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Chapter 1

Introduction

1.1 Basic Definitions and Background

The study of patterns in permutations and words which is generally re-
ferred to as permutation patterns has been an extremely active area of research
in recent years. The study of permutation patterns has it roots in the works
by Rotem, Rogers, and Knuth in the 1970s and early 1980s. The first system-
atic study of permutation patterns was not undertaken until the paper by Simion
and Schmidt which appeared in 1985. The field has experienced explosive growth
since 1992. The notion of patterns in permutations and words has proved to be
a useful language in a variety of seemingly unrelated problems including the the-
ory of Kazhdan-Lusztig polynomials, singularities of Schubert varieties, Chebyshev
polynomials, rook polynomials for Ferrers boards, and various sorting algorithms
including sorting stacks and sortable permutations. There are two recents books
on the subject: Combinatorics of Compositions and Words by Heubach and Man-
sour which studies patterns in words and Patterns in Permutations and Words by
Kitaev which mainly focuses on patterns in permutations.

My work has focused on applications of the so-called reciprocity method of
Jones and Remmel to find generating functions for patterns in words. To motivate
my results, we will start with some basic definitions of patterns in permutations.
Let S,, denote the set of permutations of [n] = {1,...,n}. Given any sequence of

distinct integers a; - - - a;, we let red(a; - - - a;) denote the permutation of S; whose



elements have the same relative order as a; ---a;. For example, red(5 3 7 2) =
3 24 1. We then say that a permutation 7 € S; occurs in a permutation o =
o1...0, € 8, if there exists 1 <4y < --- < 4; < n such that red(oy, ...0;,) = 7
and there is a 7-match starting at position i if red(o;0i41...0i4j-1) = 7. We
say o avoids 7 if 7 does not occur in o. We let 7-mch(o) denote the number
of 7-matches in o. For example, 7 = 3142 occurs in ¢ = 5137642 as is shown
by the bolded subsequences: 5137642, 5137642, 5137642, 5137642, 5137642, or
5137642. Since o contains no increasing subsequence of length 4, o avoids 1234.

We let S,(7) denote the set of permutations of S, which avoid 7 and
NM.,(7) denote the set of permutations of S, which have no 7-matches. We
let S, (1) = |Su(7)] and NM,,(7) = INM,,(7)|. If o and 3 are elements of S, then
we say that a and 8 are Wilf-equivalent if S,(a) = S, (5) for all n > 1, and we
say that a and g are c- Wilf-equivalent if NM, (o) = NM,(B) for all n. For any

permutation 7, let
_ 7-mch(o)
A ) =143 > @ -

n>1 " o€Sy
Thus, a and 8 are c-Wilf equivalent if and only if A,(0,t) = Az(0,t). We say that
a is strongly c- Wilf-equivalent to B if A, (z,t) = Ag(z,t). There is an outstanding
conjecture of Nakamura [45] that o and 8 are c-Wilf equivalent if and only if «
and [ are strongly c-Wilf equivalent.

One can make similar definitions for words, except that in the case of words,
we have two different ways to match patterns.

Let P = {1,2,...} denote the set of positive integers and for any k € P,
let [k] ={1,...,k}. We let P* ([k]*) denote the set of all words over the alphabet
P ([k]). If u=w;...u; € P/, then we let |u| = j denote the length of u. We let
e denote the empty word and we say € has length 0. We let PT = P* — {¢} and
k" = [k]" —{e}.

fu=w...ujand v =wv;...v; are words in P*, we let uv = uy ... ujv; ... v;
denote the concatenation of u and v. Suppose that we fix j > 1. Then for any
word w = w; ... wy,, we say that a word u = u;...u; is a prefiz of a word w if
there is a word v such that uv = w, is a suffix of w if there is a word v such that

vu = w, and is a factor of w if there are words f and v such that fuv = w.



We let red(w) denote the word that results from w by replacing all occur-
rences of the ¢th smallest letter in w by 7. For example, if w = 44537792, then
red(w) = 33425561. Let u = uy...u; € P and w = wy...w, € P". Then if
red(u) = u, a u-match in w is a factor of v of w such that red(v) = u. An exact
w-match in w is a factor v of w such that v = u. We let umch(w) denote the
number of u-matches in w if red(u) = v and eumch(w) denote the number of exact
u-matches in w. For example, if w = 31442521337792 and u = 213, then w has
three u-matches, namely 314, 425, and 213, but only one exact u-match. Thus
umch(w) = 3 and eumch(w) = 1. For any word w € P* and i, j € P, we let ij(w)
denote the number of exact matches of ij in w. If I' C P* ([k]*) is a finite family
of words such that red(v) = v for all v € I' and w € P* ([k]*), then there is a
[-match in w if there is a factor u of w such that red(u) € I'. In such a situation,
we let I'-mch(w) denote the number of I'-matches in w. Similarly, if ' C P* ([£]*)
is a finite family of words and w € P* ([k]*), then we say that there is an exact
I'-match in w if there is a factor u of w such that v € I'. In such a situation, we
let el’-mch(w) denote the number of exact I-matches in w.

Let z, = z1,...,2k, Zoo = 21,%22,..., and if w = wy,...w,, let Z¥ =
Zwy 2wy - - - 2w, - Ouppose that I' and A are finite sets of words such that for all
veT'UA, red(v) = v, and 2 is a finite set of words. The main goal of this thesis

is to develop methods to compute generating functions of the following form:

FE’F(x,ZOO,t) _ Z xF—mch(w)+1zwt|w|’ (11)
weP*,A-mch(w)=0

F(x, 7, 1) = > glmeh(w)+lzwylel (1.2)
we[k]*,A-mch(w)=0

EF) (#,200,t) = Z glmehw)Hzwglwl = anq (1.3)
weP*,eQ—mch(w)=0

EFEY(2,200,1) = > ghmeh(w)+1zw ] (1.4)

wek]*,eQ—mch(w)=0

In this thesis, we will focus on the cases where I' is one of the sets {12},

{11}, {21}, {11,21}, or {11,12}. If w; ... w, is a word in P*, then

1. a {12}-match in w corresponds to a pair of letters w;w;;1 such that w; < w;;,

which is called a rise,



2. a {11}-match in w corresponds to a pair of letters w;w; 11 such that w; = w;4

which is called a level,

3. a {21}-match in w corresponds to a pair of letters w;w; 1 such that w; > w;,4

which is called a descent,

4. a {11,12}-match in w corresponds to a pair of letters w;w; 41 such that w; <

w;+1 which is called a weak rise, and

5. a {11, 21}-match in w corresponds to a pair of letters w;w;,; such that w; >

w;+1 which is called a weak descent.

Thus we make the following definitions. Suppose that n > 1 and w = w; ... w, €

P". We let

Des(w) = {i:w; > w1} WDes(w) = {i:w; > w;i1}
Rise(w) = {i : w; < w11} WRise(w) = {i:w; < w1}
des(w) = |Des(w)| wdes(w) = |W Des(w)|

rise(w) = |Rise(w)] wrise(w) = |W Ris(w)|

Lev(w) ={i : w; = w11} lev(w) = |Lev(w)|.

We shall refer to elements of Des(w), W Des(w), Rise(w), W Rise(w), and Lev(w)
as descents, weak descents, rises, weak rises, and levels of w, respectively.

For any word u = wuy...u; € [k]9 such that red(u) = u, let St®)(u)
(St (u)) equal the set of 1 < s < j such that there exists a word w =
Wy ... Werj—1 in P* ([k]*) such that red(w; ... w;) = v and red(wy . .. wstj—1) = u.
That is, St (u) (St (u)) is the set of positions 1 < s < j such that there is a
word w in P* ([£]*) in which there is a pair of overlapping u-matches such that the
first u-match starts at position 1 and the second u-match starts at position s. We
say that u is P-minimal overlapping ([k]-minimal overlapping) if St® (u) = {j}
(St (y) = {j}). Thus u is P-minimal overlapping if any two consecutive u-
matches can share at most one letter which must be the last letter of the first
u-match and the first letter of the second u-match. We say that u has the P-weakly
decreasing (P-weakly increasing, P-level) overlapping property if s € St (u) im-
plies that uy > ug (u; < ug, up = us). We say that u has the [k]-weakly decreasing



(Ik]-weakly increasing, [k]-level) overlapping property if s € St(FD () implies that
up > ug (ug < ug, up = ug). If k> 2, then we say that u is [k]-non-overlapping if
Stk (y) = (. For example, suppose that u = 123234. Then

1. w® = 123234345 witnesses that 4 € St (u),
2. w? = 1232345456 witnesses that 5 € St (u), and
3. w® = 12323456567 witnesses that 6 € St (u).

It is easy to see that in each case, w® uses the smallest alphabet possible. Clearly
2 and 3 are not in St®) (u) or StU*)(u) for any [k]. It thus follows that St® (u) =
StUED (y) = {4,5,6} for any k > 7. However, St{*)(u) = 0 so that u is [4]-non-
overlapping, St°)(u) = {4}, and St (u) = {4,5}. Note that u has the P-weakly
increasing overlapping property and the [k]-weakly increasing overlapping property

for any k£ > 5. Next suppose that v = 345123. Then
1. w® = 567345123 witnesses that 4 € St®)(v),
2. w® = 4561345123 witnesses that 5 € St (v), and
3. w(® = 34512345123 witnesses that 6 € St)(v).

Again it is easy to see that in each case, w® uses the smallest alphabet pos-
sible and 2 and 3 are not in St®)(u) or StlF)(v) for any [k]. It follows that
St®)(v) = St (v) = {4,5,6} for any k > 7. However, St{°)(u) = {6} so that u
is [5]-minimal overlapping and StV (u) = {5,6}. Note that u has the P-weakly de-
creasing overlapping property and the [k]-weakly decreasing overlapping property
for any & > 5 but that it also has the [5]-weakly increasing overlapping property
and the [5]-level overlapping property.

We can also make similar definitions for exact matchings. That is, for
u=u...u; € k], let ESt® (u) (EStH)(u)) equal the set of 1 < s < j such
that there exists a word w = w; ... wgy ;1 in P* ([k]*) such that wy ... w; = v and
Wy .. Weyj1 = u. Thus, ESt® (u) (ESt[)(u)) is the set of positions 1 < s < j
such that there is a word w in P* ([k]*) in which there is a pair of overlapping exact

u-matches such that the first exact u-match starts at position 1 and the second



exact u-match starts at position s. We say that u is exact P-minimal overlapping
(exact [k]-minimal overlapping if ESt®) (u) = {5} (ESt")(u) = {j}). Thus u is
exact P-minimal overlapping if any two consecutive exact u-matches can share at
most one letter which must be the last letter of the first exact u-match and the first
letter of the second exact u-match. For example v = 131 is a word that has the
exact P-minimal overlapping property. We say that u is exact P-non-overlapping
(ezact [k]-non-overlapping if ESt®) (u) = 0 (ESt*)(u) = 0). For example u = 132

is a word that has the exact P-non-overlapping property.

Let zp = 21,...,2; and Zo, = 21, 29, . ... Then for any u € [k}, we let
Ean,Cu(x7 Zk) = Z xdes(w)Jrlzw?
wek]™,eumch(w)=0
VPR
weP™ eumch(w)=0
LENSQ(I,Z;C) = Z v@Hze - and
we[k]™,eumch(w)=0
LENU%E(:L" Zoo) = Z xlev(w)ﬂ-lzw‘

weP™ eumch(w)=0

Similarly for u € [k}? such that red(u) = u, we let

]\/}(/2 (.1" Zk) = Z xdeS(w)-‘rlzw’
welk]™,umch(w)=0
NSZ (,200) = Z glesw)+lzw
weP™ ,umch(w)=0
LN®) (z,2) = Z vtz and
welk]™,umch(w)=0
LNzEI,Pr)L (I‘, Zoo) _ Z xlev(w)-ﬁ-lzw‘

weP™ umch(w)=0



The main goal of this thesis is to study the generating functions

ENP (@, 21, t) =1+ Y ENP)(z, 2)t",

n>1
ENP (2,200, t) = 1+ Y ENF)(z, 2)t",
n>1
N (z, 2, 1) =1+ Z NF)(z,z)t", and
n>1
N (z,z0,t) =1+ ZN,SEB(QS z)t
n>1

in the case where red(u) = w and des(u) < 1 and the generating functions,

LENP(z,2,t) =1+ Y LENS) (x, z)t",

n>1
LEND (2, 200,1) = 1 + Z LEN{) (z,2.)t",
n>1
LNE (2,2, 1) = 1+ZLN(k x,zi)t", and
n>1

LN P (2, 250,1) =1+ ZLNS}; Ty Zoo )"
n>1
in the case where red(u) = u and lev(u) < 1.
When k and |u| are small, there are well-known recursive methods to com-
pute N,(fg(m,zk) or ENT(LIZZ(x,zk). That is, suppose that |u| = r. For any word
v € [k]*, we let B = {w € [k]* : v is a prefix of w} and

ngkv) (x,z1,t) = 1+ Z " Z plesw)+1zuw

n21 wGBI(,Mﬂ[k]”,umch(w):O

For example, if £ = 3, u = 123, and v = 12, then the words in Bg) are of the form
12 or 1 concatenated with either a word in BS), Bg), or Bg. Words of the form
1% Bé?g) cannot contribute to NQEIZ) (z, zg, t) since they all start with a 123-match. It
follows that

./\/'1531)2(% Z3,1) = 12 21° + thN 21(37 z3,t) + zlt/\/u(i)z(:v, z3,t).



In this way, we can show that the functions /\/u(?;?(x, z3,t) where |v| = |u| —1 satisfy
simple recursions. Bringing the terms that do not involve the generating functions

to one side, one can rewrite these equations in the form

<y
Il
Z
[CR
Y] (%)
— — — /g — — P
N
@
~
S—

Then if one can invert the matrix M, one can solve for the generating functions
Nu(i-)j(x,zg,t) from which one can easily recover the desired generating function
leg)(x,z?,,t). More details on the method can be found in [23]. The problem

lul=1 matrix with multivariable

with this method is that it requires us to invert a k
entries which is impractical to compute as k and |u| get large.

The method that we will employ is what Jones and Remmel [24,26-28] call
the reciprocity method. Jones and Remmel developed the reciprocity method to

compute the generating functions of the form

NM, (¢, 2,y) = 1 + Z ydes(a)+1xLRmin(o)i_T;
oENM(T)

where 7 € §; and for 0 = 0y...0, € S,, LRmin(o) is the number of left-to-right
minima in o which is the number of 1 < j < n such that o; > o; for all ¢ < j.
For example, if ¢ = 3425167, 01 = 3, 03 = 2 and o5 = 1 are the set of left-to-
right minima of o. They were able to compute NM, (¢, z,y) for certain families of
permutations 7 in which 7 starts with 1 and des(7) = 1. The basic idea of their
approach is as follows. If 7 starts with 1, then the results in [24] allow us to write

NM,(t,z,y) in the form




where U, (t,y) ZUT”

n>0
Next one writes

1
1 + Zn>1 NMT n(l y)_ '

One can then use the homomorphism method to give a combinatorial interpretation

of the right-hand side of (1.5 which can be used to find simple recursions for the

U-(t,y) = (1.5)

coefficients U, ,,(y). This homomorphism method was first introduced by Brenti
[11] and later developed by Remmel and his students which is the subject of the
book “Counting with Symmetric Functions” by Mendes and Remmel [43]. The so-
called homomorphism method derives generating functions for various permutation
statistics by applying a ring homomorphism defined on the ring of symmetric
functions A in infinitely many variables x1,x»,... to simple symmetric function
identities such as

H(t)=1/E(-1), (1.6)

where H(t) and E(t) are the generating functions for the homogeneous and ele-

mentary symmetric functions, respectively:

=> ht"=]] - _1:6 and E(t) = Y ent" = [[(1+ it). (1.7)

n>0 i>1 n>0 i>1

In their case, Jones and Remmel defined a homomorphism 6, on A by

setting (1)
0-(en) = ol NM;» (1, y)
Then
1
NM., (1 y
; T Uty
Hence
1
U.(t,y) = =0.(H(t)),
9= )~ )
which implies that
nl0.(hy) = Usn(y). (1.8)

Thus, if we can compute n!é.(h,) for all n > 1, then we can compute the poly-

nomials U, ,(y) and the generating function U, (¢,y), which in turn allows us to
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compute the generating function NM, (¢, z,y). Jones and Remmel [27]28] showed
that one can interpret n!d,(h,) as a certain signed sum of the weights of filled,
labeled brick tabloids when 7 starts with 1 and des(7) = 1. They then defined
a weight-preserving, sign-reversing involution I on the set of such filled, labeled
brick tabloids which allowed them to give a relatively simple combinatorial in-
terpretation for n!6,(n,). Consequently, they showed how such a combinatorial
interpretation allowed them to prove that for certain families of such permutations
7, the polynomials U, ,,(y) satisfy simple recursions.

In [3], Remmel and Bach extended the reciprocity method to study the
polynomials Ur ,(y) where
t" 1
nl 1+ Yo NMp,(Ly)G

n!

Ur(t,y) =1+ > Ura(y)

n>1

in the case where I' is a set of permutations such that for all 7 € I, 7 starts with

1 and des(7) < 1. Specifically, they studied the case where

Divke ={0€S,: 00 =1,0441 =2,00 <092 < -+ < 0py,

Oyl < Opypa < -+ < 0p}.

That is, I'y, x, consists of all permutations o of length p where 1 is in position 1, 2 is
in position k; + 1, and o consists of two increasing sequences, one starting at 1 and
the other starting at 2. In certain cases, they were able to obtain explicit formulas
for the polynomials Ur, , .(y) for certain values of ki, ks, and s. For instance,
if ' = {1324,123}, then they obtained the following result for the polynomials
Urn(y)’s. For all n > 0,

(2R D)
Uran(y) = m(—y) A+ and

k=0

QLR J

n+k+2

Uron1(y) =
k=0

Another example in 3] where they could find an explicit formula is the case

[9, = {1324, 1342, 123} where they showed that Up,,  1(y) = —y, and for n > 2,
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the polynomials Ur,, , (y)’s satisfy the recursion

UF2,2,s,n (y) = _yUF2,2,S7n—1 (y) -

s—2
Z ((n —k— 1)yUF2,2,S7n_k_2(y) + (n — k- Q)yQUfzz,le—k—?:(y)) .
k=0

(1.9)

Bach and Remmel further extended the reciprocity method to study the
generating functions NMr(¢, z,y) where all the permutations I' start with 1 but
they did not put any conditions on the number of descents in a permutations in I'.
While the basic concepts of the reciprocity method still hold, the involution defined
by Jones and Remmel no longer works. Thus, they defined a new sign-reversing,
weight-preserving mapping Jr and, under this new involution, they were able to
compute the recursion for the polynomials Ur ,(y) for the special cases where 7 € T’
such that des(7) = 7 > 1 and the bottom elements of these descents are 2,...,j+1
when reading from left to right. In most of the cases here, the analysis of the fixed
points of the involution Jr can be associated with counting the number of linear
extensions for certain Hasse diagrams.

We apply the reciprocity method of Jones and Remmel for our problem and

assume that we can write the generating function N (%, Zoo, t) as

1

N (2,200, 1)) = where U (2, 2,,1) = 1+ZU(P 2, 2.0t

(P) (7, Zoo, 1) n>1

(1.10)

Thus
1

1+ ZnZl NS}Q(% Zioo 1"
One can then use the homomorphism method to give a combinatorial interpreta-

tion to the right-hand side of ([I.11]) which can be used to find a combinatorial

UP (2, 200,1) = (1.11)

interpretation for Ui(LP)(m, Zoo, t). In our case, we define a homomorphism ©,, on A

by setting
Oulen) = (—1)" N3 (@, 7o)
Then
Ou(E(~1) = S NEw 2" = -5~
n>0 (2, Zoos 1)
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Hence
1
U (2, 200,) = 57—y = Ou(H (1)
Ou(E(—t))
which implies that
Ou(hy) = U (%, 20). (1.12)

Thus if we can compute ©,(h,) for all n > 1, then we can compute the poly-
nomials U5 (%,2+) and the generating function Uép)(:c,zoo,t) which in turn al-
lows us to compute the generating function NE (%, Zs0,t). The same method can
be applied to find combinatorial interpretations for U (x, 2z, 1), EU&P)(:U, Zoo, 1),
EU&k)(x,zk,t), LU&P)(I,ZOO,t), Lu® (x, 2z, 1), LEU&P)(x,zoo,t), and
LEUf,Sk)(x,zk,t) where

1
stk)(x7zkat)) = )
Uzsk) (SC, Zy, t)
1
EN® (z,25,1)) = :
( ) EUQSP)(x,zOO,t)
1
ENP(x, 21, 1)) = ,
* EUQ(Lk)(x,zk,t)
1
£J\/'7(JP) Ty Zoo, 1)) = ,
( ) Lu® (%, Zoo, t)
1
LN (z,21,1) = —
(@25, 1)) LUék)(x,zk,t)
1
LEN® (2, 2,1)) = B , and
LEU, (2, Zoo, t)
1

LEN® (2, 2;,1)) = .
(-2, 1)) LEUD (z, 24, 1)

The final steps of the reciprocity method that we employ will be differ-
ent from the ones used by Jones and Remmel [26,27] for permutations. For the
generating function for permutations that they studied, Jones and Remmel used
the combinatorial interpretation that arose from the analog of ©,(h,) to obtain
simple recursions satisfied by their analog of Ugg(x, Zoo). In our case, we shall use
the combinatorial interpretation of ©,(h,) that comes out of the homomorphism
method plus a map which we call the “collapse map” to show that we can obtain
a closed expression for the generating functions u® (%, Zoo, t) OF Ué[k])(:c, Z, t) by

an appropriate substitution in certain other generating functions for words.
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The generating functions that we will substitute into will depend on the
relative order of u; and u; where u = u; ... u;. In each case our generating function
will be over the variables x;; where 7,j € P, the variables z; where ¢+ € PP, and ¢
which we denote as (X, Zoo,t). In the case where u; > wj, red(u) = u, and
des(u) = 1, our final expression for our desired generating functions UP (%, Zoo, 1)

or Uqﬂ[k})(x, zi, t) will be a substitution into the generating function

DP(XOO, Zo, t) _ Z tlwlzw H lg'ii(W)‘
welP* 1<j
In the case where u; < uj, red(u) = u, des(u) = 1, and u has the P-weakly
increasing overlapping property ([k]-weakly increasing overlapping property), our
final expression for our desired generating function u® (%, Zoo, ) (Ué[k])(x, Zg, 1))

will be a substitution into the generating function

RP(Xooa Zoo, t) _ Z tlwlzw H xg(w).
wewy <ws <---<w, €P* 1<j
In the case were u; = u;, red(u) = u, des(u) = 1, and u has the P-level
overlapping property ([k]-level overlapping property), our final expression for our
desired generating function qup)(x, Zoos 1) (Uﬁ[k])(:c, Z, 1)) will be a substitution into

the generating function

LF (X0, Zoo, 1) = Z tholzw H ),
w=wq <wg<---wn EP* g
If u does not have the P-level overlapping property ([k]-level overlapping property),
it will still be the case that u has the P-weakly decreasing overlapping property ([k]-
weakly decreasing overlapping property). In such a case, our final expression for

(%]) (

our desired generating function U® (T, Zoo, t) (Uﬁ T, Zoo, t)) will be a substitution

into the generating function
WD (X, 2o, t) = 3 1010 [T,
weP i<j

In the case where u; > wuj, red(u) = u, lev(u) = 1, u has the P-weakly

decreasing overlapping property ([k]-weakly decreasing overlapping property), our
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final expression for our desired generating functions LUSP)(x, Zoo, L) O
LUqg[k])(x, Zk, t) will be a substitution into the generating function
HE (Xoo, Zoo, 1) = Z thelzw H zg»ii(w).
weP* lev(w)=0 i<j

In the case where uy; < u;, red(u) = u, lev(u) = 1, and u has the P-weakly
increasing overlapping property ([k]-weakly increasing overlapping property), our
final expression for our desired generating function LU (%, Zoo, t) (LUl(L[kD (x, 2z, 1))
will be a substitution into the generating function

G (Xoo, Zoo, 1) = Z tholzw Hx‘];(w)'

weP* lev(w)=0 i>j

In this case we will also need to consider the following analog to D¥ (X, Zoo, t):

E¥ (Xoo, Zoo, t) = Z ol zw H xj;i(w).

weP i>j
In the case where u; = u;, red(u) = u, lev(u) = 1, and u has the P-level
overlapping property ([k]-level overlapping property), our final expression for our
desired generating function LUS" (%, Zoo, ) (LUl(L[k])(x, z, t)) will be a substitution
into the generating function
P _ |w|zw Ji(w)
WD (Xoo, Zoo, t) 1;]1}*15 Z ga:ﬂ :
We will prove the following theorems for the generating functions
DP (X, Zoos 1)y LT (X0, Zoos 1), RY (Xoo, Zoo, 1), WD (Xeg, Zoo, 1), HE (Xoo, Zoo, 1),
GF (Xo0 Zoos 1), and EF (Xoo, Zoo, ). Given a nonempty set S C P, we let

Z; if S=4{j}, and
DXZ(S) = J {7}

Zjt T Zgk H?:_11<Iji+lji - 1) if = {jl <. < jk} where k > 2.
(1.13)

2 if $ = {j}, and
RXZ(S)={ 74 U}

(Hle 1;2];]175) Hfz_ll Ljijiv1 if §= {]1 << jk} where k > 2.
(1.14)
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Z; if S=4{j}, and
EYZ(S) = J {j}

iyttt %y H?:_f(xjiji—o—l — ].) if S = {]1 < -0 < jk} where k > 2.
(1.15)
Let W DP* (W D[k]*) denote the set of all weakly decreasing words in P*

([k]*). Given a nonempty word v in W DP*, we let

Z; if v =7, and
WDXZ(v) =
Zi1 Ry Hf:_ll(.fjinl — 1) ifv= jl 2 cee Z ]k where k Z 2.
(1.16)
Theorem 1.
DY (Xoo, Zoo, t) = ! (1.17)
00 400 1 — Zn21 n ZSQR|S|:n DXZ(S) .
Theorem 2.
WP (X, 70, 1) — S | (1.18)
1- ZnZl t ZUEWDIP’*,|U|:71 WDXZ(v)
Theorem 3.
RF (Koo, Zoo 1) = 1+ Y _t" > RXZ(S). (1.19)
n>1  SCP,|S|=n
Theorem 4.
it
cP - ot .
(Xoo» Zoo, 1) H (1 + xiizit) (1.20)
i>1
Theorem 5.
P P Z
0y Zoos 1) = D 009 ot 1.21
M (X s £) = D s, T 1) (1.21)
Theorem 6.
P 1) = EP(xoy, —22 ¢ 1.22
g (Xooazooa ) g (Xooa 1+Zoot7 ) ( )
Theorem 7.
P 1
E (Xoos Zoos t) = (1.23)
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The main advantage of our approach is that we obtain a uniform way to

find expressions for the generating functions U (%, Zoo, t), Ul(f:)(a:, Zk, 1),
EUM (2,200,t), BUP (2,25, 1), LU (2,200, 1), LU (2,24, 1), LEUS (2,200, 1),
and LE'U@(Lk)(x, Zj, t) which are independent of the length of u as long as des(u) = 1
or lev(u) = 1 and u satisfies the appropriate overlapping conditions. In fact our
general methods can be applied even in cases where des(u) > 1 or lev(u) > 1.
However in such cases the combinatorial interpretation of ©,(h,) that comes out
the homomorphism method is significantly more complicated so that we will not
pursue such results in this thesis.

The outline of this thesis is as follows. In section 1.2, we give an overview
of symmetric functions. In section 1.3, we outline the reciprocal method and the
collapse map by looking at an example in the case where u = u; ... u;, des(u) = 1,
and u; > u;. In Chapter 2, we will give the proofs of theorems [1], [2} 3| [ [5 [6}, and
i}

In section 3.1, we will prove the results about the involution I, that we men-
tioned earlier. In section 3.2, we shall show how to use Theorem (1] to find expres-
sions for U (%, Zoo, ), ) (z, 2z, 1), EUI(LP)(x, Zoo, t), and EUP (z, 2z, t) in the case
where u = uy ... uj, u; > u;, and des(u) = 1. In section 3.3, we shall show how to
use Theorem |3[ to find expressions for Ul (%, Zioo, 1), Uék)(x, Zk, 1), EUSP))(x, Zoo, 1),
and EUTEk)(a:,zk,t) in the case where u = uy ... uj, u; < u;, des(u) = 1, and u has
the P-weakly increasing overlapping property or [k]-weakly increasing overlapping
property. In section 3.4, we shall show how to use Theorems [2] and [4| to find ex-
pressions for u® (%, Zoo, ), Uk (x, 2z, 1), Eu® (%, 2o, t), and EUl(Lk)(x, Zk, 1) in the
case where u = uy ... u;, w3 = u;, des(u) < 1, and u has the P-level overlapping
property or [k]-level overlapping property.

In section 4.2, we shall show how to use Theorem |5, to find expressions
for LU&P)(x,zoo,t), LUék)(l‘,Zk,t), LEU&P)(x,zoo,t), and LEUék)(x,zk,t) in the
case where u = uy...uj, g > uj, lev(u) = 1, and v has the P-weakly decreas-
ing overlapping property or [k]-weakly decreasing overlapping property. In sec-
tion 4.3, we shall show how to use Theorems [0 and [7] to find expressions for

LU (2, 20, 1), LU (2, 20,1), LEUL (2,200, 1), and LEUS™ (2,2, ) in the case
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where u = uy ... uj, u; < uj, lev(u) = 1, and u has the P-weakly increasing over-
lapping property or [k]-weakly increasing overlapping property. In section 4.4, we
shall how to use Theorem 7 to find expressions for Lu® (%, Zoo, ), LUqgk)(x, Zg, 1),
LEUSP)(a:,zoo,t), and LEUqSk)(m,zk,t) in the case where v = wy...u;, u; = uj,
lev(u) = 1, and u has the P-level overlapping property or [k]-level overlapping
property.

Finally, in Chapter 5 we will discuss some further extensions of our methods.
For example, we will discuss how we can extend our methods to handle cases where
u has more than one descent, and we will discuss how we can replace the statistics
des(u) or lev(u) which are essentially the patterns 21 and 11, respectively, with

patterns of length £ > 2.

1.2 Symmetric Functions

In this section we give the necessary background on symmetric functions
needed for our proofs. We shall consider the ring of symmetric functions, A,
over infinitely many variables x1,xs,.... The homogeneous symmetric functions,

h, € A, and elementary symmetric functions, e,, € A, are defined by the generating

functions
oo 1 0o
H(t) = Zh”tn - H 1 ; and E(t) = Zent” = H(l + x;t).
n>0 i=1 n>0 i=1

o0
The n-th power symmetric function, p, € A, is defined as p,, = Z x;.
i=1

Let A = (A1,..., ) be an integer partition; that is, A is a finite sequence
of weakly increasing non-negative integers. Let ¢(\) denote the number of nonzero
integers in A. If the sum of these integers is n, we say that \ is a partition of
n and write A F n. For any partition A = (Ay,...,\¢), define hy = hy, -+ hy,,
ex = ey - -ey, and py = py, ---py,. The well-known fundamental theorem of
symmetric functions, see [37], says that {e) : A n} is a basis for A,,, the space of
symmetric functions which are homogeneous of degree n. Equivalently, the funda-

mental theorem of symmetric functions states that {eg,eq,...} is an algebraically
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independent set of generators for the ring A. It follows that one can completely
specify a ring homomorphism I' : A — R from A into a ring R by giving the values
of I'(ey,) for n > 0.

Next we give combinatorial interpretations to the expansion of h, in terms
of the elementary symmetric functions. Given partitions A = (Ay,..., A\¢) F n and
uFEn, a X-brick tabloid of shape p is a filling of the Ferrers diagram of shape p
with bricks of size A\1,..., A\; such that each brick lies in a single row and no two
bricks overlap. For example, Figure shows all the A-brick tabloids of shape u
where A = (1,1,2,2) and pu = (2,4).

08 1 1 ]
CC ] OO0 O ||:||:||:|ﬁ|

Figure 1.1: The four (1, 1,2, 2)-brick tabloids of shape (2,4).

If T is a brick tabloid of shape (n) such that the lengths of the bricks,
reading from left to right, are by, ..., by, then we shall write T = (by,...,bs). For
example, the brick tabloid T' = (2,3, 1,4, 2) is pictured in Figure [1.2]

L[l [ I__|

Figure 1.2: The brick tabloid T'= (2,3, 1,4, 2).

Let By, denote the set of all A-brick tabloids of shape ;1 and let B, , =
|B,.|. Egecioglu and Remmel proved in [16] that

hy =Y (=1)"""MB, e, (1.24)

AFn
1.3 Outline of Reciprocal Method, Collapse
Map, and a few results

In this section, we shall apply the reciprocal method to give combinatorial

interpretations to u® (%, Zoo, t), ék)(x,zk,t), EU&P)(x,zoo,t), and EUI(Lk)(x,zk,t).
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Fix a word u such that des(u) < 1. In this introduction, we will only

consider U (%, 20, t) but the other cases are similar. Recall that

1

UP (2,200, 1) = ‘
1+ anl NS}Q(% Zioo 1"

(1.25)

Thus if we let O,(e,) = (—1)”N1(L],Pn(:v,zoo) for n > 1 and ©,(ey) = 1, we see that

Ou(H(t) = 1+ 0O,k

1

- o (5m) ~tren
NE(=)) 14 3,51(-1)"Ou(en)
- 1(]1”) = UqSP)(xa Z, t)'
L+ s Nun (2, 2o )"

Thus it follows that ©,(h,) = Uit (%, Zoo )
By (1.24), we have that

GU(hn) = Z(_l)n_e(A)Bk,n @u<e>\)

AFn

B DRI I | (RIOT AL
AFn (b1, bzm)eBM =1

= >y Ny HN % Boo): 20
AFn (b15--bex) ) EBA n =1

Our next goal is to give a combinatorial interpretation to the right-hand side

of (1.26)). Fix a partition A of n and a A-brick tabloid B = (b1, ..., by»y). We will in-

terpret Hl I N, ®) pracs zoo) as the number of ways of picking words (w(®, ..., w*))

such that for each i, w € P¥ is a word such that umch(w) = 0 and assigning a
weight to this £(A)-tuple to be [ gdesw)+1zw®

We can then use the pair (B, (w®W, ... wM)) to construct a filled-labeled-

w® in the cells of the brick, reading from left to right. Then we label each cell of b;

that starts a descent of w® with a = and we also label the last cell of b; with . This

des(w(®)+1

accounts for the factor z Finally, we use the factor (—1)*» to change

the label of the last cell of each brick from x to —z. For example, suppose n = 17,
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u=2312, B=(3,7,43)w® =117 w?»=3665251, w® =3476, and

.....

constructed from the pair (B, (w™®, ..., w®)) in Figure [1.3]

=X X X X =X X =X X =X

(1] 1]7||[s]6 |6 |5]2]5]1]|[3] 4] 7]6]||[2] 5]2]

Figure 1.3: The construction of a filled-labeled-brick tabloid.

Clearly, we can recover the pair (B, (w®,... w®N))) and the labels on

the cells from B and the word w which is obtained by reading the elements in

.....

.....

filled-labeled-brick tabloids constructed in this way. That is, (992 consists of all
pairs O = (B, w) where

1. B = (by,...,by»)) is brick tabloid of shape (n),

2. w = wy...w, € P"* such that there is no u-match of ¢ which is entirely

contained in a single brick of B, and

3. if there is a cell ¢ such that a brick b; contains both cells ¢ and ¢+ 1 and
w. > wey1, then cell ¢ is labeled with a x and the last cell of any brick is

labeled with —z.

The sign of O, sgn(0), is (—1)*™ and the weight of O, wt(0), is ! Fintdes(@)zw
where intdes(w) denotes the number of ¢ such that w; > w;;; and w; and w;
lie in the same brick. We shall refer to such i as an internal descent of O. Note
that the labels on O are completely determined by the underlying brick tabloid
B = (b1, ..., byy)) and the underlying word w. Thus the filled-labeled-brick tabloid
O pictured in Figureequals ((3,7,4,3),11736652513476252).

It follows that

Oulhn) = > sgn(O)wt(0). (1.27)
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Next we define a weight-preserving, sign-reversing involution I, on OS{D%.
Given an element O = (B,w) € (’)Siz where B = (by,...,b) and w = wy ... w,,

scan the cells of O from left to right looking for the first cell ¢ such that either
(i) cis labeled with a = or

(ii) cis a cell at the end of a brick b;, w. > w41, and there is no u-match of w

that lies entirely in the cells of bricks b; and b; ;.

In case (i), if ¢ is a cell in brick b;, then we split b; into two bricks b} and b}
where b contains all the cells of b; up to and including cell ¢ and b} consists of the
remaining cells of b; and we change the label on cell ¢ from z to —z. In case (ii), we
combine the two bricks b; and b;; into a single brick b and change the label on cell
¢ from —x to x. If neither case (i) nor case (ii) applies, then we define ,(O) = O.
For example, consider the element O € (’)g;ﬂ pictured in Figure . Note that
even though the number in the last cell of brick 1 is greater than the number in
the first cell of brick 2, we can not combine these two bricks because 7 3 6 would
be a 312-match. Thus the first place that we can apply the involution is on cell 6
which is labeled with an z so that I,(O) is the object pictured in Figure [1.4]

-X -xX X X =X X =X X =X

[1] 1]7||[s]6 |6]||5] 2] 5]1]|[3] 4] 7]6]|[2] 5]2]

Figure 1.4: 1,(O) for O in Figure .

We claim that whenever u is a word such that red(u) = v and des(u) < 1,
I, is an involution, i.e. I? is the identity. We will prove this in a later section, but
for now we will accept this is true and examine the fixed points of I,,. So assume
that (B, w) is a fixed point of I,.

There are two cases to consider.

Case 1. des(u) = 0.
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Suppose that (B,w) is a fixed point where B = (by,...,b;) and w =
wy ... w,. We will prove in a later section that (B,w) is a fixed point if and
only if w is a weakly increasing word such that w has no u-match that lies entirely

within one of the bricks of B.
Case 2. des(u) = 1.

We will prove in a later section that O = (B, w) where B = (by, ..., ;) and

w=w ...w, is a fixed point if and only if

1. there are no cells labeled with z in O, i.e., the elements of w in each brick of

O are weakly increasing and

2. if b; and b;;; are two consecutive bricks in O, then either (a) there is a weak
increase between b; and b;,q, i.e., WS by < Wyyssi ) OF (b) there is
a decrease between b; and b;, 1, i.e., Wi o) > Wipsyi_ o) but there is a
u-match contained in the elements of the cells of b; and b;;; which must

necessarily involve Wiy | and w, S byl
j=11% j=11%

It follows that

Ou(hy) = > sgn(O)wt(0). (1.28)
0e0f), 1.(0)=0

We conclude the introduction by briefly describing how to compute the
generating function N (z, zeo, t) for u = uy . .. u; such that red(u) = u, des(u) =
1, and u; > u;.

We start by considering a special class of words u = u; ... u; which have the
P-minimal overlapping property ([k]-minimal overlapping property). This means
that any two consecutive u-matches can share at most one letter. For example
u = 2341 has the P-minimal overlapping property while v = 3412 does not have
the P-minimal overlapping property since in the word w = 563412, the u-matches
5634 and 3412 share two letters.

Thus assume that v = u; ... u;, red(u) = u, des(u) = 1, u; > u;, and u

has the P-minimal overlapping property. First we introduce what we shall call the
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collapse map which maps fixed points of I, to a certain subset of words in P*. This

is best explained through an example. Suppose that u = 2341 and we want to

compute Ugil (x,z7,t). By (1.28), we know that

Uy%(x, z7) = Z sgn(O)wt(0O). (1.29)
0€0), 1,(0)=0

Now suppose that we are given a fixed point (B,w) of I, where B =
(b1,...,b) and w = wy ... w, such as the one pictured in Figure We know
that to be a fixed point of [, w must be weakly increasing within bricks of B and
that for any 7 < k, if ¢ is last cell in brick b; and w. > w.;1, then there must be a
u-match in w which is contained in the cells of b; and ;4. In our particular ex-
ample, since u = 2341 has a single descent, this match must involve the last three
cells of b; and the first cell of b;,;. In Figure [1.5] we have indicated the two such
2341-matches in our example by placing stars below the cells in the 2341-matches.
In this case the collapse map just maps (B, w) to the word v = C (B, w, u) which
is the result of starting with w and removing the letters in all such matches that
do not correspond to the end points of the match. This process is pictured in Fig-
ure where again we have starred the elements in C'(B,w,u) that remain from
the original 2341-matches in w. What makes the case where v has the minimal
overlapping property easier is that, since any two consecutive u-matches can share
at most letter, there is no possibility that an end point of a u-match in w occurs
in the middle of another u-match in w so that the letters that we remove from w

for any pair of u-matches are disjoint from each other.

-x -x -x -x
Bw) =3 5]7|||2]3 ]3] 4] 4]5]6]|[2] 4] 2]|4]|[4] 5]5]

*ook k% kO kR %

y

CBw,u) =3233442444455

* % * %

Figure 1.5: A fixed point of I5341.

The next question that we want to consider is how can we construct all
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the fixed points of (B,w) of I, such that C(B,w,v) is equal to a given word
v = vp...0,. First it easy to see that the only descents that appear in a word
C(B,w,u) must come from 2341-matches that straddled two bricks in B. Thus if
Vs > Usi1, then vg must have played the role of 2 in the original 2341-match and
vs11 must have played the role of 1 in the original 2341-match. Such a requirement
rules out certain words from being in the range of the collapse map C'. For example,
suppose that the underlying alphabet is [7]. Then if vy = 6 and vs.; = ¢ where
1 < 6, then v could not have come from the collapse of 2341-match because we can
not add two letters which could play the role of 3 and 4 in the 2341-match. If we
consider the first descent 32 in the C(B,w, u) of Figure[L.5], then we see there are
many ways that we could add the two middle letters. That is, the original 2341-
match could have been any 3cd2 where ¢ < d and ¢,d € {4,5,6,7}. It follows that
the extra weight from these possibilities that is not included in zC(Bww¢C(Bwu)
in this case would be —xt? Z4§c<d§7 z.2q. Here the —x comes from the fact that
we know that the original match straddled two bricks and there is a weight of —x
associated with the end point of the first of those two bricks. On the other hand,
if vy < vgy1, then we have only two choices. That is, either cell s was the end of a
brick or cell s was an internal cell of a brick. This implies that each weak rise in v
contributes a factor of (1 — x) since if s is at the end of a brick, there is a weight of
—ux associated with the last cell of a brick. In this way, we can associate a weight
with each weak rise or descent of v which will allow us to compute
Z sgn(B,w)wt(B,w).
B

In our case where u = 2341 and k£ = 7, the weights associated with the
descents are given in table [1.1]

However, if u = 2341 and we want to compute Ug{(x, Zoo ), the weights for

any descent ji would be —zt? > 2.2q which is an infinite sum.

j<e<d
Going back to our example where u = 2341 and k = 7, it follows that for
any v € [7]%,

Z sgn(B,w)wt(B,w) =
(B,w) is a fixed point of Iy
C(B,w,u)=v
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Table 1.1: The weights wtoga; 7(ji)

Descents | wtagr 7(j1)

7i(i<7) |0

6i (i <6) | 0

51 (i < b) | —wzg2qt?

4i (i < 4) | —x(2526 + 2527 + 2627)12

3i (i < 3) | —x(z425 + 2426 + 2427 + 2526 + 2527 + 2627)t°

21 —x(23(24 + 25 + 26 + 27) + 24(25 + 26 + 27) + 25(26 + 27) + 2627)t?

— x?“tlv‘(l — x)wrise(v) H wt2341’7(v5v5+1). (130)
s€Des(v)

Here the initial —z comes from the fact that the last cell of (B, w) always con-

tributes a —x since the last cell is at the end of a brick. It follows that

7 7 n
U2(311<x7 z7,1) =1+ Z U2(34)11,n<x7 z7)t

n>1
=1+ Z —.%(1 _ x)wrise(v)zvt\v‘ H Wt234177('l}s'l}5+1). (131)
ve[7]t s€Des(v)

1

7
U2(34)11,n (Q?, Z7, t)

Hence we could compute Ngil’n(a:, z7,t) = if we can compute the

right-hand side of ((1.31)).
What we need to be able to compute the right-hand side of (1.31)) is the

generating function over all words v € P* where we not only keep track of the
descents of P but also of type of descents of P.
By Theorem [I], we know that

1
=1+ thelzw Twwrs, - (1.32)
1- ZnZl tr ZSQP,\S\:n DXZ(S) Z H o

w=w1...wy EPT i€Des(w)

Hence

Stz ] tw, = ! 1
B - ZnZl tr ZSQP,|S|:n DXZ<S)

w=w1...wn EPF i€Des(w)
. ZnZl tr ZSQIP,|S|:TL DXZ<S) (1 33)
1—- ZnZl tr ZSQP’,\S\:TL DXZ(S)
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Next, if we replace t by (1 — )t and z;; by M"T(”) and perform some algebraic
simplifications we obtain the following theorem:
Theorem 8. Suppose that u = uy ... u; € [k]*, red(u) = u, des(u) = 1, ug > u;.

Then
- 1—(1—ux) 2@1 t" ZSQ]P’,|S|=n DXTZ,(S)

N (2, 2,,1) = (1.34)
( 1 - anl tn ZSQP,\S\:n DXTZu(S)

where

Z; if S=4j5}, and

DXTZ,(S)={" - f5 =1}
zj, o 2j, iy (Wta(JiaJi) + 2 = 1) if S={j1 <+ <}
(1.35)

where k > 2.

Chapter [T in part, has been submitted for publication as it may appear in
Generating Functions for Descents over Words which Avoid a Consecutive Pattern,
2017, Remmel, Jeffrey; Sangha, Luvreet, Electronic Journal of Combinatorics,
2017, arXiv:1612.04900. The dissertation author was the secondary author of this

work.


http://arxiv.org/abs/1612.04900

Chapter 2

The proofs of Theorems (1], 2|, [3], 4],
5, 6, and

In this section, we shall prove Theorems [1] 2] [3 [4} [5] [0 and [7]
We start with the proof of Theorem

Proof of Theorem [1l

Recall that given a set S C P, we let

DXZ(S) = {Zj if 5= {j}, and

Ziy 2 H’];:_ll<xji+1ji —1) if §={j < - <jr} where k > 2.
(2.1)
Define a ring homomorphism I' : A — QI[x,z| by defining I'(eg) = 1 and,
forn > 1,
Plen) = (=" > DXZ(S). (2.2)

SCP,|S|=n

Then we claim that

D(hy) = > 2 [[ =" (2.3)

wePn 1<j

27
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[(h,) = Z(_l)nif(u)Bm(N)F(eﬁ

ukEn
£(p)
= 2y > It Y DXES)
ukFn (b1, b[(#))EBM,(n) Jj=1 S QP:‘Sﬂ:bj

(p)
= > > II >, bxzs) (2.4)

pEn (be,..., bl(p,))EBp,,(n) Jj=18;CP,|S;|=b;

Next we want to give a combinatorial interpretation to . First we pick
a brick tabloid B = (by,...,by) of length n. Then we interpret
Hf(z“l) Ds;cp,8;=b; DX Z(S;) as picking a sequence of subsets of P, (51, ..., Syu)),
such that S; has size b; and placing the elements of S; in the cells of b; in decreasing
order for j = 1,...,6(p). If S; = {a1 > -+ > a,}, then we interpret the factor
DXZ(S;) = za, - * Zay, ]_[?i_ll(xai&i+1 — 1) as the ways of labeling the cells of b,
that contain a; where ¢ < b; with either 24,24, 4, , or with —z,, and labeling the
last of cell b; with Zay, We shall call all such objects created in this way filled
labeled brick tabloids and let H,, denote the set of all filled labeled brick tabloids
that arise in this way. Thus H,, consists of all triples (B, w, L) such that

1. B=(by,...,bg) is a brick tabloid of length n,

2. w=w;...w,is aword in P" such that w is strictly decreasing in each brick,

and

3. L is a labeling of the cells of B such that L(i) is equal to z, if ¢ is the last
cell of some brick b; which contains a and L(i) = —z, or L(i) = x4z, if i is

not the last cell of a brick, cell ¢ contains a and cell 7 + 1 contains b.

We then define the weight of (B, w, L), wt(B,w, L), to be the product of all the
Zap and z, labels in L and the sign of (B, w, L), sgn(B,w, L), to be the product
of all the —1 factors in the labels in L. This process is illustrated in Figure 2.1] to

construct an element (B, w, L) of Hys such that

3.2.2. 2 .2
wt(B,w, L) = 2] 25252] 2525 L5420 41 T64T32T63
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and sgn(B,w, L) = —1.

Thus
L(hy) = Z sgn(B,w, L)wt(B,w, L). (2.5)
(B,w,L)GHn
Z5%54%4 %1 1 |P6%4 ™R [P3%2 %2 TR | *1 |R6%s % | A1

5 | 4 1 6 | 4| 3| 2|||2 1 6 | 3| 1

S,=1{1,4,5} S,=12,3,4,6} S,={1,2} S,=1{136}

Figure 2.1: An element (B, w, L) € Hjs.

Next we define a weight-preserving sign-reversing involution I : H,, — H,.
To define I(C'), we scan the cells of C' = (B, w, L) from left to right looking for the
leftmost cell, ¢, such that either (i) ¢ is labeled with —z,, or (ii) ¢ is at the end of a
brick, b;, there is a brick b;;, immediately following b;, and w; > wy44. In case (i),
I(C) = (B,w', L) where B’ is the result of replacing the brick b in B containing ¢
by two bricks b* and b**, where b* contains all the cells of b weakly to the left of
cell t and b** contains all the cells of b strictly to the right of ¢, w’ = w, and L' is
the labeling that results from L by changing the label of cell ¢ from —z,, to z,,.
In case (ii), I(C) = (B',w’, L") where B is the result of replacing the bricks b; and
bj+1 in B by a single brick b, w’ = w, and L’ is the labeling that results from L by

changing the label of cell ¢ from z,, to —z,,. If neither case (i) or case (ii) applies,

then we let I(C') = C. For example, if C' is the element of H1, pictured in Figure
2.1] then I(C') is pictured in Figure [2.2]

Z5%4%4%1 *1 [P6%4 F1 |P3%s2 P ~Z

5 | 4 1 6 | 41113 | 2|||2 1 6 | 3| 1

Figure 2.2: I(C) for C in Figure [2.1}

It is easy to see that [?(C) = C for all C € H,, and that if I[(C) # C,
then sgn(C)w(C) = —sgn(I(C))w(I(C)). Hence I is a weight-preserving and
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sign-reversing involution that shows
D(ha) = Y. sgn(C)w(C). (2.6)
CeMn,I(C)=C

Thus, we must examine the fixed points, C' = (B, w, L), of I. First, there
can be no —z, labels in L so that sgn(C') = 1. Moreover, if b; and b, are two
consecutive bricks in B and ¢ is the last cell of b;, then it cannot be the case that
wy > w4 since otherwise we could combine b; and b;,. Thus for each cell ¢ such
that wy; > w41, it must be the case that cells ¢t and ¢+ 1 lie in the same brick and,
hence, cell ¢ is labeled with 2y, Zw,w,. -

It follows that sgn(C)w(C) = 2" [],,.; x}ii(w). For example, Figure [2.3
shows a fixed point of I in Hi,.

Vice versa, if w € P, then we can create a fixed point, C' = (B, w, L), by
having the bricks of B end at cells ¢ such that either w; < w;;q or t = n, labeling
each cell ¢ such that w; > wyy with 2y, Zy,w,,, and labeling the remaining cells ¢
with z,,. Thus we have shown that

INCRE - | o
wePr i<y

as desired.

Ys54”4%41 Yed%4%13%3 %32 %o X63%3 %31

Figure 2.3: A fixed point of I.

Applying T to the identity H(t) = +t), we get

B(
YSUTNEES b SEl | £
nz0 n>1  wePn  i<j
o 1
1+ an1(_t)nr(€n)
1

1
- ZnZl tr ZSQIP’,|S|:n DXZ(S)
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which proves ([1.17)).

Proof of Theorem [2]

One can easily modify the proof of Theorem [I] to prove Theorem [2]
Recall that given a weakly decreasing word w from P*, we let

2; if w=j, and

WDX Z(w) =
2y 2 Hfz_ll(xjiji+1 —1) fw=yj >+ > jp where k > 2.
(2.7)
Define a ring homomorphism I',, : A — Q[x,z] by defining I'(ep) = 1 and,
forn > 1,
Tu(en) = (=)' > WDXZ(w). (2.8)
weW DP* |w|=n

Then we claim that

INURESNE- | (2.9)

wePr i<

That is,

Ly(ha) = Z(_ 1)n_a“) By,mlw(ep)

pukEn
£(p)
Sy Y [t Y woxz
ukEn (b1y.-es be(u))eBMn) j=1 w; CW DP* |w;|=b;

£(p)

= Y > 11 W DX Z(w;) (2.10)

pukn (b1 ,,,,, bZ(,u))eB,u,(n) 7=1 wj EWDP*,‘U)HZZ)]'

Next we want to give a combinatorial interpretation to . First we pick
a brick tabloid B = (by,...,b) of length n. Then we interpret
Hf(z“l) ijgWDP*’le‘:bj WDXZ(w;) as picking a sequence of weakly descreasing
words in
WDP*, (wy, ..., wep), such that w; has length b; and placing the elements of w;
in the cells of b; in j = 1,...,¢(p). If w; = ay > --- > a,, then we interpret
the factor WDXZ(w;) = 24, - - - Zay, H?i_ll(%iam — 1) as the ways of labeling the
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cells of b; that contain a; where 7 < b; with either z,,74,q4,,, or with —z,, and
labeling the last of cell b; with Zay, - We shall call all such objects created in this
way filled labeled brick tabloids and let WD™H,, denote the set of all filled labeled
brick tabloids that arise in this way. Thus WD®H,, consists of all triples (B, w, L)
such that

1. B = (by,...,bx) is a brick tabloid of length n,

2. w=w;...w, is aword in P" such that w is weakly decreasing in each brick,

and

3. L is a labeling of the cells of B such that L(i) is equal to z, if ¢ is the last
cell of some brick b; which contains a and L(i) = —z, or L(i) = x4p2, if i is

not the last cell of a brick, cell ¢ contains a and cell 7 + 1 contains b.

We then define the weight of (B, w, L), wt(B,w, L), to be the product of all the
Zap and z, labels in L and the sign of (B, w, L), sgn(B,w, L), to be the product
of all the —1 factors in the labels in L. This process is illustrated in Figure to

construct an element (B, w, L) of Hys such that
H(B,w, L) = 22825732528
w ( y W,y ) = 212973242526 L54L44L64L32X 66

and sgn(B,w, L) = —1.

5 V54%4 %44 %

5 4 4 6 4 3 2 2 2 6 6 1

-2

w, =554 w, = 6423 w,=22  w,=661

Figure 2.4: A element (B,w, L) € WDH5.

At this point, the only difference in the proof is that we are dealing with
filled brick tabloids which have weakly decreasing sequences in the bricks rather
than strictly decreasing sequences in the bricks. This means that we can modify
the involution I of Theorem [1| by splitting bricks at cells labeled with —z; or com-

bining two bricks such that the elements in the two bricks form a weakly decreasing
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sequence. Then essentially the same proof will show that ([2.9)) holds.
Proof of Theorem [3l

Given any weakly increasing word w = w; ... wy,, we let S(w) denote the set
of letters that appear in W. For example, if w = 11123555, then S(w) = {1, 2, 3,5}.
We claim that for any non-empty set S = {j; < -+ < ji} contained in P,

Yoo iz T3 = SIRx Z(3).
wePt,S(w)=S 1<j

That is, if S = {j}, then w must be of the for j* for some k£ > 0 so that in this

case

DA | B i Ly L) - oG

1 — z]t 1—zt
wePt,S(w)=S 1<j

If S(w) = {j1 < -+ < ji} where k > 2, then w must be of the form w =

Jitgs? ... j* where a; > 1fori =1,..., k. For any such word, it is easy to see that
k-1
ij(w) _
H Tij = H Ljijivr
i<j i=1
Hence,

k
S el [ = (H — Zﬁ ) || EZ™

weP+t,S(w)=S 1<j i=1 =1
k —
- (T ) T
i=1 Zjit i=1
= t¥IRXZ(S9).

Thus
R(XoorZoort) =14+ " Y RXZ(S)

n>1  SCP,|S|=n

Proof of Theorem [l
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l—x“-zit

Consider a factor (1 L ) One can think of the choice of 1 in that

t

factor as not choosing ¢ to occur in the word where as the factor ZZ ; corresponds
1~

1—x;

to choosing one of i, 11, i1, 711, . . . in word. Equation ((1.20]) easily follows.

Proof of Theorem [5l

We wish to show the following

HE (x,2,t) = DF(x t) (2.11)

7
"1+ 2zt

or equivalently

P _ 4P z
D' (x,z,t) = H (x, T zt’t) (2.12)

We will show (2.12)), and then obtain (2.11)) by back substitution. Notice

that the function H¥(x, z,t) sums over words with no levels, and it keeps track of

z
1—zt

the types of descents that occur. If we substitute for z and use the geometric
series expansion, it will replace each letter z; by the expression z; + 22t + 23t% + . . ..
The first term in this sum, z;, corresponds to replacing z; with z;. The second term
in this sum, 2?¢, corresponds to replacing z; with two z;’s, so we need an extra ¢
for this extra letter. The third term corresponds to replacing z; with three z;’s,
so we need t? for the two extra letters. In this way, we have not changed any of
the types of rises or the descents that occur, but this substitution transforms our

function so that we are summing over all words as desired.

To get (2.11)) we back substitute. Let

N 1 —Zit

Uy

U; .

Zi

Replacing u; with z; on the left-hand side we get ([2.11]).
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Proof of Theorem [6l
We wish to show the following

P _ oP z
g (X’Zut) =< (Xa 1+Zt7t) (213)

or equivalently

G (x,2,1) = £ (x t) (2.14)

"1 —zt’

We will show (2.14)), and then obtain (2.13)) by back substitution as we did

in the previous proof. Notice that the function G¥(x,z,t) sums over words with

Z

no levels, and it keeps track of the types of rises that occur. If we substitute 2

for z and use the geometric series expansion, it will replace each letter z; by the
expression z; + 22t + 22t + .... The first term in this sum, z;, corresponds to
replacing z; with z;. The second term in this sum, z2¢, corresponds to replacing z;
with two z;’s, so we need an extra t for this extra letter. The third term corresponds
to replacing z; with three z;’s, so we need t2 for the two extra letters. In this way,
we have not changed any of the types of rises or the descents that occur, but this
substitution transforms our function so that we are summing over all words as
desired.

To get (2.13)) we back substitute as we did above. Let

Zi

Replacing u; with z; on the left-hand side we get ([2.13]).

Proof of Theorem [7l
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The proof of Theorem [7] is analogous to the proof of Theorem [l We re-
place DX Z(S) with EXZ(S), and the cells in the bricks of our filled labelled
brick tabloids will be strictly increasing instead of strictly decreasing. We can
then modify the involution I of Theorem (1| by splitting at bricks labeled with —z;
or combining two bricks such that the elements in the two bricks form a strictly in-
creasing sequence. From there essentially the same proof completes the argument.

Chapter [2 in particular the proofs of Theorems [T}, 2] [B] and [ has been
submitted for publication as it may appear in Generating Functions for Descents
over Words which Avoid a Consecutive Pattern, 2017, Remmel, Jeffrey; Sangha,
Luvreet, Electronic Journal of Combinatorics, 2017, arXiv:1612.04900. The dis-

sertation author was the secondary author of this work.


http://arxiv.org/abs/1612.04900

Chapter 3

Descents: Results when des(u) =1

3.1 Introduction

In the introduction, we outlined how whenever u is a word such that
red(u) = u and des(u) < 1, I, is an involution, i.e. I? is the identity. We be-
gin this section by proving this claim and carefully examining the fixed points of
I,. Then we will show how we can define a similar involution .J, in the case of
exact u-matches and examine its fixed points.

We begin by proving [, is an involution. First we consider the case where
des(u) = 1. Now suppose that we are in case (i) where we split a brick b; at cell
¢ which is labeled with a x. In that case, we let a be the number in cell ¢ and
a’ be the number in cell ¢ + 1 which must also be in brick b;. It must be the
case that there is no cell labeled x before cell ¢ since otherwise we would not use
cell ¢ to define the involution. However, we have to consider the possibility that
when we split b; into b, and b}, we might then be able to combine the brick b;
with 0} because the number in that last cell of b;_; is greater than the number in
the first cell of b; and there is no u-match in the cells of b; ; and 0}. Since we
always take an action on the left most cell possible when defining 1,,(0), we know
that we cannot combine b;_; and b; so that there must be a u-match in the cells
of bj_; and b;. Clearly, that u-match must have involved the number a' and the
number in cell d which is the last cell in brick b;_;. But that is impossible because

then there would be two descents among the numbers between cell d and cell ¢+ 1

37
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which would violate our assumption that « has only one descent. Thus whenever
we apply case (i) to define I,(O), the first action that we can take is to combine
bricks b and ¥/ so that I2(0) = O.

If we are in case (ii), then again we can assume that there are no cells
labeled z that occur before cell ¢. When we combine bricks b; and b;, 1, then we
will label cell ¢ with a x. It is clear that combining the cells of b; and b;; cannot
help us combine the resulting brick b with an earlier brick since it will be harder
to have no u-matches with the larger brick b. Thus the first place cell ¢ where we
can apply the involution to I,(O) will again be cell ¢ which is now labeled with a
z so that I2(0) = O if we are in case (ii).

The case where des(u) = 0 is even easier. Suppose that a is number in the
the last cell of b; and a’ is the number in the first cell of b;; and a > a’. Then
there can be no u-match of w that is contained in the cells of b; and b, because
by our definitions there is no u-match in the cells of b; and there is no u-match in
the cells of by so that the only possible u-match in the cells of b; and b;; would
have to involve a and @’ which is impossible if des(u) = 0. It easily follows that
we will apply the involution to the first possible cell ¢ which is labeled with either
x or —x and what ever action we take at cell ¢ to create I,,(O), we will come back
to cell ¢ to undo that action to define I*(O).

Our definitions ensure that if I,,(0) # O, then sgn(O)wt(O) =
—sgn(1,(0))wt(1,(0)). Hence, if we let IOSE?L denote the set of all O = (B,w) €
OF) such that 1,(0) = O, then

Oulhn) = Y sgn(O)wt(0)= > sgn(O)wt(0). (3.1)

0c0f), 0ezof),
Next we provide a rigorous examination of the fixed points of I, that we
omitted in the introduction. So assume that (B, w) is a fixed point of [,. There
are two cases to consider.

Case 1. des(u) = 0.

Suppose that (B,w) € ZO,, where B = (by,...,b;) and w = wy ... w,.
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There can be no cell ¢ which is labeled with z in (B, w) since we could use such
a cell to define I, which would violate our assumption that (B, w) is a fixed point
of I,,. Similarly there can be no cell ¢ which is at the end of a brick b; such that
we > weyq since again we could use such a cell to define I,,(O). This means that
w must be weakly increasing within any brick and if ¢ is a cell at the end of brick
b; which is followed by another brick b;1, then w, < weiy. Thus (B,w) is a fixed
point if and only if w is a weakly increasing word such that w has no u-match that
lies entirely within one of the brick of B. If B has k bricks, then then weight of
(B,w) is just (—z)*z*. We let WZO,,,, = {(B,w) € I(Dg{ cwyp <wy < - < wy
denote the set of elements of I(’)gf}z where w is weakly increasing. Then we have
the following lemma. Let Q(z, 2z ) be the set of rational functions in the variables

x and z., over the rationals Q.

Lemma 1. Suppose that u is a word in Pt such that red(u) = u and des(u) = 0.
Let ©, : A — Q(z,2) be the ring homomorphism defined by setting ©,(ey) = 1
and O,(e,) = (—1)”]\7192(:6,200) form > 1. Then

US) (2, 200) = O(hn) = > (—x)kz". (3.2)

(140,68 ), W) EWTI Oy

Case 2. des(u) = 1.

First it is easy to see that there can be no cells which are labeled with x
so that numbers in each brick of O must be weakly increasing. Second we cannot
combine two consecutive bricks b; and b; ;1 in O which means that either there is
an weak increase between the bricks b; and b;,; or there is a decrease between the
bricks b; and b;, 1, but there is a u-match in the cells of the bricks b; and b;,;. Thus

we have proved the following.

Lemma 2. Suppose that u € P*, red(u) = u, and des(u) = 1. Let ©, : A —
Q(z,2zo0) be the ring homomorphism defined by setting ©,(eo) = 1 and ©,(e,) =
(—1)"]V£2(x,zoo) forn > 1. Then

U (2, 200) = Oy(hn) = > sgn(O)wt(0) (3.3)

0€0),,1.(0)=0
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where (’)Q(R s the set of objects and I, is the involution defined above. Moreover
O = (B,w), where B = (by,...,by) and w = w ... w,, is a fized point of I, if and
only if it has the following two properties:

1. there are no cells labeled with x in O, 1.e., the elements of w in each brick of

O are weakly increasing and

2. if b; and biyq are two consecutive bricks in O, then either (a) there is a
weak increase between b; and b; 1, i.e., Wi by < Wigssi | pyylr OF (b) there
15 a decrease between b; and b;y1, 1.e., Wi jby] > Wi, foys but there s
a u-match contained in the elements of the cells of b; and b;11 which must

necessarily involve ws~i 1, and wy s -
J= J=

Clearly, if we restrict to the alphabet [k] instead of P, we will get the same
two lemmas except that the words all have to be in [k]* rather than in P*.

Next we want to consider what happens when we replace u-matches by
exact u-matches. We can follow the same steps to interpret EUSP) (%, 200, t). That

is,
1

1+ anl ENSQ(% zoo)t”.

Thus if we let T',(e,) = (—1)”ENE2(I,ZOO) forn > 1 and I';(eg) = 1, we see that

(3.4)

EU® (2,200, )

Tu(H(t) = 14> Tu(hy)

n>1

=T, (ﬁ) =71 +Zn21(1—1)”1“u(6n)

1

L+ Y01 ENG (@, 200}t

Thus it follows that I',(h,) = EUS) (%, Z0o).-
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By ([1.24]), we have that

Ly(hn) = Z(_l)nie(A)BA,n Lyu(ex)

AFn
‘)
= Y (=™ N T[(-DRENS) (2,20)
AFn (b1,-,be(2))EBA,p i=1
170
= > (- > TIENS (2 20) (3.5)
AFn (b1,-,be(n))EBA, =1

Again we can give a combinatorial interpretation to the right-hand side of
. Fix a partition A of n and a A-brick tabloid B = (by, ..., byy)). We will inter-
pret HE(A) EN (x, Zs) as the number of ways of picking words (w, ... w® )
such that for each i, w” € P is a word such that eumch(w) = 0 and assigning a
weight to this ¢(\)-tuple to be Hf(:’\l) ges(@)+1zut

Following the same steps that we did to interpret ©,(h,), we let 5(992
denote the set of all filled-labeled-brick tabloids constructed in this way. That is,
& (’) ) consists of all pairs O = (B, w) where

1. B = (by,...,byy)) is brick tabloid of shape (n),

2. w=wi...w, € P"such that there is no exact u-match of o which is entirely

contained in a single brick of B, and

3. if there is a cell ¢ such that a brick b; contains both cells ¢ and ¢+ 1 and
we > wer1, then cell ¢ is labeled with a x and the last cell of any brick is

labeled with —x.

The sign of O, sgn(0), is (—1)*™ and the weight of O, wt(0), is g/ +ntdes(@)zw,

Then as before we can conclude
Lu(ha) = > sgn(O)wt(0). (3.6)
oeeof),

At this point, we can define an involution J, exactly as we did for I, except
replace u-match by exact u-matches in the definitions. This will allow us to prove

the following two lemmas.
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Lemma 3. Suppose that u is a word in P such that des(u) = 0. Let T, :
A — Q(x) be the ring homomorphism defined by setting I'y(eg) = 1 and T'y(e,) =
(—1)”EN£2(Q;,ZOO) forn > 1. Then

((bl ----- bk):w)EWIgOu,n
where WIEQ,,,, is the set of all (B,w) € £O,, such that J,(B,w) = (B,w) and

w is weakly increasing.

Lemma 4. Suppose that u € PT and des(u) = 1. Let T, : A — Q(y) be the ring
homomorphism defined by setting Ty(eg) = 1 and Ty(e,) = (—1)"ENS) (2, 200) for
n>1. Then

EUE)(2,20) = Dy (hy) = > sgn(0)wt(0) (3.8)
0ee0f), 1. (0)=0

where £ (992

O = (B,w), where B = (by,...,by) and w = wy ... w,, is a fived point of J, if and
only if it has the following two properties:

18 the set of objects and J, is the involution defined above. Moreover

1. there are no cells labeled with x in O, 1.e., the elements of w in each brick of

O are weakly increasing and

2. if by and b1 are two consecutive bricks in O, then either (a) there is a weak
increase between b; and b;yq, i.e., Wi oy < Wi qy)r OF (b) there is
a decrease between b; and b;yq, i.e., Wsi_ by > Wiy, fby)s but there is an
exact u-match contained in the elements of the cells of b; and b; 1 which must

necessarily ivolve Wi | and Wyyssi -
J= J=

3.2 The case u=u;...uj, des(u) =1, and u; > u;

In this section, we shall consider the problem of computing the generating
functions N7 (2, zoo, t), NoF (2,24, 1), ENE (2, 200, 1), and EN'® (2, 7., ) for u =

Uy ... u; such that des(u) = 1, and u; > u;.
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Now suppose that u = wu; ... u;, red(u) = u, u; > u;, and des(u) = 1. Let
1 < s < 7 be the position such that ug; > ugzy; so that u; < -+ < wug > ugyy <
-+ < uj. Then St®(u) C {s+1,...,5} since if we try to start a match at one of
the positions 2, ..., s, the descent in the second match would not be in the right
place. It follows that u automatically has the P-weakly decreasing overlapping
property and the [k]-weakly decreasing overlapping property for any k > 2.

We start by considering a special class of words u = u; ... u; which have the
P-minimal overlapping property ([k]-minimal overlapping property). This means
that any two consecutive u-matches can share at most one letter. For example
u = 2341 has the P-minimal overlapping property while © = 3412 does not have
the P-minimal overlapping property since in the word w = 563412, the u-matches
5634 and 3412 share two letters.

Thus assume that v = u; ... u;, red(u) = u, des(u) = 1, ug > u;, and u has
the P-minimal overlapping property. First we reintroduce the collapse map that
we mentioned in the introduction which maps fixed points of I, or J, to a certain
subset of words in P*. This is best explained through an example. Suppose that

u = 2341 and we want to compute Ugil(x, z7,t). By {) we know that

U (2,27) = > sgn(0)wt(0). (3.9)
00, 1,(0)=0

Now suppose that we are given a fixed point (B, w) of I, where B = (by, ..., b;) and
w = wi ... w, such as the one pictured in Figure [3.1] We know that to be a fixed
point of I,,, w must be weakly increasing within bricks of B and that for any i < k,
if ¢ is last cell in brick b; and w, > w41, then there must be a u-match in w which is
contained in the cells of b; and b;,;. In our particular example, since u = 2341 has
a single descent, this match must involve the last three cells of b; and the first cell
of b;y1. In Figure 3.1 we have indicated the two such 2341-matches in our example
by placing stars below the cells in the 2341-matches. In this case the collapse map
just maps (B, w) to the word v = C(B,w, u) which is the result of starting with
w and removing the letters in all such matches that do not correspond to the end
points of the match. This process is pictured in Figure |3.1 where again we have

starred the elements in C'(B,w,u) that remain from the original 2341-matches in
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w. What makes the case where u has the minimal overlapping property easier is
that, since any two consecutive u-matches can share at most letter, there is no
possibility that an end point of u-match in w occurs in the middle of another u-
match in w so that the letters that we remove from w for any pair of u-matches
are disjoint from each other.

-X =X -X -X

Bw =|3]5|7|||2]3 3] 4]4]5]6]||2] 4] 4]4]||4] 5]5]

kook kK kOk k%

y

CB,w,u) =3233442444455

* % * %

Figure 3.1: A fixed point of I5347.

The next question that we want to consider is how can we construct all
the fixed points of (B,w) of I, such that C(B,w,v) is equal to a given word
v = vp...0,. First it easy to see that the only descents that appear in a word
C(B,w,u) must come from 2341-matches that straddled two bricks in B. Thus if
vs > Vg1, then vy must have played the role of 2 in the original 2341-match and
vs11 must have played the role of 1 in the original 2341-match. Such a requirement
rules out certain words from being in the range of the collapse map C'. For example,
suppose that the underlying alphabet is [7]. Then if vy, = 6 and vy, = i where
1 < 6, then v could not have come from the collapse of 2341-match because we can
not add two letters which could play the role of 3 and 4 in the 2341-match. If we
consider the first descent 32 in the C(B,w, u) of Figure 3.1 then we see there are
many ways that we could add the two middle letters. That is, the original 2341-
match could have been any 3cd2 where ¢ < d and ¢,d € {4,5,6,7}. It follows that
the extra weight from these possibilities that is not included in ZC(Bww¢lC(Bww)
in this case would be —xt? Z4§c<d§7 z.2q. Here the —x comes from the fact that
we know that the original match straddled two bricks and there is a weight of —x
associated with the end point of the first of those two bricks. On the other hand,

if vy < vgy1, then we have only two choices. That is, either cell s was the end of a
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Table 3.1: The weights wtaga 7(ji)

Descents | wtagr 7(j1)

7i(i<7) |0

6i (i <6) | 0

51 (i < b) | —wzg2qt?

4i (i < 4) | —x(2526 + 2527 + 2627)12

3i (i < 3) | —x(z425 + 2426 + 2427 + 2526 + 2527 + 2627)t°

21 —x(23(24 + 25 + 26 + 27) + 24(25 + 26 + 27) + 25(26 + 27) + 2627)t?

brick or cell s was an internal cell of a brick. This implies that each weak rise in v
contributes a factor of (1 — ) since if s is at the end of a brick, there is a weight of
—ux associated with the last cell of a brick. In this way, we can associate a weight
with each weak rise or descent of v which will allow us to compute
Z sgn(B, w)wt(B,w).
RRREIT Y G

In our case where u = 2341 and k£ = 7, the weights associated with the
descents are given in the table [3.1]

However, if u = 2341 and we want to compute Uﬁ?(m, Zo), the weights for

any descent ji would be —zt? > z.2q which is an infinite sum.

j<c<d
Going back to our example where v = 2341 and k = 7, it follows that for
any v € [7]*,
Z sgn(B,w)wt(B,w) =

(B,w) is a fixed point of Iy
C(B,w,u)=v

— szvtlv‘(l — x)wrise(v) H wt234177(’051)5+1). (310)
s€Des(v)

Here the initial —x comes from the fact that the last cell of (B, w) always con-
tributes a —z since the last cell is at the end of a brick. It follows that

7 7 n
U2(34)11<x> z7,1) =1+ Z U2(34)11,n<x7 z7)t

n>1

=1+ Z —z(1 — )"zl H Wiaga1,7(VsVsy1).  (3.11)

vel7)t s€Des(v)
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Table 3.2: The weights ewtasq; (j7)

Descents weight ewtogyr p(j7)

ji where either j #2ori#1 |0

21 — 223724t

if we can compute the

Hence we could compute ./\/'gilm(a:, z7,t) =

right-hand side of (3.11)).

The case of exact matches is even simpler. In that case, we want to compute

7
U2(31)11,n (f, Z7, t)

Z sgn(B, w)wt(B,w).
B
Going back to our example of u = 2341 over the alphabet [7], we see the only
descents that appear in a word v = C(B, w, u) must come from exact 2341-matches
that straddled two bricks in B. Thus if vy > vs,1, then it must be the case that
vs = 2, vs11 = 1 and we must have eliminated a 3 and 4 from w. Thus if we
want to compute EUQ(EiLn(I,ZOO) or EUQ(’;ilyn(x,zk) for k > 4, we must compute
the corresponding weights which are listed in table [3.2]
It follows that for any v € P,

Z sgn(B,w)wt(B,w) =
(B,w) is a fixed point of Jp3471
C(B,w,2341)=v

— 27Ut (1 — )vrisel®) H ewtazsr p(VsVsy1)- (3.12)
s€Des(v)

and

P P n
EUQ(?)il,n ($, Zoo, t) =1 + Z EUg(giLn(x: Zoo)t

n>1
=14+ Z —x?vtlvl(l _ x)wrise(v) H GQUt2341,P("U5US+1).
velt s€Des(v)

(3.13)

In our case, [],. Des(v) ewtazsr p(Vsvs41) = 0 unless the only descents in v are

of the from 21. It follows that the only nonempty words v that can contribute to
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(3.13) are words v of the form w or of the form 191201211922%221 ... 197221 for
some r > 1 where w is a weakly increasing word. Let

O 1
W(x, 2o, t) == H (1—(1—2)zt)

i=1

The generating function of —xzV¢/*!(1 — z)*rise@ [

seDes(v) €Wl23141,7(VsVs11) over all

nonempty weakly increasing words is just

(1—=)
The generating function of —xzVt/*l(1 — z)wrise(®) HseDes(v) ewtazyr 7(Vsvst1) over all

words v of the form 191212 is

(=1 4+ W(z,2,1)) . (3.14)

th
(1—(1—2)z1t)(1 — (1 — 2)2ot)

The generating function of —xzVt/l(1 — z)wrise(®) HseDes(v) ewtazyr 7(Vsvst1) over all

words v of the form 1912°1211922%221 ... 1% 2% 21w where w is weakly increasing is

—aW (2, Zoo, 1) (

th "
(I—(1—=2z)zt)(1 —(1— x)zﬂ)) (

Here the term (—xz;232413)" comes from the weights ewtgss; p(21) that arise from

—x212324%)" (1 — )" L,

the descents 21 and (1 — x)"~! comes from the weights of the rises coming from
the first » — 1 1s which are the second elements of the descents 21. It follows that
the generating function of —2Z¢’l(1 — g)"rise(®) [ Des(v) ewtassr 7(VsUst1) over all
v such that v is of the form 1912012119220221 . 19207214 for some r > 1 where w
is a weakly increasing word is equal to

—x21 292324t ' r—1 _
— W 20e,) 3 ((1 Sy g :cmt)) A=z =

r>1

—aW(z, 2o, 1) 1
(]. — x) <_1 ™ 1 —x21222324t%(1—2) ) (3].5)
(

T (—(1—xz)z1t)(1—(1—x)z2t)
Putting (3.14) and (3.15]) together we see that
BUsgly (70, t) = 1+ (~1+ W (2, 200, 1)) +

(1—x)

—I‘W(l‘, Zo, t) 1
(1 — Jf) 1+ 1 —x21292324t%(1—1x)
_ i

(1—z)z1t)(1—(1—x)22t)
x W (2, Zeo, t) 1

— — x21292324t%(1—1x)
(]_ I) (]_ IE) 1+ (1_(1_11;)221315)(1_(1—x)z2t)

=1+ . (3.16)
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Thus
1
P
gNg:Szll(xﬂZOO?t) = 1+ z  xW(z,200,t) 1 . (317)
(17([) (17%) 1 lezzz3z4t4(lfac)
T oo 0(1=(=2)720

It should be clear from our arguments that the only role that the 2 and
3 played in the final form 8]\/5@11(;3, Zoo, 1) was to contribute a factor of 2324t to

the expression (1_(fflj)gzzl3t’§‘g4_((lffi)z2t) on the right hand side of (3.17). Thus our

arguments show that if u = 2al where « is non-empty weakly increasing word in

{2,3,...}*, then we have the following theorem.

Theorem 9. Let u = 2al where « is non-empty weakly increasing word in
{2,3,...}*. Then
1

2 aW(mzed) 1
1 + (1—ac) (1—$) 1+ lezQEat2+‘a‘(l—x)
(1-(1—z)z1t)(1—(1—x)29t)

5/\[51;;)1 (17, Zo, t) = (318)

Other examples where the weights wt, p(ij) are easy to compute are words
of the form u = 2"1 or u = 21" where r > 2. It is easy to see that both 2”1 and
21" have the minimal overlapping property. In this case, the only u-matches are
of the form b"a where b > a > 1if v = 2"1 or ba” where b > a > 1 if u = 21". For
example, suppose that © = 231. Then in Figure we have pictured a fixed point
of I, where we have indicated the two 221-matches in our example by placing stars
below the cells in the 231-matches. In the case the collapse map just maps (B, w)
to the word v = C'(B, w, u) which is the result of starting with w and removing the
letters in all such matches that do not correspond to the end points of the match.
This process is pictured in Figure |3.2] where again we have starred the elements in
C(B,w,u) that remain from the original 231-matches in w.

In this case, if we have a descent ji, then wigsy j,(ji) = wtager p(ji) = —x 27t

since we will always add back two js for each descent of of the form ji. Thus if

u = 231 it follows that for any v € P,

> sgn(B,w)wt(B,w) = —a(1 — 2" T —2:2 ¢

(Bw) 18 a fixed point of 1y, s€Des(v)
C(B,w,2221)=v

(3.19)
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-x -x -x -x
Bw) =3 3]3|||l1]3]3]4]5]5]5]|[2] 4] 4]|4]|[4] 5]5]

kR Gk Rk koOOk k Rk

CBwu)=3133452444455
% % * %

Figure 3.2: A fixed point of I5991.

and

P P n
U2(2%1,n(35’ Zooyt) = 1+ Z UQ(Z%I,n($7 Zoo )t

n>1
= 1+ > —z(l—a)=0) J] -zt (3.20)
vePt s€Des(v)

1

P
U2(2%1,n (ajv Zoo, t)

Hence we could compute NQ(QPQ)M(JJ, Zoo, ) = if we can compute the

right-hand side of ((3.20)).

When u does not have the minimal overlapping property, we can obtain
similar results but the collapse maps and the weights wt,, (ji) are more complicated.

Again this is best explained through an example. Suppose that u = 3412 and k = 8.

-x -x -x -x -X -x
Bw) =(3] 7]8|||4]6]|2 | 3]4||[5]6](|3] 4|[1]2 |4]||5]5 5]
I I T ¥k LR I

CBwu) 3734524555

&k Kk

Figure 3.3: A fixed point of I3415.

When u does not have the minimal overlapping property, then we can have
a situation such as the one pictured in Figure [3.3] If we look at the descents
between bricks 1 and 2 which correspond to the u-match 7846, we see that we

would like to eliminate the 8 and 4. However, this u-match overlaps the u-match
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associated with the descent between bricks 2 and 3 which is 4623. Thus we would
also like to eliminate the 6 and 2. We will say that two such matches are linked if
one of the end points of first match is one of middle elements of the second match.
Depending on the pattern we could have a series of u-matches in a fixed point of
(B,w) which are linked. The fact that we are assuming that u = wu; ... u; where
uy > u; and des(u) = 1 implies that w has the P-weakly decreasing overlapping
property or [k]-weakly decreasing overlapping property. It is then easy to see that
if w = w;...w, is a word such that there is a u-match starting position 1 and a
u-match ending at position n and any two consecutive u-matches in w are linked,
then wy; > w,. In such a situation, the collapse map will eliminate all the symbols
except for the first element of the first match and last element of the last match
in a maximal sequence of linked u-matches which will result in a descent. This is
illustrated in Figure|3.3| where we have two maximal blocks of linked 3412-matches.
Thus in the linked 3412-matches in cells 2 through 7, we keep only the 7 and the
3 and in the linked matches in cells 9 through 14, we keep only the 5 and the 2.
Because we are assuming that u; > u;, we know that maximal blocks of linked u-
matches must be finite since the end point of such matches must strictly decrease.
When we see a descent ji in a word C(B,w,u), the weight associated with such
a decent is now more complicated. For example, in our case where v = 3412 and
k = 8, a decent of the form 72 can correspond to a single 3412-match which would
have to be of the form 7812, it could correspond to a maximum block with 2 linked
3412-matches in which case it must be of the form 78cd12 where 3 < ¢ < d < 6,
or it could correspond to a maximum block with 3 linked 3412-matches in which

case it must be 78563412. Thus

Wtzg2(72) = —x21 28> + 22t 21 25 ( E zczd> — 231821 232425 2628

3<c<d<6

On the other hand a descent of the form ji where j — ¢ < 2 can only correspond
to a single 3412-match so that wtzna(ji) = —ot*(3; g 25) (X 1<pe; 21)-

We give the weights associated with the descents for v = 3412 and k£ = 8§
in the table [3.3
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Table 3.3: The weights wts412,5(j7)

Descents wiza128(77)
8i (i < 8) 0
J1 (7 >2) 0
Ji (G>i& =i <2 | =t (30, icn 26) Dr<pas #1)
72 —w21 2887 + 2712128 (D<o Zeta) — 2021 232425 2526 2
62 —xt? (27 + 28)21 + 27 (27 4 28) 21 (D3 e g Ze%d)
52 —xt? (26 + 27 + 28)21 + X2t (26 + 27 + 28) 212324
73 —xt?zg(z1 + 22) + 2 th2s(21 + 22) +
*t 25(21 + 22) (X 4<ocacs Ze%d)
63 —xt? (27 + 28) (21 + 22) + 224 (27 + 238) (21 + 20) 2425
74 —xt?28(21 + 29 + 23) + 22t 28(21 + 29 + 23) 2526

It follows that for any v € [8]T,

E sgn(B, w)wtzye(B,w) =
(B,w) is a fixed point of Ig41o
C(B,w,3412)=v

— [Egvtlv‘(l — x)wrise(v) H wt3412’8(1)31)3+1). (321)
s€Des(v)

and

8 8 "
Uy (2.25,8) = 14> Uiy (0, 7)1

n>1
=1+ Z —aZ (1 — ) el H Wtzar28(VsVsy1).  (3.22)
vel8]* s€Des(v)

What we need to be able to compute the right-hand sides of either (3.11]),
(3.13)), (3.20), or (3.22) is the generating functions over all words v € P* where we

not only keep track of the descents of P but also of type of descents of P.
By Theorem [, we know that

1
=1+ thelzw Tussussy- (3.23)
1= 51 " D scpysj—n DX Z(S) Z H i

w=wi...wy EPT i€Des(w)
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Hence

Stz ] twen = ! 1
o 1 - ZnZl tn ZSQIP’,|S|:7L DXZ(‘S)

w=wi...wn EPT i€Des(w)
o ZnZl tr ZSQP,|S|:n DXZ<S) (3 24)
L=3 ot ZSQP,\S\:n DXZ(S5)

. Under this substitution the

Next suppose that we replace ¢ by yt and x;;
left-hand side in - becomes

. 1o
E 2f|w|ywr1se(w) W H Tuvsun 1

w=w1...wn EPT i€Des(w)

Note that for S = {j; < -+ < jx} where k > 2, our substitution replaces
t*! DX Z(S) by

Al k—1

yktkzjl T e H <% - 1> = ytkzjl B H(wjiJrlji —y).

i=1 =1

Thus if we let
2; if S={j}, and

DXY Z(S) =
" Zj Hz 1 <x71+1]z y) it S={j1 < <jir} where k > 2
(3.25)

then we see that right-hand side of (3.24)) becomes

Y 2@1 " ZSQP’,\S\:n DXY Z(9)
-y 2@1 tr ZSQIP’,lS|:n DXY Z(S)

It follows that

. E |w| erse(w ZW _
x t xwzwz+1 -

w=w1 ... wy, EPT i€Des(w)

-z 2@1 " ZSQP,|S|:n DXY Z(S)
1- Y ZnZl tr ZSQP,|S|:7L DXYZ(S) '

o |w| wrise(w _
1—=x g t Twjwip =

w=w1...wn EPT i€Des(w)

Thus
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L= (x4 y) 211" 2scpsj=n PXY Z(S5)

(3.26)
I—y 2@1 tr ZSQIP’,|S|:n DXYZ(S)
By setting z; = 0 for « > k, we also obtain that
1—2x Z t|w|ywriSE(w)zw H mwiwi+1 =
w=w1...wn €[] t€Des(w)
1—(z+y) bt _, DXYZ(8
(¢4 9) S 1" Sscpy s DXV Z(S) .

L=yt > sciuisi=n DXY Z(S)

Note that if we replace y by (1 — x) and zj by wt,(ji), the left-hand

side of becomes UF (%,%s,t) and the left-hand side of (3.27) becomes

U (x,zg,t). Similarly, if we replace y by (1 — z) and xj; by ewt,(ji), the left-

hand side of (3.26)) becomes E U (%, Zoo, t) and the left-hand side of becomes

EUM (x,2g,t). Then using the fact that NE (T, Zoo, t) = 1/U1(LP)(ZL‘, Zoo, t) and that
ENP (2, 2,,1) = l/EUI(LP) (%, 2o, t), we have the following theorem.

Theorem 10. Suppose that v = u; ... u; € P*, red(u) = u, des(u) = 1, uy > u;.

Then
/\/'(P)(x 2 t) = 1—(1-2) 2@1 n ZSQP,|S|:n DXTZ,(S) (3.28)
u ) o0 1— ZnZl tn ZSQP’,\S\=n DXTZU<S)
and
ENP (g 1) = - 2 1 Dscrysion EDXTZUS) o)
u ) 4100 1— ZnZl tn ZSQP,\S\=” EDXTZU<S)
where
Zjytt Zgy Hf:_ll(wtu(jiJrlji) +x—1) if S={j < <jr}
(3.30)
where k > 2 and
EDXTZ,(S) =4 if S ={j}, and
2y 2 TLS) (ewty (i) + 2 = 1) if S = {1 <+ < i}
(3.31)

where k > 2.
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If we set z; = 0 for all © > k, then we obtain the following theorem.

Theorem 11. Now suppose that uw = uy...u; € [k]*, red(u) = u, des(u) = 1,

up > uj. Then

1-(1-=) 22:1 t" ZSQ[k],|S|:n DXTZ,(S)

Nﬁk)(x,zk,t) = r—
L= 1 " 2 s si=n DX T Zu(S5)

(3.32)

and

1—(1—2)SF __EDXTZ,(S
EN'W (2,24, 1) = ( Zz’l—l 2 sclhsi=n ( ). (3.33)
1— anlt ZSQ[k],\S\:n EDXTZU<S>

It follows from Theorem (11| that to compute the generating function

NP (x,2z,t), we need only compute sums of the form

P,u(z.t)= Y DXTZ,(S)
SCIKLIS|=n

for 1 < n < k. As an example, suppose that k = 5 and we want to compute
/\/'2(:3?311 (z,z5,t) where we set z; = 1 for all 7. Then with this specialization, it is easy

to see that
1. Wty (21) = —3at,
2. wityzy (3i) = —xt? for all i < 3,
3. wtazq1(4i) = 0 for all i < 4, and
4. wtggy (5i) = 0 for all i < 5.

It follows that that

1. DXTZ3341({1,2})

Ziml = 3zt 4+ -1,

2. DXT Zy341({i,3})

sm1 = —xt? + 2 — 1 for all 1 < 3,

3. DXT Zos1({i,4})

=1 =2 — 1 forall i <4, and

4. DXT Zszn ({i,5})

=1 = —1forall 7 <5.

One can then compute that
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L. P1,2341(l’,t) =5,
2. P272341 (ZL‘, t) =—-10+4+ 10z — 5!)§'t2,
3. P372341(5L’, t) =10 — 20z + ].4t2.73 + ].01‘2 - 14t21’2 + 3t4l‘27

4. Pyoga(x,t) = =5+ 15z —13t2x — 1522 + 266222 — 6t* 2 + ba® — 13223 + 611,

and
5. Psosar(z,t) = (=3at? + . — 1)(—at* + x — 1)(z — 1)%

Thus

. 1—(1-— 5 Pn Jt "
> ples(w)+1 _ (1 93)527;1 72341(9071 ") (3.34)
we5]*,2341-mch (w)=0 = 21 Prosan(z, )t

We have computed that the initial terms of this series are

1+ 5zt + 5(3z + 22%)t* + 5(7x + 162 + 22°)t* + 5(14x + 722% + 372° + ™)'+
(1262 + 12102* + 14922° + 2462 + 2°)t°+

(2102 + 338727 + 79212° + 3522x* + 2102°)t5+

(3302 + 834422 + 324612° + 28902x* + 54712° 4 12025)t7 + - - .

One can obtain several interesting generating functions from Ng(gil(a:, z5,1).

192
2 Oz2

function for the number of words w in [5]* such that des(w) = 1 and 2341-mch(w) =

0 is

For example setting z = 0 in /\/’2(35311(x,z5,t), one finds that the generating

t2(10 — 20t + 10¢2 + 10¢3 — 13t* + 41°)

(1 —1¢)10
Similarly setting = 0 in %aa—;./\/'gil (x,zs,t), one finds that the generating function
for the number of words w in [5]* such that des(w) = 2 and 2341-mch(w) = 0 is
£Q(t)
(1—t)
where

Q(t) = 10 + 35t — 233t> 4 416t° — 219t* — 266t° + 458t° — 167t" — 161¢° + 198¢
— 83" + 13t
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If w = 2°1 where s > 2 and we set z; = 1 for all 4, then it is easy to see that
wtys1 (ji) = —at*~! for all j > i and that DXTZ(S)|.,—1 = (—at*™ ' + 1 — z)l571
for all S C [k] where |S| > 1. It then easily follows from Theorem

ety _ L= (L= ) (0 () (et + 1 — o))
Z t= 1— Zk (k)(—:cts—l +1—z)n1tn '

welk]*,21-mch (w)=0 n=1n

(3.35)
As an example,
Z :L,des(w)—‘rl _ 1— (1 B .’ﬂ) (2751:1 (2)<_$t2 +x - 1)”—1tn) (3 36)
1— ZZ:1 (i) (—xt? +x — 1) 1tn

wels)*,231-mch (w)=0

We have computed that the initial terms of this series are

1+ 5t + 5(3x + 222)t? + 5(7Tz + 1622 + 20*)t* + 5(14x + 712 + 372% + o)t +
(1262 + 11662 + 14862° + 2462 + 2°)t°+

5(42x + 6342% + 15532° + 7042 + 422°)t%+

(3302 + 75542% + 30998x° + 286622 + 5471z + 1202°)t” + O[t]°.

3.3 The case u=1u;...u;, des(u) =1, and u; < u;

In this section, we shall consider the problem of computing the generat-
ing functions NP (T, Zoo, ), quk)(:c,zk,t), ENO(z,200,1), and ENF) (2, 24, t) for
w = uy...u; such that des(u) = 1, u; < u;, and u has the P-weakly increasing
overlapping property ([k]-weakly increasing overlapping property).

Again the simplest case is when u has the P-minimal overlapping property
in which case u automatically has the P-weakly increasing overlapping property.
For example, suppose that u = 12433. Now suppose that we are given a fixed point
(B,w) of I,, where B = (by,...,b) and w = wy ... w,, such as the one pictured in
Figure We know that to be a fixed point of I, w must be weakly increasing
within bricks of B and that for any ¢ < k, if ¢ is last cell in brick b; and w, > w41,
then there must be a u-match in w which is contained in the cells of b; and b;, ;.

In our particular example, since © = 12433 has a single descent, this match must
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involve the last three cells of b; and the first two cells of b; ;1. In Figure |3.4] we
have indicated the three such matches in our example by placing stars below the
cells in the 12433-matches. In this case, the collapse map just maps (B, w) to
the word v = C(B,w, u) which is the result of starting with w and removing the
letters in all such matches that do not correspond to the end points of the match.
This process is pictured in Figure where again we have starred the elements
in C(B,w,u) that remain from the original 12433-matches in w. In this case, the
resulting word C (B, w, u) must be weakly increasing.

-X =X -X -X

Bw =|1]2]5||[s]3 |3 ]3]3]5]|7]||6] 6] 7]|9]|[8] 8]s]

koOk Gk k% ko0k Gk Gk kR kR kR R R

y

CB,wu)=13333688

k% * kR

Figure 3.4: A fixed point of I12433.

As in the previous section, we want to construct the set of fixed points
of (B,w) of I, such that C(B,w,v) is equal to a given word v = vy ...v, where
v < e S U

If vs < vgy1, then we have three possibilities: (i) vsvsy1 could lie in the same
brick b; of B, (ii) vs could end a brick b; and vsyq could start the brick b;; in B,
or (iii) vsvs,1 arose from a collapse across two bricks b; and b;,1 where there was a
decrease between bricks b; and b;,1 and v, played the role of 1 in the u-match and
vs11 plays the role of second 3 in the u-match that must cross the bricks b; and b; ;.
For example, suppose that the underlying alphabet is [9]. If vy = 8 and vy = 9,
then v could not have come from the collapse of 12433-match because we can not
add a letter which could play the role of 4 in the 12433-match. Hence, the weight
associated to a rise 89 is just 1 —x. If we consider the first rise 13 in the C(B, w, u)
of Figure [3.4], then we see there are many ways that we could add the three letters
middle letters. That is, the original 12433-match could have been any 12¢33 where

c€{4,5,6,7,8,9}. It follows that the extra weight from these possibilities that is
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not included in z€Bw:u)¢lC(

Bww)l ig — 3224 > i<e<o Ze- Here the —x comes from
the fact that we know that the original match straddled two bricks and there is a
weight of —x associated with the end point of the first of those two bricks. Thus
the weight associated with the rise 13is 1 —x—at3 2923 Z4§c§9 z.. If we consider the
second rise 36 in the C(B, w, u) of Figure then we see there are many ways that
we could add the three letters middle letters. That is, the original 12433-match
could have been any 3c¢d66 where ¢ € {4,5} and d € {7,8,9}. It follows that the
extra weight from these possibilities that is not included in zC€(Bww¢CBwwl jp
this case is —xt326(24 + 25) (27 + 28 + 29). Thus the weight associated with the rise
36 is 1 —x — xt326(24 + 25) (27 + 28 + 29). Finally, we consider the third rise 68 in
the C(B,w,u) of Figure , then there is only one way to add the three middle
letters. That is, the original 12433-match must have been 67988. It follows that

C(vavu)t|C(B’w’u)| Would be

the extra weight in this case that is not included in Z
—xt3272829. Thus the weight associated with the final rise 68 is 1 — x — xt3272329.
On the other hand, if vs; = vs,1, then we have only two choices. That is, either
cell s was the end of a brick or cell s was an internal cell of a brick. This implies
that each level in v contributes a factor of (1 — z) since if s is at the end of a brick,

there is a weight of —x associated with the last cell of a brick. In this way, we can

associate a weight with each level or rise of v which will allows to compute

Z sgn(B,w)wt(B,w).
(B,w) is a fixed point of Iy
C(B,w,u)=v

In our case where u = 12433 and £ = 9, the weights associated with the
rises are given in table [3.4]

However, if u = 12433 and we want to compute ng (7, 2s0), the weights for
any rise ij where i 4+ 1 < j would be 1 — 2 — xt®2;(37, . ; 25) (32 ;.4 2a) Which is
an infinite sum.

Going back to our example where u = 12433 and k = 9, it follows that for
any v € [9]*,

Z sgn(B,w)wt(B,w) =

(B,w) is a fixed point of Iy
C(B,w,u)=v
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Table 3.4: The Welghts wt1243379(z'j)

Rises Wii2433,9(17)

9 (@<T)ori(i+1)|1—x

i8 (i < 6) 1— 2 — o220 (3, ;g %)

i7 (i <5) 1 — o — xt?zr(25 + 20)(Xicj<r %)

i6 (i < 4) 1— 2 — at®26(27 + 28 + 20) (X 25)

i5 (i < 3) 1 — 2 —at’z(2 + 27 + 28 + 20) (D55 %)
i1 (i < 2) 1=z — at2(Y oo 26) (e %)

13 1— 2 — at2023(3 5o %)

— 22°tN(1 — )l H Wt12433,9(VsVs1)- (3.37)
s€Rise(v)

As in the previous section, the initial —x comes from the fact that the last cell of
(B, w) always contributes a —z since the last cell is at the end of a brick. But then

we know that

9 9 n
U1(21)133(x7 zg, 1) =1+ Z U1(24)133,n(x7 Zy)t

n>1
= ]_ —|— Z —J](l — x)lev(v)zvthz\ H wt12433’9(1)31)5+1).
v€E[9]t,des(v)=0 s€Rise(v)
(3.38)
Hence we could compute Nl(gi%(m, z9,t) = —————— if we can compute the

9
Ufzi:m(% Zg, t)

right-hand side of ((3.38))

As in the previous section, the case of exact matches is much simpler. In

that case, we want to compute

Z sgn(B,w)wt(B,w).
(B,w) is a fixed point of Jy
C(B,w,u)=v

Going back to our example of u = 12433 over the alphabet [9], we see that the
weight associated to a rise vs < vg11 is 1 — 2z unless vy = 1, vgy = 3. lf vy, = 1,

Vg1 = 3, then we must have eliminated a 243 from w. Thus if we want to compute
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Table 3.5: The weights ewt19433(i7)

Rise weight ewti2433p(77)

ij where either i £ 1lor j#3 | 1—=z

13 1 — 2 — 229232413

EUgig&n(x, Zoo) OF EUl(';)lgg’n(x, zy) for k > 4, the weights associated to rises are

given in table [3.5] It follows that for any v € [9]T,

E sgn(B, w)wt(B,w) =
(B,v) is a fixed point of Jyg433
C(B,w,12433)=v

— a:E”t‘“‘(l — x)lev(”) H ewt12433,9(VsVs1) (3.39)
sE€ERise(v)

and

9 9 n
EU1(24)133(5L’7 zg,t) =1+ Z EU1(23133,,1(:1:, Zg)t

n>1

=1+ Z —xzvt|v|(1 _ x)lev(v) H 61Ut1243379(1)8’l)8+1).
v€[9]+7des(v):0 sE€Rise(v)

(3.40)

When u does not have the minimal overlapping property, we can obtain
similar results if v has the P-weakly increasing overlapping property or the [k]-
weakly increasing overlapping property. For example suppose that u = uy, ..., u;,
des(u) = 1, u; < uj, and u has the P-weakly increasing overlapping property. Now
suppose that w = w;...w, is a maximal sequence of linked u-matches. That is,
we assume w starts and ends with a u-match and any two consecutive u-matches
share at least two letters. Then if the u-matches in w start at positions 1 = i; <
19 < --- < ig, then the P-weakly increasing overlapping property in w ensures that
w = w;, <o <w;, < w,. Thusin a collapse map, if we eliminate wsy ... w,_4
we will be left with a rise wyw,. This may not happen if v does not have the P-
weakly increasing overlapping property. For example, suppose u = 2413, then the

words w() = 472613, w® = 472614, and w® = 472615 have u-matches starting
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at positions 1 and 3. Thus in such a case, we have no control over the relationship
between first and last letter of a maximal sequence of linked u-matches.

Thus assume that v = u; ... u;, des(u) = 1, u; < u; and u has the P-weakly
increasing overlapping property. Then we shall see that the collapse map still works
but the weight function wt,(ij) is more complicated. As we saw in the previous
section, we must pay attention to overlapping u-matches that share more than one
letter. We will consider the example where u = 11124333 and & = 7. Clearly u has
the weakly increasing overlapping property. In this case, u-matches can overlap in
either one, two, or three letters. As in the previous section, the collapse map will
keep only the first and last letters of a consecutive sequence of u-matches such that
each consecutive pair share at least two letters. For example, at the top of Figure
3.5, we have given an example where two consecutive u-matches share 3 letters
and at the bottom of Figure [3.5, we have given an example where two consecutive

u-matches share 2 letters.

-X -X -X -X

Bw)=|1\1|1|2|7]|3

o
)
N
S
(5]
[}
(5]
)
[~
)
)
N

*
*
*
*
*
*
* ¥
* ¥

CB,w,u)=1566667
* %
-x -x -x -x

Bw)=|1/2|2|2|3 6‘“4 44|45 7“6 6 6”|6 6 7|

* * * * * * * *
* * * * * * * *

CB,w,u)=126667

* %

Figure 3.5: A fixed point of I11124333.

As before, if we are given a weakly increasing word v = vy ...v, € [7]|T,

we want to find the sum of the weights of all fixed points (B, w) of I, such that
C(B,w,u) = v. Now if vg = vsy1, then either vsvsyq lie in the same brick which
contributes a factor of 1 or vsvs, lie in different bricks which contributes a factor

of —x for the brick that ends at v,. Thus we obtain a factor of 1 — z for each level
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of v. For the rises of v, we should observe that the start and the end of any two
consecutive u-matches which share more than one letter must differ by at least
4. Similarly, the start and the end of any three consecutive u-matches in which
each two consecutive u-matches share more than one letter must differ by at least
6. Hence, for £ = 7, we can not have three consecutive u-matches in which each
two consecutive u-matches share more that one letter because the smallest starting
point is 1 the smallest ending point is 7 which leaves no room for a letter which
is larger than the last three letters in such a sequence. For each pair, vy < vs1q
which occurs in v, we get a factor of 1 — x as we did for levels. However in this
case, we must also consider the possible collapses that could give rise to vsvsiq.

These are as follows.

1. Rises of the form i(i+1) or i7 where 1 <4 < 5 can not arise from the collapse

map in our case so that wtq1194 VsUsr1) = 1 — x In these cases.
333,7 +

2. vsvsy1 = 13. In this case, a u-match that could give rise to 13 under the

collapse map must be of the form 1112a333 where a € {4,5,6,7}. Thus

6_2 2
wt1112433377(1}51}5+1) =1—x—uxat 21 22(24 + 25 + 26 + Z7)Z3.

3. vsvsy1 = 14. In this case, a u-match that could give rise to 14 under the
collapse map must be of the form 111ab444 where a € {2,3} and b € {5,6, 7}.
Thus

U)t11124333,7(7}37}5+1) =1—z— l’tGZ%(ZQ + 23)(25 + 2 + 27)22.

4. vsvsy1 = 15. In this case, a single u-match that could give rise to 15 under the
collapse map must be of the form 111ab555 where a € {2,3,4} and b € {6, 7}.
There are also two possibilities for linked u-matches that could give rise to
15 under the collapse map, namely, (i) 1112a3334b555 or (ii) 1112a33334b555
where a € {4,5,6,7} and b € {6,7}. Thus

wt11124333,7(’03’03+1> = 1 — X — thZ%(ZQ + z3 + 24)(26 -+ 27)252) —
a1 2320 (2y + 25 + 26 + 27)2524(26 + 27) 25 —

Z'th%ZQ(Zz; + 25 + 26 + Z7)Z§Z4<ZG + Z7)Z§.
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5. vsvUsy1 = 16. In this case, a single u-match that could give rise to 16 under
the collapse map must be of the form 11147666 where a € {2,3,4,5}. There
are also four possibilities for linked u-matches that could give rise to 16 under
the collapse map, namely,

(i) 1112a333b7666 a € {4,5,6,7} and b € {4,5}, (ii) 1112a3333b7666 where
a € {4,5,6,7} and b € {4,5}, (iil) 111ab44457666 a € {2,3} and b € {5,6, 7},
or (iv) 111ab444457666 where a € {2,3} and b € {5,6,7}. Thus

Wti11243337(VsVsy1) = 11— — %23 (20 + 23 + 24 + 25) 2725 —
a1 2320 (2y + 25 + 26 + 27) 25 (24 + 25) 2728 —
wt227 29 (20 + 25 + 26 + 27) 25 (24 + 25) 2728 —
wt™ 27 (20 + 23) (25 + 26 + 27) 25 252725 —

wt"227 (20 + 23) (25 + 26 + 27) 24252725

6. vsvs11 = 24. In this case, a u-match that could give rise to 24 under the

collapse map must be of the form 2223a444 where a € {5,6,7}. Thus
Whin24333.7(VsVs 1) = 1 — & — 212523 (25 + 26 + 27) 25,

7. vsvsy1 = 25. In this case, a u-match that could give rise to 25 under the
collapse map must be of the form 222ab555 where a € {3,4} and b € {6, 7}.
Thus

wt1112433377(v5v5+1) =1—x— [Etﬁzg(Zg + 24)(2?6 + 27)252

8. vsvsy1 = 26. In this case, a single u-match that could give rise to 26 under
the collapse map must be of the form 222a7666 where a € {3,4,5}. There
are also two possibilities for linked u-matches that could give rise to 26 under
the collapse map, namely, (i) 2223a44457666 or (ii) 2223a444457666 where
a €{5,6,7}. Thus

_ 6.2 2
Wt11124333,7(vsvs+1) = l—-x—uat 2z (23 + 24 + 25)2726 —
11,2 3 2
xt - z523(25 + 26 + 27) 2y 252725 —

12 2 4 2
xt 2523( 25 + 26 + 27) 24 252725 -
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9. vsvsy1 = 35. In this case, a u-match that could give rise to 35 under the

collapse map must be of the form 3334a555 where a € {6,7}. Thus

wt1112433377(v8v8+1) =1—-—x— $t62324(26 + 27)2’52)

10. vsvsy1 = 36. In this case, a u-match that could give rise to 36 under the

collapse map must be of the form 333a7666 where a € {4,5}. Thus

wt11124333,7(VsVs41) = 1 — . — $t62’§(24 + 2’5)272’5'

11. vgvgy; = 46. In this case, a u-match that could give rise to 46 under the

collapse map must be of the form 44457666. Thus

wt11124333’7(1)31)3+1) =1—x— J]tGZiZ5Z7Zg.
It follows that for any v € [7]T such that v is weakly increasing,

Z sgn(B, w)wti11043337 (B, w) =

(B,w) is a fixed point of Ii1124333
C(B,w,11124333)=v

— 27t (1 — z)lev®) H Wti1124333,7(VsVsy1).  (3.41)

s€Rise(v)

and

7 7 n
U1(1%24333(xa z7,t) =1+ Z U1(1i24333,n<x7 z7)t" =

n>1
1+ Z —x?”t‘”l(l - x)lev(”) H wt1112433377(1}57}5+1). (342)
ve[7]t,des(v)=0 s€Rise(v)
What we need to be able to compute the right-hand sides of either (3.38)),
(3.40), or (3.42)), is the generating function over all weakly increasing words v € P*

where we not only keep track of the rises of P but also the type of rises.

By Theorem [3, we know that

Yot Y RXZ(S) = > Mz T 2w (3.43)

n>1  SCP,|S|=n w=wi < <wp €PT i€ Rise(w)
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If we first replace ¢ by yt and x;; by z;;/y in (3.43) and then divide by y, the
right-hand side (3.43)) becomes

Z t|w|zwylev(w) H T
w=wi < <wp P 1€ Rise(w)
and the left-hand side becomes
ot Y RXYZ(S)
n>1  SCP,|S|=n

where

— if =45}, and
RXYZ(S) =4 7 u}

(Hf:l 1—?;%) Hi'c:—ll Ljijit if 5= {]1 <. < jk} where k > 2.
(3.44)

Hence

1—2 Z t|w|ylev(w)zw H Twpwiyy =

w=wq < <w, P i€ Rise(w)

L—xz) " > RXYZ(S). (3.45)

n>1  SCP[S|=n

If we set z; = 0 for ¢ > k, then we obtain that

1—2 Z t‘w\ylev(w)zw H Tpjwir =

w=w1 < <wp€[k]t i€ Rise(w)

k
1—z) " Y RXYZ(S). (3.46)
n=1  SC[k],|S|=n

Note that if we replace y by (1 — x) and x;; by wt,(ij), the left-hand side of
(3.45|) becomes Ul (%, Zoo, t) and the left-hand side of 1} becomes Ul(tk)(x, Zg, 1).
Similarly, if we replace y by (1—x) and z;; by ewt, (ij), the left-hand side of
becomes EUS (2,200, t) and the left-hand side of becomes EU&k)(x,zk,t).
Then using the fact that A" (%, Zoo, t) = l/Ul(LIED)(:zc7 Zoo,t) and that EN'P) (2, 2o, 1)
= 1/EU£P) (%, Zoo, t), we have the following theorem.
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Theorem 12. Suppose that uw = uy ... u; € P*, red(u) = u, des(u) = 1, wy < uj,

and u has the P-weakly increasing overlapping property. Then

1
/V;EP)(m,zoo,t) = (3.47)
L= ) o1 1" Y scosion RXTZ(S)
and
1
SNSP)(I‘7 Z, t) = (348)
-z ZnZl m ZSQP,\S\:n ERXTZ(S)
where

—Z if S=1{j}, and
RXTZ,(S) ={ U=t f8=1}

(Hf=1 1—(+x)zjt> [T (wt(igipn) if S = {r <+ < e}
(3.49)
where k > 2 and

—d if S=1{j}, and
ERXTZ,(S) = { -9t f5=1u}

(T e ) TI) ewta(Giginn) i S = {jr <+ < G}
(3.50)
where k > 2.

If we specialize the variables so that z; = 0 for all ¢ > k, then we have the

following theorem.

Theorem 13. Suppose that u = v, ...u; € [k]*, red(u) = u, des(u) =1, uy < uj,

and u has the [k|-weakly increasing overlapping property. Then

1
NP (@, 2., 1) = - (3.51)
l—a Znil tr ZSQ[]CHS\:’VL RXTZ(S)
and
1
ENW (2,24, 1) = : (3.52)

k n
1 - zanlt ZSQ[kHS‘:n ERXTZ(S)
It follows from Theorem that to compute the generating function we

need to NF) (x,2z,t), we need only compute sums of the form

Pou(z,t)= Y RXTZ,(S)

SCIk],|S|=n
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for 1 <n < k and that to compute the generating function we need to

ENM (1,24, 1), we need only compute sums of the form

Pou(z,t)= Y ERXTZ,(S)
SCIK],|S|=n

for 1 <n<k.

For example, suppose that we want to compute EN ;9) (z,29,t) where u =
12433 and we set z; = 1 for ¢ = 1,...,9. For each set singleton S = {j},
ERXTZ,(S) = m For sets S of cardinality greater than 2, there are
two types of sets S = {j; < ja < ...Jn} to consider, namely, those where j; = 1
and jo = 3 and those sets where it is not the case that j; = 1 and j, = 3. If
S = {j1 < j2 < ...jn} where it is not the case that j; = 1 and jo = 3, then
we know that FRXTZ,(S) = % If S is of the form {1,3} UT where
T C{4,5,6,7,8,9}, then
1

ERXTZ,(S)= (1 -z —2t*)(1 — x)7 A= e

If follows that

9

d#m > ERXTZ(S) = Zp:

n=1  SC[o]|S|=n n=1

tj+2(1 _ l,)j+1

(1— (1—a)ye

+

Thus if we let

_ L9\ -2l N6 () (1 - a)
Aiol@,f) =1-2 < - <k) (1—(1—a)t) 2 (J) (1-(1- x)t)f‘”) ’




68

then
1

Ajoazzo(x,t)

We have used (3.53]) to compute the first few terms in the series of
9

8N§2)433(w7 Zo, t)|z,-:1-

5N(192)433(377 Zg,1)|s=1 = (3.53)

5N§92)433 (1‘, Zy, t)
1+ 9tz + ¢* (452 + 362%) + t* (1652 + 4802” + 84x) +
t* (4952 + 35102° 4 24302° + 1262") +

zi=1 —

¢* (1287z + 18612z + 31212z + 7812z + 1262°) +

t° (3003z + 799252 + 2626262° + 1678262 + 179762° + 842°) +

t" (64352 + 294616x” + 16833862° + 2132496z + 6344462 + 315361°+
36z") +

t® (12870x + 9657092 + 88851872° + 19458252x* + 118541972°+
1826577x° + 4367727 + 92°) +

t? (24310z + 28813302” + 404545722" 4 1405421202" + 1498031502°+
494628102° + 42006702" 4 486102° + 2”) + - - - .

We end this section with a remark about the case where u = u;...u;,
des(u) = 1, u3 < wu;, and u does not have the weakly increasing overlapping
property. There are two problems in this case. First, as we saw earlier, it is
possible that the end points of collapse u-match in a fixed (B, w) point of I, can
lead to a rise, a level, or a descent in C(B,w,u). This means that the weights
Wy p(iJ) or Wy (ij) are much more complicated. The second problem is to find

USP)(Z', Zoo, ), we would need to substitute in a generating function of the form

n—1
14y > T rwwnn (3.54)

n>1 w=w1...wn €P™ =1

and we do not know of any way to find a compact form for such a generating

function.



69

3.4 The case u=u;...uj, des(u) =1, and u; = u;

In this section, we shall consider the problem of computing the generating
functions N (7, Zoo, ), NP (z, 21, 1), ENB (2,200, 1), and ENP(z, 7, t) for u =
Uy ... u; such that des(u) = 1, u; = u;, and u has the P-level (or [k]-level) property.

As in the previous sections, we need to compute U&P)(x, Zoo, 1), Ul(tk)(:c, Zg, 1),
EUSP)(x, Zoo, t), and EUY (x, 2k, t). To compute these generating functions, we use
Theorem 2] or @] plus the collapse map.

First assume that u = u;...u;, red(u) = u, des(u) = 1, uy = u;, and u
has the P- minimal overlapping property. We can define the collapse map to fixed
points of I, or J, exactly as in the previous sections. For example, suppose that

u = 12311 and we want to compute Ug?ﬂl(x,z%t). By (3.3), we know that

Ui (. 21) = > sgn(O)uwt(0). (3.55)
0€0{5) 1 112311 (0)=0
As before, we know that if (B, w) is a fixed point of 19311, then elements in the
bricks are weakly increasing and if there is a decrease between two brick b; and
bi11, there must be a 12311-match that involves the last 3 cells of b; and the first
three cells of b;11. We have pictured such a fixed point in Figure [3.6

-X -X -X -X
Bw =3 5|7|||3]3 3] 4] 4]5]6]||4] 4] 4]5]||5] 5]6]
* * * * * * * * * *

y

CB,w,u)=33344445556

* % * %

Figure 3.6: A fixed point of I15311.

The difference between this case and the previous case where u; > u; is
that a 12311-match of the form ¢jkii will just be replaced by i so that only factors
of the form 7 could have come from a 12311-match in the collapse of a fixed point
of I15311. The fact that 12311 has the P-minimal overlapping property ensures that
any two such 12311-matches can only intersect at the right-hand endpoint of the
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Table 3.6: The WelghtS wt12311,7(ii)

Levels | wti311,7(47)

7 -z

66 11—z

55 1 —z — at3z52627

44 1 — & — at24(3 4 cacr 2%d)
33 1— 2 — 2t23(3 5 e qer 2e%a)
22 1— 2 — 223 e gy #e2a)
11 =2 — 22230 e ger 2e%a)

first match and left-hand endpoint of the second match. It follows that C'(B, w, u)
will always be a weakly increasing word. We claim that in this case a factor of
the form i must have weight 1 — x — xt32 > z.2q if we are computing
Ul(gll,n(x, z) and 1 —x — 232 >

That is, the 1 corresponds to the case where i are in the same brick, the —x

i<e<d<k
iccca Ze2a if we are computing Ug?))n’n(x,zoo).
corresponds to the case where the first ¢ is in last cell of some brick b; and the
second 7 is in the first cell of the next brick, and the third term corresponds to
the cases where we have a decrease between two consecutive bricks and we deleted
the second, third, and fourth elements of the 12311-match between the two bricks.
In our example, the weight of the levels for computing Ug%ll’n(x, z7) are listed in
table 3.6

In this case, rises in C'(B,w, 12311) of the form ij where i < j correspond
to a factor of 1 —x where the 1 comes from the case where ij are in the same brick
and the —z corresponds to the case where 7 and j are in different bricks.

It follows that for any v € [7]" which is weakly increasing,

E sgn(B, w)wtia311 (B, w) =
(B,w) is a fixed point of Iy9377
C(B,w,12311)=v

— x?”t'”'(l — x)rise(”) H Wt12311,7(VsVs11)- (3.56)

s€Lev(v)
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and
7 - .
U1(2%11<x7 z7,t) =1+ Z U1(2:)’,11,n($, z7)t
n>1
=1+ Z — a7t (1 — g)rise(®) H Wt 1 (vsvss1).
ve[7]t,des(v)=0 s€Lev(v)

(3.57)

Next suppose that © = uy ... u;, red(u) = u, des(u) = 1, u; = u;, and u
has the P-level overlapping property or the [k]-level overlapping property, but u
does not have the P-minimal overlapping property. The fact that u has the P-level
overlapping property ([k]-level overlapping property) ensures that if w = wy ... w,
is word which starts and ends with a u-match and any two consecutive u-matches
in w share at least two letters, then it must be the case that w; = w,. Thus
under the collapse map, any collapse will end up with a level of the form #i. The
main difference in this case is that it is possible to have the weights wt, x(ii) or
wt, p(ii) correspond to infinite families of words of different lengths even in the
case where the alphabet is finite. For example, suppose that u = 11211. Then it
is possible that in a fixed point (B, w) of I11211, w has a factor where consecutive
occurrences of the pattern 11211 are linked of the form iy i2ysitysit . . . 12y,2% where
Y1, ---,Yn > 1 like those that occur in the first 14 cells of the fixed point pictured
in Figure |3.7. For each given maximal sequence of this type, the collapse map
would eliminate all the symbols between the first and the last 7. In such a case,
the weight corresponding to the symbols that are eliminated for such a string in
the collapse map would be (—x)"z2"z,, - - - 2, t*". It would follow that if we are
working in P*, then

—2z] (i %)

14222 (3,0 2) 13

while if we are working in [k]*, then for 1 <i < k,
A <Z§:z‘+1 ZS> t?

14 227 <Z§=i+1 z5> ¢

wtyiop(it) =1 —x +

wt112117k(’l’i) =1—xz+

and

wt112117k(k’k’) =1z
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That is, in each of these expressions the 1 corresponds to the case where both is

are part of the same brick, the —x corresponds to the case where the two is are

—z2? 2. )83
the last and first elements of two consecutive bricks, and the series M
14a2; (Zs>i zs)t3

corresponds the fact that we could have eliminated sequences of the form
W 11Y211Y3it . . . 11Yy,? for any n > 1 between the two is.

=X =X 9 -X X -X
Bw) =3[ 3]7|||3]35|||3] 3] 4|[3] 3]4]|[3]3 |4]||4]4]

L S R . . S R . R S R R R

CB,w,u) 33444

& %

Figure 3.7: A fixed point of I11217.

Nevertheless, we can still apply the same reasoning as above to prove that
for any v € [7]T which is weakly increasing,

Z sgn(B,w)wtyio11 (B, w) =

(B,w) is a fixed point of Iy1911
C(B,w,11211)=v

— x?”t“"(l — x)rise(v) H wt11211’7(1)31)s+1). (358)
s€Lev(v)
and
7 7 n
U1(1%11(33> z7,t) =1+ Z U1(1%11,n<$a z7)t
n>1
= ]_ + Z —ZL‘EvtM(l — x)rise(v) H wt1121177(1)81)5+1).
ve[7]t,des(v)=0 s€Lev(v)
(3.59)

We should note that as patterns get more complicated, it becomes increas-
ingly difficult to compute wt, p(ii) or wty(i7). For example, suppose u = 3°45123°.
Then linked patterns can overlap at either 1,2,3,4, or 5 symbols.

It follows from Theorem [ that

Yooz ] e =-1+]] (1 + 1_2—;”) : (3.60)

vePt des(v)=0 i€Lev(v) i>1
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Replacing ¢ by yt and x;; by z;;/y, we see that

Z —vt\vl rise(v H Ty, = —1 + H ( yil — t) . (3.61)

v=v1...0n EPT 1€Lev(v) i>1
v1 <va<--<vp

Thus
14+ Z l,zvt\vl rise(v) H l’uv_l‘i‘—( 1+H( Yzt ))
o — Xzt
v=v1...op€PF i€Lev(v) i>1
v1 <v2 < <vp
(3.62)
and
1+ Z _:Ezvt\vl rise(v) H Ty 1_|__ 1+H yzz '
o 1 — Tzt
v=vq...on€[k] T i1€Lev(v)
v1 <ve<-<vp
(3.63)

But then it follows that if u = uy...u;, red(u) = u, des(u) = 1, uy = u;, and u
has the P-level overlapping property, then

UP (2, 200,t) = 1+ Z — a7t (1 — g)rise®) H wt,, p(v;v;)

vePT des(v)=0 i€Lev(v)

—x (1 —a)zt
- 1+m ( 1+H (1+ 1 —wtu]p(ZZ)Zit)>

>1

and, for all k > 1, if w = u; ... u;, red(u) = u, des(u) = 1, uy = u;, and u has the

[k]-level overlapping property, then

Uqgk)(x,zk,t) = 1+ Z —a:z”tlvl nse H Wty 1 (V;v;)

ve[k]T,des(v)=0 i€Lev(v)
—x (1 —a)zt
= 14 —- 1 1 .
+1—:11:( +H( +1—wtuk(zz)zit))

Thus we have the following theorem.

Theorem 14. If u = u; ... u; € P* is such that red(u) = u, des(u) = 1, u; = u;,
and u has the P-level overlapping property, then
1

2 (1—x)z;t '
- (‘1 + 1 1is (1 + 1_wtu,]p(z'z')zit>>

NP (2,200, 1) = (3.64)
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If u=wy...u; € [k]* is such that red(u) = u, des(u) = 1, u; = u;, and u has the
[k]-level overlapping property, then

1
o (T (1 )
i=1 1— wt%k(iz’)zit

Note that if u = uy...u;, des(u) = 1, w3 = uj, then u automatically has

ngk) (QE, Zy, t) =

(3.65)

the exact P-level overlapping property (exact [k]-level overlapping property).

Theorem 15. If u = u;...u; € P* is such that des(u) = 1 and u; = u;, then

1
EN® (2, 20,t) = o . (3.66)
1-1= ( 1+ Hz>1 (1 + 1— ewt%p(;i)zit))
and if u =y ... u; € [k]* is such that des(u) = 1 and uy = u;, then
1
ENW® (2, 2,,1) = (3.67)

(1—z)z;t
e ( L+ Hz 1 < 1— ewtu,k(ii)zit>)

For example, suppose we want to compute ./\/’1(27:),,11(90,27,75) where we set
zi = 1 for all i. It follows from (3.65)) that

1
A 520 1) = 3.68
12311( 7 ) 1— (1f:):)<_1 +HZ:1 Qz(xat» ( )

where
1—x
L Qi(z,t) =1+ 17(1(7m71);xt3)t’

2. Qo) = 1+ %

—(1—z—10xt3)t’

3. Qs(z,t) =1+ ((1fm)t

—(1—z—6xt3)t’

4. Qufz,t) =1+ 5 ((1fm)t

—(1—z—3xt3)t’

5. Qs(w,1) = 1+ ey

1—z—xt3)t?

6. Qg(x,t) =1+ (1(%) 57 and

7. Qre.t) = 1+ {172



75

We have computed that

/\/1(27%11(% z7,t) =

1+ 7ot + 7(4x + 32)t* + 7(122 + 322° + 52°)t°+

7(30z + 1902% + 1182* + 52°)t* + 7(662 + 8232% + 12362° + 2682° + 32°)t°+
7(132x + 29122% + 85002° + 4770x" + 4222° + 2°)t%+

(17162 + 6253222 + 3125582° + 3493152 + 888522 + 342425 + 2")t"+

7(429z + 246092 + 1940292° + 374249x* + 1977292°252092° + 42927)¢5 + - - - .

Finally we shall consider the case where v = u; ... u;, red(u) = u, des(u) =
1, u; = u; and u does not have the P-level overlapping property ([k]-level overlap-
ping property). Given such a u, let s be the position such that us; > us1. Then
we must have that us, < - <wuj =wu; and StE(u) C {s+1,...,5} (St (u) C
{s+1,...,7}). This means that u automatically has the P-weakly decreasing
overlapping property ([k]-weakly decreasing overlapping property) and w is not P-
minimal overlapping ([k]-minimal overlapping). Now suppose that w = wy ... w,
is a maximal sequence of linked u-matches. That is, we assume w starts and ends
with a u-match and any two consecutive u-matches share at least two letters. Then
if the u-matches in w start at positions 1 = 1; < iy < - -+ < i, then the P-weakly
decreasing overlapping property ensures that w; = w;, > --- > w;, = w,. Thus
in a collapse map, if we eliminate w,...w,_1, then we will be left with a weak
descent wyw,. Thus we must figure out the weights wt,,(ji) for j > i.

To illustrate the process, we will consider the example where v = 2312 and
the alphabet is [4]. If w = wywowswy € [4]* and red(w) = 2312, then clearly w
must start with either 2 or 3 since those are the only letters a which have at least
one letter in [4] bigger than a and one letter in [4] which is less than a. It follows
that wtagio4(44) = wtagina(11) = 1 — x. Also witagiea(4i) = 0 for i = 1,2,3 and
wtagio4(j1) =0 for j =2,3,4.

Next consider wta312,4(22). There are only two possible words in [4]* that
reduce to u, namely, w = 2312 and v = 2412. Since there is no u-match that can
start with 1, there cannot be a pair of linked u-matches that start with either w

or v. Thus there can be no maximal sequences of linked u-matches that start and
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Table 3.7: The weights wtogi2.4(ji)

Weak Descents | wtaz12.4(j1)

44 1—x

4i (i < 4) 0

33 1 — 2 —x24(21 + 20)t?
32 2221 2923242

31 0

22 1 — 2 —x2(23 + 24)t
21 0

11 1—x

end with 2. This means that when we collapsed to 22, either we started with 2312
and eliminated 31 or we started with 2412 and we eliminated 41. It follows that
Wia312,4(22) =1 — o — w21 (23 + 24t

Next consider wta312,4(33). There are only two possible words in [4]* that
reduce to u, namely, w = 3413 and v = 3423. Since there is no u-match that can
start with 1, there cannot a be pair of linked u-matches that start with w. There
is a pair of linked v matches that start with v, namely, 342312. However this pair
can not be extended. Thus there can be no maximal sequences of linked u-matches
that start and end with 3. This means that when we collapsed to 33 either we
started with 3413 and eliminated 41 or we started with 3423 and eliminated 42.
It follows that wite312.4(33) = 1 — & — z24(21 + 20)t2.

Finally we consider wts3124(32). In this case, the only possible way to have
a maximal sequence w of linked u-matches starting with a u-match whose first
letter is 3 and ending with a u-match whose last letter is 2 is w = 342312. Since
in the fixed points of I35, the sequences in the bricks are weakly increasing, the
only way that 32 occurs in the collapse of fixed point (B, w) of I315 is if we started
with 342312, which means that a brick ended after 4 and a brick ended after the
second 3, and eliminated 4231. Hence wtaz19.4(32) = 2221 292324t

We list all the weights wtas124(j7) in table .
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It follows that for any v € [4]T,

E sgn(B, w)wt(B,w) =
(B,w) is a fixed point of Ig3719
C’(B,w,2312):v

— Izvth)'(l — x)rise(v) H wt231274(v5v5+1). (369)
s€W Des(v)

Here the initial —z comes from the fact that the last cell of (B, w) always con-

tributes a —z since the last cell is at the end of a brick. It follows that

4 4 n
U2(3%2(x, zy,1) =1+ Z U2(3i2,n(fa Z4)t

n>1
=1 + Z —17(1 — l,)rise(v)zvt\ﬂ H wt231274(1}81)3+1>. (370)
ve4]t s€W Des(v)
1
Hence we could compute N2(§%2(:C,z4,t) = —— if we can compute the

U4 ( £)
2312\T, 24,
right-hand side of (3.70))
What we need to be able to compute the right-hand side of (3.70)) is the

generating function over all words v € P* where we not only keep track of the weak
descents of P but also of type of weak descents of P.
By Theorem [2, we know that

1
=1+ thlzw Lwiwiy -
1 - ZnZl tr ZveWD]P’*,|v|:n WDXZ(v) Z H "

w=w1...wn EPT 1€W Des(w)
(3.71)
Hence
Z t‘w\zw H xwinl
w=wi...wn EPF 1€W Des(w)
1- ZnZl tr ZUEWD]P’*,\U\:TL WDXZ(U)
n o WDX Z(v

_ ZnZl Z’UEWDP Jol= ( ) (372)

1— ZnZl tr ZveWDIF’*,|v|:n WDXZ(U) '

Next suppose that we replace ¢ by yt and x;; by % Under this substitution the
left-hand side in (3.72)) becomes
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Z t\w\yrise(w)—&-lzw H Tavsun 1

w=wi...wn EPF €W Des(w)
Note that for v = j; > -+ > jj, where k > 2, our substitution replaces t*W DX Z (v)
by

k—1 k-1
e |l | <—jz;w - 1) = yt*z, 2 [ [ @ — )
=1 =1
Thus if we let
Zj if v =7, and
WDXYZ(v) =
it Z Hf;11($ji+1ji - y) ifv=yj1 >+ > jp where k > 2,
(3.73)
then we see that the right-hand side of (3.72)) becomes
) ZnZl t" ZUGWDP*,|U|:TL WDXYZ(U)
l—y anl tr ZveWD]P*,M:n WDXY Z(v)
It follows that
_r Z t\w\yrise(w)zw H Tupswisr =
wW=w1...Wn EPT i€W Des(w)
-z ZnZl t" ZUEWD]P’*,\U\:n WDXYZ(U)
1— Y anl tr ZUGWDP*,M:TL WDXYZ<U)
Thus
1— 7 Z t|w|yrise(w)zw H Tuvgunyy =
w=w1...wn EPT 1€W Des(w)
1— (SL’ + y) ZnZl tr ZUEWDIP’*,M:n WDXYZ(U) (374)
1-— Y ZnZl tr ZUEWD]P’,M:n WDXYZ(U)
By setting z; = 0 for ¢ > k, we also obtain that
1—2 Z t\w\yrise(w)zw H I
w=wi...wp €[k]T t€W Des(w)
ko n
1- (.T + y) Zn:lt ZvGWD[k]*,M:n WDXYZ(U) (3 75)

k
L=y > " ew pip- ojen WDXY Z(0)
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Note that if we replace y by (1 —z) and z;; by wt,(ji), the left-hand side of

1. becomes U (%, Zoo, t) and the left-hand side of 1' becomes Uék)(m, Zk, t).
Then using the fact that N (%, Zoo, t) = 1/U15P)(:c,zoo,t), we have the following

theorem.

Theorem 16. Suppose that w = uy ... u; € P*, red(u) = u, des(u) = 1, uy = uj,
and u does not have the P-level overlapping property (so it automatically has the

P-weakly decreasing property). Then

1 — ZnZl tn ZUEWDP*,|U|:7L WDXTZU(U)

Nz, z0,1) = (3.76)

where
Z; if v=7, and
WDXTZ,(v) ={ "’ . fo=7
zjy 2z [lic) (Wa(Jiagi) + o =1) ifv=j1 > > ji
(3.77)
where k > 2.

If set z; = 0 for all ¢+ > k, then we obtain the following theorem.

Theorem 17. Now suppose that u = uy...u; € [k]*, red(u) = u, des(u) = 1,
w = u;, and u does not have the [k]-level overlapping property (so it automatically
has the [k]-weakly decreasing property). Then

1—(1—2)F . WDXTZ, (v
./\/;Ek)(x,zk,t) _ ( Zznl ZvEWD[k] Jvl=n ( ) (378)

1 - anl tn ZUEWD[k}*,|’I}|:n WDXTZu(U)

The key to be able to compute Nék)(x, Zj,t) in the case of Theorem |17]is

to be able to compute > ;1" >, ey WDXTZ,(v). This is often com-

plicated because of the large number of wgakly decreasing words in W D[k[|*, but
for certain patterns we can compute it. For example, consider the case where
u=2312, k =4, and we set z; =1 for 7 = 1,...,4. With this substitution, we list
the weights W DXT Xa312(i7) in table (3.8

Because W DXT Zy312(44) = WDXT Zss15(11) = 0, it follows that the only

words that we have to consider are 1, 4, 41 and words in (e + 4)({2}* + {3}* +
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Table 3.8: The weights W DXT Z3315(ij) in the case z; =0 for i =1,...,4

Weak Descents | WDXT Xo312(1))
44 0

4i (i < 4) x—1

33 —2zt?

32 r—1+ 2%t

31 r—1

22 —2xt?

21 r—1

11 0

{3}*32{2}*)(e + 1). It is easy to see that

t
" WDXTZ,(v) = ———.
20D ) = o
n>l  ve{3}*,|v|]=n
That is, the first 3 gives a factor of ¢ and each additional 3 gives a factor of —2xt3.

Similarly,
t

" WDXTZ,(v) = ——.
2D (V) = 5
n>1l  we{2}t |v|=n
When considering words in {3}*32{2}*, the 32 gives a factor of (z — 1)t* + 2*¢°
and each additional 3 to the left gives a factor of —2zt% and each additional 2 to

the right gives a factor of —2xt3. Thus

— 1)#* + 2°1°
S 3 WDXTZ, () = &= DE+ o

(1 + 2269)2
n>1 we{3)}*32{2}* Ju|=n

Thus

2t + 4ot — 1)t? + 2%
S 3 WDXTZ, () = 24t o= D+ ot
(11 208%)2
ML ue{3)t {2 B2 ol

Hence if E = (e +4)({3}" + {2} + {3}*32{2}*)(e + 1), it follows that
S8 S WDXT Zyya(v) = L= (2E1++4;cit;;2(w — 1) + 2%9)

n>1  vek,|v|=n
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since adding a 4 to the left of a word w € {3} + {2} + {3}*32{2}* gives rise to a
factor of (z—1)t and adding a 1 to the right of a word w € {3}*+{2}T+{3}*32{2}*

gives rise to a factor of (x — 1)t. It follows that

St Y WDXTZysia(v) =

n>1  veWDM]* |v|=n

(1+ (x — 1)t)2(2t + dat* + (x — 1)t2 + 2%t%) P(x,t)

2t - 1) = :
o1+ (1 + 2213)2 (1 + 2213)2

where

P(z,t) = 4t+ (=6+6x)t* + (4 — 8z + 42°) t* + (=1 + 15z — 32° + 2°) t* +
(—12x + 12x2) t° + (4x — 72% + 4x3) 0 +
(62 4 22°) 7 + (=32? + 22° + 2*) ¢°.

Thus

P(z,
1—(z—1) (1+(2x:?2)2

'/\/'2(;22(‘7‘17 17 17 17 17 t) = P(z0) . (379)

T (1t2z3)2

We have used Mathematica to compute the first few terms in this series:

1+ 4at + 2 (5z + 32%) t? + 4 (5 + 102° + 2°) * +

(352 + 151a” 4 652° + 2*) t* +

4 (142 4+ 1092” + 1112° + 14a*) £* +

(84 + 1068z* + 20092° + 7162* + 282°) t° +

2 (60z + 11662 + 35612° + 2535z* + 3622° + 42°) t" +

(1652 + 46702> 4 21400z” + 25650x* + 81722° + 4862° + x7) t° + - - - .

Chapter |3] in full, has been submitted for publication as it may appear in
Generating Functions for Descents over Words which Avoid a Consecutive Pattern,
2017, Remmel, Jeffrey; Sangha, Luvreet, Electronic Journal of Combinatorics,

2017, arXiv:1612.04900. The dissertation author was the secondary author of this

work.


http://arxiv.org/abs/1612.04900

Chapter 4

Levels: Results when lev(u) = 1

4.1 Introduction

In this Chapter we examine how our results change when we change the
statistic des(u) with lev(u). We will apply the reciprocal method to obtain filled-
labelled-brick tabloids as we did in Chapter 3. However, now we will label levels
within bricks with an z instead of descents. We will define a similar involution
L,; however, our fixed points will not have any levels within bricks instead of not
having any descents within bricks as in Chapter 3. The collapse map will work as
it did in the earlier sections, but our final results will require substituting into a

different set of auxiliary generating functions.

Let zx = 21,...,2; and zo = 21, 22, .... Then for any u € [k]/, we let
LENufcn<x7 Zk) = Z mlev(w)+1zw and
we k)™, eumch(w)=0
LENS(x,2:0) = ), a0tz

weP™ ,eumch(w)=0

Similarly for u € [k}? such that red(u) = u, we let

LN® (z,2) = Z gV Hzw and
welk]™,umch(w)=0
LNuI,Pn (ZL’, Zoo> _ Z xlev(w)%—lzw‘

weP™ umch(w)=0

82



The main goal of this chapter is to study the generating functions

LEN (24, 1) —1—|—ZLE N®) (2, zy)t" and

n>1

LENP (2, 2,0,1) =1+ Z LEN{)(2,20)t",

n>1
in the case where u is a word with lev(u) < 1, and the generating functions

LN (2, 2,1) —l—l—ZL N®)(z,zy)t" and

n>1

LN (2,20, t) = 14+ Y LN (2, 200)t",

n>1

in the case where red(u) = u and lev(u) < 1.

We start by assuming that

1
LN® (z,25,t) = G ,
LUy (%, 200, t)
1
LN (2,200,1) = B ;
LU (2, 2o, 1)
1
LEN® (z,2,,1) = ,and

Lﬁmﬂmcnzm,)
LN (2,200, 1) =

LEUg(xzw,)
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Fix a word w such that lev(u) < 1. Following the ideas of the previous chap-
ter, we shall show how to compute LU (%, Zoo, t), Lut® (x, 2z, 1), LEUSP))CL‘, Zoo, 1),

and LEUL (x,zg, ).

We will start out by considering how to compute

LU (24,1 —1+ZLU(P T, Zoo )"

n>1

in the case where u € P/ and red(u) = u. In this case,

1
L+ 3,01 LNGA(,200) 17

LU&P)(:B, Zo, t) -

(4.1)
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Thus if we let ©,(e,) = (—1)"LN792($, Zoo) for n > 1 and ©,(ep) = 1, we see that

Ou(H(t) = 1+ O,(h

n>1

1

_ 0 ( 1 ) _
h E(-t)) 1+ Zn21(_1)n@u(en)
- L B = LU® (2, 200, 1).
1+ anl LNun(x, 200 )t"

Thus it follows that ©,(h,) = LU (2, Zs0).
By (1.24), we have that

Oulhn) = Y _(=1)" "By, Ou(er)

AFn
ne P)

- Sy H LN (17

AFn (bl ..... bZ(A))EB)\nl 1

£(N)
P

= Y =™ N NG (@ zs) (4.2)

AFn (b15bp(2))EBAn =1

Our next goal is to give a combinatorial interpretation to the right-hand
side of (1.2). Fix a partition X of n and a A-brick tabloid B = (by,...,byy)).
We will interpret Hf(:/\l) LNSP;)Z,(x,zOO) as the number of ways of picking words
(w®, ..., w)) such that for each i, w® € P is a word such that umch(w) =0
and assigning a weight to this ¢(\)-tuple to be Hf(:/\l) glev(@)+1zw®

We can then use the pair (B, (w™®, ... w*™))) to construct a filled-labeled-
brick tabloid O o).

w® in the cells of the brick, reading from left to right. Then we label each cell of b;

W)y as follows. First for each brick b;, we place the word

that starts a level of w® with a x and we also label the last cell of b; with z. This

lev(w®)+1 - Finally, we use the factor (—1)/™ to change the

accounts for the factor x
label of the last cell of each brick from x to —z. For example, suppose n = 17,
u=3221, B=(3,7,4,3) w =422 w® =1322572 w® =663 1, and
w® =24 7. Then we have pictured the filled-labeled-brick tabloid O (B, w@))
constructed from the pair (B, (w™, ..., w™)) in Figure .

Clearly, we can recover the pair (B, (w®,... w®))) and the labels on

the cells from B and the word w which is obtained by reading the elements in
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X X X X X -X X
[al22][t]3]2 25 7.2][6]6 3 [1][2]4]7]

Figure 4.1: The construction of a filled-labeled-brick tabloid.

.....

-----

filled-labeled-brick tabloids constructed in this way. That is, (992 consists of all
pairs O = (B, w) where

1. B = (b1,...,byy)) is brick tabloid of shape (n),

2. w = wy...w, € P" such that there is no u-match of ¢ which is entirely

contained in a single brick of B, and

3. If there is a cell ¢ such that a brick b; contains both cells ¢ and ¢+ 1 and
W, = Wer1, then cell ¢ is labeled with a x and the last cell of any brick is

labeled with —z.

The sign of O, sgn(0), is (—1)* and the weight of O, wt(0), is z/W+ntlev(e) zw
where intlev(w) denotes the number of ¢ such that w; = w;y; and w; and w;44
lie in the same brick. We shall refer to such i as an internal level of O. Note
that the labels on O are completely determined by the underlying brick tabloid
B = (b, ..., by) and the underlying word w. Thus the filled-labeled-brick tabloid
O pictured in Figure [4.1] equals ((3,7,4,3),42213225726631247).

It follows that

Oulhn) = Y sgn(O)uwt(O). (4.3)

0co®)

Next we define a weight-preserving sign-reversing involution L, on OSE?L.
Given an element O = (B,w) € OSEZ where B = (by,...,b) and w = wy ... w,,

scan the cells of O from left to right looking for the first cell ¢ such that either

(i) ¢ is labeled with a = or
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(ii) cis a cell at the end of a brick b;, w. = w41, and there is no u-match of w

that lies entirely in the cells of bricks b; and b; ;.

In case (i), if ¢ is a cell in brick b;, then we split b; into two bricks b; and b where b
contains all the cells of b; up to an including cell ¢ and b consists of the remaining
cells of b; and we change the label on cell ¢ from x to —z. In case (ii), we combine
the two bricks b; and b;,; into a single brick b and change the label on cell ¢ from
—x to x. For example, consider the element O € Og)zl,n pictured in Figure .
The first place that we can apply the involution is on cell 2 which is labeled with
an x so that L,(O) is the object pictured in Figure [1.2] Finally, if neither case (i)
or case (ii) applies, then we define L, (O) = O.

-X =X X -X X -X -X
[22|[2][x[3]2 2 5|7 2][6]6 3 |1][2]a 7]

Figure 4.2: L,(O) for O in Figure .

We claim that whenever u is a word such that red(u) = v and lev(u) < 1,
L, is an involution, i.e. L2? is the identity. First we consider the case where
lev(u) = 1. Now suppose that we are in case (i) where we split a brick b; at cell
¢ which is labeled with a x. In that case, we let a be the number in cell ¢ and o
be the number in cell ¢ + 1 which must also be in brick b;. It must be the case
that there is no cell labeled = before cell ¢ since otherwise we would not use cell ¢
to define the involution. However, we have to consider the possibility that when
we split b; into b and b} that we might then be able to combine the brick b; 4
with b; because the number in that last cell of b;_; is equal to the number in the
first cell of b;» and there is no u-match in the cells of b;_; and b}. Since we always
take an action on the left most cell possible when defining L, (O), we know that
we cannot combine b;_; and b; so that there must be a u-match in the cells of b;_;
and b;. Clearly, that u-match must have involved the number a’ and the number
in cell d which is the last cell in brick b;_;. But that is impossible because then
there would be two levels among the numbers between cell d and cell ¢ 4+ 1 which

would violate our assumption that u has only one level. Thus whenever we apply
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case (i) to define L,(O), the first action that we can take is to combine bricks b
and b} so that L2(0) = O,

If we are in case (ii), then again we can assume that there are no cells
labeled = that occur before cell c. When we combine brick b; and b;,;, then we
will label cell ¢ with a x. It is clear that combining the cells of b; and b;; cannot
help us combine the resulting brick b with an earlier brick since it will be harder
to have no u-matches with the larger brick b. Thus the first place cell ¢ where we
can apply the involution will again be cell ¢ which is now labeled with a z so that
L2(0) = O if we are in case (ii).

The case where lev(u) = 0 is even easier. Suppose that a is number in the
the last cell of b; and a’ is the number in the first cell of b, and a = a/. Then
there can be no u-match of w that is contained in the cells of b; and b;;; because
by our definitions there is no w-match in the cells of b; and there is no u-match
in the cells of b;;; so that the only possible u-match in the cells of b; and b;;;
would have to involve a and a’ if lev(u) = 0. It easily follows that we will apply
the involution to the first possible cell ¢ which is labled with either x or —x and
what ever action we take at cell ¢ to create L,(O), we will come back to cell ¢ to
undo that action to define L?*(O).

It is clear from our definitions that if L,(O) # O, then sgn(O)wt(O) =
—sgn(L,(0))wt(L,(0)). Hence, if we let EOSIT% denote the set of all (B, w) € o)
such that L,(O) = O, then implies that

Ou(hn) = > sgn(O)wt(0) = > sgn(O)wt(0). (4.4)
0eof), 0€0f), L,(0)=0

Thus we must examine the fixed points of L,. So assume that O is a fixed point

of L,. There are two cases to consider.
Case 1. lev(u) = 0.

First of all, there can be no cells which are labeled with x since we can take
a possible action to define L,(O) at such a cell. Similarly there can be no cell

c which is at the end of brick b; such that w., = w41 since again we can take a
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possible action to define L,(O) at such a cell. This means that w must have no
levels within any brick and if ¢ is a cell at then end of brick b; which is followed
by another brick b;;1, then w, # w.1. Thus (B, w) is a fixed point if and only if
w is word with no levels and w has no u-match that lies entirely within one of the
brick of B. If B has k bricks, then then weight of (B,w) is just (—x)¥z%. We let
LZO,, ={(B,w) € E(’)SED,)L twy # wy # -+ # wy,} denote the set of elements of
EOSIT% where w has no levels. Then we have the following lemma. Let Q(z,2)

be the set of rational functions in the variables x and z., over the rationals Q.

Lemma 5. Suppose that u is a word in P such that red(u) = u and lev(u) = 0.
Let ©, : A — Q(z,2) be the ring homomorphism defined by setting ©,(ey) = 1
and ©y(e,) = (—1)”LN$2($,ZOO) forn > 1. Then

((b1,eesbp) W) ELT O

Case 2. lev(u) = 1.

First it is easy to see that there can be no cells which are labeled with
x so that there are no levels in each brick of O. Second we cannot combine two
consecutive bricks b; and b;, 1 in O which means that either there is no level between
the last cell of b; and the first cell of b;,; or there is a level between the bricks b,
and b; 1, but there is a u-match in the cells of the bricks b; and b; ;. Thus we have

proved the following.

Lemma 6. Suppose that uw € PT, red(u) = u, and lev(u) = 1. Let ©, : A —
Q(z,2zo0) be the ring homomorphism defined by setting ©,(eg) = 1 and ©,(e,) =
(—1)"LNSF2($,ZOO) forn >1. Then

LU (2,200) = Oy (hy) = > sgn(0)wt(0) (4.6)
0€0f), L,(0)=0

where OSED% is the set of objects and L, is the involution defined above. Moreover
O = (B,w) where B = (by,...,b;) and w = wy ... w, is a fized point of L, if and
only if it has the following two properties:
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1. there are no cells labeled with x in O, i.e., the elements of w in each brick of

O have no levels and

2. if b; and b1 are two consecutive bricks in O, then either (a) there is no
level between b; and b;yq, i.e., Wi oy =+ Wipsyi bl OF (b) there is a
level between b; and b;yq, i.e., Wi oy = Wipssi ) but there is u-match
contained in the elements of the cells of b; and b;y1 which must necessarily

mvolve Wi and w ; .
Z}:1 1651 1+Z}:1 1651

Clearly, if we restrict to the alphabet [k] instead of P, we will get the same
two lemmas except that the words all have to be in [k]* rather than P*.
Next we want to consider what happens when we replace u-matches by exact

u-matches. We can follow the same steps to interpret LEUQ(LP)(x, Zoo, t). That is,

1
1+ 3 o) LENG) (2, 2o )t

LEU® (2,24, 1) = (4.7)

Thus if we let T, (e,,) = (—1)”LEN$Z($, Zoo) for n > 1 and T'y(eg) = 1, we see that

TW(H(t) = 1+ Ty(h

1 1

=T, (E(t)))l L+ 3,01 (—1)"Tu(en)

)
= & LEU® (2,24,1).
L+ o1 LENun (2, 200 )t"

Thus it follows that I',(h,) = LEUQS{P,% (%, Zoo ).
By (1.24), we have that

FU(hn) = Z(_l)n_E(A)B/\,n Fu(ek)

AFn
SDOETECIND SIS | (RPN
A\n (bl ,,,,, bg(A))GB)\nZ 1

_ Z(_l)ﬂ(k) Z HLE (%, Z00) (4.8)

Abn (b1,.-5bg(2))EBAn 1=1
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Again we can give a combinatorial interpretation to the right-hand side of
(4.8)). Fix a partition A of n and a A-brick tabloid B = (by, ..., bgyy). We will inter-
pret Hf(:’\l) LEN®

s, (T, 250) as the number of ways of picking words (w®), ..., w®))

such that for each i, w® € P¥ is a word such that eumch(w) = 0 and assigning a
weight to this £(A)-tuple to be [/ glev@)+1zw0

Following the same steps that we did to interpret ©,(h,), we let SOER
denote the set of all filled-labeled-brick tabloids constructed in this way. That is,
& (’)SE?L consists of all pairs O = (B, w) where

1. B = (b1,...,byy)) is brick tabloid of shape (n),

2. w=w;...w, € P"such that there is no exact u-match of o which is entirely

contained in a single brick of B, and

3. if there is a cell ¢ such that a brick b; contains both cells ¢ and ¢+ 1 and
w. = wer1, then cell ¢ is labeled with a x and the last cell of any brick is

labeled with —z.

The sign of O, sgn(0), is (—1)*» and the weight of O, wt(0), is 2! N+Ntlev (o) zu
where intlev(w) denotes the number of ¢ such that w; = w;y; and w; and w; 41 lie

in the same brick. Then as before we can conclude

Lu(ha) = > sgn(O)wt(0). (4.9)

oeeof),
At this point, we can define an involution K, exactly as we did for L,
except we replace u-match by exact u-matches in the definitions. This will allow

us to prove the following two lemmas.

Lemma 7. Suppose that u is a word in P such that lev(u) = 0. Let T, :
A — Q(x) be the ring homomorphism defined by setting I'y(eg) = 1 and T'y(e,) =
(=1)"LENE) (2, 200) forn > 1. Then
LEU®) (2, 200) = 0,(hy) = > (—x)kzv (4.10)
(b150v0s1)w) ELE O

where ZEQ,,,, is the set of all (B,w) € O, such that K,(B,w) = (B,w) and w

has no levels.
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Lemma 8. Suppose that u € Pt and lev(u) = 1. Let T, : A — Q(z) be the ring
homomorphism defined by setting I'y(eg) = 1 and T'y(e,) = (—1)”LEN$3($,ZOO)
forn > 1. Then

LEUS) (2, 200) = Ty(hy) = > sgn(O)wt(O) (4.11)
0e£of), K, (0)=0

where 5(’)812 is the set of objects and K, is the involution defined above. Moreover

O = (B,w) where B = (by,...,by) and w = wy ... w, s a fived point of K, if and
only if it has the following two properties:

1. there are no cells labeled with x in O, i.e., the elements of w in each brick of

O have no levels and

2. if b; and b1 are two consecutive bricks in O, then either (a) there is no
level between b; and b;yq, i.e., Wi oy =+ Wipsyi bl OF (b) there is a
level between b; and b1, i.e., Wi oyl = WSS o) but there is an exact
u-match contained in the elements of the cells of b; and b,y which must

necessarily imvolve Wi | and Wyysvi -
=11% i=11%

4.2 The case u=u;...uj, lev(u) =1, and u; > u;

In this section, we shall consider the problem of computing the generating
functions LN (z,z40,1), LN W (2,2, 1), LEN® (2,24,1), and LENP (2,2, 1)
for w = wy ... u; such that lev(u) = 1, u; > u;, and u has the P-weakly decreasing
property (or [k]-weakly decreasing property).

First assume that v = u; ... u;, red(u) = u, lev(u) = 1, uy > u;, and u has
the P-minimal overlapping property. As before, we define the collapse map which
maps fixed points of J, or K, to a certain subset of words in P*. This is best

explained through an example. Suppose that u = 2231 and we want to compute

LU, (.27, t). By (4.6)), we know that

u,n

LUM (z,2;) = > sgn(0)wt(0). (4.12)

0e0), L. (0)=0
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Now suppose that we are given a fixed point (B, w) of L, where B = (by,...,by)
and w = wy ...w, such as the one pictured in Figure We know that to be a
fixed point of L,, w must have no levels within bricks of B and that for any ¢ < k,
if ¢ is last cell in brick b; and w, = w41, then there must be a u-match in w which
is contained in the cells of b; and b;,1. In our particular example, since u = 2231
has a single level, this match must involve the last cell of b; and the first three cells
of b;1. In Figure 4.3] we have indicated the two such matches in our example by
placing stars below the cells in the 2231-matches. In this case the collapse map
just maps (B, w) to the word v = C(B,w,u) which is the result of starting with
w and removing the letters in all such matches that do not correspond to the end
points of the match. This process is pictured in Figure 4.3| where again we have
starred the elements in C'(B,w,u) that remain from the original 2231-matches in
w. What makes the case where u has the minimal overlapping property easier is
that, since any two consecutive u-matches can share at most letter, there is no
possibility that an end point of a u-match in w occurs in the middle of another
u-match in w so that the letters that we remove from w for any pair of u-matches

are disjoint from each other.

-X -X -X -X
®ws=|[1]5[3]|[3]a]1]4]6]5][s5]7]4]5][2]3]s
* * * * * * * *

C(B,w,u)=153146545236

* % * *

Figure 4.3: A fixed point of Lygs;.

The question that we want to ask ourselves is given a v = v;...v,, how
can we construct all the fixed points of (B, w) of L, such that C(B,w,v) is equal
to v. First, it is easy to see that v has no levels. If v, < v4,1, then we have two
choices. That is, either cell s was the end of a brick or cell s was an internal cell
of a brick. This implies that each rise in v contributes a factor of (1 — z) since if

s is at the end of a brick, there is a weight of —z associated with the last cell of
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Table 4.1: The weights wtaas; 7(ji)

Descents | wtaes1 7(ji)

Ti(i<T7) |1-x

6i (i <6) | 1—x— xze27t>

5 (i <5) | 1 —x — x25(26 + 27)t2

4i (i <4) | 1—x—xz4(z5 + 26 + 27)t2

3i (1 <3) | 1 —x—wa3(zg + 25 + 26 + 27)t

21 1—x —x29(23+ 24 + 25 + 26 + 27)t2

a brick. If vy > vs,q, then we have three choices. Either cell s was the end of a
brick, cell s was an internal cell of a brick, or this descent came from a 2231-match
that straddled two bricks in B. Thus if vy > vs,1, then v, must have played the
role of 2 in the original 2231-match and vs,; must have played the role of 1 in the
original 2231-match. If we consider the first descent 31 in the C'(B,w,u) of Figure
[4.3 then we see there are many ways that we could add the two middle letters.
That is, the original 2231-match could have been any 33c1 where ¢ € {4,5,6,7}.
It follows that the extra weight from these possibilities that is not included in

EC(B,w,u)t|C(B,w,u)

l'in this case would be —x:t2 Z4§C§7 z3%.. Here the —x comes from
the fact that we know that the original match straddled two bricks and there is a
weight of —x associated with the end point of the first of those two bricks. In this
way, we can associate a weight with each rise or descent of v which will allow us
to compute

Z sgn(B, w)wt(B,w).

(Bw) is a fixed point of .,
C(B,w,u)=v

In our case where u = 2231 and k£ = 7, the weights associated with the
descents are given in table [4.1]

However, if u = 2231 and we want to compute LUgg(m,zoo), the weights
for any descent ji would be —z )" j<c %j%c which is an infinite sum.

Going back to our example where u = 2231 and k = 7, it follows that for
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any v € [7]* with no levels,

Z sgn(B,w)wt(B,w) =

(B,w) is a fixed point of Lq
C(B,w,u)=v
rise(v v
— I(]. — JI) ( )th| | H wt2231,7(vsvs+1). (413)
s€Des(v)

Here the initial —x comes from the fact that the last cell of (B, w) always con-

tributes a —z since the last cell is at the end of a brick. But then we know that

LUQ(Z;I (1:7 Z7, t) =1+ Z LUQ(;Z)ﬂ,n(CC? Z7)tn

n>1
14 Z _x<1_x>rise(v)zyt\ﬂ| H wt223177(vsvs+1). (4.14)
velr+ s€Des(v)
lev(v)=0
1

Hence we could compute LN len(m, z7,t) = if we can compute

the right-hand side of (4.14]).

The case of exact matches is even simpler. In that case, we want to compute

LUZ(gi)’,l,n (‘1'7 Z7, t)

Z sgn(B,w)wt(B,w).
(B,w) is a fixed point of Ky,
C(B,w,u)=v

Going back to our example of u = 2231 over the alphabet [7], if vs < vs1; then
either v, and vy, were internal to a brick or v, was at the end of a brick. This
implies each rise in v contributes a factor of 1 — x. We see the only descents that
appear in a word v = C(B,w, u) could appear in three ways. If vy > vg, 1, then vy
could be internal to a brick, v, could be at the end of a brick, or vs; and vs,; could
have been part of an exact 2231-match that straddled two bricks in B. In the last
scenario, it must be the case that v; = 2, v,1; = 1 and we must have eliminated a
2 and 3 from w. Thus we want to compute LEUQ(;F%M(.%, Zoo) OF LEUZ(;%L”(:C,Zk)
for k > 4, the weights would be the following. It follows that for any v € [7]* with

no levels,

E sgn(B, w)wt(B,w) =
(B,w) is a fixed point of Kgg937
C(Bw,2231)=v
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Table 4.2: The weights ewtass; (j7)

Descents weight ewtasy p(j7)

ji where either j #2ori#1|1—x

21 1 — x — z2925t2

—xz,(1 — x)rise(”) H ewtanzr 7(VsVst1). (4.15)
s€Des(v)

and

LEUQ(’;I)Sl,n(‘ra Z7, t) =1 + Z LEUQ(’QYL);L”(I, Z7)tn

n>1

=1+ Z —22,(1 — x)rise®) H ewtaasr 7(VsUst1). (4.16)
ve[7]t s€Des(v)
lev(v)=0

When u does not have the minimal overlapping property but u has the
P-weakly decreasing (or [k]-weakly decreasing property), we can obtain similar
results but the collapse maps and the weight wt,(ji) are more complicated. Again

this is best explained through an example. Suppose that © = 3221 and k = 8.

-X -X -X -X -X X =X
®w)=[4]6[5]|[5/3][3 ]2 7”|8 7][715][5 13 [2][4]
* * * * * * I* * * * * *

i

CBwWW=46278314

* * * *

Figure 4.4: A fixed point of L3g9;.

When u does not have the P-minimal overlapping property, then we can
have a situation such as the one pictured in Figure [£.4] If we look at the descents
between bricks 1 and 2 which correspond to the u-match 6553, we see that we
would like to eliminate the 5 and 5. However, this u-match overlaps the u-match
associated with the descent between bricks 2 and 3 which is 5332. Thus we would

also like to eliminate the 3 and 3. We will say that two such matches are linked if
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one of the end points of first match is one of middle elements of the second match.
Depending on the pattern we could have a series of u-matches in a fixed point
of (B,w) which are linked. In such a situation, the collapse map will eliminate
all the symbols except for the first element of the first match and last element of
the last match in a maximal sequence of linked u-matches. This is illustrated in
Figure [£.4) where we have two maximal blocks of linked 3221-matches. Thus in the
linked 3221-matches in cells 2 through 7, we keep only the 6 and the 2 and in the
linked matches in cells 9 through 14, we keep only the 8 and the 3. Because we are
assuming that u; > u;, we know that maximal blocks of linked u-matches must be
finite since the end point of such matches must strictly decrease. When we see a
descent ji in a word C(B,w,u), the weight associated with such a decent is now
more complicated. For example, in our case where u = 3221 and k = 8, a decent of
the form 73 can correspond to a single 3221-match which would have to be of the
form 7aa3 where 7 > a > 3, it could correspond to a maximum block with 2 linked
3221-matches in which case it must be of the form 7ccdd3 where 3 < d < ¢ < 7,
or it could correspond to a maximum block with 3 linked 3221-matches in which

case it must be 76655443. Thus

Wt391(73) = 1 —x — at? < Z za> + 2%t ( Z (20)2(zd)2> —2%%(26)%(25)% (2)*

3<a<’ 3<d<ce<7
On the other hand a descent of the form ji where j — ¢ = 2 can only correspond
to single 3221-match so that wtsgn;(ji) = 1 — x — xt?(z;41)? since i + 1 plays the
role of the 2 in the 3221-match. Finally, a descent of the form j7 where j —i =1
can not correspond to a 3221-match, so cell j is either internal to a brick or at the
end of a brick. Then, wtzge (ji) =1—zif j —i = 1.

We give the weights associated with the descents for v = 3221 and k =5
in table [£.3] Notice that the weights quickly grow complicated which is why we
have chosen to list them for k£ = 5 rather than the example we are considering with
k=8.

It follows that for any v € [8]" with no levels,

Z sgn(B, w)wtzge (B, w) =

(B,w) is a fixed point of Lgoo7
C(B,w,3221)=v
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Table 4.3: The Welghts wt3221,5(j2')

Descents wi3o01 5(J1)

ji(j>i)&j—i=1|1—-=x

Ji (
gi (j>d) & j—i=3]1—x—at’((zin1)” + (2i42)°) + 2% (2i41)* (2i42)°
Ji (J >i)&j—i=4|1—-2— xt2(21<s<]( ) ) + x2t4(2i<a<b<j(za)2<zb)2>

xStG(Hi<s<j (25)%)

)
j>i)&j—i=2|1—x—at’z,

)

)

— I’Zv(l — $)rise(v)t|v| H wt3221,8(1}5v5+1). (417)
s€Des(v)

and

LU?ES%M('T, zg,t) =1+ Z LU?ES%M(-CE, zg)t"

n>1

=1+ Z —I‘ZU rlse(v tlv‘ H U}t3221 8(U5U8+1) (418)
ve[8]t s€Des(v)
lev(v)=0

What we need to be able to compute the right-hand sides of either ,
, or is the generating function over all words v € P* with no levels
where we not only keep track of the descents of P but also the type of descents of
P. We do this by substituting into an auxiliary generating function. This is the
following:

By Theorem [5, we know that

1
1+ t\w\ sw le w)
Z H = 21 " 2 scmsj=n AXZ(S)

wePT lev(w)=0 1<j
where
L it S={s}, and
AXZ(S) = ! ) (4.19)
1+]z;1 ' 1+Jz§kt Hz 1(xh+m 1) i S={ji < <ji}
where k > 2.

Hence
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1
vz T o) = —1
Z H 1—- ZnZl tr ZSQP7|S‘:TL AXZ(S)

wePt lev(w)=0 1<j
. ZnZl tr ZSQPZ\‘SW:?I AXZ(S) (4 20)
1- anl tr ZSQPJS\:n AXZ(S)
If we replace t by ty and xj; by %, the left-hand side of 1} becomes
Z |w| rise w)+1 Sw H le(w
wePt lev(w)=0 1<j
Note that for S = {j; < --- < jx} where k > 2, our substitution replaces
thAX Z(S) by
z z Ml
kk J1 Jk Ji+1Ji
¢ e Zhardi 1) —
T T 1+zjkty}]1( y )
5 k—1
tk: J1 .
T ity 1+ z]kty II Tginagi ~
Thus if we let
3 if S ={j}, and
BXZ(S)={ """ | - i) (4.21)
1+zjjllty T 1+Z]]Zty Hi:l ('Tji+lji - y) if 5= {]1 << ]k}
where k > 2, then the right-hand side of (4.20)) becomes
Y anl t" ngms‘:n BXZ(5) (4.22)

I—y an1 n ZSQP,|S|=n BXZ(S) '
It follows that

—T t" _ BXZ(S
—x Z t\w\ rise(w W H le (w) _ _ 2”21 ZSQIP’,|S|—n ( )

) anl tr ZSQP,|S\:n BXZ(S)
(4.23)

wePt lev(w)=0 1<j

Thus
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1—x Z z§|”LU| rise(w) W H le(w _ (13 + y) Z"ZI t" ZSQP,\SF” BXZ(S)
L=y o1 " Y scpsi—n BXZ(S)

wePT lev(w)=0 i<j

(4.24)
By setting z; = 0 for « > k, we also obtain that
1—x Z t|w| rise(w) W H I‘Jl (w) _
welk] T lev(w)=0 1<j
1—(z+y)3r_ BXZ(S
(2 ) Bl s XA .

yZn " ZSC k],|S|=n BXZ(S)
Note that if we replace y by (1 —z) and xj; by wt,(ji), the left-hand side of
becomes LU (%, %00, t) and the left-hand side of (4.25) becomes Lo (x,zk,t).
Similarly, if we replace y by (1—x) and z;; by ewt, (ji), the left-hand side of
becomes LEU." (%, Zoo, t) and the left-hand side of becomes LEUqgk)(x, Zg, 1).
Then using the fact that E/\/'(]P)(a: Zoo, ) = 1/LU15P)(w,zoo,t) and that
LENP (2, 2,,1) = 1/LEU (:c Zoo, 1), we have the following theorem.

Theorem 18. Suppose that u = uy...u; € P*, red(u) = u, lev(u) = 1, and

up > uj. Then

1= (1—2)> 2,51 1" 2 scpsj=n BRZu(S)

LN® (2, 24,1) = (4.26)
1 - ZnZI n ZSQP’,|S|:7L BRZU<S)
and
1-(1—-=z t" __EBRZ,(S
ESNSP) (,ZL’, Zoo, t) _ ( ) Znsl ZSQP,\S\fn ( ) (427)
1 - ZnZl t ESQIF’,|S|:n EBRZU<S)
where
( ; B .
ST if S={j}, and
Zj1 . %k
BRZ,(S) =} 1+zt(l—z) 1+ 2,t(1-2) (4.28)
k-1 if S=4j1 < <Jji}
H(wtu(ji+1ji) +x—1)
\ i=1
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where k > 2 and

(

1+Z;21—x) if S={j}, and
~j1 ik
EBRZ,(S) = 1+zt(1 —2) 142,11 —x)
k=1 if S={j1 < <jr}
[(ewtu(Gisagi) + = — 1)

\ =1

(4.29)
where k > 2.

If we specialize the variables so that z; = 0 for all 4 > k, then we have the

following theorem.

Theorem 19. Suppose that u = wy...u; € [k]*, red(u) = u, lev(u) = 1, and

up > u;. Then

L= (1= 2) Sn oy 1" Y gy simn BRZu(S)

LN® (& 24, 1) = . (4.30)
1— anl tr ZSQ[k],|S|:n BRZU(S>
and
1—(1—= " __EBRZ,(S
;Cg./\/‘q(f) (ZE, Z, t) _ ( ) ZnZl ZSQ[k},|S|7n ( ) (431)

L=2 51 1" Y scp|s)=n EBRZ,(S)

We end this section by computing one example. Suppose that u = 44321
and k =7 and set z; =1 for j =1,...,7. Note that in this case wt, 7(j?) depends
only on 7 —¢. That is, under the collapse map, a descent ji that is the result of
a collapse must have come from a sequence jjabi where j > a > b > i. It is then
easy to see that we obtain table for wt, 7(ji) where 7> j > i > 1. Then we
list the weights wtsu301,7(j7) + 2 — 1 in table .

To compute ﬁNﬁ)ng(SC, 1,1,1,1,1,1,1,¢), we must compute the polynomi-
als

Py(x,t)= Y BRZusx(S)
SCITLIS|=n

when z; = 1 for all i. Now if S = {j; < ---j,} and j;11 — j; < 2 for some
1 <i < n—1, then we know that BRZ4391(S) = 0. It is easy to see that if | S| > 4,



Table 4.4: The weights wt, 7(ji)

witga301 7(j17)

Descent condition

1—a if |j—i <2
1—z—at3 if |[j—i] =3
1—z— (Q)at? | if |j—i| =4
1—a— (5)at? |if [j—i| =5
l—a— (Q)at? |if|j—i|=6

Table 4.5: The Welghts wt44321,7(ji) +x—1

Wtaazo17(j1) +x — 1 | Descent condition
0 if [j —i| <2
—t3 if [j— i =3
—3xt? if [j—i =4
—6at® if[j—i| =5
— 102t if[j—i| =6

101
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there will always be such an i. Py(z,t) = P5(x,t) = Fs(x,t) = P:(x,t) = 0. The
only set of size 3 that does not have such an i is S = {1,4,7}. For this set

1
BRZ(S) = (1 i Zf(l — .Z‘))3 (wt4432177(74) +x — 1)(wt44321,7(41) +x — 1)
B 12%t5
(1 4+t(1—2))3
so that
x2t6

Py(x,t) =

(1+t(1—2))3
The only sets of size 2 that do not have such an i are the sets {1,4}, {1,5}, {1,6},
{1,7},{2,5}, {2,6}, {2,7}, {3,6}, {3,7}, and {4, 7} so that

—35¢3
(1+t(1—x))?

PQ(I‘, t) =
Finally, the contribution from the sets of size 1 gives that
7
P(z,t) = ———.
1, 1) 1+t(1—x)

. Thus 3
1—(1—2)>_, tFPy(z,1)
1— 30 thPy(,t)

We used this formula to compute the first terms of the series

ENZ(!?L%Ql(xJ 17 17 17 17 17 17 17t):

LN O (2,1,1,1,1,1,1,1,8) =

1+ Tt + (422 + T2?)t* + (2522 + 842% + T2°) +

(1512 + 75622 + 1262 72*)t* +

(90727 + 60132% + 15122° + 1682 + 72°)t° +

(544322 + 449402% + 150502° + 25202 + 2102° + 72°)¢° +

(3265927 + 32281222 + 1348202 4 301352* + 37802° + 2522° + 72" )t" + - - -

We note that if one wanted to compute the same generating function using
the matrix inversion method described in the introduction, one would have to
invert a 7% x 7% matrix in the variables x and t which is infeasible to even write

down much less compute.
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4.3 The case u=u;...u;, lev(u) =1, and u; < u;

In this section, we shall consider the problem of computing the generating
functions LN (2, 240,1), LN (2,25, 1), LEND (2, 200,1), and LENW (2,2, 1)
for u = uy ... u; such that lev(u) = 1, u; < u;, and u has the P-weakly increasing
property (or [k]-weakly increasing property).

This case is similar to the case where u = uy ... u;, lev(u) = 1, and u; > u;.
Again the simplest case is when u has the P-minimal overlapping property. For
example, suppose that v = 21334 and we want to compute LUQ(f%M(m, zg,t). Then

consider the following figure:

X X -X X X
®w=[5]4]2[5][5]61][2]76]a]7][7/8][2]3]
* * * * * * * * * *

C(Bw,U)=5461276813
* * * *

Figure 4.5: A fixed point of Lgj334.

If we are given a fixed point (B,w) of L, where B = (by,...,b;) and
w = w; ...w, such as the one pictured in Figure [£.5, We know that to be a fixed
point of L,, w must be have no levels within bricks of B and that for any 7 < k, if
c is last cell in brick b; and w, = w,y1, then there must be a u-match in w which
is contained in the cells of b; and b;, 1. In our particular example, since u = 21334
has a single level, this match must involve the last three cells of b; and the first two
cells of b;11. In Figure [£.5] we have indicated the two such matches in our example
by placing stars below the cells in the 21334-matches. In this case, the collapse
map just maps (B, w) to the word v = C(B,w,u) which is the result of starting
with w and removing the letters in all such matches that do not correspond to the
end points of the match. This process is pictured in Figure[4.5 where again we have
starred the elements in C'(B,w,u) that remain from the original 21334-matches in

w. In this case, the resulting word C'(B,w,u) must have no levels.
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As in the previous section, we want to construct the set of fixed points of
(B,w) of L, such that C'(B,w,v) is equal to a given word v = v;...v, where
vy #E e 2y

When we see a descent ji in a word C(B,w,u), its associated weight is
1 — x since j may have been internal to a brick or at the end of a brick. If we
see a rise ji in a word C(B,w,u), then there are three possibilities: j may have
been internal to a brick, j may have been at the end of a brick, or there may have
been a 21334-match straddling the bricks with j and ¢. For example, in our case
where u = 21334 and k = 8 if we see a rise of the form 47, it could correspond to

a 21334-match of the form 4abb7 where 1 < a <4 and 4 < b < 7. Thus
wt21334(47) =1—x— lL‘t3(21 + z9 + Zg)(Zg + Zg)

There are some rises that can not have come from 21334-matches. For
example, rises of the form la where 1 < a can not have come from a 21334-match
since there is no number that could take the role of the 1 in the 21334-match. Thus
if 1 < a, then wtyy334(1la) = 1 —x. Also rises of the form ji where i — j = 1 cannot
have come from a 21334-match since there would be no number that could take
the role of the 3 in the 21334-match. Thus if i —j = 1, then witg1334(ji) = 1 — 2. In
this way, we can associate a weight with each descent or rise of v which will allow

us to compute

Z sgn(B,w)wt(B,w)
(B,w) is a fixed point of Lgq,
C(B,w,u)=v

In our case where u = 21334 and k£ = 8, the weights associated with the
rises are given in table |4.6}

If u = 21334 and we want to compute LU, P,% (%,2), the weights for any
rise ij where i +1 < j would be 1 — 2 — xt*(37,_; 2:) (D2 g 23)-

It follows that for any v € [8]" with no levels,

E sgn(B, w)wtazss (B, w) =
(B,w) is a fixed point of Lgj334
C(B,w,21334)=v

— fou<1 — x)des(v)t\m H wt21334’8(’(}5’(}3+1). (432)
s€Rise(v)
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Table 4.6: The Welghts wt2133478(z’j)

Rises Wia1334,8(77)

As in the previous section, the initial —z comes from the fact that the last cell of
(B, w) always contributes a —z since the last cell is at the end of a brick. But then

we know that

8 8 n
LU2(1:)),34,n(957 zg, ) =1+ Z LU2(1:)334,n(5U> zs)t

n>1

=1+ Z —22,(1 — x)des@)gll H Wi21334,8 (VsVs41)-
vels]+ s€Rise(v)
lev(v)=0

(4.33)

1

Hence we could compute C./\/'g%M(x zg,t) =
1 485 LG
2(11)’)34,n(x7 Zg, t)

the right-hand side of (4.33])

As in the previous section, the case of exact matches is much simpler. In

if we can compute

that case, we want to compute

Z sgn(B,w)wt(B,w).
(B,w) is a fixed point of Ky,
C(B,w,u)=v

Going back to our example of u = 21334 over the alphabet [8], we see that the
weight associated to a descent is 1 — x since v, could either be internal to a brick
which contributes a factor of 1 or at the end of a brick which contributes a factor
of —x. The weight associated to a rise vy < vy 18 1 — 2 unless vy = 2, vgy; = 4.
If vy = 2, vsy1 = 4, then there are 3 possibilities: 2 and 4 were internal to a brick,

2 was the last cell of a brick and 4 was the first cell of the next brick, or 2 and
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Table 4.7: The weights ewt19433(i7)

Rise Welght €wt21334’p(ij)
17 where either i #2or j#4 | 1 —=x
24 1 —x—x2z2363

4 straddled two bricks and there was an exact 21334-match between those two
bricks. In the last case, we must have eliminated a 133 from w. Thus if we want to
compute LEUg?))z;ZLm(x,zoo) or LEUQ(]f?ZM’n(x, zy) for k > 4, the weights associated
to rises are given in table[4.7] It follows that for any v € [8]" with no levels,

E sgn(B,w)wt(B,w) =
(B,w) is a fixed point of Kg1334
C(B,w,21334)=v

— IL‘EU(]_ — x)des(v)th}\ H 611)1'2133478(1}51}54_1) (434)
s€Rise(v)

and

LEU2(§:)’,34,n($a zg,t) = 1+ Z LEU2(§2534,7L(I7 zg)t"

n>1

= 1 —+ Z —xi”(l — l,)des(v)t\m H 6’(1]252133478(1)31)34_1).
vel8]t+ sERise(v)
lev(v)=0

(4.35)

When u does not have the P-minimal overlapping property but v has the PP-
weakly increasing (or [k]-weakly increasing) property, we can obtain similar results
but the collapse maps and the weight function wt,(ij) are more complicated. As
we saw in the previous section, we must pay attention to overlapping u-matches
that share more than one letter.

We will consider the example where v = 123345 and k = 9. In this case, u-
matches can overlap in either one, two, or three letters. As in the previous section,
the collapse map will keep only the first and last letters of a consecutive sequence of
u-matches such that each consecutive pair share at least two letters. For example,

at the top of Figure[4.6], we have given an example where two consecutive u-matches
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share 3 letters and at the bottom of Figure [4.6, we have given an example where

two consecutive u-matches share 2 letters.

@®ws=[2]4]1]3s]|[s]6]7][7]8]o]1]a]l6]2]0]

CBW,U)=241914629

-X -X -X -X
@w=[7]1]2]4][4]s]6]7][7]8]o]3]1][6]2 8]
* * * * : : . N . .

l

CBwWuU=71931628

* %

Figure 4.6: A fixed point of Li93345.

As before, if we are given v = vy ... v, € [9]", we want to find the sum of the
weights of all fixed points (B, w) of L, where w is has no levels and C(B, w,u) = v.
Now if vy > wvsyq, then either vsvsyq lie in the same brick which contributes a
factor of 1 or vyvs,q lie in different bricks which contributes a factor of —z for
the brick that ends at v,. Thus we obtain a factor of 1 — x for each descent of
v. For the rises of v, we should observe that the start and the end of any two
consecutive u-matches which share more than one letter must differ by at least 6.
Similarly, the start and the end of any three consecutive u-matches in which each
two consecutive u-matches share more that one letter must differ by at least 8.
Hence, for £k = 9, we can have at most three consecutive u-matches in which each
two consecutive u-matches share more than one letter. There is one such word,
namely, 123345567789. For each pair, v, < vsy1 which occurs in v, we get a factor
of 1 — x as we did for descents. However in this case, we must also consider the

possible collapses that could give rise to vsvsy1. These are as follows.

1. Rises of the form (i + 1), i(i 4+ 2), or i(i + 3) cannot arise from the collapse

map in our case so that wt12334579(v5v5+1) =1 — z in these cases.
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. UsUsy1 = 15. In this case, a u-match that could give rise to 15 under the

collapse map must be of the form 123345. Thus

4, 2
wt123345,9<vsvs+1) =1—a—xt"2252.

. UsUsr1 = 16. In this case, a u-match that could give rise to 16 under the
collapse map must be of the form 1labbc6 where 1 < a < b < ¢ < 6. Thus
Wt123345 9(VsVsy1) = 1 — . — at? Z zazgzc.
1<a<b<c<6
. VsUsr1 = 17. In this case, a single u-match that could give rise to 17 under
the collapse map must be of the form 1labbc7 where 1 < a < b < ¢ < 7. There
is also one possibility for a linked u-match that could give rise to 17 under

the collapse map, namely, 123345567. Thus

4 2 7. 2. 2
Wt123345.9(VsUss1) = 1 — ¢ — (mt E ZaZbZC> + wt' 2925 2425 26
I<a<b<e<7

. VsUsr1 = 18. In this case, a single u-match that could give rise to 18 under
the collapse map must be of the form 1labbc8 where 1 < a < b < c¢ < 8. A
linked u-match that could give rise to 18 under the collapse map must be of

the form labbedde8 where 1 < a <b < e <d<e <8. Thus

Wt123345,9(VsVs11) =
1—z— <xt4 Z zaz,?zc) + xt” Z zazgzczflze
1<a<b<c<8 1<a<b<ce<d<e<8
. VsUsr1 = 19. In this case, a single u-match that could give rise to 19 under
the collapse map must be of the form 1abbc9 where a € {5,6,7}. Two linked
u-matches that could give rise to 19 under the collapse map must be of the

form labbedde9. Finally, there is exactly one way 3 linked u-matches could

give rise to 19 under the collapse map, namely, 123345567789. Thus

4 2
Whiogsas.9(VsUs1) = 1—a —at E ZaZpZe +
1<a<b<c<9
xt’ E zazfzczzze —
1<a<b<c<d<e<9

w2023 2422 2622 2.
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. UsUsy1 = 26. In this case, a single u-match that could give rise to 26 under

the collapse map must be of the form 234456. Thus

4 .2
wt123345,9(vsvs+1) =1—a—at 232;2.

. VsUsy1 = 27. In this case, a single u-match that could give rise to 27 under

the collapse map must be of the form 2abbc7. Thus

4 2
Wt193345.9(VsVsy1) = 1 — 0 — at g 2024 Ze
2<a<b<e<?

. VsUsr1 = 28. In this case, a single u-match that could give rise to 28 under

the collapse map must be of the form 2abbc8. There is exactly one way

two linked u-matches could give rise to 28 under the collapse map, namely,
234456678. Thus

4 2 T 2. .2
wt123345’9(vsvs+1) =1—z—uxat g ZaZy2c + Tt 23252525 27
2<a<b<c<8

vsVsr1 = 29. In this case, a single u-match that could give rise to 29 under
the collapse map must be of the form 2abbc9. Two linked u-matches that
give rise to 29 under the collapse map must be of the form 2abbcdde9. Thus

4 2 7 2. .2
Wt13345,0(VsUss1) = 1 —x —t g ZaZy Ze + 1t E 2024 2c% 5%
2<a<b<e<9 2<a<b<e<d<e<9

vsUsy1 = 37. In this case, a single u-match that could give rise to 37 under

the collapse map must be of the form 345567. Thus

)
Wt193345.9(VsVs 1) = 1 — & — a0t 2425 26.

vsVsr1 = 38. In this case, a single u-match that could give rise to 38 under

the collapse map must be of the form 3abbc8. Thus

4 2
Wt123345,9(vsvs+1) =1—x—uxt g Za2p Ze-
3<a<b<e<8
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vsUsr1 = 39. In this case, a single u-match that could give rise to 39 under
the collapse map must be of the form 3abbc9. There is exactly one way

two linked u-matches could give rise to 39 under the collapse map, namely,
345567789. Thus

4 2 T, 2. 2
Whi23345.9(VsUsy1) = 1 — ¢ — t E ZaZy Ze + Xt 24252627 28
3<a<b<ec<9

vsUsy1 = 48. In this case, a single u-match that could give rise to 48 under

the collapse map must be of the form 456678. Thus

4, 2
Wti23345.9(VsVsy1) = 1 — & — 2" 2525 27.

vsVsr1 = 49. In this case, a single u-match that could give rise to 49 under

the collapse map must be of the form 4abbc9. Thus

4 2
Wt123345,9(vsvs+1) =1—x—uxt g Za2p Ze-
4<a<b<ec<9

vsVsr1 = H9. In this case, a single u-match that could give rise to 59 under

the collapse map must be of the form 567789. Thus

Wt123345,9(VsVsy1) = 1 — 0 — xt4ZGZ$ZS.
It follows that for any v € [9]" such that v has no levels,

Z sgn(B, w)wtiazzss 9(B, w) =

(B,w) is a fixed point of Ljg3345

and

C(B,w,123345)=v

— x?”(l — x)dcs(v)th)\ H wt12334579(1}51}5+1). (436)

s€Rise(v)

9 9 n
LU1(2%345($7 Zg, 1) =1+ Z LU1(2?5345,n(x» zZo)t" =

n>1

1+ Z —x?”(l — x)des(v)th)\ H wt12334579(1}51}s+1). (437)

ve[9]t lev(v)=0 s€Rise(v)



111

What we need to be able to compute the right-hand sides of (4.33)), (4.35)),
or (4.37) is the generating function over all words v € P* with no levels where we

not only keep track of the rises of P but also the type of rises of P. We do this by

substituting into an auxiliary generating function. This is the following:

By Theorem [6], we know that

1
1+ thelze TT 22 =
Z H ZnZl tr ZSQP,|S|:n AYZ(S)

wePT lev(w)=0 1>]

where

! if S={j}, and
AYZ(S) = i}

1f]’%1 ) 1+Z]Z§kt Hz 1 (x.]z]H-l - 1) lf S = {-]1 <. < jk}

where k£ > 2. Hence

gl zw TT i) _ 1 B
wew,l;v(w) gw L= Y " Yscr 51 AY Z(S) :
D1 t" D scnsj=n AY Z(S)
1 =21t 2 scpysjen AY Z(S5)
If we replace ¢ by ty and xj; by %, the left-hand side of becomes

§ \w\ des( w)+1 Sw H :L,Jl(w

wePT lev(w)=0 i>]

Note that for S = {j; < --- < jx} where k > 2, our substitution replaces
thAY Z(S) by

k—1
L Zi, Zjy Ljijisr
o i ).
1+ zZj ty 1+ 25,1y H y
—1
2 Z5
ytk J1 . Jk H(IjijiJrl - )

1+ Zjlty 1+ ijty i1

Thus if we let

L it S ={j}, and
BY Z(S) = Tt t}

. . k—1 . . .
1+Zz3j11ty T 1+Zz];ty [Tio @i —y) S ={j1 < <G}

(4.38)

(4.39)

(4.40)
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where k > 2, then the right-hand side of (4.39) becomes

YUY o1 1 Y scp s BY Z(S)
L=y or " Y scp s BY Z(S5)

(4.41)

It follows that

—a Y gyt e T = —2) 511" Xsce,sj=n BY Z(5)
7 L=y o1 1" Y gcp s1=n BY Z(S)
(4.42)

wePt lev(w)=0 i>]

Thus

N 1—(z+ t" _, BYZ(S
1— Z t'“"ydes(w)zw H i) ( Y) an1 ngmsp (S)

& L=y 51" > scpsj=n BY Z(S5)
(4.43)

wePT lev(w)=0 1>]

By setting z; = 0 for ¢« > k, we also obtain that

1— 7 Z t|w|ydes(w)2w H :L,lel(w) —

welk]*lev(w)=0 i>j
L= (24 9) Sop oy " Y s sien BY Z(S)

L=y Yt " Yscpgsi—n BY Z(S)
Note that if we replace y by (1 —x) and z;; by wt,(j7), the left-hand side of
becomes LU (2,200, t) and the left-hand side of becomes LUftk)(x,zk,t).
Similarly, if we replace y by (1—x) and z;; by ewt, (ji), the left-hand side of
becomes LEUY (%, Zoo, t) and the left-hand side of becomes LEU&k)(x, Zg, ).
Then using the fact that LN (z,z,,t) = 1/LU75P)($, Zoo, t) and that
LEN® (2,200, 1) = 1/LEUY) (2, 200, t), we have the following theorem.

(4.44)

Theorem 20. Suppose that u = uy...u; € P*, red(u) = u, lev(u) = 1, and
up < uj. Then

1—(1-x) 2@1 " ZSQIP,lS|:n BTZ,(S)
1 ZnZl tr ZSQIP’,|S|:TL BTZU(‘S)

LN® (2, 2,0,1) = (4.45)

and
1- (1 - Z’) ZnZl " ZSQP’,\S\:n EBTZU(S)

(P) —
LEN (2,200, t) L= 3o " Yscp sin EBTZ4(S)

(4.46)
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where

( .

1+Zji€17$) if S = {]}7 and
i1 o ik
BTZ,(S) = 1+z;t(l—2) 1+z,t(1—x) (4.47)

k-1 if S ={j<-- <ji}
H(wtu<jiji+1) +x—1)

\ i=1

where k > 2 and

.
1+zjt21—x) if S ={j}, and
1 . Zjk
EBTZ,(S) = 1+zt(l—x) 1+zt(1—xz) ' |
k—1 ZfS:{]1<<jk}
H(GUJtu(jijiJrl) +z—1)
\ i=1

(4.48)
where k > 2.

If we specialize the variables so that z; = 0 for all ¢ > k, then we have the

following theorem.

Theorem 21. Suppose that uw = wy...u; € [k]*, red(u) = u, lev(u) = 1, and

up < uj. Then

L= (1—a) )t > sciuisi=n BT Zu(S5)

LNW® (2, 2,t) = . (4.49)
L=t 1" D scpisi=n BT Zu(S)
and
1—(1—2)3F __EBTZ,(S
,Cg./\/’q(f) (l‘, Z, t) _ ( ) anl ZSQ[.’CHS\f’n ( ) <450)

k
1= 1" 2 s isi=n EBT Zu(S)

4.4 The case u=u;...u;, lev(u) =1, and u; = u;

In this section, we shall consider the problem of computing the generating
functions LN P (z, 2o, t), LN (2, 2,t), LEND (2,24,1), and LEN P (z, 2, 1)
for u = wy ... u; such that lev(u) = 1, u; = u;, and u has the P-level overlapping

property (or [k]-level overlapping property).
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As in the previous sections, we need to compute LUH(P) (%, Zoo, t),
LUqgk)(:c,zk,t), LEU® (%, 20, t), and LEUqSk)(:c,Zk,t). To compute these generat-
ing functions, we use Theorem [2| plus the collapse map.

First assume that v = u; ... u;, red(u) = u, lev(u) = 1, vy = u;, and u
has the P-minimal overlapping property. We can define the collapse map to fixed
points of L, or K, exactly as in the previous sections. For example, suppose that

u = 244132 and we want to compute LU2(21132(95, z7,t). By 1} we know that

LU2(21132,n(95> z7) = Z sgn(O)wt(0). (4.51)

OEO&Z132,”7L244132 (0)=0

As before, we know that if (B, w) is a fixed point of Logq132, then elements in the
bricks have no levels and if there is a level between two bricks b; and b;1 1, there
must be a 244132-match that involves the last 2 cells of b; and the first four cells
of b;+1. We have pictured such a fixed point in Figure [4.7]

@ws=[1]3]e]l6|1]a]s|7]|[7]2]5]3]2][5]4 1]

C(Bw,u)=13332541

* * *

Figure 4.7: A fixed point of Las4130.

The difference between this case and the previous case where u; > u; is that
a 244132-match of the form 75 cli will just be replaced by iz so that the collapse map
will produce words with levels in this case. Moreover, if a word v = C(B, w, u) has
a factor of the form 72 it must have come from a 244132-match in the collapse of a
fixed point of Logy130. The fact that 244132 has the minimal overlapping property
ensures that any two such 244132-matches can only intersect at the right-hand
endpoint of the first match and left-hand endpoint of the second match. In this
case a factor of the form 4i must have weight —xt* Zi<l<j§k zlzj2 D i<eei Ze i We
are computing LUQ(BAwm(a:, zy,) and —ztt >

2 . .
i<i<j A7} D1<e<i 2 if we are computing

LU2(B132,n (%, Zoo). That is, the weight corresponds to the case where we have a level
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Table 4.8: The weights wtags132.7(i4)

Levels | wtasa132,7(4%)

7 0

66 0

55 —xtt2622(21 + 22 + 23 + 24)

44 — 2t (Y4 cecacr 2e23) (21 + 22 + 23)
33 —$t4(23<c<d§7 2czq) (21 + 22)

2 | ot (Cycecaer 22

11 0

between two consecutive bricks and we deleted the second, third, fourth, and fifth
elements of the 244132-match between the two bricks. In our example, the weights
of the levels for computing LU2(21132,7L($7 z7) are listed in table .

In this case, factors in C (B, w, 244132) of the form ij where ¢ # j correspond
to a factor of 1 —x where the 1 comes from the case where ij are in the same brick
and the —x corresponds to the case where i and j are in different bricks.

It follows that for any v € [7]T,

E sgn(B, w)wtasnze (B, w) =
(B,w) is a fixed point of Log4132
C(Bw,244132)=v

— IL‘Ev(]_ — x)des(v)—l—rise(v)t\v\ H wt24413277(’082)5+1). (452)
s€Lev(v)

and

7 7 n
LU2(44)1132(xa z7,1) =1+ Z LU2(44)1132,n($, z7)t

n>1

-1+ Z —27(1 — x)des(v)Jrrise(v)t\v\ H wt244132,7(vsvs+1).

v=v1..0,€[7]T s€Lev(v)

(4.53)

As in the previous section, the case of exact matches is much simpler. In
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Table 4.9: The weights ewtogs132(i7)

Factor Welght 611]25244132,7(2']')

ij where i #£j | 1—x
1t where 1#2 |0

244
22 —x2123251

that case, we want to compute

E sgn(B,w)wt(B,w).
(B,w) is a fixed point of Ky,
C(B,w,u)=v

Going back to our example of u = 244132 over the alphabet [7], we see that factors
of the form ¢j with ¢ # j correspond to a factor of 1 — x where the 1 comes from
the case where ij are in the same brick and the —z comes from the case where @
and 7 are in different bricks. The weight associated to a level vy = v,y is 0 unless
vy = 2 and veyq = 2. If vy = 2, vsy1 = 2, then we must have eliminated a 4413
from w. Thus if we want to compute LEUQ(BBQW(IL‘, Zoo) OF LEUQ(ﬁm’n(x, zy) for
k > 4, the weights associated to factors ij are given in table It follows that
for any v € [7]7,

E sgn(B,w)wt(B,w) =
(B,w) is a fixed point of Kog44132
C(Bw,244132)=v

— xi”(l — l,)des(v)+rise(v)t|v| H €U}t244132,7(’US’US+1> (454)
s€Lev(v)

and

7 7 n
LEU2(44)1132,71(‘/E7 Z7, t) = 1 + Z LEU2(4211327,1($, Z7)t

n>1

=1+ Z —27°(1 — )t i)l H ewtasnn32,7(VsVst1).
vel7]t s€Lev(v)

(4.55)

Next suppose that v = u; ... u;, red(u) = u, lev(u) = 1, uy = u;, and u

has the P-level overlapping property or the [k]|-level overlapping property, but u
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does not have the P-minimal overlapping property. The fact that u has the P-level
overlapping property ([k]-level overlapping property) ensures that if w = wy ... w,
is word which starts and ends with a u-match and any two consecutive u-matches
in w share at least two letters, then it must case that w; = w,,. Thus under the col-
lapse map, any collapse will end up with a level of the form ¢i. The main difference
in this case is that it is possible to have the weights wt,, x (i) or wt, p(i7) correspond
to infinite families of words of different lengths even in the case where the alpha-
bet is finite. For example, suppose that © = 12133121. Then it is possible that in
a fixed point (B, w) of Li2133121, w has a factor where consecutive occurrences of
the pattern 12133121 are linked of the form ¢jiy y1ijiy2y2ijiysiji . . . ijiy,iji where
Y1, ---,Yn > 7 > @ like those that occur in the first 18 cells of the fixed point pic-
tured in Figure|4.8. For each given maximal sequence of this type, the collapse map
would eliminate all the symbols between the first and the last 7. In such a case, the
weight corresponding to the symbols that are eliminated for such a string in the col-
lapse map would be (—x)”zf”z?“z; el M = (gt) (—a)h e 2l B0 Tt
would follow that if we are working in P*, then

2.2 2\ 46
Lz 25 (Zs>i Zs) t

Lt a2izy (X %) 0
while if we are working in [k]*, then for 1 <i < F,

k
—a? (S 22) 1

k
1+ l‘zizzj (Zszi—i—l Z?) t5

wti2133121,p(11) =

wtio133121,p(01) =

and

witi19133121,5 (Kk) = 0.
7zzi2zj2- (Zs>i zg)tG

1+z22z; (Zs>i zg)t5
fact that we could have eliminated sequences of the form

That is, in each of these expressions, the series corresponds the
1LY Y18] 1Yo Y2t J1Y3Y3L ]t . . . 1J1YnYntjt for any n > 1 between the two is.
Nevertheless, we can still apply the same reasoning as above to prove that

for any v € [7]7,

Z sgn(B, w)wtizizzi01(B, w) =

(B,w) is a fixed point of Li97133121
C(B,w,12133121)=v
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‘ : : ‘-X‘ : : : I'X : i i I-XI i i : ‘-X
(B,w):“l!3!114”|4!1!3!1!7|“7!1I3Il!5|“5!1!3!1!2”

* ok * ok Kk K * ok x K * * % * ok k%

|

CBw,u) =112

*

Figure 4.8: A fixed pOth of L12133121.

B xi”(l . x)des(v)+rise(v)t|ﬂ| H wt1213312177(ysvs+1), (456)
s€Lev(v)

and

7 7 n
LU1(2%33121($7 z7,t) =1+ Z LU1(2%33121,7L($’ z7)t

n>1
=1+ Z —2z"(1 — x)des(v)ﬂise(v)t‘v' H wt12133121,7(VsVs41)
v=v1...0, E[7]T s€Lev(v)
=1+ Z —2z"(1 - x)‘vlflev(v)flﬂvl H Wt12133121,7(VsVs41)-
v=v1..0,€[7]T s€Lev(v)

(4.57)

We should note that as patterns get more complicated, it becomes in-
creasingly difficult to compute wt, p(ii) or wty(ii). For example, suppose u =
(121)°33(121)5. Then linked patterns can overlap at either 1,3,5,7, or 9 symbols.

What we need to be able to compute the right-hand sides of , ,
or (4.57)) is the generating function over all words v € P* where we not only keep
track of the levels of P but also the type of levels of P. We do this by specializing
one of our auxiliary generating functions from Chapter 2 and then substituting
into that resulting generating function. This is the following:

By Theorem [2, we know that

) 1
1+ tlelzw xJ}i(w) _
Z H ’ 1— anl tr ZUEWDIP’*,\U\:TL WDXZ(U)

weP+ 1<j
where
2; if v =7, and
WDXZ(v) =
2y 2 Hf:_ll(xjiji+1 —1) ifv=yj; > -+ > ji where k > 2.
(4.58)
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If we specialize this generating function and let z;; = 1 if ¢ < j, then we get

i 1
. o T 2410 —
" Z : H i 1—- ZnZl tr Zv:ii...i,\v]zn ADXZ(U)

wePt 1>1

where

Zi if v =i, and
ADX Z(v) =
(zi)f(xy — DF if v =di...10 where [v] =k > 2.

Hence

N 1
ol zw lei(w) _ _1
w§+ g 1 - anl tr Zu:z‘z‘...z’,\m:n ADXZ(v)
2@1 tr Zv:ii...i,|v|:n ADXZ(v)
1— ZnZl tr Zv:ii...i,\v|:n ADXZ(U)

If we replace t by ty and x;; by %, the left-hand side of |j becomes

Y

Z zf|w|zwy\w\flev(w) H xilz(w)

weP+ i>1

(4.59)

(4.60)

Note that for v =ii...i where |v| = k > 2, our substitution replaces t* ADX Z(v)

by

k—1
Lig N
Thus if we let
. if v =14, and

BDXZ(v) =
(z)f(xy —y)F 1 ifv=1ii...i where |v| =k > 2.

then the right-hand side of (4.60) becomes

Y ZnZl tr Zv:ii...i,\v|:n BDXZ(U)
l—y ZnZl tr szii‘..i,h;\:n BDXZ(v) .

It follows that

(4.61)

(4.62)
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— Z glwlylwl—lev(w)=1 5w Hxi‘ii(w) _ - anlt Zv:ii.“i,m:n BDXZ(v) |
L=y > 1Y i i joj—n BDXZ(v)
(4.63)

weP+ 1>1

Thus

1—1 Z t|w|y\w\—lev(w)—1§w Hxilz(w) _

welPt i>1
L= (2 +y) D or 1" D i i foj=n BDXZ(0)
L=y o1 " D i jojen BDXZ(v)

By setting z; = 0 for « > k, we also obtain that

(4.64)

k

Loa 3 gulyleltevtm -tz T i)

welk]+ i=1

1—(z+y) 22:1 "> i i jojen BDXZ(v)

-y 22:1 tr Zu:ii...z’,m:n BDXZ(v) '
Note that if we replace y by (1 — ) and z;; by wt,(ii), the left-hand side of
becomes LU (¥, %00, t) and the left-hand side of (4.65) becomes LUl(Lk)(x,zk,t).
Similarly, if we replace y by (1 —z) and x;; by ewt, (1), the left-hand side of
becomes LEUY (%, Zoo, t) and the left-hand side of becomes LEUqgk)(x, Zg, 1).
Then using the fact that LN'®) (z, 2., t) = 1/LUSP)(x, Zoo, t) and that
LENP (2, 25,1) = 1/LEU1SP) (%, 20, t), we have the following theorem.

(4.65)

Theorem 22. Suppose that u = uy...u; € P*, red(u) = u, lev(u) = 1, and

u; = uj. Then

o 1 - (1 o :E) ZnZl tr Zv:ii...i,|v|:n BDTZU(U)

LN® (2, 24,1) = (4.66)
1- ZnZl tr Zv:ii...i,\v\:n BDTZU(U>
and
1—-(1—=x tny ... EBDTZ,(v
LEN® (2, 200,1) = A=) 21 ™ Do il (©) (4.67)

1- anl tr Zv:ii...i,h)\:n EBDTZU(U)
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where
Z if v =14, and
BDTZ,(v) =
(2:)F(wt,(ii) +x — 1)1 if v =4i.. .7 where |v| = k > 2.
(4.68)
and

2 if v =1, and

EBDTZ,(v) =

(z:)F(ewt, (1) + 2 — 1)*1 if v = ii...i where [v| = k > 2.
(4.69)
If we specialize the variables so that z; = 0 for all ¢ > k, then we have the

following theorem.

Theorem 23. Suppose that uw = uy...u; € [k]*, red(u) = u, lev(u) = 1, and

Uy = Uy. Then

. 1— (1 - .CC) Zfz:l t" Zv:ii...i,|v|=n BDTZU(U)

LN® (2, 2.,1) = - (4.70)
1—- Zn:l tr Zv:ii‘..i,\v\:n BDTZU(U)
and
1—(1—2)F v . EBDTZ,(v
E./\/'LP)(:E,ZOO,t) = ( iznnl ZU*“‘“Z"”'*" ) (4.71)
1 - Znil t Zv:ii...i,|v|:n EBDTZU(U)

Chapter[d] in part, is currently being prepared for submission for publication
of the material. Sangha, Luvreet; Remmel, Jeffrey. The dissertation author was

the primary author of this material.



Chapter 5
Possible extensions

The methods that we have used in this paper can be modified to find gen-

erating functions of the form

§ t|w|$wdes(w)+1§w’ § t\w\xwdes(w)+1§w’
weP* umch(w)=0 wek]* ,umch(w)=0

E : t|w|xwdes(w)+lzw’ and E : t\w\xwdes(w)Jrlzw'
weP* ,eumch(w)=0 wek]* ,eumch(w)=0

in the case where wdes(u) = 1. The idea is that one can modify the reciprocal
method presented in Section 3 to replace the statistic des(w) + 1 or lev(w) + 1
by wdes(w) 4+ 1. Then one can modify the collapse map appropriately. Finally,
one needs appropriate modifications of Theorems [T} [2| [3} and [] to produce gen-
erating functions which keep track of labeled rises, levels, or descents that can be
specialized to compute the generating functions of interest.

By the isomorphism which sends a word w = w; ... w, to its reverse, w" =
w, ...wi, one can automatically produce similar generating functions where the
statistics des(w) + 1 and wdes(w) + 1 are replaced by wrise(w) + 1 and rise(w) + 1,
respectively.

One can also easily modify the methods to keep track of restricted sets of
descents. For example, given a word w = w; ... w, € P* let edes(w) = |{i : w; >

w41 and w; is even}|. Then the techniques of this thesis can be easily modified to
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find closed expressions for

§ t\w\‘I_edes(w)—&—lzw7 E : t\w\xedes(w)+1§w7
wEP* umch(w)=0 wée[k]* ,umch(w)=0

§ t|w|medes(w)+lzw’ and E : t\w\xedes(w)+12w
weP* ,eumch(w)=0 welk]* ,eumch(w)=0

in the case were edes(u) = 1.

Finally, one can extend the reciprocal methods in this thesis to give a
combinatorial interpretation of ng(x,zoo,t), éfcg(zz:,zk,t), EUl(L],IQ(x,zoo,t), and
EUIS,]f%(:B,zk,t) in the case where des(u) > 1 or of Lng(ZB,ZOO,t), LU&{Q(:&Z;C,IS),
LEUgZ(x,zoo,t), and LEUI(L?L(x,zk,t) in the case where lev(u) > 1. Basically one
has to modify the involution I,, presented in the introduction appropriately. This
has been done in the case of permutations by Quang Bach and Jeffrey Remmel in
the case of permutations [3,4]. However, in the case where des(u) > 1, for example,
the corresponding set of fixed points are much more complicated. In particular,
in the case where des(u) > 1, it will no longer be the case that in fixed points
of the modified version of [, that the underlying word will be weakly increasing
in bricks. These more complicated fixed points then require a more complicated
version of the collapse map. Nevertheless, one can still come up with closed for-
mulas for the generating functions Ul (T, Zoo, ), Uk (z, 2z, 1), cul® (,Z00,t), and
EUP (x,2z,t). This work will appear in a subsequent paper.

Chapter [5] in part, has been submitted for publication as it may appear in
Generating Functions for Descents over Words which Avoid a Consecutive Pattern,
2017, Remmel, Jeffrey; Sangha, Luvreet, Electronic Journal of Combinatorics,
2017, arXiv:1612.04900. The dissertation author was the secondary author of this

work.


http://arxiv.org/abs/1612.04900
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