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Implementation of the Self-Consistent Phonons Method with Ab Initio
Potentials (AI-SCP)

Colin Schiltz,1, 2 Dmitrij Rappoport,1 and Vladimir A. Mandelshtam1

1)Department of Chemistry, University of California, Irvine, CA 92697, USA
2)Corresponding Author: schiltzc@uci.edu

The self-consistent phonons (SCP) method allows one to include anharmonic effects when treating a many-
body quantum system at thermal equilibrium. The system is then described by an effective temperature-
dependent harmonic Hamiltonian, which can be used to estimate its various dynamic and static properties.
In this paper, we combine SCP with ab initio (AI) potential energy evaluation, in which case the numerical
bottleneck of AI-SCP is the evaluation of Gaussian averages of the AI potential energy and its derivatives.
These averages are computed efficiently by the quasi-Monte Carlo method utilizing low-discrepancy sequences
leading to a fast convergence with respect to the number, S, of the AI energy evaluations. Moreover, a
further substantial (an-order-of-magnitude) improvement in efficiency is achieved once a numerically cheap
approximation of the AI potential is available. This is based on using a perturbation theory-like (the two-grid)
approach in which it is the average of the difference between the AI and the approximate potential that is
computed. The corresponding codes and scripts are provided.

I. INTRODUCTION

The self-consistent phonons (SCP) method offers a
practical way to improve the harmonic approximation
(HA) for computing static and dynamic properties of a
general, classical or quantum, many-body system. For
a system at thermal equilibrium in a basin of attraction
this variational approach yields the “best” temperature-
dependent harmonic approximation to the potential en-
ergy function (PEF). In essence, it gives the effective
harmonic potential which utilizes the Gibbs–Bogoliubov
variational principle for the Helmholtz free energy of the
system – meaning the temperature dependence and an-
harmonic effects are naturally incorporated.

The SCP method was first introduced several decades
ago as a means to include anharmonic effects in the
approximate treatment of the nuclear dynamics of con-
densed phase systems.1,2 The idea of replacing the phys-
ical system by a temperature-dependent effective har-
monic system is appealing, and was later exploited by
at least one alternative approach, the Principal Mode
Analysis,3 and has been rediscovered at least once.4 Note
also that in the zero-temperature limit the Variational
Gaussian Wavepacket method5 boils down to SCP. In-
terest in SCP as a practical method to treat finite sys-
tems emerged about a decade ago. In Ref. 6 it was
used to compute the fundamental frequencies of aro-
matic hydrocarbons, and in Refs. 7–9, for exploring the
size-induced and quantum-induced phase transitions in
Lennard-Jones (LJ) clusters. Ref. 10 provides a thorough
assessment of SCP for computing structural properties of
LJ clusters by comparisons to available numerically ex-
act results concluding that SCP accurately describes the
structural properties of LJ clusters in the regime at which
the Boltzmann distribution is localized, i.e., when both
the thermal and quantum fluctuations are within a basin
of attraction of the PEF.

Each quantum dynamics method has its own advan-
tages, but they all share at least one of the following

problems. Either the method is approximate or is strictly
limited in its applications – with some methods possess-
ing both issues. For example, some exact-in-principle
methods scale exponentially with system size (e.g., the
basis set methods). Methods such as diffusion Monte
Carlo11,12 or the path integral ground state13 are lim-
ited to ground state calculations, while some ad hoc
approximate methods (Centroid molecular dynamics,14

ring-polymer molecular dynamics15,16) may produce un-
physical artifacts that are hard to control. Perturbation
theory for a many-body system is often unreliable, com-
plicated numerically, and even determining whether it is
suitable for the system at hand is nontrivial. While the
harmonic approximation (HA) is manifestly an approxi-
mate method, it is unique in its ability to provide an es-
sentially complete description of a quantum many-body
system with a given potential energy for a large class
of systems and properties, all without requiring explicit
simulation. The shortcomings of HA and the quasihar-
monic methods such as SCP are also well documented.
For example, the (quasi)harmonic potential does not al-
low for the correct treatment of multiple-minima poten-
tials or Fermi resonances. Moreover, the HA (and by
extension the SCP approximation) suffers from having
no generally consistent procedure to systematically im-
prove its accuracy by a gradual increase in computational
cost. For example, in order to go beyond the SCP ap-
proximation one needs to make an immense effort. (See
Refs. 4 and 17 for examples of such extensions.) These
questions are beyond the scope of this paper.

Vibrational self-consistent field (VSCF) and related
methods are popular extensions of the HA adding an-
harmonic corrections in a nonperturbative fashion.18–21

When coupled with ab initio PEFs, the computational
bottleneck of VSCF procedures is the energy evaluation,
similar to the SCP method. However, the definition
of the VSCF wavefunction depends on the basis choice
and, for practical reasons in order to keep the numerical
quadrature tractable, the ab initio PEF is often replaced
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by its approximation using a sum of simple products.
Numerically, SCP involves a self-consistent calcula-

tion in which at each iteration one needs to compute
Gaussian-weighted multivariate integrals of the form

〈f(x)〉 =

∫
R3N

exp

(
−1

2
xTx

)
f(x) dx , (1)

which is the key numerical bottleneck of the method.
Here f(x) could be associated with the PEF or its gradi-
ent. For a pairwise PEF these integrals can be computed
very efficiently by fitting the pair potential as a sum of
Gaussians,22 and this was utilized in, e.g., Ref. 9 for LJ
clusters consisting of many thousands of atoms. For a
general polyatomic system, a suitable parametrization of
the potential is usually unavailable and due to the high
dimensionality the use of a quadrature is infeasible. As-
suming f(x) being a sufficiently smooth function of x one
can evaluate the Gaussian integral (1) numerically using
the Monte Carlo (MC) method:

〈f(x)〉 ≈ 1

S

S∑
n=1

f
(
x(n)

)
, (2)

where the points x(n) (n = 1, ..., S) are sampled from the
Gaussian distribution. Yet, a “naive” approach6 based
on standard MC results in SCP being extremely expen-
sive due to the high accuracy requirement and the slow
scaling of the statistical error,

error ∼ S−1/2 (standard Monte Carlo), (3)

with respect to the number, S, of the grid points and,
respectively, the number of gradient evaluations. (Note
that here “grid” refers to the quadrature grid associated
with the MC sequence.) It was noticed in Ref. 23 that the
MC integration can be performed much more efficiently
using quasi-MC which uses deterministic low-discrepancy
or quasirandom sequences (see e.g., Refs. 24–27 for Sobol
sequences) with better uniformity properties. These typ-
ically results in a much more favorable scaling of the error
with respect to the length of the quasirandom sequence,28

error ∼ S−1 (quasi-Monte Carlo), (4)

and thereby reduces the integration cost by orders of
magnitude. This approach, applied to the same aromatic
hydrocarbons as in Ref. 6 reduced the computational cost
of SCP by several orders of magnitude (e.g., from ∼ 1010

to ∼ 105 gradient evaluations at each iteration), poten-
tially expanding its range of applicability to ab initio po-
tentials.

To further reduce the number of energy and gradi-
ent evaluations, we consider here a “two-grid approach”
which is a perturbation theory-like approach suggested
in Ref. 23 specific to the computation of the Gaussian
averages of the potential energy and its gradient. The
two-grid approach relies on a reference potential Vref(r)
which could be any numerically cheap PEF that reason-
ably well approximates a presumably accurate (e.g., ab

initio) but numerically expensive PEF, V (r). Now, con-
sider a Gaussian average (1), e.g., the average poten-
tial 〈V (r)〉. The approximation Vref(r) does not have to
be accurate everywhere, but should at least approximate
well the rapidly changing terms of V (r), the very terms
that define the convergence rate of the numerical inte-
gration. By assumption, the average 〈Vref(r)〉 is cheap to
evaluate on a larger grid of S′ > S points. Consequently,
we write

〈V (r)〉 = 〈Vref(r)〉+ 〈∆V (r)〉 , (5)

where the difference potential ∆V (r) = V (r)− Vref(r) is
by assumption a small and/or slowly varying function of
r. Therefore, its average will converge much faster with
respect to the length, S, of the quasirandom sequence
used for numerical integration. Consequently, in the two-
grid approach, the larger grid with S′ points is used for
evaluating the first term of 5, while the evaluation of the
second term used a smaller grid of S points. Note also
that the perturbation theory-like idea based on using two
or more grids of different resolutions and levels of theory
has been successfully used by various authors in similar
contexts (see e.g., Refs. 29–39).

Assuming the SCP approximation being a useful ex-
tension of the standard HA, the focus of this paper is
on its integration with computationally expensive PEFs,
in particular, those obtained from ab initio quantum
chemistry, and consequently using the two-grid approach.
In analogy to the previously introduced acronym for ab
initio Molecular Dynamics (AI-MD)40 we refer to the
present implementation of SCP as AI-SCP. Although
the quantum chemistry example (see below) uses Den-
sity Functional Theory (DFT), our implementation of
AI-SCP is very general and can be used with any quan-
tum chemical methods including wavefunction methods.

In the next section we briefly describe the SCP method.
We then perform numerical tests, in particular, applying
the two-grid approach to two molecular systems: water
hexamer, (H2O)6, represented by one of the best (up to
date) PEF’s (MB-pol41) and naphthalene, C10H8, repre-
sented by a DFT PEF. These numerical tests will demon-
strate that the two-grid approach may lead to about an
order of magnitude overall speed-up of the SCP calcula-
tion when compared to a single-grid calculation.

II. SELF CONSISTENT PHONONS: BASIC
FORMULAE.

This section provides a brief, but self-contained de-
scription of the SCP method.

Consider an N -particle system described by the Hamil-
tonian

Ĥ = −~2

2
∇TM−1∇+ V (r), (6)

where V (r) defines the PEF, M = diag{mi} is the mass
matrix, and r ∈ R3N , the coordinate vector.
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It is assumed that the system is trapped in a local
minimum and is at equilibrium at temperature T . We
then define a local harmonic approximation

Ĥh(T ) = −~2

2
∇TM−1∇+ Vh(r) (7)

where the harmonic potential is defined by its center q,
its value V0 at the minimum, and the Hessian K:

Vh(r) :=
1

2
(r− q)TK (r− q) + V0 (8)

The Gibbs–Bogoliubov inequality,

F ≤ Ftrial := Fh + 〈V 〉h − 〈Vh〉h, (9)

provides an upper limit, Ftrial, for the free energy, F , of
the system, where Fh is the free-energy of the harmonic

system, and the ensemble average, 〈·〉h := Tr[e−βĤh ·],
is taken over the Boltzmann distribution of the approxi-
mating system defined by the harmonic Hamiltonian Ĥh.
Minimizing Ftrial with respect to q, K, and V0 leads to
the following system of coupled nonlinear equations for
these parameters:

〈∇V 〉h = 0 (10a)〈
∇∇TV

〉
h

= K. (10b)

Note here that the minimum of the harmonic potential is
obtained directly, V0 = 〈V 〉h, and the ensemble average
(which does not depend on V0) can be written as

〈f(r̂)〉h := Tr[e−βĤhf(r̂)]

= ‖2πD‖−1/2
∫
dx e−

1
2x

TD−1xf(q + x), (11)

with the displacement-displacement correlation matrix

D = M−1/2d (Ω) M−1/2 (12)

and the auxiliary function

d(ω) := (~/2)ω−1 coth (β~ω/2) . (13)

The frequency matrix Ω is defined via the mass-scaled
effective Hessian:

Ω2 = K̃ = M−1/2KM−1/2. (14)

Many properties of the approximating harmonic sys-
tem, such as the partition function, fundamental frequen-
cies, free energy, various spatial correlation functions, etc.
can be expressed in terms of q, K and V0 by numer-
ically evaluating the corresponding Boltzmann average
(cf. Eq. (11)).

For the most general case of a quantum system at a
finite temperature, the form of equations (10) suggests
that their solution must be found iteratively in a self-
consistent fashion, e.g., as was done in Ref.6 using a pro-
cedure akin to the Newton-Raphson algorithm. Namely,

given the initial values q and K, the new values are ob-
tained by implementing the following steps:

D(next) = M−1/2d (Ω) M−1/2 (15a)

K(next) =
〈
∇∇TV

〉
h

(15b)

q(next) = q−K−1 〈∇V 〉h , (15c)

where a pseudoinverse (or some kind of regularization) is
used for K−1 to handle the singularities of K and, possi-
bly, some low frequencies. The iteration would continue
until the values of q and K stop changing. This pro-
cedure has superior convergence properties for systems
which are not very anharmonic. Unfortunately, it may
be unstable if the Hessian matrix K is ill-conditioned
(even after exclusion of the rotational/translational sub-
space), i.e., if there are highly anharmonic low-frequency
vibrational modes. Such is the case for water clusters,
which may have some intermolecular degrees of freedom
with very low frequencies. For such cases the following
iterative scheme, which is both stable and converges well,
was proposed in Ref 23 and adapted here:

K(next) =
〈
∇∇TV

〉
h

(16a)

D(next) = M−1/2d (Ω) M−1/2 (16b)

q(next) = q− τD 〈∇V 〉h , (16c)

where τ is an adjustable parameter. (Note that D is
much less ill-conditioned than K.)

III. USING SCP TO COMPUTE FUNDAMENTAL
FREQUENCIES AND STRUCTURAL PROPERTIES.
NUMERICAL EXAMPLES.

In this section we demonstrate the SCP method to
compute the fundamental frequencies and some struc-
tural properties of the following two systems:
System I MB-pol Water hexamer, i.e., water hexamer
(H2O)6 using one of the best up-to-date PEF (MB-pol)41

referred to as V (r).
System II TPSSh naphthalene, i.e., naphthalene C10H8

where the electronic energies and gradients at the grid
points were evaluated using density functional theory
(DFT) with the hybrid TPSSh exchange–correlation
functional42,43 and the resolution-of-the-identity (RI-J)
approximation for the Coulomb part.44 Basis sets of
def2-SVP quality45 and the corresponding auxiliary basis
sets46 were used. To ensure accurate gradients, tighter
convergence criteria were applied in the self-consistent
field (SCF) procedure. The energy was converged to
10−8 Eh, the density matrix norm to 10−8. All calcu-
lations were performed with Turbomole47 In our nu-
merical tests we perform single grid calculations as well
as two-grid calculations according to Eq. (5). The less
accurate and cheap PEF, i.e., Vref(r), for System I is q-
TIP4P/F48 and that for System II is the semi-empirical
tight-binding (TB) PEF of Van Oanh et al.49
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Set i=0; Initialize (q, K, V0)
Given q, K, T and S’ ≥ S, 

generate Sobol points
{r(n)} (n=1,…,S’)

Compute Vref(r(n)), ∇∙Vref(r(n)) 
(n=1,…, S’)

Compute V(r(n)), ∇∙V(r(n)) 
(n=1,…,S)

Evaluate (q, K , V0)
Optionally, compute properties

Compute averages
Eqs. 10a, 10b

i=
 i+

1

If S’>S

Converged?
Yes

Stop
No

FIG. 1. The flow chart of a two-grid SCP calculation.

In Fig. 1 we show a flow chart describing the numerical
protocol of a two-grid self-consistent calculation. Note
that a single grid calculation is described by the same
flow chart by setting S = S′ or S = 0 depending on which
PEF is used to represent the system (it is always assumed
that S ≤ S′). A Python script that interfaces the SCP
code with the PEF’s codes is provided in Supplemental
Information (SI) together with examples of the required
input files and the corresponding source Fortran codes,
namely a single-step SCP code and the program calling
the PEF’s.

The calculation is initialized using a potential energy
minimum of V (r) (not necessarily the global minimum)
characterized by the initial (classical) equilibrium struc-
ture q = qHA, the minimum energy V HA

0 , and the cor-
responding Hessian matrix K = KHA obtained by eval-
uating the matrix of second derivatives of V (r) at the
equilibrium configuration. A single step in the SCP cal-
culation at the iteration number i starts with generating
a relatively long Sobol sequence {r(n)} (n = 1, ..., S′) dis-
tributed according to equations 2 and 11. These points
are then used as input for the codes computing the ener-
gies and gradients of V (r(n)) (n = 1, ..., S) and Vref(r

(n))
(n = 1, ..., S′) with S being generally much smaller than
S′, and evaluating the averages that appear in the RHS’s
of Eqs. (15) and needed to compute the new harmonic
pair (q,K). The iteration continues while gradually in-
creasing S with S′ being fixed. The convergence is mon-
itored, e.g., by inspection of the behavior of the funda-
mental frequencies as a function of the iteration number
i. Note that the Sobol sequences used at different itera-
tion steps are never the same. This allows one to estimate
the statistical errors caused by the finite values of S and
S′ for the computed properties by comparing results at
different iteration steps.

A. System I: Water hexamer, (H2O)6

Water hexamer has received considerable attention in
the past, both experimentally and theoretically.23,50–71

The most recent publications indicate continuing interest
in this system.72–74 One reason is that six is the smallest
number of water molecules that can arrange themselves
in stable three-dimensional structures. Such structures
have even acquired their own names: “prism”, “cage”,
“book”, etc. There have been numerous attempts to pro-
duce an accurate and efficient PEF for water, the most re-
cent and successful ones are MB-pol from Paesani and co-
workers41 and q-AQUA from Bowman and co-workers.75

While being much cheaper than the ab initio energies,
these latter PEF’s are still numerically expensive when
compared to some popular empirical PEF’s, such as q-
TIP4P/F.48 Our goal here is, in particular, to investi-
gate the possibility of using an accurate and expensive
PEF V (r) (MB-pol41 in the present demonstration) and
a cheap PEF (q-TIP4P/F48) referred to as Vref(r) in the
framework of the two-grid SCP calculation (cf. Eq. (5)).

In Fig. 2 we show a typical result for MB-pol hexamer
prism using using a single grid protocol and following a
particular grid-size schedule, i.e., the S = S(i) depen-
dence, where i stands for the iteration number. The
S values are indicated in the figure. Similarly, Fig. 3
shows a typical result for the q-TIP4P/F hexamer prism,
and Fig. 4 shows a typical result for MB-pol hexamer
prism using a two-grid SCP calculation with the size of
the“cheap” grid S′ = 106 fixed. In Fig. 5 we show results
using another possible grid size schedule that could be ad-
vantageous, in which the grid size is increasing gradually
according to

S = (105 − 103)× (0.02i)2 (17)

Note though that no additional optimization of the grid
size schedule has been performed. However, it is clear
that an optimal schedule depends on the system, and,
in particular, may be difficult to devise for a complex
system with large dynamic range (such as water clusters)
without tests involving a cheap reference system with
similar properties.

The statistical errors caused by the finite sizes of the
Monte Carlo sequences used to evaluate the Gaussian in-
tegrals can be estimated directly from the behavior of
the computed fundamental frequencies as a function of
the iteration number i. Here, in order to obtain more
accurate information on the errors for the fundamental
frequencies as a function of the grid size (i.e., the number
of the gradient evaluations at the last iteration) we per-
formed the calculations implementing a very large grid,
S = 2.5 × 106. The corresponding error averaged over
the 12 OH stretch frequencies as functions of the grid
sizes for the specified three cases are shown in Fig. 6.
The error averaged over all the (3N − 6) fundamental
frequencies (N = 18) is shown in Fig. 7. Apparently,
the latter is smaller, i.e., the smaller the frequency the
smaller the statistical error. The following observations
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FIG. 2. The OH stretch fundamental frequencies of MB-pol
hexamer prism at T = 0, computed by the SCP method using
a single grid for integration. The frequencies are shown as a
function of the iteration number. Different colors correspond
to different numbers of points, S, in the Sobol sequence used
to compute the Gaussian integrals.

are in order. Firstly, the error is approximately linear
with respect to the inverse grid size, i.e. 1/S which is a
manifestation of the very property of quasi-MC integra-
tion that makes it superior to the standard, i.e., Metropo-
lis, MC. Secondly, note that q-TIP4P/F, i.e., the cheap
auxiliary potential Vref(r), was not specifically designed
to approximate the accurate MB-pol PEF. Indeed, while
the latter is an accurate fit to the ab initio data, the for-
mer was an empirical PEF adjusted to reproduce certain
thermodynamic properties of water.48 Yet, the present
results demonstrate that a substantial reduction in the
number of the expensive gradient evaluations can still be
achieved. Clearly, with the idea of approximating accu-
rately V (r) only in the regions of its most “wild” behav-
ior (i.e., where its gradient and/or the Hessian are large)
much better choices could be made, thus leading to even
more significant speed-ups.

Once the optimal harmonic Hamiltonian is obtained,
various properties, besides the fundamental frequencies,
could be computed. Some of those are reported in Tables
I and II, i.e., respectively, the H-O-H bond angles, θHOH,
and O-O distances, ROO, in the prism isomer at T = 0
(i.e., for its ground vibrational state). Note that the data
is shown for the prism minimum of the MB-pol PEF,
while the SCP results are given in terms of the shifts,
i.e., respectively, ∆θHOH and ∆ROO.

B. System II: Naphthalene, C10H8

The CH-stretch IR spectra of aromatic hydrocarbons
were studied before, specifically, using the SCP method
in Ref. 6. Yet, this implementation of SCP would rather
seem discouraging as it appeared to be extremely ex-
pensive because of the ∼ S−1/2 convergence of the MC

0 10 20 30 40
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3600

3800

4000

c
m

-1

S’ = 10k

S’ = 50k

S’ = 100k

S’ = 500k

S’ = 1m

FIG. 3. Same as Fig. 2 but for the q-TIP4P/F hexamer
prism.

0 5 10 15 20 25

Iteration
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3800

4000

c
m

-1

S, S’ = 10k, 1m

S, S’ = 50k, 1m

S, S’ = 100k, 1m

FIG. 4. Two grid SCP calculation at T = 0 for the MB-pol
hexamer prism. S and S′ indicate the numbers of gradient
evaluations for, respectively, MB-pol and q-TIP4P/F PEF’s.
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S, S’ = 1k-100k, 1m

FIG. 5. Two grid SCP calculation for the MB-pol hexamer
prism as in Fig. 4 but using the quadratic schedule S =
(105 − 103) × (0.02i)2 (i = 1, ..., 50) with fixed S′ = 106.
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FIG. 6. The error for the computed fundamental frequencies
of hexamer prism averaged over the 12 OH stretch modes as
a function of 1/S. The errors were computed by taking the
difference with the frequencies computed using S = 2.5×106.
Red line: using a single grid SCP calculation for the q-
TIP4P/F hexamer.
Green line: same for the MB-pol hexamer.
Black line: using a two-grid SCP calculation for the MB-pol
hexamer. S and S′ indicate the numbers of gradient evalua-
tions for, respectively, MB-pol and q-TIP4P/F PEF’s.
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FIG. 7. Same as Fig. 6 but averaged over all the (3N − 6)
fundamental frequencies of water hexamer.

integration. The quasi-MC approach introduced later in
Ref. 23 already resulted in several orders of magnitude re-
duction of the computational time. However, in order to
reduce the statistical errors for the CH fundamental fre-
quencies to about 1/cm the cost of each iteration would
be about 105 gradient evaluations (see below), which is
already feasible using ab initio PEF but still very expen-
sive. Here, as in the previous subsection, we use the two-
grid approach to demonstrate that the latter provides an-
other order of magnitude reduction of the computational
cost, thus making AI-SCP even more practical.

0 1e-05 2e-05 3e-05 4e-05 5e-05

1/S

0

0.05

0.1

er
ro

r 
(k

ca
l/

m
o
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q-TIP4P/F

MB-pol

Two Grid

FIG. 8. Same as Fig. 6 but for the Helmholtz free energy,
which at T = 0 is equal to the ground state energy of the
optimal harmonic system as obtained by SCP.

HA SCP
106.78 0.16
106.42 0.22
102.15 0.19
101.34 0.13
104.41 0.19
106.21 0.20

TABLE I. The H-O-H bond angles θHOH (in degrees) for the
six monomers in the MB-pol hexamer prism from the corre-
sponding minimum of the MB-pol PEF (left column); and
the quantum anharmonic corrections ∆θHOH at T = 0 from
a converged SCP calculation (right column).

SCP
HA

1 2 3 4 5 6

1 2.775 2.886 2.918 2.662 3.931
2 0.006 3.834 3.956 2.923 3.914
3 0.008 0.008 2.801 4.084 4.223
4 0.009 0.008 0.007 2.743 2.907
5 0.003 0.006 0.009 0.005 2.933
6 0.008 0.007 0.011 0.008 0.008

TABLE II. The O-O distances ROO (in Angstroms) for all
monomer-monomer pairs in the minimum of the MB-pol hex-
amer prism (upper triangle) and the quantum anharmonic
corrections, ∆ROiOj , at T = 0 from a converged SCP calcu-
lation (lower triangle).

Due to the small dynamic range (the absense of weak
intermolecular modes), the “Newton-Raphson” iterative
scheme (15) is stable for this weakly anharmonic system,
requiring a small (i.e., ∼ 10) number of iterations to con-
verge all the fundamental frequencies.6

To this end, Fig. 9 shows the CH fundamental frequen-
cies as a function of iteration number for the reference
system, TB naphthalene, using a possible (not necessar-
ily optimal) grid size schedule as indicated in the fig-
ure. Fig. 10 shows the results of a two-grid calculation
for the TPSSh naphthalene. We also performed much
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FIG. 9. An example of a single-grid SCP calculation at T = 0
for naphthalene represented by the TB PEF49 following a
particular schedule and showing the CH stretch fundamental
frequencies as a function of iteration number.
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FIG. 10. An example of a two-grid SCP calculation at T =
0 for naphthalene represented by the DFT PEF using the
TPSSh functional.42,43. The TB potential49 was used for the
reference PEF.

more accurate two-grid SCP calculation using as many
as S = 4× 104 Sobol points. As before, this latter calcu-
lation was used to estimate the statistical errors for the
CH frequencies as a function of S. The errors averaged
over the eight CH stretch frequencies are shown in Fig.
11, while those averaged over all the (3N−6) frequencies
(N = 18) are shown in Fig. 11. Here, again, we observe
that the statistical errors are the largest for the highest
frequencies which the CH frequencies are. The compar-
ison with the errors from a single-grid SCP calculation
for the reference system, i.e., the TB naphthalene is strik-
ing. An order of magnitude reduction in the number of
gradient evaluations for the expensive ab initio PEF is
apparent from the figure.
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FIG. 11. The errors for the computed fundamental frequen-
cies of naphthalene averaged over the 8 CH stretch modes
as a function of 1/S and over all the (3N − 6) fundamen-
tal frequencies of naphthalene. The errors were computed
by taking the difference with the frequencies computed us-
ing S = 106 for the TB naphthalene (single-grid SCP) and
S = 4 × 104; S′ = 106, for the TPSSh naphthalene (two-grid
SCP).

TABLE III. Fundamental frequencies (cm−1 ) of CH stretch
modes of TB naphthalene and naphthalene represented by
the TPSSh functional with the def2-SVP basis from harmonic
approximation (HA) and the frequency shift for a converged
SCP calculation.

Mode TB, HA TB, SCP TPSSh, HA TPSSh, SCP
1 3130 -91 3200 -39
2 3127 -88 3198 -45
3 3126 -91 3188 -41
4 3123 -88 3186 -47
5 3117 -91 3175 -46
6 3116 -90 3173 -53
7 3112 -88 3168 -65
8 3111 -88 3167 -83

IV. CONCLUSIONS

In this paper, we revisited the SCP method.1,2,4,6

The method is based on approximating a molecular sys-
tem localized in a basin of attraction using an optimal
temperature-dependent harmonic approximation. Given
the optimal harmonic Hamiltonian, one can then esti-
mate various dynamic and static properties of such a
system with anharmonic effects included implicitly in a
conceptually simple and straightforward fashion. Due
to a number of algorithmic breakthroughs proposed in
Ref. 23 the method was made numerically very efficient.
Here we applied SCP to two challenging systems, a naph-
thalene molecule and water hexamer cluster, and demon-
strated that the method is practical, even when used
with a DFT potential. A key prerequisite for the most
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numerically efficient implementation of the method is
the availability of a cheap approximation of the accu-
rate PEF. Although not strictly ab initio potentials have
been used in the present numerical demonstrations, the
two-grid approach may be combined with other empirical
or ab initio PEFs for better performance. The method
has been interfaced with an electronic-structure package
(Turbomole). The corresponding Python scripts and
FORTRAN source codes have been made available.
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65J. O. Richardson, C. Pérez, S. Lobsiger, A. A. Reid, B. Temelso,
G. C. Shields, Z. Kisiel, D. J. Wales, B. H. Pate, and S. C. Al-
thorpe, “Concerted hydrogen-bond breaking by quantum tunnel-
ing in the water hexamer prism,” Science 351, 1310–1313 (2016),



10

https://www.science.org/doi/pdf/10.1126/science.aae0012.
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