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ABSTRACT

Using the model for the nucleon-ahtinucleon intéraction proposed
by Ball and Chew, we have calculated the capture rates for the various |
eigenstates of protonium--the bound system of a proton and an antiproton,
It is found that these rates depend sensitively on spin, isotopic spin,
and total angular momentum eigenvalues of protoniﬁm, not just on orbital
‘angular momentum, as is usually assumed. The avefage capture rates for
the nS and nP states are 5.3 x 101'8'/n5 and 4.3 x lOlLL/n3 sec-l,
respectively. This P capture rate is two orders éf magnitude larger
bthan in the case.of the (K -p) atom beéause of the relétively long range
of interaction in the Bali—Cheﬁ xﬁ.odel° The problem of the Stark effect
collisions, studied by Day, Sn&w, and Sucher in connection with the (K -p)
atom, is therefore, re—invesfigated and at the same fime we have considered
certain 1mportant effects which were not consmdered by these authors.
Rough calculations indicate that for protonium also the capture W1ll také

place predominantly from S states.

This work was done under the auspices of the U.S. Atomic Energy Commission.
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fROTON-ANTIPROTdN'ANNIHILATION IN PROTONIUM
Bipin R. Desai
Lawrence Radiation Laboratory
University of California

Berkeley, California

. January 5, 1960 .

INTRODUCTION

A spec1f1c model proposed by Ball and Chew and extended by Ball
and Fulco2 has succeeded in explaining the nucleon-antlnucleon 1nteract10nv
at intermediate energies. Using~this model, we attempt here to calculate
the capture'rates from £he various eigenstates of protoniume-the bouﬁd ,
system of a proton and an antlproton. Following Ballrend Chew, ﬁé employ
the WKB approximation even though the energies are very low. With these
estimates of the oapture rates, we then attempt to decide whether the
capture ‘takes place predominantly through the S states or thevP states,
‘ The‘results_ofbthis calculation‘are used eieewhere in connection wiﬁh’ |
the moltiplicity of pions‘in antiproton annihiiationf5

An.antiproton of low kinefio ehergy in passing ﬁhrough mafter is
slowed dwm principally by ionization. The probability for anhihilation
in slowing from 50 to. zeroc Mev is very small. At zero energy. in'hydrogen,e
the entiproton will be captured by a proton in an orbit of radius approximately
ao(= 5.3 X 1077 om), the first Bohr radius of hydrogen. The protonium:
thus formed will have a large aﬁgular momentum, £ , and a principal ouantum

1/2 ('T‘

number, n , of about (m/2m_) 30), vhere m and m are the masses
of the proton and themelectfon, fespeotively, It will also heve a thermal
velocity of about 105 cm/sec. :The protonium will then cascade down to

states with lower (n, £) values by radiative transitions or through

collisional de-excitations.%- This process will continue until the antiproton -
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reaches an orbit whose radius is: small compared to -8 ,‘ The protonium

in such a state can pass W1thin the range ao' of the electric field of
nearby protons. While it is within this range, many oscillations will take
. place between its various states because of the Stark effect. The resulting
51tuation w1ll be similar to the one investigated by Day, Snow, and Sucher

5

in connection with the capture of a K~ meson in hydrogen° These authors
showed that radiative transitlons as well as P state captures can be’
completely ignored whlle a highly excited (x~ -p) atom undergoes many
successive Stark»effect collisions with the protons in hydrogen. Thus they
were able to conclude that the K meson will be captured predominantly via
nS states, W1th large n. . - ‘ | o )
The capture rates for nP and nS states for‘protonium will be"w
obtained in the following section° We shall then attempt to decide Whether

or not the capture takes place primarily from nS states, as in the (K -p) atom.

| | IT. CAPTURE RATES
‘Let ;7c(n&a) be the capture rate for protonium in the state
n, 4, a, where « stands for the remaining quantum numbérs~--S, the total
spin, J, the total angular momentum, and I, the isotopic spin—-of
protonium.

_The‘capture rates for S and P states are given by

: €y, - - 2 o ‘
ymsa) = BE |y | | (1)
and o “ ) | o |
v € 2. . o
ZSONEIE S B AR ON (2)

respectively, where 'esd /k and ”ePd,/kE are the imaginary parts of the
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Zero~energy scatterlng lengths, i.e. the absorptlon lengths for the corre-

sponding 'S and P waves respectlvely,T €Sa and eP are the corresponding
absorption phase shifts, and k is the relatlve momentum in’ the center-of-mass
system. Here v ns(?) and ¥ nP(;) are the undistorted Coulomb wavefnnctions s
igno‘ring a , for thev nS and -nP states of protonium respectively. '

Substituting the values of | ¥ 1s(0) |2 and | V¥ ,p(0) 2, we

obtain
1 8 Sa _
70(,nsa) = 7 3 ° 3_.° . (3)
: ~ 'n” mb” -k ‘
0
and
115 Sy S
7C(I¥Pa)7’—\-"‘_3'°v.153°——5‘ s (&)
: n 2mb .~ k o : ' :
0
where b = 5 T x 10“12 cm is the first Bohr radius of proton:i.um° '

In order to obtaln the values of €ay /k and eP / K , we shall
use the Ball»Chew model.:L The penetra.tion coef':f‘ic1ent 1ntroduced by |
Ball and Chew for the case of free proton—antlproton interactlon is

related to € o by
T, o= 1 - B, )
According to the WKB approximation, we have

1 | (6)

T T TE ety

Here we define
S R Y-S o --
by = 1 Ul [Vg(r) - 5 1) "ar (D)
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where rO and r, are the turning points and V (r) is the effective
potential given by Ball and Chew for a free proton—antiproton 1nteraction.l

For large values of §ﬂa (k ~ O) ve have

. L PR
c _ﬂa) gm S (8)

o E ﬂn(l + e

The potentialv Vﬂa(r) contains tne centrifugal term in which, as usual,‘we;
replace 2(4 + 1) by (4 + 2'-)2 .

| Typical curves for V, (r) are given in Figs. 1 and 2, ‘where A /f
is the centrifugal barrier with A-= (£ + 5)/ 1/2 . In Fig. 1 the meson
potentlal is strongly attractive so that Vza(r) bends overpbefdre reaching
the annihilation boundary at r=c, the radius of the "black hole" |
introduced by:Ball and Chew.l Since we have k ~ 0 , we assume that.the
turning point Ty is given.by Vza(f) = O'o In Fig. 2 fhe potenfiel is
repu131ve and rises up to the annihilation boundary, thus making ro =c .”

Expliclt dependence on the upper limit rl can be elimlnated if we

write gﬂa as follows:

R 1,2 2 12 1 Y3 Ae 2.1/2
€y = fim’ | f (% - =) ar o+ f (V (r)-—-) ~(=-=) [
g Ty . T m ' T, T m

(9)

We note that, since we have k ~ O, the value of Ty is very large.
However, at large distances Vza(r) approaches the centrifugal term A2/r2 .

Thus, the upper limit ry in the first integral above is given,by'

A2/r2 = ke/m . And in the second integral rl can be replaced by o.

Hence we can write
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L 2 .2 12 | 1/2 (e+3)

A k 2A m 2 o 28 + 1 1
S -E) e cam(2I ) o 2 L)
r, . I m : € 0 VYm 0

ro r
(11)
where
' ®
N - ooyiy2 Al
By = (l4m) [ <1 Vw(r)] =y dar .
o) . :
. Substituting the above integrals in Eq. (9), we get
R, g+l 2 | "
where e 1is the base of the natural logarithm.
From Eq. '(8) we obtain
28+1 2041 A
1 e : _ T Tk L o
€ = E'('ﬁz—l—i ) (kro)‘ L oore T . -(13)
or.
Y5 T VY2 +1

k

.. - Using Eq. (14), we can immediately write for: the values of 7c(nSa) '
and . 7C(nPa) “given in Eq. (3) :and ''Eq. (4) respectively . .-
py exe(-Ag,) 18 -1

7.(ns@) = 2.52 ( 3 ) x 107" sec ™ . - (15)
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e
and
7 (nPa) = 580( ° o APO‘, )xlolu <t (16)
n
where po = uro , K being the mass of the pion.
' S : 9 .
From VS VPa ,- and Py for different values of «a,  the

values of Aéa and APa have been calculated and are given in Tables I

and'II, together with the corresponding Py *

3

3.1 3
PIB 4 Pl ’ 0

rise up'to the annihilation boundary_(see Fig. 2) which in the present

The meson potentials for the states 3P and

I 1

calculation was set at about a third of a pion Comptonhwavelength. A change

‘Apo

by almost lOO%. Because of this sensitive dependence on the radius of the

= % 0.1 for these states causes the corresponding 7c(nﬂa) to change

"black hole," we can believe the capture rates from these four states only
up to their orders of magnitude. The over-all conelu51ons to be arrived at,
however, depend only on the average rates. The rates for the above four states
will be qpitersmall compared to the rest for any reasonable‘ehoice of Py
and will, therefore, contribﬁte very little to the average..
The values of 7c(ISa) and 70(2Pa) are given in Tables ITT
‘and IV. From these value;, 7c(nSa) and 7c(nPa) can be obtained directly.
It is interesting to nofe tﬁat the4ebeve eepfure fates.depend
sensitively on the spin, isotopic-spin, and total-angular-momentum eigenvalues
of protonium, not just on the orbital angular momentum, as is usually assumed.
The averageecapture'rate, 7c(n£) , of the (nf£)th quantum state,

is obtained as follows:
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TABLE T

Values of 'pd and A, . for S states.

5o
I'=0 - T=1
State  p, o Og, Py - By,
331 2,16 -0.06 ~ ‘1.67 =0.07
s,  3.20  -0.15 117 0.16

TABLE IT

Values of py and A, for P states.

J/o

State

b, L7 -0.B8 0.5k -0.79

2
%2, ~0.3 352 ~0.3 LT
’3Po 1.83  -0.93 ~0.3  3.26

b 0.3 0.77 0.71L -0.39
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TABLE TIT

Values of the capture rates for S states

4

7, (150)(sec™)

State =~ I=0 I=1
15sl 5.8 x 108 k.5 % 10%0
s, 9.3 x 108 2.5 x 1088

TABLE IV

Values of the capture rates for P states

7&(2Pa)(sec”l)

.étate I=20 ” I=1
23é2 - .1.0 g 10 C13x 107
23?1 - 5;8 b 1610' 1.2 x 1013
éBPOI : 6.4 x 1olh T.6 x 1010 |
2o 1.0 x'1612 2.0 x 101
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2 (27, + 1) 7 (nta)

70(?1‘2)_ BN

Thus for nS and nP -states we have

Tons) = 22EE— e e
7o(mp) = 2IZITgeem o (18)

These rates éan be compared'to‘the rates estimated qualitatively by
Bethe and Hamiltonglo‘ For a protonium in an (n, £) state described by an
undistofted Coulomb wave function, they assumed the capture rate to be
proportional to the probability that the antiproton is within an interaction
range ~m10'15 cm  from the proton. The constant of proportidnality was
.- . o3 .

taken to be the typical nuclear-annihilation freqpency 10 Velocity

of light/nUclear'radius (~10_13)j. This rate, of course, depends crucially
on AN . In order to repfoduce our result (17) -for 7c(nS) it is necessary
to choose’ AN ~ 2 . Bethe and Hamilton would then find'a P-state capture

rate slightly smaller than ours, but only by a factor ~ L .

IIT. COMPARISON WITH (K -p) RATES
Befére“comparing the'above rates wifh those for the (K" -p) atom,
we should note thiat unlike the (p-p) case, where the Ball-Chew’ model
works quite well, the - (K -p) i#teréction has not yet been described by
any specific model. Tt becomes necessary, therefore, in the (K -p) case,.
either to uSe‘experimental'information or to make a:plausible guesé;
Experiments show that at~iow energies the absorption cross section

11,5

is predominantly S-wave. From this information one can obtain the

S-wave absorption length, which from a formula similar to Eq. (1) gives
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the S-state capture rate. This rate turns out to be 6 x 1017/n3X _sec"l ,'

only a factor of 8 smaller than our_calculafed,rate for:protoniumo12 For
p-state capture of'K; no experimen£a1 information is yet available. It is
conventional to estimate the capture rate from a formula similar to Eq. (2)
by assuming the P-wave absorption "length“ to be equal to the S-wave
» absorption length times the square of the K-meson Compton wave length.7 The
rate then turns out to be roughly lOlE/n5 sec"l ,15 much.smaller than fhe.
rate we have calculated for nrotonium,. Such a large differenoe in the two
Pfstate capture rates may be attributed to the relatively long range of the
interaction in_the Ball-Cher model which is associated with the pion Compton
 wavelength. - If new information on the (K -p) interection shows a long-range
interaction there.as well,'thevdifferenoe_will be reduced,

~ Day et al. nsed the above rates to show that the S-state.capture

5s12

process will dominate for the (K -p) atom.- For protonium, however, our
rather large value of thevP-stete capture rate may mean that the P-state
capture process will become significant. It is, therefore, necessary to

re-investigate the problem of the Stark-effect collisions for protonium..

STARK-EFFECT COLLISIONS
Since the Stark—effeot.collisions are quite compiicated, we shall
confine ourselves to rough calculations. However, we ehall consider, at
the same time, certain 1mportant effects 1gnored by Day et al.5
The interaction of a protonlum with the screened electric field of
a proton in hydrogen, ‘can be described by tlme-dependent perturbation theory

with the proton as a fixed .source. The error due to the finite mass of the

proton will be .insignificant in our very crude calculation.
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The interaction Hamiltonian H'(t) for the Stark effect of the screened

electric field; with a screening factor taken as epr(eR(t)/ao),,is given by
| 2 R(t) - T | ‘
Bi(t) = o RELIT exp (-R(t)/ay) (9)
o R3(t) 00 .

where R(t) is the distance of the external proton from the profonium
center of mase, ?. is the distance of the antiproton from the protonium
center.of mass, and e 1is the elementary charge,

| Let 7 (n £) denote the matrix element (n, 4 -1 | 72 (t) | n, ﬂ) ,
which is the same as (n, £ | H'(%) | n, 2 - l). This matrix element will
be time-dependent, since the electric field experienced by protonium is

time-dependent. In particular, the interaction (19) leads to

7y (a) ~ 12 1.2 x 107 (a/R(8))% exp(-R(E)fag) + (20)

Iet A denote the ratio of the radius of protonium to the Bohr -
radius of hydrogen. Clearly, the Stark-effect collisions cannot take place
unless A <1 .. We expect, however, that by the time A reaches the value
of about 1/4 (therefore, n is about 15) the Starkeeffect collisions will
already be ofhconsiderable importance. Wé shall thus 1imit our discussion‘
to. . n values between 5 and 20. The values of 7S(n£) for different nf.
values will then be less than the above matrix elenenf'and will differ |
from each other by not more than an ofder of magnitude.

'We‘furthef note that the reciprooal of the time of transit
through the range aov of the electrio-field-is e~ 1013 sec'l. From
Egs.. (17), (18), -and (20) the'following inequalities hold for the above

range-of ‘'n ‘ values:
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(a) 7S(n£)~ > 1012 gecf},, within the range ays i.e., for ‘R(t) < 8y
(p)- 7c(nS) > lOlBAsec_“l o S ' '  - (21)
(e). 7c(nP) < lO13 sec-l .

We shall ignore the level shifts due to Coulomb and nuclear
interactions.lh In other words, we consider different angular-momenium
states for a fixed n +to be completely degenerate. Furthér, we consider

the magnetic quantum number m +to be an adiabatic invariaht ﬁithin'fhe
15 o |

0’

electric field.

range ‘a with the 2z axis along the slbwly éhanging”direction of the

A protoniuﬁ oﬁtsiae thé rgnge .?O. of-the elecffic fiéid{will>hévé_
a definite £ value fbr a giﬁen .ﬁ ; Wifhiﬁ.fﬂé rahgev a, ; thé&éf,.E;ééuse
of the Stark effect the:protonium Will oscillate continually between éll its
degeﬁerate angulaf-momentum'étaies with a freqpencyvroughly.giﬁen by
VRN ‘ o T g o lfe R
,L7S (p@) f, 75,(?31), +, 7 (nzz) + ceel wherg, zl{‘ £2, ceey

16

in addition to £ , are the‘angular_momenta for the given. n .

Consider a protonium, with :m = O, within the electric field. Its.
wavefunction will contain an S part, i.e., the S state will be among |
the various angular-momentum states between which the protonium oscillates.
The protonium will decay, therefore, with a rate that depends on how fapid
the oscillations are compared to the éapture.rate.of the S state. Since
the Stark-effect matrix element, 7é(nP), goes like ‘ngﬂ.while the S-state
capture rate, &é(nS),fgoes 1iké“:l/n55 there will be a critical. n value
when the oscillation freqpendyxeqpélsﬁ'7c(ns)f"This .n value is ~10.

For n 2, 10, 'the oscillation frequency will be ;;7E(ns) and therefore
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the decay rate of thevprotonium will be ~7é(n82/h, the,fecto: 1/n being the

probability with which the S state occurs in the protonium wavefunetion.

Obviously, thielrate decreases as n increases. However, for 10 < n < 20,
~

it is > lO13 sec-l, the reciprocal of the time of transit through the

renge a8y - For n values less -than 10, the decay rate wiil, of course,
be < 7c(nS)/n, but since for n = 10, 7 (nS)/n is already as iarge as

5 x lOlh‘secb;, it is very plaus1ble that even down to o= 5 the decay rate
wiil be ';; 10 3 se c'l. Hence, a protonlum W1th1n the range a, will be
captured via an S state, if m is O 'and n is between 5 and 20.

For a protonium with m= %1, nq captures will occur within the range .ao y
since 7c(nP) for -the above fange of n wvalues is much smaller than |

1013 sec-l. HOweVer; as this protonium emerges from the electric field, its
wave function will be partly ina P etafe, amd hence,\there is abﬁossiﬁiiity
of direct.capture from fhe- P etate. Our final task, therefore, ié»to :
compare- the tWo proeesses:” (a) ,Stérk éebtures vie the - S state, and
(b) direct captures from the P state.!

Consider n2 antiprotons distributed statisfically;'i,e., with a

(22 + 1) dietribution in £=0 to £Z=n-1 levels, with principal
quantum number n(5 < n < 20). Let these antiprotons enter the electric
‘field of a proton at time t = O. This will be the Pirst Stark-effect
collision.18 From the arguments, glven above, all antlprotons with m= 0
willnbe annihilated via nS sta‘bes° The remalnlng n2 -n antiprotons
emerglng after the flrst Stark-effect colllslon will still be dlstrlbuted .
statlstlcally to a good approx1mat10n, since we heve assumed complete
degeneracy between varlous angular-momentum states for a fixed n ., A

s1m11ar s1tuat10n will preva11 for all subsequent c0111s1ons. At the

end of each colllsion, the number of antlprotons will be reduced, and
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" the number of collisions reqﬁiredfto reduce the total number of antiprotons
to ' n°(1/e) ' would be approximately m < Thus “the rate, w,(n8) , of capture
of antiprotons via nS states due to the Stark effect will be given by

C Nev _ o o - : |
wc(ns) n 7 . L _ ‘ (22)

where N is the number of hydrdgeh atoms per ¢m5, o= ﬂao2 = 0.88 x 10"16 cmg,

and v is the thermal velocity of protonium = 105_cm/éec. For liquid hydrogen,

with N = b x 1022' H atoms per cmB, we have
' 11 |
o (m8) ~ 2E— et o - (23)..

In.ofﬁer to qbtain the rate, »mc(nP), of»direct capture from‘the pP
stapes, we ﬁote that for a given n , th§ gppér limi£ for.the ratio of
éntiérotoﬁs capturéd‘di;ectly from P states to.those captured via S
states is 2/h‘, This limit is attained for n < 10, i.e., for

7c(nP) > lO11 sec-l, the reciprocal of the time between two collisions.

Therefore for n < 10 we have

, . 11 '
Loy . 2 . 6x 107 -1 o
| wc(nP) 7 wc(ns) = ——-;§——- sec . (2k4)

For n > 10, however, we have 7c(nP) < .10ll sef-:'.l and, therefore,

o (mp) ~ 5= () = LEEI eemt (25)
.o _ . n _ ] - n . . .

Values of mc(nS) and wc(nP) for different values of n are given in
Table V. |
We thus see that the PQétate éapture‘bécomes cbmparéble‘to the'

S-state.éapturélonl& for n < iO. Hdwever, as rémarked earliér, we
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TABLE V

Values of coc(ns) and a)c(nP) for protonium.

'n | a)c(nsv)(slec-l) ' a)_c(n‘P)v(sec-l)
20  . 1.5 x 1000 'la;urx 10
15 ‘v2.o x 1070 o Lkx 109 
10 Cs0x10° ~ 10
5 6.0 x 10%° 2.4 x 10%°
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expect.that by the time an antiproton reaches a state with n ~ 15, the
Stark-effect collisions will already be of considerable significance. It
seems, therefore, that for protonium; the ‘capture will take place predominantly

19 S - S

from S states.
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conclusions of Day et al.5 are not altered by the above change.
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Robert Karplus, TLawrence Radiation Laboratory, private communication.
The Coulomb level shifts will be less than lO13 c-l° (The level
shifts for positronium are given by H A, Bethe and E. E, Salpeter,

Quantum Mechanics of One- and Two-Electron Atoms, Academic Press Inec.,

New York N. Y., 1957 ) The nuclear level shifts for the P and the S
states will presumably be of the same order as & 7 (nP) and % 7c(nS)
respectively.. Thus, we believe, the Coulomb as well as the nuclear

level shifts w1ll not affect the Stark-effect oscn.llations°

: The approx1mate condition for the adiabatic invariance of m is

A (nZ) 5> ( nim | é%_iil | ng'm' )

' or, approximately,

7 (ng) > 1033 se "’l.'~

Because of 1nequality (Ela), this condition is satisfied when the

protonium is within the. range ao .

It should be noted that we cannot speak of a "transition" that goes in

one direction, viz. ‘n, £-+n, £ - 1; we have oscillations between all

angular momentum states. The matrix element 7s(nz),_therefore,‘does

_not determine in any sense a "transition" rate but controls the

oscillation.of the entire‘state, This.characteristic»feature of
the present,problem is due to the degeneracy of different angular=-
momentum states.

We can safely ignore captures from higher angular-momentum states.
The collis1onal de-excitations, primarily due to the Auger effect,
are ignored in this diSCQSSlon04 The reason for this will be clear

later.
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Our conclUSion'is not changed if we include Auger tranéitiéns in our “
discussion. The reasons are the following: (a) Auger‘effect ié ERE
important only for high.‘n values (n > ld). (b) Each Augérreffect
collision will increase the population of antiprotons with‘ m= 0. The
nnmber of collisions requiied.to_reaﬁce_fﬁe ﬁumbéf of antiprotons to
(1) n° due to the s-staﬁe_Stark captures is then about nl1 - (1/e)]
instead of n . The rate, wc(hs), is therefore increased. (9) Because
the antiprotons start undergoing Auger’fransitions from =n ~ 30, by the

time they reach a state with n ~ 10 where P state capture becomes

important, a substantial number of them will already be Stark captured

via the 8§ state. Thus our conclusion is unchanged if we include

the Auger effect. .
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Fig. 1. Typical meson potentials.
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Fig. 2. Typical meson potentials.
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