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ABSTRACT OF THE DISSERTATION

Coded Content Caching

for Wireless Networks

Jad Hachem
Doctor of Philosophy in Electrical Engineering
University of California, Los Angeles, 2017

Professor Suhas N. Diggavi, Chair

The increase in mobile Internet usage has created a need to optimize content delivery in cellular
networks. In emerging technologies such as 5G, heterogeneous networks are proposed, which consist
of sparsely deployed cellular base stations (BS) with wide coverage but low data rate, combined
with a dense network of wireless access points (AP) of small coverage but relatively high data rate.
We envisage equipping the APs with a local cache. When a group of users request some files,
their demands are served by a (common) broadcast from one or more BSs, which is aided by side
information placed a priori in the APs. Therefore, there is a tradeoff between the size of the cache
and the size of the broadcast. Our goal is to design schemes that optimize this tradeoff.

Traditional caching techniques, which have proved efficient in the wired Internet, are insufficient
to handle the explosion in multimedia demand in wireless networks. The seminal work by Maddah-
Ali and Niesen [“Fundamental limits of caching,” IEEE Transactions on Information Theory, May
2014] introduced an information-theoretic framework to study this problem and proposed the so-
called “coded caching” technique that takes advantage of the broadcast nature of wireless to send

coded multicast messages to many users at once, thus greatly improving the transmission rate. This
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original work assumed a caching system with an error-free broadcast link between the content library
and the users, focused on equally popular files, and assumed that each user has one exclusive local
cache. Inspired by this work, this thesis studies more general coded caching problems within this
information-theoretic framework. Broadly speaking, we focus on non-uniform content popularity
as well as more general network topologies.

First, we consider a system where the files desired by the users are not all equally popular. We
adopt a “multi-level” popularity model where files are partitioned into multiple popularity classes.
Under this model, we study the behavior of the system as the total number of users, as compared
to the number of caches, varies. Furthermore, we allow a more complex topology by requiring some
users to connect to multiple caches at once. We find approximately optimal strategies for the two
extreme cases: when the number of users per cache is very large, and when each cache has exactly
one user. An interesting dichotomy is observed where the approximately optimal strategies required
for these two extremes are very different. Finally, we provide a heuristic for “discretizing” common
popularity distributions such as Zipf into multiple levels, and numerically evaluate its performance.

Second, we study the caching problem when we are allowed to assign users to caches after
their demands are known, under some restrictions. Specifically, we divide the caches into several
clusters, and we assume that each user can be assigned to one cache from a specific cluster and
that each cache can serve no more than one user. Focusing on a stochastic Zipf popularity model,
we find that there are regimes in which coded caching is no longer efficient. Instead, a strategy
that consists in replicating files across clusters and performs an uncoded delivery dominates certain
regimes. We compare these two schemes and find the regimes in which each is more efficient, as
a function of cache memory, cluster size, and skewness of popularity. Finally, we show that each
scheme is approximately optimal in some of these regimes.

Third, we return to the uniform popularity model in order to study more complicated networks
than the error-free broadcast network. Our main focus is on Gaussian interference networks, where
caches are placed at both the transmitters (BSs) and the receivers (APs). We propose a separation-
based approach that creates separate network and physical layers, with a multiple-multicast message
set to act as an interface between them. At the physical layer, we focus on transmitting this message

set across the interference channel; at the network layer, we solve the caching problem using the
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message set as a set of error-free links replacing the channel. We show that this architecture
is approximately optimal under high SNR. Among the implications of this result is that placing
common information between the transmitters cannot give more than a constant-factor benefit.
Moreover, we show that, when the receiver memory is large, a small number of transmitters is

enough to obtain most of the benefits.

v



The dissertation of Jad Hachem is approved.

Lieven Vandenberghe
Christina Panagio Fragouli
Alexander Sherstov

Suhas N. Diggavi, Committee Chair

University of California, Los Angeles

2017



To Lilia, Taima, and Cecilia.

vi



Contents

1 Introduction 1
1.1 Caching in Wireless Networks . . . . . . . . . ... . . 1
1.2 Thesis Outline . . . . . . . . . 3

2 Multi-Level Popularity and Access 6
2.1 Introduction . . . . . . . . . . . e e e e 6
2.2 Setup, Notation, and Formulation . . . . . . .. .. ... ... ... ... ....... 9

2.2.1 OVverview . . . . . . e e e e 9
2.2.2  Multi-level popularity . . . . . . .. . 10
2.2.3 Numberof users . . . . . . . . . . e 12
2.2.4 Multi-level access . . . . . . ..o 15
2.2.5 Problem formulation . . . . . .. ... 0o 16
2.2.6 Regularity conditions . . . . . . . ... 18
2.27 Notation table . . . . . . .. 19
2.3 Preliminaries . . . . . . . .. e 19
2.3.1 Generalizing to multi-user, multi-access . . . . . . . . . . .. .. ... 20
2.3.2 A small multi-level example with exact characterization . . . ... ... ... 24
2.4 Main Results . . . . . . . L 26
2.4.1 Multi-user setup . . . . . . L e 26
2.4.2 Single-user setup . . . . ... 29
2.4.3 Comparison with Greedy Level Placement . . . . . . . . ... ... ... ... 30
2.5 The Multi-User Setup . . . . . . . . . . e 32
2.5.1 Caching-and-delivery strategy: memory-sharing . . . . . . . . ... ... ... 32
2.5.2 Outer bounds . . . . . . . .. 39
2.5.3 Approximate optimality . . . . . . . .. .. ... 40
2.5.4 Comparison with different memory-sharing strategies . . . . . . . . . ... .. 42
2.6 The Single-User Setup . . . . . . . . . . . e 44
2.6.1 Caching-and-delivery strategy: clustering . . . . . .. ... ... ... .... 44
2.6.2 Outer bounds and approximate optimality . . . . . . . . ... ... ... ... 47
2.6.3 Similarity to strategies in related work . . . . ... ..o 48
2.7 Comparison of the Two Setups . . . . . . . . . . . ... ... . 49
2.7.1 Comparing the two caching-and-delivery strategies . . . . . . . .. ... ... 49
2.7.2  Analysis of the dichotomy between the setups . . . . . . . . . ... ... ... 51
2.7.3 The difference in the lower bounds . . . . . . .. . ... ... oL 51
2.7.4 Mixing the setups . . . . . . ... 52
2.8 Discussion and Numerical Evaluations . . . . . .. ... ... ... ... ...... 53

vii



2.8.1 Discretizing a continuous popularity distribution . . . . ... ... ... .

2.8.2 Impact of multi-access on the achievablerate . . . . ... ... ... .....
2.8.3 Stochastic variations in user profiles . . . . . . ... ... ... ... ...
2.8.4 Comparison with Greedy File Placement (GFP) . .. . ... ... ... ...
2.8.5 Numerical gap . . . . . . . . ..
2.8.6 Extensions to the problem . . . . . . . .. ... oo
2.9 Practical Considerations and Implementation . . . . . .. .. ... ... ... ....
2.9.1 System Description . . . . . . . . .. L e
2.9.2 System Evaluation . . . . . ... ...
2.9.3 Challenges and Further Extensions . . . . . . .. . ... .. ... ... ...,

Adaptive Matching and Partial Adaptive Matching

3.1 Introduction . . . . . . . . . . . e e
3.2 Problem Setup . . . . . ...
3.3 Main Results . . . . . . . . e e
3.3.1 Shallow Zipf: B€[0,1) . . . . . .
3.3.2 Steep Zipf: B>1 . . . . . e
3.3.3 Approximate Optimality . . . . . . . . . . . . . ...
3.4 A Hybrid Coding and Matching Scheme . . . . . . .. ... ... ... ... .....
Cache-Aided Gaussian Interference Networks
4.1 Introduction . . . . . . . . . L e e e
4.2 Problem Setting . . . . . . . ..
4.3 Main Results . . . . . . . . e
4.4 Separation Architecture . . . . . . . . . ...
4.4.1 Physical Layer . . . . . . . . .
4.4.2 Network Layer . . . . . . . . . . . e
4.4.3 Achievable End-to-End DoF . . . . . .. . ... ... ... ... ... .. ...
4.5 The Multiple Multicast X-Channel . . . . . . ... ... ... ... ... .......
4.6 Order-Optimality of the Separation Architecture . . . .. ... ... .. ... ....
4.7 An Alternative Separation Strategy . . . . . . . . . ... o oo
4.8 Discussion . . . . . ..o e e e
4.9 Low-SNR Regime . . . . . . . . o
4.9.1 Problem Setting . . . . . . . ..
4.9.2 Main Results . . . . . . . . . e
4.9.3 Achievable Strategy . . . . . . ...
4.9.4 Approximate Optimality for the Multiple-Access Case . . . . . . ... .. ..
Open Problems
Detailed Proofs for Chapter 2
A.1 Proofs for the multi-user setup . . . . . . . . . ...
A1.1 Proofof Lemmab . . . . .. . . ...
A.1.2 Proof of approximate optimality (Theorem 4) . . . . . .. .. ... ... ...
A.1.3 Proofs of some useful results . . . . . . ... ... oL
A.2 Proof of approximate optimality for the single-user setup (Theorem 6) . . . . . . . .
A3 Complete characterization for the small example (Theorem 2) . . . . . . ... .. ..

viil

64
64
66
67
68
70
74
75

77
7
81
83
90
92
94
95
96
98
103
106
107
108
109
115
116

119



A.3.1 Achievable scheme . . . . . . . . . 154

A3.2 Outerbounds . . . . . . . . . 156

B Detailed Proofs for Chapter 3 160
B.1 Expected Number of Unmatched Users . . . . . . . . . ... ... ... ........ 160
B.2 Details of PAM Scheme for 8 € [0,1) (Proof of Theorem 8) . . . .. ... ...... 163
B.3 Details of PAM Scheme for § > 1 (Proof of Theorem 11) . . . . .. . ... ... ... 165
B.3.1 Excess Users . . . . . . . . . e 165
B.3.2 Placement Phase: Knapsack Storage . . . . . ... .. .. ... ... ..... 166
B.3.3 Matching and Delivery Phases: Match Least Popular. . . . . . ... ... .. 167
B.3.4 Expected Rate Achieved by KS+MLP . . . . ... ... ... ... ..., 168
B.3.5 Expected Rate . . . . . . . . . 171

B.4 Approximate Optimality (Proof of Theorem 13) . . . . . . . . . ... ... ... ... 172
B.5 Details of HCM Scheme (Proof of Theorem 14) . . . . . .. ... ... .. ... ... 174
C Detailed Proofs for Chapter 4 179
C.1 Special Case: Small Number of Files . . . . . .. .. .. ... ... ... ... 179
C.1.1 Physical Layer . . . . . . . . . . . . . e 181
C.1.2 Network Layer . . . . . . . . . . . e 182
C.1.3 Achievable End-to-End DoF . . . . . . .. ... ... 182

C.2 Proofof Lemma 7 . . . . . . . . . 183
C.3 Detailed Converse Proof of Theorem 15 . . . . . . . . . .. ... ... ... ..... 189
C.4 Communication Problem Outer Bounds (Converse Proof of Theorem 16) . . . . . . . 194
C.5 Lemmas from [B4] . . . . .. 197
C.6 Proof of Theorem 17 . . . . . . . . . . . . e 198
C.6.1 Physical Layer . . . . . . . . . . e 199
C.6.2 Network Layer . . . . . . . . . . 201
C.6.3 Optimality Within the Considered Separation Architecture . .. ... .. .. 204

C.7 Proofs for the Low-SNR Regime (Section 4.9) . . . . . . ... ... ... ... .... 206
C.7.1 Network-Layer Scheme (Proof of Theorems 18 and 19) . . . . . . ... .. .. 206
C.7.2 Physical-Layer Scheme (Proof of Lemma 9) . . . ... . ... ... ...... 208
C.7.3 Approximate Optimality for the Single-Receiver Case (Proof of Theorem 21) 214
C.7.4 Approximate Optimality for the Broadcast Case (Proof of Theorem 20) . . . 219

X



List of Figures

1.1 A wireless heterogeneous network (HetNet). Each user (circle) can connect to one
or more APs in its vicinity and access its local cache, while listening to broadcast
messages from one of more BSs. . . . . . ... 2

2.1 Empirical popularities of some YouTube videos (based on number of views), with an

approximating Zipf distribution. . . . . .. . ... L 11
2.2 Multi-user setup with K = 4 caches, and L = 2 levels with (U1, Us) = (2,1) users
per cache. Both levels have an access degree of 1. . . . . . . . . . . . ... ... ... 13

2.3 Single-user setup with K = 4 caches, and L = 2 levels with (Kj, K2) = (3,1) users. . 13
2.4 Multi-user setup with K = 4 caches, and L = 2 levels with (U;,Us) = (2,1) users

per cache, and access degrees of (dy,d2) = (1,2). . . .. ... ... .. 15
2.5 Generalized single-level setup with U = 3 users per cache, and an access degree d = 2. 21
2.6 An illustration of the scheme used on the example from Figure 2.5. Caches are

colored into d = 2 colors, and the files are divided and colored with the same colors.

In parallel, the users are divided into dU = 6 groups, where users from the same

group have no overlapping caches. . . . . . . . . ... .o oL 23
2.7 Small example that illustrates multi-level popularity and access. . . . .. ... ... 25
2.8 Optimal rate-memory trade-off R*(M) for the small example. . . . . . .. ... ... 25
2.9 Comparison of the memory-sharing scheme with GLP, in the multi-user setup. . . . 31
2.10 Comparison of the clustering scheme with GLP, in the single-user setup. . . . . . . . 32

2.11 Rate achieved by the memory-sharing scheme vs. number of levels, for different values
of cache memory. For each L, we choose the L levels that minimize the achievable
rate (using brute-force search). For ease of comparison, the rate values have been

normalized by therate at L=1. . . . . . . . . .. .. ... 54
2.12 Achievable rate vs. cache memory in a two-level setup, for different access structures. 56
2.13 Optimal access structure vs. memory, with dpax =3, dave =2. . . . . . .. ... .. 56

2.14 Comparison of the theoretical rate with the empirical rate, based on simulations
of demands over the YouTube dataset, with 5 caches and 100 total users. The
theoretical rate is off by a factor of up to 2.8 from the empirical. . . . ... ... .. 57
2.15 Comparison of the memory-sharing scheme with GFP, simulated over the YouTube
dataset. The memory-sharing scheme achieves up to a factor-14.5 in gain over GFP. 58
2.16 Progression of chunk serving as user requests come in over time. In the figure, time
flows from left to right. The vertical top arrows indicate the arrival of requests from
new users. Each rectangle represents the server serving a particular chunk to its
corresponding user indicated on the left. Rectangles that share the same column are
served at the same time using a coded delivery. Thus the asynchronous file requests
were transformed into synchronous chunk requests. . . . . . . . ... ... ... 62



3.1

3.2

3.3

3.4

3.5

4.1

4.2

4.3

4.4
4.5
4.6

4.7

4.8

4.9

4.10

Illustration of the setup considered in this chapter. The squares represent K = 12
caches, divided into three clusters of size d = 4 caches each, and the circles represent
users at these clusters. Dashed arrows represent the matching phase, and solid arrows
the delivery phase. Unmatched users are in gray. . . . . . . . ... ... ... .... 65
Rates achieved by PCD, PAM, and HCM when § € [0,1), along with information-
theoretic lower bounds. HCM is a hybrid scheme described in Section 3.4, and the
lower bounds are presented in Appendix B.4. This plot is not numerically generated

but is drawn approximately for illustration purposes. . . . . . . . . .. ... 70
The scheme among PCD and PAM that performs better than the other when 5 €
[0,1), in terms of polynomial scaling in K. Here N = K¥, d = K% and M = K*. . . 71
Rates achieved by PCD and PAM in the S > 1 case. Again, this plot is not numeri-
cally generated but is drawn approximately for illustration purposes. . . . . . . . .. 72

The scheme among PCD and PAM that performs better than the other when 5 > 1
and v < 1/(B — 1), in terms of polynomial scaling in K. Here N = K¥, d = K, and
M = KH. e e 73

Caching in a wireless interference network. Caches (in red) are placed at all network
nodes. . . . . e 78
The caching problem, with K; = 2 transmitters and K, = 4 receivers. The server
holds a content library of N files. Information about these files is placed in the
transmitter caches of size M; and in the receiver caches of size M, during a placement
phase (indicated by dashed lines). During the subequent delivery phase (indicated
by solid lines), each user requests one file, and all the requested files have to be
delivered over the interference network. . . . . . . .. ... ... L. 81
Approximate reciprocal DoF of the 2 x 4 cache-aided interference network with 4 files,
introduced in Example 1, as a function of receiver cache size M,., for any M; > N/K;. 84

DoF gains as a function of receiver cache size characterized by M,/N. . . . . .. .. 87
DoF gains as a function of number of receivers K,.. . . . . . . ... ... .. ..... 87
DoF gains as a function of number of transmitters K; for various regimes of receiver

cache size (characterized by M,/N). . . . . . . ... ... 89

The separation architecture applied to the setup in Figure 4.2 (i.e., Example 1) with
multicast size k + 1 = 3. The interface messages Vs; at the physical layer can be
abstracted as orthogonal error-free multicast bit pipes at the network layer. Thus at
the physical layer (a) we focus on transmitting the Vs;’s across the interference chan-
nel, while at the network layer (b) we perform the caching and delivery strategies,
oblivious of the underlying physical channel, to deliver the requested files. . . . . . . 90
The 2 x 2 cache-aided interference channel with 2 files. The transmitter caches can
hold exactly one file each, and the receiver caches M, € [0, 2] files each. The z;’s are
iid additive Gaussian unit-variance noise. . . . . . .. .. ..o Lo 103
Inverse DoF achieved by the scheme from Section 4.5 (solid line), and the improved
inverse DoF' achieved by extracting more information from the aligned interference
(dashed line). The dash-dotted line shows the information-theoretic lower bounds
from Lemma 8. . . . . . . oL 104
Separation architecture with interference extraction in the 2 x 2 case with 2 files.
The (unicast) X-channel message set is used, but every receiver decodes, in addition
to its intended messages, the sum of the messages intended for the other reciever. . . 105

X1



4.11 Largest ratio of the DoF achieved by our proposed scheme to the DoF achieved by
the one-shot linear scheme proposed in [56]. In this figure, the number of receivers
K, is scaled, while K; = K}}/ 3. The plot shows the maximum ratio between the
DoF's over all possible receiver memory values M, € [0, N]. The comparison is made
for two values of the transmitter memory, My = N/K; and M; = N. Notice that the

gap increases arbitrarily with K,.. . . . . . . . . . . . . ... ... o

A.1 Two examples of how an M-feasible partition (H,I,.J) could evolve when there are
two levels {1,2}. In the second case, it will turn out that M} = Mj. The reasoning
behind this is that between M and Mg, all levels have a fixed memory: level 2 has
memory 0 while level 1 has memory N;j/d;. Thus an increase in the overall memory
between M) and M3 would be wasted. Moreover, M; = M| = 0 for similar reasons,
and My = Mj = Ni/dy + N2/dy because that is the point at which both levels can
be completely stored. . . . . . . ..

A.2 The only situation where Algorithm 1 results in an interval with I = (). Here, the
sets A, B, {i}, and {j} are disjoint and together form the entire set of levels.

C.1 Strategy for M, = 1/3, when the user requests are (A, B). . . . . .. ... ... ...
C.2 Strategy for M, = 4/5, when the user requests are (A, B). . . . .. ... ... ....
C.3 The 8 = 8 bins and their representative phases ®(b). . . . . .. . ... .. ... ...

xii



List of Tables

2.1 Notation . . . . . . . 19

C.1 Exponents of variables in monomials of the 7-th row of Wy, for an arbitrary receiver k.
The subsets S1, S7, Sz, and &) are arbitrary such that £ € S;NS] and k ¢ SoUS). The
transmitters j and j' are also arbitrary. A cell will contain a check mark (v') if the
variable in the corresponding row appears with non-zero exponent in the monomials
of the 7-th row of the submatrix in the corresponding column. The cell will be empty
if the variable does not appear in those monomials. It will contain a question mark
(?7) if the variable may or may not appear. Not all variables and submatrices are
shown; only a representative few are used. Finally, recall that Ag; = Agy for j > 2. 188
C.2 Achievable strategy for M, = 1/3. . . . . . . ... . oL 202
C.3 Achievable strategy for M, =4/5. . . . . . ... 204

xiil



Acknowledgments

My graduate education has been the central part of my life for the last six years. This journey has
shaped me in many ways, from the academic and intellectual growth that comes from learning to
perform original research, to the personal and emotional maturity that comes with living ten time
zones away from my home in Beirut.

These six years were made possible by my advisor, Professor Suhas Diggavi, for whom I have
great admiration and respect. He has given me the most valuable mentorship and guidance on the
road to my PhD and the generous financial support without which I could not have pursued my
degree. His kindness and understanding have made my graduate studies thoroughly enjoyable and
rewarding. I cannot express my gratitude to him enough.

My graduate studies would not have been the same if, during my undergraduate years at AUB,
I had not had the fortune of the tutelage of Professor Louay Bazzi, Professor Ibrahim Abou-Faycal,
and Professor Kamal Khuri-Makdisi. Much of my love for mathematics, information theory, and
computer science is due to the passion that these professors have when teaching, and my decisions
were highly influenced by their advice on both my undergraduate and my graduate studies.

I am also fortunate to have had incredibly talented collaborators, each of which has impacted me
in some way. Professor Christina Fragouli shaped my Master’s and contributed valuable input to my
research throughout my graduate years. I-Hsiang Wang mentored me during my summer at EPFL,
and I engaged in my first true research experience under his guidance. At Qualcomm, I had the
pleasure of working with Urs Niesen, and I learned more about extracting the fundamental insights
of a research problem from him than anyone else. Last but not least, Nikhil Karamchandani, who
was our post-doc during my first three years, was a great mentor and friend, and I owe my PhD

thesis to his guidance and patience. I am grateful to everyone for letting me think about research

Xiv



on my own, make mistakes, and learn from them, and for giving valuable pointers when I needed
them.

My experience at Qualcomm in 2015 was exciting, fruitful, and instructive, thanks to my
internship mentor Jubin Jose who entrusted me with challenging problems and provided me with
valuable guidance.

A special thanks goes to Professor Lieven Vandenberghe and Professor Alexander Sherstov, who
have taught me courses that have deeply inspired me and who have given their time to be on my
PhD committee.

I also want to thank my labmates, Shaunak, Can, Mehrdad, Joyson, Yair, Wei, Ayan, Manikan-
dan, and Cuneyd. My friendship with Shaunak and Can in particular has been extremely rewarding.
I would always look forward to our discussions and coffee breaks during the day.

These years would also not have been the same without the friendship of Marios, Kasra, Mario,
Oussama, Samih, and Abed. I am especially grateful to my girlfriend Tala for her unending
encouragement and for her support during stressful times.

None of this would have been possible without the love and support of my parents and my
brothers Tarek and Abbas, who have fostered in me a curiosity about the world and a strong desire
to discover and learn. All that I have achieved is a result of their life-long mentoring, their belief
in me, and the influence they have all had on my personality, my education, and my interests for
twenty-eight years.

Finally, I would like to thank the University of California, Los Angeles and the National Science

Foundation® for their financial support during my graduate education.

!This thesis was supported in part by NSF grants #1423271, #1314937, and #1514531.

p.q%



VITA

March 2013 Master of Science in Electrical Engineering
University of California, Los Angeles
Los Angeles, California

June 2011 Bachelor of Engineering in Computer and Communications Engineering
American University of Beirut
Beirut, Lebanon

Summer 2015 Interim Engineering Intern
Qualcomm Flarion Technologies
Bridgewater, New Jersey

Summer 2012 Visiting Researcher
Ecole Polytechnique Fédérale de Lausanne
Lausanne, Switzerland

Summer 2010 Research Intern
German Aerospace Center (DLR)
Wefling, Germany

Publications

J. Hachem, U. Niesen, S. Diggavi, “Degrees of freedom of cache-aided wireless interference net-
works”, arXiv:1606.03175 [cs.IT], Jun. 2016. Submitted to the IEEE Transactions on Information
Theory.

J. Hachem, N. Karamchandani, S. Diggavi, “Coded caching for multi-level popularity and ac-
cess”, in IEEE Transactions on Information Theory, vol. 63, no. 5, pp. 3108-3141, May 2017.

J. Hachem, N. Karamchandani, S. Moharir, S. Diggavi, “Caching with partial matching under
Zipf demands”, to appear in 2017 IEEFE Information Theory Workshop (ITW), Nov. 2017.

J. Hachem, N. Karamchandani, S. Moharir, S. Diggavi, “Coded caching with partial adaptive
matching”, in 2017 IEEE International Symposium on Information Theory (ISIT), Jun. 2017.

J. Hachem, U. Niesen, S. Diggavi, “A layered caching architecture for the interference channel”, in
2016 IEEE International Symposium on Information Theory (ISIT), Jul. 2016.

J. Hachem, N. Karamchandani, S. Diggavi, “Effect of number of users in multi-level coded caching”,
in 2015 IEEE International Symposium on Information Theory (ISIT), Jun. 2015.

J. Hachem, N. Karamchandani, S. Diggavi, “Content caching and delivery over heterogeneous
wireless networks”, in 2015 IEEE International Conference on Computer Communications (INFO-
COM), Apr. 2015.

xXvi



J. Hachem, N. Karamchandani, S. Diggavi, “Multi-level coded caching”, in 2014 IEEE Inter-
national Symposium on Information Theory (ISIT), Jun. 2014.

J. Hachem, I.-H. Wang, C. Fragouli, S. Diggavi, “Coding with encoding uncertainty”, in 2013
IEEE International Symposium on Information Theory (ISIT), Jul. 2013.

R. Raulefs, S. Zhang, C. Mensing, C. Ghali, J. Hachem, “Constrained indoor distributed coop-
erative positioning”, in 2011 8th International Workshop on Multi-Carrier Systems and Solutions

(MC-SS), May 2011.

R. Raulefs, C. Mensing, S. Zhang, C. Ghali, J. Hachem, “Dynamic cooperative positioning”, in
17th Furopean Wireless 2011 — Sustainable Wireless Technologies, Apr. 2011.

xXvii



Chapter 1

Introduction

1.1 Caching in Wireless Networks

Broadband data consumption has witnessed a tremendous growth over the past few years, due
in large part to multimedia applications such as Video-on-Demand. The traditional solution to
manage this increased demand in the wired Internet is via Content Distribution Networks (CDNs),
in which data is mirrored in various locations across the network. This in effect pushes the content
closer to the end users, thereby removing the bottleneck at the content distribution server by
utilizing repeated demand of particular content.

Wireless data consumption, driven by the increased demand for high-definition content on
mobile devices, has also grown at a significant rate [1] and is testing the limits of our underlying
wireless communication systems [2]. However, simply borrowing the CDN solution from wired
networks and applying it to wireless systems is insufficient to solve the wireless content delivery
problem. The reason is that the CDN solution has the most gains when the local communication
link is not the bottleneck [3]. In wireless cellular usage, this is typically not true as the (cellular)
wireless hop is a bottleneck link. As we argue in this thesis, by leveraging the properties of wireless
channels, embedding caching in the emerging wireless network, and jointly designing storage and
transmission, one could create a foundational methodology that could enable a solution to the
wireless content delivery problem.

The broadcast nature of wireless can be used as an advantage to alleviate this problem. This,



Figure 1.1: A wireless heterogeneous network (HetNet). Each user (circle) can connect to one or more APs
in its vicinity and access its local cache, while listening to broadcast messages from one of more BSs.

along with the emerging heterogeneous wireless network can be used to provide an architecture for
wireless content distribution. The heterogeneous wireless network (HetNet) architecture emerging
for 5G consists of a dense deployment of wireless access points (APs) with small coverage and rela-
tively large data rates, in combination with sparse cellular base-stations (BSs) with large coverage
and smaller data rates. For example, the access points could be WiFi or emerging small-cells (or
femto-cells), which provide high data rate for short ranges. The consequence of this emerging archi-
tecture is that a user could potentially receive broadcast from one or more BSs as well as connect
to one or more wireless APs. Therefore, we could place caches at local APs and complement them
with macro-cellular (BS) broadcast, as illustrated in Figure 1.1.

A first study of such a caching system was done by Maddah-Ali and Niesen in [4, 5]. They
derived the first fundamental limits of caching in wireless networks by considering a problem where
content can be stored in multiple caches without a priori knowledge of any user requests. Once
the users’ file requests are revealed, the cache contents are complemented by a broadcast message
transmitted by one BS to all users. The users can then combine this broadcast message with the
contents of their cache in order to recover the file that they requested. In [4], the authors show that
a joint design of storage and delivery, also known as “coded caching”, can significantly improve

content delivery rate requirements and yield large gains over traditional caching methods. This was



achieved by a content placement that creates network-coded multicast opportunities among users
with access to different storage units, even when these users have different (and a priori unknown)
requests. This approach enables an examination of the optimal trade-off between cache memory
size and broadcast delivery rate. In fact, by using the coded caching technique and by deriving
information-theoretic impossibility results, the authors characterize the optimal trade-off to within
a constant multiplicative factor.

The problem studied in [4, 5] focused on an error-free broadcast setting in which each user
has their own local cache, and in which all files are equally popular. While these works were a
significant first step, some natural questions arise about more general settings. In this thesis, we
focus on three main questions. First, we ask how the scheme changes when the content follows some
non-uniform popularity distribution. For example, it is often the case that some files are requested
much more often than the rest (e.g., viral videos). Second, we ask how the density of APs and
of users in the heterogeneous network, as depicted in Figure 1.1, can influence the strategy. In
particular, we consider two aspects: the load on each AP (how many users are connected to one
AP) and the density of the APs (how many APs are in the vicinity of any user). Third, we look
at physical-layer aspects of the problem by considering multiple BSs and the resulting interference
between them. We ask whether breaking the separation between the network layer and the physical
layer is necessary, or whether a separation architecture is (approximately) optimal. Each chapter

in this thesis studies a novel problem that explores one or more of these questions.

1.2 Thesis Outline

As mentioned above, this thesis explores some fundamental questions that arise from the setting
initially studied in [4]. The setting is generalized to non-uniform popularity, multiple access, and
interference. We address these in three chapters.

In Chapter 2, we study the caching problem when the content popularity obeys a multi-level
model. In this model, the files are grouped into a small number of popularity classes (called levels)
such that the files in the same class are equally popular. We focus on a broadcast setup and allow

many users to connect to the same cache, and we study how the number of users per cache changes



the behavior of the system.

One of the main contributions of the chapter is that the approximately optimal strategy when
there are many users per cache is very different to the one when there is only one user per cache.
When there are many users per cache, the approximately optimal strategy is to completely sepa-
rate the levels by partitioning the cache memory and allocating each part to one level. Perhaps
surprisingly, we find that it is often beneficial to allocate some memory to the less popular levels
even when the more popular levels are not completely stored. On the other hand, when there is
only one user per cache, then it is more efficient to merge some popularity levels and treat them as
though their files are of the same popularity.

In addition, Chapter 2 combines the multi-level popularity model with the ability of users to
connect to multiple caches. In particular, all users requesting files from the same popularity level
are required to connect to the same number of caches, but this number can be different across
levels. We refer to this as multi-level access. The chapter explores the effect of this multi-level
access, which enables achieving a lower network load for smaller memories.

In Chapter 3, we consider again the possibility of users connecting to multiple caches. The
difference is that, while a user has the ability to connect to many caches, the central server assigns
one cache to the user after the demands of the users are revealed. In other words, once the
users reveal their demands, we are allowed to choose a matching of users to caches, under some
restrictions, and then transmit a broadcast message to all users. We call this an adaptive matching
setup. We also adopt a non-uniform popularity model in this chapter, however it is a stochastic
model in which the number of requests for each file follows a Poisson distribution independently of
the other files.

One of the main contributions of the chapter is that a coded caching approach is no longer
always approximately optimal. Indeed, instead of creating differences in the caches by placing
different parts of files (as is done with coded caching), it is often more efficient to fully replicate
the popular files across multiple caches. When a user requests a file, it is then either matched to
a cache containing that file or served directly with a unicast message. We find that the regime in
which this approach is more efficient than the coded caching approach is larger not only when users

have potential access to a larger number of caches, but also when the popularity of files is more



heavily skewed, i.e., a smaller number of files are requested by a larger number of users.

In Chapter 4, we study the joint design of caching and delivery in the presence of interference.
In particular, we consider multiple transmitters, each equipped with a cache, in addition to the
receivers (users). The receivers are also each equipped with a local cache. The transmitters and
receivers are separated by a Gaussian interference network where, at the physical layer, each receiver
observes a noisy linear combination of all the transmitter signals. In order to isolate the interference
aspect of the problem, we adopt the uniform popularity model in this chapter, i.e., all files are
equally popular.

Our main contribution in Chapter 4 is an approximate characterization of the communication
degrees of freedom (DoF) of the network, i.e., the log-scaling of the communication rate with
the signal-to-noise ratio. Our characterization reveals three key insights. First, the approximate
DoF is achieved using a strategy that separates the physical and network layers. This separation
architecture is thus approximately optimal. Second, we show that increasing transmitter cache
memory beyond what is needed to exactly store the entire library between all transmitters does
not provide more than a constant-factor benefit to the DoF. A consequence is that transmitter co-
operation (e.g., transmit zero-forcing) is not needed for approximate optimality. Third, we derive
an interesting trade-off between the receiver memory and the number of transmitters needed for
approximately maximal performance. In particular, if each receiver can store a constant fraction of
the content library, then only a constant number of transmitters are needed. Solving the caching
problem requires formulating and solving a new communication problem, the symmetric multiple
multicast X-channel, for which we provide an exact DoF characterization.

We conclude the thesis in Chapter 5 with a discussion of open problems.

Finally, we note that much of the work in this thesis has previously been published. Most of
Chapter 2 was published in [6], most of Chapter 3 is to appear in [7], and most of Chapter 4 is
found in [8, 9].



Chapter 2

Multi-Level Popularity and Access

2.1 Introduction

In this chapter, we expand on the coded caching problem initiated in [4, 5] mainly by considering
non-uniform popularities. The setup studied in [4, 5] consisted of single-level content, i.e., every
file in the system is uniformly demanded. However, it is well understood that content demand
is non-uniform in practice, with some files being more popular than others. Motivated by this,
[10, 11, 12, 13, 14, 15] considered such non-uniform content demand, following different models.
In [10, 11, 12], the setup considered a single user per cache requesting a file independently and
randomly according to some (arbitrary) probability distribution that represents content popularity.
These works studied the trade-off between the average rate and the cache memory. A memory-
sharing scheme was proposed in [10], and its achievable rate was characterized. However, from
our understanding, this scheme was not shown to be order-optimal in general.! In [11], a different
scheme was proposed, based on a clustering of the most popular files into a single content level,
which was shown to be order-optimal for Zipf-distributed content and, more recently, for arbitrary
distributions in [12].

By contrast, in [13], a deterministic multi-level popularity model was introduced (simultaneous

to the aforementioned other non-uniform popularity models), where content is divided into discrete

1'We refer to an “order-optimal” result as one that is within a constant multiplicative factor from the information-
theoretic optimum. The constant is to be independent of the number of users, caches, memory size and number of
popularity levels.



levels based on popularity. In this chapter, we focus on this model and study it mostly in the
context where a large number of users connect to each cache (“multi-user setup”), and, for each
level, a fixed and a priori known fraction of the users per cache request files from said level. It
is easy to see that, when the number of users per cache is large enough, this deterministic model
will closely approximate an equivalent stochastic-demands model similar to [10, 11, 12]. We also
study the scenario where users could connect to multiple access points (caches) as well as listen to
the broadcast to get the desired content. In short, the setup considered has a different popularity
model, user population, and cache access to those considered in earlier literature. We also compare
the results, for this popularity model, between setups with many users per cache (multi-user setup)
and a single user per cache (single-user setup).

The main contribution of this chapter is, for any given multi-level content popularity profile,
to approximately solve the trade-off of the transmission cost at the BS with the storage cost at
the APs. In addition, we also approximately solve the case where users have access to multiple
APs. Finally, we study the effect of number of users per cache in the multi-level content popularity

model. In particular, the following are the core technical contributions of the chapter:

e We propose new strategies for the multi-level popularity and access model, both for small

(single-user setup) and large (multi-user setup) number of users.

e We derive information-theoretic outer bounds in order to evaluate the performance of the
proposed schemes. Notably, we derive novel non-cut-set-based outer bounds for the multi-

user setup.

e We demonstrate the order-optimality of the strategies (both when the number of users is
small and when it is large) with respect to the information-theoretic outer bounds. This

order-optimality is independent of the number of popularity levels, users, files, and caches.

e Finally, we demonstrate that the order-optimal strategy for the problem can be very different
depending on the total number of users in the system, as compared to the number of caches.
In particular, when there are many users per cache (i.e., the multi-user setup), the order-

optimal strategy requires a complete separation of the levels along with a careful allocation of



the cache memory between them. A striking aspect of this solution is that, in some regimes,
it is better to store some less popular content without completely storing the more popular
content, even when cache memory is available. In contrast, in the single-user setup, we show
that merging the most popular levels and giving them all the memory, leaving none for the

rest, is order-optimal; this is similar to a strategy proposed in [11, 12].

The chapter is organized as follows. Section 2.2 formulates the problem, describing precisely
the multi-user and single-user setups. We establish some background in Section 2.3, which enables
us to state the main results in Section 2.4. The caching and delivery strategy for the multi-user
setup, as well as corresponding lower bounds, are given in Section 2.5, while the single-user setup
is studied in Section 2.6. A brief discussion about the dichotomy between the two setups is given
in Section 2.7. Section 2.8 presents a discussion and some numerical evaluations to interpret the
results. Finally, Section 2.9 explores some practical considerations and presents results from a

working system that we have implemented. Many of the detailed proofs are given in Appendix A.

Related Work

Content caching has a rich history and has been studied extensively, see for example [16] and
references therein. More recently, it has been studied in the context of Video-on-Demand systems
where efficient content placement and delivery schemes have been proposed in [3, 17, 18, 19]. The
impact of content popularity distributions on caching schemes has also been widely investigated,
see for example [20, 21, 22].

Most of the literature has focused on wired networks and, as argued before, the solutions there
do not carry directly to wireless networks, which are the focus of this chapter. Recently, [23]
proposed a caching architecture for heterogeneous wireless networks, with the small-cell or WiFi
access points acting as helpers by storing part of the content. A content placement scheme is
formulated and posed as a linear program. However, the (information-theoretic) optimality of such
schemes was not examined in that work; in our work we develop new schemes, as well as results
showing their approximate optimality. Another aspect (also common to most of the papers in
the content caching literature) is that the delivery phase used independent unicasts to serve the

different users. The important observation to utilize broadcast to improve system performance



by serving multiple users simultaneously was made in [5, 4]. They initiated the study of coded
caching where joint design of storage and delivery was considered for the case with a single level of
files and single cache access during delivery by proposing an order-optimal coded caching scheme.
These results have been extended to online caching systems in [24], heterogeneous cache sizes [25],
unequal file sizes [26], and improved converse arguments [27, 28]. Efficient coded caching schemes
have been devised in [29], and the effect of finite file sizes has been investigated in [30]. Content
caching and delivery has also been studied for hierarchical tree topologies [31], device to device
networks [32, 33|, multi-server topologies [34], and heterogeneous wireless networks [14]. However,
most of these extensions have been for uniform popularity models.

Coded caching was extended to non-uniform popularity models in [10, 11, 12, 35], where the
setup considered a single user per cache requesting a file independently and randomly according to
some (arbitrary) probability distribution that represents content popularity. The trade-off between
memory and average delivery rate was studied in these works. The work in this chapter differs
from these as it uses a deterministic multi-level popularity model introduced in [13], enabling
a worst-case rather than average case analysis. We analytically characterize the order-optimal
splitting parameters for the memory-sharing scheme, even with user access to multiple caches. The
dichotomy of order-optimal schemes between having multiple users per cache and a single user per
cache is also demonstrated for this multi-level popularity model.

Other related work includes [36] which derives scaling laws for content replication in multihop
wireless networks; [37] which explores distributed caching in mobile networks using device-to-device
communications; [38] which studies the benefit of coded caching when the caches are distributed
randomly; and [39] which explores the benefits of adaptive content placement, using knowledge of

user requests.

2.2 Setup, Notation, and Formulation

2.2.1 Overview

Consider a content library (such as Netflix) containing files of size F' bits and of varying popu-

larities. Over the course of, say, a day, users will request many files according to their popularity



distribution: more popular files will be requested more often. In anticipation of these requests, we
place information about the files in the caches, of capacity M F bits, of APs that are close to the
users, during periods of low network traffic. We refer to this as the placement phase. Later, when
a large number of users request files during periods of high network traffic, they each connect to
one or more APs and access the contents of their caches. Since cache capacity is typically limited,
the caches cannot always fully serve all the requests, and a common broadcast message of size RF
bits is then sent to all users. The users can combine this broadcast message with the contents of
their caches to recover the files that they have requested. This phase is called the delivery phase.
It is important to stress that, while the file popularities are known during the placement phase, the
exact set of files that the users will request is not known until the delivery phase.

Clearly, there is a trade-off between M (the cache memory) and R (the broadcast rate): the
larger the value of M, the more information the caches can hold about the files, and thus the
smaller the value of R needed to serve all requests. In this chapter, we seek to characterize this
trade-off when the files in the content library follow a multi-level popularity model. Furthermore,
we capture the considerable effect that the total number of users has on the system by considering
two extremes, which we call the multi-user and the single-user setups. We also introduce a multi-
level access model, where users are required to connect to a certain number of APs based on the
popularity of the file they have requested. In the next few subsections, we will provide an informal
description and motivation for the above three aspects. The formal definitions and formulations

are presented in Section 2.2.5.

2.2.2 Multi-level popularity

In multi-media applications such as video-on-demand, we often find that a small number of files
are requested by many more users than the rest of the files. This difference in popularity can easily
influence the caching system described above. For example, when deciding what to store in the
(limited-capacity) caches, one would want to give more of the cache memory to the more popular
files, since they will be, on average, requested more often.

Different popularity models have been considered in the literature. The simplest model was

studied in [4, 5]. In this model, all files are equally popular, meaning that there is no preference
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Figure 2.1: Empirical popularities of some YouTube videos (based on number of views), with an approxi-
mating Zipf distribution.

among the users to choose one file over the others. The results were of a worst-case nature, i.e.,
they are true for all possible (valid) combinations of user demands. While this model allowed the
first approximate-optimality caching result and introduced the idea of coded caching, it is not an
accurate representation of typical multi-media data. There has since been a lot of work in the
literature on coded caching with non-uniform file popularities. Many use a probabilistic approach,
in which user demands are stochastic and follow some probability distribution, and in which the
focus is on average results rather than worst-case ones. There has been particular focus on Zipf
distributions [10, 11], which arise in examples such as YouTube videos (see Figure 2.1 based on
data from [40]), but also on arbitrary distributions [10, 12].

Typical popularity models have a “continuous” nature, such as with Zipf-distributed content
popularity. However, accurately estimating such popularities requires a large sample size of user
requests for content. This might be reasonable for the most popular content, but not for the less
popular content, especially when the content library can consist of tens of millions of files. It is
made even more difficult by the frequency of small changes in popularity over short periods of time.
Therefore, it is natural to estimate a “histogram” of this popularity distribution, by estimating the
total popularity of sets of files instead of individual files. This motivates the multi-level popularity
model, which we adopt in this chapter and which we have previously introduced in [13, 14, 15].
In this model, files are grouped into a certain (small) number L of popularity levels, such that all

files in the same level are equally popular. An added advantage of this model is that it allows a
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worst-case analysis of the problem. Furthermore, the schemes we develop for the multi-level model
can be adapted to any continuous popularity model by judiciously discretizing the popularities and
grouping files into levels of our choice. This observation is supported by (a) a numerical analysis
presented in Section 2.8, and (b) related work in the literature that analytically show that such a
discretization is useful in certain setups [12, 11], discussed in Section 2.6.3.

As mentioned above, our model assumes that files belong to L popularity levels, such that all
files in a single level are equally popular. The popularity of the files is reflected in the total number
of users in the system requesting files from each level. In the multi-level popularity model, this
number is assumed to be fixed and known to the designer a priori. For example, the designer
might know during the placement phase that, say, exactly 25 users will request a file from a specific
popularity level. However, the designer does not know which files from that level will be requested.

To motivate the determinism in this last point, consider the following example. Suppose there
are two popularity levels, and assume a stochastic-demands setup where each user is three times
as likely to request a file from the first level as he is from the second. If there are 40 users in the
network, then we would expect that about 30 of them will request a file from the first level, and
10 from the second. By the law of large numbers, when a large number of users is present in the
system, we expect a concentration of the number of users requesting files from each level around
their means. Because of this concentration, the stochastic-demands model will closely resemble the

determinism in the multi-level model that we adopt.

2.2.3 Number of users

In the example at the end of the previous section, we motivated our a priori knowledge of the
total number of users in the system requesting files level 4, for each level 7. In this section, we are
interested in a similar knowledge of the user requests at every cache. In particular, we want to
compare situations where we know the number of users per cache requesting a file from level 4, for
all 7, to situations where we lack this knowledge. We will use the phrase user profile to refer to this
knowledge. Specifically, the user profile is the number of users requesting a file from level ¢ at cache
k, for every pair (i,k). Knowledge of the user profile is greatly dependent on the total number of

users as compared to the number of caches.
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Figure 2.2: Multi-user setup with K = 4 caches, and L = 2 levels with (U, Us) = (2,1) users per cache.
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To illustrate, let us expand on the example from the previous section, where there are two
popularity levels such that 75% of all users, regardless of their total number, will request a file from
the first level and 25% from the second. Assume that there are four caches in the system, and that
the users are evenly distributed among them, regardless of their number. If the total number of
users is very large, say 400, then we know that 300 of them will request files from the first level and
100 from the second. More importantly, because these numbers are large compared to the number
of caches (four), then we can expect that every cache will have around 75 users for the first level
and 25 for the second (see Figure 2.2 for an illustration, albeit on a smaller scale). The designer can
hence a priori estimate the user profile with a reasonable degree of confidence. On the other hand,
consider what happens when the number of users is very small, say 4. Since we assume that the
users are evenly distributed among the caches, then we will have exactly one user at every cache.
One of these users will request a file from the second popularity level, while the other three will go
for the first level, as shown in Figure 2.3. It is thus impossible to determine a priori which cache
the level-2 user will connect to, and hence the user profile is unknown to the designer.

Because it is difficult to analyze the problem for a general number of users per cache, we restrict
ourselves to studying only the two extremes in order to bring out the key aspects affected by the
number of users. The first extreme, which we call the multi-user setup, is the one where the number
of users per cache is so large that the user profile is known and every level is represented equally
across caches, i.e., every cache has the same number U; of users requesting files from level ¢. The
second extreme, which we call the single-user setup, is the one where there is exactly one user per
cache. In this setup, the user profile is unknown and the levels are not represented equally across
caches.

As we will show in this chapter, the equal representation of the levels across caches or lack
thereof gives rise to very different strategies that are suitable for each setup. Specifically, the
multi-user setup requires a strategy that completely separates the levels from each other, while the
single-user setup necessitates a strategy that merges certain levels into one super-level. Moreover,
the strategy suitable for one setup is inefficient for the other. We discuss this striking dichotomy

in detail in Section 2.7.2.
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2.2.4 Multi-level access

In this wireless setting, and with the high density of access points, it is inevitable that users will
have many APs in their vicinity. This in turn means that every user can potentially connect to
several APs, which could effectively increase the amount of cache memory available at the user for
the same value of M, thus lowering the broadcast rate R needed.

In this chapter, we incorporate this multiple-access aspect into the caching problem by allowing
certain users to connect to a certain number of caches. In order to keep this incorporation simple,
we assume that all users requesting files from the same level i are required to access the same
number of caches d;. We call d; the access degree of level i, and we refer to this multiple-access
model as the multi-level access model. Furthermore, we assume also for simplicity that the caches
are arranged linearly and that users connect to d; consecutive caches, with a cyclic wrap-around
for symmetry. To be more precise, if we number the caches from 1 to K, then any arbitrary user
requesting a file from level ¢ will connect to caches {k,k+ 1,...,k + d; — 1} for some integer k (if
k+d;—1 > K, then the user will connect to caches {k,k+1,...,K,1,2,...,k+d;—1—K}). The
multi-level access is illustrated in Figure 2.4, with two levels of access degrees dy = 1 and dy = 2.
While this one-dimensional arrangement assumption is simplistic, it does provide an interesting
first analysis of the combination of coded caching with multiple access. Furthermore, the setup
and the ideas behind our strategies can be extended to a (more realistic) scenario where caches are

arranged in a two-dimensional lattice.
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Note that while the values of the access degrees could be chosen by the designer, we here assume
that they are given and fixed. In other words, our goal is to design efficient schemes given any
choice of d;’s. This choice could be limited by the network topology such as the density of APs,
as well as by practical considerations such as the overhead associated with connecting to a larger
number of APs.

Finally, in this chapter, we restrict the multi-level access model to the multi-user setup only.

All users in the single-user setup connect to exactly one cache each.

2.2.5 Problem formulation

While the previous subsections motivated the problem setup, this subsection describes the problem
formally.

A content library contains files that obey a multi-level popularity model. Specifically, there are
L levels of files, numbered 1 through L. Every level i € {1,..., L} consists of NV; files of size F' bits

each. There are K caches in the system, each of capacity M F bits, or, equivalently, of memory M.

Multi-user setup (Figure 2.4)

In the multi-user setup, for every level i, there are exactly KU; users, each connecting to d; caches
and requesting a file from level i. More specifically, for each k € {1,..., K}, there are exactly U;

users connected to caches {k, (k +1),...,(k+d; — 1)} and requesting files from level i, where

m ifm< K;
(m) = (2.1)

m—K ifm>K.

Single-user setup (Figure 2.3)

In the single-user setup, there are exactly K; users requesting a file from level 4, for every ¢. More
specifically, the K caches can be partitioned into L subsets of sizes K1,..., K, such that each
cache from subset ¢ has exactly one user connected to it, and that user requests a file from level
i. While the {K;}; values are known to the designer, the partition itself (which is in fact the user

profile) is unknown during the placement phase. Each user connects to only a single cache (no
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multi-level access).

In both setups, content related to the files is placed in the caches during the placement phase,
before the specific user requests are revealed. After each user requests one arbitrary file (in ac-
cordance with the multi-level popularity model), the delivery phase occurs in which a broadcast
message of size RF bits (i.e., of rate R) is sent to all users, so that every user can recover the
requested file by combining the broadcast message with the contents of the cache(s) that they can
access.

A pair (R, M) is said to be achievable if there exists a placement-and-delivery strategy that uses
caches of memory M and transmits, for any possible combination of user requests (valid within the
multi-level popularity model), a broadcast message of rate at most R that satisfies all said requests
with vanishing error probability as the file size I’ grows. More formally, for any finite file size F', let
P.(F,S) be the worst-case probability that some user is unable to recover their requested file using
strategy S, where “worst-case” is over all possible valid user requests. Then, (R, M) is achievable
if there exists a sequence of strategies S(F') for increasing F' such that P.(F,S(F)) — 0 as F — oo.

Our goal is to find all such achievable pairs. In particular, we wish to find the optimal rate-
memory trade-off,

R*(M)=inf{R: (R, M) is achievable},

where the minimization is done over all possible strategies.

The problem of finding an exact characterization of the rate-memory trade-off is difficult even
for the simplest cases [4]. Therefore, in this chapter, we will instead consider approximate charac-
terizations. In particular, we wish to find a strategy that achieves a rate-memory trade-off R(M)
such that:

cR(M) < R*(M) < R(M),

where c¢ is some constant. We say that such a strategy is order-optimal.

We allow ¢ to depend on only one parameter: the maximum access degree D = max; d;. Ac-
cessing multiple APs can be costly, both because of the overhead required for the user to establish
a connection with multiple APs, as well as the reduced rate of communication with the farther APs

that the user must now access. Thus in practice we do not expect that one user will be required to
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access a large number of caches, and so D would be quite small. However, ¢ must be independent

of all other parameters.

2.2.6 Regularity conditions

We assume the following two regularity conditions. First, for every popularity level i, there are

more files than users. In the multi-user setup, this means:

Vi, N; > KU;. (2.2)

In the single-user setup, we would write:

Vi, N;> K. (2.3)

Consider for example a video application such as Netflix, where “files” would be video segments
of a few seconds to a few minutes. Borrowing an example from [31], if a content library has 1000
popular movies (from the same popularity level) of length 100 minutes, and each movie is divided
into files (segments) of one minute each, the result is 100,000 files in one popularity level. The
above regularity condition states that no more than 100,000 users will be watching one of those
1000 movies (i.e., one of the 100,000 segments, or files) at any given moment.

Second, in the multi-user setup only, we assume that no two levels have very similar popularities.
The popularity of a level can be written as the number of users per file of the level, i.e., as U;/N;.

Hence, if 4 is a more popular level than j, the regularity condition states:?

&

/
Uj/

=
| T

- >~ = 198D, (2.4)

=

where = 1/198 is called the level-separation factor. The reasoning behind this condition is that,
if it did not hold for some levels ¢ and j, then we can think of them as essentially one level with

N; + N; files and U; + U; users per cache. The resulting popularity (U; + U;)/(N; + N;) would be

2As we will see in later sections, many calculations will involve the square roots of U; and N;. For this reason,
phrasing the regularity condition using the square roots is more useful.
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Table 2.1: Notation

All setups
K # of caches
L # of popularity levels
N; # of files in level ¢
F file size
R broadcast rate
M cache memory

R*(M) | optimal rate-memory trade-off

Multi-user setup

U; # of users per cache for level i
d; access degree of level 7
D maximum access degree

B =1/198 | level-separation factor

Single-user setup
K; ‘ total # of users for level ¢

close to both U;/N; and U;/N;.

2.2.7 Notation table

For reference, we present in Table 2.1 all the notation that we use in this chapter.

2.3 Preliminaries

Traditional caching only uses multiple-unicast transmissions from the server to the users. As
a result, the total transmission size was proportional to the number of users, for any value of
the cache memory. Coded caching, initially introduced in [4], brought a drastic improvement by
eliminating the dependence of the transmission size on the number of users (except for very small
cache memory). This technique was shown to be approximately optimal in [4] (a centralized version)
and in [5] (a decentralized version), under a setup with a single level of popularity and a single
user at every cache, with a single-access structure. We will refer to this setup as the Basic Setup,
because it will form the basis of our main analysis.

The scheme for the Basic Setup, in its decentralized form (on which will we henceforth focus)
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consists in placing a random sampling of bits from all files in every cache, independently. Conse-
quently, there will be some overlap, but also some differences, in the bits present in every cache.
The BS then transmits linear combinations of these bits, taking advantage of the overlaps as well
as the differences, so that the same linear combination can be useful for multiple users at once.

The resulting rate-memory trade-off is given in the following Lemma.

Lemma 1 (Rate for the Basic Setup [5, Theorem 1]3). For a single-level caching system with K
caches, N > K files, a single user per cache with an access degree of 1, and a cache memory of

M € [0, N], the following rate is achievable:

N M
OM.K.N)=min{ — K -(1-—
R°(M,K,N) = min e ~ )

and RO(M,K,N) =0 if M > N. Furthermore, this rate is within a constant of the optimum.

Notice that, when M > N/K, then the rate becomes (N/M — 1), removing all dependence on

the number of users. Under traditional caching, the rate would have been K (1 — M/N).

2.3.1 Generalizing to multi-user, multi-access

As we will see in Section 2.5, our strategy for the multi-user setup of the multi-level problem is to
isolate the levels, giving each a portion of the memory, and then applying independent caching-and-
delivery strategies for each level. We thus divide the multi-level problem into multiple single-level
problems. These single-level problems are still more general than the Basic Setup, because they
allow multiple users per cache as well as an access degree that is larger than one. Therefore, our
first step is to generalize the strategy of the Basic Setup to the case where there are U > 1 users per
cache and an access degree of d > 1. Specifically, caches {k,(k+1),...,(k+d— 1)} are connected
to exactly U users, for any k € {1,..., K}, where (m) is defined in (2.1). Figure 2.5 illustrates such
a setup, and Theorem 1 gives the rate achieved by the generalized strategy. Note that the Basic

Setup is obtained when U = d = 1.

3The expression of Rp(M) in [5, Theorem 1] can be upper-bounded by the expression we give here in Lemma 1
by simply noting that N > K and (1 — M/N)¥ > max{0,1 — KM/N}.
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Figure 2.5: Generalized single-level setup with U = 3 users per cache, and an access degree d = 2.

Theorem 1 (Single-level rate-memory trade-off). Given a single-level caching system, with N files,
K caches, U users at each cache with access degree d, such that N > KU and d divides K, and a
cache memory of M € [0, N/d], the following rate is achievable:

N dM
SL _ N . _
R MLKJWU@)_Umm{ ,K} (1 ]V>. (2.5)

Furthermore, RS“(M,K,N,U,d) = 0 if M > N/d. When d does not divide K, we can achieve four

times the expression in (2.5).

Theorem 1 is proved later in the section.

The rate achieved in Theorem 1 is actually order-optimal, in the sense defined in Section 2.2.5.
More specifically, RS"(-) is at most a factor of cd times the optimal rate, where d is the access
degree and c is some constant independent of all parameters. We do not need to directly prove
the order-optimality of RSL(~)7 because the single-level setup is a special case of the multi-level
multi-user setup, and hence the order-optimality follows from Theorem 4, presented in Section 2.4.

Notice from (2.5) that RSM(M, K, N,U,d) = U - RS*(M,K,N,1,d). This is because we can
divide users into groups of U, such that all U users in the same group are connected to the exact
same set of d caches, and hence share the same side information. Since the single-level strategy
relies heavily on sending multiple coded multicast messages, and since coding opportunities arise
only when users have different side information, there are no coding opportunities to be gained

when considering a multicast to users connected to the same set of caches. As a result, these
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U users have to be handled with U separate messages, and thus the achievable rate is directly
proportional to U.

The behavior of RSY with d is more interesting. While, in the single-access case, a cache
memory M < N implied a non-zero transmission rate, adding the multi-access aspect results in a
zero achievable rate for the smaller memory value of N/d. Intuitively, at M = N/d, we effectively
apply an erasure-correcting code on all the files and spread it across the caches, such that any d

caches can reproduce all files. Both these insights are brought out in the proof of Theorem 1 below.

Proof of Theorem 1. For convenience, we will focus on the case when d divides K. This allows
us to achieve exactly the rate expression in (2.5). As mentioned in the theorem statement, when
d does not divide K, a rate that is four times the one in (2.5) can be achieved. This is briefly
discussed after this proof.

The key difference between the general single-level problem and the Basic Setup is that there
are now many users who have caches in common. This additional overlap in side information is
problematic because coded caching works best when the side information available to different users
can be designed independently. As an extreme example, if two users connect to the exact same
set of caches (which happens when U > 1), then the same side information is available to both of
them, and no network coding can be done to benefit them both at the same time.

The strategy we propose gets around this issue by partitioning the users into groups, such that
no two users in the same group share any cache, with the goal of multicasting coded messages to
users in the same group. To maximize the coding gains, these groups have to be as large as possible,
in this case dU groups of size K/d users each. This can be done as follows. Let u; ;, denote the i-th
user connected to caches {k,...,(k+d—1)}, wherei € {1,...,U} and k € {1,..., K}. We let the
groups be

Uij ={uip : k= jmodd},

foralli e {1,...,U} and j € {1,...,d}. To show that users in the same group do not share caches,
consider two distinct users w; ;14 and wu; jiqr in the same group U; ;. Since they both have the
same index 4, we must have j + dt # j + dt’, i.e., t # t'. Then, w;; 4 is connected to caches

{7+dt,...,(j+d(t+1)—1)} and w; j4qv is connected to caches {j +dt’,...,(j +d(t'+1)—1)}.
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Figure 2.6: An illustration of the scheme used on the example from Figure 2.5. Caches are colored into
d = 2 colors, and the files are divided and colored with the same colors. In parallel, the users are divided
into dU = 6 groups, where users from the same group have no overlapping caches.

These two sets of caches are disjoint because t # t' and d divides K.

Next, we choose d colors and we color cache k with color £k mod d. The result is that every
user will be connected to exactly one cache of every color. In parallel, we split every file into d
equal subfiles, and color each subfile using the same d colors used on the caches. The end result is
illustrated in Figure 2.6.

Consider now one group-color pair. It represents a subsystem of N subfiles of size F/d bits
each, K/d caches, and exactly one user connected to each cache and not to any other cache of the
same color. This observation allows us to reduce the problem into d?U subproblems similar to the
Basic Setup, as described below.

In the placement phase, consider each of the d colors separately, and perform a random place-
ment (the same as in the Basic Setup) of the subfiles of that color in the caches of the same color.
Since each subfile is of size F'/d bits, then every cache can hold dM subfiles.

In the delivery phase, each of the d?U group-color pairs is considered separately. For every
group and every color, we have a subsystem where K/d users are each requesting a subfile of size
F'/d bits from one like-colored cache of size dM subfiles. Because the same placement of the Basic
Setup was done in the placement phase, we can send the same broadcast message as in the Basic

Setup to these K/d users. The total broadcast size is thus:

RF = d*U - R°(dM,K/d,N) - (F/d) bits.
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Note that the memory given to the RY function is dM, since the “unit” for each subsystem is a
subfile (of size F'/d bits), and each cache can hold dM subfiles.

The expression of RSL(-) can be obtained by combining the above equation with Lemma 1. [J

While the above proof focused on d being a divisor of K, we note that the expression for R5"(-)

in Theorem 1 can still be achieved up to a constant factor when d does not divide K. Specifically,

N dM
SL .
R (M,K,N,U,d) <4Um — K, |1l—— 2.
(M, K, N,U,d) < m{M’ }< N> (26)

is true for all values of d < K. The corresponding strategy uses a (K, d) erasure-correcting code for
M = N/d, while for M < N/2d it ignores multi-access and instead uses a placement and delivery
scheme that assumes d = 1. Finally, we time-share between the two schemes for N/2d < M < N/d.

The results presented in this section will be key to our solution to the multi-level caching
problem. Indeed, in all that will follow, we use the above-described coded caching scheme as a

black box that gives a rate RS"(M, K, N,U,d) for input parameters M, K, N, U, and d.

2.3.2 A small multi-level example with exact characterization

In order to illustrate the general multi-level problem, we will here present a small example that
combines both multi-level popularity and multi-level access. We give, for this example, an exact
characterization of the rate-memory trade-off.

Consider the setup in Figure 2.7. The server holds files from L = 2 popularity levels. The first
level has Ny = 2 files called {W]', W3}, and the second level has Ny > 4 files called {W?7,..., W3 }.
There are two APs, each equipped with a cache of memory (i.e., size normalized by file size) M.
There is one user accessing each cache and requesting a file from level 1 (users 1 and 2, requesting
files erl and I/Vrl2 respectively), and a third user accessing both caches and requesting a file from

level 2 (user 3, requesting file W2).
Theorem 2 (Exact characterization for the small example). For the setup shown in Figure 2.7,

the optimal rate-memory trade-off is plotted in Figure 2.8 and is characterized by:

5} 1 M -2
“(M) = oMY M2 SM1- 22 0b.
R*(M) max{3 5 , 5 M, 2/2,0}
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Figure 2.7: Small example that illustrates multi-level popularity and access.
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Figure 2.8: Optimal rate-memory trade-off R*(M) for the small example.

The proof of Theorem 2 is given in Appendix A.3. However, for illustration and to gain intuition
about the general problem, we will here briefly discuss the achievability scheme for two values of
the cache memory M: M =1 (for which R = 3/2 is achievable) and M = 1/2 (for which R = 2 is
achievable).

Suppose that M = 1, so that each cache can hold the equivalent of one file. We first split each

file in level 1 into two equal parts: W} = (W}

n.as Wé,b% for n = 1,2. Now, each cache exclusively

stores one half of each popular file, and stores nothing from level 2. Thus the first cache will contain
(Wllya, W ,) and the second cache will contain (Wﬁb, W217b). When the users make their requests,

the BS transmits Wfs completely for user 3, and sends a coded transmission (WTI1 y ® WL ) for

r9,a

users 1 and 2 together. Combining the transmission with the contents of their respective caches,
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each of users 1 and 2 can recover the file that they have requested. In total, the BS would have
transmitted one complete file (WT23), plus the equivalent of one half-file (the linear combination),
for a total rate of R = 3/2.

Suppose now that M = 1/2, i.e., each cache can only hold the equivalent of half a file. We again
split the two level-1 files just like in the previous case. However, this time the first cache stores
(W}, @ W;,) while the second cache stores (Wll,b @ Wy,). When the users make their requests,
the BS again transmits Wfs to serve user 3, but also sends W"'lhb and W,}Q,a for users 1 and 2. This
allows them to recover the file that they have requested by combining the transmission with the
side-information available at their caches. Since the BS has transmitted one complete file and two
half-files, the total rate is R = 2.

While, in this small example, an exact characterization of the rate-memory trade-off was found,

this is difficult in general. For this reason, we focus our attention on order-optimality results as

stated in Section 2.2.5.

2.4 Main Results

In this section, we provide the approximately optimal rate-memory trade-off for each of the two

setups (multi-user and single-user). We discuss how each such trade-off is achieved.

2.4.1 Multi-user setup

The placement-and-delivery strategy that we adopt for the multi-user setup is a memory-sharing
strategy. It consists of dividing the cache memory between all the L levels, and then treating each
level as a separate caching sub-system, with the reduced memory. In other words, we give level ¢
a memory «; M, where a; € [0,1] and ), o; = 1, and we then apply a single-level placement-and-
delivery strategy for this level on this a; M memory, separately from the other levels. The total

rate for this scheme is thus
L

RMY(M, K, {N;,U;,di};) = > R¥(cuM, K, Ny, Uy, dy), (2.7)

=1
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where RS(-) is defined in (2.5).

By optimizing the overall rate over the memory-sharing parameters {«a; }; (subject to «; € [0, 1]
for all ¢ and ), a; = 1), we establish a memory allocation which we will show is order-optimal. At
a high level, this allocation is done by partitioning the popularity levels into three sets that we call
H, I, and J. The levels in H have such a small popularity that they will get no cache memory. On
the opposite end of the spectrum, the most popular levels are assigned to J and are given enough
cache memory to completely store all their files in every cache. Finally, the rest of the levels, in
the set I, will share the remaining memory among themselves, obtaining some non-zero amount of
memory but not enough to store all of their files.

Our choice of the (H,I,J) partition and corresponding memory assignments are discussed in

Section 2.5.1. This choice results in the following achievable rate.

Theorem 3. Given a multi-user caching setup, with K caches, L levels, and, for each level i, N;
files and U; users per cache with access degree d;, and a cache memory of M, the following rate*

achievable:

\/7
RMU(M)~ > KU, + Eies =Y a4,
heH M — ZJEJN /d; iel

where (H,I,.J) is a particular type of partition of the set of levels called an M -feasible partition.?

This partition is dependent on the value of M.

Intuitively, since a level h € H receives no cache memory, all requests from its KUj, users must
be handled directly from the broadcast. Since, by regularity condition (2.2), we have N; > KU,
for all levels ¢, then in the worst case a total of KU}, distinct files must be completely transmitted
for the users requesting files from level h. The users in set J require no transmission as the files
are completely stored in all the caches; however, it does affect the rate by reducing the memory

available for levels in I. This is apparent in the expression M — > ._; N;/d;. Finally, the levels

jEJ
in I, having received some memory, require a rate that is inversely proportional to the effective
memory and that depends on the level-specific parameters N;, U;, and d;.

The structure of the (H, I, J) partition—whose value depends on the value of the cache memory

4This expression of the rate is a slight approximation that we use here for simplicity as it is more intuitive. An
exact and complete description of the achievable rate is given in Section 2.5.1.
5This type of partition is defined in Definition 1 and elaborated upon in Section 2.5.1.
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M—that we have chosen allows us to efficiently compute it for all values of M. Indeed, we provide
an algorithm in Section 2.5.1 that can find this partition and its corresponding memory-sharing
parameters q;, for all values of M, in ©(L?) running time. Briefly, as M is increased, levels get
“promoted” from the set H to I to J. The sequence of these promotions is directly determined by
the popularity of the levels.

We now discuss the order-optimality of the memory-sharing scheme in the multi-user setup.
We develop new, non-cut-set lower bounds on the optimal rate, which use sliding-window entropy
inequalities [41], and show that the scheme achieves a rate that is within a constant factor of the
optimal. Note that this constant is independent of all the problem parameters except the largest

AP access degree D.

Theorem 4. For all valid values of the problem parameters K, L, {N;,U;,d;};, and M, we have:

RMU(M
RM)
R*(M)
where RMY(M) is the rate achieved by memory-sharing, R*(M) is the optimal rate over all strate-

gies, D is the largest AP access degree D = max; d;, and c is a constant (independent of all problem

parameters).

The above theorem holds for all values of d;, although the computed value of ¢ differs depending
on the divisibility of K by the d;’s. When d; divides K for all i, then ¢ = 9909. When not all d;’s
divide K, it follows from (2.7), (2.6), and Theorem 1 that the achievable rate increases by a factor
of 4. Since the same converse results hold in both cases, that means that ¢ is four times as large
when some d; does not divide K.

The gap between the rate achieved by the memory-sharing strategy and the optimal rate is
linear in D. As we have argued earlier, we would not expect a situation where one user connects to
too large a number of APs, and so D can be thought of as a constant. Furthermore, the constant
¢ in Theorem 4 is rather loose so as to simplify the analysis. Numerics show that, in practice,
this constant is much smaller. For example, if we have K = 20 caches, L = 3 popularity levels
consisting of (N1, No, N3) = (200, 20 000, 800 000) files, (U, Uz, Us) = (10,5, 1) users per cache, and

access degrees of (dq,ds,d3) = (1,1,1), then the gap is less than 6.8.
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The lower bounds needed to prove Theorem 4 have to include the effect of all the popularity
levels on the transmission rate. However, these effects can be very different, especially when some
files are much more popular than others, something that cut-set bounds alone cannot account for.
Using sliding-window subset entropy inequalities [41], we can combine multiple cut-set bounds that
correspond to the different levels, without making any assumptions on the achievability scheme.

The resulting bounds bring out the necessity for memory-sharing.

2.4.2 Single-user setup

In the single-user setup, the scheme that we propose is quite different. Instead of separating the
levels, we cluster a subset of them into a super-level that will be treated as essentially one level.
Specifically, we partition the levels into two subsets: H’ and I’. The set I’ will be clustered into
one super-level, and all of the memory M will be given to it, while H' will be given no memory.
To understand how to choose H' and I’, consider the following rough analysis. Suppose that all
levels except one (let’s call it j) have been split into H' and I’. Then, the rate, using Theorem 1,

would be:

R = R3(0, Y oner Kns Xoper Nis1,1)

+ RSL(Ma Zie]/ Kia Zie[’ Nia ]-a ]-)

If we were to add level j to H', that would result in the addition of a K term, since all K; requests
would be completely served by the broadcast. On the other hand, if it is added to I’, then we would
get an additional N;/M term, since the total number of files in I’ would increase by N;. Clearly,
it is beneficial to choose the smaller of the two quantities.
Though the above analysis is rough, its main idea still holds. In general, we choose the partition
(H',I') as follows:
Ny,

H’:{he{l,...,L}:M<Kh}; I'= (H)". (2.8)

Then, by giving all of the memory to I’, we can apply a single-level caching-and-delivery scheme
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to obtain the rate in the following theorem.

Theorem 5. Consider the multi-level, single-user setup with L levels, N; files and K; users for

each level i, and cache memory M. Then, the following rate is achievable:

. /N’L
RSU(M): Z Kh—i—max{zzel—l,(]},

M
heH'
where H' and I' are as defined in (2.8).
This scheme turns out to be order-optimal, as we state in the next theorem.

Theorem 6. The rate achieved by the clustering strategy in Theorem 5 is within a constant mul-

tiplicative factor of the information-theoretic optimum:

SU
RZM) oy
R*(M)
where RSY(M) is the rate achieved by clustering, and R*(M) is the information-theoretically optimal

rate.

Unlike in the multi-user case, cut-set bounds are sufficient to show order-optimality in this case.
Indeed, a single cut-set bound allows us to capture the fact that the user profile (i.e., the level of
the file requested at each cache, as defined in Section 2.2.2) is not determined beforehand. At the
same time, it brings out the necessity of clustering levels by mixing their demands. As before,
however, these bounds do not make any assumptions on the achievability strategy.

The scheme suggested in Theorem 5 is similar to the results in [11] for Zipf popularity distri-
butions and in [12] for arbitrary distributions. However, this is done for the multi-level popularity
model, and Theorem 6 establishes a universal approximation for worst case rate, rather than average

rate.

2.4.3 Comparison with Greedy Level Placement

A simple and natural caching strategy for the multi-level popularity model is one that places the

most popular levels in every cache, as many as the cache can hold, and performs an uncoded
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Figure 2.9: Comparison of the memory-sharing scheme with GLP, in the multi-user setup.

delivery. We refer to this strategy as Greedy Level Placement (GLP). To be specific, GLP places
the most popular files that the caches can fully store. This leaves the next most popular level,
which can only be partially stored; GLP stores a fraction of every file from that level. The delivery
phase of GLP is uncoded and consists of multiple-unicast. We give an example for each of the two

setups, to show how the respectively chosen schemes are superior to GLP in each context.

Multi-user example

Consider two levels (L = 2), with K = 30, (N1, Ny) = (600,1000), (U1,Us2) = (20,10), and
(d1,d2) = (1,1). The rates achieved by the memory-sharing strategy and GLP are plotted against
memory M in Figure 2.9. Memory-sharing performs up to 29 times better than GLP in this

example.

Single-user example

Consider two levels (L = 2), with (N, N2) = (500,1000) and (K, K2) = (30,15). The rates
achieved by the clustering strategy and GLP plotted against memory M in Figure 2.10. Clustering

performs up to 22 times better than GLP in this example.
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Figure 2.10: Comparison of the clustering scheme with GLP, in the single-user setup.

2.5 The Multi-User Setup

2.5.1 Caching-and-delivery strategy: memory-sharing

In this section, we describe the strategy used to achieve the rate approximated by the expression
in Theorem 3. Moreover, we will give an exact upper bound on the achieved rate.

We will proceed in two steps. First, we will discuss the (H, I, J) partition of the set of levels as
first described in Section 2.4.1. This will be accompanied by an explanation of the memory-sharing
parameters «;, which indicate what fraction of memory each level gets. Second, we analyze the
individual rate achieved by every level i, after allocating «; M memory to it, and combine all levels
to produce the total rate achieved by the scheme.

While we actually define the (H,I,J) partition based on the problem parameters, and then
choose the a; values accordingly, in this paragraph we will proceed in the opposite order so that
we expose the intuition behind the choices. As discussed in Section 2.4.1, the strategy involves
finding a good partition (H,I,J) of the set of levels, such that levels in H are given no memory,
levels in J are given maximal memory, and levels in I share the rest. Thus, for all levels h € H,
we will assign apM = 0. Similarly, every level j € J will receive a; M = N;/d;, since that is the
amount of memory needed to completely store level j and hence to require no BC transmission
(i.e., RSY = 0; see Theorem 1). What is left is to share the remaining memory (M — ZjeJ Nj/dj>

among the levels in 1. More popular files should get more memory, and the popularity of a level ¢
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is proportional to U;/N;. Thus, we choose to give level i a memory roughly ;M o« N; - /U;/N;
(hence the memory per file is proportional to /U;/N;).6
Intuitively, we want to choose H, I, and J such that the above values of «; are valid, i.e.,

a; € [0,1] for all 7. Based on the intuition, we get the partition described below.

Definition 1 (M-feasible partition). For any cache memory M, an M -feasible partition (H,I,J)

of the set of levels is a partition that satisfies:

-1 [N,
VYh e H M — ) —
€ H, <% 0,
1 N; ~ 1 1 N;
‘ =< <=4+ = L.
Vi €1, % Ui_M_<di+K> U’
1 1 N ~
Vield |[—+= LM
= (dj+K> U; ’

where M = (M — Ty + V;)/St, and, for any subset A of the levels:

Sa= Y VNTE Ta=Y4h Va= Y
icA icA icA

We stress again that, while we used our own «; values to determine (H, I, J), this was done
only for the intuition behind the choice. The partition itself is defined solely based on the problem
parameters, and not on our strategy.

Notice in Definition 1 how the different sets are largely determined by the quantity \/W,
for each level i. This matches the idea that the most popular levels (i.e., those with the smallest
N;/U;) will be in J, while the least popular levels (those with the largest N;/U;) will go to the set
H.

After choosing an M-feasible partition, we share the memory among the levels using the fol-

5The square root comes from minimizing an inverse function of c;.
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lowing (precise) values of «;:

Vh € H, apM = 0;
Vi €1, ;M = \/N;U; - M — N;/K;

Vi € J, ajM = Nj/dj. (29)

For completeness, the following proposition states the validity of this choice of memory-sharing

parameters.
Proposition 1. The values of the memory-sharing parameters defined in (2.9) satisfy:
1. a; >0 for all i;

2. Zz oy = 1,‘
3. a;M < N;/d; for alli.
Note that points 1 and 2 imply «; € [0, 1].

Proof. Points 1 and 3 trivially follow from (2.9) for levels in H and J. For levels in I, they follow
from applying the inequalities of Definition 1 on M in (2.9). Point 2 follows from (2.9) and the

definition of M in Definition 1. OJ

The structure of the solution described above allows us to efficiently compute the «; values.
Indeed, Algorithm 1 finds «; for all levels i and for all memory values M in ©(L?) running time,
where L is the total number of levels. While a detailed description and analysis of the algorithm
is given in Appendix A.1.3, we briefly go over it in this section. It proceeds in three main steps.
In the first step, the algorithm identifies the sequence of (H,I,J) partitions that will occur as M
increases, using only the problem parameters. For example, if there are two levels, there are two

possible sequences, denoted below as S1 and S2:
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H | {1,2} | {2} 0 0 0
S1| I 0 {1}y | {1,2} | {2} 0
J 0 0 0 {1} ] {12}
H| {1,2} | {2} ] {2} | 0 0
s2 | I o {1y 0 |{2) 0
J| 0 o {1y [ {1r] {12}

Notice that the M-feasible partition is the same throughout an entire interval of values for M.
In fact, there are only 2L non-trivial intervals: each interval is distinguished from the previous one
by the “promotion” of a level from H to I or from I to J. As a result, computing only 2L intervals
(actually, (2L + 2) intervals, to include the boundary cases) is enough to determine the M-feasible
partition for all values of M > 0.

While Step 1 determines which of the above two sequences (S1 and S2) will occur, it does not
determine the boundaries of the different regimes, i.e., the memory values at which the (H,I,J)
partition changes (except for trivial boundaries like M = 0). The second step computes these
boundaries, using not only the problem parameters, but also the partitions themselves.

For every M, the corresponding M-feasible partition is determined by the algorithm based on
the boundaries calculated in Step 2. For example, suppose the algorithm decided that sequence S1
should be in use, and that the boundaries of (H,I,J) = (0,{1,2},0) are some values m; and ma.
Then, any M € [m1, ms] has (0,{1,2},0) as its M-feasible partition.

The following lemma presents two important properties of M-feasible partitions. It will be

proved in Appendix A.1.3.

Lemma 2. For any cache memory M, an M -feasible partition (H,I,J) always exists. Furthermore,
the set I is never empty as long as M < Y. N;/d;, i.e., as long as individual caches do not have

enough memory to store everything.

To properly analyze the achievable rate, we need to look more closely at the set I. In the
single-level, single-access scenario in [4, 5], three regimes were identified, and they were analyzed

separately. Generalizing to the single-level, multi-access case, these regimes are: when M < N/K,
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Algorithm 1 An algorithm that constructs an M-feasible partition for all M.

Require: Number of caches K and parameters {N;,U;,d;}; fori =1,..., L.
Ensure: An M-feasible partition for all M.

1: forallie{1,...,L} do

2 T?}Z%(l/K)\/Nl/UZ

4: end for

5. (z1,...,x9p) < sort(mq,...,mg, M, ..., ML)
6:

7. Step 1: Determine (H,I,J) for each interval (x¢, Tiy1).
8: Set Hy+ {1,...,L}, Iy + 0, Jo + 0.
9: fort<+ 1,...,2L do

10: if x; = m; for some 7 then

11: Promote level i from H to I
12: Hy <+ H; 4 \ {Z}

13: L+~ 1, 1 U {Z}

14: Jy— Ji1

15: else if xz; = M; for some i then
16: Promote level i from I to J
17: H; + H; 4

18: I+ I; 1 \ {Z}

19: Jp+— Ji_1 U {2}
20: end if
21: end for
22:

23: Step 2: Compute the limits of the intervals as [Yy, Yit1).

24: for all t € {1,...,2L} do

25: Y}(—:L‘t-S]t—FTJt—V]t

26: end for

27: Yor 41 ¢~ 00 > For convenience
28:

29: Step 3: Determine the M -feasible partition for all M.

30: for all t € {1,...,2L} do

31: Set (Hy, Iy, Jy) as the M-feasible partition of all M € [Y, Yiq1)

32: end for
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when M > ¢N/d for some constant ¢ € (0,1), and the intermediate case. We identify three similar

regimes for each level in ¢. Formally, define:

~ 2 |IN;
Ip={iel:M< ==},
0 {ZE <K Ui}’

, - (B 1\ [N
L=Siel:M> 24+ ) /= 7;
! {’e ><d2~ K)Vu [

II:I\(IoLJIl), (2.10)

By choosing the «a; values in (2.9), these definitions are equivalent to: I is the set of levels i such
that o;M < N;/K; I is such that a;M > SN;/d; for all i € I, where (3 is the level-separation
factor as defined in Regularity Condition (2.4); and I’ consists of the remaining levels.

When K > D/, then Iy, I', and I; are mutually exclusive and form a partition of I. For
convenience, we call the resulting partition (H, Iy, I, I, J) a refined M -feasible partition.

What follows is an important statement regarding the set I;.

Proposition 2 (Size of 7). In any refined M -feasible partition (H, Iy, I',I1,J) as defined in Def-

inition 1 and (2.10), the set I contains at most one element.

Proof. Suppose that there exist two levels i, j € I; (and possibly others). We will show that this
violates regularity condition (2.4).

Suppose without loss of generality that ¢ is more popular than j. Since i,5 € Iy, then, by
Definition 1 and (2.10):

However, this means:

Ui/N; < 1/d; +1/K < d; <2
Uj/N; ~B/dj+1/K ~ pd; — B’
which contradicts regularity condition (2.4). O

Using the definition of a refined M-feasible partition, and the values of {«;};, we give upper

bounds on the rates achieved individually for each level.
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Lemma 3. Given a refined M-feasible partition (H, Iy, I', I, J), the individual rates of the levels

are upper-bounded by:

Vh € H, Rp(M) = KUp;

Vi € yul, Ri(M) < Ajs_f ijfw

ViL e I, Ri, (M) < ;dilUil (1 _ ”’)
+ ;dil Ui, f}%,

Vi €, R;(M) = 0.

The total achieved rate is then: R(M) = Z{;l R;(M).

We relegate the proof of Lemma 3 to Appendix A.1.3. What follows is a brief explanation of

the individual rates.

e Since levels h € H get no memory, no information about their files can be stored in the
caches. Hence, the server will have to transmit a complete copy of every file requested by the

KUy, users in level h. Therefore, Ry (M) = KU}, in the worst case.

e Since levels j € J get maximal memory, any file requested from j can be fully recovered using

the caches. Thus there is no need for the server to send anything for j, and hence R;(M) = 0.

e Finally, the levels i € I get enough of the remaining memory M — Ty so that they behave as

in Theorem 1. However, since o; M ~ /N;U; /Sy - (M — Ty), we get a rate of:

RZ(M) ~ alM - dlUfL ~ ﬂ - dzUZ-

Notice how R;(M) is inversely proportional to the memory remaining after storing J. This
behavior is captured in the expressions for Iy U I'. However, for the levels in 71 € I;, which
get almost, but not quite, maximal memory, the individual rate R;, (M) behaves more closely

to a linear function of the memory.
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2.5.2 Outer bounds

In the single-level setup introduced in [4], cut-set lower bounds on the optimal rate were sufficient
for proving order-optimality of the scheme. The idea was to choose cuts that include a certain
number of caches s, as well as enough broadcast messages to decode almost all files when combined
with the s caches. The choice of s depended most importantly on the size of the memory M. For
example, for very large M, the bounds would reflect the fact that a single cache should contain
enough information so that it need only be combined with a small broadcast message to decode
one file. In contrast, for small M, the bounds would instead show that a large broadcast message
is needed to serve all s users.

In our multi-level situation, the goal of our lower bounds is to show that different popularity
levels require different amounts of memory, ranging from zero to maximal memory. However, a
single cut-set bound would force all levels to abide by the same number of caches s, a choice that
would not reflect the plurality of memory allocation. New lower bounds were thus required.

The lower bounds that we use allow choosing for each level ¢ the number of caches s; that
corresponds to the amount of memory we expect it to get. In essence, each level 7 will exclusively
be part of a cut-set bound with s; caches, which will give a lower bound that loosely corresponds
to the individual rate R; for this level.

The challenge is to incorporate all of these cut-set bounds together, such that the same caches
appear in cut-set bounds for all levels. This process is described next. We start with a cut-set
bound for the level with the smallest s;. Using Fano’s inequality, we can derive lower bounds on
its individual rate. We then proceed to lower-bound the current quantity using a cut-set bound for
the level with the next smallest s;, and repeat the process. The transition from one cut-set bound

to the next can be achieved using sliding-window subset entropy inequalities [41, Theorem 3].”

Lemma 4 (Sliding-window subset entropy inequality [41, Theorem 3]). Given K random variables

(Y1,...,Yk), we have, for every s € {1,..., K — 1}:

1 & 1 &
S;H(n,...,ms_n)zS+1;H(m,...,m+5>),

"For these inequalities to work, we have to take not just one cut-set bound per level, but an averaging of K similar
cut-set bounds that ends up including all caches an equal number of times.

39



where we define (i) =1 if i < K and (i) =i — K ifi > K.
The resulting lower bounds, in their final form, are given in the following lemma.

Lemma 5. Consider the multi-level, multi-user caching setup. Let b € Nt and t € {1,...,K}.
Furthermore, for every level i, let s; € Nt such that s;t € {d;,...,|K/2]}. Then, for every memory
M, the optimal rate can be bounded from below by:
L N,
R*(M) > Zz;)\l - min {(Sit —d; + 1)UZ’ Sl;)} — EM’
where \; is a constant (introduced for technical reasons) defined as N\ = 1 if s;t = d; and \; = % if

st > d;.

The full proof of Lemma 5 is given in Appendix A.1.1. However, we will here give a brief
intuition behind the expression shown above. Every term in the sum corresponds to a level 1.
Consider a single level i. Roughly, if we ignore all the other levels in the summation, and assuming

d; = 1 for simplicity, then the inequality can be rearranged approximately as follows:
$ibR + s;itM > min {s;t - s;b- U;, N;}.

This expression is essentially a cut-set bound, saying that, with s;t caches and s;b broadcast mes-
sages, up to s;t - s;b- U; files from level i can be decoded (since there are U; users per cache for this

level), unless this number exceeds the total number of files ;.

2.5.3 Approximate optimality

In order to prove order-optimality of the memory-sharing scheme, we must use Lemma 5 with
appropriate parameters. Our goal is to get a resulting lower bound on the optimal rate R*(M) such
that the ratio between the achievable rate and R*(M)—henceforth called the gap—is minimized.
More specifically, the result we seek is a constant upper bound on the gap.

For technical reasons, several cases need to be considered for which different values are chosen

for the parameters in Lemma 5. In particular, the values of choice in one case would violate the

40



conditions imposed on them in another case. In this section, we will illustrate the proof methodology
by approximating one of these cases. The complete and rigorous proof is given in Appendix A.1.2.

Recall the refined M-feasible partition introduced in Definition 1 and in (2.10). As previously
mentioned, this partition only depends on the problem parameters, not on the achievability strategy.

The cases of interest for the proof of order-optimality are:
e Case la: Iy = () and J # 0;
e Case 1b: I; =0 and J = 0;
e Case 2: I # 0.

There is also a special Case 0 for when K is small (specifically, K < D/f3). All the other cases
assume K is large.

The case that we will focus on in this section is Case la. Note that I} =0 = I = Iy UTI’.
For simplicity, we will assume that d; = 1 for all 7. Furthermore, most of the analysis will be
approximate.

By Lemma 3, the achievable rate in Case la can be upper-bounded by:

S

2 2

heH

since St = > ;.7 VIV;U; (see Definition 1). Now consider Lemma 5 with the following parameters:

t=1;
1
Vh € H, sh%§K;
N; /U;
Vi €1, Si R l~/ L
2M

where, as in Definition 1, M = (M — Ty + V;)/S; ~ (M — T;)/S;. The values of the s;’s are very

similar to those used in the single-level setup in [4]. Indeed, the levels with the smallest memory
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(h € H) are handled using cut-set bounds that consider a fraction of the total number of caches,
while the levels with the largest memory (5 € J) are handled with bounds that consider only one

cache. Thus, the lemma lower-bounds the optimal rate by:

X . Ny, . N;
> " . P
R*(M) > E min {shlih, shb} + E min {szUz, sib}

heH iel
. N; M
+ me {sjUj, SJ;)} 7
jeJ

Substituting the values of the parameters, and utilizing the inequalities on M that define the refined

M-feasible partition, we get:

1 VN;U:S; N; M
M) > S K VoL A
uat )—22 U”+22(M—TJ)+, b b
heH i€l jeJ
1 S2 M —1Ty
_ZEKUh+2(M—TJ)_ b
heH
1 52 M —Tj)5?
:Z§KUh+2MIT _ELM ;)5
= (M —=Ty) 4M—Ty)
1 5?2
- X KU
=2 A(M = Ty)
(@) 1
> < ROM).

The last inequality (a) is due to (2.11).

Thus, the result is a constant multiplicative gap (8 in this example) between the achievable rate
and the optimal rate for this regime. The full proof in Appendix A.1.2 derives such gaps for each
one of the four regimes mentioned above (Cases 0, la, 1b, and 2), and finally combines them into

one multiplicative gap that holds for all cases.

2.5.4 Comparison with different memory-sharing strategies

The proposed memory-sharing scheme relies on a very specific division of the memory among the
levels, i.e., a very specific choice of the {a;}; parameters. While this (rather complex) choice is

approximately optimal, a natural question that arises is if it is necessary. In other words, could
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a simpler memory-sharing achieve approximately the same results? In this section, we compare
the performance of our strategy with that of the following two different, simpler memory-sharing

schemes.

e Greedy Memory-Sharing (GMS): This scheme gives as much memory as possible for the

most popular levels.

e Uniform Memory-Sharing (UMS): This scheme ignores all popularities and gives the

same amount of memory to all files.

We note that these two schemes employ the same coded delivery phase as ours; the only difference
is in how to divide the memory between the levels.

The first thing to note is that GMS and UMS are both special cases of our memory-sharing
scheme—which we will call “Optimal Memory-Sharing” (OMS) in this section to distinguish
it from the other two. Indeed, if all levels have exactly the same popularities, then OMS will give
all files equal memory. On the other hand, when the level popularities are separated enough, then
OMS will end up always prioritizing the most popular levels, and thus it reduces to GMS. However,
OMS can provide benefits in the middle case that both other schemes lack. In fact, GMS and UMS
can perform arbitrarily worse than our memory-sharing strategy.

As an example, consider a setup with L = 2 levels, such that U; = VKU and Ny = vVKN;.
Suppose M = Ny, and assume dy = do = 1. Under our strategy, both levels would be in the set I,

and hence the rate would be

2
N U NoU.
RMU%(\/ 1 1—]1\-7\/ 2U>) N
1

GMS will completely store the first level, yielding a rate of

Rawms = KUs.
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Finally, UMS would give equal memory to both levels, effectively merging them, giving a rate of

NU; N NoUs
M -N;y/(N1+ N2) M- Ny/(Ny+ Na)
(N1 + NQ)(Ul + Ug)
Ny

= (\/EJr 1>2U2.

Rywms ~

By comparing these schemes to our own, we see that Rays/RMY = O(VK) and Ryys/RMY =
O(VK). Therefore, there are regimes where both GMS and UMS perform arbitrarily worse than
OMS.

2.6 The Single-User Setup

2.6.1 Caching-and-delivery strategy: clustering

Proof of Theorem 5. Recall from Section 2.4.2 how the memory is divided among the sets H' and
I’ defined in (2.8): all of the available memory is given to levels in I, which is treated as one super-
level. As a result, all requests for files from H’ must be handled by complete file transmissions
from the BS. Since there are ), ; K}, users making such requests, the result is the same amount
of transmissions in the worst case. Therefore, the message sent to all users requesting from a level

in H' has the following rate:

Ry =Y K. (2.12)
heH'

For the set I’, now considered as one super-level, we use the single-level strategy from [5].
Although only a subset of the caches is active in our setup, the same strategy still applies. Indeed,
the placement in [5] is a random sampling of the files in all the caches; we do the same placement
in this case. In the delivery phase, we now know the caches to which the users of I’ connected. We
perform a delivery as in [5], assuming that only these caches were ever present in the system.

For illustration, suppose that there were K = 4 caches. Furthermore, assume the partition
(H',I") was performed such that 3 users will request files from the set of levels I’. In the placement

phase, we store a random sample of the files in I’ in each of the four caches. In the delivery phase,
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suppose the three users requesting files from I’ connect to caches 1, 2, and 4. In this case, the BS
will send a complete file transmission for user 3 (since he requests a file from H'), and will treat
users 1, 2, and 4 as though they were part of a single-level caching system with only three caches.

The rate required for I’ can be directly derived from Lemma 1, using » .., K; caches, > .., N;
files, and 1 user per cache. In addition, we have, from (2.8), that M > N;/K; for all i € I'. This

implies M > (3. Ni)/ (3, Ki), and hence the rate for I’ is:

. /N’L
Ry :max{z:ﬁ}—l, 0}. (2.13)

The maximization with zero is needed because it is possible to have M > >"._;, N;.

By combining (2.12) with (2.13), we get a total broadcast rate of:

E'eI’Ni
R(M) =Ry + Ry = K =l 1.0,
(M) m + Rp hEZH/ h+maX{ o ,

This proves Theorem 5. O
It will be helpful for the later analysis to refine the partition (H’,I") as follows.
Definition 2. Define the following partition (G, H,I,J) of the set of levels:
G={g9: M < Nyg/Ky and Kg <5 and M < Ny/6};
H={h:M < N,/K}, and Kj, > 6};

J={j:M>N,/6}.

We rewrite the achievable rate in terms of this new partition:

+
2 ier Vi + [ZJGJ N;j _ 1] ’

R(M)<5-|G|+ ) Kn+ i i

heH

(2.14)

where [z]T = max{z, 0}, and keeping in mind that K, <5 for g € G. If we define N; = >ies Ny,
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we can upper-bound the last term by:

(

Ny /M if M < Ny/6;

Ny +

[M—l] <<$6(1—M/Ny) if NjJ6 <M < Ny; (2.15)
0 if M > Nj.

\

Effectively, the set J now behaves as a unit.

Much of what defines the above partition hinges on the following question: What happens if
we know the user profile a priori? If we do, we could imagine a strategy of total separation of the
levels: every level 7 is treated as a single-level system with K; caches and users, and NN; files. Each
level can thus get the entirety of the memory of their specific K; caches. Using Lemma 1, we can

calculate the total rate for this hypothetical situation as:

L +
/ B . N; M
R(M)—i_glmln{Ki7M 1_ﬁl y

which can be approximated by:

. +
R’(M)§5-G|+2Kh+2§\vj+62<1—]]\\f> .
J

heH il jed

Interestingly, the G, H, and I terms in this rate expression are exactly the same as those in
(2.14). Therefore, except for levels j € J where M > N;/6, our scheme would not benefit from
prior knowledge of the user profile. However, the set J is in general limited by the lack of this
knowledge. Indeed, if M > N; for all j € J but M < N; = ZjeJ Nj, then it is possible to store
any level in every cache, but it is not possible to store all levels in all caches. Thus knowing which
level is at which cache can bring the rate down to zero.

Finally, G and H, which are both subsets of H' (though not necessarily a partition; the definition
of J allows some of its levels to be in H' too) were separated because levels behave differently when
their number of caches is very small. Specifically, a level in H can transition into I as the memory

increases, but a level in G immediately jumps to J since N;/K, > Ny/6.
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2.6.2 Outer bounds and approximate optimality

As mentioned in Section 2.4.2, we use a cut-set bound to lower-bound the optimal rate. The idea
is to send a certain number b of broadcast messages Xi,..., X, that serve certain requests. We
choose these requests as follows. For every level i € G U H U I, consider a certain number s; < K;
of caches. These caches are distinct across levels. For all the b broadcasts, the users connected to
these s; caches will altogether request s;b distinct files from level ¢ if there are that many; otherwise
they request all IV; files. For the levels in the set J, we collectively consider some s caches (distinct
from the rest). The users at these s caches will use all b broadcasts to decode as many files from
the set J as possible, up to s;b files. Let n; denote this number; it will be determined later.

If we let S = Eig 7 8i + 57 be the total number of caches considered, then, by Fano’s inequality:

bR+ SM > H (Zy,...,Z¢,X1,...,Xp)

> Z min {s;b, N;} +ny

id]
* . N; M
R*(M) > ;Si (mln{l,m} - b>

— S utu (2.16)

We will analyze each of the v; and vy terms separately. We identify two cases for which the
analysis is slightly different.
The first case is when M < 1/6. Because of regularity condition (2.3), this implies M < 1/6 <

1 < N;/K; for all levels i, and thus the achievable rate can be bounded by:
L
R(M) <) K. (2.17)
i=1

The second case, which is more interesting, is when M > 1/6.
The details of the analysis are given in Appendix A.2. We will here give a brief outline of the

procedure, with approximations to avoid burying the essence of the argument under technicalities.
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The idea is to lower-bound each term v; or v; to match the corresponding term in the rate expres-
sion. Let us focus on the case M > 1/6, and suppose we choose b ~ 6 M > 1. For simplicity, we
will only look at the sets H and I.

Consider a level h € H, and let s, ~ K}, /6. Then, by the definition of H:

Moo Moy
spb KyM —

As a result,
K, M 5!
=ohfpo 2 )= 2 K
vh 6< 6M> 36 0

which matches the corresponding achievable rate term in (2.14), up to the constant (5/36).
Now consider a level i € I, and let s; ~ N;/(6M). Then,

and hence:

Again, this matches the corresponding achievable rate term in (2.14), up to the constant (5/36).
Applying a similar procedure for every level, we get matching lower bounds (up to a constant)

and thus prove Theorem 6.

2.6.3 Similarity to strategies in related work

As previously mentioned, our clustering scheme is similar to strategies discussed in the literature
for similar setups with stochastic demands [12, 11]. In these setups, users request files based on
a probability distribution, and the average rate is analyzed, as opposed to the worst-case rate in
our case. In both cases, the proposed strategy is to divide the files into two sets, based on some
threshold, and store only the most popular files.

Recall that our strategy clusters the levels i whose popularity is such that M > N;/K;. The

popularity p; of a file of level i is proportional to K;/N;, and hence if we normalize so that the sum
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of popularities is 1, we get:
_ K;/N; _ K;
SN Kj/N; KN

bi

Thus, the condition M > N;/K; can be rewritten as p; > 1/KM. This is exactly the threshold
used in [12] to determine which files to cluster and store in the caches, and which files to leave out

of the caches.

2.7 Comparison of the Two Setups

In this section, we first compare the memory-sharing and the clustering strategies, and we explore
the dichotomy among the two setups that is emphasized by the difference between strategies. We
will then discuss why such a dichotomy exists, and explain the need for different lower bounds
for each setup. Finally, we explore a new problem that combines both setups by including both

multi-user and single-user levels.

2.7.1 Comparing the two caching-and-delivery strategies

We have previously argued that memory-sharing is the best scheme to use in the multi-user case,
while clustering is the near-optimal strategy in the single-user case. However, could one (or both)
of these schemes be good enough for both situations? We will show, in this section, that it is not
the case: in the single-user setup, memory-sharing can give a gap between its rate and the optimum
that increases linearly with L; meanwhile, the rate achieved by clustering in the multi-user case
can be arbitrarily far from the optimal rate. We give examples of these two cases.

Consider a multi-user setup with two levels. Suppose that there is enough memory so that
both levels are to be partially stored in the caches. With the memory-sharing scheme, this means

I ={1,2}, which would, by Theorem 3, give a rate of approximately:

(VNU; + \/N2U2)2
M

1
- — [N1U1 + NolUs + 2\/N1U1N2U2} .

R~

On the other hand, if we had clustered the two levels into one, then this super-level would have
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(N1 + N») files and (U; 4 Us) users per cache, resulting in the following rate:

R~ (N1 + NQ)(Ul + UQ)
M

1
= i [NlUl + NoUsy + N Uy + NQUl] .

However, we know that the geometric mean of any two numbers is always smaller than their

arithmetic mean. By considering the two numbers N1Us and NoUy, we get:

2/ N1UsNyU1 < N1Us 4+ NoUy,

and specifically the ratio between them can get arbitrarily large when the popularities of the two
levels become significantly different (i.e., Uy /N2 < Uy /Np). Intuitively, if the two levels had similar
popularities, then memory-sharing gives them similar amounts of memory, effectively merging them.
However, if their popularities were very different, then they should be given drastically different
portions of the memory.

Consider now the single-user case with L levels, and suppose again that the memory is such
that all levels will be partially stored. Let us assume that Ny = --- = Np. Using the clustering

scheme, we get the following approximate rate:

Ni+---+Nr, LN

However, with memory-sharing, we would get:

(VN i+ + VD)’ LN,

R~
M M’

which is larger by a factor of L. Essentially, we are sending L broadcasts, one per level, when we

could send just one broadcast for all L levels.
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2.7.2 Analysis of the dichotomy between the setups

The dichotomy between the two extremes is striking. They require different strategies, and the
strategy that is good for one setup is not so for the other. This suggests a fundamental difference
between the two setups.

To understand this difference, consider what happens when sending a coded broadcast message.
Each message targets a specific subset of users. If, in this subset, there exist two users that are
connected to the same cache, then these users have access to the exact same side information. As
a result, no coding can be done across these two users, and there is hence no benefit in including
them in the same broadcast.

There are in fact two opposing forces at work on the caching-and-delivery strategy. The first
is a popularity-centric force: it pushes on the strategy to allocate more memory to the more
popular files. The second force is coding-centric: it encourages increasing the number of coding
opportunities. These two forces are at odds, since coding across levels performs best when the files
in these levels are given the same memory, regardless of popularity.

With that in mind, consider again Figure 2.2 and Figure 2.3. Notice how, in the multi-user
setup, there are multiple rows of users, each of which consists of users from the same popularity
level. Each such row is a complete set of users with no common caches: any additional users we add
would have access to the same cache as some other user. Thus, it is sufficient to consider them in
a broadcast transmission that is separate from all other rows. Since, as a result, no two levels will
share the same broadcast message, it can only be beneficial to choose the best possible division of
the memory, based on popularities. In the single-user setup, however, there is only one row of users
that contains all the users from all the levels. It is hence possible to generate coding opportunities
across levels. Merging is thus a better option in this situation, and merging is most efficient when

all levels receive equal memory per file.

2.7.3 The difference in the lower bounds

Complementing the difference in the achievable strategies between the two setups, we see a difference

in the lower bounds to the optimal rate. In the multi-user case, we use a combination of cut-set
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bounds, one for each popularity level. However, we use a unified cut-set bound for all the levels in
the single-user case. We elaborate on this difference in this section.

In the single-level setup studied in [4], cut-set bounds were given to lower-bound the optimal
rate for every value of memory M. Depending on the value of M, a certain number of caches (and
hence users) were considered and used in the cut-set bounds. Roughly speaking, about M broadcast
messages are sent to the users at N/M distinct caches, allowing them to decode M - (N/M) = N
files in total. In the multi-level setups (both multi-user and single-user), the lower bounds retain
this idea. However, there are two crucial differences between the setups that force different choices
of lower bounds.

The first difference is in the role of each cache vis-a-vis the popularity levels. In both setups,
different levels are given different memory values. However, the same cache must be simultaneously
used for all levels in the multi-user setup; in the single-user setup each cache is bound to a single
level at any moment. As a result, a single cut-set bound can still encompass all levels in the
single-user setup, but will not be enough in the multi-user setup.

The second difference is in the uncertainty of the user profile. In the single-user setup, there
are situations where this uncertainty is significant enough to impact the achievable rate. This is
especially true for levels nearing their maximal storage (the set J in Definition 2), as described
in Section 2.6.1. The lower bounds should incorporate this notion by considering demands from
different levels at the same cache. As a result, a single cut-set bound unifying all levels (at least

the levels involved in this uncertainty) becomes necessary.

2.7.4 Mixing the setups

So far, we have looked at the two extremes: either all levels were represented at all the caches, or
none of them were. A natural problem arises: that of studying intermediate cases. The simplest
form such intermediate cases can take is one where levels of both types are present.

Specifically, there are two classes of popularity levels: F and G. The class F consists of levels
1 that are represented by exactly U; users at every cache. In contrast, there is exactly one row of
users that represents all the levels in the class G: each level ¢ € G is represented by K; of those

users.
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The most natural strategy to employ in this situation would be to superpose the multi-user
and the single-user strategies. In particular, we divide the memory M into yM and (1 —~)M, for
some vy € [0,1]. We give the first part to F and the second part to G, and apply their respective
strategies on their part of the memory. We believe this to be the best strategy, but proving its
order-optimality requires developing new lower bounds that consider levels of both classes at the

same time; this is part of our on-going work.

2.8 Discussion and Numerical Evaluations

In the previous sections, we presented theoretical results for any given set of popularity levels
and associated user access structures. However, in practice, what is available is a “continuous”
popularity distribution over the entire set of NV files, and it is up to the designer to choose: (a) the
number of popularity levels; (b) which files to assign to which level; and (c) the corresponding user
access degree for each popularity level. For each such choice, our theoretical results characterize the
minimum broadcast transmission rate, and we study, in this section, the impact of these choices on
the transmission rate. Furthermore, while our theoretical model assumed that, for each popularity
level, the number of users fixed, we relax this assumption here by allowing each user to randomly
connect to one of the K APs and request a file stochastically, according to the underlying popularity
distribution. Finally, we will also compare the performance of our scheme with that of a Greedy File
Placement (GFP) approach, as well as the information-theoretic lower bounds presented before.
These evaluations will only focus on the multi-user setup, as it is less discussed in the literature.
Since the single-user setup utilizes a scheme similar to what is already in the literature for arbitrary
distributions [12, 11], we do not feel it is necessary to include it in this discussion. However, we do
provide a brief comparison of the clustering scheme with the literature in Section 2.6.3

We use a YouTube dataset [40] for our evaluations. This dataset provides the number of views
of videos in a set of N &~ 500000, over some period of time. Thus, these views can be thought
of as approximating the popularity of the videos. Figure 2.1 shows the popularity distribution
of the videos (normalized number of views), which resembles a Zipf distribution similar to those

commonly observed for multimedia content [21].
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Figure 2.11: Rate achieved by the memory-sharing scheme vs. number of levels, for different values of cache
memory. For each L, we choose the L levels that minimize the achievable rate (using brute-force search).
For ease of comparison, the rate values have been normalized by the rate at L = 1.

When using the YouTube dataset in the following sections, we will often omit the total number
of users considered. This is because the total broadcast rate is always directly proportional to the
total number of users, when the fraction of users per level is fixed. In this situation, the fraction is
determined by the distribution in Figure 2.1 and the levels into which the files were split, thus the

total number of users will not affect the behavior of the system.

2.8.1 Discretizing a continuous popularity distribution

Our first step is to divide the files in the YouTube dataset into a certain number of levels, based
on the popularity profile in Figure 2.1. Let there be K = 75 caches. We consider small, moderate,
and large values of M/N (0.03, 0.2, and 0.7) and set the user access degree d; = 1 for every level 4,
so as to study the impact of the number of levels on the broadcast rate in isolation. For increasing
values of L, we find the division of the files into L levels that minimizes the rate achieved by the
memory-sharing scheme using a brute-force search. We plot the minimum achievable rate versus
L in Figure 2.11. As is easily apparent, while there is a significant gain in performance between
treating all files as one level and dividing them into two levels, the gain decreases with diminishing
returns as L increases. This shows the importance of dividing files into multiple levels, but also
suggests that 3—4 levels are sufficient to derive most of the benefits.

We remind the reader that the popularity profile in Figure 2.1 is purely empirical. It is based
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on the number of views of the videos in the dataset, collected over some period of time. By the
very nature of the data, if two videos have received, let’s say, 1000 and 1100 views, then this does
not really imply that the first file is more popular than the other. This is especially true of videos
with very small number of views. By grouping files into popularity classes, we acknowledge the
difference in popularity of very different files, while simultaneously not distinguishing between files

whose empirical popularities are close.

2.8.2 TImpact of multi-access on the achievable rate

To study the effect of multi-access in isolation, we will fix the partition we use to divide the files
into different levels and then look at different multi-access structures. Suppose again K = 75, and
consider L = 2 levels, with N1y = 0.2, and Ny = 0.8N files. We plot in Figure 2.12 the broadcast
rate of our scheme as a function of the normalized memory M /N, for four different access structures
(d1,d2): (1,1), (1,2), (2,1), and (2,2).

As one would expect, allowing for multi-access greatly improves the transmission rate. For
example, the rate for the multi-access system with (d; = 2,ds = 2) is smaller than the rate for
the single-access system with (dy = 1,d2 = 1). The cases (d1 = 1,d2 = 2) and (d1 = 2,dy = 1)
provide a more interesting comparison. For small memory size M, the former gives a lower rate
since the cache memory mainly contains files from level 1, and so giving higher access to level 1 is
more beneficial in reducing the rate. On the other hand, as M grows and files from level 2 start
occupying a significant portion of the memory, it becomes more efficient to give higher access to
level 2 since it has many more files than level 1.

While greater cache access helps reduce the rate, there is also a cost associated with it in
terms of the increased delay in establishing connections with multiple APs, as well as a reduced
communication rate as a user connects to farther APs. In general, for a given multi-level setup with
parameters L, K, {N;,U;}, and M, such a cost can be included in the rate optimization framework
as one or more inequalities of the form cost;(K,{U;,d;};) < Cj, for some maximum cost C;. The
above optimization problem can be numerically solved by a designer in order to identify the optimal
access structure for the multi-level system under consideration. However, to derive some intuition

about how the costs impact the optimal multi-access structure, let us consider a setup with L = 3
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Figure 2.13: Optimal access structure vs. memory, with dmax = 3, daveg = 2.

levels, and with Ny = 0.04N, Ny = 0.13N, and N3 = 0.83N files in the three levels. Say we
want to include both a maximum degree constraint d; < 3 for each level i, as well as an average

degree constraint (>, U;d;)/U < 2. Then, Figure 2.13 plots the optimal access structure vs. the
normalized memory size. As before, when the memory is small, the optimal access structure is one

which satisfies di > do > d3, but this relation becomes reversed as the memory increases.

2.8.3 Stochastic variations in user profiles

The theoretical setup and results presented in the previous sections assumed a symmetric and
deterministic user profile across all the APs. In particular, exactly U; users are assigned to each

AP to request files from level i. This section aims at evaluating the robustness of memory-sharing

56



100

T T
\ theoretical rate
\ empirical rate ——

80  \\

60 r

40 1

20 1

broadcast transmission rate

~_
~s_
—
e

0 100000 200000 300000 400000 500000

cache memory

Figure 2.14: Comparison of the theoretical rate with the empirical rate, based on simulations of demands
over the YouTube dataset, with 5 caches and 100 total users. The theoretical rate is off by a factor of up to
2.8 from the empirical.

to asymmetry and stochasticity in the user profiles across caches.

We consider a setup where each of the KU users in the system randomly connects to one of
the K APs and requests a file stochastically, according to the YouTube popularity distribution in
Figure 2.1. The scheme we use here is a simple variation of the one for the worst-case setup: the files
are split into two levels, and the placement is done using memory-sharing based on their average
popularity. The delivery phase is almost identical to the worst-case delivery, with the exception
that, because of a lack of determinism in the user profile, not all caches will have the same number
of users per level. This is handled by simply trying to group as many users of the same level as
possible in each broadcast transmission.

We ran simulations for this setup using the above strategy, and we plot here the empirically
achieved rate against the cache memory in Figure 2.14. For comparison, we also show the rate
predicted by our theoretical model, which splits the files into two levels and assumes a symmetric
user profile across the caches. Clearly, the theory very closely predicts the empirical results for
a random user profile, thus demonstrating the robustness of our theoretical results to stochastic

variations across APs and justifying their utility in practice.
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Figure 2.15: Comparison of the memory-sharing scheme with GFP, simulated over the YouTube dataset.
The memory-sharing scheme achieves up to a factor-14.5 in gain over GFP.

2.8.4 Comparison with Greedy File Placement (GFP)

The Greedy File Placement (GFP) strategy is a natural strategy to use under a “continuous”
popularity distribution such as the YouTube one. GFP essentially stores only the most popular
files in every cache, as many as the cache can hold. For any memory size M, GFP fully stores the
M most popular files, so that requests for more popular files are completely served from the cache,
and requests for less popular files are fully handled by the BS transmission using multiple-unicast.
The results, given in Figure 2.15, show the superiority of memory-sharing when simulating the two

schemes with a stochastic-demands model based on the YouTube dataset.

2.8.5 Numerical gap

As discussed in Section 2.4, the multiplicative gap in Theorem 4 results from many generous
approximations in bounding the achievable rate. Numerical results suggest that this gap is in fact

much smaller. We here give a few examples of these results.

o If K = 10, L= 3, (Nl,NQ,N3> = (500, 1500,8000), (Ul,UQ,Ug) = (9,5,1), and (dl,dg,d3) =

(1,3,5), then we get a gap of approximately 6.

e Increasing the number of caches and files: if K = 20, L = 3, (N1, N2, N3) = (200, 20 000, 800 000),

(Uy,Us,Us) = (10,5,1), and (dy,d2,ds) = (1,1,1), then we get a gap of approximately 6.8.

58



e The same setup as the previous point, with access degrees of (dj,ds,ds) = (1,2,3) gives a

gap of about 7.6.

In most examples we have tried, the gap was in the range 5-10, regardless of the access degree.
In the worst case, the largest gap our numerics have shown was about 45, in a situation with L = 3

and D = 5.

2.8.6 Extensions to the problem

There are several extensions and generalizations to the models considered in this chapter that might
be future research directions to explore. As discussed in [42], there are perhaps several practical
considerations that might be useful to incorporate into the models. Below are some such aspects
of the problem, to name a few, that are worth exploring in the context of caching for multi-level

popularity and access.

e Our work assumes that the broadcast transmission is made at the same rate to all users.
However, different users will have different channel qualities with the base station, and thus
the performance of common message broadcast will be limited by the weakest user. This

aspect has been partially studied in [43, 44] where users can have channels of different qualities.

e Another generalization of the problem is to consider finite file sizes. This can significantly
affect the caching strategies by limiting the number of multicasting opportunities, as explored

in [30].

e Finally, an important part of caching in general is to estimate the dynamic popularity dis-
tributions. Thus one possible generalization to our problem is to find methods of classifying
content into a small number of levels, dynamically over time, and regularly adapting the cache

placement accordingly. A different approach to dynamic content placement is done in [24].

2.9 Practical Considerations and Implementation

The work in this chapter is of a theoretical nature, and many practical considerations must be

addressed for a large-scale implementation of multi-level coded caching systems. Some such con-

59



siderations are: computational efficiency, content delay-sensitivity, communication overhead, and
error correction. Some of these were addressed in [45], which studied a single-level caching system
with one user. The paper proposed an efficient algorithm for this setup that can handle asyn-
chronous user requests while both satisfying delivery time constraints for each user and preserving
much of the global caching gain. The authors implemented this algorithm in a working prototype
and showed that the gains were close to the simulated values.

In this section, we discuss a system that we have implemented in order to handle a multi-level
and multi-user setup. We give a high-level explanation of the workings of the system, evaluate its
performance, and discuss further challenges that it reveals to the implementation of such systems

on a large scale.

2.9.1 System Description

The system consists of three separate Java programs: one for the server, one for the caches, and
one for the users. The server program is run once, and an instance of the cache and user programs
is run for each cache and user, respectively. The processes can be on different machines altogether,
provided that each user knows the IP address of the cache it wants to connect to, and both the
users and caches know the IP address of the server.

After some preliminary processing, the server is ready to accept connections from the caches.
When a cache connects, it performs the (decentralized) placement phase, and then accepts file
requests from users and forwards them to the server. The file requests can be completely asyn-
chronous. If the files are video files, the users can start to stream them in real time even if the
server has not completed the transfer.

The system works with a multi-user, multi-level popularity model of the files, with single access.

Subdivision of Files

The system handles each file by subdividing it into smaller parts. This subdivision operates on
two levels. At the lowest level, a file is divided into small blocks. The system treats a block as
the smallest indivisible unit of a file. The placement and delivery schemes operate on the level of

a block. Each block consists of B bytes. At a higher level, a file is split into larger chunks. The
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chunks of each file are treated as though they are separate files. A request for a particular file
translates to sequential requests to each of its chunks, and each chunk must be delivered to its user
in full before the next chunk is considered. Each chunk is made up of C blocks.

The reason for these divisions is as follows. First, the blocks are needed because operating
directly on bits or bytes is practically inefficient. The placement and delivery phases operate
on individual blocks, and keeping track of and identifying each block requires some amount of
header/metadata. If the block size B is too small, the metadata becomes too large in comparison,
effectively negating coding benefits. However, B cannot be too large, otherwise there would be
fewer blocks in a chunk or file, which would reduce the number of coding opportunities and by
extension the coding gains. In practice, it seems that a B of about one kilobyte is sufficient.

Splitting the files into chunks is done for two (related) reasons. The first reason is to handle
delay-sensitive content such as video streaming. For a large video file, allowing coding between any
blocks in the file means that a user might have to download almost the entire video before being
able to play it. By chunking, this wait is limited to the chunk level. Indeed, chunking guarantees
that the server will serve the first chunk of the requested file to the user before starting with the
second chunk. We can hence reduce the user’s wait time by reducing the chunk size. The downside
is that a smaller chunk size means fewer coding opportunities and hence a smaller coding gain.
There is hence a balance to be achieved when choosing the right chunk size C.

The second reason for chunking the files is that it allows the creation of coding opportunities
across users in the presence of asynchronous demands, without having to wait for several users to
connect before their requests are served. More precisely, it enables the synchronization of requests
so that they can be served in the same coded delivery. To illustrate, suppose that every file is
split into four chunks, and let us denote the ith chunk of file W,, by W, ;. Suppose that the server
was serving chunk Wi 3 to user one and chunk Ws; to user two. During this delivery period, if
the server receives requests from, say, two new users (users three and four requesting W3 and Wy

respectively), then once the current delivery is completed the server can serve

Wi 4, Wao, W31, Wy
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Figure 2.16: Progression of chunk serving as user requests come in over time. In the figure, time flows
from left to right. The vertical top arrows indicate the arrival of requests from new users. Each rectangle
represents the server serving a particular chunk to its corresponding user indicated on the left. Rectangles
that share the same column are served at the same time using a coded delivery. Thus the asynchronous file
requests were transformed into synchronous chunk requests.

simultaneously to all four users. This is illustrated in Figure 2.16.

2.9.2 System Evaluation

In this section, we are interested in showing a proof-of-concept implementation of the system. Our
focus is mostly on the communication aspect: we seek to show that we can apply our memory-
sharing strategy and obtain gains over simpler methods even when the system operates in a practical
setting. In particular, we operate on a small number of users and on file sizes common for video
files. During evaluation, for a fair comparison the files used are created by randomly generating
bytes in order to have a fixed file size.

The file size considered here is 200 MB.® We choose a block size of B = 1 kB and a chunk size of
C' = 40000 blocks. Since 1080p videos have a bit rate of approximately 3 to 6 megabits per second
[46], this corresponds to HD video files of about five minutes split into chunks of one minute each.

As in Section 2.5.4, we compare our Optimal Memory-Sharing (OMS) scheme with Greedy
Memory-Sharing (GMS) and Uniform Memory-Sharing (UMS). We create L = 2 popularity levels,
the second containing three times as many files as the first, N = 3N;.? We create K = 10 caches,
and at each cache attach U; = 3 users for level one and Uy = 1 user for level two. We set the cache

memory to be enough to store the first level completely, i.e., M = Nj.

81n this section, we use the SI convention that the unit prefixes in kB and MB refer to powers of ten instead of
powers of two, i.e., 1 MB = 1000 kB = 10° B.

9The exact number of files is not important in the worst case as long as there are more chunks than users. Since
these evaluations were performed by running many caches and users on the same laptop, it was easier on the machine
to only create one file for level one and three files for level two, and to have the server pretend as though no two file
requests were the same. This gives the same performance as if there were many more files.
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Theoretically, the gains of OMS over both GMS and UMS should scale as @(\/F ) in this regime.
In fact, this is the regime where the gains of OMS over the better of GMS and UMS is maximized.
However, since the numbers involved were small, the gains were approximately 1.1 over GMS and
1.7 over UMS. Other memory regimes can give higher gains over each scheme individually.

While these numbers are not very large, they do show a proof-of-concept result. For larger
systems, with a greater number of caches and more powerful servers, the benefits of OMS can be

obtained over simpler methods such as GMS and UMS.

2.9.3 Challenges and Further Extensions

Currently, the system uses a naive search for the best delivery message for any given set of simul-
taneous requests. This is computationally expensive and would not scale well. One improvement
can be to implement a similar algorithm to [45] and adapt it to the multi-user, multi-level model.

Another issue that comes up is the reliable transmission of the broadcast/multicast messages.
Since the goal of coded caching is to make use of broadcast, the server must transmit multicast
messages to the intended users without resorting to (unicast) TCP protocols. One way to resolve
this at the application layer is to apply a rateless error correction code on top of the UDP datagrams
sent in the broadcast.

In addition, currently the IP address of each cache is explicitly provided to the users. Imple-
menting this in a heterogeneous wireless network requires that the user discovers nearby caches and
connects to one, or to several in case of multi-level access.

Finally, the cache contents should be dynamic in order to account for changes in popularity
over time. The simplest way to do that would be for the caches to run the placement algorithm
periodically, for instance every few hours. A similar problem has been studied for the single-user
case in [24] (without a multi-level popularity model) for which a coded least-recently sent algorithm

is proposed and analyzed.
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Chapter 3

Adaptive Matching and Partial

Adaptive Matching

3.1 Introduction

In this chapter, we expand on the coded caching problem initiated in [4, 5] mainly by considering
the possibility of connecting to one of a number of caches. In [4] as well as many other works in
the literature [10, 11, 12, 6, 13], a key assumption is that users are pre-fixed to specific caches; see
also [47, 48] for a survey of related works. More precisely, each user connects to a specific cache
before it requests a file from the content library. This assumption was relaxed in [49, 50] where
the system is allowed to choose a matching of users to caches after the users make their requests,
while respecting a per-cache load constraint. In particular, after each user requests a file, any user
could be matched to any cache as long as no cache had more than one user connected to it. In this
adaptive matching setup, it was shown under certain request distributions that a coded delivery,
while approximately optimal in the pre-fixed matching case, is unnecessary. Indeed, it is sufficient
to simply store complete files in the caches, and either connect a user to a cache containing its file
or directly serve it from the server.

The above dichotomy indicates a fundamental difference between the system with completely
pre-fixed matching and the system with full adaptive matching. In this chapter, we consider a

“partial adaptive matching” setup, i.e., a setup where users can be matched to any cache belonging
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Figure 3.1: Illustration of the setup considered in this chapter. The squares represent K = 12 caches,
divided into three clusters of size d = 4 caches each, and the circles represent users at these clusters. Dashed
arrows represent the matching phase, and solid arrows the delivery phase. Unmatched users are in gray.

to a subset of caches, which we first studied in [51]. This can arise when, for instance, only some
caches are close enough to a user to ensure a potential reliable connection. To make matters simple,
we assume that the caches are partitioned into equal clusters, and each user can be matched to
any cache within a single cluster, as illustrated in Figure 3.1. This setup generalizes both setups
considered above: on one extreme, if each cluster consisted of only a single cache, then the setup
becomes the pre-fixed matching setup of [4]; on the other extreme, if all caches belonged to a single
cluster, then we get back the total adaptive matching setup from [49, 50].

In [51], we analyzed this setup in the case where all the files in the library were equally popular.
While this was useful for an initial understanding of the problem, such uniform popularity is rare
in practice. In this chapter, we focus on the more relevant case when the popularity obeys a power
law, specifically a Zipf law [21]. We analyze how the coded caching scheme, useful in the pre-fixed
matching case, and the adaptive matching scheme, useful in the full adaptive matching case, would
perform if adapted to this setup. We compare the two schemes with each other, characterizing the
regimes in which one is better than the other. We then compare them with information-theoretic
outer bounds, proving that the schemes are approximately optimal in certain regimes. Finally, for
a subclass of Zipf distributions, we introduce a hybrid scheme that generalizes ideas from both
schemes, thus combining the matching benefits with the coding gains, and that performs as well as
either scheme in most memory regimes.

The rest of this chapter is organized as follows. Section 3.2 precisely describes the problem
setup. We present the main results in Section 3.3, which include the rates achieved by the schemes

as well as statements of approximate optimality. Finally, Section 3.4 describes the hybrid scheme.
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Detailed proofs are given in Appendix B.

3.2 Problem Setup

Consider the system depicted in Figure 3.1. A server holds N files W1y, ..., Wy of size F' bits each.
There are K caches of capacity M F' bits, equivalently M files, each. The caches are divided into
K/d clusters of size d each, where d is assumed to divide K. For every n € {1,..., N} and every
ce{l,...,K/d}, there are u,(c) users accessing cluster ¢ and requesting file W,,. We refer to the
numbers {uy,(c)}n,c as the request profile and will often represent the request profile as a vector u
for convenience.

As with standard coded caching setups, a placement phase occurs before the request profile
is revealed during which information about the files is placed in the caches, and a delivery phase
occurs after the request profile is known during which a broadcast message is sent to all users to
satisfy their demands. In our setup, in addition to the usual placement and delivery phases, there
is an intermediate phase that we call the matching phase. The matching phase occurs before the
delivery phase but after the request profile has been revealed. During the matching phase, each
user is matched to a single cache within its cluster, with the constraint that no more than one user
can be matched to a cache. If there are fewer caches than users in one cluster, then some users will
be unmatched.

In this chapter, we focus on the case where the numbers u,(c) are independent Poisson random
variables with parameter pdp,, where p € (0,1/2) is some fixed constant and pi,...,py is the
popularity distribution of the files, with p, > 0 and p; + --- 4+ py = 1. Thus p, represents the
probability that a fixed user will request file W,,. We particularly focus on the case where the files
follow a Zipf law, i.e., p, o< n~? where 8 > 0 is the Zipf parameter. Note that the expected total
number of users in the system is pK.

For a given request profile u, let R,, denote the rate of the broadcast message required to deliver
to all users their requested files. For any cache memory M, our goal is to minimize the expected
rate R = Eyu[Ry). Specifically, we are interested in R* defined as the smallest R over all possible

strategies. Furthermore, we assume that there are more files than caches, i.e., N > K, which is the

66



case of most interest. We also, for analytical convenience, focus on the case where the cluster size

d grows at least as fast as log K. More precisely, we assume

d>[2(1+t9)/a]log K, (3.1)

where a = —log(2pe!=2¢) and ty > 0 is some constant. Note that o > 0. Other than analytical
convenience, the reason for such a lower bound on d is that, when d is too small, the Poisson
request model adopted in this chapter is no longer suitable. Indeed, if for example d = 1, then with
high probability a significant fraction of users will not be matched to any cache, leading to a rate
proportional to K even with infinite cache memory.

Finally, we will frequently use the helpful notation [z]* = max{x,0} for all real numbers z.

3.3 Main Results

The setup we consider is a generalization of the pre-fixed matching setup (when d = 1) and the
maximal adaptive matching setup (when d = K). From the literature, we know that different
strategies are required for these two extremes: one using a coded delivery when d = 1, and one
using adaptive matching when d = K.! Therefore, there must be some transition in the suitable
strategy as the cluster size d increases from one to K.

The goal of this chapter is to gain some understanding of this transition. To do that, we
first adapt and apply the strategies suitable for the two extremes to our intermediate case. These
strategies will exclusively focus on one of coded delivery and adaptive matching, and we will hence
refer to them as “Pure Coded Delivery” (PCD) and “Pure Adaptive Matching” (PAM). In partic-
ular, PCD will perform an arbitrary matching and apply the coded caching scheme from [11, 12],
whereas PAM will apply a matching scheme similar to [49, 50] independently on each cluster and
serve unmatched requests directly, ignoring any coding opportunities. We then compare PCD and

PAM in various regimes and evaluate them against information-theoretic outer bounds.

!The request model used in the literature when d = 1 is usually not the Poisson model used here. Instead, a
multinomial model is used in which the total number of users is always fixed. As mentioned at the end of Section 3.2,
the Poisson model is not suitable in that case. However, the results from the literature are still very relevant to this
chapter.
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Regardless of the value 3 of the Zipf parameter, we find that PCD tends to perform better than
PAM when the cache memory M is small, while PAM is superior to PCD when M is large. The
particular threshold of M where PAM overtakes PCD obeys an inverse relation with the cluster
size d. Thus when d is small, PCD is the better choice for most memory values, whereas when d is
large, PAM performs better for most memory values. This observation agrees with previous results
on the two extremes d = 1 and d = K, and it is illustrated in Figure 3.2 and 3.4 and made precise
in the theorems that follow.

While most of the analysis assumes general values for K, N > K, d (except for (3.1)), and M,
it will nevertheless be useful to sometimes compare PCD and PAM under the restriction that these
parameters all scale as powers of K. This can provide some high-level insights into the different
regimes where PCD or PAM dominate, while ignoring sub-polynomial factors such as log IV, thus
simplifying the analysis. During this polynomial-scaling-with- K analysis—which we will call poly-K

analysis as a shorthand—we will assume that N = K, d = K%, and M = K*, where

v>1, 6€(0,1; pel0,v].

To proceed, we will separately consider two regimes for the Zipf popularity: a shallow Zipf case

in which 8 € [0,1), and a steep Zipf case where 8 > 1.2

3.3.1 Shallow Zipf: 5 €[0,1)

In [51], we studied this problem when the files obeyed a uniform popularity, i.e., when 5 = 0. In
this chapter, we show that the case 8 € [0,1) is very similar to the uniform case. Indeed, the results
from [51] can be generalized to all § € [0,1) with only a constant-factor difference.

The next theorem gives the rate achieved by PCD.

Theorem 7. When 8 € [0,1), the PCD scheme can achieve for all M an expected rate of

»PCD . N + , Kt
R :mln{pK,[ﬁfl] Jr\/Q—O}

2The case 3 = 1 is a special case that usually requires separate handling. We skip it in this chapter, and analyzing
it is part of our on-going work.
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Theorem 7 can be proved by directly applying any suitable coded caching strategy [11, 12, 6]
along with an arbitrary matching phase. The additional K~ term represents the expected number
of users that will not be matched to any cache and must hence be served directly from the server.
The derivation of this term is done in Lemma 11 in Appendix B.1.

The next theorem gives the rate achieved by PAM.

Theorem 8. When € [0,1), the PAM scheme can achieve an expected rate of
pK if M = O(N/d);

RPAM _

min { pK, K Me *M/N1 if M = Q(N/d),

where z = (1 — B)ph((1 4 p)/2p) > 0 with h(z) = zlogz + 1 — x.

Theorem 8 can be proved using a similar argument to [49]: the idea is to replicate each file
across the caches in each cluster, and match each user to a cache containing its requested file. The
detailed proof is given in Appendix B.2.

Notice that PAM can achieve a rate of o(1) when dM > Q(Nlog N). Recall that we have
imposed a service constraint of one user per cache in our setup. If we instead allow multiple users
to access the same cache, then it can be shown that a rate of o(1) can be achieved if and only if
dM > (1 —o(1))N. Consequently, the cache service constraint increases this memory threshold by
at most a logarithmic factor.

The rates of PCD and PAM are illustrated in Figure 3.2 for the 5 € [0,1) case. We can see
that there is a memory threshold My, with My = Q(N/d) and My = O((N/d)log N), such that
PCD performs better than PAM for M < My while PAM is superior to PCD for M > Mj. Using
a poly-K analysis, we can ignore the log N term and obtain the following result, illustrated in

Figure 3.3.

Theorem 9. When 8 € [0,1), and considering only a polynomial scaling of the parameters with

K, PCD outperforms PAM in the regime
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Figure 3.2: Rates achieved by PCD, PAM, and HCM when 8 € [0, 1), along with information-theoretic
lower bounds. HCM is a hybrid scheme described in Section 3.4, and the lower bounds are presented in
Appendix B.4. This plot is not numerically generated but is drawn approximately for illustration purposes.

while PAM outperforms PCD in the opposite regime, where N = K¥, d = K°, and M = K*".

Note that in some cases PCD and PAM perform equally well, such as when y = v. However,
these are usually edge cases and most of the regimes in Theorem 9 are such that one scheme strictly
outperforms the other.

Interestingly, under the poly-K analysis, the memory regime where PAM becomes superior to
PCD is the regime where PAM achieves a rate of o(1), for any d.

So far, we have seen that the two memory regimes M < O(N/d) and M > Q((N/d)log N)
require very different schemes: one focusing on coding and the other on matching. In Section 3.4,
we introduce a universal scheme for the shallow Zipf case that generalizes ideas from both PCD and
PAM. It is a Hybrid Coding and Matching (HCM) scheme that combines the benefits of adaptive
matching within clusters with the coded caching gains across clusters. We state the rate HCM
achieves in Theorem 14, and then show that it can perform at least as well as either of PCD and

PAM in most memory regimes, namely when M < O(N/d) or M > Q((N/d)log K).

3.3.2 Steep Zipf: > 1

When 8 > 1, we restrict ourselves to the case where d is some polynomial in K for convenience.

The following theorems give the rates achieved by PCD and PAM, illustrated in Figure 3.4.
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Figure 3.3: The scheme among PCD and PAM that performs better than the other when 8 € [0,1), in
terms of polynomial scaling in K. Here N = K¥, d = K°, and M = K",

Theorem 10. When 8 > 1, the PCD scheme can achieve an expected rate of

K8 if0< M < 1;

= + _

RECP = U2 ] "+ E22 1< M < NO/K;
(4 —1]" + £52 if M > NP/K.

Much like Theorem 7, Theorem 10 follows from directly applying the coded caching strategy
from [11, 12]. Again, the K term represents the expected number of unmatched users, derived

in Lemma 11 in Appendix B.1.

Theorem 11. When 8 > 1, the PAM scheme can achieve an expected rate of

RPAM _ 0 (min { (dMI)(ﬁ—l’K%}> if M = O(N/d);

o(1) if M =0 (M),

The proof of Theorem 11, given in Appendix B.3, follows along the same lines as [50] and
involves a generalization from d = K to any polynomial d = K%, 0 < § < 1. The idea is to replicate
the files across the caches in the cluster, placing more copies for the more popular files, and match

the users accordingly.
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Figure 3.4: Rates achieved by PCD and PAM in the § > 1 case. Again, this plot is not numerically
generated but is drawn approximately for illustration purposes.

As with the 8 € [0, 1) case, we notice that PCD is the better choice when M is small, while PAM
is the better choice when M is large. In fact, by comparing the rate expressions in Theorems 10
and 11 using a poly-K analysis, we obtain the following theorem describing the regimes for which

either of PCD or PAM is superior to the other. The theorem is illustrated in Figure 3.5 and proved

at the end of this subsection.

Theorem 12. When 8 > 1, and considering only a polynomial scaling of the parameters with K,
PCD outperforms PAM in the regime

p<min{r—4,(1-p£0)/(8—-1)},

while PAM outperforms PCD in the opposite regime, where N = KV, d = K°, and M = K",

When comparing Theorems 9 and 12, we notice that the case § > 1 has the added constraint
< (1—p0)/(B—1) for the regime where PCD is superior to PAM, indicating that there are values
of d for which PAM is better than PCD for a larger memory regime under § > 1 as compared
to f € [0,1). This is represented in Figure 3.5 by the additional line segment joining points
(1-v(B—1),vB—1) and (1/5,0). As 8 approaches one from above, this line segment tends toward
the segment joining points (1,v — 1) and (1,0). With it, the regime in which PCD is better than

PAM grows until it becomes exactly the regime shown in Figure 3.3 for 5 € [0,1). In other words,
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Figure 3.5: The scheme among PCD and PAM that performs better than the other when g > 1 and
v < 1/(B —1), in terms of polynomial scaling in K. Here N = K”, d = K%, and M = K*.
when 8 > 1 and as 3 — 17, the regimes in which PCD or PAM are respectively the better choice
become the same regimes as in the 8 € [0,1) case. This seemingly continuous transition suggests
that, when 8 = 1, the system should behave similarly to 5 € [0, 1), i.e., Figure 3.3, at least under
a poly-K analysis.

Proof of Theorem 12: Recall that we are only focusing on a poly-K analysis. We will define

oPCP and 6PAM to be the exponents of K in RFCP and RPAM | respectively, i.e., RPCP = @(KUPCD)

PCD to PAM We can break the proof down into

and similarly for PAM. Our goal is to compare o
two main cases plus one trivial case. It can help the reader to follow these cases in Figure 3.5.

The trivial case is when the total cluster memory dM is large, specifically p+d > min{v, 1/(5 —
1)}. From Theorem 11, the PAM rate is then o(1), hence o"*M = 0. Therefore, PCD cannot
perform better than PAM in this case.

In what follows, we assume x4 § < min{r,1/(8 —1)}. We can write the exponents of the rates

of PCD and PAM as

oPP = min {[1 - (8~ 1)u)/B., v — p};

oMM = min{1/8,1— (B 1)(6 + p)} .

Notice that we always have o¥P < [1 — (8 — 1)u]/B < 1/, and hence we only need to compare
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oPCP to the second term in the minimization in oPAM. We split the analysis into a small and a

large memory regimes, with the threshold p < vg — 1.

Large memory: p > v — 1 This case is only possible when v < 1/(8 — 1) because we always

PCD

have p < v. Here, PCD achieves o = v — p. The constraints on p imply:

p<v—8 = 1-(B-1)@+m>1-v(B-1)

u>vf—1 = v—pu<v—ws-1)=1-v(B-1).

Therefore, 0PCP < gPAM,

Small memory: y < v3—1 In this case, PCD always achieves 07" = [1 — (8 — 1)u]/3. Using
some basic algebra, we can show that [1 — (8 — 1)u] /B <1 — (8 —1)(§ + ), i.e., TP < gPAM jf

and only if u < (1 —£0)/(8 —1). [

3.3.3 Approximate Optimality

The previous sections have focused on a comparison of the PCD and PAM schemes with each
other. In this section, we compare the achievable rates of these schemes to information-theoretic
lower bounds and identify regimes in which PCD or PAM is approximately optimal. We say that a
scheme is approximately optimal if it can achieve an expected rate R such that R < C- R* + o(1),
where C' is some constant.

For 5 € [0,1), we show the approximate optimality of PCD in the small memory regime and
that of PAM in the large memory regime. When M > Q((IN/d)log N), it follows from Theorem 8
that RPAM = o(1), and thus PAM is trivially approximately optimal. The following theorem states

the approximate optimality of PCD when M < O(N/d).

Theorem 13. When 3 € [0,1) and M < (1 — e"1/2)N/2d, and for N > 10, the rate achieved by

PCD is within a constant factor of the optimum,

RPCD Cé 96
N (P (VoL
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Note that the constant C' is independent of K, d, N, and M.
Theorem 13 can be proved by first reducing the 8 € [0, 1) case to a uniform-popularities setup,
and then applying the converse results from [51]. Proof details are given in Appendix B.4.
When 8 > 1 we know from Theorem 11 that RPAM = o(1) is achieved for M > Q(min{N log N, KT }/d),

and thus PAM is trivially approximately optimal in that regime.

3.4 A Hybrid Coding and Matching Scheme

For 8 € [0,1), we propose a scheme that generalizes ideas from both PCD and PAM. It is a hybrid
scheme that we call Hybrid Coding and Matching (HCM). This hybrid scheme is a generalization of
the one we proposed in [51] for the uniform-popularities case (8 = 0). Developing a hybrid scheme
for the 5 > 1 case is part of our on-going work.

The main idea of HCM is to partition files and caches into colors, and then apply a coded caching
scheme within each color while performing adaptive matching across colors. More precisely, each
color consists of a subset of files as well as a subset of the caches of each cluster. When a user
requests a file, the user is matched to an arbitrary cache in its cluster, as long as the cache has the
same color as the requested file. For each color, a coded transmission is then performed to serve
all the matched users requesting a file from said color. Unmatched users are served directly by the
server. This allows us to take advantage of adaptive matching within each cluster as well as obtain
coded caching gains across the clusters.

The rate achieved by HCM is given in the following theorem. It is illustrated in Figure 3.2

along with the rates of PCD and PAM for comparison.

Theorem 14. For any € [0,1), HCM can achieve a rate of

min {pK, & —x+ 52} if M < [N/x;

—t

RHCM _

=

if M > [N/x],

N

where x = |ad/(2(1 +t)log K)|, for any t € [0, to].

While the expression for RMCM given in the theorem is rigorous, we can approximate it here for
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clarity as
= +
RHCM,@min{pK, [%—@(ﬁ)} +0(1)}.

The proof of Theorem 14 is given in detail in Appendix B.5, where we provide a rigorous
explanation of the HCM scheme.

We will next compare HCM to PCD and PAM. Notice from Figure 3.2 that HCM is strictly
better than PCD for all memory values. In fact, there is an additive gap between them of about
d/log K for most memory values, and an arbitrarily large multiplicative gap when M > (N/d) log K
where HCM achieves a rate of o(1). Consequently, HCM is approximately optimal in the regime
where PCD is, namely when M < N/2d.

Furthermore, HCM is significantly better than PAM in the M < N/d regime: there is a
multiplicative gap of up to about K /d between their rates in that regime. Moreover, HCM achieves
a rate of o(1) when M > (N/d)log K. It is thus trivially approximately optimal in that regime,

which includes the regime where PAM is.
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Chapter 4

Cache-Aided Gaussian Interference

Networks

4.1 Introduction

Traditional communication networks focus on establishing a reliable connection between two fixed
network nodes and are therefore connection centric. With the recent explosion in multimedia
content, network usage has undergone a significant shift: users now want access to some specific
content, regardless of its location in the network. Consequently, network architectures are shifting
towards being content centric. These content-centric architectures make heavy use of in-network
caching and, in doing so, redesign the protocol stack from the network layer upwards [52].

A natural question to ask is how the availability of in-network caches can be combined with the
wireless physical layer and specifically with two fundamental properties of wireless communication:
the broadcast and the superposition of transmitted signals. Recent work in the information theory
literature has demonstrated that this combination can yield significant benefits. This information-
theoretic approach to caching was introduced in the context of the noiseless broadcast channel in [4],
where it was shown that significant performance gains can be obtained using cache memories at the
receivers. In [53], the noiseless broadcast setting was extended to the interference channel, which is
the simplest multiple-unicast wireless topology capturing both broadcast and superposition. The

authors presented an achievable scheme showing performance gains using cache memories at the
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Figure 4.1: Caching in a wireless interference network. Caches (in red) are placed at all network nodes.

transmitters.

In this chapter, we continue the study of the cache-aided wireless interference network, but we
allow for caches at both the transmitters and receivers as shown in Figure 4.1. The main result of
this chapter (Theorem 15, Section 4.3) is a complete constant-factor approximation of the degrees of
freedom (DoF) of this network. The result is general, in that it holds for any number of transmitters
and receivers, size of content library, transmitter cache size (large enough to collectively hold the
entire content library), and receiver cache size. Moreover, our converse holds for arbitrary caching
and transmission functions, and imposes no restrictions as done in prior work.

Several architectural and design insights emerge from this degrees-of-freedom approximation.

1. Our achievable scheme introduces a novel separation of the physical and network layers,
thus redesigning the protocol stack from the network layer downwards. From the order-wise

matching converse, we hence see that this separation is approximately optimal.

2. Once the transmitter caches are large enough to collectively hold the entire content library,
increasing the transmitter memory further can lead to at most a constant-factor improvement
in the system’s degrees of freedom. In particular, and perhaps surprisingly, this implies that

transmit zero-forcing is not needed for approximately optimal performance.

3. There is a trade-off between the number of transmitters needed for (approximately) maximal
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system performance and the amount of receiver cache memory. As the receiver memory
increases, the required number of transmitters decreases, down to a constant when the memory

is a constant fraction of the entire content library.

There are three seemingly natural network-layer abstractions for this problem. The first network-
layer abstraction treats the physical layer as a standard interference channel and transforms it into
non-interacting bit pipes between disjoint transmitter-receiver pairs. This approach is inefficient.
The second network-layer abstraction treats the physical layer as an X-channel and transforms it
into non-interacting bit pipes between each transmitter and each receiver. The third network-layer
abstraction treats the physical layer as multiple broadcast channels: it creates a broadcast link from
each transmitter to all receivers. The last two approaches turn out to be approximately optimal
in special circumstances: the second when the receivers have no memory, and the third when they
have enough memory to each store almost all the content library. In this chapter, we propose a
network-layer abstraction that creates X-channel multicast bit pipes, each sent by a transmitter
and intended for a subset of receivers whose size depends on the receiver memory. This abstraction
generalizes the above two approaches, and we show that it is in fact order-optimal for all values of
receiver memory.

Our solution to this problem requires solving a new communication problem at the physical
layer that arises from the proposed separation architecture. This problem generalizes the X-channel
setting studied in [54] by considering multiple multicast messages instead of just unicast. We focus
on the symmetric case and provide a complete and exact DoF characterization of this symmetric
multiple multicast X-channel problem, by proposing a strategy based on interference alignment and
proving its optimality (see Theorem 16, Section 4.4).

Finally, while most of the chapter is focused on the high-SNR, regime, we conclude the chapter
with an analysis of the low-SNR regime and derive energy-efficiency gains of caching for the inter-
ference channel. We use a similar separation architecture and show that, contrary to the high-SNR
regime, a large transmitter memory can have a significant impact by enabling a beamforming gain.
We also use a separation architecture, with a different physical-layer scheme more suited to the
low-SNR regime, and show that it is approximately optimal in two extreme cases: the case when

there is a single transmitter (Gaussian broadcast channel) and the case when there is a single
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receiver (Gaussian multiple-access channel).

The remainder of this chapter is organized as follows. Section 4.2 introduces the problem setting
and establishes notation. Section 4.3 states the chapter’s main results. Section 4.4 presents the
separation architecture in detail; Section 4.5 gives the interference alignment strategy used at the
physical layer. Section 4.6 proves the order-optimality of our strategy. Section 4.7 explores an
interesting variant of the separation architecture. Section 4.8 discusses extensions to the problem
as well as relation to some works in the literature. Section 4.9 analyzes the low-SNR regime and

compares it with the high-SNR regime. We defer additional proofs to Appendix C.

Related Work

The information-theoretic framework for coded caching was introduced in [4] in the context of the
deterministic broadcast channel. This has been extended to online caching systems [24], systems
with delay-sensitive content [45], heterogeneous cache sizes [25], unequal file sizes [26], and improved
converse arguments [27, 28]. Content caching and delivery in device-to-device networks, multi-
server topologies, and heterogeneous wireless networks have been studied in [32, 34, 23, 13, 14].
This framework was also applied to hierarchical (tree) topologies in [31], and to non-uniform content
popularities in [10, 11, 12, 35, 13, 14]. Other related work includes [36], which derives scaling laws
for content replication in multihop wireless networks, and [37], which explores distributed caching
in mobile networks using device-to-device communications. The benefit of coded caching when the
caches are randomly distributed was studied in [38], and the benefits of adaptive content placement
using knowledge of user requests were explored in [39].

More recently, this information-theoretic framework for coded caching has been extended in [53]
to interference channels with caches at only the transmitters, focusing on three transmitters and
three receivers. The setting was extended in [55] to arbitrary numbers of transmitters and receivers
and included a rate-limited fronthaul. Interference channels with caches both at transmitters and
at receivers were considered in [56, 57, 8], all of which have a setup similar to the one in this
chapter. However, each of these three works has some restrictions on the setup. The authors in
[56] focus on one-shot linear schemes, while [57] prohibits inter-file coding during placement and

limits the number of receivers to three. Our prior work [8] studies the same setup but with only
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Figure 4.2: The caching problem, with K; = 2 transmitters and K, = 4 receivers. The server holds a
content library of N files. Information about these files is placed in the transmitter caches of size M; and in
the receiver caches of size M,. during a placement phase (indicated by dashed lines). During the subequent
delivery phase (indicated by solid lines), each user requests one file, and all the requested files have to be
delivered over the interference network.

two transmitters and two receivers. The work in this chapter differs from those above in that it
considers an arbitrary number of transmitters and receivers and proves order-optimality using outer

bounds that assume no restrictions on the scheme.

4.2 Problem Setting

A content library contains N files W7,..., Wy of size F' bits each. A total of K, users will each
request one of these files, which must be transmitted across a K; x K, time-varying Gaussian
interference channel whose receivers are the system’s users. We will hence use the terms “receiver”
and “user” interchangeably. Our goal is to reliably transmit these files to the users with the help

of caches at both the transmitters and the receivers.

Example 1. The setup is depicted in Figure 4.2 for the case with Ky = 2 transmitters, K, = 4
receivers, and N = 4 files in the content library. We will use this setting as a running example

throughout the paper.

The system operates in two phases, a placement phase and a delivery phase. In the placement
phase, the transmitter and receiver caches are filled as an arbitrary function of the content library.
The transmitter caches are able to store M, F' bits; the receiver caches are able to store M, F bits.

We refer to M; and M, as the transmitter and receiver cache sizes, respectively. Other than the
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memory constraints, we impose no restrictions on the caching functions (in particular, we allow the
caches to arbitrarily code across files). In this chapter, we consider all values of M, > 0, but we
restrict ourselves to the case where the transmitter caches can collectively store the entire content
library,! i.e.,

M, > N/K;. (4.1)

The delivery phase takes place after the placement phase is completed. In the beginning of
the delivery phase, each user requests one of the N files. We denote by u = (uy,...,ug,) the
vector of user demands, such that user ¢ requests file W,,,. These requests are communicated to
the transmitters, and each transmitter j responds by sending a codeword x; = (z;(1),...,2;(T))
of block length T into the interference channel. We impose a power constraint over every channel
input x;,

1
= Ix;|I> <SNR, Vj=1,...,K,.

Note that each transmitter only has access to its own cache, so that x; only depends on the contents
of transmitter j’s cache and the user requests u. We impose no other constraint on the channel
coding function (in particular, we explicitly allow for coding across time using potentially nonlinear
schemes).

Receiver i observes a noisy linear combination of all the transmitted codewords,

K

yi(7) £ hij(T)ay(r) + z(7),
j=1
for all time instants 7 = 1,...,T, where the z;(7)’s are independent identically distributed (iid)
unit-variance additive Gaussian noise, and h;j(7) are independent time-varying random channel
coefficients obeying some continuous probability distribution. We can rewrite the channel outputs

in vector form as
K

yi=» Hix;+z, (4.2)
j=1

where H;; is a diagonal matrix representing the channel coefficients over the block length T'.

1To achieve any positive DoF, the minimum requirement is that KM, + M, > N, i.e., that all the transmitter
caches and any single receiver cache can collectively store the entire content library. We impose the slightly stronger
requirement K;M; > N since it is the regime of most practical interest, and since it simplifies the analysis.

82



For fixed values of My, M,, and SNR, we say that a transmission rate R = F/T is achievable if
there exists a coding scheme such that all the users can decode their requested files with vanishing

error probability. More formally, R is achievable for demand vector u if

max Pr(Wi #* Wul) — 0as T — oo,
ie{l,...K,}

where WZ indicates the reconstruction of file W,,, by user 7. Note that R is fixed as 7', and hence
F, go to infinity. We say R is achievable if it is achievable for all demand vectors u.

We define the optimal transmission rate R*(SNR) as the supremum of all achievable rates for
a given SNR (and number of files, cache sizes, and number of transmitters/receivers). In the
remainder of this chapter we will focus on the degrees of freedom (DoF) defined as

R*(SNR)

DoF £ lim ———~.
SNR—c0 %log SNR

(4.3)

While the DoF is useful for presenting and interpreting the main results in the next section, we

will also often work with its reciprocal 1/DoF because it is a convex function of (M, M,).

4.3 Main Results

The main result of this chapter is a complete constant-factor approximation of the DoF for the
cache-aided wireless interference network. In order to state the result, we define the function

d(N, K, K, M, M,) through

. K,
1 AKt_l'{'mm{erl’N} ( /<c>

£ 4.4
(N K, K, M, ) K, (44)

for any N, Ky, K, M, and M, = kN/K, with k € {0,1,..., K,}, and the lower convex envelope

of these points for all other M, € [0, N].

Theorem 15. The degrees of freedom DoF of the K; x K, cache-aided interference network with
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Figure 4.3: Approximate reciprocal DoF of the 2x4 cache-aided interference network with 4 files, introduced
in Example 1, as a function of receiver cache size M,., for any M; > N/K;.

N files, transmitter cache size My € [N/Ky, N|, and receiver cache size M, € [0, N| satisfies
d(N, Ky, K, My, M,) < DoF < 13.5-d(N, Ky, Ky, My, M,).

The approximate (reciprocal) DoF is illustrated in Figure 4.3 for the setup in Example 1.

In terms of the rate R*(SNR) of the system, Theorem 15 can be interpreted using (4.3) as
1 1
d(-) - 5 log SNR — 0 (log SNR) < R*(SNR) < 13.5-d(-) - 5 log SNR + o (log SNR) ,

when SNR grows, where we have used d(-) instead of d(N, Ky, K, My, M,) for simplicity.

The constant 13.5 in Theorem 15 is the result of some loosening of inequalities in order to
simplify the analysis. We numerically observe that the multiplicative gap does not exceed 4.16 for
N, K, K, <100.

The coding scheme achieving the lower bound on DoF in Theorem 15 uses separate network and
physical layers. The two layers interface using a set of multicast messages from each transmitter
to many subsets of receivers. At the physical layer, an interference alignment scheme (generalizing
the scheme from [54]) delivers these messages across the interference channel with vanishing error
probability and at optimal degrees of freedom. At the network layer, a caching and delivery
strategy generalizing the one in [4] is used to deliver the requested content to the users, utilizing

the non-interacting error-free multicast bit pipes created by the physical layer. The matching upper
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bound in Theorem 15 shows that this separation approach is without loss of order optimality. This
separation architecture is described in more detail in Section 4.4.

In order to better understand the behavior of the system, we decompose the approximation
of the sum degrees of freedom K,DoF provided by Theorem 15 into three components, or gains.?

These are: an interference alignment (IA) gain g', a local caching gain ¢“C, and a global caching

gain ¢9C, forming

(a) KK, 1 K. M,/N +1
K, DoF & K d(N, K K, My, M) & 28 NEL )
St L 1-F Tt o) +1
——
g'A gLC gg’c

Note that (a) holds with exact equality when K, M, /N is an integer. We point out that, for ease of
presentation, this decomposition is written for the case when the first term achieves the minimum
in (4.4), i.e., K;/(k 4+ 1) < N. This includes the most relevant case when the content library N
is larger than the number of receivers K,. In fact, we focus on this case in most of the chapter,
particularly regarding the achievability and some of the intuition. A detailed discussion of the case
K,/(k+1) > N, including a decomposition similar to (4.5), is given in Appendix C.1.

The term ¢' is the degrees of freedom achieved by communication using interference alignment
and is the same as in the unicast X-channel problem [54]. It is the only gain present when the
receiver cache size is zero. In other words, it is the baseline degrees of freedom without caching
(see for example Figure 4.3 when M, = 0).

When the receiver cache size is non-zero, we get two improvements, in analogy to the two gains
described in the broadcast caching setup in [4]. The local caching gain reflects that each user
already has some information about the requested file locally in its cache. Hence, ¢ is a function
of M, /N, the fraction of each file stored in a single receiver cache. On the other hand, the global
gain derives from the coding opportunities created by storing different content at different users,
and from the multicast links created to serve coded information useful to many users at once. This
gain depends on the total amount of receiver memory, as is reflected by the K, M, /N term in the

numerator of g&C.

2Note that this decomposition arises from our interpretation of our approximately optimal strategy described in
Section 4.4.
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It is interesting to see how each of these gains scales with the various system parameters K,

K,, M;/N, and M, /N. In order to separate the different gains, we work with the logarithm

log K, DoF = log g"* + log ¢~€ + log ¢©¢

of the sum degrees of freedom. By varying the different parameters, we can plot how both the sum

DoF and its individual components evolve.

Scaling with transmitter memory M;

Notice in Theorem 15 that the DoF approximation does not involve the transmitter memory M;.
Thus, once M; = N/Ky, just enough to store the entire content library between all transmitters,
any increase in the transmit memory will only lead to at most a constant-factor improvement in
the DoF.

The strategy used to achieve the lower bound in Theorem 15 (see Section 4.4 for details)
stores uncoded nonoverlapping file parts in each transmit cache. This is done regardless of the
transmitter memory M; and the receiver memory M,. Since this is an order-optimal strategy, we
conclude that the transmitters do not need to have any shared information. Consequently, and
perhaps surprisingly, transmit zero-forcing is not needed for order-optimality and cannot provide
more than a constant-factor DoF gain. Moreover, given that the value 13.5 of the constant gap is
close to and was obtained using similar arguments to the value of 12 derived in [4] for the error-free
broadcast case, we conjecture that most of the improvements on the constant would not come from
sharing information among transmitters or from any transmit zero-forcing, but rather from tighter

converse arguments.

Scaling with receiver memory M,

Figure 4.4 depicts the decomposition of the approximate sum degrees of freedom K,.d ~ K,.DoF
as a function of the receiver cache size M,. As expected, the interference alignment gain g™ does
not depend on the receiver cache size and is hence constant. The local caching gain ¢g"C increases

slowly with M, and becomes relevant whenever each receiver can cache a significant fraction of the
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0 1

Figure 4.4: DoF gains as a function of receiver cache size characterized by M, /N.
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Figure 4.5: DoF gains as a function of number of receivers K.

content library, say M, /N > 0.5. The global caching gain g% increases much more quickly and is

relevant whenever the cumulative receiver cache size is large, say K, M,/N > 1.

Scaling with number of receivers K,

Figure 4.5 depicts the decomposition of the approximate sum degrees of freedom K,d ~ K,.DoF as
a function of the number of receivers K,. The local caching gain ¢"C is not a function of K, and is
hence constant as expected. In the limit as K, — oo, the interference alignment gain ¢'* converges

to K;. The global caching gain ¢©C, on the other hand, behaves as

cc . KM /N+1
(Ky —1)M, /N +1
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for large K,. In particular, unlike the other two gains, the global gain does not converge to a limit
and scales linearly with the number of receivers. Thus, for systems with larger number of receivers,

the global caching gain becomes dominant.

Scaling with number of transmitters K;

As the number of receivers K, or the receive memory M, increase, the sum DoF grows arbitrarily
large. The same is not true as the number of transmitters K; increases. In fact, as K; — 0o, we

find that ¢"* — K, ¢5¢ — 1, and the sum DoF converges to

lim K,DoF ~ Ky

' 4.

This is not surprising, since, with a large number of transmitters, interference alignment effectively
creates K, orthogonal links from each transmitter to the receivers, each of DoF approaching 1.
With the absence of multicast due to these orthogonal links, the global caching gain vanishes and
the only caching gain left is the local one.

An interesting question then is how large K; has to be for the DoF to approach the limit in
(4.6). Specifically, for what values of K; does the sum DoF become © (K, /(1— M, /N))? When the
receiver cache memory is small, specifically M, < N/K,, the number of transmitters K; must be
of the order of K, (see Figure 4.6a). However, as M, increases, we find that a smaller number of
transmitters is needed to achieve the same DoF (see Figs. 4.6b and 4.6¢). In general, the limiting
value is reached (within a constant) when K; = Q(N/M, — 1).> In particular, if the receiver
caches can store a constant fraction of the content library, then we only need a constant number of
transmitters to achieve maximal benefits, up to a multiplicative constant. There is thus a trade-off
between the number of transmitters K; and the amount of receiver cache memory M, required for
maximal system performance (up to the local caching gain): the larger the receiver memory, the
fewer the required transmitters.

While the separation architecture discussed above (on which we focus in most of this chapter) is

Kt(nfff:;‘)iﬂil . 1716:/1\,, where kK = K, M, /N. The first factor

is a constant when Ky(k + 1) = Q(K, — k — 1), which leads to K; = Q(#;NH —1). When K, is large, this
behavior becomes Ky = Q(51- — 1).

3This comes from being able to write K,DoF ~
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(c) Large M, /N.

Figure 4.6: DoF gains as a function of number of transmitters K; for various regimes of receiver cache size
(characterized by M, /N).
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Figure 4.7: The separation architecture applied to the setup in Figure 4.2 (i.e., Example 1) with multicast
size K + 1 = 3. The interface messages Vs; at the physical layer can be abstracted as orthogonal error-free
multicast bit pipes at the network layer. Thus at the physical layer (a) we focus on transmitting the Vg;’s
across the interference channel, while at the network layer (b) we perform the caching and delivery strategies,
oblivious of the underlying physical channel, to deliver the requested files.

order optimal, one can still make some strict improvements, albeit no more than a constant factor,
by choosing a different separation architecture. In Section 4.7, we present an alternative separation
architecture for the case Ky = K, = N = 2 that creates interacting error-free bit pipes as the
physical-layer abstraction. This architecture can achieve a strictly higher DoF than Theorem 15 in

some regimes.

4.4 Separation Architecture

Our proposed separation architecture isolates the channel coding aspect of the problem from its
content delivery aspect. The former is handled at the physical layer, while the latter is handled at

the network layer. The two layers interface using a set 7 of multiple multicast messages,

VvV ={Vs;:je{l,... Ki},S €.}, (4.7)
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where Vs; denotes the message sent from transmitter j to the subset S of receivers, and . C
2{L»Kr} s some collection of subsets of receivers. Notice that all transmitters have messages
for the same subsets of receivers, a natural design choice due to the symmetry of the problem.
The physical layer processing transmits these messages across the interference network, while the
network layer treats them as orthogonal error-free multicast bit pipes. Figure 4.7 illustrates this
separation for the setting in Example 1.

In order to motivate our choice of . (and hence of 7'), it will be useful to give a brief overview of
the strategy used for the broadcast setup in [4]. Suppose that the receiver memory is M, = kN/K,,
where k € {0,1,..., K, — 1} is an integer. The idea is to place content in the receiver caches such
that every subset of k of them shares an exclusive part of every file (each file is thus split into
(Iir) equal parts). During the delivery phase, linear combinations of these file parts are sent to
every subset of x + 1 users such that each user can combine its received linear combination with

the contents of its cache to decode one part of their requested file. As a result, a total of

LP(N,K,,M,) - F =

bits are sent through the network (see [4, Theorem 1]).

Notice that the broadcast strategy never really sends any broadcast message on a logical level
(except when k + 1 = K,). Instead, it sends many multicast messages, each intended for x + 1
users, which just happen to be “overheard” by the unintended receivers. Inspired by this, we choose
the messages in 7 to reflect the multicast structure in [4]. Specifically, we choose to create one

multicast message from each transmitter to every subset of receivers of size x + 1. In other words,
S ={SC{1,... K, }:|S|=r+1}. (4.9)

For example, Figure 4.7 shows the separation architecture when x+ 1 = 3. While (4.9) depicts the
choice of . that we make most of the time, it is inefficient in a particular regime, namely when
both the number of files and the receiver memory are small. Since that regime is of only limited
interest, we relegate its description to Appendix C.1.

Let R/ﬁ—l be the rate at which we transmit these messages at the physical layer, i.e., Vs; €

91



[2Rﬂ+1T]. Further, let £,,1 be the size (normalized by file size) of whatever is sent through each
multicast link at the network layer, i.e., Vs; € [2%+1F]. Therefore, Rup1T = Lo F. Let us
write R; 41 and £5 ; to denote the optimal Ry+1 and {1, respectively, within their respective
subproblems (these will be defined rigorously in the subsections below). These quantities can be
connected to the rate R of the original caching problem. Indeed, since F' = RT, then we can achieve

a rate R equal to

R= KEH’ (4.10)
rt1
when M, = kN/K,, k € {0,1,... K, —1}.4
The separation architecture has thus created two subproblems of the original problem. At the
physical layer, we have a pure communication subproblem, where multicast messages Vs; must
be transmitted reliably across an interference network. At the network layer, we have a caching
subproblem with noiseless orthogonal multicast links connecting transmitters to receivers. In the

two subsections below, we properly formulate each subproblem. We give a strategy for each as well

as the values of R,{H and {,,11 that they achieve.

4.4.1 Physical Layer

At the physical layer, we consider only the communication problem of transmitting specific messages
across the interference channel described in Section 4.2, as illustrated in Figure 4.7a. This is an
interesting communication problem on its own, and we hence formulate it without all the caching
details. The message set that we consider is one where every transmitter j has a message for every
subset S of o receivers, where o € {1,..., K,} is given.® We label such a message as Vs;, and we
note that there are a total of K (IZ’) of them. For instance, in the example shown in Figure 4.7a,
message Viz42 (used as a shorthand for Vi 543 2) is sent by transmitter 2 to receivers 1, 3, and 4.

We call this problem the multiple multicast X-channel with multicast size o, as it generalizes the

(unicast) X-channel studied in [54] to multicast messages. Note that, when o = 1, we recover the

4The nature of the separation architecture implies that x must always be an integer. Regimes where it is not
are handled using time and memory sharing between points where it is. Furthermore, we exclude the case k = K,
(equivalently, M, = N) for mathematical convenience, but we can in fact trivially achieve an infinite rate when
M, = N by storing the complete content library in every user’s cache.

°In the context of the caching problem, ¢ is chosen to be k + 1, as described earlier.
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unicast X-channel.

We assume a symmetric setup, where all the messages have the same rate Ry, i.e., Vsj € [QRGT].

A rate is called achievable if a strategy exists allowing all receivers to recover all their intended
messages with vanishing error probability as the block length T increases. Our goal is to find the

largest achievable rate R, for a given SNR, denoted by R;(SN R), and in particular its DoF

R%(SNR)

(K, Ky) & :
do (K, Kr) SNFliﬁoo%logSNR

One of the contributions of this chapter is an exact characterization of J(*,, and we next give an

overview of how to achieve it.

K,—1

o—1

For every receiver i, there is a set of Ki( ) desired messages {Vs; : i € S}, and a set of

K (K’;f_l) interfering messages {Vs; : i ¢ S}. Using TDMA, all K (K’") messages can be delivered

g

to their receivers at a sum DoF of 1, i.e., dy = 1 /K, ({?) However, by applying an interference
alignment technique that generalizes the one used in [54], we can, loosely speaking, collapse the
K, (K’"U_l) interfering messages at every receiver into a subspace of dimension (Kra_l) (assuming

for simplicity that each message forms a subspace of dimension one), while still allowing reliable

K,—1

recovery of all K (Ii"__ll) desired messages. Thus an overall vector space of dimension Kt( o ) +

(KT—l

g

) < Ky (Igf) is used to deliver all K; (lgf) messages. This strategy achieves a DoF-optimal

rate, as asserted by the following theorem.

Theorem 16. The DoF of the symmetric multiple multicast X-channel with multicast size o is

given by
1
K () + ()

o—1 o

da(Ky, K,) =

The details of the interference alignment strategy are given in Section 4.5. The proof of optimal-
ity is left for Appendix C.4, since it does not directly contribute to our main result in Theorem 15.
It does however reinforce it by providing a complete solution to the physical-layer communication
subproblem.

The DoF shown in Theorem 16 is a per-message DoF'. Since there are a total of K (Igf) messages,
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we obtain a sum DoF of

K, 7 Ki (KT) KKy
K (K K, = o _ . 411
t( o > o (K, Ky X, (Igr_—ll) n (Krg—l) (Ki—1)o + K, (4.11)

When o = 1, the sum DoF in (4.11) is KK, /(K; + K, — 1), thus recovering the unicast X-channel
result from [54]. When o = K, the problem reduces to a broadcast channel with multiple sources,

giving a sum DoF of 1.

4.4.2 Network Layer

The network layer setup is similar to the end-to-end setup, with the difference that the interference
network is replaced by the multicast links Vs; from transmitters to receivers, as illustrated in
Figure 4.7b. As mentioned previously, each link Vs; is shared by exactly |S| = k + 1 users, where
k = K.M,/N is an integer. We again focus on a symmetric setup, where all links have the same
size £y+1, called the link load. It will be easier in the discussion to use the sum network load L1,

i.e., the combined load of all K; (") links,

K,
LH+1 == Kt </<; + 1> . €H+1- (412)

A sum network load L is said to be achievable if, for every large enough file size F, a strategy
exists allowing all users to recover their requested files with high probability while transmitting no
more than LF bits through the network. Our goal is to find the smallest achievable network load
for every N, K;, K., My, and M,, denoted by

:+1(N7 Kta KT7 Mta M’r)a

where k = K, M, /N is an integer. Using a similar strategy to [4], we achieve the following sum

network load.

Lemma 6. In the network layer setup with a multicast size of k+1, k € {0,1,..., K, —1}, a sum

network load of
K, —k

;—i—l(Nv Kt’ KT7 Mt7 MT) <
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can be achieved when M, = kN/K,.

Proof: We first divide every file W,, into K; equal parts, W,, = (W}, ... WXt) and store
the j-th part Wi in the cache of transmitter j. Note that, while we allow M; > N/K, as per the
regularity condition in (4.1), the above transmitter placement only stores exactly N/K; files at
every transmitter irrespective of the value of M;. The different transmitters are then treated as
independent sublibraries. Indeed, the receiver placement splits each receiver cache into K; equal
sections, and each section is dedicated to one sublibrary. A placement phase identical to [4] is then
performed for each sublibrary in its dedicated receiver memory.

During the delivery phase, user i’s request for a single file W,,, is converted into K; separate
requests for the subfiles (WJZ, . ,Wft), each from its corresponding sublibrary (transmitter). For
every subset S of k + 1 receivers, each transmitter j then sends through the link Vs; exactly what
would be sent to these receivers in the broadcast setup, had the other transmitters not existed.
This is possible since the Vs; links were chosen by design to match the multicast transmissions in
the broadcast setup. Each transmitter will thus send (1/K;) - LB¢(N, K,, M,) files through the

network (with LBC as defined in (4.8)), for a total network load of (K, — x)/(k + 1). [

4.4.3 Achievable End-to-End DoF

From (4.10) and using (4.12), we can achieve an end-to-end DoF of

&, (K, K, .
DoF > 1 (K, 5r) )~Kt(K )

L;—&-l(N? Kt?-KTJMt;Mr /i—’-]_

By combining Theorem 16 (with ¢ = k + 1) and Lemma 6,

L _ Liy (N Ko Ky, My, M) 1

DoF — dy . (K, Ky) K5

K, —k K.—1 K.—1 1
k+1 K k+1 K, (K+T1)
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By writing

() () - Ktl( )+ () ()
< x K (/f—{l—rl)+</fj—rl)
+ K

(Kt—l K+ ) r Kr
K, k+1)

where (a) is due to Pascal’s triangle, we conclude that

(4.13)

I _K -« (K-~ D(r+1)+ K, K —1+ 25 L
DoF = k+1 KK, B K, '
This proves the achievability direction of Theorem 15 when K, /(k+1) < N. The case K,./(k+1) >

N is discussed in Appendix C.1.

4.5 The Multiple Multicast X-Channel

The multiple multicast X-channel problem (with multicast size o) that emerges from our separation
strategy is a generalization of the unicast (¢ = 1) X-channel studied in [54]. We propose an
interference alignment strategy that generalizes the one in [54]. In this section, we give a high-level
overview of the alignment strategy in order to focus on the intuition. The rigorous explanation of
the strategy is given in Appendix C.2 as a proof of Lemma 7, which is presented at the end of this
section.

Consider communicating across the interference network over 7' time slots. Every transmitter
J beamforms each message Vs; along some fixed vector of length 7" and sends the sum of the
vectors corresponding to all its messages as its codeword. Each message thus occupies a subspace
of dimension 1 of the overall T-dimensional vector space. The goal is to align at each receiver the
interfering messages into the smallest possible subspace, so that a high rate is achieved for the
desired messages.

When choosing which messages to align, we enforce the following three principles, which ensure

maximal alignment without preventing decodability of the intended messages. At every receiver i:
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1. Each desired message Vs; with ¢ € S must be in a subspace of dimension 1, not aligned with

any other subspace.
2. Messages from the same transmitter must never be aligned.

3. All messages intended for the same subset S of receivers with ¢ ¢ S must be aligned into one

subspace of dimension 1.

Principle 1 ensures that receiver ¢ can decode all of its desired messages. To understand principle
2, notice that messages from the same transmitter go through the same channels. Therefore, if
two messages from the same transmitter are aligned at one receiver, then they were also aligned
during transmission, and are hence aligned at all other receivers, including their intended ones.
Thus principle 2 ensures decodability at other receivers. As for principle 3, it provides the maximal
alignment of the interfering messages without violating principle 2. Indeed, each aligned subspace
contains K; messages, one from each transmitter. Any additional message that is aligned would

share a transmitter with one of them.

K,.—1

-1 ) desired messages. By principle 1, each should take up one

For every receiver, there are Kt(

K,—1

o1 ) dimensions. On the other hand, there

non-aligned subspace of dimension 1, for a total of Kt(
are K, (Krg_l) interfering messages. By principle 3, every K; of them are aligned in one subspace
of dimension 1, and hence all interfering messages fall in a subspace of dimension (K’;l). These

subspaces can be made non-aligned by ensuring that the overall vector space has a dimension of

K, -1 K, -1
w2+ (7)
c—1 o

Since each message took up one dimension, we get a per-message DoF of

1 1
TR ()

o—1

This is an improvement over TDMA, which achieves a DoF of 1/K; (Ig)
In most cases, we do not achieve the exact DoF shown in Theorem 16 using a finite number of
channel realizations. We instead achieve an arbitrarily close DoF by using an increasing number of

channel realizations. The exact achieved DoF is given in the following lemma.
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Lemma 7. LetI' = (K, —0)(K;—1). For any arbitrary n € N, we can achieve a DoF for message

Vsj equal to

5 — (n+¢j)"
T E Y D+ (K - Dal 4 (B ) (o E
where c; =1 and ca = --- = cg, = 0.

The proof of Lemma 7 is given in Appendix C.2.

Note that Lemma 7 achieves a slightly different DoF for Vs; depending on j, which might seem

to contradict the symmetry in the problem setting. However, for a large n, we have (n+ 1) ~ nl,
and hence
N ON 1 _
nlgrolo 5j - Kt(fc(;;—ll) + (K;—l) = d5 (K, Ky)

for all j. Thus the symmetric DoF d*(K;, K,) is achieved in the limit.

4.6 Order-Optimality of the Separation Architecture

In this section, we give a high-level proof of the converse part of Theorem 15 by showing that
the DoF' achieved by the separation architecture in Section 4.4 is order-optimal. We do this by
computing cut-set-based information-theoretic upper bounds on the DoF (equivalently, they are
lower bounds on the reciprocal 1/DoF). These bounds are given in the following lemma, whose
proof is placed at the end of this section in order not to distract from the intuition behind the

converse arguments. The rigorous converse proof is given in Appendix C.3.

Lemma 8. For any N, K, K,., M; € [0, N], and M, € [0, N], the optimal DoF must satisfy

M,
N Gt 1)
DoF — se{l,...min{ K, ,N}} min{s,Kt} '

Lemma 8 is next used to prove the converse part of Theorem 15, i.e.,
DoF < 13.5-d(N, Ky, K., My, M,.),
where d(-) is defined in (4.4). The procedure is similar to the one used in [4]: we consider three

98



main regimes (Regimes 1, 2, and 3) of receiver memory M, and in each compare the expression d(-)
with the outer bounds. In addition, we consider a separate corner case (Regime 0) in which the
largest possible number of distinct file requests (i.e., min{K,, N}) is small compared to the number

of transmitters.

Regime 0:  min{K,, N} < 12.5K; (4.14a)
N
Regime 1:  min{K,, N} > 12.5K; and 0 < M, <1llmax {1, K}4;.14b)
T
. : N N
Regime 2: min{K,, N} > 12.5K; and 1l.l1max<]1, 7 < M, < 0.092?; (4.14c)
T t
N
Regime 3: min{K,, N} > 12.5K;, and 0.0927= < M, < N. (4.14d)
t
Note that Regimes 1, 2, and 3 are unambiguous, since
. N N
min{K,, N} > 125K, = 0 < l.1max< 1, (< 0.092? < N. (4.15)
r t

Since M, is the only variable that we will consistently vary, we will abuse notation for conve-
nience and write d(M,) instead of d(N, Ky, K., My, M,.) for all M, € [0, N]. Our goal is thus to

prove
-1

1 >d (M,)

DoF — 135

(4.16)

For ease of reference, we will rewrite the expression of d~!(M,) here. For M, = xN/K, where

k€{0,1,...,K,} is an integer,

d Y (kN/K,) =

Kt—1+min{£r1,N} (
1=

K
— 4.1
- K) , (4.17)

and d~'(M,) is the lower convex envelope of these points for all M, € [0, N]. Note that d=*(M,)

is non-increasing and convex in M,.
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Regimes 0 and 3

Interestingly, Regimes 0 and 3 behave quite similarly to each other. Indeed, notice that in both of
them we have K; = Q (min{K,/(x + 1), N}). Using (4.17), this implies

. K,
dl(M)NKt+mln{M’N}~ oM g (o M
s K, N ) N )

Conversely, we can apply Lemma 8 with s = 1 to get 1/DoF > 1 — M,./N. Thus in both regimes
the local caching gain is the only significant contribution to the DoF.
Regime 1

In Regime 1, the receiver memory is too small to have any significant effect. Therefore, using

12.5K; < min{K,, N}, we can write (4.17) as

_ 1 min{K,, N}
1 T

M,) ~ A< —=—+1) —=Z
(M) K, —<12.5+> K,

Conversely, by using Lemma 8 with s = min{K,, N}, we get

1 _s 1 min{ K, N}
DoF ™~ Kt - Kt '

Therefore, in this regime DoF ~ K;/ min{K,, N}. We can explain this in terms of the DoF gains in
(4.5): when the receiver memory is very small, the only relevant gain is the interference alignment

gain.

Regime 2

In Regime 2, the receivers combined can store all of the content library. As a result, the global

caching gain kicks in. We can upper-bound d=1(M,) in (4.17) as follows:

K N N
d~ Y M) <1+ r <1+ 092——,
(Mr) < Ki(K.M./N +1) ~ KM, ~ KM,
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because Ky < 0.092N/M, in Regime 2. Conversely, let us apply Lemma 8 using s ~ N/2M,:

1 s— s°M,/N N
DoF ™~ K, T AK, M,

Therefore, DoF ~ K;M,/N. This behavior is similar to what one would expect in the broadcast
setup in [4], with the exception of the additional K; factor.

Since d~!(M,) approximately matches the outer bounds in all four regimes and can also be
achieved as in Section 4.4, then it provides an approximate characterization of 1/DoF. The above
arguments are made rigorous in Appendix C.3.

Proof of Lemma 8: Consider s € {1,...,min{K,, N}} users. We shall look at E = |N/s]|
different request vectors, such that the combined number of files requested by all users after F

request instances is N = sE = s |N/s| files. More specifically, we consider the request vectors

uy,...,ug with
u = ((e—1s+1,(e—1)s+2,...,es,1,...,1),
N—_——
s K,—s
for each e =1,..., E. Note that we only focus on the first s users; the remaining K, — s users are

not relevant to our argument.

When the request vector is u, let x}-‘ and y}' denote the inputs and outputs of the interfer-
ence network for all transmitters j and receivers 7. For notational convenience, we write yﬁ] =
(¥}, ...,yY) and use a similar notation for xi}(t}. Also, let @); denote the contents of user ¢’s cache

(recall that the cache contents are independent of u). By Fano’s inequality,

H (Wl, . .,WN‘Ql, L Quyl ,y[‘;f) <eT, (4.18)

since the s users should be able to each decode their | N/s| requested files using their caches and
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channel outputs. Then,

NRT = H(Wy,...,Wy)

[
=

Wi Qu Qe VI )+ H (Wa W@ Quy oy

—
S
i

INA
~
=

'7WN;Q17"'7QS7yE;jl7"'7yE;f> +(€T
7WNayE;]177yE;f) +I<WI7"'?WN;Q17"‘7QS

aaWNay[l;]lvvyIZf) +H(Q17"-7QS)+€T

|
=

y[s]l,...,y[sf) +eT

IN
~
=

—
INS

(
(
(
(
(

I xi}g],...,xi}&;yﬁi,...,yﬁf) + sM,RT + T

—
IN

E- eeglaXE}I (xi‘e, XY ,y;‘E) + sM,.RT + T

,\
IN&

1
E-T <min {Ky, s} - 3 log SNR + o(log SNR)) + sM,RT + T

1
= |N/s|T- (min {Ky, s} - 3 log SNR + o(log SNR)) + sM.RT + T,

where (a) is due to inequality (4.18), (b) uses the data processing inequality, (c¢) follows from the
independence of the channel outputs when conditioned on all channel inputs, and (d) is the capacity
bound of the K; x s MIMO channel over T time blocks.

Since N = s | N/s], and by taking T — co and € — 0, we obtain

M, 1. 1
_ < 1. 1 |
R (1 LN/sJ) <5 min{ Ky, s} 5 log SNR + o(log SNR)

The DoF thus obeys

DoF < min{Kj‘;s} ‘
§ (1 - vasj)
Since s was arbitrary, the above is true for any s € {1,..., min{K,, N}}, and thus the lemma is
proved. [ |
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Figure 4.8: The 2 x 2 cache-aided interference channel with 2 files. The transmitter caches can hold exactly
one file each, and the receiver caches M, € [0,2] files each. The z;’s are iid additive Gaussian unit-variance
noise.

4.7 An Alternative Separation Strategy

In this chapter, we have determined the approximate DoF of the general cache-aided interference
network. To do so, we have proposed a separation-based strategy that uses interference alignment
to create non-interacting multicast bit pipes from transmitters to receivers, and we have shown
that this strategy achieves a DoF that is within a constant multiplicative factor from the optimum.
However, this achieved DoF is only approximately optimal. In fact, many improvements can be
made, such as using transmit zero-forcing as has been discussed in previous work [53, 56, 57].

In this section, we explore a different approach, which lies within the context of interference
alignment described in Section 4.5: rather than ignoring the interference subspace, which contains
the aligned messages, we attempt to extract some information from it. Thus every receiver gains
additional information in the form of an alignment of the bit pipes available at other receivers: the
bit pipes would thus interact. We study this approach in a specific setup: the 2 x 2 interference
channel with a content library of two files, shown in Figure 4.8.

For this 2 x 2 setup, by Theorem 15 the main strategy described in this chapter achieves

1 3 1
DOFSmaX{2—MT,1—2MT},

for M, € [0,2], as shown by the solid line in Figure 4.9. However, the same figure shows an improved

inverse DoF, depicted by the dashed line, which is achieved using the interference-extracting scheme
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Figure 4.9: Inverse DoF achieved by the scheme from Section 4.5 (solid line), and the improved inverse

DoF achieved by extracting more information from the aligned interference (dashed line). The dash-dotted
line shows the information-theoretic lower bounds from Lemma 8.

discussed in this section. A factor-7/6 improvement is obtained over the main strategy. This result

is summarized in the following theorem.
Theorem 17. The following inverse DoF can be achieved for the 2 x 2 cache-aided interference
network with N = 2 files and transmitter memory M; = 1:

1 3 3 9 6 1
oo S VY VA R V'
DoF_maX{2 g Tt Ty }

for all values of M, € [0,2].

It should be noted that the general converse stated in Lemma 8 can be applied here and results

in

which implies that our strategy is exactly optimal for M, > 4/5, as illustrated by the dash-dotted
line in Figure 4.9.

We will next give a high-level overview of the interference-extraction strategy. The proof of
Theorem 17, including the details of the strategy, are given in Appendix C.6. Consider what
happens when the main strategy is used in this 2 x 2 setup with M, = 0. The strategy creates one

unicast message from every transmitter to every receiver, and transmits them using interference
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(b) Network-layer view.

Figure 4.10: Separation architecture with interference extraction in the 2 x 2 case with 2 files. The (unicast)
X-channel message set is used, but every receiver decodes, in addition to its intended messages, the sum of
the messages intended for the other reciever.
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alignment. Each receiver thus gets the two messages intended for it, plus an alignment of the
two messages intended for the other receiver. In the main strategy, this aligned interference is
simply discarded. However, we can design the scheme in a way that this alignment is a simple
sum of the two interfering messages. Each receiver can then decode, in addition to its intended
messages, the sum of the interfering messages, without suffering any decrease in the sum DoF of the
communicated messages. We hence obtain a new separation architecture, illustrated in Figure 4.10,
that we use for all M,..

The scheme we propose in this section is very specific to the 2 x 2 interference network with
two files in the content library. An interesting direction for future work would be to extend this

interference-extraction strategy to more general settings.

4.8 Discussion

In this chapter, we have presented the approximate degrees of freedom of cache-aided interference
networks, with caches at both the transmitters and the receivers. While an exact characterization
of the DoF is certainly desirable, finding it is a more difficult problem since the exact rate-memory
trade-off is unknown even for the error-free broadcast case.

The DoF can be approximately achieved using the separation architecture described in Sec-
tion 4.4, which decouples the physical-layer transmission scheme from the network-layer coded
caching scheme. While this strategy is approximately optimal, some improvements can still be
made, albeit with no more than a constant-factor gain. We explored one such improvement in
Section 4.7 where the aligned subspaces that result from the physical-layer interference alignment
scheme are extracted and used as additional bit pipes at the receivers.

In the literature, a similar setting to the one in this chapter was recently studied in [56].
However, since [56] focuses on one-shot linear schemes, the interference alignment gain is not
achieved. This significantly reduces the achieved degrees of freedom, especially in the lower memory
regime when the number of receivers is large. In particular, if M, = N//K, and K; < /K., then

we can show that the DoF achieved by our scheme is larger than the one-shot linear scheme by a

106



20 T T T —
S-Me=Nkt | e
—M=N_| T

Ratio of achieved DoFs

0 2000 4000 6000 8000
Kr

Figure 4.11: Largest ratio of the DoF achieved by our proposed scheme to the DoF achieved by the one-
shot linear scheme proposed in [56]. In this figure, the number of receivers K, is scaled, while K; = Krl/ 3
The plot shows the maximum ratio between the DoF's over all possible receiver memory values M, € [0, N].
The comparison is made for two values of the transmitter memory, M; = N/K; and M; = N. Notice that
the gap increases arbitrarily with K.

multiplicative factor of at least

g 2

(K¢ + VE;)?

which can be arbitrarily large. A tighter comparison is numerically illustrated in Figure 4.11 for

KK, K
4 )

K; = K,}/S and M; taking the values N/K; and N.

Possible extensions to the problem include further improvements to the scheme, such as by
using transmit zero-forcing or by placing coded content in the caches; a derivation of tighter outer
bounds; and an exploration of the regime where the total transmitter memory is less than the size
of the content library, i.e., N — M, < K;M; < N. Several follow-up works have extended the results
in a few of these directions [58, 59]. Another interesting question is to find the (exactly) optimal
strategy when the problem imposes a restriction of uncoded cache placement, in a similar manner

to [60, 61] for the broadcast case.

4.9 Low-SNR Regime

The focus of this chapter, and indeed in most of the works in the literature, has been on the high-
SNR regime. In this section, we explore the energy-efficiency gains of caching by considering a

fast-fading Gaussian interference channel in the low-SNR regime with caches at transmitters and
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receivers. We propose a separation-based strategy that uses the transmitter caches to enable a
transmit beamforming gain in addition to the usual multicasting gain (i.e., global caching gain)
and local caching gain. We find that there is a trade-off between the beamforming gain and the
multicasting gain and propose two variants of the strategy, each of which prioritizes one of the two
gains. We show the approximate optimality (in the low-SNR regime) of each variant in two extreme
cases: the variant prioritizing the beamforming gain is approximately optimal for the single-receiver
case (i.e., the Gaussian multiple-access channel), while the variant prioritizing the multicasting gain
is approximately optimal for the single-transmitter case (i.e., the Gaussian broadcast channel).
Since this is a large section, we split it into the following parts. Subsection 4.9.1 formally
describes the problem setting. Subsection 4.9.2 presents the main results of the section. The
achievable strategy is described in detail in Subsection 4.9.3, and Subsection 4.9.4 provides the proof

of approximate optimality for the multiple-access case. Proof details are relegated to Appendix C.7.

4.9.1 Problem Setting

A content library contains N files, denoted by Wi through Wy, of size F' bits each. The content
library is separated from its end users by a Gaussian interference network, whose receivers act as the
users. Let L denote the number of transmitters in the interference network and K the number of
receivers (i.e., users). Each transmitter is equipped with a cache of size M, F' bits, and each receiver
is equipped with a cache of size M, F bits. The goal is to utilize the caches to help transmit files
requested by the receivers across the interference network. Two special cases that we will consider
later in the section are the single-transmitter (broadcast) case with L = 1 and the single-receiver
(multiple-access) case with K = 1.

The system operates in two phases. First, a placement phase occurs during which each cache is
filled with some function of the files. This is done before the user demands are known. Second, a
delivery phase occurs during which the user demands are revealed: each user k requests a file Wy, ,
where dj, € {1,..., N}. Each transmitter ¢ responds by sending a codeword x, = (z¢(1),...,z¢(T"))

of length T" through the interference network. The codeword x, depends only on the user demands

108



and the contents of transmitter ¢’s cache. Receiver k then observes at time 7
L
e(T) =D gre(T)ae(7) + 2i(7),
=1

where gi¢(7) are the iid complex channel gains, known causally at all transmitters and receivers, and
z(7) are iid additive white circulary-symmetric unit-variance complex Gaussian noise. We assume
the channel gains are uniform phase shifts, i.e., gr(7) = €/%¢(") where j is the imaginary unit
and Oye(7) are iid uniform over [0,27). The channel inputs and outputs are also complex-valued.
Receiver k proceeds to decode its requested file from y, and the contents of its cache.

We impose a power constraint of P on the input, i.e.,
1 2
f”XﬁH <P, V€€{17¢L}

The rate is defined as R = F/T. For a given P, we wish to find the largest rate R*(P) such that,

for all possible user requests (di,...,dx),
m]?XPr{Wk % de} -0 as T — oo,

where W}, denotes the reconstruction of file Wy, by user k. In this paper we will focus on the
capacity per unit energy [62]
R*(P)

R* = lim ——1.
Pg%+ P

This allows us to study the energy-efficiency gains that caching can provide.

4.9.2 Main Results

Our main contribution is a separation-based communication strategy consisting of a physical layer
and a network layer. A message set is created from transmitters to receivers to serve as the
interface between the physical layer and the network layer. The physical layer transmits these
messages across the interference network, while the network layer uses these messages as error-free

bit pipes in order to deliver the requested files to the users. This idea is similar to the one described
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earlier in this chapter for the high-SNR regime.

We have shown in the previous sections of this chapter that, in the high-SNR regime, transmitter
co-operation is not necessary for approximately achieving the degrees-of-freedom. In contrast, in the
low-SNR regime, transmitter co-operation becomes essential as it enables the transmit beamforming
of signals to the receivers, yielding a power gain. We therefore use the transmitter caches to create
as much content overlap among the transmitters as possible, allowing them to co-operate and
beamform signals to the intended receivers, thereby obtaining a significant power gain. In general,
we are able to obtain maximal multicasting (and local caching) gains, as well as a significant
beamforming gain. However, in special cases where the number of distinct file requests is small
but the receiver memory is large, it is more beneficial to completely ignore the multicasting gain
in favor of maximizing the beamforming gain.

In fact, there is a trade-off between the multicasting gain and the beamforming gain. In order
to obtain maximal multicasting gain, the receivers need to cache distinct parts of the files in order
to increase the number of coding opportunities and thus enable the multicasting of coded messages.
Conversely, the beamforming gain can be improved by having all the receivers store common infor-
mation. This reduces the size of the total content that must be stored at the transmitters, which
allows for greater overlap at the transmitters for the same memory size at the cost of losing the
multicasting gain.

We therefore propose two different schemes, both of which utilize the separation-based approach:
a multicasting scheme and a beamforming scheme. The difference lies in the gain that each scheme
prioritizes: the former prioritizes the multicasting (MC) gain while the latter prioritizes the beam-
forming (BF) gain. Let Ruc and Rpp denote the bits per unit energy achieved by these schemes

respectively. By choosing the better of these two schemes in any given situation, we achieve
R* > max {EMC, EBF} . (4.19)

The following two theorems provide the expressions for the bits per unit energy achieved by these

schemes.

Theorem 18. Let Kk = KM, /N and A = LMy/N. When k € {0,1,..., K} and A € {1,..., L}, the
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multi-casting scheme achieves
1 K+1

. M- L.
In2 K-k A

Ryc =

Theorem 19. Let \ = min{LM;/(N — M,),L}. When )€ {1,..., L}, the beamforming scheme

achieves
1 1

. “N-L.
In2 min{N,K}(1— M,/N)

Rpr =

Note that we abuse notation when M, = N (equivalently, x = K), when we can achieve an
arbitrarily large rate.

Theorems 18 and 19 give the rate achieved at specific corner points of the transmitter and
receiver memories. Since the inverse of the rate is a convex function of M, and M; [53], we can
also achieve any linear combination of the inverse-rates of these points.

The next two subsections will analyze the two rate expressions and give a high-level overview of
the schemes that achieve them. At the end of the section, we discuss the approximate optimality

of each scheme in special cases.

The Multicasting Scheme

The multicasting scheme prioritizes the multicasting gain. To do so, it applies a receiver content
placement strategy similar to the one in [4], in which receivers store different content in a way that
maximizes coding opportunities. The transmitter content placement complements the receiver
content placement by having subsets of transmitters share content.

More precisely, if Kk = KM, /N and A = LM, /N are integers, then every set of k receivers and A
transmitters share some exclusive part of the content library. This creates opportunities for coded
messages to be multicast to k 4+ 1 receivers at a time [4] while simultaneously allowing every A
transmitters to co-operate in order to beamform and produce a power gain.

The result is then a maximized multicasting gain and a significant, though not necessarily

maximized, beamforming gain. More specifically, from Theorem 18 the sum rate achieved by the
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multicasting scheme can be split into three main components:

~ 1 KM, LM,
KRycP = . 1]- -LP 4.20
M= 1M, /N < N +> N (420)

~~ ~~ S~~~

GLc Guc GBF

for P small enough. Here Gic is the local caching gain, Gyic is the multicasting gain, and Gpp
is the beamforming gain. In the equation, the LP term can be thought of as the total power
constraint on the transmitters.

Notice that the local caching gain and the multicasting (global caching) gain are at their maximal
value. Indeed, they are identical to those in [4], whose setup consists of a single transmitter and an
error-free broadcast link to all receivers. The beamforming gain is approximately LM;/N, which
is equal to the number of copies of the content library that the transmitters can collectively store.
In the multicasting scheme, every subset of LM;/N transmitters share information in their caches,
and they use this shared knowledge to co-operate and beamform messages to the receivers. In a
typical MISO channel, the beamforming gain is the number of co-operating antennas, and this is

similar to Ggp ~ LM;/N in (4.20).

The Beamforming Scheme

The beamforming scheme ignores the multicasting gain in favor of improving the beamforming
gain. This is done by having all receivers store the exact same content in their caches and having
transmitters co-operate and beamform the remaining part of the desired file individually to each
receiver (no multicasting). Since this makes a fraction of the content library available to all receivers,
it is no longer necessary to store it at the transmitters. This effectively reduces the size of the content
library that is “unavailable” to the receivers—and hence that must be stored at the transmitters—
down to NF' = (N —M,)F bits. The transmitter memory can thus be expressed as M;/(1—M, /N)-
F' bits. Consequently, more overlap is made possible among the transmitters, thus increasing the
beamforming gain to its maximal value.

This scheme is particularly useful when the number of receivers is smaller than the number of
transmitters and the receiver memory is large compared to the transmitter memory. In particular,

it is approximately optimal when there is only one receiver, as discussed in Section 4.9.2 below.

112



From Theorem 19 we can write the sum rate of the beamforming scheme approximately as

~ = . LM /N
KRppPr~ — . S plp 4.21
BE S M. /N mm{l—Mr/N’ } (421)
GLC G‘BTF

for P small enough, where K = min{N, K} is the worst-case number of distinct file requests.
Here Gt is the local caching gain and Gpr is the beamforming gain. Note the absence of any
multicasting gain. In the equation, the LP term can again be thought of as the total power
constraint on the transmitters.

Note that, when M; < N — M,, the expression 1 — M, /N normally associated with the local
caching gain appears squared. This is due to the double effect of a receiver’s local cache: on the
one hand it provides the local caching benefit to each receiver; on the other hand it reduces the size
of the part of the library “unavailable” to the receivers by a factor of 1 — M, /N, thus allowing for
greater content overlaps among the transmitters. Indeed, instead of sharing content between only
A = LM;/N transmitters, we can now increase this number to A = min{LM;/(N — M,),L} > A,

which explains the beamforming gain G in (4.21).

Approximate Optimality

The following theorems state that our separation-based approach is approximately optimal in the
low-SNR regime for two cases: the multiple-access case (K = 1) and the broadcast case (L = 1).
While the proof of approximate optimality for the broadcast case is a straightforward adaptation of
the converse proof of [4] to the Gaussian low-SNR setup, the converse proof for the multiple-access
case is more involved as it needs to capture the limits of possible co-operation among subsets of

transmitters.

Theorem 20. In the broadcast case, i.e., when L = 1 and M; = N, the bits per unit energy

achieved by the multicasting scheme are approximately optimal,

~

1< o
Ruc
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for all N > K and M, € [0, N].
The constant in Theorem 20 can be numerically sharpened to about 8.151 for N, K < 100.

Theorem 21. In the multiple-access case, i.e., when K =1, the bits per unit energy achieved by
the beamforming scheme are approximately optimal,
A*

1< B
Rpr

for all N, L, M, € [0,N], and M; € [N — M,)/L, N].

The constant in Theorem 21 can be numerically sharpened to about 4.701 for N, L < 100. Note
that Theorem 21 holds for the entire memory regime of interest.

Notice that, in both these cases, we can assume without loss of generality that all the channel
gains are one, i.e., all channel phase shifts are zero. Indeed, when K = 1, each transmitter can
multiply its transmitted signal by the appropriate phase shift without affecting the power constraint
or the (circularly symmetric) receiver noise. Similarly, when L = 1, each receiver can multiply its
received signal by the appropriate phase shift. For this reason, Theorems 21 and 20 apply for both
fading and static channels.

Finally, we conjecture that our separation-based approach is approximately optimal in the low-
SNR regime for fading channels for all values of K and L, and proving this is part of our on-going

work.

Comparison with the High-SNR Regime

We show in this section that, in the low-SNR regime, caching can provide three gains: the local
caching gain, the multicasting (global caching) gain, and the beamforming gain. In the high-SNR
regime, the first two gains are present, but instead of a beamforming gain there is an interference-
alignment gain, as discussed in the previous sections of this chapter. Notably, the interference-
alignment gain does not require transmitter co-operation for approximate optimality, contrary to
the beamforming gain in the low-SNR regime. An interesting open problem is hence to analyze

cache-aided communication in the transition regime from low to high SNR.

5The case N < K is handled in Appendix C.7.4.
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4.9.3 Achievable Strategy

We adopt a separation-based strategy as discussed in Section 4.9.2, separating the network layer
from the physical layer. The idea is to create a set ¥ of messages from (subsets of) transmitters
and intended for (subsets of) receivers. This message set acts as an interface between the network
and physical layers: the physical layer transmits the messages across the interference channel, while
the network layer uses them as error-free bit pipes in order to apply a caching strategy that delivers
to each receiver its requested file.

Define [m] = {1,...,m} for any integer m. Because of the symmetry in the problem, we will

always choose message sets of the form

for some integers p € [K] and ¢ € [L], where message Vi, is to be sent collectively from the
transmitters in £ to the receivers in K. In other words, the messages are always from every
subset of ¢ transmitters to every subset of p receivers, for some p, q. The physical layer assumes
that message Vi, is known to all the transmitters in £. At the network layer, we therefore need to
ensure that any bits sent through the bit pipe represented by Vi, are shared by all the transmitters
in L.

Suppose that the physical layer is able to transmit all the messages in 7}, at a rate of R;q each.
Suppose also that the network layer can send a total of v,,F bits through the messages (as bit
pipes) in order to achieve its goal of delivering every file to the user that requested it. Thus we

have R;?qT = vpgF'. Since we also have R = F/T by definition, this implies

vpgF = R,,T = vpyRT = R,,T = R =R, /vy (4.23)

Therefore, by finding achievable values for v,, and R;,q for some pair (p, ¢), we obtain an achievable
rate R.
As previously mentioned, we propose two different schemes, the multicasting scheme and the

beamforming scheme. The difference in the two schemes lies in the network-layer strategy and
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the choice of p and ¢: the multicasting scheme chooses to maximize p, whereas the beamforming
scheme opts for maximizing ¢ and setting p = 1. The physical-layer strategy on the other hand is
agnostic to the choice of schemes.

The physical-layer strategy is described below and in Appendix C.7.2 along with its achieved
rate R;)q. The network-layer strategies of the two schemes are provided in Appendix C.7.1 along

with their achieved values of vp,.

Physical-Layer Strategy

Fix p € [K] and ¢ € [L]. We wish to transmit the messages ¥}, across the network. Since we are
focusing on the low-SNR regime, our strategy will attempt to get the largest power gain.
Consider a specific message Vg € 7)4. Since the transmitters in £ all share the message
Vi, they can co-operate and beamform it to at least one user. The idea is to schedule this
message transmission when the channel is “favorable” for all the receivers in IC, at which point the
transmitters can beamform to all receivers in IC at once. By “favorable”, we mean that all the
receivers in K can get approximately the maximum benefit (power gain) from this beamforming.

The result is the following achievable rate.

Lemma 9. The message set V), can be transmitted across the interference network at a sum rate

of
L\ (K ﬁ/ > ﬂ
q D P4 = 1p2
bits per unit energy, where ﬁ;,q = limp_,o+ R}, (P).

Lemma 9 is proved in Appendix C.7.2, where we describe the above strategy in greater detail.

4.9.4 Approximate Optimality for the Multiple-Access Case

Recall that K = 1 in this case. Also recall that we can assume without loss of generality that all
the channel gains are one. In order to prove approximate optimality, we first derive the following

cut-set bounds on the optimal rate, proved in Appendix C.7.3.
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Lemma 10. For a single receiver (i.e., K = 1), the optimal rate must satisfy

logy (1+17 1
R*(P) < max min 82 ( Qe ) ’
Qechxk L£C{1,...,L} 1 — Mrt(L|L)M,
Q>0, Qu<P (L—I|L|)Mi<N—M, N

where 1 is the all-ones vector, and

—1
Qrice = Qrc — Qe Qe £ Qe z

We will now use Lemma 10 to prove Theorem 21, following a similar approach to [63]. The main
idea is to use properties of the objective function of the maximization in Lemma 10 to show that
one maximizing covariance matrix Q has a symmetric structure, thereby reducing the maximization
to just a single scalar variable.

We first swap the max over the covariance matrix Q and the min over the size of the subset L,
giving

% . N
R*(P) < min max ¢(Q),

te[L] N — M, — (L — t)Mt Q
Mo+ (L—t)My<N

where we have defined

o (Q) = ‘Izl‘i:ntlogg (1 + 1TQL|LL-1) .

By noticing that ¢;(-) is both concave and invariant under permutation, we show in Ap-

pendix C.7.3 that one covariance matrix that maximizes ¢;(-) must have the form

Q ((1 —p) I+ pllT) - P (4.24)

for some p € [-1/(L —1),1].

We can now rewrite the upper bound on R*(P) as

t(L—t)p?

min max TRYTAYY, : (4.25)
L,ttf%]—Mr PEl—-1 (1 — T#t) (In2)

My

using logy(1+2) < x/1n2 and after some algebra. By optimizing over p and ¢, we obtain the result
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of the theorem. For lack of space, we relegate this to Appendix C.7.3.
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Chapter 5

Open Problems

This thesis has focused on three main aspects of the coded caching problem, in particular as
it pertains to wireless heterogeneous networks (Figure 1.1). These are: non-uniform popularity,
multiple AP access, and interference. In this section, we discuss some interesting open problems
and possible future research directions.

The architectural insights presented in Chapter 4 hold for cache-aided Gaussian interference
networks. A natural next step would be to study more general networks. In particular, is the
separation architecture—which is approximately optimal in the Gaussian interference network—
also approximately optimal for more general networks?

In Chapter 3, we found that in an adaptive matching setup there is a dichotomy between a
coded delivery scheme (with a static matching) and a pure adaptive matching scheme (with uncoded
delivery). Indeed, each scheme dominated in certain regimes. When the content popularity was
close to uniform (i.e., when the Zipf parameter 5 < 1), we also showed the approximate optimality
of the schemes in most memory regimes, and we further developed a hybrid scheme that combined
elements of both schemes. The two most pertinent next questions are hence whether a hybrid can
be developed for the § > 1 setup and whether we can prove approximate optimality results.

Finally, there are practical considerations that are not yet fully understood. For instance, this
thesis has focused on communication efficiency, but many of the algorithms needed are not compu-
tationally efficient. Thus an interesting problem is finding computationally efficient algorithms that

can achieve comparable rates to the theoretical limits. Another assumption in these works is that
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of large file sizes. For example, many of the schemes require that files be split into an exponential
(in the number of caches) number of parts. Hence it is desirable to analyze the problem when the
file size is limited.

The above are only a few possible directions for further research. The relative recency and

timeliness of coded content caching make it a rich and exciting field with many more open problems.
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Appendix A

Detailed Proofs for Chapter 2

A.1 Proofs for the multi-user setup

A.1.1 Proof of Lemma 5
A small example for illustration

Before we give the full proof of Lemma 5, we will start with a simple example for illustration.
Consider a multi-level, multi-user caching system with K = 6 caches and L = 3 levels. Suppose
that Uy = Uy = Us = 1, and let N;, Ny, and N3 be some large numbers (their exact value
is not important for this example). Finally, assume a single-access structure for all users, i.e.,
dy =dy=ds=1.

As we have discussed in Section 2.5.2, the lower bounds on the optimal rate that we wish to
obtain are a sum of L cut-set bounds, each pertaining to a single level. A cut-set bound for level ¢
consists of a certain number of caches and broadcast messages, such that the users at these caches
can use the broadcast to cooperatively decode a set of files from level ¢. For example, if we consider
the sU; users of level ¢ connected to some s caches, we can send b broadcast messages, tailored for
the correct user requests, so that the users can collectively decode min{sU; - b, N;} files of level .
Furthermore, we usually choose the values of s and b so that the final bound matches the achieved
individual rate of level i. Thus, they depend on value of the achieved rate and hence on the memory

available to the level.
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In our example, suppose that the memory we expect each level to receive dictates the following
number of caches to consider: a single cache for level 1; two caches for level 2; and three caches
for level 3. We define s; = 1, so = 2, and s3 = 3 to be these numbers. In order to group
together the cut-set bounds of all the levels with their different numbers of caches, we resort to the
sliding-window subset entropy inequality presented in Lemma 4.

In this example, we will consider six separate broadcast messages. For simplicity, we will assume
that the messages are chosen so that, any time we encounter a group of p users and g messages, the
users are able to decode a total of pg messages. This relaxation will be discarded when we discuss
the general proof.

Let the caches be labeled with Z1,..., Zg and the broadcast messages with X1,...,Xs. We
start with the level with the smallest s;, in this case level 1. Since s; = 1, this means its cut-set
bound will consider a single cache. In fact, the cut-set bound should have the following form by
Fano’s inequality:

H(Z1,X,)> H(Z,X,WY) +1-F,

where W! represents the set of files of level 1 that got decoded. In this case, the single level-1 user
at cache Z; can only decode one file when given just X7, hence the 1 - F' term. However, to take
full advantage of the sliding-window entropy inequality, we will take the average over six cut-set

bounds for the same level, one for each cache:

1
RFE+MF > G [H(Zy, X1) 4 -+ H(Zg, X¢))
1
> 5 [H(Zy, XaWY) + - + H(Zs, XgW)]
+1-F

After completing the cut-set bound for level 1, we now attempt to transition to the cut-set
bound for level 2. Because we have taken the average of six instances of cut-set bounds, we can use

Lemma 4 to obtain 6 new cut-set bounds with so = 2 caches each (for ease of notation, we write
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Yi = (Zk, Xk)):

1
RF +MF > - [H(Y1W?') + H(Yo)W?h) + H(Y3 W)
+ H(Y(W?h) + H(Ys|W') + H(Ys W]

+1-F

—
N

> [H(Y1,Yo|[W') + H(Ya, YsW?)

N =

1
6
+ H(Ys, YaW') + H(Ys, Y5 W)
+ H(Y5, YWY + H(Ys, iWh)]

+1-F

—~
-
—_

>

é 3 [H (Y1, Yo W' W?)

+ H(Ys, Ys[W' W) + H(Y3, YW, W?)
+ H (Y3, Ys)W' W?) + H(Ys, Yo W, W?)
+ H(Ye, iV, W?)]

4
+1-F+5-F.

Here, inequality (a) uses Lemma 4, while inequality (b) uses Fano’s inequality on the level-2 cut-set
bounds. Since each bound involves two users and two broadcast messages, the total number of files
decoded is 4, hence the 4 - F term. The set of decoded level-2 files is denoted by W?2.

We proceed again with the transition from level 2 to level 3. Just like before, we first apply

Lemma 4 to obtain entropy terms with the correct number of caches s3, and then apply Fano’s
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inequality to decode files from level 3, labeled W3.

[H (Y1, Ya)W' W?)

[ N
N =

RF + MF >
+ H(Ya, Y3[W' W) + H(Y3, YW, W?)
+ H(Yy, YsWH W?) + H(Ys, Yo W, W?)
+ H(Ys, i[W'W?)]

4
+1-Ft o F

—~

a

>

N
—_

1
63 [H (Y1, Y2, V3W! W?)
H(Ya, Ys, Ya W' W?)

4
1-F4+ - F
+2
b
>

—
=

n
L.
+ H(Ys, Y1, Yo W W2)]
n
11 1 492 A3
6’3 [H (Y1, Ya, Y3 W2 W?)
+ H(Y, Y3, Y W W2 W)
b
+ H (Y, Y1, Yo W W2 W3]

9

4
1.-F+--F4+_-F
1 F 4o F g

Again, inequality (a) uses Lemma 4, and inequality (b) uses Fano’s inequality on level 3, which is
considering groups of 3 users and 3 broadcast messages, allowing the decoding of a total of 9 files.

Finally, by the non-negativity of entropy, the lower bound becomes:

RF+MF > <1+;+§)-F

R+ M > 6.
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The general proof

The process involved in the general case is similar to the one shown in the example above. We
start with the level with the smallest s; and write an average of K cut-set bounds for this level,
one for each sequence of consecutive s; caches. After applying Fano’s inequality, we use Lemma 4
to transition to the level with the next smallest s;. In this discussion, the popularity of the levels
is not important, but the order of their s;’s is. Specifically, if s; < s;, it does not matter which of
1 and j is more popular. Thus, we can assume without loss of generality that s1 < --- < sy.

In the example, we started with cut-set bounds with a single cache each. For technical reasons,
this will not give us good enough bounds in general, and so the initial cut-set bounds will consist
of ¢ caches, for a general t € {1,..., K}. In fact, every consecutive ¢ caches will be clustered into

an inseparable group. The group consisting of the ¢ caches that start with cache k is labeled as:

Z}; = (Zk, - "Z<k+t71>) )

where (m) is defined for integers m as in Lemma 4, i.e., (m) = m if m < K and (m) =m — K if
m > K. To every cache group Z}é, we associate a broadcast-message group X,f , which consists of b
messages serving different user demands.

Recall that a level-i user needs to connect to d; consecutive caches in order to decode whichever
file he has requested. Applying Lemma 4 should hence keep only consecutive caches in the same
cut-set bounds, which will allow for the maximum number of users to be active in the decoding
of the files (and thus produce a larger number of files from the same cut-set bound). While this
was fairly simple to ensure in the example above, we must show that we can still do it even after
introducing the t-groups of caches. This is done in the next paragraph.

Let g be the GCD of t and K. Then, the following sequence:

(Zi Zlpsryreees Zf(K/g>t+1>) )

starts at cache 1 and ends at cache K. Each cache Zj appears exactly (¢/g) times in the sequence.

Furthermore, every pair of caches that are consecutive in the sequence are also consecutive in the
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system. For example, suppose t = 4 and K = 6. Then their GCD would be g = 2, with K/g = 3,

and the sequence would be:
((Zla Z27 Z37 Z4)7 (Z5> Zﬁa Zla Z2)7 (Z37 Z47 Z57 Zﬁ)) .

Notice that every cache appears in the sequence t/g = 2 times, and that consecutive caches remain
so in the sequence.
We are now ready to prove the lower bounds. Start with an average of K/g cut-set bounds

consisting of one group of ¢ caches (and their associated broadcast messages) each:

K/g
9 t b
bRF +tMF > 23" H (21,00 X 1ygin) -
k=1

This follows from bR +tM > H(Z},X}) for all k. Notice how all the indices [(k — 1)g + 1] are the

same modulo g. We can include all other caches to get:
T
bRE +tMF > — ;H (z,g,x,g) .

The first step is to use Lemma 4 to obtain cut-set bounds with sit caches for level 1.

bRE +tMF

1 K
= > H(z.x7)
k=1

K
1 1 Z t ot t
> K s i 1H <Zkaz<k+t>’ e 2kt (s1—1)t)

v

b b b
X Xl X<k+(sl_1)t>>

Each entropy term in the sum now consists of sit consecutive caches and s1b broadcast mes-
sages. For simplicity, we write it as ﬁk(slt, s1b), for k € {1,..., K}, and its conditional version
as Hy(s1t,s1b|Q) for any random variable Q. Let W! denote the set of level-1 files that can be
decoded in every cut-set bound in the sum, and let p; be its size, to be determined later. For

technical reasons, we will only apply Fano’s inequality on a fraction of the cut-set bounds; the rest
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are simply lower-bounded by conditioning. The meaning and value of this fraction is discussed

below, but for now we will call it A\;. Then, we use Fano’s inequality to get:

K
1 1 A
bRF +tMF > — . — H, t,s1b
+ > 7 31; k(s1t,s1b)
K
1 1 N A1p1
> — . =Y Hi(sit,s1bWH) + =2 F
Z % 51; k(s1t, s1bW) + .

By applying Lemma 4 again, we obtain cut-set bounds pertaining to level 2. We lower-bound a

fraction Ay of them in turn using Fano’s inequality, and repeat for all levels. Thus, we have:

K
1 1 . A1p1
bRF +tMF > — - — Y Hi(s1t,s1b[WH + == . F
+ > 31; k(s1t, s1b)W) + -
@1 1. A1p1
> — . =Y Hp(sot,sobWh) + == . F
Z % 52]6221 k(sa2t, s2bW) + -
M1 1.
> — . =Y Hp(sot, sob|Wh W?
> = Szkzl k(S2t, s2bV, W7)
+>\1P1'F+)\2p2_F
S1 59
L
>Z)\ipi F
> F. (A1)

S
i=1 '

where the inequality marked with (a) uses Lemma 4 and the one marked with (b) uses Fano’s
inequality.

For any m < K consecutive caches, the number of level-i users that are connected to d; of those
caches is exactly (m—d;+1)U;. Therefore, given s;t < K consecutive caches and s;b broadcast mes-
sages, the users at these caches should, in principle, decode up to p; = min {(s;t — d; + 1)U; - s;b, N; }
files from level 7. This requires choosing the broadcast messages for the correct user demands. How-
ever, consider a pair of broadcast message X’ and user u that appears in multiple cut-set bounds.
In other words, the user u is expected to decode a file using the message X’ on multiple occasions.
We must ensure that there are no contradictions, i.e., that the message X’ always delivers the same
file to user w.

It turns out it is not always possible to do that and still be able to decode the maximal number
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of files at every cut-set bound. However, because s;t < K/2 (as constrained in the statement of
Lemma 5), we can get around this issue by “ignoring” half of the cut-set bounds. To understand
this, suppose we wish to determine, for each broadcast message to be sent, the set of user requests
that it must satisfy. Starting with H 1(s;t, s;b): there are a total of (s;t — d; + 1)U; relevant users,
and s;b broadcasts. We can design these broadcasts to allow these users to decode all p; files. Next,
we move on to I:IQ(sit, s;b). In this entropy term, exactly tU; users from the previous term are
replaced by tU; brand new users; the other users are still the same. Thus, if the broadcast messages
serve the same files to the new users as they did to the old, the same total number of files can be
decoded. This can go on as long as every step introduces new tU; users, which is true for all but
the last (s;t —d;) steps. Indeed, the term H K—(sit—d;)+1(8it, 8;b) re-introduces users that previously
appeared in ﬁl(sit, s;b). Thus, for every level i, only a fraction W of the cut-set bounds

can decode all p; files using Fano’s inequality. We bound this fraction by:

if S;t > dl';

NI

K — (Sit — dz) >
K B :
1 if s;t = d;,

and we define \; to be the right-hand side of the inequality.

By substituting p; for its value in (A.1), we get the final bounds:

L
bRF + tMF > A min {(s;t — d; + 1)U; - ;b, N;} - F
54
=1

L . N; t
Rzzx\i-mm (sit—di—i—l)Ui,E — =M
i=1 ¢

which concludes the proof of Lemma 5.

A.1.2 Proof of approximate optimality (Theorem 4)

In this section, we will use the information-theoretic lower bounds determined in Lemma 5 to give
an upper bound on the ratio between the rate achieved by the memory-sharing scheme and the
optimal rate (the “gap”). In order to do that, we must consider a few different cases, in each of

which different values are chosen for the parameters b, ¢, and {s;}; defined in Lemma 5. When
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these parameters are chosen, we will need to evaluate the minimization seen in the expression of

the lower bound, for every level. For simplicity, we define, for each level i:

N;
A; :min{(sit—di—}—l)Ui, Sb} (AQ)

To find or bound the value of A;, we must evaluate the following comparison:

2

bsi(sit —d; +1) s

E

. (A.3)

S

Before the main analysis, we consider the case where the number of caches is bounded. Specifi-
cally, we consider K < ko = D/, and we call this “Case 0”. Then, we consider the more interesting
case where K is unbounded, and divide that into two main regimes. The first, “Case 1”7, is when
the set I, defined in Definition 1 and (2.10), is empty; the second, “Case 27, is when it is not
empty.

For convenience, we will assume, without loss of generality, that the levels are numbered from

most popular to least popular. In other words:
Ui/Ny>--->UL/Np. (A.4)

Case 0: K <ko=D/p

Recall the refined M-feasible partition described in Definition 1 and (2.10). By (2.9), we know that

the memory given to a level iy € Iy is at most:

OéiOM < (Q/K)\/ Nzo/Uzo
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However, if K < D/, then, for any level i € I":

1 8\ /N
M< | =+ = —
@ - <K + dl) U,

K d; U;
K d; U;

D+1 N

D i \f
2 K
This suggests that the memory given to a level in I’ will not be much larger than that given to a
level in Iy. As a result, levels in I’ are expected to behave similarly to those in Iy: they receive so
little memory that their impact on the overall transmission rate is not much different from that of
the levels in H, which get zero memory. The effective result is that the subset I; “dominates” the
set I.

With these observations in mind, we next describe a near-equivalent formulation of the achiev-
ability scheme, which is more suitable for the case K < D/B. This formulation will emphasize the
fact that I; is the dominant subset of I, by essentially reducing I to I; and relegating Iy and I’ to
H.

A more precise explanation follows. Find the (unique) level i* such that:

*—1

N; "N,

Recall that the levels are numbered from most popular to least popular, as seen in (A.4).
Partition the set of levels into three sets (H,I,.J), which will serve the same purpose as the
partition described in Definition 1. We set H = {i* +1,..., L}, I = {i*}, and J ={1,...,0* — 1}.
We then proceed as usual: the levels in J are fully stored in the caches; the levels in H are given
no memory; and the single level in I, ¢*, is given the remaining memory M — T);. The conventional

scheme is applied to each level and its corresponding memory, resulting in the following transmission
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rate:

M-T
R=>Y KU,+ KU <1 )

heH Ni« fdi»
M-Ty,

<ko | Un+Us <1 - ) (A.5)
heH Ni- [ dis

For the lower bounds, consider Lemma 5, with t = 1, s; = d; for all 4, and b = [N /d;=U;=|.
Thus A\; = 1 for all i. We will first analyze the comparisons in (A.3) for every level.

For i*, we have:
N+
bSi* (Si*t — dz‘* + 1) = bdi* > UZ .

i*

For j € J, we have:

ij(Sjt — dj + 1) = bd] Z

N« dj Nj= Nj
U= dy= — UpD — Uj

by regularity condition (2.4).

Finally, for h € H, we have:

N dp, p Np,
Uy di= — Uh7

bSh(Sh — dh + 1) = bdh < 2

again by the regularity condition (2.4).
Putting these together, we determine the value of A;, defined in (A.2), for each i and get the

following lower bound on the optimal rate:

* >
R(M)_ZUh+d 70
heH jeJ
Ny /dyw — (M =T
5 b 4 Nefde — 0T

Ni=/dy= — (M — Ty)
>
- Z U 2Ni- /d;=Us»

M—T,
g | 1=
Uh+U< Nz‘*/dz’*>
heH

N N, M
i*b—i_ZT b

1
> =
-2
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By combining (A.5) with (A.6), we get the following bound on the gap:

R(M)
R+ (M)

< 2k = 2D/f = 396D.

Case 1: 1 =10

When I; = (), the rate achieved by the memory-sharing scheme is, according to Lemma 3:

25?2

ZKUh+
heH M =T, + Vi

(A7)

(A.8)

For technical reasons, the lower bounds analysis for this case has to be broken down into two

subcases, depending on whether or not the set J is empty.

Since we will be dealing with many floors and ceilings, here are a few remarks on these opera-

tions.
e If n > 11is an integer, then z > n — |x| > n;
e Forallz >0, |z] >z —1and [z] <z +1;
o If z > 1, then |z] > z/2 and [x] < 2ux;

o If a <z <b, then |a| < |z] < |b] and [a] < [z] < [b].

Case la: J # 0 Recall that M = (M — T + V;)/S;. Consider Lemma 5, with the following

parameters:

1
Vh € H, Sp = SKJ;
v/ N; /U;
Vi el, 5 = /J;

V] € J, Sj:dj;

b= [o112],
where 6 = D/f. Notice that \; =1 for all j € J, and \; > % for all other levels i.
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The first step is to verify that these parameters satisfy all of the constraints imposed on them

in Lemma 5. For ease of reference, we repeat the constraints here:

o tc{l,...,K};
e s; € NT such that s;t € {d;,...,|K/2]}, for any level i;
e he Nt.
The parameters ¢t and s;, j € J, can be easily seen to satisfy theirs. Also, it follows from Definition 1

and from regularity condition (2.2) that, for some j € J:

- 1 1\%N; 1 1)\?
M>5-([—4+=) ZZL>D/g-|—+=]) ‘K
OME =0 (dj+K) Uiy = /P (d‘+K)

J
1\? ko\ 2
ko- | =1 -k —= ] >1
() = (5) =
and therefore b > 1.

As for sy, h € H: we have sp, < | K/2] trivially, and sj, > dj, is true because K > ko = D/ >

v

8dp,.
Finally, consider i € I. First, recall that I; = (), and therefore ¢ ¢ I;. Then, using Definition 1,

we have:

which implies s; > d;. Also, we have:

s; = \‘V‘NZ/UlJ < \‘1.1J < {K/QJ

SM

Thus all the parameters satisfy their constraints.

Next, we will compute bounds on the A; terms by evaluating the comparison (A.3) for all levels
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For h € H, the comparison (A.3) gives:

iK2<£'&.

b t —dh+1) < bs?t < §M? -
sh(sn 1) < bsjt < 64 =64 U,

Thus:

Ay > min{

{1,

°”‘q>

} Sht—dh—|—1>U
645

L

5 s
(1)
2% (1-808) - KU,.

Consider now i € I. The comparison (A.3) gives:

1NJU; 8N
64 172 64 U

By

bsi(sit — d; + 1) < bs?t < M-

Therefore,

4
:% (sit — d; + 1)U,
L 648 VNi/U; u) v
D SM
_64B (1, M\ VNU
- D \8 " /NJU; M
643 (1 d; NiU;
> . (= - — =
=% (5= (%))
643 (1 N,U;
> . (=—28) X2
> (8 5) M
83 N,U;
> —-(1-1 —,
> (1-166) —
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Finally, let us look at j € J. The comparison in (A.3) gives:

ij(Sjt — dj + 1) = bdj

> —6M? - d;
2
1 1 1\*N;
> (D —+=| =4,
=5 /6)<dj+K> i
2
2id2. i &
287 d; j
>N
J
Therefore:
N.
A=
77 dsb

We can now use the values of {A;}; to lower-bound the optimal rate as in Lemma 5. Recall
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also the values of \; mentioned at the beginning of this section.

ROz Y 0P8 KU,
heH
NiUZ'
Z% EB (1—168) -
N, M
T

B 43
=Y & (1-88)- KU,
heH
48 St ier VNiUi
+p (L=168) = s
M—TJ

Zfﬁ (1—88)- KU,
8

St
1-1 _
( 65) M-T;+V;
M-T;+V;
%(5(M—TJ+‘/])2/S%

:Z%‘(l—Sﬁ)‘KUh

heH
48 2 S?
y [p'“‘“‘ﬁ)‘a M-T, 4V
= Z£~(4—32[3)-KU;L
D
heH
g 257
Z1-328). — 2L
+D< 328) M-T;+V;
Combining (A.9) with (A.8), we get:
(M) < D/B < 237D.

R(M) — 1-328

(A.10)

Case 1b: J = () We know that I is never an empty set. Since J = (), then the most popular

level is in I. By (A.4), that level is level 1, and hence 1 € I. Moreover, we note that Ty = 0 when

J =0, and thus M = (M + V;)/S;.
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Consider again Lemma 5, and define the following parameters:

RNV
132 W ’
KM J

_2 VN1 /Us

| N;i/U;
Vi €1, 8= |2 ;
N1/U1J

b= _SM\/Nl/UlJ .

Vh € H, Sy =

Thus, we can only say that \; > % for all levels 1.
As before, we must first verify that these parameters satisfy all their constraints. Let us start

with b:

~ 1 8N
8M\/N1/U1 28?\/N1/U1\/N1/U1: K[]l > 1,
1

by regularity condition (2.2), and therefore b > 1.
Next, we will examine ¢ and the {s;};. It suffices to show t > 1, s; > 1, s;t > d;, and s;t < | K/2]|

for all <. We can see that t > 1 because:

\/N1{U1> /32 1 s,

32M 4+ 645

where the first inequality follows from 1 € I\ I (recall I; = ()) and Definition 1 combined with
(2.10).
For h € H, we have QKM/\/Nl/Ul > 1 directly from Definition 1, and thus s; > 1. Moreover,

1 /N,JU KM K
Spt > — - 1/1- =—>D >d,

~ 64 M VN /U, 64

and,

1 /NJU KM
spt < — - L = K/16 < |K/2] .

=32 n /MU

Consider now i € I. Because level 1 is the most popular level, then N;/U; > N;/U; for all i,
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and hence s; > 1. Moreover:

> VNJU o 1/64 1 d; > d;.

S;t
YT oeam T B 171288

Finally,

< VUi K/16 < |K/2].

Sit
16M

Thus, all the parameters satisfy their conditions.
We now move to the comparisons in (A.3) which allow us to give bounds on A; for all 7.

Consider h € H. Note that:

bsp(spt —dp + 1)

< bsit

< 801/ Ny T \/2% V?T
- [

<ok

Therefore,

Ap = (spt —dp + 1)Uy

KM /N1 /Uy
= _(w/Nl/U1>< 3201 1>(d"1)

Un

> - 1M _b-1 KU
-\ UN/O ko "
(@ [ 1 3 1 D 1

S Y T R

= |32 <d1+K> ko kO}KUh
()

>

(1) xvi

Here, (a) uses Definition 1 with (2.10) and 1 € I\ I, and (b) uses d; > 1 and D /ko = S.
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Now consider 7 € I. We have:

bsi(sit —d; + 1) < bS?t

< 8M+/N,/U; - 4

Ni/Ui VN1 /Uy

Ni/Uy 32M
_ N
ok
Therefore,
A; = (Sit —d; + 1)Ul
[ InNgu; (N
> Z/Uz' 1{U1_1 _(di-1)| U
I Ni/Uy 32M
R -1 M N.U;
32 /NjO NJU; | M
1 g1 B 1 N;U;
Sl — (242 )—di-1D)- (2 + = L
(1 1 1 N, U;
S Y S Vi
| 32 ’ <d1 dz’) B] M
1 N;U;
> — — =
> (5-9) %

Finally, we will also give an upper bound to the following useful quantity:

tM _ /N0 2 v
b — 32M  8M./N,/U;
St
— L (M+V,
= 128(M + V)2 (M + VD)
_ 5P
C128(M +Vp)'
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Combining the A; terms, along with the \; factors, we get the following lower bound

RY(M) > ;fi < - 25) KU,

32
1 1 N;U;
+Zz'<32_36>' M
el
_tM
b

1

> — (= - :
> 5 <32 25) KU,
heH

1 S2

+2'(_ ﬂ) M+ V;
St

_128(M+V1)

_Z <—26>-KUh

hEH

1 /1 1 S2
+[2'<_ ﬁ) 128]'M+VI'

=> éu —648) - KU,

heH

+ (1—1928) - QS% (A.11)
256 M+V ’

Combining (A.11) with (A.8):

R(M) 256
< — 8448.
R*(M) ~ 1—1928

(A.12)
Case 2: 1 # 10

In this section, there exists at least one level in I;. However, by Proposition 2, the set I; cannot

contain more than one level. Therefore, in this section we have I1 = {i1} for some level i;
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Using Lemma 3, we can write the achievable rate as follows:

251Sn1
R(M) <Y KUp+ ——
heH M—=T;+Vi
1 M—T,
+/B 1U1< Nil/di1>
1 Snn
+ —=d;, Uy » ——.
g V/Ni, Ui,

Let y1 = 2.965 and 5 = 0.482. Consider Lemma 5 with the following parameters.

t=1;
Vh € H, sp = |2BK];
VN /U;
Vi eI\ I, 5; = Plﬂ/ + yod;,
M
Sip = diy;
Vi € J, Sj = dj;

N;
b= .
’Vdil Ui1 -‘

Thus we have \;; = A\; =1 for all j € J, and \;, A\, > % fori el and h € H.

Recall the following inequalities from Definition 1 regarding i € I:

l/&<M< i_i_l &
K\VU — “A\K d; Ui'

Thus, for any ¢,j € I, we have:

Ui/Ni L
Uj/Nj ~ d;

Moreover, for h € H and i € I;:

and hence:

(A.13)



We will now verify that the parameters satisfy their constraints. The parameters ¢, s;,, and
sj trivially satisfy all their constraints. Moreover, N;, > KU; > d; U;,, which implies b > 1.
Regarding s:
K/2>2BK >23-D/8=2D > dp,

and hence dj, < s;, < |K/2|. We are hence only left with s;.

Consider the following:

Ui /Ni1
U;/N;

/U +'Y2d21
>'71,8V ’L/U> ’71/8

M T Bldi+1/K
7B
> 254 d; > d;,

NnB-——=—

and hence s; > d;. Furthermore,

NnB-——=—

\/T ,72d /Nu

K
< MPK +y2dyy (d- + 1)
11

= [’71/8+'72 <1 + i?ﬂ K
<[v2+ (m+7)B K

< K/2,

and hence s; = s;t < |K/2].

We will now evaluate the comparisons in (A.3) to give bounds on the A; terms, for every i.
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Let us start with h € H. We have bsp(spt —dp, +1) < bsit = bs%, and:

N;
bsi < <d1+1>-@¢3?

N; d;
< 2 (14 1) - 4BPK7
< (145 ) a0
@ N, 1+d;,/K d
h +d1/ 2'%'4ﬁ2K2
dith (B—Fd“/K) K

1
?'di1'4ﬁ2
Nn
Up’

The inequality labeled (a) comes from Definition 1 and (2.10), and:

B 1 N; 1 [N,
= 4= <M< — ]2t

As for the inequality (b), it is due to:

14+ 1 1+ 1 1
YV > 0, = . <=
~ 0 (B+x)? Bz Btz BB
because z — % is decreasing for « > 0. Hence,
Ap, > min< 1 L (spt —dp + 1)U
min — - (spt —
h = " 1D h h h
1
> — (28K —dy) U
2 1p (28 n) Un
1
> — (28— B)KU,
2 1p (28— B) KU
g
= — - KUy.
ap "
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Now we consider ¢ € I\ I;. We have:

bs?
Nz di Nz/ 7 Uz /Nz
< 1 14 i K d; 1 1
—d”U“< i K>< S AR T
N; Ni, JU; Ui, /N;
< 1 1 }. 1 dz 1 1
< dilUil( + ) (715M + 72 1> Ui/ N
N; 7B 2
< 1 - d;
_thi( h) (5/d11+1/K+72 1>
< (1+6)< 1ﬁdwwdu)Q
d;, U;
= —(1+B)d2 (11 + )
di, Ui 1

IN
|
—
[\
_
+
=
>

Therefore, if we define ¢ = 1/12(1 + 8)D, then:

A;

. (Sit — d‘ + )U

(’nﬁ Z/U Yadiy
_<w VAL d)

M

z /Nzl
U:/N;

Ui + v2d;,

VAT,

=c _(715611‘ Ti/U)
> | (np - 29 Y

=c|(m—2)8

+

VET;
M

+ 72dz1 U’Ll

Yod;, Uy,

M

1
zc-min{Qw —1,72} B

2VNi | 1, o
M

2/ N;U;

= 0.482¢f3 -

+ =d; V- 0
6 i1 Vi ,7Ni1Uil

L1
M B

N;U;

d;, Us,
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VIN;U;
v Niy Uiy

vV N;U
v/ Ni, Uy,

_d>U

U7«1 /N”Ll
U;/N;

+72di Uiy ———




Finally, we have:
B N;,
bSil (Silt — dil + 1) = bdzl > —,
Us,

and, likewise for j € J:
d; N; N
ij(Sjt—dj—i-l)—bd] 7JU1 > —,

11

<.

<.

1

because of the regularity condition (2.4). Thus:

N;. /d; N;/d;
Ah: 1/ 1; Aj: Jl{].

Combining the A; terms, and keeping in mind the \; terms, we get:

R*(M)

> 5 i KU

heH

s 1 0.4823 2V 1, o, VN
2 12(1+ B)D BTN, Uy,

iel\I
Nll/dh + Zjej Nj/dj -M

b
_Z— KU,

hell
0.2413 { 2515nn, 1. o 51\11]

Ty eD M1, +v; 3N, U,
Ni, /diy + ZjeJ Nj/dj -M
Nil/(dil Uil)
= Z . KU,
hEH
0.2418 251511, 1. Snn
120+8)D |M-T;+V; B " "N;, Uy
1 M —T;
~U; — . A.14
! < Nil/dil ) ( )

Combining (A.14) with (A.13), we get:

R(M) 8D 12(1+ 3)D
R (M) < max{ 5 024lp ' B } < 9909D. (A.15)
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Final gap

By combining the inequalities from all the cases above, i.e., inequalities (A.7), (A.10), (A.12), and

(A.15), we get the following final result:

R(M)
R*(M)

<9909 - D,
which concludes the proof of Theorem 4.

A.1.3 Proofs of some useful results

Proof of Lemma 3. We will prove the lemma for each of the five sets in the refined M-feasible par-
tition. First, recall that the achievable rate RS"(-) for the single-level setup is defined in Theorem 1.
For h € H:
Ry(M) = RS0, K, Ny, Uy, dy,) = KUy,

For i € I:
Ri{(M) = R*(e;M, K, N;,U;, d;)

< RSY(0, K, N;, Us, d;)

= KU,

2 |N;
“MVU
_ 251V N;U;
7M—TJ+V[.
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Nz OZZ'M
<U;- (11—
- a; M ( Nl/dz)
< N;U;
- oM
B N;U;
- VN.U;-M — N;/K

N;U;
\/7M m'M
251V N;U;

SN TV
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Aoy (o oMoTN [ YSEM T4V R M1y
N N;/d; N;/d; ) N;/d; N;/d;
CM-T, JNUM-T)) YNUVi  d;

B N;/d; SiN;/d; S]N/d K
B M—TJ 1— VNiUi \/ V[\[1 B NZ i + %
- N;/d; St SIN /d N;/d; K
_ M—TJ . SI\Il _ diVI\h + i < >
Ni/di SI \/Ni/U¢S] K
, S d;V, ;S
_ ﬁ(M 1) NG AV di SN
N; St /NJUS K5
(a) dz 1 1 N; S d;V, dl S
=N ( + > \ AL 7 cati AL i PI\h
N; K di Ui SI \/NZ'/UZ'S] K SI
_ (%, Snn, diViSng  diVing, VNiUi N diSn 1,
\K VN;U; N; St N; St K Sy
N;
B d; O SI\Il d; (Vf\h + 7) SI\h dz’V[\IlVNiUi . diS]\[l
\K VN.U; NSt NiSt KS;
_(di 41 Snn iV St diSng, | diSn _di Snn 4V | Sn
K vV IN;U; N; St KS] KSy K /N;U; N; vV N;U;
_ & sz‘Uz‘_Ni>+ Snn Z VN;U; + Nij\/U;/N; n Snn
K eIt N;U; N VIN;U; K rya VIN;U; VN;U;
% 1 %
_di Ni (\/Ui/ Ni = VNi/ UZ') L S
K ieI NiU; VN:U;
b S
< AL (A.16)
N;U;
For i € I':
Ri(M) = R%(o; M, K, N;, U;, d;)



For 1 € I:
N; o; M 1 a; M
RlM <Uz7 11— ——— S*dzUz 1— —+ )
M) =Ui o < Ni/dz'> B ( Ni/d)
since i € I1 = a;M > BN;/d; (follows from (2.10)).

Consider the following difference:

»= () ()

We can show that:
Snn

A< .
N;U;

The full derivation is given in (A.16). In the calculations in (A.16), (a) is due to the definition of

I, while (b) is due to the fact that the (unique) level in I; is more popular than any other level in

(3= 5

i € I, and thus:

Using the bound on A, we can rewrite R;(M) as follows:
1 oziM
R(M)<-=-d;U;[1———
o < gt (1- 570
1 M — TJ
=—dU;|1— A
gt (1= T )
1 M — 1 S[ + Sp
< —d;U; | 1— ——
B ( Ni/ ) 6 VNU;

Finally, for j € J:
RJ(M) :RSL(Nj/dj7K7N]7U]7d]) =0.

This completes the proof of the lemma. O

Proof of Lemma 2. We prove the existence of an M-feasible partition by construction. In fact,
we will use Algorithm 1 presented in Section 2.5.1 as the proof. In what follows, we prove the

correctness of the algorithm, and then conclude the proof of Lemma 2.

The idea behind the algorithm is as follows. When the memory is 0, all levels are in the set H.!

!Technically, there will be exactly one level in the set I, but it will still get zero memory so this distinction is
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M, M, M; M, J\{
H | {12} {2} 0 0 0
I 0 {1} {1,2} {2} 0
J 0 0 ) {1} {12}

M M, M; M; M
H | {12} {2} {2} 0 0
I 0 {1} 0 {2} 0
J 0 0 {1} {1} {1,2}

Figure A.1: Two examples of how an M-feasible partition (H, I, J) could evolve when there are two levels
{1,2}. In the second case, it will turn out that M} = Mj. The reasoning behind this is that between M}
and M3, all levels have a fixed memory: level 2 has memory 0 while level 1 has memory N;/d;. Thus an
increase in the overall memory between M) and M4 would be wasted. Moreover, My = M; = 0 for similar
reasons, and My = M, = N;/d; + N2/ds because that is the point at which both levels can be completely
stored.

As the memory is increased, levels will start moving from H to I as they gain more memory, and
then finally from I to J as they get completely stored in the caches. Thus, the range of memory
values [0,00) can be divided into 2L + 1 intervals; in each interval, the partition (H,I,.J) will be
the same. The boundaries of these intervals are the memory values at which levels switch from one
set to the next. Figure A.1 shows two examples of how the (H,I,.J) partition might evolve with
two levels.

The algorithm operates in three main steps. In the first step, the sequence of (H, I, J) partitions
is determined. For instance, we determine which of the two cases illustrated in Figure A.1 holds.
In the second step, the values of the boundaries between the different intervals are calculated; in
Figure A.1, those would be { My, My, M3, My} or { M7, M}, M5, M;}. Finally, the third step consists
in determining the M-feasible partition (H,I,.J) based on steps 1 and 2, and based on the value
of any given memory M. For example, if we are in the first case in Figure A.1 and we are given a

memory value between Mz and My, then we know that (H, I,J) = (0, {2}, {1}).

irrelevant.
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Recall from Definition 1 that the M-feasible partition is defined by the relation of (M — Ty +
V1)/St to the two values (1/K)\/N;/U; and (1/d; +1/K)+\/N;/U;, for every level i. As long as the
same relations are maintained, the same partition is chosen as the M-feasible partition. Thus, the

values of the boundary ranges must be of one of two forms:

1 /N;

I1,J i

L’ = —_— _ T —_ N

m; KVUi Sr+T; -V
1 1

N;
MiI’J_<d,+K> F'S}‘FTJ—V],

for the appropriate partition (H,,.J). In fact, this partition has to be the one defined by either
of the intervals that this boundary divides. For example, M5 in Figure A.1 is the boundary where
level 2 moves from H to I. Thus, it is of the form mé’J, where (H,I,J) = (0,{1,2},0), or
(H,I,J)=({2},{1},0). As it turns out, both choices give the same result.

Let us suppose we are looking at a particular interval with some (H,I,.J) partition, and we
wish to know its upper boundary. We know that it has to be either mfl’J, h € H, or MZ.]’J, 1€ 1.
Specifically, it has to be the smallest of these values. Since I and J are fixed, this is equivalent to

determining the smaller of:

1 Nh.

h K Uha
- 1 1 N;
M= (=4 =) /2,
i <di + K> U,

But these values do not depend on the chosen partition (H,I,.J)! Thus, the sequence of (H,I,J)
can be uniquely determined solely by these 7; and M; values.

For what follows, we refer the reader to Algorithm 1 for the various symbols (zy, Y;). It is worth
mentioning the following two points. First, the ordering between z; and Y; is preserved. That is,
Ty < xpy —> Y; < Yp. This is ensured by the observation made above that the ordering does
not depend on the partition (H,I,.J). Second, as mentioned earlier, when applying the function
rz—x-S;r+T5;—V;onsomexr=m,; orx= Mi, it does not matter whether we take the (H,I,J)
partition whose interval z lower-bounds or upper-bounds.

Any interval in which I is set to be empty automatically becomes an empty interval. To prove
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J B |BU{j}|BU{j}

Y; Yin

Figure A.2: The only situation where Algorithm 1 results in an interval with I = (). Here, the sets A, B,
{i}, and {j} are disjoint and together form the entire set of levels.

this, we will show that I = () implies that its upper and lower boundaries match. This is done as
follows. Consider the aforementioned interval, and notice that it can only occur if some level moved
from I to J at the lower boundary, and another level moved from H to I at the upper boundary. See
the bottom case of Figure A.1 for an example, interval (M3, M3). Thus, the sequence of (H,I,.J)
partitions that occurs is of the form shown in Figure A.2.

Let us compute the interval boundaries Y; and Y;y1. Because of our previous observations, we

can use (H,I,J) = (AU{i},0, BU{j}) for both. Then,
Vi =M; S;+T;—V; =Ty =Tg+ N,/d;.

Similarly,
Yip1=m; - S1+ Ty — Vi =Ty =T+ N;/d;.

Thus, Y; = Y41 and the interval is empty.

This concludes the proof of the lemma. O

A.2 Proof of approximate optimality for the single-user setup

(Theorem 6)

As discussed in Section 2.6.2, we prove Theorem 6 by lower-bounding the optimal rate with ex-

pressions of the form shown in (2.16). Two cases must be considered.
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Case M < 1/6

When M is this small, we choose b = 1 broadcast message. Recall that, because of regularity

condition (2.3), we have N;/K; > 1 > 1/6 > M. The achievable rate in this case can be upper-

bounded by the expression in (2.17).

Consider now any level i. Let s; = K;. Then,

({155}
v; =8 [ min< 1, — » —
Sib
N:
:Ki<min{1,KZ}—M>

> (5/6)K;.

We can combine (2.17) with (A.17) and (2.16) to get:

Case M >1/6

We will now choose b = [6M] > 1.

Bound for g € ¢ Consider s, = 1. Then,

g = min {; Gl } - foar

>
- 6M

Wl LN -

because sgb = [6M] < 2-6M < 2N,.

Bound for h € H Consider s, = [K}/6] > 1. Then,

Ky . Ny, M 1
> Zh 1 -2 )= K
th="% <mm{ ’4KhM} GM) 72
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(A.17)

(A.18)

(A.19)

h (A.20)



because spb = [K} /6] - [6M] < 4KpM < 4Nj,.

Bound for i € I Consider s; = [N;/6M]. Then,

N ([ N MY _ 1N (a21)
e\ AN S T eM ) T2 M0 ‘
because s;b = [N;/6M] - [6M] < 4AN;.

Bound for J First, if M > Ny, then the set J contributes nothing to the upper bound on the
rate in (2.14); see (2.15). Thus we can ignore it, i.e., choose s; = 0 and thus ny = 0 and vy = 0.

So the interesting case is M < Nj. Here, we must decode files from multiple levels collectively.
Consider sy = [N;/6M], where Ny = >_ jes INj. Notice that there are enough users and broadcasts
to decode all files, because:

Ny
b> L . 6M = Nj.
517 = 6M J

However, we must take care that no broadcast considers more than K, users at a time for any
j € J. This can be ensured: since there are b = [6M | broadcasts, and b > N; for all j € J, then
every broadcast need only consider at most one user per level. Hence, all of the N; files can be
decoded, and ny = Nj.

If M < Nj/6, we have:

N]—SJM
szf
1 Ny
> (N;——L .M
_12M<J 12M >
144 Ny
> .7 A22
11 M (4.22)

If Nj/6 < M < Ny, then sy is actually equal to 1, and:

> % (1 - ]]\\g) . (A.23)



Multiplicative gap

By combining (A.19), (A.20), (A.21), (A.22) and (A.23) with (2.14) and (2.15), and also taking

into account (A.18), we get:

which concludes the proof of Theorem 6. O

A.3 Complete characterization for the small example (Theorem 2)

This appendix proves Theorem 2 in two parts. The first part presents the achievability scheme,
and the second part gives the information-theoretic outer bounds.

The rate-memory curve shown in Figure 2.8—which we are trying to prove is both achievable
and optimal—can be described using the following equation:

5 1 M —2
= -2M, - - M,2—-M.,1— —— . A.24
R max{3 ' 5 , 5 M, N/ ,O} ( )

We would like to remind the reader that, in the example considered, the number of less popular
files is Ny > 4.

It will be useful in this discussion to define the request vector r to be a length-3 vector identifying
the three files requested by the three users. Specifically, we write r = (r1,7r2,73) to denote that
Wl

727

users 1, 2, and 3 request files W!

b and Wfa respectively.

A.3.1 Achievable scheme

To prove the achievability of the piece-wise linear curve in Figure 2.8 and in (A.24), we need only
show the achievability of the corner points, as the rest can be achieved using a memory-sharing

scheme between every pair of points. These (M, R) points are:

0,3) (;2> (1?) (2,1); and (2+]22,0).
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Point (M, R) = (0,3)

When M = 0, we do not place any content in the caches, and instead broadcast all the requested

files to the users. Since these can be three different files, the peak rate is R = 3.

Point (M, R) = (2+ 22,0)

On the other extreme, when M = 2+ %, the caches are large enough to each store all the popular
files, and complementary halves of the unpopular files. Thus, a user can recover any popular file by
solely accessing any cache, and can recover any unpopular file by accessing both caches. Therefore,

no broadcast is needed, and thus R = 0 is achievable.

Point (M,R) = (2,1)

In this case, each cache can hold up to two files. Our strategy is to dedicate this memory to the
two popular files. Thus, each cache contains all the popular files, but no information about the
unpopular files. Therefore, users 1 and 2 can recover their respective requested files without relying
on any broadcast, whereas user 3 requires a full broadcast of his requested file. As a result, the

rate R = 1 is achievable.

Point (M, R) = (1,3)

Let us split each of the popular files into two parts of equal size: Wi = (W[, Wllb) and W} =
(W3,, W3,). We place these in the caches as follows. The first cache contains the first half of each file:
Zy = (Wi, W1,), whereas the second cache contains the second half of each file: Zy = (W}, W,).
When the user requests are revealed, the BS sends a common message with two parts: X' =
(X7, X%). The first part directly serves user 3 by giving him the full file he requested: XJ = Wfs.
The second part will be X5 = erlb o Wl

roa)

which, along with the AP cache content accessed by
each of users 1 and 2, allows them to recover their respective file. The BS had to transmit one full

file, plus a linear combination of two half files, and, as a result, the total broadcast rate is R = %
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Point (M, R) = (3,2)

This case is slightly different in that it requires storing coded content in the caches. We again split
the popular files into two halves as before. However, we this time store the following: Z; = W, @
W3,; and Zo = W}, @ Wy,. The BS will transmit the following broadcast: X* = (W72, er1 b Wiha)-

This will serve all the requests of the users. The broadcasts message consists of a full file and two

half-files, and thus the total rate is R = 2.

A.3.2 Outer bounds

We will now prove that the above scheme is optimal with respect to information-theoretic bounds.
We do that by showing that the rate is larger than each one of the expressions in the maximization
in (A.24). The inequality R > 0 is trivial.

In all of the following, inequalities marked by () are due to Fano’s inequality, and the ep term

that arises along with these inequalities is a term that decays to zero as F' — oo.

First expression

Let the request vector be r = (1,2,1), and consider both caches along with the broadcast XT.
Then, for all F,

RF + 2MF > H (Z1, Zs, X¥)
— H <Zl, Zo, X2V |k Wi, Wf)
+ 1 (Wl W3, W 2y, 25, X020
(+)
> 3F(1—ep)

R+2M > 3(1—¢p).

By taking F' — oo, we get:
R>3-2M.
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Second expression

Consider the two request vectors r; = (1,2,1) and ry = (2,1, 2).

2 (RF + MF)

> H(Z1,X™) + H (Z5, X™)

= H (2, X" |W}) + I (W} 2, X™)
+ H (Zo, X™2 W) + I (WY Zo, X™2)

> H (Z1, Zo, X", X" |W}) + 2F(1 — ep)

= H (%1, Zo, X", X" |W}, W3, W2 W2)
+ T (W, W2, WE; 24, Zo, X7, X*2 [W})
+2F(1 —ep)

(2 5F(1 —cp)

2R+ 2M > 5(1 —8F).

By taking F' — oo, we get:

=y
Vv
| ot
|

=
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Third expression

Consider the following four request vectors: ry = (1,2,1), ro = (2,1,2), r3 = (1,2,3), and r; =
(2,1,4). For clarity, define X = (X¥1, X*2, X*3 X™) and W? = (W2, W2, W2 W2).

202RF + MF) > H (Z;, X", X™2) + H (Zy, X*3, X™)

= H (Zy, X", X" |W},Wy)
+ I (W Wy Zy, X, X7™2)
+ H (Zo, X*3, X" |[W],W3)
+ I (W, Wy; Zo, X*3, X™4)

Y H (20, 2o, x (W)
+2-2F(1 —ep)

= H (Z1,Zy, X|W{, Wy, W?)
+ 1 (W* Zy, Zo, X |WI, W)
+4F(1 —ep)

> 8F(1 —¢ep)

AR +2M > 8(1 —ep).

By taking F' — oo, we get:

R>2—-M.
- 2
Fourth expression
Consider the Ny request vectors ry,...,ry,, such that:
N
rp=(12.k)  VE< UJ :

rp=(2,1,k)  Vk> {NQJ 11
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Define X¢ = {X" : kiseven} and X° = {X" : kis odd}. Thus, each of X® and X° contains
at least one broadcast X'* such that ry = (1,2, k), and one broadcast X™ such that r; = (2, 1,1).

Furthermore, define, for clarity, W? = (W¢,...,WR_). Then,

NoRF +2MF > H (Z,X¢) + H (Z, X°)

= H (Z,x°|W], W3)
+ I (W, Wy Zy, x°)
+ H (Zy, X° W], Wy)
+ I (W, Wy Zy, X°)

(2) H (Zy, 25, X%, X° W], Wy )
+4F(1 —ep)

= H (21,25, X%, X° |W{, W), W?)
+ 1 (W* Zy, Zy, X, X° |W], Wy )
+4F(1 —¢p)

Y 4t M)A - ep)

NoR+2M > (4+ No)(1 —ep).

By taking F' — oo, we get:

Z4—1—]\72—2M:1 M —2

R N ONy/2
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Appendix B

Detailed Proofs for Chapter 3

B.1 Expected Number of Unmatched Users

In this appendix, we will derive upper bounds on the expected number of unmatched users when
using PCD, stated in Lemma 11 below. The proof of this lemma requires Lemma 12, also stated
below, which gives a more general result on the number of unmatched users. Lemma 12 is also
used in Appendix B.5 to bound the number of unmatched users in HCM, which is used to prove

Theorem 14.
Lemma 11. When using PCD, the expected number of unmatched users is no greater than K~ /\/2x.

Before we prove Lemma 11, we will state the following general result on the expected number

of unmatched users.

Lemma 12. IfY ~ Poisson(ym) users must be matched with m > 1 caches, where vy € (0,1), then

the expected number of unmatched users U = [Y — m]* is bounded by

E[U] < \/127 cm - (ye )™

Lemma 12 is proved at the end of the appendix.
Proof of Lemma 11: In PCD, at each cluster ¢ we are attempting to match a number of

users Y (c) ~ Poisson(pd) to exactly d caches. Let U(c) denote the number of unmatched users at
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cluster ¢, and let U? = 3" _U(c) be the total number of unmatched users. The matching in PCD is
arbitrary, and so any user can be matched to any cache. Consequently, U(c) = [Y (¢) — d]" and we

can apply Lemma 12 directly to obtain

K/d
E[U%] = ) E[U(c)]
c=1
< e
_ ! exp {log K + dlog (pe' ")} . (B.1)

V2r

Note that the function x + xel~% is strictly increasing for z € (0,1). Since p € (0,1/2), we thus
get

log (pel_p) < log (2,061_2”) = —a <log(l) =0.

Applying this to (B.1), we obtain

E[U°] < \/12? exp {logK + dlog (2pel_2p)}

exp {log K — (1 + o) log K'}

where (a) uses (3.1). This concludes the proof. [

Before we prove Lemma 12, we need another lemma that pertains to Poisson variables in general.

Lemma 13. Let Y be a Poisson random variable with parameter \, and let m > A. Define

U=[Y-m|T,ie, U=0¢Y <mandU =Y —m if Y > m. Then,

E[U] < mPr{Y = m}.

Proof: Define V such that V =0if Y <m and V =1 if Y > m. Using the tower property
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of expectation,

E[U] = E[E([U]V]
= Pr{V = 0}E[U|V = 0] + Pr{V = 1}E[U|V = 1]
WPV =1IE]Y —m|V = 1]

— Pr{Y > m}E]Y — m|Y > m]

— Pr{Y > m} (BY[Y > m] - m)

O pr{y > m) (mPr{Y = m|Y >m} + A —m)

9 pefy > m} - mPrY = m[Y > m}

= mPr{Y =m},

where (a) uses the definition of U given the different values of V, (b) uses [51, Proposition 1],! and
(c) uses A < m. [
We can now prove Lemma 12.

Proof of Lemma 12: By using Lemma 13 with A = ym, we have

(ym)me

E[U] <mPr{Y =m}=m- o

Using Stirling’s approximation, we have
1
m! > \V2rm™T2e™™ > V2rm™Me ™,

which yields

(ym)™e ™ 1 1—p\m
EU| <m- = em-(ye 7)),
Ul < V2rmMme™™ /27 (ry )
thus concluding the proof. [ |

!This proposition appears in the appendix in the extended version of [51].
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B.2 Details of PAM Scheme for € [0,1) (Proof of Theorem 8)

First, note that it is always possible to unicast from the server to each user the file that it requested.
Since the expected number of users is pK, we always have RPAM < pI.

In what follows, we focus on the regime M = Q(N/d). Recall that the number of requests for
file n at cluster c is u,(c), a Poisson variable with parameter pdp;,.

In the placement phase, we perform a proportional placement. Specifically, since each cache
can store M files and each cluster consists of d caches, we replicate each file W,, on d,, = p,dM
caches per cluster.

In the matching phase, we first construct a fractional matching of users to caches, and then
show that this implies the existence of an integral matching. We construct the fractional matching
by dividing each file W, into d, equal parts, and then mapping each request for file W, to d,
requests, one for each of its parts. Each user now connects to the d,, caches containing file W,, and
retrieves one part from each cache. This leads to a fractional matching where the total data served

by a cache k in cluster c is less than one file if

3 “’ZZ(C) <1, (B.2)

WnEWY

where W, is the set of files stored on cache k. Let h(x) = xlogz + 1 — x be the Cramér transform
of a unit Poisson random variable. Using the Chernoff bound and the arguments used in the proof

of [49, Proposition 1], we have that

Pri{ Y unl®) o g b pmeartyn (B.3)
dn,
WneWY5
where z = (1 — B)ph(1+ (1 —p)/2p) > 0.
To find a matching between the set of requests and the caches, we serve all requests for files
that are stored on caches for which (B.2) is violated via the server. For the remaining files, there
exists a fractional matching between the set of requests and the caches such that each request is

allocated only to caches in the corresponding cluster, and the total data served by each cache is not
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more than one unit. By the total unimodularity of adjacency matrix, the existence of a fractional
matching implies the existence of an integral matching [64]. We use the Hungarian algorithm to
find a matching between the remaining requests and the caches in the corresponding cluster.

Let 7, be the probability that at least one of the caches storing file W,, does not satisfy (B.2).

By the union bound, it follows that

KM

By definition,

N
RPAM <N, < KMem MV, (B.4)

n=1
which concludes the proof of the theorem.
While the above was enough to prove the theorem, we will next provide an additional upper
bound on the PAM rate, thus obtaining a tighter expression.
Let G. be the event that the total number of requests at cluster ¢ is less than d, and let

G =().G¢. Using the Chernoff bound, we have
K
E[G] >1— Ee—zd,

where z is as defined above. Conditioned on G., the number of files that need to be fetched from
the server to serve all requests in the cluster is at most d. The rest of this proof is conditioned on
G.

Let E. be the event that all caches in cluster ¢ satisfy (B.2). Using (B.3) and the union bound,
we have that

Pr{E.|G} > Pr{E.} > 1 — de >N,

where z is as defined above. Conditioned on FE., all the requests in cluster ¢ can be served by the

caches. Therefore,
K/d

E[R|G] <Y d-Pr{E.|G} < Kde *M/V,

c=1

where A denotes the complement of A for any event A.
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It follows that

E[R] = E[R|G] Pr{G} + E[R|G| Pr{G}
< E[R|G] + N Pr{G}

< Kdefsz/N + NKefzd.

Using (B.4) and (B.5), we obtain

RPAM o {KMe—sz/N Kde—*M/N NKe_zd}
< , - ’

which is a tighter bound on the PAM rate and implies Theorem 8.

B.3 Details of PAM Scheme for § > 1 (Proof of Theorem 11)

At a high level, the PAM strategy consists in storing complete files in the caches, replicating the
files across different caches, and then matching the users to the cache that contains their requested
file. Users that cannot be matched to a cache containing their file are served directly from the
server.

The above describes PAM strategies very generally; there are many possible schemes for place-
ment and matching within this class of strategies. In this chapter, we adopt for 8 > 1 a strategy
that performs a knapsack storage (KS) placement phase that is based on the knapsack problem,
and a match least popular (MLP) matching phase in which matching is done for the least popular
files first. We refer to this PAM scheme as KS+MLP.

B.3.1 Excess Users

Whatever the strategy, if there are more than d users at a particular cluster, then the excess users
must be unmatched. From Lemma 12, we know that the expected total number of these excess
users across all caches is O(K %), which is o(1). For the proof of Theorem 11, we will generally use
asymptotic notation for the expected rate. Thus by always serving these users directly from the

server, their contribution to the rate is always o(1). For this reason, we will make the simplifying
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assumption in what follows that there are no more than d users at each cluster.

B.3.2 Placement Phase: Knapsack Storage

We split the KS policy into two parts. In the first part, we determine how many copies of each file
will be stored per cluster. In the second part, we determine which caches in each cluster will store

each file.

KS Part 1

The first part of the knapsack storage policy determines how many caches in each cluster store each
file by solving a fractional knapsack problem. The parameters of the fractional knapsack problem

are a value v, and a weight w,, associated with each file W,,, defined as follows.

e The value v, of file W, is the probability that W, is requested by at least one user in a

cluster,

vp=1—(1—pn)?.

e The weight w,, of file W,, represents the number of caches in which W,, will be stored, should
the policy decide to store it. If we decide to store a file, we would like to make sure that all
requests for that file can be served by the caches, so that it need not be transmitted by the
server. To ensure this, we fix w, to be large enough so that, with probability going to one as
K — oo, the number of requests for W,, is no larger than w,. We thus choose the following
values for wy,:

d ifn=1;

[(L+153) pdpn] if 2 <n < Ny

{4p1(log d)Q] if Ni <n < Ny;

1 if Ny <n <N,
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where N1 and Ny are defined as

N 7dl/ﬁ B
— : .6a
Ny = d0+1/8)/2, (B.6b)
Using the above parameters v,, and w,, we solve the following knapsack problem:
N
mppdmize D v
n=1
N
subject to Z WpTyp < dM,;
n=1

Then, the number of copies of file W,, that will be present in each cluster is ¢, = |z, | w,. Note

that ¢, is hence either zero or w,.

KS Part 2

The second part of the knapsack storage policy is to determine which caches store each file. We
will focus on one arbitrary cluster, but the same placement is done in each cluster. To do that,
define the multiset S containing exactly ¢, copies of each file index n. Let us order the elements of
S in increasing order, and call the resulting ordered list (n1, ... s T dM | ). Then, for each r, we store

file W,,, in cache ((r — 1) mod d) + 1 of the cluster.

B.3.3 Matching and Delivery Phases: Match Least Popular

In the matching phase, we use the Match Least Popular (MLP) policy, the key idea of which is to
match users to caches starting with the users requesting the least popular files. Algorithm 2 gives
the precise description of MLP.

At the end of Algorithm 2, some users will be unmatched, particularly those for which the
condition on line 6 fails. Any file requested by an unmatched user will be broadcast directly from

the server.
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Algorithm 2 The Match Least Popular (MLP) matching policy for a fixed cluster.

Require: Number of requests u,, for file W,,, for each n, at the cluster
Ensure: Matching of users to caches
1: Set K, € {1,...,d} to be the set of caches containing file W, for each n
2: Loop over all files from least to most popular:
3: forn+—~ NN—-1,...,1do

4 Loop over all requests for file n:

5 forv<+1,...,u, do

6 if K, # 0 then

T: Pick k € IC,, uniformly at random
8 Match a user requesting file W,, to cache k
9: Cache k is no longer available:
10: for alln’ € {1,...,N} do

11: K < Ky \ {k}

12: end for

13: end if

14: end for

15: end for

B.3.4 Expected Rate Achieved by KS+MLP

Lemma 14. Let X be a Poisson random wvariable with mean p, and let € € (0,1) be arbitrary.
Then,
Pr{X > (1+2)u} < e Hh(149),

where h(z) = xlogx +1 — z.
Proof: The lemma follows from the Chernoff bound. ]

Lemma 15. Recall that uy,(c) denotes the number of users requesting file W, from cluster c.

Consider an arbitrary cluster c. Let Eq1 denote the event that

up(c) < (1 + %) dp, for all1l <n < Ny; and

n(c) < 2p1(log d)? for all N1 < n < Ny,
where N1 and No are as defined in (B.6). Then,

Pr{E} =1— Ne logd?)
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Proof: In what follows, we will ignore for simplicity the index ¢ when it is clear from the
context, e.g., we will write u,, = u,(c). Recall that u, is a Poisson random variable with mean
pdpy,.

e For n < Ny, we have dp, > p1(logd)?. Therefore, using Lemma 14, we have for n < Ny
Pr {un > (1 + %) dpn} < e dpn) < e~ M(logd)?),

e For N; < n < Ny, we have dp, < pi1(logd)?. By defining @ to be a Poisson variable with

parameter pp;(logd)? > pdp,, we obtain

Pr {u, > 2pi(logd)*} (2) Pr{i > 2pi(logd)?}

Qoo ),

In the above, (a) uses the fact that the function A — Pr{X(\) > a} defined on A\ € [0,a),
where X () is a Poisson variable with parameter A, is an increasing function of A, and (b)

follows from Lemma 14.
The statement of the lemma is then obtained by a union bound over all the files. ]

Lemma 16. Let R = {n : x, = 1}, where x,, is the solution to the fractional knapsack problem
solved in Appendiz B.3.2. Let Eo denote the event that, in a given cluster, the MLP policy matches

all requests for all files in R to caches. Then,
Pr{E,} =1 — Ne (gd)?),

Proof: Since the MLP policy matches requests to caches starting from the least popular
files, we first focus on requests for files less popular than file Wy,. Because the files follow a Zipf

distribution, we can write

_ -8 _ D1
PNy, = 1Ny " = 2B 2

Every file less popular than Ny is stored at most once across all the caches in the cluster.

Therefore, under MLP, a request for a file n > Ny will remain unmatched only if the cache storing
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that file is matched to another request for another file n’ > N5. Under the KS placement policy,
the cumulative popularity of all files no more popular than file Ny stored on a particular cache is

less than

!
PNy + PNotd + PNyt2a + - = O (Pld >

FEach unmatched request for file n > Ny corresponds to the event that there are at least two
requests for the M files less popular than Wy, stored on a cache. Therefore, by the Chernoff
bound (Lemma 14), the probability that a particular request for a file n > Ny remains unmatched
is at most e~ By the union bound, the probability that at least one request for file n € R such
that n > N» is not matched by the MLP policy is at most de= ().

Next, we focus on the files n € {2,..., Na}. Note that if the KS policy decides to store file n,

it stores it on w,, caches. Therefore,

SZKl—i—%)dPn—Fl}

+ Z 4p1 logd ]
n= N1+1

) (1= p1) + 4p1(log d)> Nz + Ny

<(1+
( ) 1—p)+0© (d(Hl/’B)/z(log d)z)
d,

IN

IN

for d large enough. Therefore, if files are stored according to KS Part 2, each cache stores at most
one file from the set {2,..., Nao}.

Let K, be the set of caches storing file n in a given cluster. Let Ej3; be the event that cache
k € K, is matched to a user requesting a file n > Na. A cache will be matched to a user requesting
a file less popular than N5 only if at least one of the files that it stores, among those that are less

popular than N, is requested at least once. Since there are at most M such files on each cache,
12\ )¢
Pr{Esy,} <1- (1 —0 (d—<5+ )/ ))
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For a given constant 0 < ¢ < 1, there exists a d(e) such that Pr{E3;} < e for all d > d(e).
For each file n, Ny < n < Na, let Ey4, denote the event that more than 2p;(log d)2 of the
[4p1 (log d)2] caches in K, are matched to users requesting some file n’ > Nj. By the Chernoff

bound for negatively associated random variables [64],
Pr{E,,} = ¢ ((gd?)

From Lemma 15, we know that with probability at least 1 — Ne((log d)2), there are less than
(14p1/4)dp,, requests for each file 2 < n < Nj. Therefore, with probability at least 1—N e~ ((log d)2),
all requests for files in R such that 2 < n < N; are matched to caches by the MLP policy.

Finally, we now focus on the requests for the most popular file W;. Recall that if the KS policy
decides to store this file, it will be stored on all caches in each cluster. Since we are assuming that
the total number of requests at each cluster is no greater than d, then even if all the users requesting

files other than W; are matched, the remaining caches can still be used to serve all requests for

Wi. |

B.3.5 Expected Rate

From Lemma 16, we know that, for d large enough, with probability at least 1 — Ne~((log d)2), in

a given cluster all requests for the files cached by the KS+MLP policy are matched to caches. Let
N be the number of files not in R (i.e., that are not cached) that are requested at least once. By

the union bound over the K/d clusters,

_ ~ K2
RPAM < E[N] + — (1= Pr{E})

2
<EN+ Y f o~ (logd)?)

After solving the fractional knapsack problem, defined in (B.7), as a function of N, K, d, 3,

and M, we can determine the set R. For a given R, we then have

EN] =3 (1- (1-p)").

n¢R
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We hence obtain the following bound on the expected rate:
-\"\  NK?
RPAM Z 1—(1-"_ SR —Q((logd)?)
R < > Ay + 4 e

When N and d are polynomial in K, then the second term is o(1), and solving the fractional

knapsack problem yields the result of Theorem 11.

B.4 Approximate Optimality (Proof of Theorem 13)

In this section, we focus on the case 8 € [0,1) to prove Theorem 13. The key idea here is to show
that this case can be reduced to a uniform-popularities case.
First, notice that the popularity of each file is
N#B@@1-BN+P 1-p8

> = > =
pn - pN AN il Nl_ﬁ N b

where Ay is defined in Lemma 17 stated below, and (a) follows from the lemma.

Lemma 17. Let m > 1 be an integer and let 3 € [0,1). Define Ay, =37, n~5. Then,

n=1
mF 1< (1-5)A, < m' b,

Lemma 17 is proved at the bottom of this appendix.
Consider now the following relaxed setup. Suppose that, for every file n, there are u,/(c) users
requesting file n from cluster ¢, where

e Pison (A=201)

Since (1 — B)pd/N < p,pd for all n by (B.8), the optimal expected rate for this relaxed setup can
only be smaller than the rate from the original setup. Indeed, we can retrieve the original setup by
simply creating Poisson ((p, — (1 — 8)/N)pd) additional requests for file n at each cluster.

Our relaxed setup is now a uniform-popularities setup. It is in fact identical to the one in [51]
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except that p is replaced by p’ = (1 — 8)p, which is still a constant. Consequently, the information-
theoretic lower bounds obtained in [51, Lemma 2] and the inequalities that follow can be directly

applied here, giving the following lemma.

Lemma 18. When N > 10, the optimal expected rate R* can be lower-bounded by

s o L=B)pl—e/2)  [(1-e'/2)N
R* > 18 mln{M—d,K}.

When M < (1 —e~1/2)N/2d, the bound in Lemma 18 can be further lower-bounded by

N — e 1/9)2
. 5)(196 /2>P.mm{ﬁ,pf<}. (B.9)

Furthermore, the rate achieved by PCD is upper-bounded by

= N Ko N
POD < min { pK, — — 1 < min{ pK, — . :
R < min § pK, o + vl min | pK, — (B.10)

Consequently, combining (B.9) with (B.10) gives us the result of Theorem 13.
Proof of Lemma 17: To prove the lemma, we will relate the sum A, = >, n~? with the
corresponding integral, which can be evaluated as a closed-form expression.
Let f be any decreasing function defined on the interval [k, ] for some integers k and [. Then,

we can bound the integral of f by

l 1 -1
S ) < / f@)de < fn).
—k+1 k n=k

n

Rearranging the inequalities, we get the equivalent statement that
l ! l
FO)+ [ f@)de <3 f) < 0)+ [ Fla)da. (B.11)
k ) k
Recall that A,, = Y™, n~?. Thus we can apply (B.11) with f(z) = 27%, k = 1, and | = m.

Since we know that
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this implies, using (B.11),

which concludes the proof. ]

B.5 Details of HCM Scheme (Proof of Theorem 14)

In this section, we are mostly interested in the case where K is larger than some constant. Specif-
ically, we assume

log K > 2ga, (B.12)

where g = (31*5 -1)/ 4'-8 > 0 is a constant. In the opposite case, we can achieve a constant rate
by simply unicasting to each user the file that it requested.

Let t € [0,%0], and let x = |agd/(2(1 + t)log K)|. We will partition the set of files into x colors.
For each color x € {1,...,x}, define W, as the set of files colored with z. We choose to color the

files in an alternating fashion. More precisely, we choose for each = € {1,..., x}
We={W,:n=2z (mod x)}.

Notice that [Wy| = | N/x] or [N/x]. We can now define the popularity of a color  as

,P:c: Z DPn-

Wn€Ws5

The following proposition, proved at the end of the section, gives a useful lower bound for P,.
Proposition 3. For each x € {1,...,x}, we have P, > g/x.

The significance of the above proposition is that the colors will essentially behave as though
they are all equally popular.

Next, we partition the caches of each cluster into the same x colors. We choose this coloring
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in such a way that the number of caches associated with a particular color is proportional to the
popularity of that color. Specifically, exactly |dP,]| caches in every cluster will be colored with x.
This will leave some caches colorless; they are ignored for the entirety of the scheme for analytical
convenience.

We can now describe the placement, matching, and delivery phases of HCM. Consider a partic-
ular color x. This color consists of |W;| files and |dP,| K/d caches in total. The idea is to perform
a Maddah-Ali-Niesen scheme [4, 5] on each color separately, while matching each user to a cache of
the same color of its requested files. The scheme can be described more formally with the following

three steps.

e In the placement phase, for each color x we perform a Maddah-Ali-Niesen placement of the

files W, in the caches colored with z.

e In the matching phase, each user is matched to a cache in its cluster of the same color as the
file that the user has requested. Thus if the user is at cluster ¢ and requests a file from W,,
it is matched to an arbitrary cache from cluster ¢ colored with color x. For each cluster-color

pair, if there are more users than caches, then some users must be unmatched.

e In the delivery phase, for each color z we perform a Maddah-Ali-Niesen delivery for the
users requesting files from W,. Next, each unmatched user is served with a dedicated unicast
message. The resulting overall message sent from the server is a concatenation of the messages

sent for each color as well as all the unicast messages intended for unmatched users.

Suppose that the broadcast message sent for color x has a rate of R,. Suppose also that the

number of unmatched users is U?. Then, the total achieved expected rate will be
- X
RHCM — 1min { pK,> "E[R,] + IE[UO]} , (B.13)
r=1

since pK can always be achieved by simply unicasting to every user its requested file.

From [5], we know that we can always upper-bound the rate for color z by




for all M > 0. Because |Wy| = | N/x| or [N/x] for all z, we obtain

a1 it M < [N/x);
> R <10 if M > [N/x]; (B.14)
(N mod ) (% - 1) otherwise.

All that remains is to find an upper bound for E[U°]. Let Y (c, ) represent the number of users
at cluster ¢ requesting a file from color x. Since there are |dP, | caches at cluster ¢ with color z,

then exactly U(c,z) = [Y(¢,z) — |dP,]]T users will be unmatched. Thus we can write U as

K/d x

U’ = ZZU(C, x).

c=1z=1

Notice that Y (¢, x) ~ Poisson(pd - P,), and that the Y (¢, x) users must be matched to |dPs].

For convenience, we define Y (¢, z) ~ Poisson(2p - |dP,]) and U = [Y (¢,z) — |dP,]]*. Since we

have
pdPy < 2p |dPs],

i.e., the Poisson parameter of Y (c,z) is at least the Poisson parameter of Y (c,z), then

EU(e,2) = Y - Pr{Y(ca) =y}
y=|dPz]

<Y yPT(en) =y
y=|dPs |

= E[U(Ca x)]a

where (a) uses the fact that the function A\ — Pr{Poisson(\) = m} is increasing in A as long as

A < m; see [51, Proposition 2].2
This allows us to apply Lemma 13 on 17(0, x) and U (¢, z) in order to upper-bound the expec-

2This proposition appears in the appendix in the extended version of [51].
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tation of U(c, x) by

E[U(c,z)] < E[U(c,z)] | dPy] - (2pe'20) L)

1
<
T V271

Consequently, we get the upper bound on E[UY],

1 -
SZZEL‘”}IJ (2pe 2p)|_d73J
1 &K _opy LdPs
_7ZELdPIJ (2pel 2p)|_ ]

X
< L ZPQC - K (2p6172p) [dPa]

Isolating part of the term in the sum,

| dPz |

K (2,061_2") = exp {logK + log (2pel_2p) LdPxJ}

= exp{log K — « |dP, |}

exp {logK — ad273x }

< exp{logK— O;dg}
X

adg 2(1+1) logK}

IN

—
S
=

exp{logK— > odg

= exp{log K — (1 +t)log K'}

—
INS

— Kt

where (a) uses Proposition 3, and (b) uses the definition of x combined with |y| < y. We obtain

the final upper bound on the expected number of unmatched users,

1 & K-t
EUY < — ) P, K t= ) B.15
U< m; Vor (B-15)

Finally, we combine (B.14) and (B.15) in (B.13) to obtain the rate expression in Theorem 14,
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thus completing its proof.
Proof of Proposition 3: Choose any x € {1,...,x}. Starting with the definition of P,, we

have

Pw = Z Pn
Wn€Ws
1 We|—1
== Z (kx +z)"
N o
1 Wz|—1
™ > (ex+x)7"
N ko
8 el
=5 2 k+n™
N o
-8 . A|Wz\
An
-8 ’Wﬂliﬁ—l
T
(N/x-=1)'"" -1
N1-8

o370
[(1‘252}) ‘(zﬁ&) ]

AV

|
=

Ve
>

V=
|
ey

XlQ X |k X X[~ X

—
)
~

A
Ve

where (a) uses Lemma 17, (b) uses the fact that [W,| > |N/x] > N/x — 1 for all z, (c¢) uses the

definition of x as well as N > d and ¢ > 0, and (d) uses (B.12). [
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Appendix C

Detailed Proofs for Chapter 4

C.1 Special Case: Small Number of Files

Recall that the separation architecture creates a set of messages ¥ as an interface between the

physical and network layers,
VvV ={Vs;:je{l,... . K;},S €.}

for some . C 2{L+Kr} as seen in (4.7). In this chapter, we have so far focused on the choice
of messages described by . in (4.9), in which every transmitter has a message for every subset
of exactly k + 1 receivers, where k = K, M, /N is an integer. While this is order-optimal in most
cases, it is insufficient when both the receiver memory and the number of files is small.

To illustrate, consider the case with only a single file in the content library (N = 1) and without
receiver caches (M, = 0). Furthermore, assume that there is just one transmitter (K; = 1) but
many receivers (K, is large). Seeing as there is only one file, all receivers will request that same
file, and hence the obvious strategy is for the transmitter to broadcast the file to all receivers, thus
achieving a DoF of 1. However, under the separation architecture described by (4.9), we create
one message from the transmitter for every individual receiver, and then send that file separately
as K, different messages. This is clearly inefficient since the same file is being sent K. times, thus

achieving a much worse DoF of 1/K,.
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The reason the usual separation architecture is inefficient in this example is that it inherently
assumes that all users request different files in the worst case. This is true when there are more files
than users. However, if there are so few files that many users will inevitably request the same file,
then the previous assumption fails. In this appendix, we handle that case by providing a different
separation interface. We exclusively work with the case M, = 0 and compute an achievable DoF
for it. Specifically, we show that

1 _ K+ min{K, N} -1
DoF — Kt '

(C.1)

Since we also know that 1/DoF, which is convex in M,, is zero when M, = N, then we can
achieve any linear combination of the two reciprocal DoFs between these two points, using time-

and memory-sharing. Specifically, we achieve

(C.2)

1 <Kt—|—min{Kr,N}—1 1 M,
DoF — Kt N '

The expression of the reciprocal DoF in (C.2) can be decomposed into two gains, in a similar
way as in (4.5). Since the strategy that achieves (C.2) is relevant when N < K,, we can write the

two gains as
KN 1
N—— N

1A
g gLc

NDoF ~

Note that NDoF is the sum DoF here since the total number of requested files is NV < K. in the
worst case.

The most striking difference with (4.5) is that there is no global caching gain. Indeed, the
strategy makes no use of any coding or multicasting opportunities, as we will see below. On the
other hand, the local caching gain is present and is the same as before. The interference alignment
gain is slightly different: it is the interference alignment gain of a K; x N unicast X-channel, not
K; x K,. The reason for this is that, when N < K., then the total number of distinct requested
files is N in the worst case. The strategy thus only needs to account for N distinct demands, and

uses methods from the compound X-channel [65, 66] to serve them.

180



We proceed with the strategy for M, = 0 that achieves (C.1). Since M, = 0, we cannot store
anything in the receiver caches. In the transmitter caches, we place the same content as previously
described, i.e., every file W,, is split into K; parts, and transmitter j stores the j-th part of W,
called W,Z, for every n. In the delivery phase, we partition the set of users into subsets such that
all the users in the same subset request the same file. Specifically, let u denote the request vector,
and let U,, = {i : u; = n} be the set of users requesting file W,,. Our goal is to create a multicast
message from every transmitter to all users that are requesting the same file. In other words, we

set

S ={Un:ne{l,....N} st. Up # 0}

Note that .7 is a partition of the entire set of users. We denote its size by N = |.#|, which is
equivalent to the total number of distinct requested files. Our separation interface 7 is thus a set

of messages from every transmitter to N non-overlapping subsets of receivers,

”//:{Vunj:Un#Q)andj:l,...,Kt}.

We focus on transmitting these messages across the interference channel at the physical layer. At
the network layer, we use these messages as error-free bit pipes to deliver the requested files to the

users at the network layer.

C.1.1 Physical Layer

At the physical layer, the problem is equivalent to the compound X-channel problem, described
in [65, 66]. In the K; x K, compound X-channel, every transmitter has a message for every
receiver. However, the channel of every receiver ¢ can be one of some finite number J; of states,
and transmission has to account for all possible states. The optimal sum DoF in this problem is
KK, /(Ki+ K, — 1), ie., 1/(K; + K, — 1) per message, as stated in [65, Theorem 4].

If the receiver is able to decode its messages regardless of which of the J; realizations the channel
has taken, then this is equivalent to replacing the single receiver with J; channel realizations by
J; different receivers with each a single possible channel realization, such that all J; receivers want

the same messages. This is exactly the problem statement we have at the physical layer. Our
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problem is therefore equivalent to a K; x N compound X-channel with |U,,| channel realizations
for every receiver n. Therefore, if R 5 denotes the rate of each message, and d 5 its DoF, then [65,

Theorem 4] implies that the optimal DoF is
dg (K, Kp) = ———<—. (C.3)

C.1.2 Network Layer

Let the link load £5 denote the size of each Vy4, ; in units of files. The strategy at the network layer
is straightforward. For every subset U,, of users, each transmitter j sends the part of the file that

they requested through Vy,, ;. Mathematically, we set
Vunj = Wgﬂ

for all j = 1,...,K; and n such that U, # (. This allows every user to decode its requested file.

Since every multicast link V,; carries one file part W,{, then the link load is

1
Ly (N, Koy K, My, 0) = (C.4)

C.1.3 Achievable End-to-End DoF

Note that the same V,; has a size of RNT at the physical layer and /g F' at the network layer.
Since F' = RT, we get R = RN/EN, and by combining that with (C.3) and (C.4), we achieve a DoF
of

dN(Kt,Kr) _ K
EN(NuKhKT’?MtyO) Kt+N—1

In the worst case, the largest number of distinct files are requested, i.e., N = min{ K,, N}. There-

fore,
K

DoF >
= K, + min{K,, N} — 1’

when M, = 0.

Since 1/DoF is convex in M,, and 1/DoF = 0 when M, = N, then, for all intermediate values
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of M,., we can achieve

1 <Kt—|—m1n{Kr,N}—1‘<1_Mr>. (C.5)

DoF — K N

For any M, € [0, N], we can choose whichever of the two separation interfaces yields the higher

DoF. Therefore, combining (C.5) with (4.13) yields

i - Ky — 1+ K
1 < min Ky + min{K,, N} —1 - 7 t AL (R
DoF Kt Kr Kt Kr

K +min { K, N} -1 ( ﬁ>
= . 1_7 s

Kt Kr

when M, = kN/K, with k being an integer, and the lower convex envelope of these points for all

M, € [0, N]. This concludes the achievability proof of Theorem 15.

C.2 Proof of Lemma 7

Let T" be defined as in the statement of the lemma, and let n € N be arbitrary. Define T}, as
K, -1 K,—1
T, = <U”_ . > [(n+ D' + (5 — 1)n'] + < TU )(n—|—1)F.

We will show that a DoF of 5](n) can be achieved for message Vs; over a block length of T;,. We
first describe how to (maximally) align the interference at each receiver, and then show that the
receiver’s desired messages are still decodable. The proof will rely on two lemmas from [54]: the
alignment part will use [54, Lemma 2|, while the decodability part will rely on [54, Lemma 1].
For ease of reference, we have rephrased the two lemmas in Appendix C.5 as Lemmas 19 and 20,
respectively.

(ntey)F

Alignment Describe each message Vs; as a column vector of (n+c;)" symbols vs; = [vg;] mel >

where ¢; is as defined in the statement of the lemma. Each symbol is beamformed along a length-T;,
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vector a?j, so that transmitter j sends the codeword

(n4c;)T
— m m
Xj= Z Z Vs;as;j>
S:|S|=0 m=1

over the block length T,. We can alternatively combine all the a?j vectors into one matrix Ag; =

AT
[a}sj, .. ,a‘(gnjﬂj) |, and write

X5 = Z ASjVSj'
S

Receiver ¢ then observes

Kt Kt
vi=y Hyxj+zi=) Hy) Asjvsj+z (C.6)
j=1 j=1 S

Recall that z; is the iid additive Gaussian unit-variance noise, and H;; is a T}, x T}, diagonal matrix
representing the independent continuously-distributed channel coefficients over block length T},, as
defined in Section 4.2. In other words, the 7-th diagonal element of H;; is hi;(7). Moreover, the
dimensions of Ag; are T;, x (n +¢;)', and the length of vs; is (n + ¢;)'.

In the expression for y; in (C.6), it will be convenient to separate the messages intended for ¢

from the interfering messages,

Kt Kt
Yi= Z ZHijASJVSJ + Z Hi1Asivs: + ZHijASjVSj + z;.
S:1eS j=1 S¢S j=2

Our goal is to collapse each term inside the second sum (i.e., for each S such that i ¢ S) into a single
subspace, namely the subspace spanned by H;; As;.! This should be done for all i € {1,..., K,}.
Specifically, we want to choose the Ag;’s such that they satisfy the following conditions almost
surely:

H;;As; < Hi1As1, Vi=1,...,K,, Vj=2,...,K;, VSs.t. i Qé S,

where P < Q denotes that the vector space spanned by the columns of P is a subspace of the one

spanned by the columns of Q.

!This is why we choose vs1 to be a longer vector than vs;,j > 2: this choice makes H;1 As; the larger subspace,
which allows us to align the other subspaces with it using Lemma 19.
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First, we set Ago = --- = Agsg, for all subsets S. Thus we have reduced the problem to finding

matrices Agy and Ags for all subsets S such that, almost surely,
H; 'H;jAs: < Asy, Vi¢dS, Vji=2,...,K;. (C.7)

Note that Hi_ll exists almost surely since each diagonal element of H;; follows a continuous distri-
bution and is thus non-zero with probability one.

For every S, the matrices As; and Ags are constrained by a total of (K, —o)(K;—1) =T
subspace relations. We hence have I' relations GygAss < As1, g =1,...,T", where G, are T, x T,

diagonal matrices. We can write all the diagonal elements of these matrices as forming the set

|

Importantly, each element of G follows a continuous distribution when conditioned on all the others,

>

i(7) : i
il(T)' ¢S>]E{2a---7Kt}, 6{1,...,Tn}}.

>

- hij(7)
hil(T)

(it

(75,7 # (4, 4, 7')} ~ a continuous distribution.
Furthermore, the dimensions of Ags are T, x nl, and the dimensions of Ag; are T}, x (n+ l)r,
with 7, > (n + 1)L.

Let P be some continuous probability distribution with a bounded support. For every & C
{1,..., K,} such that |S| = o, we generate a T}, x 1 column vector bs = (bs(1),...,bs(T,))", such
that all the entries of all (Iff) vectors {bs}s are chosen iid from P. We can now invoke Lemma 19
in Appendix C.5 to construct with probability one, for each § and using bg, full-rank matrices
Ay and Ay that satisfy the subspace relations in (C.7) almost surely. Furthermore, the entries

of the 7-th rows of both Ag; and Ags are each a multi-variate monomial in the entries of the 7-th

rows of bs and G4, g =1,...,T, ie.,
hij (1) . )
b d 2L S,j=2,...,K;. C.8
S(T) an hil(T) , 1 ¢ s J ; s LA ¢ ( )

Note that the monomial entries of Ag; are distinct; the same goes for the monomial entries of Ags.
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We have thus ensured alignment of the interfering messages. In the remainder of the proof we

show that the desired messages are still almost surely decodable at every receiver.

Decodability Recall that the total dimension of the vector space, i.e., the block length, is

T, = (K - 1) [(n+ )7 + (K, — 1)n'] + <K - 1).

o—1 o
Let us fix a receiver k. For this receiver, we have:

° ([2:11) subspaces Hy1Agy, k € S, of dimension (n + 1)' each, carrying the length-(n + 1)"

vectors v that must be decoded by receiver k;

o (K;— 1)(K’“_1) subspaces HyjAs2, k € S and j = 2,..., K;, of dimension n each, carrying

o—1

the length-n' vectors vss that must also be decoded by receiver k;

° (K’;T_l) subspaces corresponding to Hy1Asy, k ¢ S, of dimension (n + 1)U each, collectively

carrying all the interference at receiver k.

Our goal is to show that the above subspaces are non-aligned for every receiver k, which implies
that the desired messages are decodable with high probability for a large enough SNR.
Define matrices Dy and I, representing the subspaces carrying the desired messages and the

interference, respectively, by horizontally concatenating the subspaces:

Dy = [HklASI Hj2Asy - Hpg,Aso ; (C.92)
S:keS

Iy = [HMASJ (C.9b)

S:k¢S

Therefore, decodability at receiver k is ensured if the T}, x T, matrix

‘I’k = {Dk Ik:|

is full rank almost surely. We prove that this is true with the help of Lemma 20 in Appendix C.5.

To apply Lemma 20, we need to show that the following two conditions hold.
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1. Two distinct rows of ¥ consist of monomials in disjoint sets of variables. In other words,

the variables involved in the monomials of a specific row are exclusive to that row.

2. Within each row, each entry is a unique product of powers of the variables associated with

that row.

To show that the first condition holds, consider the 7-th row of W;. This row consists of
monomial terms in the variables {bs(7)}s and {h;;(7)}; ;. This is true because the 7-th row of any
submatrix HyjAs; of Wy, is equal to hy;(7) multiplied by the 7-th row of As;, whose entries are
monomials in the variables listed in (C.8). Therefore, the variables involved in a row of ¥y are
exclusive to that row.

Before we prove that the second condition holds, we emphasize two remarks regarding the

monomials that constitute the entries of the 7-th row of W¥y.

Remark 1. All the entries in the T-th row of submatriz HyjAs; are distinct monomials from one
another. This is true because the T-th row of Hy;Asj is equal to the T-th row of As;, whose entries

are distinct monomials by construction (using Lemma 20), multiplied by hy;(7).

Remark 2. It follows from (C.8) that the entries of the T-th row of submatriz HyjAs; are mono-
mials in which only the variables in a set Bs;(T) appear (with non-zero exponent), where Bs;(T)

obeys:

bs(7) € Bsj(t) and bg(7) ¢ Bsj(t), VS # S; (C.10a)

and keS8 = Bs;(t) = {bs(7), hij (1)} U{hi1(7), ..., hik,(7) : i ¢ S} . (C.10b)

Note that when k ¢ S, we cannot be sure if Bs;(T) contains hyj(T) because the latter is present in

the monomials of both Hy; and Ag;, and can hence be canceled out in their product.

Remark 1 states that monomials in the same submatrix are distinct. Therefore, all that remains
is to show the same for monomials in the 7-th rows of different submatrices. However, by Remark 2
the same variables appear with non-zero exponent in all entries in the 7-th row of any submatrix

(albeit with different powers). It is therefore sufficient to prove that the 7-th rows of two different
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Table C.1: Exponents of variables in monomials of the 7-th row of ¥, for an arbitrary receiver k. The
subsets S1, 81, Sz, and S} are arbitrary such that k € S; NSy and k ¢ S;US). The transmitters j and j' are
also arbitrary. A cell will contain a check mark (v') if the variable in the corresponding row appears with
non-zero exponent in the monomials of the 7-th row of the submatrix in the corresponding column. The cell
will be empty if the variable does not appear in those monomials. It will contain a question mark (?) if the
variable may or may not appear. Not all variables and submatrices are shown; only a representative few are
used. Finally, recall that As; = Ago for j > 2.

I Dy

Hk1A$21 HklASél ijAglj Hk?jASQj ij/Aglj/ ij’AS{j’
bs, (1) v v
bSi (7’) \/ \/
bs, (T) v
bs; (1) v
hi; () : ? v v
iy (7) 7 ? 7 7

submatrices Hy;As; and Hy As/j are functions of different sets of variables. Specifically, we show
that there is a variable that appears with non-zero exponent in all the entries of the 7-th row of
one submatrix but in none of the entries of the 7-th row of the other. We will prove below that
this claim is true using Remark 2, with the aid of Table C.1 for visualization.

For convenience, define r:lg—j to be the 7-th row of matrix Hy;As;, and similarly define r:,gr, ;o to
be the 7-th row of matrix Hy;s As/;. To show that the entries of these rows are monomial functions

of distinct variables, we isolate two cases: case S # &’ and case S = &', j # 7.

1. Suppose § # §'. Then, by (C.10a), rgj is a function of bg(7) but not bg/(7) while the opposite

is true of rl:,j,.

2. Suppose now that S = &’ but j # j’. Crucially, two such matrices are relevant at receiver k
only if k € S, as evidenced by (C.9). Therefore, by (C.10b), row rjg—j is a function of hy;(7)

but not hy; (1), and the reverse is true of rg,j,.

Combining the above two points, it follows that the entries of the two rows are monomials in a
different set of variables. We can conclude that the entries in the 7-th row of W, are distinct
monomials, and specifically that the matrix Wy, is of the form seen in the statement of Lemma 20.

Therefore, by Lemma 20, the matrix W is full rank almost surely, and thus all receivers are able

to decode their desired messages almost surely.
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In conclusion We were able to transmit all the messages Vs;, represented by length-(n + Cj)F

vectors vgj, over a block length of T,. Hence, the degrees of freedom achieved for each Vs; is

(nte) _ (n+¢j)" — 5™
In Er D+ DF + (K — Do)+ (5 Y+ 7
which concludes the proof of Lemma, 7. .

C.3 Detailed Converse Proof of Theorem 15

A high-level overview of the converse proof of Theorem 15 was given in Section 4.6. In this appendix,

we will give the rigorous proof. In particular, we will prove (4.16), i.e.,

1 d=1(M,)
DoF — 135

by analyzing the four regimes described in (4.14).

Regime 0: min{K,, N} < 12.5K,

In this regime, the number of transmitters is at least of the order of the total number of different

requested files. As described in Section 4.3, this implies that 1/DoF ~ 1 — ]\]/\[f. More precisely, by

convexity of d~*(M,) we have

d—l(MT) S d—l(o) _ d_l(O])v—_d(;l(N) (Mr _ 0) — d—l(o) (1 _ ]]\{[r>

for all M, € [0, N], where we have used that d~1(IN) = 0. Moreover, we have

_ Kt -1 + min{Kr,N} < Kt + 125Kt
B K N K

d=1(0) = 13.5,

which implies

d Y (M,) <13.5 (1 — Aj{;’) : (C.11)
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We now invoke Lemma 8 with s = 1, yielding

1 M, @ d-1(M,) ,
—>1 - >~ 7 ]
DoF ~ N = 135 in Regime 0,

where (a) follows from (C.11).

In all the following regimes, min{K,, N} > 12.5K; > 12.5.

Regime 1: 0 < M, < l.1max{l,N/K,}

Since d~!(M,) is non-increasing in M,, we can upper-bound it by

(C.12)

_ K;—1+min{K,,N} - (%5 + 1) min{K,, N} ~ 13.5 min{K,, N}

-1 < g1
d (M’f') —_ d (O) Kt Kt

(C.13)

Let us now use Lemma 8 with s = |0.275 min{K,, N}| € {1,... , min{K,, N}}. Then, using

[N/s| = N/s -1,

Y

1 S 1 S M,
DoF ~ min{s, K;} 1-s/N N

S L 52 1.1max{1, N/K,}
- K 1—s/N N
1 , 10.275 min{K,, N} |? 1.1max{1, N/K,}
= -_— 2 KT,N - . :
K, (LO 75 mind H = T 02 min{ K., N} /N
1 _ (0.275min{K,, N})? 1.1max{1, N/K,}
> — (0.2 K. N}—1- :
= K, <0 75 min{Ky, N} 1-0.275
1 _ (0.275 min{K,, N'})?
= — (02 K., N}—1- C—
K, <0 75 min{K;, N} 0.725 min{%,, N}
_ min{K,, N} 0975 _ 1 ~(0.275)% - 1.1
B K, ‘ min{ K, N'} 0.725
. 2 .
> min{K,, N} 0.975 — 1 (0.275)%-1.1
K, 12.5 0.725

1 min{K,, N}

>

- 125 K;

(@) a1 (M,

> d—(My) in Regime 1,

- 135

where (a) uses (C.13).
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Regime 2: 1.1max{1, N/K,} < M, <0.092N/K,

Let M, be the largest integer multiple of N/K, that is no greater than M,, and define & = KTMT/N.

Note that & is an integer. Hence,
0< M, — N/K, < M, < M,.
Since d~!(M,) is non-increasing in M,., we have:

d~Y(M,) < d~1(M,)

_Kt—l—i—min{lgpr} . P
N K, K,

K,

=1+ TACES)] (C.15)

K,
+ =
Ky (K, M,/N +1)
(a) K,

S [ R
S YT RCK M N

N KM, 1
KM, N
(0) N

< 1.092 ——— C.16
— KtMr7 ( )

where (a) uses M, > M, — N/K, and (b) follows from M, < 0.092N/Kj.
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We now invoke Lemma 8 with s = |0.3N/M,| € {1,...,

min{K,, N}}. Once again, we write:

L 1 52 M,
DoF ~ min{s, K;} 71 —-s/N N
2
S L (o3 ~ (0.3N/M,)* M,
K, MT 1-03/M, N
@ 1 32N/M,
> 0. 3 —1= 037/7"
K, M, 1-0.3/1.1
_ N (3 M 0.32
KM\ N 1-03/1.1
() 0.32
> 3-0092 - ——————
- KM, <03 009 1-0.3/1.1)
1.092 N
> 7.
~ 135 KM,

© d' (M)
R S V4
- 13.5

in Regime 2, (C.17)

where (a) is due to M, > 1.1max{l, N/K,} > 1.1, (b) follows from M < 0.092N/K; < 0.092N,

and (c) uses (C.16).

Regime 3: 0.092N/K;, < M, < N

By the convexity of d=!(M,

r), we have for all M, € (0.092N/K;, N|,

_ _ d=1(0.092N/K;) — d~1(N) N
d=Y(M,) < d71(0.092N/K;) — - M, —0.092—
(M;) < d7(0.092N/K) N 0.092N/ K, 0-0927
(a) 0.092N/ K,
d=1(0.092N/K;) (1 —
/K0 ( = 0092N/Kt>
= d~1(0.092N/K;)
/K (N 0092N/Kt>
~ d70.092N/ Ky) -
N 1—0092/Kt
d=1(0.092N/K)
- 0008 (1 ) (C.18)

where (a) uses that d~*(N) = 0.

Let M, be the largest integer multiple of N/K, that is no greater than 0.092N/K;, and define
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k= K,M,/N. Note that & is an integer. Then,
(a) -
0 < 0.092N/K; — N/K, < M, < 0.092N/K;,

where (a) follows from (4.15). This implies that & + 1 > 0.092K,./K;. Since d~'(M,) is non-

increasing,

d=1(0.092N/K;) < d~'(M,)
(2) 14 K,
- Ki(k+1)
<1+ Ko
= T K, 0.092K, /K,
1.092
=== C.19
0.092° ( )
where (a) follows the same steps that led to (C.15). Combining (C.19) with (C.18),
1.092 M, M,
M) < ——————(1-—")<131(1-—-"). 2
( )_0.092-0.908< N)_ s ( N) (C-20)
By applying Lemma 8 with s = 1 again, we obtain
1 M, (@ d=1(M,)
> 1- > i .
DoF = 1 N 2 135 in Regime 3, (C.21)

where (a) follows from (C.20).

Synthesis

The inequalities in (C.12), (C.14), (C.17), and (C.21) cover all possible regimes. Therefore, they

together give 1/DoF > d~!(M,)/13.5, or equivalently

DoF < 13.5-d (N, Ky, K,, My, M,)

for all N, Ky, K, M; € [0, N], and M, € [0, N]. This concludes the converse proof of Theorem 15.
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C.4 Communication Problem Outer Bounds (Converse Proof of

Theorem 16)

In Section 4.4 we have described the separation architecture and the communication problem that
emerges from it. We call the communication problem the multiple multicast X-channel problem.
We state its DoF ci;(Kt, K, ) in Theorem 16 and show that it is achievable by interference alignment
in Section 4.5. In this appendix, we prove its optimality by deriving matching information-theoretic

outer bounds. Specifically, we want to prove

Ay (K, Kr) € ——1———10s (C.22)
Kt(ar—1>+( 7(r )
for all K; and K,.
Consider the following subset of messages:
V={Vsj:1eSorj=1}. (C.23)

It will be convenient to split V into two disjoint parts,

Vi={Vs;:1€8,je{l,...,K}},

Vi={Vs;:1¢S,j=1}.
In what follows, we will only focus on V. All other messages, collectively denoted by
V={Vs;:1¢8 and j#1},

are made available to everyone by a genie. Furthermore, we lower the noise at receiver one by a
fixed (non-vanishing) amount. Specifically, we replace y; by
Ky

yi= ZHinj + 21,
=1
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where Z;(7) are independent zero-mean Gaussian variables with variance

2
var (21(r)) = _min,_ <’2111((Z))) . (C.24)

Note that var(Z1(7)) < 1 since we can set ¢ = 1 in (C.24). Hence all the above changes can only
improve capacity.

Consider all the receivers other than receiver one. Let a genie also give all of these receivers
the subset V". Again, this can only improve capacity. Hence, these receivers are given V" UV,
which consists of all the messages that receiver one should decode, as well as all the messages of
all transmitters other than transmitter one. Using this genie-given knowledge, every receiver can
compute x; for all j # 1, and subtract all of them out of their output y;. In other words, receiver

i # 1 can compute

yi=yi— ) Hix; = Hixi +2; (C.25)
J#1

Receiver i is still expected to decode some messages. Specifically, it must decode the subset of V!

that is intended for it, i.e.,
Vi={Vsj:1¢SandicSandj=1}.

Then, by Fano’s inequality,
H (Vi|yi, V", V) <eT. (C.26)

We focus now on receiver one. From the problem requirements, it should be able to decode all
of V" with high probability. After decoding V", it has access to all the messages that receiver i # 1

has, and hence it too can subtract out x;, j # 1, from its output,

Yi=¥1— ZHUX]' + 2z = Hiixq + 2.
i1

Since Hy; is invertible almost surely, receiver one can then transform its output to get a statistical
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equivalent of the output of any other receiver. Indeed, it can compute
.\?ﬁ” =H;H|'y] = Haxs + (HﬂHﬁl) z1 = Hjxy + 25”.

Since igi) = (H,-lHl_ll) z, and the H;; matrices are diagonal, then the variables é%i) (1) are indepen-

dent and have a variance of

e (10) = () = (Ga) wwaon <

by (C.24). As a result, receiver one has at least as good a channel output as y; in (C.25), and can

thus decode anything that receiver i can. In particular, it can decode V! for all 4, i.e.,
H (V31,V", V) < H(V|yi, V', V) <eT, (C.27)

using (C.26).
All of the above can be mathematically expressed in the following chain of inequalities, for any

achievable R,.

V|- R,T = H(V)
9wy
=I(V;y1|[V) + H (V|y1,V)
=I(Viy1|V) + H (V'[y1,V) + H (V' |y1, V", V)
(gb)f(v 1|V) +eT + H (V'y1,V", V)
(21(1» y1[V) +T+ > H V51,V V)
i£1
I(V;sa|V) +eT+ > eT
i#£1

(© o
< I(x1,...,xK,:51|V) + KeT

(f) 1
<T- (2 log SNR + o(log SNR)) + K, eT.
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In the above,
e (a) is due to the independence of the messages;
e (b) uses Fano’s inequality for receiver one;
e (c) follows from observing that V! = Uiz %%
e (d) uses (C.27);
e (e) is due to the data processing inequality; and
e (f) is the MAC channel bound.

By taking T'— oo and € — 0, as well as SNR — oo, we obtain

~ 1 1 1
d;(Kth’r‘) S Ny r == _ _ )
VI~ TRV T R+ (L
thus proving (C.22) and the converse part of Theorem 16. [ |

C.5 Lemmas from [54]

In our interference alignment strategy, we use two crucial lemmas from [54]. We present them here

for ease of reference.

Lemma 19 (from [54, Lemma 2|). Let Gy,...,Gr be T x T diagonal matrices, such that G4(T),
the T-th diagonal entry of Gy, follows a continuous distribution when conditioned on all other
entries of all matrices. Also let b be a column vector whose entries b(t) are drawn iid from some
continuous distribution, independently of G1,...,Gr. Then, almost surely for any integer n such
that T > (n 4+ 1)V, there exist matrices Ay and Ag, of sizes T x (n+ 1)U and T x n" respectively,

such that:

e FEvery entry in the T-th row of Ay is a unique multi-variate monomial function of b(T) and
Gy(T) for all g (b(T) and Gy4(T) appear with non-zero exponents in every entry), and the same

is true for As;? and

2To clarify: a monomial could appear in both matrices A; and As, but never twice in the same matrix.
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o The matrices satisfy the following conditions almost surely,
GgA2—<A1, ngl,...,F,

where P < Q means that the span of the columns of P is a subspace of the space spanned by

the columns of Q.

Lemma 20 (from [54, Lemma 1]). Let xl(k), i=1,....,T and k =1,...,K, be random variables
such that each follows a continuous distribution when conditioned on all other variables. Let ¥ be

aT x T square matrix with entries 1v;; such that

K (k)

Pij = H (xl(k))p” :

k=1

(k)

where p;; are integers such that

(p,gjl.), ... ,pg{)) %+ (p%,), .. ,pg,{)> ,

foralli,j,j" such that j # j'. In other words, the entries v;; are distinct monomials in the variables

xl(k). Then, the matriz W is almost surely full rank.

C.6 Proof of Theorem 17

Theorem 17 gives an improved achievable DoF for the 2 x 2 cache-aided interference network. In
this appendix, we prove this result by describing and analyzing the interference-extraction scheme
introduced in Section 4.7 and illustrated in Figure 4.10, which achieves this DoF.

We describe the scheme in two steps. First, we focus on the physical layer to show how more
information can be extracted from the aligned interference at the receivers. Second, we show
how this additional information can be used at the network layer to achieve the inverse DoF in

Theorem 17.
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C.6.1 Physical Layer

In order to describe the interference-extraction scheme, let us first revisit the original separation
architecture used when M, = 0. The message set used for this case is the one where every trans-
mitter has a message for every individual receiver, i.e., the unicast X-channel message set. In order
to achieve the optimal communication DoF of 1/3 per message, at every receiver, the two messages
intended for the other receiver are aligned in the same subspace. Let us study this alignment more
carefully.

Let V;; be the message intended for receiver ¢ from transmitter j. Represent every message V;;
by a scalar v;;, called a stream. By taking a block length of 3 and by beamforming message V;;

along some direction a;;, we get channel inputs

X; = a1;v15 + ag;jve;,

and channel outputs

y1 = Hy (aj1v11 + ag1v21) + Hio (a12v12 + agvag) + 21; (C.28a)

y2 = Hai (a11011 + ag1v21) + Ha (a12v12 + agavez) + 2o (C.28b)

Lemma 21. We can choose the a;;’s in (C.28) such that

V11

Y1 = v, V12 + Zy;

V21 + V22

V21

y2 = ¥y V929 + 2z,

v11 + V12

where the 3 X 3 matrices W; are full-rank almost surely.

Proof: Recall that the H;;’s are 3 x 3 diagonal matrices whose 7-th diagonal element is

hij(7). Also recall that these h;;(7) are independent and continuously distributed, which implies
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that H;; is invertible almost surely. Assume this invertibility is the case in the following.

Choose the a;; vectors as:

1
a;r = [1]; a2 = Hy, Hojagg;

) el
az; = |0 ; azp = Hj;, Hyja.

From (C.28), the received signals are then

y1 = Hijanv + HioHyy Hajagvio + Hijag (var + vag) + 71

v11
= |Hpa;n HppHy) Hya, Hyjan V12 + 21
V21 + V22
haa(1) Ml )| | ey
= [h1(2) hmi(éi](l;;(z) 0 V12 +z1,
0 0 h11(3)| [v21 + va2
vy
and, in a similar way,
ha1(1) %}(LB(D ha21(1) v21
ya=| 0 0 ha1(2) ver | + 22

h21(3) %@3(3) 0 v11 + V12

AP}

Since the h;;(7) are independent continuously distributed variables, then the matrices ¥, and Wy
are full-rank almost surely. ]

Notice from Lemma 21 that each receiver can recover, in addition to its intended streams, the
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sum of the streams intended for the other receiver. By using a linear outer code over some finite
field, we can ensure that obtaining the sum of two streams, e.g., vo1 + voo, yields the sum of the
two corresponding messages, e.g., Vo1 @ Voo, where @ indicates addition over the finite field. For
simplicity, we assume that this field is GF(2), although any finite field gives the same result. In
other words, receiver one can decode Vi1, Via, and (Va1 @ Vag), and receiver two can decode Vay, Vaa,
and (V11 @ Via). Therefore, for the same per-message DoF of 1/3, we get the linear combinations

of the unintended messages for free.

C.6.2 Network Layer

Figure 4.10 illustrates the interface between the physical and network layers resulting from the
decoding of the aligned interference at each receiver. This aligned interference, while available for
free (no drawbacks in the communication DoF at the physical layer), becomes useful when the
receiver memory is non-zero. It provides a middle ground between pure unicast messages (as is
done at M, = 0) and pure broadcast messages (which we use when M, = 1).

Let ¢ denote the link load, i.e., the size of each message V;;, and let L = 4/ be the sum network
load. For this specific separation architecture, we denote by L*(M,) the smallest sum network load
as a function of receiver memory M,, and by ¢* = L*/4 the smallest individual link load. Since each
message V;; (link) can be communicated across the physical layer using a DoF of 1/3 by Lemma 21,

then we can achieve an end-to-end DoF of

=r* (C.29)

Theorem 17 follows directly from combining (C.29) with the following lemma.

Lemma 22. For the separation architecture illustrated in Figure 4.10, we can achieve the following

sum network load:

12 8 4 2
L*(Mr) S max {2 - 2]\47»7 7 - ?Mr, g - 3MT‘} 5
for M, € [0, 2].

Proof: In order to prove Lemma 22, it suffices to look at the following four (M,, L) corner
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Table C.2: Achievable strategy for M, = 1/3.

Figure C.1: Strategy for M, = 1/3, when the user requests are (A, B).

Cache Content Rx

Tx 1 As, B1 @ B3, Bs @ Bs N/A

Tx 2 B3, A1 ® A3, Ay ® As N/A

Rx 1 A& B 1

Rx 2 As ® By 2
Demands (Rx1, Rx2)

Message | (A, A) (A, B) (B, A) (B,B) | Rx
Vi1 As As By ® By | B1 @ Bs 1
Va1 As B & B3 As By @ Bs 2
Via A1 D Ag | Ay ® Ag Bs B3 1
Voo Az @ A3 Bs AL @ A3 Bs 2

Va1 @ Voo Ay By Ay By 1

Vi1 ® Vig Aq As By B, 2

points, as the rest can be achieved using time- and memory-sharing;:

0,2), (1/3,4/3), (4/5,4/5), (2,0).

The fourth corner point is trivial since M, = 2 implies each user can cache the entire library, and
hence there is no need to transmit any information across the network. The first corner point can
be achieved by ignoring the aligned interference messages, which reduces to the original strategy.
For

Therefore, we only need to show the achievability of the second and third corner points.

convenience, we will call the two files in the content library A and B.

Achieving point (M,,L) = (1/3,4/3) When M, = 1/3, we split each file into three equal parts,

labeled A = (Al, AQ, Ag) and B = (Bl, Bg, Bg).
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As
Bs @S g1,g2
1, B2
Az, Ay
B5 B37B4
As@T

Figure C.2: Strategy for M, = 4/5, when the user requests are (A, B).

Table C.2 shows the placement and delivery phases, for all possible user requests, and Figure C.1
illustrates the strategy when the demands are (A, B). Notice that the transmitter caches hold
exactly one file each (thus M; = 1), the receivers cache one third of a file each (M, = 1/3).
Furthermore, the messages V;; each carry the equivalent of one third of a file, which implies that

¢ =1/3 is achieved, or, equivalently, a sum network load of L = 4¢ = 4/3.

Achieving point (M,,L) = (4/5,4/5) When M, = 4/5, we split each file into five equal parts,
labeled A = (A4,...,A5) and B = (B, ..., Bs). For convenience, we define

S1=DBy® Ay, So2=A1® B3, S3=DB1® B3, Siy=DBy® By,

Th=A1©0 A3, To=Ay® Ay, T3=DB1 D A3, Ty= AP By,

and write S = {51, 52, 53,54} and T = {Th, T», T3, T4 }.

Table C.3 shows the placement and delivery phases, for all possible user requests, and Figure C.2
illustrates the strategy when the demands are (A, B). Notice that the transmitter caches hold
exactly one file each (thus M; = 1), the receivers cache four fifths of a file each (M, = 4/5).
Furthermore, the messages V;; each carry the equivalent of one fifth of a file, which implies that
¢ =1/5 is achieved, or, equivalently, a sum network load of L = 4¢ = 4/5.

By achieving all four corner points, we have proved Lemma 22. ]

203



Table C.3: Achievable strategy for M, = 4/5.

Cache Content Rx

Tx 1 As,Bs & S1,Bs © Sy, Bs ® S3,B5 @ Sy | N/A

Tx 2 B, As T, As &1y, As & 13, As & T} N/A

RX 2 Ag,A4,Bg,B4 2
Demands (Rx1, Rx2)

Message | (A,A) | (A,B) | (B,A) | (B,B) | Rx
Vi1 Asg Ag Bs® Sy | Bs® Ss 1
Vo As Bs @ 51 As Bs® S84 | 2
Vio As Ty | As @ T3 Bs Bs 1
Voo As & Tp Bs As © T} Bs 2

Vo1 @ Voo Ty S1 Ty Sy 1

Vi1 © Vig Ty T3 So S3 2

C.6.3 Optimality Within the Considered Separation Architecture

Within the separation architecture considered throughout this appendix and Section 4.7, i.e., the
one illustrated in Figure 4.10, we can show that the network-layer scheme is in fact exactly optimal.
Specifically, the sum network load achieved in Lemma 22 is optimal. This is summarized in the

following result.

Proposition 4. For all M,, the optimal sum network load must satisfy

128 4 2
* > — - _Z [ .
L*(M,) > maX{Q 2M,, - 7]\4T, 3 SMT}

While this does not contribute to the main result in Theorem 17, it does reinforce it by showing
that this is the best we can do within this separation architecture.

Proof: For the proof, it is more convenient to write the outer bounds in terms of the

individual link load ¢* = L*/4. Therefore, we will prove Proposition 4 by proving the following

three inequalities (which together constitute an equivalent result):

AP 4 2M, > 2;
70+ 2M, > 3;

60 + M, > 2.
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In the following, we refer to the two files as A and B. Let the cache contents of receivers one
and two be @1 and @9, respectively. We also write VZfT to denote the message V;; when user one
has requested file S and user two has requested file T', where S, T € {A, B}. Furthermore, we use
VST to refer to all four messages when the requests are S and T', and write )/ZST to denote the three

outputs at receiver ¢ € {1,2} when the requests are S and T'. Therefore,

VT (Vll 7V12 7V21 anT);
vt ( SV avqT@Vng%
V.

W= (il vt vitt e vigh).

We will next prove each of the three inequalities.

First inequality

(40" +2M,)F > H (Q1, Q2, VAP)
= H (Q1,Q2,V*P|A,B) +1 (A, B;Q1,Q2, V)
= H (Q1,Q2, V*P|A,B) + H (A, B) — H (A, B|Q1,Q2, V'P)
CH(AB) —cF
= 2F —¢F,

where (a) is due to Fano’s inequality. Therefore,

40 + 2M, > 2.
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Second inequality

(7€ +2M,)F > H (Q1, Y{'") + H (Q2, V"*)

—
S
N

H (

> H (Qu, Y{*B|A) + H (Q2, VPA|A) + 2H (A) — 2¢F

> H (Q1,Q2, VB, VBA|A) + 2H (A) — 2¢F

(Q H (Q1,Q2, %, VP4|A,B) + H (B) + 2H (A) — 3¢F
> 3F — 3¢F,

where (a) and (b) once again follow from Fano’s inequality. Therefore,
T+ 2M, > 3.
Third inequality

(60" + M,)F > H (Q1, Y, YF'P)

(a)
> H (Q1, V{4, YPP|A,B) + H (A, B) — ¢F

> 9F — ¢F,
where (a) is again due to Fano’s inequality. Therefore,
60 + M, > 2.

This concludes the proof of Proposition 4. [ |

C.7 Proofs for the Low-SNR Regime (Section 4.9)

C.7.1 Network-Layer Scheme (Proof of Theorems 18 and 19)

In this appendix, we provide the details of the two network-layer strategies: the multicasting scheme
and the beamforming scheme. This includes choosing p and ¢ and determining the corresponding

value of v, that each scheme achieves, as introduced in Section 4.9.3. Combined with Lemma 9,
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these imply the achievable rate results in Theorems 18 and 19.

Network-Layer Strategy: The Multicasting Scheme (Proof of Theorem 18)

Suppose k = KM, /N and A = LM;/N are both integers. Collectively, the transmitters can hold
A copies of the entire content library. To take advantage of that, we first split every file W,, into
(i) equal subfiles {W), £ },, where the index L is over all subsets of transmitters of size A\. We can
thus create ({() sublibraries: the sublibrary indexed by £ contains the subfile W), » of every file W,.
For the transmitter content placement, every transmitter £ stores all complete sublibraries indexed
by L such that ¢ € £. The result is that every subset of transmitters of size A shares exactly one
sublibrary.

For the receiver content placement, we first split each receiver cache into (i) equal parts and
dedicate each part to one sublibrary. We have thus divided our original problem into (i) subprob-
lems. In each subproblem, a subset £ of transmitters shares a full sublibrary of IV subfiles of size
F=F/ (i) each. Each of the K receivers is equipped with a cache of size M, F/ (i) — M, F bits,
equivalently M, subfiles. Since k = KM, /N, we can apply the strategy from [4] on this subprob-
lem, which requires that the transmitters send a common message to every subset K of size k + 1
receivers. We can enable that by choosing the message set %), with p=x +1 and g = .

Each message Vi € ¥4 has size vy F' bits, which can be rewritten in terms of the subfile size
F as Upg ' = (f) quﬁ bits. From [4], we know that the total number of bits that each subproblem
needs to transmit across the bit pipes is (K — ) /(k+1)- F, shared equally among all the bit pipes.

Therefore, the total number of bits sent through the (nl+<1) messages of each subproblem is

K \(L\ - K K~k -
F= F="""p
<n+ 1) (A)qu </<;+ 1)””‘1 K1

Consequently, we achieve
K—«k 1

v — .
o (G5

(C.30)

at the network layer. By combining (C.30) with (4.23) and Lemma 9, we obtain the result of

Theorem 18 for x and A integers.
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Network-Layer Strategy: The Beamforming Scheme (Proof of Theorem 19)

Recall that the beamforming scheme is different from the multicasting scheme in that it completely
ignores any possible multicasting gain in favor of a larger beamforming gain.
Suppose A = min{LM,/(N — M,), L} is an integer. The first step is to divide each file W}, into
(ﬁ) + 1 parts,
W, = (Wn,o, Wyr: £ CILLIC) = X) :

such that Wy, o has size M, F/N bits and W, o has size (N — M,)F/ (%\) for all L.

In the placement phase, every receiver stores Wy, o for every n. Thus all receivers have exactly
the same side information in their caches. Each transmitter ¢ stores all parts W, » such that
¢ € L. Note that this placement satisfies the memory constraints M, and M; on the receivers and
transmitters respectively.

During the delivery phase, every subset £ of transmitters will beamform to each user k the
part of its requested file that these transmitters share. Therefore, the message set that we choose
is Vpq with p =1 and ¢ = A, and if user k requests file Wi, then we set Vigy o = Wy, o for all L.
Each message will as a result have a size of v,y = (N — MT)/(ﬁ) Substituting in (4.23) and using

Lemma 9, we obtain the rate achieved in Theorem 19.

C.7.2 Physical-Layer Scheme (Proof of Lemma 9)

Recall that we wish to transmit the messages 7, from (4.22) across the interference network, for
some p € [K] and ¢q € [L]. As previously mentioned, the idea is to wait until a “favorable” channel
occurs that allows some subset of transmitters to efficiently beamform some message to all its
intended receivers at once. In this proof, we focus on a particular p and a particular q.

Let us focus on one subset pair (K, £), where K is a subset of p receivers and L is a subset of
q transmitters. The most “favorable” channel to beamform message Vics occurs when the channel
gains from the transmitters in £ to each receiver in K are identical up to a multiplication by a
scalar. To be precise, the channel vectors grr = (gie)eer have to be equal for all k € K, up to a
multiplication by a scalar. However, since there are uncountably many values for each gain, the set

of perfect channels has a measure of zero. For this reason, we choose to divide the possible values
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of the channel gains into a finite number of bins 5 > 8.

We will divide this proof into three parts: the first part presents the binning strategy, the
second part gives the beamforming strategy and the corresponding analysis, and the third part
analyzes the duty cycle, i.e., the fraction of time during which the channel is “favorable” for some

transmitters and receivers.

Binning strategy

Recall that the channel gains are phase shifts, gpe(7) = €/%¢(7) where 44(7) € [0, 27) uniformly.

For any angle 6 € [0, 27), define the binning function B(f) as the unique integer such that

6— 2/;3(0) € [0,27/8).

Note that B(0) € {0,...,8 — 1}. For each bin b, we define the representative phase of b as the

midpoint of all phases that are binned to b, i.e.,

O(b)=b-27/B8+7/p.

This implies that |®(B(0)) — 0| < 7/ for all § € [0,27). The above-described binning is illustrated
in Figure C.3 for a choice of § = 8. For simplicity, we will define bye(7) = B(re(7)) to be the bin
of the channel phase shift 0y(7) and ¢gs(7) = ®(bre(7)) to be its representative phase.

We use these bins to determine which channels are “favorable” for a subset pair (KC, £). Specif-
ically, we say that a channel is favorable for (I, L) if the corresponding channel vectors can be
mapped to the same bins. More formally, we say that the channel at time 7 is favorable for (K, L)
if

bre(T) = brrg(7) Vk, K € KVl € L.

We define fx £(7) to be one if the channel is favorable for (K, L) at time 7, and zero otherwise.

For every time 7, we then define the set of pairs

B(t)={(K, L) : K| =p,|L] = q, fc,c(T) =1}

209



Figure C.3: The 8 = 8 bins and their representative phases ®(b).

for which the channel is favorable.

Beamforming strategy

First, we encode each message Vi, into a codeword vi . For every time 7, we want to choose a
pair (K, £) for which the channel is favorable, if any exist. We denote this pair by (C(7), £(7)), but
we will ignore the 7 index when it is obvious from context for clarity. We then let the transmitters
in £ beamform a symbol v, (7) from vi, to the receivers in K.

More formally, write £ = {¢1,...,4,}. Let b(r) = (by, (1), . .. ,I;gq (7)) denote the vector of bins
that resulted in the choice of subset pair at time 7, i.e., by(7) = bp(7) for all k € K and £ € L.

Then, each transmitter ¢ € L sends
2o(7) = v (1) - e 38T
and each receiver k£ € KC observes

ye(r) = 3 ) IO gy (7) 4 2, (7)
el

= ve(r) 3 IO PEO) 2 (7).
lel
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The receiver SNR is then )

Z eI Ore(7)=2(B(0ke(7))))
lel

lvice (T)]? -

Because of the binning, we can find a good lower bound on the magnitude of the sum term. Let

Oke(T) = Ore(T) — ®(B(Oge(7))). Then,

2
— (Z ej5k£(T)> (Z 6—j5k£(7)>
el el
_ Z (1 +9 Z R {ej((ske(T)_‘ske/(T))}>

Z eI0ke(T)

el

el >
= Z (1 +2 Z cos(dxe(T) — 5k€’(7'))> .
LeL >

Because 0y (7) € [—7/B,7/3), then
Ore(T) — Oper (1) € [=27/ 3,27/ B],

and hence, since § > 8,

cos (Oge(T) — Oger (7)) > cos Qg

We can write cos27/8 = (1 — ) for some v > 0. Consequently,

> (14 (g—-1)(1-7) > (1-7)¢"

el

Z eJ0ke(7)

lel

Supposing that v, (7)|? = P, and assuming that Vi, is being transmitted during a fraction

« of the total block length, we conclude that we can achieve a rate of
R, > alogy (14 (1—7)¢* - P') (C.31)

for message Vicr.
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Duty cycle analysis and achievable rate

As mentioned previously, our strategy needs to wait for time instants 7 such that Z(7) is not
empty. We refer to the expected fraction of time during which it is not empty as the duty cycle n,
defined as n = Pr{Z# # (}.

When selecting pairs (K, L) € B(r), it is possible to ensure that all pairs are selected equally
likely. For instance, if multiple pairs are possible for a specific 7, we can pick one of them uniformly
at random. Thus the duty cycle will be shared equally among all pairs, and the expected fraction

of time that any one message is being transmitted is a« = 7/ (s) (I; ) Since each transmitter is

L-1

active for exactly ( 41

)(Ip{ ) pairs out of the ({;) (Ip( ) total, then every transmitter will be active for

a fraction

n 4
L

of the time in expectation. Consequently, it can scale its power by L/nq during its duty cycle,

which means

L
P =—P.
nq

By appealing to the law of large numbers, it then follows from (C.31) that the set ¥, can be

transmitted at a sum rate of

(o) )z (1 B0

When P < o -1n/(1 —~)Lq for some o > 0, we get

(9)() 2 0 paa. 242 )

q D Pq — o

by using z € [0, z9] = logy(1 + x) > x - logy(1 + x0)/xo for any g > 0.
All that remains is to find a lower bound on the duty cycle 7, in order to get a sufficient condition

for the critical power necessary for (C.32) to hold. Consider the probability that a single subset
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pair (K, L) gets a favorable channel at time 7. Recall that a channel is favorable for this pair if
bre(T) = brre()

for all k,k € K and ¢ € L. Without loss of generality, we can assume that by (7) = 0 for all
receivers k since each receiver can always multiply its channel output with the correct phase shift.

Therefore, the above happens at time 7 with probability

Pr{fic(r) =1} = 5—(p—1)(q—1)'

Consequently,

n = Pr{# # 0}
=Pr{3(K,L): f,c(r) =1}

(a)
> Pr{fryco(r) =1}

_ 5—(p—1)(q—1)’

for some arbitrary pair (Ko, Lp). Note that the inequality (a) is quite loose; in practice the duty
cycle should be higher because of the possibility to schedule all the (s) (I; ) messages, and thus the
critical power required for this analysis is higher.

Using this in (C.32), we get that

<L> (K)R]gq > (1= y)Lq. 282lF9) p

q p o

bits per channel use, whenever P < B_(p_l)(q_l)a/(l —v)Lg.
Since 1 — v = cos 27/, we can make v arbitrarily small by increasing the number of bins .
Similarly, we know that logy(1 + 0)/0 approaches 1/1n2 as o approaches zero. Therefore, for any

e > 0, we can choose particular values of 8 and o so that, for a small enough P,

() ()nz 0053
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bits per channel use. This concludes the proof of Lemma 9.

C.7.3 Approximate Optimality for the Single-Receiver Case (Proof of Theo-
rem 21)

First, we prove that there exists an optimal covariance matrix Q of the form in (4.24), using the
two properties of ¢;: concavity and invariance under permutation.
Let Q* be a covariance matrix that maximizes ¢;. Define Q = % Yo n ' Q*m. By the two

properties of ¢;, we have

S Yo (x'am) L a)

where (a) uses concavity of ¢; and (b) uses its invariance under permutation. Therefore, Q also
maximizes ¢;. Moreover, we can see that 7' Qm = Q for any permutation 7r, which implies that

Q must have the form

Q::(uf-m1+¢n1T)-P

for some p. In order for Q to be positive semidefinite, we need p € [-1/(L —1),1].
Using the structure of Q, we can simplify the analysis to the following. Recall from Section 4.9.4

and (4.25) that this simplifies the upper bound on the optimal expected rate to

. . w(t) P
< R
R(P)s min oG o (C:33)
(L—t)My+Mr<N N

bits per channel use, where

U(t) = max t (1 +(t—1)p—
pEl4 1]

t(L — t)p?
l—i-(L—t—l)p)'

Let us start with the maximization over p. We can focus on the function

t(L —t)p?

f@)=@—1m—1+%L_t_Dﬂ
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which is the only part that depends on p. Differentiating f,

flp)=t-1
20 (L —t)p(1+ (L —t—1)p) — (L —t — D)t(L — t)p?
1+ (L—t—1)p
HL —t)p 2+ (L—t—1)p)
[+ (L—t—1)p

—t—1-

The sign of f/(p) is the same as the sign of

g(p) = (=) [I+(L—t=1)p]> =t(L = t)p(2+ (L —t = 1)p)
=({t-1)(1+2(L—t=1Dp+(L—t—-1)*?)
—tHL—=t)p2+(L—-t—1)p)
=t—14+20t—1)(L—t—1)p+(t—1)(L—t—1)%p?
—2(L—t)p—t(L—t)(L —t—1)p?
=t—1
+2[H(L—t)—t—(L—t)+1—t(L—1t)]p
+t =D)L -1 =20t - 1)(L—t)+(t 1)
—t(L —t)* +t(L —t)] p*
—t—1-2(L—1)p
+ (L -t —(t-2)(L—t)+(t—1)]p

=t—1-2(L—-1)p—(L—-1)(L—t—1)p°

If t # L — 1, this is a quadratic with discriminant A = 4¢(L — 1)(L — t), which yields the roots

C2AL-1) 2L -1)(L—t) 1T T
P= - nI@—-t-1)  L—t-1

Therefore, in the range p € [-1/(L — 1), 1], the function f(p) reaches a maximum when

. 1+t L —t)/(L—1)
p= L—t—1
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The maximum is thus

L v -vi—1]’
pé[_{r;&{lmf(p) = f(p") = T 11 :

If t =L —1, then g(p) =0 for p= (L — 2)/2(L — 1), yielding

(L —2)?

f(p*) = m

We therefore get

L—t-1

2
t<1+ [V“H)‘ VH] ) ift£L—1;
U(t) =
L?/4 ift=1L-1.

We will now complete the proof of Theorem 21. Recall from Theorem 19 that, for K = 1 and

for a small enough P, we can achieve

1 L)\

. ___.p
n2 11— M,/N

Rpr >

bits per unit energy, when A = min{LM;/(N — M,),L} is an integer. For a general A, we can

lower-bound the rate at A by the rate at p\J, which yields

ﬁbBF > I.LP\J.p

“ In2 1-M,/N
@ 1 L)\
>

=22 1- M, /N

P, (C.34)

where (a) is due to A > 1.

The rest of the proof is split into two cases: My > (N — M,)/4 and M; < (N — M,)/4.

Case 1. If M; > (N — M,)/4, then X\ > L/4, and hence (C.34) gives

[ 1 L?
PE=8m2 1-M,/N

P. (C.35)
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Choosing t = L, which satisfies the condition (L —t)M;+ M, < N, in (C.33), we get U(L) = L2,

yielding the upper bound on the optimal rate

L2 P
* < ——— - —. .
R(P) < 1—M,/N In2 (C.36)
Combining (C.35) with (C.36), we get
R*
~— <8. (C.37)
Rpp
Case 2. If M; < (N — M,)/4, then A\ = LM;/(N — M,) and (C.34) becomes
= 1 L2M;/N
> : . P. :
Bor 2 5100 (0= 2, /Ny (C38)

We apply (C.33) using

N — M,
t="L-— .
]

This satisfies the condition (L — t)M; + M, < N. Furthermore, it implies t < L — 2.

The denominator of (C.33) can be lower-bounded by

1_MT+(L—t)Mt21 LM |
N 2 N

which implies
W(t P
Ry YO P
5(1—M,/N) In2
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Because t > 1 and t < L — 2, we can upper-bound ¥(¢) by

B(t) = [\/t L_t_\{L—ll
() tH(L 1)
§L<1+ - )>

4t
] L<H t?( )/2M,)
L—|(N—M,)/2M;
- L(” (N — M,)/2M,] >
4L
-t (1 TS AIA ‘4>
4172
< (N = ,)/2M,)
- 16 L2 M,
< e

where (a) follows from the fact that ¢(L —¢) > L — 1 for all ¢t € [1, L — 1]. Therefore,

2
R*(P) < O?)Z—Ll\f% - %. (C.39)

Combining (C.38) with (C.39), we get

~

R*
EBF

< 64. (C.40)

Together, (C.37) and (C.40) give the result of Theorem 21.
Proof of Lemma 10: Recall that all channel gains are one without loss of generality. We
consider N realizations of the problem, during each of which the user requests a new file. When it

requests file W,,, we denote the channel inputs by x} and the channel output by y?. Furthermore,
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let U; denote the cache of receiver 1, and V; denote the cache of transmitter £.

NRT = NF
= H(Wy,...,Wn)
= [(Wl,...,WN;Ul,y%,---,Y{V)
+H (W, Wh|Us iyl y))

a)
< I(Wh?WNaUDY%?ay{V)—i_ET

—

IN

I(Wl,...,WN;y%,...,y{V’X%c,...,X]LVc)
+ T (Wi, WG Xy, X )
+ H (Uy) +eT
(Sb) I(xlﬁ,...,xg;y%,...,y{v‘xkc,...,xgc)

+ H (Vge) + H(Uy) + €T
< NI (xg;y1|xce) + (L — |L|)MyRT + M, RT + T
< NTlog, (1+1TQ£‘501>

+ (L — |£])MRT + M,RT + T,

where (a) uses Fano’s inequality, (b) follows from the data processing inequality, (c¢) applies the
memory constraints on the caches, and (d) is the MISO channel bound. |
C.7.4 Approximate Optimality for the Broadcast Case (Proof of Theorem 20)

The statement of Theorem 20 as presented in Section 4.9.2 holds for N > K for ease of exposition

and for lack of space. In this appendix, we prove the following stronger result.

Lemma 23. In the broadcast case, i.e., when L =1 and My = N, we have

P —T
max{Ryc, Rpr}

for all N, K, and M, € [0, N].
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Note that Theorem 20 follows immediately from Lemma 23 since ]TEMC > ]%BF when L =1 and
N> K.

We now prove Lemma 23. As previously mentioned, the channel gains are assumed to be one
without loss of generality. This implies that all the channel outputs are statistically equivalent.

From Theorem 18, we know that we can achieve

bits per unit energy, when x = KM, /N is an integer. Moreover, for completeness we use the

beamforming scheme in the case N < K. We know from Theorem 19 that we can also achieve

. 1 1
Rpp > .—.P
BE = min{N, K}(1 — M,/N) In2

Thus by choosing the scheme that achieves the higher bits per unit energy, we can achieve

max{x + 1, K/N} P
K-k In2’

max{ﬁMc, RBF} Z (0.41)

when k = KM, /N is an integer.

The upper bound is as follows. Let s € {1,..., K'}. Denote by Uy the contents of the cache of
user k. We observe the system after | N/s| instances, such that users 1 through s request a new file
in each instance. Thus the total number of requested files will be N = s | N/s], labeled W; through
Wy. During instance i € {1,...,[N/s|}, denote x} and y} the channel input of the transmitter
and channel output of receiver k, respectively.

Consider now the caches Uy, ...,Us and the channel output y;. Since all channel outputs are

statistically equivalent, these are enough to decode anything that users 1 through s can decode.
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Therefore,

s|N/s|]RT = s|N/s| F
= H (Wh,...,Wg)
(%)I(Wl,...,WN;Ul,...,Us,y%,...,y}N/8J>
+eT
< I(Wl,...,WN;y%,...,yILN/SO
+H(Uy,...,Us) + T
(2 I(x%,...,x%N/SJ;y},..-,y%N/SJ>

+H(Uy,...,Us) + €T
(©)
< |N/s|-I(x1;y1) + sM,RT + T
(d)
< |N/s|-Tlogy (1 + P) 4+ sM,RT + T

() p
< [N/s| 5T + sM.RT +<T.
n

where (a) uses Fano’s inequality, (b) uses the data processing inequality, (c¢) applies the mem-
ory constraints on the receiver caches, (d) uses the capacity bound for a point-to-point Gaussian

channel, and (e) uses In(1 + z) < z. Consequently,

1 P
R*(P) <

- se{l}}.i.r.l,l(} s(1—M,/|N/s|) In2 (C.42)

The upper and lower bounds in (C.41) and (C.42) are identical to their analogues in [4], up to

a multiplicative constant. Therefore, the same argument used in [4] proves that

,\R — < 12.
max{Ryc, Rpr}

This proves Lemma 23 and, by extension, Theorem 20.
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