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DIFFERENTIAL COMPLEXES, HELMHOLTZ
DECOMPOSITIONS, AND DECOUPLING OF MIXED METHODS

LONG CHEN AND XUEHAI HUANG*

ABSTRACT. A framework to systematically construct differential complex and
Helmholtz decompositions is developed. The Helmholtz decomposition is used
to decouple the mixed formulation of high order elliptic equations into combi-
nation of Poisson-type and Stokes-type equations. By finding the underlying
complex, this decomposition is applied in the discretization level to design fast
solvers for solving the linear algebraic system. It can be also applied in the con-
tinuous level first and then discretize the decoupled formulation, which leads
to a natural superconvergence between the Galerkin projection and the decou-
pled approximation. Examples include but not limit to: biharmonic equation,
triharmonic equation, fourth order curl equation, HHJ mixed method for plate
problem, and Reissner-Mindlin plate model etc. As a by-product, Helmholtz
decompositions for many dual spaces are obtained.

1. INTRODUCTION

Differential complexes and corresponding Helmholtz decomposition play the fun-
damental role in the design and analysis of mixed finite element methods. Among
many others, the de Rham complex for Hodge Laplacian and the elasticity complex
for linear elasticity are two successful examples [6, 7].

A direct and useful result of a differential complex is the Helmholtz decomposi-
tion. With the decomposition, the kernel spaces of differential operators involved
in the complex are characterized clearly. The explicit expression of the kernel space
can be used to develop fast solvers, see, for example, [43, 5, 44, 25, 26]. Helmholtz
decomposition is also a key tool to construct the a posteriori error estimator of
nonconforming and mixed finite element methods [1, 21, 22, 24, 46].

In this paper we shall develop a framework to systematically construct differ-
ential complex and Helmholtz decompositions. Based on a commutative diagram
involving the complex, we shall present a standard mixed formulation and use the
corresponding Helmholtz decomposition to decouple the mixed formulation into
combination of Poisson-type and Stokes-type equations. As a by-product, we obtain
Helmholtz decompositions for many dual spaces, such as H~'(div, Q), H™*(Q;R"),
H'(divdiv, Q;S), H (curl, Q), H %(rot rot,Q;S) and so on.
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2 LONG CHEN AND XUEHAI HUANG*

More precisely, our method is based on the following commutative diagram

XL>X’
U
(1.1) p_4“ o w4y,
HET TJV

Sy

where the isomorphisms Jx and Jy are inverse of the Riesz representations, and
the rest linear operators are all continuous but not necessarily isomorphic. A stable
Helmholtz decomposition can be derived from (1.1)

(1.2) Y =d PollsIlyV.
An abstract two-term mixed formulation based on the commutative diagram (1.1)
is: given g € ¥ and f € V| find (o,u) € ¥ x V such that
(1.3) (o,7)x + {dT,u) = (g9, 7) V7TE€E,
(1.4) (do,v) = (f,v) YveV.
To discretize the inner product (o, 7)x/, we introduce ¢ = J}zlo € X and obtain

an equivalent but unfolded three-term formulation: find (¢, u,0) € X x V x 3 such
that

(1.5) (¢, ¥)x = (o,dv+ 1) =—(f,v) V¥ (¢,0) € X xV,
(1.6) (du+t¢,T)=(g97) VTED
Applying the Helmholtz decomposition (1.2) to the unfolded formulation (1.5)-

(1.6), we obtain a decoupled formulation: find w,u € V, ¢ € X, and p € P/kerd~
such that

(1.7) (w,v)v = (f,v) YoeV,
(1.8) (0, 9)x — (d"p,¥) = (Usllyw, ¢) Ve X,
(1.9) (d”q,¢) = (9.d"q) VqeP/kerd,
(1.10) (u, X)v = (g — ¢, 1Isllyx) VxeV.

The middle system (1.8)-(1.9) of (¢, p) is now a Stokes-type system.

By finding the underlying complex, we can apply this decomposition in the
discretization level to design fast solvers for solving the linear algebraic system.
For example, we can solve

e the biharmonic equation discretized by conforming or non-conforming ele-
ments by two Poisson solvers and one Stokes solver;
e the HHJ method for plate problem by two Poisson solvers and one linear
elasticity solver;
e the fourth order curl equation by solving two Maxwell equations and one
Stokes equation;
e the triharmonic equation by solving two biharmonic equations and one
tensorial Stokes equation.
We can also apply the decomposition in the continuous level first and then dis-
cretize the decoupled formulation. Compared to the original formulation, it is much
easier to construct conforming finite element spaces for the decoupled formulation.
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We shall show a natural superconvergence between the Galerkin projection and the
decoupled approximation.

It should be mentioned that such decoupling is known for Reissner-Mindlin
plate model [19] and recently is discovered for HHJ formulation of Kirchhoff plate
model [49]. Similar results can be also found for biharmonic equations [45, 47] and
the fourth order curl equation [62]. Our framework unifies those results and will
lead to many more especial differential complexes for high order elliptic equations.
Along this way, we can decouple the higher order partial differential equation into
lower order ones, which makes the discretization easier. In addition, the structure
revealed in our work will also play an important role in the a posterior error analysis
which will be explored somewhere else.

We are confident that the abstract framework of Helmholtz decomposition, mixed
method and its decomposition based on the commutative diagram developed in this
paper will play a vital role in designing robust and convergent discrete method, the
fast solver, and the optimal adaptive algorithm for partial differential equations.

The rest of this paper is organized as follows. In Section 2, we establish the
abstract Helmholtz decomposition based on the commutative diagram and give
several examples. The abstract mixed formulation and its decomposition based on
the Helmholtz decomposition are present in Section 3. In Section 4, the discrete
mixed method based on the commutative diagram and its decomposition are ad-
vised and analyzed. In Section 5, we discretize the decoupled formulation directly
illustrated by two examples. Throughout this paper, we use “< ---” to mean that
“< C---7, where C is a generic positive constant independent of meshsize h, which

may take different values at different appearances. And a ~ b means a < b and
b<a.

2. ABSTRACT HELMHOLTZ DECOMPOSITIONS

2.1. Framework. We start from a short exact sequence

— dy  _ di
(2.1) W >V U,

and a bounded linear operator dy : U — V. Here capital letters represent Banach
spaces and d; (i = 1,2) are bounded linear operators. The sequence (2.1) is exact
meaning that

ker(d;) = img(ds).

Let Iy : V — V be a bounded linear operator, and Jy : U — U be an isomorphism
satisfying the assumption:

(2.2) diIydyu = Jyu for all u € U.

That is we have a commutative diagram

B VAN
(2.3) T T
\%4 % U

Then we have an abstract Helmholtz decomposition as follows.
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Theorem 2.1. Suppose we have a short exact sequence (2.1). Assume the com-
mutative diagram (2.3) holds with all the linear operators being bounded and Jy :
U — U being an isomorphism. Then we have a stable Helmholtz decomposition

V =doW @ Iyd,U.
More precisely for any v € 17, there exist w € W/ kerdy and u € U such that
(2.4) b = do + Iy dyu,
(2.5) @]l + l[ullo < (9]
Proof. Let u = Jﬁlglﬁ, then it follows from (2.2)

dy (0 — Iydyu) = dyo — Jyu = dyv — dy 0 = 0.

Due to the exactness, there exists w € W/ ker dy such that

v~ Iydiu = dow,

which implies the decomposition (2.4).
By the definition of w,

(2.6) lully = 175 divllo S lddllg S [0l

Since di = ker d1 is a closed subspace of V we get by open mapping theorem
that d2 is an isomorphism from W/ ker d2 onto di which means

@l S lde@lly V@ € W/ ker da.
Hence it holds from (2.6)
@l Slldzwlly = 10— Ivdiully < [[0lly + [Tvdiully
Solly + lldully < [2lly + llullo < 0]l

We acquire (2.5) from (2.6) and the last inequality.

At last, we show that the Helmholtz decomposition is a direct sum. For any
DES di N Iy d,1U, there exist w € W and u € U such that v = dgw = Iydiu. By
(2.2) and the exactness of (2.1),

JUU = C'lleleu = (’ivlc’lvzﬁ)i =0.
Since Jy is an isomorphism, we have u = 0, which indicates v = 0. ([l

Let W be a Banach space and ds : V' — W be a bounded linear operator. If the
following exact sequence

dy da
(2.7) U—sV—>W

holds, we have dqU = ker(ds) and obtain another form of decomposition
V= (IQW @ Iy ker(ds).

In Theorem 2.1, the decomposition is a direct sum but not necessarily orthogonal.
Indeed in the proof we do not use the inner product structure. We now explore the
orthogonality for Hilbert complexes. In what follows, we always denote by (-, ) the
duality pairing and (-,-) the L? inner product.
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We can apply Theorem 2.1 to the dual complex of (2.7)

dy dy
(2.8) U’ 1% w,

where X' is the dual space of a linear space X and T” : Y’ — X’ is the dual of a
linear operator T : X — Y defined as

(T'g, ) := (g, T).
Assume the range daV of ds is closed in W, then the dual complex (2.8) is also
exact if the complex (2.7) is exact (cf. [57, Remark 2.15]). When X is a Hilbert
space with an inner product (-,-)x and X’ is the continuous dual of X, by Riesz

representation theorem, we have an isomorphism Jx : X — X': for any w € X,
define Jxw € X’ as

(2.9) (Jxw,v) = (w,v)x YveX.

The induced inner product and norm for any w’,v’ € X’ are given by

(2.10) (w0 xr = (T, I ) x = (Jxtw' o) = (w', T,
[w'llxr = ([T || x -

With X (X = U,V,W) and d; (i = 1,2) replaced by X' (X = U,V,W) and
d; (i = 1,2), the assumption (2.2) becomes

(2.11) dyJydiu = Jyu for allu € U,
and the commutative diagram is

d; d;
W —=V —=U

(2.12) JVT TJU
Vv <L U

Corollary 2.2. Let U, V,W be Hilbert spaces. Assume the Hilbert complex (2.7)
is exact with daV being closed in W and bounded linear operators d;(i = 1,2), and
the commutative diagram (2.12) holds with (inverse) Riesz representations Jy and
Ju, then we have the (-, -)ys-orthogonal Helmholtz decomposition

V' =d,W' @t Jyd,U.
That is for any v' € V', there exist w' € W'/ kerdy and u € U such that
(2.13) v = dow' + Jydyu,
(2.14) [T = lldyw[[§ + | v dyull3.
Proof. We need only to verify the orthogonality which can be done as follows
(dyw', Jydiu)y: = (dyw', dyu) = (W', dadyu) = 0.
O

Remark 2.3. A direct proof of Corollary 2.2 is given as follows. Noting that
ker(d}) is closed, we have the orthogonal decomposition

V' = ker(d)) @ ker(d))*.
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Since d1U is closed in V, ker(d})° = d1U where ker(d})° the annihilator of ker(d}).
It is obvious that ker(d;)* = Jy ker(d})°. Hence

V' =ker(d)) @t Jyd,U.

By the exactness of the dual complex (2.8), we get ker(d}) = d,W’, which ends the
proof. ([

Consider a special case when V is a dense subspace of a larger space Y endowed
with the inner product (-,-)y. In most places in this paper, Y is the L? space for
scalar or vector functions with (-,-)y = (-,-) being the L?-inner product. We can
equip V with the graph norm

(w,v)y := (w,v)y + (daw, dav) .

Or we can start from Y and define V' as the subspace of Y with || - ||y < oo. By
identifying Y’ with Y, we have the rigged Hilbert space [17, 33]

vcycVv.
We obtain from the definition of Jy that for any u € U and v € V
<Jvd1u, 7)> = (dlu,v)v = (dlu, ’U)y + (dgd/lu,dg’v)w = (dlu,v)y.

Thus Jy is just identity operator on diU. If we choose Jy = did;, in order to
satisfy the assumption (2.11), we need to verify

(2.15) didy :U = U’
is an isomorphism which is equivalent to
(2.16) lullv S lldiully Yu e U.

Such Poincaré type inequality holds for examples considered in this paper.

We shall present examples in the sequel. Let 2 C R™, n = 2,3, be a bounded
Lipschitz domain. Denote by T the space of all n x n tensors and S the space of all
symmetric n X n tensors. We use standard notation for Sobolev spaces and boldface
letters for vector valued spaces. When we want to emphasize the spatial dimension,
we include R"™ into the notation of spaces.

Recall the de Rham complexes in two dimensions

curl div
(2.17) 0 —> H)(Q) ——> Hy(div, Q) —— L*(Q) —> R,
curl div
(2.18) R —> H'(Q) ——— H(div,Q) — L*(Q) —> 0,
s+2 curl s+1 2 div s
(2.19) 0—> Hi™(Q) —— Hj" (4 R°) —— Hj(Q) — R,
curl div

(2.20) R —> H**3(Q) — H*"'(Q;R?) —— H*(Q) —> 0,
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and the de Rham complexes in three dimensions

grad curl div
(2.21) 0—>HJ(Q) H(curl, Q)—— H(div, Q) L*(Q)—>R,
grad curl div
(2.22) R—>H'(Q) H (curl, Q)——— H(div, Q) L*(Q)—>0,
(2.23)
grad curl div
0—> Hy (@) ——— Hg " (4 R?)——— Hg " (4 R?) H5 ()—R,
(2.24)
grad curl div
R——>H8+3(Q)——>HS+2(Q;RS)—>HS+1(Q;]R3) HS(Q) 07

with s € R. When Q is simply connected with connected boundary, the L? de
Rham complexes (2.17)-(2.18) and (2.21)-(2.22) are exact [37, 6, 7], the complexes
(2.20) and (2.24) are exact if s is an integer, and the complexes (2.19) and (2.23) are
exact if s is a nonnegative integer [57, 32]. When 2 is a bounded domain starlike
with respect to a ball, the complexes (2.20) and (2.24) are exact for any s € R, and
the complexes (2.19) and (2.23) are exact if s is nonnegative and s — 1 is not an
integer [32, p. 301]. Hereafter, we always assume the bounded Lipschitz domain 2

is always simply connected with connected boundary in this paper.

2.2. Helmholtz decomposition of L? functions. Splitting A = div I grad, we
construct the commutative diagram

H'(Q) -5 L2 R Y g-1(Q)

AN

L2 RY) <0 H(Q)

where H'(Q) means H'(Q2) for n = 2 and H'(Q;R?) for n = 3. By the exact
sequences (2.20) and (2.24) with s = —1, the complex

curl div
(2.25) H'(Q) — L*(Q;R") —— H1(Q) —> 0

is exact. It’s trivial that all the linear operators in the commutative diagram are
bounded and the operator A : Hi(2) — H~1(Q) is an isomorphism.

Applying Theorem 2.1, we get the standard L2-orthogonal Helmholtz decompo-
sition (cf. [37, 23])

L*(Q;R™) = VHY(Q) @t curl H*(Q).

The orthogonality can be checked as in the proof of Corollary 2.2. In fact, we also
have the following L2-orthogonal Helmholtz decomposition (cf. [37, Theorem 3.2
and Corollary 3.4 in Chapter I])

L*(Q;R"™) = VH (Q) @ curl H(curl, Q).
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2.3. Helmholtz decomposition of H '(div) space. Define
H '(div,Q) :={¢p € H ' (Q;R") : divp € HH(Q)},
with norm
1171 (aivy = D121 + [ div #]2,
Lemma 2.4. Assume that the bounded Lipschitz domain © C R™ is simply con-
nected with connected boundary. The following complex
curl div

L*(Q) — H '(div,Q) —— H 1(Q) —> 0

is exact, where L*(Q) means L*(Q) for n = 2 and L*(Q;R3) for n = 3.

Proof. It has been proved that ker(div) = img(curl) in [19, Proposition 2.3] for
n = 2 and [57, Corollary 2.31] for n = 3. By the exact sequence (2.25), it holds
div L*(Q; R™) = H~'(Q), which together with L*(Q;R") ¢ H™'(div, Q) indicates
div H ! (div, Q) = H-(Q). O

With this exact sequence, we build up the commutative diagram
L2(Q) < H ' (div, Q) 2> H-1(Q)
(2.26) IT TA
Ho(cul, Q) <=0 gl ()

By Theorem 2.1, We obtain the Helmholtz decomposition (cf. [19, Proposition 2.3]
for two dimensional version)

(2.27) H™'(div,Q) = VH}(Q) @t curl L*(Q).

As we mentioned early that Jp ey is just identity operator on VH}(Q), thus the

decomposition (2.27) is orthogonal in the inner product (-,-) ;-1 .
Y H (curl)

Lemma 2.5. Assume that the bounded Lipschitz domain © C R™ is simply con-
nected with connected boundary. We have

(2.28) (Ho(curl, Q) = H (div, Q).
Proof. The proof of H*(div,Q) C (Ho(curl,Q))" can be found in [15, p. 338]

for n = 2. We can prove it for n = 3 in a similar way by using the Helmholtz
decomposition (2.27).

On the other hand, for each ¢ € (Ho(curl,Q)), let ¢ € Ho(curl,2) be the
solution of

(,4) + (curl g, curl ) = (@, 4) V4 € Ho(cwrl, ).
Then it holds
@ = ¢ + curlcurl p.
Obviously ¢ € H™'(Q;R"), and
dive = dive € H ().

Thus ¢ € H ™ '(div, Q). Therefore (Hg(curl, Q)) ¢ H™'(div, Q). O
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2.4. Helmholtz decomposition of H~! functionals. By the exact sequences
(2.19) and (2.23) with s = 0, the complex

curl div
(2.29) H2(Q) —— H (4R —— L2(Q) —> 0

is exact, where H2(Q) means HZ(Q) for n = 2 and H3(Q;R?) for n = 3. Based on
this exact sequence, we set up the commutative diagram

grad H_l(Q;Rn) curl H_2(Q)

K »

H}(R™) < H(Q)

L§(Q)

is the dual complex of the exact sequence (2.29). Applying Corollary 2.2, we then
acquire the H~'-orthogonal decomposition of H ™' (c.f. [55, Lemma 2.4])

H Y (Q;R™) = VL2(Q) & Acurl HE(Q)).
2.5. Helmholtz decomposition of H '(curl) space. Define
H'(curl, Q) := {¢p € H ' (QR?) : curl ¢ € (Hy(curl, Q))'},
with graph norm
1117 urty = 121 + | curl @1 er cur -
Due to (2.28), it holds
H'(curl, Q) = {¢p € H (LR s curlp € H (4 R?)} = H ' (curl, Q).
Following [27], we introduce the space
K§ = {¢ € Hy(curl,Q) : divep = 0} = Ho(curl, Q) N curl H'(Q;R?).

The operator curl : K§ — curl Hy(curl, ) is an isomorphism (cf. [57, section 2.4]).
Then (curl -, curl-) defines an inner product on K§ and (curlcurl) ™! : (K§) — K§
is an isomorphism due to the Poincaré inequality (2.16) holding on K§ (cf. [57,
section 2.4]). Given a f € (K§)', find w € K§ such that curlcurlu = f in (K§)' is
the Maxwell’s equation with divergence free constraint.

Noting that curl K§ = curl Hg(curl, €2), we get the following exact sequence from
the de Rham complex (2.21)

curl div
0—> K{——> H(div, Q) LE(Q)—>0.

Since H'(curl, Q) = H ' (curl, Q) and K§ C Ho(curl,Q), we have
curl H™ ! (curl, Q) = curl H' (curl, Q) C (Ho(curl, Q))’ c (K§)'.

Lemma 2.6. Assume that the bounded Lipschitz domain Q C R3 is simply con-
nected with connected boundary. The following complex

grad curl
0 Li(9Q) H '(curl, Q) (K§) 0

15 exact.
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Proof. For any ¢ € ker(curl), it means that ¢ € H '(Q;R3) and curl¢p = 0.
Then by (2.24) with s = —3, there exists v € L3(Q) satisfying ¢ = Vv. Hence
ker(curl) C img(grad).

For any ¢ € (K§)', by the fact that (curlcurl)~! : (K§)" — K is an isomorphism,
let ¢ = curl((curl curl) ~'¢). It is easy to check that ¢ € H ™ *(curl, Q) and curl ¢ =
¢. Therefore img(curl) = (K§)'. O

Then we construct the commutative diagram

2R H (eurl, @)~V (KeY

IT Tcurl curl

Ho(div, Q) <2 K¢

L§(%)

Using Theorem 2.1, it holds the stable Helmholtz decomposition
(2.30) H '(curl, Q) = VL2(Q) @ curl K§ = VL(Q) & curl Hy(curl, Q).

By Helmholtz decomposition (2.30) and the similar argument used in the proof of
Lemma 2.5, we can prove that

(Ho(div,Q)) = H ' (curl, Q),

if Q C R? is simply connected with connected boundary.

2.6. Helmholtz decomposition of symmetric tensors: HHJ complex. Let
H'(divdiv, S) := {7 € L*(%;S) : divdivr € H1(Q)},
H(divdiv,Q;S) := {7 € L*(;S) : divdivr € L*(Q)}.

We introduce the symmetric curl operator V* x ¢ := (curl¢ + (curlg)”) /2. And
recall the Hellan-Herrmann-Johnson (HHJ) exact sequence (cf. [26, Lemma 2.2])

Vex divdiv
(2.31) H'(Q;R?) ——— H '(divdiv, Q;S) —— H~1(Q).

Given a scalar function v, we can embed it into the symmetric tensor space as
7 (v) = vl xn. Since Av = divdivn(v), we have the commutative diagram in two
dimensions (cf. [49])

H'(Q;R?) Y% HY(divdiv, Q;S) 9 -1(0)

/| B
HY(%8) ~—"—— H}(©)

According to Theorem 2.1, we thus recover the Hemholtz decomposition in [49,
Theorem 3.1]

(2.32) H™'(divdiv,;S) = V¥ x H'(O;R?) @ wH (Q).
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Then we build up the commutative diagram
HY (Q:R?) Y% £2(0;8) Wy g-2(q)
IT TM
LA(©;8) <T— HE(Q)

Due to this commutative diagram and the exact sequence (2.31), the following
complex is exact:

V& x div div
(2.33) H'(Q;R?) —— L*(%;S) ———— H 2(Q) —> 0.

By Theorem 2.1, we have the L?-orthogonal Helmholtz decomposition obtained
in [46, Lemma 3.1]
L(;S) = V* x H'(Q;R?) @t V2HZ(Q).
Similarly, smoothness of the symmetric tensor can be further increased to

H'(9:R?) Y% H(divdiv, Q;S) 29 12(0)

IT TI )
1 TAT o
Hy(Q;S) =——— L*(Q)
which leads to the Helmholtz decomposition

H(divdiv,Q;S) = V* x H'(;R?) @ 7 A~1L2(Q).

2.7. Helmholtz decomposition of symmetric tensors: linear elasticity. Let
C be the elasticity tensor and A = C~! be the compliance tensor. Recall that the
symmetric gradient €(u) = (Vu + (Vu)T)/2. Construct the commutative diagram

H'(;R?) —=—> L2(;S) 2% g-2(Q))
CIT rot rot(Ccurl curl)
LQ(Q; S) curl curl Hg (Q)

The Hilbert complex on the top is exact since it is just the rotation of the exact
sequence (2.33). Then by Theorem 2.1 we have a Helmholtz-type decomposition

(2.34) L?*(Q,S) = eH' (% R?) @ Ccurl curl HZ(Q),
and the decomposition (2.34) is orthogonal in the weighted L2-inner product (-,-)c-1 =

('7’)A~

We can relax the smoothness of symmetric tensors by considering
H?(rotrot,Q;S) := {r € H 1(Q;S) : rotrotT € H 2(Q)}
with graph norm

1713 ot oty = 17121 + [ vot rot |2,
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Lemma 2.7. Assume that the bounded Lipschitz domain Q C R? is simply con-
nected. Then the complex

€ rot rot
(2.35) L?(Q;R?) —— H *(rotrot,Q;S) —— H 2(Q) —> 0

15 exact.

Proof. It’s trivial that (2.35) is a complex. Next we show the exactness. For any
T € ker(rotrot), by the rotated version of the exact sequence (2.20) with s = —3,

v
) , we have

there exists v € H~1(Q) satisfying rotT = Vo. Since Vv = rot (OU 0

(e (2 )

Thus 7 = (—v 0) + V¢ with ¢ € L?(Q;R?), which means 7 = e(¢). Hence

ker(rotrot) C img(e).

For any v € H~2(Q), by the rotated version of the exact sequence (2.20) with
s = —2, there exists ¢ € H ' (Q;R?) satisfying v = rot ¢. Again, ¢ = rotT with
7 € L*(Q,M). Then it holds v = rotrotT. Note that rotrotT = rotrotsymr
where symT = (7 + 77)/2. Hence v = rot rot sym, which implies img(rot rot) =
H™2(Q). O

With complex (2.35) and the fact that A? = rotrotIcurlcurl, we have the
commutative diagram

L*(Q;R?) —= > H ?(rotrot, % S) 2% H-2(Q)
o
H(div, ;) <2l g2(q)
which leads to a Helmholtz decomposition
(2.36) H %(rotrot,Q;S) = eL*(; R?) @ curl curl HZ(Q).

By Helmholtz decomposition (2.36) and the similar argument used in the proof
of Lemma 2.5, we can prove that

(H(div,;S)) = H *(rotrot, €;S),

if Q C R? is simply connected.
More differential complex and Helmholtz decompositions can be obtained and
some of them will be discussed along with mixed formulations of elliptic systems.

3. ABSTRACT MIXED FORMULATION AND ITS DECOMPOSITION

In this section we present an abstract mixed formulation and use a Helmholtz
decomposition to decouple the saddle point system into several elliptic problems.
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3.1. Framework. Assume we have the exact sequence

d- d
(3.1) P——>Y—>V|
and the commutative diagram
x I x
U
(3-2) Pty oy,
Sy

where the isomorphisms Jx and Jy are given by (2.9), i.e., the inverse of the Riesz
representation operator, and the rest linear operators are all continuous but not
necessarily isomorphic. By Theorem 2.1, we have a stable Helmholtz decomposition

(3.3) Y=d PallgllyV.
We emphasize that we do not need to know neither the short exact sequence at the

bottom nor the space Yina very precise form (i.e. ¥ can be reasonably enlarged
to include the image space Iy V).

3.1.1. Two-term formulation. An abstract mixed formulation based on the com-
mutative diagram (3.2) is: given g € ¥/ and f € V| find (o,u) € ¥ x V such
that
(34) (JvT)X’ + <dT7 u> - <g,7—> VTesx,
(3.5) (do,vy ={(f,v) YveV
The operator system for the mixed formulation (3.4)-(3.5) is

I'Ax/ Io+du=g¢g inY,

do=f inV'.
Here I is the injection operator from ¥ into X', and Ayx/ : X’ — X means the
operator induced by the bilinear form (-, -)x-, i.e.
(AxiT,6) = (1,6)xr Vr1,6eX.

Remark 3.1. The bilinear form (-,-)x+ is not necessary to be an inner product

unless we intend to involve X and Jx in the mixed formulation. We only assume
(+,-)x- is positive semidefinite and symmetric. a

To show the well-posedness of the mixed formulation (3.4)-(3.5), we assume the
following norm equivalence
(3.6) 7l = 1715 + lldrll} V7 ex.
This norm equivalence is usually trivial, and it holds apparently for all the examples
in this paper.

Theorem 3.2. Assume the exact sequence (3.1), the commutative diagram (3.2)
and the norm equivalence (3.6) hold, then the mized formulation (3.4)-(3.5) is
uniquely solvable. Moreover, we have the stability result

lolls + llullv < llglls + 1 £1lv-
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Proof. Tt is trivial that the bilinear forms in the mixed formulation (3.4)-(3.5) are
continuous due to (3.6). Using (3.6) again, it is also obvious that

I7lle S ITllxr + ldrllv = |7l x» ¥V 7 € kerd.
By Babuska-Brezzi theory (cf. [9, 18, 13]), it suffices to prove the inf-sup condition

d
(3.7) [lvllv < sup {dr, v) VoveV.
rex [Tl

For each v € V, let 7 = [IgIlyv. It is apparent that

Ills = [Melvols S flvllv.
Then making use of the commutative diagram (3.2) and (2.9), it follows

(dr,v) = (dlIsyv,v) = (Jyv,v) = ||v|%.

Hence we have

lollviiTls < lollf = {dr,v),
which means the inf-sup condition (3.7). O
3.1.2. Unfolded three-term formulation. We derive an equivalent three-term formu-
lation of the mixed formulation (3.4)-(3.5) when X’ is a Sobolev space of negative
order. To this end, we assume the bilinear form (-,-)x- is the corresponding inner

product of X’.
Let ¢ = Jy'o € X. By (2.10), we can rewrite (3.4) as

(1,¢) + (dr,u) = (g,7) YTeX
Noting that o = Jx¢, it follows from (2.9)
(0.9) = (Ixo,¥) = (9 ¥)x VY eX

Therefore the mixed formulation (3.4)-(3.5) is equivalent to an unfolded three-term
formulation: find (¢, u,0) € X x V x ¥ such that

(38) (¢a ¢)X - <07 d'v +¢> = _<f7 U> + <gX,'L/)> v (wav) € X x ‘/a

(3.9) (d'u+ ¢, 1) =(g,7) Vr1ex,
with gx = 0. It is interesting to note that the variable o can be formally interpreted
as the Lagrange multiplier to impose the constraint ¢ = —d'u in X/ if g = 0.

According to Theorem 3.2, we immediately obtain the well-posedness of the
mixed formulation (3.8)-(3.9). The well-posedness of the mixed formulation (3.8)-
(3.9) for general gx € X' is given as follows.

Theorem 3.3. Assume the ezxact sequence (3.1), the commutative diagram (3.2)
and the norm equivalence (3.6) hold, then the unfolded mized formulation (3.8)-
(3.9) is uniquely solvable. Moreover, we have the stability result

[ollx +llolls + llullv < llgxlix + llglls + [1F]lv--

Proof. By (3.6), all the bilinear forms in the mixed formulation (3.8)-(3.9) are
obviously continuous. Let (1,v) € X x V satisfy

(r,0) + (dr,v) =0 V1€
Then ¢ = —d'v. Due to (2.9) and the commutative diagram (3.2), we get
vl2 =(Jyv,v) = (dlIgIlyv,v) = (Mgllyv,dv)
<|Oslyvlslldvlls < vllviidv]s.
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Noting the fact that X C ¥, we have

Jollv < lld'v[x = [l9llx,

which implies the coercivity on the kernel.
On the other hand, for any 7 € ¥ it follows from (3.6) that
(1,9) (dr,v) (1, 9) + {dr, v)

+ sup < sup
R 1olx " vy Telv ~ vexwev [Ylx +vllv’

Irlle S lIrllxe + lldrllv: = sup

which is just the inf-sup condition. Therefore the required result is guaranteed by
Babuska-Brezzi theory. O

3.1.3. Decoupled formulation. We decompose the mixed formulation (3.4)-(3.5) us-
ing the Helmholtz decomposition (3.3). Applying the Helmholtz decomposition (3.3)
to both the trial and test functions

o=d p+Ilsllyw, 7=d ¢+Isllyy,

where p,q € P/kerd™, and w,x € V. Then substituting them into the mixed
formulation (3.4)-(3.5), we have

(3.10) (dp + Usllyw, Hslly x) x0 + (dllsIlyx, u) = (g, sy x),
(3.11) (dp+1sllyvw,d”q)x = (g,d"q),
(3.12) (dllsIlyw,v) = (f,v),

forany x € V, ¢ € P/kerd™ and v € V. We obtain from the commutative diagram
(3.2) and (2.9) again

(dlIsIlyw,v) = (Jyw,v) = (w,v)v, (dsIlyx,u) = (x,u)y.

Therefore, the mixed formulation (3.10)-(3.12) is equivalent to (in backwards): find
weV,pe P/kerd, and u € V such that

(3.13) (w,v)y = (f,v) YovelV,
(3.14) (dp,d=q)x = {g,d"q) — Usllyw,d"q¢)x» Vg€ P/kerd™,
(3.15) (u, x)v = (g, Uslly x) = (o, sy x)x VX EV,

where 0 = d™p + [IsIlyw.

Remark 3.4. When the decomposition (3.3) is orthogonal with respect to (-,-)x-
and g = 0, the second equation (3.14) will disappear. O

Applying the Helmholtz decomposition (3.3) to the unfolded formulation, the
uncoupled mixed formulation (3.8)-(3.9) is equivalent to find w,u € V, ¢ € X, and
p € P/kerd~ such that

(3.16) (w,0)y = {£,0) Voev,
(3.17) (6, 9)x = (d"p,¢) = (Isllyw, 1)) VyeX,
(3.18) (d=q,¢) ={g,d"q) Vg€ P/kerd™,
(3.19) (w,x)v = (g — ¢, IIsIlyx) VxeV.

The middle system (3.17)-(3.18) of (¢, p) is now a Stokes-type system.
We summarize the former derivation as follows.
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Theorem 3.5. Assume the exact sequence (3.1), the commutative diagram (3.2)
and the norm equivalence (3.6) hold, then the mized formulation (3.4)-(3.5) can be
decoupled as three elliptic equations (3.13)-(3.15) or four equations (3.16)-(3.19).

In the rest of this section, we shall apply our abstract framework to several
concrete examples.

3.2. HHJ mixed formulation. Based on the commutative diagram

LQ(Q;S)
U
H'(Q;R?) 2 HY(divdiv, 0;S) 9% g-1(0)
r} ta

Hy(8) <—"—— Hg(Q)
the mixed formulation is to find (o, u) € H™'(divdiv,Q;S) x H}(Q) such that

(3.20) (o, 7) + (divdivr,u) = 0 VT e H Y(divdiv, S),
(3.21) (divdive,v) = (f,v) Yo e H}(Q),

where f € H~1(Q). This is just the Hellan-Herrmann-Johnson (HHJ) mixed for-
mulation [41, 42, 48]. According to Theorem 3.2, the HHJ mixed formulation is
well-posed.

Applying Helmholtz decomposition (2.32), the mixed formulation (3.20)-(3.21)
can be decoupled to find w € H(Q), p € H'(Q;R?)/RTy and u € HJ(Q) such
that

(3.22) (Vw, Vo) = —(f,v) Y e Hy(Q),
(3.23) (VExp,V* x q)=—(mw,V* x q) Y qe H (Q;R?)/RT,,
(3.24) (Vu, Vx) = (o, 7x) V x € Hy(9),

where o0 = V?® X p + ww, and

(1))}

The second equation is also equivalent to the linear elasticity problem
(e(p™),e(q")) = —(mw,e(g™)) Vg € H'(4R?)/RM

where rigid motion space

wream{(1)-(4)

Such decomposition is firstly obtained in [49]. The equivalence between the mixed
formulation (3.20)-(3.21) and formulation (3.22)-(3.24) can be extended to three
dimensions [57].
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3.3. Ciarlet-Raviart mixed formulation of biharmonic equation. Let
H YA Q) :={vel*(Q): Ave H YD)},
Ho(A, Q) := {v € L*(Q) : Av =0}.
Equip H~1(A, Q) with norm (cf. [11, 2, 65])
[0]121,a = 0lI§ + | Av]|2,;.
Define mw(v) = vIax2. The following commutative diagram
L*(Q)

U
Ho(A,Q) —= H(A,Q) 2> H1(Q)

) fa

HE () <—"— HY(Q)

is apparent. And it’s also trivial that the complex
1 A
Hy(A, Q)——>H 1A, Q)——>H 1 (Q)—>0.

is exact.
According to Theorem 2.1, we thus acquire the Hemholtz decomposition (cf. [65,
Lemma 3.1])
H™ YA, Q) = Hy(A, Q) HLHQ).

The mixed formulation is to find (o, u) € H=*(A,Q) x H}(Q) such that (cf. [11, 2,
65])

(3.25) (o,7) + (AT,u) =0 VreH YA Q),
(3.26) (Ac,v) = (f,v) Ywve HiQ).

Applying Theorems 3.2 and 3.5, this mixed formulation is well-posed, and can be
formally decoupled to find w € H} (), p € Ho(A, Q) and u € H}(Q) such that

(Vw, Vo) = —(f,v) Voue H (),
(pa q) = 7(qu) v qc HO(AaQ)v
(Vu,Vx) = (p+w,x) V¥ x€Hy(Q).

The decoupled formulation is not easy to discretize since a finite element space of
Ho(A, Q) seems difficult to construct. More details on H~1(A, Q) and Hp(A, Q)
can be found in [65].

3.4. Biharmonic equation. We consider a two dimensional and rotated version
of (2.26). Apparently A = rot I curl, thus we have the commutative diagram

HY(O;R?) —2> H (O R?)

U
2 H Y (rot, Q) % H1(Q)

r} ba

Ho(div, Q) <2 H1(Q)

(3.27) L(Q)
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where recall that
H '(rot,Q) :={p € H ' (4R?) :rotp € H1(Q)}
with norm
D171 (ror) = @121 + [ rot 12,

According to Theorem 2.1, we have the Helmholtz decomposition
(3.28) H '(rot,Q) = VLI(Q) ® curl H}(Q).

The corresponding mixed formulation is to find (v,u) € H ™ '(rot, Q) x HZ(Q)
such that
(3.29) (v,8)-1 — {rot B,u) =0 VY B € H *(rot,Q),
(3.30) (roty,v) = (f,v) Vwve I_IO1 (),
where f € H=1(Q) and (v,8)_1 == —(A'~,8) = —(v,A7'3).

By introducing variable ¢ = —A~ 'y ¢ H (1) (Q;R?), the unfolded formulation is:
find (v, u, ) € H ' (rot, Q) x HF(Q) x H}(Q;R?) such that

(V¢, Vi) + (v, curlv — 9p) = (f,v) ¥V (v,9) € Hy(2) x Hg(Q;R?),
(B, curlu — @) = 0 vV B € H *(rot, Q).

which is just the rotation of problem (2.4) in [20].
The second equation implies ¢ = curl u, together with v = —A¢ and rot v = f,
hence we conclude u satisfies the biharmonic equation

(3.31) Ay =rot Acurlu = roty = f,

with homogenous Dirichlet boundary condition.
The decoupled and unfolded formulation is: find w € H}(Q), ¢ € H(Q;R?),
p € LE(Q) and u € H}(Q) such that

(3.32) (curlw, curlv) = (f,v) Vv e HY (),
(3.33) (Vo, V) + (divep, p) = (curlw,vp) V3 € HY(Q;R?),
(3.34) (dive,q) =0 Y q e Li(Q),
(3.35) (curlu, curl x) = (¢, curl x) Y x € H (D).

Therefore we have shown that the biharmonic equation (3.31) is equivalent to two
Poisson equations and one Stokes equation [45, 47].

Such decoupling of the biharmonic equation in two dimensions can be generalized
in various ways. First, if we equip space H(Q;R?) with full norm | - ||1, we derive
the following system find w € H} (), ¢ € H(4R?), p € L2(Q) and u € HE(Q)
such that

(curlw, curlv) = (f,v) Y v e Hi(Q),
(&,%) + (Y, Vi) + (divep,p) = (ewlw, ) V¢ € Ho(%R?),
(dive,q) =0 Vg€ Lj(Q),

(curlu, curl x) = (¢, curl x) Y x € HY (D).

This system is equivalent to the following fourth order elliptic problem with ho-
mogenous Dirichlet boundary condition

A%y — Au=f.
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Another direction is that the biharmonic equation (3.31) in three dimensions
is equivalent to find w € H{(Q), ¢ € H(LR3), p € L*(Q;R3)/VH(Q) and
u € HY(Q) such that

(Vw, Vv) = (f,v) Ve Hy (),
(Vo,Vip) + (curlyp, p) = (Vw,9p) Y 1p € H(Q4R?),
(curl ¢, q) =0 Vqe L*(QRY)/VH (Q),

(Vu, Vx) = (¢, Vx) ¥ x € Hy(9).
One more generalization to three dimensions will be discussed below.
3.5. Fourth order curl equation. By the commutative diagram
H(QRY) —=> H (% R?)
u
H™ ' (curl, Q) -2 (K¢ :

I /F ?curl curl

Ho(div, Q) << K¢

grad

L§(9)

the corresponding mixed formulation is to find (v,u) € H ™ '(curl, Q) x K§ such
that

(3.36) (v,B8)_1 — (curl B,u) =0 VY B e H *(curl,Q),
(3.37) (curly,v) = (f,v) Vve K,
where f € L*(Q;R?) satisfying div f = 0.
By introducing variable ¢ and applying the Helmholtz decomposition (2.30)
p=—-Aty =AY curlw + Vp) € H} (4, R?),

the decoupled and unfolded system is: find w € K§, ¢ € Hy(Q;R?), p € L3(Q)
and u € K§ such that

(3.38) (curlw, curlv) = (f, v) Vv e K¢,
(3.39) (Vo, V) + (divep,p) = (curlw, ) ¥V 1p € HH(Q;R?),
(3.40) (divep,q) =0 Vg e L§(Q),
(3.41) (curlu, curl x) = (¢, curl x) v x € K§.
According to (3.40)-(3.41), we have curlu = ¢ € H{(;R?). Note that

(V,Vip) = (curl ¢, curl ¢p) + (div ¢, div ¢).
Thus we get from (3.39)

(curl curl w, curl curl v) = (curl w, curl v)

for any v € K§ satisfying curlv € H{(Q;R?). Combined with (3.38), formulation
(3.38)-(3.41) is equivalent to find u € H3(curl, Q) such that

(curl curl w, curl curlw) = (f,v) Vv € Hg(curl,Q),
where
H2(curl, Q) := {v € L*(Q,R?) : curlw, curl curl v € L*(Q, R?),

divv =0, and v x n = (V x v) x n =0}.
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This equivalence has been given recently in [62].

Therefore we can solve the four curl problem by solving two Maxwell’s equations
and one Stokes equation. The Maxwell’s equation with divergence-free constraint
can be further decoupled into one vector Poisson equation and one scalar Poisson
equation [27].

3.6. A strain-based mixed formulation for linear elasticity. Let
H ™ '(votrot, ;S) := {1 € L*(%S) : rotrotT € H~*(Q)}.
The rotated complex of the exact sequence (2.31)
(3.42) H'(Q;R?)/RM s, H *(rotrot, ©;S) Lmt» H Q)
is surely exact. Based on the commutative diagram

L*(;S)
U
Hl(Q;RQ)/RM LA H_l(rotr0t7 Q;S) zotrof H™Y(Q) ,

1} ta

H(Q;8) <—— HE ()

the mixed formulation is to find (o, p) € H™'(rotrot, ;S) x H}(Q) such that

(3.43) (Co, 1) + (rotrot,p) = (f, 1) ¥V T € H '(rotrot, ;S),
(3.44) (rotroto, ¢) =0 Vg€ H}(Q),

where f € L*(Q;T).

The mixed formulation (3.43)-(3.44) is formally the rotation of the HHJ mixed
formulation (3.20)-(3.21). On the other side, by the exactness of the complex (3.42)
and (3.44), we have o = e(u) for some w € H*(Q;R?)/RM. By substituting it into
(3.43), the mixed formulation (3.43)-(3.44) will be equivalent to the pure traction
problem of linear elasticity

(Ce(u).e(v)) = (f.e(v)) ¥VwveH (%R?)/RM.

If we treat (3.44) as a constraint condition (known as Saint Venant compatibility
condition) directly, then the mixed formulation (3.43)-(3.44) can be rewritten as
a primal formulation with only the strain tensor field o as unknown, which was
studied recently in [29, 30, 58].

3.7. Triharmonic equation. In view of the commutative diagram

Hy(;S) —2 > H'(:S)

U
L*(Q;R?) —> H *(rotrot, Q;S) rotret H72(Q)

i fae

H(div, Q;S) <2l f2(()
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the corresponding mixed formulation is to find (v,u) € H ™ 2(rot rot, Q;S) x H2(Q)
such that

(3.45) (v,8)-1 — (rotrotB,u) =0 V B8 € H ?(rotrot, ) S),
(3.46) (rotroty,v) = (f,v) Vv € HZ(Q),

where f € H72(Q).
By introducing variable and applying the Helmholtz decomposition (2.36)

¢=—-A"'y=—A"(e(p) + curlcurlw) € HY(;S),

the decoupled system is: find w € HZ(Q), ¢ € H5(Q;S), p € L*(Q;R?)/RM and
u € HZ(Q) such that

(3.47) (curlcurlw, curlcurlv) = (f,v) Vv e H (),
(3.48) (Vo, V) + (divep, p) = (curlcurlw, ) Vo € Hy(Q;S),
(3.49) (dive,q) =0 vV q € L*(O;R?*)/RM,
(3.50) (curlcurlu, curlcurl x) = (¢, curl curl x) Y x € H3 ().

Hence
(3.51) A3y = rot rotAcurlcurlu = —rotroty = —f,

which is the triharmonic equation with homogeneous Dirichlet boundary condi-
tion. Hence we achieve that the triharmonic equation (3.51) is equivalent to two
biharmonic equations and one Stokes equation, c.f. (3.47)-(3.50).

Recursively applying the decomposition, we can decouple the m-th harmonic
equation A™y = f with homogenous Dirichlet boundary condition, i.e., u € HJ"(£2)
into a sequence of Poisson and Stokes equations.

3.8. Reissner-Mindlin plate. Let Ly := —div(Ce) : H}(Q;R?) — H ' (Q;R?),
and define
Y212 =(LE ) Vye H (R,
1917 2, =(Lrp, ) = (Ce(¥),e(4)) V¥ € Hp(%R?).

Then it holds for any v € H ™' (Q; R?)

_ ¥, ¢
(3.52) loiee = 165 e = sup 0%
weri Q) [¥lh,ce

We shall consider the interpolation of the following two differential complexes:

curl div

(3.53) H'(Q)/R —— L*(Q,R?) —— H(Q),

curl div
(3.54) L3(Q) —— H '(div,Q) —— H ()
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to construct the commutative diagram

Lg

H{(Q;R?) —=> H (4 R?) D (H (4 R?) NntL* (2 R?))

U
(3.55)  L2(Q)Nnt(HY(Q)/R) —2L s H-'(div,Q) NtL>(R?) — > H-1(Q)
T grad ?A

Hy(rot, Q)+t 'L*(Q;R?*) <——— H(Q)

Here 0 < ¢ <1 is the thickness of the plate.
The intersection space H ~'(Q;R?) N tL*(Q;R?) is algebraically equivalent to
L?(Q;R?) but equipped with the squared norm [4]

17125 2 + 111G,
the space L2(Q) Nt (H(Q)/R) in the second line is equipped with
loll§ + £2[1]13,

the space H ™ *(div, Q) NtL?(Q;R?) in the second line is equipped with

(3.56) V121 2, + T divyl2y + 213,
and the space H(rot, Q) +t~*L*(€2; R?) at the bottom is equipped with
inf 171 ror ) + 2 I12I6-
Y=711t72

~1 € Ho(rot, Q), v, € L2(;R?)
And by (2.28) and (L*(Q;R?)) = L*(Q;R?), we have
(3.57) (Ho(rot, Q) + t ' L*(;R?)) = H™Y(div, Q) N tL*(;R?)

For a quick introduction on the intersection and summation of Hilbert spaces, in
particular a proof of (3.57), we refer to [55, § 2.2].

The two-term mixed formulation is to find (v, w) € H™*(div, Q) NtL*(Q; R?) x
H}(Q) such that

(3.58) (Lz'v,B) +t*(7,8) — (B,Vw) =0 V B € H '(div,Q) NtL*(; R?),
(3.59) (v, V) = (f,v) Ve H(Q),

where f € H='(Q). Again space H ™ *(div, Q) NtL*(Q;R?) is algebraically equiva-
lent to L*(Q;R?) but equipped with a non-standard norm (3.56).

Now let us verify the boundedness of operators in the commutative diagram
(3.55). The boundedness of the curl and div operators are simply combination of
those in (3.53)-(3.54). The boundedness of the embedding operator I : H~*(div, Q)N
tL*(Q;R?) — H Y R?) NtL*(Q;R?) is trivial. For any v, € Hy(rot, Q) and
~o € L*(;R?), it holds from (3.52)

v + ’72H2—1,LE + [ div(yy + )21 + v + 725
Sl + 28
SJ ||’71||§I(rot,ﬂ) + t_2||72||(2)7

which means I : Ho(rot, Q)+t L*(Q;R?) — H~*(div, Q)NtL?*(Q; R?) is bounded.
The boundedness can be also derived from (3.57) as I is just the inverse of the Riesz
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representation which is obviously continuous. For any v € HE(Q), by choosing
v, = Vv, we have

inf Y1 oty + 2172116 < V0l 3 or.0) = V2115,
Vo=, +7
Y1 € Ho(rot,9),7, € L*(%4R?)

thus grad : H}(Q) — Ho(rot, Q)+t~ L*(Q;R?) is bounded. Ast < 1, we conclude
that all the continuity constants of these operators can be chosen to be uniformly
bounded to the parameter ¢. Therefore we obtain the well-posedness of (3.58)-(3.59)
and the stability constant is independent of ¢.
By introducing variable 8 = L'y € H{(Q;R?), the mixed formulation (3.58)-
(3 59) will be equivalent to the unfolded three-term formulation: find (v, 0,w) €
Y(div, Q) NtL? (2 R?) x H(Q;R?) x HA () such that (cf. [19, 20])
(3.60) (Ce(0).e(w)) + (v, Vv —4) = (f,v) V¥ (¥,0) € Hy(%R?) x Hy(9),
(3.61) (B,Vw —0) —t*(~,B8) =0 Y B € H '(div,Q) NtL*(; R?).
Applying the Helmholtz decomposition v = curlp + Vr where p € L3(Q) N
t(HY(Q)/R) and r € Hi(Q), the mixed formulation (3.60)-(3.61) can be further

decoupled to find r € H}(Q), 8 € H (4 R?), p € L3(Q) Nt (HY(Q)/R) and w €
H1(Q) such that (cf. [19, (2.10)-(2.13)])

(3.62) (Vr, V) = (f,v),

(3.63) (Ce(8), e()) — (curlp, ) = (Vr, ),

(3.64) (curl ¢, 0) + t*(curl p, curl ¢) = 0,

(3.65) (Vw, Vs) = (0,Vs) + t2(f,v),

for any v € H} (), ¥ € H§(Q;R?), ¢ € LE(Q) Nt (H'(Q)/R) and s € H(Q).

4. DISCRETE MIXED METHOD AND ITS DECOMPOSITION

In this section, we will develop discrete mixed methods based on a commutative
diagram. Denote by 7}, a partition of domain . All discrete spaces in this paper
are defined on 7. For a generic finite dimensional space V},, we can always identify
V)| as V}, using the Riesz representation of L2-inner product. In other words, in
implementation, we do not see the dual space but just vector space RU™ Vr This
oversimplification is, somehow, misleading in the error analysis. We shall reveal the
importance of a discrete V; norm in the error analysis.

4.1. Setting. For a finite dimensional Hilbert space V;, C L?(£2), we use the Riesz
representation of L? inner product to define an isomorphism @, : V| — V}, as

(Qnvp, wp) = (v, wp) Y vy €V, wy € V.

The L?(Q) is the so-called ‘pivot’ space. In the continuous level, a continuous
functional v’ € V/ may not be a continuous linear functional in L?-norm and thus
the Riesz representation operator of L2-inner product is unbounded. While in
the discrete level, such mapping is always well defined by inverting a square mass
matrix. The domain of @}, is still algebraically equal to V}, but the imagine is a
realization of V. To emphasize the difference, we shall denote Q(V}) by VI and
usually equip it with a norm of V.
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Suppose V}, is equipped with inner product (-, )y, . Define Jy, : Vj, — V;I as

(‘]thh7wh) = (vh7wh)Vh Y wp € Vp.
Then it holds

Jv, v, wp, Uh, Wh )V,

| v, vnllv; = sup (Jvi.on, wn) = sup @ 0n)vy = lopllv, VY vn € Vh.
wneVi  wallv, wieVi  [wnllvi,

Hence Jy;, is an isomorphism if we equip the range space V;I' with || - |v; norm not

Il - Iy, norm. The definition of Jy, is slightly different with (2.9). Indeed it is a
composition of

J Qn
Vi %4 Vil =v,.

Here J is the inverse of Riesz isomorphic from V3 onto V}/, i.e.
<Jvh,wh> = (Uh,wh)vh Y v, wp € V.

Assume we have the discrete commutative diagram

Tx,
T
X, — X,

U
(41) Phdﬁhzhdﬂhvh,r I

IIs), T T‘]Vh
Yp=<=—"V,

that is the complex in the middle is exact, and

(4.2) thEhHthh = Jvhvh for all vy, € V.

Note that (4.2) implies dj, is surjective. At the top Jx, : X, — X[ is defined
similarly as Jy, .

All the operators in the commutative diagram (4.1) are continuous. Applying
Theorem 2.1, we acquire a stable Helmholtz decomposition

(4.3) Xp =d;, Py @ llg, Iy, Vj,.
That is for any 7, € Xj, there exist g5 € P/ ker d, and vy, € V3 such that
T = d;, qn ® 15, Iy, vy,
Inlls, = lldy anlls, + [lonllvi,-

4.2. Two-term discretization. The two-term mixed formulation is suitable when
(;-)x; = (,-)x which will be assumed in this subsection. A simple example for
(-,-)x is the L? inner product or a weighted version, e.g., (-, )¢, which might be
only positive semidefinite.

A discrete mixed method associated with mixed formulation (3.4)-(3.5) is to find
(oh,upn) € Bp, x V3 such that
(44) (Jh,Th)X/-l-(thh,uh):(g,Th) V71, € Xy,
(45) (dhO'}“’Uh) = (f, ’Uh) Y v € Vy,
where f,g € L?(Q).

We also assume the discrete norm equivalence

(4.6) I7all3:, = lI7ell% + a3 ¥ 7 € .



DIFFERENTIAL COMPLEXES, HELMHOLTZ DECOMPOSITIONS AND MIXED METHODS25

Let (o, u) be the solution to (3.4)-(3.5) and smooth enough. We assume the consis-
tency of discrete mixed method (4.4)-(4.5): there exists oy € ¥p, an interpolation
of o, and u; € V}, an interpolation of u satisfying

(4.7 (o,7h)x + (drTh,ur) = (g,7n) Y 7h € Eh,
(4.8) (dnor,vn) = (f,vn) Yo, €V
Applying the Helmholtz decomposition (4.3), we have
on = dypp + Us, My, wp, 7 = dj qn + Us, Iy, xa,

where pp,, qn € Py/kerd, , and wp, x, € V3, then the discrete mixed method (4.4)-
(4.5) can be decoupled as follows: find wy, € Vi, pr € Py/kerd, and u; € V}, such
that

(4.9) (wh,vn)v, = (f,vn) Y vy € Vy,
(4.10) (d}:pha d;Qh)X’ = (9, d;:‘]h) - (HEh,HVh,wh,d;:(Ih)X’ Y qn € P/ ker d;,
(4.11) (un, xn)v,, = (9, s, v, xn) — (o, Og, Iy, xn)x0 ¥ Xn € Vi

We now present error analysis based on the commutative diagram and the con-
sistency equations.

Theorem 4.1. Assume both the discrete commutative diagram (4.1) and the dis-
crete norm equivalence (4.6) hold. Then the discrete mized method (4.4)-(4.5) is
uniquely solvable and can be decoupled into the discrete method (4.9)-(4.11). More-
over, when the consistency (4.7)-(4.8) hold, we have
lo = onllx: +llor — onlls, + llur — unllv, Sllo—orllx,

lo = onllz, Sllo—orllx +llo—orlls,,

[ —unllv, Sllo = orllx + llu = urllv,-
Proof. The following stability can be proved using the arguments in Theorem 3.2:
for any (op,upn) € Xp X Vy,

@12) Gl + Nl 5 sup  OnTxe LT t) (T, o)
o " (Th,vh)EXR X Vi HTh”Eh + thHVh

Subtracting (4.4)-(4.5) from (4.7)-(4.8), we derive the error equation

(U — O'h,Th)X' + (thh,u] — uh) + (dh(cr] — ah),vh) =0 V Th € Eh,vh e V.
Rewriting it, we get

(o1 = ons ) x: + (duTh,ur — up) + (dp(or — on),vn) = (01 — 0,70) x7,

for any 7, € ¥p, and vy, € V.

Then taking 5, = o5 — o}, and @, = uy — uy, in the inf-sup condition (4.12), we
obtain from (4.6)
(o1 —0,7h)x"
Thllsn + lvnllvi,

lor —onlls, + llur —unllv, < sup Slo—orlx,

(Th,0R)EXR XV

which together with the triangle inequality ends the proof. O

Then to obtain optimal order of convergence, it suffices to construct (o7, uy) with
desirable approximation property. Note that, due to the existence of o, the error
estimate of o is irrelevant of that of u which is in the spirit of Falk and Osborn [36].
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4.3. HHJ mixed finite element. For each K € Ty, denote by nx = (ny,n)”
the unit outward normal to K and write tx = (t1,t2)T = (—ng2,n1)T, a unit
vector tangent to K. Without causing any confusion, we will abbreviate ng and
tx as n and t respectively for simplicity. Let &, be the union of all edges of the
triangulation 7, and &} the union of all interior edges of the triangulation 7;,. For
a second order tensor-valued function 7, set

My(1):=nTmn, My (7):=t"mn,

on each edge e € &,. The corresponding finite element spaces are given by
Y= {re L*(%S): 7|k € H'(K;S) VK € Ty, and [M,(7)]|e, =0},
V:={veH)(Q) :v|g € H*(K) VK € T},
Py, = {qh € H'(;R?) : q,,|x € Pp(K;R?) VK ¢ 771},
3 = {1 € L*(S) : Th|x € Pi_1(K;S) VK € T;, and [M,(74)]|e, =0},
Vi = {v € Hy(Q) :vp|x € Pu(K) VK € Tp,}

with integer k£ > 1.

Define discrete differential operator (divdiv)y, : ¥ — V}, as

((divdiv),T,v,) = —(divy,T, Vo) + Z / Mt (T)0vp ds Y vy, € V.
KeTh oK
and Ay, : H} () =V}, as
(Apv,wp) = —(Vo,Vwy) Y wy € V.

For any element K € Ty, define interpolation g : H'(K,S) — Py_1(K,S) in the
following way (cf. [10, 36, 31, 13]): given 7 € H'(K,S), for any element K € 7y,
and any edge e of K,

/Mn«T ML)k pds =0 Y e Poy(e),

/ (r—Mg7):¢dz =0 Vg¢e P, oK,S).
K

The associated global interpolation operator Il : ¥ — 3, is given by
(I1;)|k =Mk for all K € Tp,.

From the definition of IIj, it holds

(4.13) (divdiv),(IT,7) = (divdiv),T V1€ X.

Define v = II(vIax2), then it follows from (4.13), the definitions of (divdiv)y
and Ay

(4.14) (divdiv) (mpv) = (divdiv),(vlaxe) = Apv Vv € H(Q).

Define Ik : H?*(K) — P(K) in the following way (cf. [10, 36, 31, 60]): given
w € H?(K), any vertex a of K, and any edge e of K,

Ixw(a) = w(a),
/(w —Igxw)vds =0 Vv € Py_s(e),

/ (w—Igw)vder =0 Vwve P,_3(K).
K
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The associated global interpolation operator I : V' — V}, is given by
(Ih)|K = Ig for all K € Tp,.

We use the traditional H' seminorm for V},. The discrete H ! norm is given by

lolloin = sup %)y e 12(q).
wneVi |Wh1

Then we equip Xj, with the following mesh-dependent norm (cf. [49])
1715, = I7IIE + ll(div div)a7 ]2, 5,
which implies (4.6).

Lemma 4.2. We have commutative diagram for HHJ method

L*(Q)
U

(4.15) p,— Y L, Ay
1 fa
S~ Y,

Proof. The complex in the middle has been proved to be exact in [26, 46]. The
commutation is just (4.14). All the operators I, (divdiv), and A} are continuous
by definitions. The continuity of 7, follows from (4.14). O

Then HHJ mixed method based on the commutative diagram (4.15) is to find
(on,un) € p, x Vj, such that
(4.16) (oh,Th) + ((divdiv)yTh,up) =0 V1L € X,
(4.17) ((divdiv)pop,vn) = (f,on) Y op € V.
The well-posedness of HHJ mixed method (4.16)-(4.17) is covered by Theorem 4.1.
To carry out a priori error estimate, we choose oy = Ilpo and uy = Ipu to

verify the consistency (4.7)-(4.8). The consistency (4.7) holds as when the solution
(o, u) is smooth enough [10, p. 1058],

(o,71) = —(VZu, ) = —((div div), T4, [nu).

Recall the following commuting diagram [26, Theorem 2.7]

3 divdiy H1(Q)

o e

divdiv
Eh ( )h, VhT
which can be also verified from (4.13) directly. Therefore (4.8) holds with o =
IT;,0. Consequently optimal order of convergence follows from Theorem 4.1 and
the interpolation error estimate [10, 36, 31, 60].

By the commutative diagram (4.15), we have the stable Helmholtz decomposi-
tion [49]

(4.18) X, =V x P, 3w,V
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The HHJ mixed method (4.16)-(4.17) will be decoupled as: find wy € V3, p;, €
P, /RM™" and uy, € V}, such that

(Vwp, Vop) = —(f, vn) YV un € Vi,
(V¥ x py,,V® x q,) = —(mhw,, Vi x q,) Vq,€P,/RM™,
(Vun, Vxn) = (oh, Taxn) vV Xn € W,

where o, = V®xp;, +7mpwp. Therefore we can solve the HHJ system by solving two
Poisson equations and one linear elasticity problem which is established recently
in [49)].

4.4. Unfolded three-term discretization. When (-,-)x/ is an inner product of
negative order, e.g. (-,-)_1, it is better to use the unfolded three-term mixed for-
mulation to further discretize this inner product. In this subsection, we assume
X, C X and (+,+)x, = (+,")x. Since X; C H~! is less smooth, the differential op-
erator dy, is usually understood in the weak sense. The space V}, is smooth enough
such that d} the L?-adjoint of d, i.e., (dfvp, ) := (v, dypTs) is a conforming dis-
cretization of a continuous operator d’' : V' — L?. We will thus shift the differential
operator to space Vj,.

Let ¢y, = J;iah € X},. Then the discrete mixed method (4.4)-(4.5) is equivalent
to an unfolded discrete three-term formulation: find (¢p,, up, o) € Xp x Vi, x Zp
such that

(4.19) (n,%n)x — (on, dhon +¥n) = =(fvn) V¥ (Y, vn) € Xp X Vi,
(4.20) (dhun + ¢n,7h) = (9,70) ¥ 7h € .
Let (¢,u,0) be the solution to (3.8)-(3.9). To formulate the consistency, we

will further assume V; C V and d% is a conforming discretization of a continous
operator d’' : V — L%, and (¢, u, o) satisfies the consistency equation:

(4.21) (¢, 0n)x — (o,d'vp +bn) = —(f,vn) ¥ (Y, vn) € Xp X Vi,
(4.22) (du+¢,m)=(9,7) V7 €Zh
Applying the Helmholtz decomposition (4.3), the uncoupled discrete method

(4.19)-(4.20) is equivalent to find wy,up € Vi, ¢ € Xp, and py € Pp/kerd, such
that

(4.23) (W, vr)v;, = (f,vn) Y v € Vi,
(4.24)  (én,¥n)x, — (d, pas¥on) = (g, v, wp, ¥n) Yy € X,
(4.25) (dy, qns on) = (9, d;, an) Y qn € P/ kerd,,
(4.26) (un, Xxn)vi, = (9 — on, s, v, xn) ¥V xn € Vi

We shall present an error analysis of the unfolded three-term formulation. Note
that since we use different consistency equations, the obtained error estimate is also
different with that in Theorem 4.1.

Theorem 4.3. Assume both the discrete commutative diagram (4.1) and the dis-
crete norm equivalence (4.6) hold, then the unfolded discrete method (4.19)-(4.20)
is uniquely solvable and can be decoupled into the discrete method (4.23)-(4.26).
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Moreover, when the consistency (4.21)-(4.22) hold, we have
16 = dnllx + llo = onlls, + llu—unllv,

< inf [l¢— inf [|o — inf lu— .
S ot e —vnlx+ inf o —ulls, + nf lu—o.lv,

Proof. The following stability can be proved using the arguments in Theorem 3.3:
for any (én, un, 1) € Xp X Vi X By,

lénllx + [[unllv, + llonlls,
(Sh>n)x — @ny dXTn + Un) — (dLUn + b, 7h)

vi, + [17alls,

(4.27) < sup = —
(Ph,Tn,Th)EX R X Vi XS, ”¢h”X + ||Uh|

Subtracting (4.19)-(4.20) from (4.21)-(4.22), we derive the error equation
(¥ — bn, Pn)x — (Th — oy di O+ Yn) = (G — &, ¥n)x — (T — 0, dj T + ),
(dy, (vn — un) + n = ¢n, ) = (d, (vn — u) + P — &, ),

for any wh,{/;h € Xy, vp,vp € Vp, and 73,7 € Y. On the other hand, thanks to
the discrete norm equivalence (4.6), we get

(Y — ¢, n)x — (Th — 0,%n)

S e = dnllx + llo = 7alls.,

brEXp Hwh”X
_ — 0.dTy, o — Trlm dT’”Jh /
sup —(Tn = %) I I, 14, onl s, <lo— s
TheVh 0k [lvs, TheEVh 10nlv;,
sup (d (v, — u) + Pn — ¢, 7n) ~ sup (vn = u,dnTh) + (Yn — &, 7h)
Faesy 17nlls, Faesh 17l

Sllu—onllv, + 116 — ¥nllx-
Then we obtain from Theorem 3.3 and (4.27)
[¥n = dnllx +llon —unllvi, + 170 —onlls, S 116 —¥ulx +llu—valv, +llo = 7alls,.
Finally the required results will be derived by using the triangle inequality. O
4.5. Primal discrete methods for biharmonic equation. Suppose that we
have the following discrete Stokes complex in two dimensions

curly, divy,
(4.28) 0 Vi 2 Py 0,

which is exact. Here curl, and divj, are elementwise counterparts of curl and div
with respect to 7T, since the discrete spaces may not be conforming to spaces in
Stokes complex (??). We also assume the discrete Poincaré inequality holds

(4.29) ||7'hHO 5 ‘Th|1,h V7h € 3.
Denoted by rot? = curly : 7 — V7 and grad}’ = divi : P — =T the adjoints
of curly, and div,, with respect to the L?-inner product, i.e.

(rotyTh,vp) = (Th,curly vp),  (grady qn, Th) = (qn, divy, 1),

for any 15, € X, vy € V, and g, € Pp.
There are many discrete Stokes complexes in the literatures. For example, the fa-
mous Argyris element [3] with the conforming Stokes complex developed in [35], the
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H? conforming element corresponding to Scott-Vogelius element for Stokes equation
in [59, 38], the Morley element [53, 50] with complex proved in [34], a quadrilat-
eral Morley element [56] with complex established in [63], Bogner-Fox-Schmit ele-
ment [14, 28] with complex proved in [8, 51], the modified Morley element [54] with
complex given in [52], a nonconforming Stokes complex in [39], and the singular
Zienkiewicz finite element [64, 28] with complex devised in [40].

We equip P, with L? norm, Vj, with discrete H' seminorm | - |15, and ),
with discrete H (div, 2) norm. Again the discrete norm equivalence (4.6) is trivial.
Define Ay, : V, — V3, as

(Ahvh,wh) = —(thh,Vhwh) Y wy, € Vp,.

Lemma 4.4. Assume the discrete Stokes complex (4.28) is exact and the discrete
Poincaré inequality (4.29) holds. We then have the discrete commutative diagram

%, e w7
o Yoo
(430) P},{ grad}’ 2}]; rot), VhT
I Ap
Eh curly, Vh

Here the spaces Xy, 22 in the top are equipped with discrete H' and H~' norms
respectively, Ef in the middle is equipped with norm

||Th||H’1(rot;) ‘= sup M’
wotretn) e esy sl ay iva)

and Xy, in the bottom is equipped with discrete H(div) norm. Moreover, the Helmholtz
decomposition
»7 = grad? Pl @ curly, Vj,

is stable.

Proof. First we note that the middle complex is exact since it is just the adjoint
complex of the exact sequence (4.28). By the definitions of rot}’ and Ay, it holds
Ay, = rot} curly,. Hence diagram (4.30) is commutative.

Next we show that all the operators are continuous. The boundedness of rot}’ :
DI/ VI and grady : P — 7 is trivial by the definitions of the dual norms.
For any v;, € V},, we have

| curly vplls, = [l curly vnllo S lvnlin-

Therefore curly, : Vj, — X, is continuous. [l

The mixed finite element method based on the commutative diagram (4.30) is
to find (op,up) € Ef x Vj, such that
(431) (O'h77h)—1,h — (Th,curlh uh) =0 A Th € Ez;,
(4.32) (on,curlyop) = (f,vn) Y up € Vi

Here the space 37 = 3, but is equipped with | - || H norm and

L (rotp,)

(On,Th)-1.h = (VA o, VA 1) = — (A, Lo, Th).
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The well-posedness of the mixed method (4.31)-(4.32) is covered by Theorem 4.1.
By (4.31), o, = —Apcurlpup. Then substituting it into (4.32), we have the
conforming or nonconforming finite element method for the biharmonic

(4.33) (Viun, Vivn) = (f,on) Y op € Vi

On the other hand, let ¢; = —A;la'h € Xj. Then the mixed finite element
method (4.31)-(4.32) will be rewritten as: find ¢, € Xp,, 0, € i, and uy, € Vj,
such that

(on,curlpvp) = (f,vn) Y op € Vi
(Vo Vatby) — (on,9),) =0 V 4y, € Xy,
(¢, Th) — (Thycurlpup) =0 V1) € EZ.

Here the space ¥j, in the middle and bottom are equipped with norms | - |1 5 and
[ - ||H;1(mth) accordingly.

When Vj, € H}(Q) and X, € HS(Q,R?), i.e., for a conforming discretization of
biharmonic equation, the a priori error estimate of this discrete method is covered
by Theorem 4.3.

Applying the Helmholtz decomposition o), = curl, w, — grady, pp, the mixed
finite element method (4.31)-(4.32) is equivalent to find wy, up € Vi, ¢;, € Xj, and
pr € Py such that

(4.34) (curly, wy, curly, v) = (f, vp) YV o € V.
(4.35) (Vi Vi) + (divy ¥y, pn) = (cutly, wp,¥y,) V4, € Xy,
(4.36) (divy, ¢y, qn) =0 Y gn € P,
(4.37) (curly up, curly, xp) = (¢, curly xn)  V xn € V.

Therefore several conforming or nonconforming finite element method (4.33) for
biharmonic equation can be decomposed into two discrete Poisson equations (4.34)-
(4.37) and one discrete Stokes equations (4.35)-(4.36).

Note that the error analysis cannot cover the non-conforming method. For ex-
ample, it is well known that discretization of the Poisson equation using Morley
element will not converge [61, 54]. In this scenario, the decoupling can be used
to design fast solvers for biharmonic equations [45, 47] since many fast solvers for
Poisson and Stokes equations are available.

5. DISCRETIZATION BASED ON DECOUPLED FORMULATION

In this section, we will consider discretization based on the decoupled formula-
tion. That is we decouple first and then discretize while in Section 4 we discretize
and then decouple. By decoupling the fourth order equation into second order
equations, we can easily use conforming finite element spaces. Furthermore, we can
easily derive the superconvergence to Galerkin projection.
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5.1. Decoupled discretization of HHJ formulation. Let f € L%(Q), V}, C
HY(Q) and P, ¢ H'(Q;R?). The discrete method based on formulation (3.22)-
(3.24) is to find wy, € Vi, p,, € Pp/RM™" and u;, € V}, such that

(5.1) (Vwp, Vop) = —(f, vn) Vo € Vi,
(5.2) (V¥ x py,, V* x q,,) = —(mwn,V* x q,) Y q, € P,/RM™",
(5.3) (Vuh, VXh) = (O'h77TXh) A Xh € Vh,

where o, = V? X p;, + Twy,.

Define projection P§* : H'(Q;R?) — Pj,/RM™" by

(V2 x Pi’p, V° x q;) = (V° X p,V* x @q3,).
Similarly, denote by Pfrad the H' orthogonal projection onto V},. Let
o, =V x Pp + wwp,.
Lemma 5.1. Let (w,p,u) be the solution of HHJ mized formulation (3.22)-(3.24)
and (wp, py,, up) be the solution of (5.1)-(5.3). We then have the estimates
w—wply S inf Jw—onls,
V2 x (Pp = pi)llo + ok — onllo < llw — wallo,
|PE™ N —up)1 S [lp = pallo + lw — whllo-

Proof. Subtracting (5.1)-(5.3) from (3.22)-(3.24), we get the error equations

(V(w —wp), Vo) =0 Y vy € Vg,
(V* x (Py'p —py), V* x @) = (m(wy, —w),V* x q,) Vq,€Py/RM"™,
(V(PE* — uy), Vxn) = (00 — o, mxh) YV Xn € Va.
Then all the error estimates hold by standard argument. O

Furthermore, assume

(5-4) o —willo S B°lw —wil [P = pullo S RIVE % (= 1) o,

where § € (1/2,1] is the regularity constant depending on the shape of Q. This
assumption can be proved by duality argument (cf. [28, 16]).

Theorem 5.2. Let (w,p,u) be the solution of HHJ mized formulation (3.22)-(3.24)
and (wp, py,, up) be the solution of (5.1)-(5.3). We then have the estimates

IV x(p=pp)llo+llo—onllo < inf [[V*x(p—gqp)lo+ nf |w—uvpf,
q,€EP) v EVR
—uplt £ inf |u—w inf ||V®x(p— inf — .
v —unle S fnf Ju—onh+ inf | P —qn)llo+ inf jw—uval
Moreover if assumption (5.4) is true, we have the improved error estimates

(5.5) V2 x (P —pp)llo + o), — onllo S h° inf |w — vy,
v EVR

(5.6) 1Py —uply SRS inf ||VE X (p—qp)llo+ A inf [w— sy
thPh v EVE

Proof. The first two error estimates can be derived from Lemma 5.1 and Poincaré

inequality. We can acquire (5.5)-(5.6) from Lemma 5.1 and (5.4). O

Remark 5.3. The error estimates (5.5)-(5.6) are superconvergent if we use equal
order finite element spaces for V;, and Pj,. [l
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5.2. Decoupled discretization for biharmonic equation. In Section 4.5, we
show that the conforming or nonconforming finite element method (4.33) for bihar-
monic equation is decomposed as (4.34)-(4.37) based on the discrete Stokes com-
plex (4.28). Now we discretize formulation (3.32)-(3.35) using more general finite
element spaces without satisfying the discrete Stokes complex (4.28) [13, Subsec-
tion 10.4.5.1].

Let f € L2(Q), Vi, € H§(Q), X;, € H{(;R?) and P, € L*(). The discrete
method based on formulation (3.32)-(3.35) is to find wp,up € Vi, ¢, € X5, and
pn € Py such that

(5.7) (curlwy, curlvp) = (f, vn) Y o € V.
(5.8) (Vb Vipy,) + (div ey, pr) = (cwrlwn, ¢py,) ¥V 9y, € Xy,
(5.9) (div ¢, qn) =0 Y qn € P,
(5.10) (curlup, curl xp,) = (¢, curlxp)  V xn € Vi

We assume (X, Pp) is a stable finite element pair for Stokes equation (cf. [13,
12]), i.e. it holds the inf-sup condtion

N
(5.11) lanllo < sup {9V ¥Pnidn)

A qn € Py.
P, EX ‘wh‘l

To analyze the discrete method (5.7)-(5.10), we rewrite it as a standard mixed finite
element method

a(¢h,uh§¢havh) + b(whyvh;Ph,wh) = ( a”h) v (U’h:vh) € Xp X Vi,
b(@p, Un; G, Xn) =0 Y (qn, Xn) € Pn X V,

where

a(‘bhvuh;d’havh) = (vd)hvvd)h)a
b(dp, un; G, Xn) = (div @y, qn) — (¢y, curl xp) + (curluy, curl xp,).

Lemma 5.4. Assume the inf-sup condition (5.11), the following inf-sup condition
holds

b(y,, Ur; qn, Xh
. hllO hl1l Ssu _—
(512)  llanllo + Il < p i)

V (qn, Xn) € Py X V.
(pon)€Snx Vi |®rl1 + |vnl1

Proof. 1t is easy to see that

nly = sup Colmcurlxn) o o bW, Uhidhs Xn)
v EVY Ivhll - (P vn)ESL X Vi, |¢'h|1 + Ivhll

It follows from (5.11) and Poincaré inequality

di b 0; 1
||qh||0 5 sup ( Y ’ltbh7qh) = sup (Q/}}m 7Qh7Xh) + (d)h7 cur Xh)
e, |Ynh b, e 1Y

b(y,, VR Gny X
S |Xh|1 + sup M
(Y¥,,0n)EZRL XV}, [Ynl + lonl

Therefore the inf-sup condition (5.12) will be derived by combining the last two
inequalities. [
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Theorem 5.5. Let (w, ¢, p,u) be the solution of the mized formulation (3.32)-
(3.35), and (wp, @y, pr,un) € Vi, x X x P, x V3, be the solution of the discrete
method (5.7)-(5.10). Assume both Vi, and X are H' conforming, the inf-sup
condition (5.11) holds, and the discrete spaces are consistent with respect to the
mized formulation (3.32)-(3.35), then

(5:13) [lw —wall1 + |l — &plls + llp — pullo + llu — unllL
(5.14)

S inf flw— +  inf - + inf - + inf ||lu — vpl1.
NXhEVhH xnll ¢h6X}L||¢ Pl ththp qnllo vhthH nll

Moreover, if

(5.15) 16— gullo < 1° (||¢— ol + inf |p—qh||o) ,
qn€Py

then
(5.16)

pPEady ol <A inf flw — +  inf - + inf |p— .
| rli S XhthH xnll whexhllrb Yulla qheph,”p qnllo

Proof. For any (¢,,,vy) € Xp, x V}, satisfying

b(vy, Uh; qh, Xn) =0V (qn, Xn) € Prn X V4,

we have

(1, curl xp) = (curloy, curl xp) ¥V xn € Vi,

which implies

onlt < llnllo S [#nl1-

Thus

[t + [vnld < [9nlT = alebn, vns b, vn)-

Combining the inf-sup condition (5.12), we will obtain the error estimate (5.13) by
standard mixed finite element method theory in [13]. And (5.16) can be derived
using the similar argument adopted in Section 5.1. O

(1]
2]

(3]

(4]
(5]
(6]
(7]
(8]

REFERENCES

A. Alonso. Error estimators for a mixed method. Numer. Math., 74(4):385-395, 1996.

M. Amara and F. Dabaghi. An optimal C° finite element algorithm for the 2D biharmonic
problem: theoretical analysis and numerical results. Numer. Math., 90(1):19-46, 2001.

J. Argyris, 1. Fried, and D. Scharpf. The TUBA family of plate elements for the matrix
displacement method. The Aeronautical Journal of the Royal Aeronautical Society, 72:701—
709, 1968.

D. N. Arnold, R. S. Falk, and R. Winther. Preconditioning discrete approximations of the
Reissner-Mindlin plate model. RAIRO Modél. Math. Anal. Numér., 31(4):517-557, 1997.
D. N. Arnold, R. S. Falk, and R. Winther. Multigrid in H(div) and H(curl). Numer. Math.,
85(2):197-217, 2000.

D. N. Arnold, R. S. Falk, and R. Winther. Finite element exterior calculus, homological
techniques, and applications. Acta Numer., 15:1-155, 2006.

D. N. Arnold, R. S. Falk, and R. Winther. Finite element exterior calculus: from Hodge
theory to numerical stability. Bull. Amer. Math. Soc. (N.S.), 47(2):281-354, 2010.

T. M. Austin, T. A. Manteuffel, and S. McCormick. A robust multilevel approach for minimiz-
ing H(div)-dominated functionals in an H!-conforming finite element space. Numer. Linear
Algebra Appl., 11(2-3):115-140, 2004.



DIFFERENTIAL COMPLEXES, HELMHOLTZ DECOMPOSITIONS AND MIXED METHODS35

[9]

[10]

(11]

(12]

(13]

(14]

[15]
[16]
(17]

18]

19]
[20]
(21]

(22]

23]
24]
[25]
[26]
27]
(28]
29]
(30]
(31]
32]

(33]

I. Babuska and A. K. Aziz. Survey lectures on the mathematical foundations of the finite
element method. In The mathematical foundations of the finite element method with appli-
cations to partial differential equations (Proc. Sympos., Uniw. Maryland, Baltimore, Md.,
1972), pages 1-359. Academic Press, New York, 1972.

I. Babuska, J. Osborn, and J. Pitkdranta. Analysis of mixed methods using mesh dependent
norms. Math. Comp., 35(152):1039-1062, 1980.

C. Bernardi, V. Girault, and Y. Maday. Mixed spectral element approximation of the Navier-
Stokes equations in the stream-function and vorticity formulation. IMA J. Numer. Anal.,
12(4):565-608, 1992.

D. Boffi, F. Brezzi, L. F. Demkowicz, R. G. Durdn, R. S. Falk, and M. Fortin. Mized fi-
nite elements, compatibility conditions, and applications, volume 1939 of Lecture Notes in
Mathematics. Springer-Verlag, Berlin, 2008.

D. Boffi, F. Brezzi, and M. Fortin. Mized finite element methods and applications. Springer,
Heidelberg, 2013.

F. K. Bogner, R. L. Fox, and L. A. Schmit. The generation of interelement compatible stiffness
and mass matrices by the use of interpolation formulas. In Proceedings of the Conference on
Matriz Methods in Structural Mechanics, pages 397444, Wright-Patterson Air Force Base,
Ohio, October 1965.

D. Braess. Finite Elements: Theory, Fast Solvers, and Applications in Elasticity Theory.
Cambridge University Press, Cambridge, third edition, 2007.

S. C. Brenner and L. R. Scott. The mathematical theory of finite element methods. Springer,
New York, third edition, 2008.

H. Brezis. Functional analysis, Sobolev spaces and partial differential equations. Universitext.
Springer, New York, 2011.

F. Brezzi. On the existence, uniqueness and approximation of saddle-point problems arising
from Lagrangian multipliers. Rev. Francaise Automat. Informat. Recherche Opérationnelle
Sér. Rouge, 8(R-2):129-151, 1974.

F. Brezzi and M. Fortin. Numerical approximation of Mindlin-Reissner plates. Math. Comp.,
47(175):151-158, 1986.

F. Brezzi, M. Fortin, and R. Stenberg. Error analysis of mixed-interpolated elements for
Reissner-Mindlin plates. Math. Models Methods Appl. Sci., 1(2):125-151, 1991.

C. Carstensen. A unifying theory of a posteriori finite element error control. Numer. Math.,
100(4):617-637, 2005.

C. Carstensen and S. Bartels. Each averaging technique yields reliable a posteriori error
control in FEM on unstructured grids. I. Low order conforming, nonconforming, and mixed
FEM. Math. Comp., 71(239):945-969, 2002.

C. Carstensen, S. Bartels, and S. Jansche. A posteriori error estimates for nonconforming
finite element methods. Numer. Math., 92(2):233-256, 2002.

C. Carstensen and J. Hu. A unifying theory of a posteriori error control for nonconforming
finite element methods. Numer. Math., 107(3):473-502, 2007.

L. Chen. Multigrid methods for constrained minimization problems and application to saddle
point problems. arXiv:1601.04091, pages 1-27, 2016.

L. Chen, J. Hu, and X. Huang. Multigrid methods for Hellan-Herrmann-Johnson mixed
method of Kirchhoff plate bending problems. arXiv:1508.04289, pages 1-20, 2015.

L. Chen, Y. Wu, L. Zhong, and J. Zhou. Multigrid preconditioners for mixed finite element
methods of vector laplacian. arXiv:1601.04095, pages 1-25, 2016.

P. G. Ciarlet. The finite element method for elliptic problems. North-Holland Publishing Co.,
Amsterdam, 1978.

P. G. Ciarlet and P. Ciarlet, Jr. Another approach to linearized elasticity and a new proof of
Korn’s inequality. Math. Models Methods Appl. Sci., 15(2):259-271, 2005.

P. G. Ciarlet and P. Ciarlet, Jr. Direct computation of stresses in planar linearized elasticity.
Math. Models Methods Appl. Sci., 19(7):1043-1064, 2009.

M. I. Comodi. The Hellan-Herrmann-Johnson method: some new error estimates and post-
processing. Math. Comp., 52(185):17-29, 1989.

M. Costabel and A. McIntosh. On Bogovskii and regularized Poincaré integral operators for
de Rham complexes on Lipschitz domains. Math. Z., 265(2):297-320, 2010.

R. de la Mbyadrid Modino. Quantum Mechanics in Rigged Hilbert Space Language. PhD
thesis, Universidad de Valladolid, 2001.



36

34]
(35)
(36]
37)
(38]
39]
[40]

[41]

[42]
[43]
[44]
[45]
[46]
(47)
(48]
[49]

(50]

[51]

[52]
(53]
[54]

[55]

[56]

[57)

58]

[59]

LONG CHEN AND XUEHAI HUANG*

R. S. Falk and M. E. Morley. Equivalence of finite element methods for problems in elasticity.
SIAM J. Numer. Anal., 27(6):1486-1505, 1990.

R. S. Falk and M. Neilan. Stokes complexes and the construction of stable finite elements
with pointwise mass conservation. SIAM J. Numer. Anal., 51(2):1308-1326, 2013.

R. S. Falk and J. E. Osborn. Error estimates for mixed methods. RAIRO Anal. Numér.,
14(3):249-277, 1980.

V. Girault and P.-A. Raviart. Finite element methods for Navier-Stokes equations: Theory
and algorithms. Springer-Verlag, Berlin, 1986.

V. Girault and L. R. Scott. Hermite interpolation of nonsmooth functions preserving bound-
ary conditions. Math. Comp., 71(239):1043-1074, 2002.

J. Guzmén and M. Neilan. A family of nonconforming elements for the Brinkman problem.
IMA J. Numer. Anal., 32(4):1484-1508, 2012.

J. Guzman and M. Neilan. Conforming and divergence-free Stokes elements on general trian-
gular meshes. Math. Comp., 83(285):15-36, 2014.

K. Hellan. Analysis of elastic plates in flexure by a simplified finite element method, volume 46
of Acta polytechnica Scandinavica. Civil engineering and building construction series. Norges
tekniske vitenskapsakademi, Trondheim, 1967.

L. R. Herrmann. Finite element bending analysis for plates. Journal of the Engineering
Mechanics Division, 93(EM5):49-83, 1967.

R. Hiptmair. Multigrid method for H(div) in three dimensions. Electron. Trans. Numer.
Anal., 6(Dec.):133-152, 1997.

R. Hiptmair and J. Xu. Nodal auxiliary space preconditioning in H(curl) and H(div) spaces.
SIAM J. Numer. Anal., 45(6):2483-2509, 2007.

J. Huang, X. Huang, and J. Xu. An efficient Poisson-based solver for biharmonic equations
discretized by the Morley element method. Technical report, 2012.

J. Huang, X. Huang, and Y. Xu. Convergence of an adaptive mixed finite element method
for Kirchhoff plate bending problems. SIAM J. Numer. Anal., 49(2):574-607, 2011.

X. Huang. New Finite Element Methods and Efficient Algorithms for Fourth Order Elliptic
Equations. PhD thesis, Shanghai Jiao Tong University, 2010.

C. Johnson. On the convergence of a mixed finite-element method for plate bending problems.
Numer. Math., 21:43-62, 1973.

W. Krendl, K. Rafetseder, and W. Zulehner. A decomposition result for biharmonic problems
and the Hellan-Herrmann-Johnson method. Electron. Trans. Numer. Anal., 45:257-282, 2016.
P. Lascaux and P. Lesaint. Some nonconforming finite elements for the plate bending problem.
Rev. Frangaise Automat. Informat. Recherche Operationnelle Sér. Rouge Anal. Numér., 9(R-
1):9-53, 1975.

Y.-J. Lee. Uniform stability analysis of Austin, Manteuffel and McCormick finite elements
and fast and robust iterative methods for the Stokes-like equations. Numer. Linear Algebra
Appl., 17(1):109-138, 2010.

K. A. Mardal, X.-C. Tai, and R. Winther. A robust finite element method for Darcy-Stokes
flow. SIAM J. Numer. Anal., 40(5):1605-1631, 2002.

L. S. D. Morley. The triangular equilibrium element in the solution of plate bending problems.
Aero. Quart., 19:149-169, 1968.

T. K. Nilssen, X.-C. Tai, and R. Winther. A robust nonconforming H?2-element. Math. Comp.,
70(234):489-505, 2001.

M. A. Olshanskii, J. Peters, and A. Reusken. Uniform preconditioners for a parameter depen-
dent saddle point problem with application to generalized Stokes interface equations. Numer.
Math., 105(1):159-191, 2006.

C. Park and D. Sheen. A quadrilateral Morley element for biharmonic equations. Numer.
Math., 124(2):395-413, 2013.

D. Pauly and W. Zulehner. On closed and exact Grad-grad- and div-Div-complexes, corre-
sponding compact embeddings for symmetric rotations, and a related decomposition result
for biharmonic problems in 3D. arXiv:1609.05873, pages 1-39, 2016.

W. Qiu, M. Wang, and J. Zhang. Direct computation of stresses in linear elasticity. J. Comput.
Appl. Math., 292:363-368, 2016.

L. R. Scott and M. Vogelius. Norm estimates for a maximal right inverse of the divergence
operator in spaces of piecewise polynomials. RAIRO Modél. Math. Anal. Numér., 19(1):111—
143, 1985.



DIFFERENTIAL COMPLEXES, HELMHOLTZ DECOMPOSITIONS AND MIXED METHODS37

[60] R. Stenberg. Postprocessing schemes for some mixed finite elements. RAIRO Modél. Math.
Anal. Numér., 25(1):151-167, 1991.

[61] M. Wang. On the necessity and sufficiency of the patch test for convergence of nonconforming
finite elements. STAM J. Numer. Anal., 39(2):363-384, 2001.

[62] S. Zhang. Amiable mixed schemes for fourth order curl equations. arXiv:1607.04923, pages
1-19, 2016.

[63] S. Zhang. Stable finite element pair for Stokes problem and discrete Stokes complex on quadri-
lateral grids. Numer. Math., 133(2):371-408, 2016.

[64] O. C. Zienkiewicz. The finite element method in engineering science. McGraw-Hill, London,
1971.

[65] W. Zulehner. The Ciarlet-Raviart method for biharmonic problems on general polygonal
domains: mapping properties and preconditioning. SIAM J. Numer. Anal., 53(2):984-1004,
2015.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA AT IRVINE, IRVINE, CA 92697,
USA
E-mail address: chenlong@math.uci.edu

COLLEGE OF MATHEMATICS AND INFORMATION SCIENCE, WENZHOU UNIVERSITY, WENZHOU
325035, CHINA
E-mail address: xuehaihuang@gmail.com



	1. Introduction
	2. Abstract Helmholtz Decompositions
	2.1. Framework
	2.2. Helmholtz decomposition of L2 functions
	2.3. Helmholtz decomposition of bold0mu mumu H=H==H=H=H=H-1(div) space
	2.4. Helmholtz decomposition of H-1 functionals
	2.5. Helmholtz decomposition of bold0mu mumu H=H==H=H=H=H-1(curl) space
	2.6. Helmholtz decomposition of symmetric tensors: HHJ complex
	2.7. Helmholtz decomposition of symmetric tensors: linear elasticity

	3. Abstract Mixed Formulation and Its Decomposition
	3.1. Framework
	3.2. HHJ mixed formulation
	3.3. Ciarlet-Raviart mixed formulation of biharmonic equation
	3.4. Biharmonic equation
	3.5. Fourth order curl equation
	3.6. A strain-based mixed formulation for linear elasticity
	3.7. Triharmonic equation
	3.8. Reissner-Mindlin plate

	4. Discrete Mixed Method and Its Decomposition
	4.1. Setting
	4.2. Two-term discretization
	4.3. HHJ mixed finite element
	4.4. Unfolded three-term discretization
	4.5. Primal discrete methods for biharmonic equation

	5. Discretization Based on Decoupled Formulation
	5.1. Decoupled discretization of HHJ formulation
	5.2. Decoupled discretization for biharmonic equation

	References



