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ABSTRACT OF THE DISSERTATION

Learning under Imperfections by Networked
Agents

by

Xiaochuan Zhao
Doctor of Philosophy in Electrical Engineering

University of California, Los Angeles, 2014
Professor Ali H. Sayed, Chair

Distributed learning deals with the problem of optimizing aggregate cost func-
tions by networked agents from streaming data. This scenario arises in many
contexts including distributed estimation, machine learning, resource allocation,
and in the modeling of flocking and swarming behavior by biological networks.
Among several available solutions such as consensus and incremental strategies,
the class of diffusion strategies has proven to be particularly attractive because
these techniques are scalable, robust, fully-distributed, and endow networks with

real-time adaptation and learning abilities.

One key challenge in real applications is that networked agents generally face
many types of asynchronous imperfections, such as random link failures, random
data arrival times, noisy links, random topology changes, agents turning on and
off randomly, and even drifting objectives. This dissertation provides a detailed
analysis of the stability and performance of asynchronous diffusion strategies for
solving distributed optimization and adaptation problems over networks in the
presence of such imperfections. Conditions are developed to ensure the stability

of the mean-square and mean-fourth-order moments of the network error vectors;

i



closed-form expressions are derived to reveal how the network parameters influ-
ence the learning behavior; and the performance of the asynchronous networks is
then compared against centralized solutions and synchronous networks. One no-
table conclusion is that the mean-square performance of asynchronous networks
degrades only in the order of u, which is a small step-size parameter, while the
convergence rate remains largely unaltered. A second notable conclusion is that
even under the influence of asynchronous events, all agents in the adaptive net-
work can still reach an O(u'"™) near-agreement with some constant v > 0, while
approaching the desired solution within O(u) accuracy. These theoretical results
provide a solid justification for the remarkable resilience of cooperative networks
in the face of random imperfections at multiple levels: agents, links, data arrivals,

and topology.

The dissertation also examines a second challenging form of uncertainty aris-
ing from agents in a network pursuing different objectives or observing data aris-
ing from different unknown models. In these cases, indiscriminate cooperation
will lead to undesired results. A useful adaptive clustering and learning strategy
is developed in order to allow agents to learn which neighbors should be trusted
and which other neighbors should be ignored. The resulting procedure enables

agents to identify their grouping and to attain improved learning performance.

1ii



The dissertation of Xiaochuan Zhao is approved.

Mario Gerla

Lara Dolecek

Gregory Pottie

Ali H. Sayed, Committee Chair

University of California, Los Angeles

2014

v



To my parents and my dear wife.



TABLE OF CONTENTS

1 Introduction . . . . . . . . . . s

1.1

1.2

1.3

1.4

1.5

1.6

Distributed Optimization Over Networks . . . . . . . . . ... ..
Asynchronous Distributed Learning over Networks . . . . . . . ..
1.2.1  Asynchronous Centralized or Batch Learning . . . . . . . .
1.2.2  Questions to be Addressed in This Dissertation . . . . . .
Imperfect Information Exchange and Drifting Model . . . . . . . .
Clustered Networks with Multiple Objectives . . . . . . . . .. ..
Organization . . . . . . . . .. ...

Notation . . . . . . . . .

2 Stability Analysis of Asynchronous Networks . . . . . . ... ..

2.1

2.2

2.3

Preliminaries . . . . . . . . .. ...
2.1.1 Equivalent Representations . . . . . ... ... . ... ..
2.1.2 Hessian Matrices . . . . . . . .. .. ... L.
Asynchronous Diffusion Networks . . . . .. ... ... ... ...
2.2.1 Synchronous Diffusion Networks . . . . . . . ... ... ..
2.2.2  Asynchronous Diffusion Networks . . . . . . ... ... ..
2.2.3 Properties of the Asynchronous Model . . . . . ... ...
2.2.4  Two Useful Network Models . . . . . . ... ... ... ..
Mean-Square Stability . . . . . ... ... oL

2.3.1 Condition for Mean-Square Stability . . . . ... ... ..

vi




2.3.2  Stability Conditions for Bernoulli and Beta Models

2.3.3 Condition for Fourth-Order Stability . . . . ... ... ..
24 Conclusion . . . . . . .. L
2.A  Equivalent Complex-Domain Representations . . . .. ... ...
2.B Proof of LemmalZ4l. . . . . . . ... ... ...
2.C Derivation of Error Recursion (273a)-273D) . .. ... ... ..
2.D Proof of Theorem 2T . . . . . . . ... ... ... ... ......

2.E Proof of Theorem 2.2 . . . . . . . . . . . . . . ... ...

Mean-Square-Error Performance of Asynchronous Networks .
3.1 Network Error Dynamics . . . . . . . .. ... ... ... .....
3.1.1 Long Term Error Dynamics . . . ... ... .. .. ... ..
3.1.2 Mean Error Recursion . . . . ... ... ... .. .....
3.1.3 Error Covariance Recursion . . . . .. .. ... ... ...
3.2 Steady-State Performance . . . . .. ... ... ... .. ...
3.3 Low-Rank Factorization . . .. ... ... ... ... . ......
3.3.1 Perron Eigenvectors . . . . . . . .. .. ... ... ...
3.3.2 Low-Rank Approximation . . .. ... ... .. ... ...
3.3.3 Steady-State MSD . . . ... ...
3.4 Conclusion . . . . .. ..
3.A Proof of Lemmal3Il. . . . ... ... ... ...
3.B Proof of TheoremB.1l . . . . . . ... ... ... ... ... ....

3.C Block Operations . . . . . . ... .. .. ... ... ... ...

vil




3.D Proof of TheoremB2 . . . . .. ... ... ... ....
3.E Proof of LemmaBBg. . . . ... ... ... ... ....
3.F Proof of LemmaBB2. . .. ... ... ... ... ....
3.G Proof of LemmalB.3. . . .. ... ... 0.
3.H Proof of LemmalB4l. . . . ... ... ... ... ....
31 Proofof LemmalBH. . . . ... ... ... ... ....
3.J Proof of Theorem B4 . . . ... ... ... ... ....
3.K Proof of LemmalB7. . . . ... ... ... ... ....

3.L Proof of CorollaryB3.2. . . . ... .. ... ... ... ..

tations . . . . .. L

4.1 Centralized Batch Solution . . . . . . .. ... ... ..
4.1.1 Centralized Solution in Two Forms . . . . . ..
4.1.2  Gradient Noise and Asynchronous Models . . .

4.2 Performance of the Centralized Solution . . .. . . ..
4.2.1 Mean-Square and Mean-Fourth-Order Stability
4.2.2 Long Term Error Dynamics . . . ... ... ..
4.2.3 Mean Error Recursion . . . ... ... ... ..
4.2.4  Error Covariance Recursion . . . .. ... ...
4.2.5 Steady-State MSD . . . . ... ..o
4.2.6  Results for the Synchronous Centralized Solution

4.3 Comparison I: Distributed vs. Centralized Strategies .

viil

4 Comparison with Synchronous Networks and Batch Implemen-

10

10:

105

107

110

11

120

123

126

127

1217

129

13

13

13

136

136

138

139

140




4.4

4.5

4.6

4.A

4.B

4.C

4.D

Imperfect Information Exchange and Drifting Objectives

5.1

5.2

5.3

5.4

4.3.1 Adjusting Relevant Parameters . . . . . .. ... ... ..
4.3.2 Constructing Primitive Batch Solutions . . . . . . . .. ..
4.3.3 Comparing Performance . . . .. . ... ... .. .. ...
Comparison II: Asynchronous vs. Synchronous Networks . . . . .
A Case Study: MSE Estimation . . . . .. ... ... ... ....
4.5.1 Problem Formulation and Modeling . . . . . . .. .. ...
4.5.2  Distributed Diffusion Solutions . . . . . .. ... ... ..
4.5.3 Centralized Solution . . . . . .. .. ... ... ... ...
4.5.4 Simulation Results . . . . . ... ... ... ..
Conclusion . . . . . . . ...
Proof of Lemma[4.2. . . . . . . . . ... oo
Proof of Theorem [0 . . . . . . . . . .. .. ... ... ... ...
Proof of Lemma 3. . . . . . . .. ... oo

Proof of Lemma L4l . . . . . . . . . . ... ...

Diffusion Algorithms with Imperfect Information Exchange . . . .
5.1.1 Diffusion Adaptation with Perfect Information Exchange .
5.1.2  Noisy Information Exchange . . . . . . ... .. ... ...
Convergence in the Mean with a Bias . . . . . . . ... ... ...
Mean-Square Convergence Analysis . . . . . . .. ... ... ...
Steady-State Performance Analysis . . . . . ... ... ... ...

5.4.1 Steady-State Variance Relation . . . . .. ... ... ...

1X

14

14

147

148

15

153

15

155

156

15

159

16:

166

167

LT

17

176

17

183

186

188

18




5.4.2 Network MSD and EMSE . . . . ... ... .. ... ...
5.4.3 Simplifications when Regression Data are not Shared

5.4.4 Dependence of Performance on Combination Weights and

Link Noise . . . . . . . .. .. o

5.5  Optimizing the Combination Matrices . . . . . . . . . . ... ...
5.5.1 An Upper Bound for MSD . . . . ... ... .. ... ...
5.5.2  Minimizing the Upper Bound . . . . . ... ... ... ..
5.5.3 Adaptive Combination Rule . . . . . . ... .. ... ...

5.6 Mean-Square Tracking Behavior . . . . . ... ... .. ... ...
5.6.1 Convergence Conditions . . . . ... ... ... ......
5.6.2 Steady-State Performance . . . . .. ... ... ... ...

5.7 Simulation Results . . . . ... .. ... o000
5.7.1 Imperfect Information Exchange . . . . . . ... ... ...
5.7.2 Non-stationary Scenario . . . . .. .. ... ... ... ..

5.8 Conclusions . . . . .. . ...
5.A Stability of A (Inays — MR)A] . . ...

5B Proof of expression (B.75) . . . . .. ...

Distributed Clustering and Learning Over Networks . . . . ..
6.1 Models and Assumptions . . . . . . . .. ...
6.2 Proposed Algorithm and Main Results . . . . ... .. ... ...
6.3 Mean-Square-Error Analysis . . . . . .. ... ... L.

6.3.1 Network Error Recursion . . . . . . . . .. ... ... ...

19

19

195

196

197

19

199

200

20

20

20

205

201

209

21:

215

216

220)

225

220




6.4

6.5

6.6

6.A
6.B
6.C
6.D
6.E

6.F

6.3.2 Mean-Square and Mean-Fourth-Order Error Stability . . .
6.3.3 Long-Term Model . . . . . . . .. ... ... ... .....
6.3.4 Low-Dimensional Model . . . . . . ... ... ... ....
6.3.5 Steady-State MSE Performance . . . . ... ... .. ...
Error Probability Analysis for Clustering . . . . . .. .. ... ..
6.4.1 Asymptotic Joint Distribution of Estimation Errors . . . .
6.4.2 Statistical Decision on Clustering . . . . . .. .. ... ..
6.4.3 Error Probabilities . . . . . .. ... ... ...
6.4.4 Dynamics of Diffusion with Adaptive Clustering . . . . . .
Simulation Results . . . . ... ... ... oL
Conclusions . . . . . . . . .
Proof of Lemmal62]. . . . . . . ... ... ... L.
Proof of Lemmal6.d3. . . . . . . .. ...
Proof of Theorem G2 . . . . . . . . . ... ... ... ... ... .
Proof of Lemmal6.5. . . . . . . .. ...

Proof of Lemmal6.6l. . . . . . . . . . . ... ...

Proof of (6I37) . . . . . . . . . . .

Relating Consensus and Diffusion Strategies to Penalty Methods|

7.1

7.2

7.3

7.4

Introduction and Problem Formulation . . . . . . .. .. ... ..
Regularization for Distributed Processing . . . . . . . . ... ...
Distributed Gradient Descent Iteration . . . . . . . . . ... ...

Concluding Remarks . . . . .. .. ... ... ... ... ... ..

x1

229

230

23

235

239

239

24

246

250

25

258

25

260

26

26

266

268

269

270

27

278

28




7.A Proof of Lemmall3l. . . . . . . . . . . ..

References

xii

28

287




1.1

1.2

1.3

1.4

1.5

2.1

L1sT OoF FIGURES

An illustration of a connected network with individual costs asso-

ciated with the various agents. . . . . . . .. ... ... ... ...

An illustration of the statistical dependency for the asynchronous

diffusion strategy (L7Ta)-(L7B) . . . ... ... .. .. ... ...
[lustration of results (L.I4]) and (I.19): the solutions by the agents

do not only get O(v) close to the target w® but they also cluster

next to each other within O(v'*7%) for some v/, >0. . . . .. ...

Several additive noise sources perturb the exchange of information

fromnode £ tonode k. . . . . . . . . B

A network with NV = 20 nodes and Q = 2 clusters. Cluster C; con-
sists of 10 agents in blue. Cluster C, consists of another 10 agents
in red. Agent k£ belongs to Cluster C;, and its neighborhood is
denoted by Ny = {k,1,2,3,4,5} with N;" = {k,3,4}. With per-
fect cluster information, the underlying topology splits into two
sub-networks, one for each cluster. With partial cluster informa-
tion, cluster C; breaks down into five groups: two singleton groups
G, and G5, and three non-trivial groups G, Gs, and G,. Through
adaptive learning and clustering, the five groups in (b) will end up
merging into one largest group corresponding to the entire cluster

i (C). ..

The first two rows show two equally probable realizations with the

respective neighborhoods. The last row shows the resulting mean

xiil



2.2

2.3

3.1

3.2

3.3

The PDFs of the Beta distribution B(z;&,() for different values

The PDFs of the Beta distribution B(x; &, (k) for ¢, = 1.5& and
Ee=2,4,6.

Comparing two vectorization operations: vec(:) versus bvec(-).
The operation vec(-) destroys the locality of the blocks in the orig-

inal matrix argument while the operation bvec(-) preserves it.

Comparing two Kronecker product operations: ® versus ®;. The
operation ® destroys the locality of the blocks from matrix B
while the operation ®; preserves the locality of the blocks from

both matrices A and B. . . . . . . . . ...

An illustration of the digraph associated with E (A; ® A;|lw;_1) =
A®A+Cy, where A; has two equally probable realizations A;(w;)
and A;(wy). It can be observed that neither of the digraphs asso-
ciated with A;(w;) ® A;(w;), j = 1,2, is strongly-connected due
to the existence of the source and sink nodes, where information
can only flow in one direction through the network. However, the
digraph associated with E (A; ® A;|w,;_1), which is the union of
the first two digraphs, is strongly-connected, where information

can flow in any direction through the network. . . . . . . . . . ..

Xiv



3.4

4.1

4.2

4.3

5.1

5.2

5.3

5.4

9.5

5.6

An illustration of the locations of the eigenvalues of F. The eigen-
values of J' are all in the left big circle, so the eigenvalues of F
satisfying (B.230]) are also in the left big circle. The eigenvalues of
F are all in the right big circle, so the eigenvalues of F satisfying
(B:235) are also in the right big circle. Specifically, the eigenvalues
of F'with \(F) < p(F") are all on the red segment on the horizontal
line, so the eigenvalues of F that satisfy (3.235]) are all in the small
blue circle on the left; the eigenvalues of F' with A\(F) = p(F') are
on the red dot on the horizontal line, so the eigenvalues of F that

satisfy (B.23%]) are all in the small green circle on the right. . . . .

A topology with 100 nodes. . . . . . . . ... ... ... .....
Values of {07} and {02, }. . . ... ... .. ...

MSD learning curves for the asynchronous and synchronous modes

of operation. . . . . . . ...

A network topology with N =20 nodes. . . ... ... ... ...
The variance profiles for regression data and measurement noises.

The variance profiles for various sources of link noises, including

L0 o Ot Tohr Tl o o o o e
Simulated network MSD and EMSE curves and theoretical results
(5.99) and (5.96) for diffusion algorithms with various combination

rules under noisy information exchange. . . . . . . . . . ... ...
An adaptive network tracking a parameter vector w® € C2. . . . .

The noise variance profiles for two cases. . . . . . . ... .. ...

XV

119

157

157

158

203

205

2006

208

209




6.1

6.2

6.3

6.4

6.5

The pdf of &7, defined in (GI57) and ([BIS8) with M = 10,
lds |2 =1, 02, =1, ftmax = 0.01,0.03,0.05. . . . ... ... ...

The underlying topology of the entire network where agents from
different clusters are connected. As the learning process progresses,
the disjoint groups in each cluster merge into a bigger group to
enable collaborative learning among more agents. In steady-state,

only in-cluster links remain active. . . . . . . .. ... ... ...

The steady-state cluster average MSDs for the first recursion (6.20al)—
(6.:20D) and the second recursion (6.3Ta)-(6.31D). . . ... .. ..

The initial topology with N = 50 nodes and ) = 5 clusters. In
steady-state, the five clusters are successfully separated from each

other while each cluster remains connected. . . . . . . . . . . . ..

The MSD learning curves for the proposed distributed clustering

and learning algorithm. . . . . . . . ... ... 0L

Xvi

250

259

250

251




LisT OoF TABLES

1.1 Comparison of synchronous vs. asynchronous and distributed vs.

centralized solutions . . . . . . . . . ...

Xvil



ACKNOWLEDGMENTS

First and foremost I want to thank my advisor, Professor Ali H. Sayed, who
has supported and guided me through my PhD studies in the past five years. His
curiosity, hard-working attitude, high standards in research, and rich experience
are much more than what I had expected from an advisor. He always advised
us to keep curiosity alive and never stop exploiting interesting questions and
research topics. I remember the many days and nights we exchanged emails and
phone calls to discuss technical questions in my work. I have been very impressed
and inspired by his persistent pursuit of high-quality articles — I feel that he put
much more effort himself on revising and perfecting our articles than we did. I
feel truly thankful for being able to work with him during my PhD study. I

believe what I learned from him will help me march forward with confidence.

I would also like to thank my colleagues and friends in the Adaptive Sys-
tems Laboratory (ASL): Zaid Towfic, Jianshu Chen, Sheng-Yuan Tu, Shang-Kee
Ting, and Chung-Kai Yu. We spent so much time together discussing interesting
problems on the white board — which, in my opinion, is the most productive
way to conduct research. We helped each other and learned from each other.
[ am also grateful for having the opportunity to make friends from around the
world and meeting many visitors to the lab: Paolo Di Lorenzo from Italy, Alexan-
der Bertrand from Belgium, Victor Lora from France, Jae-Woo Lee from Korea,
Oyvind L. Rortveit from Norway, Ricardo Merched and Cassio G. Lopes from
Brazil, Reza Abdolee and Milad A. Toutounchian from Canada, Mohammad-
Reza from Sweden, and Sergio Valcarcel Macua and Jesus F. Bes from Spain. I

really enjoyed the discussions with all of them.

xviil



Lastly and most importantly, I would like to thank my family for all their love
and support. I am thankful for having my dear wife, Yan Fang. She brought so
much joy into my life, and gave me the most support when I struggled. Recently,
she has given birth to our son — how amazing my life can be! I must thank my
beloved parents. I owe them too much in these years for not having enough time
to spend with them. Without their deep love and endless support, I would have

never had the opportunity to pursue my dream. I love them with all my heart.

The work in this dissertation is based upon work supported by the National
Science Foundation under grants CCF-0942936 and CCF-1011918. Any opinions,
findings, and conclusions or recommendations expressed in this material are those
of the author and do not necessarily reflect the views of the National Science

Foundation.

Xix



2002-2006

2006-2009

2008-2009

2009-present

2012

ViTAa

B.S. in Communication Engineering, Beijing University of Posts

and Telecommunications (BUPT), China.

M.S. in Communication and Information Systems, BUPT,

China.

Intern, Intel China Research Center, Beijing, China.

Research and Teaching Assistant, Department of Electrical En-

gineering, University of California, Los Angeles.

Intern, Qualcomm, Santa Clara, California.



CHAPTER 1

Introduction

Distributed learning arises when a global objective needs to be achieved through
local cooperation among networked agents that are subjected to streaming data.
This problem is prevalent in many contexts, including distributed estimation
[1H8], distributed machine learning [9-12], resource allocation [13,[14], and in
the modeling of flocking and swarming behavior by biological networks [15-19].
Several useful decentralized solutions, such as consensus strategies [20-H2§], in-
cremental strategies [29-33], and diffusion strategies [5L68],12]34135], have been
developed for this purpose. The diffusion strategies are particularly attractive
because they are scalable, robust, fully-distributed, and endow networks with

real-time adaptation and learning abilities.

One key challenge in real applications is that networked agents generally face
many types of asynchronous imperfections, such as random link failures, random
data arrival times, noisy links, random topology changes, agents turning on and
off randomly, and even drifting objectives. This dissertation provides a detailed
analysis of the stability and performance of asynchronous diffusion strategies for
solving distributed optimization and adaptation problems over networks in the
presence of such imperfections. The dissertation also examines another challeng-
ing form of uncertainty arising from agents in the network pursuing different ob-
jectives or observing data arising from different unknown models. In these cases,

indiscriminate cooperation generally leads to undesired or even catastrophic re-



sults.

In this chapter, we will first briefly review the distributed optimization prob-
lem and describe strategies for its solution. We will then describe the various
forms of uncertainties that may occur. This chapter is concluded with a sum-

mary of the main contributions in the dissertation.

1.1 Distributed Optimization Over Networks

We consider a connected network consisting of N agents as shown in Fig. [[.1l
The objective is to minimize, in a distributed manner, an aggregate cost function

of the form:

N
minimize J#*"(w) £ > Jk(w) (1.1)
k=1
where the {Jp(w)} denote individual cost functions. The costs {Jy(w) : CM s
R;k = 1,2,..., N} will be assumed to satisfy a certain smoothness condition
(which will be described in Assumption 2.2]later in Chapter [2]) and to be strongly
convex over CM. They are also assumed to share a common and unique minimizer
at w® € CM. Using arguments similar to [8,[12], we can motivate the following

diffusion strategy for solving the distributed optimization problem (1) with

constant step-sizes — see Fig. [Tk

—

Vi = Wii—1 — WV Ji(wy,—1) (adaptation) (1.2a)

Wy, = Z age Yo (combination) (1.2b)
ZENk

where ([2a]) is a stochastic gradient approximation step for self-learning and
(L2D) is a convex combination step for social-learning. The iterate wy; is the
estimate for w® that is computed by agent k at iteration ¢. The iterate 1y ; is an

intermediate solution that results from the adaptation step and will be shared



Figure 1.1: An illustration of a connected network with individual costs associated

with the various agents.

with the neighbors in the combination step. The factor uy is a positive step-size
parameter and the combination coefficients {as} are nonnegative parameters and

are required to satisfy the following constraints:

e > 0, if /e N, k
Z ag, =1, and (1.3)

LeN;, ag, = 0, otherwise
where N, denotes the set of neighbors of agent k including & itself. If we collect
these coefficients into an N x N matrix such that [A]g = ag, then condition

(L3) implies that A is a left-stochastic matrix, written as
ATy =1y (1.4)

where 1 is the N x 1 vector with all entries equal to one. In (I.2al), a stochastic
approximation for the true gradient vector is used because, in general, agents
do not have sufficient information to acquire the true gradients. The difference

between the true and approximate gradients is called gradient noise, which is



random in nature and will seep into the operation of the algorithm. Accordingly,
the variables {wy;} in ([2a)—(L.2D) are random quantities since they are subject
to gradient noise, and we are denoting them by using the boldface notation. We
will model the gradient noise, denoted by vy ;(wy;—1), as an additive random

perturbation to the true gradient vector, i.e.,

—

Vs Jp(Wi,i—1) = Ve Jp (W i—1) + Vg (Wi i—1) (1.5)

It has been established in [6,&,12] that the diffusion network can achieve the
desired objective, w®, within O(pimax) regardless of which cooperation policy, A,
is used, where i, denotes the largest step-size. It has also been shown in [36] for
the common minimizer case that diffusion strategies can significantly reduce the
average network error performance in comparison to non-cooperative agents. This
is a major benefit for in-network cooperation. To measure the performance of the

learning algorithms, we will choose the average network mean-square-deviation

(MSD) as the metric, which is defined by

1—>00

N
1
net A 1: o 2
MSD™* = lim N kg E [[w® — wy,|| (1.6)

=1
1.2 Asynchronous Distributed Learning over Networks

From the distributed solution (LZal)-(L2h)), it can be observed that there are
several implicit conditions assumed. It is assumed that all agents in the network
operate in a perfect synchronous manner: the approximate gradients are acquired
at the beginning of each iteration by all agents; the self-learning step is performed
by all agents before the social learning step; the intermediate estimates are shared
among neighboring agents and are assumed to be delivered successfully; and all
agents are assumed to make use all the information received from their neigh-

bors to update their local estimates. This ideal scenario is not always applicable



in real applications, where the measurement data may not arrive in time, the
agents may turn on and off randomly to save power or suffer from malfunction,
the communication links between agents may be subject to loss, etc. All these
factors may prevent the distributed solutions (L.2al)—(L.2L) from operating prop-
erly. Therefore, it is important to investigate the performance of the diffusion

strategy (IL.2a)—(L.2H) under such uncertainties and imperfections.

There already exist several insightful studies in the literature on the perfor-
mance of consensus and gossip type strategies in the presence of asynchronous
events [211,123,26,27] or changing topologies [2,2326,27,37H42]. There are also
some limited studies in the context of diffusion strategies [43/[44]. However, with
the exception of the latter two works, the earlier references investigated pure
averaging algorithms without the ability to respond to streaming data, assumed
noise-free data, or relied on the use of diminishing step-size sequences. These
conditions are problematic for adaptation and learning purposes when data is
continually streaming in, since decaying step-sizes turn off adaptation eventually,

and noise (including gradient noise) is always present.

In this dissertation, we remove these limitations. We allow for fairly general
sources of uncertainties and random failures and permit them to occur simul-

taneously. To model the asynchronous behavior of the network, we modify the

diffusion strategy (L.2al)-(L2b) to the following form:

Vi = Wki—1 — Nk(i)m(’wk,i—l) (1.7a)
Wy = Z an(i) P, (1.7b)

ZE.’V’)@,Z‘

where the { (i), agr (i)} are now time-varying and random step-sizes and combi-
nation coefficients, and Ny ; denotes the random neighborhood of agent k at time

i. The step-size parameters { (i)} are nonnegative random variables, and the



combination coefficients {a (i)} are also nonnegative random variables, which

are required to satisfy the following constraints (compare with (L3))):

agk(i) > 0, if ¢ € Nk,i
> au(i) =1, and (1.8)
LN i as(i) =0, otherwise
The asynchronous strategy ([L7al)-(L7D) described above is general enough to

cover many situations of practical interest.

Note that the model does not impose any specific probabilistic distribution on
the step-sizes, network topologies, or combination coefficients. For example, we
can choose the sample space of each step-size p(i) to be the binary choice {0, u}
to model a random “on-oft” behavior at each agent k for the purpose of saving
power, waiting for data, or even due to random agent failures. Similarly, we
can choose the sample space of each combination coefficient a, (i), £ € Ni\{k},
to be {0,ag} to model a random “on-off” status for the link from agent ¢ to
agent k at time 4 for the purpose of either saving communication cost or due
to random link failures. If links are randomly chosen by agents such that at
every time ¢ there is only one other neighboring agent being communicated with,
then we effectively mimic the random gossip strategies [2,123[38,39,142]. Note
that the convex constraint (L8) can be satisfied by adjusting the value of a(7)
according to the realizations of {asp(i); ¢ € Ny \{k}}. If the underlying topology
is changing over time and the combination weights are also selected in a random
manner, then we obtain the probabilistic diffusion strategy studied in [43,144] or

the random link or topology model studied in [26,[37,40].

Since the parameter matrices M; and A; are assumed to be independent of
each other and of any other random variable, the statistical dependency among

the random variables {w;, ¥;, A;, M} is illustrated in Fig. [[L2



state 1 — 2 statez — 1 state 2
M; A M; A,

s e

{vrii(wr; o)} {vri(wp,i-1)}

Figure 1.2: An illustration of the statistical dependency for the asynchronous

diffusion strategy (L. Tal)—(L.7h)

1.2.1 Asynchronous Centralized or Batch Learning

We will also examine the operation of batch or centralized implementations. An
asynchronous centralized (batch) strategy seeks the optimal solution w? of (L.1))

by running a stochastic gradient batch algorithm of the following form:
N —_—
We; = Wei1 — Y k(i) k(1) Ve T (We 1) (1.9)
k=1

where w,; denotes the iterate at time 4, the {7 (i)} are nonnegative convex fusion

coefficients such that

domi)=1, (i) >0 (1.10)

for all ¢ > 0, and the {p,(7)} are the random step-sizes. In the batch algorithm
(L9), we use random step-sizes {px(i)} to account for random activity by the
agents, which may be caused by random data arrival times or by some power
saving strategies that turn agents on and off randomly. We also use random
fusion coefficients {7 (i)} to model the random status of the communication links
connecting the agents to the fusion center. This source of randomness may be
caused by random fading effects over the communication channels or by random
data feeding/fetching strategies. Therefore, the batch algorithm described in

(L) is able to accommodate various forms of asynchronous events as well. The



synchronous implementation of (L9)) is given by

N
We; = Wei—1 — Zﬂ-k,ukvw*Jk(wc,i—l) (]-]-1)
k=1

where the {u} are now deterministic nonnegative step-sizes and the {7} are
nonnegative fusion coefficients that satisfy Z;ngzl m, = 1. It is worth noting that
the centralized batch algorithm ([.9) admits a decentralized, though not fully-

distributed, implementation of the following form:

—

Yri = We i1 — (1) Vi Jp(we 1) (adaptation) (1.12a)
N

we; = Y (i) P (fusion) (1.12b)
k=1

In this description, each agent k uses the local gradient data to calculate the
intermediate iterate v,; and feeds its value to a fusion center; the fusion center
fuses all intermediate updates {1y} according to (I.I2D) to obtain w,,; and then

forwards the results to all agents. This process repeats itself at every iteration.

Implementation (L.I2a])-(L.12b)) is not fully distributed because, for example, all
agents require knowledge of the same global iterate w, ; to perform the adaptation
step (L12a). It is worth noting that the decentralized batch solution ([LI12al)—
(LI2L) can also be viewed as distributed solutions over fully-connected networks

[5).

1.2.2 Questions to be Addressed in This Dissertation

Based on the asynchronous strategy (L7al)-(L.7h), we shall address the following

questions in this dissertation:

1. How does asynchronous behavior affect network stability? Can mean-square

stability still be ensured under non-vanishing step-sizes?”



2. How is the convergence rate of the algorithm affected? Is it altered relative

to synchronous networks?

3. Are agents still able to reach some sort of agreement in steady-state despite
the random nature of their interactions and despite data arriving at possibly

different rates?

4. How close do the steady-state iterates of the various agents get to each

other and to the optimal solution that the network is seeking?

5. Compared with synchronous networks, under what conditions and by how
much does the asynchronous behavior generate a net negative effect in

performance?

6. How close can the performance of an asynchronous network get to that of

a stochastic-gradient centralized solution?

We shall answer these questions in detail in Chapters 2H4l Before that, we

briefly summarize the main results here.

For the general asynchronous diffusion strategy (IL7al)—(L7h), which allows for
random topologies, random link failures, random data arrival times, and random
agents turning on and off, we will establish in Chapter 2] the remarkable conclu-
sion that despite these uncertainties, which could even occur simultaneously, the
adaptation process remains mean-square stable for sufficiently small step-sizes.
Specifically, we will show that if the first and second moments of the step-size

parameters satisfy an upper bound of the form
~(2)

Mg, >\k,min
< (1.13)
,[L](fl) A%,max ta
for all k, then mean-square stability is ensured in the sense that
limsup E [|w’ — wy||* = O(v) (1.14)

1—00



for all k£, where
i L By, (i)™ 1.15
fiy, = Elp(i)] (1.15)
denotes the m-th moment of the random step-size parameter (i), Agmin and
Akmax are positive constant parameters that relate to the Hessian of the individual
cost Ji(w), a is a positive constant relating to the variance of the gradient noise,
and
—(4)
v 2 max VA
- _(1
Eoay)
We will further show that under a strengthened condition, namely,

(1.16)

_(4
,U/]g ) )\k,min

<
(1 2
,u]g) 3\ + 4o

k,max

(1.17)
for all k£, the MSD performance metric is given by

1
MSD"* = 1 Tr(H'R) +O (') (1.18)
=0W)

and the estimates at the individual agents coalesce to satisfy

limsup E [|wy; — we||? = O %) (1.19)

i—00
for all k and ¢, where 7, > 0 and 7/, > 0 are some constants that relate to the co-
variances of the gradient noise, H is related to the Hessian of the individual costs,
and R is related to the covariance of the gradient noise and the moments of the
combination coefficients. Expressions (.14 and (I.I9) show that all agents are
able to reach a level of O(v'%) agreement with each other and to get O(v) close
to w® in steady-state (see Fig. [[3]). These results establish that asynchronous
networks can operate in a stable manner under fairly general asynchronous events

and, importantly, are able to adapt and learn well.

We indicated earlier that studies exist in the literature that examine the per-

formance of distributed strategies in the presence of some forms of asynchronous

10



’we,z'HQ = O(’/H%’)

Figure 1.3: Illustration of results (L.I4) and (LI9): the solutions by the agents
do not only get O(v) close to the target w® but they also cluster next to each

other within O(v'*7%) for some 7/ > 0.

uncertainties [211 23] 26, 27] or changing topologies [2,23, 26| 27, [B7H4T], albeit
for decaying step-sizes. We also explained how the general asynchronous model
that we used in (L7a))-(L7h) covers broader situations of practical interest, in-
cluding adaptation and learning under constant step-sizes, and how it allows
for the simultaneous occurrence of multiple random events from various sources.
Still, these earlier studies did not address the two questions posed earlier on how
asynchronous networks compare in performance to synchronous networks and to
centralized (batch) solutions. If it can be argued that asynchronous networks are
still able to deliver performance similar to synchronous implementations where no
uncertainty occurs, or similar to batch solutions where all information is aggre-
gated and available for processing in a centralized fashion, then such a conclusion
would be of significant practical relevance. The same conclusion would provide
a clear theoretical justification for another critical benefit of cooperation by net-
worked agents, namely, that cooperation does not only enhance performance in
comparison to stand-alone single-agent processing, as already demonstrated in
prior works in the literature (see, e.g., [8/[34,35] and the references therein), but

it also endows the network with remarkable resilience to various forms of un-

11



certainties and is still able to deliver performance that is as powerful as batch

solutions.

We will therefore further compare the performance of asynchronous networks
against synchronous networks, and also compare the performance of distributed
solutions against centralized (batch) solutions. The results will show that the
performance of adaptive networks are surprisingly immune to the effect of asyn-
chronous uncertainties: the mean and mean-square convergence rates and the
asymptotic bias values are not degraded relative to synchronous or centralized
implementations. Only the steady-state MSD suffers a degradation in the order
of v. The results will also show that an adaptive network can always matches
the performance of a centralized solution. These main conclusions are summa-
rized in Table [T, which compares various performance metrics across different
implementations. The notation in Table [Tl will be explained in the sequel. For
now, we simply remark that the results in Table [L1l show that the distributed
and centralized implementations have almost the same mean-square performance
in either the synchronous or asynchronous modes of operation, i.e., the asyn-
chronous distributed implementation approaches the asynchronous centralized
implementation, and the synchronous distributed implementation approaches the

synchronous centralized implementation.

1.3 Imperfect Information Exchange and Drifting Model

One useful application of the diffusion strategy (I[2a)-(L.2D) is in the context
of the mean-square-error estimation, where the individual costs, {Ji(w)}, are

mean-square-error costs:

Jk(U)) e E|dk(l) — U ;W 2 (120)

12
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The scalar measurement data di (i) € C and the row-vector regressor uy ; € CixM

are assumed to be related via the linear regression model [46]:

dk(’b) = uk,iwo —+ ék(l) (121)

where w® € CM*! is some unknown model parameter and &(i) € C is the
additive model noise. The diffusion strategy ([.2al)-(L.2D) reduces in this case to

the following form:

Wi = Wiio1 + pewy, ;[di (i) — wp w1 (1.22a)
Wwy; = Z gk Y (1.22b)
ZE./\/']CJ'

When agents in the network perform the social learning step (L.22h)), they need
to transmit and receive information from their neighbors. This information ex-
change process can be subject to quantization errors and additive noise over the
communication links. Studying the degradation in mean-square performance that
results from these particular perturbations can be pursued, for both incremental
and diffusion strategies, by extending the mean-square analysis from [56], in
the same manner that the tracking analysis of conventional stand-alone adaptive
filters was obtained from the counterpart results in the stationary case (as ex-
plained in [46, Ch. 21]). Useful results along these lines, which study the effect
of link noise during the exchange of the weight estimates, already appear for
the traditional diffusion algorithm in the works [47-49] and for consensus-based
algorithms in [26.[50]. In this dissertation, our objective is to go beyond these ear-
lier studies by taking into account additional effects, and by considering a more
general algorithmic structure. The reason for this level of generality is because
the analytical results will help reveal which noise sources influence the network
performance more seriously, in what manner, and at what stage of the adaptation

process. The results will suggest important remedies and mechanisms to adapt
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the combination weights in real-time. Some of these insights are hard to get if
one focuses solely on noise during the exchange of the weight estimates. The
analysis will show that noise during the exchange of the regression data plays
a more critical role than noises that arise from the exchange of other pieces of
information. The noise that is related to the exchange of the regression data
will be shown to alters the learning dynamics and modes of the network, and
to bias the weight estimates. Noises related to the exchange of other pieces of
information do not alter the dynamics of the network but still contribute to the

deterioration of the network performance.

To arrive at these results, we will consider a generalized analysis that applies

to a broad class of diffusion adaptation strategies [6]:

Pri-1 = Z Ak Wei—1 (1.23a)
LeN,
VYii = Qrji—1 + i Z conty ;[de(i) — e i 1] (1.23b)
LeN},
Wy, = Z az,oPei (1.23¢)
ZE./\/'/IC

This class includes the original diffusion strategy (L.22al)—([L.22bl) as a special case.
The analysis based on the diffusion strategy ([L23al)—(I.23d) allows us to account
for various sources of information noise over the communication links. Each of
the steps in ([23al)-(L23d) involves the sharing of information between node k
and its neighbors. For example, in the first step ([L23al), all neighbors of node
k send their estimates w;;_; to node k. This transmission is generally subject
to additive noise and possibly quantization errors. Likewise, steps (L.23h]) and
(L23d) involve the sharing of other pieces of information with node k. These
exchange steps can all be subject to perturbations (such as additive noise and

quantization errors). We model the data received by node k from its neighbor ¢
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as — see Fig. [L4

Wi 2 Wei 0 (1.24)
Yo 2 o+ vl (1.25)
du (i) 2 di(i) + vl (3) (1.26)
Wiy 2w ol (1.27)

(w) (u)

where vy ; ; and vy, ; are M x 1 noise signals, vy, ; is an M x M noise signal,

and ’vég) (7) is a scalar noise signal (see Fig. [[4]). Using the perturbed data model

(L24)—(T27), the diffusion algorithm (L.23al)—(T.23d) becomes

Pri-1 = Z a1, 0kWei—1 + ’U,(f,?_l (1.28)
ZE./\/'k
Vii = Qri—1 + i Z conpy, ;| dor (i) — Wer i Pri—1] (1.29)
LeEN,
Wy,; = Z azoWPe;i + ’U;(;i) (1.30)
LeN;,

where U/(;Z)—l and 'v,(f;) denote the aggregate M X 1 zero-mean noise signals over

the neighborhood N;:

'”18,12)—1é Z al,ék’véz)i_l (1.31)
LeNE\{k}

v,(;i)é Z aukv%’)i (1.32)
ZENk\{k}

Note that the {d (), ue;} in (L29) are the data contaminated by the link noise.

The diffusion strategy (L23al)-(L23d) is adaptive in nature. One of the main
benefits of adaptation (by using constant step-sizes) is that it endows networks
with tracking abilities when the underlying weight vector w? varies with time. We
will adopt a random-walk model for w?, which is commonly used in the literature,

to describe the non-stationarity of the weight vector [46]:

wi =wi_, +n; (1.33)
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Figure 1.4: Several additive noise sources perturb the exchange of information

from node ¢ to node k.

where the sequence {w?} has a constant mean w® for all 4, and the {n;} is an

independent zero-mean random sequence.

One of the main conclusions in Chapter B regarding network performance
under exchange noise ([L24)—(L27) and the drifting model (I33)) is that a suffi-
cient condition for the mean-square stability of the diffusion network requires the
step-size parameters to be sufficiently small, namely,

2
maxye [Amax (RM + Rf}ug)kﬂ

b < (134)

where R, , is the covariance of the regressor u,; and Rif‘g)k is the covariance of
the link noise 'UéZ)Z The steady-state MSD will be shown to be given by

1 *
MSD =~ - [vec(A; MCTSCMA; + Ry + Ry + Y + V7))

x (In2ap2 — F) tvec(Ina) (1.35)

where the term AJ MCTSCMA, is contributed by the model noise {v(i)}, the

secend term R, is contributed by the driving noise m; of the drifting model
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(I33), and the remaining terms {R,,)} are contributed by the link noises

(w) . ()
{'Uéi“ 17'Uék ( ), 'Uzkw"’zm}

1.4 Clustered Networks with Multiple Objectives

A third class of uncertain environment that interferes with the operation of an
adaptive network is the possibility of different agents being subjected to different
models, with the models being unknown to the agents or their neighbors. There
have been several useful works in this domain in the literature under various
assumptions, including in the earlier version of this work in [51]. This early in-
vestigation dealt only with the case of two separate clusters in the network with
each cluster interested in one parameter vector. One useful application of this
formulation in the context of biological networks was considered in [52], where
each agent was assumed to collect data arising from one of two models (e.g., the
location of two separate food sources). The agents did not know which model
generated their observations and, yet, they needed to reach agreement about
which model to follow (i.e., which food source to move towards). Another impor-
tant extension dealing with multiple (more than two) models appears in [53],54]
where multi-task problems are introduced. In this formulation, different clus-
ters of the agents are again interested in estimating different parameter vectors
(called “tasks”) and the tasks of adjacent clusters are further assumed to be re-
lated to each other so that cooperation among clusters can still be beneficial.
This formulation is useful in many scenarios, as already illustrated in [53], in-
cluding in multiple target tracking [55,[56] and classification problems involving
multiple models [57-H62]. Other useful variations of multi-task problems appear
n [63], which assumes fully-connected networks, and in [64] where the agents

have two types of parameters to estimate (a local parameter and a global pa-
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rameter). These various works focus on mean-square-error (MSE) design, where
the parameters of interest are estimated by seeking the minimizer of an MSE
cost. Moreover, with the exception of [51,[54], it is generally assumed in these
works that the agents know beforehand which clusters they belong to or which

parameters they are interested in estimating.

In this dissertation, we extend the approach of [51] and study multi-tasking
adaptive networks under three conditions that are fundamentally different from
previous studies. First, we go beyond mean-square-error estimation and allow for
more general convex risk functions at the agents. This level of generality allows
the framework to handle broader situations both in adaptation and learning,
such as logistic regression for pattern classification purposes. Second, we do
not assume any relation among the different objectives pursued by the clusters.
In other words, we study the important problem where different components of
the network are truly interested in different objectives and would like to avoid
interference among clusters. And third, the agents do not know beforehand
which clusters they belong to and which other agents are interested in the same

objective.

For example, in an application involving a sensor network tracking multi-
ple moving objects from various directions, it is reasonable to assume that the
trajectories of these objects are independent of each other. In this case, only
information shared within clusters is beneficial for learning; the information from
agents in other clusters would amount to interference. This means that agents
would need to cooperate with neighbors that belong to the same cluster and would
need to cut their links to neighbors with different objectives. This task would
be simple to achieve if agents were aware of their cluster information. However,

we will not be making that assumption. The cluster information will need to be
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learned as well. This point highlights one major feature of our formulation: we do
not assume that agents have full knowledge about their clusters. This assumption
is quite common in the context of unsupervised machine learning [57,61], where
the collected measurement data are not labeled and there are multiple candidate
models. If two neighboring agents are interested in the same model and they
are aware of this fact, then they should exchange data and cooperate. However,
the agents may not know this fact, so they cannot be certain about whether or
not they should cooperate. Accordingly, in this work, we will devise an adaptive
clustering and learning strategy that allows agents to learn which neighbors they
should cooperate with. In doing so, the resulting algorithm enables the agents in
a network to be correctly clustered and to attain improved learning performance

through enhanced intra-cluster cooperation.

For this problem, we shall assume that each individual cost function has a
unique minimizer and they are categorized into G mutually exclusive groups,

denoted by G,,, m =1,2,...,G, according to their minimizers.

Definition 1.1 (Cluster). Each cluster q, denoted by C,, consists of the collection
of agents whose individual costs share the common minimizer wy, i.e., wy = w,

for all k € C,. O

Since agents from different clusters do not share common minimizers, the

network then aims to solve the clustered multi-task problem:

Q
minimize J(wy, ..., wg) = Z Z Ji(wy) (1.36)

Q
{wq}q:1 q=1 keC,

If the cluster information {C,} is available to the agents, then problem (L.36])

can be decomposed into () separate optimization problems over the sub-networks
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associated with the clusters:

minimize  J;" (w) £ Yy (w) (1.37)
keCq
for ¢ = 1,2,...,Q. Assuming the cluster topologies are connected, the corre-

sponding minimizers {w;} can be sought by employing diffusion strategies over
each cluster. In this case, collaborative learning will only occur within each clus-
ter without any interaction across clusters. This means that for every agent k
that belongs to a particular cluster C,, i.e., k € C,, its neighbors, which belong
to the set denoted by N, will need to be segmented into two sets: one set is
denoted by N, and consists of neighbors that belong to the same cluster C,, and
the other set is denoted by N,  and consists of neighbors that belong to other

clusters. It is clear that
N éNkﬂcq, N éNk\Ng— (1.38)

We illustrate a two-cluster network with a total of N = 20 agents in Fig. [[.5al
The agents in the clusters are denoted by blue and red circles, and are inter-
connected by the underlying topology, so that agents may have in-cluster neigh-
bors as well as neighbors from other clusters. For example, agent k£ from blue
cluster C; has the in-cluster sub-neighborhood N, = {k, 3,4}, which is a subset
of its neighborhood N, = {k,1,2,3,4,5}. If the cluster information is available
to all agents, then the network can be split into two sub-networks, one for each

cluster, as illustrated in Figs. [L5H and [5d

However, in this dissertation we consider the more challenging scenario in
which the cluster information {C,} is only partially available to the agents be-
forehand, or even completely unavailable. When the cluster information is com-
pletely absent, each agent k& must first identify neighbors belonging to N;". When

the cluster information is partially known, meaning that some agents from the
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Figure 1.5: A network with N = 20 nodes and ) = 2 clusters. Cluster C; consists
of 10 agents in blue. Cluster Cy consists of another 10 agents in red. Agent k
belongs to Cluster C;, and its neighborhood is denoted by N, = {k,1,2,3,4,5}
with NF = {k, 3,4}. With perfect cluster information, the underlying topology
splits into two sub-networks, one for each cluster. With partial cluster informa-
tion, cluster C; breaks down into five groups: two singleton groups G; and Gs, and
three non-trivial groups Go, G3, and G4. Through adaptive learning and clustering,
the five groups in (b) will end up merging into one largest group corresponding

to the entire cluster in (c).
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same cluster already know each other, then these agents can cooperate to identify
the other members in their cluster. In order to study these two scenarios in a

uniform manner, we introduce the concept of a group.

Definition 1.2 (Group). A group m, denoted by G,,, consists of a collection of
connected agents from the same cluster and knowing that they belong to this same

cluster. O

Figure [L.5dl illustrates the concept of groups when cluster information is only
partially available to the agents in the network from Fig. [[5al If an agent has
no information about its neighbors, then it falls into a singleton group, such as
groups G; and G5 in Fig. [L.5dl If some neighboring agents know the cluster
information of each other, then they form a non-trivial group, such as groups
Go, G, and G4. If every agent in a cluster knows the cluster information of all
its neighbors, then all cluster members form one group and this group coincides

with the cluster itself, as shown in Fig. [.50

Since cooperation among neighbors belonging to different clusters can lead to
biased results [53,[65,66], agents should only cooperate within clusters. However,
when agents have access to partial cluster information, then they only know their
group neighbors but not all cluster neighbors. Therefore, at this stage, agents
can only cooperate within groups, leaving behind some potential opportunity for
cooperation with neighbors from the same cluster. We shall devise a procedure
to enable agents to identify all of their cluster neighbors, such that small groups
from the same cluster can merge automatically into larger groups. At the same
time, the procedure needs to be able to turn off links between different clusters
in order to avoid interference. By using such a procedure, agents in multi-task
networks with partial cluster information will be able to cluster themselves in an

adaptive manner, and then solve problem (I.36]) by solving (I.37)) collaboratively
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within each cluster. The proposed strategy is summarized in the following listing.

Distributed clustering and learning over networks

Initialization: w1 = w;7_1 =0 and N;’_l =N.NG,, for all k € G,, and
m=12...,G.
for : > 0 do

(1) Each agent k updates wy; according to diffusion strategies over Ny NG,

Vi = Wi i—1 — ,Ukﬂg(wk,i—l) (1.39a)
Wy; = Z aoPe (1.39b)
LeENKNGm

(2) Each agent k updates wy,; according to diffusion strategies over N ;i_lz

Vi = W1 — :ukﬂc(wllc,i—l) (1.40a)
w;f,i = Z a’%k(i - 1)¢22 (1.40b)
eNy

(3) Each agent k updates N, by using:
li_,i e {€ c Nk; wa,i — ’I.Uk7i||2 < Hk,é or {¢e Qm} (141)

with {wy;; ¢ € Ny} from step (1).

end for

The algorithm enables agents to identify their grouping and to attain im-
proved learning and estimation performance over networks. The last step (L4
is actually a hypothesis test for agents ¢ and k to determine whether or not they

are in the same group:

Hyo

Wy — Wil = Ukye .

H IP< (142
1

where Hj, denotes the hypothesis of wy = wy, H; denotes the hypothesis of
wy # wy, and O, > 0 is a predefined threshold. Both agents ¢ and k will test on
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(L42)) in order to reach a symmetric pattern for cooperation. Since wy; and wy;
are accessible through local interactions within neighborhoods, the hypothesis
test (L42) can be carried out in a distributed manner. We shall establish later in
Chapter[@that the probabilities for both types of errors incurred in (L42), i.e., the
false alarm (Type-I) and the missing detection (Type-II), decay at exponential

rates:

Type-1 error: Pll|we; — Wi l|> > Opolwf = wf] < O(ec1/Pmax) (1.43)

Type-II error: Pl|lw; — 'w;m-||2 < O o|wy # wy] < 0(6_62/”"‘“) (1.44)

for some constants ¢; > 0 and ¢, > 0. Therefore, for long enough iterations and
small enough step-sizes, agents are able to successfully infer the group information

with very high probability.

1.5 Organization

The organization of the dissertation is summarized as follows.

e Chapter [2} We examine asynchronous networks that are subject to fairly
general sources of uncertainties, such as changing topologies, random link
failures, random data arrival times, and agents turning on and off ran-
domly. Under this model, agents in the network may stop updating their
solutions or may stop sending or receiving information in a random manner
and without coordination with other agents. We establish in this chapter
conditions on the first and second-order moments of the relevant parameter
distributions to ensure mean-square stable behavior. One notable conclu-
sion is that the mean-square-error performance of asynchronous networks
shows a degradation only of the order of O(v), where v is a small step-

size parameter, while the convergence rate remains largely unaltered. The
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results provide a solid justification for the remarkable resilience of coopera-
tive networks in the face of random failures at multiple levels: agents, links,

data arrivals, and topology.

Chapter Bl We carry out a detailed analysis of the mean-square-error per-
formance of asynchronous strategies for solving distributed optimization
and adaptation problems over networks. We derive analytical expressions
for the mean-square convergence rate and the steady-state mean-square-
deviation. The expressions reveal how the various parameters of the asyn-
chronous behavior influence network performance. In the process, we estab-
lish the interesting conclusion that even under the influence of asynchronous
events, all agents in the adaptive network can still reach an O(v'*7) near-
agreement with some v, > 0 while approaching the desired solution within
O(v) accuracy, where v is proportional to the small step-size parameter for

adaptation.

Chapter (4t In this chapter, we compare the performance of synchronous
and asynchronous networks. We also compare the performance of decentral-
ized adaptation against centralized stochastic-gradient (batch) solutions.
Two interesting conclusions stand out. First, the results establish that the
performance of adaptive networks is largely immune to the effect of asyn-
chronous events: the mean and mean-square convergence rates and the
asymptotic bias values are not degraded relative to synchronous or central-
ized implementations. Only the steady-state mean-square-deviation suffers
a degradation in the order of v, which represents the small step-size pa-
rameters used for adaptation. Second, the results show that the adaptive
distributed network matches the performance of the centralized solution.

These conclusions highlight another critical benefit of cooperation by net-
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worked agents: cooperation does not only enhance performance in compar-
ison to stand-alone single-agent processing, but it also endows the network
with remarkable resilience to various forms of random failure events and is

able to deliver performance that is as powerful as batch solutions.

Chapter This chapter investigates the mean-square performance of
general adaptive diffusion algorithms in the presence of various sources
of imperfect information exchanges, quantization errors, and model non-
stationarities. Among other results, the analysis reveals that link noise
over the regression data modifies the dynamics of the network evolution in
a distinct way, and leads to biased estimates in steady-state. The analysis
also reveals how the network mean-square performance is dependent on the
combination weights. We use these observations to show how the combi-
nation weights can be optimized and adapted. Simulation results illustrate

the theoretical findings and match well with theory.

Chapter [6f In this chapter, we consider the situation where agents belong
to different groups that pursue different objectives. We propose an adaptive
clustering and learning scheme that allows agents to learn which neighbors
should be cooperate with and which other neighbors should be ignored.
In doing so, the resulting algorithm enables the agents to identify their
grouping and to attain improved learning and estimation performance over

networks.

Chapter In this chapter, we starts from an aggregate cost function
defined over a network of agents with different minimizers. We extend the
aggregate cost into a higher-dimensional cost and regularize it by adding
a weighted quadratic term whose nullspace coincides with the agreement

subspace for all agents. Under a local balance condition on the combination
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coefficients over the edges, we are able to relate consensus and diffusion
strategies to diagonally-weighted gradient-descent iterations. In this case,
stability and performance analysis for single-agent implementations become
applicable to the distributed solutions. The results in this chapter can be
further used to interpret the two-phase transient behavior of consensus and
diffusion strategies. When the local balance condition is not satisfied (e.g.,
when more general left-stochastic combination policies are employed), the
study of the behavior of distributed solutions becomes more demanding

than stand-alone gradient-descent iterations [66L67].

1.6 Notation

We use lowercase letters to denote vectors, uppercase letters for matrices, plain
letters for deterministic variables, and boldface letters for random variables. We
also use ()T to denote transposition, (-)* to denote conjugate transposition, (-)~*
for matrix inversion, Tr(+) for the trace of a matrix, A(-) for the eigenvalues of a

matrix, and || - || for the 2-norm of a matrix or the Euclidean norm of a vector.

Besides, we use ® to denote the Kronecker product.
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CHAPTER 2

Stability Analysis of Asynchronous Networks

In this chapter, we provide a rather detailed analysis for the stability and per-
formance of the asynchronous strategy (L.7al)—(L.7hl) for solving the distributed
optimization and adaptation problem ([]) presented in Chapter [ We shall
examine asynchronous networks that are subject to fairly general sources of un-
certainties, such as changing topologies, random link failures, random data ar-
rival times, and agents turning on and off randomly. Under this model, agents in
the network may stop updating their solutions or may stop sending or receiving
information in a random manner and without coordination with other agents.
We shall establish conditions on the first and second-order moments of the rel-
evant parameter distributions to ensure mean-square stable behavior. We shall
also derive analytical expressions for the mean-square convergence rate and the
steady-state mean-square-deviation. The expressions will reveal how the various
parameters of the asynchronous behavior influence network performance. In this
process, we shall establish the interesting conclusion that even under the influ-
ence of asynchronous events, all agents in the adaptive network can still reach an
O(v'+7%) near-agreement with some 4/, > 0 while approaching the desired solution
within O(v) accuracy, where v is proportional to the small step-size parameter

for adaptation. The results in this chapter are based on material from [68].
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2.1 Preliminaries

In the problem (L1)) presented in Chapter [I we allow the argument w to be
complex-valued so that the results are applicable to a wide range of problems,
especially in the fields of communications and signal processing where complex
parameters are fairly common (e.g., in modeling wireless channels, power grid
models, beamforming weights, etc.). To facilitate the analysis, and before de-
scribing the distributed strategies, we first introduce two alternative ways for

representing real-valued functions of complex arguments.

2.1.1 Equivalent Representations

The first representation is based on the I-to-I mapping T : CM — R?M:

.- Re(w)
w = T(w) = (2.1)

Jm(w)
which replaces the M x 1 complex vector w by the 2M x 1 extended vector
w composed of the real and imaginary components of w. In this way, we can

interpret each Jj,(w) as a function of the real-valued variable w and write Jj,(w) =

Jp(w) as well as

WE
WE

TR (@) £ 90 w) = 3 Jyfw) =

k=1 k=1

Ji(w) (22)

The second representation for functions of complex arguments is based on another
I-to-1 mapping T : CM —— C2¥ (where C3¥ is a sub-manifold of complex

dimension M and is isomorphic to R** [69]) defined as

w = T(w) = . (2.3)
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in terms of the entries of w and their complex conjugates. In this case, we can
interpret each Ji(w) as a function defined over the extended variable w € C3)

and write J,(w) £ Jy(w) as well as

=2

Ji(w) (2.4)

WE

P ) 2 ) = 3 ) =

k=1 k=1
Most of our analysis will be based on the second representation (2.3)—(2.4]); the
first representation (ZI)—(22]) will be used when we need to exploit some analytic
properties of real functions. Note from ([2]) and (23] that the variables {w, w}

are related linearly as follows:

= —w=D-w (2.5)
E/_/ ~ ~\~ - " -
=w 2D =w

where the matrix D satisfies DD* = D*D = 2-I,,; and Iy denotes the 2M x 2M

identity matrix. It follows that

1
w:D_l-wzéD*-z_u (2.6)
Using the real representation {Ji(w)}, we introduce the following assumption on

the analytic properties of {Ji(w)}.

Assumption 2.1 (Properties of cost functions). The individual cost functions
{Jp(w) : R*M = Rk =1,2,...,N} are assumed to be at least twice-differentiable
and strongly convex over R®™ . They are also assumed to share a common and

. L. oA
unique minimizer at w° = T(w®), where w® € CM, O

The situation involving a common minimizer for the cost functions {Ji(w)}
is frequent in practice, especially when agents need to cooperate with each other

in order to attain a common objective. For example, in biological networks, it is
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usual for agents in a school of fish to interact while searching for a common food
source or avoiding a common predator [19]. Likewise, in wireless sensor networks,
it is common for sensors to survey the same physical environment, to interact
with each other to estimate a common modeling parameter, or to track the same
target [14]. Furthermore, in machine learning applications [70], it is common for
all agents to minimize the same cost function (for example, the expected risk)
which automatically satisfies the condition of a common minimizer. It follows
from Assumption 2] that the real global cost function, J&°P(w), has a unique
minimizer at w°, or equivalently, that the original global cost function, J&°b(w),
has a unique minimizer at w°. Accordingly, the unique minimizer for J&°"(w)

and for each Ji(w) is given by w® = T(w?).

The strong convexity assumption on each cost Ji(w) ensures that their Hes-
sian matrices are sufficiently bounded away from zero, which avoids situations
involving ill-conditioning in recursive implementations based on streaming data.
Strong convexity is not a serious limitation because it is common practice in adap-
tation and learning to incorporate regularization into the cost functions, and it
is well-known that regularization helps enforce strong convexity [46,71]. We may
add though that many of the results in this work would still hold if we only
require the aggregate cost function .J&° () to be strongly convex by following
arguments similar to those used in [65]; in that case, it would be sufficient to
require only one of the individual costs Ji(w) to be strongly convex while the
remaining costs can be simply convex. Nevertheless, some of the derivations will
become more technical under these more relaxed conditions. For this reason, and
since the arguments in Parts [-III are already demanding and lengthy, we opt to

convey the main ideas and results by working under Assumption 2.1l
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2.1.2 Hessian Matrices

We explain in Appendix [2.Alhow to compute the complex gradient vector and the
complex Hessian matrix of the cost Ji(w), and its equivalent representations, with
respect to their arguments. The strong convexity condition from Assumption 2.1]
translates into the existence of a lower bound on the Hessian matrices as shown
below in (27). In addition, we shall assume that the Hessian matrices are also
bounded from above. This requirement relaxes conditions from prior studies
in the literature where it has been customary to bound the gradient vector as
opposed to the Hessian matrix [25/27]; bounding the gradient vector limits the

class of cost functions to those with linear growth — see [12] for an explanation.

Assumption 2.2 (Bounded Hessian and Lipschitz condition). The eigenvalues
of the complex Hessian {V3, . Jy(w)} (defined by (2I09) in Appendiz[2.4) are

bounded from below and from above by

)\k,min S A(viw* Jk(w)) S )\k,max (27)

where 0 < Mg min < Memax. Moreover, the complex Hessian functions {V?,, . Ji(w}

are assumed to be locally Lipschitz continuous [77] at w®, i.e.,

IV (W) = V

ww*

()| < 7 - [w® = wl] (2.8)

ww*

where 1, > 0, w° = T(w°) and w = T(w) for any w € B(w®, d) with B(w®, o)
denoting the 2-norm ball B(w®, 6;) = {w € CM; |[w®—w|| < &}, which is centered

at w° with radius oy,. O

Lemma 2.1 (Global Lipschitz continuity). When conditions (2.7) and (2.8)) hold,

the Hessian matriz functions {V,,.Jy(w)} are globally Lipschitz continuous at

we, t.e.,

IV e T (w?) = Vi Je(w) | < 75+ [Jw® — w] (2.9)

ww* ww =
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for any w, and

A — Memi
7_/ Ty max{T ’ k,max k,mm} 2.10
Proof. We first note that
||Vz2_u1_u* Jk(wo) - VZN_U* Jk('l_U)H S )\k,max - )\k,min (211)

for any w = T(w), because for any 2M x 1 vector x,

z* [VZ@*

Jp(w®) — szw*Jk(w)]x =" [Viw*Jk(wo)]x — [szw*Jk(w)]x

S ()\k,max - Ak,min)||z||2 (212)
Now, if w € B(w?, d;), by condition (2.8), we have

IV e T (w?) = Vi Je(w) | < 75+ [Jw® — w] (2.13)

ww* =

On the other hand, if w ¢ B(w®°, d;), i.e., [|[w® — w|| > & or ||w® — w| > V26,

then we have

Ak — A
V2 Je(w) — V2 T < [hmax V26
|| ww k(w ) ww k(w)H = \/§(5k k

<7 Jlu” — ] (2.14)

by condition (2.I1]). O

2.2 Asynchronous Diffusion Networks

We first describe the traditional synchronous diffusion network studied in [812],

then we introduce the asynchronous network and derive some useful properties.

2.2.1 Synchronous Diffusion Networks

References [8/[12] deal with the optimization of aggregate real functions of the

form J&°P(w). Starting from equations (12)—(14) from [12] and using (2.5) we
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can derive the following diffusion strategy for solving the distributed optimization

problem (1)) with constant step-sizes:

—

Wi = Wii—1 — iV Jp(wyi—1) (adaptation) (2.15a)

Wy, = Z gk Yo (combination) (2.15b)
ZENk

where (ZI5al) is a stochastic gradient approximation step for self-learning and
(2.15D)) is a convex combination step for social-learning. The iterate wy; is the
estimate for w® that is computed by agent k at iteration ¢. The iterate 1y ; is an
intermediate solution that results from the adaptation step and will be shared
with the neighbors in the combination step. The factor uy is a positive step-size
parameter and the combination coefficients {as} are nonnegative parameters and

are required to satisfy the following constraints:

ap, >0, if fGNk
Z ag, =1, and (2.16)

LeN;, ag. =0, otherwise

where N, denotes the set of neighbors of agent k including % itself. If we collect
these coefficients into an N x N matrix such that [A]g = ag, then condition
([216) implies that A is a left-stochastic matrix, written as AT1y = 1 where

1y is the N x 1 vector with all entries equal to one.

In (2ZI5al), the stochastic approximation for the true gradient vector is used
because, in general, agents do not have sufficient information to acquire the true
gradients. The difference between the true and approximate gradients is called

gradient noise, which is random in nature and seeps into the algorithm. That is

why the variables {wy;} in (2.I5al)-(2.15D) are random and are represented in
boldface. We model the gradient noise, denoted by vy ;(wg,—1), as an additive

random perturbation to the true gradient vector, i.e.,

—

Vo Je(Wiim1) = Vs Je(Wp i—1) + Vpi(Wpi—1) (2.17)
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Let IF,_; denote the filtration to represent all information available up to iteration
i — 1. The conditional covariance of the individual gradient noise vy ;(wy ;1) is

given by

Rii(wy; 1) = Elvg,i(w,i-1)vy ;(wr 1) [Fii]

Rv,k,i(wk,i—l) R;M(’wk,i—l)

— (2.18)
ﬁk,i(wk,i—l) le,i(wkﬂ'—l)
by using (23]), where
Rypi(wyi 1) = Elvgi(w,i-1)vy, ;(wri-1) |[Fi_1] (2.19)
R, i(wri1) £ Elogi(wpi—1) o] (wpi—1) |Fii] (2.20)

/

so that R,y i(wg ;1) is Hermitian positive semi-definite and R, ;

(wp,i—1) is sym-

metric. Let further
’Qi(wi—1> £ COI{'QLZ‘('LULZ'—I)’ ce ,’QN,i(’wN,i—l)} (2-21)
The conditional covariance of v;(w;_1) is denoted by
Ri(w;-1) £ Bl (w;1)v; (wi1)|Fii] (2.22)

Assumption 2.3 (Gradient noise model). The gradient noise vy ;(wy 1), con-
ditioned on F;_1, is assumed to be independent of any other random sources in-
cluding topology, links, combination coefficients, and step-sizes. The conditional

mean and variance of v ;(wg—1) satisfy:

E [’l)k7i(wk7i_1)|Fi_1] = O (223)
E [||vg,i (wg,i—1) [I[Fi1] < af|w® — wpia]]* + o) (2.24)
for some a >0 and o > 0. O
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Let vy (wgi 1) = T(vpi(wpi_1)). From Assumption 23, the extended gra-
dient noise v ;(ws,;—1), conditioned on F,;_;, is independent of other random
sources including topology, links, combination coefficients, and step-sizes. The
conditional mean and variance of vy ;(wy ;1) satisfy

Elvy,i(wy,i—1)|[Fi1] = 0 (2.25)

Ellogi (i) [PF 1] < allw” — wy | + 202 (2.26)

Conditions similar to (2.25) and (2.26) appeared in the works [12][72[73] on
distributed algorithms. However, they are more relaxed than those employed
in [72l[73], as already explained in [I12]. Conditions (2.25)) and (2.26]) are satisfied

in several useful scenarios of practical relevance such as those involving quadratic

costs or logistic costs.

2.2.2 Asynchronous Diffusion Networks

To model the asynchronous behavior of the network, we modify the diffusion

strategy (2.I5al)-(2.15D)) to the following form:

VYpi = Wi i—1 — Mk(i)m(wk,i_1) (2.27a)
Wy = Z @ (i) P, (2.27b)
ZE.’V’)@)Z‘

where the { . (7), arr (i)} are now time-varying and random step-sizes and combi-
nation coefficients, and Ny, ; denotes the random neighborhood of agent k at time
i. The step-size parameters {u,(i)} are nonnegative random variables, and the
combination coefficients {a(7)} are also nonnegative random variables, which
are required to satisfy the following constraints (compare to (2.10)):
an(i) >0, ifeNy,
> an(i) =1, and (2.28)

teEN ag(i) =0, otherwise
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Let

w; é COI{’U)LZ', '1.0271', ey 'I.UNJ'} (229)

Y; £ col{epri, Y, -, PN} (2.30)

denote the collections of the iterates from across the network at time 7. Let also

M; = diag{ (i), pa(i), - . ., (i)} (2.31)

be the diagonal random step-size matrix at time 7. We further collect the com-
bination coefficients {a (i)} at time i into the matrix A; € R¥*Y, The asyn-

chronous network model consists of the following conditions on {M;, A;;i > 0}:

1. The stochastic process {M;,i > 0} consists of a sequence of diagonal ran-
dom matrices with bounded nonnegative entries, {py(i) € [0, x|}, where
the upper bound gy > 0 is a constant. The random matrix M; is assumed
to have constant mean M of size N x N and constant Kronecker-covariance

matrix Oy of size N? x N2, i.e.,

M £ E M; = diag{ji, fia, . .., fin } (2.32)
fir = E (i) (2.33)
Cy =E[(M; — M)® (M; — M)]
= diag{Cy1,Cha, ..., Cun} (2.34)
Cru = E[(pe(6) — fir) (M — M)]

= diag{cu k1, Cuk2s - Cu,N} (2.35)

where fiy denotes the k-th entry on the diagonal of M, C, is a diagonal
matrix and denotes the k-th block of size N x N on the diagonal of C}/,

and c, ¢ denotes the /-th entry on the diagonal of C), ;. The scalar ¢, ¢
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represents the covariance between the step-sizes (i) and p,(7):

Cuke = El(pr (i) — i) (pe() — o)) (2.36)

When ¢ = k, the scalar ¢, j , becomes the variance of py(¢). Since the {fi}
are all finite positive numbers, the condition number of the matrix M is

bounded by some finite positive constant x > 0, i.e.,

M <K (2.37)
ming{ fix }

. The stochastic process {A;,7 > 0} consists of a sequence of left-stochastic
random matrices, whose entries satisfy the conditions in (228)) at every
time 7. The mean and Kronecker-covariance matrices of A; are assumed
to be constant and are denoted by the N x N matrix A and the N? x N?

matrix Cy, respectively,

A2 EA; = [am]ph (2.38)
o 2 Eag(i) (2.39)
Ca 2 E[(A; — A) ® (A; — A)] = [Connlfis (2.40)

Cooe 2 El(@n (i) — an)(Ai — A)] = [Ca ok um) Dt (2.41)

where Gy, denotes the (¢, k)-th element of A, C, g denotes the (¢, k)-th
block with size N x N of Cy, and c¢q g nm denotes the (n, m)-th element of
Co k- The scalar cq o nm represents the covariance between the combination

coefficients a (i) and @y, ():
Ca,fk,nm é E[(aék(l) — a@k)(anm(l) — C_an)] (242)
When ¢ = n and k = m, the scalar c, g g becomes the variance of @ ().

. The random matrices M; and A; are mutually-independent and are inde-

pendent of any other random variable.
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4. We refer to the topology that corresponds to the average combination ma-
trix A as the mean graph, which is fixed over time. For each agent k, the
neighborhood defined by the mean graph is denoted by A). The mean

combination coefficients ag > 0 satisfy the following constraints (compare
with (2.16) and (2.28)):

Qg > 0, if ¢ ENk
Z ag, = 1, and (243)

LeEN} Qpp, = 0, otherwise

The asynchronous network model described above is general enough to cover
many situations of practical interest — note that the model does not impose any
specific probabilistic distribution on the step-sizes, network topologies, or combi-
nation coefficients. The upper bounds {y} are arbitrary and are independent of
the constant step-size parameters used in synchronous diffusion networks (2.15al)—
(2.15h). For example, we can choose the sample space of each step-size (i) to
be the binary choice {0, 1} to model a random “on-off” behavior at each agent k
for the purpose of saving power, waiting for data, or even due to random agent
failures. Similarly, we can choose the sample space of each combination coefficient
ark(i), £ € Ni\{k}, to be {0, ag} to model a random “on-off” status for the link
from agent ¢ to agent k at time ¢ for the purpose of either saving communication
cost or due to random link failures. If links are randomly chosen by agents such
that at every time ¢ there is only one other neighboring agent being communi-
cated with, then we effectively mimic the random gossip strategies [223/[38/[39/42].
Note that the convex constraint (2.28)) can be satisfied by adjusting the value of
ayx(i) according to the realizations of {aw(i);¢ € Ny \{k}}. If the underlying
topology is changing over time and the combination weights are also selected
in a random manner, then we obtain the probabilistic diffusion strategy studied

in [43l[44] or the random link or topology model studied in [26],37,[40]. Since the
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parameter matrices M; and A; are assumed to be independent of each other and
of any other random variable, the statistical dependency among the random vari-
ables {w;, ¥;, A;, M;} is illustrated in Fig. in Chapter [Il The filtration F;_,
now also includes information about A;_; and M;_; to represent all information

available up to iteration z — 1.

2.2.3 Properties of the Asynchronous Model

The randomness of the combination coefficient matrix A, arises from three dif-
ferent sources. The first source is the randomness in the topology. The random
topology is used to model the rich dynamics of evolving adaptive networks. The
second source arises once a certain topology is realized, where the links among
agents are further allowed to drop randomly. This phenomenon may be caused by
either random interference or fading that blocks the communication links, or by
neighbor selection policies used to save resources such as energy and bandwidth.
The third sources relates to the agents which are allowed to assign random com-
bination coefficients to their links, as long as the constraint (2:28]) is satisfied.
An example of a random network with two equally probable realizations and its
mean graph is shown in Fig. 2.1l The letter w is used to index the sample space
of the random matrix A;. A useful result relating the random neighborhoods
{N;} from [227D) to the neighborhoods {N;} from the mean network model

is given in the following statement.

Lemma 2.2 (Neighborhoods). The neighborhood N, defined by the mean graph
of the asynchronous network model is equal to the union of all possible realizations

for the random neighborhood Ny; in (22TH), i.e.,

Ne = Nia(w) (2.44)

we
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05 0 0 05 Nii(wr) ={1,4}
0 05 05 0 Nai(w) = {2,3}
0 05 05 0 Nsi(w1) = {2,3}
05 0 0 05 Nyi(wr) = {1,4}
) N 2
05 025 0 0 J\/U(M) ={1,2}
05 05 025 0 2,4(w2) = {1,2,3}
0 025 05 05 N i(w2) = {2,3,4}
0 0 025 05 Nyi(ws) = {3,4}
) [Ai(wr) (wa)] N = (L2.4)
05 0125 0 025
Ny = {1,2,3)
025 05 0375 0
Ny = {2,3,4)
0 0375 05 025
Ny ={1,3,4}
025 0 0125 05

Figure 2.1: The first two rows show two equally probable realizations with the

respective neighborhoods. The last row shows the resulting mean graph.

for any k, where Q denotes the sample space of Ny ;.

Proof. We first establish J,.q Nki(w) € Nj. By [228), we have ag(i) > 0
for any ¢ € Nj;. Since ayx(i) is a nonnegative random variable, if the event
agp(i) > 0 occurs, then an > 0 by (Z39), which implies ¢ € N. Thus, we
get N ki C Ng. This relation holds for any realization of N ki» SO we have
UneaNii(w) C AL

Now we establish Ny, C (J,cqNri(w). For any ¢ € N, we have ag > 0
by definition. This is only possible if there exists at least one realization of

a(i) assuming a positive value, which means that £ € N ;(w) for a certain w.

Therefore, Nj, € U, cq Nk,i(w) holds as expected. O

Another useful property for the asynchronous model relates to the combina-
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tion coefficient matrices {A, A® A + Cy4}.

Lemma 2.3 (Left-stochastic matrices). The N x N matriz A and the N*> x N?
matric A® A+ Cy are left-stochastic matrices, meaning that every element of A

or A® A+ Cy is nonnegative and
ATy =1y, (AR A+ Ca) lye = 1y (2.45)

Proof. Since A; has nonnegative entries by the asynchronous network model, it
is easy to verify that A and A; ® A; also have nonnegative entries. Moreover,

noting that

Ca (2.46)

it follows that A ® A + C4 has nonnegative entries as well. Furthermore, observe

that
Ay =E(A)Iy =E(A]1y) =1y (2.47)
and
(A A+ Ca)"ly: =E(A] ® A])(1y @ 1)
= E[(A]1y) ® (A 1y)]
=1 pe (2.48)
as desired. O

A useful special case of the asynchronous network model is the spatially-
uncorrelated model, where the random step-sizes at the agents are uncorrelated
with each other across the network, and the random combination coefficients

assigned by each agent to its local neighbors ezcluding itself are also uncorrelated
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with each other and with all other combinations weights assigned by other agents
across the network. In the next subsection we provide two concrete examples for

this model.

Lemma 2.4 (The spatially-uncorrelated model). Under the asynchronous net-
work model, if at each iteration i, the random step-sizes {px(i);k=1,2,...,N}
are uncorrelated with each other across the network, and if the random combina-
tion coefficients {aw(i);{#k,k =1,2,..., N} are also assumed to be uncorrelated

with each other across the network, then the covariances {c, ¢} in ([2.30) and

{catkmm} in ZA2) are now given by

C,u,k,k; ng =k
Ck,l = (2.49)
0, otherwise
and
Ca,th, 0k ifk=m, 0 =n,l € N\{k}
—Ca tk tk> ifk=m=n,l € Nk\{k’}
Calk,;nm = ~Ca,nk,nk; ka =m= E’ n e Nk\{k} (250)
> Cajrgr ifk=m=(=n
JENK\{k}
0, otherwise

\

Correspondingly, the block matrices {C) k, Cour} in (2.30) and (Z41) are given

by the following compact expressions:

Ciuk = Cupp - Erk (2.51)

Caik = Capir - (Eo — Exg), €€ N \{k} (2.52)

Cokk = Z Ca,thtk * (Bl — Euk) (2.53)
LeN\{k}
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where Ey, denotes the N x N matriz whose entries are all zero except for the

(¢, k)-th entry, which is equal to one.
Proof. See Appendix 2.1l O

We remark that the matrices {Cy, C4} are Kronecker-covariance matrices defined

by (2.34) and (2.40)); they are not conventional covariance matrices and, therefore,

are not necessarily Hermitian matrices.

2.2.4 Two Useful Network Models

In this subsection we describe two scenarios where the asynchronous behavior
arises naturally. The first model below is referred to as the Bernoulli model, a
special case of which was used before to model random link failures over consensus
networks [26,40]. The Bernoulli model given here is more general in that it

also allows us to consider simultaneously on-off strategies for adaptation through

equation (2.54)).

2.2.4.1 The Bernoulli Model

We assume that at every time i, each agent k adopts a random “on-off” policy
to reduce energy consumption. Specifically, agent k enters an active mode with
probability 0 < g, < 1 and performs the self-learning step (2.27al), and it enters
a sleep mode with probability 1 — ¢ to save energy. This behavior can also be
interpreted as the result of random data arrivals: at every time i, a new data

becomes available to agent k£ with probability ¢;. This situation can be modeled
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by the following Bernoulli random step-size model:

[, with probability g
(i) = (2.54)
0, with probability 1 — g
where py is a fixed step-size. We further assume that the underlying topology
is fixed. However, each agent k is allowed to randomly choose a subset of its
neighbors to perform the social-learning step (2.27h)). Specifically, agent k chooses
neighbor ¢ with probability 0 < 7, < 1 to save on communication costs. This
behavior can also be interpreted as resulting from random link failures: at every
time ¢, the communication link from agent ¢ to agent k drops with probability 7.
This situation can be modeled by the following Bernoulli random combination
coefficients model:
age, with probability 7
agp(i) = (2.55)
0, with probability 1 — ny
for any /€N ki \{k}, where 0 <ag <1 is a fixed combination coefficient. Based on
Lemma 22 we require the values of ag(7) in (255]) to ensure that 0 < ay(i) <1

where

a(i)=1— > auli) (2.56)

ZENk,i\{k}

Using Lemma[2.4] the relevant quantities introduced in the asynchronous network

model are given by

Fiie = Qeftk (2.57)

Cukk = qr(1 — C.Ik)#i (2.58)

Qe = Mok ek (2.59)

age =1 — Z ek Qg (2.60)
CEN;\{k}
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Cabor = Nex(1 — na)agy,, €€ Np\{k} (2.61)

2.2.4.2 The Beta Model

The other example involves continuous random variables modeled by Beta distri-
butions, which can be viewed as extensions of binary Bernoulli distributions to
the continuous domain when the probability mass is distributed over a bounded
region. The family of Beta distributions takes values in the interval [0, 1] and in-
cludes the uniform distribution over [0, 1] as a special case [74]. The probability

density function (PDF) of a Beta distribution is given by

D(E+() ¢ =) 0<z<]
B(;¢,¢) = rer)” (T s (2.62)
0, otherwise

where &, ¢ > 0 are the shape parameters and I'(:) denotes the Gamma function.
Figure 22 plots B(x; &, ) for two values of (. The mean and variance of the Beta
distribution (Z62) are given by

P S &¢ (2.63)

E+¢ " (E+HQXHE+CHT)

For the asynchronous network model, we assume that the step-size (i) takes
random values in the range [0, ], where py denotes the largest possible value
for the k-th step-size. We further assume that the scaled parameter pug(7)/py is
governed by a Beta distribution:

(1)
Mk

xy(i) = ~ B(w; &k, Cr) (2.64)

where {&, (x > 0} are the corresponding shape parameters. Likewise, we assume
that the combination coefficient asp (i) for £ € Ny ;\{k} takes random values in

the range [0, az] with 0 <ag <1. The scaled parameter as(i)/ag is assumed to
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Figure 2.2: The PDFs of the Beta distribution B(x;&, () for different values of £
and (.

be governed by a Beta distribution:

Yy (i) = ai;ii) ~ By Eor, Con) (2.65)

where {&p, (i > 0} are the shape parameters. We adopt the spatially uncorre-
lated model from Lemma 2.4l In order to guarantee that axx(i) always assumes
values within the range [0, 1], we again require condition (2.56). Then, we can
use (2.63) to calculate the relevant quantities introduced in the asynchronous

network model:

= (2.66)
R L e (267
gk = &fi’“ oo (2.68)
Qe 21— Py &f%gkagk (2.69)
otk = Qkf;fg; e (SN (2.70)
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2.3 Mean-Square Stability

For each agent k, we introduce the error vectors:
7 A o ~ A o
Yri = W’ — P, Wy = W’ — Wy (2.71)

where w? is the desired optimal solution. Subtracting w® from both sides of

(ZI5a)—(2.15D) and using (ZI7) gives

{/;k,i = Wi i1+ k(1) [Vipr Je (Wi i1 ) + 0 i (Wi i) (2.72a)
Wy = Z a (i) 72;@,1' (2.72b)
ZEN]C,@

Applying the transformation T(-) from (23] to both sides of these equations, we
show in Appendix 2.C] that the error recursion (Z.72al)—(2.72h) becomes

72;1@,1' = [Lons — i (2) Hy i | Wi g + o (1) 0 s (Wi i1 ) (2.73a)
Wy, = Z ap (1) 1}@,2' (2.73Db)
ZE.’V’)@,Z‘

where we introduced the 2M x 2M matrix:
1
Hk,i—l = / Vi]w* Jk(l_Uo - t’l_B]m'_l) dt (274)
, v

To proceed, we introduce the following network variables:

w; = col{W;, Was, ..., Wn,} (2.75)
M, 2 M, ® Ly (2.76)
A 2 A ® Ly (2.77)
H; = diag{H,;, Hy;, ..., Hy,} (2.78)

Using (Z.73a)-(2.73h) we conclude that the network error vector (Z.75) evolves

according to the following dynamics:

w; = AiT([2MN—MiHi—l)@i—l+AiTMi’Qi(’wz’—1) (2.79)

49



2.3.1 Condition for Mean-Square Stability

The main result in this Part I is to establish the mean-square stability of this
recursion in Theorem 2.1l below. The difficulty lies in the fact that the error dy-
namics (2.79) is a time-variant stochastic recursion that also depends nonlinearly
on the data. The parameters {A;, M;, H;_1} are random, time-varying, and
multiplied together and by the error vector and noise variables. The statement

and proof of Theorem 2.1l rely on the following quantities:

(i) 2 max Bl | = % o E| (2.80)
Yo 21 = 2Nk min + (737 + Cukk) M max (2.81)
B = max{y; + a(jig + curn)} (2.82)
= ml?x{ﬁz + Cpkk} (2.83)

where the {\g min, Akmax } correspond to the lower and upper bounds on the Hes-

sian matrices from (2.7)).

Theorem 2.1 (Mean-square stability). The mean-square stability of the asyn-
chronous diffusion strategy (2.27al)—~(2.27D]) reduces to studying the convergence

of the recursive inequality:
2 202 2
(i) <p-e(i—1)+ 0o, (2.84)

where o is from Z24). The model [284) is stable if the mean {fix} and the
ratio { ([ + curr)/fx} satisfy the following relation:

72 A .
o _Iiclhk’k < +k,)\n;1n (285)
i «

k,max

for k = 1,2,..., N, where the parameter « is from (226). When condition

(Z88)) holds, an upper bound on the individual steady-state mean-square-deviation
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(MSD) for each agent k in the network is given by

lim sup E||w|> < b- v, (2.86)
1—00
where
=2 2
v, 2 max M’ po N0 (2.87)
k Mk mmk{)\k,mm}

and the parameter k is from (237).

Proof. See Appendix O]

From the asynchronous network model, we know that pg(i) € [0, ). It

follows that
i+ Cure _ iy < Elps(i)m]
Fuk __ﬁin B Pk
From (2.88), a sufficient condition for (Z:85]) to hold is given by

= Ik (2.88)

>\k,min
a4 A7

k,max

L < (289)

Condition (2.85]) allows us to provide some insights about how the dispersion
of py (i) affects mean-square stability. Note that condition (2.85)) even allows the
random step-sizes to assume some abnormally large values at a relatively low
probability. This “hopping” behavior (resulting from infrequent large step-sizes)
would not destroy the mean-square stability of the network; this fact reveals

another useful form of robustness.

Since the constant coefficient b defined in (2.87]) is a fixed bound, Theorem 2.1]
implies that for sufficiently large i, the MSD of each individual agent’s solution
has a bounded value. The upper bound in (2.86]) is proportional to the parameter
v, across the network. Using the useful conclusion of (2.80]), we will be able to

derive in the sequel a condition for fourth-order stability of the error recursion

@79).
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2.3.2 Stability Conditions for Bernoulli and Beta Models

We specialize condition (2.86]) for the asynchronous models described in Section

224

2.3.2.1 The Bernoulli Model

Substituting (2.57) and (2.58)) into (2.85]) yields the condition

)\k,min
a+ A7

k,max

L < (290)

which is identical to condition (2.89) on the upper limit of the range of random
step-sizes.

2.3.2.2 The Beta Model

Without loss of generality, let (x = ¢ - &, with a constant factor ¢, > 0. It follows
from (2.66]) that the mean value fi;, can be expressed in terms of the factor ¢y

and the upper limit py:

i = % (2.91)
Likewise, from (2.67)), we have

Drlii

Gk = (14 or)?(§k + Exor + 1) (2.92)

which is a monotonically decreasing function of the shape parameter & > 1.
As the value of & becomes larger, the probability mass of p (i) will gradually
concentrate around its mean (2.91]), as shown in Fig. 23l Substituting (2.91]) and

(2292) into (28H) yields

¢k£k )\k min
<1+ : 2.93
Hik ( 1+&) at+ N (2.93)
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B(x;€,

1 [

Figure 2.3: The PDFs of the Beta distribution B(x;&, () for ¢, = 1.5&; and
& = 2.4, 6.

where gy, is the largest possible value for p(i) defined by (2.64). In (2.93),
the bound on py is a monotonically increasing function of the shape parameter
& > 1. As & becomes larger, the bound in (2.93]) becomes larger. The net effect
allows for a wider range for the realizations of the random step-sizes. Moreover,

it is easy to verify that the upper bound in (2.93)) is larger than that in (2.90]).

2.3.3 Condition for Fourth-Order Stability

Result (2.80) establishes that the network is mean-square stable under the as-
sumption of bounded second-order moments for the gradient noise process as in
(2.20). If desired, under a similar condition on bounded fourth-order moments for
the gradient noise, we can also establish by extending the arguments of Appendix

and [67] that the error recursion (2.79) is stable in the fourth-order sense.

Theorem 2.2 (Stability of fourth-order error moments). Assume the fourth-

order moments of the gradient noise components are bounded by

E[||vgi(wri-1)[|'[Fi-1] < o*[lw® — wpia || + 0, (2.94)
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for some constants o > 0 and o, > 0. If

_(4
'U’I(C) )\k,min

<
i 3\ + 4o

(2.95)

2
k,max
holds for all k, then the fourth-order moments of the individual errors are asymp-

totically bounded by

lim sup E|wg||* < b] - v° (2.96)

1—00

where the parameter v is defined by

—(4)
% 2 1
I/émaxi_k , b éiga”(HjL )

2.97
k Mk mink >\k,min ( )

Proof. See Appendix 2.E] O

It is easy to verify that condition (2.94]) implies a bound on the second-order

moment of the gradient noise:
E[[[vgi(wii-1)|P|Fi-1] < allw® = wyia|* + 0} (2.98)

although the converse is generally not true. In other words, it is redundant to

assume both conditions (2:26) and ([2.94). It can be verified that condition (2.95)
implies (2.85)) (see (ZI192) and (ZI93)) in Appendix 2.E)). Therefore, conditions

(294)) and (299) are sufficient to ensure both mean-square and fourth-order sta-

bility of error moments. Moreover, it is straightforward to verify that

—(2) ﬂ](f)

v, = maux'[{L < max —
ko Mk koo g

=v (2.99)

Therefore, we can use v to upper bound v,.
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2.4 Conclusion

We introduced a fairly general model for asynchronous behavior over networks
with random step-sizes, links, topologies, and combination coefficients. We then
carried out a mean-square analysis and showed that, even under non-vanishing
step-sizes, the asynchronous network remains mean-square stable for sufficiently
small step-sizes. We derived a condition on the first and second-order moments
of the random step-sizes to ensure stable behavior. We specialized the results to
two models: a Bernoulli network and a Beta network. It was observed that the
Beta network admits a wider range of step-sizes for stability. The results suggest
that networks where step-sizes assume values randomly within a certain interval
are robustly more stable than networks that have their step-sizes be turned on

or off.

2.A Equivalent Complex-Domain Representations

First, we recall the definition of the real Jacobian of a real-valued function J(w)

with respect to a real column vector w € RM as

0J(w) o {&](W) 9J (w) (‘N(w)}

dw ow, = Ows = Owy

(2.100)

where w,, € R denotes the m-th element of w. Using (2.I]), the real gradient of

the function Ji(w) with respect to w is defined as

N\ A <9Jk(ﬂ])
\V4 4L _ | 0Jk(w OJ (w 9
H)Jk(w) Cow ow [89‘{1%11); 83mk((w))} ( 101)

and the real Hessian matrix of the same function Ji(w) with respect to w is

defined by

V2 0 Je(0) £ 8% [agﬂf)r (2.102)
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It is easy to verify that V2 . Ji(w) is a symmetric matrix.

Then, we define the derivative of a real-valued function J(z) with respect to

the complex argument z € C as [75[76]:

0J(z) o 1 [ 0J(2) . 0J(z)
9. 2 <8‘ﬁe(z) _jajm(z)>

(2.103)

and the complex Jacobian of a real-valued function J(w) with respect to the

complex column vector w € CM is given by

) & 1 {O000) O00w) | OJ10))

N 8’(1]1 ’ 8’(1]2 Y 8wM

o (2.104)

where w,, € C denotes the m-th element of w. The complex gradient of the

real-valued function J,(w) with respect to the complex vector argument w € CM

is defined as [76, eq. (20)] (compare with (2.10T])):

s 0J(w) 1 0J(w)  JdJ(w)
Vodi(w) = =50 _§<ame(w) _ja’Jm(w))

(2.105)

and the complex conjugate gradient of Ji.(w) with respect to w* € CM is defined
by [76], egs. (21, 22)]:

0J(w)
ow*

Vo Ju(w) = = [Vudi(w)]* (2.106)

Using (2.3), the complex gradient of Ji(w) with respect to the column vector
w € C2) is then given by [76] eq. (18)]:

&]k(z_u)
ow

Ve (w) = - [ijk(w) (Ve Jio(w))T (2.107)

and the corresponding complex conjugate gradient is given by

Vurdil) = | 228 9, ) 2108

The complex Hessian of J(w) with respect to w € C3} is defined by [76], eq. (32)]:

Ve Ju(w) (V2 rJx(w))*
Je(w) £ (2.109)
Ve wrdi(w) (Vi Ji(w))T

V2

ww*
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where

V2 e Je(w) £ % la‘g“fuw)r (2.110)
V2 1k (w) 2 % [agfuw)r (2.111)
It is easy to verify that V?_W*Jk(z_u) is a Hermitian matrix.
From (2.101) and (2.107), we have [76, egs. (18, 19)]:

Vo di(@) = VyJp(w) - D (2.112)
Vi (17) - %D* V() (2.113)

Similarly, from (ZI02) and (2ZI09)), we have [76], egs. (32, 33)]:
V2 ordi(@) = D* - V2 . Jy(w)] - D (2.114)
iD V2 gt de(@)] - D* = V2 L Ji(w) (2.115)

Identities (2112)-(2.I15) play an important role in our analysis.

2.B Proof of Lemma 2.4

Expression (2.49)) is because py(i) and p,(i) are uncorrelated when k # ¢. Ex-

pression (2.51]) is obtained by using (2.49) and (235]). Using (228) and Lemma
2.2, we have

an(i)=1— Y au(i)=1- Y au) (2.116)

ZENk,i\{k} LeN\{k}
since ag,(i) = 0 for any ¢ € N, \Ny,;. When ¢ # k, all entries in A; are
uncorrelated with ag (i) except for the (¢, k)-th and (k, k)-th entries. It follows

from Lemma that

Carrk = E[(am (i) — am)(ar(i) — ag)]
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—~

@ _ Z El(aw () — am)(@nk (i) — ani)]
neN\{k}
—E(aw(i) — an)?

= — Ca tk tk (2.117)

=

—~
=
=

—
~

for any ¢ € N \{k} since (ZI17) holds for any realization of the random neighbor-
hood N, and where step (a) is due to [ZII6); step (b) is because {a,x(i);n €
N1.\{k}} are all uncorrelated with a (i) except for ag(i) itself, and @ (i) = 0
for any ¢ € Np\N.i; and step (c) is because of ([Z42). From ZIIT7), we get
(Z50). When ¢ = k, all entries in A; are uncorrelated with a(i) except for the
(¢, k)-th entries for all £ € Ng;. It follows from Lemma 2.2 that

Ca etk = El(ari(i) — ark) (@ () — )]

= — Cq 0k tk) IS Nk\{]{?} (2118)
Ca, ik, kk @ Z E[(aw (i) — am)(@nk(i) — ank)]

é,ne/\/'k\{k}

b . _

(:) Z E(agk(l) — agk)z
LeN\{k}

(é) Z Ca,gk,gk (2.119)
LeEN\{k}

where (2.I1]) is because of (2.I17); step (a) is because of (2.I10)); step (b) is

because {a(i); £ € Ny;\{k}} are mutually-uncorrelated, and a(i) = 0 for any
(€ Ni\Nk; and step (c) is because of ([242). From (ZII8) and ZI19), we get
2.50).
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2.C Derivation of Error Recursion (2.73a)—(2.73h)

Applying the transformation T from (Z3]) to both sides of the error recursion

([272a) - (2.72b)), we get

'l_Zk,z‘:@k,i—1+uk(i)[vw*Jk(Wk,i—l)"‘@k,i(wk,i—l)] (2.120a)
Wy, i = Z au (i) Pu, (2.120b)
ZEN]VJ

where, by definition,

Vw* Jk(w)

vaJk(w)

The real gradient defined by (Z.I01)) can be expressed using the mean-value the-

orem as [72]:
Vgt Jp(w) = [/ V2 (w0 — t(w° — w))dt] (w — w?) (2.122)

since VgrJi(w®) = 0 by Assumption 21l From (Z3), (ZI22), (ZII3), and
(ZI15), we get

1
Vw*Jk(w) =—-D-. V@TJk(w)

2
- / %D [V ori(@” = t(w° = w))] D*dt - D(w — @)
[/01 v2 Jk(w _ t(w w))dt:| . (LU — wo) (2123)

Letting w = wy;—1, we get

Ve Ji (Wi i—1) {/ Vo _t@k,i—l)dt} Wi,i—1 (2.124)
Then, by ([2.124), the error recursion (2.120a) and (2.120D) can be rewritten as
([2-03a) - ([2.73h)).

29



2.D Proof of Theorem [2.1]

We start from equation ([2.73D). Since the squared Euclidean norm || - || is a

convex function of its vector argument, using Jensen’s inequality [71] we get
D2 < D an()llPel® = anli)lltpe? (2.125)
ZENkyi ZeNk

since ag(i) = 0 for any ¢ € Nip\N%; by [228) and Lemma 221 Taking the
expectation of both sides of (2.127]) and using the asynchronous network model,

we get

Bl|wil* < D s Elltbeal* < max{E|eil|*) (2.126)
ZENk

Conditioned on F;_;, the random matrix Hy; ; defined by (Z74)) becomes de-

terministic. Let

S0 = Lo — pi (i) Hy i) (2.127)

From (Z73al), we get

7 (a) ~ .
E(l|9pell*[Fi1) = E(l|@ri1l5, ,[Fi1) + Elpg ()| og (w1 ||*|Fii]
E(1 2kl |1 @ri1*Fi1) + (2 + i) Ell|vri(wria) |2 Fia]

< E(|Z0ll[Fam )| @rial® + (7 + cupen) (@[ @p i ||* + 207)
(2.128)

where step (a) is from (2127)) and cross terms are eliminated by using the con-
ditional independence and zero-mean properties of vy, ;(wy;—1) from Assumption
2.3} step (b) in (2.128) is due to the asynchronous network model and the sub-
multiplicative property of the 2-norm; and step (c) is by conditioning and (2.26]).
Using Assumptions and (2774) we have

1 — (1) Mg max < AMLong — e (1) Hiim1) < 1— pog(2) Mg min (2.129)
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Then, from (ZI27), we obtain
A (Bk) < max{(1 = s (D) Memin) s (1 = B (6) Mmax)*}
= max{l — 24, ()) Memin + B3 (DN, snins 1 — 28 (0) Memax + B (0D AT
<1 = 24 (0) M + BN e (2.130)
because p (i) is nonnegative. Therefore, we have

(a)
E([Zeil[|Fi—1) = E[Amax (Bk,i) [Fizi]

(0) , :

< E[l - 2“k(z))‘k,min + Ni (Z))‘z,max]

© 2 (2.131)
where step (a) is because Xy ; in (2.127) is Hermitian and positive semi-definite,

and its largest singular value coincides with its largest eigenvalue; step (b) is by

using (2.130) and the independence condition in the asynchronous model; and

step (c) is by (Z81]). Substituting (2.I31]) into (2.128)), and taking the expectation
of both sides with respect to w;_; yields

Ellpell? < 2 + a(i? + cunr)] - Bl @ri o] + 2022 + cupn)o®  (2.132)
Combining (2132)) and (2.126]) yields
Bl < max{(3? + (i + )] - Bt |2 + 20 + )0} (2.133)
Dividing both sides of (2I33) by 2, and using the fact that E|wy,;_|* =
El|wgi-1][*/2, we get

Bl iil* < [max{1? + a(i + ue0)}| [max Bl )] + [max{i} + 00} o2
(2.134)

Now since inequality (ZI34]) holds for every k, using (2.80), we conclude that

(2.84)) should hold. Propagating (2.84]) backwards to the starting point yields

(i) < B (—1) + o - iﬁj (2.135)
j=0
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A ~ e .
where €2(—1) £ maxy E ||wy _;]|* represents the initial error variance. In order

to guarantee a convergent upper bound, we require || < 1, which, by (2:8T]) and

([2.82), is equivalent to
11— 2 M emin + (T + Cugete) Mpmax + )] < 1 (2.136)

for any k. A sufficient condition for (2-I3€]) is given by

ﬁz + Cuk k < 2)\k,min
Uk a+ N2

k,max

(2.137)

It is easy to verify that condition (Z8h) is a sufficient condition for (2ZI37).
Therefore, if condition (2.85]) holds, then || < 1.

Now under condition ([2I37), we obtain from (2.84]) that
903(1 _ 5i+1)

(1) < BT E(—1) + 5 (2.138)
When i — oo, we get an upper bound for the individual MSD:
2
lim sup €2(i) < 22 (2.139)

In the following we simplify the upper bound in (ZI39). From (282)) and (Z.81)),
we get
1-8=1- mgX{%f + oy + curr)}
=1- m]ilX{l - Qﬂk)\k,min + (ﬂz + C,u,k,k)(kz,max + Oé)}

=2
= min {,ak : |:2)\k,min - M(a + AZ max):| }
k e ’

fii 4 Cukek
> min{/ix } - min l”\k’min L R DY max)} (2.140)
k k o ’
Using (2.88) again, we get
=2
Pt Cukk (o 32 oy (2.141)
M ’
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Hence, relation (ZI40) can be further expressed as
1-p> mkin{,ak} . mkin{)\k,mm} (2.142)

From ([2.83)) we get

—2
+c
0 < maxw - max (2.143)
k I[,Lk k

Therefore, when ¢ — oo, using (2.142)), (2.143), (2.37), and (2.87), we get from
(2139) that

fo?
lim sup €2(i) < -
op  maxe{fn} o Gk
T ming{ g min} ming{fix} & ik
2 -
< _R% ax M (2.144)
mlﬂk{kk,min} k Mk

Substituting (2.87) into (2.144]) completes the proof.

2.E Proof of Theorem

From (2.73D) and using Jensen’s inequality, we obtain under expectation:

@il <Y aoEllhea* (2.145)
ZENk

for all k. Therefore, we have
max E|[ @ ||* < m]?XE||lek,i||4 (2.146)
From (2.73a), we have
||7lzm||4 = [[[Toar — pe (i) Hy 1] we i1 + uk(i)’yk,i(wk,i_l)ﬂﬂ‘ (2.147)

Lemma 2.5 (Fourth-order inequality). For any two vectors  and y of the same

size, it holds that

le +yl* < ll=l* + 8l *[lylI* + 3llyll* + 4]|]*Re(z"y) (2.148)
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Proof. It holds that

lz + ylI* = [lz|* + 2%e(z"y) + [ly]*)*
= [l[|* + 4[Re(z"y)]* + [lyl* + 2]y ]*

+ 4|z |[*Re(z"y) + 4Re(z"y) |1yl (2.149)
The result now follows by using the inequalities:

[Re(z y)* < l|lz|*yl]*, 2%e(z"y) < [lz]|* + y| (2.150)

Referring to (2.147), if we make the identifications

x = [Ioy — px () Hy i1 |Wyim1, Y = (1) v i (Wi i—1) (2.151)

then we obtain

lzl*<a-b  |yl*=c-d (2.152)
where

a £ 1- Ql‘l’k(i))\k,min + I’l’z(i))‘z,max (2153)
b2 [ (2.154)
c £ pi(i) (2.155)
d = vy (wpi1)] (2.156)

Using Lemma [Z5], we obtain from (ZI52) that
lz+yl' <a® b*+8a-b-c-d+3c - d®+ 4||z|*Re(z*y) (2.157)

where

a’2 = [1 - Quk(i)Ak,min + HZ(i))\z,max]z
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= 1 — 4 (D) M min + 2067 (1) (208 i + A max)
— 43 (1) N min Mo + B (D) A
< 1= A (D) Nemin + 202 () (2AF in + Momas) + A (D e (2.158)
c? = p(i) (2.159)
a-c= pp(i) = 20 (1) Memin + 15 (DAF s
< B20) + BN (2.160)
Taking the expectation of (2.I57) conditioned on F,;_;, we get

El|lz + y||'|Fi_1] < E[a?] - b* + 8E[a - ¢] - b - E[d] + 3E[c¢?] - E[d?]  (2.161)

where the last term disappears because y has the noise factor that is conditionally

zero mean. From (Z.I58)-(2.160), we have

Ela?] < 1= 47" Memin + 2017 (207 pmin + M) + I M (2162)
E[¢?] = " (2.163)
Ela- o < i + i A (2.164)
where ,a(m) 2 E[u(i)] denotes the m-th moment of the random step-size param-
k k
eter py (7). It follows from (2.94)) that
4 2\l 4 4
Ell|vgi(wri-1)||*[Fie1] < o - [|[wg || + 40y, (2.165)

where a factor of 4 appears because of the transform T(-). Likewise, it follows

from (2.98)) that

||, (wri-1)|[*[Fica] < o [ [ + 207 (2.166)

Using (2.165) and (2.I66), we can bound the quantities E[d?] and E[d] in (2.I61])
by

E[d?] < a? - ||[wga||* + 4ot = o? - b + 4ot (2.167)
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Eld] < o | Wy + 202 = a - b+ 207 (2.168)

Substituting (2.162)-(2164) and 2.I67)-(2I68) into (2I6T]), we end up with
Elllz + y|*|Fii]
[1 - 4:uk )\k ,min + 2:““]@ (2)\19 ,min + )\k max) 7(4 )\k max] ’ b2
+8[ + aA2 Lol b (o b+ 202) + 3 - (0 - b+ 4o

[1 4:“ )‘k mlrl_l_2:u (2)\k m1n+)\z,max+4a) +,[L (Ak max+8a)\k max+3a2)]

X b + 1602 [17) + N s - b+ 120021
= (1= hga) -0+ hieo - b+ his (2.169)
where
hiy 2 AR Nmin — 2747 (207 min T AR max + 40) — ey max 8N} o + 307
(2.170)
hio 2 1602(A) + M2 ) (2.171)
his 2 120200 (2.172)

Substituting (2.I51)), (2.147), and (2.154) into (2.169), we get
E[|[pn|[1Fima] < (1= hi) - | @rimt | + bz - (1@t | + B (2.173)
Taking the expectation with respect to IF;_; yields
El[peil[* < (1= hir) - Bl @i |+ hoo - El @i+ hes  (2174)
From (286) in Theorem 2], we know for large enough 4 that
El|@gi1[* <2(0+¢€) - v (2.175)

where we used the fact that ||w||* = 2||w||?, and 0 < € < 1 is a small number.

Therefore, we can bound E||v;/;kz||4 in (2.174)) for large enough i by

El|9pnil|* < (1= hir) - Bl @pial|' + huz - 200+ €) - v + hyes (2.176)
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Substituting (2.I70]) into (ZI40)), we get

m]?XEH'L_BkJH‘l < [mkax(l — hiq)] - m]?XEH’I_EkJ_lHLL + mkax[hm -2(b+¢€) - v+ hy )

(2.177)

Let
o m}ilx(l —hg1)=1- min Ay, (2.178)
0, = m}gx[hkg 2(b+e€) v+ hyg) (2.179)

where b is from (2.87). We can then use (2.I77) to write for large enough ¢ that
mI?XEH@MH‘l <y m]?XEH@M_lH‘* + 0,4 (2.180)

Therefore, the fourth-order moment of the individual error is governed by (2I0).

Whenever |y4| < 1, the quantity maxy, E||wy;[|* will have a bounded value asymp-

totically. In order to guarantee |y4| < 1, it is sufficient to have
0< 4:uk )\k ,min 2:“ (2)\k m1n+)\k max+4a) ()\k max+8a)\k max+3a2) <2 (2181)

for all k. This condition can be guaranteed by the sufficient conditions:

A5 N in < 2 (2.182a)
7(2 (2)\k ,min + )\k ,max + 40() < ,a](gl))\k min (2182b)
_(4 (>\k ,max + Sa)‘k ,max + 30& ) < :uk (2)‘k ,min + )‘k ,max + 40() (21826)

Condition (2.182al) is equivalent to

2.1
b < 2)\k,mln ( 83)
Condition (2.182h) holds if
7(2)
Mk )\k,mln
2.184
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Condition (ZI82d) holds if

iy, 1
< 2.185
A2 A e T4 (2.185)
because
A+ 202 4+ A2+ 4o
2k,max - < . k,min k2,max - (2186)
(Ak,max + 40() Ak,max + 8Oé)\k,max + 3o
Since, for any random variable pu(7),
_(1 e e (4
P <Ed, 0P <y (2.187)
it is straightforward that
o (82N B0 _
max [/j’k ] @) »(2) < _(1)79 (2188)
oy k [Mk ]

On the other hand, it can be verified that
AR i 1 1
R < mi 2.189
(BN + 47~ 0 { I e M 4 40 (2:189)

Therefore, if condition (2:95)) holds for all k, then (ZI83)—(ZI8H) hold, and |v4| <

1 holds. Using (2I88)) and the new definition of v in (2297, we obtain

a<v, @l <t Y <o (2.190)
Using (2.190), we have
y oal),  his < 120001 (2.191)

hig < 160007 (1 + AF oy
It is worth noting that the new definition of v in (Z97)) bounds the old definition

in (Z87) from above since
—(4)

_ —(2
77 —(1) — -(Q ’
Hi Ay oAy
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due to (ZI8]). It is easy to verify that

)\k,min )\k ,min
+da o+ N2

v (2.193)

k,max k,max

With (2192) and ([2.193)), it is obvious that (2.95)) implies (2.83]).

When |v4| < 1, the recursive inequality (Z.I80) leads to

~ 0
lim sup [m]?XE||wk,i||4] < —

— 2.194

Substituting (2.I71]) and (2.I72) into (Z179) yields

61 < max[L607 (1 + 1A ma) - 20 + v + 12031,

= max [3203;1,(?2) (

where v is given by (2.97). Using (2.95)) and (2.18]), we have

—_(4) A2 A2 A4 1
:U’k )‘k max l;max k,min < I; ,max _ - (2196)
e S BNt da) S B9

k,max
Substituting (2.196]) into (ZI195]) yields

(4)

—ESA max) (b+e)u+12a§pl§4>] (2.195)
k

0, < max [3201,,1% —(b+e)v + 12%#1& )}

(a) @ ﬂ(4)
< max [ 12077, | 3bv + 03%
k ,11( )

k
(0)
< max | 12av,uk (361/ + o2y )}

—(2)
= max 1203,11,(c (Bbu + o2 )]
1%

< max |12022012(3b + o u)} (2.197)

where step (a) is by choosing € < b/80; and steps (b) and (c) are by using (2.97)
and (ZI88). Substituting (2.182b]) and (Z.I82d) into (Z.I70Q) yields

Bt = ) Aomin (2.198)
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It follows from (ZI78) and (ZI98) that

L= =minhy, > mljn[ﬂg))\k,mm] > min i 0in At min (2.199)

Substituting (2.197) and (2.199) into (2.194]), we arrive at

~ 126212 (3b 2) . =(1)
i sup [mac B ] < 27280 2 0uv) 0o

i—o0 ming fiy, - Ming Mg min

1202(3b + o2v) maxy, il
. v
ming )\k,min mink ﬁ,(:)
< 12k02%(3b + o2v) 2

minyg >\k,min

IN

(2.200)

where we used (2.37) in the last step. From (2.95) and (2.97), it is easy to verify
that

)\k min 1
< ’ < 2.201
VS 3\ max T 4 T 3ming A min ( )
Then, from ([2.87) and (2.201), we obtain
3ko? o2 302(k+1)

3b+ oo < - - - 2.202
* Tl = mink )\k,min * 3 mink )\k,min mink )\k,min ( )

Therefore, we obtain from (Z200) and (2.202]) that
lim sup m}gxmmk,inﬂ <02 % =002 (2.203)

1—00

due to the identity ||w||* = 4 - ||w]|*, where b, is given by (2.97).
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CHAPTER 3

Mean-Square-Error Performance of

Asynchronous Networks

In this chapter, we shall derive analytical expressions for the mean-square con-
vergence rate and the steady-state mean-square-deviation. The expressions will
reveal how the various parameters of the asynchronous behavior influence net-
work performance. In this process, we shall establish the interesting conclusion
that even under the influence of asynchronous events, all agents in the adap-
tive network can still reach an O(v'*7%) near-agreement with some 7/ > 0 while
approaching the desired solution within O(v) accuracy, where v is proportional
to the small step-size parameter for adaptation. The results in this chapter are

based on material from [77].

3.1 Network Error Dynamics

In order to study the mean-square-error performance in steady-state, it is nec-
essary to strengthen the assumption on the stochastic gradient vectors, i.e.,
{m(wm_l)}. We replace the gradient noise model described in Assumption

2.3 in Section 2.2.1] of Chapter 2 by the following one.

Assumption 3.1 (Gradient noise model).

1. The gradient noise vy ;(wy,i—1), conditioned on F;_q, is assumed to be inde-
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pendent of any other random sources including topology, links, combination

coefficients, and step-sizes. The conditional moments of vi ;(wg—1) satisfy:

E [vp:(wpi_1)|Fi_s] =0 (3.1)

E [[|ogi(wpi-1)||*[Fic1] <& lw® —wp i || *+07) (3.2)
for some a >0 and o > 0.

. The individual gradient noises {vy ;(wy;—1)} are uncorrelated and circular

across all agents such that
Ri('wi_l) = diag{Rl,i(wl,i_l), ey RN,i(wN,i—l)} (33)

where R;(w;_1) and { Ry, ;(wy 1)} are from 222)) and (ZI8) both in Chap-
ter[2

. The conditional covariance of v;(w;_1) satisfies the Lipschitz condition
[Ri(Iy @ w’) = Ri(wi—1)| < kol Iy @ w” — wiq || (3.4)
for some constants k, > 0 and 0 < ~, < 4.

. The covariance of v;(1y ® w®) converges to a constant matriz:

R 2 lim R;(1y ® w’) £ diag{R,,..., Ry} (3.5)
11— 00
where
Ry, & lim Ry ;(w°) (3.6)
1—00
O

From Assumption B.1] the conditional moments of vy ;(wy —1) satisfy

Elvgi(wyi—1)|[Fi—1] =0 (3.7)

E[||vg,i (wr,i-1)]|*|Fi-1] < o?(|w® — wy i ||* + 407, (3.8)

where a factor of 4 appeared due to the transform T(-) from (2.3]) of Chapter 2l
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3.1.1 Long Term Error Dynamics

The error recursion for the asynchronous network (I.7a)—(L.7h) from Chapter [Iis
given by (2.79) from Chapter 2, where ‘H,;_y = diag{H -1, Ho—1,..., Hn,_1}
and

1
Hy, = / Ve Ji(w® — twy, ;1) dt (3.9)
0

The dependency of H;_; on the previous iterate w;_; complicates the mean-
square analysis. Recall though from Lemma 2.1l in Chapter 2 that the Hessian

matrices of the costs {Jx(w)} are globally Lipschitz around w®. Let
H, £ V2 . Je(w°), H=diag{H,,...,Hy} (3.10)
Recursion (2.79) from Chapter 2] can then be rewritten as
w; = A (Lyy — MiH)w;—1 + Al My (w;_q) + Al d; (3.11)
where the perturbation factor d; is given by

d; = M, (H—Hi)wi £ COl{dl,ia S dN,z'} (3.12)
dii = (i) (Hy — Hy i 1) Whi (3.13)
Let ﬁ,ﬁ") £ E[uy(7)]" denote the n-th moment of the random step-size parameter

pr(7); we also use i, = ﬁ,(:) from (2.33) of Chapter [2] for the mean and ¢, ;¢ =
E[(pr () — fix) (pe(2) — fig)] from (236]) of Chapter 2l for the cross-covariance.

Lemma 3.1 (Size of perturbation). If condition [298) in Chapter[d, namely,

ﬂk )\k min
< : (3.14)
A0 3N +da
holds for all k, then
lim sup E||AT d;||> < O(v*) (3.15)
1—00
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where

(3.16)

Proof. See Appendix [3.Al O

Assumption 3.2 (Small step-sizes). The parameter v from ([B3.10)) is sufficiently
small such that

. )\k,min

k,max

O

Under Assumption B.2] condition (3.I4) holds. It was shown in (2ZI92) and
(Z193) from Chapter 2 that condition (3.I4]) in this Part implies condition (2.85))

from Chapter 2, i.e.,
—(2) b
Mg k,min

1 P
%) a+ A

k,max

(3.18)

for all .

Since we are interested in examining the asymptotic performance of the asyn-
chronous network, result (8.15) indicates that the network error recursion (2.79)
from Chapter 2l can be expressed for large enough ¢ by using the following long-

term model:

)

where we ignore the O(v?) term A/ d; according to (3.I5), and we use w)_; to
denote the estimate obtained from this long-term model. It is worth noting that
the gradient noise v;(w;_1) in (BI9) is an extraneous noise that is imported from
the original model (2.79]) from Chapter 2} it only depends on the original estimate
w;—1 but not on w;_,. We will now use recursion (3.19) to determine expressions

(rather than bounds) for the steady-state individual MSD and for the average
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network MSD. One advantage of model (3.19) is that the random matrix H,;_;
from (Z779) from Chapter [2 has been replaced by the constant matrix H. More
formally, under Assumption B.Ion the fourth-order moment of the gradient noise,
and by extending the arguments of Appendices and 2.F] from Chapter 2 and
the arguments of [67], we will establish later in (8.71) that the MSD expression
resulting from (B.I9) is within O(v%2?) of the MSD expression for the original
recursion (2.79) from Chapter [Z this conclusion will rely on the following useful

result.

Theorem 3.1 (Bounded mean-square gap). Under Assumptions[3.1 and[3.2, the
mean-square gap from the original error recursion (209) from Chapter[d to the

long-term model (B.19)) is then asymptotically bounded by

lim sup mngH@M -, |I’| <0 (3.20)
1—00
for any k.
Proof. See Appendix 3.Bl O]

To proceed with the mean-square-error performance analysis, we introduce

the following auxiliary variables:

Dy & Ly — py(i) Hy (3.21)
D; £ Lyny — MiH = diag{ Dy ;} (3.22)
B, £ A'D; (3.23)

s 2 Al M (w;_) (3.24)

Based on the gradient noise model in Assumption Bl and the asynchronous
network model described in Section 2.2.2] of Chapter 2] it is easy to verify that
the (conditional) means of {A;, M,;, Dy ;, D;,B;, s;} are given by:

AZE(A) = AR Ly (3.25)
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MEEM,;) =M@ Ly (3.26)
Dy 2 E(Dy;) = Loy — jipHy, (3.27)
D 2 E(D;) = Lyy — MH = diag{D,} (3.28)
B2E(B)=A"D (3.29)
52 E(si|Fiiy) =0 (3.30)

It can be verified that the block-Kronecker-covariance matrices of several random

quantities are given by:

E[(A; — A) @ (A; — A)] = Ca @ Lo (3.31)
Cu = E[(Ml M) @y (M; — M)] = Cry @ Iypg2 (3.32)
E[(D; — D*)" @4 (D; — D)) = Cpr(H'" @ H) (3.33)
E(B; - B")" @, (B; — B)]
= (AT ®, AN)Cp +CL(D" @, D+ Cp) (3.34)

where the symbol ®; denotes the block-Kronecker operation of block size 2M x
2M (see Appendix B.C)). Moreover, it can be verified by using property (3.128))
from Appendix [3.C| that

E[(X" - X7 @, (X - X)) =E[(X")T @, X] - (X) @, X (3.35)

for any random block matrix X with appropriate block size and with mean
X £ EX. The {C4,Cy} that appear in (B31)-(B34) relate to the second-

order moments of {azx (i)} and {px(7)}. Using (B.23) and (3:24)), the long-term
model ([B.I9) can be rewritten as

W =B, w,_, +5s; (3.36)
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3.1.2 Mean Error Recursion

Taking the expectation of both sides of (3.30), we end up with the mean error

recursion for large i:

Ew, =B -Ew,_, (3.37)

The stability of recursion (3.37) requires the stability of B. A condition on the
step-sizes to ensure the stability of B can be derived as follows. Using the fact that
A is block left-stochastic and D is block diagonal and Hermitian, and following
the same argument in |78, App. A] [35], we obtain

p(B) < p(D) (3.38)

where p(-) denotes the spectral radius of its matrix argument. It follows from
[B28) and (B.38)) that asymptotic mean stability is guaranteed if the mean step-
size iy satisfies

_ 2
i = i < (3.39)
BT p(Hy)

for all k. Since Hj, is a positive semi-definite matrix, its spectral radius coincides

with its largest eigenvalue. Using (2.7) from Chapter 2, we have p(Hy) < A max-
If condition (B.I4)) holds, then from (2.I88]) of Chapter 2 we have

iy At At 2
—_(1) k k,min < k,min <

< <
A T T L
since o > 0. Therefore, condition (3:39) holds if condition ([B.I4]) does so. With

Assumption 3.2 we have

(3.40)

lim E@); = 0 (3.41)

1—+00
for all k. From (B.41)), we conclude that the long-term model (3.19) or, equiva-
lently, (8.30]), is the asymptotically centered version of the original error recursion

(279) in Chapter
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3.1.3 Error Covariance Recursion

We proceed to examine the evolution of the covariance matrix of the network

error vector w) in the long-term model (3.30]). Let

ri(w;_1) £ bvec(Ri(wi—1)) = E[(v] (wi-1))" @p vi(wi1)|Fii] (3.42)
yi = (AT @, AT + C1) (M @y M + Car)E[r;(w;_y)] (3.43)
2 2 bvec(E (wjw}")) = E[(w]")" @, w]] (3.44)
GEE[(D}) @ Di]=D"®,D+Cp (3.45)
FE2E[(B) @B =B"®,B +Ch =G(A®, A+ Ca) (3.46)

where the notations bvec(-) and ®; denote block vectorization and block Kro-

necker products, respectively, both of size 2M x 2M (see Appendix B.C). We

note that the second equalities in (3.42) and (3.44]) are due to property (3.125)

and the second equalities in (3.45]) and (B.46]) are by using ([B.28), (3.29), and
B33)-B35). Using (3.42)-(3.46), we obtain the following recursion for the

block-vectorized covariance matrix of the network error vector w.

Theorem 3.2 (Network error covariance recursion). The vector z; evolves ac-

cording to the following recursion:

Recursion [B.A7) converges if condition ([B.14) holds, and its convergence rate is

determined by p(F).
Proof. See Appendix O

The vector z; can be used to compute useful error metrics. For example, we

can examine any weighted MSE measure for w; by evaluating quantities of the
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form:

E ||w}|% = E [Tr(ww]*Y)] = z - bvec(X) (3.48)

where ¥ is an arbitrary positive semi-definite weight matrix. To guarantee the
convergence of E ||w!||% for any weighting matrix ¥, it is sufficient and necessary
to guarantee the convergence of z;. It follows from Theorem that under
Assumption B.2] the spectral radius of the matrix F in (3.47]) determines the

mean-square stability and convergence rate of the asynchronous diffusion strategy
(L7a)—(L7D) from Chapter [0

Before proceeding we comment on the reason why we choose to use the block
vectorization operation bvec(-) in (B.44) instead of the traditional vectorization
operation vec(+). This is because bvec(-) allows us to track each block of its ma-
trix argument after vectorization. By the definition in (B.120) and the illustration
in Fig. Bl operation bvec(:) preserves the locality of every block in the origi-
nal matrix argument whereas operation vec(-) blends different blocks together.
Therefore, whenever we need to vectorize a network matrix whose blocks relate
to individual agents, it is more natural to use the block vectorization operation
bvec(-); on the other hand, whenever we need to vectorize a matrix that only re-
lates to a single agent, we can use the conventional vectorization operation vec(-).

A useful property of the conventional vectorization operation vec(-) is
vec(ABC) = (CT ® A) - vec(B) (3.49)

for matrices {A, B,C} of compatible sizes. A similar property holds for the
bvec(-) operation:

bvec(ABC) = (CT ®, A) - bvec(B) (3.50)

for block matrices { A, B, C'} with appropriate block sizes. In Fig.[3.2], we compare
the structures of A® B and A ®, B, where {A, B} are a pair of block matrices.
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Figure 3.1: Comparing two vectorization operations: vec(-) versus bvec(:). The
operation vec(-) destroys the locality of the blocks in the original matrix argument

while the operation bvec(-) preserves it.

The observation is that the operation ® destroys the locality of the blocks from
matrix B, whereas the operation ®,, preserves the locality of the blocks from both

matrices A and B.

Using properties of the block operations bvec(-) and ®;, we can derive from
Theorem a useful relation between the blocks of the network error covariance

matrix, Ew/w/*, and the blocks of the vector z;. Let us partition the 4M?2N2-

L

dimensional vector z; as

2z = col{zl-(l), ey zZ(N)}, zlm £ col{zi(é’l), ey zy’N)} (3.51)

where 2\ is the (-th sub-vector of 2 with dimension 4M2N and zi(é’k) is the k-th

i

block of 2* with dimension 4M2. From (3Z4) and (3IZ0), we find that these

vectors have the following useful interpretations for k, ¢ =1,2,..., N:
2 = E[bvec(w;w;")] = co{E[(w};)" © @ ]} s (3.52)
2" & vee(Blwy, wyy)) = E(@))" © @] (3.53)

where Ew, ,wy’; is the (k, £)-th block of Ew;w;* with size 2M x 2M. The block

entries of the vector z; in (3.53) do not only allow us to recover the covariance

80



1 77
A
A®B A®y B
((CICINEES, EIEEE (\EE(EE Z l
OesE flieas | Do/aE 00 EE ll l A 2 SY NN %7 72
NN WX NN 00 O ’II ) DI e EE
SNz N7 SNz NN vz | || DO B EE EE | BE 00 (62 EE
8 e 0 QO 0 ll (00 el i) .ll 5 i
ClEE g aE  SEEE B EE i N e o e N N g e s o
SN oS NN N NN 12 7 NRY 27 7
SNz SNz NN v NN A YN SN ¢ e IIII l
( EIEE e CIE e [ eE i e Y SS \ l
N e o v M 2 O NRINN
i - -~ = - = b
SS NN ’llluﬂﬁﬁﬂ 'IIII-EEEE
NN SNve SN a7z SN o7 :III@EEE EHED IR EEE ERER
( EEEE BEE  OEEE 00 'E | (B R 668 EE , \ [0 D BB EEE
BEEE R BEEE BEaR | (B EE EE B \ll [ I ERER B

Figure 3.2: Comparing two Kronecker product operations: ® versus ®;,. The
operation ® destroys the locality of the blocks from matrix B while the operation

®yp preserves the locality of the blocks from both matrices A and B.

Tk

matrices of any individual error vectors, Ew, ;w};, but they also allow us to
recover the cross-covariance matrices, Ew) ,wy’;, for any pair of agents {k, (}.
Therefore, by studying the evolution of the entire covariance vector in (3.47),
we are able to extract some detailed information about the dynamics of the

asynchronous diffusion network, as we shall show in Theorem [3.4]l and Corollary

in Section B.3]

3.2 Steady-State Performance

When i — oo, and by the fact that F is stable, we obtain from (3.47) that

PAY li
Zoo = lIM 2;
71— 00
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= ([4M2N2 — ,F*)_l hm Y

= (Iyppne — F) AT @, AT +CL) (M @y M+ Cyy) Zlgilo bvec(ER;(w;_1))

(3.54)
where we also used (3.42) and (3:43). Now note that

(a)

[Ri(1ny ® w°) — ER;(w;—1)|| < E[Ri(1ny ® w°) — Ri(w;—1)||
(b)
S Ry * E ||]1N X w" — 'wi_1||%

= iy - E[l|wi |1

(©) N
< fy - [Ellwi || (3.59)

where step (a) is by Jensen’s inequality; step (b) is by (B.4) in Assumption
B.I and step (c) is by Jensen’s inequality and the fact that |- |*/* is concave
due to 0 < 7,/4 < 1. Now, from Theorem in Chapter 2 we know that
limsup,_, . E||w;_1|* < O(v?) under Assumption B2l Therefore, we obtain from

(B50) that
limsup || Ri(1x ® w) — ER;(w;1)|| < O("/?) (3.56)

1—00
According to (356), we can replace ER;(w;—1) in (B:54) by R;(1y ® w®) with an
error in the order of v7°/2. Let

22 (Ippene — F) HAT @y AT + CL) (M @y M 4+ Cpy)bvec(R) (3.57)

From (ZI90) in Chapter [ we know that the second-order moments of {px(7)}
are in the order of 2. Hence, by (Z76) from Chapter B, (3.26), and [3:32), it is
easy to verify that

M @y M+ Cu| = O@?) (3.58)
Using (B.57), (358), and the fact that ||(Ij2y2 — F*) 7| = O(v™!) from Lemma

further ahead, we conclude that

Izl = O(v) (3.59)
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Then, by using (B.5) and (B.56)(3.59), we obtain from (3.54]) that
2o = 2+ OWH2) 2] = O(v)

Define the steady-state average network MSD by

N

1
net A& 1: 12
MSD —ihm N E E ||wy |

k=1

and the steady-state individual MSD for agent k& by
MSD;, £ lim E | @)
Theorem 3.3 (Steady-state MSD). It holds that
MSD"" = %z*bvec(lgMN) + O(v*°)

1
MSD,, = §Z*bV6C(Ekk ® Iyn) + O('H°)

where z is given by (3.57)),

o !

Yo = 5 min{1,,}

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

and Ey is the N x N basis matriz that only has one non-zero element, which is

equal to 1, at the (k, k)-th entry.

Proof. From (B.48) by selecting ¥ = Iy y, and also using (3.54) and (3.60)), we

get

lim E[|lw;||* = 25 bvec(lonn)
1—00
= 2*bvec(lopyn) + O 7/?)

=O(v)
Likewise, by selecting ¥ = Ey ® Iop, we get

ZE)%EH@;«H%IM(@&M = Z:;ObVQC(Ekk ® ]2M)
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= 2*bvec(Er, @ Topg) + O(v1H74/2)

=0(v)
Note further that
El|lw;|* = E|lw}|]* + E|w; — w}||” + 2ReE[w]" (w; — w})]

Using the Cauchy-Schwartz inequality, it can be verified that

[ReE[w;" (w; — w))]| < VE[w][? - Ellw; — wil|?
From Theorem [B.1], we have
tim B, — @) < 0*)
Substituting (3.66) and (3.70) into (3.68), and using (3.69), we get
Jim B4 = lim B[] + 007) +2/00,)- 007)

= lim E[|@|* + O(/*%)
1— 00

Results (3.63) and (3.64)) follow from ([B.60), (8.67)), and (B.71)).

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

O

Result (3.63]) generalizes its counterpart (276) from [35] for the synchronous

diffusion strategy. Since expressions (B3.66) and (3.67) are both related to the

vector z in ([3.57)), let us examine z more closely to reveal the implications of

asynchronous adaptation and learning on performance. Theorem [3.4] in the fol-

lowing section will lead to powerful alternative expressions for (3.66) and (3.67).

The new expressions will highlight some important properties about the behav-

ior of the asynchronous network in steady-state, such as the behavior that was

illustrated earlier in Fig. from Chapter [l The subsequent analysis relies on

a useful low-rank factorization result.
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3.3 Low-Rank Factorization

From (B.54]) we see that the structure of z depends on the structure of the matrix
(Iyps2n2 — F*) 71 In the following, we show that by retaining the dominant eigen-
space of (Ijyp2n2 — F*)~1, we can obtain a more revealing MSD expression than

([3.63) that is still accurate to the order of O(v'*7).

3.3.1 Perron Eigenvectors

To proceed, we introduce the following condition on the matrix A ® A + Cjy4.

Assumption 3.3 (Primitiveness of A ® A + Cy4). The matriz A ® A+ Cy is
assumed to be primitive [79, p. 45/, namely, that there exists a finite positive

integer j such that all entries of (A® A+ C4)? are positive. O

Lemma 3.2 (Primitiveness of A). The matriz A is primitive if A® A+ Cy is

primitive.
Proof. See Appendix [B.El O]

Assumption is guaranteed if the directed graph (digraph) associated with
the matrix A ® A + C, is strongly-connected with as least one self-loop [79,
pp. 30,34]. The digraph associated with A ® A + C is the union of all possible
digraphs associated with the realizations of A; ® A; [80, p. 29]. Each possible
digraph associated with A; ® A; is a Kronecker graph of order 2 generated by
the initiator A; [81]. Therefore, Assumption B.3] amounts to an assumption that
the union of all possible digraphs associated with the realizations of A; ® A;
is strongly-connected with at least one self-loop. As illustrated in Fig. [3.3] this
condition still allows the digraphs associated with A; to be weakly-connected

with or without self-loops or even to be disconnected. Important cases such as

85



Ai(w) ® Aj(wr) =

Ai(w) = 0.5 0 025 0 0 0]
l 0-5 1 025 05 0 0
0
1

M 0.25 0 0.5
0.25 0.5 0.5
| 0.5] Aulwa) © A(wn) =

Ai(WQ)ZlO 05 1 05 0.5 0.25]
0 05 0 025

w 0 0 05 025
0 0 0 025

AN

_ ARA+C4 =0.5[A; ®A; +A; ®RA;
0.675 0.25 0.25 0.125

0.75 0.25
= 0.125 05 0 0.125

0.25 0.75
0.125 0 0.5 0.125

( E S ) 0.125 0.25 0.25 0.625

Figure 3.3: An illustration of the digraph associated with E (A; ® A;|w;_1) =

)

A® A+ Cy, where A; has two equally probable realizations A;(w;) and A;(ws).
It can be observed that neither of the digraphs associated with A;(w;) ® A;(w,),
J = 1,2, is strongly-connected due to the existence of the source and sink nodes,
where information can only flow in one direction through the network. However,
the digraph associated with E(A; ® A;|w;_1), which is the union of the first
two digraphs, is strongly-connected, where information can flow in any direction

through the network.
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random gossip [2,23138,39,42] or probabilistic diffusion [43,[44] are therefore not
ruled out by this condition. It can be verified that the converse of Lemma is
generally not true: when the digraph associated with A is primitive, the digraph
associated with A ® A + C4 does not even need to be connected.

By Lemma from Chapter 2 and the above Assumption 3.3 the matrix
A® A+ Cy is left-stochastic and primitive. It follows from the Perron-Frobenius
theorem [79] [82] that this matrix has a unique eigenvalue at one and a pair of

eigenvectors {1z, p} with positive entries satisfying:
(AR A+Cy)-p=np, pl oIy =1 (3.72)

Likewise, the matrix A is also left-stochastic and primitive. It has a unique eigen-

value at one and a pair of eigenvectors {1y, p} with positive entries satisfying:

Ap=p  p-Iy=1 (3.73)

All other eigenvalues of A® A+C 4 and A are inside the unit circle. To simplify the
presentation, we shall use the name “Perron eigenvector” to refer to the unique
eigenvectors p and p in the sequel. Since the vector p is of dimension N? x 1, we

partition it into N sub-vectors of dimension N x 1 each:

p= COl{p17p27 s 7pN} (374)

where pj, denotes the k-th sub-vector. We further define an N x N matrix P,

whose columns are the sub-vectors {py}:

P, £ unvec(p) = |p; py ... pN] (3.75)

We use pg to denote the (¢, k)-th element of matrix F,, which is equal to the

(-th element of py.
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Lemma 3.3 (Properties of P,). The matriz P, in [3700) is symmetric positive

semi-definite and it satisfies P,y = p, where the p is the Perron eigenvector in

B13).
Proof. See Appendix B.Gl O

From Lemma [3.3] we get the following useful relations:
N N
Pek =Dies D Do =De D Dok =D (3.76)
k=1 =1

3.3.2 Low-Rank Approximation

We return to our earlier objective of seeking a low-rank factorization for the
matrix (Ijpp2y2 — F*)~! For this purpose, we first introduce the 4M? x 4M?
Hermitian matrix:

N N
F£Y > peslD] ® Di+ cuen(H] ® Hy)] (3.77)
k=1 (=1

where Dy, is given by (3.27).

Lemma 3.4 (Spectral radius of F'). The matriz F in ([3.710) is stable if condition
BIR) is satisfied. Moreover,

p(F) =[1 = Auin(H)> + O(?) =1 - O(v) (3.78)
where N
H £ ppficHy, (3.79)

It can be verified that |H|| = O(v) and the O(v?) term in [BI8) is negligible by
Assumption [3.2.

Proof. See Appendix 3.1 O
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Lemma 3.5 (Low-rank approximation). Under Assumptions[3.2 and[3.3, it holds
that

(Tanenz = F)7h = (plye) @ (Tane — F)™H 4+ 0(1) (3.80)

(p]lzT\ﬂ) ® (Iypz — F) ' =0@w™) (3.81)

Under Assumption[3.2 where v < 1, the term in (3.81)) dominates the O(1) term

in 3.80). Moreover,
§(F) = p(F) + O (3.82)

where the p(F) from B.18) dominates the O(v) term in (3.82).
Proof. See Appendix 3.1l O

In expression (B.77) we observe that the matrix I is dependent on the first
and second-order moments of the random step-sizes, i.e., {fix} and {c,¢x}, and
is also dependent on the first and second order moments of the random combi-
nation coefficient matrix, i.e., A and Cy, through the dependence on the Perron

eigenvector p. Let us introduce two 4M? x 4M? matrices:

N

R£ Zpk,k (1i; + cupp) Ry (3.83)
k=1

Z £ unvec ((Ijp2 — F) " 'vec(R)) (3.84)

where Ry, is given by (B.6). Using (BI8T))-([BI83) and ([3:209) in Appendix B.I]

we can verify that

IR =0@?), 2] =0(v) (3.85)

Then, using Lemma [3.5, we can establish the following useful result about the

structure of the steady-state network error covariance matrix.
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Theorem 3.4 (Network error covariance matrix). In steady-state, the covariance
matriz of the network error w, from the long-term model [BI9) can be approxi-
mated by

lim Ew,w! = (Iy1}) ® Z + O(v'+%) (3.86)

1—00

where Z is from (3.84),

1
7 £ S min{2, 7} (3.87)

and the first term on the RHS is dominant.
Proof. See Appendix 3. O

According to Theorem [3.4] the (cross-) covariance matrices of {wj, ;}, which
G

are uniformly expressed by Ew, ,wy’; = unvec(z; ™) for all k and ¢ according to

1=

(B53), can be approximated by Z in steady-state. However, this result is useful

only if Z is a valid complex-Hessian-type matrix.

Definition 3.1 (Complex-Hessian-type matrices). Let X be an M x M positive
semi-definite Hermitian matriz and let Y be an M x M symmetric matriz. Then,

a positive semi-definite block matriz of the form

X Y
H=2 >0 (3.88)
y* XT
will be referred to as a complex-Hessian-type matriz. O

The following result explains the reason for introducing this definition.

Lemma 3.6 (Complex-Hessian-type covariance matrices). Let & denote an M x 1
zero-mean complex random vector and let R, = Exx* and R = Exx". Then,

the covariance matriz of & = T(x) is given by

Exz* Exx'’ R, R.

Exx* = = (3.89)
E(x*)Tz* E(z*)Tz’ R R]
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and this matriz s a complex-Hessian-type matriz.
Proof. Tt follows from comparing ([3.89) to (B.87). 0O

By Lemma B.6] for any zero-mean complex random vector «, the covariance
matrix of & = T(x) must be a complex-Hessian-type matrix. Therefore, in order
to approximate {unvec(zy’k))} by Z according to (B3.86]), we establish the following

useful result for the matrix 7.

Lemma 3.7 (Properties of Z). The matriz Z in (3.84) is a positive semi-definite

complex-Hessian-type matrix.

Proof. See Appendix B.Kl O

Using (3.86) and Lemmas 3.6l and B.7], we arrive at the following result for the
covariance and cross-covariance matrices of the steady-state error vectors {wy, ;}

from the long-term model (3.19).

Corollary 3.1 (Covariance and cross-covariance matrices). The steady-state co-
variance and cross-covariance matrices of individual errors {wj, ,} from the long-

term model (319) can be approzimated by

lim Ew), ,w}; = Z + O(v'™°) (3.90)

1—00
for all k and {, where Z is given by [3.84)) and is dominant due to (3.85)), and )
is giwen by (3.87).

Proof. By Lemma B.7 the Z is a complex-Hessian-type matrix. According to
Lemma [B.6] it is a valid covariance matrix for complex random vectors obtained
via the transform T(-). The approximation (390) then follows from Theorem
3.4 O
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3.3.3 Steady-State MSD

Using Corollary B.1], we obtain two useful results about the steady-state MSD for

asynchronous diffusion solutions.

Corollary 3.2 (Steady-state MSD). Based on the same assumptions as Theorem
the steady-state MSD (either the network MSD in [B.61l) or the individual
MSD in ([3:62)) can be approzimated by
MSD"™ = iTr(H‘lR) + O(v'e) (3.91)
1
MSD;, = ZTr(H—lR) + O(V') (3.92)

where {H, R} are giwen by B19) and B.83)), respectively, v, is from ([3.60), and
Tr(H'R) is of the order of v.

Proof. See Appendix 3.1 O

Corollary 3.3 (Clustered solutions). The steady-state relative MSD between any

two agents k and {, i.e., E||wy; — wei||?, is negligible compared to their steady-

state absolute MSD with respect to w®, i.e.,
lim E|lwy,; — we||? = O'") < max MSD, = O(v) (3.93)
1— 00

where ! is given by (B.8T).

Proof. First, from Corollary B.I we have

2 ~ [x ~/ ~ [x ~/
[ Wy Wy ; — wz,iwk,i]

lim Ef|w), ; — wy,]|* = lim E[|wj || + [|@),
i—00 100

=Te(Z) + Te(Z) — Te(Z) — Te(Z) + O (v )

= OV %) (3.94)
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From Theorem B.1] and using (3.94]), we get

lim E|w, , — @Z,iH2 = lim E||w, ; — @;f,i + @;f,i - @2,1' + @2,i - @Z,iHZ
i—00 =00

< lim3E (1w, ; —wy, ,||*+ | @), , — wy ,||*+ || @), —w,,]1%)
< O@W?) + O(W'™e) + O(1?)
< O(v'e) (3.95)

Using (2.8) from Chapter 2], (3.95), and Corollary B.2 completes the proof. [

We illustrated Corollaries and earlier in Fig. [L.3l

3.4 Conclusion

We studied in some detail the MSE performance of asynchronous networks with
random step-sizes, links, topologies, and combination coefficients. Assuming suf-
ficiently small step-sizes, we showed that at steady-state, the error vector for
every individual agent tends to cluster within O(v'™°) from each other, which
means that the MSD performance is essentially uniform across the entire net-
work. The result in Corollary shows explicitly how the MSD performance of
the network is affected by the asynchronous behavior. Quantities that relate to
the first and second-order moments of the distribution of the random step-sizes
and combination coefficients appear in these expressions. These results can be
used to guide strategies for adjusting the combination weights and the rate at
which the agents update their solutions and to ensure that the performance (in

terms of MSD and rate of convergence) does not degrade below desirable levels.
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3.A Proof of Lemma [3.1]

Using Lemma 21l in Chapter 2, we get from (3.9)-(B.10) that

| Hy — Hyioa|| =

1
< / 12,0 T () — V2 Ju(w® — ti) |t
1

/

_ Th o~
< / Tt | Wei | dt = gk || Wg il
0
Using (3.98]), we get from (B.13) that

Iy ill* < [px (D)) - | Hy, — o] - [|@g i1 ]|

12
Tk

< [ ())? - A

[ @i |

Taking the expectation of both sides of ([B.97) yields

7_/2

Elldyl* < i Bl |
From Theorem of Chapter ] it holds for large enough i that

E||w||* < 267 - v

1
/ [VZ)EU* Jk (’LUO) - Viy}* Jk(wo — tﬁk’l_l)]dtH
0

(3.96)

(3.97)

(3.98)

(3.99)

Using the fact from (2.190) of Chapter 2] that ,a,(f) < v? for any k, and letting

ra

7' = max o

we obtain from (3.98) and (3.99) that

E||dy|? < 27202 - v* = O(vY)

(3.100)

(3.101)

where a factor of 4 appeared due to the conversion T(-) from (2.3) of Chapter 2

Then,

2

N
E|ATd|* =) E| Y aw(i)d

k=1 ZGNkyi
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(@) & _

<) E (i) dei?
k=1 ZENkyi
N

=Y > ank|d|?
k=1 LeN}

<N - méaXIEHdMH2
()
< 2N77%b; - v (3.102)

where step (a) is by using Jensen’s inequality; and step (b) is by using (3.10T]).

3.B Proof of Theorem [3.1]

We rewrite the original error recursion (B.11]) and the long-term model (B.19)

respectively as follows:

Qﬁk,i = [Lops — pi(3) Hi )i i—1 + pp(0) g i (Wi i—1) + diei (3.103)
Wy, = Z agp (i) @M (3.104)
ZEN]C,@
and
Ph; = [on — (i) Hi Wiy + p (i) vps(wi 1) (3.105)
Wi, = Y an(i)P), (3.106)
ZGNkyi

with the prime notation for quantities associated with the long-term model (3.19).
From (3.104) and (3.106]), and using Jensen’s inequality, the squared 2-norm of

the difference between the two models is given by

Dr: — W2 < > an(i) [l — Pl (3.107)
ZGNkyi

Taking the expectation of both sides yields

E||wy; — ), > < > awBllhes — ¥, 1°
LeN;,
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< max E9br; — 4y, (3.108)
for all k. Then,
max El|d; — @yl < max Elleb; — i) (3.109)
From (3.103) and (3.10%]), we have
i = Wi = ons — () Hi) (D1 = B y) + s (3.110)
Taking the expected squared 2-norm of both sides, we have

El[$n; — 9,12 < Ell[Lanr — pai) H) (i1 — @ ;1) + dis)?
dy.. ||”

t

[QM — [,Lk(Z)Hk ~ ~
1_¢ (Whyic1 — Wy, ) + 1

~&|a-1

1 : _ _ 1
< Bl b — ) BBl @it — B | + 7B
(3.111)

for any 0 < t < 1, where we used Jensen’s inequality in the second inequality.

By condition (B.14]), it can be verified that

B Fons — () HlJ? < 1= 280 N i + 2N

(a)
S 1- ,a](gl))\k,min

1 2
S <]- - 5“1&1))\k,min)

<1 (3.112)

where step (a) is from (2.184]) of Chapter 2l Substituting ¢ = %[L,&l))\k,mm < 1 and

(BI12) into (BIII) yields
2
— 2 _Bjd, |

~ ~ 1_p ~ ~
Bl — Bl < (1= 5 A ) BB — G+
k,min /g

(3.113)
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Using (3.98), the second term on the RHS of (B.II3]) can be bounded for large

enough 7 by
9 2 (9 7_/2 "
—— Blldii|* < ——5; -7 Ell o
k,minflg k,minf,
~(2)
7']22 k ~ 4
= el E —
2)\k,min /],](61) ||Wk, 1 H
T]/fl/ ~ 4
B @, 3.114
~ 2Xkmin s ( )

where we used the fact from ZI92) of Chapter Plthat v > il /il". Substituting

(BI14) into (BII3) yields

12
T,V

2)\k,min

E||@g,i—1|*

(3.115)

~ ~ 1 _ _ _
Bl — Gl < (1= 5 A ) BB — s+

Therefore,

~ ~ 1 ~
max B[y, — 9y]* < max (1 - guﬁjuk,mm) max B[ @1 — B ;4 |

2y

+ max { -E||@k7,~_1||4] (3.116)

k,min

Substituting (3116 into (3.109]) yields

2

- - _ _ 2V _
m]§XE||wk,i—w2,i||2 < ngXEHwk,i—l—wé,i_1||2+m m§XE||wk,i—1||4
(3.117)
where
a L) IS PR ()
7 = max 1- i'uk Nemin | =1 — 3 mkln{pk - Akmin } (3.118)

When condition (3.I4]) holds, it can be verified by using (2.183) from Chapter
that |y| < 1. Then, we get from (B.I17) that

%y

lim sup [mgx E|lwy, ;1 |*

li [ E||lw,;, — W), . 2] <
Top ml?x ||wk7 wk’ZH o (1_7)2m1nk )\k,min 1—00

i—00
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< 47”2biyg
- (1)

. — . 2
ming fi, - ming )\kmin

< 0>?) (3.119)

where we used Theorem 2.2 from Chapter 2 and the fact from ([2.I90) of Chapter
that ,a,(:) =O(v).

3.C Block Operations

Consider a block matrix X of size NM x NM and partition it into N x N blocks
where X}, denotes its (k, £)-th sub-matrix of size M x M. The block vectorization
of X with block size M x M is defined as follows [83]:

bvec(X) = COI{VGC(XH), VeC(Xgl), c. ,VeC(XNl), ey
vee(Xin), vee(Xan), ..., vec(Xyn)} (3.120)

Let YV denote another block matrix of size NM x NM and let Yj, denote its
(k, £)-th sub-matrix of size M x M. Then, the block Kronecker product of X and
Y with block size M x M is defined by [83]:

X, Y2 [Zkz]]k\fgzl (3.121)
where
Zo = [Xpe ® Ymn]%’nzl (3.122)

For any matrices {X,Y, A, B} of compatible dimensions and with blocks of size

M x M, it holds that
(X®A) @, (YR®B)=(X®Y)® (A® B) (3.123)

where ® denotes the traditional Kronecker product operation. Other useful prop-
erties for the ®;, operation can be found in [83, pp. 176-179] and are listed here

for ease of reference:

bvec(ABC) = (CT ®; A) - bvec(B) (3.124)
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bvec(zy') =y ®p x (3.125)

Tr(AB) = [bvec(A")]T - bvec(B) = [bvec(A*)]* - bvec(B)  (3.126)

(AC) @y (BD) = (A ®, B)(C ®, D) (3.127)
(A+B) @, (C+D)=A2,C+B2,C+ A2, D+B®,D (3.128)
(A®, B)* = A* @, B* (3.129)

(A2, B)T = A" @, BT (3.130)

for any block matrices {A, B,C, D} and any block vectors {x, y} with appropriate

sizes.

3.D Proof of Theorem [3.2

From the long-term model (3.3€]), we obtain that
E(wjw;"|F;—1) = E(Bw;_w;" B;[F;_1) + E(s;8]|Fi_1) (3.131)

where the cross terms that involve s; disappear because E(B;w;_1s;|F;_1) = 0 by

B24) and ([B330). Performing the block vectorization of block size 2M for both
sides of (B.I31)), and using (3.124) and (3I125) yield

E[(w;")" @ Wi|Fi1] = E[(B])" @ Bi][(wi,)" @ wi_y] + E[(s])" @ 8:|Fi_1]
(3.132)
Using ([3.24), (3127), and (8130), the second term on the RHS of (3.132) can be

expressed as
E[(s))" @ 8i|Fi1] = (A @y A+ Ca)" (M @y M + Cop)ri(w;_1) (3.133)

Substituting (3.406) and (3I33) into (B.I32), taking the expectation with respect
to F,_1, and then using (3.43]), we arrive at the desired recursion (3.47), namely,

E ()" @, W] = FE[(w* )" @ w_,]+ v (3.134)
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From (B.46)), we know that G in (3.45]) is a factor of . Hence, we use the following

result to examine the stability of F.

Lemma 3.8 (Properties of G). The matriz G in (B45) satisfies the following

properties:

1. Block diagonal and Hermitian matriz: it holds that

g :diag{Gl,Gg,...,GN} (3135)
Gg = diag{Gg,l, Gg’g, ey GZ,N} (3136)

where Gy denotes the (-th block on the diagonal of G with block size 4M?N x
AM?N and Gy denotes the k-th block on the diagonal of G with block size
4M? x 4M?. The block Gy is Hermitian and is given by

Gur = D] @ Dy + cox(H] @ Hy) (3.137)
where Dy, is given by B.27).
2. Norms and spectral radius: it can be verified that
p(G) = max{(l = fiudem)” + CupsNim} (3.138)
where Ay, denotes the m-th eigenvalue of Hy, m =1,2,...,2M.
3. Stability: if condition [BI8) holds, then

p(G) < 1 (3.139)
Proof. See Appendix B.El O

Using the fact that G is block diagonal and Hermitian, and that A® A+ Cy
is block left-stochastic, result (153) from [78, App. A] implies that

p(F) < p(G) (3.140)

By (8139) and (B.I140), we conclude that F is stable if condition (3I8]) holds.

100



3.E Proof of Lemma 3.8

The first property relating to the block diagonal and Hermitian structure of

BI35)—([B.131) is established by using the definition of ®;, and (3.45]). Because
the matrix D; is block diagonal with block size 2M x 2M, the block Kronecker
product:

G: £ D] ®, D; (3.141)

is block diagonal with block size 4M?N x 4M?N and each block is itself block
diagonal with block size 4M? x 4M?. Let us denote the /-th block on the diagonal
of G; with block size 4M?N x 4M?*N by

G 2 D;;®D; (3.142)
and the k-th block on the diagonal of Gy; with block size 4M? x 4M? by
Gipi = D}; © Dy, (3.143)
where we used the fact that Dy ; is Hermitian. Then, we have

gi = diag{GM, G2,i7 ey GNJ'} (3144)
Gy = diag{Gy1,, Gro, - .-, Goni} (3.145)

Using (8.45) and taking the expectation of both sides of (8.144]) and (B.145), we
get ([B135)) and (B.I36) by identifying:

Ge=E[Gr],  Gop =E[Gen,] (3.146)

Equation (3.I37) follows from (3.146), (3.143), B.2I)), and (B.27). Since the
matrices {Gy} are all Hermitian, by (B.135)) and (3.136]), the matrix G is also

Hermitian.
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The second property in (BI38)]) is established by using the block diagonal
and Hermitian properties of G to readily conclude that p(G) = maxyi p(Goy).

Furthermore, by ([B.I37), the eigenvalues of G, are given by

A (Gog) = (1 = eden) (1 = eAem) + CuoeAenAem (3.147)

for any ¢,k = 1,2,..., N, where Ay ,, denotes the m-th eigenvalue of Hj and
m,n=1,2,...,2M. It is straightforward to verify that

Amn(Ger) = E[(1 — pe(0) M) (1 — pg(8) A (3.148)

Using Cauchy-Schwarz inequality, we get

E(1 = (D) (1 = 1@ Ne) ]| < \/EIL = o)A PEL(L = pa0) Mo )
< max{E[(1 — e (0) Mo}

= max{(l = uMsm)® + Currdim}  (3.149)

where the first inequality becomes equality when ¢ = k and n = m. From

B.147)—-(B.149) we get
A (Ge)| < max{(1 - Tk Mom)” + Coee N (3.150)

for any ¢, k, m, and n. Since the above inequality applies to all eigenvalues of

Gy, and since Gy, is Hermitian, we get
p(Geg) < ril’zrlnx{(l — e Mem)” F Cugek N } (3.151)

Furthermore, from (3.147) we know that
Amn (Gre) = (1 = [iAem)® + Cuge oo m (3.152)

so that equality in (3I51) is achievable for some &k and m.
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For the third property in (8I39), we introduce the quadratic function
flx) & (1= ya)® + Cu,k,ka72 (3.153)

with © € [Agmin, Aemax)- It 1s easy to verify that f(z) achieves its maximum value

at either one of its boundaries:

f($) S max{f()\k,min)a f()\k,max)}

<1 = 20X e mmin 4 (Fp, + Codee) M max (3.154)

From Assumption in Chapter 2l we have A\g min < Mem < Ak max for any £ and
m. We then deduce from (B.154) that

Fvem) < 1= 20N min + (3 + Cese) A (3.155)
for any k and m. Using (B.138), (3153), and (B.I55), we get
p(G) = max{f(Axm)}
< mkax{f()\k,min)a (M max) }
< max{f (Mmin), f (Memax) } + (i + Cu k) (3.156)

where a > 0 by Assumption B.Jl When condition (B.I8]) holds, using (2.136]) from
Chapter 2, we have

max{l — 2/t min + (B + o) Apmmax + @)} < 1 (3.157)

Therefore, by (3.1506) and (B.I57), if condition (BI8) holds, then p(G) < 1, which

completes the proof.

3.F Proof of Lemma [3.2

From Lemma in Chapter 2l we know that the matrices A® A+ C4 and A are
both left-stochastic. To establish the desired result, we only need to show that
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the matrix A® A is primitive if A® A+ C} is primitive. This is because if A® A
is primitive, then for some finite positive integer j > 0, the matrix (A ® A)’ has
strictly positive entries. Since (A® A)7 = A7 ® A/ and A has nonnegative entries,

A7 must have strictly positive entries. Therefore, A is primitive.

In order to prove that the matrix A® A is primitive if A® A+ C is primitive,

we first introduce the following concept.

Definition 3.2 (Comparing sparsity). For any two matrices {A, B} with non-
negative entries and of the same size, the matrix A is called sparser than B,
or, equivalently, B is called denser than A, if, and only if, [Blg. > 0 whenever

[Alge > 0 for any k and ¢. O

It is straightforward to verify the following three useful properties related to

Definition B.2]

Lemma 3.9 (Denser product). For any M x N matrices {A, B} and any N x P
matrices {C, D} all with nonnegative entries, if B is denser than A and D is

denser than C', then BD is denser than AC. O

Lemma 3.10 (Denser Kronecker product). For any M x N matrices {A, B} and
any P x Q matrices {C, D} all with nonnegative entries, if B is denser than A

and D s denser than C', then B ® D s denser than A ® C'. O

Lemma 3.11 (Sum is not denser). For any set of M x N matrices {A;} with
nonnegative entries, where i € Z andZ is an indez set (which can be uncountable),
if there exists an M x N matriz B with nonnegative entries such that B is denser
than every A;, i € I, and assuming that the sum S = Y ier Ai emists, then B is
also denser than S. O

Now, from Lemma in Chapter @, we know that A is denser than any

realization of A;, say, A;(w) where w €  and € is the sample space of A;. Using
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Lemma B.I0, we get that A® A is denser than any A;(w)® A;(w). Using Lemma
[B.IT and the fact that the probability measures only take nonnegative values, we
get that A ® A is denser than A A+ Cy = E[A; @ A)]. AR A+ Cy is
primitive, then there exists a finite positive integer j > 0 such that (A® A+Cy4)
has strictly positive entries. Using Lemma 3.9, we know that (A ® A)’ must be
denser than (A ® A+ C4)’. Therefore, (A ® A)7 must also have strictly positive

entries, which means that A ® A must be primitive.

3.G Proof of Lemma [3.3

We first show that P, = PJ , or equivalently,
p = vec(P)) (3.158)

Lemma 3.12 (Vec-permutation matrix). The N? x N? vec-permutation matriz
I1 is a matriz whose columns are formed from the basis vectors in RN® and it
satisfies:

vec(A) =11 - vec(AT) (3.159)

for any N x N matriz A. Then, for any N x N matrices {A, B},
A®B=T(B® A (3.160)

In addition, 11 = IIT = ITI* = I1~1.

Proof. See [84, Tabs. I and II] [85, Egs. (5) and (6)]. O

Let II be the permutation matrix that satisfies

vec(P)) =11 - vec(P,) (3.161)
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From (3.75) and (BI61)), proving (B.I58) is equivalent to proving
p=Tl-p (3.162)

To establish (3.162), we only need to show that II- p is the Perron eigenvector of
A® A+ Cy. In that case, we can obtain ([B.162) directly from the uniqueness of

the Perron eigenvector, which is p. Thus, note that

M(A® A+ Cy)I =H[E(A; ® Al

—
S
=

—A® A+ Cy (3.163)

where step (a) is by ([B.I60). Then, we deduce from ([B.72) that

M-p=TARA+Cy)p=(A® A+ Cy)I1-p) (3.164)

1l - Mop=1%-p=1 (3.165)

where we used the fact that 11> = Iy2 by Lemma and IT- 12 = 1 2. Results
(BI64) and (BI6H) establish that I1-p is the Perron eigenvector of A ® A + Cy4

and proves (B.162).
We next establish that P, is positive semi-definite. Note that for any vector
r € RV:

1
z' Px = vec(z" Pyx) = W(IT @ )p- 11y (3.166)

by using (B.75) and the fact that 13,1y2 = N2 Since AQ A+Cy =E(A4;®A;),
we can introduce a series of fictitious random combination matrices {A’;j > 1}
such that they are mutually-independent and satisfy E(A’ @ A’) = AR A+ Cy
for any j > 1. Let ®; £ H§':1 A’ for any 7 > 1. Then,

lim E(®; @ ®,) < lim [[E(4) ® A))
7=1
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= 'lim(/_1®f_1+CA)i

1— 00

U (3.167)

where step (a) is by using the fact that the { A’} are mutually-independent, and
step (b) is by using the Perron-Frobenius Theorem [79]. Substituting (3.167) into

(BI66) and using the fact that Ty = 1y ® 1, we get
1
Il —
Py = 5 lim E[(27®1y)%] > 0 (3.168)

which shows that P, is positive semi-definite.

Now we show that P,1y = p. Note from (3.78) and ([B.72)) that
P,=E[A;-P,- A]] (3.169)

by switching the order of unvec(-) and E(-) and applying unvec(-) to the identity
vec(ABC) = (CT @ A) - vec(B). Furthermore, we get from ([3.169) that

P, -1y =E(A;P,A]) -1y = A(P, - 1y) (3.170)

which implies that the vector P, - 1y is the Perron eigenvector of A, which is p.
Because the Perron eigenvector is unique, by (8.73), equation P, - 15 = p must

hold.

3.H Proof of Lemma 3.4

We first establish that F is stable if condition (3.18) is satisfied. From (3.137)
and ([B.717), we get

N N
F = sz Nem (3.171)
(=1 k
By (B72) and (B.753), the elements {p k} of P, satisfy:
N N
pee =1, and pex >0 (3.172)
(=1 k=1
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Then, in terms of the 2-induced norm, we have

(@ & (b) ©
< < = .
IFI <D0 sl Genll < max |G| = p(G) (3.173)

k=1 (=1

where step (a) is from the triangle inequality of norms; step (b) is by using

(BI72); and step (c) is by ([B.I38). Using (B.I39), BI73), and the fact that

p(F) = ||F|| for the Hermitian matrix F', we conclude that matrix F' is stable if
condition (3.1I8) holds.

We now establish expression (3.78). Introduce the Hermitian matrix

N N ) )
F'£ pepr(D] ® Dy,) (3.174)
=1 (=1

From (B.27), we can rewrite I as F' = (Iopr — H)T ® (Iopr — H), where we used
B13) and B.79). Therefore, the eigenvalues of F” are equal to the products of
any two of the eigenvalues of Iyy — H, which are given by 1 — A(H). Since {px}
and {jix} are all positive and {H} are all positive definite, it is easy to verify

that H in (B.79)) is also positive definite. Then, from (B3.79), (8.73), and (3.10),

and using (2.7) from Chapter 2] as well as Jensen’s inequality [71], we get
0 <A(H) < [[H]| < max{fix A max } (3.175)

for all eigenvalues of H. When condition (3.I8) holds, we get from (ZI87) of
Chapter 2] that

=(2)
— :U’]g >\k,min 1
< < 3.176
k= Iak Ai,max + « >\k,max ( )

for any k. This implies that maxy{fixt s max} < 1 and therefore, 0 < A(H) < 1
for all eigenvalues of H. From (B.79) and (B.I81]), we obtain

0<ANH)=0() <1 (3.177)
for any eigenvalue of H. Therefore, we get

AMlan — H) =1-=0(v), planr — H) =1 — Ain(H) (3.178)
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where Apin(+) denotes the smallest eigenvalue of its Hermitian matrix argument.

We further get from ([B.I78) that
AF)=1-0(),  p(F)=[1 = duin(H)]? (3.179)

Using Lemma 3.3, (3.72), (B.73), and ([3.27)), the difference between F' in (B.77)
and F’ in ([B.I74) is given by

N N
ZZ{ Pee — DeDr) flefls + De kcuﬁk](Hg ® Hy)} (3.180)
k=1 (=1

which is also Hermitian. From (2.190) in Chapter 2, we get

i = i) < (3.181)
e < A < 1P (3.182)

k] < Vit Crpor < V2 (3.183)

where ([3.I83) is by using the Cauchy-Schwartz inequality. By (B.I81)-(B.183), we
get |F — F'|| = O(v?). Using a corollary of the Wielandt-Hoffman theorem [86)

Corollary 8.1.6, p. 396], we then conclude that
An(F) = An(F)] < ||[F = F'|| = O(?) (3.184)

where \,,(+) denotes the m-th eigenvalue of its Hermitian matrix argument; the
eigenvalues are assumed to be ordered from largest to smallest in each case.
Result (3.184)) implies that for every eigenvalue of F” there is an eigenvalue of F'
that is O(v?) close to it. From (BI84) and (3.I79) we immediately deduce that

M(F)=1-0(),  p(F) = p(F'") + O (3.185)

where p(F”) from (BI79) dominates the O(v?) term.
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3.1 Proof of Lemma

We first establish (B:80). Introduce the Jordan decomposition:

1 0

-~ -~ T
Aed+Ci2PIQ"=p P 1w @ (3.186)

J/
where J is the Jordan canonical form of A ® A + C4 and J' is a sub-matrix of
J containing its stable eigenvalues, P’ and )" are sub-matrices of P and (), and

P~'=QT. Then, the Jordan decomposition of A ®; A + C4 is given by

_ _ T ]4M2 0 T
Ay A+Cy=PIQ" = [P, P o 2] (3.187)
0o J
where
P =P Lo, P £ P @ Iie (3.188)
T EJT@ e, T =T Ine (3.189)
Q£ Q® Lo, Q' £ Q @ Lye (3.190)
PL2p® Lyye, Q1 2 1y @ Iy (3.191)
Let
X 2 Liene —G (3.192)
where G is given by ([3.453]). Then, by (3.46),
Q'FP=0"'[G- (A®, A+ Ca)|P
= QT([4M2N2 - X)(PJQT)P
=J - Q" APJ
Inpe — QT XP,  —QTapP.J
= (3.193)

—Q/TXP1 j/ _ Q/TXP/j/
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From (3.193)), we further get
-1
Qrx P, orxP g’
(Lypne: — QTFP) ! = (3.194)
Q/TXPI [—jl—l— Q/TXPIJ/
where the I denotes the 4M?(N? — 1) x 4M?(N? — 1) identity matrix. The
quantity Q] XP; in (3.I93)) can be expressed as
orxP, @ ol - P, - QIGP
b .
2 (15p) ® Liagz — (1} ® Linr2)(diag{Gex})(p ® Lans2)

D [ — F (3.195)
where step (a) is by (B.192); step (b) is by (B.I35)—-([B.136); and step (c) is by
BI7I). We already know that the matrices F' and F are stable for sufficiently
small step-sizes. Thus, the matrices Iyy2n2 — F and Iyy2 — F are invertible. It
follows that the quantity Q] XP; is invertible. Moreover, the Schur complement
with respect to Q] XP; in (B194) is also invertible. Let us denote the inverse of

this Schur complement by
ALET-TJ +QTxPJ — QAP (Q[aP) QI XxP' T} (3.196)

Then, by using a formula for the inversion of block matrices [87, Eq. (7), p. 48],
equality (3.194) can be expressed as

(QTXP) L+ A —(QTaP)QIAP'T'A
(I4M2N2 — QTIP)_I =
—AQTXP(QTXPy)! A
(3.197)
where
A A (QTXP) ' QTAP T AQTAP (QT X Py) ™! (3.198)

Now, from (B195), B.77), (3:27), (B76), and (B.79), we can also write
N

QIXPy =H® Ly + Ly ® H =Y pu(fiefix + o) (H] @ Hy)  (3.199)

£k=1
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It follows from (3.199) and BI8I)-(BI83) that Q] XP; is Hermitian and
11 XPi[ = O(v), [(QIXP) 7' =O(v) (3.200)
Likewise, from (B.26) and (BI81)—(B3I83]), we get that
M|l =0(v),  lCull =0(?) (3.201)
and from (3192), (B.45), 3.28), and (B.33]), we further get
| X = [[(MH)T @ Loyin + Topen @5 (MH) + O3] = O(v) (3.202)

since matrix H is constant and independent of v. Furthermore, it follows from

(B202) that
IQTXP'T'|| = O(v), [IQTXPi|=0()., [QXPJ||=0() (3.203)
From (BI87), matrix I — J’ is invertiable and is independent of v. Therefore,
17 =0@). |I-JTl=0Q), [I(I-IT)"=0(1) (3.204)
Then, by (3190), (3:203), and (3:204), we get
Al =I(I =T+ O0w)~'[| = O0(1) (3.205)

By (3198), (3.200), (3:203), and (3.205]), we further get
A =00),  I(QIXP) QAP T'A| =0(1),
IAQTXP(QIXPy)~ || = O(1) (3.206)
Using (3.206) and Assumption 3.2 we get from (3.197)) that

(QIXPl)_l 0
(Iinpene — QTFP) ™ = +O(1) (3.207)
0 0
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Then,

(QTxP)~t 0
=P QT +0(1)
0 0

Y p QTP QT +0(1)

9D p1T0) @ (Iipre — F) 1+ 0(1) (3.208)

where step (a) is by using the fact that P~! = QT; step (b) is by using the block
division in (3.I87); step (c) is by using ([B.I91)); and by (B.I99) and (3.200),

(L2 — F)7H = O(v™) (3.209)
Under Assumption 3.2} the parameter v < 1. Therefore, v™' > 1 and (pl},) ®
(Iyps2 — F)~! dominates the O(1) term in (3.208)).

Finally, we establish result (8.82). Let

F O(v) F o Fio
F.2Q0'FpP = = (3.210)
O(v) J'+0(v) Fo Fa

by using (3.193)), (3.195), (3.:203), and (3.:204]). Since F; is similar to F, they have

the same eigenvalues [87]. Since F'is Hermitian, let us introduce its eigenvalue
decomposition as

F = UAU* (3.211)
where U is a 4M? x 4M? unitary matrix and A is a 4M? x 4M? diagonal matrix.
The (N? — 1) x (N? — 1) matrix J’, which contains the stable eigenvalues of
A® A+ Cy4 in (BI86), can be generally expressed as

a2 T’

J = (3.212)

0 A2
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where {)\,,,} are the eigenvalues of A®@ A+C 4 with A\, ; = 1 and |\,,| < 1 for all
n=2,3,...,N% In (3212), the elements in the strictly upper triangular region
T" are either 1 or 0, which depend on the Jordan blocks in J'. Using (3.212)) and

(3.I89), we can express the (2,2) block in ([B.2I0) as

_)\a,2I4M2 +O0(v) T +0(v) -
J +0) = (3.213)

O(l/) )\a,NQI4M2 —I—O(l/)

where the elements in the strictly upper triangular region 7’ are either 1 or
0, which depend on the elements of 7" in (3.212)). We now apply a similarity
transformation to F in (322I0) by multiplying

veU

D2 (3.214)
D,

and its inverse D! on either side of ([3.2I0), where ¢ = 1/N? and

Dy 2 diag{v*, %, ... VNV @ Ly 2 D @ Lige (3.215)

Using (3:210) and ([B.213)), we end up with

v-Uu* F o F veU
D'F,D =
Dyt | Far Fa D,

U*FU v U*Fy3D,
_ (3.216)
VD' FouU Dy  FouDy

Using (3.211)), the (1, 1)-block in ([B.216]) is given by

U*FU = U*UAU*U = A (3.217)

From (3.215]), we have
2

IDe]l = D =v*  and DY = ID7|=v"" =0T (3.218)
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where we used the fact that 0 < v < 1 and € = 1/N?. Using (3:21I8) and (3.210),
the (1,2)- and (2,1)-blocks in (B.216) satisfy

[v= U FioDol| = O(W'™), "Dy FauU| = O(f) (3.219)
For the (2,2)-block in (3:2I6), we first split the J’ from (B:213]) into two parts:
JEN+T (3.220)

where A’ consists of the diagonal entries of J', namely, {\,x;k = 2,3,..., N?},
and T consists of the first upper off-diagonal entries of 7', namely, the 1 and 0
entries in the Jordan blocks. Then, the Foy in (B:2210) can be expressed as

For =N +7T+ O(V)14(N2—1)M214T(N2_1)M2 (3.221)

where we used the third term on the RHS of (3.22]]) to explicitly indicate that
every entry in Foo is perturbed by a term at least in the order of v. Now, the

(2,2)-block in (3:2I6) can be expressed as

Dy ' FyaDy = Dy ' [N + T + O(0) Lyve—1ynr2 L e _1yp2) D2

=N + Dz_lTD2 + O(V)D51]14(N2—1)M2]II(NQ—l)MZD2 (3222)

Since T only has non-zero entries, which are equal to one, on the first upper

off-diagonal, it is straightforward to verify that

D' Dl = O(f) (3.223)

Let
d 2 col{v* v, ... vV} = Dlya, (3.224)
e col{r > v, . v N =D My, (3.225)
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where D is from (B.2I5). Then, using (3.2I0), (3:224)), and (B.225)), the third
term on the RHS of ([B.222)) can be expressed as

O(W)Dy ywe—1yn2 Linz 1y Da

OW)(D @ Iips2) " (Lnz_ @ Lypgz) (e @ Lapg2) (D @ Lypge)
OW) (D™ nz 11y D) @ (Laasz1gpp2)
)

O(w)(ed™) ® (Lapr 1 jyp2) (3.226)

In the rank-one matrix ed", due to the fact that v < 1, the entries on the diagonal
are equal to one; the entries above the diagonal are at least in the order of v¢;
the entries below the diagonal are at least in the order of v~ (*~2<_ Therefore,

it follows from (B3.220]) that

O(v)Dy yve—1ynz Linz_ 1y D2 = (3.227)
O(v*) O(v)
where we used the fact that e = 1/N?2. Substituting (3.222), (3.223), and (3.227))
into (3.221)) yields
>\a72_[4M2 -+ O(V) O(I/e)
Fop = (3.228)
O(v*) Aan2lanz + O(v)

where we meant that in the matrix Foy, the entries above the diagonal are at

least in the order of v, and the entries below the diagonal are at least in the
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order of v*¢. Substituting ([3.217), (3:219), and (3:228) into (3216)) yields

A O(Vl—i-e)

. )\a,214M2 + O(l/) O(VE)
DD = o) (3.229)
V€ T

O(v*) AanzLane + O(v)

From (3.229), we know that all off-diagonal entries of D~'F,D are at least of the
order of v°. Therefore, using Gershgorin Theorem [86, p. 320] under Assumption

B2 and since F and F; have the same eigenvalues due to similarity, we get
INF) = MEF)| < O@'™) or |MF) = Aax| < O(F) (3.230)

where \(F) denotes the eigenvalue of F and k = 2,3,..., N2, Result (3.230)
implies that the eigenvalues of F are either located in the Gershgorin circles that
are centered at the eigenvalues of F' with radii O(v'*¢) or in the Gershgorin circles
that are centered at {\,1;k = 2,3,..., N*} with radii O(v¢). From (3I85), we
have

p(F)=1-0@) <1 (3.231)

p(J) = p e Nkl <1 (3.232)
By Assumption 3.2] if the parameter v is small enough to satisfy
OW)+0W) <1—p(J) (3.233)
such that the inequality
p(J)+0() <1-=0() = p(F) (3.234)
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holds, then the Gershgorin circles centered at the eigenvalues of F' are isolated
from those centered at {\, x; k = 2,3, ..., N?}. According to Gershgorin Theorem

[88, p. 181], there are precisely 4M? eigenvalues of F satisfying
IMF) = AF)| < O(v'™) (3.235)
while all the other eigenvalues satisfy
IMF) = k| <OWS), k=2,3,...,N? (3.236)

By (3:234), the eigenvalues A(F) satisfying (3.235)) are greater than those satis-
fying (3.230]) in magnitude. Furthermore, when v is sufficiently small, the Gersh-
gorin circles centered at A, (F) with radius O(v!7€) will become disjoint from
the other circles (see Fig. B.4]). Then, by using (3.231]) and Gershgorin Theorem
again, we conclude from (3.235]) that

p(F) = p(F) +O(v'™) (3.237)
It is worth noting that from (B.78) we get
p(F)=1-0@)+0'") <1 (3.238)

for v < 1 because € = 1/N? > 1.

3.J Proof of Theorem [3.4]

From (B.I87) and (B.208), we first have

(A Qp A + Ca)(Lyps2nz — .7:)_1

Ly O (QIX'Pl)_l 0 T
= [p 7] , o 2] o
0o J 0 0
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A(F)

N

p(F) AF)=p(F)

\\

\
o s
0 U %y)}

AT e

|p(F)—p(F)| < O'*)

Figure 3.4: An illustration of the locations of the eigenvalues of F. The eigen-
values of J' are all in the left big circle, so the eigenvalues of F satisfying (3.230)
are also in the left big circle. The eigenvalues of F' are all in the right big circle,
so the eigenvalues of F satisfying (B.235]) are also in the right big circle. Specif-
ically, the eigenvalues of F' with A\(F) < p(F') are all on the red segment on the
horizontal line, so the eigenvalues of F that satisfy (3.230) are all in the small
blue circle on the left; the eigenvalues of F' with A(F') = p(F') are on the red dot
on the horizontal line, so the eigenvalues of F that satisfy (3.230) are all in the

small green circle on the right.

= PO XP) Q] +0(1) (3.239)

Since P (Q] XP1)~' Q] = O(v~') by (B200), the first term on the RHS of (3:239)
dominates the second term under Assumption By B20), (.3), 32), and

B.120), we get

PI(M @y M + Cap)bvec(R) = (p" @ Lipe2)[(M @ M + Cyp) @ Lypgz]bvec(R)
= vec(R) (3.240)

where R is defined by (8:83) and is of the order of 2. We then get a low-rank
expression for z in [B.57):

2 9P (QTAP) QT + O(1)] (M @5 M + Car)bvec(R)

119



Y 0, [(QTXP) " J*PT (M ©y M+Cas)bvec(R) +O0(v2)
9D Q1 [(Liasz — F)vec(R) + O(?)

D 1w @ [(Iange — F)tvee(R)] + O(1?) (3.241)

where step (a) is by [3.239); step (b) is by ([B.58); step (c) is by (3I95) and
(3:240); and step (d) is by ([BI91) and the fact that F' is Hermitian. The first

term on the RHS of (3241 is dominant due to (3:209) and (3385). Applying
unbvec(-) to both sides of (3.241]) and using (3.84) yields

unbvec(z) = (Iy1%) ® Z + O(1?) (3.242)

where Z is given by (B.84) and is of the order of v by (B.8H). From (3.44)

and ([3.54), we know that unbvec(z,,) is the steady-state covariance matrix of

w!. Using (B.60) and ([3.242)), the steady-state covariance matrix of w! can be
approximated by

lim Ew,w!* = unbvec(zy,)
1—00

= (In1}) ® Z + O(v!Hmin{z1/2)
= (Iy1}%) ® Z 4+ O H7) (3.243)
where 7/ is given by ([B.87), and the first term on the RHS is dominant due to

(3.85).

3.K Proof of Lemma 3.7

From Lemma B.4] and Assumption B.2] we know that matrix F is stable. From

B84), we get
Z =unvec (Z Fjvec(R)> = Z unvec (F7vec(R)) (3.244)

j=0 J=0
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Let
RY £ unvec (Fivec(R)),  j=>0 (3.245)

where R(®) = R. Then, since F is stable, the 2M x 2M matrix sequence { RY); j >
0} converges to zero. Substituting (3:240)) into (3.244)) yields

Z=Y RY (3.246)
§=0

Lemma 3.13 (Condition for complex-Hessian-type matrices). A sufficient and
necessary condition for any 2M x 2M positive semi-definite matric H to be a

complex-Hessian-type matriz in Definition [3.1) is to require LH'L = H, where

0 Iy
L= (3.247)
Iy O

satisfies L = LT = L.

Proof. Let the 2M x 2M positive semi-definite matrix be

A B
H = (3.248)
B* D

where {A, B, D} are M x M submatrices satisfying A = A* and D = D*. Then,
DT BT

LH'L 2 (3.249)
(B*)T AT

By Definition B.1] the matrix H is a complex-Hessian-type matrix if, and only if,
A = D" and B = BT. It is straightforward to verify that these conditions are
equivalent to the equality LHTL = H. O

Using Lemma B.13] it is easy to verify that if each RY), j > 0, in (3.240) is

Hermitian positive semi-definite and of complex-Hessian-type, then so is Z. Now,
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from ([B.240), we have
vec (R(j)) = F'vec(R) = FF' 'vec(R) = Fvec (R(j_l)) (3.250)

From (B.77) and using the property vec(ABC) = (CT @ A)vec(B), we get the

following recursion:

N N
R(j)ZZka DkR DZ‘I‘CMékaR HZ] (3.251)

k=1 (=1

We can now verify by mathematical induction that each RY) is Hermitian positive
semi-definite and of complex-Hessian-type. Obviously, from (3.83)), we know that
RO = R is Hermitian positive semi-definite and of complex-Hessian-type. Now,
assuming that RV~ is Hermitian positive semi-definite and of complex-Hessian-

type, let us verify that the same applies to R\

Since {Dy,, Hy} are all Hermitian matrices, it is easy to verify that

N N
SN pesDyRYTVD, = (Iy ® L)' D[P, @ RYVD(Iy @ L) (3.252)
k=1 (=1
and
N N
Z Zpe,kcu,z,kaR(J_l)He = Iy ® Ly)"H[(P,©C,) & RUDH(1y ® L)

k=1

~
Il

1

(3.253)
where D is from B28), H is from BIJ), C\ = [cuenlpiey, and © denotes the
Hadamard product (the element-wise product) of matrices [89]. Since P, is Her-
mitian positive semi-definite by Lemma 3.3, and RY~Y is also Hermitian positive
semi-definite by the induction hypothesis, the Kronecker product P, @ RV~
must be Hermitian positive semi-definite [89, p. 245]. Therefore, the term on
the LHS of (3:252) must be Hermitian positive semi-definite. From (2.42) of
Chapter 2, it is obvious that the C, is the covariance matrix of {p(7)} and it

must be Hermitian positive semi-definite. Since P, and C, are both Hermitian
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positive semi-definite, the Hadamard product P, ® C), is also Hermitian positive
semi-definite by the Schur product Theorem [89, p. 309]. Then, the Kronecker
product (P, ® C,) ® RU~Y must be Hermitian positive semi-definite [89, p. 245],
and in turn, the term on the LHS of (3.253) must also be Hermitian positive
semi-definite. From (3.252) and (3.253), we conclude that the RY) in (3.251)

must be Hermitian positive semi-definite.

Finally, we show that if RU~1) is of complex-Hessian-type, then so is RU).
It is easy to verify that {D;} in B217) and {H;} in EI0) are all of complex-
Hessian-type such that

LD,L =Dy, LH.,L=H,, k=1,2,...,N (3.254)
From (3.245), we have

N N
LROL NN py[(LDLL)(LRY-VL)(LD,L)

= RV (3.255)

where step (a) is by the fact that LL = Iy, and step (b) is by (8:254) and the

induction hypothesis. Therefore, the matrix R is also of complex-Hessian-type.

3.L  Proof of Corollary

Following an argument similar to the proof of Theorem .3, we can obtain

lim E|@y|* = lim El|lw};||* + O(*?) (3.256)
1—>00 1—>00 ’
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From (3:64)), (3:256)), and Corollary 3] and using the fact that 4, = min{1/2,~},
we can express the individual MSD by

MSD;, = %Tr(Z) + O(v') (3.257)

where the first term on the RHS is of the order of v and dominates the other

term. Then, by ([B.61]), we immediately get

MSD" = %i}MSDk = %Tr(Z) + O(') (3.258)
Let
SEH"® Iy + Ly ® H=0(v) (3.259)
Yy £ i Pe(fefir + Cuer)(H] @ Hy) = O(v°) (3.260)
2,k=1

by BI8I)-(BIR3) from Chapter B where H is given by ([B.79). It is worth
noting that S is invertible when condition (.14 holds and Y is always invertible

by Assumption 2.2 in Chapter Bl By using (8.195)), (8:199), (8:259)), and (3.260),

we get

L —F=S+Y (3.261)
Using the matrix inversion lemma [87], we get from (3.261]) that
(Iyppz — F) t=8"1 - sy 1+ 5 tg! (3.262)

By 3259) and ([B.260), we know that |S7!| = O(r™!) and ||[Y Y| = O(v™2).
Then,
(Iipz — F) ' =S+ 0(1) (3.263)

By (B8:83), we have |R|| = O(v?). Using (3.84) and (3.263), we get

Tr(Z) = [vec(Z)]*vec(Ians)
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= [vec(R)]* (L2 — F) 'vec(Iopy)

= [vec(R)]*S™'vec(Iapr) + O(1?) (3.264)

where the first term on the RHS is of the order of v and, therefore, is the domi-
nant term. To further simplify (3.264]), we consider the Lyapunov equation with
respect to the unknown matrix X € C*M>2M. X[ + HX = Iy, where H is
given by (3.79). By applying the vec(-) operation to both sides, the Lyapunov
equation is equivalent to the linear equation: S - vec(X) = vec(lapr), where
vec(X) € CHM*x1 - Since S is invertible, the Lyapunov equation has a unique
solution, which is given by X = 1H™!, or vec(X) = S~ 'vec(lon) = vec(H™).
It then follows from ([3.264]) that

Tr(Z) = %Tr(H‘lR) +O01?) (3.265)

where the first term on the RHS is of the order of ¥ and dominates the other

term. Substituting (3.2653]) into (B3.257)) and (3.258)) completes the proof.
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CHAPTER 4

Comparison with Synchronous Networks and

Batch Implementations

In this chapter, we compare the performance of synchronous and asynchronous
networks. We also compare the performance of decentralized adaptation against
centralized stochastic-gradient (batch) solutions. Two interesting conclusions
stand out. First, the results establish that the performance of adaptive networks
is largely immune to the effect of asynchronous events: the mean and mean-square
convergence rates and the asymptotic bias values are not degraded relative to
synchronous or centralized implementations. Only the steady-state mean-square-
deviation suffers a degradation in the order of v, which represents the small step-
size parameters used for adaptation. Second, the results show that the adaptive
distributed network matches the performance of the centralized solution. These
conclusions highlight another critical benefit of cooperation by networked agents:
cooperation does not only enhance performance in comparison to stand-alone
single-agent processing, but it also endows the network with remarkable resilience
to various forms of random failure events and is able to deliver performance that

is as powerful as batch solutions.
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4.1 Centralized Batch Solution

We first describe and examine the centralized (batch) solution. In order to allow
for a fair comparison among the various implementations, we assume that the
centralized solution is also running a stochastic-gradient approximation algorithm
albeit one that has access to the entire set of data at each iteration. Obviously,
centralized solutions can be more powerful and run more complex optimization
procedures. Our purpose is to examine the various implementations under similar
algorithmic structures and complexity. The results in this chapter are based on

material from [90].

4.1.1 Centralized Solution in Two Forms

We thus consider a scenario where there is a fusion center that regularly collects
the data from across the network and is interested in solving the same minimiza-
tion problem (ILT]) as in Chapter [l The fusion center seeks the optimal solution
w® of (LI} by running an asynchronous stochastic gradient batch algorithm of
the following form (later in ({.60) we consider a synchronous version of this batch

solution):
N
Wei = Wei — > k(01 (1) Vi Ji(we i 1) (4.1)
k=1

where w,; denotes the iterate at time 4, the {7 (7)} are nonnegative convex fusion

coefficients such that

d om)=1, (i) =0 (4.2)

for all ¢ > 0, and the {p,(7)} are the random step-sizes. In the batch algorithm
(4.T)), we use random step-sizes {pi(i)} to account for random activity by the
agents, which may be caused by random data arrival times or by some power

saving strategies that turn agents on and off randomly. We also use random
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fusion coefficients {7 (i)} to model the random status of the communication links
connecting the agents to the fusion center. This source of randomness may be
caused by random fading effects over the communication channels or by random
data feeding/fetching strategies. Therefore, the batch algorithm described in

(4.1)) is able to accommodate various forms of asynchronous events as well.

It is worth noting that the centralized (batch) algorithm (4.1]) admits a de-

centralized, though not fully-distributed, implementation of the following form:

—

Vi = We i1 — (1) Vs Ji(we,i—1) (adaptation) (4.3a)
N

W, = Z 75 (1) P (fusion) (4.3b)
k=1

In this description, each agent k uses the local gradient data to calculate the
intermediate iterate v,; and feeds its value to a fusion center; the fusion center
fuses all intermediate updates {t;;} according to (£3D) to obtain w,; and then
forwards the results to all agents. This process repeats itself at every iteration.
Implementation (Z£3al)—-(4.3h) is not fully distributed because, for example, all
agents require knowledge of the same global iterate w, ; to perform the adaptation
step (£3a). Since the one-step centralized implementation (41l and the two-
step equivalent (A3al)-(4.3D) represent the same algorithm, we shall use them
interchangeably to facilitate the analysis whenever necessary. One advantage
of the decentralized representation (£3al)-(4.3D)) is that it can be viewed as a

distributed solution over fully-connected networks [45].
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4.1.2 Gradient Noise and Asynchronous Models

We assume that the approximate gradient vector m(wm_l) in (4.1)) follows

the same model described by (2.17) in Chapter 2] namely,

—

vw* Jk(wc,i—l) - Vw* Jk(wc,i—l) + vk,i(wc,i—l) (44)

where the first term on the RHS is the true gradient and the second term models
the uncertainty about the true gradient. We continue to assume that the gradient

noise vy, ;(we ;1) satisfies Assumption B.1] from Chapter [3l

From Assumption B.] of Chapter [, the conditional moments of vy, ;(wy ;1)

satisfy

E[vg i (wg,i—1)|Fi-1] =0 (4.5)

E[[|gi(wri-1)[|*[Fica] < 0®[|w® — wria||* + 4oy (4.6)

where a factor of 4 appeared due to the transform T(-) from (2.3]) of Chapter 2l

To facilitate the comparison in the sequel, we further assume the following

asynchronous model for the centralized batch solution (.1]):

1. The random step-sizes {ux(i)} satisfy the same properties as the asyn-
chronous model for distributed diffusion networks described in Section 2.2.2)
of Chapter 2l In particular, the first and second-order moments of {ge,(7)}

are constant and denoted by

i 2 E (i) (4.7)

Cuke = E[(pr (i) — i) (pe() — )] (4.8)

for all k, ¢, and 7 > 0, where the values of these moments are the same as

those in (2.33) and (2.36]) from Chapter 2
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2. The random fusion coefficients {7 (i)} satisfy condition (£2]) at every it-
eration 7. Moreover, the first and second-order moments of {7 (i)} are

denoted by

7 2 E [my(i)] (4.9)

C7r,k,£ é E[(ﬂ'k(l) — 77']{)(71'5(@) — 77'@)] (410)
for all k, ¢, and i > 0.

3. The random parameters {pg(7)} and {7, (7)} are mutually-independent and

independent of any other random variable.
We collect the fusion coefficients into the vector:

m; 2 col{m (i), ma(i), ..., (i)} (4.11)

Then, condition (£2)) implies that ] 1 = 1. By (£9) and (£I0), the mean and

covariance matrix of 7; are given by

7 2 E(m;) = co{7,, Mo, ..., AN} (4.12)
Cail -+ ColN

Cr 2 E[(m; — 7)(m; —7)] = e (4.13)
CaN1 - CaNN

Lemma 4.1 (Properties of moments of {m(i)}). The first and second-order

moments of {m (1)} defined in [E9) and [EI0) satisfy

N N N
dom=1 >0, > crre=0, Y Crpe=0 (4.14)
k=1 h=1 =1

for any k and /.
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Proof. Using (AI2)) and (£I3) and the fact that C, is symmetric, conditions

(EI4) require
7y =1, Cidy=0 (4.15)

The first equation in (£I5) is straightforward from (£2]). The second condition
in (415 is true because

Coly = [E(mimw] |we,; 1) — 77 Iy =0 (4.16)
where we used the fact that 7w/ 1y =1 and 771y = 1. O

We next examine the stability and steady-state performance of the asyn-
chronous batch algorithm (4.1), and then compare its performance with that of

the asynchronous distributed diffusion strategy.

4.2 Performance of the Centralized Solution

Following an argument similar to that given in Section of Chapter 2l we
can derive from (f3al)-(43D) the following error recursion for the asynchronous

centralized implementation:

Vi = [Ians — g (i) Hig | @e,i—1 + i (4.17a)

N ~
We; = Y i) P, (4.17b)

k=1
where

W, = T(We,) (4.18)
72;1@,1' £ T(ibvm) (4.19)
Vp,i(Wei-1) = T(vgi(wei-1)) (4.20)
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and the mapping T(-) is from (Z:3)) in Chapter 2. Moreover,
Hk,i—l e / wa*Jk w - lf’l.UCZ 1) dt (421)
§k,i é )vk z(wc i— 1) (422)

We can merge (£I7a) and (£17D) to find that the error dynamics of (Z1]) evolves

according to the following recursion:

N
W, = [[2M - Z Wk(i)uk(i)Hk,i—1] We,i—1+ 8; (4.23)
k=1
where
N N
s; & Zﬂ'k(Z)&“ = Z k(1) ok (4) Ok i (We 1) (4.24)
k=1 k=1

4.2.1 Mean-Square and Mean-Fourth-Order Stability

To maintain consistency with the notation used in Chapters [2] and B, we shall
employ the same auxiliary quantities in these parts for the centralized batch
solution () with minor adjustments whenever necessary. For example, the
error quantity wy; used before in Chapter [2 for the error vector at agent k at
time ¢ in the distributed implementation is now replaced by w. ;, with a subscript

¢, for the error vector of the centralized solution at time ¢. Thus, we let

2/ A ~ o Lo

€(i) = Efwes|” = SE|wei] (4.25)
denote the MSD for the centralized solution w, ;.

Theorem 4.1 (Mean-square stability). The mean-square stability of the asyn-
chronous centralized implementation (A1) reduces to studying the convergence of

the recursive inequality:

(i) < B-e(i— 1)+ o2 (4.26)
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where the parameters {3, 0,02} are from (2.82), 2.83), and (224) in Chapter[2,
respectively. The model ([A20)) is stable if condition

=(2)
My >\k,min

< (4.27)
iy Mmax 0

holds for all k, where the parameters { A min, Ak max, @} are from Assumptions
2.2 and [2.3 of Chapter[d. When condition (2T) holds, an upper bound on the
steady-state MSD 1is given by

limsup E Wil <b-v (4.28)

1—00

where v is given by ([B.I0) from Chapter[3 and b is a constant defined by (2.87)
from Chapter[2.

Proof. Since the centralized solution (1)), or, equivalently, (£3al)—(43h), can be
viewed as a distributed solution over fully-connected networks [45], Theorem 2.1
from Chapter 2 can be applied directly. The result then follows from the fact
that v, < v by (2.99) in Chapter O

Comparing the above result to Theorem 2] in Chapter Bl we observe that
the mean-square stability of the centralized solution (41l and the distributed
asynchronous solution (2:27a)-(2.27D) from Chapter 2l is governed by the same
model (£26). Therefore, the same condition (L.27) guarantees the stability for
both strategies and leads to the same MSD bound (4.28)).

Theorem 4.2 (Stability of fourth-order error moment). If

ﬂk )\k,min
3N +da

My k,max

(4.29)
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holds for all k, then the fourth-order moment of the error w.; is asymptotically

bounded by

lim sup E|lw,.;|* < b3 - v (4.30)

1—00

where the parameter v is given by (B.16) from Chapter[3, and by is a constant
defined by [2.97) of Chapter[2.

Proof. This result follows from Theorem 2.2 of Chapter [2 because the centralized
solution (41), or, equivalently, (£3a)—(4.3D), can be viewed as a distributed

solution over fully-connected networks [45]. O

An alternative method to investigate the stability conditions for the central-
ized solution (£1]) is to view it as a stochastic gradient descent iteration for a

standalone agent (i.e., a singleton network with N = 1) [8,34,135].

4.2.2 Long Term Error Dynamics

Using an argument similar to the one in Section [3.1.T]from Chapter[3] the original

error recursion (£.23)) can be rewritten as

N
Wes = [Lonr — Y mx ()i (i) Hy, | Weir + 5+ d; (4.31)
k=1
where
N
d; £ Z 75 (1) pi(0) (Hyy — Hi j—1)We i1 (4.32)
k=1

Then, under condition (4.29),
limsup E||d;||* < O(v*) (4.33)
1—00

where v is given by ([BI0]) from Chapter [3
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Assumption 4.1 (Small step-sizes). The parameter v from ([BI6) in Chapter[3
is sufficiently small such that

. )\k,min

k,max

Under Assumption 1] condition (4.29]) holds. Let

N

B £ m.(i) Dy, (4.35)
k=1

Dy ; £ Loy — i (i) Hy, (4.36)

where B; is Hermitian positive semi-definite. Since we are interested in examining
the asymptotic performance of the asynchronous batch solution, we can again call
upon the same argument from Section B.I.1] of Chapter 3] and use result (4.33)
to conclude that we can assess the performance of (431]) by working with the

following long-term model, which holds for large enough i:

~/

w

=i

=B;-w,; +s;, i>1 (4.37)

In model ([£37), we ignored the O(v?) term d; according to (Z33), and we are
using wy,; to denote the estimate obtained from this long-term model. Note that
the driving noise term s; in (£37) is extraneous and imported from the original

error recursion (£23)).

Theorem 4.3 (Bounded mean-square gap). Under Assumption [{.1], the mean-
square gap from the original error recursion [L23)) to the long-term model (L37))

15 asymptotically bounded by
lim sup E||w,; — w,,||* < O(v?) (4.38)
1—00

where v is given by ([B.10) from Chapter[3.
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Proof. This result follows from Theorem [B.1] of Chapter [3 since the centralized
solution (A1) can be viewed as a distributed solution over fully-connected net-

works [45]. O

4.2.3 Mean Error Recursion

By taking the expectation of both sides of (4.37]), and using the fact that E(s;) =

0, we conclude that the mean error satisfies the recursion:

E@é,i =B- E@é,i—l (4-39)
for large enough ¢, where
N
B2E(B;) =) 7Dy (4.40)
k=1
Dy 2 E(Dy;) = Iy — jipHy, (4.41)

The convergence of recursion (#39) requires the stability of B. It is easy to
verify that {B, D;} are Hermitian. Using (.I4]) and Jensen’s inequality, we get
from (440) that p(B) < maxy p(Dy). As we showed in ([3.40) from Chapter B
if condition (#27) holds, then p(D;) < 1 for all k. Therefore, it follows from
Assumption ] that
lim Ew,; = 0 (4.42)
i—00
which implies that the long-term model (4.37) is the asymptotically centered

version of the original error recursion (£.23]).

4.2.4 FError Covariance Recursion

Let F;_; denote the filtration that represents all information available up to iter-
ation ¢ — 1. Then we deduce from (£37)) that for large enough i:
E(we,wei|Fio1) = E(Biw,; wg;_ BilFi1) + E(sis][Fi—1) (4.43)

=c,i=cy c,i—1
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where the cross terms that involve s; disappear because E(s; Bywy,,; |F;_1) =0
by the gradient noise model from Assumption B.Ilof Chapter Bl Vectorizing both
sides of (£43) and taking expectation, we obtain

E [(@Q*Z)T ® @v/:z] =F.-E [(@gfi—l)T ® @t/:,i—l] + Yoy (4.44)
where
F.2E[B] @ B (4.45)
Yo = E[(s])" ® s (4.46)
Let further
N
H 2wy = O(v) (4.47)
k=1

where {H}} are from (3.9) of Chapter [3

Lemma 4.2 (Properties of F.). The matriz F, defined by ([£45) is Hermitian

and can be expressed as

N N
Fo= 3" S (@ + ca) (D] © Dy + cuiH] © Hy) (4.48)
=1 k=1
If condition (&27) holds, then F. is stable and
p(Fe) = [L = Auin(Ho)]” + O(v?) (4.49)

where H, is given by @EAT), and [1 — Apin(H,)]> = 1 — O(v) under Assumption
[4.1. Moreover,
[(Zarz = Fo) 7 = O(v™) (4.50)

Proof. See Appendix [4.Al O

Theorem 4.4 (Error covariance recursion). For sufficiently large i, the vectorized

error covariance for the long-term model ([A37) satisfies the following relation:

Zc,i = Fc : Zqi—l + yc,i, 'l > 1 (451)
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where F. and y.; are from ([@45) and (£40), respectively, and
2 2 E[(wh) @ W] (4.52)

Recursion (L51)) is convergent if condition ([L2T) holds, and its convergence rate
is dominated by [1 — Apin(H,)]? = 1 — O(v) under Assumption [/.]].

Proof. Equation (A5]]) follows from (£.44]). Recursion ([A5I]) converges if, and
only if, the matrix F, is stable. By Lemma [£2] we know that p(F.) < 1 if
condition ({£.27) holds and, moreover, the convergence rate of recursion (A5]]) is

determined by p(F.) = [1 — Auin(H))> + O(v?). O

4.2.5 Steady-State MSD

At steady-state as i — 0o, we get from (£50) and ([A5T]) that

Zeoo = VEC (lim E@éi@é*i> = (Iyppr — F)7F - lim g, (4.53)
’ ’ 1—00

1—+00
Using 2¢ «, we can determine the value of any steady-state weighted mean-square-

error metric for the long-term model ([d.37) as follows:

~ 1 - 1
lim E||w |3 = 5 Jim Tr[E(w, w:,)E] = 52c00vee(E) (4.54)
1—00 ’ 1—00 ’

c,i - §Zc,oo

where we used the fact that Tr(AB) = [vec(A*)]*vec(B), and ¥ is an arbitrary
Hermitian positive semi-definite weighting matrix. The steady-state MSD for the

original error recursion (L31]) is defined by

~ 1.
MSDet £ Jim IE||'wc,z'||2 = lim §E||'l_l7c,i||2 (4.55)
71— 00

i—00
Therefore, by setting ¥ = Iy, in ([£.54]) and using Theorem (3] it is easy to verify
by following an argument similar to the proof of Theorem B3] from Chapter Bl
that

MSD™ = lim Eflwg]|* + O(*?) (4.56)
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Introduce
N

R, = Z(%i + Cr o) (Fij, + Cugee) R = O (1) (4.57)

k=1

where { Ry} are from (3.0]) of Chapter Bl Then, using (£54) and (£50), we arrive

the following result.

Theorem 4.5 (Steady-state MSD). The steady-state MSD for the asynchronous
centralized (batch) solution (A1) is given by

MSDeent — %[Vec(Rc)]*(Lle ~F)hvee(lon) + OWMF)  (4.58)

where 0 < 7y, < 1/2 is from [B65) of Chapterl3. Expression (L58) can be further
reworked to yield

1
MSDe™ = 1Tlr(lar;lR{,,) +O(V') (4.59)

where the first term on the RHS is in the order of v and therefore dominates the

O(v*t°) term under Assumption [{.1]

Proof. See Appendix [4.Bl O

4.2.6 Results for the Synchronous Centralized Solution

We may also consider a synchronous centralized (batch) implementation for solv-

ing the same problem (L.1]). It would take the following form:

N
We,; = Weji—1 — Zﬂkﬂkvw*Jk(wc,i—l) (4-60)

k=1

where the {u} are now deterministic nonnegative step-sizes and the {7} are
nonnegative fusion coefficients that satisfy Zivzl 7 = 1. The synchronous batch
solution can be viewed as a special case of the asynchronous batch solution (4.1l)

when the random step-sizes and fusion coefficients assume constant values. If
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the covariances {c, 1} and {cxx} are set to zero, then the asynchronous so-
lution (4.1]) will reduce into a synchronous solution that employs the constant
parameters {fix} and {7x}. The previous stability and performance results can

be specialized to the synchronous batch implementation under these conditions.

It is easy to verify that the mean error recursion for the synchronous solution
with parameters {fi;} and {7} is identical to (439). The mean convergence
rate for the long-term model is still determined by p(B), where B is given by
(A40). The mean square convergence rate for the long-term model is determined

by p(F!) where
N N ) )
F, £ Z Z Teme(D] @ Dy) (4.61)
It follows that
p(F) = [1 = Auin(H)? =1 = O(v) (4.62)

The steady-state MSD is given by

cen 1 —_ /
MSDg = ZTr(HC 'R 4+ O(vH) (4.63)
where
N
R.&N @R, IR =00 (4.64)
k=1

and Tr(H7'R.) = O(v).

4.3 Comparison I: Distributed vs. Centralized Strategies

In this section, we compare the mean-square performance of the distributed dif-

fusion strategy (2.27a)—(2.27D)) from Chapter 2] namely,

Yy = Wyi-1 — uk(i)m(’wk,z’—l) (4.65a)
Wy, = Z (i) Yo, (4.65Db)
ZGNkyi
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with the centralized (batch) solution described by (41]). We establish the impor-
tant conclusion that if the combination matrix is primitive (Assumption in
Chapter B]), then the asynchronous network is able to achieve almost the same
mean-square performance as the centralized (batch) solution for sufficiently small
step-sizes. In other words, diffusion strategies are efficient mechanisms to per-
form continuous adaptation and learning tasks over networks even in the presence

of various sources of random failures.

4.3.1 Adjusting Relevant Parameters

First, however, we need to describe the conditions that are necessary for a fair
and meaningful comparison between the distributed and centralized implementa-
tions. This is because the two implementations use different parameters. Recall
that the agents in the distributed network (£.65al)-([4.65D) employ random com-
bination coefficients {a (i)} to aggregate information from neighborhoods using
random step-sizes {p(i)}. The random parameters {asn (i), pur(i)} are assumed
to satisfy the model described in Section from Chapter 2l On the other
hand, the centralized batch solution (ZI]) uses random combination coefficients
{7 (i)} to fuse the information from all agents in the network, and then performs
updates using random step-sizes {px(7)}. The random parameters {7y (4), pr(7) }
are assumed to satisfy the conditions specified in Section of this part. In
general, the two sets of random parameters, i.e., {an(7), ux(i)} for distributed
strategies and {7 (i), (i)} for centralized strategies, are not necessarily related.
Therefore, in order to make a meaningful comparison between the distributed and
centralized strategies, we need to introduce connections between these two sets

of parameters. This is possible because the parameters play similar roles.

From the previous analysis in Section [3.3] of Chapter Bl we know that the first
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and second-order moments of {as (i), pr(i)} determine the mean-square perfor-
mance of diffusion networks. Likewise, from the analysis in Section of this
part, we know that the first and second-order moments of {my(i), (i)} de-
termine the mean-square performance of centralized solutions. Therefore, it is
sufficient to introduce connections between the first and second-order moments
of these random parameters. For the random step-size parameters, we assumed
in (233) and (2.36) from Chapter 2 and in (47) and (4.8) from this part that
their first and second-order moments are constant and that their values coincide
with each other, i.e., fix from (2.33)) in Chapter 2] coincides with fi; from (4.7) in

this part, and similarly for ¢, ;. This requirement is obviously reasonable.

The connection that we need to enforce between the moments of the combi-
nation coefficients {as (i)} and {7 (i)}, while reasonable again, is less straight-
forward to explain. This is because the {asn(i)} form a random matrix A; =
lan ()] =y of size N x N, while the {m(i)} only form a random vector m; =
(74 (i)]_, of size N x 1. From the result of Corollary B.2in Chapter Bl though, we
know that the mean-square performance of the primitive diffusion network does
not directly depend on the moments of A;, namely, its mean A and its Kronecker
covariance Cy; instead, the performance depends on the Perron eigenvector (the
unique right eigenvector corresponding to the eigenvalue at one for primitive left-
stochastic matrices [79,82]). If, for example, we compare expression ([B.91]) from
Chapter [ for asynchronous networks with expression (448 from this part, we
conclude that it is sufficient to relate the vectors {p,p} defined in ([B.72) and
(B73)) from Chapter Bl to the moments {7y, ¢; r¢}. Since p is the Perron eigen-
vector of the mean matrix A, and the {7} are the means of {m, (i)}, we connect
them by requiring

Tk = Dk (4.66)
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for all k, where the {py} are the elements of p. Likewise, since p is the Perron
eigenvector of the matrix A ® A + Oy = E(A; ® A;), which consists of the
second-order moments, and {77, + ¢r o = E[me(i)me(i)]} are also the second-

order moments, we connect them by requiring
kT + Crk = Diyt (4.67)

for all k£ and ¢, where the {ps,} are the elements of p defined after (8.75) in
ChapterB. When conditions (4.66) and (A67) are satisfied, then the mean-square
convergence rates and steady-state MSD for the distributed and centralized so-

lutions become identical. We establish this result in the sequel. Using (£12) and

(E13), conditions (L66) and (EET) can be rewritten as

T=p, Cr+ 77" =P, (4.68)
where
bip --- PN
P, = : : (4.69)
PN1 ... DNN

is the symmetric matrix defined by ([B.75]) of Chapter 3l It is worth noting that,
since the Perron eigenvectors p = vec(P,) and p consist of positive entries, the
corresponding quantities @ and C, 4+ 77" must also consist of positive entries —
we shall refer to the centralized solutions that satisfy this condition as primitive
centralized solutions. Clearly, the second requirement in (4.68)) is meaningful only
if the difference P,—pp" results in a symmetric positive semi-definite matrix (and,

hence, a covariance matrix) that also satisfies C; 1y = 0.
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4.3.2 Constructing Primitive Batch Solutions

Before comparing the performance of the centralized and distributed solutions un-
der (A.68), we first answer the following important inquiry. Given a distributed
primitive network with parameters {p, P,}, is it possible to determine a batch
solution with parameters {7, C,} satisfying (4.68]) such that the resulting C is a
symmetric and positive semi-definite matrix (and, therefore, has the interpreta-
tion of a valid covariance matrix)? The answer is in the affirmative as we proceed

to explain. The following are auxiliary results in this direction.

Lemma 4.3 (Positive semi-definite property). The matriz difference P, —pp' is
symmetric positive semi-definite and satisfies (P, —pp" )1y = 0 for any p and P,

defined by B13) and B7H) from Chapter[3.

Proof. See Appendix £.Cl O

Therefore, starting from an asynchronous diffusion network with parame-
ters {p, P, }, there exists an asynchronous batch solution with valid parameters
{7, C} that satisfy (4.68). We now explain one way by which a random variable
7r; can be constructed with the pre-specified moments {7, C;}. We first observe
that in view of condition (4.IIl), the random variable 7r; is actually defined on

the probability simplex in R¥*! [71] p. 33]:
Ay E2{z e R ey =1,2, > 0,k=1,...,N} (4.70)

If the moments {7,C,} obtained from (4.G8) satisfy certain conditions, then
there are several models in the literature that can be used to generate random
vectors {m;} according to these moments such as using the Dirichlet distribu-
tion [91], the Generalized Dirichlet distribution [92H99)], the Logistic-Normal dis-
tribution [93,[100,101], or the Generalized inverse Gaussian distribution [94.[102].
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Unfortunately, if the conditions for these models are not satisfied, no closed-form
probabilistic model is available for us to generate random variables on the prob-

ability simplex with pre-specified means and covariance matrices.

Nevertheless, inspired by the Markov Chain Monte Carlo (MCMC) method
[103], we describe one procedure to construct random variables indirectly so that
they are able to meet the desired moment requirements. In a manner similar to
the argument used in Appendix [£.C], we introduce a series of fictitious random
combination matrices {A;; J > 1} that satisfy the asynchronous model introduced
in Chapter We assume that the {A;-; j > 1} are independently, identically
distributed (i.i.d.) random matrices, and they are independent of any other
random variable. Then, the mean and Kronecker-covariance matrices of A’ for
any j are given by A and C}y, respectively. We further introduce the random

matrix
t

o, 2 [[4 (4.71)

J=1

Similar to (AI53) and (AI57), we can verify that

lim B(®;,) = pl Y, lim B(®;, © @) = pl s (4.72)

t—00

Let
1
L - ; .
i = N (tll_glo ‘I’z,t) In (4.73)

Then, the entries of ¢; are nonnegative since the entries of ®,; are nonnegative.

Using (4.71]) and (£73]), we have

1 ¢ = + Jim 1% <H A’) Iy=1 (4.74)

since each A’ is left-stochastic. Therefore, ¢; is a random variable defined on

the probability simplex Ay. By using (£.72]) and the fact that 1y ® 1y = 1z,
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we have

1

E(¢:) = N(ﬁ ANy =D (4.75)
E(: © 61) = 50 1) s = (1.76)

Therefore,
E(¢;) =p,  Cov(¢i) =B, —pp' (4.77)

where P, = unvec(p). In this way, we have been able to construct a random
variable ¢; whose support is the probability simplex Ay and whose mean vector
and covariance matrix match the specification. The random variable ¢; can then
be used by the asynchronous centralized solution at time ¢, which would then

enable a meaningful comparison with the asynchronous distributed solution.

Although unnecessary for our development, it is instructive to pose the con-
verse question: Given a primitive batch solution with parameters {7, Cy}, is
it always possible to determine a distributed solution with parameters {p, P,}
satisfying (A.G8)) such that these parameters have the properties of Perron eigen-
vectors? In other words, given a primitive centralized solution, is it possible
to determine a distributed solution on a partially-connected network (otherwise
the problem is trivial since fully-connected networks are equivalent to centralized
solutions [45]) with equivalent performance levels? The answer to this ques-
tion remains open. The challenge stems from the fact mentioned earlier that, in
general, there is no systematic solution to generate distributions on the proba-
bility simplex with pre-specified first and second-order moments. The method
of moments [104], which is an iterative solution, does not generally guarantee
convergence and therefore, cannot ensure that a satisfactory distribution can be

generated eventually.
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4.3.3 Comparing Performance

From the mean error recursion in (3.37) of Chapter [3] the mean convergence rate
for the long-term model of the distributed diffusion strategy is determined by
p(B), where B is defined by (3.29) of Chapter Bl From the mean error recursion
(439) in this part, the mean convergence rate for the long-term model of the

centralized batch solution is determined by p(B), where B is given by (&40).

Lemma 4.4 (Matching mean convergence rates). The mean convergence rates
for the asynchronous distributed strategy and the centralized batch solution are

almost the same. Specifically, it holds that

p(B) — p(B)| < O(/) (4.78)
where p(B) and p(B) are of the order of 1 — O(v).
Proof. See Appendix O

Likewise, from Theorem [3.2] of Chapter [3], the mean-square convergence rate of
the distributed diffusion strategy for large enough i is determined by p(F), where
F is from (3.40) of Chapter Bl From Theorem E4 of this part, the mean-square

convergence rate of the centralized (batch) solution is determined by p(F¢), where

F. is from (4.45).

Lemma 4.5 (Matching mean-square convergence rates). The mean-square con-
vergence rates for the asynchronous distributed strategy and the centralized batch

solution are almost the same. Specifically, it holds that
[p(F) = p(Fo)| < O (4.79)

where p(F) and p(F,) are of the order of 1 — O(v).
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Proof. From (£43]) and ({.G7), it is easy to verify that F. = F, where F is from
BT) of Chapter Bl Using Lemmas 3.4 and from Chapter B then completes
the proof. O

The steady-state network MSD for the distributed diffusion strategy is given
by (3:91) of Chapter Bt

1
MSD%st = ZTr(H—lR) + O(v'e) (4.80)

for some 0 < v, < 1/2 given by (B.60) of Chapter Bl The steady-state MSD for
the centralized batch solution is given by (Z59).

Lemma 4.6 (Matching MSD performance). The network MSD for the asyn-
chronous distributed strateqy and the MSD for the centralized batch solution are

close to each other in steady-state. Specifically, we have
| MSD®st — MSD*"| < O(v'+7°) (4.81)

where both MSDY' and MSD®™ are in the order of v.

Proof. From (&A1), [E5T), and (LET), it is easy to verify that H. = H and
R. = R, where {H, R} are given by ([3.79) and (3.83) of Chapter Bl Using (4.59)
and (4.80) then completes the proof. O

4.4 Comparison II: Asynchronous vs. Synchronous Net-

works

Synchronous diffusion networks run (2.15a)-(2.15h) from Chapter [, namely,

—

Vi = Wi i1 — eV Jp(wii—1) (adaptation) (4.82a)
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Wy, = Z age Yo (combination) (4.82D)
LeEN

These networks can be viewed as a special case of asynchronous networks run-

ning (4.65a))-(4.65b) when the random step-sizes and combination coefficients

assume constant values. If we set the covariances {c,xx} and {cqemm} to zero,

then the asynchronous network (4.65a))—(4.65bl) will reduce to the synchronous

network (£.82al)—(4.82D)) with the parameters {u, an } replaced by {fix, e }. We
can therefore specialize the results obtained for asynchronous networks to the syn-
chronous case by using {fi;} and {as } and assuming ¢, 5, = 0 and ¢, gk 1 = 0 for
all k£ and ¢. For example, it is easy to verify that the mean error recursion of the
long term model for the synchronous solution with {/ix} and {as} is identical to

(8.37) from Chapter [3] for the asynchronous solution.

Under Assumption 41l the asynchronous network with the random parame-
ters {px(7)} and {as (i)} and the synchronous network with the constant param-
eters {jix} and {as} have similar mean-square convergence rates for large 7, but
the steady-state MSD performance of the former is larger than that of the latter
by a small amount. This result is established as follows. From Theorem in
Chapter Bl the mean-square convergence rate for the asynchronous network with

large 7 is determined by p(Fasync) Where
Fasync = E(B;r R Bj) (483)

and B; is given by ([B.23) of Chapter Bl We are adding the subscript “async”
to quantities that are related to asynchronous networks. Correspondingly, the
mean-square convergence rate for the synchronous network with the constant

parameters {/i} and {asx} will be determined by p(Fsync) Where
fsync £ BT ®b B* (484)

and B is given by (3.29) of Chapter Bl
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Lemma 4.7 (Matching mean-square convergence rates). For large i, the mean-
square convergence rate of the asynchronous diffusion strategy is close to that of

the synchronous diffusion strategy:
2
|p(Fasync) — p(Fsyne)| = O(V1+1/N ) (4.85)

where p(Fosyne) and p(Feyne) are both dominated by [1 — Apin(H)]* = 1—0(v) for

small v by Assumption [{.1]
Proof. By Lemma of Chapter B we have
p(Fasgne) = p(Fusyne) + O ) (4.86)

where Fygyne is given by ([B.77) of Chapter Bl Correspondingly, we will also have

P(Fane) = p(Fagne) + O ) (4.87)
where Fiy, is given by
N N
k=1 (=1

Noting that Fiyy is identical to F” in (8.174) of Chapter [ then from Lemma [3.4]
of Chapter [3 we obtain

p(FasyHC) = p(FsynC) + O(V2) (4.89)
Using (£.86]), (L87), and ([£Z9), we get

|p(fasync) - p(fsync>| = |p(Fasync) — p(Fsync> + O(V1+1/N2>|
= |0(?) + O]

= OV N (4.90)

Using (B.78) from Chapter Bl and (£.90) completes the proof. O
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Likewise, assuming ¢, x = 0 and ¢, ¢x ¢ = 0 for all k and ¢ for the synchronous
strategy, it is easy to verify from (B.72)—(B.75) of Chapter Blthat p = p®p. Then,
we obtain the following expression for the steady-state MSD of the synchronous

network with the constant parameters {fi;} and {as }:

MSDdst — 1T:f(ler—lRSync) + O(') (4.91)

sync 4

where H = O(v) and 0 < 7, < 1/2 are given by (3.79) and (B:65) from Chapter

Bl respectively, and
N
sync £ Z k:ukRk 2) (492)
k=

Since Tr(H ' Rgyne) = O(v), the first term on the RHS of (£91I)) dominates the
other term, O(v'*7). From (480) and (£.91]), we observe that the network MSDs

of asynchronous and synchronous networks are both in the order of v.

Lemma 4.8 (Degradation in MSD is O(v)). The network MSD (AR0) for the
asynchronous diffusion strateqy is greater than the network MSD (Z91l) for the

synchronous diffusion strategy by a difference in the order of v.

Proof. The difference between Rasyne and Ry is

N

Rasync - Rsync = Z[(pk,k - pz)ﬂz + pk,kcu,k,k]Rk (493)
k=1

where Rasyne is given by (BE{I) of Chapter Bl Since pyx — pi is the k-th entry
on the diagonal of P, — , from Lemma (4.3l we know that all entries on the
diagonal of P,—pp' are nonnegative, which implies that py x —p? > 0. Moreover,
by Perron-Frobenius Theorem [79], all entries of the Perron eigenvector p must be
positive, which implies that p;; > 0. We also know that ¢, ; , must be positive

in the asynchronous model. Therefore, we get

(Prk — DR) it + PrgCupk > 0 (4.94)
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Moreover, by using (BI81)-(B.I83)) from Chapter [3, we have

(P — D)y + PrepCuiee = O(W?) (4.95)

Then, using the fact that the { Ry} are positive semi-definite, we conclude from

(@93)(LJ5) that
HRasync - Rsync” = O(Vz) >0 (496)

From (3.79) of Chapter B, we know that H~! = O(v™!). Therefore, we get

. : 1
MSD, — MSDI, = {TH[H ™ (Rusyne — Reyne)| + 04 7)

async sync
= O0(v) + O('") = O(v) (4.97)
and
dis dis
MSDaS;nC — MSDSy]fC >0 (4.98)
which complete the proof. O

We observe from the above results that when the step-sizes are sufficiently
small, the mean-square convergence rate of the asynchronous network tends to
be immune from the uncertainties caused by random topologies, links, agents,
and data arrival time. However, there is an O(v) degradation in the steady-state
MSD level for the asynchronous network — refer to Table [LT] for a summary of

the main conclusions.

4.5 A Case Study: MSE Estimation

The previous results apply to arbitrary strongly-convex costs {J(w)} whose Hes-
sian functions are locally Lipschitz continuous at w®. In this section we specialize
the results to the case of MSE estimation over networks, where the costs {J(w)}

become quadratic in w € CM*1,
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4.5.1 Problem Formulation and Modeling

We now assume that each agent k has access to streaming data {dy(7), wy;}

related via the linear regression model:

di (i) = up w° + & (1) (4.99)

where dj,(i) € C is the observation, u;; € C'*M is the regressor, w® € CM*! is

the desired parameter vector, and &(7) is additive noise.

Assumption 4.2 (Data model).

1. The regressors {uy;} are temporally white and spatially independent cir-
cular symmetric complex random variables with zero mean and covariance

matriz I, , > 0.

2. The noise signals {&x(i)} are temporally white and spatially independent
circular symmetric complex random variables with zero mean and variance

07, >0,

3. The random variables {uy;, &/(j)} are mutually independent for any k and

¢, i and j, and they are independent of any other random variable. O

The objective for the network is to estimate w° by minimizing the aggregate

mean-square-error cost defined by

N N
miniwmize Z Ju(w) 2 ZE |dk (i) — up, ] (4.100)
k=1 k=1

It can be verified that this problem satisfies Assumptions 2.1] and introduced
in Chapter
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4.5.2 Distributed Diffusion Solutions

The asynchronous diffusion solution (Z.65al)—({4.65b]) will then reduce to the fol-

lowing form:

'I,/)]m = Wg,i—1 + [,l,k(’l)’ulzﬂ[dk(’&) — umfwk,i_l] (4101&)
Wy, = Z ap (1) Yo, (4.101Db)
ZGNkyi

and the synchronous network (4.82al)—(4.82h]) will become

Q/Jk,i = Wg,i—1 + ﬂku};vl[dk(z) — uk,i'wm_l] (4102&)
Wy, = Z ok Y (4.102Db)
fE/\/’k,i

We assume that the network is under the Bernoulli model described in Chapter
2l For illustration purposes only, we assume that the parameters {yux} in (2.54)
of Chapter 2 are uniform, pj, = u, and that the parameters {ax.; ¢ € Np\{k}} in
([255) of Chapter 2l are given by agy, = |N;| ™'

Substituting (£99) into (4I0Ia) and comparing with (2.I7) of Chapter 2]

we find that the approximate gradient, V/w*\ﬁg(wm_l), and the corresponding

gradient noise, v ;(wg—1), in this case are given by

Vo Jp(wr 1) = —ug [dy. (1) — wp wy ;1]
= —up U W1 — Uy, &k (7)
= — Ry Wi,i—1 — Vk,i(Wgi—1) (4.103)
where
'vk,i('wm_l) = (u;ium — Ru,k)ﬁk,i—l + uz,lﬁk(z) (4104)

It can be verified that the gradient noise vy ;(wy ;1) in ([A.I04) satisfies Assump-
tion [3.1] of Chapter [J] and that the covariance matrix of vy, ;(w®) = T(uj &x(i)),
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where T(-) is from (23) of Chapter [ is given by
Ry = diag{ag,kR%k, ag,kRI,k} = ag,ka (4.105)
Moreover, the complex Hessian of the cost Ji(w) is given by
Vo Ji(w) & Hy = diag{ Ry 1, R} .} (4.106)
We further note that for the Bernoulli network under study,

i =, Y = g (4.107)

Therefore, the parameter v = p in this case. If p is small enough and satisfies
Assumption 411 then from ([A.80), the network MSD of the asynchronous network

is given by

MSDSSEHC—“ Tr (ZpquRuk> (Zpk,quagkm,k) + O (4.108)

k=1

Likewise, the network MSD of the synchronous network from (Z91]) is given by

-1/ N
MSD?;ﬁc—MTr (me}M) (Zpiq,ﬁagk}zmo L O(pr) (4.109)

k=1
Clearly, since ¢, < 1 and pgy > p2 for all k, the MSD in (£.I08) is always greater
than the MSD in (4109) and the difference is in the order of u.

4.5.3 Centralized Solution

The asynchronous batch solution (4.1]) will now reduce to

N
We; = Wei1 + Y k(i) k(i) up i [di (i) — wpwe,1] (4.110)

k=1

and the synchronous batch solution (4.60) will become

Wej = We,i—1 + Z Trfrwy ;[ dp (i) — Wp W ;1] (4.111)
k=1
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We continue to assume that the random step-size parameters { (i)} satisfy the
same Bernoulli model described in Chapter 2 with a uniform profile pux = p.
We use the procedure described in Section 4.3.2] to generate the random fusion

coefficients {7y (i)}. Specifically, we have 7y (i) = ¢ (i), where ¢ (i) denotes the
k-th entry of ¢; from ([ET3).

4.5.4 Simulation Results

We consider a network consisting of N = 100 agents with the connected topology
shown in Fig. [4.1] where each link is assumed to be bidirectional. The length of
the unknown parameter w® is set to M = 2. The regressors are assumed to be
white, i.e., Ryx = o Iy The values of {0} ,,07,} are randomly generated and
shown in Fig. The step-size parameter is set to 4 = 0.002. We randomly
select the values for the probabilities {7y} in (2.53]) of Chapter 2l within the range
(0.4,0.8), and randomly select the values for the probabilities {¢;} in ([2.54]) of
Chapter 2] within the set {0.3,0.5,0.7,0.9}. The asynchronous distributed strat-
egy (LI0Tal)-(4.101L), the synchronous distributed strategy (EI02al)-(4.1021),

the asynchronous centralized solution (AII0), and the synchronous centralized
solution ({IT]) are all simulated over 100 trials and 6000 iterations for each trial.
The random fusion coefficients {7y (i)} are obtained by sampling ¢; from (L73).
The ¢; is constructed by consecutively multiplying 100 independent realizations
of A;. The averaged learning curves (MSD) as well as the theoretical MSD re-
sults ({.I08) for asynchronous solutions and (£I09) for synchronous solutions are
plotted in Fig. 4.3 We observe a good match between theory and simulation.
We also observe that both synchronous and asynchronous solutions converge at

a similar rate but that the former attains a lower MSD level at steady-state as

predicted by (£.I108)) and (£.109).
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of operation.
4.6 Conclusion

In this chapter, we compared the performance of distributed and centralized so-
lutions under two modes of operation: synchronous and asynchronous implemen-
tations. We derived explicit comparisons for the mean and mean-square rates of
convergence, as well as for the steady-state mean-square error performance. The
main results are captured by Table 1. It is seen that diffusion networks are re-
markably resilient to asynchronous or random failures: the convergence continues
to occur at the same rate as synchronous or centralized solutions while the MSD
level suffers a degradation in the order of O(v) relative to synchronous diffusion
networks. The results in the chapter highlight yet another benefit of cooperation:

remarkable resilience to random failures and asynchronous events.
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4.A Proof of Lemma

From (4.35]), we get
E (Z TQ Dgz> (Z 7Tk Dk z)

/=1

F.
|- E(D/; ® Dy;)
(4.112)

> Bl

1
N

(7eTr + Crpn) (D] @ Dy + cuerH) © Hy)

IS
WE

N

k=1 ¢

Mz

()

16=1
where step (a) is by using the independence condition from the asynchronous
model; and step (b) is by using (&7)-@I0). Since {Dy, H;} are all Hermitian

B
Il

-, we

it is straightforward to verify that F; is also Hermitian
Using Jensen’s inequality and the convexity of the 2-induced norm, ||

(4.113)

obtain from (4.45) that
p(F.) <E||B] ® Bi|| =E||B,|*

where we used the identities | A ® B|| = ||A| - || B 89 p. 245] and ||AT| = || A]l

Using Jensen’s inequality again with respect to the convex coefficients {7y (i)}

and the fact that || - ||? is also a convex function, we get from (L35 that
(4.114)

2 N
Z (i) | Dyl

I1B:|I* = (1) Dy
Substituting (Z114]) into (4113, we obtain
N
p(F.) < B[ Dyl|* < m]?xEHDkZHQ (4.115)
(4.116)

From (4.35) and from condition (2.7)) in Chapter 2 we have
AMDg,i) <1 = pie(£) Ase,min

11— uk(i))\k,max S
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for every eigenvalue of Dy ; and for every k and ¢ > 0. Since Dy, ; is Hermitian,

we conclude from (AII6) that for every k and i > 0,

| Dyil|* < max{[1 — pr (i) Moymin]*, [1 = 10 (0) A ma]* }

<1 = 205 () M min + B3 (D) AF o (4.117)
Substituting (4I17) into (£I115]) yields
p(Fe) < max [T — 2 (1) s min + 15 (DAL x| We i1
< max{l = 274\ min + (2, + €)M s}
< max{ + a (i + )}
=4 (4.118)

where & > 0 and {+7, 8} are from (281 and (282) of Chapter 2 respectively.
n (2ZI36) from Chapter 2 we established that |3| < 1 if condition ([#27) holds.
Therefore, by (ZI18) we conclude that p(F.) < 1 when condition (£.27)) holds.

Since ¢, = O(1?) by using (3.182) and (3.183) from Chapter [3, we get from
(A.112) and (4.40) that

N N
Fo =" Y (& + cres) (D] @ Dy) + O() (4.119)

k=1 ¢=1

Furthermore, we have

Z ch,e,k(D; X Dk)

k=1 ¢=1

—
S
=

Criok(Ionr — feHo)T @ (Iopr — finHy,)

WE

(=1

Cr ok (Lingz — feH] @ Iong — Ion @ i Hy, + fofin H ® Hy)

~
Il

1

—~
=
=

I
M= 1= 11 -
M- I1-

Creriiefix(H) ® Hy)

=
Il
—
~
Il

1
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Y ow?) (4.120)

where step (a) is by using (£4T); step (b) is by using (£I4]); and step (c) is by
using (3.I82)) and (B.I83)) from Chapter Bl From (£I19) and (£I20), we have

F.=Y > @D} @ Dy) + O(v°) (4.121)

(=1 k=1
Now, consider the matrix F, defined in (4.61]); it is easy to verify by using (4.40)
that

N N
(=>" Y #m(D] ®Dy) =B"®B (4.122)
(=1 k=1

Since B is Hermitian, so is F!. From ([@I2I) and (£I122), we get ||F. — F/|| =
O(v?). Since both F. and F! are Hermitian, their difference F, — F! is also
Hermitian. Then, using a corollary of the Wielandt-Hoffman Theorem [86], we

conclude that

Am(Fo) = An(F)| < || Fe = Flll = O(v?) (4.123)

where \,,(+) denotes the m-th eigenvalue of its Hermitian matrix argument; the

eigenvalues are assumed to be ordered from largest to smallest in each case. From

(A123), we immediately deduce that
|p(Fe) = p(F)| < O(v?) (4.124)
From (4.40)—(4.41]) and (4.4T), we have
B = Iy — H,, AB)=1-\H.) (4.125)

Since H, is symmetric positive definite, and since the {7} are convex coefficients

by (AI4]), we get from Jensen’s inequality that

N
0 < MHe) < |[Hell < e Hyll < maxc{ i Ak max } (4.126)
k=1
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for all eigenvalues of H.. When condition (£27) holds, we have

)\k,min 1
a+ )\2 )\k,max

k,max

fin < k(1 + pf) < (4.127)

for any k. This implies that max, {7 g max} < 1 and therefore, 0 < A(H.) < 1
for all eigenvalues of H.. From (B.I81]) of Chapter B and (£120]), we get

0<\H,) =0() <1 (4.128)
for any eigenvalue of H.. Therefore, we get from (AI25]) that
AMB)=1-0(v), p(B) =1~ Anin(H.) (4.129)
Then, from ([ALI122) and (4.129), we have
p(FY) = [1 = Ain(He)]? (4.130)
It then follows from (4.124]) and (4.130) that
p(Fe) = [1 = Amin(Ho)J? + O(1?) (4.131)
where Apin(H.) = O(v). Under Assumption [4.1], we have
[1 = Auin (H)J2 = 1 — 20 (Ho) + O(12) = 1 — O(v) (4.132)
which therefore dominates the O(v?) in (EI31)).

From (£127) and ([£122)), we get

Fl=Ippe —H @ Ly — Iy ® H.+ H' @ H, (4.133)

Then, using (£121)), (4.122)), and (AI33), we have

Liyz — Fe = H! @ Ioa + I @ Ho +O(V°) (4.134)

—oWw)
where we used the fact that HI ® H. = O(v?) since H. = O(v) by ([{4T). Using

the fact that H, is positive definite and is of the order of v, we eventually get

[(Luarz = Fo) 7 = O(v™) (4.135)
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4.B Proof of Theorem

We start with the lim; o ¥, in ([A53). From (£48), we have

hm Yei = hm vec (Es;s?) (4.136)

i— —00

Using the gradient noise model from Section B.1] of Chapter [B] it can be verified

that s; is zero mean and that its conditional covariance matrix is given by

E [sis;|Fi1] © E [y (i) (i) - E [pee(i)pe ()
X B vy i(we;i )Uz7i(wc,i—1)‘Fi—1]

(®)
® Z 7rk + Cr k) ,uk + Cpgote) R i(Wei—1) (4.137)

N
k=1

where step (a) is by using the independence condition from the asynchronous

model in Chapter 2} and step (b) is from (2.I8)) in Chapter 2, (3.3)) in Chapter 3]
and (L7)—((.I0). Therefore,

N
Es;s; = Z(ﬁz + Crgoe) ([ + Cutoe) ERp i (we 1) (4.138)
k=1
Note that

(a)
[Rri(w?) = ERpi(wei)]| < [Ri(ly © w?) = ERi(Iy @ wei1)|

(b) N
< iy B[y ® We,q ||/

)

—
2]

Koy N2 [ || W i1 || 4]/ (4.139)

where step (a) is due to (B.3) from Chapter B} step (b) is by using (3.53]) also from
Chapter Bt and step (c) is by the fact that |1y @ z||* = [N - ||z|]*]* = N? - ||z||*

for any z. Under Assumption 4.1l we can get from Theorem that

lim sup || Rg.s(w®) — ERy s (wei—1)|| < ko N2 - 202/ = O(v™/%)  (4.140)

1—»00
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which means that, asymptotically, we can replace ERy ;(w.;—1) by Ry from (B.0)

of Chapter [} within an error in the order of v7/2. Therefore, it follows from

(@I30) that

hm Yei = Vec hm Es;s; )
1—>00

@) vec (Z T2+ Coter) (o + Cukk) hm ERy ;(we i1 ))

k=1

® vec <Z T+ o) (07 + Cutoe) [ Bk + O(V%p)])

1

© vec(R.) 4+ O(v*T/2) (4.141)

where step (a) is by using ([ALI3]); step (b) is by using (£I40); and step (c) is by
using (A57) and the fact from (ZI00) of Chapter Blthat fi2+c, . = ) = O(12).

Substituting (£.141]) into (4.53)) yields
Zewo = (I — Fo)™F - vee(R,) + O (v 74/2) (4.142)

where we used Lemma .2l Substituting (£53) and ¥ = Iy, into (£54), and
using (4.50) as well as the fact that F, and R. are Hermitian, we obtain

1
lim E[w,,||> = i[vec(Rc)]*(Lle — F.) Yvec(In) + O /?) (4.143)

i—00

Substituting (£143)) into (£.50]) yields (4.58).
We establish (4.59) next. From (4.134), we know that

Lz — Fo = S. 4+ O(V?) (4.144)

where

Se 2 HI @ Iy + Loy ® He = O(v) (4.145)

Since H, is symmetric and positive definite by (LI28), it is easy to verify that

S is also symmetric and positive definite. Therefore, S, is invertible. Using the
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matrix inversion lemma [87], we get from ([EI144]) that
(I — F) P = S71+0(1) (4.146)

where we used the fact that ||S;!|| = O(v™'). Substituting (ZI46]) into (E5Y)
yields:

MSD™ = fvee(R,)J'[S; + O(U)]vec o) + O )

= %[Vec(RC)]*Sc_lvec(lgM) +O(2) + O %)

_ %[vec(Rc)]*Sglvec(IzM) +O*r) (4.147)

where we used the fact from ([E57) that || R.|| = O(v?) and v, < 1/2 from (B3.65)
of Chapter Bl Since the first term on the RHS of (£I47) is of the order of v,
it is the dominant term under Assumption 11 To further simplify (£I47), we

introduce the Lyapunov equation with respect to the unknown square matrix X:
XH. + HX = Iy (4.148)

where H, is given by ({L4T). Vectorizing both sides and using (£I43]), the Lya-

punov equation is equivalent to the linear system of equations:
Sevec(X) = vec(Ianr) (4.149)

Since S. is invertible, the linear equation (£I49) has a unique solution, which is

given by X = H_*. From the Lyapunov equation ([{I48) we get

vec(Re)]* S vee(Tonr) = %[Vec(RC)]*Vec(HC_I)

1
= 5Tr(Hgch) (4.150)

where we used the fact that R. is Hermitian. Result (£59) then follows from
({I47) and (£I50). The term Tr(H 'R.) = O(v) in ([£359) is the dominant term
under Assumption [4.1]
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4.C Proof of Lemma

From Lemma [B.3] of Chapter 3, we know that P, is symmetric and, therefore, the
matrix difference C, £ P, — pp" is also symmetric. We also know from Lemma
of Chapter [3 that C,1y = 0. To establish that C,, is positive semi-definite,

we consider the following quadratic expression:
2" Cpr =2 (P, —pp' )z =2 Pyx — (7p)? (4.151)
for any vector z € RY. Note that

1
z' Pyx = vec(z' P,x) = ﬁ(xT @ )p- 121y (4.152)

by using the relation p = vec(P,) from (B.75) of Chapter [3] and the fact that
17.1x2 = N2 Since

AR A+ Ca=E(A;® A)) (4.153)

we can introduce a series of fictitious random combination matrices {A%;j > 1}

such that they are mutually-independent and satisfy
E(A, @A) =A@ A+ Cy (4.154)

for any j > 1. Let ®; £ H§':1 A’ for any 7 > 1. Then,

lim E(®; @ ®,) 2 lim [[E(4; @A) Zp 1L, (4.155)
1— 00
j=1

1—00

where step (a) is by using the fact that the { A’} are mutually-independent, and
step (b) is by using (A.I53) and the Perron-Frobenius Theorem [79]. Substituting

(AI55) into (AI52) and using Ty2 = Iy ® 1y, we get

L i B (78,107 (4.156)

-
z' P =
p N2 it

166



Moreover, since A = E(A;|w,_;), we have

lim E(®;) = lim [[E(A4)) = lim (4)' =p- 1} (4.157)
7j=1
Then, using ([AI57) and the fact that 11y = N, we have

1 1
2'p=—a"p - Ily = — lim E(z' ®;1y) (4.158)

Substituting (£.156]) and (£158) into (LI51)) yields

I
2" Cpr = 2 Jim {E[(z"®;1y)%] — [E(z"®;1y)]*} >0 (4.159)

which confirms that C), is positive semi-definite.

4.D Proof of Lemma 4.4

We prove Lemma by using a procedure similar to the one given in Appendix

B.I of Chapter Bl Introduce the Jordan decomposition [87]:

4T
i @ (4.160)
0 J

where J' is a sub-matrix of .J containing its stable eigenvalues, P’ and Q' are
sub-matrices of P and @, and P~' = QT. Then, the Jordan decomposition of

A= A® Iy from @B.25) of Chapter B is given by

. 1| {am O qT
A=PFQ =y P 7 ¢ (4.161)
0o J
where
ﬁ:p@)[QM, 75, ép/®[2M (4162)
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(4.163)

J =J® L, T £J @ Ly
Q=Q® Ly, Q=Q®Ihy (4.164)
P =p®@ by, 7 21In® Ly (4.165)
(4.166)

Let
)EéIQMN—Z_):MH:O(V)

where {D, M, H} are from (B.28), [3.26), and [B.I0) of Chapter [, respectively.
Then, by [B29) from Chapter B and using the fact that A is real and D is

_q/T)E-ﬁ/j/
- S (4.167)
j/ _ Q/TXP/j/

Hermitian, we get
Iy — qTXp

Using (A.1653]) and (4166]) above and (B.10) and (3:26)) from Chapter [8] we obtain
(4.168)

N
CIIT.)E@, = CIIT./\;{,H];, = Zﬁkﬁka = H = O(l/)

k=1

where H is given by (B.79) of Chapter Bl By (£I60]), we get
g7 XP'T'| = O(v), [Q7Xp| =0(), [QTXPT|=0() (4169
Therefore, we get from (LI67)—(£I69) that
o Bs  O(v)
Q'BP = B (4.170)
O(v) J +O0(v)
where
By % Ly — H (4.171)

(4.172)

is Hermitian. From (BI78)) of Chapter 3, we immediately get
ANBq) = Mo — H) =1—0(v) > 0
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p(Ba) = 1 = Ain(H) = 1 — O(v) (4.173)

for sufficiently small v under Assumption .1l Conjugating both sides of (£.I70)

and using the fact that By is Hermitian, we get

_ o o By O(v)
B, 2 (Q"B*P)* =P*B(Q")" = B (4.174)
O() J*+0(v)

Since B, is similar to B, they have the same eigenvalues [87]. Since By is Hermi-

tian, let us introduce its eigenvalue decomposition as
B, =UAU" (4.175)

where U is a 2M x 2M unitary matrix and A is a 2M x 2M diagonal matrix.
The (N — 1) x (N — 1) matrix J’, which contains the stable eigenvalues of A in

(4I60), can be generally expressed as

J = (4.176)

where {\,,} are the eigenvalues of A with A\,; = 1 and |\,,,| < 1 for all n =
2,3,...,N. In (@IT0), the elements in the strictly upper triangular region 1"
are either 1 or 0, which depend on the Jordan blocks in J’'. Using (AI76) and
(4.163)), we can express the (2,2) block in (4174 as
Niolonr +O(v) O(v)
J*+0W) = (4.177)

T +O(v) A vl + O(v)

where the elements in the strictly lower triangular region 7" are either 1 or

0, which depend on the elements of T' in ({I76). We now apply a similarity
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transformation to B, by multiplying
15 = diag{yEU, I/2EIQM, 1/3612]\/[, ceey VNGIQM} (4178)

and its inverse D! on either side of (AI74)), where ¢ = 1/N. Using (£174]) and
(4I7T), we end up with

A O(v°)

o X olons + O(v) O(v)
DB = o (4.179)
V € t . .

O(v9) S\Z’NIQM + O(v)

From (£I79), we know that all off-diagonal entries of DB, D! are at least of the
order of v¢. Therefore, using Gershgorin Theorem [86, p. 320] under Assumption

A1 and since B and B, have the same eigenvalues due to similarity, we get
IA(B) = M(Bag)l < O(v'*) or |A(B) = Aj,| < O(v) (4.180)

where A\(B) denotes the eigenvalue of B and k = 2,3,..., N. Result (ZIS0)
implies that the eigenvalues of B are either located in the Gershgorin circles
that are centered at the eigenvalues of By with radii O(v'*¢) or in the Gershgorin
circles that are centered at {S\Z,k; k=2,3,..., N} with radii O(v°). From ({.173),

we have

p(By) =1-0(@) <1 (4.181)

By Assumption B.3] from Chapter Bl and Perron-Frobenius Theorem [79], we have

p(J7) = max [N =p(]) <1 (4.182)

By Assumption [1] if the parameter v is small enough such that

p(J) +01) <1—-0() = p(By) (4.183)
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holds, then the Gershgorin circles centered at the eigenvalues of B, are isolated
from those centered at {5\(’; wk=2,3,..., N}. According to Gershgorin Theorem

[88, p. 181], there are precisely 2M eigenvalues of B satisfying
IA(B) = A(Ba)| < O(v'*) (4.184)
while all the other eigenvalues satisfy

IAB) = Xipl <O(), k=23,...,N (4.185)

By (AI83)), the eigenvalues A(B) satisfying (AI84) are greater than those satisfy-
ing (4.I8F) in magnitude. Furthermore, when v is sufficiently small, the Gersh-
gorin circles centered at Apmax(Bg) with radius O(v'*€) will become disjoint from
the other circles. Then, by using Gershgorin Theorem again, we conclude from

(4.184) that
p(B) = p(Ba)| < O(v'*) (4.186)

It is worth noting that from (4.I81]) and (4.186) we get
p(B) <1-0(®)+ 0" <1 (4.187)

for v < 1 because e = 1/N > 1. Eventually, using (£40), ({.67), and @ITT), it
is straightforward to verify that

B =D, (4.188)

Using (4.173)), (4.186), and (E.I88) completes the proof.
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CHAPTER 5

Imperfect Information Exchange and Drifting

Objectives

In this chapter we investigate another type of imperfections that affect the per-
formance of the diffusino strategies over networks. Adaptive networks rely on
in-network and collaborative processing among distributed agents to deliver en-
hanced performance in estimation and inference tasks. Information is exchanged
among the nodes, usually over noisy links. The combination weights that are
used by the nodes to fuse information from their neighbors play a critical role in
influencing the adaptation and tracking abilities of the network. We first inves-
tigates the mean-square performance of general adaptive diffusion algorithms in
the presence of various sources of imperfect information exchanges, quantization
errors, and model non-stationarities. Among other results, the analysis reveals
that link noise over the regression data modifies the dynamics of the network
evolution in a distinct way, and leads to biased estimates in steady-state. The
analysis also reveals how the network mean-square performance is dependent on
the combination weights. We then use these observations to show how the com-
bination weights can be optimized and adapted. Simulation results illustrate the

theoretical findings and match well with theory.

In the original diffusion least-mean-squares (LMS) strategy [5,6], the weight

estimates that are exchanged among the nodes can be subject to quantization
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errors and additive noise over the communication links. Studying the degrada-
tion in mean-square performance that results from these particular perturbations
can be pursued, for both incremental and diffusion strategies, by extending the
mean-square analysis already presented in [5,6], in the same manner that the
tracking analysis of conventional stand-alone adaptive filters was obtained from
the counterpart results in the stationary case (as explained in [46, Ch. 21]).
Useful results along these lines, which study the effect of link noise during the
exchange of the weight estimates, already appear for the traditional diffusion al-
gorithm in the works [47-49,[105] and for consensus-based algorithms in [26]50].
In this chapter, our objective is to go beyond these earlier studies by taking into
account additional effects, and by considering a more general algorithmic struc-
ture. The reason for this level of generality is because the analytical results will
help reveal which noise sources influence the network performance more seriously,
in what manner, and at what stage of the adaptation process. The results will
suggest important remedies and mechanisms to adapt the combination weights
in real-time. Some of these insights are hard to get if one focuses solely on noise
during the exchange of the weight estimates. The analysis will further show that
noise during the exchange of the regression data plays a more critical role than
other sources of imperfection: this particular noise alters the learning dynamics
and modes of the network, and biases the weight estimates. Noises related to the
exchange of other pieces of information do not alter the dynamics of the network

but contribute to the deterioration of the network performance.

To arrive at these results, we first consider a generalized analysis that applies
to a broad class of diffusion adaptation strategies (see (5.5)—(E71) further ahead,;
this class includes the original diffusion strategies (5.3) and (5.4]) as two special
cases). The analysis allows us to account for various sources of information noise

over the communication links. We allow for noisy exchanges during each of the
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three processing steps of the adaptive diffusion algorithm (the two combination
steps (B.H) and (5.7) and the adaptation step (5.6])). In this way, we are able to
examine how the three sets of combination coefficients {ay u, o, a2} in (55)—
(50) influence the propagation of the noise signals through the network dynamics.
Our results further reveal how the network mean-square-error performance is
dependent on these combination weights. Following this line of reasoning, the
analysis leads to algorithms (5.124) and (5.128)) further ahead for choosing the

combination coefficients to improve the steady-state network performance.

It should be noted that several combination rules, such as the Metropolis
rule [I06] and the maximum degree rule [I07], were proposed previously in the
literature — especially in the context of consensus-based iterations [22,41]107].
These schemes, however, usually suffer performance degradation in the presence
of noisy information exchange since they ignore the network noise profile [108].
When the noise variance differs across the nodes, it becomes necessary to design
combination rules that are aware of this variation as outlined further ahead in
Section VI-B. Moreover, in a mobile network [19] where nodes are on the move
and where neighborhoods evolve over time, it is even more critical to employ
adaptive combination strategies that are able to track the variations in the noise
profile in order to cope with such dynamic environments. This issue is taken up

in Section VI-C. The results in this chapter are based on material from [78].

5.1 Diffusion Algorithms with Imperfect Information Ex-

change

We consider a connected network consisting of N nodes. Each node k collects

scalar measurements dy (i) and 1 x M regression data vectors uy; over successive
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time instants ¢ > 0. Note that we use parenthesis to refer to the time-dependence
of scalar variables, as in di (i), and subscripts to refer to the time-dependence of
vector variables, as in uj,;. The measurements across all nodes are assumed to
be related to an unknown M x 1 vector w® via a linear regression model of the
form [46]:

di (i) = wy,;w’ + vi(7) (5.1)

where v (i) denotes the measurement or model noise with zero mean and vari-
ance o7 . The vector w® in (5.I) denotes the parameter of interest, such as the
parameters of some underlying physical phenomenon, the taps of a communica-
tion channel, or the location of food sources or predators. Such data models are

also useful in studies on hybrid combinations of adaptive filters [L09-113].

The nodes in the network would like to estimate w® by solving the following

minimization problem:

N
miniwmize ZE|dk(z) — uy, w|? (5.2)
k=1

In previous works [5/6,114], we introduced and studied several distributed strate-
gies of the diffusion type that allow nodes to cooperate with each other in order to
solve problems of the form (5.2]) in an adaptive manner. These diffusion strategies
endow networks with adaptation and learning abilities, and enable information
to diffuse through the network in real-time. We review the adaptive diffusion

strategies below.
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5.1.1 Diffusion Adaptation with Perfect Information Exchange

In [B,6], two classes of diffusion algorithms were proposed. One class is the

so-called Combine-then-Adapt (CTA) strategy:

¢k,i—1: E Q1,0 Wy ;-1

LeN},

(5.3)
Wi = Pri1+ [k Z copuy ;[do(i) — wpidri—1]
ZENk
and the second class is the so-called Adapt-then-Combine (ATC) strategy:
Vi = Wki—1 + Ui Z copty ;[do(i) — wp Wy ;1]
LeEN, (54)
Wy, = Z a2,£k¢z,i

LeEN,
where the {aj s, o, @20} are nonnegative entries of the N x N matrices Ay, C,
and A, respectively. The coefficients {ay s, ¢k, a2} are zero whenever node ¢
is not connected to node k, i.e., £ & N, where N, denotes the neighborhood of
node k and k € N. The two strategies (5.3)) and (5.4]) can be integrated into one

broad class of diffusion adaptation [6]:

Pri1 = Z a1,k We i1 (5.5)
LeEN,
Vi = b1 + ik Y, coth] ;[ de(i) — Wi i1] (5.6)
LeEN,
Wk, = Z az,oPei (5.7)
ZE./\/'/IC

Several diffusion strategies can be obtained as special cases of (5.5)—(5.7) through
proper selection of the coefficients {ay g, cox, a2 }. For example, to recover the
CTA strategy (5.3), we set Ay = Iy, and to recover the ATC strategy (5.4)),
we set Ay = Iy, where Iy denotes the N x N identity matrix. In the general

diffusion strategy (5.0)-(5.7)), each node k evaluates its estimate wy; at time ¢
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by relying solely on the data collected from its neighbors through steps (5.5]) and
(571) and on its local measurements through step (5.6). The matrices Ay, A,

and C are required to be left or right-stochastic, i.e.,
ATy =1y, AJly =1y, Cly =1y (5.8)

This means that each node performs a convex combination of the estimates re-

ceived from its neighbors at every iteration 1.

The mean-square performance and convergence properties of the diffusion
algorithm (5.5)—(51) have already been studied in detail in [51[6]. For the benefit
of the analysis in the subsequent sections, we present below in (5.21]) the recursion
describing the evolution of the weight error vectors across the network. To do so,

we introduce the error vectors:

Pri1 2 W’ — Pri (5.9)
Vi 2w’ — Py (5.10)
’I.Bkﬂ' £ w® — Wy ; (511)

and substitute the linear model (B.]) into the adaptation step (5.6) to find that

Jk,i = (Inr — ,ukRk,i)ng,i—l — Mk Z Cek Sl (5.12)
LeENS,

where the M x M matrix Ry ; and the M x 1 vector sy, are defined as:

Rkﬂ' é Z cekuziu“ (513)
ZE./\/'/IC
sk = uj, v (i) (5.14)

We further collect the various quantities across all nodes in the network into the

following block vectors and matrices:

Ri e dlag {Rl,i7 ey RNJ'} (515)
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S; = col {8172', ey SN,i} (516)

M =2 diag {pas, .., unInr} (5.17)
¢b: = col {gl,i, ce $Nz} (5.18)
7;/;1' £ col {7:[;1,1', . -,WZN,i} (5.19)
w; = col {w,..., Wy} (5.20)

Then, from (5.5), (5.7), and (5.12)), the recursion for the network error vector w;

is given by

w; = AL (Iny — MR)ATw;_ — ATMCT s (5.21)

where

A2ARL, CEC®ILy, A2 A,0I1y (5.22)

5.1.2 Noisy Information Exchange

Each of the steps in (5.5)—(5.1) involves the sharing of information between node
k and its neighbors. For example, in the first step (5.5]), all neighbors of node k
send their estimates wy;_; to node k. This transmission is generally subject to
additive noise and possibly quantization errors. Likewise, steps (5.6) and (5.7)
involve the sharing of other pieces of information with node k. These exchange
steps can all be subject to perturbations (such as additive noise and quantization
errors). One of the objectives of this work is to analyze the aggregate effect of
these perturbations on general diffusion strategies of the type (B.5)—(5.7) and
to propose choices for the combination weights in order to enhance the mean-
square performance of the network in the presence of these disturbances. So let

us examine what happens when information is exchanged over links with additive
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noise. We model the data received by node k from its neighbor ¢ as

(w)

Wi i1 = W1+ Vg (5.23)
Vi 2 Yo+ vip) (5.24)
dyn (i) £ dy(i) + vjy (i) (5.25)
Ugros 2 g + Vi), (5.26)

where ’vé&_l and vé}f)

N3

are M x 1 noise signals, véz)i is a 1 x M noise signal,

and 'véz) (1) is a scalar noise signal. Observe further that in (5.23)-(5.26]), we are
including several sources of information exchange noise. In comparison, refer-
ences [47,[48,[105] only considered the noise source ’vé&_l in (5.23]) and one set of
combination coefficients {a; ¢ }; the other coefficients were set to ¢y = ag g =0
for ¢ # k and ¢y = agkr = 1. In other words, these references only considered
(5:23)) and the following traditional CTA strategy without exchange of the data
{d(i),us;} — compare with (5.3]); note that the second step in (5.27) only uses
{di(7), uy; }:

¢k,z'—1 = Z a1 0 Wy ;-1
LeN;, (5.27)

Wi = Qri1 + ity ;[ dr (i) — Wy iPri1]
The analysis that follows examines the aggregate effect of all four noise sources
appearing in (5.23)—(5.20), in addition to the three sets of combination coefficients
appearing in (B.5)—(57). We introduce the following assumption on the statistical

properties of the measurement data and noise signals.

Assumption 5.1 (Statistical properties of the variables).

1. The regression data wy,; are temporally white and spatially independent ran-

. . . . A
dom variables with zero mean and covariance matriz R, , = Euj ,u; > 0.
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2. The noise signals vy(1), 'Uézj,)i—p v\ (i), véZ?i, and vé}f)z are temporally white

and spatially independent random variables with zero mean and covariances

aﬁ’k, Rfffé)k, aﬁ’Zk, Rfffz)k, and Rm)k, respectively. In addition, RSJ%, Uigk,

R, and R%)k are all zero if L ¢ Ny, or { = k.

v,

3. The regression data {un,;, }, the model noise signals {v,(i2)}, and the link
. . w d . u

noise signals {vél,ghjl}, {'Uéz,)62 (72)}, {v§3,)€37j3}, and {véf,247j4} are mutually-

independent random variables for all indexes: i1, is, j1, J2, J3, Ja, M, N, L1,

62; 63) 64; kl) kQ; k3) k4- U

Using the perturbed data (5.23)-(0.26), the diffusion algorithm (B.5)—(5.7)

becomes

Pri1 = Z 1,05 Wek,i—1 (5.28)
LeEN,
VYii = Ori—1 + [k Z conpy, ;| do (i) — WoriPri—1] (5.29)
EE./\/'/IC
W, = Z az,zzcl/)ek,i (5-30)
LeEN,

where we continue to use the symbols {¢y;—1, ¥, Wi} to avoid an explosion of

notation. From (5.23)-(5.24)), expressions (5.28)-(5.30) can be rewritten as

Pri1 = Z a1, 0kWei—1 + ’U,(f,?_l (5.31)
LeEN,
VYii = Ori—1 + [k Z contpy, ;| Ao (i) — WoriPri—1] (5.32)
LeEN,
Wy,; = Z az %o + U;(si) (5.33)
EE./\/'/IC

where we are introducing the symbols v,(:;)_l and v,&i) to denote the aggregate

M x 1 zero-mean noise signals defined over the neighborhood of node k:

Ul(cq,lz}')—lé Z al,ék”é?,i—l (5.34)
LeNE\{k}
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,Ul(fl,bi)é Z az,ek’vé;f,)i (5.35)

CeEN\{k}
with covariance matrices
RY 2 ST ad R (5.36)
LeEN\{k}
RY 2 > a3 R (5.37)
LeN\{k}

It is worth noting that Rf:;f) and R%) depend on the combination coefficients
{a1,0c} and {a9 4}, respectively. This property will be taken into account when
optimizing over {a; ¢} and {as g} in a later section. We further introduce the

following scalar zero-mean noise signal:

v (i) £ vi(i) + vjy (i) — vj (5.38)
for ¢ € N \{k}, whose variance is

op = 012),@ + Ug,ﬁk + (wo)*Rsz)kwo (5.39)

To unify the notation, we define v(i) £ v (7). Then, from (5.1) and (5.25)-
(5.26), it is easy to verify that the noisy data {d (i), we:} are related via

dgk(l) = uzkﬂ-wo + ’ng(i) (540)

for £ € Ny. Continuing with the adaptation step (5.32)) and substituting (5.40),

we get

Vi = Prim1 + Z ConUpy, ; [uék,i(gk,i—l + v () (5.41)
LeN,

Then, we can derive the following error recursion for node k (compare with
B.12)):
V»Zk,i =y — MkR;g,i)ﬁgk,z’—l = MRk, (5.42)
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where the M x M matrix R} ; and the M x 1 vector z;; are defined as (compare

with (B.13) and (B14)):

Ry, 2 copupy, (5.43)
LeEN},

Zhi = Z CorUpy, ;Ver (1) (5.44)
LeEN},

We further introduce the block vectors and matrices:

R; = diag {R),,.... Ry} (5.45)
z; £ col {z14- .., 2Nni} (5.46)
o™ 2 col {vﬁ’;), . ,'v](@’jz} (5.47)
'UZ@) £ col {vﬁ’i), e ,v%i} (5.48)

and the corresponding covariance matrices for ’Ui(w) and ’UZ-W)Z

R 2 diag {Rfj‘?, o Rf,f”}v} (5.49)
R 2 diag {Rf,ﬁ’, o Rf,f@’v} (5.50)

then, from (5.31)), (5.33)), and (5.42)), we arrive at the following recursion for the

network weight error vector in the presence of noisy information exchange:
w; = A;Jz - 'Uz'(d})
= A'2I' |:(INM - MR;) ai—l - MZ,} — ’l)i(w)

= AT [(INM ~ MR)) (Am,-_l _ vgf{) - Mz,} — ™ (5.51)

That is,

w; = AL (Iny — MR)ATw;_1 — A (Inyy — MRV — AT Mz — v
(5.52)

Compared to the previous error recursion (5.21]), the noise terms in (5.52) consist

of three parts:
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o Al (Iny — MRY) 'vl(l_”i is contributed by the noise introduced at the infor-

mation exchange step (0.28]) before adaptation.

o AJ Mz, is contributed by the noise introduced at the adaptation step (5.29).

° vgw) is contributed by the noise introduced at the information-exchange step

(5.30) after adaptation.

5.2 Convergence in the Mean with a Bias

Given the weight error recursion (5.52)), we are now ready to study the mean
convergence condition for the diffusion strategy (5.28) — (5.30) in the presence of
disturbances during information exchange under Assumption 5.1l Taking expec-

tations of both sides of (5.52), we get

Ew; = BEw; 1 — A} (Iny — MR)Ev') — AT MEz; — Ev¥ (5.53)
where
B2 A) (Iny — MR') A] (5.54)
R £ ER) =diag{R},..., Ry} (5.55)
R, 2ER;, =Y cu (Ruo+ B, (5.56)
ZENk

From (5.34) - (B.33) and (5.47) — (5.48), it can be verified that
Ev\") = Ev!") =0 (5.57)

7

whereas, from (5.44]) and Assumption (.1}, we get

Z Ctk (W,z’ + 'véZ)z) <W(i) + '”zgg) (4) — vEZ,)iw")]

ZENk

EZIM' =E

183



S <Z cg,ngftgk) w° (5.58)

LEN

Let us define an NM x NM matrix R,(,uc) that collects all covariance matrices
{Rfjug)k}, k., ¢ =1,..., N, weighted by the corresponding combination coefficients
{ca}, such that its (k, ¢)th M x M submatrix is CZkafg)k. Note that R itself is
not a covariance matrix because CkkRszzk = 0 for all £ and, in general, c@kafg)k #*

CMRS’QZ when k # (. Then, from (5.46]) and (5.58)), we arrive at
22 Ez; = -RW(Ay @ w°) (5.59)

,C

Therefore, using (5.57) and (5.59), expression (5.53) becomes

Ew; = BEw;_; — Ay Mz (5.60)

with a driving term due to the presence of z. This driving term would disappear
from (5.60)) if there were no noise during the exchange of the regression data.
To guarantee convergence of (5.60)), the coefficient matrix B must be stable, i.e.,
p(B) < 1. Since A] and A] are right-stochastic matrices, it can be shown that the
matrix B is stable whenever Iy — MR/ itself is stable (see Appendix (.A]). This
fact leads to an upper bound on the step-sizes {u} to guarantee the convergence

of Ew; to a steady-state value, namely, we must have

2
< — 5.61
for k =1,2,..., N, where A« () denotes the largest eigenvalue of its matrix ar-

gument. Note that the neighborhood covariance matrix Rj, in (5.50]) is related to
the combination weights {cg}. If we further assume that C' is doubly - stochastic,
ie.,

Cly=1y, CMy=1y (5.62)
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then, by Jensen’s inequality [71],

)\max(R;g) = )\max <Z Crk <Ru7é + Ri(if%s))

LEN

S Z ka>\max <Ru,€ + Rfj,?k)
LeN;,

< max Ao (R + B, (5.63)

LEN

since (i) Apax(+) coincides with the induced 2-norm for any positive semi-definite
Hermitian matrix; (ii) matrix norms are convex functions of their arguments [115];
and (iii) by (562), {ci} are convex combination coefficients. Thus, we obtain a

sufficient condition for the convergence of (5.60) in lieu of (5.61)):

2
IIlane/\/',c [)\maX(Ru,f + Rfjfé)k)]

b < (564)

for k=1,2,..., N, where the upper bound for the step-size p; becomes indepen-
dent of the combination weights {cg}. This bound can be determined solely from
knowledge of the covariances of the regression data and the associated noise sig-
nals that are accessible to node k. It is worth noting that for traditional diffusion
algorithms where information is perfectly exchanged, condition (5.64]) reduces to

2
maXee N, [)\max (RU,Z)]

M < (565)

for k = 1,2,..., N. Comparing (5.64) with (5.65), we see that the link noise
'véz)l over regression data reduces the dynamic range of the step-sizes for mean
stability. Now, under (5.61]), and taking the limit of (5.60]) as i — oo, we find
that the mean error vector will converge to a steady-state value g:

g 2 lim Ew; = —(Ixy — B) LAI M2 (5.66)

1—00
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5.3 Mean-Square Convergence Analysis

It is well-known that studying the mean-square convergence of a single adap-
tive filter is a challenging task, since adaptive filters are nonlinear, time-variant,
and stochastic systems. When a network of adaptive nodes is considered, the
complexity of the analysis is compounded because the nodes now influence each
other’s behavior. In order to make the performance analysis more tractable, we
rely on the energy conservation approach [46,[116], which was used successfully
in [5/6] to study the mean-square performance of diffusion strategies under perfect
information exchange conditions. That argument allows us to derive expressions
for the mean-square-deviation (MSD) and the excess-mean-square-error (EMSE)

of the network by analyzing how energy flows through the nodes.

From recursion (5.52]) and under Assumption 5.0 we can obtain the following

weighted variance relation for the global error vector w;:

El|w:||% = Ellw; 1|3 + EllA; Mzi]f3,
— 2Re{E[z; MA S A (Iny — MR A]w; 1]} (5.67)

+E| AT (Iny — MR)™ |12 + ElJol?||2

where ¥ is an arbitrary NM x N M positive semi-definite Hermitian matrix that
we are free to choose. Moreover, the notation ||z||% stands for the quadratic term

x*¥x. The weighting matrix ¥’ in (5.67) can be expressed as
Y = B*YB + O(M?) (5.68)

where B is given by (5.54) and O(M?) denotes a term on the order of M2
Evaluating the term O(M?) requires knowledge of higher-order statistics of the
regression data and link noises, which are not available under current assump-
tions. However, this term becomes negligible if we introduce a small step-size

assumption.
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Assumption 5.2 (Small step-sizes). The step-sizes are sufficiently small, i.e.,
i < 1, such that terms depending on higher-order powers of the step-sizes can

be ignored. O

Hence, in the sequel we use the approximation:
Y ~ B'YB (5.69)

Observe that on the right-hand side (RHS) of relation (5.67), only the first and
third terms relate to the error vector w;_;. By Assumption [5.1] the error vector
w;_; is independent of z; and R}. Thus, from (5.59), the third term on RHS of
(5.67)) can be expressed as

Third term on RHS of (5.67))
= —2Re{E[z; MAYX A, (Inyy — MR) A |Ew;_ }
= —2%Re[z* MAYA) ATEw;_; + O(M?)] (5.70)

Since we already showed in the previous section that Ew; converges to a fixed bias
g, quantity (5.70) will converge to a fixed value as well when i — oo. Moreover,
under Assumption [5.1], the second, fourth, and fifth terms on RHS of relation
(567)) are all fixed values. Therefore, the convergence of relation (5.67)) depends
on the behavior of the first term E||w;_||%/. Although the weighting matrix ¥’ of
w;_ is different from the weighting matrix ¥ of w;, it turns out that the entries
of these two matrices are approximately related by a linear equation shown ahead

in (5.72). Introduce the vector notation [46]:
o = vec(X), o' = vec(¥) (5.71)

Then, by using the identity vec(ABC) = (CT ® A)vec(B), it can be verified from

(5.69) that
o~ Fo (5.72)
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where the N2M? x N2M? matrix F is given by
F2B"® B (5.73)

and the term O(M?) is ignored due to Assumption (.21 To guarantee mean-
square convergence of the algorithm, the step-sizes should be selected to ensure
that the matrix F is stable [46], i.e., p(F) < 1, which is equivalent to the earlier
condition p(B) < 1. Although more specific conditions for mean-square stability
can be determined without Assumption [46], it is sufficient for our purposes
here to conclude that the diffusion strategy (528))—(5.30) is stable in the mean
and mean-square sense if the step-sizes {u;} satisfy (B61) or (5.64) and are

sufficiently small.

5.4 Steady-State Performance Analysis

The conclusion so far is that sufficiently small step-sizes ensure convergence of the
diffusion strategy (5.28)—(5.30) in the mean and mean-square sense, even in the
presence of exchange noises over the communication links. Let us now determine
expressions for the error variances in steady-state. We start from the weighted
variance relation (5.67). It shows that the error variance E||w;||% depends on the

mean error Ew;. We already determined the value of lim; ., Ew; in (5.60]).

5.4.1 Steady-State Variance Relation

We continue to use the vector notation (5.71)) and proceed to evaluate all the
terms, except the first one, on RHS of (5.67)) in the following. For the second

term, it can be expressed as

Second term on RHS of (567) = Tr(A; MR, MAY)
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= [vec(AJMR.MA,)] o (5.74)

where we used the identity Tr(WX) = [vec(W)]*o for any Hermitian matrix W,
and R, denotes the autocorrelation matrix of z;. It is shown in Appendix [5.B
that R, is given by

R.2Ezizf ~C'SC+T + 22" (5.75)
where C is defined in (5.22)), z is in (5.59)), and {S, T} are two N M x N M positive

semi-definite block diagonal matrices:

S £ diag {0} Ru1,..., 00 yRun} (5.76)
T & diag {1}, ..., Tn} (5.77)
A 2 2 2 (u) 2 o+ p(u) o
T, = Z i [ (0os+ 00 m) Ry + (00 + (W) Ry pw’ ) Ry (5.78)
LeEN,

From expression (5.70) and Assumption [(5.2] the third term on RHS of (5.67)) is
given by
Third term on RHS of (5.67))
~ —2*MAY AT A (Bw,;_y) — (BEw;_,)* A1 Ay B A Mz
= —Tr {[A] A} (Ew;_1)2* MA; + A Mz(Ew;_1)* A1 Ay B}
= — [vec (AT AT (Bw;_1)z* MA; + A Mz(Ew;—1)* ArAs)] o (5.79)
Likewise, the fourth term on RHS of (5.67) is approximated by

Fourth term on RHS of (5.67)
= [VeC (E[.A;(INM — MR;)R&W)(INM — M’R;)AQ])} ’ g
~ [vec (A3RMA)] o (5.80)

where the terms on the order of M and M? are ignored due to Assumption [5.2]
and the fifth term on RHS of (5.67) is given by

Fifth term on RHS of (5.67) = [Vec(Rf)w))r o (5.81)
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Let us introduce

Ry, 2 ATRMW Ay + RW) 4+ ATM(T + 22" )M A, (5.82)
VEaE_ATATg2* MA, = ATAT (Inyy — B) P AT M2z M A, (5.83)

At steady-state, as i — oo, by (5.60) and (5.74) — (5.83), the weighted variance
relation (5.67) becomes

lim BJ|&;]} ~ lim B[ @, |3, + [vec(AMCTSCMAz + R, + YV + V)]0
(5.84)
where we are using the compact notation ||z||? to refer to ||z||% — doing so allows
us to represent >’ by the more compact relation Fo on RHS of (5.84]); we shall
be using the weighting matrix > and its vector representation ¢ interchangeably
for ease of notation (likewise, for ¥’ and ¢”). The steady-state weighted variance

relation (5.84]) can be rewritten as

~ [vec(AJMCTSCMA; + R, + Y + V)] 0 (5.85)

lim B

i—r00 N2m2=F)o

where the term AJ MCTSCMA,; is contributed by the model noise {vy (i)} while

the remaining terms {R,, Y} are contributed by the link noises vézz_l, véz) (1),

vé}:)i, and 'Ué}f)z Recall that we are free to choose ¥ and, hence, 0. Let (In2p2 —
F)o = vec(f2), where Q is another arbitrary positive semi-definite Hermitian

matrix. Then, we arrive at the following theorem.

Theorem 5.1 (Steady-state variance relation). Under Assumptions[5.1 and[5.2,
for any positive semi-definite Hermitian matriz €2, the steady-state weighted error

variance relation of the diffusion strategy (B.28)—(B.30) is approzimately given by

lim E||lw; ||}, ~ [vec(AJMCTSCMA; + R, + Y + V)] " (In2nz — F) tvec(Q)
(5.86)
where S is giwven in (B.76), R, in (B.82), Y in (B.83), and F in (B.13). O
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5.4.2 Network MSD and EMSE

Each subvector of w; corresponds to the estimation error at a particular node,

say, wy,; for node k. The network MSD is defined as [46]:
L
MSD £ lim ; E| wy ;| (5.87)

Since we are free to choose €2, we select it as 0 = Iy /N. Then, expression

(5.86]) gives

MSD ~ % [Vec( ATMCTSCMAs + Ry + Y + V)] (Inanse — F) vee(Inn)
5.8)

Similarly, if we instead select Q2 = R, /N, where
R, = diag {Ry1,. .., Run} (5.89)

then expression (5.80) would allow us to evaluate the network EMSE as:

1 x
EMSE ~ ¥ [vec(AJMCTSCMA; + Ry + Y + V)] (In2asz — F) " 'vec(Ry)

(5.90)
where the network EMSE is defined as follows:
s 1y o
EMSE = zliglo N ;E\umwk,i_ﬂ
R =
= Z&%N;Enwmnm (5.91)

5.4.3 Simplifications when Regression Data are not Shared

We showed in the earlier sections that the link noise over regression data biases
the weight estimators. In this section we examine how the results simplify when

there is no sharing of regression data among the nodes.
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Assumption 5.3 (No sharing of regression data). Nodes do not share regression

data within neighborhoods, i.e., assume C' = Iy. O

By Assumptions (.2 and (5.3, matrices {8, R,, Y} in (5.54), (5.82), and (5.83)

become

B=A)(Iny — MR,)A] (5.92)
R, = AARMW A, + RW) (5.93)
Y=0 (5.94)

where R, is given in (5.89). Then, the network MSD and EMSE expressions
(5.88) and (E.90) simplify to:

MSD ~ % [vec(AJ MSMA; +R,)|™ (In2nrz — F) " vee(Ina) (5.95)

and

1 \
EMSE ~ [vec(AJ MSMA; + R,)]" (In2nz — F) ' vec(Ry) (5.96)

5.4.4 Dependence of Performance on Combination Weights and Link

Noise

Recalling that R, and F are related to the combination matrices {A;, .45}, or,
equivalently, {A;, Ao}, results (5.08) and (596]) express the network MSD and
EMSE in terms of {A;, Ay}. However, it is generally difficult to use these expres-
sions to optimize over {A;, Ay} to reduce the impact of link noise. Instead, by
substituting (5.73)) into (5.95]) and using the fact that F is stable, we can arrive
at another useful expression for the network MSD:

1 N 7
MSD =~ I [vec(A; MSMA; +R,)] ZF]VGC(INM)

=0
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[e.9]

= = [rec(ATMSMA, £ R,)]" S (BT & B Pvee( L)

=0
1 - . — i
= [vec(AJMSMA, + R,)] ;vec(B i) (5.97)
That is,
MSD =~ % i Tr [B (A MSMA; + R,)BY ] (5.98)
=0
where B is given in (.92]). Similarly, the network EMSE can be expressed as
EMSE ~ % i Tr [B/ (A MSMA; + R,)BYR,] (5.99)
=0

Expressions (5.98) and (5.99) reveal in an interesting way how the noise sources
originating from any particular node end up influencing the overall network per-

formance. Let us denote

B & Al (Iny — MR AT (5.100)

0, 2 Al (I — MR)O™) + AT Mz, + v (5.101)

)

The error recursion (5.52) can be rewritten as

’lﬂi = Biﬁi—l — 02 = ‘I)O,iﬁ—l - Z q)m—l—l,iem (5102)
m=0
where
BiBi—l---Bma ) Zm
®,,; = (5.103)
INM; 1<m
Then,
; 2
E |[@;]* = E||®o@1]* + E || Y ®rr1,6m (5.104)
m=0
Under Assumption 53] {B;,0;} in (5.100)—(5.I0I) can be simplified as
B = AJ (Iny — MR A} (5.105)
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6, = Al (Iny — MR)v™) + AT Ms; + v (5.106)

where {R;, s;} are given in (5.15) and (5I6). By Assumption 5.1] {B;,0;} are

temporally independent for different ¢ and
EB; =B, EO, =0 (5.107)
where B is given by (5.92). As i — oo, the first term on RHS of (5.104]) becomes

First term on RHS of (5.104)) = lim Tr {E ['1’0,1'(1@@—1@:)'1’31'”

i—00

2 lim T [(E®y,) (Ew_,@" ) (ESy,)"]

1—00

= lim Tr [B(Ew_w*, B

1—00

®o (5.108)

where (a) is obtained by approximating the expectation of the product by the
product of expectations and (b) is due to the stability of B. Therefore, the
steady-state value of (5104 gives

7
lim B |[@;]* = lim Y " E [[®41,0]
11— 00 Z—)OOmZO

1—00

~ lim Y Ty [(E®pi1,) (E0,,65,) (E®yi1,)’]
m=0

—
S
=

Q

1—00

lim Z Tr [Bi—m(AgMSM/b + Rv>8(i—m)*}
m=0

—~
=
=

lim > Tr [B(AJMSMA; + R,)B]
7=0

= Tr [B(AJMSMA; + R,)B] (5.109)

=0

where, by (5.93)) and (5.I06), (a) is due to

E6,,07, = Al (Iny — MRORYW (Inpyy — MR Ay + AT MSMA, + RW
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~ Ay MSMA; + AJRM™ Ay + RW)
= AJMSMA; + R, (5.110)

and (b) is simply a change of variable: j =i —m. Since the jth term of the sum-

mation in (5.98) or (5.109) is contributed by the term E@,;_;0; ., which consists

11— ]7
of all the noise sources at time i — j, expression (5.98) shows how various sources

of noises are involved and how they contribute to the MSD.

5.5 Optimizing the Combination Matrices

Before we optimize the combination matrices {A;, A2}, we first specialize the
MSD expression (5.98) and the EMSE expression (£.99) for the ATC and CTA
algorithms. For the ATC algorithm, we set A; = Iy and Ay, = A, and for the
CTA algorithm, we set A; = A and Ay = Iy. Let us denote

AE2 AR Iy (5.111)
Bate = A" (Iny — MR,) (5.112)
Beto £ (Inyy — MR,)AT (5.113)

Then, we get
MSD,c = i N Tr [Bl (ATMSMA + RYNBL] (5.114)

N _
EMSE . ~ — Z Tr [Blie(ATMSMA + RY)BL R, (5.115)
and

MSD.q, & % Z Tr [Bla(MSM + RUNB] (5.116)
EMSEc. ~ — ZTr Ta(MSM + RUNBHL R, (5.117)
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5.5.1 An Upper Bound for MSD

Minimizing the MSD expression (B.114]) or the EMSE expression (5.115]) for the
ATC algorithm over left-stochastic matrices A is generally nontrivial. We pursue
an approximate solution that relies on optimizing an upper bound and performs
well in practice. Let us use || X/, to denote the nuclear norm (also known as
the trace norm, or the Ky Fan n-norm) of matrix X [87], which is defined as
the sum of the singular values of X. Therefore, || X|. = ||X*||« for any X and
| X« = Tr(X) when X is Hermitian and positive semi-definite. Let us also
denote || X ||y as the block maximum norm of matrix X (see Appendix [B.Al).
Then,

Tr [Bl (ATMSMA + RYNBL]
B (ATMSMA + RVHB,

*

< | Baells - [ATMSEMA+RY. - || Biiel-

<@ | Blcllp oo - Te(ATMSMA + R

< - [|1Baellp - THATMSEMA + RY)

< (| Allboo - Tvar = MRy |p00)? Tr(ATMSMA + R

= p(Inyg — MRY)Y - Tr(ATMSMA 4+ RW) (5.118)

where ¢ is some positive scalar such that || X||. < ¢||X||p.00 because || X]|. and
| X ||p,0c are submultiplicative norms and all such norms are equivalent [115]. In
the last step of (5.118]) we used Lemmas and [£.3] from Appendix 5.Al Thus,
we can upper bound the network MSD (5.114]) by

MSD,, < % S plIya — MR)HTH(ATMSMA + R(Y)
=0
& Tr(ATMSMA + R

TN T [pvw — MR, 3-19)
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where the combination matrix .4 appears only in the numerator.

5.5.2 Minimizing the Upper Bound

The result (5.119) motivates us to consider instead the problem of minimizing

the upper bound, namely,

minimize Tr(ATMSMA+RM)
A (5.120)

subject to AT1 =1, ag >0, ag =0if £ ¢ N,
Using (5.50), the cost function in (5.120) can be expressed as

N
THATMSMA+RE) = 37 3™ a, 102 Tu(Ry) + (RG] (5.121)

k=1 LeN}

Problem (5.120) can therefore be decoupled into N separate optimization prob-

lems of the form:

minimize Z az, Wa?, JTr(Rye) + Tr(Rsz)lrf)]
{aekv ZEN]C} 1eN, 7 ’
‘ (5.122)

subject to Z Ay — 1, Qg Z O, Qe = 0 if ¢ ¢ Nk
LEN

for k=1,..., N. With each node ¢ € N}, we associate the following nonnegative
variance product meansure:
pioy  Tr(Ru), =k

A (5.123)
202 Te(Ry0) + Te(RY)), €€ Ni\{k}

This measure incorporates information about the link noise covariances {R%)k .

The solution of (5.122]) is then given by

7—2
apg = § 2emeni Tk (5.124)

0, otherwise
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We refer to this combination rule as the relative variance combination rule; it is an
extension of the rule devised in [I17] to the case of noisy information exchanges.
In particular, the definition of the scalars {72} in (5I123) is different and now

depends on both subscripts ¢ and k.

Minimizing the EMSE expression (5.115) for the ATC algorithm over left-

stochastic matrices A can be pursued in a similar manner by noting that

Tr [Bl (ATMSMA + RYBIR,]
< Ap(Inpyy — MR Tr(ATMSMA + RY) Tr(R,) (5.125)

Thus, minimizing the upper bound of the network EMSE leads to the same
solution (5.124). Using the same argument, we can also show that the same
result minimizes the upper bound of the network MSD or EMSE for the CTA

algorithm.

5.5.3 Adaptive Combination Rule

To apply the relative variance combination rule (5124, each node k needs to
know the variance products, {72 }, of their neighbors, which in general are not
available since they require knowledge of the quantities {o7 ,, Tr(Ruy.e), Tr(R%)k)}
Therefore, we now propose an adaptive combination rule, by using data that are

available to the individual nodes. For the ATC algorithm, we first note from

(5:24) and (5:29)) that
El|vpa; — weioi |? ~ p202 Tr(Ry0) + Te(RY),) = 72, (5.126)

for ¢ € N \{k}. Since the algorithm converges in the mean and mean-square
senses under Assumption 5.2 all the estimates {wy;} tend to w® as i — oo.

This allows us to estimate 72, for node k by using instantaneous realizations of
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|ber.i — wyi1]|*, where we replace wy; 1 by wy ;1. Similarly, for node k itself,
we can use realizations of |4 ; — wy;_1]|? to estimate ~7,. To unify the notation,
we define ¥y = Ppi. Let 42, (i) denote an estimator for 42, that is computed

by node k at time i. Then, one way to evaluate ¥z (7) is through the recursion:

’A)’z?k(z) =(1- Vk)f)’z?k(z — 1)+ vil| Y, — wk,i—1||2 (5.127)

for ¢ € N, where v, € (0,1) is a forgetting factor that is usually close to one. In

this way, we arrive at the adaptive combination rule:

O
e A M (5.128)

QAyr. (Z) =
0, otherwise

5.6 Mean-Square Tracking Behavior

The diffusion strategy (5.5)—(5.7) is adaptive in nature. One of the main bene-
fits of adaptation (by using constant step-sizes) is that it endows networks with
tracking abilities when the underlying weight vector w® varies with time. In this
section we analyze how well an adaptive network is able to track variations in
w®. To do so, we adopt a random-walk model for w® that is commonly used in

the literature to describe the non-stationarity of the weight vector [46].

Assumption 5.4 (Random - walk model). The weight vector w® changes ac-
cording to the model:

w) =w;_; +mn; (5.129)

where {w?} has a constant mean w® for all i, {n;} is an i.i.d. random sequence
with zero mean and covariance matriz R,; the sequence {n;} is independent of
the initial conditions {w®,, wi 1} and of all regression data and noise signals

across the network for all time instants. O
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We now define the error vector at node k as
Wy = W) — wy, (5.130)
so that the global error recursion (5.52) for the network is replaced by

— AT (Inyg = MROO™) — AT Mz — v (5.131)
where the NM x 1 vector ; is defined as

G=col{m,....m} =ly@m, (5.132)

5.6.1 Convergence Conditions

By Assumptions 5.1 and [5.4] it can be verified that the condition for mean con-
vergence continues to be p(B) < 1, where B is defined in (5.54)). In addition,
it can also be verified that the error recursion (5.I31)) converges in the mean
sense to the same non - zero bias vector g as in (5.60). From (5I31) and under

Assumption 5.2, we can derive the weighted variance relation:

E|lwill; = El[wi-1|%, + EllA; (Ina — MR)ATGE
— 2NRe{E[2 MAYX A (Iny — MR)) Al w; 1]}

+E AT (Inar — MR |12 + B[ A Mz |2 + E|o/”|2  (5.133)

where F is given in (5.73). If the step-sizes are sufficiently small, then we can

assume that the network continues to be mean-square stable.
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5.6.2 Steady-State Performance

The steady-state performance is affected by the non-stationarity of w®. From

Assumption [0.2], at steady-state, expression (5.133)) becomes

lim ][5, & [voc(AJ MCTSCMA; + AFATR(AA + R, + Y + 7))

x (In2pr2 — F) tvec(92) (5.134)

where S is given in (5.70), R, in (5.82), Y in (5.83)), F in (5.73), and R is the

covariance matrix of ¢;:
R 2 EG¢ = (Inl)) ® R, (5.135)

By (£.8), (£.22), and (5.137), we get

AJATRAL Ay = (AJATINT AL Ay) @ R,
= (]IN]IL) ® Rn
=R (5.136)

Then, following the same argument that led to (5.88]), we find that the network

MSD is now given by:

1
MSDyack & —[vec(Ay MCTSCMAy + Re + Ry + Y + V)|
N (5.137)
X (IN2M2 — f)_lvec(]NM)
Similarly, the network EMSE is given by:
1
EMSE o = —[vec(Ag MCTSCMA; + R + Ry + Y + V)]*
N (5.138)
X (IN2M2 — .F)_IVQC(RH)

where R, is defined in (5.89). Observe that the main difference relative to (5.88)
and (5.90) is the addition of the term R.. Therefore, all the results that were
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derived in the earlier section, such as (5.95) and (5.96]), continue to hold by adding
R¢. In particular, if Assumptions and 5.3 are adopted, expressions (5.137)
and (B.I38) can be approximated as

1 x
MSDtrack ~ N [VeC (.A;—MSMAQ +R(+RU)} (INQMQ —f)_lvec(]NM)
(5.139)

and

1 x
EMSE; ack ~ N [V@C (A;MSMAWLRC—FRU)} (In2p2 —F)  tvec(Ry)
(5.140)

where R, is now given in (5.93).

5.7 Simulation Results

We simulate two scenarios: noisy information exchanges and non-stationary en-
vironments. We consider a connected network with N = 20 nodes. The network

topology is shown in Fig. Bl

5.7.1 Imperfect Information Exchange

The unknown complex parameter w® of length M = 2 is randomly generated; its
value is [0.3750 4 72.0834,0.7174 + j1.4123]. We adopt uniform step-sizes, {p =
0.01}, and uniformly white Gaussian regression data with covariance matrices
{Rur = 0. In}, where {0} are shown in Fig. B.2al The variances of the
model noises, {aik}, are randomly generated and shown in Fig. [0.2Dl We also use
white Gaussian link noise signals such that Ri(f?k = o2 gl Rfjug)k = o2 g dur, and
R%)k = 07, g Inr. All link noise variances, {07, 4, 07 s, 0o o> 00, 1.} are randomly
generated and illustrated in Fig. [5.3] from top to bottom. We assign the link

number by the following procedure. We denote the link from node ¢ to node k
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Figure 5.1: A network topology with N = 20 nodes.

as {,x, where | # k. Then, we collect the links {¢,x, ¢ € N \{k}} in an ascending
order of ¢ in the list £, (which is a set with ordered elements) for each node k.
For example, for node £ = 2 in Fig. B it has 6 links; the ordered links are
then collected in Ly £ {{59, 052, (79, (139, (152, l202}. We concatenate {L;} in an
ascending order of k to get the overall list £ 2 {L, L, ..., Lx}. Eventually, the

mth link in the network is given by the mth element in the list L.

We examine the simplified CTA and ATC algorithms in (5.3)) and (5.4),
namely, no sharing of data among nodes (i.e., C' = Iy), under various combi-

nation rules: (i) the relative variance rule in (5.124]), (ii) the Metropolis rule

in [106]:

;
1
ap, = . Le N \{k
R ARV A
Qe = 1— Z agr, {=k (5141)
LeN\{k}
Qe = O, 8 ¢ Nk

\

where |N| denotes the degree of node k (including the node itself), (iii) the

203



2 .
Oy I dB

0 5 10 15 20

Node number &
(a) The variance profile of regression data.
0

m -0}
S
=

< -20 1
N2
S

=30 -

0 5 10 15 20

Node number &k

(b) The variance profile of measurement noises.

Figure 5.2: The variance profiles for regression data and measurement noises.

uniform weighting rule:

1
Qg = Ak (e N,
[N (5.142)

ag, =0, ¢ N
and (iv) the adaptive rule in (5.128)) with {rvx = 0.05}. We plot the network
MSD and EMSE learning curves for ATC algorithms in Figs. [5.4al and [5.4d by
averaging over 50 experiments. For CTA algorithms, we plot their network MSD
and EMSE learning curves in Figs. and [5.4d| also by averaging over 50
experiments. Moreover, we also plot their theoretical results (5.95) and (5.90)
in the same figures. From Fig. 5.4l we see that the relative variance rule makes
diffusion algorithms achieve the lowest MSD and EMSE levels at steady-state,

compared to the metropolis and uniform rules as well as the algorithm from [47]
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Figure 5.3: The variance profiles for various sources of link noises, including
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{Uw,eka 0,0k O bk Uw,ék}’

(which also requires knowledge of the noise variances). In addition, the adaptive
rule attains MSD and EMSE levels that are only slightly larger than those of
the relative variance rule, although, as expected, it converges slower due to the

additional learning step (5.127).

5.7.2 Non-stationary Scenario

The value for each entry of the complex parameter wy = col{wy, w7, } is assumed
to be changing over time along a circular trajectory in the complex plane, as
shown in Fig. The dynamic model for w{ is expressed as w,, = e/“w{_,

where m = 1,2, w = 27/6000, and w®, = col{1 + j,—1 — j}. The covariance
matrices {R,} are randomly generated such that R, # R,, when k # {, but
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Figure 5.4: Simulated network MSD and EMSE curves and theoretical results

(595) and (5.90) for diffusion algorithms with various combination rules under

noisy information exchange.
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their traces are normalized to be one, i.e., Tr(R,x) = 1, for all nodes. The
variances for the model noises, {07}, are also randomly generated. We examine
two different scenarios: the low noise-level case where the average noise variance
across the network is —5 dB and the noise variances are shown in Fig. [b.6at and
the high noise-level case where the average variance is 25 dB and the variances are
shown in Fig. 5.6l We simulate 3000 iterations and average over 20 experiments
in Figs. [5.5al and [5.5h] for each case. The step-size is 0.01 and uniform across the
network. For simplicity, we adopt the simplified ATC algorithm where C' = I,
and only use the uniform weighting rule (5.142). The tracking behavior of the
network, denoted as w; = col{w;,w;2}, is obtained by averaging over all the
estimates, {wy;}, across the network. Figs. [5.5al and [5.5D] depict the complex
plane; the horizontal axis is the real axis and the vertical axis is the imaginary
axis. Therefore, for every time 4, each entry of w{ or w,; represents a point in
the plane. When i is increasing, wy, moves along the red trajectory (in o), wf,
along the blue trajectory (in [J), w,; along the green trajectory (in +), and
w; 2 along the magenta trajectory (in x). From Fig. B3] it can be seen that
diffusion algorithms exhibit the tracking ability in both high and low noise-level

environments.

5.8 Conclusions

In this chapter we investigated the performance of diffusion algorithms under
several sources of noise during information exchange and under non-stationary
environments. We first showed that, on one hand, the link noise over the re-
gression data biases the estimators and deteriorates the conditions for mean and
mean-square convergence. On the other hand, diffusion strategies can still stabi-

lize the mean and mean-square convergence of the network with noisy information
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Figure 5.5: An adaptive network tracking a parameter vector w® € C2.
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Figure 5.6: The noise variance profiles for two cases.

exchange. We derived analytic expressions for the network MSD and EMSE and
used these expressions to motivate the choice of combination weights that help
ameliorate the effect of information-exchange noise and improve network perfor-
mance. We also extended the results to the non-stationary scenario where the
unknown parameter w? is changing over time. Simulation results illustrate the

theoretical findings and how well they match with theory.

5.A  Stability of AJ (Ixy — MR') A]

Following [108], we first define the block maximum norm of a vector.
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Definition 5.1 (Block Maximum Norm). Given a vector x = col{zy,...,an} €

CMN consisting of N blocks {x, € CM k=1,..., N}, the block mazimum norm
is the real function || - ||poo : CMN — R, defined as
A
2 14
ol 2 s sl (5.143)
where || - ||o denotes the standard 2-norm on CM. O

Similarly, we define the matrix norm that is induced by the block maximum

norm as follows:

Definition 5.2 (Block Maximum Matrix Norm). Given a block matriz A €
CMNXMN with block size M x M, then

[ Allpoo £ max JAz] e (5.144)
’ 2eCMN\{0} ||2]p,00

denotes the induced block mazimum (matriz) norm on CMN*MN, O

Lemma 5.1. The block mazimum matriz norm is block unitary invariant, i.e.,
given a block diagonal unitary matriz U = diag{U,, ..., Uy} € CMNXMN congist-
ing of N unitary blocks {U, € CM*M k. =1,... N}, where UyU; = UU, = Iy,

for any matriz A € CMNXMN “then

[Allo.o0 = | UAU [0 (5.145)
where || - ||y denotes the block mazimum matriz norm on CMN*MN wyith block
size M x M. O

Lemma 5.2. Let A € CV*N be a right-stochastic matriz. Then, for block size
M x M,
A ® Infpeo =1 (5.146)
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Proof. From Definition 5.2, we get

max; || Son [Alssr|2

||A®[MHb,oo = max
2€CMN {0} maxy, ||z |2
N
C ey X > et Alerllzr |2
2ECMN\ [0} maxy, || 2|2
< max max; (3, [Ale) - maxy, |||z
z€CMN\ {0} maxy, || |2
max; 1 - maxy, [|zx||2
< max
zeCMN\{0}  maxy, ||zl
=1 (5.147)

where x = col{xy,...,ry} € CM¥ consists of N blocks {z, € CM, k=1,...,N},
and [A]g denotes the (¢, k)-th entry of A. On the other hand, for any induced
matrix norm, say, the block maximum norm, it is always lower bounded by the

spectral radius of the matrix [115]:
1A Tnllooo > p(A® Inr) = p(A) =1 (5.148)

Combining (5.147) and (5.148) completes the proof. O

Lemma 5.3. Let A € CNM*NM pe g block diagonal Hermitian matriz with block
size M x M. Then the block maximum norm of the matriz A is equal to its

spectral radius, i.e.,

[A]p,00 = p(A) (5.149)

Proof. Denote the kth M x M submatrix on the diagonal of A by Ay. Let Ay =
Up AU} be the eigen - decomposition of Ay, where Uy, € CM*M is unitary and
Ay € RM*M ig diagonal. Define the block unitary matrix & = diag{Uy, ..., Uy}
and the diagonal matrix A £ diag{Ay,...,Ay}. Then, A = UAU*. By Lemma
6.1, the block maximum norm of A with block size M x M is

[Allp.00 = IAAU |00
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= || Allb,0

maxg || Ayzil2
2eCMN\{0} maxy ||z |2
maxy, [ Axll2 - |2kl

< max
zeCVMN\{0}  maxy ||z
< maxy HAng - Mnaxy HLL’kHQ
< max
2eCMN\{0} maxy, || |2
= max [ Ay
= p(.A) (5.150)

where we used the fact that the induced 2-norm is identical to the spectral radius
for Hermitian matrices [I15]. On the other hand, any matrix norm is lower

bounded by the spectral radius [115], i.e.,
p(A) < || Allp,0 (5.151)
Combining (5.150) and (5.I5I]) completes the proof. O

Now we show that the matrix AJ (Iyy — MR')A] is stable if Iyy — MR is
stable. For any induced matrix norm, say, the block maximum norm with block

size M x M, we have [115]

p (A3 (Iny — MR)A]) < [|AS (Inar — MR AT [y,
< A llboo * [1nar = MR [0« [ AT [[5,00

= [ Inn — MR [[p,00 (5.152)

where, from (58) and (522), A] and AJ satisfy Lemma 52l By (5I7) and
(555), it is straightforward to see that Iy — MR’ is block diagonal with block
size M x M. Then, by Lemma (5.3 expression (5.I52) can be further expressed
as

p (A3 (Iny — MR)AT) < p(Iny — MR) (5.153)
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which completes the proofH

5.B Proof of expression (5.75)

Let us denote the (¢, k)th submatrix of R, by R, € CM*™. By Assumptions

b and expression (5.44), R, g4 can be evaluated as

(5.154)

(5.155)

(5.156)

(u) >
mk,i

R.o =Kz 2, = Z Z CmeCnk & (Uing,i’vmz( U (1) Ui, z)
meN;, neNy ~ "
= le,nk
where, by expressions (5.20) and (5.38)),
Bonte = E (ttms + 0330, (w(i) + 08 (0) = v )
x (0a(0) + 0 (0) = o) (s + 0lf))
When m # n, expression (5.155) reduces to
Rk = R%zw"(w")*R%
When m = n, expression (5.I55) becomes
Bt = B (0(0) + 0000 = 05,07 (w(0) + 0{00(0) = 03 0
X <’U,m2 + Umf z) (uml + ’vf()gll 2)
N @ (i) ™\ ,
=E (v,(i Vi () + 0,1 (8) ) E(Umitv,) (Umito
T ,s:;, (s 985)” (1012

= (Uim + (5gk0'12}’mz) (Ru m + 5szv mZ)

+ 5Zk(wo)*R1(),u¢3wwoRu7m + Rffﬁww (w®)" Rv ,mk

!This statement fixes the argument about block diagonal matrices X and M in Appendix I
of [6] and Lemma 2 of [118], where the || - ||, norm used in these references should be replaced

by the || - ||p,00 norm used here.
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mdl,i mZz ml,i " meli v,m v,ml

+ Sy (Ev” () w0 (w?) v ™~ R 0o(p0)* R™ ) (5.157)

where d4, denotes the Kronecker delta function. Evaluating the last term on RHS
of (BI57) requires knowledge of the excess kurtosis of vf&?vi, which is generally not
available. In order to proceed, we invoke a separation principle to approximate
it as

Ev") o) wl(w?) vl ~ R\ w(w’)*R" (5.158)

mZz mZz

Substituting (5.I58) into (G.I57) leads to

Rk = (Ug,m + 5@16037”1@) <Ru m + 5£kRv mg)

+ o <(w°)*Rfﬁ}nZw°) Rym + R,(f,)ngw (w°)* RW

v,mk

=02 Rum + R w(w’)*R"

vmk

+ 5@6 [(Ug,mé + ( ) RU me )Ru,m + (Uiz),m + U?},mZ)RE)u) 4 (5159)

s

From (5.I56) and (5.159), we get

Rk = Rfj%gwo(wo)*R(u)

v,mk

2
_l_ 5mngv mRuﬂTL

+ 6mn6£k [(Ug,mf + ( ) RU me )Ru,m + ( v m + Oy mZ)RU mﬁ} (5160)

Substituting (5.160) into (5.I54]), we obtain
sz ~ (Z CmﬁRU mzw ) (Z anRi(;fy)nkwo> + Z Z Cmfcnk(smno-imRu,m

meN, neNg meN;, neNy,

00 Yy | (02t (W) R0 R (02,402, ) R | (5.161)

mENg

From (5:58)—(5.59) and (5.76)-(5.78), we arrive at expression (5.75).
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CHAPTER 6

Distributed Clustering and Learning Over

Networks

In this chapter, we consider the situation where agents belong to different groups
that pursue different objectives. Distributed processing over networks relies on
in-network processing and cooperation among neighboring agents. Cooperation
is beneficial when agents share a common objective. However, in many appli-
cations agents may belong to different clusters that pursue different objectives.
Then, indiscriminate cooperation will lead to undesired results. In this chap-
ter, we propose an adaptive clustering and learning scheme that allows agents
to learn which neighbors they should cooperate with and which other neighbors
they should ignore. In doing so, the resulting algorithm enables the agents to
identify their clusters and to attain improved learning and estimation accuracy
over networks. We carry out a detailed mean-square analysis and assess the error
probabilities of Types I and 11, i.e., false alarm and mis-detection, for the cluster-
ing mechanism. Among other results, we establish that these probabilities decay
exponentially with the step-sizes so that the probability of correct clustering can
be made arbitrarily close to one. The results in this chapter are based on material

from [119].
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6.1 Models and Assumptions

The clustered distributed learning problem was formulated in (IL36) in Chapter
[l The concepts of clusters and groups were also introduced in Definitions .1 and
in the same Chapter. To facilitate the performance analysis, we summarize

the main conditions on the network topology in the following statement.

Assumption 6.1 (Topology, clusters, and groups).

1. The network consists of Q clusters, {Cy;q =1,2,...,Q}. The size of cluster
C, is denoted by N¢ such that |Cy| = N¢ and 30 | N¢ = N.

2. The underlying topology for each cluster C, is connected. Clusters are also
inter-connected by some links so that agents from different clusters may still

be neighbors of each other.

3. There is a total of G groups, denoted by {Gn;m = 1,2,....,G}, in the
network. The size of group G, is denoted by N2 such that |G,,| = N¢ and
¢ NS =N. O

It is obvious that ) < G < N because each cluster has at least one group and

each group has at least one agent.

Definition 6.1 (Indexing rule). Without loss of generality, we index groups ac-
cording to their cluster indexes such that groups from the same cluster will have
consecutive indexes. Likewise, we index agents according to their group indexes

such that agents from the same group will have consecutive indezes. O

According to this indexing rule, if group G,, belongs to cluster C,, then the

next group G,,+1 will belong either to cluster C, or the next cluster, C,4; if agent

216



k belongs to group G,,, then the next agent k + 1 will belong either to group G,,

or the next group, G,,1.

Based on the problem formulation in Section [[.4] from Chapter [I although
agents in the same cluster are connected, they are generally not aware of each
other’s cluster information, and therefore some agents in the same cluster may
not cooperate in the initial stage of adaptation. On the other hand, agents in
the same group are aware of each other’s cluster information, so these agents can
cooperate. As the learning process proceeds, agents from different groups in the
same cluster will recognize each other through information sharing. Once cluster
information is inferred, small groups will merge into larger groups, and agents
will start cooperating with more neighbors. Through this adaptive clustering
procedure, cooperative learning will grow until all agents within the same cluster

become cooperative and the network performance is enhanced.

To proceed with the modeling assumptions, we introduce the following net-

work Hessian matrix function:
V2J(w) & diag{V*J(w1),..., V:Iy(wy)} (6.1)
where the vector w collects the parameters from across the network:
w2 col{w, ..., wy} € RVM*! (6.2)
We also collect the individual minimizers into a vector:
w2 col{w?, ..., w} = col{lly: @wy;g=1,...,Q} (6.3)

where the second equality is due to the indexing rule in Definition We next
list two standard assumptions for stochastic distributed learning over adaptive
networks to guide the subsequent analysis in this work. One assumption relates to

the analytical properties of the cost functions, and is meant to ensure well-defined
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minima and well-posed problems. The second assumption relates to stochastic
properties of the gradient noise processes that result from approximating the true
gradient vectors. This assumption is meant to ensure that the gradient approx-
imations are unbiased and with moments satisfying some regularity conditions.
Explanations and motivation for these assumptions in the context of inference

problems can be found in [866.72].

Assumption 6.2 (Cost functions).

1. Each individual cost Ji(w) is assumed to be strictly convex, twice differen-

tiable, and with bounded Hessian matrix function satisfying:
)\k,L[M S V2Jk(w) S )‘k,U]M (64)
where 0 < A\, < Ay < 00.

2. In each group G, at least one individual cost, say, Jxo(w), is strongly-
convex, meaning that the lower bound, Ao 1, on the Hessian of this cost is

positive.

3. The network Hessian function V2J(w) in (6.1)) satisfies the Lipschitz con-
dition:
V2T (w1) = V2T (W) || < kg [[wi — w| (6.5)

RNMXI

for any wi,wsy € and some kg > 0. O

The second set of assumptions relate to conditions on the gradient noise pro-
cesses. For this purpose, we introduce the filtration {IF;;7 > 0} to represent the
information flow that is available up to the i-th iteration of the learning pro-
cess. The true network gradient function and its stochastic approximation are

respectively denoted by

VJ(W) =S col{VJl(wl), e VJN(’UJN)} (66)
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VIw) 2 col{V Iy (w), ..., Vx(wy)} (6.7)
The gradient noise at iteration ¢ and agent k is denoted by:
Ski(Wri1) 2 Vip(weio1) — Vi(wg) (6.8)

where wy,;_; denotes the estimate for wy that is available to agent k at iteration
i—1. The network gradient noise is denoted by s;(w;_1) and is the random process
that is obtained by aggregating all noise processes from across the network into

a vector:
si(Wi-1) = col{syi(wii-1),. .., sni(wni-1)} (6.9)

Using (6.8)), we can write
VI(wii1) = VJ(wi1) + si(wi_1) (6.10)
We denote the conditional covariance of s;(w;_1) by
Rsi(Wi-1) £ E[Si(wi_l)sj(wi_l)wi_l] (6.11)
where w;,_; is in F,_;.

Assumption 6.3 (Gradient noise). It is assumed that the gradient noise process

satisfies the following properties for any w;_1 in F;_1:
1. Martingale difference [66,[120):
E[s;(Ww;—1)|Fi—1] =0 (6.12)
2. Bounded fourth-order moment [60-65):
E[l|si(wi-1)[I*[Fi1] < o®[[W° = wia||* + 07 (6.13)

for some o, 05 > 0, and where w° is from (G.3)).
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3. Lipschitz conditional covariance function [66-168):

[Rsi(W) = Res(Wi1)|| < ks|[W” —wiy

e (6.14)
for some kg > 0 and 0 < v, < 4.

4. Convergent conditional covariance matriz [66-68,[120):

R, = lim R,;(w°) >0 (6.15)
71— 00
where Ry is symmetric and positive definite. O

It is easy to verify from (6.I3]) that the second-order moment of the gradient

noise process also satisfies:

Elllsi(wi—1)||*|Fi-1] < alw® — wi|]? + o2 (6.16)

6.2 Proposed Algorithm and Main Results

In order to minimize all cluster cost functions {J§1“Ster(w); g=1,2,...,Q} defined
by (L37) in Chapter [, agents need to cooperate only within their clusters. Al-
though cluster information is in general not available beforehand, groups within
each cluster are available according to Assumption Therefore, based on this
prior information, agents can instead focus on solving the following problem based

on partitioning by groups rather than by clusters:

SN Jilwm) (6.17)

lI>

minimize J'(wy,...,wg)
{wm}G_y

with one parameter vector w,, for each group G,,. In the extreme case when prior
clustering information is totally absent, groups will collapse into singletons and

problem ([6.17)) will reduce to the individual non-cooperative case with each agent
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running its own stochastic-gradient algorithm to minimize its cost function. In
another extreme case when cluster information is completely available, groups
will be equivalent to clusters and problem (G.I7) will reduce to the formation in
(L30) from Chapter [ Therefore, problem (6.17) is general and includes many
scenarios of interest as special cases. We shall argue in the sequel that during the
process of solving (6.17)), agents will be able to gradually learn their neighbors’
clustering information. This information will be exploited by a separate learning
procedure by each group to dynamically involve more neighbors (from outside the
group) in local cooperation. In this way, we will be able to establish analytically
that, with high probability, agents will be able to successfully solve problem (I.36])
from Chapter [l (and not just (6.17)) even without having the complete clustering

information in advance.

We motivate the algorithm by examining problem (6.I7). Since the groups
{G} are already formed and they are disjoint, problem (6.17]) can be decomposed
into G separate optimization problems, one for each group:

miniwmize J9 (w) = Z Je(w) (6.18)
keGm
with m =1,2,...,G. For any agent k belonging to group G,, in cluster C,, i.e.,

k € G, CC,, it is easy to verify that
{k} CN:NG CN.NC, =N, (6.19)

Then, agents in group G,, can seek the solution of JZ (w) in (6.I8]) by using the

adapt-then-combine (ATC) diffusion learning strategy over G,,, namely,

—

Vi = Wyio1 — VI (W io1) (6.20a)
Wy = Z ane; (6.20b)
LeENLNGm
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for all k € G,,, where py, > 0 denotes the step-size parameter, and {as} are

convex combination coefficients that satisfy

N
cand Y ag =1 (6.21)
ag, = 0 otherwise =1

Moreover, w;,; denotes the random estimate computed by agent k£ at iteration
i, and 4y ; is the intermediate iterate. We collect the coefficients {as} into a

matrix A £ [agk]é\szl. Obviously, A is a left-stochastic matrix, namely,
ATy =1y (6.22)
We collect the iterates generated from (6.20a))—(6.200) by group G,, into a vector:
Wi 2 col{wyi; k € G} € RNRMX1 (6.23)

where N9 is the size of G,,. According to the indexing rule from Definition

for agents and groups, the estimate for the entire network from ([6.20al)—(6.20b))

can be obtained by stacking the group estimates {w,;}:

w; = col{wy 4, ..., wyn,} = col{wy, ..., wai} (6.24)

The procedure used by the agents to enlarge their groups will be based on the
following results to be established in later sections. We will show in Theorem
that after sufficient iterations, i.e., as ¢ — oo, and for small enough step-sizes, i.e.,
< 1 for all k, the network estimate w; defined by (6.24)) exhibits a distribution
that is nearly Gaussian:

w; ~ NOW, fimaxI]) (6.25)

where N(¢, V) denotes a Gaussian distribution with mean ¢ and covariance ¥,

w? is from (6.3),

2 max i (6.26)

Hmax k=1 N
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and II € RVMXNM i5 o symmetric, positive semi-definite matrix, independent of
tmax, and defined later by (G.IT5]). In addition, we will show that for any pair of
agents from two different groups, for example, k € G,, and ¢ € G,,, where the two
groups G,, and G, may or may not originate from the same cluster, the difference
between their estimates will also be distributed approximately according to a

Gaussian distribution:
wy; — Wi ~ N(w) — Wy, fimaxArk) (6.27)

where

App 2 Tpp+ g — My o — Mg (6.28)

is a symmetric, positive semi-definite matrix, and IIj , denotes the (k, ¢)-th block
of II with block size M x M. These results are useful for inferring the cluster
information for agents k and ¢. Indeed, since the covariance matrix in ([6.27) is
on the order of fimay, the probability density function (pdf) of w,; — wy,; will
concentrate around its mean, namely, w) — wy, when fi,,. is sufficiently small.
Therefore, if these agents belong to the same cluster such that wj = wy, then we
will be able to conclude from (6.27) that with high probability, ||w.; — wy;||* =
O(pmax). On the other hand, if the agents belong to different clusters such that
wy # wg, then it will hold with high probability that ||wg; — wg||* = O(u2,..)-
This observation suggests that a hypothesis test can be formulated for agents /¢

and k to determine whether or not they are members of the same cluster:
o o
lwei — wh| 11% Ok e (6.29)
1

where Hj denotes the hypothesis w§ = wg, H; denotes the hypothesis wy # w¢,
and 6y, > 0 is a predefined threshold. Both agents ¢ and k will test (6.29) to reach
a symmetric pattern of cooperation. Since wy; and wy; are accessible through

local interactions within neighborhoods, the hypothesis test (6.29)) can be carried
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out in a distributed manner. We will further show that the probabilities for both
types of errors incurred by (6.29), i.e., the false alarm (Type-I) and the missing

detection (Type-II) errors, decay at exponential rates, namely,

Type—I: ]P)[H’ng72 — 'wk,i||2 > 9k,€|wg = wl‘;] S O(e—cl/umax)

Type-1L: P[||lwe; — wy||* < Oy olw) # wy] < 0(6_02/“‘“‘“)

for some constants ¢; > 0 and ¢y > 0. Therefore, for long enough iterations and
small enough step-sizes, agents are able to successfully infer the cluster informa-
tion with very high probability.

The clustering information acquired at each iteration ¢ is used by the agents
to dynamically adjust their inferred cluster neighborhoods. The N ;Z for agent
k € G,, at iteration ¢ consists of the neighbors that are accepted under hypothesis

Hy and the other neighbors that are already in the same group:
N 2 {0 e Ny |lwe; — wi||” < O or €€ G} (6.30)

Using these dynamically-evolving cluster neighborhoods, we introduce a separate

ATC diffusion learning strategy:

"j;l,ﬂz = w;g,i—l - Mkﬂc(’wfm_l) (6.31a)
w, = Y ap(i— 1)y, (6.31b)
ZENLA

where the combination coefficients {a,(i—1)} become random because Ny, _, is
random and may vary over iterations. The iteration index ¢ — 1 is used for these
coefficients to enforce causality. Since Ny N G,, denotes the neighbors of agent k

that are already in the same group G,, as k, it is obvious that N;NG,, C N ;i_l for

any ¢ > 0. This means that recursion (6.31al)-(6.31bl) generally involves a larger
range of interactions among agents than the first recursion (6.20a))-(6.20D). We

summarize the algorithm in the following listing.
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Distributed clustering and learning over networks

Initialization: wy _; = w), _; = 0 and J\/;_l =N, NG, for all k € G,, and
m=12...,G.

for + > 0 do

(1) Each agent k updates wy, ; according to the first recursion (6.20al)—(6.20D])
over N, N G,,.

(2) Each agent k updates w; ; according to the second recursion (6.31a))-
([G.310) over Ny, _;.

(3) Each agent k updates N, by using (6.30) with {wy; ¢ € Ny} from step
(1).

end for

6.3 Mean-Square-Error Analysis

In the previous section, we mentioned that Theorem in Section is the
key result for the design of the clustering criterion. To arrive this theorem, we
shall derive two useful intermediate results, Lemmas and [6.2] in this section.
These two results are related to the MSE analysis of the first recursion (6.20al)—
(6.20h), which is used in step (1) of the proposed algorithm. We shall therefore

examine the stability and the MSE performance of recursion ([6.20a)—(6.20b)) in

the sequel. It is clear that the evolution of this recursion is not influenced by the

other two steps. Thus, we can study recursion (6.20al)—(6.20b) independently.
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6.3.1 Network Error Recursion
Using model (6.10), recursion (6.20al)-(6.20b)) leads to

wi = A"w,_1 — ATMVJ(wi_) — AT Ms;(w;_1)
where w; is from (6.24]), VJ(-) is from (6.6), s;(-) is from (6.9), and

Médla‘g{:ulanu’]\f}(g]M
AE2A® Iy

We introduce the network error vector:
~ é 0 . 1 —~ ~
w; =w’ —w; = col{wy;,..., Wy}
where w° is from (6.3), and the individual error vectors:
~ A o
W ; = Wy, — Wg;

Using the mean-value theorem [66,[72], we can write

1
VJ(Wi_l) = VJ(WO) — {/ V2J(WO - tfvi_l)dt 17\’@'_1
0

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)

where V2J(+) is from (6.I)). Since w° consists of individual minimizers throughout

the network, it follows that VJ(w°) = 0. Let
1
Hi o = / V2I (W — tw;_1)dt = diag{ Hy,i—1}1—,
0

where

1
Hk,i—l = / Vka(w,‘; - t’lEk’i_l)dt
0

Then, expression (6.37) can be rewritten as

VJ(Wi—l) = —Hi Wi
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where it is worth noting that the random matrix H;_; is dependent on w;_;.
Substituting (6.40) into (6.32)) yields:
w; = ATWi_l + ATMHi_lﬁii_l — ATMSi(Wi_l) (641)

By the indexing rule from Definition and condition (E21]), the combination

matrix A possesses a block diagonal structure:
A =diag{A,;m=1,...,G} (6.42)
where each A,, collects the combination coefficients within group G,,:
A 2 lag; 0,k € G (6.43)

From the same condition (6.2I)), we have that each A,, is itself an Ng x NI,
left-stochastic matrix:

A;]IN% =Ty, (6.44)
If group G,, is a subset of cluster C,, then the agents in G,, share the same

minimizer at wj. Thus, for any G,, C C,, let

wo, = col{wy; k € G} = Lyg, @ w) (6.45)
It follows from (6.44)) and (6.45]) that
(A}, © Lu)wy, = (A5, @ L) (Lyg, @ wy) = wp, (6.46)

Again, from the indexing rule in Definition 6.1, we have from (6.3]) and (6.45)
that

w? =col{wy;m=1,...,G} (6.47)
Then, it follows from (6.42) and (G.47) that

A'll' ® I M W({

ATwe = Sl =we (6.48)
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Accordingly, subtracting w° from both sides of (G.41]) and using (6.48)) yields the

network error recursion:

17\12‘ = AT(INM — M?‘Li_l)g\ii_1 + ATMSi(Wi_l)

We denote the coefficient matrix appearing in (6.49) by
By 2 AT (Iny — MH,i )

Then, the network error recursion ([6.49)) can be rewritten as

w; =Bi_wi_1 + ATMSi(Wi—l)
We further introduce the group quantities:

An 2 An @ Iy
Wini =S co{wy;; k € G} € RN Mx1
M,, = diag{yp; k € Gn} @ Iy
Hoio1 = diag{Hy,; 1,k € G}

Spmi(Wmi—1) £ col{ sy i(wy,i—1); k € G}
It follows from the indexing rule in Definition that

A = diag{Ay,..., Ag}

w; = col{wi, ..., Wgi}

M = diag{M;, ..., Mq}
M1 =diag{Hii-1,. .., Hgi1}

Si(Wi—l) = COI{Sl,i(Wl,i—l)a . 75G,i(WG,i—1>}

Using ([6.57)—(6.60), the matrix B;_; in (6.50) can be expressed by

B, = diag{Bi;-1,...,Bgi-1}

228

(6.49)

(6.50)

(6.51)

(6.62)



where

B2 AL (Ino g — My Honio1) (6.63)

Due to the block structures in ([6.57)—(6.62), groups are isolated from each other.
Therefore, using these group quantities, the network error recursion ([6.51)) is
automatically decoupled into a total of G group error recursions, where the m-th

recursion is given by

Wm,i = Bm,i—l{;vm,i—l + A;Mmsm,i(wm,i—l) (664)

6.3.2 Mean-Square and Mean-Fourth-Order Error Stability

The stability of the network error recursion (G.51]) is now reduced to studying the
stability of the group recursions (6.64]). Recall that, by Definition in Chapter
0 the agents in each group are connected. Moreover, condition (6.21I]) implies
that agents in each group have non-trivial self-loops, meaning that a; > 0 for all
k € G,. It follows that each A,, is a primitive matrix [8,[79] (which is satisfied as
long as there exists at least one ag, > 0 in each group). Under these conditions,
we are now able to ascertain the stability of the second and fourth-order error

moments of the network error recursion (6.51)) by appealing to results from [66].

Theorem 6.1 (Stability of error moments). For sufficiently small step-sizes, the
network error recursion (.51l is mean-square and mean-fourth-order stable in

the sense that

limsup E[[w;[|* = O(ftmax) (6.65)
1—+00

lim sup E||VV1H4 = O(Mi’lax) (666)
1—+00

Proof. 1t is obvious that the network error recursion (6.51]) is mean-square and

mean-fourth-order stable if, and only if, each group error recursion (6.64)) is stable
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in a similar sense. From Assumption [6.2] we know that there exists at least one
strongly-convex cost in each group. Since the combination matrix A,, for each
group is primitive and left-stochastic, we can now call upon Theorems 9.1 and
9.2 from [66, p. 508, p. 522] to conclude that every group error recursion is

mean-square and mean-fourth-order stable, namely,

lim sup E[[Wanill> = O(ttmax) (6.67)
1—00
lim sup E[[Wi||* = O(tmax) (6.68)
1—00
from which ([6.65]) and (6.66]) follow. O

6.3.3 Long-Term Model

Once network stability is established, we can proceed to assess the performance
of the adaptive clustering and learning procedure. To do so, it becomes more
convenient to first introduce a long-term model for the error dynamics (G.51]).
Note that recursion (6.51I) represents a non-linear, time-variant, and stochastic
system that is driven by a state-dependent random noise process. Analysis of
recursion (6.51)) is facilitated by noting (see Lemma below) that when the
step-size parameter ., i small enough, the mean-square behavior of (G.51])
in steady-state, when ¢ > 1, can be well approximated by the behavior of the

following long-term model:

Wit =Bwi | + AT Ms;(w_1) (6.69)

7

where we replaced the random matrix B;_; in (6.51)) by the constant matrix
B2 AT (Iyy — MH) (6.70)
In ([670), the matrix #H is defined by

H £ diag{H,, ..., Hy} (6.71)
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where

Hy 2 V27, (w?) (6.72)

Note that the long-term model (6.69)) is now a linear time-invariant system, albeit
one that continues to be driven by the same random noise process as in (6.51]).
Similarly to the original error recursion (6.51), the long-term recursion (6.69]) can

also be decoupled into G recursions, one for each group:

~ 1t ~ It

myg B, Winio1 T A;Mmsmvi(wmvi—l) (6'73)
where

Vv:m £ col{ﬁ}};i; kegn,}e RN#Mx1
Bm é A;rn(]N,%M - MmHm)
H,, = diag{H: k € G}

we = col{wd; k € G}

Lemma 6.1 (Accuracy of long-term model). For sufficiently small step-sizes, the

evolution of the long-term model ([6.69) is close to the original error recursion

(6.51) in MSE sense:

lim sup B[, — w2 = O(122,0,) (6.78)

1—00

Proof. We call upon Theorem 10.2 from [66 p. 557] to conclude that the differ-

ence between each group error recursion (6.64) and its long-term model (6.73)

satisfies:
Litn Sup E[[ Wi = Wil = O(kpar) (6.79)
1—00
for all m. It is then immediate to conclude that (G.78]) holds. O
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6.3.4 Low-Dimensional Model

Lemmal6.Ilindicates that we can assess the MSE dynamics of the original network
recursion (6.51]) to first-order in fiy.y by working with the long-term model (6.69).
It turns out that the state variable of the long-term model can be split into two
parts, one consisting of the centroids of each group and the other consisting of
in-group discrepancies. The details of this splitting are not important for our
current discussion but interested readers can refer to Sec. V of [67] and Eq.
(10.37) of [66 p. 558] for a detailed explanation. Here we only use this fact to
motivate the introduction of the low-dimensional model. Moreover, it also turns
out that the first part, i.e, the part corresponding to the centroids, is the dominant
component in the evolution of the error dynamics and that the evolution of the
two parts (centroids and in-group discrepancies) is weakly-coupled. By retaining
the first part, we can therefore arrive at a low-dimensional model that will allow
us to assess performance in closed-form to first-order in ... To arrive at the
low-dimensional model, we need to exploit the eigen-structure of the combination

matrix A, or, equivalently, that of each A,,.

Recall that we indicated earlier prior to the statement of Theorem that
each A,, is a primitive and left-stochastic matrix. By the Perron-Frobenius the-
orem [66,[79,82], it follows that each A,, has a simple eigenvalue at one with
all other eigenvalues lying strictly inside the unit circle. Moreover, if we let
JUMS RN»*1 denote the right-eigenvector of A,, that is associated with the eigen-
value at one, and normalize its entries to add up to one, then the same theorem

ensures that all entries of p? will be positive:
= col{pfmk}ff:’g’g1 =0, Anpl, =7, ]l]TVglpﬁl = (6.80)

where an,k denotes the k-th entry of pg . This means that we can express each
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A,, in the form (see (6.1GH]) further ahead):
— 917 T
Ay = pm]lNgL + vm,RJm,evm,L (6.81)

for some eigenvector matrices V,, r and V,, 1, and where J,, . denotes the collec-
tion of the Jordan blocks with eigenvalues inside the unit circle and with their
unit entries on the first lower sub-diagonal replaced by some arbitrarily small
constant 0 < € < 1. The first rank-one component on the RHS of (6.81]) repre-
sents the contribution by the largest eigenvalue of A,,, and this component will
be used further ahead to describe the centroid of group G,,. The network Perron

eigenvector is obtained by stacking the group Perron eigenvectors {p? }:

p=col{pf,...,pL} = col{ps,...,pn} (6.82)

where p;, denotes the k-th entry of p € RV*!. According to the indexing rule
from Definition [6.1], it is obvious that p?, = col{px; k € G, }.

Now, for each group G,,, we introduce the low-dimensional (centroid) error

recursion defined by (compare with (6.73)):

@ld == Dm’wi&,i—l + (pgn ® IM)TMmSm,i(Wm,i_l) (683)

where w)3 ; is M x 1, and D, is M x M and defined by
Dy = Ing — pimax Hom (6.84)
where

H, = /J’r_nzlmx(pgn ® ]M)TMm,Hm(]lNﬂL ® In)

=N P g = 00 (6.85)
k€Gm Hmax

The matrix H,, is positive definite since there is at least one Hessian matrix in

{Hy; k € G,,} that is positive definite according to Assumption [6.21 We collect
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the low-rank recursions (6.83)) for groups into one recursion for the entire network

by stacking them on top of each other:

wi = DWW+ PT Msi(wi_1) (6.86)
where
Wil & col{wld, ... @} € ROV (6.87)
D £ diag{D;,..., Dg} € REM*CM (6.88)
P = diag{p{,...,pl} ® Iy € RVM*GM (6.89)

Recursion (6.86]) describes the joint dynamics of all the centroids (one for each
group). Note that the dimension of W' in (6.86) is GM, which is lower than
the dimension, NM, of wi' in (6:69) or w; in (651), because G < N by As-
sumption In order to measure the difference between the dynamics of the
long-term model ([6.69) and the low-dimensional model (6.86]), we expand Vvid in
the following manner (compare with (6.87])):

wit £ colfwl, ... W, € RV (6.90)
Wit & Lyg, ® wya, € RV (6.91)

because 3.9 _ N9 = N according to Assumption

Lemma 6.2 (Accuracy of low-dimensional model). For sufficiently small step-
sizes, the low-dimensional model ([6.86)) is close to the network long-term model
([669) in the following sense:
lim sup E[| Wy — w||* = O(s1) (6.92)
1—00

where Wi is given by @30) and is related to W' via (G91).

Proof. See Appendix [6.Al O]
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Lemma 6.3 (Low-dimensional error covariance). For sufficiently small step-

. ) ) ~1d )
sizes, the covariance matrixz for w; satisfies

lim sup [EFHAHT] - O] = O(ukiz) (6.93)

: Hmax
i—00

e c RGMXGM

where s symmetric, positive-definite, and uniquely solves the dis-

crete Lyapunov equation:
© = DOD + PT MR MP (6.94)

Proof. See Appendix [6.Bl O

6.3.5 Steady-State MSE Performance

From Theorem [6.I, we know that the limit superior of the MSE is bounded
within O(fimay). In order to define meaningful steady-state performance metrics,
we consider the case in which the step-sizes approach zero asymptotically. Results

obtained in this case are representative of operation in the slow adaptation regime

(see Sec. 11.2 of [66, pp. 581-583]).

Lemma 6.4 (Steady-state normalized MSD). The normalized total MSD of w;

in (G5I) s given by

G -1
: : _ ~ NY,
hnlo lim sup pot Ellwg||? = Z 5 Tr <Z pkuka> <Z piuiRk)
Hmax i—00 me1 Hmax kG, kG

(6.95)
where Hy is from (672) and Ry is the m-th block on the diagonal of Rs from
(6.15) with block size M x M.

Proof. The normalized total MSD is the sum of the normalized MSD for each

group. From Lemma 11.3 of [66, p. 594], the normalized MSD for each group G,,
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is given by

—1
2 m 2 2
Jm i sup i B[V = o =T <Z pkMka> <Z pk:ukRk)

=00 kEGm kEGm

(6.96)
Note that we calculate the normalized total MSD rather than the average MSD

in ([6.95) and (6.96)). O

In order to examine the statistical properties of the error vector w;, we need
to strengthen the result in Lemma by evaluating the full normalized error
covariance matrix of w; in steady-state. From Lemmas and [6.2] it is clear
that the mean-square dynamics of the original error recursion (6.51) can be well
approximated by the low-dimensional model (G.86). And it was shown in Eq.
(10.78) of [66, p. 563] that the variances of the centroids {w;’;} are in the order

of pimax in steady-state, which implies that

lim_lim sup p B[ |1 = O(119,) (6.97)

pmax—0 500

Since the induced-2 norm of the covariance matrix of any random vector is always
bounded by its variance, i.e., |Exzz|| < E|«|* by using Jensen’s inequality,
it follows from (B97) that the normalized covariance matrix of W is finite in
steady-state. Moreover, since Lemma applies to any positive value of fiyax
as long as it is small enough to ensure stability, we can take the limit of fi. in

(E93)) by letting it approach zero asymptotically. That is,

lim limsup ||t Byt (Wi ] — @] = 0 (6.98)
Bmax—0 ;500
where
®L lim (uph P;) (6.99)
,Ufmax_>0
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Due to ([697) and (69]), ® is in the order of p2,_, i.e., ||®] = O(10,,). In fact,

~1d

by introducing ®; £ p-L E[wi(wi?)T] and using the triangle inequality, we have

D] = ||® — ®; + D < [|® — By + || D] (6.100)

|®i]| = [|®; — @+ D < ||®; — @ + || D (6.101)

Taking ¢ — 0o and fiymax — 0 for both (6.100) and (E.I0T) yields:

||| < lim limsup ||®;]] (6.102)
Hmax—0 ;o0

|®[| > lim limsup ||| (6.103)
Mmax_>0 i—00

by using (6.98). From (6.102) and (EI03), we get

|®|| = lim limsup ||P;| (6.104)
“w —0

max 1—00

Since ®; € REM*GM g positive semi-definite, it holds that
(GM) 7' Tr(®;) < ||| < Tr(P;) (6.105)

where we used the fact for any positive semi-definite matrix X > 0 that (i) all
the eigenvalues of X are nonnegative, (ii) ||X|| is equal to the largest eigenvalue

of X, and (iii) Tr(X) is equal to the sum of all the eigenvalues of X. Moreover,

Tr(®;) = Tt BV () T]) = i Bl |2 (6.106)

7

Using ([6.97), it follows from (G.105) and (6.106]) that

lim Timsup ||| = O () (6.107)

Hmax—0 ;g

Substituting (6.I07) into (6.104) yields the desired result, i.e., |®| = O(u2,.)-
Then, according to ([6.99), ® is the unique solution to equation (6.94]) when

Mmax — 0 asymptotically. Introduce two GM x GM matrices:

H = diag{H,,...,Hg} = O(1°,.) (6.108)

:U’max
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R = u 2 PTMRMP =0(°,.) (6.109)

max

where H,, is from ([6.85) and R, is from (G.I5). It is easy to verify that H and R
are symmetric and positive-definite according to Assumptions and [6.3] From

([6.83), (6.108), and (6.84), we get

D = Igns — pmanH (6.110)
Using ([6.99)—(6.110), equation (6.94) reduces to
HD + OH = R + fimax HOH (6.111)

Since H and R are constant matrices, and ® is finite, the last term on the RHS
of ([GITT]) disappears as fimax — 0 asymptotically. Therefore, we conclude that

® is the unique solution to the continuous Lyapunov equation:
HO+DdH =R (6.112)

Let us define the normalized network error covariance matrix for w; from (6.51)
by
i £ i E(win;) (6.113)

Theorem 6.2 (Block structure). In steady-state, and as the step-sizes approach
zero asymptotically, the normalized network error covariance matriz I1; in (6113
satisfies

lim limsup |[II; - II|| =0 (6.114)

bmax—0 500
where

= : - : (6.115)
(]lNg]l]TViq) ® Pea - (1NgﬂjT\/g) ® P
and @, , denotes the (m,r)-th block of ® from (6.112) with block size M x M.

Proof. See Appendix [6.Cl O
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6.4 Error Probability Analysis for Clustering

Using the results from the previous section, we now move on to assess the error
probabilities for the hypothesis testing problem (G.29). To do so, we need to
determine the probability distribution of the decision statistic that is generated

by recursion ([6.20al)([6.20Dl).

6.4.1 Asymptotic Joint Distribution of Estimation Errors

Using (6.I110), we rewrite the low-dimensional model (6.80) as

where H is from (6.I08) and

5 2 pupt PTMsi(w;_p) € REM1 (6.117)

max

Lemma 6.5 (Rate of weak convergence). The normalized error vector sequence,

(W) Simae: i > 0}, from BII0) converges in distribution asi — 00 and fimax —

0 to the Gaussian random variable:

€ £ col{&y, ..., &} ~ N(0,®) (6.118)

where &,, € RM*Y for all m, and ® € REMXEM 45 the unique solution to the

Lyapunov equation (GI12).
Proof. See Appendix [6.D O

In the sequel we establish the main result that the distribution of the normal-

ized error sequence from (G.510), {W;/\/fimax;? > 0}, asymptotically approaches

a Gaussian distribution. According to Definition 4 from [121] p. 253], a random
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sequence {¢;;7 > 0} converges in distribution to some random variable ¢ if, and
only if,

lim Ef(¢) — £(¢)] = 0 (6119)
for any bounded continuous function f(-). We use this fact together with the

following lemma to establish Theorem further ahead.

Lemma 6.6 (Weak convergence). Let {{;;i > 0} and {n;;1 > 0} be two random
sequences that are dependent on the parameter pimax. If {Ci;1 > 0} approaches

{mi;i > 0} in mean-square sense:

lim limsupE||¢; — 4]/ = 0 (6.120)

fmax—0 oo

and the variances of {{;} converge in the following sense:

lim limsup E||||* = o? (6.121)

Pmax—0 500

then it holds for any bounded continuous function f(-) that

lim limsup E[f(¢;) — f(m:)| =0 (6.122)

Pmax—0 00

Proof. See Appendix [6.El O

Theorem 6.3 (Asymptotic normality). Asi — 00 and pimax — 0, the normalized
error sequence from (G51)), {Wi/\/limax; i > 0}, converges in distribution close

to the Gaussian random variable:
¢ = col{lyy ®&,..., Iyg ®E&a} ~ N(0,10) (6.123)

in the following sense:

lim limsupE ‘f <

Hmax—0 ;o0

JREGIRE (6.124)

max

for any bounded continuous function f(-) : RNM>*L s R where {&,,} are from

(6.I1R), and 1T is from (6.115).
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Proof. Using the triangle inequality, we have
Wi W; Vv?
B ‘f (\/:U’max) a f(C)‘ = E f (\/,U/max) a f ( ,umax) ‘
; wi ) ; ( wid )
N N
rE|r (22 - ) (6.125)

where W' is from the long-term model (6.89), and W is from (B90) and is

related to the low-dimensional model (6.86). By Lemma [6.4] the variances of
the sequence {W;/\/fimax;? > 0} converge to its normalized MSD in (£.95)) in a
sense similar to (6.I2I)). Using Lemma [6.1], it is clear that {w;/\/fimax;i > 0}
approaches {w}'/ VHmax;© > 0} in a sense similar to (E.I20). Therefore, by
calling upon Lemma [6.6] we conclude that the limit superior of the first term
on the RHS of (G.125]) vanishes. Likewise, using Lemmas and [6.4], it can be
verified that the variances of the sequence {w.'/ V/hmax; © > 0} also converge to the
same normalized MSD in (6.95]). Therefore, from Lemmas and [6.6] the limit
superior of the second term on the RHS of (6.127) vanishes. The limit superior
of the third term vanishes since {W!%/\/Jimax; i > 0} converges in distribution to
¢, which follows from Lemma [6.5l Therefore, the limit superior of the RHS of
(6125) vanishes when ¢ — oo and fiymay — 0. O

Theorem allows us to approximate the distribution of W;/\/fimax by the

Gaussian distribution N(0, IT) for large enough i and small enough fiyax-

6.4.2 Statistical Decision on Clustering

In Theorem [6.3] we established that for large enough 7 and for sufficiently small
Hmax, the joint distribution of the individual estimators {wy;;k = 1,2,..., N}
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can be well approximated by a Gaussian distribution (6I123)). Therefore, the
marginal distribution for any pair of estimators, say, wy; and wy;, can be well

approximated by the Gaussian distribution:

Wy, ; wy, My ke
~N Lo (6.126)
wy; wy Iy I,

)

where wy and w{ are their individual minimizers, and IIj , denotes the (k, ¢)-th
block of II with block size M x M. Without loss of generality, let us consider
the scenario where agent £ is from group G,, in cluster C, and agent ¢ is from
group G, in cluster C,, ie., k € G,, CC, and ¢ € G,, C C,. Then, we have from
Definition [Tl in Chapter [l that

wy = w wy = wy (6.127)

From Theorem [6.2] the covarince matrix II possesses the block structure shown

in (GI15). Using (6.115), and noticing that k € G,, and £ € G, it is obvious that

Uik = Py ke = Prny ok = Py o = Py (6.128)

Then, it follows from ([6.126])-(6.128]) that

Wi ; w

, m,m (I)m,n

~N , [hmasx (6.129)

Wy ; w (I)n,m (I)n,n

= o QO

which means that the mean and covariance of the joint distribution for any pair
of agents k and ¢ only depends on their groups. In other words, for any two
agents ki and ky from the same group G,,, the joint distribution of {k;,¢} and
the joint distribution of {ks, ¢} will be well approximated by the same Gaussian
distribution in (6.129]). Therefore, if both agents k; and ks need to decide whether
agent ¢ is in the same cluster as they are, then they will have the same error

probabilities in the hypothesis test (6.29).
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Based on (€129), the hypothesis test problem for clustering now becomes
that of determining whether or not the two (near) Gaussian random vectors wy;
and wy; have the same mean. Suppose the samples from the two variables are
paired. The difference

dio 2wy — wy, (6.130)

serves as a sufficient statistics [122]. Since wy; and wy; are jointly Gaussian in

([6.129), their difference dj ¢ is also Gaussian:

dy,e ~ N(dg ., pmax D) (6.131)

where
dy . & wh — w (6.132)
A & P+ Py — P — P > 0 (6.133)

If the agents k and ¢ are from the same cluster such that ¢ = r, then hypothesis
Hp in ([6.29) is true and dy, = 0; otherwise, hypothesis H; in (6.29) is true
and dj . # 0. The hypothesis test for clustering becomes to test whether or not
the difference dj,, in (6.130) is zero mean without knowing its covariance matrix
HmaxODmn. If Neam independent samples of dy o are available for testing, where
Nsam > M, and A,,, is non-singular, then according to the Neyman-Pearson
criterion [123], the likelihood ratio test is given by [122] p. 164]

T:, 2 Non®' S™'T %0 Or.c (6.134)

1

where T,iZ is called Hotelling’s T-square statistic, & is the sample mean of d,
S is the unbiased sample covariance matrix, and 6, is the predefined thresh-

old from (6.29]). The scaled T-square statistics

U{stami_l)M - T?, has a non-central
sam ’

F-distribution with M and Ng,,, — M degrees of freedom and non-centrality pa-
rameter Neampiph (di,)TALE d2  [124, p. 480]. When d}, = 0, it reduces to a

m7n q7r

central F-distribution [124, p. 322].
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However, because stochastic iterative algorithms employ very small step-sizes,
sampling their steady-state estimators over time does not produce independent
samples. In many scenarios we only have one sample available for testing, where
the sample mean reduces to the sample itself, and the sample covariance matrix
is not even available. In order to carry out the hypothesis test, we replace the
sample covariance matrix by the identity matrix. Then, the Hotelling’s T-square

test (6.134]) becomes
Ho
8o = diell’ s Ore (6.135)

Hy

where we re-used dj, ¢ to denote the only available sample for testing. The decision

statistic 0}, is a quadratic form of the (near) Gaussian random vector dy . Using

([EI3T), the mean of &7, is given by

Ed;, = Elldi|* = ETr(dyedy ) = Tr(Bdyedy ) = ||dgI° + fmax Tr (Do)
(6.136)
and the variance of 3 , is given by (see Appendix G.F)

Var(d; ) = Elldiel* — (Elldiell)” = 4ptmaxldy,

Ao 202, Tr(A2, ) (6.137)

It is seen that the mean of &3 , is dominated by ||d} ,||* for sufficiently small step
sizes. Since the variance of 5,3’5 is in the order of fiy.y, according to Chebyshev’s

inequality [121] p. 47], we have

Var(&,%vé)

]P)Hdlz,é - Eéz,f‘ Z C] S = O(,U/max) (6138)

for any constant ¢ > 0. Therefore, for sufficiently small step sizes, the probability
mass of d; , will highly concentrate around Ed; ,. When hypothesis Hy is true,
we have d; . = 0 and Eﬁzl = fimax LT(Apy ) = O(ftmax) ~ 0; when hypothesis
H, is true, we have df . # 0 and E&; , = ||d} [|* + O(pmax) = ||} ,[|*. That is,

the probability mass of 67 , under Hy concentrates near 0 while the probability
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mass of 87 , under H concentrates near ||d . [|> = |lwy — w}|* > 0 (which is a
constant that is independent of fimay). Obviously, the threshold 6y, should be
chosen between 0 and ||d} .[|*>. By doing so, the Type-I error will correspond to

the right tail probability of 83 , when d} , = 0 (see (6.142) further ahead) and the
Type-1II error will correspond to the left tail probability of 87 , when d . # 0 (see

([6.143) further ahead).

In order to examine the statistical properties of 6@ and to perform the anal-
ysis for error probabilities, let us introduce the eigen-decomposition of A,, ,, in

([6.133) and denote it by
A = UaAAUR (6.139)

where Up is orthonormal and A is diagonal and nonnegative. Let further
x 2 A PURd,, 12 APURd:, (6.140)

Since di¢ ~ N(dj ., fimaxQm,n), it follows from (6.139) and (6.140) that = ~
N(Z, ptmaxIpr)- Substituting (6.139) and (6.140) into (6.135]) yields

M
5,375 =z Apx = Z AT7 (6.141)

h=1
where @), denotes the h-th elements of @, and )\, denotes the h-th element on
the diagonal of Ax. From (G.I4I), it is obvious that 7, is a weighted sum of
independent squared Gaussian random variables. When hypothesis Hj is true, we
have df, = 0 and 7 = 0 by (6.140). In this case, d; , reduces to a weighted sum
of independent Gamma random variables (because squared zero-mean Gaussian
random variables follow Gamma distributions [125, p. 337]), whose pdf is avail-
able in closed-form (but is very complicated) [126,[127]. When hypothesis H; is
true and ||} ||* > 0, the pdf of 87 , is generally not available in closed-form. Sev-

eral procedures have been proposed in [128-132] for numerical evaluation of its
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tail probability. Instead of relying on the precise pdf of 51%,@7 we shall provide some

useful constructions in the sequel for the error probabilities in the hypothesis test

problem (G.I3).

6.4.3 Error Probabilities

For any k € G,, CC, and ¢ € G, C C,, the Type-I error, namely, the false alarm

for incorrect rejection of a true Hy, is given by
Type-I error : P[‘Sz,e > O gld;, . = 0] (6.142)

and the Type-II error, namely, the missing detection for incorrect rejection of a

true Hy, is given by
Type-I1 error : P[6; ) < Oreldy,. # 0] (6.143)

It is seen that the Type-I error corresponds to the right tail probability of 5]%7@
with d7 . = 0 and the Type-II error corresponds to the left tail probability of 5]%7@
with d . # 0. This is a fundamental difference between the two types of errors
and, therefore, different techniques are needed to approximate them. Specifically,
for the Type-II error, the pdf of 5]%7@ is close to a bell shape and can be well
approximated by a Gaussian pdf. Then, the Type-II error probability can be
bounded by using Chernoff bound [133]. However, this technique does not apply
to the Type-I error because when d;, = 0, the pdf of 5,%74 concentrates on the
positive side of the origin point and is skewed with a long right tail. Consequently,

we need to take a different approach to bound the Type-I error probability.

6.4.3.1 Type-1 Error

We first note that
6=z Az < [|AyL| - 2] (6.144)
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where Ax is from (G.I39). This means that if 63 , > Oy ¢, then | A, .|| -[|2|* > Or
must be true, which further implies that the event {87 , > 6 ¢} is a subset of the

event {||Annll - ||x||* > 01} Therefore,

P67, > Opeldy, = 0] < Pll|z]* > 6; |7 = 0] (6.145)
where 7 is from (6.140), and
O
Ope = T2 (6.146)
S Al

Since 7 = 0, p,. ||x||* follows a central chi-square distribution with M degrees
of freedom [125], p. 415]. Therefore, using the Chernoff bound for the central
chi-square distribution [I34, Lemma 1, p. 2500], we get from (G.I45]) that

e M 0.0

2 * 2 = y 3

Pl6% > uld;, 0] < 1-PllefP <0, Jo=0) < (20} e (-5 )
(6.147)

for fimax < 9;74/1\4 , where e is Euler’'s number. Therefore, when iy, is small

enough, the Type-I error probability decays exponentially at a rate of O (e=¢1/#max)

for some constant ¢; > 0.

6.4.3.2 Type-1I Error

We consider the characteristic function of 83 ,. Since {#;,} are mutually indepen-

dent, the characteristic function of d , is given by
M
csz ,(t) 2E [ejt‘sz’l] =E [ejchle’\’Lwi] :H E [em”wi] (6.148)
h=1

where we used (6.144). Since dj, # 0 in this case, @ from (6.I40) has nonzero

mean T # 0. Therefore, each puy! x? is a non-central chi-square random vari-

able with one degree of freedom and non-centrality p_! 77 [124) p. 433]. The

characteristic function of «? is then given by [124], p. 437]:
E [ejtwi} _ 1. . eI TRt/ (1=2jtpimax) (6.149)
V 1— 2jtﬂmax
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Substituting (6.149) into (G.I148)) yields:

052 ejmht)\h/(l 2t pimax An) (6150)

H \% 11— 2jt/~l/max>\h

When iy is sufficiently small, we have

1 1
O T
V 1—- 2,]t,umax)\h ’ I- 2.]t:umax>\h

Using (6.I53), we can approximate cs2 (t) in (GI50) by

~ 1+ 2t famax A (6.151)

M
052 H e]xht)\h 1+2]tﬂmax)\h)
h=1

M -
FCERL L AE3) =262 pmax (AL, A7)

— ejt”dg,r||2—2t2ﬂma>c||d§,r||?\A (6152)
where we used the fact that
M M
> oz =7 Y N = lld; 3. (6.153)
h=1 h=1

Note that the RHS of (6.I52) coincides with the characteristic function of a
Gaussian distribution with mean ||d} [|* and variance 4jimax|d} |13 . [125, p. 89].
Since the distribution of a random variable is uniquely determined by its char-
acteristic function, result (GI52) implies that 03, ~ N(||d . [I*, 4pmax|| . [I3 )
approximately for sufficiently small pi,,c. Thus,

* 2 - 9 1 * *
]P)[(s]%l < 9k7€|d;77“ # O] ~ Q (—H 1/2||||d ||k7€ ) S _6_(”dq,r”2_9k/)2/8“max”dq,r”?\A
Aa

(6.154)
where () denotes the Q-function, which is the tail probability of the standard
Gaussian distribution, and the last step is by using the Chernoff bound [133], p.
380]. Therefore, when fiyay is small enough, the Type-II error decays exponen-

tially at a rate of O(e~¢/Hmax) for some constant cy > 0.
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6.4.3.3 A Special Case

For the purpose of illustration only, we consider a special case where A,,, =
oy oIy In this case, the pdf of &7, has a closed-form pdf. When Hj is true
and ||d} [|* > 0, the quadratic form 67 ,/(ftmax07,,,,) reduces to a non-central chi-
square random variable with M degrees of freedom and non-centrality parameter
1d? 17/ tmaxO sy, 124, p. 433]. Let us denote the non-central chi-square distri-
bution with d degrees of freedom and non-centrality parameter A by x%(\). The
pdf of x%(\) is then given by [124, p. 433]:

1/ (@-2)/4
fralwsd,\) = 3 (X) e~ @N2L L o0 (Vi) (6.155)

for # > 0, where I,(x) denotes the h-th order modified Bessel function of the first
kind. Then,

Oy o (Il II?
—_ ~ — 6.156
[max02, X (Mmaxaﬁl,n) ( )
and the pdf of 87, is given by
1 z ;117
1) = f (M (6.157)
,U/maxo-m,n ,umaxo-m,n lu’maxo-m,n

where f,2(-) is from (6.I55). When Hj is true and ||d} [|* = 0, the pdf f(z) in
(6.I57) reduces to a scaled central chi-square distribution [125, p. 415]:
1 z

f(z) = 0T fe (m M, 0) (6.158)
We plot the pdf f(z) from (6.157) and (6.I58)) in Fig. 6.1l It can be observed that
when M, ||}, ||I*, and o, ,, are fixed, in both Hy (blue curves) and Hj (red curves)
cases, the probability mass of 5,3’5 concentrates more around its mean as fiyax
decreases. When ¢ # r (i.e., Hj is true), the mean of 8 is close to ||d} .[|* = 1 for
sufficiently small fi.x; when ¢ = 7 (i.e., Hy is true), the mean is close to zero. The

right tail probabilities of the blue curves (under Hy) and the left tail probabilities
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Hy: same cluster
sk —— H,: different clusters

3.5

Figure 6.1: The pdf of 83 , defined in (6.I57) and (6.I58) with M = 10, ||d} ||* =
1,02, = 1, ftmax = 0.01,0.03,0.05.

of the red curves (under Hy) all decay exponentially. In addition, it is seen that
the pdf of 8 , under H (the red curves with ||d} [ > 0) is near symmetric and
is in bell-shape, which agrees with the Gaussian approximation we made when
evaluating the Type-II error (mis-detection) for the general case. On the other
hand, the pdf of 87 , under Hj (the blue curves with ||d} . [|> = 0) concentrates close
to zero and has large skewness with a long tail on the RHS, which distinguishes
itself from Gaussian distributions; this demonstrates our previous statement that
it is not appropriate to assess the Type-I error (false alarm) by approximating

the pdf of 8; , under Hj with Gaussian distributions.

6.4.4 Dynamics of Diffusion with Adaptive Clustering

Since both Type-I and Type-II errors decay exponentially with exponent propor-
tional to 1/pmax, it is expected that incorrect clustering decisions will become

rare as the iteration proceeds. We can therefore assume that enough iterations

have elapsed and the first recursion (6.20al)-(6.20b)) is operating in steady-state.

Under these conditions, we can examine the dynamics of the second recursion

(6.3Tal)—(6.31b)) with adaptive clustering.
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From Assumption [6.1] correct clustering decisions split the underlying topol-
ogy into ) sub-networks one for each cluster. Within each cluster, correct clus-
tering decisions merge all disjoint groups into a bigger group. Therefore, the
resulting topology for the entire network will now consist of () separate sub-
networks and each sub-network will be strongly-connected. In addition, since the

step-sizes are sufficiently small, the decision statistics ||wy; — wy ;||* generated by

the first recursion (6.20a])—(6.20b)) in steady-state will be nearly time-invariant.
The clustering decisions will therefore also be nearly time-invariant. Then, with

high probability, the cooperative sub-neighborhoods {N° ,ng} produced by (6.30)

will become nearly time-invariant after the first recursion (6.20al)—(6.20D]) reaches
steady-state:

o NS, as i oo (6.159)
for all k, where N} is from (L38) from Chapter [Tl

In order to gain from enhanced cooperation via adaptive clustering, it is crit-

ical to choose proper combination policies for recursion (6.31al)—(6.31b)). From
the discussion in Chapter 12 of [66, p. 624-635], we know that doubly-stochastic
combination policies are able to exploit the benefit of cooperation when more
agents are included in cooperation. For example, one can choose the Metropolis

rule [66, p. 664], i.e.,

r 1
, LeNTNED
max{|N /[, N[} "
a ()= 1= > au(), (=k (6.160)
neNE \{k}
0, (e Nk\N—]:,Z

\

When the combination coefficients {aj, (i)} are chosen according to (6.160), their

values are determined by the size of their cooperative sub-neighborhood N Ifl It
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is then obvious that coefficients {aj, (i)} will tend to be constant values:
ay, (i) — ay,, as i — o0 (6.161)

which will be determined by the size of N,". Therefore, we can rewrite the second

recursion (6.31al)—(6.31b)) for small enough fi.x and large enough 7 as

1/)1/6,1' = w;g,i—l - Mkﬁ(w;7i_1) (6162&)
wy; = Z AP (6.162b)
teN;t

by using (6.159) and (6.IGT]). We collect the {a),} into a matrix and denote it by

A’. The matrix A’ is block diagonal and each block on its diagonal corresponds

to a cluster. Recursion (6.162al)-(6.162b) only involves in-cluster cooperative
learning for common minimizers, where all agents from a cluster form a single
big group. Therefore, the performance analysis in Section applies to this case

as well.

6.5 Simulation Results

We first simulate a network consisting of N = 200 agents. Each agent observes a

data stream {dj(7), ur;;¢ > 0} that satisfies the linear regression model [46]:
d (1) = wpwy + v () (6.163)

where dy (i) € R is a scalar response variable and u;; € R is a row vector
feature variable with M = 2. The feature variable u;; is randomly generated
at every iteration by using a Gaussian distribution with zero mean and scaled
identity covariance matrix o, ;Iy;. The model noise (i) € R is also randomly

generated at every iteration by using another independent Gaussian distribution
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. . 2 2 2 o, .
with zero mean and variance o7 ,. The values of {0} ,} and {07} are positive

and randomly generated.

There are () = 2 clusters in the network. The first N; = 100 agents belong
to cluster Cy, i.e., C; = {1,2,...,100}. The second Ny = 100 agents belong to
cluster Cy, i.e., Co = {101,102, ...,200}. The loading factors for the two clusters,
namely, w} and w3, are randomly generated. The step-size is uniform and is
set to u = 0.05. The underlying topology that connects all agents is shown in
Fig. [6.2al Agents from cluster C; are in red and agents from C, are in blue.
We simulated the scenario where agents have some partial knowledge about the

grouping at the beginning of the learning process. The partial knowledge is non-

trivial, meaning that the groups {G,,} used in the first recursion ([6.20al)—(6.20D)
are not just singletons. The topologies that reflect the {G,,} are plotted in Figs.
[6.21] and for the two clusters. The Metropolis rule (6.160) is used in both
recursions, ((6.20al)-(6.20b)) and (6.31al)—(6.31b)).

As we explained before, in steady-state the clustering decisions become time-
invariant and small groups in the same cluster merge into bigger groups. The
links between neighbors within the same cluster are active while links to neighbors
from different clusters are dropped. We plot the resulting topology in steady-state
with active links in Fig. [6.2d. Compared to Fig. [6.2al the underlying topology in
Fig. [6.2dis trimmed and split into two disjoint sub-networks. This result implies
that the interference between two clusters is suppressed. The two sub-networks
are themselves connected at steady-state and are shown in Figs and [6.21]
Comparing the resulting cluster topologies in Figs and [6.2fl with the initial
cluster topologies in Figs. [6.2h and [6.2d, it can be observed that all separate
small groups from the same cluster merge into a bigger group and collaborative

learning involving more agents emerges.
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(d) The final topology. (e) Resulting topology of C;.  (f) Resulting topology of Ca.

Figure 6.2: The underlying topology of the entire network where agents from
different clusters are connected. As the learning process progresses, the disjoint
groups in each cluster merge into a bigger group to enable collaborative learning

among more agents. In steady-state, only in-cluster links remain active.
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Figure 6.3: The steady-state cluster average MSDs for the first recursion ([6.20al)—
(6.20D)) and the second recursion (G.3Tal)—(6.311).

The MSD learning curves are plotted in Fig. where the cluster MSDs are

obtained by averaging over 100 trials. The cluster MSDs for the first recursion

(6.20a)—(6.20D) are in black and green for clusters 1 and 2, respectively. The

cluster MSDs for the second recursion (6.31al)-(6.31b) are in red and blue for
clusters 1 and 2, respectively. Obviously both clusters improve their steady-state

MSD performance on average by forming larger clusters for cooperation.

In the second simulation, we simulate a network with N = 50 nodes in () = 5
clusters. The sizes of the five clusters are 8, 9, 10, 11, and 12, respectively. The
initial topology is shown in Fig. [6.4al We choose the uniform step-size u = 0.01.
After 1000 iterations, the resulting topology is separated into five clusters and
is shown in Fig. [6.4b] and the topologies for the five clusters are given in Figs.
[6.4cH6.4g] respectively. The MSD learning curves that are obtained by averaging
over 500 trials match the theory well, as shown in Figs. and [6.50
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(b) The remaining topology with five clusters.
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Figure 6.4: The initial topology with N = 50 nodes and ) = 5 clusters. In
steady-state, the five clusters are successfully separated from each other while

each cluster remains connected.
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(b) The MSD learning curves for the second recursion (G.3Tal)-

(6.310).

Figure 6.5: The MSD learning curves for the proposed distributed clustering and

learning algorithm.
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6.6 Conclusions

In this chapter we proposed a distributed strategy for adaptive learning and clus-
tering over multi-cluster networks. Detailed performance analysis is conducted
and the results are supported by simulations. The proposed algorithm can be
used in applications to segment heterogeneous networks into sub-networks to en-
hance in-cluster cooperation and suppress cross-cluster interference. It can also
be applied to homogeneous networks to prevent intrusion or jamming by isolat-
ing malicious nodes from normal nodes. Furthermore, it can be used to trim and

grow adaptive networks according to the objectives of the agents in the network.

6.A Proof of Lemma

Since both models, (6.86]) and (6.69), can be decoupled into G separate recursions
one for each group, it is sufficient to show that for sufficiently small step-sizes,
and for any group G,,, it holds that
lim sup E|[w, ; — i |* = 0470, (6.164)
1—+00

where W' . is given by (6391). We adopt a technique similar to the one used in

m,i

the proof of Theorem 10.2 [66, p. 557 to establish (6.I164) in the sequel. We

introduce the Jordan decomposition of each A,, [66,115]:

1
Am - VmeV7T:1 é [pgn Vm’R:| []].Ng

m

:
Vm,L] (6.165)

m,e

where J,, . € CVR=DxNa=1) congists of all stable Jordan blocks with €’s on the

first lower off-diagonal, and V,,, is a non-singular complex matrix. Let

Vi & Vi @ Iy (6.166)
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Tm & T @ Iy (6.167)

Multiplying V! to both sides of ([6.73)) yields:

Vr-rrb/vgm - B Vr-rrl, mz 1 + jr-rl;v;lr-LMmsm,i(Wm,i—l) (6168)
where
B, 2 VB, (VI = T8 — TV My Ho(VE) (6.169)

By (6.165]) and (6.166]), we have

~ 1t
VT

m mz_

" ) (6.170)
(VmR®]M) Wini erm,i

1t

where w)" ; is an M x 1 vector, Wy ; is an (Ng, —1)M x 1 vector. It follows from

([6.166) and (6.91) that

Vi = (Vi liys ) @ we ; = ’ (6.171)

since 1ys is the first column of (V)™ in (6.I65). Using (6.170) and (GIT7I), we
find that

% = Ellwy,; — w17 + Ew,lI? (6.172)

El[Wh,; — Wi,
where ¥,, £ V,,VI is a positive-definite weighting matrix. Since ||| is inde-

pendent of fiyay, result ([6.164]) holds if the following condition holds:

lim sup || @y, ; — Wy [1* + ElWy, 1 = O(15,00) (6.173)

1—00

Using Eq. (10.78) in [66], p. 563], we know that

lim sup B[ Wi, ;[|* = O(t1f,as) (6.174)

1—00
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From (6I68) and (EI70), the evolution of w); is given by (see Eq. (9.61)

from [66, p. 514] for a similar derivation):

ﬁ’;?tv,z - memz 1 D21W17tv,z 1 + (pm ® IM)TMmSm z(sz 1) (6175)

where DI & (p9 @ In) " My Hom Vi, @ Inr). Using and , we obtain
21 m

@, — @, = D@ — @, )~ DIwh

m,i mz 1 m,i—1 mz 1

(6.176)

We recognize that recursion (6.I76]) has a form that is similar to the recursion
for b; in Eq. (10.64) of [66, p. 561] except that here in (6.I76) the driving noise
term is absent. Therefore, we immediately get from Eq. (10.66) of [66, p. 562]
that

U21NmaxE|| <1t ||2

EH/IDSLZ - Nld ||2 (1 _UllﬂmaX)Emez 1 _wmz 1||2 mz 1

(6.177)

for some constants o1; > 0 and 097 > 0. Substituting (6.174)) into (6.177) yields
E||@,,; — Wy il* < (1= o1 ptman) B @y iy — @y i [+ Opg) - (6.178)
for large enough i. Therefore, it follows from (G.I78) that
lim sup B[, — @4, = O(s2,.. (6.179)
i—00

Combining (6.174) and (6.179) proves (6.173).

6.B Proof of Lemma

Let us examine the evolution of the covariance matrix of Vvid, which is defined by

0, 2 Epw (W] (6.180)

3 (2

Using (6.11) and (6.12), we get from (6.86) that
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We next introduce the fixed-point covariance recursion
0 = DO D+ PT MR, (W) MP (6.182)

Let
AO; £ 0, — 0P, AR,; ZER,;(wi_1) — Rs:(W°) (6.183)

The difference matrix A©; evolves by the following recursion:
AO; = DAO; D+ PTMAR, ; MP (6.184)
We bound the difference matrix AR, ; by

(a)
ARl < E[[Rsi(wi-1) = Rai(w)]|

(b) .
S /’{'SEHWi—l

() ~
< ko (B[ Wi )" (6.185)

Vs

where step (a) is by using Jensen’s inequality; step (b) is by using (6.14) from
Assumption [63t and step (c) is by applying Jensen’s inequality again to the

concave function z7+/4 for v, < 4 and > 0. As i — 0o, we get from (G.I35) that
limsup AR, = O(ui?) (6.186)
1—00
by using ([6.66). From Eq. (9.286) in [66, p. 548], we have

ID|| = max | D] < 1 — 0 ftman (6.187)

for some o > 0. Using the triangle inequality and the sub-multiplicativity prop-

erty of norms, we have from (G.I84) that

1AG;| < |PAG; 1 D| + [|PTMAR, ;MP||
< DIPIAO-1 ]| + s IPIPI ARl
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< (1 = 0 tma) [AOi 1 [| + 2 [[PIPIAR ] (6.188)
where in the last step we used (6.I87)) and the fact that 0 < 1— 0 fimax < 1. Then,

as i — oo, we get from (6.I86) and (GI88) that

lim sup [|AO; || < 0 timax||P||*(lim sup || AR ||) = O(uhtr/?) (6.189)

:umax
1—00 1—00

Now, since D is stable and in view of (6.15]), the fixed-point recursion (6.182)
converges as i — 00. At steady-state, the limit ©% £ lim;_ ., ©% of (6.I82)

satisfies the discrete Lyapunov equation (6.94) by identifying © = ©%.

6.C Proof of Theorem

From Lemmas and [6.2]

lim limsup gL E|w; — wid|?
Hmax—0 1—00
< lim limsup gL Ew; — Wi + Wi — w2

pmax—0 500

< lim limsup 2L E|w; — w2+ lim limsup 2u; L E[|wi — w42
pmax—0 00 Hmax—> i—00
=0 (6.190)
Let
G2 e B (V)T (6.191)
Then, by Jensen’s inequality,
pmas| [T = THY | < B[] — wid w7 |

=E[ww, —wi'w, +wi'w,] —w (W)
< E[|(Wi = wi)w; || + E[wid (w; = wit) ]| (6.192)
The second term on the RHS of (6.192) can be bounded by

Ewi' (Wi = wit) Tl = E[(W; — Wi +wi) (W; — i) |
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< El|(w;! = wi) (Wi = wi)TI| + E[wi(ws — wy) |
= E[wWi — wi||? + E|wi(w; — W) T (6.193)
Substituting (6.193)) into (6.192) yields:
e [T = TLE | < 2B[| (0 — Wi )W, || + B[ — w1 (6.194)
The first term on the RHS of (6.194) can be bounded by

E[| (Wi — W)Wy || < E([wi — wi|l[lwil])

< JEIW: — Wi 2E] |, |2 (6.195)
by using the Cauchy-Schwarz inequality. Substituting (6.195)) into (6.194)) yields:
[T =TT < 2\/M;QXE||V~W — WV B b E Wi+ b E Wi =i (6.196)

Using (6.190) and Theorem [G6.1], it follows from (E.196) that

lim limsup ||TI; — I = 0 (6.197)

Bmax—0 ;500

Noting that W is obtained by extending wi® via (6.90) and (691)), we have

n,t n,t

Ewyo (Wil T = (Lys 134) @ Ewye (wi)" (6.198)
for any m and n. From (6.9]), we know that

lim limsup || aEws (@) " — @yl = 0 (6.199)

0 n,i
Hmax—> i—00

where ®,,,, denotes the (m,n)-th block of ® with block size M x M. It follows
from (G.I98) and (6.199) that

lim lim sup|| gt EW ;(Wie) T = (Lygl Jig) @ Pranl| =0 (6.200)

n,0
pmax—0 500 ’

Using (6.90), (6.115), and (G.I91), we get from (6.200) that

lim Timsup [T = TI|| = 0 (6.201)

pmax—0 400

Combining (6.197) and ([6.201]), we arrive at (6.114]).
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6.D Proof of Lemma

We establish this result by calling upon Theorem 1.1 from [120, p. 319], which

considers a stochastic recursion of the following form:
T, =x;,_1+ /J,g(.’Bi_l) + MU; (6202)

with step-size p > 0, update vector g(x;_1), and noise v;, satisfying the condi-

tions:

1. The function ¢(-) is continuously differentiable and can be expanded as
g(z) = g(2°) + [Vg(z°)]"(x — 2°) + o(||]z — 2°]|) (6.203)

around a point z°, where Vg(-) denotes the Jacobian of g(-), and o(-) is the

“small-0” notation that represents higher order terms.
2. It holds that x° is the unique point that satisfies:

g(xz?) =0 (6.204)

3. The Jacobian A £ Vg(z°) is a Hurwitz matrix (i.e., the real parts of the
eigenvalues of A are negative).
4. The noise process {v;;7 > 0} is a martingale difference, i.e.,
E(v;|Fiy) = 0 (6.205)
where F;_; is the filtration defined by {a;;i > 0}.

5. The noise v; has an asymptotically bounded moment of order higher than
2, namely,

lim lim sup E||v;|*** < oo (6.206)
u—0

1—00

for some p > 0.
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6. The covariance matrices of the noise process {v;;i > 0} converge to a
positive semi-definite matrix ¥ > 0:

lim lim sup ||Ev;v] — X[ =0 (6.207)

b0 oo

Under these conditions, it holds that as ¢ — oo and g — 0 asymptotically,
the sequence {x;//j1} converges weakly to a Gaussian random distribution with
mean z° and covariance matrix C', which is the unique solution to the continuous

Lyapunov equation AC + CAT = X.

These conditions are satisfied by our recursion ([6.116]) by identifying Vvid =x;,
fmax = f, —HW, = g(xi_1), v; = ;. First, since # is positive-definite by

(6.108)) and (6.85)), it is obvious that z° = 0 is the unique point satisfying (6.204)).

Second, since g(z) = —Hz and 2° = 0, condition 1) holds automatically with
[Vg(2°)]T = —H. Third, it is easy to recognize that A = —H is Hurwitz since
H is positive-definite. Fourth, by (6.12) from Assumption 6.3, condition (6.205)
holds. Fifth, by (613]) from Assumption [6:3, we have

Ellsi]|* < [PI"Ellsi(wi-1)I*

<[P (*E[wia|* + o5) (6.208)
Using Theorem [6.1], we get from (G.208)) that

lim limsupE||5* < |P|*(O(12,,) + o%) < 0o (6.209)

pmax—0 500

which satisfies condition ([6.206]). Sixth, we have from (6.117) and (6.11) that
E3;8] = p 2 PTMER, (Wi ) MP (6.210)

Let
Yi & pup2 PTMR, (W) MP (6.211)
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Then, using Jensen’s inequality and (6.14]) from Assumption 3] we have from

(G2I0) that
[Es:5] — ]| < [PI?| AR, (6.212)

where AR, ; is from (6.183). Using (6.186), we further get

lim limsup |Es;s] — %]| =0 (6.213)

pmax—0 00

Using (6.15]), we have

lim ¥; = u 2 PTMRMP =R >0 (6.214)

1—00
where R is from (G.I09). It follows from (6.213) and (6.214) that

lim limsup ||Es;5] — R| =0 (6.215)

Bmax—0 500
Therefore, we conclude that the sequence {W.'/\/fimax; 4 > 0} converges weakly

to the Gaussian random variable with zero mean and covariance matrix ® that

satisfies (6.112]).

6.E Proof of Lemma 6.6

We follow an argument similar to the proof of Theorem 2 from [12I p. 256]
(which proves the result that convergence in moments implies convergence in
distribution). Let |f(z)| < ¢, i.e., bounded. Because a continuous function f(x)
is also uniformly continuous in any bounded region [121], p. 54], for any constant
e > 0 and for any constant b > 0, there exists some 0., > 0, which depends on
the choices of € and b, such that |f(z) — f(y)| < € for ||z]| < b and ||z —y| < dep-
Now, setting b £ /2ca?/e > 0, where o is from (G.I2I), and using conditional

expectations, we have

E[f(¢) = f(mi)l = E[f(C) = Fa)l [ 16 = mill < e, 1Gill < 0]
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X PG = mill < dep, 16l < ]
+E[£(G) = Fm)l 116 = mill < e, Gl = 0]
X PG = mill < dep, 1G] = ]
FE[£(C) = F)l [ 16 = mill = 9]
X Pl = mill = des] (6.216)

The first term on the RHS of (6.210]) is bounded by
Ist term < E[e | |G — mil] < 0, ||Cil] <b] x 1 =€ (6.217)

Using the fact that |f(z) — f(y)| < |f(z)| + |f(y)] < 2¢, and also the fact that
the joint probability is bounded by any one of the marginal probabilities, i.e.,
P[A N B] < P[A] for any two events A and B, the second term on the RHS of

([6.216)) is bounded by

2E|GI? eE|¢?
ond term < 2¢P[|¢]| > b] < NGl _ €ElG] (6.218)

b2 o2

where we used Chebyshev’s inequality [I121], p. 47]. Likewise, the third term on
the RHS of ([6.216) is bounded by

2¢E||6 — nil®

3rd term < 2¢P[||¢; — mif| > 0] < 52 (6.219)
Now, substituting (6217)—(€219) into ([6.2I6]), we have
Ef(¢) — fF(mi)l < e+ €E|O|_§i“2 + 2CE”C§2_ il (6.220)
Using (6.120) and ([6.121]), we end up with
limlimsup E|£(C:) — ()] < 2e (6.221)

Hmax—0 ;o

Since € is arbitrary, result (6.122]) follows from (G.22T]).
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6.F Proof of (6.137)

To simplify the notation, we drop the subscript of dj, and denote its mean by

d = Ed and its covariance by C' = E(d —d)(d—d)T. Since d is Gaussian, it holds

that

E|ld||' =E|ld —d +d||*

=E[|d — d||* +2(d — d)"d + ||d||*}*

=E|d —d|* + 2E||d — d||*||d|]* + [|d[|* + 4d"E[(d — d)(d — d)"]d

=E|d —d||" + 2Tx(C)[|d])* + [|d]|* + 4]|d]|¢

(6.222)

where we used the fact that the odd order moments of d — d is zero. Likewise,

(Elld]*)* = (Eld — d +d||*)*
= (Elld —d|]* + [|d]*)?

= [Tx(C))* + 2T (C)|d]|* + [1d]|*
From (6222)) and (6223), we have
Elld|* — (E|ld|*)* = E[ld — d||* — [Tx(C)]* + 4]1d]|¢
From Lemma A.2 of [46 p. 11], it can be verified that
Elld — d|' = [Te(O)]? + 2Tx(C?)
Substituting (6.220) into (6.224]) yields:

E|ld||* — (E[d||*)* = 2Tx(C?) + 4|d||2,
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CHAPTER 7

Relating Consensus and Diffusion Strategies to

Penalty Methods

In this chapter, we establish a connection between distributed consensus and
diffusion strategies and classical diagonally-weighted gradient-descent iterations
under a special local balance condition. We start from an aggregate cost func-
tion defined over a network of agents and regularize it by adding a weighted
quadratic term whose nullspace coincides with the agreement subspace for all
agents. Under a local balance condition on the combination coefficients over
the edges, we show that consensus and diffusion strategies can be interpreted
as diagonally-weighted gradient-descent iterations. In this case, stability and
performance analysis for single-agent implementations become applicable to the
distributed solutions. When the local balance condition is not satisfied, the dy-
namics of the distributed solutions become richer and their analysis becomes
more demanding (see, e.g., [66,67]). The results in this chapter can be used to
provide an interpretation for the two-phase transient behavior of consensus and

diffusion strategies.
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7.1 Introduction and Problem Formulation

We consider a network consisting of N agents that are connected via some topol-
ogy. Each agent k has an individual cost function Ji(w) : R**! s R. The cost
Jr(w) is assumed to be convex and twice-differentiable. A minimizer of Ji(w)
is denoted by wf. In general, the minimizers {w{} across the agents do not
necessarily coincide with each other, i.e., wj # wj for k # (. In addition, we
assume that there exists at least one individual cost, say, J,,,(w), that is strongly-
convex, which means that its Hessian matrix is uniformly bounded away from
zero, namely,

V2Jm(w) 2 )\m,L[M (71)

for any w € RM*! and some positive constant )., . The entire network of agents

aims to seek the unique solution to the following minimization problem:
N
minimize JE(w) £ gy (w) (7.2)
w
k=1
where the {q;} is a set of convex coefficients that satisfy

N
>0, > qg=1 (7.3)
k=1

Since the individual costs {Jx(k)} in (C.2) are convex, and the weights {q;} are
positive, the weighted aggregate cost J&"(w) is also convex. Furthermore, since
there exists at least one strongly-convex individual cost J,,(w), the aggregate
cost J&*(w) is also strongly-convex, which ensures that J&"(w) has a unique
minimizer. We denote this unique global minimizer by w®, which satisfies the

first-order condition for optimality [135]:

VIEN (W) =Y qpVJp(w’) =0 (7.4)
k=1
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Note that the general cost J&"(-) in (7.2)) is a linear combination of the individual
costs {Jp(w)} with convex weights {qx}, so it can be regarded as the scalarization
of the vector cost JY*¢(w) : RM*1 s RN*! (je., a multi-objective cost) [71], p.
178]:

J(w) & col{Jy(w), ..., In(w)} (7.5)

with the weights {qx}. Therefore, the minimizer w® of the scalarized (aggregate)
cost J&"(-) is a Pareto optimal point for the vector cost J¥°(w) |71 p. 177]. If
the individual costs {Jx(w)} are not minimized at the same point, then in general
the Pareto optimal point w® would be different from any one of the individual
minimizers. If all individual costs happen to share a common minimizer such
that w{ = w§ = --- = wg, then the Pareto optimal point w® will be identical to

all the individual minimizers, i.e., wy = w® for all k.

In this chapter, we use a regularized penalty method to motivate the consensus
and diffusion strategies for solving problem (7.2)) in a distributed manner over any

connected topology.

7.2 Regularization for Distributed Processing

We assume that each agent in the network only has access to its own individual
cost, Ji(w), and is allowed to interact with its local neighbors (as defined by the
topology) during the learning process. Since each agent will generate its own
estimate for the global minimizer w®, there will be N estimates in the network,
which are denoted by {wy,;}2_,. The subscripts k and ¢ indicate that wy; is an
estimate generated by agent k at time ¢. In order to emphasize the fact that N

separate estimates will be evaluated across the network, we rewrite problem (2l)

271



explicitly in the following equivalent form:

N
minimize JdiSt(wl, L wy) = Z qxJr(wy)
{wk}i\rzl k=1 (76)
subject to Wy =+ = WN

The interpretation for this formulation is that each agent k is allowed to have
its own estimate, wy, of the parameter vector w®, but all versions from across
the network will need to be aligned. Compared with the original aggregate
cost J&%(w) that is defined over RM*1 the distributed aggregate cost function

RNMX1 gince its

JUst(wy, ... wy) is defined over the higher-dimensional space
argument is now given by the aggregate vector w £ col{wy, ..., wy} € RVMx1,
The dimension of the parameter space is expanded from M for w to NM for w.
Due to the agreement constraint in (7.0)), the feasible region for w is the agree-
ment subspace S £ {1y ® z;x € R} € RVM*! where 1y denotes the N x 1
vector with all entries equal to one. Using (Z.8]), the Hessian matrix of J45¢(w)
is given by

V2J9 (W) = diag{qe Vi (wi) o, (7.7)
where wy, is the k-th sub-vector of w.

Lemma 7.1 (Strong-convexity of JUt(w)). The distributed cost J%(w) in (L8]
is strongly-conver in the agreement subspace S, namely, V2 J%(w) > blyy for

any w € S and some positive constant b.

Proof. The statement is proven by showing that
2T V2IE (W) > b > 0 (7.8)
for any w2 Iy @w €S and any = 1y ® x, € S. This is true because
N
2T V2 I (W) = Z oy V2 I (w)z,

k=1
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N

=x (Z quQJk(w)) x
k=1

= 2] V2 J5" (w)x,

>b>0 (7.9)

for some positive constant b, where we used (7.7]) and the fact that J&"(-) is

strongly-convex. 0

Due to the equivalency of problems (7.2) and (Z.8]), the cost J4t(w) has a

unique minimizer within S, which is given by
w’ = Iy @ w’ (7.10)

In order to solve the constrained problem (6] in a distributed manner, we
call upon the penalty method [7T[72|T35,136]. The choice of the penalty function
plays an important role here because it will help reflect the network topology, as
well as penalize solutions that violate the agreement constraint in (6. The
penalty function will be related to two sets of parameters, namely, the step-sizes
{pr; k = 1,2,..., N} and the combination coefficients {an;k,¢ = 1,2,..., N},
which will appear in the distributed algorithms (7.33), (7.35]), and (7.30)).

The step-size parameters {jux} are a set of positive constants, one for each
agent k. These parameters control the stability and the convergence rate of the
distributed algorithms, as already explained in [66]. Using {u}, we introduce a

set of auxiliary parameters:

oo Al (7.11)

Zizl qm/,um

where {g;} are from (Z.2). It is obvious that the {3} satisfy 3.0 | G = 1.

The selection of the second set of parameters, i.e., the combination coefficients

{agp}, depends on the auxiliary parameters {fx}. Specifically, we introduce a
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combination coefficient matrix A £ [ag]}),_RY*N to represent a weighted graph
based on the underlying topology. The entries on the k-th column of A, i.e., {as}

for each k, will need to satisfy

ap, >0 if £ € Nk\{k‘}, arr > 0

N (7.12)
agk:01f€¢./\/’k, Zagkzl

where N} denotes the neighborhood of agent k with the convention k& € N.
Among all diagonal entries of A, i.e., {ay}, there must be at least one positive
entry. Since the network topology is assumed to be connected, and since at least
one diagonal entry of A is positive, then the weighted graph corresponding to A
is strongly-connected [66, p. 435], i.e., the graph is connected and contains at
least one self-loop. In addition, the coefficients {as} will also need to satisfy the

local balance condition:

anPr = areBe (7.13)
for any pair of agents k and ¢, where §; and §, are from (.I1). Using (7.1,

condition (Z.I3]) can be rewritten as

Aprqk _ Qreqe (7 1 4)

Hk He

For example, the Hastings rule proposed in [36,66], and which was motivated
by earlier results on Monte Carlo Markov Chains in [137], satisfies the local
balance condition (I3]) and it applies to any connected topology. Specifically,

the Hastings rule assigns the following weights to the links between agents:

0%
max{n,07, n7}’ e N\ k)
Ay = (715)
1= > i, (=k
meN;\{k}
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where nj, = |N%| denotes the size of the neighborhood N} and 67 = ui/qs.
Other constructions are also possible. We therefore assume that the combination

coefficients {ay} have been chosen to satisfy condition (ZI3) or (Z.14).

Since the weighted graph corresponding to A is strongly-connected, and the
entries of A satisfy condition (7.12)), the matrix A is left-stochastic and primitive.
It then follows from the Perron-Frobenius theorem [66,[79] that A has a simple
eigenvalue at one, while all other eigenvalues are inside the unit circle. We denote

the left and right eigenvectors that are associated with the eigenvalue at one by
ATly =1y, Ap=p, p'In=1 (7.16)

and normalize the entries of p to add up to one. We refer to p as the Perron
eigenvector of A. It further follows from the Perron-Frobenius theorem that all
entries of p are strictly positive, written as p > 0. The entries of the Perron
vector p can be identified as follows. Using the local balance condition (7.13) and
the fact that S0 age = 1 from (ZI2), it holds that

N

Z ag By = Z ao B + awBe

k=1 P,

= arbBe + aupy
Kl

= (1 — aw)Be + awby
= Be (7.17)
From (ZI7) and the fact that 8, > 0 and Y1 | B = 1, we readily identify the

entries of p as
=0k or p=col{f,...,0n} (7.18)

where pp denotes the k-th entry of p.

Now, using these Perron entries {p,} and the combination coefficients {a},

we introduce a penalized cost function with a quadratic regularization term as
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follows:
rr}{iniflrvlize JP(wy, ... Z qrJr (W) + nz Zpkaekﬂwk —wy||* (7.19)
WkTk=1 k=1 (=1

where 7 is a positive factor chosen as

N
Al qk
77:1 E — >0 (7.20)

Compared with the constrained aggregate cost J4*(w) in (Z.6)), which enforces
agreement among all agents, the penalized cost JP"(w) is unconstrained and,
therefore, allows for some small disagreements among the agents. The level of
tolerance for discrepancy is determined by the weighting factor n, which is in-
versely proportional to the step-size parameters. Therefore, when step-sizes {u}
are sufficiently small, which will correspond to operation in the slow adaptation
regime, the regularization term weighted by 7 will be significant and will penalize
discrepancies among agents. Let P £ diag(p). Note that the (¢, k)-th entry of
AP is given by agpy, while the (¢, k)-th entry of PAT is given by ageps. Then, it
follows from the local balance condition (7Z.13)) that

AP = PAT (7.21)

Let A2 A® Iy and P 2 P ® Iy Then, the regularization term in (7ZI9) can

be expressed as

N N

D0 pranlwr — wi)®

k=1 {=1

> vran((lwg]]® + [lwell* = 2w]wy)

N
k=1 (=1
N
éZPkHwkH ZGZkﬂLZWHWH Zake—222pkaekwkwe
k=1 (=1
N
= 2229 [wk]® —QZZPkaékka
—1

k=1 (=1

N
/=
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=2W"Pw — 2wT (AP)W

=2wT (P — AP)w (7.22)

where step (a) is by using (Z.13]) to replace prag with peage in the second term on
the RHS, and step (b) is by using (7.12)). According to (7.21]), the matrix P — AP
is symmetric. Furthermore, we know from (7.22)) that wT(P — AP)w > 0 for any
w € RVM>1 which implies that P — AP is positive semi-definite. Using (7.22),
the penalized cost JP*(w) in (7.I9) can be rewritten in terms of the network
variable w as

TP w) = T ) + 2 wlp_ip (7.23)

As a convex combination of convex individual costs {Jx(wy)}, JE(w) is also
convex. Obviously, since J9'(w) and 2n||w||%_ 4p are both twice-differentiable
and convex, the penalized cost JP**(w) in (Z.23)) is also twice-differentiable and

convex. Using (IT.IG), it is straightforward to verify that
(P—AP)Ixn=p—Ap=0 (7.24)

Lemma 7.2 (Nullspace of P — AP). The weighting matriz P — AP in (T23) is

rank-deficient, and its nullspace coincides with the agreement subspace S.

Proof. Note that the diagonal matrix P is non-singular so that the rank of P —
AP = (Iy — A)P is identical to the rank of Iy — A. Since A is left-stochastic and
primitive, its eigenvalue at one is simple by the Perron-Frobenius theorem [66.[79].
Then, the eigenvalue of Iy — A at zero is also simple, which implies that the rank
of P— AP is N — 1. Thus, the dimension of the null space of P — AP is one.
From (Z.24), it is clear that 1y is in the nullspace of P— AP. Therefore, the
nullspace of P—AP is given by Span(1y), and the nullspace of P—AP coincides

with the agreement subspace S. O
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Using Lemma [[.2] it is clear that the quadratic regularization term, i.e.,
2n||wl|%_ 4p, in the cost JP(w) will generate a large penalty for solutions outside
of the agreement subspace S and will have no impact on solutions inside S. In
this way, the penalized cost JP*(w) encourage rather than enforce a consensus

solution to the distributed cost J4¢(w).

Lemma 7.3 (Strong-convexity of JP*(w)). The penalized cost JP"(w) from
([C23)) is strongly-convex in RNM*1 i e N2JP"(w) > clyyr for any w € RVM1

and some positive constant c.

Proof. See Appendix [T.Al O

7.3 Distributed Gradient Descent Iteration

Now, we apply a diagonally-weighted gradient-descent algorithm [135] to solve
problem (Z.I9), namely,

Wi = Wi — PV IP (W _q) (7.25)

where p is a (derived) positive step-size parameter chosen as

1 N -1

A qk

Uw=-—= E — 7.26
47] (k:l ,U/k) ( )

It is worth noting that the p in (Z20) is a weighted harmonic average of the

step-sizes {yr}. Let fimax = maxg{ps}. Then, it follows from (73) and (7.26)
that

1% < (i\f: . ) = HMmax (727)

k=1 ,umax
Therefore, u is consistent with all the step-sizes {yu}; p will become small when

the {ux} do so. Since P is diagonal, all the sub-vectors of w;, i.e., {wy;}, in
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((C28) can be updated in parallel:
Wi = Wii—1 — Py Vi P (Wiz1) (7.28)

where V. JP*"(w;_;) denotes the partial gradient of JP*"(-) with respect to the

k’s sub-vector of w;_4, i.e., w1, and is given by

N
Vi JP(w) = @V, (wg) + 21 Z(pkaZk +peage) (Wi —wy)
—1
N
= @V Ik(w) + 4npe Y ag(wi — wy) (7.29)
—1

where we used the local balance condition (7Z.I3]). Since the underlying topology

is undirected, each incoming-neighbor of agent k is also an outgoing-neighbor of

k. Substituting (7.29) into (7.28]), and using (7.26]), we obtain

Wy = Wi i—1 — Evjk Wi i—1) ZCLM W i1 —Wei—1) (7.30)

Using (7I8) and (Z.I1)), it can be verified that

Ptk = Brtk = =y i = qrpt (7.31)

Zm:l qm/:um
Therefore, we get from (Z.30) that

Wi = Whi—1 — iV Je(Whi-1) Zaék W,i—1 —We,i—1) (7.32)

Using condition (7.I12)), we readily arrive at the consensus strategy from (7.32),

namely,

Wi ; = Z QopWei—1 — Mkvjk(wk,i—l) (7.33)
LeEN},

Alternatively, if we split the single gradient-descent step in (7.32)) into two con-

secutive steps, then we would obtain

wk,z' = Wgi—1 — Mkvjk(wk,i—l)

N (7.34)
Wi = Yr,i — Z o (Wh,i—1 — Wei—1)

—1
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If we follow the incremental scheme [135] by replacing the wy ;1 and wy;_; in the
second step of ((T.34]) with the intermediate variables ¢y ; and ¢y ;, respectively,
then we would obtain the adapt-then-combine (ATC) diffusion strategy [6L12,/66]:

wk,i = Wgi-1 — MkVJk(wk,i—l)

Wi, = Z aekw,i

EE./\/'/IC

(7.35)

In ATC diffusion adaptation (335]), we use the post-combination variables to
represent the state of each iteration. An alternative implementation is to use the
post-adaptation variables, which leads to the combine-then-adapt (CTA) diffu-
sion strategy [6l12]66]:
¢k,z’—1 = Z AWy i—1
teN;, (7.36)
Wi = Oim1 — eV Ik (Pri-1)

The stochastic implementations of these three strategies (7.33), (Z.35]), and ([.36])
can be obtained by replacing the true gradient VJi(+) by its stochastic approxi-
mation ﬂ()

It is worth noting that the local balance condition (7.13)) is a necessary condi-
tion to express consensus strategies in the form of diagonally-weighted gradient-
descent iterations. This is because a diagonally-weighted gradient-descent itera-
tion that minimizes some underlying cost J(z) is given by the following generic

form:

r; =21 — pDV I (2im1) = 21 — pg(xi1) (7.37)

where 1 is a step-size parameter, D £ D ® I); is a positive definite diagonal
matrix, and g(r) £ DV.J(z) is the update vector. Then, the Jacobian of the

update vector in (Z.37) is given by

Vg(x) = DV*J(2) (7.38)
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which implies that, up to a matrix factor D!, the Jacobian of the update vector
must be a Hessian matrix and, therefore, must be symmetric and positive semi-
definite. Now, let us define M £ diag{juy,...,un} ® I;. Then, the consensus

strategy in (Z.33]) can be written into the following network aggregate form:
Ww; = ATWi_l — MVJdiSt(Wi_l) (739)

where VJ¥t(w) £ diag{q.V Ji(wi)}Y_,. This iteration can be rewritten into a

form similar to (Z37), i.e.,
Wi = W1 — pug(Wi—1) (7.40)
where the effective update vector is given by
gw) 2 T MV IS (W) + (Inar — AT)W] (7.41)
The Jacobian of the update vector g(w) in (Z.41)) is given by
Vow) = p IMV2TE (W) 4 (Iypr — A7) (7.42)

Therefore, if the update vector g(w) from ([7.41]) is the gradient of some underlying
cost, then up to a matrix factor D=1, the Jacobian Vg(w) needs to be symmetric
and positive semi-definite. Assume there exists such a matrix factor D~!. Then,

the following condition for symmetry must hold:
D Vg(w) = [Vg(w) D" (7.43)

Note that the first component in g(w), i.e., u tMVJU (W), is block diagonal
and positive semi-definite, so it holds for any block diagonal matrix D = D ® I,

where D is diagonal and positive definite, that

D P MV IS (W) = [ MV T (W) TD ! (7.44)
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Therefore, we only need to examine the following condition:
D (I — A7) = [ (I — AT)TD (7.45)
which reduces to
D7'AT = AD™! (7.46)
The (¢, k)-th entry of D*AT is given by axe/d,, while the (¢, k)-th entry of AD™!

is given by ag/dy. Therefore, condition (7.46) holds if, and only if,

G _ an

dy dy,
By identifying 8, = d, !, condition (T.47) is equivalent to the local balance condi-
tion (.I3)). Therefore, the local balance condition (T.I3)), or (Z.14)), is a necessary

(7.47)

condition to express the consensus strategy (7.33) in a form that is equivalent
to a diagonally-weighted gradient-descent iteration for minimizing some under-
lying cost. It is also worth noting that, in addition to be symmetric, the matrix
D~ 'Vg(w) in ([T43) also needs to be positive semi-definite to be sufficient to
express the consensus strategy (7.33)) as a diagonally-weighted gradient-descent

iteration.

7.4 Concluding Remarks

Based on the derivations from the previous section, if the combination coefficients
{au} satisfy the local balance condition (Z.I14)), then the consensus strategy (Z.33))
can be recognized as a standard gradient-descent iteration for minimizing the pe-

nalized cost JP*(-) in (Z.19); likewise, the diffusion strategies (7.38) and (7.36])

can be recognized as an incremental iteration for minimizing the same penalized
cost JP"(+) starting from the same gradient-descent iteration. Moreover, we have
shown in Lemma that the penalized cost JP®"(-) is strongly-convex. There-

fore, results for single-agent implementations [I35] are applicable for distributed
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consensus and diffusion strategies when the local balance condition (.I4]) holds.
For example, the stability of gradient-descent methods is established in [72] by
assuming constant step-sizes with deterministic or stochastic gradient errors. The
convergence to the limit point for gradient-descent methods is established in 73]
by assuming diminishing step-sizes with either deterministic or stochastic gradi-
ent errors. The convergence for incremental methods is established in [138],[139]
by assuming diminishing or constant step-sizes with deterministic or stochastic
gradient errors. These results can be applied to distributed implementations un-
der the local balance condition (7.I4]). If this condition is however not satisfied,
then the stability and performance analysis of consensus and diffusion strategies
become more demanding in comparison to standard gradient-descent implemen-

tations — see, e.g., the treatment in [866].

The arguments in the previous section can also be used to interpret the two-
phase transient behavior of consensus and diffusion strategies discovered in [67].
The gradient vector VJP*(w) in (T.28) consists of two components: the first
one is related the distributed cost J4¢*(w) and the second one is related to the
regularization term. For small step-sizes with u; < 1, and for non-uniform
initialization where w_; ¢ S, i.e., w_; # 1y ® w_; for any w_; € RM*! the
second component that is weighted by 1 > 1 dominates the first component. The
first stage of the transient phase is therefore controlled by the second component
in order to reduce the large penalty caused by the disagreement among the agents.
After a number of iterations when w; gets close enough to the agreement subspace
such that the penalty is not significant any more, the gradient vector starts to
reflect both components. The overall dynamics then enters the second stage of

the transient phase.
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7.A Proof of Lemma

The Hessian of JP*"(w) is given by
V2JP (W) = V2JU (W) 4 4n(P — AP) (7.48)

where V2J45t()) is given by (7). We argue in the sequel that the smallest
eigenvalue of V2.JP"(w) is lower bounded by some positive constant for any w.
Based on (7.48), this result can be established by showing that for any x € RY¥Mx1

with unit norm ||z|| = 1, and for any w € RVM*1

1152 gpen oy = 112152 g oy + A2 llp—ap > € (7.49)

for some positive constant ¢ > 0 that is independent of w. Now note that the
entire space RYM*1 can be orthogonally decomposed into two subspaces: S and
its orthogonal compliment S* [87]. Then, any vector x = col{w;} |, o €
RM>1 with unit norm ||z|| = 1, can be uniquely and orthogonally decomposed
as ¥ = T + & with Z = col{z;}2_, € S and 7 = col{F})_, € St. Due to
othogonality, it holds that [|z||*> = [|z]|> + ||Z||* = 1. Since T € S, it can be
expressed as T = 1y ® Z,, or, equivalently, z, = Z, for any k, and it holds that
1Z||> = N||Z,||*>. From Lemmal[T2] the nullspace of P—AP is S. Since P — AP is
symmetric, the range space of P — AP is then given by St [87]. Let us introduce
the spectral decomposition for P — AP as follows:

Ay

P—APEUNUT 2 Uy 1) u )l ! (7.50)

Ay

where U is orthonormal and A is diagonal with nonnegative diagonal entries. In
addition, A; > 0 corresponds to the range space of P — AP, Ay = 0 corresponds
to the nullspace of P — AP. Then, we have € Span(Us) and & € Span(U).
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Therefore,

|2l 4p = (@ +2)" (P — AP)(z + )
=3 (P - AP)Z
=3 UL N U T

> Al (7.51)

where A\ > 0 denotes the smallest entry on the diagonal of A; (which is the
smallest nonzero eigenvalue of P — AP). Meanwhile, we have from (7.7)) that
N
1203 ey = D aell@klZ2 s,y = dmAm,rllzml? (7.52)
k=1
where J,,,(+) is strongly-convex by our previous assumptions and A, ;, > 0 denotes

the lower bound on V2 J,,(w,,). Then, we get from (Z.49)-(7.52) that
2] goen vy = 47 ll2ml* + dnAp ]2 (7.53)
where v £ GmAm,r/4. On one hand, it is straightforward from (7.52)) to see that
12152 ey = 4¥ ]|z (7.54)
On the other hand, we have from (Z.53) that

12152 rpen oy = AYl12ml|* + AAL|Z i [* + AALIZ N — | Z|?)
> min{2y, 20A1} 2@ |[* 4 21|Zn*) +4n AL (12]° = |2 1)

(@) ~ ~ ~
> min{2y, 20} @ — Fn|2 + AL (|E]2 = [E0]1%)
b . _ ~
@ minf2y, 200} |2 |* + dnhe S (172
k#m

(_)min{%nAL} 12 ~ 12
© W;zuxkn —|—27]>\Lk¢zm2“$k’|

min{vy, AL} = 2 ~ 2
> W};ﬂ@“%” + 2[|Z]]%)

3)
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@ mln{f%n)‘l/} = ~ 112

2Ty o1 2

() min{y, nAL} 2
G S P

N - k#m

() minyy, nA
D mnbr A (), ) (7.55)

where steps (a) and (d) are due to the parallelogram law: ||a+b||* < 2||al|*+2]|b]|?;
steps (b) and (e) are because z, = Zj + 7}, for any k and ||Z|*> = fozl Z |I%
step (c) is by using the fact that z, = z, for all k; and step (f) is due to the unit

norm: S~ |lzx]|> = 1. Combining (Z54) and (Z55), and letting ¢; = 4y > 0
and ¢y = min{vy,nAL}/(N — 1) > 0, we obtain

121152 ey = max {erl|zm|*, ea(1 = [lzm|*) }

> min{cy, co} - max{||zm|* 1 — ||zm|]*}

min{cy, e}

> 5 (7.56)

where we used the fact that maxo<,<;{y,1 —y} > 1/2 because 0 < ||z, ||* < 1.

Since min{¢y, ¢2}/2 > 0 is a constant that is independent of w, result ([Z.49) holds.
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