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ABSTRACT OF THE DISSERTATION

Holomorphic Extension of Solutions to Homogeneous Analytic Partial

Differential Equations
by

Jonathan J. Armel

Doctor of Philosophy in Mathematics
University of California San Diego, 2009

Professor Peter Ebenfelt, Chair

In this dissertation we derive sufficient conditions on a pseudoconvex domain €2 and
a linear, analytic differential operator P for the existence of solutions to Pu = 0
which are holomorphic in 2 near p € 02, but cannot be prolonged across p.

We first define the notion of strong P-convexity of €2, given by the existence of
a supporting everywhere characteristic analytic hypersurface, and show how under
the assumption of strong P-convexity a theorem of Tsuno [Tsu74] can be used to
construct our desired solutions.

The rest of the work consists of finding necessary conditions for strong P-
convexity. In Chapter 2 we consider the case in which 2 is strictly pseudoconvex
at p and show that strong P-convexity follows from a positivity condition given by
Kawai and Takei [KT90].

In Chapter 3 we discuss bicharacteristic convexity, and show that strong P-
convexity follows from the combination of bicharacteristic convexity and the con-
vexifiability of a local projection along bicharacteristics.

In the final two chapters we extend the results of Chapter 2 to the case in
which  is weakly pseudoconvex. Under some simplifying assumptions, we find
new invariants of the pair (P, M), and use them to give sufficient conditions for

strong P-convexity in terms of a defining equation for €2 and the coefficients of P.

viil



Chapter 1

Preliminaries

1.1 Introduction

Broadly construed, this dissertation is an extension of the classical Levi prob-
lem: determining conditions on the boundary of a domain € in C” which imply
that it is a domain of holomorphy. Domains of holomorphy are interesting for many
reasons, and in particular they are natural domains of definition for holomorphic
functions. At a boundary point p of a domain which is not a domain of holo-
morphy, any function holomorphic on €2 near p can be extended to a holomorphic
function in a full neighborhood of p.

The situation for us is similar. In addition to a domain €2, we are also given
a linear partial differential operator P with coefficients holomorphic near p, and
we wish to know not when some holomorphic function cannot be extended across
p, but when there is such a function that also solves a homogeneous differential
equation Pu = 0.

The prolongation of holomorphic solutions to PDE has been studied extensively
in many contexts. The noncharacteristic case is well-understood. On an analytic
hypersurface, if a point p is noncharacteristic with respect to P, then the Cauchy-
Kovalevsky theorem tells us that for any f holomorphic near p, there is a unique
holomorphic solution to Pu = f near p when initial data is prescribed on the
hypersurface.

On areal hypersurface M, such as 0f2 for a domain (2, we have a similar result. If



the supporting complex hyperplane at p is noncharacteristic (such points are called
Zerner characteristic), then Zerner [Zer71] has shown that for any f holomorphic
near p, any solution to Pu = f which is holomorphic in €2 near p may be prolonged
holomorphically across p. Bony and Schapira [BS71] have proven similar results
for systems of equations.

Prolongation across characteristic points is more delicate. In 1973, Sato, Kawai,
and Kashiwara published [SKK73|, developed the theory of microlocal analysis and
hyperfunctions, and used them to study the semi-global solvability of PDE near
characteristic points. We say that an operator P is semi-globally solvable at p if
P:0,(9Q)/0, — 0,()/0, is surjective. Combined with a result of Kashiwara
and Kawai [KK72| they give a positivity condition (condition (Pos), as we define
in Chapter 2) which guarantees the semi-global solvability of P at p if € is strictly
pseudoconvex.

Building on these results, Trépreau [Tré84] showed that semi-global solvability
is equivalent to condition (¥), as defined by Nirenburg and Treves [NT70a]. Con-
dition (W) is a positivity condition on the bicharacteristic strips emanating from
characteristic points on 0f).

Bicharacteristic strips are the most important geometric object associated to
a differential operator, and thus it is natural that they should be important when
examining solutions. In [Ler57], Leray considers the Cauchy problem with initial
data on an analytic hypersurface I', and shows that the singularities of solutions
to Pu = f lie on an everywhere characteristic variety tangent to I' and foliated by
bicharacteristic curves.

Later, in 1990 Kawai and Takei [KT90] used bicharacteristics to give further ge-
ometric insight into the results of [SKK73] and [Tré84]. Specifically, they showed
that the positivity condition (Pos) is equivalent to assuming that 02 is bichar-
acteristically convex at p, and that a local projection along the bicharacteristics
emanating from characteristic points of 02 is strictly pseudoconvex.

The above results focus on proving existence of solutions to Pu = f for any
f, and are thus concerned with surjectivity of P. In this work, we will be looking

for solutions to Pu = 0 which are in a certain sense nontrivial, and thus are really



proving results about a lack of injectivity. In this area, less work has been done.
There is a theorem by Tsuno [Tsu74]| which gives sufficient conditions in the case
where € is strictly pseudoconvex, but they are far from necessary, and in chapter
2 we relax the assumptions considerably.

All of the work that has been done thus far has also focused on case where
Q) is strictly pseudoconvex at p. They essentially begin by working with a simple
operator such as 6%1, then use a microlocal transformation provided by [SKK73] to
transform it to an arbitrary operator. If {2 is only weakly pseudoconvex, however,
the symplectic form used to generate the transformation is degenerate, and the
theory breaks down.

As we describe in detail below, our work relies on a theorem of Tsuno [Tsu74]
which allows us to bypass the microlocal transformation theory. Tsuno gives a way
to construct a solution to Pu = 0 which has singularities along a given everywhere
characteristic hypersurface, and so if we can create such a hypersurface which does
not intersect Q (except at p), we get the desired solution. This allows us somewhat

direct proofs of many of our results in the strictly pseudoconvex case, and gives a

way to extend to the weakly pseudoconvex case as well.

1.2 Hypersurfaces in C"

The two primary objects of study in this dissertation are a domain €2 in C™ (or

sometimes C"™!), with a point p € 99, and a linear differential operator

P(2,0) = Y aa(2) (%)a (1.1)

|laj<m

with coefficients a,(z) holomorphic in some neighborhood of p.

Our goal will be to determine conditions on 2 and P that guarantee the ex-
istence of a solution u to Pu = 0 which is holomorphic in €2 near p, but cannot
be prolonged across p. That is, for some neighborhood U of p, u is holomorphic
in U N Q, but there is no function H(z) such that H is holomorphic in some
neighborhood W of p and h(z) = H(z) for z € QN W.

As this question is local in nature, we will often be somewhat loose with the



neighborhoods of p, and will often just say “near p” to mean in some small enough
neighborhood of p, or in 2 N U for some small enough neighborhood U'.

Of course, with an arbitrary domain and operator, finding such a u will not
be possible, and thus we must restrict the class of object that we will consider.
We first look at necessary conditions on the domain €2, and will require a few

definitions.

Definition 1.2.1. A subset M of C" is a real-analytic (or C*) hypersurface if
near each point p in M, there is a real-valued, real-analytic (resp. C*) function
p(z, Z) such that for some neighborhood U of p, M = {z € U | p(#,2) = 0}, and
dp(z,2) # 0in U. An analytic hypersurface is a subset S of C™ such that for
each p € S there is a holomorphic function f(z) and a neighborhood U of p with
SNU ={z€U| f(z) =0} and df(z) # 0 for all z € U. The functions p and f

are called defining functions for M and S, respectively.

We denote by M the boundary of €2, assume that M is a real-analytic hy-
persurface, and take p(z,z) to be a real-analytic defining function for M near p.
We will further assume that Q = {z|p(z,z) < 0} near p. The most fundamental

assumption we must have for €2 is pseudoconvexity.

Definition 1.2.2. A domain Q C C" given by {z | p(z, z2) < 0} with p real-analytic

near a point p € 9N is pseudoconvez at p if for every g € 0€) near p,

3 g (¢, Q)w;ip > 0 (1.2)

for all w € C" such that 377, %(q, qgw; = 0.

QO is strictly pseudoconver at p if the inequality (1.2) can be taken to be strict, and

Q is weakly pseudoconvex at p if it is pseudoconvex but not strictly pseudoconvex

at p.

Definition 1.2.3. The quadratic form in equation (1.2) is the Levi form of 02

no op
j:1 8Zj

holomorphic tangent vector to 02 at ¢. We denote the collection of such vectors
as T, 00Q.

at ¢, and we shall refer to a point w € C" such that (¢,q)w; = 0 as a



Thus one may also define pseudoconvexity by saying that the Levi form is
positive semidefinite on qu,o for all ¢ near p.

If 012 is weakly pseudoconvex at p, then the Levi form at p must have a non-
trivial null space. This null space, and its relation to P, will be important when
we consider weakly pseudoconvex domains, and it will be denoted by N(L(p)), or
if the point p is clear, simply N(L).

The importance of pseudoconvexity is furnished by the following well-known

theorem.

Theorem 1.2.4. If a domain Q C C" is pseudoconver at p € 02, and f is a

function holomorphic in € near p, then there is a neighborhood U of p and a

function F' which is holomorphic in U such that F(z) = f(z) for all z € QNU.

In fact pseudoconvexity at each point in 92 is equivalent to €2 being a domain of
holomorphy, but we shall not really need this, and will not discuss it further here.
For our purposes, we see that if we are to have any chance of finding a solution
to Pu = 0 which does not extend across p, we must assume 2 is pseudoconvex at
p. If we do not, then every holomorphic function extends across p, whether it is a
solution or not.

We shall often like to work in coordinates that make our calculations simple, and
allow us to focus on the important quantities in question. Our favorite coordinates
for the purposes of this dissertation are so-called normal coordinates. A proof of the
existence of such coordinates can be found in Baouendi, Ebenfelt, and Rothschild

[BER99).

Definition 1.2.5. Let M C C*™! be a real-analytic hypersurface and let p € M.
Coordinates (z,w) € C* x C are called normal coordinates near p if they form a
holomorphic system of coordinates near p with p = (0, 0), and there is a real-valued
real-analytic function ¢(z, z, s) defined in a neighborhood of 0 in R?"™! such that
M is given by

M = {(z,w)|2Re w = ¢(z, z,Im w)}

and ¢(z,0,s) = ¢(0, z,s) = 0.



1.3 Differential Equations

Even when 2 is pseudoconvex, we do not want to consider any arbitrary P. In
order to discuss which operators it will be interesting to consider, we need some
notation and a few definitions.

For P(z,0) as given in (1.1), the principle symbol of P will be denoted by

Pu(z,0) = Y aa(2)("

laj=m

where ¢ € C™. Pr(rf)(z, ¢) and P, ;(#, ¢) will denote %%(z, ¢) and %I:*; (z,(), respec-

tively.
For a function f(z,y), with (z,y) € C¥ x C%, we will denote the holomorphic
gradient of f with respect to the x variables by

of of
8:5 ) =\ 54 ety a0
f(2,y) < g, oY) (@ y))
and Of (x,y) will denote the holomorphic gradient of f with respect to all of its
variables. 0, f(xo,yo) will denote 0, f(z,y) evaluated at (xg,yo). Thus for a real-
analytic function p(z, z), dp(z, z) = <§—Z, . aazpn)'

The most important relationship between a hypersurface and a differential op-

erator that of being characteristic.

Definition 1.3.1. An analytic hypersurface S is characteristic at a point p € S
with respect to P if given any defining function f(z) for S, we have P, (p, df(p)) =
0.

Definition 1.3.2. Let M C C" be a real, C! hypersurface with defining function p.
Then p € M is a characteristic point of M with respect to P if P,,(p, dp(p,p)) = 0.

As P,,(z,() is a homogeneous polynomial in (, it is clear that this definition is
independent of the choice of defining function p. We note that in some literature
such points are called Zerner characteristic, but if there is no fear of confusion, we
shall simply call them characteristic. We also often drop the “of M” and “with
respect to P”, as there will usually be only one hypersurface and one operator

in question. If every point on a hypersurface, either analytic or real-analytic, is



characteristic we say that the hypersurface is everywhere characteristic. When the
meaning is clear, we may also say that p is a characteristic point of .S or M.

The importance of characteristic points on an analytic hypersurface comes from
the Cauchy-Kovalevsky theorem, which is perhaps the only general theorem in all
of PDE. It essentially states that away from characteristic points, solving analytic
differential equations is not too difficult. For a proof of this particular version, see

e.g. [Fol95].

Theorem 1.3.3 (The Cauchy-Kovalevsky Theorem). Let G and ¢y, ..., ¢py_1 be
holomorphic functions near the origin. Then there is a unique holomorphic solution

u to the Cauchy problem

8QjLu = G (Z, (aau)\a|§m,an<m) (13)
0 u(z1,...,2p-1,0) = @j(z1,..., 2p-1), forj<m

i some netghborhood of the origin.

If we wish to solve a differential equation with initial data on an analytic hy-
persurface S near a point p, to apply the Cauchy-Kovalevsky theorem we simply
change coordinates to turn S into the hyperplane {z, = 0}. However, we must
then also be able to isolate 07" u, and this is possible exactly when S is not charac-
teristic at p. Thus if S is not characteristic at p, the Cauchy-Kovalevsky theorem
guarantees a holomorphic solution in a neighborhood of p.

For real-analytic hypersurfaces, we have a theorem due to M. Zerner, which
gives information about solutions to differential equations near non-characteristic

points.

Theorem 1.3.4 (Zerner’s Theorem). Let Q C C" be a domain with C' boundary
M. Let p € M and let U be a neighborhood of p. If p is not characteristic with
respect to P, then every function u(z) which is holomorphic in QN U and satisfies

Pu =0 1in U can be prolonged across p.

Thus we see that if p € M is not characteristic, there is no solution v to Pu =0
which is holomorphic in €2 but not in a neighborhood of p. Thus for the remainder
of the paper, we restrict ourselves to solutions near characteristic points. Further,

we will assume that p is simply characteristic with respect to P.



Definition 1.3.5. M is simply characteristic with respect to P at p if M is char-

acteristic at p, and

9P (p, 0p(p, p)) # (0,...,0).

1.4 Strong P-Convexity

The primary tool we will use to construct our desired solution w is given by the

following theorem, proven by Tsuno in [Tsu74].

Theorem 1.4.1 (Tsuno). Let P(z,0) =3, <., aa(2)(£)* where aq are holomor-
phic in a neighborhood U of 0 in C*, and let P,,(z,() = Z\a|=m ao(2)C* denote it’s
symbol. Let S be an analytic hypersurface through 0 with defining function f(z) in
U. Assume that 0 is a simply characteristic point of S with respect to P. Further,
assume that

Po(z,0f(2)) =0 for all z € U. (1.4)

Then there exists solution u(z) to the equation Pu = 0 in a neighborhood of

zero such that )
F(z
=56

where F(z), G(z), and H(z) are holomorphic and u(z) is not holomorphic at 0.

+ G(2)log f(2) + H(z)

The assumption in equation (1.4) can be weakened considerably, however. In
particular, we only need P,,(z,0f(2)) to vanish on S. That is, we require S to be

everywhere characteristic. In particular, we have the following result.

Theorem 1.4.2. Let P(z,0), Py(z,(), and U be as in Theorem 1.4.1, and let S be
a complex analytic hypersurface through O which is everywhere simply characteristic

with respect to P. Then the conclusion of Theorem 1.4.1 still holds.

Proof. Assume that S is everywhere characteristic with respect to P. We would
like to find a new defining function ¢ for S such that P, (z,0¢(z)) = 0 for all
z € U. To do this, we let I' be any analytic hypersurface through zero which is

not characteristic with respect to P at 0, and solve the following Cauchy problem



for a holomorphic function ¢(z)

B (2,0(a(2)f(2)) = 0
c(z)=1 forall zin T

(1.5)

Then the function ¥(z) = ¢(z)f(z) is a defining function for S, and we still
have (Pu(2,00(2)), ., Pi(2,00(2))) = (P (5,0f(2)), .. Pi’(2,0f(2))) #
(0,...,0). Then by Theorem 1.4.1, there is a solution u(z) to Pu = 0 such that
F(z)/c(z)
u(z) = —H——=
6

and since ¢(0) # 0, u satisfies the required conditions. [

+G(2)log(c(2)f(2)) + (H(2) +log c(2))

Given this theorem, the following definition is natural.

Definition 1.4.3. () is strongly P-convex at a point p € 0N) if there is an every-
where characteristic, analytic hypersurface S such that S N Q = {p}.

We then have a corollary that tells us the importance of strong P-convexity.

Corollary 1.4.4. Let Q@ C C™ be a domain, p € 9L, and let P(z,0) be a lin-
ear differential operator with coefficients holomorphic at p such that 02 is simply
characteristic at p. If Q) is strongly P-convex at p, then there is a solution u to the
equation P(z,0)u(z) = 0 which is holomorphic in Q near p but does not extend

holomorphically across p.

Proof. Since (2 is strongly P-convex, we have an everywhere characteristic hyper-
surface S = {z | f(z) = 0} with QNS = {0}. By Theorem 1.4.2, there is a
neighborhood W of p and a germ of a solution u at some point ¢ € W of the form
u(z) = F(z)/f(2) +G(2)log f(z) + H(z). We may assume W is small enough that
W N € is simply connected, and note that u can be analytically continued along
any path in WNQ, since WNOQNS = (). By the monodromy theorem, then, there
is function U(z), holomorphic in W N ), which coincides with u at g. O]

Thus in order to find solutions to Pu = 0 which do not extend holomorphically
across p, it suffices to produce an everywhere characteristic analytic hypersurface

through p which does not enter into €2.
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1.5 P as an Injective Map

The problem of finding a solution to Pu = 0 which cannot be holomorphically
extended across p can be considered as one regarding uniqueness. To discuss this
further, we again need some further notation.

We use O, and O,(2) to denote the germs at p of functions holomorphic either
in a full neighborhood of p or in €2 near p, respectively. Specifically, O, is the set of
functions u which are holomorphic in a neighborhood of p, with two such functions
identified if they agree on some such neighborhood. O,(f2) is the set of functions
u for which there is a neighborhood U such that u is holomorphic in Q2 N U, again
identifying two functions that agree in 2N W for some neighborhood W'.

If f is holomorphic in a neighborhood of p, then there is a solution u € O,(f2)
to Pu = f exactly when there is a solution to Pu = 0. We may find, by the
Cauchy-Kovalevsky theorem, a function v holomorphic near p solving Pv = f.
Then for u € O,(2), Pu = 0 if and only if P(u+ v) = f. Thus in this language,

our problem becomes to determine conditions under which the map
P 0y(Q2)/0, — 0,() /O,

is injective.

1.6 Further Notation

Finally, we set a bit more notation that will clarify the discussions in the
remaining chapters.

We will always use || - || to denote the Euclidean norm, so for z € C" and
2 = (v zaca)s 22 = X7 |2, and (1212 = 57 |5

For a power series in N variables, and k € N, we will use the notation O(k) to
denote the terms in the series which have at least degree k. If f is a function on
CV, we will say that another function g(z) is o(f(2)) if lim, . g(2)/f(z) = 0. We
often abuse the notation slightly and use o(f(z)) to denote the function g itself.

Usually this will appear as o(||2||?), with 2/ = (21,...,2,_1). In a power series in
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z and z, then, it would denote the terms in the series that are O(3), and contain
either 2,2y, 2;2k, or z;2Z;, for j # n and k # n.

For a multiindex o = (ay,...,ay) and a function f(xy,...,zx), we use sub-
scripts to denote partial derivatives:

ol f

= a1 a2 an
0x' 0y - - - 0x'y

f:ca

With this, we are ready to address the problem at hand. We first consider the
case in which €2 is strictly pseudoconvex at p, where much work has already been
done. We then move on to the case when () is weakly pseudoconvex, in which

considerably less is known.



Chapter 2
The Strictly Pseudoconvex Case

In this chapter we will assume that €2 is strictly pseudoconvex at p € 0f2, and
that 02 is characteristic at p with respect to an operator P. The existence of
solutions to Pu = f has been studied extensively in this case, primarily using
the tools of microlocal analysis and hyperfunctions given by Sato, Kawai, and
Kashiwara in [SKK73]. Using these, Kashiwara and Kawai derive a Hermitian
form @, given below, such that if @ is positive definite on T-°M x C then P :
0,(2)/0, — 0,(Q)/0, is surjective.

Building on these results, Trépreau [Tré84| has shown that the surjectivity
of P is equivalent to condition (¥), as given by Nirenburg and Treves [NT70a].
(U) is essentially a positivity condition concerning the bicharacteristic strips of
P emanating from characteristic points of M. Kawai and Takei [KT90] later
give another equivalent condition, concerning local projections of bicharacteristics.
These will be discussed in detail and expanded upon in the next chapter.

Our results concern the injectivity of P : O,(R2)/0, — 0,(2?)/O,. Rather
than using microlocal analysis, we will find sufficient conditions under which we
can construct an everywhere characteristic hypersurface that does not intersect
Q, use Theorem (1.4.2) to prove injectivity. This approach has the advantage
that while microlocal analysis breaks down if 92 is only weakly pseudoconvex,
our methods extend rather well, although the calculations are somewhat more
involved. We remark that in the same paper in which he proves Theorem 1.4.1,

Tsuno finds conditions which imply the existence of a solution to Pu = 0 which

12
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does not extend across p. As such, the results of this chapter may be considered

as a strengthening of his theorem.

2.1 Condition (Pos)

Following Kawai and Takei [KT90], for each z € C"™! near p we define the

Hermitian form

Q0= Y =24 (2.1)

0<j,k<n+1

for ¢ € C"2, where the coefficients ¢;, are given by
Qj,k(Zaz):pzljék(%z) O§]7k}§n

Gns1(2,2) = Poj(2,0p(2,2)) + > PW(2,0p(2,2))p,z(2.2)  0<j<m
k=0
Gnt1,(2,2) = Qjn1(2, 2) 0<7<n
Gnirnii(2.2) = Y P9 (2,0p(2,2) P (2,0p(2,2))ps;5, (2. 7)

0<j,k<n

Definition 2.1.1. We will say that condition (Pos) holds at p if Q),({) is positive
definite on 7,°M x C. That is, if

Y PG>0 when  (#0, > p.(p,p)¢ =0.
J:k=0 j=1

The existence of solutions to Pu = f in this situation is well understood. In

particular, we have the following Theorem found in [H6r94|, combining results from

[SKK73] and [KKT72].

Theorem 2.1.2. Assume that Q) is strictly pseudoconvexr and is simply character-

istic at p with respect to P. Then the map
P2 0,(Q2)/0, — 0,(1) /O,

is surjective if (Pos) holds at p. if P is surjective, then @, is positive semidefinite
on T;’OM x C.
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2.2 (Pos) Implies Strong P-Convexity

We now prove the main theorem of this chapter, showing that if (Pos) holds,
Q) is strongly P-convex. Thus we have that at a simply characteristic point, unless
we are on the borderline case where @), is semidefinite but not positive definite,
then Pu = f has a solution for every f € O,(£2)/0,, but u can never be unique,

even in the quotient space O,(£2)/0,.

Theorem 2.2.1. Let Q C C**! be a strictly pseudoconvex domain and let p € OS).
Let P(z,0) be a linear, differential operator with coefficients holomorphic near p,
and assume that p is simply characteristic with respect to P. If condition (Pos)

holds at p, then Q is strongly P-convex at p.

Proof. As shown in [H6r94], Corollary 7.4.9, condition (Pos) is independent of
the choice of coordinates, we may assume p = 0 and choose normal coordinates
(20,2') € Cx C" for M = 99Q. That is, Q = {(z0,...,2,) € C"™| p(z,2) < 0},
where

p(z,2) = —2Re 20+ »_ |z]> + O(3). (2.2)

We also write the symbol of P (for (7,x) € C x C") as

Po(z,7,x) = ()7 + (3 bi(2)x;) ™" + O(lIx|).

Then it is easy to see that 0 is a characteristic point of M with respect to P
exactly when a(0) = 0, and M is simply characteristic when l;j(O) # 0 for some j.
Since the vector (by(0),...,b,(0)) is nonzero, by a rotation in the 2’ variables we
may further assume that l;n(()) # 0 and 5]-(0) =0forj=1,...,n—1.

Now, if ¢(z) is holomorphic and nonzero near 0, and the equation cPu = 0 has
a solution v which is holomorphic in {2 but not at 0, then u also solves Pu = 0.
Thus we may divide P by b,(z), and without loss of generality we may assume

that .
Py = a(2)7"™ + xn + (O bi(2)x) ™™ + O(IxIP), (2.3)
1



15

where a(0) = b;(0) =0 for j =1,...,n —1. We now compute condition (Pos) in
these coordinates. We have (Pos) satisfied if Q(¢, () = Z?zlo%k( )¢iCe > 0 for
all nonzero ¢ = ((p, . .., (ny1) such that ¢y = 0, where:

(0,0p(0)) = (=1)"a,(0) =1,....,n
(0, 9p(0)) = 67 k=0,....n
¢(0) = & j=1....n
4;,0(0) = qo,;(0) =0 J=0,....,n
jn+1(0) = Gn41,4(0) = (—=1)"a,(0) j=0,....n
Gnt+1,n+1(0) = 1.

Since the tangent space to M at 0 is {z € C"™ | 25 = 0}, Qy will be positive
definite on 7°M x C exactly when the form Q4(i, ..., Cus1) = " g2 (0)¢G
is positive definite on C"*'. The smallest eigenvalue of Qf is 1 — /> ", |a;(0)[?,
and thus in these coordinates, (Pos) is equivalent to

n

> laz, (0 < 1. (2.4)

1

To show that under (Pos), € is strongly P-convex, we construct an analytic
hypersurface S in C"*! which, under inequality (2.4), intersects Q only at 0. As
Op(0) = (—=1,0,...,0), with P,,(z, T, x) as in equation (2.3) we have P,,(0,9p(0)) =
a(0) = 0 and ‘?9%(0,8p(0)) = 1. By the implicit function theorem, there is a
holomorphic function F(z, x1,. .., Xn_1) such that P, (z,—1,x) = 0 exactly when
Xn = F(2,X1,- -, Xn-1)- Thus we obtain the Cauchy problem

fo(Z) = F f(2), fa (), fo (7))
f(z1y. v 20-1,0) = g(21, ..., Zn1)

(2.5)

where g is a holomorphic function to be determined. This has a unique holomorphic
solution f(z), and we see that f(0) = f.,(0) = 0 for j = 1,...,n, and that
f2,2(0) = 0/if j # n and k # n. Further, by the definition of I’ we have that

Pm(f(zl)"z/?_l)fm(z,) fzn( ))

(2.6)
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And thus the analytic hypersurface S = {z € C"™' | zy = f(2')} is everywhere
characteristic with respect to P. It now remains to show that S stays outside of
Q. That is, p(f(2), 2, f(2),2) > 0 for 2’ # 0.

Differentiating equation (2.6) with respect to z; and evaluating at 0 gives

f2;20(0) = a,(0), g=1...,n. (2.7)

Thus the Taylor expansion of f at 0 is given by
1
Z a.;(0)zjzn + o azn(O)sz +g(z1,.. ., 2n-1) + O(3). (2.8)

The proof of the theorem then follows from the following lemma, which will be

useful throughout this paper.

Lemma 2.2.2. Let aq,...,a, € C such that

> a? < 1. (2.9)
j=1

Then there is a quadratic function g(z1,...,2,—1) such that
n n—1 1
. 2 — . . — 2
Z|z]| 2Re (Zajzjzn—k an—l—g(zl,...,zn_l)) >0 (2.10)
7j=1 7j=1
for all z # 0.

Proof. By multiplying z; by a unimodular constant, and then doing the same to

each z;, we may assume without loss of generality that a; > 0 for j =1,...,n. In
this case, we let g(z1,...,2,-1) = —%an Z;L 11 ]2 Then the real quadratic form
n n—1
Z |zj]* — 2Re (Z ajzjzn +g(21,. .., zn_1)>
j=1 j=1
has eigenvalues 1 =+ |a,| and 1 £+ /> ] |a;|>. Thus under assumption (2.9), it is
positive definite. O
To complete the proof, we choose g(zi,...,z,-1) given by lemma (2.2.2) as

initial data in the Cauchy problem (2.5), and let

n n—1

1
H(z,z) = Z ;| — 2Re (Zajzjzn + 5% z2 4 g(z1, .0, 20m1))- (2.11)

J=1 J=1
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Then H > 0 for z # 0, and thus

p(z, f(2)

o
=
&
=
N
S~—
_|_
S
S~—

(2.12)

for |z| small. O
Combining this result with Theorem 1.4.4, we have the following corollary.

Corollary 2.2.3. If (Pos) holds at p, there is a solution u to Pu = 0 which is

holomorphic in  and cannot be prolonged across p.

2.3 A Similar Result

We remark that Tsuno has shown ([Tsu74], Theorem 3) the existence of a
solution to Pu = 0 which cannot be prolonged across p, but under considerably

stronger assumptions. Specifically, we have

Theorem 2.3.1 (Tsuno). Let Q be a strictly pseudoconver domain with 0 € 92 be
giwven by Q = {p(z,z) < 0}, and let P(z,0) be a linear, analytic differential operator
such that 0) is simply characteristic with respect to P at 0. Then under the two
assumptions below, there exists a solution u to Pu = 0 which is holomorphic in )
near 0 but not in any neighborhood of 0.

Assumptions: Assume that for every complex number ty # 0, and for every

A= (Aos- s An) € C™ such that 37 /\jPr%j)(O, dp(0)) =0, we have

n

5 (0 0P (0.00(0) P 0,00(0))

§,k=0

+ pz,2 (0)P5(0,0p(0)) Pi(0,0p(0))8

20,5, (0)PE(0.0p(0) PP 0.0p(0) (213)
+z( (0,00(0)) P (0, 0p(0))f5

+ PR 0.00(0)) Py 00903 > 0
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and

n

> (Akpzjzkm) + kazjzkw))P,%)(o, 0p(0)) + > ML i(0,9p(0)) = 0. (2.14)
k=0

3,k=0

Tsuno shows that the quantities in these assumptions are invariantly defined,
and thus we compute them in our normalization, with p and P,, given by (2.2)

and (2.3), respectively.

P22 (0) = pz;2,(0) = 0 Jk=0,....,n
p5.(0) = 0F L k=1...,n
pzz(0) =0 ifj=0o0rk=0
P(0,0p(0)) = &7 j=0,...,n
Pn,i(0,0p(0)) = (=1)"a;(0) i=0,...,n,

The restriction that ) /\jPTg)(O,ap(O)) = 0 becomes A, = 0, and (2.13) and
(2.14) become, respectively

2|to|* & 2Re (a., (0)t3) > 0 (2.15)
and
n—1
> Ma, (0) = 0. (2.16)
k=0

It is easy to see that assuming these two condition is equivalent to assuming
that a.,(0) = 0, for j = 0,...,n—1, and |a., | < 1. This is certainly much stronger

than Y77 |a.;(0)]* < 1, as we assume in Theorem 2.2.1.



Chapter 3
Projection Along Bicharacteristics

In this chapter we will find another condition that implies the existence of solu-
tions to Pu = 0 which do not extend across p € 0€2. This result is phrased in more
geometric terms, saying that we have such a solution if 0f2 is bicharacteristically
convex, and the local projection of the set of characteristic points of 02 onto a
hyperplane is convexifiable. We note that for this result, unlike in the previous
chapter, we assume that 2 is pseudoconvex, but not strictly so. We then conclude
with an example in C® to illustrate the relationship between our two theorems in
the strictly pseudoconvex case.

Many of the definitions and constructions in this chapter come from Kawai and
Takei [KT90], where they show that assuming a strict form of bicharacteristic con-
vexity, and () strictly pseudoconvex, the strict pseudoconvexity of the projection
is equivalent to (Pos). As we have shown that (Pos) implies strong P-convexity,
this is not surprising.

Our goal here will be, of course, to construct an everywhere characteristic
analytic hypersurface S which does not enter into 2. We will do this by flowing
the characteristic points of 9€) along bicharacteristic curves, then cutting this real
hypersurface with a transverse hyperplane H. If the result is convexifiable, we find
a codimension 2 analytic submanifold ¥ which lies in H. Flowing ¥ along suitably
chosen bicharacteristics will then give us the desired hypersurface S.

Of course, to make sense of all this, we require some definitions and construc-

tions.

19
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3.1 Bicharacteristic Curves

Again we will have a {2 C C", pseudoconvex at p € 9€) with a defining function
p(z,z) such that Q = {z]p(z,z) < 0}, and a linear, analytic partial differential
operator P(z,0) such that 0f2 is simply characteristic at p with respect to P.

The most important geometric objects one can associate with a differential
operator are the bicharacteristic strips. For a neighborhood U of p we denote
by T*U the complex cotangent bundle of U, with coordinates (z,(). Then it is
well known that the principle symbol of P, P,,(z,() is a well-defined function on
T*U. Since 0N is simply characteristic at p, we have P, (p,dp(p,p)) = 0 and
Pr(p) = 0cPn(p, 0p(2, 2)) # 0, and thus we may assume that U is small enough so
that P:(z) # 0 in U. We may now define the bicharacteristic strips.

Definition 3.1.1. Let (zq, (o) € T*U such that P,,(z9,() = 0. The bicharacter-
istic strip emanating from (zg, (o) is the integral curve {z(¢; zo, (o), ((¢; 20, (o)} of
the differential equations
dz;(t; 20, Co)
dt

d¢;(t; 20, Co)
dt

2(0; 20, Co) = 2o,

C(OS ZOaCO) = Co-

=PV (2(t;20,G0), j=1,....n

= —Pm’j(Z(t; ZO,CO»’ j=1...,n (31)

The projection of (z(¢; 29, (o), C(t; 20, (o)) to U is called the bicharacteristic curve
of P passing through (zp, (o), and is denoted by z(¢; zo, (o).
We will primarily be concerned with bicharacteristic curves emanating from

characteristic points on 0€2. We let
Lo ={q € 02|09 is characteristic at ¢ with respect to P}

If ¢ € I, the bicharacteristic curve of P passing through (¢, dp(q)) is called the

principle bicharacteristic, and will be denoted by b,.
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3.2 Bicharacteristic Convexity

As discussed in the introduction, the bicharacteristic curves of P are in a sense
the carriers of singularities of solutions to Pu = f. As such, a first requirement
that we should make is for the principle bicharacteristics not to enter into €2, and

we make the following definition.

Definition 3.2.1. Q) is bicharacteristically convex at a point q € I'q if bqﬂWﬂﬁ =
{q} for some neighborhood W of q.

In terms of the defining function p, this is equivalent to p(z(¢; ¢, dp(q,q))) > 0
when 0 < [t| < € for some e.

We note here that our definition of bicharacteristic convexity is different than
that given by Kawai and Takei ([KT90], Definition 2.2.1). They define Q to be

bicharacteristically convex at ¢ if, writing ¢ in polar form as t = re’?,

Op(2(t;q,0p(q,0)), 2(t;q,0p(q, 7))
or?

>0 for any real ¢. (3.2)
r=0

This condition says that not only does the principle bicharacteristic not enter into
), but that its order of contact with 9€2 is 1. While it is clear that this is sufficient
condition to have b, N Q = {q}, it is certainly not necessary. As such, if Q and P
satisfy (3.2), we shall say that Q) is strictly bicharacteristically conver at q.

In fact, we have encountered (3.2) before; Tsuno ([Tsu74], Corollary 1) shows
that this is equivalent to (2.13) above.

There are several nice properties of I'g and the bicharacteristics emanating
from it which always hold when €2 is strictly bicharacteristically convex, but may
not be so when it is only bicharacteristically convex as we have defined it. The first
is that if Q is strictly bicharacteristically convex at ¢, then it is so for all points
in I'g near ¢. They also prove ([KT90]|, Lemma 2.4.1) that I'g is a non-singular
submanifold of real codimension 3, and that at each g € I'g, 0, is transverse to I'g.

As the following example shows, it is possible for € to have all of these prop-

erties, but not be strictly bicharacteristically convex.
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Example 3.2.2. Let
QO ={z=(21,22,23) € C*|2Re 23 > |21|* + | 22"}

and

0
P(z,0) = pe
Then we see that I'g = {z € Q22,72 = 0} = {(21,0,23) € C*|2Re 23 = |21|*},
and that the principle bicharacteristic curves emanating from I'g are complex lines
parallel to the zp-axis. Taking p(z,2) = —2Re z3+|21|*+]|22|* as a defining function

for €2, we have that
p(2(£;0,0p(0)), 2(t;0,0p(0))) = p(0.t,0,0,£,0) = [t]*

and in polar coordinates t = re® it is clear that

d?p(0,,0,0,,0)

5 = 0.

r=0

Thus €2 is not strictly bicharacteristically convex at 0, but it is clear that  is
bicharacteristically convex at every point on I'g, I'g is a non-singular submanifold
of real codimension 3, and that the principle bicharacteristics are transverse to I'q

at every point.

As we would like to include situations such as that given in Example 3.2.2; we
will not assume that 2 is strictly bicharacteristically convex at p. Rather, we will
assume the following conditions, which taken together are somewhat weaker.

(1) Q is bicharacteristically convex for all ¢ € I'gin a neighborhood U of p.
(i) I'q is a real-analytic submanifold of codimension 3.

(iii) For every ¢ € 'o N U, b, is transverse to I'q.

(3.3)

3.3 A Bicharacteristic Hull

We would now like to flow I'g along the principle bicharacteristics to obtain a
subvariety of codimension 1 to define a sort of bicharacteristic hull of €2. Again

following Kawai and Takei, we make the following definition.
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Definition 3.3.1.
To(W) = {w € W| there exists a point ¢ € I'q for which w lies on b,}

Given assumptions (3.3) above, we have the following lemma. It is proved in

[KT90], so we omit it the proof here.

Lemma 3.3.2. There is a neighborhood W of p such that f‘Q(W) 1S a real-analytic

hypersurface.

Now, since 2 is bicharacteristically convex at all ¢ € I'q near p, it is clear that
we may take IV small enough that QNTq(W) = I, and that W\ T'o(W) has two
connected components, one of which contains €2. This is the domain that we are

really interested in, and we give it a name.
Definition 3.3.3.
B(Q) = the connected component of W \ T'o(W) which contains €.

The main result in [KT90] is essentially that if €2 is strictly pseudoconvex and
strictly bicharacteristically convex, and H is an analytic hypersurface transverse
to b,, then (Pos) (see Definition 2.1.1) holds at p if and only if H N B(Q) is a
strictly pseudoconvex subset of H. Thus given the results in Chapter 2, we have
that if H N B(2) is strictly pseudoconvex, there is a solution to Pu = 0 which is
holomorphic in €2 near p but cannot be prolonged across p. However, more is in
fact true. Before we can state the main theorem of this chapter, we need one more

definition.

Definition 3.3.4. A domain U in C" is convezifiable at p € OU if there is an
analytic hypersurface ¥ such that XN U = {p}.

It is well known that convexifiability is weaker than strict pseudoconvexity, as
we may write the defining equation for a strictly pseudoconvex domain in normal
coordinates as in (2.2), and take zy = 0 as X. Convexifiability is stronger than
weak pseudoconvexity, however, as shown by the example of Kohn and Nirenburg in
[KN73]. As strong P-convexity is given by the existence of a supporting everywhere

characteristic hypersurface, it is not surprising that this condition should come into

play.
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3.4 The Main Theorem

Theorem 3.4.1. Let Q be a domain in C" with real-analytic boundary which is
pseudoconver at p € 982, and let P(z,0) be a linear, analytic differential operator
such that 0) is simply characteristic at p with respect to P, and assume that the
conditions (3.3) are satisfied. Let H be an analytic hypersurface through p such
that the principle bicharacteristic curve, by, is transversal to H.

If HN B(Q) is pseudoconver at p, then Q is strongly P-convex at p, and thus
there is a solution to Pu = 0 which is holomorphic in €2, near p but cannot be

prolonged across p.

When we say H N B(Q) is convexifiable at p, we mean that there is an analytic

submanifold ¥ of complex codimension 2 through p such that ¥ C H, and SN
B(Q) = {p}.

Proof. Given X as above, we would like to flow it along bicharacteristic curves of
P to create an everywhere characteristic hypersurface S in C" that stays outside
B(Q), which we know stays outside Q. Since dB(Q) = T'o(W) is a union of
bicharacteristic curves, this would be simple if bicharacteristics could not intersect.
Unfortunately, this is only true when P is first order, and the bicharacteristic curves
are the integral curves of P. Thus we must show that for some choice of initial data
(o as z varies in H, the bicharacteristics with those initial data cannot intersect.
The idea is to think of the bicharacteristic curves emanating from points on H
as the image of a function b(¢, z, (), and show that this function is injective. We

will use C(P) to denote the characteristic variety of P in T*C", so
C(P) = {(,¢) € T"C" | ¢ # 0 and Py (2,C) = 0}.

Under the assumption that OS2 is simply characteristic at 0 with respect to P, if
p is a defining function for 2, we have that C'(P) is an analytic hypersurface in
T*C™ in a neighborhood of (0,0p). As we are concerned with bicharacteristics

emanating from H, we set

C(P)y = {(2,0) € T"C"|C #£0, z € H, and Pn(z,¢) = 0}.
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As b, is transverse to H, C(P)y is a submanifold of dimension 2n — 2, and thus

C x C(P)|" has dimension 2n — 1. We may now define the map
b:CxC(P)g —C™ b(t, z, () = z(t; 2, (), (3.4)

where z(t; z, () is the solution to (3.1), with initial data z and ¢. With this no-
tation, then, b, = b(t,p,dp(p)), and it is easy to see that b(t, z, () has rank n at

(0,p,0p(p)), so it is a submersion.
Consider the fiber

b 10) = {(t,2,{) ECx C(P)g|t=0, z=p, and P,(0,¢) = 0}
— {0} x O(P)\sy

(3.5)

This is an n— 1-dimensional submanifold of C x C'(P) g, and (0, p,dp(p)) € b=*(0).
Thus we may find a submanifold V' of C x C(P)y of codimension n — 1 which is
transverse to b='(0) at (0,p,dp(p)) € b=1(0). Then b|y, : V — C" is a biholomor-
phism, and in particular, is injective in a neighborhood of (0, p, dp(p)).

By (3.5) it is clear that we may take (¢, z) as coordinates on V. Now, if ¢(z, 2) is
a defining function for ['o (W), then for any holomorphic function ¢(t, z) on C x H
such that (0, z) = 0¢(z)) when z € To(W) N H, we have

b|V(t7 Z) - b(t7 2 <(t7 Z))

We may take ((t,z) to be independent of ¢, thus for every z € H near 0, we
have a ((z) and we may choose (z,((z)) as our initial conditions in (3.1) to get
bicharacteristic curves that do not intersect, at least for |t| < € for some e.

We may now define S as
S ={b(t,z,{(2))||t| < € and z € ¥}.

and we see that S is an analytic hypersurface in C" which only intersects fQ(W)
at p, and thus only intersects Q at p. Since S is a union of bicharacteristic curves,
it is everywhere characteristic, and thus €2 is strongly P-convex with respect to P

at p. ]
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3.5 An Illustrative Example

To illustrate the method described above, we now compute in local coordinates
the projection of bicharacteristics on to a transverse hyperplane, in the somewhat
simple case where 2 C C? is strictly pseudoconvex at p, and P is first order.

We will work in normal coordinates, (z,w) € C? x C, so that p = (0,0), and

Q= {p(z,w,z,w) < 0}, where
p(z,w,z,w) = —2Re w + |z1]* + |2|* + O(3). (3.6)
We assume that 0€) is simply characteristic at 0, and thus we may write

P(z,w,0) = a(z, w)% +b(z,w) 57— + =— (3.7)

where a(0) = b(0) = 0.

To simplify the notation, we will denote the first derivatives of a and b at 0 by

da da

8_zj(0) = a; 8_w<0) = O
b ob

We will also assume that €2 is bicharacteristically convex at 0 with respect to P.
As we stated above, this is equivalent to assumption (2.13), which in this example

simply means that

las| < 1. (3.8)

In order to project along the bicharacteristics, it will be useful to “straighten

P”. That is, to make a change of coordinates (z,w) — (y,z) such that P trans-
forms to %. To do this, we solve the (noncharacteristic) Cauchy problems

Pfi(z,w)=0 nd Pg(z,w) =0 (39)

fiz1,0,0) = 2 9(21,0,w) = w

and set fo(z,w) = 25. We then make the change of coordinates

yi = filz,w)  j=1,2 (3.10)

r=g(z,w)
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and we clearly have that P transforms to
p-2 (3.11)
Y
To determine what happens to p, we must use the inverse function theorem to
solve (3.10) for z and w. It is clear that fo(z,w) = 23 = yo. By (3.9) we see that
the linear terms in f; and g are simply z; and w, respectively, and we may also

compute the quadratic terms in f; and g to be

1
filz,w) = 21 — byz129 — Ebgzg — byzow + O(3)
1

g(z,w) =w —a;z129 — iagzg — aypzow + O(3).

(3.12)

It is clear that the Jacobian of (3.10) is the identity, so we may solve for z and

w to get functions F(y,x) and G(y, z) such that

[i(F(y,2), 92, Gy, @) = 1
9(F(y,),y2, Gy, x)) = .

Plugging (3.12) into these equations and equating power series coefficients, we

find that

(3.13)

1

21 =F(y,r) =y + by + §bzy§ + byyex + O(3)

22 =Y (3.14)
1

w=G(y,z) = x+ ayyys + §a2y§ + apyar + O(3).

In these coordinates, then, we have € given by the defining function

ply, ) = p(F(y,r),G(y,x))

1
= —2Re <x + a2 + QYo — §a2y§> + [y + Jyaf* + O(3).

Now, since P is first order, it is easy to see that 9€) is characteristic at a point

(3.15)

(40, o) if it is on DQ and Pj(zo, yo) = 0. So we let T’ denote the set of characteristic
points of J€2, and have that (y,z) € I' if (y, z) solves the system

0= ply,x)

0= py,(y,2) = —ary1 — azy2 — @, + 42 + O(2) (3.16)

0= Py, (¥, ) = =11 — G2lf2 — QoY — QT + Y2 + O(2)
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It is clear that the principle bicharacteristic curves of P are lines parallel to
the y, axis, and thus we want to project onto the yo = 0 hyperplane. This is
equivalent to solving the system (3.16) to eliminate yo and 7. In fact, we would
like to simultaneously eliminate y, from the equations and solve for Re x to get a
nice defining function for I' N {z; = 0}.

By the implicit function theorem, from equations (3.16) we see that this is
possible if |as| # 1. In fact, we have from (3.8) that |as| < 1, and so, denoting
Im z by ¢, we can find a real-valued function ¢(y;,%1,t) and a complex-valued
¥(y1,71,t) such that ¢(0) = 0 and (0) = 0, and

20 = a1 + au(p +it) — %a2¢2 + > + [¥* + O(3) (3.17)
0= —a1y; — ash — an(¢ +it) + 9 + O(2) (3.18)
0= —a13J1 — Got) — Gy(P — it) + 1 + O(2). (3.19)

Now, we will not be too concerned with ¢, and everything on the right side of

(3.17) is O(2), so ¢ is O(2), and thus we may write equations (3.18) and (3.19) as

Y= awy +ax+ O(t) + 0(2)

_ (3.20)
Y= a1y + axp + O(t) + O(2).

We can use this to find the linear terms of . To clarify notation, we will

suppress evaluation of the derivatives at 0, and define
¢y1 = 77Z}yl (0)7 and @ijh = @Z)Ql (0)
Then (3.20) becomes

Uy + Yy = a1yn + as(y,y1 + Uy, 1 + O(t) + O(2)

e (3.21)
Yy 1 + Uy U1 = a1 + a2y, 1 + Vg1 + O(t) + O(2).
Equating coefficients, we find that
Uy, = Aotby, and Vg, = a1 + Aythy, (3.22)
from which we derive
a10as9 ax
0) = ——— d (0) = ——— 3.23
@Z)yl( ) 1—|(12|2 an ¢y1( ) ]_—|6L2|2 ( )
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We can now put these values into (3.17). After some simplification, we find

1 —ay|* — |as]?
1 — |ag|?

2 — ( ) ]2 + 2Re Cy2 + O(t) + O(3) (3.24)

where C'is a constant.
Since |az| < 1 by assumption, the domain A in the C? given by {o > 0}, where

1 —|ai[* — |ao|?
1 — |ag]?

o(y,,51,7) = —2Re z + ( Y2+ 2Re Cyi + O(1) + O(3),

is strictly pseudoconvex exactly when |a;|> + |as|* < 1, as we know from [KT90]. If
lai|? + |as]? = 1, A may still be weakly pseudoconvex or convexifiable, depending

on higher order terms in (3.24).



Chapter 4

Calculations in Local Coordinates

for ) Weakly Pseudoconvex

In the last chapter we found that there is a solution to Pu = 0 which does not
extend holomorphically across p € 0f2 if and only if €2 is bicharacteristically convex
at p, and if the local projection of the bicharacteristics nearby is convexifiable. This
has that advantage that it is true even if €2 is only weakly pseudoconvex, and is
thus stronger than the results in Chapter 2.

If one has a differential operator given in local coordinates, however, computing
this projection can be quite difficult, and determining if it is convexifiable even
more so. As such, in this chapter and the next we give sufficient conditions for the
existence of solutions that do not extend across p, based on the defining equation
for 2 and the coefficients of P. Thus they are a direct extension of the results of
Chapter 2 to the case in which €2 is weakly pseudoconvex.

Writing down a defining function for an arbitrary pseudoconvex domain is
difficult, and a complete classification of such domains has not yet been found.
We therefore restrict our discussion to the case in which the null space of the Levi
form at p is one dimensional, and there is positivity in the fourth order terms of

the defining function.

30
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4.1 Admissible Changes of Coordinates

We take a defining function p for M = 052 such that Q = {p < 0}, and we work
in normal coordinates (z,w) € C" x C. That is, coordinates such that p = (0,0),

and M = {(z,w) | p(z,w, z,w) = 0}, where p is of the form
p(z,w, z,w) = —2Re w + ¢(z, z, Im w) (4.1)

with ¢(0,0,0) = 0, d¢(0,0,0) = 0, and ¢(z,0,s) = ¢(0, z,s) = 0. The existence of
such coordinates can be found in [BER99], in chapter 4. To simplify notation, in
what follows we will usually just write 0 instead of (0,0) for the origin in C"™ x C.

As we stated above, working in local coordinates with an arbitrary weakly
pseudoconvex hypersurface is very challenging, and a full classification of such has
still not been given. We will therefore restrict our discussion to the somewhat

simple case in which ¢ is of the form
n—1
$(z.2,8) = Y _Nlz[*+0(3) (4.2)
j=1

where the cubic terms in ¢ do not depend on s.
We first note that assuming P to be simply characteristic at 0 is equivalent to

being able to write P, in the following form, with { = (x,7) € C" x C:

Po(z,w,x,7) = a(z,w)7™ + 77y " bi(z,w)x; + o(||xI*) (4.3)

j=1
where a(0) = 0 and the vector P(0) = 0:P,,(0,0p(0)) = (b1(0),...,b,(0),0) #
(0,...,0).

As in chapter 2, we would like to assume that P(0) lies along a z; axis. How-
ever, unlike the strictly pseudoconvex case, there are now two distinct possibil-
ities. If P-(0) lies in the null space of the Levi form of 0 at 0, which we de-
note by N(L), then we may assume that b;(0) = 0 for j = 1,...,n — 1, so that
P:(0) = (0,...,0,0,(0),0). If P ¢ N(L), then after a rotation in the z variables
we may assume that P(0) = (b:(0),0,...,0), so that b;(0) # 0 and b;(0) = 0
for 7 > 2. Further, we can scale each z; so that we may assume \; = 1 for

j=1,....n—1.



32

We now wish to make a change of coordinates to simplify the third and fourth
order terms in p, without changing the normalization we have already made. As

such we make the following definition.

Definition 4.1.1. A change of coordinates (z,w) = F(y) is admissible if it pre-
serves the normality of the coordinates, the Levi form of M, and the direction of
P(0).

Our primary concern is to eventually show that a particular analytic hypersur-
face S = {(z,w)|w = f(2)} intersects Q only at 0. As in the proof of Theorem
?? we will find a holomorphic function f(z), determined by the coefficients of P,

such that f(0) =0, 0f(0) =0, and

oz £(2),%, F()) > 0

for z near zero. Given the form of ¢ in (4.2), we will not be concerned with
O(3) terms in ¢ which are o(||2'||?), where 2’ = (z1,...,2,_1), and throughout
this discussion we will simply collect them all together and not give them much
attention. We also note that if there are any O(4) terms in ¢ which contain s,
they will become O(5) when w = f(z), and thus we will discard those terms as
well. Finally, we note that any change of coordinates of the form z; = z; + cw
will change the Levi form, and z; + cw? will only give us terms of the form |cw|*
and 2Re (cz;w?), both of which will be O(5) when w = f(z). Thus we need not
consider any change of coordinates involving w at all.

Therefore we need only to consider the holomorphic change of coordinates

z=G(y),w = w, where

{zj = y; + Fi(y) forj=1,...,n—1 (4.4)

Zn = Z?:l Ciy; + Fn(y)

with ¢, # 0, and F;(0) = dF;(0) = 0. Not every such transformation will preserve
the direction of P(0), however. To determine what is required for this, we solve

equations (4.4) for y, and by the implicit function theorem have

{yj = z;+ Fj(z) forj=1,....,.n—1 (4.5)

Yn = Dj_1dizi+ Fa(2)
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; 1
with d; = ~ 5 for j=1,...n—1and d, = —, and F;(0) = dF;(0) = 0. We also
Cp n
have for each j =1,...,n

0 oy 0
0z; B sz 8yk
and thus evaluated at zero,
0 0 3}
| = | +dj— 46
9zily  9ily Oyl 48)
To find the resulting PC(O) we then compute
bi( )+ > dibs( ) 4.7
Z aZJ 0 ]Zl ayﬁ 0 < Z ayn 0 47

j=1

And so we see that if P-(0) € N(L), the coefficients on aiy]- are the same as
those of %, when evaluated at 0, and so any change of coordinates of the form
in equations (4.4) is admissible. If P-(0) ¢ N(L), however, then in order for the
coefficient on % to vanish at zero, we must have ¢; = 0. We collect these results

in to a proposition.

Proposition 4.1.2. Let M and P be as above. If P:(0) € N(L), then any change

of coordinates of the form

{zj = y; + Fi(y) forj=1,...,n—1
Zn = D Gyt Fa(y)

is admissible. If P:(0) € N(L), such a change of coordinates is admissible if and
only if ¢, =0 (Recall that we are assuming Pr(0) = (b1(0),0,...,0)).

(4.8)

4.2 Cubic Terms

We are now ready to determine how much we may simplify the cubic terms in
¢ with an admissible change of coordinates. As the Levi form is zero in the z,

direction, we begin with ¢ in the form

$(z,2,8) = |Z|” + 2Re | > Au(2)Z0 + CozoZ)

|af=2

n—1 rn—1

+ {Z JikziZzn + Bjziznzn + Cj2,Z }

j=1 L k=

+o([lZ]*) + 0(4)
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where a is a multiindex in N"~'. Under the change of coordinates in (4.4), for

7, k=1,...,n—1, we have:

2 ” = ly;|* + 2Re (y; F;(y)) + | Fi(y) (4.10)

ZiznZn = i Fe(Y)Un + CuynF(y)za + o(|ly'[|?) + O(5) (4.11)
220 = oyl + 26,y UnFn(y) + 2 F ()72
w1 2 (4.12)
L2 eab i + ol ) + 06).
=1

From these equations, we see that there is no way in which we can obtain
terms of the form y, 72, except from z,z2. If we are to get positivity from p when
w = f(z), then, we must assume that the coefficient on this term is zero, as there
is no |z,|* term to dominate it. Assuming this, we cannot obtain any terms of
the form y;y,¥,. Thus we must also assume these to be zero. From this point on,

then, we shall assume that
Pzjznz, (0) =0 forj=1,...,n. (4.13)

We remark that assuming these derivatives are zero is equivalent to assuming
that p is not 2-nondegenerate, as defined by Baouendi, Ebenfelt and Rothschild in
[BER99]. The fourth order invariants we discuss below, however, are not (in any
way know to the author) related to finite nondegeneracy, and so we will continue

to state our assumptions in terms of derivatives of p.

4.3 Fourth Order Terms

We also see that if any of the terms in Fj(y) is of the form y;yy, for j # n and
k # n, it will only contribute to the o(|y/||*) terms, and they are thus unnecessary.
Further, F},(y) only appears in the term 2énngnm in equation (4.12). We lose
nothing, then, in assuming that F;(y) = o(y,) for j = 1,...,n—1 and F,(y) = gy2.
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Specifically, we only consider changes of coordinates of the form

n—1
2; :yj+2djlylyn+ejyi+ijg forj=1,...,n—1 (4.14)
j=1
n—1

=1

where h # 0, and the other variables are arbitrary. Putting these into ¢ (still

assuming, as we must, that p, . - (0) = 0), we obtain

n—1
oy, 5,0, @) = | + (Z |ekr2)|yn|4 T HA g
k=1
n—1 n—1 n—1
+ 2Re [éjyjzii + f3Y58n + (Z dkjék) YiYn T + <Z Ajkekh> YiYnGn
j=1 k=1 k=1
n—1 n—1
+ (; kaekh) YiynTo + (; ijekh) yivs + C;hy, 02 (4.16)

n—1 n—1
+ QC’ngngjf; + ( Z dek]h2> yjynﬂi + ( Z ZC_'kethj) yjyngji
k=1 k=1
+ Cye;l*y202 + Dy i + Ejyjynte + Fyyiyin + GhhPy, 58
+ 3Ghh2cjy;12 00 + GhPey; 78 + 2H Bzhcjyjynyi] +o([[y/II”) + O(5).

Gathering like terms together, we have

oy, 5, w,w) = |y'[|* + 2Re

n—1
3 {(éj Ry
=1

3
H

+ f] + ijekh + 20 hg + D + Gh303>yjyn

1

B
Il

n—1

+ dk]ek —+ kaekh + dek]h + QOketh]) + E + 2Hh th)ngynyn (4.17)

+ A]kekh =+ F + BthQC] )y]yiyn} + Ghﬁgyngi

=1

(
(&
g
(

+ (H[AI* + Z (lex|” + 2Re (Ckekhz))> [yal® + o(lly/[I?) + O().
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4.4 Invariants for the Pair (P,())

Now, we will need any coefficient with a y; to vanish, and the coefficient on

lyn|* to be nonzero, thus we obtain the system of equations, for j =1,...,n —1,
0=¢; +C;h? (4.18)
n—1
0= f;+2C;hg + D; + Gh’c; + Y Jéyh (4.19)
k=1
n—1
0 =2Hh’he; + hREj + ) (dyjéx + Jrjérh + Crdih® + 2Creghe;)  (4.20)
k=1
n—1
0 = 8GRI + (3 Ajperh)hah F;. (4.21)
k=1
n—1 ~
0 # HIh[*+ " (|ex|* + 2Re (Crexh?)) (4.22)
k=1

We first note that the variables f; only appear in equations (4.19), and so these
equations will always be solvable. We may also divide equations (4.20), (4.21), and
(4.22) by hh2, h?h, and |h|* respectively, and see that the value of h has no effect
on the solvability of the system (recall that h # 0). Equation (4.18) forces us to
set e; = —Cjh?, for j =1...,n — 1, and from this, we see that (4.22) is satisfied
exactly when H # ZZ;% |Ci|?, and we may choose h such that the coefficient on
E

|yn|* is unity. Then we have reduced our problem to solving the system

n—1
0=2E; +4Hc; — Y (2J5;Ck + 4|Ci’c;)
k=1

n—1
0=2F; +6Gc; — Y 24, Cy (4.23)

k=1
n—1
H#> |G
k=1

This is a system of 2(n — 1) equations in n — 1 variables, and has a solution

exactly when all of the determinants

A = (4 - §4|Ok|2> (§2Ajkck —2F;) = 6G( :i:i 2J1Ck — 2B;)  (4:24)



37

vanish. Recall, now, that the variables above are given by the power series expan-

sion of p, and so we have

QCkA]k = Pz22 (O)szzkzn (0)7 2F Pz;z22, (0)7 (425)
2C1Jkj = p222(0)Pz,25,(0), 4Gk = |p4z (0)

and (4.24) becomes, for j =1,...,n— 1,

[y

n—

A; = (P00 = D 1pz (0 )(EJ@Z )92y205,(0) = psy22,(0))

1

HW

(4.26)

3
|

= 32, (0) (Y 2742 (0)92,2,5,(0) = p2,,2(0)).

1

>
Il

We must now distinguish between the cases where F;(0) € N(L) and P(0) ¢
N(L). By Proposition 4.1.2, if P(0) € N(L), then the variables ¢; in (4.23) can
be anything we like, and to solve the system of equations we only need that the
determinants A; in (4.26) vanish for j =1,...,n — 1.

If P(0) ¢ N(L), then we must assume that ¢; = 0. In this case, from (4.23)

and (4.25) we must have

pzlznz szkz2 leznzk (0)
(4.27)

pzlz%Zn (0) = Z kaZ% (O)pzlzkzn (0)

aswellas Aj =0for j =2,...,n— 1.

Combining these results, we have the following theorem.

Theorem 4.4.1. Let Q, p, P, and A; be as defined in (4.1), (4.2), (4.8), and
(4.26). Assume that p.,.,z,(0) =0 for j=1,...,n, Aj =0 forj=2,...,n—1,
and that p.3=2(0) # 332, |pz,z2 (0)[2.

Assume further that one of the two following conditions holds:

(i) P:(0) € N(L) and Ay = 0.
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(ZZ) PC<O) = <b1(0>7 0,... 70) :021Zn22( ) Zk 1 pzkz2< )pzlznik (O>7
and pzw%En (0) Zk; 1 pzkzﬁ( )pz12k2n(0)'

Then there are coordinates (y,w) € C" x C such that Q is given by {p(y, w,y,w) <
0}, where

ply,w,y,w) = —=2Re w+ ||[y'|* + |yn|* + 2Re (Bynbs) + o(l¥'[|?) + O(5)  (4.28)

and P(z,w,d) transforms to P(y,w,d), where

P(y,w,0) = a(y, w) <%>m + (%)m_l<i5j<y, w)aiy) +... (4.29)

where @(0) = b;(0) =0 for j =2,...,n— 1, if (i) holds, by(0) = 0 and b, (0) # 0,
and if (ii) holds, b1(0) # 0 and b,(0) = 0.

Henceforth we will assume that we have made such a change of coordinates,

but will still use variables (z, w) instead of (y,w).

4.5 Theorems on Strong P-Convexity

Our goal in this section will be to provide necessary conditions on P and )
that guarantee strong P-convexity when (2 is weakly pseudoconvex. We assume
that the invariants discussed in the last chapter are zero, and that we have found
coordinates in which the defining equation for {2 is particularly nice. Once this
is done, we derive necessary conditions for the existence of solutions to Pu = 0
which do not extend holomorphically across the origin, both in the case when
P:(0) ¢ N(L£) and when P, € N(L£). The method for each of the cases will
be similar to that used in proving Theorem 2.2.1; we shall use the form of P to
construct an everywhere characteristic analytic hypersurface S which stays outside
of Q.

When P(0) ¢ N(L), if we are able to normalize the defining equation for €2,
the conditions that must be place on the coefficients of P are only slightly stronger
from those in the strictly pseudoconvex case (Theorem 2.2.1). This makes sense,

considering that while the Levi form of €2 is degenerate in some direction, it is not
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in the direction of the bicharacteristics of P, so along the direction of the principle
bicharacteristic through p, (i.e. the vector P,(0)), € is in nondegenerate.

If, however, P(0) € N(L), the situation is different. In this case, normalizing
the defining function for €2 is a bit easier, but the direction of the principle bichar-
acteristic coincides with the direction in which 2 is degenerate. As we saw earlier,
bicharacteristic convexity is necessary (though not sufficient) for the existence of
solutions to Pu = 0 which do not extend across 0, and if € is flat to order 4 in the
direction of the principle bicharacteristic, this will be much harder to achieve.

We first consider the case P;(0) ¢ N(L). Recall that 2’ = (z1,...,2,-1), and

DI

4.5.1 P:(0) ¢ N(L)

Theorem 4.5.1. Let Q C C"™ be a hypersurface, p € 02 a point where Q is
weakly pseudoconver, and let P(Z,0) be a linear, analytic partial differential opera-
tor with coefficients holomorphic in a neighborhood of p such that P:(p) ¢ N(L)(p).
Assume that, written in normal coordinates Z = (z,w) centered at p, Q0 can be given

by {p(z,w, z,w) < 0}, where

p(z,w,z,0) = —2Re w+ Y _ |2[* + |z,]" + 2Re B2,25 + o([[2']|*) + O(5). (4.30)

j=1

In these coordinates, with (x,7) € C" x C we write the symbol of P as

Prn(z,w,x,7) = a(z,w)™ + 777 (Z bj(z, W)Xj) +o(lIxII*) (4.31)

where a(0) = b;(0) =0 for j =2,...,n, and b1(0) # 0 and let

a(z,w) = a(z,w)
’ by (z,w)
Ifa.,(0) = a.2(0) = a.3(0) = 0 and
n—1
> a,? <1 (4.32)
j=1

then there is a solution u to Pu = 0 which is holomorphic in  near 0 but cannot

be prolonged holomorphically across 0.
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Proof. The proof is similar to that of Theorem 2.2.1; we will show that €2 is strongly
P-convex at 0. As such, we construct an analytic hypersurface S through 0 which
is everywhere characteristic with respect to P, and only intersects € at 0. This
is equivalent to finding a function f : C* — C, holomorphic near 0, such that
f(0) =0 and P, (z, f(2),0f(2),—1) = 0 and p(z,f(z),z,m) > 0 for all z near
0, so that S = {(z,w) |w = f(2)} is the desired hypersurface.

We first note that if a holomorphic function ¢(z,w) does not vanish at 0, then
P..(z, f(2),0f(z),—1) = 0 exactly when c(z,w)Py(z, f(2),0f(z),—1) = 0. Thus
we may assume without loss of generality that we have divided by b;(z,w) in

equation (4.43), and that P, is given by

Po(z,w, x,7) = a(z,w)t™ + 7™~ ( X1 —i—Zb Z, W)X > +o(|xI?).  (4.33)

To construct f, we note that %%(O, 0,0,—1) = £1 # 0, so we may solve the
equation
Po(z,w,x,—1)=0

for x1. Thus there is a holomorphic function G(z,w, x2, ..., X») such that
P,(z,w,x,—1) =0 if and only if x; = G(z,w, x2,-- -, Xn)-
To produce f(z), we solve the noncharacteristic Cauchy problem

[a(2) = G(z, [(2), [ (2), .., [2.(2))
f@0,20,...,2,) = 9g(22, .o, Zn1)

(4.34)

where ¢ is a quadratic function to be determined later. Then we see that f(0) = 0,
Jf(0) =0, and S = {(z,w)|w = f(2)} is everywhere characteristic with respect

to P. In particular, we may relate derivatives of f to those of a with the identity
=a(z, f(2)) - <le + Zb )2 )) +O([10f(2)I)- (4.35)

In what follows, to simplify notation we omit the arguments of the functions,

keeping in mind that f and its derivatives are evaluated at z, and a is evaluated at
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(z, f(2)). We first differentiate equation (4.35) with respect to zj for k =1,... n.

Since all the first derivatives of f vanish at 0, we have
Az, = forz +O(1) fork=1,...,n (4.36)

and hence

a:,(0) = f,2,.(0) fork=1,...,n. (4.37)

In particular, we have that

fe12,(0) = @z, (0) = 0

by assumption. We now wish to differentiate equation (4.35) several times with
respect to z,. By equation (4.34) we see that any order derivative of f which does
not differentiate with respect to z; will be zero at the origin, and hence is O(z;).

Thus if ¢(z,w) is the coefficient of x? in (4.33), then from (4.36) we have

Az, = lezn + Czn<le)2 + 2sz1lezn + O<Zl)-

Differentiating again with respect to z, we have
a2 = foz2 +2¢fs forz + O(21) + O(2). (4.38)
and so we see that
f2122(0) = a2 (0) = 0.
Thus 2¢f., f.,.2 is O(2), and we may differentiate (4.38) once more to find
fore (0) = a3 (0) = 0.

We now verify that S intersects  only at 0. By the argument above, we have

n—1

Pz, f(2), 2, [(2) = Y l25° + |aal* + 2Re (82,20)

=1

n—1
1
— 2Re (ﬁazl(O)z% + Z a.;(0)z12; + g(22,.. ., Zn_1)) +o(lZ[?) + O(5)
=2

(4.39)

We now choose g as given by Lemma 2.2.2 to make the quadratic form

n—1

n—1
1
H() = Z ;> — 2Re (5%1(0)2% + Zazj (0)z12; + g(22, . .. ,Zn1)) (4.40)
j=1

Jj=2
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positive definite. Thus there is a positive constant k& such that
H(2') = k[|/*

for all 2/, and we have

p(z, f(2), 2, f(2)) = k|| 2|2 (1 4+ O1)) + |za|*(1 — 2I8]) + O(5) > 0 (4.41)
for z near zero if 2|3 < 1. But this follows directly from the pseudoconvexity

of €2, and thus €2 is strongly P-convex at 0. By Corollary 1.4.4, the theorem is
proved. O

4.5.2 P.e N(L)

We now prove an analogous theorem for the case in which P.(0) € N(L).
Although we are more free with our change of coordinates in this case (see Theo-
rem 4.4.1), it is actually somewhat more degenerate, and our assumptions on the

coefficients of P must be much stronger.

Theorem 4.5.2. Let Q C C""! be a hypersurface, p € 0Q a point where § is
weakly pseudoconvez, and let P(Z,0) be a linear, analytic partial differential opera-
tor with coefficients holomorphic in a neighborhood of p such that P;(p) € N(L)(p).
Assume that, written in normal coordinates Z = (z,w) centered at p, €2 can be given

by {p(z,w, z,w) < 0}, where
p(z,w,z,w) = —2Re w + i 2% + |za|* + 2Re 82,22 + o(||Z||?) + O(5). (4.42)
j=1
In these coordinates, with (x,7) € C" x C we write the symbol of P as
Pz, 3,7) = 2, w)™ + 77! (Z 6j<z,w>xj) Fo(lv®)  (443)
j=1

where @(0) = b;(0) =0 for j=1,...,n—1, and b,(0) # 0. Let

a(z,w) = bij(z,w) = %

for 7=1,....n—1.
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If
a,(0) = a,,.,(0) =0 for 7=1,...,n, (4.44)
a.,.2(0) =2 ”Z_l bj 2, (0)az,-, (0) for j=1,...,n—1, (4.45)
k=1
and
Sl (0)] < 1-23], (4.46)

then there is a solution u to Pu = 0 which is holomorphic in €2 near 0, but cannot

be prolonged holomorphically across 0.

Proof. We proceed as in Theorem 4.5.1. We solve P,,(z,w,x,—1) = 0 for x,, to
get a holomorphic function G(z,w, x1,. .., Xn—1) such that

Py(z,w, x,—1) =0 if and only if x,, = G(z,w, X1, -, Xn-1)

and solve the noncharacteristic Cauchy problem

fzn(z) = G(Z,f(z),le(z), i '7f2n71(z))
f(z1,-00,20-1) =0

(4.47)

(nonzero initial data will not help us in this case). We again have that f(0) = 0

and 0f(0) = 0, and obtain the identity

n—1

a(z, f(2) = fau(2) + D bi(= f(2)) f2,(2) + O(IOFI). (4.48)

j=1
We will omit the arguments of the functions in what follows, with f and its deriva-

tives evaluated at z, and the coefficients a(z, w) and b;(z, w) evaluated at (z, f(2)).

Differentiating (4.48) with respect to zj gives us, for each k =1,...,n,

n—1

Az = fzkzn + Z (bjfz]-zk + bj,zkfzj + bj,wfzk) + _awfzk + O(]-) (449)

J=1

Evaluating at zero, we find that

feren(0) =@, (0) =0 (4.50)
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by assumption (4.44). As any derivatives of f which do not differentiate with
respect to z, are also zero by (4.47), 0f(z) is O(2), so we may write (4.49) as

n—1
azk + awfzk = fzkzn + Z bj,zkuj + bjijzk + 0(3) (451)
j=1
Differentiating with respect to z;, [ = 1,...,n, gives
n—1
Az 2 + awfzkzl - fzkzlzn + Z b',zkfzj-zl + bj,zlfz]-zk + bjfzj-zkzl + O<2)7 (452)
j=1
and thus
fenzmen (0) = az,2,(0) for k,l=1,...,n. (4.53)

We now set [ = n and differentiate once more with respect to z, to find

n—1

Ay 22 = fzkz;{ + Z 2bj,zanjzkzn + O<1)> (454)

Jj=1

and evaluating at zero, using (4.53) we have

n—1
oz (0) = az,22(0) = 2 "bs, (0)a ., (0) =0 for k=1,...,n—1 (4.55)
j=1
and
fz% (0) = Q3 (0> (456)
Combining these computations, we have that
1
f(2) = g7as(0)z, + o(||21") + O(5). (4.57)

Now we only need to verify that p(z, f(z), 2, f(2)) > 0 for small z # 0. By
(4.57) and (4.46),

Pz, f(2),2, f(2)) =

1
1211 + 2l + 2Re (82,50) = 2Re (7024 (0)21) +o(|2]1) + O(B)  (4.58)

1
> [[22(1+ O(1)) + [zl (1 = 218] = 57laz (0)]) > 0

and so € is strongly P-convex at 0. By Corollary 1.4.4, we have the desired solution
u to Pu=0. O
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