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ABSTRACT OF THE DISSERTATION

Generalized Link Homotopy Invariants

by

Thomas R. Fleming

Doctor of Philosophy in Mathematics

University of California San Diego, 2006

Professor Justin D. Roberts, Chair

Professor Peter Teichner, Co-Chair

Link homotopy has been an active area of research for knot theorists since its

introduction by Milnor in the 1950s. We will examine several generalizations of link

homotopy, produce invariants, and apply these invariants to study the behavior of

links and spatial graphs under these generalized link homotopy equivalences.

We first study links under self Ck-equivalence. This relation is based on certain

degree k clasper surgeries. It is known that a Milnor number with no repeated

index is an invariant of link homotopy. We show that Milnor’s numbers with

k-repeated indices are invariants not only of isotopy, but also of self Ck-moves.

We will also consider versions of link homotopy for spatial graphs. We intro-

duce a new equivalence relation on spatial graphs called component homotopy,

which reduces to link homotopy in the classical case. Unlike previous attempts at

generalizing link homotopy to spatial graphs, our new relation allows analogues of

some standard link homotopy results and invariants.

Researchers have previously studied edge homotopy and vertex homotopy as

generalizations of link homotopy to spatial graphs. We introduce some new in-

variants of these relations and use these invariants to produce examples of non-

splittable spatial graphs all of whose constituent sublinks are homotopically trivial.

viii
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Introduction

In his landmark 1954 paper [Mil54], Milnor introduced link homotopy and

his eponymous higher order linking numbers. Since that time, this has been a

fertile area of research, and the relation of these concepts to many other ideas

in algebraic and geometric topology has been extensively explored. For example,

Milnor’s numbers are preserved under concordance of links [Sta65, Gif79, Gol79],

partially preserved by grope concordance [KT97], related to Massey products on

the link complement [Tur76, Por80], and related to finite type invariants of string

links [BN95, Lin97, HM00], to name just some of the connections. In addition, the

notion of link homotopy has seen several generalizations, such as selfCk-equivalence

of links [SY04], as well as edge homotopy and vertex homotopy for spatial graphs

[Tan94b].

It is perhaps surprising that after fifty years of active research, new connec-

tions and applications can still be found. We will examine the notion of self

Ck-equivalence of links in Chapter 3 and show that certain Milnor isotopy in-

variants are in fact preserved by these moves. Thus, Milnor’s isotopy invariants

can be divided into families: the link homotopy invariants (k = 1) and the self

Ck-invariants for each higher k. Milnor’s numbers can be studied via the Milnor

group, and we will extend the notion of the Milnor group in Chapter 4 to study

1
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embeddings of arbitrary graphs. Using this generalized Milnor group, we can, for

the first time, produce spatial graph analogues of standard link homotopy results,

including Milnor numbers. Finally, in Chapter 5, we will explore new invariants

of edge and vertex homotopy, and show that the behavior of spatial graphs under

these relations is not dictated by the homotopy type of the links they contain.

For an n-component link, Milnor numbers are specified by a multi-index I,

where the entries of I are chosen from {1, . . . n}. In his first paper [Mil54], Milnor

proved that when the multi-index I had no repeated entries, the numbers µ(I) are

invariants of link homotopy. In a follow up paper [Mil57], Milnor explored some of

the properties of the other numbers and showed they are invariant under isotopy,

but not link homotopy.

Milnor’s invariants have been connected with finite type invariants, and the

connection between them is increasingly well understood. For string links, these

invariants are known to be finite type [BN95, Lin97], and in fact related to (the

tree part of) the Kontsevich integral in a natural and beautiful way [HM00].

By work of Habiro [Hab00], the finite type invariants of knots are intimately

related to clasper surgery (see Theorem 2.2.1). Taking the view that link homotopy

is generated by degree one clasper surgery on the link, where both leaves of the

clasper link the same component, is it possible that Milnor’s isotopy invariants

have some relation with clasper surgery?

The answer is yes. Let us consider the generalization of link homotopy known as

self Ck-equivalence, introduced by Shibuya and Yasuhara in [SY04]. These moves

are defined for k ∈ N and self C1-equivalence is link homotopy. Define a self Ck-

move on a link L to be a degree k simple tree clasper surgery on L where all leaves

of the clasper link the same component. If L′ is obtained from L by a sequence of

self Ck-moves and ambient isotopies, we call L and L′ self Ck-equivalent.

Let r(I) denote the maximum number of times that any index appears in I. A

Milnor invariant µ(I) is called realizable if there exists a link L with µL(I) 6= 0.

Our main result for Chapter 3 is the following.
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Theorem 3.1.1 (F.–Yasuhara) Let µ(I) be a realizable Milnor number. Then

µ(I) is an invariant of self Ck-equivalence if and only if r(I) ≤ k.

Notice that a self Ck-equivalence can be realized by self Ck′-moves when k′ < k,

and thus self Ck-equivalence classes form a filtration of link homotopy classes.

Moving to larger and larger k provides more and more information about the

structure of isotopy classes of links.

The classification of links up to link homotopy has been completed by Habegger

and Lin [HL90]. However, the structure of links under the higher order self Ck-

moves remains mysterious. Nakanishi and Ohyama have classified two component

links up to self C2-equivalence [Nak02, NO02, NO03], and Shibuya and Yasuhara

have shown that boundary links are self C2-equivalent to the trivial link [SY].

Beyond this, very little is known.

It is well known that Milnor’s link homotopy invariants vanish if and only if the

link is link homotopic to the unlink. However, in Example 3.2.3 we will produce a

boundary link that is not self C3-equivalent to the unlink. As all Milnor numbers

vanish for boundary links, this example demonstrates that self Ck-equivalence be-

haves very differently than we are used to when k > 1. Much work remains to be

done before we have a clear understanding of self Ck-equivalence for higher k.

Rather than generalizing the equivalence relation on links, we can change the

objects under study and ask how the techniques of Milnor invariants can inform

the study of spatial graphs.

Where knot theory studies embeddings of circles into S3, spatial graph theory

studies embeddings of arbitrary graphs. Let G be a finite abstract graph. Let f be

an embedding of G into the 3-sphere. We will call f(G) a spatial embedding of G

or simply a spatial graph. Since it is the map f that matters in this construction,

we will often refer to f as a spatial embedding. We will use the notation Φ := f(G)

to emphasize that we are thinking of the spatial graph as a subcomplex of S3.

Several analogues of link homotopy have been proposed for spatial graphs, such

as the edge homotopy and vertex homotopy of Taniyama [Tan94a]. Two spatial em-
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beddings of a graph G are called edge-homotopic if they are transformed into each

other by self crossing changes and ambient isotopies, where a self crossing change

is a crossing change between two arcs of the same edge, and vertex-homotopic if

they are transformed into each other by crossing changes between arcs of two adja-

cent edges and ambient isotopies. Each of these notions reduces to link homotopy

in the case when the graph is a disjoint union of circles, and invariants of these

relations have been produced [Tan94b] [FN]. Classification of the embeddings of

some graphs under these relations is possible. For example spatial embeddings of

K4 up to edge-homotopy have been completely analyzed by Nikkuni [Nik04].

Milnor invariants are sufficient to classify two and three component links up to

link homotopy [Mil57], and contributed to the eventual classification of all links

[HL90]. So far, no analogue of these invariants exist for the spatial graph relations

listed above. Since Milnor invariants are a useful tool for studying link homotopy,

our goal is to introduce a generalization of link homotopy for spatial graphs that

allows a reasonable generalization of Milnor’s link homotopy invariants.

The equivalence relation we will use is called component homotopy. Let SE(G)

denote the set of all spatial embeddings of an abstract graph G. Two embeddings

Φ,Φ′ ∈ SE(G) are called component homotopic if Φ can be transformed to Φ′

by ambient isotopy and crossing changes between edges that belong to the same

component of G. Note that if G is connected, then any two embeddings are

component homotopic. This is the analogue of the fact that any knot is link

homotopic to the unknot, though for most graphs, there is no canonical choice of

embedding to call the “unknot.” However, up to component homotopy, there is

a clear choice for the analogue of the unlink, which we will call a completely split

embedding. A spatial embedding Φ of G is completely split if each component

of Φ can be separated from all others by an embedded S2. Note that any two

completely split spatial embeddings f, g ∈ SE(G) are component homotopic, and

thus up to component homotopy, there is a canonical “unlink.”

If Milnor’s link homotopy invariants vanish for L, then L is link homotopic to
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the unlink [Mil54]. The vanishing of Milnor’s link homotopy invariants is equiva-

lent to the Milnor group of the link,ML, being isomorphic to the free Milnor group

MF . Choosing the correct analogue of these groups, which we will call CM(Φ)

and CMF (G), we are able to prove the following theorems, which are direct gen-

eralizations of Theorem 2.1.1 and Theorem 2.1.2 (Theorem 8 and Corollary 2 of

[Mil54]).

Theorem 4.1.2 (F.) Let Φ be an embedding of a graphG into S3. Then CMF (G) ∼=

CM(Φ) where the isomorphism preserves generators (up to conjugacy) if and only

if Φ is component homotopic to a completely split embedding.

Theorem 4.1.3 (F.) Let Φ be an embedding of a graph G into S3 with components

Φ1 . . .Φn. If the map θ from CMF (G) to CM(Φ) sends generators to conjugates

of generators, and θi is the induced map on the groups for Φi := Φ \ Φi, then

ker θ ∼= ker θi if and only if Φ is component homotopic to an embedding where Φi

can be separated from the rest of Φ by an embedded S2.

A spatial subgraph of Φ that is homeomorphic to
∐

S1 is called a constituent

link. Two links L and L′ are called colored link homotopic if each component

of each link is labled with a color, and L can be transformed to L′ by ambient

isotopies and crossing changes between edges of the same color. The following

theorem shows that the colored link homotopy classes of the constituent links of

Φ determine whether Φ is component homotopic to a completely split embedding.

Note that this is in contrast to edge homotopy and vertex homotopy, where there

are known examples of non-split embeddings, all of whose constituent links are

link homotopic to trivial links. We will produce these examples in Chapter 5.

Theorem 4.2.1 (F.) For a constituent sublink L of Φ, assign two components of

L the same color if and only if they are contained in the same component of Φ.

Then every constituent link of Φ is colored link homotopic to the trivial link if and

only if Φ is component homotopic to a completely split embedding.

It is also possible to extract numerical invariants from the CM(Φ) by looking at
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successive nilpotent quotients. Milnor’s numbers can be interpreted as arising from

the elements in the kernel of the map MF →ML, and so by examining the kernel

of the map CMF (G) → CM(Φ) we will be able to produce similar (though less

subtle) numerical invariants. Naturally, any invariant of component homotopy is

an invariant of edge homotopy and vertex homotopy, so these numerical invariants

are invariants of those relations as well.

The numerical invariants for component homotopy produced in Chapter 4 van-

ish when all constituent links of the spatial graph are colored link homotopically

split. Is it possible to produce an invariant that will detect spatial graph em-

beddings that are not edge or vertex homotopically split when the component

homotopy invariants above vanish? The answer is yes, and we will construct such

an invariant based on the coefficients of the Conway polynomial of two component

constituent links.

A spatial embedding f of a graph G is split (up to isotopy) if there exists an

embedded 2-sphere S in S3 such that S ∩ f(G) = ∅ and each component of S3−S

contains at least one component of f(G); otherwise f is non-splittable.

In [Tan94b], Taniyama defined an edge (resp. vertex)-homotopy invariant of

spatial graphs called the α-invariant by studying the the second coefficient of the

Conway polynomial of the constituent one component links (i.e. knots). But, as

it is based on the invariants of one component links, the α-invariant cannot de-

tect a non-splittable spatial embedding of a disconnected graph up to edge (resp.

vertex)-homotopy. To the best of our knowledge, an example of a non-splittable

spatial embedding of a disconnected graph up to edge (resp. vertex)-homotopy, all

of whose constituent links are link homotopically trivial has not yet been demon-

strated.

To detect such a spatial embedding, will form a spatial graph invariant based

on µ(1122) of algebraically split constituent links. Since µ(1122) is not a link

homotopy invariant, we have a chance of detecting the type of spatial embeddings

that we are interested in. Note that when the link is algebraically split, µ(1122) is
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the same as the Sato-Levine invariant βL [Coc85b], and even better, it coincides

with the third coefficent of the Conway polynomial, a3(L) [Coc85a], [SB90]. Let

Γ(Gi) denote the set of all cycles in component i. We can construct a direct analog

of the α-invariant using a3(L), as long as we can find weights for the cycles in Γ(Gi)

that satisfy certain conditions that we will call weakly balanced (see Chapter 5).

Restricting for a moment to graphs of two components, G = G1

∐

G2, let γ1 and

γ2 denote cycles in distinct components of G.

βω1,ω2(f) ≡
∑

γ1∈Γ(G1)
γ2∈Γ(G2)

ω1(γ1)ω2(γ2)a3(f(γ1), f(γ2)) (mod m), (1.1)

Let Z/m denote Z/mZ. Then we have the following.

Theorem 5.1.1 (F.–Nikkuni) Let G = G1

∐

G2 be a disjoint union of two

connected graphs and ωi a weight on Γ(Gi) over Z/m (i = 1, 2). Let f be a spatial

embedding of G such that

ω1(γ1)ω2(γ2)lk(f(γ1), f(γ2)) = 0

in Z for any γ1 ∈ Γ(G1) and γ2 ∈ Γ(G2). Then we have the following.

1. If ωi is weakly balanced on every edge of Gi (i = 1, 2), then βω1,ω2(f) is an

edge-homotopy invariant of f .

2. If ωi is weakly balanced on every pair of adjacent edges of Gi (i = 1, 2), then

βω1,ω2(f) is a vertex-homotopy invariant of f .

Unfortunately, for certain graphs G, it is not possible to select a nontrivial set

of weights satisfying the conditions of Theorem 5.1.1, no matter the embedding of

G. Worse, the circle is such a graph. However, modifications of the invariant that

work in these situations are possible, and are the topic of Sections 5.4 and 5.5.
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In Examples 5.3.3 and 5.4.4, we produce infinite families of spatial graphs, all

of whose constituent sublinks are homotopically trivial, but no two of which are

edge (resp. vertex) homotopic. These examples show that the edge and vertex

homotopy relations on spatial graphs behave quite differently than component

homotopy of graphs (Theorem 4.2.1) or link homotopy on links (Theorem 2.1.1).



2

Background

2.1 Milnor numbers

As they form the foundation of this work, we will first review Milnor’s invari-

ants, link homotopy, and some of the major results in this area.

Given an n-component link L, we may compute Milnor’s numbers, denoted

µL(I) (or µI(L)) in the following way. Form the link group, π(L) := π1(S
3 \ L).

Let lj be a zero-framed parallel of Lj (the jth component of L). Choose elements

mi in π(L) that are meridians to the Li. The group π(L) is normally generated by

the mi, that is π(L) is generated by the mi and all possible conjugates of the mi

by elements of π(L). That is, ML ∼= {mg
ij | g ∈ π(L)}.

Let Z[[X1, . . .Xn]] be the ring of formal power series in non-commuting vari-

ables Xi. The Magnus expansion is the map ψ : π(L) → Z[[X1, . . .Xn]] given

by mi → 1 +Xi. Note that under this map, m−1
i is carried to the infinite series

1−Xi +X2
i −X3

i . . . . Since π(L) is normally generated by the mi, we can write lj

in terms of the mi and thus can calculate the Magnus expansion of the lj. Milnor’s

numbers are the coefficients of the monomials in the Magnus expansions of the

longitudes lj. Specifically, given a multi-index I with entries from {1, . . . , n}, the

number µL(i1 . . . irj) is the coefficient of Xi1 . . .Xir in the Magnus expansion of lj.

9
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That is,

ψ(lj) =
∑

µi1 ...irjXi1 . . .Xir

For links, these Milnor numbers are only defined up to an indeterminacy that

depends on the values of the lower order invariants. For example, the Milnor “triple

linking number” µ(123) is only well defined modulo gcd(µ(12), µ(23), µ(13)). Gen-

erally, one is interested in link invariants and so wants to study Milnor numbers

modulo the indeterminacy, but unfortunately, determining the precise indetermi-

nacy is difficult. Thus, one often works with the Milnor numbers modulo the

greatest common divisor of all lower order invariants, and these numbers are de-

noted µ(I). The indeterminacy is due to the choice of path from the meridian

mi to the basepoint of S3, and so for string links, which have a cannonical choice

of path, the indeterminacy does not arise, and the µ(I) are well defined integral

invariants.

Two links L and L′ are said to be link homotopic if L can be transformed to L′

by a series of self crossing changes and ambient isotopies. That is, we allow crossing

changes in L as long as both strands of the crossing belong to the same component

of L. See Figure 2.1. For example, the Whitehead link is link homotopic to the

unlink, but the Hopf link is not. If no index is repeated in the multi-index I, then

µL(I) is an invariant of link homotopy [Mil57].

Figure 2.1: Link homotopy.

In a demonstration of the power of his new invariants, Milnor classified two

and three component links up to link homotopy [Mil54]. Two component links are
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determined by their linking number (µ(12)). Three component links are classified

by the pairwise linking numbers µ(12), µ(23), µ(13) and µ(123).

Figure 2.2: Two links with the same µ link homotopy invariants.

The classification of four component links proved much more difficult and it

was not until 1988 that Levine was able to classify four component links up to

link homotopy [Lev88]. The Milnor numbers µ(I) of a link are insufficient for

this task due to the indeterminacy introduced by the lower order invariants; the

links shown in Figure 2.2 have the same µ(I) but are not link homotopic. Levine

carefully studied the Milnor group to understand the true indeterminacy of the

Milnor numbers. He was able to show that 4-component links can be classified

by a set of twelve numerical invariants: the pairwise linking numbers, µ(123), and

the following Milnor numbers up to ρ-equivalence, µ(124), µ(134), µ(234), µ(2134),

and µ(3124). Here ρ-equivalence measures how the numbers change under au-

tomorphisms of the Milnor group that have the potential to be realized geo-

metrically. When the linking numbers satisfy certain conditions, it is possible

to construct new link homotopy invariants. For example, while the link homo-

topy invariants µ(I) agree on the pair of links in Figure 2.2, they can be dis-

tinguished by the invariant ∆ = µ(134)µ(234) − µ(34)µ(2134), which is defined

modulo gcd(µ(124), µ(123)) · µ(34).

A classification using numerical invariants similar to those above has not been
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given for links of five (or more) components. However, in [HL90], Habegger and

Lin were able to produce an algorithm to determine whether two given links are

link homotopic, leading to a complete, though non-explicit, classification of all

links up to link homotopy. First, the links are represented as string links with the

same number of strings. The set of string links on k strings forms a group, and

Habegger and Lin show that two elements of this group are related by conjugation

and “partial conjugation” if and only if the links represented by those elements are

link homotopic. Finally, they construct an algorithm that determines when two

elements of the group are related in this way.

Rather than working with Milnor numbers, it is possible to study link homotopy

through a quotient of the link group known as the Milnor group. The Milnor

group is defined as ML := π1(S
3 \ L)/� [xi, x

g
i ] � and the free Milnor group by

MF (n) := Fn/� [xi, x
g
i ] �. Here Fn is the free group on n generators where n is

the number of components in L, xg
i := gxig

−1, and � X � denotes the subgroup

normally generated by the set X. Notice that when L is the unlink, π(L) = Fn, so

MF (n) is the Milnor group for the n component unlink. The relations [xi, x
g
i ] = 1

ensure that the group ML will be invariant under link homotopy. See Figure 2.3.

These Milnor groups are normally generated by the xi, which we may think of as

the meridians of the components.

Figure 2.3: The loop s at left represents the element [mi,m
g
i ], while after the

homotopy, s is contractible. Thus, the relations [xi, x
g
i ] = 1 are necessary for ML

to be invariant under link homotopy. They are also sufficient.

If we are interested in allowing components of the link to pass through not

only themselves, but also certain other components, we can use the colored Milnor
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group [FT95]. That is, we color the components of the link, and allow crossing

changes between arcs of the same color. The group CML := π1(S
3 \ L)/ �

[xg1

ij , x
g2

ik ] � is invariant under this operation. Here the index i indicates the color

of the component.

We can construct a set that normally generates the group ML by choosing one

meridian for each component. Changing the choice of meridian for a component is

the same as changing the corresponding generator by conjugation. Since we expect

these algebraic objects to tell us something about the topological structure of a

given link L, we are interested in maps that might arise from a link homotopy, that

is, surjective maps from the Milnor group of the unlink (the free Milnor group)

to the Milnor group of L that send meridians to meridians (i.e. generators to

conjugates of generators). The relations in ML are of two types; the “Milnor

relations” [mi,m
g
i ] = 1 which are also present in MF , and relations of the form

[mi, li] = 1, generated by the 2-cell of the torus neighborhood of component i. For

MF , these 2-cell relations are merely 1 = 1. Thus, the kernel of a map of the type

we are interested in will be generated by elements of the form [xg1

i , li].

Using these Milnor groups, Milnor was able to prove the following theorems.

Theorem 2.1.1 (Milnor). The group ML is isomorphic to the group MF (n),

where the isomorphism sends generators to conjugates of generators, if and only if

L is link homotopic to the trivial link.

This theorem is proved by induction, and uses the crucial fact that if [xi, l] =

1 ∈MF , then l = xg
i for some g ∈MF .

Notice that all of Milnor’s link homotopy invariants vanish if and only if

[mi, li] = 1 in ML for all i, so these Milnor numbers are closely related to ele-

ments of MF that lie in the kernel of the map MF → ML. This point of view

will be helpful in defining numerical invariants in Chapter 4.

Let Li := L \ Li.

Theorem 2.1.2 (Milnor). A link is i-trivial if and only if the longitude of the
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ith component, li = 1 ∈M(Li).

A link is called i-trivial if L is link homotopic to a link Li
∐

Li. The proof

of this theorem is essentially the same as that of Theorem 2.1.1. It is these two

theorems that we will generalize to spatial graphs in Chapter 4.

In his second paper on the subject [Mil57], Milnor studied the Milnor numbers

with repeated indices and showed that they were invariants of isotopy. One of

the primary results of his paper was to relate the Milnor numbers with repeated

indices to those without repeated indices.

Theorem 2.1.3 (Milnor). Let L be the link obtained from L by taking zero framed

parallels of the components of L. If component i of L corresponds to component

h(i) of L, then µL(i1, i2 . . . im) = µL(h(i1), h(i2) . . . h(im)).

One reason that Milnor numbers have generated so much interest is that they

are invariants of link concordance. Two links L and L′ are concordant if there exist

annuli Ai embedded in S3 × I such that Ai ∩ S3 × {0} = L and Ai ∩ S3 × {1} =

L′. Indeed, the concordance invariance of Milnor numbers was already implied

by work of Stallings (Theorem 5.2 [Sta65]). Proofs have also been provided in

[Gif79, Gol79]. If we require only that the annuli are immersed, then only Milnor’s

link homotopy invariants are preserved.

A two component link is called algebraically split if it has zero linking number.

For such a link, we may define the Sato-Levine invariant [Sat84]. First, construct

two surfaces S1 and S2 such that ∂Si = Li and Si ∩ Lj = ∅ for i 6= j. This is

always possible because the linking number is zero, and can be accomplished by

adding tubes and saddles, see Appendix A of [Coc90] for details. Examine the set

of curves S1∩S2. The Sato-Levine invariant β(L) = lk(S1∩S2, i
+(S1∩S2)), where

i+ denotes the positive push-off.

When the Sato-Levine invariant is defined, β(L) = µL(1122) [Coc85b]. Cochran

realized that this relationship could be extended to other Milnor numbers by it-

erating the Sato-Levine procedure of forming new links. In [Coc90], he showed
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that the linking numbers of these derived links were in fact the values of certain

Milnor numbers. That is, if c(12) := S1 ∩ S2 has linking number zero with both

components of L, but is not isotopically split from them, we can form a Seifert

surface Sc(12), and study links containing the new components given by Sc(12)∩ Si.

Essentially, these linking numbers compute certain Massey products in the link

exterior (by intersection theory), and these Massey products contain information

about the µ(I) [Tur76, Por80]. For example, the series of derived links in Figure

2.4 calculate that µL(2213) = 1.

Figure 2.4: Given the link L at left, we construct Si as follows. The components
Li each bound a disk Di. The white disk for L3 is shown at center. However,
D3 intersects L2, and similarly, L3 intersects the disk D2 bounding L2. A similar
situation would occur with L1 and D2, but we have added two light grey tubes.
The disk D1 together with the upper tube form S1, a torus that bounds L1 and
does not intersect L2 or L3. Adding the lower tube to D2 makes it disjoint from
L1. Thus we can form c(21) as at right. Adding a similar pair of tubes for the pair
L2 and L3 produces c(23). By Cochran’s results, µL(2213) = −lk(c(21), c(23)) so,
µL(2213) = 1.

Certain Milnor numbers take the value zero on all links. For example,

µ(112) ≡ 0. A Milnor number which is non-zero for some link is called realiz-

able. Given a realizable Milnor number µ(I), Cochran developed a procedure for

constructing a link L whose first nonvanishing Milnor number is µL(I) = 1. As

Milnor’s numbers are additive under band sum [Coc90, Kru98], given a realizable

I and an integer d, we can construct a link L with its first nonvanishing Milnor

number µL(I) = d.

If a multi-index I of length n is not of the form (α,α), where α is multi-index

of length n
2
, then the idea of the construction is roughly this. Label a rooted



16

trivalent tree with the entries of I, so that if the tree is thought of as describing

a commutator, no vertex would be labeled with a trivial commutator. Think of

the vertex adjacent to the root as representing a Hopf link, where each component

is labeled with the commutator of an adjacent vertex. We now “climb” the tree,

Bing doubling and relabeling the relevant component as we reach each vertex until

we have reached the leaves of the tree and every component is labeled with a single

index. Band sum the components with matching labels, and the resulting link is

our desired link L. An example is shown in Figure 2.5.

Figure 2.5: Constructing a link from I using Cochran’s Bing doubling scheme. The
tree at left provides the template. At center, we have the labled Hopf link corre-
sponding to the root adjacent vertex. The link at right is obtained by Bing doubling
as prescribed and then adding the grey band to connect the two components la-
beled 2. As calculated in Figure 2.4, µL(2213) = 1, and as µ(1223) = µ(2213) by
[Mil57], this link has µL(1223) = 1 as desired.

If I is of the form (α,α), then the procedure is the same, except that we label

the tree with α rather than I, and begin the Bing-doubling procedure with a

Whitehead link rather than a Hopf link.

It is interesting to note that when Cochran’s procedure begins with a Hopf link,

his “Bing doubling” construction along a tree produces the same result as thinking

of that tree without its root edge as a clasper surgery on the unlink, where leaves

with the same label link the same component. We will discuss clasper surgery in

Section 2.2.

A link in S3 is called a boundary link if it is possible to find surfaces Si such

that ∂Si = Li and Si∩Sj = ∅. That is, the components of L bound disjoint Seifert

surfaces. It was long a folklore result that if L is a boundary link, then µL(I) = 0
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for all multi-indexes I. Dimovski [Dim88] and Cervantes and Fenn [CF88] have

given geometric proofs that boundary links are link homotopic to the unlink.

Since the µ(I) are well defined for string links, it is possible to ask whether

they are finite type invariants of links. And, in fact, the Milnor number µ(I) is

a finite type invariant of degree |I| − 1 for string links [BN95, Lin97]. Here |I|

denotes the length of the multi-index.

Figure 2.6: Splitting a crossing for Polyak’s theorem.

Skein relations for the Jones polynomial and other knot invariants have been

instrumental in many aspects of modern knot theory. Once again Milnor’s original

paper proves a palimpsest— in recent work, Polyak has found skein relations for

Milnor numbers [Pol05]. This result is proven by studying string links, and thus

one need not consider the indeterminacy. The tangles for the relation are shown

in Figure 2.6, and are thought of as tangles contained in string links of special

type, called string links with a loose component. That is, think of transforming

the string links L+ and L− by passing the loose component Lj in front of all other

strings until it is the right most component at both the top and bottom of the

string link. Then form the closure in the usual way. For the L∞ tangle, Lik is

the loose component, and for L0 it is Lj . Note, however, that for L∞ and L0 that

after splitting the crossing, we discard the strand represented by the dotted line.

Polyak’s result is then:

Theorem 2.1.4 (Polyak). µL+(i1 . . . ik, ik+1 . . . ir, j)−µL−
(i1 . . . ik, ik+1 . . . ir, j) =

µL∞
(i1 . . . ik)µL0(ik+1 . . . ir, j)
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The cases where r = 1, k = 1 and k = r must be handled separately. Note that

the restriction that j is the final index in I is actually no restriction at all, due to

the cyclic symmetry of Milnor numbers.

2.2 Generalized link homotopy

Given the success of Milnor’s link homotopy relation on links, researchers have

studied knots and links under many other equivalence relations. For example, the

Arf invariant is known to classify knots up to pass equivalence [Kau83] and the

unoriented Sato-Levine invariant is known to classify two component links up to

unoriented band pass equivalence [Sai93].

Murakami and Nakanishi studied delta equivalence of knots and links in [MN89],

and showed that two links are delta equivalent if and only if they have the same

pairwise linking numbers. In particular, this implies that the delta move is an

unknotting operation. Part of the motivation for studying the delta move is that

the move changes the structure of a link, but it does not affect the linking numbers

of the components. A delta move is shown in Figure 2.7.

Figure 2.7: A delta move.

Several years later, Habiro introduced his claspers and demonstrated their use-

fulness in the study of finite type invariants. A clasper is a trivalent graph, and is a

shorthand notation for zero framed surgery on a certain link obtained by replacing

each edge of the clasper by a Hopf link and each trivalent vertex by a Borromean

rings. An easy example is shown in Figure 2.8. The cleverness is that surgery
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on a clasper does not change the ambient manifold, but can change a knot that

intersects the leaves of the clasper. Further, if there is a leaf of the clasper that

bounds a disk disjoint from the knot, then surgery on that clasper does not affect

the knot. This second property is partly why claspers are so useful in the study of

finite type invariants.

Figure 2.8: Converting from a clasper to the underlying link.

Loops in a clasper formed by a single edge are called leaves. For the purposes

of this work, we will only consider claspers where each leaf forms an unknot. We

call a clasper simple if for each leaf, the disk bounded by that leaf intersects our

link (or another clasper) exactly once. A clasper is said to be tree-like if the

graph represented by the clasper (without its leaves) is a tree. Claspers sometimes

contain boxes, and these boxes are shorthand for several leaves linking each other

in the manner depicted in Figure 2.9 (1). A clasper c has degree k, where k is half

the number of trivalent vertices in c. If c is tree-like, then its degree is also equal

to the number of leaves, minus one.

A clasper that is not simple can be converted to collection of simple claspers

by use of the zip construction. A version of the zip construction using boxes is

shown in Figure 2.10. Note that a clasper with a box is not simple, but by pushing

the boxes out to the leaves of the clasper, we can eliminate the boxes by (2) of

Figure 2.9. If we wish to avoid the use of boxes, “unzipping” can be accomplished
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Figure 2.9: On the left, (1) depicts the meaning of a clasper with boxes. On the
right, (2) shows Move 6 of [Hab00].

by recursively applying the move in Figure 2.11, see [CT04].

Figure 2.10: The zip construction. (Move 11 in [Hab00]).

Figure 2.11: The zip construction shown without boxes.

Two links L and L′ are said to be Ck-equivalent if L′ can be obtained from L by

a sequence of surgeries on simple tree-like degree k claspers and ambient isotopies.

Figure 2.12 shows how to simplify a clasper by using the handle slide move of

Kirby calculus on the underlying link. We may also reduce the degree of a clasper

by exactly one, this is discussed in the proof of Proposition 3.2.1. As a result, any

degree k clasper surgery can be realized by degree k − 1 clasper surgery, and so

Ck-equivalence can be used to form a filtration on the set of links.

Habiro’s main theorem is the following.
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Figure 2.12: Sliding a strand s through a clasper c. On the right side, s runs
parallel to the clasper. That is, anything linked with the lower leaves of c will also
link these strands.

Theorem 2.2.1 (Habiro). If two links L and L′ are Ck-equivalent, then their

finite type invariants of degree less than k agree.

While many researchers have become interested in finite type invariants, and

Habiro’s theorem is an important result in the area, we will primarily be interested

in applying clasper techniques to self Ck-equivalence of knots and links.

Two links L and L′ are said to be self Ck-equivalent if L′ is obtained from

L by a sequence of self Ck-moves and ambient isotopies. A self Ck-move on L

is surgery on a simple, tree-like degree k clasper c, where all leaves of c link the

same component. Link homotopy is the same as self C1-equivalence. Figure 2.13

shows the progression from link homotopy to self Ck-equivalence. Realizing that

the delta move was the same as the clasp-pass (degree 2) move of Habiro, Shibuya

and Yasuhara generalized existing questions about self delta equivalence of links,

and began studying links up to self Ck-equivalence for higher k in [SY04]. Figure

2.14 demonstrates the equivalence of the delta move and the C2-move.

Shibuya and Yasuhara studied the behavior of the Conway polynomial under

these moves, and in a result reminiscent of Habiro’s theorem, they showed that up

to a certain degree, the coefficients of the Conway polynomial are preserved by self

Ck-moves. Let ∇L denote the Conway polynomial (with variable z).

Theorem 2.2.2 (Shibuya–Yasuhara). If L is an n-component link and L is

self Ck-equivalent to L′, then ∇L(z) ≡ ∇L′(z) mod zk+n for n odd, ∇L(z) ≡
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Figure 2.13: All of the arcs in this diagram belong to the same component of L.
The first three lines demonstrate the transition from considering link homotopy as
self crossing changes to using a self C1 clasper. From here, the generalization to
self Ck-moves is clear. The bottom line depicts a self C2-move.

Figure 2.14: The delta move and the C2-move are equivalent.



23

∇L′(z) mod zk+n+1 for n even and n ≥ 4, and ∇L(z) ≡ ∇L′(z) mod zn+1 for

n = 2.

The Conway polynomial has proven useful for the study of self Ck-moves, and

as we shall see later, for the study of edge and vertex homotopy of spatial graphs.

This is due to its particularly simple skein relation, ∇(L+) − ∇(L−) = z∇(L0),

where L+, L− and L0 are links that are identical away from a specified crossing,

and at that crossing differ as in Figure 2.15. This relation makes it very easy to

understand the way the polynomial is transformed under crossing changes. The

Conway polynomial is J. H. Conway’s repackaging of the Alexander polynomial,

and good treatments of the subject can be found in several books, see for example

[Lic97]. There is also a multi-variable version of known as the Conway potential

function.

Figure 2.15: Tangles for the Conway polynomial skein relation.

So far, very little is known about the classification of links up to self Ck-

equivalence. In a sequence of papers [Nak02, NO02, NO03], Nakanishi and Ohyama

were able to show that two component links are classified up to self delta-equivalence

(self C2-equivalence) by two integers: β1 (the linking number) and β2 = a3(L) −

a1(L)(a2(L1)+ a2(L2)). Here the ai are the coefficients of the Conway polynomial.

Shibuya and Yasuhara were also able to make some progress on the self C2

classification of links, using geometric techniques to show that if L is a boundary

link, then L is self C2-equivalent to the unlink [SY]. Note that Shibuya and

Yasuhara’s result is similar to the case of link homotopy, where boundary links

are link homotopic to the unlink. However, this is as far as the similarity persists;
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in chapter 3 we will produce a boundary link that is not self C3-equivalent to the

unlink.

As Milnor numbers are useful for the study of link homotopy, the author conjec-

tured that Milnor’s isotopy invariants might be self Ck-invariants. The author and

Yasuhara were able to prove this invariance and use these invariants to make some

observations about links under self Ck-equivalence. This is the topic of Chapter 3.

2.3 Link homotopy and spatial graphs

Over the last fifteen to twenty years, there has been increasing interest, espe-

cially among Japanese researchers, in a generalization of knot theory known as

spatial graph theory. That is, while knot theory studies isotopy classes of embed-

dings of
∐

S1 into S3, spatial graph theory studies isotopy classes of embeddings

of arbitrary graphs into S3. Let SE(G) denote the set of all spatial embeddings

of a fixed, finite graph G.

It is clear how to generalize the idea of isotopy from the study of links to the

study of spatial graphs. However, it is not clear what the most useful generalization

of link homotopy is to this context. Two possible generalizations were proposed by

Taniyama in [Tan94a]. In [Tan94a] they are called homotopy and weak homotopy,

though now the accepted terms are edge homotopy and vertex homotopy.

We say that two spatial embeddings f, g ∈ SE(G) are edge homotopic if f can

be transformed to g by a sequence of ambient isotopies and crossing changes be-

tween strands that belong to the same edge of G. In the literature, edge homotopy

is often abbreviated to EH.

We say that two spatial embeddings f, g ∈ SE(G) are vertex homotopic if f

can be transformed to g by a sequence of ambient isotopies and crossing changes

between strands that belong to adjacent edges of G. Note that using vertex ho-

motopy it is possible to change crossings between two strands that belong to the

same edge of G. In the literature, vertex homotopy is often abbreviated to VH.
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The astute reader has realized that there are similar generalizations of self Ck-

moves to spatial graphs. Nikkuni has studied the properties of spatial graphs under

edge self C2-equivalence [Nik02, Nik05a, Nik]. Because of the historical precedence

of the delta move, and the fact that it is equivalent to the C2-move, edge self

C2-equivalence is generally known as delta edge equivalence.

Perhaps the best known invariant of edge homotopy and vertex homotopy is

Taniyama’s αω invariant. This invariant is a weighted sum of the second coefficient

of the Conway polynomial of certain cycles in the graph. For a cycle γ, we assign it

a weight ω(γ) that is integral, or taken from Z/n. In the latter case, αω is defined

modulo n.

αω(f) =
∑

γ

ω(γ)a2(f(γ))

The invariance of αω depends critically on the choice both of the weights and

the cycles over which the sum is taken. Call the chosen set of cycles Γ, and given

an edge e, let Γe denote the set of all cycles containing that edge. To form an edge

homotopy invariant, the chosen weights must be balanced, that is
∑

γ∈Γe
ω(γ)γ

must be zero in H1(G; Z).

These weights and cycles must be chosen individually for each graph G under

study, and for some G no compatible choice of weights and cycles is possible.

Despite its limitations, the alpha invariant has proven a powerful tool for the

study of spatial graphs under EH. In [Nik04], Nikkuni was able to use the alpha

invariant to classify the spatial embeddings of the complete graph on four vertices

(K4) up to EH. Choosing the weights ω(γ) = −1 if γ is a 4-cycle and ω(γ) = 1 if

γ is a 3-cycle, he proved the following theorem.

Theorem 2.3.1 (Nikkuni). Let f, g ∈ SE(K4). Then using the weights and

cycles defined above, f is edge homotopic to g if and only if αω(f) = αω(g)

While a spatial graph is completely split up to component homotopy if all of its

constituent sublinks are link homotopically trivial (see Theorem 4.2.1), the same
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is not true for edge and vertex homotopy. The goal of Chapter 5 is to prove this

fact, and so to detect non-split constituent links that are homotopically trivial. To

this end, we will use the “easiest” Milnor number with repeated indices, µ(1122).

Fortunately, if L is algebraically split µ(1122) is the same as the Sato-Levine

invariant βL [Coc85b], and even better, when L is algebraically split, β(L) coincides

with the third coefficent of the Conway polynomial, a3(L) [Coc85a], [SB90]. In

chapter 5 we will construct an invariant βω1,ω2 that is an analogue of αω but uses

a3(L). It also requires the careful choice of weights, as well as the choice of two

component constituent links in the spatial embedding.

The following property of the Conway polynomial will later be of use in proving

the invariance of βω1,ω2, where we will be interested in the case n = 3. Let L be an

n-component link, and the matrix L := (lij) where lij = lk(Li, Lj) for i 6= j and

lii = −
∑n

j=1,j 6=i lij. Then, for ∇(L), the coefficient an−1 = (−1)i+jdet Mij , where

Mij is the (i, j) minor of L. This result was proven independently by Hartley

and Hoste [Har83, Hos85] and up to sign by Hosokawa [Hos58]. The argument

proceeds by examining the Seifert matrix of L and block decomposing it along the

components of L.

We also use the fact that the Conway polynomial of a split link is zero. For

a split link L0, we can form the links L+ and L− of Figure 2.16. Note that L+

and L− are isotopic and hence have the same Conway polynomial. Clearly then,

∇(L0) = 0.

Figure 2.16: Proving that split links have vanishing Conway polynomial.

Finally, while Milnor numbers have been extensively used to study links under

link homotopy, no analogue of Milnor numbers exists for spatial graphs under
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edge homotopy or vertex homotopy. For this reason, we will introduce the notion

of component homotopy for spatial graphs in Chapter 4 and prove some results

similar to Milnor’s early results for links.



3

Generalized link homotopy and

Milnor’s invariants

3.1 Self Ck-invariance of Milnor numbers

Recall that we define a self Ck-move to be surgery on a simple, tree-like degree

k clasper, all of whose leaves link the same component. Similarly, L is self Ck-

equivalent to L′ if L′ can be obtained from L by a sequence of self Ck-moves and

ambient isotopies.

Note that link homotopy is the same as self C1-equivalence, and the self delta

equivalence of Shibuya [Shi96] is the same as self C2-equivalence.

For an n-component link, Milnor invariants are specified by a multi-index I,

where the entries of I are chosen from {1, . . . n}. Let r(I) denote the maximum

number of times that any index appears. A Milnor invariant µ(I) is called realizable

if there exists a link L with µL(I) 6= 0.

Theorem 3.1.1. Let µ(I) be a realizable Milnor number. Then µ(I) is an invari-

ant of self Ck-equivalence if and only if r(I) ≤ k.

Proof. Suppose that r(I) ≤ k and L is self Ck-equivalent to L′. Since Milnor’s

invariants are well known to be isotopy invariants [Mil57], it suffices to check that

28
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the invariant agrees on L and L′ when L′ is obtained from L by a single self

Ck-move on L represented by a clapser c.

The case k = 1 is that of link homotopy, and was proven by Milnor in [Mil54].

Thus, we need only consider the case k ≥ 2.

To calculate µL(I) (resp. µL′(I)) where I has repeated indices, we may instead

study the invariants without repeated indices (link homotopy invariants) of L (L′),

where L (L′) is the link obtained by taking zero framed parallels of the components

of L (L′) [Mil57]. Recall that by Theorem 2.1.3, if component i of L corresponds to

component h(i) of L, then µL(i1, i2 . . . im) = µL(h(i1), h(i2) . . . h(im)). If the index

i appears ji times in I, when forming L (L′) we will take ji parallels of component

i.

Since k ≥ 2, the self Ck-move preserves the framing of the components of L.

Clasper surgery of degree two or greater does not change the linking number of

the strands involved, and as the framing of a component is its self-linking number,

the framing is unchanged.

This means that the clasper c carries the framed link L to the framed link L′.

So taking a zero framed parallel of a component of L and performing the clasper

surgery c is the same as performing the clasper surgery and then taking a zero

framed parallel of the corresponding component of L′. More concisely, the clasper

surgery carrying L to L′ carries L to L′.

The self Ck-move is realized by surgery on c, that is, a simple tree clasper with

k + 1 leaves, where all of these leaves link the same component of L. Replace L

with L.

As r(I) ≤ k, each index of I is repeated at most k times. Thus the link L has

at most k copies of each component of L, and each leaf of the clasper c links at

most k components of L. Further, as each leaf of c linked the same component of

L, each leaf of c links the same set of components of L.

Use the zip construction on c to produce simple claspers on L. That is, reduce

the clasper c to a set of claspers cj where each leaf of each cj intersects exactly one
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strand. Each leaf of c linked the same k components, so each leaf of cj links one of

the strands that the corresponding leaf of c linked. Thus we must label each of the

k + 1 leaves of cj with the component of the strand it links, but as there are only

k components to choose from, at least two of the leaves link the same component

of L. A surgery on a simple clapser with two leaves that link the same component

can be realized by a link homotopy. See Proposition 3.2.1.

We have shown that L is link homotopic to L′, so µL(I) = µL′(I) for all link

homotopy invariants. Hence, when r(I) ≤ k, µL(I) = µL′(I).

Suppose that r(I) > k. Since the Milnor invariant is realizable, by work of

Cochran [Coc90], there exists a link L where µL(I) 6= 0, and all lower order Milnor

invariants vanish. Such a link can be obtained by Bing doubling a Hopf link along

a trivalent tree whose leaves are labeled by I, and then band summing components

with the same label.

A Hopf link may be thought of as a simple degree one surgery on the two

component unlink. Bing doubling a component of this link is the same as replacing

the corresponding component of the unlink with two components, and replacing

the corresponding leaf of the clasper with a trivalent vertex and two new leaves.

Each of the new leaves holds one of the new components. In this way, we can see

that Cochran’s process is the same as a simple tree clasper surgery on the unlink,

using the same tree, where leaves labeled i link the ith component.

Since some index i in I is repeated at least k+1 times, this clasper has at least

k + 1 leaves that link component i and so surgery on this clasper can be realized

by self Ck-moves. See Proposition 3.2.1. Thus, the link L we have constructed is

self Ck-equivalent to the unlink. As all Milnor invariants of the unlink vanish, we

have that µL(I) is not a self Ck invariant when r(I) > k.

We end this section with an example that demonstrates the power of our meth-

ods. Self C2-equivalence of links is the same as self delta equivalence, a relation
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that has been extensively studied. Much of this work relies on invariants of self C2-

(self-delta)-equivalence that are based on the coefficients of the Conway polynomial

[NO03].

Let L be Bing double of the Whitehead link. See Figure 3.1. The Alexander

polynomial of this link is trivial, but µL(123123) = 1. Thus, L has trivial Conway

polynomial1, but is not self C2-equivalent to the unlink.

Figure 3.1: The Bing double of the Whitehead link.

3.2 Relations to Ck-equivalence

In the proof of Theorem 3.1.1 we used the fact that simple clasper surgery

with multiple leaves that link a single component could be converted to a self

Ck-equivalence. We will find a partial converse to that fact and demonstrate its

usefulness in the study of self Ck-equivalence.

We say L and L′ are Ck
m-equivalent if L can be transformed into L′ by ambient

isotopy and degree m simple tree clasper surgery, where at least k leaves of the

clasper link the same component.

We may now state the fact mentioned above precisely.

1J. Hillman has pointed out that the three variable Alexander polynomial of L is also 0.
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Proposition 3.2.1. For m ≥ k, if L is Ck+1
m -equivalent to L′ then L is self Ck-

equivalent to L′.

Proof. Fix k and work by induction on m − k. The base case is m = k, and as

the definition of Ck+1
k -equivalence is the same as that of self Ck-equivalence, it is

trivial.

Suppose now that c is a clasper representing a Ck+1
m+1-move, where k + 1 of

the leaves link component i. We will show that c is Ck+1
m -equivalent to a clasper

representing a Ck+1
m -move. Near a leaf that does not link component i, introduce

a clasper c′ representing a Ck+1
m -move as in Figure 3.2 (2). We choose c′ so that by

reversing the zip construction, we obtain the clasper with boxes shown in Figure

3.2 (3). By Move 12 of [Hab00], we obtain the clasper c′′, which is degree m and

has k + 1 leaves linking component i. One may find it easier to read this figure

from right to left.

Figure 3.2: Reducing a Ck+1
m+1 clasper to Ck+1

m claspers. The symbol s (s−1) repre-
sents a positive (negative) half twist.

That is, we have removed a leaf from c without reducing the number of leaves

that link component i, so it now represents a Ck+1
m move, and so by induction, it
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can be realized by a self-Ck equivalence. We introduced a new clasper c′ in the

reduction, but for the zip construction to work, c′ must have its leaves parallel to

those of c (except for the leaf we are removing). Thus, c′ represents a Ck+1
m -move

and so can also be realized by self-Ck moves.

Since we are giving up degrees, Proposition 3.2.1 is an elementary, though

useful, application of the properties of claspers. Less obvious, however, is that in

certain circumstances we have a converse.

A link L = L1 ∪ L2 · · ·Ln is called Brunnian if L is non-trivial, but L \ Li is

the trivial link for all i.

Proposition 3.2.2. Let L be an n-component Brunnian link, and U the n-component

unlink. Then L is self Ck-equivalent to U if and only if L is Ck+1
n+k−1-equivalent to

U .

Proof. The ‘if’ direction follows from Proposition 3.2.1. We will now show the

‘only if’ direction. The idea of this proof is similar to that of Theorem 1.2 in

[MY]. While the ‘band description’ defined in [TY02] is used in [MY], we will use

clasper techniques. Band description and clasper surgery are simply different sets

of terminology used to describe the same process of altering links.

Assume that L and U are self Ck-equivalent. We can describe L as the unlink

U1∪· · ·∪Un with claspers c{i},j representing the selfCk-moves on the ith component.

Let ∆1 be the disk bounded by U1. Since U is the unlink, any intersections

between ∆1 and Ui (i 6= 1) can be removed by isotopy.

If for some i 6= 1 a clasper c{i},j intersects ∆1, we may remove this intersection

point by a crossing change between that c{i},j and U1. Passing a clasper of degree

k through U1 results in two new claspers, one of degree k+ 1 which has a new leaf

that intersects ∆1, and one of degree k which does not. Call the former c{1i},j, and

the latter c{i},j. See Figure 3.3. Repeat this process until ∆1 intersects only the

leaves of claspers c{1i},j and c{1},j.
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Figure 3.3: Altering the clasper c{i}j to reflect a crossing change between that
clasper and U1.

If a clasper c{i},j does not intersect ∆1, relabel it c′{i},j.

We can now express L as the unlink U1 ∪ · · · ∪Un with claspers c{1},j of degree

k, claspers c′{i},j (i ≥ 2) and claspers c{1i},j (i ≥ 2) of degree at least k + 1.

Let L′ be the link obtained by surgering the unlink U1 ∪ · · · ∪ Un only on the

c′{i},j. The c′{i},j do not intersect ∆1, and are all of the claspers that do not have a

leaf that links U1. Thus, L′ = (L\L1)
∐

U1. Since L is Brunnian, L′ is the unlink.

Thus we can express L as the unlink L′ with claspers c{1},j of degree k and

claspers c{1i},j (i ≥ 2) of degree at least k + 1 that have leaves on U1 ∪ Ui.

Since L \ L2 is the unlink, repeating the argument above shows that L is

expressed as an unlink L′′ with claspers c{12},j of degree at least k + 1 that have

leaves on U1 ∪ U2 and claspers c{12i},j (i ≥ 3) of degree at least k + 2 that have

leaves on U1 ∪ U2 ∪ Ui.

Repeating this process for each Li, we can express L as the unlink with claspers

c{12,...,n},j of degree at least k+n− 1 that have leaves on U1 ∪U2 ∪ · · · ∪Un. Hence

L is Ck+1
k+n−1-equivalent to the unlink.

Figure 3.4 illustrates the argument of Proposition 3.2.2 for the Whitehead link.

The Whitehead link is Brunnian and link homotopic to the unlink. The center

image of Figure 3.4 shows it as the unlink with one self C1 clasper. The right hand
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image shows the Whitehead link as the unlink with one C2
2 clasper.

Figure 3.4: Proposition 3.2.2 for the Whitehead link.

Example 3.2.3. The link in Figure 3.5 is obtained from Whitehead doubling both

components of the Hopf link and is a boundary link, so all Milnor invariants vanish.

However, examine the Jones polynomial.

J(L) = q−
9
2 − 2q−

7
2 + q−

5
2 − q−

3
2 − q

3
2 + q

5
2 − 2q

7
2 + q

9
2

We obtained the Jones polynomial from the Knot Atlas2 and by calculation using

Knot3. Evaluating the third derivative of J(L) at 1, we obtain a value distinct

from that of the third derivative of the Jones polynomial of the unlink at 1. Since

this is a finite type invariant of degree three, L is not C4-equivalent to the trivial

link, and hence not C4
4 equivalent to the unlink. Using Proposition 3.2.2 we see

that it is not self C3-equivalent to the trivial link.

In fact, since L is Brunnian, if L is self Ck-equivalent to a split link, it is self

Ck-equivalent to the trivial link. The components of L are unknots, so suppose L

is self Ck-equivalent to a split link L′ where some component L′
i of L′ is a nontrivial

knot. The knot L′
i is obtained from Li by self Ck-moves, and so is self Ck-equivalent

to the unknot. Thus, once we have transformed L to a split link L′, it is possible to

2http://www.math.toronto.edu/∼drorbn/KAtlas, link L11n247
3http://www.math.kobe-u.ac.jp/∼kodama/knot.html
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unknot any knotted component of L′ by further self Ck-moves. So, if L is Brunnian

and self Ck-equivalent to a split link, it is self Ck-equivalent to the trivial link.

Thus, L is not self C3-equivalent to a split link, even though all Milnor numbers

of L vanish.

Figure 3.5: The Hopf link with both components Whitehead doubled.

Example 3.2.3 is interesting for other reasons. Recall that Milnor’s link homo-

topy invariants vanish if and only if L is link homotopic to the unlink. The example

above shows that a similar statement is not true for Milnor’s self C3 invariants.

While the link in Example 3.2.3 is a boundary link, it is not self C3-equivalent

to the trivial link or even a split link. It would be interesting to know what the

vanishing of Milnor’s self Ck invariants implies about the self Ck-equivalence class

of L.

For two component links, vanishing µL(12) and µL(1122) imply that the link

is self C2-equivalent to the unlink [NO03]. Shibuya and Yasuhara have recently

shown that all boundary links are self C2-equivalent to the unlink [SY]. This leads

one to ask whether the vanishing of Milnor’s self C2-invariants is sufficient to show

that a link is self C2-equivalent to the unlink.

The text of Chapter 3 has been submitted for publication as:

Thomas Fleming and Akira Yasuhara. Milnor’s Isotopy Invariants and Gereralized

Link Homotopy.
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Graph component homotopy

4.1 The Milnor group for spatial graphs

In this chapter, we will study embeddings of graphs up to component homotopy.

That is, up to colored edge homotopy, where every edge in a given component of

a graph is labeled with the same color, and each component of the graph is given

a distinct color. Notice that for the case G =
∐

S1, this is simply link homotopy.

In an analogue to the colored Milnor group CMG of [FT95], for an embedding

φ : G → S3 we can define a “free” group CMF (G) associated to G, and a group

CM(Φ) associated to the embedding.

The meridians of the edges of Φ form a normally generating set for CM(Φ) :=

π1(S
3 \ Φ)/ � [mg1

ij ,m
g2

ik ] �, where the generator mij is the meridian of the jth

edge in the ith component, the gi are elements of π1(S
3 \Φ), and � S � denotes

the subgroup normally generated by the set S. In fact, we need only one generator

per loop in Φ, but by contracting a spanning tree, we may think of these generators

as meridians for a subset of the edges.

Let CMF (G) denote the free colored Milnor group corresponding to G, defined

in the following way. Fix a spanning tree T of G. Label the edges of component

i in G/T by xij. Define CMF (G) := F (xij)/X, where F (xij) is the free group

37
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with generators xij, and X :=� [xg1
ij , x

g2

ik ] �, with g1, g2 arbitrary words in the xij.

We will often refer to the relations induced by X as the Milnor relations. When

CMF (G) is generated by xij with 1 ≤ i ≤ n and 1 ≤ j ≤ ri then CMF (Φ) is

generated by meridians mij with 1 ≤ i ≤ n and 1 ≤ j ≤ ri, for the same values of

n and ri.

For an edge xij in G, there is a unique minimal path pij in T connecting the

end points of xij. Let lij := φ(xij ∪ pij) ∈ CM(Φ).

Note that the free colored Milnor group CMF (G) is a colored Milnor group

in the sense of Freedman and Teichner, and hence is nilpotent by Lemma 3.1

of [FT95]. As CM(Φ) is a quotient of CMF (G), it is nilpotent as well. This is

important, as it allows us to make use of the following theorem of Stallings [Sta65].

Theorem 4.1.1 (Stallings). Let G1 and G2 be nilpotent groups, and ψ : G1 → G2

a homomorphism. If the induced map H1(G1) → H1(G2) is an isomorphism, and

the induced map H2(G1) → H2(G2) is surjective, then ψ is an isomorphism.

With Stallings’ theorem at our disposal, it is possible to show that the group

CM(Φ) is invariant under component homotopy on the spatial graph Φ in the

same way as for the colored Milnor group in [FT95]. Roughly, the idea is this.

Given Φ0 a spatial embedding of G, and h be a component homotopy from Φ0

to Φ1, let H be the track of this homotopy in S3 × I, and CM(W ) := π1(S
3 ×

I \ H)/X. Consider the maps ψi : CM(Φi) → CM(W ) induced by inclusion.

The inclusions carry meridians of Φi to meridians of H, so the ψi clearly induce

isomorphisms H1(CM(Φi)) → H1(CM(W )). By using finger moves to introduce

self intersections on H, we can arrange CM(W ) ∼= π1(S
3 × I \ H). Then by

Alexander duality, H2(CM(W )) is generated by the handelbodies dual to Φi, and

the linking tori at the self intersection points. These linking tori simply realize the

relations in X, so H2(CM(Φi)) → H2(CM(W )) is surjective. Thus, by Stallings’

Theorem, ψ0 and ψ1 are isomorphisms, and hence CM(Φ0) ∼= CM(Φ1).

It will be necessary later to understand the structure of the groups CM(Φ)

in more detail. Given a spatial embedding Φ, a regular neighborhood of Φi is a
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handlebody, and the 2-cell of this handlebody induces the relation
∏

j[mij, lij] = 1

in π1(S
3 \ Φ) and hence in CM(Φ). We will call this relation the surface relation

induced by Φi, and the element Π[mij, lij] the surface element.

Just as is shown for the classical Milnor group in [Mil54], it is possible to show

that CM(Φ) has the presentation below. The fact the that the only relations in

CM(Φ) are the surface relations and the Milnor relations will be important in later

arguments.

Lemma 4.1.1. The group CM(Φ) has the presentation CM(Φ) ∼= {mij|r1, . . . rn,

X = 1}, where the mij are meridians to the edges xij, ri is the surface relation

given by Φi, and X = 1 denotes the relations arising from X.

Proof. We begin with a Wirtinger presentation for π1(S
3 \Φ), which is calculated

from a projection of the spatial graph. Before projecting, we may first contract a

spanning tree of Φ, as this does not affect π1(S
3 \ Φ). Given a projection, choose

an arbitrary orientation for each edge, and label the generators corresponding to

each arc of that edge in the diagram by mk
ij, 1 ≤ k ≤ rij in the order the arcs

are met as the edge is traversed. At each vertex, we have the relation that the

product of the meridians to all the arcs meeting that vertex is trivial. In a fixed

component, each edge begins and ends at the vertex, so we may choose a diagram

such that the relation induced by that vertex is
∏

j m
1
ij(m

rij

ij )−1 = 1.

The relations in the Wirtinger presentation for this diagram are those coming

from the vertices and those of the form mk+1
ij = wk

ijm
k
ij(w

k
ij)

−1 induced by the

crossings, where the wk
ij are arbitrary words in the ml

ij. Using the Milnor relations,

the relations from the crossings, and a double induction as in [Mil54], we can

eliminate the relations from the crossings, and reduce the set of generators to only

the mij := m1
ij. The only remaining relations are those induced by the vertices,

which are of the form
∏

j mij(m
wij

ij )−1 =
∏

j [mij, wij] = 1. These are precisely the

surface relations discussed above.
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Recall that a spatial embedding Φ of G is completely split if each component

of Φ can be separated from all others by an embedded S2. We may now formulate

an analogue of Theorem 2.1.1.

Theorem 4.1.2. Let Φ be an embedding of a graph G into S3. Then CMF (G) ∼=

CM(Φ) where the isomorphism preserves meridinal generators (up to conjugacy)

if and only if Φ is component homotopic to a completely split embedding.

Proof. Suppose that Φ is component homotopic to a completely split embedding.

Since CM(Φ) is invariant under component homotopy, we may assume that Φ is

completely split.

The group CM(Φ) is a free group modulo the set X and the surface relations

generated by the handlebodies forming the boundaries of neighborhoods of each

component of Φ. These relations in CM(Φ) are of the form
∏

[mij, lij] = 1 for a

fixed i. Since each component is separated from all others, for a fixed i, each lij

is a word in the mij. Since mij commutes with all other generators with index

i, [mij, lij] = 1 for each pair mij, lij. Thus, in CM(Φ) the surface relations are

trivial, so we have only the relations introduced by X, and the map xij → mij is

an isomorphism CMF (G) → CM(Φ).

Suppose that an isomorphism θ : CMF (G) → CM(Φ) exists. We will induct

on the number of edges in the final component. Clearly if Φ has one component,

it is component homotopic to a split embedding, so the base case is trivial.

Suppose Φ =
∐

Φi is a spatial graph of n components, and the first Betti

number b1(Φn) = r. Then there are r generators of CM(Φ) arising from Φn,

specifically mnj, 1 ≤ j ≤ r.

If deleting an edge of Φn does not change b1(Φn), that edge is contractible and

so the argument is trivial. So suppose that deleting an edge e does change b1(Φn).

We may choose the spanning tree T to avoid e, so let mnr be the generator of

CM(Φ) represented by a meridian of e.

Let G′ := G \ e and Φ′ be the restriction of φ to G′. There is an obvious
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surjection CMF (G) → CMF (G′) given by xnr = 1, and the kernel of this map is

clearly � xnr �. Let θe be the restriction of θ to this kernel and θ′ : CMF (G′) →

CM(Φ) be the map induced by θ.

We want to show that θ′ is an isomorphism. By the 5 Lemma, this is equivalent

to showing that θe is an isomorphism.

� xnr �

θe

��

�

�

// CMF (G)

θ ∼=
��

xnr=1
// // CMF (G′)

θ′

��

// 1

��

� mnr �
�

�

// CMF (Φ)
mnr=1

// // CM(Φ′) // 1

Since θ sends generators to conjugates of generators, θ(xnr) = mg
nr and so

θe(� xnr �) ⊂� mnr �. Clearly, as θe is the restriction of an isomorphism it

is injective, so it suffices to show that it is surjective. Given mg1
nr ∈� mnr �, we

have θ−1(mg1
nr) = x

θ−1(g−1g1)
nr ∈� xnr �. Thus θe is an isomorphism, and so is θ′.

As Φ′ has fewer edges, and θ′ is an isomorphism carrying generators to conju-

gates of generators, we may apply the induction hypothesis, and use component

homotopy to convert Φ′ to a completely split embedding. If we perform this com-

ponent homotopy on Φ simply carrying the extra edge e along, we arrive at the

embedding shown in Figure 4.1.

Figure 4.1: The embedding of Φ after the inductive hypothesis. The edge labeled
e winds through some or all of the components.
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Since the embedding Φ′ is completely split, in CM(Φ′), the loop lni is a word

in the mnj. Thus, in CM(Φ), lni is a word in mnj, j < r and mg
nr for any

g ∈ π1(S
3 \ Φ). Now, since [mni,m

g
nj] = 1 in CM(Φ), we know that [mni, lni] =

1 ∈ CM(Φ) for all i < r.

We have the relation
∏

i≤r[mni, lni] = 1 in CM(Φ) from the 2-cell of the neigh-

borhood of Φn, but as we just saw that [mni, lni] = 1, i < r, we may conclude that

[mnr, lnr] = 1 in CM(Φ).

Using the isomorphism θ, we have that [xnr, lnr] = 1 in CMF (G). In CMF (G),

the only elements that commute with a generator xij are conjugates of generators

of the same color ([FT95]). Thus, we know lnr = Π(xnj)
gj for some gj ∈ CMF (G),

and hence has the same form in CM(Φ).

This means that lnr =
∏

m
gnj1
nj1

[m
gij2
ij2
,m

gij3
ij3

] in π1(S
3\Φ′). We may eliminate the

commutators through component homotopy as shown in Figure 4.2. To eliminate

the terms of m
gnj

nj , we use the component homotopy move as in Figure 4.3.

Figure 4.2: Using component homotopy to cancel elements of the form [mg1
ij ,m

g2

ik ].

We may reduce to lnr = 1 in π1(S
3 \ Φ′). Thus the loop lnr is contractible and

may be isotoped into the sphere containing Φn, so Φ is component homotopic to

a completely split embedding.

Let CM(Φi) denote the colored Milnor group of Φi := Φ \ Φi, the spatial
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Figure 4.3: Using component homotopy to cancel elements of the form m
gnj

nj .

graph obtained from Φ by removing the ith component Φi. That is CM(Φi) :=

CM(Φ)/(mij = 1) for a fixed i. Given a map θ : CMF (G) → CM(Φ), we have

the sequence

ker θ //CMF (G)
θ

//CM(Φ)

Let Gi := G \ Gi, and let θi denote the restriction of the map θ to Gi. This

induces the sequence

ker θi //CMF (Gi)
θi

//CM(Φi)

We are now able to produce a theorem analogous to Theorem 2.1.2.

Theorem 4.1.3. Let Φ be an embedding of a graph G into S3. Suppose the map

θ : CMF (G) → CMΦ sends generators to conjugates of generators. Then ker θi ∼=

ker θ if and only if Φ is component homotopic to an embedding where Φi can be

separated from the rest of Φ by an embedded S2.

Proof. This proof is similar to that of Theorem 4.1.2. Recall that the only relations

in CM(Φ) are those induced by X and the surface relations. Under θ, the set X

in CM(Φ) is hit only by elements of X in CMF (G), so ker θ is generated by the

preimages of the surface relations. Suppose that Φ is component homotopic to an
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embedding where Φ1 can be separated from the other components by an embedded

S2. Splitting along this S2, Van Kampen’s theorem implies that π1(S
3 \ Φ) =

π1(S
3 \Φ′)∗π1(S

3 \Φ1), where Φ′ := Φ\Φ1. As the surface element Π[m1j, l1j] lies

in π1(S
3 \ Φ1) and the surface elements Π[mij, lij] lie in π1(S

3 \ Φ′) for i ≥ 2, the

surface relation given by Φ1 is trivial in CM(Φ), and the surface elements given

by the Φi, i > 1 can be written without the generators m1j. Thus, ker θ ∼= ker θi

under the map taking x1j to 1 and xij to xij for i > 1.

Now, suppose that the component of interest is Φn and ker θ ∼= ker θn. We

now induct on the number of edges in Φn as before. Since ker θ ∼= ker θn, we have

that the surface relation from Φn is trivial, that is
∏r

1[xnj, lnj] = 1 in CMF (G).

But, by induction we know that
∏r

1[xnj, lnj] = [xnr, lnr] = 1 in CMF (G). We

may now use the same techniques as in the proof of Theorem 4.1.2 to alter Φ by

component homotopy so that Φn can be separated from the other components.

4.2 Numerical invariants and relations to links

Recall that a constituent link is a subgraph of Φ that is homeomorphic to a

disjoint union of circles. The following theorem shows that in some sense, the

group CM(Φ) contains information about all the constituent links, in that the

graph is completely split up to component homotopy if and only if all the sublinks

are colored link homotopically split. In this way, component homotopy is signif-

icantly different from edge homotopy and vertex homotopy, where it is possible

to construct nonsplittable spatial embeddings where all constituent links are link

homotopic to the trivial link. See Chapter 5.

Theorem 4.2.1. For a constituent sublink L of Φ, assign two components of L

the same color if and only if they are contained in the same component of Φ. Then

every constituent link of Φ is colored link homotopic to the trivial link if and only

if Φ is component homotopic to a completely split embedding.
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Proof. Let Φ be a spatial graph component homotopic to a completely split em-

bedding Φ′, and let L be a constituent sublink of Φ. The component homotopy

on Φ induces a colored link homotopy carrying L to L′, and each component of

Φ′ can be separated from the others by an embedded S2. If there are multiple

components of L′ within a 2-sphere, they are the same color, and so are colored

homotopic to the unlink. Each separating 2-sphere contains an unlink, and so L′

itself is the unlink.

Assume that all constituent links of Φ are colored link homotopically trivial. We

will work by induction on the number of components in Φ. For a one component

graph, all spatial embeddings trivially satisfy the condition to be completely split.

Suppose G =
∐n

1 Gi is an n component graph and Φ := φ(G) is not split

up to component homotopy. Then by Theorem 4.1.2, no map from CMF (G) to

CM(Φ) preserving generators (up to conjugacy) is an isomorphism. So given the

map θ(xij) = mij, there must exist a nontrivial element in the kernel. Relabeling

the components of Φ if necessary, it must be of the form
∏

[x1j, l1j]. So some

[x1j1, l1j1] 6= 1 in CMF (G). Delete all edges in G1 except for the edges forming l1j1

to produce G1 := S1
∐n

2 Gi, and form the embedding Φ1 by restricting φ to G1.

We have reduced Φ1 to a circle, so we may now think of l1j1 as the zero framed

pushoff.

Suppose [x1j1, l1j1] = 1 in CMF (G1), then l1j1 = xg
1j1

in CMF (G1) by [FT95].

The map CMF (G) → CMF (G1) is given by x1j = 1 for j 6= j1, so the ker-

nel is normally generated by those x1j. So, in CMF (G), l1j1 = Πx
gj

1j, and thus

[x1j1, l1j1] = [x1j1,Πx
gj

1j] = 1 in CMF (G). This is a contradiction, so [x1j1, l1j1] 6= 1

in CMF (G1), and thus θ1 : CMF (G1) → CM(Φ1) given by the restriction of θ is

not an isomorphism. So by Theorem 4.1.2, Φ1 is not completely split.

Suppose [x2j, l2j] = 1 in CMF (G1) for all j. Then as discussed in the proof

of Theorem 4.1.2 l2j = Πx
gj

2j ∈ CMF (G1), and so l2j =
∏

m
g2j1
2j1

[m
gij2
ij2
,m

gij3
ij3

] in

π1(S
3 \Φ1). We may now do component homotopy as in Figure 4.2 and Figure 4.3

to separate Φ2 from the rest of Φ1.
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Let G12 := G1 \ G2, and Φ12 := φ(G12). Then, Φ1 is component homotopic

to Φ12
∐

Φ2. The component homotopy induces a colored link homotopy on all

the constituent links, so by assumption, all the constituent links of Φ12 are colored

link homotopic to trivial links. The spatial graph Φ12 has n−1 components, so by

induction, it is completely split up to component homotopy, and hence so is Φ1.

This is a contradiction.

Thus, there exists some x2j2 with [x2j2, l2j2] 6= 1 in CMF (G1). Now, as be-

fore, delete edges of G2 to reduce it to the circle defined by l2j2, forming G12 :=

S1
∐

S1
∐n

3 Gi. Again, restricting φ, we obtain an embedding Φ12, and [m2j2, l2j2] 6=

1 in CM(Φ12).

Repeat the argument as above until each component of G has been reduced

to a circle, forming G′ := G12...n. Form Φ′ by restricting φ to G′. Notice that

[xnjn, lnjn ] 6= 1 in CMF (G′). Now, Φ′ is an n component link L where each

component of L came from a distinct component of G, and hence each component

has a distinct color. Thus CM(Φ′) is ML, and the map θ : CMF (G) → CM(Φ)

induces a map θ′ : MF →ML, whereMF is the free Milnor group on n generators.

The commutator [xnjn , lnjn] 6= 1 in MF , but is an element of the kernel of θ′.

Since the map θ′ : MF → ML takes generators to conjugates of generators, but

is not an isomorphism, by Theorem 2.1.1 L is not (colored) link homotopically

trivial.

To determine when a spatial graph Φ is completely split up to component

homotopy, by Theorem 4.2.1 it suffices to check that the constituent links are all

split instead of checking the conditions of Theorem 4.1.2. Note that a similar

statement is not true for Theorem 4.1.3. As the following example shows, it is

possible for a every constituent link of Φ to be i-trivial, but Φ to not be component

homotopic to Φi
∐

Φi.

Example 4.2.1. Let Φ be the spatial graph shown in Figure 4.4. Then clearly
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every constituent link is 3-trivial. However, we have the relation [m31, [m11,m21]] =

1 ∈ CM(Φ), but [x31, [x11, x21]] 6= 1 ∈ CM(G). Thus, for the map θ(xij) = mij, we

have ker θ � ker θ3, and so by Theorem 4.1.3 the embedding Φ is not component

homotopic to Φ3
∐

Φ3.

Figure 4.4: A spatial graph that is not split up to component homotopy.

It is possible to extract numerical invariants from the CM(Φ) which are the

analogue of the length of the shortest non-vanishing Milnor invariant for a link.

It is well known that the Milnor group of a link is nilpotent, and the group

CM(Φ) is also nilpotent. The kernel of the map CMF (G) → CM(Φ) is generated

by surface elements, which are products of commutators of elements. This suggests

that examining successive quotients by all commutators of a fixed length may be

productive.

Let H be a subgraph of G, and Φ := φ(G) a spatial embedding. Let ΦH be the

spatial embedding of GH := G \H that is induced by φ. Let CM(ΦH) denote the

colored Milnor group of ΦH , Given a map θ : CMF (G) → CM(Φ) we have the

sequence below.

ker θ //CMF (G)
θ

//CM(Φ)

Let θH be the map induced by the map θ.
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ker θH //CMF (GH)
θH

//CM(ΦH)

Then we may define λΦ(H), a component homotopy invariant of Φ as follows.

λΦ(H) + 1 := min {n | ker θH/[n] � ker θ/[n]}

Since the groups CM(Φ) and CM(ΦH) are invariant under component ho-

motopy, so is λΦ(H). Here, we consider ker θ as a subgroup of CMF (G) and

[n] denotes all commutators of length n whose entries are elements of CMF (G).

Notice that if G =
∐

S1, then λL(Li) is the length of the index of the shortest

nonvanishing Milnor homotopy invariant whose index contains i.

Example 4.2.2. The first nonvanishing Milnor invariant of the Borromean rings

is µ(123). If L is the Borromean rings, then the kernel of the map θ : CMF (L) →

CML is generated by the element [x1, [x2, x3]]. When the first component is

removed, however, the resulting link is the unlink, so ker θL1 is trivial. Thus,

λL(L1) = 3.

Figure 4.5: A spatial graph.

Example 4.2.3. Let Φ be the spatial embedding of Θ3

∐

S1
∐

H2

∐

K4 shown

in Figure 4.5. For this graph, CM(Φ) is isomorphic to CMF (G) modulo the

following additional relations:
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[m13, [m21,m31]] = [m21, [m31,m13]] = [m31, [m13,m21]][m32,m41] = [m41,m32] = 1

So, for this spatial graph, λΦ(G1) = λΦ(G2) = 3 and λΦ(G3) = λΦ(G4) = 2.

Notice that while the surface relation given by Φ3 contains multiple commuta-

tors, only the shortest matters for the computation of λΦ(G3). Also, the presence

of the length two commutator involving Φ3 and Φ4 does not affect the computation

of λΦ(G1).

In fact, by the proof of Theorem 4.2.1, when H = Gi the value of λΦ(H) will

be the length of the shortest non-vanishing (colored) Milnor invariant of any link

that contains a cycle from Gi.



5

Homotopy on spatial graphs and

the Sato-Levine invariant

5.1 Definitions of the invariants

We call a subgraph of a graph G a cycle if it is homeomorphic to S1, and a

cycle is called a k-cycle if it contains exactly k edges. For a subgraph H of G, we

denote the set of all cycles of H by Γ(H). Let Z/m denote Z/mZ. We call a map

ω : Γ(H) → Z/m a weight on Γ(H) over Z/m. For an edge e of H, we denote the

set of all cycles of H which contain the edge e by Γe(H). For a pair of edges e1

and e2 of H, we denote the set of all cycles of H which contain the edges e1 and e2

by Γe1 ,e2(H). Then we say that a weight ω on Γ(H) over Z/m is weakly balanced

on an edge e if

∑

γ∈Γe(H)

ω(γ) = 0

in Z/m [Nik02], and weakly balanced on a pair of adjacent edges e1 and e2 if

∑

γ∈Γe1,e2(H)

ω(γ) = 0

50
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in Z/m. Let G = G1

∐

G2 be a disjoint union of two connected graphs and

ωi : Γ(Gi) → Z/m a weight on Γ(Gi) over Z/m (i = 1, 2). Let f be a spatial

embedding of G such that

ω1(γ1)ω2(γ2)lk(f(γ1), f(γ2)) = 0

in Z for any γ1 ∈ Γ(G1) and γ2 ∈ Γ(G2), where lk denotes the linking number.

Then we define βω1,ω2(f) ∈ Z/m by

βω1,ω2(f) ≡
∑

γ1∈Γ(G1)
γ2∈Γ(G2)

ω1(γ1)ω2(γ2)a3(f(γ1), f(γ2)) (mod m),

where a3(L) = a3(K1,K2) denotes the third coefficient of the Conway polynomial

of the 2-component oriented link L = K1 ∪ K2. Recall that a3(L) coincides with

the Sato-Levine invariant β(L) of L if lk(K1,K2) = 0 [Coc85a], [SB90]. Thus

our βω1,ω2(f) is also the modulo m reduction of the summation of Sato-Levine

invariants for the 2-component constituent links of f that have linking number

zero.

Note that for a 2-component algebraically split link L = L1 ∪ L2, the value

of a3(L) does not depend on the orientations of L1 and L2. This is clear as in

this case, a3(L) = β(L) and the Sato-Levine invariant does not depend on the

orientation. Also, for algebraically split links, a3(L) = µL(1122) so clearly the

value of a3(L) is not a link-homotopy invariant of L (see Chapter 3).

We will now show that of βω1,ω2 is an edge (resp. vertex)-homotopy invariant

under certain conditions.

Theorem 5.1.1. Let G = G1

∐

G2 be a disjoint union of two connected graphs

and ωi a weight on Γ(Gi) over Z/m (i = 1, 2). Let f be a spatial embedding of G

such that

ω1(γ1)ω2(γ2)lk(f(γ1), f(γ2)) = 0

in Z for any γ1 ∈ Γ(G1) and γ2 ∈ Γ(G2). Then we have the following.
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1. If ωi is weakly balanced on every edge of Gi (i = 1, 2), then βω1,ω2(f) is an

edge-homotopy invariant of f .

2. If ωi is weakly balanced on every pair of adjacent edges of Gi (i = 1, 2), then

βω1,ω2(f) is a vertex-homotopy invariant of f .

We will prove Theorem 5.1.1 in the next section. In addition, by using an

integer-valued invariant (Corollary 5.3.2), we show that there exist infinitely many

non-splittable spatial embeddings of a certain graph up to edge-homotopy all of

whose constituent links are link-homotopically trivial (Example 5.3.3). We also

exhibit an infinite family of non-splittable spatial embeddings of a certain discon-

nected graph up to vertex-homotopy which can be distinguished by our integer-

valued invariant (Example 5.3.4).

Note that if a graph G contains a connected component which is homeomor-

phic to the circle then our invariants in Theorem 5.1.1 are useless because the

corresponding weight is zero. For such cases, we can define modulo two edge

(vertex)-homotopy invariants given a weaker condition for weights than the one of

Theorem 5.1.1. For a subgraph H of a graph G, we say that a weight ω on Γ(H)

over Z/2 is totally balanced if

∑

γ∈Γ(H)

ω(γ)[γ] = 0

in H1(H; Z/2). We note that if a weight ω on Γ(H) over Z/2 is totally balanced

then it is weakly balanced on any edge e of H (Lemma 5.2.2), but not always

weakly balanced on any pair of adjacent edges of H (Remark 5.2.3).

Theorem 5.1.2. Let G = G1

∐

G2 be a disjoint union of two connected graphs

and ωi a weight on Γ(Gi) over Z/2 (i = 1, 2). Let f be a spatial embedding of G

such that

ω1(γ1)ω2(γ2)lk(f(γ1), f(γ2)) = 0

in Z for any γ1 ∈ Γ(G1) and γ2 ∈ Γ(G2). Then we have the following.
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1. If either ω1 is totally balanced on Γ(G1) or ω2 is totally balanced on Γ(G2),

then βω1,ω2(f) is an edge-homotopy invariant of f .

2. If either ω1 is totally balanced on Γ(G1) and weakly balanced on any pair of

adjacent edges of G1, or ω2 is totally balanced on Γ(G2) and weakly balanced

on any pair of adjacent edges of G2, then βω1,ω2(f) is a vertex-homotopy

invariant of f .

We also prove Theorem 5.1.2 in the next section and give some examples in

Section 5.4. In particular, we show that there exist infinitely many non-splittable

spatial embeddings of a certain graph up to vertex-homotopy all of whose con-

stituent links are link-homotopically trivial (Example 5.4.4). Note that the Z/2-

valued invariant in Theorem 5.1.2 cannot always be extended to an integer-valued

one (Remark 5.4.5).

Theorems 5.1.1 and 5.1.2 do not work for all spatial graphs, and examples

of graphs where they fail are shown in Figure 5.1. In Section 5.5, we develop a

method to detect such non-splittable spatial graphs up to edge-homotopy by using

a planar surface having the graph as a spine (Theorem 5.5.1). In fact, we will

show that each of the spatial graphs illustrated in Figure 5.1 is non-splittable up

to edge-homotopy (Example 5.5.2).

(1) (2)

Figure 5.1: Two spatial graphs that require special techniques. See Section 5.5.
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5.2 Proof of invariance

We first calculate the change in the third coefficient of the Conway polynomial

of 2-component algebraically split links which differ by a single self crossing change.

Lemma 5.2.1. Let L+ and L− be two 2-component oriented links differing by a

single self crossing change and L0 = J1 ∪ J2 ∪ K a 3-component oriented link

which are identical except inside the regions depicted in Figure 5.2. Suppose that

lk(L+) = lk(L−) = 0. Then we have that

a3(L+) − a3(L−) = −lk(J1,K)2 = −lk(J2,K)2.

K

J2J1

L+ L - L0

Figure 5.2: Links for the Conway skein relation of a self crossing change.

Proof. By the skein relation of the Conway polynomial and a well-known formula

for the second coefficient of the Conway polynomial of a 3-component oriented link

(cf. [Hos58], [Har83], [Hos85]), we have that

a3(L+) − a3(L−) = lk(J1, J2)lk(J2,K) + lk(J2,K)lk(J1,K) (5.1)

+lk(J1,K)lk(J1, J2).

Note that

lk(J1,K) + lk(J2,K) = 0 (5.2)
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by the condition lk(L+) = lk(L−) = 0. Thus by (5.1) and (5.2), we have that

a3(L+) − a3(L−) = lk(J1, J2)(−lk(J1,K)) + lk(J2,K)lk(J1,K)

+lk(J1,K)lk(J1, J2)

= lk(J2,K)lk(J1,K).

Therefore by (5.2) we are done.

Proof of Theorem 5.1.1. (1) Let f and g be two spatial embeddings of G such that

ω1(γ1)ω2(γ2)lk(f(γ1), f(γ2)) = 0 (5.3)

in Z for any γ1 ∈ Γ(G1) and γ2 ∈ Γ(G2) and let g be edge-homotopic to f . Then

we have that

ω1(γ1)ω2(γ2)lk(g(γ1), g(γ2)) = 0 (5.4)

in Z for any γ1 ∈ Γ(G1) and γ2 ∈ Γ(G2) because the linking number of a 2-

component constituent link of a spatial graph is an edge-homotopy invariant. First

we show that if f is transformed into g by self crossing changes on f(G1) and

ambient isotopies then βω1,ω2(f) = βω1,ω2(g). Any link invariant of a constituent

link of a spatial graph is also an ambient isotopy invariant of the spatial graph.

Thus we may assume that g is obtained from f by a single crossing change on

f(e) for an edge e of G1 as illustrated in Figure 5.3. Moreover, by smoothing this

crossing point we can obtain the spatial embedding h of G and the knot Jh as

illustrated in Figure 5.3. Then by (5.3), (5.4), Lemma 5.2.1 and the assumption
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for ω1 we have that

βω1,ω2(f) − βω1,ω2(g) ≡
∑

γ1∈Γ(G1)
γ2∈Γ(G2)

ω1(γ1)ω2(γ2) (a3(f(γ1), f(γ2)) − a3(g(γ1), g(γ2)))

=
∑

γ1∈Γe(G1)
γ2∈Γ(G2)

ω1(γ1)ω2(γ2) (a3(f(γ1), f(γ2)) − a3(g(γ1), g(γ2)))

= −
∑

γ1∈Γe(G1)
γ2∈Γ(G2)

ω1(γ1)ω2(γ2)lk(h(γ2), Jh)
2

= −





∑

γ1∈Γe(G1)

ω1(γ1)





∑

γ2∈Γ(G2)

ω2(γ2)lk(h(γ2), Jh)
2

≡ 0.

Therefore we have that βω1,ω2(f) = βω1,ω2(g). In the same way we can show that

if f is transformed into g by self crossing changes on f(G2) and ambient isotopies

then βω1,ω2(f) = βω1,ω2(g). Thus we have that βω1,ω2 is an edge-homotopy invariant.

(2) By considering the triple of spatial embeddings as illustrated in Figure 5.4,

the proof of (2) proceeds in a manner exactly analogous to the proof of (1). �

f(G  )2 g(G  )2f(e) g(e)

f g

h

h(G  )2 h(e)

Jh

Figure 5.3: The skein triple for the edge homotopy invariant.

Next we prove Theorem 5.1.2. For a subgraph H of a graph G, we have the

following.
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f(G  )2 g(G  )2f(e) g(e)

f g

h

h(G  )2 h(e)

Jh

Figure 5.4: The skein triple for the vertex homotopy invariant.

Lemma 5.2.2. A totally balanced weight ω on Γ(H) over Z/2 is weakly balanced

on any edge e of H.

Proof. For an edge e of H, we can represent any γ ∈ Γe(H) as e+cγ ∈ Z1(H; Z/2),

where cγ is a 1-chain in C1(H \ e; Z/2). Then we have that

0 =
∑

γ∈Γ(H)

ω(γ)[γ]

=
∑

γ∈Γe(H)

ω(γ)[e+ cγ] +
∑

γ′∈Γ(H)\Γe(H)

ω(γ ′)[γ ′]

in H1(H; Z/2). This implies that if ω is not weakly balanced on e then ω is not

totally balanced on Γ(H) over Z/2.

Remark 5.2.3. A totally balanced weight ω on Γ(H) over Z/2 is not always

weakly balanced on any pair of adjacent edges of H. For example, let ω be a

weight on Θ3 (see Example 5.3.3) over Z/2 defined by ω(γ) = 1 for any cycle

γ ∈ Γ(Θ3). Here, ω is totally balanced but not weakly balanced on each pair of

adjacent edges of Θ3.

Proof of Theorem 5.1.2. (1) Let f and g be two spatial embeddings of G which
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are edge-homotopic such that

ω1(γ1)ω2(γ2)lk(f(γ1), f(γ2)) = 0

in Z for any γ1 ∈ Γ(G1) and γ2 ∈ Γ(G2). Again, the edge homotopy from f to g

implies the same condition on ω1(γ1)ω2(γ2)lk(g(γ1), g(γ2)).

First we show that if f is transformed into g by self crossing changes on f(G1)

and ambient isotopies then βω1,ω2(f) = βω1,ω2(g). In the same way as the proof of

Theorem 5.1.1, we may consider three spatial embeddings f, g and h of G and the

knot Jh as illustrated in Figure 5.3. Then, by the same calculation as in the proof

of Theorem 5.1.1 (but conducted modulo 2), we have that

βω1,ω2(f) − βω1,ω2(g) ≡ −





∑

γ1∈Γe(G1)

ω1(γ1)





∑

γ2∈Γ(G2)

ω2(γ2)lk(h(γ2), Jh)
2

≡





∑

γ1∈Γe(G1)

ω1(γ1)





∑

γ2∈Γ(G2)

ω2(γ2)lk(h(γ2), Jh)

≡





∑

γ1∈Γe(G1)

ω1(γ1)



 lk





∑

γ2∈Γ(G2)

ω2(γ2)h(γ2), Jh



 .

If ω1 is totally balanced on Γ(G1) then by Lemma 5.2.2 it is weakly balanced on

any edge e of G1. This implies that βω1,ω2(f) = βω1,ω2(g). If ω2 is totally balanced

on Γ(G2) then we have that

lk





∑

γ2∈Γ(G2)

ω2(γ2)h(γ2), Jh



 ≡ lk (0, Jh) = 0.

Therefore this also implies that βω1,ω2(f) = βω1,ω2(g). In the same way we can

show that if f is transformed into g by self crossing changes on f(G2) and ambient

isotopies then βω1,ω2(f) = βω1,ω2(g). Thus we have that βω1,ω2 is an edge-homotopy

invariant.

(2) By considering the triple of spatial embeddings as illustrated in Figure 5.4,

the proof of (2) is similar to the proof of (1). We again omit the details. �
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Since the Conway polynomial of a split link is zero, our invariants take the

value zero for any split (2-component) spatial graph. Therefore if the value of our

invariant of a spatial graph is not zero then it is non-splittable up to edge (resp.

vertex)-homotopy.

5.3 Integer-valued invariants

Let G be a planar graph, and p : G→ S2 an embedding. We regard the set of

the boundaries of all of the connected components of S2−p(G) as a subset of Γ(G)

and denote it by Γp(G). We say that G admits a checkerboard coloring on S2 if

there exists an embedding p : G→ S2 such that we can color all of the connected

components of S2 − p(G) by two colors (black and white) so that any of the two

components which are adjacent by an edge have distinct colors, see Figure 5.5. We

denote the subset of Γp(G) which corresponds to the black (resp. white) colored

components by Γb
p(G) (resp. Γw

p (G)).

Figure 5.5: Checkerboard colorings of Θ4 and D3.

Proposition 5.3.1. Let G be a planar graph which is not homeomorphic to S1

and admits a checkerboard coloring on S2 with respect to an embedding p : G → S2.

Let ωp be the weight on Γ(G) over Z defined by:

ωp(γ) =















1 γ ∈ Γb
p(G)

−1 γ ∈ Γw
p (G)

0 γ ∈ Γ(G) \ Γp(G)

Then ωp is weakly balanced on any edge of G.
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Proof. For any edge e of G, there exist exactly two cycles γ1 ∈ Γb
p(G) and γ2 ∈

Γw
p (G) such that e ⊂ γ1 and e ⊂ γ2. Thus we have the result.

We call the weight ωp in Proposition 5.3.1 a checkerboard weight. Thus by

Proposition 5.3.1 and Theorem 5.1.1 (1), we can obtain an integer-valued edge-

homotopy invariant as follows.

Corollary 5.3.2. Let G = G1

∐

G2 be a disjoint union of two connected planar

graphs such that Gi is not homeomorphic to S1 and admits a checkerboard col-

oring on S2 with respect to an embedding pi : Gi → S2 (i = 1, 2). Let ωpi
be a

checkerboard weight on Γ(Gi) over Z (i = 1, 2) and f a spatial embedding of G

such that

ωp1(γ1)ωp2(γ2)lk(f(γ1), f(γ2)) = 0

in Z for any γ1 ∈ Γ(G1) and γ2 ∈ Γ(G2). Then βωp1 ,ωp2
(f) is an integer-valued

edge-homotopy invariant of f .

Example 5.3.3. Let Θn be a graph with two vertices u and v and n edges

e1, e2, . . . , en each of which joins u and v. A spatial embedding of Θn is called

a (spatial) theta n-curve or simply a theta curve if n = 3. For n ≥ 2, we denote the

cycle of Θn that consists of the edges ei and ej by γij (i < j). Clearly, Θn admits

an embedding p : Θn → S2 so that

Γp(Θn) = {γ12, γ23, . . . , γn−1,n, γ1n} .

Moreover, for m ≥ 1, Θ2m admits a checkerboard coloring on S2 so that

Γb
p(Θ2m) = {γ12, γ34, . . . , γ2m−1,2m} ,

Γw
p (Θ2m) = {γ23, γ45, . . . , γ2m−2,2m−1, γ1,2m} .

Now let G be a disjoint union of two copies of Θ4 each of which admits a

checkerboard coloring on S2 with respect to the embedding p as above. Let ωp
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be a checkerboard weight on Γ(Θ4) over Z and g1 a spatial embedding of G as

illustrated in Figure 5.6. We can see that each of the 2-component constituent

links of g1 has zero linking number. More precisely, g1 contains exactly one non-

trivial 2-component link L = g1(γ14) ∪ g1(γ
′
14) whose linking number is zero. Thus

by Corollary 5.3.2 we have that βωp,ωp(g1) is an integer-valued edge-homotopy

invariant of g1. Then, by a direct calculation we have that a3(L) = 2, and so

βωp,ωp(g1) = 2. Note that a 2-component link is link-homotopically trivial if and

only if its linking number is zero [Mil54]. This implies that g1 is non-splittable up to

edge-homotopy even though each of the constituent links of g1 is link-homotopically

trivial.

g (e  )1 1

g (e  )1 2

g (e  )1 3

g (e  )1 4

g (e' )1 1

g (e' )1 2

g (e' )1 3

g (e' )1 4

Figure 5.6: A spatial graph with homotopically trivial constituent links, but
βωp,ωp(g1) = 2.

Moreover, for an integer m, let gm be a spatial embedding of G as illustrated

in Figure 5.7. If m 6= 0, we can see that gm contains exactly one non-trivial 2-

component link L = gm(γ14)∪ gm(γ ′14) whose linking number is zero. Thus we also

have that βωp,ωp(gm) is an integer-valued edge-homotopy invariant of gm. Then, by

a calculation we have that a3(L) = 2m, namely βωp,ωp(gm) = 2m, and so gi is not

edge homotopic to gj for i 6= j. This implies that there exist infinitely many non-

splittable spatial embeddings of G up to edge-homotopy all of whose constituent

links are link-homotopically trivial.

Example 5.3.4. Let H be a graph as illustrated in Figure 5.8. We denote the

cycle of H which contains ei and ej by γij (i < j). Let G be a disjoint union
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g  (e  )m 4 g  (e' )m 4

g  (e  )m 1 g  (e' )m 1

g  (e  )m 4 g  (e' )m 4

g  (e  )m 1 g  (e' )m 1

g  (e  )m 1

g  (e  )m 4

g  (e' )m 1

g  (e' )m 4

 m

m < 0if

m > 0if

times|   |

Figure 5.7: Constructing an infinite family of examples, no two of which are edge
homotopic.
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of two copies of H and g1 a spatial embedding of G as illustrated in Figure 5.9.

This spatial embedding g1 contains exactly one 4-component constituent link L =

g1(γ12∪γ34∪γ ′12∪γ
′
34). Note that if g1 is split up to vertex-homotopy then L is split

up to link-homotopy. Since |µL(1234)| = 1, we have that L is non-splittable up to

link-homotopy. Therefore we have that g1 is non-splittable up to vertex-homotopy.

We can also prove this fact using our integer-valued vertex-homotopy invariant

as follows. Let ω be a weight on Γ(H) over Z defined by ω(γ14) = ω(γ23) = 1,

ω(γ13) = ω(γ24) = −1 and ω(γ) = 0 if γ is a 2-cycle. Then it is easy to see that

ω is weakly balanced on any pair of adjacent edges of H. We can see that g1

contains exactly one non-trivial 2-component constituent link L′ = g1(γ14 ∪ γ ′14)

with lk(L′) = 0 and a3(L
′) = 2. Thus by Theorem 5.1.1 (2) we have that βω,ω(g1)

is an integer-valued vertex-homotopy invariant of g1 and βω,ω(g1) = 2. This implies

that g1 is non-splittable up to vertex-homotopy.

e1 e2 e3 e4

Figure 5.8: The abstract graph for Example 5.3.4.

Moreover, let gm be a spatial embedding of G as illustrated in Figure 5.9, which

can be constructed in the same way as in Example 5.3.3. Then we can see that

βω,ω(gm) is an integer-valued vertex-homotopy invariant of gm and βω,ω(gm) = 2m.

This implies that gm is non-splittable up to vertex-homotopy for any integerm 6= 0

and gi and gj are not vertex-homotopic for any i 6= j.

5.4 Modulo two invariants

Proposition 5.4.1. Let G be a planar graph which is not homeomorphic to S1

and p : G → S2 an embedding. Let ωp : Γ(G) → Z2 be the weight on Γ(G) over
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 m times

g1 gm

|   |
g  (e  )1 1

g  (e  )1 4

g  (e  )1 3

g  (e  )1 2

g  (e' )1 1

g  (e' )1 4

g  (e' )1 3

g  (e' )1 2

g  (e  )m 1

g  (e  )m 2

g  (e  )m 3

g  (e  )m 4

g  (e' )m 1

g  (e' )m 2

g  (e' )m 3

g  (e' )m 4

Figure 5.9: Constructing an infinite family of non-vertex homotopic examples.

Z/2 defined by

ωp(γ) =

{

1 (γ ∈ Γp(G))

0 (γ ∈ Γ(G) \ Γp(G)).

Then ωp is totally balanced.

Proof. We have that

∑

γ∈Γ(G)

ωp(γ)[γ] =
∑

γ∈Γp(G)

[γ] = 2





∑

e∈E(G)

e



 = 0

in H1(G; Z/2), where E(G) denotes the set of all edges of G.

Thus by Proposition 5.4.1 and Theorem 5.1.2 (1), we can obtain an edge-

homotopy invariant as follows.

Corollary 5.4.2. Let G = G1

∐

G2 be a disjoint union of two connected graphs

such that G1 is planar, not homeomorphic to S1. Fix an embedding p1 : G1 → S2.

Let ωp1 be a weight on Γ(G1) over Z/2 as in Proposition 5.4.1, ω2 a weight on

Γ(G2) over Z/2 and f a spatial embedding of G such that

ωp1(γ1)ω2(γ2)lk(f(γ1), f(γ2)) = 0

in Z for any γ1 ∈ Γ(G1) and γ2 ∈ Γ(G2). Then βωp1 ,ω2(f) is an edge-homotopy

invariant of f .
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Example 5.4.3. Let G be a disjoint union of Θ3 and a circle γ. Let ωp be a

weight on Γ(Θ3) over Z/2 as in Proposition 5.4.1 with respect to the embedding

p : Θ3 → S2 as in Example 5.3.3, and ω a weight on Γ(γ) over Z/2 defined by

ω(γ) = 1. Let g be a spatial embedding of G as illustrated in Figure 5.10 (1). We

can see that g contains exactly one non-trivial 2-component link L = g(γ13)∪ g(γ)

which is the Whitehead link, so lk(L) = 0 and a3(L) = 1. Thus by Corollary 5.4.2

we have that βωp,ω(g) is an edge-homotopy invariant of g and βωp,ω(g) = 1. That

is, g is non-splittable up to edge-homotopy even though all of the constituent links

of g are link-homotopically trivial.

Example 5.4.4. Let G be a disjoint union of K3,3 and a circle γ. Let ω3,3 be a

weight on K3,3 over Z/2 defined by ω3,3(γ
′) = 1 if γ ′ is a 4-cycle and 0 if γ ′ is

a 6-cycle. Let ω be a weight on Γ(γ) over Z/2 defined by ω(γ) = 1. Then it is

not hard to see that ω3,3 is totally balanced and weakly balanced on any pair of

adjacent edges of K3,3. For a positive integer m, let gm be a spatial embedding of

G as illustrated in Figure 5.10 (2). Note that gi(K3,3) and gj(K3,3) are not vertex-

homotopic for any i 6= j [MT97], and so gi(G) and gj(G) are not vertex-homotopic

for any i 6= j. Since all of the 2-component constituent links of gm are algebraically

split, by Theorem 5.1.2 (2) we have that βω3,3,ω(g) is a vertex-homotopy invariant

of gm. Moreover we can see that there exists exactly one 4-cycle γ ′ of K3,3 such

that L = gm(γ ∪ γ ′) is non-trivial. Since L is the Whitehead link, we have that

βω3,3,ω(gm) = 1. Therefore gm is non-splittable up to vertex-homotopy even though

all of the constituent links of gm are link-homotopically trivial.

Remark 5.4.5. The Z/2-valued invariant in Theorem 5.1.2 cannot always be

extended to an integer-valued one. For example,

1. Let us consider the graph G and the invariant βωp,ω as in Example 5.4.3.

Let f be a spatial embedding of G as illustrated in Figure 5.11. We can see

that f is edge-homotopic to the trivial spatial embedding h of G. But by a

calculation we have that
∑

1≤i<j≤3 a3(f(γij), f(γ)) = −2.
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g(e  )1

g(e  )2

g(e  )3

(1) (2)

half twists(2m-1)

Figure 5.10: An infinite family of non-vertex homotopic examples, each with
βω3,3,ω(gm) = 1.

f h

Figure 5.11: Crossing changes can alter the invariant by 2.



67

2. Let G be a disjoint union of Θ4 and a circle γ. Let ωp be a checkerboard

weight on Γ(Θ4) over Z as in Example 5.3.3. Note that the modulo two

reduction of a checkerboard weight is totally balanced. So by Theorem 5.1.2

(1), the modulo two reduction of
∑

γij∈Γ(Θ4)
ωp(γij)a3(f(γij ∪ γ)) is an edge-

homotopy invariant of a spatial embedding f of G. Moreover, we can see

that the integer-value
∑

γij∈Γ(Θ4)
ωp(γij)a3(f(γij ∪ γ)) is invariant under a

self crossing change on f(Θ4) in the same way as the proof of Theorem 5.1.1

(1). But this value may change under a self crossing change on f(γ). For

example, let f and g be two spatial embeddings of G as illustrated in Figure

5.12. We can see that f is edge-homotopic to g. But by a calculation we

have that

∑

γij∈Γ(Θ4)

ωp(γij)a3(f(γij), f(γ)) = −1,

∑

γij∈Γ(Θ4)

ωp(γij)a3(g(γij), g(γ)) = 1.

g(e  )1f(e  )1

f(e  )2
f(e  )3

f(e  )4

g(e  )2
g(e  )3

g(e  )4

f g

Figure 5.12: Even if the weight is weakly balanced on G1, the invariant is only
defined modulo two.
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5.5 Applying the boundary of a planar surface

Let X be a disjoint union of a graph G and a planar surface F with boundary.

Let ω be a weight on Γ(G) over Z/2 and ϕ an embedding of X into S3 such that

ω(γ1)lk(ϕ(γ1), ϕ(γ2)) = 0

in Z for any γ1 ∈ Γ(G) and γ2 ∈ Γ(∂F ). Then we define βω(ϕ) ∈ Z/2 by

βω(ϕ) ≡
∑

γ1∈Γ(G)
γ2∈Γ(∂F )

ω(γ1)a3(ϕ(γ1), ϕ(γ2)) (mod 2).

LetG be a disjoint union of a connected graph G1 and a connected planar graph G2.

Let f be a spatial embedding ofG and p an embedding ofG2 into S2. We denote the

regular neighborhood of p(G2) in S2 by F (G2; p), which is a planar surface having

p(G2) as a spine. Then the spatial embedding f induces an embedding f̃p of the

disjoint union G1

∐

F (G2; p) into S3 so that f̃p(G1) = f(G1) and f̃p(F (G2; p)) has

f(G2) as a spine in the natural way. Note that such an induced embedding f̃p is

not unique up to ambient isotopy. Let ω be a weight on Γ(G1) over Z/2 so that

ω(γ1)lk(f̃p(γ1), f̃p(γ2)) = 0

in Z for any γ1 ∈ Γ(G1) and γ2 ∈ Γ(∂F (G2; p)). Then we have the following.

Theorem 5.5.1. If f is split up to edge-homotopy, then βω(f̃p) = 0 for any induced

embedding f̃p of G1

∐

F (G2; p).

Proof. By the assumption we have that f is transformed into a split spatial em-

bedding u of G by self crossing changes and ambient isotopies. Then each of the

self crossing changes induces a self crossing change on f̃p(G1) or a band-pass move

[Kau83] (see Figure 5.13) on f̃p(F (G2; p)). Namely f̃p can be transformed into an

induced embedding ũp of G1

∐

F (G2; p) by such moves and ambient isotopies. Let

g̃p be an embedding of G1

∐

F (G2; p) into S3 obtained from f̃p by a single self
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crossing change on f̃p(G1) or a single band-pass move on f̃p(F (G2; p)). Then it

still holds that

ω(γ1)lk(g̃p(γ1), g̃p(γ2)) = 0

in Z for any γ1 ∈ Γ(G1) and γ2 ∈ Γ(∂F (G2; p)).

Claim. βω(f̃p) = βω(g̃p).

Assume that g̃p is obtained from f̃p by a single self crossing change on f̃p(G1).

Since it holds that

∑

γ2∈Γ(∂F (G2;p))

[γ2] = 0

in H1(F (G2; p); Z/2), we can see that βω(f̃p) = βω(g̃p) in a similar way as in

the proof of Theorem 5.1.2 (1). Next we assume that g̃p is obtained from f̃p by

a single band-pass move on f̃p(F (G2; p)). Then g̃p|G1
‘

∂F (G2;p) is obtained from

f̃p|G1
‘

∂F (G2;p) by a single pass move [Kau83] (see Figure 5.13) on f̃p(∂F (G2; p)).

We divide our situation into the following two cases.

Case 1. Four strings in the pass move belong to f̃p(γ) and f̃p(γ
′) for exactly

two cycles γ and γ ′ in Γ(∂F (G2; p)).

This pass move causes a single self crossing change on f̃p(γ) and a single

self crossing change on f̃p(γ
′). Then the separated components that result from

smoothing each of the self crossings are orientation-reversing parallel knots, see

Figure 5.14. So the difference of βω(f̃p) and βω(g̃p) is cancelled out in a similar

way as the proof of Theorem 5.1.1 (1). Thus we have that βω(f̃p) = βω(g̃p).

Case 2. Four strings in the pass move belong to f̃p(γ) for a cycle γ in

Γ(∂F (G2; p)).

It is known that a pass move on the same component of a proper link L =

J1 ∪ J2 ∪ · · · ∪ Jn preserves Arf(L) ≡ Arf(L)−
∑n

i=1 Arf(Ji) ∈ Z2 (cf. [SY03]).1 If

1The value of Arf(L) is called the reduced Arf invariant of L [Shi89].
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n = 2 then a3(L) ≡ Arf(L) (mod 2) [Nik05b, Lemma 3.5 (ii)]. Therefore in this

case the pass move preserves ω(γ1)a3(f̃p(γ1), f̃p(γ2)) for any cycle γ1 ∈ Γ(G1). This

implies that βω(f̃p) = βω(g̃p).

Now by the argument above, we have that βω(f̃p) = βω(ũp). Then, each 2-

component link ũp(γ1 ∪ γ2) is split for any γ1 ∈ Γ(G1) and γ2 ∈ Γ(∂F (G2; p))

because u is split. Therefore we have that βω(f̃p) = βω(ũp) = 0. This completes

the proof.

band-pass
   move

pass move

Figure 5.13: The band-pass move and the pass move.

Figure 5.14: Smoothing when the strands of the pass move belong to two distinct
components.

Example 5.5.2. Let G be a disjoint union of a circle γ and the handcuff graph

(resp. 2-bouquet) G2. Let ω be a weight on Γ(γ) over Z/2 defined by ω(γ) = 1.
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We fix an embedding p : G2 → S2 and take a regular neighborhood F (G2; p) as

illustrated in Figure 5.15 (1) (resp. (2)).

(1) (2)

Figure 5.15: Regular neighborhoods of G for Example 5.5.2.

Let f be a spatial embedding of G as illustrated in Figure 5.1 (1) (resp. (2)).

Let us take an induced embedding f̃p : γ ∪ F (G2; p) → S3 as illustrated in Figure

5.16 (1) (resp. (2)). Note that lk(f̃p(γ), f̃p(γ
′)) = 0 for any γ ′ ∈ Γ(∂F (G2; p)).

Then it can be calculated that βω(f̃p) = 1 for both embeddings. Thus by Theorem

5.5.1 we have that f is non-splittable up to edge-homotopy.

(1) (2)

Figure 5.16: Embeddings of F (G; p) showing that the spatial graphs of Figure 5.1
are not edge homotopically split.

The text of Chapter 5 has been submitted for publication as:

Thomas Fleming and Ryo Nikkuni. Homotopy on Spatial Graphs and the Sato-

Levine Invariant.
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