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B. P. 34, F-91898 ORSAY Cedex, France

37Lawrence Livermore National Laboratory, Livermore, California 94550, USA
38University of Liverpool, Liverpool L69 7ZE, United Kingdom
39Queen Mary, University of London, E1 4NS, United Kingdom

40University of London, Royal Holloway and Bedford New College, Egham, Surrey TW20 0EX, United Kingdom
41University of Louisville, Louisville, Kentucky 40292, USA

42University of Manchester, Manchester M13 9PL, United Kingdom
43University of Maryland, College Park, Maryland 20742, USA

44University of Massachusetts, Amherst, Massachusetts 01003, USA
45Massachusetts Institute of Technology, Laboratory for Nuclear Science, Cambridge, Massachusetts 02139, USA

46McGill University, Montréal, Québec, Canada H3A 2T8
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51Università di Napoli Federico II, Dipartimento di Scienze Fisiche and INFN, I-80126, Napoli, Italy

52NIKHEF, National Institute for Nuclear Physics and High Energy Physics, NL-1009 DB Amsterdam, The Netherlands
53University of Notre Dame, Notre Dame, Indiana 46556, USA

54Ohio State University, Columbus, Ohio 43210, USA
55University of Oregon, Eugene, Oregon 97403, USA
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We report a Dalitz-plot analysis of the charmless hadronic decays of neutral B mesons to K����0.

With a sample of ð231:8� 2:6Þ � 106�ð4SÞ ! B �B decays collected by the BABAR detector at the PEP-II

asymmetric-energy B Factory at SLAC, we measure the magnitudes and phases of the intermediate

resonant and nonresonant amplitudes for B0 and �B0 decays and determine the corresponding CP-averaged

branching fractions and charge asymmetries. The inclusive branching fraction and CP-violating charge

asymmetry are measured to be BðB0 ! Kþ���0Þ ¼ ð35:7þ2:6
�1:5 � 2:2Þ � 10�6 and ACP ¼

�0:030þ0:045
�0:051 � 0:055 where the first errors are statistical and the second systematic. We observe the

decay B0 ! K�0ð892Þ�0 with the branching fraction BðB0 ! K�0ð892Þ�0Þ ¼ ð3:6þ0:7
�0:8 � 0:4Þ � 10�6.

This measurement differs from zero by 5.6 standard deviations (including the systematic uncertainties).

The selected sample also contains B0 ! �D0�0 decays where �D0 ! Kþ��, and we measure BðB0 !
�D0�0Þ ¼ ð2:93� 0:17� 0:18Þ � 10�4.

DOI: 10.1103/PhysRevD.78.052005 PACS numbers: 13.66.Bc, 13.25.�k, 13.25.Hw, 13.25.Gv

I. INTRODUCTION

Amplitude analyses of three-body decays of B mesons
with no charm particle in the final state are well suited to
study the Cabibbo-Kobayashi-Maskawa (CKM) frame-
work [1] for charged current weak interactions. In the
analysis of a Dalitz plot the strong phase motions along
the line shapes of interfering resonances are measured and
can be used to constrain the weak phases related to the
CKM parameters which, in the standard model, govern CP
violation. Following the path [2–4] of the 3-pion B meson
decays which give constraints on the CKM angle �CKM �
argð�VtdV

�
tb=VudV

�
ubÞ, it has been shown in [5,6] that B

decays into a kaon and two pions are sensitive to the angle
�CKM � argð�VudV

�
ub=VcdV

�
cbÞ.

In this paper we present a time independent amplitude
analysis of the flavor-specific B0 ! Kþ���0 decay [7]
which finalizes preliminary studies [8,9]. The analysis
compares the Dalitz plots of the B0 and �B0 decays where
low-mass K� and �� resonances interfere. Previous mea-
surements of the three-body final state [10,11] and sub-
decays [12,13] to a vector and a pseudoscalar meson have
been published. Other B ! K�� decays have been studied
in [14–17]. A phenomenological study of three-body B
meson decays without charm in the final state is presented
in [18].

This paper is organized as follows. We first present in
Sec. II the decay model based on an isobar expansion of the
three-body decay amplitude. The complex coefficients of
the expansion are the unknowns we seek to determine by
means of an unbinned extended maximum likelihood fit.
We describe the detector and data set in Sec. III, the
procedure used to select the data sample in Sec. IV, and
the fit method in Sec. V. The results are then described in
Sec. VI followed by the accounting of the systematic
uncertainties in Sec. VII. Finally, in Sec. VIII, we summa-
rize our findings and present an interpretation of our
results.

II. DECAYAMPLITUDES

The B0 ! Kþ���0 decay amplitude is a function of
two independent kinematic variables commonly chosen to

be the invariant masses squared,1 x ¼ m2
K��� and y ¼

m2
K��0 . The Dalitz plot (DP) is the x, y bidimensional

distribution. It is customary to express the decay amplitude
as a sum over intermediate (isobar) states:

A ðx; yÞ ¼ X
j

tje
i�jfjðx; yÞ; (1)

and similarly for the �B0 ! K��þ�0 Dalitz plot,

�Aðx; yÞ ¼ X
j

�tje
i ��jfjðx; yÞ: (2)

The isobar coefficients tje
i�j are constant over the Dalitz

plot. For each decay channel, the isobar phase �j is the

sum of a strong phase, the same forB0 and �B0 decays, and a
weak phase which changes sign. The decay dynamics of an
intermediate state are described by the fjðx; yÞ function

which structures the Dalitz plot. For instance, a resonance
formed in the Kþ�� system gives a contribution which
factorizes as

fjðx; yÞ ¼ RjðxÞ � Tjðx; yÞ �WBjðxÞ; (3)

where RjðxÞ is the resonance mass distribution or line

shape and Tjðx; yÞ models the angular dependence.

WBjðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BBðRp�ðxÞÞBjðRqðxÞÞ

q
, the product of Blatt-

Weisskopf damping factors [19], slightly deviates from
unity as a function of x through the breakup momenta2 of
the (quasi) two-body B and resonance decays multiplied by
a range parameter R. The fj are normalized,

Z
DP

jfjðx; yÞj2dxdy ¼ 1: (4)

We use the Zemach tensor formalism [20,21] for the

angular distribution TðJÞ
j ðx; yÞ of a process by which a

pseudoscalar B meson produces a spin-J resonance in

1We use natural units where @ ¼ c ¼ 1 in our algebraic
equations.

2p�, the momentum of the bachelor particle in the B meson
rest frame, is equal to the breakup momentum of the studied B
meson decay.
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association with a bachelor pseudoscalar meson. For J ¼
0, 1, 2, we have

Tð0Þ
j ¼ 1; Tð1Þ

j ¼ �2 ~p � ~q;
Tð2Þ
j ¼ 4

3½3ð ~p � ~qÞ2 � ðj ~pjj ~qjÞ2�;
(5)

where3 ~pðx; yÞ [ ~qðxÞ] is the momentum vector of the
bachelor particle (the resonance decay product Q defined
below) measured in the resonance rest frame. For a neutral
(charged) K� resonance, Q is the pion (kaon), and for a
dipion resonance, Q is the �0. Notice that these choices
define for each two-body system the helicity angle �j ¼
ð ~pj; ~qjÞ between 0 and �.

Our nominal model (Table I) for the decay B0 !
Kþ���0 includes a nonresonant contribution (NR) which
is uniformly distributed over the Dalitz plot, and five
resonant intermediate states: ��ð770Þ, K�ð892Þþ;0, and

ðK�Þ�þ;0
0 . The latter notation introduced by the BABAR

experiment [14] denotes phenomenological amplitudes
describing the neutral and charged (K�) S-waves each
by a coherent superposition of an elastic effective-range
term and a term for the K�

0ð1430Þ scalar resonance. It

describes current knowledge of low energy K� systems
with a small number of parameters. Variations to the
nominal model are used to estimate the model-dependent

systematic uncertainty in the results. Three line-shape
parametrizations RjðxÞ are used. Parameters are taken

from [22] unless stated otherwise.

A. Line shapes

1. The relativistic Breit-Wigner distribution

The relativistic Breit-Wigner (RBW) parametrization is
used for K�ð892Þþ;0, K�

2ð1430Þþ;0, and K�ð1680Þþ;0:

RðJÞ
j ðx;mj;�

0
j Þ ¼

1

m2
j � x� imj�

ðJÞ
j ðxÞ : (6)

The mass dependence of the total width �ðJÞ
j can be ignored

for high-mass states. For the low-mass states which decay
only elastically, it is defined by

�ðJÞ
j ðxÞ ¼ �0

j

mjffiffiffi
x

p
�
qðxÞ
qðm2

j Þ
�
2Jþ1 BðJÞðRqðxÞÞ

BðJÞðRqðm2
j ÞÞ

; (7)

wheremj is the mass of the resonance j, �0
j ¼ �jðm2

j Þ is its
width, and the barrier factors (squares of the Blatt-
Weisskopf damping factors [19]) are

Bð0Þ ¼ 1; Bð1Þ ¼ 1

1þ R2q2
;

Bð2Þ ¼ 1

9þ 3R2q2 þ R4q4
:

(8)

All range parameters were set to R ¼ 0 in the analysis, but
we checked that the systematic deviations associated with
more realistic values taken or interpolated from [24] are
below the numerical accuracy we use to quote our results.

2. The Gounaris-Sakurai distribution

The Gounaris-Sakurai (GS) parametrization [25]
[Eq. (9)] is used for ��ð770Þ, ��ð1450Þ, and ��ð1700Þ:

RGS
j ðx;mj;�

0
j Þ ¼

1þ dj�
0
j=mj

m2
j þ fjðxÞ � x� imj�jðxÞ

; (9)

with the same x dependence of the width as for the RBW.
The expressions of the constant dj and the function fjðxÞ in
terms of mj and �0

j are given in Ref. [25].

3. The LASS distribution

For the K� S-wave resonances, ðK�Þ�þ;0
0 , which domi-

nate for mK� below mmax
j ¼ 2 GeV=c2, an effective-range

parametrization was suggested [26] to describe the slowly
increasing phase as a function of the K� mass. We use the
parametrization as in the LASS experiment [23], tuned for
B decays:

TABLE I. The nominal model for the decay B0 ! Kþ���0

comprises a nonresonant part and five intermediate states. The
three types of line shapes are described in the text. The reso-
nance masses and widths are from [22], except for the LASS
shape [23]. We use the same LASS parameters for both neutral
and charged K� systems. Additional resonances that may con-
tribute are included in extended models which we study to
estimate the systematic uncertainties.

Intermediate state Line shape Parameters

Nominal model

Nonresonant Constant

��ð770Þ GS

K�þð892Þ RBW

K�0ð892Þ RBW

ðK�Þ�þ0 LASS m0 ¼ 1415� 3 MeV=c2

ðK�Þ�00 �0 ¼ 300� 6 MeV
cutoff mmax

j ¼ 2000 MeV=c2

a ¼ 2:07� 0:10 ðGeV=cÞ�1

r ¼ 3:32� 0:34 ðGeV=cÞ�1

Additional resonances

�ð1450Þ GS m ¼ 1439 MeV=c2

�0 ¼ 550 MeV
�ð1700Þ GS m ¼ 1795 MeV=c2

�0 ¼ 278 MeV
K�

2ð1430Þþ;0 RBW

K�ð1680Þþ;0 RBW

3For simplicity, we have dropped the j index in ~p and ~q.
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RLASS
j ðx;m0

j ;�
0
j ; a; rÞ

¼
ffiffiffi
x

p
q cot�B � iq

þ e2i�B

m0
j�

0
j

m0
j

q0

½ðm0
j Þ2 � x� � im0

j�
0
j

qffiffi
x

p m0
j

q0

; (10)

where

cot�B ¼ 1

aqðxÞ þ
1

2
rqðxÞ; (11)

a is the scattering length, and r is the effective range
(Table I). A LASS isobar coherently comprises the actual
K�

0ð1430Þ (82%), the effective-range term (57%), and the

(destructive) interference term (39%).
In this analysis we use a maximum likelihood fit to

measure the inclusive branching fraction and
CP-violation asymmetry,

B incl � BðB0 ! Kþ���0Þ; (12)

A CP �
R
DP½j �Aðx; yÞj2 � jAðx; yÞj2�dxdyR
DP½j �Aðx; yÞj2 þ jAðx; yÞj2�dxdy ; (13)

as well as the isobar fractions FFj (CP averaged over B0

and �B0) and the CP-violation charge asymmetries:

FFk ¼
R
DP½jtkei�kfkðx; yÞj2 þ j�tkei ��k �fkðx; yÞj2�dxdyR

DP½j
P
j
tje

i�jfjðx; yÞj2 þ jP
j

�tje
i ��j �fjðx; yÞj2�dxdy

;

Ak
CP ¼ �t2k � t2k

�t2k þ t2k
; (14)

and the isobar phases relative to those of the K����
channel. In those expressions, tj and �tj are the fitted

magnitudes for the intermediate state j; �j and ��j are

the fitted relative phases. Note that, due to interference, the
fractions FFk, in general, do not add up to unity.
Nevertheless, we define the quasi-two-body branching
fraction for an intermediate state j as follows:

B j � FFj �Bincl: (15)

B. The square Dalitz plot

The accessible phase space of charmless three-body B
decays is unusually large. Most contributing resonances
have masses much lower than the B mass. Hence, signal
events cluster along the Dalitz-plot boundaries. This is also
true for background events. Past experience has shown that
another set of variables, defining the square Dalitz plot
(SDP) [27], is well suited to such configurations. It is
defined by the mapping

dxdy ! dm0d�0;

m0 � 1

�
arccos

�
2

m�mmin

mmax �mmin

� 1

�
;

�0 � 1

�
�;

(16)

where m ¼ ffiffiffi
x

p
and � are, respectively, the invariant mass

and helicity angle of theK��� system.mmax ¼ mB �m�0

andmmin ¼ mKþ þm�� are the kinematic limits ofm. The
new variables both range between 0 and 1.

III. THE BABAR DETECTOR AND DATA SET

The data used in this analysis were collected with the
BABAR detector at the PEP-II asymmetric eþe� storage
rings between October 1999 and July 2004. The sample
integrates a luminosity of 210:6 fb�1 taken on the peak of
the �ð4SÞ resonance (on resonance) corresponding to
NB �B ¼ ð231:8� 2:6Þ � 106 B �B pairs, and 21:6 fb�1 re-
corded at a center-of-mass (CM) energy 40 MeV below
(off resonance).
A detailed description of the BABAR detector is given in

[28]. Charged-particle trajectories are measured by a five-
layer, double-sided silicon vertex tracker (SVT) and a 40-
layer drift chamber (DCH) immersed in a 1.5 T magnetic
field. Charged-particle identification is achieved by com-
bining the information from a ring-imaging Cherenkov
device with the ionization energy loss (dE=dx) measure-
ments from the DCH and SVT. Photons are detected in a
CsI(Tl) electromagnetic calorimeter (EMC) inside the coil.
Muon candidates are identified in the instrumented flux
return of the solenoid. We use GEANT4-based [29] software
to simulate the detector response and account for the
varying beam and environmental conditions.

IV. EVENT SELECTION

A. Signal selection and background rejection

To reconstruct B0 ! Kþ���0 decays, we select two
charged particles and two photons. The charged-particle
candidates are required to have transverse momenta above
100 MeV=c and at least 12 hits in the DCH. They must not
be identified as electrons, muons, or protons. A Kþ candi-
date must be identified as a kaon (with a misidentification
probability smaller than 4%) and a �� candidate must not
be identified as a kaon (with a misidentification probability
smaller than 7%). The misidentification probabilities are
momentum dependent and therefore vary across the Dalitz
plot. A �0 candidate is built from a pair of photon candi-
dates, each with an energy greater than 50 MeV in the
laboratory frame (LAB) and a lateral energy deposition
profile in the EMC consistent with an electromagnetic
shower. The invariant mass of a �0 candidate must satisfy
0:11<m�� < 0:16 GeV=c2, a wide enough window to

accommodate the variation of the resolution across the
Dalitz plot from 4.5 to 8 MeV=c2.
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At the �ð4SÞ resonance, B mesons are characterized by
two nearly independent kinematic variables, the beam
energy substituted mass and the energy difference:

mES ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs=2þ ~p0 � ~pBÞ2=E2

0 � p2
B

q
; (17)

�E ¼ E�
B � ffiffiffi

s
p

=2; (18)

where E and p are energy and momentum, and the sub-
scripts 0 and B refer to the eþe�-beam system and the B
candidate, respectively; s is the square of the center-of-
mass energy and the asterisk labels the CM frame. We
require that mES > 5:27 GeV=c2. To avoid a bias in the
Dalitz plot from the dependence on the �0 energy of the
resolution in �E, we introduce the dimensionless quantity

�E0 � 2�E� ð�Emax þ�EminÞ
�Emax � �Emin

(19)

where the bounds obtained from simulation, �Emax ¼
0:08� 0:0014 �mKþ�� , �Emin¼�0:14þ0:005 �mKþ�� ,
all in units of GeV, follow the variation of the �E resolu-
tion. We require j�E0j 	 1.

Continuum eþe� ! q �q (q ¼ u, d, s, c) events are the
dominant background. To enhance discrimination between
signal and continuum, we select events by using a neural
network [30] with an output NN which combines three
discriminating variables: the angles of the B momentum
and the B thrust axis with respect to the eþ beam direction
in the CM frame, and the difference 2L2 � L0 between two
variables characterizing the energy flow about the B thrust
axis. We have Ln � P

ipi � j cos�ijn, where the sum runs
over all charged and neutral particles in the event (except
for those in the B candidate) whose momenta ~pi make
angles �i with the B thrust axis. The neural network was
trained on off-resonance data and correctly reconstructed
signal Monte Carlo events. A data sample with about 4000
fully reconstructed B0 ! D���þ decays with D�� !
�D0�� and �D0 ! Kþ�� is used to validate the shapes of
the distributions on which the selection procedure is based.

Between 3% and 17% of the signal events have multiple
reconstructed B candidates (usually two) depending on
their location in the Dalitz plot. When distinct �0 candi-
dates make acceptable B combinations, we choose that
with the reconstructed �0 mass closest to the nominal
value of 0:1349 GeV=c2. When several acceptable B com-
binations can be made of distinct charged-particle sets, we
arbitrarily choose one (in a reproducible fashion by using
the date and time at which the event was recorded as a
random number).

There are 8014 events in the data sample after the
selection. The B meson candidate in each event is mass
constrained to ensure that the measurement falls within the
Dalitz-plot boundary. The resulting standard and square
Dalitz plots are shown in Fig. 1. We now describe the
composition of the selected data sample.

B. Truth-matched and self-cross-feed signal events

Using the Monte Carlo simulation as in [3], we distin-
guish between the correctly reconstructed and the misre-
constructed signal events. A correctly reconstructed event,
where the three particles of the B candidate match the
generated ones, is called a truth-matched (TM) event. A
misreconstructed signal event contains a B meson which
decays to the signal mode, but one or more reconstructed
particles in the B candidate are not actually from the decay
of that B. A misreconstructed signal is called self-cross-
feed (SCF). Misreconstruction is primarily due to the pres-
ence of low momentum pions. Consequently, the SCF

FIG. 1. The standard (a) and square (b) Dalitz plots of the
selected data sample of 8014 events. The structures are more
spread out in the square Dalitz plot. The �D0 ! Kþ�� narrow
band is preserved with the choice made for the m0 variable.
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fraction varies across the Dalitz plot as shown in Fig. 2. For
each point in the Dalitz plot, there is an efficiency "ðm0; �0Þ
to reconstruct an event either correctly or incorrectly. The
quality of the reconstruction is poor where the SCF fraction
fSCFðm0; �0Þ is high. This occurs in the corners of the Dalitz
plot where one of the final-state particles has a low mo-
mentum in the LAB frame. These variations can be seen in
Fig. 2 and in Table II which compares efficiencies and fSCF
values averaged over the Dalitz plot for different B0 !
Kþ���0 subdecays4 computed using high statistics
Monte Carlo samples (4:9� 106 B0 ! Kþ���0 events).

It is important to keep a high efficiency in the Dalitz-plot
corners where the low-mass vector resonances interfere.
Overall, the total efficiency is close to 15%. The main
sources of inefficiency are the �E0 selection (" 

70%–80%), the kaon identification (" 
 69%), and the
neural network selection (" 
 60%).

C. Background

1. Continuum background

Although the neural network selection rejects 96% of
the continuum events, this background is the dominant
class of events in the data sample, representing about
two-thirds of its size.

2. Background from other B decays

Since there is no restriction on any two-body invariant
mass of the final-state particles, large backgrounds from
other B decays occur. We use high statistics Monte Carlo
samples to study these backgrounds. Conservative assump-
tions about unknown branching fractions are made. For
instance, when only an upper limit U is known for the
branching fraction of a decay channel, we use U=2�U=2
as an input to the simulation.
Inclusive and exclusive B decays with or without charm

are grouped into ten classes to be used in the fit. Rates, and
topological and kinematical similarities are studied to de-
fine the classes listed in Table III. There are two classes
with inclusive b ! c decays which are distinguished ac-
cording to whether a genuine D0 is part of the B candidate.
We keep the exclusive decays B0 ! �D0�0 with �D0 !
Kþ�� in the data sample because the copious yield of
approximately 400 well-identified events helps to control
the fit algorithm.

V. THE MAXIMUM LIKELIHOOD FIT

We perform an unbinned extended maximum likelihood
fit to determine the total B0 ! Kþ���0 event yield, the
magnitudes tj, �tj, and the phases �j, ��j of the complex

isobar coefficients of the decay amplitude defined in
Eqs. (1) and (2). The fit uses the variables m0, �0, mES,
�E0, and NN to discriminate signal from background.

A. The likelihood function

The selected on-resonance data sample is assumed to
consist of signal, continuum background, and background
from other B decays. Accordingly, the likelihood function
of event i is written

L i ¼ Lsig;i þLq �q;i þ
X
c

LBbg;c;i; (20)

where the sum runs over all the B-background classes
listed in Table III. All background likelihood functions
have the same expression:

FIG. 2 (color). Fraction of misreconstructed events (fSCF), in
the square Dalitz plot. This figure includes 4:9� 106 signal
Monte Carlo events. The white area is the SCF-free region.

TABLE II. Signal selection efficiencies (overall and truth-
matched) and fraction of misreconstructed events (SCF) for
different signal modes after full selection. As explained in the
text, " is the overall efficiency for (TM and SCF) signal events.
Hence, "TM ¼ "ð1� fSCFÞ. The relative statistical precision on
these numbers is a few tenths of a percent.

Decay mode "ð%Þ "TMð%Þ fSCFð%Þ
K�þð892Þ�� 13.9 10.0 28.1

Kþ�� 14.3 10.3 28.3

K�0ð892Þ�0 15.7 13.6 13.3

Nonresonant 16.2 15.2 6.2
�D0�0 16.4 15.7 4.0

D�Kþ 15.8 14.6 7.5

4We choose to classify the B0 ! �D0�0, D�Kþ subdecays as
background since they proceed via a b ! c quark-level transi-
tion while we are studying charmless processes.
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L back;i ¼ Nback
1
2ð1� qKi AbackÞP back;i; (21)

where qKi is the kaon charge in event i, and Aback is the
charge asymmetry.

We consider B0 and �B0 separately to build the signal
likelihood function.

Nsig ¼ Nþ
sig þ N�

sig; (22)

L sig;i ¼ Lþ
sig;i þL�

sig;i: (23)

Each part has two terms, one for the TM and one for the
SCF events:

Lþ
sig;i ¼ Lþ

TM;i þLþ
SCF;i

¼ Nþ
sig½ð1� �fSCFÞPþ

TM;i þ �fSCFPþ
SCF;i�; (24)

and similarly for L�
sig;i.

�fSCF, the fraction of SCF events

averaged over the Dalitz plot, assumed to be the same for
both flavors, is discussed below. We denote by Ncomp the

expected number of events for species comp. The fit max-
imizes the extended likelihood function5:

L ¼ e�Ntot

YN
i¼1

Li; (25)

where N ¼ 8014 events is the size of the data sample and
Ntot ¼ Nsig þ Nq �q þP

cNBbg;c is the expected number of

events.
The five-dimensional probability density functions

(PDF) P are the products of the four PDFs of the measured
discriminating variables v ¼ fmES;�E

0;NN; ðm0; �0Þg,

P ¼ Y4
k¼1

P ðvkÞ: (26)

The correlations among the measurements are handled by
building conditional PDFs where appropriate (between NN
and the Dalitz variables for the continuum, and between
�E0 and the Dalitz variables for TM-signal events).
Systematic uncertainties account for the correlations we
neglect.
A total of 37 parameters are varied in the fit (see

Sec. VD). A summary of the PDF parametrizations is
given in Table IV.

TABLE III. The list of B backgrounds retained for the fit (Sec. V). For each channel, we give
(anticipating Sec. VI) either the fitted number of events in the data sample if its yield is allowed
to vary in the fit procedure, or the expected number otherwise.

Class Mode Events

0 B0 ! Kþ�� 10:4� 0:5 Fixed

1 B0 ! K�0ð892Þ�, K�0ð1430Þ�, �þ�� 95:6� 5:0 Fixed

2 B0 ! �þ��, K�þð892Þ��, K�ð1680Þ� 10:7� 3:8 Fixed

3 B0 ! �D0ðKþ��Þ�0 424� 25 Varied

4 Bþ ! Kþ�0 17:4� 1:5 Fixed

5 Bþ ! 3-body (mainly Kþ���þ) 119� 34 Fixed

6 B ! 4-body 30:3� 3:4 Fixed

7 GenericB ! charm without true D0 382� 49 Varied

8 GenericB ! charm with true D0 147� 17 Varied

9 B0 ! D�ð! ���0ÞKþ 20:4� 7:8 Fixed

TABLE IV. Summary of the PDF parametrizations. G ¼ Gaussian, P1 ¼ 1st order polyno-
mial, NP ¼ nonparametric, and CB ¼ Crystal Ball. The notation GG(DP) designates a double
Gaussian PDF with parameters which vary over the Dalitz plot. The Dalitz-plot signal model is
described in Sec. II. The numbers associated with the B background in the last row are the class
indices in Table III.

Component mES �E0 NN Dalitz

Signal (TM) CB GG(DP) NP See text

Signal (SCF) NP G NP See text

Continuum ARGUS P1 See text NP in patches

B background (non-D) Two-dim. NP NP NP

B background (3 and 9) Signal-like Signal-like One NP for both See text

5The canceling factors 1=Ntot in Eqs. (21) and (22), and N
N
tot in

Eq. (25), required for the likelihood functions to be properly
normalized, have been omitted for simplicity.
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B. The Dalitz probability density functions

Since the decay B0 ! Kþ���0 is flavor specific (the
charge of the kaon identifies the b flavor), the B0 and �B0

Dalitz plots are independent. However, because the back-
grounds are essentially flavor blind, we get a more robust
procedure by fitting them simultaneously. It is enough to
describe only the B0 Dalitz-plot PDF.6 A change from A
to �A [Eqs. (1) and (2)] gives the �B0 PDF.

1. Signal

The signal Dalitz model has been described in Sec. II.
The free parameters are the magnitudes and phases defined
in Eqs. (1) and (2) for all the intermediate states of the
signal model given in Table I. Since the measurement is
done relative to the K�þð892Þ�� final state, the phases of
this and the charge conjugate channels are fixed to zero.
The amplitude of B0 ! K�þð892Þ�� is also fixed but not
that of �B0 ! K��ð892Þ�þ in order to be sensitive to direct
CP violation.

The normalization of the component signal PDFs:

P TM;i / "ið1� fSCF;iÞj detJ ijjAij2; (27)

P SCF;i / "ifSCF;i½j detJ jjAj2 � RSCF�i; (28)

is model dependent. J is the Jacobian matrix of the map-
ping to the square Dalitz plot. The symbol � stands for a
convolution, and the R matrix is described below
[Eq. (33)]. The normalization requires the computation of
the integrals

Z 1

0
dm0 Z 1

0
d�0"ð1� fSCFÞj detJ jfkf�l ; (29)

Z 1

0
dm0 Z 1

0
d�0"fSCFj detJ jfkf�l ; (30)

and

Z 1

0
dm0 Z 1

0
d�0"j detJ jfkf�l ; (31)

where the notations of Eq. (1) are used. The integrations
over the square Dalitz plot are performed numerically. The
weight

�f SCF ¼
R
1
0 dm

0 R1
0 d�

0"fSCFj detJ jjAj2R
1
0 dm

0 R1
0 d�

0"j detJ jjAj2 (32)

in Eq. (22) ensures that the total signal PDF is normalized.
The PDF normalization depends on the decay dynamics
and is computed iteratively. In practice, the computation of
�fSCF rapidly converges to a value which we fix after a few
exploratory fits.

Studies in simulation have shown that the experimental
resolutions of m0 and �0 need not be introduced in the TM-

signal PDF. On the contrary, misreconstructed events often
incur large migrations, when the reconstructed m0

r, �
0
r are

far from the true values m0
t, �

0
t. We use the Monte Carlo

simulation to compute a normalized two-dimensional reso-
lution function RSCFðm0

r; �
0
r;m

0
t; �

0
tÞ, with

Z 1

0
dm0

r

Z 1

0
d�0rRSCFðm0

r; �
0
r;m

0
t; �

0
tÞ ¼ 1: (33)

RSCF is convolved with the signal model in the expression
of P SCF [Eq. (28)].

2. Background

Except for events coming from exclusive B ! D de-
cays, all background Dalitz PDF are nonparametric
smoothed histograms. The continuum distributions are
extracted from a combination of off-resonance data and a
sideband (5:20<mES < 5:25 GeV=c2) of the on-
resonance data from which the B background has been
subtracted. The square Dalitz plot is divided into three
regions where different smoothing parameters are applied
in order to optimally reproduce the observed wide and
narrow structures by using a two-dimensional kernel esti-
mation technique [31]. For m0 > 0:8 and all �0, a fine-
grained model is needed to follow the peak from D0

continuum production. Form0 < 0:8 there are two different
wide structures corresponding to the continuum production
of the �’s for �0 below 0.8 and the charged K�’s above.
The B-background (Table III) Dalitz PDFs are obtained

from the Monte Carlo simulation. For the components
which model b ! c decays with real D0 mesons, a fine-
grained binning around the D mass is used to construct the
smoothed histograms. The exclusive signal-like compo-
nents B0 ! �D0�0, �D0 ! Kþ�� and B0 ! D�Kþ, D� !
���0 are modeled with TM-like and SCF-like PDFs. The
former are products of a Gaussian distribution inmK� (then
transformed intom0) and a fifth order polynomial in �0. The
D0 Gaussian mass and widths are free parameters in the fit,
the TM-like D0 helicity polynomial coefficients were ob-
tained via an ancillary fit to the data, and all other parame-
ters are fixed to their value in the Monte Carlo simulation.
For the B0 ! D�Kþ where D� ! ���0, the Dalitz-plot
PDF is a two-dimensional smoothed histogram obtained
from the Monte Carlo simulation.

C. The other PDFs

1. Signal

The mES PDF for TM-signal events is a Crystal Ball
function [32], the mean and width of which are free pa-
rameters in the fit. For SCF-signal events we use a non-
parametric shape taken from the Monte Carlo simulation.
�E0 is correlated with the Dalitz-plot variables for TM-

signal events. To account for the correlation, we choose a
double Gaussian PDF, the mean and standard deviation of
which vary linearly with m2

Kþ�� . These parameters (inter-6We drop the superscript in Pþ in the following.
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cept and slope) are taken from the Monte Carlo simulation
except for a global mean of the double Gaussian distribu-
tion. A wide single Gaussian distribution with mean and
standard deviation taken from the Monte Carlo simulation
is used for the SCF-signal �E0 PDF.

The NN PDFs for TM and SCF events are nonparametric
distributions taken from the Monte Carlo simulation.

2. Background

We use the ARGUS function [33]

f

�
z ¼ mES

mmax
ES

�
/ z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2

p
e�	ð1�z2Þ (34)

as the continuum mES PDF. The endpoint mmax
ES and the

shape parameter 	 are fixed to 5:2897 GeV=c2 and �22,
respectively (	 ¼ �22� 7 from a fit to off-resonance
data). The �E0 PDF is a linear polynomial whose slope
is free to vary in the fit. The shape of the NN distribution
for the continuum is correlated with the event location in
the Dalitz plot. To account for that effect we use for the NN
PDF a function that varies with the closest distance �Dalitz

between the point representing the event and the boundary
of the standard Dalitz plot,

P ðNN;�DalitzÞ ¼ ð1� NNÞAðB0 þ B1NNþ B2NN
2Þ:
(35)

The A and B coefficients are linear functions of �Dalitz.
Their expressions in terms of the ai parameters that are
varied in the likelihood fit are

A ¼ a1 þ a4�Dalitz; B0 ¼ c0 þ c1�Dalitz;

B1 ¼ a3 þ c2�Dalitz; B2 ¼ a2 þ c3�Dalitz:
(36)

We use two-dimensional nonparametric distributions to
describe the B-background classes in the ðmES;�E

0Þ plane,
except for the exclusive B decays to D mesons (classes 3
and 9) in Table III for which we use the same shapes as for
the signal. For each B-background class the NN PDF is a
nonparametric distribution taken from the Monte Carlo
simulation. Classes 3 and 9 share the same NN PDF.

D. The fit parameters

The following parameters are varied in the fit:
(i) Five yields for signal (Nsig), continuum (Nq �q), and

three B-background classes (c ¼ 3, 7, and 8 defined
in Table III).

(ii) One CP asymmetry for the continuum events.
(iii) Four parameters related to narrow particle masses:

the mass and mass resolution for the B0 and theD0.
(iv) Two parameters modeling the �E0 distributions for

the TM-signal events (global mean) and the con-
tinuum events (slope).

(v) Four parameters which account for the correlation
between the NN output and the event location in the
Dalitz plot [Eq. (36)].

(vi) Twenty-one isobar amplitudes and phases. There
are six intermediate states (five resonances and a
nonresonant term) and two Dalitz plots. We fix one
reference amplitude, that of B0 ! K�þð892Þ��
and two phases for the latter and its conjugate.
Therefore, we end up with 11 magnitudes and ten
phases to be determined by the fit.

VI. RESULTS

The maximum likelihood fit results in a B0ð �B0Þ !
K����0 event yield of Nsig ¼ 1377� 70 events, where

the uncertainty is statistical only. There are 5395� 104
continuum events and 424� 25 exclusive B ! �D0�0 de-
cays where �D0 ! Kþ�� (not included in Nsig). The re-

maining 833 B-background events are detailed in Table III.
When the fit is repeated starting from input parameter

values randomly chosen within wide ranges of 1 order of
magnitude above and below the nominal values for the
amplitudes and within the ½0; 2�� interval for the phases,
we observe convergence toward four solutions with mini-
mum values of the negative loglikelihood function
[NLL � � logðLÞ] that are equal within 0.2 units. There
are four degenerate solutions. The event yields we quote
are the averages of the four solutions for which the relative
spreads are less than 1%. Monte Carlo ðm0; �0Þ scatter plots
generated according to the fitted signal model in the four
solutions are barely distinguishable. We checked with
simulated data sets that multiple quasidegenerate solutions
are to be expected when applying our fitting procedure to
samples containing as many events as the experiment.
In the Appendix, the fitted parameters are given for the

four solutions in Table IX, together with their correlation
matrix (for solution I) in Tables X and XI. The isobar
fractions, which are not required to sum to 1 in order to
accommodate interference, are not significantly different
from unity. We observe that the fit fractions and the CP
asymmetries are consistent within less than 3 standard
deviations among the solutions, and indeed agree much
better for the subdecays to a pseudoscalar meson and a
vector meson. The phases differ substantially. The four
solutions are actually two solutions for the B0 phases and
two solutions for the �B0 phases. The uncertainties and
correlation coefficients given in these tables are statistical
only. They are underestimated because the fitting program
assumes a parabolic shape for the NLL in the vicinity of its
minimum. This assumption overlooks the fit degeneracy.
Before we explain how we derive consistent statistical and
systematic uncertainties, we proceed to describe the good-
ness of the fit. We postpone the discussion of the physical
meaning of the fitted signal model to Sec. VIII.
To check the validity of the fits and to study the results,

we have generated 1000 pseudoexperiments with as many
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events as in the data sample using PDFs with the fitted
parameter values. We check that the NLL of the experi-
mental fit falls well within the NLL distribution in the
pseudoexperiments. The goodness of the fits and their
ability to reproduce the real data are similar for all four
solutions. We show the results of solution I in the follow-

ing. We compare the likelihood ratio rlik � LTM

L [see

Eqs. (20) and (24)] in the data and in the pseudoexperi-
ments and see good agreement (Fig. 3). The distributions
of the discriminating variables (mES, �E

0, and NN) are
shown in Fig. 4 for samples that have been enriched in
signal events by restricting rlik (computed without the
plotted variable) to large enough values in order to max-
imize the signal significance.

Figure 5 shows the Dalitz-plot mass spectra over their
full range with no restriction on rlik. A zoom of the low-
mass resonance region (below 1:75 GeV=c2) is shown for
signal-enriched events in Fig. 6. More details are shown in
Fig. 7 (Fig. 8) which displays mKþ�� (mKþ�0) for different
intervals of the helicity angles �Kþ�� (�Kþ�0). The inter-
ference between the scalar and vector K� is evident from
the opposite sign of the forward-backward helicity asym-
metries below and above the K�ð892Þ. This effect is seen
with sufficient statistics in these plots which include both
B0 and �B0 decays, because the measured phase differences
are similar in both cases (Table IX).

We take into account all four solutions of the fit to quote
the final results of the analysis. To determine the statistical
uncertainty on a physical parameter p, we fix it at succes-
sive values, spanning its range of interest, and repeat the fit,
maximizing the projected likelihood function [Eq. (25)

FIG. 3 (color online). Ratio of the TM term LTM;i [first rele-
vant term in Eq. (22)] over the full likelihood function Li

[Eq. (20)] for all events. The data are shown as points with error
bars. The solid histogram shows the projection of the fit result.
The dark and gray shaded areas represent the continuum and B
background, respectively. The light gray region shows the SCF
contribution.

FIG. 4 (color online). (a) mES, (b) �E
0, and (c) NN distribu-

tions after restricting rlik to enhance signal. The fractions
of accepted signal and rejected continuum events are, respec-
tively, 65% and 71% (a), 21% and 97% (b), and 49% and 83%
(c). The data are shown as points with error bars. The solid
histogram shows the projection of the fit result. The dark
and gray shaded areas represent the continuum and B back-
ground, respectively. The light gray region shows the SCF
contribution.
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FIG. 5 (color online). The invariant mass spectra for all events:
mKþ�� (a), mKþ�0 (b), and m���0 (c). The data are shown as
points with error bars. The solid histogram shows the projection
of the fit result. The dark and gray shaded areas represent the
continuum and B background, respectively. The light gray region
shows the SCF contribution. The �D0 mass peak is prominent in
the top plot.

FIG. 6 (color online). The signal-enriched spectra for masses
between threshold and 1:75 GeV=c2: mKþ�� (a), mKþ�0 (b), and
m���0 (c). The fractions of accepted signal and rejected con-
tinuum events are, respectively, 51% and 89%. The data are
shown as points with error bars. The solid histogram shows the
projection of the fit result. The dark and gray shaded areas
represent the continuum and B background, respectively. The
light gray region shows the SCF contribution.
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where p is frozen]. NLLðpÞ, the minimum where the fit
converges given p, is not always associated with the same
solution. Therefore the NLLðpÞ envelope curve is far from
a parabola. The flatness of its shape around the overall
minimum reflects the fit degeneracy. The parameter values
at which�
2 � 2ðNLL� NLLbest fitÞ reaches unity bound
the 1 standard deviation confidence interval. The scan of
the K�0ð892Þ�0 isobar fraction is shown in Fig. 9. The
graph also shows the envelope curve obtained when the
systematic uncertainty is included. The null value of the
branching fraction is excluded with a statistical and sys-
tematic significance of 5.6 standard deviations. Thus, this

is the first observation of the decay B0 ! K�0ð892Þ�0.
Other scans are presented in the Appendix.

VII. SYSTEMATIC UNCERTAINTIES

Many fits neighboring the nominal fit are tried to study
the dominant systematic effects which are summarized in
Table V. For each parameter of interest p ðFF; ACP;�Þ, the
positive (negative) deviations from each effect are summed
in quadrature to obtain total upward (downward) system-
atic errors �pþ (�p�). The total projected likelihood
function LtotðpÞ is computed as the convolution of the fit

FIG. 7 (color online). Signal-enriched spectra of mKþ�� in the
low-mass resonance region and different ranges of the helicity
angle, �Kþ�� . (a) 0< �Kþ�� < 90 degrees, (b) 90< �Kþ��<
180 degrees. The data sample is enriched in signal events as in
Fig. 6. An interference between the vector and scalar K�0 is
apparent through a positive forward-backward asymmetry below
the K�ð892Þ and a negative one above. The data are shown as
points with error bars. The solid histogram shows the projection
of the fit result. The dark and gray shaded areas represent the
continuum and B background, respectively. The light gray region
shows the SCF contribution.

FIG. 8 (color online). Signal-enriched spectra of mKþ�0 in the
low-mass resonance region and different ranges of the helicity
angle, �Kþ�0 . (a) 0< �Kþ�0 < 90 degrees, (b) 90< �Kþ�0<
180 degrees. The data sample is enriched in signal events as in
Fig. 6. An interference between the vector and scalar K� is
apparent through a negative forward-backward asymmetry be-
low the K�ð892Þ and a positive one above. The data are shown as
points with error bars. The solid histogram shows the projection
of the fit result. The dark and gray shaded areas represent the
continuum and B background, respectively. The light gray region
shows the SCF contribution.
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projected likelihood function defined at the end of the
previous section, by a bifurcated Gaussian distribution
with a lower (upper) standard deviation �p� (�pþ). The
scan ofLtot drawn as a solid line on Fig. 9 (and subsequent
ones) is used to determine the total confidence interval
which accounts for both statistical and systematic uncer-
tainties. Finally, the upward (downward) systematic uncer-
tainty on p (Table VI) is the quadratic difference between
the upward (downward) limits of the total and statistical
confidence intervals. Note that when p central values sig-
nificantly differ between the four fit solutions, the lowest
pmin and highest pmax are used in the determination of the
downward (upward) uncertainties, and an additional sys-
tematic uncertainty �ðpmax � pminÞ=2 is quoted in
Table VI.

While simple methods can be used to estimate the
systematic effects on the isobar fractions and CP asymme-
tries, it is often necessary to estimate upper limits for
phases. In such cases (the rows labeled Other in Table V)
we conservatively use the upper limits at the 90% confi-
dence level as the systematic uncertainties.

To estimate the contribution of other resonances, we fit
the on-resonance data with extended signal models includ-
ing one extra resonance on top of those in the nomin
al signal model. The ��ð1450ÞKþ, ��ð1700ÞKþ,
K�0

2 ð1430Þ�0, K�þ
2 ð1430Þ��, K�0ð1680Þ�0, and

K�þð1680Þ�� final states have been studied. These fits
are not significantly better than the nominal fit. The isobar
fractions of all extra resonances are below 5%. None is
significant. The isobar fractions of the nominal resonances
change by nonsignificant amounts which we record as
(Dalitz-plot model) systematic uncertainties in Table V.
Changes in ACP are also recorded. As we explain in

Sec. VIII our fitting procedure is sensitive to some phase
differences but not others. When there is sensitivity, the
systematic Dalitz-plot model effects are insignificant.
When there is no sensitivity, dramatic deviations occur.
However, since these phase differences are essentially
undetermined by the fit, we do not record these changes
as systematic effects. Note that we have not included the
low-mass � resonance which is not established, as it is an
alternative to the ðK�Þ�00 isobar from the model. In a

further study, it has been shown that adding it to the model
results in a destructive interference with the latter state, an
insignificant � amplitude, and no change in the
K�0ð892Þ�0 numeric results.
There are fixed parameters in the nominal fit model. We

estimate the associated (Shape parameters and B back-
ground) systematic uncertainties by repeating the fit giving
the studied parameter values at�1 standard deviation from
its fixed value or at the limits of a conservative range. The
fixed parameters to which the isobar fractions are sensitive
are �fSCF [Eq. (32)] and the �E0-signal PDF parameters.
�fSCF was varied between 10% and 16%, a range that is
inferred from the comparison of the data and simulation of
B ! D� events as explained in Refs. [3,34]. The ACP

mainly depend on the fixed CP asymmetries of
B-background classes 1 and 7 (see Table III). We vary
them by �0:5 and �0:2 to determine the (B-background)
systematic uncertainties. These intervals were chosen after
inspection of the latest available measurements [35].
The variations of the physical parameters of the reso-

nances in the nominal signal model are recorded as (Line
shape) systematic uncertainties. In particular, variations of
the barrier coefficients R in Eq. (8) cause no significant
effects.
The method used to determine the continuum square

Dalitz-plot PDF (Sec. VB) has been extensively tested in
theMonte Carlo simulation. The spread of the yields across
those tests is used to estimate the associated (Continuum
DP PDF) systematic errors. Among the dominant effects is
the variation of the distortion of the Dalitz-plot distribution
as a function of mES due to the B meson mass constraint.
To estimate the Fit bias uncertainties stemming from the

imperfection of the fit model [most importantly, the too
simple description of the SCF but also the neglected cor-
relations between mES and �E0 for TM-signal and
B-background events, and the neglected resolution effect
smearing the K��ð892Þ peak], we record the fitted biases
and spreads in fits performed on large Monte Carlo
samples with GEANT4 signal events and the actual amount
of background generated along with their PDFs. Since the
SCF prevails in the Dalitz-plot corners where the reso-
nances interfere, this kind of systematic uncertainty is the
dominant one for the phase measurements.
For the B meson branching fraction measurements, we

have to include additionally the effect of imperfections in
the event reconstruction on the efficiency. Adding in quad-

FIG. 9 (color online). The NLL close to its minimum as a
function of the K�0ð892Þ�0 branching fraction. The shapes of the
curves are nonparabolic and shallow because the plotted �
2 is
the smallest of those from all solutions. The dashed line scan
corresponds to the statistical uncertainty. The solid line is the
scan after smearing by the systematic uncertainties described in
Sec. VII.
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TABLE V. Summary of the systematic uncertainties. The systematic uncertainties are equal for the phases� and ��. All phases� are
referenced to �K�þð892Þ�� and �� to �K��ð892Þ�þ . The systematic uncertainties associated with the Dalitz-plot model and the line shapes

are negligible for the phases of the K� S-waves which are the only phase angles that are measured with some statistical accuracy. For
the others, which are essentially undetermined by the fit, we do not quote these undefined systematic uncertainties.

Fraction (%) ACP � (deg.)

K�þð892Þ�� Dalitz-plot model �0:32 �0:03 � � �
Shape parameters þ0:31

�0:34
þ0:01
�0:02 � � �

B background þ0:06
�0:14 �0:02 � � �

Line shapes þ0:06
�0:04 �0:001 � � �

Continuum DP PDF �0:31 � � �
Fit bias �0:23 �0:01 � � �
Total þ0:59

�0:62 �0:04 � � �
K�0ð892Þ�0 Dalitz-plot model �0:11 �0:04 Undefined

Shape parameters þ0:30
�0:20

þ0:03
�0:02

B background þ0:19
�0:15

þ0:07
�0:08

Line shapes þ0:01
�0:02 �0:001 Undefined

Continuum DP PDF �0:49 �6:3
Fit bias �0:24 �0:01 �16:5
Other �4:1
Total þ0:66

�0:61 �0:09 �18:2

ðK�Þ�þ0 �� Dalitz-plot model �1:56 �0:07

Shape parameters þ1:14
�0:91 �0:01

B background þ0:32
�0:28 �0:05

Line shapes þ0:02
�0:04 �0:000

Continuum DP PDF �0:82 �2:6
Fit bias �0:10 �0:01 �9:6
Other �1:5
Total þ2:12

�2:00 �0:09 �10:1

ðK�Þ�00 �0 Dalitz-plot model �2:81 �0:09

Shape parameters þ2:30
�0:57

þ0:08
�0:03

B background þ0:40
�0:46

þ0:04
�0:05

Line shapes þ0:05
�0:06 �0:002

Continuum DP PDF �0:73 �5:2
Fit bias �0:19 �0:01 �14:5
Other �4:4
Total þ3:73

�3:00
þ0:13
�0:11 �16:0

�ð770Þ�Kþ Dalitz-plot model �0:98 �0:04 Undefined

Shape parameters þ0:34
�0:43 �0:01

B background þ0:17
�0:25 �0:05

Line shapes þ0:04
�0:03 �0:001 Undefined

Continuum DP PDF �0:45 �3:6
Fit bias �0:15 �0:01 �13:7
Other �2:6
Total þ1:15

�1:19 �0:07 �14:4

NR Dalitz-plot model �0:41 �0:04 Undefined

Shape parameters þ0:46
�0:51 �0:04

B background þ0:64
�0:24

þ0:10
�0:08

Line shapes þ0:04
�0:03 �0:001 Undefined

Continuum DP PDF �0:91 �5:8
Fit bias �0:22 �0:01 �6:8
Other �2:6
Total þ1:29

�1:17
þ0:11
�0:10 �9:3
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rature the uncertainties associated with tracking (1.6%),
charged-particle identification (2%), �0 reconstruction
(3%), the efficiency of the selection requirements (0.3%
for mES, 1.2% for �E, 2% for the NN), and the integrated
luminosity (1.1%), we obtain a global systematic percent
error of 4.7%.

VIII. INTERPRETATION

The final results are given in Tables VI, VII, and VIII.
The total branching fraction BðB0 ! Kþ���0Þ ¼
ð35:7þ2:6

�1:5 � 2:2Þ � 10�6 and the global CP asymmetry

ACP ¼ �0:030þ0:045
�0:051 � 0:055 are compatible with the

published measurements from Belle [11], ð36:6þ4:2�4:3 �
3:0Þ � 10�6 and 0:07� 0:11� 0:01, respectively. The de-
cay7 B0 ! K�0ð892Þ�0 is observed with a significance of
5.6 standard deviations (including systematics). We mea-
sure BðB0 ! K�0ð892Þ�0Þ ¼ ð3:6� 0:7� 0:4Þ � 10�6,

TABLE VI. Final results for rates and CP asymmetries. The quasi-two-body branching fractions Bj have been computed from the
isobar fractions FFj using Eq. (15). The statistical uncertainties are given first. The statistical and systematic uncertainties are

calculated by scanning the NLL close to its minimum, taking into account the four fit solutions and recording the values where the
NLL increases by one unit above its minimum. For the final states with K� S-waves, a second systematic uncertainty covers the spread
between the best fit values from the four solutions. For resonances that are considered in extended fit models, we quote upper limits at
the 90% confidence level (based on statistical uncertainties only) for the isobar fractions and the quasi-two-body branching fractions.

Isobar j FFj (%) Bj (10
�6) Aj

CP

K�þð892Þ�� 11:8þ2:5
�1:5 � 0:6 4:2þ0:9

�0:5 � 0:3 �0:19þ0:20
�0:15 � 0:04

K�0ð892Þ�0 6:7þ1:3þ0:7
�1:5�0:6 2:4� 0:5� 0:3 �0:09þ0:21

�0:24 � 0:09

ðK�Þ�þ0 �� 26:3þ3:1þ2:1
�3:8�2:0 � 4:9 9:4þ1:1þ1:4�1:3�1:1 � 1:8 þ0:17þ0:11

�0:16 � 0:09� 0:20

ðK�Þ�00 �0 24:3þ3:0þ3:7
�2:6�3:0 � 6:7 8:7þ1:1þ1:8

�0:9�1:3 � 2:2 �0:22� 0:12þ0:13
�0:11 � 0:27

��ð770ÞKþ 22:5þ2:2�3:7 � 1:2 8:0þ0:8
�1:3 � 0:6 þ0:11þ0:14

�0:15 � 0:07

NR 12:4� 2:6þ1:3
�1:2 4:4� 0:9� 0:5 þ0:23þ0:19þ0:11

�0:27�0:10

Total 102:3þ7:1�4:0 � 4:1 35:7þ2:6
�1:5 � 2:2 �0:030þ0:045

�0:051 � 0:055

FFj, [Upper Limits] (%) Upper Limits (10�6)

��ð1450ÞKþ 2:2þ2:2
�1:5, [5.9] 2.1

��ð1700ÞKþ 0:7þ1:2
�0:6, [3.1] 1.1

K�0
2 ð1430Þ�0 1:2þ1:5

�1:0, [3.6] 1.3

K�þ
2 ð1430Þ�� 5:2þ1:6

�1:4, [7.5] 2.7

K�0ð1680Þ�0 3:0þ1:6
�1:3, [5.5] 2.0

K�þð1680Þ�� 5:7þ2:0
�1:7, [8.9] 3.2

TABLE VII. Final results for phases. When there is sensitivity, the results are the 1 standard deviation confidence interval (1� c.i.)
for the phase angle measurements (in degrees). The statistical and systematic uncertainties, determined by the NLL scan method
described in Fig. 9, are included. The interval bounds can be seen on the graphs referenced in the second column, as the intersections of
the solid scan curves with the (�
2 ¼ 1) horizontal dashed lines. The �
2 evaluated for zero �� measures the significance (squared)
for direct CP violation. When there is no sensitivity, we give the maximum �
2 reached over the scanned region.

Interference pattern Graph Results �� for B0 � �� for �B0 �� � � ����� �
2ð�� ¼ 0Þ
K� neutral-charged P-waves Figure 10 �
2

max 2.2 5.4 0.88

K� neutral-charged S-waves Figure 11 �
2
max 2.2 7.6 0.84

��K� � K���� Figure 14 �
2
max 7.6 1.9 1.0

Charged K� P-wave–S-wave Figure 12 1� c.i. [177, 209] [232, 305] [44, 116] 3.1

Neutral K� P-wave–S-wave Figure 13 1� c.i. ½�6; 41� ½�12; 46� ½�32; 38� 0

NR-charged S-waves Figure 15 1� c.i. ½�87;�41� ½�84; 38� ½�151; 107� 0

[20, 81]

NR-neutral S-waves Figure 16 1� c.i. ½�96;�41� ½�84; 67� ½�145; 145� 0

½�3; 75�

7Isospin conservation is assumed for the strong decays of an
I ¼ 1=2 K meson resonance k� to K� when we compute the
branching fraction of the quasi-two-body process B0 ! k��,
namely, �ðk�0!Kþ��Þ

�ðk�0!K�Þ ¼ 2=3, and �ðk�þ!Kþ�0Þ
�ðk�þ!K�Þ ¼ 1=3.
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just at the edge of the 90% upper limits of previous experi-
ments (3:5� 10�6 by Belle [11] and 3:6� 10�6 by CLEO
[12]) combined with 3:5� 10�6 in Ref. [24]. The subde-
cay branching fraction for B0 ! K�þð892Þ�� agrees with
previous measurements from Belle [11,17] and BABAR
[16] in both K�þ ! Kþ�0 and K0

S�
þ decay channels.

Averaging the BABARmeasurements, one obtainsBðB0 !
K�þð892Þ��Þ ¼ ð11:7þ1:3

�1:2Þ � 10�6 and ACPðB0 !
K�þð892Þ��Þ ¼ �0:14� 0:12. The branching fraction
for B0 ! ��Kþ is lower than those measured by Belle
[11] and CLEO [12] but in agreement within errors. If we

assume that the ðK�Þ�þ;0
0 isobars are pure isospin-1=2 and

neglect possible non-K� final states, we determine the
following effective branching fractions: BðB0 !
ðK�Þ�þ0 ��Þ ¼ ð28:2þ3:3þ4:3

�4:1�3:3 � 5:2Þ � 10�6 and BðB0 !
ðK�Þ�00 �0Þ ¼ ð13:1þ1:6þ2:7

�1:5�1:9 � 3:6Þ � 10�6. A consistency

check of our analysis is provided by our measurement of
the branching ratio, BðB0 ! �D0�0Þ ¼ ð2:93�
0:17� 0:18Þ � 10�4, in agreement with its world average
and that of the branching fraction of the decay D0 !
K��þ [24].

There is no evidence of direct CP violation in any
resonant subdecay. In Tables VI and VIII we give upper
limits at the 90% statistical confidence level on the branch-
ing fractions of resonances that might contribute to
Kþ���0 but are not part of the nominal signal model.

We also search for directCP violation in the interference
between pairs of isobars (Ri; Rj) by comparing the inter-

ference patterns in the B0 and �B0 Dalitz plots. In the figures
described in this section, we display three NLL scans for,
in turn,��ij � �j ��i, the phase difference between the

TABLE VIII. The branching fractions B of B decays to quasi-
two-body final states assuming that all K� resonances are
isospin-1=2 states. The branching fractions of the K�

2ð1430Þ
and K�ð1680Þ resonances to K� from Ref. [24] have been
used. The upper limits at 90% confidence level, UL, are based
on statistical uncertainties only.

B decay final state B (10�6)

K�þð892Þ�� 12:6þ2:7
�1:6 � 0:9

K�0ð892Þ�0 3:6� 0:7� 0:4

ðK�Þ�þ0 ��; ðK�Þ�þ0 ! Kþ�0 9:4þ1:1þ1:4
�1:3�1:1 � 1:8

ðK�Þ�00 �0; ðK�Þ�00 ! Kþ�þ 8:7þ1:1þ1:8
�0:9�1:3 � 2:2

��ð770ÞKþ 8:0þ0:8
�1:3 � 0:6

NR 4:4� 0:9� 0:5
UL (10�6)

��ð1450ÞKþ 2.1

��ð1700ÞKþ 1.1

K�0
2 ð1430Þ�0 4.0

K�þ
2 ð1430Þ�� 16.2

K�0ð1680Þ�0 7.5

K�þð1680Þ�� 25

FIG. 10 (color online). The phase difference between the K�0
and the charged K� for the P-wave K�ð892Þ. The three diagrams
are the NLL scans for the B0 (a) and �B0 (b) decays as well as
their differences (c). The dashed line gives the statistical uncer-
tainty, and the solid line, the total uncertainty. The data do not
indicate preferred angles, except for the ½�131;�75� degree
range which is excluded for �B0 at the 2 standard deviation level.
The four fit solutions find their NLL minimum for distinct
phases. The vertical scale stops at 2�ðNLLÞ ¼ 4 slightly above
3.84 which is the 95% confidence level. A horizontal dashed line
at 2�ðNLLÞ ¼ 1 shows the 1 standard deviation level.
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FIG. 11 (color online). The phase difference between the
ðK�Þ�00 and the ðK�Þ��0 S-waves. The three diagrams are the

NLL scans for the B0 (a) and �B0 decays (b) as well as their
differences (c). The lines are drawn as in Fig. 10. The data do not
indicate preferred angles. The four fit solutions find their NLL
minimum for distinct phases.

FIG. 12 (color online). The phase difference between the
charged K� P- and S-waves. The three diagrams are the NLL
scans for the B0 (a) and �B0 (b) decays as well as their
differences (c). The lines are drawn as in Fig. 10. The data
provide significant constraints on these angles. The four fit
solutions find their NLL minimum at approximately the same
phase differences.
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FIG. 13 (color online). The phase difference between the
neutral K� P- and S-waves. The three diagrams are the NLL
scans for the B0 (a) and �B0 (b) decays as well as their
differences (c). The lines are drawn as in Fig. 10. The data
provide significant constraints on these angles. The four fit
solutions find their NLL minimum at approximately the same
phase differences.

FIG. 14 (color online). The phase difference between the �K
and the charged K� P-wave. The three diagrams are the NLL
scans for the B0 (a) and �B0 (b) decays as well as their
differences (c). The lines are drawn as in Fig. 10. The vertical
scale cuts off �
2 ¼ 4; however, it has been checked that all
phase differences are consistent with the data at the 3 standard
deviation level.
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FIG. 15 (color online). The phase difference between the non-
resonant Kþ���0 and the charged K� S-wave. The three
diagrams are the NLL scans for the B0 (a) and �B0 (b) decays
as well as their differences (c). The lines are drawn as in Fig. 10.
Ranges with widths of 140 (a) and 190 (b) degrees are excluded
at the 95% confidence level for the B0 and �B0 decays. No
significant difference between the B0 and �B0 interference pat-
terns is seen.

FIG. 16 (color online). The phase difference between the non-
resonant Kþ���0 and the neutral K� S-wave. The three dia-
grams are the NLL scans for the B0 (a) and �B0 (b) decays as well
as their differences (c). The lines are drawn as in Fig. 10. Ranges
with widths of 90 (a) and 110 (b) degrees are excluded at the
95% confidence level for the B0 and �B0 decays. No significant
difference between the B0 and �B0 interference patterns is seen.
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resonances in B0 decays,� ��ij � ��j � ��i, the same for �B0

decays, and ��ij � � ��ij � ��ij. A marked minimum in

a �� (� ��) scan indicates a sizable interference in B0 ( �B0)
decays. Evidence for direct CP violation would be seen if
��min � � ��min � ��min were significantly away from
zero. The bounds which define the 1 standard deviation
confidence intervals (1� c.i.) are graphically seen as the
intersection points between the solid scan curves (which
incorporate both statistical and systematic uncertainties)
and the �
2 ¼ 1 horizontal line. The results are collected
in Table VII. All isobar pairs for which the 95% confidence
intervals in �� are nontrivial (smaller than�180 degrees)
exhibit sizable interference patterns in B0 and �B0 decays.
The�
2 value for �� ¼ 0 corresponds to the square of the
direct CP-violation significance in standard deviation
units. A scan of the Ri and Rj line shapes with more

statistics could enable one to disentangle the strong phase
motions and determine the weak phase. For the scans
where interference is elusive, we quote in Table VII the
maximum �
2 over the �180 degrees scanned range. For
the K� systems, we see no significant interference pattern
between charged and neutral P-waves (Fig. 10) at the 95%
confidence level, and similarly for the S-waves (Fig. 11).
Only a small range (� �� between �131 and �75 degrees)
is excluded at the 2 standard deviation level for the �B0

P-waves. These observations are not unexpected for the
K�ð892Þ� final states since the K� resonances are quite
narrow and therefore have a small overlap in the Dalitz
plot. Furthermore, the coherent sum of amplitudes that
interfere might behave like the model in [5,6] with a single
weak phase (equal to �CKM in the absence of electroweak
penguin diagrams). In such a scheme, one weak phase
would be missing to enable direct CP violation to take
place. In contrast, Figs. 12 and 13 show that we measure,
with uncertainties smaller than �36 degrees, the phase
differences between the K� S- and P-waves of the same
charge for the B0 and �B0 decays. Moreover, the associated
CP observables �� are measured to 35 degrees with
negligible systematic uncertainties (less than 10 degrees).
An interval of order 220 degrees is excluded at the 95%
confidence level. The charged and neutral S- and P-wave
interference patterns thus provide sensitivity to two weak
phases.

The scans of the phase differences between �K
and K�ð892Þ� show no evidence for interference at the
3 standard deviation level, as shown in Fig. 14. Here
again the overlap in phase space between the inter-
fering resonances is small. This contrasts with what
we observe in the scans of the phase differences
between the nonresonant K����0 and the S-waves in
Figs. 15 and 16. We see that they are somewhat con-
strained. These observations are in agreement with the
fact that the fit finds a sizable nonresonant B0 !
Kþ���0 component that populates the Dalitz plot far
from the boundary.

IX. SUMMARY

We have measured the branching fraction and CP asym-
metry of the B� ! K����0 decay and compared the
Dalitz plots of B0 ! Kþ���0 and �B0 ! K��þ�0 using
an isobar model. We have extracted the CP-averaged iso-
bar branching fractions and CP asymmetries assuming no
interference. We observe the B0 ! K�0ð892Þ�0 with 5.6
standard deviation significance. We have looked at the
interference patterns in the Dalitz plots and put significant
constraints on phase differences between wide intermedi-
ate states which have a sizable overlap in phase space. The
phase shifts between S- and P-waves in the charged and
neutral K� and �K� are constrained to within�70 degrees
or less at the 95% confidence level. Weaker constraints are
observed for the phase shifts between the Kð �KÞ� and
nonresonant components which extend widely over the
Dalitz plots. The phase shift differences between K� and
�K� S- and P-waves are measured and found to be con-
sistent with no direct CP violation within 2 standard
deviations. Additionally, we determine the branching frac-
tion for the decay B0 ! �D0�0 with an accuracy compa-
rable to that of the world average value of this quantity.
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des Particules (France), the Bundesministerium für
Bildung und Forschung and Deutsche Forschungs-
gemeinschaft (Germany), the Istituto Nazionale di Fisica
Nucleare (Italy), the Foundation for Fundamental Research
on Matter (The Netherlands), the Research Council of
Norway, the Ministry of Education and Science of the
Russian Federation, Ministerio de Educación y Ciencia
(Spain), and the Science and Technology Facilities
Council (United Kingdom). Individuals have received sup-
port from the Marie-Curie IEF program (European Union)
and the A. P. Sloan Foundation.

APPENDIX

The four solutions of the fit are displayed in Table IX.
The correlation coefficients of solution I are given in
Tables X and XI. As explained in Sec. VI the statistical
uncertainty of each solution does not reflect the actual
experimental uncertainty and should not be used. The
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procedure we have devised blends all four solutions and
determines reliable statistical and systematic uncertainties.
For illustration, we display the four NLL around their
minima in Fig. 17 for the isobar fractions and in Fig. 18

for the CP asymmetries. For the neutral S-wave final
states, the spread due to the degeneracy of the fitted frac-
tions and asymmetries is quite large.

TABLE X. Matrix of the correlation coefficients between the fitted parameters for the B0 Dalitz plot in solution I.

Variable tðK�Þ�þ
0

tðK�Þ�0
0

tK�0ð892Þ tNR t�ð770Þ �ðK�Þ�þ
0

�ðK�Þ�0
0

�K�0ð892Þ �NR ��ð770Þ
tðK�Þ�þ

0
100.0

tðK�Þ�0
0

�0:9 100.0

tK�0ð892Þ 7.3 �9:3 100.0

tNR 40.6 �27:4 1.9 100.0

t�ð770Þ 17.3 11.9 8.6 3.9 100.0

�ðK�Þ�þ
0

�9:1 0.8 0.2 7.0 1.3 100.0

�ðK�Þ�0
0

�31:7 53.0 �6:0 �15:0 �6:9 32.1 100.0

�K�0ð892Þ �31:0 50.1 �5:5 �14:2 �4:9 31.5 93.2 100.0

�NR �47:2 12.9 3.8 �19:5 �6:6 54.2 61.0 61.1 100.0

��ð770Þ �35:0 5.3 �7:5 �17:5 �20:4 31.9 44.1 37.4 52.4 100.0

TABLE IX. Results of the four solutions of the fit. The fractions are the CP-averaged isobar fractions (FFj) defined with the CP
asymmetries ACP in Sec. II [Eq. (14)]. The phases � for the B0 decays and �� for the �B0 decays are measured relative to B0ð �B0Þ !
K����. The uncertainties are statistical only. They are underestimated because a parabolic approximation is made for the shape of the
NLL close to the minimum.

I II III IV

NLLmin �91 079:6 �91 079:5 �91 079:4 �91 079:5

K�þð892Þ�� Fraction (%) 11:75þ1:80
�1:47 11:81þ1:80

�1:44 12:34þ1:87
�1:46 12:48þ1:78

�1:52

ACP �0:19þ0:13
�0:14 �0:20þ0:13

�0:14 �0:12þ0:13
�0:14 �0:14þ0:13

�0:14

� (deg.) 0 (fixed) 0 (fixed) 0 (fixed) 0 (fixed)

�� (deg.) 0 (fixed) 0 (fixed) 0 (fixed) 0 (fixed)

K�0ð892Þ�0 Fraction (%) 6:72þ1:29
�1:26 6:57þ1:35

�1:19 6:52þ1:36
�1:21 6:47þ1:29

�1:27

ACP �0:09� 0:19 �0:08� 0:19 �0:12þ0:19
�0:21 �0:12þ0:21

�0:19

� (deg.) 73:4� 37:1 306:6� 37:8 73:8� 37:4 305:8� 37:9
�� (deg.) 1:5� 38:8 1:0� 38:7 139:3� 45:4 140:5� 45:4

ðK�Þ�þ0 �� Fraction (%) 31:20þ3:14
�2:91 24:77þ2:83

�2:86 28:40þ4:36
�3:97 21:41þ4:43

�3:75

ACP þ0:07þ0:11
�0:09 þ0:37� 0:11 �0:03þ0:15

�0:16 þ0:27þ0:15
�0:18

� (deg.) 167:8� 10:8 164:7� 11:8 168:6� 10:8 165:4� 11:8
�� (deg.) 79:0� 19:1 78:8� 19:2 72:7� 16:6 72:5� 16:7

ðK�Þ�00 �0 Fraction (%) 17:56þ2:87
�2:62 24:12þ2:96

�2:81 24:42þ2:94
�2:77 31:00þ3:02

�2:83

ACP �0:31þ0:17
�0:15 �0:49þ0:13

�0:12 þ0:05� 0:12 �0:17þ0:10
�0:11

� (deg.) 52:3� 36:9 296:3� 34:6 53:0� 37:2 295:8� 34:6
�� (deg.) 338:5� 38:9 337:9� 38:8 128:9� 37:5 130:0� 37:5

�ð770Þ�Kþ Fraction (%) 22:60þ2:07
�2:08 21:77þ2:07

�2:03 21:64þ2:10
�2:04 20:88þ2:08

�2:03

ACP þ0:10� 0:10 þ0:14þ0:10
�0:11 þ0:06þ0:10

�0:11 þ0:10� 0:11

� (deg.) 208:5� 35:8 183:8� 33:5 206:8� 36:7 181:4� 33:7
�� (deg.) 117� 33:7 115:9� 33:6 351:1� 40:5 351:4� 39:8

NR Fraction (%) 12:51þ2:22�2:17 12:78þ2:28
�2:12 11:90þ2:27

�2:05 12:24þ2:22�2:09

ACP þ0:23þ0:18
�0:19 þ0:19þ0:19

�0:17 þ0:18� 0:19 þ0:15þ0:18
�0:19

� (deg.) 99:9� 22:9 220:8� 24:8 100:0� 22:8 220:5� 25:0
�� (deg.) 12:7� 23:7 12:0� 23:6 58:6� 34:9 59:8� 35:0

Total fraction (%) 102:4� 3:6 101:8þ3:6
�3:4 105:3þ4:6

�3:9 104:5þ4:5
�3:7
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TABLE XI. Matrix of the correlation coefficients between the fitted parameters for the �B0 Dalitz plot in solution I.

Variable �tðK�Þ��
0

�tð �K�Þ�0
0

�tK��ð892Þ �t �K�0ð892Þ �tNR �t�ð770Þ ��ðK�Þ��
0

��ð �K�Þ�0
0

�� �K�0ð892Þ ��NR
���ð770Þ

�tðK�Þ��
0

100.0
�tð �K�Þ�0

0
�1:4 100.0

�tK��ð892Þ 9.1 0.7 100.0
�t �K�0ð892Þ 7.0 �18:9 6.4 100.0
�tNR 33.3 �18:4 6.2 0.9 100.0
�t�ð770Þ 20.4 1.7 9.7 8.2 6.8 100.0
��ðK�Þ��

0
5.2 �0:1 �9:7 �0:5 6.1 �3:3 100.0

��ð �K�Þ�0
0

�27:7 59.1 �13:1 �10:2 �6:1 �13:9 42.2 100.0
�� �K�0ð892Þ �25:6 52.9 �11:7 �6:0 �6:6 �12:2 40.9 86.9 100.0
��NR �39:0 6.2 �16:2 �0:3 �7:5 �11:9 72.6 62.3 60.3 100.0
���ð770Þ �38:1 6.2 �18:0 �10:3 �4:1 �11:8 50.0 53.8 47.3 70.0 100.0

FIG. 17 (color online). The NLL functions for the isobar fractions. The NLL functions of each solution are shown with dashed lines.
The fitted values for the B ! ðK�Þ�00 � in the four solutions are quite distinct. The envelope curves (solid lines) are used to quote the

physical results.
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FIG. 18 (color online). The NLL functions for the CP asymmetries. The NLL functions of each solution are shown with dashed
lines. The fitted values for the B ! ðK�Þ�00 � in the four solutions are quite distinct. The envelope curves (solid lines) are used to quote

the physical results.

FIG. 19 (color online). NLL scans for the global CP asymmetry (a) and the total isobar fraction (b). The scans of each solution are
shown with dashed lines. The envelope curves (solid lines) are the scans that are used to quote the physical results.
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When the NLL are far from being parabolic at their
minima, actual scans as described at the end of Sec. V
are performed to derive the results. Figure 19 shows two

examples of such scans for the sum of the isobar fit
fractions (or the total fit fraction) and for the global CP
asymmetry ACP [Eq. (13)].
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