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API'LICI) \<I:I,l'AKB ANALYSIS W1~'l'i-i (21JA:iTAL CtIOiCE IliODELS 

By !i'. Mich?el l!nnenann 

1 .  I n t r o d u c t i o n  

I n  r e c e n t  y e a r s  t h e r e  h a s  been c o n s i d e r a b l e  i n t e r e s t  i n  c c e n o c e t r i c  mode l ins  

of  d i . s c r e t e  c h o i c e s ,  and s i . g n i l i e a i i t  p r o g r e s s  h a s  been made i n  t h e  s ta t is -  

I 
t i ca l  f o r m u l a t i o n  and e s t i r z n t i o n  of  si1c11 models.  However, t h e  dcvelopnie i~t  

of  a m c ~ h o d o l o g y  f o r  c o n d u c t i n g  a p p l i e d  w c J f a r c  a n a l y s i s  i n  d i s c r e t e  c h o i c e  

s i t u a t i o n s  h a s  proceeded Inore sl.owly. The i s s u e  was f i r s t  r a i s e d  i n  t h e  

t r a n s p o r t a t i o n  mode cfroice l i t e r a t u r e  by Domencich and McFadden 151, - 
W i l l i a m s  [ L ? ] ,  Ualy and Zachary [ 4 ] ,  and Ben Akiva and Lerman [ I ] .  A con- - - 
n e c t i o n  between t h i s  work and t h e  c o n v e n t i o n a l  economic t h e o r y  o f  consumer 

demand was r e c e n t l y  e s t a b l i . s h e d  i n  a n  i m p o r t a n t  p a p e r  by S m a l l  and Rosen 1141. - .. 
They d e m o n s t r a t e  t h a t  t h e  c o n v e n t i o n a l  teclrniqiies f o r  measur ing  t h e  weI.fare 

e f f e c t s  o f  p r i c e  o r  q u a l i t y  changes  i n  a c o n t i n u o u s  c h o i c e  s e t t i n g  c a n  be  

g e n e r a l i z e d  t o  h a n d l e  c a s e s  where d i s c r e t e  c h o i c e s  are i n v o l v e d .  Tlic p u r p o s e  

of  t h i s  p a p e r  i s  t o  e x t e n d  t h e i r  a n a l y s i s ,  and t o  show how one  c a n  d i s p e n s e  

w i t h  some of  t h e i r  more s t r i n g e n t  a s sun ip t ions  ahou t  t h e  s t r u c t u r e  of  

consumer p r e f e r e n c e s .  

Snrall and Koscn ( f i cncefor th  SI?) d i s c u s s  s i t u a t i o n s  involvir,[: b o t h  p u r e l y  

2 
q u a l i t a t i v e  c h o i c e s  and mixed qua l i t a t ive -quan t i - t a t jve  c l ro ices .  iiowever, 

when t h e y  a p p l y  t h e i r  r e s u l t s  t o  e m p i r i c a l  cconoinet r ic  n ~ o d e l s  t h e y  focu:i 

p r i n t a r i l ~ y  on l o g i t  and p r o b i t  models ,  wliich p e r t a i . n  e r i c l i ~ s i v e l ~ y  t o  q i i a l i t n -  

t i v e  c h o i c e s .  S i n c c  l o g i t  and p r o b i t  arc  w i d e l y  used i.n rnilny a r e a s  of  

a p p l i e d  econamics  i t  i s  o f  g r m t  v a l u e  t o  irave p r a c t j c n l  p r o c e d u r e s  f o r  

a s c e r t z r i n i n g  t11e.i.r w e l f a r e  5ru:il.icatior:s. Accoidiiigl.y t h i s  popex w i l l  f o c u s  

on t h e s e  p u r e l y  q u a l i t a t i v e  c h o i c e s ,  termcil "quan ta1  choi.ces" by McFaiiden 

[ I L I .  



I n  a  binary quanta1 c l ~ o i c e  model t h e  dependent v a r i a b l e  riisy be t h o u ~ h t  

of a s  dur:,wy v a r i a b l e  whic11 t akes  t h e  va lue  1 i f  one q u a l i t a t i v e  outcoi~ie 

occurs  and t h e  va lue  0 i f  anothcr  occurs .  The s e l e c t i o n  p r o b a b i l i t i e s  a r e  

given by 

(1.1) n ' Pr  {outcome 1  occurs)  = F(v)  1 - 

n = Pr foutcomo 2 occurs)  = 1 - F(w) 
2 - 

wherr I?(')  i s  sor.ie func t ion  whose range i s  10, 11, and i t s  argument t akes  

t h e  form w = X'B where X is a  vec to r  of explanatory v a r i a b l e s  and B i s  a 

vec to r  of c o e f f i c i e n t s  t o  he est imated.  I n  t h e  b inary  l o g i t  model, f o r  

-w -1 
example,F(a) = ( 1  + e ) . Daly and Zachary [ 4 ]  have developed necessary - 
and s u f f i c i e n t  cond i t ions  on t h e  s e l e c t i o n  p r o b a b i l i t y  func t ions  (1.1) 

i n  o rde r  f o r  t h e  underl.ying quanta1 choice model. t o  be  a random u t i l i t y  -- 
3 - 

maximization (RU1.f) model. I n  a  RUI.! model XJ t akes  tile form w = ; - v .- -- -- 1 2 

where ; and ? a r e  func t ions  of r e g r e s s o r s  and c o e f f i c i e i l t s  t o  be es t imated .  
1  2 

The choice can be thought of a s  r e s u l t i n g  from a  u t i l j t y  maximization 

problex i n  which t h e  a g e n t ' s  u t i l i t y  cond i t iona l  on choice j i s  ;. = 
J - 

v + E . ,  j = 1, 2 .  Ilc.re, E and c2 a r c  j o i n t l y  d i s t r i b u t e d  random v a r i -  
j J I 

a b l e s  with € { € . I  = 0, and t h e  s e l e c t i o n  p r o b a b i l i t y  func t ion  i n  (1.1) can 
3 

he c a s t  i n t o  t h e  form: n = Pr Gz 1. By c o n t r a s t ,  t h e  q u a l i t a t i v e  1 

choice  model considered by SI: i s  a n  example of \.!hat might be call-ed a  

budget-constrained random u t i 1 , i g  ioaximization model. That is ,  i t  is a  - ~- -- . --- 

P;O.il m~odcl wi th  t h e  a d d i t i o n a l  proptrrty tluit  t h e  ;. 's s a t i s f y  t h e  r equ i re -  
3 

ments t o  be c o n d i t i o n a l  i n d i r e c t  -I__i u t i l i t v  funct ions .  A s  explained hclow 

t h i s  ir:l~oses c e r t a i n  r e s t r i c t i o n s  on which v a r i a b l e s  can appear a s  arguments 

- 
of t h e  u .  f t lnct ions and 011 tlii!j~r f u : ~ c t i o n a l  s t r u c t u r e .  

3 

Inagiiie n s i t u a t i o n  i n  which a consumer nus t  clioosc betwsein two i;iutuall)- 

exc lus ive  i tems (courscn of a c t i o n )  which d i f f e r  with r e spec t  t o  t h e i r  c o s t ,  

p . ,  and "qual i ty ,"  (1.. Let y dfiiote t h e  consuintir's income and suppose tlrnt 
J 3 



t h e  consult ler 's  i n d i r e c t  u t i l i t y  f u n c t i o n  c o n d i t i o n a l  on t h e  c l i o i c e  of  a c t  j 

may be  w r i t t e n  G .  = G . ( p . ,  c l . ,  y) + E j ,  j = 1 ,  2 .  By f i t t i n g  a q u a n t a l  
3 J J  J  - - 

c h o i c e  model based o n  (1.1) w i t h  w Z < - v 2 ,  o n c  c a n  e s t i m a t e  t h e  v .  
1 J  

f u n c t i o ~ i s .  Now supposc  tlir:, t h e  q u a l l t y  of  item 1 a v a i l a b l e  t o  t h e  consumer 

0 f 
r i s e s  from q t o  ql  w h i l e  q 

1 2 '  P1, P*, 
and y remain c o n s t a n t .  Can one employ 

t h e  f i t t e d  q u a n t a l  c h o i c e  model t o  d e r i v e  a monetary  measure of  t h e  w e l f a r e  

e f f e c t s  o f  t h i s  clmnge? SK d i s c u s s  hnw t h i s  c a n  be done under  thr-ec assuinp- 

t i o n s  a b o u t  t l i c  s t r u c t u r e  o f  conswner p r e f e r e n c e s :  (A) h l ~ 3 ? l 1 3 y  i s  

independen t  o f  p and q l ;  (B)  t h e  income e f f e c t  from t h e  q u a l i t y  change is 
1 

a p p r o x i q d t e l y  z e r o ;  and  ( C )  "u l /3q l  -> 0 a s  p l  + For  t h e  l o g i t  n o d e l ,  

f o x  e ~ a n l p l e ,  SR u s e  t l i e se  a s s u m p t j o n s  t o  d e r i v e  t h e  f o l l o k i n g  fo rmula  f o r  

t h e  cor ipensa t ing  v a r i a t i o n  measure  of  t l ic  change i n  tlic constimer 's  w e i r a r c :  

- - t t 
where  c2 = v2 (p2.  q2,  Y)  and v = Glfp l ,  q l '  Y). t = 0 ,  f a  1 

Although t h i s  i s  a v a l i ~ a b l e  r e s u l t ,  i n  the e m p i r i c a l  l i t e r a t u r e  one  c a n  

f i n d  many a p p l i c a t i o n s  o f  l o g i t  n o d e l s  x?!iich v j o l a t e  Assumptions A ,  B ,  o r  C .  

Tor example,  t h e  s p e c i f i c a t i o n  

which l e a d s  t o  (1 .1)  w i t h  

v i o l a t e s  C ,  s i n c e  aGl /aq l  d o c s  n o t  go t o  z e r o  a s  p g o e s  t o  i n f i n i t y .  1 
S i m i l a r l y ,  t h e  s p e c i f i c a t i o n  

wliich l e a d s  t o  ( 1 . 1 )  w i t h  

(1 . G )  w - (a - ) - B(p2 - p L )  C ' Y ~ ( J I ~  - pl) + ii(cli: - q l ) ,  2 1 

v io1a tc . s  bo th  and c . ~  Hot,, niiglrt one  c a l c u l a t e  t h e  co:,!jiensatin[: w i r i a t i u n  

f o r  a q u a l i t y  cli;i~~gc. i n  t h e s e  c a s e s ?  Does t h e  wel.farc f o r x i l a  (1 .2)  s r i l l .  aiipl;.? 



By e x p l o i t i n g  t t ic  s p t l c i a l  s t r u c t t l r c  of a n  i n d i r e c t  u t i l i t y  f u n c t i o n  

i n  a  p u r e l y  q u a l i t a t i v e  c h o i c e  col;tc:xt, I shoi .  t l in t  A s s u i v t i o n  C i s  n o t  

iieeded i i i  o r d e r  t o  j u s t i f y  t h c  fo rmula  ( 1 . 2 ) ,  and is a c t u a l l y  i n c o m p a t i h l e  

w i t h  A s s u n p t i o n s  A and R .  I s l ioc t h a t  Assur~iption B  i n p l i e s  A ,  and - i s  

c r u c i a l  t o  t h e  v a l i d i t y  of SK's b ~ c l f a r e  foriawla. However, i t  implit::; t l i a t  

t h e  iilcornc variab1.e doc:; n o t  appear  i n  t h e  quriiltal c h o i c e  p r o b a b i l i t y  

- 
f o r m u l a  ( 1 . 1 - i . .  w E 1 

- v 2  i s  independen t  of  y .  Thus ,  any  q u a n t a 1  

c h o i c e  n o d e 1  which i n c l u d e s  income a s  a n  e x p l a n a t o r y  v a r i a b l e  must  v i o l a t e  

Assuinption B .  I devel.op gei iera l  t r e l f a r e  formula:; which a r e  a p p l i c a b l e  

whe the r  o r  n o t  Assuinption B h o l d s ,  and which r e d u c e  t o  S R ' s  for inula  when 

i t  d o c s  h o l d .  These  f o r ~ ~ u l n s  c o v e r  b o t h  t h e  compensat ing and t h e  r q u i v a -  

l e n t  v a r i a t i o n  1.1elfare measures .  F i n a l l y ,  I shot? how t h e  w e l f a r e  ana ly -  

sis may be  ex tended  froni b u d g e t - c o n s t r a i n e d  RU?I niodels t o  g e n e r a l  RUB 

models i n  which,  f o r  exanpl.c, t h e  i n d i v i d u a l  i s  choosi.ng among r i s k y  a c t i o n s  

on t h e  b a s i s  of  von Iicumann-Morgenstern expec ted  u t i l i t y  maximiza t ion .  

I n  d e r i v i n g  t h e s e  r e s u l t s ,  I f o l l o w  t h e  same b a s i c  s t r a t e g y  a s  SR. 

They s t a r t  w i t h  a  p u r e l y  d e t e r m i n i s t i c  c l lo ice  s i t u a t i o n  s i m i l a r  t o  t h e  

" s t andard"  u t i l i t y  niaxilnizntion mod:l, e x c e p t  t h a t  t h e r e  i s  a n  e lement  of 

d i s c r e t e n e s s  i n  t h e  consucier ' s  c h o i c e .  ?hey e s t a b l i s t r  t h e  i m p o r t a n t  r e s u l t  

t h a t  t h e  b a s i c  d u a l i t y  r esu l t : ;  of conti.nuous demand a n a l y s i s  c a r r y  o v e r  t o  

t h e  d i s c r e t e  c a s e .  They t h e n  swi tc l i  o v e r  t o  t l ie  s e t - u p  of  thi. ecoiion!etric 

q u a n t a 1  c h o j c e  l i t e r a t t i r e  i n  1.7liich i t  i s  assi~rned t h a t ,  a l t h o u g h  t h e  cor.sumer 

h a s  a  fi.xed u t i l i t y  f u n c t i o n ,  some of  i ts  coi~iporients a r e  u n o b s e r v a b l e  t u  t h e  

econox:e t r ic  i i m e s t i g a t o r .  T h i s  i o t r o d u c i ? s  an  e l e n c n t  of  randor:!ne:;s i n t o  

t i le  consumer ' s  u t i l i t y  and deriaild f u n c t i o n s  a s  they  a p p e a r  t o  t h e  

i n v e s t i g a t o r .  SK a n a l y z e  d i s c r e t e  c h o i c e s  i n  t h i s  c o n t e x t  by t a k i n g  t h c  



e x p e c t a t i o n  of  c e r t a i n  r e l a t i o n s h i p s  e s t a b l i s h e d  i n  t h e i r  a n a l y s i s  of t h e  

p u r e l y  d e t e r m i n i s t i c  c a s e .  I n  d e r i v i n g  my r e s u l t s  I show t h a t  t h e r e  a r c  

some p i t f ; % l l s  i n  t h e  t r a n s i t i o n  fror-: t l ic  d e t e r m i n i s t i c  t o  t i l e  r andox  u t i l - i t y  

s e t t i n g  and t h a t  some r e s u l t s  from t h c  fornmcr do n o t  c a r r y  oi,cr t o  t t?c  

l a t t e r  under  t h e  e x p e c t a t i o n  opc. ra t ion.  

T h i s  paper  i s  o r g a n i z e d  a s  foll.o;?s. T t ~ e  p u r e l y  q u a l i t a t i v e  d e t e r m i n i s -  

t i ~ c  c h o i c e  model is i n t r o d u c e d  and ana lyzed  i n  S e c t i o n  2 .  I n  S e c t i o n  3 1. 

t u r n  t o  t h e  random u t i l i t y  s e t t i n g  and e x p l ~ a i n  t h e  c o n c e p t s  of  t h e  RbZ4 and 

b u d g e t - c o n s t r a i n e d  Rml q u a n t a 1  c h o i c e  models.  The s i r n i 1 a r i t i . e ~  w i t h  t h e  

d e t e r n i i n i s t i c  u t i l i t y  model are e x p l o r e d .  The c o n c e p t s  of  t h e  co1:rpensating 

and e q u i v a l e n t  v a r i a t i o n  w e l f a r e  measures  are d e f i n e d ,  and g e n e r a l  f o r m u l a s  

f o r  c a l c u l a t i n g  them a r e  p r e s e n t e d .  I n  S e c t i o n  4 t h e s e  f o r m u l a s  a r e  

a p p l i e d  t o  t h e  s t a n d a r d  l e g i t  and p r o b i t  models ,  d i s c u s s e d  by SR, and a l s o  

t o  t h e  g e n e r a l i z e d  l o g i t  and  p r o h i t  models  r e c e n t l y  i n t r o d u c e d  by klcFadden 

and by Hausi~ian and Tile r e s u l t s  i n  t h i s  S e c t i o n  p r o v i d e  a  f u l l y  

o p e r a t i o n a l  p r o c e d u r e  f o r  c o n d u c t i n g  w e l f a r e  e v a l u a t i o n s  i n  t h e  c o n t e s t  

of  t h e s e  q u a n t a 1  c h o i c e  models .  Ttte c o n c l u s i o n s  a r e  su:i!mrirized i n  

S e c t i o n  5. 

2.  D e t e r m i . n i s t i c  Q u a l i t a t i v e  Choice  

The d e t e r m i n i s t i c  c h o i c e  niodel assuiiied by SR is a s  f o l l o w s .  A 

consumer t ~ a s  a  t w i c e  d i f f e r e i l t i a b l e ,  quas i -concave ,  i n c r e a s i n g  u t i l i t y  

f u n c t i o n  u  d e f i n e d  o v e r  t h e  commodities x  x and z ,  where z is t a k e n  a s  
1' 2 '  

t h e  numera i re .  I n  a d d i t i o n ,  t h e  consumer ' s  u t i l i t y  depeirds on t h e  q u a l i t y  

of  t h e  nun-nunera i re  goods ,  which i s  t a k e n  a s  exogenous;  w i t h  no l o s s  of  

g c i i e r n l i t y  t h i s  may bi? ' r ep res i i i i t ed  by t h e  s c ; i l a r s  q arid q. ??ie consuii:t:r 
1 2 '  

chooses  x x and z  s o  a s  t o  maximize 1' 2' 

(2.11 U = U(X 1 s  X 2 '  q l '  q 2 '  " f  



s u b j e c t  t o  t h e  budget  and  n o n - n e g a t i v i t y  c o n s t r a i n t s  

(2 .21 P I X l  + p s  2 ' 2  + z = y  

(2 .3)  x I ,  x 2 ,  z  2 0 .  

SK nnke a u s c f u l  d i s t i n c t i o n  between t h r e e  d i f f e r e n t  ways i n  which a n  

elemenL o: d i s c r e t e n e s s  c a n  be  i n t r o d u c e d  i n t o  t h i s  " s t andard"  u t i l i t y  

model.  One p o s s i b i l i t ) ~  i s  t h a t  n o n c o n c a v i t i e s  i n  t h e  u t i l i t y  f u i l c t i o r ~  

(2 .1)  l e a d  t o  a  c o r n e r  s o l u t i o n  i n  which one of  t h e  r e l a t i o n s  i n  (2 .3)  

h o l d s  as an e q u a l i t y .  A second c a s e  i s  where t i le  two non-numeraire goods 

are f o r  some r e a s o n  m u t u a l l y  e x c l u s i v e  i n  consumption.6 T h i s  l e a d s  t o  

t h e  i m p o s i t i o n  o f  a n  a d d i t i o n a l  c o n s t r a i n t  on t h e  u t i l i t y  maximizat ion 

problem: 

(2.4) x1x2 = 0. 

A t h i r d  casea i s  where,  pe rhaps  because  of  t h e i r  s i z e ,  t h e  non-numeraire 

goods  a r e  purchased  o n l y  in  d i s c r e t e  u n i t s .  T h i s  c a n  b e  r e p r e s e n t e d  by 

t h e  c o n s t r a i n t s  

- 
(2.5) x = x .  o r  0, 

j 3 
(j - 1, 2 )  

- - 
where x l  and x 2  are f i x e d  numbers; t h e  u n i t s  o f  tI?easurearent f o r  goods 1 

- 
and  2 c o u l d  b e  chose11 s o  t h a t  x -- 1 - X2 = l.7 I n  t h e i r  a n a l y s i s  of  d e t c r -  

m i n i s t i c  c h o i c e  SR f o c u s  p r i m a r i l y  on t h e  model c o n s i s t i n g  of (2 .1)-{2.4) ,  

a l t h o u g h  t h e y  emphasize  t h a t  t h e i r  r e s u l t s  a l s o  a p p l y  t o  t h e  o t h e r  c a s e s .  

By c o n t r a s t ,  t h e  p u r e l y  q u a l i t a t i v e  c h o i c e  i m p l i e d  by t h e  l o g i t  and p r o b i t  

models  c o r r e s p o n d s  t o  t h e  u t i l i t y  model (2.1)-(2.5).  Accord ing ly ,  1 w i l l  

f o c u s  h e r e  on t h e  l a t te r  niodel. 8 

Thc s t a r t i n g  p o i n t  f o r  t h e  a n a l y s i s  of t h e  d e t e r m i n i s t i c  q u a l i t a t i v e  

c i ~ o i c e  model (2 .1)- (2 .5)  i s  t h e  concept  of a  c o n d i t i o n a l  i n d i r e c t  u t i l i t y  

f u ~ i c t i o n .  C o n d i t i o n a l  on t h e  c h o i c e  o f  good j ,  t h e  consumer ' s  u t i l i t y  i s  

u, j = 1, 2 ,  where  
3'  



SK make t h e  f u r t h e r  a s s ~ i n p t  i o n ,  termed "weak co:nplementnri tyq'  by  filer [ 1 3 ] ,  - - 
t h a t  t l i c  q u a l i t y  of  good j d o e s  n o t  r w t t e r  u n l e s s  good j i s  a c t u a l l y  b e i n g  

consuined : 

12.7) aci l /aq2 z ai i2/aq1 - 0.  

Because of t h i s  ass$iiiip:ion one c a n  wri te  

The u n c o n d i t i o n a l  i n d i r e c t  u t i l i t y  f u n c t i o n ,  which measures  t h e  u t i l . i t y  

a c t u a l l y  a c h i e v e d  by t h e  consumer when c o n f r o n t e d  w i t h  t h e  g i v e n  p r i c e s ,  

q u a l i t i e s ,  and  income, i s  

- 
(2 .9)  11 = v ( p l ,  p2 ,  q l ,  ct2, yf  : nraxf G I ,  u 2  

- - 
- 6,u1 + (1 - 

where t i l fp l ,  p2 ,  q l ,  q2 ,  y )  i s  a  d i s c r e t e  c h o i c r  i n d e x  f o r  t h e  d i r c i t  

u t i l i t y  ma-zimi7ation probleni;  i .e . ,  fjlis 1 i f  good 1 is p r e f e r r e 3  o v e r  

good 2 g i v e n  (p  p 2 ,  q 1 , q 2 ,  y ) ,  and O o t h c n g i s e .  

Dual t o  t h e  u t i l j t y  m c ~ x i m i z a t i o n  problem i s  a  c o s t  n r in imiza t ion  problem 

which y i e l d s  a  p a i r  o f  c o n d i t i o n a l  experidi t u ~ e  LuncLioiis and an u n c o n d i i i o n n l  

e x p e n d i t u r e  f u n c t i o n .  Under t h e  assi l~npf i o n  of (2 .7)  t h e  c o n d i t i o n a l  expcnd i -  

t a r e  f u r l c t i o n s  may be  w r i t t e n  

- 
(2 .10)  e = Z . ( I ~ .  q j ,  u ) ,  

j J J '  

and t h e  u n c o n d i t i o n a l  e x p e n d i t u r e  i u n c t i o n  is  d e f i n e d  by 

- - 
(2 .11)  e = e ( p  , , p 2 ,  q l ,  q 2 ,  U)  E "in I e  e 1 1' 2  

= d C ;  
1 1  1 2  

C 
%:tier c 6 (p I ,  I J ~ ,  q l ,  q 2 , u )  i s  a conpens:?ted d i s i r c t c  c i ~ o i c i .  index  f o r  t i le  

c o s t  m i n i m i z a t i o n  problem. The u n c o n d i t i o n a l  e x p e n d i t u r e  and i n d i r e c t  

u t i l i t y  f u n c t i ( , n s  ; i re  used t o  d e f i n e  monc.tary miasurei: o f  t h i s  w e l f a r e  e f f e c t s  

of  p r i c e  and q u a l i t y  cti.?ngt,i;. For exnrn;>lc, s u p p o : ; ~  t h a t  t h e  q u a l i t y  01 



0 f  
good 1  a v a i l a b l e  t o  Llle coc tu . . c r  changes  from q  t o  q l ,  w h i l e  t i le  q u a l i i y  1  

o f  good 2 ,  price:;, and incoine s t a y  c o n s t a n t  a t  (q2 ,  p l ,  p 2 ,  y ) .  SR d e f i n e  

t h e  compensat ing v a r i a t i o n  f o r  t h i s  change by 

(2.12) c v  = e ( p  
f 0 0 0  

P 2 '  CI1' q2 '  U ) - f ( P 1 '  P2' 9 , '  q 2 '  U ) '  

0 
where u0 E v ( p l ,  p2 ,  q , ,  q 2 ,  y ) .  Because of t h e  f o l l o w i n g  i d e n t i t y  

(2 .13)  e ( p 1 ,  p 2 >  q l ,  q 2 >  v ( P ~ ,  P 2 >  91 ,  q 2 >  Y ) )  = Y ,  

a n  a l t e r n a t i v e  ( i m p l i c i t )  d e z i n i t i o n  of  t h e  con1pens:~ting v a r i a t i o n  i s  

f  0 
(2.14) v ( p l 2  P23 q l ,  42 ,  Y + CV) = v ( p l ,  P2 ,  Y ) .  

A s  i n  t h e  c o n t i n u o u s  c a s e ,  a g o a l  of  t h e  a n a l y s i s  i s  t o  r e l a t e  c v  

t o  areas u n d e r  o r d i n a r y  o r  compensated demaiid f u n c t i o n s .  The d i r e c t  u t i l i t y  

maximiza t ion  p r o b l e n ~  y i e l d s  a p a i r  of c o n d i t i o n n l  o r d i n a r y  demavd f u n c t i o n s  

f o r  goods 1  and 2 ,  a s  w e l l  a s  a p a i r  of  u n c o n d i t i o i ~ a l  o r d i n a r y  deniarld func- 

t i o n s .  L e t  X . ( p . ,  4. .  y)  d e n o t e  t h e  c o n d i t i o n a l  o r d i n a r y  demand f u n c t i o n  
3 3  [I 

f o r  good j ; t t ie  i ~ n c o n d i t i o n a l  dcwand f u i ~ e t i o n  may be  w r i t t e n  

(2 .15)  x . ( p l ,  p2 ,  q l ,  q2,  Y)  = 6 j ( ~ 1 9  P*, q l ,  q2 ,  y f 2 . f ~ .  q . ,  Y ) ,  
J J J '  J 

(j = 1, 2 ) .  

S i m i l a - l y ,  t h e  c o s t  m i n i m i z a t i o n  problem y i e l d s  a p a i r  of  c o n d i t i o n a l  

-.c 
tornpensati.d deir?nd f u n c t i o n s ,  x . ( p . ,  ( I . ,  u ) ,  j = 1 ,  2 ,  and a  p a i r  o f  uncon- 

J J  J 

d i t i r n a l  compensated den?nd f u n c t i o n s  which may be  w r i t t e n  

SR p o i n t  o u t  t h a t ,  b e c a u s e  t h e  u t i l i t y  f a n c t i o n  (2.1) i s  wc.11-bel~nved 

when vicr?c.d a s  a ix inc t ion  of  oiily x l  and z o r  x2 and z ,  t h e  c o n d i t i o n a l  

i n d i r e c t  u t i l i t y  and o r d i n a r y  demand f u n c t i o n s  a r e  c o n t i n u o u s l y  d i f f c r -  

e n t i a b l e  and s a t i s f y  Roy's I d e n t i t y .  S i m i l a r l y ,  t h e  c o n d i t i o n a l  expen- 

d i t u r e  and c o ~ i p c n s a t e d  denland f u ~ ~ c t i o n s  a r t ?  co i i t inuous ly  d i f f e r e n t i a b l e  

and s a t i s f y  St icphard 's  Leixna. By co i - , t r a s t ,  t h c  u n c o n d i t i o n a l  i n d i r e c t  



u t i l i t y  and e x p e o d i t u r e  f u n c t i o n s  a r e  n o n d i f f e r e n t i n b l e ,  and t h e  uiicon 

d i t i o n a l  dtinand f u i i c t i o n s  a r e  d i s c o ~ i t i n u o u s .  SP,'s i m p o r t a n t  r e s u l t  is 

t h a t ,  dcsspi te  t h i s ,  t h e s e  u n c o n d i t i o n a l  f u n c t i o n s  a l s o  s a t i s f y  Roy 's  I d e n t i t y  

(2.18) 
C 

x . ( p , ,  P2,  q l ,  q 2 ,  Y) = 3c(p1$ P2' (I1' q 2 ,  u ) / ~ P .  
J 

(j = 1 ,  2 ) .  
J 

These  two r e l a t i o n s  a r e  t h e  key t o  e s t a b l i s h i n g  a l i n k  between t h e  compensat ing 

v a r i a t i o n ,  cv,  and a r e a s  u n d e r  demand curve:;. 

A l though  SK'S  a n a l y s i s  p r i m a r i l y  f o c u s e s  on t h e  q u a l i t a t i v e - q u a n t i t a t i v e  

c h o i c e  model (2 .1 ) - (2 .4 ) ,  t h e  r e s u l t s  (2 .17)  and (2 .18)  a l s o  a p p l y  t o  t h e  

p u r e l y  q u a l i t a t i v e  c h o i c e  model (2 .1)  - ( 2 . 5 )  c o n s i d e r e d  h e r e .  'i'he main 

s i g n i f i c a n c e  of  t h e  e x t r a  c o n s t r a i n t  (2 .5)  i s  t h a t  i t  imposes  a d d i t i o n a l  

r e s t r i c t i o n s  on the f u n c t i o n a l  form of t h e  c o n d i t i o n a l  demand, e x p e n d i t u r e ,  

and i n d i r e c t  u t i l i t y  f u n c t i o n s .  Thus t h e  c o n d i t i o n a l  o r d i n a r y  and compen- 

- ..C - 1 0  
s a t e d  f u n c t i o n s  c o i n c i d e  a i d  a r e  c o n s t a n t :  x .  ( p . ,  q .  y f  f x .  ( p . ,  q . ,  uf  E x 

J J  J J 3  J j '  

Moreover,  from (2 .6)  and (2.73, t h e  c o n d i t i o n a l  i n d i r e c t  u t i l i t y  and  

e x p e n d i t u r e  f u n c t i o n s  t a k e  the s p e c i a l  form 

(2 .19)  5 . f ~ .  q j ,  Y )  = h . f q . ,  y - p . ? . ) ,  
J J '  J J 3 3  

(j = 1, 2 ) +  
- 

(2.20) 5 .  q j ,  u )  = g . f q . ,  u) + p . x .  
J J '  

(1 - 1, 2 ) ,  
J 3  3  3 '  

r e  g . )  i s  t h e  i n v e r s e  of  h .  (.) w i t h  r e s p e c t  t o  i t s  second a rgaver i t .  
J J 

The s p e c i a l  s t r u c t t i r i ?  of  (2 .19)  and (2.20) d o e s  n o t  a p p l y  t o  t h e  u t i l i t y  - 

model ( 2 . 1 ) - ( 2 . 4 ) .  

T h i s  s p c c i a l  s t r u c t u r e  h a s  s o w  i m p l i c a t i o n s  f o r  t h e  t1irt:c a s s i m p t i o n s  

a b o u t  t h e  cor1suir:i:r's preferences which SR invoke  i n  de r i \ ? i i ig  t h e i r  w e l f a r e  

f o r m u l a .  These  a s s u m p t i o n s  a r e :  

Ass:r!.mTros A :  Tile cci:di/ioi;& m?*g.iiznt i i . t i l if i*y 0 6  iilcon~c 

3 .  p . ,  q . ,  y ) / a y  -if np)lhc~xi1ncLte~y i i t d e j 3 t n d ~ i ~ t  U S  p .  a)?(! q . .  
3 3  J .I J 



i ~ z c o m ~ ~  c,$de.ctn Ehcirr3 qticifiX~i cirnizge,$ ate negfi-gihlc; i .  c. , t k c  conipei~~:i;teci 

danarrd Xuize.tioiz (2. 16  ) i n  ai!eyuciieQ app~toximated b q  iize. okdit~mtq du;ai~cl 

d i i b ~ ~ t i o n  ( 2 . 1 5  1 . 
ASSII?:PTiOS C: ^d;.(p., q . ,  y ) / a q .  + 0 p .  + m. 

.I J 3 J J 

From (2 .19)  i t  c a n  b e  s e e n  t h a t ,  f o r  t h e  p u r e l y  q u a l i t a t i v e  c h o i c e  

model c o ~ ~ s i d e r e d  h e r e ,  Assuilption A i rnp l i e s  t h a t  t h e  c o n d i t i o n a l  i n d i r e c t  

u t i l i t y  f u n c t i o n s  rnay be  approximated by 

(2.21a) G . ( p . ,  q . ,  y )  = h . ( q . )  - y . p . 2 .  + Y.y, 
J J  J 3 J J J J  3 (j = 1, 2 ) ,  

where Y .  i s  a  p o s i t i v e  c o n s t a n t . "  T h i s  i n  t u r n  i m p l i e s  t h a t  t h e  d i r e c t  
J 

u t i l i t y  f u n c t i o n  (2 .1 )  may h e  approximated by 

(2.21b) u ( x l >  x 2 ,  q l ,  q2, 2 )  = h ( x  X 2 9  ¶ I '  q2) f OY~Z + (1 - O)y2z 

f o r  soi-c f u i l c t i o n  h ( . ) ,  w11ere 0 = 1 if x > 0 and 0 = 0 o t h e r w i s e .  
1 

Jf Assumption B i s  t a k e n  a s  a n  approx imate  r e s t r i c t i o n  o n  t h e  s t r r i c t u r e  

of  t h e  coCs1ir:er's p r e f e r e n c e s ,  i t  i s  showi i n  t h e  Appendix t o  i n p l y  t h a t  t h e  

c o n d i t i o n a l  and uncondi  t io r ra l  u t i l i t y  f u n c t i o n s  have t h e  same form a s  i n  

(2 .21a,  h )  w i t h  t h e  added r e s t r i c t i o n  t h a t  y - : y 2 ;  i . e . ,  

( 2.22~1) Gj(", q . ,  Y) = h . ( q . f  - yp.:. + y y ,  
J J J  J J  

(j = 1, 21, 

- 
In t h i s  c a s e  t h e  income v a r i a b l e  c a n c e l s  o u t  of t h e  u t i l i t y  d i f f e r e n r e  < - v2 .  -- -- 1 

F i n a l l y ,  i t  c a n  be s e e n  from (2.21a) and (2.2221) t h a t  Assumpt ions  A and B e a c h  

p r e c l u d e  Assumption C ,  s i n c e  t h e y  iiiiply t h a t  a i ; , / aq .  i s  iuc!epcndent of  p . .  
J J  J 

However, t h i s  i s  of  no consequence b e c a u s e  i t  w i l l  h e  sliown i n  t h e  f o l l o w i n g  

s e c t i o n  t'il:$t hi:siimption i: is  ac.tual.ly u i lnecessdry  f o r  t h e  d e r i v a t i o n  o f  SR's  

w e l f a r e  forrnula.  

3 .  Kandoni U t i l i t y  Q u a l i t a t i v e  Choice 

A rando~n u t i l i t y  rxodel. a r i s e s  when one assumes t l ~ : ? t ,  a l t h o u g h  t h e  



conr;urner's u t i l i t y  func t ion  is  d e t e r m i n i s t i c  f o r  -- him, i t  c o n t a i n s  some 

components which a r e  unobservable t o  t h e  econometric i n v e s t i g a t o r  and 

a r e  t r e a t e d  by t h e  i n v e s t i g a t o r  a s  random vari .ab1.e~.  A s  i n  t h e  determin- 

i s t i c  case  d iscussed  above, t h e  s t a r t l n g  po in t  f o r  t h e  a n a l y s i s  i s  t h e  

concept of t i le consumer's u t i l i t y  cond i t iona l  on t h e  choice  of good 

- 
( ac t ion )  j ,  u . .  I n  t h e  random u t i l i t y  context  t h i s  is a  f ixed  number 

J 

f o r  t h e  consumer, hut  because h i s  preferences  a r e  incompletely obsc:rved 

i t  i s  a  random v a r i a b l e  f o r  t h e  econometric i n v e s t i g a t o r .  I t s  mean, 

- E i i i . 1  , w i l l  be denoted by v The s i t u a t i o : ~  may then be represented  a s  
J J '  

(3 .1 )  
- 6.  = v .  + E .  

J 3 J '  
(j = 2 ) >  

where E l  and E2 a r e  f ixed  c o n s t a n t s  ( func t ions )  f o r  t h e  consumer 

r ep resen t ing  t h e  unobservable component o i  h i s  preferences ,  but  a r e  t r e a t e d  

by t h e  i n v e s t i g a t o r  a s  j o i n t l y  d i s t r i b u t e d  raiidom v a r i a b l e s .  Thei r  j o i n t  

d e n s i t y  func t ion  w i l l  be denoted by f (i, z2), and t l ic i r  j o i n t  cdf by 
E 1' 

FE(c l ,  E ); by c o n s t r u c t i o n  EIc.1 = 0 . 1 3  Although t h e  consumer knows f o r  
2 J 

s u r e  which good ( ac t ion )  maximizes h i s  u t i l i t y ,  t h e  econometric i n v e s t i g a t -  

o r  docs n o t  know t h i s  because of  t i i i  unobservable coniponent of t h e  consun- 

e r ' s  preferences .  Thus t h e  u t i 1 i . t ~  niaximization d i s c r e t e  choice index 6 
1' 

which equals  1 i f  t h e  co11sumer s e l e c t s  good 1 and 0 otherwise ,  i s  a randoin 

v a r i a b l e  f o r  t h e  i n v e s t i g a t o r  wi th  mean, & { S t  1 - nl, given by 

where Fn ( ' ) ,  t h e  cdf of t h e  random v a r i a b l e  n f E - El, is der ived  irom 2 

f  (.) by change of v a r i a b l e .  
E 

The model c o n s i s t i n g  of  (3 .1)  and (3.2), r e i t ~ h  :lo r i r r i c t i o n s  on the 

- 
arguments o r  f u n c t i o n a l  s t r u c t u r e  oE ; and v 2 , i s  kiiown a s  a  random u t i l i t y  1 

maximization (RIM) quanta1 choicc  model. I t s  p r o p e r t i e s  have been analyzed 



by ~ a l y  and Zaclinry [ $ I ,  h ' i l l iams [ I ,  and Ben Akiva and I.erman [:I. 

These autl~tors impose t h e  a d d i t i o n a l  assu?:ption 

ASSU:.PTIO?J D :  The d i , & & x i h ~ ~ t i . u i ~  f , ( ~ , ,  t 2 )  iL . i? i ' ep~i :ds i~ t  0 5  (GI, G2), 

which w i l l  be invoked a t  severa l  p o i n t s  bclow. I f  onti adds t o  (3.1)  and 

( 3 . 2 )  t l l r  requirement t h a t  ;. be a cond i t iona l  i n d i r e c t  u t i l i t 3 -  func t ion  
J - - .- -. - - .. 

one o b t a i n s  what might be c a l l e d  a budget-constrained RLM quanta1 choice  

model. Such a modcl i s  generated by convert ing t h e  d e t e r m i n i s t i c  u t i l i t y  

model (2.1)-(2.5) t o  a random u t i l i t y  s c t t i n z .  I n  p l ace  of (2.1) i t  would 

be n a t u r a l  t o  p o s t u l a t e  t h e  u t i l i t y  func t ion  

(3.3) u = u(x l ,  X2 '  q l ,  q2 ,  2) + @E 1 + (1 - 0)E2 

where 0 is 1 i f  x l  > 0 and 0 otherwise.14 A s  i n  (3.1) t h e  ternis C 1 and L2 

r ep resen t  components of  tile consumer's u t i l i t y  func t ion  wliich a r e  

perceived a s  random v a r i a b l e s  hy t h e  econoinetric i n v e s t i g a t o r .  The consumer 

maximizes (3.3)-which is  nons tochas t ic  f o r  him-subject t o  t h e  same 

c o n s t r a i n t s  a s  be fo re :  

(3.4a) p l x l + p 2 x 2 + z = y  

(3.4b) z > o  - 

( 3 . 4 ~ )  X1X2 = 0 

- 
(3.4d) x .  = x .  o r  0 ,  

3 J 

I a l s o  cont inue  t o  asstine t h a t  

13.4ef a ru (z , ,  0, q,, q,, - 1 1  X )  + o c l  + (1 = 0 

- 
aru(O, x 2 ,  q , ,  q2,  - 2 x 2 ) t OC, + (1 - = 0 .  

Tlxc budgi?:-constrai i~e RL91 qnanta l  choice model c o n s i s t s  of (3.3) and 

( 3 . 4 )  to[;,-tiler w i t l t  a pa r l i c l i l a r  s ; - ,ec i f icn t ion  of t h e  pdf f E EZ). By 

appl.yiny: (3.421-d) t o  ( 3 . 3 )  one o b t a i n s  t h e  quanta1 choicc probnhr ' l i ty  forntiiln 

(3.2) x ~ i t h  



- - - 
(3 .5)  v1 = u ( x I '  0, q l ,  q 2 ,  Y - PIXl) 

- - - 
v 2  = u ( 0 ,  S2' q l '  q2 ,  Y - P2X2). 

By v i r t u e  o f  ( 3 . 4 ~ )  t h i s  c a n  be  s i n p l i f i e d  t o  

(3 .6)  
-. 
v .  = h . ( q . ,  y  - p . ? . ) ,  

3 3 J J 
(j = 1, 2 ) .  

3 

where h . ( ' )  is i n c r e a s i n g  i n  b o t h  i t s  a rguments .  Moreover. i f  Assumptions 
J 

A o r  B a r e  invoked ,  t h e n  (3 .6)  t a k e s  t l ie  fornis g i v e n  by t h e  r igh t -hand  s i d e s  

of  (2.21~1) and ( 2 . 2 2 a ) ,  r e s p e c t i v e l y .  Thus ,  whereas  t h e  KC31 q u a n t a l  c h o i c e  

model c o n s i s t s  o f  (3 .1)  and (3 .2 ) ,  ttie budge t -cons t ra ined  R ~ l n r o d e l  c o n s i s t s  

of (3.1), (3 .2) ,  and ( 3 . 6 ) .  
15 

Once t h e  consumer h a s  made an o p t i m a l  c h o i c e  tiis u t i l i t y  i s  

v  = maxi; , . I n  t h e  c o n t e x t  of  a b u d g e t - c o n s t r a i n e d  KU?: model t h i s  is 

t h e  u n c o n d i t i o n a l  i n d i r e c t  u t i l i t y  f u n c t i o n .  I n  t h a t  c a s e  t h r r e  i s  a d d i t i o n -  

a l  s t r u c t u r e  on ttrc f u n c t i o n a l  form o f  v  froni ( 3 . 6 ) ;  t o  s i g n i f y  t h i s  I w i l l  

w r i t e  v  = v ( P ~ ,  p2,  q.,, q 2 ,  y ) .  Al though v  i s  detcrrnini . ; t ic  f o r  t h e  

consumer,  i t  i s  a random v a r i a b l e  f o r  t h e  economet r i c  i n v e s t j g n t o r ,  w i t h  

- 
cdf F (u)  = F (u - G I ,  u  - v ) .  Thus,  r a t h e r  t h a n  knowing Che consumer ' s  

V E 2 

t r u e  u t i l i t y ,  t h e  i n v e s t i g a t o r  knows i t s  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  

F (u)  whose parai: ,eters h e  e s t i m a t e s  from t t i e  q u a n t a l  c h o i c e  pro11;ibility v 

fo rmula  ( 3 . 2 ) .  I n  t h e s e  c i r c u m s t a n c e s  i t  would be  n a t u r < i l  t o r  t h e  i n v c s t i -  

g a t o r  t o  f o c u s  on t l ie  mean o f  t h i s  d i s t r i b u t i o n ,  Eiv} 5 V ,  whr re  
16 

By d i f f e r e n t i a t i . n g  (3 .7)  Daly and Zachary [ $ I  l?avc ahoxin t h a t ,  f o r  any SL?i 

l i 
wliich s z t i s f  i e s  Ar;sumption I>, 



( 3 . 8 )  av 
-. - - X . f c l '  G2) ,  ( j  - 1 ,  2 ) .  acj J 

I n  t h e  c o n t e x t  o f  t h e  budge t -cons t ra ined  KL?:, a p p l i c a t i o n  of t h e  c h a i n  r u l e  

t o  (3 .8)  y i e l d s :  

a;. a;. av ( P ~ ,  P2' q l '  4*' Y ) =  ,!, --.;1. = -71, ..-A z, , (3.921) - 
a p  J ap j  J a~ J 

(j = 1 ,  2)  

S i n ~ i l a r l y ,  t h e  consumer ' s  u n c o n d i t i o n a l  o r d i n a r y  demand f u n c t i o n  f o r  

good j ,  x i s  a random v a r i a b l e  f o r  t h e  i n v e s t i g a t o r  g i v e n  by x .  = 6.: 
j' J 3 j 

where  6 i s  t h e  random u t i l i t y  maxi.rniz; t ion d i s c r e t e  c h o i c e  i n d e x .  Its 
j 

mean, ECx.3 Z X., is g i v e n  by 
J J 

(3.10) x = n.2. , (j = 1, 2 ) .  3 J J  

An i n t e r e s t i n g  i m p l i c a t i o n  o f  (3.9) and (3.10) is t h a t  Roy's  I d e n t i t y ,  

( 2 . 9 ) ,  d o e s  not g e n e r a l l y  ho ld  i n  t h e  b u d g e t - c o n s t r a i n e d  RL?i model when 

t h e  random v a r i a b l e s  a r c  r e p l a c e d  by t h e i r  e x p e c t a t i o n s :  

av lap .  
(3.11) X .  # ---L - 

J a v / a y  

I t  c a n  be  s e e n  from ( 3 . 9 ~ )  t h a t  Roy's  I d e n t i t y  h o l d s  o ~ i l y  i.~lieil 8; f a y  E 
1 

ac2/aY, wiiich c o r r e s p o n d s  t o  t h e  c a s e  of  Assuniption B .  T h i s  s p e c i a l  c a s e  

i s  f u r t h c r  d i s c u s s e d  below. 

U e l b i u i e  E ~ d u ( L t i o i ~ ~  

A s  i n  t h e  di::ern!inistic q u a l i t a t i . v e  choi.ce n ~ o d e l ,  t h e  u n c o n d i t i o i ~ a l  

i n d i r e c t  u t i l i t y  f u n c t i o n  i s  a n  impor tc~nc  t c o l  f o r  a p p l i e d  w e l f a r e  a n n l y s i s .  

S i n c c  v is  now randon ,  i t  -..~oulcl bc n d t u i ~ l  t o  f r a v e  vel f a r e  e v a l u n t i o n ~ ~  

0  f i n  terms of  i t s  e x p e c t a t i o n ,  V .  Supposi: t h a t  q l  changes  from q  t o  q i ,  1 

w h i l e  p l ,  p 2 ,  q2  and y  do n o t  cl~:?;ige. A conpcnsnt in ; ;  v a r i a t i o n  iacnsure 



of  t h e  e f f e c t  of  t h i s  change on t h e  c o n s u n z r ' s  w e l f a r e  a p p r o p r i a t e  t o  t h e  

RUN c o n t e x t  worlld be  t h e  q u a n t i t y  CV d e f i n e d  by 
18 

f  0 
(3 .12)  V f p l ,  p2 ,  q l $  q2,  Y + CV) = V ( P ~ >  P,, q l ,  q 2 ,  Y ) .  

CV is t h e  aixount of  money t h a t  one  would have t o  g i v e  t h e  consumer a f t e r  

t h c  q u a l i t y  change i n  o r d e r  t o  r e n d e r  him a s  w e l l  o f f  a s  h e  w,is  b e f o r e  t h c  

change where,  because  t h e  consumer ' s  p r e f e r e n c e s  a r e  p a r t i a l l y  u n o b s e r v a b l e ,  

t h e  w e l f a r e  coniparisoir i s  based on t h e  o b s e r v e r ' s  e x p e c t a t i o n  of  h i s  

u t i l i t y .  By a n a l o g y  w i t h  t h e  s t a n d a r d  w e l f a r e  a n a l y s i s  of  p r i c e  changes ,  

a n  a l t e r n a t i v e  measure  o f  t h e  w e l f a r e  e f f e c t  o f  t h e  q u a l i t y  change i n  RIM 

c o n t e x t  would b e  t h e  e q u i v a l e n t  v a r i a t i o n ,  EV, d e f i n e d  by 

f 0 
(3.13) V1p1, P2* q l >  q 2 >  Y )  = V(pl. P 2 >  q l ,  Y - EV). 

EV i.s t h e  amount of  money t h a t  one  would have t o  g i v e  t h e  consumer b e f o r e  

t h e  q u a l i t y  change i n  o r d e r  t o  i n d u c e  him t o  f o r e g o  i t .  S i n c e ,  by ( 3 . 9 c ) ,  

a V / a y  > 0 ,  i t  f o l l o w s  t h a t  s i g n  (CV) = s i g n  (EV). However, u u l e s s  V(.) 

i s  q u a s i l i n e a r  i n  y ,  CV # EV. 

An a l t e r n a t i v e  way t o  d e f i n e  w e l f a r e  measures  is  by working w i t h  

e x p e n d i t u r e  f u i l c t i o n s .  However, t h i s  i s  a  l i t t l e  more con lp l i ca ted  i n  t h e  

random u t i l i t y  c a s e  t h a n  i n  t h e  d e t e r i l l i n i s t i c  u t i l i t y  c a s e .  The c o n d i t i o n a l  

e x p e l l d i t u r e  f u n c t i o n  c o r r c s p o n d i n g  t o  ( 3 . 6 ) ,  deno ted  z. i s  give11 by J '  

where P ( - 1  i s  t h e  i n v e r s e  of  1 1 .  (') i n  (3 .6)  w i t h  r e s p e c t  t o  i t s  secolrd 
' j J 

argument . Thc u n c o n d i t i o n a l  e x p e n d i t u r e  f u n c t i o n  i s  

(3.15) e ( p i , ~ , > q 1 , q 2 , u )  = m i n { G l , G 2 } .  

I n  t h e  random u t i l i t y  c o n t e x t  G I ,  G 2 ,  and e  a r e  a l l  randon! v a r i a b l e s ;  t h e  

.. 
rr.ean o f  t h e  l a t t e r ,  E{e) = E ,  i s  g i v e n  by 



(3 .16)  E(pl ,  p2 ,  q I 7  q2.  LI) = ti;. 1 5  1 1 - 2  < G  I + E ~ c ~ ~ s ~  < ;.,I - 
K 

= I 1 [ g ,  ( q l ,  u  - E ) + plGl1 f c ( E I ,  c 2 ) d ~  di: - cm -m 1 2  1 

where K 5 u  - h 2 [ q 2 ,  g (q u  - E )  + p  7 - p2s2]  1 1' 1 1 '1 

By a n a l o g y  w i t h  (2 .12)  i t  would be  n a t u r a l  t o  d e f i n e  t h e  con,pensat ing 

0 
v a r i a t i o n  f o r  t h e  change i n  q u a l i t y  f rom ql t o  qf i n  t e r m s  of  t h e  e x p e c t e d  

u n c o n d i t i o n a l  e x p e n d i t u r e  func t ion ,CV>,  a s  

f  0 0  0 
(3.173) CV' = E ( p l ,  p2. q l ,  q2.  ) - E(p l ,  p2,  q l .  q 2 ,  V ) 

0 
where V0 E V(pl,  p Z r  q l ,  q 2 ,  y ) .  S i m i l a r l y  one  migh t  d e f i n e  t h e  e q u i v a l e n t  

v a r i a t i o n ,  EV', by 

f 
where  vf E V(pI ,  p 2 .  q l ,  q2.  y). However, u n l i k e  t h e  s i t u a t i o n  i n  t h e  

d e t e r m i n i s t i c  u t i l i t y  model ,  t h e  w e l f a r e  n e a s u r e s  d e f i n e d  i n  terms of t h e  

e x p e c t e d  i n d i r e c t  u t i l i t y  f u n c t i o n  do n o t  n e c e s s a r i l y  c o i n c i d e  w i t h  t h o s e  

d e f i n e d  i n  t e r m s  o f  t h e  expec ted  e x p e n d i t u r e  f u n c t i o n ;  i . e . ,  CV $ CV* and 

EV # EV'. T h i s  arises b e c a u s e  t h e  d e t e r z ~ i n i s t i c  u t i l i t y  i d e n t i t y  (2 .12)  

d o e s  - n o t  g e n e r a l l y  c a r r y  o v e r  t o  t h e  budge t -cons t ra ined  IlUhl model when 

random v a r i a b l e s  a r e  r e p l a c e d  by t h e i r  e x p e c t a t i o n s :  on s u b s t i t u t i n g  (3.7)  

i n t o  (3 .16)  one  f i n d s  t i t a t  i n  g e n e r a l  

(3.18) E(P, ,  p 2 ,  q l .  q 2 ,  V(pl ,  p2' q l ,  q 2 ,  Y ) )  # Y. 

It a l s o  Eoll.or.~s from t h i s  t h a t  CV' and EV' canno t  be  e x p r e s s e d  a s  d i f f e r -  

e n c e s  between t h e  consumer ' s  a c t u a l  income, y ,  and t h e  e x p e c t e d  i n c o n e  

which would l e a v e  hiin e q u a l l y  we11 o f f  b e f o r e  o r  a f t e r -  t h e  q u a l i t y  clrange, 

u s i n &  t h e  i n v ? s t i g n t o r 3 s  cxpe ' t a t ion  o f  h i s  u t i l i t y  l e v e l .  

Because of t h i s ,  t h e  w e l f a r e  measures  C,V and El' s e e n  t o  p o s s e s s  a 

more i n t u i t i v e  and a p p e a l i n g  i n t c - r p r e t a t i o n  t h a n  tire w e l f a r e  meassures 



CV' and EV'. AccordingLy, l would recornzend t h a t  one  employ Ci l  and E!' 

f o r  w e l f a r e  e v a l u a t i o n s  i n  t h e  budge t -cons t ra ined  RLPI model. I n  o r d e r  

t o  calculate thfm one  needs  t o  o b t a i n  a n  e x p l i c i t  fo rmula  f o r  V(p 1' P2' 

q i '  
q 2 ,  y ) ,  which c a n  be  d e r i v e d  by e v a l u z t i n g  (3 .7 )  d i r e c t l y  o r  by i n t e -  

g r a t i n g  ( 3 . 8 ) .  Closed form e x p r e s s i o n s  f o r  V i n  some coininon q u a n t a 1  c h o i c e  

models  a r e  p rov ided  i n  t h e  n e s t  s e c t i o n .  Given t h j s  f o r m u l a ,  one would 

s o l v e  (3 .12)  o r  (3.13) f o r  CV o r  CV. S i n c e  t h e s e  a r e  i n  g e n e r a l  n o n l i n e a r  

e q u a t i o n s ,  one  would have t o  employ n u m e r i c a l  t e c h n j q u e s  such  a s  Newton's 

method o r  i t s  v a r i a n t s .  But as a p r a c t i c a l  m a t t e r  t h i s  method of w e l f a r e  

a n a l y s i s  i s  e n t i r e l y  f e a s i b l e .  

An i m p o r t a n t  s i m p l i f i c a t i o n  c a n  b e  o b t a i n e d  i n  t h e  s p e c i a l  c a s e  where 

t h e  consumer ' s  p r e f e r e n c e s  s a t i s f y  Assumption B-i .e. ,  t h c  r igh t -band  s i d e  

of  (3 .6 )  t a k e s  t h e  s p e c i a l  f o r =  g i v e n  i n  (2 .22a) :  

- 
(3.19) v .  = h . ( q . )  - y p . Z .  + y y ,  (j = 1, 2 ) .  

J J J J J  

T h i s  a s sumpt ion  is  invoked by SR; I w i l l  show t h a t  no o t h e r  assumption- 

i n c l u d i n g  C - i s  r e q u i r e d  i n  o r d e r  t o  d e r i v e  t h e i r  w e l f a r e  fo rmula .  For t h e  

budge t -cons t ra ined  RUN model c o n s i s t i n g  of  ( 3 . 1 ,  ( 3 . 2 ) ,  and (3 .19) ,  t h e  

q u a n t a 1  c h o i c e  p r o b a b i l i t i e s  t a k e  t h e  form 

Denotc  t h e  argument of Fo(.) by w. The expec ted  v a l u e  of  t i le  i n d i r e c t  

u t i l i t y  f u n c t i o n  i s  g i v e n  by 

V b 1 ,  p2 ,  q l ,  q 2 ,  Y )  = E b a x { h l ( q l )  - Y P ~ ~ ~  + Y Y  + 

- 
t12(q2) - yp2x2 + Y Y  + ~ ~ 1 1  

= yy + Cimax{hl(qlf - Y P ~ Z ,  + 

h2(q2)  - Y P ~ "  + + 2 j }  



(3 .21)  z YY + ' I ~ P ~ ,  P2, q l ,  q 2 ) .  

On s u b s t i t u t i n g  (3.21) i n t o  t h e  d e f i n i t i o n s  (3 .12)  and ( 3 . 1 3 ) ,  onc  f i n d s  t h a t  

1 0 f 
(3 .22)  CV = CV - - / ' I ( P ~ ,  p 2 ,  q l ,  q 2 )  - T(p l .  P2>  q l ,  q2f 1 .  

Y 

I n  t h i s  c a s e  one  c a n  o b t a i n  t h c  w e l f a r e  Lieastires d i r e c t l y  r i i t l iout  h ~ v i n , ;  

t o  s o l v e  a ~ ~ o ~ i l i i i e n r  e q u a t i o n .  S i n c e  tlie term i n  s q u a r e  b r a c k e t s  i n  (3.22) 

0 f 
is e q u a l  t o  I V ( P ~ ,  p2 ,  q l ,  q 2 ,  Y )  - V(pl,  p2. q ,  q 2 ,  y ) l ,  on? can a l s o  

, t t 
1 q l ,  y ) ,  t - 0,  f .  T h i s  i s  t h e  forin i n  wlrich SK p r e s c i i t  ~ l l e r e  v = G (p  

t h e i r  w e l f a r e  fo rmula  1 1 4 ,  e q u a t i o n  (5 .511.  -- 
It shou ld  a l s o  be  no ted  t h a t  (3.19) conibincd wit11 (3.16) i i t p l i e s  

E ( ~ l >  p 2 ,  q l l  q 2 >  U) = Liinin 'L [ yplZl - h l ( q l )  + u - /Y , 

[up,?, - h2(q2)  + U - 

On conparinp,  (3 .21)  and (3.24) one  o b s e r v e s  t t ln t  the i n e q u a l i t y  i n  (3.18) i s  

rciaovcd and t h a t  CV = CV' = EV = I iV*. I t  must be f i ~ ; ; h ; ~ s i z e d  t i n t  t i le  c o i n -  

c i d e n c e  of a l l  f o u r  w e l f a r e  fitensures i s  a d i r e c t  consequence  of  Assun;ptio:? A .  

I t  d o c s  n o t  o c c u r ,  f o r  e:xan:plib, under  the weaker Assu:::i,tion A.  



I t  has  been s1iort.n t h a t  undcr the  "no ilrcome e f f e c t s "  Assumption B 

t h z r e  i s  a  s i n g l e  ?celC:ire z:eiisure which can be evaluated without r e s o r t  

t o  t h e  sol iltioir of  nonl inear  equati.ons, i-iowcvcr, t h e  p r a c t i c a l  s i g n i f i -  

cance of th1.s r c s u l t  should not  be exaggerated.  Assumption B imposes 

s t rong  r e s t r i c t i o n s  on t h e  s t r u c t u r e  of t h e  consumer's prefcrcnccs  and,  

consequeirtly, on t h e  formula f o r  the  quan ta l  choice  p r o b a b i l i t i e s .  A s  

can be seen from (3.20) ,  i t  precludes models i n  which t h e  consumer's 

income appears  a s  a  v a r i a b l e  i n  t h e  quanta1 c l ~ o i c e  p r o b a b i l i t y  fonnula.  
2 1  

This  r u l c s  o u t  many of  tlie empirical quan ta l  clioice models which have 

appeared i n  t h e  l i t r t r a t u r e .  The poin t  t o  be emphasized i s  t h a t  one can  

s t i l l  conduct we l fa re  eva lua t ions  wi th  budget-constrai.ned RUlf  cho ice  models 

xi?ich do n o t  s a t i s f y  t h i s  assumption. '3s long a s  one has  a n  e x p l i c i t  

formula f o r  V(.),  t h e  welfare measures CV and EV can always be obta ined  

by so lv ing  (3.12) o r  (3 .13 ) .  

I r  should a l s o  he empllasjzed t h a t  a  s i m i l a r  approach t o  we l fa re  

a n a l y s i s  can  be empl.oyed when one has a RUh1 quan ta l  choice  inodel which 

docs not  s a t i sCy  (3.6)-i.c?., when t h e  c o n d i t i o n a l  i n d i r e c t  u t i l i t y  

func t ion  (3.1) is some gene ra l  func t ion  of income arid o t h e r  v a r i a b l e s .  
22 

A s  a n  example, suppose t h a t  one is  d e a l i n g  wi th  choices  among a c t i o n s  wi th  

unce r t a in  consequences and ?. is a von Neumann-Morgenstern expected u t i l i t y  
J 

fuiiction. An irrdividual  has weal th y and a u t i l i t y  of i ,~ea l th  func t ion  

whose nons tochas t ic  component i s  denoted by $ ( y ) .  The i n d i v i d u a l  must 

choose between two a c t i o n s  whose consequences depend on t h e  s t a t e  of t h e  

world, s ,  23 Associated with a c t  j is a vec to r  of s t a t e  p r o b a b i l i t i e s ,  

o.  - (0. , . . ., 0. ) ,  and a v e c t o r  of monetary consequences, z .  = ( z j l ,  
.I J 1 J s I 

. . . z jS) .  Condi t ional  on t h e  choice  of a c t  j t h e  i n d i v i d u a l ' s  u t i l i t y  i s  



Using t h i s  de f i r i i t i on  of ; and G 2 ,  t h e  p r o b a b i l i t y  t h a t  tlrc indiv idual  1 

s e l e c t s  a c t  1 i s  given by (3 .2 ) .  The i n d i v i d u a l ' s  uncondi t ionnl  u t i l i t y  

( i . e . ,  a f t e r  nlaking t h e  opt imal  clroicc) i s  v  = clax {; G 2 3 ,  This  is a  
1' 

random v a r i a b l e  f o r  tlie ecorlo~:ictric i n v e s t i g a t o r  ~ r i t l i  a  meari, V(pl,  
P2' 

Z ~ '  
z2 ,  y), given by the  right-hand s i d e  of ('3.7). Now suppose, f o r  

0 0 f f  eaample, t h a t  t h e  s t a t e  p r o b a b i l i t i e s  change from ( p i ,  p2) t o  ( p i ,  p2) 

By analogy wi th  (3.12) and (3.13) ,  t h e  compensating and equ iva len t  va r i a -  

t i o n  measures of t h e  e f f e c t  of t h i s  change on the  i n d i v i d u a l ' s  we l fa re  a r e  

def ined  by 

f f  0 0 
(3.26) V(pl, P2 ,  z l ,  z2 ,  y  + CV) = V(pl, p2, z l .  z2 ,  y) 

and 

f  f  0 0 
(3.27) V(P1, P2, Z1, z2,  Y ) = V ( P ~ .  P2 ,  z l ,  z2,  Y - EV) 

An a p p l i c a t i o n  of t h i s  methodology t o  t h e  va lua t ion  of changes i n  m o r t a l i t y  

p r o b a b i l i t i e s  on t?le  b a s i s  of p r i v a t e  choices  among r i s k y  a c t i o n s  is  

presented i n  [ I ] .  

4 .  Econometric Appl ica t ions  

The purpose of t h i s  s e c t i o n  i s  t o  record t h e  formulas f o r  Vf') a r i s i n g  

from s e v e r a l  coirinon econometric quan ta l  choice  models. With t h c  a i d  of 

t hese  formulas one can s e t  up and so lve  t h e  equat ions  d e f i n i n g  t h e  compen- 

s a t i n g  and equiva lent  v a r i a t i o n  measures of tlie we l fa re  e f f e c t s  of any 

chacge i n  t h e  v a r i a b l e s  i ~ ~ f l u e i ~ c i i ~ g  t h e  i n d i v i d c ? l ' s  choice.  For tile s ~ k e  

of g r e a t e r  g e n e r a l i t y ,  i n  t h i s  s e c t i o n  I w i l l  d e a l  wi th  multinomial quanta l  

choices  r a t h e r  than t h e  b inary  clloices considered above. Conceptually 

these  wel fare  measures presuppose t h a t  t h e  quanta1 cho ice  model is e i t h e r  a 

RIP1 model o r  a  budget-constrained RL1.I model.. 111 t h e  gene ra l  inultinomial 

case  t h e r e  a r e  N a l t e r n a t i v e  outcomes. Let t i .  = G .  + E .  j = 1, . . ., 8, 
3 J I' 

where E ( E . )  = 0 and ;. i s  come func t ion  of v a r i a b l e s  and c o e f f i c i e n t s  t o  be 
J J 



cst:imnted. In  a  mul t ino~a la l  RLN nodel tire j t h  outcome occurs  i f  

- 
U1' ' ' 

- 
u .  = max{- ., us}, and t h e  probabi1Lity t h a t  t h i s  happens, n. t akes  

J 3 '  

t h e  forin 

- - - - - - 
(4.1) v .  = F,(;~ - v . ,  0 . - >  v .  - v .  V - v . ,  . . ., v  - ; . I  

J J J 2-1 J '  j+l. 3 N J  

(j = 1, . , ., It) 
where F . ( - )  i s  a  j o i n t  d i s t r i b u t i o n  func t ion  of dimciision (ti -- 1).  Let  

3 

FE(tl, . .. E N )  be t h e  j o i n t  d i s t r i b u L i o n  func t ion  of (E . . ., EN). 
The i n t e r p r e t a t i o n  of (4.1) i s  t h a t  I?.(*) i s  t h e  j o i n t  d i s t r i b u t i o n  func t ion  

J 

of t h e  (N - 1) d i f f e r e n c e s  rl r E - E., k # j, der ived  from F (.) by 
k k J  E 

change of v a r i a b l e .  24 Hence i n  a  RL?I model t h e  quanta1 cho ice  p r o b a b i l i t i e s  

depend on a  s e t  of (N - 1) d i f f e r e n c e s ,  - . k # j. I n  a  multinomial 
k J 

budget-constrained RUM model t h e r e  i s  t h e  a d d i t i o n a l  c o n s t r a i n t  t h a t  t h e  

; . I s  have t h e  form of (3.6). Below I w i l l  g ive  formiilas f o r  V E Efmax 
3 

{Cl, ", ii 1 )  without  spec i fy ing  anything more about t h e  ; . I s .  Given 
N J 

t h e  formula f o r  V ,  t h e  compensating and equivalei i t  v a r i a t i o n s  a r e  obtained 

by so lv ing  equat ions  such a s  (3.12) and (3.13), o r  (3.26) and (3.27). 

MLLeCih~otnirLC Lagi t  Mod& 

I n  t h e  genera l ized  multinomial l o g i t  model, introduced by Mcrnddcn 1121, -- 
t h e  random terms ( E ~ ,  . . ., c ) a r e  j o i n t l y  d i s t r i b u t e d  according t o  t h e  

N 

genera l ized  extreme va lue  d i s t r i b u t i o n ;  i . e . ,  

(4.2) FEfcl, . . ., E N ) = exp [-~(e-'l, . . $  e-'*) 1 

where G ( t l ,  . . ., t ) i s  an a r b i t r a r y  non-negative l i n e a r  homogenous 
N 

func t ion .  L e t  i t s  p a r t i a l  d e r i v a t i v e  with r e spec t  t o  t h e  j t l i  argunieilt be 

deilotiid by G.(ti, . . ., tN). bicFadden shows t h a t  
J 



and - - 
1 v 

(4.4)  = i n  G(e , . . ., e N, + 0.5722. .  . (Eu le r ' s  c o n s t a n t ) .  

The s p e c i a l  ca se  wherc C ( t  
K . . ., t ) = E t and d .  = 1 i s  t h e  s tandard 

K 1 j 3 

multirioinial l o g i t  model, descr ibed  i n  [ 291 . 
MuRtinotrioX Pno b i t  it.iad& 

I n  rnulti~ioinial p r o b i t  models FE(El, . . . , E ) is a m u l t i v a r i a t e  normal 
N 

d i s t r i b u t i o n  with soii~e covariance mat r ix  C = {U 
2 . Hence, t h e  fonctioil  

E . E  
J k  

( )  i n  (4.1) i s  a n  (N - 1) dimensional m u l t i v a r i a t e  normal d i s t r i b u t i o n  

func t ion  wi th  zero  mean and a covar iance  matr ix 0 whose t y p i c a l  element i s  

2 2 2 2 
w = a E.,. + a Ekcl  - 0 EkEj - a E I E j "  I n  t h e  s tandard  multinomial p rob i t  

k l  J 3 

model tile elements o f  C a r e  f ixed  cons tan t s  independent of t h e  ?. 's. There- 
J 

f o r e ,  t h e  model s a t i s f i e s  Assumption I n  t h c  genera l ized  p r o b i t  model, 

introduced by Hausman and l i i se  [ ? I ,  t h i s  assumption i s  r e l axed .  A s  an 

example, cons ider  t h e  fol lowing random c o e f f i c i e n t  budget-constrained RCM 

model. 

(4.5) a .  = (6  + a ) q .  + (7 + y ) f y  - pj) + u j  ( j  = 1 ,  . . ., N), 
3 J 

where & and 7 a r e  f ixed  cons tan t s  and a ,  y ,  u ,  . . . u a r e  independently 
n 

2 2 
d i s t r i b u t e d  normal random v a r i a b l e s  wi th  zero means and va r i ances  a,, U Y' 

2 

3 '  
Co l l ec t ing  a l l  t h e  random terms toee the r ,  (4.5) can be 

% - 
w r i t t e n  

- 
(4.6) u. = [ a q j  + Y(Y - p j ) ~  + f a q j  + Y(Y - p . )  + u . ~  

J J J 

Hence, 

( 4 . 7 )  
L 

C E . ~  = 
3 k 

'aqjqk y j f k  



I n  t h i s  case ,  Assumption D does not  hold and rhe  r e l a t i o n s  i n  (3.8) and (3.9)  

do not  apply .  Kcvert i le less ,  t h e  i n d i r e c t  u t i l i t y  f u ~ i c t i o n  i s  s t i l l  a  well-  

d e f i n e d  concept ,  and i t s  mean, V ,  i s  s t i l l  given by t h e  multinomial 

g e n e r a l i z a t i o n  of ( 3 . 7 ) .  

It can be seen  from (4.6) t h a t  t h e  genera l ized  p r o b i t  model d i f f e r s  from 

t h e  s tandard  p r o b i t  model through i t s  s p e c i f i c a t i o n  of t h e  elements of t h e  

covar iance  mat r ix  1. I n  o rde r  t o  cover both moclels a t  t h e  same time, I 

w i l l  p r e sen t  a  s i n g l e  formula f o r  V ,  def ined  i n  terms of a  gene ra l  mat r ix  C, 

Now, V i s  t h e  mean of t h e  maximum of N dependent,  non iden t i ca l ly  distributed 

- 
random normal v a r i a b l e s ,  u l ,  . s ., u " A s  explained i n  Clark 121, except  N' 

f o r  t h e  c a s e  where N = 2, an exac t  closed-form express ion  f o r  V does not 

e x i s t ,  and one must r e s o r t  t o  an approximation. Let  @(.) be t h e  s tandard 

u n i v a r i a t e  normal pdf ,  and a ( . )  t h e  corresponding c d f .  Define u* = i -  

max{ul, . . . , ii.1 and Vi r E { u ~  1. For N = 2, t h e  b i v a r i a t e  s tandard  o r  
1 

genera l ized  probi t  model, t h e  exac t  formula f o r  V i s  
2 

( 4  7) V, = ?,@(A2) + <,@<-A,) + a2+(X2) 

where 

For N = 3 ,  t h e  t r i v a r i a t e  p r o b i t  model, C la rk ' s  approximation f o r  V i s  
3 

(4.8) V, 3 G3c(A3) + V2Q(-X3) + a3@(X3) 

where 



A f u l l e r  a c c o ~ n t  of C la rk ' s  approxina t ion  i s  given i n  t h e  Appendix, toge ther  

wi th  t h e  gene ra l  r ccu r s ion  formulas.  26 Given these ,  one can s e t  up t h e  

equat ions  analoeous t o  (3.12) and (3 .13) ,  o r  (3.26) and (3.27) ,  and so lve  

them f o r  t h e  conpensat ing and equiva lent  v a r i a t i o n s ,  GV and EV. 27 Obvioils- 

l y  an i t e r a t i v e  s o l u t i o n  procedure is  requi red  and,  while  s t i l l  f e a s i b l e ,  

i t  would become ted ious  i f  N were l a r g e .  However, most of t h e  p r o b i t  app l i -  

c a t i o n s  which have appeared i n  t h e  l i t e r a t u r e  a r e  f o r  cases  where N 5 . 3 .  

5. Conclusion 

The r e s u l t s  of t h e  preceding two s e c t i o n s  provide a  f u l l y  o p e r a t i o n a l  

procedure f o r  conducting we l fa re  eva lua t ions  on t h e  b a s i s  of econometrica1.ly 

es t imated  quan ta l  choice inodels. The procedure can be employed a s  long a s  

t h e  quan ta l  choice  model i s  a  RLPI model--i.e., t h e  quanta l  cho ice  proba- 

bi1. i ty  formulas a r e  recognized a s  being func t ions  of  u t i l i t y  d i f f e r e n c e s  

- - - 
of t h e  form - v j ,  v2 - v j ,  . . ., a s  i n  (3.2) o r  (4 .1) .  From t h e  f i t t e d  

model one can o b t a i n  e s t in i a t r s  of t h e  c o e f f i c i e n t s  of t h e  ; func t ions  and 
j 

t h e  parameters of t h e  d e n s i t y  func t ion  fE(El,  . . ,, EN), u s u a l l y  up t o  

some normal iza t ion  convention. With t t i i s  information one can eva lua te  t h e  

expected uncondi t ional  i n d i r e c t  u t i l i t y  func t ion  us ing  e i t h e r  t h e  genera l  

formula (3.7) o r ,  i n  t h e  case  of l o g i t  o r  p r o b i t  models, t h e  s p c c i f i c  fo r -  

mulas given i n  Sec t ion  4 .  Then one can s e t  up and so lve  t h e  equat ions  such 

a s  (3.12) o r  (3.13) which de f ine  tlie compensating and eqniva lent  v a r i a t i o n  

measures of tlie we l fa re  e f f e c t s  of some change i n  thc  v a r i a b l e s  appearing 

i n  t h e  quanta l  choice  niodel. Unless t h e  model s a t i s f i e s  Assumptions B and 

D ,  t h e  s o l u t i o n  of t l iese equat ions  w i l l  gene ra l ly  r e q u i r e  i t e r a t i v e  numeric- 

a l  t cc l~n iqucs .  h ' i th  c u r r e n t  computer sof tware ,  t h i s  stioiild not be a  s e r i o u s  

o b s t a c l e ,  

The emphasis throughout t h i s  paper has been on t h e  we l fa re  theory of  an 



individual consumer. An impl i ca t ion  is  t h a t  t h e  we l fa re  measures described 

above must be  c a l c u l a t e d  s e p a r a t e l y  f o r  each consumer. The problems of 

e s t i m a t i n g  quan ta l  choice models from aggregate  choice da ta  and developing 

w e l f a r e  in fe rences  on t h e  b a s i s  of aggregate  u t i l i t y  funct ions  have not  

been addressed he re .  My approach presupposes t h a t  t h e  quanta l  choice  model 

i s  es t ima ted  from disaggregated  micro d a t a  and t h a t  a l l  t h e  i.ndi.viduals i.n 

t h e  sample have t h e  same preferences-i .e . ,  t h e  nons tochas t ic  component 

of t h e i r  p re fe rences  i s  represented  by t h e  same u t i l i t y  func t ion ,  and t h e  

random elements a r e  governed by t h e  same p r o b a b i l i t y  law. I n  f a c t ,  t hese  

c o n d i t i o n s  are met by v i r t u a l l y  a l l  of t h e  empirical. quanta l  cho ice  models 

which have appeared i n  t h e  1 i . t e r a tu re .  Hence, t h e  technique of we l fa re  

ann1ysi.s descr ibed  h e r e  should he  widely app l i cab le .  

U i u v e ~ 4 L t y  el; CdLdoh iua,  Bmkdey 



APPENDIX 

I iere  I p rove  t h a t  t h e  consumer ' s  p r e f e r e n c e s  must  11;ive the form g i v e n  

i n  (2 .22a ,  b)  i f  Assuniption B h o l d s .  WiLhout l o s s  of  g e n e r a l i t 5  I a s s u r e  

- - 
t h a t  x l  = x2 = 1 .  Cons ide r  t h e  u n c o n d i t i o n a l  o rd i r l a ry  d e w n d  f u n c t i o n  f o r  

good 1 .  As a  f u n c t i o n  of p l ,  f o r  g i v e n  v a l u e s  of (p2 ,  q l ,  q2 ,  y ) ,  i t  

may b e  w r i t t e n  i n  t h e  form 

(A.1) 
1 i f  p  < p* 

1 -  1 
x , ( p l ,  P2' q l '  q2 '  Y)  = 

0  o t h e r w i s e  

where  p* = p*(p 
1  1 2 '  

q l ,  q2 ,  y) i s  d e f i n e d  by 

(A. 2) u ( l ,  0, q l ,  q 2 ,  Y -P I )  = u ( O ,  1, q l ,  P e p  Y - p 2 ) .  

Suppose t h a t  t h e  a c t u a l  p r i c e  o f  good 1 is  p0 By v i r t u e  of  ( A . 2 1 ,  o n e  can  
1 '  

w r i t e  

( A . 3 )  ,,* = 0  - C* 
1 "1 

where C* is d e f i n e d  by 

(A.41 ~ ( 1 ,  0 ,  q l s  q2 ,  Y - p1 O + C*) = u ( 0 ,  1, q l ,  q2 ,  Y - p2) . 
The consumer ' s  a c t u a l  u t i l i t y  i s  u o  = v ( p  

0  
p2 ,  q l ,  q2 ,  Y). Given 

0 ( P ~ ,  q l ,  q 2 ,  u ) t h e  corisunrer's u n c o n d i t i o n a l  compensated demand f u n c t i o n  

f o r  good 1 ,  as a f u n c t i o n  of  p  may be  w r i t t e n  
1' 

(A.5) 1 if < p:':" 
c 0  1 -  1  

x l ( p l ,  P2' q l ,  q 2 >  u  ) = 
0  o t h e r w i s e  

"liere %,** = P*:'(P 0  
1 1 2'  

q l ,  q2 ,  u ) is  dcf ined by 

; 1 , q l >  0  = ' 2 ( ~ 2 '  C12'  u  0  ) 

o r ,  e q u i v a l e n t l y ,  by 

( A . 6 )  -1 0  -1 0  
p ; * + u  (u 11, 0 ,  q l ,  q2) = p 2 + u  (u  1 0 ,  1, q , ,  q*)  

- 1 
where u  ( U / x l ,  x 2 ,  q l ,  q  ) i s  t h e  i n v e r s e  o f  u ( x l ,  x2 ,  q l ,  q 2 ,  z )  w i t h  

2  



r e s p e c t  t o  i t s  last argument. 

It fo l lows from (A.1 . )  and (A.5) tha t  t h e  o rd ina ry  and coinpei~sated 

pf*. This occurs  automati- demand f u n c t i o n s  co inc ide  i f  and only i f  p* = 

0 
c a l l y  when pl > p f ,  s i n c e  then u0 = u ( 0 ,  1, q l ,  q2 ,  y - p2) ,  aiid 

-1 0  
u  (u l o ,  1 ,  q l ,  q2)  - y  - p 2 .  

I n  t h i s  c a s e ,  (A.6) becomes 

-1 0 
u ( u  11, 0, q l ,  q )  = y - p " "  2  1 

o r  

(8.7) u ( 0 ,  1 ,  q2 ,  Y - p 2 )  ' ~ ( 1 ,  0 ,  q l ,  q 2 ,  Y - PT*). 
Comparison wi th  (A.2) shows t h a t  p* = p**. Accordingly, I w i l l  focus on 

1 1 
0 0 

t h e  n o n t r i v i a l  c a s e  where p < p*. I n  t h i s  c a s e  uO = "(1, 0, q l ,  q 2 ,  y - pl)  
1 -  1 

and,  i n  gene ra l ,  p* f p*>*; hence Assumption B has  s u b s t a n t i v e  con ten t .  Since 
1 1 

-1 0 0 
u (u 11, 0, q l ,  q2) = Yl - P I +  

(A.6) may be w r i t t e n  

pf* = p2 + u -1 0 0 
(U 10, 1 ,  q l ,  4*) - Y f PI 

(A.8) , PO - C*X, 1 

where 

(A.9)  c*': = 
-1 0 

Y - P2 - u  (u 10, 1, q2) .  

It foll.ows from (A.3) and (A.8)  t h a t  p:t = pf* i f  and only i f  C* = C**. 1 

Manipulation of (A.9) y i e l d s  

-1 0 
u  (u 10, 1 ,  q l ,  q*) = Y  - p *  - C** 

o r  

0 
(A-10) ~ ( 1 ,  0 ,  q l ,  q 2 ,  y - p I ) = u(0 ,  I ,  q l ,  q 2 ,  y - p2- C""). 

From ( 3 . 4 )  and @ . l o ) ,  C* = C*;* independently of (p2 ,  q l ,  q2 ,  ?) only if 

t h e  u t i l i t y  func t ion  has  t h e  q u a s i l i ~ ~ e a r  form given in (2.22~1, b ) .  



A. 2. SR'n DeniuaCion o &  t h e  WeL6ahc FotitncLea 

SK derive the welfare formula (3.23) by a different route from that 

followed in the text. Their starting point is (2.18). Integrating this 

fron p. to m and then differentiating with respect to q. taking note of 
3 J '  

(2.7), yields 

Applyi.ng Assumptions A and B to (All), substituting from (2.15), and 

invoking Roy's Identity yields, for j = I, 

ae l a -  a;, fpl, ql, Y) (A.12) - = - -  
a% 

I Sl (P,, P2' ql, 42' Y) - aql PI apl d ~ l  . 
If one now switches to a random utility setting and substitutes expectations 

for th? random terms in (A.12), which is a valid operation under Assumption B, 

one obtains 

aE l a -  aa, 
-. - jp ~ ~ ( c ~ ,  G )-- 

a% A1aql 1 2 a~~ dpl 

where G r n  = 1 (a, pl, y). SR then apply Assumption C to (A.13) to eliminate 

the first term inside the square brackets, yielding 

f 
Integration of (A.14) from qo to q yields the welfare formula (3.23). 

1 1 

Hotrever, Assumpiion C is required in order to pass from (A.13) to (A.14). 

This is because in the budget-constrained R C 1  quanta1 ci~oice model, since 



Hence t h e  f i r s t  term i n s i d e  t h e  square b racke t s  i n  (h.13) vanishes  even 

wittiout Assunption C.  

A . 3 .  C t a ' i k ' d  Ap:33toxunaQcn 

- 
Let ; u and ; be normdlly d i s t r i b u t e d  random v a r ~ a b l e s  wi th  

1' 2 '  3 - - 
means v and ? var i ances  a 2 2 , a 

2 
1' "2' 3' and o , and covnriances 

EIEl 
E E 

2 2 2 
2 2 E3E3 

5 oE and UE . Then u* = max{Gl, ; 1 is  n o t  i t s e l f  normally d i s -  
E E 2 2 

1 2  1 3  2 3 

t r i b u t e d ,  but  t h e  exac t  formula f o r  i t s  mean, V2,  is given 111 ( l t . 7 ) ,  and 

2 
t h e  exac t  formulas f o r  i t s  va r i ance ,  S 2 ,  and f o r  i ts  covariance wi th  ; 3' 
2 

S2, 3 '  
a r e  given i n  ( 4 . 8 ) - t h e s e  formulas a r e  taken from 121. Cla rk ' s  

procedure i s  t o  approximate t h e  j o i n t  d i s t r i b u t i o n  of u$ and G3 by a b ivar -  

2 
i a t e  normal d i s t r i b u t i o n  wi th  means V2 and va r i ances  s2 and a , and 3' 2 

2 
E3E3 

covar iance  S and then  t o  apply t h e  preceding r e s u l t s  t o  o b t a i n  t h e  
2 , 3 '  - 

moments of U* = max{u* G  1 = max{iil, u2, G 3 ) .  The procedure is  applied 
3 2 '  3 

r ecus ive ly  t o  o b t a i n  t h e  approximate moments of u* ={sax u 
N 

* G j =  
N - I '  N 

max{; . . . 6 .  The gene ra l  recus ion  formulns a r e ,  f o r  i = 2 ,  . . ., 
1' N, 

V .  = V @(Xi) + ci @(-Xi) + aiQ(Xi) 
1 i- 1 

where 
2 2  2 2 

a. = S .  
1 1-1 + OE.E. - 2Si-l, i 

1 1  

Xi = ( v ~ - ~  ,- Gi) /ai . 
2 * 2 2 - * 

) 1 and Si-t Here S .  = & { ( u ~ - ~  - 'i-1 
- Eiui-, - V ) (  - a r e  

1-1 > i i-1 

computed from t h e  formulas 

1-1 E.E. 
1 I 

and 

2 2 2 2 
S . .  = a + j - a )OO..) . 

1J t.C. E ~ C .  
1 1  1 3  
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FOOTNOTES 

' A  valuable summary of this work is provided by McFadden [ i l l .  -- 
L An example of a purely qualitative choice would be which of N 

mutually exclusive items to select; an exarnpfe of a mixed qualitativc- 

quantitative choice would be which of N mutually exclusive items to select 

and how much of the selected item to consume. 

3~aly and Zachary actually deal with multiple qualitative choices but, 

following the example of SR, I willmainlyfocus on binary qualitative choices 

in order to simplify the exposition. The extension to multiple qualitative 

choices is straightforward. With minor changes I will use the same notation 

as SK. 

4 ~ n  example of a logit model consisting of (1.1) and (1.6) can be found 

in [ e l .  

'see [12]  -- and 191. - 
6 ~ s  an example, SR suggest housing which can be purchased in either a 

rental or an oimer mode but not both. 

7~~ suggest college degrees as an example: a person typically has 

either one BA degree or no degree, but not several BA degrees. 

'some random utility models corresponding to the first two cases, 

involving qualitative-quantitative choices,are presented in [g]  together 

with a methodology for applied welfare analysis. A deteminisLic discrete 

clloice model similar to that studied here is analyzed by Mzler [13, 

pp. 131-1361. In &ler's model there is only o ; ~  non-numsraire good and 

therefore, the constraint (2.4) is omitted; his model corresponds to (2.1)- 

(2.3) and (2.5). SR 1 1 4 ,  -- f n .  161 note an error i n  part of >iiiIer's analysis. 

'SR provc that v( . )  and e(.) are always continuous and right- and left- 

differentiable. 



'ORecall that in some contexts it would be natural to impose the 

normalization that Z. r I. 
J 

l l ~ y  contrast, for the qualitative-quantitatiw choice model (2.1)- 

(2.4), Assumption A implies only that 3. (p., q., Y) = h. ( p . ,  qj) + Yjy. 
J J  J J J  

12~ore correctly, there exists an increasing transformation T(-) such 

that T ( 5 . )  and T(u) are approximated by the right-hand sides of (2,21a) 
3 

and (2.21b) respectively. The same qualification also applies to (2.22a, b). 

131n logit models f (.) is taken to be a multivariate extreme value pdf; 
E 

in probit models it is a mnultivariate normal pdf. 

l4'I'his formulation of a random utility function is suggested by SR for 

a qualitative-quantitative choice setting as opposed to the purely qualitative 

choice considered here-i.e., for a model where constraints (3.4a)-(3.4~) 

are imposed, but not (3.4d). In that context, this formulation is unsatis- 

factory because it inlplies that the unobservable elements of the consumer's 

preferences affect only his qualitative choice and not his quantitative choice: 

by Royss Identity, the conditional ordinary demand functions are nonstuchastic 

from the poilit of view of the econometric investigator. I find this iriiplausible. 

In 181 I consider random utility qualitative-quantitative choice models 

based on a different formulation of the random utility function which imply 

that both the quantitative and the qualitative choices are random for the 

investigator. 

151n their analysis of random utility discrete choice econometric 

models SR fornulate the nonstochastic coniponent of the conditional indirect 

utility function as 

wliere Q(.) is an arbitrarjr increncin,: functio~. Iliis is not generally valid 

for a purely qualitative clioice e7odel; $( ' )  and $ . ( - )  must hc siich that they 
J 



can be cast in tile forin of (3.6), vhich imposes so:ne restrictions on their 

functional forms. 

1 6 ~ t  one point in their discussio~i [i$, text above eq. (5.6) ] SR seem 

to imply thnt V = n G + (1 - n1)G2. (3.7) shows that this is an incorrect 
1 1  

formula. 

17~roof: (3.7) may be written as 

m 
~ h u s ,  a v / a ~ ~  = Lm( a$l/a~l)d~l + jw -m (a$2/a;l)d~1 , where 

and 

Hence, 

18~or the general case where prices and quality all change from 

0 0 0 0  f f f f  (pi, p2, ql, q2) to (pi, p2, ql, q2) the compensating and equivalent varia- 

tions would be defined by 

f f f f  0 0 0 0  
(3.12') V(pl, p2, ql- q2, Y + C V )  =V(P I, P2' ql, q2, Y) 

f f f f  0 0 0 0  
( 3 . 1 3 , )  Vfpl, p2, ql' 427 Y) = V(p1> P2, 41, 42, Y - E V ) .  

In the text I focus mainly on the case where only q changes because this 1 

is discussed by SR. 

19cf. (2.20). 

''lhe second step follows by making a chaiigc of variable; the third 

step follows from (3.8). Kote thnt Assumption C is not employed in deriving 

this result; the reason why it appears in S R ' s  derivation is explained in 



the  Appendix. However, Assuii~ption D i s  i m p l i c i t l y  invoked i n  t h e  dcr iva-  

t i o n  of both (3.21) and (3.23) .  

2 1 ~ o t e  t h a t ,  a l though y  does riot appear a s  a  v a r i a b l e  i n  t h e  quan ta l  

choice p r o b a b i l i t y  formula,  t h e  marginal u t i l i t y  of  i n c o m ,  y, can s t i l l  be 

recovered because i t  i s  tile c o e f f i c i e n t  of  t h e  p r i c e  d i f f e r e n c e  which dofs 

appear i n  quan ta l  choice  p r o b a b i l i t y  formula. 

22ri'he quan ta l  choice  models def ined  by (1.1) and (1.4) o r  (1.6) would 

f a l l  i n t o  t h i s  ca tegory .  

2 3 ~ t a t e  dependent p re fe rences  can be  in t roduced by w r i t i n g  t h e  

nons tochas t ic  u t i l i t y  of weal th  func t ion  a s  $J (y) .  
S 

24 When N = 2 one o b t a i n s  t h e  formula given i n  (3 .2) .  

2 5 ~ h i s  i s  a l s o  t r u e  of the  genera l ized  l o g i t  model based on (4.2) .  

2 6 ~ h e  accuracy of   lark's approximation has  been i n v e s t i g a t e d  by 

Daganzo and o t h e r s ;  i t  i s  s a i d  t o  be reasonably s a t i s f a c t o r y  even when 

N > 3 13,  - pp. 55-58]. 

2 7 ~ o s  t h e  genera l ized  p r o b i t  model (4.5) t h e  formula f o r  V can  be 

s l i g h t l y  s i ~ n p l i f i e d .  Define $. = &q.  - yp. .  Then 
3 3 3 

A 

V N = Y y + ~ i m a x G 1 + E 1 ,  . . . ,  ? h' + E ) j f T Y + V  N N 

A 

where t h e  formula f o r  V is obtained from (4.7) o r  (4.8) by s u b s t i t u t i n g  
N 

* * 
v .  f o r  v . Note t h a t ,  because Z depends on y ,  V i s  not  independent of y.  

3 j N 




