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Abstract

We provide expressions for the nonperturbative matching of the effective field theory describing
dark matter interactions with quarks and gluons to the effective theory of nonrelativistic dark mat-
ter interacting with nonrelativistic nucleons. We give the leading and subleading order expressions
in chiral counting. In general, a single partonic operator already matches onto several nonrela-
tivistic operators at leading order in chiral counting. Thus, keeping only one operator at the time
in the nonrelativistic effective theory does not properly describe the scattering in direct detection.
Moreover, the matching of the axial-axial partonic level operator, as well as the matching of the
operators coupling DM to the QCD anomaly term, naively include momentum suppressed terms.
However, these are still of leading chiral order due to pion poles and can be numerically important.

We illustrate the impact of these effects with several examples.
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Dark Matter (DM) direct detection, where DM scatters on a target nucleus, is well

described by Effective Field Theory (EFT) [1-18], which is essential to compare results of



different direct detection experiments [19]. The maximal momentum exchange between DM
and the nucleus is guax < 200 MeV, see Fig. 1. This means that one is able to use chiral
counting, with an expansion parameter ¢/Acperr < 0.3 to organize different contributions in
the nucleon EFT for each of the operators coupling DM to quarks and gluons [1, 16, 20-24].
In this paper we rewrite the leading-order (LO) results in the chiral expansion of Ref. [1] in
terms of single-nucleon form factors. We also extend these results to higher orders in the
(q¢/Acherr)? expansion up to the order where two-nucleon currents are expected to become
important (for numerical estimates of two-nucleon currents see [16-18, 25, 26]).

The starting point is the interaction Lagrangian between DM and the SM quarks, gluons,

and photon, given by a sum of higher dimension operators,

L, = Zé&d) Q. where C@ = (1)
a,d

Here the C\¥ are dimensionless Wilson coefficients, while A can be identified with the mass
of the mediators between DM and the SM (for couplings of order unity). The sums run
over the dimensions of the operators, d = 5,6, 7, and the operator labels, a. We keep all the
operators of dimensions five and six, and all the operators of dimension seven that couple
DM to gluons. Among the dimension-seven operators that couple DM to quarks we exclude
from the discussion the operators that are additionally suppressed by derivatives but have
otherwise the same chiral structure as the dimension-six operators (for the treatment of
these operators see [27]).

There are two dimension-five operators,

() e _ v (5) € — _uv:
Of = S (0" ). O = 5 (X0 i5X) P @)

where F),, is the electromagnetic field strength tensor and x is the DM field, assumed here
to be a Dirac particle. The magnetic dipole operator Q§5) is CP even, while the electric

dipole operator QéS) is CP odd. The dimension-six operators are

Q1 = (x7,.x)(@"q) , 0% = (X7u75X)(@7"q) , (3)
Q) = (1) (@1 54) , 0 = (X15X) (@ 754) » (4)

and we also include a subset of the dimension-seven operators, namely

7 O
Qi)—

_ auy Ya Qs _. auv Ya
= - (GG, Qy’ (Xisx) G Gy, (5)

2 T 12n
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Figure 1: The momentum exchange distributions for DM scattering on a representative light
nucleus, '9F, (left) and on an example of the heavy nuclei, Xe (right), for spin-dependent scattering
(the coefficients of the operator have been set to (1 TeV)~2 and we have weighted the xenon isotopes
according to their natural abundance). The approximate experimental thresholds are denoted by
dashed vertical lines. For fluorine, we use the PICO threshold region Er > 3.3 KeV [28] while for

LUX, we use the approximate region Eg € [3,50] keV [29].

9 = ()G Gy Q" = (X )G, ©)
Qff) = my(xx) (@) Q) = my(Xirsx)(dq) (7)
Q) = my(XX)(@i759) O = my(x15X)(@159) (8)
OfT) = my(x0™x)(G0,a) QD) = mq(Xio" v5x)(40,u4) (9)

Here G, is the QCD field strength tensor, while éw = %ew,ngp" is its dual, and a =
1,...,8 are the adjoint color indices. Moreover, ¢ = u, d, s denote the light quarks (we limit
ourselves to flavor conserving operators). Note that we include two more dimension-seven
operators than in [1], so that we have all the operators included in [30]. The remaining
dimension-seven operators coupling DM to quarks are listed in [27], while the effect of
dimension-seven operators coupling DM to photons is discussed in [31]. There are also the
leptonic equivalents of the operators QE(Z, ey Qf;, and Qg;, e Q%)’q, with ¢ — /.

The aim of this paper is to provide compact expressions for the non-perturbative matching

at 1~ 2 GeV between the EFT with three quark flavors, given by Eq. (1), and the theory



of DM interacting with nonrelativistic nucleons, given by
Law =Y c'(¢)O}. (10)
i,N

For each operator the matching is done using the heavy baryon chiral perturbation theory
expansion [32] up to the order for which the scattering amplitudes are still parametrically
dominated by single-nucleon currents. The relevant Galilean-invariant operators with at

most two derivatives are

o = 1,1y, O = (v)*1,1x, (11)
ON =1, 9y- (UJ_X ni—i) , oV =3 8y, (12)
oY =8, (7. x T;—i) 1y, oy = (- mi:v) (Sx miN) (13)
O =1, (Sy-7.), OY = (S, -71) 1y, (14)
oy =3, (ﬂ%x&), O%:_lva'ni_i)’ (15)
ON = }-é—i)lN, O{VQZS}-(*NxHL), (16)
oN = (S*X m) (§N : ﬂi—‘fv) , oN = (§X Z—qjv) (§N UJ_) . an

and in addition

ON = (Sn-7.) (S, -71), (18)

where N = p,n. At next-to-leading order (NLO) we also need one operator with three

derivatives,

o =~ (8- i) (S x 1) i) . (19)

my my

Our definition of momentum exchange differs from [6] by a minus sign, cf. Fig. 2,
7= ky — Iy = P — D2, v = (]71 +ﬁ2)/(2mx) — (731 + EQ)/(2mN> ; (20)

while the operators coincide with those defined in [6]. Each insertion of ¢ is accompanied
by a factor of 1/my, so that all of the above operators have the same dimensionality.

This paper is organized as follows: in Section II we give the matching conditions for
fermionic DM and in Section III for scalar DM, while in Section IV we present several
examples illustrating the importance of keeping all terms of the same chiral order. Sec-

tion V contains our conclusions. The numerical values of the form factors are collected in
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Figure 2: The kinematics of DM scattering on nucleons, x(p1)N (k1) — x(p2)N (k2).

Appendix A, Appendix B contains the nonrelativistic expansion of the fermionic DM and
nucleon currents, Appendix C the extended NLO operator basis, Appendix D the NLO
results for scalar DM, while Appendix E gives the results for fermionic DM in terms of

coefficients of the nonrelativistic operators.

II. FERMIONIC DARK MATTER

The hadronization of operators Ql A Q%),q, in Egs. (3)-(9), leads at LO in the chiral
expansion only to single-nucleon currents [1]. The resulting matrix elements scale as ¢"-©
where [1, 27]

(6)

Q%o ~1,  [Qo Qo ~ . [Q]o ~ 1,

Q7o ~1,  [OF >]Lo ~q (9 ho~q  [Qo ~ (1)
[Qg;]Lo ~ ¢, [Qé ]Lo ~ ¢, [Q%]Lo ~ q, [Qg;]Lo ~ ¢

[Qé,i]m ~1, [0 ] o~q,

counting m, ~ m2 ~ ¢*, and not displaying a common scaling factor. The LO contributions
are either due to scattering of DM on a single nucleon (the first diagram in Fig. 3), or
on a pion that attaches to the nucleon (the second diagram), or both. The contributions
from DM scattering on two-nucleon currents arise at O(g"=0™1) for (92 e (95 4 and (96 P

O(go+2) for O

hadronization of the operators Ql IR Q%)’q can thus be described by using form factors

14> and at O(g"o™3) for all the other operators. Up to these orders, the
for single-nucleon currents.

The form factors are given by

(NavaIN) = iy | F1™ @)y + 5 — B ()0 g, (22)

2my

1
(Nl salN) = it | FY™ @5 + o =P @)t Ju . (28)



Figure 3: The chirally leading diagrams for DM-nucleus scattering (the first and second diagrams),
and a representative diagram for two-nucleon scattering (the third diagram). The effective DM—
nucleon and DM—-meson interactions are denoted by a circle, the dashed line denotes a pion, and

the dots represent the remaining A — 2 nucleon lines.

(N'|mqaqq|N) = F&™ (¢%) dyun | (24)
(N"JmyGivsq| N) = F&/™N () @lyivsun (25)
(N'|55= G Gy, IN) = FY (¢?) (26)
T
As ~auv Aa —/ -
<N,|8_7TG : G,LW|N> - Fg(QQ) u{/\/'Z’Y5UN7 (27)

l

(N'[mgGo" q|N) = il | Fito' (%) o™ + —— "¢ FE (¢)

QmN

1 v N
+— q[ukl]Qqu“,/z (q2) Un,
my

where we have suppressed the dependence of nucleon states on their momenta, i.e. (N'| =
(N(k2)|, |N) = |N(ky1)), and similarly, @y = uy(ks), uy = uy(k1). The momentum ex-
change is ¢* = kb — kY, while k}, = k| + k4. The form factors F; are functions of ¢
only.

The axial current, the pseudoscalar current, and the CP-odd gluonic current receive
contributions from light pseudoscalar meson exchanges corresponding to the second diagram

in Fig. 3. For small momenta exchanges, ¢ ~ m,, one can expand the form factors in ¢?, as

1;9 NLO
Fq/N 2\ _ m%\f a/N m%\/ q/N a/N i — P P
i (q ) - m2 q2 i, + m2 — qgai,n + bz +eee, =1L ) (29)
™ n
FN@) = — T Ty Y v (30)
mﬂ_ —_— q k] 7”’2}77 —_— q ?/r]
~ ~~ o NLO
LO

where we kept both the pion and eta poles and denoted the order of the various terms

in chiral counting. The coefficients a;, b;, ¢; are momentum-independent constants. Note
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that the pion and eta poles for the GG operator are suppressed by ¢* and are thus of the
same chiral order as the constant term, bg . All the other form factors do not have a light

pseudoscalar pole and can be Taylor expanded! around ¢ = 0,

F;q/N(QQ) _ qu/N(O) + Fi/q/N(O)QQ 4o (31)
LO NLO

where the prime on F denotes a derivative with respect to ¢?. The values of FZ-Q/ N(O)7
Fi/q/ N(O), and a;, b;, ¢; are collected in Appendix A.

The size of the form factors that do not have light-meson poles are, at zero recoil,

FIY(0), YN (0) ~ 0(1), FY(0), FYY(0) ~ 00 - 0.05), (32)
FIN(0) ~ 0(0.03)my FIN(0) ~ O(0.05)my (33)
FY(0) ~ O0(0.1)my , (34)
F0 1(0) ~ O(1)my, F 0 1r(0) S O(0.001 = 0.2)m, . (35)

(only here and in the remainder of the subsection we use the abbreviation ¢ = u,d). The
s-quark form factors are much smaller, with the exception of the scalar form factor. Their
derivatives at zero recoil, which enter the NLO expressions, have a typical size F}(0)/F;(0) ~
O(1/m3), so that the corresponding corrections are expected at the level of several percent.

The coefficients of the terms in the form factors that contain the pion and eta poles, Egs.

(29), (30), are approximately of the size

al allh ~ 0(1), apy =0, ajry ~ O(1), (36)
oY ot ~ O(ym,, aly =0, iy ~OWms,  (37)
aG]y,w ) aG]y,n ) bGZy ~ O(1)my . (38)

A. Leading order expressions

We first give the expressions for the nonrelativistic EFT Lagrangian (10) at LO in chiral

counting. In this case we only need the values of a7, a, bg , and F;(0). In addition to taking

1 We assume that the NLO terms involving chiral logarithms of the form (m2 — ¢?)log(m2 — ¢?) were also

expanded in ¢2?. This may give an effective expansion parameter ¢*/(Agpt)? with Agpr between m, and

47 f; however, numerically it is found to be closer to the latter, see Appendix A.



the hadronic matrix elements of the quark and gluon currents we also take the nonrelativistic
limit of both the DM currents and the nucleon currents. The expressions for this last step are
collected in Appendix B. The chirally leading hadronization of the dimension-five operators

is thus given by

(5) « N( I N my N) 2a #N( N m?\, N) 2
—— Y —0y —4—0 —— (0} — =0 O 39
Q" = - — = 05 ol (Ml +0(¢"), (39
2
Y o 0N+ 0, (40)

with F¥(0) = &,y the nucleon charge, and py the nucleon magnetic moment (see also

Appendix A 1). The dimension-six operators hadronize as

Q% »F/NON + 0(g%), (41)
Q) 52FNON + 2(FIN + F{™MYOY + O(g?), (42)
m
Qi — —2F" (O? - m—NOéV> +0(¢*), (43)
X
Q) — —4FINON + FINON + O() (44)

while the hadronization of the gluonic dimension-seven operators is given by

Qi) »Fy oY + 0, (45)
oy — — %Féf ON +0(¢), (46)

O S FEYON + 0(4?), (47)
ol %%Fg oY + 0(¢"). (48)

The hadronization of the dimension-seven operators with quark scalar currents results in

o, »F¥M oY +0(q). (49)
m
Qi) = — —FINoN + 0(¢), (50)
My
o7, ~FENON +0(8%), (51)
m
Qi =+ — —F Oy + 0(g"). (52)
my
and for the tensor operators
Qyly »8F OF + O(g*), (53)



7 my N N N N
Qo), = — 2 S Fily O + 2(Fy — Fii1)ON = 8F 0% + O(¢") . (54)
X

The nonrelativistic operators have been defined in (11)-(17). In the above expressions all
the form factors Fiq/ N are evaluated at ¢ = 0, apart from F JZ’/ IJ;X and F év , where one needs to
keep the two meson-pole terms in (29) and the first three terms in (30). The corresponding
values of coefficients ¢ in the nonrelativistic Larangian, Eq. (10), are given in Appendix E.

Several comments are in order. First of all, in several cases a single operator describing

the DM interactions with quarks and gluons matches onto more than one nonrelativistic

operator in Egs. (11)-(19) already at leading chiral order. This occurs for

e 5 - . S
Q§5) = =5 (X" X) Pl ~ QL In/my + QpSy - (U1 X iq)1n/q ’

872 o ) _) (55)

+ unSy - Sn/my + pn(Sy - O)(Sn-@)/ (mng?)
QY = (1 1X)(@1"q) ~ (S¢-71) Iy + FIY(0)S, - (id x Sy /mw (56)
ngﬁ = (X7X) (@Y v59) ~ Agn [1x (gN VL) — S‘X - (iq % gN)/mX} , (57)
Q) = (07:75X)(@1"750) ~ AqnSy - Sy + %(S} -7) (Sv - 7), (58)

010y = my(Xio" 1) (@0,0a) ~ —ghL (Sx-id) + - {gh Y (S, - i) 1n
My my
+mggtSy - (Sy x 1),
where we only show the approximate dependence on the nonperturbative coefficients (here
@, = 1 is the proton charge, while the values of the axial charge Agy, the form factors
FﬁéN(O) and the tensor charges, g7, F;/lN (0)) are given in Appendix A.

The above results mean that it is not consistent within EFT to perform the direct detec-
tion analysis in the nonrelativistic basis and only turn on one of the operators O, OY O
or OF, as they always come accompanied with other nonrelativistic operators, regardless
of the UV operator that couples DM to quarks and gluons. On the other hand, the spin-
independent operator O as well as the spin-dependent operator OF can arise by themselves
from Qﬂ, Qg), Qg{ év and from ng, respectively. Similarly, OF, O, and O} arise as the
only leading operators in the nonrelativistic reduction of Qg;, Q:(:) or Q({;, and Qg) or Qg;,
respectively.

While it is true that the spin-dependent operator O can arise from the tensor-tensor
operator Qg}l, this contribution would be of two-loop order in a perturbative UV theory of

DM. The axial-axial operator fo;, on the other hand, also leads to spin-dependent scattering

10



and will arise at tree level. Therefore it will, if generated, typically dominate over Qg;.
The spin-dependent scattering it induces arises from both the OF = S, - Sy and OF =
(gx-cf) (§N-§) operators. While the latter is O(q?) suppressed, it is enhanced by 1/(m2+q?)
at the same time, so that in general the two contributions are of similar size (for scattering
on heavy nuclei). In this case, again, one cannot perform the direct detection analysis with
just OF or just OY. The same is true for the operators ng;, Q:(f;, and Q%),q that each match,
at leading order in chiral counting, to at least two nonrelativistic operators. A correct LO
description of the DM scattering rate cannot be achieved by using only one or the others.
We explore this quantitatively in Section IV, distinguishing also the cases of light and heavy

nuclei.

B. Subleading corrections

We discuss next the NLO corrections to the nonrelativistic reduction of the operators (3)-
(9). The explicit expressions are given in Appendix C. For each of the operators we stop at
the order at which one expects the contributions from the two-nucleon currents. For most
of the operators, this is O(¢"r0™3); the exceptions are the operators (9&2, Oég, Oég, for
which the two-nucleon corrections arise at O(¢"2°*1), and the operator (”)g, for which the
corrections are of O(¢"t0%?) (note that, in this case, the two-nucleon currents enter at the
same order as the subleading corrections).

Starting at subleading order there are terms that break Galilean invariance. This a
consequence of the fact that the underlying theory is Lorentz and not Galilean invariant [33].
These corrections involve the average velocity of the nucleon before and after the scattering
event, ¥, = (k1 + k2)/(2my), and lead to ten new nonrelativistic operators listed in Egs.
(C2)-(CT).

The operators that appear at subleading order in the nonrelativistic reduction can have
a qualitatively different structure from the ones that arise at LO. For instance, the vector—
vector current operator Qﬁ = (Xx7.x)(@7y"q) reduces at NLO to

o) »F™N Oy (14 ) = { (BN + ) oy (BN 4 BN O)
mymy (60)

my N my N N

At LO one thus has the number operator O = 1,1y and no spin dependence, while the

11



expansion to the subleading order gives in addition velocity-suppressed couplings to spin
through the operators O) = S, - Sy, OY; ~ Sy, - (71 x @), and OY ~ (7-Sy)(7-S)).
Such corrections could have potentially important implications, if the LO expression leads
to incoherent, i.e., spin-dependent scattering, while at NLO there is a contribution from the
number operator OF. The latter leads to an A%.-enhanced coherent scattering rate, where
A is the atomic number of the nucleus. For scattering on heavy nuclei with A ~ O(100) the
chirally subleading term can potentially be the dominant contribution on nuclear scales.
There is only one operator, where this occurs, though. The tensor-tensor operator, Qg; =
my (X0 x)(qo,,q), leads at LO in the chiral expansion to the spin-spin interaction, OF =
gx .S ~n. At NLO, on the other hand, one also obtains a contribution of the form ~ ¢21,1y,

72
7 N q N N
Q) 8 OF = {5 (B = FET) O+ (61)

where we do not display the other g¢?-suppressed terms. For heavy nuclei the coherently
enhanced contribution from OF scales as Ag?/(mym,) ~ O(1) and thus the formally sub-
leading contribution could, in principle, become important in nuclear scattering. Inspection
of this particular case, however, shows that there is a relative numerical factor of 16 en-
hancing the leading contribution. Furthermore the coherent O(¢?) term is suppressed by
1/mpym,, and not simply by 1/m3%, further reducing its importance for heavy DM masses.
As a result the O(¢?) terms are numerically unimportant also for the tensor-tensor opera-
tor. In contrast, such coherent scattering is important in © — e conversion, where the m,
supression gets replaced by m,, [34].

A potential concern is that something similar, but with a less favorable result for the nu-
merical factors, could happen for some other operator due to the uncalculated contributions
from the nonrelativistic expansion to even higher orders. However, one can easily convince
oneself that this is not the case by using the parity properties of quark and DM bilinears. All
the relativistic operators in Eq. (1) that are composed from parity-odd bilinears necessarily
involve the parity-odd spin operators for single-nucleon currents at each order in the chiral
expansion, because one cannot form a parity-odd quantity from just two momenta — the
incoming and the outgoing momentum (cf. (B12)-(B17)). Such operators thus never lead to
coherent scattering (the argument above may need to be revisited for two-nucleon currents).
This leaves us with the operators composed from parity-even bilinears only. Scalar—scalar

operators and vector—vector operators lead to coherent scattering already at LO, giving

12



tensor—tensor operator as the only left over possibility. The reduction of the tensor bilinear,
Eq. (B16), gives at LO ~ ¢*y,S5, while at NLO one also gets, among others, the com-
bination v/#¢"). The latter does not involve spin and leads to coherent scattering. However,

due to numerical prefactors, the latter contribution is still subleading, as was shown above.

III. SCALAR DARK MATTER

The above results are easily extended to the case of scalar DM.? For relativistic scalar
DM, denoted by ¢, the effective interactions with the SM start at dimension six,

¥

L,=C9Q0O ... where C(® = A

(62)

where ellipses denote higher dimension operators. The dimension-six operators that couple

DM to quarks and gluons are

Q) = (¢ Zaw) (@"q) oY) = (¢* 2%0) (@7"v59) (63)
Q) = my(¢*9)(Gq), Q%) = my (") (@isa) (64)
6) _ Qs apy ya 6) _ * apy oia
5= 1o, ()G Gy, 6 —8—7T(<P ) GG, (65)

while the coupling to photons are

(6) € * 1224 (6) — o nv

Z87r (8ng au@)F ) Qs 197 —— (") " F Ly, (66)
©) _ YOV 67
9 ST (90 90) pv - ( )

<~ s
Here 0,, is defined through ¢10,¢2 = 010,02 — (0u¢1)¢2, and ¢ = u,d, s again denote the
light quarks. The strong coupling constant ay is taken at u ~ 1 GeV, and a = /47 the
electromagnetic fine structure constant. The operators Qéﬁ) and Qg@ are CP-odd, while all

the other operators are CP-even. There are also the leptonic equivalents of the operators

Qqu, .. Q4q, with ¢ — /.
At LO in chiral counting the operators coupling DM to quark and gluon currents

hadronize as

Q'Y —2F!Nm, 0N + O(¢?), (68)

2 For operators and Wilson coefficients we adopt the same notation for scalar DM as for fermionic DM. No

confusion should arise as this abuse of notation is restricted to this section and Appendix D.

13



QY — —4FY"m, 0F + O(¢), (69)
Q) = FIN oY +0(4?) (70)
Q) = FYN O + 0(¢%), (71)
QY - Fs0Y + 0(¢?), (72)
Qf) —Fz00 + O(g’). (73)

The expressions valid to NLO in chiral counting are given in Appendix D.

There are a number of qualitative differences between the cases of fermionic and scalar
DM. For instance, since scalar DM does not carry a spin there is a much smaller set of
operators that are generated in the nonrelativistic limit. This greatly simplifies the analysis.
Furthermore, as opposed to the case of fermionic DM, there are no cases where at LO in
chiral counting one would obtain incoherent scattering on nuclear spin, while at NLO in

chiral counting one would have coherent scattering.

IV. EXAMPLES

In this section we discuss several numerical examples of DM direct detection scattering.
Most of the examples are for LO matching from the EFT describing DM interacting with
quarks and gluons onto a theory that describes DM interacting with neutrons and protons
in. At the end of this section, we will also comment on the NLO corrections. The rate R,

i.e., the expected number of events per detector mass per unit of time, is given by

= d 74
dER mA mX o dERUf@(U) v ’ ( )

where Fg is the recoil energy of the nucleus, m,4 is the mass of the nucleus, and p, is the

local DM density. The integral is over the DM velocity v in the Earth’s frame with a lower
bound given by v, = \/mATR/2 [ty 4, Where 1, 4 = mam, /(m4g+m,) is the reduced mass
of DM-—nucleus system. For the DM velocity distribution in the Earth’s frame, fg(7), we
use the standard halo model, i.e., a distribution that in the galactic frame takes the form
of an isotropic Maxwell-Boltzmann distribution with vy = 254 km/s (where vy/v/2 is the
width of the Gaussian), truncated at the escape velocity ves. = 550 km/s [35].

The DM-nucleus scattering cross section do/dEg in Eq. (74) is given by

do oMy 1 1 )
dEp — 2mv2 (2J, + 1) (2J4 + 1) Z MR - (75)

spins
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The nonrelativistic matrix element squared is [6]

1 1 2 41 ’ ’ ’ ’
- RYWIT (q) + R W
137,71 2 Mh QJAHZM;I{ W (@) + (a)
spins 7=0,17 7_»,2 (76)
Ty q Ty’ T’ T/
+RY W (a) + L | RE WL (q) + RRwWER ()] -
N

where .J,, = 1/2 is the spin of DM in our examples and J4 is the spin of the target nucleus.
The nuclear response function W; depend on momentum exchange, ¢ = |¢|. The spin-
independent scattering is encoded in the response function W), which, for instance, arises
from the matrix element squared of the nuclear vector current. In the long-wavelength
limit, ¢ — 0, Wj,(0) simply counts the number of nucleons in the nucleus giving coherently
enhanced scattering, Wy, (0) o< A% The response functions Wx» and Wy have the same
long-wavelength limit and measure the nucleon spin content of the nucleus. W measures
the nucleon angular momentum content of the nucleus, while Wy is the interference term.
These functions roughly scale as Wy, ~ O(A?), and Wy, W, WA, Wasy ~ O(1), where the
actual size depends on the particular nucleus and can differ significantly from one nucleus
to another. The prefactors R; encode the dependence on the ¢ (¢?) coefficients, Eq. (10),

and on kinematical factors. For instance, the coefficient of the coherently enhanced term is

2 -2
T T T myJl4 T o7 12 .7 -2 T 7
Ry =cicp + 2 lmz CiiC T Up (CgCy +q7Cs5¢5 )|, (77)
N

where 0 = U — §/(2p1y4) ~ 1073, The sum in Eq. (76) is over isospin values 7 = 0, 1 which

are related to the proton and neutron coefficients by ¢ = (¢ + ') /2,¢} = (& — ¢}')/2.
The remaining R]™ can be found in [6]. Using these expressions for R} together with
our expressions for the hadronization of the EFT operators, Eqgs. (39)-(54), which give the
coefficients ¢ (see Appendix E), we are now in a position to obtain the rates in a DM direct
detection experiment assuming a particular interaction of DM with the visible sector.

In the following, when we calculate the scattering rate and plot the bound on the squared
UV Wilson coefficients, we restrict the integral over the recoil energy. To approximate the
LUX sensitivity region we integrate over Eg € [3,50] keV for Xenon [29]. To approximate
PICO’s [28] sensitivity we integrated over Er > 3.3 keV for Fluorine — see Figs. 1 and 5.
To obtain total rates for scattering on Xenon, we assume an exposure of 5000 kg-yr which
is representative of the next generation two-phase liquid Xenon detectors. Since Xenon
has eight naturally occurring stable isotopes, we sum over them weighted by their natural

abundances.
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Figure 4: Left panel: an illustration of Xe target bounds on the Wilson coefficients C Z(fi = —Cfg for
the interaction operator (xv*vsx)(qv.75¢) assuming opposite couplings to the u and d quarks. The
correct, chirally leading, treatment of the induced spin-dependent scattering with both (’)flv = §x§ N
and O o (S*X(I)(S* ~n-@) operators (black solid line) is compared to that of O} only (blue dashed
line). The ratio of the two is shown in the bottom plot. Right panel: the ratio of the O contribution
(6) (6) _

to the rate over the total rate as a function of the Wilson coefficient C; ; for a fixed value of C; ;, = 1,

taking m, = 100 GeV.

The first few examples, shown in Figs. 4, 6 and 5, illustrate that one cannot always
take the long wavelength limit, ¢ — 0, in the calculation of DM scattering rates when
matching from £, to Lygr. This problem is well known for the description of DM scattering
on whole nuclei, the effect described by the momentum dependence of the nuclear response
functions. For instance, a momentum exchange of ¢ = 100 MeV already leads to decoherence
and thereby reduces the spin-independent nuclear form factor Wy, by ~ 20% (~ 60%) for
scattering on Fluorine (Xenon). Our examples show a different effect, namely that sometimes
the momentum dependence cannot be neglected even when considering the scattering on a
single neutron and/or proton. This effect is described by the momentum dependence of the

. / . . . . .
coefficients ¢]7. Since nucleons have smaller spatial dimensions than nuclei, the effects of
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Figure 5: The differential event rate, dR /dER, as a function of the recoil energy, Eg, for scattering
on Xenon (blue) and Fluorine (red) for Qfg and QEP in the left and right panels respectively. In
both panels, the solid curves include the full ¢*> dependence in the form factor Fé(q2) while the
dashed lines include only the zero recoil limit, Fiz(0). The shaded regions depict the approximate

ranges of experimental sensitivity for the LUX (blue) and PICO (red) experiments.

the momentum dependence of CZT/ are expected to be smaller than those of the momentum
dependence of VV[T'. However, because the pseudoscalar hadronic currents contain pion
poles, the corrections due to non-zero momentum in the corresponding ¢f™ are of O(72/m?)
and can be large.

The effect of such contributions for scattering on Xenon is shown in Fig. 4. The chirally
leading hadronization of the axial-axial operator (x7*v5X)(¢v,.7s9) contains two nonrela-
tivistic operators, OF = S-Sy and O o (S,-7)(Sy-¢). The latter is momentum
suppressed but comes with a pion-pole enhanced coefficient, see Eq. (58), and thus gives an
O(1) contribution to the scattering rate through interference with @Y. The left panel in
Fig. 4 shows a bound (solid black line) on the relativistic Wilson coefficient qu) assuming
equal and opposite couplings to the u and d quarks, and a vanishing coupling to s quarks.?
This is compared with the extraction of the bound on qu) where the contribution of O is
neglected (dashed blue line). The two bounds coincide for small m, since in that case the

exchanged momenta are small which parametrically suppresses the O contribution. The

3 In fact, we show a bound on |qu) ’2 since this is directly proportional to the scattering rate.
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Figure 6: Comparison between the bounds on the squared Wilson coefficients of the UV operators
Qg) (left panel) and QEF) (right panel) for scattering on a Xenon target. The dashed and solid
curves correspond to the bound with and without meson exchanges respectively. The lower plots

show the ratio of the bounds without and with the inclusion of meson exchange.

relative difference then grows with m,, up to m, ~ my (see lower plot in Fig. 4 left), and is
typically of O(20% — 50%), Fig. 4 (right), confirming the expectation from chiral counting
that the correction is O(1) unless there are cancellations in one of the two contributions. For
instance, the O} contribution is suppressed for Cfg o~ Cfg /2 and a DM mass m, = 100 GeV.
Independent of the DM mass, however, the pion pole is completely absent for Cfg = fg,
and the O} contribution to the scattering rate becomes negligible.

Furthermore, the contribution from O is expected to be negligible for scattering on
light nuclei since the exchanged momenta are small, see Fig. 1. We have explicitly checked
this for scattering on Fluorine, with the corresponding effect on dR/dEg shown in Fig. 5
(left) for m, = 200 GeV. For scattering on F the predictions with (solid red line) and
without OF (dashed red line) essentially coincide while for scattering on Xenon there is a
large distortion of the spectrum in the signal region for LUX.

The effect of pion exchange is even more pronounced if DM couples to the visible sector

through parity-odd gluonic operators, i.e., if the operators in Eq. (6) dominate. In Fig. 6,
we show the bounds on the Wilson coefficients of the Qg) x Yy GG operator (left panel),
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and of the operator QEJ) o Xivsx GG (right panel). The corresponding nucleon form factor

has a schematic form

Falg) ~ 3 2% 4 gm — T (78)

my, m2 — g2’

where Ag; is the axial charge of quark ¢; and the dm coefficient is the size of isospin breaking
for pion exchange and the SU(3)-flavor breaking for eta meson exchange, see Eq. (A42).
Note that isospin breaking is O(1) for the matrix element of the QCD theta term, unlike
in any other observable. The importance of isospin-breaking, but pion-pole enhanced con-
tributions is reflected in the DM scattering rates. The bounds on the Wilson coefficients
CéQ in Fig. 6, obtained with the correct full form factor dependence, are depicted with
solid black lines. For weak-scale DM masses they can be even up to an order of magnitude
stronger than the bounds obtained by only using the zero recoil form factor, F(0) (dashed
blue lines). Ignoring the leading ¢*-dependence in Fj also leads to a large distortion of the
shape in dR/dEg as shown in Fig. 5 (right) for the Qf) operator and m, = 200 GeV. In
this case, there is a visible change in the shape of the differential rate even for scattering
on Fluorine, despite small momenta exchanges. The effect is striking for the scattering on
Xenon where momenta exchanges are typically larger. For the Qz(;) operator, the distortion
is slightly smaller, but otherwise comparable to the one shown.

For the Qf; and Qf) operators discussed above and shown for scattering on Xenon in
Figs. 4 and 6 respectively, the ¢? dependence in the meson poles is negligible for scattering
on Fluorine. To understand this it is useful to consider the differential scattering rate as
a function of the recoil energy. This is shown in Fig. 5 for a fixed DM mass of 200 GeV.
For both interactions, the Eg spectra for Fluorine do not differ significantly when the >
dependence in the meson poles is neglected since a given value of Fg results in momentum
transfer ¢2/m that is smaller by an order of magnitude in Fluorine than in Xenon.

A qualitatively different example is given in Fig. 7 which shows the bounds on the Wilson
coefficient Céfﬁ; as function of m, for scattering on Xenon and Fluorine. The vector-axial
operator, Q:(f; = (X7"X)(@Vu759), Eq. (4), matches onto two non-relativistic operators, O o
Sy-7L and OY o S, - (7x Sy). At leading order in chiral power counting, the hadronization
of the axial quark-current in Qg?; is described by one form factor at zero recoil , Fj/ N(O), see
Eq. (43). This form factor is therefore a common coefficient in the matching onto both O

and O} . Nevertheless, the contribution due to O} is suppressed by an additional power of
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Figure 7: The bounds on the squared Wilson coefficient of the ng; = (X7*x)(@vuv5q) operator
from scattering on Xenon (left) and Fluorine (right), taking into account only O (dashed blue
line), only O} operator (dot-dashed green line), and both (solid black). The coupling to all three

light quarks are set equal to each other.

the DM mass (i.e, two powers in the rate) and thus becomes subleading for larger DM masses.
Since the contributions are correlated yet scale differently with m,, it is crucial to consider
both non-relativistic operators when setting bounds from direct detection experiments (see,
e.g., [36]).

The non-trivial interplay between different non-relativistic operators can also be seen
in the case of dipole interaction, Qf), shown in Fig. 8. This operator matches onto four
NR operators O, OF, OF  OF | see Eq. (39). Out of these, two are coherently enhanced,
O = 1,1y and OF §X - (UL x ¢)1n. One expects these two to dominate for heavier
nuclei, as shown explicitly for Xenon in Fig. 8 (left). The O operator is enhanced by an
explicit photon pole prefactor, 1/¢?, which overcomes the velocity suppression and leads to
its dominance over all other contributions. The contribution from the O operator, on the
other hand, is local and is suppressed for heavy DM by a 1/m,, factor. Its contribution is,
therefore, relevant only for light DM.

For DM scattering on lighter nuclei, the situation is more involved. The coherent enhance-
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Figure 8: The bound on the squared Wilson coefficient of the magnetic dipole operator Qg‘r’).
The left (right) panel shows the scattering on Xenon (Fluorine). The EFT scale was fixed to 10
and 20 TeV for scattering on Xenon and Fluorine respectively. For both targets, the solid curve
corresponds to the total rate while the dashed, dotted, dash-dotted and dash-double-dotted curves

correspond to turning one non-relativistic operator at a time.

ment is not as large and does not overcome the velocity suppression in OY even though it
is accompanied by the 1/¢? enhancement. For OY, the factor of 1/m, still suppresses its
contribution, particularly for m, 2 O(10) GeV. For Fluorine the leading contributions thus
come from incoherent scattering due to the spin-dependent O and O} operators. Para-
metrically, they scale in the same way (the ¢ factor in OY is cancelled by the 1/¢? in its
Wilson coefficient). Numerically, however, the contribution from OF is about three times
larger. Furthermore, the contributions have opposite signs and interfere destructively as can
be seen in the right panel of Fig. 8, with O giving a stronger bound than the sum of all
operators.

Finally, we turn our attention to the NLO corrections. The chiral counting of the ex-
pansion in powers of ¢? is well motivated but does not capture all effects. For instance, the
NLO corrections in chiral counting can become important if coherently enhanced operators

appear at NLO when there were none at LO. This is indeed the case for the tensor operator
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Qgg where two coherently enhanced operators, O and O, appear at NLO in the expan-
sion, while at LO no coherently enhanced operators are present. However, even for Xenon,
the coherent enhancement is not enough to compensate for the ¢2/muym, suppression ac-
companied by a relative factor of 1/16, and thus the resulting correction is of O(5%). A
similar coherently enhanced contribution appears for Q%)yq operator at O(q?) and is thus

completely negligible.

V. CONCLUSIONS

In this article we derived the expressions for the matching of an EFT for DM interacting
with quarks and gluons, described by the effective Lagrangian £, in Eq. (1), to an EFT
described by the Lagrangian Lyg for nonrelativistic DM interacting with nonrelativistic
nucleons, Eq. (10). The latter is then used as an input to the description of DM interactions
with nuclei, described in terms of nuclear response functions. The rationale underlying our
work is the organization of different contributions according to chiral power counting, i.e., in
terms of an expansion in ¢%/A% zpr and counting g ~ m,. Within this framework one can
make the following observations: (i) for LO expressions one needs nonrelativistic operators
with up to two derivatives, since they can be enhanced by pion poles giving a contribution of
the order of ¢2/(m2 + ¢2%) ~ O(1); (ii) not all of the nonrelativistic operators OF with two
derivatives are generated when starting from an EFT for DM interacting with quarks and
gluons; (iii) a single relativistic operator di) can generate several nonrelativistic operators
ON with momentum-dependent coefficients already at LO; (iv) interactions of DM with
two-nucleon currents are chirally suppressed (barring cancellations of LO terms), justifying
our treatment of DM interacting with only single-nucleon currents.

We worked to next-to-leading order in the chiral expansion, but also discussed separately
the expressions for the leading-order matching. At LO the scattering of DM on nucleons
only depends on the DM spin §x> the nucleon spin §N, the momentum exchange ¢, and
the averaged relative velocity between DM and nucleon before and after scattering, v, .
All these quantities are Galilean invariant. At NLO in chiral counting the expressions
depend in addition on the averaged velocity of nucleon before and after scattering, v,,. This
dependence on Galilean non-invariant quantities such as 9, is expected, since the underlying

theory is Lorentz and not Galilean invariant. Because of the dependence on v, the NLO
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expressions require an expanded nonrelativistic operator basis, with the new operators listed
in Appendix C.

Numerically the NLO corrections are always small, at the level of O(g?/m3%;) or a few
percent, unless one fine tunes the cancellation of LO expressions. This result is nontrivial
for the partonic tensor-tensor operator Qég = my(Xo"'x)(Go,wq), since in that case the LO
term is spin-dependent, while the NLO corrections contain a spin-independent contribution
that is coherently enhanced. In principle this could compete with the LO term. However,
due to fortuitous numerical factors, it remains subleading.

While our results were obtained by assuming that the mediators between the DM and
the visible sector are heavy, with masses above several hundred MeV, the formalism can
be easily changed to accommodate lighter mediators. In this case the mediators cannot be
integrated out, but lead to an additional momentum dependence of the coefficients in the
nonrelativistic Lagrangian Lxr, Eq. (10), and potentially to a modified counting of chirally
leading and subleading terms. The details of the latter would depend on the specifics of the
underlying DM theory.

As a side-result, our expressions show that from the particle physics point of view it is
more natural to interpret the results of direct detection experiments in terms of an EFT
where DM interacts with quarks and gluons, Eq. (1). The reason is that several of the
partonic operators in £, match to more than one nonrelativistic operator already at leading
order in chiral counting. In such cases it is then hard to justify singling out just one
nonrelativistic operator in the analysis of direct detection experimental results.

The situation becomes even more complicated if the partonic operator matches onto
several nuclear operators with different momentum dependence, since in the experiments
one integrates over a range of momenta. A cautionary example of wider phenomenological
interest is the case of the axial-axial partonic operator, Qfg = (X7.5x)(@7"59), which
induces spin-dependent scattering. At leading chiral order this is described by a combination
of the OF = gx .Sy and O ~ (gx-(f) (gN-J) nonrelativistic operators. Naively the latter
is momentum suppressed. We find that this is true for DM scattering on light nuclei, such
as Fluorine, where the contribution from OF is in fact unimportant, since the momenta
exchanges are in this case small, ¢ < m,. However, for DM scattering on heavy nuclei, such
as Xenon, the O} operator does give an O(1) correction due to its enhancement by a pion

pole, in line with the expectations from chiral counting. Thus, in general both contributions
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from OF and O need to be kept.

The flip side of the above discussion is the question: are there models of DM where
only OF or only OY operator is generated? For these two operators the answer is yes.
At leading chiral order the partonic operator Qg; = my(X0"x)(qo,mq) only generates OF,
while the partonic operators Qf) ~ ()‘(i%x)Gé, Qg; = my(XY5x)(@7s5q) only induce the
operator OF. But the same is not true in general. For a number of other nonrelativistic
operators — OF O O} and O, — there is no partonic level operator that would induce
just one of these. All of them are always accompanied by other nonrelativistic operators
when matching from £, to Lygr. For these nonrelativistic operators switching on just one
operator at the time when analysing direct detection data thus does not make much sense
from the microscopic point of view. Furthermore, the nonrelativistic operators O, O,
O, O, O OF are never generated as leading operators when starting from a UV theory
of DM. They enter only as subleading corrections in the scattering rates, and can always
be neglected (as can the other nine nonrelativistic operators listed in Appendix C that have
already never been considered).

In conclusion, we advocate the use of partonic level EFT basis Eqs. (2)-(9) as a phe-
nomenologically consistent way of interpreting direct detection data. Including all the vari-
ations due to quark flavor assignments there are 34 operators in total, which is not much
more than the 28 nonrelativistic operators used at present. Moreover, using the partonic
level EF'T also has the added benefit of providing a simple connection with the use of EFT
in collider searches for dark matter, via straight-forward renormalization-group evolution.
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Appendix A: Values of the nucleon form factors

Below we give the values for the form factors F} /9 for proton external states, while the

corresponding values for neutrons are obtained through exchange of p — n, u <> d.

24



1. Vector current

The general matrix element of the vector current (22) is parameterized by two sets of form
factors F lq/ N(¢?) and qu/ N(¢?). For the LO expressions we only need their values evaluated
at ¢> = 0, while for the subleading expression (C9) we also need F} N (0).

At zero momentum exchange the vector currents count the number of valence quarks in

the nucleon. Hence, the normalization of the Dirac form factors for the proton is
u/p . d/p _ s/p _
0y =2, F70) =1, F7(0)=0. (A1)

The Pauli form factors F2q/ N(O) describe the contributions of quarks to the anomalous mag-

netic moments of the nucleons,

2 . 1 1,
ay =35, ?(0) — §Ff/f”(o) - gFg/p(O) ~1.793,
A2)
2 1 1 (
an = = F2™0) — =F™(0) — =F/™(0) ~ —1.913 .
3 3 3
Using the strange magnetic moment [37] (see also [38])
F/P(0) = —0.064(17) , (A3)
one gets, using isospin symmetry,
FP(0) = 2a, + a, + F3'P(0) = 1.609(17) (A4)
F7(0) = 2a, 4 a, + F3/P(0) = —2.097(17) . (A5)
For the slope of F*/V(¢?) at ¢> = 0 one obtains [g]
1 1
/u/ _ 2 n 2 _ —2
F'7(0) = 6(2 (] + [rR] " +r2) - M(Qap + ay) = 5.57(9) GeV ™2, (A6)
1
FI%0) = Z([r2]* + 2[re]® +12) — —5 (a, + 2a,) = 2.84(5) GeV~2, (A7)
6 4my;
s 1 _
F*P(0) = 78 = —0.018(9) GeV?, (A8)
2 2

using the values [r},]” = 0.7658(107) fm? [35, 39], [r}]
—0.0043(21) fm? [37].

= —0.1161(22) fm? [35], and r? =

Above we used the definitions for the proton and neutron matrix elements of the electro-

magnetic current,

1
(V1 enIN) = tly |FE @O+ gt B (@, N=pm, - (A9)
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where J& = (2uy*"u — dy"d — 5v"s)/3. The Sachs electric and magnetic form factors are
related to the Dirac and Pauli form factors, F?¥ and FJY, through [40] (see also, e.g., [41])
2
q
Gr(a’) = P(¢") + 5 F3'(¢%), and GY(¢") = I (¢") + F5 (¢7). (A10)
N
At zero recoil one has for the electric form factor, G%(0) = 1, G%(0) = 0, while the magnetic

form factor at zero recoil gives [35],
Gh(0) = pp, ~2.793, Gy, (0) = p, ~ —1.913, (A11)

i.e., the proton and neutron magnetic moments in units of nuclear magnetons iy = e/(2my).
The anomalous magnetic moments are F5(0) = a,, F3(0) = a,. The charge radii of the

proton and neutron are defined through

GE() = GE(0) + [T + -+ (A12)

2. Axial vector current

The matrix element of the axial-vector current (23) is parametrized by two sets of form
factors, Fj/ N(g?) and F g{N(qQ). For the LO expressions we only need Ff‘/ N(0) and the light

meson pole parts of Flg{N(QQ),

F‘I/N AN m?\/ q/N m?\f q/N A13
P’ (q)_mg_qgaP’,w+m2_q2aP’,n+"" ( )
™ n

The axial vector form factors Fg/ N at zero momentum transfer are obtained from the matrix
elements s*Ag, = (p|gy"V5q|p)q, where |p) and (p| denote proton states at rest. Moreover,
s* is the proton’s polarization vector such that s> = —1,s -k, = 0, where Ky = my(1,0,0,0)
is the proton four-momentum, and the matrix element is evaluated at scale (). Consequently

we find

Fi%(0) = Ag,, (A14)
while for the residua of the pion- and eta-pole contributions to F IZ{N we have

u/p d/p

a’P’,ﬂ” = _aP’Jr = 29147 aSP/’I,)W = 07 (A15)
u L 2
ap//fon = adp/,?n = _§aP//]?n = g(Aup + Ad, — 2As,) . (A16)
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As always, the coefficients for the neutrons are obtained through a replacement p — n, u < d

(no change is implied for g4). We work in the isospin limit, so that
Au = Au, = Ad,, Ad = Ad, = Au,, As = As, = As,,. (A17)
The isovector combination is determined precisely from nuclear 5 decay [35],
Au— Ad = g4 = 1.2723(23). (A18)

In the MS scheme at Q = 2 GeV the averages of lattice QCD results give Au + Ad =
0.521(53) [42], As = —0.031(5) (averaging over [43-46] and inflating the errors in [45] by a
factor of 2 because no continuum extrapolation was performed). Combining with Eq. (A18)

this gives [42]
Au=0897(27),  Ad=-0.376(27),  As=—0.031(5), (A19)

all at the scale @) = 2GeV. The experiments give Au = 0.843(12), Ad = —0.427(12) [46],
in good agreement with the lattice QCD, and a somewhat larger value for the s-quark,
As = —0.084 + 0.017, averaging over HERMES [47] and COMPASS [48] results (see also
axion review in [35]). Note that, while the matrix elements Ag are scale dependent, the
non-isosinglet combinations Au — Ad and Au+ Ad — 2As are scale independent, since they
are protected by non-anomalous Ward identities.

The derivative of the axial form factor at zero recoil is well known for the u — d current.
Using the dipole ansatz [49] gives F';(0)/Fa(0) = 2/m?, with m4 the appropriate dipole
mass. A global average over experimental [50, 51] and lattice [46, 52] gives for the u —
d current dipole mass m% ? = 1.064(29)GeV, rescaling the combined error following the
PDG prescription (the z-expansion analysis leads to larger error estimates, corresponding to
m% % = 1.01(24)GeV [49]), while for the u 4 d current one has m%"™ = 1.64(14)GeV [46, 53]
and for the strange-quark current, m? = 0.82(21) GeV [46]. This gives

Fy/7(0) = 1.32(7) GeV2, FY/(0) = —0.93(7) GeV 2, (420)

or in terms of normalized derivatives

FZ/P/(O)
F4/7(0)

FX/I?/(O)

o = L47(8) GeV ™,
£,7(0)

= 2.47(22) GeV ™2, (A21)
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while for the strange quark

- = (3.0 1.5) GeV 2. (A22)
F"(0)

At NLO FI%{N(QQ) needs to be expanded to

/N 2 my 4N my N p/N A
FP’ (q ) - /]/’/112—_(]2ap/’7r + m2 — q2aplﬂ7 + P’ + - ( 23)
™ n

At NLO the residua of the poles change by corrections of O(m2, /(4w f2)?) = 0.01 — 0.05.

For instance, for the u — d current one has at NLO in HBChPT [54],

4m3, 2m2By] 2,
|:g - (47Tf71—)2:| — 59AMNT 4, (A24>

3
where By ~ —1.0 £ 0.5 is the HBChPT low energy constant, while 73 = 6£7%(0)/F4. The

(u—d)/p _
Fp, =i "

constant term bp is, therefore, for the u — d current given by

u—d
pa—d/p _ . Fi7(0)

, = —dgamy—————. (A25)
P N T
Fy" " (0)

Assuming that the relation (A25) is valid for each quark flavor separately, i.e., neglecting

the anomaly contribution to b?g/,p , gives
bUP ~ —4.65(25),  bUP ~3.28(25), b~ (—1146)As. (A26)
as well as bj;/,p ~ 0.32(18). In our numerical analysis we estimated the importance of NLO

corrections by keeping a?g/,]\;, a?g/,]\; at their LO values, while setting b?g/,N to the values in

(A26). Note that these are a small correction to the LO expression when the pion pole is

present, but can be important when this is not the case.

3. Scalar current

The scalar form factors F! g/ N, Eq. (24), evaluated at ¢*> = 0 are conventionally referred
to as nuclear sigma terms,

FIN(0) =0, (A27)

where o) iyuy = (N|mqyGq|N), |[N) and (N| represent the nucleon states at rest. Another
common notation is aév =mpy f%\;. Taking the naive average of the most recent lattice QCD

determinations [55-57], we find
o7 = o" = (41.3 £ 7.7) MeV. (A28)
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The matrix elements of the u and d quarks are related to the pion-nucleon sigma term,
defined as o,y = (N|m(au + dd)|N), where m = (m, + mg)/2. A Heavy Baryon Chiral
Perturbation Theory analysis of the 7N scattering data gives o,y = 59(7) MeV [58], in
agreement with o,y = 52(3)(8) MeV obtained from a fit to world lattice Ny =2+ 1 QCD
data [59]. Including, however, both A(1232) and finite spacing in the fit shifts the central
value to o,y = 44 MeV. We thus use a conservative estimate o,y = (50 £ 15) MeV. Using
the expressions in [60] this gives
of = (17+5) MeV, oh = (32+10) MeV,
(A29)
or = (15+5) MeV, o = (36 £10) MeV .
For corrections of higher order in chiral counting one would also need F éq/ N(O). However,
these are always of higher order than the two-nucleon contributions, not captured in our

expressions.

4. Pseudoscalar current

In the LO expressions we only need the light meson pole parts of the pseudoscalar form

factor, Eq. (25),

FUN(2) — my N my 4N A
P (q)_’rnQ——q2aP’ﬂ—+m 267/13777—’—--.7 ( 30)

The residua of the poles are given by

u/p d/p s/p

ap . ap. B pr

Er_ SPm o, g, (A31)
My, my my ms

u/p d/p s/p

a a la B

Pn— Po .~ P 0 (Au, 4+ Ad, — 2Au,) (A32)
My my 2 my 3my

where the values of the axial-vector elements, Ag, are given in (A18) and (A19). Moreover,
By is a ChPT constant related to the quark condensate given, up to corrections of O(my),
by (3q) ~ — f*By. Using quark condensate from [61] and the LO relation f = f,, with f,
the pion decay constant, one has By = 2.666(57) GeV, evaluated at the scale y = 2 GeV.

In practice, By never appears by itself, but rather as the product Bym, which can be

29



expressed in terms of the pion mass and quark mass ratios,

m2

Bymy, = ——=—— = (6.1 0.5) x 107 GeV?
orm 1—|—md/mu ( )X ¢ ’
2

m
Bymg = ———— = (13.3+0.5) x 1073 GeV? A33
oM = T (13.3+£0.5) x 1072 GeV?, (A33)

2

Bom, = 2™ _ (968 + 3) x 1073 GeV?2.

m

The numerical values are obtained using the ratios of quark masses, m, /mg = 0.46 £ 0.05,
ms/m = 27.5 4 0.3 (see the quark mass review in [35]), and the charged-pion mass m..

/? and aq/ P get corrections

At NLO in the chiral expansion, the above expressions for aq
of O(mZ /(47 f)?). In addition one needs to keep the constant term in the ¢* expansion of

the form factor

FUN (@) = my N | mi q/N b‘J/N . (A34)
r g T mz g b T g2 Apy + '
™ n

In our numerical analysis we estimate the size of these higher-order corrections by using the
NDA size for
qu/N ~1, where ¢ =u,d,s, (A35)

while keeping a;’j/i, aqP/£ at their LO values. This treatment of NLO corrections is only

approximate, but suffices for the present precision. Furthermore, it can be improved in the

future.

5. CP-even gluonic current

The matrix element of the CP-even gluonic current (26) is parametrized by a single
form factor F%(¢?). The LO expressions in chiral counting require only its value at zero
momentum transfer,

ZmG

FY(0) = BT (A36)

The nonperturbative coefficient m¢ is the gluonic contribution to the nucleon mass in the

isospin limit,

9as
MEANUN = — (|G, G |N). (A37)
The trace of the stress-energy tensor, 0, = —9ay/(8m)G ., G*" + >, ;,Mqqq, yields the
relation
me = my — Z ol = (848 £ 14) MeV (A38)
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where in the last equality we used the values for o, in (A28) and (A29). While the isospin
violation in the Jé\’ values is of O(10%), this translates to a very small isospin violation in
mg, of less than 1 MeV. The value of m¢ in (A38) thus applies to both N = p and N = n.

For the derivative of F; at zero recoil we use the naive dimensional analysis estimate

2

©) & 1/m2 a1 Gov-2
(O)~1/ 2 ~1GeV 2. (A39)

o

6. CP-odd gluonic current

The matrix element of the CP-odd gluonic current (27) is related to the matrix elements
of the axial and pseudoscalar currents through the QCD chiral anomaly. Namely, a chiral
rotation of the quark fields, ¢ — exp(i5v;)q, shifts the QCD theta spurion by § — 0 —2Tr 3,
along with corresponding changes in the pseudoscalar and axial-vector spurions (see Ref. [1]).

This implies a relation,

1 «o ~ 1
1 S Ma apy — /| = o A
—(N'| GG IN) Eq <<N|qw5q|N> —quaﬂ<N|q7 75q|N>>, (A40)

valid at leading order in the chiral expansion. To shorten the notation we defined 1/m =

(1/my + 1/mg+ 1/my). In terms of form factors this gives

Ly S (in/N W peN @ g ) (A41)
m ¢ — \my P my dmym, )7

The leading order contributions from F’ Iqj/ N cancel in the sum, giving

2

A Ad A 1 1
Fgta?) = =[5+ o SR (- )
U d s U d T

+é(Au+Ad—2As)(i+i—i) qi B e

The pion pole contribution would vanish in the exact isospin limit. However, the isospin
breaking effects in the matrix element of G'G' operator are not small [62]. This is unlike
most of the other observables, where isospin breaking is suppressed by the chiral scale,
o (my, —mg)/(4r f). Here, the isospin breaking is proportional to (m, —mg)/(m, +mg) ~
O(1) and is thus large. Similarly, the 1 pole contribution would vanish in the limit of exact

SU(3), but is in fact an O(1) correction.
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The LO expression for F (];V , Eq. (A42), contains both the constant term as well as poles
of the form ~ ¢?/(m2 — ¢*). At NLO in chiral counting one also has in addition the O(¢?)
contribution,

2 2
FY(¢%) = ——pal + a4+ bY + e+ (A43)

2 2
mr —dq mn_q

At NLO the ay ,al o b coefficients differ from their LO values in (A42) by relative cor-

rection of the size O(m2, /(47 fr)?), while the NDA estimate for the NLO coefficient is

N ~
Ca 1.

7. Tensor current

The matrix element of the tensor current (28) is described by three form factors, F;{év (¢?),
F;{/IN (¢?), F:?/QN (¢%). These are related to the generalized tensor form factors through (see,

e.g., [63, 64])

FEN(g%) = m AN () (A44)

FIN (¢%) = —m BY1o(4?) (A45)
N Mg ~q/N

Py (') = S A0(0). (Ad6)

In the LO expressions for DM scattering only Fg{év (0) and qu/ N (0) appear. The value of

Fj‘{{év (0) is quite well determined. A common notation is Az19(0) = g%, so that
FE(0) = mqgh. (A47)

The tensor charges are related to the transversity structure functions dgn(x, ) by gh(pn) =
f_ll dxdqy(x, ). These structure functions can, in principle, be measured in deep inelastic
scattering, but this determination is not very precise. Recent lattice calculations include

both connected and disconnected contributions and give, in the MS scheme at j = 2 GeV

g% =0794+0015,  gh=-020440008, g¢5=(324+86)-107*.  (A4R)

This agrees well with previous, less precise, determinations [63, 67-73]. It is interesting to
compare (A48) with the results from the constituent quark model [74], g% = 0.97, g% =

—0.24, as we will have to use this model below. In the nonrelativistic quark model, on the
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other hand, using just SU(6) spin-flavor symmetry, one gets g% = 4/3, g4 = —1/3, see, e.g.,
[75].
The zero recoil values of the other two form factors, Fj‘i/lN (0) and F;{/QN (0), are less well

determined. The constituent quark model of [74] gives

Byr(0)~3.0, Ayl ~ 050, (A49)
BT (0)~ 024,  AYP ~0.46. (A50)

We assign a 50% error to the above estimates, taking as a guide twice the difference between
the determination of ¢g7. in this model and in lattice QCD (A48). For the s quark we use

the very rough estimates

— 0.2 < BYY0), A5 (0) S 0.2. (A51)
The linear combination
K5 = 2447 (0) + BIT(0) (A52)

is in fact much better known than ATJO(O) and Br(0) separately. The tensor magnetic
moments, k%, for the u and d quarks were determined using lattice QCD to be, at u = 2
GeV [76],

K~ 3.0, K4 2 1.9 (A53)

(no uncertainty is given in this reference). In the constituent quark model of [74] one gets
K4~ 2.0, k% ~ 1.2, which agrees with (A53) within the assigned 50% uncertainty (larger
values k% = 3.60, k% = 2.36 are obtained with a simple harmonic oscillator wave function

[74, 77]). For the strange quark one obtains from the SU(3) chiral quark-soliton model [78]
—02< K- <02, (A54)

motivating the ranges in (A51) (in [79] a much smaller value % ~ 0.01 was found.
In Refs. [63, 72, 80], lattice QCD results for the ¢ dependence of FJZ{()]V for v and d quarks

were presented. Averaging over them gives

FU/P/ O Fd/p/ 0
ro (0) ~ (0.8 4 0.3) GeV 2, o (0)

— — >~ (0.740.2) GeV?, (A55)
7 (0) F7§(0)

where the errors reflect the differences between the three determinations. For the s-quark
form factor one can use the NDA estimate, F;’/é) '(0)/ F;{g’ (0) =~ 1 GeV 2, consistent with the

above.
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For the other two form factors an estimate of the derivative at zero recoil can be made

using the results from the constituent quark model of [74], giving

U/p/ d/p/
0 0
/ (©) ~ 1.0 GeV 2, Fr,7(0) ~ —0.1 GeV~2, (A56)
Fr/f(0) ()
U/p/ d/p/
0 0
p( ) ~ 1.2 GeV 2, Fra O ~ 1.0 GeV 2. (A57)

FE10) 73(0)
These estimates most probably have large errors, since within this model one gets
“/p’( )/F;f/op( 0) ~ 0.22 GeV 2, F;ﬂly/op’(O)/F;(g’(O) ~ 0.24 GeV 2, about a factor of three
smaller than lattice QCD determination in (A55). For the strange quark form factor we

vary the derivative at zero recoil in the range
—2 GeV 2 S F/P(0), P2 (0) S 2 GeV72, (A58)

motivated by the slope dk$./dg* ~ —2.2 GeV~? that one can deduce from the results in [79].

Appendix B: Nonrelativistic expansion of currents for fermions

In this appendix we give the nonrelativistic expansion of the DM and nucleon currents.
We first focus on fermionic DM and then translate the results to nonrelativistic nucleons.
In order to get rid of the time derivative, v - 0, in the higher-order terms in the Heavy Dark

Matter Effective Theory (HDMET) Lagrangian, the tree level relation

i i(‘zh )
— imyva (1 - B1
xX=¢ < +iv~8+2mx—iex (B1)

is supplemented with a field redefinition* [82]
82 82 ) * a
+ (iv-0) L. > Yo,

8m§< 16m§”<

(B2)

Xv—><1—

where 0/ = 0" — v - dv*. In this way one obtains the conventional “NRQED” Lagrangian,

(10, )? n (i0,)*

2m,, 8m3

LNrRQED = X:r] (iU -0+ + - ')Xu, (B3)

4 In order for the scattering rates to be independent of this arbitrary field redefinition, contributions to
the scattering amplitude from the time-ordered product of the Lagrangians (10) and (B3) have to be
included [81]. An explicit calculation shows that, with our choice (B2), these additional contributions
vanish to O(p?).
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also beyond O(p?) order.
Using (B1) together with (B2) and applying the equation of motion derived from Eq. (B3)

we obtain for the DM currents

_ _ 1 <
XX = XoXo + —Xv01 X0 + O, (B4)

af .= Sﬂku%u
€apuV (X”U xaLaLX’U) - 8m?2

1
2
QmX

. 1 _
XivsX = — 0 (XoStx0)
My

B5)
1 _ — — 1 o — (

T Ams inSx,u(azL‘Fai)Xv + vaSXm(ai—ai)xv + 0",

X X

_ _ _ & 1 o
VX = VYo Xo + Q—XUza’ixv + ROV (Xo0"x0)

+ ) U“Xv ap 81/Xv - U_HQaiXUXv

4mx 8mx (BG)
R RS
* Tom? (0" (0 (93 -0%)x0) — 20 (93 +02)i0"xa

— — ~ — —

~ 0 (92-0%) 0t 9 X — 20 (10 (9% +03) 7" x) ) + O,
_ _ 7 3 ©
XV 95X = 2XeSXe = — 0" NS OXe

X
1 _ %29 1 _ (_H — "
4m2 X a SXX'U - va(aLsaL_f’aLsaL)Xv

: . B7)
i - (
—+ —5uyaﬁvy>_<valan_ﬂXU v ayxv(ﬁL aJ_)S;Xv

4m?2 8m f’(
+ V"N (01401) 0-Sxw + O,
X

(Xviv[“ 9% — v[“a”]ivxv>

- _uv _ Nz 1

X0 X_>XvUJ_Xv+2
my

. (B8)

L2 L 2oy 3
+ 4—2Xu(?¢<n aJ_Xv - wxv(ﬁﬁr(‘hﬁn Xov T O(p ) )
X
XM i x — 2X SV, + sl "Xo + =" *P0,01 5X0 X0
My My,

14 1 14 1 14
4 2 aJ_XU hg ]Xv o 2)@8[“ ]S (9LXv o QXvaL S (9[fv ]Xv (B9)
mx my
+ v[“ey]am)_( 51_ 5¢ vy X + O(p?)
4m2 v « BYy Xv )

X

where o = i[y},77]/2, )‘(Ug“xv = Xo(0"xy) — (0"Xv)Xv, and S* = 7/75/2 is the spin

operator. The square brackets in the last line denote antisymmetrization in the enclosed

indices, while the ellipses denote higher orders in 1/m,. We also used the relation
Xo0 X0 = =26 P, XSy 8X0) » (B10)
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where €% is the totally antisymmetric Levi-Civita tensor, with €"'?* = 1, and

XoS* 5 Xy = — 5™ X000 SsX0 — X0d" Xo - (B11)

The same expressions apply also for nucleon currents, with the obvious replacement y — N.

In terms of the momenta instead of derivatives the expansions are

2 .
_ _ Y4P) ? a b v(— QB 3
XX — XoXo (1 + _8m§<> + om? €aaV a7 (XoSixv) + O(%), (B12)
- 2 2
_. —1 pi+p
XivsX = — (Xoq- SxXv) (1 + 14 : 2)
ix M (B13)

i

&m

+ (pg - p%))_ﬁ) (Sx'p12)Xv + O(p4> )

3
X

_ _ p12 1 q i v
XX = XoXo (v“ + 5, s 7;2) e uagy (Yo Sy8X0)
X X
i _
- wv”e r 6Uap2pp1y (X'usx,ﬁx'u)
x (B14)

1 .
+ 757 [q“ (03 —p5.) + 2005 (03 + pi)} XoXo
X
Z ro =
+ 53 [pu,u (Pl —p3L) + 20, (7 + pii)] " Pua XSy X0 + O(p")
X
_ _ P r
XY X = 2X0 S X0 (1 + 81%) — — 0" Y0 Sy P12Xo
m mx
1 i
——_U e S _NS, v T Uuaﬁy e VAV Bl
4m§X (P51 Sy P12 — ¢ Sy-a) x im? UyP2aP18Xv X (B15)
vt
~ g [(pi — P53, )a- Sy +2(p + pi)plz-sx} Xo + O,
X

1
XUMVX — —26““”&6/[)06 (XUS)OﬁXU) <1 + pl? > —I— _U[M8V}§a606p12,aX’USX7BXU

8m2 My
+ o guxe + — PP KXo (B16)
2m,, 4mi

1 _
- ﬁgwjaﬂvaXv (p15Sy P2 + P2sSyp1)xe + O(P°)

X

s _ V] CIL 1 v]
» —5 2, S <1 > — US[" v —
X0 175X Xvoy U + 8mx + my X P12 1 X om,,

EMVQBUQQBX’UXU

+

2m2>2 »(pf lu 018, o +p[“ V1S, - “P1) Xo (B17)

X

4m2 [ME }M’BUJPMPZ,BXUXU + O(pg) ;

where we used the shorthand notation pi, = pi + p5. The corresponding expansion of the

nucleon currents is obtained through the replacements y — N, p‘1‘72 — kiQ, q" — —q*.
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Appendix C: NLO expressions for fermionic DM

At NLO in the chiral expansion for the hadronization of the relativistic operators, Eqgs.
(3)-(9), one encounters terms that are not Galilean invariant, since they depend on the

average nucleon velocity,

1 - -
Ug = — (k1 + k2). C1

v 2m N ( ! + 2) ( )
These terms signal that the underlying theory is, in fact, Lorentz rather than Galilean
invariant.

In addition to the nonrelativistic operators (11)-(19) there are three new operators of

O(q),

oY =1, (7. Sy), opV = (4, - S) 1w, (C2)
oNO _ . (S*X X §N) , (C3)
four new operators of O(g?),
ON® _ (ni_i.gx) (7 - Sx) O3 = (.- 5,) (ni—i-ﬁN) ’ (C4)
ON® — (7, 8) (@, S) | oN® — (i—i-gx) (ﬂi—i@v) : (C5)

and three of O(¢?),

0N = (i-8) 7 (71 x Sx ). O =, (50 x 8) (#-Sv), (C6)
oNe = (ni—iﬁjv) ( ni—i (5. % 5\)). (C7)

Next we give the expressions for the nonrelativistic reduction of the operators (3)-(9) to
subleading order in ¢2. For each of the operators we stop at the order at which one expects
the contributions from the two-nucleon currents. We explicitly include a factor

E, E E.FE 7%/ 1 1 1
DnleBaB g (g ) g o2 n 4 0, (C8)
m2m3, 8 \my  my 2

in order to convert from the usual relativistic normalization of states, (x(p')|x(p)) =
2E5(2m)*0% (' — p), where Ey = /p? + m2, to the normalization used in [6]. The hadroniza-
tion of the dimension-six interaction operators, including the subleading orders for single-

nucleon currents, are then given by,

ik 7 _a
o) oy + {FN oy - Y Loy - (Y 4 i) Loy
2 4m3, My mn (C9)
my my
F (R ERof g oy T (R B0l - o,
X X
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QY 2R OY + 2(FYN 4 FYMOY + 0(¢), (C10)
2

off) - —2ryV (0N - ZRoy) - {FiV (o) - 2oy )

4
X . X MmN (C11)
— Z va ? '/Ua — —
Fq/N<( Va ’UL)ON(U + q O ( )> + = FP’ q (Ua'UL)O% + O(q4)},
mx 2 my
Q) — —aFyNOY + FUNOY — { F‘”N(’)N(— + L)
4.q A Yu p Y 5 m2 m,
1
—SFN (14 —)ON TN pNoN 42N o) (C12)
2 mx QmX
1 1q- U,
—ZFp ( oy ) }
9 P ma + 2a

The terms in the curly brackets arise for the first time at subleading order, i.e., at O(g":0"2).
The form factors in these expressions are evaluated at ¢*> = 0, i.e., F; — F;(0). In the LO
terms, on the other hand, one should expand the form factors to O(¢?), i.e., in the expressions
outside curly brackets, F; — F;(0) + F/(0)q?

Note that the hadronization of Qﬁ?{ is expected to receive contributions from two-nucleon
currents at O(q¢?), i.e., at the same order as the displayed corrections from the single-nucleon

current. In the hadronization of Q we do not show the subleading corrections from ex-

2,9
panding the single-nucleon currents. In this case the two-nucleon currents enter at O(q?),
while the higher-order corrections from single-nucleon currents start only at O(¢®). Note
also that, at O(p'), the hadronization of Qf; receives a contribution that is coherently

enhanced, but suppressed by a numerical factor ~ 1/(16mym,).

The hadronizations of the dimension-seven operators are given by

1 1
o (BT or Mroron).
my N X
-2
m q Zq va
o — - ZXFYON - {8mNm FYoN + L2 Féf@éi(” +0(g")}. (C14)
X X
.
7 q
o X (C15)
1G" Vs N ~N(1) 4 }
F1
2mN G Ola + O(q ) )
o BN FROY + { £ (01 + 0)7) + o)} (€19)
X X
Qi »FINOY + 0(q), (C17)
m
Q) — — “NFUNON + O(4), (C18)

My
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-9
Fq/NON @FQ/N (ON q_oN)
P 10+2mx P 15"‘m?V 12

JQ

8m?2

Z'q_"Ua N(1

o FROLY + 0}

o) » - =X rNoy — (T FY (01 + 03) + o) }
My 2m,,

ol ~FiN ol + {

72

72 -2
o) —sFyYoN + { 2PN Lo 4 P (L + L —sa2) oy + argY o),
’ ’ my ’ mX my ’

2 2
q N N m N N
g (B = FEN)OY = (14 T3 ) F 2 OF
X X
m
- X of +2(Fi - ) OF + 167 00 + 0" }
X

m
0, - — 2 FY O + 2(F — FY)OL — 8F1 O
X

—2 1 1 —2
— {@F%VO{Y)< 7.4 6f) + 8F;!((§VO{V2<§6G2 + =02+ q )

My 4mi 2 Smi
N qﬂ 2\ a/N q/N 2 2 672 672
T On [<4m§< + 02 P - i (357 + 07 + amz 4m§V)
F‘I/N 4—’2 _ 672 _ F‘I/N 2F‘1/N ON o 216727‘1 F‘I/NON(U
+ Lpg 4, 2. ( To T 207, ) 15 m. 1.0 Yla
N X

— L2 opglY - P ORY + 4R (009 + 03) + 0(g")}

my

(C19)

(C20)

(C21)

(C22)

The expressions that appear for the first time at O(g"”20%?2) are collected inside the curly

brackets. In these the form factors are to be expanded to LO in chiral counting, as denoted

in Egs. (29)-(31). In particular, the form factors without light meson poles are evaluated

at ¢> = 0, i.e., for these F; — F;(0) inside curly brackets. In the terms outside curly
brackets, however, the form factors should be expanded to NLO, cf. Eqgs. (29)-(31). The

operators Qg; and Qg;

receive contributions at O(¢"=°!) from two-body currents, so we do

not display the corrections from expanding the single-nucleon currents which, in this case,

start at O(g"vo*?).

Appendix D: Nonrelativistic expansion for scalar DM

To derive the HDMET for scalar DM, we factor out® the large momenta,

—iMeV-T

p(z)=e Do

5 Note that we dropped a global rescaling factor (2m,)~1/2 on the right side of Eq. (D1).
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followed by a field redefinition

(1 v 0 (i01)? N 3 (iv-0)* 3 (00)(i01)* 5 (iw-9)°
dm, — 8mZ 32 mg 32 m? 128 m3

o — + --)%~ (D2)

This gives the usual HDMET for scalar DM

LupmeT = ©,i0-0¢, +

1 1
*(i0,)? —— (10 Ly, . D3
2m¢ (Z J—) Pu + 8mf; 901)(2 J—) Pu -t Pv ( )
The first term is the LO HDMET for scalar fields. The 1/m,, term is fixed by reparametriza-

tion invariance [83], while the ellipses denote the higher-order terms.

The DM bilinears have the following nonrelativistic expansion,

1 —y =
© 0 = PPy — W¢2(62+82)% +0(¢%), (D4)
%)
< <
i(¢*0up) = 2myv, (Pipn) + (050 1 ups) +O0(d%), (D5)
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(70 p) — im0 (pipu) + 0L @000 + L — el 0T (9°~0)u + O(a"). (DB)
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In terms of the momenta these are

2, .2
+
90*g0—>902g0v<1+p1 2p2>+-..’ (D7)
4m¥,
Z(Qp u‘P) — ©pPu <2m¢7j“ + D121 #) + (D8)
* AV v v p * *
(O 0lp) = my, <v“‘q R )%% + o8P g, + o (D9)

The nonrelativistic reductions of the operators describing interactions with scalar DM are

thus (again explicitly including a normalization factor similar to (C8))

172 (72 (72 N
ol som FNOY (1422 + L) - Lo g oy
1q P11 1 2 8m3 Qm?\[ P2 1 (D10>
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N

where the non-relativistic operators are defined in Egs. (11)-(19) and Egs. (C2)-(C7).

Appendix E: The expressions for the non-relativistic coefficients

Here we collect the expressions for the coefficients of the non-relativistic operators,
Egs. (11)-(19), in terms of the UV Wilson coefficients, Eq. (1), and the single-nucleon form
factors. We find

Rp1 = _2 C(5) X Z (Fq/p Cl PR Fq/p C(7)> géfﬂ (E1)
-9
q q/p a/p\ A(7)
— F—F E2
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q
my 5(7
NR,9 = 22 [(Ff/p + 3P G5 + m—fo/p C?()q)] ; (E8)
(7
CpNRm_FpC )+Z<Fq/pc7q 2 Fiq“/(;DCqu>7 (E9>

200 L MN 45 5(7 my 507 MN —p A(7T
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X
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5(7
CpNR,lz = -8 Z qu“,/(? CiO?q : (E11)

q

The coefficients for neutrons are obtained by replacing p — n, u <> d. Above we kept
only the chirally leading contributions and listed the results only for the non-vanishing cgm
(i.e., one has cg}w = chS = 0). For the coefficient cﬁRl, we also kept the g*-suppressed
contribution from ng, that is, however, coherently enhanced. The contributions due to

the magnetic and electric dipole operators, Eqs. (2), are given in Appendix A of [1].
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In the LO expressions most of the form factors are evaluated at ¢ = 0, with the numerical
values for F/V given in Eq. (A1); for F/V in Eqs. (A3)-(A5): for F¥™ in Eq. (A14) together
with Egs. (A17), (A19); for Fg/N in Eq. (A27) together with Eqgs. (A28), (A29); for Fg/N in
Eq. (A36) together with (A38); for F%{év in Eq. (A47) together with (A48); and for Frg/lN in
Eq. (A45) together with (A49)-(A51). The form factors FI?,/N, Fg{N, FC%/N contain pion and
eta poles. The numerical values for F' IZ{N are given in Eq. (A13) together with Eqgs. (A15),
(A16), (A18), (A19); for F¥™ in Eq. (A30)-(A33) together with Eqs. (A18), (A19); for F2/"
in Eq. (A42) together with (A18), (A19).

[1] F. Bishara, J. Brod, B. Grinstein, and J. Zupan (2016), e-print:1611.00368.
[2] J. Fan, M. Reece, and L.-T. Wang, JCAP 1011, 042 (2010), e-print:1008.1591.
[3] A. L. Fitzpatrick, W. Haxton, E. Katz, N. Lubbers, and Y. Xu, JCAP 1302, 004 (2013),
e-print:1203.3542.
[4] A. L. Fitzpatrick, W. Haxton, E. Katz, N. Lubbers, and Y. Xu (2012), e-print:1211.2818.
[5] M. Cirelli, E. Del Nobile, and P. Panci, JCAP 1310, 019 (2013), e-print:1307.5955.
[6] N. Anand, A. L. Fitzpatrick, and W. C. Haxton, Phys. Rev. C89, 065501 (2014), e-
print:1308.6288.
[7] G. Barello, S. Chang, and C. A. Newby, Phys. Rev. D90, 094027 (2014), e-print:1409.0536.
[8] R. J. Hill and M. P. Solon, Phys.Rev. D91, 043505 (2015), e-print:1409.8290.
[9] R. Catena and P. Gondolo, JCAP 1409, 045 (2014), e-print:1405.2637.
[10] J. Kopp, T. Schwetz, and J. Zupan, JCAP 1002, 014 (2010), e-print:0912.4264.
[11] R. J. Hill and M. P. Solon, Phys. Rev. Lett. 112, 211602 (2014), e-print:1309.4092.
[12] R. J. Hill and M. P. Solon, Phys.Lett. B707, 539 (2012), e-print:1111.0016.
[13] A. Kurylov and M. Kamionkowski, Phys. Rev. D69, 063503 (2004), e-print:hep-ph/0307185.
[14] M. Pospelov and T. ter Veldhuis, Phys. Lett. B480, 181 (2000), e-print:hep-ph/0003010.
[15] J. Bagnasco, M. Dine, and S. D. Thomas, Phys. Lett. B320, 99 (1994), e-print:hep-
ph/9310290.
[16] V. Cirigliano, M. L. Graesser, and G. Ovanesyan, JHEP 10, 025 (2012), e-print:1205.2695.
[17] M. Hoferichter, P. Klos, and A. Schwenk, Phys. Lett. B746, 410 (2015), e-print:1503.04811.
[18] M. Hoferichter, P. Klos, J. Menéndez, and A. Schwenk, Phys. Rev. D94, 063505 (2016),

42


http://arxiv.org/abs/1611.00368
http://arxiv.org/abs/1008.1591
http://arxiv.org/abs/1203.3542
http://arxiv.org/abs/1211.2818
http://arxiv.org/abs/1307.5955
http://arxiv.org/abs/1308.6288
http://arxiv.org/abs/1308.6288
http://arxiv.org/abs/1409.0536
http://arxiv.org/abs/1409.8290
http://arxiv.org/abs/1405.2637
http://arxiv.org/abs/0912.4264
http://arxiv.org/abs/1309.4092
http://arxiv.org/abs/1111.0016
http://arxiv.org/abs/hep-ph/0307185
http://arxiv.org/abs/hep-ph/0003010
http://arxiv.org/abs/hep-ph/9310290
http://arxiv.org/abs/hep-ph/9310290
http://arxiv.org/abs/1205.2695
http://arxiv.org/abs/1503.04811

39]

[40]
[41]
[42]

e-print:1605.08043.

R. Catena, A. Ibarra, and S. Wild, JCAP 1605, 039 (2016), e-print:1602.04074.

S. Weinberg, Phys. Lett. B251, 288 (1990).

S. Weinberg, Nucl. Phys. B363, 3 (1991).

P. F. Bedaque and U. van Kolck, Ann. Rev. Nucl. Part. Sci. 52, 339 (2002), e-print:nucl-
th/0203055.

E. Epelbaum, H.-W. Hammer, and U.-G. Meissner, Rev. Mod. Phys. 81, 1773 (2009), e-
print:0811.1338.

E. Epelbaum (2010), e-print:1001.3229.

D. Gazda, R. Catena, and C. Forssn, Phys. Rev. D95, 103011 (2017), e-print:1612.09165.

C. Krber, A. Nogga, and J. de Vries (2017), e-print:1704.01150.

J. Brod, A. Gootjes-Dreesbach, M. Tammaro, and J. Zupan, to appear (2017).

C. Amole et al. (PICO) (2017), e-print:1702.07666.

D. S. Akerib et al. (LUX) (2017), e-print:1705.03380.

J. Goodman, M. Ibe, A. Rajaraman, W. Shepherd, T. M. Tait, et al., Phys.Rev. D82, 116010
(2010), e-print:1008.1783.

G. Ovanesyan and L. Vecchi, JHEP 07, 128 (2015), e-print:1410.0601.

E. E. Jenkins and A. V. Manohar, Phys. Lett. B255, 558 (1991).

J. Heinonen, R. J. Hill, and M. P. Solon, Phys. Rev. D86, 094020 (2012), e-print:1208.0601.

V. Cirigliano, S. Davidson, and Y. Kuno, Phys. Lett. B771, 242 (2017), e-print:1703.02057.

C. Patrignani et al. (Particle Data Group), Chin. Phys. C40, 100001 (2016).

E. Aprile et al. (XENON) (2017), e-print:1705.02614.

R. S. Sufian, Y.-B. Yang, A. Alexandru, T. Draper, K.-F. Liu, and J. Liang (2016), e-
print:1606.07075.

J. Green, S. Meinel, M. Engelhardt, S. Krieg, J. Laeuchli, J. Negele, K. Orginos, A. Pochinsky,
and S. Syritsyn, Phys. Rev. D92, 031501 (2015), e-print:1505.01803.

P. J. Mohr, D. B. Newell, and B. N. Taylor, Rev. Mod. Phys. 88, 035009 (2016), e-
print:1507.07956.

F. J. Ernst, R. G. Sachs, and K. C. Wali, Phys. Rev. 119, 1105 (1960).

R. J. Hill and G. Paz, Phys. Rev. D82, 113005 (2010), e-print:1008.4619.

G. G. di Cortona, E. Hardy, J. P. Vega, and G. Villadoro (2015), e-print:1511.02867.

43


http://arxiv.org/abs/1605.08043
http://arxiv.org/abs/1602.04074
http://arxiv.org/abs/nucl-th/0203055
http://arxiv.org/abs/nucl-th/0203055
http://arxiv.org/abs/0811.1338
http://arxiv.org/abs/0811.1338
http://arxiv.org/abs/1001.3229
http://arxiv.org/abs/1612.09165
http://arxiv.org/abs/1704.01150
http://arxiv.org/abs/1702.07666
http://arxiv.org/abs/1705.03380
http://arxiv.org/abs/1008.1783
http://arxiv.org/abs/1410.0601
http://arxiv.org/abs/1208.0601
http://arxiv.org/abs/1703.02057
http://arxiv.org/abs/1705.02614
http://arxiv.org/abs/1606.07075
http://arxiv.org/abs/1606.07075
http://arxiv.org/abs/1505.01803
http://arxiv.org/abs/1507.07956
http://arxiv.org/abs/1507.07956
http://arxiv.org/abs/1008.4619
http://arxiv.org/abs/1511.02867

[43] G. S. Bali et al. (QCDSF), Phys. Rev. Lett. 108, 222001 (2012), e-print:1112.3354.

[44] M. Engelhardt, Phys. Rev. D86, 114510 (2012), e-print:1210.0025.

[45] T. Bhattacharya, R. Gupta, and B. Yoon, PoS LATTICE2014, 141 (2014), e-
print:1503.05975.

[46] C. Alexandrou, M. Constantinou, K. Hadjiyiannakou, K. Jansen, C. Kallidonis, G. Koutsou,
and A. Vaquero Aviles-Casco (2017), e-print:1705.03399.

[47] A. Airapetian et al. (HERMES), Phys. Rev. D75, 012007 (2007), e-print:hep-ex/0609039.

[48] V. Yu. Alexakhin et al. (COMPASS), Phys. Lett. B647, 8 (2007), e-print:hep-ex/0609038.

[49] A. S. Meyer, M. Betancourt, R. Gran, and R. J. Hill, Phys. Rev. D93, 113015 (2016), e-
print:1603.03048.

[50] V. Bernard, L. Elouadrhiri, and U.-G. Meissner, J. Phys. G28, R1 (2002), e-print:hep-
ph/0107088.

[51] A. A. Aguilar-Arevalo et al. (MiniBooNE), Phys. Rev. D81, 092005 (2010), e-print:1002.2680.

[52] G.Rajan, J. Yong-Chull, L. Huey-Wen, Y. Boram, and B. Tanmoy (2017), e-print:1705.06834.

[53] J. D. Bratt et al. (LHPC), Phys. Rev. D82, 094502 (2010), e-print:1001.3620.

[54] V. Bernard, H. W. Fearing, T. R. Hemmert, and U. G. Meissner, Nucl. Phys. A635, 121
(1998), [Erratum: Nucl. Phys.A642,563(1998)], e-print:hep-ph/9801297.

[55] P. Junnarkar and A. Walker-Loud, Phys.Rev. D87, 114510 (2013), e-print:1301.1114.

[56] Y.-B. Yang, A. Alexandru, T. Draper, J. Liang, and K.-F. Liu (xQCD), Phys. Rev. D94,
054503 (2016), e-print:1511.09089.

[57] S. Durr et al., Phys. Rev. Lett. 116, 172001 (2016), e-print:1510.08013.

[58] J. M. Alarcon, J. Martin Camalich, and J. A. Oller, Phys. Rev. D85, 051503 (2012), e-
print:1110.3797.

[59] L. Alvarez-Ruso, T. Ledwig, J. Martin Camalich, and M. J. Vicente Vacas, EPJ Web Conf.
73, 04015 (2014).

[60] A. Crivellin, M. Hoferichter, and M. Procura, Phys. Rev. D89, 054021 (2014), e-
print:1312.4951.

[61] C. McNeile, A. Bazavov, C. T. H. Davies, R. J. Dowdall, K. Hornbostel, G. P. Lepage, and
H. D. Trottier, Phys. Rev. D87, 034503 (2013), e-print:1211.6577.

[62] D. J. Gross, S. Treiman, and F. Wilczek, Phys.Rev. D19, 2188 (1979).

[63] M. Gockeler, P. Hagler, R. Horsley, D. Pleiter, P. E. L. Rakow, A. Schafer, G. Schierholz, and

44


http://arxiv.org/abs/1112.3354
http://arxiv.org/abs/1210.0025
http://arxiv.org/abs/1503.05975
http://arxiv.org/abs/1503.05975
http://arxiv.org/abs/1705.03399
http://arxiv.org/abs/hep-ex/0609039
http://arxiv.org/abs/hep-ex/0609038
http://arxiv.org/abs/1603.03048
http://arxiv.org/abs/1603.03048
http://arxiv.org/abs/hep-ph/0107088
http://arxiv.org/abs/hep-ph/0107088
http://arxiv.org/abs/1002.2680
http://arxiv.org/abs/1705.06834
http://arxiv.org/abs/1001.3620
http://arxiv.org/abs/hep-ph/9801297
http://arxiv.org/abs/1301.1114
http://arxiv.org/abs/1511.09089
http://arxiv.org/abs/1510.08013
http://arxiv.org/abs/1110.3797
http://arxiv.org/abs/1110.3797
http://arxiv.org/abs/1312.4951
http://arxiv.org/abs/1312.4951
http://arxiv.org/abs/1211.6577

J. M. Zanotti (UKQCD, QCDSF), Phys. Lett. B627, 113 (2005), e-print:hep-lat/0507001.
M. Diehl, Eur. Phys. J. C19, 485 (2001), e-print:hep-ph/0101335.

C. Alexandrou et al. (2017), e-print:1703.08788.

T. Bhattacharya, V. Cirigliano, S. Cohen, R. Gupta, H.-W. Lin, and B. Yoon, Phys. Rev.
D94, 054508 (2016), e-print:1606.07049.

D. Pleiter et al. (QCDSF/UKQCD), PoS LATTICE2010, 153 (2010), e-print:1101.2326.
G. S. Bali, S. Collins, B. Glssle, M. Gckeler, J. Najjar, R. H. Rdl, A. Schfer, R. W. Schiel,
W. Sldner, and A. Sternbeck, Phys. Rev. D91, 054501 (2015), e-print:1412.7336.

T. Bhattacharya, V. Cirigliano, S. Cohen, R. Gupta, A. Joseph, H.-W. Lin, and B. Yoon
(PNDME), Phys. Rev. D92, 094511 (2015), e-print:1506.06411.

H.-W. Lin, T. Blum, S. Ohta, S. Sasaki, and T. Yamazaki, Phys. Rev. D78, 014505 (2008),
e-print:0802.0863.

J. R. Green, J. W. Negele, A. V. Pochinsky, S. N. Syritsyn, M. Engelhardt, and S. Krieg,
Phys. Rev. D86, 114509 (2012), e-print:1206.4527.

C. Alexandrou, M. Constantinou, K. Jansen, G. Koutsou, and H. Panagopoulos, PoS LAT-
TICE2013, 294 (2014), e-print:1311.4670.

A. Abdel-Rehim et al., Phys. Rev. D92, 114513 (2015), [Erratum: Phys.
Rev.D93,10.3,039904(2016)], e-print:1507.04936.

B. Pasquini, M. Pincetti, and S. Boffi, Phys. Rev. D72, 094029 (2005), e-print:hep-
ph/0510376.

H. Gao, T. Liu, and Z. Zhao (2017), e-print:1704.00113.

M. Gockeler, P. Hagler, R. Horsley, Y. Nakamura, D. Pleiter, P. E. L. Rakow, A. Schafer,
G. Schierholz, H. Stuben, and J. M. Zanotti (UKQCD, QCDSF), Phys. Rev. Lett. 98, 222001
(2007), e-print:hep-lat/0612032.

I. Schmidt and J. Soffer, Phys. Lett. B407, 331 (1997), e-print:hep-ph/9703411.

T. Ledwig, A. Silva, and H.-C. Kim, Phys. Rev. D82, 054014 (2010), e-print:1007.1355.

T. Ledwig and H.-C. Kim, Phys. Rev. D85, 034041 (2012), e-print:1107.4952.

J. Zanotti, J. Bickerton, R. Horsley, Y. Nakamura, P. Rakow, G. Schierholz, P. Shanahan,
and R. Young (QCDSF/UKQCD), PoS LATTICE2016, 163 (2017).

A. F. Falk, M. E. Luke, and M. J. Savage, Phys. Rev. D49, 3367 (1994), e-print:hep-
ph/9308288.

45


http://arxiv.org/abs/hep-lat/0507001
http://arxiv.org/abs/hep-ph/0101335
http://arxiv.org/abs/1703.08788
http://arxiv.org/abs/1606.07049
http://arxiv.org/abs/1101.2326
http://arxiv.org/abs/1412.7336
http://arxiv.org/abs/1506.06411
http://arxiv.org/abs/0802.0863
http://arxiv.org/abs/1206.4527
http://arxiv.org/abs/1311.4670
http://arxiv.org/abs/1507.04936
http://arxiv.org/abs/hep-ph/0510376
http://arxiv.org/abs/hep-ph/0510376
http://arxiv.org/abs/1704.00113
http://arxiv.org/abs/hep-lat/0612032
http://arxiv.org/abs/hep-ph/9703411
http://arxiv.org/abs/1007.1355
http://arxiv.org/abs/1107.4952
http://arxiv.org/abs/hep-ph/9308288
http://arxiv.org/abs/hep-ph/9308288

[82] A. V. Manohar, Phys. Rev. D56, 230 (1997), e-print:hep-ph/9701294.
[83] M. E. Luke and A. V. Manohar, Phys. Lett. B286, 348 (1992), e-print:hep-ph/9205228.

46


http://arxiv.org/abs/hep-ph/9701294
http://arxiv.org/abs/hep-ph/9205228

	 Contents
	I Introduction
	II Fermionic dark matter
	A Leading order expressions
	B Subleading corrections

	III Scalar dark matter
	IV Examples
	V Conclusions 
	A Values of the nucleon form factors
	1 Vector current
	2 Axial vector current
	3 Scalar current
	4 Pseudoscalar current
	5 CP-even gluonic current
	6 CP-odd gluonic current
	7 Tensor current

	B Nonrelativistic expansion of currents for fermions
	C NLO expressions for fermionic DM
	D Nonrelativistic expansion for scalar DM
	E The expressions for the non-relativistic coefficients
	 References



