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Abstract

Robust Decision Making and Mechanism Design for Algorithmic Markets and Platforms

by

Sukanya Kudva

Doctor of Philosophy in Engineering - Industrial Engineering and Operations Research

University of California, Berkeley

Professor Anil Aswani, Chair

As artificial intelligence and autonomous agents become primary actors in modern economic
systems, the dynamics of market interactions have shifted from human-led deliberation to
high-frequency, data-driven algorithmic competition. This dissertation investigates the the-
oretical foundations and practical design of robust algorithmic ecosystems, organized around
three core pillars: robust mechanism design, reliable decision-making algorithms, and strate-
gic data governance.

Part I addresses the vulnerability of classical auctions to strategic manipulation. We intro-
duce the VCG-Posted Price (V-PoP) mechanism, which uses a collusion detection oracle to
maintain incentive compatibility and efficiency in the presence of bid manipulation through
coordination. We establish welfare and revenue guarantees, demonstrating how side infor-
mation can be leveraged to improve on classical mechanisms.

Part II focuses on the challenge of building computationally efficient and reliable decision-
making algorithms in complex environments. We first propose an exact iterative algorithm
for continuous trilevel optimization, a framework essential for modeling hierarchical inter-
actions like defender-attacker-defender games. By exploiting the parametric structure of
KKT conditions, we observe finite-time convergence to the optima in our numerical experi-
ments. Additionally, we develop a tensor completion algorithm using a gauge norm over the
polytope of rank-1 tensors. This approach achieves the information-theoretic sampling rate
while maintaining computational scalability, which we validate using numerical experiments
on large-scale energy storage data.

Part III explores the role of strategic players in data sharing and governance. We analyze the
economic viability of data dividends, identifying the regulatory conditions under which plat-
forms are incentivized to compensate users for their data and invest in privacy protection.
Finally, we examine partial coordination among electric vehicle (EV) charging stations, pro-
viding analytical conditions where coalition formation may paradoxically harm participants
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or social welfare.

Together, these contributions build on techniques from mechanism design and game theory,
optimization, and statistics to provide a framework for designing algorithmic systems that are
efficient, equitable, and resilient to the strategic complexities of the modern digital economy.
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Chapter 1

Introduction

1.1 Motivation

Automation and artificial intelligence (AI) agents are increasingly embedded in the opera-
tional fabric of modern markets and platforms. These systems are qualitatively different from
those of a few decades ago, when decisions unfolded slowly and human judgment dominated
system behavior. Today’s environments are fast-paced, heavily data-driven, and continu-
ously adaptive. Technology has evolved from a passive computational instrument to an
active participant, that is, an autonomous decision-maker with its own learning dynamics,
strategic objectives, and capacity to influence system-level outcomes.

AI agents now observe information, update beliefs, and choose actions to advance their
own goals, often in competition or coordination with other agents. The resulting equilibria
may diverge significantly from socially optimal outcomes, yielding inefficiencies or welfare-
reducing externalities. In this context, mechanism design serves not only as a tool for aligning
incentives but also as a framework for shaping the collective dynamics of these algorithmic
ecosystems. As these systems adapt in real time, robust mechanism design aims to preserve
desirable outcomes even when strategic interactions give rise to unforeseen or undesirable
equilibria.

A defining feature of this paradigm shift is that failures or inefficiencies may arise en-
dogenously, stemming from interactions among rational, adaptive agents rather than from
exogenous shocks or human error. Understanding equilibrium behavior is therefore critical
for developing regulatory and algorithmic interventions that improve welfare without im-
peding innovation or efficiency. At the same time, the growing autonomy and complexity
of these systems demand robust decision-making algorithms that can operate effectively in
uncertain, dynamic, and strategic environments. Such algorithms must reason about their
informational limitations, anticipate the responses of other learning agents, and maintain
performance guarantees even when faced with adversarial or misspecified conditions.

Another central dimension of these algorithmic markets is data. Data now functions as a
key economic asset that determines the extent of personalization, innovation, and competi-
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tive advantage. The control and accessibility of data shape both the incentives and outcomes
of AI-driven decision processes. Hence, questions surrounding data governance, sharing, and
privacy must be analyzed through a strategic lens: who possesses what information, how it
can be used, and how data externalities, such as privacy breaches or market concentration,
affect the broader system.

Viewed through this lens, this dissertation explores three overarching research themes:

1. Robust Mechanism Design: How can we design mechanisms that remain robust and
guarantee desirable outcomes under adaptive strategic interactions?

2. Reliable Decision-making Algorithms: What decision-making algorithms can perform
reliably in environments populated by autonomous, strategic agents?

3. Strategic Data Governance and Sharing: How do data access, sharing, and governance
affect incentives, competition, and welfare in algorithmic markets?

Through exploring questions under these themes, this work both borrows from and con-
tributes to the methodological foundations of mechanism design and game theory, statistics,
and optimization, aiming to bridge theoretical insights with the design of practically robust
algorithmic systems.

1.2 Contributions and Outline

This dissertation is organized into three parts, each addressing one of the overarching research
themes identified above.

Part I: Robust Mechanism Design. Chapter 2 studies collusion-proof auction design
in the setting of a single-item, multi-unit auction where a subset of bidders may collude
to manipulate their bids. Classical mechanisms such as the Vickrey–Clarke–Groves (VCG)
mechanism achieve efficiency and dominant strategy incentive compatibility (DSIC) under
truthful behavior, but are known to be vulnerable to bid-shading collusion. We first establish
a Bulow–Klemperer-type result showing that recruiting additional honest bidders improves
welfare even in the presence of colluders. We then propose the VCG-Posted Price (V-
PoP) mechanism, which uses a black-box collusion detection oracle as side information to
partition bidders into non-colluding and colluding subgroups and applies VCG and posted-
price mechanisms, respectively, to each group. We prove that V-PoP is ex-post DSIC for all
bidders including colluders, design an Item Split Oracle to optimally allocate items between
the two subgroups, and establish probabilistic welfare and revenue guarantees. We further
analyze the robustness of V-PoP to bidder misclassification and validate our results through
numerical experiments across multiple valuation distributions. This chapter is based on joint
work with Edward Dowling and Anil Aswani [103].
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Part II: Reliable Decision-making Algorithms. Chapter 3 addresses the problem of
solving a continuous trilevel optimization program, which is a hierarchical decision-making
problem in which three agents make sequential decisions with coupled objectives and con-
straints. Such formulations capture Stackelberg-like games with three levels and arise natu-
rally in defender–attacker–defender models, supply chains, and machine learning pipelines.
We focus on trilevel programs with strongly convex quadratic objectives and linear con-
straints at all levels. Existing methods either focus on mixed-integer or robust linear models
via branch-and-cut and decomposition, or use gradient-based methods for nonlinear cases.
In contrast, we propose an exact iterative algorithm within a master–subproblem framework
that exploits the parametric structure of the KKT conditions at the lower levels to derive
local affine response mappings and their polytopic validity regions. These are progressively
incorporated into a relaxed master problem, yielding a non-decreasing sequence of lower
bounds; an upper bound is maintained by evaluating the followers’ reactions at the current
leader decision. We postulate finite time convergence to an optimal solution, establishing
that the total number of distinct active-set regions (and hence the number of constraints
generated) is finite. This chapter is based on joint work with Anil Aswani.

Chapter 4 develops a novel algorithm for tensor completion, which is the recovery of a
low-rank tensor from partial, possibly noisy observations. As noted in prior works, there is an
inherent trade-off between the computational complexity and the information-theoretic sam-
ple rate. We propose an algorithm that achieves the information-theoretic rate and, through
numerical experiments, show that it scales well computationally as well. The key idea is
to formulate the tensor completion problem as a convex optimization using a gauge norm
defined over the polytope of rank-1 tensors with ˘1 entries. We prove that the gauge norm
serves as a convex surrogate for tensor rank and derive generalization bounds matching the
information-theoretic rate. The resulting convex program is solved via Blended Conditional
Gradients (BCG) with an integer programming oracle for the weak separation subproblem,
augmented by a heuristic to accelerate oracle calls. We demonstrate the algorithm’s perfor-
mance on synthetic tensors of varying order and size, and on a large-scale energy storage
dataset from Ireland, where tensor completion is used to construct nonparametric predictive
models scalable to grid-level deployments. This chapter is based on joint work with Xin
Chen, Yongzheng Dai, Anil Aswani, and Chen Chen [37].

Part III: Strategic Data Governance and Sharing. Chapter 5 investigates the eco-
nomic incentives governing data dividend payments by online platforms. We model the
interaction between a platform and its users as a Stackelberg game, where the platform
first sets dividend levels and data protection investment, and users subsequently choose be-
tween high and low levels of data sharing. We characterize the platform’s optimal dividend
policy as a function of users’ privacy valuations, breach risk and loss, and the platform’s
revenue. Our analysis identifies when voluntary data dividends arise and when they do not.
Major platforms operating under typical market conditions are unlikely to pay dividends
voluntarily, but mandatory dividend requirements combined with breach liability can jointly
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incentivize platforms to invest in data protection and provide equitable compensation to
users. This chapter is based on joint work with Anil Aswani [102].

Chapter 6 examines the game-theoretic consequences of partial coordination among elec-
tric vehicle (EV) charging stations. Stations are modeled as strategic agents in a linear,
demand-sensitive price market, and we study a coalition–Nash equilibrium in which a coali-
tion of stations minimizes its aggregate cost while the remaining stations act as individual
Nash players. Contrary to the common intuition that coordination is universally beneficial,
we establish analytical conditions under which the formation of a coalition is harmful either
to coalition members, to non-coalition stations, or to society at large. We show that these
outcomes depend critically on the composition of the coalition, not merely its size, and pro-
vide a characterization of harm in terms of the stations’ demand and sensitivity. Our results
are illustrated through numerical experiments, offering design guidance for regulators and
operators of EV charging infrastructure. This chapter is based on joint work with Kshitij
Kulkarni, Chinmay Maheshwari, Anil Aswani, and Shankar Sastry [104].
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Robust Mechanism Design
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Chapter 2

Collusion-Proof Auction Design Using
Side Information

2.1 Introduction

We consider a single-item, multiple-unit auction, where r identical copies of the same item
are being sold. There are m single-minded bidders, each desiring at most one item, and
bidder i has a private valuation vi for the item and is charged payment pi on winning it.
Each bidder i aims to maximize the quasi-linear utility vi1 pbidder i wonq ´ pi. The goal of
the auctioneer is to design an efficient auction, with a payment scheme and allocation rule
that maximizes the social welfare

ř

i vi1 pbidder i wonq. If some of the bidders collude to
exchange information and monetary payments, they can collectively manipulate their bids
and harm social welfare. The colluders can manipulate their bids in two ways: (1) bid shade
to underquote their value and reduce the overall auction price, (2) bid load to overquote their
value and win more items. There is limited prior work on collusion-proof auction design [77,
128, 154], which is the main question addressed in this chapter. Unlike prior work, we
propose using side information about bidders’ collusion to design better auctions.

In the absence of collusion, when the bidders’ valuations are private, the well-known
Vickrey-Clarke-Groves (VCG) mechanism [162, 78] can be used to ensure dominant strategy
incentive compatibility (DSIC) for all bidders, that is truth-telling is the best strategy for
the bidders regardless of what others report. This mechanism also maximizes the auction-
eer’s revenue among all welfare-maximizing auctions [101]. However, the VCG mechanism is
known to be vulnerable to collusion unless the outcome is in the core [136, 46]. Moreover, it
is also known that truthful, collusion-proof mechanisms have to be posted-price mechanisms,
that is give bidders a fixed take-it-or-leave-it price [77]. Unfortunately, posted price mecha-
nisms cannot approximate expected efficiency to even a constant factor and it is impossible
to design an efficient, truthful, and collusion-proof mechanism [77], which is another reason
why collusion is challenging to deal with. Given this, we attempt to address the following
question:
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Q: How can we design an auction that achieves reasonably good performance in
both welfare and revenue, even in the presence of bidder collusion, when compared
against VCG outcomes in the no-collusion setting?

We model the colluding bidders to maximize the sum of their net utilities, and answer the
above question in two parts: (1) we characterize colluding bids in a VCG auction and prove a
Bulow-Klemperer[32] type result – that additional bidders improve welfare, even if colluding,
(2) we propose a combination of collusion detection and auction design to achieve truthful,
collusion-proof mechanisms that achieve probabilistic guarantees on expected welfare and
revenue. The main idea is that once the colluding bidders are identified, we can implement
VCG mechanism on the non-colluding bidders followed by posted price mechanism on the
colluding bidders to achieve truthfulness and optimize welfare. We also discuss how to split
the items between the two subgroups of bidders, and how to ensure truthfulness is preserved.

Our work falls under a line of literature referred to as mechanism design with side informa-
tion or learning-augmented mechanism design. The idea is to incorporate external or expert
information about strategic agents to improve the performance of classical mechanisms. In
our setting, knowledge of which bidders are colluding serves as side information and enables
the design of truthful mechanisms that outperform posted-price mechanisms, which are the
only truthful and collusion-proof mechanisms in the absence of side information [77].

Currently, conclusions drawn from collusion detection algorithms are insufficient for le-
gal incrimination, and instead some evidence of explicit communication between colluding
parties is required [81]. Given this, we argue that our approach is a step towards developing
collusion-resistant mechanisms, which can be useful as a preventative measure.

Main Technical Results

To get an intuition for the impact of collusion, consider the following example.

Example 2.1.1. Consider 5 bidders with private valuations tv1 “ 1, v2 “ 70, v3 “ 101, v4 “

102, v5 “ 103u, and r “ 3 items. The VCG mechanism allocates items to bidders 3,4,5 at
a price of 70 each, and social welfare is

ř

i vi1 pbidder i wonq “ p101 ` 102 ` 103q “ 306.
If bidders 3 and 5 collude, they could bid shade and quote 0, 103, respectively. In this case,
naively implementing VCG allocates items to bidders 2,4,5 at a lower price of 1, and social
welfare decreases to p70 ` 102 ` 103q “ 275. The colluders benefit from bid shading as
their net utility increases from pv5 ´ p5q ` pv3 ´ p3q “ p103 ´ 70q ` p101 ´ 70q “ 64 to
p103 ´ 1q ` 0 “ 102.

In the above example, the non-colluding bidders are allotted an extra item and also
benefit from the price drop. The auctioneer, however, suffers a huge loss in revenue. In fact,
this is always the case with the VCG mechanism, and the negative impact of collusion is
limited to the auctioneer[143]. The observations can be summarized in the following lemma.
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Lemma 2.1.2 (Informal). Consider the VCG mechanism for the single-item, multiple-unit
auction with single-minded bidders. If the colluders aim to maximize their net additive utility,
the following holds:

1. The colluding bidders never benefit from bid loading, and always bid shade. As a
consequence, they never take more items but they do lead to a drop in the VCG auction
price.

2. Neither the utility of each non-colluding bidder nor the net utility of colluding bidders
decreases. However, the auctioneer’s utility (i.e., their revenue) is non-increasing.

3. Due to collusion, the social welfare and revenue are also non-increasing, and the drop
in welfare is entirely attributed to a decrease in the auctioneer’s utility.

It may seem counterintutitive that the colluding bidders do not bid load to take more
items. The reason for this is that bid loading leads to a hike in the VCG price, and since
the colluders do not have complementary effects in their net utility, they cannot make up
for the loss from price hike. Instead, they bid shade, give up items if necessary, and cut
down on the price to maximize their utility. This creates a win-win situation for both the
colluding and non-colluding bidders while only hurting the auctioneer. These results extend
to an auction with different types of items and where each bidders’ valuation of a subset of
items is complement-free [143].

Using the above characterization for colluding bidders’ strategy, we prove a Bulow-
Klemperer type result for VCG auctions with colluding bidders, as stated below. Similar to
the original Bulow-Klemperer result [32], the main implication in our result is that recruiting
more honest bidders improves welfare when compared to the best, welfare-maximizing, and
collusion-proof auction mechanism.

Theorem 2.1.3 (Informal). Assume the bidders’ true valuations come from an i.i.d distri-
bution. In a multi-unit auction of a single good, when there are colluding bidders maximizing
their net additive utility, the following holds:

E
“

WelfV CG(Non-colluding Y Colluding Y New)
‰

ě E
“

WelfOPT (Non-colluding Y Colluding)
‰

where New denotes the set of newly introduced honest bidders, whose cardinality is at least
that of the colluding bidders.

Despite the guarantees provided by the above theorem, colluding bidders may still de-
viate from truthful bidding in the VCG mechanism. To address this, we propose a hybrid
mechanism that partitions bidders into non-colluding and colluding bidders, and applies two
mechanisms, VCG and posted price, respectively. We refer to this mechanism as VCG-
Posted Price (V-PoP). We design an Item Split Oracle to optimize the expected welfare (or
a good proxy thereof) and calculate the optimal split of items berween the two sub-groups
of bidders. We show counterexamples to illustrate how naive approaches do not preserve
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truthfulness and emphasise a careful design of the oracle. We show that V-PoP is ex-post
dominant strategy incentive compatible (DSIC) for all bidders, even in the presence of col-
lusion.

We further establish guarantees on the expected welfare and revenue under the following
assumptions: (1) bidders’ valuations are independent and identically distributed (i.i.d.), and
(2) a black-box collusion detection algorithm is available to identify colluding bidders. Our
main result is stated below.

Theorem 2.1.4 (Informal). Let the bidders’ valuations be i.i.d. random variables with
cumulative distribution function F p¨q. When F p¨q is known, the expected welfare of the
proposed mechanism can be optimized such that

ErWelfV-PoPpNon-colluding Y Colludingqs ě ErWelfVCGpNon-colludingqs .

A similar guarantee holds for the expected revenue, i.e.,

ErRevV-PoPpNon-colluding Y Colludingqs ě ErRevVCGpNon-colludingqs ,

with a probability that depends on how the items are divided between the non-colluding and
colluding bidders.

If, instead, F p¨q is unknown but invertible, and its inverse (the quantile function) Qp¨q

satisfies
Lx ď Qpxq for some known constant L ą 0,

we design two mechanisms that respectively optimize minorants of the expected welfare and
expected revenue. We further show that the corresponding welfare and revenue guarantees
hold probabilistically. Numerical simulations demonstrate that these mechanisms perform
well empirically. Note that since the expected revenue serves as a lower bound on the expected
welfare, it can be interpreted as a minorant of the welfare objective.

Finally, we conduct numerical experiments using different distributions for bidders’ val-
uations to compare four mechanisms: (1) VCG assuming both non-colluding and colluding
bidders are truthful, (2) VCG applied only to the non-colluding bidders, (3) VCG in the
presence of collusion and bid shading (i.e., untruthful VCG), and (4) our proposed V-PoP
mechanism. In our setup, we observe that V-PoP consistently outperforms VCG applied
only to the non-colluding bidders, both in terms of average welfare and average revenue. As
the number of non-colluding bidders increases, the performance of V-PoP approaches that
of the best baseline, the VCG mechanism with all bidders assumed to be truthful.

Since V-PoP enforces truthfulness among colluding bidders through a posted-price mech-
anism and does not guarantee that all items are sold, some welfare and revenue loss is in-
evitable. However, when the group of colluding bidders is sufficiently large, no items remain
unsold under V-PoP, and it outperforms all other mechanisms except the idealized VCG
with fully truthful bidders, a theoretical upper bound that no mechanism can surpass.
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Related Work

Mechanism design with side information. In contrast to our work that considers the
knowledge of colluding bidders as side information, most prior work considers side infor-
mation about bidder types, i.e., parameters related to preferences or item valuations [50,
14, 167]. For instance, information about correlated bidder types has been used to identify
bidders generating the least welfare (i.e., the weakest types) and to improve the perfor-
mance of the VCG mechanism [14, 167]. Devanur et al. [50] study revenue-maximizing
auctions where bidders lie on a continuum and can be distinguished using side information.
Learning-augmented algorithms have also been used to design strategy-proof mechanisms in
application-specific domains such as job scheduling [15] and facility location [2].

Prior-independent mechanism design. The VCG mechanism, widely adopted for
welfare maximization, does not require prior information about the distribution of bidders’
valuations [78, 41]. In contrast, the Myerson auction which is optimal for revenue maximiza-
tion, does rely on such priors. Subsequent work on prior-independent auctions has achieved
constant-factor approximation guarantees to the optimal expected revenue and analyzed
sample complexity requirements for heterogeneous bidders and specific distribution classes
[51, 42]. The truthful auctions proposed in this chapter offer similar constant-approximation
guarantees for welfare and revenue. While we do not assume complete knowledge of the
valuation distributions, we require certain parameters that bound their quantiles.

Another foundational result in this domain is the Bulow–Klemperer theorem, which shows
that welfare maximization via a prior-independent VCG with additional bidders can achieve
nearly optimal revenue [32, 83, 55]. In a similar spirit, we establish a Bulow–Klemperer type
result in the presence of colluding bidders, showing that in a (non-truthful) VCG mechanism,
adding more bidders improves total welfare, even when some bidders collude.

Collusion-resistant mechanisms. Most auction mechanisms, including VCG, are vul-
nerable to collusion [117, 11]. The notion of collusion-proofness, where no subset of bidders
can benefit through communication or side payments, is quite strong and restricts mecha-
nisms to posted-price formats, which cannot optimize non-trivial objectives without prior
information about the bids [77]. As a result, weaker notions of collusion-resistance, such
as t-truthfulness and group strategy-proofness, are often considered. Under t-truthfulness,
where any coalition of size at most t maximizes its total expected utility by bidding truthfully,
approximately efficient and optimal mechanisms have been proposed using consensus tech-
niques [77]. An even weaker notion, group strategy-proofness, disallows monetary transfers
among colluding bidders and requires that any deviation benefiting one bidder must harm
another [92, 21]. Mechanisms satisfying this property have been characterized and studied
in various settings, including network design games [128, 38, 154] and queueing models [119,
95]. In contrast, this chapter introduces a new notion of collusion-resistant mechanism de-
sign: Given knowledge of which bidders are colluding, how can we guarantee that they bid
truthfully?

Collusion detection. We assume access to a black-box collusion detection algorithm
that classifies bidders into colluding and non-colluding groups. Collusion detection, particu-
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larly in public procurement auctions, has been extensively studied using statistical techniques
[36, 44, 115]. A comparative study of machine learning approaches for collusion detection is
presented in [71], while a game-theoretic approach based on mutual information is proposed
in [28]. In the more recent context of tacit algorithmic collusion [7, 34], a variety of methods
have been developed, including dynamic testing [81] and statistical testing [82].

2.2 Preliminaries

We consider a set of all biddersM with |M| “ m. We assumeM is partitioned into two disjoint
subsets: the non-colluding bidders N and the colluding bidders C, such that M “ N Y C and
m “ |M| “ |N| ` |C| “ n ` c.

Let b “ pb1, ¨ ¨ ¨ , bmq and v “ pv1, ¨ ¨ ¨ , vmq be the bid and true valuation vectors, respec-
tively, where bi is the bid received from bidder i. Designing an auction mechanism comprises
two components: (1) an allocation scheme xipbq, and (2) a payment scheme pipbq for each
bidder i. These are determined before the bids are collected.

Definition 2.2.1 (Utility of Bidders and Auctioneer). We assume that each bidder i is
rational and submits bid bi to maximize their utility uipbi, bi´q “ vixipbi, bi´q ´ pipbi, bi´q,
where bi´ are the bids of all other bidders except i. The auctioneer receives utility from the
total payments collected, defined as uapbq “

ř

iPM pipbq.

Given this framework, we define welfare and revenue. In the literature, auctions that
maximize welfare and revenue are referred to as efficient and optimal auctions, respectively.
We focus on efficiency while maximizing revenue to the extent possible.

Definition 2.2.2 (Welfare and Revenue). Welfare is the total utility of all participants (all
bidders and the auctioneer). Hence, welfare is Welfpbq “ uapbq `

ř

iPM uipbq “
ř

iPM vixipbq.
Revenue is the total payment made to the auctioneer: Revpbq “ uapbq “

ř

iPM pipbq.

We now introduce notation based on order statistics to allow for clear reference to ranked
bids and valuations. For any set of bidders S, let bsk and vsk be the kth-largest bid and true
valuations within S, respectively. Define Bs

r “ tbs1, ¨ ¨ ¨ , bsru and Vs
r “ tvs1, ¨ ¨ ¨ , vsru to be the

sets of the top r bids and true valuations from S, respectively. The complements of these
sets are defined as Bs

r “ Bs
szB

s
r “ tbsr`1, ¨ ¨ ¨ , bsnu and similarly, Vs

r “ Vs
szV

s
r “ tvsr`1, ¨ ¨ ¨ , vsnu.

To differentiate observed bidders’ valuations v from their underlying random variables,
we use capital letters V to denote the latter. Also, Vs

r and Vs
r denote sets of observed and

random bidders’ valuations. Similarly, notations for observed and realized bids and their
sets are b, Bs

r and B, Bs
r, respectively.

Definition 2.2.3 (VCG Mechanism). In an auction with r identical items, the VCG mech-
anism prescribes: (1) allocation xipbq “ 1 pbi P Bm

r q, (2) payment pipbq “ bmr`11 pbi P Bm
r q for

each bidder i. In the absence of collusion, the mechanism ensures (ex-post) DSIC by guaran-
teeing each winning bidder i an information rent of vi´pipbq, which incentivizes truth-telling
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(b “ v). This property, in turn, guarantees efficiency since the auction maximizes the welfare
ř

i vixipbq and the items are given to bidders who value them the most.

Model for Colluding Bidders

Let bn and bc be the bids submitted by the non-colluding and colluding bidders, respectively.
True valuations vn and vc are defined similarly.

Definition 2.2.4 (Utility of Colluding Bidders). We assume that the colluding bidders act as
a unified entity to maximize the sum of their individual utilities, allowing for both information
exchange and monetary transfers amongst them. The joint utility of the colluding bidders is:
ucpbc, bnq “

ř

iPC vixipb
c, bnq ´ pipb

c, bnq.

2.3 VCG in the Presence of Collusion

We characterize the effects of colluding bidders on welfare and revenue when the VCG auction
is conducted without accounting for collusion. Define rn and rc as the number of items
allotted to non-colluding (N) and colluding (C) bidders, respectively, such that rn ` rc “ r
(total items).

The phenomena of bid shading (bidding a value lower than the true item valuation) and
shill bidding (a single bidder entering the auction as multiple bidders) have been studied
in literature [143]. Their main observation is that substitute items incentivize integration
and bid shading (as in our setup), while complement items incentivize disintegration (shill
bidding) and possibly higher bids. In our setting without complements, the losing colluding
bidders optimally shade bids to zero, effectively behaving as a single non-competitive bidder.
In the next lemma, we state these results for our setting and give a simpler proof tailored to
this special case for completeness.

Lemma 2.3.1 (VCG Equilibrium in Presence of Collusion). Let rCol
c pr˚

cq, rCol
n pr˚

nq and bColpb˚q

be the number of items allocated to colluding bidders, items allocated to non-colluding bidders,
and the optimal bids in the presence (absence) of collusion, respectively, using the VCG
mechanism. Then, the following holds:

1. Colluding bidders do not obtain more items through collusion, i.e., rCol
c ď r˚

c. Further-
more, colluding bidders always shade their bids and never bid load, i.e., bc,Col

i ď vci ,
@i P C. In fact, they either bid 0 or their true valuation vci .

2. The utility of each non-colluding bidder and of the collective of colluding bidders does
not decrease due to collusion. That is, uipb

˚q ď uipb
Colq @i P N and ucpb˚q ď ucpbColq.

However, the revenue of the auctioneer does not increase, and could instead decrease.
That is, uapb

˚q ě uapb
Colq.
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3. Welfare and revenue are both non-increasing as a consequence of collusion. That is,
Welfpb˚q ě WelfpbColq and Revpb˚q ě RevpbColq.

Corollary 2.3.2. The fact that colluding bidders only bid shade and do not bid load leads
to an interesting observation that additional bidders improve welfare and revenue, even if
colluding. That is, WelfV CG(N Y C) ě WelfV CG(N) and RevV CG(N Y C) ě RevV CG(N).

We use the above observations to prove a Bulow-Klemperer type result.

Theorem 2.3.3 (BK Theorem for Collusion). Say, the true valuations of the bidders come
from an i.i.d distribution. In a multi-unit auction of identical goods, when there are colluding
bidders maximizing their net additive utility, the following holds:

E
“

WelfV CG(N Y C Y rN)
‰

ě E
“

WelfOPT (N Y C)
‰

where WelfV CG(S) and WelfOPT (S) denote the welfare achieved using a VCG mechanism and
a collusion-proof efficient mechanism on bidders in set S, some of who could be colluding
and reporting untruthful bids. Importantly, rN denote a set of new non-colluding bidders such
that

ˇ

ˇrN
ˇ

ˇ “
ˇ

ˇC
ˇ

ˇ.

The key idea behind the Bulow-Klemperer theorem in literature [32] is that the effort of
finding optimal auctions is better spent on recruiting an additional bidder. Our theorem has a
similar interpretation: recruiting

ˇ

ˇC
ˇ

ˇ more honest bidders improves both welfare and revenue
when compared to the best, welfare-maximizing, and collusion-proof auction mechanism.

2.4 Truthful Auction in the Presence of Collusion

Since colluding bidders are untruthful in the VCG mechanism, we henceforth focus on design-
ing mechanisms that remain truthful in the presence of collusion. To this end, we introduce
a mechanism, which we refer to as VCG- Posted Price (V-PoP) mechanism. This mecha-
nism partitions the bidders into two sub-groups- of non-colluding and colluding bidders- and
implements the VCG mechanism and the posted price on these subgroups, respectively. The
choice of posted price for colluding bidders is because it is the only collusion-proof and truth-
ful mechanism [77]. To ensure truthfulness among all bidders, it is crucial to carefully design
how allocated items are split between the two subgroups; the choice of VCG or posted price
mechanisms alone is insufficient. A naive implementation may incentivize both colluding
and non-colluding bidders to overbid to increase the likelihood that more items are allocated
to their subgroup, thereby improving their own chances of winning (see Remark 2.4.1 for
concrete example). The mechanism is outlined in Algorithm 1.

Notice that our posted price is set using the VCG price from non-colluding bidders, and
hence all winning bidders are charged the same price. Next, we design the Item Split Oracle
to ensure truthfulness.
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Algorithm 1 VCG-Posted Price (V-PoP) Mechanism

1: Input: Total number of items r; non-colluding bidders N and colluding bidders C with
sealed/unrevealed bids bn and bc; Item Split Oracle (bn, n, c)

2: Output: Allocation xi and payment pi for each bidder i P N Y C.

3: Calculate k˚ ÐItem Split Oracle (bn, n, c)

4: Phase 1: Run VCG on N with k˚ items
5: Winning non-colluding bidders: Wn Ð ti P N | bi P Bn

k˚u.

6: Phase 2: Run posted price on C with r ´ k˚ items
7: Qualifying colluding bidders: Ŵc Ð ti P C | bci ą bnk˚`1u.

8: if |Ŵc| ą r ´ k˚ then
9: Winning colluding bidders: randomly select a subset Wc Ď Ŵc of size r ´ k˚.
10: else
11: Wc Ð Ŵc.
12: end if

13: Winners: W Ð Wn Y Wc

14: Allocate items: xi Ð 1 @i P W, 0 otherwise.
15: Charge price: pi Ð bnk˚`1 @i P W.

Algorithm 2 Item Split Oracle

1: Input: Total number of items r; number of non-colluding bidders and colluding bidders
n, c respectively; non-colluding bids bn; function Mpk,Bn

kq.
2: Output: Optimal split of items k˚, where k˚ and r ´ k˚ items are to be allocated to

non-colluding and colluding bidders respectively.
3: k˚ Ð argmaxkPt0,¨¨¨ ,ru E

“

Mpk,Bn
kq
‰

Remark 2.4.1. With an example, we show that a naive implementation of either the Item
Split Oracle(bn, n, c) or the final allocation of items in Algorithm 1 incentivizes untruthful
bidding. Say k˚ is computed using the Item Split Oracle, which in turn does not use the
bids bn, so the oracle itself cannot be manipulated through untruthful bids. If, after Phases
1 and 2, the r items are allocated by randomly selecting winners from Wn Y Ŵc (instead of
W as in Algorithm 1), the mechanism is no longer truthful. Colluders could strategically bid
the maximum allowed value to increase their expected allocation without affecting the price.
For example, let r “ 2, non-colluding bids be t1, 2u, and colluding valuations be t1, 2, 3u. If
the price is p “ 1, then colluders bid t3, 3, 3u to strictly increase their expected number of
allocated items when items are randomly distributed among those with bids above p.

In the below theorem, we claim that our mechanism is truthful for all bidders when
the Item Split Oracle in Algorithm 2 is used. The intuition is that not using the realized
non-colluding bids in the oracle is an obvious way to ensure truthfulness.
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Theorem 2.4.2 (V-PoP Truthfulness). The mechanism in Algorithm 1 is (ex-post) DSIC
for all bidders, including colluding bidders C.

Let WelfV-PoPpNYC; kq and RevV-PoPpNYC; kq be the welfare and revenue, respectively,
from the V-PoP mechanism when k items are allocated to non-colluding bidders. In the
rest of the chapter, we focus on optimizing V-PoP to achieve good welfare and revenue
guarantees.

Exact Expected Welfare Optimization

The key idea of our mechanism is to set the value of k˚ using expected welfare (or an
appropriate proxy thereof) as Mpk,Bn

kq in the Item Split Oracle to achieve strong welfare
guarantees. We use prior information about the distribution of bidders’ valuations and
some of the realized bids bn to calculate this function. In the next lemma, we derive a
useful expression for the expected welfare conditioned on the price. We use the following
assumption, which is required to compute the expected welfare.

Assumption 2.4.1. Let the true valuations of all the bidders be i.i.d. and come from a
distribution with cumulative density function (CDF) Fp¨q, which is invertible, with the inverse
as the quantile function Qp¨q. Sufficient conditions for invertibility of F p¨q are monotonicity
and continuous differentiability.

Lemma 2.4.3 ((Conditional) Expected Welfare). Let Assumption 2.4.1 hold. The expected
welfare conditioned on the price from the V-PoP mechanism can be calculated as follows:

E
“

WelfV ´PoP pN Y C; kq | Vn
k

‰

“ E
“

QpUq
ˇ

ˇ U ě F pvnk`1q
‰

¨
`

k ` E
“

G
`

|Ŵc|, vnk`1; k
˘ ˇ

ˇ vnk`1

‰˘

,

where G
`

|Ŵc|, vnk`1; k
˘

“ |Ŵc|1
!

|Ŵc| ď r ´ k
)

`
E
„

řr´k
i“1

QpU
|Ŵc|
i

q|U
|Ŵc|

|Ŵc|
ěF pvnk`1q

ȷ

ErQpUq|UěF pvn
k`1

qs
1
␣

|Ŵc| ą r ´ k
(

,

U „ Uniformr0, 1s and |Ŵc| | vnk`1 „ Binomial
`

C, 1 ´ F pvnk`1q
˘

is the number of colluding
bids above price cut-off vnk`1.

When the CDF F p¨q and quantile Qp¨q are known, the above lemma gives a way to
easily compute the conditional expected welfare numerically. In the next theorem, we derive
welfare guarantees when Mpk,Bn

kq is set to this expected welfare.

Theorem 2.4.4 (Expected Welfare Optimization). Let Assumption 2.4.1 hold. In the Item
Split Oracle, set M

`

k,Bn
k

˘

“ E
“

WelfV ´PoP pN Y C; kq | Vn
k “ Bn

k

‰

as in Lemma 2.4.3. Then,
the VCG-Posted Price mechanism (V-PoP) has the following welfare guarantees:

E rWelfV ´PoP pN Y C; k˚
qs ě E rWelfV CGpNqs ,

where WelfV CGpNq is the welfare achieved using the VCG mechanism on non-colluding bid-
ders. Moreover, the following revenue guarantee holds for all the approaches with probability
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at least P pk˚q:

E rRevV ´PoP pN Y C; k˚
qs ě E rRevV CGpNqs ,

where P pk˚q “
řc
q“r´k˚

`

c
q

˘

BpC`N´k˚´q,q`k˚`1q

BpN´k˚,k˚`1q
with Bp¨, ¨q is the beta function and RevV CGpNq

is the revenue achieved using the VCG mechanism on non-colluding bidders.

By optimally splitting items between the two groups, V-PoP achieves at least the welfare
(and often revenue) of running VCG on only non-colluders, leveraging side information for
improved efficiency.

Corollary 2.4.5. Since E rWelfV CGpNqs ď E
“

WelfV ´PoP pN Y C; k˚q
‰

ď E rWelfV CGpN Y Cqs.
For finite number of items r and colluding bidders |C|, lim|N|Ñ8 ErWelfV CGpNqs “

ErWelfV CGpN Y Cqs should hold. Therefore,

lim|N|Ñ8 E
“

WelfV ´PoP pN Y C; k˚q
‰

“ E rWelfV CGpN Y Cqs .

As the number of non-colluding bidders grow large, V-PoP’s performance converges to
that of the ideal VCG mechanism with all bidders, showing that the hybrid design asymp-
totically closes the welfare gap due to collusion.

Minorant-based Expected Welfare Optimization

If F p¨q and Qp¨q are unknown, we could calculate a minorant of the expected welfare with
some minimal information about Qp¨q and optimize that instead in our mechanism.

Assumption 2.4.2. [Quantile Function] Let D L ą 0 s.t. Lx ď Qpxq @x P r0, 1s.

The above assumption is satisfied by many distributions. For example, distributions
with bounded support starting from β ě 0 and bounded from above as fpV q ď 1

L
@V , where

fp¨q is the probability density function, satisfy it. The next lemma links order statistics of
bidders’ valuations to those of samples from a uniform distribution, establishing a simple
way to bound valuations using the quantile function’s upper and lower slopes.

Lemma 2.4.6. Given that Assumptions 2.4.1 and 2.4.2 hold, an order statistic V s
k satisfies

LU s
k ď V s

k , where U s
k is the k-th largest order statistic among S i.i.d. standard uniform

samples. Furthermore, F pV n
k q “ Un

k .

Next, we construct two different minorants for expected welfare.

Lemma 2.4.7 (Minorant of Welfare). Let Assumptions 2.4.1 and 2.4.2 hold. Then,

E rWelfV ´PoP pN Y C; kqs ě E
”

Lp1`Un
k`1q

2 ¨ rpk, Un
k`1q

ı

,

where rpk, Un
k`1q “ k `

řc
q“0 Ĝpq, Un

k`1; kq
`

c
q

˘`

1 ´ Un
k`1

˘q`
Un
k`1

˘c´q
can be interpreted as the

effective number of items sold, in terms of welfare, in the mechanism. and Ĝpq, Un
k`1; kq “
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q1tq ď r´ ku `
2pr´kq

p1`Un
k`1q

`

1 ´
p1´Un

k`1qpr´k`1q

2pq`1q

˘

1tq ą r´ ku, and the expectation is over Un
k`1 „

Beta pN ´ k, k ` 1q.

Since the utility of all bidders and the auctioneer is non-negative, WelfV-PoPpNYC; kq ě

RevV-PoPpNYC; kq. Hence, a minorant of the revenue is also a valid minorant of the welfare.

Lemma 2.4.8 (Minorant of Revenue). Let Assumptions 2.4.1 and 2.4.2 hold. When all
bidders are truthful,

E rRevV ´PoP pN Y C; kqs ě E
“

LUn
k`1 ¨ r̃pk, Un

k`1q
‰

,

where r̃pk, Un
k`1q “ k `

řc
q“0mintr ´ k, qu

`

c
q

˘`

1 ´ Un
k`1

˘q`
Un
k`1

˘c´q
is expected number of

items sold in the mechanism and the expectation is over Un
k`1 „ Beta pN ´ k, k ` 1q.

In the next theorem, we discuss welfare and revenue guarantees for when the welfare and
revenue-based minorants are used in the V-PoP mechanism. We show that optimizing over
the welfare minorants ensures that the mechanism maintains truthfulness and still achieves a
quantifiable welfare and revenue guarantees, even with incomplete distributional knowledge.

Theorem 2.4.9 (Minorant-based Welfare Optimization). Let Assumptions 2.4.1 and 2.4.2
hold. In the Item Split Oracle, set

E
“

Mpk,Bn
kq
‰

“ E
“

Lp1`Un
k`1q

2 ¨ rpk, Un
k`1q

‰

or E
“

Mpk,Bn
kq
‰

“ E
“

LUn
k`1 ¨ r̃pk, Un

k`1q
‰

,

where rpk, Un
k`1q “ k `

řc
q“0 Ĝpq, Un

k`1; kq
`

c
q

˘`

1 ´ Un
k`1

˘q`
Un
k`1

˘c´q
with Ĝpq, Un

k`1; kq “

q1tq ď r ´ ku `
2pr´kq

p1`Un
k`1q

`

1 ´
p1´Un

k`1qpr´k`1q

2pq`1q

˘

1tq ą r ´ ku and r̃pk, Un
k`1q “ k `

řc
q“0mintr ´

k, qu
`

c
q

˘`

1 ´ Un
k`1

˘q`
Un
k`1

˘c´q
is expected number of items sold in the mechanism, and the

expectation is over Un
k`1 „ Beta pN ´ k, k ` 1q. As shown in Lemmas 2.4.7 and 2.4.8, these

choices of Mp¨, ¨q serve as minorant of expected welfare and revenue, respectively. Under this
setting, the VCG-Posted Price mechanism has the following welfare and revenue guarantees
with probability at least P pk˚q:

E rWelfV ´PoP pN Y C; k˚
qs ě E rWelfV CGpNqs ,

E rRevV ´PoP pN Y C; k˚
qs ě E rRevV CGpNqs

where P pk˚q “
řc
q“r´k˚

`

c
q

˘

BpC`N´k˚´q,q`k˚`1q

BpN´k˚,k˚`1q
with Bp¨, ¨q is the beta function andWelfV CGpNq

and RevV CGpNq is the welfare and revenue respectively achieved using the VCG mechanism
on non-colluding bidders.
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2.5 Numerical Experiments

To evaluate the performance of our proposed mechanism, we conduct numerical simulations
and compare it against the standard VCG auction, both with and without bidder collusion.
We conduct multi-unit auctions with a total number of items r “ 10, the number of colluding
bidders C “ 10 and 100, and the number of non-colluding bidders (N) varies from 1 to 50
to observe performance under different percentages of collusion in the market. The bidders’
private valuations for an item are drawn independently from a common distribution. We
perform tests using different distributions and corresponding quantile function Qp¨q and
parameter L as listed in the Table 2.1.

Distribution Quantile Function, Qpxq L
Uniform Qpxq “ x 1
Trapezoidal Qpxq “ 2 ´

?
4 ´ 3x 3/4

Quadratic Qpxq “ 1 ´ p1 ´ xq1{3 1/3
Sinusoid Qpxq “ sinpπx{2q 1

Table 2.1: Bidder Valuation Distributions and Quantile Function Properties

We simulate and compare the outcomes of four different mechanisms:

1. Truthful VCG with All Bidders (VCG(N Y C)): It is a standard VCG auction where
all |N Y C| bidders are assumed to bid their true valuations.

2. Truthful VCG with Non-colluders (VCG(N)): It measures the VCG outcome in an
auction with only the N non-colluding bidders.

3. VCG with Collusive Bid-Shaving (VCG w/ Collusion(NYC)): This scenario models a
VCG auction where the N non-colluders bid truthfully, but the C colluders strategi-
cally “shave” their bids. The colluders calculate and submit bids that maximize their
collective utility, based on the non-colluders’ bids as derived in Lemma A.0.1.

4. VCG-Posted Price (V-PoP (NYC)): This is our proposed mechanism, with a minorant-

based optimization using E
“

Mpk,Bn
kq
‰

“ E
”

Lp1`Un
k`1q

2 ¨ rpk, Un
k`1q

ı

. The expectation

is evaluated numerically using a sum-based integration method over Un
k`1 „BetapN ´

k, k ` 1q distribution.

The experiments follow a Monte Carlo simulation approach. For each value of N (the
number of non-colluders), we run 1,000 independent repetitions of the mechanisms. In each
repetition, new valuations are drawn for all bidders, and the outcomes of the four mechanisms
are recorded. The performance of each mechanism is evaluated based on two key metrics,
which are averaged over the 1,000 repetitions: (a) total revenue: the total payment received
by the seller, and (b) social welfare: the sum of the valuations of the bidders who receive an
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(a) (b)

(c) (d)

Figure 2.1: Numerical results for Uniform distribution.

item. We plot how these metrics evolve for each mechanism as the number of non-colluding
bidders increases from 1 to 50.

In Figure 2.1, we compare the performance of the mechanisms under the uniform distri-
bution. As established in Corollary 2.4.5, the expected welfare satisfies

ErWelfV CGpNqs ď ErWelfV ´PoP pN Y C; k˚
qs ď ErWelfV CGpN Y Cqs ,

and we observe in the average welfare plots that

lim
|N|Ñ8

ErWelfV ´PoP pN Y C; k˚
qs “ ErWelfV CGpN Y Cqs .

The proposed V-PoPpN Y Cq mechanism consistently outperforms VCGpNq in both average
welfare and revenue. Empirically, V-PoP achieves performance well beyond its theoretical
guarantees established in Theorem 2.4.9.

As the number of colluding bidders increases from C “ 10 to C “ 100, both welfare
and revenue improve. Although this may seem counterintuitive, the effect can be explained
by the higher probability that all items reserved for colluders are sold, as also supported
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by Theorem 2.4.9. Similar qualitative behavior is observed under other value distributions–
sinusoidal, trapezoidal, and quadratic–the corresponding plots of which are included in the
appendix.

2.6 Conclusion

This chapter introduces the VCG-Posted Price (V-PoP) mechanism, a new approach to auc-
tion design that remains truthful and efficient even in the presence of bidder collusion. Our
results demonstrate that side information, specifically the identification of colluding bidders,
can be leveraged to design mechanisms that are simultaneously truthful and collusion-proof.
By combining a VCG mechanism for non-colluding bidders with a posted-price mechanism
for colluding bidders, V-PoP achieves provable guarantees on expected welfare and revenue.

We also show that colluding bidders optimally shade their bids, never overbidding, and
that adding colluding bidders can only improve welfare and revenue relative to the non-
collusive baseline, establishing a Bulow–Klemperer type result for collusive environments.

Empirical evaluations further confirm that V-PoP consistently outperforms VCG re-
stricted to non-colluding bidders and approaches the performance of fully truthful VCG
outcomes. In follow up work, we generalize the item split oracle to use some of the realized
non-colluding bids while still preserving truthfulness [103]. An important direction for future
work is to extend these results to settings with heterogeneous items and online settings.
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Part II

Reliable Decision-making Algorithms
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Chapter 3

Trilevel Optimization Problem

3.1 Introduction

Multilevel optimization problems arise naturally in settings where decisions are taken sequen-
tially over time or are organized in a hierarchy of decision makers [114]. Such models capture
strategic interactions between agents with different levels of authority or information, and
have been widely adopted in engineering, operations, and economics.

An important application is the defender–attacker–defender (DAD) models for critical
infrastructure protection, in which a defender first allocates limited security resources, an
attacker subsequently disrupts components, and the defender finally deploys remedial ac-
tions to restore service [164, 75, 40]. DAD models have been used to study the resilience of
power grids, water distribution systems, and gas networks under targeted attacks. Multilevel
structures also appear in decentralized industrial environments, such as supply chains and
electricity markets, where upstream and downstream agents optimize coupled decisions. Ex-
amples include the coordinated planning of manufacturers, distribution centers, and retailers
in supply chains, and hierarchies involving regulators, transmission system operators, and
generation companies in electricity markets [97, 63, 113]. More recently, trilevel formulations
have emerged in models that rely on upstream prediction for decision making, where one
seeks to learn ML models whose outputs are subsequently used in downstream optimization
problems [56].

In this chapter, we consider a continuous trilevel problem with strongly convex, quadratic
objectives and linear constraints at all three levels. Most trilevel algorithms, which focus
on mixed integer or robust linear models and rely on branch-and-cut and decomposition
methods [17, 164, 75, 40, 62], or use gradient-based methods for non-linear trilevel problems
[142, 140, 110, 91]. In contrast, our method treats a fully continuous problem and develops
an exact, iterative method to provide an optimal solution in finite time. The key difficulty
lies in handling the nested bilevel structure at levels 2 and 3, and we exploit the parametric
structure of the lower levels to derive optimal responses given the corresponding active sets
of Karush-Kuhn-Tucker (KKT) conditions. We postulate that the finiteness of active set
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regions and corresponding distinct constraints to tighten our relaxation problem leads to
finite time convergence of our algorithm.

Related Work

Bilevel optimization. The common solution strategy for bilevel problems with convex
lower level is KKT reformulation yielding a single level mathematical program with comple-
mentarity constraints (MPCC) [48]. While KKT reformulations are exact when the lower
level is strongly convex (for instance, with a strictly convex objective and independent linear
constraints), they suffer from degenerate constraint structure and find local optimal solu-
tions at lower levels instead of global optima [47, 26]. For mixed integer bilevel programs,
various cutting plane approaches have been studied, where the master problem is a high
point relaxation that progressively adds valid inequalities derived from the lower level sub-
problem, yielding monotone lower and upper bound sequences [98, 120]. Our work extends
this paradigm from two to three levels, using KKT-derived response mappings for optimal
values at lower levels.

Multilevel optimization. Most trilevel optimization algorithms studied in literature con-
sider linear or mixed integer linear models, motivated by sequential decision problems in
energy systems, network security, and supply chains [17, 164, 75, 40, 62]. These methods
typically employ nested decomposition or generalized Benders decomposition, in which the
trilevel problem is successively reduced to bilevel and single level subproblems and cuts are
passed back through the hierarchy [27, 13, 74]. Finite convergence in such settings usually
rests on the finiteness of discrete first-stage decisions or extreme points in polyhedral feasible
regions, and complexity results show that trilevel linear programming is Σp

2-hard [90]. In
contrast, our work addresses continuous trilevel problems with strongly convex quadratic
objectives, where the finiteness of cuts follows from the finite number of active sets arising
from the KKT conditions.

Gradient-based methods have also been used for trilevel problems with non-linearity,
and these propagate gradients through two levels of nested optimality, and usually pro-
vide asymptotic convergence to stationary points [142, 140, 110]. Zeroth-order distributed
methods extend this to settings where gradients are unavailable, using polynomial approx-
imations and zeroth-order cuts [91]. A common limitation of these methods is that they
target stationary points. Our algorithm, by contrast, is an exact method, albeit for trilevel
problems with nested quadratic programs, and that could provide finite-time convergence to
an optimal solution.

Parametric programming. A key technical element in our algorithm is the observation
that for a strongly convex quadratic program with linear constraints, the optimal primal
solution is an affine function of the parameters on each active set region of the KKT con-
straints, and the number of such regions is finite [158, 131]. Multi-parametric quadratic
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programming exploits this structure to precompute the piecewise affine solution map over
all parameter regions, and has found application in model predictive control [3]. Our algo-
rithm leverages this structure and we solve level 3 subproblem and an upper bound problem
of level 2 to identify the active set region at the current iterate, derive the local affine re-
sponse mapping and its validity polytope, and add these as constraints to a relaxed master
problem. A brute force approach that enumerates all possible active set regions using multi-
parametric programming has been studied previously [61, 94]; in contrast, we propose an
iterative algorithm that tightens lower and upper bounds for convergence.

3.2 Problem Description

We examine a hierarchical scenario involving three utility maximizing players. Our objective
is to determine the optimal strategy for the leader, accounting for the rational responses of the
subordinates to those initial decisions. The optimal decisions of all participants constitute a
generalized equilibrium, extending the standard Stackelberg model, which typically involves
two levels, to more levels. We model this scenario using a trilevel optimization problem with
quadratic objectives and linear constraints as follows.

minxp1q,xp2q,xp3q CJ
1 x ` xJH1x

s.t. A1x ď B1, l1 ď xp1q
ď u1

pxp2q, xp3q
q P arg min

xp2q,xp3q

$

’

’

’

’

&

’

’

’

’

%

CJ
2 x ` xJH2x

s.t. A2x ď B2, l2 ď xp2q
ď u2

xp3q
P argmin

xp3q

#

CJ
3 x ` xJH3x

s.t. A3x ď B3, l3 ď xp3q
ď u3
(3.1)

In the above problem, xpiq P Rdi is the decision variable of the player at level i and x “

pxp1q, xp2q, xp3qq. Let d “
ř3
i“1 di. Then, the problem parameters are Ci P Rd, Hi P Rdˆd,

Ai P Rmiˆd, Bi P Rmi and li, ui P Rdi .

3.3 Iterative Algorithm for Trilevel Optimization

We propose an iterative algorithm within a master-subproblem framework to solve the trilevel
optimization problem. The master problem provides a sequence of non-decreasing lower
bounds by accumulating optimality constraints, while the subproblems yield a sequence
of upper bounds by evaluating the followers’ reactions. The algorithm terminates when
the optimality gap between the two bounds falls below a specified threshold. We use the
following assumption to generate useful optimality constraints for the master problem.
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Assumption 3.3.1 (Strong Convexity). The quadratic objectives are strongly convex, i.e.,
Hi ą 0 (positive definite matrix).

Our iterative algorithm is summarized in Algorithm 3, and the different components of
the algorithm is explained in the subsequent subsections.

Algorithm 3 Iterative Algorithm for Trilevel Optimization

1: Input: Convergence tolerance ϵ ą 0.
2: Initialize: LBD Ð ´8, UBD Ð `8, iteration k Ð 1.
3: Initial Constraints: P Ð H.
4: while (UBD ´ LBD) ą ϵ do
5: Step 1: Master Problem
6: Solve Master Problem (3.2)
7: pxk, f1,kq Ð (Optimal solution, Objective value).
8: LBD Ð f1,k

9: Step 2: Generate Constraints
10: Solve Level 2 and Level 3 subproblems (3.6) and (3.3) at fixed upper level decisions

11: px
p1q

k q and px
p1q

k , x
p2q

k q, respectively.
12: if Level 2 subproblem is infeasible then
13: Generate feasibility constraint using (3.10), (3.5).
14: else
15: Generate optimality constraint using (3.7), (3.8).
16: end if
17: Generate Level 3 optimality constraint using (3.4), (3.5).
18: Update constraint set: P Ð P Y tnew constraintsu.

19: Step 3: Upper Bound Update
20: if Level 2 subproblem is feasible then
21: Solve Upper Bound problem (3.11).
22: pxu, f1,uq Ð (Optimal solution, Objective value).
23: if f1,u ă UBD then
24: UBD Ð f1,u
25: x˚ Ð xu
26: end if
27: end if
28: k Ð k ` 1
29: end while
30: return x˚, UBD.
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Master Problem

The master problem (3.2), which is formulated by relaxing the second and third level objec-
tives, gives a valid lower bound. This is because it is a high-point relaxation, wherein the
lower-level optimality conditions

xp2q, xp3q
P argmintf2pxq : x P Ω2u

xp3q
P argmintf3pxq : x P Ω3u

are relaxed, where fipq and Ωi are objective and constraint region of level i. The Master
Problem minimizes the first-level objective f1pxq over the polyhedral set defined by the union
of all physical constraints and the accumulated optimality and feasibility constraints. Since
the feasible region of the Master Problem at iteration k, Ωk

MP , is a superset of the true
feasible region of the trilevel problem Ωtrue (i.e., Ωtrue Ď Ωk

MP ), it follows that:

min
xPΩk

MP

f1pxq ď min
xPΩtrue

f1pxq

The Master Problem is defined below for iteration k.

xk “ argmin
x

CJ
1 x ` xJH1x

s.t. Aix ď Bi, @i P t1, 2, 3u

li ď xi ď ui, @i P t1, 2, 3u

constraints from previous iterations k1
ă k:

(1) Level 2 Optimality: If (3.8) then (3.7)

(2) Level 2 Feasibility: If (3.5) then (3.10)

(3) Level 3 Optimality: If (3.5) then (3.4).

(3.2)

As the iteration count k increases, the addition of valid constraints systematically prunes
Ωk
MP , yielding a non-decreasing sequence of lower bounds that converges to the global opti-

mum.

Level 3 Subproblem: Optimality constraints

In this step, we fix the decisions of the first and second levels to x
p1q

k and x
p2q

k , the optimal

values from the Master Problem, respectively. Let x
p12q

k “ px
p1q

k , x
p2q

k q represent these fixed
parameters. The third-level agent solves the following quadratic program:

x̂p3q
“ argmin

xp3q

#

xp3qJH
p3,3q

3 xp3q
` p2x

p12qJ

k H
p12,3q

3 ` C
p3qJ

3 qxp3q

s.t. A
p3q

3 xp3q
ď B3 ´ A

p12q

3 x
p12q

k , l3 ď xp3q, xp3q
ď u3.

(3.3)

where H
p3,3q

3 is the sub-block of matrix H3 corresponding to xp3q, and H
p12,3q

3 contains the
bilinear terms between the upper levels and xp3q. Similar notations are used for A3. Let λ3
denote the dual variables.
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Since H
p3,3q

3 is positive definite, it is a convex optimization problem, and the optimality
of x̂p3q is determined by the Karush-Kuhn-Tucker (KKT) conditions. The KKT conditions,
given the active constraint set A3, are expressed as the linear system:

Optimal Response: x̂p3q
“ K

pA3q:pxq

3 pN
pA3q

3 ` M
pA3q

3 xp12q
q (3.4)

Dual Validity: λ̂3 “ K
pA3q:pλq

3 pN
pA3q

3 ` M
pA3q

3 xp12q
q

λ̂3 ` pId3`|A3| ´ K
pA3q:

3 K
pA3q

3 q
pλqynull ě 0

Primal Validity: G
pI3q

3 x̂p3q
ď W

pI3q

3 ` S
pI3q

3 xp12q

(3.5)

In this notation, the superscript pA3q denotes indices corresponding to the active constraint
set, while the superscript pI3q denotes the inactive set. The constituent matrices are defined
as follows (where In is the identity matrix of size n and 0 is zero matrix of appropriate
dimension):

G3 “

¨

˝

A
p3q

3

´Id3
Id3

˛

‚, W3 “

¨

˝

B3

´l3
u3

˛

‚, S3 “

ˆ

´A
p12q

3

0

˙

, K
pA3q

3 “

˜

H
p3,3q

3
1
2
G

pA3qJ

3

G
pA3q

3 0

¸

,

N
pA3q

3 “

˜

´1
2
C

p3q

3

W
pA3q

3

¸

, M
pA3q

3 “

˜

´H
p12,3qJ

3

S
pA3q

3

¸

Furthermore, K
pA3q:

3 is the Moore-Penrose pseudoinverse. The pseudoinverse and its null

space projector are (row-wise) partitioned as K
pA3q:

3 “ rK
pA3q:pxq

3 ;K
pA3q:pλq

3 s and Id3`|A3| ´

K
pA3q:

3 K
pA3q

3 “ rpId3`|A3| ´ K
pA3q:

3 K
pA3q

3 qpxq; pId3`|A3| ´ K
pA3q:

3 K
pA3q

3 qpλqs to indicate the indices
corresponding to the primal and dual variables respectively. ynull P Rd3`|A3| is an auxiliary
decision variable in the dual null space.

The way to interpret these optimality conditions is that the optimal response (3.4) is
valid within the polytopic trust region defined by dual and primal validity constraints (3.5).

Remark 3.3.1 (Uniqueness of primal variables). Since the level subproblem is a convex op-
timization problem with a strictly convex objective, the optimal values of the primal variables
are unique and given in the closed-form solution in equation (3.4).

Remark 3.3.2 (Non-uniqueness of dual variables). When the gradients of active constraints
are linearly dependent, the dual variables λ may not be unique. In constraints (3.5), we use

the null space projector pId3`|A3| ´ K
pA3q:

3 K
pA3q

3 qpλq to account for the non-unique component

of the dual variables so that λ3 “ λ̂3 ` pId3`|A3| ´ K
pA3q:

3 K
pA3q

3 qpλqynull.

Remark 3.3.3 (Feasibility of level 3 subproblem). For the given px
p1q

k , x
p2q

k q from the Master

Problem, the level 3 subproblem is always feasible. This is because the point px
p1q

k , x
p2q

k , x
p3q

k q

from the Master Problem is a feasible point for the level 3 subproblem by construction.
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The Master Problem (3.2) incorporates the optimality of the third level by adding the
optimal linear mapping in equation (3.4) subject to the polytopic validity constraints in
(3.5). This combination of a linear mapping and its validity polytope effectively replaces the
Level 3 optimization within the Master Problem for the current region of validity.

Lemma 3.3.4 (Correctness of Level 3 Optimality Constraints). Level 3 optimality con-
straints are added to the Master Problem as

If pxp1q, xp2q
q P Polytope (3.5) then xp3q satisfies (3.4),

holds for all x P Ωtrue.

Level 2 Subproblem: Feasibility and Optimality constraints

Optimality constraints

To compute the optimality constraints for the second level, we first solve the corresponding
bilevel subproblem with the first-level decision fixed at x

p1q

k , obtained from the optimal
solution of the Master Problem. Let xp23q “ pxp2q, xp3qq. This problem is defined as:

x̂p23q
“ argmin

xp23q
xp23qJH

p23,23q

2 xp23q
` p2x

p1qJ

k H
p1,23q

2 ` C
p23qJ

2 qxp23q

s.t. A
p23q

2 xp23q
ď B2 ´ A

p1q

2 x
p1q

k , l2 ď xp2q, xp2q
ď u2

xp3q
P argmin

xp3q

#

xp23qJH
p23,23q

3 xp23q
` p2x

p1qJ

k H
p1,23q

3 ` C
p23qJ

3 qxp23q

s.t. A
p23q

3 xp23q
ď B3 ´ A

p1q

3 x
p1q

k , l3 ď xp3q
ď u3.

(3.6)

To render this problem tractable for constraint generation, we replace the lower-level opti-
mization (Level 3) with its explicit optimal response mapping. This mapping is constructed
analogously to (3.4) but is derived using the active constraint set associated with the bilevel
problem above and remains valid within its corresponding polytopic region, as in (3.5). This
reformulation transforms the bilevel problem into a single level quadratic program, denoted
as (PUBD

2 ), defined below, which also provides an upper bound due to Lemma (3.3.5).

PUBD
2 px

p1q

k q “ min
xp23q

xp23qJH
p23,23q

2 xp23q
` p2x

p1qJ

k H
p1,23q

2 ` C
p23qJ

2 qxp23q

s.t. A
p23q

2 xp23q
ď B2 ´ A

p1q

2 x
p1q

k

l2 ď xp2q
ď u2

p3.4q and p3.5q using level 3 active constraints A1
3 from bilevel problem.

Lemma 3.3.5 (Level 2 Upper Bound Problem). Fix xp1q. Let Ω2px
p1qq denote the feasible

set of the level 2 subproblem (3.6), and let sΩ2px
p1qq denote the feasible set of PUBD

2 pxp1qq,
where the level 3 response is represented by (3.4) together with the validity polytope (3.5) for
a fixed active set A1

3. Then the following hold:
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1. sΩ2pxp1qq Ď Ω2px
p1qq.

2. The bilevel optimal point x̂p23q lies in the restricted feasible set, i.e., x̂p23q P sΩ2pxp1qq.

In particular, PUBD
2 pxp1qq is an exact restriction of the level-2 bilevel feasible set on the

active-set cell associated with A1
3, and it contains the bilevel optimal solution.

(PUBD
2 ) is a convex optimization problem, and KKT conditions are necessary and suffi-

cient for optimality. Let λ2 represent its dual variables. Also, A1
3 and A2 denote the active

constraint sets corresponding to third level constraints in bilevel problem (3.6) and upper-
bound problem (PUBD

2 ), respectively. Using KKT conditions, given the active constraint sets
A1
3 and A2, the following optimality constraints can be derived.

Upper Bound on Optimal Response:

x̂
p23q

UB “ K
pA2q:pxq

2 pN
pA2q

2 ` M
pA2q

2 xp1q
q

xp23qJH
p23,23q

2 xp23q
` p2xp1qJH

p1,23q

2 ` C
p23qJ

2 qxp23q
ď x̂

p23qJ

UB H
p23,23q

2 x̂
p23q

UB `

p2xp1qJH
p1,23q

2 ` C
p23qJ

2 qx̂
p23q

UB

(3.7)

Dual Validity: λ̂2 “ K
pA2q:pλq

2 pN
pA2q

2 ` M
pA2q

2 xp1q
q

λ̂2 ` pId2`d3`|A2| ´ K
pA2q:

2 K
pA2q

2 q
pλqỹnull ě 0

Primal Validity: G
pI2q

2 x̂
p23q

UB ď W
pI2q

2 ` S
pI2q

2 xp1q

(3.8)

Remark 3.3.6 (Upper bound on Optimal Response). Unlike in (3.4), where the optimal
response admits a closed-form linear expression, only a quadratic inequality can be obtained
for the optimal objective of the second-level subproblem. This is because the constraints are
derived from the upper-bounding problem (PUBD

2 ). Also, using this inequality in the Master
Problem gives it the flexibility to handle degeneracies in the optimal decisions at Level 2.

We use similar notations as before and the constituent matrices are defined as follows:

G2 “

¨

˚

˚

˚

˚

˚

˝

A
p2q

2 A
p3q

2

´Id2 0
Id2 0
Qp2q 0

´pK
pA1

3q:pxq

3 M
pA1

3q

3 qp2q Id3

˛

‹

‹

‹

‹

‹

‚

, W2 “

¨

˚

˚

˚

˚

˝

B2

´l2
u2

´Qp0q

K
pA1

3q:pxq

3 N
pA1

3q

3

˛

‹

‹

‹

‹

‚

, S2 “

¨

˚

˚

˚

˚

˚

˝

´A
p1q

2

0
0

´Qp1q

pK
pA1

3q:pxq

3 M
pA1

3q

3 qp1q

˛

‹

‹

‹

‹

‹

‚

,

Qp0q
“

˜

´K
pA1

3q:pλq

3 N
pA1

3q

3 ´ pId3`|A1
3| ´ K

pA1
3q:

3 K
pA1

3q

3 qpλqynull

G
pI13q

3 K
pA1

3q:pxq

3 N
pA1

3q

3 ´ W
pI13q

3

¸

, K
pA2q

2 “

˜

H
p23,23q

2
1
2
G

pA2qJ

2

G
pA2q

2 0

¸

,

N
pA2q

2 “

˜

´1
2
C

p23q

2

W
pA2q

2

¸

, M
pA2q

2 “

˜

´H
p1,23qJ

2

S
pA2q

2

¸

, pQp1q Qp2q
q “

˜

´K
pA1

3q:pλq

3 M
pA1

3q

3

G
pI13q

3 K
pA1

3q:pxq

3 M
pA1

3q

3 ´ S
pI13q

3

¸

.



CHAPTER 3. TRILEVEL OPTIMIZATION PROBLEM 30

Note that there are two auxillary decision variables ynull P Rd3`|A1
3| and ỹnull P Rd3`d2`|A|

corresponding to level 3 and level 2 dual variable space, respectively. As for the interpretation
of the optimality constraints, the upper bound on optimal response (3.7) is valid within the
polytopic trust region defined by dual and primal validity constraints (3.8).

Remark 3.3.7 (Active Constraint Sets). The active constraint sets used to calculate the
optimality constraints for level 2 and level 3 subproblems are different. These are calculated
by solving their corresponding subproblems (3.6) and (3.3), respectively. This ensures that
these optimality constraints are tight in some neighborhood of the upper decision variables
px

p1q

k q and px
p1q

k , x
p2q

k q, respectively, for the subproblems.

Lemma 3.3.8 (Correctness of Level 2 Optimality Constraints). Assume that the level 2 sub-
problem is feasible. Then, the corresponding optimality constraints are added to the Master
Problem as

If xp1q
P Polytope (3.8) then pxp2q, xp3q

q satisfies (3.7),

holds for all x P Ωtrue.

Feasibility constraints

If the level 2 subproblem (3.6) is infeasible for a given level 1 decision x
p1q

k , we generate a
feasibility constraint to prune the level 1 search space and ensure that the Master Problem
(3.2) does not pick x

p1q

k again. Consider the active constraints set A3 of level 3 subproblem

(3.3) using px
p1q

k , x
p2q

k q from the Master Problem. Then, the consolidated constraint system
for the second level is:

G2x
p23q

ď W2 ` S2x
p1q (3.9)

where G2,W2, S2 are as defined earlier constructed using the active constraint set A3. These
matrices incorporate Level 2 constraints and Level 3 optimal response and validity con-
straints. Following Farkas’ Lemma, infeasibility is certified by a vector ω ě 0 satisfying
ωJG2 “ 0 and ωJpW2 ` S2x

p1qq ă 0. Hence, the Master Problem is augmented with the
following feasibility constraint inequality:

pωJS2qx
p1q

ě ´ωJW2 (3.10)

The domain of validity of the feasibility constraint is as defined by the polytopic constraints
in (3.5). The Farkas multiplier ω is obtained using the following problem :

ω “ argmaxt´ωJ
pW2 ` S2x

p1q
q : ωJG2 “ 0, 0 ď ω ď 1u.

Lemma 3.3.9 (Correctness of Level 2 Feasibility Constraints). Assume that the level 2
subproblem is infeasible. Then, the following feasibility constraints are added to the Master
Problem

If pxp1q, xp2q
q P Polytope (3.5) then xp1q satisfies (3.10),

holds for all x P Ωtrue.
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Upper Bound Problem

The Upper Bound problem is formulated to identify a globally feasible candidate for the
original trilevel optimization problem by fixing the first-level decision to x

p1q

k obtained from
the Master Problem. The resulting subproblem is a bilevel program:

pxp2q
u , xp3q

u q “ argmin
xp23q

CJ
1 x ` xJH1x

s.t. A
p23q

i xp23q
ď Bi ´ A

p1q

i x
p1q

k , P t1, 2u

l2 ď xp2q
ď u2

xp23qJH
p23,23q

2 xp23q
` p2x

p1qJ

k H
p1,23q

2 ` C
p23qJ

2 qxp23q
ď f˚

2 px
p1q

k q

xp3q
P argmin

xp3q

#

xp23qJH
p23,23q

3 xp23q
` p2x

p1qJ

k H
p1,23q

3 ` C
p23qJ

3 qxp23q

s.t. A
p23q

3 xp23q
ď B3 ´ A

p1q

3 x
p1q

k , l3 ď xp3q
ď u3.

(3.11)

where f˚
2 px

p1q

k q is the optimal objective value of the second-level subproblem (3.6). This

problem ensures that px
p1q

k , x
p2q
u , x

p3q
u q is feasible point of the trilevel problem (3.1), providing

it a valid upper bound.

Lemma 3.3.10 (Correctness of Upper Bound Problem). Let px
p2q
u , x

p3q
u q be an optimal so-

lution of the upper-bound problem (3.11) at x
p1q

k . Then, the point xu :“ px
p1q

k , x
p2q
u , x

p3q
u q

is feasible for the original trilevel problem (3.1). Consequently, the corresponding objective
value CJ

1 xu`xJ
uH1xu is a valid upper bound on the optimal value of the trilevel problem (3.1).

Remarks on Convergence

We now posit that the proposed iterative algorithm terminates in finitely many iterations
and returns a globally optimal solution of the trilevel problem (3.1). The main intuition is
that the master problem provides a monotonically nondecreasing sequence of lower bounds
by iteratively refining a relaxation of the trilevel problem, whereas the upper bound prob-
lem generates a nonincreasing sequence of feasible upper bounds. The constraints in each
iteration is derived from a specific active set combination of pA2,A3,A

1
3q, and there are only

a finite number of such combinations. We postulate that convergence is reached when an
active set combination repeats, at which point the lower and upper bounds converge. The
latter statement is key to the convergence proof and is proved in the next lemma.

Lemma 3.3.11 (Closing optimality gap). Suppose that at iteration k the algorithm gener-
ates level 2 and level 3 constraints using active sets pA2,A3,A

1
3q, and adds the corresponding

constraints (3.4)–(3.5) and (3.7)–(3.8) to the master problem. Assume that at a later iter-

ation k1 ą k, the master solution xk1 “ px
p1q

k1 , x
p2q

k1 , x
p3q

k1 q lies in the validity polytopes of these
constraints and that the level 2 and level 3 subproblems at xk1 exhibit the same active sets
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pA2,A3,A
1
3q. Then xk1 is feasible for the original trilevel problem (3.1), and the lower and

upper bounds coincide at iteration k1.

When the feasible region Ωtrue of the trilevel problem (3.1) is nonempty and compact,
the quadratic objectives are strongly convex, i.e., Hi ą 0 for i “ 1, 2, 3, and the constraints
at each level are linearly independent, then we postulate that the iterative algorithm (3)
generates a monotone sequence of lower bounds and upper bounds, terminates after finitely
many oracle calls, and returns a globally optimal solution to the trilevel problem.

3.4 Numerical Experiments

Numerical experiments are conducted using a randomized trilevel optimization benchmark
designed to evaluate the solver’s performance across varying problem dimensions. For each
test configuration, the generator constructs instances with positive definite Hessian matrices
(Q) to ensure strong convexity in the objective functions. Objective and constraint coeffi-
cients are sampled from the disjoint set p´5,´0.5q Y p0.5, 5.0q, and constraints are generated
to guarantee full row rank and a non-empty feasible region. The experiments evaluate per-
formance across six distinct configurations of decision variables (ni) and constraints (mi),
and with 2 problem instances for each configuration within a 120 second time limit per in-
stance. The below table reports average solve times, average lower and upper bounds, and
total iteration counts.

Table 3.1: Numerical Results for Trilevel Optimization Benchmark

Variables Constraints Avg. Time Avg. LBD Avg. UBD Ave. Iter.
pn1, n2, n3q pm1,m2,m3q (seconds) (count)

(2, 2, 2) (1, 1, 1) 1.945 -0.500 -0.499 2.0
(2, 2, 2) (2, 2, 2) 0.705 -6.914 -6.915 0.5
(3, 2, 2) (1, 1, 1) 1.304 -2.638 -2.637 0.5
(3, 2, 2) (2, 2, 2) 1.079 -4.720 -4.720 1.5
(3, 2, 3) (2, 2, 2) 1.418 -4.427 -4.425 1.5
(3, 2, 3) (1, 1, 1) 3.963 0.206 0.205 2.0

3.5 Conclusion

In conclusion, we proposed an exact iterative method for continuous trilevel optimization
problems with strongly convex quadratic objectives and linear constraints. By exploiting
the parametric structure of follower problems, the algorithm constructs and refines a master
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problem over finitely many active set regions, and we showed finite time convergence to an
optimal solution in the numerical experiments.
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Chapter 4

Tensor Completion Via Integer
Optimization

4.1 Introduction

A tensor is a multilinear operator, and it can be represented as an array of numbers referenced
by multiple indices. For a tensor ψ P Rr1ˆ¨¨¨ˆrp of order p, we use ψx :“ ψx1,...,xp to refer to
an entry corresponding to the indices x “ px1, . . . , xpq, where xi P rris and rss :“ t1, . . . , su.
Furthermore, we define parameters: ρ “

ř

i ri, π “
ś

i ri, and R “ rr1s ˆ ¨ ¨ ¨ ˆ rrps. Though
matrices are special cases of tensors, problems like computing rank, singular values, and
nuclear norm for tensors with p ě 3 are np-hard [85].

In this chapter, we address one such difficult problem called tensor completion. Here, a
small subset of tensor entries are observed – possibly with noise. Under an assumption of
low-rankness, the problem is to fill-in the remaining, unobserved entries and remove noise,
if any. Some applications of tensor completion include recommendation systems [73, 93],
information diffusion [172], nonparametric regression [8], computer vision [54, 144, 152],
bioinformatics [24, 1] and control systems [153, 173].

Related Work

The information-theoretic rate for estimation error in tensor completion is
a

k ¨
ř

i ri{n,
where: k is tensor rank, ri is the i-th dimension of the tensor, and n is the number of
samples [70, 121, 88]. Past work has studied tradeoffs between computational complexity
and this rate [16].

Initial work on tensor completion used decomposition methods based on cp and Tucker
decomposition [157]. Other approaches accounted for robustness to outliers and data corrup-
tions [89, 88], or imposed fixed-rank constraints [100]. Alternative approaches used various
tensor norms as a convex surrogate for tensor rank [121, 169, 86]. Our approach falls into
this last category, where we give a new construction of the nuclear-8 norm [66] using a gauge
function to allow the use of integer optimization.
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Past approaches to tensor completion are computationally efficient without achieving
the information-theoretic rate and rely on heuristics to compute non-certifiably optimal so-
lutions for NP-hard problems, where optimal solutions (if found) theoretically achieve the
information-theoretic rate [100, 169, 88]. Some specialized tensor completion algorithms have
successfully achieved the information-theoretic rate in practical computation time, such as
rank-1 nonnegative tensor completion formulated as conic optimization with exponential con-
straints [8], symmetric tensor completion using a variant of the Frank-Wolfe algorithm [134]
and two-stage non-convex optimization [33], and first-order optimization methods leveraging
integer optimization for a weak separation oracle in nonnegative tensors [31, 129].

Main Contribution

Our algorithm does not assume tensor properties like non-negativity or symmetricity and
works for general tensors. It is guaranteed to reach a global optimum in a linear (in the
required accuracy as represented in bits) number of oracle calls, where the oracle solves a
weak separation problem using integer optimization and a heuristic. More importantly, it
attains the information-theoretic rate, i.e., data efficiency, while finding optimal solutions on
instances of general tensors of sizes up to 10ˆ7 within minutes.

The main idea behind our algorithm is to define the tensor completion problem using
a gauge norm constructed using a convex polytope with its vertices as rank-1 tensors. We
relate the gauge norm to tensor rank and analyze the norm’s computational and statisti-
cal complexities in relation to np-hardness and low Rademacher complexity, respectively.
Consequently, the tensor completion problem using gauge norm is also np-hard to solve to
arbitrary accuracy. Nevertheless, since the formulation is a convex optimization problem,
we design an algorithm using a Franke-Wolfe-like first order method called Blended Con-
ditional Gradients (BCG) [29]. We construct a weak separation oracle for BCG using an
integer linear optimization formulation and deploy an additional heuristic to accelerate the
computation of oracle calls.

Going from Nonnegative to General Tensors

This chapter extends an approach for nonnegative tensors [31] to general tensors, which we
explain below is a nontrivial generalization. The key idea in [31] was to define a gauge norm
using a 0-1 polytope representing the convex hull of rank-1 nonnegative tensors with {0,
1} entries. The polytope was such that linear separation problems over it could be written
using integer linear constraints. For illustration consider the set tζ “

śp
k“1 νk : νk P t0, 1uu.

Its linearization tζ : 0 ď ζ ď νk,
ř

k νk ` p1 ´ pq ď ζ, νk P t0, 1uu is easily possible since
ζ “ 0 if any single νk “ 0, and ζ “ 1 if all νk “ 1. The natural generalization of this idea,
pursued here, is a gauge norm using a polytope that is the convex hull of all (general) rank-1
tensors with entries ˘1. However, for the new set tζ “

śp
k“1 νk : νk P t´1,`1uu satisfies

ζ “ `1 if an even number of νk “ ´1, and ζ “ ´1 if an odd number of νk “ ´1. Hence, the
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linearization is fundamentally different, more challenging, and requires new computational
design and theoretical analysis.

General tensors also have well-posedness issues that do not occur for nonnegative ten-
sors. In particular, the best low-rank approximation problem is not well-posed for tensors
[145]. In contrast, the best low-rank approximation problem is well-posed for nonnegative
tensors [132]. Given these phenomena for general tensors, there is a technical challenge in
determining whether a specific gauge norm, as defined above, can act as a convex surrogate
for the rank of tensors.

Applications to Electromobility and Battery Storage

Increased use of renewable energy and the rapid growth of electric vehicles (EVs) has intro-
duced new complexities in energy grid management, namely integration of consumers who
store surplus energy to share with the grid [171]. This has resulted in a bidirectional and
dynamic energy flow, making grid management more intricate. EVs serve as a prime exam-
ple, as they both consume significant energy and can store and reinject surplus energy into
the grid [155].

Making predictions of electricity demand, generation, and storage is beneficial to optimal
operation of the grid, but scaling model estimation and predictions to billion-device-scale
systems is challenging because of the high computational burden of typical nonparametric
models (e.g., random forests, neural networks). Here, we propose the use of tensor com-
pletion to construct nonparametric models because they have extremely low computation
requirements for prediction. Indeed, these use of tensor completion for regression has been
previously considered for bioengineered systems [8]. Here, we use household energy storage
data from Ireland [159] to demonstrate a proof of concept in this direction.

4.2 Preliminaries

By definition, a rank-1 tensor can be written as the tensor product of vectors, that is ψ “
Âp

k“1 θ
pkq, where θpkq P Rrk . Equivalently, each tensor entry is ψx – ψx1,¨¨¨ ,xp “

śp
k“1 θ

pkq
xk ,

where θ
pkq
xk is the xk-th element of vector θpkq for any index value xk P rrks. When obvious,

we will use θxk instead of θ
pkq
xk . Let Bλ be the set of rank-1 tensors such that each entry of

the tensor has absolute values less than or equal to λ P R`:

Bλ “ tψ : ψx “ λ ¨
śp

k“1 θxk , θxk P r´1, 1s for x P Ru.

Then, the rank of a tensor is defined as:

rankpψq “ mintq | ψ “
řq
k“1 ψ

k, ψk P B8 for k P rqsu,

and its cp decomposition is given by ψ “
řrankpψq

k“1 ψk.
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The tensor completion problem we consider begins with n observations of the tensor,
which are denoted by the pairs pxxiy, yxiyq P R ˆ R for i P rns. Here, yxiy is the (possibly
noisy) observation of the tensor entry ψxxiy. We note that the xxiy are assumed to be
independent and identically distributed in our model, which means that any given entry of
the tensor may be observed multiple times within the n observations. Our approach is to
solve the tensor completion problem using a least squares formulation:

pψ P argmin
ψ

1
n

řn
i“1

`

yxiy ´ ψxxiy

˘2

s.t. }ψ}˘ ď λ
(4.1)

where the constraint uses a gauge norm }ψ}˘ defined below.

4.3 Gauge Norm for Tensors

We construct a norm for general tensors using a gauge function [35, 87, 31]. Let Sλ be the
set of rank-1 tensors such that each entry of the tensor has an absolute value of some λ P R`:

Sλ “ tψ : ψx “ λ ¨
śp

k“1 θxk , θxk P t´1, 1u for x P Ru.

Proposition 4.3.1. The convex hulls of the sets Bλ and Cλ are the same, i.e. Cλ :“
convpBλq “ convpSλq.

Remark 4.3.2. Note Bλ “ λB1, Sλ “ λS1, and Cλ “ λC1.

Cλ is useful because it is a convex polytope with its vertices as the points in Sλ, and we
use it to define a gauge norm.

Proposition 4.3.3. The function defined as

}ψ}˘ :“ inftλ ě 0 | ψ P λC1u

is a norm for all tensors ψ P Rr1ˆ¨¨¨ˆrp.

To develop a practical algorithm using this norm, our next result provides an alternative
characterization of the vertices of Cλ using linear inequality constraints of (binary) integer
variables. This is unlike, say, the nuclear norm under the ℓ2 norm that has a nonlinear
(continuous) feasible region.
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Proposition 4.3.4. We have pSλ “ Sλ for the set

pSλ “
␣

ψ : ψx “ λ ¨ yx,1 x P R
yx,k ě p´θxk ´ yx,k`1 ´ 1q k P rp ´ 1s, x P R
yx,k ě pθxk ` yx,k`1 ´ 1q k P rp ´ 1s, x P R
yx,k ď pθxk ´ yx,k`1 ` 1q k P rp ´ 1s, x P R
yx,k ď p´θxk ` yx,k`1 ` 1q k P rp ´ 1s, x P R
yx,p “ θxp x P R
θxk P t´1, 1u x P R
θk P Rrk , yx,k P R k P rps, x P R

(

.

Remark 4.3.5. The norm defined in (4.3.3) is equivalent to the nuclear-8 norm by Propo-
sition 4.3 of [66].

Relation between Gauge Norm and Tensor Rank

The underlying issue is related to the fact that the best low-rank approximation problem
is not well-posed for tensors [145], which is in sharp contrast to the case of nonnegative
tensors for which the best low-rank approximation problem is well-posed [132]. We impose
a regularity condition to eliminate such pathological behavior of tensors.

Assumption 4.3.1 (Regularity Condition). Consider a class of tensors defined by the set

Γ “
␣

ψ : D cp decomposition of ψ with terms ψks.t.}ψk}max ď }ψ}max for k P rrankpψqs
(

.

This class is such that each tensor ψ has its largest entry at least as large as the largest entry
of each cp term ψk.

Remark 4.3.6. A cp decomposition always exists for a finite-valued tensor, but it may not
be unique. The class defined above asks that the regularity condition holds for at least one
cp decomposition, but does not make any statement about holding for all the possible cp
decompositions.

The following proposition suggests that the norm }ψ}˘, which is convex, can be a useful
surrogate for tensor rank.

Proposition 4.3.7. For any ψ P Γ that satisfies Assumption 4.3.1, we have }ψ}max ď

}ψ}˘ ď rankpψq ¨ }ψ}max.

Remark 4.3.8. Tensor rank surrogacy is not always possible. It does not hold for a gauge
norm defined using the l1-ball.



CHAPTER 4. TENSOR COMPLETION VIA INTEGER OPTIMIZATION 39

Complexity Analysis of Norm

We show that calculating the norm } ¨ }˘ is np-complete.

Proposition 4.3.9 (Computational complexity). It is in fact np-complete to determine
if }ψ}˘ ď K for ψ P Rr1ˆ¨¨¨ˆrp.

Rademacher complexity, from computational learning theory, is used to characterize the
richness of a class of functions [18, 150]. Roughly speaking, function classes with lower
Rademacher complexity can be learned using less samples. From the following proposition,
one can check that the norm } ¨}˘ has an exponentially smaller Rademacher complexity than
the max and Frobenius norms for tensors.

Proposition 4.3.10 (Stochastic Complexity). We have the relation RpCλq ď WpCλq ď

2λ
a

ρ{n, where Rp¨q and Wp¨q are the Rademacher and worst case Rademacher complexities.

4.4 Algorithm for Tensor Completion

Complexity Analysis of Tensor Completion

By interpreting the tensor completion problem (4.1) as a convex aggregation problem [124,
161, 105] for a finite set of functions, one can arrive at the generalization bound for the
solution. Interestingly, these generalization bounds are the same in the special case of non-
negative tensors [31]. We believe this is because the proof for nonnegative tensors did not
exploit the non-negativity, and hence could have led to non-tight generalization bounds. For
completeness, we state these statistical guarantees in the following two results:

Proposition 4.4.1 ([105]). Suppose |y| ď b almost surely. Given any δ ą 0, with proba-
bility at least 1 ´ 4δ we have that E

`

py ´ ψxq2
˘

ď minφPCλ E
`

py ´ φxq2
˘

` c0 ¨ max
“

b2, λ2
‰

¨

max
“

ζn,
logp1{δq

n

‰

, where c0 is an absolute constant and

ζn “

$

&

%

2ρ

n
, if 2ρ ď

?
n

c

1
n
log

´

e2ρ?
n

¯

, if 2ρ ą
?
n

Corollary 4.4.2 ([31]). Suppose ψ P Γ is a tensor (satisfying Assumption 4.3.1) with
rankpψq “ k and }ψ}max ď µ. Under an additive noise model, if pxxiy, yxiyq are inde-
pendent and identically distributed with |yxiy ´ ψxxiy| ď e almost surely and Eyxiy “ ψxxiy.
Then given any δ ą 0, with probability at least 1 ´ 4δ we have

E
`

py ´ pψxq
2
˘

ď e2 ` c0 ¨
`

µk ` eq2 ¨ max
“

ζn,
logp1{δq

n

‰

,

where ζn is as in (4.4.1) and c0 is an absolute constant.
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Remark 4.4.3. The above result achieves the information-theoretic rate when the rank k “

Op1q.

Unsurprisingly, the tensor completion problem is np-hard, because approximating the
norm } ¨ }˘ is np-hard and there is a polynomial-time reduction of the problem to the np-
hard weak membership problem [31].

Proposition 4.4.4. Tensor completion is np-hard to solve to arbitrary accuracy, and its
decision version is np-complete.

Numerical Algorithm

Despite being np-hard, the tensor completion optimization problem is convex. This enables
application of various first-order convex optimization algorithms. In particular, we use a
variant of the Frank-Wolfe algorithm called Blended Conditional Gradients (BCG) [29]. The
main alternative approaches for iterative optimization seem to run into issues inherent to the
implicit description of the feasible region; for instance, we do not have an effective barrier
function available for interior point methods, nor do we have an efficient projection oracle
that can be leveraged in projected gradient descent.

BCG makes iterate updates based on the gradient of the objective function at the current
iterate. It needs a weak separation oracle to find a new vertex that reduces a gradient-based
linear objective. The weak separation oracle is given in Algorithm 4. The output of the oracle
should either give a vertex that accomplishes separation, or a certificate that separation is not
possible. We design our weak separation oracle using two algorithms, an integer optimization
problem in (4.2) and an alternating maximization heuristic.

Since integer optimization is likely to be more computationally expensive than the alter-
nating heuristic, we first try the latter several times with different randomized initializations.
The heuristic adapts Algorithm 5, where solutions are explored by toggling between ˘1 [31].
The following (nonlinear) separation objective is minimized over binary θ, given a BCG-
generated parameter c: zMpθq :“

ř

xPRxcx, ψx ´ λ ¨
śp

k“1 θxky. The heuristic considers one
dimension at a time, setting the corresponding entries of θ to optimize within the local neigh-
bourhood defined by the given dimension (which can be done by simply considering the signs
of c). It runs in polynomial time (linear in the size of θ) and has been seen to speed up the
computation in our simulations by reducing calls to the integer optimization solver. However,
the heuristic is merely that and cannot in general give a certificate for the non-existence of
separation, which requires global optimization. Indeed, even for a matrix (p “ 2), zM rep-
resents a generic form of np-hard Quadratic Unconstrained Binary Optimization (QUBO)
[109].

If the heuristic cannot yield a separating cut, we implement the following integer opti-
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Algorithm 4 Weak Separation Oracle for Cλ
Input: linear objective c P Rr1ˆ¨¨¨ˆrp , point ψ P Cλ, accuracy K ě 1, gap estimate Φ ą 0,
norm bound λ
Output: Either (1) vertex φ P Sλ with xc, ψ ´ φy ě Φ{K, or (2) false:
xc, ψ ´ φy ď Φ for all φ P Cλ

mization. Note x¨, ¨y is the dot product of tensors obtained by flattening them into vectors.

max
φ,θ,y

xc, ψ ´ φy

s.t. φx “ λyx,1 x P R
yx,k ě p´θxk ´ yx,k`1 ´ 1q k P rp ´ 1s, x P R
yx,k ě pθxk ` yx,k`1 ´ 1q k P rp ´ 1s, x P R
yx,k ď pθxk ´ yx,k`1 ` 1q k P rp ´ 1s, x P R
yx,k ď p´θxk ` yx,k`1 ` 1q k P rp ´ 1s, x P R
yx,p “ θxp x P R
θxk P t´1, 1u k P rps, x P R

(4.2)

Note that, in principle, for some binary variable q P t´1, 1u, one can directly branch on the
disjunction: q “ ´1 _ q “ 1. However, in implementation we choose instead to reformulate
via 0-1 auxiliary variables, σ :“ pq ` 1q{2, as enforcing σ P t0, 1u obviates the need for
imposing q P t´1, 1u. Integer optimization solvers typically can only handle 0-1 binary
variables by default instead of t´1, 1u due to the more extensive set of techniques developed
for 0-1 variables.

Since we are looking for weak separation, the integer optimization solver is made to
terminate when a solution with an objective greater than Φ{K is found. In case of no such
solution, the dual bound z from the solver serves as a no-separation certificate satisfying
xc, ψ ´ φy ď z ď Φ.

Proposition 4.4.5. Using BCG, the tensor completion problem in (4.1) can be solved in a
linear (in the required accuracy as represented in bits) number of calls to the Weak Separation
Oracle that is presented in Algorithm 4.

In fact, we find the BCG algorithm to be practically efficient for our problem since the
weak linear separation oracle can accept (sufficiently good) suboptimal solutions that may
be found at early termination of a global solver. When we design our weak separation oracle
calls to an integer optimization problem, we explicitly define a tolerance for early termination.
This works out well as integer optimization solvers usually discover near-optimal solutions
fast and subsequently work hard to certify them.



CHAPTER 4. TENSOR COMPLETION VIA INTEGER OPTIMIZATION 42

Figure 4.1: NMSE and computation time (in s) for order-3 tensors with size r ˆ r ˆ r and
n “ 1000 samples.

Figure 4.2: NMSE and computation time (in s) for increasing order tensors with size 10ˆp

and n “ 10, 000 samples.

Figure 4.3: NMSE and computation time (in s) for tensors with size 10ˆ7 and increasing n
samples.
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Algorithm 5 Alternating Maximization

Input: linear objective c P Rr1ˆ¨¨¨ˆrp , point ψ P Cλ, norm bound λ, incumbent solution
θ̂ P Sλ, objective function zMpθq :“

ř

xPRxcx, ψx ´ λ ¨
śp

k“1 θxky.
Output: Best known solution θ

θ Ð θ̂
z Ð zMpθq

for i “ 1 to p do
for k “ 1 to ri do

θ
piq
k Ð ´1 ¨ θ

piq
k

if zMpθq ą z then
z Ð zMpθq

else
θ

piq
k Ð ´1 ¨ θ

piq
k

end if
end for

end for

Figure 4.4: RMSE (kWh) and computation time(s) for the tensor model predicting energy
recharged into storage batteries.

4.5 Numerical Experiments

We perform numerical experiments to demonstrate scalability and efficacy of our tensor
completion algorithm1. We compare its performance with benchmark algorithms, including
the often-called ‘workhorse’ for numerical tensor problems, alternating least squares (ALS)
[99], and two state-of-the-art algorithms implemented in the PyTen2, known as the simple

1Experiments were performed on a computer server running a Linux OS, with 16GB of RAM and an
Intel Xeon Processor E5-2650L v3 (30M Cache, 1.80 GHz) that has 12 cores and became available in the year
2014. The algorithm was implemented in Python 3, and Gurobi v9.1 [80] was used as an integer optimization
solver for the separation oracle (4.2).

2PyTen is available at https://github.com/datamllab/pyten package [149] under a GPL 2 license.

https://github.com/datamllab/pyten
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low-rank tensor completion (SiLRTC) algorithm [111] and the trace norm regularized cp
decomposition (TNCP) algorithm [112].

Experiments on Simulated Tensor Data

We use simulated data to demonstrate the scalability of our algorithm with increasing tensor
dimension and tensor order. The true tensor ψ is constructed by taking a random convex
combination of a random set of ten points from S1 so that }ψ}˘ ď 1 and rankpψq ď 10.
To minimize the influence of hyper-parameter selection in the results, we use these ground
truth values for the value of λ in our algorithm and the value of k in ALS and TNCP.
Since ALS tends to perform better under L2 regularization [123], we chose its corresponding
hyperparameter to make it favorable to its accuracy. Each experiment was performed with
100 repetitions, and the normalized mean squared error (NMSE), i.e., } pψ ´ ψ} 2

F {}ψ} 2
F was

calculated. NMSE is a stricter measure than the error metric used in Corollary 4.4.2 because
the statistical guarantee is not normalized.

In Figure 4.1, we use tensors of order p “ 3 with dimensions increasing from r “ 10
to r “ 100. In each experiment, we observe n “ 1000 samples, allowing for repetition in
indices. Our approach yields greater accuracy in a lower size of r while all algorithms do not
perform at a satisfactory level (NMSE below 1) as r increases close to 100.

In Figure 4.2, we consider tensors of increasing order p with dimension ri “ 10 for
i “ 1, . . . , p. We observed n “ 10, 000 samples, again randomly sampled with replacement.
we observe that our algorithm achieves consistently higher accuracy as compared to the other
methods. In these plots, while our algorithm takes more computation time, it still converges
within minutes even for tensors with 107 entries.

In Figure 4.3, we construct tensors of sizes 10ˆ7. In each experiment, the sample size
is increased by one order of magnitude as the percentage of total tensor entries, starting
from 0.01% (using random sampling with replacement). The results show our algorithm
achieves much higher accuracy while requiring greater computation time. Yet our algorithm
converges within minutes for most cases, except for the case where the sample percent is
10´2% (i.e., about three hours).

Experiments on Household Energy Storage Data

We run experiments on local weather and energy data from residential households in Ireland
for the year 2020 [159]. Using tensor completion, we construct a nonparameteric model
to predict how much energy (in kWh) is charged into storage batteries in an hour in one
household. The inputs of this model are local temperature (in ˝C), percentage of battery
charge, day of week (Monday-Friday) and hour of day (0-23). We map values of these
inputs into 10, 5, 5, 24 uniform buckets, respectively, so that our nonparametric model is a
10ˆ5ˆ5ˆ24 tensor. This model structure is beneficial for integration of model predictions for
billion-device-scale systems because predictions have extremely low computational burden
since model predictions simply become lookups into a table: the point at which a prediction



CHAPTER 4. TENSOR COMPLETION VIA INTEGER OPTIMIZATION 45

is to be made is mapped to a set of indices based on the defined buckets, and the model
prediction is simply the completed tensor value at that corresponding set of indices.

We randomly divide our dataset into non-overlapping train and test sets comprising 20%
and 80% of total data, respectively. To run the experiments, we randomly sample (with
replacement) s “ 1% to s “ 10% of total tensor entries in the nonparameteric model (i.e.
s ˆ 10 ˆ 5 ˆ 5 ˆ 24 “ 6000 ˆ s entries). For each case of sample percentage s, we obtain

the completed tensor pψ and calculate the root mean square error (RMSE) on the test set

Xtest, i.e.
b

ř

xPXtest
} pψx ´ ψtest

x }2{#Xtest. To tune the hyperparameters of our and other

algorithms, we do a grid search over the values in r0.5 ¨ }ψtrain}max, 1.5 ¨ }ψtrain}maxs, where
}ψtrain}max is the maximum entry in the training set. The results plotted in Figure 4.4 show
that our model outperforms other models at low sample percentages ranging from 1 to 10%,
although with a slightly larger computation time for model training. However, we recall that
model predictions have extremely low computational load, as described above.

4.6 Conclusion

We developed a (general) tensor completion algorithm by defining a tensor norm using the
gauge of a specific polytope. The method balances computation and information-theoretic
limits: it provably converges in a linear number of integer optimization oracle calls while
achieving the information-theoretic sample complexity rate. Numerical experiments confirm
its scalability and accuracy, and an application to household energy data shows its potential
for building nonparametric models of battery charging. Unlike other nonparametric models
(e.g., random forests, neural networks), our approach is extremely efficient at prediction,
although computationally intensive to train, making it promising for billion-device–scale
energy grid management. Future work could focus on accelerating training to further enhance
performance.
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Part III

Strategic Data Governance and
Sharing
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Chapter 5

When would Online Platforms pay
Data Dividends?

5.1 Introduction

The revenue models of many online platforms depend on collecting, analyzing, and selling
users’ data. A free-service and advertising-based revenue model can cause conflicts in the
users’ and platform’s interests. Users may be concerned about their privacy and possible
misuse of data, while platforms want to maximize their profits. Further, users’ perception
of a platform’s ethics and their willingness to participate can be affected by the platform’s
revenue model, pricing decisions, and privacy practices[166, 151, 168].

Cybersecurity on Online Platforms

After the onset of the Internet of Things (IoT), there has been an increase in the variety,
speed, and volume of users’ data collected. Information from multiple sources including
devices, sensors, and social networks is being used by platforms to assist users and collect
data [130, 52].

Though users have become more aware of the rampant collection of their data, they often
do not know about the proliferation of IoT devices in their everyday lives. For instance, in
August 2022 the Australian federal court convicted a major search platform for collecting
users’ location data without their knowledge [10]. When users give consent and permissions
to apps and platforms, they tend to underestimate the implications of it [76]. Reforms to
protect users’ privacy are very much needed across the world [122]. Users should be able to
control, delete and transfer their data across different platforms and service providers. They
should be asked for explicit consent every time a platform wants to use their data for a new
purpose [130].
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Privacy and Data Dividends

With growing user concerns, consumer privacy legislation has become an important topic
for public discussion, and multiple new data privacy laws have been introduced. In Europe,
the General Data Protection Regulation (GDPR) was introduced in 2016 to give consumers
more control over their data [135]. In 2019, legislators in California announced their intent to
introduce data dividends, which is a model in which platforms would pay users in exchange
for use of users’ data [165]. The same year, Oregon legislators introduced a bill, called the
Health Information Property Act, to compensate consumers for monetizing their health data
[148].

Implementing data dividends comes with its own challenges as companies holding the
data are far more powerful than individual users. Further, there is a huge information
asymmetry and only companies know the actual value of the users’ data. The critics of data
dividends argue that selling data would make it a commodity and be counter-productive in
protecting users’ privacy. They also feel that vulnerable groups – such as people of color
and the poor – who are currently discriminated against should not be incentivized to pour
more data into the system and further reduce their privacy [160, 19]. On the other hand,
the proponents of data dividends argue that today’s technology economy is hugely driven by
monetizing users’ data, and paying users a share of these benefits is only fair.

Recent studies have explored different ways of pricing data dividends for each user based
on the value of their individual data [22, 23, 76]. Using the idea of Shapley and Owen values,
they calculated the contribution made by each user to the platform’s profits. For our work,
we ask different questions: Should platforms pay data dividends at all, and why? In this
chapter, we do our analysis with homogeneous users but our methods can be extended to
analyze heterogeneous users too.

Contributions

Our work comes in the context of rising debates on data dividends. We try to understand
when and how much online platforms would pay as data dividends. We consider users’
privacy concerns as an important factor, for which a platform can invest in data protection.
The platform can also pay users to incentivize taking risks and sharing their data. Our main
contributions are to introduce a principal-agent model using a Stackelberg game to capture
the platform-users dynamics and then use this to gain a better understanding of when the
platform would pay users with data dividends.

5.2 Our Model

An online platform provides its users with free services and a data dividend in exchange for
their data. The users are allowed to choose between two levels – high or low – of data sharing.
For each level, the platform provides a different data dividend and set of services. As the
platform collects users’ data, it faces the risk of a possible data breach. If a data breach
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occurs, the platform loses its reputation and faces possible legal and financial complications,
and the users are harmed by the misuse of their data. Hence, the platforms consider investing
in protecting their users’ data. This could include the costs of building better technological
infrastructure and signing insurance contracts.

Platform’s Utility

The platform has a fixed cost of S to maintain and provide its services. It invests I in users’
data protection, reducing the probability of a data breach to BpIq. Here, B is assumed to
be a twice differentiable function such that BpIq ą 0 with limIÑ8 BpIq “ 0, B1pIq ă 0
and B2pIq ą 0 @I. Note that B is not a complementary cumulative distribution function.
Instead, BpIq gives the probability of data breach on investment I. In case of a data breach,
the platform has a loss of F from legal cases and a lost reputation. When having access to
k users’ data, the platform makes a revenue of Upk, bq, where b of the total k users chose
the low level of data sharing. The revenue may be due to selling the data to a third-party,
selling advertisements to display to users or other sources. The platform pays a share of this
revenue to users as data dividends, which are priced at two scales – p0 and p1 – for the low
and high levels of data sharing respectively.

Considering these costs, revenue, and risks, the platform has a total expected utility of :

Upk, bq ´ BpIqF ´ I ´ S ´ p0b ´ p1pk ´ bq.

User’s Utility

We consider k homogeneous users who have the same behavior and parameters. Each user
values their personal data at V and faces an additional personal loss of L on a data breach.
They also benefit from the platform’s free services, which amount to a value of W . When a
user chooses the low level of data sharing, these benefits and losses scale down by a factor
α P p0, 1q. The platform pays users with data dividends at two scales of pay and thereby
encourages a particular level of data sharing.

Let ci be user i’s decision variable so that ci “ 0 and 1 for the low and high levels of data
sharing respectively. Then a user i’s total expected utility is:

cipp1 ´ Vq ` p1 ´ ciqpp0 ´ αVq,

where V “ V̄ ` BpIqL and V̄ “ V ´ W .

Principal-Agent Formulation

We construct a Stackelberg game [146, 147, 20], in which players act sequentially with
follower(s) acting after a leader. In our model, the platform first prices data dividends for
different levels of data-sharing, and decides on investment for users’ data protection. Given
this information, the users decide how much data to share.
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The optimal, equilibrium choices of the platform and the users are their Stackelberg
strategies. We capture this using an optimization problem, which maximizes the platform’s
utility when the users are maximizing their utilities[108]. It is formulated as follows:

max Upk, bq ´ BpIqF ´ I ´ S ´ p0b ´ p1pk ´ bq

s.t c˚
i “ arg max

ciPt0,1u
cipp1 ´ Vq ` p1 ´ ciqpp0 ´ αVq

@i “ t1, ¨ ¨ ¨ , ku

c˚
i pp1 ´ Vq ` p1 ´ c˚

i qpp0 ´ αVq ě 0

@i “ t1, ¨ ¨ ¨ , ku

I, p0 , p1 ě 0.

The second constraint above ensures that the users do not have a net loss from using the
platform, without which they would leave the platform.

5.3 Optimal Choices

Since the users are homogeneous, they make similar choices: either c˚
i “ 1 or c˚

i “ 0 for every
user i. If users find both levels of data sharing to be utility-maximizing, then we assume
that they all choose the level that most benefits the platform. We solve these two cases of c˚

i

separately. The optimal solution is the best of the two cases and can vary with the numerical
values of the parameters of the model.

Case 1: c˚
i “ 1 @i “ t1, ¨ ¨ ¨ , ku

To ensure users choose high level of data sharing, the platform must price the data dividends
such that p1 ´ V ě p0 ´ αV . Note that b “ 0 in this case. The optimization problem then
reduces to:

max Upk, 0q ´ BpIqF ´ I ´ p1k ´ S

s.t p1 ´ V ě p0 ´ αV
p1 ´ V ě 0

I, p0 , p1 ě 0.

Since p0 ě 0, p˚
0 “ 0 is optimal for the problem. Given this, one can conclude p˚

1 “ V when
V ě 0 and p˚

1 “ 0 when V ď 0. Also, Upk, 0q ´ S can be treated as a constant. These
observations further reduce this case to two sub-cases with optimization problems in a single
variable I.
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Sub-case 1: If V ě 0 then p˚
1 “ V .

Set p˚
1 “ V “ V̄ ` BpIqL and add an additional constraint V ě 0.

min BpIqF1 ` I ` V̄ k

s.t V̄ ` BpIqL ě 0

I ě 0,

where F1 “ F ` Lk.
Let I1 “ B1´1p´1

F1
q and I2 “ B´1p´V̄

L
q.

Proposition 5.3.1. When V̄ ě 0, I˚ “ I1 if I1 exists. Else, I˚ “ 0.

Proposition 5.3.2. When V̄ ď 0,

1. If I1 exists, I˚ “ I1 when BpI1qL ě ´V̄ . Else when BpI1qL ă ´V̄ , I˚ “ I2 if I2 exists
and no solution otherwise.

2. If I1 doesn’t exist, I˚ “ 0 when Bp0qL ě ´V̄ and no solution otherwise.

Sub-case 2: If V ď 0 then p˚
1 “ 0.

Set p1 “ 0 and add an additional constraint V ď 0.

min BpIqF0 ` I

s.t V̄ ` BpIqL ď 0

I ě 0

where F0 “ F .
Let I3 “ B1´1p´1

F0
q and as before, I2 “ B´1p´V̄

L
q.

Proposition 5.3.3. When V̄ ą 0, there is no solution.

Proposition 5.3.4. When V̄ ď 0,

1. If I3 exists, I˚ “ I3 when ´V̄ ě BpI3qL. Else when ´V̄ ă BpI3qL, I
˚ “ I2.

2. If I3 doesn’t exist, I˚ “ 0 when ´V̄ ě Bp0qL and I˚ “ I2 otherwise.

The results from the two sub-cases can be combined by finding the minimum objective
value of the two sub-cases.
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Final results of Case 1

Theorem 5.3.5. For the case when all users choose the high level of data-sharing, when
V̄ ď 0 the optimal choices of the platform are as follows:

1. If I1 and I3 exist, pI˚ “ I1, p
˚
1 “ V̄ ` BpI1qL, p

˚
0 “ 0q when L ě ´V̄

BpI1q
, pI˚ “ I2, p

˚
1 “

0, p˚
0 “ 0q when ´V̄

BpI1q
ě L ě ´V̄

BpI3q
and pI˚ “ I3, p

˚
1 “ 0, p˚

0 “ 0q when ´V̄
BpI3q

ě L.

2. If I1 exists but not I3, pI˚ “ I1, p
˚
1 “ V̄ ` BpI1qL, p

˚
0 “ 0q when L ě ´V̄

BpI1q
, pI˚ “

I2, p
˚
1 “ 0, p˚

0 “ 0q when ´V̄
BpI1q

ě L ě ´V̄
Bp0q

and pI˚ “ 0, p˚
1 “ 0, p˚

0 “ 0q when ´V̄
Bp0q

ě L.

3. If both I1 and I3 don’t exist, pI˚ “ 0, p˚
1 “ V̄ ` Bp0qL, p˚

0 “ 0q when L ě ´V̄
Bp0q

and

pI˚ “ 0, p˚
1 “ 0, p˚

0 “ 0q when ´V̄
Bp0q

ě L.

Theorem 5.3.6. For the case when all users choose the high level of data-sharing, when
V̄ ě 0 the optimal choices of the platform are as follows:

1. If I1 exists then pI˚ “ I1, p
˚
1 “ V̄ ` BpI1qL, p

˚
0 “ 0q is optimal.

2. If I1 doesn’t exist then pI˚ “ 0, p˚
1 “ V̄ ` Bp0qL, p˚

0 “ 0q

The final results of case 1 are summarized in table I.

Case 2: c˚
i “ 0 @i “ t1, ¨ ¨ ¨ , ku

In this case, platform must price the data dividends such that p0 ´αV ě p1 ´V . Here, b “ k.
The optimization problem becomes:

max Upk, kq ´ BpIqF ´ I ´ p0k ´ S

s.t p0 ´ αV ě p1 ´ V
p0 ´ αV ě 0

I, p0 , p1 ě 0.

Similar to case 1, it can be observed that p˚
1 “ 0 is optimal and p˚

0 “ αV when V ě 0 and
p˚
0 “ pα ´ 1qV when V ď 0.

Let I4 “ B1´1
`

´1
F`αLk

˘

, I5 “ B1´1
´

´1
F`pα´1qLk

¯

and as before, I2 “ B´1p´V̄
L

q.

Theorem 5.3.7. For the case when all users choose the low level of data-sharing, when
V̄ ď 0 the optimal choices of the platform are as follows:

1. If I4 and I5 exist, pI˚ “ I4, p
˚
1 “ 0, p˚

0 “ αpV̄ `BpI4qLqq when L ě ´V̄
BpI4q

, pI˚ “ I2, p
˚
1 “

0, p˚
0 “ 0q when ´V̄

BpI4q
ě L ě ´V̄

BpI5q
and pI˚ “ I5, p

˚
1 “ 0, p˚

0 “ pα ´ 1qpV̄ ` BpI5qLq

when ´V̄
BpI5q

ě L.
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2. If I4 exists but not I5, pI˚ “ I4, p
˚
1 “ 0, p˚

0 “ αpV̄ ` BpI4qLqq when L ě ´V̄
BpI4q

,

pI˚ “ I2, p
˚
1 “ 0, p˚

0 “ 0q when ´V̄
BpI4q

ě L ě ´V̄
Bp0q

and pI˚ “ 0, p˚
1 “ 0, p˚

0 “ pα-

´ 1qpV̄ ` Bp0qLqq when ´V̄
Bp0q

ě L.

3. If both I4 and I5 don’t exist, pI˚ “ 0, p˚
1 “ 0, p˚

0 “ αpV̄ ` Bp0qLqq when L ě ´V̄
Bp0q

and

pI˚ “ 0, p˚
1 “ 0, p˚

0 “ pα ´ 1qpV̄ ` Bp0qLqq when ´V̄
Bp0q

ě L.

Theorem 5.3.8. For the case when all users choose the low level of data-sharing, when
V̄ ě 0 the optimal choices of the platform are as follows:

1. If I4 exists then pI˚ “ I4, p
˚
1 “ 0, p˚

0 “ αpV̄ ` BpI4qLqq is optimal.

2. If I4 doesn’t exist then pI˚ “ 0, p˚
1 “ 0, p˚

0 “ αpV̄ ` Bp0qLqq

The final results of case 2 are summarized in table 5.1.

Insights from Optimal Choices

The platform uses data dividends to direct users to choose a particular level of data sharing.
In general, the platform pays a higher data dividend for the high level of data sharing to
compensate for users’ larger risks. But it also earns a larger revenue when it collects more
data. This trade-off between revenue and data dividend decides the optimal level of sharing.

It is optimal for the platform to pay for only one level of data sharing which maximizes
its profit. However, sometimes it may prefer to not pay at all. The cases when this happens
are outlined below.

Can p˚
1 “ 0 while encouraging high level of data sharing?

Firstly, p˚
1 ‰ 0 when V ą W . That is, the platform always pays a data dividend whenever

users value their data more than the platform’s free services. When V ď W , the users value
the platform’s free services more than their data. In this case, if the platform ensures that
a data breach does not occur then it does not pay any data dividend. So if BpIq Ñ 0 @I,
meaning there is a low possibility of a data breach, or L Ñ 0 so that users face a small loss
from a data breach, then no data dividend is paid. Interestingly, even if F Ñ 8, which is
if the platform has heavy losses from a data breach, then they do not pay users with data
dividends and instead invest heavily in data protection (I Ñ 8). In general, the platform
does not pay a data dividend whenW ´V ´BpI˚qL ě 0, that is, the net users’ utility before
pay is positive. Currently, major technology companies do not pay data dividends. Our
model suggests that these companies believe they are in the region described by the above
discussion.
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Table 5.1: Equilibrium results for Case 1 and Case 2

Final results of Case 1 when V̄ ď 0 (Note: p˚
0 “ 0 always)

I1 and I3 exist I1 exists, I3 does not I1 and I3 do not exist

If L ě ´V̄
BpI1q

: I˚ “ I1,

p˚
1 “ V̄ ` BpI1qL

If ´V̄
BpI1q

ě L ě ´V̄
BpI3q

: I˚ “ I2,

p˚
1 “ 0

If ´V̄
BpI3q

ě L : I˚ “ I3,

p˚
1 “ 0

If L ě ´V̄
BpI1q

: I˚ “ I1,

p˚
1 “ V̄ ` BpI1qL

If ´V̄
BpI1q

ě L ě ´V̄
Bp0q

: I˚ “ I2,

p˚
1 “ 0

If ´V̄
Bp0q

ě L : I˚ “ 0,

p˚
1 “ 0

If L ě ´V̄
Bp0q

: I˚ “ 0,

p˚
1 “ V̄ ` Bp0qL

If ´V̄
Bp0q

ě L : I˚ “ 0,

p˚
1 “ 0

Final results of Case 1 when V̄ ě 0

I1 exists I1 doesn’t exist

I˚ “ I1, p˚
1 “ V̄ ` BpI1qL I˚ “ 0, p˚

1 “ V̄ ` Bp0qL

Final results of Case 2 when V̄ ď 0 (Note: p˚
1 “ 0 always)

I4 and I5 exist I4 exists, I5 does not I4 and I5 do not exist

If L ě ´V̄
BpI4q

: I˚ “ I4,

p˚
0 “ αpV̄ ` BpI4qLq

If ´V̄
BpI4q

ě L ě ´V̄
BpI5q

: I˚ “ I2,

p˚
0 “ 0

If ´V̄
BpI5q

ě L : I˚ “ I5,

p˚
0 “ pα ´ 1qpV̄ ` BpI5qLq

If L ě ´V̄
BpI4q

: I˚ “ I4,

p˚
0 “ αpV̄ ` BpI4qLq

If ´V̄
BpI4q

ě L ě ´V̄
Bp0q

: I˚ “ I2,

p˚
0 “ 0

If ´V̄
Bp0q

ě L : I˚ “ 0,

p˚
0 “ pα ´ 1qpV̄ ` Bp0qLq

If L ě ´V̄
Bp0q

: I˚ “ 0,

p˚
0 “ αpV̄ ` Bp0qLq

If ´V̄
Bp0q

ě L : I˚ “ 0,

p˚
0 “ pα ´ 1qpV̄ ` Bp0qLq

Final results of Case 2 when V̄ ě 0

I4 exists I4 doesn’t exist

I˚ “ I4, p˚
0 “ αpV̄ ` BpI4qLq I˚ “ 0, p˚

0 “ αpV̄ ` Bp0qLq

Can p˚
0 “ 0 while encouraging low level of data sharing?

Like for p1, if V ą W then p˚
0 ‰ 0. But when V ě W , p˚

0 “ 0 only if W ´ V ´ BpI˚qL “ 0,
that is, the net users’ utility is zero. This is strange because the platform pays a data divi-
dend when W ´ V ´ BpI˚qL ą 0, that is, the net users’ utility before pay is positive. The
reason is that in this case the users naturally prefer a high level of data sharing. So the
platform has to pay a data dividend to incentivize the low level of data sharing. One could
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argue that the platform should rather remove the option of a high level of data sharing, and
it probably would.

Finally, we also analyze the trends in the investment for users’ data protection. If BpIq Ñ

0 @I, meaning the possibility of a data breach is small, or if F,L Ñ 0 so that no party loses
from a data breach, then the platform does not invest in data protection. If B1pIq Ñ 0 @I,
that is when the likelihood of a data breach is not very sensitive to investment, then the
platform chooses to not invest at all.

Figure 5.1: Here, users choose the high level of data sharing, I1 exists, and V̄ ď 0. Data
dividend p1 is plotted for increasing values of L, that is users’ loss from a data breach. The
platform pays a data dividend beyond a threshold when V ą 0, that is users face a total
loss.

5.4 Conclusion

We studied the dynamics between an online platform and its users when the latter are paid
with data dividends. We demonstrated how an online platform could use data dividends
to incentivize its users to share more data and take more risks, while also giving them an
option to share as much data as they want. If the platform wants to gather more data, it
pays a data dividend only when the users perceive their risks and losses to be higher than
their benefits. Further, when users feel that they do not lose much from a data breach, the
platform prefers to invest in data protection rather than pay users for risking a breach. On
the other hand, when users perceive a high loss from a breach, the platform has to both
invest and pay. It would be interesting to analyze multiple (more than 2) levels of data
sharing, each with a different data dividend, and where heterogeneous users are incentivized
to share more or fewer data as is optimal for the platform. We leave this for future work.
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Figure 5.2: Here, users choose the high level of data sharing and V̄ ě 0. Data dividend p1
is plotted for increasing values of L, that is users’ loss from a data breach. The platform
always pays a data dividend of at least V̄ .

Figure 5.3: Here, users choose the low level of data sharing, I4 exists, and V̄ ď 0. Data
dividend p0 is plotted for increasing values of L, that is users’ loss from a data breach.
Interestingly, the platform doesn’t pay a data dividend only when V “ 0, that is users
neither have a net loss nor gain.

It is debatable whether data dividends could treat data as a commodity and exploit the
poor and vulnerable. But if data dividends are introduced, our model shows that platforms
cannot always use it to shirk responsibility for data protection. When users feel considerable
harm from a data breach, platforms would both invest in data protection and pay higher data
dividends. We believe that our insights could help a policymaker understand data dividends
better.
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Chapter 6

Understanding the Impact of
Coalitions between EV Charging
Stations

6.1 Introduction

The proliferation of electric vehicles (EVs) has brought major changes to road transportation.
EVs could play a significant role in the transition to a sustainable energy-based future and
are projected to surpass traditional internal combustion engine-based vehicles in the coming
decades [25]. The growth in EVs has led to the genesis of a new industry around building
faster and more accessible charging infrastructure [30], comprising several electric vehicles
charging companies (EVCCs) such as Tesla, EVgo, and Chargepoint. One major challenge
associated with the design of charging infrastructure is that charging stations, especially
fast-charging stations, draw a considerable amount of electricity when in operation [156, 5,
163, 59] and may adversely impact the grid infrastructure [4, 107, 58]. The ideal solution
to this challenge is to coordinate the demands from all charging stations to distribute the
load on the grid [4, 126]. However, this is hard to implement in practice due to the high
communication and computational costs of such centralized approaches, and concerns about
privacy of the information shared by EV charging stations [30]. Since coordination between
all EV charging stations is impractical in most cases, we consider the scenario where only
some of these stations coordinate and form a coalition (refer to Figure 6.1 for a schematic).
While it might intuitively seem that some coordination is always better than no coordination,
we give a counter-example to show this is not necessarily true. Particularly, we study the
following question in this chapter:

Q: Could coordination between a few potentially heterogeneous charging stations
lead to undesirable consequences?

To answer this question, we model the interaction between charging station as a non-
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Figure 6.1: A schematic depiction of charging stations located in different areas (e.g. res-
idential, downtown, highway) and owned by different EVCCs. Charging stations that are
contained in the same red box are owned by same company (i.e. form a coalition). Each
charging station demands charge from the grid, which determines the prices.

cooperative aggregative game. Charging stations are strategic agents that draw power from
the grid over a finite time window, and have different location-specific charging demands and
different sensitivities to deviations from a desired operating demand profile. Each charging
station aims to minimize its cost comprising of piq a payment for power demanded from the
grid, and piiq the deviations from their desired operating charging profile. In our model,
we consider that the price per unit of power depends on the total power demanded by
all charging stations (resulting in a game theoretic interaction between charging stations).
Therefore, in our model charging stations act as “price-makers”, rather than “price-takers”
[116, 69, 127, 49]. Finally, some charging stations enter into a coalition (e.g. those owned
by a single EVCC) to coordinate their total demand in order to minimize their total cost.

We compare the outcome of the game-theoretic interaction in two scenarios: (a) when
some charging stations form a coalition, and (b) when each charging station operates inde-
pendently without any coordination. We differentiate the equilibrium in these two scenarios
as C´Nash and Nash equilibrium respectively, and characterize them analytically in The-
orem 6.3.1 and Corollary 6.3.5 respectively. In general, we observe that the equilibrium
decomposes into two components: a charging profile uniformly distributed across time and a
correction term to account for the coalition of charging stations (Theorem 6.3.1). We assess
the scenarios (a)-(b) in terms of three metrics depending on the overall cost experienced
by: (i) all charging stations (aka societal cost); (ii) all charging stations within a coalition,
and (iii) all charging stations outside of coalition. We identify sufficient conditions on the
game parameters under which the formation of a coalition will be worse than the indepen-
dent operation of charging stations in terms of all three metrics (i) ´ (iii), as presented in
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Theorem 6.3.7 and 6.3.11. Furthermore, we present numerical examples that satisfy these
conditions, demonstrating that coalitions can lead to worse outcomes for society, the coali-
tion, and non-coalition charging stations alike. Notably, we find that these outcomes persist
even when we relax the assumptions in our theoretical results, highlighting scenarios where
the conventional intuition about coordinating charging stations does not hold.

Related Work

Aggregative games and EV charging. Several works have proposed EV charging as a
non-cooperative game [116, 69, 127, 49]. These works mainly study existence, uniqueness,
and computation of Nash equilibria of the EV charging game, and analyze these equilibria
via measures such as the price of anarchy (PoA) [127]. Our key differentiation from this line
of literature is to understand the impact of the formation of a coalition of a subset of EV
stations.

Coalitions and equilibria. Strong Nash equilibrium is an outcome wherein no coalition
of agents can collectively deviate from their strategy to improve their utilities, and was first
introduced as a concept in [9]. Since this seminal paper, numerous studies have delved
into necessary and sufficient conditions for its existence [125], computational properties [72],
and its performance across various game classes, often measured by the k-strong price of
anarchy [65, 57, 6, 64, 12, 39]. This metric quantifies the worst-case welfare loss at strong
equilibrium compared to optimal welfare. Unlike strong Nash equilibrium, our notion of
C´Nash equilibrium (Definition 6.2.3) is a relaxation and only requires stability with respect
to a specific coalition C and not all possible coalitions. Strong Nash equilibrium may not
always exist in our setting but we provide an explicit characterization of C-Nash equilibrium
(Theorem 6.3.1).

Users as price-takers. Several studies have delved into the potential detrimental
effects of uncoordinated Electric Vehicle (EV) charging on the power grid [133, 79]. In
response, efforts such as those outlined in [4, 126, 68] have tackled the challenge of devising
incentive mechanisms to coordinate small users, often categorized as “price-takers,” to shift
their charging windows and mitigate grid impacts. However, in contrast to these approaches,
our work conceptualizes charging stations, which serve many EVs and thus can aggregate
demand, as “price-makers” within electricity markets.

6.2 Our Model

Notations For any positive integer m, we define rms :“ t1, 2, ...,mu. Consider two matri-
ces A “ paijqiPrms,jPrns P Rmˆn, B P Rpˆq. We define A b B P Rpmˆqn to be the Kronecker
product of matrices A and B. For any finite set X, we define 1X P R|X| to be a vector with
all entries to be 1. For any vector x P Rm and p Ď rms, we use the notation xp P R|p| to
denote the components of vector x corresponding to p. Additionally, we denote x´p P Rm´|p|

to denote the components of vector x corresponding to all entries that are not in p.
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Charging stations as strategic entities Consider a game comprising of N charging sta-
tions, each operating as a strategic entity making decisions on their charging levels through-
out a charging period spanning T units of time. Each station i P rN s is characterized
by a nominal charging profile px̄tiqtPrT s, where the total charge demanded is di. That is,
ř

tPrT s
x̄ti “ di. The variation of charge demanded between stations reflect differences in the

number of vehicles typically utilizing each charging facility.
The actual charging profile of any station may differ from the nominal charging profile

due to externality imposed by other stations through electricity prices (to be defined shortly).
We denote xti to be the charge demanded by station i during hour t. Define Xi “ txi P RT :
ř

tPrT s
xti “ diu to be the set of feasible charging profiles for station i 1. With a slight abuse

of notation, we define xt P RN as a vector of charging profile of all stations at time step
t P rT s, and x “ pxtiqtPT,iPN to be the joint charging profile of all stations.

In our model, we consider reactive prices where the price of electricity depends on the
total charge demanded. More formally, the cost of incurred by any station i under a joint
strategy x is represented as:

cipxq “
ÿ

tPrT s

ptpxqxti `
µi
2

}xi ´ x̄i}
2,

where paq µi ą 0 is the sensitivity parameter of station i; pbq for every t P rT s, ptpxq

denotes the price per unit of electricity when the joint charging profile of all stations is x.
It is through this price signal that the charging profiles of other charging stations impose
externality on any station. In what follows we assume that the price function is linear, i.e.
ptpxq “ at ` bt1J

Nx
t for some at, bt ą 0 ([127, 49]). The parameters at represents the price

fluctuations due to non-EV demand on the grid. In this chapter, we assume that for all time
t P rT s, bt “ b for some positive scalar b P R.

Remark 6.2.1. The heterogeneity in sensitivity parameters µi between different stations can
be ascribed to the geographic location (cf. Figure 6.1). For instance, a station positioned in
downtown can exhibit heightened sensitivity in meeting its demand requirements compared to
one situated within a residential neighborhood.

Nash equilibrium, defined below, is widely used to characterize the interaction in these
kinds of charging games [116, 69, 127, 49].

Definition 6.2.2. A joint charge profile x˚ is a Nash equilibrium if cipx
˚
i , x

˚
´iq ď cipxi, x

˚
´iq

for every i P rN s, xi P Xi.

1We do not impose non-negativity constraints on the charging profile. This modeling decision is justified,
as charging stations have the capability not only to draw power from the grid but also to inject power into
the grid when necessary [96]. Correspondingly, we also do not impose upper bounds on the charging profiles;
we assume that there is always enough charge available to meet the charging demand for a given problem
instance. It is an interesting direction of future research to impose additional constraints on the set X which
align more closely with real-world conditions.
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Coalition between charging stations Coalitions between charging stations can be easily
facilitated by the emerging electric vehicle charging companies (EVCCs) (such as Charge-
point, Tesla etc.) who operate multiple charging stations. We model that every coalition
jointly decides their charging profiles. For ease of exposition, we consider only single coali-
tion2. The goal of the coalition is to choose xC P

ś

iPC Xi that minimizes the coalition’s
cumulative cost function cCpxq “

ř

iPC cipxq. Next, we introduce a natural extension of Defi-
nition 6.2.2 to examine the outcomes of interactions in the presence of a coalition.

Definition 6.2.3. A joint charge profile x: P X is a C-Nash equilibrium if (i)
ř

iPC cipx
:q ď

ř

iPC cipx
1
C, x

:

´Cq for every x1
C P

ś

jPC Xj, and (ii) cipx
:q ď cipx

1
i, x

:

´iq for every x1
i P Xi, i R C.

When |C| “ 1, Definition 6.2.2 and 6.2.3 are equivalent. For the rest of the article, we
shall denote C´Nash equilibrium by x: and Nash equilibrium when charging stations act
autonomously by x˚.

6.3 Results

In Section 6.3, we analytically characterize the C´Nash equilibrium in terms of game pa-
rameters. Next, in Section 6.3, we derive sufficient conditions when Nash equilibrium is
preferred over C´Nash equilibrium, in terms of overall cost experienced by all charging
stations, by charging stations within the coalition, and the charging stations outside the
coalition. Finally, in Section 6.3,we provide numerical instances where coalition is worse
than Nash equilibrium.

Analytical Characterization of C´Nash equilibrium

Theorem 6.3.1. For any arbitrary coalition C Ă rN s, when b ą 0 and µi ą 0 @i P N , the
C´Nash equilibrium exists, is unique, and takes the following form

x:t
“
d

T
`

ÿ

t1PrT s

Tδtt
1

´ 1

T

`

bp1N1
J
N ` Cq ` µ

˘´1
¨

´

µx̄t
1

´ at
1

1N

¯

,

where δtt
1

is the Kronecker delta function (δtt
1

“ 1 when t “ t1 and is 0 otherwise), µ “

diagprµ1, ¨ ¨ ¨ , µN sq and C “

ˆ

1C1
J
C 0

0 INzC

˙

.

Lemma 6.3.2. Θ and Γ are positive definite and hence invertible matrices.

We now make some remarks about Theorem 6.3.1.

2All results presented in this article can be extended to encompass scenarios involving multiple coalitions.
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Remark 6.3.3. The closed-form equilibrium solution in Theorem 6.3.1 is comprised of a
fixed term and a correction term. The fixed term represents a charging profile that is uniform
across time. The second term is the correction to account for the aggregate effects of the
coalition, demand and charging preferences of the charging stations, and exogenous non-EV
demand. As expected, when the time-dependent factors at

1

and x̄t
1

are constant across time,
the correction term is zero and charging stations charge uniformly across time.

Remark 6.3.4. The result in Theorem 6.3.1 extends to the setting of multiple (non-overlapping)
coalitions C1, C2, ...CK by setting

C “

¨

˚

˚

˚

˚

˚

˝

1C11
J
C1 0 ¨ ¨ ¨ 0

0 1C21
J
C2 ¨ ¨ ¨ 0

...
...

. . .
...

...
... 1CK1

J
CK

...
0 0 0 INzYK

i“1Ci

˛

‹

‹

‹

‹

‹

‚

.

In fact, all theoretical results in this article can be directly extended to the multiple coalition
case by using the above C matrix. For the sake of clear presentation, we shall always work
with K “ 1 in the following text.

We conclude this section by stating the following specialization of Theorem 6.3.1 that
characterizes Nash equilibrium.

Corollary 6.3.5. By setting C “ t1u in Theorem 6.3.1, the Nash equilibrium x˚ takes the
following form:

x˚t
“
d

T
`

ÿ

t1PrT s

Tδtt
1

´ 1

T

`

bp1N1
J
N ` INq ` µ

˘´1
¨

´

µx̄t
1

´ at
1

1N

¯

,

where IN P RNˆN is the identity matrix.

When is C´Nash equilibrium beneficial?

In this subsection, we study conditions under which C´Nash equilibrium will be preferred
over Nash equilibrium and vice-versa. For a charging profile x, define the total cost incurred
by a group of charging stations in S Ď rN s as

cSpxq :“
ÿ

iPS
cipxq, @ x P X.

In order to compare the outcome under Nash equilibrium and C´Nash equilibrium, we use
the following metrics:

crNspx
˚q

crNspx:q
looomooon

:“MrNs

,
cCpx˚q

cCpx:q
loomoon

:“MC

,
crNszCpx˚q

crNszCpx:q
loooomoooon

:“MrNszC

, (Eval-Metric)
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where, recall, x˚ is the Nash equilibrium when there is no coalition, and x: is the C-Nash
equilibrium. These metrics are the ratio of the total cost experienced by different groups
of players at Nash equilibrium and at C´Nash equilibrium. In particular, MrNs is this
ratio for all players, MC is this ratio for players within coalition C, and MrNszC is this ratio
of players outside of the coalition. For any S P trN s, C, rN szCu, if MS ă 1 then Nash
equilibrium is preferred, otherwise C´Nash equilibrium is preferred by the coalition S. Next,
we theoretically characterize these metrics in two cases:

Case A: Exogeneous price fluctuations at are uniform across time

Here, we study the case when at “ a @t P rT s for some a P R. This can happen when the
price is influenced by a constant non-EV demand throughout the day. Under this setting,
the equilibria x: and x˚ are represented below

Proposition 6.3.6. Suppose at “ at
1

for all t, t1 P rT s. Then for every t P rT s,

x˚t
“
d

T
`

ÿ

t1PrT s

Tδtt
1

´ 1

T

`

bp1N1
J
N ` INq ` µ

˘´1
µx̄t

1

,

x:t
“
d

T
`

ÿ

t1PrT s

Tδtt
1

´ 1

T

`

bp1N1
J
N ` Cq ` µ

˘´1
µx̄t

1

.

Further, consider the scenario when all the charging stations prepare for similar peak
and low demand hours, and use charging rate recommendations from EV manufacturers to
predict their demand requirements. That is, they desire similar demand profiles (up to a
constant factor) across the day. This scenario is captured in Assumption 6.3.1.

Assumption 6.3.1. The desired demand of each charging station i P rN s at time step t P rT s

is x̄ti “ diα
t, where

ř

tPrT s
αt “ 1 and αt ě 0 for all t P rT s.

Next, we delineate conditions under which the formation of a coalition is worse than
the independent operation of charging stations in terms of verifiable conditions on game
parameters.

Theorem 6.3.7. Suppose Assumption 6.3.1 holds and at “ at
1

for all t, t1 P rT s. Any group
S Ď rN s incurs a lower cost in Nash equilibrium compared to C´Nash equilibrium iff

ÿ

iPS
f :

i pµ, b, dq ´ f˚
i pµ, b, dq ě 0,

where for every i P rN s, f :

i pµ, b, dq :“ ∆:∆:

i`
µip∆

:

i´diq
2

2b
, f˚
i pµ, b, dq :“ ∆˚∆˚

i `
µip∆

˚
i ´diq

2

2b
,∆:

i :“
`

pbp1N1
J
N ` Cq ` µq´1µd

˘

i
, and ∆˚

i :“
`

pbp1N1
J
N ` INq ` µq´1µd

˘

i
. Additionally, ∆: :“

ř

iPrNs
∆:

i and ∆˚ :“
ř

iPrNs
∆˚
i .
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Remark 6.3.8. Interestingly, the condition in Theorem 6.3.7 is independent of T, αt, a and
depends only on µ and d.

Corollary 6.3.9. When cipx
:q, cipx

˚q ě 0 @i P rN s, Theorem 6.3.7 can be used to an-
alyze (Eval-Metric) as follows. For any S P trN s, C, rN szCu, MS ď 1 if and only if
ř

iPS f
:

i pµ, b, dq ´ f˚
i pµ, b, dq ě 0.

Case B: The desired demand x̄t is uniform across time

In this subsection, we analyze the setting when x̄t is uniform in t. This denotes a uniform
spread of desired demand by the stations. This resembles the nominal charging profile when
the EV adoption will reach a critical mass when each charging station observes a constant
flow of EV such that when averaged over any time window the nominal charge is uniformly
spread.

Proposition 6.3.10. If x̄t “ d{T, @ t P rT s then

x˚t
“
d

T
´

ÿ

t1PrT s

Tδtt
1

´ 1

T

`

bp1N1
J
N ` INq ` µ

˘´1
1Na

t1 ,

x:t
“
d

T
´

ÿ

t1PrT s

Tδtt
1

´ 1

T

`

bp1N1
J
N ` Cq ` µ

˘´1
1Na

t1 .

Theorem 6.3.11. Suppose x̄t “ d{T, for every t P rT s. Any group S Ď rN s incurs a lower
cost in Nash equilibrium when compared to C´Nash equilibrium if and only if g:

Spµ, bq ´

g˚
Spµ, bq ě pΓ: ´ Γ˚qhpAq, where for every i P rN s,

g:

Spµ, bq :“
b

T

ÿ

iPS
Γ:Γ:

i `
µi

2T
pΓ:

i q
2

g˚
Spµ, bq :“

b

T

ÿ

iPS
Γ˚Γ˚

i `
µi

2T
pΓ˚

i q
2

hpAq :“

ř

t,t1PrT s
atat

1
`

Tδtt
1

´ 1
˘

ř

tPrT s

´

ř

t1PrT s
at1 pTδtt1 ´ 1q

¯2 ,

Γ˚
i :“

`

pbp1N1
J
N ` INq ` µq

´11N
˘

i
,

Γ:

i :“
´

`

bp1N1
J
N ` Cq ` µ

˘´1
1N

¯

i
.

Additionally, Γ˚ :“
ř

iPrNs
Γ˚
i and Γ: :“

ř

iPrNs
Γ:

i .

Remark 6.3.12. The condition in Theorem 6.3.11 does not depend on the heterogeneity of
demand of charging stations d.
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Corollary 6.3.13. When cipx
:q, cipx

˚q ě 0 @i P rN s, Theorem 6.3.11 can be used to analyze
(Eval-Metric) as follows.

MS ď 1 ðñ g:

Spµ, bq ´ g˚
Spµ, bq ě pΓ:

´ Γ˚
qhpAq

@S P trN s, C, rN szCu.

Coalitions may not be always beneficial.

In this subsection, we construct instances where the formation of a coalition is not beneficial,
which satisfy the setup discussed in Section 6.3. We set N “ 5, T “ 10, b “ 0.5 and consider
that each station can be of two types: Type H or Type L. For the purpose of this example, we
consider that all stations in a coalition are of Type L and all stations outside the coalition are
of Type H. A station i P rN s is said to be Type H if di “ 5 and µi “ 1, and of Type L if di “ 1
and µi “ 0.1. Additionally, we set αt “ η1 for t ď T {2, and η2 otherwise. Furthermore, we
set at “ 0.5 ` δνt where νt „ Unifpr0, 1sq. We study the impact of the size of the coalition
on various metrics presented in (Eval-Metric). Particularly, in Figure 6.2, we study the
case of η1 “ 0.4{T, η2 “ 1.6{T and δ “ 0, which is aligned with the setup considered in
Theorem 6.3.7. Meanwhile, in Figure 6.3, we study the case by setting η1 “ 1{T, η2 “ 1{T
and δ “ 0.4, which is aligned with the setup considered in Theorem 6.3.11. From these
figures we conclude that there exist coalitions, where from the coalition’s perspective (i.e.
MC) the outcome under Nash equilibrium is preferred to the outcome under coordination.
Furthermore, in Figure 6.2, we find that there exist instances when the C´Nash equilibrium
is not preferred under every evaluation metric. Moreover, in Figure 6.3, we find that the
formation of coalition not only adversely impacts the coalition but also provides advantage
to stations outside coalitions.

6.4 Discussion

In this section we expand on the experimental results from Section 6.33 by relaxing the
conditions imposed on game parameters.

Impact of simultaneous variations in at and αt In Figure 6.4, we study the impact of
the size of the coalition in terms of (Eval-Metric). In contrast to Section 6.3, we consider both
at and αt to be non-uniform and randomly assign stations to be of Type H with probability
0.2 if they are within the coalition. All stations outside of the coalition are assigned to be
Type L. We find that if the size of coalition is small then Nash equilibrium turns out to be
favorable along all metrics (Eval-Metric). However, as the size of coalition increases then it
may be beneficial to form a coalition.

3The code to generate all figures in this section is available at https://github.com/kkulk/coalition-ev

https://github.com/kkulk/coalition-ev
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Figure 6.2: Setting η1 “ 0.4{T, η2 “ 1.6{T and δ “ 0

Figure 6.3: Setting η1 “ 1{T, η2 “ 1{T and δ “ 0.4
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Figure 6.4: Comparison between Nash equilibrium and C´Nash equilibrium with respect to
(Eval-Metric) under different size of coalition.

Impact of the composition of coalitions Here we show that not only the size of the
coalition, but also the composition of the coalition, plays an important role in deciding
whether the coalition is beneficial. To illustrate this point, we examine an example with
N “ 3, T “ 10, b “ 1 and at “ 10 for all t P rT s. We posit a scenario where the first two
stations form a coalition. Each station is one of two types, namely Type H or Type L. We call
a station i P rN s to be of Type H if di “ 5 and µi “ 5, and of Type L if di “ 1 and µi “ 1. In
Figure 6.5, we present a comparative analysis, evaluating how different coalitions perform in
terms of metric presented in (Eval-Metric). We find under some circumstances MS ą 1 for
all S P trN s, C, rN szrCsu. For instance, this is the case when the coalition is comprised of
atleast one Type H station and the station outside coalition is of Type H. On the contrary,
perhaps surprisingly, there are also instances when MS ă 1 for all S P trN s, C, rN szrCsu. For
instance, this is the case when the stations within a coalition are of Type H and the station
outside the coalition is of Type L.

6.5 Conclusion

In this chapter, we initiate a study to understand the impact of coalitions between charging
stations as charging infrastructure continues to grow in coming years. As charging stations
draw a substantial amount of electricity from the grid, they will be “price-makers” on the
electricity grid. More often than not, multiple charging stations are operated by same elec-
tric vehicle charging company (EVCC), which could facilitate coordination between charging
stations. We analytically characterize the equilibrium outcome in the presence of coalitions.
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(a) The phrase “Coalition better” (resp. “Nash better”)
implies MrNs ą 1 (resp. MrNs ă 1).

(b) The phrase “Coalition better” (resp. “Nash better”)
implies MC ą 1 (resp. MC ă 1).

(c) The phrase “Coalition better” (resp. “Nash better”)
implies MrNszC ą 1 (resp. MrNszC ă 1).

Figure 6.5: Comparison of societal (overall) cost, coalitional cost, and the cost of the station
outside the coalition in the three station game.
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Our analysis hints at potential losses encountered by EVCCs if they coordinate all charg-
ing stations owned by them in the presence of heterogeneity in charging demand and user
preferences.

There are several interesting questions for future research in understanding the impact
of coalitions between charging stations. In the current model we assume the overall demand
of a charging station is fixed, but this demand could be affected by electricity prices [107,
58, 170]. We also assume the price functions are linear; future work may extend this to
generic nonlinear functions. Furthermore, there are additional operational constraints such
as limited capacity of the energy infrastructure and bounds on charging rates of EVs that
could be accounted for while computing the equilibrium.
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Chapter 7

Conclusion

This dissertation has examined how game theory, mechanism design, statistics, and optimiza-
tion can be combined to address emerging challenges in digital markets, data governance,
and energy systems populated by autonomous, strategic agents. Across the different chap-
ters, we developed new mechanisms, algorithms, and models that (i) explicitly account for
strategic behavior and information structure, and (ii) provide rigorous performance guaran-
tees, and relate them to governance outcomes. Together, these contributions advance the
design of systems in which algorithmic decision-makers interact with each other and with
human stakeholders in complex, data-rich environments.

Each chapter of this dissertation also opens directions for future research. In auction
design, a natural extension of V-PoP is to settings with heterogeneous items or online bid-
der arrivals, where the Item Split Oracle must be redesigned, and collusion detection must
operate in an online fashion. For the trilevel optimization algorithm, it would be natural to
extend the framework beyond quadratic objectives and convex feasible regions at each level,
for example, by tackling nonlinear or nonconvex structures via carefully designed convex ap-
proximations. For data economics, characterizing how platform competition affects dividend
policy and how dividends should be shared among various heterogeneous user populations
are interesting questions. Finally, for EV charging coordination, extending the coalition–
Nash framework to dynamic settings with multiple coalitions over time, and to markets with
nonlinear pricing, would bring the model closer to real-world grid management.

More broadly, the intersection of mechanism design and machine learning offers a rich
frontier for future research. As AI agents increasingly participate in markets through pric-
ing goods, bidding in auctions, and making allocation decisions, the robustness of classical
mechanisms to adaptive, learning-based strategies must be re-examined. The frameworks
developed in this dissertation provide a foundation for this line of investigation, and we hope
they will be useful both as standalone contributions and as building blocks for future work
on the design of efficient, equitable, and trustworthy algorithmic systems.
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Heidelberg: Springer, 2009, pp. 345–369.

[4] Polina Alexeenko and Eilyan Bitar. “Achieving Reliable Coordination of Residential
Plug-In Electric Vehicle Charging: A Pilot Study”. In: Transportation Research Part
D: Transport and Environment 118 (2023), p. 103658.

[5] Electrify America. How Electric Vehicle (EV) Charging Works. 2021.

[6] Nir Andelman, Michal Feldman, and Yishay Mansour. “Strong Price of Anarchy”. In:
Games and Economic Behavior 65.2 (2009), pp. 289–317.

[7] Stephanie Assad et al. “Algorithmic Pricing and Competition: Empirical Evidence
from the German Retail Gasoline Market”. In: Journal of Political Economy 132.3
(Mar. 2024), pp. 723–771.

[8] Anil Aswani. “Low-rank approximation and completion of positive tensors”. In: SIMAX
37.3 (2016), pp. 1337–1364.

[9] Robert J. Aumann. “Acceptable Points in General Cooperative N-Person Games”.
In: Contributions to the Theory of Games 4.40 (1959), pp. 287–324.

[10] Australian Associated Press. “Google to Pay $60m Fine for Misleading Australians
About Collecting Location Data”. In: The Guardian (Aug. 2022).

[11] Yoram Bachrach, Morteza Zadimoghaddam, and Peter Key. “A cooperative approach
to collusion in auctions”. In: ACM SIGecom Exchanges 10.1 (2011), pp. 17–22.



BIBLIOGRAPHY 72

[12] Yoram Bachrach et al. “Strong Price of Anarchy, Utility Games and Coalitional Dy-
namics”. In: Algorithmic Game Theory: 7th International Symposium, SAGT 2014,
Haifa, Israel, September 30–October 2, 2014. Proceedings 7. Springer. 2014, pp. 218–
230.

[13] M. J. Bagajewicz and Vassilis Manousiouthakis. “On the Generalized Benders De-
composition”. In: Computers & Chemical Engineering 15.10 (Oct. 1991), pp. 691–
700.

[14] Maria-Florina Balcan, Siddharth Prasad, and Tuomas Sandholm. “Bicriteria multi-
dimensional mechanism design with side information”. In: Proceedings of the 37th
International Conference on Neural Information Processing Systems. Curran Asso-
ciates Inc., 2023.

[15] Eric Balkanski, Vasilis Gkatzelis, and Xizhi Tan. “Strategyproof Scheduling with Pre-
dictions”. In: 14th Innovations in Theoretical Computer Science Conference (ITCS)
251 (2023).

[16] Boaz Barak and Ankur Moitra. “Noisy tensor completion via the sum-of-squares
hierarchy”. In: COLT. PMLR. 2016, pp. 417–445.

[17] Jonathan F. Bard. “An Investigation of the Linear Three Level Programming Prob-
lem”. In: IEEE Transactions on Systems, Man, and Cybernetics SMC-14.5 (Sept.
1984), pp. 711–717.

[18] Peter Bartlett and Shahar Mendelson. “Rademacher and Gaussian Complexities: Risk
Bounds and Structural Results”. In: J. Mach. Learn. Res. (2002).

[19] Robert Bartlett et al. “Consumer-Lending Discrimination in the FinTech Era”. In:
Journal of Financial Economics 143.1 (Jan. 2022), pp. 30–56.

[20] Tamer Basar. “On the Relative Leadership Property of Stackelberg Strategies”. In:
Journal of Optimization Theory and Applications 11.6 (June 1973), pp. 655–661.

[21] Ranojoy Basu and Conan Mukherjee. “Strategy-Proof Multidimensional Mechanism
Design”. In: Mathematics of Operations Research 49.4 (2024), pp. 2768–2785.

[22] Eric Bax. “Computing a Data Dividend”. In: arXiv (2019).

[23] Eric Bax et al. “Data Consortia”. In: Proceedings of the Future Technologies Confer-
ence (FTC) 2020, Volume 2. Cham: Springer International Publishing, 2021, pp. 489–
498.

[24] Juan Andrés Bazerque, Gonzalo Mateos, and Georgios B. Giannakis. “Rank Regular-
ization and Bayesian Inference for Tensor Completion and Extrapolation”. In: IEEE
Transactions on Signal Processing 61.22 (2013), pp. 5689–5703.

[25] NEF Bloomberg. “Hitting the EV Inflection Point”. In: Electric Vehicle Price Parity
Phasing Out Combustion Vehicle Sales in Europe; Bloomberg: New York, NY, USA
(2021).



BIBLIOGRAPHY 73
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Appendix A

Appendix for Chapter 2

The omitted proofs from Chapter 2 are provided here.

Proof of Lemma 2.3.1

First, we characterize the colluding bidders’ optimal strategy in the following lemma.

Lemma A.0.1 (Colluders’ Strategy in VCG). Since the VCG mechanism is DSIC for non-
colluding bidders, their bids bn can be assumed to be their true valuations vn. The colluding
bidders’ optimal strategy to maximize their joint utility is as follows:

1. Given that a fixed number of items rc are allotted to colluding bidders (and the re-
maining rn “ r´ rc items are allotted to non-colluding bidders), their optimal bids are
bci “ maxtvci , b

n
rn`1 ` ϵu @i P t1, ¨ ¨ ¨ , rcu, and bci “ 0 @i P trc ` 1, ¨ ¨ ¨ , Cu, for some

small ϵ ą 0. Here, bnrn`1 is the largest losing bid among non-colluding bidders.

Define ucpvn; rcq to be the optimal utility achieved through this strategy. The maximum
utility is:

ucpvn; rcq :“ maxbc tuc pbc,vnq |
ř

iPc xipb
c,vnq “ rcu “

řrc
i“1 v

c
i ´ rc ¨ bnrn`1.

2. Let r˚
c and r˚

n be the VCG allocation to colluding and non-colluding bidders, respectively,
in the absence of collusion. Even when manipulating their bids, the colluding bidders
do not desire more than r˚

c items. That is, ucpvn; r˚
cq ě ucpvn; r˚

c ` ∆rq, @∆r ą 0.

Proof. The colluders maximize ucpbc, vnq “
ř

iPc vixi ´ pi. For
ř

iPc xi “ rc, the rc largest
colluder bids win. The VCG payment pi is maxtbcrc`1, b

n
rn`1u.

Optimal Bids. The choice bci “ 0 for i P trc ` 1, . . . , Cu minimizes the payment, since
bcrc`1 “ 0. The winning bids bci “ maxtvci , b

n
rn`1 ` ϵu for i P t1, . . . , rcu ensure allocation and

bci ą bnrn`1 for small ϵ ą 0. Since payment pi “ bnrn`1, the maximum utility for fixed rc is
ucpbc, vnq “

řrc
i“1 v

c
i ´ rc ¨ bnrn`1.
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Optimal Item Count. The welfare-maximizing allocation is pr˚
c, r

˚
nq. For any ∆r ą 0:

ucpvn; r˚
c ` ∆rq ´ ucpvn; r˚

cq “
řr˚

c `∆r

i“r˚
c `1

vci ´ pr˚
c ` ∆rq bn

r˚
n ´∆r`1

` r˚
cb

n
r˚
n `1

“
ř∆r
i“1

´

vc
r˚
c `i

´ bn
r˚
n ´∆r`1

¯

` r˚
c

´

bn
r˚
n `1

´ bn
r˚
n ´∆r`1

¯

ď 0.

This holds because: (1) vc
r˚
c `i

ď bn
r˚
n
for i ě 1, as these are items the colluders didn’t win

in the truthful VCG allocation, and bn
r˚
n ´∆r`1

ě bn
r˚
n
; thus vc

r˚
c `i

ď bn
r˚
n ´∆r`1

. (2) bn is sorted
in descending order, and bn

r˚
n `1

ď bn
r˚
n ´∆r`1

since ∆r ą 0. Both parts of the sum are non-
positive.

Next, we prove the main results about equilibirum allocation, welfare and revenue for
VCG with collusion.
Allocation and Bids. By Lemma A.0.1, rCol

c ď r˚
c. Hence, rCol

n ě r˚
n and vci ą bn

rCol
n `1

(the

payment price for winning items). The optimal winning bids are bc,Col

i “ maxtvci , b
n
rCol
n `1

`

ϵu “ vci for i P t1, . . . , rCol
c u and losing bids bc,Col

i “ 0 for i P trCol
c ` 1, . . . , Cu. That is,

colluding bidders are incentivized to bid as low as possible to win, and always bid either vci
or 0 ensuring bc,Col

i ď vci (bid shading).
Utility. Since rCol

n ě r˚
n,the non-colluders’ allocation is non-decreasing: xipb

Colq ě xipb
˚q

@i P n. The collusive payment ppbColq “ bn
rCol
n `1

and truthful payment ppb˚q “ maxtvc
r˚
c `1

,

bn
r˚
n `1

u. Since rCol
n ě r˚

n, b
n
rCol
n `1

ď bn
r˚
n `1

, so ppbColq ď ppb˚q.

Non-Colluder Utility: uipb
Colq “ xipb

Colqvi ´ ppbColq ě xipb
˚qvi ´ ppb˚q “ uipb

˚q.

Colluder Utility: ucpbCol
q “ ucpvn; rCol

c q ě ucpvn; r˚
cq “ ucpb˚

q, by definition of rCol

c .

Auctioneer Revenue: uapb
Col

q “ r ¨ ppbCol
q ď r ¨ ppb˚

q “ uapb
˚
q.

Welfare and Revenue. VCG without collusion maximizes social welfare, Welfpb˚q. Any
deviation, bCol, that results in a different allocation must yield WelfpbColq ď Welfpb˚q. This,
combined with RevpbColq ď Revpb˚q (from the auctioneer’s utility), confirms that both welfare
and revenue are non-increasing.

Proof of Theorem 2.3.3

First, we prove the claim:
WelfV CG(N Y C) ě WelfV CG(N)

From Lemma 2.3.1, when all N Y C bidders participate in a VCG mechanism, the non-
colluding bidders bid vn (i.e. truthfully) and the colluding bidders bid bc,Col ď vc (i.e. either
bid-shade to 0 or report their true valuation). The welfare achieved is Welf(vn, bc,Colq. Since
the VCG mechanism allocates items to the top bidders, when a colluding bidder i bid shades
to 0, an item could be allocated to a bidder j who values it less than i leading to a welfare
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loss. In the worst case, all the colluders bid-shade to 0 achieving a welfare Welf(vn, 0). Hence,
Welf(vn, bc,Colq ěWelf(vn, 0).

Now, consider a VCG auction with only the non-colluding bidders N achieving a welfare
Welf(vn). Since the bidders have non-negative valuations, adding |C| more bids of 0 cannot
hurt the welfare, i.e. Welf(vn) ď Welf(vn, 0). The result follows from Welfpvn, bc,Colq ě

Welfpvn, 0q ě Welfpvnq.

Next, we introduce a set of new bidders rN (all of whom are assumed to be non-colluding

and truthful), such that
ˇ

ˇrN
ˇ

ˇ “
ˇ

ˇC
ˇ

ˇ. From the claim we proved earlier, WelV CG(N Y rN Y C) ě

WelV CG(N Y rN). The key observation is that VCG is a welfare-maximizing auction when
bidders are truthful, and it has the largest revenue among the welfare-maximizing auctions.
Let us use OPT to denote a welfare-maximizing auction. Hence, ErWelfV CG(N Y rN)s “

ErWelfOPT (N Y rN)s ě ErWelfOPT (N Y C)s, where the last inequality is because
ˇ

ˇrN
ˇ

ˇ “
ˇ

ˇC
ˇ

ˇ and
the true valuations of all bidders come from an i.i.d distribution. Putting them all together,
we get E

“

WelfV CGpN Y rN Y Cq
‰

ě E
“

WelfV CGpN Y rNq
‰

ě E
“

WelfOPT pN Y Cq
‰

.

Proof of Theorem 2.4.2

Consider bidder i P N. Phase 1 applies the VCG mechanism to allocate k items among non-
colluding bidders, where k is pre-determined and independent of all bids. In VCG, it is a
dominant strategy to bid truthfully whenever pipb

nq “ bnk`1xipb
nq, and individual rationality

also holds [78, 41].
Consider bidder i P C. Phase 2 allocates the remaining r ´ k items to colluding bidders

via the posted price bnk`1. In our model for colluding bidders, we consider them to be
maximizing their total utility

ř

iPc uipbq. Since they exchange monetary payments and items
amongst themselves, it suffices to consider the top bidding colluders while calculating their
net utility. Hence,

ř

iPc uipbq “
řr´k
i“1

`

vci ´ bnk`1

˘

1tbci ą bnk`1u. For fixed b
n
k`1, this net utility

is maximized when vci ą bnk`1 ñ 1tbci ą bnk`1u “ 1. Hence, bidding truthfully, i.e., vci “ bci
@i P C is a utility-maximizing strategy.

Hence, for every bidder, truthful reporting is a weakly dominant strategy, and the mech-
anism is (ex-post) DSIC.

Proof of Lemma 2.4.3

First, we calculate the conditional expected welfare, conditioned on all the non-colluding sV n
k

and note that this is equivalent to conditioning on highest non-colluding losing bid V n
k`1.

Also, since the colluding bidders can exchange both items and monetary payments among
themselves, the specific allocation of items to individual bidders is irrelevant. For welfare
computation, it suffices to consider the highest colluding bids among the winners. Using
Assumption 2.4.1 and probability integral transform of continuous random variables, V n

k “

QpUn
k q (see Equation p2.3.7q of [45]), where Un

k is k´th largest order statistic of N samples of
standard uniform random variables. Using Qp¨q “ F´1p¨q, we get F pV n

k q “ Un
k . We use these



APPENDIX A. APPENDIX FOR CHAPTER 2 86

facts to simplify the expression E
“

WelfV ´PoP pN Y C; kq | sV n
k

‰

“ E
“
ř

iPNYC VixipV q | V n
k`1

‰

.

E
“
ř

iPNYC VixipV q | V n
k`1

‰

“ E
“
řk
i“1 V

n
i | V n

k`1

‰

`
řr´k´1
q“1 E

“
řq
i“1 V

c
i | V n

k`1

‰

¨ P
`

ˇ

ˇ

ˇ
Ŵc

ˇ

ˇ

ˇ
“ q

˘

` E
`
řr´k
i“1 V

c
i

˘

¨ P
`

}Ŵc| ě r ´ k
˘

“ E
“
řk
i“1 V

n
i | V n

k`1

‰

`
řr´k´1
q“1 E

“
řq
i“1 V

c
i | V n

k`1

‰

¨
`

c
q

˘`

1 ´ F pV n
k`1q

˘q`
F pV n

k`1q
˘c´q

`

E
“
ř

r´k

i“1 V
c
i | V n

k`1

‰
řc

q“r´k

`

c
q

˘`

1 ´ F pV n
k`1q

˘q`
F pV n

k`1q
˘c´q

“ E
“
řk
i“1QpUn

i q | Un
k`1

‰

` E
“
řr´k
i“1 QpUc

i q| Un
k`1

‰

¨
řc
q“r´k

`

c
q

˘`

1 ´ F pV n
k`1q

˘q

`

F pV n
k`1q

˘c´q
`
ř

r´k´1

q“1 E
“
řq
i“1QpUc

i q| Un
k`1

‰`

c
q

˘`

1 ´ F pV n
k`1q

˘q`
F pV n

k`1q
˘c´q

“ k ¨ E
“

QpUq | U ě F pV n
k`1q

‰

`
řr´k´1
q“1 q ¨ E

“

QpUq| U ě F pV n
k`1q

‰

¨
`

c
q

˘`

1 ´ F pV n
k`1q

˘q

`

F pV n
k`1q

˘c´q
`
řc
q“r´k E

“
řr´k
i“1 QpU q

i q| U q
q ě F pV n

k`1q
‰

¨
`

c
q

˘`

1 ´ F pV n
k`1q

˘q`
F pV n

k`1q
˘c´q

“ E
“

QpUq | U ě F pV n
k`1q

‰

¨

´

k ` E
”

G
´

|Ŵc|, V n
k`1; k

¯

| V n
k`1

ı¯

Above, U „ Uniformr0, 1s and |Ŵc| | V n
k`1 „ Binomial

`

C, 1 ´ F
`

V n
k`1

˘˘

are the total num-

ber of winning colluding bidders and G
´

|Ŵc|, V n
k`1; k

¯

“ |Ŵc|1
!

|Ŵc| ď r ´ k
)

`

E
„

řr´k
i“1

QpU
|Ŵc|
i

q|U
|Ŵc|

|Ŵc|
ěF pV n

k`1q

ȷ

ErQpUq|UěF pV n
k`1

qs
1
!

|Ŵc| ą r ´ k
)

. Taking an expectation over V n
k`1 is the above ex-

pression gives the required result.

Proof of Theorem 2.4.4

By Lemma 2.4.2, all bids are known to be truthful. When k “ r, all the items are al-
located to non-colluding bidders, and V-PoP simply runs the usual VCG mechanism on
the non-colluding bidders. Hence, WelfV ´PoP pN Y C; rq “ WelfV CGpNq. Since V-PoP uses
k˚ “ argmaxkMpkq, setting M pkq “ E rWelfV ´PoP pN Y C; kqs maximizes the expected wel-
fare, and E rWelfV ´PoP pN Y C; k˚qs ě E rWelfV ´PoP pN Y C; rqs. Combining it all, we get
E rWelfV ´PoP pN Y C; k˚qs ě E rWelfV ´PoP pN Y C; rqs “ E rWelfV CGpNqs .

Next, we prove the revenue guarantees. If k˚ “ r then RevV ´PoP pNYC; k˚q “ RevV CGpNq.
If, instead, k˚ ă r then the price set by the mechanism bnk˚`1 is higher than the VCG price
with just the non-colluding bidders bnr`1, i.e., bnk˚`1 ą bnr`1. Hence, when all items are
sold by V-PoP mechanism then the revenue achieved is higher than that of VCG with the
non-colluding bidders as the price cut-off is higher. All items are sold with the probability
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P
´

|Ŵc| ą r ´ k
¯

calculated as follows:

E
”

P
´

|Ŵc| ą r ´ k | V n
k˚`1

¯ı

“ E
”

řc
q“r´k˚

`

c
q

˘`

1 ´ F pV n
k˚`1q

˘q`
F pV n

k˚`1q
˘c´q

ı

“
řc
q“r´k˚

`

c
q

˘

E
”

`

1 ´ Un
k˚`1

˘q`
Un
k˚`1

˘c´q
ı

“
řc
q“r´k˚

`

c
q

˘

BpC`N´k˚´q,q`k˚`1q

BpN´k˚,k˚`1q
,

where Bp¨, ¨q is the beta function. The last equality above uses the property that for

X „Betapα, βq, E
“

Xap1 ´ Xqb
‰

“
Bpα`a,β`bq
Bpα,βq

.

Proof of Lemma 2.4.6

The result is a consequence of the probability integral transform of continuous random
variables. By equation p2.3.7q of [45], V s

k “ QpU s
kq. LU s

k ď V s
k follows from Assumption

2.4.2. Using Qp¨q “ F´1p¨q from Assumption 2.4.1, we get F pV n
k q “ Un

k .

Proof of Lemma 2.4.7

By the proof in Lemma 2.4.3, E
“

WelfV -PoPpN Y C; kq | pV n
k`1, . . . , V

n
n q
‰

“ E
“

QpUq | U ě

F pV n
k`1q

‰

¨
`

k ` E
“

Gp|Ŵc|, V n
k`1; kq | V n

k`1

‰˘

, where U „ Uniformr0, 1s, |Ŵc| | V n
k`1 „

BinomialpC, 1 ´ F pV n
k`1qq and G

´

|Ŵc|, V n
k`1; k

¯

“ |Ŵc|1
!

|Ŵc| ď r ´ k
)

`

E
„

řr´k
i“1

QpU
|Ŵc|
i

q|U
|Ŵc|

|Ŵc|
ěF pV n

k`1q

ȷ

ErQpUq|UěF pV n
k`1

qs
1
!

|Ŵc| ą r ´ k
)

. Using Assumption 2.4.2 and Lemma 2.4.6, we
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bound the above terms above separately as follows.

E
“

QpUq
ˇ

ˇ U ě F
`

V n
k`1

˘‰

¨

´

k ` E
”

G
´

|Ŵc|, V n
k`1; k

¯ˇ

ˇ

ˇ
V n
k`1

ı¯

“ E
“

V
ˇ

ˇ V ě V n
k`1

‰

¨

´

k `
ř

r´k

q“1
q
`

c
q

˘`

1 ´ F pV n
k`1q

˘q`
F pV n

k`1q
˘c´q

¯

`
řc

q“r´k`1
E
“
ř

r´k

i“1
QpU q

i q | U q
q ě F pV n

k`1q
‰ `

c
q

˘`

1 ´ F pV n
k`1q

˘q`
F pV n

k`1q
˘c´q

ě E
“

LU
ˇ

ˇ U ě Un
k`1

‰

´

k `
ř

r´k

q“1
q
`

c
q

˘`

1 ´ Un
k`1

˘q`
Un
k`1

˘c´q
¯

`
řc

q“r´k`1
E
“
ř

r´k

i“1
LU q

i | U q
q ě Un

k`1

‰ `

c
q

˘`

1 ´ Un
k`1

˘q`
Un
k`1

˘c´q

ě
Lp1`Un

k`1q
2

´

k `
ř

r´k

q“1
q
`

c
q

˘`

1 ´ Un
k`1

˘q`
Un
k`1

˘c´q
¯

` L
řc

q“r´k`1
E
“
ř

r´k

i“1
p1 ´ Un

k`1qU
q
i ` Un

k`1

‰ `

c
q

˘`

1 ´ Un
k`1

˘q`
Un
k`1

˘c´q

ě
Lp1`Un

k`1q
2

´

k `
ř

r´k

q“1
q
`

c
q

˘`

1 ´ Un
k`1

˘q`
Un
k`1

˘c´q
¯

`
řc

q“r´k`1
Lpr ´ kq

´

1 ´
p1´Un

k`1qpr´k`1q

2pq`1q

¯

`

c
q

˘`

1 ´ Un
k`1

˘q`
Un
k`1

˘c´q

“
Lp1`Un

k`1q
2

¨ rpk, Un
k`1q

ě
Lp1` 1

H
V n
k`1q

2

´

k `
řr´k
q“1 q

`

c
q

˘ `

maxt0, 1 ´ 1
L
V n
k`1u

˘q `
mint1, 1

H
V n
k`1u

˘c´q
¯

`
řc
q“r´k`1 L¨

pr ´ kq

´

1 ´
pmaxt0,1´ 1

H
V n
k`1uqpr´k`1q

2pq`1q

¯

`

c
q

˘ `

maxt0, 1 ´ 1
L
V n
k`1u

˘q `
mint1, 1

H
V n
k`1u

˘c´q
.

The second inequality is because QpUq “ V ě LU by Lemma 2.4.6 and F pV n
k`1q “ Un

k`1.
The third equality is using E

“

U | U ě Un
k`1

‰

“ p1 ` Un
k`1q{2 for U „ Uniformr0, 1s, and

E
“

U q
i | U q

q ě Un
k`1

‰

“
`

1 ´ Un
k`1

˘

E rU q
i s`Un

k`1. The last inequality is because the summation

of expected values of uniform order statistics
řr´k
i“1 E rU q

i s “ pr´kq
p2q´r`k`1q

2pq`1q
when r ´ k ď q.

Finally, note that Un
k`1 „ Beta pN ´ k, k ` 1q and is pk ` 1q´th highest order statistic from

N i.i.d. standard uniform random variables.

Proof of Lemma 2.4.8

The proof is very similar to Lemma 2.4.7.

E
“

RevV ´PoP pN Y C; kq | pV n
k`1, ¨ ¨ ¨ , V n

n q
‰

“ V n
k`1

´

k ` E
”

mint|Ŵc|, r ´ ku

ı¯

ě V n
k`1

´

k `
řc
q“0mintr ´ k, qu

`

c
q

˘`

1 ´ Un
k`1

˘q`
Un
k`1

˘c´q
¯

ě LUn
k`1r̃pk, U

n
k`1q.

Proof of Theorem 2.4.9

The proof is very similar to the derivation of revenue guarantees in Theorem 2.4.4.
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Other plots from numerical experiments

The plots from numerical simulations for the distributions- sinusoidal, trapezoidal, and
quadratic- are below in Figures A.1, A.2 and A.3 respectively.

(a) (b)

(c) (d)

Figure A.1: Numerical results for Sinusoidal distribution.
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(a) (b)

(c) (d)

Figure A.2: Numerical results for Trapezoidal distribution.
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(a) (b)

(c) (d)

Figure A.3: Numerical results for Quadratic distribution.
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Appendix B

Appendix for Chapter 3

The omitted proofs from Chapter 3 are provided here.

Proof of Lemma 3.3.4

Fix a feasible trilevel point x “ pxp1q, xp2q, xp3qq P Ωtrue. Then, by definition of feasibility of
the trilevel problem, the component xp3q is an optimal solution of the level 3 subproblem
given the upper level decisions pxp1q, xp2qq. Since the level 3 objective is strongly convex
and the constraints are linear, the level 3 subproblem is a convex program with a unique
primal optimal point. Also, the Karush–Kuhn–Tucker (KKT) conditions are necessary and
sufficient for optimality.

Let A3 denote the active constraint set at the optimizer. The KKT system corresponding
to A3 can be written as a linear system in the primal-dual variables pxp3q, λ3q. Solving this
system yields the affine representation

x̂p3q
“ K

pA3q:pxq

3

`

N
pA3q

3 ` M
pA3q

3 xp12q
˘

,

together with the dual and primal validity constraints in (3.5). These constraints define
a region of validity on which the above affine mapping coincides with the exact optimal
response of the level 3 problem.

Because x P Ωtrue, the level 3 optimizer at pxp1q, xp2qq satisfies the KKT system and there-
fore satisfies the generated optimality constraint. Hence the level-3 optimality constraint is
valid for Ωtrue.

Proof of Lemma 3.3.5

We first prove (1). Take any pxp2q, xp3qq P sΩ2px
p1qq. By definition, this point satisfies the

level 2 constraints and also the level 3 optimality constraints (3.4) and (3.5). The constraint
(3.5) ensures that the active set A1

3 used to derive the cut is valid at pxp1q, xp2qq. Since the
level 3 subproblem is a strongly convex, quadratic program with linear constraints, its KKT
conditions are necessary and sufficient for optimality. Therefore, (3.4) represents the exact



APPENDIX B. APPENDIX FOR CHAPTER 3 93

optimal response of level 3 in its region of validity defined by constraint (3.5). Hence xp3q

is the true lower-level best response to pxp1q, xp2qq, and pxp2q, xp3qq is feasible for the original
level 2 subproblem (3.6). This proves that sΩ2px

p1qq Ď Ω2pxp1qq.
We now prove (2). By definition, x̂p23q is feasible for (3.6) at the given xp1q and optimal

for the level 2 subproblem. In particular, the component x̂p3q solves the level 3 subproblem
at pxp1q, x̂p2qq. Let λ̂3 be any dual multiplier associated with this level 3 optimum, and let
A1
3 be the active constraint set at px̂p3q, λ̂3q. Using KKT conditions and active set A1

3, when
evaluated at pxp1q, x̂p2q, x̂p3qq and λ̂3, the constraints (3.4) and (3.5) are satisfied. Since x̂p23q

also satisfies all level 2 constraints from (3.6), it satisfies every constraint defining PUBD
2 pxp1qq.

Therefore, x̂p23q P sΩ2px
p1qq, which proves (2).

Proof of Lemma 3.3.8

Let v2px
p1qq be the optimal value of the level 2 subproblem (3.6), and sv2px

p1qq be the optimal
value of PUBD

2 pxp1qq. Define Ω2pxp1qq and sΩ2px
p1qq as the feasible sets of these problems,

respectively. By Lemma 3.3.5, for the specific active sets A3 and A2 used to construct
PUBD
2 pxp1qq, we have Ω̄2pxp1qq Ď Ω2px

p1qq and v2px
p1qq “ v̄2pxp1qq. In particular, the in-

equality v2px
p1qq ď v̄2pxp1qq is tight at the bilevel optimal point and for the chosen active

sets.
Now consider any globally feasible trilevel point x “ pxp1q, xp2q, xp3qq P Ωtrue. By definition,

pxp2q, xp3qq P Ω2pxp1qq and it is also optimal for the level 2 subproblem. Hence, its optimal
objective value v2px

p1qq satisfies v2px
p1qq “ sv2pxp1qq. Similar to the proof in Lemma (3.3.4),

the upper bound problem PUBD
2 pxp1qq is quadratic program with strongly convex objective

and KKT conditions are necessary and sufficent. Given the active constraints set A2, its
unique primal optimal point x

p23q

UB is given by (3.7) within the validity polytope (3.8). The

optimal point x
p23q

UB can be used to calculate sv2px
p1qq within the validity polytope (3.8). This

along with v2pxp1qq ď sv2pxp1qq implies that the optimality constraint holds for the x P Ωtrue

. Therefore, every globally feasible trilevel point satisfies the generated level 2 optimality
constraints.

Proof of Lemma 3.3.9

Say, the level 2 subproblem is infeasible for a given xp1q. For any xp2q for which the third
level subproblem is feasible, an upper bound problem similar to PUBD

2 can be constructed
using the corresponding third level active set A3. Let this upper bound problem have a
consolidated constraint system (3.9) with feasible region Ωpxp1qq. Then, similar to Lemma
(3.3.5), Ωpxp1qq Ď Ω2pxp1qq. Since Ω2pxp1qq “ H due to the infeasibility of level 2 subproblem,
Ωpxp1qq “ H too. By Farkas’ lemma, there exists a multiplier ω ě 0 satisfying ωJG2 “

0 and ωJpW2 ` S2x
p1qq ă 0. Therefore, for Ωpxp1qq to be non-empty, pωJS2qxp1q ě ´ωJW2

must be satisfied. Thus the feasibility cut is also valid for Ωtrue.
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Proof of Lemma 3.3.10

We first verify feasibility of xu for the trilevel problem (3.1). In the upper bound prob-

lem (3.11) at x
p1q

k , the level 1 and level 2 feasibility constraints Aixu ď Bi and li ď x
piq
u ď ui for

i “ 1, 2 are satisfied by construction. The last constraint block in (3.11) lists the level 3 sub-

problem ensuring level 3 feasibility and optimality, i.e. at px
p1q

k , x
p2q
u q, x

p3q
u is both level 3 fea-

sible and optimal. Finally, f ‹
2 px

p1q

k q is the optimal value of the level 2 subproblem (3.6) at x
p1q

k

and for any feasible pxp2q, xp3qq of the level 2 bilevel problem, we must have xp23qJH
p23,23q

2 xp23q`

p2x
p1qJ

k H
p1,23q

2 ` C
p23qJ

2 qxp23q ě f ‹
2 px

p1q

k q. In the upper-bound problem (3.11), we impose the

additional inequality xp23qJH
p23,23q

2 xp23q ` p2x
p1qJ

k H
p1,23q

2 `C
p23qJ

2 qxp23q ď f˚
2 px

p1q

k q. Combining
this with the previous inequality shows that any feasible pxp2q, xp3qq of (3.11) must satisfy

xp23qJH
p23,23q

2 xp23q ` p2x
p1qJ

k H
p1,23q

2 ` C
p23qJ

2 qxp23q “ f ‹
2 px

p1q

k q. Thus, px
p2q
u , x

p3q
u q is an optimal

solution of the level 2 bilevel problem for the fixed first level decision x
p1q

k . Hence, xu is
feasible for level 1,2,3 constraints and optimal at levels 2,3, and so feasible for the original
trilevel problem (3.1).

Finally, the objective of the upper bound problem (3.11) is exactly the level 1 objective
CJ

1 x ` xJH1x evaluated at xu. Since xu is a feasible solution of the trilevel problem, its
objective value is an upper bound on the optimal trilevel value. This completes the proof.

Proof of Lemma 3.3.11

Since the constraints (3.4)–(3.5) were added to the master problem at iteration k, and xk1 lies

in their validity polytope with the same level 3 active set A3, the pair px
p3q

k1 , λ3q satisfies the
KKT system of the level 3 subproblem corresponding to A3. Because the level 3 subproblem
is a strictly convex quadratic program with linear constraints, these KKT conditions are
necessary and sufficient, implying that x

p3q

k1 is the unique optimal response of level 3 to

px
p1q

k1 , x
p2q

k1 q.
Similarly, the constraints (3.7)–(3.8) were added using the level 2 active sets pA2,A

1
3q at

iteration k. By the lemma (3.3.5), the corresponding upper bound problem PUBD
2 px

p1q

k q is an
exact restriction of the level 2 bilevel problem on its validity polytope, and its optimal value
equals v2px

p1q

k q. Since xk1 lies in the same validity polytope with the same active sets pA2,A
1
3q,

the inequality (3.7) enforces f2px
p1q

k1 , x
p23q

k1 q ď f2
`

x
p1q

k1 , x̂
p23q

UB px
p1q

k1 q
˘

“ v2px
p1q

k1 q. By definition of

v2px
p1q

k1 q as a minimum, we also have f2px
p1q

k1 , x
p23q

k1 q ě v2px
p1q

k1 q. Thus f2px
p1q

k1 , x
p23q

k1 q “ v2px
p1q

k1 q,

and px
p2q

k1 , x
p3q

k1 q is optimal for the level 2 subproblem at x
p1q

k1 .
Combining these facts, xk1 satisfies all level 1 and level 2 physical constraints, the level 3

and level 2 optimality conditions of the trilevel problem (3.1). Hence xk1 is feasible for the
original trilevel problem.

Finally, the lower bound from the master problem at iteration k1 equals f1pxk1q. The

upper bound problem, constructed at fixed x
p1q

k1 , also has xk1 as a feasible point, yielding the
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same optimal objective value f1pxk1q. Thus, the lower and upper bounds coincide at iteration
k1, and the optimality gap closes.
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Appendix C

Appendix for Chapter 4

The omitted proofs from Chapter 4 are provided here.

Proof of Proposition 4.3.1

The proof for this proposition is similar to that of Proposition 2.1 of [31], but where a
multilinear optimization problem is formulated by restricting the entries to r´1, 1s instead
of r0, 1s as in (C). We proceed by showing two set inclusions convpSλq Ď convpBλq and
convpBλq Ď convpSλq. The first inclusion is immediate by definition since we have Sλ Ă Bλ.
The second inclusion can be proved by contradiction. Suppose instead that convpBλq Ć

convpSλq. Then there exists a tensor ψ1 P Bλ with ψ1 R convpSλq. By the hyperplane
separation theorem, there exists φ P Rr1ˆ¨¨¨ˆrp and δ ą 0 such that xφ, ψ1y ě xφ, ψy ` δ for
all ψ P convpSλq, where x¨, ¨y is the usual inner product that is defined as the summation of
elementwise multiplication. Now consider the multilinear optimization problem

max xφ, ψy

s.t. ψx “ λ ¨
śp

k“1 θxk , for x P R
θxk P r´1, 1s, for x P R

Proposition 2.1 of [53] shows there exists a global optimum ψ2 of (C) with ψ2 P Sλ. By
construction, xφ, ψ2y ě xφ, ψ1y, which implies xφ, ψ2y ě xφ, ψy ` δ for ψ P convpSλq. This
statement is a contradiction since ψ2 P Sλ Ď convpSλq.

Proof of Proposition 4.3.3

We use the result from Example 3.50 of [137] to conclude that } ¨ }˘ is a norm. To apply the
result, we check that the required conditions on C1 hold.

By definition C1 is convex, closed, and bounded. C1 is also symmetric since for every
a P C1, ´a P C1 is also true. To see this, let a “

ř

i λiψi where ψi P S1, λi P r0, 1s and
ř

i λi “ 1 and notice ´ψi P S1. Symmetry and convexity also ensure 0 P C1 since for any
a P C1, 1

2
pa ` p´aqq “ 0.
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The final, non-trivial condition required is that C1 has a non-empty interior. To prove
this, we use Theorem 2.4 of [138] that the dimension of C1 is the maximum of dimensions
of simplices included in it. We construct a simplex in C1 that has dimension π “ Πiri, and
hence C1 has a dimension of at least π. But the flattened vector space of tensors also has
dimension π; so, the dimension of C1 is at most π. Hence, C1 has a dimension π, which is
the full dimension of the space, implying that the set C1 must have a non-empty interior.

The rest of the proof constructs such a simplex of dimension π. Consider a polytope
D “ convp0 Y tdxuxPRq. Here, for any x “ px1, ¨ ¨ ¨ , xpq P R, consider dx “

Âp
k“1 β

xk with
each vector βxk P Rrk defined as βxk “ 1 if xk “ 1 and βxk “ fxk if xk ‰ 1, where 1 is a vector
of one’s and fj is a vector with ´1 in position j and one’s elsewhere. One can verify that
tβxkuxkPrrks are linearly independent vectors and make a complete basis for Rrk . Since the
tensor product of linearly independent vectors gives linearly independent tensors, the tensors
tdxuxPR are all linearly independent. Consequently, tdx´0uxPR are linearly independent and
tdxuxPR Y 0 are affinely independent. By definition, the polytope D, which is a convex hull
of |R| ` 1 “ π ` 1 affinely independent points, is a simplex of dimension π. Note that all
the points are in C1, and hence so is the simplex.

With this, C1 is shown to satisfy all the required conditions, which means that the propo-
sition holds.

Proof of Proposition 4.3.4

We show the constraints defining sets Sλ and pSλ are equivalent. Consider some x P R. From
the definition of Sλ in (4.3), we have ψx “ λ

śp
i“1 θxk . Define yx,k “

śp
i“k θxk , for k P rps so

that ψx “ λyx,1. Or equivalently, in a recursive relationship, yx,k “ θxkyx,k`1 for k P rp ´ 1s

and yx,p “ θxp . The recursive constraints can be thought of as a negated-XOR relation, and
linearized by transformations for conjunctive and disjunctive statements (see Section 2.5 of

[43]). These linearized constraints correspond to constraints 2-5 in the definition of pSλ as

given above. So for each x P R, the tensor ψx is defined the same in both Sλ and pSλ.

Proof of Proposition 4.3.7

By the cp decomposition and the triangle inequality: }ψ}˘ ď
řrankpψq

k“1 }ψk}˘ “
řrankpψq

k“1 }ψk}max,
where ψk P B8. The last equality follows from }ψk}˘ “ }ψk}max when ψk P B8. Using
}ψk}max ď }ψ}max from Assumption 4.3.1 gives the right-side inequality.

The proof of the left-side inequality is similar to Proposition 2.4 of [31]. For any λ ě 0,
if ψ P Sλ, then by definition }ψ}max “ λ. By the convexity of norms we have that: if ψ P Cλ,
then }ψ}max ď λ. This means that @ λ ě 0 we have Cλ Ď Uλ :“ tψ : }ψ}max ď λu, and thus
inftλ | ψ P λU1u ď inftλ | ψ P λC1u. But this is equivalent to }ψ}max ď }ψ}˘, which proves
the left-side inequality.
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Proof of Proposition 4.3.9

Note that }φ}˝ “ supt|xφ, ψy| | }ψ}˘ ď 1u “ suptxφ, ψy | ψ P C1u is the dual norm for
} ¨ }˘. The approximation of } ¨ }˝ can be reduced to approximation of the norm } ¨ }˘ in
polynomial time from theorems 3 and 10 of [67]. Our main idea is to give a polynomial-
time reduction of an np-Hard problem to an approximation of } ¨ }˝. In particular, we
prove that calculating the 8, 1 subordinate matrix norm is polynomial-time reducible to
suptxφ, ψy | ψ P S1u. Without loss of generality, assume p “ 2 and d :“ r1 “ r2. The
decision version of suptxφ, ψy | ψ P S1u is: Question: Does there exist θxk P t´1, 1u for all

xk P rds with k “ 1, 2 such that for a given L we have
řd
x1“1

řd
x2“1 φx1x2θx1θx2 ě L? From

Proposition 1 of [139], we have }W }8,1 “ tmax
ř

i,jWijxiyj |xi, yj P t´1, 1uu for a matrixW .
The decision version of the 8, 1 subordinate matrix norm for the special case of M -matrices
can be written as: Question: Does there exist xi, yi P t´1, 1u for all i P rds such that for a
given L1 ě 0 and a symmetric, positive definite matrix W P Rdˆd satisfying wij ď 0 for all

i ‰ j and
řd
i“1

řd
j“1wijxiyj ě L1? Clearly, setting L “ L1 and φ “ W is a valid polynomial

time reduction. Since C1 “ convpS1q and xφ, ψy is linear, }φ}˝ “ suptxφ, ψy | ψ P S1u. The
result now follows since approximately solving any 8, p subordinate matrix norm, where
p P r1,8q, to arbitrary accuracy is np-hard [84]. In particular, Theorem 5 of [139] shows
that it is an np-hard problem for M -matrices. When combined with Corollary 3.2 in [31],
this establishes np-completeness.

Proof of Proposition 4.3.10

The proof is similar to Proposition 3.3 of [31]. By definition, RpCλq “

EσpsupΨPCλ
1
n

|
řn
i“1 σi ¨ ψxxiy|q and WpCλq “ supX RpCλq, where σi are independent and iden-

tically distributed (i.i.d.) Rademacher random variables (i.e., σi “ ˘1 with probability 1
2
)

[18, 150]. Hence, RpCλq ď WpCλq. Recall that Cλ “ convpSλq by Proposition 4.3.1. This
means WpCλq “ WpSλq [106, 18]. Next, observe that

WpCλq “ WpSλq

“ sup
X

Eσ
`

sup
ψPSλ

1
n

ˇ

ˇ

řn
i“1 σi ¨ ψxxiy

ˇ

ˇ

˘

“ supX Eσ
`

maxψPSλ

1
n

¨
řn
i“1 σi ¨ ψxxiy

˘

ď sup
X
r
a

2 log#Sλ{n

where in the last line since the set Sλ is finite, we used the Finite Class Lemma [118] with
r “ maxψPSλ

a

řn
i“1pψxxiyq

2 ď λ
?
n, and replaced the supremum with a maximum. This

inequality on r is because Sλ consists of tensors whose entries are from t´λ, λu. Thus
WpCλq ď λ

a

p2 log 2q ¨ ρ{n ď λ ¨ 2
a

ρ{n.
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Proof of Proposition 4.4.4

The proof for this proposition is similar to the proof of Proposition 4.4 of [31]. Define the
ball of radius δ ą 0 centered at a tensor ψ to be Bpψ, δq “ tφ : }φ ´ ψ}F ď δu. Next
define W pC1, δq “

Ť

ψPC1 Bpψ, δq and W pC1,´δq “ tψ P C1 : Bpψ, δq Ď C1u. The weak
membership problem for C1 is that given a tensor ψ and a δ ą 0 decide whether ψ P W pC1, δq
or ψ R W pC1,´δq. Theorem 10 of [67] shows that approximation of the norm } ¨ }˘ is
polynomial-time reducible to the weak membership problem for C1. Since Proposition 4.3.9
shows that approximation of the norm } ¨ }˘ is NP-hard, the result follows if we can reduce
the weak membership problem to the tensor completion problem.

Suppose we are given inputs ψ and δ for the weak membership problem. Choose xxiy
for i “ 1, . . . , π such that each element in R is enumerated exactly once. Next choose
yxiy “ ψxxiy and λ “ 1. Finally, note if we solve (4.1) and the minimum objective value is
less than or equal to δ, then we have ψ P W pC1, δq; otherwise, we have ψ R W pC1,´δq. The
result follows since this was the desired reduction.

Proof of Proposition 4.4.5

By Theorem 3.1 of [29], BCG converges linearly when the feasible set is a polytope and the
objective function is smooth and strongly convex. Note the feasible set }ψ}˘ ď λ in Problem
(4.1) is a polytope. The objective is smooth and it can be made strongly convex by projecting
the feasible space onto the set of unique, observed tensor entries U [31]. Specifically, we use
the equivalent reformulation in which we change the feasible set from tψ : }ψ}˘ ď λu “ Cλ to
ProjUpCλq where the projection is done over the unique indices specified by the set U . Strong
convexity of the objective results from strict convexity and quadraticity of the objective on
the compact projected space. Since the conditions for linear convergence are satisfied by our
problem, our algorithm terminates in a linear number of calls to Algorithm 4.
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Appendix D

Appendix for Chapter 5

The omitted proofs from Chapter 5 are provided here.

Proof for Proposition 5.3.1

BpIqL ě ´V̄ holds @I because V̄ ě 0. When I1 exists, it’s the optimal solution to the
unconstrained problem. Since it also satisfies I1 ě 0, it’s the optimal solution for the
constrained problem too. When I1 doesn’t exist, the objective in the proposition is an
increasing function for I ě 0. So the smallest feasible value of I, i.e 0, is optimal.

Proof for Proposition 5.3.2

When I1 exists and BpI1qL ě ´V̄ holds, I1, which is the unconstrained optimal solution,
satisfies both constraints and is optimal. When BpI1qL ă ´V̄ , I ě I1 doesn’t satisfy the first
constraint and the objective is a decreasing function for I ă I1. If I2 exists, it is the largest
I ă I1 satisfying V̄ `BpI2qL ě 0 and is optimal. If I2, which satisfies V̄ `BpI2qL “ 0, doesn’t
exist then there is no solution as BpIq is a strictly decreasing function and the constraint
BpIqL ě ´V̄ can never be satisfied.

When I1 doesn’t exist, the objective is an increasing function for I ě 0. If Bp0qL ě ´V̄
then I “ 0 satisfies both constraints of the problem and is optimal. If Bp0qL ă ´V̄ then
there is no solution as BpIq is strictly decreasing and the constraint BpIqL ě ´V̄ can never
hold.

Proof for Proposition 5.3.3

´V̄ ě BpIqL can never hold for any I as V̄ ą 0.
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Proof for Proposition 5.3.4

When I3 exists and ´V̄ ě BpI3qL holds, I3, which is the unconstrained optimal solution,
satisfies both constraints and is optimal. When ´V̄ ă BpI3qL, I ď I3 doesn’t satisfy -
´V̄ ě BpIqL as BpIq is strictly decreasing. Since the objective is increasing for I ą I3, I2
which is the smallest I satisfying ´V̄ ě BpIqL is optimal. Here, I2 exists because I2 ą I3
and BpIq is strictly decreasing.

When I3 doesn’t exist, the objective is increasing for I ě 0 and hence the smallest feasible
I is optimal. If ´V̄ ě Bp0qL then I “ 0 satisfies both the constraints and is optimal. If
´V̄ ă Bp0q L then I “ I2 is the smallest feasible I with V̄ ` BpIqL “ 0 and is optimal.

Proof for Theorem 5.3.5

The results from Propositions 5.3.1-5.3.4 are combined by finding the optimal of the two
sub-cases.

1. When I1 and I3 exist :

If L ě ´V̄
BpI1q

, the optimal solution is one of pI “ I1, p1 “ V̄ ` BpI1qL, p0 “ 0q and

pI “ I2, p1 “ 0, p0 “ 0q with objective function values BpI1qF1 ` I1 ` V̄ k and BpI2qF0 ` I2
respectively. The former solution is optimal if:

BpI2qF0 ` I2 ě BpI1qF1 ` I1 ` V̄ k

ðñ I2 ´ I1 ě F1pBpI1q ´ BpI2qq

ðñ
´1

F1

ď
BpI1q ´ BpI2q

I1 ´ I2

Since BpI1q ě ´V̄
L

“ BpI2q, I1 ď I2 as B is strictly decreasing. Using the mean value

theorem, DI 1 s.t I1 ď I 1 ď I2 and B
1pI 1q “

BpI1q´BpI2q

I1´I2
. As B2 ą 0, B1pI1q ě B1pI 1q ùñ ´1

F1
ď

BpI1q´BpI2q

I1´I2
. Hence, the above equation is true.

If ´V̄
BpI1q

ě L ě ´V̄
BpI3q

then both sub-cases give the same optimal solution pI˚ “ I2, p
˚
1 “

0, p˚
0 “ 0q.
If ´V̄

BpI3q
ě L ě ´V̄

Bp0q
then the optimal solution is one of pI “ I3, p1 “ 0, p0 “ 0q and

pI “ I2, p1 “ 0, p0 “ 0q with objective function values BpI3qF0 ` I3 and BpI2qF0 ` I2
respectively. The former solution is optimal if:

BpI2qF0 ` I2 ě BpI3qF0 ` I3

ðñ
´1

F0

ě
BpI3q ´ BpI2q

I3 ´ I2

Since BpI3q ď ´V̄
L

“ BpI2q, I3 ě I2 as B is strictly decreasing. Using the mean value

theorem, DI 1 s.t I2 ď I 1 ď I3 and B
1pI 1q “

BpI3q´BpI2q

I3´I2
. As B2 ą 0, B1pI3q ě B1pI 1q ùñ ´1

F0
ě

BpI3q´BpI2q

I3´I2
. Hence, the above equation is true.
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If ´V̄
Bp0q

ě L then pI˚ “ I3, p
˚
1 “ 0, p˚

0 “ 0q is only solution from the two sub-cases as one
of them was infeasible.

2. When I1 exists but not I3:

If L ě ´V̄
BpI1q

then pI “ I1, p1 “ V̄ `BpI1qL, p0 “ 0q and pI “ I2, p1 “ 0, p0 “ 0q are compared

and BpI2qF0`I2 ě BpI1qF1`I1` V̄ k holds. If ´V̄
BpI1q

ě L ě ´V̄
Bp0q

then both sub-cases give the

same optimal solution pI˚ “ I2, p
˚
1 “ 0, p˚

0 “ 0q. If ´V̄
Bp0q

ě L then pI˚ “ 0, p˚
1 “ 0, p˚

0 “ 0q

is only solution from the two sub-cases as one of them was infeasible.

3. When both I1 and I3 don’t exist:

If L ě ´V̄
Bp0q

then pI “ 0, p1 “ V̄ ` Bp0qL, p0 “ 0q and pI “ I2, p1 “ 0, p0 “ 0q with

objective function values Bp0qF1 ` V̄ k and BpI2qF0 ` I2 respectively are compared. The
former solution is optimal if:

BpI2qF0 ` I2 ě Bp0qF1 ` V̄ k

ðñ pBpI2q ´ Bp0qqF1 ě ´I2

ðñ
BpI2q ´ Bp0q

I2
ě

´1

F1

Using the mean value theorem, DI 1 s.t I2 ď I 1 ď 0 and B1pI 1q “
BpI2q´Bp0q

I2
. And B1pI 1q ě ´1

F1

as I1 doesn’t exist. Hence, the above equation is true.
If ´V̄

Bp0q
ě L then pI˚ “ 0, p˚

1 “ 0, p˚
0 “ 0q is only solution from the two sub-cases as one

of them was infeasible.

Proof for Theorem 5.3.6

The results follow from Propositions 5.3.1-5.3.4, and the above solutions are the only feasible
solutions from the two sub-cases.

Proof for Theorem 5.3.7

Propositions similar to 5.3.1-5.3.4 can be derived for case 2. The proof is then similar to
Theorem 5.3.5.

Proof for Theorem 5.3.8

The proof is similar to Theorem 5.3.6.
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Appendix E

Appendix for Chapter 6

The omitted proofs from Chapter 6 are provided here.

Proof for Theorem 6.3.1

Before presenting the proof, we define some useful notation. Define A “ ra1, a2, ..., aT sJ and
the concatenated vector of charging profiles x: :“ rx1

:

1 , ¨ ¨ ¨ , x1
:

N , ¨ ¨ ¨ ¨ ¨ ¨ , xt
:

1 , ¨ ¨ ¨ , xt
:

N sJ.
First, we show that for any coalition C Ă rN s, the resulting game is a strongly monotone

game. To ensure this it is sufficient to verify that piq the strategy set is convex, and piiq
the game Jacobian is positive definite [60]. The convexity of strategy sets hold because the

strategy sets Xi are simplices. Next, to compute the game Jacobian, we define Gipxq “
BcCpxq

Bxi

if i P C, and Gipxq “
Bcipxq

Bxi
if i R C.

It can be verified that the game Jacobian, Jpxq, is Jpxq “ ∇Gpxq “ Θ, where Θ :“
IT b

`

bp1N1
J
N ` Cq ` µ

˘

, which is guaranteed to be a positive definite matrix by Lemma
6.3.2. Thus, for any C, the game is strongly monotone, and the equilibrium is unique.

We now introduce two optimization problems:

PCpx:

´Cq : min
xCPXC

ÿ

jPC
cjpxC, x

:

´Cq

s.t.
ÿ

t1PrT s

xt
1

j “ dj @j P C,

@ i P rN szC, Pipx:

´iq : min
xiPXi

cipxi, x
:

´iq

s.t.
ÿ

t1PrT s

xt
1

i “ di.

By definition of C´Nash equilibrium, charging stations within C jointly solve the optimization
problem PCpx:

´Cq when the charging profiles of other stations x:

´C is known. Similarly, each

player i P rN szC solves the optimization problem Pipx
:

´iq when the charging profile of other

players x:

´i is known. Note that each of the optimization problems has linear constraints,
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and hence Karush–Kuhn–Tucker (KKT) conditions are necessary for optimality. We solve
the KKT conditions of all these problems simultaneously to get a unique solution. Since we
established that the equilibrium is unique, this unique solution to the KKT conditions is the
C´Nash equilibrium.

The KKT conditions can be written in a compact form as in (E.1), where λ “ pλiqiPrNs

are the Lagrange multipliers associated with the linear constraint of every charging station.

Θx:
“ pIT b µqx̄ ´ pIT b 1NqA ´ p1T b INqλ

p1J
T b INqx:

“ d,

where Γ :“ p1J
T b INqΘ´1p1T b INq. We prove in Lemma 6.3.2 that Γ and Θ are invertible.

Using this fact and solving for λ in the above equations, we obtain a closed-form expression
for the C´Nash equilibrium below.

x:
“Ψ1pΓ,Θq ppIT b µqx̄ ´ pIT b 1NqAq ` Ψ2pΓ,Θqd,

with Ψ1pΓ,Θq “
`

INT ´ Θ´1p1T b INqΓ´1p1J
T b INq

˘

Θ´1 and Ψ2pΓ,Θq “ Θ´1p1T bINqΓ´1.
Expanding the terms in terms of the time index, it can be verified that the above closed-form
solution is equivalent to the one stated in the theorem, thereby completing the proof.

Proof of Lemma 6.3.2

Note that Θ “ IT b
`

bp1N1
J
N ` Cq ` µ

˘

is positive definite if and only if each of the terms
in the Kronecker product is positive definite [141]. Hence, it is sufficient to show that
Q :“ bp1N1

J
N ` Cq ` µ is a positive definite matrix. First, note that Q is a symmetric

matrix. Additionally, for any z P RN , it holds that

zJQz “ bp1J
Nzq

2
` bp

ÿ

iPC
ziq

2
`
ÿ

iPC
µiz

2
i `

ÿ

iPNzC

pb ` µiqz
2
i ,

which is strictly positive for all z ‰ 0.
Next, we show that Γ is invertible by calculating its inverse. Indeed,

Γ´1
“
`

p1J
T b INqΘ´1

p1T b INq
˘´1

“

´

1J
T1T b

`

bp1N1
J
N ` Cq ` µ

˘´1
¯´1

“
1

T

`

bp1N1
J
N ` Cq ` µ

˘

“
1

T
Q.

This completes the proof.



APPENDIX E. APPENDIX FOR CHAPTER 6 105

Proof of Theorem 6.3.7

For a subset S of charging stations, the total cost under Nash equilibrium is lower than
C´Nash equilibrium if and only if

ÿ

iPS
cipx

˚
q ď

ÿ

iPS
cipx

:
q.

In the rest of the proof, we calculate these costs in terms of the game parameters. For
every t P rT s, define F t :“ Tαt ´

ř

t1PrT s
αt

1

. Since
ř

tPrT s
αt “ 1, it holds that F t “ Tαt ´ 1

and
ř

tPrT s
F t “ 0. Using Assumption 6.3.1 along with Proposition 6.3.6, we get the following

for C´Nash equilibrium:

x:t
i “

di
T

`
F t

T
∆:

i , 1J
Nx

:t
“
D

T
`
F t

T
∆:

x:t
i ´ x̄ti “

F t

T
p∆:

i ´ diq,

where D “
ř

iPrNs
di. Using the above equations and

ř

tPrT s
F t “ 0, the cost of station i at

C´Nash equilibrium is:

cipx
:
q “ adi `

¨

˝b
ÿ

tPrT s

p1J
Nx

t:
qxt:i

˛

‚`
µi
2

}x:

i ´ x̄i}
2

“ adi `
b

T 2

¨

˝TDdi `
ÿ

tPrT s

pF t
q
2∆:∆:

i

˛

‚`
µi
2T 2

ÿ

tPrT s

pF t
q
2
p∆˚

i ´ diq
2.

Consequently, the total cost of charging stations in S is:

ÿ

iPS
cipx

:
q “

ˆ

aDS `
bDDS

T

˙

`
F
T 2

˜

ÿ

iPS
b∆:∆:

i `
µi

2
p∆:

i ´ diq
2

¸

,

where DS :“
ř

iPS di, F :“
ř

tPrT s
pF tq2. Analogously, we can also compute the total cost at

Nash equilibrium. Using these results, we conclude

aDS `
bDDS

T
`

F
T 2

˜

ÿ

iPS
b∆:∆:

i `
µi

2
p∆:

i ´ diq
2

¸

ě aDS `
bDDS

T
`

F
T 2

˜

ÿ

iPS
b∆˚∆˚

i `
µi

2
p∆˚

i ´ diq
2

¸

ðñ
ÿ

iPS
f :

i pµ, b, dq ´ f˚
i pµ, b, dq ě 0.
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Proof of Theorem 6.3.11

For every t P rT s, define Gt :“
ř

t1PrT s
at

1
`

Tδtt
1

´ 1
˘

. Using this, the expression for x:t from
Proposition 6.3.10 can be re-written as follows

x:t
“
d

T
´

1

T

`

bp1N1
J
N ` Cq ` µ

˘´1
1NG

t. (E.2)

Consequently, it holds that

x:t
i “

di
T

´
Gt

T
Γ:

i

1J
Nx

:t
“
D

T
´
Gt

T
Γ:

x:t
i ´ x̄ti “ ´

1

T
Γ:

iG
t.

(E.3)

Consequently, combining previous equations with (??), for every i P rN s,

cipx
:
q “

ÿ

tPrT s

atx:t
i `

b

T 2

ÿ

tPrT s

`

D ´ GtΓ:
˘

´

di ´ GtΓ:

i

¯

`
µipΓ

:

i q
2

2T 2

ÿ

tPrT s

pGt
q
2

“
ÿ

tPrT s

at
ˆ

di
T

´
Gt

T
Γ:

i

˙

`
b

T 2

¨

˝TDdi ` Γ:Γ:

i

ÿ

tPrT s

pGt
q
2

˛

‚

`
µipΓ

:

i q
2

2T 2

ÿ

tPrT s

pGt
q
2, (E.4)

where the last equality is because
ř

tPrT s
Gt “

ř

t,t1PrT s
at

1
`

Tδtt
1

´ 1
˘

“ 0. Additionally, sum-

ming (E.4) for all i P S, we obtain

ÿ

iPS
cipx

:
q “

ÿ

tPrT s

at

˜

DS

T
´
Gt

T

ÿ

iPS
Γ:

i

¸

`
bDDS

T

`
bΓ:

ř

iPS Γ
:

i

ř

tPrT s
pGtq2

T 2
`

b

2T 2

ÿ

tPrT s

pGt
q
2
ÿ

iPS

µi

b
pΓ:

i q
2

“

˜

ADS ´
ř

iPS Γ
:

i

ř

tPrT s
atGt

T
`
bDDS

T

¸

`
b
ř

tPrT s
pGtq2

T 2

ˆ

Γ:
ÿ

iPS
Γ:

i `
ÿ

iPS

µi

2b
pΓ:

i q
2

˙

,
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where A :“
ř

tPrT s
at. Analogously, we obtain the cost at Nash equilibrium as follows

ÿ

iPS
cipx

˚
q “

˜

ADS ´
ř

iPS Γ
˚
i

ř

tPrT s
atGt

T
`
bDDS

T

¸

`
b
ř

tPrT s
pGtq2

T 2

ˆ

Γ˚
ÿ

iPS
Γ˚
i `

ÿ

iPS

µi

2b
pΓ˚

i q
2

˙

.

Using the above equations, we obtain that
ř

iPS cipx
:q ą

ř

iPS cipx
˚q if and only if g:

Spµ, bq ´

g˚
Spµ, bq ě pΓ: ´ Γ˚qhpAq. This completes the proof.
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