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Abstract Whether classical spacetime remains well-
defined at arbitrarily high curvature is a central question.
In general relativity, singularities signal the breakdown
of the classical description, motivating modifications of
spacetime’s short-distance structure. Pseudo-complex gen-
eral relativity (pcGR) extends spacetime geometry to pseudo-
complex coordinates, naturally introducing two metric sec-
tors, the physical metric g, and an auxiliary field f,.
The magnitude of the pseudo-imaginary component defines
the invariant acceleration scale ag, a direct consequence of
the pseudo-complex structure. The simultaneity condition,
requiring both idempotent sectors to satisfy the pseudo-
complex Einstein equations independently, fixes the auxil-
iary field algebraically, with no new propagating degrees
of freedom, and sets a lower bound on the lapse that reg-
ularizes curvature. The regularization is achieved through
the combined effect of the lapse-gap condition ") > aj,
which ensures the radial metric component remains nonde-
generate, together with the regularity conditions at the areal-
radius origin, B(0) = 1 and B’(0) = 0, which emerge
naturally from the pseudo-complex geometry. These con-
ditions jointly eliminate the Schwarzschild-type curvature
divergence, rather than the gap condition acting alone. In
cosmology, we show that the pseudo-complex field equations
admit a formal reduction to an effective evolution equation
for the vacuum. component pp(¢): the auxiliary functions fo
and f>, together with d, are formally eliminated within the
restricted parametrization adopted in the reduction, yield-

4 e-mail: fweber @sdsu.edu (corresponding author)
b e-mail: hess @nucleares.unam.mx

¢ e-mail: cesaraugustozenvasconcellos @ gmail.com

Published online: 19 September 2026

ing a second-order evolution equation in which no auxiliary
functions remain explicitly. The reduced evolution equation
admits asymptotic solutions whose behavior is determined
by the pseudo-complex geometry. In particular, it admits
late-time solutions approaching an effective constant vac-
uum energy, suggesting a geometric origin for dark energy
with scale set by ag. pcGR thus realizes, through purely geo-
metric conditions, bounded curvature, intrinsic cutoff scales,
dynamical vacuum, and absence of global symmetries, while
features depending on quantum spectra have no classical ana-
log.

1 Introduction

General relativity (GR) provides a highly successful geo-
metric description of gravitation across a wide range of
scales. Nevertheless, classical solutions of the Einstein equa-
tions generically develop curvature singularities in regimes
of strong gravitational collapse, where curvature invariants
diverge and geodesic evolution breaks down. Such singular-
ities signal a limitation of the classical theory and motivate
the search for frameworks that remain well defined at high
curvature [1-4]. For a recent review of regular black-hole
constructions and their underlying mechanisms, see [5].

A variety of approaches address this problem by introduc-
ing new degrees of freedom, nonlocal dynamics, or quantum
corrections. An alternative possibility is that the admissible
class of spacetime geometries is itself restricted by addi-
tional geometric consistency conditions, without enlarging
the dynamical field content. In such a framework, singular
behavior may be avoided not through new interactions, but
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through constraints on the allowed configurations of the met-
ric.

Pseudo-complex general relativity, first developed by
Hess and Greiner [6] (see also [7]), provides a concrete real-
ization of this idea. In pcGR, spacetime coordinates are pro-
moted to pseudo-complex variables X* = x* 4 Ia*, intro-
ducing an invariant acceleration scale and an auxiliary geo-
metric sector. The pseudo-complex algebra, with its idem-
potent decomposition e+ = %(1 + I), allows any pseudo-
complex quantity to be split into two independent sectors.
This structure enables the introduction of a second metric
component f,,, without adding new dynamical degrees of
freedom: the auxiliary sector is fixed algebraically by the
simultaneity condition, requiring both idempotent sectors to
satisfy the Einstein equations independently. Unlike typical
modified gravity theories, which introduce new dynamical
fields with their own kinetic terms and wave equations, pcGR
introduces no new propagating modes. The theory modifies
the space of admissible spacetimes through constraints, not
through new dynamics. In symmetric configurations, this
modification alters the radial and lapse functions so that,
together with the regular-center conditions discussed below,
curvature invariants remain finite at r = 0, yielding nonsin-
gular solutions without invoking new matter fields or quan-
tum corrections. The resulting regularization, together with
the emergence of an intrinsic cutoff scale, is therefore purely
geometric in origin.

The extension introduces an invariant acceleration scale
ap, a direct consequence of the pseudo-complex structure,
not a free parameter, whose precise definition and relation to
the physical scale ag phys are given in Sect. 2.

A central question underlying this work is whether the
restrictions imposed by the pseudo-complex extension are
merely sufficient conditions for regularity in specific sym-
metric configurations, or whether they reflect a more general
principle: that the space of admissible spacetime geometries
is itself constrained by algebraic consistency conditions. We
therefore analyze the geometric consequences of the pseudo-
complex constraint structure not as a phenomenological reg-
ularization scheme, but as a probe into the structural con-
ditions under which classical geometry can remain well-
defined without additional dynamical input. Our focus is on
isolating which features, i.e., bounded curvature, intrinsic
cutoff scales, dynamical vacuum behavior, arise directly from
the constraint structure alone, and which require supplemen-
tary assumptions or extensions beyond the pseudo-complex
framework.

The structure of this paper is as follows. In Sect. 2 we
review the pseudo-complex geometric framework and field
equations. In Sect. 3 we analyze spherically symmetric solu-
tions and derive the conditions under which curvature regu-
larization occurs. In Sect. 4 we examine cosmological solu-
tions and derive the effective evolution equation for the vac-
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uum component. In Sect. 5 we present a structural com-
parison with Swampland-inspired constraints, and in Sect. 6
we discuss possible connections to broader geometric frame-
works. We conclude in Sect. 7.

2 Pseudo-complex geometry and field equations

The pseudo-complex extension of GR is constructed on the
algebra of pseudo-complex numbers, where the coordinates
assume the form X*# = xé‘l) + Ixé), with 12 = 1. This alge-
braic structure was originally introduced to address the singu-
larities of classical GR while preserving the geometric nature
of the theory. Rather than modifying the Einstein equations
or introducing additional matter fields, the pseudo-complex
approach extends the algebraic structure of spacetime itself.
Its central feature is the introduction of an auxiliary metric
sector without adding new propagating degrees of freedom.

The pseudo-complex shift X* = x* 4 Ia"*, where a**
is a constant pseudo-complex vector, naturally introduces an
invariant acceleration scale. Its magnitude defines the phys-
ical inverse-length scale ag phys, Which is a geometric prop-
erty of the pseudo-complex structure rather than an exter-
nally introduced parameter. In the limit ag phys — 0, the two
idempotent sectors coincide and standard general relativity
is recovered. Throughout this work we distinguish between
the physical scale ag phys and the dimensionless parameter
ap appearing in the metric, which are related by

ap =1¢ ao,phys

where ¢ is the length scale used to nondimensionalize the
radial coordinate. The role of ag in regularizing the geometry
is discussed in Sect. 3.

The pseudo-complex approach includes both field-theoretic
and gravitational formulations. An early pseudo-complex
field theory, building on the work of Schuller, was devel-
oped in [8]. The extension to pseudo-complex general rela-
tivity was introduced in [6], where the Schwarzschild solu-
tion was obtained, followed by Kerr and Reissner—Nordstrom
solutions in [9]. Subsequent applications include neutron-
star models [10], cosmological pcFLRW solutions in which
the dark-energy component emerges geometrically from
the pseudo-complex structure [11,12], ray-tracing studies
consistent with EHT observations [13—15], gravitational-
wave constraints from the GWTC-3 catalog [16,17], and
connections to Hofava-Lifshitz gravity [19]. Collectively,
these results show that pcGR provides a phenomenologi-
cally consistent framework that remains compatible with cur-
rent observations while making testable predictions for future
experiments.

The simultaneity condition, that the pseu-do-complex Ein-
stein equations must hold independently in both idempotent
sectors e and e_, follows directly from the algebraic struc-
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ture of the pseudo-complex numbers and is discussed in Refs.
[6,7].

Pseudo-complex numbers form a commutative ring defined
by I?> = +1. They admit the idempotent decomposition [6,7]

1
ex =1+, el =er, epe_ =0, (1)
which allows any pseudo-complex quantity to be written as
Z = Z+€+ +Z_e_. (2)

This decomposition defines two mutually orthogonal sectors
that may be treated independently, subject to the consistency
conditions imposed by the pseudo-complex structure.

The differential structure

dX" =dx" + Ida™ 3)
induces the pseudo-complex line element

do® = G,y dX"dX", 4
where the pseudo-complex metric is

Guv = 8uv + 1 fuv- %)

Here g,,,, denotes the physical spacetime metric, while f,, is
an auxiliary symmetric tensor encoding the pseudo-complex
extension.

Projecting onto the idempotent basis gives

do’ = da)i et + do? e_, (6)
with
dol = (guv £ fun)(dx" £ da™)(dx" £ da"). 7

The two sectors therefore define a pair of effective geometries
related by the pseudo-complex constraint structure.

Lorentzian signature in the physical sector is preserved
provided that f,,, remains sufficiently small compared with
guv» and the GR limit is recovered as f,, — 0. Throughout
this work we adopt the metric signature (+, —, —, —).

The invariant acceleration scale introduced above enters
the metric through the pseudo-complex extension and gov-
erns the separation between the two idempotent sectors. In
the dimensionless metric expressions used below, we define

ap=1{ ao,physs 3

where £ is the length scale used to nondimensionalize the
radial coordinate. Throughout this paper, ag denotes the cor-
responding dimensionless parameter appearing in the metric,
while ag phys denotes the associated physical inverse-length
scale. As shown in Sect. 3, this scale determines the lapse-gap
condition responsible for curvature regularization.

2.1 Field equations

Replacing g,,, by the pseudo-complex metric (5) in the
Einstein—Hilbert functional yields the pseudo-complex Ein-
stein equations,

1
R;w(g) - ER(g) g,uv =K T;w(g) , 9

where k = 87 G, R, (G) and R(G) denote the Ricci tensor
and scalar curvature constructed from G,,,,.

The pseudo-complex structure requires that Eq. (9) be sat-
isfied simultaneously in both idempotent sectors. Project-
ing onto the idempotent basis therefore yields two coupled
Einstein-type systems,

1
R = S RO =k T, (10)
1
(=) _ Zp(=) (=) = (=)
Rpw 2R g;u) - KTMU ’ (11)
with
g;(j_zlt;) = 8uv + fuv» Tlif) = Tuv(gl(fv)) . (12)

Because both sectors must satisfy these equations simultane-
ously, their mutual consistency determines f},, algebraically,
up to integration constants fixed by symmetry. The simul-
taneity condition, that the pseudo-complex Einstein equa-
tions must hold independently in both idempotent sectors e
and e_, follows from the algebraic structure of the pseudo-
complex numbers and is derived in the foundational work [6].
This simultaneity condition is not merely a formal require-
ment; it enters explicitly in the derivation of the curvature
bounds in Appendix A, where the independence of the two
idempotent sectors ensures that the denominator A(r)? — ag
controls the entire invariant spectrum (see Eqs. (A.5)—(A.7)
and the surrounding discussion).

This structure implies that the auxiliary tensor f,, does
not obey an independent evolution equation. Instead, it is
fixed by constraint relations linking the two effective met-
rics g,(jf). The resulting system is therefore analogous to
constrained formulations in which auxiliary fields are deter-
mined algebraically once the dynamical variables are speci-
fied.

As a consequence, the number of propagating degrees
of freedom coincides with that of general relativity at the
level of the classical field equations. By construction, the
pseudo-complex extension modifies the admissible class of
spacetime solutions through algebraic constraints. The aux-
iliary field f,,, does not represent an independent dynamical
degree of freedom but is determined by the pseudo-complex
constraint structure.

Since the field equations are modified, Birkhoff’s theorem
does not hold in its standard form. In the present work, we
restrict attention to static, spherically symmetric configura-

@ Springer
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tions. The existence of static solutions therefore follows from
this symmetry assumption together with the pseudo-complex
field equations, rather than from a general uniqueness theo-
rem.

In the weak-field regime, pseudo-complex general rela-
tivity reduces to general relativity whenever the dimension-
less correction ag /e*") is small, ensuring compatibility with
post-Newtonian bounds and solar-system observations in the
appropriate parameter regime [7].

2.2 Regularization of curvature

A central consequence of the pseudo-complex constraint
structure is the regularization of curvature in high-symmetry
settings. In general relativity, solutions such as the Schwarz-
schild metric develop divergent curvature invariants at r = 0.
A standard diagnostic is the Kretschmann scalar,

) Ry RO = )

In pseudo-complex general relativity, the invariant accel-
eration scale ag restricts the behavior of the lapse and radial
functions in such a way that this divergence is avoided. In par-
ticular, the pseudo-complex structure enforces a lower bound
on the lapse function, ") > gy, which prevents the vanish-
ing behavior responsible for the Schwarzschild singularity.
As a result, curvature invariants remain finite at » = 0 in the
spherically symmetric solutions constructed in Ref. [6].

This regularization mechanism is geometric rather than
dynamical. No additional matter fields, nonlocal terms,
or quantum corrections are required. Instead, the pseudo-
complex extension restricts the allowed spacetime configu-
rations through algebraic consistency conditions, and these
constraints are sufficient to control the curvature, provided
the additional consistency conditions at the areal-radius ori-
gin are satisfied, as discussed in detail in Sect. 3.

3 Spherically symmetric solutions in pcGR

Spherically symmetric configurations provide a setting in
which the geometric consequences of the pseudo-complex
constraint structure can be analyzed explicitly. In particular,
they allow a direct demonstration of how bounded curvature
and an intrinsic cutoff scale arise from the modified relation
between metric components.

In general relativity, Birkhoff’s theorem implies that any
spherically symmetric vacuum solution is static and uniquely
given by the Schwarzschild geometry, which exhibits a cur-
vature singularity at » = 0. In pseudo-complex general rela-
tivity, the modified field equations (9) invalidate the standard
form of Birkhoff’s theorem. Static solutions can still be con-
structed, but their properties follow from the pseudo-complex

@ Springer

constraint structure rather than from a general uniqueness
result.

The static, spherically symmetric metric considered below
is the pseudo-complex Schwarzschild-type solution obtained
from the pseudo-complex Einstein equations discussed in
Sect. 2.1. Its derivation and subsequent extensions are given
in Refs. [6,9].

For the physical metric sector, we define the lapse function
by

A(r) =", (14)

the metric takes the form

—1
1 2
ds® = AGr)di® — —— (1 %o )

A\ A2
dr? — r2d 2. (15)

Here ag is the invariant acceleration scale introduced in
Sect. 2. Spherical symmetry restricts the auxiliary sector f,,,
to depend only on r, and its components are determined by
the requirement that both idempotent sectors satisfy the field
equations simultaneously.

In contrast to the Schwarzschild solution, the relation
&r = 81 ! is modified, reflecting the underlying pseudo-
complex consistency conditions. The auxiliary radial func-
tion B(r) introduced below should not be confused with the
lapse function A(r).

3.1 Origin of the lapse-gap condition

The lower bound on the lapse function should not be viewed
as an independent regularity assumption imposed after the
fact. It is the local form, in the static spherically symmet-
ric sector, of the admissibility condition introduced by the
pseudo-complex extension.

To see this, note that the radial metric coefficient in
Eq. (15) contains the factor
a

Apc(r) =1- m

(16)

For the physical metric to remain Lorentzian and nondegen-
erate in the radial sector, this factor must not change sign or
vanish in the region under consideration. Therefore admissi-
ble configurations satisfy

Apc(r) >0, a7
which is equivalent to
' > q. (18)

Thus the lapse-gap condition follows from the requirement
that the pseudo-complex corrected radial metric remain a
regular Lorentzian metric.
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In this sense, the pseudo-complex scale ag acts as a geo-
metric exclusion scale: configurations for which the lapse
approaches zero in the Schwarzschild manner are not part of
the admissible solution space. The singular Schwarzschild
behavior is therefore removed not by adding a new matter
source, but by restricting the metric configurations allowed
by the pseudo-complex geometry.

For the local curvature estimates below we use the slightly
stronger uniform version of this condition,

" — g > 8a3,  §>0, (19)

which ensures that the metric remains bounded away from
degeneracy in a neighborhood of the origin. This uniform gap
is the condition needed to obtain explicit bounds on curvature
invariants.

3.2 Curvature regularization near the center

We now state the curvature-regularization result in a form
that makes the underlying assumptions explicit. The pseudo-
complex constraint structure restricts the admissible class of
metric functions, and within this class the resulting condi-
tions are sufficient to ensure bounded curvature in a neigh-
borhood of the center.

Consider a physical metric of the form

ds® = A(r)dt* — B(r)dr® — r?d 22, (20)
where
A(r) = " 2D
and
) —1
By = (1 % (22)
AW A(r)? '

For the metric to describe a regular geometry in a neighbor-
hood of the origin, the lapse function must satisfy standard
regularity conditions. In particular, for0 < r < €, we require

A(r)? —ai > 8al,  §>0, (23)

which is precisely the nondegeneracy condition imposed by
the pseudo-complex structure. Moreover, A(r) is twice con-
tinuously differentiable with

|A"(Ml < Bi,  |A"(n] < By, (24)

where a prime denotes differentiation with respect to r.
We now examine the implications of the regularity condi-
tions at the areal-radius origin,

B(0) =1, B'(0) = 0. (25)

In the pcGR framework, these standard geometric con-
sistency conditions acquire additional significance because
they impose compatibility constraints on the lapse function

through the deformed relation between A(r) and B(r). The
condition B(0) = 1 implies

5 \ !
1 ag
1- =1, (26)
A(0) A(0)?2
which relates the central value of the lapse to the pseudo-

complex scale,

2 2 2[4
A(0)2 — a} = A(0) (1 TR

2
%o ) —1. 27)
In the limit ag — 0, this reduces to A(0) = 1, recovering
the standard GR regularity condition.

Similarly, the condition B’(0) = 0 constrains A’(0)
through the relation between B(r) and A(r). Differentiating
B(r) and evaluating the result at » = 0 shows that B’(0) = 0
implies A’(0) = 0 (or, more generally, the corresponding
compatibility relation), consistent with local flatness at the
origin. In classical GR, the Schwarzschild solution is incom-
patible with these conditions because A(r) — 0 asr — 0.
In pcGR, with A(0) > ag, they are naturally compatible with
the deformed metric structure.

Under these conditions, curvature invariants constructed
from contractions of the Riemann tensor remain finite at
r = 0. These conditions are sufficient for curvature regularity
within the class of static, spherically symmetric configura-
tions considered here, but are not claimed to be necessary in
general. In particular, the Kretschmann scalar

K(r) = Ryvpos R*P? (28)
satisfies

K(r) < C(@,Bi, By ag®, r—0, (29)

where C (8, B1, B») is finite and dimensionless.

This follows from the structure of the metric coefficients.
The gap condition (23) keeps A (r)* — aé bounded away from
zero, so the radial metric component and its first two deriva-
tives remain finite whenever A, A’, and A” are bounded.
Since the Riemann tensor depends only on the metric and
its first and second derivatives, no divergence can arise from
these terms.

The only additional possible singularity comes from the
angular part of the curvature, which contains contributions
of the form

1 1\?
e (1 } B(r)) ' G0

The regular-center conditions (25) imply

1 _ 2

and therefore this angular contribution remains finite as r —
0. Thus the curvature is bounded, with the local scale set by

@ Springer
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ap. The bound may be written in the form (29) after restoring
the physical invariant acceleration scale associated with the
dimensionless parameter ag.

Equivalently, writing A(r) = """, the gap condition may
be expressed as

&’ > 1+8"a, §>0, (32)

with bounded derivatives of v(r) in a neighborhood of the
origin.

3.3 General-relativistic limit and weak-field expansion

It is useful to make explicit how the pseudo-complex solu-
tion reduces to the Schwarzschild geometry in the appropri-
ate limit and how the modifications enter in the weak-field
regime. Consider the regime in which the pseudo-complex
correction is small,

a2

0
m < 1. (33)

In this limit, the radial metric component becomes

-1
2
— v [ %o
§rr = —¢€ <1 eZv(r))
2 4
=) 4y 4y
=—e¢ |:1 + 0 + O<e4v(r)>:| . (34)

To leading order,

&rr = _eiv(r), (35)

so that the standard Schwarzschild relation g, = g;; Uis
recovered. The pseudo-complex corrections are therefore
suppressed, and the solution reduces continuously to general
relativity.

The weak-field reduction is governed by the dimension-
less expansion parameter

a
€= ——.
e2v(r)

Expanding the deformed lapse function,

5 \ 172
[~ %
Alr)=e 20 ;

for e < 1 gives

2
_ v % 2
A(r)y=e 7o + O(e9).

Thus, € is the parameter controlling the recovery of GR, and
the pseudo-complex corrections become significant only in
the high-curvature regime.

@ Springer

In the Newtonian limit,

D =14+00), |90 <1, (36)
one finds

~ 2 2 4
8&rr = —1 + b — aO + O(@ao, ao). (37)

The additional term proportional to ag should not be inter-
preted as an independent Newtonian potential. Physical post-
Newtonian constraints apply to coordinate-invariant combi-
nations of the metric functions, and the pseudo-complex cor-
rections remain suppressed throughout the regime a(2) Je?V )
< L

Accordingly, pcGR reduces smoothly to general relativity
in the weak-field limit while producing observable deviations
only in the strong-field regime, where the pseudo-complex
corrections become appreciable. This behavior is consistent
with the established pcGR literature [6,9,14-17].

3.4 Near-horizon structure and observable scale

The pseudo-complex modification alters the radial metric
component in regions where the lapse approaches its lower
admissible value, suggesting a modification of the near-
horizon geometry of compact objects.

For comparison, the Schwarzschild lapse is

2GM
Aschw(r) =1 — T! (38)

with a horizon at ry = 2GM, where Aschw(rs) = 0. In
the pseudo-complex framework, admissible configurations
satisfy

A(r) = ao, (39)

so the lapse remains bounded away from zero within the
regular branch of the solution.

Estimating the onset of pseudo-complex effects by apply-
ing the admissibility condition to the Schwarzschild lapse
gives

Aschw (Fmin) = ao, (40)
or
2GM
Tmin = , 41)
1—ag

for the dimensionless parameter ap < 1. The corresponding
relative shift is

Tmin — Fs
RS~ g, (42)
s
This estimate should not be interpreted as the exact loca-
tion of a modified horizon. Rather, it identifies the character-
istic scale at which deviations from the Schwarzschild geom-

etry become significant. The complete near-horizon structure
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must be obtained by solving the pseudo-complex field equa-
tions.

Such deviations may affect strong-field observables,
including quasi-normal mode spectra, gravitational-wave
ringdown, and photon-sphere properties. To leading order,
one expects

— ~ ao, (43)
w

and similarly

Arph

~ ayp. 44)
I ph

A detailed phenomenological analysis lies beyond the scope

of the present work, but these observables provide potential

probes of the pseudo-complex scale.

4 Cosmological implications

Cosmology provides a natural setting to analyze the dynami-
cal consequences of the pseudo-complex constraint structure.
In ahomogeneous and isotropic universe, the physical metric
takes the standard Friedmann—Lemaitre—Robertson—Walker
form,

2 2 o ar? 2102
ds® =dt” —a(t) +rd27 ), (45)
1 — kr?
where k = 0, £1.
Spatial isotropy restricts the auxiliary sector to the form
a(t)’
Ju (1), Jrr(t) T2 (46)

with angular components fixed by symmetry and no allowed
vector or mixed terms. The pseudo-complex extension there-
fore preserves the symmetry of the cosmological background
while modifying the relation between the metric components.

Projecting the pseudo-complex Einstein equations onto
the idempotent sectors yields two coupled Friedmann sys-
tems for the effective metrics g,&iv) =gu T fuv,

K . K
Hi=3pf"  Hi=—3 (pftff + piff) : (47)

where H = a/a. In the physical sector, the Friedmann equa-
tion can be written as
K

3

where ppc(t) denotes an effective energy density induced by
the pseudo-complex geometry.

We now present a formal reduction of the pseudo-complex
cosmological field equations to an effective evolution equa-
tion for ppc (¢). The consistency of the two idempotent sectors
implies that f;,,(¢) is determined algebraically in terms of

K
H? Pates + 3 Ppelt), (48)

a(t) and its derivatives. Under the assumption that the result-
ing differential operators admit the required inverse operators
and that the auxiliary functions may be eliminated consis-
tently, the system reduces to the differential equation

Ppec + 3H (ppec + ppe) = Tpe(t), (49)

where, under the assumptions stated above, ppc and I'pc are
determined by ppc and its derivatives (or, equivalently, in
terms of a(¢) and its derivatives), so that no arbitrary auxiliary
functions remain. The formal elimination procedure leading
to these expressions is presented in Appendix B, where we
show how the system can be reduced to a single second-order
differential equation for ppc(2).

Specifically, the formal elimination of the auxiliary func-
tions fo and f> leads to an effective second-order evolution
equation for ppc(f) of the form

Ppe + -A(,Opc’ Ppes @, @) Ppe + B(ppe, a, @) ppe
= S(ppc, Ppes @, a), (50)

where A, B, S are explicitly defined in Appendix B. Within
the assumptions of Appendix B, this equation, together with
the Friedmann equation for a(¢), provides a formal represen-
tation of the reduced cosmological dynamics of the pseudo-
complex vacuum component.

In the general case, Eq. (49) does not admit simple ana-
lytic solutions. However, its structure reveals that ppc(?) is
generically time dependent, with its evolution determined by
the geometry. The equation admits solutions that decay as
the universe expands, as well as solutions that exhibit tran-
sient behavior, depending on the initial conditions for a ().
A detailed analysis of these solutions will be presented else-
where.

Dimensional analysis fixes the characteristic scale of this
contribution. Let ag pnys denote the physical inverse-length
scale associated with the pseudo-complex extension. The
induced curvature corrections are then of order a%’ phys- Using

the relation H2 ~ kp, this implies

ppe ~ it 51)
K

so that the physical invariant acceleration scale sets the mag-

nitude of the effective vacuum energy.

In general, ppc(?) is time dependent, with behavior that
can include decaying or transient evolution depending on the
dynamics of the auxiliary sector as determined by Eq. (49).
This effective contribution arises without introducing scalar
fields or potentials and instead reflects the constraint structure
of the pseudo-complex geometry. The underlying mechanism
differs from standard field-theoretic models, where vacuum
evolution is typically governed by scalar potentials.

@ Springer
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4.1 Dynamical vacuum structure: asymptotic regimes and
physical interpretation

The formally reduced equation for ppc(f), Eq. (50), reveals
a rich dynamical structure. The function A acts as an effec-
tive friction term, damping or amplifying op. depending on
the expansion history. The term B plays the role of a time-
dependent effective mass, coupling the vacuum component
to the geometry. The source S represents the driving force
from matter and curvature, ensuring that p,. is not a static
quantity but responds to the cosmic evolution. To understand
the physical implications, we analyze the asymptotic behav-
ior of ppc(?) in two limiting regimes.

Early-universe limit a — 0. In the early universe, the
Friedmann equation gives H > 1 and the curvature term
k/a* « H?. The operators D and &, defined in Eqs. (B.45)
and (B.48), reduce to
d d? d
D~H—, E>~—+2H—. 52
dt dr? + dt 2)
Substituting these expressions into the formally reduced
equation gives, at leading order,

Ppe + 3H ppe > 0, (53)
and hence
ppe=Ca™>, (54)

where C is an integration constant. For aradiation-dominated
background, a(f) o Y2 this gives

ppe(t) = po + Cet ™% = pg + Cra™", (55)
whereas for a matter-dominated background, a(¢) « 12/3,
ppe(t) = po + Cmt ™" = po + Cma™ /2. (56)

Thus the leading-order equation admits both a constant solu-
tion (C = 0) and branches that grow toward the past. Finite-
ness of ppe asa — 0 therefore requires the constant branch or
additional conditions supplied by the full reduced equations.
The leading-order approximation alone does not establish
generic early-time regularity.

Late-time limit a — oo. In the late universe, assuming
matter domination, H ~ ¢~! and the curvature term k /012
becomes negligible. The operators reduce to algebraic forms
and the formally reduced equation admits asymptotic solu-
tions that approach an effective constant vacuum energy
under the corresponding late-time assumptions:

Ppc = Poo  ASa —> OO.

This corresponds to an effective cosmological constant. The
value of p is set by the same geometric scale that regularizes

@ Springer

black-hole curvature,

2
oo ~ aO,phys )

K
Thus, the same parameter ag that enforces the gap ¢"” > ay
in spherical symmetry also fixes the characteristic magnitude
of the vacuum energy. This provides a unified geometric ori-
gin for both black-hole regularity and cosmic acceleration.

Effective equation of state and future work. The effective
equation of state

Ppe = P(ppes ppc, a,a)

determines whether the vacuum component behaves as a cos-
mological constant (w = —1), quintessence (—1 < w <
—1/3), or a more exotic form. Its explicit form requires the
full nonlinear expansion of A, 3, S in terms of Ppc and a,
which is left for future work. Nevertheless, the asymptotic
analysis above already reveals that pcGR naturally accom-
modates a dark-energy component with a geometric origin,
with the scale controlled by the invariant acceleration param-
eter ag.

5 Comparison with quantum-gravity motivated
constraints

Having established the main technical results of the pseudo-
complex framework in Sects. 3 and 4, we now turn to a struc-
tural comparison with constraints that have been proposed in
quantum-gravity settings. The purpose of this comparison is
not to claim that pcGR satisfies or derives these conjectures,
but rather to identify which features commonly associated
with quantum-gravity consistency can already arise at the
level of classical geometry.

A recurring theme in quantum gravity is that physically
admissible configurations are subject to intrinsic limitations.
These include bounds on curvature scales, restrictions on
global symmetries, and constraints on vacuum structure.
Such conditions typically arise within effective field theory as
consistency requirements motivated by black-hole physics,
string compactifications, holography, and anomaly consider-
ations [25-27].

From the perspective of the present work, the central point
is that pseudo-complex general relativity imposes analogous
restrictions through purely geometric consistency conditions,
modifying the geometric structure of spacetime itself rather
than introducing new dynamical degrees of freedom. This
motivates a comparison at the level of structural features
rather than at the level of microscopic realizations.

The Swampland program [27] provides a set of conjec-
tured criteria that any consistent theory of quantum gravity
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must satisfy, representing one of the most prominent frame-
works for quantum-gravity- inspired constraints. Among
these, the Distance Conjecture [25,26] asserts that infinite-
distance limits in moduli space are accompanied by a tower
of light states, signaling a breakdown of the effective field
theory. This conjecture constrains the field-space geometry
of any UV completion and has direct implications for models
of inflation and dark energy. The de Sitter conjectures [26]
further restrict the scalar potential, forbidding stable de Sitter
vacua and requiring [VV| > ¢V or min(V;V;V) < —'V.
These conditions are particularly relevant for cosmology, as
they challenge the standard paradigm of slow-roll inflation
and dark-energy domination. The cobordism conjecture [28]
and the absence of global symmetries [29] impose addi-
tional topological and algebraic constraints on the gauge
structure of the theory. While the pcGR framework is not
a full UV completion, its pseudo-complex algebraic struc-
ture may offer a geometric setting that naturally accom-
modates or bypasses some of these constraints, particularly
through the introduction of a minimum length scale encoded
in ag, which regularizes the central singularity and modifies
the strong-field geometry. The connection between pcGR
and Hofava-Lifshitz gravity [19] further suggests that the
extended coordinate formulation of gravity may provide a
bridge between phenomenological regular black-hole solu-
tions and the deeper principles of quantum gravity. These
connections, while speculative, point toward fruitful avenues
for future investigation, where the interplay between pseudo-
complex geometry, modified gravity, and quantum-gravity-
inspired constraints may lead to a more complete understand-
ing of the ultraviolet structure of gravity.

5.1 Geometric consequences of the pseudo-complex
constraint structure

The pseudo-complex extension of spacetime imposes alge-
braic consistency conditions linking the two idempotent sec-
tors of the theory. These constraints restrict the class of
admissible metric configurations and lead to a set of well-
defined geometric consequences. In this section we identify
the principal effects of this constraint structure and analyze
how they manifest in both local and cosmological settings.

5.1.1 Bounded curvature and high-curvature regularity

Among the consequences of the pseudo-complex constraint
structure is the regularization of curvature in high-symmetry
configurations, as derived in Sect. 3. The invariant acceler-
ation scale a(p imposes a lower bound on the lapse function,
which prevents the vanishing behavior responsible for cur-
vature divergences in solutions such as the Schwarzschild
geometry.

As a result, curvature invariants remain finite in regions
where general relativity would predict singular behavior. This
regularization mechanism is entirely geometric: it does not
rely on additional matter sources, modified dynamics, or
quantum corrections, but follows directly from restrictions
on admissible spacetime configurations, together with the
consistency conditions at the areal-radius origin derived in
Sect. 3.

5.1.2 Intrinsic cutoff scale

The pseudo-complex framework introduces an intrinsic geo-
metric scale through the invariant acceleration parameter
ap. This scale controls the behavior of the metric in high-
curvature regimes and effectively limits access to arbitrarily
large curvature.

Unlike ultraviolet cutoffs arising from new dynamical
degrees of freedom, the scale ap enters through the con-
straint structure of the geometry itself. The resulting cutoff
is therefore kinematic in origin, reflecting a restriction on the
allowed spacetime configurations rather than a breakdown of
the effective description.

5.1.3 Absence of additional conserved charges

The auxiliary sector f,, is determined algebraically and does
not introduce independent dynamical fields. Consequently,
the extended geometric structure does not give rise to new
conserved charges associated with additional symmetries.
This reflects a general feature of the pseudo-complex con-
struction: all additional structure is encoded in constraints
rather than in new symmetries or new degrees of freedom.

5.1.4 Dynamical effective vacuum component

In cosmological settings, the pseudo-complex geometry gen-
erates a dynamical vacuum component in the Friedmann
equations, as shown in Sect. 4. This term arises from the
geometric structure of the theory rather than from an inde-
pendent scalar field or potential.

The resulting vacuum energy is therefore intrinsically
dynamical, with its evolution determined by the constraint
relations governing f,,, as encoded in Eq. (49) and formally
represented by Eq. (50). This provides a purely geometric
mechanism for generating time-dependent vacuum behavior
without introducing additional fields or modifying the prop-
agating degrees of freedom.

5.1.5 Limitations of the geometric framework
While the pseudo-complex constraint structure leads to sev-

eral nontrivial geometric effects, its scope is restricted to
modifications of spacetime structure at the classical level. In
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structural features

[ Swampland-inspired }

/

Geometric features
realized in pcGR

Y

e Bounded curvature
e Intrinsic cutoff scale
e Dynamical vacuum behavior

e Absence of exact global symme-
tries

\

Features without direct
geometric analogs in pcGR

Y

e Infinite towers oflight states
e Distance conjecture tower behavior

e Other explicitly spectral quantum
constraints

Main conclusion: pcGR exhibits a subset of Swampland-
like features through consistency conditions, while oth-
ers remain intrinsically tied to quantum degrees offreedom.

Fig. 1 Schematic classification of Swampland-inspired features in pseudo-complex general relativity (pcGR). Some features arise from geometric

constraints, while others require quantum degrees of freedom

particular, it does not introduce new microscopic degrees of
freedom or modify the spectrum of excitations.

As a consequence, phenomena that depend explicitly
on quantum spectra, such as the emergence of towers of
light states, lie outside the domain of the pseudo-complex
framework. This limitation delineates the boundary between
geometric constraints and genuinely quantum-gravitational
effects.

Taken together, these results establish pseudo-complex
general relativity as a constrained geometric framework in
which curvature regularization, intrinsic scales, and dynam-
ical vacuum behavior arise directly from the structure of
spacetime. Figure | summarizes this classification.

6 Outlook on possible ultraviolet structures

The results of the present work establish pcGR as a consis-
tent geometric framework for regular black-hole solutions
and nonsingular cosmologies [6,9]. The lapse-gap condition
e'") > ag, together with the regularity conditions B(0) = 1
and B’(0) = O derived in Sect. 3, provides a controlled
mechanism for eliminating the Schwarzschild-type curva-
ture divergence while recovering GR in the weak-field limit
[6]. The formally reduced cosmological equation, Eq. (50)
from Sect. 4, governs the effective dynamics of the pseudo-
complex energy density ppc(?), replacing the phenomeno-
logical dark-energy component with a geometric term aris-
ing from the pseudo-complex structure of the field equations
[11,12].

The simultaneity condition, namely that the pseudo-
complex Einstein equations must hold independently in both
idempotent sectors e4 and e_, follows from the algebraic

@ Springer

structure of the pseudo-complex numbers and is derived in
the foundational work [6]. This simultaneity condition is
not merely a formal requirement; it enters explicitly in the
derivation of the curvature bounds in Appendix A, where the
independence of the two idempotent sectors ensures that the
denominator A(r)? — aé controls the entire invariant spec-
trum (see Eqgs. (A.5)—(A.7) and the surrounding discussion).

The pseudo-complex extension of spacetime introduced
in this work is formulated entirely at the level of classical
geometry. It does not rely on an underlying microscopic the-
ory, and no claim is made here regarding a derivation from a
specific ultraviolet (UV) completion. Nevertheless, it is use-
ful to examine whether the geometric structures identified
above admit connections to frameworks that arise in quan-
tum gravity.

The spherically symmetric solutions derived in Sect. 3,
the formally reduced cosmological evolution equation from
Sect. 4 [Eq. (50)], and the geometric constraint structure dis-
cussed in Sect. 5 provide the concrete results that motivate
the following speculative connections.

One possible point of contact is provided by para-complex
geometry, which appears in NV = 2 supergravity and special
Kihler geometry [30-32]. Para-complex structures satisfy
J? = +1 and admit an idempotent decomposition similar to
that used in the pseudo-complex construction. In supergrav-
ity, these structures govern scalar-field couplings, whereas in
the present framework they act directly on spacetime. This
analogy suggests that the pseudo-complex extension may
be viewed as a geometric implementation of structures that
appear in more general settings.

A related observation arises in doubled field theory
and generalized geometry, where the coordinate space is
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Table 1 Comparison of pseudo-complex general relativity with representative approaches to quantum gravity that address bounded curvature,
minimal length, and singularity resolution

Aspect pcGR Loop quantum gravity Wheeler-DeWitt/ String theory
Quantum cosmology
Primary Classical geometric Quantization of geometry Canonical quantization of Microscopic UV
modification extension (holonomies/fluxes; gravity (wave function of completion (extended
(pseudo-complex discrete spectra) the universe; objects; extra dimensions;
spacetime; invariant minisuperspace) dualities)
acceleration scale)
Spacetime Smooth manifold with Fundamentally discrete Quantum state on Typically
description constrained short-distance geometry; continuum as superspace; classical higher-dimensional;

Minimal-length/
UV mechanism

Singularity
resolution

New microscopic
degrees of
freedom
required?

Relation to EFT
constraints

structure

Geometric cutoff via
maximal acceleration /
bounded curvature

Regular cores in symmetric
solutions (geometric
regularization)

No (auxiliary sector fixed
algebraically)

Not formulated as an EFT
framework; constraints

an effective limit

Area and volume gaps;
polymerized effective
dynamics

Bounces or regular interiors
(quantum geometry)

Yes (quantum geometric
degrees of freedom)

Not formulated as an EFT
diagnostic

spacetime emerges
semiclassically

Quantum boundary
conditions suppress
classical singularities

Singularity avoidance via
quantum dynamics or
boundary conditions

Yes (quantum gravitational
degrees of freedom)

Not formulated as an EFT
diagnostic

effective 4D spacetime
after compactification

Fundamental string length
and T-duality limit spatial
resolution

Resolution via extended
objects, dual descriptions,
or microstate structure

Yes (strings, branes, and
associated spectra)

Source of consistency
conditions in low-energy

arise geometrically

EFTs

The entries highlight structural features and qualitative mechanisms. Here, EFT denotes effective field theory. The comparison does not imply a
technical equivalence, derivation, or embedding of pseudo-complex general relativity within these frameworks

extended to include dual coordinates [33-35]. The general-
ized metric in such formulations contains multiple symmetric
components, reminiscent of the decomposition

Guv =g+ 1fuv,

introduced in Sect. 2. In these approaches, consistency condi-
tions reduce the extended description to a physical spacetime.
This raises the possibility that the pseudo-complex structure
may capture a restricted sector of a more general geometric
framework.

Another structural parallel appears in theories that incor-
porate an upper bound on proper acceleration, such as those
inspired by Born-Infeld kinematics [36-38]. In such mod-
els, ultraviolet effects manifest as constraints on admissible
kinematical quantities. The invariant acceleration scale ag
in pseudo-complex general relativity plays a similar role by
restricting access to high-curvature regimes through geomet-
ric conditions on the metric.

The comparison summarized in Table 1 places pseudo-
complex general relativity alongside representative
approaches that address singularity resolution and short-
distance structure. The purpose of this comparison is to high-
light common structural features, rather than to establish a
direct correspondence or embedding.

These observations do not provide a derivation of the
pseudo-complex framework from a UV-complete theory.
However, the recurrence of similar algebraic and geomet-
ric structures suggests that the constraint-based modification
of spacetime considered here may capture aspects of a more
general class of geometric extensions. A more detailed inves-
tigation, for example through extended-coordinate formula-
tions or sigma-model constructions, would be required to
clarify this connection.

7 Conclusion

Pseudo-complex general relativity provides a constrained
extension of spacetime geometry in which an invariant accel-
eration scale modifies the high-curvature behavior of the
metric. In the symmetric configurations analyzed here, this
structure enables the construction of configurations in which
Schwarzschild-type curvature divergences are removed, and
introduces an intrinsic cutoff scale without adding new prop-
agating degrees of freedom.

The central result of this work is that curvature regular-
ization follows directly from geometric admissibility con-
ditions. In the spherically symmetric sector, the pseudo-
complex correction imposes a lapse-gap condition that pre-
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vents the radial metric coefficient from becoming degenerate.
When combined with the regularity conditions at the areal-
radius origin, B(0) = 1 and B’(0) = 0, which emerge nat-
urally from the pseudo-complex geometry and are derived
explicitly in Sect. 3, the Kretschmann scalar and the corre-
sponding curvature invariants remain finite, with the local
curvature scale controlled by ag.

In cosmological settings, the same auxiliary sector induces
an effective time-dependent vacuum component in the Fried-
mann equations. We have presented a formal reduction of
the pseudo-complex field equations to an effective evolution
equation for this component, showing that its dynamics is
determined by the geometry without arbitrary functions.

The comparison with quantum-gravity motivated con-
straints is structural. pcGR exhibits features reminiscent of
ultraviolet consistency conditions, including bounded curva-
ture, intrinsic cutoff behavior, and dynamical vacuum energy.
At the same time, it does not reproduce features that depend
explicitly on quantum spectra, such as towers of light states
or distance-conjecture behavior. These remain outside the
scope of the classical pseudo-complex framework.

The regularization of the Schwarzschild-type curvature
divergence is achieved through the full consistency structure
of the pseudo-complex geometry, where the lapse-gap con-
dition ") > g acts together with the regularity conditions
B(0) = 1 and B’(0) = 0 at the areal-radius origin. These
conditions are not imposed externally but emerge naturally
from the deformed metric relation, ensuring that the regu-
larization follows from the algebraic structure of the theory
rather than from the gap condition alone.

Several aspects of the present analysis invite further inves-
tigation. The effective equation of state ppec = P (opc, Ppe, @,
a), which determines the dynamics of the pseudo-complex
vacuum component, has been identified but not yet derived
in closed form. A complete characterization of this function
would provide deeper insight into the cosmological evolu-
tion predicted by pcGR. Furthermore, a detailed analysis of
the solutions of the formal evolution equation (B.62), includ-
ing the conditions for decaying, transient, or growing behav-
ior of ppc(7), remains an open problem. Finally, the physi-
cal interpretation of the functions A4, B, S in terms of effec-
tive couplings or scale-dependent cosmological parameters
would help clarify the role of the pseudo-complex geometry
in cosmological dynamics. Extending the analysis to rotating
or less symmetric configurations would also test the robust-
ness of the regularization mechanism. A more detailed treat-
ment of near-horizon observables, gravitational-wave ring-
down, and cosmological evolution would further constrain
the pseudo-complex scale. On the theoretical side, it remains
important to clarify whether the pseudo-complex structure
can be embedded in a broader geometric or ultraviolet frame-
work. These directions will be pursued in future work.
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Appendix A: Curvature behavior near the origin

In this appendix we analyze the curvature behavior near
r = 0 for the spherically symmetric pseudo-complex ansatz
discussed in Sect. 3 and justify the bounded-curvature result
stated there.

We consider the metric

2 ") 442 ) a
_v(r —v(r
ds® =e"Vdt” —e e
dr? — r?d2°, (A.1)
and impose the regularity conditions
D > 1 +8)"%ay, §>0, (A.2)
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together with

Wl <M, ') < Ma, (A.3)
for finite constants M and M.

Appendix A.1: Metric behavior

The gap condition implies

L2V

— a3 > 8ag, (A.4)

so that the radial metric component

2 -1
(r) = —e® (1 - =0
8rr = 220

remains finite. In particular,

(A5)

1 a2 -1 ~ S20()
e T e — g2

is bounded due to the lower limit on e

(A.6)
20) _ g2,

Appendix A.2: Explicit curvature expression

To make the bounded-curvature result more concrete, it is
useful to display the leading structure of the Kretschmann
scalar in terms of the function A(r) = ",

For a static, spherically symmetric metric of the form
ds®> = A(r)dt* — B(r)dr® — r*d 22, (A7)

the Kretschmann scalar can be written schematically as a
sum of terms of the form

(A)?  (A"?  (B)?

Koy~ ap* a2p T 50
A(B' 1 1\?
o e
In the pseudo-complex case,
) -1

By = [1-_% (A.9)

A(r) A(r)? ' '
so that
a1 g A.10)
By O\ T Am?) 4

Substituting this into Eq. (A.8), all potentially divergent con-
tributions are governed by the gap condition on A(r)> — a%
together with the regular-center condition on B(r), so that

no singular behavior arises. In particular, these conditions

ensure that the curvature invariants considered here do not
diverge.

For example, one of the leading derivative contributions
takes the form

(A)?
A2B?

(A(r)? - ad)’
A(r)® '

= (A)? (A.11)

which remains finite provided A(r)> — a(z) is bounded away
from zero and A(r) does not vanish.
Similarly, second-derivative contributions contain factors
such as
A" AW —a)
AB A(r)3
which are again finite under the same conditions.
The purely geometric term behaves as

2 2 2
T N Y P (A.13)
r4 B)  rt A(r)? ’ '

Near r = 0, regularity of the areal-radius origin requires

) (A.12)

B(O)=1, B'(0)=0. (A.14)
Equivalently,

1 + 0. (A.15)
B(r)

Therefore

1 (1 — L)2 =0(1) (A.16)
r4 B(r) ’

and the angular part of the Kretschmann scalar remains finite.
Collecting all contributions, one finds that all terms con-
tributing to K (r) remain finite provided the gap condition

A(r)? — af > sa} (A.17)

holds, A(r) has bounded derivatives, and the regular-center
condition on B(r) is satisfied. The resulting curvature scale
is therefore set by ag,

K(@r)=0(@ag* asr— 0. (A.18)
Appendix A.3: Example near-origin behavior

To illustrate the regularity conditions, consider a local expan-
sion of the lapse function near » = 0 of the form

v(r) = v + var® + 0", (A.19)
with vy satisfying "0 > ag.

Then
') = " (1 +vr? + O(r4)> ; (A.20)

so that the gap condition ") > (1 + 8)2ay is satisfied in
a neighborhood of » = 0 provided ¢"0 > ayg.
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Substituting this expansion into the metric shows that
grr(r) remains finite, and all curvature invariants constructed
from derivatives of v(r) remain bounded. In particular, the
leading behavior of the Kretschmann scalar is constant as
r — 0, consistent with K (r) = O(ao_4).

Appendix A.4: Comparison with Schwarzschild behavior

For comparison, the Schwarzschild solution gives

1
Ksehw (r) ~ 76 (A.21)

which diverges asr — 0. In the pseudo-complex framework,
the lapse function is bounded away from zero, removing the
mechanism responsible for this divergence.

These estimates support the bounded-curvature result used
in Sect. 3 and show that the curvature scale near the origin is
set by the invariant acceleration parameter ay.

Appendix B: Formal reduction of the cosmological field
equations

The purpose of this appendix is to show how the auxil-
iary pseudo-complex variables appearing in the cosmological
field equations may be systematically eliminated, leading to
an effective evolution equation for the pseudo-complex vac-
uum component ppc (¢). The reduction is based on the consis-
tency of the two idempotent sectors in a homogeneous and
isotropic FLRW background.

The derivation presented below is formal and applies
within the restricted auxiliary parametrization adopted here.
Its purpose is to exhibit the structure of the auxiliary-field
elimination rather than to provide the most general pseudo-
complex FLRW dynamics. In particular, it assumes that the
differential operators introduced during the elimination pro-
cedure admit the required inverse operators and that the
auxiliary fields can be eliminated consistently. Under these
assumptions, the pseudo-complex cosmological equations
reduce to an effective second-order evolution equation for
Ppc(t) coupled to the physical Friedmann equation.

Appendix B.1: Cosmological setup and auxiliary variables

The physical spacetime is described by the FLRW metric

. a(t)?
8uv = dlag(l, B —a(t)*r?,
— a(t)*r? sin? 0), (B.22)

where a(t) is the scale factor and k = 0, £1. Spatial homo-
geneity and isotropy restrict the auxiliary tensor f,, to the
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form

Juv = diag(fo(t), fl(l)la_(—tl);z, H®a)*r?,
f()a(t)*r? sin? 9>, (B.23)

where the functions fy(z), f1(¢), and f,(¢) are determined
by the pseudo-complex field equations.

The effective metrics associated with the two idempotent
sectors are

8% =g +0ofu. o== (B.24)
or explicitly,

. a(t)?
g;(fu) = d1ag<1 +0fo, — T— krz(] —af1),

—a®)*r*(1 — o fr), —a(®)*r*sin? 01 — af2)>.
(B.25)

Appendix B.2: Friedmann equations in the two idempotent
sectors

Each effective metric has the form of a FLRW spacetime with
effective lapse and scale factor,

N:=1l+o0ofy, AZ=a@®)?(—-oaf)), (B.26)
so that
ds? = N2dr* — A2 <1 —a+ r2d92) : (B.27)

For the formal reduction below, we adopt a synchronous
parametrization of the sector equations, N, = 1, so that
the Friedmann equations take the form

K . K
Hy =305t Ho+ H = —2 (o +3p5h).  (B28)
where
H, = Ag (B.29)
"= a )

Appendix B.3: Consistency of the two sectors

The defining feature of the pseudo-complex construction
is that both idempotent sectors satisfy the Einstein equa-
tions simultaneously. Within the restricted synchronized
parametrization adopted for the formal reduction, we impose

ff ff ff
H+=H—=H1 pi :pe :pe7

eff _ eff

pelt = ptt = peff, (B.30)
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together with

A2 =a()*(1 —ofy). (B.31)
The condition

H =H =H

implies

A A g

=4 (B.32)
A+ A_ a

or equivalently,

%m [a(t)a/l — fl(t)]
— %m [a(t)\/l ¥ fl(t)] - Z

(B.33)

Expanding the logarithmic derivatives gives

. 1 b 1 ~ .
a ! fi 1 fi _a (B.34)
a 21— f 21+ 1 a

a
=—+
a
which immediately implies
ho_ A
1-fi 1+fi

The nontrivial solution corresponds to f; = constant. To
recover the GR limit as ag — 0, we choose

fi) =0,

— fi=0 or f;=0.

(B.35)

Aq(t) = a(t), (B.36)

so that both idempotent sectors share the same cosmological

scale factor.

Appendix B.4: Pseudo-complex Einstein equations

The pseudo-complex Einstein equations are

Gu(g+1f)+ A+ 1f)pw =«kTu(g+1f), (B.37)

which, after projection onto the idempotent basis, become

G ) + AgD) = kT, (g), o ==

iy (B.38)

Appendix B.5: Effective vacuum component
The auxiliary contributions to the physical-sector Ein-

stein equations may be collected into an effective energy-
momentum tensor,

G;w(g) ZKT,uv(g)'i'KT;ESa (B.39)
where homogeneity and isotropy imply
T/E)\C) = diag (Ppc’ Ppcs Ppes Ppc) . (B.40)

To the order retained in the auxiliary sector, the temporal
component gives

3ad 3 3 . 3k
ppe ==~ fo+=Hfo+ =Hfo+ —5 >
K a K K Ka

+ (higher-order terms), (B.41)
while the spatial components yield
1/ a . k
Ppe=——\2-+H +— 12
K\ a a
1 a\ . 1.
——\2H+ ) 2—=L2
K a K
+ (terms involving fp). (B.42)

Appendix B.6: Formal elimination of the auxiliary fields

The conservation equation for the effective auxiliary sector
is

Ppe + 3H (ppec + Ppc) = Tpe(t), (B.43)

where the source term may be written as

K . .
Cpe = g(ppch — Ppefo)

K . . .
+ g(ppc f2 — ppc f2) + (higher-order terms). (B.44)

The remaining task is to eliminate the auxiliary functions
fo and f>. Equations (B.41) and (B.42) may be regarded as
operator equations for these variables.

Under the assumption that the corresponding differential
operators are invertible, Eq. (B.41) may be formally solved
for fp. Neglecting the higher-order terms displayed in that
equation, we define

. d
p=2 41w +HE, (B.45)
a dt

so that

K k
Dfo = gppc - a_2f2- (B.46)
Hence,

(K k
fo=D" <§ppc -~ ;fz> . (B.47)

Here D! is understood as a formal inverse operator acting
on the entire expression in parentheses.
Equation (B.42) may be treated analogously. Defining

5—d2+ 2H+a d+2é+H2+k (B.48)
T dr? a) dt a a?’ ’

the spatial field equation can be written schematically as

& f2 = —kppe + Fol fol, (B.49)
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where F[ fo] denotes the terms involving fp that were left
implicit in Eq. (B.42). Formally,

fo=E " (—kppe + Fol fol)

again assuming the existence of the corresponding inverse
operator.

(B.50)

Appendix B.7: Formal reduction to an effective evolution
equation

We now complete the formal elimination of the remaining
auxiliary variables fo(t), f2(¢), and d(t), thereby reducing
the pseudo-complex cosmological field equations to an effec-
tive evolution equation for ppc ().

Combining Egs. (B.47) and (B.50), we obtain the formal
operator relations

3k
Kppe — a_2f2 K Ppc + &
= & " = B.51
0 3D f2 5 (B.51)
where
S=2—-+H + —- (B.52)
a a

Here the operators D! and £~ are understood in the formal
sense introduced above. Their explicit construction is not
required for the reduction presented here.

The Friedmann equation for the physical sector is

K
H? = g(lomatter + Ppe)> (B.53)
whose time derivative gives
. K . .
2HH = g(Pmatter + ppc)' (B.54)

For the purpose of the formal reduction, we introduce an
effective relation that eliminates d in favor of the remaining
cosmological variables. Within the restricted parametrization
adopted here, we write

P

K
7 = _E(lomatter + Ppc + 3 Pmatter + 3Ppe) + H? (B.55)

This relation is used here as a formal closure condition for the
reduced system and is not intended as the general acceleration
equation of the full pseudo-complex FLRW theory. Substi-
tuting Eq. (B.55) into the definitions of D and £ eliminates
the explicit dependence on d, yielding the formal operator
expressions

K
D= _E(Pmatter + Ppc + 3 Pmatter + 3Ppc)

d
+2H> + H—,
dt

K
&= _g(;omatter + Ppc + 3 Pmatter + 3Ppc)
d d*

k
+3H*+ 5 +2H— + —.
a? dt  dri?

(B.56)

@ Springer

The spatial field equations provide a corresponding rela-
tion for the effective pressure. After formally eliminating the
auxiliary fields, ppc is no longer an independent variable but
is determined implicitly by the remaining cosmological vari-
ables. Accordingly, we write

Ppc = P(Ppm Ppe» 4, d) ) (B.57)

where the functional P denotes the relation induced by the
pseudo-complex field equations. Its explicit analytic form is
not required for the formal reduction presented here.

For illustration, the formal operator relation reduces at
leading order to

1
Ppe = 2D~ ppe + Olppe), (B.58)

3
where the inverse operator is again understood in the formal
sense.
Substituting Eqs. (B.51), (B.56), and (B.57) into the def-
initions of A, B, and S (Egs. (B.59)-(B.61)) yields the cor-
responding formal operator expressions

k2d (1
—3H - — " (=
A 9dt<D)'0pC

2k d (1P\ 1
3a2dt \D € ) ppe

(B.59)

(B.60)

(B.61)

where D and & are given by Eq. (B.56) with ppe = P.
The resulting effective evolution equation is

bpc + A(ﬁpc: ppc» a, a),épc

+ B(Ppm a,a)ppc = S(ppc’ Ppe, @, @), (B.62)
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with A, B, and S given by Egs. (B.59)—(B.61).

This completes the formal elimination procedure within
the restricted parametrization adopted above. Under these
assumptions, the auxiliary variables no longer appear explic-
itly in the resulting equations. Consequently, the effective
evolution equation (B.62), together with the Friedmann equa-
tion (B.53), provides a formal representation of the reduced
cosmological dynamics in terms of the variables a(¢) and
Ppc ().

A treatment of the most general pseudo-complex FLRW
system, as well as a rigorous mathematical analysis of the
existence, uniqueness, and invertibility properties of the
underlying operator equations, lies beyond the scope of the
present work.

In the limitag — 0, the auxiliary sector decouples, ppc —
0, ppc — 0, Eq. (B.62) becomes trivial, and Eq. (B.53)
reduces to the standard FLRW equation.
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