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Abstract of the Dissertation

Learning under Imperfections by Networked

Agents

by

Xiaochuan Zhao

Doctor of Philosophy in Electrical Engineering

University of California, Los Angeles, 2014

Professor Ali H. Sayed, Chair

Distributed learning deals with the problem of optimizing aggregate cost func-

tions by networked agents from streaming data. This scenario arises in many

contexts including distributed estimation, machine learning, resource allocation,

and in the modeling of flocking and swarming behavior by biological networks.

Among several available solutions such as consensus and incremental strategies,

the class of diffusion strategies has proven to be particularly attractive because

these techniques are scalable, robust, fully-distributed, and endow networks with

real-time adaptation and learning abilities.

One key challenge in real applications is that networked agents generally face

many types of asynchronous imperfections, such as random link failures, random

data arrival times, noisy links, random topology changes, agents turning on and

off randomly, and even drifting objectives. This dissertation provides a detailed

analysis of the stability and performance of asynchronous diffusion strategies for

solving distributed optimization and adaptation problems over networks in the

presence of such imperfections. Conditions are developed to ensure the stability

of the mean-square and mean-fourth-order moments of the network error vectors;
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closed-form expressions are derived to reveal how the network parameters influ-

ence the learning behavior; and the performance of the asynchronous networks is

then compared against centralized solutions and synchronous networks. One no-

table conclusion is that the mean-square performance of asynchronous networks

degrades only in the order of µ, which is a small step-size parameter, while the

convergence rate remains largely unaltered. A second notable conclusion is that

even under the influence of asynchronous events, all agents in the adaptive net-

work can still reach an O(µ1+γ) near-agreement with some constant γ > 0, while

approaching the desired solution within O(µ) accuracy. These theoretical results

provide a solid justification for the remarkable resilience of cooperative networks

in the face of random imperfections at multiple levels: agents, links, data arrivals,

and topology.

The dissertation also examines a second challenging form of uncertainty aris-

ing from agents in a network pursuing different objectives or observing data aris-

ing from different unknown models. In these cases, indiscriminate cooperation

will lead to undesired results. A useful adaptive clustering and learning strategy

is developed in order to allow agents to learn which neighbors should be trusted

and which other neighbors should be ignored. The resulting procedure enables

agents to identify their grouping and to attain improved learning performance.
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CHAPTER 1

Introduction

Distributed learning arises when a global objective needs to be achieved through

local cooperation among networked agents that are subjected to streaming data.

This problem is prevalent in many contexts, including distributed estimation

[1–8], distributed machine learning [9–12], resource allocation [13, 14], and in

the modeling of flocking and swarming behavior by biological networks [15–19].

Several useful decentralized solutions, such as consensus strategies [20–28], in-

cremental strategies [29–33], and diffusion strategies [5,6,8,12,34,35], have been

developed for this purpose. The diffusion strategies are particularly attractive

because they are scalable, robust, fully-distributed, and endow networks with

real-time adaptation and learning abilities.

One key challenge in real applications is that networked agents generally face

many types of asynchronous imperfections, such as random link failures, random

data arrival times, noisy links, random topology changes, agents turning on and

off randomly, and even drifting objectives. This dissertation provides a detailed

analysis of the stability and performance of asynchronous diffusion strategies for

solving distributed optimization and adaptation problems over networks in the

presence of such imperfections. The dissertation also examines another challeng-

ing form of uncertainty arising from agents in the network pursuing different ob-

jectives or observing data arising from different unknown models. In these cases,

indiscriminate cooperation generally leads to undesired or even catastrophic re-

1



sults.

In this chapter, we will first briefly review the distributed optimization prob-

lem and describe strategies for its solution. We will then describe the various

forms of uncertainties that may occur. This chapter is concluded with a sum-

mary of the main contributions in the dissertation.

1.1 Distributed Optimization Over Networks

We consider a connected network consisting of N agents as shown in Fig. 1.1.

The objective is to minimize, in a distributed manner, an aggregate cost function

of the form:

minimize
w

Jglob(w) ,
N∑

k=1

Jk(w) (1.1)

where the {Jk(w)} denote individual cost functions. The costs {Jk(w) : CM 7→
R; k = 1, 2, . . . , N} will be assumed to satisfy a certain smoothness condition

(which will be described in Assumption 2.2 later in Chapter 2) and to be strongly

convex over CM . They are also assumed to share a common and unique minimizer

at wo ∈ CM . Using arguments similar to [8, 12], we can motivate the following

diffusion strategy for solving the distributed optimization problem (1.1) with

constant step-sizes — see Fig. 1.1:

ψk,i = wk,i−1 − µk∇̂w∗Jk(wk,i−1) (adaptation) (1.2a)

wk,i =
∑

ℓ∈Nk

aℓk ψℓ,i (combination) (1.2b)

where (1.2a) is a stochastic gradient approximation step for self-learning and

(1.2b) is a convex combination step for social-learning. The iterate wk,i is the

estimate for wo that is computed by agent k at iteration i. The iterate ψk,i is an

intermediate solution that results from the adaptation step and will be shared
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Figure 1.1: An illustration of a connected network with individual costs associated

with the various agents.

with the neighbors in the combination step. The factor µk is a positive step-size

parameter and the combination coefficients {aℓk} are nonnegative parameters and

are required to satisfy the following constraints:

∑

ℓ∈Nk

aℓk = 1, and





aℓk > 0, if ℓ ∈ Nk

aℓk = 0, otherwise

(1.3)

where Nk denotes the set of neighbors of agent k including k itself. If we collect

these coefficients into an N × N matrix such that [A]ℓk = aℓk, then condition

(1.3) implies that A is a left-stochastic matrix, written as

AT
1N = 1N (1.4)

where 1N is the N ×1 vector with all entries equal to one. In (1.2a), a stochastic

approximation for the true gradient vector is used because, in general, agents

do not have sufficient information to acquire the true gradients. The difference

between the true and approximate gradients is called gradient noise, which is
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random in nature and will seep into the operation of the algorithm. Accordingly,

the variables {wk,i} in (1.2a)–(1.2b) are random quantities since they are subject

to gradient noise, and we are denoting them by using the boldface notation. We

will model the gradient noise, denoted by vk,i(wk,i−1), as an additive random

perturbation to the true gradient vector, i.e.,

∇̂w∗Jk(wk,i−1) = ∇w∗Jk(wk,i−1) + vk,i(wk,i−1) (1.5)

It has been established in [6, 8, 12] that the diffusion network can achieve the

desired objective, wo, within O(µmax) regardless of which cooperation policy, A,

is used, where µmax denotes the largest step-size. It has also been shown in [36] for

the common minimizer case that diffusion strategies can significantly reduce the

average network error performance in comparison to non-cooperative agents. This

is a major benefit for in-network cooperation. To measure the performance of the

learning algorithms, we will choose the average network mean-square-deviation

(MSD) as the metric, which is defined by

MSDnet , lim
i→∞

1

N

N∑

k=1

E ‖wo −wk,i‖2 (1.6)

1.2 Asynchronous Distributed Learning over Networks

From the distributed solution (1.2a)–(1.2b), it can be observed that there are

several implicit conditions assumed. It is assumed that all agents in the network

operate in a perfect synchronous manner: the approximate gradients are acquired

at the beginning of each iteration by all agents; the self-learning step is performed

by all agents before the social learning step; the intermediate estimates are shared

among neighboring agents and are assumed to be delivered successfully; and all

agents are assumed to make use all the information received from their neigh-

bors to update their local estimates. This ideal scenario is not always applicable
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in real applications, where the measurement data may not arrive in time, the

agents may turn on and off randomly to save power or suffer from malfunction,

the communication links between agents may be subject to loss, etc. All these

factors may prevent the distributed solutions (1.2a)–(1.2b) from operating prop-

erly. Therefore, it is important to investigate the performance of the diffusion

strategy (1.2a)–(1.2b) under such uncertainties and imperfections.

There already exist several insightful studies in the literature on the perfor-

mance of consensus and gossip type strategies in the presence of asynchronous

events [21, 23, 26, 27] or changing topologies [2, 23, 26, 27, 37–42]. There are also

some limited studies in the context of diffusion strategies [43,44]. However, with

the exception of the latter two works, the earlier references investigated pure

averaging algorithms without the ability to respond to streaming data, assumed

noise-free data, or relied on the use of diminishing step-size sequences. These

conditions are problematic for adaptation and learning purposes when data is

continually streaming in, since decaying step-sizes turn off adaptation eventually,

and noise (including gradient noise) is always present.

In this dissertation, we remove these limitations. We allow for fairly general

sources of uncertainties and random failures and permit them to occur simul-

taneously. To model the asynchronous behavior of the network, we modify the

diffusion strategy (1.2a)–(1.2b) to the following form:

ψk,i = wk,i−1 − µk(i)∇̂w∗Jk(wk,i−1) (1.7a)

wk,i =
∑

ℓ∈N k,i

aℓk(i)ψℓ,i (1.7b)

where the {µk(i),aℓ k(i)} are now time-varying and random step-sizes and combi-

nation coefficients, and N k,i denotes the random neighborhood of agent k at time

i. The step-size parameters {µk(i)} are nonnegative random variables, and the

5



combination coefficients {aℓk(i)} are also nonnegative random variables, which

are required to satisfy the following constraints (compare with (1.3)):

∑

ℓ∈N k,i

aℓk(i) = 1, and





aℓk(i) > 0, if ℓ ∈ N k,i

aℓk(i) = 0, otherwise

(1.8)

The asynchronous strategy (1.7a)–(1.7b) described above is general enough to

cover many situations of practical interest.

Note that the model does not impose any specific probabilistic distribution on

the step-sizes, network topologies, or combination coefficients. For example, we

can choose the sample space of each step-size µk(i) to be the binary choice {0, µ}
to model a random “on-off” behavior at each agent k for the purpose of saving

power, waiting for data, or even due to random agent failures. Similarly, we

can choose the sample space of each combination coefficient aℓ k(i), ℓ ∈ Nk\{k},
to be {0, aℓk} to model a random “on-off” status for the link from agent ℓ to

agent k at time i for the purpose of either saving communication cost or due

to random link failures. If links are randomly chosen by agents such that at

every time i there is only one other neighboring agent being communicated with,

then we effectively mimic the random gossip strategies [2, 23, 38, 39, 42]. Note

that the convex constraint (1.8) can be satisfied by adjusting the value of akk(i)

according to the realizations of {aℓk(i); ℓ ∈ N k,i\{k}}. If the underlying topology
is changing over time and the combination weights are also selected in a random

manner, then we obtain the probabilistic diffusion strategy studied in [43, 44] or

the random link or topology model studied in [26, 37, 40].

Since the parameter matrices Mi and Ai are assumed to be independent of

each other and of any other random variable, the statistical dependency among

the random variables {wi,ψi,Ai,Mi} is illustrated in Fig. 1.2.
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Figure 1.2: An illustration of the statistical dependency for the asynchronous

diffusion strategy (1.7a)–(1.7b)

1.2.1 Asynchronous Centralized or Batch Learning

We will also examine the operation of batch or centralized implementations. An

asynchronous centralized (batch) strategy seeks the optimal solution wo of (1.1)

by running a stochastic gradient batch algorithm of the following form:

wc,i = wc,i−1 −
N∑

k=1

πk(i)µk(i)∇̂w∗Jk(wc,i−1) (1.9)

wherewc,i denotes the iterate at time i, the {πk(i)} are nonnegative convex fusion

coefficients such that
N∑

k=1

πk(i) = 1, πk(i) ≥ 0 (1.10)

for all i ≥ 0, and the {µk(i)} are the random step-sizes. In the batch algorithm

(1.9), we use random step-sizes {µk(i)} to account for random activity by the

agents, which may be caused by random data arrival times or by some power

saving strategies that turn agents on and off randomly. We also use random

fusion coefficients {πk(i)} to model the random status of the communication links

connecting the agents to the fusion center. This source of randomness may be

caused by random fading effects over the communication channels or by random

data feeding/fetching strategies. Therefore, the batch algorithm described in

(1.9) is able to accommodate various forms of asynchronous events as well. The
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synchronous implementation of (1.9) is given by

wc,i = wc,i−1 −
N∑

k=1

πkµk∇̂w∗Jk(wc,i−1) (1.11)

where the {µk} are now deterministic nonnegative step-sizes and the {πk} are

nonnegative fusion coefficients that satisfy
∑N

k=1 πk = 1. It is worth noting that

the centralized batch algorithm (1.9) admits a decentralized, though not fully-

distributed, implementation of the following form:

ψk,i = wc,i−1 − µk(i)∇̂w∗Jk(wc,i−1) (adaptation) (1.12a)

wc,i =

N∑

k=1

πk(i)ψℓ,i (fusion) (1.12b)

In this description, each agent k uses the local gradient data to calculate the

intermediate iterate ψk,i and feeds its value to a fusion center; the fusion center

fuses all intermediate updates {ψk,i} according to (1.12b) to obtain wc,i and then

forwards the results to all agents. This process repeats itself at every iteration.

Implementation (1.12a)–(1.12b) is not fully distributed because, for example, all

agents require knowledge of the same global iteratewc,i to perform the adaptation

step (1.12a). It is worth noting that the decentralized batch solution (1.12a)–

(1.12b) can also be viewed as distributed solutions over fully-connected networks

[45].

1.2.2 Questions to be Addressed in This Dissertation

Based on the asynchronous strategy (1.7a)–(1.7b), we shall address the following

questions in this dissertation:

1. How does asynchronous behavior affect network stability? Can mean-square

stability still be ensured under non-vanishing step-sizes?
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2. How is the convergence rate of the algorithm affected? Is it altered relative

to synchronous networks?

3. Are agents still able to reach some sort of agreement in steady-state despite

the random nature of their interactions and despite data arriving at possibly

different rates?

4. How close do the steady-state iterates of the various agents get to each

other and to the optimal solution that the network is seeking?

5. Compared with synchronous networks, under what conditions and by how

much does the asynchronous behavior generate a net negative effect in

performance?

6. How close can the performance of an asynchronous network get to that of

a stochastic-gradient centralized solution?

We shall answer these questions in detail in Chapters 2–4. Before that, we

briefly summarize the main results here.

For the general asynchronous diffusion strategy (1.7a)–(1.7b), which allows for

random topologies, random link failures, random data arrival times, and random

agents turning on and off, we will establish in Chapter 2 the remarkable conclu-

sion that despite these uncertainties, which could even occur simultaneously, the

adaptation process remains mean-square stable for sufficiently small step-sizes.

Specifically, we will show that if the first and second moments of the step-size

parameters satisfy an upper bound of the form

µ̄
(2)
k

µ̄
(1)
k

<
λk,min

λ2k,max + α
(1.13)

for all k, then mean-square stability is ensured in the sense that

lim sup
i→∞

E ‖wo −wk,i‖2 = O(ν) (1.14)
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for all k, where

µ̄
(m)
k , E[µk(i)]

m (1.15)

denotes the m-th moment of the random step-size parameter µk(i), λk,min and

λk,max are positive constant parameters that relate to the Hessian of the individual

cost Jk(w), α is a positive constant relating to the variance of the gradient noise,

and

ν , max
k

√
µ̄
(4)
k

µ̄
(1)
k

(1.16)

We will further show that under a strengthened condition, namely,
√
µ̄
(4)
k

µ̄
(1)
k

<
λk,min

3λ2k,max + 4α
(1.17)

for all k, the MSD performance metric is given by

MSDnet =
1

4
Tr(H−1R)︸ ︷︷ ︸

=O(ν)

+O(ν1+γo) (1.18)

and the estimates at the individual agents coalesce to satisfy

lim sup
i→∞

E ‖wk,i −wℓ,i‖2 = O(ν1+γ
′

o) (1.19)

for all k and ℓ, where γo > 0 and γ′o > 0 are some constants that relate to the co-

variances of the gradient noise, H is related to the Hessian of the individual costs,

and R is related to the covariance of the gradient noise and the moments of the

combination coefficients. Expressions (1.14) and (1.19) show that all agents are

able to reach a level of O(ν1+γ
′

o) agreement with each other and to get O(ν) close

to wo in steady-state (see Fig. 1.3). These results establish that asynchronous

networks can operate in a stable manner under fairly general asynchronous events

and, importantly, are able to adapt and learn well.

We indicated earlier that studies exist in the literature that examine the per-

formance of distributed strategies in the presence of some forms of asynchronous
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Figure 1.3: Illustration of results (1.14) and (1.19): the solutions by the agents

do not only get O(ν) close to the target wo but they also cluster next to each

other within O(ν1+γ
′

o) for some γ′o > 0.

uncertainties [21, 23, 26, 27] or changing topologies [2, 23, 26, 27, 37–41], albeit

for decaying step-sizes. We also explained how the general asynchronous model

that we used in (1.7a)–(1.7b) covers broader situations of practical interest, in-

cluding adaptation and learning under constant step-sizes, and how it allows

for the simultaneous occurrence of multiple random events from various sources.

Still, these earlier studies did not address the two questions posed earlier on how

asynchronous networks compare in performance to synchronous networks and to

centralized (batch) solutions. If it can be argued that asynchronous networks are

still able to deliver performance similar to synchronous implementations where no

uncertainty occurs, or similar to batch solutions where all information is aggre-

gated and available for processing in a centralized fashion, then such a conclusion

would be of significant practical relevance. The same conclusion would provide

a clear theoretical justification for another critical benefit of cooperation by net-

worked agents, namely, that cooperation does not only enhance performance in

comparison to stand-alone single-agent processing, as already demonstrated in

prior works in the literature (see, e.g., [8, 34, 35] and the references therein), but

it also endows the network with remarkable resilience to various forms of un-
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certainties and is still able to deliver performance that is as powerful as batch

solutions.

We will therefore further compare the performance of asynchronous networks

against synchronous networks, and also compare the performance of distributed

solutions against centralized (batch) solutions. The results will show that the

performance of adaptive networks are surprisingly immune to the effect of asyn-

chronous uncertainties: the mean and mean-square convergence rates and the

asymptotic bias values are not degraded relative to synchronous or centralized

implementations. Only the steady-state MSD suffers a degradation in the order

of ν. The results will also show that an adaptive network can always matches

the performance of a centralized solution. These main conclusions are summa-

rized in Table 1.1, which compares various performance metrics across different

implementations. The notation in Table 1.1 will be explained in the sequel. For

now, we simply remark that the results in Table 1.1 show that the distributed

and centralized implementations have almost the same mean-square performance

in either the synchronous or asynchronous modes of operation, i.e., the asyn-

chronous distributed implementation approaches the asynchronous centralized

implementation, and the synchronous distributed implementation approaches the

synchronous centralized implementation.

1.3 Imperfect Information Exchange and Drifting Model

One useful application of the diffusion strategy (1.2a)–(1.2b) is in the context

of the mean-square-error estimation, where the individual costs, {Jk(w)}, are
mean-square-error costs:

Jk(w) , E|dk(i)− uk,iw|2 (1.20)
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ā
n
m
)]
,
c π

,k
,ℓ

=
E
[(
π
k
(i
)
−
π̄
k
)(
π
ℓ
(i
)
−
π̄
ℓ
)]
,
a
n
d
C

π
=
P
p
−
p̄
p̄
T
,
w
h
er
e
C

A
=

[c
a
,ℓ
k
,n

m
]N ℓ
,k

,n
,m

=
1
,

C
π
=

[c
π
,k

,ℓ
]N ℓ
,k

=
1
,
p
=

v
ec
(P

p
),

(Ā
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The scalar measurement data dk(i) ∈ C and the row-vector regressor uk,i ∈ C1×M

are assumed to be related via the linear regression model [46]:

dk(i) = uk,iw
o + ξk(i) (1.21)

where wo ∈ CM×1 is some unknown model parameter and ξk(i) ∈ C is the

additive model noise. The diffusion strategy (1.2a)–(1.2b) reduces in this case to

the following form:

ψk,i = wk,i−1 + µku
∗
k,i[dk(i)− uk,iwk,i−1] (1.22a)

wk,i =
∑

ℓ∈Nk,i

aℓkψℓ,i (1.22b)

When agents in the network perform the social learning step (1.22b), they need

to transmit and receive information from their neighbors. This information ex-

change process can be subject to quantization errors and additive noise over the

communication links. Studying the degradation in mean-square performance that

results from these particular perturbations can be pursued, for both incremental

and diffusion strategies, by extending the mean-square analysis from [5, 6], in

the same manner that the tracking analysis of conventional stand-alone adaptive

filters was obtained from the counterpart results in the stationary case (as ex-

plained in [46, Ch. 21]). Useful results along these lines, which study the effect

of link noise during the exchange of the weight estimates, already appear for

the traditional diffusion algorithm in the works [47–49] and for consensus-based

algorithms in [26,50]. In this dissertation, our objective is to go beyond these ear-

lier studies by taking into account additional effects, and by considering a more

general algorithmic structure. The reason for this level of generality is because

the analytical results will help reveal which noise sources influence the network

performance more seriously, in what manner, and at what stage of the adaptation

process. The results will suggest important remedies and mechanisms to adapt
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the combination weights in real-time. Some of these insights are hard to get if

one focuses solely on noise during the exchange of the weight estimates. The

analysis will show that noise during the exchange of the regression data plays

a more critical role than noises that arise from the exchange of other pieces of

information. The noise that is related to the exchange of the regression data

will be shown to alters the learning dynamics and modes of the network, and

to bias the weight estimates. Noises related to the exchange of other pieces of

information do not alter the dynamics of the network but still contribute to the

deterioration of the network performance.

To arrive at these results, we will consider a generalized analysis that applies

to a broad class of diffusion adaptation strategies [6]:

φk,i−1 =
∑

ℓ∈Nk

aℓlkwℓ,i−1 (1.23a)

ψk,i = φk,i−1 + µk
∑

ℓ∈Nk

cℓku
∗
ℓ,i[dℓ(i)− uℓ,iφk,i−1] (1.23b)

wk,i =
∑

ℓ∈Nk

a2,ℓkψℓ,i (1.23c)

This class includes the original diffusion strategy (1.22a)–(1.22b) as a special case.

The analysis based on the diffusion strategy (1.23a)–(1.23c) allows us to account

for various sources of information noise over the communication links. Each of

the steps in (1.23a)–(1.23c) involves the sharing of information between node k

and its neighbors. For example, in the first step (1.23a), all neighbors of node

k send their estimates wl,i−1 to node k. This transmission is generally subject

to additive noise and possibly quantization errors. Likewise, steps (1.23b) and

(1.23c) involve the sharing of other pieces of information with node k. These

exchange steps can all be subject to perturbations (such as additive noise and

quantization errors). We model the data received by node k from its neighbor ℓ
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as — see Fig. 1.4:

wℓk,i−1 , wℓ,i−1 + v
(w)
ℓk,i−1 (1.24)

ψℓk,i , ψℓ,i + v
(ψ)
ℓk,i (1.25)

dℓk(i) , dℓ(i) + v
(d)
ℓk (i) (1.26)

uℓk,i , uℓ,i + v
(u)
ℓk,i (1.27)

where v
(w)
ℓk,i−1 and v

(ψ)
ℓk,i are M × 1 noise signals, v

(u)
ℓk,i is an M ×M noise signal,

and v
(d)
ℓk (i) is a scalar noise signal (see Fig. 1.4). Using the perturbed data model

(1.24)–(1.27), the diffusion algorithm (1.23a)–(1.23c) becomes

φk,i−1 =
∑

ℓ∈Nk

a1,ℓkwℓ,i−1 + v
(w)
k,i−1 (1.28)

ψk,i = φk,i−1 + µk
∑

ℓ∈Nk

cℓku
∗
ℓk,i[dℓk(i)− uℓk,iφk,i−1] (1.29)

wk,i =
∑

ℓ∈Nk

a2,ℓkψℓ,i + v
(ψ)
k,i (1.30)

where v
(w)
k,i−1 and v

(ψ)
k,i denote the aggregate M × 1 zero-mean noise signals over

the neighborhood Nk:

v
(w)
k,i−1 ,

∑

ℓ∈Nk\{k}

a1,ℓkv
(w)
ℓk,i−1 (1.31)

v
(ψ)
k,i ,

∑

ℓ∈Nk\{k}

a2,ℓkv
(ψ)
ℓk,i (1.32)

Note that the {dℓk(i),uℓk,i} in (1.29) are the data contaminated by the link noise.

The diffusion strategy (1.23a)–(1.23c) is adaptive in nature. One of the main

benefits of adaptation (by using constant step-sizes) is that it endows networks

with tracking abilities when the underlying weight vector wo varies with time. We

will adopt a random-walk model for wo, which is commonly used in the literature,

to describe the non-stationarity of the weight vector [46]:

wo
i = w

o
i−1 + ηi (1.33)
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Figure 1.4: Several additive noise sources perturb the exchange of information

from node ℓ to node k.

where the sequence {wo
i } has a constant mean wo for all i, and the {ηi} is an

independent zero-mean random sequence.

One of the main conclusions in Chapter 3 regarding network performance

under exchange noise (1.24)–(1.27) and the drifting model (1.33) is that a suffi-

cient condition for the mean-square stability of the diffusion network requires the

step-size parameters to be sufficiently small, namely,

µk <
2

maxℓ∈Nk

[
λmax

(
Ru,ℓ +R

(u)
v,ℓk

)] (1.34)

where Ru,ℓ is the covariance of the regressor uℓ,i and R
(u)
v,ℓk is the covariance of

the link noise v
(u)
ℓk,i. The steady-state MSD will be shown to be given by

MSD ≈ 1

N

[
vec(AT

2MCTSCMA2 +Rη +Rv + Y + Y∗)
]∗

× (IN2M2 − F)−1vec(INM) (1.35)

where the term AT

2MCTSCMA2 is contributed by the model noise {vk(i)}, the
secend term Rη is contributed by the driving noise ηi of the drifting model
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(1.33), and the remaining terms {Rv,Y} are contributed by the link noises

{v(w)ℓk,i−1, v
(d)
ℓk (i), v

(u)
ℓk,i, v

(ψ)
ℓk,i}.

1.4 Clustered Networks with Multiple Objectives

A third class of uncertain environment that interferes with the operation of an

adaptive network is the possibility of different agents being subjected to different

models, with the models being unknown to the agents or their neighbors. There

have been several useful works in this domain in the literature under various

assumptions, including in the earlier version of this work in [51]. This early in-

vestigation dealt only with the case of two separate clusters in the network with

each cluster interested in one parameter vector. One useful application of this

formulation in the context of biological networks was considered in [52], where

each agent was assumed to collect data arising from one of two models (e.g., the

location of two separate food sources). The agents did not know which model

generated their observations and, yet, they needed to reach agreement about

which model to follow (i.e., which food source to move towards). Another impor-

tant extension dealing with multiple (more than two) models appears in [53, 54]

where multi-task problems are introduced. In this formulation, different clus-

ters of the agents are again interested in estimating different parameter vectors

(called “tasks”) and the tasks of adjacent clusters are further assumed to be re-

lated to each other so that cooperation among clusters can still be beneficial.

This formulation is useful in many scenarios, as already illustrated in [53], in-

cluding in multiple target tracking [55, 56] and classification problems involving

multiple models [57–62]. Other useful variations of multi-task problems appear

in [63], which assumes fully-connected networks, and in [64] where the agents

have two types of parameters to estimate (a local parameter and a global pa-
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rameter). These various works focus on mean-square-error (MSE) design, where

the parameters of interest are estimated by seeking the minimizer of an MSE

cost. Moreover, with the exception of [51, 54], it is generally assumed in these

works that the agents know beforehand which clusters they belong to or which

parameters they are interested in estimating.

In this dissertation, we extend the approach of [51] and study multi-tasking

adaptive networks under three conditions that are fundamentally different from

previous studies. First, we go beyond mean-square-error estimation and allow for

more general convex risk functions at the agents. This level of generality allows

the framework to handle broader situations both in adaptation and learning,

such as logistic regression for pattern classification purposes. Second, we do

not assume any relation among the different objectives pursued by the clusters.

In other words, we study the important problem where different components of

the network are truly interested in different objectives and would like to avoid

interference among clusters. And third, the agents do not know beforehand

which clusters they belong to and which other agents are interested in the same

objective.

For example, in an application involving a sensor network tracking multi-

ple moving objects from various directions, it is reasonable to assume that the

trajectories of these objects are independent of each other. In this case, only

information shared within clusters is beneficial for learning; the information from

agents in other clusters would amount to interference. This means that agents

would need to cooperate with neighbors that belong to the same cluster and would

need to cut their links to neighbors with different objectives. This task would

be simple to achieve if agents were aware of their cluster information. However,

we will not be making that assumption. The cluster information will need to be
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learned as well. This point highlights one major feature of our formulation: we do

not assume that agents have full knowledge about their clusters. This assumption

is quite common in the context of unsupervised machine learning [57, 61], where

the collected measurement data are not labeled and there are multiple candidate

models. If two neighboring agents are interested in the same model and they

are aware of this fact, then they should exchange data and cooperate. However,

the agents may not know this fact, so they cannot be certain about whether or

not they should cooperate. Accordingly, in this work, we will devise an adaptive

clustering and learning strategy that allows agents to learn which neighbors they

should cooperate with. In doing so, the resulting algorithm enables the agents in

a network to be correctly clustered and to attain improved learning performance

through enhanced intra-cluster cooperation.

For this problem, we shall assume that each individual cost function has a

unique minimizer and they are categorized into G mutually exclusive groups,

denoted by Gm, m = 1, 2, . . . , G, according to their minimizers.

Definition 1.1 (Cluster). Each cluster q, denoted by Cq, consists of the collection
of agents whose individual costs share the common minimizer w⋆q , i.e., w

o
k = w⋆q

for all k ∈ Cq.

Since agents from different clusters do not share common minimizers, the

network then aims to solve the clustered multi-task problem:

minimize
{wq}

Q
q=1

J(w1, . . . , wQ) ,
Q∑

q=1

∑

k∈Cq

Jk(wq) (1.36)

If the cluster information {Cq} is available to the agents, then problem (1.36)

can be decomposed into Q separate optimization problems over the sub-networks
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associated with the clusters:

minimize
w

Jcluster
q (w) ,

∑

k∈Cq

Jk(w) (1.37)

for q = 1, 2, . . . , Q. Assuming the cluster topologies are connected, the corre-

sponding minimizers {w⋆q} can be sought by employing diffusion strategies over

each cluster. In this case, collaborative learning will only occur within each clus-

ter without any interaction across clusters. This means that for every agent k

that belongs to a particular cluster Cq, i.e., k ∈ Cq, its neighbors, which belong

to the set denoted by Nk, will need to be segmented into two sets: one set is

denoted by N+
k and consists of neighbors that belong to the same cluster Cq, and

the other set is denoted by N−
k and consists of neighbors that belong to other

clusters. It is clear that

N+
k , Nk ∩ Cq, N−

k , Nk\N+
k (1.38)

We illustrate a two-cluster network with a total of N = 20 agents in Fig. 1.5a.

The agents in the clusters are denoted by blue and red circles, and are inter-

connected by the underlying topology, so that agents may have in-cluster neigh-

bors as well as neighbors from other clusters. For example, agent k from blue

cluster C1 has the in-cluster sub-neighborhood N+
k = {k, 3, 4}, which is a subset

of its neighborhood Nk = {k, 1, 2, 3, 4, 5}. If the cluster information is available

to all agents, then the network can be split into two sub-networks, one for each

cluster, as illustrated in Figs. 1.5b and 1.5c.

However, in this dissertation we consider the more challenging scenario in

which the cluster information {Cq} is only partially available to the agents be-

forehand, or even completely unavailable. When the cluster information is com-

pletely absent, each agent k must first identify neighbors belonging to N+
k . When

the cluster information is partially known, meaning that some agents from the
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(a) The underlying topology. (b) The clustered topology for C1.

(c) The clustered topology for C2. (d) Five groups from cluster C1.

Figure 1.5: A network with N = 20 nodes and Q = 2 clusters. Cluster C1 consists
of 10 agents in blue. Cluster C2 consists of another 10 agents in red. Agent k

belongs to Cluster C1, and its neighborhood is denoted by Nk = {k, 1, 2, 3, 4, 5}
with N+

k = {k, 3, 4}. With perfect cluster information, the underlying topology

splits into two sub-networks, one for each cluster. With partial cluster informa-

tion, cluster C1 breaks down into five groups: two singleton groups G1 and G5, and

three non-trivial groups G2, G3, and G4. Through adaptive learning and clustering,

the five groups in (b) will end up merging into one largest group corresponding

to the entire cluster in (c).
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same cluster already know each other, then these agents can cooperate to identify

the other members in their cluster. In order to study these two scenarios in a

uniform manner, we introduce the concept of a group.

Definition 1.2 (Group). A group m, denoted by Gm, consists of a collection of

connected agents from the same cluster and knowing that they belong to this same

cluster.

Figure 1.5d illustrates the concept of groups when cluster information is only

partially available to the agents in the network from Fig. 1.5a. If an agent has

no information about its neighbors, then it falls into a singleton group, such as

groups G1 and G5 in Fig. 1.5d. If some neighboring agents know the cluster

information of each other, then they form a non-trivial group, such as groups

G2, G3, and G4. If every agent in a cluster knows the cluster information of all

its neighbors, then all cluster members form one group and this group coincides

with the cluster itself, as shown in Fig. 1.5b.

Since cooperation among neighbors belonging to different clusters can lead to

biased results [53,65,66], agents should only cooperate within clusters. However,

when agents have access to partial cluster information, then they only know their

group neighbors but not all cluster neighbors. Therefore, at this stage, agents

can only cooperate within groups, leaving behind some potential opportunity for

cooperation with neighbors from the same cluster. We shall devise a procedure

to enable agents to identify all of their cluster neighbors, such that small groups

from the same cluster can merge automatically into larger groups. At the same

time, the procedure needs to be able to turn off links between different clusters

in order to avoid interference. By using such a procedure, agents in multi-task

networks with partial cluster information will be able to cluster themselves in an

adaptive manner, and then solve problem (1.36) by solving (1.37) collaboratively
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within each cluster. The proposed strategy is summarized in the following listing.

Distributed clustering and learning over networks

Initialization: wk,−1 = w′
k,−1 = 0 and N+

k,−1 = Nk ∩ Gm for all k ∈ Gm and

m = 1, 2, . . . , G.

for i ≥ 0 do

(1) Each agent k updates wk,i according to diffusion strategies over Nk∩Gm:

ψk,i = wk,i−1 − µk∇̂Jk(wk,i−1) (1.39a)

wk,i =
∑

ℓ∈Nk∩Gm

aℓkψℓ,i (1.39b)

(2) Each agent k updates w′
k,i according to diffusion strategies over N+

k,i−1:

ψ′
k,i = w

′
k,i−1 − µk∇̂Jk(w′

k,i−1) (1.40a)

w′
k,i =

∑

ℓ∈N+
k,i−1

a′
ℓk(i− 1)ψ′

ℓ,i (1.40b)

(3) Each agent k updates N+
k,i by using:

N+
k,i , {ℓ ∈ Nk; ‖wℓ,i −wk,i‖2 < θk,ℓ or ℓ ∈ Gm} (1.41)

with {wℓ,i; ℓ ∈ Nk} from step (1).

end for

The algorithm enables agents to identify their grouping and to attain im-

proved learning and estimation performance over networks. The last step (1.41)

is actually a hypothesis test for agents ℓ and k to determine whether or not they

are in the same group:

‖wℓ,i −wk,i‖2
H0

≶
H1

θk,ℓ (1.42)

where H0 denotes the hypothesis of woℓ = wok, H1 denotes the hypothesis of

woℓ 6= wok, and θk,ℓ > 0 is a predefined threshold. Both agents ℓ and k will test on
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(1.42) in order to reach a symmetric pattern for cooperation. Since wk,i and wℓ,i

are accessible through local interactions within neighborhoods, the hypothesis

test (1.42) can be carried out in a distributed manner. We shall establish later in

Chapter 6 that the probabilities for both types of errors incurred in (1.42), i.e., the

false alarm (Type-I) and the missing detection (Type-II), decay at exponential

rates:

Type-I error: P[‖wℓ,i −wk,i‖2 > θk,ℓ|woℓ = wok] ≤ O(e−c1/µmax) (1.43)

Type-II error: P[‖wℓ,i −wk,i‖2 < θk,ℓ|woℓ 6= wok] ≤ O(e−c2/µmax) (1.44)

for some constants c1 > 0 and c2 > 0. Therefore, for long enough iterations and

small enough step-sizes, agents are able to successfully infer the group information

with very high probability.

1.5 Organization

The organization of the dissertation is summarized as follows.

• Chapter 2: We examine asynchronous networks that are subject to fairly

general sources of uncertainties, such as changing topologies, random link

failures, random data arrival times, and agents turning on and off ran-

domly. Under this model, agents in the network may stop updating their

solutions or may stop sending or receiving information in a random manner

and without coordination with other agents. We establish in this chapter

conditions on the first and second-order moments of the relevant parameter

distributions to ensure mean-square stable behavior. One notable conclu-

sion is that the mean-square-error performance of asynchronous networks

shows a degradation only of the order of O(ν), where ν is a small step-

size parameter, while the convergence rate remains largely unaltered. The
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results provide a solid justification for the remarkable resilience of coopera-

tive networks in the face of random failures at multiple levels: agents, links,

data arrivals, and topology.

• Chapter 3: We carry out a detailed analysis of the mean-square-error per-

formance of asynchronous strategies for solving distributed optimization

and adaptation problems over networks. We derive analytical expressions

for the mean-square convergence rate and the steady-state mean-square-

deviation. The expressions reveal how the various parameters of the asyn-

chronous behavior influence network performance. In the process, we estab-

lish the interesting conclusion that even under the influence of asynchronous

events, all agents in the adaptive network can still reach an O(ν1+γ
′

o) near-

agreement with some γ′o > 0 while approaching the desired solution within

O(ν) accuracy, where ν is proportional to the small step-size parameter for

adaptation.

• Chapter 4: In this chapter, we compare the performance of synchronous

and asynchronous networks. We also compare the performance of decentral-

ized adaptation against centralized stochastic-gradient (batch) solutions.

Two interesting conclusions stand out. First, the results establish that the

performance of adaptive networks is largely immune to the effect of asyn-

chronous events: the mean and mean-square convergence rates and the

asymptotic bias values are not degraded relative to synchronous or central-

ized implementations. Only the steady-state mean-square-deviation suffers

a degradation in the order of ν, which represents the small step-size pa-

rameters used for adaptation. Second, the results show that the adaptive

distributed network matches the performance of the centralized solution.

These conclusions highlight another critical benefit of cooperation by net-
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worked agents: cooperation does not only enhance performance in compar-

ison to stand-alone single-agent processing, but it also endows the network

with remarkable resilience to various forms of random failure events and is

able to deliver performance that is as powerful as batch solutions.

• Chapter 5: This chapter investigates the mean-square performance of

general adaptive diffusion algorithms in the presence of various sources

of imperfect information exchanges, quantization errors, and model non-

stationarities. Among other results, the analysis reveals that link noise

over the regression data modifies the dynamics of the network evolution in

a distinct way, and leads to biased estimates in steady-state. The analysis

also reveals how the network mean-square performance is dependent on the

combination weights. We use these observations to show how the combi-

nation weights can be optimized and adapted. Simulation results illustrate

the theoretical findings and match well with theory.

• Chapter 6: In this chapter, we consider the situation where agents belong

to different groups that pursue different objectives. We propose an adaptive

clustering and learning scheme that allows agents to learn which neighbors

should be cooperate with and which other neighbors should be ignored.

In doing so, the resulting algorithm enables the agents to identify their

grouping and to attain improved learning and estimation performance over

networks.

• Chapter 7: In this chapter, we starts from an aggregate cost function

defined over a network of agents with different minimizers. We extend the

aggregate cost into a higher-dimensional cost and regularize it by adding

a weighted quadratic term whose nullspace coincides with the agreement

subspace for all agents. Under a local balance condition on the combination

27



coefficients over the edges, we are able to relate consensus and diffusion

strategies to diagonally-weighted gradient-descent iterations. In this case,

stability and performance analysis for single-agent implementations become

applicable to the distributed solutions. The results in this chapter can be

further used to interpret the two-phase transient behavior of consensus and

diffusion strategies. When the local balance condition is not satisfied (e.g.,

when more general left-stochastic combination policies are employed), the

study of the behavior of distributed solutions becomes more demanding

than stand-alone gradient-descent iterations [66, 67].

1.6 Notation

We use lowercase letters to denote vectors, uppercase letters for matrices, plain

letters for deterministic variables, and boldface letters for random variables. We

also use (·)T to denote transposition, (·)∗ to denote conjugate transposition, (·)−1

for matrix inversion, Tr(·) for the trace of a matrix, λ(·) for the eigenvalues of a

matrix, and ‖ · ‖ for the 2-norm of a matrix or the Euclidean norm of a vector.

Besides, we use ⊗ to denote the Kronecker product.
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CHAPTER 2

Stability Analysis of Asynchronous Networks

In this chapter, we provide a rather detailed analysis for the stability and per-

formance of the asynchronous strategy (1.7a)–(1.7b) for solving the distributed

optimization and adaptation problem (1.1) presented in Chapter 1. We shall

examine asynchronous networks that are subject to fairly general sources of un-

certainties, such as changing topologies, random link failures, random data ar-

rival times, and agents turning on and off randomly. Under this model, agents in

the network may stop updating their solutions or may stop sending or receiving

information in a random manner and without coordination with other agents.

We shall establish conditions on the first and second-order moments of the rel-

evant parameter distributions to ensure mean-square stable behavior. We shall

also derive analytical expressions for the mean-square convergence rate and the

steady-state mean-square-deviation. The expressions will reveal how the various

parameters of the asynchronous behavior influence network performance. In this

process, we shall establish the interesting conclusion that even under the influ-

ence of asynchronous events, all agents in the adaptive network can still reach an

O(ν1+γ
′

o) near-agreement with some γ′o > 0 while approaching the desired solution

within O(ν) accuracy, where ν is proportional to the small step-size parameter

for adaptation. The results in this chapter are based on material from [68].
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2.1 Preliminaries

In the problem (1.1) presented in Chapter 1, we allow the argument w to be

complex-valued so that the results are applicable to a wide range of problems,

especially in the fields of communications and signal processing where complex

parameters are fairly common (e.g., in modeling wireless channels, power grid

models, beamforming weights, etc.). To facilitate the analysis, and before de-

scribing the distributed strategies, we first introduce two alternative ways for

representing real-valued functions of complex arguments.

2.1.1 Equivalent Representations

The first representation is based on the 1-to-1 mapping T̄ : CM 7−→ R2M :

w̄ , T̄(w) =


Re(w)

Im(w)


 (2.1)

which replaces the M × 1 complex vector w by the 2M × 1 extended vector

w̄ composed of the real and imaginary components of w. In this way, we can

interpret each Jk(w) as a function of the real-valued variable w̄ and write Jk(w̄) ,

Jk(w) as well as

Jglob(w̄) , Jglob(w) =
N∑

k=1

Jk(w) =
N∑

k=1

Jk(w̄) (2.2)

The second representation for functions of complex arguments is based on another

1-to-1 mapping
¯
T : CM 7−→ C2M

M (where C2M
M is a sub-manifold of complex

dimension M and is isomorphic to R2M [69]) defined as

¯
w ,

¯
T(w) =


 w

(w∗)T


 (2.3)
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in terms of the entries of w and their complex conjugates. In this case, we can

interpret each Jk(w) as a function defined over the extended variable
¯
w ∈ C2M

M

and write Jk(
¯
w) , Jk(w) as well as

Jglob(
¯
w) , Jglob(w) =

N∑

k=1

Jk(w) =
N∑

k=1

Jk(
¯
w) (2.4)

Most of our analysis will be based on the second representation (2.3)–(2.4); the

first representation (2.1)–(2.2) will be used when we need to exploit some analytic

properties of real functions. Note from (2.1) and (2.3) that the variables {w̄,
¯
w}

are related linearly as follows:


 w

(w∗)T




︸ ︷︷ ︸
=
¯
w

=


IM jIM

IM −jIM




︸ ︷︷ ︸
,D


Re(w)

Im(w)




︸ ︷︷ ︸
=w̄

⇐⇒
¯
w = D · w̄ (2.5)

where the matrix D satisfies DD∗ = D∗D = 2·I2M and I2M denotes the 2M×2M

identity matrix. It follows that

w̄ = D−1 ·
¯
w =

1

2
D∗ ·

¯
w (2.6)

Using the real representation {Jk(w̄)}, we introduce the following assumption on

the analytic properties of {Jk(w)}.

Assumption 2.1 (Properties of cost functions). The individual cost functions

{Jk(w̄) : R2M 7→ R ; k = 1, 2, . . . , N} are assumed to be at least twice-differentiable

and strongly convex over R2M . They are also assumed to share a common and

unique minimizer at w̄o , T̄(wo), where wo ∈ CM .

The situation involving a common minimizer for the cost functions {Jk(w̄)}
is frequent in practice, especially when agents need to cooperate with each other

in order to attain a common objective. For example, in biological networks, it is
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usual for agents in a school of fish to interact while searching for a common food

source or avoiding a common predator [19]. Likewise, in wireless sensor networks,

it is common for sensors to survey the same physical environment, to interact

with each other to estimate a common modeling parameter, or to track the same

target [14]. Furthermore, in machine learning applications [70], it is common for

all agents to minimize the same cost function (for example, the expected risk)

which automatically satisfies the condition of a common minimizer. It follows

from Assumption 2.1 that the real global cost function, Jglob(w̄), has a unique

minimizer at w̄o, or equivalently, that the original global cost function, Jglob(w),

has a unique minimizer at wo. Accordingly, the unique minimizer for Jglob(
¯
w)

and for each Jk(
¯
w) is given by

¯
wo =

¯
T(wo).

The strong convexity assumption on each cost Jk(w̄) ensures that their Hes-

sian matrices are sufficiently bounded away from zero, which avoids situations

involving ill-conditioning in recursive implementations based on streaming data.

Strong convexity is not a serious limitation because it is common practice in adap-

tation and learning to incorporate regularization into the cost functions, and it

is well-known that regularization helps enforce strong convexity [46,71]. We may

add though that many of the results in this work would still hold if we only

require the aggregate cost function Jglob(w̄) to be strongly convex by following

arguments similar to those used in [65]; in that case, it would be sufficient to

require only one of the individual costs Jk(w̄) to be strongly convex while the

remaining costs can be simply convex. Nevertheless, some of the derivations will

become more technical under these more relaxed conditions. For this reason, and

since the arguments in Parts I–III are already demanding and lengthy, we opt to

convey the main ideas and results by working under Assumption 2.1.
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2.1.2 Hessian Matrices

We explain in Appendix 2.A how to compute the complex gradient vector and the

complex Hessian matrix of the cost Jk(w), and its equivalent representations, with

respect to their arguments. The strong convexity condition from Assumption 2.1

translates into the existence of a lower bound on the Hessian matrices as shown

below in (2.7). In addition, we shall assume that the Hessian matrices are also

bounded from above. This requirement relaxes conditions from prior studies

in the literature where it has been customary to bound the gradient vector as

opposed to the Hessian matrix [25, 27]; bounding the gradient vector limits the

class of cost functions to those with linear growth — see [12] for an explanation.

Assumption 2.2 (Bounded Hessian and Lipschitz condition). The eigenvalues

of the complex Hessian {∇2

¯
w
¯
w∗Jk(

¯
w)} (defined by (2.109) in Appendix 2.A) are

bounded from below and from above by

λk,min ≤ λ(∇2

¯
w
¯
w∗Jk(

¯
w)) ≤ λk,max (2.7)

where 0 < λk,min ≤ λk,max. Moreover, the complex Hessian functions {∇2

¯
w
¯
w∗Jk(

¯
w}

are assumed to be locally Lipschitz continuous [72] at
¯
wo, i.e.,

‖∇2

¯
w
¯
w∗Jk(

¯
wo)−∇2

¯
w
¯
w∗Jk(

¯
w)‖ ≤ τk · ‖

¯
wo −

¯
w‖ (2.8)

where τk ≥ 0,
¯
wo =

¯
T(wo) and

¯
w =

¯
T(w) for any w ∈ B(wo, δk) with B(wo, δk)

denoting the 2-norm ball B(wo, δk) , {w ∈ CM ; ‖wo−w‖ ≤ δk}, which is centered

at wo with radius δk.

Lemma 2.1 (Global Lipschitz continuity). When conditions (2.7) and (2.8) hold,

the Hessian matrix functions {∇2

¯
w
¯
w∗Jk(

¯
w)} are globally Lipschitz continuous at

wo, i.e.,

‖∇2

¯
w
¯
w∗Jk(

¯
wo)−∇2

¯
w
¯
w∗Jk(

¯
w)‖ ≤ τ ′k · ‖¯w

o −
¯
w‖ (2.9)
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for any w, and

τ ′k , max

{
τk,

λk,max − λk,min√
2δk

}
(2.10)

Proof. We first note that

‖∇2

¯
w
¯
w∗Jk(

¯
wo)−∇2

¯
w
¯
w∗Jk(

¯
w)‖ ≤ λk,max − λk,min (2.11)

for any
¯
w =

¯
T(w), because for any 2M × 1 vector x,

x∗[∇2

¯
w
¯
w∗Jk(

¯
wo)−∇2

¯
w
¯
w∗Jk(

¯
w)]x = x∗[∇2

¯
w
¯
w∗Jk(

¯
wo)]x− x∗[∇2

¯
w
¯
w∗Jk(

¯
w)]x

≤ (λk,max − λk,min)‖x‖2 (2.12)

Now, if w ∈ B(wo, δk), by condition (2.8), we have

‖∇2

¯
w
¯
w∗Jk(

¯
wo)−∇2

¯
w
¯
w∗Jk(

¯
w)‖ ≤ τ ′k · ‖¯w

o −
¯
w‖ (2.13)

On the other hand, if w /∈ B(wo, δk), i.e., ‖wo − w‖ > δk or ‖
¯
wo −

¯
w‖ >

√
2δk,

then we have

‖∇2

¯
w
¯
w∗Jk(

¯
wo)−∇2

¯
w
¯
w∗Jk(

¯
w)‖ ≤ λk,max − λk,min√

2δk
·
√
2δk

≤ τ ′k · ‖¯w
o −

¯
w‖ (2.14)

by condition (2.11).

2.2 Asynchronous Diffusion Networks

We first describe the traditional synchronous diffusion network studied in [8,12],

then we introduce the asynchronous network and derive some useful properties.

2.2.1 Synchronous Diffusion Networks

References [8, 12] deal with the optimization of aggregate real functions of the

form Jglob(w̄). Starting from equations (12)–(14) from [12] and using (2.5) we
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can derive the following diffusion strategy for solving the distributed optimization

problem (1.1) with constant step-sizes:

ψk,i = wk,i−1 − µk∇̂w∗Jk(wk,i−1) (adaptation) (2.15a)

wk,i =
∑

ℓ∈Nk

aℓk ψℓ,i (combination) (2.15b)

where (2.15a) is a stochastic gradient approximation step for self-learning and

(2.15b) is a convex combination step for social-learning. The iterate wk,i is the

estimate for wo that is computed by agent k at iteration i. The iterate ψk,i is an

intermediate solution that results from the adaptation step and will be shared

with the neighbors in the combination step. The factor µk is a positive step-size

parameter and the combination coefficients {aℓk} are nonnegative parameters and

are required to satisfy the following constraints:

∑

ℓ∈Nk

aℓk = 1, and





aℓk > 0, if ℓ ∈ Nk

aℓk = 0, otherwise

(2.16)

where Nk denotes the set of neighbors of agent k including k itself. If we collect

these coefficients into an N × N matrix such that [A]ℓk = aℓk, then condition

(2.16) implies that A is a left-stochastic matrix, written as AT
1N = 1N where

1N is the N × 1 vector with all entries equal to one.

In (2.15a), the stochastic approximation for the true gradient vector is used

because, in general, agents do not have sufficient information to acquire the true

gradients. The difference between the true and approximate gradients is called

gradient noise, which is random in nature and seeps into the algorithm. That is

why the variables {wk,i} in (2.15a)–(2.15b) are random and are represented in

boldface. We model the gradient noise, denoted by vk,i(wk,i−1), as an additive

random perturbation to the true gradient vector, i.e.,

∇̂w∗Jk(wk,i−1) = ∇w∗Jk(wk,i−1) + vk,i(wk,i−1) (2.17)
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Let Fi−1 denote the filtration to represent all information available up to iteration

i − 1. The conditional covariance of the individual gradient noise
¯
vk,i(wk,i−1) is

given by

Rk,i(wk,i−1) , E[
¯
vk,i(wk,i−1)

¯
v∗k,i(wk,i−1)|Fi−1]

=



Rv,k,i(wk,i−1) R′

v,k,i(wk,i−1)

R′∗
v,k,i(wk,i−1) RT

v,k,i(wk,i−1)


 (2.18)

by using (2.3), where

Rv,k,i(wk,i−1) , E[vk,i(wk,i−1)v
∗
k,i(wk,i−1)|Fi−1] (2.19)

R′
v,k,i(wk,i−1) , E[vk,i(wk,i−1)v

T

k,i(wk,i−1)|Fi−1] (2.20)

so that Rv,k,i(wk,i−1) is Hermitian positive semi-definite and R′
v,k,i(wk,i−1) is sym-

metric. Let further

¯
vi(wi−1) , col{

¯
v1,i(w1,i−1), . . . ,

¯
vN,i(wN,i−1)} (2.21)

The conditional covariance of
¯
vi(wi−1) is denoted by

Ri(wi−1) , E[
¯
vi(wi−1)

¯
v∗i (wi−1)|Fi−1] (2.22)

Assumption 2.3 (Gradient noise model). The gradient noise vk,i(wk,i−1), con-

ditioned on Fi−1, is assumed to be independent of any other random sources in-

cluding topology, links, combination coefficients, and step-sizes. The conditional

mean and variance of vk,i(wk,i−1) satisfy:

E [vk,i(wk,i−1)|Fi−1] = 0 (2.23)

E [‖vk,i(wk,i−1)‖2|Fi−1] ≤ α ‖wo −wk,i−1‖2 + σ2
v (2.24)

for some α ≥ 0 and σ2
v ≥ 0.
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Let
¯
vk,i(wk,i−1) ,

¯
T(vk,i(wk,i−1)). From Assumption 2.3, the extended gra-

dient noise
¯
vk,i(wk,i−1), conditioned on Fi−1, is independent of other random

sources including topology, links, combination coefficients, and step-sizes. The

conditional mean and variance of
¯
vk,i(wk,i−1) satisfy

E[
¯
vk,i(wk,i−1)|Fi−1] = 0 (2.25)

E[‖
¯
vk,i(wk,i−1)‖2|Fi−1] ≤ α‖

¯
wo −

¯
wk,i−1‖2 + 2σ2

v (2.26)

Conditions similar to (2.25) and (2.26) appeared in the works [12, 72, 73] on

distributed algorithms. However, they are more relaxed than those employed

in [72,73], as already explained in [12]. Conditions (2.25) and (2.26) are satisfied

in several useful scenarios of practical relevance such as those involving quadratic

costs or logistic costs.

2.2.2 Asynchronous Diffusion Networks

To model the asynchronous behavior of the network, we modify the diffusion

strategy (2.15a)–(2.15b) to the following form:

ψk,i = wk,i−1 − µk(i)∇̂w∗Jk(wk,i−1) (2.27a)

wk,i =
∑

ℓ∈N k,i

aℓk(i)ψℓ,i (2.27b)

where the {µk(i),aℓ k(i)} are now time-varying and random step-sizes and combi-

nation coefficients, and N k,i denotes the random neighborhood of agent k at time

i. The step-size parameters {µk(i)} are nonnegative random variables, and the

combination coefficients {aℓk(i)} are also nonnegative random variables, which

are required to satisfy the following constraints (compare to (2.16)):

∑

ℓ∈N k,i

aℓk(i) = 1, and





aℓk(i) > 0, if ℓ ∈ N k,i

aℓk(i) = 0, otherwise

(2.28)
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Let

wi , col{w1,i,w2,i, . . . ,wN,i} (2.29)

ψi , col{ψ1,i,ψ2,i, . . . ,ψN,i} (2.30)

denote the collections of the iterates from across the network at time i. Let also

Mi , diag{µ1(i),µ2(i), . . . ,µN(i)} (2.31)

be the diagonal random step-size matrix at time i. We further collect the com-

bination coefficients {aℓk(i)} at time i into the matrix Ai ∈ RN×N . The asyn-

chronous network model consists of the following conditions on {Mi,Ai; i ≥ 0}:

1. The stochastic process {Mi, i ≥ 0} consists of a sequence of diagonal ran-

dom matrices with bounded nonnegative entries, {µk(i) ∈ [0, µk]}, where
the upper bound µk > 0 is a constant. The random matrix Mi is assumed

to have constant mean M̄ of size N×N and constant Kronecker-covariance

matrix CM of size N2 ×N2, i.e.,

M̄ , EMi = diag{µ̄1, µ̄2, . . . , µ̄N} (2.32)

µ̄k , Eµk(i) (2.33)

CM , E [(Mi − M̄)⊗ (Mi − M̄)]

= diag{Cµ,1, Cµ,2, . . . , Cµ,N} (2.34)

Cµ,k , E[(µk(i)− µ̄k)(Mi − M̄)]

= diag{cµ,k,1, cµ,k,2, . . . , cµ,k,N} (2.35)

where µ̄k denotes the k-th entry on the diagonal of M̄ , Cµ,k is a diagonal

matrix and denotes the k-th block of size N × N on the diagonal of CM ,

and cµ,k,ℓ denotes the ℓ-th entry on the diagonal of Cµ,k. The scalar cµ,k,ℓ
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represents the covariance between the step-sizes µk(i) and µℓ(i):

cµ,k,ℓ , E[(µk(i)− µ̄k)(µℓ(i)− µ̄ℓ)] (2.36)

When ℓ = k, the scalar cµ,k,k becomes the variance of µk(i). Since the {µ̄k}
are all finite positive numbers, the condition number of the matrix M̄ is

bounded by some finite positive constant κ > 0, i.e.,

maxk{µ̄k}
mink{µ̄k}

≤ κ (2.37)

2. The stochastic process {Ai, i ≥ 0} consists of a sequence of left-stochastic

random matrices, whose entries satisfy the conditions in (2.28) at every

time i. The mean and Kronecker-covariance matrices of Ai are assumed

to be constant and are denoted by the N ×N matrix Ā and the N2 ×N2

matrix CA, respectively,

Ā , EAi = [āℓk]
N
ℓ,k=1 (2.38)

āℓk , Eaℓk(i) (2.39)

CA , E[(Ai − Ā)⊗ (Ai − Ā)] = [Ca,ℓk]
N
ℓ,k=1 (2.40)

Ca,ℓk , E[(aℓk(i)− āℓk)(Ai − Ā)] = [ca,ℓk,nm]
N
n,m=1 (2.41)

where āℓk denotes the (ℓ, k)-th element of Ā, Ca,ℓk denotes the (ℓ, k)-th

block with size N ×N of CA, and ca,ℓk,nm denotes the (n,m)-th element of

Ca,ℓk. The scalar ca,ℓk,nm represents the covariance between the combination

coefficients aℓk(i) and anm(i):

ca,ℓk,nm , E[(aℓk(i)− āℓk)(anm(i)− ānm)] (2.42)

When ℓ = n and k = m, the scalar ca,ℓk,ℓk becomes the variance of aℓk(i).

3. The random matrices Mi and Ai are mutually-independent and are inde-

pendent of any other random variable.
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4. We refer to the topology that corresponds to the average combination ma-

trix Ā as the mean graph, which is fixed over time. For each agent k, the

neighborhood defined by the mean graph is denoted by Nk. The mean

combination coefficients āℓk > 0 satisfy the following constraints (compare

with (2.16) and (2.28)):

∑

ℓ∈Nk

āℓk = 1, and





āℓk > 0, if ℓ ∈ Nk

āℓk = 0, otherwise

(2.43)

The asynchronous network model described above is general enough to cover

many situations of practical interest — note that the model does not impose any

specific probabilistic distribution on the step-sizes, network topologies, or combi-

nation coefficients. The upper bounds {µk} are arbitrary and are independent of

the constant step-size parameters used in synchronous diffusion networks (2.15a)–

(2.15b). For example, we can choose the sample space of each step-size µk(i) to

be the binary choice {0, µ} to model a random “on-off” behavior at each agent k

for the purpose of saving power, waiting for data, or even due to random agent

failures. Similarly, we can choose the sample space of each combination coefficient

aℓ k(i), ℓ ∈ Nk\{k}, to be {0, aℓk} to model a random “on-off” status for the link

from agent ℓ to agent k at time i for the purpose of either saving communication

cost or due to random link failures. If links are randomly chosen by agents such

that at every time i there is only one other neighboring agent being communi-

cated with, then we effectively mimic the random gossip strategies [2,23,38,39,42].

Note that the convex constraint (2.28) can be satisfied by adjusting the value of

akk(i) according to the realizations of {aℓk(i); ℓ ∈ N k,i\{k}}. If the underlying

topology is changing over time and the combination weights are also selected

in a random manner, then we obtain the probabilistic diffusion strategy studied

in [43,44] or the random link or topology model studied in [26,37,40]. Since the
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parameter matricesMi and Ai are assumed to be independent of each other and

of any other random variable, the statistical dependency among the random vari-

ables {wi,ψi,Ai,Mi} is illustrated in Fig. 1.2 in Chapter 1. The filtration Fi−1

now also includes information about Ai−1 andMi−1 to represent all information

available up to iteration i− 1.

2.2.3 Properties of the Asynchronous Model

The randomness of the combination coefficient matrix Ai arises from three dif-

ferent sources. The first source is the randomness in the topology. The random

topology is used to model the rich dynamics of evolving adaptive networks. The

second source arises once a certain topology is realized, where the links among

agents are further allowed to drop randomly. This phenomenon may be caused by

either random interference or fading that blocks the communication links, or by

neighbor selection policies used to save resources such as energy and bandwidth.

The third sources relates to the agents which are allowed to assign random com-

bination coefficients to their links, as long as the constraint (2.28) is satisfied.

An example of a random network with two equally probable realizations and its

mean graph is shown in Fig. 2.1. The letter ω is used to index the sample space

of the random matrix Ai. A useful result relating the random neighborhoods

{N k,i} from (2.27b) to the neighborhoods {Nk} from the mean network model

is given in the following statement.

Lemma 2.2 (Neighborhoods). The neighborhood Nk defined by the mean graph

of the asynchronous network model is equal to the union of all possible realizations

for the random neighborhood N k,i in (2.27b), i.e.,

Nk =
⋃

ω∈Ω

N k,i(ω) (2.44)
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Figure 2.1: The first two rows show two equally probable realizations with the

respective neighborhoods. The last row shows the resulting mean graph.

for any k, where Ω denotes the sample space of N k,i.

Proof. We first establish
⋃
ω∈Ω N k,i(ω) ⊆ Nk. By (2.28), we have aℓk(i) > 0

for any ℓ ∈ N k,i. Since aℓk(i) is a nonnegative random variable, if the event

aℓk(i) > 0 occurs, then āℓk > 0 by (2.39), which implies ℓ ∈ Nk. Thus, we

get N k,i ⊆ Nk. This relation holds for any realization of N k,i, so we have
⋃
ω∈Ω N k,i(ω) ⊆ Nk.

Now we establish Nk ⊆ ⋃
ω∈Ω N k,i(ω). For any ℓ ∈ Nk, we have āℓk > 0

by definition. This is only possible if there exists at least one realization of

aℓk(i) assuming a positive value, which means that ℓ ∈ N k,i(ω) for a certain ω.

Therefore, Nk ⊆
⋃
ω∈Ω N k,i(ω) holds as expected.

Another useful property for the asynchronous model relates to the combina-
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tion coefficient matrices {Ā, Ā⊗ Ā+ CA}.

Lemma 2.3 (Left-stochastic matrices). The N ×N matrix Ā and the N2 ×N2

matrix Ā⊗ Ā+CA are left-stochastic matrices, meaning that every element of Ā

or Ā⊗ Ā+ CA is nonnegative and

ĀT
1N = 1N , (Ā⊗ Ā+ CA)

T
1N2 = 1N2 (2.45)

Proof. Since Ai has nonnegative entries by the asynchronous network model, it

is easy to verify that Ā and Ai ⊗ Ai also have nonnegative entries. Moreover,

noting that

E(Ai ⊗Ai) = Ā⊗ Ā + E[(Ai − Ā)⊗ (Ai − Ā)]

= Ā⊗ Ā + CA (2.46)

it follows that Ā⊗ Ā+CA has nonnegative entries as well. Furthermore, observe

that

ĀT
1N = E(AT

i )1N = E(AT

i 1N) = 1N (2.47)

and

(Ā⊗ Ā+ CA)
T
1N2 = E(AT

i ⊗AT

i )(1N ⊗ 1N)

= E[(AT

i 1N)⊗ (AT

i 1N)]

= 1N2 (2.48)

as desired.

A useful special case of the asynchronous network model is the spatially-

uncorrelated model, where the random step-sizes at the agents are uncorrelated

with each other across the network, and the random combination coefficients

assigned by each agent to its local neighbors excluding itself are also uncorrelated
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with each other and with all other combinations weights assigned by other agents

across the network. In the next subsection we provide two concrete examples for

this model.

Lemma 2.4 (The spatially-uncorrelated model). Under the asynchronous net-

work model, if at each iteration i, the random step-sizes {µk(i); k=1, 2, . . . , N}
are uncorrelated with each other across the network, and if the random combina-

tion coefficients {aℓk(i); ℓ 6=k, k = 1, 2, . . . , N} are also assumed to be uncorrelated

with each other across the network, then the covariances {cµ,k,ℓ} in (2.36) and

{ca,ℓk,nm} in (2.42) are now given by

cµ,k,ℓ =





cµ,k,k, if ℓ = k

0, otherwise

(2.49)

and

ca,ℓk,nm =





ca,ℓk,ℓk, if k = m, ℓ = n, ℓ ∈ Nk\{k}

−ca,ℓk,ℓk, if k = m = n, ℓ ∈ Nk\{k}

−ca,nk,nk, if k = m = ℓ, n ∈ Nk\{k}
∑

j∈Nk\{k}

ca,jk,jk, if k = m = ℓ = n

0, otherwise

(2.50)

Correspondingly, the block matrices {Cµ,k, Ca,ℓk} in (2.35) and (2.41) are given

by the following compact expressions:

Cµ,k = cµ,k,k ·Ekk (2.51)

Ca,ℓk = ca,ℓk,ℓk · (Eℓk − Ekk), ℓ ∈ Nk\{k} (2.52)

Ca,kk =
∑

ℓ∈Nk\{k}

ca,ℓk,ℓk · (Ekk − Eℓk) (2.53)
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where Eℓk denotes the N × N matrix whose entries are all zero except for the

(ℓ, k)-th entry, which is equal to one.

Proof. See Appendix 2.B.

We remark that the matrices {CM , CA} are Kronecker-covariance matrices defined

by (2.34) and (2.40); they are not conventional covariance matrices and, therefore,

are not necessarily Hermitian matrices.

2.2.4 Two Useful Network Models

In this subsection we describe two scenarios where the asynchronous behavior

arises naturally. The first model below is referred to as the Bernoulli model, a

special case of which was used before to model random link failures over consensus

networks [26, 40]. The Bernoulli model given here is more general in that it

also allows us to consider simultaneously on-off strategies for adaptation through

equation (2.54).

2.2.4.1 The Bernoulli Model

We assume that at every time i, each agent k adopts a random “on-off” policy

to reduce energy consumption. Specifically, agent k enters an active mode with

probability 0 < qk < 1 and performs the self-learning step (2.27a), and it enters

a sleep mode with probability 1 − qk to save energy. This behavior can also be

interpreted as the result of random data arrivals: at every time i, a new data

becomes available to agent k with probability qk. This situation can be modeled
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by the following Bernoulli random step-size model:

µk(i) =





µk, with probability qk

0, with probability 1− qk

(2.54)

where µk is a fixed step-size. We further assume that the underlying topology

is fixed. However, each agent k is allowed to randomly choose a subset of its

neighbors to perform the social-learning step (2.27b). Specifically, agent k chooses

neighbor ℓ with probability 0 < ηℓk < 1 to save on communication costs. This

behavior can also be interpreted as resulting from random link failures: at every

time i, the communication link from agent ℓ to agent k drops with probability ηℓk.

This situation can be modeled by the following Bernoulli random combination

coefficients model:

aℓk(i) =





aℓk, with probability ηℓk

0, with probability 1− ηℓk

(2.55)

for any ℓ∈N k,i\{k}, where 0<aℓk<1 is a fixed combination coefficient. Based on

Lemma 2.2, we require the values of aℓk(i) in (2.55) to ensure that 0 ≤ akk(i) ≤ 1

where

akk(i) = 1−
∑

ℓ∈N k,i\{k}

aℓk(i) (2.56)

Using Lemma 2.4, the relevant quantities introduced in the asynchronous network

model are given by

µ̄k = qkµk (2.57)

cµ,k,k = qk(1− qk)µ
2
k (2.58)

āℓk = ηℓkaℓk (2.59)

ākk , 1−
∑

ℓ∈Nk\{k}

ηℓkaℓk (2.60)
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ca,ℓk,ℓk = ηℓk(1− ηℓk)a
2
ℓk, ℓ ∈ Nk\{k} (2.61)

2.2.4.2 The Beta Model

The other example involves continuous random variables modeled by Beta distri-

butions, which can be viewed as extensions of binary Bernoulli distributions to

the continuous domain when the probability mass is distributed over a bounded

region. The family of Beta distributions takes values in the interval [0, 1] and in-

cludes the uniform distribution over [0, 1] as a special case [74]. The probability

density function (PDF) of a Beta distribution is given by

B(x; ξ, ζ) =





Γ(ξ + ζ)

Γ(ξ)Γ(ζ)
xξ−1(1−x)ζ−1, 0≤x≤1

0, otherwise

(2.62)

where ξ, ζ > 0 are the shape parameters and Γ(·) denotes the Gamma function.

Figure 2.2 plots B(x; ξ, ζ) for two values of ζ . The mean and variance of the Beta

distribution (2.62) are given by

x̄ =
ξ

ξ + ζ
, σ2

x =
ξζ

(ξ + ζ)2(ξ + ζ + 1)
(2.63)

For the asynchronous network model, we assume that the step-size µk(i) takes

random values in the range [0, µk], where µk denotes the largest possible value

for the k-th step-size. We further assume that the scaled parameter µk(i)/µk is

governed by a Beta distribution:

xk(i) =
µk(i)

µk
∼ B(xk; ξk, ζk) (2.64)

where {ξk, ζk > 0} are the corresponding shape parameters. Likewise, we assume

that the combination coefficient aℓk(i) for ℓ ∈ N k,i\{k} takes random values in

the range [0, aℓk] with 0<aℓk<1. The scaled parameter aℓk(i)/aℓk is assumed to
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Figure 2.2: The PDFs of the Beta distribution B(x; ξ, ζ) for different values of ξ

and ζ .

be governed by a Beta distribution:

yℓk(i) =
aℓk(i)

aℓk
∼ B(yℓk; ξℓk, ζℓk) (2.65)

where {ξℓk, ζℓk > 0} are the shape parameters. We adopt the spatially uncorre-

lated model from Lemma 2.4. In order to guarantee that akk(i) always assumes

values within the range [0, 1], we again require condition (2.56). Then, we can

use (2.63) to calculate the relevant quantities introduced in the asynchronous

network model:

µ̄k =
ξk

ξk + ζk
µk (2.66)

cµ,k,k =
ξkζk

(ξk + ζk)2(ξk + ζk + 1)
µ2
k (2.67)

āℓk =
ξℓk

ξℓk + ζℓk
aℓk (2.68)

ākk , 1−
∑

ℓ∈N\{k}

ξℓk
ξℓk + ζℓk

aℓk (2.69)

ca,ℓk,ℓk =
ξℓkζℓk

(ξℓk+ζℓk)2(ξℓk+ζℓk+1)
a2ℓk, ℓ∈Nk\{k} (2.70)
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2.3 Mean-Square Stability

For each agent k, we introduce the error vectors:

ψ̃k,i , wo −ψk,i, w̃k,i , wo −wk,i (2.71)

where wo is the desired optimal solution. Subtracting wo from both sides of

(2.15a)–(2.15b) and using (2.17) gives

ψ̃k,i = w̃k,i−1+µk(i)[∇w∗Jk(wk,i−1)+vk,i(wk,i−1)] (2.72a)

w̃k,i =
∑

ℓ∈N k,i

aℓk(i) ψ̃ℓ,i (2.72b)

Applying the transformation
¯
T(·) from (2.3) to both sides of these equations, we

show in Appendix 2.C that the error recursion (2.72a)–(2.72b) becomes

¯
ψ̃k,i=[I2M−µk(i)Hk,i−1]

¯̃
wk,i−1+µk(i)

¯
vk,i(wk,i−1) (2.73a)

¯̃
wk,i=

∑

ℓ∈N k,i

aℓk(i)
¯
ψ̃ℓ,i (2.73b)

where we introduced the 2M × 2M matrix:

Hk,i−1 ,
∫ 1

0

∇2

¯
w
¯
w∗Jk(

¯
wo − t

¯̃
wk,i−1) dt (2.74)

To proceed, we introduce the following network variables:

¯̃
wi , col{

¯̃
w1,i,

¯̃
w2,i, . . . ,

¯̃
wN,i} (2.75)

Mi ,Mi ⊗ I2M (2.76)

Ai , Ai ⊗ I2M (2.77)

Hi , diag{H1,i,H2,i, . . . ,HN,i} (2.78)

Using (2.73a)–(2.73b) we conclude that the network error vector (2.75) evolves

according to the following dynamics:

¯̃
wi = AT

i (I2MN−MiHi−1)
¯̃
wi−1+AT

i Mi
¯
vi(wi−1) (2.79)
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2.3.1 Condition for Mean-Square Stability

The main result in this Part I is to establish the mean-square stability of this

recursion in Theorem 2.1 below. The difficulty lies in the fact that the error dy-

namics (2.79) is a time-variant stochastic recursion that also depends nonlinearly

on the data. The parameters {Ai,Mi,Hi−1} are random, time-varying, and

multiplied together and by the error vector and noise variables. The statement

and proof of Theorem 2.1 rely on the following quantities:

ǫ2(i) , max
k

E‖w̃k,i‖2 =
1

2
·max

k
E‖

¯̃
wk,i‖2 (2.80)

γ2k , 1− 2µ̄kλk,min + (µ̄2
k + cµ,k,k)λ

2
k,max (2.81)

β , max
k

{γ2k + α(µ̄2
k + cµ,k,k)} (2.82)

θ , max
k

{µ̄2
k + cµ,k,k} (2.83)

where the {λk,min, λk,max} correspond to the lower and upper bounds on the Hes-

sian matrices from (2.7).

Theorem 2.1 (Mean-square stability). The mean-square stability of the asyn-

chronous diffusion strategy (2.27a)–(2.27b) reduces to studying the convergence

of the recursive inequality:

ǫ2(i) ≤ β · ǫ2(i− 1) + θσ2
v (2.84)

where σ2
v is from (2.24). The model (2.84) is stable if the mean {µ̄k} and the

ratio {(µ̄2
k + cµ,k,k)/µ̄k} satisfy the following relation:

µ̄2
k + cµ,k,k
µ̄k

<
λk,min

α + λ2k,max

(2.85)

for k = 1, 2, . . . , N , where the parameter α is from (2.26). When condition

(2.85) holds, an upper bound on the individual steady-state mean-square-deviation
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(MSD) for each agent k in the network is given by

lim sup
i→∞

E‖w̃k,i‖2 ≤ b · νo (2.86)

where

νo , max
k

µ̄2
k + cµ,k,k
µ̄k

, b ,
κσ2

v

mink{λk,min}
(2.87)

and the parameter κ is from (2.37).

Proof. See Appendix 2.D.

From the asynchronous network model, we know that µk(i) ∈ [0, µk]. It

follows that
µ̄2
k + cµ,k,k
µ̄k

=
µ̄
(2)
k

µ̄
(1)
k

≤ E [µk(i)µk]

µ̄k
= µk (2.88)

From (2.88), a sufficient condition for (2.85) to hold is given by

µk <
λk,min

α+ λ2k,max

(2.89)

Condition (2.85) allows us to provide some insights about how the dispersion

of µk(i) affects mean-square stability. Note that condition (2.85) even allows the

random step-sizes to assume some abnormally large values at a relatively low

probability. This “hopping” behavior (resulting from infrequent large step-sizes)

would not destroy the mean-square stability of the network; this fact reveals

another useful form of robustness.

Since the constant coefficient b defined in (2.87) is a fixed bound, Theorem 2.1

implies that for sufficiently large i, the MSD of each individual agent’s solution

has a bounded value. The upper bound in (2.86) is proportional to the parameter

νo across the network. Using the useful conclusion of (2.86), we will be able to

derive in the sequel a condition for fourth-order stability of the error recursion

(2.79).
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2.3.2 Stability Conditions for Bernoulli and Beta Models

We specialize condition (2.86) for the asynchronous models described in Section

2.2.4.

2.3.2.1 The Bernoulli Model

Substituting (2.57) and (2.58) into (2.85) yields the condition

µk <
λk,min

α+ λ2k,max

(2.90)

which is identical to condition (2.89) on the upper limit of the range of random

step-sizes.

2.3.2.2 The Beta Model

Without loss of generality, let ζk = φk ·ξk with a constant factor φk > 0. It follows

from (2.66) that the mean value µ̄k can be expressed in terms of the factor φk

and the upper limit µk:

µ̄k =
µk

1 + φk
(2.91)

Likewise, from (2.67), we have

cµ,k,k =
φkµ

2
k

(1 + φk)2(ξk + ξkφk + 1)
(2.92)

which is a monotonically decreasing function of the shape parameter ξk ≥ 1.

As the value of ξk becomes larger, the probability mass of µk(i) will gradually

concentrate around its mean (2.91), as shown in Fig. 2.3. Substituting (2.91) and

(2.92) into (2.85) yields

µk <

(
1 +

φkξk
1 + ξk

)
λk,min

α + λ2k,max

(2.93)
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Figure 2.3: The PDFs of the Beta distribution B(x; ξk, ζk) for ζk = 1.5ξk and

ξk = 2, 4, 6.

where µk is the largest possible value for µk(i) defined by (2.64). In (2.93),

the bound on µk is a monotonically increasing function of the shape parameter

ξk ≥ 1. As ξk becomes larger, the bound in (2.93) becomes larger. The net effect

allows for a wider range for the realizations of the random step-sizes. Moreover,

it is easy to verify that the upper bound in (2.93) is larger than that in (2.90).

2.3.3 Condition for Fourth-Order Stability

Result (2.86) establishes that the network is mean-square stable under the as-

sumption of bounded second-order moments for the gradient noise process as in

(2.26). If desired, under a similar condition on bounded fourth-order moments for

the gradient noise, we can also establish by extending the arguments of Appendix

2.D and [67] that the error recursion (2.79) is stable in the fourth-order sense.

Theorem 2.2 (Stability of fourth-order error moments). Assume the fourth-

order moments of the gradient noise components are bounded by

E[‖vk,i(wk,i−1)‖4|Fi−1] ≤ α2‖wo −wk,i−1‖4 + σ4
v (2.94)
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for some constants α ≥ 0 and σv ≥ 0. If

√
µ̄
(4)
k

µ̄k
<

λk,min

3λ2k,max + 4α
(2.95)

holds for all k, then the fourth-order moments of the individual errors are asymp-

totically bounded by

lim sup
i→∞

E‖w̃k,i‖4 ≤ b24 · ν2 (2.96)

where the parameter ν is defined by

ν , max
k

√
µ̄
(4)
k

µ̄k
, b4 ,

3σ2
v(κ+ 1)

mink λk,min
(2.97)

Proof. See Appendix 2.E.

It is easy to verify that condition (2.94) implies a bound on the second-order

moment of the gradient noise:

E[‖vk,i(wk,i−1)‖2|Fi−1] ≤ α‖wo −wk,i−1‖2 + σ2
v (2.98)

although the converse is generally not true. In other words, it is redundant to

assume both conditions (2.26) and (2.94). It can be verified that condition (2.95)

implies (2.85) (see (2.192) and (2.193) in Appendix 2.E). Therefore, conditions

(2.94) and (2.95) are sufficient to ensure both mean-square and fourth-order sta-

bility of error moments. Moreover, it is straightforward to verify that

νo = max
k

µ̄
(2)
k

µ̄k
≤ max

k

√
µ̄
(4)
k

µ̄k
= ν (2.99)

Therefore, we can use ν to upper bound νo.
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2.4 Conclusion

We introduced a fairly general model for asynchronous behavior over networks

with random step-sizes, links, topologies, and combination coefficients. We then

carried out a mean-square analysis and showed that, even under non-vanishing

step-sizes, the asynchronous network remains mean-square stable for sufficiently

small step-sizes. We derived a condition on the first and second-order moments

of the random step-sizes to ensure stable behavior. We specialized the results to

two models: a Bernoulli network and a Beta network. It was observed that the

Beta network admits a wider range of step-sizes for stability. The results suggest

that networks where step-sizes assume values randomly within a certain interval

are robustly more stable than networks that have their step-sizes be turned on

or off.

2.A Equivalent Complex-Domain Representations

First, we recall the definition of the real Jacobian of a real-valued function J(w)

with respect to a real column vector w ∈ RM as

∂J(w)

∂w
, row

{
∂J(w)

∂w1

,
∂J(w)

∂w2

, . . . ,
∂J(w)

∂wM

}
(2.100)

where wm ∈ R denotes the m-th element of w. Using (2.1), the real gradient of

the function Jk(w̄) with respect to w̄ is defined as

∇w̄Jk(w̄) ,
∂Jk(w̄)

∂w̄
=
[
∂Jk(w)
∂Re(w)

∂Jk(w)
∂Im(w)

]
(2.101)

and the real Hessian matrix of the same function Jk(w̄) with respect to w̄ is

defined by

∇2
w̄w̄TJk(w̄) ,

∂

∂w̄

[
∂Jk(w̄)

∂w̄

]T
(2.102)
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It is easy to verify that ∇2
w̄w̄TJk(w̄) is a symmetric matrix.

Then, we define the derivative of a real-valued function J(z) with respect to

the complex argument z ∈ C as [75, 76]:

∂J(z)

∂z
,

1

2

(
∂J(z)

∂Re(z)
− j

∂J(z)

∂Im(z)

)
(2.103)

and the complex Jacobian of a real-valued function J(w) with respect to the

complex column vector w ∈ CM is given by

∂J(w)

∂w
, row

{
∂J(w)

∂w1
,
∂J(w)

∂w2
, . . . ,

∂J(w)

∂wM

}
(2.104)

where wm ∈ C denotes the m-th element of w. The complex gradient of the

real-valued function Jk(w) with respect to the complex vector argument w ∈ CM

is defined as [76, eq. (20)] (compare with (2.101)):

∇wJk(w) ,
∂J(w)

∂w
=

1

2

(
∂J(w)

∂Re(w)
− j

∂J(w)

∂Im(w)

)
(2.105)

and the complex conjugate gradient of Jk(w) with respect to w∗ ∈ CM is defined

by [76, eqs. (21, 22)]:

∇w∗Jk(w) ,
∂J(w)

∂w∗
= [∇wJk(w)]

∗ (2.106)

Using (2.3), the complex gradient of Jk(
¯
w) with respect to the column vector

¯
w ∈ C2M

M is then given by [76, eq. (18)]:

∇
¯
wJk(

¯
w) =

∂Jk(
¯
w)

∂
¯
w

=

[
∇wJk(w) (∇w∗Jk(w))

T

]
(2.107)

and the corresponding complex conjugate gradient is given by

∇
¯
w∗Jk(

¯
w) =

[
∂Jk(

¯
w)

∂
¯
w

]∗
= [∇

¯
wJk(

¯
w)]∗ (2.108)

The complex Hessian of Jk(
¯
w) with respect to

¯
w ∈ C2M

M is defined by [76, eq. (32)]:

∇2

¯
w
¯
w∗Jk(

¯
w) ,



∇2
ww∗Jk(w) (∇2

wwTJk(w))
∗

∇2
wwTJk(w) (∇2

ww∗Jk(w))
T


 (2.109)
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where

∇2
ww∗Jk(w) ,

∂

∂w

[
∂Jk(w)

∂w

]∗
(2.110)

∇2
wwTJk(w) ,

∂

∂w

[
∂Jk(w)

∂w

]
T

(2.111)

It is easy to verify that ∇2

¯
w
¯
w∗Jk(

¯
w) is a Hermitian matrix.

From (2.101) and (2.107), we have [76, eqs. (18, 19)]:

∇w̄Jk(w̄) = ∇
¯
wJk(

¯
w) ·D (2.112)

∇w̄Jk(w̄) ·
1

2
D∗ = ∇

¯
wJk(

¯
w) (2.113)

Similarly, from (2.102) and (2.109), we have [76, eqs. (32, 33)]:

∇2
w̄w̄TJk(w̄) = D∗ · [∇2

¯
w
¯
w∗Jk(

¯
w)] ·D (2.114)

1

4
D · [∇2

w̄w̄TJk(w̄)] ·D∗ = ∇2

¯
w
¯
w∗Jk(

¯
w) (2.115)

Identities (2.112)–(2.115) play an important role in our analysis.

2.B Proof of Lemma 2.4

Expression (2.49) is because µk(i) and µℓ(i) are uncorrelated when k 6= ℓ. Ex-

pression (2.51) is obtained by using (2.49) and (2.35). Using (2.28) and Lemma

2.2, we have

akk(i) = 1−
∑

ℓ∈N k,i\{k}

aℓk(i) = 1−
∑

ℓ∈Nk\{k}

aℓk(i) (2.116)

since aℓk(i) = 0 for any ℓ ∈ Nk\N k,i. When ℓ 6= k, all entries in Ai are

uncorrelated with aℓk(i) except for the (ℓ, k)-th and (k, k)-th entries. It follows

from Lemma 2.2 that

ca,ℓk,kk = E[(aℓk(i)− āℓk)(akk(i)− ākk)]
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(a)
= −

∑

n∈Nk\{k}

E[(aℓk(i)− āℓk)(ank(i)− ānk)]

(b)
= −E(aℓk(i)− āℓk)

2

(c)
= − ca,ℓk,ℓk (2.117)

for any ℓ ∈ Nk\{k} since (2.117) holds for any realization of the random neighbor-

hood N k,i, and where step (a) is due to (2.116); step (b) is because {ank(i);n ∈
N k,i\{k}} are all uncorrelated with aℓk(i) except for aℓk(i) itself, and aℓk(i) = 0

for any ℓ ∈ Nk\N k,i; and step (c) is because of (2.42). From (2.117), we get

(2.50). When ℓ = k, all entries in Ai are uncorrelated with akk(i) except for the

(ℓ, k)-th entries for all ℓ ∈ N k,i. It follows from Lemma 2.2 that

ca,kk,ℓk = E[(akk(i)− ākk)(aℓk(i)− āℓk)]

= − ca,ℓk,ℓk, ℓ ∈ Nk\{k} (2.118)

ca,kk,kk
(a)
=

∑

ℓ,n∈Nk\{k}

E[(aℓk(i)− āℓk)(ank(i)− ānk)]

(b)
=

∑

ℓ∈Nk\{k}

E(aℓk(i)− āℓk)
2

(c)
=

∑

ℓ∈Nk\{k}

ca,ℓk,ℓk (2.119)

where (2.118) is because of (2.117); step (a) is because of (2.116); step (b) is

because {aℓk(i); ℓ ∈ N k,i\{k}} are mutually-uncorrelated, and aℓk(i) = 0 for any

ℓ ∈ Nk\N k,i; and step (c) is because of (2.42). From (2.118) and (2.119), we get

(2.50).
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2.C Derivation of Error Recursion (2.73a)–(2.73b)

Applying the transformation
¯
T from (2.3) to both sides of the error recursion

(2.72a)–(2.72b), we get

¯
ψ̃k,i=

¯̃
wk,i−1+µk(i)[∇

¯
w∗Jk(

¯
wk,i−1)+

¯
vk,i(wk,i−1)] (2.120a)

¯̃
wk,i=

∑

ℓ∈N k,i

aℓk(i)
¯
ψ̃ℓ,i (2.120b)

where, by definition,

¯
T(∇w∗Jk(w)) =


∇w∗Jk(w)

∇wTJk(w)


 = ∇

¯
w∗Jk(

¯
w) (2.121)

The real gradient defined by (2.101) can be expressed using the mean-value the-

orem as [72]:

∇w̄TJk(w̄) =

[∫ 1

0

∇2
w̄w̄TJk(w̄

o − t(w̄o − w̄))dt

]
(w̄ − w̄o) (2.122)

since ∇w̄TJk(w̄
o) = 0 by Assumption 2.1. From (2.5), (2.122), (2.113), and

(2.115), we get

∇
¯
w∗Jk(

¯
w) =

1

2
D · ∇w̄TJk(w̄)

=

∫ 1

0

1

4
D
[
∇2
w̄w̄TJk(w̄

o − t(w̄o − w̄))
]
D∗dt ·D(w̄ − w̄o)

=

[∫ 1

0

∇2

¯
w
¯
w∗Jk(

¯
wo − t(

¯
wo −

¯
w))dt

]
· (
¯
w −

¯
wo) (2.123)

Letting
¯
w =

¯
wk,i−1, we get

∇
¯
w∗Jk(

¯
wk,i−1) = −

[∫ 1

0

∇2

¯
w
¯
w∗Jk(

¯
wo−t

¯̃
wk,i−1) dt

]

¯̃
wk,i−1 (2.124)

Then, by (2.124), the error recursion (2.120a) and (2.120b) can be rewritten as

(2.73a)–(2.73b).
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2.D Proof of Theorem 2.1

We start from equation (2.73b). Since the squared Euclidean norm ‖ · ‖2 is a

convex function of its vector argument, using Jensen’s inequality [71] we get

‖
¯̃
wk,i‖2 ≤

∑

ℓ∈N k,i

aℓk(i)‖
¯
ψ̃ℓ,i‖2 =

∑

ℓ∈Nk

aℓk(i)‖
¯
ψ̃ℓ,i‖2 (2.125)

since aℓk(i) = 0 for any ℓ ∈ Nk\N k,i by (2.28) and Lemma 2.2. Taking the

expectation of both sides of (2.125) and using the asynchronous network model,

we get

E‖
¯̃
wk,i‖2 ≤

∑

ℓ∈Nk

āℓk E‖
¯
ψ̃ℓ,i‖2 ≤ max

ℓ
{E‖

¯
ψ̃ℓ,i‖2} (2.126)

Conditioned on Fi−1, the random matrix Hk,i−1 defined by (2.74) becomes de-

terministic. Let

Σk,i , [I2M − µk(i)Hk,i−1]
2 (2.127)

From (2.73a), we get

E(‖
¯
ψ̃ℓ,i‖2|Fi−1)

(a)
= E(‖

¯̃
wk,i−1‖2Σk,i

|Fi−1) + E[µ2
k(i)‖¯vk,i(wk,i−1)‖2|Fi−1]

(b)

≤ E(‖Σk,i‖ ‖
¯̃
wk,i−1‖2|Fi−1) + (µ̄2

k + cµ,k,k)E[‖
¯
vk,i(wk,i−1)‖2|Fi−1]

(c)

≤ E(‖Σk,i‖|Fi−1)‖
¯̃
wk,i−1‖2 + (µ̄2

k + cµ,k,k)(α‖
¯̃
wk,i−1‖2 + 2σ2

v)

(2.128)

where step (a) is from (2.127) and cross terms are eliminated by using the con-

ditional independence and zero-mean properties of vk,i(wk,i−1) from Assumption

2.3; step (b) in (2.128) is due to the asynchronous network model and the sub-

multiplicative property of the 2-norm; and step (c) is by conditioning and (2.26).

Using Assumptions 2.2 and (2.74) we have

1−µk(i)λk,max ≤ λ(I2M−µk(i)Hk,i−1) ≤ 1−µk(i)λk,min (2.129)
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Then, from (2.127), we obtain

λ (Σk,i) ≤ max{(1− µk(i)λk,min)
2, (1− µk(i)λk,max)

2}

= max{1− 2µk(i)λk,min + µ
2
k(i)λ

2
k,min, 1− 2µk(i)λk,max + µ

2
k(i)λ

2
k,max}

≤ 1− 2µk(i)λk,min + µ
2
k(i)λ

2
k,max (2.130)

because µk(i) is nonnegative. Therefore, we have

E(‖Σk,i‖|Fi−1)
(a)
= E[λmax (Σk,i) |Fi−1]

(b)

≤ E[1 − 2µk(i)λk,min + µ
2
k(i)λ

2
k,max]

(c)
= γ2k (2.131)

where step (a) is because Σk,i in (2.127) is Hermitian and positive semi-definite,

and its largest singular value coincides with its largest eigenvalue; step (b) is by

using (2.130) and the independence condition in the asynchronous model; and

step (c) is by (2.81). Substituting (2.131) into (2.128), and taking the expectation

of both sides with respect to
¯̃
wi−1 yields

E‖
¯
ψ̃k,i‖2 ≤ [γ2k + α(µ̄2

k + cµ,k,k)] · E‖
¯̃
wk,i−1‖2 + 2(µ̄2

k + cµ,k,k)σ
2
v (2.132)

Combining (2.132) and (2.126) yields

E‖
¯̃
wk,i‖2 ≤ max

ℓ
{[γ2ℓ + α(µ̄2

ℓ + cµ,ℓ,ℓ)] · E‖
¯̃
wℓ,i−1‖2 + 2(µ̄2

ℓ + cµ,ℓ,ℓ)σ
2
v} (2.133)

Dividing both sides of (2.133) by 2, and using the fact that E‖w̃k,i−1‖2 =

E‖
¯̃
wk,i−1‖2/2, we get

E‖w̃k,i‖2 ≤
[
max
ℓ

{γ2ℓ + α(µ̄2
ℓ + cµ,ℓ,ℓ)}

] [
max
ℓ

E‖w̃ℓ,i−1‖2
]
+
[
max
ℓ

{µ̄2
ℓ + cµ,ℓ,ℓ}

]
σ2
v

(2.134)

Now since inequality (2.134) holds for every k, using (2.80), we conclude that

(2.84) should hold. Propagating (2.84) backwards to the starting point yields

ǫ2(i) ≤ βi+1 · ǫ2(−1) + θσ2
v ·

i∑

j=0

βj (2.135)
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where ǫ2(−1) , maxk E ‖w̃k,−1‖2 represents the initial error variance. In order

to guarantee a convergent upper bound, we require |β| < 1, which, by (2.81) and

(2.82), is equivalent to

|1− 2µ̄kλk,min + (µ̄2
k + cµ,k,k)(λ

2
k,max + α)| < 1 (2.136)

for any k. A sufficient condition for (2.136) is given by

µ̄2
k + cµ,k,k
µ̄k

<
2λk,min

α + λ2k,max

(2.137)

It is easy to verify that condition (2.85) is a sufficient condition for (2.137).

Therefore, if condition (2.85) holds, then |β| < 1.

Now under condition (2.137), we obtain from (2.84) that

ǫ2(i) ≤ βi+1 · ǫ2(−1) +
θσ2

v(1− βi+1)

1− β
(2.138)

When i→ ∞, we get an upper bound for the individual MSD:

lim sup
i→∞

ǫ2(i) ≤ θσ2
v

1− β
(2.139)

In the following we simplify the upper bound in (2.139). From (2.82) and (2.81),

we get

1− β = 1−max
k

{γ2k + α(µ̄2
k + cµ,k,k)}

= 1−max
k

{1− 2µ̄kλk,min + (µ̄2
k + cµ,k,k)(λ

2
k,max + α)}

= min
k

{
µ̄k ·

[
2λk,min −

µ̄2
k + cµ,k,k
µ̄k

(α + λ2k,max)

]}

≥ min
k

{µ̄k} ·min
k

[
2λk,min −

µ̄2
k + cµ,k,k
µ̄k

(α + λ2k,max)

]
(2.140)

Using (2.85) again, we get

µ̄2
k + cµ,k,k
µ̄k

(α+ λ2k,max) < λk,min (2.141)
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Hence, relation (2.140) can be further expressed as

1− β ≥ min
k

{µ̄k} ·min
k

{λk,min} (2.142)

From (2.83) we get

θ ≤ max
k

µ̄2
k + cµ,k,k
µ̄k

·max
k

µ̄k (2.143)

Therefore, when i → ∞, using (2.142), (2.143), (2.37), and (2.87), we get from

(2.139) that

lim sup
i→∞

ǫ2(i) ≤ θσ2
v

1− β

≤ σ2
v

mink{λk,min}
maxk{µ̄k}
mink{µ̄k}

max
k

µ̄2
k + cµ,k,k
µ̄k

≤ κσ2
v

mink{λk,min}
·max

k

µ̄2
k + cµ,k,k
µ̄k

(2.144)

Substituting (2.87) into (2.144) completes the proof.

2.E Proof of Theorem 2.2

From (2.73b) and using Jensen’s inequality, we obtain under expectation:

E‖
¯̃
wk,i‖4 ≤

∑

ℓ∈Nk

āℓk E‖
¯
ψ̃ℓ,i‖4 (2.145)

for all k. Therefore, we have

max
k

E‖
¯̃
wk,i‖4 ≤ max

k
E‖

¯
ψ̃k,i‖4 (2.146)

From (2.73a), we have

‖
¯
ψ̃k,i‖4 = ‖[I2M − µk(i)Hk,i−1]

¯̃
wk,i−1 + µk(i)

¯
vk,i(wk,i−1)‖4 (2.147)

Lemma 2.5 (Fourth-order inequality). For any two vectors x and y of the same

size, it holds that

‖x+ y‖4 ≤ ‖x‖4 + 8‖x‖2‖y‖2 + 3‖y‖4 + 4‖x‖2Re(x∗y) (2.148)
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Proof. It holds that

‖x+ y‖4 = [‖x‖2 + 2Re(x∗y) + ‖y‖2]2

= ‖x‖4 + 4[Re(x∗y)]2 + ‖y‖4 + 2‖x‖2‖y‖2

+ 4‖x‖2Re(x∗y) + 4Re(x∗y)‖y‖2 (2.149)

The result now follows by using the inequalities:

|Re(x∗y)|2 ≤ ‖x‖2‖y‖2, 2Re(x∗y) ≤ ‖x‖2 + ‖y‖2 (2.150)

Referring to (2.147), if we make the identifications

x ≡ [I2M − µk(i)Hk,i−1]
¯̃
wk,i−1, y ≡ µk(i)

¯
vk,i(wk,i−1) (2.151)

then we obtain

‖x‖2 ≤ a · b, ‖y‖2 = c · d (2.152)

where

a , 1− 2µk(i)λk,min + µ
2
k(i)λ

2
k,max (2.153)

b , ‖
¯̃
wk,i−1‖2 (2.154)

c , µ2
k(i) (2.155)

d , ‖
¯
vk,i(wk,i−1)‖2 (2.156)

Using Lemma 2.5, we obtain from (2.152) that

‖x+ y‖4 ≤ a2 · b2 + 8a · b · c · d+ 3c2 · d2 + 4‖x‖2Re(x∗y) (2.157)

where

a2 = [1− 2µk(i)λk,min + µ
2
k(i)λ

2
k,max]

2
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= 1− 4µk(i)λk,min + 2µ2
k(i)(2λ

2
k,min + λ2k,max)

− 4µ3
k(i)λk,minλ

2
k,max + µ

4
k(i)λ

4
k,max

< 1− 4µk(i)λk,min + 2µ2
k(i)(2λ

2
k,min + λ2k,max) + µ

4
k(i)λ

4
k,max (2.158)

c2 = µ4
k(i) (2.159)

a · c = µ2
k(i)− 2µ3

k(i)λk,min + µ
4
k(i)λ

2
k,max

≤ µ2
k(i) + µ

4
k(i)λ

2
k,max (2.160)

Taking the expectation of (2.157) conditioned on Fi−1, we get

E[‖x+ y‖4|Fi−1] ≤ E[a2] · b2 + 8E[a · c] · b · E[d] + 3E[c2] · E[d2] (2.161)

where the last term disappears because y has the noise factor that is conditionally

zero mean. From (2.158)–(2.160), we have

E[a2] ≤ 1− 4µ̄
(1)
k λk,min + 2µ̄

(2)
k (2λ2k,min + λ2k,max) + µ̄

(4)
k λ4k,max (2.162)

E[c2] = µ̄
(4)
k (2.163)

E[a · c] ≤ µ̄
(2)
k + µ̄

(4)
k λ2k,max (2.164)

where µ̄
(m)
k , E[µmk (i)] denotes the m-th moment of the random step-size param-

eter µk(i). It follows from (2.94) that

E[‖
¯
vk,i(wk,i−1)‖4|Fi−1] ≤ α2 · ‖

¯̃
wk,i−1‖4 + 4σ4

v (2.165)

where a factor of 4 appears because of the transform
¯
T(·). Likewise, it follows

from (2.98) that

E[‖
¯
vk,i(wk,i−1)‖2|Fi−1] ≤ α · ‖

¯̃
wk,i−1‖2 + 2σ2

v (2.166)

Using (2.165) and (2.166), we can bound the quantities E[d2] and E[d] in (2.161)

by

E[d2] ≤ α2 · ‖
¯̃
wk,i−1‖4 + 4σ4

v = α2 · b2 + 4σ4
v (2.167)
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E[d] ≤ α · ‖
¯̃
wk,i−1‖2 + 2σ2

v = α · b+ 2σ2
v (2.168)

Substituting (2.162)–(2.164) and (2.167)–(2.168) into (2.161), we end up with

E[‖x+ y‖4|Fi−1]

≤ [1− 4µ̄
(1)
k λk,min + 2µ̄

(2)
k (2λ2k,min + λ2k,max) + µ̄

(4)
k λ4k,max] · b2

+ 8[µ̄
(2)
k + µ̄

(4)
k λ2k,max] · b · (α · b+ 2σ2

v) + 3µ̄
(4)
k · (α2 · b2 + 4σ4

v)

= [1−4µ̄
(1)
k λk,min+2µ̄

(2)
k (2λ2k,min+λ

2
k,max+4α)+µ̄

(4)
k (λ4k,max+8αλ2k,max+3α2)]

× b2 + 16σ2
v [µ̄

(2)
k + µ̄

(4)
k λ2k,max] · b+ 12σ4

vµ̄
(4)
k

, (1− hk,1) · b2 + hk,2 · b+ hk,3 (2.169)

where

hk,1 , 4µ̄
(1)
k λk,min − 2µ̄

(2)
k (2λ2k,min + λ2k,max + 4α)− µ̄

(4)
k (λ4k,max + 8αλ2k,max + 3α2)

(2.170)

hk,2 , 16σ2
v(µ̄

(2)
k + µ̄

(4)
k λ2k,max) (2.171)

hk,3 , 12σ4
vµ̄

(4)
k (2.172)

Substituting (2.151), (2.147), and (2.154) into (2.169), we get

E[‖
¯
ψ̃k,i‖4|Fi−1] ≤ (1− hk,1) · ‖

¯̃
wk,i−1‖4 + hk,2 · ‖

¯̃
wk,i−1‖2 + hk,3 (2.173)

Taking the expectation with respect to Fi−1 yields

E‖
¯
ψ̃k,i‖4 ≤ (1− hk,1) · E‖

¯̃
wk,i−1‖4 + hk,2 · E‖

¯̃
wk,i−1‖2 + hk,3 (2.174)

From (2.86) in Theorem 2.1, we know for large enough i that

E‖
¯̃
wk,i−1‖2 ≤ 2(b+ ǫ) · ν (2.175)

where we used the fact that ‖
¯
w‖2 = 2‖w‖2, and 0 < ǫ ≪ 1 is a small number.

Therefore, we can bound E‖
¯
ψ̃k,i‖4 in (2.174) for large enough i by

E‖
¯
ψ̃k,i‖4 ≤ (1− hk,1) · E‖

¯̃
wk,i−1‖4 + hk,2 · 2(b+ ǫ) · ν + hk,3 (2.176)
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Substituting (2.176) into (2.146), we get

max
k

E‖
¯̃
wk,i‖4 ≤ [max

k
(1− hk,1)] ·max

k
E‖

¯̃
wk,i−1‖4 +max

k
[hk,2 · 2(b+ ǫ) · ν + hk,3]

(2.177)

Let

γ4 , max
k

(1− hk,1) = 1−min
k
hk,1 (2.178)

θ4 , max
k

[hk,2 · 2(b+ ǫ) · ν + hk,3] (2.179)

where b is from (2.87). We can then use (2.177) to write for large enough i that

max
k

E‖
¯̃
wk,i‖4 ≤ γ4 ·max

k
E‖

¯̃
wk,i−1‖4 + θ4 (2.180)

Therefore, the fourth-order moment of the individual error is governed by (2.180).

Whenever |γ4| < 1, the quantity maxk E‖
¯̃
wk,i‖4 will have a bounded value asymp-

totically. In order to guarantee |γ4| < 1, it is sufficient to have

0 < 4µ̄
(1)
k λk,min−2µ̄(2)

k (2λ2k,min+λ
2
k,max+4α)−µ̄(4)

k (λ4k,max+8αλ
2
k,max+3α

2) < 2 (2.181)

for all k. This condition can be guaranteed by the sufficient conditions:

4µ̄
(1)
k λk,min < 2 (2.182a)

µ̄
(2)
k (2λ2k,min + λ2k,max + 4α) < µ̄

(1)
k λk,min (2.182b)

µ̄
(4)
k (λ4k,max + 8αλ2k,max + 3α2) < µ̄

(2)
k (2λ2k,min + λ2k,max + 4α) (2.182c)

Condition (2.182a) is equivalent to

µ̄
(1)
k <

1

2λk,min

(2.183)

Condition (2.182b) holds if

µ̄
(2)
k

µ̄
(1)
k

<
λk,min

3λ2k,max + 4α
(2.184)
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Condition (2.182c) holds if

µ̄
(4)
k

µ̄
(2)
k

<
1

λ2k,max + 4α
(2.185)

because
λ2k,max + 4α

(λ2k,max + 4α)2
<

2λ2k,min + λ2k,max + 4α

λ4k,max + 8αλ2k,max + 3α2
(2.186)

Since, for any random variable µk(i),

[µ̄
(1)
k ]2 ≤ µ̄

(2)
k , [µ̄

(2)
k ]2 ≤ µ̄

(4)
k (2.187)

it is straightforward that

max



[µ̄

(1)
k ]2,

(
µ̄
(2)
k

µ̄
(1)
k

)2

,
µ̄
(4)
k

µ̄
(2)
k



 ≤ µ̄

(4)
k

[µ̄
(1)
k ]2

(2.188)

On the other hand, it can be verified that

λ2k,min

(3λ2k,max + 4α)2
< min

{
1

4λ2k,min

,
1

λ2k,max + 4α

}
(2.189)

Therefore, if condition (2.95) holds for all k, then (2.183)–(2.185) hold, and |γ4| <
1 holds. Using (2.188) and the new definition of ν in (2.97), we obtain

µ̄
(1)
k ≤ ν, µ̄

(2)
k ≤ ν2, µ̄

(4)
k ≤ ν4 (2.190)

Using (2.190), we have

hk,2 ≤ 16σ2
vν

2(1 + λ2k,maxν
2), hk,3 ≤ 12σ4

vν
4 (2.191)

It is worth noting that the new definition of ν in (2.97) bounds the old definition

in (2.87) from above since

µ̄2
k + cµ,k,k
µ̄k

=
µ̄
(2)
k

µ̄
(1)
k

≤

√
µ̄
(4)
k

µ̄
(1)
k

(2.192)
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due to (2.188). It is easy to verify that

λk,min

3λ2k,max + 4α
<

λk,min

α + λ2k,max

(2.193)

With (2.192) and (2.193), it is obvious that (2.95) implies (2.85).

When |γ4| < 1, the recursive inequality (2.180) leads to

lim sup
i→∞

[
max
k

E‖
¯̃
wk,i‖4

]
≤ θ4

1− γ4
(2.194)

Substituting (2.171) and (2.172) into (2.179) yields

θ4 ≤ max
k

[16σ2
v(µ̄

(2)
k + µ̄

(4)
k λ2k,max) · 2(b+ ǫ)ν + 12σ4

vµ̄
(4)
k ]

= max
k

[
32σ2

vµ̄
(2)
k

(
1+

µ̄
(4)
k

µ̄
(2)
k

λ2k,max

)
(b+ǫ)ν+12σ4

vµ̄
(4)
k

]
(2.195)

where ν is given by (2.97). Using (2.95) and (2.188), we have

µ̄
(4)
k

µ̄
(2)
k

λ2k,max <
λ2k,maxλ

2
k,min

(3λ2k,max + 4α)2
≤ λ4k,max

(3λ2k,max)
2
=

1

9
(2.196)

Substituting (2.196) into (2.195) yields

θ4 ≤ max
k

[
32σ2

vµ̄
(2)
k

10

9
(b+ ǫ)ν + 12σ4

vµ̄
(4)
k

]

(a)

≤ max
k

[
12σ2

vµ̄
(2)
k

(
3bν + σ2

v

µ̄
(4)
k

µ̄
(2)
k

)]

(b)

≤ max
k

[
12σ2

vµ̄
(2)
k (3bν + σ2

vν
2)
]

= max
k

[
12σ2

vµ̄
(1)
k

µ̄
(2)
k

µ̄
(1)
k

(3bν + σ2
vν

2)

]

(c)

≤ max
k

[
12σ2

vµ̄
(1)
k ν2(3b+ σ2

vν)
]

(2.197)

where step (a) is by choosing ǫ ≤ b/80; and steps (b) and (c) are by using (2.97)

and (2.188). Substituting (2.182b) and (2.182c) into (2.170) yields

hk,1 ≥ µ̄
(1)
k λk,min (2.198)
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It follows from (2.178) and (2.198) that

1− γ4 = min
k
hk,1 ≥ min

k
[µ̄

(1)
k λk,min] ≥ min

k
µ̄
(1)
k ·min

k
λk,min (2.199)

Substituting (2.197) and (2.199) into (2.194), we arrive at

lim sup
i→∞

[
max
k

E‖
¯̃
wk,i‖4

]
≤ 12σ2

vν
2(3b+ σ2

vν) ·maxk µ̄
(1)
k

mink µ̄
(1)
k ·mink λk,min

≤ 12σ2
v(3b+ σ2

vν)

mink λk,min

maxk µ̄
(1)
k

mink µ̄
(1)
k

ν2

≤ 12κσ2
v(3b+ σ2

vν)

mink λk,min
ν2 (2.200)

where we used (2.37) in the last step. From (2.95) and (2.97), it is easy to verify

that

ν < max
k

λk,min

3λ2k,max + 4α
≤ 1

3mink λk,min

(2.201)

Then, from (2.87) and (2.201), we obtain

3b+ σ2
vν ≤ 3κσ2

v

mink λk,min
+

σ2
v

3mink λk,min
<

3σ2
v(κ+ 1)

mink λk,min
(2.202)

Therefore, we obtain from (2.200) and (2.202) that

lim sup
i→∞

[
max
k

E‖w̃k,i‖4
]
≤ b24 · ν2 = O(ν2) (2.203)

due to the identity ‖
¯
w‖4 = 4 · ‖w‖4, where b4 is given by (2.97).

70



CHAPTER 3

Mean-Square-Error Performance of

Asynchronous Networks

In this chapter, we shall derive analytical expressions for the mean-square con-

vergence rate and the steady-state mean-square-deviation. The expressions will

reveal how the various parameters of the asynchronous behavior influence net-

work performance. In this process, we shall establish the interesting conclusion

that even under the influence of asynchronous events, all agents in the adap-

tive network can still reach an O(ν1+γ
′

o) near-agreement with some γ′o > 0 while

approaching the desired solution within O(ν) accuracy, where ν is proportional

to the small step-size parameter for adaptation. The results in this chapter are

based on material from [77].

3.1 Network Error Dynamics

In order to study the mean-square-error performance in steady-state, it is nec-

essary to strengthen the assumption on the stochastic gradient vectors, i.e.,

{∇̂w∗Jk(wk,i−1)}. We replace the gradient noise model described in Assumption

2.3 in Section 2.2.1 of Chapter 2 by the following one.

Assumption 3.1 (Gradient noise model).

1. The gradient noise vk,i(wk,i−1), conditioned on Fi−1, is assumed to be inde-
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pendent of any other random sources including topology, links, combination

coefficients, and step-sizes. The conditional moments of vk,i(wk,i−1) satisfy:

E [vk,i(wk,i−1)|Fi−1]=0 (3.1)

E [‖vk,i(wk,i−1)‖4|Fi−1]≤α2‖wo−wk,i−1‖4+σ4
v (3.2)

for some α ≥ 0 and σ2
v ≥ 0.

2. The individual gradient noises {vk,i(wk,i−1)} are uncorrelated and circular

across all agents such that

Ri(wi−1) = diag{R1,i(w1,i−1), . . . , RN,i(wN,i−1)} (3.3)

where Ri(wi−1) and {Rk,i(wk,i−1)} are from (2.22) and (2.18) both in Chap-

ter 2.

3. The conditional covariance of
¯
vi(wi−1) satisfies the Lipschitz condition

‖Ri(1N ⊗ wo)−Ri(wi−1)‖ ≤ κv‖1N ⊗ wo −wi−1‖γv (3.4)

for some constants κv ≥ 0 and 0 < γv ≤ 4.

4. The covariance of
¯
vi(1N ⊗ wo) converges to a constant matrix:

R , lim
i→∞

Ri(1N ⊗ wo) , diag{R1, . . . , RN} (3.5)

where

Rk , lim
i→∞

Rk,i(w
o) (3.6)

From Assumption 3.1, the conditional moments of
¯
vk,i(wk,i−1) satisfy

E[
¯
vk,i(wk,i−1)|Fi−1] = 0 (3.7)

E[‖
¯
vk,i(wk,i−1)‖4|Fi−1] ≤ α2‖

¯
wo −

¯
wk,i−1‖4 + 4σ4

v (3.8)

where a factor of 4 appeared due to the transform
¯
T(·) from (2.3) of Chapter 2.
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3.1.1 Long Term Error Dynamics

The error recursion for the asynchronous network (1.7a)–(1.7b) from Chapter 1 is

given by (2.79) from Chapter 2, where Hi−1 = diag{H1,i−1,H2,i−1, . . . ,HN,i−1}
and

Hk,i−1 ,
∫ 1

0

∇2

¯
w
¯
w∗Jk(

¯
wo − t

¯̃
wk,i−1) dt (3.9)

The dependency of Hi−1 on the previous iterate wi−1 complicates the mean-

square analysis. Recall though from Lemma 2.1 in Chapter 2 that the Hessian

matrices of the costs {Jk(
¯
w)} are globally Lipschitz around

¯
wo. Let

Hk , ∇2

¯
w
¯
w∗Jk(

¯
wo), H , diag{H1, . . . , HN} (3.10)

Recursion (2.79) from Chapter 2 can then be rewritten as

¯̃
wi = AT

i (I2MN −MiH)
¯̃
wi−1 +AT

i Mi
¯
vi(wi−1) +AT

i di (3.11)

where the perturbation factor di is given by

di , Mi(H−Hi−1)
¯̃
wi−1 , col{d1,i, . . . ,dN,i} (3.12)

dk,i , µk(i)(Hk −Hk,i−1)
¯̃
wk,i−1 (3.13)

Let µ̄
(n)
k , E[µk(i)]

n denote the n-th moment of the random step-size parameter

µk(i); we also use µ̄k ≡ µ̄
(1)
k from (2.33) of Chapter 2 for the mean and cµ,k,ℓ =

E[(µk(i)− µ̄k)(µℓ(i)− µ̄ℓ)] from (2.36) of Chapter 2 for the cross-covariance.

Lemma 3.1 (Size of perturbation). If condition (2.95) in Chapter 2, namely,

√
µ̄
(4)
k

µ̄
(1)
k

<
λk,min

3λ2k,max + 4α
(3.14)

holds for all k, then

lim sup
i→∞

E‖AT

i di‖2 ≤ O(ν4) (3.15)
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where

ν , max
k

√
µ̄
(4)
k

µ̄
(1)
k

(3.16)

Proof. See Appendix 3.A.

Assumption 3.2 (Small step-sizes). The parameter ν from (3.16) is sufficiently

small such that

ν < min
k

λk,min

3λ2k,max + 4α
< 1 (3.17)

Under Assumption 3.2, condition (3.14) holds. It was shown in (2.192) and

(2.193) from Chapter 2 that condition (3.14) in this Part implies condition (2.85)

from Chapter 2, i.e.,

µ̄
(2)
k

µ̄
(1)
k

<
λk,min

α + λ2k,max

(3.18)

for all k.

Since we are interested in examining the asymptotic performance of the asyn-

chronous network, result (3.15) indicates that the network error recursion (2.79)

from Chapter 2 can be expressed for large enough i by using the following long-

term model:

¯̃
w′
i = AT

i (I2MN −MiH)
¯̃
w′
i−1 +AT

i Mi
¯
vi(wi−1) (3.19)

where we ignore the O(ν2) term AT

i di according to (3.15), and we use w′
i−1 to

denote the estimate obtained from this long-term model. It is worth noting that

the gradient noise
¯
vi(wi−1) in (3.19) is an extraneous noise that is imported from

the original model (2.79) from Chapter 2; it only depends on the original estimate

wi−1 but not on w
′
i−1. We will now use recursion (3.19) to determine expressions

(rather than bounds) for the steady-state individual MSD and for the average
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network MSD. One advantage of model (3.19) is that the random matrix Hi−1

from (2.79) from Chapter 2 has been replaced by the constant matrix H. More

formally, under Assumption 3.1 on the fourth-order moment of the gradient noise,

and by extending the arguments of Appendices 2.D and 2.E from Chapter 2 and

the arguments of [67], we will establish later in (3.71) that the MSD expression

resulting from (3.19) is within O(ν3/2) of the MSD expression for the original

recursion (2.79) from Chapter 2; this conclusion will rely on the following useful

result.

Theorem 3.1 (Bounded mean-square gap). Under Assumptions 3.1 and 3.2, the

mean-square gap from the original error recursion (2.79) from Chapter 2 to the

long-term model (3.19) is then asymptotically bounded by

lim sup
i→∞

[
max
k

E‖
¯̃
wk,i −

¯̃
w′
k,i‖2

]
≤ O(ν2) (3.20)

for any k.

Proof. See Appendix 3.B.

To proceed with the mean-square-error performance analysis, we introduce

the following auxiliary variables:

Dk,i , I2M − µk(i)Hk (3.21)

Di , I2MN −MiH = diag{Dk,i} (3.22)

Bi , AT

i Di (3.23)

¯
si , AT

i Mi
¯
vi(wi−1) (3.24)

Based on the gradient noise model in Assumption 3.1 and the asynchronous

network model described in Section 2.2.2 of Chapter 2, it is easy to verify that

the (conditional) means of {Ai,Mi,Dk,i,Di,Bi,
¯
si} are given by:

Ā , E(Ai) = Ā⊗ I2M (3.25)
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M̄ , E(Mi) = M̄ ⊗ I2M (3.26)

D̄k , E(Dk,i) = I2M − µ̄kHk (3.27)

D̄ , E(Di) = I2MN − M̄H = diag{D̄k} (3.28)

B̄ , E(Bi) = ĀTD̄ (3.29)

s̄ , E(
¯
si|Fi−1) = 0 (3.30)

It can be verified that the block-Kronecker-covariance matrices of several random

quantities are given by:

CA , E[(Ai − Ā)⊗b (Ai − Ā)] = CA ⊗ I4M2 (3.31)

CM , E[(Mi − M̄)⊗b (Mi − M̄)] = CM ⊗ I4M2 (3.32)

CD , E[(D∗
i − D̄∗)T ⊗b (Di − D̄)] = CM (HT ⊗b H) (3.33)

CB , E[(B∗
i − B̄∗)T ⊗b (Bi − B̄)]

= (ĀT ⊗b ĀT)CD + CT

A(D̄T ⊗b D̄ + CD) (3.34)

where the symbol ⊗b denotes the block-Kronecker operation of block size 2M ×
2M (see Appendix 3.C). Moreover, it can be verified by using property (3.128)

from Appendix 3.C that

E[(X ∗ − X̄ ∗)T ⊗b (X − X̄ )] = E[(X ∗)T ⊗b X ]− (X̄ ∗)T ⊗b X̄ (3.35)

for any random block matrix X with appropriate block size and with mean

X̄ , EX . The {CA, CM} that appear in (3.31)–(3.34) relate to the second-

order moments of {aℓk(i)} and {µk(i)}. Using (3.23) and (3.24), the long-term

model (3.19) can be rewritten as

¯̃
w′
i = Bi ·

¯̃
w′
i−1 + ¯

si (3.36)

76



3.1.2 Mean Error Recursion

Taking the expectation of both sides of (3.36), we end up with the mean error

recursion for large i:

E
¯̃
w′
i = B̄ · E

¯̃
w′
i−1 (3.37)

The stability of recursion (3.37) requires the stability of B̄. A condition on the

step-sizes to ensure the stability of B̄ can be derived as follows. Using the fact that

Ā is block left-stochastic and D̄ is block diagonal and Hermitian, and following

the same argument in [78, App. A] [35], we obtain

ρ(B̄) ≤ ρ(D̄) (3.38)

where ρ(·) denotes the spectral radius of its matrix argument. It follows from

(3.28) and (3.38) that asymptotic mean stability is guaranteed if the mean step-

size µ̄k satisfies

µ̄k ≡ µ̄
(1)
k <

2

ρ(Hk)
(3.39)

for all k. Since Hk is a positive semi-definite matrix, its spectral radius coincides

with its largest eigenvalue. Using (2.7) from Chapter 2, we have ρ(Hk) ≤ λk,max.

If condition (3.14) holds, then from (2.188) of Chapter 2, we have

µ̄
(1)
k ≤

√
µ̄
(4)
k

µ̄
(1)
k

<
λk,min

3λ2k,max + 4α
≤ λk,min

3λ2k,max

≤ 2

ρ(Hk)
(3.40)

since α > 0. Therefore, condition (3.39) holds if condition (3.14) does so. With

Assumption 3.2, we have

lim
i→∞

E w̃′
k,i = 0 (3.41)

for all k. From (3.41), we conclude that the long-term model (3.19) or, equiva-

lently, (3.36), is the asymptotically centered version of the original error recursion

(2.79) in Chapter 2.
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3.1.3 Error Covariance Recursion

We proceed to examine the evolution of the covariance matrix of the network

error vector
¯̃
w′
i in the long-term model (3.36). Let

ri(wi−1) , bvec(Ri(wi−1)) = E[(
¯
v∗i (wi−1))

T ⊗b
¯
vi(wi−1)|Fi−1] (3.42)

yi , (ĀT ⊗b ĀT + CT

A)(M̄ ⊗b M̄+ CM )E[ri(wi−1)] (3.43)

zi , bvec(E (
¯̃
w′
i ¯̃
w′∗
i )) = E [(

¯̃
w′∗
i )

T ⊗b
¯̃
w′
i] (3.44)

G , E[(D∗
i )

T ⊗b Di] = D̄T ⊗b D̄ + CD (3.45)

F , E[(B∗
i )

T ⊗b Bi]
∗ = B̄T ⊗b B̄∗ + C∗

B = G(Ā ⊗b Ā+ CA) (3.46)

where the notations bvec(·) and ⊗b denote block vectorization and block Kro-

necker products, respectively, both of size 2M × 2M (see Appendix 3.C). We

note that the second equalities in (3.42) and (3.44) are due to property (3.125)

and the second equalities in (3.45) and (3.46) are by using (3.28), (3.29), and

(3.33)–(3.35). Using (3.42)–(3.46), we obtain the following recursion for the

block-vectorized covariance matrix of the network error vector
¯̃
w′
i.

Theorem 3.2 (Network error covariance recursion). The vector zi evolves ac-

cording to the following recursion:

zi = F∗zi−1 + yi (3.47)

Recursion (3.47) converges if condition (3.14) holds, and its convergence rate is

determined by ρ(F).

Proof. See Appendix 3.D.

The vector zi can be used to compute useful error metrics. For example, we

can examine any weighted MSE measure for
¯̃
w′
i by evaluating quantities of the
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form:

E ‖
¯̃
w′
i‖2Σ = E [Tr(

¯̃
w′
i ¯̃
w′∗
i Σ)] = z∗i · bvec(Σ) (3.48)

where Σ is an arbitrary positive semi-definite weight matrix. To guarantee the

convergence of E ‖
¯̃
w′
i‖2Σ for any weighting matrix Σ, it is sufficient and necessary

to guarantee the convergence of zi. It follows from Theorem 3.2 that under

Assumption 3.2, the spectral radius of the matrix F in (3.47) determines the

mean-square stability and convergence rate of the asynchronous diffusion strategy

(1.7a)–(1.7b) from Chapter 1.

Before proceeding we comment on the reason why we choose to use the block

vectorization operation bvec(·) in (3.44) instead of the traditional vectorization

operation vec(·). This is because bvec(·) allows us to track each block of its ma-

trix argument after vectorization. By the definition in (3.120) and the illustration

in Fig. 3.1, operation bvec(·) preserves the locality of every block in the origi-

nal matrix argument whereas operation vec(·) blends different blocks together.

Therefore, whenever we need to vectorize a network matrix whose blocks relate

to individual agents, it is more natural to use the block vectorization operation

bvec(·); on the other hand, whenever we need to vectorize a matrix that only re-

lates to a single agent, we can use the conventional vectorization operation vec(·).
A useful property of the conventional vectorization operation vec(·) is

vec(ABC) = (CT ⊗ A) · vec(B) (3.49)

for matrices {A,B,C} of compatible sizes. A similar property holds for the

bvec(·) operation:
bvec(ABC) = (CT ⊗b A) · bvec(B) (3.50)

for block matrices {A,B,C} with appropriate block sizes. In Fig. 3.2, we compare

the structures of A⊗ B and A⊗b B, where {A,B} are a pair of block matrices.
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Figure 3.1: Comparing two vectorization operations: vec(·) versus bvec(·). The

operation vec(·) destroys the locality of the blocks in the original matrix argument

while the operation bvec(·) preserves it.

The observation is that the operation ⊗ destroys the locality of the blocks from

matrix B, whereas the operation ⊗b preserves the locality of the blocks from both

matrices A and B.

Using properties of the block operations bvec(·) and ⊗b, we can derive from

Theorem 3.2 a useful relation between the blocks of the network error covariance

matrix, E
¯̃
w′
i ¯̃
w′∗
i , and the blocks of the vector zi. Let us partition the 4M2N2-

dimensional vector zi as

zi = col{z(1)i , . . . , z
(N)
i }, z(ℓ)i , col{z(ℓ,1)i , . . . , z

(ℓ,N)
i } (3.51)

where z
(ℓ)
i is the ℓ-th sub-vector of zi with dimension 4M2N and z

(ℓ,k)
i is the k-th

block of z
(ℓ)
i with dimension 4M2. From (3.44) and (3.120), we find that these

vectors have the following useful interpretations for k, ℓ = 1, 2, . . . , N :

zi = E[bvec(
¯̃
w′
i ¯̃
w′∗
i )] = col{E [(

¯̃
w′∗
ℓ,i)

T ⊗
¯̃
w′
k,i]}Nℓ,k=1 (3.52)

z
(ℓ,k)
i , vec(E[

¯̃
w′
k,i ¯̃
w′∗
ℓ,i]) = E[(

¯̃
w′∗
ℓ,i)

T ⊗
¯̃
w′
k,i] (3.53)

where E
¯̃
w′
k,i ¯̃
w′∗
ℓ,i is the (k, ℓ)-th block of E

¯̃
w′
i ¯̃
w′∗
i with size 2M × 2M . The block

entries of the vector zi in (3.53) do not only allow us to recover the covariance
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Figure 3.2: Comparing two Kronecker product operations: ⊗ versus ⊗b. The

operation ⊗ destroys the locality of the blocks from matrix B while the operation

⊗b preserves the locality of the blocks from both matrices A and B.

matrices of any individual error vectors, E
¯̃
w′
k,i ¯̃
w′∗
k,i, but they also allow us to

recover the cross-covariance matrices, E
¯̃
w′
k,i ¯̃
w′∗
ℓ,i, for any pair of agents {k, ℓ}.

Therefore, by studying the evolution of the entire covariance vector in (3.47),

we are able to extract some detailed information about the dynamics of the

asynchronous diffusion network, as we shall show in Theorem 3.4 and Corollary

3.3 in Section 3.3.

3.2 Steady-State Performance

When i→ ∞, and by the fact that F is stable, we obtain from (3.47) that

z∞ , lim
i→∞

zi
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= (I4M2N2 −F∗)−1 lim
i→∞

yi

= (I4M2N2 −F∗)−1(ĀT ⊗b ĀT + CT

A)(M̄ ⊗b M̄+ CM) lim
i→∞

bvec(ERi(wi−1))

(3.54)

where we also used (3.42) and (3.43). Now note that

‖Ri(1N ⊗ wo)− ERi(wi−1)‖
(a)

≤ E‖Ri(1N ⊗ wo)−Ri(wi−1)‖
(b)

≤ κv · E ‖1N ⊗ wo −wi−1‖γv

= κv · E [‖w̃i−1‖4]γv/4
(c)

≤ κv · [E ‖w̃i−1‖4]γv/4 (3.55)

where step (a) is by Jensen’s inequality; step (b) is by (3.4) in Assumption

3.1; and step (c) is by Jensen’s inequality and the fact that | · |γv/4 is concave

due to 0 < γv/4 ≤ 1. Now, from Theorem 2.2 in Chapter 2, we know that

lim supi→∞ E ‖w̃i−1‖4 ≤ O(ν2) under Assumption 3.2. Therefore, we obtain from

(3.55) that

lim sup
i→∞

‖Ri(1N ⊗ wo)− ERi(wi−1)‖ ≤ O(νγv/2) (3.56)

According to (3.56), we can replace ERi(wi−1) in (3.54) by Ri(1N ⊗wo) with an

error in the order of νγv/2. Let

z , (I4M2N2 −F∗)−1(ĀT ⊗b ĀT + CT

A)(M̄ ⊗b M̄+ CM)bvec(R) (3.57)

From (2.190) in Chapter 2, we know that the second-order moments of {µk(i)}
are in the order of ν2. Hence, by (2.76) from Chapter 2, (3.26), and (3.32), it is

easy to verify that

‖M̄ ⊗b M̄+ CM‖ = O(ν2) (3.58)

Using (3.57), (3.58), and the fact that ‖(I4M2N2 −F∗)−1‖ = O(ν−1) from Lemma

3.5 further ahead, we conclude that

‖z‖ = O(ν) (3.59)
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Then, by using (3.5) and (3.56)–(3.59), we obtain from (3.54) that

z∞ = z +O(ν1+γv/2), ‖z∞‖ = O(ν) (3.60)

Define the steady-state average network MSD by

MSDnet , lim
i→∞

1

N

N∑

k=1

E ‖w̃k,i‖2 (3.61)

and the steady-state individual MSD for agent k by

MSDk , lim
i→∞

E ‖w̃k,i‖2 (3.62)

Theorem 3.3 (Steady-state MSD). It holds that

MSDnet =
1

2N
z∗bvec(I2MN) +O(ν1+γo) (3.63)

MSDk =
1

2
z∗bvec(Ekk ⊗ I2M) +O(ν1+γo) (3.64)

where z is given by (3.57),

γo ,
1

2
min{1, γv} (3.65)

and Ekk is the N ×N basis matrix that only has one non-zero element, which is

equal to 1, at the (k, k)-th entry.

Proof. From (3.48) by selecting Σ = I2MN , and also using (3.54) and (3.60), we

get

lim
i→∞

E‖
¯̃
w′
i‖2 = z∗∞bvec(I2MN )

= z∗bvec(I2MN) +O(ν1+γv/2)

= O(ν) (3.66)

Likewise, by selecting Σ = Ekk ⊗ I2M , we get

lim
i→∞

E‖
¯̃
w′
i‖2Ekk⊗I2M

= z∗∞bvec(Ekk ⊗ I2M )
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= z∗bvec(Ekk ⊗ I2M) +O(ν1+γv/2)

= O(ν) (3.67)

Note further that

E‖
¯̃
wi‖2 = E‖

¯̃
w′
i‖2 + E‖

¯̃
wi −

¯̃
w′
i‖2 + 2ReE[

¯̃
w′∗
i ( ¯̃
wi −

¯̃
w′
i)] (3.68)

Using the Cauchy-Schwartz inequality, it can be verified that

|ReE[
¯̃
w′∗
i ( ¯̃
wi −

¯̃
w′
i)]| ≤

√
E‖

¯̃
w′
i‖2 · E‖ ¯̃wi −

¯̃
w′
i‖2 (3.69)

From Theorem 3.1, we have

lim
i→∞

E‖
¯̃
wi −

¯̃
w′
i‖2 ≤ O(ν2) (3.70)

Substituting (3.66) and (3.70) into (3.68), and using (3.69), we get

lim
i→∞

E‖
¯̃
wi‖2 = lim

i→∞
E‖

¯̃
w′
i‖2 +O(ν2) + 2

√
O(ν) · O(ν2)

= lim
i→∞

E‖
¯̃
w′
i‖2 +O(ν3/2) (3.71)

Results (3.63) and (3.64) follow from (3.66), (3.67), and (3.71).

Result (3.63) generalizes its counterpart (276) from [35] for the synchronous

diffusion strategy. Since expressions (3.66) and (3.67) are both related to the

vector z in (3.57), let us examine z more closely to reveal the implications of

asynchronous adaptation and learning on performance. Theorem 3.4 in the fol-

lowing section will lead to powerful alternative expressions for (3.66) and (3.67).

The new expressions will highlight some important properties about the behav-

ior of the asynchronous network in steady-state, such as the behavior that was

illustrated earlier in Fig. 1.3 from Chapter 1. The subsequent analysis relies on

a useful low-rank factorization result.
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3.3 Low-Rank Factorization

From (3.54) we see that the structure of z depends on the structure of the matrix

(I4M2N2−F∗)−1. In the following, we show that by retaining the dominant eigen-

space of (I4M2N2 − F∗)−1, we can obtain a more revealing MSD expression than

(3.63) that is still accurate to the order of O(ν1+γo).

3.3.1 Perron Eigenvectors

To proceed, we introduce the following condition on the matrix Ā⊗ Ā+ CA.

Assumption 3.3 (Primitiveness of Ā ⊗ Ā + CA). The matrix Ā ⊗ Ā + CA is

assumed to be primitive [79, p. 45], namely, that there exists a finite positive

integer j such that all entries of (Ā⊗ Ā+ CA)
j are positive.

Lemma 3.2 (Primitiveness of Ā). The matrix Ā is primitive if Ā ⊗ Ā + CA is

primitive.

Proof. See Appendix 3.F.

Assumption 3.3 is guaranteed if the directed graph (digraph) associated with

the matrix Ā ⊗ Ā + CA is strongly-connected with as least one self-loop [79,

pp. 30,34]. The digraph associated with Ā⊗ Ā + CA is the union of all possible

digraphs associated with the realizations of Ai ⊗Ai [80, p. 29]. Each possible

digraph associated with Ai ⊗Ai is a Kronecker graph of order 2 generated by

the initiator Ai [81]. Therefore, Assumption 3.3 amounts to an assumption that

the union of all possible digraphs associated with the realizations of Ai ⊗ Ai

is strongly-connected with at least one self-loop. As illustrated in Fig. 3.3, this

condition still allows the digraphs associated with Ai to be weakly-connected

with or without self-loops or even to be disconnected. Important cases such as
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Figure 3.3: An illustration of the digraph associated with E (Ai ⊗ Ai|wi−1) =

Ā⊗ Ā+CA, where Ai has two equally probable realizations Ai(ω1) and Ai(ω2).

It can be observed that neither of the digraphs associated with Ai(ωj)⊗Ai(ωj),

j = 1, 2, is strongly-connected due to the existence of the source and sink nodes,

where information can only flow in one direction through the network. However,

the digraph associated with E (Ai ⊗ Ai|wi−1), which is the union of the first

two digraphs, is strongly-connected, where information can flow in any direction

through the network.
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random gossip [2,23,38,39,42] or probabilistic diffusion [43,44] are therefore not

ruled out by this condition. It can be verified that the converse of Lemma 3.2 is

generally not true: when the digraph associated with Ā is primitive, the digraph

associated with Ā⊗ Ā+ CA does not even need to be connected.

By Lemma 2.3 from Chapter 2 and the above Assumption 3.3, the matrix

Ā⊗ Ā+CA is left-stochastic and primitive. It follows from the Perron-Frobenius

theorem [79] [82] that this matrix has a unique eigenvalue at one and a pair of

eigenvectors {1N2, p} with positive entries satisfying:

(Ā⊗ Ā+ CA) · p = p, pT · 1N2 = 1 (3.72)

Likewise, the matrix Ā is also left-stochastic and primitive. It has a unique eigen-

value at one and a pair of eigenvectors {1N , p̄} with positive entries satisfying:

Ā · p̄ = p̄, p̄T · 1N = 1 (3.73)

All other eigenvalues of Ā⊗Ā+CA and Ā are inside the unit circle. To simplify the

presentation, we shall use the name “Perron eigenvector” to refer to the unique

eigenvectors p and p̄ in the sequel. Since the vector p is of dimension N2 × 1, we

partition it into N sub-vectors of dimension N × 1 each:

p = col{p1, p2, . . . , pN} (3.74)

where pk denotes the k-th sub-vector. We further define an N × N matrix Pp

whose columns are the sub-vectors {pk}:

Pp , unvec(p) =
[
p1 p2 . . . pN

]
(3.75)

We use pℓ,k to denote the (ℓ, k)-th element of matrix Pp, which is equal to the

ℓ-th element of pk.
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Lemma 3.3 (Properties of Pp). The matrix Pp in (3.75) is symmetric positive

semi-definite and it satisfies Pp1N = p̄, where the p̄ is the Perron eigenvector in

(3.73).

Proof. See Appendix 3.G.

From Lemma 3.3, we get the following useful relations:

pℓ,k = pk,ℓ,

N∑

k=1

pℓ,k = p̄ℓ,

N∑

ℓ=1

pℓ,k = p̄k (3.76)

3.3.2 Low-Rank Approximation

We return to our earlier objective of seeking a low-rank factorization for the

matrix (I4M2N2 − F∗)−1. For this purpose, we first introduce the 4M2 × 4M2

Hermitian matrix:

F ,
N∑

k=1

N∑

ℓ=1

pℓ,k[D̄
T

ℓ ⊗ D̄k + cµ,ℓ,k(H
T

ℓ ⊗Hk)] (3.77)

where D̄k is given by (3.27).

Lemma 3.4 (Spectral radius of F ). The matrix F in (3.77) is stable if condition

(3.18) is satisfied. Moreover,

ρ(F ) = [1− λmin(H)]2 +O(ν2) = 1−O(ν) (3.78)

where

H ,
N∑

k=1

p̄kµ̄kHk (3.79)

It can be verified that ‖H‖ = O(ν) and the O(ν2) term in (3.78) is negligible by

Assumption 3.2.

Proof. See Appendix 3.H.
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Lemma 3.5 (Low-rank approximation). Under Assumptions 3.2 and 3.3, it holds

that

(I4N2M2 − F)−1 = (p1T

N2)⊗ (I4M2 − F )−1 +O(1) (3.80)

(p1T

N2)⊗ (I4M2 − F )−1 = O(ν−1) (3.81)

Under Assumption 3.2 where ν ≪ 1, the term in (3.81) dominates the O(1) term

in (3.80). Moreover,

ρ(F) = ρ(F ) +O(ν1+1/N2

) (3.82)

where the ρ(F ) from (3.78) dominates the O(ν) term in (3.82).

Proof. See Appendix 3.I.

In expression (3.77) we observe that the matrix F is dependent on the first

and second-order moments of the random step-sizes, i.e., {µ̄k} and {cµ,ℓ,k}, and
is also dependent on the first and second order moments of the random combi-

nation coefficient matrix, i.e., Ā and CA, through the dependence on the Perron

eigenvector p. Let us introduce two 4M2 × 4M2 matrices:

R ,
N∑

k=1

pk,k (µ̄
2
k + cµ,k,k)Rk (3.83)

Z , unvec
(
(I4M2 − F )−1vec(R)

)
(3.84)

where Rk is given by (3.6). Using (3.181)–(3.183) and (3.209) in Appendix 3.I,

we can verify that

‖R‖ = O(ν2), ‖Z‖ = O(ν) (3.85)

Then, using Lemma 3.5, we can establish the following useful result about the

structure of the steady-state network error covariance matrix.
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Theorem 3.4 (Network error covariance matrix). In steady-state, the covariance

matrix of the network error
¯̃
w′
i from the long-term model (3.19) can be approxi-

mated by

lim
i→∞

E
¯̃
w′
i ¯̃
w′∗
i = (1N1

T

N)⊗ Z +O(ν1+γ
′

o) (3.86)

where Z is from (3.84),

γ′o ,
1

2
min{2, γv} (3.87)

and the first term on the RHS is dominant.

Proof. See Appendix 3.J.

According to Theorem 3.4, the (cross-) covariance matrices of {
¯̃
w′
k,i}, which

are uniformly expressed by E
¯̃
w′
k,i ¯̃
w′∗
ℓ,i = unvec(z

(ℓ,k)
i ) for all k and ℓ according to

(3.53), can be approximated by Z in steady-state. However, this result is useful

only if Z is a valid complex-Hessian-type matrix.

Definition 3.1 (Complex-Hessian-type matrices). Let X be an M ×M positive

semi-definite Hermitian matrix and let Y be an M×M symmetric matrix. Then,

a positive semi-definite block matrix of the form

H ,



X Y

Y ∗ XT


 ≥ 0 (3.88)

will be referred to as a complex-Hessian-type matrix.

The following result explains the reason for introducing this definition.

Lemma 3.6 (Complex-Hessian-type covariance matrices). Let x denote anM×1

zero-mean complex random vector and let Rx , Exx∗ and R′
x , ExxT. Then,

the covariance matrix of
¯
x =

¯
T(x) is given by

E
¯
x
¯
x∗ =




Exx∗ ExxT

E(x∗)Tx∗ E(x∗)TxT


 =



Rx R′

x

R′∗
x RT

x


 (3.89)
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and this matrix is a complex-Hessian-type matrix.

Proof. It follows from comparing (3.89) to (3.88).

By Lemma 3.6, for any zero-mean complex random vector x, the covariance

matrix of
¯
x =

¯
T(x) must be a complex-Hessian-type matrix. Therefore, in order

to approximate {unvec(z(ℓ,k)i )} by Z according to (3.86), we establish the following

useful result for the matrix Z.

Lemma 3.7 (Properties of Z). The matrix Z in (3.84) is a positive semi-definite

complex-Hessian-type matrix.

Proof. See Appendix 3.K.

Using (3.86) and Lemmas 3.6 and 3.7, we arrive at the following result for the

covariance and cross-covariance matrices of the steady-state error vectors {
¯̃
w′
k,i}

from the long-term model (3.19).

Corollary 3.1 (Covariance and cross-covariance matrices). The steady-state co-

variance and cross-covariance matrices of individual errors {
¯̃
w′
k,i} from the long-

term model (3.19) can be approximated by

lim
i→∞

E
¯̃
w′
k,i ¯̃
w′∗
ℓ,i = Z +O(ν1+γ

′

o) (3.90)

for all k and ℓ, where Z is given by (3.84) and is dominant due to (3.85), and γ′o

is given by (3.87).

Proof. By Lemma 3.7, the Z is a complex-Hessian-type matrix. According to

Lemma 3.6, it is a valid covariance matrix for complex random vectors obtained

via the transform
¯
T(·). The approximation (3.90) then follows from Theorem

3.4.
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3.3.3 Steady-State MSD

Using Corollary 3.1, we obtain two useful results about the steady-state MSD for

asynchronous diffusion solutions.

Corollary 3.2 (Steady-state MSD). Based on the same assumptions as Theorem

3.4, the steady-state MSD (either the network MSD in (3.61) or the individual

MSD in (3.62)) can be approximated by

MSDnet =
1

4
Tr(H−1R) +O(ν1+γo) (3.91)

MSDk =
1

4
Tr(H−1R) +O(ν1+γo) (3.92)

where {H,R} are given by (3.79) and (3.83), respectively, γo is from (3.65), and

Tr(H−1R) is of the order of ν.

Proof. See Appendix 3.L.

Corollary 3.3 (Clustered solutions). The steady-state relative MSD between any

two agents k and ℓ, i.e., E ‖wk,i −wℓ,i‖2, is negligible compared to their steady-

state absolute MSD with respect to wo, i.e.,

lim
i→∞

E‖wk,i −wℓ,i‖2 = O(ν1+γ
′

o) ≪ max
k

MSDk = O(ν) (3.93)

where γ′o is given by (3.87).

Proof. First, from Corollary 3.1, we have

lim
i→∞

E‖ ˜̄w′
k,i − ˜̄w′

ℓ,i‖2 = lim
i→∞

E[‖ ˜̄w′
k,i‖2 + ‖ ˜̄w′

ℓ,i‖2 − ˜̄w′∗
k,i ˜̄w′

ℓ,i − ˜̄w′∗
ℓ,i ˜̄w′

k,i]

= Tr(Z) + Tr(Z)− Tr(Z)− Tr(Z) +O(ν1+γ
′

o)

= O(ν1+γ
′

o) (3.94)
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From Theorem 3.1 and using (3.94), we get

lim
i→∞

E‖ ˜̄wk,i − ˜̄wℓ,i‖2 = lim
i→∞

E‖ ˜̄wk,i − ˜̄w′
k,i + ˜̄w′

k,i − ˜̄w′
ℓ,i + ˜̄w′

ℓ,i − ˜̄wℓ,i‖2

≤ lim
i→∞

3E
(
‖ ˜̄wk,i− ˜̄w′

k,i‖2+‖ ˜̄w′
k,i− ˜̄w′

ℓ,i‖2+‖ ˜̄w′
ℓ,i− ˜̄wℓ,i‖2

)

≤ O(ν2) +O(ν1+γ
′

o) +O(ν2)

≤ O(ν1+γ
′

o) (3.95)

Using (2.5) from Chapter 2, (3.95), and Corollary 3.2 completes the proof.

We illustrated Corollaries 3.2 and 3.3 earlier in Fig. 1.3.

3.4 Conclusion

We studied in some detail the MSE performance of asynchronous networks with

random step-sizes, links, topologies, and combination coefficients. Assuming suf-

ficiently small step-sizes, we showed that at steady-state, the error vector for

every individual agent tends to cluster within O(ν1+γo) from each other, which

means that the MSD performance is essentially uniform across the entire net-

work. The result in Corollary 3.2 shows explicitly how the MSD performance of

the network is affected by the asynchronous behavior. Quantities that relate to

the first and second-order moments of the distribution of the random step-sizes

and combination coefficients appear in these expressions. These results can be

used to guide strategies for adjusting the combination weights and the rate at

which the agents update their solutions and to ensure that the performance (in

terms of MSD and rate of convergence) does not degrade below desirable levels.
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3.A Proof of Lemma 3.1

Using Lemma 2.1 in Chapter 2, we get from (3.9)–(3.10) that

‖Hk −Hk,i−1‖ =

∥∥∥∥
∫ 1

0

[∇2

¯
w
¯
w∗Jk(

¯
wo)−∇2

¯
w
¯
w∗Jk(

¯
wo − t

¯̃
wk,i−1)]dt

∥∥∥∥

≤
∫ 1

0

‖∇2

¯
w
¯
w∗Jk(

¯
wo)−∇2

¯
w
¯
w∗Jk(

¯
wo − t

¯̃
wk,i−1)‖dt

≤
∫ 1

0

τ ′k · t · ‖ ¯̃wk,i−1‖ dt =
τ ′k
2
· ‖

¯̃
wk,i−1‖ (3.96)

Using (3.96), we get from (3.13) that

‖dk,i‖2 ≤ [µk(i)]
2 · ‖Hk −Hk,i−1‖2 · ‖

¯̃
wk,i−1‖2

≤ [µk(i)]
2 · τ

′2
k

4
· ‖

¯̃
wk,i−1‖4 (3.97)

Taking the expectation of both sides of (3.97) yields

E‖dk,i‖2 ≤ µ̄
(2)
k

τ ′2k
4

· E‖
¯̃
wk,i−1‖4 (3.98)

From Theorem 2.2 of Chapter 2, it holds for large enough i that

E‖w̃k,i‖4 ≤ 2b24 · ν2 (3.99)

Using the fact from (2.190) of Chapter 2 that µ̄
(2)
k ≤ ν2 for any k, and letting

τ ′ , max
k
τ ′k (3.100)

we obtain from (3.98) and (3.99) that

E‖dk,i‖2 ≤ 2τ ′2b24 · ν4 = O(ν4) (3.101)

where a factor of 4 appeared due to the conversion
¯
T(·) from (2.3) of Chapter 2.

Then,

E‖AT

i di‖2 =
N∑

k=1

E

∥∥∥∥∥∥
∑

ℓ∈N k,i

aℓk(i)dℓ,i

∥∥∥∥∥∥

2
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(a)

≤
N∑

k=1

E


 ∑

ℓ∈N k,i

aℓk(i)‖dℓ,i‖2



=

N∑

k=1

∑

ℓ∈Nk

āℓkE‖dℓ,i‖2

≤ N ·max
ℓ

E‖dℓ,i‖2

(b)

≤ 2Nτ ′2b24 · ν4 (3.102)

where step (a) is by using Jensen’s inequality; and step (b) is by using (3.101).

3.B Proof of Theorem 3.1

We rewrite the original error recursion (3.11) and the long-term model (3.19)

respectively as follows:

¯
ψ̃k,i = [I2M − µk(i)Hk]

¯̃
wk,i−1 + µk(i)

¯
vk,i(wk,i−1) + dk,i (3.103)

¯̃
wk,i =

∑

ℓ∈N k,i

aℓk(i)
¯
ψ̃ℓ,i (3.104)

and

¯
ψ̃′
k,i = [I2M − µk(i)Hk]

¯̃
w′
k,i−1 + µk(i)¯

vk,i(wk,i−1) (3.105)

¯̃
w′
k,i =

∑

ℓ∈N k,i

aℓk(i)
¯
ψ̃′
ℓ,i (3.106)

with the prime notation for quantities associated with the long-term model (3.19).

From (3.104) and (3.106), and using Jensen’s inequality, the squared 2-norm of

the difference between the two models is given by

‖
¯̃
wk,i −

¯̃
w′
k,i‖2 ≤

∑

ℓ∈N k,i

aℓk(i) ‖
¯
ψ̃ℓ,i −

¯
ψ̃′
ℓ,i‖2 (3.107)

Taking the expectation of both sides yields

E‖
¯̃
wk,i −

¯̃
w′
k,i‖2 ≤

∑

ℓ∈Nk

āℓk E‖
¯
ψ̃ℓ,i −

¯
ψ̃′
ℓ,i‖2
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≤ max
ℓ

E‖
¯
ψ̃ℓ,i −

¯
ψ̃′
ℓ,i‖2 (3.108)

for all k. Then,

max
k

E‖
¯̃
wk,i −

¯̃
w′
k,i‖2 ≤ max

k
E‖

¯
ψ̃k,i −

¯
ψ̃′
k,i‖2 (3.109)

From (3.103) and (3.105), we have

¯
ψ̃k,i −

¯
ψ̃′
k,i = [I2M − µk(i)Hk](

¯̃
wk,i−1 −

¯̃
w′
k,i−1) + dk,i (3.110)

Taking the expected squared 2-norm of both sides, we have

E‖
¯
ψ̃k,i −

¯
ψ̃′
k,i‖2 ≤ E‖[I2M − µk(i)Hk](

¯̃
wk,i−1 −

¯̃
w′
k,i−1) + dk,i‖2

= E

∥∥∥∥(1− t)
I2M − µk(i)Hk

1− t
(
¯̃
wk,i−1 −

¯̃
w′
k,i−1) + t

dk,i

t

∥∥∥∥
2

≤ 1

1− t
E‖I2M − µk(i)Hk‖2E‖

¯̃
wk,i−1 −

¯̃
w′
k,i−1‖2 +

1

t
E‖dk,i‖2

(3.111)

for any 0 < t < 1, where we used Jensen’s inequality in the second inequality.

By condition (3.14), it can be verified that

E‖I2M − µk(i)Hk‖2 ≤ 1− 2µ̄
(1)
k λk,min + µ̄

(2)
k λ2k,max

(a)

≤ 1− µ̄
(1)
k λk,min

≤
(
1− 1

2
µ̄
(1)
k λk,min

)2

< 1 (3.112)

where step (a) is from (2.184) of Chapter 2. Substituting t = 1
2
µ̄
(1)
k λk,min < 1 and

(3.112) into (3.111) yields

E‖
¯
ψ̃k,i −

¯
ψ̃′
k,i‖2 ≤

(
1− 1

2
µ̄
(1)
k λk,min

)
E‖

¯̃
wk,i−1 −

¯̃
w′
k,i−1‖2 +

2

λk,minµ̄
(1)
k

E‖dk,i‖2

(3.113)
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Using (3.98), the second term on the RHS of (3.113) can be bounded for large

enough i by

2

λk,minµ̄
(1)
k

· E‖dk,i‖2 ≤
2

λk,minµ̄
(1)
k

· µ̄(2)
k

τ ′2k
4

· E‖
¯̃
wk,i−1‖4

=
τ ′2k

2λk,min

· µ̄
(2)
k

µ̄
(1)
k

· E‖
¯̃
wk,i−1‖4

≤ τ ′2k ν

2λk,min

· E‖
¯̃
wk,i−1‖4 (3.114)

where we used the fact from (2.192) of Chapter 2 that ν ≥ µ̄
(2)
k /µ̄

(1)
k . Substituting

(3.114) into (3.113) yields

E‖
¯
ψ̃k,i −

¯
ψ̃′
k,i‖2 ≤

(
1− 1

2
µ̄
(1)
k λk,min

)
E‖

¯̃
wk,i−1 −

¯̃
w′
k,i−1‖2 +

τ ′2k ν

2λk,min
E‖

¯̃
wk,i−1‖4

(3.115)

Therefore,

max
k

E‖
¯
ψ̃k,i −

¯
ψ̃′
k,i‖2 ≤ max

k

(
1− 1

2
µ̄
(1)
k λk,min

)
max
k

E‖
¯̃
wk,i−1 −

¯̃
w′
k,i−1‖2

+max
k

[
τ ′2k ν

2λk,min
· E‖

¯̃
wk,i−1‖4

]
(3.116)

Substituting (3.116) into (3.109) yields

max
k

E‖
¯̃
wk,i−

¯̃
w′
k,i‖2 ≤ γmax

k
E‖

¯̃
wk,i−1−

¯̃
w′
k,i−1‖2+

τ ′2ν

2mink λk,min
max
k

E‖
¯̃
wk,i−1‖4

(3.117)

where

γ , max
k

(
1− 1

2
µ̄
(1)
k λk,min

)
= 1− 1

2
min
k

{µ̄(1)
k · λk,min} (3.118)

When condition (3.14) holds, it can be verified by using (2.183) from Chapter 2

that |γ| < 1. Then, we get from (3.117) that

lim sup
i→∞

[
max
k

E‖
¯̃
wk,i −

¯̃
w′
k,i‖2

]
≤ τ ′2ν

(1− γ)2mink λk,min

lim sup
i→∞

[
max
k

E‖
¯̃
wk,i−1‖4

]
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≤ 4τ ′2b24ν
3

mink µ̄
(1)
k ·mink λ2k,min

≤ O(ν2) (3.119)

where we used Theorem 2.2 from Chapter 2 and the fact from (2.190) of Chapter

2 that µ̄
(1)
k = O(ν).

3.C Block Operations

Consider a block matrix X of size NM ×NM and partition it into N ×N blocks

where Xkℓ denotes its (k, ℓ)-th sub-matrix of sizeM×M . The block vectorization

of X with block size M ×M is defined as follows [83]:

bvec(X ) , col{vec(X11), vec(X21), . . . , vec(XN1), . . . ,

vec(X1N), vec(X2N), . . . , vec(XNN)} (3.120)

Let Y denote another block matrix of size NM × NM and let Ykℓ denote its

(k, ℓ)-th sub-matrix of size M ×M . Then, the block Kronecker product of X and

Y with block size M ×M is defined by [83]:

X ⊗b Y , [Zkℓ]
N
k,ℓ=1 (3.121)

where

Zkℓ , [Xkℓ ⊗ Ymn]
N
m,n=1 (3.122)

For any matrices {X, Y,A,B} of compatible dimensions and with blocks of size

M ×M , it holds that

(X ⊗A)⊗b (Y ⊗B) = (X ⊗ Y )⊗ (A⊗ B) (3.123)

where ⊗ denotes the traditional Kronecker product operation. Other useful prop-

erties for the ⊗b operation can be found in [83, pp. 176-179] and are listed here

for ease of reference:

bvec(ABC) = (CT ⊗b A) · bvec(B) (3.124)
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bvec(xyT) = y ⊗b x (3.125)

Tr(AB) = [bvec(AT)]T · bvec(B) = [bvec(A∗)]∗ · bvec(B) (3.126)

(AC)⊗b (BD) = (A⊗b B)(C ⊗b D) (3.127)

(A+ B)⊗b (C +D) = A⊗b C + B ⊗b C +A⊗b D + B ⊗b D (3.128)

(A⊗b B)∗ = A∗ ⊗b B∗ (3.129)

(A⊗b B)T = AT ⊗b BT (3.130)

for any block matrices {A,B, C,D} and any block vectors {x, y} with appropriate

sizes.

3.D Proof of Theorem 3.2

From the long-term model (3.36), we obtain that

E(
¯̃
w′
i ¯̃
w′∗
i |Fi−1) = E(Bi

¯̃
w′
i−1 ¯̃
w′∗
i−1B

∗
i |Fi−1) + E(

¯
si
¯
s∗i |Fi−1) (3.131)

where the cross terms that involve
¯
si disappear because E(Bi

¯̃
wi−1

¯
s∗i |Fi−1) = 0 by

(3.24) and (3.30). Performing the block vectorization of block size 2M for both

sides of (3.131), and using (3.124) and (3.125) yield

E[(
¯̃
w′∗
i )

T ⊗b
¯̃
w′
i|Fi−1] = E[(B∗

i )
T ⊗b Bi][(

¯̃
w′∗
i−1)

T ⊗b
¯̃
w′
i−1] + E[(

¯
s∗i )

T ⊗b
¯
si|Fi−1]

(3.132)

Using (3.24), (3.127), and (3.130), the second term on the RHS of (3.132) can be

expressed as

E[(
¯
s∗i )

T ⊗b
¯
si|Fi−1] = (Ā ⊗b Ā+ CA)T(M̄ ⊗b M̄+ CM )ri(wi−1) (3.133)

Substituting (3.46) and (3.133) into (3.132), taking the expectation with respect

to Fi−1, and then using (3.43), we arrive at the desired recursion (3.47), namely,

E [(
¯̃
w′∗
i )

T ⊗b
¯̃
w′
i] = F∗E [(

¯̃
w′∗
i−1)

T ⊗b
¯̃
w′
i−1] + yi (3.134)
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From (3.46), we know that G in (3.45) is a factor of F . Hence, we use the following

result to examine the stability of F .

Lemma 3.8 (Properties of G). The matrix G in (3.45) satisfies the following

properties:

1. Block diagonal and Hermitian matrix: it holds that

G = diag{G1, G2, . . . , GN} (3.135)

Gℓ = diag{Gℓ,1, Gℓ,2, . . . , Gℓ,N} (3.136)

where Gℓ denotes the ℓ-th block on the diagonal of G with block size 4M2N×
4M2N and Gℓ,k denotes the k-th block on the diagonal of Gℓ with block size

4M2 × 4M2. The block Gℓ,k is Hermitian and is given by

Gℓ,k , D̄T

ℓ ⊗ D̄k + cµ,ℓ,k(H
T

ℓ ⊗Hk) (3.137)

where D̄k is given by (3.27).

2. Norms and spectral radius: it can be verified that

ρ(G) = max
k,m

{(1− µ̄kλk,m)
2 + cµ,k,kλ

2
k,m} (3.138)

where λk,m denotes the m-th eigenvalue of Hk, m = 1, 2, . . . , 2M .

3. Stability: if condition (3.18) holds, then

ρ(G) < 1 (3.139)

Proof. See Appendix 3.E.

Using the fact that G is block diagonal and Hermitian, and that Ā⊗ Ā+ CA

is block left-stochastic, result (153) from [78, App. A] implies that

ρ(F) ≤ ρ(G) (3.140)

By (3.139) and (3.140), we conclude that F is stable if condition (3.18) holds.
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3.E Proof of Lemma 3.8

The first property relating to the block diagonal and Hermitian structure of

(3.135)–(3.137) is established by using the definition of ⊗b and (3.45). Because

the matrix Di is block diagonal with block size 2M × 2M , the block Kronecker

product:

Gi , DT

i ⊗b Di (3.141)

is block diagonal with block size 4M2N × 4M2N and each block is itself block

diagonal with block size 4M2×4M2. Let us denote the ℓ-th block on the diagonal

of Gi with block size 4M2N × 4M2N by

Gℓ,i ,D
T

ℓ,i ⊗Di (3.142)

and the k-th block on the diagonal of Gℓ,i with block size 4M2 × 4M2 by

Gℓ,k,i ,D
T

ℓ,i ⊗Dk,i (3.143)

where we used the fact that Dℓ,i is Hermitian. Then, we have

Gi = diag{G1,i,G2,i, . . . ,GN,i} (3.144)

Gℓ,i = diag{Gℓ,1,i,Gℓ,2,i, . . . ,Gℓ,N,i} (3.145)

Using (3.45) and taking the expectation of both sides of (3.144) and (3.145), we

get (3.135) and (3.136) by identifying:

Gℓ = E[Gℓ,i], Gℓ,k = E[Gℓ,k,i] (3.146)

Equation (3.137) follows from (3.146), (3.143), (3.21), and (3.27). Since the

matrices {Gℓ,k} are all Hermitian, by (3.135) and (3.136), the matrix G is also

Hermitian.
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The second property in (3.138) is established by using the block diagonal

and Hermitian properties of G to readily conclude that ρ(G) = maxℓ,k ρ(Gℓ,k).

Furthermore, by (3.137), the eigenvalues of Gℓ,k are given by

λm,n(Gℓ,k) = (1− µ̄ℓλℓ,n)(1− µ̄kλk,m) + cµ,ℓ,kλℓ,nλk,m (3.147)

for any ℓ, k = 1, 2, . . . , N , where λk,m denotes the m-th eigenvalue of Hk and

m,n = 1, 2, . . . , 2M . It is straightforward to verify that

λm,n(Gℓ,k) = E[(1 − µℓ(i)λℓ,n)(1− µk(i)λk,m)] (3.148)

Using Cauchy-Schwarz inequality, we get

|E[(1− µℓ(i)λℓ,n)(1− µk(i)λk,m)]| ≤
√
E[(1 − µℓ(i)λℓ,n)2]E[(1 − µk(i)λk,m)2]

≤ max
k,m

{E[(1− µk(i)λk,m)2]}

= max
k,m

{(1− µ̄kλk,m)
2 + cµ,k,kλ

2
k,m} (3.149)

where the first inequality becomes equality when ℓ = k and n = m. From

(3.147)–(3.149) we get

|λm,n(Gℓ,k)| ≤ max
k,m

{(1− µ̄kλk,m)
2 + cµ,k,kλ

2
k,m} (3.150)

for any ℓ, k, m, and n. Since the above inequality applies to all eigenvalues of

Gℓ,k, and since Gℓ,k is Hermitian, we get

ρ(Gℓ,k) ≤ max
k,m

{(1− µ̄kλk,m)
2 + cµ,k,kλ

2
k,m} (3.151)

Furthermore, from (3.147) we know that

λm,m(Gk,k) = (1− µ̄kλk,m)
2 + cµ,k,kλ

2
k,m (3.152)

so that equality in (3.151) is achievable for some k and m.
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For the third property in (3.139), we introduce the quadratic function

f(x) , (1− µ̄kx)
2 + cµ,k,kx

2 (3.153)

with x ∈ [λk,min, λk,max]. It is easy to verify that f(x) achieves its maximum value

at either one of its boundaries:

f(x) ≤ max{f(λk,min), f(λk,max)}

≤ 1− 2µ̄kλk,min + (µ̄2
k + cµ,k,k)λ

2
k,max (3.154)

From Assumption 2.2 in Chapter 2 we have λk,min ≤ λk,m ≤ λk,max for any k and

m. We then deduce from (3.154) that

f(λk,m) ≤ 1− 2µ̄kλk,min + (µ̄2
k + cµ,k,k)λ

2
k,max (3.155)

for any k and m. Using (3.138), (3.153), and (3.155), we get

ρ(G) = max
k,m

{f(λk,m)}

≤ max
k

{f(λk,min), f(λk,max)}

< max
k

{f(λk,min), f(λk,max)}+ α(µ̄2
k + cµ,k,k) (3.156)

where α > 0 by Assumption 3.1. When condition (3.18) holds, using (2.136) from

Chapter 2, we have

max
k

{1− 2µ̄kλk,min + (µ̄2
k + cµ,k,k)(λ

2
k,max + α)} < 1 (3.157)

Therefore, by (3.156) and (3.157), if condition (3.18) holds, then ρ(G) < 1, which

completes the proof.

3.F Proof of Lemma 3.2

From Lemma 2.3 in Chapter 2 we know that the matrices Ā⊗ Ā+CA and Ā are

both left-stochastic. To establish the desired result, we only need to show that
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the matrix Ā⊗ Ā is primitive if Ā⊗ Ā+CA is primitive. This is because if Ā⊗ Ā
is primitive, then for some finite positive integer j > 0, the matrix (Ā⊗ Ā)j has

strictly positive entries. Since (Ā⊗ Ā)j = Āj⊗ Āj and Ā has nonnegative entries,

Āj must have strictly positive entries. Therefore, Ā is primitive.

In order to prove that the matrix Ā⊗Ā is primitive if Ā⊗Ā+CA is primitive,

we first introduce the following concept.

Definition 3.2 (Comparing sparsity). For any two matrices {A,B} with non-

negative entries and of the same size, the matrix A is called sparser than B,

or, equivalently, B is called denser than A, if, and only if, [B]ℓk > 0 whenever

[A]ℓk > 0 for any k and ℓ.

It is straightforward to verify the following three useful properties related to

Definition 3.2.

Lemma 3.9 (Denser product). For any M ×N matrices {A,B} and any N ×P

matrices {C,D} all with nonnegative entries, if B is denser than A and D is

denser than C, then BD is denser than AC.

Lemma 3.10 (Denser Kronecker product). For any M×N matrices {A,B} and

any P × Q matrices {C,D} all with nonnegative entries, if B is denser than A

and D is denser than C, then B ⊗D is denser than A⊗ C.

Lemma 3.11 (Sum is not denser). For any set of M × N matrices {Ai} with

nonnegative entries, where i ∈ I and I is an index set (which can be uncountable),

if there exists an M×N matrix B with nonnegative entries such that B is denser

than every Ai, i ∈ I, and assuming that the sum S ,
∑

i∈I Ai exists, then B is

also denser than S.

Now, from Lemma 2.2 in Chapter 2, we know that Ā is denser than any

realization of Ai, say, Ai(ω) where ω ∈ Ω and Ω is the sample space of Ai. Using
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Lemma 3.10, we get that Ā⊗ Ā is denser than any Ai(ω)⊗Ai(ω). Using Lemma

3.11 and the fact that the probability measures only take nonnegative values, we

get that Ā ⊗ Ā is denser than Ā ⊗ Ā + CA = E [Ai ⊗ Ai]. If Ā ⊗ Ā + CA is

primitive, then there exists a finite positive integer j > 0 such that (Ā⊗ Ā+CA)
j

has strictly positive entries. Using Lemma 3.9, we know that (Ā⊗ Ā)j must be

denser than (Ā⊗ Ā+ CA)
j. Therefore, (Ā⊗ Ā)j must also have strictly positive

entries, which means that Ā⊗ Ā must be primitive.

3.G Proof of Lemma 3.3

We first show that Pp = PT

p , or equivalently,

p = vec(PT

p ) (3.158)

Lemma 3.12 (Vec-permutation matrix). The N2 ×N2 vec-permutation matrix

Π is a matrix whose columns are formed from the basis vectors in RN2

and it

satisfies:

vec(A) = Π · vec(AT) (3.159)

for any N ×N matrix A. Then, for any N ×N matrices {A,B},

A⊗B = Π(B ⊗ A)Π (3.160)

In addition, Π = ΠT = Π∗ = Π−1.

Proof. See [84, Tabs. I and II] [85, Eqs. (5) and (6)].

Let Π be the permutation matrix that satisfies

vec(PT

p ) = Π · vec(Pp) (3.161)
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From (3.75) and (3.161), proving (3.158) is equivalent to proving

p = Π · p (3.162)

To establish (3.162), we only need to show that Π · p is the Perron eigenvector of

Ā⊗ Ā+ CA. In that case, we can obtain (3.162) directly from the uniqueness of

the Perron eigenvector, which is p. Thus, note that

Π(Ā⊗ Ā+ CA)Π = Π[E(Ai ⊗Ai]Π

(a)
= E (Ai ⊗Ai)

= Ā⊗ Ā+ CA (3.163)

where step (a) is by (3.160). Then, we deduce from (3.72) that

Π · p = Π(Ā⊗ Ā+ CA)p = (Ā⊗ Ā+ CA)(Π · p) (3.164)

1
T

N2 · Π · p = 1
T

N2 · p = 1 (3.165)

where we used the fact that Π2 = IN2 by Lemma 3.12 and Π ·1N2 = 1N2. Results

(3.164) and (3.165) establish that Π · p is the Perron eigenvector of Ā⊗ Ā + CA

and proves (3.162).

We next establish that Pp is positive semi-definite. Note that for any vector

x ∈ RN :

xTPpx = vec(xTPpx) =
1

N2
(xT ⊗ xT)p · 1T

N21N2 (3.166)

by using (3.75) and the fact that 1T

N21N2 = N2. Since Ā⊗ Ā+CA = E(Aj⊗Aj),

we can introduce a series of fictitious random combination matrices {A′
j; j ≥ 1}

such that they are mutually-independent and satisfy E(A′
j ⊗A′

j) = Ā⊗ Ā+ CA

for any j ≥ 1. Let Φi ,
∏i

j=1A
′
j for any i ≥ 1. Then,

lim
i→∞

E(Φi ⊗Φi)
(a)
= lim

i→∞

i∏

j=1

E(A′
j ⊗A′

j)
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= lim
i→∞

(Ā⊗ Ā + CA)
i

(b)
= p · 1T

N2 (3.167)

where step (a) is by using the fact that the {A′
j} are mutually-independent, and

step (b) is by using the Perron-Frobenius Theorem [79]. Substituting (3.167) into

(3.166) and using the fact that 1N2 = 1N ⊗ 1N , we get

xTPpx =
1

N2
lim
i→∞

E [(xTΦi1N)
2] ≥ 0 (3.168)

which shows that Pp is positive semi-definite.

Now we show that Pp1N = p̄. Note from (3.75) and (3.72) that

Pp = E [Ai · Pp ·AT

i ] (3.169)

by switching the order of unvec(·) and E(·) and applying unvec(·) to the identity

vec(ABC) = (CT ⊗ A) · vec(B). Furthermore, we get from (3.169) that

Pp · 1N = E (AiPpA
T

i ) · 1N = Ā(Pp · 1N) (3.170)

which implies that the vector Pp · 1N is the Perron eigenvector of Ā, which is p̄.

Because the Perron eigenvector is unique, by (3.73), equation Pp · 1N = p̄ must

hold.

3.H Proof of Lemma 3.4

We first establish that F is stable if condition (3.18) is satisfied. From (3.137)

and (3.77), we get

F =

N∑

ℓ=1

N∑

k=1

pℓ,kGℓ,k (3.171)

By (3.72) and (3.75), the elements {pℓ,k} of Pp satisfy:

N∑

ℓ=1

N∑

k=1

pℓ,k = 1, and pℓ,k > 0 (3.172)
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Then, in terms of the 2-induced norm, we have

‖F‖
(a)

≤
N∑

k=1

N∑

ℓ=1

pℓ,k‖Gℓ,k‖
(b)

≤ max
k,ℓ

‖Gℓ,k‖
(c)
= ρ(G) (3.173)

where step (a) is from the triangle inequality of norms; step (b) is by using

(3.172); and step (c) is by (3.138). Using (3.139), (3.173), and the fact that

ρ(F ) = ‖F‖ for the Hermitian matrix F , we conclude that matrix F is stable if

condition (3.18) holds.

We now establish expression (3.78). Introduce the Hermitian matrix

F ′ ,
N∑

k=1

N∑

ℓ=1

p̄ℓp̄k(D̄
T

ℓ ⊗ D̄k) (3.174)

From (3.27), we can rewrite F ′ as F ′ = (I2M −H)T ⊗ (I2M −H), where we used

(3.73) and (3.79). Therefore, the eigenvalues of F ′ are equal to the products of

any two of the eigenvalues of I2M −H , which are given by 1− λ(H). Since {p̄k}
and {µ̄k} are all positive and {Hk} are all positive definite, it is easy to verify

that H in (3.79) is also positive definite. Then, from (3.79), (3.73), and (3.10),

and using (2.7) from Chapter 2 as well as Jensen’s inequality [71], we get

0 < λ(H) ≤ ‖H‖ ≤ max
k

{µ̄kλk,max} (3.175)

for all eigenvalues of H . When condition (3.18) holds, we get from (2.187) of

Chapter 2 that

µ̄k ≤
µ̄
(2)
k

µ̄k
<

λk,min

λ2k,max + α
<

1

λk,max
(3.176)

for any k. This implies that maxk{µ̄kλk,max} < 1 and therefore, 0 < λ(H) < 1

for all eigenvalues of H . From (3.79) and (3.181), we obtain

0 < λ(H) = O(ν) < 1 (3.177)

for any eigenvalue of H . Therefore, we get

λ(I2M −H) = 1− O(ν), ρ(I2M −H) = 1− λmin(H) (3.178)
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where λmin(·) denotes the smallest eigenvalue of its Hermitian matrix argument.

We further get from (3.178) that

λ(F ′) = 1− O(ν), ρ(F ′) = [1− λmin(H)]2 (3.179)

Using Lemma 3.3, (3.72), (3.73), and (3.27), the difference between F in (3.77)

and F ′ in (3.174) is given by

F − F ′ =
N∑

k=1

N∑

ℓ=1

{[(pℓ,k − p̄ℓp̄k)µ̄ℓµ̄k + pℓ,kcµ,ℓ,k](H
T

ℓ ⊗Hk)} (3.180)

which is also Hermitian. From (2.190) in Chapter 2, we get

µ̄k ≡ µ̄
(1)
k ≤ ν (3.181)

cµ,k,k ≤ µ̄
(2)
k ≤ ν2 (3.182)

|cµ,ℓ,k| ≤
√
cµ,ℓ,ℓ · cµ,k,k ≤ ν2 (3.183)

where (3.183) is by using the Cauchy-Schwartz inequality. By (3.181)–(3.183), we

get ‖F − F ′‖ = O(ν2). Using a corollary of the Wielandt-Hoffman theorem [86,

Corollary 8.1.6, p. 396], we then conclude that

|λm(F )− λm(F
′)| ≤ ‖F − F ′‖ = O(ν2) (3.184)

where λm(·) denotes the m-th eigenvalue of its Hermitian matrix argument; the

eigenvalues are assumed to be ordered from largest to smallest in each case.

Result (3.184) implies that for every eigenvalue of F ′ there is an eigenvalue of F

that is O(ν2) close to it. From (3.184) and (3.179) we immediately deduce that

λm(F ) = 1− O(ν), ρ(F ) = ρ(F ′) +O(ν2) (3.185)

where ρ(F ′) from (3.179) dominates the O(ν2) term.
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3.I Proof of Lemma 3.5

We first establish (3.80). Introduce the Jordan decomposition:

Ā⊗ Ā+ CA , PJQT =
[
p P ′

]


1 0

0 J ′



[
1N2 Q′

]T
(3.186)

where J is the Jordan canonical form of Ā ⊗ Ā + CA and J ′ is a sub-matrix of

J containing its stable eigenvalues, P ′ and Q′ are sub-matrices of P and Q, and

P−1 = QT. Then, the Jordan decomposition of Ā ⊗b Ā+ CA is given by

Ā ⊗b Ā+ CA = PJQT =
[
P1 P ′

]


I4M2 0

0 J ′



[
Q1 Q′

]T
(3.187)

where

P , P ⊗ I4M2 , P ′ , P ′ ⊗ I4M2 (3.188)

J , J ⊗ I4M2 , J ′ , J ′ ⊗ I4M2 (3.189)

Q , Q⊗ I4M2 , Q′ , Q′ ⊗ I4M2 (3.190)

P1 , p⊗ I4M2, Q1 , 1N2 ⊗ I4M2 (3.191)

Let

X , I4M2N2 − G (3.192)

where G is given by (3.45). Then, by (3.46),

QTFP = QT[G · (Ā ⊗b Ā+ CA)]P

= QT(I4M2N2 −X )(PJQT)P

= J −QTXPJ

=



I4M2 −QT

1XP1 −QT

1XP ′J ′

−Q′TXP1 J ′ −Q′TXP ′J ′


 (3.193)
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From (3.193), we further get

(I4M2N2 −QTFP)−1 =



QT

1XP1 QT

1XP ′J ′

Q′TXP1 I−J ′+Q′TXP ′J ′




−1

(3.194)

where the I denotes the 4M2(N2 − 1) × 4M2(N2 − 1) identity matrix. The

quantity QT

1XP1 in (3.193) can be expressed as

QT

1XP1
(a)
= QT

1 · P1 −QT

1GP1

(b)
= (1T

N2p)⊗ I4M2 − (1T

N2 ⊗ I4M2)(diag{Gℓ,k})(p⊗ I4M2)

(c)
= I4M2 − F (3.195)

where step (a) is by (3.192); step (b) is by (3.135)–(3.136); and step (c) is by

(3.171). We already know that the matrices F and F are stable for sufficiently

small step-sizes. Thus, the matrices I4M2N2 − F and I4M2 − F are invertible. It

follows that the quantity QT

1XP1 is invertible. Moreover, the Schur complement

with respect to QT

1XP1 in (3.194) is also invertible. Let us denote the inverse of

this Schur complement by

∆ , [I − J ′ +Q′TXP ′J ′ −Q′TXP1(QT

1XP1)
−1QT

1XP ′J ′]−1 (3.196)

Then, by using a formula for the inversion of block matrices [87, Eq. (7), p. 48],

equality (3.194) can be expressed as

(I4M2N2 −QTFP)−1 =




(QT

1XP1)
−1 +∆′ −(QT

1XP1)
−1QT

1XP ′J ′∆

−∆Q′TXP1(QT

1XP1)
−1 ∆




(3.197)

where

∆′ , (QT

1XP1)
−1QT

1XP ′J ′∆Q′TXP1(QT

1XP1)
−1 (3.198)

Now, from (3.195), (3.77), (3.27), (3.76), and (3.79), we can also write

QT

1XP1 = H ⊗ I2M + I2M ⊗H −
N∑

ℓ,k=1

pℓ,k(µ̄ℓµ̄k + cµ,ℓ,k)(H
T

ℓ ⊗Hk) (3.199)
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It follows from (3.199) and (3.181)–(3.183) that QT

1XP1 is Hermitian and

‖QT

1XP1‖ = O(ν), ‖(QT

1XP1)
−1‖ = O(ν−1) (3.200)

Likewise, from (3.26) and (3.181)–(3.183), we get that

‖M̄‖ = O(ν), ‖CM‖ = O(ν2) (3.201)

and from (3.192), (3.45), (3.28), and (3.33), we further get

‖X‖ = ‖(M̄H)T ⊗b I2MN + I2MN ⊗b (M̄H) +O(ν2)‖ = O(ν) (3.202)

since matrix H is constant and independent of ν. Furthermore, it follows from

(3.202) that

‖Q′TXP ′J ′‖ = O(ν), ‖Q′TXP1‖ = O(ν), ‖QT

1XP ′J ′‖ = O(ν) (3.203)

From (3.187), matrix I −J ′ is invertiable and is independent of ν. Therefore,

‖J ′‖ = O(1), ‖I − J ′‖ = O(1), ‖(I −J ′)−1‖ = O(1) (3.204)

Then, by (3.196), (3.203), and (3.204), we get

‖∆‖ = ‖(I −J ′ +O(ν))−1‖ = O(1) (3.205)

By (3.198), (3.200), (3.203), and (3.205), we further get

‖∆′‖ = O(1), ‖(QT

1XP1)
−1QT

1XP ′J ′∆‖ = O(1),

‖∆Q′TXP1(QT

1XP1)
−1‖ = O(1) (3.206)

Using (3.206) and Assumption 3.2, we get from (3.197) that

(I4M2N2 −QTFP)−1 =



(QT

1XP1)
−1 0

0 0


+O(1) (3.207)
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Then,

(I4M2N2−F)−1 (a)
= P



(QT

1XP1)
−1 0

0 0


QT +O(1)

(b)
= P1(QT

1XP1)
−1QT

1 +O(1)

(c)
= (p1T

N2)⊗ (I4M2−F )−1+O(1) (3.208)

where step (a) is by using the fact that P−1 = QT; step (b) is by using the block

division in (3.187); step (c) is by using (3.191); and by (3.195) and (3.200),

‖(I4M2 − F )−1‖ = O(ν−1) (3.209)

Under Assumption 3.2, the parameter ν ≪ 1. Therefore, ν−1 ≫ 1 and (p1T

N2)⊗
(I4M2 − F )−1 dominates the O(1) term in (3.208).

Finally, we establish result (3.82). Let

Fs , QTFP =




F O(ν)

O(ν) J ′ +O(ν)


 ,



F F12

F21 F22


 (3.210)

by using (3.193), (3.195), (3.203), and (3.204). Since Fs is similar to F , they have

the same eigenvalues [87]. Since F is Hermitian, let us introduce its eigenvalue

decomposition as

F = UΛU∗ (3.211)

where U is a 4M2× 4M2 unitary matrix and Λ is a 4M2× 4M2 diagonal matrix.

The (N2 − 1) × (N2 − 1) matrix J ′, which contains the stable eigenvalues of

Ā⊗ Ā+ CA in (3.186), can be generally expressed as

J ′ =




λa,2 T ′

. . .

0 λa,N2




(3.212)
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where {λa,n} are the eigenvalues of Ā⊗Ā+CA with λa,1 = 1 and |λa,n| < 1 for all

n = 2, 3, . . . , N2. In (3.212), the elements in the strictly upper triangular region

T ′ are either 1 or 0, which depend on the Jordan blocks in J ′. Using (3.212) and

(3.189), we can express the (2, 2) block in (3.210) as

J ′ +O(ν) =




λa,2I4M2 +O(ν) T ′ +O(ν)

. . .

O(ν) λa,N2I4M2 +O(ν)




(3.213)

where the elements in the strictly upper triangular region T ′ are either 1 or

0, which depend on the elements of T ′ in (3.212). We now apply a similarity

transformation to Fs in (3.210) by multiplying

D ,



νǫU

D2


 (3.214)

and its inverse D−1 on either side of (3.210), where ǫ = 1/N2 and

D2 , diag{ν2ǫ, ν3ǫ, . . . , νN2ǫ} ⊗ I4M2 , D ⊗ I4M2 (3.215)

Using (3.210) and (3.213), we end up with

D−1FsD =



ν−ǫU∗

D−1
2






F F12

F21 F22






νǫU

D2




=




U∗FU ν−ǫU∗F12D2

νǫD−1
2 F21U D−1

2 F22D2


 (3.216)

Using (3.211), the (1, 1)-block in (3.216) is given by

U∗FU = U∗UΛU∗U = Λ (3.217)

From (3.215), we have

‖D2‖ = ‖D‖ = ν2ǫ and ‖D−1
2 ‖ = ‖D−1‖ = ν−N

2ǫ = ν−1 (3.218)

114



where we used the fact that 0 < ν < 1 and ǫ = 1/N2. Using (3.218) and (3.210),

the (1, 2)- and (2, 1)-blocks in (3.216) satisfy

‖ν−ǫU∗F12D2‖ = O(ν1+ǫ), ‖νǫD−1
2 F21U‖ = O(νǫ) (3.219)

For the (2, 2)-block in (3.216), we first split the J ′ from (3.213) into two parts:

J ′ , Λ′ +Υ (3.220)

where Λ′ consists of the diagonal entries of J ′, namely, {λa,k; k = 2, 3, . . . , N2},
and Υ consists of the first upper off-diagonal entries of J ′, namely, the 1 and 0

entries in the Jordan blocks. Then, the F22 in (3.210) can be expressed as

F22 = Λ′ +Υ+O(ν)14(N2−1)M21
T

4(N2−1)M2 (3.221)

where we used the third term on the RHS of (3.221) to explicitly indicate that

every entry in F22 is perturbed by a term at least in the order of ν. Now, the

(2, 2)-block in (3.216) can be expressed as

D−1
2 F22D2 = D−1

2 [Λ′ +Υ+O(ν)14(N2−1)M21
T

4(N2−1)M2 ]D2

= Λ′ +D−1
2 ΥD2 +O(ν)D−1

2 14(N2−1)M21
T

4(N2−1)M2D2 (3.222)

Since Υ only has non-zero entries, which are equal to one, on the first upper

off-diagonal, it is straightforward to verify that

‖D−1
2 ΥD2‖ = O(νǫ) (3.223)

Let

d , col{ν2ǫ, ν3ǫ, . . . , νN2ǫ} = D1N2−1 (3.224)

e , col{ν−2ǫ, ν−3ǫ, . . . , ν−N
2ǫ} = D−1

1N2−1 (3.225)
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where D is from (3.215). Then, using (3.215), (3.224), and (3.225), the third

term on the RHS of (3.222) can be expressed as

O(ν)D−1
2 14(N2−1)M21

T

4(N2−1)M2D2

= O(ν)(D ⊗ I4M2)−1(1N2−1 ⊗ 14M2)(1N2−1 ⊗ 14M2)T(D ⊗ I4M2)

= O(ν)(D−1
1N2−11

T

N2−1D)⊗ (14M21
T

4M2)

= O(ν)(edT)⊗ (14M21
T

4M2) (3.226)

In the rank-one matrix edT, due to the fact that ν < 1, the entries on the diagonal

are equal to one; the entries above the diagonal are at least in the order of νǫ;

the entries below the diagonal are at least in the order of ν−(N2−2)ǫ. Therefore,

it follows from (3.226) that

O(ν)D−1
2 14(N2−1)M21

T

4(N2−1)M2D2 =




O(ν) O(ν1+ǫ)

. . .

O(ν2ǫ) O(ν)




(3.227)

where we used the fact that ǫ = 1/N2. Substituting (3.222), (3.223), and (3.227)

into (3.221) yields

F22 =




λa,2I4M2 +O(ν) O(νǫ)

. . .

O(ν2ǫ) λa,N2I4M2 +O(ν)




(3.228)

where we meant that in the matrix F22, the entries above the diagonal are at

least in the order of νǫ, and the entries below the diagonal are at least in the
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order of ν2ǫ. Substituting (3.217), (3.219), and (3.228) into (3.216) yields

D−1FsD =




Λ O(ν1+ǫ)

O(νǫ)

λa,2I4M2 +O(ν) O(νǫ)

. . .

O(ν2ǫ) λa,N2I4M2 +O(ν)




(3.229)

From (3.229), we know that all off-diagonal entries of D−1FsD are at least of the

order of νǫ. Therefore, using Gershgorin Theorem [86, p. 320] under Assumption

3.2, and since F and Fs have the same eigenvalues due to similarity, we get

|λ(F)− λ(F )| ≤ O(ν1+ǫ) or |λ(F)− λa,k| ≤ O(νǫ) (3.230)

where λ(F) denotes the eigenvalue of F and k = 2, 3, . . . , N2. Result (3.230)

implies that the eigenvalues of F are either located in the Gershgorin circles that

are centered at the eigenvalues of F with radii O(ν1+ǫ) or in the Gershgorin circles

that are centered at {λa,k; k = 2, 3, . . . , N2} with radii O(νǫ). From (3.185), we

have

ρ(F ) = 1− O(ν) < 1 (3.231)

By Assumption 3.3 and Perron-Frobenius Theorem [79], we have

ρ(J ′) , max
k=2,3,...,N2

|λa,k| < 1 (3.232)

By Assumption 3.2, if the parameter ν is small enough to satisfy

O(νǫ) +O(ν) < 1− ρ(J ′) (3.233)

such that the inequality

ρ(J ′) +O(νǫ) < 1− O(ν) = ρ(F ) (3.234)
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holds, then the Gershgorin circles centered at the eigenvalues of F are isolated

from those centered at {λa,k; k = 2, 3, . . . , N2}. According to Gershgorin Theorem

[88, p. 181], there are precisely 4M2 eigenvalues of F satisfying

|λ(F)− λ(F )| ≤ O(ν1+ǫ) (3.235)

while all the other eigenvalues satisfy

|λ(F)− λa,k| ≤ O(νǫ), k = 2, 3, . . . , N2 (3.236)

By (3.234), the eigenvalues λ(F) satisfying (3.235) are greater than those satis-

fying (3.236) in magnitude. Furthermore, when ν is sufficiently small, the Gersh-

gorin circles centered at λmax(F ) with radius O(ν1+ǫ) will become disjoint from

the other circles (see Fig. 3.4). Then, by using (3.231) and Gershgorin Theorem

again, we conclude from (3.235) that

ρ(F) = ρ(F ) +O(ν1+ǫ) (3.237)

It is worth noting that from (3.78) we get

ρ(F) = 1− O(ν) +O(ν1+ǫ) < 1 (3.238)

for ν ≪ 1 because ǫ = 1/N2 > 1.

3.J Proof of Theorem 3.4

From (3.187) and (3.208), we first have

(Ā ⊗b Ā+ CA)(I4M2N2 −F)−1

=
[
P1 P ′

]


I4M2 0

0 J ′






(QT

1XP1)
−1 0

0 0



[
Q1 Q′

]T
+O(1)
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Figure 3.4: An illustration of the locations of the eigenvalues of F . The eigen-

values of J ′ are all in the left big circle, so the eigenvalues of F satisfying (3.236)

are also in the left big circle. The eigenvalues of F are all in the right big circle,

so the eigenvalues of F satisfying (3.235) are also in the right big circle. Specif-

ically, the eigenvalues of F with λ(F ) < ρ(F ) are all on the red segment on the

horizontal line, so the eigenvalues of F that satisfy (3.235) are all in the small

blue circle on the left; the eigenvalues of F with λ(F ) = ρ(F ) are on the red dot

on the horizontal line, so the eigenvalues of F that satisfy (3.235) are all in the

small green circle on the right.

= P1(QT

1XP1)
−1QT

1 +O(1) (3.239)

Since P1(QT

1XP1)
−1QT

1 = O(ν−1) by (3.200), the first term on the RHS of (3.239)

dominates the second term under Assumption 3.2. By (3.26), (3.5), (3.32), and

(3.120), we get

PT

1 (M̄ ⊗b M̄+ CM)bvec(R) = (pT ⊗ I4M2)[(M̄ ⊗ M̄ + CM)⊗ I4M2 ]bvec(R)

= vec(R) (3.240)

where R is defined by (3.83) and is of the order of ν2. We then get a low-rank

expression for z in (3.57):

z
(a)
= [P1(QT

1XP1)
−1QT

1 +O(1)]∗(M̄ ⊗b M̄+ CM )bvec(R)
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(b)
= Q1[(QT

1XP1)
−1]∗PT

1 (M̄ ⊗b M̄+CM)bvec(R)+O(ν2)

(c)
= Q1[(I4M2 − F )−1]∗vec(R) +O(ν2)

(d)
= 1N2 ⊗ [(I4M2 − F )−1vec(R)] +O(ν2) (3.241)

where step (a) is by (3.239); step (b) is by (3.58); step (c) is by (3.195) and

(3.240); and step (d) is by (3.191) and the fact that F is Hermitian. The first

term on the RHS of (3.241) is dominant due to (3.209) and (3.85). Applying

unbvec(·) to both sides of (3.241) and using (3.84) yields

unbvec(z) = (1N1
T

N)⊗ Z +O(ν2) (3.242)

where Z is given by (3.84) and is of the order of ν by (3.85). From (3.44)

and (3.54), we know that unbvec(z∞) is the steady-state covariance matrix of

¯̃
w′
i. Using (3.60) and (3.242), the steady-state covariance matrix of

¯̃
w′
i can be

approximated by

lim
i→∞

E
¯̃
w′
i ¯̃
w′∗
i = unbvec(z∞)

= (1N1
T

N)⊗ Z + O(ν1+min{2,γv}/2)

= (1N1
T

N)⊗ Z + O(ν1+γ
′

o) (3.243)

where γ′o is given by (3.87), and the first term on the RHS is dominant due to

(3.85).

3.K Proof of Lemma 3.7

From Lemma 3.4 and Assumption 3.2, we know that matrix F is stable. From

(3.84), we get

Z=unvec

(
∞∑

j=0

F jvec(R)

)
=

∞∑

j=0

unvec
(
F jvec(R)

)
(3.244)
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Let

R(j) , unvec
(
F jvec(R)

)
, j ≥ 0 (3.245)

where R(0) = R. Then, since F is stable, the 2M×2M matrix sequence {R(j); j ≥
0} converges to zero. Substituting (3.245) into (3.244) yields

Z =

∞∑

j=0

R(j) (3.246)

Lemma 3.13 (Condition for complex-Hessian-type matrices). A sufficient and

necessary condition for any 2M × 2M positive semi-definite matrix H to be a

complex-Hessian-type matrix in Definition 3.1 is to require LHTL = H, where

L ,




0 IM

IM 0


 (3.247)

satisfies L = LT = L−1.

Proof. Let the 2M × 2M positive semi-definite matrix be

H =



A B

B∗ D


 (3.248)

where {A,B,D} are M ×M submatrices satisfying A = A∗ and D = D∗. Then,

LHTL ,



DT BT

(B∗)T AT


 (3.249)

By Definition 3.1, the matrix H is a complex-Hessian-type matrix if, and only if,

A = DT and B = BT. It is straightforward to verify that these conditions are

equivalent to the equality LHTL = H .

Using Lemma 3.13, it is easy to verify that if each R(j), j ≥ 0, in (3.246) is

Hermitian positive semi-definite and of complex-Hessian-type, then so is Z. Now,
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from (3.245), we have

vec
(
R(j)

)
= F jvec(R) = FF j−1vec(R) = Fvec

(
R(j−1)

)
(3.250)

From (3.77) and using the property vec(ABC) = (CT ⊗ A)vec(B), we get the

following recursion:

R(j)=
N∑

k=1

N∑

ℓ=1

pℓ,k[D̄kR
(j−1)D̄ℓ+cµ,ℓ,kHkR

(j−1)Hℓ] (3.251)

We can now verify by mathematical induction that each R(j) is Hermitian positive

semi-definite and of complex-Hessian-type. Obviously, from (3.83), we know that

R(0) = R is Hermitian positive semi-definite and of complex-Hessian-type. Now,

assuming that R(j−1) is Hermitian positive semi-definite and of complex-Hessian-

type, let us verify that the same applies to R(j).

Since {D̄k, Hk} are all Hermitian matrices, it is easy to verify that

N∑

k=1

N∑

ℓ=1

pℓ,kD̄kR
(j−1)D̄ℓ = (1N ⊗ I2M )∗D̄∗[Pp ⊗ R(j−1)]D̄(1N ⊗ I2M ) (3.252)

and

N∑

k=1

N∑

ℓ=1

pℓ,kcµ,ℓ,kHkR
(j−1)Hℓ = (1N ⊗ I2M )∗H∗[(Pp ⊙ Cµ)⊗ R(j−1)]H(1N ⊗ I2M )

(3.253)

where D̄ is from (3.28), H is from (3.19), Cµ , [cµ,ℓ,k]
N
ℓ,k=1, and ⊙ denotes the

Hadamard product (the element-wise product) of matrices [89]. Since Pp is Her-

mitian positive semi-definite by Lemma 3.3, and R(j−1) is also Hermitian positive

semi-definite by the induction hypothesis, the Kronecker product Pp ⊗ R(j−1)

must be Hermitian positive semi-definite [89, p. 245]. Therefore, the term on

the LHS of (3.252) must be Hermitian positive semi-definite. From (2.42) of

Chapter 2, it is obvious that the Cµ is the covariance matrix of {µk(i)} and it

must be Hermitian positive semi-definite. Since Pp and Cµ are both Hermitian
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positive semi-definite, the Hadamard product Pp ⊙Cµ is also Hermitian positive

semi-definite by the Schur product Theorem [89, p. 309]. Then, the Kronecker

product (Pp⊙Cµ)⊗R(j−1) must be Hermitian positive semi-definite [89, p. 245],

and in turn, the term on the LHS of (3.253) must also be Hermitian positive

semi-definite. From (3.252) and (3.253), we conclude that the R(j) in (3.251)

must be Hermitian positive semi-definite.

Finally, we show that if R(j−1) is of complex-Hessian-type, then so is R(j).

It is easy to verify that {D̄k} in (3.27) and {Hk} in (3.10) are all of complex-

Hessian-type such that

LD̄kL = D̄k, LHkL = Hk, k = 1, 2, . . . , N (3.254)

From (3.245), we have

LR(j)L
(a)
=

N∑

k=1

N∑

ℓ=1

pℓ,k[(LD̄kL)(LR
(j−1)L)(LD̄ℓL)

+ cµ,ℓ,k(LHkL)(LR
(j−1)L)(LHℓL)]

(b)
=

N∑

k=1

N∑

ℓ=1

pℓ,k[D̄kR
(j−1)D̄ℓ + cµ,ℓ,kHkR

(j−1)Hℓ]

= R(j) (3.255)

where step (a) is by the fact that LL = I2M and step (b) is by (3.254) and the

induction hypothesis. Therefore, the matrix R(j) is also of complex-Hessian-type.

3.L Proof of Corollary 3.2

Following an argument similar to the proof of Theorem 3.3, we can obtain

lim
i→∞

E‖
¯̃
wk,i‖2 = lim

i→∞
E‖

¯̃
w′
k,i‖2 +O(ν3/2) (3.256)
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From (3.64), (3.256), and Corollary 3.1, and using the fact that γo = min{1/2, γ′o},
we can express the individual MSD by

MSDk =
1

2
Tr(Z) +O(ν1+γo) (3.257)

where the first term on the RHS is of the order of ν and dominates the other

term. Then, by (3.61), we immediately get

MSDnet =
1

N

N∑

k=1

MSDk =
1

2
Tr(Z) +O(ν1+γo) (3.258)

Let

S , HT ⊗ I2M + I2M ⊗H = O(ν) (3.259)

Y ,
N∑

ℓ,k=1

pℓ,k(µ̄ℓµ̄k + cµ,ℓ,k)(H
T

ℓ ⊗Hk) = O(ν2) (3.260)

by (3.181)–(3.183) from Chapter 2, where H is given by (3.79). It is worth

noting that S is invertible when condition (3.14) holds and Y is always invertible

by Assumption 2.2 in Chapter 2. By using (3.195), (3.199), (3.259), and (3.260),

we get

I4M2 − F = S + Y (3.261)

Using the matrix inversion lemma [87], we get from (3.261) that

(I4M2 − F )−1 = S−1 − S−1(Y −1 + S−1)−1S−1 (3.262)

By (3.259) and (3.260), we know that ‖S−1‖ = O(ν−1) and ‖Y −1‖ = O(ν−2).

Then,

(I4M2 − F )−1 = S−1 +O(1) (3.263)

By (3.83), we have ‖R‖ = O(ν2). Using (3.84) and (3.263), we get

Tr(Z) = [vec(Z)]∗vec(I2M )
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= [vec(R)]∗(I4M2 − F )−1vec(I2M)

= [vec(R)]∗S−1vec(I2M) +O(ν2) (3.264)

where the first term on the RHS is of the order of ν and, therefore, is the domi-

nant term. To further simplify (3.264), we consider the Lyapunov equation with

respect to the unknown matrix X ∈ C2M×2M : XH + HX = I2M , where H is

given by (3.79). By applying the vec(·) operation to both sides, the Lyapunov

equation is equivalent to the linear equation: S · vec(X) = vec(I2M ), where

vec(X) ∈ C4M2×1. Since S is invertible, the Lyapunov equation has a unique

solution, which is given by X = 1
2
H−1, or vec(X) = S−1vec(I2M) = 1

2
vec(H−1).

It then follows from (3.264) that

Tr(Z) =
1

2
Tr(H−1R) +O(ν2) (3.265)

where the first term on the RHS is of the order of ν and dominates the other

term. Substituting (3.265) into (3.257) and (3.258) completes the proof.
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CHAPTER 4

Comparison with Synchronous Networks and

Batch Implementations

In this chapter, we compare the performance of synchronous and asynchronous

networks. We also compare the performance of decentralized adaptation against

centralized stochastic-gradient (batch) solutions. Two interesting conclusions

stand out. First, the results establish that the performance of adaptive networks

is largely immune to the effect of asynchronous events: the mean and mean-square

convergence rates and the asymptotic bias values are not degraded relative to

synchronous or centralized implementations. Only the steady-state mean-square-

deviation suffers a degradation in the order of ν, which represents the small step-

size parameters used for adaptation. Second, the results show that the adaptive

distributed network matches the performance of the centralized solution. These

conclusions highlight another critical benefit of cooperation by networked agents:

cooperation does not only enhance performance in comparison to stand-alone

single-agent processing, but it also endows the network with remarkable resilience

to various forms of random failure events and is able to deliver performance that

is as powerful as batch solutions.
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4.1 Centralized Batch Solution

We first describe and examine the centralized (batch) solution. In order to allow

for a fair comparison among the various implementations, we assume that the

centralized solution is also running a stochastic-gradient approximation algorithm

albeit one that has access to the entire set of data at each iteration. Obviously,

centralized solutions can be more powerful and run more complex optimization

procedures. Our purpose is to examine the various implementations under similar

algorithmic structures and complexity. The results in this chapter are based on

material from [90].

4.1.1 Centralized Solution in Two Forms

We thus consider a scenario where there is a fusion center that regularly collects

the data from across the network and is interested in solving the same minimiza-

tion problem (1.1) as in Chapter 1. The fusion center seeks the optimal solution

wo of (1.1) by running an asynchronous stochastic gradient batch algorithm of

the following form (later in (4.60) we consider a synchronous version of this batch

solution):

wc,i = wc,i−1 −
N∑

k=1

πk(i)µk(i)∇̂w∗Jk(wc,i−1) (4.1)

wherewc,i denotes the iterate at time i, the {πk(i)} are nonnegative convex fusion

coefficients such that
N∑

k=1

πk(i) = 1, πk(i) ≥ 0 (4.2)

for all i ≥ 0, and the {µk(i)} are the random step-sizes. In the batch algorithm

(4.1), we use random step-sizes {µk(i)} to account for random activity by the

agents, which may be caused by random data arrival times or by some power

saving strategies that turn agents on and off randomly. We also use random
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fusion coefficients {πk(i)} to model the random status of the communication links

connecting the agents to the fusion center. This source of randomness may be

caused by random fading effects over the communication channels or by random

data feeding/fetching strategies. Therefore, the batch algorithm described in

(4.1) is able to accommodate various forms of asynchronous events as well.

It is worth noting that the centralized (batch) algorithm (4.1) admits a de-

centralized, though not fully-distributed, implementation of the following form:

ψk,i = wc,i−1 − µk(i)∇̂w∗Jk(wc,i−1) (adaptation) (4.3a)

wc,i =

N∑

k=1

πk(i)ψk,i (fusion) (4.3b)

In this description, each agent k uses the local gradient data to calculate the

intermediate iterate ψk,i and feeds its value to a fusion center; the fusion center

fuses all intermediate updates {ψk,i} according to (4.3b) to obtain wc,i and then

forwards the results to all agents. This process repeats itself at every iteration.

Implementation (4.3a)–(4.3b) is not fully distributed because, for example, all

agents require knowledge of the same global iteratewc,i to perform the adaptation

step (4.3a). Since the one-step centralized implementation (4.1) and the two-

step equivalent (4.3a)–(4.3b) represent the same algorithm, we shall use them

interchangeably to facilitate the analysis whenever necessary. One advantage

of the decentralized representation (4.3a)–(4.3b) is that it can be viewed as a

distributed solution over fully-connected networks [45].
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4.1.2 Gradient Noise and Asynchronous Models

We assume that the approximate gradient vector ∇̂w∗Jk(wc,i−1) in (4.1) follows

the same model described by (2.17) in Chapter 2, namely,

∇̂w∗Jk(wc,i−1) = ∇w∗Jk(wc,i−1) + vk,i(wc,i−1) (4.4)

where the first term on the RHS is the true gradient and the second term models

the uncertainty about the true gradient. We continue to assume that the gradient

noise vk,i(wc,i−1) satisfies Assumption 3.1 from Chapter 3.

From Assumption 3.1 of Chapter 3, the conditional moments of
¯
vk,i(wk,i−1)

satisfy

E[
¯
vk,i(wk,i−1)|Fi−1] = 0 (4.5)

E[‖
¯
vk,i(wk,i−1)‖4|Fi−1] ≤ α2‖

¯
wo −

¯
wk,i−1‖4 + 4σ4

v (4.6)

where a factor of 4 appeared due to the transform
¯
T(·) from (2.3) of Chapter 2.

To facilitate the comparison in the sequel, we further assume the following

asynchronous model for the centralized batch solution (4.1):

1. The random step-sizes {µk(i)} satisfy the same properties as the asyn-

chronous model for distributed diffusion networks described in Section 2.2.2

of Chapter 2. In particular, the first and second-order moments of {µk(i)}
are constant and denoted by

µ̄k , E [µk(i)] (4.7)

cµ,k,ℓ , E[(µk(i)− µ̄k)(µℓ(i)− µ̄ℓ)] (4.8)

for all k, ℓ, and i ≥ 0, where the values of these moments are the same as

those in (2.33) and (2.36) from Chapter 2.
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2. The random fusion coefficients {πk(i)} satisfy condition (4.2) at every it-

eration i. Moreover, the first and second-order moments of {πk(i)} are

denoted by

π̄k , E [πk(i)] (4.9)

cπ,k,ℓ , E[(πk(i)− π̄k)(πℓ(i)− π̄ℓ)] (4.10)

for all k, ℓ, and i ≥ 0.

3. The random parameters {µk(i)} and {πk(i)} are mutually-independent and

independent of any other random variable.

We collect the fusion coefficients into the vector:

πi , col{π1(i),π2(i), . . . ,πN(i)} (4.11)

Then, condition (4.2) implies that πT

i 1N = 1. By (4.9) and (4.10), the mean and

covariance matrix of πi are given by

π̄ , E (πi) = col{π̄1, π̄2, . . . , π̄N} (4.12)

Cπ , E [(πi − π̄)(πi − π̄)T] =




cπ,1,1 . . . cπ,1,N

...
. . .

...

cπ,N,1 . . . cπ,N,N




(4.13)

Lemma 4.1 (Properties of moments of {πk(i)}). The first and second-order

moments of {πk(i)} defined in (4.9) and (4.10) satisfy

N∑

k=1

π̄k = 1, π̄k ≥ 0,
N∑

k=1

cπ,k,ℓ = 0,
N∑

ℓ=1

cπ,k,ℓ = 0 (4.14)

for any k and ℓ.
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Proof. Using (4.12) and (4.13) and the fact that Cπ is symmetric, conditions

(4.14) require

π̄T
1N = 1, Cπ1N = 0 (4.15)

The first equation in (4.15) is straightforward from (4.2). The second condition

in (4.15) is true because

Cπ1N = [E(πiπ
T

i |wc,i−1)− π̄π̄T]1N = 0 (4.16)

where we used the fact that πT

i 1N = 1 and π̄T
1N = 1.

We next examine the stability and steady-state performance of the asyn-

chronous batch algorithm (4.1), and then compare its performance with that of

the asynchronous distributed diffusion strategy.

4.2 Performance of the Centralized Solution

Following an argument similar to that given in Section 2.3 of Chapter 2, we

can derive from (4.3a)–(4.3b) the following error recursion for the asynchronous

centralized implementation:

¯
ψ̃k,i = [I2M − µk(i)Hk,i−1]

¯̃
wc,i−1 +

¯
sk,i (4.17a)

¯̃
wc,i =

N∑

k=1

πk(i)
¯
ψ̃k,i (4.17b)

where

¯̃
wc,i ,

¯
T(w̃c,i) (4.18)

¯
ψ̃k,i ,

¯
T(ψ̃k,i) (4.19)

¯
vk,i(wc,i−1) ,

¯
T(vk,i(wc,i−1)) (4.20)
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and the mapping
¯
T(·) is from (2.3) in Chapter 2. Moreover,

Hk,i−1 ,
∫ 1

0

∇2

¯
w
¯
w∗Jk(

¯
wo − t

¯̃
wc,i−1) dt (4.21)

¯
sk,i , µk(i)

¯
vk,i(wc,i−1) (4.22)

We can merge (4.17a) and (4.17b) to find that the error dynamics of (4.1) evolves

according to the following recursion:

¯̃
wc,i =

[
I2M −

N∑

k=1

πk(i)µk(i)Hk,i−1

]

¯̃
wc,i−1 +

¯
si (4.23)

where

¯
si ,

N∑

k=1

πk(i)
¯
sk,i =

N∑

k=1

πk(i)µk(i)
¯
vk,i(wc,i−1) (4.24)

4.2.1 Mean-Square and Mean-Fourth-Order Stability

To maintain consistency with the notation used in Chapters 2 and 3, we shall

employ the same auxiliary quantities in these parts for the centralized batch

solution (4.1) with minor adjustments whenever necessary. For example, the

error quantity w̃k,i used before in Chapter 2 for the error vector at agent k at

time i in the distributed implementation is now replaced by w̃c,i, with a subscript

c, for the error vector of the centralized solution at time i. Thus, we let

ǫ2(i) , E‖w̃c,i‖2 =
1

2
E‖

¯̃
wc,i‖2 (4.25)

denote the MSD for the centralized solution w̃c,i.

Theorem 4.1 (Mean-square stability). The mean-square stability of the asyn-

chronous centralized implementation (4.1) reduces to studying the convergence of

the recursive inequality:

ǫ2(i) ≤ β · ǫ2(i− 1) + θσ2
v (4.26)
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where the parameters {β, θ, σ2
v} are from (2.82), (2.83), and (2.24) in Chapter 2,

respectively. The model (4.26) is stable if condition

µ̄
(2)
k

µ̄
(1)
k

<
λk,min

λ2k,max + α
(4.27)

holds for all k, where the parameters {λk,min, λk,max, α} are from Assumptions

2.2 and 2.3 of Chapter 2. When condition (4.27) holds, an upper bound on the

steady-state MSD is given by

lim sup
i→∞

E ‖w̃c,i‖2 ≤ b · ν (4.28)

where ν is given by (3.16) from Chapter 3 and b is a constant defined by (2.87)

from Chapter 2.

Proof. Since the centralized solution (4.1), or, equivalently, (4.3a)–(4.3b), can be

viewed as a distributed solution over fully-connected networks [45], Theorem 2.1

from Chapter 2 can be applied directly. The result then follows from the fact

that νo ≤ ν by (2.99) in Chapter 2.

Comparing the above result to Theorem 2.1 in Chapter 2, we observe that

the mean-square stability of the centralized solution (4.1) and the distributed

asynchronous solution (2.27a)–(2.27b) from Chapter 2 is governed by the same

model (4.26). Therefore, the same condition (4.27) guarantees the stability for

both strategies and leads to the same MSD bound (4.28).

Theorem 4.2 (Stability of fourth-order error moment). If

√
µ̄
(4)
k

µ̄
(1)
k

<
λk,min

3λ2k,max + 4α
(4.29)
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holds for all k, then the fourth-order moment of the error w̃c,i is asymptotically

bounded by

lim sup
i→∞

E‖w̃c,i‖4 ≤ b24 · ν2 (4.30)

where the parameter ν is given by (3.16) from Chapter 3, and b4 is a constant

defined by (2.97) of Chapter 2.

Proof. This result follows from Theorem 2.2 of Chapter 2 because the centralized

solution (4.1), or, equivalently, (4.3a)–(4.3b), can be viewed as a distributed

solution over fully-connected networks [45].

An alternative method to investigate the stability conditions for the central-

ized solution (4.1) is to view it as a stochastic gradient descent iteration for a

standalone agent (i.e., a singleton network with N = 1) [8, 34, 35].

4.2.2 Long Term Error Dynamics

Using an argument similar to the one in Section 3.1.1 from Chapter 3, the original

error recursion (4.23) can be rewritten as

¯̃
wc,i =

[
I2M −

N∑

k=1

πk(i)µk(i)Hk

]

¯̃
wc,i−1 +

¯
si + di (4.31)

where

di ,
N∑

k=1

πk(i)µk(i)(Hk −Hk,i−1)
¯̃
wc,i−1 (4.32)

Then, under condition (4.29),

lim sup
i→∞

E‖di‖2 ≤ O(ν4) (4.33)

where ν is given by (3.16) from Chapter 3.
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Assumption 4.1 (Small step-sizes). The parameter ν from (3.16) in Chapter 3

is sufficiently small such that

ν < min
k

λk,min

3λ2k,max + 4α
< 1 (4.34)

Under Assumption 4.1, condition (4.29) holds. Let

Bi ,
N∑

k=1

πk(i)Dk,i (4.35)

Dk,i , I2M − µk(i)Hk (4.36)

whereBi is Hermitian positive semi-definite. Since we are interested in examining

the asymptotic performance of the asynchronous batch solution, we can again call

upon the same argument from Section 3.1.1 of Chapter 3 and use result (4.33)

to conclude that we can assess the performance of (4.31) by working with the

following long-term model, which holds for large enough i:

¯̃
w′

c,i = Bi ·
¯̃
w′

c,i−1 + ¯
si, i≫ 1 (4.37)

In model (4.37), we ignored the O(ν2) term di according to (4.33), and we are

using w′
c,i to denote the estimate obtained from this long-term model. Note that

the driving noise term
¯
si in (4.37) is extraneous and imported from the original

error recursion (4.23).

Theorem 4.3 (Bounded mean-square gap). Under Assumption 4.1, the mean-

square gap from the original error recursion (4.23) to the long-term model (4.37)

is asymptotically bounded by

lim sup
i→∞

E‖
¯̃
wc,i −

¯̃
w′
c,i‖2 ≤ O(ν2) (4.38)

where ν is given by (3.16) from Chapter 3.
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Proof. This result follows from Theorem 3.1 of Chapter 3 since the centralized

solution (4.1) can be viewed as a distributed solution over fully-connected net-

works [45].

4.2.3 Mean Error Recursion

By taking the expectation of both sides of (4.37), and using the fact that E(
¯
si) =

0, we conclude that the mean error satisfies the recursion:

E
¯̃
w′

c,i = B̄ · E
¯̃
w′

c,i−1 (4.39)

for large enough i, where

B̄ , E(Bi) =
N∑

k=1

π̄kD̄k (4.40)

D̄k , E(Dk,i) = I2M − µ̄kHk (4.41)

The convergence of recursion (4.39) requires the stability of B̄. It is easy to

verify that {B̄, D̄k} are Hermitian. Using (4.14) and Jensen’s inequality, we get

from (4.40) that ρ(B̄) ≤ maxk ρ(D̄k). As we showed in (3.40) from Chapter 3,

if condition (4.27) holds, then ρ(D̄k) < 1 for all k. Therefore, it follows from

Assumption 4.1 that

lim
i→∞

E
¯̃
w′

c,i = 0 (4.42)

which implies that the long-term model (4.37) is the asymptotically centered

version of the original error recursion (4.23).

4.2.4 Error Covariance Recursion

Let Fi−1 denote the filtration that represents all information available up to iter-

ation i− 1. Then we deduce from (4.37) that for large enough i:

E(
¯̃
w′

c,i ¯̃
w′∗

c,i|Fi−1) = E(Bi
¯̃
w′

c,i−1 ¯̃
w′∗

c,i−1Bi|Fi−1) + E(
¯
si
¯
s∗i |Fi−1) (4.43)
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where the cross terms that involve
¯
si disappear because E(

¯
s∗iBi

¯̃
w′

c,i−1|Fi−1) = 0

by the gradient noise model from Assumption 3.1 of Chapter 3. Vectorizing both

sides of (4.43) and taking expectation, we obtain

E [(
¯̃
w′∗

c,i)
T ⊗

¯̃
w′

c,i] = Fc · E [(
¯̃
w′∗

c,i−1)
T ⊗

¯̃
w′

c,i−1] + yc,i (4.44)

where

Fc , E [BT

i ⊗Bi] (4.45)

yc,i , E[(
¯
s∗i )

T ⊗
¯
si] (4.46)

Let further

Hc ,
N∑

k=1

π̄kµ̄kHk = O(ν) (4.47)

where {Hk} are from (3.9) of Chapter 3.

Lemma 4.2 (Properties of Fc). The matrix Fc defined by (4.45) is Hermitian

and can be expressed as

Fc =

N∑

ℓ=1

N∑

k=1

(π̄ℓπ̄k + cπ,ℓ,k)(D̄
T

ℓ ⊗ D̄k + cµ,ℓ,kH
T

ℓ ⊗Hk) (4.48)

If condition (4.27) holds, then Fc is stable and

ρ(Fc) = [1− λmin(Hc)]
2 +O(ν2) (4.49)

where Hc is given by (4.47), and [1 − λmin(Hc)]
2 = 1 − O(ν) under Assumption

4.1. Moreover,

‖(I4M2 − Fc)
−1‖ = O(ν−1) (4.50)

Proof. See Appendix 4.A.

Theorem 4.4 (Error covariance recursion). For sufficiently large i, the vectorized

error covariance for the long-term model (4.37) satisfies the following relation:

zc,i = Fc · zc,i−1 + yc,i, i≫ 1 (4.51)

137



where Fc and yc,i are from (4.45) and (4.46), respectively, and

zc,i , E [(
¯̃
w′∗

c,i)
T ⊗

¯̃
w′

c,i] (4.52)

Recursion (4.51) is convergent if condition (4.27) holds, and its convergence rate

is dominated by [1− λmin(Hc)]
2 = 1− O(ν) under Assumption 4.1.

Proof. Equation (4.51) follows from (4.44). Recursion (4.51) converges if, and

only if, the matrix Fc is stable. By Lemma 4.2, we know that ρ(Fc) < 1 if

condition (4.27) holds and, moreover, the convergence rate of recursion (4.51) is

determined by ρ(Fc) = [1− λmin(Hc)]
2 +O(ν2).

4.2.5 Steady-State MSD

At steady-state as i→ ∞, we get from (4.50) and (4.51) that

zc,∞ , vec
(
lim
i→∞

E
¯̃
w′

c,i ¯̃
w′∗

c,i

)
= (I4M2 − Fc)

−1 · lim
i→∞

yc,i (4.53)

Using zc,∞, we can determine the value of any steady-state weighted mean-square-

error metric for the long-term model (4.37) as follows:

lim
i→∞

E‖w̃′
c,i‖2Σ =

1

2
lim
i→∞

Tr[E(
¯̃
w′

c,i ¯̃
w′∗

c,i)Σ] =
1

2
z∗c,∞vec(Σ) (4.54)

where we used the fact that Tr(AB) = [vec(A∗)]∗vec(B), and Σ is an arbitrary

Hermitian positive semi-definite weighting matrix. The steady-state MSD for the

original error recursion (4.31) is defined by

MSDcent , lim
i→∞

E‖w̃c,i‖2 = lim
i→∞

1

2
E‖

¯̃
wc,i‖2 (4.55)

Therefore, by setting Σ = I2M in (4.54) and using Theorem 4.3, it is easy to verify

by following an argument similar to the proof of Theorem 3.3 from Chapter 3

that

MSDcent = lim
i→∞

E‖w̃′
c,i‖2 +O(ν3/2) (4.56)
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Introduce

Rc ,
N∑

k=1

(π̄2
k + cπ,k,k)(µ̄

2
k + cµ,k,k)Rk = O(ν2) (4.57)

where {Rk} are from (3.6) of Chapter 3. Then, using (4.54) and (4.56), we arrive

the following result.

Theorem 4.5 (Steady-state MSD). The steady-state MSD for the asynchronous

centralized (batch) solution (4.1) is given by

MSDcent =
1

2
[vec(Rc)]

∗(I4M2 − Fc)
−1vec(I2M ) +O(ν1+γo) (4.58)

where 0 < γo ≤ 1/2 is from (3.65) of Chapter 3. Expression (4.58) can be further

reworked to yield

MSDcent =
1

4
Tr(H−1

c Rc) +O(ν1+γo) (4.59)

where the first term on the RHS is in the order of ν and therefore dominates the

O(ν1+γo) term under Assumption 4.1.

Proof. See Appendix 4.B.

4.2.6 Results for the Synchronous Centralized Solution

We may also consider a synchronous centralized (batch) implementation for solv-

ing the same problem (1.1). It would take the following form:

wc,i = wc,i−1 −
N∑

k=1

πkµk∇̂w∗Jk(wc,i−1) (4.60)

where the {µk} are now deterministic nonnegative step-sizes and the {πk} are

nonnegative fusion coefficients that satisfy
∑N

k=1 πk = 1. The synchronous batch

solution can be viewed as a special case of the asynchronous batch solution (4.1)

when the random step-sizes and fusion coefficients assume constant values. If
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the covariances {cµ,k,k} and {cπ,k,k} are set to zero, then the asynchronous so-

lution (4.1) will reduce into a synchronous solution that employs the constant

parameters {µ̄k} and {π̄k}. The previous stability and performance results can

be specialized to the synchronous batch implementation under these conditions.

It is easy to verify that the mean error recursion for the synchronous solution

with parameters {µ̄k} and {π̄k} is identical to (4.39). The mean convergence

rate for the long-term model is still determined by ρ(B̄), where B̄ is given by

(4.40). The mean square convergence rate for the long-term model is determined

by ρ(F ′
c) where

F ′
c ,

N∑

k=1

N∑

ℓ=1

π̄ℓπ̄k(D̄
T

ℓ ⊗ D̄k) (4.61)

It follows that

ρ(F ′
c) = [1− λmin(Hc)]

2 = 1− O(ν) (4.62)

The steady-state MSD is given by

MSDcent
sync =

1

4
Tr(H−1

c R′
c) +O(ν1+γo) (4.63)

where

R′
c ,

N∑

k=1

π̄2
kµ̄

2
kRk, ‖R′

c‖ = O(ν2) (4.64)

and Tr(H−1
c R′

c) = O(ν).

4.3 Comparison I: Distributed vs. Centralized Strategies

In this section, we compare the mean-square performance of the distributed dif-

fusion strategy (2.27a)–(2.27b) from Chapter 2, namely,

ψk,i = wk,i−1 − µk(i)∇̂w∗Jk(wk,i−1) (4.65a)

wk,i =
∑

ℓ∈N k,i

aℓk(i)ψℓ,i (4.65b)
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with the centralized (batch) solution described by (4.1). We establish the impor-

tant conclusion that if the combination matrix is primitive (Assumption 3.3 in

Chapter 3), then the asynchronous network is able to achieve almost the same

mean-square performance as the centralized (batch) solution for sufficiently small

step-sizes. In other words, diffusion strategies are efficient mechanisms to per-

form continuous adaptation and learning tasks over networks even in the presence

of various sources of random failures.

4.3.1 Adjusting Relevant Parameters

First, however, we need to describe the conditions that are necessary for a fair

and meaningful comparison between the distributed and centralized implementa-

tions. This is because the two implementations use different parameters. Recall

that the agents in the distributed network (4.65a)–(4.65b) employ random com-

bination coefficients {aℓk(i)} to aggregate information from neighborhoods using

random step-sizes {µk(i)}. The random parameters {aℓk(i),µk(i)} are assumed

to satisfy the model described in Section 2.2.2 from Chapter 2. On the other

hand, the centralized batch solution (4.1) uses random combination coefficients

{πk(i)} to fuse the information from all agents in the network, and then performs

updates using random step-sizes {µk(i)}. The random parameters {πk(i),µk(i)}
are assumed to satisfy the conditions specified in Section 4.1.2 of this part. In

general, the two sets of random parameters, i.e., {aℓk(i),µk(i)} for distributed

strategies and {πk(i),µk(i)} for centralized strategies, are not necessarily related.

Therefore, in order to make a meaningful comparison between the distributed and

centralized strategies, we need to introduce connections between these two sets

of parameters. This is possible because the parameters play similar roles.

From the previous analysis in Section 3.3 of Chapter 3, we know that the first
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and second-order moments of {aℓk(i),µk(i)} determine the mean-square perfor-

mance of diffusion networks. Likewise, from the analysis in Section 4.2 of this

part, we know that the first and second-order moments of {πk(i),µk(i)} de-

termine the mean-square performance of centralized solutions. Therefore, it is

sufficient to introduce connections between the first and second-order moments

of these random parameters. For the random step-size parameters, we assumed

in (2.33) and (2.36) from Chapter 2 and in (4.7) and (4.8) from this part that

their first and second-order moments are constant and that their values coincide

with each other, i.e., µ̄k from (2.33) in Chapter 2 coincides with µ̄k from (4.7) in

this part, and similarly for cµ,k,ℓ. This requirement is obviously reasonable.

The connection that we need to enforce between the moments of the combi-

nation coefficients {aℓk(i)} and {πk(i)}, while reasonable again, is less straight-

forward to explain. This is because the {aℓk(i)} form a random matrix Ai =

[aℓk(i)]
N
k,ℓ=1 of size N × N , while the {πk(i)} only form a random vector πi =

[πk(i)]
N
k=1 of size N×1. From the result of Corollary 3.2 in Chapter 3 though, we

know that the mean-square performance of the primitive diffusion network does

not directly depend on the moments of Ai, namely, its mean Ā and its Kronecker

covariance CA; instead, the performance depends on the Perron eigenvector (the

unique right eigenvector corresponding to the eigenvalue at one for primitive left-

stochastic matrices [79, 82]). If, for example, we compare expression (3.91) from

Chapter 3 for asynchronous networks with expression (4.48) from this part, we

conclude that it is sufficient to relate the vectors {p̄, p} defined in (3.72) and

(3.73) from Chapter 3 to the moments {π̄k, cπ,k,ℓ}. Since p̄ is the Perron eigen-

vector of the mean matrix Ā, and the {π̄k} are the means of {πk(i)}, we connect
them by requiring

π̄k ≡ p̄k (4.66)
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for all k, where the {p̄k} are the elements of p̄. Likewise, since p is the Perron

eigenvector of the matrix Ā ⊗ Ā + CA = E (Ai ⊗ Ai), which consists of the

second-order moments, and {π̄kπ̄ℓ + cπ,k,ℓ = E [πk(i)πℓ(i)]} are also the second-

order moments, we connect them by requiring

π̄kπ̄ℓ + cπ,k,ℓ ≡ pk,ℓ (4.67)

for all k and ℓ, where the {pk,ℓ} are the elements of p defined after (3.75) in

Chapter 3. When conditions (4.66) and (4.67) are satisfied, then the mean-square

convergence rates and steady-state MSD for the distributed and centralized so-

lutions become identical. We establish this result in the sequel. Using (4.12) and

(4.13), conditions (4.66) and (4.67) can be rewritten as

π̄ ≡ p̄, Cπ + π̄π̄T ≡ Pp (4.68)

where

Pp =




p1,1 . . . p1,N

...
. . .

...

pN,1 . . . pN,N




(4.69)

is the symmetric matrix defined by (3.75) of Chapter 3. It is worth noting that,

since the Perron eigenvectors p = vec(Pp) and p̄ consist of positive entries, the

corresponding quantities π̄ and Cπ + π̄π̄T must also consist of positive entries —

we shall refer to the centralized solutions that satisfy this condition as primitive

centralized solutions. Clearly, the second requirement in (4.68) is meaningful only

if the difference Pp−p̄p̄T results in a symmetric positive semi-definite matrix (and,

hence, a covariance matrix) that also satisfies Cπ1N = 0.
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4.3.2 Constructing Primitive Batch Solutions

Before comparing the performance of the centralized and distributed solutions un-

der (4.68), we first answer the following important inquiry. Given a distributed

primitive network with parameters {p̄, Pp}, is it possible to determine a batch

solution with parameters {π̄, Cπ} satisfying (4.68) such that the resulting Cπ is a

symmetric and positive semi-definite matrix (and, therefore, has the interpreta-

tion of a valid covariance matrix)? The answer is in the affirmative as we proceed

to explain. The following are auxiliary results in this direction.

Lemma 4.3 (Positive semi-definite property). The matrix difference Pp− p̄p̄T is

symmetric positive semi-definite and satisfies (Pp− p̄p̄T)1N = 0 for any p̄ and Pp

defined by (3.73) and (3.75) from Chapter 3.

Proof. See Appendix 4.C.

Therefore, starting from an asynchronous diffusion network with parame-

ters {p̄, Pp}, there exists an asynchronous batch solution with valid parameters

{π̄, Cπ} that satisfy (4.68). We now explain one way by which a random variable

πi can be constructed with the pre-specified moments {π̄, Cπ}. We first observe

that in view of condition (4.11), the random variable πi is actually defined on

the probability simplex in RN×1 [71, p. 33]:

∆N , {x ∈ RN×1; xT1N = 1, xk ≥ 0, k = 1, . . . , N} (4.70)

If the moments {π̄, Cπ} obtained from (4.68) satisfy certain conditions, then

there are several models in the literature that can be used to generate random

vectors {πi} according to these moments such as using the Dirichlet distribu-

tion [91], the Generalized Dirichlet distribution [92–99], the Logistic-Normal dis-

tribution [93,100,101], or the Generalized inverse Gaussian distribution [94,102].
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Unfortunately, if the conditions for these models are not satisfied, no closed-form

probabilistic model is available for us to generate random variables on the prob-

ability simplex with pre-specified means and covariance matrices.

Nevertheless, inspired by the Markov Chain Monte Carlo (MCMC) method

[103], we describe one procedure to construct random variables indirectly so that

they are able to meet the desired moment requirements. In a manner similar to

the argument used in Appendix 4.C, we introduce a series of fictitious random

combination matrices {A′
j; j ≥ 1} that satisfy the asynchronous model introduced

in Chapter 2. We assume that the {A′
j; j ≥ 1} are independently, identically

distributed (i.i.d.) random matrices, and they are independent of any other

random variable. Then, the mean and Kronecker-covariance matrices of A′
j for

any j are given by Ā and CA, respectively. We further introduce the random

matrix

Φi,t ,
t∏

j=1

A′
j (4.71)

Similar to (4.155) and (4.157), we can verify that

lim
t→∞

E(Φi,t) = p̄1T

N , lim
t→∞

E(Φi,t ⊗Φi,t) = p1T

N2 (4.72)

Let

φi ,
1

N

(
lim
t→∞

Φi,t

)
1N (4.73)

Then, the entries of φi are nonnegative since the entries of Φi,t are nonnegative.

Using (4.71) and (4.73), we have

1
T

Nφi =
1

N
lim
t→∞

1
T

N

(
t∏

j=1

A′
j

)
1N = 1 (4.74)

since each A′
j is left-stochastic. Therefore, φi is a random variable defined on

the probability simplex ∆N . By using (4.72) and the fact that 1N ⊗ 1N = 1N2 ,

145



we have

E(φi) =
1

N
(p̄ · 1T

N)1N = p̄ (4.75)

E(φi ⊗ φi) =
1

N2
(p · 1T

N2)1N2 = p (4.76)

Therefore,

E(φi) = p̄, Cov(φi) = Pp − p̄p̄T (4.77)

where Pp = unvec(p). In this way, we have been able to construct a random

variable φi whose support is the probability simplex ∆N and whose mean vector

and covariance matrix match the specification. The random variable φi can then

be used by the asynchronous centralized solution at time i, which would then

enable a meaningful comparison with the asynchronous distributed solution.

Although unnecessary for our development, it is instructive to pose the con-

verse question: Given a primitive batch solution with parameters {π̄, Cπ}, is

it always possible to determine a distributed solution with parameters {p̄, Pp}
satisfying (4.68) such that these parameters have the properties of Perron eigen-

vectors? In other words, given a primitive centralized solution, is it possible

to determine a distributed solution on a partially-connected network (otherwise

the problem is trivial since fully-connected networks are equivalent to centralized

solutions [45]) with equivalent performance levels? The answer to this ques-

tion remains open. The challenge stems from the fact mentioned earlier that, in

general, there is no systematic solution to generate distributions on the proba-

bility simplex with pre-specified first and second-order moments. The method

of moments [104], which is an iterative solution, does not generally guarantee

convergence and therefore, cannot ensure that a satisfactory distribution can be

generated eventually.
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4.3.3 Comparing Performance

From the mean error recursion in (3.37) of Chapter 3, the mean convergence rate

for the long-term model of the distributed diffusion strategy is determined by

ρ(B̄), where B̄ is defined by (3.29) of Chapter 3. From the mean error recursion

(4.39) in this part, the mean convergence rate for the long-term model of the

centralized batch solution is determined by ρ(B̄), where B̄ is given by (4.40).

Lemma 4.4 (Matching mean convergence rates). The mean convergence rates

for the asynchronous distributed strategy and the centralized batch solution are

almost the same. Specifically, it holds that

|ρ(B̄)− ρ(B̄)| ≤ O(ν1+1/N ) (4.78)

where ρ(B̄) and ρ(B̄) are of the order of 1− O(ν).

Proof. See Appendix 4.D.

Likewise, from Theorem 3.2 of Chapter 3, the mean-square convergence rate of

the distributed diffusion strategy for large enough i is determined by ρ(F), where

F is from (3.46) of Chapter 3. From Theorem 4.4 of this part, the mean-square

convergence rate of the centralized (batch) solution is determined by ρ(Fc), where

Fc is from (4.45).

Lemma 4.5 (Matching mean-square convergence rates). The mean-square con-

vergence rates for the asynchronous distributed strategy and the centralized batch

solution are almost the same. Specifically, it holds that

|ρ(F)− ρ(Fc)| ≤ O(ν1+1/N2

) (4.79)

where ρ(F) and ρ(Fc) are of the order of 1− O(ν).
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Proof. From (4.45) and (4.67), it is easy to verify that Fc = F , where F is from

(3.77) of Chapter 3. Using Lemmas 3.4 and 3.5 from Chapter 3 then completes

the proof.

The steady-state network MSD for the distributed diffusion strategy is given

by (3.91) of Chapter 3:

MSDdist =
1

4
Tr(H−1R) +O(ν1+γo) (4.80)

for some 0 < γo ≤ 1/2 given by (3.65) of Chapter 3. The steady-state MSD for

the centralized batch solution is given by (4.59).

Lemma 4.6 (Matching MSD performance). The network MSD for the asyn-

chronous distributed strategy and the MSD for the centralized batch solution are

close to each other in steady-state. Specifically, we have

|MSDdist −MSDcent| ≤ O(ν1+γo) (4.81)

where both MSDdist and MSDcent are in the order of ν.

Proof. From (4.47), (4.57), and (4.67), it is easy to verify that Hc = H and

Rc = R, where {H,R} are given by (3.79) and (3.83) of Chapter 3. Using (4.59)

and (4.80) then completes the proof.

4.4 Comparison II: Asynchronous vs. Synchronous Net-

works

Synchronous diffusion networks run (2.15a)–(2.15b) from Chapter 2, namely,

ψk,i = wk,i−1 − µk∇̂w∗Jk(wk,i−1) (adaptation) (4.82a)
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wk,i =
∑

ℓ∈Nk

aℓk ψℓ,i (combination) (4.82b)

These networks can be viewed as a special case of asynchronous networks run-

ning (4.65a)–(4.65b) when the random step-sizes and combination coefficients

assume constant values. If we set the covariances {cµ,k,k} and {ca,ℓk,ℓk} to zero,

then the asynchronous network (4.65a)–(4.65b) will reduce to the synchronous

network (4.82a)–(4.82b) with the parameters {µk, aℓk} replaced by {µ̄k, āℓk}. We

can therefore specialize the results obtained for asynchronous networks to the syn-

chronous case by using {µ̄k} and {āℓk} and assuming cµ,k,k = 0 and ca,ℓk,ℓk = 0 for

all k and ℓ. For example, it is easy to verify that the mean error recursion of the

long term model for the synchronous solution with {µ̄k} and {āℓk} is identical to

(3.37) from Chapter 3 for the asynchronous solution.

Under Assumption 4.1, the asynchronous network with the random parame-

ters {µk(i)} and {aℓk(i)} and the synchronous network with the constant param-

eters {µ̄k} and {āℓk} have similar mean-square convergence rates for large i, but

the steady-state MSD performance of the former is larger than that of the latter

by a small amount. This result is established as follows. From Theorem 3.2 in

Chapter 3, the mean-square convergence rate for the asynchronous network with

large i is determined by ρ(Fasync) where

Fasync = E(BT

i ⊗b B
∗
i ) (4.83)

and Bi is given by (3.23) of Chapter 3. We are adding the subscript “async”

to quantities that are related to asynchronous networks. Correspondingly, the

mean-square convergence rate for the synchronous network with the constant

parameters {µ̄k} and {āℓk} will be determined by ρ(Fsync) where

Fsync , B̄T ⊗b B̄∗ (4.84)

and B̄ is given by (3.29) of Chapter 3.
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Lemma 4.7 (Matching mean-square convergence rates). For large i, the mean-

square convergence rate of the asynchronous diffusion strategy is close to that of

the synchronous diffusion strategy:

|ρ(Fasync)− ρ(Fsync)| = O(ν1+1/N2

) (4.85)

where ρ(Fasync) and ρ(Fsync) are both dominated by [1−λmin(H)]2 = 1−O(ν) for
small ν by Assumption 4.1.

Proof. By Lemma 3.5 of Chapter 3, we have

ρ(Fasync) = ρ(Fasync) +O(ν1+1/N2

) (4.86)

where Fasync is given by (3.77) of Chapter 3. Correspondingly, we will also have

ρ(Fsync) = ρ(Fsync) +O(ν1+1/N2

) (4.87)

where Fsync is given by

Fsync =

N∑

k=1

N∑

ℓ=1

p̄ℓp̄k(D̄
T

ℓ ⊗ D̄k) (4.88)

Noting that Fsync is identical to F
′ in (3.174) of Chapter 3, then from Lemma 3.4

of Chapter 3 we obtain

ρ(Fasync) = ρ(Fsync) +O(ν2) (4.89)

Using (4.86), (4.87), and (4.89), we get

|ρ(Fasync)− ρ(Fsync)| = |ρ(Fasync)− ρ(Fsync) +O(ν1+1/N2

)|

= |O(ν2) +O(ν1+1/N2

)|

= O(ν1+1/N2

) (4.90)

Using (3.78) from Chapter 3 and (4.90) completes the proof.
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Likewise, assuming cµ,k,k = 0 and ca,ℓk,ℓk = 0 for all k and ℓ for the synchronous

strategy, it is easy to verify from (3.72)–(3.75) of Chapter 3 that p = p̄⊗ p̄. Then,
we obtain the following expression for the steady-state MSD of the synchronous

network with the constant parameters {µ̄k} and {āℓk}:

MSDdist
sync =

1

4
Tr(H−1Rsync) +O(ν1+γo) (4.91)

where H = O(ν) and 0 < γo ≤ 1/2 are given by (3.79) and (3.65) from Chapter

3, respectively, and

Rsync ,
N∑

k=1

p̄2k µ̄
2
kRk = O(ν2) (4.92)

Since Tr(H−1Rsync) = O(ν), the first term on the RHS of (4.91) dominates the

other term, O(ν1+γo). From (4.80) and (4.91), we observe that the network MSDs

of asynchronous and synchronous networks are both in the order of ν.

Lemma 4.8 (Degradation in MSD is O(ν)). The network MSD (4.80) for the

asynchronous diffusion strategy is greater than the network MSD (4.91) for the

synchronous diffusion strategy by a difference in the order of ν.

Proof. The difference between Rasync and Rsync is

Rasync − Rsync =

N∑

k=1

[(pk,k − p̄2k)µ̄
2
k + pk,kcµ,k,k]Rk (4.93)

where Rasync is given by (3.83) of Chapter 3. Since pk,k − p̄2k is the k-th entry

on the diagonal of Pp − p̄p̄T, from Lemma 4.3, we know that all entries on the

diagonal of Pp− p̄p̄T are nonnegative, which implies that pk,k− p̄2k ≥ 0. Moreover,

by Perron-Frobenius Theorem [79], all entries of the Perron eigenvector p must be

positive, which implies that pk,k > 0. We also know that cµ,k,k must be positive

in the asynchronous model. Therefore, we get

(pk,k − p̄2k)µ̄
2
k + pk,kcµ,k,k > 0 (4.94)
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Moreover, by using (3.181)–(3.183) from Chapter 3, we have

(pk,k − p̄2k)µ̄
2
k + pk,kcµ,k,k = O(ν2) (4.95)

Then, using the fact that the {Rk} are positive semi-definite, we conclude from

(4.93)–(4.95) that

‖Rasync −Rsync‖ = O(ν2) > 0 (4.96)

From (3.79) of Chapter 3, we know that H−1 = O(ν−1). Therefore, we get

MSDdist
async −MSDdist

sync =
1

4
Tr[H−1(Rasync−Rsync)]+O(ν

1+γo)

= O(ν) +O(ν1+γo) = O(ν) (4.97)

and

MSDdist
async −MSDdist

sync ≥ 0 (4.98)

which complete the proof.

We observe from the above results that when the step-sizes are sufficiently

small, the mean-square convergence rate of the asynchronous network tends to

be immune from the uncertainties caused by random topologies, links, agents,

and data arrival time. However, there is an O(ν) degradation in the steady-state

MSD level for the asynchronous network – refer to Table 1.1 for a summary of

the main conclusions.

4.5 A Case Study: MSE Estimation

The previous results apply to arbitrary strongly-convex costs {Jk(w)} whose Hes-

sian functions are locally Lipschitz continuous at wo. In this section we specialize

the results to the case of MSE estimation over networks, where the costs {Jk(w)}
become quadratic in w ∈ CM×1.
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4.5.1 Problem Formulation and Modeling

We now assume that each agent k has access to streaming data {dk(i),uk,i}
related via the linear regression model:

dk(i) = uk,iw
o + ξk(i) (4.99)

where dk(i) ∈ C is the observation, uk,i ∈ C1×M is the regressor, wo ∈ CM×1 is

the desired parameter vector, and ξk(i) is additive noise.

Assumption 4.2 (Data model).

1. The regressors {uk,i} are temporally white and spatially independent cir-

cular symmetric complex random variables with zero mean and covariance

matrix Ru,k > 0.

2. The noise signals {ξk(i)} are temporally white and spatially independent

circular symmetric complex random variables with zero mean and variance

σ2
ξ,k > 0.

3. The random variables {uk,i, ξℓ(j)} are mutually independent for any k and

ℓ, i and j, and they are independent of any other random variable.

The objective for the network is to estimate wo by minimizing the aggregate

mean-square-error cost defined by

minimize
w

N∑

k=1

Jk(w) ,
N∑

k=1

E |dk(i)− uk,iw|2 (4.100)

It can be verified that this problem satisfies Assumptions 2.1 and 2.2 introduced

in Chapter 2.
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4.5.2 Distributed Diffusion Solutions

The asynchronous diffusion solution (4.65a)–(4.65b) will then reduce to the fol-

lowing form:

ψk,i = wk,i−1 + µk(i)u
∗
k,i[dk(i)− uk,iwk,i−1] (4.101a)

wk,i =
∑

ℓ∈Nk,i

aℓk(i)ψℓ,i (4.101b)

and the synchronous network (4.82a)–(4.82b) will become

ψk,i = wk,i−1 + µ̄ku
∗
k,i[dk(i)− uk,iwk,i−1] (4.102a)

wk,i =
∑

ℓ∈Nk,i

āℓkψℓ,i (4.102b)

We assume that the network is under the Bernoulli model described in Chapter

2. For illustration purposes only, we assume that the parameters {µk} in (2.54)

of Chapter 2 are uniform, µk ≡ µ, and that the parameters {aℓk; ℓ ∈ Nk\{k}} in

(2.55) of Chapter 2 are given by aℓk = |Nk|−1.

Substituting (4.99) into (4.101a) and comparing with (2.17) of Chapter 2,

we find that the approximate gradient, ∇̂w∗Jk(wk,i−1), and the corresponding

gradient noise, vk,i(wk,i−1), in this case are given by

∇̂w∗Jk(wk,i−1) = −u∗
k,i[dk(i)− uk,iwk,i−1]

= −u∗
k,iuk,iw̃k,i−1 − u∗

k,iξk(i)

= −Ru,kw̃k,i−1 − vk,i(wk,i−1) (4.103)

where

vk,i(wk,i−1) = (u∗
k,iuk,i − Ru,k)w̃k,i−1 + u

∗
k,iξk(i) (4.104)

It can be verified that the gradient noise vk,i(wk,i−1) in (4.104) satisfies Assump-

tion 3.1 of Chapter 3 and that the covariance matrix of
¯
vk,i(w

o) =
¯
T(u∗

k,iξk(i)),
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where
¯
T(·) is from (2.3) of Chapter 2, is given by

Rk = diag{σ2
ξ,kRu,k, σ

2
ξ,kR

T

u,k} , σ2
ξ,kHk (4.105)

Moreover, the complex Hessian of the cost Jk(w) is given by

∇2

¯
w
¯
w∗Jk(

¯
w) , Hk = diag{Ru,k, R

T

u,k} (4.106)

We further note that for the Bernoulli network under study,

µ̄
(1)
k = qkµ, µ̄

(2)
k = qkµ

2 (4.107)

Therefore, the parameter ν = µ in this case. If µ is small enough and satisfies

Assumption 4.1, then from (4.80), the network MSD of the asynchronous network

is given by

MSDdiff
async =

µ

2
Tr



(

N∑

k=1

p̄kqkRu,k

)−1( N∑

k=1

pk,kqkσ
2
ξ,kRu,k

)
+O(µ1+γo) (4.108)

Likewise, the network MSD of the synchronous network from (4.91) is given by

MSDdiff
sync =

µ

2
Tr



(

N∑

k=1

p̄kqkRu,k

)−1( N∑

k=1

p̄2kq
2
kσ

2
ξ,kRu,k

)
+O(µ1+γo) (4.109)

Clearly, since qk ≤ 1 and pk,k ≥ p̄2k for all k, the MSD in (4.108) is always greater

than the MSD in (4.109) and the difference is in the order of µ.

4.5.3 Centralized Solution

The asynchronous batch solution (4.1) will now reduce to

wc,i = wc,i−1 +

N∑

k=1

πk(i)µk(i)u
∗
k,i[dk(i)− uk,iwc,i−1] (4.110)

and the synchronous batch solution (4.60) will become

wc,i = wc,i−1 +

N∑

k=1

π̄kµ̄ku
∗
k,i[dk(i)− uk,iwc,i−1] (4.111)
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We continue to assume that the random step-size parameters {µk(i)} satisfy the

same Bernoulli model described in Chapter 2 with a uniform profile µk ≡ µ.

We use the procedure described in Section 4.3.2 to generate the random fusion

coefficients {πk(i)}. Specifically, we have πk(i) = φk(i), where φk(i) denotes the
k-th entry of φi from (4.73).

4.5.4 Simulation Results

We consider a network consisting of N = 100 agents with the connected topology

shown in Fig. 4.1 where each link is assumed to be bidirectional. The length of

the unknown parameter wo is set to M = 2. The regressors are assumed to be

white, i.e., Ru,k = σ2
u,kIM . The values of {σ2

u,k, σ
2
v,k} are randomly generated and

shown in Fig. 4.2. The step-size parameter is set to µ = 0.002. We randomly

select the values for the probabilities {ηℓk} in (2.55) of Chapter 2 within the range

(0.4, 0.8), and randomly select the values for the probabilities {qk} in (2.54) of

Chapter 2 within the set {0.3, 0.5, 0.7, 0.9}. The asynchronous distributed strat-

egy (4.101a)–(4.101b), the synchronous distributed strategy (4.102a)–(4.102b),

the asynchronous centralized solution (4.110), and the synchronous centralized

solution (4.111) are all simulated over 100 trials and 6000 iterations for each trial.

The random fusion coefficients {πk(i)} are obtained by sampling φi from (4.73).

The φi is constructed by consecutively multiplying 100 independent realizations

of Ai. The averaged learning curves (MSD) as well as the theoretical MSD re-

sults (4.108) for asynchronous solutions and (4.109) for synchronous solutions are

plotted in Fig. 4.3. We observe a good match between theory and simulation.

We also observe that both synchronous and asynchronous solutions converge at

a similar rate but that the former attains a lower MSD level at steady-state as

predicted by (4.108) and (4.109).
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Figure 4.1: A topology with 100 nodes.

Figure 4.2: Values of {σ2
u,k} and {σ2

ξ,k}.
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Figure 4.3: MSD learning curves for the asynchronous and synchronous modes

of operation.

4.6 Conclusion

In this chapter, we compared the performance of distributed and centralized so-

lutions under two modes of operation: synchronous and asynchronous implemen-

tations. We derived explicit comparisons for the mean and mean-square rates of

convergence, as well as for the steady-state mean-square error performance. The

main results are captured by Table 1. It is seen that diffusion networks are re-

markably resilient to asynchronous or random failures: the convergence continues

to occur at the same rate as synchronous or centralized solutions while the MSD

level suffers a degradation in the order of O(ν) relative to synchronous diffusion

networks. The results in the chapter highlight yet another benefit of cooperation:

remarkable resilience to random failures and asynchronous events.
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4.A Proof of Lemma 4.2

From (4.35), we get

Fc = E



(

N∑

ℓ=1

πℓ(i)Dℓ,i

)T

⊗
(

N∑

k=1

πk(i)Dk,i

)


(a)
=

N∑

k=1

N∑

ℓ=1

E[πℓ(i)πk(i)] · E(DT

ℓ,i ⊗Dk,i)

(b)
=

N∑

k=1

N∑

ℓ=1

(π̄ℓπ̄k + cπ,ℓ,k)(D̄
T

ℓ ⊗ D̄k + cµ,ℓ,kH
T

ℓ ⊗Hk) (4.112)

where step (a) is by using the independence condition from the asynchronous

model; and step (b) is by using (4.7)–(4.10). Since {D̄k, Hk} are all Hermitian,

it is straightforward to verify that Fc is also Hermitian.

Using Jensen’s inequality and the convexity of the 2-induced norm, ‖ · ‖, we
obtain from (4.45) that

ρ(Fc) ≤ E ‖BT

i ⊗Bi‖ = E ‖Bi‖2 (4.113)

where we used the identities ‖A⊗B‖ = ‖A‖ · ‖B‖ [89, p. 245] and ‖AT‖ = ‖A‖.
Using Jensen’s inequality again with respect to the convex coefficients {πk(i)}
and the fact that ‖ · ‖2 is also a convex function, we get from (4.35) that

‖Bi‖2 =
∥∥∥∥∥

N∑

k=1

πk(i)Dk,i

∥∥∥∥∥

2

≤
N∑

k=1

πk(i)‖Dk,i‖2 (4.114)

Substituting (4.114) into (4.113), we obtain

ρ(Fc) ≤
N∑

k=1

π̄kE‖Dk,i‖2 ≤ max
k

E‖Dk,i‖2 (4.115)

From (4.35) and from condition (2.7) in Chapter 2, we have

1− µk(i)λk,max ≤ λ(Dk,i) ≤ 1− µk(i)λk,min (4.116)
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for every eigenvalue of Dk,i and for every k and i ≥ 0. Since Dk,i is Hermitian,

we conclude from (4.116) that for every k and i ≥ 0,

‖Dk,i‖2 ≤ max{[1− µk(i)λk,min]
2, [1− µk(i)λk,max]

2}

≤ 1− 2µk(i)λk,min + µ
2
k(i)λ

2
k,max (4.117)

Substituting (4.117) into (4.115) yields

ρ(Fc) ≤ max
k

E [1− 2µk(i)λk,min + µ
2
k(i)λ

2
k,max| ¯̃wc,i−1]

≤ max
k

{1− 2µ̄kλk,min + (µ̄2
k + cµ,k,k)λ

2
k,max}

< max
k

{γ2k + α(µ̄2
k + cµ,k,k)}

= β (4.118)

where α > 0 and {γ2k, β} are from (2.81) and (2.82) of Chapter 2, respectively.

In (2.136) from Chapter 2, we established that |β| < 1 if condition (4.27) holds.

Therefore, by (4.118) we conclude that ρ(Fc) < 1 when condition (4.27) holds.

Since cµ,ℓ,k = O(ν2) by using (3.182) and (3.183) from Chapter 3, we get from

(4.112) and (4.40) that

Fc =
N∑

k=1

N∑

ℓ=1

(π̄ℓπ̄k + cπ,ℓ,k)(D̄
T

ℓ ⊗ D̄k) +O(ν2) (4.119)

Furthermore, we have

N∑

k=1

N∑

ℓ=1

cπ,ℓ,k(D̄
T

ℓ ⊗ D̄k)

(a)
=

N∑

k=1

N∑

ℓ=1

cπ,ℓ,k(I2M − µ̄ℓHℓ)
T ⊗ (I2M − µ̄kHk)

=
N∑

k=1

N∑

ℓ=1

cπ,ℓ,k(I4M2 − µ̄ℓH
T

ℓ ⊗ I2M − I2M ⊗ µ̄kHk + µ̄ℓµ̄kH
T

ℓ ⊗Hk)

(b)
=

N∑

k=1

N∑

ℓ=1

cπ,ℓ,kµ̄ℓµ̄k(H
T

ℓ ⊗Hk)
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(c)
= O(ν2) (4.120)

where step (a) is by using (4.41); step (b) is by using (4.14); and step (c) is by

using (3.182) and (3.183) from Chapter 3. From (4.119) and (4.120), we have

Fc =

N∑

ℓ=1

N∑

k=1

π̄ℓπ̄k(D̄
T

ℓ ⊗ D̄k) +O(ν2) (4.121)

Now, consider the matrix F ′
c defined in (4.61); it is easy to verify by using (4.40)

that

F ′
c =

N∑

ℓ=1

N∑

k=1

π̄ℓπ̄k(D̄
T

ℓ ⊗ D̄k) = B̄T ⊗ B̄ (4.122)

Since B̄ is Hermitian, so is F ′
c. From (4.121) and (4.122), we get ‖Fc − F ′

c‖ =

O(ν2). Since both Fc and F ′
c are Hermitian, their difference Fc − F ′

c is also

Hermitian. Then, using a corollary of the Wielandt-Hoffman Theorem [86], we

conclude that

|λm(Fc)− λm(F
′
c)| ≤ ‖Fc − F ′

c‖ = O(ν2) (4.123)

where λm(·) denotes the m-th eigenvalue of its Hermitian matrix argument; the

eigenvalues are assumed to be ordered from largest to smallest in each case. From

(4.123), we immediately deduce that

|ρ(Fc)− ρ(F ′
c)| ≤ O(ν2) (4.124)

From (4.40)–(4.41) and (4.47), we have

B̄ = I2M −Hc, λ(B̄) = 1− λ(Hc) (4.125)

Since Hc is symmetric positive definite, and since the {π̄k} are convex coefficients

by (4.14), we get from Jensen’s inequality that

0 < λ(Hc) ≤ ‖Hc‖ ≤
N∑

k=1

π̄k‖µ̄kHk‖ ≤ max
k

{µ̄kλk,max} (4.126)
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for all eigenvalues of Hc. When condition (4.27) holds, we have

µ̄k ≤ µ̄k(1 + ρ2k) <
λk,min

α + λ2k,max

<
1

λk,max
(4.127)

for any k. This implies that maxk{π̄kλk,max} < 1 and therefore, 0 < λ(Hc) < 1

for all eigenvalues of Hc. From (3.181) of Chapter 3 and (4.126), we get

0 < λ(Hc) = O(ν) < 1 (4.128)

for any eigenvalue of Hc. Therefore, we get from (4.125) that

λ(B̄) = 1−O(ν), ρ(B̄) = 1− λmin(Hc) (4.129)

Then, from (4.122) and (4.129), we have

ρ(F ′
c) = [1− λmin(Hc)]

2 (4.130)

It then follows from (4.124) and (4.130) that

ρ(Fc) = [1− λmin(Hc)]
2 +O(ν2) (4.131)

where λmin(Hc) = O(ν). Under Assumption 4.1, we have

[1− λmin(Hc)]
2 = 1− 2λmin(Hc) +O(ν2) = 1− O(ν) (4.132)

which therefore dominates the O(ν2) in (4.131).

From (4.125) and (4.122), we get

F ′
c = I4M2 −HT

c ⊗ I2M − I2M ⊗Hc +HT

c ⊗Hc (4.133)

Then, using (4.121), (4.122), and (4.133), we have

I4M2 − Fc = HT

c ⊗ I2M + I2M ⊗Hc︸ ︷︷ ︸
= O(ν)

+O(ν2) (4.134)

where we used the fact that HT

c ⊗Hc = O(ν2) since Hc = O(ν) by (4.47). Using

the fact that Hc is positive definite and is of the order of ν, we eventually get

‖(I4M2 − Fc)
−1‖ = O(ν−1) (4.135)
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4.B Proof of Theorem 4.5

We start with the limi→∞ yc,i in (4.53). From (4.46), we have

lim
i→∞

yc,i = lim
i→∞

vec (E
¯
si
¯
s∗i ) (4.136)

Using the gradient noise model from Section 3.1 of Chapter 3, it can be verified

that
¯
si is zero mean and that its conditional covariance matrix is given by

E [
¯
si
¯
s∗i |Fi−1]

(a)
=

N∑

ℓ=1

N∑

k=1

E [πℓ(i)πk(i)] · E [µℓ(i)µk(i)]

× E [
¯
vℓ,i(wc,i−1)

¯
v∗k,i(wc,i−1)|Fi−1]

(b)
=

N∑

k=1

(π̄2
k + cπ,k,k)(µ̄

2
k + cµ,k,k)Rk,i(wc,i−1) (4.137)

where step (a) is by using the independence condition from the asynchronous

model in Chapter 2; and step (b) is from (2.18) in Chapter 2, (3.3) in Chapter 3,

and (4.7)–(4.10). Therefore,

E
¯
si
¯
s∗i =

N∑

k=1

(π̄2
k + cπ,k,k)(µ̄

2
k + cµ,k,k)ERk,i(wc,i−1) (4.138)

Note that

‖Rk,i(w
o)− ERk,i(wc,i−1)‖

(a)

≤ ‖Ri(1N ⊗ wo)− ERi(1N ⊗wc,i−1)‖
(b)

≤ κv · [E ‖1N ⊗ w̃c,i−1‖4]γv/4
(c)
= κvN

γv/2 · [E ‖w̃c,i−1‖4]γv/4 (4.139)

where step (a) is due to (3.3) from Chapter 3; step (b) is by using (3.55) also from

Chapter 3; and step (c) is by the fact that ‖1N ⊗ x‖4 = [N · ‖x‖2]2 = N2 · ‖x‖4

for any x. Under Assumption 4.1, we can get from Theorem 4.2 that

lim sup
i→∞

‖Rk,i(w
o)− ERk,i(wc,i−1)‖ ≤ κvN

γv/2 · [b24ν2]γv/4 = O(νγv/2) (4.140)
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which means that, asymptotically, we can replace ERk,i(wc,i−1) by Rk from (3.6)

of Chapter 3 within an error in the order of νγv/2. Therefore, it follows from

(4.136) that

lim
i→∞

yc,i = vec
(
lim
i→∞

E
¯
si
¯
s∗i

)

(a)
= vec

(
N∑

k=1

(π̄2
k + cπ,k,k)(µ̄

2
k + cµ,k,k) lim

i→∞
ERk,i(wc,i−1)

)

(b)
= vec

(
N∑

k=1

(π̄2
k + cπ,k,k)(µ̄

2
k + cµ,k,k)[Rk +O(νγv/2)]

)

(c)
= vec(Rc) +O(ν2+γv/2) (4.141)

where step (a) is by using (4.138); step (b) is by using (4.140); and step (c) is by

using (4.57) and the fact from (2.190) of Chapter 2 that µ̄2
k+cµ,k,k = µ̄

(2)
k = O(ν2).

Substituting (4.141) into (4.53) yields

zc,∞ = (I4M2 − Fc)
−1 · vec(Rc) +O(ν1+γv/2) (4.142)

where we used Lemma 4.2. Substituting (4.53) and Σ = I2M into (4.54), and

using (4.50) as well as the fact that Fc and Rc are Hermitian, we obtain

lim
i→∞

E‖w̃′
c,i‖2 =

1

2
[vec(Rc)]

∗(I4M2 − Fc)
−1vec(I2M ) +O(ν1+γv/2) (4.143)

Substituting (4.143) into (4.56) yields (4.58).

We establish (4.59) next. From (4.134), we know that

I4M2 − Fc = Sc +O(ν2) (4.144)

where

Sc , HT

c ⊗ I2M + I2M ⊗Hc = O(ν) (4.145)

Since Hc is symmetric and positive definite by (4.128), it is easy to verify that

Sc is also symmetric and positive definite. Therefore, Sc is invertible. Using the
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matrix inversion lemma [87], we get from (4.144) that

(I4M2 − Fc)
−1 = S−1

c +O(1) (4.146)

where we used the fact that ‖S−1
c ‖ = O(ν−1). Substituting (4.146) into (4.58)

yields:

MSDcent =
1

2
[vec(Rc)]

∗[S−1
c +O(1)]vec(I2M) +O(ν1+γo)

=
1

2
[vec(Rc)]

∗S−1
c vec(I2M) +O(ν2) +O(ν1+γo)

=
1

2
[vec(Rc)]

∗S−1
c vec(I2M) +O(ν1+γo) (4.147)

where we used the fact from (4.57) that ‖Rc‖ = O(ν2) and γo < 1/2 from (3.65)

of Chapter 3. Since the first term on the RHS of (4.147) is of the order of ν,

it is the dominant term under Assumption 4.1. To further simplify (4.147), we

introduce the Lyapunov equation with respect to the unknown square matrix X :

XHc +HcX = I2M (4.148)

where Hc is given by (4.47). Vectorizing both sides and using (4.145), the Lya-

punov equation is equivalent to the linear system of equations:

Scvec(X) = vec(I2M) (4.149)

Since Sc is invertible, the linear equation (4.149) has a unique solution, which is

given by X = 1
2
H−1

c . From the Lyapunov equation (4.148) we get

[vec(Rc)]
∗S−1

c vec(I2M) =
1

2
[vec(Rc)]

∗vec(H−1
c )

=
1

2
Tr(H−1

c Rc) (4.150)

where we used the fact that Rc is Hermitian. Result (4.59) then follows from

(4.147) and (4.150). The term Tr(H−1
c Rc) = O(ν) in (4.59) is the dominant term

under Assumption 4.1.
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4.C Proof of Lemma 4.3

From Lemma 3.3 of Chapter 3, we know that Pp is symmetric and, therefore, the

matrix difference Cp , Pp − p̄p̄T is also symmetric. We also know from Lemma

3.3 of Chapter 3 that Cp1N = 0. To establish that Cp is positive semi-definite,

we consider the following quadratic expression:

xTCpx = xT(Pp − p̄p̄T)x = xTPpx− (xTp̄)2 (4.151)

for any vector x ∈ RN . Note that

xTPpx = vec(xTPpx) =
1

N2
(xT ⊗ xT)p · 1T

N21N2 (4.152)

by using the relation p = vec(Pp) from (3.75) of Chapter 3 and the fact that

1
T

N21N2 = N2. Since

Ā⊗ Ā+ CA = E(Aj ⊗Aj) (4.153)

we can introduce a series of fictitious random combination matrices {A′
j; j ≥ 1}

such that they are mutually-independent and satisfy

E(A′
j ⊗A′

j) = Ā⊗ Ā+ CA (4.154)

for any j ≥ 1. Let Φi ,
∏i

j=1A
′
j for any i ≥ 1. Then,

lim
i→∞

E(Φi ⊗Φi)
(a)
= lim

i→∞

i∏

j=1

E(A′
j ⊗A′

j)
(b)
= p · 1T

N2 (4.155)

where step (a) is by using the fact that the {A′
j} are mutually-independent, and

step (b) is by using (4.153) and the Perron-Frobenius Theorem [79]. Substituting

(4.155) into (4.152) and using 1N2 = 1N ⊗ 1N , we get

xTPpx =
1

N2
lim
i→∞

E [(xTΦi1N)
2] (4.156)
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Moreover, since Ā = E(Aj|wj−1), we have

lim
i→∞

E(Φi) = lim
i→∞

i∏

j=1

E(A′
j) = lim

i→∞
(Ā)i = p̄ · 1T

N (4.157)

Then, using (4.157) and the fact that 1T

N1N = N , we have

xTp̄ =
1

N
xTp̄ · 1T

N1N =
1

N
lim
i→∞

E(xTΦi1N) (4.158)

Substituting (4.156) and (4.158) into (4.151) yields

xTCpx =
1

N2
lim
i→∞

{
E [(xTΦi1N)

2]− [E(xTΦi1N)]
2
}
≥ 0 (4.159)

which confirms that Cp is positive semi-definite.

4.D Proof of Lemma 4.4

We prove Lemma 4.3 by using a procedure similar to the one given in Appendix

3.I of Chapter 3. Introduce the Jordan decomposition [87]:

Ā = P̄ J̄Q̄T =
[
p̄ P̄ ′

]


1 0

0 J̄ ′



[
1N Q̄′

]T
(4.160)

where J̄ ′ is a sub-matrix of J̄ containing its stable eigenvalues, P̄ ′ and Q̄′ are

sub-matrices of P̄ and Q̄, and P̄−1 = Q̄T. Then, the Jordan decomposition of

Ā = Ā⊗ I2M from (3.25) of Chapter 3 is given by

Ā = P̄J̄ Q̄T =
[
p̄′ P̄ ′

]


I2M 0

0 J̄ ′



[
q̄′ Q̄′

]T
(4.161)

where

P̄ = P̄ ⊗ I2M , P̄ ′ , P̄ ′ ⊗ I2M (4.162)
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J̄ = J̄ ⊗ I2M , J̄ ′ , J̄ ′ ⊗ I2M (4.163)

Q̄ = Q̄⊗ I2M , Q̄′ , Q̄′ ⊗ I2M (4.164)

p̄′ = p̄⊗ I2M , q̄′ , 1N ⊗ I2M (4.165)

Let

X̄ , I2MN − D̄ = M̄H = O(ν) (4.166)

where {D̄,M̄,H} are from (3.28), (3.26), and (3.10) of Chapter 3, respectively.

Then, by (3.29) from Chapter 3 and using the fact that Ā is real and D̄ is

Hermitian, we get

Q̄TB̄∗P̄ = Q̄TD̄ĀP̄ =



I2M − q̄′TX̄ p̄′ −q̄′TX̄ P̄ ′J̄ ′

−Q̄′TX̄ p̄′ J̄ ′ − Q̄′TX̄ P̄ ′J̄ ′


 (4.167)

Using (4.165) and (4.166) above and (3.10) and (3.26) from Chapter 3, we obtain

q̄′TX̄ p̄′ = q̄′TM̄Hp̄′ =
N∑

k=1

p̄kµ̄kHk = H = O(ν) (4.168)

where H is given by (3.79) of Chapter 3. By (4.166), we get

‖q̄′TX̄ P̄ ′J̄ ′‖ = O(ν), ‖Q̄′TX̄ p̄′‖ = O(ν), ‖Q̄′TX̄ P̄ ′J̄ ′‖ = O(ν) (4.169)

Therefore, we get from (4.167)–(4.169) that

Q̄TB̄∗P̄ =



B̄d O(ν)

O(ν) J̄ ′ +O(ν)


 (4.170)

where

B̄d , I2M −H (4.171)

is Hermitian. From (3.178) of Chapter 3, we immediately get

λ(B̄d) = λ(I2M −H) = 1− O(ν) > 0 (4.172)
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ρ(B̄d) = 1− λmin(H) = 1−O(ν) (4.173)

for sufficiently small ν under Assumption 4.1. Conjugating both sides of (4.170)

and using the fact that B̄d is Hermitian, we get

B̄s , (Q̄TB̄∗P̄)∗ = P̄∗B̄(Q̄∗)T =



B̄d O(ν)

O(ν) J̄ ′∗ +O(ν)


 (4.174)

Since B̄s is similar to B̄, they have the same eigenvalues [87]. Since B̄d is Hermi-

tian, let us introduce its eigenvalue decomposition as

B̄d = ŪΛ̄Ū∗ (4.175)

where Ū is a 2M × 2M unitary matrix and Λ̄ is a 2M × 2M diagonal matrix.

The (N − 1)× (N − 1) matrix J̄ ′, which contains the stable eigenvalues of Ā in

(4.160), can be generally expressed as

J̄ ′ =




λ̄a,2 T̄ ′

. . .

0 λ̄a,N




(4.176)

where {λ̄a,n} are the eigenvalues of Ā with λ̄a,1 = 1 and |λ̄a,n| < 1 for all n =

2, 3, . . . , N . In (4.176), the elements in the strictly upper triangular region T̄ ′

are either 1 or 0, which depend on the Jordan blocks in J̄ ′. Using (4.176) and

(4.163), we can express the (2, 2) block in (4.174) as

J̄ ′∗ +O(ν) =




λ̄∗a,2I2M +O(ν) O(ν)

. . .

T̄ ′∗ +O(ν) λ̄∗a,NI2M +O(ν)




(4.177)

where the elements in the strictly lower triangular region T̄ ′∗ are either 1 or

0, which depend on the elements of T̄ ′ in (4.176). We now apply a similarity
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transformation to B̄s by multiplying

D̄ , diag{νǫŪ, ν2ǫI2M , ν3ǫI2M , . . . , νNǫI2M} (4.178)

and its inverse D̄−1 on either side of (4.174), where ǫ = 1/N . Using (4.174) and

(4.177), we end up with

D̄B̄sD̄−1 =




Λ̄ O(νǫ)

O(ν1+ǫ)

λ̄∗a,2I2M +O(ν) O(νǫ)

. . .

O(νǫ) λ̄∗a,NI2M +O(ν)




(4.179)

From (4.179), we know that all off-diagonal entries of D̄B̄sD̄−1 are at least of the

order of νǫ. Therefore, using Gershgorin Theorem [86, p. 320] under Assumption

4.1, and since B̄ and B̄s have the same eigenvalues due to similarity, we get

|λ(B̄)− λ(B̄d)| ≤ O(ν1+ǫ) or |λ(B̄)− λ̄∗a,k| ≤ O(νǫ) (4.180)

where λ(B̄) denotes the eigenvalue of B̄ and k = 2, 3, . . . , N . Result (4.180)

implies that the eigenvalues of B̄ are either located in the Gershgorin circles

that are centered at the eigenvalues of B̄d with radii O(ν1+ǫ) or in the Gershgorin

circles that are centered at {λ̄∗a,k; k = 2, 3, . . . , N} with radii O(νǫ). From (4.173),

we have

ρ(B̄d) = 1−O(ν) < 1 (4.181)

By Assumption 3.3 from Chapter 3 and Perron-Frobenius Theorem [79], we have

ρ(J̄ ′∗) , max
k=2,3,...,N

|λ̄∗a,k| = ρ(J̄ ′) < 1 (4.182)

By Assumption 4.1, if the parameter ν is small enough such that

ρ(J̄ ′) +O(νǫ) < 1− O(ν) = ρ(B̄d) (4.183)
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holds, then the Gershgorin circles centered at the eigenvalues of B̄d are isolated

from those centered at {λ̄∗a,k; k = 2, 3, . . . , N}. According to Gershgorin Theorem

[88, p. 181], there are precisely 2M eigenvalues of B̄ satisfying

|λ(B̄)− λ(B̄d)| ≤ O(ν1+ǫ) (4.184)

while all the other eigenvalues satisfy

|λ(B̄)− λ̄∗a,k| ≤ O(νǫ), k = 2, 3, . . . , N (4.185)

By (4.183), the eigenvalues λ(B̄) satisfying (4.184) are greater than those satisfy-

ing (4.185) in magnitude. Furthermore, when ν is sufficiently small, the Gersh-

gorin circles centered at λmax(B̄d) with radius O(ν1+ǫ) will become disjoint from

the other circles. Then, by using Gershgorin Theorem again, we conclude from

(4.184) that

|ρ(B̄)− ρ(B̄d)| ≤ O(ν1+ǫ) (4.186)

It is worth noting that from (4.181) and (4.186) we get

ρ(B̄) ≤ 1− O(ν) +O(ν1+ǫ) < 1 (4.187)

for ν ≪ 1 because ǫ = 1/N > 1. Eventually, using (4.40), (4.67), and (4.171), it

is straightforward to verify that

B̄ = B̄d (4.188)

Using (4.173), (4.186), and (4.188) completes the proof.
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CHAPTER 5

Imperfect Information Exchange and Drifting

Objectives

In this chapter we investigate another type of imperfections that affect the per-

formance of the diffusino strategies over networks. Adaptive networks rely on

in-network and collaborative processing among distributed agents to deliver en-

hanced performance in estimation and inference tasks. Information is exchanged

among the nodes, usually over noisy links. The combination weights that are

used by the nodes to fuse information from their neighbors play a critical role in

influencing the adaptation and tracking abilities of the network. We first inves-

tigates the mean-square performance of general adaptive diffusion algorithms in

the presence of various sources of imperfect information exchanges, quantization

errors, and model non-stationarities. Among other results, the analysis reveals

that link noise over the regression data modifies the dynamics of the network

evolution in a distinct way, and leads to biased estimates in steady-state. The

analysis also reveals how the network mean-square performance is dependent on

the combination weights. We then use these observations to show how the com-

bination weights can be optimized and adapted. Simulation results illustrate the

theoretical findings and match well with theory.

In the original diffusion least-mean-squares (LMS) strategy [5, 6], the weight

estimates that are exchanged among the nodes can be subject to quantization
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errors and additive noise over the communication links. Studying the degrada-

tion in mean-square performance that results from these particular perturbations

can be pursued, for both incremental and diffusion strategies, by extending the

mean-square analysis already presented in [5, 6], in the same manner that the

tracking analysis of conventional stand-alone adaptive filters was obtained from

the counterpart results in the stationary case (as explained in [46, Ch. 21]).

Useful results along these lines, which study the effect of link noise during the

exchange of the weight estimates, already appear for the traditional diffusion al-

gorithm in the works [47–49, 105] and for consensus-based algorithms in [26, 50].

In this chapter, our objective is to go beyond these earlier studies by taking into

account additional effects, and by considering a more general algorithmic struc-

ture. The reason for this level of generality is because the analytical results will

help reveal which noise sources influence the network performance more seriously,

in what manner, and at what stage of the adaptation process. The results will

suggest important remedies and mechanisms to adapt the combination weights

in real-time. Some of these insights are hard to get if one focuses solely on noise

during the exchange of the weight estimates. The analysis will further show that

noise during the exchange of the regression data plays a more critical role than

other sources of imperfection: this particular noise alters the learning dynamics

and modes of the network, and biases the weight estimates. Noises related to the

exchange of other pieces of information do not alter the dynamics of the network

but contribute to the deterioration of the network performance.

To arrive at these results, we first consider a generalized analysis that applies

to a broad class of diffusion adaptation strategies (see (5.5)–(5.7) further ahead;

this class includes the original diffusion strategies (5.3) and (5.4) as two special

cases). The analysis allows us to account for various sources of information noise

over the communication links. We allow for noisy exchanges during each of the
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three processing steps of the adaptive diffusion algorithm (the two combination

steps (5.5) and (5.7) and the adaptation step (5.6)). In this way, we are able to

examine how the three sets of combination coefficients {a1,ℓk, cℓk, a2,ℓk} in (5.5)–

(5.7) influence the propagation of the noise signals through the network dynamics.

Our results further reveal how the network mean-square-error performance is

dependent on these combination weights. Following this line of reasoning, the

analysis leads to algorithms (5.124) and (5.128) further ahead for choosing the

combination coefficients to improve the steady-state network performance.

It should be noted that several combination rules, such as the Metropolis

rule [106] and the maximum degree rule [107], were proposed previously in the

literature — especially in the context of consensus-based iterations [22, 41, 107].

These schemes, however, usually suffer performance degradation in the presence

of noisy information exchange since they ignore the network noise profile [108].

When the noise variance differs across the nodes, it becomes necessary to design

combination rules that are aware of this variation as outlined further ahead in

Section VI-B. Moreover, in a mobile network [19] where nodes are on the move

and where neighborhoods evolve over time, it is even more critical to employ

adaptive combination strategies that are able to track the variations in the noise

profile in order to cope with such dynamic environments. This issue is taken up

in Section VI-C. The results in this chapter are based on material from [78].

5.1 Diffusion Algorithms with Imperfect Information Ex-

change

We consider a connected network consisting of N nodes. Each node k collects

scalar measurements dk(i) and 1×M regression data vectors uk,i over successive
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time instants i ≥ 0. Note that we use parenthesis to refer to the time-dependence

of scalar variables, as in dk(i), and subscripts to refer to the time-dependence of

vector variables, as in uk,i. The measurements across all nodes are assumed to

be related to an unknown M × 1 vector wo via a linear regression model of the

form [46]:

dk(i) = uk,iw
o + vk(i) (5.1)

where vk(i) denotes the measurement or model noise with zero mean and vari-

ance σ2
v,k. The vector wo in (5.1) denotes the parameter of interest, such as the

parameters of some underlying physical phenomenon, the taps of a communica-

tion channel, or the location of food sources or predators. Such data models are

also useful in studies on hybrid combinations of adaptive filters [109–113].

The nodes in the network would like to estimate wo by solving the following

minimization problem:

minimize
w

N∑

k=1

E|dk(i)− uk,iw|2 (5.2)

In previous works [5,6,114], we introduced and studied several distributed strate-

gies of the diffusion type that allow nodes to cooperate with each other in order to

solve problems of the form (5.2) in an adaptive manner. These diffusion strategies

endow networks with adaptation and learning abilities, and enable information

to diffuse through the network in real-time. We review the adaptive diffusion

strategies below.
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5.1.1 Diffusion Adaptation with Perfect Information Exchange

In [5, 6], two classes of diffusion algorithms were proposed. One class is the

so-called Combine-then-Adapt (CTA) strategy:





φk,i−1 =
∑

ℓ∈Nk

a1,ℓkwℓ,i−1

wk,i = φk,i−1 + µk
∑

ℓ∈Nk

cℓku
∗
ℓ,i[dℓ(i)− uℓ,iφk,i−1]

(5.3)

and the second class is the so-called Adapt-then-Combine (ATC) strategy:





ψk,i = wk,i−1 + µk
∑

ℓ∈Nk

cℓku
∗
ℓ,i[dℓ(i)− uℓ,iwk,i−1]

wk,i =
∑

ℓ∈Nk

a2,ℓkψℓ,i

(5.4)

where the {a1,ℓk, cℓk, a2,ℓk} are nonnegative entries of the N ×N matrices A1, C,

and A2, respectively. The coefficients {a1,ℓk, cℓk, a2,ℓk} are zero whenever node ℓ

is not connected to node k, i.e., ℓ /∈ Nk, where Nk denotes the neighborhood of

node k and k ∈ Nk. The two strategies (5.3) and (5.4) can be integrated into one

broad class of diffusion adaptation [6]:

φk,i−1 =
∑

ℓ∈Nk

a1,ℓkwℓ,i−1 (5.5)

ψk,i = φk,i−1 + µk
∑

ℓ∈Nk

cℓku
∗
ℓ,i[dℓ(i)− uℓ,iφk,i−1] (5.6)

wk,i =
∑

ℓ∈Nk

a2,ℓkψℓ,i (5.7)

Several diffusion strategies can be obtained as special cases of (5.5)–(5.7) through

proper selection of the coefficients {a1,ℓk, cℓk, a2,ℓk}. For example, to recover the

CTA strategy (5.3), we set A2 = IN , and to recover the ATC strategy (5.4),

we set A1 = IN , where IN denotes the N × N identity matrix. In the general

diffusion strategy (5.5)–(5.7), each node k evaluates its estimate wk,i at time i
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by relying solely on the data collected from its neighbors through steps (5.5) and

(5.7) and on its local measurements through step (5.6). The matrices A1, A2,

and C are required to be left or right-stochastic, i.e.,

AT

11N = 1N , AT

21N = 1N , C1N = 1N (5.8)

This means that each node performs a convex combination of the estimates re-

ceived from its neighbors at every iteration i.

The mean-square performance and convergence properties of the diffusion

algorithm (5.5)–(5.7) have already been studied in detail in [5,6]. For the benefit

of the analysis in the subsequent sections, we present below in (5.21) the recursion

describing the evolution of the weight error vectors across the network. To do so,

we introduce the error vectors:

φ̃k,i−1 , wo − φk,i−1 (5.9)

ψ̃k,i , wo −ψk,i (5.10)

w̃k,i , wo −wk,i (5.11)

and substitute the linear model (5.1) into the adaptation step (5.6) to find that

ψ̃k,i = (IM − µkRk,i)φ̃k,i−1 − µk
∑

ℓ∈Nk

cℓksl,i (5.12)

where the M ×M matrix Rk,i and the M × 1 vector sk,i are defined as:

Rk,i ,
∑

ℓ∈Nk

cℓku
∗
ℓ,iuℓ,i (5.13)

sk,i , u
∗
k,ivk(i) (5.14)

We further collect the various quantities across all nodes in the network into the

following block vectors and matrices:

Ri , diag {R1,i, . . . ,RN,i} (5.15)
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si , col {s1,i, . . . , sN,i} (5.16)

M , diag {µ1IM , . . . , µNIM} (5.17)

φ̃i , col
{
φ̃1,i, . . . , φ̃N,i

}
(5.18)

ψ̃i , col
{
ψ̃1,i, . . . , ψ̃N,i

}
(5.19)

w̃i , col {w̃1,i, . . . , w̃N,i} (5.20)

Then, from (5.5), (5.7), and (5.12), the recursion for the network error vector w̃i

is given by

w̃i = AT

2 (INM −MRi)AT

1 w̃i−1 −AT

2MCTsi (5.21)

where

A1 , A1 ⊗ IM , C , C ⊗ IM , A2 , A2 ⊗ IM (5.22)

5.1.2 Noisy Information Exchange

Each of the steps in (5.5)–(5.7) involves the sharing of information between node

k and its neighbors. For example, in the first step (5.5), all neighbors of node k

send their estimates wℓ,i−1 to node k. This transmission is generally subject to

additive noise and possibly quantization errors. Likewise, steps (5.6) and (5.7)

involve the sharing of other pieces of information with node k. These exchange

steps can all be subject to perturbations (such as additive noise and quantization

errors). One of the objectives of this work is to analyze the aggregate effect of

these perturbations on general diffusion strategies of the type (5.5)–(5.7) and

to propose choices for the combination weights in order to enhance the mean-

square performance of the network in the presence of these disturbances. So let

us examine what happens when information is exchanged over links with additive
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noise. We model the data received by node k from its neighbor ℓ as

wℓk,i−1 , wℓ,i−1 + v
(w)
ℓk,i−1 (5.23)

ψℓk,i , ψℓ,i + v
(ψ)
ℓk,i (5.24)

dℓk(i) , dℓ(i) + v
(d)
ℓk (i) (5.25)

uℓk,i , uℓ,i + v
(u)
ℓk,i (5.26)

where v
(w)
ℓk,i−1 and v

(ψ)
ℓk,i are M × 1 noise signals, v

(u)
ℓk,i is a 1 × M noise signal,

and v
(d)
ℓk (i) is a scalar noise signal. Observe further that in (5.23)–(5.26), we are

including several sources of information exchange noise. In comparison, refer-

ences [47,48,105] only considered the noise source v
(w)
ℓk,i−1 in (5.23) and one set of

combination coefficients {a1,ℓk}; the other coefficients were set to cℓk = a2,ℓk = 0

for ℓ 6= k and ckk = a2,kk = 1. In other words, these references only considered

(5.23) and the following traditional CTA strategy without exchange of the data

{dℓ(i),uℓ,i} — compare with (5.3); note that the second step in (5.27) only uses

{dk(i),uk,i}: 



φk,i−1 =
∑

ℓ∈Nk

a1,ℓkwℓ,i−1

wk,i = φk,i−1 + µku
∗
k,i[dk(i)− uk,iφk,i−1]

(5.27)

The analysis that follows examines the aggregate effect of all four noise sources

appearing in (5.23)–(5.26), in addition to the three sets of combination coefficients

appearing in (5.5)–(5.7). We introduce the following assumption on the statistical

properties of the measurement data and noise signals.

Assumption 5.1 (Statistical properties of the variables).

1. The regression data uk,i are temporally white and spatially independent ran-

dom variables with zero mean and covariance matrix Ru,k , Eu∗
k,iuk,i ≥ 0.
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2. The noise signals vk(i), v
(w)
ℓk,i−1, v

(d)
ℓk (i), v

(u)
ℓk,i, and v

(ψ)
ℓk,i are temporally white

and spatially independent random variables with zero mean and covariances

σ2
v,k, R

(w)
v,ℓk, σ

2
v,ℓk, R

(u)
v,ℓk, and R

(ψ)
v,ℓk, respectively. In addition, R

(w)
v,ℓk, σ

2
v,ℓk,

R
(u)
v,ℓk, and R

(ψ)
v,ℓk are all zero if ℓ /∈ Nk or ℓ = k.

3. The regression data {um,i1}, the model noise signals {vn(i2)}, and the link

noise signals {v(w)ℓ1k1,j1
}, {v(d)ℓ2k2

(j2)}, {v(u)ℓ3k3,j3
}, and {v(ψ)ℓ4k4,j4

} are mutually-

independent random variables for all indexes: i1, i2, j1, j2, j3, j4, m, n, ℓ1,

ℓ2, ℓ3, ℓ4, k1, k2, k3, k4.

Using the perturbed data (5.23)–(5.26), the diffusion algorithm (5.5)–(5.7)

becomes

φk,i−1 =
∑

ℓ∈Nk

a1,ℓkwℓk,i−1 (5.28)

ψk,i = φk,i−1 + µk
∑

ℓ∈Nk

cℓku
∗
ℓk,i[dℓk(i)− uℓk,iφk,i−1] (5.29)

wk,i =
∑

ℓ∈Nk

a2,ℓkψℓk,i (5.30)

where we continue to use the symbols {φk,i−1,ψk,i,wk,i} to avoid an explosion of

notation. From (5.23)–(5.24), expressions (5.28)–(5.30) can be rewritten as

φk,i−1 =
∑

ℓ∈Nk

a1,ℓkwℓ,i−1 + v
(w)
k,i−1 (5.31)

ψk,i = φk,i−1 + µk
∑

ℓ∈Nk

cℓku
∗
ℓk,i[dℓk(i)− uℓk,iφk,i−1] (5.32)

wk,i =
∑

ℓ∈Nk

a2,ℓkψℓ,i + v
(ψ)
k,i (5.33)

where we are introducing the symbols v
(w)
k,i−1 and v

(ψ)
k,i to denote the aggregate

M × 1 zero-mean noise signals defined over the neighborhood of node k:

v
(w)
k,i−1 ,

∑

ℓ∈Nk\{k}

a1,ℓkv
(w)
ℓk,i−1 (5.34)
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v
(ψ)
k,i ,

∑

ℓ∈Nk\{k}

a2,ℓkv
(ψ)
ℓk,i (5.35)

with covariance matrices

R
(w)
v,k ,

∑

ℓ∈Nk\{k}

a21,ℓkR
(w)
v,ℓk (5.36)

R
(ψ)
v,k ,

∑

ℓ∈Nk\{k}

a22,ℓkR
(ψ)
v,ℓk (5.37)

It is worth noting that R
(w)
v,k and R

(ψ)
v,k depend on the combination coefficients

{a1,ℓk} and {a2,ℓk}, respectively. This property will be taken into account when

optimizing over {a1,ℓk} and {a2,ℓk} in a later section. We further introduce the

following scalar zero-mean noise signal:

vℓk(i) , vℓ(i) + v
(d)
ℓk (i)− v

(u)
ℓk,iw

o (5.38)

for ℓ ∈ Nk\{k}, whose variance is

σ2
ℓk , σ2

v,ℓ + σ2
v,ℓk + (wo)∗R

(u)
v,ℓkw

o (5.39)

To unify the notation, we define vkk(i) , vk(i). Then, from (5.1) and (5.25)–

(5.26), it is easy to verify that the noisy data {dℓk(i),uℓk,i} are related via

dℓk(i) = uℓk,iw
o + vℓk(i) (5.40)

for ℓ ∈ Nk. Continuing with the adaptation step (5.32) and substituting (5.40),

we get

ψk,i = φk,i−1 + µk
∑

ℓ∈Nk

cℓku
∗
ℓk,i

[
uℓk,iφ̃k,i−1 + vℓk(i)

]
(5.41)

Then, we can derive the following error recursion for node k (compare with

(5.12)):

ψ̃k,i = (IM − µkR
′
k,i)φ̃k,i−1 − µkzk,i (5.42)
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where the M ×M matrix R′
k,i and the M × 1 vector zk,i are defined as (compare

with (5.13) and (5.14)):

R′
k,i ,

∑

ℓ∈Nk

cℓku
∗
ℓk,iuℓk,i (5.43)

zk,i ,
∑

ℓ∈Nk

cℓku
∗
ℓk,ivℓk(i) (5.44)

We further introduce the block vectors and matrices:

R′
i , diag

{
R′

1,i, . . . ,R
′
N,i

}
(5.45)

zi , col {z1,i, . . . , zN,i} (5.46)

v
(w)
i , col

{
v
(w)
1,i , . . . , v

(w)
N,i

}
(5.47)

v
(ψ)
i , col

{
v
(ψ)
1,i , . . . , v

(ψ)
N,i

}
(5.48)

and the corresponding covariance matrices for v
(w)
i and v

(ψ)
i :

R(w)
v , diag

{
R

(w)
v,1 , . . . , R

(w)
v,N

}
(5.49)

R(ψ)
v , diag

{
R

(ψ)
v,1 , . . . , R

(ψ)
v,N

}
(5.50)

then, from (5.31), (5.33), and (5.42), we arrive at the following recursion for the

network weight error vector in the presence of noisy information exchange:

w̃i = AT

2 ψ̃i − v(ψ)i

= AT

2

[
(INM −MR′

i) φ̃i−1 −Mzi

]
− v(ψ)i

= AT

2

[
(INM −MR′

i)
(
AT

1 w̃i−1 − v(w)i−1

)
−Mzi

]
− v(ψ)i (5.51)

That is,

w̃i = AT

2 (INM −MR′
i)AT

1 w̃i−1 −AT

2 (INM −MR′
i)v

(w)
i−1 −AT

2Mzi − v(ψ)i

(5.52)

Compared to the previous error recursion (5.21), the noise terms in (5.52) consist

of three parts:
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• AT

2 (INM −MR′
i)v

(w)
i−1 is contributed by the noise introduced at the infor-

mation exchange step (5.28) before adaptation.

• AT

2Mzi is contributed by the noise introduced at the adaptation step (5.29).

• v(ψ)i is contributed by the noise introduced at the information-exchange step

(5.30) after adaptation.

5.2 Convergence in the Mean with a Bias

Given the weight error recursion (5.52), we are now ready to study the mean

convergence condition for the diffusion strategy (5.28) – (5.30) in the presence of

disturbances during information exchange under Assumption 5.1. Taking expec-

tations of both sides of (5.52), we get

Ew̃i = BEw̃i−1 −AT

2 (INM −MR′)Ev
(w)
i−1 −AT

2MEzi − Ev
(ψ)
i (5.53)

where

B , AT

2 (INM −MR′)AT

1 (5.54)

R′ , ER′
i = diag {R′

1, . . . , R
′
N} (5.55)

R′
k , ER′

k,i =
∑

ℓ∈Nk

cℓk

(
Ru,ℓ +R

(u)
v,ℓk

)
(5.56)

From (5.34) – (5.35) and (5.47) – (5.48), it can be verified that

Ev
(w)
i−1 = Ev

(ψ)
i = 0 (5.57)

whereas, from (5.44) and Assumption 5.1, we get

Ezk,i = E

[∑

ℓ∈Nk

cℓk

(
uℓ,i + v

(u)
ℓk,i

)∗ (
vℓ(i) + v

(d)
ℓk (i)− v

(u)
ℓk,iw

o
)]
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= −
(∑

ℓ∈Nk

cℓkR
(u)
v,ℓk

)
wo (5.58)

Let us define an NM × NM matrix R(u)
v,c that collects all covariance matrices

{R(u)
v,ℓk}, k, ℓ = 1, . . . , N , weighted by the corresponding combination coefficients

{cℓk}, such that its (k, ℓ)th M ×M submatrix is cℓkR
(u)
v,ℓk. Note that R

(u)
v,c itself is

not a covariance matrix because ckkR
(u)
v,kk = 0 for all k and, in general, cℓkR

(u)
v,ℓk 6=

ckℓR
(u)
v,kℓ when k 6= ℓ. Then, from (5.46) and (5.58), we arrive at

z , Ezi = −R(u)
v,c (1N ⊗ wo) (5.59)

Therefore, using (5.57) and (5.59), expression (5.53) becomes

Ew̃i = B Ew̃i−1 −AT

2Mz (5.60)

with a driving term due to the presence of z. This driving term would disappear

from (5.60) if there were no noise during the exchange of the regression data.

To guarantee convergence of (5.60), the coefficient matrix B must be stable, i.e.,

ρ(B) < 1. SinceAT

1 andAT

2 are right-stochastic matrices, it can be shown that the

matrix B is stable whenever INM −MR′ itself is stable (see Appendix 5.A). This

fact leads to an upper bound on the step-sizes {µk} to guarantee the convergence

of Ew̃i to a steady-state value, namely, we must have

µk <
2

λmax(R
′
k)

(5.61)

for k = 1, 2, . . . , N , where λmax(·) denotes the largest eigenvalue of its matrix ar-

gument. Note that the neighborhood covariance matrix R′
k in (5.56) is related to

the combination weights {cℓk}. If we further assume that C is doubly - stochastic,

i.e.,

C1N = 1N , CT
1N = 1N (5.62)
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then, by Jensen’s inequality [71],

λmax(R
′
k) = λmax

(∑

ℓ∈Nk

cℓk

(
Ru,ℓ +R

(u)
v,ℓk

))

≤
∑

ℓ∈Nk

cℓkλmax

(
Ru,ℓ +R

(u)
v,ℓk

)

≤ max
ℓ∈Nk

λmax

(
Ru,ℓ +R

(u)
v,ℓk

)
(5.63)

since (i) λmax(·) coincides with the induced 2-norm for any positive semi-definite

Hermitian matrix; (ii) matrix norms are convex functions of their arguments [115];

and (iii) by (5.62), {cℓk} are convex combination coefficients. Thus, we obtain a

sufficient condition for the convergence of (5.60) in lieu of (5.61):

µk <
2

maxℓ∈Nk
[λmax(Ru,ℓ +R

(u)
v,ℓk)]

(5.64)

for k = 1, 2, . . . , N , where the upper bound for the step-size µk becomes indepen-

dent of the combination weights {cℓk}. This bound can be determined solely from

knowledge of the covariances of the regression data and the associated noise sig-

nals that are accessible to node k. It is worth noting that for traditional diffusion

algorithms where information is perfectly exchanged, condition (5.64) reduces to

µk <
2

maxℓ∈Nk
[λmax(Ru,ℓ)]

(5.65)

for k = 1, 2, . . . , N . Comparing (5.64) with (5.65), we see that the link noise

v
(u)
ℓk,i over regression data reduces the dynamic range of the step-sizes for mean

stability. Now, under (5.61), and taking the limit of (5.60) as i → ∞, we find

that the mean error vector will converge to a steady-state value g:

g , lim
i→∞

Ew̃i = −(INM − B)−1AT

2Mz (5.66)
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5.3 Mean-Square Convergence Analysis

It is well-known that studying the mean-square convergence of a single adap-

tive filter is a challenging task, since adaptive filters are nonlinear, time-variant,

and stochastic systems. When a network of adaptive nodes is considered, the

complexity of the analysis is compounded because the nodes now influence each

other’s behavior. In order to make the performance analysis more tractable, we

rely on the energy conservation approach [46, 116], which was used successfully

in [5,6] to study the mean-square performance of diffusion strategies under perfect

information exchange conditions. That argument allows us to derive expressions

for the mean-square-deviation (MSD) and the excess-mean-square-error (EMSE)

of the network by analyzing how energy flows through the nodes.

From recursion (5.52) and under Assumption 5.1, we can obtain the following

weighted variance relation for the global error vector w̃i:

E‖w̃i‖2Σ = E‖w̃i−1‖2Σ′ + E‖AT

2Mzi‖2Σ
− 2Re{E[z∗iMA2ΣAT

2 (INM −MR′
i)AT

1 w̃i−1]}

+ E‖AT

2 (INM −MR′
i)v

(w)
i−1‖2Σ + E‖v(ψ)i ‖2Σ

(5.67)

where Σ is an arbitrary NM ×NM positive semi-definite Hermitian matrix that

we are free to choose. Moreover, the notation ‖x‖2Σ stands for the quadratic term

x∗Σx. The weighting matrix Σ′ in (5.67) can be expressed as

Σ′ = B∗ΣB +O(M2) (5.68)

where B is given by (5.54) and O(M2) denotes a term on the order of M2.

Evaluating the term O(M2) requires knowledge of higher-order statistics of the

regression data and link noises, which are not available under current assump-

tions. However, this term becomes negligible if we introduce a small step-size

assumption.

186



Assumption 5.2 (Small step-sizes). The step-sizes are sufficiently small, i.e.,

µk ≪ 1, such that terms depending on higher-order powers of the step-sizes can

be ignored.

Hence, in the sequel we use the approximation:

Σ′ ≈ B∗ΣB (5.69)

Observe that on the right-hand side (RHS) of relation (5.67), only the first and

third terms relate to the error vector w̃i−1. By Assumption 5.1, the error vector

w̃i−1 is independent of zi and R′
i. Thus, from (5.59), the third term on RHS of

(5.67) can be expressed as

Third term on RHS of (5.67)

= −2Re{E[z∗iMA2ΣAT

2 (INM −MR′
i)AT

1 ]Ew̃i−1}

= −2Re[z∗MA2ΣAT

2AT

1Ew̃i−1 +O(M2)] (5.70)

Since we already showed in the previous section that Ew̃i converges to a fixed bias

g, quantity (5.70) will converge to a fixed value as well when i → ∞. Moreover,

under Assumption 5.1, the second, fourth, and fifth terms on RHS of relation

(5.67) are all fixed values. Therefore, the convergence of relation (5.67) depends

on the behavior of the first term E‖w̃i−1‖2Σ′. Although the weighting matrix Σ′ of

w̃i−1 is different from the weighting matrix Σ of w̃i, it turns out that the entries

of these two matrices are approximately related by a linear equation shown ahead

in (5.72). Introduce the vector notation [46]:

σ = vec(Σ), σ′ = vec(Σ′) (5.71)

Then, by using the identity vec(ABC) = (CT⊗A)vec(B), it can be verified from

(5.69) that

σ′ ≈ Fσ (5.72)
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where the N2M2 ×N2M2 matrix F is given by

F , BT ⊗ B∗ (5.73)

and the term O(M2) is ignored due to Assumption 5.2. To guarantee mean-

square convergence of the algorithm, the step-sizes should be selected to ensure

that the matrix F is stable [46], i.e., ρ(F) < 1, which is equivalent to the earlier

condition ρ(B) < 1. Although more specific conditions for mean-square stability

can be determined without Assumption 5.2 [46], it is sufficient for our purposes

here to conclude that the diffusion strategy (5.28)–(5.30) is stable in the mean

and mean-square sense if the step-sizes {µk} satisfy (5.61) or (5.64) and are

sufficiently small.

5.4 Steady-State Performance Analysis

The conclusion so far is that sufficiently small step-sizes ensure convergence of the

diffusion strategy (5.28)–(5.30) in the mean and mean-square sense, even in the

presence of exchange noises over the communication links. Let us now determine

expressions for the error variances in steady-state. We start from the weighted

variance relation (5.67). It shows that the error variance E‖w̃i‖2Σ depends on the

mean error Ew̃i. We already determined the value of limi→∞ Ew̃i in (5.66).

5.4.1 Steady-State Variance Relation

We continue to use the vector notation (5.71) and proceed to evaluate all the

terms, except the first one, on RHS of (5.67) in the following. For the second

term, it can be expressed as

Second term on RHS of (5.67) = Tr(AT

2MRzMA2Σ)
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=
[
vec(AT

2MRzMA2)
]∗
σ (5.74)

where we used the identity Tr(WΣ) = [vec(W )]∗σ for any Hermitian matrix W ,

and Rz denotes the autocorrelation matrix of zi. It is shown in Appendix 5.B

that Rz is given by

Rz , E ziz
∗
i ≈ CTSC + T + zz∗ (5.75)

where C is defined in (5.22), z is in (5.59), and {S, T } are two NM×NM positive

semi-definite block diagonal matrices:

S , diag
{
σ2
v,1Ru,1, . . . , σ

2
v,NRu,N

}
(5.76)

T , diag {T1, . . . , TN} (5.77)

Tk ,
∑

ℓ∈Nk

c2ℓk

[(
σ2
v,ℓ + σ2

v,ℓk

)
R

(u)
v,ℓk +

(
σ2
v,ℓk + (wo)∗R

(u)
v,ℓkw

o
)
Ru,ℓ

]
(5.78)

From expression (5.70) and Assumption 5.2, the third term on RHS of (5.67) is

given by

Third term on RHS of (5.67)

≈ −z∗MA2ΣAT

2AT

1 (Ew̃i−1)− (Ew̃i−1)
∗A1A2ΣAT

2Mz

= −Tr
{[

AT

2AT

1 (Ew̃i−1)z
∗MA2 +AT

2Mz(Ew̃i−1)
∗A1A2

]
Σ
}

= −
[
vec
(
AT

2AT

1 (Ew̃i−1)z
∗MA2 +AT

2Mz(Ew̃i−1)
∗A1A2

)]∗
σ (5.79)

Likewise, the fourth term on RHS of (5.67) is approximated by

Fourth term on RHS of (5.67)

=
[
vec
(
E[AT

2 (INM −MR′
i)R(w)

v (INM −MR′
i)A2]

)]∗
σ

≈
[
vec
(
AT

2R(w)
v A2

)]∗
σ (5.80)

where the terms on the order of M and M2 are ignored due to Assumption 5.2,

and the fifth term on RHS of (5.67) is given by

Fifth term on RHS of (5.67) =
[
vec(R(ψ)

v )
]∗
σ (5.81)
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Let us introduce

Rv , AT

2R(w)
v A2 +R(ψ)

v +AT

2M(T + zz∗)MA2 (5.82)

Y , −AT

2AT

1 gz
∗MA2 = AT

2AT

1 (INM − B)−1AT

2Mzz∗MA2 (5.83)

At steady-state, as i → ∞, by (5.66) and (5.74) – (5.83), the weighted variance

relation (5.67) becomes

lim
i→∞

E‖w̃i‖2σ ≈ lim
i→∞

E‖w̃i−1‖2Fσ +
[
vec(AT

2MCTSCMA2 +Rv + Y + Y∗)
]∗
σ

(5.84)

where we are using the compact notation ‖x‖2σ to refer to ‖x‖2Σ — doing so allows

us to represent Σ′ by the more compact relation Fσ on RHS of (5.84); we shall

be using the weighting matrix Σ and its vector representation σ interchangeably

for ease of notation (likewise, for Σ′ and σ′). The steady-state weighted variance

relation (5.84) can be rewritten as

lim
i→∞

E‖w̃i‖2(IN2M2−F)σ ≈
[
vec(AT

2MCTSCMA2 +Rv + Y + Y∗)
]∗
σ (5.85)

where the term AT

2MCTSCMA2 is contributed by the model noise {vk(i)} while

the remaining terms {Rv,Y} are contributed by the link noises v
(w)
ℓk,i−1, v

(d)
ℓk (i),

v
(u)
ℓk,i, and v

(ψ)
ℓk,i. Recall that we are free to choose Σ and, hence, σ. Let (IN2M2 −

F)σ = vec(Ω), where Ω is another arbitrary positive semi-definite Hermitian

matrix. Then, we arrive at the following theorem.

Theorem 5.1 (Steady-state variance relation). Under Assumptions 5.1 and 5.2,

for any positive semi-definite Hermitian matrix Ω, the steady-state weighted error

variance relation of the diffusion strategy (5.28)–(5.30) is approximately given by

lim
i→∞

E‖w̃i‖2Ω ≈
[
vec(AT

2MCTSCMA2 +Rv + Y + Y∗)
]∗
(IN2M2 − F)−1vec(Ω)

(5.86)

where S is given in (5.76), Rv in (5.82), Y in (5.83), and F in (5.73).
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5.4.2 Network MSD and EMSE

Each subvector of w̃i corresponds to the estimation error at a particular node,

say, w̃k,i for node k. The network MSD is defined as [46]:

MSD , lim
i→∞

1

N

N∑

k=1

E‖w̃k,i‖2 (5.87)

Since we are free to choose Ω, we select it as Ω = INM/N . Then, expression

(5.86) gives

MSD ≈ 1

N

[
vec(AT

2MCTSCMA2 +Rv + Y + Y∗)
]∗
(IN2M2 − F)−1vec(INM)

(5.88)

Similarly, if we instead select Ω = Ru/N , where

Ru , diag {Ru,1, . . . , Ru,N} (5.89)

then expression (5.86) would allow us to evaluate the network EMSE as:

EMSE ≈ 1

N

[
vec(AT

2MCTSCMA2 +Rv + Y + Y∗)
]∗
(IN2M2 − F)−1vec(Ru)

(5.90)

where the network EMSE is defined as follows:

EMSE , lim
i→∞

1

N

N∑

k=1

E|uk,iw̃k,i−1|2

= lim
i→∞

1

N

N∑

k=1

E‖w̃k,i‖2Ru
(5.91)

5.4.3 Simplifications when Regression Data are not Shared

We showed in the earlier sections that the link noise over regression data biases

the weight estimators. In this section we examine how the results simplify when

there is no sharing of regression data among the nodes.
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Assumption 5.3 (No sharing of regression data). Nodes do not share regression

data within neighborhoods, i.e., assume C = IN .

By Assumptions 5.2 and 5.3, matrices {B,Rv,Y} in (5.54), (5.82), and (5.83)

become

B = AT

2 (INM −MRu)AT

1 (5.92)

Rv = AT

2R(w)
v A2 +R(ψ)

v (5.93)

Y = 0 (5.94)

where Ru is given in (5.89). Then, the network MSD and EMSE expressions

(5.88) and (5.90) simplify to:

MSD ≈ 1

N

[
vec(AT

2MSMA2 +Rv)
]∗
(IN2M2 −F)−1vec(INM) (5.95)

and

EMSE ≈ 1

N

[
vec(AT

2MSMA2 +Rv)
]∗
(IN2M2 − F)−1vec(Ru) (5.96)

5.4.4 Dependence of Performance on Combination Weights and Link

Noise

Recalling that Rv and F are related to the combination matrices {A1,A2}, or,
equivalently, {A1, A2}, results (5.95) and (5.96) express the network MSD and

EMSE in terms of {A1, A2}. However, it is generally difficult to use these expres-

sions to optimize over {A1, A2} to reduce the impact of link noise. Instead, by

substituting (5.73) into (5.95) and using the fact that F is stable, we can arrive

at another useful expression for the network MSD:

MSD ≈ 1

N

[
vec(AT

2MSMA2 +Rv)
]∗ ∞∑

j=0

F jvec(INM)
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=
1

N

[
vec(AT

2MSMA2 +Rv)
]∗ ∞∑

j=0

(BT ⊗ B∗)jvec(INM)

=
1

N

[
vec(AT

2MSMA2 +Rv)
]∗ ∞∑

j=0

vec(B∗jBj) (5.97)

That is,

MSD ≈ 1

N

∞∑

j=0

Tr
[
Bj(AT

2MSMA2 +Rv)B∗j
]

(5.98)

where B is given in (5.92). Similarly, the network EMSE can be expressed as

EMSE ≈ 1

N

∞∑

j=0

Tr
[
Bj(AT

2MSMA2 +Rv)B∗jRu

]
(5.99)

Expressions (5.98) and (5.99) reveal in an interesting way how the noise sources

originating from any particular node end up influencing the overall network per-

formance. Let us denote

Bi , AT

2 (INM −MR′
i)AT

1 (5.100)

θi , AT

2 (INM −MR′
i)v

(w)
i−1 +AT

2Mzi + v
(ψ)
i (5.101)

The error recursion (5.52) can be rewritten as

w̃i = Biw̃i−1 − θi = Φ0,iw̃−1 −
i∑

m=0

Φm+1,iθm (5.102)

where

Φm,i ,





BiBi−1 . . .Bm, i ≥ m

INM , i < m

(5.103)

Then,

E ‖w̃i‖2 = E ‖Φ0,iw̃−1‖2 + E

∥∥∥∥∥
i∑

m=0

Φm+1,iθm

∥∥∥∥∥

2

(5.104)

Under Assumption 5.3, {Bi, θi} in (5.100)–(5.101) can be simplified as

Bi = AT

2 (INM −MRi)AT

1 (5.105)
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θi = AT

2 (INM −MRi)v
(w)
i−1 +AT

2Msi + v
(ψ)
i (5.106)

where {Ri, si} are given in (5.15) and (5.16). By Assumption 5.1, {Bi, θi} are

temporally independent for different i and

EBi = B, Eθi = 0 (5.107)

where B is given by (5.92). As i→ ∞, the first term on RHS of (5.104) becomes

First term on RHS of (5.104) = lim
i→∞

Tr
{
E
[
Φ0,i(Ew̃−1w̃

∗
−1)Φ

∗
0,i

]}

(a)≈ lim
i→∞

Tr
[
(EΦ0,i) (Ew̃−1w̃

∗
−1) (EΦ0,i)

∗]

= lim
i→∞

Tr
[
Bi+1(E w̃−1w̃

∗
−1)B(i+1)∗

]

(b)
= 0 (5.108)

where (a) is obtained by approximating the expectation of the product by the

product of expectations and (b) is due to the stability of B. Therefore, the

steady-state value of (5.104) gives

lim
i→∞

E ‖w̃i‖2 = lim
i→∞

i∑

m=0

E ‖Φm+1,iθm‖2

≈ lim
i→∞

i∑

m=0

Tr [(EΦm+1,i) (Eθmθ
∗
m) (EΦm+1,i)

∗]

(a)≈ lim
i→∞

i∑

m=0

Tr
[
Bi−m(AT

2MSMA2 +Rv)B(i−m)∗
]

(b)
= lim

i→∞

i∑

j=0

Tr
[
Bj(AT

2MSMA2 +Rv)Bj∗
]

=

∞∑

j=0

Tr
[
Bj(AT

2MSMA2 +Rv)B∗j
]

(5.109)

where, by (5.93) and (5.106), (a) is due to

Eθmθ
∗
m = AT

2 (INM −MRu)R(w)
v (INM −MRu)A2 +AT

2MSMA2 +R(ψ)
v
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≈ AT

2MSMA2 +AT

2R(w)
v A2 +R(ψ)

v

= AT

2MSMA2 +Rv (5.110)

and (b) is simply a change of variable: j = i−m. Since the jth term of the sum-

mation in (5.98) or (5.109) is contributed by the term Eθi−jθ
∗
i−j, which consists

of all the noise sources at time i− j, expression (5.98) shows how various sources

of noises are involved and how they contribute to the MSD.

5.5 Optimizing the Combination Matrices

Before we optimize the combination matrices {A1, A2}, we first specialize the

MSD expression (5.98) and the EMSE expression (5.99) for the ATC and CTA

algorithms. For the ATC algorithm, we set A1 = IN and A2 = A, and for the

CTA algorithm, we set A1 = A and A2 = IN . Let us denote

A , A⊗ IM (5.111)

Batc , AT(INM −MRu) (5.112)

Bcta , (INM −MRu)AT (5.113)

Then, we get

MSDatc ≈
1

N

∞∑

j=0

Tr
[
Bjatc(ATMSMA+R(ψ)

v )B∗j
atc

]
(5.114)

EMSEatc ≈
1

N

∞∑

j=0

Tr
[
Bjatc(ATMSMA+R(ψ)

v )B∗j
atcRu

]
(5.115)

and

MSDcta ≈
1

N

∞∑

j=0

Tr
[
Bjcta(MSM+R(w)

v )B∗j
cta

]
(5.116)

EMSEcta ≈
1

N

∞∑

j=0

Tr
[
Bjcta(MSM+R(w)

v )B∗j
ctaRu

]
(5.117)
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5.5.1 An Upper Bound for MSD

Minimizing the MSD expression (5.114) or the EMSE expression (5.115) for the

ATC algorithm over left-stochastic matrices A is generally nontrivial. We pursue

an approximate solution that relies on optimizing an upper bound and performs

well in practice. Let us use ‖X‖∗ to denote the nuclear norm (also known as

the trace norm, or the Ky Fan n-norm) of matrix X [87], which is defined as

the sum of the singular values of X . Therefore, ‖X‖∗ = ‖X∗‖∗ for any X and

‖X‖∗ = Tr(X) when X is Hermitian and positive semi-definite. Let us also

denote ‖X‖b,∞ as the block maximum norm of matrix X (see Appendix 5.A).

Then,

Tr
[
Bjatc(ATMSMA+R(ψ)

v )B∗j
atc

]

=
∥∥∥Bjatc(ATMSMA+R(ψ)

v )B∗j
atc

∥∥∥
∗

≤ ‖Bjatc‖∗ · ‖ATMSMA+R(ψ)
v ‖∗ · ‖B∗j

atc‖∗

≤ c2 · ‖Bjatc‖2b,∞ · Tr(ATMSMA+R(ψ)
v )

≤ c2 · ‖Batc‖2jb,∞ · Tr(ATMSMA+R(ψ)
v )

≤ c2 · (‖A‖b,∞ · ‖INM −MRu‖b,∞)2jTr(ATMSMA+R(ψ)
v )

= c2 · ρ(INM −MRu)
2j · Tr(ATMSMA+R(ψ)

v ) (5.118)

where c is some positive scalar such that ‖X‖∗ ≤ c ‖X‖b,∞ because ‖X‖∗ and

‖X‖b,∞ are submultiplicative norms and all such norms are equivalent [115]. In

the last step of (5.118) we used Lemmas 5.2 and 5.3 from Appendix 5.A. Thus,

we can upper bound the network MSD (5.114) by

MSDatc ≤
1

N

∞∑

j=0

c2 · ρ(INM −MRu)
2jTr(ATMSMA+R(ψ)

v )

=
c2

N
· Tr(A

TMSMA+R(ψ)
v )

1− [ρ(INM −MRu)]2
(5.119)
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where the combination matrix A appears only in the numerator.

5.5.2 Minimizing the Upper Bound

The result (5.119) motivates us to consider instead the problem of minimizing

the upper bound, namely,

minimize
A

Tr(ATMSMA+R(ψ)
v )

subject to AT
1 = 1, aℓk ≥ 0, aℓk = 0 if ℓ /∈ Nk

(5.120)

Using (5.50), the cost function in (5.120) can be expressed as

Tr(ATMSMA+R(ψ)
v ) =

N∑

k=1

∑

ℓ∈Nk

a2ℓk

[
µ2
ℓσ

2
v,ℓTr(Ru,ℓ) + Tr(R

(ψ)
v,ℓk)

]
(5.121)

Problem (5.120) can therefore be decoupled into N separate optimization prob-

lems of the form:

minimize
{aℓk , ℓ∈Nk}

∑

ℓ∈Nk

a2ℓk

[
µ2
ℓσ

2
v,ℓTr(Ru,ℓ) + Tr(R

(ψ)
v,ℓk)

]

subject to
∑

ℓ∈Nk

aℓk = 1, aℓk ≥ 0, aℓk = 0 if ℓ /∈ Nk

(5.122)

for k = 1, . . . , N . With each node ℓ ∈ Nk, we associate the following nonnegative

variance product meansure:

γ2ℓk ,





µ2
kσ

2
v,kTr(Ru,k), ℓ = k

µ2
ℓσ

2
v,ℓTr(Ru,ℓ) + Tr(R

(ψ)
v,ℓk), ℓ ∈ Nk\{k}

(5.123)

This measure incorporates information about the link noise covariances {R(ψ)
v,ℓk}.

The solution of (5.122) is then given by

aℓk =





γ−2
ℓk∑

m∈Nk
γ−2
mk

, if ℓ ∈ Nk

0, otherwise

(5.124)
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We refer to this combination rule as the relative variance combination rule; it is an

extension of the rule devised in [117] to the case of noisy information exchanges.

In particular, the definition of the scalars {γ2ℓk} in (5.123) is different and now

depends on both subscripts ℓ and k.

Minimizing the EMSE expression (5.115) for the ATC algorithm over left-

stochastic matrices A can be pursued in a similar manner by noting that

Tr
[
Bjatc(ATMSMA+R(ψ)

v )B∗j
atcRu

]

≤ c2[ρ(INM −MRu)]
2j Tr(ATMSMA+R(ψ)

v ) Tr(Ru) (5.125)

Thus, minimizing the upper bound of the network EMSE leads to the same

solution (5.124). Using the same argument, we can also show that the same

result minimizes the upper bound of the network MSD or EMSE for the CTA

algorithm.

5.5.3 Adaptive Combination Rule

To apply the relative variance combination rule (5.124), each node k needs to

know the variance products, {γ2ℓk}, of their neighbors, which in general are not

available since they require knowledge of the quantities {σ2
v,ℓ,Tr(Ru,ℓ),Tr(R

(ψ)
v,ℓk)}.

Therefore, we now propose an adaptive combination rule, by using data that are

available to the individual nodes. For the ATC algorithm, we first note from

(5.24) and (5.29) that

E‖ψℓk,i −wℓ,i−1‖2 ≈ µ2
ℓσ

2
v,ℓTr(Ru,ℓ) + Tr(R

(ψ)
v,ℓk) = γ2ℓk (5.126)

for ℓ ∈ Nk\{k}. Since the algorithm converges in the mean and mean-square

senses under Assumption 5.2, all the estimates {wk,i} tend to wo as i → ∞.

This allows us to estimate γ2ℓk for node k by using instantaneous realizations of
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‖ψℓk,i −wk,i−1‖2, where we replace wℓ,i−1 by wk,i−1. Similarly, for node k itself,

we can use realizations of ‖ψk,i−wk,i−1‖2 to estimate γ2kk. To unify the notation,

we define ψkk,i , ψk,i. Let γ̂2
ℓk(i) denote an estimator for γ2ℓk that is computed

by node k at time i. Then, one way to evaluate γ̂2
ℓk(i) is through the recursion:

γ̂2
ℓk(i) = (1− νk)γ̂

2
ℓk(i− 1) + νk‖ψℓk,i −wk,i−1‖2 (5.127)

for ℓ ∈ Nk, where νk ∈ (0, 1) is a forgetting factor that is usually close to one. In

this way, we arrive at the adaptive combination rule:

aℓk(i) =





[γ̂2
ℓk(i)]

−1

∑
m∈Nk

[γ̂2
mk(i)]

−1
, if ℓ ∈ Nk

0, otherwise

(5.128)

5.6 Mean-Square Tracking Behavior

The diffusion strategy (5.5)–(5.7) is adaptive in nature. One of the main bene-

fits of adaptation (by using constant step-sizes) is that it endows networks with

tracking abilities when the underlying weight vector wo varies with time. In this

section we analyze how well an adaptive network is able to track variations in

wo. To do so, we adopt a random-walk model for wo that is commonly used in

the literature to describe the non-stationarity of the weight vector [46].

Assumption 5.4 (Random - walk model). The weight vector wo changes ac-

cording to the model:

wo
i = w

o
i−1 + ηi (5.129)

where {wo
i } has a constant mean wo for all i, {ηi} is an i.i.d. random sequence

with zero mean and covariance matrix Rη; the sequence {ηi} is independent of

the initial conditions {wo
−1,wk,−1} and of all regression data and noise signals

across the network for all time instants.
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We now define the error vector at node k as

w̃k,i , w
o
i −wk,i (5.130)

so that the global error recursion (5.52) for the network is replaced by

w̃i = AT

2 (INM −MR′
i)AT

1 w̃i−1 +AT

2 (INM −MR′
i)AT

1 ζi

−AT

2 (INM −MR′
i)v

(w)
i−1 −AT

2Mzi − v(ψ)i (5.131)

where the NM × 1 vector ζi is defined as

ζi , col {ηi, . . . ,ηi} = 1N ⊗ ηi (5.132)

5.6.1 Convergence Conditions

By Assumptions 5.1 and 5.4, it can be verified that the condition for mean con-

vergence continues to be ρ (B) < 1, where B is defined in (5.54). In addition,

it can also be verified that the error recursion (5.131) converges in the mean

sense to the same non - zero bias vector g as in (5.66). From (5.131) and under

Assumption 5.2, we can derive the weighted variance relation:

E‖w̃i‖2σ ≈ E‖w̃i−1‖2Fσ + E‖AT

2 (INM −MR′
i)AT

1 ζi‖2σ
− 2Re{E[z∗iMA2ΣAT

2 (INM −MR′
i)AT

1 w̃i−1]}

+ E‖AT

2 (INM −MR′
i)v

(w)
i−1‖2σ + E‖AT

2Mzi‖2σ + E‖v(ψ)i ‖2σ (5.133)

where F is given in (5.73). If the step-sizes are sufficiently small, then we can

assume that the network continues to be mean-square stable.
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5.6.2 Steady-State Performance

The steady-state performance is affected by the non-stationarity of wo. From

Assumption 5.2, at steady-state, expression (5.133) becomes

lim
i→∞

E‖w̃i‖2Ω ≈
[
vec(AT

2MCTSCMA2 +AT

2AT

1RζA1A2 +Rv + Y + Y∗)
]∗

× (IN2M2 −F)−1vec(Ω) (5.134)

where S is given in (5.76), Rv in (5.82), Y in (5.83), F in (5.73), and Rζ is the

covariance matrix of ζi:

Rζ , Eζiζ
∗
i = (1N1

T

N)⊗Rη (5.135)

By (5.8), (5.22), and (5.135), we get

AT

2AT

1RζA1A2 = (AT

2A
T

11N1
T

NA1A2)⊗Rη

= (1N1
T

N)⊗ Rη

= Rζ (5.136)

Then, following the same argument that led to (5.88), we find that the network

MSD is now given by:

MSDtrack ≈
1

N
[vec(AT

2MCTSCMA2 +Rζ +Rv + Y + Y∗)]∗

× (IN2M2 − F)−1vec(INM)

(5.137)

Similarly, the network EMSE is given by:

EMSEtrack ≈
1

N
[vec(AT

2MCTSCMA2 +Rζ +Rv + Y + Y∗)]∗

× (IN2M2 − F)−1vec(Ru)

(5.138)

where Ru is defined in (5.89). Observe that the main difference relative to (5.88)

and (5.90) is the addition of the term Rζ . Therefore, all the results that were
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derived in the earlier section, such as (5.95) and (5.96), continue to hold by adding

Rζ . In particular, if Assumptions 5.2 and 5.3 are adopted, expressions (5.137)

and (5.138) can be approximated as

MSDtrack ≈
1

N

[
vec
(
AT

2MSMA2+Rζ+Rv

)]∗
(IN2M2−F)−1vec(INM)

(5.139)

and

EMSEtrack ≈
1

N

[
vec
(
AT

2MSMA2+Rζ+Rv

)]∗
(IN2M2−F)−1vec(Ru)

(5.140)

where Rv is now given in (5.93).

5.7 Simulation Results

We simulate two scenarios: noisy information exchanges and non-stationary en-

vironments. We consider a connected network with N = 20 nodes. The network

topology is shown in Fig. 5.1.

5.7.1 Imperfect Information Exchange

The unknown complex parameter wo of length M = 2 is randomly generated; its

value is [0.3750+ j2.0834, 0.7174+ j1.4123]. We adopt uniform step-sizes, {µk =
0.01}, and uniformly white Gaussian regression data with covariance matrices

{Ru,k = σ2
u,kIM}, where {σ2

u,k} are shown in Fig. 5.2a. The variances of the

model noises, {σ2
v,k}, are randomly generated and shown in Fig. 5.2b. We also use

white Gaussian link noise signals such that R
(w)
v,ℓk = σ2

w,ℓkIM , R
(u)
v,ℓk = σ2

u,ℓkIM , and

R
(ψ)
v,ℓk = σ2

ψ,ℓkIM . All link noise variances, {σ2
w,ℓk, σ

2
v,ℓk, σ

2
u,ℓk, σ

2
ψ,ℓk}, are randomly

generated and illustrated in Fig. 5.3 from top to bottom. We assign the link

number by the following procedure. We denote the link from node ℓ to node k

202



Figure 5.1: A network topology with N = 20 nodes.

as ℓl,k, where l 6= k. Then, we collect the links {ℓl,k, ℓ ∈ Nk\{k}} in an ascending

order of ℓ in the list Lk (which is a set with ordered elements) for each node k.

For example, for node k = 2 in Fig. 5.1, it has 6 links; the ordered links are

then collected in L2 , {ℓ5,2, ℓ6,2, ℓ7,2, ℓ13,2, ℓ15,2, ℓ20,2}. We concatenate {Lk} in an

ascending order of k to get the overall list L , {L1,L2, . . . ,LN}. Eventually, the
mth link in the network is given by the mth element in the list L.

We examine the simplified CTA and ATC algorithms in (5.3) and (5.4),

namely, no sharing of data among nodes (i.e., C = IN), under various combi-

nation rules: (i) the relative variance rule in (5.124), (ii) the Metropolis rule

in [106]: 



aℓk =
1

max{|Nk|, |Nl|}
, ℓ ∈ Nk\{k}

aℓk = 1−
∑

ℓ∈Nk\{k}

aℓk, ℓ = k

aℓk = 0, ℓ /∈ Nk

(5.141)

where |Nk| denotes the degree of node k (including the node itself), (iii) the
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(a) The variance profile of regression data.

(b) The variance profile of measurement noises.

Figure 5.2: The variance profiles for regression data and measurement noises.

uniform weighting rule: 



aℓk =
1

|Nk|
, ℓ ∈ Nk

aℓk = 0, ℓ /∈ Nk

(5.142)

and (iv) the adaptive rule in (5.128) with {νk = 0.05}. We plot the network

MSD and EMSE learning curves for ATC algorithms in Figs. 5.4a and 5.4c by

averaging over 50 experiments. For CTA algorithms, we plot their network MSD

and EMSE learning curves in Figs. 5.4b and 5.4d also by averaging over 50

experiments. Moreover, we also plot their theoretical results (5.95) and (5.96)

in the same figures. From Fig. 5.4 we see that the relative variance rule makes

diffusion algorithms achieve the lowest MSD and EMSE levels at steady-state,

compared to the metropolis and uniform rules as well as the algorithm from [47]
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Figure 5.3: The variance profiles for various sources of link noises, including

{σ2
w,ℓk, σ

2
v,ℓk, σ

2
u,ℓk, σ

2
ψ,ℓk}.

(which also requires knowledge of the noise variances). In addition, the adaptive

rule attains MSD and EMSE levels that are only slightly larger than those of

the relative variance rule, although, as expected, it converges slower due to the

additional learning step (5.127).

5.7.2 Non-stationary Scenario

The value for each entry of the complex parameter woi = col{woi,1, woi,2} is assumed

to be changing over time along a circular trajectory in the complex plane, as

shown in Fig. 5.5. The dynamic model for woi is expressed as woi,m = ejωwoi−1,m,

where m = 1, 2, ω = 2π/6000, and wo−1 = col{1 + j,−1 − j}. The covariance

matrices {Ru,k} are randomly generated such that Ru,k 6= Ru,ℓ when k 6= ℓ, but
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(a) Network MSD curves for ATC algo-

rithms

(b) Network MSD curves for CTA algo-

rithms

(c) Network EMSE curves for ATC algo-

rithms

(d) Network EMSE curves for CTA algo-

rithms

Figure 5.4: Simulated network MSD and EMSE curves and theoretical results

(5.95) and (5.96) for diffusion algorithms with various combination rules under

noisy information exchange.
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their traces are normalized to be one, i.e., Tr(Ru,k) = 1, for all nodes. The

variances for the model noises, {σ2
v,k}, are also randomly generated. We examine

two different scenarios: the low noise-level case where the average noise variance

across the network is −5 dB and the noise variances are shown in Fig. 5.6a; and

the high noise-level case where the average variance is 25 dB and the variances are

shown in Fig. 5.6b. We simulate 3000 iterations and average over 20 experiments

in Figs. 5.5a and 5.5b for each case. The step-size is 0.01 and uniform across the

network. For simplicity, we adopt the simplified ATC algorithm where C = IN ,

and only use the uniform weighting rule (5.142). The tracking behavior of the

network, denoted as w̄i = col{w̄i,1, w̄i,2}, is obtained by averaging over all the

estimates, {wk,i}, across the network. Figs. 5.5a and 5.5b depict the complex

plane; the horizontal axis is the real axis and the vertical axis is the imaginary

axis. Therefore, for every time i, each entry of woi or w̄i represents a point in

the plane. When i is increasing, woi,1 moves along the red trajectory (in ◦), woi,2
along the blue trajectory (in �), w̄i,1 along the green trajectory (in +), and

w̄i,2 along the magenta trajectory (in ×). From Fig. 5.5, it can be seen that

diffusion algorithms exhibit the tracking ability in both high and low noise-level

environments.

5.8 Conclusions

In this chapter we investigated the performance of diffusion algorithms under

several sources of noise during information exchange and under non-stationary

environments. We first showed that, on one hand, the link noise over the re-

gression data biases the estimators and deteriorates the conditions for mean and

mean-square convergence. On the other hand, diffusion strategies can still stabi-

lize the mean and mean-square convergence of the network with noisy information
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(a) The low noise-level case.

(b) The high noise-level case.

Figure 5.5: An adaptive network tracking a parameter vector wo ∈ C2.
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(a) The variance profile for low noise-level.

(b) The variance profile for high noise-level.

Figure 5.6: The noise variance profiles for two cases.

exchange. We derived analytic expressions for the network MSD and EMSE and

used these expressions to motivate the choice of combination weights that help

ameliorate the effect of information-exchange noise and improve network perfor-

mance. We also extended the results to the non-stationary scenario where the

unknown parameter wo is changing over time. Simulation results illustrate the

theoretical findings and how well they match with theory.

5.A Stability of AT

2 (INM −MR′)AT

1

Following [108], we first define the block maximum norm of a vector.
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Definition 5.1 (Block Maximum Norm). Given a vector x = col{x1, . . . , xN} ∈
CMN consisting of N blocks {xk ∈ CM , k = 1, . . . , N}, the block maximum norm

is the real function ‖ · ‖b,∞ : CMN → R, defined as

‖x‖b,∞ , max
1≤k≤N

‖xk‖2 (5.143)

where ‖ · ‖2 denotes the standard 2-norm on CM .

Similarly, we define the matrix norm that is induced by the block maximum

norm as follows:

Definition 5.2 (Block Maximum Matrix Norm). Given a block matrix A ∈
CMN×MN with block size M ×M , then

‖A‖b,∞ , max
x∈CMN\{0}

‖Ax‖b,∞
‖x‖b,∞

(5.144)

denotes the induced block maximum (matrix) norm on CMN×MN .

Lemma 5.1. The block maximum matrix norm is block unitary invariant, i.e.,

given a block diagonal unitary matrix U , diag{U1, . . . , UN} ∈ CMN×MN consist-

ing of N unitary blocks {Uk ∈ CM×M , k = 1, . . . , N}, where UkU∗
k = U∗

kUk = IM ,

for any matrix A ∈ CMN×MN , then

‖A‖b,∞ = ‖ UAU∗‖b,∞ (5.145)

where ‖ · ‖b,∞ denotes the block maximum matrix norm on CMN×MN with block

size M ×M .

Lemma 5.2. Let A ∈ CN×N be a right-stochastic matrix. Then, for block size

M ×M ,

‖A⊗ IM‖b,∞ = 1 (5.146)
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Proof. From Definition 5.2, we get

‖A⊗ IM‖b,∞ = max
x∈CMN\{0}

maxl ‖
∑N

k=1[A]ℓkxk‖2
maxk ‖xk‖2

≤ max
x∈CMN\{0}

maxl
∑N

k=1[A]ℓk‖xk‖2
maxk ‖xk‖2

≤ max
x∈CMN\{0}

maxl(
∑N

k=1[A]ℓk) ·maxk ‖xk‖2
maxk ‖xk‖2

≤ max
x∈CMN\{0}

maxl 1 ·maxk ‖xk‖2
maxk ‖xk‖2

= 1 (5.147)

where x , col{x1, . . . , xN} ∈ CMN consists of N blocks {xk ∈ CM , k = 1, . . . , N},
and [A]ℓk denotes the (ℓ, k)-th entry of A. On the other hand, for any induced

matrix norm, say, the block maximum norm, it is always lower bounded by the

spectral radius of the matrix [115]:

‖A⊗ IM‖b,∞ ≥ ρ(A⊗ IM) = ρ(A) = 1 (5.148)

Combining (5.147) and (5.148) completes the proof.

Lemma 5.3. Let A ∈ CNM×NM be a block diagonal Hermitian matrix with block

size M × M . Then the block maximum norm of the matrix A is equal to its

spectral radius, i.e.,

‖A‖b,∞ = ρ(A) (5.149)

Proof. Denote the kth M ×M submatrix on the diagonal of A by Ak. Let Ak =

UkΛkU
∗
k be the eigen - decomposition of Ak, where Uk ∈ CM×M is unitary and

Λk ∈ RM×M is diagonal. Define the block unitary matrix U , diag{U1, . . . , UN}
and the diagonal matrix Λ , diag{Λ1, . . . ,ΛN}. Then, A = UΛU∗. By Lemma

5.1, the block maximum norm of A with block size M ×M is

‖A‖b,∞ = ‖UΛU∗‖b,∞
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= ‖Λ‖b,∞

= max
x∈CMN\{0}

maxk ‖Λkxk‖2
maxk ‖xk‖2

≤ max
x∈CMN\{0}

maxk ‖Λk‖2 · ‖xk‖2
maxk ‖xk‖2

≤ max
x∈CMN\{0}

maxk ‖Λk‖2 ·maxk ‖xk‖2
maxk ‖xk‖2

= max
k

‖Λk‖2

= ρ(A) (5.150)

where we used the fact that the induced 2-norm is identical to the spectral radius

for Hermitian matrices [115]. On the other hand, any matrix norm is lower

bounded by the spectral radius [115], i.e.,

ρ(A) ≤ ‖A‖b,∞ (5.151)

Combining (5.150) and (5.151) completes the proof.

Now we show that the matrix AT

2 (INM −MR′)AT

1 is stable if INM −MR′ is

stable. For any induced matrix norm, say, the block maximum norm with block

size M ×M , we have [115]

ρ
(
AT

2 (INM −MR′)AT

1

)
≤ ‖AT

2 (INM −MR′)AT

1 ‖b,∞

≤ ‖AT

2 ‖b,∞ · ‖INM −MR′‖b,∞ · ‖AT

1 ‖b,∞

= ‖INM −MR′‖b,∞ (5.152)

where, from (5.8) and (5.22), AT

1 and AT

2 satisfy Lemma 5.2. By (5.17) and

(5.55), it is straightforward to see that INM −MR′ is block diagonal with block

size M ×M . Then, by Lemma 5.3, expression (5.152) can be further expressed

as

ρ
(
AT

2 (INM −MR′)AT

1

)
≤ ρ(INM −MR′) (5.153)
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which completes the proof.1

5.B Proof of expression (5.75)

Let us denote the (ℓ, k)th submatrix of Rz by Rz,ℓk ∈ CM×M . By Assumptions

5.1 and expression (5.44), Rz,ℓk can be evaluated as

Rz,ℓk = E zl,iz
∗
k,i =

∑

m∈Nℓ

∑

n∈Nk

cmℓcnk E
(
u∗
mℓ,ivmℓ(i)v

∗
nk(i)unk,i

)
︸ ︷︷ ︸

, Rmℓ,nk

(5.154)

where, by expressions (5.26) and (5.38),

Rmℓ,nk = E

(
um,i + v

(u)
mℓ,i

)∗ (
vm(i) + v

(d)
mℓ(i)− v

(u)
mℓ,iw

o
)

×
(
vn(i) + v

(d)
nk (i)− v

(u)
nk,iw

o
)∗ (

un,i + v
(u)
nk,i

)
(5.155)

When m 6= n, expression (5.155) reduces to

Rmℓ,nk = R
(u)
v,mℓw

o(wo)∗R
(u)
v,nk (5.156)

When m = n, expression (5.155) becomes

Rmℓ,nk = E

(
vm(i) + v

(d)
mℓ(i)− v

(u)
mℓ,iw

o
)(
vm(i) + v

(d)
mk(i)− v

(u)
mk,iw

o
)∗

×
(
um,i + v

(u)
mℓ,i

)∗ (
um,i + v

(u)
mk,i

)

= E

(
vm(i)+v

(d)
mℓ(i)

)(
vm(i)+v

(d)
mk(i)

)∗
E

(
um,i+v

(u)
mℓ,i

)∗ (
um,i+v

(u)
mk,i

)

+ Ev
(u)
mℓ,iw

o(wo)∗v
(u)∗
mk,i

(
um,i + v

(u)
mℓ,i

)∗ (
um,i + v

(u)
mk,i

)

=
(
σ2
v,m + δℓkσ

2
v,mℓ

) (
Ru,m + δℓkR

(u)
v,mℓ

)

+ δℓk(w
o)∗R

(u)
v,mℓw

oRu,m +R
(u)
v,mℓw

o(wo)∗R
(u)
v,mk

1This statement fixes the argument about block diagonal matrices X and M in Appendix I
of [6] and Lemma 2 of [118], where the ‖ · ‖ρ norm used in these references should be replaced
by the ‖ · ‖b,∞ norm used here.
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+ δℓk

(
Ev

(u)∗
mℓ,iv

(u)
mℓ,iw

o(wo)∗v
(u)∗
mℓ,iv

(u)
mℓ,i − R

(u)
v,mℓw

o(wo)∗R
(u)
v,mℓ

)
(5.157)

where δℓk denotes the Kronecker delta function. Evaluating the last term on RHS

of (5.157) requires knowledge of the excess kurtosis of v
(u)
mℓ,i, which is generally not

available. In order to proceed, we invoke a separation principle to approximate

it as

Ev
(u)∗
mℓ,iv

(u)
mℓ,iw

o(wo)∗v
(u)∗
mℓ,iv

(u)
mℓ,i ≈ R

(u)
v,mℓw

o(wo)∗R
(u)
v,mℓ (5.158)

Substituting (5.158) into (5.157) leads to

Rmℓ,nk ≈
(
σ2
v,m + δℓkσ

2
v,mℓ

) (
Ru,m + δℓkR

(u)
v,mℓ

)

+ δℓk

(
(wo)∗R

(u)
v,mℓw

o
)
Ru,m +R

(u)
v,mℓw

o(wo)∗R
(u)
v,mk

= σ2
v,mRu,m +R

(u)
v,mℓw

o(wo)∗R
(u)
v,mk

+ δℓk

[
(σ2

v,mℓ + (wo)∗R
(u)
v,mℓw

o)Ru,m + (σ2
v,m + σ2

v,mℓ)R
(u)
v,mℓ

]
(5.159)

From (5.156) and (5.159), we get

Rmℓ,nk ≈ R
(u)
v,mℓw

o(wo)∗R
(u)
v,mk + δmnσ

2
v,mRu,m

+ δmnδℓk

[
(σ2

v,mℓ + (wo)∗R
(u)
v,mℓw

o)Ru,m + (σ2
v,m + σ2

v,mℓ)R
(u)
v,mℓ

]
(5.160)

Substituting (5.160) into (5.154), we obtain

Rz,ℓk ≈
(∑

m∈Nℓ

cmℓR
(u)
v,mℓw

o

)(∑

n∈Nk

cnkR
(u)
v,mkw

o

)∗

+
∑

m∈Nℓ

∑

n∈Nk

cmℓcnkδmnσ
2
v,mRu,m

+ δℓk
∑

m∈Nℓ

c2mℓ

[
(σ2

v,mℓ+(wo)∗R
(u)
v,mℓw

o)Ru,m+(σ2
v,m+σ

2
v,mℓ)R

(u)
v,mℓ

]
(5.161)

From (5.58)–(5.59) and (5.76)–(5.78), we arrive at expression (5.75).
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CHAPTER 6

Distributed Clustering and Learning Over

Networks

In this chapter, we consider the situation where agents belong to different groups

that pursue different objectives. Distributed processing over networks relies on

in-network processing and cooperation among neighboring agents. Cooperation

is beneficial when agents share a common objective. However, in many appli-

cations agents may belong to different clusters that pursue different objectives.

Then, indiscriminate cooperation will lead to undesired results. In this chap-

ter, we propose an adaptive clustering and learning scheme that allows agents

to learn which neighbors they should cooperate with and which other neighbors

they should ignore. In doing so, the resulting algorithm enables the agents to

identify their clusters and to attain improved learning and estimation accuracy

over networks. We carry out a detailed mean-square analysis and assess the error

probabilities of Types I and II, i.e., false alarm and mis-detection, for the cluster-

ing mechanism. Among other results, we establish that these probabilities decay

exponentially with the step-sizes so that the probability of correct clustering can

be made arbitrarily close to one. The results in this chapter are based on material

from [119].
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6.1 Models and Assumptions

The clustered distributed learning problem was formulated in (1.36) in Chapter

1. The concepts of clusters and groups were also introduced in Definitions 1.1 and

1.2 in the same Chapter. To facilitate the performance analysis, we summarize

the main conditions on the network topology in the following statement.

Assumption 6.1 (Topology, clusters, and groups).

1. The network consists of Q clusters, {Cq; q = 1, 2, . . . , Q}. The size of cluster
Cq is denoted by N c

q such that |Cq| = N c
q and

∑Q
q=1N

c
q = N .

2. The underlying topology for each cluster Cq is connected. Clusters are also

inter-connected by some links so that agents from different clusters may still

be neighbors of each other.

3. There is a total of G groups, denoted by {Gm;m = 1, 2, . . . , G}, in the

network. The size of group Gm is denoted by Ng
m such that |Gm| = Ng

m and
∑G

m=1N
g
m = N .

It is obvious that Q ≤ G ≤ N because each cluster has at least one group and

each group has at least one agent.

Definition 6.1 (Indexing rule). Without loss of generality, we index groups ac-

cording to their cluster indexes such that groups from the same cluster will have

consecutive indexes. Likewise, we index agents according to their group indexes

such that agents from the same group will have consecutive indexes.

According to this indexing rule, if group Gm belongs to cluster Cq, then the

next group Gm+1 will belong either to cluster Cq or the next cluster, Cq+1; if agent

216



k belongs to group Gm, then the next agent k + 1 will belong either to group Gm
or the next group, Gm+1.

Based on the problem formulation in Section 1.4 from Chapter 1, although

agents in the same cluster are connected, they are generally not aware of each

other’s cluster information, and therefore some agents in the same cluster may

not cooperate in the initial stage of adaptation. On the other hand, agents in

the same group are aware of each other’s cluster information, so these agents can

cooperate. As the learning process proceeds, agents from different groups in the

same cluster will recognize each other through information sharing. Once cluster

information is inferred, small groups will merge into larger groups, and agents

will start cooperating with more neighbors. Through this adaptive clustering

procedure, cooperative learning will grow until all agents within the same cluster

become cooperative and the network performance is enhanced.

To proceed with the modeling assumptions, we introduce the following net-

work Hessian matrix function:

∇2J(W) , diag{∇2J1(w1), . . . ,∇2JN(wN)} (6.1)

where the vector W collects the parameters from across the network:

W , col{w1, . . . , wN} ∈ RNM×1 (6.2)

We also collect the individual minimizers into a vector:

W
o , col{wo1, . . . , woN} = col{1Nc

q
⊗ w⋆q ; q = 1, . . . , Q} (6.3)

where the second equality is due to the indexing rule in Definition 6.1. We next

list two standard assumptions for stochastic distributed learning over adaptive

networks to guide the subsequent analysis in this work. One assumption relates to

the analytical properties of the cost functions, and is meant to ensure well-defined
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minima and well-posed problems. The second assumption relates to stochastic

properties of the gradient noise processes that result from approximating the true

gradient vectors. This assumption is meant to ensure that the gradient approx-

imations are unbiased and with moments satisfying some regularity conditions.

Explanations and motivation for these assumptions in the context of inference

problems can be found in [8, 66, 72].

Assumption 6.2 (Cost functions).

1. Each individual cost Jk(w) is assumed to be strictly convex, twice differen-

tiable, and with bounded Hessian matrix function satisfying:

λk,LIM ≤ ∇2Jk(w) ≤ λk,UIM (6.4)

where 0 ≤ λk,L ≤ λk,U <∞.

2. In each group Gm, at least one individual cost, say, Jko(w), is strongly-

convex, meaning that the lower bound, λko,L, on the Hessian of this cost is

positive.

3. The network Hessian function ∇2J(W) in (6.1) satisfies the Lipschitz con-

dition:

‖∇2J(W1)−∇2J(W2)‖ ≤ κH‖W1 − W2‖ (6.5)

for any W1,W2 ∈ RNM×1 and some κH ≥ 0.

The second set of assumptions relate to conditions on the gradient noise pro-

cesses. For this purpose, we introduce the filtration {Fi; i ≥ 0} to represent the

information flow that is available up to the i-th iteration of the learning pro-

cess. The true network gradient function and its stochastic approximation are

respectively denoted by

∇J(W) , col{∇J1(w1), . . . ,∇JN(wN)} (6.6)
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∇̂J(W) , col{∇̂J1(w1), . . . , ∇̂JN(wN)} (6.7)

The gradient noise at iteration i and agent k is denoted by:

sk,i(wk,i−1) , ∇̂Jk(wk,i−1)−∇Jk(wk,i−1) (6.8)

where wk,i−1 denotes the estimate for wok that is available to agent k at iteration

i−1. The network gradient noise is denoted by Si(Wi−1) and is the random process

that is obtained by aggregating all noise processes from across the network into

a vector:

Si(Wi−1) , col{s1,i(w1,i−1), . . . , sN,i(wN,i−1)} (6.9)

Using (6.8), we can write

∇̂J(Wi−1) = ∇J(Wi−1) + Si(Wi−1) (6.10)

We denote the conditional covariance of Si(Wi−1) by

Rs,i(Wi−1) , E[Si(Wi−1)S
T

i (Wi−1)|Fi−1] (6.11)

where Wi−1 is in Fi−1.

Assumption 6.3 (Gradient noise). It is assumed that the gradient noise process

satisfies the following properties for any Wi−1 in Fi−1:

1. Martingale difference [66,120]:

E[Si(Wi−1)|Fi−1] = 0 (6.12)

2. Bounded fourth-order moment [66–68]:

E[‖Si(Wi−1)‖4|Fi−1] ≤ α2‖Wo − Wi−1‖4 + σ4
s (6.13)

for some α, σs ≥ 0, and where W
o is from (6.3).
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3. Lipschitz conditional covariance function [66–68]:

‖Rs,i(W
o)−Rs,i(Wi−1)‖ ≤ κs‖Wo − Wi−1‖γs (6.14)

for some κs ≥ 0 and 0 < γs ≤ 4.

4. Convergent conditional covariance matrix [66–68,120]:

Rs , lim
i→∞

Rs,i(W
o) > 0 (6.15)

where Rs is symmetric and positive definite.

It is easy to verify from (6.13) that the second-order moment of the gradient

noise process also satisfies:

E[‖Si(Wi−1)‖2|Fi−1] ≤ α‖Wo − Wi−1‖2 + σ2
s (6.16)

6.2 Proposed Algorithm and Main Results

In order to minimize all cluster cost functions {Jcluster
q (w); q = 1, 2, . . . , Q} defined

by (1.37) in Chapter 1, agents need to cooperate only within their clusters. Al-

though cluster information is in general not available beforehand, groups within

each cluster are available according to Assumption 6.1. Therefore, based on this

prior information, agents can instead focus on solving the following problem based

on partitioning by groups rather than by clusters:

minimize
{wm}Gm=1

J ′(w1, . . . , wG) ,
G∑

m=1

∑

k∈Gm

Jk(wm) (6.17)

with one parameter vector wm for each group Gm. In the extreme case when prior

clustering information is totally absent, groups will collapse into singletons and

problem (6.17) will reduce to the individual non-cooperative case with each agent
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running its own stochastic-gradient algorithm to minimize its cost function. In

another extreme case when cluster information is completely available, groups

will be equivalent to clusters and problem (6.17) will reduce to the formation in

(1.36) from Chapter 1. Therefore, problem (6.17) is general and includes many

scenarios of interest as special cases. We shall argue in the sequel that during the

process of solving (6.17), agents will be able to gradually learn their neighbors’

clustering information. This information will be exploited by a separate learning

procedure by each group to dynamically involve more neighbors (from outside the

group) in local cooperation. In this way, we will be able to establish analytically

that, with high probability, agents will be able to successfully solve problem (1.36)

from Chapter 1 (and not just (6.17)) even without having the complete clustering

information in advance.

We motivate the algorithm by examining problem (6.17). Since the groups

{Gm} are already formed and they are disjoint, problem (6.17) can be decomposed

into G separate optimization problems, one for each group:

minimize
w

Jgm(w) ,
∑

k∈Gm

Jk(w) (6.18)

with m = 1, 2, . . . , G. For any agent k belonging to group Gm in cluster Cq, i.e.,
k ∈ Gm ⊆ Cq, it is easy to verify that

{k} ⊆ Nk ∩ Gm ⊆ Nk ∩ Cq = N+
k (6.19)

Then, agents in group Gm can seek the solution of Jgm(w) in (6.18) by using the

adapt-then-combine (ATC) diffusion learning strategy over Gm, namely,

ψk,i = wk,i−1 − µk∇̂Jk(wk,i−1) (6.20a)

wk,i =
∑

ℓ∈Nk∩Gm

aℓkψℓ,i (6.20b)
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for all k ∈ Gm, where µk > 0 denotes the step-size parameter, and {aℓk} are

convex combination coefficients that satisfy




aℓk > 0 if ℓ ∈ Nk ∩ Gm

aℓk = 0 otherwise
, and

N∑

ℓ=1

aℓk = 1 (6.21)

Moreover, wk,i denotes the random estimate computed by agent k at iteration

i, and ψk,i is the intermediate iterate. We collect the coefficients {aℓk} into a

matrix A , [aℓk]
N
ℓ,k=1. Obviously, A is a left-stochastic matrix, namely,

AT
1N = 1N (6.22)

We collect the iterates generated from (6.20a)–(6.20b) by group Gm into a vector:

Wm,i , col{wk,i; k ∈ Gm} ∈ RNg
mM×1 (6.23)

where Ng
m is the size of Gm. According to the indexing rule from Definition 6.1

for agents and groups, the estimate for the entire network from (6.20a)–(6.20b)

can be obtained by stacking the group estimates {Wm,i}:

Wi , col{w1,i, . . . ,wN,i} = col{W1,i, . . . ,WG,i} (6.24)

The procedure used by the agents to enlarge their groups will be based on the

following results to be established in later sections. We will show in Theorem 6.3

that after sufficient iterations, i.e., as i→ ∞, and for small enough step-sizes, i.e.,

µk ≪ 1 for all k, the network estimate Wi defined by (6.24) exhibits a distribution

that is nearly Gaussian:

Wi ∼ N(Wo, µmaxΠ) (6.25)

where N(φ,Ψ) denotes a Gaussian distribution with mean φ and covariance Ψ,

W
o is from (6.3),

µmax , max
k=1,...,N

µk (6.26)
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and Π ∈ RNM×NM is a symmetric, positive semi-definite matrix, independent of

µmax, and defined later by (6.115). In addition, we will show that for any pair of

agents from two different groups, for example, k ∈ Gm and ℓ ∈ Gn, where the two
groups Gm and Gn may or may not originate from the same cluster, the difference

between their estimates will also be distributed approximately according to a

Gaussian distribution:

wℓ,i −wk,i ∼ N(woℓ − wok, µmax∆ℓ,k) (6.27)

where

∆ℓ,k , Πℓ,ℓ +Πk,k − Πk,ℓ − Πℓ,k (6.28)

is a symmetric, positive semi-definite matrix, and Πk,ℓ denotes the (k, ℓ)-th block

of Π with block size M ×M . These results are useful for inferring the cluster

information for agents k and ℓ. Indeed, since the covariance matrix in (6.27) is

on the order of µmax, the probability density function (pdf) of wℓ,i − wk,i will

concentrate around its mean, namely, woℓ − wok, when µmax is sufficiently small.

Therefore, if these agents belong to the same cluster such that woℓ = wok, then we

will be able to conclude from (6.27) that with high probability, ‖wℓ,i −wk,i‖2 =
O(µmax). On the other hand, if the agents belong to different clusters such that

woℓ 6= wok, then it will hold with high probability that ‖wℓ,i −wk,i‖2 = O(µ0
max).

This observation suggests that a hypothesis test can be formulated for agents ℓ

and k to determine whether or not they are members of the same cluster:

‖wℓ,i −wk,i‖2
H0

≶
H1

θk,ℓ (6.29)

where H0 denotes the hypothesis woℓ = wok, H1 denotes the hypothesis woℓ 6= wok,

and θk,ℓ > 0 is a predefined threshold. Both agents ℓ and k will test (6.29) to reach

a symmetric pattern of cooperation. Since wk,i and wℓ,i are accessible through

local interactions within neighborhoods, the hypothesis test (6.29) can be carried
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out in a distributed manner. We will further show that the probabilities for both

types of errors incurred by (6.29), i.e., the false alarm (Type-I) and the missing

detection (Type-II) errors, decay at exponential rates, namely,

Type-I: P[‖wℓ,i −wk,i‖2 > θk,ℓ|woℓ = wok] ≤ O(e−c1/µmax)

Type-II: P[‖wℓ,i −wk,i‖2 < θk,ℓ|woℓ 6= wok] ≤ O(e−c2/µmax)

for some constants c1 > 0 and c2 > 0. Therefore, for long enough iterations and

small enough step-sizes, agents are able to successfully infer the cluster informa-

tion with very high probability.

The clustering information acquired at each iteration i is used by the agents

to dynamically adjust their inferred cluster neighborhoods. The N+
k,i for agent

k ∈ Gm at iteration i consists of the neighbors that are accepted under hypothesis

H0 and the other neighbors that are already in the same group:

N+
k,i , {ℓ ∈ Nk; ‖wℓ,i −wk,i‖2 < θk,ℓ or ℓ ∈ Gm} (6.30)

Using these dynamically-evolving cluster neighborhoods, we introduce a separate

ATC diffusion learning strategy:

ψ′
k,i = w

′
k,i−1 − µk∇̂Jk(w′

k,i−1) (6.31a)

w′
k,i =

∑

ℓ∈N+
k,i−1

a′
ℓk(i− 1)ψ′

ℓ,i (6.31b)

where the combination coefficients {a′
ℓk(i−1)} become random because N+

k,i−1 is

random and may vary over iterations. The iteration index i− 1 is used for these

coefficients to enforce causality. Since Nk ∩ Gm denotes the neighbors of agent k

that are already in the same group Gm as k, it is obvious thatNk∩Gm ⊆ N+
k,i−1 for

any i ≥ 0. This means that recursion (6.31a)–(6.31b) generally involves a larger

range of interactions among agents than the first recursion (6.20a)–(6.20b). We

summarize the algorithm in the following listing.
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Distributed clustering and learning over networks

Initialization: wk,−1 = w′
k,−1 = 0 and N+

k,−1 = Nk ∩ Gm for all k ∈ Gm and

m = 1, 2, . . . , G.

for i ≥ 0 do

(1) Each agent k updates wk,i according to the first recursion (6.20a)–(6.20b)

over Nk ∩ Gm.
(2) Each agent k updates w′

k,i according to the second recursion (6.31a)–

(6.31b) over N+
k,i−1.

(3) Each agent k updates N+
k,i by using (6.30) with {wℓ,i; ℓ ∈ Nk} from step

(1).

end for

6.3 Mean-Square-Error Analysis

In the previous section, we mentioned that Theorem 6.3 in Section 6.4.1 is the

key result for the design of the clustering criterion. To arrive this theorem, we

shall derive two useful intermediate results, Lemmas 6.1 and 6.2, in this section.

These two results are related to the MSE analysis of the first recursion (6.20a)–

(6.20b), which is used in step (1) of the proposed algorithm. We shall therefore

examine the stability and the MSE performance of recursion (6.20a)–(6.20b) in

the sequel. It is clear that the evolution of this recursion is not influenced by the

other two steps. Thus, we can study recursion (6.20a)–(6.20b) independently.
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6.3.1 Network Error Recursion

Using model (6.10), recursion (6.20a)–(6.20b) leads to

Wi = AT
Wi−1 −ATM∇J(Wi−1)−ATMSi(Wi−1) (6.32)

where Wi is from (6.24), ∇J(·) is from (6.6), Si(·) is from (6.9), and

M , diag{µ1, . . . , µN} ⊗ IM (6.33)

A , A⊗ IM (6.34)

We introduce the network error vector:

W̃i , W
o − Wi = col{w̃1,i, . . . , w̃N,i} (6.35)

where W
o is from (6.3), and the individual error vectors:

w̃k,i , wok −wk,i (6.36)

Using the mean-value theorem [66, 72], we can write

∇J(Wi−1) = ∇J(Wo)−
[∫ 1

0

∇2J(Wo − tW̃i−1)dt

]
W̃i−1 (6.37)

where ∇2J(·) is from (6.1). Since W
o consists of individual minimizers throughout

the network, it follows that ∇J(Wo) = 0. Let

Hi−1 ,
∫ 1

0

∇2J(Wo − tW̃i−1)dt = diag{Hk,i−1}Nk=1 (6.38)

where

Hk,i−1 ,
∫ 1

0

∇2Jk(w
o
k − tw̃k,i−1)dt (6.39)

Then, expression (6.37) can be rewritten as

∇J(Wi−1) = −Hi−1W̃i−1 (6.40)
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where it is worth noting that the random matrix Hi−1 is dependent on W̃i−1.

Substituting (6.40) into (6.32) yields:

Wi = AT
Wi−1 +ATMHi−1W̃i−1 −ATMSi(Wi−1) (6.41)

By the indexing rule from Definition 6.1 and condition (6.21), the combination

matrix A possesses a block diagonal structure:

A = diag{Am;m = 1, . . . , G} (6.42)

where each Am collects the combination coefficients within group Gm:

Am , [aℓk; ℓ, k ∈ Gm] (6.43)

From the same condition (6.21), we have that each Am is itself an Ng
m × Ng

m

left-stochastic matrix:

AT

m1N
g
m
= 1Ng

m
(6.44)

If group Gm is a subset of cluster Cq, then the agents in Gm share the same

minimizer at w⋆q . Thus, for any Gm ⊆ Cq, let

W
o
m , col{wok; k ∈ Gm} = 1Ng

m
⊗ w⋆q (6.45)

It follows from (6.44) and (6.45) that

(AT

m ⊗ IM)Wo
m = (AT

m ⊗ IM)(1Ng
m
⊗ w⋆q) = W

o
m (6.46)

Again, from the indexing rule in Definition 6.1, we have from (6.3) and (6.45)

that

W
o = col{Wo

m;m = 1, . . . , G} (6.47)

Then, it follows from (6.42) and (6.47) that

AT
W
o =




AT

1 ⊗ IM

. . .

AT

G ⊗ IM







W
o
1

...

W
o
G



= W

o (6.48)
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Accordingly, subtracting W
o from both sides of (6.41) and using (6.48) yields the

network error recursion:

W̃i = AT(INM −MHi−1)W̃i−1 +ATMSi(Wi−1) (6.49)

We denote the coefficient matrix appearing in (6.49) by

Bi−1 , AT(INM −MHi−1) (6.50)

Then, the network error recursion (6.49) can be rewritten as

W̃i = Bi−1W̃i−1 +ATMSi(Wi−1) (6.51)

We further introduce the group quantities:

Am , Am ⊗ IM (6.52)

Wm,i , col{wk,i; k ∈ Gm} ∈ RNg
mM×1 (6.53)

Mm , diag{µk; k ∈ Gm} ⊗ IM (6.54)

Hm,i−1 , diag{Hk,i−1; k ∈ Gm} (6.55)

Sm,i(Wm,i−1) , col{sk,i(wk,i−1); k ∈ Gm} (6.56)

It follows from the indexing rule in Definition 6.1 that

A = diag{A1, . . . ,AG} (6.57)

Wi = col{W1,i, . . . ,WG,i} (6.58)

M = diag{M1, . . . ,MG} (6.59)

Hi−1 = diag{H1,i−1, . . . ,HG,i−1} (6.60)

Si(Wi−1) = col{S1,i(W1,i−1), . . . , SG,i(WG,i−1)} (6.61)

Using (6.57)–(6.60), the matrix Bi−1 in (6.50) can be expressed by

Bi−1 = diag{B1,i−1, . . . ,BG,i−1} (6.62)
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where

Bm,i−1 , AT

m(INg
mM −MmHm,i−1) (6.63)

Due to the block structures in (6.57)–(6.62), groups are isolated from each other.

Therefore, using these group quantities, the network error recursion (6.51) is

automatically decoupled into a total of G group error recursions, where the m-th

recursion is given by

W̃m,i = Bm,i−1W̃m,i−1 +AT

mMmSm,i(Wm,i−1) (6.64)

6.3.2 Mean-Square and Mean-Fourth-Order Error Stability

The stability of the network error recursion (6.51) is now reduced to studying the

stability of the group recursions (6.64). Recall that, by Definition 1.2 in Chapter

1, the agents in each group are connected. Moreover, condition (6.21) implies

that agents in each group have non-trivial self-loops, meaning that akk > 0 for all

k ∈ Gm. It follows that each Am is a primitive matrix [8,79] (which is satisfied as

long as there exists at least one akk > 0 in each group). Under these conditions,

we are now able to ascertain the stability of the second and fourth-order error

moments of the network error recursion (6.51) by appealing to results from [66].

Theorem 6.1 (Stability of error moments). For sufficiently small step-sizes, the

network error recursion (6.51) is mean-square and mean-fourth-order stable in

the sense that

lim sup
i→∞

E‖W̃i‖2 = O(µmax) (6.65)

lim sup
i→∞

E‖W̃i‖4 = O(µ2
max) (6.66)

Proof. It is obvious that the network error recursion (6.51) is mean-square and

mean-fourth-order stable if, and only if, each group error recursion (6.64) is stable
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in a similar sense. From Assumption 6.2, we know that there exists at least one

strongly-convex cost in each group. Since the combination matrix Am for each

group is primitive and left-stochastic, we can now call upon Theorems 9.1 and

9.2 from [66, p. 508, p. 522] to conclude that every group error recursion is

mean-square and mean-fourth-order stable, namely,

lim sup
i→∞

E‖W̃m,i‖2 = O(µmax) (6.67)

lim sup
i→∞

E‖W̃m,i‖4 = O(µ2
max) (6.68)

from which (6.65) and (6.66) follow.

6.3.3 Long-Term Model

Once network stability is established, we can proceed to assess the performance

of the adaptive clustering and learning procedure. To do so, it becomes more

convenient to first introduce a long-term model for the error dynamics (6.51).

Note that recursion (6.51) represents a non-linear, time-variant, and stochastic

system that is driven by a state-dependent random noise process. Analysis of

recursion (6.51) is facilitated by noting (see Lemma 6.1 below) that when the

step-size parameter µmax is small enough, the mean-square behavior of (6.51)

in steady-state, when i ≫ 1, can be well approximated by the behavior of the

following long-term model:

W̃
lt
i = B W̃

lt
i−1 +ATMSi(Wi−1) (6.69)

where we replaced the random matrix Bi−1 in (6.51) by the constant matrix

B , AT(INM −MH) (6.70)

In (6.70), the matrix H is defined by

H , diag{H1, . . . , HN} (6.71)
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where

Hk , ∇2Jk(w
o
k) (6.72)

Note that the long-term model (6.69) is now a linear time-invariant system, albeit

one that continues to be driven by the same random noise process as in (6.51).

Similarly to the original error recursion (6.51), the long-term recursion (6.69) can

also be decoupled into G recursions, one for each group:

W̃
lt
m,i = Bm W̃

lt
m,i−1 +AT

mMmSm,i(Wm,i−1) (6.73)

where

W̃
lt
m,i , col{w̃lt

k,i; k ∈ Gm} ∈ RNg
mM×1 (6.74)

Bm , AT

m(INg
mM −MmHm) (6.75)

Hm , diag{Hk; k ∈ Gm} (6.76)

W
o
m , col{wok; k ∈ Gm} (6.77)

Lemma 6.1 (Accuracy of long-term model). For sufficiently small step-sizes, the

evolution of the long-term model (6.69) is close to the original error recursion

(6.51) in MSE sense:

lim sup
i→∞

E‖W̃i − W̃
lt
i ‖2 = O(µ2

max) (6.78)

Proof. We call upon Theorem 10.2 from [66, p. 557] to conclude that the differ-

ence between each group error recursion (6.64) and its long-term model (6.73)

satisfies:

lim sup
i→∞

E‖W̃m,i − W̃
lt
m,i‖2 = O(µ2

max) (6.79)

for all m. It is then immediate to conclude that (6.78) holds.
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6.3.4 Low-Dimensional Model

Lemma 6.1 indicates that we can assess the MSE dynamics of the original network

recursion (6.51) to first-order in µmax by working with the long-term model (6.69).

It turns out that the state variable of the long-term model can be split into two

parts, one consisting of the centroids of each group and the other consisting of

in-group discrepancies. The details of this splitting are not important for our

current discussion but interested readers can refer to Sec. V of [67] and Eq.

(10.37) of [66, p. 558] for a detailed explanation. Here we only use this fact to

motivate the introduction of the low-dimensional model. Moreover, it also turns

out that the first part, i.e, the part corresponding to the centroids, is the dominant

component in the evolution of the error dynamics and that the evolution of the

two parts (centroids and in-group discrepancies) is weakly-coupled. By retaining

the first part, we can therefore arrive at a low-dimensional model that will allow

us to assess performance in closed-form to first-order in µmax. To arrive at the

low-dimensional model, we need to exploit the eigen-structure of the combination

matrix A, or, equivalently, that of each Am.

Recall that we indicated earlier prior to the statement of Theorem 6.1 that

each Am is a primitive and left-stochastic matrix. By the Perron-Frobenius the-

orem [66, 79, 82], it follows that each Am has a simple eigenvalue at one with

all other eigenvalues lying strictly inside the unit circle. Moreover, if we let

pgm ∈ RNg
m×1 denote the right-eigenvector of Am that is associated with the eigen-

value at one, and normalize its entries to add up to one, then the same theorem

ensures that all entries of pgm will be positive:

pgm , col{pgm,k}N
g
m

k=1 ≻ 0, Amp
g
m = pgm, 1

T

Ng
m
pgm = 1 (6.80)

where pgm,k denotes the k-th entry of pgm. This means that we can express each
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Am in the form (see (6.165) further ahead):

Am = pgm1
T

Ng
m
+ Vm,RJm,ǫV

T

m,L (6.81)

for some eigenvector matrices Vm,R and Vm,L, and where Jm,ǫ denotes the collec-

tion of the Jordan blocks with eigenvalues inside the unit circle and with their

unit entries on the first lower sub-diagonal replaced by some arbitrarily small

constant 0 < ǫ ≪ 1. The first rank-one component on the RHS of (6.81) repre-

sents the contribution by the largest eigenvalue of Am, and this component will

be used further ahead to describe the centroid of group Gm. The network Perron

eigenvector is obtained by stacking the group Perron eigenvectors {pgm}:

p , col{pg1, . . . , pgG} , col{p1, . . . , pN} (6.82)

where pk denotes the k-th entry of p ∈ RN×1. According to the indexing rule

from Definition 6.1, it is obvious that pgm = col{pk; k ∈ Gm}.

Now, for each group Gm, we introduce the low-dimensional (centroid) error

recursion defined by (compare with (6.73)):

w̃ld
m,i = Dmw̃

ld
m,i−1 + (pgm ⊗ IM)TMmSm,i(Wm,i−1) (6.83)

where w̃ld
m,i is M × 1, and Dm is M ×M and defined by

Dm , IM − µmaxH̄m (6.84)

where

H̄m , µ−1
max(p

g
m ⊗ IM)TMmHm(1Ng

m
⊗ IM)

=
∑

k∈Gm

pkµk
µmax

Hk = O(µ0
max) (6.85)

The matrix H̄m is positive definite since there is at least one Hessian matrix in

{Hk; k ∈ Gm} that is positive definite according to Assumption 6.2. We collect
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the low-rank recursions (6.83) for groups into one recursion for the entire network

by stacking them on top of each other:

W̃
ld
i = DW̃

ld
i−1 + PTMSi(Wi−1) (6.86)

where

W̃
ld
i , col{w̃ld

1,i, . . . , w̃
ld
G,i} ∈ RGM×1 (6.87)

D , diag{D1, . . . , DG} ∈ RGM×GM (6.88)

P , diag{pg1, . . . , pgG} ⊗ IM ∈ RNM×GM (6.89)

Recursion (6.86) describes the joint dynamics of all the centroids (one for each

group). Note that the dimension of W̃
ld
i in (6.86) is GM , which is lower than

the dimension, NM , of W̃
lt
i in (6.69) or W̃i in (6.51), because G ≤ N by As-

sumption 6.1. In order to measure the difference between the dynamics of the

long-term model (6.69) and the low-dimensional model (6.86), we expand W̃
ld
i in

the following manner (compare with (6.87)):

W̄
ld
i , col{W̄ld

1,i, . . . , W̄
ld
G,i} ∈ RNM×1 (6.90)

W̄
ld
m,i , 1Ng

m
⊗ w̃ld

m,i ∈ RNg
mM×1 (6.91)

because
∑G

m=1N
g
m = N according to Assumption 6.1.

Lemma 6.2 (Accuracy of low-dimensional model). For sufficiently small step-

sizes, the low-dimensional model (6.86) is close to the network long-term model

(6.69) in the following sense:

lim sup
i→∞

E‖W̃ lt
i − W̄

ld
i ‖2 = O(µ2

max) (6.92)

where W̄
ld
i is given by (6.90) and is related to W̃

ld
i via (6.91).

Proof. See Appendix 6.A.
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Lemma 6.3 (Low-dimensional error covariance). For sufficiently small step-

sizes, the covariance matrix for W̃
ld
i satisfies

lim sup
i→∞

‖E[W̃ ld
i (W̃

ld
i )

T]−Θ‖ = O(µ1+γs/2
max ) (6.93)

where Θ ∈ RGM×GM is symmetric, positive-definite, and uniquely solves the dis-

crete Lyapunov equation:

Θ = DΘD + PTMRsMP (6.94)

Proof. See Appendix 6.B.

6.3.5 Steady-State MSE Performance

From Theorem 6.1, we know that the limit superior of the MSE is bounded

within O(µmax). In order to define meaningful steady-state performance metrics,

we consider the case in which the step-sizes approach zero asymptotically. Results

obtained in this case are representative of operation in the slow adaptation regime

(see Sec. 11.2 of [66, pp. 581–583]).

Lemma 6.4 (Steady-state normalized MSD). The normalized total MSD of W̃i

in (6.51) is given by

lim
µmax→0

lim sup
i→∞

µ−1
maxE‖W̃i‖2 =

G∑

m=1

Ng
m

2µmax

Tr



(∑

k∈Gm

pkµkHk

)−1(∑

k∈Gm

p2kµ
2
kRk

)


(6.95)

where Hk is from (6.72) and Rk is the m-th block on the diagonal of Rs from

(6.15) with block size M ×M .

Proof. The normalized total MSD is the sum of the normalized MSD for each

group. From Lemma 11.3 of [66, p. 594], the normalized MSD for each group Gm
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is given by

lim
µmax→0

lim sup
i→∞

µ−1
maxE‖W̃m,i‖2 =

Ng
m

2µmax
Tr



(∑

k∈Gm

pkµkHk

)−1(∑

k∈Gm

p2kµ
2
kRk

)


(6.96)

Note that we calculate the normalized total MSD rather than the average MSD

in (6.95) and (6.96).

In order to examine the statistical properties of the error vector W̃i, we need

to strengthen the result in Lemma 6.4 by evaluating the full normalized error

covariance matrix of W̃i in steady-state. From Lemmas 6.1 and 6.2, it is clear

that the mean-square dynamics of the original error recursion (6.51) can be well

approximated by the low-dimensional model (6.86). And it was shown in Eq.

(10.78) of [66, p. 563] that the variances of the centroids {w̃ld
k,i} are in the order

of µmax in steady-state, which implies that

lim
µmax→0

lim sup
i→∞

µ−1
maxE‖W̃ ld

i ‖2 = O(µ0
max) (6.97)

Since the induced-2 norm of the covariance matrix of any random vector is always

bounded by its variance, i.e., ‖ExxT‖ ≤ E‖x‖2 by using Jensen’s inequality,

it follows from (6.97) that the normalized covariance matrix of W̃
ld
i is finite in

steady-state. Moreover, since Lemma 6.3 applies to any positive value of µmax

as long as it is small enough to ensure stability, we can take the limit of µmax in

(6.93) by letting it approach zero asymptotically. That is,

lim
µmax→0

lim sup
i→∞

‖µ−1
maxE[W̃

ld
i (W̃

ld
i )

T]− Φ‖ = 0 (6.98)

where

Φ , lim
µmax→0

(µ−1
maxΦi) (6.99)
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Due to (6.97) and (6.98), Φ is in the order of µ0
max, i.e., ‖Φ‖ = O(µ0

max). In fact,

by introducing Φi , µ−1
maxE[W̃

ld
i (W̃

ld
i )

T] and using the triangle inequality, we have

‖Φ‖ = ‖Φ− Φi + Φi‖ ≤ ‖Φ− Φi‖+ ‖Φi‖ (6.100)

‖Φi‖ = ‖Φi − Φ + Φ‖ ≤ ‖Φi − Φ‖ + ‖Φ‖ (6.101)

Taking i→ ∞ and µmax → 0 for both (6.100) and (6.101) yields:

‖Φ‖ ≤ lim
µmax→0

lim sup
i→∞

‖Φi‖ (6.102)

‖Φ‖ ≥ lim
µmax→0

lim sup
i→∞

‖Φi‖ (6.103)

by using (6.98). From (6.102) and (6.103), we get

‖Φ‖ = lim
µmax→0

lim sup
i→∞

‖Φi‖ (6.104)

Since Φi ∈ RGM×GM is positive semi-definite, it holds that

(GM)−1Tr(Φi) ≤ ‖Φi‖ ≤ Tr(Φi) (6.105)

where we used the fact for any positive semi-definite matrix X ≥ 0 that (i) all

the eigenvalues of X are nonnegative, (ii) ‖X‖ is equal to the largest eigenvalue

of X , and (iii) Tr(X) is equal to the sum of all the eigenvalues of X . Moreover,

Tr(Φi) = Tr(µ−1
maxE[W̃

ld
i (W̃

ld
i )

T])= µ−1
maxE‖W̃ ld

i ‖2 (6.106)

Using (6.97), it follows from (6.105) and (6.106) that

lim
µmax→0

lim sup
i→∞

‖Φi‖ = O(µ0
max) (6.107)

Substituting (6.107) into (6.104) yields the desired result, i.e., ‖Φ‖ = O(µ0
max).

Then, according to (6.99), Φ is the unique solution to equation (6.94) when

µmax → 0 asymptotically. Introduce two GM ×GM matrices:

H̄ , diag{H̄1, . . . , H̄G} = O(µ0
max) (6.108)
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R̄ , µ−2
maxPTMRsMP = O(µ0

max) (6.109)

where H̄m is from (6.85) and Rs is from (6.15). It is easy to verify that H̄ and R̄
are symmetric and positive-definite according to Assumptions 6.2 and 6.3. From

(6.88), (6.108), and (6.84), we get

D = IGM − µmaxH̄ (6.110)

Using (6.99)–(6.110), equation (6.94) reduces to

H̄Φ + ΦH̄ = R̄+ µmaxH̄ΦH̄ (6.111)

Since H̄ and R̄ are constant matrices, and Φ is finite, the last term on the RHS

of (6.111) disappears as µmax → 0 asymptotically. Therefore, we conclude that

Φ is the unique solution to the continuous Lyapunov equation:

H̄Φ+ ΦH̄ = R̄ (6.112)

Let us define the normalized network error covariance matrix for W̃i from (6.51)

by

Πi , µ−1
maxE(W̃iW̃

T

i ) (6.113)

Theorem 6.2 (Block structure). In steady-state, and as the step-sizes approach

zero asymptotically, the normalized network error covariance matrix Πi in (6.113)

satisfies

lim
µmax→0

lim sup
i→∞

‖Πi −Π‖ = 0 (6.114)

where

Π ,




(1Ng
1
1
T

Ng
1
)⊗ Φ1,1 . . . (1Ng

1
1
T

Ng
G
)⊗ Φ1,G

...
. . .

...

(1Ng
G
1
T

Ng
1
)⊗ ΦG,1 . . . (1Ng

G
1
T

Ng
G
)⊗ ΦG,G




(6.115)

and Φm,r denotes the (m, r)-th block of Φ from (6.112) with block size M ×M .

Proof. See Appendix 6.C.

238



6.4 Error Probability Analysis for Clustering

Using the results from the previous section, we now move on to assess the error

probabilities for the hypothesis testing problem (6.29). To do so, we need to

determine the probability distribution of the decision statistic that is generated

by recursion (6.20a)–(6.20b).

6.4.1 Asymptotic Joint Distribution of Estimation Errors

Using (6.110), we rewrite the low-dimensional model (6.86) as

W̃
ld
i = W̃

ld
i−1 − µmaxH̄W̃

ld
i−1 + µmaxs̄i (6.116)

where H̄ is from (6.108) and

s̄i , µ−1
maxPTMSi(Wi−1) ∈ RGM×1 (6.117)

Lemma 6.5 (Rate of weak convergence). The normalized error vector sequence,

{W̃ ld
i /

√
µmax; i ≥ 0}, from (6.116) converges in distribution as i→ ∞ and µmax →

0 to the Gaussian random variable:

ξ , col{ξ1, . . . , ξG} ∼ N(0,Φ) (6.118)

where ξm ∈ RM×1 for all m, and Φ ∈ RGM×GM is the unique solution to the

Lyapunov equation (6.112).

Proof. See Appendix 6.D.

In the sequel we establish the main result that the distribution of the normal-

ized error sequence from (6.51), {W̃i/
√
µmax; i ≥ 0}, asymptotically approaches

a Gaussian distribution. According to Definition 4 from [121, p. 253], a random
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sequence {ζi; i ≥ 0} converges in distribution to some random variable ζ if, and

only if,

lim
i→∞

E |f(ζi)− f(ζ)| = 0 (6.119)

for any bounded continuous function f(·). We use this fact together with the

following lemma to establish Theorem 6.3 further ahead.

Lemma 6.6 (Weak convergence). Let {ζi; i ≥ 0} and {ηi; i ≥ 0} be two random

sequences that are dependent on the parameter µmax. If {ζi; i ≥ 0} approaches

{ηi; i ≥ 0} in mean-square sense:

lim
µmax→0

lim sup
i→∞

E‖ζi − ηi‖2 = 0 (6.120)

and the variances of {ζi} converge in the following sense:

lim
µmax→0

lim sup
i→∞

E‖ζi‖2 = σ2 (6.121)

then it holds for any bounded continuous function f(·) that

lim
µmax→0

lim sup
i→∞

E|f(ζi)− f(ηi)| = 0 (6.122)

Proof. See Appendix 6.E.

Theorem 6.3 (Asymptotic normality). As i→ ∞ and µmax → 0, the normalized

error sequence from (6.51), {W̃i/
√
µmax; i ≥ 0}, converges in distribution close

to the Gaussian random variable:

ζ , col{1Ng
1
⊗ ξ1, . . . ,1Ng

G
⊗ ξG} ∼ N(0,Π) (6.123)

in the following sense:

lim
µmax→0

lim sup
i→∞

E

∣∣∣∣f
(

W̃i√
µmax

)
− f(ζ)

∣∣∣∣ = 0 (6.124)

for any bounded continuous function f(·) : RNM×1 7→ R, where {ξm} are from

(6.118), and Π is from (6.115).
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Proof. Using the triangle inequality, we have

E

∣∣∣∣f
(

W̃i√
µmax

)
− f(ζ)

∣∣∣∣ ≤ E

∣∣∣∣∣f
(

W̃i√
µmax

)
− f

(
W̃

lt
i√

µmax

)∣∣∣∣∣

+ E

∣∣∣∣∣f
(

W̃
lt
i√

µmax

)
− f

(
W̄

ld
i√

µmax

)∣∣∣∣∣

+ E

∣∣∣∣f
(

W̄
ld
i√

µmax

)
− f(ζ)

∣∣∣∣ (6.125)

where W̃
lt
i is from the long-term model (6.69), and W̄

ld
i is from (6.90) and is

related to the low-dimensional model (6.86). By Lemma 6.4, the variances of

the sequence {W̃i/
√
µmax; i ≥ 0} converge to its normalized MSD in (6.95) in a

sense similar to (6.121). Using Lemma 6.1, it is clear that {W̃i/
√
µmax; i ≥ 0}

approaches {W̃ lt
i /

√
µmax; i ≥ 0} in a sense similar to (6.120). Therefore, by

calling upon Lemma 6.6, we conclude that the limit superior of the first term

on the RHS of (6.125) vanishes. Likewise, using Lemmas 6.1 and 6.4, it can be

verified that the variances of the sequence {W̃lt
i /

√
µmax; i ≥ 0} also converge to the

same normalized MSD in (6.95). Therefore, from Lemmas 6.2 and 6.6, the limit

superior of the second term on the RHS of (6.125) vanishes. The limit superior

of the third term vanishes since {W̄ ld
i /

√
µmax; i ≥ 0} converges in distribution to

ζ, which follows from Lemma 6.5. Therefore, the limit superior of the RHS of

(6.125) vanishes when i→ ∞ and µmax → 0.

Theorem 6.3 allows us to approximate the distribution of W̃i/
√
µmax by the

Gaussian distribution N(0,Π) for large enough i and small enough µmax.

6.4.2 Statistical Decision on Clustering

In Theorem 6.3, we established that for large enough i and for sufficiently small

µmax, the joint distribution of the individual estimators {wk,i; k = 1, 2, . . . , N}
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can be well approximated by a Gaussian distribution (6.123). Therefore, the

marginal distribution for any pair of estimators, say, wk,i and wℓ,i, can be well

approximated by the Gaussian distribution:


wk,i

wℓ,i


 ∼ N






wok

woℓ


 , µmax



Πk,k Πk,ℓ

Πℓ,k Πℓ,ℓ





 (6.126)

where wok and woℓ are their individual minimizers, and Πk,ℓ denotes the (k, ℓ)-th

block of Π with block size M ×M . Without loss of generality, let us consider

the scenario where agent k is from group Gm in cluster Cq and agent ℓ is from

group Gn in cluster Cr, i.e., k ∈ Gm ⊆ Cq and ℓ ∈ Gn ⊆ Cr. Then, we have from

Definition 1.1 in Chapter 1 that

wok = w⋆q , woℓ = w⋆r (6.127)

From Theorem 6.2, the covarince matrix Π possesses the block structure shown

in (6.115). Using (6.115), and noticing that k ∈ Gm and ℓ ∈ Gn, it is obvious that

Πk,k = Φm,m, Πk,ℓ = Φm,n, Πℓ,k = Φn,m, Πℓ,ℓ = Φn,n (6.128)

Then, it follows from (6.126)–(6.128) that


wk,i

wℓ,i


 ∼ N






w⋆q

w⋆r


 , µmax



Φm,m Φm,n

Φn,m Φn,n





 (6.129)

which means that the mean and covariance of the joint distribution for any pair

of agents k and ℓ only depends on their groups. In other words, for any two

agents k1 and k2 from the same group Gm, the joint distribution of {k1, ℓ} and

the joint distribution of {k2, ℓ} will be well approximated by the same Gaussian

distribution in (6.129). Therefore, if both agents k1 and k2 need to decide whether

agent ℓ is in the same cluster as they are, then they will have the same error

probabilities in the hypothesis test (6.29).
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Based on (6.129), the hypothesis test problem for clustering now becomes

that of determining whether or not the two (near) Gaussian random vectors wk,i

and wℓ,i have the same mean. Suppose the samples from the two variables are

paired. The difference

dk,ℓ , wk,i −wℓ,i (6.130)

serves as a sufficient statistics [122]. Since wk,i and wℓ,i are jointly Gaussian in

(6.129), their difference dk,ℓ is also Gaussian:

dk,ℓ ∼ N(d⋆q,r, µmax∆m,n) (6.131)

where

d⋆q,r , w⋆q − w⋆r (6.132)

∆m,n , Φm,m + Φn,n − Φm,n − Φn,m ≥ 0 (6.133)

If the agents k and ℓ are from the same cluster such that q = r, then hypothesis

H0 in (6.29) is true and d⋆q,r = 0; otherwise, hypothesis H1 in (6.29) is true

and d⋆q,r 6= 0. The hypothesis test for clustering becomes to test whether or not

the difference dk,ℓ in (6.130) is zero mean without knowing its covariance matrix

µmax∆m,n. If Nsam independent samples of dk,ℓ are available for testing, where

Nsam > M , and ∆m,n is non-singular, then according to the Neyman-Pearson

criterion [123], the likelihood ratio test is given by [122, p. 164]

T 2
k,ℓ , Nsamx̄

TS−1x̄
H0

≶
H1

θk,ℓ (6.134)

where T 2
k,ℓ is called Hotelling’s T-square statistic, x̄ is the sample mean of dk,ℓ,

S is the unbiased sample covariance matrix, and θk,ℓ is the predefined thresh-

old from (6.29). The scaled T-square statistics Nsam−M
(Nsam−1)M

· T 2
k,ℓ has a non-central

F-distribution with M and Nsam −M degrees of freedom and non-centrality pa-

rameter Nsamµ
−1
max(d

⋆
q,r)

T∆−1
m,nd

⋆
q,r [124, p. 480]. When d⋆q,r = 0, it reduces to a

central F-distribution [124, p. 322].
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However, because stochastic iterative algorithms employ very small step-sizes,

sampling their steady-state estimators over time does not produce independent

samples. In many scenarios we only have one sample available for testing, where

the sample mean reduces to the sample itself, and the sample covariance matrix

is not even available. In order to carry out the hypothesis test, we replace the

sample covariance matrix by the identity matrix. Then, the Hotelling’s T-square

test (6.134) becomes

δ2k,ℓ , ‖dk,ℓ‖2
H0

≶
H1

θk,ℓ (6.135)

where we re-used dk,ℓ to denote the only available sample for testing. The decision

statistic δ2k,ℓ is a quadratic form of the (near) Gaussian random vector dk,ℓ. Using

(6.131), the mean of δ2k,ℓ is given by

Eδ2k,ℓ = E‖dk,ℓ‖2 = ETr(dk,ℓd
T

k,ℓ) = Tr(Edk,ℓd
T

k,ℓ) = ‖d⋆q,r‖2 + µmaxTr(∆m,n)

(6.136)

and the variance of δ2k,ℓ is given by (see Appendix 6.F)

Var(δ2k,ℓ) = E‖dk,ℓ‖4 − (E‖dk,ℓ‖2)2 = 4µmax‖d⋆q,r‖2∆m,n
+ 2µ2

maxTr(∆
2
m,n) (6.137)

It is seen that the mean of δ2k,ℓ is dominated by ‖d⋆q,r‖2 for sufficiently small step

sizes. Since the variance of δ2k,ℓ is in the order of µmax, according to Chebyshev’s

inequality [121, p. 47], we have

P[|δ2k,ℓ − Eδ2k,ℓ| ≥ c] ≤
Var(δ2k,ℓ)

c
= O(µmax) (6.138)

for any constant c > 0. Therefore, for sufficiently small step sizes, the probability

mass of δ2k,ℓ will highly concentrate around Eδ2k,ℓ. When hypothesis H0 is true,

we have d⋆q,r = 0 and Eδ2k,ℓ = µmaxTr(∆m,n) = O(µmax) ≈ 0; when hypothesis

H1 is true, we have d⋆q,r 6= 0 and Eδ2k,ℓ = ‖d⋆q,r‖2 + O(µmax) ≈ ‖d⋆q,r‖2. That is,

the probability mass of δ2k,ℓ under H0 concentrates near 0 while the probability
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mass of δ2k,ℓ under H1 concentrates near ‖d⋆q,r‖2 = ‖w⋆q − w⋆r‖2 > 0 (which is a

constant that is independent of µmax). Obviously, the threshold θk,ℓ should be

chosen between 0 and ‖d⋆q,r‖2. By doing so, the Type-I error will correspond to

the right tail probability of δ2k,ℓ when d
⋆
q,r = 0 (see (6.142) further ahead) and the

Type-II error will correspond to the left tail probability of δ2k,ℓ when d
⋆
q,r 6= 0 (see

(6.143) further ahead).

In order to examine the statistical properties of δ2k,ℓ and to perform the anal-

ysis for error probabilities, let us introduce the eigen-decomposition of ∆m,n in

(6.133) and denote it by

∆m,n = U∆Λ∆U
T

∆ (6.139)

where U∆ is orthonormal and Λ∆ is diagonal and nonnegative. Let further

x , Λ
−1/2
∆ UT

∆dk,ℓ, x̄ , Λ
−1/2
∆ UT

∆d
⋆
q,r (6.140)

Since dk,ℓ ∼ N(d⋆q,r, µmax∆m,n), it follows from (6.139) and (6.140) that x ∼
N(x̄, µmaxIM). Substituting (6.139) and (6.140) into (6.135) yields

δ2k,ℓ = x
TΛ∆x =

M∑

h=1

λhx
2
h (6.141)

where xh denotes the h-th elements of x, and λh denotes the h-th element on

the diagonal of Λ∆. From (6.141), it is obvious that δ2k,ℓ is a weighted sum of

independent squared Gaussian random variables. When hypothesis H0 is true, we

have d⋆q,r = 0 and x̄ = 0 by (6.140). In this case, δ2k,ℓ reduces to a weighted sum

of independent Gamma random variables (because squared zero-mean Gaussian

random variables follow Gamma distributions [125, p. 337]), whose pdf is avail-

able in closed-form (but is very complicated) [126, 127]. When hypothesis H1 is

true and ‖d⋆q,r‖2 > 0, the pdf of δ2k,ℓ is generally not available in closed-form. Sev-

eral procedures have been proposed in [128–132] for numerical evaluation of its
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tail probability. Instead of relying on the precise pdf of δ2k,ℓ, we shall provide some

useful constructions in the sequel for the error probabilities in the hypothesis test

problem (6.135).

6.4.3 Error Probabilities

For any k ∈ Gm ⊆ Cq and ℓ ∈ Gn ⊆ Cr, the Type-I error, namely, the false alarm

for incorrect rejection of a true H0, is given by

Type-I error : P[δ2k,ℓ > θk,ℓ|d⋆q,r = 0] (6.142)

and the Type-II error, namely, the missing detection for incorrect rejection of a

true H1, is given by

Type-II error : P[δ2k,ℓ < θk,ℓ|d⋆q,r 6= 0] (6.143)

It is seen that the Type-I error corresponds to the right tail probability of δ2k,ℓ

with d⋆q,r = 0 and the Type-II error corresponds to the left tail probability of δ2k,ℓ

with d⋆q,r 6= 0. This is a fundamental difference between the two types of errors

and, therefore, different techniques are needed to approximate them. Specifically,

for the Type-II error, the pdf of δ2k,ℓ is close to a bell shape and can be well

approximated by a Gaussian pdf. Then, the Type-II error probability can be

bounded by using Chernoff bound [133]. However, this technique does not apply

to the Type-I error because when d⋆q,r = 0, the pdf of δ2k,ℓ concentrates on the

positive side of the origin point and is skewed with a long right tail. Consequently,

we need to take a different approach to bound the Type-I error probability.

6.4.3.1 Type-I Error

We first note that

δ2k,ℓ = x
TΛ∆x ≤ ‖∆m,n‖ · ‖x‖2 (6.144)
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where Λ∆ is from (6.139). This means that if δ2k,ℓ > θk,ℓ, then ‖∆m,n‖·‖x‖2 > θk,ℓ

must be true, which further implies that the event {δ2k,ℓ > θk,ℓ} is a subset of the

event {‖∆m,n‖ · ‖x‖2 > θk,ℓ}. Therefore,

P[δ2k,ℓ > θk,ℓ|d⋆q,r = 0] ≤ P[‖x‖2 > θ′k,ℓ|x̄ = 0] (6.145)

where x̄ is from (6.140), and

θ′k,ℓ ,
θk,ℓ

‖∆m,n‖
(6.146)

Since x̄ = 0, µ−1
max‖x‖2 follows a central chi-square distribution with M degrees

of freedom [125, p. 415]. Therefore, using the Chernoff bound for the central

chi-square distribution [134, Lemma 1, p. 2500], we get from (6.145) that

P[δ2k,ℓ>θk,ℓ|d⋆q,r=0] ≤ 1−P[‖x‖2≤θ′k,ℓ|x̄=0] ≤
(

θ′k,ℓe

µmaxM

)M/2

exp

(
−

θ′k,ℓ
2µmax

)

(6.147)

for µmax < θ′k,ℓ/M , where e is Euler’s number. Therefore, when µmax is small

enough, the Type-I error probability decays exponentially at a rate ofO(e−c1/µmax)

for some constant c1 > 0.

6.4.3.2 Type-II Error

We consider the characteristic function of δ2k,ℓ. Since {xh} are mutually indepen-

dent, the characteristic function of δ2k,ℓ is given by

cδ2
k,ℓ
(t) , E

[
ejtδ

2
k,ℓ

]
=E

[
ejt

∑M
h=1 λhx

2
h

]
=

M∏

h=1

E

[
ejtλhx

2
h

]
(6.148)

where we used (6.144). Since d⋆q,r 6= 0 in this case, x from (6.140) has nonzero

mean x̄ 6= 0. Therefore, each µ−1
maxx

2
h is a non-central chi-square random vari-

able with one degree of freedom and non-centrality µ−1
maxx̄

2
h [124, p. 433]. The

characteristic function of x2
h is then given by [124, p. 437]:

E

[
ejtx

2
h

]
=

1√
1− 2jtµmax

· ejx̄2ht/(1−2jtµmax) (6.149)
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Substituting (6.149) into (6.148) yields:

cδ2
k,ℓ
(t) =

M∏

h=1

1√
1− 2jtµmaxλh

· ejx̄2htλh/(1−2jtµmaxλh) (6.150)

When µmax is sufficiently small, we have

1√
1− 2jtµmaxλh

≈ 1,
1

1− 2jtµmaxλh
≈ 1 + 2jtµmaxλh (6.151)

Using (6.153), we can approximate cδ2
k,ℓ
(t) in (6.150) by

cδ2
k,ℓ
(t) ≈

M∏

h=1

ejx̄
2
htλh(1+2jtµmaxλh)

= ejt(
∑M

h=1 λhx̄
2
h)−2t2µmax(

∑M
h=1 λ

2
hx̄

2
h)

= e
jt‖d⋆q,r‖

2−2t2µmax‖d⋆q,r‖
2
Λ∆ (6.152)

where we used the fact that

M∑

h=1

λhx̄
2
h = ‖d⋆q,r‖2,

M∑

h=1

λ2hx̄
2
h = ‖d⋆q,r‖2Λ∆

(6.153)

Note that the RHS of (6.152) coincides with the characteristic function of a

Gaussian distribution with mean ‖d⋆q,r‖2 and variance 4µmax‖d⋆q,r‖2Λ∆
[125, p. 89].

Since the distribution of a random variable is uniquely determined by its char-

acteristic function, result (6.152) implies that δ2k,ℓ ∼ N(‖d⋆q,r‖2, 4µmax‖d⋆q,r‖2Λ∆
)

approximately for sufficiently small µmax. Thus,

P[δ2k,ℓ < θk,ℓ|d⋆q,r 6= 0] ≈ Q

(
‖d⋆q,r‖2 − θk,ℓ

2µ
1/2
max‖d⋆q,r‖Λ∆

)
≤ 1

2
e
−(‖d⋆q,r‖

2−θk,ℓ)
2/8µmax‖d⋆q,r‖

2
Λ∆

(6.154)

where Q(·) denotes the Q-function, which is the tail probability of the standard

Gaussian distribution, and the last step is by using the Chernoff bound [133, p.

380]. Therefore, when µmax is small enough, the Type-II error decays exponen-

tially at a rate of O(e−c2/µmax) for some constant c2 > 0.
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6.4.3.3 A Special Case

For the purpose of illustration only, we consider a special case where ∆m,n =

σ2
m,nIM . In this case, the pdf of δ2k,ℓ has a closed-form pdf. When H1 is true

and ‖d⋆q,r‖2 > 0, the quadratic form δ2k,ℓ/(µmaxσ
2
m,n) reduces to a non-central chi-

square random variable with M degrees of freedom and non-centrality parameter

‖d⋆q,r‖2/µmaxσ
2
m,n [124, p. 433]. Let us denote the non-central chi-square distri-

bution with d degrees of freedom and non-centrality parameter λ by χ2
d(λ). The

pdf of χ2
d(λ) is then given by [124, p. 433]:

fχ2(x; d, λ) =
1

2

(x
λ

)(d−2)/4

e−(x+λ)/2I(d−2)/2(
√
λx) (6.155)

for x ≥ 0, where Ih(x) denotes the h-th order modified Bessel function of the first

kind. Then,
δ2k,ℓ

µmaxσ2
m,n

∼ χ2
M

( ‖d⋆q,r‖2
µmaxσ2

m,n

)
(6.156)

and the pdf of δ2k,ℓ is given by

f(z) =
1

µmaxσ2
m,n

· fχ2

(
z

µmaxσ2
m,n

;M,
‖d⋆q,r‖2
µmaxσ2

m,n

)
(6.157)

where fχ2(·) is from (6.155). When H0 is true and ‖d⋆q,r‖2 = 0, the pdf f(z) in

(6.157) reduces to a scaled central chi-square distribution [125, p. 415]:

f(z) =
1

µmaxσ2
m,n

· fχ2

(
z

µmaxσ2
m,n

;M, 0

)
(6.158)

We plot the pdf f(z) from (6.157) and (6.158) in Fig. 6.1. It can be observed that

whenM , ‖d⋆q,r‖2, and σ2
m,n are fixed, in both H0 (blue curves) and H1 (red curves)

cases, the probability mass of δ2k,ℓ concentrates more around its mean as µmax

decreases. When q 6= r (i.e., H1 is true), the mean of δk,ℓ is close to ‖d⋆q,r‖2 = 1 for

sufficiently small µmax; when q = r (i.e., H0 is true), the mean is close to zero. The

right tail probabilities of the blue curves (under H0) and the left tail probabilities
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Figure 6.1: The pdf of δ2k,ℓ defined in (6.157) and (6.158) with M = 10, ‖d⋆q,r‖2 =
1, σ2

m,n = 1, µmax = 0.01, 0.03, 0.05.

of the red curves (under H1) all decay exponentially. In addition, it is seen that

the pdf of δ2k,ℓ under H1 (the red curves with ‖d⋆q,r‖2 > 0) is near symmetric and

is in bell-shape, which agrees with the Gaussian approximation we made when

evaluating the Type-II error (mis-detection) for the general case. On the other

hand, the pdf of δ2k,ℓ underH0 (the blue curves with ‖d⋆q,r‖2 = 0) concentrates close

to zero and has large skewness with a long tail on the RHS, which distinguishes

itself from Gaussian distributions; this demonstrates our previous statement that

it is not appropriate to assess the Type-I error (false alarm) by approximating

the pdf of δ2k,ℓ under H0 with Gaussian distributions.

6.4.4 Dynamics of Diffusion with Adaptive Clustering

Since both Type-I and Type-II errors decay exponentially with exponent propor-

tional to 1/µmax, it is expected that incorrect clustering decisions will become

rare as the iteration proceeds. We can therefore assume that enough iterations

have elapsed and the first recursion (6.20a)–(6.20b) is operating in steady-state.

Under these conditions, we can examine the dynamics of the second recursion

(6.31a)–(6.31b) with adaptive clustering.
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From Assumption 6.1, correct clustering decisions split the underlying topol-

ogy into Q sub-networks one for each cluster. Within each cluster, correct clus-

tering decisions merge all disjoint groups into a bigger group. Therefore, the

resulting topology for the entire network will now consist of Q separate sub-

networks and each sub-network will be strongly-connected. In addition, since the

step-sizes are sufficiently small, the decision statistics ‖wℓ,i−wk,i‖2 generated by

the first recursion (6.20a)–(6.20b) in steady-state will be nearly time-invariant.

The clustering decisions will therefore also be nearly time-invariant. Then, with

high probability, the cooperative sub-neighborhoods {N+
k,i} produced by (6.30)

will become nearly time-invariant after the first recursion (6.20a)–(6.20b) reaches

steady-state:

N+
k,i → N+

k , as i→ ∞ (6.159)

for all k, where N+
k is from (1.38) from Chapter 1.

In order to gain from enhanced cooperation via adaptive clustering, it is crit-

ical to choose proper combination policies for recursion (6.31a)–(6.31b). From

the discussion in Chapter 12 of [66, p. 624-635], we know that doubly-stochastic

combination policies are able to exploit the benefit of cooperation when more

agents are included in cooperation. For example, one can choose the Metropolis

rule [66, p. 664], i.e.,

a′
ℓk(i) =





1

max{|N+
ℓ,i|, |N+

k,i|}
, ℓ ∈ N+

k,i\{k}

1−
∑

n∈N+
k,i\{k}

a′
nk(i), ℓ = k

0, ℓ ∈ Nk\N+
k,i

(6.160)

When the combination coefficients {a′
ℓk(i)} are chosen according to (6.160), their

values are determined by the size of their cooperative sub-neighborhood N+
k,i. It
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is then obvious that coefficients {a′
ℓk(i)} will tend to be constant values:

a′
ℓk(i) → a′ℓk, as i→ ∞ (6.161)

which will be determined by the size of N+
k . Therefore, we can rewrite the second

recursion (6.31a)–(6.31b) for small enough µmax and large enough i as

ψ′
k,i = w

′
k,i−1 − µk∇̂Jk(w′

k,i−1) (6.162a)

w′
k,i =

∑

ℓ∈N+
k

a′ℓkψ
′
ℓ,i (6.162b)

by using (6.159) and (6.161). We collect the {a′ℓk} into a matrix and denote it by

A′. The matrix A′ is block diagonal and each block on its diagonal corresponds

to a cluster. Recursion (6.162a)–(6.162b) only involves in-cluster cooperative

learning for common minimizers, where all agents from a cluster form a single

big group. Therefore, the performance analysis in Section 6.3 applies to this case

as well.

6.5 Simulation Results

We first simulate a network consisting of N = 200 agents. Each agent observes a

data stream {dk(i),uk,i; i ≥ 0} that satisfies the linear regression model [46]:

dk(i) = uk,iw
o
k + vk(i) (6.163)

where dk(i) ∈ R is a scalar response variable and uk,i ∈ R1×M is a row vector

feature variable with M = 2. The feature variable uk,i is randomly generated

at every iteration by using a Gaussian distribution with zero mean and scaled

identity covariance matrix σ2
u,kIM . The model noise vk(i) ∈ R is also randomly

generated at every iteration by using another independent Gaussian distribution
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with zero mean and variance σ2
v,k. The values of {σ2

u,k} and {σ2
v,k} are positive

and randomly generated.

There are Q = 2 clusters in the network. The first N1 = 100 agents belong

to cluster C1, i.e., C1 = {1, 2, . . . , 100}. The second N2 = 100 agents belong to

cluster C2, i.e., C2 = {101, 102, . . . , 200}. The loading factors for the two clusters,

namely, w⋆1 and w⋆2, are randomly generated. The step-size is uniform and is

set to µ = 0.05. The underlying topology that connects all agents is shown in

Fig. 6.2a. Agents from cluster C1 are in red and agents from C2 are in blue.

We simulated the scenario where agents have some partial knowledge about the

grouping at the beginning of the learning process. The partial knowledge is non-

trivial, meaning that the groups {Gm} used in the first recursion (6.20a)–(6.20b)

are not just singletons. The topologies that reflect the {Gm} are plotted in Figs.

6.2b and 6.2c for the two clusters. The Metropolis rule (6.160) is used in both

recursions, (6.20a)–(6.20b) and (6.31a)–(6.31b).

As we explained before, in steady-state the clustering decisions become time-

invariant and small groups in the same cluster merge into bigger groups. The

links between neighbors within the same cluster are active while links to neighbors

from different clusters are dropped. We plot the resulting topology in steady-state

with active links in Fig. 6.2d. Compared to Fig. 6.2a, the underlying topology in

Fig. 6.2d is trimmed and split into two disjoint sub-networks. This result implies

that the interference between two clusters is suppressed. The two sub-networks

are themselves connected at steady-state and are shown in Figs 6.2e and 6.2f.

Comparing the resulting cluster topologies in Figs 6.2e and 6.2f with the initial

cluster topologies in Figs. 6.2b and 6.2c, it can be observed that all separate

small groups from the same cluster merge into a bigger group and collaborative

learning involving more agents emerges.
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(a) The initial topology. (b) Initial topology of C1. (c) Initial topology of C2.

(d) The final topology. (e) Resulting topology of C1. (f) Resulting topology of C2.

Figure 6.2: The underlying topology of the entire network where agents from

different clusters are connected. As the learning process progresses, the disjoint

groups in each cluster merge into a bigger group to enable collaborative learning

among more agents. In steady-state, only in-cluster links remain active.
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Figure 6.3: The steady-state cluster average MSDs for the first recursion (6.20a)–

(6.20b) and the second recursion (6.31a)–(6.31b).

The MSD learning curves are plotted in Fig. 6.3 where the cluster MSDs are

obtained by averaging over 100 trials. The cluster MSDs for the first recursion

(6.20a)–(6.20b) are in black and green for clusters 1 and 2, respectively. The

cluster MSDs for the second recursion (6.31a)–(6.31b) are in red and blue for

clusters 1 and 2, respectively. Obviously both clusters improve their steady-state

MSD performance on average by forming larger clusters for cooperation.

In the second simulation, we simulate a network with N = 50 nodes in Q = 5

clusters. The sizes of the five clusters are 8, 9, 10, 11, and 12, respectively. The

initial topology is shown in Fig. 6.4a. We choose the uniform step-size µ = 0.01.

After 1000 iterations, the resulting topology is separated into five clusters and

is shown in Fig. 6.4b, and the topologies for the five clusters are given in Figs.

6.4c–6.4g, respectively. The MSD learning curves that are obtained by averaging

over 500 trials match the theory well, as shown in Figs. 6.5a and 6.5b.
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(a) The initial topology with five clusters.
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(b) The remaining topology with five clusters.
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(c) Final topology of C1.
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(d) Final topology of C2.
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(e) Final topology of C3.
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(f) Final topology of C4.
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(g) Final topology of C5.

Figure 6.4: The initial topology with N = 50 nodes and Q = 5 clusters. In

steady-state, the five clusters are successfully separated from each other while

each cluster remains connected.
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Figure 6.5: The MSD learning curves for the proposed distributed clustering and

learning algorithm.
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6.6 Conclusions

In this chapter we proposed a distributed strategy for adaptive learning and clus-

tering over multi-cluster networks. Detailed performance analysis is conducted

and the results are supported by simulations. The proposed algorithm can be

used in applications to segment heterogeneous networks into sub-networks to en-

hance in-cluster cooperation and suppress cross-cluster interference. It can also

be applied to homogeneous networks to prevent intrusion or jamming by isolat-

ing malicious nodes from normal nodes. Furthermore, it can be used to trim and

grow adaptive networks according to the objectives of the agents in the network.

6.A Proof of Lemma 6.2

Since both models, (6.86) and (6.69), can be decoupled into G separate recursions

one for each group, it is sufficient to show that for sufficiently small step-sizes,

and for any group Gm, it holds that

lim sup
i→∞

E‖W̃ lt
m,i − W̄

ld
m,i‖2 = O(µ2

max) (6.164)

where W̄
ld
m,i is given by (6.91). We adopt a technique similar to the one used in

the proof of Theorem 10.2 [66, p. 557] to establish (6.164) in the sequel. We

introduce the Jordan decomposition of each Am [66, 115]:

Am = VmJmV
−1
m ,

[
pgm Vm,R

]


1

Jm,ǫ



[
1Ng

m
Vm,L

]T
(6.165)

where Jm,ǫ ∈ C(Ng
m−1)×(Ng

m−1) consists of all stable Jordan blocks with ǫ’s on the

first lower off-diagonal, and Vm is a non-singular complex matrix. Let

Vm , Vm ⊗ IM (6.166)
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Jm , Jm ⊗ IM (6.167)

Multiplying VT

m to both sides of (6.73) yields:

VT

mW̃
lt
m,i = B̄mVT

mW̃
lt
m,i−1 + J T

mVT

mMmSm,i(Wm,i−1) (6.168)

where

B̄m , VT

mBm(VT

m)
−1 = J T

m −J T

mVT

mMmHm(VT

m)
−1 (6.169)

By (6.165) and (6.166), we have

VT

mW̃
lt
m,i =




(pgm ⊗ IM)TW̃
lt
m,i

(Vm,R ⊗ IM)TW̃
lt
m,i


 ,



w̄lt
m,i

W̌
lt
m,i


 (6.170)

where w̄lt
m,i is an M × 1 vector, W̌

lt
m,i is an (Ng

m− 1)M × 1 vector. It follows from

(6.166) and (6.91) that

VT

mW̄
ld
m,i = (V T

m1N
g
m
)⊗ w̃ld

m,i =


w̃

ld
m,i

0


 (6.171)

since 1Ng
m
is the first column of (V T

m)
−1 in (6.165). Using (6.170) and (6.171), we

find that

E‖W̃ lt
m,i − W̄

ld
m,i‖2Σm

= E‖w̄lt
m,i − w̃ld

m,i‖2 + E‖W̌ lt
m,i‖2 (6.172)

where Σm , VmVT

m is a positive-definite weighting matrix. Since ‖Σm‖ is inde-

pendent of µmax, result (6.164) holds if the following condition holds:

lim sup
i→∞

E‖w̄lt
m,i − w̃ld

m,i‖2 + E‖W̌ lt
m,i‖2 = O(µ2

max) (6.173)

Using Eq. (10.78) in [66, p. 563], we know that

lim sup
i→∞

E‖W̌ lt
m,i‖2 = O(µ2

max) (6.174)
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From (6.168) and (6.170), the evolution of w̄lt
m,i is given by (see Eq. (9.61)

from [66, p. 514] for a similar derivation):

w̄lt
m,i = Dmw̄

lt
m,i−1 −DT

21W̌
lt
m,i−1 + (pgm ⊗ IM)TMmSm,i(Wm,i−1) (6.175)

where DT

21 , (pgm⊗IM )TMmHm(Vm,L⊗IM ). Using (6.175) and (6.83), we obtain

w̄lt
m,i − w̃ld

m,i = Dm(w̄
lt
m,i−1 − w̃ld

m,i−1)−DT

21W̌
lt
m,i−1 (6.176)

We recognize that recursion (6.176) has a form that is similar to the recursion

for b̄i in Eq. (10.64) of [66, p. 561] except that here in (6.176) the driving noise

term is absent. Therefore, we immediately get from Eq. (10.66) of [66, p. 562]

that

E‖w̄lt
m,i − w̃ld

m,i‖2 ≤ (1− σ11µmax)E‖w̄lt
m,i−1 − w̃ld

m,i−1‖2 +
σ2
21µmax

σ11
E‖W̌ lt

m,i−1‖2

(6.177)

for some constants σ11 > 0 and σ21 > 0. Substituting (6.174) into (6.177) yields

E‖w̄lt
m,i − w̃ld

m,i‖2 ≤ (1− σ11µmax)E‖w̄lt
m,i−1 − w̃ld

m,i−1‖2 +O(µ3
max) (6.178)

for large enough i. Therefore, it follows from (6.178) that

lim sup
i→∞

E‖w̄lt
m,i − w̃ld

m,i‖2 = O(µ2
max) (6.179)

Combining (6.174) and (6.179) proves (6.173).

6.B Proof of Lemma 6.3

Let us examine the evolution of the covariance matrix of W̃
ld
i , which is defined by

Θi , E[W̃ ld
i (W̃

ld
i )

T] (6.180)

Using (6.11) and (6.12), we get from (6.86) that

Θi = DΘi−1D + PTM[ERs,i(Wi−1)]MP (6.181)
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We next introduce the fixed-point covariance recursion

Θss
i = DΘss

i−1D + PTMRs,i(W
o)MP (6.182)

Let

∆Θi , Θi −Θss
i , ∆Rs,i , ERs,i(Wi−1)−Rs,i(W

o) (6.183)

The difference matrix ∆Θi evolves by the following recursion:

∆Θi = D∆Θi−1D + PTM∆Rs,iMP (6.184)

We bound the difference matrix ∆Rs,i by

‖∆Rs,i‖
(a)

≤ E‖Rs,i(Wi−1)−Rs,i(W
o)‖

(b)

≤ κsE‖W̃i−1‖γs
(c)

≤ κs
(
E‖W̃i−1‖4

)γs/4
(6.185)

where step (a) is by using Jensen’s inequality; step (b) is by using (6.14) from

Assumption 6.3; and step (c) is by applying Jensen’s inequality again to the

concave function xγs/4 for γs ≤ 4 and x ≥ 0. As i→ ∞, we get from (6.185) that

lim sup
i→∞

‖∆Rs,i‖ = O(µγs/2max ) (6.186)

by using (6.66). From Eq. (9.286) in [66, p. 548], we have

‖D‖ = max
m

‖Dm‖ ≤ 1− σµmax (6.187)

for some σ > 0. Using the triangle inequality and the sub-multiplicativity prop-

erty of norms, we have from (6.184) that

‖∆Θi‖ ≤ ‖D∆Θi−1D‖+ ‖PTM∆Rs,iMP‖

≤ ‖D‖2‖∆Θi−1‖+ µ2
max‖P‖2‖∆Rs,i‖
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≤ (1− σµmax)‖∆Θi−1‖+ µ2
max‖P‖2‖∆Rs,i‖ (6.188)

where in the last step we used (6.187) and the fact that 0 < 1−σµmax < 1. Then,

as i→ ∞, we get from (6.186) and (6.188) that

lim sup
i→∞

‖∆Θi‖ ≤ σ−1µmax‖P‖2(lim sup
i→∞

‖∆Rs,i‖) = O(µ1+γs/2
max ) (6.189)

Now, since D is stable and in view of (6.15), the fixed-point recursion (6.182)

converges as i → ∞. At steady-state, the limit Θss
∞ , limi→∞Θss

i of (6.182)

satisfies the discrete Lyapunov equation (6.94) by identifying Θ ≡ Θss
∞.

6.C Proof of Theorem 6.2

From Lemmas 6.1 and 6.2,

lim
µmax→0

lim sup
i→∞

µ−1
maxE‖W̃i − W̄

ld
i ‖2

≤ lim
µmax→0

lim sup
i→∞

µ−1
maxE‖W̃i − W̃

lt
i + W̃

lt
i − W̄

ld
i ‖2

≤ lim
µmax→0

lim sup
i→∞

2µ−1
maxE‖W̃i − W̃

lt
i ‖2 + lim

µmax→0
lim sup
i→∞

2µ−1
maxE‖W̃ lt

i − W̄
ld
i ‖2

= 0 (6.190)

Let

Πld
i , µ−1

maxEW̄
ld
i (W̄

ld
i )

T (6.191)

Then, by Jensen’s inequality,

µmax‖Πi − Πld
i ‖ ≤ E‖W̃iW̃

T

i − W̄
ld
i (W̄

ld
i )

T‖

= E‖W̃iW̃
T

i − W̄
ld
i W̃

T

i + W̄
ld
i W̃

T

i − W̄
ld
i (W̄

ld
i )

T‖

≤ E‖(W̃i − W̄
ld
i )W̃

T

i ‖+ E‖W̄ ld
i (W̃i − W̄

ld
i )

T‖ (6.192)

The second term on the RHS of (6.192) can be bounded by

E‖W̄ ld
i (W̃i − W̄

ld
i )

T‖ = E‖(W̄ ld
i − W̃i + W̃i)(W̃i − W̄

ld
i )

T‖
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≤ E‖(W̄ ld
i − W̃i)(W̃i − W̄

ld
i )

T‖+ E‖W̃i(W̃i − W̄
ld
i )

T‖

= E‖W̄ ld
i − W̃i‖2 + E‖W̃i(W̃i − W̄

ld
i )

T‖ (6.193)

Substituting (6.193) into (6.192) yields:

µmax‖Πi − Πld
i ‖ ≤ 2E‖(W̃i − W̄

ld
i )W̃

T

i ‖+ E‖W̄ ld
i − W̃i‖2 (6.194)

The first term on the RHS of (6.194) can be bounded by

E‖(W̃i − W̄
ld
i )W̃

T

i ‖ ≤ E(‖W̃i − W̄
ld
i ‖‖W̃i‖)

≤
√

E‖W̃i − W̄
ld
i ‖2E‖W̃i‖2 (6.195)

by using the Cauchy-Schwarz inequality. Substituting (6.195) into (6.194) yields:

‖Πi−Πld
i ‖ ≤ 2

√
µ−1
maxE‖W̃i − W̄

ld
i ‖2 ·

√
µ−1
maxE‖W̃i‖2+µ−1

maxE‖W̄ ld
i −W̃i‖2 (6.196)

Using (6.190) and Theorem 6.1, it follows from (6.196) that

lim
µmax→0

lim sup
i→∞

‖Πi − Πld
i ‖ = 0 (6.197)

Noting that W̄
ld
i is obtained by extending W̃

ld
i via (6.90) and (6.91), we have

EW̄
ld
m,i(W̄

ld
n,i)

T = (1Ng
m
1
T

Ng
n
)⊗ Ew̃ld

m,i(w̃
ld
n,i)

T (6.198)

for any m and n. From (6.98), we know that

lim
µmax→0

lim sup
i→∞

‖µ−1
maxEw̃

ld
m,i(w̃

ld
n,i)

T − Φm,n‖ = 0 (6.199)

where Φm,n denotes the (m,n)-th block of Φ with block size M ×M . It follows

from (6.198) and (6.199) that

lim
µmax→0

lim sup
i→∞

‖µ−1
maxEW̄

ld
m,i(W̄

ld
n,i)

T−(1Ng
m
1
T

Ng
n
)⊗ Φm,n‖=0 (6.200)

Using (6.90), (6.115), and (6.191), we get from (6.200) that

lim
µmax→0

lim sup
i→∞

‖Πld
i − Π‖ = 0 (6.201)

Combining (6.197) and (6.201), we arrive at (6.114).
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6.D Proof of Lemma 6.5

We establish this result by calling upon Theorem 1.1 from [120, p. 319], which

considers a stochastic recursion of the following form:

xi = xi−1 + µg(xi−1) + µvi (6.202)

with step-size µ > 0, update vector g(xi−1), and noise vi, satisfying the condi-

tions:

1. The function g(·) is continuously differentiable and can be expanded as

g(x) = g(xo) + [∇g(xo)]T(x− xo) + o(‖x− xo‖) (6.203)

around a point xo, where ∇g(·) denotes the Jacobian of g(·), and o(·) is the
“small-o” notation that represents higher order terms.

2. It holds that xo is the unique point that satisfies:

g(xo) = 0 (6.204)

3. The Jacobian A , ∇g(xo) is a Hurwitz matrix (i.e., the real parts of the

eigenvalues of A are negative).

4. The noise process {vi; i ≥ 0} is a martingale difference, i.e.,

E(vi|Fi−1) = 0 (6.205)

where Fi−1 is the filtration defined by {xi; i ≥ 0}.

5. The noise vi has an asymptotically bounded moment of order higher than

2, namely,

lim
µ→0

lim sup
i→∞

E‖vi‖2+p <∞ (6.206)

for some p > 0.
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6. The covariance matrices of the noise process {vi; i ≥ 0} converge to a

positive semi-definite matrix Σ ≥ 0:

lim
µ→0

lim sup
i→∞

‖EvivTi − Σ‖ = 0 (6.207)

Under these conditions, it holds that as i → ∞ and µ → 0 asymptotically,

the sequence {xi/√µ} converges weakly to a Gaussian random distribution with

mean xo and covariance matrix C, which is the unique solution to the continuous

Lyapunov equation AC + CAT = Σ.

These conditions are satisfied by our recursion (6.116) by identifying W̃
ld
i ≡ xi,

µmax ≡ µ, −H̄W̃
ld
i−1 ≡ g(xi−1), vi ≡ s̄i. First, since H̄ is positive-definite by

(6.108) and (6.85), it is obvious that xo = 0 is the unique point satisfying (6.204).

Second, since g(x) = −H̄x and xo = 0, condition 1) holds automatically with

[∇g(xo)]T = −H̄. Third, it is easy to recognize that A ≡ −H̄ is Hurwitz since

H̄ is positive-definite. Fourth, by (6.12) from Assumption 6.3, condition (6.205)

holds. Fifth, by (6.13) from Assumption 6.3, we have

E‖s̄i‖4 ≤ ‖P‖4E‖Si(Wi−1)‖4

≤ ‖P‖4(α2E‖W̃i−1‖4 + σ4
s ) (6.208)

Using Theorem 6.1, we get from (6.208) that

lim
µmax→0

lim sup
i→∞

E‖s̄i‖4 ≤ ‖P‖4(O(µ2
max) + σ4

s) <∞ (6.209)

which satisfies condition (6.206). Sixth, we have from (6.117) and (6.11) that

Es̄is̄
T

i = µ−2
maxPTMERs,i(Wi−1)MP (6.210)

Let

Σi , µ−2
maxPTMRs,i(W

o)MP (6.211)
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Then, using Jensen’s inequality and (6.14) from Assumption 6.3, we have from

(6.210) that

‖Es̄is̄Ti − Σi‖ ≤ ‖P‖2‖∆Rs,i‖ (6.212)

where ∆Rs,i is from (6.183). Using (6.186), we further get

lim
µmax→0

lim sup
i→∞

‖Es̄is̄Ti − Σi‖ = 0 (6.213)

Using (6.15), we have

lim
i→∞

Σi = µ−2
maxPTMRsMP = R̄ ≥ 0 (6.214)

where R̄ is from (6.109). It follows from (6.213) and (6.214) that

lim
µmax→0

lim sup
i→∞

‖Es̄is̄Ti − R̄‖ = 0 (6.215)

Therefore, we conclude that the sequence {W̃ ld
i /

√
µmax; i ≥ 0} converges weakly

to the Gaussian random variable with zero mean and covariance matrix Φ that

satisfies (6.112).

6.E Proof of Lemma 6.6

We follow an argument similar to the proof of Theorem 2 from [121, p. 256]

(which proves the result that convergence in moments implies convergence in

distribution). Let |f(x)| ≤ c, i.e., bounded. Because a continuous function f(x)

is also uniformly continuous in any bounded region [121, p. 54], for any constant

ǫ > 0 and for any constant b > 0, there exists some δǫ,b > 0, which depends on

the choices of ǫ and b, such that |f(x)− f(y)| < ǫ for ‖x‖ < b and ‖x− y‖ < δǫ,b.

Now, setting b ,
√

2cσ2/ǫ > 0, where σ2 is from (6.121), and using conditional

expectations, we have

E|f(ζi)− f(ηi)| = E[|f(ζi)− f(ηi)| | ‖ζi − ηi‖ < δǫ,b, ‖ζi‖ < b]
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× P[‖ζi − ηi‖ < δǫ,b, ‖ζi‖ < b]

+ E[|f(ζi)− f(ηi)| | ‖ζi − ηi‖ < δǫ,b, ‖ζi‖ ≥ b]

× P[‖ζi − ηi‖ < δǫ,b, ‖ζi‖ ≥ b]

+ E[|f(ζi)− f(ηi)| | ‖ζi − ηi‖ ≥ δǫ,b]

× P[‖ζi − ηi‖ ≥ δǫ,b] (6.216)

The first term on the RHS of (6.216) is bounded by

1st term ≤ E[ǫ | ‖ζi − ηi‖ < δ, ‖ζi‖ < b]× 1 = ǫ (6.217)

Using the fact that |f(x) − f(y)| ≤ |f(x)| + |f(y)| ≤ 2c, and also the fact that

the joint probability is bounded by any one of the marginal probabilities, i.e.,

P[A ∩ B] ≤ P[A] for any two events A and B, the second term on the RHS of

(6.216) is bounded by

2nd term ≤ 2cP[‖ζi‖ ≥ b] ≤ 2cE‖ζi‖2
b2

=
ǫE‖ζi‖2
σ2

(6.218)

where we used Chebyshev’s inequality [121, p. 47]. Likewise, the third term on

the RHS of (6.216) is bounded by

3rd term ≤ 2cP[‖ζi − ηi‖ ≥ δ] ≤ 2cE‖ζi − ηi‖2
δ2

(6.219)

Now, substituting (6.217)–(6.219) into (6.216), we have

E|f(ζi)− f(ηi)| ≤ ǫ+
ǫE‖ζi‖2
σ2

+
2cE‖ζi − ηi‖2

δ2
(6.220)

Using (6.120) and (6.121), we end up with

lim
µmax→0

lim sup
i→∞

E|f(ζi)− f(ηi)| ≤ 2ǫ (6.221)

Since ǫ is arbitrary, result (6.122) follows from (6.221).
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6.F Proof of (6.137)

To simplify the notation, we drop the subscript of dk,ℓ and denote its mean by

d̄ , Ed and its covariance by C , E(d− d̄)(d− d̄)T. Since d is Gaussian, it holds

that

E‖d‖4 = E‖d− d̄+ d̄‖4

= E[‖d− d̄‖2 + 2(d− d̄)Td̄+ ‖d̄‖2]2

= E‖d− d̄‖4 + 2E‖d− d̄‖2‖d̄‖2 + ‖d̄‖4 + 4d̄TE[(d− d̄)(d− d̄)T]d̄

= E‖d− d̄‖4 + 2Tr(C)‖d̄‖2 + ‖d̄‖4 + 4‖d̄‖2C (6.222)

where we used the fact that the odd order moments of d− d̄ is zero. Likewise,

(E‖d‖2)2 = (E‖d− d̄+ d̄‖2)2

= (E‖d− d̄‖2 + ‖d̄‖2)2

= [Tr(C)]2 + 2Tr(C)‖d̄‖2 + ‖d̄‖4 (6.223)

From (6.222) and (6.223), we have

E‖d‖4 − (E‖d‖2)2 = E‖d− d̄‖4 − [Tr(C)]2 + 4‖d̄‖2C (6.224)

From Lemma A.2 of [46, p. 11], it can be verified that

E‖d− d̄‖4 = [Tr(C)]2 + 2Tr(C2) (6.225)

Substituting (6.225) into (6.224) yields:

E‖d‖4 − (E‖d‖2)2 = 2Tr(C2) + 4‖d̄‖2C (6.226)
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CHAPTER 7

Relating Consensus and Diffusion Strategies to

Penalty Methods

In this chapter, we establish a connection between distributed consensus and

diffusion strategies and classical diagonally-weighted gradient-descent iterations

under a special local balance condition. We start from an aggregate cost func-

tion defined over a network of agents and regularize it by adding a weighted

quadratic term whose nullspace coincides with the agreement subspace for all

agents. Under a local balance condition on the combination coefficients over

the edges, we show that consensus and diffusion strategies can be interpreted

as diagonally-weighted gradient-descent iterations. In this case, stability and

performance analysis for single-agent implementations become applicable to the

distributed solutions. When the local balance condition is not satisfied, the dy-

namics of the distributed solutions become richer and their analysis becomes

more demanding (see, e.g., [66, 67]). The results in this chapter can be used to

provide an interpretation for the two-phase transient behavior of consensus and

diffusion strategies.
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7.1 Introduction and Problem Formulation

We consider a network consisting of N agents that are connected via some topol-

ogy. Each agent k has an individual cost function Jk(w) : R
M×1 7→ R. The cost

Jk(w) is assumed to be convex and twice-differentiable. A minimizer of Jk(w)

is denoted by wok. In general, the minimizers {wok} across the agents do not

necessarily coincide with each other, i.e., wok 6= woℓ for k 6= ℓ. In addition, we

assume that there exists at least one individual cost, say, Jm(w), that is strongly-

convex, which means that its Hessian matrix is uniformly bounded away from

zero, namely,

∇2Jm(w) ≥ λm,LIM (7.1)

for any w ∈ RM×1 and some positive constant λm,L. The entire network of agents

aims to seek the unique solution to the following minimization problem:

minimize
w

Jgen(w) ,
N∑

k=1

qkJk(w) (7.2)

where the {qk} is a set of convex coefficients that satisfy

qk > 0,
N∑

k=1

qk = 1 (7.3)

Since the individual costs {Jk(k)} in (7.2) are convex, and the weights {qk} are

positive, the weighted aggregate cost Jgen(w) is also convex. Furthermore, since

there exists at least one strongly-convex individual cost Jm(w), the aggregate

cost Jgen(w) is also strongly-convex, which ensures that Jgen(w) has a unique

minimizer. We denote this unique global minimizer by wo, which satisfies the

first-order condition for optimality [135]:

∇Jgen(wo) =

N∑

k=1

qk∇Jk(wo) = 0 (7.4)
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Note that the general cost Jgen(·) in (7.2) is a linear combination of the individual

costs {Jk(w)} with convex weights {qk}, so it can be regarded as the scalarization

of the vector cost Jvec(w) : RM×1 7→ RN×1 (i.e., a multi-objective cost) [71, p.

178]:

Jvec(w) , col{J1(w), . . . , JN(w)} (7.5)

with the weights {qk}. Therefore, the minimizer wo of the scalarized (aggregate)

cost Jgen(·) is a Pareto optimal point for the vector cost Jvec(w) [71, p. 177]. If

the individual costs {Jk(w)} are not minimized at the same point, then in general

the Pareto optimal point wo would be different from any one of the individual

minimizers. If all individual costs happen to share a common minimizer such

that wo1 = wo2 = · · · = woN , then the Pareto optimal point wo will be identical to

all the individual minimizers, i.e., wok = wo for all k.

In this chapter, we use a regularized penalty method to motivate the consensus

and diffusion strategies for solving problem (7.2) in a distributed manner over any

connected topology.

7.2 Regularization for Distributed Processing

We assume that each agent in the network only has access to its own individual

cost, Jk(w), and is allowed to interact with its local neighbors (as defined by the

topology) during the learning process. Since each agent will generate its own

estimate for the global minimizer wo, there will be N estimates in the network,

which are denoted by {wk,i}Nk=1. The subscripts k and i indicate that wk,i is an

estimate generated by agent k at time i. In order to emphasize the fact that N

separate estimates will be evaluated across the network, we rewrite problem (7.2)
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explicitly in the following equivalent form:

minimize
{wk}

N
k=1

Jdist(w1, . . . , wN) ,
N∑

k=1

qkJk(wk)

subject to w1 = · · · = wN

(7.6)

The interpretation for this formulation is that each agent k is allowed to have

its own estimate, wk, of the parameter vector wo, but all versions from across

the network will need to be aligned. Compared with the original aggregate

cost Jgen(w) that is defined over RM×1, the distributed aggregate cost function

Jdist(w1, . . . , wN) is defined over the higher-dimensional space RNM×1 since its

argument is now given by the aggregate vector W , col{w1, . . . , wN} ∈ RNM×1.

The dimension of the parameter space is expanded from M for w to NM for W.

Due to the agreement constraint in (7.6), the feasible region for W is the agree-

ment subspace S , {1N ⊗ x; x ∈ RM×1} ⊂ RNM×1, where 1N denotes the N × 1

vector with all entries equal to one. Using (7.6), the Hessian matrix of Jdist(W)

is given by

∇2Jdist(W) = diag{qk∇2Jk(wk)}Nk=1 (7.7)

where wk is the k-th sub-vector of W.

Lemma 7.1 (Strong-convexity of Jdist(W)). The distributed cost Jdist(W) in (7.6)

is strongly-convex in the agreement subspace S, namely, ∇2Jdist(W) ≥ bINM for

any W ∈ S and some positive constant b.

Proof. The statement is proven by showing that

xT∇2Jdist(W)x ≥ b > 0 (7.8)

for any W , 1N ⊗ w ∈ S and any x , 1N ⊗ xo ∈ S. This is true because

xT∇2Jdist(W)x =

N∑

k=1

xTo qk∇2Jk(w)xo
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= xTo

(
N∑

k=1

qk∇2Jk(w)

)
x

= xTo∇2Jgen(w)xo

≥ b > 0 (7.9)

for some positive constant b, where we used (7.7) and the fact that Jgen(·) is

strongly-convex.

Due to the equivalency of problems (7.2) and (7.6), the cost Jdist(W) has a

unique minimizer within S, which is given by

W
o , 1N ⊗ wo (7.10)

In order to solve the constrained problem (7.6) in a distributed manner, we

call upon the penalty method [71,72,135,136]. The choice of the penalty function

plays an important role here because it will help reflect the network topology, as

well as penalize solutions that violate the agreement constraint in (7.6). The

penalty function will be related to two sets of parameters, namely, the step-sizes

{µk; k = 1, 2, . . . , N} and the combination coefficients {aℓk; k, ℓ = 1, 2, . . . , N},
which will appear in the distributed algorithms (7.33), (7.35), and (7.36).

The step-size parameters {µk} are a set of positive constants, one for each

agent k. These parameters control the stability and the convergence rate of the

distributed algorithms, as already explained in [66]. Using {µk}, we introduce a

set of auxiliary parameters:

βk ,
qk/µk∑N

m=1 qm/µm
> 0 (7.11)

where {qk} are from (7.2). It is obvious that the {βk} satisfy
∑N

k=1 βk = 1.

The selection of the second set of parameters, i.e., the combination coefficients

{aℓk}, depends on the auxiliary parameters {βk}. Specifically, we introduce a
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combination coefficient matrix A , [aℓk]
N
ℓ,k=1R

N×N to represent a weighted graph

based on the underlying topology. The entries on the k-th column of A, i.e., {aℓk}
for each k, will need to satisfy





aℓk > 0 if ℓ ∈ Nk\{k}, akk ≥ 0

aℓk = 0 if ℓ /∈ Nk,
N∑

ℓ=1

aℓk = 1
(7.12)

where Nk denotes the neighborhood of agent k with the convention k ∈ Nk.

Among all diagonal entries of A, i.e., {akk}, there must be at least one positive

entry. Since the network topology is assumed to be connected, and since at least

one diagonal entry of A is positive, then the weighted graph corresponding to A

is strongly-connected [66, p. 435], i.e., the graph is connected and contains at

least one self-loop. In addition, the coefficients {aℓk} will also need to satisfy the

local balance condition:

aℓkβk = akℓβℓ (7.13)

for any pair of agents k and ℓ, where βk and βℓ are from (7.11). Using (7.11),

condition (7.13) can be rewritten as

aℓkqk
µk

=
akℓqℓ
µℓ

(7.14)

For example, the Hastings rule proposed in [36, 66], and which was motivated

by earlier results on Monte Carlo Markov Chains in [137], satisfies the local

balance condition (7.13) and it applies to any connected topology. Specifically,

the Hastings rule assigns the following weights to the links between agents:

aℓk =





θ2k
max{nkθ2k, nℓθ2ℓ}

, ℓ ∈ Nk\{k}

1−
∑

m∈Nk\{k}

amk, ℓ = k
(7.15)
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where nk = |Nk| denotes the size of the neighborhood Nk and θ2k = µk/qk.

Other constructions are also possible. We therefore assume that the combination

coefficients {aℓk} have been chosen to satisfy condition (7.13) or (7.14).

Since the weighted graph corresponding to A is strongly-connected, and the

entries of A satisfy condition (7.12), the matrix A is left-stochastic and primitive.

It then follows from the Perron-Frobenius theorem [66, 79] that A has a simple

eigenvalue at one, while all other eigenvalues are inside the unit circle. We denote

the left and right eigenvectors that are associated with the eigenvalue at one by

AT
1N = 1N , Ap = p, pT1N = 1 (7.16)

and normalize the entries of p to add up to one. We refer to p as the Perron

eigenvector of A. It further follows from the Perron-Frobenius theorem that all

entries of p are strictly positive, written as p ≻ 0. The entries of the Perron

vector p can be identified as follows. Using the local balance condition (7.13) and

the fact that
∑N

k=1 akℓ = 1 from (7.12), it holds that

N∑

k=1

aℓkβk =
∑

k 6=ℓ

aℓkβk + aℓℓβℓ

=
∑

k 6=ℓ

akℓβℓ + aℓℓβℓ

= (1− aℓℓ)βℓ + aℓℓβℓ

= βℓ (7.17)

From (7.17) and the fact that βk > 0 and
∑N

k=1 βk = 1, we readily identify the

entries of p as

pk ≡ βk or p ≡ col{β1, . . . , βN} (7.18)

where pk denotes the k-th entry of p.

Now, using these Perron entries {pk} and the combination coefficients {aℓk},
we introduce a penalized cost function with a quadratic regularization term as

275



follows:

minimize
{wk}

N
k=1

Jpen(w1, . . . , wN) ,
N∑

k=1

qkJk(wk) + η

N∑

k=1

N∑

ℓ=1

pkaℓk‖wk −wℓ‖2 (7.19)

where η is a positive factor chosen as

η ,
1

4

N∑

k=1

qk
µk

> 0 (7.20)

Compared with the constrained aggregate cost Jdist(W) in (7.6), which enforces

agreement among all agents, the penalized cost Jpen(W) is unconstrained and,

therefore, allows for some small disagreements among the agents. The level of

tolerance for discrepancy is determined by the weighting factor η, which is in-

versely proportional to the step-size parameters. Therefore, when step-sizes {µk}
are sufficiently small, which will correspond to operation in the slow adaptation

regime, the regularization term weighted by η will be significant and will penalize

discrepancies among agents. Let P , diag(p). Note that the (ℓ, k)-th entry of

AP is given by aℓkpk, while the (ℓ, k)-th entry of PAT is given by akℓpℓ. Then, it

follows from the local balance condition (7.13) that

AP = PAT (7.21)

Let A , A ⊗ IM and P , P ⊗ IM . Then, the regularization term in (7.19) can

be expressed as

N∑

k=1

N∑

ℓ=1

pkaℓk‖wk − wℓ‖2

=

N∑

k=1

N∑

ℓ=1

pkaℓk(‖wk‖2 + ‖wℓ‖2 − 2wT

kwℓ)

(a)
=

N∑

k=1

pk‖wk‖2
N∑

ℓ=1

aℓk +
N∑

ℓ=1

pℓ‖wℓ‖2
N∑

k=1

akℓ − 2
N∑

k=1

N∑

ℓ=1

pkaℓkw
T

kwℓ

(b)
= 2

N∑

k=1

pk‖wk‖2 − 2

N∑

k=1

N∑

ℓ=1

pkaℓkw
T

kwℓ
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= 2WTPW − 2WT(AP)W

= 2WT(P −AP)W (7.22)

where step (a) is by using (7.13) to replace pkaℓk with pℓakℓ in the second term on

the RHS, and step (b) is by using (7.12). According to (7.21), the matrix P−AP
is symmetric. Furthermore, we know from (7.22) that W

T(P−AP)W ≥ 0 for any

W ∈ RNM×1, which implies that P − AP is positive semi-definite. Using (7.22),

the penalized cost Jpen(W) in (7.19) can be rewritten in terms of the network

variable W as

Jpen(W) = Jdist(W) + 2η‖W‖2P−AP (7.23)

As a convex combination of convex individual costs {Jk(wk)}, Jdist(W) is also

convex. Obviously, since Jdist(W) and 2η‖W‖2P−AP are both twice-differentiable

and convex, the penalized cost Jpen(W) in (7.23) is also twice-differentiable and

convex. Using (7.16), it is straightforward to verify that

(P − AP )1N = p−Ap = 0 (7.24)

Lemma 7.2 (Nullspace of P −AP). The weighting matrix P −AP in (7.23) is

rank-deficient, and its nullspace coincides with the agreement subspace S.

Proof. Note that the diagonal matrix P is non-singular so that the rank of P −
AP = (IN −A)P is identical to the rank of IN −A. Since A is left-stochastic and

primitive, its eigenvalue at one is simple by the Perron-Frobenius theorem [66,79].

Then, the eigenvalue of IN −A at zero is also simple, which implies that the rank

of P − AP is N − 1. Thus, the dimension of the null space of P − AP is one.

From (7.24), it is clear that 1N is in the nullspace of P −AP . Therefore, the

nullspace of P−AP is given by Span(1N), and the nullspace of P−AP coincides

with the agreement subspace S.
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Using Lemma 7.2, it is clear that the quadratic regularization term, i.e.,

2η‖W‖2P−AP , in the cost Jpen(W) will generate a large penalty for solutions outside

of the agreement subspace S and will have no impact on solutions inside S. In

this way, the penalized cost Jpen(W) encourage rather than enforce a consensus

solution to the distributed cost Jdist(W).

Lemma 7.3 (Strong-convexity of Jpen(W)). The penalized cost Jpen(W) from

(7.23) is strongly-convex in RNM×1, i.e., ∇2Jpen(W) ≥ cINM for any W ∈ RNM×1

and some positive constant c.

Proof. See Appendix 7.A.

7.3 Distributed Gradient Descent Iteration

Now, we apply a diagonally-weighted gradient-descent algorithm [135] to solve

problem (7.19), namely,

Wi = Wi−1 − µP−1∇Jpen(Wi−1) (7.25)

where µ is a (derived) positive step-size parameter chosen as

µ ,
1

4η
=

(
N∑

k=1

qk
µk

)−1

(7.26)

It is worth noting that the µ in (7.26) is a weighted harmonic average of the

step-sizes {µk}. Let µmax , maxk{µk}. Then, it follows from (7.3) and (7.26)

that

µ ≤
(

N∑

k=1

qk
µmax

)−1

= µmax (7.27)

Therefore, µ is consistent with all the step-sizes {µk}; µ will become small when

the {µk} do so. Since P is diagonal, all the sub-vectors of Wi, i.e., {wk,i}, in
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(7.25) can be updated in parallel:

wk,i = wk,i−1 − µp−1
k ∇kJ

pen(Wi−1) (7.28)

where ∇kJ
pen(Wi−1) denotes the partial gradient of Jpen(·) with respect to the

k’s sub-vector of Wi−1, i.e., wk,i−1, and is given by

∇kJ
pen(W) = qk∇Jk(wk) + 2η

N∑

ℓ=1

(pkaℓk+pℓakℓ)(wk−wℓ)

= qk∇Jk(wk) + 4ηpk

N∑

ℓ=1

aℓk(wk − wℓ) (7.29)

where we used the local balance condition (7.13). Since the underlying topology

is undirected, each incoming-neighbor of agent k is also an outgoing-neighbor of

k. Substituting (7.29) into (7.28), and using (7.26), we obtain

wk,i = wk,i−1 −
µqk
pk

∇Jk(wk,i−1)−
N∑

ℓ=1

aℓk(wk,i−1−wℓ,i−1) (7.30)

Using (7.18) and (7.11), it can be verified that

pkµk = βkµk =
qk∑N

m=1 qm/µm
= qkµ (7.31)

Therefore, we get from (7.30) that

wk,i = wk,i−1 − µk∇Jk(wk,i−1)−
N∑

ℓ=1

aℓk(wk,i−1−wℓ,i−1) (7.32)

Using condition (7.12), we readily arrive at the consensus strategy from (7.32),

namely,

wk,i =
∑

ℓ∈Nk

aℓkwℓ,i−1 − µk∇Jk(wk,i−1) (7.33)

Alternatively, if we split the single gradient-descent step in (7.32) into two con-

secutive steps, then we would obtain




ψk,i = wk,i−1 − µk∇Jk(wk,i−1)

wk,i = ψk,i −
N∑

ℓ=1

aℓk(wk,i−1 − wℓ,i−1)
(7.34)
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If we follow the incremental scheme [135] by replacing the wk,i−1 and wℓ,i−1 in the

second step of (7.34) with the intermediate variables ψk,i and ψℓ,i, respectively,

then we would obtain the adapt-then-combine (ATC) diffusion strategy [6,12,66]:




ψk,i = wk,i−1 − µk∇Jk(wk,i−1)

wk,i =
∑

ℓ∈Nk

aℓkψℓ,i
(7.35)

In ATC diffusion adaptation (7.35), we use the post-combination variables to

represent the state of each iteration. An alternative implementation is to use the

post-adaptation variables, which leads to the combine-then-adapt (CTA) diffu-

sion strategy [6, 12, 66]:




φk,i−1 =
∑

ℓ∈Nk

aℓkwℓ,i−1

wk,i = φk,i−1 − µk∇Jk(φk,i−1)

(7.36)

The stochastic implementations of these three strategies (7.33), (7.35), and (7.36)

can be obtained by replacing the true gradient ∇Jk(·) by its stochastic approxi-

mation ∇̂Jk(·).

It is worth noting that the local balance condition (7.13) is a necessary condi-

tion to express consensus strategies in the form of diagonally-weighted gradient-

descent iterations. This is because a diagonally-weighted gradient-descent itera-

tion that minimizes some underlying cost J(x) is given by the following generic

form:

xi = xi−1 − µD∇J(xi−1) , xi−1 − µg(xi−1) (7.37)

where µ is a step-size parameter, D , D ⊗ IM is a positive definite diagonal

matrix, and g(x) , D∇J(x) is the update vector. Then, the Jacobian of the

update vector in (7.37) is given by

∇g(x) = D∇2J(x) (7.38)
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which implies that, up to a matrix factor D−1, the Jacobian of the update vector

must be a Hessian matrix and, therefore, must be symmetric and positive semi-

definite. Now, let us define M , diag{µ1, . . . , µN} ⊗ IM . Then, the consensus

strategy in (7.33) can be written into the following network aggregate form:

Wi = AT
Wi−1 −M∇Jdist(Wi−1) (7.39)

where ∇Jdist(W) , diag{qk∇Jk(wk)}Nk=1. This iteration can be rewritten into a

form similar to (7.37), i.e.,

Wi = Wi−1 − µg(Wi−1) (7.40)

where the effective update vector is given by

g(W) , µ−1[M∇Jdist(W) + (INM −AT)W] (7.41)

The Jacobian of the update vector g(W) in (7.41) is given by

∇g(W) = µ−1[M∇2Jdist(W) + (INM −AT)] (7.42)

Therefore, if the update vector g(W) from (7.41) is the gradient of some underlying

cost, then up to a matrix factor D−1, the Jacobian ∇g(W) needs to be symmetric

and positive semi-definite. Assume there exists such a matrix factor D−1. Then,

the following condition for symmetry must hold:

D−1∇g(W) = [∇g(W)]TD−1 (7.43)

Note that the first component in g(W), i.e., µ−1M∇Jdist(W), is block diagonal

and positive semi-definite, so it holds for any block diagonal matrix D = D⊗IM ,

where D is diagonal and positive definite, that

D−1µ−1M∇Jdist(W) = [µ−1M∇Jdist(W)]TD−1 (7.44)
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Therefore, we only need to examine the following condition:

D−1µ−1(INM −AT) = [µ−1(INM −AT)]TD−1 (7.45)

which reduces to

D−1AT = AD−1 (7.46)

The (ℓ, k)-th entry of D−1AT is given by akℓ/dℓ, while the (ℓ, k)-th entry of AD−1

is given by aℓk/dk. Therefore, condition (7.46) holds if, and only if,

akℓ
dℓ

=
aℓk
dk

(7.47)

By identifying βk ≡ d−1
k , condition (7.47) is equivalent to the local balance condi-

tion (7.13). Therefore, the local balance condition (7.13), or (7.14), is a necessary

condition to express the consensus strategy (7.33) in a form that is equivalent

to a diagonally-weighted gradient-descent iteration for minimizing some under-

lying cost. It is also worth noting that, in addition to be symmetric, the matrix

D−1∇g(W) in (7.43) also needs to be positive semi-definite to be sufficient to

express the consensus strategy (7.33) as a diagonally-weighted gradient-descent

iteration.

7.4 Concluding Remarks

Based on the derivations from the previous section, if the combination coefficients

{aℓk} satisfy the local balance condition (7.14), then the consensus strategy (7.33)

can be recognized as a standard gradient-descent iteration for minimizing the pe-

nalized cost Jpen(·) in (7.19); likewise, the diffusion strategies (7.35) and (7.36)

can be recognized as an incremental iteration for minimizing the same penalized

cost Jpen(·) starting from the same gradient-descent iteration. Moreover, we have

shown in Lemma 7.3 that the penalized cost Jpen(·) is strongly-convex. There-

fore, results for single-agent implementations [135] are applicable for distributed
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consensus and diffusion strategies when the local balance condition (7.14) holds.

For example, the stability of gradient-descent methods is established in [72] by

assuming constant step-sizes with deterministic or stochastic gradient errors. The

convergence to the limit point for gradient-descent methods is established in [73]

by assuming diminishing step-sizes with either deterministic or stochastic gradi-

ent errors. The convergence for incremental methods is established in [138, 139]

by assuming diminishing or constant step-sizes with deterministic or stochastic

gradient errors. These results can be applied to distributed implementations un-

der the local balance condition (7.14). If this condition is however not satisfied,

then the stability and performance analysis of consensus and diffusion strategies

become more demanding in comparison to standard gradient-descent implemen-

tations — see, e.g., the treatment in [8, 66].

The arguments in the previous section can also be used to interpret the two-

phase transient behavior of consensus and diffusion strategies discovered in [67].

The gradient vector ∇Jpen(W) in (7.25) consists of two components: the first

one is related the distributed cost Jdist(W) and the second one is related to the

regularization term. For small step-sizes with µk ≪ 1, and for non-uniform

initialization where W−1 /∈ S, i.e., W−1 6= 1N ⊗ w−1 for any w−1 ∈ RM×1, the

second component that is weighted by η ≫ 1 dominates the first component. The

first stage of the transient phase is therefore controlled by the second component

in order to reduce the large penalty caused by the disagreement among the agents.

After a number of iterations when Wi gets close enough to the agreement subspace

such that the penalty is not significant any more, the gradient vector starts to

reflect both components. The overall dynamics then enters the second stage of

the transient phase.
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7.A Proof of Lemma 7.3

The Hessian of Jpen(W) is given by

∇2Jpen(W) = ∇2Jdist(W) + 4η(P −AP) (7.48)

where ∇2Jdist(W) is given by (7.7). We argue in the sequel that the smallest

eigenvalue of ∇2Jpen(W) is lower bounded by some positive constant for any W.

Based on (7.48), this result can be established by showing that for any x ∈ RNM×1

with unit norm ‖x‖ = 1, and for any W ∈ RNM×1,

‖x‖2∇2Jpen(W) = ‖x‖2∇2Jdist(W) + 4η‖x‖2P−AP ≥ c (7.49)

for some positive constant c > 0 that is independent of W. Now note that the

entire space RNM×1 can be orthogonally decomposed into two subspaces: S and

its orthogonal compliment S⊥ [87]. Then, any vector x , col{xk}Nk=1, xk ∈
RM×1, with unit norm ‖x‖ = 1, can be uniquely and orthogonally decomposed

as x = x̄ + x̃ with x̄ , col{x̄k}Nk=1 ∈ S and x̃ , col{x̃k}Nk=1 ∈ S⊥. Due to

othogonality, it holds that ‖x‖2 = ‖x̄‖2 + ‖x̃‖2 = 1. Since x̄ ∈ S, it can be

expressed as x̄ = 1N ⊗ x̄o, or, equivalently, x̄k = x̄o for any k, and it holds that

‖x̄‖2 = N‖x̄o‖2. From Lemma 7.2, the nullspace of P−AP is S. Since P−AP is

symmetric, the range space of P −AP is then given by S⊥ [87]. Let us introduce

the spectral decomposition for P −AP as follows:

P −AP , UΛUT ,
[
U1 U2

]


Λ1

Λ2



[
U1 U2

]T
(7.50)

where U is orthonormal and Λ is diagonal with nonnegative diagonal entries. In

addition, Λ1 > 0 corresponds to the range space of P −AP, Λ2 = 0 corresponds

to the nullspace of P − AP. Then, we have x̄ ∈ Span(U2) and x̃ ∈ Span(U1).
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Therefore,

‖x‖2P−AP = (x̄+ x̃)T(P −AP)(x̄+ x̃)

= x̃T(P −AP)x̃

= x̃TU1Λ1UT

1 x̃

≥ λL‖x̃‖2 (7.51)

where λL > 0 denotes the smallest entry on the diagonal of Λ1 (which is the

smallest nonzero eigenvalue of P −AP). Meanwhile, we have from (7.7) that

‖x‖2∇2Jdist(W) =
N∑

k=1

qk‖xk‖2∇2Jk(wk)
≥ qmλm,L‖xm‖2 (7.52)

where Jm(·) is strongly-convex by our previous assumptions and λm,L > 0 denotes

the lower bound on ∇2
mJm(wm). Then, we get from (7.49)–(7.52) that

‖x‖2∇2Jpen(W) ≥ 4γ‖xm‖2 + 4ηλL‖x̃‖2 (7.53)

where γ , qmλm,L/4. On one hand, it is straightforward from (7.52) to see that

‖x‖2∇2Jpen(W) ≥ 4γ‖xm‖2 (7.54)

On the other hand, we have from (7.53) that

‖x‖2∇2Jpen(W) = 4γ‖xm‖2 + 4ηλL‖x̃m‖2 + 4ηλL(‖x̃‖2 − ‖x̃m‖2)

≥ min{2γ, 2ηλL}(2‖xm‖2+2‖x̃m‖2)+4ηλL(‖x̃‖2−‖x̃m‖2)
(a)

≥ min{2γ, 2ηλL}‖xm − x̃m‖2 + 4ηλL(‖x̃‖2 − ‖x̃m‖2)
(b)
= min{2γ, 2ηλL}‖x̄m‖2 + 4ηλL

∑

k 6=m

‖x̃k‖2

(c)
=

min{γ, ηλL}
N − 1

∑

k 6=m

2‖x̄k‖2 + 2ηλL
∑

k 6=m

2‖x̃k‖2

≥ min{γ, ηλL}
N − 1

∑

k 6=m

(2‖x̄k‖2 + 2‖x̃k‖2)
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(d)

≥ min{γ, ηλL}
N − 1

∑

k 6=m

‖x̄k + x̃k‖2

(e)
=

min{γ, ηλL}
N − 1

∑

k 6=m

‖xk‖2

(f)
=

min{γ, ηλL}
N − 1

(1− ‖xm‖2) (7.55)

where steps (a) and (d) are due to the parallelogram law: ‖a+b‖2 ≤ 2‖a‖2+2‖b‖2;
steps (b) and (e) are because xk = x̄k + x̃k for any k and ‖x̃‖2 =

∑N
k=1 ‖x̃k‖2;

step (c) is by using the fact that x̄k = x̄o for all k; and step (f) is due to the unit

norm:
∑N

k=1 ‖xk‖2 = 1. Combining (7.54) and (7.55), and letting c1 = 4γ > 0

and c2 = min{γ, ηλL}/(N − 1) > 0, we obtain

‖x‖2∇2Jpen(W) ≥ max
{
c1‖xm‖2, c2(1− ‖xm‖2)

}

≥ min{c1, c2} ·max{‖xm‖2, 1− ‖xm‖2}

≥ min{c1, c2}
2

(7.56)

where we used the fact that max0≤y≤1{y, 1− y} ≥ 1/2 because 0 ≤ ‖xm‖2 ≤ 1.

Since min{c1, c2}/2 > 0 is a constant that is independent of W, result (7.49) holds.
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