Lawrence Berkeley National Laboratory
Recent Work

Title
SIMULTANEOUS REACTIONS ON A ROTATING-DISK ELECTRODE

Permalink
https://escholarship.org/uc/item/7hm3d2m§

Author
White, Ralph Edward.

Publication Date
1977-03-01

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/7hm3d2m6
https://escholarship.org
http://www.cdlib.org/

','&ryu G0 44 f 09 i) |

o TR S LBL- 6094

4y
! e

SIMULTANEOUS REACTIONS OoN A
T - ROTATING -DISK ELECTRODE_ S

Ra.lph Edward Wh1te
(Ph D thes1s)

uk,a Mﬁ AND e
“‘UMENT‘B Jﬁcmom o

March 1977 -

For Reference

Not to be taken from this room




DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



00U 4047090092

LBL-6094

SIMULTANEOUS REACTIONS ON A ROTATING-DISK ELECTRODE
Ralph Edward White
Materials and Molecular Research Division, Lawrence Berkeley Laboratory,

and Department of Chemical Engineering, University of California,
Berkeley, California 94720

March 1977



o’

- gon Canolgn



N

00047090093

-iii-

Simultaneous Reactions on a Rotating-Disk Electrode

Contents

Abstract « « + ¢ ¢ 4 4t 4 4 e e e s e e e e e

1. Copper Deposition from an Aqueous, Acidic Copper
Sulfate Solution « ¢ ¢ ¢ o ¢ ¢« ¢« ¢ « 4 4 4 4.

Introduction. . . . . « . . o .o o000 .
Model . . « ¢ v o v v v v v v b hh e e e e
Assumptions . . . . S e e e e e

Bulk solution . . . . . . . . . . . ..

Diffusion.layer soe e e e PO

Current densities and multiple reactions .
Parameters . . . . ..o 4o 4 4 4 e e 4w e s
Solution Technique . . . . . . . . . « . . .
ResultS‘and Diécussion c e e e e e e e e e
Summary B T

2. Copper Deposition from an Aqueous, Acidic Copper
Chloride Solution . . . . . . & v v v v v v «

Introduction & v « ¢ 4 4 e c 6 e 0 4 o o o W

Governing Equations . . . . . . . . . . . . .

Solution Technique . . . . . . . . . . . . .

CResults o . L L L s e s e e e e e e e e e e
Discussion . . . . . . . . . . o ..
Summary and Conclusiom . . . . . . . . .

Acknowledgement . . . . . . . 4 4 4 e 444 e e . .

12
13

23
25
25

32

36

37

47

54

55



- iv_

Appendix A. Overpqteﬁtialé e e e e e e
| Purpose............
Concentration Overpotential . . .
Surface Overpotential

Total Overpotential . . . . . .

Appendix B. Parameter Development and Solution Technique

for Chapter 1 . . . . . . « + . . . .
Purpose « « « + o . o o 40 0.,
Parameters . . « . . . . o . . . .
Solution Technique . « . . . « .
Program Discussion . . . . . . .

- Program Listing . . . . . . ..

Appendix C. Standard Electrode Potentials . . .

PUrpose. .« « + « « 4 4 4 e e e ..

Eléctrode Reactions . . R
Equilibrium Constant for the Plane
Appendix D. Solution Technique for Chapter 2 . .
Purpose v . « ¢« + ¢ ¢ v 4 o v . .
Governing Equations . . . . . . .
Boundary Conditions . . . . . .
Solution Technique . . . . . . . .
Program Listing . . . . . . . . .
Notation . . . .« . ¢« « v ¢ v v « « o o .

References . . . . . « . . « v ¢ i 00 e e e e

Reaction

56

56

56

64

66
66

66

71 -
73

79..

87

.87

87

94

96
96
9%

- 97

101

104

.5114 '

118

¥

-



CU 4047 0909 4

-y-

Simultaneous Reactions on a Rotating-Disk Electrode
Ralph Edward White
Materials and Molecular Research Division, Lawrence Berkeley Laboratory,

and Department of Chemical Engineering, University of California,
Berkeley, California 94720

Abstract
Mﬁltiple feactions at a rotating-disk electrode are modeled
_ in this dissertation for two cases. In the first case, the governing
eéquations, which do not include.the effect of ionic migration but
dO’include the radial dependence of the concenﬁrations and potential,
are ueed to generate a parameter which characterizes the effect of a
side reaction on ﬁhé limiting-current curve of a main reaction.
Various predicted current-potential curves illustrate the importance
of this parameter for copper deposition with simultaneous formation of
dissolved hydrbgen at a.disk electrede rotating in a copper sulfate
solution containing sulfuric acid.

Predicted and measured 1imiting—current cufves for this system
are compared. In addition, distrzbutions of current, potential,
and surface concentration on the disk indicate that in some cases
the main reaction can be below its limiting rate at the center of
the disk while hydrogen gasjbubbles may be formed near the edge.

In the second'case, deposition of copper from an aqueoes solution
eontaining cepric and ferric chloride is modeled. The potential
distribution and concentration profiles within the diffusion layer
are predicted for given potential differences between the electrode

and the solution.



A cuprous ion, which is formed by the reduction of thé complexed
cupric ién at the eiectrode, is stabilized in the chloride solution
and can react either at thé electrode or with ferric»speciesrwitﬁin
the diffusion layer. The assumption; that this homogeheous reaction
is fast and irfeversible generates a reaétion ﬁlane, whose position
is shown in the concentration and potential profiles. 1In addition,
the position of the reaction plane is plotted as a function of fhe
potential difference between the electfode and the adjacent solution.
Predicted current-potential and current efficiency-potential curves
are also reported. Finally, the iron contamination of'the deposited
coﬁper'ié estimated to be iess than.l()—5 atom percent for some cases.

However, be¢ause some of the partial current densities are below
their limiting values, the analysis is strictly validronly at the

center of the disk.

Work performed under the auspices of the U. S.v
Energy Research and Development Administration.

o«



\,
|

Chapter 1. Copper Deposition from an Aqueous, Acidic
Copper Sulfate Solution

Introduction

The rotating-disk electrode is a popular experimental tool.l“6
It has been used, for example? to measure diffusion coefficients,
investigate metal deposition'and organic synthesis, determine bulk
concentrations of electroactive species, and study corrosion. Multiple
electrode reactions occur invariably to some extent in all of these
cases. To help understand better their effect, a model of an
electrochemical cell éonsisting of a rotating-disk electrode on which
multiiple reactions can occur, a distant counterelectrode, and a
reference electrode of a given kind is presehted.

A similar mode17is presented in chapter 2 which includes
multiple electrode reactions and the effect of ionic migration but
neglects the nonuniformity of the ohmic‘potential drop in solution.
The present model includes this effect but neglects that due to ionic
migration within the diffusion layer.

The model is similar to ones presented earlier.8—28

Model
Assumptions
The following assumptions apply to the model:
1. .There are two types of specieS: major and minor. The major
species are the dissociation products of the supporting electrolyte;
all other species are minor. The concentration of supporting electrolyte
is constant. Minor species are transported according to the theory

e e . X . 22
of transport processes in 1nf1n1pe1y dilute electrolytic solutions.



Diffusion coefficients andvother physical properties of the solution
depend only on the bulk composition.

2. Thefdiffusion potential differeﬁce across the diffusion
l;yer is negligible. Also, the potential in a.separate reference~
@lectrode compartment is assumed to be the same as that in the bulk

olution at the entrance to the connecting capillary tube.

3. The local current density juét outside the diffuse double
1ayer on the rotating-disk electfode is the same as that at the outer
edge ﬁf the diffusion iayer.

4. The surfaze of the disk remains uniformly smooth during
metal deposition.

5. The system is isothermal and operated at steady state, so
that charging currents are negligible.

$. The Schmidt number of each minor species is large.

Bulk solution

The potential distribution iﬁ the solqtion outside the diffusiqn
layer is governed by Laplace's equation. For the disk geometry, the
general solution satisfying the condition of an insulating plane
surrounding a disk electrode of radius r, and remaining finite on

the axis of the disk, can be expressed aslo’21

[oe)

9(n,E) = L BRon My (® L (1-1)
ns

where 7w and & are rotational elliptic coordinates, natural to the

-
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z = roén‘_ ' : ' _ (1-2)
and
r=x [Q+EHA - n%y 142 . (1-3)

PZn(n) is the Legendre polynomial of order 2n , and Mzn(g) is a .

corresponding Legendre function of imaginary argumentlo’29
normalized in such a way that MZn =1 at £ =0 . The potential
distribution in equation 1 also approaches zero as & approaches

infinity, corresponding to a distant placement of the counterelectrode.

Diffusion layer

When the effect of ionic migfation is‘iénored, the concentratiohé
of minor species are found to satisfy the equation of convective
diffusion; For the high wvalues of the Schmidt.number Q/Di commonly
enountéred in eléctrolytic solutions, the vélocity profiles éan be
approximated by their forms ciose to the disk surface, and this equation
can be solved even though the concentration of a species is not
constant aiong the surface. The resulting normal component of the

'

flux density at the surface can be expressed as an integral over this

‘ 1
variation of the surface concentration:ll’30’3

e ~(pZp_y1/3
N (r) = =D i =_:__:.L_—R.._.___. c - C (0)
i » i 9z -0 odF(4/3) i,» i,o
r .
. jmdci’o(X) = (1-4)
ix 3 3173 °
A (xr™ - x7)"



where Sd is the diffusion-layer thickness,

/3
NEARE

Gd ey Q R (1-5)

based on the diffusion coefficient DR of the principal reactant,

~the rotation speed § , and the kinematic viscosity Vv of the fluid.

Current densities and multiple reactions

An electrochemical reaction j can be written abstractly as

. _ .
g SijMi -> nje . (1-6)

vhere nj» denotes the number of electrons transferred and Mi

represents species i., z, its charge number, and Sij its
stoichiometric céefficient; Let the rate of each possible reaction
be representgd by the value ‘ij of its éontribution to the ﬁotal
(loqal) electrode current density iT . Then the flux of a

solution species at the electrode surface is given in the steady

state by Faraday's law:

J 1
It has furthermore been assumed that thg diffusioﬁ layer is so
thin that the total current density can be obtained either from the
sum of partial current.deﬁsities for the electrode reactions or from
the derivative of the potential distribution (equation 1) prevailing

ouiside the diffusicn layer:
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~.iT(r) =) i = -K
h|
where K_ 1s the conductivity of the bulk solution. The orthogonality

of the Legendre polynomials and the valuesMLZI of Mén(O) permit the

coefficient Bn in equation 1 to be expressed as an integral over

the electrode current density iT :

L

L= 12, (0]

(4n + 1)7r L ‘
2T o ni P, (Mdn . (1-9)
ZKm T 2n" " - -
o
The local currant deusity due to reaction j 1is related to

the surface overpotential for reaction j and the surface concen-

trations of thé species by the Butler-Volmer equation

Y.

, < 6 ij ' aa.F aC.F )
—_— ) ] _ L _
137 g, et I.I-(C ) SPATRT Ts3f T TR Msyf| 2 (1710)
S i i,ref ‘ ~

where ¢ is a reference concentration, i is a value

i,ref oj,ref

of the exchange current density for reaction j calculated at the

composition' ¢, ref ? and Yij is an exponent expressing the composition
. N ’ :

dependence of the exchange current density.

The surface overpotential nsj for reaction j <can be expressed

nsj =V - QO - Uj,O > ) (l_,.ll)

Cthat is, it is the difference between the electrode potential V and
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the potential ®0(r). in the solution just outside the diffuse part
of the double layer, minus thebtheoretical open-circuit potential

for reaction j . Both Qo and Uj o are measured by a
. »

Uj,o |
reference electrode of a given kind, corrected for any liquid-junction
potential which might exist between the solution in question and that
‘within the reference—elec;rbde coﬁpartment (see section 40 of reference 22).
Uj,o(r) is related to the local solution composition as well aé the

nature of the reference electrode. In the dilute?solution approximation

used here, activity-coefficient corrections can be ignored, and this

relationship becomes

If the usual tabulations of standard electrode potentials are used

for U?. and Uie , the concentrations in equation 12 must be expressed

in moles/liter. Alternatively, the pure solvent density p, can
be expressed.in kg/cm3 instead of g/cm3'; (Sée Appendix A.)
If we set & equal to zero in equation 1, we obtain 50 , the
potential in the bulk solution extrapolatéd to the electrode surface
as if the curreﬁt distribution was unchanged but.there were no
concentration variation in the diffusion layer. With the supporting-
electrolyte appr;ximation used here, ®0 in,equatién 11 is indistingﬁishable

from @0 because any diffusion potential and any conductivity

variation across the diffuslion layer are neglected.
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Parameters

It is frequently useful to introduce a dimensionless formulation
ofvthe problem because in this manner it is possible to identify a
szall number of dimensionless parameters which govern a system. These
may specify laws of similitude which show how the syétem depends on
size or retation speed, and in favorable situations it may be»passible
to compute general.solutions which apply to a number of different
chemical Sygtems over a range of compositioﬁs'and temperatures. These
are very useful for instruction,.scale—up, and for drawing general
conclusions about system behavior.

However, the reduction in the number of parameters is limited
for complex systems where there are severél relevant species in

solution and several possible electrode reactions. TFor example,

1if the potehtials, including overpotentials and open-circuit potentials,

are madé dimensionless with RT/F , there remain as dimensionless
parameters the transfer coefficients of the electrode reactions;'
Even if one recognizes that cathodic processes with a main reaction
m are most important and makes the potentials dimensionless with

RT/acmF , there remain the ratios of the transfer coefficients to acm .

Furthermore, there are the exponents Yij and the ratio of the

stoichiometric coefficients sij to nj . For the minor species, there

are the bulk composition, the reference concentrations ¢ and

v i,ref ?
the ratios Di/DR of diffusion coefficients to that of the principal
reactant. Cne cannot generally set T e b 5
(Cne cannot generally se Ci,ref qual to Ci’w ecause
some species may not be present in the bulk solution.) These considerations

suggest that we must deal with specific chemical systems or a narrow

class of systems.



 Nevertheless, even for specific systems it will be instructive
to introduce parameters related to the size and the rotation speed.
When we are concerned with the effects of a nonuniform ohmic potential.
drop in the solution, current‘densities should be made’dimensionless
witn 'RTK'/FrO s 6r'with I;Rm/nm] RTKm/Fro to be consistent with
crevious work.lo The dimensionless average current density is then

-n Fr
m

§ = —F—m i 1-13
SpaRTKe, ~ave > ( )

and dimensionless exchange current densities are

n Fr

. s— 1 . (114
J S, RTKm o] ,ref 2

According to the Levich equation,32 the limiting current density for

the principal reactant is

_ "WPRCR,e

o lim T Sl (47335, (1-15)

\

. . : *
This leads to the dimensionless limiting-current density
) +

2 9 :
n_Fr ‘ nzF"DAc 1/3 20 1/2
No=T(4/3) =2 = . RR,® fav 0 16
s, RIK_ "m,lim 2 . 3D v »(1-16)
Rm «@ s, Rlx R
Rm S

which can also be thought of as a dimensionless (square root of)

rotation speed.

) . 10 . .
*To be consistent with earlier work,o 7(4/2) is inserted
as shown,

&



Let us also identify a single parameter which will characterize
the manner in which a side reaction tends to ébscure ;he 1imiting—
current plateau for a main, or desired, feaction. It ié the magnitude
of the side reaction relative to the main reaction at potentials in
the neighborhood of the limiting—currénf pl;;éau whichlis'importanf'
(sée figure 1). At .these potentiéls, it is unlikely that the backﬁard
terms'in_the Butler-Volmer equation 10 have a major influence, and |
a Tafel apptokimation could be applied forvbdth the main and side
reactions. For our exémple, the.catﬁoaic processes are involved.

The electrode potentiai ,Vm for which ﬁhe main feaction is
beginning to reach the limitiﬁg cufrent‘is; ih the absence of an

chmic potential drop, approximately equal to

voey - -Blg[ mling -1
m m,ref o F i :
cm ‘om,ref _

where Um ref is given by equatiorn 12 but with reference concentrations
’ - X : ) v

in place'of the surface concentrations. At this potential defined

by equation 17, the current density for the side reaction j divided

"by the limiting cﬁrrent'densiﬁy for the main reaction (see equation 15)

is proportional to exp (-achAUj/RT) , Where

i i

- S _ _RT __oj,ref RT __om,ref _

AUj Um,ref Uj,ref a F 1n( i ) + o ln( i - (1-18)
_ cj m,lim cm

m,lim

This parameter makes it clear that it is neither the exchange current

density nor the open-circuit potential alone which determines the
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Figure 1-1. ‘Qualitative sketch of thevcurrentfpotential curves for

a main and a side reaction showing some of the parameters
" defined in the text. '



relatiVé significance of a side reaction. If either the exchange -
~current density is very small or the,open4circﬁit éotentiai is
quite‘negative, ﬁhe side reaction Qili not obscuré the limiting;
current plateau. | |
In ﬁhé.case of a corrosion process; a different seie;tion éf
parameters would be apéropfiate, one placing emphasis on tﬁe énodic
part of one reaction and the cathodic part of anbther réaction.
| If equations 7, 10, and li afe substituted into eduation 4 and
use is ﬁadé of the definitions in.equations 12, 15,17, and 18,v

one obtains the equation (one for each minor species 1)

S 2/3 ot r o, .
n CRoo i, ,  d dx ( 3 3)1/3

_where the cathodic and anodic reaction orders are

: S, . : . -8, .
=y . - LS = Koo
A qk.j Yi5 7 % n and ij' ij_+ %3 a, (1-20)
and the parameter
. Poggloey
oj,ref (uajF '
m,lim



characterizes the magnitude of the anodic part of reaction j at an

élec:rddé'potential related to therlimiting—current plateau for the

main reaction. The influence of the parameter Am for a main reaétion,
~alone on the shape of limiting-current curves was investigated in

. 1855 by Gerischekasee'also references 5 and 34). (Sée'Appendix B;)

Solution Technique
_ . . 12 - . :
As in earlier work, one alternates between revising the surface

concentrations and improving the potential distribution, iterating

betwean the two until no further improvement is noticed.
For a given distribution of V - ?o , equation 19 (one for each

minor .species i) governms the surface concentration distributions o "

For calculational convenience, we spacify ¢ at the center of the

R,o0

disk. Eqdation 19 is solved by a multidimensional Newton-Raphson
iteration method for the value of V - @O and the other values of

s 5 “at the center of the disk. As a start, it is assumed that this
b . . . .

potential difference applies across the whole surface of the electrode.-

More generally, with the best possible radial distribution of

hY -.Qo » equation 19 is solved for the surface concentration distributions
by a generalization of the technique of Acrivos and’Chambré?S' Tﬁis

involves evaluation of the integrals by means of discrete mesh points

evenly spaced in r . One proceeds from the center of the electrode

toward its edge, and at each mesh point he solves the coupled eqUationsil§ j‘}

by the multidimensional Newton-Raphson method. This. procedure givésf7
implicitly the distribution of current density for each reaction j

and hence for the total current density iT .

<
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Fro@ the current-density distribution determined above, one néxt
calculates a new distribution of potential 50 from equation 1 after
first calcﬁlating a finite number of values of Bn. by meéqs,of
equation 9. (A damping technique, whereby 50 values are averaged
with previously estimated values, can be used here to speed overall
convergence.) The value of V 1is adjusted so that V - 50 at the

center of the disk is the same as that originally calculated.

The procedure in the last two paragraphs is repeated until a

.convergence criterion is satisfied. (See Appendix B.)

Results and Discussion
" The utility of the model is demonstrated by the simulation of

copper deposition

cu't + 287 »cu, (1-22)
as the main reaction and the formation of dissolved'hydrogen

+ - 1 .
H +e ~35H,, . (1-23)

as the side reaction. Table 1 gives parameters for these.processes

in a cupric sulfate soiution c§ntaining sulfuric acid, where the
kinematic viscosity* is v = 0.010795 cm2/s and the bulk conductivity*
is K - 0.54373 ohmﬂl - cm—l . The cathodic transfer coefficients .

were set equal to 0.5; the anodic transfer coefficients were set equal

*Average value for the polarograms shown in figure 2.36

**Determined from Hsueh's correlation.37

*
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Table 1. Parameter values for copper deposition at 298.15 K.
The exchange currént densiities and the diffusion coefficient of
cupric ions were determined by fitting the model to the data. The
reference concentration for H corresponds to the solubllity in
water at one atmosphere partia%.pressure.

. 6 .
Species 107D, ©1 °i,ref Yim  Yis
cmz/s : mol/1’ nmol/1
cu't 7.5  5.81x107° c 0.42° 0
R’oo .
H, 382 4.155x10° %0 §.31x107% 0 0.25
b — 156 1.5¢ 0 0.5
4
Reaction - U7 i,
3 oj,ref
Y A/cm2
main 0.337 9.08x10"" .
side 0 6.124x10"°

aArbitrarily selected for this work. (See reference 38).
Taken from reference 22 (see also_teference 39).
“It is assumed here that the dissociation products of H2504

+ -
are H and HSO4 and that the bisulfate ion does not dissociate.
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to 1.5 and 0.5 for the main and side réactions, respectively.
| Predicted and measuréd40 current-potential curves for this

system are shown in figure 2. Thé comparison was usea to determine
soze of the paraméters in table 1. For the choice of transfer
coefficienﬁs used here, AUS is independent of the rotation speed.

Figure 3 shows how the shape of the current-potential curves
depends on N and AUS , Where the bulk concentration qf the
principal reactant and the supporting electrolyte conceﬁtration were
set equal to 0.1 and 1.0 M, respectively} AUS and N were varied
by changing the exchange current density of the side_reaction and
the diskAséze, res?e;;ively. Hsueh's correlations37 were used to
determine the solution density, viscosity, conductivity, and the
cupric ion diffusion coefficient as a function of the bulk concentration
of CuSOa and HZSOA , and the rotation speed was set at 2500 rpm
(261.8 rad/s). 1In this case, the anodic portion of the side reaction
is negligible in the potential range shown, and the anodic portion
of the main readtion.is significant only near the open-circuit
potential (an abscissa value of 0.19 V). The results are therefore
appliéable to other systems with similaf values of the cathodic
transfer coefficients and reaction orders, and they illustrate
qualitatively the expected behavior for systems withvdifferent
parameters, |

In figure 4, the desired values of AUS were obtained by
varying the bulk concentration of the principal reactant, thereby

increasing Am , while holding 1.0 M . Where the anodic

C =
HZSO4



ﬁortion of the main reaction is not negligible, figure 4 must be
used; otherwise, for values of V -~ 5o(r =.0) .mofe négative than
about -0,025 V , the curves would agree with those of figure 3 if
plotted against the same abscissa.

| The maximum variation of the potential -50 in the solution
across the surface of the disk occurs when the current density
distribution is pniform (as, for example, a; thellimiting current

- RPN ' 10,4
for a single reaction) and then has the value™ ’ 1
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Figure 1-2. Comparison of predicted and measured40 limiting current

curves for copper deposition with simultaneous formation

of dissolved hydrogen.

The reference electrode was a

. copper wire located in the bulk solution; its position in
the experimental cell was approximated in the model by
placing it in the plane of the disk, 5 em from the axis
of rotation.
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Figure 1-3. Simulated current-potential curves for copper deposition
with simultaneous dissolved hydrogen formation, where the
anodic portion of the side reaction is negligible and
the anodic portion of the main reaction is significant
only near the open-circuit potential. The reference
exchanpe carrent density for the main reaction Is

i = 3x107° A/cm2 and A = 3.52x1077 .
om,ref m
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Figure 1-4. Simulated current-potential curves for copper deposition
with simultaneous dissolved hydrogen formation, where
the anodic portion of the side reaction is negligible.
The reference exchange current density of the side

reaction is i = 5x1070 A/cm? .
os,ref
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A®_ = 0.363 r°—;a-‘iﬁ . | (1-24)
o
The current densities of interest heré are épproximately equal to
#m,lim . Thus, the paraﬁeter N provides a measﬁre of thé potential
variaticn in the solution to be expected at the limiting current,
expressed in units of RT/F .

Curves for N =0 in figﬁres 3 and 4 thus describe a situation
where the disk is so small that the entire electrode is at a uniform
potential relétivg to the adjacent solution. The shape of these
‘curves shows how the side reaction occurs at the same potential as
the main reaction and obscures the limiting—current plateau more
as AUS becomes smaller. Figure 2 alsp illustrates that distortion

of the'limitipg;current plateau can occur even for a relatively
small value of N 'and a large value of AUS .

‘Since ‘AUS depends on the reference concéntrationé, they should
be chosen appropriately (see table 1) to ensure thaﬁ AUS is
charactéristic of the physical system under study. For example,

. lowering the bulk concentration of the principal reactant to reduce N
would also lower AUS ..

The value of Am also influences the shape of current-potential
curves, as discussed by.Gerischer33 in the abscence of a Sidé reaction.
-Comparison of the curves for N = 0 on figure 4 shows that below
the limiting currént the importance of the anodic portiom of the main

reaction increases as Am increases.
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Distortion of the limiting—currentiplateauv(see figure 3) becomes
more pronounced as N .increases for a given value of AUS . (The
disk sizes necessary to make N = 25 for the cR,w values shown in
figure 4 are ﬁnrealistically'large from an experimental standpoint;)

As diséussed above; for large N there can-be an appreciable variation
of V - Eo from the center to the edge of the electrode. The curve

on figure 3 for N = 50 is expanded upon in figures 5 and 6. These

figures show the radial distributions of current densities, surface
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Radial current and surface concentration distributions.
The reference concentration of the cupric species is the
bulk value; that for hydrogen is the solubility. Hence,
the solution is somewhat supersaturated in hydrogen toward
the edge of the electrode.
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concentf&tiéné,:and solution potential for a point well up on thg
limitiné;current curve.

Figuré ) demonstrates.that the main reaction curreﬁt density
can be below its limiting value at the cénter of the disk while
hyirogen gas bubbles may be férmed at the edge of thé disk, since
the dissolved hydrogen concentration exceeds its saturatioh value
there by a factér'of 2.388. .However, larger supersaturation values
of dissolved hydrogen with no bubble formation haveisométimes been
obseryed.42

Thebpotentiél distribution labeled "Actual” in figure 6 gives
rise to the nonuniform distributions in figure.S. Thg potential
changas by about 0.236 V from fhe center to the edge of the disk
becausg of its nonuniform accéssibility from an_ohmic_standpoint.

The potential labeled "Primary" was obtained from43

o, = I/4Kx_ - (1-25)

The nonuhiformity of the ohmic drop across‘the disk, as measured
by N, can be an importaﬁt cause of ﬁlateau distortion. On this_basis,
the distortion will 5e inqreased by increasing-the.rotation épeed
(or flbw rateé in.general), disk size, or bulk concentration of the
principal reactant. Scme of these influences can bé seen clearly

in published sets of limiting-current curves. However, lowering R o

b

can also lead to plateau distortion. This is the case because the
magnitude of the main and side reactilons appreach one another as the -

bulk concentration of the principal reactant is lowered, as can be seen
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by consideriag figure 1. The effect df"cRﬁ) }s thus ambiguous --

a large value of éjoKw leads to-distortion while a large value of

c, /i leads to a distinct plateau. For a reasonable value

i
Ry “os,ref

e

O
rh

cR,m, the nonuniform ohmic effects can contribute significantly
to plateau distortion for large disks or high rotation speeds. The
competition of these several effects is adequately reflected in~the
definipions of the parameters N and AUS and in the curves in
figures3 and &4 showing the resulting behavior.

Actually, Qith sﬁallldisk electrodes and well—sﬁpported solutions,
platesu distorticn is.primarily due to the occurrence of the side
reaction at the same potential as the main reaction (ﬁhe AUS .effect).
However, in technical applications where large systems become involved,

one can be assured that the effect of nonuniform ohmic potential

drop will be of great importance.

Summary .

A model of the rotating-disk electrode with simultaneous reactions
is presented.. Predicted and measured current-potential curves are
compared for copper deposition with simultaneous formation of
dissolved hydrogen on a disk electrode rotating‘in a well-supported
cupric sulfate éolution.

Distortion of the limiting—current plateau for the ﬁain reaction
by a.side reaction can 6ccur for two reasons. 'First, the side reaction
can be in close proximity to the main reaction, as indicated by a small

value of AUS , and, second, a nonuniform ohmic potential drop, as



characterized by a large value of N , -can promote the onset of a

side reaction near the edge of the disk before the limiting-current

coadition is attained at the center.
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Chapter 2. FCopper Deposition from an Aqdeous, Acidic Copper
Chloride Solution Containing Iron
| Introduction

Among the numerous hydrometallurgical schemes for extf&ction
and recovery of copper currently under éonsideration thére are
several which employ an aqﬁeous chloride solution as a l:'L-}lciviant.z‘S—54
The.téndency of chloride to form metal comblexes érovides high
mefal solubilities; and, in conjunction with a suitgble oxidizing

agent such as chlorine, oxygen, ferric ionms,or cupric ions, excess

chloride facilitates rapid leaching of not only scrap metal bﬁt also

55-58
5

sulfide ores such as chalcopyrite, CuFeS
The possibility of regenerating a leaching.agent such as

ferric ions at an anode.ﬁhile depositing copper cathodically makes

vtﬁe prospect of direct electrolysis of coﬁper chloride 1eacﬁ

liqgors attractive. There are, however, two majof‘difficulties with

thié abproach.\ First, copper deposits from chlérides in a rough,

porous, or even powdery form under most‘opErating cbnditions so

54596
that the copper product would probably require remelting. 4,59,60

The second problgm is that the pregnant leach liqdors may contain oxidized
species that could react in the electrolysis cell and cause low

current efficiencies for metal deposition. For example, iron

occurfing in an ore, or as the leaching agent, may appear in the
electrolysis cell as ferric ion and be reduced to ferrous ion at

the cathode. This latter problem can be avoided by assuring reduction

of the electrolyte priér to electrolysis, or by precifitating iron,

to eliminate ferric ions, while using a diaphragm to prevent transport

of ferric ions from the anode to the cathode. Névertheless, it is

interesting to investigate the quantitative effect of ferric ionms
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on the deposition of copper from chloride solutions‘to determine

whether removal of ferric ions prior to electrolysis is necessary.

In this paper we compute the cathodic current éfficiency for deposition

of copper from a copper chloride solution which contains high levels

of ferric ions énd identify some intereéting phenomena that can occur

in this situation. The current efficiency for a cupric chloride

solution which contains no ferric ions is considered elsewhere.61
The process stream that results when copper ore containing iron

is leached under mildly oxidizing cbnditions is preéumed to coﬁtain

the following ionic species in water at 25°C: CuCl |, FeC12+ s H+ s

62,63 indicate that these

and Cl . Available sfability constanf data
are the most stable forms of the possible cupric-chloride and ferric-
chloride complex ions in chloride solutions. Subsequently, these
complex‘ions will be referred to as the cupric and ferric species,
respectively.

Depbsition of.copper from the process stream is éssumed to
involve two steps. The first step is the reduction of the cuprié
species:' |

cucl’ + e + 2017 - Cu01§’ i (2-1)

The second step is the reduction of the resulting cuprous-chloride

complex ion (hereafter referred to as the cuprous species) to copper:

CuCl§- +e »Cu+3Cl . (2-2)
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Stability constant data62’64

also indicate that this cuprous species
is the most stable form of those possible in the solution considered
here. It éhould be emphasized that the stability of the cuprous
species enables it to exist at a much higher concentration than its
counterpart couid in other solutions, such as copper sulfate in
aqueous sulfuric acid (see reference 22,fox example).

Two additional electrode reactions are the cathodic deposition

of iron

Feclt ¥ 27 » Fe + €17 (2-3)

by reduction of a ferrous-chloride complex ion, which is produced
within the diffusion layer (see reaction 5), and the reduction of

hydrogen ions to form dissolved hydrogen.gas
H +e »=H . O (2-4)

This ferrous species, FeC1+., is also considered to be the most

stable form that could exist in this solution. |

| One could also conceive of the direct reduction of ferric to
ferrous species on the electrode, and this‘wéuld occur at quite
positive electrode potenfials (where copper and iron would, in fact,
dissolve). However, the presence of thé ferric species is incompatible
with the simultaneous presence of the cuprous species, and the.ferric
species cannot exist in the region near the electrode in the range

of potentiéls where reactiéns 1 and 2 may occur. Instead, in

addition to its participation in reactions 1 and 2 at the rotating-
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disk electrode, the cuprous species can diffuse away from the electrode
and react with the ferric species, which is being transported toward
the working electrode from the bulk solution, according to the -

following oxidation-reduction reaction:

CuClz_ + FeCl2+

3 2 cucl’ + rec1t + 2017 . (2-5)

This reaction occurs wifhin the diffusion layer adjacent'to the
rotating-disk electrode. Since such jonic reactions are usually
relatiVely rapid, reaction 5 is essentially equilibrated locally,
and_the treatment is similar to that for partial dissociation of
bisulfate ions within a diffusion layer.

'The ferrous species prqduced by reéction 5 diffuses back into
the bulk solution and is also transported toward the eleétrode (where
it may react according to reaction 3). |

The equilibrium'constant K ‘for reaétion 5 can be estimated
to be 1.55X105 (kg/moie)2 by using standard electrode potentials as
well as the stability—gqnstént data referred to above. Becagse this
is a large number, the analysis can be simplified by assuming'that K
is infinitely large. (Further work on this problem.in which K is
not set equal to infinity is conteﬁplatéd.) As a consequence of
the assumption that reaction 5 has an infiniteiy large equilibrium
constant, a reaction plane forms within the diffusion layer and
thereby separates it into two regions (see figure 1). Furthermore,
because of this assumption the ferric species is absent in region 1

and the cuprous species is absent in region 2.
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Figure 2-1. The separation into regions of a diffusion layer
withiq which a fast oxidation-reduction reaction
occurs with an infinitely large equilibrium constant.
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The formation.of a reaction plane by an instantaneous; irrevefsible
bimolecular reaction was treated first Ey Hatta66 within the context
of simultaneous gas absorption.and chemiéal reaction. ' Van Krevelen |
and Hoftijzer,67 Danckwerts,68 Perry and Pigford,69.01ander,70‘and» _ -
others have applied this concept in similar work. Recent treatment
of réaction blanes can be found in books by Sherwood ahvaigford,71
'Astarita,72 Danékwerts,73 Albery and Hitchman,4 Sherwood, Pigford,
and Wilke,74’and Carberry.75‘ Friedlander and Litt76 and Acrivos77
used thé feaction plane concept in their analyses of laminar boundary

78-92

layer flows with a homogeneous reaction. Others have also

studied this subject.
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Also of concern with fhis system 1s the possibility that the
chloride complexing Will stabilize the cuprous species to such an
extent that iron is deposited in preference to copper;. The Sténaard
electrode potentials of reactions with the chloride-complexed species
" were calculated from those bf ;eactions of noncomplexed species and
tﬁe stability constants from the literature. Table I shows that,
at the potentials at which copper will begin to be plated, the
ferrous ion is more stable than either the ferric ion or metallic
iron, and thié is true in both the complexed and noncomplexed systems.

The desired process inbthe electrochemical cell is thé reduction
of cupric species to deposited cobper, which requires two electrons
per copper atom deposited. The current efficiency will therefore
be defined as the numbervoffdopper atoms deposited for each two
electrons passed through the'cell. The principal process which tends
to reduce the current efficiency is the diffusion of cuprous species’
back into the solution where it can escape or lead to the indirect
reduction of ferric species to ferrous according to reaction 5.

Any reduction of ferrous ions to iron at the electrode will also
lower the current efficiency as well as contaminate the deposit.
In addition, the current efficiency is lowered by the reduction of
hydrogen ions according to reaction 4.

The electrochemiéal cell used to model the physical phenomena
discussed above cdnsists of a rotating-disk electrode (the active
portion of which is made either of copper or of an inert material
such as platinum), a normal calomel reference electrode (whose

standard electrode potential is 0.2676 V), a distant counterelectrode,
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Table I. Standard electrode potentials with and without
complexing by chloride, at 25°C, see Appendix C.

5]

‘U, volt
reaction noncomplexed - with chloride
fefrous/ferfic 0.771 0.745
cuproué/coppér 0.521 0.233
cupric/copper | 0.337 0.3355
cﬁp;oﬁs/cgpric | 0.153  0.438
ferric/iron -0.036 ~-0.0523

. ferrous/iron -0.440 ’ -0.451
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and a bulk solution of the same composition as the process stream.
Deposition of copper from this electrochemical cell can be analyzedv
by applying dilute-electrolytic-solution theory with constant physical

. 22,93
properties.

The results of this analysis include concentration
profiles of the‘ionic species within the diffusion layer on the
electrode, current-potential éurves, and current efficiencies for
this system.

For donvenience, the current density distribution was assumed
~£o be uniform on the surface of the electrode: NewmanlO showed how
one should calculate the current distribution on a rotating-disk
electrode, but consideration of the problem treated here at that
level of sophistication is beyond the scope of this work. However,
the results to be presented are applicable at the center of the disk.

Néwman9 also showed that for the rotating-disk electrode, on
which one electfodevreaction bccﬁrs at its limiting value, the
governing equations for electrolytic mass transfer are the same as
those for other flow configuratioms. Céﬁsequently,'the assumption

that the results reported here are also applicable to other flow

configurations9 should be a reasonable first approximation.
Governing Equations

Material-balance equations for species within the diffusion

layer on a rotating-disk electrode are

:.v _21 o FRT THTY) = _
(Di/DR)ci + 3¢ g + (ziuil/DR)(ci¢ + ci¢ ) 0, (2-6)
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where the prime denotes differentiation with respect to the dimensionless -

distance & . For the rotating disk

where y 1is the normal distance from the surface and § 1is the

thickness of the diffusion layer, expressed as

S =\zo \@ » _ (2-8)
‘with a = 0.51023262 .*% The position of the reaction plane, the
ionic species concentration profiles, and the.potential distribution

can be detérmined by solution of these equations together with the

condition of electroneutrality

Jze, =0, (2-9)

and the following boundary conditions.

The boundary conditions in the bulk solution are that

c, > ¢ as § » o,

i i,co

At an arbitrary position,' ® can be specified, corresponding to
tbe arbitrary zero of ﬁqtential. At the reaction plane the boundary
conditions afe: |

a. The‘total flﬁx-of each elément (Cu, Fe, aﬁd Cl) as well as the

flux of H+ and dissolved H2 is continuous.
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b. The concentration of both the cuprous aﬁd the ferric species
is zero.

c. The fluxes of ferric and cuprous species to the reaction
pléne are equal.

The boundary conditions at the rotating-disk electrode are that
the normal component of the flux of species i evaluated at,thé

electrode surface is equal to the sum of its reaction rates:

= - If 33 o | (2-10)

where m is the number of reactions occurring at the electrode
and sij and nj are the stoichiometric coefficient of species i
and the number of electtons transferred in electrode reaction j

when written in the abstract form

zy _
Z s,.M.” > n,e . (2-11)
A s I i
i

The current density due to reaction j was approximated

by the Butler-Volmer equation:

‘ [ <OLa.F a . F
s = &l - SN 2-12
1j 1Oj exp RT nsj exp RT nsj s ( )

where the composition dependence of the exchange current density was

assumed to have the form
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Yo
c, ij Yo s
i, =14, H/—lﬂ—"—— Tad . (2-13)
0j oj,ref | \ci,ref X k

The symbol i represents the exchange current density

oj,ref. v
evaluated at the reference concentration of the ionic species, with
Ci,ref.= 1 M, and at unit relative activity of the metallic'species.
In eqﬁation 13, i ranges over the ionic species énd k over the
metallic species. The relative activity of iron was taken to equal
its mole.fraction in the deposit, and the relative activity of
copper was set equal to unity since little iron was expected to be

deposited. Thus, a was set equal to 0.5 i3/i2 , and the activity

Fe
coefficien; was ignored. The activity coefficient of iron should

be greater than unity since iron and copper are not completely miscible,
and consequehtly the deposition rate of iron should be even lower

than that calculated here.

The transfer coefficients aaj and acj are taken to sum to

n, . The exponents for both ionic and metallic species were given the

values
o,
Yig T %3 TR S50 (2-14)
J
where qij ='—-sij for a cathodic reactant and is zero otherwise.

The surface overpotential for reaction j is_

n.=vV-%& -0 , (2-15).
] 0

J,0
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wherev v is the pofeﬁtial of the rotating disk, @o is the potential
of the solution just outside the diffuse part of the double layer

as measured by a reference electrode of a given kind, gnd Uj,o is
the theoretical open-circuit potential for reaction j at the
composition prévailing at the electrode surface -- again relative to

the reference electrode of a given kind.. For a normal calomel

‘reference electrode,

u, = U? - Ue - RL ) s.. 1n (Eiﬂé) + ) s,.1lna
j,o 3j cal njF 7 i3 po X kj k
A . ,
RT ., [Sc1-
+ —= 1In . (2-16)
F Py

Here, cél_ is the concentration of chloride ion in the reference
electrode compartment, and the concentrations must be expressed in
moleslliter<if the usual tabulations of standard electrode potentials
Uj afe to be used. ©Note that possible activity-coefficient
‘corrections to the concentrations éf the ibnic'species have been

ignored. (See Appendix A.)

Solution Technique
Equations 6 and 9 together with the above boundary conditions
constitute a boundary-value problem involving coupled, ordinary,
nonlinear, differential equations. The governing équations and
boundary conditions.were cast in finite-difference form accurate to

2 . . ; .
order h” , where h is the dimensionless distance between mesh
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points, and solved by a numerical solution technique developed by

_ Newman.z_2 An interesting aséect‘of this problem is the unknown
reaction plane position. In conditions b and ¢ there is one more
boﬁndary condition than would be needed for a fixed plane position.
Consequently, the plane position L musi be treated és an unknown
constant. To use the same computer subroutines, the treatment of

21 for the

this unknown cdnstant ﬁas similar to that used by Newman

eigenvalues of the Graetz problem. (See Appendix D.)
Parameter values used to obtain numerical results are presented

in table II. Mobilities were calculated from the tabulated diffusion

coefficients by means of the Nernst-Einstein reldtion, wu, = Di/RT .

i

For the transfer coefficients, acj = 0.5 , and the exchange current

for reactions 1 and 3 were given the value
3 7

densities, i , s
| oj,ref

10-3 A/cm2 while values of 5X10 ~ and 5.89x10 A/cm2 were used for

reactions 2 and 4, respectively.

Results

Results are presented fdr four cases. In case one,’only reaction
1, the reduction of the cupric séecies fo cuprous_species, is permitted
to occur at the electrode (see table II). In the remaining cases, reactiohs
-1, 2, 3, and 4 occur-ét tﬁe electrode. These separate é;ses emphasize.
the significance of multiple electrode reactions and the significance'_
of the ratio oflthe bulk concentration of cupric species to ferric
species. Table II gives the bulk concentrations for each case.

Figure 2 displays thé dependence of the electric potential ?

on the dimensionless distance from the electrode & for case one.
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- Table II. Parameter values.

species 105D c,
i,»
cn /s mol/1
cases 1 and 2 case 3 case 4
Cuc1§' 0.62 0 0 0
cuctt 0.6% 3 2.25 1.5
rec1t 0.739° 0 o0 - 0
Fec1?t 0.896° 1.5 2.25 3
c1” 2,032 6.1 . 6.85 7.6
ut | 9.312¢ 0.1 0.1 0.1
H, W 4.155.10710 -
T = 298.15 K Vv = 0.010049 cm’/s

o = 0.99707 g/cm> 261.8 rad/s

O
|

8 Taken from reference 95.

bBecause of a lack of data, the diffusion coefficients of the
ferrous and ferric species were taken to be the same as those of
ferrocyanide and ferricyanide 1ons, respectively, as glven in table
75-1 of reference 22,

CTaken from table 75-1 of reference 22,

dThlS value was arbitrarily selected for this work (see John Newman
and Limin Hsueh, "Currents Limited by Gas Solubility," Industrial
and Engineering Chemistry Fundamentals, 9 (1970), 677-679). ‘
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Figure 2-2. Dependence of the electric potential on the dimensionless

distance from the electrode when V - Qo = -0.3545 V

and reaction 1 alone occurs at the electrode.
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Two quantities of interest, @o and 50 ; are illustratéd in this
figure. The potential in the solution at the electrode surface
(just outside the diffuse double;layer) @o and the potential of the
working electrode V aré used to form the potential difference
vV - @O.,'which is related to the driving force for the electrode
reaction (see equation 15).

The electric potential in the solution outside of‘the diffusion

~

layer, ©® , extrapolated to the electrode surface is designated as

'50 . Its value may be obtained by extrapolating Ohm's law,
m > .
dod
io= ) i, = -K_ = , (2-17)
T j=1 J dy

to the electrode surface from the bulk by using the previously

calculated value of i, and the conductivity K of the bulk

T
solution. The potential difference V - @0 represents an alternative
driving force for the electrode reaction. We might write for the
total overpotential

gy ey =V =0 = Uy s (2-18)

where ncj is the concentration overpotential for reaction j and

U.  1is the theoretical open-circuit potential for reaction j at’
b . .

the bulk solution composition and the alloy composition of the deposit.
There is a difference between @0 and @o because the
conductivity varies with position in the diffusion layer and is not

~equal to k_ and because there exists a diffusion potential due to
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the concentration variations and the different diffusioq coefficients
of the various species (see equation 125-7 of reference 22). These
factqrs aré accounted for when one solves simuitaneously the coupled
equations 6 and 9 across the diffusion layer to obtain the potentiai
distribution in figure 2.

Figure 3 depicts the calculated conceptration profiles of the
ionic species Qithin the diffusion layer that were obtained at
the samé-potential difference. In this figure, the dimensionless
distance from the eiectrode_at which the concentration of both thé
cuprous and the ferric species'is zero indicatés the position of the
reactibn plane. |

The‘calculated current density due to reac;ionll alone, il 5

normalized by the current density predicted by the Levich equati_on32

. 2/3 ‘
n, Fc o D
i = 0.62048 —2= (quyt/? (—R) . (2-19)
LD sRl ‘ \Y .

is preéesented in figure 4, as a function of the potential differences
V-9% and V-0 .
o o o
- Figure 5 displays the calculated concentration profiles for

case two with V - 60 = -0.3493 V .

In figure 6 the dimensionless position of the reaction plane
L/S 1is presented as a function of the potential difference V - 50
for cases 1 and 2.

The total predicted dimensionless current density for case 2

is plotted in figure 7 as a function of the potential difference V - 50 .
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Figure 2-3. Dependence of the concentration of the various species
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-case 1 with V - @ =
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Figure 2~4. The dimensionless current density when reaction 1 .
alone occurs at the electrode as a function of the
potential differences V - ®0 and V - @O.
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Figure 2-7. Dependence of the dimensionless current densities
on V - @o for case 2. B
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The current densities due to reactions 1 and 2 for case 2 are also

plotted iﬁ figure 7. (The current density due to reactions 3 énd 4

were too small to be plotted conveniently on figure 7.)

. These calculated current densities were used to calculate the

current efficiency, lOOXZizliT » as a function of the potential

~difference V - 50 » Which is plotted in figure 8. Also shown in

figure 8 are the current efficiencies for cases 3 and 4.
Finally, the depehdence of the relative surface concentration

~

of the cupric, cuprous, and chloride species on V - @ is presented

*

(o}

in figure 9.

Discussion

The potential profile and the cohcentration profiles shown in
figures 2, 3, and 5 are not smooth at the reaction plane because
of the assumption that K 1is infinite. |

Consider first case one; where the only electrode reaction is
the reduction of cupric to cuprous ions. The latter diffuse away
fromAthe electrode to the reaction plane, where they reduce ferric
to ferrous ions, with regeneration of cupric. Some of.the cuprous
species also escapes‘by radial convection. The concentration profiles
in figure 3 illustrate these processes. .As the electric driving
force is increased, the concentration of the limiting reactant, the
cupric species, approaches zero, and the conceﬁtration of the product
cuprous épecies at the electrode increases. ConSequently; the positibn
of the reaction plane moves.away from the electrode, as also shown

in figure 6. The position of the reaétion plane is determined by a
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2,3, and 4, respectively.
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balance of‘the transport of cuproﬁs épecies from the electrode and the
transporf of ferric species from infinity. The ferrous species, the
product of the plane reaction, also has‘accumulated toward the disk
surface. The chloride ion is produced by reaction.S at the plane
- and consumed by reéction 1 at the‘electrode, and the consequences
of thié‘are observed in the concentration profiles.
| The current density for reaction 1 can exceed substantially  the
limifing Valﬁe for conVec;ion and diffusion of the cupric species as
given By'the Levich equation. Figure 4 shows ratios as‘high as 2.12.
This enhancement is due to ionic migration of the limiting reactant94
and the regeneration of the cupric species at the reaction plane.
‘Since the cuprig species is poéitively charged, it is attracted
toward the cathode according to the potential distribution in figure 2.
This effect of migration_also accounts for the maximum in the concen-
tration of the cupric species at the reaction plane and for the
increasé-of concentration of the ferrous species toward the electrode
(see figure 3), where this species is neither produced nor consumed.
The effegt of.the reéctioﬁ plane is, in essence, to bring the bulk
concentration of the limiting reactant closer té the electrode,
since the cuprié species is produced at the plane by reaction 5, and
-this serves to increase the concentration gradient at the elecfrode.
‘Another way to think about tﬁis effect is to realize that the
redﬁction of ferric to ferrous, which occurs at the plane, requires
a supply of electrons from the electrode. The indirect éupply of
these electrons through the transport of cuprous species from the

electrode to the plane contributes to a higher current density for
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reaction 1. 1In fact, the reduction of ferric to ferrous requires a

smaller electric driving force than the reduction of cupric to

" cuprous (see table I). When the reaction-plane distance has decreased

to-zero, the reduction of ferric to ferrous can proceed directly

" on the electrode, and the analysis would actually become simpier:
Figure 4 shows thaf 50 - &, the difference between the

potential drop through the diffusion layer and that obtained by

extrapolation with the bulk conductivity, is relatively small

comﬁared with the scale of potentials over which the current riées

~

toward its limiting value. For the situation in figuré 2, Qo - ¢°
has the value of 19.9 mV;

For case two, we must now consider the additional effects_
aséociated with the possibility of depositing copper and iron on the
electrode and also the possibility of evolving.hydrogen gas at the
electrode. The deposition of copper by reaction 2 consumes cuprous
ions produced through reaction 1, ahd consequently less.of the
cuprous species remains to diffuse back into tﬂe solution. Comparison
of the concentration profiles in figures 3 and 5 shows.this redﬁction
of_the cuprous concentratién at the surface. The reaction plane‘is
now much closer to the electrode, as also depicted in figuré 6.
Comparison of the predicted reaction plane positions at .small

_values of =(V - 50) for cases 1 and 2, as shown in figure 6, reveals
that the reaction plane is further from the electrode ih case 2,

~a result which is due to the dissolution of deposited copper according

to reaction 2.
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The current densities,in figﬁre 7 reflect the difference in
the potentials of the two copper réactions (see table I). The
current density dueAto reaction 1 ié well along toward a iimiting
current —- the same limit sﬁown in figure 4 -- before the current
density due to reaction 2 becomes significant. The slight increase
in the current density due to reaction 1 above the initial plateau
is due. to the increasingly larger concentration gradient of the
limiting reactant as the feaction plane moves closer to the electrode
(comﬁare figures 3 and 5). The cupric species produced at the
reagtion plane can no longer escape by radial convection. Furthermore,
the current density dué to reaétion 2 Will increase the potenfial
gradients.and eﬁhance further the migration of cupric ionms toward
the électréde from fhe bulk solution.

'Iﬁ order to avoid contamination of the deposit with iron, the
electric driving force'éhould not bé made too large, according to the
standard electrode potentials in table I. For example, the current
density for reaction 3 is very smali and can be used to estimate fhat
less than lO_5 atom percent of the deposit is iron for values of
V- 60 . more positive thap about -0.51 V. However, this estimate is
probébly high because the activity of iron was taken to equal the
atom fraction, with neglect of the actiQity coefficient. Since the
activity coefficient is greater than unity, the deposition of iron
would be further impeded.

For such low rates of reactlon 3, the low current cfficlencies

in figure 8 are mainly due to two causes: (1) '"leakage" of cuprous
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specieé'awéy'from the electrode by radial convoction and (2) consumption
of cuprous épecies at the reaction plane. The latter is equivalent
to the indirect'corrent tequirod>for reduction of ferric to ferrous
at the plane. Because the reduction of cupric and ferric speciés
occors at a lower electric driving foroe than reaction 2, the turrent
éfficiency increases with an increase in the electric driving force‘
kand approaches about 70.5, 55.7, and 39;5 percent for cases 2, 3,
' and 4, fespectively. The maximum possibie current officiency io determined
mainly oy.the ratio of fertic and cupric concentrations in the bolk
solution. At still 1arger values of the electric dtiving force, the
~ current efficiency oould decrease due to the depositioﬁ of’iron by
'reaction 3 and the‘evolution of hydrogen accotding to reaction 4.

Fot some cases the range of acceptable operating potential
differences may be oetermined by the solubility limit of the
ouprous species (apotoximately 1 M in the solutions studied here) and
the maximum tolerabie iron contamination of tho deoosit or hydrogen
gas evolution. For case 2, figure 9 (also see figure 5) shoWS‘that
operating atvpotentialvdiffereoces more positive than about -0.35 V
could lead to uhdesiroble precipitation-of cuptoos speciéo. ?(for
cases 3 and 4; 60 -.V 'should be at least 0.32 and 0.275 v,
respectiVely, to avoid CuCl precipitation.) :At the other extreme.
in the’tange of'acceptable operating potontial differeoces fot cose_2,
the current denmsity due to teactioo 3 may be usédvto ptedict that the
itoo_contamination'of the depoéited alloy would exceed lOfs.otom'percent

for V —'50' values more negative than about -0.52 V . 'Furthet
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reduction of vV - 50 would lead evenfualiy to hydrogen gas evolution.
(The value of V - 50 at whiéh this may begin to occuf for case 4
was predictedvto be approximatély -0.789 Vv , for example.)

Another limiting situation is associated with the bulk chloride ~
concentration. Sin@e chloride ions are consumed and liberated at
the electrode at rates which depend on V - 50 sy @ minimum in tﬁe
surface concentration of chloride ions exists, as shown>in figure 9;
The implication of this minimum is that, for some bulk compositions,
the chloride ion concenfration would vénish at the electrode, a
gondition which may be considered undesirable because the complexing

of the species would be no longer ensured.

Summary and Conclusion

The results of this work are that one can predict for this
systeﬁ: 1) the location of a hypothesized reaction plane; 2)
reasonable concentration profiles for the ionic species; 3) realistic
current-potential curves; 4) current efficiencies of about 70.5,
55.7, and 39.5 percent fér cases 2, 3, and 4, respéctively; and
5) a copper product thét can be at least 99.99999 percent pure.
Consequently, the design of an electrochemical cell to remove the .
cbpper directly frém the model process stream appéars to be feasible
provided .that problems with the physical stfucture of the copper
deposit can be avoided.

Again, the analysis is strictly valid only at the center

of the disk.
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Appendix A. Overpotentials
Purpose
Concentration, surface, and total overpotential expressions are
developed for a working electrode on which multiple charge—transfér
reactions occur. The derivations follow closely those given by
22 - . . 96
Newman for a single electrode reaction (see also Appel and

Nisancio§1u97)°
*

Concentration Overpotential
' The concentration ovérpotgntial is the potential difference

between a reference electrode of the same.kiﬁd as the working
electrode located adjacent to it (just outside the diffuse double
layer) and one of the same kind located in‘the bulk sol#tion (see
figure 1), minus the potential drop between these referénce
electrodes in the absence of concentration variationé.

‘The developmedt of an expression for the concept;ation over-—

potential for the general electrode reaction j ,

z's, M,” >n.e |, (A-1)

begins by considering the equilibrium expression for reaction j ,

: Z s;gMy = MgM - | (A-2)
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Figure A-1. Reference electrodes, which may be imaginary, positioned
in the bulk solution and within the diffusion layer.
The reference electrodes labeled rls and r2s are of the
same kind as the working electrode. The reference
electrodes rlg and r2g are of a given kind.



~58~

Equation 2 can be used to obtain an expression relating the normal
component of the gradient of the potential of a reference electrode of
the same kind to that of the electrochemical potential of the species -
participating in reaction j by the limiting process:
U _ (y+4y) -u_ ()

e Is e rs

Ay

V. (y +Ay) - vV ()
Ay

= -F

Sy [gi(y + Ay) - ui(y)]

= (A-3)
i nj Ay

and as Ay + 0

BVrS X S44 Bui

= - Y ' (A_l")

oy i njF; y

or in general
Si. . '
v o= - E ——lnjF Vi, . (A-5)

The next step is to select a reference ion n and, since

\ L sy = 0y (4-6)
1 .
transform equation 5 into B
1 °ij i
VVrs N z F vun - § njF (vui - E__Vun) : (A-7)
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The current i g¢an be introduced into equation 7 by using equation

16-1 of referenée 22,

. £
b=l Wy, (A-8)
i“i .
which, since
2 t; =1, o (A-9)
i
can be written as
e
. t AN
1 R 1 _ 1 -
z Vun STk ET Z z, (Y“i z vun) : ’ (4-10)
n i~i n

3j n
t? zi .
R Vig =2 Vi) - (a-11)
] N n .

Next, introduce the quasi—electrdstatic potential ¢ , which is

defined by

un = RT 1ln c + an¢ s (A-12)

g0 that the electrochemical potential ol spectes 10 s piven by
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L. = RT 1n c.f, a® + z.F0 , (A-13)
i i“i,n%i,n i
where

' zi/zn

fi’n = fi/fn (A-14)
. and
, N zi/zn
6 _ 6,6

ai}n = ai/(an) e (A 15)

i .
VWw__ =-=- BE_.Z s.. V1nc/f, -
rs n,F ii,
J 1 )
RT o 65
- =Y < vinec. £, . (A-16)
F j.zj j jsn

Finally, an expression for the concentration overpotential for

reaction Jj can be obtained by integrating equation 16 with respect

to the normal distance y :

ncj = Veis 7 Vr2s T (Vrls'— VrZS_)COHStant <4
Ve
- i L
= f 1(K - ” )dy
) [es]
"o
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y
: RT re Ez_a In (c.f, )
L) > v -
e e AN (a-17)
o 4 4 : ‘
where
"'~ ® = & =—1— 1 -
(Vrlsﬂ_ VrZS)constant ci - ers <I)rZS A(I>ohmic Koy .l. idy .(a-18)
A

Equation 17 can be simplified by neglecting activity coefficients,

using equation 70-5 of reference 22,

2%u.c, |
t§'= __J_;L;L_ , ‘ - (A=19)
L zjugey
i :
and the Nernst-Einstein equation,
Di = RT U, (A-20)

as follows:

c,

i(l-— iL)dy + Ry s In (—iﬁf)
K Ko n,F & "ij c,

j i i,o

y . .
re z.D, dc .
+ F f Z 3 J_J dy . (Afz‘l)
. K 9y
o J

These approximations are valid for infinitely dilute solutions.
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When an abundance of supporting electrolyte exists in solution,

K. is approximately equal to K_, and equation 21 simplifies to

¢ v .
= RT_ : i,» _
ncj ; njF - Sij ln <c. ) ’ . (A-22)

o 1

(The‘last term in equation 21 is negligible in this case because it

is on the order of Z (cj

w7 5,000k o w0
3 1

b4

Surface Overpotential
The surface overpotential for reaction j 1is the potential
difference betwegn the working electrode and an imaginary reference
electrode Qf fhe same.kind as the working electrode placed just
oﬁtside the diffuse double layer with reaction j only equilibrated

on the imaginary reference electrode,

N, = V-V . (A-23)

Since multiple reactions can occur on the working electrode, it is
convenient to introduce a reference electrode of a given kind so that

' equation 23 becomes

nSJ =VvV- Vrlg - (Vrls - Vrlg) ) (a-24)
or
nsj.f vV - @o - Uj;o , (A-25)
where
% =V (A-26)
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and

U. =V — v . ‘ '(A—27)

The open-circuit potential of reaction j relative to a reference

electrode of a given kind, Uj o * can be expressed in tefms of the
, v oL TERTE ob the

relative activity of pertinent species:

U, -U. + ln a
i re nreF i,re i,re
RT , rec _ .s o -
- F X s1J In ai,O + & o~ . (A-28)
J 1 ' . o
where
*
FU? = %—uH - RT In Ae+
J 2 H
1 o * 3]
- nj»(g SieiMe + % Sy + RT g Sijln Ai) R (A-29)

and the relative activity of species i 1is defined according to type:

species type relative activity
solid, amalgam, solvent a; = Ailkg (A-30)
gaﬁeous ‘ : a, = pi¢i ~(A-31)
' cifi n
. = 11,0 . -
solute a; 5 . (A-32)

(o}
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The superscripts

rec. and s refer to the solgtion in the reference'electrode compartmen£
and the solution of interest, respectively, and the.superscripts
o., * , and O designate a pure species, the ideal-gas secondary
reference state (see reference 98 and problem 2-14 of reference 22),
and the infinitely dilute secondary reference state, respectively.
The subscfipts k , &, and i wused in equation 29 denote so;id,
amalgam, or solvent, gaseous,vandldilute species, respectively.

The expfessioﬂ for U, uéed in chapters 1 and 2 can Be

. s

obtained from the above equations by subtracting the potential

T€C _ 9% from both sides of equation 28, thereby

différenée ]
generating an expression for an open-circuit potential corrected
for any liquid-junction potential which might exist between the
solution in question and that within the.reference electrode
compartment, and by setting fi,ﬁ =1 .

Tétal Overpotential

The total overpotential for reaction j 1is the sum of the

concentration and surface overpotentials:

N, =n_.+n_., | (4-33)

which, according to equations 17, 18, and 23 can be rewritten as

~ ~

- @, =% ) (A-34)

rls r2s

nj =VvV- VrZS

or, since
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erg - <I)r2g - ers - <I)1‘25 i
as
Ny =V % 7 e
-where
@o = erg
and
e 0 ) RT _
UJ,m = Vs r2g Uj " Ue T njF E 513 In 3,
+ RT_ X S, lna, =~ + 0°°¢ _ §° s
n_ F i,re i,re
‘re 1
with a, = a, for solid or amalgam components.

i, i,o

(A-35)

(A-36)

(A-37)

(A-38)

- Finally, an expression for the difference between Qo and 50

can be obtained from equation 84-3 of reference 22:

' re 0
e t, 9 1n (c f. )
@ -3 = - L)+Ry 3 112 lgy .
0 o KK, F & z,° dy
o J 1

Equation 39 shows that in a well-supported solution there is a

negligible difference between ¢ and o .
_ o )

(A-39)
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Appendix B. Parameter Development and Solution
C Technique for_Chapter 1
Purpose
Tﬁis appendix presents a derivation of the parameters invfhe
.governihg.eéﬁations for the surface concentration and_potentiél
distfibdtions, as presented in chapter 1, and the soluﬁion technidue

used to obtain those distributions.

Parameters
The_pa?aﬁeﬁers N}; Jj s Aj_’ AUS , and Vm presented in
chapfef 1 can be developed from the governing equations for tHe
potentiaLvand surféce concentration diétributions by introducing
dimensionléss parameters and variables that arise nathrally for this

problem. The potential in solution and that of the rotating-disk

electrode can be made dimensionless most simply with F/RT :

~%

FO/RT . (B-1)

and

*
V'

FV/RT . . (B-2)

The surface concentration of species i referred to a reference

concentration for species i is natural and convenient; thus, let

0. =c. Jc , (B-3)

i,» i,© "i,ref
and

0 = ¢ | /

i,o i,o Ci,ref (B_4)
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(One should not use the bulk concentration of species i for this
purpose, since species i may not exist in the bulk.) The dimensionless

parameters

*

°i,ref = °i,ref! R, (B-3)

and

* . ;
D; = Dy/Dg | . (8-6)

arise naturally from the governing equations if the established

10,2

parameter N (developed earlier by Newman 2) is introduced

into the formulation of the dimensionless governing equations.

Finally, equétion 1-4 suggests the dimensionless radial coordinate
3 ' :
g = (r/ro)- . - (B-7)

First, by using equations 1 and 1-2, equation 1-8 becomes

~%
K109 _ _a)
.1T n 9§ g=o’ . ' (8-8)
where
* r F
i 0 (B-9)

= i .
T RTk_ T’

as suggested in chapter 1. Consequently, equation 1-9 can be written as

1

By = (2 017 BT DT (gl yan (B-10)

.0
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where
* . '
B = FB /RT , o (B-11)
n n " _ )
and, siﬁce.'Mén(O) =1, equétion 1~-1 reduces to
. e o) -
§5m = § Be, (M | (B-12)
o n o B 2n»n ) .

The next step is to equate the expression for the normal
component of the flux of species 1 given by equation 1-4 to that

‘given by equation 1-7 and to use equation 9:

S.. 4 (D?DR)1/3 F2r

Z n1 i, = 8 ;(4/3) RT & | Si,» ~ i 0(0)
j j J v d (o) v’ "

’ T

de. (x) -
i,o dx ‘ _
- r.j. PR N N V) | (B-13)
A )

which, by using:equations 3 through 7, can be rewritten as

* *2/3 v
z Ell.i* i,ref i N 0 - 0. (0)
j nJ 73 T'(4/3). i,® i,
1
1/3 'dei, (x) dx -
-t J. dx 73| > (B-14)
2 € - %)

where
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2
F DRCR,W

N' = o3 .
RT K Gd

~(B-15)
‘N’ .is reléted to the parameter N (see equation 1-16):
N' = —%— N (B-16)

Let ué rewrite equation 14 using N and equations 1-10, 1-11
(recalling that for this case there is a negligible difference between

@o and 66 , since the solution is well supported), and 1—12:

ni S - Py [aa.F . ]
S2 Z n, Jj E Ok,o exp RT v Qo Uj,ref)
Rm J 3 :
U [ a .F
- E O 0 & [~ R (V-8 — Uy Lop)
* x213
i,ref i N
3 .
Tar | %1,0 ~ 91,0
1
1/3 dOi, (x) dx
-t dx 1/31° (B-17)
€ - x)
o .
where Uj ref is given by equation 1-12 with the surface concentrations

replaced with reference concentrations, and (according to equation

1-14)

. Fr ' s
T o, - _ _Rm -
Ji 7 RT _ Yoj,ref n_ Y3 (B-18)
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Equation 17, which is solved in the computer program CURDMR
(to be discussed), can be simplified by moving the ratio F(4/3)Jj/N
into the exponential terms and then by collecting and redefining

parameters:

1
Sgm %273 % _o. (o) - £Y/3 40; o dx
n i Ci,ref i, R ¢ dx 1/3
m ' ’ (¢ - %)

'si_ ac F ac,F
=) Ejl-exp - —§%—-Auj exp |- —ﬁ%; (V-v -29)
i3
qk_ si o F
J ENE A ey - -
me. Zn' Aj exp | (V- V- 2)
k h|
Py . :

me X, (B-19)
K k,o

where equation 19 has been written for convenient comparison to

equation 1-19 and

a .
1+ -2
: a.
T'(4/3)7, J <aa.F |
Aj = ——~E———l exp -i%— AUj , (B-20)
_ _ RT_ N e
Vm = Um,ref o F° (F(4/3)J > > (-21)
cm m »

and

r¢4/3)J.
AU, = U - U, - R g < J
j m,ref j,ref ach N

(/)
m) (B-22)

RT

+

o F In ( N
cm
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These expressions for Aj-’ v , and AUj are the same:as those

'”iren in‘chapter 1. (Substitute U, | from equation 22 into

| j,ref -
equation 17 to verify equation 19 ). See chapter 1 for abdiscussion
-~ of the parameters A5V, and AU
, ) m J

The governing equation for @o comes from. combining equations _

'310,and 12 and'using equation 1-10, made dimensionless as_before:

R, m
S SRm _ néo

| ®
a ,F [ o .F
- exp (-—%—'Auj) exp [ —;-%'—'(V—Vm—Q)]
kJ _ '
I Gk P (n)n dn . o ~(B-23)
" ‘ .

The coupled equations 19 and 23 ‘govern the distributions of the
' potential Q and thevsurface concentration of spec1es"i', Oi 0 *

: B v _ R
‘iThe‘parameters_arev Ajif ci,ref '-Di ’-N"'pkj . qkj , Sij/nj”'AUj

Vo ey 2 Oy
Solution Technique
The surface concentration and potential distributions can be
=fuapproximated by calculated values at a finite number of mesh points,
fq-mp 1% these distributions can then be used to determine the current

‘Ti distribution.;:7
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First, since the number of unknowns must equal the number of
independent governing equations, let us count the number of unknowns.

-

v, Oi,o , and 5:_ are the unknown dependent variables and, since
there are nc minor.components, there are (nc +.l)mp + 1 unknowns. ~
The independent govefning equations for the unknowns are equations 19,
of which there are nc ,and‘equation 23, Thué, thereAare (nc + 1)mp
governing eﬁuations; thérefore, since the unknowns outnumber thé
governing equations by one, we must set one of the unkﬁowns. For
convenience, the surface concentration of the principal reactant at
the center of the disk can be sét.

In the program CURDMR, équations 19 and 23 are decoupled and
solved separately in an iterativevmanner. The first step'is to set
the coﬁcentration of the prihcipal reactant at the center of the
disk_and solve equations 19 for V - 5O(r = (0) and the surface
concentration of the other minor species at the center of the disk.
Then, assuming that V - 5O(r = 0) applies across the disk, solve
equations 19 at each mesh point for the surface concentration of the

'minor species from which the current distribution can be obtained
according to the Butler-Volmer equation (see equation 1-10).

‘Equation 10 is then integrated by Gauss-Legendre quadrature to obtain
a finite number of B's which are used in equation 12 to obtéin

~%

@o . The electrode potential V and, consequently, a new V - 50
distribution are then obtained in such a way ,that V - @O(r = Q)

remains fixed. The overall process is repeated for r > 0 until

convergence is achieved.
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Program Discussion

Théfprdgra@ célcu1ates the electrode potential V , the local

~ solution potential’

~

@o , and the local surface concentrations 0. ’

i,o

- which (according to equation 1-10) can then be used to calculate the

’1QCa11cu;réhf'denéity; 'These distributions are appfbkimated by

ISOlving the governing equations at LMAX equally spaced mesh points.

The governing equation for the surface concentration of species

~i- (see equation 17) at meshjpdint £ for 2 < 2 < LMAX can be

writt‘en_as35

F; =
1

-

213 )

4/3) D, _2‘h1/3 n_ NR Sij,J."
N % 1/3 2 .. n, 7j
ci,ref-3 e - SRm 3=L 3
ﬁfepkjv exp [a_.(E, + DEC.)]

L k0,0 XP 19,555 i
Uy

- ﬂ'ek,oal exp [—acj(EZ + DECj)]

. 1/3 | -
— 173 ©4,079 6,00 Y9 o0
7 %,6,1%1 TS =0,

" where

ra_ .=
n

E, = F(V - @o’z)/nr ,

e DEC5.= -qu,ref/RT-f

PRI /3 /3

- (n+ 1)?

- (n - 1)2 s

- (B-24)

(B-25)

(B-26)

(B-27)
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b= 2/3 _ (n - 1?3, (B-28)
h = 1/(IMAX - 1) , : . (B-29)
cﬁ/B =rp/r o (B-30)
SUM = 0 for 2 =2, - (B-31)
'and
-1 _
SUM = kzz O o, kPe-k  for 3 <A < IMAX . (3-32)

At the_center of the disk (% = 1), equation 24 applys with the
last 3 terms set equal to zero. Once the concentration of the

-principal reactant at the center of the disk O is specified,

R,0,1

E1 and Oi 0.1 for i # R remain to be determined. The subroutine
b ] ’

CENTER solves equation 24 for these unknowns by multidimensional

99 . A
* Newton-Raphson iteration.’ That is, it is assumed that

: JF,
F.(x,) = F_(x2) + } —= (x, - %) (B~33)
ik ik . Bxk o k Xy |
Xk
or, if Figgk) =0 J
- JF, 3F.(xk)
i _ o i (o}
A I o R
1% X

- where X, represents an unknown dependent variable and the superscript
o designates a trial value. SolVing'a set of equations for nc

unknowns can be carried out by solving
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Bx=d, (B-35)
whére
aFi BFi
3xl : anc : | |
B = R , - o (B-36)
9F° aF°
nc nc
;Bxl‘ 3xncd
% ]
=1 . | o (B-3D)
X
L ¢
and _ -
| o BFﬁ o
-Fl + ox. 1
1
'd_ = '» . - . . (B_38)
_FQ + 3F;)IC (o]
. “ne axnc nc
. Oncé 'E1Pjandﬂ;Gi'o l-_are_knoWn,'the program enters the main

iteratibﬁ_loop, where it is_assﬁmed initially that E1 -applies at
" each mesh point} Thersubrdutihe SURF then solves equation24 for

"'aei:b.l for 2 < ££<'LMAX ,fagain by iteration.atféach mesh point.
R L , - B
fThe“prQéedure.described in the previous section of this appendix and

chapter 1 is then carried 0pt ﬁntil overall convergence is obtained.
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Once overall convergeﬁce is achieved, 5re cén be predicted
according to equation 1-1, where M2n(g) .is determined by the function
subprogram FUﬁM _(see Miksisloo). _ ' | )

In addition, the converged potential distribution >50 can be
compared to that predicted for a uniform current density, which can
be obtained either from thg series solution according to eqpation 12
or (as it is in the program) from an expression presépted by Nanis

and Kesselmanl‘l as corrected by Pierini:lol

e Zim'limro' r\? ' ' '
— b B Rty -
@o(r) = Tme E{(r ) } s (B-39)
00
where E 1is the complete elliptic integral'of the second kind.

Program Listing

The following is a partial list of the symbols used in the

program:

AN N

AVG 1avg/lm,lim
Cc(1,L) ei,o,%

" CB(I) C; o » mole/L
CDATA(I) i,data °’ mole/%
CINF(I) 0 w
COND k> @ tent
CREF(I) i ref ° mole/%

CSuP concentration of the supporting eleétrolyte, mole/ﬂ'



:CR¢ 
CUG(T)
CUR(L)
CURI(I,L)
| CURIL
DEC(J)_.-
DELTAP
DELTAU
E(L)
W

LMAX

'NC

NMAX.

NR

RHO

RNEF

RIODAT(J)

RIOREF(J)
RIG)
RN(j)

. RREF

" SREF

TCUR

s U4 /7 d w28
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2 'thrOugh statement number 22 then
WL
2 through statement number 22 then

. 2
Lo 1im > Alem
U og/RT

¢ (see equation 1-13)

AU, V
s

CF(V. - @0,2)/RT

T,% 1m,lim

1j,£/;m,lim

1/2 the number of‘Gauss—Légendre qQadrature points

number of equally spaced mesh points

number of components’

" number of terms in the potential series

number of reactions

3
Py ,.g/cm

n
re

2

1oj,data » Alem

¢ Yij
i -3 i,ref )
OJ,gef _.OJ?data ci,data _
J'
j.

n,
]

fdisk, cm

i,re

total éurrent I =1 Wrz s, A
v avg o

distance of reference electrode to the axis of the
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TCURA i, Alem?

_ avg
UTH(J) U? , V

‘ )
UTHR v,V
re

W(I) Gauss-Legendre weighting factor
X(1) GauSs—Legendre‘aBscissa

1
’

A listing of the program. CURDMR , associated subroutines, and

'Ainput data follows.



PROGRAM CURDMRUINPUT,CUTPUTyPUNCH,TAPE1=PUNCH)
~ DIMENSION. Cluyc01)4EC201)9sFNI3I4CINF (3)4DEC(3)ALFA(3)$ALFC(3),
1RJ(3) s S(393)4Q(343)40(3+3), CIF(3), UTH(3)»CB(3),REF2(3),
2'AA(?UU),BB(ZOQ)vCUR(ZUl)'CURJ(3'201)’CUG(QQ’QX(QU)vH(QU’,PG(Zlo
1 40)sPP(21,201),R(204) ,B(&L0B),PMI40)4AVGI(3)CUGI(3440) 4REFL(3)
1 JEFF(2C1)
.1 JETAC(44201) yETAS(L,201) 3UJINF(2) sCH2(201) ,A(201)
1+sIFLAG(2),PHIC(2C1)
1. RIODQT(3)9RIOQEF(3’QGAN(3'3,QCREF(3),CDATA(3)9PHIINV‘201’
1 +PHIUNI(201)
- COMMON CoE» RNoCINFoDEC'ALFAQALFC RJ»SyQy0, UIF AN NCvNR CivLHAX.
1 CURyCURJ,CRINF,CREF,AA,LEB
101 FORMAT (B6H ERROR,I4)
162 FORMAT(/ /742X s ¥AN=%*3E104393X43%CRO=%9E104343X»*CRINF IN M/L=*
' 1 yE15.4+/3Xy *UTHR V:"FIGoS,SX"OAHp="F100595X9‘CREFI M=%4F10.5,
1 SXo*NREF=%*yF10e1 95X *SREF=*,F1041¢sSXy¥RPM = ¥,F10.5,/5X,*NU=%*,
1 F1l0e695X9*RE IN CV = *4E104445X*CONC OF SUP ELECT M = *,F1045,
15X s *COND=%4F10.,5+5X,* VM =*,F10.,577) )
"103 FORMAT (314)
104 FORMAT(B8FB84b,E12,.4)
105 FORMAT (2Xo*LMAX= *3T3 43Xy *NMAX=%31393Xs*IH=%413,477)
106 FORMAT(2X,*NUMBEK OF CCMPONENTS=* 013,3X9‘NUNBER OF REACTIONS 'oIS
. 1 932Xy*REACTION 1%, SX,*REACTION 2%
1/2X1‘SPECIES'915X"DIF‘QIZXQ‘CB H ¥oliAXo¥CREF M*, 88X,

1 *CDATA M¥, BX'*S‘ WXy *GAM
1‘,6X"S‘.MX.*GAM‘

1 F(3XgAByAD ¢ 2X o E1l e 93X 9EL12s 496X, 2512.495X;2F5 2y 6X92F5. 2))
107 FORMAT( 2F15.C,A04A6, 15'512 &) ;
108 FORMAT (6E12.9)
109 FORHAT(/,30X,’PAQAFLTER'/ZX,‘REACTION‘.iZX.'UTH‘.S Xy*g®
T 1 410X, *IODAT A/CM2%, TX,‘ALFA‘,GX.'ALFC'.6X.‘N‘I(15'12X.F10 Sy
1 E12e495 X4E124443F1041))
110 FORMAT (7F10.0) _ '
111 FORMAT (7/7,8Xy®R*s7 Xo* E *,7 Xo*CUR®,7 X,*CUR1%,6 X,*CUR2*
- " 9B Xa¥C1¥4BXe*C2%9y7TX9*CH2Z IN M/L * UXo*EFF¥,4X¢*PHIO*)
112 FORMAT (2XoUF10e5+E1244y F10e592E124492F10,5)
113 FORMAT (/42X +*AVG =*4F10e5, :
1 5 'Xy*BAVG=*4F10.5y S5Xs¥RAT1=%3F10e5+5 Xy *RAT2=%4F10+5/5X,¥V=*

1 0F10059 'KX"AVC1 ‘.FiO.S,SX,‘AVGZ '
1 E12. “,2X9'EFFAVG“1F100595X.'CELLP IN MV=%,F10, Qo“Xp
1 *TCUR IN MA = *,F11,4/2X+*PHIREF IN V=%*,E10.3,5X,*IMLIM IN A/CM2

1=%yE114445X s *RREF IN CM=*4F104595X+*DELTAP=*,F10.545Xy *DELTAU=*
1F10e572X ¢y *RELOEL=*4F10,5)
114 FORMAT{(2X,*JCOUNT=¥%,137/)
115 FORMAT (//,30X+*B*/(2X46F10.5))
116 FORMAT(/II,GX"R‘,BXg'V-PHI'gSX"PHI'
1 ' 95X,'ETACi‘,BX.‘ETASi'.SX.'UJINFl'
1 OXs*ETAC2% 49X 9 ®*ETAS2* 46Xy YUJINF2%,5X, *PHIUNI*)
117 FORMAT (2X¢3F10e544E120492E120492Xy F1045)
118 FORMAT (2X,2E20.5)
121 FORMAT (1H1)
122 FORMAT(5F10.0)
123 FORMAT( E12.4)
. PRINT 121
“READ 103+ LMAX3NMAX,IH $ IM=IH*2
PRINT 106 oLMAXoNHAXqIH ‘
- DZ= 1407 (LMAX=1)
DO 1 L=1,LMAX
Z° = (L=-1)*02
REL)= 2 ** (1. 0/3.0)
ETA= SQRT (1 0=R(L}I*K (L))
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DO 1 N=1,NMAX
1 PP(NyL)= P(2%N=2,ETA)
D0 2 N=1,NMAX
2 PM(N)==C,63661C7724/P(2%¥N=2, 0.0)"2
IHPL= IH + 1
READ 108, (X(1)y,I=IHPL1,IM)
READ 1G8,y {(W(I)oI=IHPL1,IM)
D0 34 I=1,1IM
IF (I-IH) 31931,32
31 IR= IM -1 + 1
X(I)= D5 = 05%X(IR)
W(I)= W(IR)
G0 TO 33
32 X(I,‘—‘ 005 + OQE‘X(I)
33 XX= SQRT (1.0=-X(I)**2)
DO 34 N=1,NMAX
I PGINeI) = P{2%N=2 9XX)
C1=1.,11984652
READ1034NCyNRyICPP
READ 1049 (U{S{TsJ) sGAM(IoJ)yI=1sNCIJALFA(J) JALFC(J) 4RN{J) JUTHII)
1 RIODAT(J) yJ=1,4NR) ]
READ 107 (DIF(I) ,CBUI)sREFL(IIZREF2(I)IFLAG(I) CDATA(I) 4I=14NC)
READ 122 +RPMyRNU,R0,CSUF4RREF
READ 110vUTHRvCREFI,RNEF,SREFvDAMP
CRINF=CR(1)
UTHR=UTH (1) ¢ CRZFI=CRINF
CREF(1)=CRINF & CREF (2)=CDATA(2)
RH0=,99707 ¢ PI=3.,141592€54
Fz96487.8RR=8,3143 $ T=298.,15 ¢ OF=F/RR/T
COND=F*DF*(1,0642E~4*¥CSUF=~5,102E~-5*CRINF) /71000,
"CRINF2=CRINF¥*2 3 CSUP2=CSUP**2.
COND=+C111634,030798*CRINF+,4L2355%CSUP=,04522L%CSUP2~,135359
1 *CRINF*CSuUP
IF(ICPP)3743743¢€
36 RHUCP:o5986“*.“5948’CRINF*¢1“068’C$UF*o027576‘0309200092174'CRINF
1 *cSup
RMUP=RMUCP*,01
SOLDEN=.999¢,14219%CRINF+,061374*%CSUF=.0003722%CSUP2~-,00:536¢
1 CRINF*CSUP & RNU=RMUP/SOLDEN
DIF(l) S e 97E-B+3,2E~6*CRINF=6,50E~ 7‘CSUP'3 06F-6*CRINF2=5,85
1 E-8*CSuP2
37 CONTINUE
‘D0 13 I=1,NC
13 CINF(I)=CB(I)/CREF(I)
DO 14 JU=1,NR
DEC(J)==SREF/RNEF¥ALCG (CREFI/RHO) ¢DF* (UTHR-UTH(JM)
DO 14 I=1,NC
146 DEC(JUI=DEC(JII+S(I+J)}/RN(JI*ALCG(CREF (1) /RHO)
DEC(2)=0EC(2)=ALOG(CSUP/RHO)
DO 10 I=1,4NC. ¢ DO 10 J=1,NR
Q(IsJI=0(I4J)=040
IF(S(I U)ol Te0+0)Q(T 3J)==S{IyJI*ALFCCJI/RN(JI)*GAM(TI D)
10 IF(S{IsJ)eGTaBe010(T4d)=S(IoJI*ALFACJI/RN(II4GAM(I,U)
DO 8 J=1,NR % FIOREF(J)=1s % 0O 7 I=1,NC
7 RIOREF(JI=RIOREF (J)* (CREF(I)/CDATA(I))**GAM(I,J)
IF(JoEQ.2)RIOREF (2)=RIQREF(2)*(CSUP/1.)*%*,S
8 RJI(GJI=RIOREF (JI*RO*DF/CCNC*RIODAT(J)
CK=451023262 § OMEGA=2.,%PI*RPM/60,
DELTA=(3.*DIF (1 )/CK/RNU)I**(1./3.)*%SGRT(RNU/OMEGA)
AN=RN(1)*%2%R0*DIF(1 )»*CRINF*CF/S(1,1)%%2/COND/CELTAYF/1000.
QO=(~RN(1)/S(141) *RJ(2)/AN/C1)*(=AN*C1/RN(1)/S(1,1) 7
1 RJI(L)I**(ALFC(2)/ALFC (1})
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DELTAU=DEC(2) - DEC(i)'ALCG(QQ)/ALFC(Z) $ DELTAU=DELTAU/ZDF
VM==DEC(1)/DF+ALOG(=RN(1)/S(1,1) /C1¥RJ(1)/AN) 70F/ALFC (1)
3 READ 123,CRO
IF(CRO)4’“95
STOP
JCOUNT= ©
PRINT 1029ANsCRO+CRINF yUTHRyODAMP ,CREFI, RNEFQSREFvRPH RNU,ROSCSUP,
1 CONDyVM _
PRINT 1064NC, NR'(REFl(I)'REFZ(I)'DIF‘I”CB(I)'CREF(I,’
i CDATA(I) S(Is1),
1 GAM(I, 1)vS(IoZ)vGAM(Io¢) v I=1,4NC)
PRINT 1099(J,UTH(J’.RJ(J’,RIODAT(J),ALFA(J’9ALFC(J)9RN(J)’J'1,NR)
C{1 ,1)=CRO
CALL CENTER
EX=z 2.073.0
D0 29 L=1,LMAX
E(LY=E(1)
A=FLOAT(L) i :
AA(L)= 2,0%A*%EX = (A¢1,0)*%EX = (A~1,0)**EX
29 BB(L)= A¥¥EX - (A=1,0)**EX
B(1)= 0.0
12 BOLD= 8(1)
JCOUNT= JCOUNT + 1
CALL SURF .
00 16 I=1,IM
LI= X(I)**¥3/07Z + 1
15 CUG(I)= .CUR(LI)#(CUR(LI*i)'CUR(LI’)‘(X(I)“Z R(LI,"Z’/(R(LIOI"'Z
1=-R(LI)**2)
V= E(1)
DO 15 Nz14NMAX
B(N)= 0.0
D0 21 I=1,IM
21 B(N)= BIN) & CUGIIV*X(I)*PGIN,I)*W(I)
BIN)==(,5*B(N)I*(L*N=3)/PM(N)
15 V= V + B(N)*PP(N,1)
DO 18 L=24LMAX
PHI= V
D0 17 N=1,NMAX
17 PHI= PHI = B(N)'OP(N’L) ‘ . .
18 E(L)= E(L) + DAMP*(PHI-E (L)) N .
JERR= 2 :
IF (JCOUNT=100) 19,19,2¢ :
19 IF (ABS(B(1)-BOLD) = 8,G00001*ABS(B(1))) 22,22,12
20 PRINT 101, JERR
22 CONTINUE .
. DO 23 L=1,LMAX $ CUR(L)=0.0 & DO 23 J=1,NR
CURJ(JyLI=CURJ(JSyLI*RN(1)/C1/7AN/S(1,1)
23 CURI(L)=CUR(L)I+CURJ(J,HL) .
AVG=0.0
D0 35 J=14NR & AVGJ(J)=0.0
DO 30 I=1,IM ¢ LI=X(I)¥*3/DZ+1 )
CUGJ(J2yI)I=CURJ(J+LII +(CURJ(JoLI+1) =CURJ(J,LINI*(X(I)*%2R(LI)**2)
1 /(R(LI+1)*%2-R(LI)**2) . ’
30 AVGJ(I)= AVGJ(J)*X(I)*CUGJ(J'I)*N(I)
35 AVG=AVG+AVGJ(J)
CURlL S(lvl)‘COND‘AN/RN(i)/UF'Ci/RD
TCUR= AVG‘CURlL‘lOUC.‘PI’PO“?

(S

TCURA:AVG‘CURlL
DO 25 L=14LMAX § CH2(L)=C(24L)*CREF{2)SA(LI=E(L)/DF
PHIC(L)=V=-E(L)

PHIINV(L)=PHIC(L)/0F

IF(LLEQ.LMAX)GOTO25



25

1003

28
a4

24
26

161
162
109
1063

26
15

25
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R2=R(L)**2

PHIUNI{L )=24*TCURA*RO/PI/COND*ELINT2(R2)

EFFIL)=CURJ(1,4L) /CUR(L)

PHIUNI(LMAX)‘Z-‘TCURA‘QGIPI/CCND

EFFAVG=AVGJ(1)/7AVG
BAVG=B(1)/0.7853981634/C1/AN/S(1,1)*RN(1) § RAT1=CUR(1)/BAVG
RATZ= (V-E(l))/B(l)

PHIREF=C.,
IF(RO.GERREF)IGOTD1000
L=LMAX ¢ XI=SQRT((RREF/R0)**2-1,) § PHIREF=0.

D0 &N=1,NMAX _

PHIREF=FHIREF 3 (N)*PP(NyL)*FUNMINyXI)

CONTINUL

CELLP==(V=-PHIREF)/0F*1000.

00 27 J=1,NRSUJINF(JII=0. $00 28 1= 1’NC$IF(IFLAG(I’.GT 0)GOTO 28

UJINF(JI=S(I,J)*ALOG(CB (I)/RHO)+UJ INF ()

CONTINUE BUJINF(J)=~=UJINF (J)/RN(J)/DF

UJINF(J)—UJINF(J)#UTH(J)‘UTHR#SREF/RNEF/DF*ALOG(CREFI/FHO’

DO 26 J=1,NR i

DO 26 L=1,LMAX § ETAC(J'L,=00

DO 24 I=1,4NC

IF(IFLAGII)«GT&CYGOTO 24 )

ETACCIoL)I=ETAC(I LI +S(TIoJI*ALCGICINF(IN/C(I4LII/DF/RN(I)

CONTINUL

ETAS(JWLIZA(L)I=ETAC(JIsL)-UJINFLJ)

PRINT 111 ¢ PRIN7112.(R(L),E(L).CUR(L),(CURJ(J.L).J lgNR)'(C(IvL)
1 ,1I= ich)OCHZ(L)'EFF(L,’FHIO(L)' L=1,LMAX)

PHIREF=PHIREF/DF

DELTAP:-RN(l)/S(1’1)*RU'CF/COND‘ABS(TCURA)

RELOEL=DELTAP/C1 /AN

PRINT 113, AVGsBAVGsRAT1,RATZ,V, (AVGJ (J) 4 J=1.NR) LJEFFAVG
1 +CELLF.TCUR,PHIREF, CUR1lL +RREF,DELTAF,DELTAU,RELDEL

PRINT 1144JCOUNT

PRINT 116 ¢ PRINT 117, {R(L) ALY PHTIINV(L),

1 (ETAC(IsL) sETAS(ISLIgUJIINF(I) 9J=19NR) sPHIUNT (L) 4L =1,LMAX)

PRINT 115,(B(I)yI=14NMAX)

GC TO 3 8 END

SUBROUTINE CENTER .

DIMENSION CC449201)E(2T1)sRN(3)9CINF(3)4yCUR(201)4CURJ(35201),
1 CREF(3)yDEC(3)9FF(3),B8BB(hbL) yALFA(3),ALFC(3),RU(3) L0D(&),
1 D(3)y S(343)98(342)P(343), UTH(3),CB(3) :

COMMON CoE9RNyCINF yDECoALFALZALFCyRI9S+sQoPsDsANyNCoyNRyC1oLMAX,CURy
i CURJCRINF,CREF

FORMAT (6H SRRORsI4)

FORMAT (2X4*C3 GID NOT CCANVERGE®)

FORMAT(SX, *DETERM=0.0 AT L=1%,1I5)
FORMAT (3X,*E (1) DJID NOT CONVERGE*)
EX=2.73,
JCOUNT=(

E(1)==DEC(1)

IF(.9=-C(14+1))25,25,26

PRODE = 1.0 ¢ DO 15 I=1,NC
IF(Q(I+1)eGTe0+0)PRODE=C(I,42)%*Q(I,1)*PRODE .
E(1)==DEC(1)~ALOG{(~-AN¥S(141)%C1/RJI(L)/PRCGIE/RN(1I*(CINF(1)~-C(1,1)
1 )*CREF(1L)/CRINF)/ALFC (1)

CONTINUE

EOLO=E (1)

D0 22 M=1,20

D023 I=1,1 & B8B8(Is1 )=0.0

FE(I)==AN*(D(I)/D(1 ))**EX*CL*(CINF(I)=C(I,1))*CREF{I)/CRINF
0023 J=14NR ¢ PRODAJ=PROCCJ=1.0 $ DOu1 K=1,1
IF(P(KyJ)eGT+0s0)IPRODAI=C(K,1)*¥P (KyJ)*PRODAJ
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I IF(Q(K,J).GT.O U)PRODCJ C(K, 1)"Q(KOJ"PROUCJ
ANODJ =EXP (ALFA(J)*(E(L)+DEC(J)))
CATHY =ExP(~- ALFCU(I)* (E(L)+DECC(U) )
BBB(Iy1 I=(S(I,JI*RJI(JI/RN(JIV*(ANODJ *PRODAJ*ALFA(JI+ CATHJ *
-1 PRODCJ*ALFC(J)))*RN(1)%%¥2/S(1 ,1)%%2 ¢+ 8BB(I,1 )}
23 FF(IV=FF(IN+(S(I,JI*RJI(JI/RN(J)* (ANODJ *PROCAJ~CATHJ *
1 PRODCUII*RN(1)I**2/S(1 ,1)**2
E(1)=E(1)=-FF(1)/7888(1,1)
IF(ABS(EOLD=E(1))=1,E=6%ABS(E(1))) 24,424,422
22 EOLD=E(i) $ PRINT 103
24 CONTINUE
C(2,1)= FXP(‘(ALFA(E)*ALFC(Z))'(E(i)*DEC(Z)))"(1./9(2'2))
COLD=C(2,1) § 0O 10 K=1,20 ‘
F31=RN(1)*%2/S(1,1)%%2%5(2,2) /RN (2)*¥RJ(2)*C(24,1)%%P(2,2)*
1 EXPCALFA(2)*(E(1)+DEC(2)))
F31C==RN (1) *¥%2/S(1,1)%%2%S(24,2)/RN(2)*RJI(2)*EXP(=ALFC(2)*
1 (E(1)+DEC(2)))
F32==AN*C1*(D(2)/D(1))Y**EX*CREF(2) /CRINF
F3= F310F32'(CINF(2"C(2'1))0F3ic
F3P=F31*%P (2, 2)/0(2’1)'F32 P C(241)=C(241)~-F3/F3P -
IF(ABS(COLD=C(24+1)) =1 E=C*¥ABS(C(291)))11,11,10
10 COLD=C(241) § PRINTY 102
11 COLO=C(2,1) .
DO 3 I=1,NC % BBB(I,1 )=0.0 :
FF{I)==AN*(D(I)/D(1 )"'EX'CI’(CINF(I)‘C(IQI))'CREF(I,/CRINF
DO 5 K=24NC ¢ BBB{I.K)=0.0
IF(K,EQ.I)BBB{I4K)= AN'Cl'(D(I’/D(1)).'EX‘CREF(I)/CRINF
D0 3 J=1,NR § PKODAJ=PRCCCU=1.0 8 D0 1 K=1,NC
_IF(P(K'J)oGToUoU)PRODAJ:C(Kol"‘P(KQJ).PRODAJ
1 IF(Q(KyJ)eGT.0.0)PROOCI=C(K1I**Q(KyJ)*PRODCY
ANODJ =EXP (ALFA(J)I*(E(1)+DEC(JU)))
CATHJY =EXP(=- ALFC(JI*(E(L)+DEC(Y)))
CURJI(Jo1)= RJ(J)’(ANODJ'?RODAJ'CATHJ‘PRODCJ)
DO & K=2,NC
4 - B8BB(I+K)= S(I’J)‘RJ(J)/RN(J)'(ANODJ .‘PRODAJ'P(K JY=CATHY
© 1 *PRODCJ*Q(KyJ))/C(KoLI*RN(1)¥%2/S (1 21)%%2488B8B(I,K) - .
B8B(Iy1 I1=(S(IJI*RJ(JI/RN(J)I*(ANODJ *PRODAJ*ALFA(JY+ CATHJ ' *
1 PRODCU*ALFCUJIII*RN(1)*%2/S{1 ,1)%*%2 + B3B(I.1 )
3 FFAIN=FF(I)+(S(I JI*RIGIV/EN(JII*(ANOCY *PRODAJ=CATHY *
1 PRODCJ)I*RN(1)*%%2/S(1 ,1)%%2
DO 7 I=1NCSOC(IN==FF(I)+BBB(Is1 Y*E(1)3 DO 7 K=2,NC
7 DO(IN=0D(I)+BBB(IK)*C(K, 1)
JCOUNT=JCOUNT +1
CALL MATINV(NC,1,888,00,CETERM)
IF(DETERM«EQe0.0)PRINT 109
E(L)=DD(1 ) $ DO 93 I=24NC
9 C(I.i)=00(I) $ JERR=1
IF(JCOUNT'lU }12412,20
12 IF(ABS(C(241)=COLC)~1.E~ 6‘AES(C(291)))21021 11
20 PRINT 101, JERR
21 CUR(1)=0.0 % 00 2 J=14NR
2 CUR(1)= CUR(1)+CURJ(Jv1)
RETURN § END
SUBROUTINE SURF
DIMENSION C(449201)4E(201)oRN(3I)SCINF(3)40EC(3)LALFA(3),ALFC(3),
IRJ(3)y S(393)9Q(3943)4P(343) 4A(200),8(200),SUMILID(3) ,BBBlLel),
2 DY) 4FF(3)4CUR(201),CURJ(39201),CREF(3)
COMMON CoE9RN9CINF 4DEC)ALFAGALFCoRI9S+sQePeD +ANJNCyNR,C1yNZT1,CUR
1 OCURJ'CRINF’CREF’A B )
101 FOFMAT (17HONCT CCNVERGEC AT’I“)
109 FORMAT(SX,*DETERM=0.0 AT L= #,I5)
1106 FORMAT (S X.4 (1PE2C45))

>3
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D EX1z14/36 8§ EX=24/734 % NIT=NZTi=1 $ COLD=C(2,1)
DZ=1./FLOAT(NZT)
DO 2 NZ=24NZT1 & L=NZ
NJ=NZ=-1
Z=FLOAT(NZ=-1)*07
DO 30 I=1,4NC
ClIsL)=C(I,NJ)
30 SUMII)=C.0 .
IF (NZ JLE. 2) GO TO 42
D0 40 I=1,NC % DO 40 J=3,NZ.
K = NZ =J + 1
40 SUH(I)=SUM(I)0C(I’J-1)‘A(K)
42 C2=EX*DZ**EX1 ¢ C3= 1./C1/AN/Z“EX1‘C2
DO 56 N=1,20
D0 3 I=1,NC :
FF(I)~-CZ‘(CINF(I)-C(I,1))/Z"EXI “SUFM(II=C(I,1)1*BINJI+C(I, L)
DO 5 K=14NC 8 BB3(I,K)=0. 0
5 IF(K.EQ.I)BBB(I,K)=1.
00 3 J=14NR ¢ PRODAJ=PRGCCJ=1.,0 % DO 1 K=1,NC
IF(P(KsJ)eGTe040IPRODAI=CIKyL)**¥P (K, J)*PRODAY
1 IF(Q(KsJ)eOToBs0)IPROCCI=CUKoLI**Q(KyJ)*PRODCY
ANODJY =EXP (ALFA(JI*(E(LI+DEC(J)))
CATHJ =EXP(~ ALFC UMY (E(LY+DEC (I })
CURJ(JWLI=RI(JI)* (ANODJ*FROCAJ=-CATHJI*PRODCY)
‘ DO & K=1,NC
b BBB(I+K)=S(IsJI*RI(JIZRN(J)*{ANODJ *PRODAJ*P(K,J)=CATHJ
1 *PRODCU*Q(KsJ))/CUKWLI¥RN(L1I*%¥2/S (1 ,1)%%2%C3/7{D(T)/D(1))**EX
1 /CREF(I)I*CRINF+3EB(I,K)
3 FFUIV=FFAI)+(S(I,J)*RI(II/RNCI)I*(ANODJ *PRODAJ=CATHJ *
1 PRODCJUII*RN(L1I**¥2/S(1 ,1)*%2%C3/7(D(IV/D{1))*¥EX/CREF(I)*CRINF
‘D0 7 I=14NC 8 DO(IV==FF(I) ¢ D0 7 K=1,NC
T ODO0(I)=D0(I)+BBB(I4K)¥C(K4L)
CALL MATINV (NC,1,B883,CC+DF TERM) & IF(DETERMEQ.0.0)PRINT 109,L
DO 9 I=1,NC
9 C(I,L)=DD(I)
IF(ABS(COLD~- C(29L))‘1cE'E‘AES(C(2yL)))60060s56
56 COLD=C(2,L)
PRINT 1021,L
60 CURI(L)=G.0 $ DO 2 J-l NR
2 CUR(L)I=CURI(L)+CURJI(J,L)
RETURN ¢ END
SUBROUTINE MATINV (N¢MyB+Dy0ETERM) )
DIMENSION Blsl) s0(491) oJCOL(L) 9 X(4o1)
NM1=N=1 & DETERM=1.,0 ¢ 00 1 I=1,N 8 JCOL(I)=I ¢ 00 1 K=1,M
1 X{IyK)=D(IoK) ¢ DO 6 II=1,NM1 $ IP1=1I+¢1 % BMAX=ABS(B(II,II))
JC=I1 § 00 2 J=IP1,N § IF(ABS(B(ITI,J)).LE.BMAX) GO TO 2 & JC=J
BMAX=ABS(B(II,J))
2 CONTINUE ¢ DETERM=DETERM¥B(II,JC) % IF(DETERM.EQeD.0) RETURN
IF(JUCLEQ.II) GO TO & § JS=JCOL(JC) & JCOL(JC)= JCOL(II)
3 BUIyII)=SAVE $ DETERM=-CETERM
b DO 6 I=IP1,N $ F=B(I,II)/B(II,II) ¢ DO 5 J=IP1,N
5 B(I+J)=B(IyJ)=F*3(II,J) t DO & K=1,M
B X(IyKI=X(I4K)=F*X(IIoK) & DETERM=DETERM*B (NyN)
IF (DETERM.EQeDBs0G) RETURN $ DO 7 II=2¢N § IR=N~II+2 $ IMi=IR~1
" JC=JCOL(IR) % DO 7 K=14M 3 F=X(IRyK)/B(IRyIR) £ D(JC4K)=F
D0 7 I=1,IML ’ '
7 X(IsKI=X(IoK)=B(I,IR)*F § JC=JCOL(1) 8 DO 8 K=1,M
8 DCJUC,KI=X(1+K)/B(1,1) £ RETURN $ END
FUNCTIOMN P(N,yX)
CALCULATION OF LEGENORE FOLYNOMIALS
Pi= 1,0
pP2= X -
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IF (N-1)
1 P= P1

RETURN
p2
RETURN ‘
N -1
0O0. & NU=1,NM1
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T Pz (X*FLOAT (2¥NU+1)%P2- FLOAT (NU)‘Pi)/FLOAT (Nu*i)

P1= P2
4 P2= P
RETURN
END

FUNCTION FUNM(N,XI) & xIz=XxI**2 $ ADC=

1. 3

PI2=1.570796326794893€€192
IF(ABS(XI)elTole) GO TO 7 & DC 1 K=1,500
ADD= ~ADD*FLCAT(Z2*K+N)*FLOAT (2*K#¢N~ 1)/k.IFLOAT(K)/(FLOAT(KFN)O.S)

1 /XI2 $ SUM=SUM+ADD
IF(ABS(ADD) 4LTel1.E~

[/VIAVE o

DO & NNz1,N2

~o v E

A2=1.

=3%ABS (SUM))IGOT02 -
FUNM=SUM/XI**(1+N)/PI2 8 IF(N.EQs0) RETURNS DO 3 NN= 1N
FUNM=FUNM*FLGAT(NN)/FLCAT(2*NN+1) ¢ N2=N/2 $ IF(N.NE,2*N2)GOTOS

IF(NJEQ.1)GOTG11 % DO 9INN=34N,2
8 Al=A1/(1.~1./FLCAT(NN))**2 § GOTO11

SUM =1,

FUNM= FUNM'FLGAT(NN)I(FLCAT(NN)-.5) $ RETURN

FUNM=FUNM*PI2 & IF(N2.EQ.C)RETURN & DO & NN=1,N2 ' -
FUNM=FUNM* (FLOAT(NN)+.5)/FLOAT(NN) & RETURN o

$ N2=N/72 § IF(2*N2.EQ.N)GCTO 9 ¢ AL=-PI2

3 Al=<i./PI2 ¢ IF(N.EQ.0)GOTO41 ¢ DO 1G NN= ZoN'Z
A1=A1/(1.=1./FLOAT(NN))**2

Al=A1*XI $§ FUNM=A2+A1 § DO 12 K=24500,2
A2==A2*XI2*FLCATIK=N=2)*FLCAT (K ¢N=1)=FLOAT(K*K=K}

Al=-A1*XI2*FLCAT(K=N= 1)*FLCATIK+N) /FLOAT (K*K+K) 8 ADD= AZ#Ai

FUNM=FUNM+ADD
12
FUNCTION ELINT2(XK)

IF(ABS(ADD) oLToleE~ Q'AES(FUNV)) RETURN $ RETURN 8 END

THIS ROUTINE SCLVES COMPLETE ELLIPTIC INTEGRALS OF THE SECOND
KIND BY USING CHEBYSKEV APPROXIMATIONS.

IS 2.18E-13.

DIMENSION A(8), B(8)
DATA( A(I)o I=198 y 7/
15.68115681053803-=32,
21.92284389022977502y

DATAC B(I)y I=1,48 ) 7
19, 37488(0620981895=-02,
22435091602564L49845=(2,
X=le=XK*XK
- SUMi= A(8)

SUM2= B(8)

001 I=1,7

J = 8=1

SUM1= X*SUM1+ A(J)

SUMZ= X¥SUM2+ B(J)

CONTINUE

1o Cy 4o43147193467733
2¢21862206993846E-02,
1,21819481486695E=C2,

THE MAXIMAL ERROR

E-019
1,56847700239786E~02y
1.5561874L4745296F =03 /

CoOy 2049999993844LBES5E=-01,

5.84CS502970661€6E-02,
€. 45682247315060E-03,

ELINT2=SUM1=ALGG (X ) $SUM2

RETURN
END

4,09074821593164E=02,
3.78686487349367E~04 /
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41 21 2¢ o
3877261751-21160840707-1192€¢S75807-12681521850-13419940908-14137792044~1
4830758017-15494671251-1€125538897~1671956€6846-17273182552-17783056514~1
8246122308~-18659595032-19020<88070-19328128083-19579168192-19772599500~1
9907262387-199823770¢7~-1 _
7750594798-27703981816~2761103€190-27472316906~27288658240-27061164739~2
679120 4582-26480401346-26130624249~2574397€910-25322784698-24869580764~2
4387090819~-23878216797-2334601¢528-22793700698-22224584919~21642105838-2
1049828453-24521277099~3

2 2 1
-1. 0e42 O Oe 1.5 5. 2o «337 3,00E~3
0 0. 0e5 25 0. 5 i. 0.0 5.00E~=6
.0000075 «001482 CU++=1 _ 1+E=1
.000038 «0000000004155 H2 © 84310E-4
2250, «013795 78.996 1. Se0
337 «05 Zq -1. 5
3, E~-1 ’
9.5E~1
10.0E-1
11.0E~1

12.,0E-1
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Appendix C. ' Standard Electrode Potentials

Purpose
'This appendix presents ekpressionsvand values fér’standaid
electrode_potentials of copper and iron electrode reactions in an
aqueous, acidic copper chloride solution containing iron and a
' vélﬁe for the.equilibrium constant for the plane reaction (see equation

2-5).

Electrode Reactions
- Standard electrode potentials for copper reactions in”an aqueous

' chlotide solution,

Cu + 3C1 -+ CuC1§' + e ’ - (c-1)
and .

Cuc1§’ scuctt #2017+ s (C-2)

.are-no; tabﬁlate& iﬁ a cohvenieﬁt reference. Consequently, they
_must be calculated from stabilify constant data.

- The stabiiity constants needed iﬁ this-case are those for the
formétibn of the complex ions CuClg- an& .CuCl* from cuprous,
cuprié, and chloride ions: | | |

2~

3 (c-3)

cul + 3017 2 cuca
' |

. and

c?t + ¢1” 2 cuctt . S - (C~4)
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The stability constant for reaction 3 is

2-
) CuCl3 .
cuprous a +a3 _
Cu Cl
and that for reaction 4 is
a
- CuCl+
cupric a a _ -
- cutt c1

(C-5)

(C-6)

The symbol ay represents the relative activity of species 1

and for dilute solutions is defined by

_ )
a; = A /Ay

(C-7)

. ' I R 6 .
where Ai is the absolute activity of species i and xi' is a

quantity used to specify the infinitely dilute solution secondary

reference state of species 1i .

The absolute activity of species i in solution can be written

22
as

_ U
Ay = mgYiAg

where m,
i

(C-8)

and Yi are the molality and activity coefficient of

component 1 , respectively. The absolute activity is also related

to the electrochemical potential of species i
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ui = RT 1ln Ai . | (C-9)

At'equilibrium,the electrochemical potentials of the components

in reactions 3 and 4 are rela.ted:22
Hot3 _=u , (c-10)

and’

U +p =y . ' (C-11)
Cu++ Ccl » CuCl+ ‘ .

These équations together with equations 7 and 9 lead to the following
expressions for the stability constants in terms of the secondary

reference state quantities:

AR
- _Cu C1

cuprous AG (c-12)

and

++ -
. _ Cu (C1 v _ _
'Bcupric - AG : (c 13)

cuc1”

" To utilize the above expressions, equations for the standard

_electrode potentials for reactions 1 and 2 in terms of tabulated
~ -standard electrode potentials must be developed. This can be

.éccomplished by considering the following electrochemical cell:
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o 8 B B! o
: 2~ +
Pt(s),H,(g) | HCL,CuCly , and CuCl’ in H,0 | cu(s) | Pt(s) ,
| (C-14)
" where the hydrogen reaction,
+ -—
H2 -+~ 2H + 2e , (C-15)
occurs at the left electrode and feactions 1 and 2 occur at the
right electrode. An expression for the standard electrode potential

for this cell, when reactions 1 and 15 occur, is (see reference 22

for a discussion of this technique)

A0 )
CuCl
*
Fu° = %’“H + RT 1n ——3——3— - ug , (C~-16)
Cu/CuCly™ 2. 8” .0 u
e 3 N

where ‘F is Faraday's constant, U is the chemical potential

H

2
of hydrogen in the ideal gas state, and ugu is the chemical potential
of pure copper. Subtraction of FUe % , given as entry 10 in

Cu/Cu
table 20-1 of reference 22,

. Ae \
.
ri? L= %’“H - “gu + RT 1n g“ , (C-17)
Cu/Cu 2 A + ‘
H

from both sides of equation 16 yields the desired relationship between

the standard electrode potentials and the cuprous species stability

constant,



-91-
8. ' 9.
FU 2- = FU + " RT 1n Bcu rous ° (C-18)
Cu/CuCly Cu/Cu P -
For reactions 2 and 15,
2
| A
: *
r’ L=t +rtin|S-S ), (c19)
CuCl3 /CuCl 2 KA z_k +
CuCl H
3
and, by using the above mentioned table,
2
| ¥ NI AP AN
o’ =T, . +RrInf-uCL GF Qo) o)
CuCl. /CuCl Cu /Cu A " A
3 2- ++
CuCl Cu
3
which simplifies to
8 6 Bcugrous ’
FU 9. + = FU + ++ + RT 1n 8 . (C-21)
CuCl3 /CuCl’ Cu /Cu cupric

To coﬁplete consideration of copper electrode reactions in a chloride

solution, consider the electrode reaction

cu + ¢17 > cuclt + 27, . (C-22)

whose standard electrode potential expression, determined in the

manner described above, is
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A
* ) i
Fu? .= %’“H + RT 1n SUCle - %— gu ) (C-23)
Cu/CuCl 2 AT A +
. \cl H

Comparison of this equation to the sum of equations 16 and 19 reveals

that
P =1 (Fe : +o° +) . (C-24)

cu/cuct” Cu/CuC15” Cu01§‘/cuc1

Similar treatment for reactions involving iron in an aqueous
chloride solution yields the expressions given in table €-1, which

can be used to show that

- and

rr? L= o’ . %—RT InB., o (C-25)
Fe/FeCl- Fe/Fe™
S 0 : ' n Bferric
FUT oy = FU L -R[In[g———], (c-26)
FeCl /FeCl Fe /Fe "\ "ferrous
where
o ? o+ Y 2+Ae -
‘ FeCl Fe Ccl
Bf = = (c-27)
errous a ,.a _ X@ +
Fe Cl1 FeCl
and
§) )
a A A
Fec1 2t reot c1”
£ ., = = H (c-28) -
erric a 3+a _ AS _
Fe Cl +

FeCl2
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Table C-1. Standard Electrode Potentials
Reaction ‘ Ue Ue,volta
A9 ,
+ 2+ - 1 % Fec1%t
1. FeCl —+ FeCl“ + e . =y, .+ RT ln |——p— : 0.745
v 2 Mg 6 .6
2 A +A +
H FeCl
' 2
| | e ,+Xe
2. cuci®™ » cucit + 2017 + & L% frranf-Sucl Cl 0.438
: 3 2 "H 0 N
2 A A +
CuCl
3. Cu+cl” » cuclt + 2¢” 2y o+ RT In C“Cl 1,0 0.3355
H T2 "cu
2 2% A%
c1 u
O .
- 2 _ CuCl3 d
4, €u +.3C1 -» CuCl, +e ' =y, + RT 1In - Mos 7 0.233
. 3 2 "H 3 Cu
2 AG AG
c1”
e1/3
A 2+
5. Fe + Cl™ » Fec1?t + 3¢~ 1 +rrmf-ES )20 ~0.0523
2 "H  IINYERN Fe
2 X )\e
c1” HY
' - + - xgic/:i‘t 1 ov | :
6. Fe + Cl1 > FeCl + 2e 2 Yy + RT 1n /2 - E.uFe -0.451
2 ) ;)
: SRS
c1” H

%At 298.15 K and 1 atmospheré;
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also, from table C-1;

P e (Ue o g’ e 29
Fe/FeCl FeCl /FeCl Fe/FeCl

" The stability constant data tabulated by Sillen and Martell62

(see tabie C-2) can be used tpgether with the appropriate expression .
from above and the necessary standard electrode potential from
table 20-1 or 20-2 of reference 22 to complete the determination
of the desired standard electrode potentials, as given in table C-1.
Equilibrium Constant for the Plane Reaction
The equilibrium constént-for the plane reaction (see equation 2-5)

can be written as

a a a2 Ae Z—Ae 2+
« - _cuct® Fectt c1” _ CuCly  FeCl
T a a - 2 (C-30)
Cu01§" rec1?t  2° +Ae +Ke _
CuCl’ FeCl c1

or, acéording'to table C-1, as

)

F [.0 ' 6 |
In K = = (v - , (C-31)
RE ( Fec1’/Fect®”  cuc1) /CuC1+>

which at 298.15 K yields

K = 1.55x10° (kg/mol)? . (C-32)
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TaBle C-2. Stability Constants from Sillén and Martell62

Species Temperature(°C) - 1ln B, (1In B.)

i ——iavg
- cucl; 25 12.76
10.89
11.38
CuCig—v 9.74
11.30%
Cu01§" 25 o I L
cactt 25 ©0.12 ° 0.12
Fec1’ 20 0.829 0.829
rec12t 25 1.11
2.99
1.40
0.829
3.40
1.40
rec1?t 25 | 1.85

4This value is from'Trainham.lQ2

bThe stability constants for both cuprous'species

(CuClg_ and CuClE) are included in the average because of the

uncertainty in eztablishing which is prominent in solution;
however, Hurlen6 presents data which support the view that

CuCl3 is the prominent species.
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v Appendix D. Solution Technique for Chapter 2
| Purpose
The purpose of this appendix is to discuss the solution technique
used to solve the governing nquatipns for the physical phenomena

modeled in chapter 2.

Governing Equations

The physiqal problem discussed in chapter 2 is‘modéled as a
boundary value problem consisting of é set of coupled,Anonlinear
ordinary differential équafions‘witn associated boundary conditions.

The unknowns of the problem are the reaction plane position .L‘,
ci(g) > and @(E) ; wheré. £ is the dimensionless normal distance
from the electrode (see equation 2-7). The reaction'plane position
is an unknown constant which, for convénience, can be treated as an

unknown function of position whose governing equation is

aL _ . (p-1)
dy

This numerical techniﬁue is convenient because it enables us to use
the subroutine BANDllisted in Appendix C ofvrefgrence 22 without
modification to acéqunt for the unknown constant L . Equation 2-6
is the governing naﬁerial balance”equation for each of the species of
interest. The electroneutrality condition (see equation 2-9)
governs the potential distribntion (see reference 22).

The continuous concentration and potential distribntions can

+ be approximated by a set of values at a finite number of mesh points
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nj , and theléoVerniné'equatiohé épproximated at each point by finite-

differeh;e re?rgéentationé;_ The resulting set of coupled finite-.

differendeteéﬁafibﬁs CAﬁ tben be sol&ed by the subroutine BANﬁf
itushéﬁld be ﬁoted that since the ;eaction plane position is

an unknown; the mesh intef§51 in oneiof'the regions showﬁ in’

figure*ZQl,(region 1 in thié.wpfk).is also unknown; and, éonséquentiy,

the governiﬁg equations there must be programmed accordingly.

| Bqundary Conditiohs

"The.schematié dfawinglin figure l.helps one.visualize the structure
af thevgovérﬁiﬁg equations énd:the BoundaryvCOnditions that muét-be
sét;  o

Let us fifét‘COﬁsider the conditions in the bulk solution.
Sincé;tﬁé_elecfrolytié sblution Considered in chapter 2 consiéts of
5 élemehtal species vH', 0, Cu, Fe , and Cl , we must set the
bulk copcgntrétioh-ofzs species of interest to specify thé system.
 Thefe‘are, however, 6'speéies éf interest in the bulk solution: H+ s
dissolved Hz.;-Cﬁclf ;_F¢C12+ ,.Fele , and Cl ; but, since the
elegtroneu#félify EOnditibn:must hdld,qﬁly.4 df.thé 5 ionic species
5bﬁlki?§nceh£rati6né»éaﬁ Bé set;“,ThéSgoverﬁing equation for tﬁe
,poteptiél'in sdiﬁtion ig aésﬁmed:tobbe Poséion'svequation, which can’
'Bé:rgplééed-by'theLelectroneutrélity éondiﬁion (seé_refefence 22).
That is, a secgﬁd'brdéf 4ifférential equatioﬁ inl ¢ ‘and its
boundary éQédi£i6qs_§fe feplaéed-by'an'alégebric equation, -

Z-zici =0.. Finally, since only potential differences are Significant,
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Electrode Region Reaction Region | Bulk Unknown
1 Plane 2 Solution
W ---———-—————- ) Cuprous
[} {2} {] Cupric
C} (3} ] Ferrous
o-———----- —{aF _ 1] Ferric
N {5} J Chloride
[ {6 dJ H*
g —{7— U P
electroneutralit
! O Potential -
—B+ - L
O boundary condition
governing equation
——-= ¢=0
— —— unknown constant equation
XBL 772-5085
Figure D-1. Aschematicrepresentatioﬁ of the structure of the

governing equations and boundary conditions for the
reaction plane problem. The numbers on the reaction
plane boundary conditions refer to the conditions
discussed in the text.
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the potenfial>z¢ can arbitrarily be set equal to zero in the bulk

. _.‘SQlution._ .. [ B - . . B .

. :For'thatiohal convenience, let the species of interest be

- represented by numbers: ' ‘cuprous -1, cupric -2, ferrous -3, ferric -4,

2

ghloride-fs, gt 46;vand.H -7.

fThe‘coﬁdifibhs at the reaction plane are (see figufe 1):
1. The flux of thé cuprous species is equalvin magnitude but
oppésite'in sign to that of the ferric species:

-2 _ . o o :
NEw =0, | (0-2)

wheré’thélsuﬁefsqript'fefers'to the region.

2. The met flux . of elemental copper is_continubus:b
=0. (D-3)
3. The net flux of elemental iron is continous:

+ N

‘vN 3

N, —N§=9.-. | e

4. The concentration of the ferric species is set equal to

'2;5{:_Ihg;ngt;fluX‘Ofleleméntalﬁchlorine-iS continuous:. -
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2 1..2..2 1,2 1 1 -
N5 - N5 + N4 + N3 - N3 + N2 - N2 - 3Nl f 0, (D-6)
.
which, by using the copper and iron balance, simplifies to |
2 1 1 ‘ . '
N5 - N5 - 2Nl =0 . (D-7)
+ . .
6. The flux of H 1is continuous:
2 1 _ )
N6 - N6 =0 . . (D-8)
7. ‘The flux of dissolved H2 is continuous:
2 1
Ng =Ny =0 -9)
9. The concentration of cuprous is zero:
c, =0. (D-10)

Note that the electroneutrality condition, which can be regarded
as the governing équation for the potential ¢ , applies throughout
the field. Also, note that setting the concentration of the cuprous
and the ferric species equal to zero,:conditions 9 and 4, provides
the infiniteiy large equilibrium constant approximatioﬁ for the
reaction at the plane (see equation 2-5).

The boundary conditions at the glectrqde consist of setting the
_normal component of the flux of'species i equal to its reaétion

rate there, which may be zero, as discussed in chapter 2.
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..Soiutidn Technique

Thé‘bOundary value ‘problem used to model the physical_phenomena
conSideféd.iﬁ chébté;fziis s&lvea by Newman's finite4differencé
methdd.zg .Highlighté_of ﬁhe application of that techniquelto:the
vpresentﬂpféblém aé_outlined-in-the previous section df-thiévappendix
will be‘sketcﬁed.invthis sectiOh; | |

'Specificétibn_of thé bu1k conditioﬁé in a form apﬁropriaté for
NéWman'é méthod:is:simple.and straightforward (see Appendix C of
'reféreﬁééHZZ). |

in fegiqn'2? the'nonlinear, governing finite-differénce
eéUations céﬂ be prégrammed'éasily but do require lineariZation,
which:isﬁa p:dcass‘that cgﬁ bélillustfated.by considering ‘Fi, to
bé»é npﬁlineér.fuhcﬁioh of the unknowns at mesh péints’.j -1,3,
and j ; 1. .Then, if Fi =0, é 1inear'expre§sion.for the unknowns

is

n  j+l- OF,

. 1 ..
C
k=1 f=j-1 3ck’£ k,%
' ‘ K, 2%, 2
=P+ Y A 2 (D-11)
SRR 5= Y Y ) I L
B Ck, 0 K,

‘where n is the number of unknowns and the superscript o designates
~.a triél value.*’Ihevderivatives_for unknown k in eqﬁation:i.at
‘mesh poinfs; j'? 1,35 ,and j+1 ‘are the coefficients Ai K

‘B, . ,and D, . , respectively, and the right side of equation I is G, .
1k 7 ci,k : 1
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The flux conditions at the plane can be implemented simply by

first forming the difference between the flux of species i in

regions 1 and 2, N% - Ni , and then determining Ai

'y gk » Bk Py

and Gi for this difference. These elements can then be used to
form the appropriate elements for the flux conditions at the plane.
For example, consider the copper balance at the plane (see

equation 3 ). The elements for this condition are

R I N (D-12)

By = Bt Bog o (D-13)

Dy " P,k ¥ P2k (D-14)
and

G. =G. +G. . (D-15)

In other words, the copper balance can be generated by simply adding
the flux difference expressions for species 1 and 2, since Ni is
zero.

Next, consider programming the conditions at the ﬁlaﬁe accurate’

2 . . , .
to order h~ , where h 1is the dimensionless mesh interval. To

(
do this, introduce image points in regions 1 and 2:



Region 1 Plane Region 2
'ip2

|
|
i
o
|
ipl‘ njl nji—l
where 'ipl , and 1ip2 refer to the image points in regions 1 and 2
and  njl_ is the mesﬁ'point.at ﬁhich the plane exists. ©Note that
the mesh'intervalé in the two regions are equally spaced but not
“neceQSarily equal;

- The iﬁterior image points require spécial treatment for the
BAND subroutine used here. - In:essenée, at meéﬁ point njl the
govarning transport equations in regions 1 and 2 are‘programméd
using their reépéctive image‘points, electroneutrality is specified,
and the reaction plane conditions.are programmed using the 5 mesh
points ip2 , ﬁjl—l,, njl , nj1+l , ipl ; also, electroneutrality is
specified at mesh points ivaand ipl. The governing equations for

the unknowns at the 5 mesh points can be written compactly as

0 AT2 BT2 0  DT2Il]/c. GT2
= == = = ~ip2 ==
ATIT2 0 BTL DTl 0 c ol ={GIly (D-16)
. = - — = "njl—l - '
AFI2 A B D DFIl c . - \e
| —— = = = _— —mjl -
Shj1+
C

v-ipl
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However, since BAND cannot handle automatically. interior image points,
the matrices AFI2 and DFIl must be made null and A, B, D, and G modified
accordingly before calling BAND. This is done by using the elements

on the diagonals of the upper triangular matrices AT11I2 and DT2I1 as

pivotal elements to zero the elements of the matrices AFI2 and DFIl

in Gauss elimination fashion. The solution technique then proceeds

" as usual.
Once new values for the unknowns at each normal, mesh point are
calculated, the unknowns at the interior image points can be obtained

from

0 DT2I1| ( c,

—ip2
AT112 0 .
= —ipl
GT2' - AT2' ¢ - BT2' ¢
e — jl-1 pe—— i
= ‘ mj —njl , (D-17)
GT1' - DT1' - '
l — —=njltl —_—— —jl

where the primes designate the modified vectors and arrays determined

as described above.

Program Listing
Theprogran1PLANE, necessary subroutines, and input data are listed

on the'following pages.v
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PPOGRAM PLANE (INPUTQOUTPUT;PUNCH.TAPEi:PUNCH)
 DIMENSICN A(949)98(999)4C(99203)4D(3419)4G1(9), X(gyg’,Y(9'9)1U(9’9
AV (203)4DIF(7)LZ(T) +SU7 &)y CIN(D) yREFL1{7)4yREF2(7)CIR(T),
1 QICL) QAL 37 )4 XIP(203) 4XI(2G3)4RK(203),DP(203)
1 3P(9y203)+CIPL(B) 4CIP2(EYyGT1(3),4GT2{9),AT2(9,8),AF1I2(9,9),
1 AT1I2(9+9)48BT1(3,3)4BT72(9,9),07T1(9,9),0T211(9,9),DFI1(9,9)
COMMON A3ByCoalsGeXaY s NoNJ
TOL=1.E-6
N=9 $ NMizN=-1 $ NM2=N~¢2 ¢ ICO= 13 ICU=2 ¢ IFO=3 ¢ IFI L
ICL=5 ¢ IHP=6 ¢ . IPH=8 3 IL 9 ¢ IR=ICU 8 NR=k $ IH2=7
. DO 36 I=1,NM2
36 CIR(I)=1.0
100 FORMAT(2IL42F136Ce314)
i01 FQRHAT(3F15009A6qA6’
102 FORMAT(2Xo*NJ= *4I3,33Xs¥NJ1= *,13,3Xs¥H2= *4FSelbs15X*REACTION 1*
1 98 X, *REACTION 2%,8 X ¥REACTION 3%*,8 X»*REACTION L*/3X,
1 *SPECIES*,16X,
T R2%U¥ B Xy YOIF ¥ 1A X g ¥Z¥ g UX 9*S¥ 312X ¥ 7% JbX,y*S* 212X ¥ Z¥ 4 X, 25%
1 912X ¥Z¥,4X %S .
3 Z7(3X3h64AB46X42E10,. 395X’2F5 1’8 X92F54198 X92FCel1y98 Xy2F541))
104 FORMAT(EF10e604F15,04F540)
105 FORMAT(2X,*SPECIZ S',lOX,'CINF*,lOX,‘CZERO‘,20X.’AHP‘.10X.‘NIGR')
106 FORMAT(5Xs*THE NEXT RUN DID NCT CONVERGE™)
107 FORMAT (LHO450X42514e 7/ (3X4AE4AE,2EL44,T7)) ‘
108 FORMAT(1HO, SXe*L = 9t16010'3X0'L (IN CH”' E161043X s *ZMAXZ",
1 E16.1043X3*ZMAX(IN CM)= 0E1601093X"RPM =*,£15,.,6) .
109 FORMAT(3X"R101=‘o512.5'3X,‘RI°2="512'593XQ'RIO3=‘.512.5'3XQ
1 'E1='QE12o5'3X,*E2=‘,512'503X‘E3='1512-5 :
1 23Xe*E =¥,E12.5 73X ¥*R1IA=*4E12:543X,y *R2AZ*,
2 E12e593Xy¥RIA-¥4F 124593 X 9y ¥RIC=*4E124593Xy¥R2C=%yE12+5493Xy*RIC=*
19E124542Xs*TOL=*4E1044) :
110 FORMAT (LHO »3Xo¥ I1=%4E15,693X 9% I2=%4E15.6+3Xs* 13=%4E15.6493X,
: 1 *I4=*,E15.6
1 7 2Xo*IT=%4Ei1S5.6y3XsYEFF=%,F15,6)
111 FORMAT(3X s *VMFTO=*4E 15¢6 93X s *VMPO=*,E15,693Xs* ILD=*4E15.6,53X,
U *PTC=%3E1546/3X+1*RP=%4E15¢693Xy *CRR=%yE15¢693Xs*KAPPA=*,E15.,6,
1 2Xe*AULNCRR=*4F10a592X s *ALNCO=*3F10.542X9*ALNCL=*,F1Ca85//7/)
112 FORMAT(10F8.4)
113 FORMAT (1HL)
114 FORMAT (/2X+*IMAGE PGINT IN REGION 1%/ (2Xs6FBelt 92X 9E100e 4y2X9FBek))
115 FORMAT(/2X,*IMAGE POINT IN RECION 2%/(2X+6F 8l s2X9E1Be&4y2XsFBel))
797 FORMAT(2XobFBalho2XoE10eky 2F8 4)
798 FORMAT(1HO,I4) ‘ '
799 FORMAT(2Xs6FBel 92X 2EL1De&e2X9EFB8eb2X,E10.4)
800 FORMAT(6F7 el sEL1D L s3F7ots) .
801 FORMAT(2X, E16,10) _
PRINT 113 : S .
READ 101+(UCI)sDIF(INyZ2(I), REFL{I),REF2{I)+I=14NM2)
READ 10“'( CIN{ID)sI=1,4NM1)
DO 38 I=14NM2 8 IF(I.NE -ICL)CIN(ICL,'CIN(ICL)‘Z(I"CIN(I)
DO 38 KR=14NR
38 S(I,KR)=0.0 '
S(ICU'Z)“1¢°$ S(IC04+2)= 1.0
S(ICL+2)= S(ICUQZ)'(Z(ICU"(.)*S(ICOQZ)'(Z(ICO)‘loQ,
S(ICOs1)= =10 & S(ICL,1)= S(ICO,i’*(Z(ICO)*i )
S(IFOy3)==1.0 ¢ S(ICL,3)=S(IF0,3)%{Z(IFD)=-2,.,0)
S(IHP,L)=~1, § S(IHZo“)-G 5
F= 96LB7,
-ALFAAL=ALFAA2= ALFACl ALFACZ=0.5
ALFAA3= 1.5 $ ALFAC3=0e4c § ALFAA4U=ALFACL=0,.5 :
RID1=5,£=-3*CIR(ICO)**ALFAAL1*CIR(ICL) **(3,*¥ALFAC1)
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RIG2=1,F=3*CIR(ICOI**ALFAC2*CIR(ICU)**ALFAAZ*CIR(ICL)**(2,*ALFAA2)
RIC3=14t=3*CIR(IFOI** (G, S*ALFAA3)*CIR(ICL)**(0,5*ALFAC3)
RIOL=5,89F ~7*CIR(IHP)**ALFACU*CIR(IH2)** {3 5*ALFAAL)
ULTH=0,233 & U2TH=0.43¢ $§ U3TH==0.4518% ULTH=(.
T=298415 § R=8.,3143 ¢t FF=F/R/T % RHDI=.99707
RPM=250C«
PI=3,1415926535
OMEGA=RPM*2,*PI/50, $ RNU=,010049 $ CODELT=,8329795117
AA=,51023262 : ' _
DELTA =1./ (AAXENU/3./DIF (IR))I**(1./3,.)/

SQRT (CMEGA/RNU) _ '
RN1=RN2=1,0 ¢ RN3=2.0 & RN4=1,
READ 1004NJyNJLsH24E 9 IPUNCH,IGUESS,IREAD
IF(NJ1.iQ.0)STGP
NOTCON=0
E1= &*ALOG(CIR(ICL)"J/CIF(ICO)/PHO"c)/FF— ALOG (1. /RHO) /FF
E2=E+ULTH=U2TH=-ALOG(CIR(ICU)*CIR{(ICL)**2/CIR(ICO) /RHG**2)/FF
- ALUG(1+/RHO) /FF
E3=E+U1TH=U3TH+0. S‘ALOG(CIF(ICL)/CIP(IFO))/FF ALCG (1 ./RHO) /FF
EL=E+ULTH-ULTH+*ALOG((CIR(IH2) /FHO)**0.,5/CIR(IHP)*RHO) /FF
~ALOG(1./RHO)/FF
R1A=RIGL/RNL1/CIR(ICL)**3*EXP (ALFAAL*FF*C1)/F*100C.*DELTA
R2A=RIOZ/RN2/CIR(ICO)*EXP(ALFAA2*FF*E2)/F*1000.,*0DELTA
R3A=RIC3I/RN3/CIR(ICL)I*EXF(ALFAA3*FF*E3)/F*1000,*DELTA
RUA=RIDL /RNL4/CIR(IH2)**0 ,S*EXF(ALFAAL*FF*EL4)/F*1000,*DELTA
R1C=RIC1/RNL/CIR(ICOI*EXF(~ALFAC1*FF*F1)/F*1000.,*DELTA
R2C=RIC2/RN2/CIR{ICL)**¥2/CIR(ICU)*EXP (=ALFAC2*FF*E2) /F*DELTA

1 *10C0.

R3C= RIOS/RNS/CIR(IFO)“XF( ~ALFAC3*FF*E3)/F*1000.*DELTA
R4C=RIO&L/RNL/CIR(IHP)*EXF(~ALFACU*FF*E4)/7F*1000.%0DELTA
QLP=FLOAT(NJ1=1)

_QNP= FLOAT(NJ=NJ1-1)
IF (IREAD.EQ.1)GO TO é1

SET UP PROFILES

C(ICL,NJ=1)=CIN(ICL)

CRO-(PZA‘DIF(2)/DIF(1)*CIN(2) :
+CIF(2)*CIN(2) /DDELT+DIF (4)*CIN(4)/0DELT)

1 /(RZC'C(ICL;NJ-i)"2+QZA'DIF(Z)IDIF(1)§DIF(2)/COFLT)

CICOD=DIF(ICU)/CIF(ICO)* (CIN(ICU)=CRD)

CIFOD=CIN(IFO)+OIF(IFIV/DIF(IFOI*CINC(IFI)

CINCIL)=DDELT/(1.#DIFC(IFI)*CINIIFII/DIF(ICUY/(CINCICU)~CRD))

DO 40 I=1sN ¢ 00 &40 J=1,NJ

C(I,J)=CIN(I)

IMPROVE PROFILES

DO 1 J=1,NJ

C(IFIoJ)= CIN(IFIN*(1i.-EXP(FLCAT (U~ NJ1)*H2))

CUIFO,J)=(CIN(IFO)*{(QLP=-FLOAT(U=1))+CIFOD*FLOAT(J=1))7QLP

IF(JeLENJL) GO TO 1 8 ClIFILJ)=0.0

ClIFO,4)=CIFOC

CI{ICUyJ)=CRO+(CINCICU)=CRO)*FLCAT(NJ~ J-l’/QNP

C(ICO,J)=CICOD*(FLOAT(J=1)=QLP)I/QNP

CONTINUE

IF (IGUESSeEQel) GO T0 60

IF(IREADEQe1IREAD 800 s ((PlIygJ)eI=21yN)eXI(J)yJ=1sNJ)

DO 55 I=1,N § DO 55 J=14NJ

ClIWJI=F(I4J)

CONTINUE

00 47 I=1,NM1 $ CIP1(I)=(C(I,NJ1)-C(I,NJ1-1)) +C (I NJ1)

CIP2UIN=CUIJNJL) +(C(IgNJLI)~C(IyNJL¢1))

PRINT 12, NJQNJi’HZ’(RgFi(I)!REFe(I,'U‘I)’DIF(I)’Z(I)QS(IOI)!Z(I"
S(I92)9Z(I)9SCI93)4Z(I)yS(Iy4),I=1,NM2}

PRINT 1094yRIO14RID2CyRIOIHELLE2,)E34E9yR1AWR2AWRIAWRIC,R2CHR3IC,HTOL
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DO 44 I=1,NJ 3 OP(I)=0,0
XIP(I)=CeO ¢ XI(I)=C., 0
44 RK(I)=C.C
JCOUNT= 0
AMP= (.C
-2 JCOUNT = JCOUNT + 1
J= 0
DO 3 I=14N
DO 3 K=1sN
'Y(I,K)=C.0
X_(I,K):D o0
b J=J 41 ,
DO S I=1sN $ G(I)=0,
00 5 K=1,4N
A(IQK)-‘-OOO
B(I+K)=(o0
5 D(I4K)=Ca0
IF(J=NJ1) 30, 8,31
30 BAIL,IL)=1.0 ¢ D(IL,IL)==1.0 ¢ GO TO 32
31 B(IL,IL)=1.0 ¢ A(IL,IL)-‘l 0
32 CONTINUE
‘ BOUNDARY CONODITION AT INFINITY
IF(J=1) 645,48
-6 DO 7 I=1,.NM1
B(I,I)=1.0
7 G6(I)= CIN(I)
- CALL BAND(Y)
GO TG &
CLECTRGNEUTRALITY CONDITION
DO 9 K=1is4NM2
B(IPHyK) = Z(K)
IF(C(IHZ 9J) eLTal0o)C(IH2yJV=1E~10
IF(CUIFOsd) o LT. 0.0) CHLIFOLJ) = 0,00001
IF(J=-NJ1)10,14,16 :
MATERIAL BALANCE REGICN 2 ) o
10 V(J) = 3LO0*DIF(IR DI*( H2* FLCAT(NJUL=-J) + CUIL NJ1) ) ®*2
DO 13 I=14NM2 ¢ IF(I.EQ.ICCIGCTOL3
CONST = Z{IY*¥U(IV*F/DIF(])
IF(NJL1-J)26426427
26 PP=CONST*(CIPL(IPH)~C(IFHsJ=1))/724 & PPP=CONST*(CIPL1(IPH)
1 +C(IPHsJ=1)=2.%C(IPHyJ)}} 3§ CP={CIPL(I)=C(I,J=-1))/2, $ GO TO 28
27 PP = CONST *(C(IPHsJ+1)=C(IPH,J=1))72.0 _
PPP = CONST *(CUIPHyJ4+1)4C{IPH U =1)=2,(*C(IPHyJ))
CP = (C{I4J+1)=C(I4J=1))/2.0
€8 A(I4I)= «1,0 + PP/2,0=H2*V{J)/DIF(I)/240
B(I,I)= 2.0 ~FPP .
DUIsI)= =1.0=PP/2s0 ¢ H2*¥V(JI/DIF(I)/2.0
B{I,IL)=6.0/DIF{I)*DIF (IR)*CP*(H2*FLCAT(NJ1~ J)GC(ILvJ))’HZ

w

O e

'A(I§IPH) = CONST ¥(CP/2.0=C(I,yJ))
B(IsIPH) = CONST *2.0%C(INJ)
BD(I,IPH) = =CCNST ¥ICF/72.0 + C(I,sJ))

G(I) = =PPP*C(I,J) = PP¥CP 4B(I,IL)*C(IL,J)
13 CONTINUE _
IF(JLEG.NJ1)GC TO 49
B(ICC,ICO) = 140
CALL BANO(J)
GO TO 4
BOUNDARY CONCITICNS AT REACTION PLANE
14 DO 59 I=1,N
GT1(I)=Cs § GT2(T)=0.
DO 59 K=1,N . ,
AT2(I,K)=0e% AFI2(I,K)=0s § ATLI2(I,K)=Cs $ BTL1(I.K)=0.,
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BT2(IsK)=0s & DT1(I4K)=0s ¢ OT2I1(I,K)=0.

DFIL1(I,K)=0,

DO 48 K=14NMZ2 $ DOT2I1(IPH,K)=zZ(K)

AT1I2(IPHK)=Z(K) & GO TO 10
00 50 I=1,NM2 ¢ AT2{I,I)=A(I,1)8BT2(I,I)=B(I, 1)

OT2IL(I4I)=D(T+I) $BT2(I,IL)=B(I,IL) & AT2(I,IPH)I=zA(I,IPH)
DT2I1(I,IPH)=D(I,IPH) 3 BT2(I,IPH)=B(I,IPH)

GT2(I)=G(I) ¢ DT2I1(ICO0,ICO)=t. % GO TO 16
DO 52 I=14NM2 & IF(IEQ.IFI)GC TO 52
DTI(I»IM=D(I,41I) $ BTL(IoI)=BII,LT)

AT1IZ2(I+I)=A(I,I) ¢ BT1(I,IL)=8B(I,IL)

DYL(IoIPH)=D(I,IPH) ¢ BT1{I,IFH)=B(I IPH) § AT1I2(I,IPH)I=A(I,IPH)
GT1(IN=G(]) '

CONTINUE 3 ATiIZ(IFIoIFI) 1.

DO 15 I=1,NM2 ' » :

ACI,I) = DIF(IV*C(IL, J ) 7QNP $ OFIL(IyI)==A(I,1)
BAI+IN==Z(IV*F*¥U(I)*(C (ILsJ)/70ONP *(CIPL(IPH)=C(IPH,J=-1))

1 «H2*{C(IPH,J+1)~=CIP2(1IFH)))

D(ILI) = DIF(I)*H2 $ AFI2(I41 DV)==D(I,I )
B(I,IL)==DIF(I) ZANP*(CIPL1(I)=C(I,J=1))-Z(I)*F*U(I)

1 *C(I,J) ZANP* (CIPL(IPH)=C(IPHyJ=1)) .
ACT+IPHY=Z(I)*F*U(IV*C(I +J)*C(IL+J)/QNP SDFIL(I4IPH)==A(IIPH) -
B(IsIPH)=0.

DCILIPHI=Z(I)*F*U(I)*C(IJ)*H2 SAFIZ2(IZIPH)=<C(I,IPH)

G(I) = BUISILI*CIILINJL)+A(IZIPHI*C(IPHyJ=1)+
1D(I+IPH)*CUIPK yJ+1) +AFI2 (I IPH)*CIP2 (IPH) +DFIA(I,IPH)*CIPL (IPH)

EQUATION 2, TOTAL FLUX CF CCPFER CONSTANT

ACICU,ICO)= A{ICO,ICO) § A(ICUSIPHI=A(ICU,IPH)*+A(ICO,IPH)

BIICU,ICO)=B(ICO,ICO) & AFI2(ICU,IPH)=AFI2(ICU-IPH)+AFI2(ICO ,IPH)

O(ICUyICOI=D(ICCLICO) ¥ C(ICU4IPH)=D(ICULIPH)+D(ICO,IPH)

GIICU)=G(ICUI+G(ICO) § B(ICU,IL)=B(ICULIL)+B(ICO,IL)

AFI2(ICU,ICO)=AFI2(ICC,ICO) & OFIL(ICU,ICO}=DFIL(ICO,ICO)

DFIL(ICULIPH)=0FIL(ICU+IFH)+DFIL1(ICO,IPH)

EQUATION 3, TOTAL FLUX GF IRON IS A CONSTANT

ACIFOLZIFIV=A(IFILIFI) & A(IFO,IPH)=A(IFO, IPH)*A(IFI'IPH) _

BOIFOLIFIN=B(IFILIFI) ¢ AFI2(IF0,IPH)=AFI2Z(IFO+IPHI+AFI2(IFI,IPH)

D(IFOSIFI)=D(IFIHIFI) ¢ DCIFCsIPHI=D(IFO,IPH)+D(IFI,IPH) :

GUIFOI=GUIFOI+G(IFI) ¢ B(IFO,ILI=B(IFO.IL)+B(IFI,IL)

AFI2(IFOLWIFIV=AFI2(IFILIFI) & CFIL(IFO,IFI)= =DFIL(IFI,LIFID)

DFIL(IFO,IPH)=DFIL(IFO,IPH) +DFIL(IFI,IPH)

TOTAL FLUX OF CHLORINE ATOMS IS CONSTANT

ECL=Z(IFO)+Z(ICU)=-Z(IFI)=Z(ICC)

DO 37 K=14N

ACICL K)= ACICL,K) ¢ ECL*A(ICO,XK)

AFI2(ICLyK)=AFI2(ICL+K)+ECL*AFI2(ICO,K)

BCICLyK)= B(ICLyK) ¢ ECL*B(ICC,K)

DFIL(ICL,K)=DFIL(ICL,K)+ECL*OFIL1(ICO,4K)

DCICLWK)= DCICL,K) ¢ ECL*D(ICO,K)

GUICL)= G(ICL) + ECL*G(ICO)

EQUATION 1, REACTICN RATE EXPRESSION’

A(ICOLIFII==A(IFI4IFI)BACICO,IPH)I=A(ICO,IPH)- A(IFI'IPH)

‘B{ICOsIFI)==B(IFI,IFI)

DC(ICO,IFI)= -D(IFI'IFI)SD(ICO;IPH):D(ICOpIPH)*D(IFIoIPH)

" G(ICO)=G(ICO)=G{IFI) 8§ B(ICC,ILI=B(ICO,IL)I=-BLIFI,IL)

23
24

OFI1(ICOLWIFI)==0FIL(IFILIFI) ¢ AFI2(ICO4IFIN==AFI2(IFI,LIFI)
AFI2(ICO+IPH)=AFI2 (ICO,IFH)=AFI2(IFIHIPH)
OFI1 (ICO,IPH)=DFIL(ICO,IPH)=CFIL(IFI,IPH)
EQUATION 9, CONCENTRATICN OF CUPROUS SPECIES IS ZERO
PIN THE POSITIGN OF THZ THE PLANE IF NECESSARY.
IF(JCOUMT=0)23,23,24
BOILsIL)=1e0 & GCILY=CCIL,J} & GO TO 25
B(IL,ICO)=1.0
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25 CONTINUE
EQUATION 4, CONCENTRATICN OF FERRIC SPECIES 1S ZERO i
ACIFIZIFIN=0.0 ¢ D(IFILZIFI)=0,0 § B(IFI,IL)=0.0 $ G{(IFI)=0,0
ACIFIZIPH)I=040 $ D(IFI,IPH)=G.0 8§ DFIL(IFI,IFY)=0,
DFIL(IFIIPH)=0. & AFI2(IFI,IFI)=0. % AFI2(IFI,IPH)=0,
B(IFILIFI) = 1.0
DO 53 I=1,NM2 § RAT=ATL1I2(IPH,I)/ATLI2(I,I)
AT1I2(IPHIPH)=ATLII2 (IPH ,IPH) =RAT*AT112(I.IPH)
CAT=DT2I1(IPHI)/70T2I1(1 1)
DT2I1(IPHyIPH)=DT2I1 (IPH 4IPH) =CAT*DT2I1(I,IPH)
GTL(IPH)=GTL1(IPH)=RAT*GT1(I) % GT2(IPH)=GT2(IPH)=CAT*GT2(I)
DO 53 K=1yN & BTI(IPHWK)=BTL1(IPH,K) =RAT*BT1(I,K)
DTL(IPHoKI=DT1{IPH4KI=RAT*DTL1(I,K)
ATZ(IPH,K):ATZ(IDHQK)'CAT‘ATZ(I'K)
53 BT2(IPH.K)=BT2(1PHK)=CAT*BT2(I,K)
DO 58 K=14NM1 ¢ DO 58 I=1,N $ RAT=AFI2(I+K)/ZATLI2(K,4K)
CAT=0FIL(I4K)/DT2I1(KeK)
G(IN=G(I)=RAT*GT1(K)=-CAT*GCT2(K) .
DO 58 L=K4N ‘
AFI2(I L)=AFI2(I,L)=ATL1IZ2{KsL)*RAT
DFI1(I,L)= UFli(IoL"DTZIl(KoL)‘CAT ‘
ACIZL)=A(I4L)=AT2(K,L)*CAT § B(I,L)= B(I,L"BTl(K)L"RAT BT2(K,4L)
1 *CAT
58 OD(IsL)=D(I4L)=0OTL1(K,L)*RAT
CALL BAND(J)
GO TO &
16 IF(J.EQ.NJ) GO TO 18
MATERTAL BALANCE REGION 1
V(J)=3. Q*DIF(IR)'C(ILQJ)'(C(IL’J)‘FLOAT(NJ -J- 1)/QNP)"2
0O 17 I=1,NM2 $ IF(I.EQ.IFIVGOTO17
CONST = Z(IY*U(TII*F/OIF(])
IF(J=NJ1)29,29,33 ' )
29 PP=CONST*(C(IFPH,J+1)=CIPZ(IPH))/2: & PPP=CONST*(C(IPH,J+1)
1 +CIP2(IPH) =2,*C(IPHJ)) 8 CP=(C(TI4J4+1)=CIP2(X))/2, 3 GO TO &5
33 PP = CONST *{C(IPHJ+1)=C(IFHyJ~=1))72.0 : :
"PPP = CONST *(CUIPHyJ#+1)#C(IPH,,J=1)=2, B’C(IPHQJ))
CP = (C(IosJ41)=C(I,yJy-1))/2.0
45 A(I,,I) “1e0 + PP/240 = V(J)/DIF(I)/QNP/2.0
B(I,I) 2e0 = PPP
D(I,I) =1e0 = PP/2+0 ¢ V(J)/DIF(I)/7QNP/2,.0
A(I,IPH) CONST *(CP/2.0 - C(I,yJ))
B(I,IPH) CONST *¥2.0%C(I, U
D(ILIPH) =CONST ¥(CF/2.0 ¢+ C{Iy )
BOI+ILV=3.0*%V(JIY*CF/DIF(1)/QNP/C(ILLJ)
G(I) = =PPP¥C(IyeJ) = PP¥CP + BUI,ILY*C(IL,J)
17 CONTINUE :
IF(J.EQ.NJL1)IGC TO 51
B(IFIZIFI) = 1,0
CALL BAND(U)
GO 10 &
BOUNDARY CONDITION AT THE ELECTRCDE
18 DO 19 I = L1,NM2
CP= DIF(&)‘(C(I'J)‘C(IQJ 2))/724/C{ILyJ=1)*QNP
PP = Z(IN*U(I)I*F*(C(IPHyNJ)=C(IPHNJ=2))7/2, O/C(IL'J)‘QNP
Y(IQI)--OIF(I)/Z.O/C(ILoJ,‘QNP
A(I,I’ = PP
B(IyI)==Y(I,I)
Y(IvIPH)=‘Z(I)‘U(I)*C(IpJ'l)'F/Z./C(IL!J,’QNP

B(IsIPH) = =Y{(I,TPH)
BIIoIL)==PP*C(I,J=1)/C(ILsJ)=CP/CLILyJ)
19 G(I)==CP

D0 35 K=14NR$ GI(K)=340 & 00 35 I=1,NM2



35

57

34

Sh

56

39

L2

L3
43

20
21

22

—llO—

QA(KsI)=0.0
QA(145)=R1A*3,*C(5,U~-1)%*2 )
QA(L1,1)==R1C 3 QI(1)=QA(1+5)*C(5,4=1)7/1.5
QA(242)==R2C*C(ICLyJ~1)%*2 % QA{2,1)=R2A
QA(2+5)=2.%QA(2,2)%C(24J=1)/CLICLJ=-1)
QI(2)=Q£(2,5)*C(ICLyJ~1)
R3Tz1e/(14=R3A*C(5,J=1)/(RIAXC(5,J=1)*%3=R1C*C(1yJ=1)))
R3TT=14/(RLA¥C(S 4 J=1)¥%3-R1C*C(1,J-1))
QA(3,43)==R3C*R3T
QA(341)==R3IC*C (3 yJ=1)*¥RIT**2%RIA*C (5 ¢J=1)*R3TT**22R1(
QA(3+5)= RIC*C{3,J=1)*RIT**¥2% (RIA*C(5,J=1)*RITT**2%3 *R1A
1 *C(5,J=1)%%2=RIA*R3ITT) '
QI(3)= “QA(341)%C(1,J~1)=QA(3+5)%C(5,J4~1)
IF(ABS(S(IH24+4)) oLTe4)GCTOS?
QAL ¢ IH2)=R4A¥0S/C(IH24J=1)%%04 % & QA{4,IHP)==RL(C
QI (4)==F4A*0,5%C (IH2 9yJ=1)1%%0,5
CONTINUE
DO 34 I=14,NM2 3 00 34 K= 1,NR$ GIIN=G(I)+4S(I,K)*GI(K)
DO 34 II=1,NM2
A(I,II)= A(IoII)#’(IvK)'CA(KyII)
CALL BAND(J)
DO 54 I=1,NM1 & D0 54 K=1,4N
GT2(IN=GT2(IV=AT2(I4yKI*C(KsNJ1-1)=BT2(I,K)*C(K4NJ1)
GTI(IN=GTL(IN)=DTL1(TyKI*C{KyNJ1+1)-BTL (I, KI*CIK,NJ1)
00 56 II1=24NM1 §& TR=NM1-II+2 ¢ IMiz=IR-1
RATI1=GT2(IR)/DT2I1(IR,IR)$CIFL1(IR)=RATIL
RATIZ2=GT1(IR)I/AT1I2(IR,IR) § CIPZ(IR’—RATIZ $ 00 56 I=1,IM1
GT2(I)=GT2(I)=-0T2I1(I,IR)*RATIY
GT1(IN=GTL(IV-ATL1I2(I,IRI*RATIZ2 $CIP1(1)=GT2(1)/0T211(1,1)
CIP2(1)=6GT1(1)/7AT112(1,1)
IMAX=H2*FLOAT(NJ1=-1) ¢C(IL,NJ}
DO 39 U=14NJ $XIP(JI=H2*FLOAT(J=1)
IF(JeGEWNJLIXIP(UI=ZCAILINJUL)/QNP*FLOAT (JU=NJ1) +H2*FLOAT(NJL~1}
XI{JI=ZMAX=XIP(J)
DO 43 J=1,NJ '
IF(J. EQ-l-ORoJ-EQ.NJ)GO T0 43
SUMKC=0.0 ¢§ 0G0 42 TI=14NM2
SUMKC=SUMKC+Z(I)**2*U(I) *C(I+J) 3 RK(J)=SUMKC*F**¥2/1000,
SUMDP=0.0
DO L1 I=1,NM2
DC = (C(I4J+1)=C{I4J=1))72.0/H2
IF(JEQaNJLIDC=(C T yJ+1)=C(I4J))/CCIL,J)*QNP
IF(JeGTeNJL)DC=DC*H2 /C (ILsNJ1)*QNP
SUMDP=SUMDP+Z(I)*DIF(I)*0C ¢ CP(I)= F/RK(J)‘SUHDP 71000./DELTA
CONTINUE :
AMPO = AMP
CRO=C(IRyNJ=-1)
AMP = (Z(IR J*U{(IR )¥F *CRO*(C(IPHyNJ=2) = C(IPH,NJ))+
1D0IFC(IR Y*{C(IR ¢NJ=2) = C(IR oNJI)DI)*QNP/C(ILINJLI/2,0/
1 (CIN(IR )=CRO)/DIF(IR ) .
IF( ABS(AMP=-AMPO) -~ TOL * ABS{AMP)) 22+22,20
IF(JCOUNT=20)2,2,421 :
PRINT 106
NOTCON=1
PRINT 798,JCOUNT
PRINT 15
EMIGR = AMP/1.,1198
AMP=EMIGR*(1+=CRO/CINCIR))
PRINT 107 9AMPEMIGRy (REFLI(IDJREF2(I) 4sC(I421)+4C I yNJ=1) 4I=14NM2)
IMAX=H2*FLOAT(NU1=1)+C(IL,NJ)}’
RL=C(IL,NJULI*DELTA ¢ 2ZMAX=ZMAX*DELTA
PRINT 108+C(ILyNJL) yRL yZMAXyZZMAX4RPM
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IF(NOTCONJsEQe1)GOTO12
RILDO=RNZ*F*DIF(IR)*CIN(IR)/S{IR,2)/DELTA/DDELT/1£00.
R1=(R1A¥C(ICLyNJ=1)**3-~ RiC'C(ICO'NJ-i))/RILD*RNi'F/lDUO./DELTA
IF(ABS(S(ICO91)) eLlTele5)R1=0,0

R2=(R2A¥C(ICOsNJ=1)=R2C*C(ICL ¢yNJ~- 1,"2‘C(ICU'NJ 1))/RILD‘RN2'F
1 /1000 /DELTA

R3"R3C’C(3vNJ 1"R3T/RILD‘RN3“F/1000o/DLLTA
IF(ABS(S(IF0+3)) 4LTele5)R3=0,0

Ru= (RGA¥C(IH2 yNJ=1)%%( ,S5=-RUC*C(IHPyNJ~ 1))/RI'U‘RNH’Flloﬁoo/DFLTA
IF(ABS(S{IH2 y4)) el Te0ol4)RL=0,

RIT=R1+R2+R3+R4 & EFF=R 1/RIT*100.

SuUM=(0,0

DO 11 I=1,NM2

SUM=SUM+Z(I)**2*U(IY*CIN (I}

RKAPPA=-F**¥2%xSUM/10C0 .,

PTO=RIT*RILD*ZMAX*DELTA/RKAPPA

UNTH=0,2676 $§ VMPO=E-UNTH+ULTKE ¢ VMPTO=VMPO+C{IPH,NJ~- 1)‘PTO
CRR=CRO/CIN(IR)
RP"F'DIF(ICO)‘((C(ICO,hJ141)‘C(ICOgNJ1”/C(IL,NJI"QNP) /RILD
PRINT 1104R14R24R3)RG4WRITHEFF

ALNCRR=ALOG(CRR) ¢ ALNCC=ALOG{C(ICO4NJ=1)/CINLICU})
ALNCL=ALOG(CU{ICL yNJ=1)/CINCICL))

PRINT 111, VMPTO,VMPO,RILD+PTO4RP+CRRyRKAPPA, ALNCRR ALNCO.ALNCL
PUNCH 112,VMPTO ¢ UMPD ¢RITyR14R24EFF+C(ILy1) yALNCL4ALNCRR,ALNCO
IF (IPUNCHoGT40)PUNCH BO00,y ((C(I9J)gI=14N)oXI(J)yJd=1,NJ)

D0 46 I=1,N ¢ DC 4& J=1,NJ:

P(I,J)=C(I,J)
G0 TO 12
END

SUBROUTINE BAND(J) o o '
DIMENSION A(Q’g)v8(999)oC(9o203)oD(9p19)9G(9)o X(943),Y(9,9),
1 E(9,10,203)

COMMON A9BsColaGoeXe Yy NyNJ

FORMAT (1SHODETERM=0 AT J=,I4)
IF (J=2) 14648

NPi= N + 1

DO 2 I=1,N.

D(I42*N+1)= G(I)

DO 2 L=1,N

LPN= L + N

DCILZLPN)= X(I,L)

CALL MATINV (No2*N+1,DETERM)

IF (DETERM) 4,344

PRINT 101, J

00 5 K=1,4N

E(KyNPLy1)= D(K'Z‘N*i)

DO S L=1,N

E(K'L91)= - D(K’L)

LPN= L + N

X({Kel)= = D(KyLPN)

RETURN

D0 7 I=1,N

DO 7 K=1,N

00 7 L=1,N

DCIyK)= DUIoK) ¢ A(I L)*Xx(LyK)
IF (J=-NJ) 11,9,9. .

0O 10 I=1,N

D0 10 L =1,N

G(IN= G(I) = Y(IZL)*E(LsNP1yJ=2)
DO 10 M=1,N

ACIoL)= A(ILL) ¢ Y(IsMI*E(MyaLyJ=2)
DO 12 I=1,N

CmEE
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D(IsNP1)= = G(I)
00 12 L=1,N

D(IsNPL)= D(IGNP1) ¢ A(ISL)*E(LINPL,yJ=1)

00 12 K=14N

B I KI= 3(Io4K) ¢ ACI,L)I*C(LyKed=1)
CALL MATINV (NyNP1  LOETERM)
If (DETERM) 14,413,114

PrRINT 11, J

D0 15 K=1,4N

DO 15 M=1,NPL

Z(KyMoJ)= = DKM}

IF (J=NJ) 20,1€,16

DO 17 K=14N

C(KyJ)= E(KyNP1,J)

DO 18 JJ=24NJ

M= NJ = JJ ¢+ 1

DO 18 K=1,oN

C{KsM)= E(KyNPL M)

DO 18 L=1,N

C KoM= CUK M) + E(K L yMI*C{LyM+1)
DO 19 L=z=1,N

DO 19 K=1,N

CKy1)=z C(Kos1) + X{K,LI*C(L,3)
RETURN

END

SUBROUTINE MATINVIN,M, GETERM) § COMMON AoBcCyD
DIMENSION A(9,49)+B(9,9),C(3;203)40(9,19),JCOL(3)4X(9,19)

oW & W

@@ ~N

NM1i=N=1 & DETERM=1.0 ¢ CC 1 I=14N % JCOL(I)=I & 0O 1 K=1,M
X{(IsK)=D(Is+K) & DC & TI=1,NM1 $ IP1=II¢1i $ BMAX=ABS(8(II,II})
JC=II 3§ 00 2 J=IPL4N $§ IF(AEBS(B(II+J)).LE.BMAX) GO YO 2 % JC=J
BMAX=ABS (B(II,J4))

- CONTINUE ¢ DETERM=DETERM®B(II,JC) $ IF(DETERM+EG.0.,0) RETURN
IF(JCEQ.ITI) GO TO & ¢ JS=JCOL(JC) $ JCOL(JCI=JCOL(II)
JCOL(IIN=JS $ 0O 3 I=14N $§ SAVE=B(I.JC) § B(IsJC)=BI(I,II)
B(I,II)=SAVE % DETERM=-CETERM

D0 6 I=IP14N ¢ F=B(I,II)/B(IILIT) $ CO S J=IP1,N
B(IsJ)=B(I4J)=F*B(IIJ) % 00 & K=14M

X(IoKI=X(IoK)=F*X{II,K) ¢ DETERM=DETERM*B(N,N)
IF(DETERM.EQeBe0) RETURN § OC 7 II=24N ¢ IR=N=II+2 § IMi=IR-1
JC=JCOL(IR) 8 D0 7 K=1+M & F=X(IR,K)/B(IRyIR) $ C(JCyK)I=F

DO 7 I=1,IM1

X{I+KI=X{I9sKI=BUI,IRPI*F § JC=JCOL(1) ¢ DO 8 K=1,4M
D(JUCKI=X(14K)/B(2,41) ¢ RETURN 3 END
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Notation
0.51023262 (see reference 44)
relative activity of species i

property expressing secondary reference state of species i,
2 /mol :

property expressing secondary reference. state of species 1

.relative to ionic species n (see equation A-15)

coefficient in the expansion for the potential, V

. . . 3
concentration of species i, mol/cm

, . . 3
-local surface concentration of species i, mol/cm

. ; A 3
reference concentration of species i, mol/cm
. ' . . 3
bulk concentration of species i, mol/cm
. . . . . 2
diffusion coefficient of species i, cm'/s

molar activity coefficient of species 1

- molar activity coefficient of species i relative to the

ionic species n (see equation  A-14)

" Faraday's constant, 96,487 C/mol

dimensionless mesh size
s 2
average current density, A/cm
’ . L 2
local current density due to reaction j, A/cm

limi%ing current density due to diffusion (see equation 2-18),
A/cm : '

s ' ) : . 2
limiting current density for the main reaction, A/cm
2
reference exchange current density, A/cm
. 2
total local electrode current density, A/cm

total current, A

.dimensionless exchange current density
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dimensionless exchange current density (see equation B-18)

equilibrium constant for reaction 2-5, (kg/mol)2

position of the reaction plane, cm

symbol for the chemical formula of species i

‘Legendre function of imaginary argument

number of electrons transferred in reaction j

dimensionless limiting current density

dimensionless limiting current density (see equation B-15)
' I 2

normal component of the flux of species i, mol/cm -s

total pressure times mole fraction of component i in the
vapor phase, atm

anodic reaction order

Legendre polynomial of order 2n
cathodic reaction order

radial coordinate, cm

electrode radius, cm

universal gas constant, 8.3143 J/mol-K

stoichiometric coefficient of species i in reaction j

‘transference number of species i with respect to the velocity

of species o

absolute température, K

mobility of species i, cmz—mollJ—s

theoretical open-circuit potential for reaction j at the
composition prevailing locally at the electrode surface,

relative to a reference electrode of a given kind, V

theoretical open-circuit potential evaluated for reference
concentrations, V

standard electrode potential for reaction j, V

parameter characteristic of the cathodic part of reaction j
relative to a main reaction, V
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potential of the rotating-disk electrode, V

electrode potential characteristic of the limiting-current
plateau for the main reaction, V

dummy integration variable, cm

axial coordinate, cm

axial coordinate, cm

charge number of species i

anodic transfer coefficient for reaction j

cathodic transfer coefficient for reaction j

exponent in composition dependence of exchange current density

0.89298, the gamma function of 4/3

dimensionless radial coordinate (see equation B-7)

dimensionless average current density (see equation 1-13)
diffusion—layer thickness, cm (see equation 2-8)
diffusion-layer thickness, cm (see equation 1-5)
rotationﬁl elliptic coordinate

local total overpotential for reaction j, V

local concentration overpotential for reaction j, V
local surface overpbtential for reaction j, V
dimensionless coﬁcentration of species i

. I B ! -
solution conductivity, ohm ~-cm L

. - -1 -1
bulk solution conductivity, ohm =~ - cm
absolute activity of species i

property expressing secondary reference state, kg/mol

electrochemical potential of species i, J/mol
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Vv kinematic viséosity of the solution, cmz/s
£ dimensionless axiél coordinate (see equation 2-7)
[ rotational elliptic coordinate
Py pure solvent density, kg/cm3
¢i fugacity coefficient of gaseous species i
] potential in solution within the diffusion layer, V'
@o local solution potential adjacent to electrode surface, V
5 botential in the solufion'optside the diffusion layer, V
: /
50 local potential in the bulk solution extrapolated to the
electrode surface, V
194 rotation speed of the disk, rad/s
superscripts ;.
o . pure speéies or trial value
* ~ideal-gas secondary reference state .
$) secondary reference state at infinite dilution
subscripts
o at the electrode surface
m main reaction
re reference electrode
R principal reactant
s side reaction

o bulk solution
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