This has been chosen as the leading performance metric as in clinical settings where this
may be applied, the ability to correctly predict true positives is highly valued, and therefore
it is acceptable to have a slight decrease in overall performance if this measure is being
met. However, the remaining metrics do still provide supplementary insight into model
performance.

B.4.2 Comparison with Other Similarity Measures

Similarity AUPRC AUC Recall Precision Accuracy F-score
Jaccard 0.7958 0.9585 0.6812 0.7722 0.9546 0.7237
Cosine 0.7958 0.9584 0.6906 0.7729 0.9546 0.7237
Gauss 0.7959 0.9584 0.6806 0.7726 0.9546 0.7236

Wasserstein 0.9449 0.9690 0.7777 0.9292 0.9095 0.8467

Table B.1: Accuracy metrics for various similarity metrics. The first three rows come from
Zhang [127] with µ = λ = 22, k = 0.8 ∗m, while the last row comes from our approach
(using the Wasserstein distance) with µ = λ = 2−6, k = 0.1 ∗m.

We conducted a comparative analysis between the results obtained using the
Wasserstein distance to generate our similarity matrix and those reported by Zhang [127],
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as summarized in Table B.1. While the Wasserstein distance looks at features of a drug on
an atomic level, the Jaccard similarity, Cosine similarity, and Gauss similarity each look at
the drug features holistically. As such, these measures look to understand how similar two
drugs may be in terms of their overall composition and effects but may miss key
information that can only be seen when exploring the chemical structure of a drug. Each
of these are common measures in bioinformatics problems and therefore serve as a basis
to compare our proposed Wasserstein-based similarity measure. Zhang’s study indicated
that, under their optimal parameters, similar accuracy was achieved regardless of the
similarity metric employed, suggesting that the accuracy of the Manifold Regularized
Matrix Factorization (MRMF) method was independent of the similarity measure utilized.
In contrast, our approach using the Wasserstein similarity measure yielded a significantly
higher AUPRC of 0.9449. This outcome underscores the effectiveness of our metric in
accurately identifying potential drug-drug interactions.

It’s important to note that our measure’s high AUPRC primarily reflects its ability to
predict true positives, while having slightly lower performance with regards to predicting
true negatives. We surmise that this is because the Wasserstein distance captures the
similarity between features that drive drug interaction, while excluding the features that do
not. This may result in a lower overall accuracy score, however, in practical application,
the focus lies on identifying potential interactions for further investigation, thus
prioritizing true and false positives over true negatives.

B.5 Conclusion
This study proposes an alternative similarity metric for similarity-constrained

drug-drug interaction prediction. Our findings demonstrate that the Wasserstein similarity
measure outperforms previously studied metrics when integrated with the MRMF method
for DDI prediction, particularly in terms of true positive prediction rates.



Appendix C
Triple Matrix Factorization for Drug-Drug
Interaction Prediction Using Fused
Gromov-Wasserstein Distances

The following is a copy of a previously published paper which supports this dissertation
work [64].

C.1 Introduction
Understanding drug-drug interactions (DDIs) is a vital issue as prescription drug use

becomes more prevalent. Typically, the timeline of drug discovery to marketing takes 10
to 15 years, during which a proposed drug goes through multiple phases of clinical trials
to determine if it is safe for approval. This includes standard methods for DDI prediction,
such as in vitro methods and clinical studies, but as more drugs become available, it is
harder to test all potential interactions. The result is that interactions are typically only
known when there are severe side effects or between drugs that are commonly prescribed
[82].

With this in mind, researchers have begun exploring the use of data analytics and
machine learning methods to better predict DDIs. Of these, a popular method for
prediction is to look at how similar two drugs are and predict interaction based on this
measure, illustrated in Figure C.1, otherwise known as similarity-based methods. Previous
methods have explored this class of methods using both different features and different
similarity measures [9, 31, 59, 116, 127, 128].

We propose a class of Wasserstein-based distance metrics as an alternative similarity
measure to those already studied. Wasserstein-based methods allow us to look at the
features of a drug at the atomic level, providing greater insight into the drug itself. We
then use a matrix factorization approach using these distances. In particular, we build
upon the triple matrix factorization in [101], employing Wasserstein-based distance
metrics similarity between drugs as our sole feature information when predicting
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Figure C.1: Drug-drug interaction problem where if Drugs A and B are known to interact,
and Drug C is known to be similar to Drug A, we want to predict whether Drug C will
interact with Drug B.

drug-drug interaction.

C.2 Methods

C.2.1 Drug molecules as probability measures
Graphs are a valuable tool to depict small molecules, allowing atoms to be represented

by nodes and chemical bonds as edges, capturing both the structural and chemical
characteristics of these molecules. Once molecules are represented via graphs, we can
easily compare molecules and find how similar they are to each other, resulting in a
similarity matrix. This process starts by converting each drug molecule into a set of node
embeddings derived from its atomic properties. We then measure the distance between all
pairs of graphs by solving the drug-matching problem as an optimal transport problem.
Finally, we build the similarity matrix using the computed distance. This produces an
informative similarity matrix that is used to enforce drug similarity constraints on our
matrix factorization optimization problem.

We consider undirected labeled graphs, denoted as tuples in the form G(V , E , lf ),
where (V , E) represents the set of vertices and edges within the graph. The function lf
assigns each vertex vi ∈ V a feature vector ai = lf (vi) in a feature vector space which
captures atomic properties in a chemical compound. We enhance the graph by introducing
a histogram to convey the relative significance of its vertices (see [1, 2] for further details).
This enhancement assumes the graph comprises N vertices and individual weights hi are
assigned to each vertex. Therefore, our graph takes the form G(V , E , lf , hG), where hG is a
function associating a weight with each vertex with hi = hG(vi). This allows us to
represent the graph as a probability measure with comprehensive support across the
feature space. If all weights are equal, then each vertex holds an equivalent degree of
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relative importance.
Our goal is to define a matching distance metric between two graphs of drug molecules,

G and G̃, which each possesses N and K vertices, or atoms, respectively. These graphs
are differentiated through their corresponding probability measures hG and hG̃ . We then
calculate the pair-wise distance between the drugs using optimal transport, which begins
with the computation of ground distances of each node pair. This process can be seen
illustrated in Figure C.2.

The distance between two molecules is computed by representing the molecules as graphs with atoms as vertices. Each vertex vi is associated with a feature information vector ai.



































Figure C.2: The distance between two molecules is computed by representing the
molecules as graphs with atoms as vertices. Each vertex, vi, is associated with a
corresponding feature information vector, ai.

C.2.2 Wasserstein distance of drug molecules
Optimal transport is the field of mathematics focused on finding the most efficient way

of moving objects from one configuration to another while minimizing costs [94]. In this
frame, efficient transport requires not only successfully transporting the objects, but doing
so at minimal expense.
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Formulating this in terms of graphs, consider two sets of nodes, X = {xj}N
j=1

representing the source samples and Y = {yi}K
i=1 representing the target nodes of the

second graph, where each graph represents the molecules of different drugs. We introduce
two discretized distributions, denoted as p ∈ HN and q ∈ HK , where HN and HK are
histograms with N and K bins, respectively. The vectors p and q convey the relative
significance of the vertices, or atoms, within the first drug and second drugs, accordingly.
These distributions are constrained by p,q ∈ RN

+ , meaning that each element of these
distributions is a non-negative real number. Since p and q correspond to discretized
distributions, the sum of their elements equals 1.

DefineQ ∈ RK×N
+ as the transportation plan or coupling matrix, with elements denoted

as Qij . This matrix quantifies the amount at the source xj with a total mass of pj , which
requires transport to the target location yi with a total mass of qi. The entries in the j th

column of Q represent the amounts from the j th source to be transported to the targets. The
entries in the ith row represent the amounts from the sources to be transported to the ith

target. Mathematically, this can be written as the constraints
N∑

j=1
Qij = qi for all i ∈ {1, .., K},

K∑
i=1

Qij = pj for all j ∈ {1, .., N}.

An example of Q can be seen in Figure C.3, demonstrating how the columns of Q must
satisfy the first constraint, while the rows of Q must satisfy the second.

Example of a coupling matrix Q in R4x5, where K=4 and N=5. The first column corresponds to the source mass vector p in R4, and the first row corresponds to the target mass vector q in R5. Row elements sum to the corresponding value of p, and column elements sum to the corresponding value of q.   

    
    
    
    





 

Figure C.3: Example of a coupling matrix, Q ∈ RK×N , where K = 4 and N = 5. Here the
first column corresponds to the source mass vector, p ∈ R4, and the first row corresponds
to the target mass vector, q ∈ R5. The elements in the rows of Q sum to the corresponding
value of p (see e.g., the row in beige), and the elements in the columns of Q sum to the
corresponding value of q (see e.g., the column in light blue).

We also consider a cost matrix, C, where Cij represents the cost of transporting mass
from source xj to target yi. The optimal transport can therefore be written as the following
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optimization problem:

minimize
Q∈RK×N

FW (Q) =
K∑

i=1

N∑
j=1

CijQij (C.1)

subject to Qij ≥ 0 for all (i, j) ∈ {1, .., K} × {1, .., N}
N∑

j=1
Qij = qi for all i ∈ {1, .., K}

K∑
i=1

Qij = pj for all j ∈ {1, .., N}

We define the set of all admissible couplings or transport plans Q(p,q) between
histograms as

Q(p,q) = {Q ∈ RK×N
+ | Q1N = q, QT 1K = p},

where 1N and 1K represent vectors of ones in dimension N and K, respectively. When the
cost function C aligns with a distance matrix, the optimal transport problem results in the
Wasserstein distance onHN ×HK . The Wasserstein distance is defined as

W (p,q) = minimize
Q∈Q(p,q)

FW (Q) (C.2)

which is solved using the simplex method [123].

C.2.3 Gromov-Wasserstein distance of drug molecules
The Wasserstein distance primarily focuses on the inherent features of graph elements,

addressing them in isolation. The Gromov-Wasserstein distance overcomes this limitation
by extending the Wasserstein distance to capture the relational aspects among the vertices
in a graph, revealing the structural composition of the graph. It depends on the intra-domain
structure matrices of both graphs, denoted as Sσ = (Sσ(xi, xk))i,k ∈ RN×N for the source
and Sτ = (Sτ (yj, yl))j,l ∈ RK×K for the target. The Gromov-Wasserstein distance is
defined by the following optimization problem:

GW (p,q) = minimize
Q∈Q(p,q)

FGW (Q) (C.3)

where

FGW (Q) =
N∑

i,k=1

K∑
j,l=1
|Sσ

ik − Sτ
jl|QijQkl (C.4)

which can be seen depicted in Figure C.4. The choice of structural matrices denoted as
Sσ and Sτ , embodies a flexible aspect of our approach, enabling the integration of an
array of structural and topological information that defines the graph. These matrices can
manifest in diverse forms, encompassing representations of shortest path data, adjacency
connections, weighted shortest paths, harmonic distances, or dissimilarity matrices based
on node-to-node features. The Gromov-Wasserstein optimization problem (C.3) is solved
using conditional gradient [23, 110] (see [74] for further details.)
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The Gromov-Wasserstein distance calculates the distance between two molecules A and A-tilde as a function of the difference between the similarity S of the atoms composing the drug.

































Figure C.4: The Gromov-Wasserstein distance calculates the distance between two
molecules, A and Ã, as a function of the difference between the similarity, S, of the atoms
composing the drug.

C.2.4 Fused Gromov-Wasserstein distance of drug molecules
Now, we introduce the concept of the Fused Gromov-Wasserstein distance [110], an

extension of the Wasserstein and Gromov-Wasserstein distances. This measure extends
the capabilities of both distances by simultaneously integrating and harmonizing feature
and structural information, enabling a holistic analysis of graph data. The Fused Gromov-
Wasserstein distance is defined by the following optimization problem:

FGW (p,q) = minimize
Q∈Q(p,q)

(1− α)FW (Q) + αFGW (Q) (C.5)

where α (with 0 ≤ α ≤ 1) is a scalar trade-off parameter that balances the Wasserstein
and Gromov-Wasserstein distances. The Fused Gromov-Wasserstein optimization problem
(C.5) is also solved using conditional gradient [23, 110].

We solve the distance equation for each pair of drugs to retrieve the distance matrix
Dα ∈ Rm×m, where m is the number of drugs and the entries are given by (C.5) for a given



148

value of α. Our similarity matrix is then defined as a function of the distance matrix:

Sα = 1
max(Dα)

(
max(Dα)1m×m −Dα

)
(C.6)

where max(Dα) is the maximum element in the matrix Dα and 1m×m is the matrix of ones
of size m × m. Note that the entries in Sα are between 0 and 1, where a smaller value
signifies a greater distance between the points, and therefore less similarity. For notational
convenience, we drop the subscript α on S hereon.

C.2.5 Similarity-Based Triple Matrix Factorization
We now begin the process of matrix completion to find potential DDIs using the triple

matrix factorization (TMF) approach [101] with drug similarity as our sole feature.
Consider a DDI matrix, A ∈ Rm×m which is a symmetric matrix with a 0 diagonal with m
being the number of drugs in the study. The element Aij denotes whether an interaction is
known between drugs i and j, with Aij = 1 being a known interaction, while Aij = 0
represents either no interaction or no known interaction. We aim to recover those values
where interaction is not known. This is completed by decomposing A as

A = SdΘ̂ST
t (C.7)

where Θ̂ ∈ Rm×m is a low-rank matrix used to project from the known feature space to the
latent feature space and the m ×m matrices Sd and St come from computing the singular
value decomposition

S = USΣSV
T

S =
(
US

√
ΣS

)(√
ΣT

SV
T

S

)
= SdS

T
t . (C.8)

The decomposition problem (C.7) might be ill-posed or might not have a solution. Thus
we formulate the related optimization problem

minimize
Θ̂

J(Θ̂) = ‖A− SdΘ̂ST
t ‖2

F + λ‖Θ̂‖2
F (C.9)

which can be solved by setting the gradient of J(Θ̂) to zero and solving for Θ̂:

∇J(Θ̂) = −2ST
d ASt + 2ST

d SdΘ̂ST
t St + 2λΘ̂ = 0 (C.10)

However, this is computationally difficult to solve when m is sufficiently large, as is
common in DDI problems.

Alternatively, we write Θ̂ = B̂dB̂
T
t , where B̂d ∈ Rm×k (along with Sd) contains

information corresponding to the known drug data, while B̂t ∈ Rm×k (along with St)
contains information corresponding to the unknown targets that we aim to predict. Here,
k � m because Θ̂ is a low rank matrix.

To compute B̂d and B̂T
t , we introduce the intermediary matrices Âd, Ât ∈ Rm×k such

that
Âd ≈ SdB̂d, Ât ≈ StB̂t, and A ≈ ÂdÂ

T
t . (C.11)
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Doing so allows us to formulate an optimization problem similar to (C.10) but with the
objective function

Ĵ(Âd, Ât, B̂d, B̂t) = ||A− ÂdÂ
T
t ||2F + ||Âd − SdB̂d||2F

+ ||Ât − StB̂t||2F + λ||Âd||2F
+ µ||Ât||2F + γ||B̂d||2F + β||B̂t||2F .

The function Ĵ can be minimized using the method of alternating least squares, which
works by fixing all sets of variables except for one, setting the corresponding partial
derivative to 0, and solving for that set of variable. The resulting solutions at each step are
given by

B̂d =
(
ST

d Sd + γI
)−1

ST
d Âd,

B̂t =
(
ST

t St + βI
)−1

ST
t Ât,

Âd =
(
AÂt + SdB̂d

)(
ÂT

t Ât + I + λI
)−1

,

Ât =
(
AT Âd + StB̂t

)(
ÂT

d Âd + I + µI
)−1

.

(C.12)

Note that the matrix inverses in (C.12) can be easily computed since they are small k × k
matrices. To initialize the optimization method, we compute Âd and Ât using the SVD of
A similar to (C.8) but using only the first k rows for each, and Bd and Bt are randomly
initialized. Once the optimal matrices B̂∗

d and B̂∗
t are found, we can create our prediction

matrix Apred = SdB̂d(B̂∗
t )TST

t .

C.3 Numerical Experiments

C.3.1 Data
In recent years, pharmaceutical information has become much more publicly

available, leading to increased accessibility to actual drug data for researchers.
TWOSIDES is a database that contains known and reported drug interactions that cannot
be attributed to either drug [107]. Feature information such as side effects, off-label side
effects, and chemical and molecular composition comes from the databases SIDER [55],
OFFSIDES [107], PubChem [50], and DrugBank [120]. Drugs with known interactions
are mapped to drugs with known feature information, creating the final dataset. Note that
this data is binary, indicating only if an interaction occurred or not, and does not include
information such as the severity of the interaction, whether it was a positive or negative, or
if it was a dose-dependent or time-dependent. This mapping has been compiled by Zhang
[128], which found 548 drugs with known interactions and feature data. This dataset,
including the drug-drug interaction matrix, A, is publicly accessible via Github: https:
//github.com/zw9977129/drug-drug-interaction/tree/master.

The specific feature that we use to create our similarity matrix is a drugs simplified
molecular-input line-entry system (SMILES) string. SMILES uses molecular graph theory

https://github.com/zw9977129/drug-drug-interaction/tree/master
https://github.com/zw9977129/drug-drug-interaction/tree/master
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to label each drug and gives feature information at the atomic level for a drug [118].
Unfortunately, four drugs in the original dataset do not have SMILES indices, making it
so the final dataset we use is made of m = 544 drugs with 47,537 known interactions.

To test our methods accuracy, 10% of the known interactions are randomly removed.
We therefore aim to recover the original DDI matrix, A.

C.3.2 Parameter Settings
The parameters that can be varied in this implementation are the latent feature size, k,

and the regularization weights λ, µ, γ, β. For preliminary testing, we have set λ = µ = γ =
β and conducted five variations of an experiment where µ = λ = γ = β are kept constant
while looping over k = 0.01η ∗m, where η ∈ {2, 4, 6, 8, 10, 12, 14, 16, 18, 20}. In the first
of these, we set µ = λ = 22, in the second µ = λ = 20, in the third µ = λ = 2−2, in the
fourth µ = λ = 2−4, and finally in the fifth µ = λ = 2−6.

In addition, our objective is to see which α value in the Fused Gromov-Wasserstein
distance metric produces the greatest results. Therefore, we will repeat each of the above
experiments with α ∈ {0.10, 0.25, 0.5, 0.75, 0.90}.

In these experiments, the greatest results were achieved regardless of the α value when
λ = µ = γ = β = 2−6, and k = 0.04 ∗ m. The results presented going forward will be
based on these parameters. Moreover, the Fused Gromov-Wasserstein distance metric with
α = 0.1 ultimately performs the best of the distance metrics when using this parameter
setting.

C.4 Results and Discussion

C.4.1 Evaluation Metrics
To analyze the performance of our method, we compare recall, precision, and accuracy.

Additionally, we utilize the area under the ROC curve (AUC), a metric of true versus false
positive rates, and the area under the precision-recall curve (AUPRC), a metric of true
positives to predicted positives. The AUPRC will be the primary metric for evaluating the
performance of these methods, since we care most about correctly predicted true positives,
while the others provide performance analysis secondarily.

We compare the results of the Wasserstein distance, Gromov-Wasserstein distance, and
Fused Gromov-Wasserstein distance with varied α values in Table C.1, which contains the
AUPRC and AUC, and Table C.2 which shows further evaluation metrics. Focusing on the
AUPRC in Table C.1, we see that the Fused Gromov-Wasserstein with α = 0.1 performs
the best with an AUPRC of 0.9559. As α gets larger, the performance drops slightly,
signifying that the atomic level information of the drug is vital to the prediction capability
of this method, but we do need to keep in mind the features of the drug as a whole structure.

The bottom portion of Table C.1 shows the results achieved in [101], which proposed
the TMF method. Their implementation utilized four schemas, of which the third most
closely represents our scenario, where we want to identify new DDIs using existing drug
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Experiment AUPRC AUC

Pr
op

os
ed

M
et

ho
d Wasserstein 0.918 0.945

FGW (α = 0.10) 0.956 0.969
FGW (α = 0.25) 0.955 0.968
FGW (α = 0.50) 0.951 0.966
FGW (α = 0.75) 0.953 0.968
FGW (α = 0.90) 0.960 0.965
Gromov-Wasserstein 0.947 0.962

Sh
i[

10
1] Enzymes 0.866 0.967

Ion Channels 0.853 0.972
G-Protein Coupled Receptors 0.677 0.959
Nuclear Receptors 0.675 0.929

Table C.1: Accuracy metrics for our implementation when using various Wasserstein-
based similarity metrics compared to results from Shi [101]. Our implementation uses
a parameter setting of λ = µ = γ = β = 2−6, and k = 0.04 ∗ m where FGW stands
for Fused Gromov-Wasserstein. Note that the results from Shi [101] correspond to scheme
three (S3) with the data broken down into subsets by target type.

Experiment Recall Precision Accuracy
Wasserstein 0.4644 0.9874 0.8260

FGW (α = 0.10) 0.6336 0.9942 0.8813
FGW (α = 0.25) 0.6204 0.9949 0.8772
FGW (α = 0.50) 0.5934 0.9941 0.8684
FGW (α = 0.75) 0.5916 0.9953 0.8681
FGW (α = 0.90) 0.5845 0.9945 0.8657

Gromov-Wasserstein 0.5826 0.9934 0.8649

Table C.2: Further accuracy metrics corresponding to the results of our proposed method
as seen in Table C.1. Note that we have a parameter setting of λ = µ = γ = β = 2−6, and
k = 0.04 ∗m where FGW stands for Fused Gromov-Wasserstein.
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information. Their dataset was broken down into four subgroups based on what the drug is
targeted to interact with: Enzymes (EN), Ion Channels (IC), G-Protein Coupled Receptors
(GPCR), and Nuclear Receptors (GPCR). Since our dataset is not broken down based on
drug targeting, we can most directly compare to the mean of these results, where we see
that our experiments do indeed outperform theirs in terms of AUPRC. This highlights how
Wasserstein-based similarity metrics convey feature information regarding drugs and can
predict potential interactions.

Another interesting aspect of these results is the low recall rate among each of the
similarity metrics tested, seen in Table C.2. A low recall means that our method is risk-
averse, and will only predict a drug interaction when it is sure of it. This can be seen when
analyzing the results of our best prediction with α = 0.1 and λ = µ = γ = β = 2−6.
We correctly predict whether a DDI occurs 197, 615 time, with only 443 false positive
predictions. However, there are an additional 35, 209 false negatives that our method did
not classify. Ideally, further tuning of the parameters λ = µ = α = β, and specifically
sweeping the parameter space of these variables rather than setting them all equal, will
improve this metric. A risk-averse method results in fewer resources being spent verifying
drug interactions where there are not any, but will also leave many more unknown drug
interactions hidden. Therefore, finding a balance where a method can make some errors
while positively identifying a larger pool of interactions is important.

Finally, it should be noted that the small value of k needed for our latent feature size
makes it so this problem can be projected onto a much smaller space than it originally
existed. This saves computational cost, making it so this implementation performs quicker
than other methods.

C.5 Conclusion
This work builds upon the triple matrix factorization [101] while using

Wasserstein-based distances as our sole prediction feature for predicting drug-drug
interaction. While the Wasserstein distance, which measures similarity at the atomic level,
and the Gromov-Wasserstein distance, which account for structural similarity, each
produce fine results individually, the best results can be achieved when combining them to
generate the Fused Gromov-Wasserstein distance. With this metric, we can take into
account both atomic and structural features to improve prediction performance.
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Appendix D
Detailed Results for Single-Objective
Optimization

This appendix presents the detailed results of the initial round of single-objective
optimization on the surrogate models. A summary and discussion of these results are
given in Sec. 4.2.1.

Method o(q) t
(s

)

R
e

T
m

ax

ψ L
e

#
ite

rs

C
om

pu
te

Ti
m

e
(s

)

Vo
rt

ic
ity

Pattern Search 28.368 0.62 1,000 4,809 1.50 0.48 41 0.113
Nelder-Mead 28.870 0.62 1,000 4,675 1.35 0.48 170 0.072

Gradient Descent 28.870 0.62 1,000 4,681 1.35 0.48 1,344 12.236
Trust Region 28.870 0.62 1,000 4,675 1.35 0.48 70 1.074

V
er

tic
al

Fl
ow

in
V

A Pattern Search 0.011 0.54 398 5,857 1.63 0.49 7 0.017
Nelder-Mead 0.012 0.55 266 6,280 1.55 0.46 197 0.083

Gradient Descent 0.012 0.55 266 6,256 1.55 0.46 956 13.427
Trust Region 0.012 0.55 266 6,280 1.55 0.46 2,100 31.351

V
er

tic
al

Fl
ow

in
V

B Pattern Search 0.009 0.95 160 6,892 1.72 0.45 6 0.24
Nelder-Mead 0.009 0.98 167 6,650 1.90 0.45 256 0.102

Gradient Descent 0.009 0.99 167 6,633 1.90 0.45 218 2.814
Trust Region 0.009 0.99 167 6,650 1.90 0.45 555 8.287

Table D.1: Optimization results for vorticity and vertical flow, all of which are maximized.
The best-performing method for each metric is in bold.
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Method o(q) t
(s

)

R
e

T
m

ax

ψ L
e

#
ite

rs

C
om

pu
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Ti
m

e
(s

)

Te
ns

io
n-

B
as

ed
E

ne
rg

y

Pattern Search 2.27e− 4 - 4 5,438 0.31 0.10 5 0.011
Nelder-Mead 0 - 7 2,481 0.49 0.37 132 0.069

Gradient Descent 0.115 - 565 10,000 0.25 0.10 5,655 45.033
Trust Region 0 - 363 4,607 0.92 0.10 48 0.715

Te
ns

io
n-

B
as

ed
Po

w
er

Pattern Search 6.59e− 4 - 1,000 3,168 1.42 0.20 8 0.019
Nelder-Mead 0 - 3 3,279 0.64 0.37 171 0.082

Gradient Descent 0.004 - 1,000 4,439 1.22 0.15 10,000 80.413
Trust Region 0 - 1 4,381 0.97 0.26 40 0.605

Fo
rc

e-
B

as
ed

E
ne

rg
y

Pattern Search 25.149 - 1 2,290 1.00 0.29 6 0.014
Nelder-Mead 0 - 29 2,449 1.23 0.25 209 0.103

Gradient Descent 7.12e5 - 1 10,000 0.25 0.10 5,954 49.309
Trust Region 0.052 - 64 5,930 1.08 0.10 40 0.598

Fo
rc

e-
B

as
ed

Po
w

er

Pattern Search 386.855 - 7 2,7450 1.54 0.26 5 0.011
Nelder-Mead 0 - 2 3,488 1.45 0.19 207 0.104

Gradient Descent 251.245 - 1 10,000 3 0.22 10,000 242.180
Trust Region 0.018 - 18 3,784 0.89 0.10 39 0.605

Table D.2: Optimization results for energy and power, all of which are minimized. The
best-performing method for each metric is in bold. Function outputs smaller than 1× 10−6

have been rounded to 0.



Appendix E
Detailed Results for Multi-Objective
Optimization

This appendix presents the detailed results of the initial round of multi-objective
optimization on the surrogate models. A summary and discussion of these results are
given in Sec. 4.2.2.

155



156

Method hAC g1 g2 t
(s

)

R
e

T
m

ax

ψ L
e

C
om

pu
te

Ti
m

e
(s

)

ω
=

0.
10 Pattern Search -0.075 6.25 0.27 0.71 1,000 2,750 1.03 0.26 0.01

Nelder-Mead -0.074 6.55 0.27 0.81 1,000 1,799 1.16 0.28 0.13
Gradient Descent -0.086 4.09 0.32 0.53 1,000 10,000 0.25 0.20 33.61

Trust Region -0.088 3.85 0.32 0.67 348 6,497 0.61 0.25 0.68

ω
=

0.
25 Pattern Search -0.129 10.65 0.56 0.78 1,000 3,079 1.21 0.313 0.02

Nelder-Mead -0.118 11.34 0.52 0.65 1,000 3,762 0.83 0.34 0.17
Gradient Descent -0.158 8.47 0.69 0.65 348 6,497 0.64 0.35 525.50

Trust Region -0.160 8.31 0.70 0.78 441 4,451 1.02 0.34 153.91

ω
=

0.
50 Pattern Search -0.117 18.28 0.79 0.59 1,000 4,439 0.88 0.38 0.01

Nelder-Mead -0.106 16.08 0.69 0.63 1,000 4,096 0.89 0.37 0.13
Gradient Descent -0.124 15.42 0.81 0.61 595 4,213 0.78 0.42 3.73

Trust Region -0.149 14.51 0.97 0.59 533 5,847 0.61 0.44 77.34

ω
=

0.
65 Pattern Search -0.083 18.28 0.79 0.59 1,000 4,439 0.88 0.38 0.01

Nelder-Mead -0.080 17.68 0.75 0.63 1,000 4,162 0.91 0.38 0.07
Gradient Descent -0.097 17.22 0.90 0.64 537 4,054 1.01 0.40 0.84

Trust Region -0.108 16.90 1.01 0.67 466 4,580 1.03 0.40 0.79

ω
=

0.
75 Pattern Search -0.062 18.53 0.81 0.61 1,000 3,760 0.95 0.40 0.04

Nelder-Mead -0.060 18.48 0.78 0.63 1,000 4,193 0.92 0.38 0.20
Gradient Descent -0.073 18.16 0.95 0.62 541 4,054 1.00 0.42 0.89

Trust Region -0.071 18.20 0.93 0.62 808 3,364 1.21 0.40 1.28

ω
=

0.
90 Pattern Search -0.021 27.41 1.31 0.65 1,000 4,904 1.25 0.44 0.04

Nelder-Mead -0.018 27.21 1.19 0.62 1,000 4,493 1.16 0.44 0.06
Gradient Descent -0.018 27.30 1.20 0.62 1,000 4,580 1.16 0.44 4.83

Trust Region -0.018 27.21 1.19 0.62 1,000 4,493 1.16 0.44 0.31

Table E.1: Multi-objective optimization results using the augmented Chebyshev objective
hAC with ρ = 0.05, g1(q) being the magnitude of vorticity in VA, and g2(q) being the
tension-based energy. In bold is the optimization method which performed best for each ω.
Function outputs smaller than 1× 10−6 have been rounded to 0.
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ω
=

0.
10 Pattern Search -0.043 12.58 0.08 0.68 1,000 3,702 1.23 0.31 0.01

Nelder-Mead -0.040 12.73 0.07 0.67 1,000 3,412 1.17 0.32 0.12
Gradient Descent -0.082 4.99 0.15 0.82 428 4,492 1.12 0.27 0.68

Trust Region -0.085 4.48 0.15 0.79 424 4,492 1.04 0.27 1.02

ω
=

0.
25 Pattern Search -0.081 13.99 0.13 0.72 1,000 3,339 1.14 0.35 0.02

Nelder-Mead -0.065 15.20 0.14 0.65 1,000 3,613 1.21 0.34 0.14
Gradient Descent -0.159 8.39 0.35 0.85 369 4,607 1.37 0.35 2.65

Trust Region -0.158 8.47 0.34 0.53 198 3,702 1.24 0.40 155.26

ω
=

0.
50 Pattern Search -0.084 17.56 0.28 0.69 1,000 3,248 1.30 0.38 0.02

Nelder-Mead -0.064 17.58 0.21 0.65 1,000 3,786 1.25 0.35 0.11
Gradient Descent -0.137 14.96 0.45 0.70 370 4,607 1.35 0.38 0.59

Trust Region -0.175 13.59 0.57 0.64 320 3,280 1.17 0.47 155.04

ω
=

0.
65 Pattern Search -0.066 19.62 0.32 0.63 1,000 4,525 1.42 0.35 0.04

Nelder-Mead -0.051 18.50 0.24 0.64 1,000 3,848 1.26 0.36 0.15
Gradient Descent -0.099 17.15 0.46 0.60 374 4,607 1.35 0.39 0.62

Trust Region -0.098 17.19 0.46 0.65 397 3,946 1.37 0.41 1.00

ω
=

0.
75 Pattern Search -0.047 19.62 0.32 0.63 1,000 4,525 1.42 0.35 0.05

Nelder-Mead -0.039 18.99 0.25 0.64 1,000 3,880 1.27 0.36 0.19
Gradient Descent -0.077 18.06 0.50 0.61 375 4,607 1.36 0.40 0.35

Trust Region -0.063 18.40 0.41 0.62 542 3,766 1.41 0.40 0.87

ω
=

0.
90 Pattern Search -0.017 21.67 0.35 0.64 1,000 4,054 1.41 0.38 0.04

Nelder-Mead -0.015 23.70 0.41 0.63 1,000 4,174 1.33 0.39 0.11
Gradient Descent -0.033 19.24 0.55 0.62 442 4,492 1.14 0.41 0.48

Trust Region -0.016 24.69 0.46 0.63 1,000 4,437 1.36 0.40 0.36

Table E.2: Multi-objective optimization results using the augmented Chebyshev objective
hAC with ρ = 0.05, g1(q) being the magnitude of vorticity in VA, and g2(q) being the
tension-based power. In bold is the optimization method which performed best for each ω.
Function outputs smaller than 1× 10−6 have been rounded to 0.
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0.
10 Pattern Search -0.070 0.004 0.23 0.36 282 4,845 0.53 0.31 0.17

Nelder-Mead -0.067 0.004 0.24 0.34 258 5,230 0.25 0.37 0.24
Gradient Descent -0.080 0.003 0.29 0.30 484 4,054 0.93 0.25 0.40

Trust Region -0.077 0.003 0.28 0.33 485 4,054 0.92 0.25 47.20

ω
=

0.
25 Pattern Search -0.142 0.006 0.62 0.37 483 6,081 0.47 0.38 0.02

Nelder-Mead -0.130 0.006 0.57 0.37 249 5,730 0.48 0.38 0.14
Gradient Descent -0.152 0.005 0.66 0.40 232 3,627 0.68 0.43 0.59

Trust Region -0.139 0.005 0.60 0.42 487 4,054 0.93 0.35 0.65

ω
=

0.
50 Pattern Search -0.162 0.008 1.03 0.46 483 6,081 0.94 0.38 0.02

Nelder-Mead -0.153 0.008 1.00 0.41 266 6,024 0.80 0.39 0.17
Gradient Descent -0.158 0.008 1.03 0.49 426 4,492 1.22 0.38 0.61

Trust Region -0.155 0.008 1.01 0.50 606 4,733 1.16 0.38 0.74

ω
=

0.
65 Pattern Search -0.132 0.009 1.23 0.49 468 5,046 1.06 0.43 0.05

Nelder-Mead -0.127 0.009 1.18 0.49 574 4,939 1.19 0.40 0.18
Gradient Descent -0.130 0.009 1.21 0.47 350 5,366 1.18 0.39 0.90

Trust Region -0.129 0.009 1.21 0.48 380 5,366 1.09 0.41 0.67

ω
=

0.
75 Pattern Search -0.110 0.010 1.46 0.50 358 4,904 1.25 0.44 0.02

Nelder-Mead -0.099 0.010 1.30 0.50 541 5,099 1.25 0.41 0.25
Gradient Descent -0.102 0.010 1.34 0.48 546 4,733 1.24 0.44 2.23

Trust Region -0.102 0.010 1.33 0.53 617 4,733 1.36 0.42 0.88

ω
=

0.
90 Pattern Search -0.049 0.011 1.63 0.49 341 6,333 1.23 0.43 0.05

Nelder-Mead -0.045 0.010 1.48 0.51 469 5,390 1.32 0.43 0.12
Gradient Descent -0.046 0.010 1.50 0.51 546 5,673 1.31 0.43 1.58

Trust Region -0.046 0.010 1.50 0.50 368 5,366 1.33 0.42 0.85

Table E.3: Multi-objective optimization results using the augmented Chebyshev objective
hAC with ρ = 0.05, g1(q) being the vertical flow in VA, and g2(q) being the tension-based
energy. In bold is the optimization method which performed best for each ω. Function
outputs smaller than 1× 10−6 have been rounded to 0.
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ω
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0.
10 Pattern Search -0.063 0.005 0.09 0.48 1,000 3,689 1.33 0.30 0.02

Nelder-Mead -0.058 0.005 0.10 0.45 661 3,539 1.17 0.33 0.15
Gradient Descent -0.070 0.004 0.11 0.35 485 4,054 0.96 0.29 0.35

Trust Region -0.067 0.004 0.12 0.36 486 4,054 0.96 0.29 50.53

ω
=

0.
25 Pattern Search -0.119 0.006 0.25 0.51 1,000 4,244 1.33 0.34 0.02

Nelder-Mead -0.110 0.007 0.24 0.48 590 3,912 1.28 0.35 0.11
Gradient Descent -0.131 0.006 0.28 0.41 196 3,702 1.23 0.38 0.50

Trust Region -0.131 0.006 0.28 0.41 196 3,702 1.23 0.38 2.20

ω
=

0.
50 Pattern Search -0.146 0.008 0.48 0.60 508 5,187 1.68 0.36 0.02

Nelder-Mead -0.127 0.008 0.41 0.51 490 4,451 1.41 0.38 0.13
Gradient Descent -0.136 0.008 0.44 0.49 425 4,492 1.23 0.39 0.37

Trust Region -0.129 0.008 0.42 0.49 362 4,607 1.41 0.37 0.68

ω
=

0.
65 Pattern Search -0.123 0.009 0.57 0.55 398 5,857 1.63 0.36 0.01

Nelder-Mead -0.108 0.009 0.50 0.52 435 4,755 1.48 0.39 0.28
Gradient Descent -0.110 0.009 0.51 0.51 360 4,607 1.43 0.40 0.70

Trust Region -0.119 0.009 0.55 0.51 426 4,492 1.27 0.42 0.63

ω
=

0.
75 Pattern Search -0.096 0.010 0.59 0.61 344 5,014 1.66 0.40 0.05

Nelder-Mead -0.085 0.010 0.56 0.53 400 4,963 1.52 0.40 0.37
Gradient Descent -0.091 0.010 0.59 0.54 361 4,607 1.41 0.42 0.48

Trust Region -0.089 0.010 0.58 0.51 451 4,580 1.41 0.42 0.78

ω
=

0.
90 Pattern Search -0.044 0.010 0.71 0.59 316 5,675 1.85 0.42 0.02

Nelder-Mead -0.039 0.010 0.64 0.55 352 5,291 1.57 0.41 0.14
Gradient Descent -0.046 0.010 0.75 0.53 466 4,733 1.53 0.46 2.81

Trust Region -0.040 0.010 0.65 0.55 270 5,256 1.56 0.42 0.76

Table E.4: Multi-objective optimization results using the augmented Chebyshev objective
hAC with ρ = 0.05, g1(q) being the vertical flow in VA, and g2(q) being the tension-based
power. In bold is the optimization method which performed best for each ω. Function
outputs smaller than 1× 10−6 have been rounded to 0.



Appendix F
Detailed Results for Optimization of
Refined Surrogates

This appendix presents the detailed results from the second round of optimization
performed using the refined surrogate models. A summary and discussion of these results
are given in Sec. 5.3.
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0.
25 Pattern Search -0.110 12.51 0.48 0.60 1,000 5,187 0.25 0.36 0.01

Nelder-Mead -0.098 12.80 0.43 0.65 768 4,096 0.25 0.39 0.21
Gradient Descent -0.109 12.03 0.47 0.64 489 4,145 0.34 0.40 14.57

Trust Region -0.100 12.71 0.43 0.68 727 4,324 0.25 0.38 0.72

ω
=

0.
65 Pattern Search -0.076 17.82 0.71 0.61 937 5,014 0.48 0.40 0.01

Nelder-Mead -0.075 17.84 0.70 0.62 903 5,463 0.34 0.41 0.30
Gradient Descent -0.093 17.32 0.87 0.60 544 4,525 0.70 0.43 204.12

Trust Region -0.080 17.70 0.74 0.62 844 4,525 0.68 0.40 0.93

Table F.1: Updated multi-objective optimization results using the augmented Chebyshev
objective hAC with ρ = 0.05, g1(q) being the magnitude of vorticity, and g2(q) being the
tension-based energy. In bold is the optimization method which performed best for each ω.
Function outputs smaller than 1× 10−6 have been rounded to 0.
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0.
25 Pattern Search -0.126 10.74 0.25 0.65 1,000 1,682 0.54 0.43 0.02

Nelder-Mead -0.112 11.82 0.24 0.64 1,000 2,113 0.75 0.40 0.21
Gradient Descent -0.156 8.47 0.34 0.65 367 2,829 0.76 0.42 1.21

Trust Region -0.156 8.63 0.34 0.67 368 2,829 0.77 0.42 70.30

ω
=

0.
65 Pattern Search -0.099 17.17 0.46 0.65 1,000 3,364 1.08 0.43 0.02

Nelder-Mead -0.093 17.33 0.43 0.62 1,000 3,471 1.02 0.42 0.10
Gradient Descent -0.101 17.11 0.47 0.60 852 3,310 1.09 0.44 19.23

Trust Region -0.095 17.27 0.44 0.61 913 3,536 1.09 0.41 1.04

Table F.2: Updated multi-objective optimization results using the augmented Chebyshev
objective hAC with ρ = 0.05, g1(q) being the magnitude of vorticity, and g2(q) being the
tension-based power. In bold is the optimization method which performed best for each ω.
Function outputs smaller than 1× 10−6 have been rounded to 0.
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25 Pattern Search -0.140 0.005 0.61 0.34 348 6,497 0.34 0.38 0.01

Nelder-Mead -0.133 0.006 0.58 0.42 490 4,534 1.19 0.30 0.15
Gradient Descent -0.142 0.005 0.62 0.44 183 4,439 0.94 0.34 0.57

Trust Region -0.139 0.005 0.61 0.44 489 4,054 1.03 0.34 36.47

ω
=

0.
65 Pattern Search -0.144 0.009 1.36 0.45 567 6,206 1.18 0.42 0.02

Nelder-Mead -0.135 0.009 1.26 0.49 788 5,437 1.09 0.44 0.25
Gradient Descent -0.139 0.009 1.30 0.43 351 6,497 0.85 0.44 0.82

Trust Region -0.141 0.009 1.31 0.45 353 6,497 0.87 0.43 0.64

Table F.3: Updated multi-objective optimization results using the augmented Chebyshev
objective hAC with ρ = 0.05, g1(q) being the vertical flow in VA, and g2(q) being the
tension-based energy. In bold is the optimization method which performed best for each ω.
Function outputs smaller than 1× 10−6 have been rounded to 0.
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ω
=

0.
25 Pattern Search -0.136 0.006 0.30 0.44 514 5,212 1.55 0.26 0.02

Nelder-Mead -0.129 0.006 0.28 0.42 455 4,736 1.42 0.28 0.07
Gradient Descent -0.153 0.005 0.32 0.40 196 3,702 1.32 0.32 0.32

Trust Region -0.146 0.005 0.32 0.39 488 4,054 1.04 0.32 0.24

ω
=

0.
65 Pattern Search -0.157 0.008 0.71 0.50 141 4,904 1.35 0.44 0.03

Nelder-Mead -0.148 0.009 0.69 0.50 427 4,327 1.26 0.47 0.14
Gradient Descent -0.154 0.009 0.72 0.50 205 4,213 1.31 0.48 3.20

Trust Region -0.150 0.009 0.70 0.49 190 4,439 1.34 0.47 0.70

Table F.4: Updated multi-objective optimization results using the augmented Chebyshev
objective hAC with ρ = 0.05, g1(q) being the vertical flow in VA, and g2(q) being the
tension-based power. In bold is the optimization method which performed best for each ω.
Function outputs smaller than 1× 10−6 have been rounded to 0.
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