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Abstract

Combinatorics and Computations in Tropical Mathematics

by

Bo Lin

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Bernd Sturmfels, Chair

In recent decades, tropical mathematics gradually evolved as a field of study in mathematics
and it has more and more interactions with other fields and applications. In this thesis we
solve combinatorial and computational problems concerning implicitization, linear systems
and phylogenetic trees using tools and results from tropical mathematics.

In Chapter 1 we briefly introduce basic aspects of tropical mathematics, including trop-
ical arithmetic, tropical polynomials and varieties, and the relationship between tropical
geometry and phylogenetic trees.

In Chapter 2 we solve the implicitization problem for almost-toric hypersurfaces using
results from tropical geometry. With results about the tropicalization of varieties, we present
and prove a formula for the Newton polytopes of almost-toric hypersurfaces. This leads to a
linear algebra approach for solving the implicitization problem. We implement our algorithm
and show that it has better solving ability than some existing methods.

In Chapter 3 we compute linear systems on metric graphs. In algebraic geometry, linear
systems on curves have been well-studied in the literature. In comparison, linear systems
on metric graphs are their counterparts in tropical mathematics. We introduce the anchor
divisors and anchor cells in order to compute the polyhedral cell complex structure of the
linear system |D| and the tropical semi-module R(D). We develop algorithms, discuss their
efficiency and present computational results for canonical linear systems on metric graphs.

In Chapter 4 we extend the previous chapter by introducing the tropical Hodge bundle,
which is the counterpart of the Hodge bundle in tropical geometry. We study properties of
tropical Hodge bundles and present computational results for some examples.

In Chapter 5 we study the geometry of metrics and convexity structures on the space
of phylogenetic trees, which is here realized as the tropical linear space of all ultrametrics.
The CAT(0)-metric of Billera-Holmes-Vogtman arises from the theory of orthant spaces.
While its geodesics can be computed by the Owen-Provan algorithm, geodesic triangles are
complicated. We show that the dimension of such a triangle can be arbitrarily high. Tropical
convexity and the tropical metric exhibit properties that are desirable for geometric statistics,
such as geodesics of small depth.
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In Chapter 6 we study the Fermat-Weber points under the tropical metric. This is
motivated by its application to the space of equidistant phylogenetic trees, here realized
as the tropical linear space of all ultrametrics. While the Fréchet mean with the CAT(0)-
metric of Billera-Holmes-Vogtman has been studied by many authors, the Fermat-Weber
point under the tropical metric in tree spaces is not well understood. We investigate Fermat-
Weber points under the tropical metric and we show that the set of tropical Fermat-Weber
points for a given configuration is a classical convex polytope. We identify conditions under
which this polytope is a point.
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Chapter 1

Introduction

In this chapter we briefly introduce the tropical approach in mathematics. Along the
way, we present an overview of the main results of this dissertation. Tropical mathematics
is a rather young area, yet it has since matured and now it is a part of the field of algebraic
geometry. It also expanded into other branches of the mathematical sciences, including
number theory, computational biology, optimization, and beyond. We here introduce a
few aspects of tropical mathematics, especially those tools and results that will appear in
subsequent chapters in this dissertation. For a comprehensive introduction, see [78]. The
word tropical was introduced by French mathematicians (for example Jean-Eric Pin [93])
in honor of their Brazilian colleague Imre Simon [97], who was one of the pioneers of the
min-plus algebra. It simply stands for the French view of Brazil. We adapt the outline in
[99].

1.1 Tropical semiring and semimodules
The basic object in tropical mathematics is the tropical semiring (R,⊕,�). The set R is

R ∪ {∞}. For a, b ∈ R and c ∈ R, we define

a⊕ b = min(a, b) , c⊕∞ = c

and
a� b = a+ b , c�∞ =∞.

Then ∞ is the neutral element of the tropical addition ⊕ and 0 is the "one" element of
the tropical multiplication �. Clearly the operations ⊕,� are commutative, associative and
they satisfy the distributive law. However, (R,⊕,�) is only a semiring instead of a ring,
because we cannot define subtraction in it. For example, there does not exist x ∈ R such
that x⊕ 0 = 3, because min(x, 0) is at most 0.

Remark 1.1. The above arithmetic is called the min-plus algebra. Symmetrically, there is
the max-plus algebra, where R = R∪{−∞} and a⊕ b = max(a, b). The two conventions are
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equivalent and they both appear in the literature. In this dissertation, we use the min-plus
convention in Chapter 2, 5 and 6, and we use the max-plus convention in Chapter 3 and 4.

With the operations ⊕ and �, we can define tropical semimodules as follows:

Definition 1.2. LetM ⊂ RS, where S is a set. The subsetM is called a tropical semimodule
(or tropically convex set) if

• for x, y ∈M , we have that x⊕ y ∈M ;

• for x ∈M and c ∈ R, we have that c� x ∈M .

In order words, M is closed under tropical addition and tropical scalar multiplication.

For a tropical semimodule, one natural question is whether it is finitely generated and if
so, what is a minimal set of generators? In Chapter 3, the set R(D) of rational functions
for a divisor D on a metric graph has the structure of a tropical semimodule. We present
algorithms and computational results concerning its minimal set of generators.

1.2 Tropical polynomials and varieties
In algebraic geometry, algebraic varieties are the central objects. As long as we can define

the zeros of tropical polynomials, we can develop a parallel theory of tropical varieties. It not
only has elegant results in its own right, but is also useful beyond tropical mathematics. Our
Chapter 2 is an example, where we use results in tropical geometry to solve an implicitization
problem for a type of projective varieties.

Let x1, x2, . . . , xn be variables that represent elements in the tropical semiring (R,⊕,�).
A tropical monomial is any product of these variables, where repetition is allowed. Then
each monomial is a linear function Rn → R. For example,

x2 � x1 � x3 � x1 � x2 = x2
1x

2
2x3 = 2x1 + 2x2 + x3.

Then a tropical polynomial p is a finite linear combination of tropical monomials

p(x1, x2, . . . , xn) = Ca � xa11 x
a2
2 · · ·xann ⊕ Cb � x

b1
1 x

b2
2 · · ·xbnn ⊕ . . .

Here the coefficients Ca, Cb, . . . are real numbers and the exponents ai, bi are integers. This
means that p is a piecewise linear convex function Rn → R:

p(x1, x2, . . . , xn) = min(Ca +
n∑
i=1

aixi, Cb +
n∑
i=1

bixi, . . .). (1.1)

Definition 1.3. For a tropical polynomial p, a point (x1, x2, . . . , xn) is a zero of p if and
only if the minimum in (1.1) is attained at least twice.
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We can develop the theory of tropical varieties as the counterpart to varieties in alge-
braic geometry. Let K be a field with a possibly trivial valuation. We consider the ring
K[x±1 , . . . , x

±
n ] of Laurent polynomials over K with variables x1, x2, . . . , xn. Then for a Lau-

rent polynomial f =
∑

u∈Zn cux
u and a point w ∈ Rn, we have

trop(f)(w) = min
u∈Zn

(val(cu) +
n∑
i=1

uiwi).

For an ideal I in the Laurent polynomial ring, its variety V (I) is contained in the n-
dimensional torus T n = (K∗)n.

Definition 1.4. The tropical hypersurface V (trop(f)) is the set

{w ∈ Rn | the minimum in trop(f)(w) is attained at least twice}.

For a hypersurface V (f), we define its tropicalization trop(V (f)) as V (trop(f)).

Definition 1.5. For an ideal I in K[x±1 , . . . , x
±
n ], we define the tropical variety V (trop(I))

as
V (trop(I)) =

⋂
f∈I

V (trop(f)).

For a variety X = V (I), we define its tropicalization trop(X) as V (trop(I)).

Remark 1.6. Unlike in the classical case, a finite set of polynomials that generate the ideal
I may not be enough to cut out V (trop(I)).

The following structure theorem characterizes tropical varieties.

Theorem 1.7. [78, Theorem 3.3.5] Let X be an irreducible d-dimensional subvariety of the
torus T n. Then trop(X) is the support of a balanced weighted polyhedral complex pure of
dimension d.

We now preview some of the main new results in this dissertation. In Chapter 2 we solve
an implicitization problem with the help of tropical varieties. The almost-toric hypersurfaces
ZA,f are defined by parameterizations that map into projective space. In the parameterization
of almost-toric hypersurfaces, each coordinate is a product of the following two factors: one
is a monomial in variables t1, t2, . . . , tn (represented as a column of an n× (n+ 2) matrix A),
the other is a univariate polynomial in variable x (represented as a coordinate of a vector
f). Our goal is to find the implicit defining polynomial of ZA,f . We use the fact that the
Newton polytope of the defining polynomial of ZA,f is a polygon. We first compute the
tropicalization of ZA,f , which enables us to obtain a combinatorial formula of the Newton
polygon of the implicit polynomial. Here the Plücker matrix PA and the valuation matrix
Vf are obtained directly from A and f .
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Theorem 2.1. The edges of the Newton polygon of ZA,f are the columns of the product of
the Plücker matrix PA and the valuation matrix Vf . More precisely, given A and f :

(a) if rank(PA · Vf ) = 0 then ZA,f is not a hypersurface;

(b) if rank(PA · Vf ) = 1 then ZA,f is a toric hypersurface;

(c) if rank(PA · Vf ) = 2 then ZA,f is a hypersurface but not toric. The directed edges of
the Newton polygon of ZA,f are the nonzero column vectors of PA · Vf .

From the directed edges of the Newton polygon, we can find the lattice points in the
interior and boundary of the Newton polygon of ZA,f . In other words, we know all possible
terms that may appear in the implicit polynomial. In the end, we solve a linear system to
determine the coefficients.

Tropical curves are the tropicalization of one-dimensional varieties. By Theorem 1.7, they
are one-dimensional polyhedral complexes in Rn, consisting of line segments and unbounded
rays. If we disregard the unbounded rays and define metrics for the line segments, they
become metric graphs. The linear systems on a metric graph Γ are well-studied in the
literature, and parallel results of the theory for linear systems on algebraic curves have been
obtained, for example, the tropical Riemann-Roch theorem [57, 82]. The article [64] studied
the combinatorial structure of the linear system |D| on a metric graph Γ. In particular, |D|
is a polyhedral cell complex. In Chapter 3 we focus on the computations of |D| and R(D),
the corresponding set of rational functions. We present algorithms for computing the cells in
|D| and implementations for canonical linear systems, including our computational results
for some examples. In order to find all cells in |D|, we introduce the anchor divisors and
anchor cells. They are partially motivated from the following association map:

Theorem 3.47. Let D be a vertex-supported effective divisor on a metric graph Γ.
(1) Suppose C is the set of all cells in |D| and A is the set of all anchor cells in |D|.

We define a function φ : C → A as follows: let C ∈ C and L ∈ C be a representative of C.
Then we let φ(C) be the unique anchor cell represented by an anchor divisor obtained from
C by bunching up all chips along each open edge. In other words, φ(C) is represented by an
anchor divisor N such that

(i) N(v) = L(v) for all vertices v of Γ;

(ii) suppose fN , fL ∈ R(D) such that N = D+ (fN) and L = D+ (fL), then for every edge
e of Γ and each endpoint v of e, fN and fL have the same outgoing slopes at v along e.

(2) Let φ be the same map as in (1). Then for any anchor cell A ∈ A, we have

|φ−1(A)| = 2s(A).

Furthermore, for 0 ≤ j ≤ s(A), there are
(
s(A)
j

)
cells of dimension dimA+ j in φ−1(A).
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In Chapter 4 we introduce the tropical Hodge bundle, which is a cone complex whose
base is the moduli space of tropical curves, and whose fibers are the corresponding canonical
linear systems (as polyhedral complexes). We show that the dimension of tropical Hodge
bundle is higher than that of the Hodge bundle in algebraic geometry (which is 4g − 4):

Theorem 4.4. Let g ≥ 2.

(i) The tropical Hodge bundle Λtrop
g and the projective tropical Hodge bundle Htrop

g carry
the structure of a generalized cone complex.

(ii) The dimensions of Λtrop
g and Htrop

g are given by

dim Λtrop
g = 5g − 4 and dimHtrop

g = 5g − 5

respectively.

(iii) There is a proper subdivision of M trop
g such that, for all [Γ] in the relative interior of a

cone in this subdivision, the canonical linear systems

|KΓ| = π−1
g

(
[Γ]
)

have the same combinatorial type.

In Section 4.4, we also present some computational results for the tropical Hodge bundle
in the case of small genus.

1.3 Tropical geometry and phylogenetics
An important problem in computational biology is to construct a phylogenetic tree from

distance data involving n leaves. Computational biologists call the leaves taxa. The taxa
might be organisms or genes, each represented by a DNA sequence, and the tree structure
records their evolutionary history [90]. Biologists are interested in pairwise distances between
the taxa. In general, considering n taxa, the distance between taxon i and taxon j is a
positive real number dij which has been determined by some biostatistical method [70]. So
we have a real symmetric n×n-matrix D = (dij). We would like to find a tree with n leaves
such that the pairwise distances between the leaves are also given by D.

Definition 1.8. The matrix D is called a metric if dij ≥ 0, dii = 0, and dij ≤ dik + dkj for
all indices 1 ≤ i, j, k ≤ n.

Remark 1.9. Since the matrix D is symmetric and its diagonal entries are zero, we may
view it as a vector in R(n2).

Let ∆ be the set of all such metrics in R(n2). Theorem 1.10 shows the connection between
phylogenetic trees and tropical mathematics.
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Theorem 1.10. [78, Theorem 4.3.5] Up to sign, the tropicalization of the open Grassman-
nian G0(2, n) coincides with the space of phylogenetic trees. In symbols,

trop(G0(2, n)) = −∆.

Here G0(2, n) is the intersection of G(2, n) and the torus T (n2)−1, and G(2, n) is the Grass-
mannian variety of linear planes in Kn, where the field K has trivial valuation.

There are motivations from biology that lead us to consider the distance between phylo-
genetic trees, which means that we need a distance function to make the phylogenetic tree
space into a metric space. The distance function suggested by Billera, Holmes and Vogtman
in [21] is well-studied in the literature, and it is usually referred to as the BHV metric space.
In Chapter 5, we focus on convexity in phylogenetic tree spaces. In the BHV metric space,
there is a unique geodesic (shortest) path between any two points, and there is a polynomial
time algorithm to compute the path. However, if we consider the geodesic triangle of three
points, where we begin with a subset of the BHV metric space containing three points, and
keep connecting points that are already in the subset by geodesic paths and including all
points on these geodesic paths to our subset, we can get arbitrarily high dimensional subsets
in the ambient space.

Theorem 5.14. Let d be a positive integer. There exists an orthant space of dimension
2d and three points in that space such that their geodesic triangle contains a d-dimensional
simplex.

In comparison, we look at another distance function - the tropical metric (5.15) on the
phylogenetic tree space. Under the tropical metric, the geodesic paths are not unique in gen-
eral, while they might be more favorable in statistical applications, by the issue of stickiness
in geometric statistics [67, 83]. In Section 5.5 we present some computational experiments
with the two metric spaces.

In addition, in Section 5.6 we discuss possible statistical applications of the tropical
metric. In Chapter 6, we focus on the Fermat-Weber points under the tropical metric.
Unlike in the Euclidean case, the Fermat-Weber point of a finite sample of points under the
tropical metric is not unique in general. In fact, the set of the Fermat-Weber points forms a
(classical) convex polytope.

Proposition 6.7. Let v1,v2, . . . ,vm be points in Rn/R1. The set of their Fermat-Weber
points is a classical convex polytope in Rn−1 ' Rn/R1.

Nonetheless, a polytope can still be a point. Then we analyze when a sample of points
has a unique Fermat-Weber point under the tropical metric. In general the uniqueness of
Fermat-Weber points is rare.

Theorem 6.12. Fix positive integers m and n. Consider the space Rm(n−1) of m points
v1,v2, . . . ,vm in Rn/R1. The configurations representing an essential set of points with
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a unique Fermat-Weber point are contained in a finite union of proper linear subspaces in
Rm(n−1).
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Chapter 2

Almost-toric hypersurfaces

This chapter has been published under the same title [72]. In this chapter we solve the
implicitization problem for almost-toric hypersurfaces, using results from tropical geometry
[78]. An almost-toric hypersurface is parameterized by monomials multiplied by polynomials
in one extra variable. We determine the Newton polytope of such a hypersurface, and apply
this to give an algorithm for computing the implicit polynomial equation of an almost-toric
hypersurface.

2.1 Formula for the Newton polygon
Toric varieties are parameterized by monomials. They form an important and rich class

of examples in algebraic geometry and often provide a testing ground for theorems [46]. Here
we work with toric varieties that need not be normal. We fix an algebraically closed field
K, and we set K∗ = K\{0}. Our first ingredient is an arbitrary projective toric variety of
codimension 2 in the projective space Pn+1 over K. This is defined as follows.

Fix an n× (n+ 2) integer matrix A whose columns span the lattice Zn:

A =
[
a0 a1 · · · an+1

]
.

The column vectors ai correspond to Laurent monomials tai = t
a1,i
1 t

a2,i
2 · · · tan,in in the variables

t = (t1, t2, . . . , tn). These n+ 2 monomials specify a monomial map

ΦA : (K∗)n → (K∗)n+2, t→ (ta0 , ta1 , . . . , tan+1).

Throughout this chapter we assume that all columns of A sum to the same positive integer
d. Under this hypothesis, we obtain an induced map ΦA : (K∗)n → Pn+1. The toric variety
XA is the closure in Pn+1 of the image of ΦA. The degree of XA is the normalized volume
of the polytope conv(A), and the equations defining XA form the toric ideal, a well-studied
object in combinatorial commutative algebra and its applications [100].

A natural extension of toric theory is the study of complexity one T-varieties [68]. They
are varieties with an action of a torus whose general orbits have codimension one. They can
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be viewed as a family of (possibly reducible) toric varieties over a curve. Our aim here is to
explore such T-varieties from the point of view of symbolic computation. For simplicity we
assume that T-varieties are rational, i.e. the underlying curve is rational, and we focus on
projective hypersurfaces.

Our second ingredient is a vector of univariate polynomials in a new variable x:

f =
(
f0(x), f1(x), . . . , fn+1(x)

)
∈ K[x]n+2. (2.1)

This vector specifies a parametric curve Yf ⊂ Pn+1, namely the closure of the set of points
(f0(x) : f1(x) : · · · : fn+1(x)). Let ZA,f denote the Hadamard product in Pn+1 of the toric
variety XA and the curve Yf . By definition, this is the Zariski closure of the set{

(ta0f0(x) : ta1f1(x) : · · · : tan+1fn+1(x)) ∈ Pn+1 | t ∈ (K∗)n, x ∈ K
}
⊂ Pn+1.

Under some mild hypotheses (see Theorem 2.1(a)), the variety ZA,f has codimension 1, and
we call it the almost-toric hypersurface associated with (A, f). To find the defining equation
of ZA,f is an implicitization problem. Existing approaches include Gröbner Bases, resultants
and syzygies [42]. We shall present a fast method for implicitizing ZA,f and compare our
method with existing ones in Section 2.3. The output of our algorithm is the irreducible
polynomial in K[u0, u1, . . . , un+1] that vanishes on ZA,f . The torus action given by A ensures
that its Newton polytope Newt(ZA,f ) lies in a plane in Rn+2, so it is a polygon. Our first
main result is the following combinatorial formula for this Newton polygon.

The ingredients in our formula are two matrices, which we now define. The Plücker
matrix associated with A is the (n+ 2)× (n+ 2)-matrix PA = (pij) with entries

pij =


1
δ
(−1)i+j det(A[i,j]), i < j;

−pji, i > j;

0, i = j,

where δ is the greatest common divisor of all subdeterminants det(A[i,j]). Here A[i,j] is the
n × n submatrix of A obtained by deleting the columns ai and aj. The Plücker matrix PA
is skew-symmetric and has rank 2, and its row space is the kernel of A. The latter property
implies that all rows and all columns of PA sum to zero.

The valuation matrix associated with f is an integer matrix Vf with n + 2 rows that is
defined as follows. Since K is algebraically closed, each of our polynomials fi(x) factors into
linear factors in K[x]. Let g1(x), g2(x), . . . , gm(x) be the list of all distinct linear factors of
f0(x)f1(x) · · · fn+1(x). We write ordgjfi for the order of vanishing of fi(x) at the unique root
of gj(x). We organize these numbers into the vectors

uj = (ordgjf0, ordgjf1, . . . , ordgjfn+1) ∈ Nn+2 for 1 ≤ j ≤ m.

We now aggregate these vectors according to the lines they span. Let Sf = {u1, . . . ,um}.
If two vectors in Sf are linearly dependent, then we delete them and add their sum to
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the set. We repeat this procedure. After finitely many steps, we end up with a new set
S ′f = {v1,v2, . . . ,v`} whose vectors span distinct lines. The valuation matrix is

Vf =
[
vT1 vT2 . . . vTl (−

∑l
j=1 vj)

T
]
.

The last vector represents the valuation at ∞. It ensures that the rows of Vf sum to zero.
The following theorem allows us to derive the Newton polygon from A and f .

Theorem 2.1. The edges of the Newton polygon of ZA,f are the columns of the product of
the Plücker matrix PA and the valuation matrix Vf . More precisely, given A and f ,

(a) if rank(PA · Vf ) = 0 then ZA,f is not a hypersurface;

(b) if rank(PA · Vf ) = 1 then ZA,f is a toric hypersurface;

(c) if rank(PA · Vf ) = 2 then ZA,f is a hypersurface but not toric. The directed edges of
the Newton polygon of ZA,f are the nonzero column vectors of PA · Vf .

The rest of this chapter is organized as follows. In Section 2.2 we present the proof
of Theorem 2.1, and we illustrate this result with several small examples. Earlier work
of Philippon and Sombra [92, Proposition 4.1] yields an expression for the degree of the
almost-toric hypersurface ZA,f as a certain sum of integrals over conv(A).

Section 2.3 is concerned with computational issues. Our primary aim is to give a fast
algorithm for computing the implicit equation of the almost-toric hypersurface ZA,f . We de-
velop such an algorithm and implement it in Maple 17. A case study of hard implicitization
problems demonstrates that our method performs very well.

The mathematics under the hood of Theorem 2.1 is tropical algebraic geometry [78].
The proof relies on a technique known as tropical implicitization [102, 103, 104]. Thus this
chapter offers a concrete demonstration that tropical implicitization can serve as an efficient
and easy-to-use tool in computer algebra.

2.2 Proof, examples, and the Philippon-Sombra formula
In this section we prove Theorem 2.1. In our proof we use the technique of tropicalization.

We then present examples to illustrate our main theorem. We also consider an easier task:
finding the degree of the almost-toric hypersurface. We compare our result to existing results,
including the Philippon-Sombra Formula in [92, Proposition 1.2] and another formula in
[104].

First we prove some of the claims made in Section 2.1.

Lemma 2.2. Let ZA,f be an almost-toric hypersurface. Then Newt(ZA,f ) is at most 2-
dimensional in Rn+2.
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Proof. Replacing the variables u0, . . . , un+1 by the parameterization ui = taifi(x) in the im-
plicit equation p(u0, . . . , un+1) of ZA,f , we get another polynomial in variables t1, t2, . . . , tn, x.
The latter polynomial is the zero polynomial. After this substitution, each term in p be-
comes the product of a monomial in variables t1, t2, . . . , tn and a polynomial in x. Since p is
the generator of the principal ideal corresponding to the almost-toric hypersurface, all such
monomials in the variables t1, t2, . . . , tn are the same; otherwise the almost-toric hypersurface
would vanish on a polynomial that contains some terms of p, a contradiction. Suppose after
substitution the monomial is

∏n
i=1 t

αi
i . If v = (v0, . . . , vn+1) is a vertex of Newt(ZA,f ), then p

contains a term
∏n+1

i=0 u
vi
i . Therefore v·AT = (α1, . . . , αn). So vertices of Newt(ZA,f ) satisfy n

independent linear equations and we conclude that Newt(ZA,f ) is at most 2-dimensional.

Remark 2.3. Even if ZA,f is a hypersurface, its Newton polygon could be a degenerate
polygon that has only two vertices.

Example 2.4. Let ZA,f be the surface in P3 given by the following parametrization over C:

(s2x(x− 1) : st(x− 1)(x− 2) : stx(x− 3) : t2(x− 2)(x− 3)).

Then the defining equation of ZA,f is u0u3 − u1u2 = 0, and Newt(ZA,f ) is the line segment
in R4 with endpoints (1, 0, 0, 1) and (0, 1, 1, 0).

Remark 2.5. In the definition of the valuation matrix, we need to combine linearly dependent
vectors in S, because they correspond to vectors with the same slope and thus parts of the
same edge in Newt(ZA,f ).

Lemma 2.6. Let PA be the Plücker matrix defined in Section 2.1. Then PA is skew-
symmetric. The rank of PA is 2 and the entries in each row and column of PA sum to 0.

Proof. The first claim follows directly from the definition of PA. For the second claim, note
that the inner product of the i-th row of PA and the j-th row of A is the determinant of the
following (n + 1) × (n + 1) matrix up to sign: append the j-th row of A to matrix A and
then delete the i-th column of the new matrix. Therefore row(PA) ⊆ row(A)⊥, which means
that the rank of PA is at most 2. Since A has full rank, with the definition of PA, there is
a nonzero non-diagonal entry pij of PA. By the first claim, pji is nonzero too. So we get a
nonzero 2 × 2 minor in PA. For the last claim, since PA is skew-symmetric, it is enough to
prove the claim for rows. It turns out that, up to sign, the sum of entries in the i-th row is
the determinant of the matrix formed by A[i] and the vector 1 = (1, 1, . . . , 1) ∈ Kn+1, where
A[i] is the matrix obtained from A by deleting the i-th column. Since each column of A has
sum d, the vector 1 lies in the row space of A[i], so the matrix is singular and its determinant
is zero.

Next, we explore ZA,f . We consider its tropicalization (we follow the definition from
[78, Definition 3.2.1]). Let XA, Yf , ZA,f be defined as in Section 2.1. Note that ZA,f is the
Hadamard product XA ? Yf of the varieties XA and Yf . We have the following result relating
the tropicalizations of XA, Yf , ZA,f :
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Proposition 2.7. [47, Corollary 3.3.6] We have that

trop(ZA,f ) = trop(XA) + trop(Yf ),

where the sum is Minkowski sum.

So in order to find trop(ZA,f ), it is enough to find trop(XA) and trop(Yf ).

Lemma 2.8. If row(A) is the row space of A with real coefficients, then

trop(XA) = row(A).

Proof. By Proposition 2.7, it is enough to prove the case when n = 1 and then use induction.
For n = 1 we need to show that if a0, a1, . . . , an+1 are integers and

XA = cl({(ta0 : ta1 : . . . : tan+1) ∈ (P∗)n+1|t ∈ K∗}),

then
trop(XA) = {r · a|r ∈ R},

where a = (a0, a1, . . . , an+1). In this case the ideal I(XA) is generated by binomials as follows
(cf. [100, Corollary 4.3]):

I(XA) = 〈xu − xv|a · u = a · v〉.
This implies that all points in trop(XA) are scalar multiples of a.

Lemma 2.9. Let Yf be defined as in (2.3). Then

trop(Yf ) =
⋃
z∈Sf

{λ(ordzf0, ordzf1, . . . , ordzfn+1) ∈ Rn+2|λ ≥ 0}. (2.2)

In addition, trop(Yf ) is an 1-dimensional balanced polyhedral fan in Rn+2 and the rays are
spanned by the vectors vz, where vz = (ordzf0, ordzf1, . . . , ordzfn+1).

Proof. Let K ′ = K{{t}} be the field of Puiseux series [78, Example 2.1.3] in the variable t
with coefficients in K. Then K ′ has a nontrivial valuation and is algebraically closed. Let
Y ′f be the variety parameterized as in (2.1) but x varies in K ′ instead. Note that Yf and Y ′f
have the same ideal, so trop(Yf ) = trop(Y ′f ).

By [78, Theorem 3.2.3], trop(Y ′f ) = val(Y ′f ), where

val(Y ′f ) = {(val(f0(x)), . . . , val(fn+1(x)))|x ∈ K ′}.

Since Q is dense in R, the right hand side of (2.2) is the closure of

B =
⋃
z∈S

{λ(ordzf0, ordzf1, . . . , ordzfn+1) ∈ Rn+2|λ ∈ Q+}.

It then suffices to show B = val(Y ′f ). We first show that B ⊆ val(Y ′f ). Fixing z ∈ S and
λ > 0, we get a vector

u = λ(ordzf0, ordzf1, . . . , ordzfn+1) ∈ B.



CHAPTER 2. ALMOST-TORIC HYPERSURFACES 13

• If z 6= ∞, then z = gj for some 1 ≤ j ≤ m. Since each gj is linear, we may assume
that gj(x) = x − rj where rj ∈ K. For each i, we have fi(x) = (x − rj)ordgj fihi(x),
where hi(rj) 6= 0. Then val(hi(rj)) = 0. Now if we take x = rj + tλ ∈ K ′, then
fi(x) = tλordgj fihi(rj + tλ). Note that hi(x) is a polynomial in K[x], so tλ divides
hi(rj + tλ) − hi(rj) in K ′, thus val(hi(rj + tλ) − hi(rj)) > 0. By the property of
valuation, val(hi(rj + tλ)) = 0. Thus val(fi(x)) = λordgjfi, which means u ∈ val(Y ′f ).

• If z = ∞, then ordzfi = − deg(fi). We take x = t−λ ∈ K ′. Among all terms in fi(x),
the term with smallest valuations is the leading term, because λ > 0. By definition,

val(fi(x)) = (−λ) deg(fi) = λord∞fi.

So u ∈ val(Y ′f ), too.

We next show that val(Y ′f ) ⊆ B. Suppose u ∈ val(Y ′f ). Then there exists x0 ∈ K ′ such
that u = (val(f0(x0)), . . . , val(fn+1(x0))). We may assume that u 6= 0. We need to deal with
two cases.

• All terms of x0 are nonnegative powers of t. Since fi(x) =
∏m

j=1 gj(x)ordgj fi , we have

val(fi(x0)) =
m∑
j=1

ordgjfi · val(gj(x0)).

Note that all gj are linear functions, then for 1 ≤ j < j′ ≤ m we have val(gj(x0) −
gj′(x0)) = 0. Hence for 1 ≤ j ≤ m there is at most one nonzero val(gj(x0)), while
they are not all zero because u 6= 0. Suppose val(gj(x0)) = λ > 0. Then u =
λ(ordzf0, . . . , ordzfn+1) where z = gj ∈ S and u ∈ B.

• At least one term of x0 is a negative power of t. Suppose in x0 the term with least
degree is ct−

p
q , where p

q
∈ Q≥0. Then u = p

q
(ord∞f0, ord∞f1, . . . , ord∞fn+1) is in B,

too.

Finally, by [78, Proposition 3.4.13], trop(Y ′f ) is 1-dimensional and balanced.

By the definition of Vf , the tropicalization trop(Yf ) is exactly the union of the rays
generated by column vectors in Vf . This implies the following corollary:

Corollary 2.10. The tropicalization of ZA,f is

{u + λ · vT |u ∈ row(A),v is a column vector of Vf , λ ≥ 0}.

We now find Newt(ZA,f ).

Proposition 2.11. The edges of Newt(ZA,f ) are parallel to the nonzero column vectors in
PA · Vf .
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Proof. By [78, Proposition 3.1.10], trop(ZA,f ) is the support of an (n+ 1)-dimensional poly-
hedral fan, which is the (n+ 1)-skeleton of the normal fan of Newt(ZA,f ). Since Newt(ZA,f )
is a polygon, every cone in the (n + 1)-skeleton of its normal fan is a cone spanned by
row(A) (which is exactly the orthogonal complement of the plane that contains the polygon)
and a ray inside this plane that is orthogonal to the corresponding edge of the polygon.
By Corollary 2.10, every one of these directed edges belongs to ker(A) and is orthogonal
to the corresponding column vectors of Vf . Let v be a column vector of Vf . Since PA is
skew-symmetric, we have

vT · PA · v = 0.

Hence PA ·v is orthogonal to vT , which means that there exists a scalar c such that c(PA ·v)
represents an edge of Newt(ZA,f ).

It remains to show that the length of the column vectors in PA · Vf coincide with the
edges of Newt(ZA,f ). To analyze these lengths we recall the notion of multiplicity of a
polyhedron which is maximal in a weighted polyhedral complex. We adopt the definition in
[78, Definition 3.4.3]. We have the following result:

Lemma 2.12. [78, Lemma 3.4.6] The lattice length of any edge (defined as the number of
lattice points on the edge minus 1) of Newt(ZA,f ) is the multiplicity of the corresponding
(n+ 1)-dimensional polyhedron in the normal fan of Newt(ZA,f ).

Note that if an edge of Newt(ZA,f ) is expressed by a vector, then its lattice length is the
content of that vector. Therefore it is enough to determine mult(σ) for each σ in the (n+1)-
skeleton of the normal fan of Newt(ZA,f ). We cannot achieve this directly from the definition
of multiplicity, because it involves the implicit polynomial of ZA,f , which is unknown to us.
However, we can find out those multiplicities with the projection of polyhedral complexes
[78, p. 134]. The following proposition will lead to our main theorem.

Proposition 2.13. For every maximal cell σ′ in the (n + 1)-skeleton of the normal fan of
Newt(ZA,f ), mult(σ′) is the content of the corresponding column vector of PA · Vf .

Proof. Let Σ′ be trop(ZA,f ), which is a pure weighted polyhedral complex in Rn+2. Suppose
there are m roots z1, . . . , zm ∈ K of

∏n+1
i=0 fi(z). We define another pure weighted polyhedral

complex Σ ⊆ Rn+m+2 as follows:

Σ = {(u,v) ∈ Rn+m+2|u ∈ row(A),v = λ · ei for some 1 ≤ i ≤ m+ 1 and λ ≥ 0},

where ei is the vector with i-th component 1 and others 0, for 1 ≤ i ≤ m, and em+1 = −1.
Note that

Σ = trop(Z),

where Z is the variety parameterized by

{((ta0 : ta1 : . . . : tan+1), (x− z1, x− z2, . . . , x− zm)) ∈ Pn+1 × Cm| t ∈ (K∗)n, x ∈ K}.
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Note that we can get Σ′ from Σ via a projection φ, where φ keeps u ∈ row(A) fixed and
sends each ei to the transpose of the i-th column vector vi in Vf . So φ maps a maximal
cell σ ∈ Σ to a maximal cell σ′ ∈ Σ′. This correspondence of maximal cells is a bijection.
Suppose σ′ in the (n+ 1)-skeleton of the normal fan of Newt(ZA,f ) corresponds to the vector
vi. Then by [78, (3.6.2)], we have

mult(σ′) = mult(σ) · [Nσ′ : φ(Nσ)],

where Nσ′ ⊆ Rn+2 is the lattice generated by all integer points in the span of row vectors
of A and vTi , and Nσ ⊆ Rn+m+2 is the lattice generated by all integer points in the space
row(A) ⊕ Rei. Let N ⊆ Rn+2 be the lattice generated by row vectors of A and vTi . Then
N ⊆ Nσ′ , Nσ and [Nσ′ : φ(Nσ)] =

[Nσ′ :N ]

[Nσ :N ]
. The lattice index [Nσ′ : N ] is the greatest common

divisor of all maximal minors of the matrix formed by all generating vectors of Nσ′ . Here
this matrix is obtained from A by adding one row vector vTi and its maximal minors are the
product of δ and one entry in the i-th column of PA · Vf , so [Nσ′ : N ] is the product of δ
and the content of the the i-th column vector of PA · Vf . Similarly, [Nσ : N ] is the greatest
common divisor of all maximal minors of A, which is δ.

Finally the initial ideal inσ(I(Z)) with respect to σ of the ideal of Z is the direct sum
of two prime ideals: the first one is toric, the second one is generated by linear polynomials.
Then the quotient ring of K[u0, . . . , un+1] modulo the toric ideal is a domain. Note that
the quotient ring of K[u0, . . . , un+1, v1, . . . , vm] modulo inσ(I(Z)) is the quotient ring of
K[u0, . . . , un+1] modulo the toric ideal adjoining some variable(s) in {v1, . . . , vm}, which
is also a domain. Hence inσ(I(Z)) is also prime. Then by the definition of multiplicity,
mult(σ) = 1. This finishes the proof.

Proof of Theorem 2.1. If rank(PA · Vf ) = 0 then all column vectors of Vf belong to row(A),
which means ZA,f contains the toric variety XA and has codimension 2, so it is not a hyper-
surface. If rank(PA ·Vf ) = 1 , then essentially f provides one parameter not appearing in XA,
which means that ZA,f has codimension 1 and is a toric hypersurface. If rank(PA · Vf ) = 2 ,
then Newt(ZA,f ) is a nondegenerate polygon and with Proposition 2.11, Lemma 2.12 and
Proposition 2.13 we have proved Theorem 2.1.

We illustrate Theorem 2.1 with the following example.

Example 2.14. Let ZA,f admit the following parameterization over C:
(t21(x2 + 1) : t1t2x

3(x− 1) : t1t3x(x+ 1) : t22(x− 2)(x2 + 1) : t23(x− 1)2(x+ 1)).

In this example, A =

2 1 1 0 0
0 1 0 2 0
0 0 1 0 2

, the degree of all monomials in the toric part is

d = 2. Then PA =


0 −2 2 1 −1
2 0 −4 0 2
−2 4 0 −2 0
−1 0 2 0 −1
1 −2 0 1 0

 and δ = 2. The linear factors of the univariate
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polynomials are x, x− 1, x+ i, x− i, x+ 1, x− 2. But we can combine x± i into x2 + 1. So
the vectors in S ′f are

(0, 3, 1, 0, 0), (0, 1, 0, 0, 2), (2, 0, 0, 2, 0), (0, 0, 1, 0, 1), (0, 0, 0, 1, 0), (−2,−4,−2,−3,−3).

Then the valuation matrix of Newt(ZA,f ) is

Vf =


0 0 2 0 0 −2
3 1 0 0 0 −4
1 0 0 1 0 −2
0 0 2 0 1 −3
0 2 0 1 0 −3

 . (2.3)

Using ideal elimination in Macaulay 2 we can compute the implicit polynomial of Newt(ZA,f )
in variables u0, u1, u2, u3, u4:

16u4
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2 u

2
3 − 40u0u
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The vertices of the Newton polygon of this implicit polynomial are

(0, 4, 16, 2, 0), (2, 8, 8, 0, 4), (3, 8, 0, 6, 5), (7, 6, 0, 1, 8), (8, 4, 0, 2, 8), (4, 0, 12, 4, 2).

The directed edges are

(2, 4,−8,−2, 4), (−4, 4, 4,−2,−2), (−4,−4, 12, 2,−6)

(1,−2, 0, 1, 0), (4,−2,−6, 1, 3), (1, 0,−2, 0, 1),

and the product PA · Vf is 
−4 −4 2 1 1 4
−4 4 4 −2 0 −2
12 4 −8 0 −2 −6
2 −2 −2 1 0 1
−6 −2 4 0 1 3

 .
The column vectors of this matrix are the directed edges of Newt(ZA,f ).

Next we compare our result with existing work. The Philippon-Sombra formula [92,
Proposition 4.1] computes the degree of ZA,f from A and f . Let B be a 2 × (n + 2) matrix
such that its entries are integers and its row vectors span the kernel of A, and b0, . . . ,bn+1 be
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the column vectors of B. Given any column vector v = (v0, . . . , vn+1)T ∈ Rn+2, we define a
polytope as the convex hull of the following n+2 vertices: ci is the vector formed by the i-th
column vector of A and vi−1 for 1 ≤ i ≤ n+ 2. Then the vector B ·v admits a triangulation
T of this polytope: for all 0 ≤ i < j ≤ n + 1, the n-dimensional simplex formed by vertices
excluding ci, cj belongs to this triangulation if and only if the vector B · v belongs to the
nonnegative span of bi and bj. Now we define a sum

∂v(A) =
1

δ

∑
σ∈T

|Aσ|
∑
i∈σ

vi.

Here Aσ is the n× n minor of A that contains all columns corresponding to σ.

Proposition 2.15. The degree of an almost-toric hypersurface ZA,f is∑
v is a column vector of Vf

∂v(A).

This proposition is a direct corollary of [92, Proposition 4.1].

Remark 2.16. For some v, ∂v(A) is negative, so the computation of degree using the
Philippon-Sombra formula is not very simple. We attempted to obtain an alternative in-
terpretation of the formula such that all summands are positive, but failed. However in
Section 2.3 we present an algorithm to compute the implicit polynomial of Newt(ZA,f ), and
in step (3) we can compute the degree of this polynomial efficiently.

Theorem 5.2 in [103] also provides an alternative way to compute the degree of ZA,f ,
using tropical geometry. Applying this theorem to our almost-toric hypersurface ZA,f we
have the following corollary.

Corollary 2.17. For a generic column vector w ∈ Rn+2, the i-th coordinate of the vertex
facew(Newt(ZA,f )) is the number of intersection points, each counted with its intersection
multiplicity, of the tropical hypersurface trop(ZA,f ) with the half line w + R≥0ei.

Here intersection multiplicity is defined in the remark after [103, Theorem 5.2] and ei ∈
Rn+2 is the column vector with i-th component 1 and others 0 for 1 ≤ i ≤ n + 2. From
Corollary 2.17 we get the following proposition.

Proposition 2.18. Let p(u0, . . . , un+1) be the implicit polynomial of ZA,f . Then for a generic
vector w ∈ Rn+2, the initial monomial inwp is∏

(i,j)∈U

u
|eiPAvj |
i ,

where

U ={(i, j)|1 ≤ i ≤ n+ 2,vj is a column vector of Vf ,
eTi PAw, e

T
i PAvj,v

T
j PAw have the same sign.}.
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Hence the degree of ZA,f is ∑
(i,j)∈U

|eiPAvj|.

Proof. Ifw is generic, then trop(ZA,f ) andw+R≥0ei have at most one intersection point. Let
vj be the j-th column vector of matrix Vf and col(AT ) = {uT |u ∈ row(A)}. Suppose there
is an intersection point of the maximal cone spanned by row(A) and the half line R≥0vj and
w +R≥0ei. Since w is generic, the 2-dimensional subspace spanned by {w, ei} has a unique
common point with a translation of a codimension 2 subspace: w − col(AT ). Then there
exists a unique pair of nonzero (because w is generic) real numbers λ1, λ2 and u ∈ row(A)
such that uT + λ1vj = w + λ2ei. Then the intersection point exists if and only if λ1, λ2 > 0.
Note that λ1 > 0 if and only if vj and w are on the same side of the hyperplane spanned by
col(AT ) = {uT |u ∈ row(A)} and ei (if they don’t span a hyperplane, then ei ∈ col(AT ) and
no intersection point exists since w is generic). So det(

[
vj ei AT

]
) and det(

[
w ei AT

]
)

have the same sign.

Note that for any column vectors a,b ∈ Rn+2, det(

bTaT
A

) = det(
[
b a AT

]
) = δaTPAb,

where δ is introduced in the definition of Plücker matrix. Hence λ1 > 0 if and only if eTi PAw
and eTi PAvj have the same sign. Similarly, λ2 > 0 if and only if w and ei are on the opposite
sides of the hyperplane spanned by col(AT ) and vj, which is equivalent to eTi PAvj and
vTj PAw having the same sign. So (i, j) ∈ S if and only if there is an intersection point of the
maximal cone spanned by row(A) and the half line R≥0vj with the half line w+R≥0ei. Next
it suffices to show that the intersection multiplicity of this point is |eiPAvj|. By the definition
of intersection multiplicity, for this point it is the lattice index of the lattice spanned by ei,vj
and the transpose of row vectors of A, so the intersection multiplicity is |eiPAvj|.

Remark 2.19. Proposition 2.18 enables us to compute the degree of ZA,f without knowing
Newt(ZA,f ).

2.3 Algorithm, implementation and case study

Algorithm to compute the implicit polynomial

For an almost-toric hypersurface, we would like to compute its implicit polynomial in
n + 2 variables u0, u1, . . . , un+1 from A and f . An existing approach uses ideal elimination
with Gröbner bases, which is inefficient when n is large. Based on Theorem 2.1 we have the
following alternative approach:

1. Compute PA from A, factorize f0, f1, . . . , fn+1 over K into irreducible factors to get Vf .

2. Compute PA · Vf and verify that it has rank 2.
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3. Find Newt(ZA,f ) using Theorem 2.1.

4. Determine all possible monomials in variables u0, u1, . . . , un+1 that could appear in the
implicit polynomial.

5. Use linear algebra to compute the coefficients of these monomials.

We now explain our implementation of this method using the software Maple 17.

Step (1) and (2)

Among the five steps, the first and second are trivial to implement (Maple 17 has the
command Afactor which factors a polynomial into irreducible factors over a given field).

Step (3)

Theorem 2.1 tells us that the set of directed edges are the column vectors of PA · Vf .
Then we need to arrange them in the correct order. We could project these vectors to a
2-dimensional space, by choosing two of the coordinates 1 ≤ c1 < c2 ≤ n + 2. There is
still the problem of orientation: these directed edges admit two different arrangements. The
correct orientation is determined by the sign of the entry (PA)c1,c2 .

Now suppose all directed edges are arranged in correct order and are the column vectors
of a matrix [

ci,j
]

1≤i≤n+2,1≤j≤m .

If the vertex that corresponds to the first and m-th edges has coordinates r1, . . . , rn+2, then
the other vertices have coordinates

(r1 +
k∑
j=1

c1,j, r2 +
k∑
j=1

c2,j, . . . , rn+2 +
k∑
j=1

cn+2,j), k = 1, . . . ,m− 1.

We notice that for 1 ≤ i ≤ n + 2, the i-th coordinate of the vector of vertices corresponds
to the exponents of ti. Since the implicit polynomial is irreducible, the minimum of these
exponents must be 0:

min
1≤k≤m

{ri +
k∑
j=1

ci,j} = 0, 1 ≤ i ≤ n+ 2.

Hence

ri = − min
1≤k≤m

{
k∑
j=1

ci,j}, 1 ≤ i ≤ n+ 2.

So Newt(ZA,f ) is uniquely determined by PA · Vf and we can compute its vertices using the
formula above.
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Step (4)

Given the vertices of Newt(ZA,f ), we need to find all lattice points of this polygon. Since
all of them lie in the translation of a 2-dimensional subspace, projection onto 2 coordinates
would work. We find all lattice points within a convex polygon (which may be degenerate)
as follows:

• compute the upper and lower bound for both coordinates of such a lattice point and
thus find a rectangle of the form [l1, u1]× [l2, u2] containing the polygon;

• list the defining inequalities of the polygon and for each lattice point in the rectangle,
check whether it satisfies all defining inequalities of the polygon.

Then we recover the corresponding lattice points in Newt(ZA,f ). These lattice points corre-
spond to all possible monomials in the implicit polynomial of Z: components of each vector
are the exponents of variables u0, u1, . . . , un+1.

Step (5)

Given all monomials that can occur in the implicit polynomial p(u0, . . . , un+1), it is
enough to find their coefficients. Consider the coefficients as undetermined unknowns. After
the substitution ui = taifi(x) we get another polynomial q(t1, . . . , tn, x). Each term in q is
the product of a coefficient, a monomial in the variables t1, . . . , tn and a polynomial in the
variable x. We claim that all these monomials in variables t1, . . . , tn are the same. Assume
the opposite situation. Then we can pick all terms in q with a particular monomial in vari-
ables t1, . . . , tn and get the corresponding monomials in p, which form another polynomial
p′(u0, . . . , un+1) with less terms than p. Since p is the implicit polynomial, the polynomial
q must be identically zero. Then p′ vanishes everywhere too, so p′ belongs to the principal
ideal of our hypersurface, a contradiction! So after the substitution we can cancel the unique
monomial in the variables t1, . . . , tn and get a univariate polynomial in x with undetermined
coefficients. Since this polynomial is identically zero, the undetermined coefficients satisfy a
system of homogeneous linear equations.

Next we use interpolation. Suppose there are k possible monomials in the implicit polyno-
mial, then we replace x by integers ranging from −r to r, where r = bk

2
c. Each interpolation

gives a linear equation with k coefficients. Then we use the solve command in Maple 17 to
solve these coefficients. Since this is a homogeneous linear system, the solution space should
be 1-dimensional. This leads us to add another equation, for example a1 = 1 where a1 is one
of the coefficients, to guarantee the uniqueness of solution. After getting the solution, if all
coefficients are rational, we normalize them so that their content is 1.

Example 2.20. Let ZA,f be the almost-toric surface in P3 parameterized by

(s3x2(x− 1) : s2t(x2 + 1) : st2x(x+ 1)2 : t3(x− 1)(x− 2)).
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Then A =

[
3 2 1 0
0 1 2 3

]
and Vf =


2 1 0 0 0 −3
0 0 2 0 0 −2
1 0 0 2 0 −3
0 1 0 0 1 −2

. The vertices of Newt(ZA,f ) are

(6, 0, 0, 6), (4, 0, 6, 2), (2, 2, 8, 0), (1, 4, 7, 0), (0, 7, 4, 1), (2, 6, 0, 4).

We find all monomials in the implicit polynomial to be
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We use interpolation to solve for the coefficients of these monomials and obtain the implicit
polynomial
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Comparison with Method of Gröbner bases

To test the efficiency of our algorithm, we try some simple examples using our imple-
mentation in Maple 17 and using ideal elimination in Macaulay 2. The result is in Table
2.1:

sample degree # of terms our time cost ideal elimination’s time cost
Example 2.14 22 24 0.094s 1.875s
Example 2.20 10 16 0.047s 0.078s.

Table 2.1: Simple Examples

We then try some examples that both Macaulay 2 and Sagemath cannot solve in a
reasonable time. We generate some samples as the input using the following method: let
n be the dimension of the torus, d the degree of the homogeneous monomials and k a
positive integer. Then we choose n + 2 degree d monomials randomly from all possible(
n+d−1

d

)
choices. For the univariate polynomials, we choose n + 2 polynomials of the form

(x− 2)∗(x− 1)∗x∗(x+ 1)∗(x+ 2)∗, where each ∗ is a random integer between 0 and k. Table
2.2 shows the time needed to find the implicit polynomial of almost-toric hypersurfaces given
by randomly generated inputs. It turns out that our implementation improves the efficiency
of finding the implicit polynomial of almost-toric hypersurfaces.

The codes of these tests are available at https://sites.google.com/site/bolinmath/
research/codes/ath.

https://sites.google.com/site/bolinmath/research/codes/ath
https://sites.google.com/site/bolinmath/research/codes/ath
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sample degree # of terms time cost sample degree # of terms time cost
1 213 109 12.484s 6 179 97 8.110s
2 109 80 1.594s 7 40 32 0.156s
3 172 129 10.421s 8 27 14 0.140s
4 474 275 156.969s 9 79 71 1.766s
5 291 137 20.375s 10 281 148 20.719s

Table 2.2: n = 4, d = 4, k = 5

Comparison with Method of Syzygies

We consider another example ([26, Example 3.2]), where a hypersurface in P3 is param-
eterized by

a = su2, b = t2(s+ u), c = st(s+ u), d = tu(s+ u). (2.4)

In [26] methods called moving planes and moving quadrics based on syzygies are used to
solve implicitization problems similar to ours. For this example the parameterization has
base points, including (0 : 1 : 0). So one needs several assumptions and one assumption does
not hold and the method of moving quadrics fails (cf. [26, Example 2.6]). Let’s find the
implicit polynomial for (2.4) using our algorithm.

In (2.4) the polynomials in s, t, u are homogeneous, while for almost-toric hypersurface,
our counterparts are not homogeneous because of the coefficient part. But we can modify the
parametrization to make it consistent with our definition. Let x = u

s
. Then (2.4) becomes

a = s3x2, b = st2(x+ 1), c = s2t(x+ 1), d = s2tx(x+ 1). (2.5)

Then we apply our algorithm. The matrix A is[
3 1 1 2
0 2 2 1

]
.

Then δ = 3 and

PA =


0 0 −1 1
0 0 −1 1
1 1 0 −2
−1 −1 2 0

 .
As for the coefficient part, f = (x2, x + 1, x + 1, x(x + 1)), there are only two irreducible
factors x and x + 1. Their corresponding vectors are (2, 0, 0, 1) and (0, 1, 1, 1). They are
linearly independent, so

Vf =


2 0 −2
0 1 −1
0 1 −1
1 1 −2

 .
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Next

PA · Vf =


1 0 −1
1 0 −1
0 −1 1
−2 1 1

 .
By Theorem 2.1 these three column vectors correspond to the directed edges of Newt(ZA,f ).
As for the orientation, we project onto the 2-dimensional subspace by the third and fourth
coordinates: (0,−2), (−1, 1), (1, 1). Since (PA)3,4 = −2 < 0, the orientation is clockwise, i.e.
the edges are arranged in the following order:

(−1,−1, 1, 1), (1, 1, 0,−2), (0, 0,−1, 1).

Then by step (3) of our algorithm we can determined the three vertices of Newt(ZA,f ):

(1, 1, 0, 1), (0, 0, 1, 2), (1, 1, 1, 0).

Once again we consider its projection in the 2-dimensional subspace. The triangle formed
(0, 1), (1, 2), (1, 0) has no lattice point in its interior and one point (1, 1) in the interior of its
boundary, which has preimage (1

2
, 1

2
, 1, 1) and is not a lattice point in Newt(ZA,f ). Then by

step (4), all monomials appearing in the implicit polynomial are

abd, cd2, abc.

Note that the part of univariate polynomial in them are

x3(x+ 1)2, x2(x+ 1)3, x2(x+ 1)2,

and
−x3(x+ 1)2 + x2(x+ 1)3 = x2(x+ 1)2,

then the implicit polynomial is
abc+ abd− cd2 = 0.

2.4 Summary
Our solution of the implicitization problem of almost-toric hypersurface demonstrates

an application of tropical geometry to algebraic geometry. The discussion in Section 2.3
shows the significant efficiency improvement of computing the implicit polynomial. We do
not know whether our method could be applied to more general algebraic varieties. One
example is the case when there are multiple factors of univariate polynomials in the product
of the parameters.
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Chapter 3

Computing linear systems on metric
graphs

This chapter is posted on the arXiv [73], as a single-authored paper with the same title.
In this chapter we focus on linear systems on metric graphs. In algebraic geometry, linear
systems of divisors on curves are well studied (cf. [62, §3]). In tropical geometry, the analogue
of algebraic curves are tropical curves. They can be viewed as metric graphs. Many scholars
studied the linear systems of divisors on metric graphs, for example [10, 12, 64]. The article
[13] proved a graph-theoretic analogue of the Riemann-Roch Theorem, and it was generalized
to tropical curves (which may contain unbounded rays) independently by [57] and by [82].
The theory of linear systems on metric graphs is applied to algebraic geometry, for example
in [14].

Haase, Musiker and Yu [64] studied the cell complex structure of |D| and the tropical
semimodule structure of R(D), where D is a divisor on a metric graph. This chapter is an
extension of [64]. We focus on the computation of the cell complex |D| and the tropical
semimodule R(D), namely given a metric graph Γ and a divisor D on it, how to find the
cells in |D|, the f -vector of |D| and the extremal generators of R(D).

The outline of this chapter is as follows: in Section 3.1 we recall the definitions of the
objects that we study; in Section 3.2 and Section 3.3 we introduce the anchor divisors
and anchor cells, and discuss the properties of |D| and R(D) respectively; in Section 3.4
we present our main theorem (Theorem 3.47), introduce our algorithms and discuss their
efficiency; and in Section 3.5 we present computational results on some examples of canonical
linear systems. In addition, in Chapter 4 we define the tropical Hodge bundle, a counterpart
of the classical Hodge bundle in tropical geometry. Its fibers over the moduli space are
canonical linear systems on metric graphs.

3.1 Definitions
In this section we recall the definition of linear systems on metric graphs.
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3 3

4

Figure 3.1: A metric graph Γ1 with skeleton C3 and metric 3, 3, 4.

3.1.1 Metric graphs

Definition 3.1. A metric graph Γ is a connected undirected finite graph whose edges have
positive lengths. A metric graph Γ is determined by its graph-theoretic type and the lengths
of its edges. The graph-theoretic type of Γ is called the skeleton of Γ, and the lengths of the
edges of Γ are called the metric of Γ and denoted by M . For an edge e of Γ we denote by
Me the length of e in M .

Figure 3.1 shows a metric graph Γ1.

Remark 3.2. We do not require a metric graph to be simple, because metric graphs with
loops or parallel edges play an important role in Berkevich theory [18]. See also [25, Figure
4].

Remark 3.3. Tropical curves are closed related to metric graphs. As 1-dimensional polyhe-
dral complexes, they may have different models Γ = (V,E): different models have different
set of vertices.

Definition 3.4. The genus of a metric graph Γ = (V,E) is defined as |E| − |V |+ 1.

3.1.2 Divisors

The definition of divisors is exactly the same as that of divisors on algebraic curves.

Definition 3.5. A divisor D on Γ is a formal finite Z-linear combination D =
∑

x∈ΓD(x) · x
of points x in the edges of Γ. The divisor is effective if D(x) ≥ 0 for all x ∈ Γ. The degree
of a divisor D is

∑
x∈ΓD(x). The support of a divisor D on Γ is the set {x ∈ Γ | D(x) 6= 0},

denoted as supp(D).

Example 3.6. Figure 3.2 shows an effective divisor D on the metric graph Γ1 in Figure 3.1.
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A B

C

E

Figure 3.2: A divisor D = 2 ·A+ 3 ·B + 1 · C + (−1) · E on Γ1 in Figure 3.1.

3.1.3 Rational functions

Definition 3.7. A (tropical) rational function f on Γ is a continuous function f : Γ → R
that is piecewise-linear on each edge of Γ with finitely many pieces and integer slopes. The
order ordx(f) of f at a point x ∈ Γ is the sum of the outgoing slopes at x along all directions.

Remark 3.8. Note that if x is an interior point of a linear piece of f , then there are two
directions at x, and x has two opposite outgoing slopes, so ordx(f) = 0.

Definition 3.9. The principal divisor associated to f is

(f) =
∑
x∈Γ

ordx(f) · x. (3.1)

By Remark 3.8, the support of (f) is finite, so (f) is well-defined.

Lemma 3.10. For any rational function f on a metric graph Γ, the degree of (f) is 0.

Proof. The metric graph Γ consists of finitely many linear pieces. For each linear piece PQ,
suppose the outgoing slope at point P towards Q is k. Then the outgoing slope at point
Q towards P is −k. The edge PQ contributes a k and a −k in the coefficients of the right
hand side of (3.1). Thus deg((f)) = 0.

Remark 3.11. This definition is independent of the orientation of an edge of the metric
graph, because the outgoing slopes at any point x ∈ Γ only depend on the rational function f .

3.1.4 Linear systems

Definition 3.12. Two divisors D and D′ are linearly equivalent if D −D′ = (f) for some
rational function f , denoted as D ∼ D′. For any divisor D on Γ, let R(D) be the set of all
rational functions f on Γ such that the divisor D + (f) is effective, and |D| = {D + (f) |
f ∈ R(D)}, the linear system of D.

Example 3.13. Let Γ be a metric graph with graph-theoretic type C4 and equal edge lengths.
Below are examples of D and f ∈ R(D).
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Figure 3.3: the metric graph Γ
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Figure 3.4: the divisor D

Figure 3.5: rational function f (blue)
on the metric graph Γ (black)
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3Q R

P S

Figure 3.6: the effective di-
visor D + (f)

When we fix the skeleton of Γ, for any metric M and divisor D on Γ, we denote by
R(D)M the set R(D) and by |D|M the linear system |D|.

Remark 3.14. Given a metric graph Γ = (V,E,M) and a divisor D on Γ. The divisor D
is said to be vertex-supported if supp(D) ⊆ V . Note that supp(D) is always a finite set.
If D is not vertex-supported, then we can refine Γ to get a new metric graph whose set of
vertices is supp(D). Also we may assume that |D| is not empty, so if D is not effective, we
can consider an effective divisor D′ ∈ |D|. It is obvious that |D′| = |D|. We shall assume
from now that D is vertex-supported.

3.1.5 Riemann-Roch theorem

For a divisor on a metric graph, we can still define its rank, and there is an analogue of
the famous Riemann-Roch theorem in algebraic geometry.

Definition 3.15. Let D be a divisor on a metric graph Γ. The rank of D, denoted as r(D),
is the largest nonnegative integer r such that for any divisor E on Γ with deg(E) = r, the
linear system |D − E| is nonempty. If such an r does not exist, then r(D) = 0.

Lemma 3.16. For any divisor D on a metric graph Γ, r(D) ≤ max(0, deg(D)).

Proof. If r(D) = 0, the claim is trivial. Otherwise let r(D) = r ≥ 1. By definition there
exists a divisor E such that deg(E) = r and |D−E| 6= ∅. By Lemma 3.10, adding a principal
divisor does not change the degree of a divisor. Since the linear system |D−E| is nonempty,
there is an effective divisor with the same degree as D − E. Thus deg(D − E) ≥ 0, and
r = deg(E) ≤ deg(D) ≤ max(0, deg(D)).
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In order to state the metric graph version of the Riemann-Roch theorem, we need to
define the canonical divisors.

Definition 3.17. For any metric graph Γ, the canonical divisor K of Γ is the divisor on Γ
with K(x) = d(x) − 2 when x is a vertex of Γ and K(x) = 0 otherwise, where d(x) is the
valence of x in Γ.

Theorem 3.18. [13] Let Γ be a metric graph and D be a divisor on Γ. Then we have

r(D)− r(K −D) = deg(D)− g + 1, (3.2)

where K is the canonical divisor of Γ.

3.2 The polyhedral cell complex |D|
In this section we present the cell complex structure of |D|.

3.2.1 The cell complex structure

Note that if c is a constant rational function on Γ, then for any rational function f on
Γ, the divisor D + (f + c) is equal to D + (f). Let 1 be the set of constant functions on Γ.
The set R(D)/1 can be identified with the linear system |D| by the map f 7→ D + (f). We
adapt the formulation of |D| as a cell complex in [64], which originates from [57] and [82].

Definition 3.19. We identify each open edge e ∈ E with the interval (0,Me) (this implicitly
gives an orientation of e, while it is independent of the cell complex). Each cell of |D| is
characterized by the following data:

• a nonnegative integer dv for each v ∈ V ;

• an ordered partition de =
∑re

i=1 d
i
e of positive integers for some of the edges e ∈ E;

• an integer me for each e ∈ E.

A divisor L belongs to this cell if and only if the following statements hold:

• L(v) = dv for each v ∈ V ;

• for those e ∈ E with the partition above, the divisor L on e is expressed as
∑re

i=1 d
i
exi,

where 0 < x1 < x2 < . . . < xre < Me; for other edges e, L(x) = 0 for all points x in
the interior of e;

• for any f ∈ R(D) such that L = D + (f), the outgoing slope of f at the point 0 is me

for each e ∈ E.
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Remark 3.20. The slopes me are also required because two distinct rational functions in
R(D) may lead to different effective divisors in |D| with exactly the same values of the dv
and the ordered partitions of de.

Example 3.21. Let Γ = (V,E) be a loop e with one vertex v and the length of e equal to 3.
Let D = 3 · v. Then the two effective divisors in Figure 3.7 belong to |D|. For both, all dv
are 0 and all de are 3 with one part in the partition, while the slopes me are different: one
is −1 and the other is −2.

v

3

-2 -1 v

3

-1 -2

Figure 3.7: Two cells in |D| only differ by me

A cell is represented by any divisor D + (f) in it, because once we have the rational
function f ∈ R(D), we can compute all data in Definition 3.19. There is a natural question:
how can we tell the dimension of a cell from a representative? The following proposition is
a good answer.

Proposition 3.22. [64, Proposition 13] Let D be a vertex-supported effective divisor on a
metric graph Γ and V be the set of vertices in Γ. Let C be a cell in |D| and L a representative
of C. Let IL = {x ∈ Γ−V | L(x) > 0}. Then dimC is one less than the number of connected
components in the graph Γ− IL.

Corollary 3.23. Let D be a vertex-supported effective divisor on a metric graph Γ and
d = deg(D). The dimension of the cell complex |D| is at most d. In addition, if Γ is
2-connected, then the dimension of the cell complex |D| is at most d− 1.

Proof. Let C be a cell in |D| and L a representative of C. We have deg(L) = deg(D) = d.
So the support of L contains at most d points. By definition, IL ⊆ supp(L), so IL contains at
most d points as well. Now we consider the connected components in the graph Γ−IL. First
Γ is connected. And each time we delete a point in IL, the number of connected components
can increase by at most 1, because the deleted point is always interior to an edge of the
current graph. Therefore there are at most d+ 1 connected components in the graph Γ− IL.
Hence, by Proposition 3.22, we conclude that dimC ≤ d. If Γ is 2-connected, then when we
delete one point in IL from Γ, the remaining graph is still connected, so there are at most d
connected components in the graph Γ− IL. Hence dimC ≤ d− 1.

Remark 3.24. We cannot generalize Corollary 3.23 to metric graphs with higher connectiv-
ity. Because with appropriate metrics, there exists a degree-d divisor in |D| whose support
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consists of d distinct points on the same edge of Γ, then by Proposition 3.22, this divisor
belongs to a d− 1-dimensional cell. In other words, if we only delete up to one point on each
edge, higher connectivity reduces the number of connected components in the resulting graph,
while we can delete many points on the same edge and then higher connectivity makes no
difference in this case.

In order to find the cells in |D|, we need to know whether there are finitely many of them.
Fortunately we have the following theorem.

Theorem 3.25. [64, Theorem 14] The cell complex |D| has finitely many vertices.

Since each cell is uniquely determined by its vertices, we have the following corollary.

Corollary 3.26. The cell complex |D| has finitely many cells.

Example 3.27. Let H2 be the a hyperelliptic tropical curve with vertices P,Q as in Figure
3.8 : there is a loop at P , a loop at Q and an edge connecting P,Q. The canonical divisor on
H2 is KH2 = P + Q. Then |KH2| is a 2-dimensional polyhedral cell complex whose f -vector
is (5, 5, 1). Let P1, Q1 be the antipodal points of P,Q on the two loops, respectively. Then
the 5 vertices of |KH2| are:

P +Q, 2 · P, 2 ·Q, 2 · P1, 2 ·Q1.

Note that |KH2| is not pure dimensional, but it is contractible.

Figure 3.8: The polyhedral complex |KH2 |.
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3.3 The tropical semimodule R(D)

In this section we explore the algebraic properties of R(D). We can define the sum of
rational functions in R(D) in a natural way via (f + g)(x) = f(x) + g(x) for x ∈ Γ. Then
the new function f + g is still a tropical rational function on Γ. However, it may not belong
to R(D).

Example 3.28. Let Γ be a line segment PQ and D = P + Q. This function f belongs to
R(D), but f + f = 2f does not. Because (D + (2f))(P ) = 1 + 2 · (−1) = −1 < 0.

f(P ) = 0

f(X) = −2

f(Q) = 3

P QX

Figure 3.9: A divisor D such that R(D) is not closed under the usual addition.

To make R(D) closed under addition, we may consider the following operation.

Definition 3.29. If f and g are rational functions defined on Γ, we let f ⊕ g be the rational
function on Γ with (f ⊕ g)(x) = max(f(x), g(x)) and f � g be the rational function on Γ
with (f � g)(x) = f(x) + g(x). In other words, ⊕ and � are the tropical operations in the
set of rational functions on Γ. Here we choose the max-plus algebra.

Lemma 3.30. [64, Lemma 4] Let D be any divisor on a metric graph Γ. The space R(D) is a
tropical semimodule, i.e. it is closed under tropical addition and tropical scalar multiplication.
We are thus in the setting of Definition 1.2, with S = Γ and M = R(D).

Definition 3.31. A function f ∈ R(D) is called extremal if, for any g1, g2 ∈ R(D), the
decomposition f = g1 ⊕ g2 implies that f = g1 or f = g2. Note that any generating set of
R(D) must contain all extremal functions up to tropical scalar multiplications.

It turns out that extremal functions are enough to generate R(D).

Proposition 3.32. [64, Lemma 4] The tropical semimodule R(D) is generated by the set of
its extremal functions (up to tropical scalar multiplications).

Thus it is important to find the extremal functions of R(D). We discuss the approach in
Section 3.4.2.
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3.4 Computations of |D| and R(D)

There is a natural computational question: given a metric graph Γ and a divisor D on
Γ, how to find the linear system |D| and the tropical semimodule R(D)? In this section, we
present general methods to compute the cells of |D| and the extremal generators of R(D).
Even though we know that there are finitely many cells in |D|, the total number could be
huge, as for a rational function f in R(D), there might be many linear pieces on a single edge
of the metric graph. To overcome this obstacle, we introduce the anchor cells that serve as
landmarks to find all cells of |D|. We discuss the pros and cons of two linear programming
approaches for computing the anchor cells of |D|. We also implement our algorithms and
address issues about symbolic and numerical computations in our implementations. Based
on the cells of |D|, we introduce an algorithm to compute the extremal generators of R(D).
Finally we present our computational results for some canonical linear systems.

3.4.1 Computing the cells of |D|
Given Γ and D, in order to find the cells of |D|, one approach is that we first find the

vertices of |D|, and then find other cells of |D|. As for the vertices, it is straightforward
to implement the method in the proof of [64, Theorem 6]. However, there might be many
cells in |D| with rather complicated structure, because there might be many parts in the
partition on one edge in the data in Definition 3.19. To grasp the cells in |D|, we introduce
an important type of divisors and cells in |D| that serve as landmarks.

3.4.1.1 Anchor divisors and cells

Definition 3.33. A divisor L on Γ is an anchor divisor if for each edge of Γ there is at most
one interior point x with L(x) > 0. A cell C in |D| is an anchor cell if all representatives L
of C are anchor divisors.

Remark 3.34. The number of anchor divisors in |D| could be infinite. If an anchor cell has
dimension 1, then it contains infinitely many divisors and each such divisor is an anchor
divisor, as in Example 3.35. Nonetheless, they all represent the same anchor cell because
they share the same data in Definition 3.19.

Example 3.35. Let Γ and D be the same as in Example 3.28. Then for any X ∈ Γ, the
anchor divisor 2·X belongs to |D|. But they represent the same 1-dimensional cell when X is
an interior point. Figure 3.9 shows the rational function f ∈ R(D) such that D+(f) = 2 ·X.

One property of anchor cells is that the set of anchor cells contains the vertices of |D|.

Lemma 3.36. Each vertex of |D| is an anchor cell.

Proof. Suppose that L ∈ |D| is not an anchor divisor. There exists an edge e of Γ and two
distinct interior points P,Q of e such that L(P ), L(Q) > 0, then P,Q ∈ IL. After deleting
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P and Q the graph is no longer connected. So the number of connected components in the
graph Γ− IL is at least 2. Hence, by Proposition 3.22, L is the representative of a cell with
dimension at least 1. Therefore, if a divisor represents a vertex of |D|, it must be an anchor
divisor. So each vertex is an anchor cell.

Lemma 3.37. Let D be a vertex-supported effective divisor on a metric graph Γ. If f ∈ R(D)
and D + (f) is an anchor divisor, then f has at most two linear pieces on each edge of Γ.

Proof. For any edge e of Γ, suppose x is an interior point of e and it is the intersection of
two linear pieces of f with different slopes. Then, by definition, we have (f)(x) 6= 0. Since D
is vertex-supported, D(x) = 0. Then (D+ (f))(x) 6= 0. Since f ∈ R(D), the divisor D+ (f)
is effective, so (D + (f))(x) > 0. However D + (f) is an anchor divisor, meaning that there
is at most one such point x, so f has at most two linear pieces on e.

Therefore if the outgoing slopes at the two endpoints of e sum to 0, then f is linear on
e; otherwise f has two linear pieces on e and there is one interior point x of e such that
(D + (f))(x) > 0.

Corollary 3.38. Let D be a vertex-supported divisor on a metric graph Γ. If C is an anchor
cell and it is represented by a divisor D+ (f), then C is uniquely determined by the outgoing
slopes of f at all vertices of Γ.

Proof. It suffices to show that given all those slopes, the data of C are uniquely determined.
Firstly, the me are determined given those slopes. Secondly we show that the de are also
determined. If C is an anchor cell and D + (f) is a representative of C, then D + (f) is an
anchor divisor. By Lemma 3.37, f has at most two linear pieces on each edge e of Γ. If f
is linear on e, then the integer de is zero for D + (f); otherwise f has two linear pieces on
e. Suppose they have a common point v. Then (D + (f))(v) is minus the sum of the two
outgoing slopes at the endpoints of e, so de is still determined by those slopes. Finally for
each vertex v of Γ, dv = (D+(f))(v). The coefficient D(v) is known, and each (f)(v), which
is the sum of the outgoing slopes at v, is also determined, so dv is determined too.

Lemma 3.39. [64, Lemma 7] Let D be an effective divisor on a metric graph Γ and f ∈
R(D). Then the slopes of all linear pieces of f are between − deg(D) and deg(D).

With the anchor cells, we have the following approach for finding the cells of |D|:

(1) computing the anchor cells of |D|;

(2) given the anchor cells of |D|, computing the other cells of |D|.

3.4.1.2 Step (1) - linear programming algorithms

By Corollary 3.38 and Lemma 3.39, we can find all anchor cells by considering the 2|E|-
tuple of outgoing slopes of all f ∈ R(D) with at most two linear piece(s) on each edge of Γ.
In particular we have a proof of the finiteness of anchor cells.
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Next we implement this approach using linear programming algorithms. Suppose Γ =
(V,E), where V = {v1, . . . , vn} is the set of vertices and E = {e1, . . . , em} is the set of edges.
For 1 ≤ j ≤ m, the edge ej has endpoints vj(1) and vj(2), where 1 ≤ j(1), j(2) ≤ n, and the
length of ei is Mi. For 1 ≤ i ≤ n let di = D(vi) and d = deg(D) =

∑n
i=1 di.

Lemma 3.40. Let f be a rational function defined on Γ = (V,E) such that there are at most
two linear pieces on each edge of Γ. Denote by ai = f(vi) for 1 ≤ i ≤ n and by sj,1, sj,2 the
outgoing slope at vj(1) and vj(2) of ej for 1 ≤ j ≤ m. Then f ∈ R(D) if and only if

• for each vertex vi we have the inequalities

di +
∑
j(1)=i

sj,1 +
∑
j(2)=i

sj,2 ≥ 0; (3.3)

• for 1 ≤ j ≤ m, either

sj,1 + sj,2 = 0, aj(1) − aj(2) + sj,1 ·Mj = 0 (3.4)

or
sj,1 + sj,2 < 0, sj,2 ·Mj < aj(1) − aj(2) < −sj,1 ·Mj. (3.5)

Example 3.41. Figure 3.10 shows the function f on the edge ej. In this example, Mj = 3
and the lengths of vj(1)p and vj(2)p are 1 and 2 respectively. The outgoing slopes are sj,1 = −3
and sj,2 = −1. The values of f are f(vj(1)) = 4, f(vj(2)) = 3 and f(p) = 1.

vj(1) vj(2)p

4

1

3

f

ej

Figure 3.10: The graph of f (thick) on the edge ej

Proof. Suppose f ∈ R(D). Note that for each 1 ≤ i ≤ n we have (f)(vi) =
∑

j(1)=i sj,1 +∑
j(2)=i sj,2, then

di +
∑
j(1)=i

sj,1 +
∑
j(2)=i

sj,2 = (D + (f))(vi) ≥ 0.

For each 1 ≤ j ≤ m, f has either one or two linear piece(s) on the edge ej. If there is one linear
piece, then sj,1+sj,2 = 0, and by definition of slope we have aj(2)−aj(1) = sj,1 ·Mj; if there are
two linear pieces, then there exists an interior point p of ej such that f is linear on both line
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segments vj(1)p and vj(2)p, and sj,1 + sj,2 6= 0. Note that (D+ (f))(p) = (f)(p) = −sj,1− sj,2,
so sj,1 + sj,2 < 0. Let x be the length of the segment vj(1)p, then the length of the segment
vj(2)p is Mj − x. And by definition of slope we have

aj(1) − f(p) + sj,1 · x = 0, aj(2) − f(p) + sj,2 · (Mj − x) = 0. (3.6)

Since f(p) can be any real number, we eliminate it and get

(sj,1 + sj,2)x = (aj(2) − aj(1) + sj,2Mj).

Then
x =

aj(2) − aj(1) + sj,2 ·Mj

sj,1 + sj,2
.

Since p is an interior point of ej, we have 0 < x < Mj. Then aj(2) − aj(1) + sj,2 ·Mj < 0 and
aj(1) − aj(2) + sj,1 ·Mj < 0.

Conversely, suppose for each 1 ≤ i ≤ n (3.3) holds and for each 1 ≤ j ≤ m, either (3.4)
or (3.5) holds. For each 1 ≤ j ≤ m, if sj,1 + sj,2 = 0 then by (3.4) f is well-defined on
ej and D + (f)(q) ≥ 0 for all points q in the interior of ej; otherwise (3.5) holds, by the
chain inequalities f is well-defined on ej with two linear pieces. Since sj,1 + sj,2 < 0, we have
D + (f)(q) ≥ 0 for all points q in the interior of ej. Finally for each 1 ≤ i ≤ n, (3.3) holds.
Then (D+(f))(vi) ≥ 0. So f is a well-defined rational function on Γ with at most two linear
pieces on each edge of Γ and f ∈ R(D).

Note that if D+ (f) is an anchor divisor in |D|, then it also has degree d and its support
has at most one intersection point with each open ei. Thus we obtain a partition of d
into n + m nonnegative integers: d =

∑n
i=1 d

′
i +

∑m
j=1 cj, where d′i = (D + (f))(vi) and

cj =
∑

x∈ej◦ (D + (f))(x). We call them configurations of anchor divisors. Note that there
are

(
d+n+m−1

d

)
configurations in total.

The following lemma follows from the definition of principal divisors (f).

Lemma 3.42. Suppose f ∈ R(D) with the same notations as in Lemma 3.40. Let d =∑n
i=1 d

′
i +
∑m

j=1 cj be the configuration of the divisor D + (f). For 1 ≤ j ≤ m, we have

cj = −sj,1 − sj,2. (3.7)

And for 1 ≤ i ≤ n we have

d′i = di +
∑
j(1)=i

sj,1 +
∑
j(2)=i

sj,2 (3.8)

Now for each configuration d =
∑n

i=1 d
′
i +
∑m

j=1 cj, we consider the following system of
linear constraints in (3.4), (3.5), (3.7), (3.8). Here di, d′i,Mj, cj are parameters and ai, sj,1, sj,2
are variables. Then among the solutions of this system, each 2m-tuple of integers sj,1, sj,2
gives an anchor cell of |D|.
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Remark 3.43. For each j, whether to apply (3.4) or (3.5) depends on the value of cj.

Lemma 3.40 and Corollary 3.42 gives rise to Algorithm 1. The input is the metric graph
Γ = (V,E), the edge lengths Mj and the divisor D. The output L is a list of the anchor
cells.

Algorithm 1 Computing Anchor Cells
1: procedure AnchorCells(Γ = (V,E),M,D)
2: L← ∅
3: m← |E|
4: n← |V |
5: d← deg(D)
6: s← {c = (c1, . . . , cm, d

′
1, d
′
2, . . . , d

′
n) | cj, d′i ∈ N,

∑m
j=1 cj +

∑n
i=1 d

′
i = d.}

7: for c ∈ s do
8: S ← the system of linear constraints in (3.4), (3.5), (3.7), (3.8)
9: if S does not have a solution with all sj,1, sj,2 being integers then (*)

10: next c
11: end if
12: a← array of m entries
13: b← array of m entries
14: for j ← 1,m do
15: a[j]← [minimize(sj,1, S),maximize(sj,1, S)] ∩ Z
16: b[j]← [minimize(sj,2, S),maximize(sj,2, S)] ∩ Z
17: end for
18: T ← the Cartesian product of a[1], . . . , a[m], b[1], . . . , b[m]
19: for v ∈ T do
20: if S union {sj,1 = vj, sj,2 = vj+m | j = 1, . . . ,m} is feasible then
21: L← L ∪ {[v, c]}
22: end if
23: end for
24: end for
25: return L
26: end procedure

Remark 3.44. In our implementation, we use the LPSolve command in Maple 2015 for the
step (*) in Algorithm 1. The codes are available at https: // sites. google. com/ site/
bolinmath/ research/ codes/ linearsystem .

We can also process more general input. Suppose the skeleton of Γ is fixed, but the metric
may vary. In this case the input is the metric (Mj)1≤j≤m, and the desired output is the set
of anchor cells in |D|. Apparently we can apply the above approach once the Mj are given,

https://sites.google.com/site/bolinmath/research/codes/linearsystem
https://sites.google.com/site/bolinmath/research/codes/linearsystem
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but since Algorithm 1 needs to run the linear-programming subroutine
(
d+n+m−1

d

)
times, it

is not very efficient if we would like to compute for many different metrics.
Instead, we can also view the Mj’s as variables. However sj,1 ·Mj appears in (3.5). In

order to make the system of constraints linear, we have to let sj,1, sj,2 become parameters.
So we take the approach in the proof of Theorem 3.25. We still have the equations and
inequalities (3.4), (3.5), (3.7), (3.8), but sj,1, sj,2 are parameters instead. Now the parameters
are di, sj,1, sj,2 and the variables are Mj, d

′
i, ai, cj. Then we also need

cj ≥ 0 ∀1 ≤ j ≤ m and d′i ≥ 0 ∀1 ≤ i ≤ n (3.9)

for D + (f) being effective and

Mj > 0 ∀1 ≤ j ≤ m. (3.10)

for the edge lengths in M are all positive.
By Lemma 3.39, we have |sj,1|, |sj,2| ≤ d. So there are finitely many possible values of

them. Now we have an empty list first and for each choice of (sj,k), we check the feasibility
of the system of linear constraints formed by (3.4), (3.5), (3.7), (3.8), (3.9), (3.10). If it
is feasible, then we find one anchor cell and save it to our list. The output is the set of
anchor cells represented by divisors L such that there exists some metric M = (Mj)1≤j≤m
with L ∈ |D|M .

The advantage of this approach is that we can compute this list of all possible anchor
cells in |D| beforehand. Then given a specific metric, we just plug in the values of Mj and
check the feasibility of each anchor cell in the list.

Algorithm 2 Computing Anchor Cells
1: procedure AnchorCells(Γ = (V,E),M,D)
2: L← ∅
3: m← |E|
4: n← |V |
5: d← deg(D)
6: P ← {s = (s1,1, s1,2, . . . , sm,1, sm,2) | sj,1, sj,2 ∈ [−d, d]} = [−d, d]2m

7: for s ∈ P do
8: S ← the system of linear constraints in (3.4), (3.5), (3.7), (3.8),(3.9), (3.10)
9: if S does not have a solution then

10: next c
11: elseL← L ∪ {s}
12: end if
13: end for
14: return L
15: end procedure

Table 3.1 is a comparison of Algorithm 1 and Algorithm 2.
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Slopes me,m
′
e dv, de values f(v) number of cases the problem in each case

1 fixed fixed variables (2 deg(D) + 1)2|E| linear programming
2 integer variables fixed variables

(|V |+|E|+deg(D)−1
deg(D)−1

)
mixed integer programming

Table 3.1: A comparison of the two approaches from step (1).

3.4.1.3 Symbolic versus numerical

So far our approaches are purely symbolic. However, for the implementation of both
Algorithm 1 and 2, there is a step that we need to check the feasibility of a system of linear
equations and inequalities. Note that the inequalities (3.5) are strict, which is an obstacle in
simplifying the system, as many existing softwares only allow nonstrict inequalities. Then
we had to relax the inequalities to

sj,1 + sj,2 < 0, sj,2 ·Mj + ε ≤ aj(1) − aj(2) ≤ −sj,1 ·Mj − ε, (3.11)

where ε > 0 is very small. Then in Algorithm 1, when we check whether the slopes sj,1, sj,2
of a solution are integers, we also need to deal with the error coming from ε. In our imple-
mentation, we usually set ε = 0.1 for metric graphs with small size. But we do not have a
general strategy to deal with this symbolic/numerical issue.

3.4.1.4 Step (2) - The association map

The motivation for anchor cells is Theorem 3.47.

Definition 3.45. Let A be an anchor cell of |D| and L be a divisor in A. For each (open)
edge ei of Γ, we let ci =

∑
x∈ei L(x). Then ci is the unique positive coefficient of L on ei

if the second part of the data of A in Definition 3.19 contains a trivial partition; otherwise
ci = 0. We define a function

s(A) =

|E|∑
i=1

max(ci − 1, 0). (3.12)

Example 3.46. Let A1, A2 be the two 0-dimensional anchor cells in Figure 3.7. There is a
unique edge in the metric graph and for both A1 and A2, it corresponds to the trivial partition
3 = 3 in the data. Then

s(A1) = s(A2) = 3− 1 = 2.

In comparison, for the five 0-dimensional anchor cells in Figure 3.8, the cells corresponding
to 2P1 and 2Q2 have an edge with the trivial partition 2 = 2, and other three cells do not
have any. Then (we denote the cells by their corresponding divisors)

s(2P1) = s(2Q2) = 2− 1 = 1, s(2P ) = s(2Q) = s(P +Q) = 0.
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Figure 3.11: The association map φ on one edge

Theorem 3.47. (Association to anchor cells) Let D be a vertex-supported effective divisor
on a metric graph Γ. (1) Suppose C is the set of all cells in |D| and A is the set of all
anchor cells in |D|. We define a function φ : C → A as follows: let C ∈ C and L ∈ C be a
representative of C. Then we let φ(C) be the unique anchor cell represented by an anchor
divisor obtained from C by bunching up all chips along each open edge. In other words, φ(C)
is represented by an anchor divisor N such that

(i) N(v) = L(v) for all vertices v of Γ;

(ii) suppose fN , fL ∈ R(D) such that N = D+ (fN) and L = D+ (fL), then for every edge
e of Γ and each endpoint v of e, fN and fL have the same outgoing slopes at v along e.

(2) Let φ be the same map as in (1). Then for any anchor cell A ∈ A, we have

|φ−1(A)| = 2s(A).

Furthermore, for 0 ≤ j ≤ s(A), there are
(
s(A)
j

)
cells of dimension dimA+ j in φ−1(A).

Example 3.48. Figure 3.11 shows the association map φ of a cell C ∈ C on one edge. On
this edge, the data of C contains a nontrivial partition 2 = 1 + 1, and the data of φ(C)
contains a trivial partition 2 = 2.

Example 3.49. We consider Example 3.27 again. Figure 3.11 shows the association map φ
of |KH2|.

Proof. (1) Given D and L, we construct N as follows. Let f ∈ R(D) such that L = D+ (f).
Then we construct another rational function g ∈ R(D). First we let g(v) = f(v) for vertices
v of Γ; next we let g(x) = f(x) for all points x ∈ e, where e is an edge of Γ such that∑

y∈e◦ L(y) = 0; for other edges e of Γ, we regard the open edge e as the interval (0, le).
Suppose f has r linear pieces [pi, pi+1] on e, with slope si, where 0 = p0 < p1 < . . . < pr = le.
Then for 1 ≤ i ≤ r − 1, we have L(pi) = si+1 − si. Since the adjacent linear pieces have
different slopes, si+1 − si 6= 0. While L is effective, so si+1 − si > 0. Now we let g have two
linear pieces on e, the one containing p0 with slope s1, the one containing pr with slope sr.
Note that if r = 2 then g coincides with f on e. If r ≥ 3, since s1 < s2 < . . . < sr, the graph
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Figure 3.12: The association map of |KH2 |. There are 8 anchor cells and 3 non-anchor cells.

of the two pieces of g will intersect within the interval, so g is well-defined on e. In addition
let p be the intersection point of these two pieces, then (D + (g))(p) = sr − s1 > 0. We let
N = D+ (g). By definition of g, N is effective and anchor, and N satisfies both (i) and (ii).

(2) Note that for C ∈ C, the two cells C and φ(C) share the same first and third parts of
their data, and given any edge e of Γ, either both do not have a partition, or they have the
partitions of the same positive integer. The only difference is that the partition of φ(C) is
always trivial, while the partition of C could be arbitrary. Given a positive integer t, there
are 2t−1 ordered partitions of t objects in a row, because each partition corresponds to a
(t − 1)-tuple of 0, 1, indicating whether or not to break the t − 1 pairs of adjacent objects.
In addition, for 1 ≤ i ≤ t, there are

(
t−1
i−1

)
ordered partitions with i parts.

Now if on edge ei, the data of A contains a trivial partition ci = ci, then the partition
on ei of a preimage of A has 2ci−1 choices. Once all partitions are determined, so is the
preimage. Then |φ−1(A)| = 2s(A). Furthermore, note that if the number of parts in the
partition on one edge increases by 1, the number of connected components in Proposition
3.22 also increases by 1, which means the dimension of the new cell is one more. Then for
0 ≤ j ≤ s(A), the number of cells with dimension dimA+ j in φ−1(A) equals to the number
of the r-tuples of partitions of c1, . . . , cr with r + j parts in total. This number is

(
s(A)
j

)
by

an easy argument of generating functions.
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The following corollary provides a combinatorial formula to compute the f -vector of |D|
given all of its anchor cells.

Corollary 3.50. Let D be a vertex-supported effective divisor on a metric graph Γ. If
A1, A2, . . . , Am are all anchor cells in |D|, then for each d ∈ N the number of d-dimensional
cells in the cell complex |D| is the coefficient of xd in the generating function

m∑
i=1

xdimAi(1 + x)s(Ai).

Proof. By Theorem 3.47(1), each cell in |D| is associated to a unique anchor cell of |D|, i.e.
∪mi=1φ

−1(Ai) = C. By Theorem 3.47(2), the generating function for φ−1(Ai) is xdimAi(1 +
x)s(Ai). So the total generating function is just their sum.

Example 3.51. Let Γ have the skeleton of the complete bipartite graph K3,3 and let K be
the canonical divisor on Γ. If L is the left divisor in Figure 3.13, then L belongs to |K| and
it has two chips on two edges respectively. Then 22−1 · 22−1 = 4 cells of |K| are associated to
L. By Proposition 3.22, their dimensions are 0, 1, 1, 2 respectively.

Remark 3.52. By [64, Corollary 31], the polyhedral cell complex |D| is always contractible.
So we can think of the map φ in Theorem 3.47 as a deformation retract.

3.4.2 Computing the extremal generators of R(D)

We would like to find a minimal set of generators of the tropical semimodule R(D). We
use the notion of chip-firing, which was introduced in [22].

For an effective divisor D on Γ we regard it as a distribution of deg(D) chips on Γ: there
are D(x) chips at each point x ∈ Γ. Suppose that D is effective and f ∈ R(D). For each
linear piece PQ of Γ, if f has slope s ∈ Z− from P to Q, then we say that P fires s chips to
Q when adding (f) to D.

3.4.2.1 Chip-firing

For a metric graph Γ, a subgraph is a compact subset with a finite number of components.
Fix an effective divisor D on Γ. We say that a subgraph Γ′ of Γ can fire for D if, for each
boundary point x of Γ′ ∩ Γ− Γ′, the number of edges pointing out of Γ′ is no greater than
D(x).

Lemma 3.53. [64, Theorem 14(a)] If D is a vertex-supported divisor on a metric graph Γ
and f ∈ R(D) is extremal, then D + (f) is a vertex of the cell complex |D|.

By Lemma 3.53, in order to find the extremal generators of R(D), it suffices to search
among the vertices of |D|. The next lemma is an important criterion for the extremal
generators of R(D).
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Lemma 3.54. [64, Lemma 5] Let D be any divisor on a metric graph Γ. Then f ∈ R(D)
is extremal if and only if there do not exist two proper subgraphs Γ1 and Γ2 of Γ such that
they cover Γ and both can fire on D + (f).

Remark 3.55. For a non-extremal f ∈ R(D), the proper subgraphs Γ1 and Γ2 may not be
obvious. See the example in Figure 3.13, where Γ is the metric graph with skeleton K3,3 and
all-equal metric, D = K is the canonical divisor on Γ.

2 2

1

1

2 2

1

1

2 2

1

1

Figure 3.13: A non-extremal divisor and the two subgraphs (thick) that can fire. The correspond-
ing rational function takes value 1 on the thick lines and 0 on the normal lines and is linear with
outgoing slope 1 on the dotted lines (from thick to normal lines).

3.4.2.2 The algorithm

Our discussion suggests the following approach for computing all extremal generators of
R(D):

(A) Find all anchor divisors in R(D).

(B) Filter them by Proposition 3.22 to get all vertices of |D|.

(C) Filter the vertices by Lemma 3.54 to get all extremal generators of R(D).

We introduce a method for Step (C). Given an effective divisor L = D + (f) on Γ, we
apply Lemma 3.54 to check whether f is extremal. Note that if a proper subgraph can fire
for L, then its boundary is contained in supp(L). So we partition Γ into connected subgraphs
whose boundaries are contained in supp(L) and we call them components. Since supp(L) is
finite, so is the number of such components. We conclude that any subgraph that can fire
for L is a union of these components. For each such union, we ignore it if it is non-proper
or cannot fire for L, then we have a finite list of all proper subgraphs of Γ that can fire for
L. Finally we check whether there is a pair in the list that covers Γ.

3.5 Canonical linear systems on some trivalent graphs
In this section we apply our methods to some nontrivial examples. A metric graph is

trivalent if the degree of every vertex is 3. Trivalent graphs appear in the Berkovich skeleton



CHAPTER 3. COMPUTING LINEAR SYSTEMS ON METRIC GRAPHS 43

of many curves [14, Example 5.29]. This fact motivates us to compute the examples of
trivalent metric graphs and the canonical divisor K.

For the computations we performed below, our hardware is a laptop with Intel Core
i5-6200U processor (2.3 GHz) and 8GB RAM. The software is Maple, version 2015. All
computations were single-threaded.

3.5.1 The complete graph K4

The complete graph K4 has 4 vertices and its genus is 3. Table 3.2 shows the structure
of R(K)M and |K|M on K4 given a particular metric M . For 1 ≤ i < j ≤ 4 let lij be the
edge length between vertex i and j. A metric M is given by (l12, l13, l14, l23, l24, l34).

Metric Anchor
Cells

Extremal
Generators f-vector Computational

Time (s)
(1, 1, 1, 1, 1, 1) 30 7 (14, 28, 15) 3.1
(1, 1, 2, 2, 1, 1) 42 11 (26, 52, 31, 4) 3.4
(2, 2, 2, 2, 2, 3) 36 9 (20, 40, 23, 2) 3.0
(2, 2, 2, 2, 2, 1) 40 11 (24, 44, 21) 3.8
(4, 9, 7, 8, 6, 10) 50 15 (34, 60, 27) 4.1

Table 3.2: Structure of |K| and RK for different metrics on K4

Conjecture 3.56. If Γ has skeleton K4 and D = K, then the number of anchor cells in |D|
minus the number of vertices in |D| is always 16.

3.5.2 The example of (020)

Following the notation of [25], we denote by (020) the following trivalent graph with 4
vertices and 6 edges (Figure 3.14). The metric is the vector (a1, a2, b, c, d1, d2).

Figure 3.14: The trivalent graph (020)

Table 3.3 shows the structure of RM,K and |K|M on (020) for some metric M .
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Metric Anchor
Cells

Extremal
Generators f-vector Computational

Time (s)
(1, 1, 1, 1, 1, 1) 20 42 (31, 61, 36, 5) 3.1
(1, 1, 1, 2, 1, 1) 12 44 (25, 47, 24, 1) 3.5
(1, 3, 2, 2, 1, 3) 20 42 (31, 61, 36, 5) 3.0

Table 3.3: Structure of |K| and RK for different metrics on (020)

3.5.3 The complete bipartite graph K3,3

Table 3.4 shows the structure of R(K)M and |K|M on K3,3 given a particular metric M .
HereM is denoted by a 3×3 matrix whose (i, j)-th entry is the length of the edge connecting
the i-th vertex of A and the j-th vertex of B, where A and B are the disjoint two parts of
vertices in K3,3.

Metric Anchor
Cells

Extremal
Generators f-vector Computational

Time (s)
All-equal 370 33 (130, 483, 630, 348, 81, 9) 171.92 1 1
1 2 1
1 1 2

 460 63 (196, 615, 666, 276, 33, 3) 189.8 3 91 96
94 4 92
93 95 5

 730 84 (337, 936, 873, 273) 241.9

Table 3.4: Structure of RM,k and |K| for different metrics on K3,3

Remark 3.57. By [64, Corollary 31], the cell complex |D| is contractible as a topological
space. Thus the Euler characteristic of |D| is always 1, which is consistent with all the
f -vectors we computed above.

3.6 Future problems
There are still some directions to be pursued in the future. For example,

• given all cells of |D|, find the face lattice. In order words, for each cell, find all cells on
its boundary.

• Characterize the set of convex polytopes that could be the closure of cells in some |D|.

• Find the linear independence relations among the extremal generators of R(D).
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Chapter 4

Tropical Hodge bundles

This chapter is a joint work with Martin Ulirsch. It is posted on the arXiv [75] with the
title "Towards a tropical Hodge bundle", and it will be published in the book "Combinatorial
Algebraic Geometry". It is a continuation of Chapter 3. The moduli space M trop

g of tropical
curves of genus g is a generalized cone complex that parametrizes metric vertex-weighted
graphs of genus g. For each such graph Γ, the associated canonical linear system |KΓ| has
the structure of a polyhedral complex. In this chapter we propose a tropical analogue of the
Hodge bundle on M trop

g and study its basic combinatorial properties. Our construction is
illustrated with explicit computations and examples.

Let g ≥ 2 and denote by Mg the moduli space of smooth algebraic curves of genus g.
The Hodge bundle Λg is a vector bundle on Mg whose fiber over a point [C] in Mg is the
vector space H0(C, ωC) of holomorphic differentials on C. One can think of the total space
of Λg as parameterizing pairs (C, ω) consisting of a smooth algebraic curve and a differential
ω on C. Since for every curve C the canonical linear system |KC | can be identified with
the projectivization P

(
H0(C, ωC)

)
, the total space of the projectivization Hg = P(Λg) of Λg

parametrizes pairs (C,D) consisting of a smooth algebraic curve C and a canonical divisor D
on C. This is referred to as the projective Hodge bundle. Let π : Cg →Mg be the universal
curve onMg. We may define Λg formally as the pushforward π∗ωg of the relative dualizing
sheaf ωg on Cg overMg.

The Hodge bundle is of fundamental importance when describing the geometry ofMg.
For example, its Chern classes, the so-called λ-classes, form an important collection of ele-
ments in the tautological ring onMg (see [108] for an introductory survey). The Hodge bun-
dle admits a natural stratification by prescribing certain pole and zero orders (m1, . . . ,mn)
such that m1 + · · ·+mn = 2g − 2 and the study of natural compactifications of these com-
ponents has recently seen an surge from both the perspective of algebraic geometry as well
as from Teichmüller theory (see e.g. [9]).

In this chapter, we introduce the tropical Hodge bundle, which is an analogue of the Hodge
bundle in tropical geometry. We note that the fibers of tropical Hodge bundles are exactly
linear systems on metric graphs. In tropical geometry, the natural analogue of Mg is the
moduli space M trop

g that parametrizes isomorphism classes [Γ] of stable tropical curves Γ of
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genus g. In Section 4.2 we recall the construction of this moduli space. In particular, we show
how this moduli space naturally admits the structure of a generalized cone complex whose
cones are in a natural order-reversing one-to-one correspondence with the boundary strata of
the Deligne-Mumford compactificationMg ofMg (see [1] as well as Section 4.2 for details).
In Section 4.3 we prove Theorem 4.4 by describing the polyhedral structures of both Λtrop

g

and Htrop
g simultaneously. Section 4.4 contains a selection of explicit (sometimes partial)

calculations of the polyhedral structure of Htrop
g in some small genus cases. In Section 4.5 we

describe a natural tropicalization procedure for the projective algebraic Hodge bundle via
non-Archimedean analytic geometry and exhibit a natural realizability problem.

4.1 Introduction of the tropical Hodge bundle
Definition 4.1. A tropical curve is a finite metric graph Γ (with a fixed minimal model
G = (V (G), E(G)), see Remark 3.3) together with a genus function h : V (G)→ Z≥0.

Definition 4.2. The genus of a tropical curve Γ with a fixed minimal model G is defined as

g(Γ) = g(G) +
∑

v∈V (G)

h(v).

In the above sum one should think of the vertex-weight terms as the contributions of h(v)
infinitesimally small loops at every vertex v.

As explained in [4, Section 5.2], the canonical divisor on Γ is defined as

KΓ = KG =
∑

v∈V (G)

(2h(v) + |v| − 2)(v) ,

where |v| denotes the valence of the vertex v. Note that this definition is different from
Definition 3.17, because of the genus function h. Observe that deg(KΓ) = 2g − 2. The
h(v)-term in the sum should hereby be thought of as contributing h(v) infinitely small loops
at the vertex v. In fact, given a semistable curve C whose dual graph is G, the canonical
divisor is the multidegree of the dualizing sheaf on C (see [3, Remark 3.1]).

We say a tropical curve Γ (or the graph G) is stable, if for every vertex v ∈ V (G) we have

2h(v)− 2 + |v| > 0 , (4.1)

where |v| denotes the valence of G at v.
Let Γ be a tropical curve. We denote by KΓ the canonical divisor on Γ and by Rat(Γ) the

group of piecewise integer linear functions on Γ. In this note we propose tropical analogues of
the affine and the projective Hodge bundle, and study their basic combinatorial properties.
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Definition 4.3. As a set, the tropical Hodge bundle Λtrop
g is given as

Λtrop
g =

{
([Γ], f)

∣∣[Γ] ∈M trop
g and f ∈ Rat(Γ) such that KΓ + (f) ≥ 0

}
and the projective tropical Hodge bundle Htrop

g is given as

Htrop
g =

{
([Γ], D)

∣∣[Γ] ∈M trop
g and D ∈ |KΓ|

}
.

The associations
(
[Γ], f

)
7→ [Γ] and

(
[Γ], D

)
7→ [Γ] define natural projection maps

Λtrop
g −→ M trop

g and Htrop
g −→ M trop

g , which, in a slight abuse of notation, we denote both
by πg.

In Chapter 3 we studied the structure of a polyhedral complex on the linear system |D|
associated to a divisor D on a tropical curve Γ. This was built on prior work in [57, 64, 82].
Our main result in this chapter is the following:

Theorem 4.4. Let g ≥ 2.

(i) The tropical Hodge bundle Λtrop
g and the projective tropical Hodge bundle Htrop

g carry
the structure of a generalized cone complex.

(ii) The dimensions of Λtrop
g and Htrop

g are given by

dim Λtrop
g = 5g − 4 and dimHtrop

g = 5g − 5

respectively.

(iii) There is a proper subdivision of M trop
g such that, for all [Γ] in the relative interior of a

cone in this subdivision, the canonical linear systems

|KΓ| = π−1
g

(
[Γ]
)

have the same combinatorial type.

We are going to refer to this subdivision ofM trop
g as the wall-and-chamber decomposition

ofM trop
g . In general, the generalized cone complexes Λtrop

g andHtrop
g are not pure dimensional.

So Theorem 4.4 (ii) really states that the dimension of a maximal-dimensional cone in Λtrop
g

(or Htrop
g ) has dimension 5g − 4 (or 5g − 5 respectively).

As a first example we refer the reader to Figure 4.1 below, which depicts the face lattice
of the tropical Hodge bundle in the case g = 2.

4.2 Moduli of tropical curves
Definition 4.5. As a set, the moduli space M trop

g of stable tropical curves of genus g is
given as

M trop
g =

{
isomorphism classes [Γ] of stable tropical curves of genus g

}
.
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Figure 4.1: The face lattice of Htrop2 . The numbers in green are the positive h(v) and the numbers
in black denote coefficients greater than 1 in the divisors.

Let us now recall from [1] the description ofM trop
g as a generalized extended cone complex.

Proposition 4.6 ([1] Section 4). The moduli space M trop
g carries the structure of a general-

ized rational polyhedral cone complex that is equi-dimensional of dimension 3g − 3.

First, recall that a morphism τ → σ between rational polyhedral cones is said to be a
face morphism, if it induces an isomorphism onto a face of σ. Note that we explicitly allow
the class of face morphisms to include all isomorphisms. A generalized (rational polyhedral)
cone complex is a topological space Σ that arises as a colimit of a finite diagram of face
morphisms (see [1, Section 2] and [106, Section 3.5] for details).

In order to understand this structure on M trop
g , we observe that it is given as a colimit

M trop
g = lim

→
M̃G ,

of rational polyhedral cones M̃G taken over a category Jg. Let us go into some more detail:

1. The category Jg is defined as follows:
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• its objects are stable vertex-weighted graphs (G, h) of genus g, and
• its morphisms are generated by weighted edge contractions G→ G/e for an edge
e of G as well as by the automorphisms of all (G, h).

Here a weighted edge contraction c : G → G/e is an edge contraction such that for
every vertex v in G/e we have

g
(
c−1(v)

)
= h(v) .

2. Moreover, for every graph G we denote by

M̃G = RE(G)
≥0

the parameter space of all possible edge lengths on G.

3. The association G 7→ M̃G defines a contravariant functor Jg → RPCZ from Jg to the
category of rational polyhedral cones. It associates to a weighted edge contraction
G→ G/e the embedding of the corresponding face of M̃ trop

G and to an automorphism
of G the automorphism of M̃G that permutes the entries correspondingly.

We note hereby that we have a decomposition into locally closed subsets

M trop
g =

⊔
G

RE(G)
>0 /Aut(G) ,

where the disjoint union is taken over the objects in Jg, i.e. over all isomorphism classes of
stable finite vertex-weighted graphs G of genus g.

Example 4.7 ([34] Theorem 2.12). For a d-dimensional cone complex C, its f -vector is
defined as (f0, f1, . . . , fd), where fi is the number of i-dimensional cones in C. The 12-
dimensional moduli space M trop

5 has 4555 cells; its f -vector is given by

f(M trop
5 ) = (1, 3, 11, 34, 100, 239, 492, 784, 1002, 926, 632, 260, 71) .

Remark 4.8. Earlier approaches, such as [24], [27], [34], [37], [29] and [109], used to refer
to the structure of a generalized cone complex as a stacky fan. Since there is a closely related,
but not equivalent, notion of the same name in the theory of toric stacks we prefer to follow
the terminology of generalized cone complexes introduced in [1].

The spaces S(D), R(D), and |D| are known to carry the structure of a polyhedral complex
(see Definition 3.19). The following proposition is a more detailed version of [57, Lemma
1.9].

Proposition 4.9. Given a divisor D on a tropical curve Γ, the space S(D) has the structure
of a polyhedral complex. Choose an orientation for each edge e of Γ, identifying it with the
open interval [0, l(e)]. Then the cells of S(D) can be described by the following (discrete)
data:
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(i) a partition of {p1, . . . , pn} into disjoint subsets Pe and Pv (indexed by v ∈ V (G) and
edges e ∈ E(G)) that tells us on which edge (or at which vertex) every pi is located,

(ii) a total order on each Pe, and

(iii) the outgoing slope me ∈ Z of f at the starting point of e

such that for every vertex v the equality

#Pv = D(v) +
∑

outward edges at v

me +
∑

inward edges at v

−(#Pe +me)

holds. Furthermore, this polyhedral structure descends from S(D) to R(D) = S(D)/Sn
(where Sn is the n-th symmetry group) and |D| = R(D)/R.

Remark 4.10. This set R(D) is consistent with the one defined in Section 3.1.4.

Proof. Set dv = #Pv and de = #Pe. We claim that the points in a cell of S(D) can be
parametrized by the following two types of continuous data:

• the value f(v) at a vertex v, as well as

• the distance d(pei ) of every pei ∈ Pe from 0 ∈ e = [0, l(e)].

The distances d(pei ) immediately determine the pi. In order to reconstruct f (if it exists)
we write

∑
p∈Pe p =

∑
j de,jxj for points 0 < x1 < · · · < xr < l(e) on e, where the positive

integers de,j indicate the number of pei that are all located at the same point xj. The rational
function f is then determined by taking the value f(v) at the origin of every edge e = [0, l(e)]
and continuing it piecewise linearly with slope me until we hit x1, at which point we change
the slope to de,1 +me until we hit x2, where we change the slope to de,2 + de,1 +me, and so
on until we hit the vertex v′ at the end of e = [0, l(e)]. So, by continuity, for every edge we
obtain the linear condition

f(v′) = f(v) +mex1 +
r∑

k=1

(
me +

k∑
j=1

de,j
)
(xk+1 − xk) =

= f(v) +mel(e) +
r∑
i=1

de,i
(
l(e)− xi

)
on the parameters of a cell in S(D). This, together with the inequalities 0 < x1 < · · · <
xr < l(e) determines the polyhedral structure of a cell in S(D). Note that our parameters
are still overdetermined in the sense that there may be no rational function f such that
D + (f) = p1 + . . .+ pn ≥ 0 and which also fulfills all of the above inequalities; in this case
we obtain an empty cell.

The conditions on the cells of S(D) are all discrete and the points within one cell are all
parametrized by the distances d(pei ) ∈ (0, l(e)) and the values f(v) subject to these discrete
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conditions. Therefore S(D) is a polyhedral complex that does not depend on the choice of
the orientation of Γ.

The action of the symmetric group Sn on every cell is affine linear and therefore the
polyhedral structure descends to R(D). Moreover, the additive group R acts on R(D) by
adding a constant to all f(v) and therefore the polyhedral structure also descends to |D|.

4.3 Structure of the tropical Hodge bundle
Let Γ be a tropical curve with a fixed minimal model G. We recall Definition 4.3.

Definition 4.11. Let g ≥ 2. As a set, the tropical Hodge bundle Λtrop
g is defined to be

Λtrop
g =

{
([Γ], f)

∣∣[Γ] ∈M trop
g and f ∈ Rat(Γ) such that KΓ + (f) ≥ 0

}
and the projective tropical Hodge bundle Htrop

g as

Htrop
g =

{
([Γ], D)

∣∣[Γ] ∈M trop
g and D ∈ |KΓ|

}
The tropical Hodge bundles come with natural projection maps

Λtrop
g −→M trop

g and Hg −→M trop
g

given by
(
[Γ], f

)
7→ [Γ] and

(
[Γ], D

)
7→ [Γ], which, in abuse of notation, we both denote by

πg.
In order to understand the structure of the tropical Hodge bundle Λtrop

g we consider the
pullback of Λtrop

g and Htrop
g to M̃G, defined as

Λ̃G =
{

([Γ], f)
∣∣[Γ] ∈ M̃G and f ∈ Rat(Γ) such that KΓ + (f) ≥ 0

}
and

H̃G =
{

([Γ], D)
∣∣[Γ] ∈ M̃G and D ∈ |KΓ|

}
.

In analogy with the space S(D), we also set

S̃G =
{

([Γ], f, p1, . . . , p2g−2)
∣∣[Γ] ∈ M̃G and f ∈ Rat(Γ)

such that KΓ + (f) = p1 + . . .+ p2g−2 ≥ 0
}
.

Proposition 4.12.

(i) The action of S2g−2 on SG that permutes the points p1, . . . , p2g−2 induces a natural
bijection

Λ̃G ' S̃G/S2g−2 .
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(ii) The action of the additive group R = (R,+) on Λ̃G, given by adding constant functions
to f , induces a natural bijection

H̃G ' Λ̃G/R .

Proof. The projections S̃G → M̃G and Λ̃G → M̃G are both invariant under the action of
S2g−2 and R. Therefore our claims follow from the respective identities on the fibers.

Now we prove Theorem 4.4.

Proof of Theorem 4.4. Part (i): We are going to show that S̃G canonically carries the struc-
ture of a cone complex. Then, by Proposition 4.12 above, both H̃G and Λ̃G carry the
structure of a generalized cone complex.

Choose an orientation for each edge e of G, identifying it with the closed interval [0, l(e)].
As in Proposition 4.9 above, we can describe the cells of S̃G by the following discrete data:

(i) a partition of {p1, . . . , p2g−2} into disjoint subsets Pe and Pv (indexed by vertices v ∈
V (G) and edges e ∈ E(G)) that tells us on which edge (or at which vertex) each pi is
located,

(ii) a total order on each Pe, and

(iii) the integer slope me of f at the starting point of e

such that for every vertex v the equality

dv = 2h(v)− 2 + |v|+
∑

outward edges at v

me +
∑

inward edges at v

−(de +me)

holds, where dv = #Pv and de = #Pe. The continuous parameters describing all elements
in our cell are given by

(i) the values f(v),

(ii) the distances d(pei ) of pei from 0 ∈ [0, l(e)], and

(iii) the lengths l(e).

In order to find the conditions on those parameters, we again write
∑

p∈Pe p =
∑
de,jxj

for x1 < · · · < xr. Using this notation we have 0 < x1 < · · · < xr < l(e) as conditions on the
parameters d(pei ) = xi. And by the continuity of f , we have

mex1 = f(x1)− f(v)

(me + de,1)(x2 − x1) = f(x2)− f(x1)

(me + de,1 + de,2)(x3 − x2) = f(x3)− f(x2)

...(
me +

r∑
j=1

de,j
)
(l(e)− xr) = f(v′)− f(xr) .
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We may use the Fourier-Motzkin elimination [112, Section 1.2] to eliminate the non-parameters
f(x1), . . . , f(xr). So we can combine the system of equations to

f(v′) = f(v) + (me + de)l(e)−
r∑
j=1

de,jxj . (4.2)

Since these conditions are invariant under multiplying all parameters simultaneously by
elements in R≥0, every non-empty cell in S̃G has the structure of a rational polyhedral cone.

Finally, the natural action of Aut(G) on S̃G, given by

φ ·
(
[Γ], f, p1, . . . , p2g−2

)
=
(
[φ(Γ)], f ◦ φ−1, φ(p1), . . . , φ(p2g−2)

)
for φ ∈ Aut(G) is compatible with both the S2g−2-operation and the R-operation. Moreover,
given a weighted edge contraction G′ = G/e of G, the natural map S̃G′ ↪→ S̃G identifies S̃G′
with the subcomplex of S̃G given by the condition l(e) = 0 in the above coordinates.

Therefore we can conclude that both

Λtrop
g = lim

−→
Λ̃G and Htrop

g = lim
−→
H̃G ,

where the limits are taken over the category Jg as in Section 4.2 above, carry the structure
of a generalized cone complex.

Part (ii): We need to show that the dimension of a maximal-dimensional cone in Hg is
5g − 5. By [24, Proposition 3.2.5 (i)], we have dimM trop

g = 3g − 3 and, by Corollary 3.23,
the dimension of the fiber |KΓ| of a point [Γ] is at most deg(KΓ) = 2g − 2. This shows that
the dimension of Htrop

g is at most (3g − 3) + (2g − 2) = 5g − 5.
In addition we now exhibit a (5g− 5)-dimensional cone in Htrop

g as follows: Consider the
tropical curve Γmax as indicated in Figure 4.2 and note that it has 2g− 2 vertices and 3g− 3
edges.

Figure 4.2: The tropical curve Γmax with 2g − 2 vertices (bold) and 3g − 3 edges.

Lemma 4.13. Let Γ be a tropical curve with minimal model G = (V,E). Let D be a divisor
on Γ such that the support of D is contained in V . Then the combinatorial structure of |D|
is independent of the length of any loop or bridge in G.
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A proof of Lemma 4.13 is provided below. Lemma 4.13 implies that the combinatorial
structure of |KΓmax| is independent of the edge lengths, so we can choose a generic chamber.
We obtain a divisor D ∈ |KΓmax| as indicated in Figure 4.3.

Figure 4.3: The divisor D on Γmax.

By [64, Proposition 13], the divisor D belongs to a (2g − 2)-dimensional face in |KΓmax|.
Thus there is a (5g − 5)-dimensional cone in Htrop

g .
Part (iii): We use the coordinates described in part (i) above. For every edge e of G with

de = #Pe = 0 we have an equation mel(e) = f(v)− f(v′) which is parametrized by the l(e).
So suppose de > 0 and set x = 1

de

∑r
j=1 de,jxj. Then (4.2) can be rewritten as

f(v′) = f(v) + (me + de)l(e)− dex .

Eliminating x from this equation, subject to the condition 0 < x < l(e) we obtain

(−de −me)l(e) > f(v)− f(v′)

mel(e) < f(v′)− f(v)

and therefore we obtain that the images of cells in M̃G are polyhedra. Moreover, the combi-
natorial type of |KΓ| is independent under scaling all edge lengths with a factor in R>0 and
thus all these polyhedra determine a subdivision of M̃G such that on each relatively open cell
of this subdivision, the corresponding |KΓ| has the same set of cells, i.e., the combinatorial
type of S̃G is constant.

Proof of Lemma 4.13. Suppose eb ∈ E is a bridge in G. Let Γ1 and Γ2 be two tropical curves
with minimal model G such that the length of e in Γ1 and Γ2 is l and c · l respectively (where
l, c > 0), and for e ∈ E−{eb}, the lengths of e in Γ1 and Γ2 are the same. It suffices to show
that the sets of cells in |D|Γ1 and |D|Γ2 are exactly the same.

In Γ1, we view the bridge eb as the open interval (0, l). For any cell C1 in |D|Γ1 , its data
consists of an integer meb and a partition of nonnegative integers deb =

∑r
j=1 de,j. Suppose

a divisor D+ Div(f1) is
∑r

j=1 de,j · xj on the bridge eb, where 0 < x1 < · · · < xr(e) < l. Here
the rational function f1 is unique up to a translation. So we may assume that the value of f1

is zero on the endpoint 0 of eb. Then on eb the function f1 is defined inductively as follows:
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• For 0 < x ≤ x1 it is given by
f1(x) = meb · x .

• Given xk < x < xk+1 for 1 ≤ k ≤ r(e) we have

f1(x) = f1(xk) +
(
meb +

k∑
j=1

deb,j
)
· (x− xk)

Now on Γ2 we also view the bridge eb as the open interval (0, c · l), with the same
orientation. We construct a rational function f2 on Γ2. First, we define f2 on the bridge eb
inductively as follows:

• For 0 < x ≤ cx1 we define f2(x) by

f2(x) = meb · x ,

• and, given cxk < x < cxk+1 for 1 ≤ k ≤ r(e), we set

f2(x) = f1(cxk) +
(
meb +

k∑
j=1

deb,j
)
· (x− cxk)

Since eb is a bridge in G, the graph G − eb consists of two connected components. We
denote them by G1 and G2, where G1 contains the endpoint 0 of eb and G2 contains the
endpoint cl of eb. For convenience we let

f1(l) = meb · x1 + (meb + deb,1) · x2 + · · ·+ (meb +
r∑
j=1

deb,j) · (l − xr(e))

and
f2(cl) = c · f1(l).

Then we define f2 on G− eb as follows:

f2(x) =

{
f1(x), if x ∈ G1;

f1(x) + f2(cl)− f1(l) = f1(x) + (c− 1)f1(l), if x ∈ G2.

By definition, f1 and f2 admit the same data on Gi for i = 1, 2. In addition, on the bridge eb,
both functions admit the integer meb and the same partition

∑r
j=1 deb,j. So f2 corresponds

to a cell C2 in |D|Γ2 that is exactly the same as C1. For the same reason we can get the cell
C1 from C2 (just note that l = (1

c
) · (cl)). So Lemma 4.13 holds for bridges.

Suppose el is a loop in G. In this case almost the same proof works, except that the
condition f1(l) = 0 must hold, and G′ = G− el is connected. We have f2(cl) = 0; therefore
we may define f2 on el in the same way as on eb, as well as f2(x) = f1(x) for all x ∈ G′.
Thus our claim also holds for loops.
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4.4 Examples with small genus
In this section we present some computational results on the polyhedral structure of

tropical Hodge bundles of small genus. In order to describe all cones in Λtrop
g we first list all

cones in M trop
g . Then for each cone, we compute its subdivision by the structure of |KΓ|. It

turns out that already the two cases g = 2 and g = 3 show a surprisingly distinct behavior.

Proposition 4.14. Let Γ be a tropical curve in M trop
2 . Then the combinatorial structure of

|KΓ| is uniquely determined by the minimal model G of Γ. In other words, it is independent
of the edge lengths in Γ.

Proof. There are 7 faces in M trop
2 as in [34, Figure 4]. For 6 faces among them, all edges are

loops or bridges, so the claim follows from Lemma 4.13. For the "theta graph" Gθ, by explicit
computation we know that the canonical linear system |KGθ | is always a one-dimensional
polyhedral complex with three segments, as in Figure 4.4.

Figure 4.4: The polyhedral complex |KGθ |. Its f -vector is (4, 3).

The face lattice of Λtrop
2 is visualized in Figure 4.1.

Remark 4.15. The f -vector of Λtrop
2 is (1, 5, 11, 16, 9, 1), which is consistent with Theorem

4.4 (ii). The unique 5-dimensional face consists of the "dumbbell" graph and a triangular
cell in |KΓ|. In other words, any divisor in this cell is of the form P + Q, where P and Q
are distinct points in the interior of the bridge in the dumbbell graph.

When g = 3, the counterpart of Proposition 4.14 is no longer true. One counterexample
consists of the 6-dimensional cone C ' R6

>0 in M trop
3 parameterizing tropical curves whose

minimal model G is a complete metric graph K4. The following proposition characterizes the
open chambers of C regarding the structure of |KG|. It is a result of explicit computations
using the algorithm described in Section 3.2.
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Proposition 4.16. (i) There are 51 open chambers in C. For all metrics in the same
chamber, the canonical linear system |KG| has the same set of cells. In that case, the
polyhedral complex |KG| always has 34 vertices, 60 edges, and 27 two-dimensional faces
(12 triangles and 15 quadrilaterals). However, there are 4 non-isomorphic combinato-
rial structures of |KG|.

(ii) Let M = (M12,M13,M14,M23,M24,M34) be a metric. Consider the following four 3-
subsets:

{M12,M13,M14}, {M12,M23,M24}, {M13,M23,M34}, {M14,M24,M34}. (4.3)

Then M belongs to an open chamber if and only if among the elements of each 3-subset
in (4.3), the minimum is attained only once.

Remark 4.17 (The structure of |KG| for a generic metric). IfM belongs to an open chamber,
the canonical linear system |KG| always has the 13 vertices in Figure 4.5. Among them, the

Figure 4.5: The main skeleton of |KG|. An
extra vertex is connected to the 10 vertices
in red.

Figure 4.6: Each bat consists of 5 ex-
tra vertices (green). This bat appears when
M12 < M13,M14.

10 labeled vertices are all connected to an extra vertex that is the divisor KG. The remaining
20 vertices come from 4 copies of a sub-structure (which we call a bat) attached at D1, D2,
D3, and D4. Note that some edges in Figure 4.5 are subdivided by other vertices in the bats.

The 4 distinct combinatorial types of |KG| come from different ways of attaching the
bats. Since M belongs to an open chamber, the minimum of M12,M13,M14 appears only
once. Suppose it is M12, then the bat at D1 is attached along the edges towards D13 and D14,
as in Figure 4.6. Figure 4.7 shows the divisors Di and Dij.

Remark 4.18 (The boundary of the 51 open chambers). The action of the permutation
group S4 on the vertices of K4 induces 4 orbits among the 51 open chambers, with lengths
24, 12, 12, and 3. Each orbit corresponds to a combinatorial type of |KG|. Each open
chamber is an open cone in C, defined by homogeneous linear inequalities involving M12,
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The divisor D1. The divisor D34.

Figure 4.7: Numbers are the coefficients of divisors and the 4 symbols show the equal line
segments.

M13, M14, M23, M24, and M34. The inequalities are displayed as the covers in a lattice. For
example, M13 covering M12 means that the inequality M13 > M12 holds.

M24 M34 M23

M14 M13

M12

M23 M34 M14

M13 M24

M12

Figure 4.8: Representatives of two chamber orbits of length 12.

M13 M14 M23 M24

M12 M13

Figure 4.9: Representatives of a chamber
orbit of length 3.

M14 M24

M34 M23

M13

M12

Figure 4.10: Representatives of a chamber
orbit of length 24.

4.5 The realizability problem
Let k be an algebraically closed field carrying the trivial absolute value. In [1], expand-

ing on earlier work (see e.g. [109]), the authors have constructed a natural (continuous)
tropicalization map
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tropMg
:Man

g −→M trop
g

x 7−→ [Γx]

from the non-Archimedean analytic moduli space Man
g onto M trop

g . Let us recall the
construction of Γx: A point x ∈ Man

g parametrizes an algebraic curve C over some non-
Archimedean extension K of k. Possibly after a finite extension K ′|K we can extend C to
a stable model C → Spec R′ over the valuation ring R′ of K ′. Denote by Gx the weighted
dual graph of the special fiber Cs of C, whose vertices correspond to the components of Cs
and in which we have an edge e between two vertices v and v′ for every node connecting the
two corresponding components Cv and Cv′ . The vertex weight function is given by

h(v) = g(C̃v) ,

where C̃v denotes the normalization of Cv. Finally, around every node pe in Cs we can
find formal coordinates x and y of C such that xy = t for some element t in the base. Then
the edge length of e is given by l(e) = val(t).

Denote by Han
g the non-Archimedean analytification of the total space of the algebraic

Hodge bundle Hg.

Proposition 4.19. There is a natural tropicalization map tropHg : Han
g → Htrop

g that makes
the diagram

Han
g

tropHg−−−−→ Htrop
gy y

Man
g

tropMg−−−−→ M trop
g

commute.

Proof. An element x ∈ Han
g parametrizes a tuple (C,KC) consisting of a smooth projective

curve C over a non-Archimedean extension K of k together with a canonical divisor on C.
Then we may associate to (C,KC) the point

(
[Γx], τ∗(KC)

)
, where

τ∗ : Div(CK) −→ Div(Γ)

denotes the specialization map constructed in [10, Section 2.3] that is given by pushing
KC forward to the non-Archimedean skeleton of C. As shown in [10, Section 2.3] and the
references therein, this is well-defined and the commutativity of the above diagram is an
immediate consequence of the definition.

It is well-known that tropg : Man
g → M trop

g is surjective. By Theorem 4.4 (ii) we have
that

dimCHg = 4g − 4 < 5g − 5 = dimHtrop
g

and therefore the analogous statement for Hg appears to be false. This gives rise to the
following problem.
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Problem 4.20. Find a characterization of the locus tropHg(Han
g ) in Htrop

g , the so-called
realizability locus in Htrop

g .

In other words, given a (stable) tropical curve Γ of genus g together with a divisor D that
is equivalent to KΓ, find algebraic and combinatorial conditions that ensure that there is an
algebraic curve C over a non-Archimedean field extension K of k together with a canonical
divisor D̃ on C such that

tropHg
(
[C], D̃

)
=
(
[Γ], D

)
.

Since tropMg
is surjective, we know already that every tropical curve Γ can be lifted to

a smooth algebraic curve C. In the case of Γ having integer edge lengths l(e) we can give
a constructive approach to this problem: Consider a special fiber Cs over k whose weighted
dual graph is G, then apply logarithmically smooth deformation theory to find a smoothing
of Cs to a stable family C → Spec R with deformation parameters l(e) at each node (see e.g.
[63, Proposition 3.38]). If all l(e) = 1, we may alternatively also proceed as in [10, Appendix
B].

Now let D̃ be a divisor on C that specializes to the given canonical divisor D on Γ. Since
deg D̃ = degD = 2g − 2, Clifford’s theorem (or alternatively Baker’s Specialization Lemma
[10, Corollary 2.11]) shows that the rank of D̃ is at most g − 1. If the rank of D is smaller
than g − 1 it cannot be a canonical divisor. If, however, the divisor D̃ has rank g − 1, then,
by Riemann-Roch, it is a canonical divisor. So the realizability problem reduces to finding
a lift of the divisor D of rank g − 1.

The existence of such a divisor would follow, for example, from the smoothness of a suit-
able moduli space of limit linear series (see e.g. [52] and [88]). Unfortunately the machinery
of limit linear series is not available in full generality (i.e. for nodal special fibers that are
not of compact type). However, considerations undertaken from the point of view of com-
pactifications of the moduli space of abelian differentials and its strata (see in particular [9])
treating the special case of limits of canonical linear systems seem to provide us with a very
promising approach for future investigations into this question.
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Chapter 5

Convexity in tree spaces

This chapter is a joint work with Bernd Sturmfels, Xiaoxian Tang and Ruriko Yoshida.
It is posted on the arXiv [74] with the same title. This chapter is motivated from the study
of phylogenetic trees in biology. We consider not only a well-studied metric space (the BHV
space), but also another metric space motivated from tropical geometry. We compare the
properties of both metric spaces involving convexity. In summary, the geodesic paths are
unique in the BHV space, while we showed that the dimension of a geodesic triangle can be
arbitrarily high; the geodesic paths are not unique in the alternative metric space, while this
metric space is better in terms of the depth (the largest codimension of cones traversed).

5.1 Introduction
A finite metric space with m elements is represented by a nonnegative symmetric m×m-

matrix D = (dij) with zero entries on the diagonal such that all triangle inequalities are
satisfied:

dik ≤ dij + djk for all i, j, k in [m] := {1, 2, . . . ,m}.

The set of all such metrics is a full-dimensional closed polyhedral cone, known as the metric
cone, in the space R(m2 ) of symmetric matrices with vanishing diagonal. For many applica-
tions one requires the following strengthening of the triangle inequalities:

dik ≤ max(dij, djk) for all i, j, k ∈ [m]. (5.1)

If (5.1) holds then the metric space D is called an ultrametric. An ultrametric (dij) can
be considered as the weighted adjacency matrix of an equidistant tree, i.e. a metric tree
where any two leaves (taxa) have the same distance to their common ancestor. The set of
all ultrametrics contains the ray R≥01 spanned by the all-one metric 1, which is defined by
dij = 1 for 1 ≤ i, j ≤ m. The image of the set of ultrametrics in the quotient space R(m2 )/R1
is denoted Um and called the space of ultrametrics. It is known in tropical geometry [8, 78]
and in phylogenetics [60, 96] that Um is the support of a pointed simplicial fan of dimension
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m − 2. That fan has 2m−m−2 rays, namely the clade metrics Dσ. A clade σ is a proper
subset of [m] with at least two elements, and Dσ is the ultrametric whose ij-th entry is 0 if
i, j ∈ σ and 1 otherwise. Each cone in that fan structure consists of all ultrametrics whose
tree has a fixed topology. We encode each topology by a nested set [53], i.e. a set of clades
{σ1, . . . , σd} such that

σi ⊂ σj or σj ⊂ σi or σi ∩ σj = ∅ for all 1 ≤ i < j ≤ d. (5.2)

Here d can be any integer between 1 and m−2. The nested set represents the d-dimensional
cone spanned by {Dσ1 , Dσ2 , . . . , Dσd} inside Um ⊂ R(m2 )/R1. For an illustration of this fan
structure, consider equidistant trees on m = 4 taxa. The space of these is a two-dimensional
fan over the Petersen graph, shown on the left in Fig. 5.1.

1  2  3  4

1  2  3  4

4  3  1  2

3  4  1  2

2  1  3  41  3  2  4

1  3  2  4

1  4  2  3

1  4  2  3

4  1  2  3

4  2  3  1

3  1  2  4

3  2  1  4

2  3  1  4

2  4  1  3

D34

D34

D34

D12

D12

D12

D123

D123

D123

D23

D23

D23

D234

D234

D234

1         2         3         41         2         3         4

4          3          2         1

4            1          2          3

1            4          2          3

Figure 5.1: The space of ultrametrics U4 is a two-dimensional fan with 15 maximal cones. Their
adjacency forms a Petersen graph. Depicted on the right is a cycle of five cones.

At this point it is essential to stress that we have not yet defined convexity or a metric
on Um. So far, our tree space Um is nothing but a subset of R(m2 )/R1. It is the support of the
fan described above, but even that fan structure is not unique. There are other meaningful
fan structures, classified by the building sets in [53]. An important one is the τ -space of [60,
§2], known to combinatorialists as the order complex of the partition lattice [8].

The aim of this chapter is to compare different geometric structures on Um, and to explore
statistical issues. The first geometric structure is the metric proposed by Billera, Holmes and
Vogtman in [21]. In their setting, each metric cone is isometric to Rm−2

≥0 for each binary tree
topology. The BHV metric is the unique metric on Um that restricts to the usual Euclidean
distance on each such cone. For this to be well-defined, we must fix a simplicial fan structure
on Um. This issue is subtle, as explained by Gavryushkin and Drummond in [60]. The BHV
metric has the CAT(0)-property [21, §4.2]. This implies that between any two points there
is a unique geodesic. Owen and Provan [89] proved that these geodesics can be computed in
polynomial time.
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Remark 5.1. For experts in phylogenetics, we note that our tree space Um, with its BHV
metric, is very similar to the BHV space of [21], but the two are not identical. A difference
arises because we restrict to equidistant trees. Given two equidistant trees, their geodesic in
the space of [21] can pass through trees that are not equidistant. It may even traverse some
tree topologies not seen in the BHV geodesic on Um. From a mathematical perspective, this
is only a minor technical point, but it will require some thought when applying our results
and techniques to data in evolutionary biology.

In Section 5.2 we give the precise definition for the BHV metric in our setting. This is
done in the setting of orthant spaces FΩ associated with flag simplicial complexes Ω. In
Section 5.3 we study geodesically closed subsets of an orthant space FΩ, with primary focus
on geodesic triangles. Problem 5.9 asks whether these are always closed. Our main result,
Theorem 5.14, states that the dimension of a geodesic triangle can be arbitrarily large. The
same is concluded for the tree space Um in Corollary 5.15.

Tropical geometry [78] furnishes an alternative geometric structure on Um, via the graphic
matroid of the complete graph [78, Example 4.2.14]. More generally, for any matroid M ,
the tropical linear space trop(M) is tropically convex by [78, Proposition 5.2.8], and it is
a metric space with the tropical distance to be defined in (5.15). Tropical geodesics are
not unique, but tropically convex sets have desirable properties. In particular, triangles are
always 2-dimensional.

Section 5.5 offers an experimental study of Euclidean geodesics and tropical segments.
The latter are better than the former with regard to depth, i.e. the largest codimension of
cones traversed. This is motivated by the issue of stickiness in geometric statistics [67, 83].
Section 5.6 advocates tropical geometry for statistical applications.

One of the great opportunities offered by modern genomics is that phylogenetics applied
on a genomic scale (phylogenomics) is powerful for elucidating gene and genome evolution,
relationships among species and populations, and processes of speciation and molecular
evolution. However, a well-recognized hurdle is the sheer volume of genomic data that can
now be generated relatively cheaply and quickly, but for which analytical tools are lagging.
There is a major need to explore new approaches to undertake comparative genomic and
phylogenomic studies more rapidly and robustly than existing tools allow. In statistics,
many classical methods are based on linear algebra, such as linear regression and principal
component analysis. Since it is not clear how to combine linear algebra with BHV metrics,
we suggest to use the tropical metric for statistical methods in tree spaces. Starting from
Nye’s principal component analysis in [86], we propose two geometric tools for future data
analyses: computation of tropical centroids, and nearest-point projection onto tropical linear
spaces.

It can be advantageous to replace Um by a compact subspace. We define compact
tree space U [1]

m to be the image in Um of the set of ultrametrics D = (dij) that satisfy
maxij{dij} = 1. This is a polyhedral complex consisting of one convex polytope for each
nested set {σ1, σ2, . . . , σd}. This polytope consists of all (`1, `2, . . . , `d) ∈ [0, 1]d such that
`i1+`i2+ · · ·+`id ≤ 1 whenever σi1 ⊂ σi2 ⊂ · · · ⊂ σid . In phylogenetics, these are equidis-
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tant trees of height 1
2
with a fixed tree topology. For instance, U [1]

4 is a polyhedral surface,
consisting of 12 triangles and 3 squares, glued along 10 edges.

5.2 Orthant spaces
In order to understand the geometry of tree spaces, we work in the more general setting

of globally nonpositively curved (NPC) spaces. This was suggested by Miller, Owen and
Provan in [84, §6]. We follow their set-up.

A simplicial complex Ω on the set [n] = {1, 2, . . . , n} is a flag complex if all its minimal
non-faces have two elements. Equivalently, a flag complex is determined by its edges: a subset
σ of [n] is in Ω if and only if {i, j} ∈ Ω for all i, j ∈ σ. Every simplicial complex Ω on [n]
determines a simplicial fan FΩ in Rn. The cones in FΩ are the orthants Oσ = pos{ei : i ∈ σ}
where σ ∈ Ω. Here {e1, e2, . . . , en} is the standard basis of Rn. We say that FΩ is an orthant
space if the simplicial complex Ω is flag. The support of the fan FΩ is turned into a metric
space by fixing the usual Euclidean distance on each orthant. For a path connecting two
points in FΩ, it consists of finitely many line segments where each line segment is contained
in one orthant. We define the length of this path to be the sum of the lengths of these
line segments. A path between two points v and w in FΩ is usually denoted by a map
γ : [0, 1] → FΩ such that γ(0) = v and γ(1) = w. A path of minimal length between two
points is a geodesic.

Proposition 5.2. Let FΩ be an orthant space. For any two points v and w in FΩ there
exists a unique geodesic between v and w. This geodesic is denoted G(v, w).

The uniqueness of geodesics is attributed to Gromov. We refer to [7, Theorem 2.12] and
[84, Lemma 6.2] for expositions and applications of this important result. The main point
is that orthant spaces, with their Euclidean metric as above, satisfy the CAT(0)-property,
provided Ω is flag. This property means for any point u in the orthant space FΩ, for any
geodesic γ : [0, 1]→ FΩ and for any t ∈ [0, 1],

G(u, γ(t))2 ≤ (1− t)G(u, γ(0))2 + tG(u, γ(1))2 − t(1− t)G(γ(0), γ(1))2.

Geometrically, the CAT(0)-property means that chords in triangles are no longer than the
corresponding chords in Euclidean triangles [7, Definition 2.11]. The metric spaces FΩ coming
from flag complexes Ω are called global NPC orthant spaces in [84]. For simplicity we here
use the term orthant space for FΩ. Throughout this chapter, we use the term Euclidean
metric for the metric on orthant spaces defined above, with the tacit understanding that
this is really a piecewise Euclidean metric.

Example 5.3. Let n = 3 and Ω = {12, 23, 31}, i.e. the 3-cycle. The fan FΩ is the boundary
of the nonnegative orthant in R3. This is not an orthant space because Ω is not flag. Some
geodesics in FΩ are not unique: the points v = (1, 0, 0) and w = (0, 1, 1) have distance√

5, and there are two geodesics: one passing through (0, 1
2
, 0) and the other passing through



CHAPTER 5. CONVEXITY IN TREE SPACES 65

(0, 0, 1
2
). By contrast, let n = 4 and Ω = {12, 23, 34, 41}, i.e. the 4-cycle. Then FΩ is a

2-dimensional orthant space in R4. The Euclidean geodesics on that surface are unique.

Owen and Provan showed that we can compute the unique geodesics in polynomial time in
terms of the number of leaves in [89]. In [89], the focus was on tree space of Billera-Holmes-
Vogtman [21]. It was argued in [84, Corollary 6.19] that the result extends to arbitrary
orthant spaces. Owen and Provan gave a polynomial-time algorithm whose input consists of
two points v and w in FΩ and whose output is the geodesic G(v, w). We shall now describe
their method.

Let σ be a simplex in a flag complex Ω, with corresponding orthant Oσ in FΩ. Consider
a point v =

∑
i∈σ viei in Oσ and any face τ of σ. We write vτ =

∑
i∈τ viei for the projection

of v into Oτ . Its Euclidean length ||vτ || =
(∑

i∈τ v
2
i

)1/2 is called the projection length.
We now assume that Ω is pure (d− 1)-dimensional, i.e. all maximal simplices in Ω have

the same dimension d − 1. This means that all maximal orthants in FΩ have dimension
d. Consider two general points v and w in the interiors of full-dimensional orthants Oσ
and Oτ of FΩ respectively. We also assume that σ ∩ τ = ∅. Combinatorially, the geodesic
G(v, w) is then encoded by a pair (A,B) where A = (A1, . . . , Aq) is an ordered partition of
σ = {σ1, . . . , σd} and B = (B1, . . . , Bq) is an ordered partition of τ = {τ1, . . . , τd}. These two
partitions have the same number q of parts, and they satisfy the following three properties:

(P1) for all pairs i > j, the set Ai ∪Bj is a simplex in Ω.

(P2) ||vA1||/||wB1 || ≤ ||vA2||/||wB2 || ≤ · · · ≤ ||vAq ||/||wBq ||.

(P3) For i = 1, . . . , q, there do not exist nontrivial partitions L1∪L2 of Ai and R1∪R2

of Bi such that R1 ∪ L2 ∈ Ω and ||vL1||/||wR1|| < ||vL2||/||wR2 ||.

The following result is due to Owen and Provan [89]. They proved it for the case of BHV
tree space. The general result is stated in [84, Corollary 6.19].

Theorem 5.4 (Owen-Provan). Given points v, w ∈ FΩ satisfying the hypotheses above,
there exists an ordered pair of partitions (A,B) satisfying (P1), (P2), (P3). The geodesic is
a sequence of q+ 1 line segments, G(v, w) = [v, u1]∪ [u1, u2]∪ · · · ∪ [uq, w]. Its length equals

d(v, w) =

√√√√ q∑
j=1

(
||vAj || + ||wBj ||

)2
. (5.3)

In particular, (A,B) is the pair of ordered partitions that minimizes (5.3). The breakpoint
ui lives in the orthant of FΩ that is indexed by

⋃i−1
j=1Bj ∪

⋃q
j=i+1 Aj. Setting u0 = v, the

coordinates of the breakpoints are computed recursively by the formulas

uik =
||ui−1

Ai
|| · wk + ||wBi || · ui−1

k

||ui−1
Ai
||+ ||wBi ||

for k ∈
i−1⋃
j=1

Bj, (5.4)
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uil =
ui−1
l

||ui−1
Aj
||
·
||wBi || · ||ui−1

Aj
|| − ||ui−1

Ai
|| · ||wBj ||

||ui−1
Ai
||+ ||wBi ||

for l ∈ Aj, i+ 1 ≤ j ≤ q. (5.5)

Computing the geodesic between v and w in the orthant space FΩ means identifying the
optimal pair (A,B) among all pairs. This is a combinatorial optimization problem. Owen
and Provan [89] gave a polynomial-time algorithm for solving this.

We implemented this algorithm in Maple. The source code is available at

https://sites.google.com/site/bolinmath/research/codes/gtp.

Our code works for any flag simplicial complex Ω and for any points v and w in the orthant
space FΩ, regardless of whether they satisfy the hypotheses of Theorem 5.4. The underlying
geometry is as follows:

Theorem 5.5. The degenerate cases not covered by Theorem 5.4 are dealt with as follows:
(1) If σ∩ τ 6= ∅, then an ordered pair of partitions (A,B) is constructed for (σ\τ, τ\σ). The
breakpoint ui lives in the orthant of FΩ indexed by

⋃i−1
j=1Bj ∪

⋃q
j=i+1Aj ∪ (σ ∩ τ). It satisfies

uik =
||ui−1

Ai
|| · wk + ||wBi || · ui−1

k

||ui−1
Ai
||+ ||wBi ||

for k ∈ σ ∩ τ. (5.6)

(2) If |σ| < d or |τ | < d, i.e. v or w is in a lower-dimensional orthant of FΩ, then we allow
one (but not both) of the parts Ai and Bi to be empty, and we replace (P2) by

(P2’) ||vAi || · ||wBi+1
|| ≤ ||wBi || · ||vAi+1

|| for 1 ≤ i ≤ q − 1.

We still get an ordered pair (A,B) satisfying (P1), (P2’), (P3), but it may not be unique.
If i ≥ 0 is the largest index with Ai = ∅ and j ≤ q + 1 is the smallest index with Bj = ∅,
then G(v, w) is a sequence of j − i− 1 segments. The breakpoints are given in (5.4), (5.5),
(5.6).
(3) Now, the length of the geodesic G(v, w) is equal to

d(v, w) =

√√√√∑
k∈σ∩τ

(vk − wk)2 +

q∑
j=1

(||vAj ||+ ||wBj ||)2.

Proof. This is an extension of the discussion for BHV tree space in [89, §4].

Our primary object of interest is the space of ultrametrics Um. We shall explain its metric
structure as an orthant space. It is crucial to note that this structure is not unique. Indeed,
any polyhedral fan Σ in Rd can be refined to a simplicial fan with n rays whose underlying
simplicial complex Ω is flag. That fan still lives in Rd, whereas the orthant space FΩ lives in
Rn. There is a canonical piecewise-linear isomorphism between FΩ and the support |Σ|, and
the Euclidean metric on the former induces the metric on the latter. The resulting metric
on |Σ| depends on the choice of simplicial subdivision. A different Ω gives a different metric.

https://sites.google.com/site/bolinmath/research/codes/gtp
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Example 5.6. Let d = 2 and Σ = R2
≥0 be the cone spanned by v1 = (1, 0) and v2 = (0, 1). In

the usual metric on Σ, the distance between v1 and v2 is
√

2, and the geodesic passes through
(1

2
, 1

2
). We refine Σ by adding the ray spanned by v3 = (1, 1). The simplicial complex Ω has

facets 13 and 23, and FΩ is the fan in R3 with maximal cones pos(e1, e3) and pos(e2, e3)
where pos(ei, ej) = {a · ei + b · ej|a, b ≥ 0}. The map from this orthant space onto Σ induces
a different metric. In that new metric, the distance between v1 and v2 is 2. The geodesic is
the cone path passing through (0, 0).

Let n = 2m − m − 2. The standard basis vectors in Rn are denoted eσ, one for each
clade σ on [m]. Let Ω be the flag simplicial complex whose simplices are the nested sets
{σ1, . . . , σd} as defined in (5.2). The piecewise-linear isomorphism from the orthant space
FΩ to Um takes the basis vector eσ to the clade metric Dσ, and this induces the BHV metric
on the space Um of ultrametrics. Each orthant in FΩ represents the set of all equidistant
trees in Um that have a fixed topology.

In Section 5.1, each ultrametric D = (dij) is an element of R(m2 )/R1. It has a unique
representation

D = `1Dσ1 + `2Dσ2 + · · ·+ `dDσd , (5.7)

where {σ1, . . . , σd} ∈ Ω and `1, . . . , `d ≥ 0. The coefficient `i is twice the length of the edge
labeled σi in the tree given by D. It can be recovered from D by the formula

`i = min
{
drt : r ∈ σi, t 6∈ σi

}
− max

{
drs : r, s ∈ σi

}
. (5.8)

The maximal nested sets have cardinality m−2, so this is the dimension of the orthant space
FΩ. The number of maximal nested sets is (2m− 3)!! = 1 · 3 · 5 · · · · · (2m− 3). For instance,
Fig. 5.1 shows that U4 consists of 15 two-dimensional cones and 10 rays.

1/2

1/6

1/6 1/6

1/6

1/3

4             3              2              1

Figure 5.2: The equidistant tree in U [1]
4 discussed in Example 5.7.

Example 5.7. The equidistant tree in Fig. 5.2 corresponds to the ultrametric

D = (d12, d13, d14, d23, d24, d34) =
(
1, 1, 1,

2

3
,
2

3
,
1

3

)
∈ U [1]

4 ⊂ U4.
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Consider the two clades σ1 = {3, 4} and σ2 = {2, 3, 4}. If we cut the tree at those two
internal edges, then we will get these two clades. Notice that {σ1, σ2} is a nested set since
σ1 ⊂ σ2. The two corresponding clade metrics are

Dσ1 = D34 = (1, 1, 1, 1, 1, 0) and Dσ2 = D234 = (1, 1, 1, 0, 0, 0).

The formula (5.8) gives `1 = `2 = 1/3. Since all vectors live in R6/R1, we have

`1Dσ1 + `2Dσ2 =
(2

3
,
2

3
,
2

3
,
1

3
,
1

3
, 0
)

= D.

But, the orthant space that endows U4 with its metric lives in R10, and not in R6/R1.

We close this section by reiterating this extremely important remark. In Section 5.1 we
introduced the set Um of ultrametrics as a subset of a low-dimensional ambient space, having
dimension

(
m
2

)
−1. In Section 5.2 we elevated Um to live in a high-dimensional ambient space,

having dimension 2m−m−2. It is only the latter realization, as an orthant space, that is used
when we compute Euclidean distances. In other words, when we compute geodesics in the
BHV metric on tree space, we use the coordinates `1, . . . , `d. These are local coordinates on
the right-angled cones. The coordinates d12, . . . , dm−1,m are never to be used for computing
BHV geodesics.

5.3 Geodesic triangles
Biologists are interested in spaces of phylogenetic trees as a statistical tool for studying

evolution. The geometric structures in [21, 77, 84] are motivated by applications such as
[86]. This requires a notion of convexity.

We fix a flag simplicial complex Ω on [n]. The orthant space FΩ ⊂ Rn with its intrinsic
Euclidean metric has unique geodesics G(v, w) as in Theorems 5.4 and 5.5. A subset T of
FΩ is called geodesically convex if, for any two points v, w ∈ T , the unique geodesic G(v, w)
is contained in T .

Given a subset S of FΩ, its geodesic convex hull gconv(S) is the smallest geodesically
convex set in FΩ that contains S. If S = {v1, v2, . . . , vs} is a finite set then we say that
gconv(S) is a geodesic polytope. If s = 2 then we recover the geodesic segment gconv(v1, v2) =
G(v1, v2). If s = 3 then we obtain a geodesic triangle gconv(S) = gconv(v1, v2, v3). The main
point of this section is to demonstrate that geodesic triangles are rather complicated objects.

We begin with an iterative scheme for computing geodesic polytopes. Let S be any subset
of FΩ. Then we can form the union of all geodesics with endpoints in S:

g(S) =
⋃
v,w∈S

G(v, w).

For any integer t ≥ 1, define gt(S) recursively as gt(S) = g(gt−1(S)), with g0(S) = S.
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Lemma 5.8. Let S be a set of points in FΩ. Then its geodesic convex hull equals

gconv(S) =
∞⋃
t=0

gt(S).

In words, the geodesic convex hull of S is the set of all points in FΩ that can be generated in
finitely many steps from S by taking geodesic segments.

Proof. If T is a subset of gconv(S) then g(T ) ⊆ gconv(S). By induction on t, we see that
gt(S) ⊆ gconv(S) for all t ∈ N. Therefore,

⋃∞
t=0 g

t(S) ⊆ gconv(S). On the other hand, for
any two points v, w ∈

⋃∞
t=0 g

t(S), there exist positive integers t1 and t2 such that v ∈ gt1(S)
and w ∈ gt2(S). The geodesic path G(v, w) is contained in gmax(t1,t2)+1(S), so G(v, w) is in⋃∞
t=0 g

t(S). So, this set is geodesically convex, and we conclude that it equals gconv(S).

Lemma 5.8 gives a numerical method for approximating geodesic polytopes by iterating
the computation of geodesics. However, it is not clear whether this process converges. The
analogue for negatively curved continuous spaces arises in [56, Lemma 2.1], along with a
pointer to the following open problem stated in [17, Note 6.1.3.1]:

”An extraordinarily simple question is still open (to the best of our knowledge). What is
the convex envelope of three points in a 3- or higher-dimensional Riemannian manifold? We
look for the smallest possible set which contains these three points and which is convex. For
example, it is unknown if this set is closed. The standing conjecture is that it is not closed,
except in very special cases, the question starting typically in CP2. The only text we know of
addressing this question is [23].”

It seems that the same question is also open in our setting:

Problem 5.9. Are geodesic triangles in orthant spaces FΩ always closed?

If T is a geodesically convex subset of FΩ then its restriction Tσ = T ∩Oσ to any orthant
is a convex set in the usual sense. If Problem 5.9 has an affirmative answer then one might
further conjecture that each geodesic polytope T is a polyhedral complex with cells Tσ. This
holds in the examples we computed, but the matter is quite subtle. The segments of the
pairwise geodesics need not be part of the complex {Tσ}, as the following example shows.

Example 5.10. Consider a 2-dimensional orthant space that is locally an open book [67]
with three pages. We pick three points a, b, c on these pages as shown in Fig. 5.3 and 5.5.
The pairwise geodesics G(a, b), G(a, c) and G(b, c) determine a set that is not a polyhedral
complex unless one triangle is subdivided. That set, shown on the left in Fig. 5.3, is not
geodesically convex. We must enlarge it to get the geodesic triangle gconv(a, b, c), shown on
the right in Fig. 5.3. It consists of three classical triangles, one in each page of the book.
Note that the geodesic from a to c travels through the interiors of two classical triangles.

We next present a sufficient condition for a set T to be geodesically convex. We regard
each orthant Oσ ' Rd

≥0 as a poset by taking the component-wise partial order “≤”. We say
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a

b

c

a

b

c

Figure 5.3: Three points in the open book with three pages. Their geodesic convex hull is shown
on the right. The left diagram shows the subset formed by the pairwise geodesics.

a subset Tσ ⊂ Oσ is an order ideal in Oσ, if for any u ∈ Tσ and for any v ∈ Oσ, if v ≤ u,
then v ∈ Tσ.

Theorem 5.11. Let T be a subset of an orthant space FΩ such that, for each simplex σ ∈ Ω,
the restriction Tσ is both convex and an order ideal in Oσ. Then T is geodesically convex.

Proof. Let v ∈ Tσ, w ∈ Tτ and G(v, w) = [v, u1] ∪ [u1, u2] ∪ · · · ∪ [uq, w]. Suppose A =
(A1, . . . , Aq) and B = (B1, . . . , Bq) form the pair of ordered partitions corresponding to
G(v, w). In order to prove G(v, w) ⊂ T , it suffices to show ui ∈ T for all i, since the
restriction of T to each orthant is convex. We first prove u1 ∈ T by constructing a point
u∗ ∈ Tσ such that u1 ≤ u∗. We let

u∗ = λvσ\A1 + (1− λ)wσ∩τ , where λ =
||wB1 ||

||vA1||+ ||wB1||
.

Since the restriction of T to each orthant is an order ideal, we know vσ\Ai ≤ v ∈ Tσ. We also
have wσ∩τ ≤ w ∈ Tτ ⊂ T and hence wσ∩τ ∈ Tσ. Thus, u∗ ∈ Tσ since Tσ is convex. By formula
(5.5), u∗k = u1

k + (1− λ)
||wBj ||
||vAj ||

vk if k ∈ Aj for some j = 2, . . . , q. By formula (5.4), u∗k = u1
k if

k ∈ σ\(
⋃q
j=2 Aj). Since λ ≤ 1, we conclude u1 ≤ u∗. This implies u1 ∈ Tσ ⊂ T . By a similar

argument, ui ∈ T since ui is the first breakpoint of G(ui−1, w) for every i = 2, . . . , q.

Corollary 5.12. The compact tree space U [1]
m is geodesically convex.
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Proof. If T = U [1]
m then Tσ is a subpolytope of the cube [0, 1]d, with coordinates `1, . . . , `d

as in the end of Section 5.1. The polytope Tσ is an order ideal because decreasing the edge
lengths in a phylogenetic tree can only decrease the distances between pairs of leaves.

The sufficient condition in Theorem 5.11 is far from necessary. It is generally hard to
verify that a set T is geodesically convex, even if {Tσ}σ∈Ω is a polyhedral complex.

Example 5.13 (A Geodesic Triangle). Let Ω be the 2-dimensional flag complex with facets
123, 234, 345 and 456. We consider eight points in the 3-dimensional orthant space FΩ ⊂ R6:

a = (4, 6, 6, 0, 0, 0), b = (0, 5, 8, 0, 0, 0), c = (0, 0, 0, 1, 2, 3), d = (0, 0, 1
7
, 5

7
, 0, 0),

e = (0, 0, 0, 8
11
, 1

11
, 0), f = (0, 0, 0, 14

25
, 0, 0), h = (0, 14

19
, 14

19
, 0, 0, 0), o = (0, 0, 0, 0, 0, 0).

The geodesic triangle T = gconv(a, b, c) is a 3-dimensional polyhedral complex. Its maximal
cells are three tetrahedra T123 = conv{a, b, h, o}, T345 = conv{d, e, f, o}, T456 = conv{c, e, f, o},
and one bipyramid T234 = conv{b, d, f, h, o}. These four 3-polytopes are attached along the
triangles T23 = conv{b, h, o}, T34 = conv{d, f, o}, and T45 = conv{e, f, o}.

Verifying this example amounts to a non-trivial computation. We first check that d, e, f, h, o
are in the geodesic convex hull of a, b, c. This is done by computing geodesic segments as
in Section 5.2. We find G(a, c) = [a, o] ∪ [o, c] and G(b, c) = [b, d] ∪ [d, e] ∪ [e, c]. Next,
G(a, e) = [a, x] ∪ [x, y] ∪ [y, e] where x = (0, 11

13
, 12

13
, 0, 0, 0) and y = (0, 0, 6

67
, 44

67
, 0, 0). If we

now take s = 9
22
b+ 13

22
x in O23 then G(s, c) = [s, f ]∪ [f, c], and finally G(a, f) = [a, h]∪ [h, f ].

Now, we need to show that the union of the four 3-polytopes is geodesically convex. For
any two points v and w from distinct polytopes we must show that G(v, w) remains in that
union. Here, it does not suffice to take vertices. This is a quantifier elimination problem in
piecewise-linear algebra, and we are proud to report that we completed this computation.

The following theorem is the main result in this section.

Theorem 5.14. Let d be a positive integer. There exists an orthant space of dimension
2d and three points in that space such that their geodesic triangle contains a d-dimensional
simplex.

Proof. Fix the simplicial complex Ω on the vertex set {1, 2, . . . , 4d} whose 2d+ 1 facets are
{i+1, i+2, . . . , i+2d} for i = 0, 1, . . . , 2d. This simplicial complex is flag because the minimal
non-faces are the

(
2d+1

2

)
pairs {i, j} for j − i ≥ 2d. The corresponding orthant space FΩ has

dimension 2d. We here denote the maximal orthants in FΩ by Oi = pos{ei+1, ei+2, . . . , ei+2d}.
For each positive integer i, we define an integer vi as follows. We set vi = i

2
if i is even

and vi = 7(i+1)
2

if i is odd. We fix the points a =
∑2d

i=1 viei and b =
∑2d

i=1 ei in the first
orthant O0 and the point c =

∑2d
i=1 e2d+i in the last orthant O2d. Explicitly,

a = ( 7, 1, 14, 2, 21, 3, 28, 4, . . . , 0, 0, 0, 0, 0, 0, 0, 0, . . .),
b = ( 1, 1, 1, 1, 1, 1, 1, 1, . . . , 0, 0, 0, 0, 0, 0, 0, 0, . . .),
c = ( 0, 0, 0, 0, 0, 0, 0, 0, . . . , 1, 1, 1, 1, 1, 1, 1, 1, . . .).
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Consider the geodesic triangle gconv(a, b, c) in the orthant space FΩ. We shall construct a
simplex P of dimension d that is contained in the convex set gconv(a, b, c) ∩ O0.

We begin with the geodesic segment G(a, c). The pair of ordered partitions is(
({1, 2}, {3, 4}, . . . , {2d− 1, 2d}),
({2d+1, 2d+2}, {2d+3, 2d+4}, . . . , {4d− 1, 4d})

)
.

(5.9)

We write the corresponding decompositions into classical line segments as follows:

G(a, c) = [a, u1] ∪ [u1, u2] ∪ · · · ∪ [ud−1, ud] ∪ [ud, c].

Each ui, for 1 ≤ i ≤ d, lies in the relative interior of an orthant of dimension 2d− 2:

ui ∈ pos{e2i−1, . . . , e2d+2i−2} ∩ pos{e2i+1, . . . , e2d+2i} = pos{e2i+1, . . . , e2d+2i−2}.

We now consider the geodesic segments G(b, ui) for i = 1, 2, . . . , d. Let ũi denote the unique
intersection point of these geodesic segments with the boundary of O0. Note that ũ1 = u1.
The points a, ũ1, . . . , ũd lie in the orthant O0 ' R2d

≥0. By construction, they are also contained
in the geodesic triangle gconv(a, b, c). We shall prove that they are affinely independent.

The above point ui can be written as
∑2d+2i−2

k=2i−1 uikek or as
∑2d+2i

k=2i+1 u
i
kek. Note that uik = 0

for k = 2i−1, 2i, 2d+2i−1, 2d+2i. For 2i+ 1 ≤ k ≤ 2d+ 2i− 2, we claim:

ui2j−1 =
7(j − i)
5i+ 1

, ui2j =
j − i
5i+ 1

, for i+ 1 ≤ j ≤ d; (5.10)

ui2d+2j−1 = ui2d+2j =
5(i− j)
5i+ 1

, for 1 ≤ j ≤ i− 1. (5.11)

To prove the above claim, it suffices to verify that the proposed ui satisfy

d∑
i=0

d(ui, ui+1) = d(a, c), where u0 = a, ud+1 = c.

In fact, by (5.3) we have

d(a, c) =

√√√√ d∑
i=1

(5i
√

2 +
√

2)2 =
√

2Sd where Sd =
d∑
i=1

(5i+ 1)2.
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For 0 ≤ i ≤ d− 1, we have

d(ui, ui+1) =

√√√√ 2d+2i∑
k=2i+1

(uik − u
i+1
k )2

=

√√√√d−i−1∑
j=0

(72 + 12)(
j + 1

5i+ 1
− j

5i+ 6
)2 +

i−1∑
j=0

2(
5j

5i+ 1
− 5j + 5

5i+ 6
)2

=

√
50

(5i+ 1)(5i+ 6)

√√√√ d∑
j=i+1

(5j + 1)2 +
i∑

j=1

(5j + 1)2

=
5

(5i+ 1)(5i+ 6)

√
2Sd.

The sum of these d quantities simplifies to
(
1− 1

5d+1

)√
2Sd. We next observe that

d(ud, c) =

√√√√ 4d∑
k=2d+1

(udk − ck)2 =

√√√√2
d−1∑
j=0

(
5j

5d+ 1
− 1)2 =

√
2Sd

5d+ 1
.

By adding this to the previous sum, we obtain
√

2Sd = d(a, c). So, the claim is proved.
Next, we compute ũi for 1 ≤ i ≤ d. Recall ũi is the unique intersection point of the

geodesic segment G(b, ui) with pos{e3, . . . , ed}. We note two facts about G(b, ui):

(F1) The common coordinates of b and ui are e2i−1, . . . , e2d.

(F2) By equation (5.11), the pair of ordered partitions determining G(b, ui) is(
({1}, {2}, . . . , {2i− 2}),
({2d+1}, {2d+2}, . . . , {2d+ 2i− 2})

)
.

Suppose ũi =
∑2d

k=1 ũ
i
kek. For 1 ≤ k ≤ 2i − 2, we compute ũik by (5.5) and (5.10). For

2i− 1 ≤ k ≤ 2d, we compute ũik by (5.6) and (5.11). Then we obtain ũik as follows:

ũi2j =

{
j+4i−5
10i−4

, if i+ 1 ≤ j ≤ d;
5j−5
10i−4

, if 1 ≤ j ≤ i
(5.12)

and

ũi2j−1 =

{
7j−2i−5

10i−4
, if i+ 1 ≤ j ≤ d;

5j−5
10i−4

, if 1 ≤ j ≤ i.
(5.13)

The d + 1 points ũ0 = a, ũ1, . . . , ũd are contained in O0 ' R2d also in our geodesic
triangle. To complete the proof of Theorem 5.14, we will now show that they are affinely
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independent, so their convex hull is a d-simplex. Consider the (d+ 1)× (2d+ 1) matrix U ,
whose (i+ 1)-th row is the vector of homogeneous coordinates of ũi. We must show that U
has rank d + 1. Let U ′ be the integer matrix obtained from U by multiplying each row by
the denominator 10i − 4. Let U ′′ be the (d + 1) × (d + 1) submatrix of U ′ formed by the
2, 4, . . . , 2d-th and (2d+ 1)-th columns of U ′. We apply elementary column operators to U ′′
to obtain a triangular form. From this, we find that | det(U ′′)| = 4d−3|10d − 34| 6= 0. This
means that U ′′ has rank d+ 1, and hence so do the rectangular matrices U ′ and U .

Here is an example for the matrix U we have constructed in the above proof. Take d = 5.
The matrix representing a, ũ1, ũ2, ũ3, ũ4, ũ5 in R10 is

U =



7 1 14 2 21 3 28 4 35 5 1

0 0 7
6

1
6

14
6

2
6

21
6

3
6

28
6

4
6

1

0 0 5
16

5
16

12
16

6
16

19
16

7
16

26
16

8
16

1

0 0 5
26

5
26

10
26

10
26

17
26

11
26

24
26

12
26

1

0 0 5
36

5
36

10
36

10
36

15
36

15
36

22
36

16
36

1

0 0 5
46

5
46

10
46

10
46

15
46

15
46

20
46

20
46

1


6×11

.

This matrix has rank 6, so its columns form a 5-simplex. Hence, the geodesic triangle
spanned by the points a, b, c in the orthant space FΩ has dimension at least 5.

A nice feature of the construction above is that it extends to BHV tree space. The
geodesic convex hull of three equidistant trees can have arbitrarily high dimension.

Corollary 5.15. There exist three ultrametric trees with 2d+2 leaves whose geodesic triangle
in ultrametric BHV space U2d+2 has dimension at least d.

Proof. Consider the following sequence of 4d clades on the set [2d + 2]. Start with the 2d
clades {1, 2}, {1, 2, 3}, {1, 2, 3, 4}, . . . , {1, 2, 3, . . . , 2d+ 1}. Then continue with the 2d clades
{1, 3}, {1, 3, 4}, . . . , {1, 3, 4, 5, . . . , 2d+ 2}. For instance, for d = 5, our sequence equals

{1, 2}, {1, 2, 3}, {1, 2, 3, 4}, {1, 2, 3, 4, 5}, . . . , {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11},
{1, 3}, {1, 3, 4}, {1, 3, 4, 5}, {1, 3, 4, 5, 6}, . . . , {1, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}.

In this sequence of 4d clades, every collection of 2d consecutive splits is compatible and forms
a trivalent caterpillar tree. No other pair is compatible. Hence the induced subfan of the
tree space U2d+2 is identical to the orthant space FΩ in the proof above. The two spaces are
isometric. Hence our high-dimensional geodesic triangle exists also in tree space U2d+2.

5.4 Tropical convexity
In this section we shift gears, by turning to tropical convexity. For a textbook introduction

to tropical geometry see [78]. Basics were summarized in Chapter 1. We here use the max-
plus algebra, so our convention is opposite to that of Chapter 2. The connection between
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phylogenetic trees and tropical lines identifies tree space with a tropical Grassmannian.
This has been explained in many sources, including [78, §4.3] and [90, §3.5]. However, the
restriction to ultrametrics [8, §4] offers a fresh perspective.

We first review some basic definitions from tropical geometry. Let R = R ∪ {−∞}. The
tropical arithmetic operations ⊕ and � on the set R as follows:

a⊕ b = max(a, b), a� b = a+ b for a, b ∈ R. (5.14)

In addition, we have a ⊕ −∞ = a and a � −∞ = −∞. With these definitions, (R,⊕,�)
has the structure of a semiring. It is called the tropical semiring.

Let Lm denote the cycle space of the complete graph onm nodes with e :=
(
m
2

)
edges. This

is the (m−1)-dimensional linear subspace of Re defined by the equations xij−xik +xjk = 0
for 1 ≤ i < j < k ≤ m. The tropicalization of the linear space Lm is the set of points
D = (dij) such that the following maximum is attained at least twice for all triples i, j, k:

dij ⊕ dik ⊕ djk = max(dij, dik, djk).

Disregarding nonnegativity constraints and triangle inequalities, points in trop(Lm) are pre-
cisely the ultrametrics on [m]; see [8, Theorem 3] and [78, Example 4.2.14].

As is customary in tropical geometry, we work in the quotient space Re/R1, where
1 = (1, 1, . . . , 1). The images of trop(Lm) and Um in that space are equal. Each point in
that image has a unique representative whose coordinates have tropical sum d12⊕d13⊕· · ·⊕
dm−1,m = max(d12, d13 . . . , dm−1,m) equal to 1. Thus, in Re/R1,

U [1]
m ⊂ Um = trop(Lm).

Given two elements D and D′ in Re, their tropical sum D ⊕ D′ is the coordinate-wise
maximum. A subset of Re is tropically convex if it is closed under the tropical sum operation.
The same definitions apply to subsets of Re/R1. The tropical convex hull of a subset V ⊆
Re/R1 is the smallest tropically convex set containing V .

Proposition 5.16. The tree space Um is a tropical linear space and is hence tropically convex.
The compact tree space U [1]

m is a tropically convex subset.

Proof. We saw that Um = trop(Lm) is a tropical linear space, so it is tropically convex by
[78, Proposition 5.2.8]. We show that its subset U [1]

m is closed under tropical sums. Suppose
two real vectors a = (a1, . . . , ae) and b = (b1, . . . , be) satisfy |ai− aj| ≤ 1 and |bi− bj| ≤ 1 for
all i, j. Then the same holds for their tropical sum a ⊕ b. Indeed, let ai ⊕ bi be the largest
coordinate of a⊕b and let aj⊕bj be the smallest. There are four cases as to which attains the
two maxima given by ⊕. In all four cases, one easily checks that |(ai⊕bi)−(aj⊕bj)| ≤ 1.

We now recall some definitions and facts from tropical convexity [78, §5.2]. A tropical
segment is the tropical convex hull tconv(u, v) of two points u = (u1,u2, . . . ,ue) and v =
(v1,v2, . . . ,ve) in Re/R1. It is the concatenation of at most e − 1 ordinary line segments,
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with slopes in {0, 1}e. Computing that tropical segment involves sorting the coordinates of
u − v, and it can be done in time O(e · log(e)). This algorithm is described in the proof of
[78, Proposition 5.2.5].

A tropical polytope P = tconv(S) is the tropical convex hull of a finite set S in Re/R1.
This is a classical polyhedral complex of dimension at most |S| − 1.

If D is a real s×e-matrix then the tropical convex hull of its s rows is a tropical polytope
in Re/R1. The tropical convex hull of its e columns is a tropical polytope in Rs/R1. It is
a remarkable fact [78, Theorem 5.2.21] that these two tropical polytopes are identical. We
write tconv(D) for that common object. Example 5.17 illustrates this for a 3×10-matrix D.
Here, tconv(D) has dimension 2 and is shown in Fig. 5.4.

Example 5.17. We compute the tropical convex hull tconv(D) of the 3× 10-matrix

D =

77/100 1 21/25 1 1 21/25 1 1 13/25 1
1 1 1 1 8/25 3/4 3/4 3/4 3/4 23/50
1 1 1 49/50 16/25 16/25 1 3/100 1 1

 .

D
(1)

D
(2)

D
(3)

Figure 5.4: The tropical triangle formed by three equidistant trees on five taxa.

This is the tropical convex hull of the 10 points in the plane R3/R1 represented by the
column vectors. Its type decomposition is a 2-dimensional polyhedral complex with 23 nodes,
35 edges and 13 two-dimensional cells. It is shown in Fig. 5.4. We can also regard tconv(D)
as a tropical triangle in R10/R1, namely as the tropical convex hull of the row vectors. The
three rows of D are ultrametrics (d12, d13, d14, d15, d23, d24, d25, d34, d35, d45), i.e. points in U5.
We denote the three row vectors of the matrix D by D(1), D(2) and D(3), respectively.

Each of the 23 nodes in our tropical triangle represents an equidistant tree. In Table 5.1
we list the 23 ultrametrics, along with their tree topologies. Those marked with a bullet • are
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d12 d13 d14 d15 d23 d24 d25 d34 d35 d45 nested set
77/100 1 21/25 1 1 21/25 1 1 13/25 1 {12, 35, 124}•
21/25 1 21/25 1 1 21/25 1 1 59/100 1 {35, 124}

1 1 1 1 1 21/25 1 1 3/4 1 {24, 35}
1 1 1 1 91/100 3/4 91/100 91/100 3/4 91/100 {24, 35, 2345}
1 1 1 1 3/4 3/4 3/4 3/4 3/4 3/4 {2345}
1 1 1 1 23/50 3/4 3/4 3/4 3/4 23/50 {23, 45, 2345}
1 1 1 1 8/25 3/4 3/4 3/4 3/4 23/50 {23, 45, 2345}•
1 1 1 1 8/25 3/4 3/4 3/4 3/4 17/25 {23, 45, 2345}
1 1 1 1 39/100 3/4 3/4 3/4 3/4 3/4 {23, 2345}
1 1 1 1 16/25 3/4 1 3/4 1 1 {23, 234}
1 1 1 49/50 16/25 73/100 1 73/100 1 1 {15, 23, 234}
1 1 1 49/50 16/25 16/25 1 3/100 1 1 {15, 34, 234}•
1 1 1 49/50 16/25 16/25 1 16/25 1 1 {15, 234}
1 1 1 49/50 4/5 16/25 1 4/5 1 1 {15, 24, 234}
1 1 1 49/50 89/100 73/100 1 89/100 1 1 {15, 24, 234}
1 1 1 49/50 49/50 41/50 1 49/50 1 1 {15, 24, 234}
1 1 1 1 1 21/25 1 1 1 1 {24}

21/25 1 21/25 1 1 21/25 1 1 21/25 1 {35, 124}
77/100 1 21/25 1 1 21/25 1 1 77/100 1 {12, 35, 124}

1 1 1 1 91/100 3/4 91/100 91/100 91/100 91/100 {24, 2345}
1 1 1 1 91/100 3/4 1 91/100 1 1 {24, 234}
1 1 1 1 3/4 3/4 1 3/4 1 1 {234}
1 1 1 49/50 73/100 73/100 1 73/100 1 1 {15, 234}

.

Table 5.1: The 23 ultrametrics (with tree topologies) at the nodes in Fig. 5.4.

the rows of D. The boundary of tconv(D) is given by the first 19 rows, in counterclockwise
order. Rows 1 to 6 form the tropical segment from D(1) to D(2), rows 7 to 12 form the
tropical segment from D(2) to D(3), and rows 13 to 19 form the tropical segment from D(3)

to D(1). The last four rows are the interior nodes, from top to bottom in Fig. 5.4. The
tropical segment from D(2) to D(3) has depth 1, but the other two segments have depth 2.
See Section 5.5 for the definition of “depth”. Note that some of the breakpoints, such as that
given in row 6, lie in the interior of a maximal cone in the tree space U5 = trop(L5). The
red circle in Fig. 5.4 is the tropical centroid, a concept to be introduced in Section 5.6.

The polyhedral geometry package Polymake [61] can compute the tropical convex hull
of a finite set of points. It can also visualize such a tropical polytope, with its cell complex
structure, provided its dimension is 2 or 3. Fig. 5.4 was drawn using Polymake.

Matroid theory furnishes the appropriate level of generality for tropical convexity. We
refer to the text book reference [78, §4.2] for an introduction. Let M be any matroid of rank
r on the ground set [e] = {1, 2, . . . , e}. The associated tropical linear space trop(M) is a
polyhedral fan of dimension r − 1 in the quotient space Re/R1. For historical reasons, the
tropical linear space trop(M) is also known as the Bergman fan of the matroid M ; see [6, 8].
The tree space Um arises when M is the graphic matroid [78, Example 4.2.14] associated
with the complete graph Km. Here [e] indexes the edges of Km, so e =

(
m
2

)
and the rank is

r = m− 1. Fig. 5.1 (left) shows a rendition of the Petersen graph in [78, Figure 4.1.4].
The tropical linear space trop(M) is tropically convex [78, Proposition 5.2.8]. Hence the
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notions of tropical segments, triangles, etc. defined above extend immediately to trop(M).
This convexity structure on trop(M) assigns to every subset a well-defined convex hull. This
structure is extrinsic and global. It is induced from the ambient space Re/R1. It does not
rely on choosing a subdivision or local coordinates.

We can also regard trop(M) as an orthant space. This requires the choice of a simplicial
fan structure on trop(M). Feichtner [53] developed a theory of such fan structures. Each is
determined by a collection of n flats ofM , known as a building set. From these one constructs
a simplicial complex Ω on [n], known as a nested set complex. This Ω may or may not be
flag. The finest fan structure in this theory arises when all flats of M are in the collection.
Here the nested set complex Ω is flag: it is the order complex of the geometric lattice of M .
See Exercise 10 in [78, Chapter 4].

Example 5.18. Let M be the uniform matroid of rank r on [e]. The tropical linear space
trop(M) is the set of all vectors u in Re/R1 whose largest coordinate is attained at least
e− r+ 1 times. The proper flats of M are the non-empty subsets of [e] having cardinality at
most r − 1. Their number is n =

∑r−1
i=1

(
e
i

)
. Ordered by inclusion, these form the geometric

lattice of M . Its order complex is the first barycentric subdivision of the (r − 1)-skeleton of
the (e − 1)-simplex. This is a flag simplicial complex Ω with n vertices. The corresponding
orthant space FΩ in Rn defines the structure of an orthant space on trop(M) ⊂ Re/R1.

While the order complex of the geometric lattice of any matroidM makes trop(M) into an
orthant space, many matroids have smaller building sets whose nested set complex is flag as
well. Our primary example is ultrametric space Um = trop(Lm). The flats of Lm correspond
to proper set partitions of [m]. Their number is n = Bm−2, where Bm is the Bell number.
The resulting orthant space on Um is the τ -space of Gavryushkin and Drummond [60]. The
subdivision of Um given by the nested sets of clades is much coarser. It has only n = 2m−m−2
rays, and its orthant space gives the BHV metric. This is different from the metric of the
τ -space, by [60, Proposition 2]. Note that [60, Figure 4] is the same as our Example 5.6.

Each orthant space structure defines a Euclidean metric on trop(M). These metrics
differ dramatically from the tropical metric, to be defined next, in (5.15). Euclidean metrics
on trop(M) are intrinsic and do not extend to the ambient space Re/R1. Distances are
computed by identifying trop(M) with the orthant space FΩ of a nested set complex Ω that
is flag. On the other hand, the tropical metric is extrinsic. It lives on Re/R1 and is defined
on trop(M) by restriction. The tropical distance between two points is computed as follows:

dtr(v, w) = max
{
|vi − wi − vj + wj| : 1 ≤ i < j ≤ e

}
. (5.15)

This is also known as the generalized Hilbert projective metric [2, §2.2], [41, §3.3]. Unlike in
the Euclidean setting of Theorem 5.4, geodesics in that metric are not unique.

Proposition 5.19. For any two distinct points v, w ∈ Re/R1, there are many geodesics
between v and w in the tropical metric. One of them is the tropical line segment tconv(v, w).
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Proof. After translating and permuting coordinates, we may assume that v = (0, 0, 0, . . . , 0)
and w = (0, w2, w3, . . . , we) where 0 ≤ w2 ≤ w3 ≤ · · · ≤ we. Consider any point u =
(0, u2, u3, . . . , ue) in the classical convex polytope defined by 0 ≤ u2 ≤ u3 ≤ · · · ≤ ue and
0 ≤ w2 − u2 ≤ w3 − u3 ≤ · · · ≤ we − ue. Note that if d(v, w) > 0, then such point u is not
unique. Any such point u satisfies

dtr(v, w) = we = ue + (we − ue) = dtr(v, u) + dtr(u,w). (5.16)

The tropical segment from v to w is a geodesic, both for the max-plus arithmetic and for
the min-plus arithmetic, because all points u on these segments satisfy the property (5.16).
Now, let u be any point in the aforementioned polytope. We can then connect v and u by
either the min-plus segment or the max-plus segment, and also connect u and w by either
the min-plus segment or the max-plus segment. By iterating this construction, we obtain
arbitrarily many geodesics from v to w.

One important link between the tropical metric and tropical convexity is the nearest-
point map, to be described next. Let P be any tropically convex closed subset of Re/R1,
and let u be any vector in Re. Let P≤u denote the subset of all points in P that have a
representative v ∈ Re with v ≤ u in the coordinate-wise order. In tropical arithmetic this is
expressed as v ⊕ u = u. If v and v′ are elements of P≤u then so is their tropical sum v ⊕ v′.
It follows that P≤u contains a unique coordinate-wise maximal element, denoted max(P≤u).

Theorem 5.20. Given any tropically convex closed subset P of Re/R1, consider the function

πP : Re/R1→ P , u 7→ max(P≤u). (5.17)

Then πP(u) is a point in P that minimizes the tropical distance to u.

This result was proved by Cohen, Gaubert and Quadrat in [41, Theorem 18]. See also
[2]. In Section 5.5 we shall discuss the important case when P = Trop(M) is a tropical linear
space. The subcase when P is a tropical hyperplane appears in [2, §7].

We close this section by considering a tropical polytope, tconv(D(1), D(2), . . . , D(s)). The
D(i) are points in Re/R1. For instance, they might be ultrametrics in Um. Then

πP(D) = λ1 �D(1) ⊕ λ2 �D(2) ⊕ · · · ⊕ λs �D(s), where λk = min(D −D(k)).

This formula appears for example in [78, (5.2.3)]. It allows us to project an ultrametric D
(or any other point in Re) onto the tropical convex hull of s given ultrametrics.

5.5 Experiments with depth
It is natural to compare tropical convexity with geodesic convexity. One starts by compar-

ing the line segments gconv(v, w) and tconv(v, w), where v, w are points in a tropical linear
space trop(M). Our first observation is that tropical segments generally do not obey the
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combinatorial structure imposed by ordered partitions (A,B). For instance, if v and w rep-
resent equidistant trees then every clade used by a tree in the geodesic segment gconv(v, w)
must be a clade of v or w. This need not hold for trees in the tropical segment tconv(v, w).

Example 5.21. Let v = D(1) and w = D(2) in Example 5.17. Their tree topologies are given
by the sets of clades {12, 35, 124} and {23, 45, 2345}. Consider the breakpoints of the tropical
segment tconv(v, w) given in lines 3 and 4 of Table 5.1. Both trees have the new clade 24.

This example suggests that tropical segments might be worse than geodesics in BHV
space. However, as we shall now argue, the opposite is the case: for us, tropical segments
are better. We propose the following quality measure for a path P in an orthant space FΩ.
Suppose that FΩ has dimension d. Each point of P lies in the relative interior of a unique
orthant Oσ, and we say that this point has codimension d − dim(Oσ). We define the depth
of a path P as the maximal codimension of any point in P . For instance, the depth of the

Euclidean geodesic in Theorem 5.4 is the maximum of the numbers
i∑

k=1

|Ak|−
i−1∑
k=1

|Bk|, where

i runs over {1, 2, . . . , q}. These are the codimensions of the breakpoints of gconv(v, w).
Geodesics of small depth are desirable. A cone path has depth d. Optimal geodesics have

depth 0. Such geodesics are line segments within a single orthant. These occur if and only if
the starting point and target point are in the same orthant. If the two given points are not
in the same orthant then the best-case scenario is depth 1, which means that each transition
is through an orthant of codimension 1 in FΩ. We conducted two experiments, to assess the
depths of gconv(v, w) and tconv(v, w).

Experiment 5.22 (Euclidean Geodesics). For each m ∈ {4, 5, . . . , 20}, we sampled 1000

pairs {v, w} from the compact tree space U [1]
m , introduced at the end of Section 5.1, and for

each pair we computed the depth of gconv(v, w). The sampling scheme is described below.
The depths are integers between 0 and m− 2.

Algorithm 5.23 (Sampling normalized equidistant trees withm leaves). Input: The number
m of leaves, and the sample size s.
Output: A sample of s random equidistant trees in the compact tree space U [1]

m .

1. Set S = ∅.

2. For i = 1, . . . s, do

a) Generate a tree Di using the function rcoal from the ape package [91] in R.

b) Randomly permute the leaf labels on the metric tree Di.

c) Change the clade nested structure of Di by randomly applying the nearest neighbor
interchange (NNI) operation m times.

d)Turn Di into an equidistant tree using the ape function compute.brtime.

e) Normalize Ui so that the distance from the root to each leaf is 1
2
.
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f) Add Di to the output set S.

3. Return S.

Table 5.2 shows the distribution of the depths. For instance, the first row concerns 1000
random geodesics on the 2-dimensional polyhedral fan U4 depicted in Figure 5.1. Of these
geodesics, 8.4% were in a single orthant, 58.4% had depth 1, and 33.2% were cone paths.
For m = 20, the fraction of cone paths was 6.2%. The data in Table 5.2 are based on the
sampling scheme in Algorithm 5.23.

m\depth 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
4 8.4 58.4 33.2
5 1.6 26.4 47.4 24.6
6 0.2 13.2 36.7 31.5 18.4
7 0 4 25.9 29.9 22.2 18
8 0 1.1 15 28.9 25 17.1 12.9
9 0 0.8 8 22.1 25.9 18.3 14.5 10.4
10 0 0.4 3.3 17.2 22.3 20.6 14.1 13.2 8.9
11 0 0.2 1.5 10.4 17.6 20.3 16.8 12.8 11.1 9.3
12 0 0.2 0.1 6 14.1 20.4 13.9 14.6 12.7 10.5 7.5
13 0 0.2 0.4 4.2 10.1 17.2 15.9 12.5 11 9.8 9.1 9.6
14 0 0.2 0 2.7 9.3 14.9 15.5 12.2 11.3 10.4 8.7 8 6.8
15 0 0.1 0 1.4 5.9 12.7 13 13.1 11.3 9.2 8.9 8.5 7.5 8.4
16 0 0 0 1 5 11.2 11.4 11.3 11.2 9.9 8.1 9.1 7.3 6.7 7.8
17 0 0 0 0.2 3.4 5.9 10.7 11 11.2 11.5 8.4 7.9 7.9 6.2 8.5 7.2
18 0 0 0.1 0.4 1.5 6.5 8.7 10.5 10.9 9.7 7.9 7.5 7.1 8.7 7.7 6.5 6.3
19 0 0 0 0.2 1.6 5 7.2 9.3 9.6 8.5 7.5 8.3 7.4 6.1 9.2 7.4 6.8 5.9
20 0 0 0 0 0.5 3 6.7 7.6 11.2 9.8 9.4 8.2 5.9 7.5 6.9 6.9 4.5 5.76.2

Table 5.2: The rows are labeled by the number m of taxa and the columns are labeled by the
possible depths of a geodesic in tree space. The entries in each row sum to 100%. They are the
frequencies of the depths among 1000 geodesics, randomly sampled using Algorithm 5.23.

Next we perform our experiment with the tropical line segments tconv(v, w).

Experiment 5.24 (Tropical Segments). For each m ∈ {4, 5, . . . , 20}, we revisited the
same 1000 pairs {v, w} from Experiment 5.22, and we computed their tropical segments
tconv(v, w). Table 5.3 shows the distribution of their depths. There is a dramatic difference
between Tables 5.2 and 5.3. The depths of the Euclidean geodesics are much larger than
those of the tropical segments. Since small depth is desirable, this suggests that the tropical
convexity structure may have good statistical properties.

Triangles show even more striking differences: While tropical triangles tconv(a, b, c) are
2-dimensional, geodesic triangles gconv(a, b, c) can have arbitrarily high dimension, by The-
orem 5.14. In spite of these dimensional differences, tconv(a, b, c) is usually not contained
in gconv(a, b, c). In particular, this is the case in the following example.
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m\depth 0 1 2 3 4 5 6 7 8 9 10
4 8.1 88.7 3.2
5 1.5 84.7 13.8 0
6 0.3 69.9 29.8 0 0
7 0 55.7 44.1 0.2 0 0
8 0 42.8 56.9 0.2 0.1 0 0
9 0 28.0 71.4 0.6 0 0 0 0
10 0 20.7 78.2 1.1 0 0 0 0 0
11 0 10.8 88.0 1.1 0.1 0 0 0 0 0
12 0 7.8 89.5 2.4 0.2 0.1 0 0 0 0 0
13 0 5.3 90.8 3.5 0.3 0.1 0 0 0 0 0
14 0 2.5 92.1 4.9 0.5 0 0 0 0 0 0
15 0 1.9 90.4 6.8 0.9 0 0 0 0 0 0
16 0 0.4 88.7 9.4 1.1 0.4 0 0 0 0 0
17 0 0.8 87.5 9.4 2.3 0 0 0 0 0 0
18 0 0.8 86.1 9.7 3.1 0.2 0 0.1 0 0 0
19 0 0.3 84.1 11.3 3.4 0.8 0.1 0 0 0 0
20 0 0.1 78.4 16.5 3.9 1.0 0 0.1 0 0 0

Table 5.3: Frequencies of the depths among 1000 tropical segments. The same input data as in
Table 5.2 was used.

Example 5.25. Let M be the matroid on e = 4 elements having rank r = 3 whose bases
are 124, 134 and 234. The corresponding tropical plane trop(M) is defined in R4/R1 by
the tropical linear form x1 ⊕ x2 ⊕ x3, where the coordinates of a point are (x1, x2, x3, x4).
Geometrically, this tropical plane is the open book with three pages in Example 5.10. The
following points lie in trop(M):

a = (0, 1, 1, 2), b = (1, 0, 1, 4), c = (1, 1, 0, 6).

Fig. 5.5 shows the two triangles gconv(a, b, c) and tconv(a, b, c) inside that open book. See
Example 5.10 and Fig. 5.3 for the derivation of the geodesic triangle.

5.6 Towards tropical statistics
Geometric statistics is concerned with the analysis of data sampled from highly non-

Euclidean spaces [67, 83]. The section title above is meant to suggest the possibility that
objects and methods from tropical geometry can play a role in this development. As an
illustration consider the widely used technique of Principal Component Analysis (PCA).
This serves to reduce the dimension of high-dimensional data sets, by projecting these onto
lower-dimensional subspaces in the data space. The geometry of dimension reduction is
essential in phylogenomics, where it can provide insight into relationships and evolutionary
patterns of a diversity of organisms, from humans, plants and animals, to microbes and
viruses.

To see how tropical convexity might come in, consider the work of Nye [86] (superseded
by [54, 87]) in statistical phylogenetics. Nye developed PCA for the original tree space of
Billera-Holmes-Vogtman. We here use the BHV metric on the space Um.
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(0,1,1,2)

(1,1,0,6)

(1,0,1,4)

(0,1,1,2)

(1,1,0,6)

(1,0,1,4)

Figure 5.5: Two convex hulls of three points a, b, c inside the open book with three pages. The
geodesic triangle is shown on the left, while the tropical triangle is on the right.

We sketch the basic ideas in [87]. Nye defined a line L in Um to be an unbounded path
such that every bounded subpath is a BHV geodesic. Suppose that L is such a line, and
u ∈ Um\L. Proposition 2.1 in [86] shows that L contains a unique point x that is closest
to u in the BHV metric. We call x the projection of u onto the line L. Given u and L,
we can compute x as follows. Fixing a base point L(0) on the line, one choses a geodesic
parametrization L(t) of the line. This means that t is the distance d(L(0), L(t)). Also let
k be the distance from u to L(0). By the triangle inequality and the CAT(0)-property, the
desired point is x = L(t∗) for some t∗ ∈ [−k, k]. The distance d(x, L(t)) is a continuous
function of t. Our task is to find the value of t∗ which minimizes that function on the closed
interval [−k, k]. This is done using numerical methods. The uniqueness of t∗ follows from
the CAT(0)-property.

Suppose we are given a collection {v1, v2, . . . , vs} of tree metrics on m taxa. This is our
data set for phylogenetic analysis. Nye’s method computes a first principal line (regression
line) for these data inside BHV space. This is done as follows. One first computes the
centroid x0 of the s given trees (Nye used the majority-rule consensus tree instead). This
can be done using the iterative method in [21, Theorem 4.1]. Now, the desired regression line
L is one of the geodesics through x0. For any such line L, we can compute the projections
x1, . . . , xs of the data points v1, . . . , vs. The goal is to find the line L that minimizes (or,
maximizes) a certain objective function. Nye proposes two such functions:

f⊥(L) :=
s∑
i=1

d(vi, xi)2 or f‖(L) :=
s∑
i=1

d(x0, xi)2.
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The first function of L above can be minimized and the second function above can be
maximized using an iterative numerical procedure.

While the paper [86] represents a milestone concerning statistical inference in BHV tree
space, it left the open problem of computing higher-dimensional principal components. First,
what are geodesic planes? Which of them is the regression plane for v1, v2, . . . , vs? Ideally,
a plane in tree space would be a 2-dimensional complex that contains the geodesic triangle
formed by any three of its points. Outside a single orthant, do such planes even exist? Such
questions were raised in [86, §6]. Our Theorem 5.14 suggests that the answer is negative.

On the other hand, tropical convexity and tropical linear algebra in Um behave better.
Indeed, each triangle tconv(v1, v2, v3) in Re/R1 is 2-dimensional and spans a tropical plane;
each tropical tetrahedron tconv(v1, v2, v3, v4) is 3-dimensional and spans a tropical 3-space.
These tropical linear spaces are best represented by their Plücker coordinates; cf. [78, §4.4].

In what follows we take first steps towards the introduction of tropical methods into
geometric statistics. We discuss tropical centroids and projections onto tropical linear spaces.

In any metric spaceM, one can study two types of “centroids": one is the Fréchet mean
and the other is the Fermat-Weber point. Given a finite sample {v1, v2, . . . , vs} of points in
M, a Fréchet mean minimizes the sum of squared distances to the points. A Fermat-Weber
point y minimizes the sum of distances to the given points.

y := arg min
z∈M

s∑
i=1

d(z, vi). (5.18)

Here we do not take the square. We note that y is generally not a unique point but refers
to the set of all minimizers. Miller et.al. [84] took the Fréchet mean for the centroid in
orthant spaces. In the non-Euclidean context of tropical geometry, we prefer to work with
the Fermat-Weber points. If v1, . . . , vs ∈M ⊂ Re/R1 then a tropical centroid is any solution
y to (5.18) with d = dtr. In unconstrained cases, we can use the following linear program to
compute tropical centroids:

Proposition 5.26. Suppose M = Re/R1. Then the set of tropical centroids is a convex
polytope. It consists of all optimal solutions y = (y1, . . . , ye) to the following linear program:

minimize d1 + d2 + · · ·+ ds subject to
yj − yk − vij + vik ≥ −di for all i = 1, . . . , s and 1 ≤ j < k ≤ e,
yj − yk − vij + vik ≤ di for all i = 1, . . . , s and 1 ≤ j < k ≤ e.

(5.19)

See Chapter 6 for details, proofs, and further results on the topic discussed here. IfM is
a proper subset of Re/R1 then the computation of tropical centroids is highly dependent on
the representation ofM. For tropical linear spaces,M = Trop(M), we must solve a linear
program on each maximal cone. The question remains how to do this efficiently.

Example 5.27. Consider the rows of the 3× 10-matrix in Example 5.17. We compute the
tropical centroid of these three points inM = U5 ⊂ R10/R1. To do this, we first compute the
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set of all tropical centroids in R10/R1. This is a 6-dimensional classical polytope, consisting
of all optimal solutions to (5.19). The intersection of that polytope with tree space U5 equals
the parallelogram{(

1, 1, 1, 1, 61
100

+y, 61
100

+x+y, 3
4

+ y, 61
100

+y, 3
4
+y, 3

4
+y
)

: 0 ≤ x ≤ 43
100
, 0 ≤ y ≤ 7

50

}
.

This is mapped to a single (red) point inside the tropical triangle in Fig. 5.4.

Example 5.27 shows that tropical centroids of a finite set of points generally do not lie in
the tropical convex hull of those points. For instance, the tropical centroid of {D(1), D(2), D(3)}
that is obtained by setting x = y = 0 in the parallelogram above does not lie in the tropical
convex hull tconv(D(1), D(2), D(3)).

We now come to our second and last topic in this section, namely projecting onto sub-
spaces. Let Lw be a tropical linear space of dimension r−1 in Re/R1. The notation is taken
from [78, Definition 4.4.3]. Hence w = (wσ) is a vector in R(er) that lies in the Dressian
Dr(r, e), which is the parameter space for all tropical linear spaces, as introduced in [78, Def-
inition 4.4.1]. The Plücker coordinates wσ are indexed by subsets σ ∈

(
[e]
r

)
. Among the Lw

are the tropicalized linear spaces [78, Theorem 4.3.17]. Even more special are linear spaces
spanned by r points; cf. [55]. If Lw is spanned by x1, . . . , xr in Re/R1 then its Plücker coor-
dinate wσ is the tropical determinant of the r× r-submatrix indexed by σ of the r×e-matrix
X = (x1, . . . , xr). Note that all tropical linear spaces Lw are tropically convex.

We are interested in the nearest point map πLw that takes a point u to the largest point
in Lw dominated by u, as seen in (5.17). From [69, Theorem 15] we have:

Theorem 5.28 (The Blue Rule). The i-th coordinate of the point in Lw nearest to u is
equal to

πLw(u)i = maxτ minj 6∈τ
(
uj + wτ∪i − wτ∪j

)
for i = 1, 2, . . . , e. (5.20)

Here τ runs over all (r − 1)-subsets of [e] that do not contain i.

The special case of this theorem when Lw has the form Trop(M), for some rank r matroid
M on [e], was proved by Ardila in [6, Theorem 1]. Matroids correspond to the case when
each tropical Plücker coordinate wσ is either 0 or −∞. The application that motivated
Ardila’s study was the ultrametric tree space Um. Here the nearest-point map computes
the largest ultrametric dominated by a given dissimilarity map, a problem of importance in
phylogenetics. An efficient algorithm for this problem was given by Chepoi and Fichet [38].
This was recently revisited by Apostolico et al. in [5].

Example 5.29. Following Example 5.18, let M be the uniform matroid of rank r on [e].
Then Trop(M) = Lw where w is the all-zero vector, i.e. wσ = 0 for σ ∈

(
[e]
r

)
. By (5.20),

the i-th coordinate of the nearest point πLw(u) equals maxτ minj 6∈τuj. That nearest point is
obtained from u by replacing the e−r largest coordinates in u by the r-th smallest coordinate.
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Returning to ideas for geometric statistics, the Blue Rule may serve as a subroutine for
the numerical computation of regression planes. Let u1, . . . , us be data points in Re/R1,
lying in a tropically convex subset P of interest, such as P = Um. The tropical regression
plane of dimension r − 1 is a solution to the optimization problem

arg min
Lw

s∑
i=1

dtr(u
i, Lw). (5.21)

Here w runs over all points in the Dressian Dr(r, e), or in the tropical Grassmannian Gr(r, e).
One might restrict to Stiefel tropical linear spaces [55], i.e. those that are spanned by points.
Even the smallest case r = 2 is of considerable interest, as seen in the study of Nye [86]. In his
approach, we would first compute the tropical centroid inside P of the sample {u1, u2, . . . , us}.
Fix x1 to be that centroid. Now x2 ∈ P is the remaining decision variable, and we optimize
over all tropical lines spanned by x1 and x2 inside Re/R1. Such a line is a tree with e
unbounded rays. If the ambient tropically convex set P is a tropical linear space, such as
our tree space Um, then the regression tree Lw will always be contained inside P .
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Chapter 6

Tropical Fermat-Weber points

This chapter is a joint work with Ruriko Yoshida. It is on the arXiv [76] with the same
title. It is a continuation of Chapter 5.

In this chapter we focus on a metric space motivated from tropical geometry. We investi-
gate the computation of Fermat-Weber points under the tropical metric 5.15, motivated by
its application to the space of equidistant phylogenetic trees with N leaves realized as the
tropical linear space of all ultrametrics. While the Fréchet mean with the CAT(0)-metric
of Billera-Holmes-Vogtman has been studied by many authors (for example [15, 84]), the
Fermat-Weber point under tropical metric in tree spaces is not well understood. In this
chapter we investigate the Fermat-Weber points under the tropical metric and we show that
the set of tropical Fermat-Weber points is a classical convex polytope. We identify conditions
under which this set is a singleton.

6.1 Introduction
As costs of genome sequencing have dropped precipitously, development of efficient bioin-

formatic methods to analyze genome structure and evolution have become ever more urgent.
There is a major need to explore new approaches to undertake phylogenomic (phylogenetics
applied on a genomic scale) studies for elucidating gene and genome evolution, relationships
among species and populations, and processes of speciation and molecular evolution much
more rapidly and robustly than existing tools allow (e.g. [20, 30, 66, 105, 111]). In order to
do so, one needs a statistical tool to analyze a set of phylogenetic trees over the tree spaces.
In this chapter we focus on one of the most classical statistics computed from the observed
sample, namely, "median" on tree spaces.

The Fréchet mean and Fermat-Weber point of a sample are statistics to measure the
central tendency of the sample [40, 85]. For any metric space with a distance metric d(·, ·)
between any two points, the Fréchet population mean of a distribution ν is defined as follows:

µ = arg min
y

∫
d(y,x)2dν(x),
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and thus, the Fréchet sample mean of a sample x1, . . . ,xm is defined as

µ̂ = arg min
y

m∑
i=1

d(y,xi)
2

The Fermat-Weber point of a distribution ν is defined as follows:

µ = arg min
y

∫
d(y,x)dν(x),

and thus, the Fermat-Weber point of a sample is defined as follows:

µ̂ = arg min
y

m∑
i=1

d(y,xi).

The Fréchet sample mean with the Billera-Holmes-Vogtman (BHV) metric on tree spaces
[21] of rooted phylogenetic trees with N leaves has been studied by many authors (for
example, [15, 84] and references within) where N ∈ N. A Fermat-Weber point of m points in
the Euclidean n-dimensional space Rn has been well studied in the literature (for example,
[16, 39, 49]) and the set of Fermat-Weber points of m points in the n-dimensional Minkowski
spaces has been also studied by many authors (for example, [33, 50, 51, 71, 79]). However,
to our best knowledge, the Fermat-Weber point of a sample under the tropical metric on
tree spaces of rooted phylogenetic trees with N leaves has not been studied. Thus, in this
chapter, we investigate the properties of Fermat-Weber points of a sample under the tropical
metric on tree spaces of rooted phylogenetic trees with N leaves.

This tropical metric is also called generalized Hilbert projective metric [2, §2.2], [41, §3.3].
It is also known that the geodesic under this metric is not unique. For more details on this
metric and tropical geometry see [78].

While a geodesic metric on BHV treespace is intrinsic, the tropical metric on the space
is extrinsic. Therefore we first investigate the set of all the tropical Fermat-Weber points of
a sample on R(N2 )/R1 (in this chapter 1 denoted the all-one vector in a space Rn) and then
we investigate the intersection of the set of all tropical Fermat-Weber points of a sample and
the space of ultrametrics UN , the space of equidistant trees with N leaves.

In this chapter, we consider the quotient space Rn/R1 for a fixed positive integer n.
Thus, in the case of a treespace, we consider n =

(
N
2

)
. In Section 6.2, we show an important

property of a tropical Fermat-Weber point of m points v1, . . . ,vm over Rn/R1 in Theorem
6.3. Namely, the set of all tropical Fermat-Weber points of m points v1, . . . ,vm in Rn/R1
forms a classical convex polytope. This is Proposition 6.7. Therefore, there are many cases
when a set of m points has infinitely many tropical Fermat-Weber points. Then in Section
6.3, we investigate the condition when a random sample of m points has a unique tropical
Fermat-Weber point. If we consider the space of families of m arbitrary points in Rn/R1
(which corresponds to Rm(n−1)), the points forming an essential set (Definition 6.10) with a
unique tropical Fermat-Weber point are contained in a finite union of proper linear subspaces
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in Rm(n−1) (Theorem 6.12). This theorem implies that if we pick a random sample ofm points
v1,v2, . . . ,vm in Rm(n−1), then with probability 1 we get either a set of points such that one
of them is already a unique tropical Fermat-Weber point of the others, or a set of points
that has infinitely many tropical Fermat-Weber points. In Section 6.4 we investigate the
intersection between the set of tropical Fermat-Weber points of the sample in R(N2 )/R1 and
UN (defined in Section 5.1) for small N ∈ N. We show by experiments that it is very rare
to obtain a unique tropical Fermat-Weber point of an essential random sample over tree
spaces. From our experimental study, we conjecture that if an essential random sample
has a unique tropical Fermat-Weber point then the unique tropical Fermat-Weber point is
the vector with all ones in its coordinates. In Section 6.5 we generalize the locus of the
tropical Fermat-Weber points of a sample of size k to the k-ellipses under tropical metric.
We end this chapter with an open problem regarding the computation of the set of tropical
Fermat-Weber points of a sample.

6.2 The tropical Fermat-Weber point
In this section, we define the tropical metric and derive some basic properties of the

tropical Fermat-Weber point.
For u,v ∈ Rn we define their distance as in (5.15) to be

dtr(u,v) = max
1≤i<j≤n

{|ui − uj − vi + vj|}. (6.1)

In other words, let Du,v = {ui − vi | 1 ≤ i ≤ n}, then

dtr(u,v) = max
x,y∈Du,v

(|x− y|) = max(Du,v)−min(Du,v). (6.2)

By definition dtr is symmetric. For any u,v,w ∈ Rn, we have that

dtr(u,w) = max
1≤i<j≤n

{|ui − uj − wi + wj|}

= max
1≤i<j≤n

{|(ui − uj − vi + vj) + (vi − vj − wi + wj)|}

≤ max
1≤i<j≤n

{(|ui − uj − vi + vj|+ |vi − vj − wi + wj|)}

≤ max
1≤i<j≤n

{|ui − uj − vi + vj|}+ max
1≤i<j≤n

{|vi − vj − vi + vj|}

= dtr(u,v) + dtr(v,w).

Thus, dtr satisfies the triangle inequality. Note that dtr(u,v) = 0 if and only if u−v is a scalar
multiple of 1, and for any scalar multiple c1 with a constant c ∈ R, dtr(u+c1,v) = dtr(u,v).
So dtr(u,v) = 0 if and only if u = v in the quotient space Rn/R1. Then dtr is a metric on
Rn/R1. It is called the tropical metric [2].

Remark 6.1. The metric dtr is invariant under vector addition in Euclidean space: for any
u,v,w ∈ Rn/R1, by (6.2), we have dtr(u + w,v + w) = dtr(u,v).
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Given vectors v1, . . . ,vm ∈ Rn/R1, the set of their tropical Fermat-Weber points (if the
context is clear, we simply use Fermat-Weber points) is

arg min
u∈Rn/R1

m∑
i=1

dtr(u,vi). (6.3)

Definition 6.2. For points v1,v2, . . . ,vm ∈ Rn/R1, we define the minimal sum of distances
from them as

d(v1,v2, . . . ,vm) = min
u∈Rn/R1

m∑
i=1

dtr(u,vi). (6.4)

The quantity d(v1,v2, . . . ,vm) should be determined by the entries of v1,v2, . . . ,vm.
However, at this point we do not even know whether d(v1,v2, . . . ,vm) is well-defined, let
alone any explicit formula of it. In addition, in order to find the set of Fermat-Weber points
of v1,v2, . . . ,vm, we need to know the value of d(v1,v2, . . . ,vm). The following theorem
gives a direct formula of d(v1,v2, . . . ,vm).

Theorem 6.3. Let M be an m × n matrix with real entries such that the row vectors are
v1,v2, . . . ,vm. Then

d(v1,v2, . . . ,vm) = max
σ,τ

∣∣∣∣∣
m∑
i=1

Mi,σ(i) −
m∑
i=1

Mi,τ(i)

∣∣∣∣∣, (6.5)

where functions σ, τ : [m]→ [n] satisfy σ([m]) = τ([m]) as multisets.

To prove this theorem, we need the following lemmas.

Lemma 6.4. The right hand side (RHS) of (6.5) is bounded above by the left hand side
(LHS) of (6.5).

Proof. Let u be a Fermat-Weber point of v1,v2, . . . ,vm. Suppose σ, τ are functions with the
same multiset of values. Since σ and τ are symmetric, we may assume that

m∑
i=1

Mi,σ(i) ≥
m∑
i=1

Mi,τ(i).

Now for 1 ≤ i ≤ m we have

dtr(u,vi) ≥ |(vi)σ(i) − (vi)τ(i) − uσ(i) + uτ(i)| ≥Mi,σ(i) −Mi,τ(i) − uσ(i) + uτ(i).

Summing up over 1 ≤ i ≤ m, the LHS of the sum is d(v1,v2, . . . ,vm). One part of the RHS
of the sum is

m∑
i=1

Mi,σ(i) −
m∑
i=1

Mi,τ(i),

and the other part vanishes because σ([m]) = τ([m]). Hence d(v1,v2, . . . ,vm) ≥
∑m

i=1Mi,σ(i)−∑m
i=1Mi,τ(i).
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Lemma 6.5. If A and B are two m × n matrices that have the same multiset of entries,
then there exist m× n matrices A′ and B′ such that:

(i) for 1 ≤ i ≤ m, the entries of the i-th row of A′ and the entries of the i-th row of B′
form the same multiset; and

(ii) for 1 ≤ j ≤ n, the entries of the j-th column of A′ and the entries of the j-th column
of A form the same multiset, and the entries of the j-th column of B′ and the entries
of the j-th column of B form the same multiset.

Example 6.6. If

A =


1 2 3
4 5 6
7 8 9
10 11 12

 and B =


1 3 7
2 5 9
4 6 10
8 11 12

 ,
then we let

A′ =


1 5 12
10 2 6
7 8 3
4 11 9

 and B′ =


1 5 12
2 6 10
8 3 7
4 11 9

 .
Proof of Lemma 6.5. If the entries of A are not all distinct, then we can label the equal
entries to distinguish them. So we may assume that both A and B have mn distinct entries.
Then we can replace multiset in the statement by set.

We use induction on m. If m = 1, we can take A′ = A and B′ = B. Suppose Lemma 6.5
is true when m ≤ k, we consider the case when m = k+ 1. If there exist m× n matrices A′′
and B′′ such that (ii) is true and (i) is true for i = 1, let rA and rB be the vector of first row
in A′′ and B′′ respectively, and we denote

A′′ =

[
rA
A2

]
, B′′ =

[
rB
B2

]
.

We may apply the induction hypothesis of m = k to the matrices A2 and B2. Suppose we
get new matrices A′2 and B′2 respectively. We let

A′ =

[
rA
A′2

]
, B′ =

[
rB
B′2

]
.

So A′ and B′ satisfy both (i) and (ii). Now it suffices to show that we can find such a pair
of matrices A′′ and B′′. We denote by s the set of entries in rA (and also the set of entries
in rB). The above claim is equivalent to the following statement: there exists a set s with
|s| = n and s has exactly one element in each column of A and B.

We construct a bipartite graph G = (V,E), where the two parts of V correspond to the
columns of A and the columns of B respectively:

V = {a1, a2, . . . , an, b1, b2, . . . , bn}.
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For each entry x in the set of entries of A,B, if x is in the i-th column of A and in the
j-th column of B, then we connect an edge between ai and bj. So |E| = mn. Since each
column has m entries, the graph G is m-regular. By Hall’s Theorem [65], G admits a perfect
matching. Then we let s be the set of n elements corresponding to the edges in this perfect
matching. The induction step is done.

For convenience, if σ : [m]→ [n] is a function, then we view it as a vector in [n]m and we
define a vector wσ ∈ Nn as follows: the i-th entry of wσ is |σ−1(i)|. So the sum of entries
in wσ is always m. For example, if m = 3, n = 5 and σ(1) = 4, σ(2) = 3, σ(3) = 3, then
wσ = (0, 0, 2, 1, 0).

Proof of Theorem 6.3. Let u = (u1, . . . , un) be a point in Rn/R1. We denote ci = dtr(u,vi).
Then ci satisfies the inequalities

ci ≥ uj − uk −Mi,j +Mi,k ∀1 ≤ j, k ≤ n. (6.6)

Let s =
∑m

i=1 ci. By definition

d(v1,v2, . . . ,vm) = min
u∈Rn/R1

s.

Then we can eliminate the parameters ci and we get the following family of inequalities:

s ≥
m∑
i=1

Mi,σ(i) −
m∑
i=1

Mi,τ(i) − u ·wτ + u ·wσ,∀σ, τ ∈ [n]m. (6.7)

Let M be the value of the RHS in (6.5). Lemma 6.4 tells us that if (6.7) is feasible then
s ≥ M . It suffices to prove that (6.7) is feasible when s = M . Note that Fourier-Motzkin
Elimination [112] could get rid of the variables ui one at a time. After finite steps, the only
variable remaining in the inequalities is s. It suffices to show that any lower bound for s we
obtain from Fourier-Motzkin Elimination is at most M .

Note that, in each step of Fourier-Motzkin Elimination, we obtain a new inequality as a
Q+-linear combination of existing inequalities. Therefore if l is a lower bound, then s ≥ l
is a Q+-linear combination of the inequalities in (6.7). Multiplying by a positive integer
we may assume that it’s a Z+-linear combination, therefore we have r ∈ Z+ and functions
σ1, . . . , σr, τ1, . . . , τr : [m]→ [n] such that s ≥ l is equivalent to

rs ≥
r∑
j=1

(
m∑
i=1

Mi,σj(i) −
m∑
i=1

Mi,τj(i) − u ·wτj + u ·wσj

)
. (6.8)

So the RHS of (6.8) is the constant rl. Therefore

rl =
r∑
j=1

(
m∑
i=1

Mi,σj(i) −
m∑
i=1

Mi,τj(i)

)
, (6.9)
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and
r∑
j=1

wσj =
r∑
j=1

wτj . (6.10)

Now let A and B be two matrices with the same size r × m, with Aj,i = σj(i) and
Bj,i = τj(i) for 1 ≤ j ≤ r, 1 ≤ i ≤ m. Then the multiset of their entries are equal because
of (6.10). By Lemma 6.5 we can obtain matrices A′ and B′ satisfying the conditions in (i)
and (ii). For 1 ≤ j ≤ r, we let σ′j and τ ′j be functions mapping from [m] to [n] such that for
1 ≤ i ≤ m, σ′j(i) = A′j,i and τ ′j(i) = B′j,i Then the condition (i) implies that

wσ′j
= wτ ′j

∀1 ≤ j ≤ r.

The condition (ii) implies that for each 1 ≤ i ≤ m, the multisets {σj(i)|1 ≤ j ≤ r} and
{σ′j(i)|1 ≤ j ≤ r} are equal and the multisets {τj(i)|1 ≤ j ≤ r} and {τ ′j(i)|1 ≤ j ≤ r} are
equal. Then

r∑
j=1

m∑
i=1

Mi,σj(i) =
r∑
j=1

m∑
i=1

Mi,σ′j(i)
(6.11)

because each entry of M is added by the same number of times in both sides of (6.11).
Similarly

r∑
j=1

m∑
i=1

Mi,τj(i) =
r∑
j=1

m∑
i=1

Mi,τ ′j(i)
. (6.12)

The inequality (6.8) is equivalent to

rs ≥
r∑
j=1

(
m∑
i=1

Mi,σ′j(i)
−

m∑
i=1

Mi,τ ′j(i)
− u · vτ ′j + u · vσ′j). (6.13)

Now for each 1 ≤ j ≤ r,
m∑
i=1

Mi,σ′j(i)
−

m∑
i=1

Mi,τ ′j(i)
− u · vτ ′j + u · vσ′j =

m∑
i=1

Mi,σ′j(i)
−

m∑
i=1

Mi,τ ′j(i)
.

In addition σ′j and τ ′j have the same multiset of values. Then by the definition of M ,

M ≥
m∑
i=1

Mi,σ′j(i)
−

m∑
i=1

Mi,τ ′j(i)
.

We sum over 1 ≤ j ≤ r. This yields

rl =
r∑
j=1

(
m∑
i=1

Mi,σ′j(i)
−

m∑
i=1

Mi,τ ′j(i)
) ≤

r∑
j=1

M = rM,

hence l ≤ M . So M is the greatest possible lower bound for s, which means s = M would
make the system of linear inequalities feasible. So d(v1, v2, . . . , vm) = M .
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We restate the following result in Chapter 5.

Proposition 6.7. [74, Proposition 6.1] Let v1,v2, . . . ,vm be points in Rn/R1. The set of
their Fermat-Weber points is a classical convex polytope in Rn−1 ' Rn/R1.

Proof. Let x = (x1, . . . , xn) be a point in Rn/R1. Then x is a Fermat-Weber point of
v1,v2, . . . ,vm if and only if for all choices of indices ji, ki ∈ [n], 1 ≤ i ≤ m,

m∑
i=1

(xji − xki + vi,ki − vi,ji) ≤ d(v1,v2, . . . ,vm). (6.14)

Then the set is a polyhedron in Rn. Finally in Rn/R1 we may assume x1 = 0, and thus xi
is bounded for 2 ≤ i ≤ n.

Example 6.8. The polytope of the following three points in R3/R1 ' R2

(0, 0, 0), (0, 3, 1), (0, 2, 5)

is the triangle with vertices
(0, 1, 1), (0, 2, 1), (0, 2, 2).

In Figure 6.1, we draw the coordinates x2 and x3 since the first coordinate is x1 = 0.

(0, 0)

(3, 1)

(2, 5)

Figure 6.1: The Fermat-Weber points of three points in Example 6.8 is a closed triangle (blue).

6.3 Uniqueness of the Fermat-Weber point
In the previous section we have shown that, in some cases, there are infinitely many

Fermat-Weber points of a given set of m points in Rn/R1. But how often does this case
happen? In this section we investigate conditions on sets of points in Rn/R1 that have a
unique Fermat-Weber point in Rn/R1, i.e., we study when a random sample of m points in
Rn/R1 has a unique Fermat-Weber point in Rn/R1.
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Lemma 6.9. Let v1,v2, . . . ,vm be points in Rn/R1 and v0 be a Fermat-Weber point of
them. Then v0,v1, . . . ,vm have a unique Fermat-Weber point, which is v0.

Proof. For any point x ∈ Rn/R1, suppose x and v0 are not the same point in Rn/R1. Then
we have

dtr(x,v0) > 0 = dtr(v0,v0). (6.15)

Since v0 is a Fermat-Weber point of v1,v2, . . . ,vm, we have

m∑
i=1

dtr(x,vi) ≥
m∑
i=1

dtr(v0,vi). (6.16)

So
m∑
i=0

dtr(x,vi) >
m∑
i=0

dtr(v0,vi). (6.17)

Hence, by definition, v0 is the unique Fermat-Weber point in Rn/R1.

The situation in Lemma 6.9 is not desirable, because we don’t know whether v1,v2, . . . ,vm
have a unique Fermat-Weber point in Rn/R1. So we introduce the following definition.

Definition 6.10. Let S = {v1,v2, . . . ,vm} be a set of points in Rn/R1. The set S is
essential if for 1 ≤ i ≤ m, the point vi is not a Fermat-Weber point of the points in S−{vi}.

Now we consider the following question: in Rn/R1, what is the smallest integer u(n) such
that there exist an essential set of u(n) points with a unique Fermat-Weber point in Rn/R1?

Proposition 6.11. For n ≥ 3, u(n) ≤ n.

Proof. First we suppose n ≥ 4. We claim that the row vectors in the following n× n matrix
M represent n points v1, . . . ,vn that form an essential set and have a unique Fermat-Weber
point in Rn/R1.

Mi,j =


1, if j − i ≡ 0, 1 mod n;

−1, if j − i ≡ 2, 3 mod n;

0, otherwise.

Note that for 1 ≤ i ≤ n we have dtr(vi,0) = 1− (−1) = 2. Thus,

n∑
i=1

dtr(vi,0) = 2n. (6.18)

Now suppose a = (a1, . . . , an) ∈ Rn/R1 is a Fermat-Weber point of v1, . . . ,vn. For
convenience we denote that ai+n = ai for all i. By (6.2), for 1 ≤ i ≤ n we have

dtr(a,vi) = max
1≤j≤n

{aj −Mi,j} − min
1≤j≤n

{aj −Mi,j}. (6.19)
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For 1 ≤ i ≤ n, note that the i-th and (i+ 1)-th coordinates of vi are 1. Thus,

max
1≤j≤n

{aj −Mi,j} ≥ 1−min{ai, ai+1}.

Similarly, since the (i+ 2)-nd and (i+ 3)-rd coordinates of vi are −1,

min
1≤j≤n

{aj −Mi,j} ≤ −1−max{ai+2, ai+3}.

We have

dtr(vi, a) ≥ (1−min{ai, ai+1})− (−1−max{ai+2, ai+3})
= 2 + max{ai+2, ai+3} −min{ai, ai+1}.

Summing over i, we get

n∑
i=1

dtr(vi, a) ≥ 2n+
n∑
i=1

[max{ai, ai+1} −min{ai, ai+1}] ≥ 2n. (6.20)

By (6.18) and (6.20), we know that 0 is a Fermat-Weber point. Since a is also a Fermat-
Weber point, all equalities in (6.20) hold. Hence max{ai, ai+1} = min{ai, ai+1} for all i,
which means ai = ai+1 for all i. So a = 0 in Rn/R1. Then v1, . . . ,vn have a unique Fermat-
Weber point in Rn/R1. Finally since vi 6= 0 for each i = 1, . . . , n in Rn/R1, the set of points
v1, . . . ,vn forms an essential set.

As for the case when n = 3, we have the following example of three points in R3/R1:

(−1, 1, 1), (1,−1, 1), (1, 1,−1).

A simple computation shows that they have the unique Fermat-Weber point (0, 0, 0) in
R3/R1. In particular, they form an essential set.

Proposition 6.11 shows the existence of essential sets of points with a unique Fermat-
Weber point. However, the following theorem tells us that this case is very rare.

Theorem 6.12. Fix positive integers m and n. Consider the space Rm(n−1) of m points
v1,v2, . . . ,vm in Rn/R1. The configurations representing an essential set of points with
a unique Fermat-Weber point are contained in a finite union of proper linear subspaces in
Rm(n−1).

Definition 6.13. Let u = (u1, . . . , un),v = (v1, . . . , vn) be two points in Rn/R1 and d =
dtr(u,v) > 0. The peaks and valleys of u,v are the following subsets of [n]:

peak(u,v) = arg max
1≤i≤n

{ui − vi} , valley(u,v) = arg min
1≤i≤n

{ui − vi}.

.
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We prove a few lemmas before we prove Theorem 6.12.

Lemma 6.14. Let u = (u1, . . . , un),v = (v1, . . . , vn) be two points in Rn/R1 and d =
dtr(u,v) > 0. Let ε be a positive real number less than the minimum of the set

{|(ui − vi)− (uj − vj)| : 1 ≤ i < j ≤ n} − {0}.

(Since d > 0, the above set is nonempty.) For 1 ≤ i ≤ n, we denote εi as the vector in
Rn/R1 whose i-th entry is ε and other entries are zero. Then we have

dtr(u + εi,v) =


d, if i /∈ peak(u,v) ∪ valley(u,v);

d+ ε, if i ∈ peak(u,v);

d− ε, if i ∈ valley(u,v) and | valley(u,v)| = 1;

d if i ∈ valley(u,v) and | valley(u,v)| ≥ 2.

(6.21)

Similarly,

dtr(u− εi,v) =


d, if i /∈ peak(u,v) ∪ valley(u,v);

d+ ε, if i ∈ valley(u,v);

d− ε, if i ∈ peak(u,v) and | peak(u,v)| = 1;

d if i ∈ peak(u,v) and | peak(u,v)| ≥ 2.

(6.22)

Proof. We use formula (6.2). Let Du,v be the set {ui − vi|1 ≤ i ≤ n} for any two vectors
u,v ∈ Rn/R1.

We consider dtr(u + εi,v) first. If i /∈ peak(u,v) ∪ valley(u,v), then ui − vi is between
the maximum and minimum of Du,v. So Du+εi,v has the same maximum and minimum as
Du,v, then dtr(u + εi,v) = dtr(u,v). If i ∈ peak(u,v), then Du+εi,v has the same minimum
as Du,v, but max(Du+εi,v) = max(Du,v) + ε. So dtr(u + εi,v) = dtr(u,v) + ε.

If i ∈ valley(u,v), then ui−vi is the minimum of Du,v. So Du+εi,v has the same maximum
as Du,v. As for the minimum, if |valley(u,v)| ≥ 2, then there exists k 6= i with uk − vk =
ui − vi. Then uk − vk ∈ Du+εi,v and Du+εi,v has the same minimum as Du,v. As a result,
dtr(u + εi,v) = dtr(u,v). If | valley(u,v)| = 1, then all other elements in Du,v are strictly
greater than ui − vi, thus min(Du+εi,v) = min(Du,v) + ε. So dtr(u + εi,v) = dtr(u,v)− ε.

The cases of dtr(u− εi,v) can be analyzed in the same way.

Next, for (6.21) and (6.22), if we sum over i, we get the following corollary.

Corollary 6.15. Let u,v be two points in Rn/R1. Let d, e and εi be the same as in Lemma
6.14. Then

n∑
i=1

(dtr(u + εi,v) + dtr(u− εi,v)) = 2n · d+ [f(|peak(u,v)|) + f(|valley(u,v)|)] · e,
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where f is the function defined on Z+ by

f(n) =

{
0, if n = 1;

n, if n ≥ 2.
.

Definition 6.16. Let m and n be positive integers. Two subsets S, T ⊂ [m]× [n] are called
similar if for 1 ≤ i ≤ m we have

|{k | (i, k) ∈ S}| = |{k | (i, k) ∈ T}|

and for 1 ≤ j ≤ n we have

|{k | (k, j) ∈ S}| = |{k | (k, j) ∈ T}| .

In other words, S and T are similar if and only if, given any row or column of M , they have
the same number of elements in it.

The following lemma explicitly tells us the defining equations of the finite union of proper
linear subspaces.

Lemma 6.17. Let X = (xi,j)1≤i≤m,1≤j≤n be an m×n matrix. For any set S ⊂ [m]× [n], let

xS =
∑

(i,j)∈S

xi,j.

If the row vectors of X ∈ Rm(n−1) form an essential set with a unique Fermat-Weber point in
Rn/R1, then there exist disjoint S, T ⊂ [m]× [n] such that S and T are similar and xS = xT .

Proof. Suppose X is an m× n matrix with entries xi,j such that the row vectors v1, . . . ,vm
of X form an essential set of points in Rn/R1 with a unique Fermat-Weber point c ∈ Rn/R1.
Then the points v1−c, . . . ,vm−c also form an essential set and they have a unique Fermat-
Weber point 0. Let X ′ = (x′i,j) be the corresponding matrix of these points. Then x′i,j =
xi,j − cj for any 1 ≤ i ≤ m, 1 ≤ j ≤ n. Note that for S, T ⊂ [m]× [n], if S and T are similar,
then xS = xT if and only if x′S = x′T . Then we may assume the unique Fermat-Weber point
of v1, . . . ,vm is 0.

Now we construct an undirected graph G = (V,E). Let V = [n]. For 1 ≤ i ≤ m, let
Pi = peak(0,vi) and Qi = valley(0,vi). Then Pi, Qi ⊂ [n]. For 1 ≤ i ≤ n, we choose an
arbitrary tree TPi whose set of vertices is Pi and include its edges into E and we choose
an arbitrary tree TQi whose set of vertices is Qi and include its edges into E. Note that if
|Pi| = 1 then TPi has no edge. Here we allow parallel edges in G, because Pi may equal to
Pj for different i and j.

It suffices to show that G contains a cycle. Suppose one minimal cycle in G has r distinct
vertices j1, j2, . . . , jr ∈ [n], where for each 1 ≤ t ≤ r there is an edge connecting jt and
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jt+1 (we denote jr+1 = j1). By definition, there exists it ∈ [m] such that {jt, jt+1} ⊂ Pit or
{jt, jt+1} ⊂ Qit . In either case we have that

xit,jt = xit,jt+1 . (6.23)

We define the two subsets S, T of [m]× [n] as follows:

S = {(it, jt)|1 ≤ t ≤ r} , T = {(it, jt+1)|1 ≤ t ≤ r}.

We have that xS = xT follows from (6.23). In addition, for j ∈ [n], if j = jt for some t, then
both S and T have one element in the j-th column of M ; otherwise both S and T have no
elements in the j-th column of M . For i ∈ [m], both S and T have |{t|it = i}| elements in
the i-th row of M . Then S and T are similar. Next we show that S 6= T . Suppose S = T ,
then for each 1 ≤ t ≤ r, the unique element of S in the jt-th column is equal to the unique
element of T in the jt-th column, which means (it, jt) = (it−1, jt). Then we have it = it−1.
So i1 = i2 = · · · = ir, which means all r vertices in the cycle are chosen from Pi ∪Qi. Since
Pi and Qi are disjoint, either all vertices are chosen from Pi or all vertices are chosen from
Qi. Then in either case, the edges in the cycles are either all chosen from TP,i or all chosen
from TQ,i, which contradicts the fact that both TP,i and TQ,i are trees. Therefore S 6= T .
Finally if S and T have common elements, then we can delete them to get another pair of
similar subsets S ′, T ′, and we still have xS′ = xT ′ . So we can choose disjoint S and T .

Finally we show that G contains a cycle. We compute the following sum

K =
m∑
i=1

n∑
j=1

(dtr(εj,vi) + dtr(−εj,vi)).

On the one hand, since v1, . . . ,vm have a unique Fermat-Weber point 0, we have

m∑
i=1

dtr(w,vi) >
m∑
i=1

dtr(0,vi) (6.24)

for any nonzero vector w ∈ Rn/R1. By (6.21) and (6.22), for 1 ≤ i ≤ m

dtr(±εj,vi)− dtr(0,vi)

is ±ε or zero. Then difference between the LHS and the RHS of (6.24) is an integer multiple
of ε. Hence

m∑
i=1

dtr(w,vi)−
m∑
i=1

dtr(0,vi) ≥ ε (6.25)

for w = ±εj. Summing over j, we have

K ≥ 2n
m∑
i=1

dtr(0,vi) + 2n · ε. (6.26)
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On the other hand, by Corollary 6.15 we have

n∑
j=1

(dtr(εj,vi) + dtr(−εj,vi)) = 2n · dtr(0,vi) + [f(|Pi|) + f(|Qi|)] · ε.

Summing over i we have

K = 2n
m∑
i=1

dtr(0,vi) +

[
m∑
i=1

(f(|Pi|) + f(|Qi|))

]
· ε. (6.27)

Comparing (6.26) and (6.27), we get

m∑
i=1

(f(|Pi|) + f(|Qi|)) ≥ 2n. (6.28)

Next, for x ≥ 2 we have

x− 1 ≥ x

2
=

1

2
f(x)

and when x = 1 both x− 1 and f(x) are zero. This implies

m∑
i=1

(|Pi| − 1) + (|Qi| − 1) ≥ 1

2

m∑
i=1

(f(|Pi|) + f(|Qi|)) ≥ n.

So the graph G has at least n edges and it contains a cycle.

Proof of Theorem 6.12. For (i, j) ∈ [m]× [n], let Xi,j be variables. For S ⊂ [m]× [n], let

XS =
∑

(i,j)∈S

Xi,j.

We define the polynomial
F =

∏
S,T⊂[m]×[n]

S 6=T
S,T are similar

(XS −XT ).

Then F ∈ R[X1,1, X1,2, . . . , Xm,n]. By Lemma 6.17, if anm×nmatrixM = (mi,j) corresponds
to an essential set of m points with a unique Fermat-Weber point in Rn/R1, then there exist
distinct S, T ⊂ [m] × [n] such that S and T are similar and MS = MT . So F ((mi,j)) = 0.
As a result, the points of Rm(n−1) corresponding to an essential set of m points with a
unique Fermat-Weber point in Rn/R1 are contained in the union of proper linear subspaces
V (F ).

The immediate consequence of Theorem 6.12 is as follows:
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Corollary 6.18. If we choose a random sample in the moduli space Rm(n−1) with any dis-
tribution ν with ν(L) = 0 for any L ⊂ Rm(n−1) with the dimension of L is strictly less than
m(n− 1), then we have probability 1 to get either a random sample that is not essential, or
a random sample that has more than one (thus infinitely many) Fermat-Weber points.

Proof. Let C be the random sample in Rm(n−1) that corresponds to an essential set of m
points with a unique Fermat-Weber point. Then it suffices to show that the measure of C
is zero. By Theorem 6.12, C is contained in the finite union of hypersurfaces V (XS −XT ),
where S, T ⊂ [m]× [n], S and T are distinct and similar. Then for each pair of such S and
T , the hypersurface V (XS −XT ) is isomorphic to Rm(n−1)−1. So it has measure zero. Thus,
the measure of this finite union is still zero, so is C.

Definition 6.19 (Tropical Determinant). Let X = (xij) be an n by n matrix with real
entries. Then its tropical determinant is defined as follows:

trop detX = min
π∈Sn

n∑
i=1

xiπ(i). (6.29)

A matrix X is tropically singular if the minimum is attained at least twice in (6.29).

In the proof of Lemma 6.17, the subsets S and T are very similar to the terms in the
tropical determinant of matrices. However the following example shows that the matrix does
not need to have a minor whose tropical determinant contains two equal terms.

Example 6.20. [No equal terms in the tropical determinant of all minors] The following
five points in R3/R1

(1,−1,−1), (−1, 1,−1), (1, 1,−1), (0,−1, 1), (−1, 0, 1)

form an essential set and they have a unique Fermat-Weber point (0, 0, 0) in R3/R1. How-
ever, let M be the corresponding 5 × 3 matrix. No minor of M is tropically singular. In
addition, for every minor of M , its tropical determinant has no equal terms.

Remark 6.21. The converse of Theorem 6.12 is not true in general. Consider following
three points in R4/R1

(0, 0, 0, 5), (0, 0, 3, 1), (0, 4, 5, 7)

This corresponds to a point in the finite union of proper linear subspaces of R9 as in Lemma
6.17, because we can take S = {(1, 1), (2, 2)} and T = {(1, 2), (2, 1)}. However, their polytope
of Fermat-Weber points is a line segment in R4/R1 with endpoints

(0, 2, 3, 5), (0, 3, 3, 5).

So these three points form an essential set and they have more than one Fermat-Weber point.
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6.4 Fermat-Weber points within tree spaces
In this section we focus on the space of phylogenetic trees. An equidistant tree is a

weighted rooted phylogenetic tree whose distance from the root to each leaf is the same real
number for all its leaves. Suppose UN is the space of all equidistant trees with N leaves,
i.e., the set of leaves is {1, 2, . . . , N}. For positive integer N , we denote by [N ] the set
{1, 2, . . . , N}.

Definition 6.22. The distance d(i, j)(T ), between two leaves i and j in T ∈ UN , is the
length of a unique path between leaves i and j. The distance matrix of T ∈ UN is a N ×N
matrix D(T ) = (dij)1≤i,j≤N such that

dij = d(i, j)(T ) ∀i, j(1 ≤ i, j ≤ N),

where N is the number of leaves in the tree T . The metric of T ∈ UN , denoted by D =
(dij)1≤i<j≤N , is a vector with

(
n
2

)
entries.

Distance matrices of equidistant trees in UN satisfy the following strengthening of the
triangle inequalities:

dik ≤ max(dij, djk) for all i, j, k ∈ [N ]. (6.30)

If (6.30) holds, then the metric D is called an ultrametric. The set of all ultrametrics
contains the ray R≥01 spanned by the all-one metric 1, defined by dij = 1 for 1 ≤ i < j ≤ N .
The image of the set of ultrametrics in the quotient space R(N2 )/R1 is called the space of
ultrametrics.

Suppose we have a set of equidistant phylogenetic trees with N leaves. They are repre-
sented by their metrics D in R(N2 ) so that the space of equidistant phylogenetic trees UN with
fixed number of leaves N can be represented by a union of polyhedral cones in R(N2 ). In the
previous sections, we have shown that there might be infinitely many Fermat-Weber points
of them. However, many of those points may not correspond to any phylogenetic tree. In
this section, for a sample of points in UN , we consider the set of their Fermat-Weber points
within UN .

The spaces of equidistant phylogenetic trees UN with N leaves have (2N − 3)!! maximal
cones with dimension N − 2 [21, 98]. Note that every maximal cone is a polyhedron, so
the intersection of each maximal cone and the polytope of Fermat-Weber points is either
empty or a polytope. Here we investigate the set of equidistant phylogenetic trees such that
they form an essential set and there exists a unique equidistant phylogenetic tree that is a
Fermat-Weber point of them.

We conducted simulations on Fermat-Weber points of a sample in UN for N = 4. We
generated 60 samples of equidistant phylogenetic trees with N = 4 leaves using R package
ape [91]. Due to the computational time, we set 60 samples. Among these 60 samples, we
chose subsamples of sizes 4, 5 and 6. For each subsample, we computed its Fermat-Weber
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points within tree spaces by using Maple 2015 [19]. We counted the maximal dimension of
the set of Fermat-Weber points, which is a finite union of classical convex polytopes in R5

by Proposition 6.7. The result is shown in Table 6.1.

Sample size \Max Dim. 0 1 2
4 2 7 51
5 6 15 39
6 10 21 29

Table 6.1: The maximal dimension of the set of Fermat-Weber points within the treespace: 60
samples of 4 or 5 or 6 phylogenetic trees with 4 leaves.

Example 6.23. The polytope of Fermat-Weber points of the following four trees with 4 leaves

(32/109, 1, 124/673, 1, 32/109, 1), (1, 6/85, 1, 1, 203/445, 1),

(1, 1, 1, 310/783, 310/783, 1/265), (47/510, 1, 1, 1, 1, 125/151).

is 2-dimensional, while there is a unique Fermat-Weber point that corresponds a phylogenetic
tree, which is (1, 1, 1, 1, 1, 1).

We have the following conjecture based on our simulations.

Conjecture 6.24. A sample in UN like in Example 6.23 is the only case of a unique tree as
Fermat-Weber point. In other words, if a sample in UN has a unique Fermat-Weber point,
then its unique Fermat-Weber point is the all-one vector 1.

Remark 6.25. We have tried to conduct a similar experiment for N ≥ 5 but the computa-
tional time was not feasible. The computational bottleneck for our simulation study does not
come from the number of cones in the treespace, but comes from the difficulty of computing
the polytope of Fermat-Weber points. See Section 6.6 for details.

6.5 The m-ellipses under the tropical metric
Let m be a positive integer. Given a sample of m points v1,v2, . . . ,vm ∈ Rn/R1, the

locus of points u ∈ Rn/R1 such that

m∑
i=1

dtr(u,vi) = d(v1,v2, . . . ,vm) (6.31)

is the polytope of Fermat-Weber points of v1,v2, . . . ,vm. In this section we generalize this
locus and discuss the k-ellipses under the tropical metric.
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Definition 6.26. Let v1,v2, . . . ,vm ∈ Rn/R1 and a ≥ d(v1,v2, . . . ,vm). Then the m-ellipse
with foci v1,v2, . . . ,vm and mean radius a

m
is the follow set of points in Rn/R1:

{u ∈ Rn/R1|
m∑
i=1

dtr(u,vi) = a}. (6.32)

Proposition 6.27. Let v1,v2, . . . ,vm ∈ Rn/R1 and a ≥ d(v1,v2, . . . ,vm). Then the m-
ellipse with foci v1,v2, . . . ,vm and mean radius a

m
is a classical convex polytope in Rn−1 '

Rn/R1.

Proof. The proof is very similar to that of Proposition 6.7. We can still eliminate the
parameters ci, and now the inequalities in (6.14) become

m∑
i=1

(xji − xki + vi,ki − vi,ji) ≤ a. (6.33)

So this m-ellipse is also a polyhedron in Rn−1 and for the same reason it is bounded.

Example 6.28. We consider Example 6.8 again. Let v1 = (0, 0, 0),v2 = (0, 3, 1),
v3 = (0, 2, 5). Then by Theorem 6.3, we have d(v1,v2,v3) = (0 + 3 + 5) − (0 + 1 + 0) = 7.
We consider a = 8, 10, 50, 100. Figure 6.2 - 6.5 show the 3-ellipses with foci v1,v2,v3 and
mean radius a

3
.

Figure 6.2: The 3-ellipse with a = 8. It is a hexagon.
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Figure 6.3: The 3-ellipse with a = 10. It is a 13-gon.

6.6 Computing the Fermat-Weber points
In this section we explain our method of computing the set of all Fermat-Weber points

of a sample and discuss some computational issues. The Maple 2015 codes are available at

https://sites.google.com/site/bolinmath/research/codes/fermat.

Suppose the points in a sample are v1,v2, . . . ,vm ∈ Rn/R1. Then our method consists of
two steps:

(a) compute d = d(v1,v2, . . . ,vm);

(b) given d, compute the set of Fermat-Weber points of v1,v2, . . . ,vm.

One way to perform step (a) is to use Theorem 6.3. But then we have to compute all
possible functions σ, τ : [m] → [n] such that σ([m]) = τ([m]) as multisets. The number of
such functions is nm, which means the time complexity of this step would be exponential
in m. In practice we use a method of linear programming, which minimizes d such that all
inequalities in (6.6) and d ≥

∑m
i=1 ci are feasible simultaneously.

However, for step (b), even if we have d, there are still many inequalities that define
the polytope of Fermat-Weber points. In the proof of Proposition 6.7, if we eliminated
the parameters ci, then there are

(
n
2

)m inequalities in (6.14); otherwise we may keep the
parameters ci and get another polytope in the ambient space Rn+m−1 and then project it to
Rn−1, but for each ci there are still 2

(
n
2

)
= n(n− 1) inequalities, so we need mn(n− 1) + 1

https://sites.google.com/site/bolinmath/research/codes/fermat
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Figure 6.4: The 3-ellipse with a = 50. It is a 18-gon.

inequalities to define this polytope. From our computations with polymake [61], there seem
to be some redundant inequalities but we do not know an efficient method for step (b).

Question 6.29. What is the minimal set of inequalities needed to define the set of all tropical
Fermat-Weber points of a given sample? What is the time complexity to compute the set of
tropical Fermat-Weber points of a sample of m points in Rn/R1?

As costs of genome sequencing have dropped precipitously, development of bioinformatic
methods to analyze genome structure and evolution have become ever more urgent.

There are several statistical methods to summarize genome data, such as the majority-
rules consensus tree as well as the Fréchet mean over tree spaces. A Fermat-Weber point on
tree spaces is another descriptive statistics of the given set of gene trees.

As we have discussed above, it is very hard to compute the set of all tropical Fermat-
Weber points over tree spaces because of its computational time. At this moment, we can
compute the Fermat-Weber points on tree spaces at most 4 leaves. As future research
projects, it will be interesting to compare the set of all tropical Fermat-Weber points with
summary/consensus trees, such as the majority-rules consensus tree as well as the Fréchet
mean over tree spaces.
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Figure 6.5: The 3-ellipse with a = 100. It is a 18-gon.
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