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TOPICS IN PHENOMENOLOGY OF UNIFIED GAUGE THEORIES 

OF WEAK, ELECTROMAGNETIC, AND STRONG INTERACTIONS 

.. by 

Young Suk Kang 

ABSTRACT 

Three phenomenological analyses on the current unification 

theories of elementary particle interactions are presented. In 

Chapter I, the neutral current phenomenology of a class of super-

symmetric SU(2) X U(l) X U(l) models is analyzed. A model with the 

simplest fermion and Higgs structure allowing a realistic mass 

spectrum is considered first. Its neutral current sector is 

parametrized in terms of two mixing angles and the strength of the 

-new U(l) interactions. Expressions for low-energy model-independent 

parameters are derived and compared with those of the standard model. 

Bounds on the neutral gauge boson masses are obtained from the data 

for various neutrino interactions, eD scattering, and the asymmetry 

+- +-in e e + ~ ~ • A similar analysis is performed on models in 

which a set of isosinglet Higgs fields contribute to the neutral 

gauge boson mass matrix. Other predictions of these models which 

may be relevant to future experiments are discussed. 

In Chapter II, the evolution of fermion mass in grand unified 

theories is reexamined. In particular, the question of gauge in-

variance of mass ratios in left-right asymmetric theories is 



b 

considered. A simple ell pression is derived for the evolution of the 

Biggs-fermion-fermion coupling which essentially governs the scale 

dependence of fermion mass. At the one loop level the expression 

is gauge invariant and involves only the representation content of 

left- and right-handed fermions but not that of Higgs. The corres-

ponding expression for supersymmetric theories is also given. Some 

applications of these formulas are presented. 

In Chapter III, the production and the subsequent decays of a 

+ +-heavy lepton pair L- near the Z peak in e e annihilation are con-

sidered as a test of the standard model. The longitudin~l polariza-

tion is derived from the spin-dependent production cross-section, 

and the decays L ~ nv and L ~ ivv are used as helicity analyzers. 

The improvement over previous treatments is two-fold: (1) the 

formulas derived here may be useful for any sequential lepton of 
< Mz 

mass - :2' and (2) the correlation between the spins of a heavy 

lepton pair is studied in the form of a cross-section for the pro-

duction and the coincident decays of the pair. 
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I. NEUTRAL CURRENT PHENOMENOLOGY OF SUPERSYMMETRIC 
~ 

SU(2) X U(l) X U(l) MODELS 

• 
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INTRODUCTION 

Although the initial development of supersymmetric gauge 

theories [1] had broad theoretical implications, ,the recent applica-

tion of ideas from supersymmetry in particle physics has focused on 

the hope that an outstanding problem in unified gauge theories of 

weak, electromagnetic, and strong interactions may be partially 

solved[2]. While grand unified theories (GUTs) [3] represent a giant 

step forward in putting all elementary particle interactions on a 

simpler conceptual basis, part of the price paid in the process is 

that the problem of the scalar sector is more pronounced than in the 

standard electroweak model of Glashow, Weinberg, and Salam (GWS) 

[4]. The scale of SU(2} X U(l) breaking, which is essentially a 

free parameter in GWS, becomes even more mysterious in GUTs where 

the natural scale for the theory appears to be that of the breaking 

of the grand unifying group, M 
X 

(perhaps identifiable with the 

Planck mass, M ). 
p 

In addition, the quadratic divergences that plague 

elementary scalars in GWS still remain to make GUTs unnatural. The 

so-called gauge-hierarchy problem consists of: (I) why at the tree 

level there exist two vastly different scales, and (II) why radiative 

corrections do not generate a new scale, say, of the order of aM , 
X 

which means in every order in perturbation theory there should be 

miraculous cancellations which preserve the tree level symmetry 

breaking pattern. 

Supersymmetry can provide a partial answer to this problem by 

putting scalars in the same supermultiplet as fermions, thus 

• 
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preventing some scalars from getting large masses, as their fermionic 

partners are protected by chiral symmetry. Non-renormalization 

properties of supersymmetric theories (5] further ensure that these 

scalar fields do not develop quadratic divergences. This has been 

the main motivation behind recent "low energy" supersymmetric models 

[2] in which supersymmetry persists down to the GWS breaking scale. 

In fact, it turns out that in many models scalars that remain almost 

massless are not easily generated, and to date there exists no real­

istic GUT which incorporates supersymmetry. It was shown explicitly, 

however, that at least in some toy models [6] the existence of such 

scalars is indeed possible, and one may continue to be optimistic 

about the role supersymmetry might play in unified theories. 

Among a number of constraints supersymmetric theories face, 

perhaps the most obvious one is that supersymmetry should be broken 

at low energy since scalar partners of quarks and leptons have not 

been observed yet experimentally. The breaking can be either explicit 

or spontaneous. In the case of explicit supersymmetry breaking, 

scalar partners of ordinary fermions can obtain arbitrarily large 

masses, as mass terms are added directly to the Lagrangian, provided 

they remain soft, i.e., they do not introduce quadratic divergences[7). 

On the other hand, spontaneous supersymmetry breaking at the tree level 

requires that a certain relation be satisfied among masses of particles 

with different spins, as explained in detail in Section 1. Because of 

this constraint, supersymmetric theories based on the standard in­

ternal symmetry group SU(3) X SU(2) X U(l) do not have a realistic 

mass spectrum. It is in this context that Fayet [8] proposed the 

3 
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extension of the standard gauge group to include an extra U(l) factor 

under which known fermions transform chirally. This type of extra 

gauge symmetry was also considered to be a possible mechanism for pre-

venting nucleons from decaying too fast [9]. 

The introduction of such a new gauge interaction brings about new 

theoretical and phenomenological complications. On the theoretical 

front, it was shown that a consistent model can be constructed which 

is anomaly-free and which has the correct vacuum structure [2]. Some 

of the new phenomenology due to a new neutral gauge boson associated 

with U(l) has been considered by Fayet [10]. It is the purpose of 

this chapter to parametrize and analyze systematically the neutral 

current sector of a rather general class of supersymmetric "extra 
'\, 

U(l)" models. 

It turns out that this analysis often parallels what was done on 

a number of alternative electroweak models of the past with more than 

one neutral boson, most notable of which include SU(2)L X SU(2)R X U(l) 

[11] and SU(2)L X U(l) X U(l) [12]. Some of these models typically 

were motivated to accommodate apparent deviations of some experimental 

data from the standard model predictions at the time. Others were 

introduced mainly for the sake of considering alternatives to ortho-

doxy. Although some models had theoretical implications, for example 

as a possible effective group surviving at low energy when a certain 

grand unifying group breaks {13], the class of supersymmetric extra 
'\, 

U(l) models considered here enjoy a more compelling theoretical 

motivation than most other alternative models. 
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The organization of this chapter is as follows. In Section 1, the 

essential features of supersymmetric extra U(l) models are reviewed. 

The theoretical motivation, the structure of Higgs and fermion sectors, 

and the neutral vector boson mass matrix are discussed. In Section 2, 

the minimal mixing model, defined at the end of Section 1, is analyzed. 

After the parametrization of the model is given, expressions for low 

energy model independent parameters are derived in terms of the model 

parameters. A fit is made to the low energy data from neutrino 

scattering [14] and SLAC eD experiments [15]. The forward-backward 

asymmetry in +- +-e e + ~ ~ is derived, and along with the fit made 

previously, bounds on the vector boson masses are estimated from the 

recent DESY [17-20] data for the asymmetry. In Section 3, an exten-

sion of the minimal mixing model is made to include contributions from 

isosinglet Higgs fields. This section parallels Section 2; model 

independent parameters are derived and fits to data are obtained. In 

Section 4, other neutral current processes which can be potentially 

affected by the extra ~(1) are considered. The decay widths of the 

neutral bosons, and the anomalous magnetic moment of the muon are 

discussed. Section 5 contains a summary and conclusions. 

'V 
1. SUPERSYMMETRIC SU(2) X U(l) X U(l) MODELS 

(i) Motivation for the Extra U(l) and the Structure of the 
Fermion Sector 

If supersymmetry is relevant in particle physics, it must be 

broken at low energy since Bose-Fermi mass degeneracy is not observed 

in nature. If the breaking is spontaneous, there exists at the tree 

level the following mass relation for particles with different 



spins [21]; 

I (-1) 2J(2J+l) tr ~ • I Ca tr qa. 
J a 

(1) 

a where MJ is the mass matrix for a spin J field. and q the charge 

of a chiral multiplet for a gauge group labeled by a. Ca is a 

constant which depends on the group and the supersymmetry breaking 

parameter. 

If we use the standard gauge group, and enlarge each weak 

multiplet to include supersymmetric partners. eq. (1) results in 

an unacceptable mass relation [22]. For SU(3) X SU(2) X U(l) the 

right-hand side of eq. (1) is zero, and for a four-component fermion 

f. we get 

(2) 

where s and t are the two scalar partners corresponding to, say, 

the left-handed and the right-h~nded components of f. No scalar 

particles satisfying eq. (2) have been seen for any of the three 

generations of four-component fermions with the possible exception 

of the yet undiscovered top quark. 

One solution to this problem was suggested by Fayet [10], who 

introdu~ed a new gauge group U(l) which couples chirally to fermions. 

We then have the relations 

- (const) QR (3) 

6 



where QL and QR are the U(l) charges of left- and right-handed f. 

It is obvious from eq. (3) that for both s and t to be heavier than 

f, QL and QR should have opposite signs. In other words, the 

minimum requirement for the U(l) charge of a four-component Dirac 

fermion is that its axial part should be larger in magnitude than 

its vector part. There is no such restriction on neutrino U(l) 

couplings in theories where right-handed neutrinos are absent. 

In the most general supersymmetric extra U(l) model satisfying 

this requirement, different fermions can in principle couple to U(l) 

differently, which will result in the proliferation of parameters in 

the fermion sector. However, there are arguments suggesting that 

masses of some scalars are almost degenerate. For example, the 

scalar partners of u and d quarks, pairwise, based on measurements 

of parity violating nuclear transitions, appear to have small mass 

differences, unless the masses are greater than 0(100) GeV [23]. 

Also, the limits on flavor changing neutral currents suggest that 

the scalar partners of quarks and leptons with the same quantum 

numbers but in ~ifferent generations are nearly degenerate in mass 

[24]. Thus the U(l) couplings of at least some fermions seem to 

have the same axial part and negligible vector parts. 

In view of these considerations we use throughout this chapter 

the simplest fermionic U(l) couplings meeting the mass requirement. 

A straightforward supersymmetric generalization of the standard model 

particle assignment is made; left-handed matter supermultiplets con-

sist of 

7 
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whose fermionic components are the ordinary quarks and leptons. These 

fields have the usual SU(3) X SU(2) X U(l) quantum numbers while all 

"' "' 1.. of them have the same U(l) charge, 2 • This means that quarks and 

"' "' charged leptons have the identical, purely axial U(l) charge, y, 
"' 1.. "' and the neutrino has a V-A coupling, 
2 ' 

to U(l). The quantum 

numbers of these fields are listed in Table 1. Any extension of this 

minimal structure finds little theoretical motivation in actual models, 

and will not be considered here. We note in passing that Fayet [10], 

"' in comparing the predictions of supersymmetric extra U(l) models with 

neutrino data, introduced the parameters cos ¢u, cos ¢d, etc., 

corresponding to the magnitude of the vector parts of the "' U(l) 

couplings for u, d, etc., relative to their axial parts. 

(ii) The Higgs Structure 

Unlike in the standard model where a single Higgs isodoublet 

gives mass to both charge 
2 - and 
3 

1 - 3 quarks, in supersymmetric 

models at least two isodoublets, ~1 , and ~2 are required, since 

superfields within the same term in the Lagrangian should be of the 

see that the U(l) charges of ~ 1 
'V 

and ~ differ by one and their 
'+'2 

U(l) charges are the same. These Higgs fields, as in the standard 

model, also serve to break SU(2) X U(l). 

8 
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Other Higgs fields may be needed, for example, for theoretical 

consistency such as the correct vacuum structure [2,25]. Some of 

them may alter the neutral current sector as they obtain non-zero 

vacuum expectation values (VEV's). One such set of Higgs fields 

occurring in actual models will be considered in Section 3, namely, 

those which transform trivially under SU(2) X U(l) and non-trivially 

under U(l). 

(iii) The Neutral Boson Mass Matrix 

The covariant derivatives for the two Higgs isodoublets des-

cribed above are: 

... 
D ¢ = ca - '[ ... 

- iy gB - i y 8 B~> ¢1 (4a) ig - • w 
~ 1 ~ 2 2 ~ 1 ~ 

.... 
ca T .... 

iy2gB~ - i y g B~) ¢2 , (4b) D~¢2 = - ig - • w 
~ 2 2 ~ 

.... . -
where W , B , B are the boson fields, and g2 , g, g the couplings 

~ ~ ~ 

associated with SU(2), U(l), U(l), respectively. y1 and y2 , the U(l) 

charges of ¢1 , and ¢2 , satisfy y1 = y2 + 1 from the Yukawa terms, 

and y is the common U(l) charge of. ¢1 and ¢2 , which is twice that 

of left-handed fermions. 

As ¢1 and ¢2 obtain VEV's, 

(5) 

the terms relevant to masses in the Lagrangian become: 

9 



(6b) 

The mass of the charged weak bosons is given by 

(7) 

The neutral boson mass matrix becomes: 

g2 . 
-(h2+h2) 4 1 2 

(8) 

Notice that det M2=o regardless of y1, y2, h 1, h2 , since the 

VEV's of ~ 1 and ~ 2 have been chosen such that electromagnetism 

is unbroken. 

The eigenvector of the mass matrix (8) corresponding to the 

photon is given by 

(9) 

10 
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A~ has no contribution from B~, 

11 

and the mixing for 

is as in the standard model; Q-T
3 

+Y, 

3 A •coseB + sineW , 

where Y is the U(l) generator 
2 • z! 2 is the usual weak mixing 

g ~2 
and 

~ ~ ~ 
where 

parameter. The quantum numbers of ~ 1 and ~ 2 are shown in Table 1. 

Of course one can be completely general and consider full mixing of all 

three neutral boson fields involving three different mixing angles. 

However, our atm in this chapter is to analyze the most economical 

class of models theoretical consistency allows. Thus we leave the 

photon the same as in the standard model, while we introduce mixing 

between the two massive neutral bosons in order to avoid immediate 

contradiction with data, as discussed in Section 2. 

With 1 =-
2 ' 

the mass matrix (8) now becomes 

g2 -gg2 -gge: 

M2 =!. (h2+h2) 
4 1 2 -gg2 g~ g2ge: 

(10) 

-gge: g2ge; -2 g 

2 2 

where e: 
hl-h2 

' and ~ =--- 2yg . 
= h2+h2 1 2 

e: is a measure of the mixing between the two massive neutral bosons. 

If h
2

=h
2 

(E=O) 
1 2 ' 

decouples completely from B~ and and 'g 

"' alone sets the scale of the U(l) breaking. The minimal mixing model 

(MM}f) is now defined as the one in which there are two Higgs iso-

doublets whose neutral components obtain different VEV's in general. 



2. THE MINIMAL MIXING MODEL 

(i) Parametrization 

Here we parametrize the neutral current sector of MMM de-

fined at the end of Section 1, and list formulas useful in deriving 

expressions for the low-energy model-independent neutral current 

parameters. 

~he mass matrix and one of the eigenvectors A~ were written down 

-in Section 1. The other two eigenvectors Z~, Z~ with non-zero 

eigenvalues M!, ~ are: 

where 

1 

z~ = /g2 + 2 -2 2 
g2 + g n 

e: n = --------------------------
1 (h2 + h2) 

1 - -g2 ( 1-e: 2) _4 __ 1-.,..-_2_ 
M 2 

z 

The expressions (1) have been chosen 

detachment of U(l) from SU(2) X U(l) 

limit n , n ..... 0 . ) Note that nn = 1 if 

(la) 

(lb) 

(2a) 

(2b) 

so that as e: tends to zero the 

is smoothly made. (In this 

M 2 = M- . z z 

12 
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We now write the eigenvectors as follows: 

l~J-r 
cose sine 

coscxsin6 coscxcose 

sincxsin6 - sincxcose 

where 8 was defined in Section 1, and 

2 2 
2 g + 82 

cos ex = -2---2--=-2~2""'" 
s + s2 + g n 

• 

. :nal [~] 
coscx B 

lJ 

13 

(3) 

, 

(4) 

The sign of coscx is chosen to be positive, and the sign of sincx will 

be discussed later in terms of other parameters. As mentioned before, 

of the three rotation angles one was eliminated by requiring that the 

photon does not mix with the U(l) boson. 

The non-zero eigenvalues of the mass matrix satisfy the following: 

p+p=l+A 

- ( 2 pp = A 1-£: ) , 

~cos2e 
p = _z_..,....._ 

Mw2 

i.e., mass squared in units of the standard model Z mass squared, 

and 

= 
-2 2a i 2e g cos s n 

2 e 

(5) 

(6) 

(7) 
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Requiring that as E + ·o. p + 1 and p+ A, we identify 

1 I 4AE2 
p c 2 [1 + A + (1 - A) /1 + (1 _ A)2 ] (Sa) 

1 I 4A 2 
p = 2 [1 +A- (1- A) /1 + .(l£- A)2 ] • (8b) 

Which boson mass is the bigger depends on whether A is larger than 

unity or not: 

(A - 1) (p - p) ~ 0 . 

Also notice that (1 - p) (1 - p) = -A£
2 ~ 0, which means one boson is 

lighter and the other is heavier than the standard model Z mass. 

Thus the Georgi-Weinberg theorem [26] on neutral boson masses in a 

multi-boson model is satisfied, although its premise is not met. 

It turns out that p and p are very convenient intermediate para-

meters to work with. For example, in terms of p and p , 

E --1 E (9a.,b) n = n = 
1 - p 1 - p 

which give 

cos a = 18 p p sina= ± IR p p (lOa,b) 

The sign of sina is such that if (1 - A)£ ~ 0, sina ~ 0, and vice 

versa. From eqs. (8) and (10), 

cos a (11) 



There are five independent parameters in MMM: g,g2 ,g,h1 ,h2• 

Apart from 

15 

' 
G ... 

F 
(12a,b) 

we choose towork with the following three free parameters: 2 sin e, as 

in the standard model, and A~ 0, I E I ~ 1, which measure the rela-

tive strength of the U(l} coupling, and the degree of mixing between 

the two massive neutral bosons, respectively. We will eventually 

express low energy model independent parameters in terms of these 

model parameters. 

We now consider the couplings of fermion f to Z~ and Z~. In 

terms of physical fields the relevant interaction terms in the 

Lagrangian are written as follows: 

v - _A where J = fy f, r- = fy y
5
f. 

~ ~ ~ ~ 
Qy is the electric charge, and Q~, 

V A A Q- are vector, and Q , Q- axial weak z z z charges. 

The weak charges are given by: 

- -T + T Y1 + YR 
e cosa [ )R 

2 
31 - Qysin2e ] + g sina 

2 sin8cos8 

(13) 

(14a) 



v 
Q- -z 

.. -

e T3R+T3L 
-s-in_6,....c-o-s"""'e-A8 ina [ 2 
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(14b) 

(14c) 

(14d) 

For quarks and 
'\, 

charged leptons, as discussed in Section 1, we take 
'\, 

YL = -YR-= t . '\, '\, 

For neutrinos YR=O, YL -= f . Thus these charges 

become, for example, for the electron, 

Q V = - .!. cosa 
Z,e 4 e (1-4 sin2e) 

sin8cos8 
(lSa) 

QA = .!. (cosa e + -gsl.·na) 
Z,e 4 sin8cose (15b) 

QY 1 e 
= 4 sina (1 - 4 sin2 e) (lSc) 

Z,e sin6cos8 

A 1 e 
QZ,e = 4 (- sina + g cosa ) (lSd) sin8cose 

For a=O (£=0, or p=l) the vector charges are the same as in the 
'1, 

standard model and the axial charges contain contributions from U(l). 

(ii) Model Independent Parameters 

In comparing neutral current predictions of an electroweak 

model with data it is customary to work with low-energy model inde-

pendent parameters [27]. Here we derive the expressions for the 

parameters which describe various low-energy processes involving 



--

space-like momentum transfer, in terms of the MMM parameters, 

sin26, A, £. The model independent parameters we use are defined 

in the following processes. 

1) Neutrino-electron scattering 

17 

rJJ G-a - e e 
~eff •- I:Zvy (l-Ys)veya(gv + gAy5)e (16) 

The values for ~ and g: determined experimentally 

from v-e elastic scattering data are given in Table 2. 

2) Neutrino-hadron reactions 

(17) 

where q = u or d • 

The available data for these parameters are from deep inelastic 

scattering, semi-inclusive pion production, elastic V p scattering, 

and other processes [28]. The following linear combinations [27] 

somewhat facilitate fits to data, as some of them (8 and o) turn 

out to be independent of sin 2e: 

u d (vector isovector) a = gv - Sv (18a) 

8 = u d (axial isovector) g - gA A (18b) 

u d (vector isoscalar) y = Sv + Sv (18c) 

0 u d (axial isoscalar) = gA + gA (18d) 
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3) ELECTRON-HADRON REACTIONS 

+ eyae [C uy y u + c dch y d 1 I 2u a 5 2 a 5 
(19) 

The parameters clti' cld' c2u' c2d describe parity-violating electron­

nucleon interactions. Not all of these four parameters have been 

determined experimentally in a model independent way yet, and the 

following two combinations are used here: 

b = 

a and b enter into the expression for the asymmetry (AeD) 

in eD scattering [291: 

AeD(y) 9 G 1 - (l-y) 2 
= - - [a + 1 + (1-y) 2. b 1 Q2 20 l2naEM 

(20a) 

(20h) 

(21) 

Since it turns out that the error in experimental determination 

of b is large and the errors for a and b are highly correlated, 

the following combination which is best determined will be used in 

place of b [271: 

c = a+ (22) 



·-

Various atomic parity violation experiments can also be described by 

linear combinations of clu' cld' c2u' c2d' and analyses of some 

alternative models have included the recent data [11]. However, in 

this analysis atomic experiments will not be considered, and a total 

of eight parameters are studied: 

We now derive the expressions for these parameters. From eqs. 

(14), (16), and (17), 

19 

{ M> (cos" -1: sin<l sin6 cos6) [cos<l (TJL -2Q Y sin
2

6)] 

+ M~2 (sin<l + i: sin<l sin6 cos6) [sin" (T3L-2Q y sin
2

6)] ~ , 

M 2 
f w 

z 

g A = ---,-2-
cos e 

{ M\ (cos<l -1 ~ sin" sin6 cosll) [-cos<l TJL 

z 

(23a) 

+ t! sina sinS cos6] - M~2 (sina + t! cosa sine cos8) 

z 

[sin<l TJL + i! cos" sin 6 cos 6]} , (23b) 

where f = e, u, or d. 

Eqs. (23) are written again as: 

(24a) 
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(24b) 

where 

M 2 2 2 
j .. w (cos a + sin a) 

2 M 2 M-2 cos a z z 

(25a) 

M 2 

(M12_M~2) k = w A sinS cose sina cosa 2 cos e e 
z z 

(25b) 

M 2 

( 
2 

0

:::")(:) 2 
2 2 R,= w sin a+ 

2 M 2 
sin e cos e 

cos e 
(25c) 

z z 

Similarly, in terms of j, k, ~. 

(26a) 

b = (1- 4 sin
2

8) (j- ~). (26b) 

Thus all the low energy model independent parameters considered here 

are simple functions of j, k, £,which are in turn expressed in terms 

of the sum and the product of the two boson masses. 

From eqs. (10) and (25), we obtain 

j Q + Q - 1 (27a) = PP 
1 

-y 

±~ [(p +p - 1) (p - 1) (1 - p)] 2 (± for £ 
< 

0) (27b) > 
k = pp 

£ Q + p - 1 (= j). (27c) = 
pp 



--

From eqs. (5) and (27), in terms of the model parameters, 

j - R.-
1 

£2 1 -

k - -
£ 

2 • 
1 - £ 

Finally putting eqs. (24), (26), and (28) together, we arrive at 

the expressions for model independent parameters in terms of the 

MMM parameters: 

l+E 
e = - ! (1 - 4 sin2 8) 2 

8v 2 1 - E2 

e 1 
g = A 4 (1 + E) 

u 3 1 
gA = - 4 1 - E 

E 
l+-

2d = - -2
1 (1 - ~ sin28) 2 

-v 3 1 - E2 

d 1 
gA = 4 (1 + E) 

20 2 1 
a = (1 - -g sin 8) 1 + E 

E 
1+-

b = ( 1 - 4 sin 2 8) 3 

1 - t
2 

il 

(28a) 

(28b) 

(29a) 

(29b) 

(29c) 

(29d) 

(29e) 

(29f) 

(29g) 

(29h) 
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Expressions for e 
&y• 

e gA, a, B, y, 6, a, c are listed again in Table 

2 and compared with the corresponding expressions in the standard 

model. Also shown there are the data from various experimental 

groups compiled by Langacker et al. [26~, and the numbers from the 

best fit to MMM (see next). 

(iii) Fitting 

First of all, we observe from Table 2 that all the eight para-

meters considered are independent of A. In the case of no mixing 

( E• 0), this is easy to understand; the contribution from the new 

gauge sector is, in the zero momentum transfer limit, a function of 
-2 . 
~~ which is independent of g in MMM. Even in the case of non-zero 
M-
mixing, as mentioned before, all the parameters are functions of j, 

k, ~. which are all independent of A (eqs. (28a,b)). Thus the neu-

trino reactions and the eD asymmetry impose no constraints on A. 

Information on the strength of the U(l) coupling will come from 

+- +-e e +ll ll at PETRA energies. 

Now we proceed to perform a two-parameter fit to data with sin2e 

and E. Fig. 1 (a,b) show the regions in the (E, sin26) plane con-

sistent with data within one and a half standard deviation for each 

model independent parameter. We would like to determine the values 

2 of E and sin 8 as precisely as possible, since they have implica-

tions for, among other things, boson masses. The lighter boson mass 

< 
M has an upper bound: z 

p < < 1 - £2 

< M 
M <~ or z -cose 1:1 - £

2 (equality for A + 00 ) • 

(30a) 

(30b) 



That non-zero mixing (£) is needed is apparent from the axial 

e 1 ~ 1 coupling for neutrino reactions; for £ • 0, gA • 4 , and u • - 2• , 
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which are more than four standard deviations off. In Fig. l(a) the 

horizontal band comes from axial couplings (g:. a, 0} which are 

independent of sin2e. 
To gain a better understanding of the location of the allowed 

regions in Fig. 1, we consider some special cases of MMM to be 

compared with the standard model, before we present the best fit to 

data. For 1 
E • - 2 , neutrino interaction parameters are reduced 

to their standard model expressions. Indeed, the small shaded 

region in Fig. l(a) around 1 2 
E = - 2 , sin 6 = .239 (from the best 

one-parameter fit to V data alone [28]) is consistent with all six 

v parameters, but not with eD parameters, especially c. The best 

fit to v data gives 

E = - .46 2 sin e = .241 • 

For these values a= .86, c = .90, which are 1.5 a and 7 a off, 

respectively. 

On the other hand, for E = 0 the eD parameters are the same 

as in the standard model, as they should, since the additional U(l) 

e and quark currents are purely axial and do not contribute to the 

asymmetry [29]. 
e Also unchanged are the vector V parameters (gv, a, 

Y> and a, for which the isolated axial contribution from u<l> 

cancels. However, E • 0, sin2 6 = .224 (from the best fit to SLAC 

data [28]) are in gross disagreement with data for axial V parameters, 

e gA and 6 , as mentioned before. From Fig. l(b) we see that the 

regions consistent with SLAC data are not restricted to near E = 0, 
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but comprises a wide range of £ , including a region around £ • - ~ 
2 where the horizontal v axial band is located. sin e allowed by 

SLAC data in this region is larger than in the standard model. 

Thus it is not surprising that the best fit to all data for 

MMM gives: 

£ - - .44 • (31) 

For these values all eight parameters are in good agreement with 

data, as shown in the last column of Table 2. The relatively large 

2 value of sin e may not be a problem yet, in view of the absence of 

a realistic supersymmetric GUT including U{l) • The fit is generally 

improved when we include in Section 3 a Higgs isosinglet transforming 

non-trivially under U(1) • 

To get an idea of the location of the boson masses, we note 

that the best fit (31) gives: 

< 
p < .81 , 

or M z 
< 

< 73.5 GeV , 

while M = 68.7 GeV. The upper bound corresponds to A+® 
w 

and as A gets smaller, so does M z 
< 

The lower bound on A, thus 

(32a) 

(32b) 

< on M , can possibly come from data for the 
z 

~+ ~- forward-backward 

+-asymmetry in e e annihilation, which is considered next. 



(iv) +- +­Asymmetry in e e + ~ ~ 
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As in most other multi-boson models where there is at least one 

neutral boson lighter than the standard model Z, we expect the 

forward-backward asymmetry A~~ to be more negative at low energy 

than in the standard model. The contributions to the asymmetry 

come from three interference terms among photon, Z, a~d Z exchanges 

[30]. 

A~~ .. 3 F3 
4 F' 1 

2 - 2 - 2 2 21 12 F1 = 1 + 2 [~ Re(R) + gv Re(R)] + (gv + gA) R 

= 2 

(33) 

where R = s 
2 2 • and ~· gA are the vector and axial 

e (s - M + i M I) z z 

couplings of e ( \.l) to ,z. 

For center of mass energy (/S0 much less than the smaller of 

the boson masses, the interference between Z and Z exchanges is 

negligible, and the asymmetry is approximately given by: 

(34) 
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where the widths have been ignored. 

One of the two terms in eq. (34) is expected to be negligible com-

pared to the other, especially when the two masses are widely 

separated, but the sum results in algebraic simplification. 

0 
.. - ----=-----:2:-- (j ... - 2k... + R."') t 

16 sin2e cos e 
(35) 

where 

j = (36a) 

1 
-)sina cosa sine cos8 ~ o- p e 

(36b) 

= ( 

. 2 Sl.n a 
0- p 

+ cos2~) (i) 2 

o- p e 
.. 28 28 sl.n cos , (36c) 

0 = 
2 s cos e 

M 2 
, i.e. center of mass energy squared in units 

w 
of the standard Z mass squared. 

j"', k"', t"' reduce to j, k, R. of eqs. (27a,b,c) in the zero limit of 

center of mass energy: 

t"' ( o = 0) = R. , etc. 

In terms of the model parameters, 

... (P + P - 1) - o A- o 
(37a) j = = (o- p) (0 - p) 2 2 

0 - (A+ 1) a+ A (1 - £ ) 

1 

k 
, 

:t 1 [ (p +p - 1) (p - 1) (1 - p)] 2 (E 
< 

0) = 
(o - p) (a - p) > 
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2 A£ . ~------~~~~------~ 
rl - (A + 1) o + A (1 - £

2
) 

(37b) 

• (1 - o) ( o + o :. 1) • 
(o -p) (o- p) 

(1 - o) A • (37c) 
o2 

- (1 + A) o + A (1 - £ 
2

) 

Putting eqs. (S) and (37) together, we finally have 

' 

+ 1 a [(1 + <) - a]
2 

} (38) 
(1 - £2) - 0 

2 2 • 
[(1-£ )-o]A-(o-o) 

. 
The dependence on A is isolated in the second term in braces. 

For o < P ~ , which includes the region in energy where there are 

data available and where eq. (38) is approximately valid, this A-

dependent term is always positive, regardless of A. Thus A~~ has 

an upper bound: 

A~~ ~ - 3 0 2 (l + e:) - 0 (equality for A + oo). (39) 
32 sin

2e cos
2e (1 - e:2) - o 

If we compare the expression (39) with A~~ in the standard model: 

3 0 
A~~ = 

standard 
2 2 1 - 0 32 sin e cos e (40) 

we see that for the same value of sin2e , the minimum of lA~~~ in 

eq. (38) is always greater than I A~~ I• for o s.. 1 - e?. 
standard 

Thus, even for A + oo , which corresponds to M_ at infinity, the 
z 

addition of an extra gauge symmetry with the minimal Higgs structure 



llll 
implies a more negative value of A than in the standard model at 

llll 
low energy. Also the slope of A as a + 0 (which is independent 

of A) is steeper in MMM than in the standard model by a factor of 

2 
1 - E • 

For the values of the MMM parameters determined earlier (eq. 

(31)), and for IS c 34 GeV, eq. (38) becomes 
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(41) 

While some experimental groups (CELLO [17], MARK J [18]) reported 

data consistent with the standard model prediction, other groups 

(TASSO [19], JADE [20]) find the asymmetry considerably more nega-

tive. In the former case, the errors are not small enough to rule 

out MMM, and A will have a lower bound. In the latter, if we take 

the TASSO data (Allll = - .16 ± .03) [19], for example, the bounds 

on A are: 

.29 < A < .61 , 

which corresponds to 

43 GeV < M- < 53 GeV , z 

85 GeV < M < 90 GeV • 
z 

(42) 

(43a) 

(43b) 

In Fig. 2 the predictions for Allll in MMM and in the standard model 
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are compared. The data from various groups are shown in Fig. 2(b). 

3. THE EXTENDED MIXING MODEL (EMM) 

(i) Parametrization 

While MMM considered in the previous section was shown to 

be consistent with the existing low-energy data, it could be soon 

ruled out by data from more asymmetry measurements or the upcoming 

p p collision experiments. In this section an extension of MMM is 

made in view of the fact that in actual models SU(3) X SU(2) X U(l) 

singlet Higgs fields • i (i = 1 toN) are often introduced [2,25]~ 
0 

- - i which have U(l) charges, y and obtain non-zero VEV's. These 
0 

fields have the potential to improve fits to data, since in effect 

they introduce a new parameter into the neutral current sector. 

The quantum numbers of • i are listed in Table 1. 
0 

The covariant derivative for • i is: 
0 

(1) 

As •oi obtain VEV's, h i the contribution to the mass matrix from 
0 ' 

• i is written as: 
0 

where 

t = 1 + r 
i 

(2) 

(3) 
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The mass matrix then becomes 

M2 • l (h 2 + h 2) 
4 1 2 {4) 

Again we have chosen y1 • -

{Otherwise, det M2 
ex ( y

1 
+ 

mass.) 

1 
Y2 • 2 not to break electromagnetism. 

y2)
2 + 0, and the photon will develop 

The non-zero eigen values satisfy: 

P + P = 1 +At {Sa) 

{Sb) 

We choose the following solutions to eq. {5) (as e: + 0, P + 1 and 
u 

P +At): 

1 
{ 1 + At + (1 - At) ~+ 4A~ } p=-

{1 - At) 2 2 
(6a) 

- 1 { ~+ 4A£2 

}· P = 2 1 + At - {1 - At) 
{1 - At) 2 

(6b) 

The upper limit of the smaller boson mass is now given by: 

< 
p <1 --

t 
(7) 
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which is larger than in MMM for the same value of £ • 

The expression for the mixing angle a is exactly the same as 

in MMM in terms of p and p (eq• (2.10)). The intermediate 

quantities j, k. 1, although they are still the same functions of 

p and p , are modified since p and p now depend on t: 

j -
t 

- £2 t 
(Sa) 

k .. - £ 

t- £2 
(8b) 

i = 1 

t - E2 
(Be) 

The eight model independent parameters are now given by: 

E 
1 t +-e - 4X) 

2 
8y = -- (1 2 2 

t - E 
(9a) 

t -
1 + E 

e 1 2 
gA = 2 

t - E2 
(9b) 

E 
t+-

a (1 - 2X) 2 = 2 
t - E 

(9c) 

E t+-
a 2 (9d) 0:: -

t - E2 

£ 
2 t +-2 (9e) -. y = --X 
3 

t - E2 

!+ E 
6 2 {9f) = -

t - E2 
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(1 ~, 20 X) t - £ 
a - £2 9 

t -
(9g) 

£ 

(1 - 20 X) 1 t +-
t - £ 3 c - £2 

+ (4 - X) 
t - £2 • 9 t 

(9h) 

where X - sin2 e • 

(ii) Comparison with Low Energy Data 

Again the expressions (9) are independent of A as in 

MMM. For t • 1 they reduce to the MMM expressions, as they should. 

We also notice that for large t the standard model is asymptotically 

recovered, as in models where the scale of the U(l) breaking is made 

large compared to 0 (100) GeV [25]. EMM is truly an extension of 

the standard model in the sense that there is now a parameter for a 

certain value of which the standard model is recovered. Therefore, 

,we expect that regardless of the value of £, a very large value of 

t will give as good a fit to data as the single-parameter standard 

model. 

In Fig. 3 the regions in the £ - t plane consistent with 

neutrino data for sin2 e -independent quantities to within 1.5 o are 

shown. Figs. 4 and 5 show, for a representative value of sin~ = 

.230, the regions in the £- t plane consistent with neutrino and eD 

2 data for sin 9 -dependent quantities to within 1.50 and 10, respec-

tively. One region consistent with all data, as noted before, lies 

above a certain large value of t and comprises a wide range (almost 

all values, for a reasonable value of sin2 6) of £ • 

Thus it is not surprising that the best fit to all data gives t 



33 

of the order of a 2 few hundred, for sin e ranging from .220 to .250, 

Which corresponds i to h
0 

- h1 , 2 X 0(10) , unless N is large. This 

value of t may seem too large in view of the theoretical prejudice 

regarding naturalness. However, the value of t is very sensitive 

to data, and as mentioned before, the current data can be accommo-

dated for a wide range oft (including_t- 5) as well as or better 

than in the standard model. · The present experimental accuracy thus 

places virtually no useful constraint-on the allowed range oft. 

It should be noted that for smaller t the allowed range of E be-

comes more restricted, which has implications for the upper bound 

on the lower boson mass (see eq. (7)). 

As an illustration of these points, we consider the special 

1 case E = - 2· From Fig. 6 it is seen that a much smaller value of 

t is permitted than the best fit. Indeed we observe from eqs. (9) 

1 that for e: = - 2 all the V parameters are reduced to their 

standard model expressions, just as in MMM. eD parameters in this 

case are still functions of both sin28 and t. This t-dependence 

will serve as the basis for an improved fit to eD data with the 

other parameters ( e:, sin28) determined from V data as in the 

standard model. In this respect, this model (with e: = - !, and 
2 

sin28 and t as free parameters) resembles the SU(2) X U(l) X U(l) 

model of Deshpande and Iskandar [31] whose V sector is the same as 

the standard model, and whose electron-quark reactions are described 

by an additional parameter. For e: = - ! and sin28 = 239 + 010 2 • - • 

(from the standard model fit to V data) the best fit to eD data 

gives 



t- 7.85 + 12.9 
3.35 • 
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2 
Fig. 6 shows regions in the sin e - t plane consistent with data for 

a and c within 1 a. Again it is clear that t is highly sensitive to 

data. 

Another special case where some low-energy parameters are the 

same as in the standard model results for E • 0. As in MMM, the eD 

parameters and also ~· a, B. y are unchanged, but g: and c5 now 

depend on t. The best fit to data for these two parameters gives 

t = 350, which makes £ • 0 less favorable than £ = - t· 
to favor large t forE c 0). 

e 
(gA tends 

To get an idea of the boson masses in EMH, we note from 

£ = - ;, sin2e = .239, t = 7.85 

we get 

< 
p ~ • 97 , 

or M z 
< 

(iii) 

< 86.1 GeV • 

+- +­Asymmetry in e e + ~ ~ 

(10) 

(lla) 

(llb) 

The expression for A~~ is the same as in MMM in terms of 

j .. , k .. , ~ .. (eq. (2.35)). However, j .. , k ... , R. .. are modified: 

j .. At - a 
= 

(t - £2) 2 a - (1 + At) a+ A 
(12a) 

k .. A £ = -
a2 - (1 + At) a + A (t - £2) 

(12b) 
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1"" -
(1 - a) A (12c) 

Thus from eqs. (2.34), (12), the asymmetry is given by: 

The 

< 

- - ----~3~a----~ 
32 sin2e cos2e 

a (a - (1 + e:) ] 2 
+ 

t (1 - a) - e:2 

{ 
(1 + t + 2e:) - a 

t (1 - a) - e:2 

1 } 2 • (13) 
[t (1 - a) - E ] A - (a - of) 

first term in braces 
E2 

in eq. (13) is again always positive for a 

1 - e- , and smaller than the corresponding term in the MMM 

prediction for the same value of e: • Since the second term is always 

positive regardless of A as in MMM, the minimum of I A~~ I in EMM 

is smaller than that in MMM for same e: , in the range of a where 

eq. (13) is approximately valid. 

In fitting EMM parameters to the asymmetry data, one must be 

< careful unless t is small (t - 5, which could be too small in view 

of naturalness). If one works with fairly large t (as required, 

for example, from the low energy data), the approximation for A~~ 

in eq. (2.34) may not be valid for asymmetry data considerably 

larger than predicted in the standard model. This is illustrated 

in the example given before (eq. (10)). Using the TASSO data (A~~ 

= - .16 t .03), we find 

• 020 < A < • 021 , (14) 

which corresponds to 



34 GeV < M­z 

87 GeV < M­
z 

< 35 GeV , 

< 88 GeV • 

For this value of M-, the terms neglected in eq. (2.34) are z 

actually bigger than the lowest order terms in eq. (2.34), and 
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(15a) 

(15b) 

should obviously be included for the precise determination of the 

boson masses. However, the crucial point here is that the location 

of the lower boson mass is very near the center of-mass energy, 

which is- in clear contradiction with, for example, the current data 

+-for thee e total cross section [32]. 

Why this happens for not so small t and large I Allll I is seen 

from the approximation of eq. (13) for large t: 

A
llll llll -

- Astandard + (const) 

X 
1 

- (0- Ql) t (1 - 0) A 

or 

(const) ' 0 
A + -

t2 /). t 

• 

0( ( 1 + E) - 0) 2 

t 

(16) 

(17) 

where 6 is the deviation from the standard model prediction. For 

large t. unless t. is small A - i regardless of the value of /). • 

and A is determined so that the mass of the lighter boson is close 

to the center of mass energy •. Thus it follows that if the asymmetry 

data considerably larger than the standard model prediction are not 
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+-accompanied by the corresponding peak in the e e total cross-

section, t should be small for EMM to be consistent. If small t 

is indeed preferred, large mixing ( £), in turn, could put a non-

trivial upper bound on the lower boson mass (see eq. (7)). To make 

more definite remarks on the fate of EMM, we would have to wait for 

more data on A~~ and results from pp experiments. 

4. OTHER PROCESSES 

Two other neutral current processes which are potentially affected 

by the presence of a new U(l) gauge group are considered in this 

section. 

(i) Widths of Z and Z 

The decay widths of neutral bosons may soon be directly 

- +-measured in the upcoming pp and e e experiments. The partial width 

at the tree level ( r
0

) of a neutral boson Z is easily expressed in 

terms of the Zf1f 2 couplings [33]. 

M 2 + M 2 2 M 2 M~ 
1 

M 2 
r o (Z + f{t2) z [(1- 1 2 ) - 4 1 2 ] =--

121T M 2 M 4 
z z 

M 2 + M 2 2 2 2 I 2 2 [1 
1 2 i eM-2M

2 
) l X (gv + gA ) 

2M 2 
z z 

3 (~ 
2 2 Ml M2 I· (1) + - g ) 

M 2 'A 
z 

where M
1

, 2 are the masses of t 1 , 2 and the fermion current used is 

71 Y~ (gv + gA Ys) f2 • 
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For most fermions masses are negligible, and eq. (1) stmpli-

fies to: 

r o 
2 2 

(&y + gA ) • (2) 

Using the couplings derived in Section 2, and summing over e, v, ui' 

di (i:color), we obtain the total widths: 

r z 
0 

Mz [ e
2 

2 2 8 8 4A-.. .., N 12 1T 2 2 cos a (1 - 2 sin + 3 sin v 1 
sin e cos e 

15 -2 2 ] + 32 g sin a , (3a) 

-r z 
0 

Mz [ e
2 

2 2 e 8 4 A. = N 12 1T 2 2 sin a (1 - 2 sin + 3 sin v 1 
sin e cos e 

15 -2 2 ] + 32 g cos Cl ' (3b) 

for N generations. 

For the values of £ and sin2 8 from the best MMM fit (eq o (2 o 31)) and 

A determined from the TASSO data [19] (eqo (2o42)), we obtain 

r z ~ 1.8 GeV 
0 ,. 

-r z ~ • 3 to o 7 GeV , 
0 

for three generations. 

(4a) 

(4b) 

For EMM, since the values of the model parameters were not deter-

mined we merely note one special case ( £= 0) where the ratio of 

the widths simplifies: 

--



15 --32 
1 
2 8 4 (1 - 2 sin e + 3 sin 6) 

3 
A2 ,lt. 

(ii) The Anomalous Magnetic Moment of the Muon 
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(5) 

The weak current contribution to a • g - 2 in the standard 
\J 2 

model is known to be too small to detect at the present level of 

experimental accuracy [34]. We examine here how the addition of 

U(l)·alters this situation. 

To lowest order, the weak corrections to a come from the four 
\J 

diagrams in Fig. 7, i.e., one-loop diagrams involving the exchange of 
+ .. w-. Z, Z, and Higgs. As in th~ standard model calculation, the Higgs 

contribution is down by 0 (~2) and will be ignored. The contribu­

tion from the charged weak current is the same as in the standard 

model: 

w 
a = 

'1.1 

5 M 2 G 
12 lf-rl '1.1 F 

(6) 

The contribution from the Z exchange (Fig. 7(b)) is given by [34]: 

z (7) a 
'1.1 

· a/ is given similarly. z z The sum of a and a simplifies in terms 
'1.1 '1.1 

of the intermediate parameters j, k, i defined in eqs. (3.8): 

- M 2G I 
a Z,Z = '1.1 F 1[(1- 4 sin2e)

2 - 5] j - 10 k- 5 i . 
'1.1 24 lf-rl 

(8) 

Putting eqs. (3.8)-and(8) together, the total weak contribution to 

a in terms of the model parameters is: 
'1.1 

= 
M 2 G 

'1.1 F 

24 lfi 
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weak The current experimental bounds on a are: 
~ 

- 1.5 • 10-8 
< 

weak 
< 2·10-8 [34]. (10) 

For EMM no useful bound on t is obtained, again because of the sensi-

tivity of t to experimental errors. For MMM, in a wide range of E 

including the best fit from low energy data, eq. (9) is more nega-

tive and cancels more of the charged weak current contribution of 

eq. (6) (which has the opposite sign), to make eq. (9) even smaller 

than in the standard model. Thus no useful constraints on the model 

parameters are obtained from the current data for the muon anomalous 

magnetic moment. 

S. SUMMARY AND CONCLUSIONS 

In this chapter, the neutral current sector of a class of super-

symmetric SU(2) X U(l) X U(l) models has been parametrized by A, £, 

and t, which measure the relative strength of the new U(l) inter-

actions, the mixing between the two massive neutral bosons, and 

the Higgs isosinglet contribution to the boson masses, respectively, 

in addition to the usual sin
2e. Neutral current.data including (I) 

various neutrino interactions, (II) SLAC eD asymmetry, and (III) 

+- +·-
~ ~ forward-backward asymmetry in e e annihilation have been used 

to obtain bounds on the two neutral boson masses. (I) and (II) were 

2 used to fit sin e, E, and t, and from (III) bounds on A were obtained. 

In the absence of Higgs isosinglets (t = 1; MMM), (I) prefers 

E = - ! while (II) reduces to the standard model expressions for 

E = 0 • The best fit to both (I) and (II) gives £ = - .44 



• .295, for which agreement with the data is good 

for all the model-independent low-energy parameters considered. 

2 The large mixing (both £ and sin 8) required in MMM places the 

upper bound of 74 GeV on the mass of the lighter boson. There is 

some uncertainty in the current experimental situation for (III). 

Depending on which asymmetry data we take, the prediction for the 

lower boson mass can be as low as 43 GeV. (The TASSO data, which 

are considerably larger than the standard model predicts, give 
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.29 < A ~ .61 or 43 GeV < Mz ~53 GeV.) If a neutral boson 

does not turn up in the upcoming pp experiments until around 90 GeV, 

MMM is probably ruled out. 

If there are Higgs isosinglets present (t ~ 1; EMM), as f + 00 

the standard model is recovered. For a wide range of t (especially 

for large t) the data for (I) and (II) are well accommodated. Even 

for not so large t (t - 5, which is preferred by the theoretical 

2 prejudice regarding naturalness), there are regions in theE- sine 
I 

plane consistent with (I) and (II). Since the value oft is 

extremely sensitive to the experimental errors, however, no useful 

constraints on tare obtained from (I) and (II). As for (III), if 

the asymmetry is indeed much larger than the standard model predic-

tion, the isosinglet contribution to the boson masses ~hould not 

dominate. This further implies that the mixing (E) would have to 

be small if a low-mass boson is not found. On the other hand, if 

the asymmetry is not large, EMM survives for a wide range of t, 

regadless of the location of the lighter boson. 

More precise low-energy data, the direct production of one or 

more neutral bosons, or more theoretical constraints will obviously 



shed more light on the relevance of the supersymmetric extra U(l) 

models considered here. 
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Table 1: Quantum Numbers of the Left-handed 

Chiral Fields in EMM 

-SU(3) SU(2)L U(l) U(l) 

1 
... 

QL 3 2 '2. 
6 2 

1 
... - '2. UR 3 1 3 2 

2 
... - '2. DR 3 1 -3 2 

1 
... 

~ 1 2 '2. -2 2 

- z ER 1 1 1 
2 

~1 1 2 
1 -
2 y 

~2 1 2 
1 

-2 y 

~ i 1 1 0 
... i 
Yo 0 

43 
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Table 2: X : sin2e 

l"lOOel. 
Independen Standard MMM 
Parameters MMM Model Data Best Fit 

1 
1+~ 

1 e 
(1-4X) 2 

(1-4X) .06 ~ .08 .09 ~ -2 2 -2 
1 ~ £ 

e 1 1 1 
.52 . ~ .06 .45 gA 4 1 + £ 2 

1+-f 
(1-2X) 2 

1 - 2X .589 ± .067 .396 a 2 
1 - £ 

1+~ 
B 

2 
- 1 .937 ± .062 - .967 - -

1 - £ 
2 

2 
l+f. 

2 2 
.273 .081 - .190 y --X 2 --X - ~ 3 

1 - e:: 
3 

.!+£ 
0 2 

0 - .101 ± .093 - .074 - 2 
1 - £ 

(1 - 20 X) 1 a 
9 1 + £ 

i - 20 X 
9 

.60 ± .16 .62 

(1 - 20 X) 1 
9 1 + £ 

c 1+-f 
1- 29 X .53 ~ .OS .57 

1 3 
4 9 

+ (4 - X) 
1 -

2 
e:: 



Fig. l(a) 

(b) 
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FIGURE CAPTIONS 

Regions in the £ - sin2 e plane consistent with neutrino 

data for the parameters g:. a, e, Y, ~ to within one and 

a half standard deviations. The small shaded area is 

common to all regions. (The region for ge is not 
v 

shown, which also includes the shaded area.) 

2 Regions in the £ - sin 8 plane consistent with data for 

SLAC eD parameters, a (shaded) and c to within one and 

a half standard deviations. 

\ (c) Regions allowed by (I) neutrino data (Fig. l(a)) and 

(II) eD data (Fig. l(b)) are shown again along with the 

best fit to MMM. 

Fig. 2(a) Predictions for A~~ in the standard model and in MMM fer 

Fig. 3 

Fig. 4 

(b) The shaded region is allowed by MMM and the solid line 

corresponds to the minimum I A~~ I. Also shown are the 

data from various groups. 

Regions in the £ - t plane allowed by neutrino data for 

sin2 8 independent parameters to within one and a hP:f 

standard deviations. The shaded area is common to all 

regions. 

The shaded region is allowed by V data for sin2 ELdependent 

parameters to within 1.5 o, for sin2 8 = .230. 



Fig. 5 

Fig. 6 

Fig. -7 

The shaded region is allowed by SLAC data to withi~ lo 

for sin2 e - .230. 

2 The shaded region in the sin e - t plane is allowed by 
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1 eD data to within 1 a for EMM with £ = - 2· The best fit 

for t as a function of sin2 e is also shown. 

Diagrams contributing to the weak corrections to a~ 

·-
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II. MASS EVOLUIION IN UNIFIED THEORIES 
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INTRODUCTION 

Grand unified theories (GUTs) [1], based originally on specu-

lation about a symmetry group relating low-energy particle inter-

actions of apparently different strengths, now enjoy much respect 

among theorists thanks partly to some phenomenological s~ccess. 

Three major predictions are usually regarded as characteristic of a 

broad class of grand unified models [2): 

· (1) The finite lifetime of nucleons. 

(2) The value of sin2 e at low energy renormalized from its 

value at the grand unification mass (GUM) scale. 

(3) Certain fermion mass ratios at low energy renormalized 

down from their GUM values. 

Unless prohibited explicitly by some kind of discrete symmetry, 

the decay of nucleons is inherent in most grand unified models, be-

cause of the presence of gauge bosons which carry quantum numbers of 

both quarks and leptons. Most theoretical estimates of the proton 

lifetime [3] border on the current experimental lower limit 

( T , exp 
p 

30 > 1 -2 • 10 yr) [4]. A spectacular confirmation of 

this prediction may soon come from the search for proton decay cur-

rently under way [5]. Predictions (2) and (3) are also direct con-

sequences of a basic concept GUTs are founded on; coupling constants 

are functions of the energy scale and evolve according to the 

appropriate renormalization group equations. In the minimal SU(S) 

2 3 ~ 
model, for example, where sin 8 = 8 and M: = 1 at GUM, low energy 

t 
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values for these parameters have been shown to be consistent with 

2 ~ 
data (sin e = .206 - .216 l.61, M - 3 [7 ,a]). 

2 T 
The evolution of sin e is governed by the 8 functions for the 

coupling constants. The evolution of mass is usu~lly treated in the 

same manner; mass is considered as another parameter receiving multi-

plicative renormalization. Thus the scale dependence of mass involves 

the anomalous dimension of the mass operator which is calculated 

perturbatively. However, there has been some discrepancy in the 

literature regarding gauge invariance of this procedure. It is the 

purpose of this chapter to clarify some of that confusion by recalling 

that in unified theories tree level fermion masses arise from Yukawa 

couplings. It is shown that the formula for mass evolution is not 

only gauge invariant but also has a very simple expression in the 

sense that it only depends on the representation content of the fer-

mions and not on that of Higgs. 

The organization of this chapter is as follows. Section 1 rtviews 

the concept of mass evolution and the previous treatment of mass ratios 

in GUTs. In Section 2, a chiral U(l) model is considered, and the 

explicitly gauge invariant expression for the running mass is derived 

to the one loop level. In Section 3, the result of Section 2 is 

generalized to a non-Abelian case. The expression for the anomalous 

mass dimension is shown to be Riggs-independent as well as gauge in-

variant. In Section 4, a further extension is made to include the 

effect of supersymmetric partners of ordinary particles in the loop. 

Section 5 contains some applications of the formulas derived in the 

previous sections. 
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l. REVIEW OF THE PREVIOUS TREATMENT OF MASS EVOLUTION IN GUTs 

A basic idea of grand unified theories is that various coupling 

constants associated with low-energy gauge groups evolve at differ-

ent rates to merge into a single parameter at some large mass scale 

(GUM) [9]. The dependence of a coupling constant gi on the scale 

(~) is given by: 

(1) 

where Bi are calculable to a given order in perturbation theory from 

the renormalization of a three-point gauge vector VP.rtex function 

[10]. 2 Thus sin 8, or its equivalent, which is essentially the ratio 

of two coupling constants subject to different renormalization group 

equations, is renormalized at low energy to a value different from 

its GUM value which is determined simply by the structure of the 

unifying group. 

The mass of a fermion m, if treated as a coupling constant 

receiving multiplicative renormalization, evolves according to the 

following equation (7]: 

dm 
dln~ = 'Y. m ' m 

(2) 

where 'Y. is the anomalous mass dimension, which is calculable from 
m 

the renormalization of a two-point mass insertion operator. 

To lowest order, Bi and ym are written as: 
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- (3a) 

(3b) 

From eqs •. (1), (2), (3a,b), the ratio of the fermion masses at two 

different scales is: 
0 

. 2 
ym 

(lll) (lll) ) 
i 

m (g\ 2S 
0 

c: n m (ll2) (ll2) 
i 

i gi 

(4) 

s 0 
i is well known [11]: 

s.o 1 11 ¢ _!!.f!j] = 3 l. 16 1T 
2 A 3 F 

(5) 

Where ¢A is the quadratic Casimir invariant for the adjoint repre-

sentation of the gauge group, and f!JF is defined in 

tr (T a 
F 

T b) 
F =f!J cab (6) 

F • 

TFa being a matrix representation for fermions. The first computation 

of Y 0 for an arbitrary gauge group was done by Nanopoulos and G. G. 
m 

Ross [12], who considered the diagram (a) in Fig. 1 in the Landau 

gauge (where the gauge parameter a = 0). Although, in general, all 

0 
three diagrams in Fig. 1 contribute to Y , in the Landau gauge the 

m 

fermion wave function renormalization is absent, and the answer they 

obtained is gauge invariant: 
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3 ---e-rf 
(7) 

where ¢F is the quadratic Casimir i~variant for the fermion repre­

sentation. 

Now we briefly discuss the lepton-quark mass ratios in SU(5) 

[13]. If a single Higgs transforming as a~ under SU(5) gives mass 

to fermions through Yukawa terms, mn = ~ holds at GUM, where D and 

1 
E denote a charge - 3 quark and a charged lepton, respectively. As 

we go down in energy, D and E evolve differently in mass, since they 

have different SU(3) X SU(2) X U(l) quantum numbers. 

t. 0 

From eq. (4), 

where t.yo 
mi 

= n 
i 

:ym· 
1 

2 f3 0 
i 

is the difference between yO 
m. 

1 

(8) 

's for D and E, and i 

refers to SU(3), SU(2)L, or U(l). The SU(3) corrections are domin-

ant in eq. 

to obtain 

generation. 

(8), and Chanowitz et. al. [7] applied eq. (8) for SU(3) 
m 
_Q =3 at low energy, which works well for the third 
~ 

This lowest order result cannot be directly applied to 

the first or second generation, because at momenta of the order of 

md or m , a is not small [14]. s s 

Although SU(2)L X U(l) corrections in eq. (8) are only about 

10% of SU(3) corrections, some confusion arose in the literature 

when Ym
0 

for SU(2)L X U(l) computed in two different gauges gave 

different answers [7,15]. This apparent non-gauge invariance of Ym 

for chiral theories is in fact not surprising, since the gauge de-

pendence in the contribution from three diagrams in Fig. 1 is not 



cancelled when left- and right-handed fermions have different wave 

function renormalizations. For example, in the case of SU(2)L the 

diagrams l(a) and l(c) give zero since the. right-handed fermions do 

not couple to SU(2) bosons, and the only remaining diagram (l(b)) 

contributes a gauge dependent wave function renormalization. 

This was also pointed out explicitly by Elias [16] who used 

the simple example of a chiral U(l) model, in which left- and right-

handed fermions have charges aL and aR, with aL + aR in general. 

The mass renormalization was done on a massive fermion propagator 

to yield, to one loop order, 

where a is the gauge parameter in the vector propagator: 

- i 

k
u v 

glJV - (1 - a) · k 
k2 

(9) 

Eq. (9) is identical to the sum of the contributions from the three 

diagrams in Fig. 1. His point, illustrated further with specific 

examples from GUTs, was that in chiral theories although the anoma-

lous dimensions of individual mass operators are in general gauge 

dependent, the ratios of masses evolve in a gauge-independent way. 

However, Georgi and Nanopoulos [17] noted that the proper pro-

cedure is to consider the Riggs-fermion-fermion vertex which serves 

to give mass to fermions at the tree level in unified theories. 

Since a Yukawa term h ~L~~R is gauge invariant, its anomalous 
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dimension is expected to be also gauge invariant at least to the one 

loop order [11], while the mass insertion operator m ~ is not gauge 

invariant in chiral theories. The evolution of mass, at least in 

the intermediate energy range (between the SU(5) and SU(2} X U(l) 

breaking scales), is essentially governed by the scale dependence of 

the Yukawa coupling h: 

(10) 

To lowest order, 

= (11) 

If a single Higgs is used in all the Yukawa terms in question the 

ratio of fermion masses is given by that of the corresponding Yukawa 

couplings. In the next two sections, gauge invariance of this pro-

cedure is demonstrated for chiral abelian and non-abelian theories. 

2. THE CHIRAL ABELIAN CASE 

We use the notation (a
1

, aR) introduced in the previous section. 

The relevant diagrams contributing to Yh are shown in Figs. 2(a) 

and 3. The renormalized Riggs-fermion-fermion coupling ~ in terms 

of the bare h is given by: 
0 

= h 
0 

1 
(ZLZRZH)2 

zlz2z3 
(1) 
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Where ~· Za• z8 are wave function renormalization factors for the 

left-handed fermion (diagram 3(a)), the right-handed fermion (dia­

gram 3(b)), and the Higgs (diagram 3(c)), and z1 • z2• z3 are the 

renormalization factors for diagrams 3(d), 3(e), 3(f), respectively. 

The contribution from each Z factor toyh can be read off from 

its logarithmically divergent term; the negative of the coefficient 
. A 

of the term proportional to ln ~ (when regularized with cutoff A) 

1 (when dimensionally regularized) is weighted by an appro-or 4 - n 
1 

priate factor from eq. (1) (2 for ZL' ZR, ZH, and- 1 for z1 , z2 , z3). 

For example, from diagram 3(a), we have 

2 
2 aL 

= 1 - .s__ ..,-- a 
87? 4 - n 

Thus its contribution to yh is: 

We now list the contributions to yh from each of the six 

diagrams in fig. 3: 

y (a) 
2 

a 2 = a _g__ 
h 161T2 L 

y (b) 
2 

a 2 = a _g__ 
h 161T2 R 

y (c) 2 
= - (3 + a) .s__ a a 

h 81T2 L R 

(2) 

(3) 

(4a) 

(4b) 

(4c) 

,·· 

.. 
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Y. (d) 
2 - - a.L. a ( a - •a> h 81T L L (4d) 

Y. (e) 
2 - a'- •a ( a - •a> h 81T2 L (4e) 

Y. (f) 
2 

a )2 - - (3 - a) _:.L. ( a -h 161T
2 L a (4f) 

Notice we have used the fact that the Higgs charge in diagrams 

3 (d, e, f) is required to be ( aL - aa) from gauge invariance of 

the Yukawa term. 

The sum of eqs. (4a) through (4f) gives 

= 3 g2 ( a 2 + 
- 16~ L 

(5) 

which is gauge invariant. If we compare eq. (5) with eq •. (1.9), we 

see that Elias' result corresponds to dropping diagrams 3 (d, e, f), 

as mentioned before. It can be also seen at this point why the mass 

ratio is guaranteed to be invariant even in the previous formulation 

in which a mass insertion is renormalized. The evolution of the 

ratio of two masses M1 and M2 is essentially governed by the differ­

ence between their anomalous mass dimensions. In the chiral abelian 

case, from eq. (1. 9) , 

I -6 ( a (1) a (1) + a (2) 
L R L 

+ a [( a (1) _ a (1))2 
L R 

(6) 



In unified theories where fermion masses arise from Yukawa terms, the 

a - dependent term in eq. (6) is zero, since (aL - aR) for any fermion 

is fixed to be equal to the charge of the Higgs in the Yukawa term. 

Stated differently, the reason the calculation of the ratio in Landau 

gauge turned out to be correct is that in that gauge only diagrams 

3 (c) and 3 (f) are non-zero. The former is the only one calculated 

by Buras et al. [8], and the latter, being only dependent on Higgs, 

cancels in the mass rat~o. 

3. THE NON-ABELIAN CASE 

We generalize in this section the calculation of the previous 

section to a non-abelian case. The Yukawa terms are written as: 

'i' i 'i' j cpk • 
L R 

(See Fig. 2 (b)). 

(1) 

Analogously to the requirement in the abelian case that the Higgs 

charge be fixed to (aL-aR), gauge invariance of the Yukawa terms 

implies [18) that 

(2) 

a a a where TH , TL , TR are the matrices for Higgs, left-handed, and 

right-handed fermion representations. 

The same relation that was mentioned in the previous section 

between the Z factors and their contributions to Yh is used. It 
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turns out that these contributions are expressed solely in terms of 

the quadratic Casimir invariants for the Higgs, left-handed fermion, 

and right-handed fermion representations: 

¢H 6ik 
1: 1: (T a) (T a) 

a,j H ij H jk 
(3a) 

'L 
6
ik 

.. 1: (T a) (T a) 
a,j L ij L jk 

(3b) 

¢R 0 1: (T a) a 
1: (TR ) • ik a,j R i' . J jk 

(3c) 

We now list the contributions to Yh from each of the diagrams 

in Fig. 3. Diagrams 3 (a, b, f) give in a straight-forward way: 

Y. (a) 
2 

= a _L.. tL h 16~ 
(4a) 

y (b) 
2 

= a _g__ 
¢R h 16n2 

(4b) 

y (f) 
2 

= - (3 -a) _L.. ¢H h 16n2 
(4c) 

U h 1 · (1) 1 · · T a · f T a d T a sing t e re at1on to e 1m1nate H 1n terms o L an R , we 

get from diagram 3 (c), 

y (c) 
h 

= (5) 

Similarly, with eq. (1), diagrams 3 (d) and 3 (e) combine to give: 



(d) + (e) 
yh -

Putting eqs. (4), (5), (6) together, we have the final result: 

- - _1__2 g
2 

<¢L + ¢R). 
161T 

Again eq. (7) is gauge invariant, and the dependence on the 
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(6) 

(7) 

Higgs representation has also dropped out. This means that although 

the tree level mass relation certainly depends on which Higgs fields 

are used in the Yukawa terms, its subsequent evolution depends only 

on the representation content of fermions. Some applications of 

this simple formula will be made in Section 5. 

4. INCLUSION OF SUPERSYMMETRIC PARTICLES 

In this section we compute Yh for supersymmetric theories. We 

only have to add to Yh obtained, in Section 3 the contributions from 

extra diagrams in which fermions, Higgs, and gauge bosons in the 

loop are replaced by their supersymmetric partners, denoted by ¢F, 

~H' and X, respectively. Five such diagrams are shown in Fig. 4. 

They correspond to diagrams 3(a, b, d, e, f) in the previous section. 

Contributions from diagrams 4(a, b, c, d, e) to Yh are: 

(a) 2 
= __g_ 

¢L yh 
16i 

(la) 

(b) 2 
= _A_ 

¢R yh 
16i 

(lb) 
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+ (d) 
Yb 
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(lc) 

(ld) 

Adding eqs. (la) through (ld). we obtain the total contribution from 

supersymmetric partners to yh: 

(2) 

Combining eq. (2) and eq. (3.7) from the previous section, we get 

the final result for yh in supersymmetric theories: 

(3) 

Some application of this formula will be considered. in the next 

section. 

5. APPLICATIONS 

In this section we apply the formulas for mass evolution derived 

in the previous sections to certain GUTs. First we apply the formula 

for yh (eq. 3.7) to SU(S). We only need to compute the appropriate 

Casimirs for fermion representations. A useful relation is: 

where N is the number of generators of the group, ~the dimension of 



74 

the fermion representation matrix T; • and ~ was defined in 

eq. (1.6) of Section 1. For a fundamental representation of SU(N), 

For SU(3) 
1 

, co or 

which gives 

y = 
h 

4 .., -3 • 

1 2 --g 
2'1T2 

From the 8 function for SU(3) (eq. 1.5), we have. for quarks, 

12 
33 - 2f 

where f is the number of quark flavors. This agrees with the 

result given in ref. 7. 

Similarly. for SU(2)L we have 

¢R = 0 

yh 
9 2 = --- g 

64'1T2 2 

8 (11 - f) 3 = - g2 
24TI2 

(2) 

(3) 

(4) 

(Sa) 

(5b) 

(5c) 

(5d) 

' . 



Thus the SU(2)L contribution to the mass ratio is: 

m (l.l) 
m (GUM) 

2 
• ( ~~ (l.l) 

1
2 

(GUM) 

For U(1), we have 

¢ • 
R 

y, = h 

3 2 
5 ~ 

B = f 3 
24n2 g 

27 
) 16(11 - f) 

The U(l) contribution to the mass ratio thus becomes: 

m (lJ) 
m (GUM) 

27 2 2 

( 

2 ) - 20f (~ + ~ ) 
g (lJ) 

g
2 

(GUM) 
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(6) 

(7a) 

(7b) 

(7c) 

(7d) 

(8) 

2 2 1 5 17 5 
For 'V, e, u, and d, ~ + ~ equals 4' 4' 36 , and 36 , respectively. 

Now we apply the formula for Yh (eq. 4.3) to supersymmetric 

SU(5). Considering only the dominant SU(3) corrections, we have 

where we have used eq. (2) and ¢H = 0. 

(9) 
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The B function for supersymmetric theories is given by [19]: 

(10) 

Thus for quarks the mass ratio becomes: 

• m (u) 
m {GUM) -

8 
3 

1 
(9 - f) 

We note from eqs. (3) and (9) that for SU{3) the anomalous mass 

(11) 

dimension for supersymmetric theories is smaller in magnitude than 

for ordinary 'theories. However, it is interesting that for three 

generations of fermions the gauge couplings evolve at slower rates 

in supersymmetric theories than in ordinary theories (see eqs. (10) 

and (1.5))for SU(3) [19], which nearly compensates the change in 

yh [20]. For the third generation {with f = 6), eq. {11) gives 

= 2.8 • 

~ Thus the successful prediction in the minimal SU(5) model for -­
m 

T 
is essentially preserved in a supersymmetric extension. 

We can·apply our results to models in which there is evolution 

above SU(5). For example, in a model by Elias [21], the unifying 

group SO{lO) breaks down to SU(5) at M
5

, and all fermion masses 

are assumed equal at GUM. As we go down from GUM to M5 , particles 

belonging to different representations of SU(5) split in mass. The 
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evolution of mass ratios is governed by the Casimirs for SU(5): 

q (5) 12 --5 

¢ (10) 
18 --5 0 

From eq. (1.4), we have 

1n ~ • ¢ (5) + ¢ (10) - ¢ (5) 
rN 

18 .,_ 
5 

ru 6 
ln -- • ¢ (10) + ¢ (10) - ¢ (5) - ¢ (10) = 5 , 

rD 
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(12) 

(13) 

(14a) 

(14b) 

111; (M5> 
where rE = (GUM) , etc., and E, N, U, D denote a charged lepton, 

111; 2 1 
a neutrino, a charge 3 quark, and a charge - 3 quark. From eqs. 

(14 a,b), we obtain 

For second and third generations, this implies 

m 
\) 

"[ 

- 35 eV 

- 1.8 MeV (with mt • 50 GeV) • 

= 1 . (15) 

(16a) 

(16b) 



Fig. 1 

Fig. 2 

Fig. 3 

Fig. 4 

FIGURE CAPTIONS 

Diagrams contributing to the renormalization of a mass 

insertion operator represented by the cross. 
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The Biggs-fermion-fermion vertex (a) in a chiral abelian 

theory, and (b) in non-abelian theories. 

Diagrams contributing to the renormalization of a Yukawa 

coupling. 

Additional diagrams contributing to the anomalous mass 

dimension in supersymmetric theories. ¢F' X• and 'i'H are 

supersymmetric partners of fermions, gauge bosons, and 

Higgs, respectively. 

.-
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III. HEAVY LEPTON POLARIZATION AT Z PEAK 



.. 

85 

INTRODUCTION 

While all low-energy data point to the existence of a massive 

neutral gauge boson, its direct production remains as the defini-

tive test of the standard electroweak model [1]. If the Z is in-

deed discovered in the next generation of colliding beam experiments, 

its mass and width will provide information on sin2e and the number 

of different species of neutrinos, among other things. In addition, 

experiments near the Z peak will probe into the nature of the 

fermion couplings to Z. In this chapter we consider one such ex-

periment, namely, the measurement of the polarization of a heavy 

+-lepton produced in pairs in e e annihilation. This process is of 

particular interest, since it is the only one sensitive to the rela-

tive sign between the vector and axial Zff couplings in the absence 

of polarized beams. Furthermore, it benefits greatly from the high 

event rate at the Z peak, while at low energy such an experiment is 

probably not feasible. In constrast, the forward-backward asymmetry 

in lepton pair production, which is another high-priority experiment 

at the Z peak, measures only the magnitude of the axial couplings, 
I 

and some low-energy data are already available [2]. 

The first treatment by Tsai [3] of heavy lepton pair production 

in +- annihilation and their subsequent decays focused on the pro-e e 

duction of 't pairs slightly above the threshold, where the photon 

exchange is dominant. The full formula for the cross-section for 

lepton pair production including the photon and the weak boson exchanges 
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was derived by Budny [4], from which the longitudinal polarization 

of a lepton is immediately obtained. The extraction of the polariza-

tion of a heavy lepton L from its decay products at the Z peak was 

discussed by Goggi [5] and Augustin [6] in the context of LEP, who 

considered the decays L + e VV and L + ~ V , respectively. The 

purpose of this chapter is to extend their work .in two aspects. 

First, we derive formulas involved in the production and the subse-

quent decays of heavy leptons of arbitrary mass. This analysis may 

be relevant for 
<M z any possible sequential heavy lepton of mass - -z . 

Secondly, the correlation between the spins of a heavy lepton pair 

is considered in the form of a cross-section for the production and 

the coincident decays of the pair. 

The organization of this chapter is as follows. In Section 1, 

the full formula for the longitudinal polarization of a heavy lepton 

+-of arbitrary mass at arbitrary e e center of mass energy is derived. 

In Section 2, the purely leptonic decay of a heavy lepton of arbi-

trary mass is discussed. In Section 3, the decay in flight L + n V 

for arbitrary ~ is considered. In Section 4 the results of the 

previous sections are combined to give the final formula for heavy 

lepton decays in coincidence. 

1. THE LONGITUDINAL POLARIZATION OF A HEAVY LEPTON 

The average longitudinal polarization PL of a lepton L produced 

in pairs is given by: 

<p > 
L = 0+ 0-

0+ + 0-
(1) 
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a t denote the production cross-sections for L with helicity t 1, in 

which the helicity of the other lepton is summed over. If left- and 

right-handed fermions couple differently to the exchanged gauge 

boson, <pL > is in general non-zero. Moreover, <pL> has a linear 

dependence on &y and gA; <p > 
L - 'vgA , which allows us to deter-

mine the relative sign of the vector and axial couplings. 

·To calculate <p > 
L 

we need the spin-dependent cross-section a 

+- * +-for the process e e + Y , Z + L L • Generalizing the notation of 

Tsai [3], we write the cross-section as follows: 

dO a: 

dTI 
+ + + .. 
s + c2 · s + * + .. + s . c . s 

3 
(2) 

+ +.. + 
where S and S are the spins of L- and L in their rest frames. The 

diagrams contributing to this cross-section are shown in Fig. 1. If 

the axial part of the ZLL coupling is non-zero (as in the standard 
+ + 

model) c1 and c2 are also expected to be non-zero. In Tsai's formula 

+-derived for low-energy e e annihilation where only the photon ex-

change was considered, the linear terms in the spins are absent, and 

< PL > = 0 • 

The angular distribution obtained from diagrams 1 (a,b) in terms 

+ +.. +-
of S and S , averaged over e e spins, is written as: 

Iy + 2 e 
2 

s I + [ s ] 
2 

I I ( 3) 
8 

_ M 2 int s _ M 2 z ' 
z z 

+ 
where B is the velocity of L- and s the total energy squared in the 
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center of mass system. The three terms in eq. (3) represent contri-

butions from the photon exchange, the Y - Z interference, and the Z 

exchange, respectively. ly• lint' and Iz contain constant, linear, 

and bilinear terms in the heavy lepton spins. The coefficients of 

.... 
these terms for each of the I's are listed below, denoted by C

0
, c

1
, 

.... ... 
c2 , and c3 in accordance with eq. (2). (For the coordinate system 

used, including the definition of 6 , refer to Fig. 2.) 

For ly t 

c 1 + cos2e + sin2e 
= 

0 y 

.... .... 
cl = c2 = 0 

X y z 

(4) 
++ 

(1 + 12) . 2e 1 
c3 = X s~n 0 - sin26 

y y 

0 
2 2 0 y - f3 sin e 

2 2 
1 sin28 0 

sin e 
z y 1 + cos e -

y2 

1 
where y = 11 f32 . This agrees with the result given by Tsai. 

For lint , 

c = Sv2 (1 + 12) 
0 y 

•. 
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{5) 

1 - 2 
[&y8A y {2 + S cos8) sinS, 0, &y8A {8 + 2 cos8 + S cos S)] -

t .. 
3 

0 

sinS 2 2 
y (2Bv cos8 + S gA ) 

c ::: c = 0 ly 2y 

2 2 2 + B (&y + gA ) cos 8] 

0 sinS (2 2 S + 0 2) -- g cos j.)gA y v 

0 

0 2 2 2 B &y + 2SgA cosS 

1 2 2 + (1 + ~) 8v cos s . 
y 

2 2 
+ 8 &y gA B cosS 

(6) 



c3vv' c c , - c , 
-J 3yx 3yz 

• c3 , • o . zy 
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;~ and gA in Eqs. (5) and (6) are the vector and the axial couplings 

of e (\.1, T) to Z: 

where f = e, \.1, or T • 

dO + - + -The coefficient of each spin term in dn (e e ~ L L ) can be read 

off from eqs. (3) through (6). For example, the S S ' term is 
y y 

given by: 

1 , 83 sin2e l e 4 + 2e2 s 2 
(47T)2 s 8 _ M 2 8v 

z 

(g 4- g 4>1 s s , 
v A y y 

(7) 
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+ Note that the interchange of L and L (charge conjugation) results 

in the sign flip of the linear terms in S and S' . From the cross-

section (eqs. (3) through (6)). <PL> is obtained according to eq. 

(1). 

We consider two special cases. near the Z peak. 

(i) e + 0 (near the threshold) 

where k is the unit vector in the direction of e (see Fig. 2.). 

Thus if E; 
,.. 

= g g > 0 • both S and S ... tend to be parallel to k. and v A 

if ~ < 0 the two spins tend to be anti-parallel to k. 

(ii) e + 1 (massless) 

This is the case considered previously by other authors 

[5.6]. Summing over one lepton final state. and integrating over cose, 

we obtain the well known formula; 

<p > 
L 

... + 2 ~ 
1 + ~2 

+ 
for L- • 

In discussing the correlation between the two lepton spins in Section 

4. we use the cross-section itself which is folded with the decay 

spectra, rather than <P1> 
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2. HELICITY ANALYSIS FROM L + 1 V V 

+-
As the heavy lepton pair produced in e e annihilation decay in 

flight, their spin contents ~re transferred into the energy distri­

bution of their decay products. Although the production cross­

section of L+L- is reduced in the process by the branching ratios 

involved, the large cross-section near the Z peak compensates for 

this ·loss in rates to make this kind of analysis experimentally 

feasible. Two major decay modes have been studied. In this section 

we consider L + 1 W, where 1 • e or 'IJ. L + 'lT\1 is presented in 

the next section. The leptonic decays have the advantage that they 

give a clean experimental signature in the form of lJ e events. Even 

for a very heavy sequential lepton whose chain of decays may be more 

complicated, the formulas listed here may be relevant in the case of 

prompt decays into lJ e. 

The decay rate r for L - +-+ 1 v "V in the e e center of mass 

frame can be written as: 

.... .... 3+ 
~ (A + B • S) d q , 

.... - .... 

(1) 

where q is the momentum of 1 , and S the spin of L in its rest frame, 

as before. 
.... .... 

A and B are functions of q, IS, and ML· Since we are 

only interested in the energy spectrum, we can fix the momentum of 

L to be in the Z direction. We write, ignoring the mass of ~ 

dx dcose 
1 

[f (X, cos8) + S g (X, cos9)] , (2) "( z 
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where (0 < X ~ 1) • (3) 

i.e. the normalized energy of .1, and e is the polar angle for the 

beam axis (see Fig. 2). 

f and g are given by: 

f (X, cos6) .. (l + S) 

(1 - S)
2 

(4a) 

(1 + S) 3 1 - S cosa 2 
g (X, cosa) "" (l _ S) 2 (S- cosa) [2X 1 _ B X ] • (4b) 

For S .. 0, integrating eq. (2) over X, we recover the familiar 

angular distribution in the rest frame of L-

In obtaini'ng the t energy spectrum for arbitrary S, we note the 

kinematic constraint that the sum of neutrino four-mementa be time-

like: 

1 - 1 ~ B (1 - s cos a) > o . (5) 

Thus the integration over a differs in two regions of X: 

< 1 - s 
- 1 ~ cosa ~ 1 for 0 <x 

-1+ B (6a) 

1 (1 - 1 - s>~ cos a < 1 for 1 - s < X < 1 (6b) 6 X 1 + e-
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The resulting energy spectrum of C is: 

where 

FR. (X) 

' 

= ll -~3 < 3 + 82> x3 + 6x2 1 1 - s 

~~ (4X3 - 9X
2 + 5) 68 

(7) 

1 + 8 0 < X < 1 - 8 (Sa) 
<1 _ 8>2 • - - 1 + 8 

GR. (X) = 8Cl + 8) [16X3 - 6 (1 - 8) x2] , 0 < X < l - ~ (Sb) 
3 (1 - 8) 3 - 1 + 

1 + 8 [2 (3 8 + 1) x3 - 3 (2 8 + 1) x2 + J 1 - 8 < x < 1 
682 1 ' 1 + 8 -

Identifying S as the spin of L 
z 

+ -produced in e e collision, we 

replace it by <pL> derived in the previous section. F1 (X) and 

G1 (X) are plotted in Fig. 3 for various values of 8. For 8 = 1 

eq. (7) reduces to the formula derived by Goggi [5,7]: 

1 df R. 1 3 2 2~ 1 3 2 r - = - ( 4X - 9X + 5) + - ( SX - 9X + 1) ( 9) 
R. dX 3 l + ~2 3 

We mention in passing one quantity considered by Goggi which is 

sensitive to <p > 
L 

f 1 ( df) dX 
X dX 

c 
n = 

X f c (~~) dX 
0 

(10) 
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where Xc is the zero of G1(X), as seen in Fig. 3(a). The denominator 

and the numerator of n change in the opposite direction from each 

other as <P1> changes. For a + 1 there is more than one zero of 

G1(X) and an analogous quantity to n does not seem to be of much 

use. The dr + I< 

spectrum dX for L , whose momentum lies in the - Z 

direction has the same form as eq. (7) with ~Zreplacing Sz. Formu-

las (7) and (8) will be used in Section 4 to derive the cross­

+-section for L L coincident decays. 

3. HELICITY ANALYSIS FROM L + 1T y 

Another decay mode of L- which can serve as a helicity analyzer 

is the process L- + 1T v. An advantage of this two-body decay is 

that the spin content of L decaying in flight is directly trans-

lated into the slope of the pion energy distribution. A disadvantage 

may be that for heavier leptons the hadronic decay channel may get comp-

licated,which makes direct pion production difficult to analyze. 

The formula for the pion angular distribution in the rest frame 

of L- is well-known to be: 

where 

dr 
'IT 

d cose 

M 2 
R a: __l!_ 

~2 

(1 + SZ cos9) , (1) 

In the center of mass frame the energy distribution is obtained easily 

from the boost along the Z direction; 



drn ---dX 

2E 
where X is the normalized pion energy. __'!!. • and 

IS 

(1 + R) - B (1 - R) < X < (1 + R) + B (1 - R) 
2 2 

Fn and Gn are given by: 

F (X) 
TI 

1 
= ..:...8-=-(=1=-----R~) 

1 = 
82 

(1 - R) 
[2X - (1 + R)] • 

The same expression as eq. (2) results for L+ moving in the 
dr 

- Z direction with Sz~ replacing Sz . Fig. 4 shows ~ dXTI for a 

representative value of <PL> (with sin2e = .2), fornvarious 

values of B. 

4. CROSS-SECTION FOR COINCIDENT DECAYS 
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{2) 

{3) 

(4a) 

(4b) 

In the two previous sections we derived expressions for decay 

cross-sections in terms of the polarization of one heavy lepton 

with the helicity of the other summed over. From eqs. (1.3), 

(2.2), (3.2), we can get the cross-section a for 
c 

L+ + + 
-+ £ \)\) or n \) 

+- +{_ e e 

£,- \)\) L -+ or n \) (1) 

,· 
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a contains information on the correlation between the two heavy c 

lepton spins, and is given by 

(2) 

where \ ,j are the appropriate branching ratios (i, j c: R, or 1T). 

~ 

Since in deriving eqs. (2.2), (3.2) we chose L- momenta to be 

in+ Z direction, the relevant part of eq. (1.3) can be written as: 

(3) 

where a1 , a2 , a3 are functions of e alone and can be read off from 

eqs. (1.3) through (1.6). 

From eqs. (1.3), (2.2), (3.2), summing over SZ and sz' we obtain 

(4') 

where x
1 

and x2 are normalized energies of R, or 'IT (eqs. (2. 3), (3. 3)), 

and i, j can be either R- or 'IT(eqs. (2.8), (3.4)) • 

The coefficients of the second and the third terms in eq. (4) are 

given by, near the Z peak, 
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(Sa) 

2 2 2 1 2 2 
(1 + 38 ) (Sv + gA ) + ~ (iv - gA ) 

2 2 2 3 2 2 
( 3 + 6 ) (gv + gA ) + ~ (iv - gA ) 

(5b) 

They reduce in the limits 6 + 0 and 6 + 1, to 

8 gA 1 
a =-- 6 , b •- (S + 0) 

3 gv 3 
(6a) 

a = b = 1 CS = 1) (6b) 

Single particle spectra can be recovered by integrating eq. 

(4) over either x1 or x2• For example, upon integration over x2 , 

we get 

1 
r. 
~ 

where we have used 

J Fi (X) dX = 1 

J G i (X) dX = 0 , 

the range of integration depending on whether it is for £ orTI 

(eqs. (2.3), (3.3)). 

(7) 

(Sa) 

(8b) .-



·, 

a is nothing other than <PL> , and eq. {7) is identical to eqs. 

{2. 7) and {3.2). 
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One quantity containing information on the spin correlation is 

the following 

{9a) 

2 
{b - a ) Gi {X1) Gj {X2) (9b) 

{- a4 + 2a2 + 3) iv 4 + 4a4 gA4- sa2 Fv2 gA2 
= 4 ---,2,..----2---2 ---=-3 --:2:.----2-2-- Gi (Xl) GJ. {X2) 

[ (3 + a ) {Fv + gA ) + 2 (iv - gA ) ] 
y (9c) 

Experimentally ~ represents the difference between the normalized 

spectrum for coincident decays and the product of two independent 

single decay spectra. 

For a = 1, ~reduces to: 

(10) 

and is still parametrized by the same quantity as in the single 

particle spectrum case. Only for appreciably smaller values ofB, 

b (eq. 5(b)) is different from unity and provides non-trivial 

information. 

Our approach has been that we first treated the two steps in 

the process (eq. (1)) sparately, and reduced the expressions in 
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terms of the 3-spins in heavy lepton rest frames, which were then 

summed over. We note in closing that other authors [8] have used, 

in the simple case of 8 • 1, the covariant formalism in which L+L-

are treated as intermediate states. The heavy lepton propagators 

used in computing the process (1) are then put on mass shell via 

the substitution 1 1T 2 2 
+ v 0 (II - ~ ) • 

,. 

.. 



Fig. 1 
.. .. 

Fig. 2 

Fig. 3 

Fig. 4 

"' 
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FIGURE CAPTIONS 

Tree level diagrams used in computing the spin-dependent 

cross-section for e+e- + L+L- • 

The coordinate system used in deriving formulas in this 

chapter. 

Plots of F .2, (X) and GR. (X) for various values of 8 • 

1 df~ 2 
Plots of r- dX for various values of 8 with sin ew = .2 • 

~ 
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