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DISCRETIZING DISTRIBUTIONS WITH EXACT MOMENTS:
ERROR ESTIMATE AND CONVERGENCE ANALYSIS*

KEN’ICHIRO TANAKAT AND ALEXIS AKIRA TODA?

Abstract. The maximum entropy principle is a powerful tool for solving underdetermined in-
verse problems. This paper considers the problem of discretizing a continuous distribution, which
arises in various applied fields. We obtain the approximating distribution by minimizing the Kullback-
Leibler information (relative entropy) of the unknown discrete distribution relative to an initial
discretization based on a quadrature formula subject to some moment constraints. We study the
theoretical error bound and the convergence of this approximation method as the number of discrete
points increases. We prove that (i) the theoretical error bound of the approximate expectation of any
bounded continuous function has at most the same order as the quadrature formula we start with,
and (ii) the approximate discrete distribution weakly converges to the given continuous distribution.
Moreover, we present some numerical examples that show the advantage of the method and apply
to numerically solving an optimal portfolio problem.

Key words. probability distribution, discrete approximation, generalized moment, quadrature
formula, Kullback-Leibler information, Fenchel duality

AMS subject classifications. 41A25, 41A29, 62E17, 62P20, 65D30, 65K99

1. Introduction. This paper has two goals. First, we propose a numerical
method to approximate continuous probability distributions by discrete ones. Second,
we study the convergence of the method and derive error estimates. Discretizing con-
tinuous distributions is important in applied numerical analysis [26, [35]. To motivate
the problem, we list a few concrete examples, many of which come from economics.

Optimal portfolio problem. Suppose that there are J assets indexed by j =
1,...,J. Asset j has gross return R, (which is a random variable), which means
that a dollar invested in asset j will give a total return of R; dollars over the invest-
ment horizon. Let 6; be the fraction of an investor’s wealth invested in asset j (so

ijl 0; =1)and 6 = (6,...,0;) be the portfolio. Then the gross return on the port-

folio is the weighted average of each asset return, R(f) := ijl R;6;. Assume that
the investor wishes to maximize the risk-adjusted expected returns E {ﬁR(G)lf’Y},

where v > 0 is the degree of relative risk aversion[] Since in general this expecta-
tion has no closed-form expression in the parameter 6, in order to maximize it we
need to carry out a numerical integration. This problem is equivalent to finding an
approximate discrete distribution of the returns (Ry,..., Ry).

Optimal consumption-portfolio problem. In the above example the portfolio choice
was a one time decision. But we can consider a dynamic version, where the investor
chooses the optimal consumption and portfolio over time (Samuelson [37] and Merton
[34] are classic examples that admit closed-form solutions. Almost all practical prob-
lems, however, admit no closed-form solutions). Since we need to numerically solve a
portfolio problem for each time period, we face one more layer of complexity.
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General equilibrium problem. Instead of solving the optimization problem of a
single investor, we can consider a model of the whole economy, and might want to
determine the asset prices that make demand equal to supply. This is called a general
equilibrium problem in economics. Since we need to solve a dynamic optimal portfolio
problem given asset prices, and we need to find asset prices that clear markets, we face
yet another layer of complexity. Such problems are especially computationally inten-
sive [22] 4] 29], and it is important to discretize a continuous distribution with only a
small number of support points in order to mitigate the ‘curse of dimensionality’.

Discretizing stochastic processes. In many fields, including decision analysis, eco-
nomic modeling, and option pricing, it is necessary to discretize stochastic processes
such as diffusions or autoregressive processes to generate scenario trees [21l [36] or
finite state Markov chain approximations [43] 44] [19].

The above examples have the following common feature. The researcher is given a
continuous density f (transition densities in the case of a stochastic processes), which
comes from either some theoretical model or data (say the kernel density estimation).
The density f is used to solve a complicated model. In order to reduce the complexity
of the problem, the researcher wishes to discretize the density.

Since the density is ultimately used to compute expectations, a natural idea is to
start with some quadrature formula

In

(1.1) Elg(X)] = / 9@)f () dz =S wiprg(aian) f (i)

RK i=1

where M is an index of the quadrature formula (for example, the grid size in each
dimension), Ips is the number of integration points {x; as}, and w; a is the weight
on the point z; ps. Then the probability mass function ¢; ar o< w; ar f(zi,ar) is a valid
discrete approximation of the continuous density f. Popular quadrature formulas—
such as the Newton-Cotes type or the Gauss type formulas (see [I4] for a standard
textbook treatment)—may not be suitable for our purpose, however. First, the choice
of the quadrature formula automatically determines the discrete points {x; as}. How-
ever, in practice the researcher often wishes to choose the set of points D C R¥ at his
or her will, depending on the specific application. Second, for a general distribution
f, the quadrature formula (II) may not even match low order moments such as the
mean or the variance, i.e.,

oo Inr
E[Xl] = / $lf(.%') dx # Zwi,Mxlinf(xLM)

> i=1

for I = 1,2 (in the one-dimensional case)E Although the Newton-Cotes and the
Gauss formulas (in the one-dimensional case) match low order moments exactly, the
multi-dimensional case is not trivial. This is a major disadvantage because matching
moments is known to improve the accuracy of the analysis [39]. Third, some quadra-
ture formulas have negative weights w; ps when the order is high. Since we want to
obtain probabilities, which are necessarily nonnegative, such formulas are inappropri-
ate. Thus it is desirable to obtain a discretization method that (i) has a flexible choice

2Matching moments of a single density with a quadrature formula is not hard. The difficulty
arises when discretizing a stochastic process. If we approximate a stochastic process by a finite-
state Markov chain, when the process hits the lower or upper boundary of the support points, the
conditional moments under the true transition density and the approximate probabilities implied by
the quadrature formula will be vastly different, making the approximation poor.
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of the integration points, (ii) matches at least low order moments, and (iii) always
assigns positive weights.

Several methods for discrete approximations of continuous distributions have been
proposed in the literature. Given a continuous probability distribution, Tauchen [43]
and Adda and Cooper [3] adopt simple partitions of the support of the distribution
and assign the true probability to a representative point of each partitioned domain.
Although their methods are intuitive, simple, and work in any dimension, their meth-
ods are not so accurate, for they generate discrete distributions with only approximate
moments. Miller and Rice [35], Tauchen and Hussey [44], and Smith [39] discretize
the density function using the weights and the points of the Gaussian quadrature,
and Devuyst and Preckel [16] consider its generalization to multi-dimensions. Al-
though their methods are often more accurate and can match prescribed polynomial
moments exactly, they do not allow for the restriction {z; ;s} C D and cannot be
applied to non-polynomial moments. Furthermore, the multi-dimensional method by
Devuyst and Preckel [16] is computationally intensive and does not have a theoretical
guarantee for the existence of the discretization, error bounds, or convergence.

As a remedy, in Tanaka and Toda [42] we proposed an approximation method
based on the maximum entropy principle (MaxEnt) that exactly matches prescribed
moments of the distribution. Starting with any discretization, we “fine-tune” the given
probabilities by minimizing the Kullback-Leibler information (relative entropy) of the
unknown probabilities subject to some moment constraints. In that paper we proved
the existence and the uniqueness of the solution to the minimization problem, showed
that the solution can be easily computed by solving the dual problem, and presented
some numerical examples that show that the approximation method is satisfactorily
accurate. The method is computationally very simple and works on any discrete
set D of any dimension with any prescribed moments (not necessarily polynomials).
However, up to now the theoretical approximation error and the convergence of this
method remain unknown.

This paper gives a theoretical error bound for this approximation method and
shows its convergence. We first evaluate the theoretical error of our proposed method.
It turns out that the order of the theoretical error estimate is at most that of the
initial discretization, and actually improves if the integrand is well-approximated by
the moment defining function. Thus our proposed method does not compromise the
order of the error at the expense of matching moments. Second, as a theoretical
consequence of the error estimate, we show the weak convergence of the discrete
distribution generated by the method to the given continuous distribution. This
means that for any bounded continuous function g, the expectation of g under the
approximating discrete distribution converges to that under the exact distribution as
the number of integration points increases. This property is practically important
because it guarantees that the approximation method never generates a pathological
discrete distribution with exact moments which has extremely different probability
from the given distribution on some domain, at least when the discrete set is large
enough. In addition, we present some numerical examples (including a numerical
solution to an optimal portfolio problem) that show the advantage of our proposed
method.

The idea of using the maximum entropy principle to obtain a solution to underde-
termined inverse problems (such as the Hausdorff moment problem) is similar to that
of Jaynes [24] and Mead and Papanicolaou [33]. There is an important distinction,
however. In typical inverse problems, one studies the convergence of the approximat-
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ing solution to the true one when the number of moment constraints tends to infinity.
In contrast, in this paper we study the convergence when the number of approrimat-
ing points tends to infinity, fixing the moments. Thus the two problems are quite
different. The literature on the foundations, implementations, and the applications of
maximum entropy methods is immense: any literature review is necessarily partial.
The maximum entropy principle (as an inference method in general, not necessarily
restricted to physics) was proposed by Jaynes [23]. For axiomatic approaches, see
Shore and Johnson [38], Jaynes [25], Caticha and Giffin [I1], and Knuth and Skilling
[28]. For the relation to Bayesian inference, see Van Campenhout and Cover [48] and
Csiszér [I3]. For the duality theory of entropy maximization, see [7, 15, 20]. For
numerical algorithms for computing maximum entropy densities, see [1, 2, B]. Budisié
and Putinar [10] study the opposite problem of ours, namely transforming a probabil-
ity measure to one that is absolutely continuous with respect to the Lebesgue measure.
Applications of maximum entropy methods can be found in economics [I8] [45] 46],
statistics and econometrics [6l 27, [49], finance [40, 4T}, @], among many other fields.

2. The approximation method. This section reviews the discrete approxima-
tion method of continuous distributions proposed in [42].
Let f be a probability density function on R¥ with some generalized moments

(2.1) T= /RK f(@)T(x)de,

where T : RX — R’ is a continuous function. (Below, we sometimes refer to this
function as the “moment defining function”.) For instance, if we are interested in the
first and second polynomial moments (i.e., mean and variance), T becomes

2 2
T(x) = (21, , TR, XTT o, TRTL, o T )-
. . . K(K—1) .
In this case, we have K expectations, K variances, and ——— covariances. Hence
the total number of moment constraints (the dimension of the range space of T') is

B K(K-1) K(K+3)
(2.2) L=K+K+——— ==

In general, the components of T'(x) need not be polynomials.
Moreover, for each positive integer M, assume that a finite discrete set

Dy = {LL‘i7M |i: 1,...,]]\/[} CRK
is given, where I, is the number of discrete points. An example of D), is the lattice
Dy = {(mih,mah,....,mgh) | mi,ma... ., mg=0,£1,..., M},

where h > 0 is the grid size, in which case Iy = (2M + 1)X. Our aim is to find a
discrete probability distribution

P =A{pim | wine € D}

on Djs with exact moments T that approximates f (in the sense of the weak topology,
that is, convergence in distribution).
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To match the moments T' with Pyy = {pia | Tins € Das}, it suffices to assign
probabilities {p; as} such that

In

(2.3) > pinT (i) =1T.

Note that the solution to this equation is generally underdetermined because the
number of unknowns—p; pr’s—of which there are I/, is typically much larger than
the number of equations (moments), L + 18 To obtain Py that approximates [ and
satisfies (Z3]), we first choose an arbitrary discretization of f with not necessarily
exact moments, which we denote by Qar = {¢; amr}. For example, if we already have a
numerical quadrature formula

Inr
(2.4) p f(x)g(z)dz ~ Zwi,Mf(CCi,M)g(iUi,M)
R i=1
with positive weights w; v (¢ = 1,2, ..., In), where ¢ is an arbitrary function that

we want to compute the expectation with respect to the density f, then it is natural
to set g; v proportional to w; af (i), i-e.,

wi v f (wim)
i wi f (i)
In the following, we do not address how to choose Qs (or the quadrature formula
24)) but take it as given.

Now the approximation method is defined as follows. Let g be any bounded
continuous function. Then the approximation error of the expectation under P, is

qi,M =

I
(25) > f(zx)g(x)de — Zpi,Mg(fEi,M)
=1
Ing Ine I
< > F@)g(@)de = qng(@ian)| + | qimg(@in) = > ping(@in)
i=1 i=1 i=1
It Inv
< | [ 1@ dr =3 aiarowian)| + ol 3 oo aio
i=1 i=1

where ||g||, = sup,cgrx |g(2)| is the sup norm. Since the first term depends only on
the initial discretization @7, we focus on the second term. By Pinsker’s inequalityﬂ
the second term can be bounded as follows:

Ing
(2.6) Z Ipive — @i,m | < /2H (Par; Qur ),
i=1
where
(2.7) H(Pa;Qur) = Y piarlog (;’—Z
i=1 b

3The “4+1” comes from accounting the probabilities fol pim = 1.
4See [12] for proofs of Pinsker’s inequality and [I7] and references therein for refinements.
The appendix of this paper gives a short proof of Pinsker’s inequality.
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is the Kullback-Leibler information [31].

In order to make the approximation error (Z5]) small, given Pinsker’s inequal-
ity (2.6]), it is quite natural to obtain the approximate discrete distribution Py, =
{pi,m | xi,m € D} as the solution to the following optimization problem:

I
. Pi,m
P min pi,m log ——
®) {Pi,l%}; ‘ qi, M
IM IM
subject to ZPi,MT(xi,M) =T, ZPi,M =1, pim 2 0.
i=1 i=1

and p; » > 0 ensure that {pi,m} is a probability mass function. The problem (P
has a unique solution if T' € coT (D), where coT (D) is the convex hull of T'(Dyy)
defined by

The first constraint matches the moments [ f(z)T(z)dz = T exactly. EfMl piv =1

Ine
(2.8) coT(Dy) = {Z i T (i)

i=1

In
Zain =1 and a;m 20},

i=1

because in that case the constraint set is nonempty, compact, convex, and the ob-
jective function is continuous (by adopting the convention 0log0 = 0) and strictly
convex.

To characterize the solution of (P), we consider the Fenchel duafd of @,

In
(A.T) —log (Z Qi,MeQ’T(mi’M)))] ;

=1

D a
(D) max

where (-, -) denotes the usual inner product in RF. Tanaka and Toda [42] show that
we can obtain the solution to (P]) as fine-tuned values of ¢; ps, and that the minimum
value of (P) and the maximum value of (D) coincide. Although these properties
are routine exercises in convex duality theory (see for example [§] for a textbook
treatment), we present them nevertheless in order to make the paper self-contained.
Theorem 1. Suppose that T € intcoT(Dy), where int denotes the interior.

Then the following is true.

1. The dual problem (D)) has a unique solution \p;.

2. The probability distribution Pyy = {pir | i € Do} defined by

) (A, T (@i, m))
qi,M€
(2.9) PiM = S0, T

S qi ppePan T (@ian)

is the unique solution to (D).
3. The duality H(Pyr; Qar) = min (P)) = max (D)) holds.

Our proposed approximation method has two advantages. The first is the compu-
tational simplicity. The dual problem (D)) is an unconstrained optimization problem
with typically a small number of unknowns (L), whereas the primal problem ([P)) is a
constrained optimization problem with typically a large number of unknowns (I/).
With existing methods such as Gospodinov and Lkhagvasuren [19] that target the first

5See [7] for an application of the Fenchel duality to entropy-like minimization problems.
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and second moments with a quadratic loss function, the optimization problem remains
high dimensional and constrained. For example, if we discretize a 3-dimensional dis-
tribution with 10 discrete points in each dimension and match the mean and the
variances, then there will be 10* = 1,000 unknowns, 9 moment constraints (according
to (22)), and 1,000 nonnegativity constraints. On the other hand, our dual problem
(D) is unconstrained and involves only 9 variables. The second advantage is that the
resulting weights on the points ([29]) are automatically positive, as they should be
since they are probabilities.

3. Error bound and convergence. Let g : RX — R be a bounded continuous
function and

Ine
(3.1) B = \ / f@)gla)dr - Zqi,Mgm,M)\ :

i=1

In
(3.2) B = |/ f(z)g(z)dz — Zpi,Mg(xi,M)|

=1

be the approximation errors under the initial discretization Qas and Py = {p; p} in

3). In this section we estimate the error F (P]&I and prove the weak convergencdd of

Py =A{pim} to f, i.e E(P]&I — 0 as M — oo for any g. Using the definition of the

errors (3] and (32)), the trlangle inequality (23]), and Pinsker’s inequality (Z.0]), we
obtain the following error estimate:

(3.3) B < B9+ gl oo V2H (Par: Q).

where H(Pyr; Qar) is the Kullback-Leibler information (Z.7).

We consider the error estimate and the convergence analysis under the following
two assumptions. The first assumption states that the moment defining function 7" has
no degenerate components and the moment 7" can also be expressed as an expectation
on the discrete set D).

Assumption 1. The components of the moment defining function T are affine
independent on RY Nsupp f: for any 0 # (\, ) € RE x R, there exists x € supp f
such that (\,T(x)) + pu # 0. Furthermore, T € int(coT(Dys)) for any M.

The second assumption concerns the convergence of the initial discretization
Quv ={ginm}

Assumption 2. The initial discretization weakly converges: for any bounded
continuous function g on R¥, we have

M —o0

(3.4) lim qu M 9(xi ) /]R f(z)g(x)dx.

Furthermore, the targeted moments converge as well:

Ine

(3.5) lim qu mT (i) /RK f(@)T(x)dx.

M—o0

6For readers unfamiliar with probability theory, a sequence of probability measures {i, } is said
to weakly converge to p if limp oo [ gdpn = [ gdu for every bounded continuous function g. In
particular, by choosing g as an indicator function, we have uy,(B) — wu(B) for any Borel set B, so
the probability distribution u, approximates .
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Assumption ] is natural since any discrete approximation should become accurate

as we increase the number of grid points. Under this assumption, we have E;% —0

as M — oo, so by (B3] we have E;i& — 0 whenever H(Pyr;Qar) — 0 as M — oc.
Below, we focus on estimating H(Pys; Q).
Lemma 2. Define the function Jyr : RE — R by

Int i
(3.6) Ju(A) = Zqi)Me@\,T(mi,M)_ﬂ-
i=1
Then
(3.7) H(Pr; Q) = —log (min JM()\)) ,
AERE

Proof. By Theorem [[land the definition of .J5;, we obtain

H(Pr; Qu) = Inax

In
(\T) —log <Z qineQ’T(mi’M»)] (. (D), Theorem M)

=1

Ing
= -1 ’ (\T (i) —T) i =1
inl Og<Zq,Me (Y g =1)

i=1

— [ log( (V)] =~ log iy () ) (- @)
which is (87). O

By Lemma 2] in order to estimate the Kullback-Leibler information H(Pys; Qar)
from above, it suffices to bound Jps(A) from below. To this end let

(3.8) B, = F@)T(x)dz = qi T (winr)

=1

In
RE

be the initial approximation error for the moments T,

(3.9) C, = AeRLiﬂ\fAH:l /]RK f(x) (max {0, min {(\,T'(z) = T) ,a}})” da

for any a > 0, and C'»x = limy—, o, Cy. The following lemma gives a quadratic lower
bound of Jyy.
Lemma 3. Let Assumptions[d and[Q be satisfied. Then
1. 0<(Cy <Oy < .
2. For any C with 0 < C < Cw, there exists a positive integer Mc such that for
any M > Mc, we have

1
(3.10) Tar(N) 2 1= B2 N+ 5C I

Proof. First we prove 0 < C, < Co < o00. Since the integrand in B9) is
nonnegative and increasing in a > 0, clearly C, < Cs < oco. Due to the presence
of the max and min operators, the integrand is positive if and only if x € supp f
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and <)\, T(x) — T> > 0. Since the components of T" are affine independent on supp f
(Assumption [II) and

T = f(@)T(x)de <~ / f@)(T(z)—T)dz =0
RK RK
(¥\) / (@) (A T(@) - T) de = 0,
REK
for any A # 0 there exists a region in supp f for which <)\,T(;v) — T> > 0. Since T
is continuous, the integrand in ([B3]) is positive on a set with positive measure and

continuous with respect to A, so C, > 0.
Next we prove ([BI0). For this purpose, we use the inequality

1
(3.11) e >14z2+4 3 (max {0, min {z, a}})?
for any z,a € R. ([BII) follows from

0, (z<0o0ra<0)
max{0,min{z,a}} =¢2, (0<2<a)
a, (0<a<z)

e > 14 zif 2 <0, andez_21+z+%z2if220.
Let z = (AN, T(zim) — T) and a = ||A[| a for a > 0 in the inequality 3II). Then

eNT @) =T) > 1 (X T 1) —T>+1 (max {0, min { (X, T(x;00) = T, [N a} })?.

2
Multiplying both sides by g; ar > 0, letting A* = %” and summing over ¢, we obtain
1

(3.12) Jar(N) 2 1+ (0 Bur) + 5Cara(W) A
where

Int B

Ine
(3.14) Crra(X) = ZqZ M (max{() mln{</\ ST (2 0r) > a}})

i=1

Letting M — oo in ([B14]), we obtain

Cra(N°) — /f(:z:) (max {0, min {(\*, T'(z) — T') ,a}})2 dz (" Assumption [2))
> C. (- B2)

Since limy, o Co, = Css > C > 0, we can take a > 0 large enough such that C,, > C.
Since limps 00 Car,a(A*) > Co > C, we can take M¢ such that for any M > Mo we
have Car,o(A*) > C. Then by B.I2) and the Cauchy-Schwarz inequality, we obtain

1
Iu(A) 2 1= [[Bull 1M+ 5C I
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Since ||By|| = EY%; by B8), [y f(2)T(x)de = T, and BI3), we obtain the
conclusion (BI0). O
Combining the above lemmas, we obtain the following estimate of E )
Theorem 4. Let Assumptzonsl] and[ be satisfied and g be a bounded contmuous
function. Then, for any C' > 0 be with 0 < C < Cy = limy— 00 Cy, there exists a
positive integer Mc such that for any M with M > Mc, we have

E(Q) 2
(3.15) B < B+ gl 4| —21og <1 - %)

where the right-hand side is interpreted as oo if the inside of logarithm is negative.
Proof. For notational simplicity let E := E(TQI\)/[ Minimizing the right-hand side
of (BI0) analytically, we obtain

(3.16) Ju(A) >1— f—é

If E? > 2C, [3I6) is not tight since Jy; > 0 always. In this case, we obtain the trivial

(P)

estimate Eg7M < 00. Otherwise,

BR) < B9 + gl \/ 2log (mmJMm) (- B3, ED)

< B9 + gl v/ —21og(1 — E2/20), (- @)

which is (BI5). O

Note that £ ( A)4 is bounded by a formula consisting of E A)([ and EPEFQ]\)/I, which are
the errors of the 1n1t1al discretization @ s for the functions g and T. Since both of them
tend to zero as M — oo by Assumption 2] it follows from BI5) and —log(1l —¢) ~ ¢
for small ¢ that

(3.17) B\ =0 (max { B B ) (M o0).

The equality (BI7) shows that the error E4 5s is at most of the same order as the
error of the initial discretization. Thus our method does not compromise the order of
the error at the expense of matching moments.

Using Theorem @ we can prove our main result, the weak convergence of the
approximating discrete distribution Py = {p; m} to f.

Theorem 5. Let Assumptions [l and [@ be satisfied. Then, for any bounded
continuous function g, we have

(3.18) lim Zpl Mm9(zinr) /]RK f(@)g(x)dx,

M—o0

i.e., the discrete distribution Py; weakly converges to the exact distribution f.
Proof. By the definition of EéP]&I in (32), 3I1), and Assumption 2 we get

f@)g(@)dz — > pinrg(win)

RK i—1

= B = 0 (max {E{Q), B2, }) = 0

Iy |
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as M — oo, which is (BI8]). O
The following theorem gives a tighter error estimate when
Theorem 6. Let everything be as in Theorem [f} Then

EPEFQA)/_[ is large.

P
(3.19) B < B+ 1l TE(TQI\)/[
Proof. By [B.3)) it suffices to show

(3.20) H(Pyr; Qur) < %(E:(p%)z-

Let A\ys € RE be the solution to the dual problem (D). By Theorem [I we have

In -
(321) I{(ZDI\/[7 QM) = — 10g (Z Qi,M€<AM7T(Ii’M)T>>

=1

Iy ~
< - Z%‘,M log (e<)‘M’T(mi’M)7T>) (.- —log(+) is convex)
=1
Ing
= - <)\Ma > i T (i) — T> (oY g =1
i=1
< [l B2 (.- Cauchy-Schwarz, (8))

Since Ay solves (D)), and hence minimizes Jy;, we obtain

Ay = argmin Jy (A) C {X | T (A) < T (0)}
AERL

1
cOl-s@Rmrjenest). camamo -

Solving the inequality, we obtain |[Aa/]| < T f . (320) follows from B2T)). O

Since —log(1 —t) ~ ¢ < 2t for small ¢ > O the error bound (BI5) is tighter than

(BI9) for large M by setting ¢t = (B
2C

TheoremsHland B show that the order of the theoretical error of our approximation
method is at most that of the initial quadrature formula, but does not say that the
error actually improves. Next we show that our method improves the accuracy of the
integration in some situation.

Assume that the density f has a compact support. Let T'(z) = (T1(z),...,TL(z))
be the moment defining function, which are bounded on supp f. Consider approxi-
mating the integrand ¢ using the components of T" as basis functions:

g(z) ~ b1 (@ Zﬂsz

where 1, ..., are coefficients. Let

g(x) = by, r(z)

(3.22) e =
! lg = bg. 7l
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be the normalized residual of the approximation. Clearly g 7| < 1.
Theorem 7. Let everything be as in Theorem [l and supp f be compact. Then

P 2
(3.23) ES) <llg—byrl., (Eﬁj%;,M + ﬁE;% .
Proof. Since the moments T7,...,T are exact under Py = {pim}, we have
EISP; u = 0. Therefore by the triangle inequality we obtain
(P) (P) (P) (P)
EgvMSE‘] bgT;]W_FEgTv E gT;M
2
< Eé ZJ oo 19— bgrllo \/_E(Q) (.- Theorem [6)

= torl (Bt =B ) @)
which is (8:23)). O

A similar bound can be obtained if we apply Theorem [4 instead of Theo-
rem [7 shows that by matching the moments T'(z), the error improves by the factor
llg — bg,rll,,, which is the approximation error of the integrand g by a linear combi-
nation of the moments T'(x).

For example, suppose that the problem is one dimensional with supp f = ¢, d]
and we match the polynomial moments by setting the moment defining function
Ty(z) = 2! (I = 1,...,L). Then for b, above we can adopt the Chebyshev inter-
polating polynomial of g, which is an L-degree polynomial that coincides with g at
the points z; = C;d + d;‘: cos(jm/L), where j = 0,1,..., L. The Chebyshev inter-
polating polynomial can be easily computed and is known to be a nearly optimal
approximating polynomial of a continuous function on a finite interval [47, Ch. 16]E|

4. Numerical experiments. In this section, we present some numerical ex-
amples that compare the accuracy of the approximate expectations computed by an
initial quadrature formula and its modifications by our proposed method. All compu-
tations in this section are done by MATLAB programs with double precision floating
point arithmetic on a PC.

4.1. Beta and uniform distributions. For simplicity, we consider continuous
probability distributions on the finite interval [0, 1], specifically the beta distributions
and the uniform distribution. The exact density function of the beta distribution is

f(z) = xa_l(l - x)b_l/B(av b),
where B( -, -) is the beta function. We set (a,b) = (1,3) and (2,4) in the following.

4.1.1. Initial discretization and implementation. We adopt the trapezoidal
formula and Simpson’s formula as initial quadrature formulas. Consider the discrete
set Dy = {mhp | m=0,1,...,2M?}, where hy; = ﬁ is the distance between the

7 Although the theoretical error estimate of the Chebyshev interpolation is well-known [47, Ch. 7],
we do not use the estimate in the next section because it is not so tight to explain the improvement

by our method when L is small. Instead we use the actual computed values of the error ||g - bg’THoo
as an improvement factor.
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points and M = 1,2,...,12. The number of points is In; = 2M +1 and the integration
points are x; p = (i — 1)har, where 4 = 1,..., Ips. The integration weights are

h £ 1,1
Trapezoidal: wi M _{ M (i #1,1m)

hat/2, (i=1,In)

4dhpr /3, (1 # 1,1y and i is even)
Simpson: wim = § 2ha /3, (i # 1,1y and i is odd)
hatf3. (i =1,I)

Below, we compute the approximate expectation E[g(X)] of a test function g(z)
using eight formulas: the trapezoidal formula, Simpson’s formula, and their modifica-
tions by our proposed method with exact polynomial moments E[X!] up to 2nd order
(1=1,2), 4th order (I =1,...,4), and 6th order (I =1,...,6).

We numerically solve the dual problem (D)) as follows. First, note that in order
for (P)) to have a solution, it is necessary that there are at least as many unknown
variables (p; ar’s, so in total Ips) as the number of constraints (L moment constraints
and +1 for probabilities to add up to 1, so L 4+ 1). Thus we need Ip; > L + 18 A
sufficient condition for the existence of a solution is T' € coT/(D) (Theorem [I), which
can be easily verified in the current application.

Second, note that (DI is equivalent to the minimization of Jys(\) in (B6]), which
is a strictly convex function of A. In order to minimize Jy;, we apply a variant of the
Newton-Raphson algorithm. Starting with Ao = 0, we iterate

(4.1) Mt = Ao — [KL + V2 Ir(An)] " Vdar ()

over n = 0,1,..., where x > 0 is a small number, I is the L-dimensional identity
matrix, and V.Jys, V2Jys denote the gradient and the Hessian of Jy;. Such an algo-
rithm is advocated in [32]. The Newton-Raphson algorithm corresponds to setting
k = 0in @I). Since the Hessian V2.J); is often nearly singular, the presence of x > 0
stabilizes the iteration ([@I]). Below we set x = 1077 and terminate the iteration (@)
when || A1 — A < 10710,

4.1.2. Results for the beta distributions. For the test function, we pick
g(x) = €® for x € [0,1]. The exact expectations are E[g(X)] = 3(—=5 + 2e) for
X ~Be(1,3) and E[g(X)] = 20(49 — 18¢) for X ~ Be(2,4).

Figure[fIIshows the results. According to the figures, our proposed method excels
the trapezoidal and Simpson’s formula in the accuracy. The errors basically decrease
as the order of the matched moments increases, consistent with Theorem [l Note
that the curves marked “Theoretical” in Figure 1] express not exact error estimate
but only the order of the theoretical error (O(M ~2) for trapezoidal and O(M ~*) for
Simpson), which is same for Figures and [£4] below.

The reason why the error curves for our proposed method are not necessarily par-
allel to those for the initial quadrature formula when M is very small is because when
the number of constraints L + 1 is large relative to the number of unknown variables
Iy, the method generates pathological probability distributions at the expense of
matching many moments. For instance, Figure[£.2] shows the discrete approximations

8Since the beta density is zero at = 0,1, which are included in i, m’s, we necessarily have
p(xinr) =0 for o =1, I5. Thus, the number of unknown variables is Ips — 2, so we need Iy —2 >
L+ 1 <= Ip; > L+ 3 in the case of the beta distribution.
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(c) X ~ Be(2,4), Trapezoidal. (d) X ~ Be(2,4), Simpson.

F1a. 4.1. Relative errors of the computed values of E[g(X)], where g(z) = e*. The legends “2nd
order”, “Jth order”, and “6th order” represent those by our method with exact polynomial moments
E[X!] up to 2nd order (I =1,2), 4th order (1 =1,...,4), and 6th order (I =1,...,6), respectively.
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(a) Be(1,3). (b) Be(2,4).

Fic. 4.2. 6th order discrete approximation from the trapezoidal formula with Ipn; =9 grid points.

of the beta distributions Be(1, 3) and Be(2,4) with L = 6 exact polynomial moments
and Ip; = 9 grid points. Clearly the discrete approximations do not resemble the
continuous counterparts. This pathological behavior is rarely an issue, however. As
long as there are twice as many grid points as constraints (Ip; > 2(L+1)), the discrete
approximation is well-behaved.
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4.1.3. Results for the uniform distribution. We choose the test functions
gi(z) = 22, go(a) = HLI, g3(x) = sin(mx), and g4(z) = log(l + z) for the uniform
distribution on [0, 1].

Figures and 4] show the numerical results. In all cases, our method excels
the initial quadrature formula. The improvement in the accuracy is significant (of the
order 10~* for the trapezoidal formula and 10~2 for Simpson’s formula), consistent
with Theorem [

10 10° —_— Theoreti_cal
—e— Trapezoida
A 2nd order
2 , i ~b— 4th order
10 ACLAL 10 - 8 - 6th order
AA A P A
5 CALALALA 5 “p
= £ A
w o, 4 [ W o4~ CAL ©
10 ~ 10 A A
2 g > 2 > AvAlALaa, A
5 BRghl it SN k) Rl
E) BE = p-p E >~>_>_>__>_.>
10%| =——Theoreticall ® ~ 0~ - — 10° B . “h-p
—e— Trapezoidal TE-8- oy ""“~|:|-.,,__B_E
-4 2nd order |- -
10°8| -p- 4th order 10°
- B - 6th order
0 5 10 15 20 25 0 5 10 15 20 25
v "m
(8) g1(a) = o3 (b) g2(2) = 1h5
g1 = . g2 = 1¥z-
0 0 = Theoreticall
10 10 —e— Trapezoida)
A 2nd order
2 o ~b- 4th order
10 10 - 8 -6th order
& 3 A
wgt Wg Aala ?
g Z o AAiaiaiaa
5 3 >
[] - - [5] P-po >
& 1l == Theoretical “ﬂ--n--g_a_ﬂ__n_ & 10° a BLlb] SR [,
—e— Trapezoidal ! .
A 2nd order '“‘~n--5_a_a_
1078l - 4th order 10® |- -
- B - 6th order
0 5 10 15 20 25 0 5 10 15 20 25
v "m
(c) g3(x) = sin(mz). (d) ga(x) =log(l + x).

Fic. 4.3. Relative errors of the computed values of fol g(z)dx. The legends “2nd order”, “4th
order”, and “6th order” represent those by our method with exact polynomial moments E[Xl} up to
2nd order (I =1,2), 4th order (I =1,...,4), and 6th order (I =1,...,6), respectively.

4.1.4. Discussion. According to Figures [1.1] B3] and B4l the rate of conver-
gence (the slope of the relative error with respect to the number of grid points Ips)
is almost the same for the initial quadrature formula and our method. Specifically,
the curves of the relative error are quite similar to the translations of the graphs of
the theoretical errors, which are O(M ~2) for the trapezoidal formula and O(M ~%) for
Simpson’s formula when the integrands are in C2[0, 1] and C*[0, 1], respectively [14]
Ch. 2]. This observation is consistent with Theorem [7] which shows that the error
estimate is of the same order as the quadrature formula but improves by the error of
the Chebyshev approximation.

Table 1] shows the errors of the Chebyshev approximations of the functions
g,91,---,94. Since the trapezoidal formula does not even match the second moment,
the theoretical improvement of our method (in log,,) should be the numbers in Table
A1l The actual improvements in Figures 1.1l and 3] are in line with these numbers.
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F1G. 4.4. Relative errors of the computed values of fol g(z)dx. The legends “2nd order”, “4th

order”, and “6th order” represent those by our method with exact polynomial moments E[Xl} up to
2nd order (I =1,2), 4th order (I =1,...,4), and 6th order (I =1,...,6), respectively.

Since Simpson’s formula gives exact quadratures for 2nd order polynomials (hence
our method with L = 2 coincides with Simpson), the theoretical improvement of our
method should be the difference between the numbers in Table [£1] and those in the
row corresponding to L = 2. For example, when we match L = 6 moments, the
improvement should be approximately 10~3, which is similar to what we observe in

Figures Al and [£41

TABLE 4.1
Errors of the Chebyshev approximations of g,g1,...,g94 in logg.
Test function
Degree e’ ] (1+2)~t sin(rz) log(l+x)
2 —1.841 —0.847 —1.874 —1.251 —2.221
4 —4.285 —2.869 —3.363 —3.031 —3.918
6 —7.102 —5.048 —4.895 —4.872 —5.992

In summary, our method seems to be particularly suited for fine-tuning a quadra-
ture formula with a small number of integration points. For instance, we can construct
a highly accurate compound rule by subdividing the interval and applying our method
to each subinterval.
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4.2. Optimal portfolio problem. In this section we numerically solve the op-
timal portfolio problem briefly discussed in the introduction (see [42] for more details).
Suppose that there are two assets, stock and bond, with gross returns Ry, Ro. Asset
1 (stock) is stochastic and lognormally distributed: log Ry ~ N (i, 0?), where p is the
expected return and o is the volatility. Asset 2 (bond) is risk-free and log Ry = 7,
where r is the (continuously compounded) interest rate. The optimal portfolio 6 is
determined by the optimization

E[(R160 + Rz (1 — )77,

(4.2) U = max !
61—
where v > 0 is the relative risk aversion coefficient. We set the parameters such that
v =3, n=0.07, c = 0.2, and r = 0.01. We numerically solve the optimal portfolio
problem (£2]) in two ways, applying the trapezoidal formula and our proposed method.
(We also tried Simpson’s method but it was similar to the trapezoidal method.) To
approximate the lognormal distribution, let I5; = 2M +1 be the number of grid points
(M is the number of positive grid points) and Dy = {mh|m =0,%+1,...,£M},
where h = 1/4/M is the grid size. Let p(z) be the approximating discrete distribution
of N(0,1) as before (trapezoidal or the proposed method with various moments).
Then we put probability p(z) on the point e#*°% for each z € Dy to obtain the
approximate stock return R;.
Table shows the optimal portfolio # and its relative error for various moments
L and number of points Iy = 2M + 1. The result is somewhat surprising. Even with
3 approximating points (M = 1), our proposed method derives an optimal portfolio
that is off by only 0.5% to the true value, whereas the trapezoidal method is off by
127%. While the proposed method virtually obtains the true value with 9 points
(M = 4, especially when the 4th moment is matched), the trapezoidal method still
has 23% of error.

TABLE 4.2
Optimal portfolio and relative error for the trapezoidal method and our method. M : number of
positive grid points, Iny = 2M + 1: total number of grid points, L: mazimum order of moments.

# of grid points | L =0 (trapezoidal) L=2 L=4

M Iy 0 Error (%) [ Error (%) 6 Error (%)
12=1 3 1.5155 127 0.6717 0.54 - -
22 =4 9 0.8246 23.4 0.6694 0.20 0.6680 —0.015
32=9 19 0.6830 2.24 0.6684 0.044 0.6681 0
4% =16 33 0.6687 0.088 0.6682 0.015 0.6681 0
52 = 25 o1 0.6681 0 0.6681 0 0.6681 0

The reason why the trapezoidal method gives poor results when the number of
approximating points is small is because the moments are not matched. To see this,
taking the first-order condition for the optimal portfolio problem (£2]), we obtain
E[(0X+ R3)”7X] =0, where X = Ry — Ry is the excess return on the stock. Using the
Taylor approximation 27 ~ a~Y—ya~ Y~ }(x—a) for = 0X + Ry and a = E[0.X + Ry)
and solving for 6, after some algebra we get

B Ry E[X]
v Var[X] - E[X]?’

Therefore the (approximate) optimal portfolio depends on the first and second mo-
ments of the excess return X. Our method is accurate precisely because we match
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the moments. In complex economic problems, oftentimes we cannot afford to use
many integration points, in which case our method might be useful to obtain accurate
results.
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Appendix A. Proof of Pinsker’s 1nequa11ty This appendix proves Pinsker’s
inequality + || P — Ql} < H(P;Q), where P = {pn} _,and Q = {qn} _, are prob-
ability distributions and |[|-||; denotes the L' norm. Let Ny = {n | p, > ¢,}, N_ =
{n | Pn < Qn}v b= z:neNJr Pn, and g = z:neNJr qn- Then

N
IP=Qly =Y Ipn=al= D> o—a) = D> (Pn— )
n=1

neN, neN_
ZZZ(pn_Qn Z n — qn :2(p_Q)v
neNL n=1

where we have used 25:1 Dp = 25:1 gn = 1. By the convexity of —log(-), we get

Lol r 3 8 iE) 1o B 25 (=)

neN TLEN p)
qn qn
> —plog Z — | -(-p)log Z 1—o
neN neN_ p

1_
:plogg—i-(l—p)logl_p.

Therefore it suffices to show

P 1—p
hp.q) = plog  + (1 —p)log —2(p—q)* >0.

Fix ¢ and regard the left-hand side as a function of p alone. Then

p 1—p
W (p,q) =log  —log— —4(p - q),

1 1—2p)?
SRR SR k) )
1-p p(1—p)

h”(pv Q) - -
so h is convex. Clearly h/(gq,q) = 0, so it follows that h(p,q) > h(q,q) = 0.
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