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Abstract

Widely used models in genetics include the Wright-Fisher diffusion and its moment dual,
Kingman’s coalescent. Each has a multilocus extension but under neither extension is the
sampling distribution available in closed-form, and their computation is extremely difficult. In this
paper we derive two new multilocus population genetic models, one a diffusion and the other a
coalescent process, which are much simpler than the standard models, but which capture their key
properties for large recombination rates. The diffusion model is based on a central limit theorem
for density dependent population processes, and we show that the sampling distribution is a linear
combination of moments of Gaussian distributions and hence available in closed-form. The
coalescent process is based on a probabilistic coupling of the ancestral recombination graph to a
simpler genealogical process which exposes the leading dynamics of the former. We further
demonstrate that when we consider the sampling distribution as an asymptotic expansion in
inverse powers of the recombination parameter, the sampling distributions of the new models
agree with the standard ones up to the first two orders.

Keywords and phrases
population genetics; recombination; sampling distribution; diffusion; coupling

1. Introduction

The basis of many important problems in genetics is to find an expression for a sampling
distribution or likelihood. Valuable tools in this endeavour are stochastic models of allele
frequency evolution forwards in time, and their dual genealogical processes backwards in
time. In particular, the numerous variants of the Wright-Fisher diffusion and Kingman’s
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coalescent, respectively, have focused attention on the scaling limit as the population size
goes to infinity, leading from a (complicated) finite-population model of reproduction to a
(simpler) infinite-population limit. At a single genetic locus, the problem of computing
sampling distributions in these models is well studied, with even some closed-form formulas
available (Wright, 1949; Ewens, 1972; Jenkins and Song, 2011; Bhaskar, Kamm and Song,
2012). However, with ongoing technological developments in high-throughput DNA
sequencing, large genomic datasets are becoming available and it is necessary to consider
multilocus models. Inter-locus recombination quickly makes such models intractable; for
neither the Wright-Fisher diffusion with recombination nor the coalescent with
recombination—or ancestral recombination graph (ARG)—is it possible to obtain a closed-
form expression for the sampling distribution. This has remained a notoriously difficult
problem, and to make progress using these models it has usually been necessary to resort to
computationally-intensive techniques such as importance sampling (Griffiths and Marjoram,
1996; Fearnhead and Donnelly, 2001; Griffiths, Jenkins and Song, 2008; Jenkins and
Griffiths, 2011), Markov chain Monte Carlo (Kuhner, Yamato and Felsenstein, 2000;
Nielsen, 2000; Wang and Rannala, 2008; Rasmussen et al., 2014), or other numerical
approximations (Boitard and Loisel, 2007; Miura, 2011). Denoting the population-scaled
recombination parameter by p, only in the special cases of p = 0 or p = o is it possible to
make progress analytically, since then we are back to a single locus, or to many independent
single loci, respectively.

In another direction, we have considered an analytic approach to the problem, as follows.
Denote the observed sample configuration at two loci by n and its sampling probability by
g(n; p) (to be defined precisely below). Consider the asymptotic expansion in inverse powers
of p:

q(n;p)=qo(n)+

n n
a1 ( )+Q2(2)+m’
P p

where for convenience we suppress the dependence of these terms on other parameters of
the model. Under an infinite-alleles type of mutation, we obtained closed-form formulas for
go(n) and gy(n) in terms of the marginal one-locus sampling probabilities, and a
decomposition of gy(n) into a closed-form term plus a second part which is evaluated easily
by dynamic programming (Jenkins and Song, 2010). (The result is stated more precisely in
Theorem 2.1 below.) This provides the first closed-form extension of Ewens’ Sampling
Formula (Ewens, 1972) to handle finite amounts of recombination. It has been extended
subsequently to include more general models of mutation (Jenkins and Song, 2009), natural
selection (Jenkins and Song, 2012), higher-order terms (Jenkins and Song, 2012), and more
than two loci (Bhaskar and Song, 2012), and has had practical implications for genomic
inference (Chan, Jenkins and Song, 2012). One particularly appealing conclusion of these
works is that both gp(n) and ¢1(n) are universal, that is, their functional form is invariant to
our assumptions about mutation and selection acting marginally at each locus. The effects of
these marginal processes are entirely subsumed into the relevant one-locus sampling
distributions.
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The simple and universal forms for gg(n) and g;(n) provide strong circumstantial evidence
that there exists an underlying stochastic process which is much simpler than the standard
models for finite amounts of recombination. In particular, we previously conjectured
(Jenkins and Song, 2010) the existence of a process which is both much simpler than the
standard models based on the Wright-Fisher diffusion or on the ARG, and is in agreement
with the sampling distribution (1) up to O(p~2). The goal of this paper is to describe such a
process. In fact, using different arguments we describe two such processes, obtaining both a
limiting diffusion and a coalescent process with these properties. In the diffusion
approximation, the key idea is to suppose that the probability rof a recombination per
individual per generation scales as /P as the population size N — oo, for 0 < p < 1, rather
than the usual choice of = 1. Interest in asymptotically large recombination rates is
reasonable because of extensive recombination rate heterogeneity along chromosomes in
e.g. humans, strong recombination rates in some species such as Drosophila melanogaster
(Chan, Jenkins and Song, 2012), and because of the need to understand the long-range
dependencies between well-separated loci. Our diffusion in this scaling is intimately related
to the central limit theorem for density dependent population processes (see Ethier and
Kurtz, 1986, Theorem 11.2.3), which has been analyzed in genetics—for models of strong
mutation rather than strong recombination—by Feller (1951) and Norman (1975a). A
closely related scaling in the context of =-coalescent processes was also recently explored
by Birkner, Blath and Eldon (2013) (in that paper f = 1 but with timescale A2). The
coalescent approach, meanwhile, uses a coupling argument. Intuitively, we would like to
couple the ARG to the limiting case of two independent coalescent trees (p = co). To
account for contributions to the sampling distribution of O(p™1), we must quantify the
“leading order reasons” for such a coupling to fail. When p is large but finite, lineages in the
ARG ancestral to both loci undergo recombination backwards in time very rapidly, until the
first time Uthat no such lineage survives. In this paper we show that, roughly speaking, in
order to recover the sampling distribution up to O(p~1) we need consider only the following
type of exceptional event: a coalescence occurs more recently than time U in the ARG, and
the coalescence is between two lineages each of which is ancestral to both of the two loci.
This observation enables us to define a simple coalescent process which allows for at most
one of these events but is otherwise very similar to the easy limiting process corresponding
top = oo.

The paper is organized as follows. In Section 2 we specify our notation and summarize
previous research. Novel diffusion and coalescent processes are introduced in Sections 3 and
4, respectively, and we conclude in Section 5 with a brief discussion.

2. Notation and previous results

For MeN={0,1,2,..} let [M]:={1, 2, ..., M}. The complement of a set Jis written J.
Denote the Kronecker delta by 67 which takes the value 1 if /= jand O otherwise. Let ;
denote a unit vector whose jth entry is §;, and let e;;denote a matrix with (, /th entry equal
to 6,40 For a vector v € R?we denote by |v| the usual Euclidean norm. Denote the A x /
zero matrix by O and the & x kidentity matrix by | .. We will replace a subscript with a
to denote summation over that index. A prime symbol ” will denote vector or matrix
transpose. For z€ Rypand n€ N, (2 == A2+ 1) --- (z+ n- 1) denotes the th ascending
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factorial of z Finally, for a matrix R of processes we let [R];= ([®), Rj]);;denote the matrix
of corresponding covariation processes.

Consider the usual diffusion limit of an exchangeable model of random mating with constant
population size of A haplotypes. Our interest will be in a sample from this population at two
loci, which we call A and B, with the probability of mutation per haplotype per generation
denoted by 14 and ug respectively. In the diffusion limit we let N— oo and ug, ug— 0
while the population-scaled parameters 6 4 = 2Nu4 and 0 g = 2 Mug remain fixed. In this
paper we will suppose a finite-alleles model of mutation such that a mutation to an allele 7in

type space £4 = [K], K € N, takes it to allele & € [K] with probability p, with £g=[L]

and Pﬁ,j, / € [L] defined analogously. (As we discover below, the mutation model is not
important and we could pose something more complicated with little extra effort.) The
probability of a recombination between the two loci per haplotype per generation is denoted
by r, and we assume that pg = 2M\Pris fixed as N — oo, for some fixed f € (0, 1]. Previous
work has focused on the case p = 1 with time measured in units of A/ generations. For
consistency with the usual notation we write p = p;.

A sample from this model comprises a haplotypes observed only at locus A, & haplotypes
observed only at locus B, and ¢ haplotypes observed at both loci. The sample configuration
is denoted by n = (a, b, c) where a = () e[« and &;is the number of haplotypes observed to
exhibit allele 7at locus A; b = (b)) jc[1) Where bjis the number of haplotypes observed to
exhibit allele sat locus B; and ¢ = (¢j) ie[ k), je[£] Where ¢j;is the number of haplotypes with
allele 7at locus A and allele jat locus B. Thus,

K L K L
a=) ai, b=) bj, e=) > cij,
i=1 j=1

i=1j=1

and we let 7= a+ b+ c. We further write c4 = (¢j) jie[x) and Cg = (¢,) je[] to denote the
marginal sample configurations of c restricted to locus A and locus B respectively. Finally,
we use g(a, b, c) to denote the probability that when we sample /7 haplotypes in some order
from the population at stationarity we obtain the unordered configuration (a, b, c); by
sampling exchangeability this is indeed a function only of the unordered configuration (a, b,
c). For convenience we suppress the dependence of this quantity on the model parameters
and on B. The main result motivating this work is an expansion for g(a, b, c) for the case of §
=1, and later we will show that this expansion holds for all p € (0, 1].

Theorem 2.1 (See Jenkins and Song (2009))

Consider the following asymptotic expansion for ¢(a, b, c) under the diffusion limit with p =
1:

7b7 1
q(a,b,c)=qy(a, b, c)+w+0 (—2> , as p — 00,
p p

with qu, qu, ... independent ofp. Then the zeroth order term is given by

Electron J Probab. Author manuscript; available in PMC 2016 July 01.



1duosnue Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Jenkins et al. Page 5
__A B
qo(a, b, c)=q"(a+c,)q"” (b+c,), 2

and the first order term is given by
q1(a,b,c)= ( ; > qA(a—I—cA)qB(b—l—cB)

K
- qB(b+cB)Z ( c2i' > QA(a—i—cA —e;)

i=1
a’+cA)Z ( ) (btc, — j)
+ZZ ( > (atc, ;)qB(b—l—cB —ej),

i=1j=1

3)

where ¢, P are the marginal sampling distributions at locus A and locus B, respectively.

Remark 2.1
Under a neutral, finite-alleles model of mutation, if mutation is parent independent—=zhat is,

PA=PA, i, ke [K], and P7=PF, j 1< [L], then ¢*(a) and gB(b) are known in closed-form:

qA(a)_(gl)a“l_[l(e P4 ail? and ¢” b)— ijl_Il(Q ;I‘))bﬂ.

These expressions follow, for example, from the moments of the Wright-Fisher diffusion
with parent-independent mutation, whose stationary distribution at locus A is

Dirichlet(0, Py, ...,0, P2 ) (Wright, 1949), and similarly at locus B.

Remark 2.2

The zeroth-order decomposition is well known (e.g. Ethier, 1979) and also intuitive, since
the two loci become independent as p — oo.

Theorem 2.1 can be obtained by diffusion (Jenkins and Song, 2012) or by coalescent
(Jenkins and Song, 2009, 2010) arguments. In this paper we address both approaches in
further detail.

3. Diffusion model

In this section we extend the above results by obtaining a full description of a simple
diffusion process such that its sampling distribution is known exact/y and has a Taylor
expansion about p = oo consistent with (2) and (3). For simplicity we will obtain our
diffusion as the limit of an appropriately rescaled Moran model, although we expect our
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results to hold for a more general class of discrete models of reproduction within the domain
of convergence of the Wright-Fisher diffusion.

3.1. Neutral Moran model

A population of A haploid, monoecious individuals evolves as a multitype birth-and-death
process in continuous time. Each individual carries a haplotype comprising a pair of alleles
(4, J) € [K] x [L], one at locus A and one at locus B. Let Zj() € {0, 1, ..., N/} denote the
number of (7, J) haplotypes in the population at time © € R, and Z(t) = (Zj()) je[K] je [L]-
The population evolves as follows. At rate A2/2 a reproduction event occurs, in which an
individual is chosen uniformly at random from the population to die. It is replaced by a copy
of another individual also chosen uniformly at random (the same individual could be chosen;
whether sampling is with or without replacement does not affect the diffusion limit).
Independently, each locus of each haplotype undergoes mutation: any locus A mutates at

. . . iy . pA= (p,A)
rate 0 4/2 and its allele is updated according to the transition matrix ik
similarly any locus B mutates at rate 0 g/2 and its allele is updated according to

PP=(P{) Finally, each haplotype i inati

JaeliLy y, each haplotype independently undergoes recombination at rate
p/2: at such an event, it is replaced by a haplotype formed by sampling two alleles (one for
each locus) independently from the population. Putting all this together, the rate at which a
haplotype (/, j) dies and is replaced by a haplotype (k, /) when Z(<) = zis given by

i,kE[K];

N Zi; ]\/v2 2Ll 7] A 0 pzk. Z.] .
)‘z('j,k)l(z)zﬁj |:7W+N (fpikéjl‘f‘fpj?éjk‘f'___ ) (Z’J)a (kal) € [K]X[L]

Notice that, as is standard (e.g. Baake and Herms, 2008), we decouple the mutation and
recombination mechanisms from reproduction (and from each other). This simplifies the
analysis without unduly affecting the diffusion limit.

We will change variables by introducing the collection

M) = (X)), ¥ V(7). DV (7)),

where

Electron J Probab. Author manuscript; available in PMC 2016 July 01.
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D™ (1)=(DM (7)) =( iln) _ Z1) 2 :z'e[K],je[L]).

i€[K],jE[L]

That is, we describe the state of the Moran model at time © by the marginal allele
frequencies and the coefficients of linkage disequilibrium (see, e.g. Ewens, 2004, p69,
p227). We will write this succinctly by arranging the variables in a linear order:

N N N
(x™M L x W YNy p) L pty

and thinking of M(M(<) as a vector of length A :== K+ L + KL. The process (MM(z) : t=0,

...) is then Markov on a state space we denote by AXY)  which is a rational subset (those

KL 1

points consistent with Zizlzjzlzij:N) of the (KL — 1)-dimensional shifted simplex

K L K L
Ay, = {(a:,y,d) € [0,1)% x [0, 1% x [—1,1]%F: inﬂ:Zyj,Zdij:o:Zdij}.
i=1 j=1 i=1 j=1

To find the diffusion limit we first need the conditional means and covariances of the
increments

AMW) (7) .= MW (r4dr) — MW (7).
From these, and under the assumption that 0 4, 05, and p are fixed as N — oo, it is possible
to show that the model converges to a (Wright-Fisher) diffusion limit (Ethier and Kurtz,

1986, Example 10.3.9, p433). Recall however that our interest is when pg, rather than p, is
fixed, so below we write these increments in terms of pg using p = pB/\/l‘B.

In the following, for convenience we drop the dependence on .

Proposition 3.1—/n the neutral two-locus Moran model with mutation and
recombination, the conditional means and covariances of increments of M) are given by

K
. —1 () A (N)
Jim (d7) 'E[AX; M) f?AZ P —5p) X,
k=1 (4)
lim (d7)E[AY, | M) BZ<P, — )Y,
T (5)

Electron J Probab. Author manuscript; available in PMC 2016 July 01.
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K L
. 1 N I4 N N) A Ny 0 N 1
lelgo(dT) E[Ang )|M(N)]:_ 2Ng 1D( : D( EA E_: Pki_éik)Dl(gj) +?Bl§_:1(Pl?_ jl)DEl +0 (W) ’

(6)

1
lim (dr)” Ieov[AX), AXN | M0 )=x ) (55 — N))+0<Nﬁ>

1
Jim (@) o AV, AV M=y 5 - )0 (55 ).
lim (d7) ' Cov[ AX] N Ay am™=pi 0 (Nﬁ>
1
) o AX, AD M OL=D{ i X)X 0 0 ()

1
lim (d7)~'Cov[A Y™, ADE (M M)=D{" (8- v~ vV D" +0 (W) ,

Jim (dr)~"Cov[ADGY, AD" M M)=x{ v (60— X ) (05— VM)
+DN x My M) pM) x My 3
+D§]-N YN =5y ™ -5 x(M)
DY (MY — oy — 5, x (M)

N 1
+DN (565 — DE)+0 (Nﬁ)

Higher order moments of order m= 2 are O(N-(2)).

Proof: These expressions follow directly from the first four moments of Z(v + dv) | Z(x),
which are easily computed by noting that

E[f(Z(r+d7))|Z(r)=2]=3_ Y f(z—eyrer) A (2)dr +f(2) |1 - g(N—i—@A—I—@B—O—p)dT +o(dr).
(i) (k)

Electron J Probab. Author manuscript; available in PMC 2016 July 01.
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For example, choosing f2) = 2, we find

0 at ’U U Zu Z’U ZU’U
E[ Zyo (7+d7)| Z(7)=2]=24, +N TAZ(P,W Su) 57 Sl BZ(PZU S1) Wl §(WW__) dr+o(dr),
and hence we recover (4) via
1 L K
B[AX, MM )== " (B[ Z,, (7+d7)| 2(7)] =7AZ P —0r) XN drto(dr).
v=1 k=1

The remaining terms follow similarly; we omit the straightforward but lengthy algebraic
details.

To prepare for our diffusion limit, we must rescale time; from (6) it is clear that to obtain a
nontrivial limit we should let = A2+, Now introduce the conditional mean vector vt and
conditional covariance matrix s on this timescale, defined by

d1timo(dt)*115[AM<N>\MUV) (t)=m]= Nﬂ—ldnmo(df)*lE[AM<N>|M<N> (1)=m] = w™(m),
U]

lim (dt) ™' Cov[ AMW|M (t)=m]= N~ lim (d7)~'Cov[ AM™|M DN (1)=m] = N°~ 1) (m),

dt—0

®)
with entries determined by Proposition 3.1. Thus, withm = (xq, ..., Xk, Vi, «-s Vi, Qi1s «. s
dky), equations (4)—(6) show that

w™ (m)=w(m)+O(N7),

where w(m)= | 0,...0,0,. 0—7ﬂd Tlyeeny— p;dKL ,

KXI 9)

with s™M(m) = s(m) + O(NP) determined in a similar fashion:

Electron J Probab. Author manuscript; available in PMC 2016 July 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Jenkins et al. Page 10

Syx(m) 8xy(m) syn(m)
S(m): Sxy (m) Syy (m) Syp (m) )
Syp(m) syp(m) s,,(m)

where

[sxx (m)]ikzxi(éik — zk),

[Syy(m)]jlzyj@jl —u)s

[sxy (m)]ij =dj,

[8xp (M)]; =kt (Gir, — x:) — i diy,

[syp (m)]j,kl:dkl(éjl —Y5) — Yidyj,

(350 (M)];; =2y Ok — k) (G5 — yo)+dijziyi+dazry;
+dij(xryr — Sy — Sjxn) Hdp(xiy; — iy — 0j1%4)
+d;; (0051 — dpr).

Notice in particular the different leading orders of the two quantities in (7) and (8): the mean
increments are of O(1) on this timescale while the covariances are of (A1), It is this
difference, which is a consequence of our assumption that the recombination probability ris
O(NP) for p < 1, that leads to a novel diffusion limit. Under the usual choice of p = 1 it is
well known that we see convergence to a diffusion process after a linear rescaling of time. In
the special case of a Wright-Fisher model and K= L = 2, the diffusion limit for M(M(| A ))
as NV — oo was obtained by Ohta and Kimura (1969a,b). Our interest is however in § € (0,
1), for which ris larger, and the loss of linkage disequilibrium (LD) is subsequently much
faster. Intuitively, we should expect such loss to resemble the exponential decay predicted in
an infinitely large population, but with small fluctuations about this deterministic behaviour.
The diffusion process we define below quantifies these fluctuations precisely.

3.2. Gaussian diffusion limit of fluctuations in linkage disequilibrium

We first provide a heuristic description of the diffusion limit. First, observe from (7) and (8)
that, provided M(M(0) — M(0) as N — oo and that € [0, 1), then

Electron J Probab. Author manuscript; available in PMC 2016 July 01.
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MM 4 oar = {(X(O), Y(o),D(O)e*Pﬁt/z)/;t > 0}, N — oo, (10)

the deterministic exponential decay in LD typical of an infinitely large population. See
Baake and Herms (2008) for a formal statement of this law-of-large-numbers type result for
the Moran model with recombination. For the corresponding central limit theorem, we seek
a diffusion limit for

UM () =7 [MN (1) - M(@®)], (11

for some rescaling 7y — oo. In our application the appropriate choice is

ry = NO-9)/2

which can be regarded as the one on which both recombination and genetic drift are
observable on the fastest timescale (Jenkins and Song, 2012). We will assume this scaling
henceforward. To find the limit U = limp._, o, UM, write

(V) () ™)) _ o™ (AL (1) — w0 M () dss ROV
U™ (t)=r, |[M(0) M(O)H/U[ (MY (s)) (M(s))]ds+R (t)’(lz)

where

RO (0) = MO (1) - MO 0) — [ w21 (5))ds

describes the deviations of M(M(§ from its expected behaviour and is a martingale. It
suffices to characterize the limits of each of the three grouped terms on the right of (12). For

the first term we assume that it converges to a limit, U(N)(o) 4, U (0)as N — co. For the
second term, from (9) we should expect

o [ M) — (M)l
=y / Z {—%[MW)(S) - M(s)]+0(Nﬁ—1)] ds

t
_ / [—%UW(SHO( N(6~1)/2)} ds
0
ot
4, —p—ﬁ/ U(s)ds, N — oo.
2Jo0 (13)
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Finally, we obtain a complete description of the limit TNR(N) 4, Ras N— cobyan
application of the martingale central limit theorem (Ethier and Kurtz, 1986, Theorem 7.1.4);
we find

where oo’ = s, and W is a (KL - 1)-dimensional Brownian motion. In summary then, we
expect U to satisfy

U()=0(0) - 2 /;U(s)ds+ /:a'(M(s))dW(s). ”

Our main result formalizes this argument, as follows.

Theorem 3.1—Suppose thaty ™) (0) 4, U (0)as N— oo. Then for each t> 0, as N —

00,

sup| MM (s) — M(s)| L 0;
s<t

NI-B)/2 ) 4 g, whereR has Gaussian, independent increments with mean zero, and
with

BRORO = [ (M)

andyy(N) 4, ¢z, satisfying (14).

Proof of Theorem 3.1: This is an application of a central limit theorem for density
dependent population processes; for textbook coverage see Ethier and Kurtz (1986, Chapter
11) and for a recent treatment see Kang, Kurtz and Popovic (2014). We apply Theorem 2.11
of Kang, Kurtz and Popovic (2014). To do so we need to validate each of the assertions that
led to (14) above by checking the following sufficient conditions (i)—(iv). (Kang, Kurtz and
Popovic (2014, Theorem 2.11) is rather more general than is required here: it permits the
state space of M(M to be unbounded, and for M(M to depend on other processes that evolve
on faster timescales than that of the diffusion. We omit those conditions which are not
needed.)

i The Moran process converges to an identifiable, deterministic limit. 7/is is
guaranteed by the following: the infinitesimal generator </ n of MM satisfies

Electron J Probab. Author manuscript; available in PMC 2016 July 01.



1duosnue Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Jenkins et al.

Page 13

lim sup |, f(m)—f(m)|=0, f[eD (),

HOOmEA%VL)il

for a generator </ with domain 9( /).

Fluctuations about the deterministic limit are well behaved. More precisely,

d

RWM) js a local martingale and the covariations processes| M™)], < 0.

t

Contributions of O(r;l) to the error WM — w can be identified. 77ese
would contribute to the limiting drift of U (), and a sufficient condition to
identify them is: there exists a continuous function Gg: DMy —1 — R (recall A
= K+ L + KL) such that

ﬁgm%Qﬁwwmm%wmw—%mwﬂ.

The martingale central limit theorem applies to 7\ RWM. This is guaranteed
by the following:

lim E [suprN ‘M(N)(s) — M(N)(S—)‘:| =0,
N—oco s<t

(16)

and there exists a continuous G : Ay —1 — RYN such that for each t> 0,

2 MV, — [ @@ (s)ds L o.
A [ @arnas Lo

We address each of these requirements in turn.

Convergence of . y {m) to .7 fm) := w-V Am), the generator of M [see (10)],
is immediate from Proposition 3.1. Convergence is uniform in m because the
O(NB) terms in Proposition 3.1 have coefficients that are polynomials in M(V)
on a compact space.

Since the state space is bounded, for R(™ to be a martingale it suffices that the
jump rate is uniformly bounded (Kurtz, 1971, Proposition 2.1), as is the case

for the Moran process. The covariations process [ M (™)), Loasa
consequence of (17), verified below.

From (9), rpfwtM(m) — w(m)] = OMP~D2), again uniformly inm € AXY) |
so here the appropriate choice is Gy = 0. Thus, the only relevant contribution
to the limit (13) is from the error w(M(V(s)) = w(M(s)) rather than from
wMMM() - wMM(s).
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iv. Jumps of any component of M(M are bounded in magnitude by 2/A, so

) W) (-2 2A
suprN‘M (s)— M (s—)‘ <N e

s<t

— 0, N — o,

and (16) holds. To identify the asymptotic behaviour of 2 [ M ™)], let

N ()= < / ;Asﬁf )(M(N)(s))ds>

denote the total number of jumps of the Moran process into state m € A(Y)

KL-1

by time ¢, where (%, € AYY) }isa collection of independent Poisson

KL—-1
processes of unit rate and A(N) (n1(™)(s)) denotes the rate of transition of the
process from current state M(M(s) to m. Then

2IMO=N [ S [ AMY)[AMD ) A ),
0

mEA(N)

KL-1
t
N8 / S = M®)(s)][m— M () AW (M) (5))ds,
" meald),

t
~ [ SN B (s))as,
0

by (8). Thus we may take G = sin (17) [G identifies the moments appearing in
(15)].

Remark 3.1—One could obtain the same diffusion limit starting from a Wright-Fisher
model rather than a Moran model, since the means and covariances of its increments are
identical to leading order, up to a rescaling of time. This alternative approach is in some
respects less appealing since the Wright-Fisher model, when expressed in continuous time,
is non-Markovian. The additional complications raised by this approach have been
addressed by Norman (1975a) (see also Ethier and Nagylaki, 1980, 1988 ), and we have
checked that the conditions of his theorems still apply when we introduce recombination to
the Wright-Fisher model. The theory of Norman (1975a) has been used to study strong
mutation and selection (Norman, 1972, 1975a; Kaplan, Darden and Hudson, 1988;
Nagylaki, 1986, 1990; Wakeley and Sargsyan, 2009), and a Gaussian diffusion
approximation of a Moran model with strong selection is developed by Feder, Kryazhimskiy
and Plotkin (2014), but to the best of our knowledge this is the first time a central limit
theorem has been obtained for strong recombination.

Remark 3.2— The exponential decay of linkage disequilibrium implied by M [equation
(10)] /s a classical result; the above theorem further quantifies the fluctuations about this
deterministic behaviour in a fully time-dependent manner. In particular, the definition of U
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[equation (11)] shows that fluctuations are of order M1 ~ B2 on a timescale of NP ~ 1 units of
the Moran process. If we designate the expected lifetime of an individual, 2I N, as one
generation, then these fluctuations can be said to occur on a timescale of order NP
generations. (This definition of “generation” is consistent with U, ug, and r in Section 2
provided we replace N with the effective population size of the Moran model, N/2, in the
definitions of0 4, 0, and p (Ewens, 2004, p121).)

3.3. Stationary distribution

Although U is described completely by (14), the volatility term o(M(9) is neither simple nor
time-independent. On the other hand, our main interest is in stationary behaviour, and
o(M(o00)) takes on a much simpler form. First note that the components of U(?)
corresponding to each X;and Yjundergo Brownian motions (with nonunit volatility), so we
restrict our attention to the stationary distribution of the component corresponding to D,
which we denote Up. Conditions of Norman (1975b) confirm convergence of Up(J) to its
stationary distribution. Setting a(M(8)) = a(M(o0)) in (14), we find

Ps

AU, = — 2U, dt+o.,dW (s),

b= T (18)

where o, is a constant defined by

Uooa';o:Soo 1= 85 (M(00))=[Xi(0)Y;(0) (0 — X5(0)) (65 — YZ(O))L’]‘M'

The process (18) is much simpler to describe. Marginally, UDI.jis an Ornstein-Uhlenbeck
process with damping towards linkage equilibrium at rate pg/2 and constant volatility
[0c0]j, j7 Up has stationary distribution

Normal {0, S
Pp

This is a slightly different idea of stationarity than usual, since it depends on X(0) and Y (0).
An immediate question is: what should be the distributions for X(0) and Y (0)? We address
this by reconsidering the usual two-locus Wright-Fisher diffusion limit operating on a slower
timescale. We can exploit (18) to obtain a simple approximation of this diffusion limit, as
follows. First, we have derivedthe Gaussian diffusion approximation

D(0)e P2 NB=D2y (1)

for DIM(4. Thus the stationary distribution of this approximation is

s
Normal (O o ,;w>.
e (19)
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Notice that this description does not depend on the particular choice of 5. Under the usual
“Wright-Fisher” regime we treat p as fixed. It remains to specify the stationary distributions
for the marginal allele frequencies X and Y, which we suppose to have reached their usual
(independent) stationary distributions in the Wright-Fisher diffusion limit, which we refer to
as 74 and 1 g, respectively (and whose respective sampling distributions are ¢4 and ¢®).
Then we can complete the picture for (19) by specifying (X(0), Y (0)) ~ 14 ® 7g.

The distribution (19) therefore provides a simple, explicit method for the approximate
simulation of haplotype frequencies under a stationary, two-locus Wright-Fisher diffusion,
which we summarize in the algorithm below. (When mutation is parent independent, as in
Remark 2.1, 7 4 and m g take on a particularly simple form, but we note that these
distributions are not known in general.)

Algorithm to simulate from a Gaussian approximation to
the stationary Wright-Fisher diffusion with recombination.

1 Simulate marginal allele frequencies at locus A, X(0) ~ 1 4.

2 Independently simulate marginal allele frequencies at locus B, Y (0) ~ ig.
3 Conditionally simulate D from (19) given X(0) and Y (0).

4 Calculate two-locus haplotype frequencies via

X;;=Dy;+ X O (0), foreachi & [K],j€[L].

3.4. Sampling distribution

The significance of the Gaussian diffusion approximation Up is further evident from the
following theorem. First we need some further notation. Let

K L
@m: {’I" € NKXLZZZTZ']':TTL} 5

i=1j=1

for me N, and let 1) € ([K] x [L])™ denote a sequence of m haplotypes (in some arbitrary,
fixed order) with multiplicities specified by r € 2, Further let (DA € [K] denote the
corresponding list of alleles obtained by looking at the first entry of each element of 1), and
define 1(DB similarly. For A € N denote by 25, the set of partitions of [2)] with precisely A
blocks of size 2, and write a representative element as &,y = {{ix vi}: k=1, ..., A} € Zp; U
= (Mg and v = (v are sequences of length \. For JC [A], denote by i v the subsequences

obtained by looking only at the indices in J, and denote by l}f’) the subsequence of 1)

obtained by looking only at the indices in p. The matrix of multiplicities of lf]") is denoted by

1 2

r=
r(W), so that r®) + r) = r. For example, if [ 01 ]then a representative list of

haplotypes is 1(0 = ((1, 1), (1, 2), (1, 2), (2, 2)) with marginal allele lists (DA = (1, 1, 1, 2)
and 108= (1,2, 2, 2). Here, m=2\ =4, and 2, = {{{1, 2}, {3, 4}}, {{1, 3}, {2, 4}}, {{1,
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4}, {2, 3}}}. Then for example the first element in 2, is the partition &, constructed from p
=(1,3)and v=(2,4),and so 15" =((1,1), (1,2)) and 1{”=((1,2), (2, 2))

Theorem 3.2

Suppose that X ~ 1t 4, Y ~ 7 g independently, and conditional on X andY, D is distributed
according to the Gaussian distribution in (19). Then the sampling distribution is given
exactly by

/2] [

G(abe)=> —~ > > ﬁ[ﬁ(ij )}

/\ZOp rEPNEEDsy |i=1j=1

1
Y ) ake, Y|
J

X S )P (bte, - r?l’)‘ ,

Jg[x]:szj B :lfij

a,b c 1
:qO(aa ba C)+M+O <_2> 5

p p (20)

with go and gy given by (2) and (3) respectively (and we impose the convention that the
empty summations for)\. = 0 have a single term, with (-1)2\?1 = 1).

Proof—With respect to the diffusion in the transformed co-ordinate system, the sampling
distribution is
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qs(a,b,c) [(ﬁX ( ) (HH[DUJFXY Cw)

)
£ B )
|

m=0reZ,, 15=1
(HYbJch T.j E[HHD”JLX Y

i=1j=1
K
a;+c;.—r;.
(e )
i=1

=1y
b+ a
C. 77‘
HY J HE l(r)Dl('r)|X Y],
j=1 =

Sy ¥y [ ()

A=0 r€ P \E€ Do

—%f‘” Sy [HH( )

A= Op rEPonE€Day [1=1j=1

K
x E {(foﬁcl-‘—n‘) (Hyjbﬁﬂj—r«j)
i=1 j=1

X

s

X ), <r) (8 () () 4 <r) )© Mg (Mg _YmB)]’
l l By l

PR HE g b by by, by, Yk

tax xim(y)

=0 rEPobE€Dgy |i=1j=1

_l _)el
x > (-1 8 <r>AZ( 1) 5<r3<r>3

IC[A] l"l v T ICN L"'J vy
{(HXaﬂrcl -, ) (Hyb jtc. '—T ~ )}

The second equality follows from the multinomial theorem and the tower property, the third
equality follows from Isserlis’ theorem (Michalowicz et al., 2011), and the fourth equality
follows from (19):

k

Il
-

E[D;;Dy| X, Y]= pXY(é — X3)(6j — V).

The fifth equality follows from expanding the final product (using the convention g = 1),
while (20) follows from (X, Y) ~ m4 ® ng The equalities still hold for A = 0 provided we
take [z = 1.

Extracting the two leading order terms A = 0 and A = 1, the expression simplifies to
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q,(a,b,c)=E {(HX‘”JM) (ﬁlyfﬁcﬂ')}

L1 Z XL: chi(Cuv — 5ku51v

| | +c;.—6,
):ai Cj. i
1=

pk ,au=1lv=1
i+e.—8; 1 a,b,c 1
x HYJ‘b]Jr 0% (Oku — Xu) (01 — Yy,) | +O <_2> ’:qo(a, b, c)+q1( )JFO <_2
e p p p
as required.

3.5. Accuracy of the diffusion process

A natural question to ask is: to what extent does the process of Theorem 3.2 capture the
dynamics of the full process? To address this we consider the accuracy of the sampling
distribution (20) as an approximation to the “true” distribution, ¢(a, b, ¢). For moderate
sample sizes it is possible to compute the latter as the solution to a system of recursive
equations (Golding, 1984; Ethier and Griffiths, 1990; Jenkins and Song, 2009). The number

C
of summands in (20) grows rapidly with X (as long as A < {—J) so we define an

approximate sampling distribution q N (a, b, ¢) by truncating the outer sum in (20) at a fixed
index A. This is analogous to the asymptotic sampling formulae for the full model which are
obtained by truncating equation (1) (Jenkins and Song, 2012). As our measure of accuracy
we define the relative error,

- QWM(0,0,¢) — ¢(0,0,c)
. _

L= x 100%,
Gaussian q(O’ 07 C)

(21)

where Q(A (0,0, ¢) is the staircase Padé approximant to q (0 0, ¢). (The former is used for

-
its superior convergence properties; see Jenkins and Song, 2012, for details.) We definee_

analogously, replacing ij)(o, 0, ¢) in (21) with the Padé approximant to the partial sum of
(1), computed up to O(p~**1)) by the method of Jenkins and Song (2012).

We computed the distribution of ei:)m;d,. and of e(:z across all sample configurations of size
¢ =20 for which both alleles are observed at each locus; results are shown in Table 1. For a
collection of this size it was straightforward to compute up to A = 6 for every possible
sample configuration. Using a partial sum to approximate (1) contributes to both errors;

-(\) . . L .
canesian NS additional contributions reflecting its use of an approximate /model. Of course,

the two errors agree up to A = 1. However, Table 1 shows that they are comparable more

broadly, particularly for large recombination rates. As A increases, Qg) (0,0, ¢) converges
rapidly (even without Padé summation; not shown), and becomes a reasonable
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approximation to g(a, b, ¢). For example, for p = 50, ng)(o, 0, ¢) is within 10% of g(a, b, c)
with probability 0.79, though it is within 1% only with probability 0.50. When we consider

the highest levels of accuracy, as in ®(1) in Table 1, éii)uss;an actually increases with A when A
> 1. This suggests that the Gaussian model typically cannot approximate the true model to
the same level of precision as a first order asymptotic approximation of the true model,
though its behaviour as a coarser approximation (as reflected in the columns for ®(100), for

example) is comparable.

4. Coalescent process

4.1. A coupling argument

In this section we derive a coalescent process which is much simpler than the ARG but
whose sampling distribution agrees with (2) and (3). We first provide an informal

description. Let (Ja(’})) .(t) denote the standard, neutral, two-locus coalescent process a time ¢
back from a sample taken at time = 0, with g, 6, and ¢ counting the three types of sample as
defined in Section 2. Recombination occurs at the usual rate of pc/2, where p = 2/\r.
Lineages ancestral to the three types are sometimes referred to as representing /eft half-
fragments, right half-fragments, and full fragments, respectively. Our strategy is to define a
coupling on a joint probability space for the pair of processes

(¢ :%;(ﬁ,)’c(t):t >0), .@(C’o):(@gﬁ(t)):t > 0)), where 2() is a simple process closely
related to #(°°) and defined below. #()() is said to be coupled to 2()(w) if the two
realizations have the same marginal coalescent tree at locus A and the same marginal
coalescent tree at locus B. Since it is the marginal trees which govern the mutation process at
each locus, coupled processes therefore have the same sampling distribution. (There should
be no ambiguity arising from the fact that our coupling is not on pairs of realizations but on
pairs of equivalence classes, where an equivalence class of #®) or of 2(>) s a set of

realizations with the same marginal tree at locus A and the same marginal tree at locus B.)

A complete description of a coalescent process is one taking values in partitions of [, as
introduced by Kingman (1982), with natural extensions to incorporate recombination. We
opt instead to represent #) only by its ancestral process; that is, as a birth-death process on
the number of each type of lineage. Such a process is studied in depth by Ethier and Griffiths
(1990) and Griffiths (1991). In what follows it is understood implicitly that for any given
realization of the ancestral process one could reconstruct a complete coalescent process—an
ARG—given some additional independent randomness. Provided the ancestral processes of
#(®) and 2(>) remain coupled, then it is also always possible to couple their respective
coalescent processes. For example, a decrease by one in the ancestral process corresponds to
a coalescence event in the coalescent process, which can be realized by merging two
uniformly chosen blocks in the partition of [#]. A coupling of two ancestral processes lets us
couple the corresponding coalescent processes if we always pick the same pair of blocks to
merge in the two processes. With this kept in mind, it is sufficient for the argument
developed below to consider the simpler ancestral process representation.
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Recall the two-locus ancestral process for the coalescent with recombination: Going
backwards in time, each pair of lineages coalesces independently at rate 1, and each lineage
ancestral at both loci recombines at rate p/2. When two lineages coalesce, they are replaced
with a single lineage, and this lineage is ancestral at a given locus if either of its two
progenitors were ancestral at this locus. Thus for example, with 4, b, and ¢ defined as above
the total rate of coalescence involving one left-half fragment and one right-half fragment is
ab, resulting in a transition of the form (g, b, ¢) = (a— 1, b— 1, ¢+ 1). The remaining
transitions are given in Table 2. We can now make the following concise definition.

Definition 4.1— The ancestral process¢* = ((ﬁéﬁ,{c(t) it > 0) js a continuous-time

Markov process onN* such that%[ff;%c(O): (a, b, ¢, c) a.s., and with infinitesimal generator

C

ff(a,b,c,c):%f(a—l—l,b—l—l,c— l,e—1)+ ( 9 )f(a,b,c—l,c—l)

C

C
+Ra,b,c,cgf(a7 ba C, C) - |:p_+ < ) ) +Ra,b7c7c:| f(aa ba c, C),

2 (22)
where
a b
R p,c.a=ab+ac+bd+ ( 9 ) + ( 9 ) )
Y f(a,b,c,d)= 5 [2abf(a—1,b—1,c+1,d+1) 4a(a+2c—1) f(a—1,b, c,d)+b(b+2d—1) f(a,b—1,c,d)],
a,b,c,d

and f: N* — R is an appropriate test function.

Regard the third and fourth entries in Fas the number of left- and right-halves of full
fragments; these entries are always equal. This representation is seemingly redundant, but it
will make the coupling with the corresponding process () (for which we allow ¢ # d)
transparent. We will define 2(>) via the following recipe. First, take #() and let p — oco.

Ordinarily, %”a(jfz(O) moves instantaneously to the state ¢ (ffc)b +c0(0+) and evolves thereafter

according to #fla+ ¢, b+ ¢, 0, 0). However, our second step is to make a notational change:
we reuse the third and fourth entries of by separately tracking the half-fragment lineages
that originated as full fragments: we write it as a process initiated at (g, 4, ¢, ¢) and evolving
according to the generator
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2 f(a,b, c,d)= ( ; ) fla,b,c—1,d)+ ( ‘; ) fla,be,d—1)

C

+Ra,b7c)dgf(aab> &) d) - |:< ) ) =+ < ;l ) +Ra,b,c,d:| f(a7b> &) d)
(23)

Third, we introduce an artificial recombination process which induces transitions of the form
(abcor(a+l b+l c-1, c-1)atrate pd2. This does not reflect any concrete
evolutionary dynamic but merely acts as a mathematical device to facilitate a coupling
between the two processes. (As a minor technical detail, we should like to allow the process
ultimately to reach a state of the form (a, 6, 0, 0). We therefore make a minor adjustment,
below, to this artificial process to allow for it to act even if one of cor dis 0.) We therefore
have the following definition.

Definition 4.2— The ancestral process () :(@(E?;Z(t) :t > 0) /s a continuous-time

Markov process onN* such z‘haz‘@f,i)c(o) =(a,b,¢c,c) as., and with infinitesimal generator

p max{c,d}

e,d) = L) f(a,b,e,d) +7——

[ f(a+1{e>0}, b+1{d>0}, c—1{c>0}, d—1{d>0}) —f(a, b, c,d)],

(24)

where f: N* — R is an appropriate test function.

Transitions of this process are also summarized in Table 2, and henceforth we will refer to
the numberings of each type of transition given in the table. It is important to keep in mind
that although p appears as a parameter in (24), the process %(°) acts as if the two loci are
independent. The process with rate depending on p is simply an artificial relabelling of
lineages. A key observation is that this artificial process does not affect the distribution of
the marginal coalescent trees, so #(>) and %(°°) have the same sampling distribution.

To summarize, we have defined two Markov processes on N4, #(P) and %(°°), which describe
two-locus ancestral processes going backwards in time and with respective generators % and
). Zis the generator of a standard process with recombination parameter p. 4> is the
generator of a standard process with recombination parameter co and with the additional
properties that left half-fragments are recorded in two categories (of multiplicity aand ¢),
right half-fragments are recorded in two categories (of multiplicity £and @), and there is an
artificial movement of pairs from the latter to the former as if they were still full fragments.
This somewhat contrived definition has an important advantage: it is a simple matter to
attempt to couple the two processes by matching each kind of event in the two generators

whenever possible. A recombination event in ‘él(ﬁ,),c(t) can be matched by an artificial
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recombination event in @éf’;g(t), a coalescence of type IV in W;ﬁ,%c(t) can be matched by a

coalescence of type IV in _@éﬁ(t), and so on.

The aforementioned description is a probabilistic coupling, which may or may not succeed
since not all events can be paired off in this way. Comparing (22) and (24), we see that a
coupling will fail if there is a type I transition in #®) or if there is a type 11 or type Il|
transition in 2(>), Define the failure times

78, = mf{t > 0:5%) ()=¢%).(t-) - (0,0,1,1)},
7C) = infft > 0.9 =2 (t-) - (0,0,1,1)},
70 = infft > 0.9 =2 (t-) - (0,0,0,1)},

and

TMRCA = inf {t Z 0%{1(5))70(3):@(5322:(5) Vs S t, Céj(p) (t) c {(1’ 17 0, 0), (0, 0’ 1’ 1)}} ,

a,b,c ab,c

the first time that both loci find a most recent common ancestor in the coupled processes

(with the convention inf & = co). If T%I,D‘CCA<min{Ta(’1b)70, be{c, Tf},)’c}, we say that the
coupling has been successful. \We are now in a position to verify the observation made in
Section 1: that we need consider whether or not a coupling has been successful only as far
back as the first time that no lineages ancestral to both loci survive. For if we reach this point
then, even further back in time, jointly ancestral lineages may arise again temporarily (with ¢
> 1), but the coupling can fail only in the unlikely [i.e. O(p~2)] event that ¢= 2. We

formalize this argument in the following lemma.

Lemma 4.1—/fc € {0, 1}, the coupling between %) and 9(>°) fails with probability
Op™2), asp — co.

C
Proof: The three events causing the coupling to fail occur at rates proportional to < 2 )

and thus require ¢ = 2. For the pair (‘to”(ffi,{l, @iof)l) we therefore first need to see a transition
oftheform (&, &, 1, 1) = (d -1, ¥/ - 1, 2, 2) for some &, ¥/, followed by one of the
transitions causing the coupling to fail. Reading off the rates from the generators, each of
these transitions occurs with probability O(p~1). The case ¢= 0 is similar, first needing a
transition of the form (4, #,0,0) — (& - 1, &/ — 1, 1, 1) whose probability is of O(1).

Lemma 4.2— The coupling between #®) and 9(>°) fails with the following probabilities:
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p(1)=1 ( ‘ ) 1o (%) as p— oo, k=1,2,3,
p p (25)

where I .= {T(k <TMECAY Moreover, P(KKV) 0 (k) = O(p™2) for ki # ko.

Proof: For k=1, by Lemma 4.1 it is enough to show that
O g _Lfe 1
(18], <0fl)=1 ( ‘ ) ro (L),

where

Uy, =inf {t> 0%

abc

(t) € {(,V,0,0):d, ¥/ € W}}

is the first time #(P) reaches ¢ = 0. We proceed by induction on ¢, Lemma 4.1 provides the
base cases ¢ € {0, 1}. First note that for any ¢> 1,

w0 (%),
" "y p (26)

since this event requires at least one transition that is not a recombination. Reading off the
relevant probabilities from (22), we have for ¢ 2:
&
L y_ ) )
<Ua,b7c)_ c 2 P(T +1,b+1,c— 1<Ua+1 b+1,c—1
%"_( 9 )"‘Ra,b,c,c

a,b,c

ab 1)
+ c (Ta 1,b—1,c+1
GFH( o )t Rapee

2 1
pe (€ P

<uV

1,b— 1c+1)

by the inductive hypothesis for the first term on the right and using (26) for the second term.
By considering

u® . inf {t > 0:25)(t) € {(a',1/,0,0):d, b € N}}, k=2, 3,

a,b,c
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the cases k= 2, 3 are similar. P(AXD 0 A42)) = O(p2) also follows from the fact that this
event requires at least two transitions which are not recombinations during the time that ¢>
0.

Should the coupling fail, we can say much about the sequence of events prior to U,Ekb)C
Intuitively, the probability that more than one transition other than recombinations occurs is

O(p~2). To make this precise we denote by yfﬁ?c(t) the jump chain up to time zof () if k=
1and of 2(>) if k=2, 3.

Lemma 4.3—Let S, - denote the set of jump chains comprising sequences which start
at(a b, ¢ c), end at the first entry of the form (d, /, 0, 0), &, b/ € N, and with all transitions
corresponding to recombination events, except for possibly one transition. Then

a,b,c\" a,b,c

1
PO € SunedI)=1-0(5) s pmoo. k=125,

Proof: The non-recombination event causing A% occurs at time Tfﬁzc. Inspection of the
generators (22) and (24) shows that any further transition other than a recombination occurs
with probability O(p~1) during the time that ¢> 0.

Recall that our purpose is to obtain the sampling distribution for #°). For successful
couplings, this is easy to obtain since it is the same as that of 2(>) and hence #(*); thus #()
| ADC has the same sampling distribution as 2(>) | (A2) U A3))C. Even if the coupling fails,
Lemmata 4.1 and 4.3, demonstrate that the behaviour of #() is still predictable enough to
recover its sampling distribution up to O(p~2). Roughly [up to O(p~2)], Lemma 4.3 says: if
there is an event that causes the coupling to fail then this is the on/y non-recombination

event in the failing process before U,Eﬁ,)’c; by Lemma 4.1, if it has not failed by Usf‘j,)’c then the

coupling will not fail after U&)’c.

The following theorem is proven in Jenkins and Song (2009); however, the following proof
gives a coherent, process-level explanation for the result.

Theorem 4.1—Expressing the sampling distribution for(%(ﬁic(t) it >0)asin(l), the
first two terms are given by (2) and (3).

Proof: Denote by g#(»)|41)(a, b, c) the sampling distribution of the process #) | A1). By
Lemmata 4.1 and 4.3, this sampling distribution is obtained up to O(p~1) by picking a pair of
full fragments at random to coalesce, with the remaining ¢ — 1 fragments all undergoing

recombination, and subsequently running the process as @gfg,l,b%,lyo(“':"" %a(f’c),lybﬂ,m).
Hence,
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AR L ()
Gp(o0) (@, b, c—ey; —|—O< )

qcp(p)u(l a, b C ZZ

21]1(

1
qA(a—Q—cA—ei)qB(b—l—cB—ej)—i—O (—) .
i=1j=1 ( P

2) 2)

(27)

(We can also ignore the possibility of mutation prior to U(E b)c since, by the same argument as
in Lemma 4.3, a mutation occurs during this phase with probability O(p™1).) Similarly,

Ci. C;.
k() N £Cy) |
q@(oc)u(z) (a,b, C)ZZ c Geg(0) (ate,—ei btey,0)+0 (;) ’ :Z c qA(a—l—cA—ei)qB(b—f—cB)—l—O (;) )
i=1 =1
($) ($)
(28)
c.;
L () A > 1
q)(w)um a,b,c)= Z dyp(o)(a+c, ,bt+c,—e;,0)+ < ) a—i—cA)q (b+c,—e;)+0 (—),
= 1<c> SO 2) g
(29)

and so, together with Lemma 4.2 and the observation that

C _
P([I(z) U 1(3)] )q C (a, b, c):qﬁ(m) (a, b, c) _P(I@))q@(oc)\l(z) (a, b, c) (1(3 )qu(oo)\l (3) (a, b, c)+0(p 2)’

2(2) 112 yur3))
we obtain

(a,b,c)=|1

q@<oo>‘<1<2>uf<3)>c

( )] qj(oo) a,b, c)
1/ ¢ 1 .
- < 2 )%(oo)z(z)( ,b,c) T < 9 ) (o011 (a,b, c):| +0 (;) ) )

The key decompoasition is then
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9(a; b, C)ZP(I(l)qc(n) i (a,b, c)—HP’(I(l)C)q (a,b,c)

a,b, c)—i—]P(I(l)c)q

clp)r(1)c

=p(1V (a,b,c)

)qc(p)u(l) ( 2(00) | (1(2) ur3)©

( b ) ( » ) ( ) ) )
q ) q
ola b (& a b c C (3 1)

using (25), (27), (28), (29), and (30), with gy, g1 given by (2) and (3), respectively.

Remark 4.1—/t may be possible to use similar arguments to obtain a genealogical
Interpretation of the second-order term, g, in (1); for example, genealogies with two events
that cause the coupling to fail would surely contribute. However, as is clear from the
expression for g given inJenkins and Song (2009, 2010), this is not a simple endeavour and
it is seems difficult to interpret some of the components of ¢.

4.2. A new “loose-linkage” coalescent process

Equation (31) tells us that, up to O(p~2), we can obtain the correct sampling distribution
using the mixture

C

2 k)

provided a < 1. The coupling used to prove Theorem 4.1 demonstrates that we can define a
simple stochastic process for weakly correlated loci, ¢(), as follows, whose sampling
distribution agrees with (2) and (3) up to O(p~2).

a[ €O 41 — a)[ 2 (1 U I®)

1
, Qa=—
p

Algorithm to simulate &), the loose-linkage coalescent.

1 With probability a, choose a pair uniformly at random from the ¢ full fragments to coalesce, and then
choose uniformly from the chains in (Vay,,yccompatible with A1, Such chains are some permutation of
a sequence corresponding to this sole coalescence and ¢ - 1 recombinations. Inter-event times up to
1)
a,b,c can be sampled according to the rates specified in (22). Go to step 3.

2 2 3
Otherwise (w.p. 1 — a), sample from 2 | (/2 U /3)C up to time Ué,b),c(:Ué,b),c), which can be
achieved by running 2(=) as usual according to (24) but banning transitions of the form (a, 4, ¢, @)
(a b c-1,dand(a b ¢ d— (a b, c d-1). (The rates of these transitions still contribute to the
overall rate governing inter-event times, however.) Go to step 3.

3

(k)
Beyond time Ua,b,c (k= 1in the first case above and & = 2 in the second), construct the remainder of

/(o0 (%) y. (k)
the process independently using ((5( )(t - Ua,b}c)'t > Ua,b,c) (with the appropriate starting
configuration) back to the first time both loci have found a most recent common ancestor.

An example is shown in Figure 1. Simulation and inference under &) should be
straightforward, since its dynamics are little more complicated than those of a coalescent
process with p = co. Unlike our diffusion process of Section 3, it does not seem easy to write
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down its sampling distribution to all orders in closed-form, since that of 2() | (£2) U f3))C
is not so obvious.

5. Discussion

We have described two novel stochastic models of evolution for loosely linked, or weakly
correlated, loci, using both diffusion- and coalescent-based arguments. As a consequence we
have obtained deep insight into the simple form of the asymptotic sampling formula given
by (2) and (3). Our diffusion model is based on a central limit theorem for density dependent
population processes, which may be viewed as a separation of the timescales AP and A/ (in
generations), for 0 < < 1, and pioneered in population genetics by Norman (1975a). This
contrasts with most research in this area, which focuses on separating the timescales A = 1
and AV. Indeed, both diffusion (Ethier and Nagylaki, 1980, 1988) and coalescent (Méhle,
1998; Wakeley, 2008) limits of this latter regime have been studied in detail. It is also the
setting of the “loose linkage” limit of Ethier and Nagylaki (1989). Our usage of “loose
linkage” therefore refers to a scaling intermediate between the usual Wright-Fisher diffusion
and that of Ethier and Nagylaki (1989). That the pioneering approach of Norman (1975a) to
investigate recombination does not seem to have been considered until now supports the
observation that his work is “somewhat neglected” (Wakeley, 2005). It would also be of
interest to find a coalescent-based analogue of these results along the lines of Mdéhle (1998),
or even a duality relationship in the manner of Etheridge and Griffiths (2009).

For simplicity we have focused on a two-locus, finite-alleles, neutral model. Most of this
article does not hinge heavily on these assumptions, and it should be relatively
straightforward to extend our results to incorporate things like natural selection and more
sophisticated models of mutation.

Acknowledgments

We gratefully acknowledge the support of the Isaac Newton Institute. Part of this work stemmed from discussions
P.F. and Y.S.S. had during the 2010 program on “Statistical Challenges Arising from Genome Resequencing.” We
also thank the generous support of the Simons Institute for the Theory of Computing. This work was completed
while P.AJ. and Y.S.S. were participating in the 2014 program on “Evolutionary Biology and the Theory of
Computing.”

References

Baake E, Herms |. Single-crossover dynamics: finite versus infinite populations. Bulletin of
Mathematical Biology. 2008; 70:603-624. [PubMed: 17957409]

Bhaskar A, Kamm JA, Song YS. Approximate sampling formulae for general finite-alleles models of
mutation. Advances in Applied Probability. 2012; 44:408-428. [PubMed: 24634516]

Bhaskar A, Song YS. Closed-form asymptotic sampling distributions under the coalescent with
recombination for an arbitrary number of loci. Advances in Applied Probability. 2012; 44:391-407.
[PubMed: 22859863]

Birkner M, Blath J, Eldon B. An ancestral recombination graph for diploid populations with skewed
offspring distribution. Genetics. 2013; 193:255-290. [PubMed: 23150600]

Boitard S, Loisel P. Probability distribution of haplotype frequencies under the two-locus Wright-
Fisher model by diffusion approximation. Theoretical Population Biology. 2007; 71:380-391.
[PubMed: 17316725]

Electron J Probab. Author manuscript; available in PMC 2016 July 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Jenkins et al.

Page 29

Chan AH, Jenkins PA, Song Y'S. Genome-wide fine-scale recombination rate variation in Drosophila
melanogaster. PLoS Genetics. 2012; 8:e1003090. [PubMed: 23284288]

Etheridge AM, Griffiths RC. A coalescent dual process in a Moran model with genic selection.
Theoretical Population Biology. 2009; 75:320-330. [PubMed: 19341750]

Ethier SN. A limit theorem for two-locus diffusion models in population genetics. Journal of Applied
Probability. 1979; 16:402-408.

Ethier SN, Griffiths RC. On the two-locus sampling distribution. Journal of Mathematical Biology.
1990; 29:131-159.

Ethier, SN.; Kurtz, TG. Markov processes: characterization and convergence. New York: Wiley; 1986.

Ethier SN, Nagylaki T. Diffusion approximations of Markov chains with two time scales and
applications to population genetics. Advances in Applied Probability. 1980; 12:14-49.

Ethier SN, Nagylaki T. Diffusion approximations of Markov chains with two time scales and
applications to population genetics, 1l. Advances in Applied Probability. 1988; 20:525-545.

Ethier SN, Nagylaki T. Diffusion approximations of the two-locus Wright-Fisher model. Journal of
Mathematical Biology. 1989; 27:17-28. [PubMed: 2708916]

Ewens WJ. The sampling theory of selectively neutral alleles. Theoretical Population Biology. 1972;
3:87-112. [PubMed: 4667078]

Ewens, WJ. Mathematical Population Genetics. 2nd. New York: Springer-Verlag; 2004.

Fearnhead P, Donnelly P. Estimating recombination rates from population genetic data. Genetics. 2001;
159:1299-1318. [PubMed: 11729171]

Feder AF, Kryazhimskiy S, Plotkin JB. Identifying signatures of selection in genetic time series.
Genetics. 2014; 196:509-522. [PubMed: 24318534]

Feller, W. Diffusion processes in genetics. Proceedings of the Second Berkeley Symposium on
Mathematical Statistics and Probability; University of California Press; Berkeley, Calif. 1951. p.
227-246.

Golding GB. The sampling distribution of linkage disequilibrium. Genetics. 1984; 108:257-274.
[PubMed: 6479585]

Griffiths, RC. The two-locus ancestral graph. In: Basawa, 1V.; Taylor, RL., editors. Selected
proceedings of the Sheffield symposium on applied probability: 18. IMS Lecture Notes—
Monograph series. Vol. 18. 1991. p. 100-117.

Griffiths RC, Jenkins PA, Song YS. Importance sampling and the two-locus model with subdivided
population structure. Advances in Applied Probability. 2008; 40:473-500. [PubMed: 19936262]

Griffiths RC, Marjoram P. Ancestral inference from samples of DNA sequences with recombination.
Journal of Computational Biology. 1996; 3:479-502. [PubMed: 9018600]

Jenkins PA, Griffiths RC. Inference from samples of DNA sequences using a two-locus model. Journal
of Computational Biology. 2011; 18:109-127. [PubMed: 21210733]

Jenkins PA, Song YS. Closed-form two-locus sampling distributions: accuracy and universality.
Genetics. 2009; 183:1087-1103. [PubMed: 19737744]

Jenkins PA, Song YS. An asymptotic sampling formula for the coalescent with recombination. Annals
of Applied Probability. 2010; 20:1005-1028. [PubMed: 20671802]

Jenkins PA, Song YS. The effect of recurrent mutation on the frequency spectrum of a segregating site
and the age of an allele. Theoretical Population Biology. 2011; 80:158-173. [PubMed: 21550359]

Jenkins PA, Song YS. Padé approximants and exact two-locus sampling distributions. Annals of
Applied Probability. 2012; 22:576-607. [PubMed: 23788830]

Kang HW, Kurtz TG, Popovic L. Central limit theorems and diffusion approximations for multiscale
Markov chain models. Annals of Applied Probability. 2014; 24:721-759.

Kaplan N, Darden T, Hudson RR. The coalescent process in models with selection. Genetics. 1988;
120:819-829. [PubMed: 3066685]

Kingman JFC. The coalescent. Stochastic Processes and their Applications. 1982; 13:235-248.

Kuhner MK, Yamato J, Felsenstein J. Maximum likelihood estimation of recombination rates from
population data. Genetics. 2000; 156:1393-1401. [PubMed: 11063710]

Kurtz TG. Limit theorems for sequences of jump Markov processes approximating ordinary
differential processes. Journal of Applied Probability. 1971; 8:344-356.

Electron J Probab. Author manuscript; available in PMC 2016 July 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Jenkins et al.

Page 30

Michalowicz JV, Nichols JM, Bucholtz F, Olson CC. A general Isserlis theorem for mixed-Gaussian
random variables. Statistics and Probability Letters. 2011; 81:1233-1240.

Miura C. On an approximate formula for the distribution of 2-locus 2-allele model with mutual
mutations. Genes and Genetic Systems. 2011; 86:207-214. [PubMed: 21952210]

Maohle M. A convergence theorem for Markov chains arising in population genetics and the coalescent
with selfing. Advances in Applied Probability. 1998; 30:493-512.

Nagylaki, T. The Gaussian approximation for random genetic drift. In: Karlin, S.; Nevo, E., editors.
Evolutionary processes and theory. New York: Academic Press; 1986. p. 629-642.

Nagylaki T. Models and approximations for random genetic drift. Theoretical Population Biology.
1990; 37:192-212.

Nielsen R. Estimation of population parameters and recombination rates from single nucleotide
polymorphisms. Genetics. 2000; 154:931-942. [PubMed: 10655242]

Norman, MF. Markov processes and learning models. Mathematics in science and engineering. Vol.
84. New York: Academic Press; 1972.

Norman MF. Approximation of stochastic processes by Gaussian diffusions, and applications to
Wright-Fisher genetic models. SIAM Journal on Applied Mathematics. 1975a; 29:225-242.

Norman MF. Limit theorems for stationary distributions. Advances in Applied Probability. 1975b;
7:561-575.

Ohta T, Kimura M. Linkage disequilibrium due to random genetic drift. Genetical Research. 1969a;
13:47-55.

Ohta T, Kimura M. Linkage disequilibrium at steady state determined by random genetic drift and
recurrent mutations. Genetics. 1969b; 63:229-238. [PubMed: 5365295]

Rasmussen MD, Hubisz MJ, Gronau I, Siepel A. Genome-wide inference of ancestral recombination
graphs. PLOS Genetics. 2014; 10:e1004342. [PubMed: 24831947]

Wakeley J. The limits of theoretical population genetics. Genetics. 2005; 169:1-7. [PubMed:
15677744]

Wakeley, J. Coalescent theory: an introduction. Greenwood Village, Colorado: Roberts & Company
Publishers; 2008.

Wakeley J, Sargsyan O. The conditional ancestral selection graph with strong balancing selection.
Theoretical Population Biology. 2009; 75:355-364. [PubMed: 19371754]

Wang Y, Rannala B. Bayesian inference of fine-scale recombination rates using population genomic
data. Philosophical Transactions of the Royal Society B. 2008; 363:3921-3930.

Wright, S. Adaptation and selection. In: Jepson, GL.; Mayr, E.; Simpson, GG., editors. Genetics,
Paleontology and Evolution. Princeton: Princeton University Press; 1949. p. 365-389.

Electron J Probab. Author manuscript; available in PMC 2016 July 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnue Joyiny

Jenkins et al.

(1)
Uo,o,x

1

Page 31
£6)
U(g?g,zr-——— 1 I B A ______g_:
_| ......... —® 1(2)_> _/_ _|_ L
T ] e -

Fig 1.

Sampling from the loose-linkage coalescent, ¢(), from an initial configuration (0, 0, 4).

Steps of the algorithm in the main text are denoted by circled numbers. Left. Commence
from step 1 (probability ). Step 1 samples from an approximation to () | 11) which is

correct to O(p~2), back as far as time UéBA. The jump chain sampled here is

T (U )=((0,0,4,4),(1,1,3,3), (1,1,2,2), (2,2, 1,1), (3, 3,0,0)). Thereafter (step 3)
the sample is constructed from ‘Kg(zf%(t — Ué,l(J),4)- Right. Commence from step 2 (probability
1 - «). Step 2 samples from @éf’&(tﬂ(lm U I(;‘))C; a transition which would cause 1 is

banned. Thereafter (step 3) the sample is constructed from ‘5&%(7& — US?&‘I).

Electron J Probab. Author manuscript; available in PMC 2016 July 01.



Page 32

Jenkins et al.

1e o1ydiowip 0z 8z1s Jo sajdures | JoJ ‘(1Xa1 Urew ay) ul paulsep se

Author Manuscript

onay

()

uerssnen)

()
T9|gelL

10

Author Manuscript

00T 00T €80 00T 660  ¥9°0 ueissneo
00T 00T 00T 00T 00T 00T 8L 9
00T 00T €80 00T 660 90 ueissnes
00T 00T 00T 00T 00T 00T ML ¥
00T 00T S80 00T 660  ¥9°0 ueissnes
00T 00T 00T 00T 00T S60 oML ¢
00T 660 060 00T 660  ¥L0 ueissneo
00T 660 060 00T 660 ¥L0 el T
00T G660 50 00T 2L0 090 ueissnes
00T G660  ¥S0 00T 2L0 050 el 0
(oome (e (Ma (come (D (e wnsjo Y

adAL

00z =9 00T =d

00T 6,0 050 660 TL0 670 ueissnes
00T 00T 660 00T 660 680 8L 9
00T 080 050 00T 2,0 TS0  ueissnen
00T 00T  S60 00T 660 €80 L ¥
00T 980 050 160 €0 050 ueissnes
00T 860 1.0 160 60 650 8L ¢
660 v80 650 960 G0 TS0 ueissneo
660 v80 650 960 G0  T1§0 8L T
00T €90 670 00T 830 60 ueissnen
00T €90 6Y0 00T 860 6E0 ML 0
(oome (e ((Ma (ome (D (e wnsjo Y

adAL

05=d Gg=d
"190] y1oq

2 JBUMD SBI0UBP (1) 3IBYM) (%X > (v)3)d = (X)® UonNGLISIP SAIRINWND

Author Manuscript

Author Manuscript

Electron J Probab. Author manuscript; available in PMC 2016 July 01.



1duosnuey Joyiny 1duosnuen Joyiny 1duosnuey Joyiny

1duosnuep Joyiny

Jenkins et al.

Transition rates of events in the two ancestral processes #() and %(>),

Table 2

Transition Rate
Type (a,b,c d (A0 Yleo)
| (abc-1,d-1) dc- 1)/2* 0
1l (abc-1,0 0 ac-1)2
m (@b ¢ d-1) 0 Ad-1)2
\Y (@a-1bc¢a aa+2c-1)2 aa+2c-1)2
\Y (ab-10¢20a bb+2d-1)2 NKb+2d-1)2
VI (@a=-1,b-1,c+1,d+1) ab ab
VIl (a+le> 0}, b+1d>0}),
c-le> 0}, o-1a>0}) pd2” pmax{c, a}/2

*
Defined only when ¢= d.
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