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TEE 1 S p-p SCATTERTEG PARAMETERS OBTAIEED FROM A. REANALYSIS OF 
EXPERINEN1TAL DATA- 

R. J. Sloboth'ian 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

February 4, 1966 

There are at present several models describing the nucleon-

nucleon interaction below one BeV. The low energy S-wave proton-proton 

scattering should provide a test for the singlet even interaction predicted 

by the models. Between 0 and 10 MeV the S-wave scattering can be 

represented by a convergent power series, '  and therefore it can be 

approximated by a polynomial 

K= 	AE 
	

(i) 

where E is the laboratory energy, usually eressed in MeV The.e1icit 

relation of E. (i) with the 1 S p-p phase shifts and currently used 

scattering parameters is obtained through the equation K = RE 

F=C2kcot 	 Qre k6 _ ... 	 (2) 

ME. 	2 
where C2= 2ii. , k2=_2_, R = 	, h(0) = Re' (11 - 1n 

e 	-1 	2h 	M 	 F(-i) 

2 
E is again the laboratory energy, M is the proton mass, 

Tj= 

	

p 	 . 	 LAB 

usually called Coulbmb parameter (€ is the proton charge, 	is Planck's 

constant divided by 27r, . vLAB is the relative velpcity), a 	is the 
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proton-proton scattering length 

are shape-dependent parameters. 

ferent well shapes2  do indicate 

small compared with the term in 

lab. Correspondingly Eq. (1) 

re is the effective range, P and Q 

Existing calculations of 0. for dif-

that the terra in k6  of Eq (2) is 

for energies beteen 0 and 4 MeV 

can be approximated by 

S 

K=A+BE+CE2 . 	 (3) 

H. Pierre Noyes 3  has calculated the scattering parameters from recent 

very accurate experimental phase shifts ' at five low energies between 

0.3827 and 3.037  MeV, with the aim of comparing theoretical predictions 

of the shape parameter P with the experimental value. Such calcula-

tions have been repeated by different authors 67 and the results are 

siftstantially in agreement, except for fluctuations well within the 

experimental errors. Nevertheless, some of the problens pointed out 

long time ago by Foldy and Eriksen8  in relation to the empirical evidence 

for the accuracy of the vacuum polarization correction (from now on 

called vc) still remain unresolved if the analysis is restricted to 

the five above mentioned experimental points. It can be shown that the 

determination of the parameter P depends critically on the experimental 

point at 0.3827 MeV and also on the correctness of the VPC. 7  On the 

other hand Gursky and Heller 6  have reported that the Yale 9  and Hamada-

Johnston1°  potentials predict a k6  term in the expansion (2), or cor-

respondingly a cubic term DE 3  in (1) of 'coniparable importance" with 

11 	 6 the quadratic term at 3-Me\' laboratory energy. 	Gursky and Heller 	 U 

attempted a cubic fit for the five data points between 0.3827 and 

3.037 MeV. Figure 1 shows the cubic fit as calculated by the present 
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author, in agreement with their calculation. The values obtained for 

P and Q are complately unreasonable. Clearly, when four parameters 

are to be determined with only five experimental points the requisites 

on the size of the errors and experimental fluctuations are very stringent; 

An inversiofl of .cuate is produced by the point at 3.037 MeV. The 

function K thus determined is unacceptable because it diverges strongly 

from experimental values at higher energies, calculated from the data 

of Worthington, Mc Gruer, and Findley12  (from now on called WMF data). 

The WMF data have been subject to a phase shift analysis originally by 

Hall and Powe1113  and subsequently by de Wit and Durand, who also dis- 

cussed the VPC with regard to the calculation of proton-proton scattering 

parameters, as well as relativistic effects, in S and P waves. The 

singlet S phase sl4fts themselves were substantially in agreement in 

both analyses, within statistics. The WMF data overlap with the more 

recent measurements at 1.877 MeV, 2.427 MeV and 3.037 MeV. The 

values of the K function at those energies are in good mutual agree-• 

ment in both sets of data, as is born out by Table I, and hence one 

should assume that the higher energy values areas reliable as the lower 

energy values. The function K is corrected for vacuum polarization 

8 , 14  The error bars are larger in the WMF data, but, as they 

extend about 1.2 MeV beyond the highest energy point of the more recent 

measurements, they should prove useful in reducing the uncertainties 

i 	 t 

Table I contains altogether twelve experinental values of K between 

0.3827 and. 24.203 MeV, and also the values K t  obtainedafter correction 

for electromagnetic structure effects using models without a static 

core, with a. hard core of radius r= 0. 4 f and with a soft core!17 
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The purpose of this note is to report results of least squares 

fits to the v1ues of the functions K and K' of Table I, and compare 

the scattering parameters thus obtained with predictions for the shape 

2.15 	2 
dependent parameters P 	and Q. 	It will be shon that the situation 

is less uncertain than reported by Gurshy and Keller 6  in their analysis 

of the five recent experimental values of 	
1 

the S0  phase sht. For 

cbnvenient reference to the theoretical predictions of the scattering 

parameters Table II contains a list of them. 

The first logical step should be an attempt to obtain 6 four 

parameter fit to the telve values of K. Table III contains such fits 

together with several others. The fit after performing the electromagnetic 

corrections .(EMC) in a rnodelithout a core (NC) is slightly better than 

the fit to the uncorrected function. In both cases the pair P and Q 

acquires values not predicted by any existing model. The exclusion of 

the experimental point at 0.825 MeV does not alter this conclusion, 

because P remains small, and Q varies within the probable errors. This 

result is thus fairly independent of the accuracy of the VPC. In order 

to compare with current fits' 6 ' 7  to the five recently measured experimental 

4 . 5  
points' Table III contains fits to the telve values of K given in 

Table I assuming that Q=0. There is a drift of all the scattering 

parameters towards higher values than in the five point fit, and, in 

particular, P is almost doubled. Therefore, the agreement of the ex-

perimental values obtained for a, r, and P from five values of K, 

with the predictions of the Coulomb_correctedpartia1_ave_di5Per5i 0fl 

relation (PwDR) claimed in Reference (3) was most likely fortuitous. 

For completeness a shape independent fit (SI) is also transcribed in 

Table III, and it is clearly inadequate. 
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Thble III contains also the function X2 -X 0 	resulting from 

• 	 the subtraction of the X due to both values at 3. 037 MeV. The 

• 	 measurement, as e1l as the recent rerneasurement are in good mutual 

agreement, but both values tend to induce an inversion of curvature, 

apparently unwarranted by the higher energy values. It is clear from 

the table that both measurements dominate the behavio±' of the X2  func-

tion. The minimum of the function 	 yields values for a, r, 

and P in remarkable agreement with values that can be easily interpolated 

beteen calculations of V. V. Babikov, 16  in the context of a soft core 

model due to Babikov et al. 7  It is even more remarkable that the fit 

to the function IC with EMC in a SC model automatically produces 

values in agreement with the prediction, through a straightforward least 

squares routine with a reasonable X2 , and also the absolute minimum for 

22 	
i x -x507 , as it s shon in Table III. 

If the values of P predicted by the hard core potential models 

of Hamada-Johnston1°  and Yale 9  areused to calculate the remaining 

parameters, the coefficient D of the cubic term of the polynomial (1) 

is 400 times and 20 times smaller respectively than the coefficient C. 

Thus the experimental data in conjunction with such models do not favor 

a cubic term of comparable importance to the quadratic term, over the 

investigated energy range. 

The results of the present reanalysis are to a certain extent 

2 anthiguou, particulerly due to the strong contrbution to the X func- 

tion of the experimental values at 3.037  MeV. Nevertheless it is clear 

that the twelve values of K restrict the possible final solutions to to, 

such that the quadratic term CE2  is small and the cubic term DE3  is 
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large, or vice versa. The latter alternative is in excellent agreement 

with a soft core model, like the one proposed by Babikov et al.
17  On 

the theoretical side it would be desirable to have available the predic-

tion of Q. for the models currently in vogue, as well as an exploration 

18 
of core e.fects on it. It is already known 	thau p varics rapidly as a 

function of the core parameters, and can be zero. Therefore, a solution 

with P=O, or very small, cannot be discarded, although presumably in 

such case Q, would also be small due to core effects. From an experimental 

viepoint it would be desirable that additional measurements be carried 

out in the neighborhood of 3.07 MeV, dueto the anomalously large 

2 contribution to the X by the values of K at that energy. 
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Table I. Experimental values of the function K and of, K', corrected. 
for electromagnetic structure effects in a model without a static core 	15 
(NC)., ith a hard. core (NC) of.radus r c 

 =0.4 f and with a soft core (Sc). 

N LAB 
MeV 

K' 
NC 

K' 

NC SC 

0.3825a 386501±00027 3.88899 3.8631 3.802 

1307a .5528±0.00l56 .37810 .33517 .4-32914 

1.855a  5706+0 00219 4.5978o 4 .55479 4.54864 

1•855b .57398±0.0023 4.59772 4.55471 4 .54856 

.57232±0.0029 .59606 .553O5 4 .546 010 

.8212±0.00155 4.86575 4.82263 4.81637 

4.81o±o.00320 4.86467 L.82155 4.81529 

5.13318±0.00237 5.15670 5.1137 5.10708  

3037b 5.1318±0.0O73 5.15770  5.118 5.lo8o8 

3727b 5.35126±0.00575 5.3769 5.3319 5.3288 

3899b 5.52)49±O.O07 5.5785 5.509 5.9790 

203b 
5.66355±0. 0093 5.68687 5.633 5.63680 

aData  of several authors, Ref s. 4 and 5. 

bData  of Worthington, McGruer, and Findley, Refs. 12, 13, and l. 
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Table II. 	The 	SO  scattering parameters as calculated by several 
authors for various models describing the proton-proton interaction. 	. . 	 . 

Parameter 
No. Model -a 

p e 
r 	 p 

1 Yukaaa 7.6512 2.5755 	0.0550 	0.019 

2 Hama da _JohnstOnb  7.729 2.79 	0.078 	- 

(x=0.33) . 

3 Hama da _JohnstOnb  8.52 2.664 	0.099 	- 
?=¼) .7L) 

Breit et a1b 

(x=o.35o) 

Babikov et a1b 5 
( g 2_2f 2 r29.2) 

6 Babikov et alb 
(g2 -2f2=29.6) 

.7 CSF9  

8 IWDR 

9 BCC 

10 Gausslan vell
a  

7.078 2.829 0.0372 	- 

8.710 2.721 0.0371 	- 

7.572 2.8O 0.0357 	- 

7.826 2.853 0.0612  

7.8259 2.786 O.02 	 - 

7.8009 2.687 -0.036 	- 

7.7797 2.6055 -0.01936 	-0.00073 

Values  taken from Table VIII of Ref. 2. 

Values  taken from Ref. 15. 

Values  taken from Table I of Ref. 3. 
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