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Steady-State Exceptional Point Degeneracy and Sensitivity of Nonlinear Saturable
Coupled Oscillators

Benjamin Bradshaw, Amin Hakimi, and Filippo Capolino∗

Department of Electrical Engineering and Computer Science,
University of California, Irvine, California 92697, USA

A coupled oscillator system displays enhanced sensitivity of its saturated steady-state (SS) os-
cillation frequency to small parameter perturbations near an exceptional point degeneracy (EPD),
a property that can be used to realize EPD-based sensors. Linear PT -symmetric systems, con-
sisting of two coupled resonators, exhibit EPDs around which square-root sensitivity is observed.
However, linear models are insufficient for realistic systems that rely on nonlinear, saturable gain
elements, particularly when PT -symmetry is broken. Thus, we study the SS of a general system
of two coupled oscillators featuring EPDs and saturable nonlinear gain, using coupled-mode the-
ory. We do this by synthesizing and extending prior SS analyses of the system’s stability, and its
square-root and cubic-root oscillation frequency sensitivity at a unique third-order SS-EPD. We add
an SS analysis of saturated gain, energy, and oscillation-frequency sensitivity in the vicinity of the
third-order SS-EPD, enabling characterization of the various SS regimes. We determine that the
stable and bistable regions in parameter space directly depend on the saturated gain values; that
the dynamic range of high sensitivity around degenerate conditions is extended by increasing losses,
consequently reducing the system’s stored energy; and that, to exploit the cubic-root-like sensitivity
associated to the third-order SS-EPD, the suggested working regime is best confined to operation
within the weakly coupled regime and not exactly at the third order SS-EPD. Finally, we apply the
model to two electronic circuits that exhibit cubic-root sensitivity, demonstrating the application
and limitations of this analysis.

I. INTRODUCTION

Oscillating systems are a fundamental building block of
many modern devices. Coupled oscillators and their be-
havior have been studied extensively for several decades
[1], and research on this fundamental topic remains
prevalent today due to their complex behavior caused
by nonlinearity. Coupled oscillators have applications in
current research fields such as quantum computing [2, 3],
wireless power transfer, wireless sensing, and others. In-
dividual and coupled oscillators exhibit complex behav-
iors, ranging from simple harmonic motion to the com-
plex and chaotic dynamics found in nonlinear systems
such as the Van der Pol oscillator [4]. To obtain stable
oscillations in electronics, negative resistive elements or
positive feedback are added to balance natural losses in
a circuit [5]. Gain elements are used in microcavities [6]
and lasers [7], and are generally described as nonlinear
active gain elements. The steady-state (SS) regime for
a single oscillator with an active gain element is trivial,
as it occurs when the gain saturates to a value that bal-
ances the inherent losses of the system. However, when
an oscillator with a nonlinear active gain component is
coupled to another oscillator, the behavior becomes com-
plex. In this paper, we investigate a basic system of two
coupled oscillators, one of which contains a nonlinear ac-
tive gain element, as depicted in Fig. 1, and focus on
the sensitivity of the SS oscillation frequency to system
perturbations.

∗ f.capolino@uci.edu

In parallel, over the past decades, the topic of excep-
tional point degeneracies (EPDs) has gained significant
interest because of their unique physics, as in [8–15], and
more recently due to the growing topic of parity-time
(PT )-symmetric physics [16–27]. In most of these inves-
tigations, EPDs are observed in a linear system made
of two coupled resonators (as shown in Fig. 1, though
here we focus on nonlinear dynamics), where eigenval-
ues and eigenvectors of the linear system coalesce. The
letter “D” in EPD emphasizes the key physical concept
of “degeneracy” of two eigenmodes of a linear system
[28], described in terms of eigenvalues and eigenvectors.
For several years, EPDs have been well studied for their
unique characteristics associated with the square-root-
like enhanced sensitivity to system’s perturbations [29–
37], a property related to the Puiseux fractional power
expansion of an eigenvalue (or eigenvector) for an EPD-
system’s small perturbation [38]. It has been shown that
EPDs can be achieved in other topologies as well, such as
two resonators with negative inductance and capacitance
[39–42], using a single resonator with a time-varying com-
ponent [43–46], as summarized in [47], and also by using
nonreciprocal or nonsymmetric coupling between two res-
onators [48–51].

The theory of EPD in linear systems clearly shows that
there is an increase in sensitivity in the shift of the res-
onant frequency, compared to resonators without EPD,
when a system’s parameter is perturbed; this property
has been proposed as a general strategy to greatly en-
hance the sensitivity of sensors. However, it has been
debated that working at an EPDs also enhances noise in
the system.

A drawback of using linear systems with EPDs for



UC Irvine, Jan 2026

sensing arises when one of the resonant frequencies, ω2

or ω1, of the two resonators is changed (intentionally or
unintentionally), because the system loses its PT sym-
metry and the two resonances of the coupled resonators
become complex valued, with one causing the system’s
instability, i.e., causing the signal to grow exponentially.
Such deviation from ideal PT symmetry occurs when one
of the two resonators’ resonances is used for sensing, by
perturbing the permittivity of a capacitor or of a ring res-
onator. However, even when the sensing scheme is based
on perturbing the coupling between the two resonators,
PT symmetry is achieved only in theory as in practice
it is extremely difficult to maintain the exact loss/gain
symmetry due to component or fabrication tolerances in
electronics or optics.

To overcome the aforementioned instability problems,
in [52, 53] the authors proposed a solution that relies
on exploiting the instability, rather than controlling or
mitigating it, which directly inspired this work. They
suggested using nonlinear saturable gain at the SS satu-
rated regime. Indeed, [53] experimentally demonstrated
that the SS oscillation frequency is highly sensitive to
perturbations of one resonator’s resonant frequency (by
varying a capacitor), and that the observed oscillation
frequency variation exhibits a cubic-root-like sensitivity.
Furthermore, the linewidth of the oscillation frequency in
[53] was very narrow with low phase noise, allowing an
easy measurement of very small frequency shifts. This
latter property was experimentally demonstrated also in
[42], where the same nonlinear-saturable gain concept
was applied. A theoretical proof of this behavior was
not provided in [53], which is the objective of the cur-
rent paper. Recently, high sensitivity to perturbations
using saturable gain and SS oscillations has also been
demonstrated experimentally in other works, including
[54–60]; among these, cubic-root sensitivity was shown
in [55, 56, 58, 60].

Coupled oscillators with nonlinear saturable gain and
EPD have also been used in robust wireless power trans-
fer systems, as shown in [61–66]. They have also been
analyzed in optics as in [21, 25, 49–51, 67], though the
attention was not on the cubic-root-like sensitivity aris-
ing from nonlinearity. Moreover, some works have ana-
lytically studied the behavior of nonlinear systems made
of two coupled oscillators, including a limited analysis of
its sensitivity [55, 68]. Some, as in this paper, approach
these systems from a general standpoint, using a reduced-
complexity model based on coupled mode theory (CMT)
[6, 55, 56, 61, 69, 70]. Other works, such as [59, 60, 71],
take a more direct circuit-based approach.

In this paper, we extend the findings in [52, 53] by in-
corporating nonlinear dynamics using CMT, enabling an
accurate evaluation of the system’s sensitivity near its
“degenerate” oscillation frequencies and the identifica-
tion of practical operating regimes for exceptional point
based sensors. As part of this evaluation, we build on
an approach pioneered by [6] and further developed in
[55, 56, 61, 68–70]. We extend their framework in the

FIG. 1. Generic coupled-oscillator system made of two res-
onators resonating at ω1 and ω2, with saturable nonlinear
gain g and loss γ, respectively, and coupling κ.

following ways: systematically calculating the sensitiv-
ity of the system’s oscillation frequency to perturbations
in each parameter, particularly near the third-order SS-
EPD that is defined in Sec. IIA; identifying the rela-
tionship between the dynamic range of high sensitivity
near the third-order SS-EPD and the ratio γ/ω1; analyti-
cally finding and plotting the saturated gain in parameter
space; incorporating an improved gain model; deriving
the SS energy balance; and applying the CMT approach
to two coupled RLC circuits. This paper presents the
most comprehensive analysis of this system to date, in-
vestigating SS degeneracies of order two and three and
analytically demonstrating their heightened sensitivities.
Additionally, throughout the analysis we characterize
the weakly and strongly coupled regimes of the SS sys-
tem. In the strongly coupled regime, multiple oscillation-
frequency/saturated-gain solution pairs exist. Evalua-
tion of stability reveals bistable oscillation frequencies
leading to hysteresis. Conversely, the weakly coupled
regime exhibits a single stable solution pair, making it
preferable for sensing. We define SSPT symmetry as
the regime where PT symmetry is imposed only after
reaching a saturated steady-state gain gs that is symmet-
ric with respect to losses. In this regime, the nonlinear
system exhibits behavior similar to that of a linear-gain
system. This condition is associated with operating near
or at the third-order SS-EPD and the presence of bistable
oscillation-frequencies.

The paper is organized as follows: Sec. II evaluates
the SS oscillation frequencies and saturated gain values of
the nonlinear system, and identifies its SS-EPDs; Sec. III
systematically derives the sensitivity of the SS frequen-
cies to perturbations of each parameter at and near
the third-order SS-EPD of the system; Sec. IV provides
additional sensitivity related details for realistic imple-
mentations of enhanced sensitivity; Sec.V incorporates
a specific gain model to study energy and stability of
the previously found SS oscillations-frequency/saturated-
gain pairs; and Secs. VI and VII apply this nonlinear
SS-CMT analysis to two types of coupled RLC circuits
analyzed in [53], demonstrating the method’s limitations
for real circuits.

2
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II. GENERAL NONLINEAR APPROACH

To study the general dynamics of this nonlinear sys-
tem of coupled oscillators, we focus on its SS behavior,
which occurs when the active element’s nonlinear gain
saturates to a constant value. We model energy in the
oscillator using CMT, an approximate general approach
for systems of coupled resonators or guided modes that is
often applied to coupled electromagnetic oscillators such
as coupled RLC circuits [6, 61, 65] and coupled modes
in waveguides and resonators [72–75]. CMT relies on
the assumptions of weak coupling and near resonance
[76], enabling its reduced-order description in which the
higher-order nonlinear terms are neglected. This mod-
eling framework is analogous to the Hamiltonian-based
approach used for quantum mechanical systems [24, 70],
and in the literature both are often used interchange-
ably to formulate the general dynamics of any oscillator
[31, 77].

An important note in this section is that this satu-
rated gain value gs is independent of the nonlinear gain
function, g(|a1|), though it must lie within the function’s
range [61]. Because of this, and for the sake of generality,
we do not define the nonlinear gain function in this sec-
tion. In Sec. V, we will explore the physical implications
of a specific g(|a1|) on the system.

A. Nonlinear coupled equations and steady-state
regimes

The oscillator under study, as depicted in Fig. 1, con-
sists of two coupled resonators resonating at ω2 and ω1,
κ is the (reciprocal) coupling coefficient [78], γ is the loss
in the second resonator, and g(|a1|) describes the nonlin-
ear gain in the first resonator. The nonlinear dynamics
of this system, formulated using the CMT approach and
considering positive frequencies, are given by

da1
dt

= [jω1 + g(|a1|)] a1 − jκa2, (1)

da2
dt

= −jκa1 + (jω2 − γ)a2, (2)

where ai represents the state of the ith resonator, and
|ai|2 is the energy stored in that resonator.

In order to determine the frequency at which this sys-
tem oscillates after reaching saturation, we study its SS,
where the system’s dynamics are time-invariant. This
time invariance requires the nonlinear gain to converge
to a constant value gs. At SS, the oscillators synchronize
such that ai = ãie

jωt, where the energy in each oscillator
has converged to its SS energy |ãi|2. This simplifies (1)
and (2) to the steady-state eigenfrequency problem,

ω

[
ã1
ã2

]
=

[
ω1 − jgs −κ

−κ ω2 + jγ

] [
ã1
ã2

]
. (3)

The eigenfrequencies are obtained by solving the charac-
teristic equation,

f(ω) = (ω1 − ω)(ω2 − ω) + gsγ − κ2+

j[γ(ω1 − ω)− gs(ω2 − ω)] = 0.
(4)

The two solutions are

ω =
ω1 + ω2

2
+ j

γ − gs
2

± 1

2
ω∆, (5)

with

ω∆ =

√
4κ2 + [(ω1 − ω2)− j(γ + gs)]

2
. (6)

A degenerate solution occurs when ω∆ = 0.
In active systems where the signal grows, the gain value

g(|a1|) saturates to a value gs associated with an SS real-
valued self-oscillation frequency. Both the SS real-valued
ω and saturated gain gs are initially unknown; however,
knowing one is enough to determine the other. Therefore,
through the imposition that ω is purely real, all param-
eters ω, ω1, ω2, gs, γ and κ must be real values, allowing
(4) to be separated into its real and imaginary parts,

Re[f ] = (ω1 − ω)(ω2 − ω) + gsγ − κ2 = 0, (7)

Im[f ] = γ(ω1 − ω)− gs(ω2 − ω) = 0. (8)

From these equations, we determine the SS regime, i.e.,
the pair SS angular frequency ω and the saturated gain
value gs. The value of gs is independent of the specific
choice of the active gain’s nonlinear function g(|a1|), al-
though it must lie within the active device’s gain range.

Certain insights can be drawn from (7) and (8) when
the system parameters exhibit symmetries. From (8), we
infer that ω cannot equal ω1 or ω2 without being equal
to both, ω = ω1 = ω2. We also infer from (8) that if
gs = γ, a real SS oscillation frequency ω exists only if
ω1 = ω2 (a condition that we call ”steady-state (SS)PT -
symmetry”). The reverse is not necessarily true, meaning
that if ω1 = ω2 then gs is not necessarily equal to γ. In
the absence of symmetry, the saturated gain, determined
from (8), is

gs = γ
ω − ω1

ω − ω2
. (9)

Therefore, assuming a real oscillation frequency, the sat-
urated gain gs is seen as a function of ω, and (3) is rewrit-
ten explicitly as the nonlinear eigenvalue problem

(H(ω)− Iω)ã = 0. (10)

Here ã = [ã1, ã2]
T, I is the identity matrix, and H is

the matrix from (3), with gs = gs(ω). Unlike linear
eigenvalue problems for an n-dimensional matrix, non-
linear eigenvalue problems are not restricted to only n
eigenvalue-eigenvector pairs [79]. We define an SS-EPD
as a point in the parameter space of a SS nonlinear eigen-
value problem at which multiple eigenvalues and their
corresponding eigenvectors simultaneously coalesce. The

3
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FIG. 2. The SS oscillation frequency ω and saturated gain
gs of the symmetric system (ω2 = ω1) from (12) and (13)
compared against the linear solutions of the PT system with
equivalent gain and loss (g = γ). Both solutions are plotted
around the degenerate point, κ = γ, varying κ̂ and assuming
that γ̂ = 0.1, with the hat ˆ denoting a normalization to ω1.
For the nonlinear SS case, red and gray lines indicate stable
and unstable SS solutions, respectively.

order m of an SS-EPD is defined in terms of the degen-
erate eigenvalue’s algebraic and geometric multiplicities,
ma(ω) andmg(ω), respectively, asm = ma(ω)−mg(ω)+1
(algebraic and geometric multiplicities are defined in
[80]). The SS regime determined from (7) and (8), with
its associated SS-EPDs of order two and three, is ana-
lyzed in the following sections.

B. Strongly and weakly coupled regimes of the
system under symmetry (ω1 = ω2)

The most commonly studied state of this system occurs
when ω1 = ω2 is imposed. This space is divided into two
regimes based on the strength of the coupling compared
to the losses: the strongly coupled regime and the weakly
coupled regime [77, 81, 82].

Applying the symmetry ω1 = ω2 = ω0 to (5), we find

ω = ω0 + j
γ − gs

2
± 1

2

√
4κ2 − (γ + gs)

2
, (11)

and (7) and (8) simplify to

Re[f ] = (ω0 − ω)2 + gsγ − κ2 = 0, (12)

Im[f ] = (γ − gs)(ω0 − ω) = 0. (13)

From (13), there are two distinct conditions that allow
ω to be real (a necessary property for an SS oscillation
frequency). The first condition is when gs = γ. Substi-
tuting gs = γ into (12) yields two corresponding SS oscil-

lation angular frequencies, ω = ω0±
√
κ2 − γ2. This solu-

tion is valid only in the strongly coupled regime, κ ≥ γ.
Since both oscillation frequencies share the same satu-
rated gain gs, this condition corresponds to a saturated
or SSPT -symmetric regime. In this SSPT -symmetric
regime, the SS oscillation frequency and saturated gain
correspond to those of a linear PT -symmetric system.
The second condition is when ω = ω0, and it is found

FIG. 3. The three-dimensional SS solution space of the SS os-
cillation frequency ω̂ (a)-(b) (cusp catastrophe like geometry
varying the two parameters) and saturated SS gain ĝs (c)-(d)
varying ω̂2, and κ̂ around the third-order degenerate solution
ω̂2 = 1 and κ̂ = γ̂ = 0.1. Both SS solution spaces are recorded
from two different angles for better visualization, with the ˆ
symbol denoting a normalization of the parameters and so-
lutions to ω1. The colormap connects the SS pair between
(a)-(b) and (c)-(d), indicating that when there are three so-
lutions, the middle ω̂ will have the largest ĝs value. As seen
in (a)-(b), there is an inherent anti-symmetry across ω̂2 = 1,
which leads the system to have chiral dynamics [69].

in both the strongly coupled regime and in the weakly
coupled regime (κ < γ). Using (12), the corresponding
saturated gain is gs = κ2/γ. Unlike the first condition,
there are no bounds imposed on this frequency solution
existing in both regimes; however, it is only stable in the
weakly coupled regime, as indicated by change of the line
colors from red to gray of this SS pair in Fig. 2, where
the hat ˆ symbol denotes normalization with respect to
ω1. Stability details are discussed in Sec. VC.
The SS (ω, gs) pair found in the symmetric condition is

plotted in Fig. 2, varying coupling. Notably, these purely
real-valued SS frequencies closely resemble the real part
of the eigenfrequency solutions of a linear PT -symmetric
system (i.e., with symmetric gain and loss). The SS and
linear regimes share the same degenerate ω = ω1 solu-
tion (i.e., ω̂ = 1) occurring at gs = γ = κ. In a linear
system, this marks a Hopf bifurcation [59, 83, pp. 251-
257], whereas in this nonlinear system it corresponds to
a pitchfork bifurcation, i.e., when one branch splits into
three branches [83, pp. 56-59]. This pitchfork bifurcation
is an SS-EPD.

C. Steady-state frequency

Moving beyond the symmetric condition, the SS
regime is determined by treating (7) and (8) as a sys-

4



UC Irvine, Jan 2026

tem of equations with two unknowns, ω and gs. Solving
for the SS oscillation frequency leads to a cubic equation,
p(ω) = 0, where

p(ω) = (ω − ω1) (ω − ω2)
2
+ γ2 (ω − ω1)− κ2 (ω − ω2) ,

(14)
that is rewritten as

p(ω) = ω3 + b2ω
2 + b1ω + b0. (15)

The coefficients are b2 = −ω1 − 2ω2, b1 = ω2
2 + 2ω1ω2 +

γ2 − κ2, and b0 = −ω1ω
2
2 − γ2ω1 + κ2ω2. Each real

ω-solution of p(ω) = 0 is directly associated with a real-
valued gs, which together are considered a unique SS so-
lution of the system.

The SS oscillation frequency may differ significantly
from the eigenfrequency of the corresponding linear sys-
tem with small-signal gain [53]. Unlike the linear sys-
tem, there are regions of either one SS or three SS fre-
quencies as shown in Figs. 3 and 4. These regions are
separated by either double- or triple-order degenerate so-
lutions of p(ω) = 0. This behavior is illustrated in the
three-dimensional plots of the SS pairs shown in Fig. 3.
For additional clarity, Fig. 4 presents the solution space
of p(ω) = 0, whose real solutions correspond to the two-
dimensional cuts of the SS real ω-solution space depicted
in Fig. 3.

To determine the regions supporting one or three SS
frequencies and the degenerate conditions, we analyze
the first derivative of the cubic polynomial, p′(ω) =
3ω2+2b2ω+b1. Local maximum and minimum of the cu-
bic polynomial p(ω) are determined by p′(ω) = 0, which
occurs, respectively, at the two points

ωmax
min

=
1

3

(
ω1 + 2ω2 ∓

√
h
)
, (16)

when h ≥ 0, with

h = (ω1 − ω2)
2 − 3(γ2 − κ2). (17)

When h = 0, the two points coincide and p(ω) has a
stationary inflection point at ωi = (ω1 +2ω2)/3, because
both p′′(ωi) = 0 and p′(ωi) = 0 are satisfied.
The oscillation frequency solutions are categorized into

four distinct cases. Second order degenerate oscillation
frequencies occur when ωmax and ωmin of the extrema
exist and either p(ωmax) = 0 or p(ωmin) = 0, as discussed
in Case 2 below. The third order degenerate oscillation
frequency occurs when ωi exists and satisfies p(ωi) = 0,
which is discussed in Case 3 below. We find that the
degenerate oscillation frequencies to be SS-EPDs, as pre-
viously defined, when both the ω frequencies and their
associated gs values simultaneously coalesce.
Case 1: Region of parameter space with one nonde-

generate oscillation frequency.
The SS frequency is determined to be within this region

if h < 0 (i.e., p(ω) has no local extrema), or if h > 0
and either p(ωmax) < 0 or p(ωmin) > 0. This region is
delineated in the plots when there exists only a single real

FIG. 4. SS oscillation frequency ω̂ (real-valued solutions of
p(ω) = 0), shown in red and gray, plotted varying κ̂ and
ω̂2 (the complex blue-dotted branches are shown for a better
understanding of the solutions). Red, gray, and dashed-red
colors denote the stability of the particular oscillation frequen-
cies (see Sec. VC). The parameters for each of the plots are
as follows, with the ˆ denoting a normalization to ω1. Varying
κ̂, with γ̂ = 0.1: (a) ω̂2 = 0.98; (b) ω̂2 = 1.02. Varying ω̂2,
with γ̂ = 0.1: (c) κ̂ = 0.08; (d) κ̂ = γ̂ = 0.1; and (e) κ̂ = 0.13.

ω for a given set of parameters. All plots in Fig. 4 contain
sets of parameters within this region, though Fig. 4(c)
is the only plot where all sets of parameters are within
this region. Note that for the weakly coupled regime in
Fig. 4(c), when ω2 = ω1 the SS oscillation frequency is

5
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ω = ω1; however, this does not imply operation at the
SS-EPD, treated in Case 3.

Case 2: Second-order SS degenerate oscillation fre-
quency.

A second-order SS-EPD occurs when there exists an
SS degenerate oscillation frequency, corresponding to a
saddle-node bifurcation [84] separating the two regions of
the parameter space. This degeneracy occurs when both
p(ω) = 0 and p′(ω) = 0, and p′′(ω) ̸= 0. In other words,
when either p(ωmax) = 0 or p(ωmin) = 0. One single
doubly degenerate solution is seen in both Fig. 4(a) and
Fig. 4(b) at the point separating the complex and purely
real branch solutions. It is also seen twice in Fig. 4(e)
at the two points separating the complex and purely real
branch solutions.

Case 3: Third-order SS degenerate oscillation fre-
quency.

A third-order SS-EPD oscillation frequency of the sys-
tem is a unique point in the parameter space with in-
creased sensitivity properties. This SS degeneracy occurs
when the polynomial reduces to p(ω) = (ω − ωi)

3
imply-

ing that also p′(ω) = 0 and p′′(ω) = 0. Thus, this degen-
eracy condition occurs only when ω1 = ω2 and γ = κ,
and the SS oscillation frequency is ω = ωi = ω1 = ω2.
Indeed, in this symmetric case, h = 3(κ2 − γ2), and the
required condition h = 0 for the third order SS-EPD
implies that κ = γ, which is the boundary between the
weak- and the strong-coupling regimes [65]. This third-
order degenerate oscillation frequency is seen in Fig. 2 at
κ̂ = 0.1 at the point separating one and three frequency
solutions (pitchfork bifurcation), and also in Fig. 4(d) at
ω̂2 = 1, where the slope of the solution curve diverges.

Case 4: Region of parameter space with three oscilla-
tion frequencies.

The steady states are determined to be within this re-
gion if h > 0, p(ωmax) > 0, and p(ωmin) < 0. This region
is delineated where there exist three purely real SS oscil-
lation frequencies ω for a given set of parameters. In the
plots, this region is seen in the folded regions of Fig. 3
and also shown in Fig. 4(a),(b), and (e). Bistability is
seen in Fig. 4(e).

D. Saturated gain

Once an SS oscillation frequency ω is determined, the
associated SS gain is obtained from (9). Alternatively,
the saturated gain is also found from the cubic equation,

g3s−
(
2γ +

κ2

γ

)
g2s+

(
γ2 + 2κ2 + (ω2 − ω1)

2
)
gs−γκ2 = 0.

(18)
Three-dimensional SS plots of this saturated gain are pro-
vided in Fig. 3, varying the two parameters ω2 and κ. For
clarity, Fig. 5 shows selected two-dimensional slices of the
saturated-gain space in Fig. 3, calculated using (18).

Studying the saturated-gain solutions of the cubic
polynomial, we find the same groups as for the SS oscil-

FIG. 5. Saturated SS gain gs from (18), in red, plotted around
the third order degenerate solution varying κ and ω2 (the
complex branches, blue dotted, are shown only for a better
understanding of the solutions). Red, gray, and dashed-red
colors denote the stability of the particular saturated gain
values (see Sec. VC). The parameters for each plots are as
follows, with theˆdenoting a normalization to ω1. (a) Varying
κ̂: γ̂ = 0.1 and either ω̂2 = 0.98 or ω̂2 = 1.02 (symmetry
across ω2 = ω1 creates the same plots). Varying ω̂2: γ̂ = 0.1
and (b) κ̂ = 0.08; (c) κ̂ = γ̂ = 0.1; (d) κ̂ = 0.13.

lation frequency solutions: one, two degenerate and one
separate, three degenerate, or three separate real satu-
rated gain values. We also observe that the gs values are
completely symmetric over the sign of (ω2−ω1) (or equiv-
alently the sign of ω̂2−1, where ω̂2 = ω2/ω1). This sym-
metry in the gs values is connected to an anti-symmetry
(odd function symmetry) across ω2 = ω1 in the associ-
ated SS frequencies, as seen in Fig. 3.

Another useful connection between the saturated gain
and SS frequency is obtained by inserting (14) into (9),

6
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leading to

gs =
γκ2

(ω − ω2)
2
+ γ2

. (19)

In general, gs ≤ κ2/γ, with the largest value gs = κ2/γ
occurring when ω = ω1 = ω2 in both the strongly and
weakly coupled regimes. In the strongly coupled regime,
exemplified in Fig. 5(d), the maximum saturated gain
graphically corresponds to the SS frequency in the middle
region of the three real SS oscillation frequencies shown
in Fig. 4(e), which is, however, unstable as discussed in
Sec. VC. The other two SS oscillation frequencies are
either both stable (and never satisfying ω ̸= ω1), form-
ing the bistable regime, or at least one is stable. When
ω2 = ω1, the two SS bistable oscillation frequencies ω
have the same saturated gain value gs. This SS gain de-
generacy is not an SS-EPD and is associated with two
SSPT -symmetric regimes because gs = γ for either of
the two stable SS frequencies as seen in Fig. 2 and from
(13).

In the weakly coupled regime, exemplified in Fig. 5(b),
the maximum gain at ω2 = ω1 graphically corresponds to
the SS oscillation frequency ω = ω1 shown in Fig. 4(c),
which is stable and does not correspond to the third or-
der SS-EPD because gs < γ. However, when κ = γ, the
largest value the saturated gain can assume is gs = γ
which occurs at the third-order SS-EPD, as seen in
Fig. 5(c).

The saturated gain directly impacts the physical sys-
tem in terms of the stability of the SS solutions, the en-
ergy contained in each oscillator, and which stable fre-
quency the system initially tends to oscillates at. These
topics are covered in Sec. V.

III. EXCEPTIONAL SENSITIVITY OF THE
OSCILLATION FREQUENCY TO

PERTURBATIONS

One of the celebrated properties of EPDs is their sensi-
tivity to perturbations [8, 37, 43]. In a linear system, the
variation ∆ω = ω − ω0 of the eigenfrequency ω from the
EPD at ω0, shows ”exceptional” sensitivity to a small
perturbation ∆X = X − X0 of a system parameter X
near the EPD parameter X0. This sensitivity is approx-
imated by the first term of the Puiseux fractional power
expansion [38],

∆ω ∝
√
∆X. (20)

In the case of nonlinear saturable gain, the sensitiv-
ity of the SS frequency of oscillation ω to a perturbation
∆X may differ from that of a linear system. For this
case, the variation of the oscillation frequency ∆ω as a
function of a parameter perturbation ∆X relies on the
properties of the oscillation frequency ω(X) determined
by (7) and (8). In other words, we look at the varia-
tion ∆ω found from the zeros of the polynomial equation

p(ω) = 0 when a parameter X in its coefficients is per-
turbed. It is convenient here to generalize the notation
in (15) by considering the same polynomial as a function
of two variables, p(ω,X) = 0, while also assuming that
the solution ω of such polynomial is a function of X. In
this section, we study the sensitivity of the SS oscillation
frequencies ω to a perturbation X, namely, we evaluate
dω/dX in the neighborhood of a given ω0, X0, which still
satisfy p(ω,X) = 0 and p(ω0, X0) = 0. In this context,
ω0 represents the region of operation that is perturbed
while observing the sensitivity of the oscillation frequency
to such perturbation. In this analysis, we will assume dif-
ferent values of the regime parameter X0 associated with
the third and the second order SS-EPD, as well as points
near them. We focus on identifying the cases that have
extremely high (i.e., exceptional) sensitivity.
The sensitivity dω/dX of the function ω(X) is ob-

tained by applying the implicit function theorem to
p(ω,X) = 0:

dω(X)

dX
= −∂p/∂X

∂p/∂ω
. (21)

Here, ∂p/∂ω = 3ω2 + 2b2ω + b1 = p′(ω), where, for con-
venience, we continue to use the notation p′(ω) adopted
previously. Clearly, the oscillation frequency ω is in-
finitely sensitive when p′(ω) = 0, and this special condi-
tion is encountered in two distinct degeneracies, of order
two and three, each characterized by distinct dynamical
behavior. Therefore, as discussed in Sec. II C, the sys-
tem experiences the highest (i.e., exceptional) sensitivity
at the operating oscillation frequencies

ω(X0) = ωmax and ω(X0) = ωmin (22)

when h ≥ 0, as well as at the higher-order degenerate
point ω(X0) = ωmax = ωmin when h = 0.
We include plots of the derivatives obtained using (21)

in Fig. 6 to aid our description of the sensitivity to each
parameter. The exceptional sensitivity is evident in these
plots, which occurs when the derivatives diverge. We
only include the cases with κ ≤ γ for the derivatives
dω/dω1 and dω/dω2, which is the ideal range for oper-
ation of an exceptional-based sensor where sensitivity is
increased, as this avoids the region of multiple solutions.

A. Exceptional cubic-root sensitivity of ω to
perturbations of ω2, assuming γ = κ

First, we focus on the sensitivity of the SS oscillation
frequency ω with respect to perturbations in ω2. It is visi-
ble in Fig. 4(d), which also shows the third-order SS-EPD
at ω = ω1 when ω2 = ω1. The sensitivity is illustrated in
Fig. 6(a). To determine the analytic expression for the
sensitivity, we use (21) with X = ω2, which leads to

dω(ω2)

dω2
=

2ω2 − 2(ω1 + ω2)ω + 2ω1ω2 − κ2

p′(ω)
. (23)
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FIG. 6. Plots of the sensitivity of the SS oscillation frequency
ω(X) to variations in X = ω2, κ, ω1, γ, calculated using (21),
including multiple curves in the neighborhood of the third-
order SS-EPD. In each plot, the ˆ denotes normalization to
ω1. The separate plots are: (a) dω/dω2 with γ̂ = 0.1 and
∆ω2 = ω2 − ω1; (b) dω/dκ with γ̂ = 0.1 and ∆κ = κ − γ;
(c) dω/dω1 with γ = 0.1ω2, holding ω2 constant, and ∆ω1 =
ω1 − ω2; and (d) dω/dγ with κ̂ = 0.1 and ∆γ = γ − κ.

Infinite sensitivity occurs when operating at ω2 = ω1,
which leads the oscillation frequency to also be ω = ω1 =
ω2, solution of p(ω) = 0, before perturbing ω2.

Holding ω1 constant, we define ∆ω = ω − ω1 and per-
turb ω2 by ∆ω2 = ω2 − ω1. When γ = κ, we find the
exceptional sensitivity of the oscillation frequency to a
perturbation in ω2 to be

∆ω ≈ −κ2/3(∆ω2)
1/3, (24)

through using (23), as detailed in Appendix C 1. This
shows that the oscillation frequency perturbation ∆ω
exhibits cubic-root sensitivity to a perturbation in the
resonance frequency of the second oscillator, ω2. The
region in which this cube-root sensitivity is valid while
∆ω is small, as seen by the agreement between the red
and green curves in the rightmost plot of Fig. 7. This
cubic-root sensitivity has been shown experimentally in
coupled circuits [55, 58, 71], and explains the behavior of
the experiment in [53].

This sensitivity relation was previously calculated in
[55, 68] through a different analytical method, similar to
that in Appendix C 4. It is difficult to operate precisely
at such point that exhibits cubic-root sensitivity, as in
practice some difference may arise between the values of
γ and κ or between ω1 and ω2. Hence, we next determine
the sensitivity of these important cases.

B. High sensitivity of ω to perturbations of ω2,
assuming γ ̸= κ

We study the sensitivity of the SS oscillation frequency
ω to perturbations in ω2 near ω2 = ω1, assuming that
γ ̸= κ. Two example curves of this case are shown in
Fig. 4(c) and Fig. 4(e). In this case, when ω2 = ω1,
ω = ω1 is always a solution of p(ω) = 0 (Sec. II B).
When ω2 = ω1 and γ ̸= κ, the denominator of (23)

does not vanish as p′(ω = ω1) = (γ2 − κ2) ̸= 0, indicat-
ing that there is no degeneracy in this case. As proved
in Appendix C 2, the sensitivity near the SS oscillation
frequency ω = ω1 = ω2 is given by

∆ω ≈ −κ2

γ2 − κ2
∆ω2. (25)

This shows that the sensitivity is mainly linear for small
∆ω2 (i.e., ∆ω ∝ ∆ω2). However, the sensitivity tends to
infinity when we approach the case with γ = κ, which is
the case treated in the previous section.
In summary, we have shown that when γ = κ, the sen-

sitivity follows the cubic-root dependence in (24), show-
ing infinite value when ∆ω2 = 0, whereas when γ ̸= κ
the sensitivity is mainly linear. As (γ−κ) → 0, the linear
coefficient κ2/(γ2 − κ2) tends to infinity, as also shown
through the derivatives in Fig. 6(a). The SS frequency’s
increased sensitivity when γ ≈ κ is also apparent in the
plots in Fig. 7.
It is important to note that when κ > γ, three SS os-

cillation frequencies exist (see Fig. 3 and Fig. 4(e)), and
the sensitivity described by (25) is valid only for the mid-
dle of these three frequencies, which is always unstable
[69]. As a result, in any experimental measurement of the
system’s sensitivity, one would observe variations in one
or both of the two other oscillation frequencies, as either
one or both are stable steady states (see Sec. VC). Since
these two frequencies exhibit significantly lower sensitiv-
ity to changes in ω2, systems designed to enhance sen-
sitivity to perturbations should instead operate in the
weakly coupled regime, κ ≤ γ. A detailed discussion of
the benefits of operating in each regime for two capaci-
tively coupled LC circuits is included in [71], as opera-
tion in the strongly coupled regime can lead to hysteresis
loops.

C. Exceptional cubic-root sensitivity of ω to
perturbations of ω1, assuming γ = κ

Applying the same steps used in Sec. IIIA to pertur-
bations in ω1, while keeping ω2 constant, we find that
ω has the same cube-root sensitivity around the third-
order degenerate solution (i.e., ω ≈ ωi = ω1 = ω2 and
γ = κ) to perturbations in ω1 near ω2. Indeed, by defin-
ing ∆ω = ω − ω2, and ∆ω1 = ω1 − ω2, we obtain

∆ω ≈ κ2/3(∆ω1)
1/3. (26)
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When γ ̸= κ, the approximate sensitivity is linear, i.e.,
∆ω ∝ ∆ω1. In both cases, when γ = κ and γ ̸= κ,
the sensitivity of ω to perturbations in ω1 is similar to
the sensitivity of ω to perturbations in ω2. However,
since p(ω) = 0 is not symmetric with respect to ω1 and
ω2, any expansion exhibits slight differences in higher-
order terms. This is verified by the small difference in
magnitude of the derivative between Fig. 6(a) and Fig.
6(c), seen when observed closely. An additional method
verifying these sensitivity results is included in Appendix
C 4.

D. Exceptional square-root sensitivity of ω to
perturbations of κ or γ, assuming ω2 = ω1

We determine the sensitivity of the SS oscillation fre-
quency ω to perturbations in κ or γ, around the oper-
ating regime with ω2 = ω1 and κ = γ. As discussed
earlier, under this condition, the oscillation frequency is
ω = ω2 = ω1, before perturbing either κ or γ. The sen-
sitivity is found directly from the solutions for the sym-
metric case (ω2 = ω1) discussed in Sec. II B, and plotted
in Fig. 2.

In the weakly coupled case, κ < γ, the SS oscillation
frequency is constant, ω = ω0 (see Fig. 2), and it has nei-
ther κ nor γ dependency; thus, it exhibits no sensitivity.
In the strongly coupled case, κ > γ, there are two (stable)

SS oscillation frequencies such that ∆ω = ±
√

κ2 − γ2,
where ∆ω = ω−ω0. Thus, when studying the sensitivity
of ω(κ) around κ ≈ γ, we have

∆ω ≈ ±
√
2γ(κ− γ), (27)

showing the oscillation frequency’s square-root sensitiv-
ity to κ near γ.
Analogously, the sensitivity of ω(γ) is

∆ω ≈ ±
√
2κ(κ− γ) (28)

for values of γ < κ. This square-root sensitivity has been
demonstrated experimentally in coupled circuits [54, 60,
61, 65], and can also account for the behavior observed in
previously studied SSPT -symmetric experiments, such
as the coupled circuits studied in [19].

It may be difficult to operate precisely at such a point
that exhibits square-root sensitivity, as in practice some
difference may arise between the values of ω1 and ω2.
Hence, we next determine the sensitivity of this case.

E. High sensitivity of ω to perturbations of κ or γ,
assuming ω2 ̸= ω1

In finding the sensitivity of the oscillation frequency
ω(κ) to variations in κ when ω2 ̸= ω1, we once again use
the implicit function theorem method previously applied.
The plots showing the relation ω(κ) for this case are in-
cluded in Fig. 4(a) and Fig. 4(b). The details of this

application are covered in Appendix C 3. The sensitivity
is found to be linear for κ ≈ γ:

∆ω ≈ − 2γ

2ω1 + ω2 − 3ω0
∆κ, (29)

where ∆κ = κ − γ, ∆ω = ω − ω0 and ω0 is the real-
valued oscillation frequency when κ = γ, i.e., p(ω0) = 0,
shown in Appendix C 3. We note that when κ = γ and
ω2 ̸= ω1, only a single SS ω exists, shown in Fig. 4(d),
whose sensitivity to perturbations in κ is captured by
(29).
We similarly find the sensitivity of ω(γ) to variations

of when γ near κ to be approximately linear,

∆ω ≈ 2κ(ω1 − ω0)

(2ω1 + ω2 − 3ω0)(ω2 − ω0)
∆γ, (30)

where ∆γ = γ − κ.
In summary, at ω2 = ω1, in the strongly coupled regime

(κ > γ), the stable oscillation frequencies exhibit square-
root sensitivity to perturbations of κ or γ, when working
under γ ≈ κ. However, when ω2 ̸= ω1, the sensitiv-
ity to perturbation of κ or γ is mainly linear, but as
ω2 − ω1 → 0, around which ω0 also converges to ω1, the
linear coefficients in (29) and (30) tend to infinity, caus-
ing the SS frequency’s increased sensitivity around κ = γ
as shown in Fig. 6(b) and Fig. 6(d).
We also note that when ω2 ̸= ω1, the sensitivity of ω

to perturbations of either κ or γ is not symmetric about
κ = γ, and becomes extremely asymmetric when ω2 =
ω1, as shown in Fig. 6. Therefore, the region of operation
for any sensing application involving the perturbation in
κ or γ should be chosen accordingly. Additionally, when
ω2 ̸= ω1 , the direction of variation of ω, in response to
perturbations of κ and γ, depends on the relative values
of ω1 and ω2. For ω1 > ω2, the oscillation frequency ω
increases with increasing κ and decreases with increasing
γ. Conversely, for ω1 < ω2, ω decreases with increasing κ
and increases with increasing γ. This behavior is seen by
studying Fig. 4(a) and Fig. 4(b) or by observing the sign
of the derivatives of the continuous solution in Fig. 6(b)
and Fig. 6(d). The behavior could also be exploited in
a calibration algorithm to tune the system closer to the
degenerate conditions in a practical implementation.

IV. EXCEPTIONALLY SENSITIVE DESIGN

We explore several other aspects of this system with
respect to applying this exceptional sensitivity to a real-
istic design of an EPD-based sensor.

A. Retrieval of perturbed parameter ω2 from
oscillation frequency shift ∆ω

For the benefit of a real design, we assume to operate
at an oscillatory SS regime with ω = ω1 when the sys-
tem is unperturbed, i.e., when ω2 = ω1, assuming fixed
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FIG. 7. Plots showing the observable SS oscillation frequency
ω caused by the percentage variation of ω2, compared to the
first two terms of the Taylor series expansion for ω2(ω). Two
are weakly coupled cases (κ < γ), whereas the right-most one
exhibits the cubic-root sensitivity (vertical asymptote) when
κ = γ. These three plots show the progressive decrease of the
magnitude of the linear term in (31) as κ → γ, resulting in
higher sensitivity to perturbations.

parameters γ and κ such that κ ≤ γ. Then, when a per-
turbation is applied to ω2, it is important that from the
reading of the shift of the frequency of oscillation ∆ω one
can estimate the perturbation ∆ω2 = ω2 − ω1. This can
be done by calibration, though we show here a simple
formula, found in Appendix C 1, that provides a good
approximation of the shift ∆ω2:

∆ω2 ≈ κ2 − γ2

κ2
∆ω − γ4

κ6
∆ω3. (31)

This formula consists of the first two terms of the Tay-
lor series expansion around ∆ω = 0, and thus is applica-
ble for small measured ∆ω. Including the second term of
the expansion greatly increases the range of frequencies
this expansion estimates the perturbed ω2 parameter, es-
pecially when κ/γ ≈ 1 as seen in Fig. 7. This case rep-
resents probably the most important regime of operation
because of its high sensitivity (almost like a cubic root),
and that is why we provide an analytical solution.

The retrieval of the other parameters when perturbed,
by observing the oscillation frequency shift ∆ω, can also
be derived analytically, or it can be inferred from the
solutions of the previous section when only the first order
is sufficient.

B. Higher loss γ leads to a wider dynamic range of
high sensitivity

Thus far in this paper, when plotting the SS ω and gs
for sets of parameters, we have held γ and ω1 constant,
maintaining the ratio γ̂ = γ/ω1 = 0.1. Maintaining this

ratio biases the results to only show the exceptional vari-
ation and sensitivity of the SS ω and gs around a third-
order SS-EPD with parameter gs = 0.1ω (ω = ω1 = ω2,
gs = γ = κ).
Changing the ratio between loss γ and resonance ω1

affects the dynamic range of high sensitivity of the SS os-
cillation frequency ω to changes of the parameters (e.g.,
ω2), especially around the degenerate points. This is il-
lustrated in Fig. 8 that shows how different ratios γ/ω1

affect the sensitivity of ω to changes in ω2 when operat-
ing in the weakly coupled regime. A larger ratio leads
to a much wider region of increased sensitivity around
degenerate solutions. Furthermore, the degree of sensi-
tivity is not affected by increasing the loss γ as long as we
increase also the coupling κ. Besides the computation in
Fig. 8, this property can be seen analytically from (31).
This result has important implications in any realis-

tic implementation of EPD-based sensing. In particular,
the losses in the second resonator (and as a consequence
its quality factor) govern the size of the high sensitive
dynamic range around the SS-EPD in response to per-
turbations of ω2.

V. ENERGY BALANCE, GAIN MODEL,
STABILITY, AND TIME DOMAIN SOLUTIONS

We examine additional aspects of the SS regime, in-
cluding the energy and the stability of each SS oscillation
frequency ω and saturated gain gs. In general, these as-
pects depend on a gain model (in contrast to the SS ω
and gs that do not depend on the particular gain model
parameters), and so a realistic model will be included.

A. Energy balance and the steady-state
eigenvectors

We consider the energy balance at steady state and
examine the saturated system’s eigenvectors. In gen-
eral, energy conservation is a defining feature of a closed
system. This concept extends to linear open systems
with the application of PT -symmetry [85]. In a PT -
symmetric system, the energy in the system is not con-
served, but the energy entering and leaving the system
remains balanced, so that the system’s energy remains
constant. The principles of energy balance can also be
applied to our system at steady state, as the system con-
verges to a constant energy value.
The total energy stored in the two resonators is W =

|ã1|2 + |ã2|2 [78]. At steady state, the balance of energy
imposes that d

dt (|ã1|
2 + |ã2|2) = 0. Using (1) and (2)

to describe the derivatives, and, with reciprocal coupling
already assumed, we find that

gs |ã1|2 = γ |ã2|2 . (32)

This result can be used to analytically find the expression
for total stored energy W = |ã1|2(1 + gs/γ).
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FIG. 8. Plots of the sensitivity of the SS oscillation frequency, dω/dω2, calculated using (21) when operating in the weakly
coupled regime near the third-order SS-EPD (that occurs when ω2 = ω1 and at γ = κ), assuming three distinct cases of γ/ω1

ratios. Each plot contains four values of κ near γ, maintaining a constant ω1. The γ/ω1 ratio directly controls the high-
sensitivity range of ω2 perturbations. A larger γ value (i.e., lower quality factor of resonator 2) increases the ω2 range of high
sensitivity, without compromising the value of the maximum sensitivity as long as also the coupling κ increases accordingly.

FIG. 9. Plot of the nonlinear gain model in (34), includ-
ing intrinsic losses γi. The small-signal gain and coefficient c
are active gain component specific values, while the saturated
gain gs is a system-dependent value. Consequently, the SS
amplitude |ã1| depends on both the specific active device and
the two-resonator system.

Another way to find the relationship between ã1 and
ã2 is to directly solve for them from (3) for a set of given
parameters, and a specified SS pair. This method can
determine the complex relation (phase and magnitude
difference) between ã1 and ã2, but cannot determine the
absolute phase or magnitude of either. It is important to
note that the relationship in (32) can be directly found
from manipulating (3) as shown in Appendix D, confirm-
ing the balance of energy in the steady state.

B. Gain model

A key implication of determining the saturable gain is
that there exists a SS energy, |ã1|2, in the first oscillator
such that

g(|ã1|) = gs. (33)

The total energy in the system for a given SS oscillation
frequency ω is thus determined through (9), (32), and
(33). To compute the system’s energy, W , and analyze
the steady state’s stability, a gain model must be defined.
Following previous works [6, 65, 69], we use a saturable
gain model consistent with laser theory as presented in
[7]. Here, it is convenient to define it as

g(|a1|) =
g0

1 + c|a1|2
− γi, (34)

with g0 and c being specific coefficients of a practical
implementation of an active gain component, and γi rep-
resents the intrinsic losses of the first resonator. As the
energy |a1|2 grows, the gain decreases until the SS value
ã1, corresponding to the saturated gain gs, is reached.
The gain versus state amplitude |a1| for this model is

shown in Fig. 9, including realistic points. The small-
signal gain is defined as g(|0|) = g0 − γi; the saturated
SS value, ã1 is found from (33), when the saturated gain,
gs, is calculated from Sec. IID; the ”uncoupled saturated
gain” point g(|ã1u|) = 0 is what makes the first resonator,
when uncoupled, steady.
Unlike previous works, the inclusion of c in this model

balances the dimensional analysis, as it has the units of
inverse joules, and frees the values of g0 and γi to take on
any realistic values. This coefficient, c, determines how
fast the steady regime is reached, and can be found from a
point on the curve (most simply the uncoupled saturated-
gain point) if not directly available. It is important to
note that the gain model should be independent from the
definitions of gs and |ã1| as these are determined by the
coupled system using the active component.
Utilizing (33) and (34), we obtain the SS amplitude

|ã1| for this gain model

|ã1| =

√
1

c

(
g0

gs + γi
− 1

)
. (35)

This relation is valid only if g0 − γi ≥ gs, which ensures
that gs lies within the active device’s gain range. In the
weakly coupled regime (κ < γ) that is one of the preferred
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FIG. 10. The solution regions and their stability correspond-
ing to the ω and gs values plotted in Fig. 3 for a gain model
with c = 1 J−1, and γ̂i = 0.02. The ĝ0 values for the two
plots are (a) ĝ0 = 0.2, (b) ĝ0 = 0.15. While the saturated SS
oscillation ω and gain gs do not depend on the gain model,
the shape of the stability regions does.

ways to realize a highly sensitive oscillator (especially if
κ ≈ γ), the maximum saturated gain gs = γ is found
when ω2 = ω1, as shown in Figs. 5(b) and (c). Under
this SSPT symmetry, gs is maximized, and the signal
amplitude |ã1| assumes its smallest value.

Using (35), the total energy in the two resonators, W ,
for this specific gain model, is expressed in terms of gs as

W =
1

c

(
g0

gs + γi
− 1

)(
1 +

gs
γ

)
. (36)

Note that W increases as gs decreases and is maximized
when gs = 0, which occurs in the limit of zero coupling
(κ = 0). As discussed in Sec. IID, under the weakly
coupled regime (κ < γ), the saturated gain assumes it
maximum value gs = γ that corresponds to the minimum
energy stored in the system as can be seen by plotting
W (gs); Under this SSPT -symmetry condition, the en-
ergy is equal to WSSPT = 2

c [g0/(γ + γi)− 1]. From this
formula, we infer that though working with large γ in-
creases the dynamic range of high sensitivity, as seen in
Fig. 8, it decreases the signal amplitude.

C. Stability

With a gain model specified, we analyze the stabil-
ity of each SS pair ω and gs by evaluating its associ-
ated Lyapunov exponents, following the approaches in
[6, 61, 65], as detailed in the Appendix E. Here, sta-
bility refers to the response of the system’s SS regime
to perturbations: small disturbances converge back to a
stable SS oscillation-frequency and saturated-gain pair,
and diverge from an unstable pair. The calculation of
the Lyapunov exponents reveals that, for a given set of
parameters, there exists either a single or two stable SS ω
and gs values. We refer to the region in parameter space
supporting two stable SS ω and gs as ”bistable” [66, 69].

The single-stable and bistable regions in the parameter
space are shown in Fig. 10, along with the regions of one
or three SS frequencies mentioned in Sec. II C, for two dif-
ferent sets of gain model values. The colors correspond
to three different types of regimes, varying ω2 and κ: the
blue area corresponds to the the existence of a single-
stable SS oscillation frequency; the turquoise area corre-
sponds to a single-stable SS oscillation frequency while
the other two SS are unstable; and the yellow area corre-
sponds to bistability where two SS frequencies are stable
and the third one is unstable.
When multiple SS ω exist, the SS stable or bistable ω

are always found to be connected to the lowest, or two
lowest, gs values thus making the middle SS ω always
unstable (the ω closest to ω1, see Fig. 3, Fig 4(e), and
the largest gs in Fig. 5(d)). For all sets of parameters
tested, at least a single-stable SS ω exists, except at the
third-order SS-EPD that is seen as the separator regime
between two regimes, one with one and the other with
three SS oscillation frequencies, i.e., between the single-
stable and the bistable regions (Fig. 2, Fig 4(d), and
Fig. 5(c)).
As long as g0 − γi ≥ gs (i.e., there is enough gain to

support SS oscillations), the bistable region exists within
the region of three SS frequencies. This is illustrated in
the parameter-space plot in Fig. 10, where the bistable
region (yellow area) is a subset of the region supporting
three SS frequencies (yellow and turquoise areas), and
both lie within the strongly coupled regime. This bistable
region always includes the case with ω2 = ω1, where
the two stable SS frequencies, having gs = γ, form the
”SSPT -symmetric” regime (dashed line), and expands
symmetrically across ω2 = ω1. The size of the bistable
region depends on the gain model values, and increases
as g0 increases, as seen from comparing Fig. 10(a) with
Fig. 10(b). Corresponding results were found in [69].
Through finding these stability regions, the SS oscil-

lation frequencies ω shown in Fig. 3 can be related to
catastrophe theory [83, pp. 70-74]. The third-order SS-
EPD, the cusp in Fig. 10, exists exactly when the two
bifurcation curves separating the SS regions meet tangen-
tially [60]. Moreover, the SS oscillation frequencies may
undergo abrupt, discontinuous changes when a system’s
parameter is tuned outside the bistable region, leading
to the formation of hysteresis loops [66, 71]. The system
also exhibits chiral behavior [69], and both bistable fre-
quencies can be accessed through slow, SS tuning of the
parameters.

D. Time domain simulations

To study the system’s evolution and validate our anal-
ysis, we perform time-domain simulations of (1) and (2)
using the gain model specified in (34). We employ a sim-
ple finite-difference scheme, the Forward Euler method,
which requires small time steps because the governing
equations are stiff [86]. The six plots included in Fig. 11
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show several representative simulations and validate the
predicted SS frequencies, saturated gain, and the energy
balance between the oscillators. In these simulations,
without loss of generality, we choose ω1 = 1 s−1, necessi-
tating the simulation length of 600 s. The hatˆof all the
other parameters indicates normalization with respect to
ω1. In the bistable region, the simulations consistently
show that the oscillation frequency converges to the SS
oscillation frequency ω associated with the lowest of the
two stable saturated gains, gs. An example of multiple
real saturated gain values is shown in Fig. 5(d).

The sets of parameters for each simulation in Fig. 11
were selected to probe the system’s behavior across the
different solution regimes. The parameters for simula-
tions (a)-(c) have ω2 = ω1, and correspond to κ points
along the abscissa of Fig. 2, spanning from weak (κ̂ =
0.07 < γ̂) to strong (κ̂ = 0.13 > γ̂) coupled regimes, in-
cluding (c) the special regime with κ = γ where three ω
solutions form a third-order SS-EPD, which is one case
of SSPT -symmetric regime. The simulations (c)-(f), all
within the strongly coupled regime (κ̂ = 0.13), corre-
spond to ω2 points along the abscissa of Fig. 4(e) where
bistability is observed. For all simulations, the transient
duration varies with parameter choice, and this duration
is directly linked to the stability of the SS frequencies
through their Lyapunov coefficients, as defined in Ap-
pendix E.

Simulations (e), (f), and (c) fall within the bistable
region, as indicated by the presence of multiple gs val-
ues. In simulations (e) and (f), the system converges
from its initial conditions to the lower of the two gs val-
ues and to its corresponding oscillation frequency. Sim-
ulation (c) is distinct in that ω2 = ω1 and it is in the
”SS PT -symmetric” regime, because the saturated gain
gs = γ and it is the same for both stable SS frequencies,
hence it is degenerate; both stable (nondegenerate) SS
frequencies are equivalently stable because they require
the same (degenerate) saturated gain gs = γ. For the
parameters in (c), there is also a SS oscillation frequency
ω = ω1 = ω2 associated with the largest value of satu-
rated gain in Fig. 5(d); however, this solution is unstable.
For these simulations, the SSPT -symmetric regime, be-
sides the third-order degenerate condition, is generally
the least stable regime in parameter space (requires the
longest initial transient as does simulation (c)), as all
other points in parameter space have at least one more
stable SS oscillation frequency with gs < γ, see Sec. IID.

We conclude by observing that the smallest signal am-
plitudes in Fig. 11 occur when gs is maximized (i.e., when
gs = γ), in agreement with what has been demonstrated
at the end of Sec. VB.

VI. INDUCTIVELY COUPLED CIRCUITS

The nonlinear SS CMT analysis is applied to a pair of
inductively coupled RLC circuits, as shown in Fig. 12(a),
and the results are compared with the nonlinear circuit

FIG. 11. Time-domain simulations starting from the initial
state a1 = a2 = 0.001 J1/2 at t = 0 with a timestep of 10−3 s.
For each time step, the real part of the state values are plotted
(left ordinate axis), along with the nonlinear gain value in
comparison with the expected gs values (dashed green). For
all plots, γ̂ = 0.1, ĝ0 = 0.15, γ̂i = 0.02, and c = 6.5 J−1, where
the ˆ denotes a normalization to ω1. (a)-(c) Symmetric cases
with ω̂2 = 1, corresponding to points on the abscissa of Fig. 2,
and: (a) κ̂ = 0.07, weakly coupled case; (b) κ̂ = 0.1 = γ̂,
third-order SS-EPD case with SSPT symmetry; (c) κ̂ = 0.13,
strongly coupled case. (c)-(f) Strongly coupled cases with
κ̂ = 0.13 > γ̂, corresponding to points on the abscissas of
Fig. 4(e) and Fig. 5(d), and: (c) ω̂2 = 1 (a point on the
abscissa of all previous plots), SSPT -symmetric case because
gs = γ; (d) ω̂2 = 0.97; (e) ω̂2 = 0.99; (f) ω̂2 = 0.995.

analysis in [53].

A. General coupled oscillator approximations

In connecting the general CMT equations for two cou-
pled oscillators, (1) and (2), to a realistic circuit defined
by circuit equations [53], a difficulty arises in defining the
CMT parameters ω1, ω2, κ, and γ in terms of the circuit
components G1, G2, C1, C2, L,M, and the mutual induc-
tive coupling k. Establishing this connection is essential
for predicting the behavior of the coupled circuits, as
these parameters are not linearly related to the physical
components. For uncoupled RLC circuits, the parame-
ters can be defined exactly, as shown in Appendix F 1.
However, when coupling is introduced, only approximate
expressions can be obtained.

For this reason, we propose the following approxima-
tions, as found in Appendix F 2. For the inductively cou-
pled circuits in Fig. 12(a), the CMT approximations are

γ ≈ G2

2C2
, (37)
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ω1 ≈

√
1

LC1(1− k2)
−
(

G1

2C1

)2

, (38)

ω2 ≈

√
1

LC2(1− k2)
− γ2. (39)

These approximations are only valid under the condition
k ≪ 1, which is an inherent limitation of the coupled-
mode formalism applied to RLC circuits [78].

The coupling parameter κ is found by imposing a third-
order SS-EPD in the system: from the CMT, we know
that to have a third-order SS-EPD, we must have κ = γ.
Since the circuit in Fig. 12(a) with parameters given in
the following has a third-order SS-EPD as shown in [53]
numerically, we choose κ = γ.

B. Results

To obtain the results from the nonlinear SS-CMT anal-
ysis for this circuit, we apply the approximations from
(37)–(39), using the same circuit parameters as [53], to
find κ, γ, ω1, and ω2, and input these values into p(ω) = 0
to calculate the expected SS frequencies, where p(ω) is
found in (15). The fixed circuit values are G1 = G2 =
20.52 mS, L = 0.1 µH, C1 = 1 nF, and k = 0.2 with C2

treated as a variable parameter around the degenerate
condition C2 = C1 that provides a PT -symmetric system
(i.e., with gs = γ). From these, the nonlinear approxima-
tions for the inductively coupled circuit at the third-order
degenerate condition are gs = γ = κ = 1.026 × 107 s−1

and ω = ω1 = ω2 = 1.015 × 108 s−1. A valid nonlinear
gain model is assumed.

In Fig. 12(b), we compare these results against other
analyses and simulations of the same circuit: the linear
circuit equations detailed in [53], a linear version of the
CMT, and time-domain simulations of the nonlinear cir-
cuit using the commercial software Keysight Advanced
Design System (ADS).

For the ”Linear circuit equations”, an ideal small-
signal linear gain G1 = 20.52 mS is assumed. For the
”Linear CMT”, we make a similar assumption and use
the ideal small-signal linear gain related to the small-
signal circuit gain G1 = 20.52 mS; therefore, g is con-
stant and equal to g ≈ G1

2C1
. For the two linear analy-

ses, we find the eigenfrequencies from (1) and (2). The
linear analyses provide complex-valued frequencies, and
only the real part is plotted in Fig. 12(b). For the time-
domain ADS circuit simulation, the nonlinearity of the
gain is described using the cubic current–voltage relation
i = −G1v + αv3 for the negative conductance element,
assuming the same values as in [53], G1 = 1.001G2 and

α = 6.84 mS/V
2
.

The comparisons show that the nonlinear SS-CMT
analysis of this paper, though not exact when applied
to such a circuit, provides results very close to the ac-
curate time-domain ADS simulations of the circuit with

FIG. 12. (a) Circuit diagram for two inductively coupled res-
onators with nonlinear gain. (b) SS oscillation frequency ver-
sus perturbation of capacitor C2 using two nonlinear calcula-
tions: time-domain ADS circuit simulator using the nonlinear
i − v curve; nonlinear steady-state (SS)-CMT theory of this
paper using the approximations in (37) - (39). These nonlin-
ear calculations are in agreement. The results are compared
with the Re(f) from the linear circuit equations in [53, Fig.
4] and from the linear CMT that provides the resonant fre-
quency of the circuit.

a prescribed nonlinear i − v curve. The SS-CMT model
captures the behavior of the circuit, correctly predicting
the high cubic-root sensitivity observed in the simulated
result.
The limitations of the CMT approximation of the cir-

cuit, using the parameters (37)-(39), are evident from
comparing the two linear circuit analyses. The ”Linear
CMT” is able to correctly predict the behavior of a lin-
ear circuit (”Linear circuit equations”) with only a slight
frequency shift.

VII. CAPACITIVELY COUPLED CIRCUITS

Next, we apply the nonlinear SS-CMT model described
in this paper to a pair of capacitively coupled RLC cir-
cuits as shown in Fig. 13(a). A complementary analysis
of this nonlinear circuit, performed directly using nonlin-
ear circuit equations, is available in [53, 60]. While the
nonlinear SS-CMT model is less precise, it lends signifi-
cant intuition in understanding the phenomena observed
in this paper.

A. General nonlinear Hamiltonian approximation

As with the inductively coupled RLC circuits, the
main challenge with using the CMT approach lies in
defining ω1, ω2, κ, and γ in terms of the circuit com-
ponents G1, G2, C1, C2, L, and Cc, shown in Fig. 13(a).
Once again, we propose approximations found through
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the same method, as shown in Appendix F 3, and then
impose κ = γ to have the third-order SS-EPD:

γ ≈ G2

2C2

B1

A
, (40)

ω1 ≈

√
B2

ALC1
−
(

G1

2C1

B1

A

)2

, (41)

ω2 ≈
√

B1

ALC2
− γ2, (42)

where A = 1 + Cc/C1 + Cc/C2, B1 = 1 + Cc/C1, and
B2 = 1 + Cc/C2. These approximations are valid when
Cc/C1 ≪ 1 and Cc/C2 ≪ 1, i.e., for small capacitive
coupling.

B. Results

The values of the parameters of the capacitively cou-
pled circuit used in [53], with (Cc/C1 = 1), while produc-
ing the third-order SS-EPD, lie well outside of the valid
region of the nonlinear SS-CMT (Cc/C1 ≪ 1), causing it
to be a poor approximation of the actual circuit behav-
ior. Therefore, to better validate the nonlinear SS-CMT
applied to the capacitively coupled circuit, we study the
same circuit topology with a smaller capacitive coupling.

The chosen circuit values are G1 = G2 = 0.79 mS,
C1 = 1.5 nF, Cc = 0.1 nF, and L = 10 µH with C2

again treated as a variable parameter around C2 = C1.
The values chosen lie nearly at a third-order SS-EPD
with SSPT -symmetry (i.e., with gs = γ). For the non-
linear time-domain circuit simulation using the commer-
cial Key ADS package, we assume G1 = 1.001G2 and
α = 6.84 mS/V

2
. The calculated values for the nonlinear

SS-CMT at the third order degenerate solution are gs =
γ = κ = 2.48∗105 s−1 and ω = ω1 = ω2 = 7.92∗106 s−1.

The comparison in Fig. 13(b) shows good agreement
between the oscillation frequencies calculated using ADS
simulations and the general nonlinear SS-CMT, includ-
ing the prediction of the third-order SS-EPD. In this cir-
cuit, both the coupling and losses are much smaller than
in the previously considered inductively coupled circuit
example. This greatly increases the accuracy of the ap-
proximate CMT method, as shown by how closely the
”Linear CMT” model matches the ”Linear circuit equa-
tions” results. It is also important to note that low losses
(small γ) reduce the range of frequencies of high sensi-
tivity, consistent with the trends observed in Fig. 8.

VIII. CONCLUSION

We have analyzed the steady-state (SS) behavior of the
nonlinear system of coupled oscillators depicted in Fig.

FIG. 13. As in Fig 12, except that now (a) the two RLC
circuits are coupled through a capacitor, and (b) the SS-CMT
theory uses the approximations in (40) - (42). The nonlinear
SS CMT results show good agreement with those from the
TD ADS nonlinear circuit simulations.

1, using coupled-mode theory (CMT) and focusing on its
oscillation frequencies and saturated gain values. The ap-
proach presented is general and can therefore be applied
to electrical, mechanical, electromechanical, or quantum
mechanical systems. This system exhibits SS-EPDs of
order two and three, which separate the regions in the
parameter space of either single or multiple SS oscilla-
tion frequencies and saturated gain pairs. In particular,
a unique third-order SS-EPD occurs in this system at
ω = ω1 = ω2 and gs = γ = κ, at which the SS oscillation
frequency has a square-root sensitivity to perturbations
in κ and γ and a cubic-root sensitivity to perturbations
in ω1 and ω2. We have also shown that the region of
very high sensitivity with respect to ω2 (i.e., the dynamic
range) increases when increasing losses γ; however, when
increasing losses and working near the third-order SS-
EPD, the signal strength decreases, as the saturated gain
reaches its maximum.

A key aspect of understanding the system’s behavior
is the stability of the SS oscillation frequencies and the
corresponding saturated gain values. To analyze this,
we employed a specific saturable-gain model, which also
allowed us to derive the energy characteristics of the
system. Using this model, we investigated the stability
and identified the associated regions: monostability and
bistability. We find that both the strength of the stabil-
ity and extent of the bistable region are directly linked to
the saturated gain values and its symmetry in parameter
space.

Leveraging these insights, we applied this nonlinear
SS-CMT analysis to coupled RLC circuits. Although ap-
proximate due to inherent limitations of CMT, it shows
good agreement with time-domain nonlinear circuit simu-
lations and successfully captures the increased sensitivity
of the nonlinear system to perturbations in its resonant
frequencies.
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In conclusion, in application to EPD-based sensing we
find that one of the most effective operating regimes for
achieving high sensitivity to small perturbations of ei-
ther ω1 or ω2 is the weakly coupled regime with κ ≈ γ,
where the sensitivity is approximately linear, e.g., ∆ω ≈
α1∆ω2. When κ ≈ γ, the coefficient α1 becomes very
large and diverges as (γ − κ) → 0, i.e., when converging
to the third-order SS-EPD. The advantage of working
close to, but not exactly at, the SS-EPD comes from
having linear approximately sensitivity and, in particu-
lar, from avoiding the difficulty of operating precisely at
the third-order SS-EPD. Indeed, even a slight increase in
the coupling κ drives the system into the strongly cou-
pled regime, where enhanced sensitivity occurs in hys-
teresis loops due to bistability. The hysteresis loops can
be beneficial for other types of sensing not discussed here.

Appendix A: Real ω solutions to (5)

We show an alternative way to find the real-valued
oscillation frequencies ω by forcing the imaginary part of
ω to be zero in (5). Purely real solutions to (5) only exist
when

γ − gs = ∓Im

[√
4κ2 + [(ω1 − ω2)− j(γ + gs)]

2

]
. (A1)

The square root is split into its real and imaginary parts

√
u+ iv =

√
u+

√
u2 + v2

2
+ isgn(v)

√
−u+

√
u2 + v2

2
,

(A2)
with u = 4κ2 + (ω1 − ω2)

2 − (γ + gs)
2 and v = −2(ω1 −

ω2)(γ + gs). We simplify (A1) as

γ − gs = ∓sgn(v)

√
−u+

√
u2 + v2

2
,

(γ − gs)
2 =

−u+
√
u2 + v2

2
,

4(γ − gs)
4 + 4u(γ − gs)

2 − v2 = 0. (A3)

Here, if v = 0, which is possible only when ω1 = ω2 or
when gs = γ = 0, (A3) simplifies to

(γ − gs)(4κ
2 − 4γgs + (ω1 − ω2)

2) = 0. (A4)

From (A4) and with v = 0, we find that the oscilla-
tion frequency is only real if gs = γ or if ω1 = ω2 and
gs = κ2/γ. These conditions are equivalent to those
found in Sec. II B, where we find the associated oscil-
lation frequency values.

If v ̸= 0, (A3) expands out to be

γg3s−2(γ2+2κ2)g2s+(γ2
s+2κ2+γ(ω1−ω2)

2)γgs−γ2
sκ

2 = 0.
(A5)

This equation is equivalent to the saturated gain equation
(18) in Sec. IID.

Appendix B: The third order degeneracy conditions
of p(ω) = 0

In the symmetric system, where ωi = ω1 = ω2 with
ωi denoting a degenerate solution, we know that the spe-
cial third-order SS-EPD occurs when κ = γ as shown in
Sec. II B. To verify the order of this degeneracy, we study
the cubic equation p(ω) = 0. A third order degeneracy
at ω = ωi occurs when p(ω) = 0 when

p(ω) = (ω − ωi)
3. (B1)

This further expands to

p(ω) = ω3 − 3ωiω
2 + 3ω2

i ω − ω3
i . (B2)

We now find the conditions under which this occurs. Set-
ting b2, b1 and b0 equal to the coefficients in (B2) creates
the following system of equations:

ωi =
1

3
ω1 +

2

3
ω2, (B3)

ω2
2 + 2ω1ω2 + γ2 − κ2 − 3ω2

i = 0, (B4)

−ω1ω
2
2 − γ2ω1 + κ2ω2 + ω3

i = 0. (B5)

Inserting (B3) into (8), we find that (ω1−ω2)(2γ+gs) =
0. This simple derivation yields the necessary condition
for a third-order degeneracy to exist: ω1 = ω2. The other
condition, gs = −2γ, is not physical. Using ω1 = ω2

in (B3)-(B5), one finds that γ = κ, and thus the only
third order degenerate condition for the system of cou-
pled oscillators is the one with SS oscillation frequency
ω = ω1 = ω2 and gs = γ = κ.

Appendix C: Sensitivity derivation

1. Cubic root sensitivity of ω(ω2) when γ = κ

Instead of directly studying the function ω(ω2) and its
sensitivity dω/dω2, it is convenient to consider the inverse
function ω2(ω), that satisfies p(ω, ω2(ω)) = 0 and look at
its derivative, dω2(ω)/dω. Applying the implicit function
theorem to this case, we find

dω2(ω)

dω
=

p′(ω)

2ω2 − 2(ω1 + ω2)ω + 2ω1ω2 − κ2
. (C1)

where here ω2 is a function of ω. In the neighborhood
of ω = ω1, occurring only when ω1 = ω2, we look at the
perturbation ∆ω2 = ω2 − ω1 of ω2, holding ω1 constant.
When ω = ω1, we have dω2/dω = (κ2 − γ2)/κ2 verifying
that this function is differentiable across this point even
when γ = κ. As this is the case, we assume that in the
neighborhood of ω = ω1 we have that ω2 = ω1 + ∆ω2,
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FIG. 14. SS purely real oscillation frequencies and their associated purely real saturable gain values (in red), plotted around
the point ω1 = ω2 and κ = γ varying κ̂ (the complex-valued branches, blue dots, are shown for a better understanding of the
solutions). For all plots γ̂ = 0.1 and their ω̂2 values are listed on top, with the ˆ denoting a normalization to ω1.

and we expand the function ∆ω2 in Taylor series for small
∆ω,

∆ω2 = α1∆ω + α2(∆ω)2 + α3(∆ω)3 +O((∆ω)4), (C2)

We also expand the numerator and denominator of (C1)
in these terms: the numerator simplifies to p′(ω) =
3∆ω2 − 4∆ω2∆ω+∆ω2

2 + γ2 − κ2, and the denominator
simplifies to 2∆ω2 − 2∆ω2∆ω − κ2.
Using this expansion and considering also that the

left hand side of (C1) is dω2/dω = α1 + 2α2(∆ω) +
3α3(∆ω)2 +O((∆ω)3), we obtain that

α1 =
κ2 − γ2

κ2
, α2 = 0, α3 = −γ4

κ6
, (C3)

which leads to the approximation in (31). Assuming that
γ = κ forces α1 = 0 and we find that p′(ω) = 3(ω−ω1)

2+
O((ω − ω1)

3) and p(ω) = (ω − ω1)
3 +O((ω − ω1)

4).
Therefore, in the neighborhood of the third-order EPD

(i.e., ω ≈ ω1), when γ = κ, ∆ω2 ≈ (−1/κ2)(∆ω)3 that,
when inverted, leads to ∆ω ≈ −κ2/3(∆ω2)

1/3, which is
(24).

2. Linear, super-high sensitivity of ω(ω2) when
γ ̸= κ

In this case, when ω2 = ω1, we have that p
′(ω = ω1) =

(γ2−κ2) ̸= 0. Therefore, the sensitivity function dω/dω2

in (23) is also differentiable at ω2 = ω1 (i.e., when ∆ω2 =
0).

It is convenient to define ω = ω1 + ∆ω, where ∆ω is
a function of ω2 that vanishes when ω2 = ω1, as seen
from (14) and p = 0. The numerator of (23) is rewritten
as 2(∆ω)2 − 2∆ω∆ω2 − κ2, whereas the denominator is
p′ = 3(∆ω)2 − 4∆ω∆ω2 + (∆ω2)

2 + (γ2 − κ2). In these

two polynomials we use the Taylor series expansion of
∆ω for small ∆ω2 is

∆ω = α1∆ω2+α2(∆ω2)
2+α3(∆ω2)

3+O((∆ω2)
4). (C4)

The Taylor expansion of the left hand sides of (23), at
ω2 = ω1 +∆ω2, is

dω

dω2

∣∣∣∣
ω1+∆ω2

= α1+2α2(∆ω2)+3α3(∆ω2)
2+O((∆ω2)

3),

(C5)
where α1 = dω

dω2

∣∣
ω1
. Using these three expansion series

in the left and right polynomials in (23), and comparing
the coefficients, leads to

α1 =
−κ2

γ2 − κ2
, α2 = 0, α3 =

κ2γ4

(γ2 − κ2)4
. (C6)

This demonstrates the first order expansion of the sen-
sitivity in (25). Note that the coefficients diverge when
γ → κ, as expected.

3. Linear ω(κ) sensitivity, when ω1 ̸= ω2

In Sec. IIID we have previously found the sensitivity
of the oscillation frequency ω(κ) to small variation of κ
around κ = γ is a square-root, when ω1 = ω2: here we
will prove that when ω1 ̸= ω2, the sensitivity of ω(κ) is
mainly linear to ∆κ, but still heightened when ω1 ≈ ω2.
As in the previous two sections, we apply the implicit

function theorem

dω(κ)

dκ
=

2κ(ω − ω2)

p′(ω)
. (C7)

We rewrite the numerator and denominator of (C7) using
the change of variable κ = γ + ∆κ, and we expand the
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function ω(γ +∆κ) in Taylor series for small ∆κ,

ω(γ +∆κ) = ω0 + α1∆κ+O((∆κ)2). (C8)

Here, ω0 = ω(κ = γ), i.e., when ∆κ = 0, is the solution of
p(ω) = 0 when κ = γ. Using the expansion also in the left
hand side of (C7), we find that dω

dκ

∣∣
γ+∆κ

= α1 +O(∆κ).

Comparing the coefficients of the left and right hand sides
of (C7) we find that

α1 =
−2γ

2ω1 + ω2 − 3ω0
. (C9)

This verifies that when ω1 ̸= ω2, the sensitivity of ω(κ) to
small perturbations of κ around κ = γ is approximately
linear.

It is possible to find an analytic solution for the oscil-
lation frequency ω0 in this regime, where ω2 ̸= ω1 and
κ = γ. We apply the Cardano’s Formula to solve the
cubic equation p(ω0) = 0, as this case always falls in the
region with only a single SS ω. Thus we find

ω0 =
ω1 + 2ω2

3
+ 3
√
Q+ V + 3

√
Q− V , (C10)

where

Q =
(ω1 − ω2)

3

27
+ γ2 (ω1 − ω2)

2
,

V = γ(ω1 − ω2)

√
(ω1 − ω2)2

27
+

γ2

4
.

(C11)

Note that when ω2 = ω1, one has Q = 0, V = 0, and
therefore ω0 = ω2 = ω1, and the coefficient α1 diverges,
as expected.

4. Sensitivity of ω(ω2). Alternative method

When consider the polynomial p(ω) = 0 as a function
of two variables, ω and ω2, and we rewrite it using the
change of variables ω = ω1 + ∆ω and ω2 = ω1 + ∆ω2.
Applying a multivariable Taylor series expansion, or, al-
ternatively through algebraic manipulation, we find

∆ω3 − 2∆ω2∆ω2 +∆ω∆ω2
2 +(γ2 −κ2)∆ω+κ2∆ω2 = 0.

(C12)
When operating near the frequency ω1 (ω ≈ ω1 and ω2 ≈
ω1) with κ ̸= γ, the linear terms are dominant, leading to
(κ2 − γ2)∆ω ≈ κ2∆ω2 that shows the linear sensitivity
in (25).

Instead, when operating near the third-order SS-EPD,
i.e., ω2 ≈ ω1 with κ = γ (hence also ω ≈ ω1) and
looking for variations in ω to small changes in ω2, the
cubic term and the term κ2∆ω2 dominate, leading to
∆ω3 ≈ −κ2∆ω2 that shows the cubic-root sensitivity in
(24).

This multivariable Taylor series expansion simply ver-
ifies the sensitivity analysis performed previously, show-
ing that around the third order degenerate solution the

sensitivity of ω to changes in ω2 is cube-root like, while
otherwise it is mainly linear. However, an important note
is that the linear term, (γ2 − κ2)∆ω, in (C12) becomes
less dominant as κ approaches γ. This causes the sensi-
tivity of ∆ω to ∆ω2 to still be increased and approach
cube-root sensitivity in the neighborhood of γ = κ.

Appendix D: Eigenvector and energy conservation
equivalence

The results from analyzing the energy in (32) can also
be obtained directly from manipulating (3). Here, the
symbol * indicates complex conjugation, whereas a dag-
ger † indicates the Hermitian adjoint of a vector, and T
indicates the transpose operation. In order to work with
the energies of both oscillators, we multiply both sides of
(3) by the hermitian adjoint of ã = [ã1, ã2]

T:

ωã†ã = ã†
[
ω1 − jgs −κ

−κ ω2 + jγ

]
ã. (D1)

This simplifies to

ω(|ã1|2 + |ã2|2)− ω1|ã1|2 − ω2|ã2|2 + κ(ã∗1ã2 + ã∗2ã1)

+j(gs|ã1|2 − γ|ã2|2) = 0.

(D2)

Since ω, ω1, ω2, γ, κ, and gs are all real in the SS regime,
and as the product ã∗1ã2 + ã∗2ã1 is also real, (32) is found
from the imaginary part of (D2).

Appendix E: Stability analysis

The gain element in our system of coupled oscillators
exhibits a saturable nonlinearity: as the mode ampli-
tude |a1| increases, the gain saturates, leading to SS
oscillations. Among the available resonant modes, the
mode requiring the lowest gain will dominate, reaching
its steady state and saturating the gain, which prevents
other modes from accessing the necessary gain to achieve
other SS oscillations. In this section, we analyze the sta-
bility of such steady states by examining the associated
Lyapunov exponents.

The saturated SS mode amplitudes in both resonators,
ã1,2, are directly associated with a SS oscillation fre-
quency ω and saturated gain value gs. If the system is
slightly perturbed, we assume that there is a small devi-
ation from the SS regime denoted by ρ1,2, ∝ eλt where
λ is the Lyapunov exponent. Our goal is to determine
whether these perturbations vanish over time, thereby
assessing the stability of the SS regime within a small
neighborhood of perturbations. Therefore, the signals
are described by

a1(t) = (ã1 + ρ1(t)) e
jωt, (E1)

a2(t) = (ã2 + ρ2(t)) e
jωt. (E2)
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FIG. 15. Each column shows the SS oscillation frequency ω and gain gs and the real part of their four associated Lyapunov
exponents plotted varying κ or ω2. These cuts of the parameter space correspond those already shown in Fig. 2, Fig. 4, and
Fig. 5, but with separate colors differentiating each unique solution. Each unique SS solution has an associated plot of its
four Lyapunov exponents, leading to a total of three separate Lyapunov exponent plots. Though each plot has four Lyapunov
exponents, their real parts may overlap causing them to be indistinguishable at points. In each plot γ̂ = 0.1, ĝ0 = 0.15,
γ̂i = 0.02 and c = 1 J−1, with the ˆ denoting a normalization to ω1. The parameters for each plots are as follows. Varying κ̂:
(a) ω̂2 = 1; (b) ω̂2 = 1.02. Varying ω̂2: (c) κ̂ = 0.08; (d) κ̂ = 0.1 = γ̂; (e) κ̂ = 0.13.

Also, we assume that the saturable nonlinear gain is given
in (34). We linearize the gain model around the SS re-
sponse using Taylor expansion for the small perturbation
ρ1. Neglecting the quadratic terms of ρ1, this procedure
leads to

g(|a1|) = −γi +
g0

1 + c(ã1 + ρ1)(ã1 + ρ1)∗

≈ −γi +
g0

1 + c|ã1|2 + c (ã1ρ∗1 + ã∗1ρ1)

≈ −γi +
g0

1 + c|ã1|2

(
1− c

ã1ρ
∗
1 + ã∗1ρ1

1 + c|ã1|2

)
= g(|ã1|) +

(
dg

d|a1|2

∣∣∣∣
ã1

)
(ã1ρ

∗
1 + ã∗1ρ1) .

(E3)

Using the signal representation in (E1), the differential

equation for the first resonator (1) becomes

dρ1
dt

+jω(ã1+ρ1) = [jω1 + g(|a1|)] (ã1 + ρ1)−jκ (ã2 + ρ2) .

(E4)
In this equation, we substituting g with the linearized
gain from (E3) leading to

dρ1
dt

=

[
j (ω1 − ω) + g(|ã1|) +

(
dg

d|a1|2

∣∣∣∣
ã1

)(
ã1ρ

∗
1 + ã∗1ρ1

)]
(ã1 + ρ1)− jκ (ã2 + ρ2) .

(E5)

Using the steady state equation jωã1 =
(jω1 + g(|ã1|)) ã1 − jκã2, and and neglecting the
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quadratic terms of ρ1, we obtain

dρ1
dt

=

[
j (ω1 − ω) + g(|ã1|) +

(
dg

d|a1|2

∣∣∣∣
ã1

)
|ã1|2

]
ρ1(

dg

d|a1|2

∣∣∣∣
ã1

)
ã21ρ

∗
1 − jκρ2.

(E6)

After applying the same procedure to the second res-
onator, the linearized differential equations for both res-
onators are given by

d

dt
ρ1 = Aρ1 +Bρ∗1 + Cρ2, (E7)

d

dt
ρ2 = Cρ1 +Dρ2, (E8)

where

A = j (ω1 − ω) + g(|ã1|) +

(
dg

d|a1|2

∣∣∣∣
ã1

)
|ã1|2, (E9)

B =

(
dg

d|a1|2

∣∣∣∣
ã1

)
ã21, (E10)

C = −jκ, D = j (ω2 − ω)− γ. (E11)

Following Ref. [6], we assume exponential time depen-
dence of the perturbations as,

ρ1 = u1e
λt + v∗1e

λ∗t, (E12)

ρ2 = u2e
λt + v∗2e

λ∗t. (E13)

The resulting linear eigenvalue problem is written in ma-
trix form as A B C 0

B∗ A∗ 0 C∗

C 0 D 0
0 C∗ 0 D∗


 u1

v1
u2

v2

 = λ

 u1

v1
u2

v2

 . (E14)

Each unique SS solution of the coupled oscillators will
thus have four associated eigenvalues (λ). Asymptotic
stability is guaranteed for a SS when all four eigenval-
ues have negative real part. However, for this system,
one Lyapunov exponent equals zero due to an unknown
global phase [61, 87], as the absolute phase of each os-
cillator in SS depends on the initial conditions and the
transient, thus the stability is guaranteed when three of
the eigenvalues are negative, and one is zero. In order to
calculate the four eigenvalues (λ) for a given set of pa-
rameters γ, κ, ω1, ω2, g0, γi and c the ω, gs and ã1 values
must all be found through using the methods in Sec. II
and through using the definition of the saturated energy,
(35). One additional caveat is that for a stable state to
exist, the ã1 must be proper, meaning that g0 − γi ≥ gs.
We show the stability of the previously plotted SS so-

lutions from Fig. 2, Fig. 4, and Fig. 5 in Fig. 15. In the
regions of only a single steady state oscillation frequency,

contained in parts of all plots, the SS solution is stable.
In the region of three SS solutions, which region is con-
tained in plots (a), (b), and (e), only one or two of the SS
solutions are stable. The third-order SS-EPD is an in-
teresting point in the parameter space, contained at the
center of plots (a) and (d), at which multiple Lyapunov
exponents equal zero, indicating neither asymptotic sta-
bility nor a diverging unstable solution.

Appendix F: RLC circuit approximations

1. Expressing RLC oscillator in coupled-mode
theory (CMT) terms

Here we apply CMT to a single RLC oscillator, pro-
viding the basics for finding the approximations of the
coupled system. The circuit equation for a single parallel
RLC oscillator is

d2Q

dt2
− G

C

dQ

dt
+

1

LC
Q = 0, (F1)

where G is the resistor’s conductance, L is the induc-
tance, C is the capacitance, and Q is the charge accumu-
lated in the capacitor. The CMT equation for the same
circuit is

da

dt
= (jω0 − γ)a. (F2)

First, we rewrite (F1) in operator form,(
d2

dt2
− G

C

d

dt
+

1

LC

)
Q = 0 (F3)

that is rewritten as b−b+Q = 0, where

b+ =
d

dt
−

(
G

2C
+ j

√
1

LC
− G

2C

)
,

b− =
d

dt
−

(
G

2C
− j

√
1

LC
− G

2C

)
.

(F4)

The two equation b+Q = 0 and b−Q = 0 lead to positive
and negative frequencies, respectively. Equating b+Q =
0 and (F2), finds the exact values of γ = G

2C and ω0 =√
1

LC − γ [78].

2. Inductively coupled circuits Hamiltonian
approximation derivation

We use the same methodology at the previous section
to estimate the relation between the CMT coefficients in
(1) and (2) and the inductively coupled circuit. The cir-
cuit equations governing the inductively coupled circuits
in Fig. 12(a) are

d2Q1

dt2
= − 1

LC1(1− k2)
Q1 +

k

LC2(1− k2)
Q2 +

G1

C1

dQ1

dt
,

(F5)

20



UC Irvine, Jan 2026

d2Q2

dt2
=

k

LC1(1− k2)
Q1 −

1

LC2(1− k2)
Q2 −

G2

C2

dQ2

dt
,

(F6)
where k = M/L, and M is the mutual inductance.
It us useful to write the two equations in operator

form and use also the positive and negative frequency

operators bG± =
(

d
dt − γ1 ∓ j

√
1

LC1(1−k2) − γ2
1

)
, and

bL± =
(

d
dt + γ2 ∓ j

√
1

LC2(1−k2) − γ2
2

)
, with γi = Gi

2Ci
.

The operator versions of (F5) and (F6) become,

bG+bG−Q1 −
kω1

1− k2
Q2 = 0

bL+bL−Q2 −
kω2

1− k2
Q1 = 0.

(F7)

These equations cannot be used to directly derive the
values for ω1, ω2, γ, and κ found in (1) and (2) as the
negative frequency operator cannot be separated from
the positive frequency oscillator. However, when k ≪ 1
this system’s positive frequencies approximately behaves
as bG+Q1 = 0 and bL+Q2 = 0. This is better seen solving
for Q1 or Q2 from (F7). Combining these equation and
solving for Q1 this becomes(

bL+bL−bG+bG− − k2ω1ω2

(1− k2)
2

)
Q1 = 0. (F8)

Thus, for small k, the approximate CMT parameters
ω1, ω2, γ, and κ are taken by comparing bG+Q1 = 0 and
bL+Q2 = 0 with (1) and (2). This comparison leads to
the approximations recorded in (37)-(39).

3. Capacitively coupled circuits Hamiltonian
approximation derivation

The approximated values of ω1, ω2, γ, and κ are found
through the same steps as in the previous two sections.

The circuit equations for the capactively coupled circuits
in Fig. 13(a) are

A
d2Q1

dt2
= − B2

LC1
Q1 −

Cc

LC2
2

Q2 +
GB2

C1

dQ1

dt
− GCc

C2
2

dQ2

dt
,

(F9)

A
d2Q2

dt2
= − Cc

LC2
1

Q1 −
B1

LC2
Q2 +

GCc

C2
1

dQ1

dt
− GB1

C2

dQ2

dt
,

(F10)
The positive and negative frequency operators are

bG± =

(
d
dt −

GB2

2AC1
∓ j

√
B2

ALC1
−
(

GB2

2AC1

)2)
, and bL± =(

d
dt −

GB1

2AC2
∓ j

√
B1

ALC2
−
(

GB1

2AC2

)2)
. The simplified

equation is thus

bG+bG−Q1 +
Cc

C2

(
G

AC2

d

dt
+

1

ALC2

)
Q2 = 0

bL+bL−Q2 +
Cc

C1

(
− G

AC1

d

dt
+

1

ALC1

)
Q1 = 0.

(F11)

Once again, we cannot directly derive the values for
ω1, ω2, γ, and κ found in (1) and (2) from these equa-
tions. However, observationally when Cc/C1 ≪ 1 and
Cc/C2 ≪ 1, the approximations of the CMT parameters
are found by comparing bG+Q1 = 0 and bL+Q2 = 0 with
Eqs. (1) and (2). This comparison leads to the approxi-
mations recorded in (40)-(42). Other approximations are
also possible.
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on oscillators loaded with coupled LC resonators operat-
ing near a cusp point, IEEE Transactions on Microwave
Theory and Techniques 74, 8346 (2025).

[61] S. Assawaworrarit, X. Yu, and S. Fan, Robust wireless
power transfer using a nonlinear parity–time-symmetric
circuit, Nature 546, 387 (2017).

[62] S. Assawaworrarit and S. Fan, Robust and efficient wire-
less power transfer using a switch-mode implementa-
tion of a nonlinear parity–time symmetric circuit, Nature
Electronics 3, 273 (2020).

[63] S. Kananian, G. Alexopoulos, and A. S. Poon, Coupling-
independent real-time wireless resistive sensing through
nonlinear PT symmetry, Phys. Rev. Applied 14, 064072
(2020).

[64] S. Kananian, G. Alexopoulos, and A. S. Poon, Robust

wireless interrogation of fully-passive RLC sensors, IEEE
Transactions on Circuits and Systems I: Regular Papers
69, 1427 (2022).

[65] F. Mohseni, A. Hakimi, A. Nikzamir, H. Cao, and
F. Capolino, One-transmitter–multiple-receiver system
for wireless power transfer using an exceptional point of
degeneracy, Phys. Rev. Appl. 23, 054046 (2025).

[66] Z. Dong, H.-J. Kim, H. Cui, C. Li, C.-W. Qiu, and J. S.
Ho, Wireless magnetic actuation with a bistable parity-
time-symmetric circuit, Phys. Rev. Appl. 15, 024023
(2021).

[67] G. Madiot, Q. Chateiller, A. Bazin, P. Loren, K. Pantzas,
G. Beaudoin, I. Sagnes, and F. Raineri, Harnessing cou-
pled nanolasers near exceptional points for directional
emission, Science Advances 10, eadr8283 (2024).

[68] T. Darcie and J. S. Aitchison, Responsivity and stability
of nonlinear exceptional point lasers with saturable gain
and loss, Phys. Rev. A 111, 033517 (2025).

[69] H. Wang, S. Assawaworrarit, and S. Fan, Dynamics
for encircling an exceptional point in a nonlinear non-
hermitian system, Opt. Lett. 44, 638 (2019).

[70] K. Bai, J.-Z. Li, T.-R. Liu, L. Fang, D. Wan, and M. Xiao,
Nonlinear exceptional points with a complete basis in
dynamics, Phys. Rev. Lett. 130, 266901 (2023).

[71] C. Moncada, F. Ramı́rez, and A. Suárez, Oscillator sen-
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