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FIELD-STRENGTH AND DUAL VARIABLE FORMULATIONS OF GAUGE THEORY
M. B. Halpern

Department of Physiecs and Lawrence Berkeley Laboratory
University of California, Berkeley, California 94720

August 16, 1978

ABSTRACT

Using completely fixed axial-like gauges, I construct the
unique inversion AKE) for the potential A in terms of the field-
strength F. A change of variable to F results in a field-

strength formulation of gauge theory. F 1is constrained to sa{isfy

the Bianchi "identities" oF - eA(F)F = 0. Dual potentials X

may also be introduced as functional Fourier conjugate to the Bianchi

forms. For quantum electrodynamics in four dimensions, duality

{F > %, A - X] is a perfect symmetry. Residuals of the symmetfy
persist in all theories however: E. g., Gauss' Law is an identity;
X is canonical to the magnetic fields, and closely related to

't Hoofts disorder operators.

o=

1. Introduction

let A Dbe a generic potential for a generic gauge theory;
and F(A) its field-strength. It is generally believed that the~
inversion A(F) must be non-unique: for Abelian theories there is ~
the certainty of gauge ambiguity, and for non-Abelian théories,
there is the problem of field-strength copies.l

However, in a recent publication\,2 I noted that field-
strength copy is not a gauge-invariant concept, and I proved that
there are no such copies in completely-fixed axial gauges.3 Such
gauge choice resolves the Abelian ambiguity as well of course, and

so, in these gauges, A(F) is unique for all gauge theories.

I recently announced the explicit comstruction of the inver-
sion A(F) in a 1etter,4 along with a brief discussion of some

immediate applications: unambiguous reformulations of gauge theory

in terms of field-strength and/or dual variables. The development

is uniform for any number of dimensions and arbitrary gauge group.
The purpose of this paper is 1o provide further details and discus-
sion of the reformulations.

The basic idea is as follows: (1) Obtain the unique
inversion A(F), with the constraint on allowed F's, o - eX(Fi? =0
(Bianchi "identities"). (2) Change variables to F. The result
is an unambiguous field-strength formulation for any gauge theoril
F 1is integrated ove?,ﬁhe Bianchi identities. (3) Dual potentials
X are introduced as functional Fourier conjugate to the Bianchi
forms. (4) Integrate out the electric fields to obtain the

"dual Hamiltonian", a function of B, the magnetic fields, and X,

canonical to B.
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I offer the following reasons why field-strengths and dual

- variables may be the natural language in which to study current
problems in gauge theory.

) (1) In ordinary formulations, with residual gauge freedom,
ﬁhysical states must be selected by requiring gauge-invariance. In
a completely fixed gauge, no further gauge constraint on the state is
necessary, and the generators of gauge transformations should vanish

identically. With dual variables, this is realized elegantly as an

aspect of duality: Gauss' Law is an identity - -just as the Bianchi

identities are identities in the usual formulation.

(2) In the field formulation, Wilson integrals can be
expressed as area integrals over the field—streggth. This may be
an aid in seeking area effects in the confinement problem.

(3) In a Hamiltonian approach to confinement, one is
interested in Wilson integrals over spatial (fixed-time) paths. In
the field formulation, these are area integrals over the magnetic
fields B. It may therefore be advantageous to have B as a funda-
mental variable. Indeed, as I will discuss below, it is easy to

construct confining states using the dual variables.

(4) The dual potentials K, being canonical to B, generate

local disturbances in the magnetic field. X is therefore closely

~related to the disorder operators defined implicitly by 't,Hooft.5

Confinement tends to be found in disordered states (spréad in B,

sharp in X).

-y

(5) " The dual potentials enter the non-Abelian theories

with Higgs-like couplings, and silhouette the question of Meissner-

like effects in non-Abelian gauge theory.
(6) In general, the dual variables may be extremely useful

in developing the continuum analogue (especially for the non-Abelian

case’) of recent progress in dual-lattice theory.6

(7) Formulation of monopole theories in terms of dual
potentials appears extremely natural. Dual potentials couple locally
to quéntum monopole currents, just as ordinary potentials couple
locally to ordinary charge.

An outline of the paper is as follows. In Section 2,

I briefly remind the reader of the field-strength copy problem,

and its solution in fixed axial—like‘gauges. I obtain the inversion
formulae A(F) for various theories, as well as the Bianchi identity
constraints on allowed F's. In SectionNB, I briefly apply A(F)

to express Wilson integrals in terms of field-strengths. In.

. Seetion 4, I make a quantum variable change from A to F, obtaining

the field-strength formulation. F 1is integrated over the Bianchi
identities with no further functional measure. Section 5 is a
brief, and I believe quite pretty, application of the field-formu-
lation to monopole quantization. I introduce dual potentials X
in Section 6. After interpreting X as those fields which couple
locally to monopoles, I diséuss saddle point equations, then a
formulation entirely in terms of_dual potentials, and, finally,
duality. In Section 7, I eliminate the electric fields to find

the "dual Hamiltonia."



Section & is reserved for remarks, including the ease of

constructing confining states in the dual formulation. I inelude

also four Appendices dealing with technical matters.

2. The Inversion A(F)

The simplest case is quantum chromodynamics7 in one space
and one time dimension (QCD2). Consider ordinary axial gauge:
A3 =0, FO3(A) = -33A0 ( suppressing obvious color indices). All

configurations have field-strength copies of the form

A(tz) = Aj(tz) + ACt). (2.1)

FOB(A) F03(A)

where A(t) is essentially arbitrary. (The theory is non-Abelian,
' .

S0 AO’ AO are not in general gauge-equivalent.) The inversion

A(F) camnot be unique in ordinary axial gauge.

There is, however, a residual gauge freedom in such gauges,

which I use here to choose the completely-fixed axial gauge8

AB(tz) = Ao(tzo) =.O (2.2)
where ZO is a particular point in z. Now it is trivial to see
that

A =
3 0
2
= T 1
Ao(tz) dz FOB(tz ) (2.3)
Z

is the unique inversion A(F). In such gauges, all field-copies

have become local action copies.2 This inversion, Eq. (2.3), is .

also correct for the Abelian theory (QEDZ) in this gauge.

The next simplest example is the case of the Abelian theory

in three dimensions (QEDB)' The problem here is, of course,

only ordinary gauge-fixing. I choose the fixed axial gauge,

o = AB(}CYZ) = Al(xyzo)

A(xy z.).
2% "o (2.4)

F12(A) = alAZ - 32A1 ’ FBl(A)= BBAI’ F23(A) = -BBAZ'

Using the forms FBl(A)’

A

5 I have immediately

A (xyz)

A(xyz)

Axyy)

F23(A) and the gauge-conditions on A,

b4 ' -
= dz'FBl(xyz ) (2.5a)
%o
7z
- -] aa'Tylat) + o) (2.50)
.JZO
0. ' (2.5c)

The function A must be determined consistently from the

equation FlZ(A) = F

2

12
%0

12°

P == dz"{32331+a‘F Hxyz ) + 3A. (2.6)

123



I break this equation into its form at 2z = Z4 and the derivative

with respect to z:
P zy) = 3 Mxy) “(2.72)

BF, * Fy + AFy, =0 (2.7m)

Equation (2.7a) can be uniquely solved for A with the boundary

condition (2.5¢). The final result is

a(xyz) = dz'FBl(xyz') (2.8a)
%o
z X
T 1 N 1 1 B
A2(xyz) = - dz F23(xyz ) f}r dx F12(x y zo) (2.8b)
Zo %
A3 = 0 ’ (2.80)
- v .1
= 93 = = = F .
I U%(u 0, »%‘u = 3o’ (2.84)
where Euvp is completely anti-symmetric and 6123 = +1,

Equations (2.8a, b, c¢) form the unique inversion A(F). Equation
(2.8d) is the necessary and sufficient consistency condition on
the field-strengths. It is recognized as the Bianchi "identities"
in three dimensions. In general, for dimension greater than two,
the Bianchi identities will emerge as consistency conditions on

the fields.

For higher dimensions and/or non-Abelian theories, the
algebra is more complicated, but the idea remains the same. I
give the details for QCD4 in Appendix A. Here I will only state

the results.

D, [A3(xy2) = A(x zy) = A(xyy z5) = Ol:

z .
Al(xyz) = dz’ F31(xyz') (2.9a)
Zo
x
Az(xyz) = - dz F23(xyz ) +‘/r dx'FlZ(x y zo)
z, X
(2.9v)
A, = 0o (2.9¢)
_ a abe,b c _
I - au%‘u - e Au(}?)%‘u =0 (2.9d)

Here Aut)(F) is precisely the form A(F) given in Egs. (2.9a,b,c).
Note that the form A(F) continues to be the same for Abelian and
non-Abelian theories (in the same dimension). The only difference

is the complexity of the consistency conditions (Bianchi identities).



QED [A3(txyz) = Al(t:g zo) = A2(tx0y ZO) = Ao(txoyozo) = 0]
fZ
A ={ az'F._ (txyz") (2.10a)
31 .
Jag
fZ X
1 . 1
A, = -] dz F23(txyz')+] ax' Fy (b yzo?
e, %
(2.10b)
A ) X .
_ 1 1 1
Ay = ij dz FbB(txyz ) j/r dx'Fol(tx y zo)
Zo *0
~J )
1 1
- dy Foz(txoy zo) (2.10¢)
Y0
Ay = 0 } (2.104)
I(tayz) = au%‘ui -0 (i =0,1,2) (2.10e)
I(tay 2,) = {au%‘HB}FZO:o (2.10f)
=1 _ R .
Here ?UV =3 suvponc R 30123 = 1. Notice that the consistency

conditions are not the full set of Bianchi identities. This happens
as well for QCD,, and I will refer to this as the phenomenon of
"3.1 Bianchi identities". It is trivial to show however that the

"3.,1" Bianchi identities imply the other ".9"

3,1, = 0. (2.11)

-10-

QCD

I make the same gauge choice as in QED4. The resulting
A(F) is the same as Egs. (2.10 a, b, ¢, d). The consistency

conditions are

a - ’ abe, b, ke _ . :
12 (txyz) = au%‘ui - ee® 4 N(F)E]; =0 (1 =0,1,2)
(2.12)
a = a b -
I3» (txy ZO) {au u3 eeabcAu(F)%‘Lcu}on 0

I show in Appendix B that, in analogy to QED4, these "3,
Bianchi identities imply the last ".9",

a

3313 = 0 . (2.13)

\

I summarize what has been shown thus far. In fixed axial
gauges (1) the inversion A(F) is unique for all gauge theories.
(2) A(F) is linear in F. Its form is the same for Abelian énd
non-Abelian theories. (3) the consistency conditions are the
Bianchi identities. (4) the Bianchi identities are at most quad-
ratic in F.

3. Wilson Integrals as Field-Strength Functionals

By Wilson integrals, I refer to the generic forms,

w{cl exp{-ie%A . ax}
C

(3.1)

wic] %Tr P exp{-ieng . ax}
c
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in the Abelian and non-Abelian cases respectively. Here Tr and P

. are trace and path-ordering. In our gauges we can express W[C]

directly in terms of the field-strengths, simply by replacing
A -+ A(F). This is old hat for the Abelian case, but new for the
non-Abelian. I will mention explicitly two theories which illustrate

the general s’t;ructure for all gauge theories .

AW}

Consider the three paths shown in Fig. 1. Using A(F) in

Eq. (2.8), it is trivial to compute for the three cases

Jler

% %
(ﬁng) . ax [ dx'i[ dz' le(x'y z")
Jo Jo

22X ZX
Y1 A i '
SBA(F) cdx = f dy"/’ dz'FZB(xy'z') z ﬂdg - ¥
¥z 0o’ 0 vz
(yl o1
ggl_&_(F) «dx = J dyf dx' Flz(x y zo)
Xy 0 0

z
+ dzl{ dx' [le(x'o z') - F31(x'y z')]
24 vJ O
Y
-1 w'iR,,0e) <m0y’ L (3.2)
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To simplify the xy-lcop form, integraté the Bianchi identity over

the area in question

A 'f'yl . .
o = ax'| w'af(xy) (3.3)

/;O J 0

This implies immediately that

1 ¥y ‘. .
J dx [FBI(X 0z) - F31(x yz)] —Jr dy [FZB(W z) - F23(0y z )l
0 0
Mo, M o
= 3 dxj ay'F)(x 'y 2) (3.4)
Jo 0

and hence that

G ar) - ax

xy

X
Y G . N
dy ax'F(x'y'z) = [dé *F
Jo 0. g
: (3.5)

as expected. The explicit manipulations above will however be
useful in Sect. 5. In general, for Abelian theories, one finds

1
the expected result (dS T 2€u\)podxpdxo)

o y
Pa(F) - ax - %—[/dsw%‘w (3.6)
c
= : s(¢)
oD,

The Wilson integral corresponding to Fig. 2 1is
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2 2 2 By
W=%—Tr{Texp[ie dt! dz'FOB(t'z')]T*em[ie[dtf dz'FOB(t'z)]}
tl- Zq tl 2
*
with T, T are time-ordering and time-reversed-ordering, and I

have used the A(F) given in Eq. (2.3). An interesting gauge

choice for any loop with one side at 2z = % would be to pick

Zgy = zi; then
t Z
1 2 2 Vot
W o= Lo eplie dt‘[ gz’ T 'a ) (3.8) .
' t1 2y

in close gqalogy to the Abelian form. The reader can easily
convinee himself that, with appropriaste gauge choice, any loop in
any non-fbelian theory can be put in this "Abelian" form.

I emphasize also that when the path in the Wilson integral
is spatial, then the area integral is over the magnetic fields
(not the electric). This is immediate on inspection of, say, Eq.
(2.10). It is, of course, just these Wilson integrals that are

of interest in a Hamiltonian formulation.

4. TField-Strength Formulation of Gauge Theory

I begin with the vacuum. generating functional for a

generic gauge theory

N
i}

= fﬂA 8 [CGFlexp [ %IFZ(A)] (4.1)

Here &I[CGF] 1is a product of functicnal 6-functions for the

'complete gauge-fixing. The form of §&[CGF] for QCD4

in Appendix C.9 The unique inversion A(F) makes it possible to

is given

14

change variables to the field-strengths themselves. The crucial

identity is, up to multiplicative constants, - ]
jWA slcarl sle - F(a) = §[I(G)] (4.2)
valid for all gauge theories. Here I (G} = o - eA(G)a are the

Bianchi forms as a function of G (which "is" F). The proof of
Eq. (4.2) is given in Appendix C for the case of QCDA. The proof
is simpler for other theofies. In four dimensions (QED4 and QCD4),
the right hand side of Eg. (4.2) actﬁally comes out as §S-functionals
for the "3.1" Bianchi identities only. However, as the last ".9"
are redundant (Appendix B), I have chosen, for the sake of symmetry,
to restore all four Bianchi identities on the right of Eq. (4.2).
(Formally this is an extra constant factor 601 .)

The field-strength formulation is now immediate. Start

with Z, and insert unity in the form

1 = ﬁ §ie - F(A)]. (4.3)

Interchanging integration order and doing the A integration via
Eq. (4.2), I obtain

zZ = f/% 8 [1(G)] exp {- %—sz}. (4.4)

-

The form Eq. (4.4) provides an unambiguous field-strength
foi'mulationll for any gauge theory. The field strengths are inte-

grated over the Bianchi identities. There is no further functional
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measure. I will continue to use G instead of F when it is a

fundamental variable.

Any function of A 1in the original formulation translates

. lmmediately to that function of A + A(F) » A(G) in the field-

strength formulation. In particular, the forms of the Wilson inte-

grals discussed in Section 3 are now appropriate. In general, the

formulation is local in time-except in fixed A0 gauges.

5. A Simple Application: Monopole Quantization

Consider QED3 in the field-strength formulation,

z = fﬂgem{-%f&s‘?}sw-g] (5.1)
4"}
where I have re-named G; = B, (Bl = F23, B, = F31, B3 = F12).

The expectation value of a Wilson integral is

<wlcly

’

z'l[aﬁ'_B_ exp {- -12-fd3x32} 81v - BIW[C] )
: (exp. {-ieéA(B) + dx }>

c
exp {-e jj S+ B1) _ C(5.2)

S(¢) .

“ Here A(B) is that A(F) given in Eq. (2.8). I will refer to the

first form as the "path-form", the second form as the "surface-

form". The proof that the two forms are equivalent is the demonstra-

tion in Seection 3.

Thus, the surface-form is surface-independent.

16~

In fact, of course, the surface-independence of the surface-form can
be seen directly (without mentioning A(B)) from the Bianchi
identity.

I will now introduce a monopole source pM( x) into the

theory by violating the Bianchi identity,

2l = [FBew (-3 [%8) s n - g (5.3)

I demand that I can still find a "Wilson integral"™ such that

niety 7zt [le]§913_ exp {- -]z'-fd3xB2} 67« B - WICI
M

is gauge-invariant and a function of C alone. Which of the two
forms in Eq. (5.2) is a viable candidate? - I will show'tr‘lat, when
Py # 0, (a) the path-form is in general not gauge-invariant, while
(b) the surface-form is in general surface-dependent. Moreovef, I
will show that the following conditions are all equivalent: (1)

The condition that the path-form is gauge-invariant. (2) The

‘condition that the surface-form is surface-independent. (3)

The condition that the path- and surface-forms are equal. (4)

Magnetic monopoles are quantized in the usual manmer.

Consider first the path-form. Repeating the steps of
Section 3 for the three loops considered there, one finds
é A(B) + dx = [[d_s_ * B for the gzx and yz loops (the
Bianchi identity is pot involved in these computations). The
xy loop computation d_oei involve the Bianchi identity however,

and now
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z M
95 A(B) - dx = gdé?.f dzf dx'[ 6y oy x').
Xy ] ZO 0 0

But z. 1is a gauge-parameter, so the path-form is not in general

0
gauge-invariant.

The surface-dependence of the surface-form is standard:
the difference of two surfaces involves a closed surface integral
ffd;_s_ *B = dex VeB = [d3xpM , according to the {violated)
Bianchi identity. ‘

It is immediately clear that the unique cure for either

problem solves them both:

exp{-ie /dgxpM} =1
. i

3 _ 2T
- fdxpM —e
v

where V 1is an arbitrary volume and n 1is an integer. This is the
usual monopole quantigation, and it is also the condition that
the path- and surface-forms are equal again.

Point magnetic charge at u would then be of the form

ofx) = g63(3r_—11_). For u on the boundary of a volume V,
then
= 4m
g = 3 (5.7)

This follows because f dx &8(x - xl) = %, and is the Schwinger
X .
1

quantization.
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The reader will notice that I have never mentioned Dirac
strings in this discussion. In&eed; in the field-strength formulation,
such need not appear, and do not. Nevertheless, I can excavate the

strings for pedantic purposes: starting from a monopole field at the

origin B = g_; > I evaluate A(B), Eq. (2.8). The result for
- r

A1(B), e. g., is

zZ

am - & z } 0 |, 022442

2 2 2.3 2 2\ 5

p” | (p7+ 2%) (o™ zy)

(5.8)

Near the z-axis then s

A (B) v % [e(z) - e(z))] . (5.9)

p

So A(B) does have the Dirac string: the string is down if z0.> 0
and up if gz <O0. (One might have anticipated that the strings

0

were all in the z-direction from our "trouble" above with Wilson

intégrals in the xy plane). Not.e that, if z, = 0, then near

0

the z-axis,

Al(B) ~ gyEé(z) . (5.10)
0

This is Schwinger's double-string. It is not hard to verify that,
in general, monopoles placed at Z will always carry Schwinger”

strings, and hence the Schwinger quantization.

The development for monopoles in QED, is parallel. The

4 .
monopoles are coupled to»tIhe theory via § [Gu‘(Vzuv] + 68 [Gu'dw— 3‘\)] .

The final results- are
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Wl Dy = (expi-te fg AU(G)dxu}>3« = <exp{-%es{jgisw3w} >y
_ ¢
' ~(5.11)

fdc?r - A (5.12)
v

when

6. Dual Potentials

By "dual potential", I refer to variables like the "magnetic
scalar potential", familiar in elementary physies. In QED4,
dual potentials ?{u would be to %‘uv.v.vhat. A, is to F

%‘W(A) = FW(X). (6.1)

Such variables may be extremely ﬁseful in finding the continuum
analogue, and non-Abelian extension, of recent studies in "dual-
lattice" theory.6 X is also closely related to the local disorder
operatoré 't Hooft 5 défines impliecitly.

Having the field-strength formulation, a path to.dual

variables is clear. In the vacuum functional, Eq. (4.4), write

S[I(G) = [aGX exp{-i| X1(G)}

(6.2)
7 = ]49&»‘9'.2( exp {- %fcz} exp{ -']XI(G)}
The variables % have the indices of the Bianchi forms I(G) -
so, Xs for QCD4, $a (magnetic scalar potential) for QCDB; and

so on - and are identifiable as dual potentials. I will discuss

various theories individually.

-20-
QED, .

The vacuum functional is

Aoy - 0 = f/v?gj% exp{- 3 [d3x 8%} expl-i[a’x V§ - B}
' (6.3)

The saddle-point equations are
V'B = 0, B+iV} = oO. , (6.4)

As expected in Euclidean space,12 the saddles are at imaginary x.
Thus, ¢ = -f$ is precisely the magnetic scalar potential

(B =V ).

Consider summing $ emissions at u with strength g.

In a simple line of algebra, it is seen that

(oxp t-ig ¥w) = 2700, = 01 2l = 8 x - wi
(6.5)
Such emissions are then precisely equivalent to a monopole of
strength g at u. One might thén call the exponential of the
dual potential & u) = exp {—ig$ (u)} a "monopole-field".

More precisely,

{exp {- jf Pxofy = 2l -0l 2o (6.6)

in general, therefore: Quantized monopole matter fields couple

_locally to the dual potentials.
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D, .
QE 4
.The vacuum functional is
o NN
zZ = j..-ﬂ‘/GWA?Ku exp{——deGuv uv} expl fouv(A)Guv}
4 4y n
Fuv(A) = BUA\)— BVAU . (6.7)
The saddle-point equations are
oy . n
88, =0, G 1F, (). B R )
Thus, AD = ixﬁ are precisely the dual potentials for QED4.

Z 1is invariant under Abelian gauge fransformations on Xﬁ. This
has crept in because I chose to ignore multiplicative constants
in Eq. (4.2). Xu gauges may be fixed in the usual ways.

A particularly interesting quantity is the gauge-

invariant "dual-Wilson integral®

r

expl -ig P, K ax 3. (6.9)
C

wic'l

. . - . ’\‘ t
As in QEDB, it is simple to see that <:W[C ];> corresponds to a
1
monopole-anti-monopole annihilation around the closed path C .

Also, quantized monopole matter fields should couple locally to Ku.

22—

Because the Bianchi identities are (even for non-Abelian
theories) &t most quadratic in G, I can always integrate out the -

field-strengths, to obtain a formulation entirely in terms of

dual potentials. For QED4, the resulting action density is

par'ticularly elegan t K
I = — &= F x F A 6 .10

In this sense, QE-D4 is perfectly dual.

QCDB.

The vacuum functional is [Gia = Bia]

‘ ]
= j{i’ Bia,%aexp{ —% a’x BiaBia} exp{ -i f d3xBia [31'&;3— eeabcAg(B)'$]}

(6.11)
where Aia(B) is given in Eq. (2.9). The saddle-point equations

are
3.B2 - abcA (8)8,° = oO.
i1
_ (6.12)
a . g, abc a _
B+ 1(Bi¢ A (B) ¢y + by =0.
where
14 .
tga = -ie abC{6(z - zo) dz' - e(zo - z) az'}
R s B VA —C0
[ bre 1
5% ¢ ] (z) (6.13)

for i =1,2 (eij antisymmetric, €5 =
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o X
]
b2 = e eabcé(z -z ){8(x - x.) dx - 68(x. - x) dx'}
3 0 0 0 /
X -0
T 400
1 [} 1
8 / dz [B;'a;c](x yz ). (6.14)
A number of remarks are relevant here. (1) q'>a = —i'cfa are the

color-magnetic scalar potentials. (2) The non-localities are
essentially the non-localities of the inversion forms A(B).

(3) Notice the singularity in b3a at z = 2. This can be
traced immediately to the fact that only F 2( Xz ) = B;(Uzo)
appears in the inversion A(B), Eq. (2.9) This singularity tells

us immediately that, for configurations Bia not singular at z

o’

I will

then the corresponding '$a is discontinuous at z = zo.

mention this again in Section 7.

Notice also the Higgs-like coupling of the magnetic
scalar potential, This raises the'question of a Meissner effect
for QCD3’ and focusses attention on regions where ’$a is a
constant. In such regions, the m‘agnetic field is a zero-eigenvalue
eigenvector of the operator M('tf) =1+ ie a§ =1 - ef$ defined

by recasting the field equations in the form

0 = 131353 + {1+ ief$ 187,

(6.15)

24

’\I )
The operator M(¢) appears again in the pure dual
potential formulation: Integrating out the field-strengths in

Eq. (6.11), I obtain the action densi*l;y13

L = - % SEIL + fe §17 9% (6.16)
with a measure {detll + ie ’}6] }-% At large coupling, the
zeroes of M('rf) approach the real axis, and may be enhanced. This

subject deserves further investigation.

QCD4.

The vacuum functional is

_ Yy 8 a 14
= f/?Guvo&Xu exp {- 4jde a2}

UV uv
(6.17)
{4 na a abc b C.
8 exp{ljdxuuvlauxv - (G)X]}
The saddle points are 1écated at
a abc b C
- G E =
auﬁw A (6) 0
G +ie {3 KB - e b(G)?(‘:} v =0 (6.18)
uv‘ uvpo P o Suv o
where
ggl= ~ieé(z - zo){é(x - )(0)[x ax' - e(xo - X)‘-[so dx'}
. ' (6.19)

400
. f\, -
8] dz'eabc [‘(VngAg] (tx'yz' )

(Equation (6.19) continued on next page)
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1 3 !
gg2 = -ie8(z - zo)é(x - xov){e(y - .Vo) /:V - e(yo - yy dy 1

J )

8 dx!f dz'eap.(:[('\fgofd(tx'fz')

-0 -0

o 4
. 1 \ 'y .abe f¥b Yo !
gSB = -le{f(z - ZOJ dz’ - 6(z; - z)[ dz l€ [EOOAG.](txyz )
z

~ =00

X
giZ = +ied(z - ZQ){G(X - Xo)j‘mdx' - e(xo - xi/l ax'}

X ~00

200

+c0 . )
@f dz'eabclab Kc] (tx'yz!)

=00

oo . 2

g33 ~ie{6(z - zo) [ dz' - 6(z0 - z[ dz"} eabc [agoxg](tnz')
Z =00

oo

. ’ Z
ggl = +ie{6(z - zo)j' dz' - 8( Zg - ZL dz ' }e2P° [Eloxgl(txyz')
z .

My previous remarks about QCDB are compounded here. Notice

in particular that each component of :Ki has Higgs-like couplings.

The field equations may be cast in the form-

: . .u0)
{1+ el X G}fw = 1%'W aX)
: (6.20)

KX = o8- a2 .

—06-
For small coupling, then

8‘;\) a iF(u?))a(K) (6.21)

“as in the Abelian case. In general , however, as in QCDB,'-..at'tention

2 - . . . . (0)a. , % : . .
is drawn to configurations for which F v (4) = 0 in some -+
region, and hence to the zeroes of the operator [1°# ie 'K] . The

pure dual potential formulation of QCD 4 has the form
L o= - %%‘(O)(X)u + 1o [ 1710y (6.22)
with measure {det[l + iefxl }_% .

7. "Dual" Hamiltonian Formulation

In this Section, I work in Minkowski space.14 The “‘generic

vacuum functional
z = fﬂeﬁ'}( exp{-i [% & + 16} (7.1)
contains time derivatives only in the factor

expli f ¢ 353080}'. (7.24)
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in three dimensions, or
R VA" u
- ) .
exp{ 1deAu080} (7.2b)
i N
in four dimensions. Thus in general, A 1is canonically conjugate
to the magnetic fields. I can pass simply to the canonical form then
. - v
by integrating out the electric fields GOi = Ei’ leaving only A

and B, the magnetic fields. The resultiné "dqual" Hamiltonian

system has the generic form
2 N
I YLty (7.3)

[B,A1 =1

1 will briefly discuss each theory in detail, giving the appropriate

E in terms of X and B.

QEDB-

In the previous Sections, I worked in a manifestly Euclidean
form for three dimensions. If I identify 3 > O (time), I am in a
fixed Ao-gauge, and there is 2z + t(time)non-locality. I do nbt
know how to achieve a Hamiltonian formulation for these gauges. I

convert trivially to an axial-gauge with the re-identification

-1+1, 2-+0, 3+ 2. This is now a fixed A2 =0 gauge:

y
j/f day'B(xy')
Yo

¥

X
&' Efxy') —/ dx'E, (x'y,)
Yo %

&

&

('
[

Vp
127 Tu §€uva

where I have used E, = G..,
i 0i

3
801251.Notice that the spatial potential (Al) is a function of
B alone; hence fixed-time Wilson integrals are area integrals

over the magnetic field. This persists generically.

The action density is

_ 1 HV {1
£ = -Lg )
7 G0 +$auﬁ

Integrating GOi’ I obtain the dual Hamiltonian, Eq. (7.3) with

B = 3235, E, - -al'&f (7.6)

[B(x), Q;(:j_)l 15(2)(5_ -y .

Notice that CGauss' Law V *E = 0 is an identity in the dual formu-
lation, just as the Bianchi identities are identities in the usual
formulation. This also persists generically.

Consider the local operator
ox) = ewpl-ig §x)} - , (7.7)

Since $ and B are canonical, ¢ generatés local dis-

turbances in the magnetic field,

(B lx) = By -y -0 . (7.8)
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The "disturbance" is a "string" with magnetic flux g. The Wilson
integrals at fixed time are area integrals over the magnetic field,

and hence

®(xMC] = WIClo(x) explieg f}r &2y - x)a¥yt .

§(¢)
If I choose -]2; Dirac unit of magnetic flux,
9,(x) = expl-i 3 §x)? (7.10)

then Qé(i) commutes with W[C] when x is outside C, and
anticommutes when x is inside C. Evidently, ¢,(x) is the

. . PR
Abelian analogue of the [SU(2) in three dimensions] disorder operator

defined implicitly by 't Hooft.5

QED

4 _
In four dimensions, my notation is Ei = GOi’ Bi =%€ijijk
.1 po _ . . .
'(VJW = 2Ei1vp§’ » €123 +1. The inversion Eg. (2.10) is then

Z

-

z X
1
dz’Bz(nrz ), A2 = —f dz'Bl(quz') + dx'BB(x‘yzo)
b

0 0 0
(7.11)

S

/—Z X vy
—j dz' EB(xyz') —/ dx'El(x'yzo) - dy'Ez(xoy'zo)-
%o %o 0

_90-

Again the spatial components. of Au are functions of B alone, and
hence fixed-time Wilson integrals are area integrals ovei' B.

The action density is

1 UV UV
£ = -ig g™ _kauv, 7.12
A\ Vi ( )
But the momentum conjugate to XO is zero. I choose therefore

not to introduce '1\{0,' leaving 6{'611’@“0] =8[v-B = & I, (6)l

as a constraint. Integrating out GOi’ I obtain the dual Hamiltonian

Eq. (7.3) with

7 <X

E

i

(3, (0K = 16,87 x - )

This Hamiltonian must be taken withtle constreint In="V * B
= 0. Note that IO =V +« B 1is the generator of "Ki gauge trans-

formations, so duality

T
%
=
(£
%
e
<
&=
?
<1
o

(7.14)

is quite perfect. Gauss' Law V + E = O is again an identity. -
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X 1
Consider the dual Wilson integral as an operator, with C
a fixed-time path

. : Vel = exp{-iggﬁ X - ax} (7.15)
1
- C

The fixed-time Wilson integrals are area integrals over the magnetic

fiel&s, and so

N G
WC IWICl = WICIW[C lexp{iegN}

N o= fdg(g_)ngg'a(”(g-;’)
c

slc] (7.16)

N is the number of directed crossings of C' thru C. With

% Dirac ﬁnit of flux, %ﬁc'] is the Abelian analogue of fhe disorder

operator [SU(2) in four dimensions] 't Hooft(5) defines implicitly.
There is a final comment that I wish to make here about X

gauge fixing. At the level of QED4, the remark is essentially

pedantic - but it will be helpful in our discussion of QCD4

The X gauge may be fixed in the usual Faddeev-Popov fashian,

but a certain bizarre gauge choice has particular significance.
Remember that, in four dimensions, I chose to complete the identity
iEq. (4>;2) to all four Bianchi identities. If I had left only the
3.1 Bianchi identities, I could have exponentiated the third Bianchi

n
identity with an AB(txy) only. I leave it as an exercise for the
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reader to show that, in our more'symmétric formulation, this corres-

ponds to the bizarre X gauge choice
. o
6[A3(txyz) - Aé(txy)&(z - zo)] (7.17)

that is, gauging away the z-dependence of Kﬁ,'except at Zy The

most direct way to use this gauge is to solve the Bianchi identity:

Z
B3(xyz) = BB(xyzc) - JZ‘ dz'(alB1 +.32B2)(xyz')
0

(7.18)
keeping only Rs (xv), B3(xyzo) as canonical variables.

QCDB.

I use the same fixed - A.2 = 0 gauge as for QEDB. The

inversion is still Eq. (7.4), and the action density is

- 1l a1y W -abcAp c au
R T L ARICY Ao
Integrating Go,, I obtain the Hemiltonian with

o1’

. | .

Ela = 32114& - ed(y - yO){e(x4xo)L dx - e(xo-x)‘[mdx'}fdy'%a(x'y')

Ey = (3¢ - eeabcAlb(B)f) - efoly - yo)fodv' - o(y,- yz/dyy'}f(xv')
y 00

[8%(x), 831 = 162062 (x - y). : (7.20)
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Here Al(B) is given in Eq. (7.4) and g,a = Eachb'a;c is a
rotation operator for ’&a and B%. Observe the persistence of the

Higgs-coupling of the dual potential. The singular term &y - yo) ,

seen in the equations of motion, also persists.l5
Note that
+ 0 +@
- ' L .
Q* =/ ax' dy'?a(xy ) (7.21)
-0 - o .

is a constant of the motion. Qa generates a global gauge transfor-

mation, and this freedom reflects the fact that my gauges are not

fixed up to such a trivial transformation. Physical states can easily

be chosen to satisfy Qa = 0.
From the definition of Ei&1 ; 1t is easy to compute that
v . .Eia - eeabcAt;(B )Ei = -ef(y ~ yo)S(x - xO)Qa
(7.22)
so on physical states (Q* = 0), Gauss'Law will be an identity.
| I also repeat that Wilson integrals over spatial paths
are functionals of B only (because A = Al(B))' Having B
as a fundamental variable may then be advantageous in studying tbe
confinement problem.
I have not yet found the exact expression of 't Hooft's
operators for QCDB. Although ope;-ators like e@{—ig%a},
Tr e@{—ig%a %} have the corrett effect -on the magnetic field, they
generate non-localized changes in E. This deserves further

investigation.
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D, .
Qc 4
The inversion is given, as for QED4, in Eq. (7.11). The
action density is
_ 1l .a v a Hv abe,b 'u\)
£ = - = - - .
A Xv(auea e AU(G)EC )

(7.23)

However, as in QED,, I choose to leave & Ioa(B)) as a constraint,
v

keeping only Aia . Integrating Ggi , I obtain the dual Hamiltonian

Eq. (7.3) with

Ea - qia»*_Jia

a - Va abe, b Ve
Qi TR SR gj(B)Ak}

00

o - |
1a = -e8(z - zo){e(x'— xo) dxt - e(xo - x[ dx'l[dzlg-a(x"yzl)

[}
1

X

00

. | \ -
J2 = -eb(z - zO)G(X - xo){e(y _‘yO) dy' - G(yo - Y)j dy }

¥y il .
ax!' dzl(xiY'Z')
) o ) .
2 . -

J;‘ = —e{e(z.- zo) .dz' - S(ZO - z] dz'}f(xyz') '
z -0 ’ (7.25)
a vb _ .:ab ..(3) a - abe_bVve
[Bi (%), Aj (y) = 1i¢ Gij(S (x-y), 9 = e By A
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This Hamiltonian must be taken with the constraint

2 eeabcAib(B)B‘; = 0. . (7.26)

As with QCDB, note the persistence of the Higgs-like couplings of

the dual potentials. Qa Efd3x Qa is a constant of the motion, and

‘

can be set to zero on physical states. Wilson integrals with

spatial contours are all functions of Bia . Forms like
T
] T
Tr P exp{-ig Y Aia Ta dxi} are candidates for 't Hooft operators.
C B
I wish to discuss in some detail the structure of this

constrained Hamiltonian system, and its parallels with QED 4 In

QED,, the constraint I. =V * B generates Abelian gauge transfor-
4 =

0
mations on Ki’ and a symmetry of the Hamiltonian. In Appendix D,

I show a similar broperty for the QCD, constraints Ica(B) :

A
Modulo ordering problems,

. ) z

4

dt

[
-a abe b ¢ 7 C ! b,c
Iy = et {E3 jz dz IO- (xyz ) + A I } (7.27)

0
0
. a .
0 with IO =0, it
will stay zero. Put another way, Ioa(B) generates a change in the

Thus, if one starts with a state at time t

Hamiltonian which vanishes in the presence of the constraint. There-
fore, if desired, gauges may be fixed a la Faddeev-Popov.

What are the transformations generated by Ioa( B)? They
are Abelig.n, and act only on R‘ia , Just a§ in QEDA. A simple

computation results in

-3~
(18 (Goe) A0y 291 = 16%6,6000(x - 1)
+ 102805, A %(B) + 6. AS(B) 6(3)(x —x)
118 12 A x-x

+ 1ee®° §(x - x)8(y - ¥ )e(zzvzo){%lec - 8,8 (7.28)
- ieeabc éiBS(y - y')é;(zo - z')O(xx'xo) Bzc(:qrz)
where :
O(zz'zo) = 8z ~ z')G(z' __ZO) - e(z0 - zb')e(z' - z)
. (7.29)

1

B(Z' - zo) - 9(2' -z) .

The feature of note in Eq. (7.28) is that
. . '

IIOa(:ryZ), X;(X'Y'Z')]z'%zo = iéabBBG(B)(z -x)  (7.30)

Thus, as long as one stays away from the (gauge) point z = 2
a
A
3
result, the gauge choice Eq. (7.17) can be made here for QCD,,

o)

the gauge transformation on is the usual Abelian form. As a

with constant measure.

This brings us full circle for QCD,; as explained in

QED4, this is the form I would have obtained if I had not

completed to all four Bianchi identities in Eq. (4.2). The

Abelian invariance in QCD, 1is a direct result of completing the
i d

Bianchi identities. As in QED,, the most direct way to use this

4}

gauge is to solve IO =0z



(8)8;° Nxyz')

a

aber, b b Ve
+ e€ {B3 - F12(A(B))}A3 .

(7.31)
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Z
a _ a 1 a a abe,b
P A = + - -
_ B3 (le ) B3 (;szo) [ dz { 9131 3‘2B2 tee A
. 2
thus eliminating BBa in favor of B3a(1qrzo), which is canonical to
g '
A .
3 (xy)
Finally, I remark on Gauss' Law. It is straightforward to
compute that16
a gbe, b c _
aiEi. - et Ai(B)Ei = -ef(x ~ xO)G(y - yo)é(z - ZO)Q

(7.32)

’ b b
When the solution (7.31) is used, F12(A(B)) =B,, so, on

states with Q&L = 0, Gauss' Law-is again an identity.

8. Remarks

There are a number of remarks that properly belong with

this piece of work. Perhaps the most important is what I promised

in the Introduction: Confining states are easy to construct in

the dual formulation. Just as an example, consider the states

gy > = //93' exp{/dzx[ -%8'2+ 1B )18

>

(8.1)

in QEDB. Here |B'> is an eigenstate of B; '350 is the center

1
“of the Gaussian in $ , eilgenvalues of the dual potenti

Because the Wilson integral is an area integral of B,

trivially computes

al.

one
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CENLTIEE S
Lasdlandy

2, |

= expl- &2 C(8.2)
@ |

where A is the area of the Wilson loop. Note that confinement

is stronger for small o: This is the "disordered" state, -
characterized by é broad spread in B' [or $' peaked fairly
sharply at 3;0] . Similar states can be constructed in the non-
Abelian case as well. The problem, of course, is finding a meaningful
minimum of the Hamiltonian in such confining states.

My second remark concerns the manifestation of the old
field-strength copies, now in the field-strength formulation. A4s
discussed in Ref. 2, the field-copies from every gauge have become
local-action copies in the fixed gauges. In the field-strength
description, local-action copies are sets of field-strengths, all
satisfying I(G) = O, related to each other by local rotations.

I will call such rotations "pseudo'-gauge-transformations, as they

are not related to ordinary gauge transformations. [My gauges are
fixed, and the local-action copies are not gauge equivalent].

In QCD2, for example,

- a 12 a ,a

z f/9G03 exp{ 2f x 63 G35} (8.3)
and every configuration is a member of a continuous family of local-
action copies. In higher dimension, the sets of loecal-action

copies can be characterized as 1little "pockets" of pseudo-gauge-

equivalence. This ié, of course, the possible "enhancement!" I

discussed in Ref. 2, and deserves further investigation.
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My third remark is on the possibility of "other" dual poten-
tials, besides my choice. In particular it would be interesting to
find an Xua for QCD ) that transforms as a gauge field (my Kua essen-

tially only rotates). Such an ’Xua might be one satisfying

0,
%(iv(A) = Fiv(A). (‘53.4)

Unfortunately, it is easy to show that this X cammot exist for all

A:  The form .Fz\)(fK) implies the "Bianchi identity" a%‘(?{) - ew(?i)

=0, and hencé, using Eq. (8.4), OoF(A) - eXF(A) = 0. This is -to be

compared with the saddle point equations OF(A) - eAF(A) = 0. For
configurations with det F(A) # 0,12 one easily shows that A =X

and hence, from Eq. (8.4) again, that F is self-dual. This is a

contradiction for configurations like the anti—instanton.

I mention two other»ca.ndidates for Kua whose merit. is
_existence for all A. (1) X defined by BF(A) - eKF(A) =0. X is
dual to A in the sense that its defining equation is dual to the

Bianchi identity. For det F # O,.12 X = e 'Flor. At saddle points

with det F # 0, A = K This object was discussed in Ref. 12. (2)

In the main development of the text, I computed A(F). One can define
: K = A(%‘). The utility of either of these two definitions remains to
be studied.

I remark finally that the path-dependent formalism17
may be quite useful in studying general features of my reformulations.
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I work in the fixed axial gauge O = A3(txyz) = Al(txyzo)

= A2(tx0yzo) = Ao(txoyozo), and I list for reference in this gauge,

a _ a a abe, b,c
FOl(A) = BOAl - BlAO - e€ AOAl,

a - a a abe, b, c
FOZ(A) = aOA2 - 82AO - e€ AO A2
a _ a a _ a a _ a
FOB(A) = __BBAO-’ FBl(A) = aBAl s FZB(A) = —83A2

. A1)
a _ a a abe b, ¢ (
Flo(A) = 88,7 3,07 —ee " A A,

From the form F31(A) and the boundary condition on Al’

I have immediately

z .
Al(F)' =[ dz'FBl(t:Qrz') o (A.z)
2z
0

From the form F23(A) and the boundary condition on. A,, I have

2
2
A, = -f dz' F23(t1qz'), + A2(tm’), Az(txoy) = 0
o (A.3)
Substituting Al(F)_ and this form for A, into the form F12(A)
at z = 2y I obtain -

1]

o
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. X T
Flz(tzqrzo) = 81A2( txy) > A2 = 4 dx ?12(tx yzo)
2 x
> A2(F) = -f dz! F23(txyz ) + / dx F]_Z(tx'yzo)
2y . %o _ (A.4)

AO(F) is the most difficult. From FOB(A) and the boundary

condition on AO’ I have

z ‘
Ao = —f dz'FOB(txyz') + AO(tKY)’ Ab(txoyo) =0 (A.5)

%o

Using this and Al(F) in Fo]_(A) cat z =z results in

0

X
FOl(tzqrzO) = —BlAO(t)w) > Ao(txy) = —[ ax' FOlfb("yzo) + Eo(ty)

By(ty,) = 0. (A.6)

This result and A2(F) substituted into the form FOZ(A) at

2=z, x= x, allows the completion of AF), -

O)

v
Fo(txyzy) = -3 B(ty) > K, = - 3[ dy'Foz(txoyzo)
. 4]
2 £ (A.7)
AO(F) = —[ dz FOB(txyz') - lodx’ Foft:x'yzo)

(4]
v !
-f dy FOZ( txy zg)
Yo
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I must next explore the consistency conditions,

'F{A(F)} =F; we syétematically substitute each A(F) into the

form F(A) and require it is F. There is no difficulty verifying

FOB{A(F)} = 'FOB’ FBl{A(F)} = F31, FZB{A(F)} = F23. Al ready
for F12 however, we obtain the restriction on the allowed

field-strengths,

a a z a | a !
- = - t 1
F, Flz(tho) Ldz [31F23(t)gyz ) + 32F31(t)qrz )]
Lo 0 :
z z
abc 1] b 1 1" c n
+ eg f dz FBl(txyz ) [ dz F23(t;qrz )
Zo o)

abe z x c
- ec .[dZ'Fgl(‘b}UZ') f dx'FlZ(tx'yzO)
o
(A.8)

This equation is manifestly true at z = zy (I required it at that
point in the derivation of A(F)), so I lose no information by
differentiating with respect to z. With simple algebra, the dif’—

ferentiated form may be written

-

(A.9)
a _ a abe,b c  _ - -
IXF) = au%‘u - et AU(F)%‘uo 0, %‘W % vpoToo? o123 = 10

which is recognized as the temporal Bianchi identity. Here Az'( F)

is just our inversion A(F) (and A3(FA) = 0). I continue to use the

notation I\)a( F) = 'BU’I\"‘:\)‘- eeabcAHIyﬁ\) for the Bianchi forms. -



_43_

Turning now to F01, one obtains a similar condition manifestly
true at gz = Zy- Differentiating with respect to 2z results this

time in the second Bianchi identity

- I} (F) = o. (A.10)
Finally, substituting into F02, I obtain
a - 4 . a 1 a !
Fo, f da' [-4F5 (txyz') + BFo(twz' )]
%0

x
'[9 a t a t a
+f dx .[ 0F12( tx yzo) + 32F01( tx ¥z N+ FOZ( txoyzo)
%o

2z x
abe tobo, . b b v
+ eg sz Foj(txyz')+[ dx'FOl(tx'yzO) fd‘y'FOZ(tXOyZO)]
Z X yo

0 )
X
(¢} 1 N
8 [-de"FZB(txyz") * f ax"Fy(x"yz, )1 -
a | _
0 0 (A.11)

As above, the derivative with respect to 2z of Eq. (A.11) results

in another Bianchi identity

a \
I°(F) = o. (A.12)

_Howgver, Eq. (A.11) is not manifestly true at 2z = z I must

0°
therefore require it explicitly. Substituting the restriction
"Eq. (A.12) into Eq. (A.11) at 3 = zy> - and doing some simple

algebra (all terms involving z-integrations cancel) results in

—hhe
, x
0 = F*(txyz.) - F* (txyz.) + f dx' |3 F2 (tx'yz.) + 9, F2 (tx'yz.)
02 700 02 0 x 012 0 2 0L 0
0
abe X b y b X t_e .
+ € {LO dX'FOI(txvyzo) + f dvaoz(txOyzo)]fdx Flz(tx'yzo;).
Y %0

- (A.13)

This is manifestly true at x = Xys SO 1 can differentiate with

respect to x. This results in the last ".1" Bianchi identity

I;(t}qzo) = 0. (A.14)

I have demonstrated that the form A(F) [Eq. (2.10) in the text]
together with the "3.1" Bianchi identities (as restrictions on

allowed field-strengths) constitute the completely unique inversion

for QCD4.

Appendix B: Redundancy of laest .9 Bianchi Identity for QCD,
R s d

" In four space-time dimensions , t;he consistency conditions on
the field-strengths are only "3.1 Biénchi identities" - the. Bianchi
identity in the "gauge-direction" Yo (for our casg ¥, = 3) being
required or.xly'at‘dne‘p.o':'nt in the uG-—direction (for our cés’e
zZ = zo). In this Appendix,‘ I want to demonstrate that these 3.1
Bianchi identities imply Athe full set of four. The result is gauge-
independent, so, for notational simplieity, I will work as if I

had performed the inversion in the A, =0 (temporal gauge).

1]
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I begin with A(F) in the temporal gauge, and the 3.1
Bianchi identities I =0 (i =1,2,3), I (tpxye) = 0. I will
not need the explicit form of A(F) - two properties will suffice:
(1) AO(F) =0 and (2) F{&F)} =TF (because of the 3.1.Bianchi
identities). I want to show that then BOIC;i =0 follqws.

~ Consider BOIO = ao(ai%io - eeabcA;)(F)%go) where i
is summed from 1 to 3. Noting that 8OA;)(F) = ng and using I;i= 0

(i = 1,2,3) to eliminate all other time derivatives, I compute

abe b %c 2 abc cde bAd§e

a a
31 = 3,30 FosFio *

abca.A?%?. ~ et
[¢] A ) 1J J1

aa%‘a
Of course 19571

the Abelian case). Because Fij(A(F)) = Fij’ the other terms are

= 0 -(this would complete the proof trivialily for

éasily rearranged to

a _._e _aberb ‘ abe b c - B.2
%l =77° Fij%‘;j_ ec™ Fy ¥y = O (B.2)

This completes the proof that the last .9 Bianchi identity is

redundant in four space-time dimensions.
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Appendix C: The Crucial Identity in the Quantum Variable Change A > F

T will sketch the computation for QCD4. I begih with

(I suppress products 7T- over color indices)

MGl [ﬁAé [CGF](S[Gv- F(4) = fﬁ ﬁA ,,/AO G[AI( txyz, )

8 8 a7 (tx yey ) 8A (txpyozg ) 66T 5 +3 A 718165, - 3.AT)

a F a abc b,ec
8 6[G23+33A2]6[G0 —(SOAl-aA Ay Y1
a a a abc c
8 8l6y, - (3hy - 3,4 - AOA ]
8 sl - (3,45 - 3,47 - abCAl Al (c.1)

The integration strategy is a slavish imitation of the steps I
followed during the inversion (see Appendix 4).
The A1 integration is easily done, using the gauge-fixing
. a a R
Alﬁ—functlonal and 6[G31 - 63A1] . The value of A selected is
z
A= Al(G) = J[ dz'Gzl(txyz'). Ignoring multiplicative constants
20
one can read MI[G] as the rest of the integrand with A Al(G).
To do the A.2 integration, first change variables to
a a 2 a a
A via the shift: A = - dz'G. (txyz') + A (txyz). In
2 2 ” 23 2

terms of the new integration variables, I have



4=
mlal = [..49’ Aza/f? Aoa 8 [Aza(txoyzo s [Aoa( txgygzy )} 8 [Gg 5+ a-BAOa]

abe

A(}’ )

a a - a
8 6[63A2 ](5‘[G01 - {BOAl(G) - alAO - ee
a
8 8[Gy, + ...]

zZ
8 a{c,i‘2 + / dz'{9,6% + 3.6 Nixyz') - 81A2a

, 1723 " 2731
. ”
2 !
+ e (6)1 -f az'G3(tyz ) + A2 (c.2)
. % _
"Split'the last 6 at 3z = Zg (into the constraint at Z times the
z~derivative constraint)
a _ a a .
§le, + ..1 = 8lG, + "'}zO]‘S[33(G12 ) (C.3a)
- a - a (C.3b)
8 [Glz(txyzo) alA2 (t}Q,IzO ) . ‘
a. a ' abe.b z c C
8 816,01, + 9,8,y + 3,0y v ee Gy {- fdz'GZB(txyz')*Az}

%0

abe z b c
- ee f dz’ G31( txyz' )G23]

o)

The A2a integrations can now be done, using the first and fourth

§-functional in Eq. (C.2), and the first factor of Eq. (C.3b). The

X
R a _ Y .
value selected is A, f dx Glz(tx yzo). Thus

48~

_ a A 2 a a 2
Mgl = sl (G)])ﬁ’éﬂ_o 1Ay (txgy 2 )18 [GO3 + a4k ]
a a
8 8lcy, + -1 8oy, + .- (c:z,)

where Ioa(G) is the temporal Bianchi form.

To do the AOa integrations, the most ec_onomical shift

y
. a _ Z ) 'y _ X o ha . _ B .
is A, L .dz GOB( txyz') / dx GOl( tx'yz) [ dy GO2( XY zo)
0 %0 0

+ Aoa , with Aoa the new variables of integration. One must split

a .
Sl Gor ...} at Zy o
a : .

§ [{GO2 + .. .}Zo] at x;. I leave the algebra as an exercise for

the interested reader. The value of Aoa selected is Aoa = 0,

and & [ng + ... at 2 Then resplit

and the final result is

_ a a a a
I A O A O AR O LM O

§{"3.1"] ' o (6.5)

with no further functional measure. As might be anticipated from
previous discussion, only 3.1 Bianchi identities emerge in four
dimensions. (The same is true for Q,EDZ’.) By Appendix B, however,

the last .9 Bianchi identity is redundant, so

§[3.1"6 [5.1.2]

s{r(a)l 313

e [Iua(en
u

I

8 ["3.11 § [0l - (c.6)
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Up to multiplicative constants then, I have shown Without the fourth Bianchi identity, I must evaluate Fi"z,[A(B)]

directly from A(B), Eq. (7.11). The final result is .

jﬂA slcGRIs [G.- F(A)N = &I[K(G)] (c.7)
d abe, b z c b c N
v & Ig = e lEy f a4z I3 (xyz') + AJ(E)I" } (D)
as stated in the text. The form Eq. (C.7) is uniform for all gauge ; ‘), :
theories in any number of dimensions.
. as .quoted in the text.

Appendix D: Time Dependence of . I:a(B)

I need to compute

d ra _ . a . 4 a _ __abe, b c
I = 1[H,IO] dt[Z)iBi ee Ai(B)Bi]' (D.1)

at "o

I shall ignore ordering problems here, though this may need further
investigation. I begin by noting that the other three Bianchi

identities follow from the Hamiltonian

d a _ . a; _ a abe, b c
&« B - iEB;] eijk( 3B -ee A (B)E,)
abec , b e
+ee " AJ(E)BS . (D.2)
» I can use these to do the time derivatives of Bia in Eq. (D.1).

After some algebra, I arrive at

d -~a _ abe .a ‘b c abe, b c
—1I1°% = ee {F]_.Z[A(B)] -BB}EB + eg AO(E)I0 .

(D.3)
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a a abc, b, ¢
F~ () = - -
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with the obvious simplification for the Abelian cases. I work
in Euclidean space until I discuss canonical quantization in
Section 7.

Strictly speaking, T am leaving a global {constant) gauge
freedom. This too can be fixed, but it is not relevant for
the uniqueness of A(F).

For completely-fixed axial-like gauges, the Faddeev-Popov

determinant is a finite constant.
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15.
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This is true modulo ordering problems. I have not investigated
this point.
The present field-strength formulation should‘not be confused with
my development in Phys. Rev. D16, 1798 (1977). In that work,
the'field;strengtﬁ—like vériables transform aévfield-strengths,
but they equal field-strengths only at saddle ppints. Otﬁerwise,
they ére funetionally Fourier conjugate to the field-strengths.
See, e. g., the reference in Footnote 11.
An attempt to integrate out the field—strengtbs in Minkowski
space runs head on into the singularities of 'M71(5).
Presumably, such must be defined by continuation from Euclidean
space.
Ny Mirkowski metric is A * B = AgBy - A * B, a0 - Ay At - -A,.
This'may be a divergence, perhaps related to that of Chodqs, Ref.
3, and S. Mandelstam, invited talk at the Washington meeting of
the APS, 1977 (unpublished). o
Useful identities in this computation are a2(B)3) = AX(B)TP
- a9 = o. ‘
S. Mandelstam, Ann. Phys. (New York) 19, 1, 25 (1962), and

Phys. Rev. 175, 1580 (1968). I. Bialynicki-Birula, Bull. Acad.

Pol. Sei. 11, 135 (1963). N. H. Christ, Phys. Rev. Lett. 34,

355 (1975).
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FIGURE CAPTIONS

Fig. 1: Three Wilson Integral Paths.

Fig. 2: A Wilson Path in a non-Abelian Theory.
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