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REGIONAL SCIENCE ASSOCIATION: PAPERS, XVIII, VIENNA CONGRESS, 1966

MATRIX ANALYSIS OF INTERREGIONAL POPULATION
GROWTH AND DISTRIBUTION

by Andrei Rogers°k

1. INTRODUCTION

Among available operational methods for analyzing and forecasting popula-
tion growth and change, one may broadly distinguish between those models
which are concerned only with total births, deaths and migration from those
which focus on the behavior of cohorts disaggregated by age and sex. The former
class of models typically are referred to as components-of-change models; the
latter have been defined as cohort-survival models. Component models begin by
analyzing the behavior of each of the major contributors to population change:
i.e., births, deaths and migration, and then combine this information with po-
pulation data for a base period to establish an estimate of a future population.
Cohort-survival models focus on the age distribution of a population on a given
date and, by subjecting it to the appropriate age-specific rates of fertility, mor-
tality, and mobility, arrive at the age distribution of survivors and descendants
of the original population at successive intervals of time. In the interests of
simplicity, the age-specific rates frequently are assumed to remain constant over
the projection period, and often male and female cohorts are not identified for
separate analysis.

During the past few years, several analysts have taken advantage of the
conceptual elegance and computational simplicity that matrix representation of
population change provides." Together, their efforts have opened up a fertile
area for significant research. Expressing the process of population growth as
a matrix ‘‘operator,’”’ separates it from the population to which it is applied and
thereby allows a clearer focus on the intrinsic characteristics of a particular
growth structure, its impact on another population, and its long-run distribu-
tional consequences.

This paper summarizes the principal results of a few recent efforts to in-
troduce the interregional dimension into the demographer’s matrix model of popu-
lation growth.?

2. MATRIX MODELS OF POPULATION GROWTH AND DISTRIBUTION

The Interregional Components-of-Change Model. Consider an interregional
population distribution at some point in time, {. Denote this distribution by a
column vector, w'"', whose jth element denotes the total population in region i

* The author is associated with the University of California, Berkeley, U.S.A.

1 See: Keyfitz (9), (10), (11); and Lopez (14). References to citations will be found in the
Bibliography which follows the text.

2 See: Rogers (19), (22), (23), and (25).
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at time ¢#. Construct a matrix, P, which when applied to w'"' will move an ap-
propriate number of people from region to region during the interval (¢, ¢+1)
and produce a new interregional population distribution, w"*"". More specifically,
define a matrix operator which satisfies the following equation:

Pw”’ — w*u+1) . [1]

1 " serves to remind

The asterisk over the derived interregional distribution, w
us that effects of births and deaths remain to be considered.
The matrix operator P (which “migrates’”’ a population) has the following

form:

1711 p21 ...... pml

p12 pzz ........
P= .

plm sz '_' ot pmm

where p;; is the proportion of people in region 7 at time ¢ who are in region j
at time ¢ + 1.

Consider now the matrix representation of the fertility and mortality process
in an interregional system. The ordinary method for expressing the effects of
births and deaths in components-of-change models is by the application of crude
birth and death rates to the total number of people in each region of an inter-
regional system. As in the case of migration, such a process may be expressed
by premultiplying an interregional population distribution by a suitably con-
structed fertility or mortality operator. Such matrices have zeros everywhere
except in the principal diagonal:

by 0. . . 0 d o0...0
06, ... - 0 d, - -
B=|" - . -
mXxXm M . N mXm
0()...bm 0 e o dn

where b; = the crude birth rate in the 7th region;
d; = the crude death rate in the ith region.

The effects of interregional mobility, fertility, and mortality may be com-
bined, to find their joint contribution to an interregional growth process: addi-
tion of matrices P, B, and D defines a ‘“‘growth’ operator, G, which describes
the regime of growth that exists in a given interregional system. Thus:

(P + B — D)w" = w'ty
equivalently: [2]
{¢+1)

Gw(t) = w

The Single-Region Cohort-Survival Model. Mathematical demographers have
demonstrated that the process of surviving an age distribution forward through
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time may be expressed by means of matrix multiplication. The fundamental
model may be summarized:

Sw(tl — w(t+l) [3]
where:
00.-+b, by-++ b, 0.0 w{”
Wy 0 0 ¢ v v e e ... 0 w;‘)
0 3d4 O« ¢ o o o o o o o w e e 0
S=| 00, ds + » v« v oo 0 w't =
nxXn
O 0 0 .......... "_ld” O wslt)
and:

w® = the population in the rth age group at time £;
b, = the birth rate (number of births per person) of the rth child-bearing
age group;
+d,+, = the proportion of people in the rth age group who survive to the » +
1st age group after a unit time interval.
Consider the contribution of net migration to population change in the above
system. Denote the age-distributed migration component, during the interval
(¢, t + 1), by the vector n'"’. Then:

Sw(l) + n(tl _ w(t+1) [4]
Define a matrix, M, which when applied to '’ will generate the net migra-
tion vector n'"'. That is, find a matrix operator which satisfies the following
equation:
.I‘Iw(“ e n(t) [5 ]
A matrix operator which will premultiply w'*' into n'" is of the form:
00 0 + « « . 0
m 0 0 - - 0 0
. 0 #m,0 -« « .. 0
.ZIXI =10 0 myg + + - 0
000 -+« m_,0

where m; = the net migration rate for the 7th age group.

The effects of survivorship and migration may be combined simply by ad-
ding the matrices § and M to define a ‘‘growth’’ matrix, G. This transforms
equation [4] into:

Gw(!) — w(!+1) [6]

The Interregional Cohort-Survival Model. The above development of a matrix
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cohort-survival model has been limited to a consideration of a single region’s
population. Extension of this model to an interregional system of s regions is
relatively straight-forward. Each population vector, w, and survivorship matrix,
S, is specified as to region by a subscript:

Sawlt) = =1, ,m) [7]

At this point an asterisk is introduced to remind us that the migration com-
ponent of change, unique to interregional population systems, still needs to be
incorporated. Since effects of out-migration may be included in the survivor-
ship proportions, ,d,., only the contribution of in-migration remains to be ex-
pressed. Finally, it should be noted that, in order to maintain the convenience
of a single matrix operator, one may adopt the algebra of partitioned matrices
and apply equation [7] to all s regions in one step:

] I I I () *(t+1)
‘g1 | 0 | 0 I o o s 0 w wy
' ] ) N N R I RSP
————————————————————————— () *(t41)
! I 1 I W, W,
0O 1+ S + 0 R e T
' I ] |
I i ' I
O +«+ 0 1 8 ] =
) I I I
| I i I
] 1 I 1 0
I I i I
0 ] } ] 0 I P et R v
! ! ! ! (t) ®(t41)
) ] ] I " w, w,

Consider migration as a component of population change in an interregional
system. Associated with every region, 7, is a population vector, w;. During
each unit interval of time, a certain fraction of the sth region’s population, in
a given age group, », migrates to region J and enters the 7 4 Ist age group
there. Thus for each age group we may construct an interregional transition
matrix, ,P,;, which describes the proportion of people, in the 7th age group in
region 7, who during the specified time period move into the » + lst age group
in region j:

(2 lpr+1: 1 7y lpﬂ 2t "y 1pr+1) m

T 2Pr+n 1 2Pr.—1; 2
Py = ’ ’ r=1,..--,n)
mxm ¢ °

(2] mpr«H; | S M 31 mpr—H; m

With an estimated set of » transition matrices, one may construct a series
of matrix operators, M;;, which when applied to the age distribution at i will
‘“‘migrate’ the requisite number of people from region { to region j and survive
them into the next age cohort:

Miwt = ki; [9]

where:
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0 0 v e e e e e 0 0
1 iDas 0 e e o 0 ki
0 2 ip:n F) 0
M,'j = kll =
nxn
0 & v e e e e e wtriDmr i O aki;
and:

ki; = the total number of in-migrants, in the rth age group, into region j
from region 1.
Summing the in-migrants over all origins, 7, one finds the total in-migration
into region j:

kg =3 ckij r=12,.---,m) [10]

As in the case of the fertility-mortality process, one may introduce par-
titioned matrices to express equation [10]. For example, for j =1

( 0 i Abli ﬂﬁli -..E ﬁLu)'_wYL::kq

- [11]

Thus, for j=1,2, --+, m we have:

0 l: le E M31 i et : M'"l _lfgil - = {Ci =
ittt ittt O I Ll B
M, : 0 : M, : : M, - - - T
My M L0 e M| . [12]
VT G CL T
I ! | !
| I I |
T T T _ L
Mlm : PR : - : vees : 0 w;‘“ k,m

The combined effects of fertility, mortality, and geographical mobility on
an interregional population system, may be expressed by adding the ‘‘super’”
matrix operators of equations [8] and [12]). This defines an overall ‘‘growth’
matrix operator, G, which when applied to an interregional population distribu-
tion will carry it forward through time. That is:
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Siot My U My | e Mg, wyt
o] . Lo wit)
Mo 1 S 1 My | | M,
G = M, E M, |: S, i : M. w'' =

LT G CL T

1 1 1 i

I I 1 |
T v v T
Mlm : PN : [ : cens : Sm wl,fj

and:
tht: — w(H-l:I [13]

Each submatrix, S;, in G, now accounts for the effects of fertility and mor-
tality in region ¢ and for the migration out of region i. The matrices M;; ac-
count for the migration of people into region j from all origins i (; # -

Two-Region Example. The application of the above three matrix models
may be demonstrated by a simple example involving two regions: California,
and The Rest of the United States.” First, calibrating equation [2] on the basis
of data for the 1955-1960 time period, we define the interregional components-
of-change growth process for California and the Rest of the United States (in
thousands) as follows:

G w1955 w1960
(oszr  10667) (152085) = (1630i0)

Second, disaggregating into five-year age groups and focusing solely on
California, we may estimate equation [6] for the same time interval (see Table 1).
Finally, simultaneously considering California and The Rest of the United States,
we find the process of equation [13] described in Table 2. Here the eighteen
five-year ago groups have been collapsed into nine ten-year cohorts for ease of
exposition. Thus the interval has been expanded into the ten-year period 1950-
1960.°

3. STABLE INTERREGIONAL POPULATION THEORY

In the preceding paragraphs, we have outlined three matrix models of po-
pulation growth and distribution. In all three, a matrix operator, G, was defined
which if applied to a population vector, w'', ‘“‘grew’’ it to the population vector
of the subsequent time period, w"“+". Consider now the population projection

3 Without loss of generality, assume that the total population of this two-region system
is ‘“‘closed,’” i.e., undisturbed by emigration and immigration. This assumption produces
1960 population totals that are slightly lower than those reported by the 1960 U.S. Census.

4 Because migration data for the 1950-1960 interval are not available, the elements of the
matrix operator were estimated so as to exactly reproduce the 1960 population vector. Thus
California’s 1960 population in Table 2 differs slightly from that derived in Table 1.

5 There is limited experience with the use of these models for forecasting purposes; see
Rogers (18), (20), and (21) for some examples.
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The Single-Region Cohort-Survival Process For California, 1955-1960*

TABLE 1:

1960
Cal

1955
Cal

Cal

Lo © o~ — [Ie] (2] N N o] o N (o] N [ar} N =t ) <
o] - (3] [ [+2] — ~t [aed [42] o (=] (=] (=] [$] (323 -t
l? <t o — [=2] 0 O S‘ (=] [=2] [+ o] e~ < < < N —
— e - =
I
[«2] o~ o <t 0 N [ N 0 O (=) — [To B« o] N (=] - =
[=2] i (=g (=3 N [=3 Tl [=2] [32] [N — [\ ] N w o — (=] (<]
(52} oy (= [ee] [\ (o2} o [=2] (=] o0 (g 0 wn <t (a2 ~N —
- —
o (=4 (=R ] o (=1 (=) (o] o (== < (= o © (=4 (= (= o
Q
(== (= (=] o < [= = [T = (=) o O o O o (=] o :l“
=
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-
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—
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N [N}
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g < < (=) < o : (=] o (=4 (=] [l [l (=] (=] < (=
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3 ]
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* Population data in thousands.
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* Population data in thousands.
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that is generated by an unchanging regime of growth, G. Since:

Gw(“ — w(t+l)

and:
Gw(l+l) —_ w(l+2)

by substitution:
GZw(t) — w(t+2)

and, in general:
an(t) — w(t+‘n) . [14]

Asymptotic Behavior and the Intrinsic Rate of Growth. It has been demon-
strated that the growth process of equation [14] gradually stabilized as the number
of time periods, #, is increased.® Raising G to successively higher powers ul-
timately generates matrices which are scalar multiples of the preceding arrays.
More specifically, at stability, say at and beyond n =s, we find that:

G = G""! [15]
and, since by [14]:
Gswlll — Gw(a)
by simple substitution, we have:
Zw‘” — w(a+l) [16]

Equation [16] establishes that a population vector, w', if subjected to an
unchanging schedule of fertility, mortality and mobility, will ultimately increase
at a constant “‘intrinsic’’ rate of growth, 2. Moreover, since 1 is a scalar, it
follows that, at stability, the corresponding elements of successive population
vectors differ only by a constant factor, 2. Thus each entry of w receives a
constant share of the total population. Denoting this allocation structure by the
vector v, we have the following additional relationship at stability:

v(t+1) — v(t) [17]

The Theory of Non-Negative Matrices. The growth operator, G, in the three
matrix models of population growth, is square and composed of non-negative
elements. Therefore, Frobenius’® theory holds for this class of matrices, and a
considerable literature in mathematics and economics is directly applicable.’
The relevant essentials for our immediate purposes may be summarized by the
following theorem: (Theorem I): If G is a non-negative matrix, then there
exists a unique (except for a positive scalar factor) characteristic vector x, with
all elements non-negative, associated with a non-negative characteristic root, 2,
which is greater or equal to the absolute value of any other characteristic root
of the matrix G.

Theorem 1 suggests the following formal formulation of the stable inter-
regional population problem. Consider the relationship at stability expressed by

¢ See: Keyfitz (10), Rogers (23).
7 See: Debreu and Herstein (3); Gantmacher (6); and Solow (28).
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[16]. Since, by [13]:
Gw(n — zU(R-H)

it follows that:
Gw'" = w'" . (18]

The problem of deriving the set of 2 and w for a known @, in equation [18],
is the classical matrix exercise of finding the characteristic roots and vectors of
a non-negative square matrix. We proceed by solving the characteristic equation

|G — I =0 [19]

This produces a set of »# roots, 4; ({ =1,2, --+, n). Theorem 1 ensures that
there exists at least one positive root, 4, which is greater or equal to the ab-
solute value of all others. It also establishes the existence of an associated
positive characteristic vector, w, whose components are all positive. Hence to
derive the stable interregional vector v, we need only to apply the relation:

wWe
i = - . 20
" T [20]

The Stable Interregional Population Distribution. Returning to our two-region
example for California and The Rest of the United States, we may easily derive
the stable interregional population distribution that is implied by the growth
process defined in Section 2, above. First solving for the characteristic roots of
the characteristic equation:

1.0215 — 2 .0127
.0627 1.0667 — 2

=0

we have:
A2 —2.08822 4+ 1.0888 = 0

Thus: 2, =1.0802 and 1, = 1.0080. The dominant root, 2, = 1.0802, is the *in-
trinsic’”’ rate of growth of the interregional population at stability, and its as-
sociated characteristic vector may be found by solving equation [18] for this
particular value of the root. Normalizing the elements of the resulting vector

TABLE 3: Past and Asymptotic Interregional Population Distributions:
California and The Rest of the United States

Region 1955 1960 Stable distribution
California 0787 .0876 1772
5.-year growth rate 1.2269 1.2101 2=1.0802
Rest of the es 9213 9124 .8228
5-year growth rate 1.0854 1.0758 A2=1.0802
United States 1.0954 1.0863 2=1.0802
5-year growth rate
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to unity (equation [20]), we find the stable interregional population v = (.1772;
.8228). Table 3 presents these results along with recent historical distributions
for comparison.

The Stable Single-Region Age Distribution. The intrinsic rate of growth and
the stable age distribution for the growth process of Table 1 may be derived
by applying the method outlined above. However, for large matrices, more
efficient algorithms based on “‘powering’ are available.® Applying such a me-
thod to the growth matrix in Table 1, yields an intrinsic rate of growth 2=
1.2393 and the stable age vector presented in Table 4.

The Stable Interregional Age Structure. Repeating the ‘‘powering”’ method
of solution on the growth operator in Table 2, we find the intrinsic decennial
rate of growth of 1.2238 and an age-specific allocation of people to regions that
we may define as the stable interregional age structure. Table 5 presents the
detailed results.

TABLE 4: Past and Asymptotic Age Distributions: California

1950 1960 Stable age

Age group Distribution Distribution distribution
0- 4 .1037 L1111 .1364
5-9 .0801 .1018 .1169
10-14 .0617 .0902 .1015
15-19 .0595 .0697 .0915
20-24 L0730 .0626 .0895
25-29 .0874 .0646 .0836
30-34 .0838 .0709 L0751
35-39 .0815 .0767 .0654
40-44 L0722 .0682 .0558
45-49 .0637 .0618 .0467
50-54 .0570 .0523 .0382
55-59 .0493 .0450 .0307
60-64 .0426 .0375 .0240
65-69 .0348 .0326 .0181
70-74 .0236 .0253 .0129
75-79 .0146 .0164 .0081
80-84 .0075 .0084 .0042
854 .0040 .0049 .0014

5.year growth rate 1.1402 1.2101 2=1.2393

4. SPECIAL TOPICS

Conceptualizing an interregional demographic process in matrix terms gene-
rates a number of interesting sub-topics, which emerge as a direct consequence
of the matrix formulation. As is so frequently true in theory-building, what

8 See: Frazer et al (5), pp. 134-8.
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at first appears to be a purely pragmatic conceptualization, ultimately becomes

28 (818 the vehicle for insights not suggested by conventional methods. Of particular

gz |||l relevance for regional analysis are the following problems:

- (1) Given a matrix growth operator G, calibrated on the basis of an » year
interval, estimate G'/*, i.e., the growth operator for an ‘‘average’’ one-year in-
terval.’

(2) Given time series data on an interregional population vector, w (i.e.,
wor | o -8 w', W', ..., ™), estimate a matrix growth operator G which, when ap-
§°oo° § | ‘§2 plied to w'’, will reproduce as closely as possible the observed time series.'’

: =y (3) Given an initial interregional population vector, w, and a desired goal
distribution, g, determine if the goal is feasible and, if it is, find an interven-
tion vector, f, which will redirect the system from its original asymptotic dis-
tribution toward the desired distribution.'

Preliminary explorations in these problem areas have provided encouraging
gs@ § El:o results and are summarized below.

Al L Temporal Decomposition of Population Growth Operators. A problem of oc-
casional interest to demographers is the decomposition of a growth structure
describing behavior over an 7 unit time interval into the corresponding ‘‘average’’
growth structure for a single time interval. That is, given a growth operator,
G, calibrated over a time period of n years, find a one-year growth matrix, P,

o< | = oo such that:

35|80 |88 Fiag -

1=t

A convenient solution method is to find a collinearity transformation of G

such that:

G = NDN™! [22]
§§ § § where D is a diagonal matrix and N a suitably constructed non-singular square
Al B I matrix of the same order as G. Such a transformation enables one to examine

a number of polynomial functions of G. For example:
G* = (NDN 'YNDN") = ND(N'N)DN™' = ND’N!

Using the associative property of matrix multiplication, the above argument
o |8 gw may be extended to higher powers and thus to polynomial functions of G:
gg || |83 f(6) = NADN™ (23]

where f(+) is a polynomial function.

Since the temporal decomposition problem, in effect, is to find G'/*, we may

use [23] to establish the relationship:
< | = G'* = ND'"N™ [24]
su Eg . . . e

o CREE S A well-known result in matrix algebra es'tabhshes that for a G with distinct

o'é" § ©5 g%’ =5 characteristic roots, a solution for D, in [22], is a diagonal matrix with non-zero

53 | § g (-q-g ; entries equal to the characteristic roots of the determinantal equation:

EER |G — || =0. [25]
[ Zz
9 See: Rogers (24).

10 See: Rogers and Miller (26).
11 See: Rogers (17).
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Moreover, it is also established that the columns of N are the characteristic
vectors which correspond to the characteristic roots of equation [25].'2 A unique
solution does not exist; however, any solution will satisfy [24]. One such solu-
tion may be constructed by using the cofactors of the first row of NG — 1|
for the ith column of N, '

The two-region growth process examined above may serve to clarify the
discussion. Recall that the characteristic roots of the growth operator are 2, =
1.0802, and 2, = 1.0080. Hence:

D= ( o % (1).0080 )

The two cofactors of the first row of WG — AT are:
#ny = —.0135 B = —.0627
Analogously, for |G — 2,I'|| we have:
7,2 = .0587 Ny = —.0627 .

Hence we may assemble the matrix:

v- (g )

and find its inverse:

S ( —13.8504 —12.9668
N —( 13.8504 — 2.9821)

As a check on our arithmetic, compute NDN™' and confirm that the result is
indeed the matrix @.

With the collinear transform of @ we now are in a position to find G5,
The first step is to derive D', Since D is a diagonal matrix, we need only to
find v/g;;~, which in our example yields:

D = (30155 2 0016 )

Recalling equation [24] we have:
P — Gl/s — NDI/SN-I
_( —.0135 .0587) ( 1.0155 ¢ > ( —13.8504 —12.9668 )

T\ —.0627 —.0627 0 1.0016 13.8504 — 2.9821
— ( 1.0042 0024 )
- ( .0121 1.0129

Again, as a check on our arithmetic, we compute P°® and confirm that the re-
sult is the matrix G.

Estimating a Population Growth Operator from Distributional Time Series.
A common constraint in interregional population analysis and forecasting is the
absence of reliable data concerning the behavior of the fundamental components
of population change, particularly in- and out-migration. Thus considerable im-
portance attaches to possible ways of circumventing this problem. Toward this
end, the recent literature concerned with techniques for estimating the transi-

12 See: Frazer et gl (5), pp. 66-70.
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tion matrices of Markov chains becomes especially relevant.® These efforts
suggest a method for estimation of the growth regime of an interregional system
solely on the basis of a history of interregional population distributions.

For expositional purposes, let us first generate a time series for our two-
region example involving California and The Rest of the United States. Recall
the annual growth matrix derived in the preceding section:

7 1.0042  .0024
G*( 0121 1.0129)

and begin the time series with the 1955 population vector:

o= (58

Applying the above G to w'* generates a 1956 population vector. Continuing
in this manner, we derive the distributional time series presented in Table 6.

TABLE 6: Distributional Time Series Generated by a Constant Growth
Operator: California and The Rest of the United States, 1955-1960

Region 1955 1956 1957 1958 1959 1960
California 12988 13408 13834 14267 14707 15155
Rest of the

United States | 192082 154201 156352 158536 160754 163006

Total 165070 167609 170186 172803 175461 178161

The projected 1960 population figures are slightly lower than those reported by
the U.S. Census. However, they are adequate for our expositional purposes
and will be used to demonstrate the estimation techniques.

Consider now the growth process for our two-region example over two se-

quential periods:
( Iu gn ) ( wit) ) . (wYH) )
G2 g2z wit witty

gu  ga witty _ f witt?
( G2 G22 > (w;tﬂ) ) - (w;tﬂ) )

Assume that the w; have been observed and therefore are known, but that
the matrix growth operator, G, is unknown and has to be estimated solely on
the basis of the observed w;. We have, then, a problem in the solution of a
system of four equations in four unknowns. Thus, for example, given the w'°%,
w"* and w"* of Table 6, we may solve the system described below and ‘‘re-
trieve’’ the matrix G:

and

12988 g, -+ 152082 g,, = 13408
12988 g, + 152082 g, = 154201
13408 g1 + 154201 ¢, = 13834
13 See: Lee et al (12); Madansky (15); Miller (16); Telser (29); and Theil and Rey (30).
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13408 g,, + 154201 g,, = 156352
hence:
gn = 1.0042, g,, = .0121, g,y = .0024, and gz, = 1.0129.

Consider next the more general problem of estimating an operator ¢ which,
when applied to the vector w'**, reproduces, as accurately as possible, the entire
time series in Table 6. We now have a system of ten equations in four un-
knowns, and therefore a criterion of “goodness-of-fit”’ needs to be introduced in
order to arrive at a unique solution. Three have been suggested in the litera-
ture cited earlier: (1) the unrestricted least-squares estimate; (2) the minimum
absolute deviations estimate; and (3) the restricted least-squares estimate. The
first adopts the well-known estimation technique traditionally used in regression
analysis; the latter two require a mathematical programming formulation. In
this paper we will consider only the least-squares solution.*

Applying the least-squares procedure to our two-region example, we once
again ‘“‘fretrieve’’ the growth matrix G:

G=(n o) = ("0 1o )

Unrestricted least-squares estimation, however, leaves unresolved a serious pro-
blem in the estimation of growth operators. This is the possible entry of nega-
tive elements into G. These, of course, are by definition inadmissible estimates.
To cope with this problem, Telser has suggested a method whereby negative
elements are set equal to zero and the matrix is then adjusted to compensate
for this change.’® Such a procedure, however, is unsatisfactory for our purposes,
since setting a given g;; equal to zero would imply either: (1) zero migration
from i to j, or (2) the extinction of the population in region 7. Thus, for a more
reasonable approach, one must adopt a method which incorporates a non-nega-
tivity constraint in the estimation process. Sucha restriction may be introduced
in a mathematical programming formulation of the estimation problem.*®

Distributional Goals and System Intervention. In the absence of system in-
tervention, the matrix growth models described in this paper converge to a
stable distribution. This distribution, however, may be incompatible with long-
range planning goals. Thus, intervention to effect a desired allocation of popu-
lation to regions may be in order. An intervention, for example, may take the
form of a policy that seeks to attract a certain minimum number of people, each
year, from one set of regions to another, thereby redirecting the interregional
system toward the desired equilibrium. Two considerations immediately arise:

(1) Not all distributional goals are feasible given a particular regime of
growth G and

(2) If the goal is feasible, the right number of people must be transferred
during each time period.

Let us define the number of people to be supplied or withdrawn from each
region by a vector £ which may have both positive and negative components.

14 The mathematical programming solutions are described in a forthcoming paper; see:
Rogers and Miller (26).

15 See: Telser (29).

16 See: Lee et al (12); Rogers and Miller (26); and Theil and Rey (30).
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A positive f; indicates the number of people vs'rhich must be atltracted ulllzitt?oi
region during each unit interval of time; a nega.ltlvg f: denotes the popb or
that has to be periodically withdrawn from region i. The vector w, as be g ,
describes a population distribution, G is the ma.trlx. growyth oper.atorl, (;) 1ts.bLe_
stable distribution, and g denotes the desired equilibrium interregional distri
ton: i i i initi istribution of people over
It has been shown earlier that if w is the initial d-lStll « .
regions then Gw is the distribution after one time period, Gw aftfart th;lt?:n
G"w after » time periods. We now introduce the effects of- system'm' ﬁar;/t
The number of people transferred from region to reng_xlon during the. 1(r111t1aT hr:nasc;-
tion period changes the total in each region by G"'f after n periods. [ne B¢
dition of the vector f after the following transition alters the tqtal 1rf1 eac g ;
by G *f after n periods, and so on. Thus, the total population alter 7 periods

is
G'w +'S GF 261
k=0

Since the goal of the policy-making body is r?presented by g, cleaI?ly whal:
is desired is that equation [26] should, in the limit, conve_:rge to g. . or Sr}fis
a goal to be feasible, however, we must include the restriction that;. url?i
limiting process, the population of each region never becomes negative, 1.€.,

an+"§1(;kf;0 forall k=1,2, --r,n—1 27]
k=0

There are three possible classes of growth.regimes: o L

(1) which maintains a constant population, i.e., the.cha{'acterlstlc r(-)ot Z-T—t'l,

(2) which generates a gradually declining population, 1.e., the characteristic
root 2 < 1; and, most commonly, _ . . '

3) a grovs:'th regime which develops a continually increasing population,
i.e., the characteristic root 2 > 1. ‘ ' .

A recent paper develops in great detail the policy mc?dial deﬁnelsvd by equz.1
tion [26] for a constant population and for a gradually.r declmn}g one. ’l‘he1 mgl g
complex problem of a growth regime with 2>1 Stll'l remains to be s0 vetb.
For a growth regime with 2= 1, the relationship which links the goal distribu-
tion, g, with the required intervention vector, f, is:

f=0—-Gg (28]
Table 7 presents the intervention that is required to achieve a particular goal

distribution for our two-region example. Recall that in this insta.nce w?r 1zllre
assuming an interregional population that remains constant over time. us

17 See: Rogers (17). ) ‘ -
18 A possiblge lin(e of approach is to find the intervention vector for the mode! with a con

tant population and then increase this vector after each time period by the intrinsic rate
S .
of growth, 2. Thus the population, after » periods, becomes

-1
Grw + 3, GRan—kf
k=0

d at stability both the interregional population and the intervention vector grow at the
an

same rate, A.
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the stable distribution in the absence of intervention differs from that found in
Table 3.

Consider the stable distribution that results in the absence of intervention.
According to Table 7, this particular equilibrium indicates that 16.84% of the
national population ultimately will reside in California. Assume that it is de-
sired to limit this expected long-run share to only 12.00%. Is such a goal fea-
sible? What transfer levels are required at each iteration to direct the syétem
toward this allocation ?

Table 7 shows that to redirect the interregional system away from a stable
distribution of (.1684/.8316) toward one of (.1200/.8800) one must, during each
five-year time interval, discourage 603,000 people from moving into California,
i.e., roughly one-fourth of the volume of flow that occurred during the 1955-
1960 period.

TABLE 7: Policy Model for California and The Rest of the
United States: Constant Population*

Stable Distribution Without Intervention=(.1684; 8316)
Goal Distribution=(.1200; .8800)

G w 1955 f w 1960
9373 .0127 12988 14105 —603 13502 \ o
(.0787) | _ _ { (.0818) | “at
.0627 .9873 152082 | = | 150065 | t 603 | = | 151568 | ., o
(.9213) (.9182) e

9373  .0127 13502 14580 —603 18977 \ o
(.0818) | _ _ [ (.0847) | “@b
.0627 .9873 151568 | = | 150490 | t 603 | = | 151003 | . o

(.9182) (.9153)

.9373  .0127 19803 20411 —603\‘ 19808 \
(.1200) | _ _ { (.1200) :
( .0627 .9873 ) < 145262 | = | 144659 | * 603 / =\ 15262 | o

(.8800) (.8800)

* Population data in thousands.

5. CONCLUSION

This paper summarizes progress on the development of a matrix-based theory
of interregional population growth and distribution. Perhaps the most important
contribution of the matrix formulation is the separation of process from the
population that is undergoing this process. The use of a projection operator to
‘““grow’’ an interregional population system forward through time allows one to
focus on the projection process itself, its application to another population, and
its ultimate consequences. The insights yielded by such an analysis are not
attainable with conventional techniques. Moreover, the matrix representation
of population growth and change leads to a method for estimating a growth
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regime in the absence of fertility, mortality and mobility data. Because of the
general paucity of adequate data on migration, this feature assumes considerable
importance. Finally, in recent years many demographers have directed their
attention to population problems in underdeveloped areas. Empirical investiga-
tions have noted the relatively unchanging patterns of fertility and stable age
distributions that exist in such regions. From this one may infer that stable
population theory may provide an adequate model of their demographic structure.
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