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R. J. Slobodrian
Lawrence Radiation Laboratory -
University of California

Berkeley, California
February 4, 1965
There are at present several models.describing the nucleon-

nucleon interaction below one BeV. The low energy S-wave proton-proton

scattering should provide a test for the singlet even interaction predicted

by the models. Between O and 10 MeV <the S;wave scattering can be

, R . 1 e
represented by a convergent power .series, and therefore it can be

apﬁroximated by a polynomial
K= ) AE o (1)
o , ,

where E 1is the laboratory energy, usually expressed in MeV: The explicit .

relation of Eg. (1) .with the lS -p phase shifts and currently used

scattering parameters is obtained through the equation K = RF

&

2 , _11 .2 3k 5,6 .
3:0 kcot 60+%h(n)_jab+§rek —Pre.k +ar k- ... (2)
ME 2 ‘ v _

where 02; —%gﬂ+ s k2= —EE) R = i 5 h(n) = ReILi—Eﬂl-- In -7

ey oH M e : r(-in)

: , 2
E is again the laboratory energy, M 1s the proton mass, n = —= s
P hVLAB

usually called Coulomb parameter (¢ is the protdn charge, H is Planck's

constant divided by 2m,

. 4~ N N I .
Viap 1S the relative ve1001uy), a, 1is the
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proton-proton scattering length, ro is the effective range, P and Q
are shape-dependent parameters. Existing calculations of @ for dif-

ferent well shapesg do indicate that the term in k6 of

1

- small compared with the term in k , for energies between O and U4 MeV

lab. Correspondingly Eg. (1) can be approximated by

<

K = A + BE + CE-. ' (3)

> has calculated the scattering parameters from recent

L5

very accurate experimental phase shifts ’7 at five low energies between

H. Plerre Noyes

1 0.3825 and 3.037 MeV, with the aim of comparing theoretical pfedictions

of the shape parameter P with the experimental value. Such calcula-

6,7

. . O,
tions have been repeated by different authors™’ ' and the results are

substantially in agreement, except for fluctuations well within the
experimental errors. ‘Nevertheless, some of the problems pointed out

long time ago by Foldy and Eriksen8 in relatipn to the empirical evidence
for the accuracy of the vacuum polarization correction (from now on
called VPC) still remain unresolved if the analysié is restricted to

the five above mentioned experimental points. It can bé shown théf the
determination of the ﬁarameter P depends critically on the experimental

7

point at 0.3%825 MeV and aléo'on the correctness of the VPC. On the

9

other hand Gursky and Heller6,haVe reported that the Yale” and Hamada-

- Johnstonlo potentials predict a k6 term in the expansion (2), or cor-

b

respondingly a cubic term DE’ in (1) of "comparable importance” with

the quédratic term at B—MeV'laboratory énergy.ll Gursky . and Heller6

attempted a cubic fit for the five data points between 0.3825 and

5.037 MeV. Figure 1 showé the cubic fit as calculated by the present
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author, in agreement with their calculation. The values obtained for -
P and Q are completely unreasonable. Clearly, when four parameters
are to ve determined with only‘five experimental points the reguisites
on the 'size of the errors and_experiméntal fluctuations are very stringent:

An inversion of .curvature is produced by the point at 3.037 MeV. The

function’ K thus determined'ié unacceptable because it diverges strongly

from experimentél Values at higher eﬁergies; calculéted from the data

of Worthington, Mc Gruer, and Findley:.L2 (from now on called WMF data).

The WMF data have been sﬁbject to a phase shift analysis originally by
Hall and Powell15 and subsequently by de Wit and Durand,lu who also dis-
cussed the VPC with regard to the calculation of proton-proton scattering‘
parameters, as well as relativistic effects, in S and P waves. The
singlet S phaée shifts themselves were substantialiy in agreement in'A

both analyses, within statistics. .The WMF data overlap with the more

- recent measurements at 1.855 MeV,  2.425 MeV and 3.037 MeV. The

values of the K function at those energles are in good mutual agree-

" ment in both sets of data, as is born out by Table I, and hence one

should assume that the higher energy values are.as reliable as the lower
energy values. The function K 1s corrected for vacuum polarization

effectsE.S’J.'lL

The erfor bars are largér in the WMF data, dbut, as they
extend about 1.2 MeV beyond the highest energy point of the more recent
measufements, they should prbve useful in reducing the uncertainties

Table I cohtains altogether twelve experimental values of K -between
0.%825 and. 4.203 MeV, and aiso the values X' obtained‘éfﬁer correction
for electromagnetic structure effects using models without a static -

15

core, with a hard core of radius r = 0.4 £ and with a soft core.
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The purpose of this ane is to repoft fésults of least squares
fits to the values of the functions K and K' of Table I, and comﬁafe
‘thé scattering parameters thus thained with predictions forvthe shape
dependent parémeters P2’15 and Q.2 It will bé shown that the situétion
is less uncertain than reported by Gursky and Heller6 in their analysis
of the five recent experimental values of the lSO phase shift. For
'c0nvenient reference to the theoretical predictions of the écattering
parameters Table IT contaiﬁs a list 6f them.

The first logical step should be an attempt to obtain & four
parameter fit to the twelve values of K. Table III contains suéh fits
~together with severalvothers.A The fit after performing the electromagnétic
correctioﬁs (EMC) in a model without a core (NC) is slightly better thaﬁ
the fif to'the-uncorrected function. In both cases‘the pair P and Q
acquires values nof predicted by any existing model. The exclusicn of
>the experimental point at 0.3%825 MeV does not alter this»coﬁclusion,
because- P remains small, and Q varies within the probable errors. This
result is thus fairly indépendent of the accuracy of the Véc. In order
to éompare with current'fit53’6’7 to the five recently measurea experimental
pointsu’s Table TIT contains fits to the twelve values of K given in
Table T assuming that Q=0. There is a drift of all the scaﬁtering
paraﬁeters ﬁowards higher values than in the five point fit, and, in
' ﬁarticﬁlar, P is almost doubled. Therefore, the agreement of the ex-
perimental values>obtained for ap, Ty and P from five values of K,
with the ?redictions of the Coulomb-corrected-partial-wave-dispersion
relation (?WDR) claimed in Reference (3) was most likely fortuitous.
for completeness a shape independent fit (SI) is also transcribed in

Teble ITI, and it is clearly inadequate.

<



‘\_j

‘model due to Babikov et al.
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Table III contains also the function X -X5 037 resulting from

the subtraction of the X2 dve to both values at 3.037 MeV. The WMFlQ

. measurement, as well as the recent remeasurement are in good mutual

agreement, but both values terd to induce an inversion of curvature,

apparently unwarranted by the higher energy values. It is clear from
P : . . : 2

the table that both measurements dominate the behavior of the X func-

s

tion. The minimum of the function Xo-x- 057 Vields values for a_, T,

2

‘

and P in remarkable agreement with values that can be easily interpolated

16

between calculations of V. V. Babikov, > in the context of a soft core

17

‘Tt is even more remarkable that the fit

to the function K' with EMC in a SC  model éutomatically produces

‘values in agreement with the prediction, through a straightforward least

squares routine with a reasonable Xg,land also the absolute minimum. for
2 2 o . |
X —x37057, as it is §hown in Table III.

If the values of P predicted by the hard core potential meodels
of'Hamada-Johnstonlo and Yale9 are-used to calculate the remaining
parameters, the coefficient D of.the cubic term of the polynomial (l)'
is_ 40O times and 20 times smaller respectively than the coefficient C.
Thus the experimental data ip conjunction with such models do not favpr
a cubic term of compafable importance to the éuadratic term, over the
investigated energy range.

The results of the present'reanélysis are to a certain extent
ambiguous, particularly due to %he s£rong éonﬁribution to the .x? fune-
tion of.the e#perimental vaiueslaf 3{057 MeV. Névertheiess i1t is clear
that the twelve values of K restfict-the possible finalvsolutiohs.to two,

such that the gquadratic term CE2 is small and the cubic term DE5 is
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largeg or vice versa. The latter.alternative ig in excellent agreement
with a soft core model, like the one proposed by Babiko& et al.l7 On _ vi.
the theoretical side it wouid be desirable to have available the predic- | r
tion of Q for the mbdels currently in vogue, as well as én ex?loration

of core effecté‘on it; It is already known18 that P va:ics fapidly as a
function of the core parameters, and can be zero. Therefore, a solution
with P=0, or very small, cannot be discarded, although presumably in

sﬁch case Q. would alsovfe small due to core effects. From an experimental
viewpoint it would be desirable that additional meésurements be carried

out in the neighborhood of 5.037 MeV, due. to the anomalously large -

N

contribution to the x2 by the values of K at that energy.
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Teble I. Experimental values of the function X and of~ K', corrected
for electromagnetic structure effects in a model without a static core 15
(NC), with a hard core (HC) of radius rC;O.M f and with a soft core (SC).

W W N N

E L | ' K'

MeV . , . NC . HC sC
0.3%825° 3.86501+0.0027k 3.88899 S 3.84631 %, 8lok2
1.397° k. 35428+0.00156 Ik, 37810 L.33517 k.3201k

| 1.855° L.57406£0.00219 4.59780 L.55479 L.s5hesh
1.855°  L.57398£0.00243  h.59772 55471 k51856
1.858b L .57232+0.00294 Lk .59606 L.55%05 | L.5k620
2.ho5t L.84212+0.00155 ~ L.86575 4 .8206% It .81637
2 .LiosP s .84 10L+0.00%20 I .86L6T L.82155 4.81529

.037° 5.1%318+0.00237 5.15670 5.11347 '5.10708

.o57b '5.13h18to.oou75 5.15770 5.11448 5.10808

527 5.351260.00575  5.37k69 5.33139 5.32488

.899b 5.52449+0.,007kkL 5.54785 5.50449 5.L9790

.2o5b 5.66355£0.0109% 5.68687 5.6&5@5 5.65680_

%pata of several authors, Refs. 4 and 5.

OData of Worthington, McGruer, and Findley, Refs. 12, 1%, and 1k.
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Table II. The lSo'scattering parameters as calculated by several:
authors for various models describing the proton-proton interaction.

; , , ‘ Parameter T e e
No. ' Model -a r P Qs
v D e o
1 Yukawa® o - 7.6512 2.6756 0.05540 ’0.019 | o e
2 Hamada?Johnstonb 7.729 2.749 | 0.0478 - |
(x=0.3k3) | R
'3 Hamada;Johnstonb 8.542 2.660 0.0499 -
(x =0.341) B -
@] .
L. Breit et a1? 7.078 2.829 0.0372 -
(x,=0.350) | . |
5 Babikov gt a1’ - 8.710 2,721 0.0371 - ’ - B
(g,2-21,7=29.2) | |
6  Babikov gt e1°  T.572 2.840 0.0357 -
(g0 -2f, ~=29.6) _ , |
7 csFt v 7.8h26 2.853 0.0612 -
8  pwDR® 7.8259 2.786 0.0k . -
9 act : 7.8009  2.687 -0.036 -
10  Caussian well® | T.7797 _ 2.60%5 o —0.01956. ‘ —0.00073

aValues faken from Table VIII .of Ref. 2.
. - .
Values taken from Ref. 15.

»CValues taken from Table I of Ref. 3.
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