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Abstract. We undertake a detailed investigation into the structure of permutations in mono-
tone grid classes whose row-column graphs do not contain components with more than
one cycle. Central to this investigation is a new decomposition, called the M -sum, which
generalises the well-known notions of direct sum and skew sum, and enables a deeper un-
derstanding of the structure of permutations in these grid classes. Permutations which are
indecomposable with respect to the M -sum play a crucial role in the structure of a grid class
and of its subclasses, and this leads us to identify coils, a certain kind of permutation which
corresponds to repeatedly traversing a chosen cycle in a particular manner.

Harnessing this analysis, we give a precise characterisation for when a subclass of such a
grid class is labelled well quasi-ordered, and we extend this to characterise (unlabelled) well
quasi-ordering in certain cases. We prove that a large general family of these grid classes
are finitely based, but we also exhibit other examples that are not, thereby disproving a
conjecture from 2006 due to Huczynska and Vatter.

Keywords. Permutation, permutation classes, grid classes, well quasi-order, labelled well
quasi-order
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1. Introduction

Throughout the study of various types of combinatorial structures, and indeed general relational
structures on finite sets, decomposition strategies play a prominent role. Very loosely speaking,
a decomposition consists of partitioning the structure in such a way that the individual parts are
well understood and “simpler” than the whole, and so that the relationship between parts is also
controlled.

One concrete example concerns the so-called modular decompositions. They date back to
the 1950s and a talk of Fraissé, of which only the abstract [Fra53] survives, and their use in
graph theory can be traced back to Gallai’s work [Gal67, GalO1]. Since then modular decompo-
sitions have become a standard tool, especially in topics related to algorithms and complexity;
see [BLS99, Section 12.1] for an introduction, and [BGK™18, BGW12, FV22, HIMMZ22] for
some recent results.

The defining feature of modular decompositions is that the relationship between points be-
longing to different blocks is completely determined. Moving away from such a strict require-
ment, in extremal graph (and hypergraph) theory, various decompositions are at the heart of
many significant developments: besides the classical results of Turdn, there is the celebrated
Regularity Lemma of Szemeredi [Sze78], the Container method (originally due to Kleitman and
Winston [KW80]), and notions of y-bounded graph families (originating with Gyéarfas [Gya87],
as a generalisation of perfect graphs).

In the study of hereditary properties of graphs, Balogh, Bollobas and Weinreich [BBWO05]
showed that any graph class whose speed falls below the Bell numbers can be partitioned into
a union of cliques and independent sets, so that the connections between each part are either
very dense, or very sparse. This was subsequently generalised by Atminas [Atm22], and this
result is in fact the graph-theoretic equivalent of the characterisation of monotone griddability
in permutations, due to Huczynska and Vatter [HV06].

For hereditary classes whose speed is smaller still, progressively finer structural decompo-
sitions are available, one notable example being the “letter graphs” of Petkovsek [Pet02]. These
are the graph-theoretic analogue of geometrically griddable permutations [AAB™13], as estab-
lished by Alecu, Ferguson, Kanté, Lozin, Vatter and Zamaraev [AFK*22]. There are therefore
parallels at several levels between hereditary graph classes and permutation classes.

The purpose of this paper is to advance the framework of structural decomposition in the area
of permutation classes, by undertaking a detailed analysis of the so-called monotone griddable
classes. Central to our analysis is a new decomposition, called the M-sum (introduced in Sec-
tion 3), which significantly expands our understanding of this important family of permutation
classes. A list of the consequences of our decomposition is provided later in this introduction.

The structural study of permutation classes has become a major area of endeavour in the last
30 years, motivated by questions in enumerative combinatorics, by parallels with the study of
graph classes, and as a topic in its own right. Indeed, the phase transitions in the number and
complexity of permutation classes whose growth rates are “small”, as established by Kaiser and
Klazar [KKO03] and Vatter [Vatl1, Vat19], are exemplars of the interplay between enumeration
and structure. Vatter [Vat19] also gives a good account of the parallels with the aforementioned
study of speeds of hereditary graph classes, which started with Scheinerman and Zito [SZ94].
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Within this structural study, given a suitable description of some permutation class C, one
may ask a number of pertinent questions, such as:

* Does C have some kind of concise definition? For example, is it finitely based?
* Can the structure of the permutations in C be succinctly represented?

* Does C have some notable order-theoretic properties? For example, is it well quasi-ordered
or even labelled well quasi-ordered?

* Does C have good enumerative properties, such as a tractable generating function, or at
least an asymptotic growth that can be explicitly given or algorithmically computed?

Over recent years it has transpired that a key role in many developments in each of the above
strands is played by the grid classes. Roughly speaking, a grid class comprises permutations
which, when plotted in the plane, can be subdivided into cells in a grid-like manner so that the
entries in each cell belong to a simpler permutation class, specified by a matrix entry. This notion
originates from the “profile classes” studied by Murphy and Vatter [MV03], and the name “grid
classes” was introduced in [HV06].

In full generality, where there are no restrictions on the types of classes that the matrix may
contain, we have little understanding about the behaviour of the resulting general grid classes,
beyond knowing their growth rates (see Albert and Vatter [AV19]), and some results relating to
well quasi-order and labelled well quasi-order, see Brignall [Bril2, Bri24].

At the other end of the spectrum are the geometric grid classes, in which not only must the
entries in each cell of a subdivided permutation form a monotone sequence, but it is additionally
required that the permutations in the class can be plotted in such a way that their points lie on the
cell diagonals. A major study, due to Albert, Atkinson, Bouvel, Ruskuc and Vatter [AAB"13],
showed (among other results) that every geometric grid class is finitely based, well quasi-ordered
and enumerated by a rational generating function. Brignall and Vatter [BV22] subsequently
established that geometric grid classes are in fact labelled well quasi-ordered.

The monotone grid classes that form the basis of this article form an intermediate family of
grid classes. As they are the only classes we consider in the sequel, we will henceforth refer to
them simply as “grid classes”. A gridding matrix is a matrix M whose entries are all in {0, +1},
and we let Grid(M) denote the grid class of M, which comprises all permutations which can be
divided into a rectangular grid of cells (of the same dimensions as M), such that each cell 75 of
the permutation contains no entries if M;; = 0, contains entries forming a monotone increasing
sequence if M;; = 1, and contains a monotone decreasing sequence if M;; = —1.

For a gridding matrix M with m columns and n rows, the row-column graph of M, de-
noted Gy, is the bipartite graph with vertices {1,...,m} U {l’,...,n'} such thatij’ € E(G )
whenever the corresponding entry M;; of M is non-zero.! The graphs G, play an important
role in the complexity of the class Grid(/). For example, the growth rate of Grid(M ) is equal
to the square of the spectral radius of GG, (see Bevan [Bev14, Bev15a], and also Albert and Vat-
ter [AV19] for a generalisation), while Grid(M) is well quasi-ordered if and only if G is a forest

A related concept, known as the cell graph, has also been used in the literature (see, for example, Vatter [Vatl 1,
Vat19]), but the row-column graph will prove more useful for our work.
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(due to Murphy and Vatter [MV03]; see also Vatter and Waton [VW11]). Whether Grid(M ) has
a deterministic scaling limit or not also depends on the structure of (G5, (see Alshammari and
Bevan [AB25]).

With results like these in mind, the structure of the components in the graphs GG, provides
us with a taxonomy for the classes Grid()M ), and we borrow terminology from graphs to name
them.

If G, contains no cycles (that is, every connected component of GG, is a tree), then we
say that M is acyclic.

If G5 has exactly one cycle, then M is unicyclic,” while if G, is isomorphic to a cycle
then M is cyclic.

When every component of GG, is either unicyclic or a tree, we say that M is a pseudoforest.

If G, contains a component with more than one cycle, then M is polycyclic.

Note that every cycle in G necessarily has even length at least four, since GGy, is a bipartite
graph.

We also use the above terms to describe the grid class Grid(M ). While acyclic classes are
already well understood (both by Murphy and Vatter [MV03], and by the fact that all such classes
are geometric grid classes so the results of [AAB™13] apply), additional tools are required to
understand more complex row-column graphs.

Our attention in this paper focuses on the structure of permutations in cyclic, unicyclic and
pseudoforest grid classes. By analysing the permutations in Grid(}/) that are indecomposable
with respect to the M -sum (Definition 3.1), we identify an unavoidable family of permutations
called coils (Definition 3.9), formed by repeatedly traversing a chosen cycle of M in a particular
manner. Harnessing the analysis in Section 3, our main results are as follows.

Theorem 4.1. A subclass of a pseudoforest grid class is labelled well quasi-ordered if and only
if it contains only bounded length coils.

Theorem 4.13. It is possible to decide whether a finitely based subclass of a pseudoforest grid
class is labelled well quasi-ordered.

Theorem 5.1. Every unicyclic grid class is finitely based.
Proposition 5.11. There exist pseudoforest grid classes that are not finitely based.

Theorem 6.5. A subclass of a cyclic grid class is well quasi-ordered if and only if it contains
only finitely many end-inflated coils.

ZNote that our use of the term unicyclic is consistent with its general use in graph theory, but is different from
how the term has been used in other studies of grid classes, notably in the PhD theses of Bevan [Bev15b] and
Opler [Opl22].
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Proposition 5.11 disproves a 2006 conjecture due to Huczynska and Vatter [HV06, Conjec-
ture 2.3], which claimed that all monotone grid classes must be finitely based. On the other
hand, Theorem 5.1 establishes that the conjecture does hold in a smaller family of grid classes.

For the rest of this section we provide some further basic definitions, and set our work in
the context of the existing literature. Section 2 initiates our in-depth study of grid classes with
further introductory material and some new concepts, such as the “orientation digraph”. This
section also contains a proof of a result concerning “negative cycles” that previously only existed
in Waton’s PhD thesis. Section 3 establishes our underpinning decomposition of pseudoforest
grid classes by means of the M -sum, and introduces coils.

Section 4 covers all the introductory material concerning labelled and unlabelled well quasi-
ordering, before presenting the proofs of Theorems 4.1 and 4.13. Section 5 contains the proofs
of Theorem 5.1 and Proposition 5.11, and Section 6 establishes Theorem 6.5.

Permutations and permutation classes. The reader may wish to refer to Bevan [Bev15c] or
Vatter [Vat15] for a broader introduction to the area of permutation classes than that given here.
A permutation 7 = w(1)---m(n) of length |7| = n is an ordering of the numbers 1,. .., n,
though we frequently refer to a permutation 7 by its point set { (¢, 7(¢)) : ¢ = 1,...,n}. Indeed,
this point set leads us to the crucial graphical perspective upon which the notion of grid classes
depends: the plot of 7 is the plot of its point set in the plane.

Given two permutations 7 and o of lengths n and £, respectively, we say that o is contained
in 7 if there exists a subsequence i1,...,%; such that 1 < 43 < 4o < -+ < 7 < n, and
the sequence m(i1) - - - w(i)) forms a set of points in the same relative order as those in o (that
is, m(i1) - - - w(iy,) is order isomorphic to o). A witness of this containment forms a copy, or an
embedding, of o in m. Containment forms a partial order on the set of all permutations, and
when o is contained in m we can write o < 7; if, on the other hand, there is no copy of ¢ in T,
then we write o € m, and say that 7w avoids o.

A permutation class is a set of permutations that is closed under containment. That is, if 7
belongs to a permutation class C and ¢ < 7, then 0 € C. The basis of a class C is the set of
minimal forbidden permutations not in C; such a set is unique, but need not be finite. For a set B
we write Av(B) for the permutation class consisting of all permutations that avoid all elements
of B. If B is the basis of C, then of course C = Av(B), and if B is finite then we say that C is
finitely based.

The bases of grid classes. Prior to this work, relatively little general progress had been made
on Huczynska and Vatter’s conjecture, other than the results mentioned earlier for geometric grid
classesin [AAB™13]. Inhis PhD thesis [Wat07, Theorem 4.7.5] Waton showed that one 2x 2 grid
class is finitely based, and subsequently Albert and Brignall [AB16] extended Waton’s argument
to cover all 2 x 2 grid classes.

Well quasi-ordering in grid classes. A permutation class is well quasi-ordered if it contains
no infinite antichains with respect to the containment ordering. We defer the core definitions
regarding this property and its labelled version until Section 4, but give here some context
for our work. In general, the property of being well quasi-ordered is seen as an indicator of
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“tameness”, as described by Cherlin [Chel1]. For example, every well quasi-ordered permuta-
tion class contains at most countably many distinct subclasses, whereas those that are not well
quasi-ordered must have uncountably many subclasses (and, therefore, also uncountably many
subclasses whose enumeration sequences are intractably difficult). As such, the presence (or oth-
erwise) of infinite antichains dictates much of what we know regarding the structure and growth
rates of the so-called “small” permutation classes, see Vatter [Vatl 1, Vatl9].

As mentioned earlier, Murphy and Vatter [MV03] established that a grid class is well quasi-
ordered if and only if its graph is acyclic. It may seem something of a surprise, therefore, to
note how much of this paper is dedicated to the study of well quasi-ordering in grid classes. Our
interest here is in the subclasses of pseudoforest grid classes, and there are two principal reasons
for this:

* QOur result that unicyclic grid classes are finitely based fundamentally relies on the charac-
terisation of labelled well quasi-order given in Theorem 4.1; in fact, our counterexamples
to the 2006 conjecture are also unlikely to have been discovered without the development
of M-sums and coils.

* Our work here is intended to initiate a programme of study similar to that undertaken
for subclasses of the 321-avoiding permutations in Albert, Brignall, Ruskuc and Vat-
ter [ABRV19]. Indeed, it is shown in [ABRV19] that every finitely based or well quasi-
ordered subclass of Av(321) is enumerated by a rational generating function, even
though Av(321) itself is not.?

The comparison with Av(321) is not a mere coincidence: although Av(321) is not a mono-
tone grid class in our sense, one could view it as the class of the “infinite staircase” matrix

—_ =
—_ =
—_ =

The resulting “staircase decomposition” of Av(321), which is one of the main tools used
in [ABRV19], very strongly resembles the decomposition we obtain here from coils.

We stop short of attempting to derive enumerative consequences of our work for subclasses
of pseudoforest grid classes, but refer the curious reader to our concluding remarks on the topic.

3The 321-avoiding permutations are famously one of the classes of combinatorial structures enumerated by the
Catalan numbers, which means it has an algebraic, but not rational, generating function.
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2. Grid class structure

In this section, we review several concepts from the literature (including some work that has
previously only appeared in Waton’s PhD thesis [Wat07]) relating to grid classes, and set these
alongside a novel concept — the orientation digraph.

2.1. Grid classes and gridded permutations

Recall that a gridding matrix is any matrix whose entries come from {0, £1}. In order to reflect
the way we view permutations graphically, we deviate from the standard convention for indexing
matrix entries: we index them starting from the lower left corner, and we record the column
number first, followed by the row number. Thus, an m X n matrix has m columns and n rows,
and, for example, M>; is the entry in the second column from the left in the bottom row of the
matrix M.

It is often helpful to adopt a more graphical representation of gridding matrices, by replacing
the non-zero entries of each cell with small increasing or decreasing line segments as appropriate.

-1 01
For example,if M = [ 0 1 1 |, then we might alternatively write M = :<; .
1 -10

Given an m x n gridding matrix M, an M-gridding of a permutation 7 of length 7 is a
division of the points in the plot of 7 into a grid of m X n rectangles, called cells, such that the
cell (7, j) contains no points if A/;; = 0, and otherwise the points in this cell form an increasing
sequence if M;; = 1, or a decreasing sequence if M;; = —1. The latter two options also include
the possibility of the cell containing no points. More formally, such a gridding can be viewed
as a pair (V,H) where V = {vq,...,vy—1} and H = {hy, ..., h,_1} are collections of m — 1
vertical and n — 1 horizontal lines, represented by non-integers

=0 < V1 < 0 < VUt < Uy, = L+
=hy < hy < -+ < hyp1 < h, = {+=.

D= N

The permutation 7 together with the gridding is referred to as a gridded permutation, and we
write 7% = (7, V, ). The rectangle {(z,y) : vi_1 < x < v;, hj_1 <y < h;} will be referred
to as the cell C;;. Sometimes we will identify a cell with the set of all points of 77 that belong
to C;;. A permutation 7 € Grid()/) may possess several M -griddings; see Figure 2.1. We will
occasionally use 7" to refer to a second gridding of the permutation 7.

The collection of all permutations that possess an M-gridding forms a permutation class
known as the grid class of M, which we denote by Grid( ). If C is a permutation class such that
every m € C possesses an M-gridding, i.e. if C C Grid(M ), then we say that C is M-griddable.

We denote the collection of all M-gridded permutations by Grid? (M). Note that the ele-
ments of Grid#(M ) are not permutations, and if o, m# are two M -gridded permutations such
that o < 7, then it need not be the case that o can be embedded in 7 in such a way as to respect the
two given griddings. However, there is the notion of gridded containment: we say that o7 < 77
if there exists a subsequence 1 < i3 < -++ < i)y < || of 7 that is order isomorphic to o, such
that the entries (7, o(j)) of o and (i;, 7(i;)) of 7 lie in the cells that correspond to the same
entry of M, foreachj =1,... 0]
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L] ° L]
° ° °

NN

Figure 2.1: The permutation 812543697 possesses six griddings in Grid()) where M = :

/\]

three of which are shown here.

Observe that for any M-griddable class C C Grid(M), the set of gridded permutations C#
is a downset under gridded containment: that is, if 7# ¢ C# and o# < 7#, then o# € C#.

2.2. Partial multiplication matrices and griddings

Let M be an m x n gridding matrix, and recall that the vertices of (G, are
{1,...,m} U {l',...,n'}. For any cycle C' in G, the sign of the cycle is the product
I1ij ey Mij» where E(C) is the set of edges of C. Thus, each cycle in Gy is either posi-
tive or negative, and one of our aims in this subsection is to demonstrate that matrices whose
graphs possess negative cycles can be removed from our considerations.

We say that an m X n gridding matrix M is a partial multiplication matrix if there exist
sequences ci, . .., Gy, and ry, ..., 1, with entries &=1 such that each non-zero entry M;; of M is
equal to ¢;r;. Such matrices are characterised by the following proposition.

Proposition 2.1 (Vatter and Waton [VW11]). A gridding matrix M is a partial multiplication
matrix if and only if its row-column graph G, contains no negative cycles.

The sequences cy, ..., c,, and r1,...,r, from the above definition will be called the col-
umn and row sequences, respectively. They are not uniquely determined by M: for example,
if ¢1,...,¢, and 7y, ..., 7, are column and row sequences for M, then so are —cy, ..., —cp,
and —ry, ..., —7,. In what follows, whenever we have a gridding matrix that is a partial multi-
plication matrix, we will assume that a particular choice of row and column sequences has been
fixed.

Column and row sequences lead to the notion of orientation for cells, columns and rows. For
example, in the case that ¢; = r; = 1, we order the points in cell 75 from bottom left (the first
point) to top right (the last point), and we can succinctly denote this orientation by . All four
cases are given in the following table.

¢;  r; | orientation of M;;
1 1 Ve
-1 -1 v
1 -1 Ny
-1 1 N

Note that when r; = 1, then the vertical component of orientation for all non-empty cells
in that row is the same, namely from bottom to top (1), and when r; = —1, it is from top to
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—_— e —

Figure 2.2: A gridding of the permutation 10112254637 119 8 in Grid(M ) where M = :<>
1

is a partial multiplication matrix with column sequence 1, —1, —1 and row sequence 1, —1, 1.
The inherited orientations for each non-empty cell are shown in grey.

bottom (}). An analogous statement can be made in relation to the horizontal orientation within
columns. See Figure 2.2.

We will use this notion of orientation to define (in Section 3) a decomposition of gridded
permutations called the M -sum. However, before we can do this, we need to consider matrices
that cannot be expressed as partial multiplication matrices, since we have not yet said how (or,
indeed, whether it is possible) to orient these.

For any m x n gridding matrix M, the doubling of M, denoted M %2 is the 2m x 2n matrix
obtained from M using the substitution rules

Ol—>00 1!—)01 —1&—>_10
0 0)’ 1 0)° 0o -1/°

Note that each row of M gives rise to two rows of M *2, and the number of non-zero entries
in each of the two rows of M *? is the same as the number in the corresponding row of M. A
similar comment applies to the columns of M and M *?.

For example, it M = (1 1) and N = <1 _1),then

1 1 1 1
01 01 01 -1 0
1 010 10 0 -1
X2 _ X2 __
M7= 010 11’ N7 = 01 O 1
1 010 1 0 1

Although GG, and Gy are both isomorphic to the 4-cycle C'y, the graphs Gy, x2 and Gy 2 are not
isomorphic: specifically, GG yx2 is a cycle of length 8 (of positive sign), while Gj;x2 comprises
two disjoint copies of C,. Indeed, the submatrix formed on the rows and columns of A/ *?
corresponding to the vertices from either of the two components of GGj;x2 is equal to M. These
observations hold more generally.
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Proposition 2.2. Let M be a gridding matrix. If C is a cycle of length { in the graph G then
the following hold:

(i) If C has positive sign, then the vertices in G ;x> that arise from C form two disjoint cycles
each of length { and of positive sign.

(ii) If C has negative sign, then the vertices in G ;x> that arise from C' form a single cycle of
length 20, of positive sign.

Furthermore, if M is a pseudoforest, then every cycle of M*? arises in this way.

Proof. Denote the vertices around the cycle C' of G, by x4, ..., x,. Each vertex x; gives rise
to two vertices in the row-column graph of G ;x2, which we will label as follows: If z; is a row
vertex, then we denote the lower of the two corresponding vertices by z#* and say it is of type A,
and the upper by 22 (of type B), while if z; is a column vertex, then 7! (type A) refers to the
leftmost, and 27 (type B) the rightmost.

Now consider a non-zero entry M, that corresponds to the edge between x; and x; 1, where
we reduce indices modulo ¢ as appropriate.* If M, = 1, then in G ;x2 we find the edges $?$ﬁ1

and 2Pz |, while if M,, = —1 then we instead have the edges z;'z2 | and 25z, |.
Now consider the walk, starting from ¢, that sequentially follows these edges in turn, until

we return to one of the two vertices z{ or 2. Note that this walk moves between vertices of

type A and type B precisely when the corresponding edge of G, arises from an entry of M that
is equal to —1.

Consequently, if the cycle C' has positive sign, then the walk switches between vertices of
types A and B an even number of times, and thus returns to z¢* after £ steps. Similarly, the walk
that starts at #7 will return to 27 after ¢ steps. Thus we have two cycles of length ¢, both of
positive sign.

On the other hand, if the cycle C' has negative sign, then the walk makes an odd number
of switches between vertices of type A and type B, and thus reaches vertex x? after ¢ steps.
Furthermore, the walk starting at 2 reaches vertex x¢ after ¢ steps, and by combining these two
walks we find a cycle of length 2¢. This cycle necessarily passes through all of the 2¢ vertices
in G ;x> arising from the vertices on the cycle C' of G, and since this collection of 2/ vertices
contains an even number of —1s, the cycle has positive sign.

For the final assertion, the case when G, is connected is verified by direct inspection. For
the general case we observe that G« is the disjoint union of the graphs G yx2 where N runs
through all submatrices of M corresponding to the connected components of G- [l

The following result, and the proof we present, first appeared in Waton’s PhD thesis.

“Throughout this paper, we will adopt the convention that (mod ¢) reduces an integer to the set of
residues {1, ..., ¢}, rather than to {0,...,¢ — 1}.
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Proposition 2.3 (Waton [Wat(07, Theorem 4.5.8]). Let M be a gridding matrix. If every compo-
nent of Gy that contains a negative cycle contains no other cycle, then Grid(M) = Grid(M*?).

Proof. Suppose M has m columns and n rows. First, observe that if 7 € Grid(M *?), then there
is some 7% = (7, V, ") € Grid® (M*?)where V = {v1, ..., vom_1} and H = {hy, ..., hon_1}.
The gridding (7,V',H') where V' = {vo,v4,...,09m o} and H' = {ho, hy,... hoy o}
(that is, the sets formed by removing all the odd-numbered lines from ) and H) demonstrates
that 7 € Grid(M). Thus Grid(M*?) C Grid(M).

For the other direction, without loss of generality, we may assume that (G, contains a single
component, otherwise the following argument can be applied to each component separately.

First, if M contains no negative cycle, then by Proposition 2.1, M can be expressed as a
partial multiplication matrix, and we identify sequences ¢y, ..., c,, and rq, ..., r, that witness
this fact. Define maps « : [m] — [2m] and p : [n] — [2n] as follows. For i € [m], j € [n],

2t —1 ifeg =1
/ﬁ(i):{l if ¢

21 otherwise,
. 27 —1 ifr;=1
pli) = {Qj otherwise.
We have M;; = M,:(?)p(j)’ and furthermore the submatrix of M*? defined on the

columns {x(1),...,x(m)} and the rows {p(1), ..., p(n)} is equal to M. Thus, any permutation
that belongs to Grid( M) also belongs to Grid( M *?).

It remains to consider the case that G, contains a negative cycle, which we take to have
length 2¢. Consider 7 € Grid(M), and fix a specific gridding 7# = (w,V,H) € Grid® (M).
Our aim is to refine this gridding by slicing each row and column of 7# in order to show
that 7 € Grid(M*?), but some care is required. Suppose, for example, that we have identi-
fied a horizontal line that slices some row of 7#. For any non-empty cell ¢ we must identify a
vertical line to slice ¢, so that the points in ¢ occupy only the lower-left and upper-right regions
if they form an increasing sequence, and the upper-left and lower-right regions if they form a
decreasing sequence. The vertical line we identify slices the whole column containing ¢, and for
any other non-empty cells in this column we will similarly need to identify suitable horizontal
lines. We call this process propagation, and it presents no issues unless we revisit an already-
sliced cell, at which point we need to ensure that this cell is sliced only once horizontally and
once vertically. This situation arises when we propagate slices around the cells corresponding
to the edges of the cycle of GG, so our first task is to show how to slice the cells of the negative
cycle.

For i € [m], j € [n] such that M;; #0, define the continuous function f;; : [v;_1, v;] = [h;_1, h;]
formed by the piecewise linear map between the entries of 7 in cell ¢7, together with the corners
of the cell, namely (v;_1,h;_1), (v;, h;) if M;; = 1, and (v;—1, hy), (v;, hj—1) if M;; = —1.
See Figure 2.3, and note that f;; is monotone increasing if M;; = 1, and monotone decreasing
if M;; = —1.

Denote the negative cycle of M by a sequence of alternating rows and columns,

Z‘17]‘172‘27]‘27 cee 72.€7j€-
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Figure 2.3: The piecewise maps f;;, described in the proof of Proposition 2.3, for a gridding of
7

the permutation 2111416364718 125913 1015 in Grid(M), where M = :</ .

Thus the cells of the cycle in 77 are i1 71, iaj1, 1272 - - - » ieje» i17¢- Define f: v, —1,v5,] = [vj -1, ),
to be the composition (taken from right to left)

f=1ij, 00 fijn © firg © firrs
formed by following the functions and their inverses around the cycle. Note that since the cycle
has negative sign, the function f is a decreasing function. As such, there exists z1 € (v;,_1,vj,)
such that f(z1) = x; (this follows, for example, by applying the Intermediate Value Theorem to
the function f(x) — x). Lety; = fi;,;,(z1), and for k = 2, ..., { iteratively define

e = fig k1), Uk = S ().

Note that, for 1 < k& < ¢, by construction yy is a point on the vertical axis (which we can associate
with a horizontal line) that is propagated by z, and 2541 (mod ¢) is a point on the horizontal axis
(associated with a vertical line) that is propagated by y; (since x; = f;,;,(y¢)). Thus, the 2¢
vertical and horizontal lines defined by x1,...,z, and yy, ..., y, slice the rows and columns
of 7 corresponding to the vertices on the cycle of G, as required. Note that if any point
of 7# shares one or both coordinates with these lines, then we can adjust the coordinates of the
point by a small amount so that it still lies on the curve defined by the appropriate piecewise
map f;;, but no longer meets any of the horizontal or vertical lines, and so that the plot is still
order isomorphic to 7.

It remains to show that any non-empty cells of 7# not on the cycle can be sliced both hori-
zontally and vertically. We establish this by induction on the number of such cells. In the case
there are no such cells, then all non-empty cells of 77 lie on the cycle, and are sliced as described
above. So we now suppose there is at least one cell not on the cycle.

Identify a non-empty cell c of 7 that either has no other non-empty cells in its column or its
row. (Such a cell exists since any cell that is not on the cycle corresponds to an edge in G, on
a unique path from the cycle to some leaf of G5, and hence we may choose the last non-empty
cell along this path.) By symmetry, we may assume that c is the only non-empty entry in its
column, and furthermore that the points in ¢ form an increasing sequence.
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By induction, the gridded subpermutation of 7# formed by removing the entries of ¢ has a
refinement that gives an M *2-gridding. In 7%, this refinement creates a horizontal line / that
slices the cell c. We now propagate in c: choose a vertical line v slicing ¢ so that each entry in ¢
belongs to the lower-left or upper-right regions. Since there are no other non-empty cells in the
column, the line v slices no other non-empty cells of 77, and thus by including the line v we
have an M *2-gridding of 7, as required. 0

The previous three propositions now enable us to conclude the following.

Proposition 2.4. If M is an acyclic, unicyclic or pseudoforest gridding matrix, then there ex-

ists, respectively, an acyclic, unicyclic or pseudoforest partial multiplication matrix N such
that Grid(M) = Grid(N).

Proof. If M is acyclic we can take N = M by Proposition 2.1. The same is true when M
is unicyclic and the unique cycle is positive. When M is unicyclic and the unique cycle is
negative we can take N = M *2. Indeed, M *? has a unique cycle which is positive by Propo-
sition 2.2, is connected by inspection, and Grid(M*?) = Grid(M) by Proposition 2.3. Finally,
if M is a pseudoforest, Gj;xz is the disjoint union of the graphs G px2, where P runs through
all submatrices of M corresponding to the connected components of G,;, and we can again
take N = M*2, O

In light of this, without loss of generality we may now restrict our attention only to partial
multiplication matrices.

3. Indivisibility and coils

In this section we develop a detailed structural understanding of grid classes through a method of
decomposition that we call the M -sum. This method can be viewed as an adaptation to gridded
permutations of the classical constructions of direct and skew sums.

3.1. M-sums and M -indivisibility

Let M be an m x n partial multiplication matrix, and fix column and row sequences cy, . . ., Cp,
and 71, ...,7,, respectively. As noted in the proof of Proposition 2.3, the submatrix of M *?
defined on the columns (1), ..., x(m) and rows p(1), ..., p(n) is equal to M; we call this the
first copy of M in M*2. The submatrix defined on the other rows and columns of M *? is also
equal to M, and we call this the second copy. Together these two submatrices include all the
non-zero elements of M *?: Each non-zero entry M;; of M corresponds to two non-zero entries
in M2, one belonging to each of the two submatrices.

Definition 3.1 (M-sum). Let M be an m x n partial multiplication matrix with fixed column
and row sequences, and let o and 77 be two M-gridded permutations. The M-sum of o
and 7, denoted o* H 7%, is the M-gridded permutation obtained from the following process:
in a 2m x 2n grid (which we associate with the doubled matrix M *?), insert the points of o
into the cells that correspond to the entries of the first copy of M, and the points of 77 into the
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Figure 3.1: A gridding of the permutation 415362 in Grid(M) where M = is a partial
multiplication matrix, together with its orientation digraph.

cells corresponding to the second copy. Now remove the odd-numbered grid lines to be left with
the M-gridded permutation o B 77,

We say that a gridded permutation 7% is M-divisible if it can be expressed as the M -sum
of two non-empty gridded permutations, and M -indivisible otherwise. Where the matrix M is
clear from the context, we may simply refer to divisible and indivisible permutations.

Alongside this notion of M-divisibility, it will be convenient to construct an auxiliary di-
rected graph in the following way. Let M be a partial multiplication matrix, and let 7% be an
M -gridded permutation. The orientation digraph D+ has vertex set equal to the points of 77,
with directed edges as follows: x — y if  and y share a row and/or column in 7%, and z pre-
cedes y in the common orientation of these two points. Thus, the directed edges between the
points of D, within a single row or column define a total order. See Figure 3.1.

Given any gridded permutation 7# and a gridded subpermutation o# obtained by removing
a single point p, the digraph D+ is an induced subdigraph of D+ obtained by removing the
vertex p. Iterating this process, we have the following.

Observation 3.2. The mapping ™ + D4 is order-preserving.

Note that this mapping from gridded permutations to directed graphs is not injective.

The orientation digraph D, «m,# of an M-sum has the property that for any z € o¥
and y € 77, either x — ¥ or there is no edge between x and y. Consequently, D xg, # is
not strongly connected. Conversely, if the orientation digraph D, % of some M-gridded per-
mutation 77 is not strongly connected, then we may express 7# as an M -sum of two smaller
permutations by considering a partition of the vertices of D, 4 into non-empty sets .S and 7" such
that there is no edge starting in 7" and ending in S. Thus we have:

Lemma 3.3. Let M be a partial multiplication matrix, and let 7 € Grid#(M ). Then 7 is
indivisible if and only if D+ is strongly connected.

As a consequence of Lemma 3.3, we make a few remarks. First, we make a simple observa-
tion concerning subpermutations of divisible permutations.

Observation 3.4. Let 7% = o B 17 be a divisible M-gridded permutation. Any gridded
subpermutation of ™ that contains at least one point from each of o™ and T is divisible.

Next, by considering the decomposition of D into strongly connected components, we can
express any 7 as an M-sum of indivisibles. This decomposition is illustrated in Figure 3.2.
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Figure 3.2: For M = :<; , the decomposition into ) -indivisibles of the M -gridded permuta-

tion 7% =21614113647181259131015.

Lemma 3.5. Let 7 be an M-gridded permutation. Then 7 can be expressed as an M-sum of
indivisible permutations,
W#:ﬂfﬂﬂ'--ﬂﬂwf.

Furthermore, any other expression of ™ as an M-sum of indivisible permutations,
W#:@:féEBEB()Ol#,
satisfies k = ( and {@¥ ..., oY = {z¥, ... 77} as multisets.

We will refer to any decomposition of 7# into M-indivisibles as guaranteed by Lemma 3.5
as an M-decomposition of 7#. Note that in the M-decomposition 7# = 77 B --- B 7/, the
order in which the indivisibles appear may not be uniquely determined. For example, if the

points of 7?1# and Wil lie in cells that correspond to edges of (Gj; in different components,

then 7rz# B Wﬁl = ﬂﬁl H 7rz#. This gives:
Observation 3.6. The points of any M -indivisible permutation must belong to cells that induce
a connected subgraph of G ;.

For ease of presentation, we will refer to M -indivisibles as being associated with a compo-
nent of Gj;.

In any strongly connected component of some D« that contains a directed cycle (and hence
more than one point), the points on the directed cycle must belong to cells that correspond to
edges of GG); in some closed path. This gives:

Observation 3.7. Any non-singleton M -indivisible must contain at least one point from each
cell around some cycle of M.

Before we proceed, we note here that the M -indivisible permutations that belong to the geo-
metric grid class Geom(M ), which was discussed in the introduction, are necessarily singletons.
It is essentially this fact (although cast in different terms) that underpins the key results concern-
ing geometric grid classes from [AAB*13].
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With Observation 3.7 in mind, we now uncover some more information about the structure
of non-singleton M -indivisibles. Recall that the last point of a cell is the final one according to
the orientation of that cell.

Lemma 3.8. Let M be a partial multiplication matrix, and let 7 be a non-singleton indivisible
M -gridded permutation. Then there exists an indivisible subpermutation of ™ formed from the
last points in cells of ™ that correspond to the edges of some cycle of G;.

Proof. Consider the permutation o, formed by taking the last point from every non-empty cell
of 7#. We first show that o must contain a non-singleton indivisible.

Suppose to the contrary that o can be decomposed as an M -sum of singleton gridded per-
mutations, o = afﬁEH- . -Bﬂak# with each gridded of being a gridding of the permutation 1. Now
let a; denote the vertex in D, corresponding to the singleton entry of O%#- Note that a; — a;
only if 7 < j.

Since D« is strongly connected, there exists v € D_x such that ay, — v. As ay is the last
entry in its cell, v cannot lie in that same cell. Let a; (for some 7 # k) be the last entry in the
cell containing v, so that either v = a;, or v — a;. In either case, since v, a; and a;, share a row
or column, we conclude that a;, — a;, a contradiction with i < k. Thus indeed o contains a
non-singleton indivisible.

The digraph of this non-singleton indivisible in a* is strongly connected, and so it contains
an induced subdigraph that is isomorphic to a directed cycle, which we write as by — by —
.-+ — by — by for some ¢. The corresponding gridded permutation 3% on the points by, . .., b,
is indivisible, and by Observation 3.7 it has at least one point (and hence, by the definition of a#,
exactly one point) in each cell around some cycle of GGj;. But this cycle must consist of all of
the ¢ non-empty cells in 3%, or else D+ would have a proper subdigraph isomorphic to a cycle,
which is not possible because D« is a cycle. Thus, B# satisfies the claim in the lemma. O]

As a consequence of Lemma 3.8, for a fixed cycle in a grid M there are exactly two M-
indivisible permutations that contain precisely one entry in each cell of the cycle, formed by
traversing the cycle in one direction or the other. Since the only proper indivisible subpermuta-
tions of these M-indivisibles are singletons, we will refer to them as the minimal indivisibles.
For example, in Figure 3.2, the third component in the M -decomposition is one of the two min-
imal indivisible permutations.

3.2. Coils

In this subsection and the next, we give a description of the structure of M -indivisible permu-
tations in the specific case that M is a pseudoforest partial multiplication matrix. Our aim is
Theorem 3.14, which establishes that an M -indivisible permutation 7# can be regridded as an
element of some Grid” (V) for an acyclic matrix N, the dimensions of which are determined by
the size of a substructure of 7% known as a coil.

This description of M-indivisible permutations can in part be regarded as a generalisation
of the decomposition given by Albert and Vatter [AV 13] of the skew-merged permutations,

Av(2143,3412) = Grid (3).
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Note that this class is the grid class of a pseudoforest (indeed, cyclic) partial multiplication
matrix.

To begin with, we restrict our attention to cyclic gridding matrices. Thus, throughout this
subsection and unless stated otherwise, we fix M to be a partial multiplication matrix whose
graph (), is a cycle of length ¢. Recall that ¢ > 4, and is even.

Definition 3.9. A gridded M-coil (or, where the context is clear, gridded coil) is an M-gridded
permutation 7 of length n > ¢ for which there exists an ordering v1, . . . , v,, on the vertices D, #,
and a labelling 1, . . . | ¢ of the non-empty cells such that:

C1 v; liesincell i (mod ¢) forall 1 < i < n;
C2 vi_y — vy forall 1 < i< n;
C3 v > vy foralld +1<i<n;

C4 vy — vy,

An M-coil (or simply coil) is an ungridded permutation 7 with the property that some M-
gridding 7% of 7 is a gridded coil.

It is worth noting that coils and gridded coils are conceptually strongly related to the se-
quences of points used by Murphy and Vatter [MV03] to construct infinite antichains in grid
classes that contain a cycle.

Notice that conditions C1-C3 specify the placement of the point v; in relation to earlier
points in the sequence, which gives us an iterative method to construct coils. We begin by
constructing the base case of length ¢ + 1: by C1 we have vy — v — -+ — w1, and
by C4 v, 1 — vy. Since vy, vy and vy share a row or column, we must also have v, — v.
Thus the points vy, ..., v, form a directed cycle (corresponding to a minimal indivisible), and
the point vy, must be placed in cell 1, in the horizontal or vertical strip defined by v, and v;.
All placements of v, in this region yield the same result.

Now suppose that ¢ > ¢ + 1, and that vy,...,v;_; have been placed. The following
discussion is accompanied by Figure 3.3. By C1, the point v; must be placed in cell i (mod /).
Sincei—1=i—/¢—1 (mod ¢), the two vertices v;_1 and v;_, 1 both lieincell i — 1 (mod ¢),
and this cell shares a row or column with cell 7 (mod ¢). Without loss of generality, suppose
that these cells share a row.

Conditions C2 and C3 together require that v;_y — v; — v;_,_1, which means that v; must
be placed in the horizontal strip between v;_; and v;_,_;. As there are only two non-empty cells
in this row, there are no other points in this strip: by C2 and C3, the points in these two cells
satisfy

Vi1 = Vj—p—1 —7 Vj—g = Vi—2¢—1 —7 Vj—2¢ —7 " *

Thus, any vertical placement of v; in cell ¢ between v;_; and v;_,_; is permitted, and equivalent.

We now consider the horizontal placement of v;. The column containing cell ¢ (mod ¢) has
precisely two non-empty cells, namely ¢ (mod ¢) and i+ 1 (mod ¢). By C2 and C3, the points
in this column satisfy the following linear ordering,

Vi—g = Vj—p+1 —7 Vi—2¢ —7 Vj—2¢41 —7 " "
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Figure 3.3: Building a coil: for ¢ > ¢ + 1, the point v; must be placed in the shaded region.

Since v;_y—1 — v;—y, and v; — v;_,_1, it follows that v; must be placed earlier than all of the
points in this column. Thus, any horizontal placement of v; before v;_, satisfies the criteria, and
all such placements are equivalent.

The above discussion establishes that coils exist, and that the placement of each successive
point v; is determined by vy, . . ., v;_1. More precisely, after fixing the cell in which v is placed
(¢ choices) and then the cell that contains v, (two choices), the rest of the coil is uniquely deter-
mined. In particular, there are therefore precisely 2¢ distinct coils of any length n > /¢, although
we do not require this fact in what follows. Finally, observe that this collection of 2/ coils natu-
rally partitions into two sets depending on the direction in which the cycle is traversed. In some
simple grids this partition is determined by whether each coil proceeds clockwise or anticlock-
wise around the cycle, but in general we consider the order in which the cells of the cycle are
visited by each coil. We call this order the chirality of a coil. An example of a coil is illustrated
in Figure 3.4.

We now record a number of other observations about coils. First, in any row or column, the
vertices are linearly ordered according to the ordering

Vi1 =7 Vj =7 Vjg—1 —> Vjg —> "~

and when we restrict to cell ¢ (mod ¢) we have v; — v;_y — v;_o¢ — - - -. This implies that the
points vy, ..., v, are the last points in their cells, and they form a directed cycle.
The following properties readily follow:

A Every set of ¢ consecutive vertices v;, . .., v;,,_1 forms a directed cycle.
B D_ is strongly connected for every gridded coil 77.
C For every v;, the only j > ¢ for which v; — v;is j =7 + 1.

From A, the points corresponding to a sequence of ¢ consecutive vertices of a coil must form
one of the two minimal indivisible permutations.
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Figure 3.4: A gridded M -coil of length 19, where M = :<5 . The grey edges have been drawn

to illustrate the order of the vertices vy, . . . , v19, Where v; corresponds to the uppermost entry in
the bottom-left cell.

From B and by Lemma 3.3, gridded coils are M -indivisible. Furthermore, C shows that the
removal of any interior entry results in a divisible subpermutation:

Lemma 3.10. Let 7% be a gridded M-coil with points vy, . . ., v, in Grid® (M) where M is a
cycle partial multiplication matrix. Then the removal of a single entry v;, where 1 < i < n,
produces a gridded permutation that is M-divisible. Specifically,

W#—vi = o" B

where o and 7% are the gridded permutations on the points viy1,...,v, and vy, ..., v;_1,
respectively.

Proof. By C, the only path from v; to v, in D, % is vy — v — --- — wv,. Thus, the re-
moval of an interior point v; from 7% renders a digraph with no directed path from any vertex
in {vy,...,v;_1} to any vertex in {v;y1,...,v,}. The decomposition stated in the lemma now
follows by Lemma 3.3. ]

It is not necessarily the case that the gridded permutations o# and 7# in Lemma 3.10 are
themselves M-indivisible: this will occur if and only if each part contains at least ¢ points.
Furthermore, if either contains at least ¢ + 1 points, then it is itself a coil.

3.3. Coils and the structure of indivisibles

We now turn our attention to the role of coils in the structure of M-indivisible permutations.
For now, M is still a partial multiplication matrix whose graph G, is a cycle of length /.
Let 7% € Grid” (M) be a non-singleton M -indivisible permutation. By Lemma 3.8, the last
points of 7 in each cell of the cycle form a directed cycle in D_ 4. Denote these points
by z1,29,..., 2 in such a way that in D_ 4 we have 2y — 2o — --- — 2, — 21, and label
the cells of 7 on the cycle as 1, . . ., £ so that z; belongs to cell i.
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Since 77 is indivisible, D« is strongly connected, so there exists a path from z; to any other
vertex obtained by following only forward edges. We partition the points of 7% based on their
distance from z;.

Formally speaking, set B; = {z1}, and for ¢ > 1 let

Bi1 = {UGV(DW#)\UBj : u—>vforsomeu€Bl}.

j<i

Thus, B; denotes the set of vertices of D,.+ (or, equivalently, of points of 77) whose shortest
path from z; has length i — 1. Since 7# is indivisible, every vertex of D, belongs to some
set B3;, and we let k be the index of the last non-empty set By.

Proposition 3.11. In the above partition of ¥, the set B; is contained in cell i (mod () of ¥,
forall1 <1 < k.

Proof. We proceed by induction, noting that z; belongs to cell 1, by definition.

Suppose that the sets By, . .., B; satisfy the hypothesis, and consider the set B;,,. By con-
struction, since B, is defined in terms of vertices that can be reached by following a single
directed edge from B;, it follows that B;,; must be contained in the union of cells i — 1, ¢
andi+ 1 (mod ¢).

Now suppose that B, ; contains an entry w in cell i — 1 (mod /), and note that the shortest
path from z; to w has length 7. By definition, there is some v € B; such that v — w, and
also some v € B;_; such that w — v. Thus we have © — v — w, and (by the inductive
hypothesis) u belongs to cell i — 1 (mod ¢), along with w, which implies that « — w. Now, any
shortest path from z; to u of length ¢ — 2 can be extended to a path of length 7 — 1 to w, which
means that the path of length 7 from z; to w was not the shortest one, which is a contradiction.
A similar analysis applies in the case that B, ; contains a point in cell ¢ (mod /), and the result
follows. ]

Since each set B; belongs to cell i (mod /), the vertices in B; are linearly ordered, and we
denote by v; the vertex of B; that comes first in this ordering, that is, v; — v for every v € B;
distinct from v;. Note that v; = 2z;. See Figure 3.5 for an example.

We record the following observation.

Observation 3.12. If k > /, the sequence vy, . . . , vy, constructed above forms a gridded M -coil.

Note that the requirement that £ > /¢ is required simply because coils are defined to have
length at least ¢ + 1. However, if k& < ¢, then in fact it must be the case that k = ¢ or kK = 1, by
Observation 3.7.

We refer to the partition By, ..., By, as a coil decomposition of 7% of length k. Note that
this decomposition is not unique (the choice of B; = {z;} was arbitrary, and could have been
replaced with any of the last vertices in the cells 1, . . ., £), but every M -indivisible must possess

a coil decomposition.

The coil decomposition of 77 can be used to define a refinement N of M whose dimensions
are bounded by the size of the longest coil in 7%, whose row-column graph is a path, and such
that 7 € Grid(/NV). Indeed, in Figure 3.5, the feint grey lines indicate such a refined gridding.
We formalise this in the following lemma.
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Figure 3.5: A coil decomposition, showing the partition By, ..., Big and the corresponding
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(gridded) coil vy, . . ., v19, for an indivisible permutation in Grld#</</>.

Lemma 3.13. Let M be a cyclic partial multiplication matrix, and let 7 be an M -indivisible
permutation that contains no coil of length greater than k. Then 7 is N-griddable where N is
an acyclic matrix containing at most k non-zero entries.

Proof. Fix any coil decomposition of 77, say By, ..., Bj, where k' denotes the length of the
decomposition. By Observation 3.12, we must have &’ < k. We claim that this partition of 7#
defines a refined gridding whose corresponding gridding matrix is acyclic.

By construction, for each non-empty cell in 7%, there exists i € {1, ..., ¢} so that the cell is
partitioned into finitely many sets B;, B; ¢, . ... These sets have the property that B; <— By,
B; 1y < B;19s, and so on. To see this, suppose that there is u € B;, v € B4, such that u — v.
Then there would be a shortest path from z; to v of length ¢, which is a contradiction since the
shortest path to v should have length ¢ + ¢ — 1 > 7 4 2. Similarly, we also have B, ji+1 — B;,
and B; — B;_js+ forall j > 1. This tells us that non-consecutive sets in the coil decomposition
interact in a uniform way in the following sense: If B; and B, share a row or column, then
every B;_joand B, _j, precede both B; and B, in the consistent orientation, while every B,
and B; 14, succeed both.

Consider a pair of consecutive sets B; and ;1 which share a common row. Define two
(horizontal) slicing lines to separate by value the points in B; U B;;; from the other points in
their common row, i.e. the remaining points in cells 7,7 + 1 (mod ¢). For consecutive sets that
share a common column, we may similarly define two vertical slicing lines to separate the points
by position.

This process yields a gridding that is a refinement of that for 7%, and we let N denote the
corresponding matrix whose non-zero entries correspond to the non-empty cells of this refine-
ment. (Note that these non-empty cells are precisely the sets B;.) Since the refined gridding is
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constructed such that each B; has at most one other entry in its row and column (namely B;
and B;, ), it follows that Gy is a path of length k£’ < k. ]

Our final task for this section is to extend Lemma 3.13 from the case where the matrix M is
cyclic to the case where M can be any pseudoforest partial multiplication matrix. To begin this
task, we first need to extend the notion of a coil to these matrices.

Let M be a pseudoforest partial multiplication matrix. A gridded M -coil is an M -gridded
permutation 7% for which there exists an ordering v1, . .., v, of the vertices in D, %, and a la-
belling 1, ..., ¢ on the cells corresponding to the edges of some cycle of (=, such that condi-
tions C1-C4 on page 17 are satisfied. Similarly, an M -coil is an ungridded permutation 7 such
that there exists some M-gridding 7# which forms a gridded M-coil.

Note that while M may have entries that do not lie on the cycle, by C1 the corresponding
cell in an M -coil contains no points. Indeed, M may contain more than one cycle in different
components of Gy, (and each cycle can be used to construct M-coils), but any single M -coil
must reside entirely within the cells corresponding to edges of just one cycle. Thus, gridded coils
defined by pseudoforest partial multiplication matrices are exactly the same as gridded coils on
cyclic partial multiplication matrices. As such, many properties of gridded coils are the same
irrespective of which type of matrix is being used.

Theorem 3.14. Let M be a pseudoforest partial multiplication matrix containing 'I' non-zero
entries, and let ™ be an M-indivisible permutation that contains no gridded coil of length
greater than k. Then w is N-griddable where N is an acyclic matrix containing at most k(T — 3)
non-zero entries.

Proof. By Observation 3.6, the points of the M -indivisible permutation 7% belong to a single
component H of G;. If 7 is a singleton then the statement in the theorem is clear, so we may
assume that 7 is not a singleton. By Observation 3.7, 7# contains at least one point from each
cell around some cycle, which means that the component H must contain a cycle. Let ¢/ > 4
denote the length of this cycle, and let ¢ < 7" denote the number of edges in H.

We now proceed inductively on the number ¢t — ¢ of non-zero entries of M that belong to H
but do not lie on the cycle. Our hypothesis is that 77 has a refined gridding using an acyclic
matrix that has at most k(¢ — ¢ + 1) non-zero entries, and that this refined gridding divides
each row and column using at most £ — 1 additional horizontal and vertical lines, respectively.
Since ¢ > 4, we see that k(t — ¢ + 1) < k(T — 3) and so this induction will complete the proof.

The base case, in which ¢t = ¢ > 4, follows by Lemma 3.13, since the number of non-zero
entries in this case is k = k(t — £+ 1), and the refined gridding of 7# in this acyclic grid divides
the points in each cell on the cycle among at most [k/¢] < k smaller cells, which is achieved
by adding at most k£ — 1 horizontal lines in each row, and at most £ — 1 vertical lines in each
column.

Now suppose that M has t — ¢ > 0 non-zero entries in H that are not on the cycle. Identify
a non-empty cell ¢ of 77 that has no other non-empty cells in either its column or its row. (Such
a cell must correspond to an edge in H since all points of 7 belong to H. Furthermore, c exists
since each edge of H not on the cycle lies on a unique path from the cycle to some leaf of G,
and so we may choose the last non-empty cell along this path.) Without loss of generality, we
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may assume that c is the only non-empty cell in its column, and that the points in ¢ form an
increasing sequence.

The gridded subpermutation of 77 formed by removing the points in c is also M -indivisible,
since for any directed path in D, that passes through a point x in c, there exists a directed path
on all the same vertices but with x removed. By induction, this gridded subpermutation has a
refined gridding into an acyclic matrix with at most k(¢ —¢) non-zero entries. Furthermore, in 77
the row containing c has been divided by at most £ — 1 horizontal lines of this refined gridding.
We now propagate these lines through c: for each of the k£ — 1 additional horizontal lines, choose
a vertical line so that the points in ¢ occupy the regions up the diagonal from the lower left to the
upper right. Since there are no other non-empty cells in the column containing c, this process
introduces no cycles and thus ensures that the resulting gridding is acyclic. This gridding has at
most k + k(t — ) = k(t — ¢ + 1) non-zero entries, and each cell has been divided into at most k&
smaller cells. This completes the inductive step. [

4. Labelled well quasi-ordering

In this section, we work towards the following characterisation for subclasses of pseudoforest
grid classes. Recall that an M-coil is an ungridded permutation 7 for which there is a grid-
ding 7# that forms a gridded M -coil.

Theorem 4.1. Let M be a pseudoforest partial multiplication matrix. Then a subclass
C C Grid(M) is labelled well quasi-ordered if and only if there is a bound on the length of
the longest M -coils that are contained in C.

This section is organised as follows. Subsection 4.1 contains the introductory definitions
and auxiliary results from the literature, and sets the context for the section. The proof of Theo-
rem 4.1 is given in Subsection 4.2. Finally, Subsection 4.3 uses Theorem 4.1 to derive a decision
procedure for the following question: given a pseudoforest partial multiplication matrix M, is a
given finitely based subclass C C Grid(M) labelled well quasi-ordered?

4.1. The well quasi-ordering toolkit

In this introductory subsection, we give only the minimal terminology required for our purposes,
and refer the reader to Brignall and Vatter [BV22] for a fuller treatment.

Given a quasi-ordered set® (X, <), we say that X is well quasi-ordered (wqo) if in every infi-
nite sequence 1, Ty, . . . of entries from X, there exists a pair x;, ; with7 < j suchthat z; < x;.
A useful equivalent characterisation is given by the following folklore proposition. An antichain
in a quasi-order (X, <) is aset {xy, xo, ... } such that x; € x; for all i # j.

SRecall that a quasi-ordered set (X, <) is a set X equipped with a binary relation < that is both reflexive and
transitive. In particular, every partial order is a quasi order.
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Proposition 4.2. A quasi-order (X, <) is well quasi-ordered if and only if X contains neither
an infinite antichain nor an infinite strictly descending chain, x1 > xo > - - -.

In the context of collections of combinatorial structures with some notion of embedding, the
requirement that there are no infinite strictly descending chains is trivially satisfied, since such
quasi-orders are always well-founded.

One widely-used tool in the study of wqo is Higman’s Lemma [Hig52], which we now
state. Given a quasi-order (X, <), let X* denote the set of all finite sequences of elements
of X (which can be thought of as the set of all words over the alphabet X). Given two se-
quences 1 ---x and y; - - -y, in X*, we say that z; - - - xy is contained in vy, - - -y, if there
exists a subsequence 1 < iy < --- < i <nsuchthatx; <y, forall j =1,... k. We call this
ordering the generalised subword ordering on X*.

Theorem 4.3 (Higman’s Lemma [Hig52]). If (X, <) is wqo, then X* is wqo under the gener-
alised subword ordering.

Another tool we require is the following well-known fact (for a proof, see, for example,
Proposition 1.3 of [BV22]).

Proposition 4.4. Let (X, <x) and (Y, <y) be quasi orders. If (X,<x) and (Y, <y) are wqo,
then sois (X XY, <x X <y).

Let (L, <) be any quasi-order. For a permutation 7 of length n, an L-labelling of  is a
function ¢, from the indices of 7 to L, and we call the pair (7, ¢,) an L-labelled permutation.
Informally speaking, one may regard the label ¢, (i) as belonging to the point (7, 7(7)) of .
We may similarly consider L-labellings of other combinatorial structures, most notably in our
context gridded permutations: given an M -gridded permutation 77 and an L-labelling /. of the
(ungridded) permutation 7, we call the pair (77, () an L-labelled M-gridded permutation.

Given two L-labelled permutations (7, £) and (o, £,) of lengths n and k, respectively, we

say that (o, ¢,) is contained in (7, ¢, ) if there exists a subsequence 1 < i1 < -+ < i) < n
such that 7(iy)7(i2) - - - w(ix) is order isomorphic to o, and such that ¢,(j) < (.(i;) for
all j =1,..., k. Werefer to this ordering as the (L-)labelled containment ordering.

Given a set of permutations C, we use C L to denote the collection of all L-labelled permu-
tations from C. If C is a permutation class, then C ! L is a downwards-closed set under labelled
containment: if (7, ¢,) € CiL and (o, ¢,) is contained in (7, ¢, ), then (¢, ¢, ) is alsoin C? L. We
say that a set of permutations C is labelled well quasi-ordered (Iwqo) if C? L is well quasi-ordered
under the labelled containment ordering for any well quasi-ordered set (L, <j,).

Similarly, for a set of M -gridded permutations C*, we write C* L for the collection of all L-
labelled M -gridded permutations from C#, and we can use the term labelled well quasi-ordered
in the obvious manner.

Let (X, <x) and (Y, <y) be two quasi-orders, and let ¢ : X — Y be a mapping. We say
that ¢ is order-preserving if x1 <x x5 implies ¢(z1) <y ¢(z2). Conversely, we say that ¢ is
order-reflecting if ¢(z1) <y ¢(x2) implies 1 <x .
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Lemma 4.5. Let ¢ : X — Y be a mapping between two quasi-ordered sets.

(i) If ¢ is an order-preserving surjection, then Y is (labelled) well quasi-ordered when-
ever X is.

(ii) If ¢ is order-reflecting, then X is (labelled) well quasi-ordered whenever Y is.

For a proof, see [BV22, Propositions 1.10 and 1.13].

The notion of labelling also offers us an alternative viewpoint for gridded permutations.
Let M be an m x n gridding matrix, and let G be the antichain on the elements [m] x [n].
For a permutation 7 € Grid(M) and a corresponding gridded version 7%, define the
function g, : 7 — G by g.(k) = (i, ) where in 7# the point (k, 7(k)) lies in cell ij of 7#. It
is then clear that ¢ : Grid¥ (M) — Grid(M) ! G given by

o(n7) = (7, gx)

is an injective map that is both order-preserving and order-reflecting. (Note, however, that it is
not surjective except in trivial cases.)

It is a well-known fact that the set of all permutations under the containment ordering is not
wqo, and hence also not Iwqo. On the other hand, it is still possible for permutation classes to
be wqo or Iwqo, which leads to the following general question.

Question 4.6. Given a permutation class C (specified, for example, by its basis), can one decide
whether C is well quasi-ordered, labelled well quasi-ordered, or neither?

This question is open, and seems hard at present.

Theorem 4.1 (proved in the next subsection) characterises lwqo for any class C contained
in a pseudoforest grid class, and we then answer the question above in the affirmative for these
classes in Subsection 4.3.

4.2. The proof of Theorem 4.1

Our first task in proving Theorem 4.1 is to convert the question of labelled well quasi-ordering
for a subclass C of some grid class to one for the M-indivisibles in C* corresponding to a single
component of GG;. We do this in a succession of lemmas.

Lemma 4.7. Let M be a gridding matrix, and let C C Grid(M). The set of M -gridded permu-
tations C* C Grid” (M) is labelled well quasi-ordered if and only if C is.

Proof. Let m,0 € C. If there exist griddings of 7 and o such that 07 < 7%, then any embed-
ding as gridded permutations induces an embedding of ¢ in 7 as ungridded permutations, and
hence o < . Thus the surjection ¢ : C# — C given by ¢(n#) = 7 that “removes” the gridding
is order-preserving, and the converse implication is complete by Lemma 4.5.

For the direct part, let (L, <) be an arbitrary wqo set of labels. Suppose that M is anm x n
matrix, and let G = [m] x [n] denote the indices for the cells of M. We consider G to be an
antichain, and since it is finite it is wqo. By Proposition 4.4, the product L. x G is also wqo.
Since C is Iwqo, it follows that C ¢ (L x G) is wqo.
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We now adopt the viewpoint in which each gridded permutation is interpreted as a labelled
permutation. Consider the mapping ¢ : C# { L — C ! (L x G) given by

O((1%, bew)) = (7, (Crr , 9r)

where g,(k) = (i, ) records that the point (k,w(k)) lies in cell 5. This mapping is clearly
order-reflecting, and since C ! (L x G) is wqo, so is C# 1 L, which shows that C* is lwqo. [

We now restrict to the M-indivisible permutations of C7.

Lemma 4.8. Let M be a partial multiplication matrix, let C C Grid(M), let T# denote the
M -indivisible elements of C*, and let L be any non-empty ordered set. Then IT% ) L is well
quasi-ordered if and only if C* ! L is well quasi-ordered.

Proof. First, trivially, if C* 1 L is wqo, then so is any subset of C* ! L, such as Z# } L.
Conversely, suppose that Z# L is wqo. Higman’s Lemma (Theorem 4.3) tells us that (Z#)L)*
is wqo as well.
Consider the sequence (77, fﬂ#), (n?, EW?), (7 ﬁwﬁ), and define 7# = 7} B - -Hx} .

Each point of 7 belongs to the natural copy of some 7r1# in 7%. To such a point, we assign a

label using ¢_s. This gives a labelling ¢,+ of 7#, and we define ¢ : (Z# 1 L)* — C#1 L by

1?((”?%@‘#) T (WZ&7£WZ¢)) = (ﬂ-vgw#)‘

This map is clearly order-preserving. It is also surjective since every permutation 7# € C#
possesses a decomposition into M-indivisibles by Lemma 3.5. Thus, by Lemma 4.5(i), C* 1 L
is wqo, as required. O

Note that by Observation 3.6, any gridded ) -indivisible is associated with a single compo-
nent of GGj;. Since M has only finitely many components, we conclude the following.

Lemma 4.9. Let M be a partial multiplication matrix and let C C Grid(M ). Then C* is labelled
well quasi-ordered if and only if, for every component of M, the M-indivisibles in C* associated
with this component are labelled well quasi-ordered.

By our earlier observation that any non-singleton ) -indivisible must contain at least one
point from each cell around some cycle of M, we can now state the following strengthening of
one half of the main result of Murphy and Vatter [MV03].

Proposition 4.10. Let M be a matrix for which Gy is a forest. Then the set of M-indivisibles
in Grid#(M ) is equal to the set of all possible M-griddings of the singleton permutation. Con-
sequently, Grid(M) is labelled well quasi-ordered.

We can now complete one half of the proof of Theorem 4.1: Suppose that the longest coil
contained in C has length k. By Lemma 4.7, C is lwqo if and only if C* is. Furthermore, by
Lemma 4.9, it suffices to show that the M-indivisible permutations in C* associated with each
component of G, are Iwqo. Fix any component of G/, and consider the set Z# of M-indivisible
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permutations in C* associated with this component. If the component is a tree, then Z# is Iwqo
by Proposition 4.10. Thus we may now assume that the component is unicyclic.

By hypothesis, any M-indivisible 7% € Z# contains a coil of length at most &, and thus
by Theorem 3.14 the corresponding ungridded permutation 7 is N,-griddable for some acyclic
matrix N, containing a bounded number of nonzero entries. This gives us a superset of the
ungridded permutations corresponding to M-indivisibles in Z7:

TC J Grid(Ny).

i el#

The set {N, : 7% € Z#} must be finite, since it comprises a collection of acyclic gridding
matrices each with a bounded number of non-zero entries. Furthermore, each class Grid(N) is
Iwqo by Proposition 4.10, and hence we conclude that Z is contained in a finite union of lwqo
sets, and thus Z is Iwqo. A final application of Lemma 4.7 shows that Z# is lwqo, as required.

To complete the proof of Theorem 4.1, it remains to show that classes containing arbitrarily
long coils contain infinite labelled antichains. In fact, we construct the elements of the antichain
directly from the gridded coils.

Lemma 4.11. Let M be a unicyclic partial multiplication matrix, let 7 be a coil with
points vy, . .., v,, and let o™ be a coil with points ui, . .., Uy, where m < n. If 7, o™ are
labelled via

e 1 <i<n o l<i<m
g i) — d EU i) =
() {o ie{t,ny, #(w) {o i€ {1,m},

where I, = {e,0} is a 2-element antichain, then there is no labelled embedding of (o¥, (,+)
in (7T#, fﬂ.# )

Proof. Suppose to the contrary that ¢ is an embedding of (07, ¢,4) into (7%, {,4). Then the
image ¢((0™,{,+)) in (7%, £+ ) must include v, and v,,, because they are the only entries whose
labels match those of u; and u,, in (0%, ¢,+). Since m < n, this means that there is at least one
entry vy, (with 1 < k < n) not in the image ¢((o#, (,+)).

By Lemma 3.10, the removal of v, from 77 leaves an M -divisible gridded subpermutation in
which v; and v, are in different components. The image ¢((o#, £,+)) is contained in 7% —uvy,, and
it contains vy, v,,; hence the image is also M -divisible by Observation 3.4. This is a contradiction,
since o is indivisible. O

Note that the following result applies to any permutation class, but in particular it completes
our proof of Theorem 4.1.

Proposition 4.12. Let C be a permutation class. If there exists a cyclic partial multiplication
matrix M such that C contains arbitrarily long M -coils, then C is not labelled well quasi-ordered.

Proof. Suppose that M is an m x n matrix, and let G = [m] x [n] denote the indices for the cells
of M (which, as before, we consider to be an antichain). Denote the (infinite) set of M -coils
in C by O.
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For each m € O, we fix an M-gridded version, 7%, of m, chosen so that 77 is a gridded
M-coil. Now define a labelling ¢, : @1 — G x {e, 0} as follows. For a point p belonging to
cell (i, 7) in 7, we have

((p) = {((z, j),o) if pis the first or last point of the coil

((i,7),®) otherwise.

For distinct 0,7 € O, the labelled permutations (o, ¢,) and (r,{,) are not comparable by
Lemma 4.11, and thus C is not Iwqo. U

4.3. Decidability

Before we move on to consider the bases of pseudoforest grid classes, we take a brief diversion
to show that lwqo in finitely based subclasses of pseudoforest grid classes is decidable, thus
answering an instance of Question 4.6.

Theorem 4.13. There exists an algorithm that answers the following: Given a pseudoforest
gridding matrix M and permutations 7y, . .., 7, € Grid(M), is C = Av(my, ..., m) N Grid(M)
labelled well quasi-ordered?

Proof. Without loss of generality and by the discussions in Section 2, we may assume that M
is a partial multiplication matrix. By Theorem 4.1, we need to check whether C contains ar-
bitrarily long coils. Since every coil stays within a single unicyclic component, we may as-
sume without loss that G, is connected, and has a cycle; let £ denote the length of this cycle.
Let n = max{|m|,...,|m|}. We claim the following:

Claim. If some m; embeds in a coil of length m > (n + 5){ + n, then it embeds in a coil of
length m — /.

Put another way, if 7r; embeds in a coil, then it embeds in a coil of length at most (n+5)¢+n.
The underlying idea behind proving this claim is that if a “long” coil is “disconnected” into the
sum of two coils by the removal of some “middle” subcoil which starts and ends in the same
cell ¢, it can be “reconnected” into a coil again by the addition of one new point in c.

Given 7; embeds in a coil of length m > (n + 5)¢ + n, there exists an M-gridding 7TZ# that
embeds in a gridded coil £7. Let the points of £# be vy, v, . . ., Uy, and recall Definition 3.9
and the notation used therein. The embedding of 772# into £# corresponds to a subsequence o
of vy, ..., v, of length n’ < n.

We now consider points of the coil £#, other than the first 2¢ or the final 2/ points, that are
not part of the subsequence o. The points of o split the other points of vy 1, . .., Vy—g into at
most n’ 4+ 1 contiguous subsequences, some of which may be empty. The total number of points
in these subsequences is at least

m—4—n"2m—4—n>Mn+1)0=(n+1)L.

Hence, by the pigeonhole principle, we can find a contiguous subsequence of vopi1, ..., Unm—2¢
of length at least £ 4 1 which contains no points of o. Thus, fix an index j with 2¢ < 7 < m — 3/
such that v, . .., vj4, contains no points of o.
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Figure 4.1: Inserting the entry z into (# to construct a coil of length m — ¢. Some of the £ + 1
entries removed from ¢# to form (# are shown in grey (proof of Theorem 4.13).

The subpermutation (¥ of £# corresponding to the sequence vy, ..., V5 1, Vjirt1, - - - Um
also contains the same embedding of 7?1# . Furthermore, by Lemma 3.10, (# can be written as
an M-sum

C# — 6# e
where o is the permutation defined on the points vy, ..., v;_1, and (7 is the permutation de-
fined on the points v; 41, ..., Un.
Note that the sequence v;, ..., v,4¢ begins and ends in cell j (mod £). We now insert a

single point z into (#, which will reconnect o and 3 into a coil, as illustrated in Figure 4.1.
Specifically, the point z goes into cell j (mod /), and satisfies

Vjt204+1 =7 & =7 Ujqpo+1 and Vj—1 =7 2 = VUj—p—1.

We note that the four points vji2011,Vjte41,Vj—1,Vj—r—1 all exist and are present in ¢ be-
cause 2¢ < j < m—3(. Therefore, the sequence vy, ...,v;_1, 2, Vjqr41, - - -, Un satisfies C1-C4,
and thus forms a gridded coil of length m — ¢. Furthermore, this coil contains 7%# , as witnessed
by the subsequence o, which has not been affected by the construction. This establishes the
claim.

We now complete the proof of the theorem. Recall that there are at most 2¢ coils of any
length n > /¢, and these are partitioned into two sets by their chirality. Furthermore, note that if
some coil £ contains some element 7;, then every coil of the same chirality as £ and of length at
least |¢| + ¢ also contains 7; (since any such coil also contains ¢).

It follows that C contains arbitrarily long coils if and only if it contains all the coils of
length (n + 5)¢ + n of one chirality.

This leads to the following decision procedure in the case where (G, is connected: for each
coil v of length (n + 5)¢ + n in Grid(M), check whether ~y contains 7; for each 1 < i < k.
If, for one chirality, none of the coils of that chirality contains any 7;, then return that C admits
arbitrarily long coils and is not Iwqo. Otherwise at least one coil of each chirality contains a
basis element, and we return that C admits only bounded length coils and is Iwqo.
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The decision procedure for an arbitrary pseudoforest partial multiplication matrix M consists
of using the preceding procedure on each submatrix of M corresponding to a connected com-
ponent of GGj;. If for any single component we find that C admits arbitrarily long coils, then C
is not Iwqo; if C admits only bounded length coils in every component, then C is lwqo. [

S. Bases of pseudoforest grid classes

We now turn our attention to the bases of grid classes. If M is acyclic, then, by the comments
in the introduction, Grid(M) is a geometric grid class, and so the results of [AAB™13] apply. In
particular Theorem 6.2 of [AAB™13] states that Grid (/) is finitely based, although the proof is
not constructive and no bounds on the lengths of the basis elements are known.

We exhibit two pseudoforest grid classes that are not finitely based (thus disproving Con-
jecture 2.3 of [HV06]), but we also show that unicyclic grid classes are finitely based. The
consequence of these two results is that we now have a reasonably precise understanding regard-
ing where the (now false) conjecture “first” breaks down.

Our counterexamples can be found in Subsection 5.3. Our positive result, whose proof is
given in Subsection 5.2, is as follows.

Theorem 5.1. Let M be a unicyclic gridding matrix. Then Grid(M) is finitely based.

As usual, we can assume that M is a partial multiplication matrix, but note here that we
must appeal to the unicyclic case of Proposition 2.4, rather than the more general assumptions
for pseudoforest gridding matrices that we have been using thus far.

5.1. Unique griddings

Before we can prove Theorem 5.1, we need some results concerning possible griddings of coils.
The first result in this direction shows that sufficiently long coils grid uniquely in their cycles.

Lemma 5.2 (Murphy and Vatter [MV03, Lemma 4.2]). Let M be a cyclic partial multiplication
matrix containing { non-empty cells. Then every coil of length at least (¢ + 1)¢? + 1 has only
one M-gridding.

We note here that the bound above is almost certainly not optimal. Indeed, consideration of
the short coils on relatively small cycles suggests the following should hold.

Conjecture 5.3. Let M be a cyclic partial multiplication matrix containing ¢ non-empty cells.
Then every coil of length at least 2¢ + 1 has only one M-gridding.

This result would be the best possible in general, since there exists a coil of length 8 ina 2 x 2
matrix that has more than one gridding; see Figure 5.1 parts (i) and (ii).

Given a gridding of a coil in a unicyclic grid class, we say that a point is misplaced if it is
placed in a cell that does not correspond to an edge of the cycle. Lemma 5.2 does not extend
directly to unicyclic classes, since griddings with misplaced points are possible; see Figure 5.1
parts (iii) and (iv). Rather than attempting to exclude misplaced points entirely, we will instead
bound how many such points there can be in coils gridded in unicyclic classes.
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Figure 5.1: (i) A gridded coil in Grid#(33)) of length 8, order isomorphic to 28476153. (ii) A
different gridding of 28476153 in the same grid. (iii) A gridded coil of length 9 in Grid#() or-
der isomorphic to 294786153. (iv) A gridding of 294786153 in Grid#() with two misplaced
points.

Given a permutation (or gridded permutation), we say that two points v and v are horizontally
separated if there exists a third point w such that w lies between u and v by value, but not by
position. Similarly, if there exists a point « that lies between v and v by position, but not by value,
then we say that u and v are vertically separated. Note that neither of the sets of points {u, v, w}
or {u, v, z} can form a monotone pattern, and thus if v and v belong to the same cell of a gridded
permutation, then neither w nor x can belong to that cell.

The following observation follows readily from the axioms defining coils, C1-C4.

Observation 5.4. If u, v are nonconsecutive points in some cell of a gridded M-coil, then u
and v are separated both horizontally and vertically.

Next, we establish a technical proposition that provides a bound, for any gridding of a coil,
on the number of points in any cell, in terms of the number of points in other cells in the same
row or column.

Proposition 5.5. Let M be a partial multiplication matrix with at least one cycle, and let ™ be
a gridded M-coil defined on a cycle in M of length (.

Let w be any other M-gridding of m, and denote by ci, . .., c, the non-empty cells of ™
that belong to some single row or column of M. If cell c; contains k; points for 1 < v < 7,

and S; =y, kj, then k; < 2((S; +1).

Proof. Without loss of generality, suppose that ¢4, . . ., ¢, are the non-empty cells belonging to
some row of 7. For a contradiction, suppose that the cell ¢; contains at least 2/(S; + 1) + 1
points. By the pigeonhole principle, this implies that ¢; must contain at least 2(S; + 1) + 1 points
that belong to a single cell in the gridded M -coil 7%.

Within this collection of points we can identify at least .S; + 1 nonoverlapping nonconsecutive
pairs of points, as illustrated in Figure 5.2. By Observation 5.4 each of these pairs must be
separated in 7" by some other entry in the same row, giving a collection of at least S; + 1
distinct separating points in 7. In the gridding 77, all these separating points must belong to
the cells ¢y, . . ., ¢, except none can lie in ¢;. However, there are only S; points available in the
other cells of this row. [
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Figure 5.2: Nine points of a coil in a cell can be divided into four nonoverlapping nonconsecutive
pairs of points, each of which must be separated horizontally (proof of Proposition 5.5).

Now let M be a unicyclic partial multiplication matrix, and define 7% and 7% as in Proposi-
tion 5.5. Consider a cell ¢ of 7# that corresponds to an edge incident with a leaf of G;. Such a
cell is necessarily the only non-empty cell in its row or column, and by applying Proposition 5.5
to this row or column, we conclude that cell ¢ contains at most 2¢ (misplaced) points.

Similarly, if ¢, ..., ¢, are the non-empty cells in a row of 7# such that ¢, ..., c._; corre-
spond to edges incident with leaves of GG}, then the remaining non-empty cell ¢, in that row can
contain at most

20(20(r — 1) +1) =4 (r — 1) + 20

misplaced points.

We now iterate this process: as soon as all but one of the non-empty cells in a row or column
have a bound on the number of misplaced points they contain, we can apply Proposition 5.5 to
establish a bound for the misplaced points in the final non-empty cell (which by definition is not
part of the cycle). This process will eventually bound the number of points in each non-empty
cell of 7# that is not associated with an edge from the single cycle of M. While these bounds
are surely a significant overestimate of the actual number of points that the cells can contain, this
quantity depends only on properties of the matrix M, rather than of the coil 7. Considering the
sum of the bounds on all such cells, we conclude the following.

Lemma 5.6. Let M be a unicyclic partial multiplication matrix. There is a bound B, depending
only on M, such that the following holds: if © is any M-gridding of an M-coil 7, then ™ has
at most B misplaced points.

As well as there being a bound on the number of misplaced points, there are also restric-
tions on which points can be misplaced, as a consequence of the following simple observation
concerning points sandwiched between two others in a cell.

Observation 5.7. Given any gridding matrix M, let 7 and ©# be two M-griddings of an arbi-
trary © € Grid(M). Suppose u, v, w is a monotone triple of points from a single cell c of 7. If u
and w also share a common cell ' in 7%, then v lies in ¢ too.

In the case that M is unicyclic and 7 is a coil, we have the following specialisation, given
that 7 has a standard gridding on the cycle.

Corollary 5.8. Let M be a unicyclic partial multiplication matrix whose cycle has length {, and
let T be any gridded M-coil with points vy, . .. ,v,. For any suitable i, j, k, if vi_jo and v;y
share a common cell in 7%, then v; also lies in that cell in 7.
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5.2. Proof of Theorem 5.1

The proof of Theorem 5.1 will be completed by considering the longest possible coil that can be
contained in a basis element (5 of some Grid(M ), where M is a unicyclic partial multiplication
matrix. We will establish a bound on the length of such coils that depends only on M and not
on 3. We can then conclude that each basis element can be formed by adding a single point to a
permutation that belongs to an lwqo subclass of the given grid class. In turn, this is sufficient to
establish that the basis elements themselves belong to an lwqo class, and consequently the basis
(which forms an unlabelled antichain) must be finite. The bulk of the remaining work is in the
following lemma.

Lemma 5.9. Let M be a unicyclic partial multiplication matrix, and let C = Grid(M). There
is a bound, which depends only on M, on the length of the longest coil contained in any basis

element (3 of C.

Proof. Let the length of the cycle in M be £, and let L = (¢+1)¢*+1. Recall that, by Lemma 5.2,
any coil of length at least L has only one gridding on the cycle of M. Also, let B denote the
bound from Lemma 5.6 on the total number of misplaced points in any M -gridding of a coil.
We claim that any coil contained in [ has length less than K = (4B + 2)L + 2( + 1.

To derive a contradiction, suppose that 5 contains an M -coil £ with at least K points. Note
that 3 has at least one point not on £ because £ is M-griddable; indeed & can be gridded on the
cycle. Note also that, by Lemma 5.2, ¢ only has one gridding, £# say, on the cycle.

Fix an embedding vy, . .., vx of £ in 5. Letm = (2B+1)L+2¢+1 and let p be the point v,,,.
Let o be the subpermutation of 5 formed of the points of £ before p, and 7 the subpermutation
formed of the points of £ after p. Note that both o and 7 are M -coils of length at least (2B+1)L,
this bound being tight for 7.

Consider , = [ — p, and note that since [ is a basis element of Grid(A/), we
have f3, € Grid(M). Fix any M-gridding 37 of f3,, and let ¢* and 7# denote the inherited
M -griddings of the subpermutations ¢ and 7 of [3,,.

Let us now consider in detail the structure of 0#; exactly the same analysis will apply to 77.
By Lemma 5.6, at most B points of ¢ are misplaced in o7, the remaining points of ¢ being
gridded on the cycle of C. These points are divided (by the removal of the misplaced points)
into at most B + 1 contiguous portions.

If one of these portions of ¢ has length L or greater, then by Lemma 5.2, there is only one way
in which it can be gridded on the cycle. Suppose there were two such portions, ¢ = v,, ...,
and ¢ = v,,...,vs (Where b < ¢ — 1), each of length at least L. Then each would have a unique
gridding, ¢ and 1) say, on the cycle. Moreover, since their M -sum ) B is contained in £7
(the unique gridding of ¢ on the cycle), we know that this is how ¢ and ¢ would be gridded.
Thus, by Corollary 5.8, each point v;, b < i < ¢, would also be gridded on the cycle, and so
would not be misplaced, since for each such i there would be a point of ¢ and a point of )7
sandwiching v; in a common cell of the cycle. Hence only one portion of ¢ can have length L
or greater.

As a consequence, the only points of o that can be misplaced in any M-gridding are its
first BL points and its last B L points. In particular, there is a contiguous portion of ¢ of length
at least L all of whose points are gridded on the cycle in any M-gridding. Similarly, there is a
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contiguous portion of 7 of length at least L that contains no misplaced points in any M -gridding.
Call these portions o and w, respectively. Because of their length and the fact that they are
gridded on the cycle, by Lemma 5.2, their M -griddings, ao# and w#, are unique. Moreover,
since their M-sum w? B o is contained in £#, we know that this is how « and w are gridded.
Furthermore, by Corollary 5.8, no point of £ —p that succeeds o and precedes w? is misplaced.
Thus we may assume that « is a suffix of ¢ and that w is a prefix of 7.

Let ¢ denote the cell that contains the points v,,_, (belonging to o) and v,,,, (belonging
to w*), and let S, denote the entries of Bf that lie in cell ¢. Note that S, consists of entries
from o and w¥, as well as possibly some other entries of 3,, but all of the entries must form
a monotone sequence. Without loss of generality, we may assume that the entries in S, form a
monotone increasing sequence, oriented from bottom left to top right.

We now consider the action of re-inserting p into ﬁf. It must be placed in cell ¢, and within
this cell it must be placed above and to the right of v,,,,, and below and to the left of v,, .
However, were S.U{p} still monotone increasing, then we would have a valid M -gridding of 5,
which is not possible. Thus there exists p’ € S. such that {p, p’} is a copy of 21. Furthermore,
since S, is monotone, we conclude that p’ must also lie above and to the right of v,,, », and below
and to the left of v,,,_,.

Now letq = v,,_¢and r = v,,,_9, so thatin 5# the points p, ¢, r belong to cell ¢, and are (from
left to right) successive entries of the coil. Consider 5, = 5 — r. We have 3, € Grid(}), and
in any gridding 67#, the coil points vy, ..., vy 9,1 and vy, 241, ..., Vg form M-coils each of
length at least (2B +1) L, this bound being tight in the former case. By the same argument as that
applied to o and 7, we conclude that in 37 the cell ¢ must contain v,, ¢, p, and ¢. Furthermore,
cell ¢ must also contain p’ (since p’ is sandwiched by v,,,+, and ¢), but {p, p'} was a copy of 21,
while {7/, ¢} is a copy of 12. This is a contradiction to the monotonicity of the entries in cell ¢
of 3%, and completes the proof. O

We require one final ingredient in order to prove Theorem 5.1. Given a permutation class C,
the one-point extension of C is the class

Ct' = {m: 7 — p € C for some point p of 7}.

Lemma 5.10 (See Brignall and Vatter [BV22, Theorem 4.5]). If C is an lwgo permutation class,
then the one-point extension class C*! is also Iwqo.

We are finally in a position to complete the proof that Grid(/) is finitely based when M is
unicyclic.

Proof of Theorem 5.1. By Proposition 2.4, we can assume that M is a unicyclic partial multi-
plication matrix.

Let B be the basis of C = Grid(M ), and recall that B must be an antichain. By Lemma 5.9,
there is an absolute bound K on the length of the longest coil contained in any basis element
of B. The same statement holds for any one-point deletion of an element in .

Let D denote the subclass of C comprising all permutations whose coils have length less
than K. By Theorem 4.1, D is labelled well quasi-ordered.
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Figure 5.3: Griddings with respect to the matrix of the first three elements of the infinite
antichain {y, 7, ... }, which is contained in the bases of both Grid(M) and Grid(N) (proof of
Proposition 5.11).

Take 5 € B. Any one-point deletion S~ must, by definition, belong to C, but since 5~
contains only coils of length less than K, we must in fact have 3~ € D. Thus, § € D%
Hence B C D!, and D! is Iwqo by Lemma 5.10, which means that B must be finite. O

5.3. Two grid classes that are not finitely based

Our proof of Theorem 5.1 relies on Lemma 5.6, which limits how many points of a coil can be
gridded in cells that are not part of the unique cycle. By contrast, if M is a gridding matrix which
has two (or more) cycles that are identical (that is, the submatrices corresponding to the rows
and columns involved in each cycle are equal), then any coil that can be gridded in one cycle can
equally well be gridded in the other. Our counterexamples to Conjecture 2.3 of [HV06] harness
this property.

Proposition 5.11. Let M = >

N/
/N

/

\

/

and N =

\|/]
/\|

. The classes Grid(M ) and Grid(N)

are not finitely based.

Note that in Proposition 5.11, GG, comprises a single component with two identical cycles,
while GG has two unicyclic components (and again the two cycles are identical).

Proof. We claim that the sequence of permutations
m =35164827, my=591738610412211, 73 =71311139510812614416215, ...

is an infinite antichain in the basis of each of these classes. These permutations are contained
in Grid(), and the permutation 7, is constructed within this class by taking a coil of
length 4%k + 1, and adding a single point to each of the cells corresponding to the edges not
on the cycle — see Figure 5.3.

To establish the claim, first note that Grid(N) C Grid(M). It suffices to show that each
does not lie in Grid(M ), while the removal of any point results in a permutation in Grid(NV).

First, consider removing some point p from 7, to form the permutation 7, — p. If p is the
leftmost point, then the same gridding as was used to construct 7;, shows that 7, — p belongs
to Grid([J}{). and is a submatrix of N, which establishes that 7, — p € Grid(N). A
similar argument applies if p is the rightmost point. Lastly, if p is a point of the coil, then 7, — p
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can be written as a B sum of a permutation in Grid( ) and a permutation in Grid( ).
This partition of the points of 7, — p naturally defines an N-gridding of 7, — p, and establishes
that 7, — p € Grid(N) for any point p.

It remains to show that 7, ¢ Grid(M ). To do this, we consider the permutation A = 3516472,
and note that (1) A < 7, (since A is formed from the leftmost point of 7, together with the first six
points of the coil) and (2) A has a unique gridding in Grid () (since no point can be placed
in the rightmost column, thus points in the upper row must avoid 231 and 132, from which it
follows routinely that there is a single gridding). These two facts are enough to establish that
there is exactly one embedding of \ in 7.

We claim further that the following is a unique M -gridding of A:

This claim can be easily established by an exhaustive computer search, but below we give an
outline of a direct proof.

Consider any M -gridding of A. First, note that in this gridding no point can be in the right-
most column, as this would require at least the top six points to be in the top row, but these points
form the pattern 245361 which is not in Grid( ).

Next, the leftmost point must be in the leftmost column. If not, then

/

A€ Grid()( ) C Grid([5<) = Av(2143,3412),

N\

yet A contains both 2143 and 3412.

Since the rightmost column is empty, the top two rows of any gridding must avoid 231
and 132, and thus the top two rows can contain at most the top three points of A\. In particu-
lar, the leftmost point of A must be in one of the lower two rows. Furthermore, the leftmost point
cannot be in the bottom row, as then the lowest three points (which form a copy of 312) are in
the bottom row, and this is not possible. Thus the leftmost point must lie in the first column, and
in the second row.

Now, suppose that the top point is placed in the top row. It clearly cannot be in the leftmost
column, so it would need to be in the second column from the right. In turn, this implies that the
rightmost point is in the same column, but in the bottom row. We now follow the points round
the coil, with every point belonging either to the top row or the bottom, which eventually leads
to a contradiction with the placement of the leftmost point. Thus, there are no points in the top
row.

A similar argument shows that the bottom point cannot be in the bottom row. Consequen-
tly, A must embed in the middle two rows, but since we know that A has a unique gridding as a
member of Grid (), the claim follows.
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To complete the proof, we now attempt to grid 7. The leftmost point and the first six points
of the coil of 7, form a copy of A, and thus have a unique M-gridding that uses only the middle
two rows. We now consider each successive point from the coil in turn: each must also be placed
in the middle two rows in any gridding. This eventually forces the rightmost point to be placed
in the middle two rows, but this is impossible. Thus, 7 & Grid(M ). O

6. Well quasi-ordering in cyclic classes

We now turn our attention to characterising well quasi-ordering (without labels) in subclasses
of grid classes. Here, we restrict our scope to cyclic grid classes only; we will discuss obstruc-
tions to the broader question of wqo in subclasses of pseudoforest grid classes in the concluding
remarks.

Throughout this section, M denotes a partial multiplication matrix whose graph is a cycle
of length ¢, and we consider a subclass C C Grid(M).

First, clearly if C contains only bounded length coils then it is lwqo by Theorem 4.1, and
hence it is wqo. On the other hand, if C contains arbitrarily long coils, then we cannot immedi-
ately conclude that the class is not well quasi-ordered. Indeed, it is shown in [BEV 18] that the

class
Av (2143, 2413, 3412, 314562, 412563, 415632, 431562,)

512364, 512643, 516432, 541263, 541632, 543162

is wqo, yet this class is contained in Grid () and admits arbitrarily long coils.

Roughly speaking, to construct an antichain from a collection of coils, we need to use addi-
tional points to mimic the labelling used in Lemma 4.11, in which the first and last points of the
coil are given a different label from the interior vertices. In the case of cyclic classes, there is
essentially only one way in which this can happen, which we now describe.

Given a gridded coil O = vy, vs,...,v,, let aﬁ be the M-gridded permutation with point
set

{vl, 02,09, ..., Un_1, v, 2},

in which the point v; of O is inflated to a pair of points v{, v?, forming a copy of 12 or 21
(according to the entry of M corresponding to the cell containing v, ), and similarly v,, is inflated
to the pair v}, v2. We call these end-inflated gridded coils; see Figure 6.1 for an example.

Note that v¢, vy, . . ., v,_1,vJ is order isomorphic to vy, . . ., v, for any pair i, j € {1,2}, and
thus each such subpermutation of af; is a coil. By Lemma 5.2, if n > (¢ + 1)€2 + 1 then there
are no other M-griddings of the underlying permutation vy, ..., v,, and thus by considering
the subpermutations v}, vy, ..., v, 1,v) we conclude that aﬁ is the only M -gridding of the
ungridded permutation ap. We call avp an end-inflated coil.

We now construct a collection of 2/? infinite antichains, using these permutations cp. As
noted in Subsection 3.2, there are 2/ coils of any specified length, determined by the cell con-
taining the first point and which of the two neighbouring cells contains the second point. Now
consider the collection of all coils of length at least (¢ + 1)¢? + 1 in Grid(M ). We reiterate that

each such ungridded coil has a unique M -gridding, and hence we can allow ourselves the liberty
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Figure 6.1: The end-inflated gridded coil 04?9&, where O is a gridded coil of length 18 in the cyclic
7

class Grid#< \// )

/1N

of conflating these coils with their gridded versions. Next, we partition the coils under consid-
eration according to the two cells containing the first two points, and also the cell containing the
last point.

More precisely, we say that a coil O has fype (s1, s, f) if its first entry is in cell sy, its second
is in s9, and its final entry is in f. Note that s, must be one of the two neighbouring cells of s,
and any two coils of the same type have lengths that differ by a multiple of ¢. Now let

Ay s0,f) = {a@ : O has type (s1, S2, f) and |ap| = (£ + 1)£2 + 3}.

(Note that the length of these end-inflated coils accounts for a coil of length at least (¢+1)¢% +1
plus the two additional points required to inflate the ends.)

Proposition 6.1. For any triple of cells (s1, so, [) of M in which s, is in the same row or column
as sy, the set A, s, y) Is an infinite antichain.

Proof. Let O = vy,...,v, and Q = wuy,...,u,, be distinct coils of type (s1, S2, f), both of
lengths at least (¢ + 1)¢* + 1. Without loss of generality assume that m < n, which implies
that m < n — (. To prove the proposition, we will show that ag € ap.

First, as both coils have lengths at least (¢ + 1)¢* + 1, their M-griddings are unique by
Lemma 5.2. In order to show that ag ¥ «ap, it suffices to show that oﬂg =4 aﬁ. Indeed, by
Observation 3.2, it suffices to show that the orientation digraph Dag is not an induced subdigraph
of Daﬁ .

Without loss of generality, we may assume that in Dag , we have uj] — u? and u} — u?, and
similarly in Da?;’

We claim that the only vertex of outdegree 2 in Dag is ul, and that there are precisely £ — 1

vertices of outdegree 1, namely u?, us, ..., u,_;. This claim follows readily by inspecting the
following diagram, and by noting that u; has outdegree > 3 for all j > /.
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// Ue+1 ue+2
\;%: ——

A similar comment (replacing “outdegree” with “indegree”) applies to the last ¢ vertices, and
then the obvious analogues apply to D ot
Now suppose, for a contradiction, that there exists some embedding of D_% in D ot Such

an embedding naturally induces an embedding of the coil Q in O, and we note that this 1nduced
embedding must use a contiguous set of vertices of Dy by an argument similar to the one used
in the proof of Lemma 4.11. Consequently, since m < n — ¢ < n — 4, it is not possible to
embed Dag in Dag so that at least one vertex in {v],v}} and at least one vertex in {v} v2} is

used. We will consider the case in which an embedding uses neither v; nor v#; the other case
follows by an analogous argument.
Let j > 1 be the smallest index such that some vertex of D)_» maps to v;. Note that in the
Q

induced subdigraph of Dag on {vj,...,v,_1,0.,v2}, only the vertices vj, . .., vj4¢—1 have out-
degree less than 3. All these vertices must be used in the embedding of D _», and thus it must be
Q

the vertices ul, u?, uy, . .., uy_; that map to Vj, ..., Vj1e—1, in some order. However, the digraph
induced on vj, ..., vj o1 is a directed cycle of length ¢, while that on ui, u?, ug, . .., u,_; is not,
and thus clearly there is no such embedding. [

For a class C C Grid(M) to be wqo, it must clearly have only finite intersection with
each A, s, s). We will show that this condition is sufficient: that is, if C N A, 4, p) is fi-
nite for all types (s1, S2, f), then C is wqo. To do this, we take a similar approach to the proof of
Theorem 4.1: for a class C that has finite intersection with each A, , sy, we seek to identify a
refined acyclic gridding matrix N so that permutations in C can be constructed using members
of Grid(V'). However, unlike the case for labelled well quasi-ordering, here it is possible for C to
contain long M -coils (providing the ends of such coils cannot be inflated). This means that the
earlier approach of simply taking the coil decomposition of each m € C to construct a suitable NV
will not work, as there is no bound on the length of such a decomposition.

Instead, consider any indivisible gridded permutation 7# € C# C Grid# (M) with coil
decomposition By, Bs, ..., B,, and associated coil vy, ..., v,. Roughly speaking, we seek to
identify indices ¢ and j, with 1 < ¢ < j < m, so that the points in By,..., B;_; are order
isomorphic to a coil (the “leading” coil), the points in B;, ..., B; are order isomorphic to an
element of Grid(/N) (the “body”), and those in By, ..., B, are order isomorphic to another
coil (the “trailing” coil). For the body to belong to an acyclic grid class Grid(/V), we need to
ensure that [j — i| is bounded.

Since the points in By, ..., B;_; must form a coil, one might hope that each box B, in this
range contains precisely one point, namely v;. One could then choose the index ¢ so that B, is the
first non-singleton box. Analogous comments apply to the boxes B;1, ..., B,, and the choice
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Figure 6.2: On the left, a gridded coil of length 12 in Grid#(), and on the right, a coil decom-
position of the same gridded coil into boxes By, ..., Byy where Bs and B, are nonsingleton.

of j. However, not all coil decompositions of gridded coils are formed entirely of singleton
boxes, as illustrated in Figure 6.2. Thus, our first task is to select “good” coil decompositions
when this is possible, and this is done in the following technical proposition.

Proposition 6.2. Let M be a cyclic partial multiplication matrix and let ¢ denote the length of
the cycle. For any M-indivisible 17 € Grid#(M ) there exists a coil decomposition

By, Bs,...,B,
and associated coil vy, . . . , vy, such that at least one of the following holds.
(@) |Bi| = [By| = -+ = [Bi| = 1;
(b) |Beyi1] = 2;

(c) For some 1 < i < (, there exists v € B; \ {v;} such that © — vy in D,%. (That is, ©
and v; have the same relationship to the rest of the coil vy, . .., Vy.)

Proof. Take any coil decomposition By, . .., B,, of 7%, and let the associated coil be vy, . . ., Uyy,.
Let zq, ..., 2y denote the last points in each cell (indexed so that z; € B; for 1 < ¢ < ¢). Note
that v; = 2, and indeed v; = z; if and only if | B;| = 1.

Suppose the decomposition By, ..., B, satisfies none of (a), (b) or (c); we will show how
to modify it to form another decomposition that does satisfy one of the conditions. Let i (< /)
denote the smallest index such that |B;| > 1. Thus v; # z; (and both of these vertices are
contained in box B;), but v; = z; for all 7 < . Furthermore, to avoid condition (c) we know
thatv; 1 — z;in D #. However, we also know that z; — z;,1 which establishes that v; 1 # z;.1,
and thus |B;;1| > 1. Similar comments apply to the relationship between the points in B,
and B; - (assuming ¢ + 2 < /), and iterating this argument we establish that

V; % Zj, and Vi1 =7 Zj

for all ¢ < j < (. The following diagram illustrates a typical configuration (with { = 6
and 1 = 3).
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We split the considerations into two cases, depending on the sizes of the blocks B;, . . ., By.

Case 1: |B,;| > 3 for somei < j < (. Take x € B; \ {z;,v,}, and note that v; — = — z;.
Take the coil decomposition Bf, B), ... that begins with B{ = {z,}. Since

Zi ==z =2 — vy - = v — {v;, 2}

we see that By, contains two entries. Thus the coil decomposition 57, B, . .. satisfies (b).

Case 2: |B;| = 2 foralli < j < {. Thus B, consists precisely of the points v; and z;.
In this case, take the coil decomposition starting with BY = {z;}. By our assumptions, it is
straightforward to verify that this decomposition begins with ¢ singleton boxes, and thus (a) is
satisfied by this coil decomposition. [

We can now present our key structural lemma for permutation classes that have finite inter-
section with the antichains introduced earlier. We let A = (J,,, ,, r)cig2 As1,5.5) denote the set
of all sufficiently long end-inflated M -coils.

Lemma 6.3. Let M be a cyclic partial multiplication matrix, and let C C Grid(M) such
that C N A is finite. Then there exists a constant K such that any M -indivisible element T
of C* has a coil decomposition

By,...,Bn,

with the property that whenever |B;| > 1 and |B;| > 1, then |j —i| < K.

Proof. Consider any M-indivisible 7# € C# and take a coil decomposition By, ..., B,, with
associated coil vy, ..., v, which satisfies one (or more) of the conditions in Proposition 6.2.
Now take 7, 7 (and without loss suppose ¢ < j7) as in the statement of the lemma, and consider
points x, y, distinct from v; and v;, such that v € B; and y € B;.

In the digraph D, #, we know that v; — x and v; — y. Furthermore, by construction we
know that v;_; — y, while there are two possibilities for the relationship between x and the coil
point v; 14 in the cell ¢ 4+ 1: either x — v; 41, or v;;1 — . We will show in each case how to
construct an element of A.
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Case 1: 1z — v;,1. We claim that the set of points

S = {ZU,UZ‘,UZ‘H, e 7Uj7y}

forms a gridded subpermutation of 7# that is order isomorphic to an element of A. To see
this, note that v;, ..., v; is a coil, so it suffices to show that {v;, x} and {v;,y} form intervals
within the subpermutation defined by the set S. Since v; and = belong to B;, they belong to
the same cell in 7#. Consequently the only points in S that can separate {v;, 7} must belong
to Bz‘—l U Bz U Bi—l—l- HOWCVCI', SN (Bi—l U Bz U Bi—i-l) = {vi,x,viﬂ}, yet T — Vi1
and v; — v;;1, which establishes that nothing in S separates {v;, x}. A similar argument ap-
plies to the pair {v;, ¥}, and so the points in S form an element of A of length j — i + 3.

Case 2: v;,; — x. There are two subcases, depending on whether ¢ < {or¢ > /.
If 4 > ¢, then we claim that the set of points

S = {xaviffavi7€+17 < >/Uj7y}

forms a gridded subpermutation of 7% of length j —i+¢+3 that is order isomorphic to an element
of A. The argument is similar to the previous case: note that z — v;_y, and v;_y — v;_p11
together imply that x — v; . 1.

If 7 < £ then the coil decomposition of 7# cannot satisfy condition (a) of Proposition 6.2, so it
must satisfy (b) and/or (c). If the decomposition satisfies (b), then instead of considering z € B;,
we take ©’ € By, with the property that 2’ # v, 1. The point 2’ lies in a cell of index greater
than ¢ so is covered by one of the two earlier arguments, and we obtain an element of A of length
atleast j — 1 — ¢+ 2.

On the other hand, if the decomposition satisfies neither (a) nor (b), then it must satisfy (c),
which means that there exists some index ' < ¢ and a point 2’ € By \ {vy } such that &’ — vy .
If we consider the point z’ instead of x, then this case is again covered by one of the three earlier
arguments, and we obtain an element of A of length at least j — 7 — ¢ + 2.

This completes the case analysis. In every case we have constructed an end-inflated coil
in A, and the shortest this permutation can be is j — i — ¢ + 2. If K’ denotes the length of
the longest element in C N A, then we have j — i — £ + 2 < K’, and so the result follows
with K = K' — 2+ /. [

We are now nearly ready to state and prove our characterisation of wqo for subclasses of
cyclic classes. As noted earlier, the proof follows roughly the same argument as that for Theo-
rem 4.1, with the added complications that arise by the need to handle leading and trailing coils.
Thus, before we state and prove our characterisation, we construct our decomposition in one
final technical lemma.

Lemma 6.4. Let M be a cyclic partial multiplication matrix, let C C Grid(M ) such that CN A
is finite, and let K be as in Lemma 6.3. For any M-indivisible element 7# € Grid® (M), there
exists an acyclic matrix N with at most K + 2 non-zero entries, such that 7 can be reversibly

encoded as a triple (o%, a,,b,) € Grid*(N) x N x N.
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Proof. Consider any M -indivisible gridded permutation 7# € C#. If 7% occupies a single cell,
then it has length 1. In this case, the lemma is satisfied by constructing N to have the same
dimensions as M, but with a single non-zero entry that corresponds to the cell containing the
one point of 77, We set 0% = 7%, and a, = b, = 0.

Thus we may assume from now on that 7# occupies all ¢ cells of the cycle. Take a coil
decomposition By, ..., B, of 7# that satisfies Lemma 6.3, and note that m > /.

If there are boxes with more than one point, let 7 (resp. 7) be the smallest (resp. the largest)
index of such a box. Otherwise set « = j = 2. Thus, the only nonsingleton boxes are among

BiaBiJrla s >Bj7

and by Lemma 6.3 we have |j — i| < K.

Now let o be the subpermutation of 7# formed from the points in B;_; U B; U --- U Bji1.
Note that 7 > 1 since |B;| = 1. If B,y does not exist (which occurs only if j = m), then
we “pad” our coil decomposition by creating an empty final box B, 1, placed in the same cell
as B;_;y1, and preceding B;_,;1 according to that cell’s orientation.

We grid o according to the coil decomposition: let NV denote the acyclic partial multiplication
matrix whose non-zero entries correspond to the boxes B;_1, . .., B; 1 (essentially following the
same process as in the proof of Lemma 3.13). By construction, o € Grid(/N), and let o denote
the N-gridding inherited from the coil decomposition of 7#. (Note, we use § to emphasise that
this is an N-gridding.)

Next, we specify the two positive integers a, and b,,. We set a, = ¢ — 1 to record the number
of coil points that precede the first non-singleton block B; of 7#. Similarly, we set b, = m — j
to record the number of coil points that follow the last non-singleton block 5;. Note that a, > 1,
and that b, = 0 if and only if j = m (indicating that there is no final coil).

To complete the proof, we need to show that the triple (0%, a,, b,) € Grid*(N) x N x N is
a reversible encoding of 7#: that is, we must demonstrate how to recover 7# from this triple.
This is clear for the encodings of permutations of length 1, so we need only consider those of
permutations of length > ¢. We begin by constructing the boxes B;_1, ..., Bj;1 of 7%, which
contain precisely the points in the corresponding cells of ¢%. The boxes B;_; and Bj 1 are easily
identified.

We now re-insert the coil points at the beginning and the end of 77, which we do iteratively.
Given the placement of a singleton cell B, = {uvy}, there is a unique way in which to insert the
preceding singleton cell By,_; = {vg_1}: we have v;,_; — vy, while for any &’ > k such that By,
is in the same row or column of 7%, we have © — v_; forall € By thatis, Bj._; comes after
all entries in its row or column except for vi. On the other hand, the position of vj_; relative to
any other entries in 7 is determined by M. Thus, we may place v;_, relative to all later points
in a unique way. A similar process allows us to reinsert entries to the other end of the coil, and
the numbers of times we iterate these steps is governed by the integers a, and b, respectively.
Note that the case where b, = 0 corresponds precisely to the case that B;; is empty. Finally, we
forget the partition of the points of 7# into the boxes B; in favour of the underlying M -gridding,
observing that B;, By, B;12s, ...end up in one cell, B;1, B;y14¢, ...in another, and so on.
Thus, we have recovered 77, and the proof is complete. [
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Theorem 6.5. Let M be a cycle partial multiplication matrix, and let C C Grid(M). Then C is
waqo if and only if C contains only finitely many end-inflated M -coils.

Proof. One direction is immediate from Proposition 6.1: If C N A is not finite, then CN A, s, 1)
is infinite for some triple of cells (s1, sq, f), thus C contains an infinite antichain.

Now suppose that CN.A is finite, and let /& be the constant from Lemma 6.3. By Lemma 6.4,
for each M-indivisible 7% € C7#, there exists an acyclic matrix N with at most K + 2 non-
zero entries such that 7# can be encoded as a triple (0%, a,,b,) € Grid”(N) x N x N. Note
that Grid# (N) is labelled well quasi-ordered by Proposition 4.10, and thus Grid#(N) x N x N
is well quasi-ordered by Proposition 4.4, when N is endowed with the usual (total) ordering on
natural numbers.

In general, two M -indivisible permutations in C* do not need to be encoded using the same
acyclic matrix. However, every such matrix contains at most A + 2 non-zero entries, and so there
can be only finitely many distinct matrices arising from the encodings provided by Lemma 6.4.

For any such acyclic gridding matrix N, define

Cn = {n% € C* . 7" is M-indivisible and o7 € Grid" (N)}.

We need to show that any such set Cyy is well quasi-ordered. Since Grid” (N) x N x N is well
quasi-ordered, this will follow by Lemma 4.5(ii) if we can show that the mapping

¢ : Cy — Grid*(N) x N x N,

which sends each 77 to its encoding (0%, ay, by ), is order-reflecting.
To this end consider 7# and 77 in C)y whose encodings (%, a,, b,) and (c%, a, b,) have the
property that
(0%, ax,br) < (08, ar,b;).

This means that aEr < UE (as N-gridded permutations), a, < a,, and b, < b,.

To show that 7# < 77, we begin with an embedding that witnesses (TET < ai, noting that
the points in the singleton cells of o at the beginning and end (when they exist) must embed
into the corresponding points in the singleton cells of o%. We now follow the process described
above to embed successive points at the beginning and end of the coil decomposition of 7# into
the corresponding points of 7. Since a, < a,, and b, < b,, we are guaranteed to embed all
such points of 7% before we run out of points in 77#. Thus, 7% < 7%, which completes the proof
that Cy is well quasi-ordered.

Since every M -indivisible permutation in C* is encoded using some matrix /N, and since
there are only finitely many possible matrices IV, the set of all M -indivisible permutations in C*
is contained in a finite union of well quasi-ordered sets Cy, and is thus well quasi-ordered.
Lemma 4.8 now gives that C* is well quasi-ordered.

Finally the fact that C is well quasi-ordered now follows by observing that the mapping

C* = C, " —m,

that removes the gridding (first considered in the proof of Lemma 4.7) is order-preserving. [
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7. Concluding remarks

Enumeration. We have not considered the enumeration of pseudoforest grid classes in this
study. It is known (by [AAB™13]) that acyclic grid classes (and their subclasses) all possess
rational generating functions. In his PhD thesis, Bevan [Bev15b, Theorem 4.6] used a “diag-
onalisation” argument to show that the gridded permutations in a pseudoforest grid class have
an algebraic generating function. He further conjectures that all pseudoforest grid classes have
algebraic generating functions.

The barrier to making progress on the question of enumeration lies in our ability (or lack of)
to handle permutations that possess multiple griddings. Even if Conjecture 5.3 could be proved,
this is likely to be insufficient for what would be needed for a direct approach. Alternatively, one
might wonder whether it is possible to combine the methods in [AAB™13] (where rationality is
established by subtracting “bad” griddings from the set of all griddings, and showing that both
sets of griddings are encoded by regular languages) with those in [Bev15b] (where pseudoforest

classes are formed from acyclic classes by identifying the points in pairs of cells), but this has
so far not met with success.

Bases. While we have roughly indicated a boundary between grid classes that are finitely based
and those that are not, there is certainly still scope for this to be tightened further. The construc-
tion employed in Proposition 5.11 only works in cases where the gridding matrix M possesses
two identical cycles that are arranged around each other in a very particular way. Other con-
structions may well exist, but it is probably also the case that the methods used here to show that
unicyclic classes are finitely based can be applied slightly more generally.

Well quasi-ordering for unicyclic classes. The question of well quasi-ordering in unicyclic
grid classes, let alone pseudoforest grid classes, is more nuanced than the arguments given in this
paper for cyclic classes. While we know that every infinite antichain necessarily must include
elements that contain arbitrarily long coils, there are multiple ways for these to be “anchored”

in unicyclic classes. An example is given in Figure 7.1. Further results are likely possible, but
may descend rapidly into a technical case analysis.
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Figure 7.1: Three elements from a variant of the “Widdershins” antichain, which is contained
in Grid (S>&Y)-
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Polycyclic classes. Although we have significantly extended our understanding of pseudofor-
est grid classes in this article, the corresponding questions for polycyclic grid classes still seem
out of reach. The first issue is that not all gridding matrices can be replaced by partial multipli-
cation matrices, since Proposition 2.3 does not apply to matrices that contain a negative cycle
connected to another cycle. Indeed, in his PhD thesis, Waton [Wat07, Proposition 4.5.14] gives
the following example. With M = , Grid(M) can be expressed as the union of two dis-
tinct proper subclasses, comprising the permutations that can be drawn on the following two

diagrams.
S S S
i A
NN VA

N N

Note that both of these pictures are essentially formed from the doubled matrix M *2, but
with deformations in the top right corner. In particular, cell C's4 in the left picture and Cgs in
the right can be non-empty, and thus there are permutations in Grid(A/) that are not present
in Grid(M*?).

For polycyclic gridding matrices that can be expressed as partial multiplication matrices,
studies concerning the permutation pattern matching (PPM) problem (in which one investigates
the complexity of counting the number of times a given pattern 7 is contained in a “text” permu-
tation 7) both illustrate why these classes are so much harder, and perhaps also offer a glimpse
of what the theory might look like.

In his PhD thesis, Opler [Opl22, Theorem 6.1] shows that the tree-width® of acyclic grid
classes is constant, that of pseudoforest grid classes grows like y/n (where n is the length of
the permutation), and that of polycyclic classes grows linearly in n. This both agrees with the
increase in structural complexity that we have exhibited in this paper between acyclic and pseud-
oforest classes, and also hints that the structure of polycyclic classes is an order of magnitude
more complex again.

Indeed, the proof of [Opl22, Theorem 6.1] (which incorporates work from two extended
abstracts of Jelinek, Opler and Pekarek [JOP20, JOP21]) provides some insight into the structure
we should expect. The following two properties that a permutation class C can possess are of
particular note: the long path property, which means that C contains, for any &, a monotone grid
class whose graph is a path of length k&, and the deep tree property, which means that for any £,
the class C contains a grid class whose graph is a subdivision of a binary tree of depth k.

Clearly, an acyclic grid class has neither property, while pseudoforest grid classes have the
long path property but not the deep tree property, see [JOP20, Lemma 3.5] or [Opl22, Propo-
sition 2.34] for the full proof. In the context of this paper, long paths can be constructed by
considering a refined gridding of permutations whose coil decompositions are arbitrarily long,
with arbitrarily many interleaved points in each set of the partition. On the other hand, that

Tree-width is a parameter most commonly associated with graph structure; its application to the PPM problem
originates with Ahal and Rabinovich [AROO]. For our purposes, it suffices to note that tree-width provides a measure
of the structural complexity of a class.
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we can decompose any permutation in a pseudoforest grid class using the M -sum and coil de-
compositions goes some way towards explaining why these classes do not possess the deep tree
property.

Polycyclic classes, on the other hand, do possess the deep tree property (and thus also the
long path property), see [JOP21, Proposition 6] or [Opl22, Proposition 2.41] for the full proof.
This leads us to finish with the following question: given polycyclic classes have the deep tree
property, what could a “coil decomposition of polycyclic classes” look like?
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