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ABSTRACT OF THE DISSERTATION

Fluid Limit for a Multi-Server, Multiclass Random Order of Service Queue with Reneging
and Tracking of Residual Patience Times

by

Eva Horne Loeser

Doctor of Philosophy in Mathematics

University of California San Diego, 2024

Professor Ruth Williams, Chair

In this thesis, we consider a multi-server, multiclass queue with reneging operating
under the random order of service discipline. Interarrival times, service times, and patience
times are assumed to be generally distributed. Under mild conditions, we establish a fluid
limit theorem for a measure-valued process that keeps track of the remaining patience time
for each job in the queue. We prove uniqueness for fluid model solutions in all but one

case and study the asymptotic behavior of fluid model solutions as time goes to infinity.



Chapter 1

Introduction

In this thesis, we establish a fluid limit for a multi-server, multiclass random order
of service queue with reneging under various traffic load parameters. We also study the

behavior of solutions of the resulting fluid model.

1.1 Background and Relevant Literature

Random order of service queues have been a subject of interest within the field
of queueing theory for some time (see, e.g., [9, 6, 20] and references therein), especially
motivated by their applications in operations management. In recent work [22, 4], it
was shown that in some computer systems with redundancy, random order of service
has better performance with respect to certain performance measures than other well-
known service disciplines like processor sharing and first come, first served. Furthermore,
for certain service distributions, there are strong connections between random order of
service and processor sharing [6], which is often used as a model in telecommunications
applications [11]. An emerging area of application for random order of service queues is
modeling competition for processing resources in systems biology [17, 8, 18, 21]. However,
many current results for random order of service queues are only valid under restrictive
assumptions, such as exponentially distributed interarrival or service times, and they often

do not allow for reneging. Incorporating reneging is important for applications such as



computing and enzymatic processing. The latter is a major motivation for our work. In
this direction, in the earlier work [17], a random order of service model with reneging was
analyzed and explicit formulas were established for correlations between concentrations
of molecules of different types processed by a pool of common enzymes. Experiments
inspired by these results yielded consistent observations [8]. However, this exact analysis
assumed exponential distributions for interarrival, service, and reneging times. There
are important examples of enzymatic processing, such as RNA polymerase transcribing
DNA to mRNA and translation of mRNA by ribosomes into protein, where it is expected
that the enzymatic processing times will not be exponentially distributed. A generally
distributed model would be more realistic for these applications.

Some work has been done on random order of service models with generally
distributed interarrival, patience, and service times. In particular, [23] considers heavy
traffic asymptotics for a random order of service queue with general distributions for
service times and interarrival times. However, the paper deals only with the heavy traffic
case, does not allow for reneging, and the queue has only one server and class. Another
paper looks at a generally distributed random order of service model with reneging [2].
However, that work tracks age in system, and it assumes the stochastic primitives have
densities and that the patience and service times satisfy the additional assumption of
having bounded hazard rates. In contrast, our model tracks residual times and is more
general in that it does not require stochastic primitives to have densities. However, we
assume there is a uniform bound on the second moments of our service times, while [2]
does not have this assumption. The model in [2] is also for a single server, while our model
allows for multiple servers. Throughout this thesis, we will indicate specific places where
there is a relationship with what is in [2].

Many-server queues with reneging, in which the number of servers goes to infinity,
have generated significant interest in recent years [15, 1, 19], in connection with applications

to call centers. However, these works assume a head-of-the-line service discipline. Random



order of service is not a head-of-the-line service discipline. Furthermore, because these
works track age in system rather than residual times, for some of the results it is assumed
that the underlying distributions for the stochastic primitives have densities, and some
further assumptions (such as boundedness) may be required for the associated hazard
rates. We do not have such restrictions. Lastly, these models take a limit as the number
of servers goes to infinity. We use a different rescaling of time and space, and the number

of servers is held constant.

1.2 Results in this thesis

In this thesis, we introduce a measure-valued process that keeps track of the
remaining patience time of each job in a random order of service queue with reneging,
where there are multiple classes of jobs and multiple servers. Under mild conditions, we
establish tightness for a sequence of fluid scaled models and prove that subsequential
limits satisfy certain fluid model equations. We prove that these subsequential limits,
referred to as fluid model solutions, are unique in all but one case, and use this to establish
convergence for the original sequence. We also characterize the invariant state for the fluid
model and prove that fluid model solutions converge to the invariant state as time goes to
infinity, uniformly for suitable initial conditions.

This thesis is organized as follows. In §2 and §3, we introduce the sequence of
fluid scaled models. In §4, we introduce the notion of a fluid model solution. In §5,
we summarize our main results. Uniqueness of fluid model solutions and continuous
dependence on initial conditions is proved in §6. C-tightness and convergence to fluid
model solutions is proved in §7 through §9. Convergence of fluid model solutions to the
invariant state is proved in §10. Proofs related to some additional results for the case of

exponentially distributed patience times are in §11.



1.3 Notation

We shall use the following notation throughout the thesis. Let N denote the set of
strictly positive integers, {1,2,...}, and let Ny = NU {0}. Let Ry = [0, 00), and consider
it with the Borel o-algebra, Z(R.). For a positive integer n > 1, R™ is the n-dimensional
Euclidean space, and we denote the zero vector there by 0. If n = 1, we also use R for R!
and 0 for 0. We denote the set of nonnegative, finite measures on (R4, Z(R.)) by M,
and endow it with the topology of weak convergence of measures. We note that this is a
complete separable metric space, also known as a Polish space, when metrized with the

following metric!:
d&,v)=inf{e>0: Fe((x —e)") —e < F (x) < Fe(x+¢e)+e V zeR,} (1.1)
for £, € M, where F¢(-) :=£([0,-]). We denote the set of continuous measures in M by
K={{ecM: {({z})=0V zeR,}.

If £ € M and f is a Borel measurable function on R, that is integrable with respect to &,
we let (f, &) == fR+ fd§. For x € R, we denote the positive part of x by 27 := 2V 0. For a
measure £ € M, we denote the (closed) support of the measure by supp(§). For a finite
set A C R4, we denote the ith smallest element of A by Ag;. For a positive integer n, we

consider the product space M", which is a Polish space with the metric

dn(&:7) = Zd<fi,%) (1.2)

IThis is an extension of the metric that Lévy introduced for probability measures to finite, nonnegative
measures. [t induces the same topology as the Prokhorov metric. See Lévy metric in Encyclopedia of
Mathematics. https://encyclopediaofmath.org/wiki/Levy_metric for more details.
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for & = (&1,...,&,) and v = (71,...,7,) in M". We denote the n-dimensional vector of
zero measures (0,...,0) € M™ by 0.

Let x(z) := x for x > 0. For a vector & € R'}, we write > 0 if and only if z; > 0
fori=1,...,n. For X = Ror X =R, we denote the set of bounded continuous functions
defined on X and taking values in R by C,(X). The set of functions in C(X) that have
bounded continuous derivatives up to order n > 1 is denoted by C}(X). For T'> 0 and
a bounded function f : Ry — R, we write || f||r for sup,co 7 [f(2)[- In the context of Ry,
we take sup () to be 0 and inf () to be +oo.

We denote the space of functions from [0,00) to R™ that are right continuous
with finite left limits by D([0,00), R™). We endow D([0, c0), R™) with the Skorokhod-.J;
topology, under which it is a Polish space. Similarly, we denote the space of functions
from [0, 00) to M" that are right continuous with finite left limits by D([0, c0), M™). This
is also endowed with the Skorokhod-.J; topology, under which it is also a Polish space.
The mode of convergence for our fluid scaled models will be convergence in distribution of
random elements taking values in D([0, 00), M"). In general, we will denote convergence
in distribution for processes and random variables with = . The spaces of continuous
functions from [0, 00) to R™ and M" are closed subsets of D(]0,c0), R") and D([0, co0), M™),
respectively. The Skorokhod-J; topology induced on these spaces is equivalent to that
induced by uniform convergence on compact time intervals. For 7' > 0, a function of
bounded variation G : [0,7] — R, and a function f : [0,7] — R that is integrable on
[0, 7] with respect to the Lebesgue—Stieltjes measure, ug, induced by G(-), we denote the
Lebesgue-Stieltjes integral f(sﬂ f(@)pc(dx) by fst f(x)dG(z) for 0 < s <t <T.



Chapter 2

Multi-Server, Multiclass Random
Order of Service Queue

In this chapter, we introduce a model for a random order of service queue which
uses a measure-valued process. The work of Aghajani [2] also uses a measure-valued
process to describe such a queue. However, our description differs from that in [2] in that
our description keeps track of the remaining patience time of each job in queue, remaining
interarrival time of each class of job, and remaining service time of each job in service,
whereas [2] tracks time since each job arrived to the queue, time since the last arrival
for each class of job, time in service of the job currently in service, and class of the job
currently in service. In other words, we use residual descriptions whereas [2]| used age-based
descriptions. Our approach enables us to adopt some more general assumptions than in
[2]. In particular, we do not require the interarrival time, service time, and patience time
distributions to have densities, whereas [2| does. However, we do require a uniform bound
on the second moment of the service times, which [2] does not require. On the other hand,
[2] assumes that the patience time and service time distributions have bounded hazard
rates. Our model also allows for multiple servers, while [2] has a single server.

We will be working over a complete probability space denoted by (€2,.%#, P), and
expectation will be denoted by E[-]. We shall refer to the entities processed in the system

as jobs, although in particular applications they may be customers, manufacturing or



computer jobs, or molecules, for example. There will be J classes of jobs, indexed by
J ={1,...,J}, where J is a finite positive integer. There will be K identical servers for

processing jobs, indexed by K = {1,..., K}, where K is a finite positive integer.

2.1 Informal Description of the System

We begin with an informal description of our model dynamics. In many applications
for this model, such as the example of enzymes breaking down different types of molecules,
all of the jobs in the system will be in the same physical space. However, it does not
change the dynamics to imagine that each class has its own (virtual) queue, as depicted in
Figure 2.1. This representation will help us describe and visualize system behavior.

Jobs of each class will arrive to the system at random intervals according to a
delayed renewal process. If there is an available server in the server bank when a job
arrives, the job will immediately enter service and spend no time in any queue. If not, it
will wait in the queue for its class until either its patience time expires and it reneges from
the system or it is chosen for service. Once chosen for service, a job leaves its queue and
cannot renege. If there are jobs waiting in the queues and a server becomes available, the
server will choose a job to serve randomly from all waiting jobs. We allow for some jobs
to be more likely to be chosen than others based on their class. Within each class, all jobs

are equally likely to be chosen.

2.2 Stochastic Primitives

2.2.1 Arrivals

For each j € J, jobs of class j arrive to the system according to a delayed renewal
process, which we denote by A;(-). To make this precise, let {u/}%, be a sequence of i.i.d.,
strictly positive random variables having finite mean. For ¢+ = 1,2,..., the time between

the arrival of the ith job of class j and the (i 4+ 1)th job of class j is uf Let ug be a strictly
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Figure 2.1. Depiction of a Random Order of Service queue with J classes of jobs and K
Servers.

positive random variable that is independent from {uf 122, but need not be identically
distributed to {u}}2°,. Then w) is the time until the arrival of the first job to the class
J queue. The time at which the ith arrival to the class j queue occurs is given by the

random variable
1—1
J . J s
U; .—E uy, 1=1,2,....
1=0

We define Ug := 0 for convenience. The delayed renewal arrival process for class j, which

counts the number of arrivals up to time ¢, is given by
Aj(t) :==sup{i € N: U/ < t}, t>0.

We assume also that the sequences {ug, wl .} for j € J are mutually independent.

Define the vector-valued arrival process

A() = (M), As() eNY, >0,



The average arrival rate for class j is defined by

and the average arrival rate vector is a := («q,...,ay). For each j € J and t > 0,
let a;(t) := Ua,)+1 — t, the time until the next job of class j arrives after time ¢. Let
a(-) = (a1(:),...,a;(-)). It follows that at time zero, a(0) = (u}, ..., u7). We make the
further assumption that the underlying probability distributions for ué, u{, have no atoms
for each j € J, and that simultaneous arrivals do not occur, which can be achieved without

loss of generality by removing a simple null set.

2.2.2 Patience Times

For j € Jandi =1,2,..., the ith class 7 job to arrive to the system after time zero
is assigned a “patience time” Eg . This is the maximum amount of time the job will wait in
the queue for its class, in the sense that if the job is still in the queue for its class at time
Ul-j + f{, then it leaves the system at that time, i.e., it reneges. We assume that for each
jeJ, {Ef >, is a sequence of strictly positive, i.i.d., random variables having finite mean.
We denote the distribution of # by 9;, a probability measure on [0, c0) with 9J;({0}) = 0,
and let v, := (E[¢])~". Let 9 := (¥y,...,9;) and v := (y,...,7s). We assume that the

sequences {6{};’21 for j € J are mutually independent. For each j € J,i=1,2,..., let

Gty =06+U —t,  t>0. (2.1)

If the ith job that arrives to the class j queue is in the class j queue at time ¢, then #(t)
is the remaining patience time of that job, i.e., the amount of time remaining after ¢ until

it would renege if still in the queue for its class at that time.



2.2.3 Service Discipline

The service discipline is a weighted random order of service discipline. If there
is an available server and there are no jobs in the queues, the next arriving job will go
directly into service. For specificity, it will be served by the server with the lowest index
out of those available at the last service completion time. If there are jobs in any of the
queues and a server becomes available (and no arrival occurs at this time), the server will
choose a new job at random from the jobs waiting for service in queues according to the

following weights. For each class j € J, there is a weight p; € (0, 1) such that

J
> =1 (2.2)
j=1
We let p := (p1,...,ps). If z; is the number of jobs of class j waiting in the queue for class

7 when a server becomes available, then the server selects class j to be served next with

probability
Djzj
J
> e DiZi

Given that class j is chosen, then any specific job in the queue for class j is chosen to be

served next with probability % When a job enters service, it leaves its queue. Jobs cannot
renege once they are in service. On the probability zero event where an arrival and a
service completion occur simultaneously, for definiteness, we have the arrival immediately
enter service. There cannot be more than one arrival at such a time, as we have ruled out
simultaneous arrivals.

We now introduce a structure to specify this random order of service selection
process. This selection process will be similar to that introduced in [2]. To specify the

service process precisely, if z = (21,...,27) € NJ \ {0} and j € J, define

Ij(z) — [Zf__llpm Z{_lpzzz> 7 (2.3)

Zf:l bz ’ 22]:1 Dz

10



and define subintervals of I;(z) via

j—1 j—1
Lon(2) = 2 patpim—1) -, pa +ij> 7 (2.4)

7 g J
Zzzl bz 21:1 Dz

for m =1,..., 2. Let {K;}ien be i.i.d., uniformly distributed on (0, 1), and independent
of all other stochastic primitives (interarrival times, service times, and patience times).
Then, the ¢th job to enter service from the queues is the job from class j with the mth

smallest remaining patience time if and only if &; € [;,,(2).

2.2.4 Service Times

For each j € 7, let {Uﬁ}ieN and {U;]Jrj}ieN be sequences of strictly positive, i.i.d.,
random variables having finite means, where v/ and U;] *7 have the same distribution. For
1=1,2,...,if the ¢th job to enter service from the queues is of class j, then it is assigned
service time vf . Forv=1,2,..., if the ¢th job of class j to arrive to the system arrives to

an empty system with an idle server, it goes directly into service (i.e. it does not enter

J+j

any queue), and it is assigned service time v; ’. We define the average service rate for

class 7 to be

pi = (B[]~

and let p = (p1,...,ps). We assume that 0 < p; < oo for each j € J and that the
sequences {v/ }ien, {0 Vien, j € J are all mutually independent. We make the further
assumption that the underlying probability distribution for vf has no atoms for each

jed.
2.3 Initial Condition

For each j € J, we initialize the system with Z;; jobs of class j in the queue for

class j, where Z ; is a random variable that takes values in Ny and has finite expectation.

11



For clarity, we will index the jobs that are initially in the system with negative indices.
For example, the ith job of class j that is initially in the system will be referred to as job
—1 for class j. Following this negative indexing scheme, at time 0 this job is assumed to

have remaining patience time ~ ;» taken from a sequence {EJ_ ; }ien of potential residual

patience times. For i € {—1,...,—Z;}, let
Ct)=0,—t, t>0. (2.5)
We assume that Zo = (Zo1, -, Zo.s), {7, }ienjes ave independent of {v/Vien, {v]™ bien,

{u{}ieN, {Ef}ieN, j € J, and {k;}ien. For each k € K, let s§ be a nonnegative random
variable independent of {vf}iGN, {v;”j}ieN, {uz}ieN, {ZZ}ieN, {gj_i}ieN j € J,and {k;}ien-
If sk > 0, it represents the amount of time required to complete the service of the job that
is in service at server k at time 0. If s§ = 0, there is no job in service at server k at time 0
and all queues must be empty. We make the further assumption that ué # sk and when

sk >0, sk #£ sl for all [ # k, for each j € J,k € K, and F[Z ;] < oo for each j € J.

2.4 Simultaneous and Non-Simultaneous Events

Despite the fact that our model is very general, we have chosen to assume that the
underlying distributions for interarrival times, residual interarrival times for each class at
time ¢t = 0, service times, and residual service times of jobs in service at time ¢ = 0, do not
have atoms. It follows from this mild assumption and our independence assumptions that
on a set of probability one, times at which jobs are chosen from the queues for service are
distinct from arrival times and reneging times, aside from the possibility of simultaneous
service completion of a job in service at time ¢ = 0 and reneging of a job that was in
any queue at time ¢t = 0. In the case that the —ith job in the queue for class 7 at time

k

t = 0 has initial patience time ~ . = sk and that job is still in the queues at time sk,

it will be among the jobs available for server k to choose from at sf for server k’s next

12



service task. In this case, if the job —i is picked for service by server k at that time, sf,

then the job will enter service, and it will not renege; otherwise, it will renege at that
time, sk = ¢’ ,. We conjecture that a fluid limit theorem will still hold without these
restrictions, but this would involve a significantly more complicated model description and

more complex analysis, which we leave for future investigation. These assumptions, which

avoid simultaneous events in most cases, were inspired by a similar observation made in

[2].
2.5 Some Descriptive Processes

Having defined our stochastic primitives, we now define some descriptive processes
that are functions of our primitives and track important quantities in our system. For
t >0,k € K, let s*(¢) be the time until the next service completion after time ¢ for server
k, with the convention that if no job is in service or joins service at server k at time ¢
then s*(t) = 0. We let s*(0) = st for each k € K. For t > 0,5 € 7, define S;(t) to be the
number of jobs of class j that have entered service (from the jth queue or directly from
arrivals) at or before time t. We denote the total service process by S(t) := Z}]:1 S;(t) for

each t > 0.

2.6 Adjusted Arrival and Service Processes

In this section we define additional descriptive processes based on an important
observation. Namely, jobs that arrive to the system when there is an available server do
not enter the queues. Instead, they go straight into service upon arrival to the system.
Therefore, it will be helpful to introduce adjusted arrival processes that almost surely only
count jobs that arrive to the queues and an adjusted service process that almost surely

only counts jobs that enter service from the queues. With this in mind, we define the

13



adjusted arrival processes

t
A](t) = Aj(t) - / ]-{sk(r—):O for some kElC}dAj(r)a t > 07] € ja (26)
0

and the adjusted service process

J t
S(t) =St - / Liek(r—)=0 for some kekydA;(r). (2.7)
j=1"0

Since simultaneous arrivals do not occur, the subtracted processes in (2.6) and (2.7)
count arrivals to class j that immediately enter service and arrivals to the system that

immediately enter service, respectively.

2.7 State Descriptor

We shall use a measure-valued process to keep track of the residual patience times
of jobs in the queues. Let 0] be a unit point mass at x € R if z > 0 and the zero measure
otherwise. Then, for j € J,t > 0, let Z;(t) be the measure on R, that puts a unit
point mass at the remaining patience time of each job in the jth queue at time ¢. For
j € J,t>0, we introduce the notation Z;(¢) for the number of jobs in the queue for class
J at time t, and Z(t) = (Z1(t),...,Z;(t)). Note that Z;(t) = (1, Z;(t)) for t > 0,5 € J.

Then we have that

Zo,; A;()
Zi(t) =D 05 4D Yawiom wekyouiso— Do e 120, (28)
i=1 i=1 1€ (0,1

where for ¢ € N, 7, is the time at which the ith job to enter service from the queues actually
enters service (where 1; = oo if there is no ith job that enters service from the queues),

and if the job is of class j, T;; is the residual patience time of that job at time 7;, and
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T;; = 0 for other j € J, so that on {n;, < oo}

Zji(ni—)
Evj = Z 1{f€¢€1j,1(z(7h‘*))}((Supp(zj(ni_))){l}>a ] € \77
=1

and T; ; = 0 on {n; = co}. We note that because 7; < 0o is a time at which a job is taken
from a queue, Z(n;—) # 0, and so the above expression makes sense. Because T; ; depends
only on the state of the system up until the ith service entry from the queues, (2.8) is
well-defined. We remind the reader of the convention that if a job arrives to the system
and there is an available server, it immediately enters service and does not enter any queue,
which is why there is an indicator function in the term in (2.8) that adds in arriving jobs.
We will refer to such a service entry as a service entry from arrivals, rather than a service
entry from the queues. We define the M”-valued process Z(-) := (Z.(-),..., Z;(-)). Our
state descriptor will be

(Z(t),al(t),s(t)), t>0, (2.9)

where a(0) = (u},...,u]) and s(0) = (s}, ..., s&).
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Chapter 3
Sequence of Fluid Scaled Models

Informally, we will implement a fluid scaling (indexed by a parameter m) that will
involve speeding up time by a factor of m, scaling up patience times by a factor of m, and
making the “mass” of each atom in the measure-valued state descriptor be % instead of 1.

Formally, define a sequence of queueing systems as described in §2, indexed by
the parameter m € N.I' 'We shall append a superscript of m to relevant quantities to

indicate their dependence on m. For example, the sequence of interarrival times for the

J,m A oo

jth class in the mth system will be denoted by {u]"™}5°,. Some primitives will vary with

m, while others are held fixed independent of m. In particular, for j € J, the weights p;,

o0

the sequences {¢/}2°,, and the probability distributions 9, as well as the sequence {x;}32,

are held fixed independent of m. However, in the mth system, we scale up the patience
times the same amount that we scale up time. In particular, for the mth system we use
patience times ¢/ := mf! for each i € N, j € J. The interarrival times {ul"™},, service

times, {07122, {v/ T} and initial data, Z7, {77}, for j € J, as well as a™(0)

i i=1> 0,57
and s™(0), may vary with m. Then the fluid scaled state descriptor will be defined such

that for each Borel set B C R,

Z(t)(B) = %Z}”(mt)(mB), t>0, (3.1)

1One can use any sequence r — oo for the scaling parameter, but we use the natural numbers here for
simplicity.
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or equivalently, for each bounded Borel measurable function f: R, — R,

1.2 =2 (1 (o) 2oy ez (32)

m m

Here patience times are scaled up in proportion to the speed at which the system is
running. Without this scaling, reneging would become the dominant way that jobs leave
the system, and we would not capture the dynamics we are hoping to study. We denote a

fluid scaled process associated with the mth system with a bar. In particular, we write

Am 1 m Am 1 m
AT(t) = EAJ» (mt) and AT(t) = E'Aj (mt), t>0, (3.3)
_ 1 - 1
S™(t) = ESm(mt) and S™(t) = ESm(mt), t>0, (3.4)
7m 1 m
ZM(t) = Ezj (mt), t >0, (3.5)

and so on.

We now introduce some assumptions on the sequence of fluid scaled models.
Assumption 1. We assume the following conditions henceforth.

(i) For each j € J,m € N, the service rate py', reneging rate i, and arriwval rate o are

all positive and finite, the expected initial number of class j jobs in the queue for class
i, ElZ}4], is finite, and the underlying probability distributions for ™ ", o™,

and vi]+j’m have no atoms. We assume that for each k € IC, the underlying probability

distribution of sg’m has no atoms. We also assume that for each t > 0,7 € J,

SUp,,ey EIAT(t)] < oo.

(ii) For each m € N, the sequences {u?™}22,, {v?™}ee,, {vf ™Yoo {1ee,, {ri}22, are

mutually independent and independent of (Z™(0),a™(0), s™(0)), {#,}>2,.
(i1i) There is some a > 0, u > 0 such that ™ — o and p™ — p, as m — oo and that
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it == sup,, o (E[minje s v7™]) 7! < oo.
(iv) For each j € J,k € K, Eu}™]/m and E[s2™|/m converge to 0 as m — co.

(v) For each j € J, Ef™ul™ > m], Ep?™:vl™ > m], and E[v] ™" v/ > m]

converge to 0 as m — oo. Furthermore, for each j € J, sup,,cy E[(v]™)?] < oc.

(vi) There exists a random measure Zq taking values in K’ such that (x, Zy ;) < oo for
j€J, and for Z™(0) := (21(0),..., Z27(0)),

(6 Z27(0)) = (O 21(0)), -+ (x, 27(0))), we have

(Z7(0), (x. 27(0)) = (20, (x; 20))
as m — oo.

These assumptions, particularly (iv) and (v), together with our independence and distri-
butional assumptions about stochastic primitives, give functional laws of large numbers
for certain fundamental processes related to our sequence of fluid scaled models (see, e.g.,

Lemma A.2 in [11] for more details).

Definition 3.0.1 (Fluid model parameters). A vector (a, p, p,9¥) € RI xR x(0,1)7 x M’/
is a set of fluid model parameters if a > 0, pu > 0, Z}]:1 pj = 1, and ¥; is a probability

measure with 9;({0}) = 0 for each j € J.

We note that, under Assumption 1 and the assumptions given in the original model
setup in §2, limits of parameters for a sequence of fluid scaled models are always fluid

model parameters.
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Chapter 4

Fluid Model

In order to discuss subsequential limits of our fluid scaled processes, we define fluid
model solutions. These will be solutions of a fluid model that describes the dynamics of a
measure-valued function of time by specifying equations satisfied when the measures are
integrated against a suitable class of functions and by specifying several extra conditions

(see Definition 4.0.1). We define the class of functions,

¢ :={f € Cy(Ry) : £(0) = 0}. (4.1)

In the following, (a, p, p,¥) € RLxRJ x(0,1)7 x M7 are fluid model parameters satisfying
Definition 3.0.1. At times in our analysis, we will characterize measures on R, by specifying
their values on certain intervals. Accordingly, for a path {(-) = (Gi(-),...,{(+)) €
D(]0,00),M7), define

Mj(t7x) = <1[0,$]7C1(t>>7 t,l’ 2 07 .] e \77

zj(t) = (Ljoeo); Gi(1)),  t2>0, j€T,

Nj(z) :== (1papv5), 20, je€J,
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and complementary functions
ME(tx) = (ooo), G (1)) = 2;(t) = M;(t,2), £,z =0, jeT,

Nc(x) = <1(z,oo)779j> =1- Nj(l'), x>0, g€ J.

Given z(+) € D([0,00),RY), define a weighted mass at time ¢ to be given by

L(t) :== ipjzj(t), t>0, (4.2)

and an adjusted weighted mass at time ¢ to be given by

L(t) = Z %zj(t), t>0. (4.3)

Lastly, we define the nominal load parameter to be

0= l?;j (4.4)

Jj=1

We refer to the case where p < 1 as underloaded, the case where p = 1 as critically (or

heavily) loaded, and the case where ¢ > 1 as overloaded.

Definition 4.0.1 (Fluid Model Solution). Let ¢ : [0,00) — M be a continuous function.
Then we say that ¢ is a fluid model solution for fluid model parameters (a, i, p, )

satisfying Definition 3.0.1 and initial condition ¢, € K7 if

(i) €(0) = ¢y,

(ii) (1{0},Cj(t)> =0foreacht>0,5€J,
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(iii) for each f€€,j e J,t >0,

i (f',¢(s)) ds —/O K1{£(5)¢0}%d=§

(G (8) = (.G (0)) — /

t
+ a;(f,9;) / Liz(s)201ds, (4.5)
0
(iv) and when o > 1, L(t) > 0 for each ¢t > 0.

It will be helpful at this point to give an alternative equation in place of (4.5) that

will be easier to work with in parts of the analysis.

Lemma 4.0.1. Given fluid model parameters (o, p, p,9) satisfying Definition 3.0.1 and
Co e K/, let ¢ :[0,00) = MY be a continuous function. Let (-) satisfy (4.5) for each
fe€,je T, t>0. Then, for any 0 < u < v < oo such that L(-) > 0 on [u,v], we have

for each j € J, t € [u,v],z >0,

A e ¢ . Kp;M§(s,x +t—s)
St ) = M5 (u, 2+t —u) + ;NS (r +1—s) — Z0s) ds. (4.6)

Proof. This proof follows from the methods in the proof of Lemma 4.3 in [11]. Specifically,
if one goes through the steps of the proof of the supporting lemma, Lemma 4.1 in [11],
using our fluid model equations instead of their fluid model equations and the interval
[u, v] instead of the interval [0,t*), one obtains for 0 < u < v < oo such that £(-) > 0 on

[u, v], for t € [u,v],

(9600 = 0w 600 + [ (Fs66))ds— [(Fisgo)as
<

s ) d”/u a;{f(s,+),9;)ds (4.7)

for each f € € = {f € C}([u,t] x Ry) : f(s,0) = 0, Vs € [u,]}. Next, we follow the
proof of Lemma 4.3 in [11] but use a different time shift. In particular, let g € C}(R) such
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that g(y) = 0 for y < 0. Then setting f(s,y) :=g(y —t+ s), s € [u,t],y € Ry, we have
f(s,0) =g(s —1t) =0 for s € [u,t]. Substituting this into 4.7, we have

(006 0) = ot~ 4 Gl [ TR O gy [y~ 5,005

For x > 0 fixed, the final result (4.6) comes from approximating 1, ) from below with
nonnegative functions g, € C}(R) satisfying g,(z) = 0 for z < 0, g, 1 L(z,00) 88 1 — 0O

and applying the monotone convergence theorem as in Lemma 4.3 of [11]. O

In formulating Definition 4.0.1, we have chosen to include only the most essential
properties of the subsequential limits of our fluid scaled models. Nevertheless, we will
see that aside from the exceptional case in which ¢ > 1 and ¢, = 0, we can prove that
fluid model solutions are unique, and the set of fluid model solutions is exactly the set of
subsequential limits of fluid scaled models. However, fluid model solutions do have some
intrinsic properties besides the properties listed in Definition 4.0.1. In the next lemma, we

state and prove some such additional properties.

Lemma 4.0.2. Given fluid model parameters (o, p, p,9) satisfying Definition 3.0.1 and
¢, € K7, the following are properties of a fluid model solution (-) for these parameters

and initial condition.

(i) If to > 0, then the translation ¢, () := C(- +to) is also a fluid model solution for the

initial condition (to).
(it) For eacht > 0,5 € J, (;(t) has no atoms.

(111) Suppose o < 1. Define the following linear combination of the component-level total

mass processes for the fluid model solution:



Then B(-) is nonincreasing on closed intervals where (-) # 0. In particular, if a

fluid model solution hits O, then it remains there forever after when o < 1.

Proof. We begin by proving property (ii). Fix j € J,t > 0. If (;(¢) is the zero measure,
then (;(¢) has no atoms. If z = 0, then (;(¢)({x}) = 0 by condition (ii) of Definition
4.0.1. Therefore, we only need to examine the case where (;(t) # 0 and = > 0. Let
to = sup{s € [0,%] : ¢;(s) = 0}. Then (;(s) # 0 for s € (¢, t] and, by continuity of fluid

model solutions, ¢ty < t. By applying (4.6), for tg <u <v =1t, 0 < h < x, we have

M5 (t,x) — Mj(t,x — h) = Mj(u,x +t —u) — Mj(u,z —h+t—u)
t
+/ (ajNj(x+t—s) —;Ni(x —h+t—s))ds

[ (Bt ) M ey,

By letting h — 0 and using the bounded convergence theorem, we obtain

Loy G0 = (goproup G (W) + / 0 (Lias—sy, 9} ds — / Kpf<1{w£+;§}’<f<s>>ds. (4.9)

The first integral on the right (involving ¥;) is zero because the set of s € [u,t| where
Yj({x +t —s}) # 0 is at most countable, and so it is of Lebesgue measure zero. If
Gi(to) = 0, (Igzst—uy,G(u)) < 2j(u), where the right side tends to zero as u | ¢y by the

continuity of fluid model solutions in time. Then, taking the limit u | ¢ in (4.9) yields

t Kpj <1{g;+t—s}7 CJ(S»
L(s)

Ly, G5(8)) = — / s,

to

Because the right-hand side and left-hand side have opposite signs, they both must be zero.
On the other hand, if (;(to) # 0, then ¢, = 0. Assuming this, in the next calculation, for

each € € (0, %) and f,. a continuous function such that 1oy < fo < lppri—2ea4i4q,
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we have from (4.9) that for 0 < u < eAt,

(1}, G(1)) < <fe,<j(u))_/ Kpi<1{w£+z;;}aﬁj(5)>d&

u

Letting u | ty = 0, we obtain by the continuity of fluid model solutions

(Lo ) < (o) = [ FRe 0

0

Finally, letting € | 0 yields

(L, G ) < (Lgarey, G(0)) _/ Kpj<1{mzz;;},<j(s)>ds‘

0

Since (;(0) € K, the first term on the right hand side is 0. Because the right hand side is
thus nonpositive and the left hand side is nonnegative, we conclude that both must be 0.

For property (i), it follows from (ii) that for ¢, > 0, () € K’, and is thus a
valid initial condition for a fluid model solution. It is then straightforward to verify that
conditions (i), (ii), (iii), and (iv) of Definition 4.0.1 hold for the translated fluid model
solution ¢, .

Lastly, we prove property (iii). The intuition behind this proof is that, when o <1
and we normalize by the individual service rates, the total arriving mass over an interval
of time minus the total mass serviced during that period of time will be nonpositive. This
is because, in aggregate, the system is not overloaded. Let [a, b] be an interval on which
¢(-) # 0, and therefore L£(-) # 0. We will show that for each u,v € [a,b] with u < v,
we have B(v) — B(u) < 0. This implies that B(-) is nonincreasing on [a,b]. Consider a

sequence of functions {f,}r>, C € such that 0 < f,, T 1(0,00) @s 7 — 00 and f, > 0 for
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each n € N. Then from (4.5), we have that for j € J,

60D = G 5t0) = = [ (rinotos = & [P SN dsi a5, 000 - 0

vpj<fn7Cj(8)> s s Ny —u
g—K/u RS s+ sl 05) (0 )

Letting n — oo in the above and using property (ii) of Definition 4.0.1 as well as the fact

that 9;({0}) = 0, we obtain

(1L.G) ~ LG ) < K [ ” %d T a1, 0) (v — ).

Multiplying through by ul and summing over j € J yields
J

v Z;'Izl Z—sz(s) J o
B(v) — B(u) < —K/ S s Y L)~ )
=K(o—1)(v—u) (4.10)
<0

— Y

since o < 1. We can then conclude that because B(-) is zero if and only if {(-) = 0, and is
continuous, nonincreasing on intervals where it is nonzero, and nonnegative, once it hits
zero it must remain there, and hence once ((-) reaches 0 it remains there when o < 1.

[]

Lastly, we prove a special property for the overloaded case that strengthens (iv) of

Definition 4.0.1.

Lemma 4.0.3. Let (a, b, p,?) be a set of fluid model parameters satisfying Definition
3.0.1 with o > 1. Then there exists € > 0 such that for any fluid model solution with

parameters (o, p, p,¥) and initial condition ¢, € K7, we have B(t) > LK (e At) for all
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t > 0, where € depends only on (a, u,p,d). It follows that there exists tg > 0, Lyim > 0
such that for any fluid model solution with the given parameters, L(t) > Lyin for each

t > to, where tg and L, depend only on (o, g, p, ).

Proof. Fix t > 0. Then by (iv) of Definition 4.0.1, L(r) # 0 for each r € [s,t] when

0 < s < t. Therefore, we may apply (4.6) with s in place of v and x = 0 to obtain

J J t o KZ p’Mc(Tt—T)
1 1
Z;zj(t):Z;M;(s,t—s)—i- Z%Nj@(t—r)dr—/ = 1u£<r) dr
j=1 " j=1 s o1 i s
t o t KZ B MZ(r,0)
o 1
> —LN§(t —r)dr — / 7=l b dr
/ 2,0 . D)
t—s J .
- / N YN (r)dr — K(t - s),
0 — M

where we have used (4.3) to obtain the last line and the fact that M¢(r, -) is non-negative
and decreasing for each r € [s,t] to obtain the inequality. For the last equality, we used
property (ii) of Definition 4.0.1 and a change of variables r — ¢ — r. Now, using the
fact that 9;({0}) = 0 for each j € J we may choose € such that Nf(r) > %}1 for each

r <eje J. Using (4.4) and the calculation above, we conclude that

t—s J

J
1
Low> JNC Vdr — K(t —
>t )= | > (t-s)
1
292*@ (t— s)Ko—K(t—s)
—1
:QTK(t—s)

when s € ((t — €)*,t). Letting s | (t — €)™, we obtain B(t) > &K (e At) for t > 0. We

note that this also holds for t = 0. Choosing ty = £, we obtain B(t) > #K for each

£
27

t > to. Then L(t) > minjes p; B(t) > minjes p; ( DK = Lo for each t > t. O
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Chapter 5

Main Results

5.1 Results on Uniqueness and Continuous Depen-
dence on Initial Conditions for Fluid Model

Solutions

Theorem 5.1.1 (Uniqueness of Solutions). Fiz fluid model parameters (a, u, p,?) sat-
isfying Definition 3.0.1 and ¢, € K’. Then, if either o < 1 or ¢, # 0, any fluid model

solution for these parameters and initial condition is unique.

Theorem 5.1.2 (Continuous Dependence on Initial Conditions). Fiz fluid model pa-
rameters (o, w, p,9) satisfying Definition 3.0.1 and ¢, € K’. Furthermore, assume that
Co# 0 if o> 1. Suppose that {122, is a sequence in K7 which converges iweakly to ¢,.
Assume there is an associated sequence of fluid model solutions {¢"(+)}5°, with fluid model
parameters (o, p, p, ) satisfying Definition 3.0.1 and initial conditions {{(}5°,. Then
{¢" (1)}, converges in C([0,00), M7) to (+), the unique fluid model solution associated

with the parameters (o, w, p,¥) and initial condition ¢, € K.

The proofs of Theorems 5.1.1 and 5.1.2 are in §6.

5.2 Fluid Limit Results

Theorem 5.2.1. Let {Z"' (1)}, be a sequence of fluid scaled state descriptors, as

described in §3, for which Assumption 1 holds. Then {Z™(-)}°_, is C-tight. Suppose that

m=1
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Z(-) is a limit in distribution along a subsequence of {Z"(-)}>_,. Then, almost surely,

Z(-) is a fluid model solution for the parameters (a, pu, p,9) and initial condition Z.
Proofs for Theorem 5.2.1 are in §7 through §9.

Corollary 5.2.1. For each set of fluid model parameters (o, p, p,?) and initial condition
¢y € K7, there exists a fluid model solution for these parameters and initial condition.

Furthermore, if either o <1 or {, # 0, then that fluid model solution is unique.

Proof. 1f ¢, satisfies (x, (o,;) < oo for each j € 7, then the existence follows by Theorem
5.2.1 with Z¢ = ;. If ¢, does not satisfy this condition, one can define a sequence {{§}2,
in K’ converging weakly to ¢, where each ¢fj satisfies (¥, Coj) < oo for each j € J. Then
there is a fluid model solution ¢"(-) with initial condition ¢, for each n, and since ¢, # 0,
by Theorem 5.1.2 {¢"(-)}>°, converges to a fluid model solution ¢{(-) with initial condition

¢,. Thus existence holds for any ¢, € K’. The uniqueness follows from Theorem 5.1.1. [

Corollary 5.2.2. Let {Z™(:)}2°_, be a sequence of fluid scaled state descriptors, as
described in §3, for which Assumption 1 holds. Then, if either o < 1 or Zy # 0 almost
surely, the sequence converges in distribution to a process Z(-) which almost surely is the
unique fluid model solution associated to the fluid model parameters (o, p, p, ) satisfying

Definition 3.0.1 and initial condition Z,.

Proof. If p < 1, for each w € Q, let Z(-,w) be the unique fluid model solution for
(a, p, p,¥) and initial condition Zy(w). If p > 1, for each w € Q\ {Zy = 0}, let Z(-,w)
be the unique fluid model solution for (c, u, p,¥) with initial condition Z,(w), and for
w € {Zy =0} let Z(-,w) = 0. The existence and uniqueness of these solutions follows
from Corollary 5.2.1, and by Theorem 5.1.2, Z : Q — D([0,00), M”) is measurable and
Z is a well-defined process. By Theorems 5.1.1 and 5.2.1, {Z™(-)}2_, is C-tight, and
each subsequence that converges in distribution has a limit that is almost surely equal to

Z(). O
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5.3 Invariant State and Asymptotic Behavior of
Fluid Model Solutions

Before beginning our discussion of invariant states for our fluid model, we discuss a

relevant fixed point equation.

Lemma 5.3.1. Fiz fluid model parameters (o, u, p,¥) satisfying Definition 3.0.1 such

that 0 > 1. Then the fized point equation for L:

L= Z/ a]p]Nc exp( [Zp] )d, (5.1)

has a unique positive real-valued solution, which we denote by L*.

Proof. Define g(z) := Z‘] CMPLNE(s) exp (7

: Kpjs) ds for x > 0. Then using the change
l’l’ xT

of variables formula, we can re-write g(z) = x ijl I O‘;?j Ni(zv) exp(—Kpjv)dv. Then,
J

x > 0 is a fixed point of g if and only if x = g(z), which is equivalent to

J 00
ap; .
1= Z/O ﬁNj (zv) exp(—Kp;v)dv. (5.2)
j=1

By the dominated convergence theorem, we have

J
. QjDj Are a;j
91612(1)2/ N (xv) exp(—Kpj,v) ZKM] =0>1,

Jj=1

and

J 0 . .
lim Z/ %N]‘?(xv) exp(—Kpj;v)dv = 0.
Hj

T—00 £

Then, since z — Z}]:1 I ~EN¥(zv) exp(—Kpjv)dv is continuous and strictly decreasing
J

n (0,00), there must be a unique z € (0, 00) such that (5.2) holds.
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Definition 5.3.1. A vector of measures v € K” is an invariant state for the fluid model

if ¢, defined by {(t) = v for t > 0, is a fluid model solution.

Theorem 5.3.1. Fiz fluid model parameters (o, p, p,¥) satisfying Definition 3.0.1. Then
there is a unique invariant state v € K’ for the fluid model with parameters (o, p, p, ).
Ifo<1l,v=0.Ifo>1,v:=(v,...,vy) is the unique element of K’ such that

(Liz,00), V) = aj/ Njc(s + x)exp < D]"D]S) ds, x>0,7€J. (5.3)
0

Furthermore, if we define sets in K’ and C([0,00), M”) as follows for ¢ > 0:

K/ ={¢cK’: (1,§)<cVjeJ}

and A be the set of ¢ € C([0,00), M) such that ¢ is a fluid model solution for parameters
(a, p, p,¥)and initial condition ¢, € K. Then, using the metric on M’ given in (1.2),

we have for each c > 0,

lim sup{d;({(t),v) : ¢ € .4} =0.

Theorem 5.3.1 is proved in §10. For the remainder of this thesis, we let F¥(z) := (1(z,00), V5)

forz > 0,7 € J and zj := (1,15) for j € J.

5.4 An Illustrative Example: Exponential Patience
Times

When one assumes exponentially distributed patience times and initial conditions,
then provided ¢, # 0 if o > 1, the measure-valued description of fluid model solutions

reduces to one involving queue length, which satisfies a J-dimensional system of nonlinear
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ordinary differential equations. In particular, if for each ;7 € J, the patience time
distribution J; and shape of the initial condition (y ; are exponentially distributed, we
have a simpler characterization of fluid model solutions, given in Theorem 5.4.1, and we

see that the shape of a fluid model solution is constant.

Theorem 5.4.1. Let (o, u, ¥, p) be a set of fluid model parameters satisfying Definition
3.0.1 such that ¥; is the exponential distribution with mean 1/v; for each j € J. Let
oj = z0;0; for each j € J for some vector zg = (201, ...,20,) € R, with the added
assumption that zq # 0 if 0 > 1. Let {(-) be the fluid model solution for the parameters
(o, p, 9, p) and initial condition Cy = (Co.1, - - -, Co.0), with 2(+) = (21(-), ..., 2zs()) defined
as in §4. Then

G(t) = z(t)d;, t=>0, (5.4)

where z(-) = x(-) and x : Ry — R is the unique continuous path such that, setting

t*:=inf{t > 0: x(t) = 0}, then (x1(t),...,x;(t)) = 0 for each t > t*, and the equations

t K.
z;(t) = zj0 + ot — / <’yj + ﬁ) z;(s)ds, jeJT, (5.5)
0 L(s)
where
7 b,
L(s) =) “Lu(s) (5.6)
j=1 1
hold for each t € [0,t*).
Furthermore, the following is a straightforward consequence of (5.1) and (5.3).

Theorem 5.4.2. Let (o, u, ¥, p) be a set of fluid model parameters satisfying Definiton
3.0.1 such that o > 1. Let 9; be the exponential distribution with mean 1/v; for each

J € J. Then the invariant state for the associated fluid model is

a L* o L*
G A N 5.7
(715* + Kp, ! YL+ Kpy J> (5:7)
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where L = L* is the unique solution to the equation

&;Dj
oy 7]£ + Kp])

M“

(5.8)

j=1

We also have the following additional property that can be proved using our results
for fluid model solutions and which highlights a special role for exponentially distributed
patience times in characterizing invariant shape behavior. In particular, the only conditions
under which the shape of a measure-valued fluid model solution ¢(-) is constant are when
patience times are exponentially distributed or the fluid model solution is started in
its invariant state. In essence, if patience times are not exponentially distributed, then

non-constant fluid model solutions do not have a constant shape.
Theorem 5.4.3. Let {(-) be a fluid model solution with fluid model parameters (c, p, 9, p)
satisfying Definition 3.0.1 and where {y # 0 if o > 1. Let () be of the form

G()=z()o’, jeT,

for some probability measures o, j € J, on Ry. Then either (;(-) = v;, the invariant
state for class j, for each j € J, or there exists «v; > 0 such that o; = ¥; and 9; is the

exponential distribution with mean 1/v; for each j € J.

The proofs of Theorems 5.4.1, 5.4.2, and 5.4.3 are given in §11.
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Chapter 6

Proofs of Uniqueness and Contin-
uous Dependence on Initial Condi-
tions for Fluid Model Solutions

This chapter is devoted to proving Theorems 5.1.1 and 5.1.2.

6.1 Analysis of (4.6) as a System of Integral Equa-
tions

In this section, we analyze (4.6) as a system of integral equations in two variables,
time and space (¢ and x respectively), that each fluid model solution must satisfy. Because
most of the analysis will happen up until a fluid model solution hits zero, given a fluid

model solution {(-), we define
t* :==1inf{t > 0: L(t) = 0}, (6.1)

which is the time at which the fluid model solution first equals 0.

Lemma 6.1.1. Let {(-) be a fluid model solution for fluid model parameters (o, p, p,¥)
satisfying Definition 3.0.1 and with initial condition ¢, € K7 with {, # 0. Define the
function

Glt) = /Ot %dr, 0<t<t. (6.2)
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Then for each j € J, M;(-,) satisfies the equation

M;(t, x) = exp(—Kp;G(t)) M (0,t + x) + /o exp(—Kp;(G(t) — G(t —1r)))a;Ni(r + x)dr
(6.3)

fort €[0,t*),x > 0. In particular, for each j € J, z;(-) satisfies the equation
t
z;(t) = exp(—Kp;G(t)) M;(0,1) +/ exp(—Kp;(G(t) — G(t —r)))a;Nj(r)dr  (6.4)
0

fort €0,t").
Proof. Fix j € J. By (4.6) with u = 0 we have

ME(t 2) = ME(0,t + ) + /Ot (ajNJ‘?(t Ya—r)— Kijf(Z’(i;r - ”) dr  (6.5)

for t € [0,*),x > 0. Fix ¢t € [0,t*),z > 0, and define vax(s) = Mg(s,t +x — s) for
s € [0,t]. Then by equation (6.5) with ¢t + 2 — s in place of z and s in place of ¢, we see

that Htj; .(+) satisfies the equation

Kijz;(r)) e (66)

Hg;w(s) :M]‘?(O,t—irx)+/08 (ajN;(t—irx—r) — L’(r7)

for s € [0,¢]. Given L, this is a linear integral equation for Ht] »(+). Using the integrating

factor exp(—Kp,;G(+)), we can solve (6.6) to obtain

Htj@,(s) = Mjc((),t+w) exp(—Kij(s))—l—/Os exp(—(Kij(s)—Kij(r)))aijc(t—l—x—r)dr
(6.7)

for s € [0,t], x > 0. On setting s = ¢ and then replacing r by ¢t — r in the integral, we
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obtain for ¢t € [0,t*),z > 0,
t
M (t,z) = M3 (0,t +x) exp(—Kp;G(t)) + /0 exp(—Kp;(G(t) — G(t —r)))a;Ni(z +r)dr,

which is (6.3). Equation (6.4) follows immediately on setting x = 0 and using the fact
that (1goy,¢;(0)) = 0 for each t > 0. O

6.2 Uniqueness of L

We begin this section by proving a useful lemma about the total mass.
Lemma 6.2.1. Let {(-) be a fluid model solution for fluid model parameters (o, p, p,¥)

satisfying Definition 3.0.1 and ¢, € K’. Then, for each j € J,t > 0,

zj(t) < 2;(0) + a{x, V;). (6.8)

Proof. We first prove the case in which ¢, # 0 or ¢ < 1. From (6.4) in Lemma 6.1.1 and
using the fact that for t* > 0, G(0) = 0, and G is an increasing function on [0,t*), we have

for t € [0,t"),

t
7(t) = exp(=Kp; G(£)) M (0, 1) + / exp(—Kp;(G(t) — G(t —r)))a; Nj(r)dr
0
< z;(0) + O[j/ Nj(r)dr
0
= 2;(0) + a;(x, ;).
If o > 1, then since {, # 0, by property (iv) of Definition 4.0.1, t* = oo and so (6.8)

holds for all ¢ > 0. If p <1, then by Lemma (4.0.2) (iii), 2(¢) = 0 for all ¢ > ¢*, and so,

combining with the above, we see that (6.8) holds for all ¢t > 0.
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Now, we extend to the case where p > 1 and ¢, = 0. Let {(-) be a fluid model
solution with ¢ > 1 and ¢, = 0. We know from Definition 4.0.1 (iv) that, for § > 0,
L(9) > 0 in this case. Applying Lemma 4.0.2 (i) and the proof in the ¢, # 0 case, we
see that s(-) := ¢(- + ) is a fluid model solution such that z;s(t) < z;5(0) + a;(x,9;)
for each j € J, where z;4(-) is the total mass of the jth component of the fluid model
solution shifted by 4. It follows that for each § > 0, in the original fluid model solution we
have z;(t) < z;(6) + a;{x, V;) for each t > 4. Taking § — 0 and using the fact that fluid
model solutions are continuous, we achieve the bound z;(t) < z;(0) + a;(x, ¥;) for each

t>0,j€J. O

Lemma 6.2.2. Fiz fluid model parameters (o, p, p,¥) satisfying Definition 3.0.1 and
Co € K7. Assume that either 0 <1 or €y # 0. Let 20 = (1,Co;) for each j € J. Then we
say that a continuous path (z1,...,25) : Ry — Ri s a solution to the system of equations

given by (4.3), (6.2), and (6.4) and the initial condition ¢, if

(i) For each j € J, 2j(0) = 2,

(i1) setting t* = inf{t > 0: z(t) = 0}, then (z1(t),...,2;5(t)) = O for each t > t*,
(i1i) and the equations (4.3), (6.2), and (6.4) hold on [0,t").

Then solutions to this system are unique. It follows that all fluid model solutions for these

parameters and initial condition have the same associated t* and z(-) function.

Proof. First, note that if {, = 0, then by (ii), t* = 0 and the zero solution is the unique
solution for this initial condition. We turn now to the the ¢, # 0 case. Let (z1,...,2y)
and (2, ..., Zy) be two solutions to (4.3), (6.2), and (6.4) with the initial condition (. Let
. e . ot . S0 [t

t* and t* be as defined in (ii). Let G(t) := [, ﬁds for t € [0,*) and G(t) :== [ ﬁds
for t € [0,7). For € > 0, let t* := inf{t > 0: L(s) < €} and £* := inf{t > 0: L(s) < €}.

Then £ and £ are greater than or equal to € on [0,* A *). It suffices to prove that G = G
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n [0, A ] when ¢ At > 0, for each € > 0. Fix ¢ > 0 and assume t* A ¥ > 0. For

€ [0, At7], let u(t) = G(t) — G(t). Then

e L1 B =L)X () — (1)
=G0 = T En T ot LOL() (6.9
Applying (6.4), we see that
,@)__zj]j?(em<Kp7<>>—exp@4ﬁyc@»)ﬂqut>
- L(8)L(t)
S 2 i (exp(— Ky (Glt) — Gt — 1) — exp(—Kp;(G(t) — Gt — 1)) oy NE(r)dr
’ LWL
(6.10)

The functions © — exp(—Kp;z),j € J, are uniformly Lipschitz continuous on [0, c0), and
so there is a constant C; > 0 such that |exp(—Kp;z) — exp(—Kp;y)| < Cy|x — y| for each
z,y € [0,00) and j € J. Then from (6.10), recalling the lower bound on £ and £ and that
Ni(-) <1, we have

S B M0, 1) pioy
=1 by u(t)] + ““J /\ut—r —ut)|dr

S%@MW+QAhWWT

W' (1)) <

where C. = 5 LS 2Py g (t) = = Z] o B1C1M;(0,t) + Cet, and we used a change of

J=1

variables t — 7 — 7 in the integral. Hence, for t € [0,t* A £*], noting that u(0) = 0 and
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using Fubini’s theorem, we have

(0] < )]+ [ ()l
/ge( Yu(s |ds+C’// |u(r)|drds

= [ atoutsas ¢ [ el rar
< [0+ Caluto)as

It follows from Gronwall’s inequality that « = 0 on [0, #* A £], as desired. Taking € — 0, it
follows using the continuity of (z1,...,z;) and (%,...,2;) that t* = t* and G(t) = G(t)
for t € [0,t*). Applying (6.4), we conclude that (z1(t),...,2;(t)) = (Z1(t),...,2,(t)) for

€ [0,¢*). It follows from Definition 4.0.1 (iv), Lemma 4.0.2 (iii), and Lemma 6.1.1 that for
any fluid model solution with initial condition ¢, the associated (z1, ..., z;) is a solution
0 (4.3), (6.2), and (6.4). We conclude that all fluid model solutions for these parameters

and initial condition have the same associated ¢t* and z(-) function. ]

Proof of Theorem 5.1.1. Applying (6.3), we see that L£(-) determines MF(t,z) for each

€ [0,t%),x > 0,5 € J. Therefore, £ specifies the fluid model solution on [0,¢*). By
Lemma 6.2.2, £ is unique, and so we conclude that there is a unique fluid model solution
until the time ¢*. For ¢ > 1, since {, # 0, t* = oo by Definition 4.0.1 (iv), the proof is
complete in this case. For p < 1, z(-) = 0 on [t*,00) by Lemma 4.0.2 (iii), and so the

solution is unique for each ¢t > 0. O

6.3 Continuous Dependence on Initial Conditions

We now prove Theorem 5.1.2.

Proof. We outline the proof before we begin. Without loss of generality, we will assume

throughout the proof that no member of the sequence {{}>2, is equal to 0 in the p > 1
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case. This is valid because, when p > 1, the limit of the sequence {, # 0, and so for n
sufficiently large, (i # 0. We first show that {(}'(-)};2, is precompact in C([0, c0), M)
for each j € J. This implies precompactness of {¢"(-)}°, in C([0,00), M”). Next, we
show that subsequential limits satisfy the definition of a fluid model solution. Because
fluid model solutions are unique by Theorem 5.1.1 since we have assumed that ¢, # 0 if
o > 1, this implies that the subsequential limits in C([0,00), M7) of {¢"(-)}22, are all
equal to ¢(-), the fluid model solution with initial condition ¢,. It then follows that the
whole sequence {¢"(+)}%, converges to ¢(-) in C([0, c0), M”).

To execute the precompactness proof, we apply Theorem 4.6 from [13]. Note that
within the closed subspaces C([0, 00), R) of D([0, 00), R) and C([0, 00), M) of D([0, c0), M),
the topology of uniform convergence on compact time intervals is equivalent to the subspace
topology induced by the Ji-topology on D([0,00),R) and D(]0,00), M), respectively.
Therefore, precompactness of {(7'(-)}52; in D([0, 00), M) is equivalent to precompactness
in C([0, 00), M) and precompactness of {(f, (M(-))}o2, for f € Cy(Ry) in D([0,00),R) is
equivalent to precompactness in C([0, 00), R). In particular, when we apply Theorem 4.6
from [13], the following two conditions imply {(}'(-)}52, is precompact in D([0, 00), M),
and hence C([0,00), M), for each j € J:

(i) For each T' > 0, there exists a compact set A € M such that (}'(t) € A for each

te€[0,T],n e N.

(i) For each f € Cy(Ry), {(f, () }p2, is a precompact set in the space C([0,00),R).

n=1

Note that we were able to simplify the conditions from [13] because the paths we are
considering in D([0,00), M) are deterministic and continuous. Therefore the associated
measures used in (i) are point measures. Lastly, observe that C}(R ) separates points and

is closed under addition, so it is a suitable class of functions for Theorem 4.6 from [13].
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We first verify (i) for each j € J. We define

M;,(tx) = (Lae), (1), txz>0,j€eJ,

and

tr :=inf{t > 0: 2"(t) = 0},

where 27(t) = (1,(}(t)) for t > 0. Fix T'> 0. By Theorem 15.7.5 in [14], to show (i), it

suffices to show that
(a) SUDye(o,7] SUPren 27 (1) < 00, and
(b) im0 SUPye(o 1) SUPRen M5, (8, 2) = 0 for each j € J.

Note that since (3; — (o; in M for each j € J, the associated initial total masses 2} (0)
converge to z;(0) as n — oo. In particular, they are uniformly bounded. Therefore,
applying Lemma 6.2.1, we can uniformly bound the total masses for each t > 0,n € N, j €
J:

21 (t) < Cj = sug 27(0) + a;{x, 75), (6.11)
ne

and so (a) holds for each j € J. It follows from (6.11) that

oy = NP =G
OEDY <Ci=) o t>0. (6.12)
. j=1 97

=

Now for (b), fix € > 0. Since {{;}22, converges to ¢,, we can choose x{ > 0 such that for

eachneN,j e J,

ME,(0,25) < (6.13)

(NN e

By the dominated convergence theorem, there exists x5 > 0 such that for each j € 7,

o —Kp,r o €
/Oexp< C])oszj(x2+r)dr<§.
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Choose z¢ = max{z{, z5}. Then, for each n € N,¢t > 0,5 € J, and x > x¢, we prove the
inequality M7, (t,z) < e. We will do this in two cases, case (i) being t > ¢, and case (ii)
being when ¢ < t!. In case (i), if ¢ > ¢, using Definition 4.0.1 (iv) and our assumption
that ¢y # 0, we see that p < 1. Applying Lemma 4.0.2 (iii), we see that M7, (t,7) =0 < e
for each x > x¢, j € J. In case (ii), because t < t, we can apply (6.3), (6.12), and the

fact that N¢(-) and MZ(t,-) are non-increasing to obtain that for each z > ¢, j € J,

M5, (t, x) > a; Ni (2 + 7)dr + exp(—Kp;G"(t)) M5, (0, + z°)

Kpjr
o(7

—Kp;r
o(7

t
ex

t
ex
€
+ —

IN

> ;N5 (x¢ +r)dr + M, (0, x°)

g
;

< = €.

[\

Since € > 0 was arbitrary, (b) holds, and so (i) is proved.
Next, we verify (ii). Fix f € C},(R,), j € J. By the Arzela—Ascoli theorem and
a standard diagonalization argument (see, e.g., Theorem 4.44 in [10]), we need to prove

that for each T' > 0, {(f,(}'(t))};2, is bounded for each ¢ € [0,T] and {(f,(}(:))}n2,

n=1
is an equicontinuous sequence on [0, T]. Since for each n € N, t € [0,T7], [(f,(}(t))] <
[ fllooz] (t) < [|fl|ocC}, where Cj is given in (6.11), {(f,(}(t))}52, is bounded for each
t € [0, T]. For the equicontinuity, note that because f € Ci(R, ), we have f(-) — f(0) € €.

Therefore, applying (4.5), we see that for each ¢t € [0,T],h > 0,

[(F G E+h)) = (f G N < IFC) = F(0), G (E+h)) = (f() = f(0), GG (1))
+ 1S O)][25(t + h) = 2 (1)]
< ([ oG5 + 1) = FO)loo (s K + 7))

+1FO)[25 (2 +h) = 25 ()],
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where we have used (6.11). Then, it suffices for the equicontinuity to show that

lim sup sup sup |2 (t+h) = 2J ()] | =
=0 neN \ t€[0,7—5] he[0,0]

To this end, fix n € N. We see that if ¢ > ¢y, then [27(t + h) — 27 (t)| = 0. For the t <t

case, applying (4.6) for 0 = u < v’ <wv < t} we obtain the bound

2(0) = 2 (V)] < | M, (0,0) = MEL(0,0)] + (o + i)l — o',

J

By continuity of z7(-) and M5, (0,-), we see that this also holds with v = ;. Thus, if
t+h <t then [27(t + h) — 27 ()] < |MF,(0,t+ h) — M£,.(0,2)| + (aj + p; K )h. On the

other hand, if ¢ < ¢} <t + h, we have

|25 (t+h) = 2 (O] < 27 (E+ h) = 27 ()] + [2(8) = 2(1)]

< 0+ |MF,(0,t,) — M7, (0, 8)] + (o + p; ).
Hence, for all t > 0,h > 0,
2+ B) — 21 (0)] < [ME, (0,8 + ) = ME,(0,0)] + (o + b, (6.14)

Because M7, (0,-) — M5(0,-) as n — oo and Mj,,(0,-), M5(0, ) are decreasing and
continuous (by assumption), it follows that { M5, (0, )}, converges uniformly to M5(0, -)
on [0, T]. Furthermore, because M£(0, ) is continuous, it is uniformly continuous on [0, T7.
Therefore, we can conclude that {Mf, (0,-)}72, is uniformly equicontinuous on [0, T]. In

other words,

limsup | sup sup |M7,(0,t+h)— M7 (0,2)] ) =0.
620 neN \ te[0,7—6] he[0,6] ’
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Applying (6.14), we have that

limsup [ sup sup [27(t+h) — 2} (1)]
6=0 neN \ te[0,7—6] he[0,6]
< lim sup ( sup sup |Mj,(0,t+h)— Mjfn(O,t)|>

6=0 neN \ te[0,7—5] he[0,0]

+ limsup sup |o; + p; K|h
0=0 neN helo,d)

= 0.

Now that precompactness has been established, we must show that subsequen-
tial limits are fluid model solutions. Let &€(-) be a subsequential limit of {¢"(-)}>2; in
C([0,00), M7). We prove that &(-) satisfies properties (i)-(iv) of Definition 4.0.1 for the
parameters (o, p, p,¥) and initial condition ,. For ease of notation, we denote the
converging subsequence {¢"(-)}52, again. Because {; — (,, the limit & has the property
that £(0) = ¢,, and thus & satisfies (i). For (ii), we note that because ¢"(-) converges to
&(+) uniformly on compact sets, it converges pointwise. Fixing ¢ > 0 and applying the
Portmanteau theorem, we see that for each j € 7,

lim lim inf C7(£)((0, 1)) > &(¢)({0}). (6.15)

h—0 n—oo

However, using (4.6) and the fact that (7(¢)([0,h)) = 0 for each h > 0 when t > ¢, for
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each j€ J,t >0,h > 0,

liminf ¢}'(t) (0, h))

n—o0

= liminf (20 () — M, (¢, b))

n—oo J

n—oo J

¢
< lim inf (Mﬁn(o, t) — M5, (0,t+h) + / a;j (N5(s) — N5 (s + h)) ds)
0

—hmlnf((oj((tt—i-h]) /Otaj (N:(s) — Nc(s—l—h))d)

n—oo

< Co([t,t +h]) + /Ot a;j (N§(s) — N§(s+h)) ds

applying the Portmanteau theorem again, but with the closed set [t,t + h], on the
last line. Because (p; € K and by the right continuity of Nf(-), we conclude that
limy, o liminf, o (7 (¢)([0,h)) = 0, and thus, by (6.15), &;(t)({0}) = 0 for each t >
0,7 € J. Next, we verify (iv). When o > 1, by Lemma 4.0.3 we have that B"(-) =
ZJ W L1, ¢7(+)) is bounded below by < 1K(e/\ -) for some € > 0. Applying the continuous
mapping theorem, it follows that the associated B(-) = Z}Ll ﬁj(l, &) > K (e n).
We conclude that &(t) # 0 for all £ > 0, and hence (iv) holds for €.

Next, we show that € satisfies (iii). Fix f € €, T > 0. Similar to (6.1), for € > 0,
define t{ :=inf{t >0 : Z] W Pi(1,&;(t)) < €}. Because ¢"(-) converges uniformly to &(-)
on [0, 77, it follows that for sufficiently large n, ¢"(-) is not equal to 0 on [0,z . A T'), and
thus one may remove the indicator functions in (4.5) with ¢" in place of ¢ and ¢ € [0, ).
Taking the limit on both sides of such versions of (4.5) as n — oo and applying bounded
convergence, we see that £(-) must satisfy (4.5) on [0, AT). Taking € — 0, we have
that £(-) satisfies (4.5) on [0, A T), where t7 := inf{t > 0 : Z] W Pi(1,&(t)) = 0}.
Because we have assumed that when o > 1, {, = £(0) is nonzero, it follows from (iv)
that 7 = oo for ¢ > 1. It follows that if ¢z <T, then ¢ < 1. Therefore, applying Lemma
4.0.2(iii), in order to verify (4.5) on [tf,T], we simply need to check that £(t) = 0 for

t > tz. Because ¢"(-) converges uniformly to &(-) on [0, T, it follows that for sufficiently
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large n, L"(tg ) < 2e. Using the fact that for each fluid model solution ¢"(-) and ¢ > 0,
B"(t) < CL™(t), where B™(+) is as defined in Lemma 4.0.2 (iii), for C' = (minje 7 p;) ', we
conclude that B"(t; ) < C2e¢ for all sufficiently large n. Because B"(-) is nonincreasing on
nonzero intervals and stays zero after the fluid model solution ¢"(-) hits zero, by Lemma
4.0.2 (iii), it follows that for all sufficiently large n, B"(t) < C2¢ for each t > t; . Therefore,
letting n — oo, the associated B(t) = Z}]:l %j(l,{j(t)) < C2e for each t > t; . Taking
¢ — 0, we conclude that &(-) = 0 on [tg, T]. We conclude that &(-) satisfies (4.5) on [0, T]
for each 7' > 0. Now we have verified (i)-(iv) from Definition 4.0.1 for £(-). It follows that
&(+) = ¢(-) by uniqueness of fluid model solutions. This gives convergence of {¢"(:)}2; to
¢() in C([0, 50), M),
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Chapter 7

A Difference Equation for Z(-)

In this chapter, we introduce a difference equation for the measure-valued component
of the state space descriptor, Z(-), as defined in (2.8). In later chapters, we will apply this
difference equation representation to each member of the sequence of systems introduced
in §3 and apply fluid scaling to the equation to obtain a prelimit equation similar to (4.5).
To ease notation, it is convenient to not introduce superscripts of m associated with the

sequence until those later chapters.

7.1 Separating Z(-) into its Component Parts

Much of this section was inspired by the analogous section in [2].

Lemma 7.1.1. Let f € Cy(Ry). Forj € J, letr) := Ul +¢ fori € N and 1/, =,
forie {1,2,...,Zy;} be the times that the ith class j arrival and the —ith class j job
wnitially in the system, respectively, would renege if not already chosen for service. Let bf
be the time that the ith class j arrival enters service and bj_i be the time that the —ith job
watially wn the system enters service. We take b{ to be infinity if the ith class j arrival

reneges before it enters service and bj_i to be infinity if the —ith job of class j initially in
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the system reneges before it enters service. Then for each e > 0,t > 0,5 € J

(f 2t +0) = (£ Z,0) = F(- ") = £Z0) - D <f, 5£,j_t_e+m>

;€ (t,t+e]
Aj(t+e)
+ )1 B(UF—)0 Vkelc}f(( (t+e)")
i=A;(t)+1
Zoj
- X} e Z 1{t<ZJ <t+e}f( ) (7.1)
bJ
where fore > 0,57 € J,t >0,
Aj(t“r&)
Xiere(f) = 1(0) Z 1{sk(Ug'—)¢o Vkezc}l{t<Ug+e{gt+e}~ (7.2)
i=1
bl >t

Proof. To ease the notation, let Q;(t) be the set of indices of the class j jobs in the class
J queue at time ¢t. That is, ¢ € Q;(t) if and only if the ith job to arrive to class j is in the
class j queue at time ¢, and —i € Q;(t) if and only if the —ith class j job present at time

0 is in the class j queue at time ¢t. Then for each f € C,(R,) and € > 0,

(f, Zi(t +€)) — = > flt+e)— D fE@®) (7.3)

1€Q;(t+e) 1€Q;(t)

where £/(-) is as defined in (2.1) and (2.5). We have the following decomposition:
Qi(t+e) = (Qit)UVH\{i e NU{—1,-2,...,~Zy,;}:t<bl <t+eort<rl <t+e}

where V; = {i € N: Ul € (t,t+¢| and s*(U/ =) #£0 Vk € K}, the set of indices of jobs
of class j that arrived in the interval (¢,¢ + €] and entered the class j queue rather than

immediately entering service. Therefore, (7.3) can be re-written as
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(f; 2t +€)) = ([, Z5(t)) =

Aj(t+€)
Z f((gz (t) - E)+) + Z 1{Sk(U,‘L.j—)7$O Vke;g}f((@(t + E))+)
i€Q;(t) i=Aj(t)+1
- Z <f7 6?Ti7j—t—e+m}> - Z 1{5’“(U57)750 VkGIC}f([))
n; €(t,t+e] bz >t

)€ (t,t+e]

- > fE@).

1€Q;(t)

Note here that we have only removed a job that would have reneged in the time interval
(t,t + €] if it had not already entered service by time ¢ (b) > t) and if it entered the class j
queue when it arrived to the system (s*(U7—) # 0 Vk € K). We avoid double removals
when b/ € (t,t + €] and 1/ € (t,t + €] by the use of 6+ in the sum over the 7;. Using the

definition of the 77, we obtain

(f: 2;t+ ) = (f, 2;(t)) = (f((- —&)") = [, Z;(1))
Aj(t+e)

Y Yewiom wep (EE+)Y)

i=A;(t)+1

o Z <f’6eri,j—t—E+m}>

Aj(t+e)
- Z 1{sk(U5—)¢o Vkeic}l{t<U{+e{gt+e}f(0)
i=1
b >t
Zoyj

- Z 1{t<2{i§t+e}f<o)'
i=1

j
b >t

Now, we use (7.1) to get an equation more similar to (4.5).
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Lemma 7.1.2. Let f € €. Then almost surely, for eacht > 0,5 € 7,

Aj(t)

(1.2,0) = (.2(0)) - / (. 2 ds+21{sk(w —E

- Z Lisery o zm-n1f (supb(Z;(m=))gy) - (7.4)

me(0,t] =1

We note that the last term is well defined because if n; is a time at which a job enters

service from the queues, then Z(m—) # 0.

Proof. Since both sides of (7.4) are right continuous it suffices to show that (7.4) holds
almost surely for each fixed t > 0, j € J. Consequently, for the following analysis, we fix
t>0,j€J. For fixed n € N, define ¢, = ™ for m = 0,1,...,n — 1. Then by (7.1), we

see that

> ((r.z(m+2)) -t zmn) (7.6)

) ) ~ 1, Zj(t?n)> (7.7)

n—1
- nh_{{}o Z Z <f’ 5?Tz',j—t%—t/n+m}> (7‘8)

m=0 n, €(tn, ,t7 +t/n]

Il

j:

g B

[
kh
N
R
|

3|+

n—1 A; ({72, +t/n)

. - t\ 7T

m=0i=A;(tr )+

provided that all of the limits exist and using the fact that f(0) = 0 for all f € €. The first
term to examine is in (7.7). We will first prove that the limit in (7.7) equals fg(f’, Zi(s))ds

for a subset of f € €. Then, we will extend to all of ¥. For the subset, fix f € € with
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compact support and f'(0) = 0. It follows from the mean value theorem that for = > 0,

f@)—f((x—%)+>=iliﬁmyﬂwﬂr

= fr)(@—(x—t/n)") (7.10)

for some r? € [(z —t/n)*,x]. Because f’ is continuous and compactly supported, it is

uniformly continuous. Therefore, if we fix € > 0, there is n. such that for all n > n,,

sup sup |f'(z+h)— f'(z)| <e.
>0 h<t/n

Therefore, for v as in (7.10), we see that |f'(xz) — f'(r?)| < € for all n > n,,z > 0. It

follows that for z > £ n > n,

‘ﬂ@—f(@—%))—f@%::ﬂ@% @)
t
Seﬁ.
Forn >n. 0 <z < Lt we have
t * !/ t 1(..n / t
'ﬂ@—f(Qw7Q )—f@h;zfﬁwx—f@m
<17/ = (@)l + | (@) 1)

< we+|1/(@)

IN
I

(1@

20



We conclude that for n > n.,x > 0,

|f<a:> — ((— %)) P

<A@+ e (7.11)

i<f<(_%) >_f’zj(tfn)>:_ 3 %<f’=3j(t§2)> (7.12)
= > {9 Zi(t7). (7.13)

where the error term (7.13) has the property that |g,(z)] < 1{z<i}|f’(as)|% + €L for
each z > 0,n > n.. Because the function (f’, Z;(-)) is right continuous, it is Riemann
integrable on [0, t], and so the right side of (7.12) converges to — f(f(f’, Zi(s))ds as n — o0.

Furthermore, using the given bound on g,(-) for n > n, we have

< Z (25) |f'(z)] +€> Z;(tm,)

t(sup |f'(z |+6> sup Z;(s)
z<t/n s€0,t]
( )

+ e) (A;(t) + Zo;)

3I°F

n—1
2 (o Z,(81)
=0

IN

<t| sup |f'(z

z<t/n

—>t€< +ZO])

as n — oo because we have assumed that f’(0) = 0. We note that A;(¢) + Zp; is almost
surely finite. Because € can be chosen to be arbitrarily small, we conclude that the limit
as n — oo of the sum in (7.13) is zero almost surely. Therefore, almost surely, the limit
in (7.7) exists and is equal to — f0t<f’, Z;(s))ds. By the uniform continuity of f and the

expression for T; ;, the limits in (7.8) and (7.9) exist and are given by the corresponding
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terms in (7.4). Now we extend to all f € €. Let f € €. We will approximate f with a
sequence of functions for which we know that (7.4) holds, and show that each term in
(7.4) converges appropriately. Choose a sequence of functions in €, {f,}2,, such that
fn— fand f} — f’ pointwise on (0,00) as n — oo, {f,}52, and {f]}>2, are uniformly
bounded, and for each n, f,, has compact support and f/(0) = 0. Such a sequence could
be constructed by taking f,, such that f,, = f on [1/n,n] and f, =0, [0,1/2n] U [2n, co)
and suitably interpolating between. Using the fact that Z;(s) does not charge the origin,
we see that (£, Z,(1)) = (£, Z,(1)), (fas Z5(0)) = (£, Z50)), 1 Z5(5)) = (' Z5(5)) for

all s € [0,t] as n — oo by bounded convergence. Since

sup sup |(fy,, Z;(s))| < sup|[fyllc sup [Z;(s)l
neN sg(0,¢] neN s€[0,t]

< sup [1f2llse(Zo,j + A;(#)) < 00
ne

almost surely, this gives convergence almost surely of the first three terms in (7.4) with f,
in place of f to those with f. The convergence for the last two terms in (7.4) follows from

the fact that f,, — f pointwise on (0, c0). O

7.2 Decompositions of Component Parts Involving
Martingales

The goal of this section is to obtain a prelimit equation that is more clearly analogous
to (4.5). We note that, while our argument looks quite different, the inspiration for the
decompositions in this section came from [3], which we came to look at after examining [2].
We will prove the following two lemmas at the end of this section, specifically in §7.2.2. In
these lemmas, the martingale properties will be with respect to the filtration {Fs) }>o,
where {#, : ¢ € Ny U {oo}} is defined in Lemma 7.2.3 and S(-) is defined in (2.7). For
J € J, a martingale property for 2;(-) with respect to {%ﬁj (t)}tz() will also hold, where
{97 : q € NgU{oo}} is defined in Lemma 7.2.4 and A;(t) is defined in §2.2.1.
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Lemma 7.2.1. Let f € CL(Ry) and j € J. Then for this f and t > 0, the last term of

(7.4) can be decomposed as follows:

Zi(m—)
SN Ymenzmon (supp(Z5(m—))g) = HL(f) + Y (f) (7.14)
me(0,t] =1

where

Hi(f) 3:/0 1{5(3_#0}%d5’(3), t>0,

Zj(m—)
()= > > Lenuzmonf (supp(Zm—))@) — H(f),  t>0,

me(0] =1
and {Y7(f),t > 0} is a square-integrable martingale. We note that H](f) is well-defined
because L(s—) # 0 if and only if L(s—) # 0. Then, for each f € €, almost surely for each

jeJ,t >0,
t A;(t) ‘
(L2500 = 1. Z50) = [ 2605+ 3 Tz ey H(E)
=1
— H{(f) =Y/ (). (7.15)

Note: In these definitions, S is as defined in §2.5 and dS(-) represents integration
against the Lebesgue-Stieltjes measure associated to the bounded variation process S.
Furthermore, L is given by (4.2).

At this point, it is also useful to define processes that track total service time given
up to time ¢ and a similar martingale decomposition for the portion of that time that goes

to jobs that entered service from the queues. For ¢ > 0, let

K pt K pt
y(t) = Z/O 1{sk(r)7£0}dr = Z/O 1{sk(r—)7£0}drv (716)
k=1 k=1

where the last two are equal because the set of times at which s*(r—) # s(r) for some
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k € K is countable and thus of Lebesgue measure zero. This will be the process which
tracks the total amount of service time spent on jobs (across all servers) up to time t.

Almost surely, for each ¢t > 0, this is equal to

J J A1) K K
j J+j k k
Z Z l{ﬁielj(z(m*))}vi’ + Z Z ]'{sk(Uij—)ZO for some kElC}Ui ’ + Z § (O) - Z s (t)
k=1

n:€(0,¢] j=1 Jj=1 i=1 k=1

(7.17)

The first sum is the sum of the service times for all of the jobs that have entered service
from the queues; the second sum is the sum of the service times for all of the jobs that
have entered service immediately from arrivals (without ever entering any queue), where
the almost surely is needed to exclude simultaneous arrivals and service completions; the
third sum is of the remaining service time at each server at time 0, and the subtracted
fourth sum is the sum of the remaining service time at each server at time ¢. We give a
similar decomposition involving a martingale for the total service time of jobs that enter
service from any of the queues. Recalling that £(¢) = 0 if and only if L(¢) =0 for ¢t > 0,
define

J
j L(ni—)
V= )y (Zl{memz(m—»}vf—1{£(m—>¢0)}m 20, (7.18)

n:€(0,¢] \j=1

the centering process

H(t) = /0 Lo ﬂ}ﬁgijdsm, £>0, (7.19)

and

J t
Tl(t) - Z/O 1{s’“(r—):O for some keK}dly/j(T)a t>0, (720)
j=1

where 7;(t) = ZA"Y) v/ %7 for each t > 0. Note that we are re-writing some sums up to our

1=
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jump processes as Lebesgue-Stieltjes integrals against those processes or related processes.

Let

To(t) =) s (0) = > st), t=>0. (7.21)

Then it follows from (7.17) that for ¢ > 0,
T(t) =V +H(t) + T1(t) + Ta(t). (7.22)

We also give a second decomposition of 7 (-) that will be useful for one part of the proof

of Proposition 9.3.1. In particular, for ¢t > 0,

J J
1
Tt =%+ Zi(t)+ > —S;(t)+ Ta(t) (7.23)
sy o M
where
|
Z Zl{w (vi - f> : (7.24)
€(0,t] j=1 M
and
Aj(t) )
S
Z 1{sk(U7 =0 for some kEK} <vi " _) : (725)
Hj

We will prove the following lemma in §7.2.2.

Lemma 7.2.2. The processes Y. and & given in (7.18) and (7.24) are square-integrable

martingales.

We will prove later, in Lemma 7.2.4, that, for each j € J, Z;(-) is a martingale

with respect to a suitable filtration.

7.2.1 Constructing Key Martingales in Discrete Time

It will be useful to construct some key martingales that can be thought of as

discrete-time analogues of Y/(f), )., and %. Fix f € C}(R,). We will construct discrete-
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time martingales {}Z]](f) 0] € J, {, o0, and {%}gio such that ?g(t)(f) = Y/ (f),
1€ J, 573(,5) = ), and @N‘g(t) = %, for each t > 0. We will show that for each ¢t > 0,
S(t) is a stopping time with respect to a filtration to which Y7(f),j € J,Y., and % are
adapted. It will follow from the optional sampling theorem and uniform integrability
of Yf\s(T)(f),j € I,V s(r), and Z,sry for each fixed T > 0 that Y7(f), )., and ¥ are
martingales. Before proving the martingale properties for Y/ (f),7€J, Y., and %, we

prove the following lemma.

Lemma 7.2.3. For each integer ¢ > 0, define
. . S .
Fq = o({v]}jega<i<e {Rihi<icg {6l Yiegiene, {v; 7 Yjegien {6} jeg.ien, Z(0), {6 kex) V Po

where Py denotes the set of P-null sets in the complete probability space (Q, . F, P). Define
F oo = g0 Fq- Then for each q € No, 111 is Fy-measurable and for each g € N, T'y is
Fq-measurable. Furthermore, one can use the rules for the model outlined in §2 to construct,
for each q € Ny, F,-measurable processes Z,(-), Z,(-) such that Z,(- An,) = Z(- An,),
Zy(-Ang) = (L, Z,(-Nng)) = Z(- Nng), and Z411(0i—)1{n,<00} @5 Fg-measurable for each
1 < q+ 1. Lastly, using these variables and processes we can define discrete-time processes
{Y/qj(f) :q=0,...,00},jJ € ‘7,{)7,] :q=0,...,00}, and {@q :q=0,...,00} that are
adapted to {F, : ¢ =0,...,00} such that almost surely, for allt > 0, f{g(t)(f) =Y/(f),j €

T, Vs = Ve, and Ds) = %

Proof. We will begin by defining some {.%, : ¢ = 0, ..., co}-adapted analogues for relevant
primitive and descriptive processes from our model, some of which are described in the
statement of the lemma, but others of which are not. These will be needed in order to
define {Y](f)}iZ,5 € T AV} 20, and {F}32,. Let Z50(t) = Z(0) + X547 67, for
t>0,m=0,¢=0,8 =(s)...,55),and .7 =0 forje J ForqeN,jeJ, S will

represent the index set of the jobs of class j that arrived before the ¢th service entry from

the queues but did not enter any queue because there was an available server when they
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arrived. In particular, if the ith job of class j arrives to the system before the gth entry to
service from the queues and does not enter any queue because a server is available at its
arrival time U7 then i € JJ. Note that Z;o(t) = (1, Z;0(t)) is Fo-measurable for each
t>0,7 € J,and so are ¢y, Sp, ﬂoj , and ng. Then we can inductively define the following
variables and processes: an,ch,fq{rl,j € J, s¢+1:Tyr1, Zyi1(+), Z441(+), such that
for ¢ > 0, nq+1,ﬂqj+1,j € J, Zg1(ni—)1lin<o0) for i < g + 1, are F;-measurable and
Cot1, Sq1, Tyv1s Z g1 (+), Z441(+) are F,1-measurable. Now, for each g € Ny, we use the
variables in .%, to identify the time at which the (¢ + 1)th entry to service from the queues
occurs if such an event occurs. Then, we will use k441 and U;H, e ,v;]]H to determine
which job is chosen from the queues at that time and the service time it is assigned.

Note that no,co,sg,To,Zo(-),Zo(-),ﬂoj for j € J, are #y-measurable. Assume
for some ¢ > 0 that 7y, &7, for j € J, are .F(,_1)+-measurable and ¢y, 84, Tq, Zo(-), Z4(-),
are .#,measurable.

On {n, = 0o}, set 141 = 00,Mg41 = 00, hyr1 = 0,¢441 = 0, ﬂqjﬂ = ) for j € J,
Sq+1=0,Ty11=0,Zy11(-) = Z,(-), Z2441()) = Z4(-)-

On {n, < oo}, for each n € Ny, we define the following variables related to jobs
that enter service upon arrival and do not enter any queue. The variables with superscript
n will only be used in the case that n jobs enter service from arrivals between the ¢th
and (g + 1)th time that a job enters service from the queues. However, it is important to
define all of the variables below so that we may know the times that jobs will potentially
enter service upon arrival after the ¢th service entry from the queues, even if this event
does not occur because all servers are busy at that arrival time. Set 52 = Tgs 5’;’0 = s’; ,
and 0 = min{s5° : k € K}. These variables will be used for the case in which 0 jobs enter
service from arrivals in between the gth and (¢ + 1)th entries to service from the queues.
Now, we use induction to define zj for n € Ny, which will be the time until a server will

be free after n immediate entries to service from arrivals have occurred after the gth entry

to service from the queues, when no other entries to service have occured in that time.
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Assuming that Bg, §§’”,f2 have been defined, define 712“ = min{k € K : 5’37” = 77},

interpreted as the server that will take the (n + 1)th job. Then, define
In+l . . i, j in ~ . .
bpt =min{U; - U} > by + 3,5 € T, i=1,2,...}, (7.26)

interpreted as the next time that a job would potentially enter service from arrivals. Then
the index and class of that job are (ig™',j2*!) = {(i,j) € Nx J : Ul = Bg“}. For

k #£ h;‘“ we update the remaining service time for server k as follows
~kn+1 . [(=kn n_ rntl\+
34 = (8" 0 — by

and for server k£ = hg“ we set

41

~kn+1 . J+jgt

S =t (7.27)
q

Lastly, we set

2t = min{sh" k€ K.

Now that these variables have been defined inductively for each n € Ny, we see that the
number of immediate service entries from arrivals after the gth service entry from the

queues and before the (¢ + 1)th entry to service from the queues is

0 if Z, (1, + 7)) £ 0
Ng4+1 ‘=

. . J ] ) .

inf {n eEN:Y_ 1> 1{53;<U3<133;+a33}1{£§(l§g+i7;)>0} > 0} otherwise.
For the above, if a queue is nonempty at the time just before 7, 4 ig, which is the next
time a server is available after 7,, then there will be a service entry from the queues at
that time, and ng,4; = 0. Otherwise, we find the smallest n such that a job arrives when
all servers are busy, which will happen only if in between the time at which the last job

entered service, ISZ, and the time at which a server will next be available after that, 53 + 2y,
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a job arrives, and the job that arrived in that time did not renege before a server became
available. The last step of this part of the proof is to update the index set of jobs that have

entered service from class j arrivals before the (¢ + 1)th service entry from the queues:
ﬂ;ﬁ:ﬂgu{iEN:UiJ’:BZ forsomelgngnqﬂ},jej.

On the set where {7, < 00,n,1 = oo}, define 1,41 = 00, hyr1 = 0,¢401 = 0, S441 =
0,Ty11=0,Zy11() = Z4(), Z244:1(-) = Zq(')~

On the other hand, on the set {n, < co,n,+1 < 0o}, define

. pngr1+l
hq+1 T hqur I

and define the next time after 7, that a job enters service from the queues to be
Ngt+1 = l;gq“ + @t

Combining the definitions on {n, = co} U {nge1 = oo} and {7, < 0o, n.1 < oo},
and using the induction assumption, we see that ﬂqjﬂ for j € J, hgt1, and 1441 are
F,measurable. In the next part we will use some stochastic primitives that are in the set
of variables that generates .%#,,; but not in the set of variables that generates .%,.

On the .#,-measurable set {n, < oco,n,1 < oo}, we define co11, Sg+1, Tyr1,
Z 411, Z 441 as follows. To describe the class of job that enters service at time 7,,; we have

J
Cyy1 i= Z €; 1{/4q+161j(zq(77q+1*))}’

j=1
Then for k # hg1, we set

k. (zkng+1 ITNg+1 +
Sq+1 T (Sq T+ bqq anrl)
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and

hgt1
Sy11 = Cqp1 - (U;H, e ,quH).
For j € J, let
A;() q+1
=1

the jth component of Z,,(-), and
Zj,qul(t) =(1,Z; q+1(t>> t=0.

For the remaining patience time of the (¢ 4 1)th job that enters service from the queues,
for each 57 € J, we have

Zjq+1((Mg4+1)—)

Tyt = Z 1{5q+161j,z(zq+1(Tiq+1—))}(Supp(zj,qﬂ(77114-1_)){1})'
=1

Note that for j € 7,1 < q¢+1,

Aj(m—)
Zign(m=) = Z0)+ D Ly 1000 Z Fp——

=1

where, for x € R, §7 is the measure with unit mass at x for > 0 and the zero measure
for z < 0.

Combining the definitions on {141 = co}U{n,1 = oo} and {941 < 00, ng1 < 00}
with the induction assumption and the .#,-measurability of 9441, hg+1, ng41, We see that
Zy(m—)1liy<ooy for I < q+1is F-measurable and cgy1, Sq1, Tyr1, Zq41(:), Zgi1(-) are

Fq4+1-measurable, which completes the induction step.

Now, for j € J, let YJ(f) = YI(f) = 0,0 = Voo = 0, % = % = 0 and for
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1 <qg<oo,let

q+1 Zjq+1(mi—)

i
)= Z Lini<oo) Z <1{”i61j,l(zq+l(77i_))} I 2 ) f(supp(Zjq+1(ni—))13)
i=1

Pt g+1(7i—)

i=1 7j=1

¢+l
Loy1(ni—)
yq‘H *Zl{fi <oo} (Z {ri€lj(Z g1 (mi— ))}U KL g (mi— )7’50)}L7() )

and

q+1 1
q+1 = Z 1{m<oo} Z 1{m€1 (Zg+1(ni—))} (U - )

Hj

where Lgy1(t) = Y7 piZjqi(t) and Lopa(t) = Y1, %Zj g+1(t) for t > 0. Then, by the
Fq+1-measurability already proved, f +1( f,jedg, yq+1, 1 are %, 1-measurable. Lastly, we
note that because p1; > 0 for each j € J as described in §2.2.4, almost surely, for all ¢ > 0, S(t) is
finite. Hence, because Z,(- Anq) = Z(- Ang) for all ¢ > 0 by construction, it follows that almost

surely, for all ¢ > 0, the equalities f’g(t)(f) YJ (f),jed, yS =)}, and ?!}S(t) =% hold. O

The first part of the proof of the following lemma uses a line of argument similar
to Lemma 7.2.3, although with an additional index r. Due to this similarity, the proof is

briefer where similar constructions are already in the proof of Lemma 7.2.3.

Lemma 7.2.4. Fir j € J. For each r € Ny, let 47 be the o-algebra generated by
{Uﬁ}ZGJ,ieN, {Fdi}ieN, {ué}lej\{j},ieNm {Uf}ogigm {UZJH}IEJ\{j},ieNa {U{]thigr, {@}lej,ieN,
Z(0), {sk}vex, Po, where Py denotes the set of P-null sets in the complete probability
space (2, F, P). Define 9, = \/,>, 9. Then for each r € N, Lok i—)=0 for some kex}

@) -measurable. If we define 2;(0) = Z;(c0) = 0 and for 1 <r < oo, let

_ ! ]
J+
71) = Z 1{Sk(Uijf):0 for some keK} (Ui = _> ’
=1

Hj

then the discrete-time process {Z;(r) -7 =0,...,00} is adapted to {47 : v =0,... 00}
and almost surely, for allt >0, 2;(A;(t)) = Z;(t). Furthermore, {Z;(r) : r € No} is a
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martingale with respect to {47 - r € No} and Z;(A;()) is a martingale with respect to

{91 1))0 <t < o0},

Proof. We begin by defining some {%(]T s P T E Ny }-adapted analogues for relevant
primitive and descriptive processes from our model. These will be needed in order to

show the %(i_1)+—measurability of 1{sk(U£' ) for r > 0. For r € Ny, # j, let

—)=0 for some kek}
Z[(t) = ZZ(O)—FZQ(P 5;”@_15 fort > 0,and let ny =0, ¢5 =0, 85, = (s}, ...,s&), Th, =0
and " = 0,1 € J.Forr € Ng,qg e N, [ # 7, b7 will represent the index set of the jobs of
class [ that arrived before the qth service entry from any of the queues and that did not enter
the class [ queue because there was an available server when they arrived. In particular,
if the ith arrival to class [ arrives to the system before the gth entry to service from the
queues, and it does not enter any queue because a server is available at its arrival time U},
then ¢ € /. For r € Ny, define Z7(t) = Z;(0) + S AAr 6(JJrg'+zgf—t for t > 0. Note that
for r € Ny, A;(t) A7 is %(i_1)+—measurable, since {A;(t) Ar =s} ={UI <t < Ul } €9’
for s <rand {A;(t) Ar=r}={A4;t)Ar<r—1}c€ %{7‘,71&. Following along the same
lines, for r € Ny, q € N, ,ﬂqj”” will represent the index set of the jobs of class j that arrived
before the ¢th service entry from any of the queues and that did not enter any queue
because there was an available server when they arrived, intersected with {1,...,7}.
We observe that for r € Ny, i, ¢, sh, Th, Z5(-), Z5(-), 7" for | € J, are
%(i 71)+—measurable. Then, for r € Ny fixed, using an induction on ¢, we define and
prove %({n _1)+—measurability of the following variables and processes: 7y, c, Jq”’l,l eJ,
sy, Ty, Z(+), Z,(-), ¢ € N. For the induction on ¢ hypothesis, fix ¢ € Ny and as-
sume that ng,cg,,ﬂqr’l for I € J, s}, T}, Z,(-), Z,(-) have been defined and shown
to be %(]7; _1)+—measurable. Note that this has already been proven to hold for ¢ = 0.
On {n; = oo}, set nj,;, = oo,ny,, = o0,hyy, = 0,¢,, = 0, ﬂqrjrll =g 1 e J,

Sy+1 = 07T2+1 =0, Z;+1(') = ZZ(-), Z;+1(') = Z;()

On {n; < oo}, besides the induction on ¢, we have some intermediate entities
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0,r k,r

defined using a further induction on n. For this, set 132’7" = 1y, 55’ e

= 5", and :Z‘g”" =
min{§§’0” : k € K}, and assuming that b}, [9“’;’””’, zy" for some n € Ny have been defined,

define iLZH’T = min{k € K : 39" = Z2"}. Then, define

n+lr . - .77l In,r ~n,r o[ .
byt = min{U; - Up > b7 + 27, (1) € (Nx T)\ ({r+1,7+2,...} x{j})}, (7.29)

interpreted as the next time that a job would potentially enter service from arrivals aside
from jobs that arrive to class j after the rth job to arrive to class j. Then the index and class
of that job are (2417, 17+17) = {(4,1) € (Nx J)\ ({r+ L,r+2,...} x {j}) : Ul = bp+1}.
For k # 712*1’7” we update the remaining service time for server k as follows

~kn+lyr . (=kn,r In,r  Intlry+
5 = (8" O =0T

and for server k = h;l“”” we set

~ JHpthT
s];’”H’T = vintﬁT (7.30)
q
if ip™h" <ror [ # j and
~kn+1lr .__
ghntlr i (7.31)

otherwise. We do this in order to put a placeholder of 1 in for the service time that would
be used if the rth job of class j entered service upon arrival because for r > 0, that service
time is not %(jr_l)rmeasurable. The service on that job will occur after time U7, so the
first property in the lemma, which only involves behavior up to the time U7, will still hold

even if we put in another service time at that point. Lastly, we set

~n+1,r __ : ~kn+1,r .
Ty = min{s; ke K}
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Let

) 0 if Z,((ny+297)—) #0
Ngy1 =
. J ) .
inf {n eN:Y T > Ligprcvictrrsarmy L grr+anmysop > O} otherwise,

and update the index set of jobs that have entered service from class [ arrivals before the

(¢ + 1)th service entry from the queues:
,/qﬂ ST U {z eEN: U = b’”" for some 1 <n < nq+1},l eJ.

On {n; < oo,nj,, = oo}, set ny,, = oo, hyy = 0,¢;,, =0,8,,, =0T, =
0,Z,1() = Z3(-), Z44.() = Z4().

On the other hand, on the set {n; < oo,n;,, < oo}, define

+1,r ~
T . q+1 _ q+17 q+17
hyyq = I and 7, = by +7z ,

J
Cg-i—l = Z eil{ﬂq+1€1¢(zg(n§+1*))}’
i=1
kro, ~kngi1,r INng+1,r r r hgvir . r
gty = (8T A bRt —h )T kA b, and s =cpy - (U;_H, e a“z}]+1)7
Ay(t) q+1
Zgn ) = 20+ > Vg i -t = 2 Mty 120145
i=1 i=1
Aj(t)Ar q+1
Zign(t) = )+ 1{z¢ﬂ]+1} o Zl{t>n }5T’ gy U2 0,

=1
erq+1<) <1 erq—&-l( ))7 t20,l6.7,

Z£q+1 ((Ti§+1)*)

= D Yemena@p i -m Supp(E (- )w), 1€ T
1=1

Combining the definitions on {n; = oo} U {n;,, = oo} with those on {n] <
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T T T T r T r Lr
00,y < 0o}, we see that o), y, hyyy, iy, shy, Toy, Ziy, 200, Iy, for 1 € J are
@I

(T_1)+—measurable. This completes the induction on ¢ step.

Hence, since
1{sk(Uz—):o for some keKX} — 1{r6UqZOqu’T} (7.32)

almost surely, and %(jr_l)+ contains Py, it follows that the left side of (7.32) is g(jr "
measurable for each r > 0. Since r € Ny was arbitrary, it follows that {Z;(r) : r =
0,...,00} is adapted to {&7 : r = 0,...,00}. Also, because «; > 0 for each j € 7, then
almost surely, for all ¢ > 0, A;(¢) is finite. Hence, it follows that almost surely, for all ¢ > 0
the equality 2;(A,(t)) = Z;(t) holds.

Lastly, we prove the martingale property. For each r € Ny, JJIZ(T) is ¢J-measurable

and E[|.Z;(r)]] < i—:, so Z;(r) is integrable. Furthermore, for r > 1,

_ . . 1 )
E %(T> - ‘%/J(T - 1)|grjfli| =F |:1{Sk(U7] —)=0 for some k€K} < - M) g4791:|
J
. 1 .
J
= 1{s’“(U,J.'—):O for some kGIC}E [(UT - _) g¢7“]1:|
Hj
=0,
J+j 1

using the fact that 1 {55 (U —)=0 for some kek} 19 %j_l—measurable and <"UT M—j) is indepen-
dent of 7 . Hence, {Z;(r) : r € Ny} is a martingale with respect to {9] :r € No}. Next,
note that for any 7'> 0,7 > 0, |Z;(r A A;(T))| is dominated by the random variable

A;(T)
v/t 4 14 (T). (7.33)

i
=1 J

Using Wald’s inequality and the independence of {v/ 77/}, from A(-), we see that the

expectation of (7.33) is dominated by

BT < oo
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Thus, {.2;(rAA;(T)) : r € Ny} is uniformly integrable. Next, we note that, by construction
of {47 : r € Ny}, in particular the fact that U7, | is ¢/-measurable, we have for any ¢ € [0, T
and r € Ny,

{A4)=r}={U] <t<Ul } €%

It follows that {A;(t)}o<t<r is an increasing family of stopping times for the filtration
{97 :r =0,1,...,00}. Then, {Z;(r A A;(T)) : r = 0,1,...} is a uniformly integrable
martingale (see, e.g., Corollary 1.7 in [7]), and by Doob’s Optional Sampling Theorem
(see, e.g., Theorem 1.6 in [7]), {2;(A;(t)) : 0 <t < T} is a martingale with respect to

{%jj(t) :0<t<T}, for each T > 0. O

7.2.2 Proofs of Lemmas 7.2.1 and 7.2.2

Proof of Lemma 7.2.1. We simply need to prove that Y7(f) is a square integrable martin-
gale.

We begin by showing that Y7(f) is a martingale with respect to the filtration
{%#, : ¢ € N}. By Lemma 7.2.3, f/,j(f) is adapted to the filtration {.%, : ¢ € N}.
Furthermore, for each g, fqu( 1) <2¢||f||s so it is integrable. For the martingale property,

by Lemma 7.2.3, for each ¢ > 0, 9441, Z¢11(1g+1—) 1,1 <0}, are Fy-measurable, and so

E[Y],1(f) = Y{ (H)|#]

Zjq+1(ng+1-)

_ )2 )
=FE 1{77q+1 <oco} ; (l{ﬁq+1€1j,z(Zq+1(qu+1—))} - Lq+1(nq+17)> f(SUPP(ZJ,qul(77q+1—)){l})

5
= Ungrr<oot D HZyrstngno=iy O FEUDD(Z5,0401(g1—)) 1) E [(1{nq+1elj,l<i>} - |Ij,l(i)|) |,%]

iENY =1
=0

I R
27{1:1 Pmim ’

Hence, {Y,(f), %,,q € Ny} is a martingale. Next, note that for any T > 0, |)7(13}\S(T)(f)| is

where the notation |[;;(¢)| refers to the length of the interval 1,;(¢), which equals
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dominated by the random variable 2||f||.S(T"). Because the number of jobs served up
until time 7' is at most the number of jobs that were in the system at time 0 plus the

number of jobs that have arrived during the time interval [0, 77, it follows that
J
0<S(T) <D (Zos+ Al (7.34)
7j=1

which is integrable. Therefore {Yqu sry(f) : ¢ = 0} is uniformly integrable. Next, we note

that for each ¢ > 0,

{St)=q} = {77q St< 77q+1} S gz@u

again applying the facts that 79 = 0 and 71,41 is .%#,-measurable for each ¢ > 0. It follows
that {S(t) }o<t<r is an increasing family of stopping times for the filtration {.%,}. This
allows us to apply Doob’s Optional Sampling Theorem (Chung and Williams [7], Theorem
1.6), to conclude that {f{g(t)(f)}ogtST is a martingale with respect to {Fs«),0 <t < T'}.
By Lemma 7.2.3, {Y7 (f)}o<i<r is equal to {f{g(t)(f)}ogtST almost surely. Hence, since T’
was arbitrary, {Y{(f), Fsw),t > 0} is a martingale.

The last step in our proof is to check that the martingale {Y{(f), Zs@,t > 0} is

square-integrable. We do this by bounding the quadratic variation:

Y=Y Valh)=Ya_ ()

me0,t]
Z;(m-) . 2

=2 | X (Hmefj,i(Z(m»} - Wj_)) f (supp(Z;(m=)) 1)

me(0,t] i=1 l

Z; ( ). 2
<|IfI1% ‘1{5161“((2(7” )y — L(—j—)’
me(0,t] i=1 Yl

< 4SSl (7.35)

where we used the fact that ZZ = L(Z—J and ZZ = ]‘{Hlelj,i(z(m*))} are both in the
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interval [0, 1] to conclude that their sum is less than or equal to 2 and so its square is less

than or equal to 4. However, invoking once again that

J
ZZOJJrA

it follows that

J

> (Zo;+ A;(t))

j=1

E[SO|IfI15] < 4l flIE

< Q.

By Theorem 7.35 in [16], this means that Y7(f) is a square integrable martingale. We see
that (7.15) follows from (7.4). O

Using similar methods, we can also prove that ). and % are square integrable

martingales with respect to {Zs),t > 0}, as we now show.

Proof of Lemma 7.2.2. This proof will be quite similar to the proof of Lemma 7.2.1. We
begin by showing that ). and %Y are martingales with respect to the filtration {.%, : ¢ € Ny}.
By Lemma 7.2.3, V., % are adapted to the filtration {Z,: ¢ € Ng}. Furthermore, for each
q >0, E[|Z|], E|Y,]] < QZ}]:1 (E[v{] + maxe s ”—1J> , 50 Y, and %, both are integrable.
For the martingale property, we observe that because 7,41 is .#,-measurable for each ¢ > 0,

using the same logic as in the proof of Lemma 7.2.1 we have

ED}q—i—l - yqlﬁq]

J
Lq11(2)
= Hneroot D Uarstgei = <Z L€l @} Va1 = Lty ()20} Lq 1(4) Zq

ieENg =1

Zj 1

1
= Lngi1<oc) Z KZ 1 (nge1—)=i} (Z |I 1{1;&0}—J
ieNy Z] 1D

=0
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since |1;(2)] = 1giz0) Slmllarly,

EJ
B, — 97,

- 1{77‘1+1<°°} Z 1{Zq+1(nq+1*)=i}E

ieNY

J ' 1
Z Ligraer; (i)} (Ué—&-l - —,) ‘%]
j=1

Hj

J
. 1
= Lingri<oo} Z K Z 1 (g1 —)=4} Z <E vam - —ﬂ E {1{@“6@@)}

— =1 M

7))

=0,

because (vg+1 — i) is independent of both .#, and Likgirel;(6)}-
Next, note that for any T' > 0, | Vyas(r)| and |Zasr)| are dominated by the random

variable
Zy N +A (t)

; 1
JZ (rglez?w —|—r]nez?< ,M_g> <J Z (Ijnea}wf + max —) : (7.36)

ieT [y

by (7.34). Using Wald’s inequality and the independence of {v/}2°,, j € J, from Z, and

A(-), we see that the expectation of (7.36) is dominated by

> ElZy; + Aj(T)] < oo.

JE [(maxvl + max —)
JET

JjeJ jed W

Thus, {qus(T) :q € No}, {%AS(T) : ¢ € Ny} are uniformly integrable. As noted previously,
{S(t)}+<r is an increasing family of stopping times for the filtration {.%, : ¢ € Ny}.
This allows us to apply Doob’s Optional Sampling Theorem (Chung and Williams [7],
Corollary 1.7), to conclude that { Vs }<r and {#s }<r are martingales with respect to
{Zs1,0 <t < T} (Chung and Williams [7], Theorem 1.6). Since Y; = Vs, % = %(t)
almost surely, and 7" > 0 was arbitrary, it follows that {)}; };>0 and {#;};>¢ are martingales

with respect to {Fsw),t > 0}.
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The last step in our proof is to check that the martingales are square-integrable.

We do this by bounding the quadratic variation:

i 2
. L(n;i—)
j=1 Z

niE(Ovt]
2 1\2
< Z <(maxv> + (max—) )
VISV

n:€(0,¢]

(7.37)
However, invoking once again that
J

Z Zoj + A4( (7.38)

<.
Il
—

it follows that for ¢ > 0,

C(t) 9 ) 9
E[<y>t] <2F ((maxv > + (max _) >
i—1 JjeET jeT lj’]

2 2
1
(maxvl) + <max —) ) < 00, (7.39)
JET JET Wy

where the last inequality is achieved by Wald’s inequality using the independence of

<2E[C(t)] (E

Zy, A, and {v!}2, for all j € J. By Theorem 7.35 in [16], this means that ). is a square
integrable martingale. The same argument, but with the constant J in front of the initial

bound, will work for /.
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Chapter 8

C-Tightness

This chapter will be devoted to proving the C-tightness portion of Theorem 5.2.1.

8.1 Fluid Scaled Difference Equation

Applying the fluid scaling given in (3.2) to (7.15), we see that for each f € €, j € 7,

and t > 0,
(f,Z5M(1) = (£, Z(0)) — RF™(f) + A" (f) — HI™(f) = Y™ (f), (8.1)
where, using the fact that £ f (£) = Lf" (L)

xZ xZ
m m

Byt [ (L (L) @)= [irzpes 62

t

A0 = [ Vi e d A7), (83)
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where 557(t) = Lsbm(mt) and AP™(f) = L ZmAJm

( gi,m) — 1 ZmAJ m(t) f(ﬁf) for
t>0,

"™ (f) : = lHi;T ( ; (%))

— | L e

/ 1 mpj<f() 27 (5-)
= ), HEmeozo) )

_ ds™
mL™(s (8)
t zm
pi(f(), Z]"(s—))
= [ 1ipma _ dS™(s), t>0, 8.4
/0 {En(s20) ™ Fm(s0) (s) (84)
o J,m 1 j,m 1
v )= i (1)
1 Zm 77[ ) i 1
T, Z > <1{Hz€fj,i(z’"(m’"—))} - Lm(,;m_)> f (msupp(z?’ (" —)){z‘}>
e(0,mt] =1 l
mZm (i -)

bj ZMm (=M
Z <1{'€l€fj,i(zm(ﬁ{"—))} - mLm(Jﬁm_)> f (supp(Z7 (71" ) giy) -
e04  i=1 I

(8.5)

where 7" =

, and the last line uses (3.1), which implies that the ith element of the
support of Z™(f"—

) is -~ times the ith element of the support of Z7"(n"—). We note
that, by (2.4), I;(Z™ (7"-))

= I;;(mZ" (ng"—)) for each m € N. We also define
1 1 ! L (-
yom . m j,m I~
V= V= 2 <Zl{wf<2’”<ﬁr—>>}“5 = Yemor oo T >> =
ame(04] \j=1
(8.6)
and
A (1) = M (mt) = / e oy 457(5) 120 (8.7)
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where (8.7) is arrived at by a change of variables similar to what was done to obtain (8.4).

Here, similar to (4.2) and (4.3), L™(t) := Zg VP27 (t) and L™(t) = S B =27 (1).

8.2 Continuity

We begin this section by defining a family of sets that varies over €,d,T > 0,

Alp = {9 € D([0,00),R): sup sup [g(t+h)—g(t)| < 6} : (8.8)
t€[0,7—46] hel0,4]

We note that, using the Portmanteau theorem, if liminf,, .. P {{f, Z/"(:)) € A2, } =1,
then when Z;(-) is a subsequential limit in distribution of {Z7"(:)}3_,, we have that
(f,Z;() € A‘ST almost surely. This section will be devoted to proving the following

lemma.

Lemma 8.2.1. Fix a sequence of models satisfying Assumption 1 with state descriptors
{Z™()Ys_,. Then for each j € J,e,T >0,0<n <1, f € CL(R,), there exists 5, M > 0

such that for each m > M,
P{(f,Z]"()) € Alr} > 1—1n.

It follows that any subsequential limit in distribution, Z(-), of {Z"(-)}>°_, is continuous
almost surely. Furthermore, for each T >0, j € J, f € €, {f,Z;(*)) is almost surely

Lipschitz continuous on [0,T) with Lipschitz constant
Ly = 2(Zoj + )| 'l + 20| flloo + 2K | ] oo-

This lemma may at first appear odd because without proving tightness we cannot be sure
that such limits exist. However, the analysis we do here will contribute to the proof of

C-tightness in §8.3, so we put this lemma first. We prove Lemma 8.2.1 at the end of this
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section. However, we first need some preliminary results.

Lemma 8.2.2. For each j € J, define

mAm
T m Z Le<—vrm jmy: (8.9)

il m(f), as in (7.2), for each f € Cy(Ry),t > 0 with f(0) # 0

f(0)
X)) — aj/o Nj(x)dx

as m — 0o, where the convergence is in probability, uniformly on compact time intervals.

This process is a bound for

Then

Proof. Fix €,n,T > 0 with € < maxjcy;T, and j € J. For each n € N, define a

kT
n

partition of [0,7) using intervals of the form [t7,¢} ), k= 0,1,...,n — 1, where {} =

k=0,1,...,n. Define the functions

—_

" a1 " - o
() = 1{t2+1§t}]TNj(tk) and fY ;(t) := 1{t’,;§t}]TNj(tk+1)v te[0,T],

0

B
Il
o
B
Il

to be the lower and upper Darboux approximations for the integrals «; fomt/ T/ Nj(x)dz

and

j OW/ THUT/m) Nj(x)dz, respectively. Because N;(-) is right continuous, it is Riemann
integrable on the interval [0, T]. It follows that f (-), fi', (-) = oy [, N;(x)dx uniformly
on [0,T] as n — oco. Therefore, there is some M; > 0, depending on €, such that for each

n> M, te0,T],
t
€
P =5 <o [ N < 0+ 5

for all ¢t € [0, T]. Fix such an n > M;. Also, for t € [0,T], m € N,

Xpme) < X(e) < Xppe) (5.10)



where )
mAT (t—1y)

7, 1
X () =) Vg en— Y Ly te0T] (8.11)
k=0 i=mAT (t—ty, | )+1
mAT (t—t})

X =D Lo — > ey, tE0T]. (8.12)

i=mAT (¢t ) F)+1

i
o

In (8.10), the term on the left hand side covers all but an initial segment of [0,¢] with
disjoint intervals of the form (¢ — ¢}, ,¢ — ¢}], and counts the number of arrivals in such
an interval which have patience times ¢ < 2, which implies ¢/ <t — U™ /m since the
associated U?™ /m < t—t}. This yields the first inequality in (8.10). The second inequality
has one more interval and uses ¢ <t — U?™ /m implies £ < 7 +1- Applying the functional
weak law of large numbers for renewal processes (see e.g., Lemma A.2. in [11], with the
function g(x) = 1 for each z > 0) we see that A7*(-) — a;(-) in probability, uniformly on
[0,7], as m — oo. We note that in [11] only convergence in distribution is proved, but
when the limit is deterministic and continuous one can get convergence in probability
uniformly on compact sets. Here, o;(t) = a;t for t > 0. It follows that there exists My

such that for each m > Mo,

A7 (1) = a; (t)

P< sup <dp>1-— Q,
te[0,7) 4

} . Next, note that by the functional weak law of large

€

where 0 = ming<x<j, {W

numbers again (see, e.g., the beginning of the proof of Theorem 14.6 in [5]), for each
0<k<mn L3m — N(t)(-), where N(t7)(t) = N(t2)t, t > 0, and the

{6 <ty
convergence is in probability, uniformly on compact time intervals. Hence, there exists M;
such that for each m > Mj,

Lmt]

€
P<{ su su — i —NEHE—=8) < — » >1— —.
OSkIS)n OSSStSEjTﬂS m i:%H 6=t} (t)(t =) 4n 4
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It follows that for m > max{M,, M3}, t € [0, T], and the ¢ we have chosen, with probability

greater than 1 — 7,

n—1
n € T €
To(t) — 5 < Z Lygp, <ty N;(8%) (%‘E - 25) 1
k=0
n—1 1 Lm (o (t—t7)—0)] )
S 1{ k+1—t}_ Z 1{(?9&%} S Xjrffn<t)
k=0

i=|m(a;(t—ty, )+0)]+1

Similar arguments for (8.12) yield that for sufficiently large m and t € [0,7], with

probability greater than 1 —

) n—1 1 [m(a; (t—ty)+9)]
w0 =2 oy 2 CET
k=0 i=|m(oy(t— tk+1) o)t ]+1
n—1
T €
<D Lup<yN;i(tiya) <%‘g + 25) +1
k=0
n €
< fii@)+ 5%

Therefore, for sufficiently large m, with probability at least 1 — 7,
n,m - n,m € i
SVAUES AUES AAUENNURE ETI) (B C RS

for each ¢t € [0, T]. The desired result follows. ]

Next, we prove C-tightness of a sequence of fluid scaled counting processes that

count the number of service entries from the queues.

Lemma 8.2.3. Let {S™(-)}3°_, be the sequence of fluid-scaled processes that tracks the

number of service entries from the queues up until time t > 0 as described in (2.7) and
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(3.4). In particular,

S™(1)

CQl

Z/ 1{skm(r =0 for some kEIC}dA ( )

Then {S’m(-)}jno:l is C-tight. Furthermore, for each n,T > 0,¢ € (0,T], there exists M > 0

such that for each m > M,
P{S™()) € Asgar) >1—n,

where A5y 15 as defined in (8.8), with &, € replaced by €,2e Ku, respectively.

Proof. Let n,T > 0,¢ € (0,7]. Because S™(-) < Z (Z7(0) + A7(+)), and we have
Assumption 1 (i) and (vi), it satisfies the usual conditions for compact containment (see,
e.g., Theorem 3.21 in [12]). Now, we turn to the controlled oscillations condition for
tightness. For ease of notation, for each 7, m € N we define the random variable ;" € J
to be 7 if the ith service entry from the queues in the mth fluid scaled system is of class
j. Now, observe that for ¢ > 0,h > 0, in the interval of time (¢,¢ + h] the K servers can
provide a total of at most Kh units of service time. It follows that the total amount of
service time assigned to the jobs that enter service from the queues during the interval
(t,t 4+ h] minus the total remaining service time of the jobs in service at time ¢ + h must

be less than or equal Kh. Writing this out formally, we have

1 mS™ (t+h)
_ .]»L 1 _ k! m <
— 2 Es m(t+h)) < Kh. (8.13)
1=mS™ (t)+1

For the error term above, we let €™(s) := + Zle skm(m(s)) for s > 0. Now, we bound

the first sum in (8.13) from below using an array of i.i.d random variables. For each m,
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define the sequence of i.i.d. random variables

"= min v}, i=1,2,.... (8.14)
1<5<J

m
.72' 9

Because each v)* ™" > @™, we obtain the inequality

1 mS™ (t+h)
— ) o —en(t+h) <Kh (8.15)
m i=mS™ (t)+1

Because S™(+) and fl}”(-), J € J, satisfy a compact containment condition, there exists
N € N, such that for all m € N,

P{ sup max{A7(t),..., AT(),S™(t)} < N} >1-— (8.16)

t€[0,T7]

w3

Next, we show that the error term €™(-) — 0 as m — oo in probability, uniformly on [0, 7.

Because s™(t) is the remaining service time of a job in service at time ¢, we have

K ;
sup €"(t) < — ( max ) max vV max slg’m) . (8.17)
t€[0,7] m \1<5<2J 1<i<mS™(T)Vm AT (T)..vmA7(T) 1<k<K

Therefore, it suffices to show that the right member of (8.17) converges to 0 in probability
as m — oo. We will partially bound this using processes of the form
[mt]

_ 1 ;
m R J,1m ) —
A0 ._E;_l Tt > 0,5=1,...,2J. (8.18)

By Assumption 1, VJm(), 1 <5 < 2J, converge in probability to continuous deterministic
limit processes of the form V;(-) = E[v/](-), where E[v!](t) = E[v]t for each t > 0 (see

Lemma A.2 of [11]). This convergence implies that the jumps of the process V/™(-) on
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[0, N] must converge uniformly to 0 in probability as m — oo, that is, for each § > 0,

P{ max  max vj’m/chS}—)O

1<j<2J 1<i<mN °

as m — o0o. Using (8.16), (8.17), and Assumption 1 (iv), we conclude that for each § > 0

K )

— [ max ) max A )
m \1<7<2J 1< <mS™(T)Vm AT (T)..vm AT (T)

K k

—|—P{— max s, > 5}
m 1<k<K

K ( max max vfm/m> > 6}

1<j<2J 1<i<mN

=
:
»
OCIJ
\%
(=%
—
+
w3

for sufficiently large m. Hence, {€™(-)}>°_, converges in probability to the zero process,
uniformly on [0, 7). By the functional weak law of large numbers (see Lemma A.2 of [11]),

we see that there exists M; > 0 such that for all m > Mj,

Lmt]

1 Ke Ui
P su — o0t — B0t —-8)| < — p >1——. 8.19
i=|ms]+1
We conclude, using (8.16), that for all m > M,
|mS™ (t+h)]
1 - - K 2
P{ osup sup (— Y @ = B[S+ h) - ST(1)| < “h >

tel0.T-d helod | 3 3

(8.20)

Applying (8.15), we conclude that for all m > M;

te[0,T—¢] he[0,€] t€[0,T]

P{ sup sup E[0]")(S™(t+ h) — S™(t)) < %KG"— sup em(t)} >1- 2377 (8.21)
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Using the fact that supcjo 7 €™ () — 0 in probability as m — oo, we conclude that there

exists My > 0 such that for each m > My,

_ - 2K
P< sup sup (S™(t+h)—S8™(t)) < ~:L >1—n. (8.22)
te[0,T—e] he[0,€] Elop]

1

) BT < ufor all m € N, and thus the result follows. [

We note that by Assumption 1 (iii)

Now that we have examined these individual processes, we are equipped to prove

Lemma &8.2.1.

Proof of Lemma 8.2.1. Fix f € C}{(R,),T > 0,57 € J, e > 0,and 0 < n < 1. To
make the following calculations more concise, we define A7'(t,h) := [A7'(t + h) — A7 ()],
S (t,h) == |S*(t + h) — S;*(t)], and X7*(t,h) := |X]*(t + h) — Xj*(t)| for t € [0,T] and
h € [0,T — t]. Then, applying (7.1), (7.2) and (8.9), for ¢t € [0,T] and h € [0,T — t], we

have

[(f, 27"t +h) = (f, Z]" )] < [If lloh 25" (2)
+[1f oo (25" (0)((¢, + 2]) + X5 (£, 1))
+ {1 flloo (A7 (8, h) + S™(, 1)
< I Nloh(Z5(0) + AT(2))
+{1flloe(Z5"(0)((t, + h]) + X5 (2, 1))

1 f oo (AT (E, ) + S™(t, 1)) (8.23)

using the fact that Z7"(t) < Z7*(0) + A7 (t). Now, {X"(-)}5_y, j € J, and {S™(-)}oe_,
are C-tight by Lemmas 8.2.2 and 8.2.3, and {fl;”() °°_, is C-tight by the functional law

m=1

of large numbers for renewal processes (see, e.g., Lemma A.2 in [11]). Then it follows (see,
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e.g., Theorem 7.3 in [5]) that

hmhmian{ sup sup [ X(t,h) +S™(t h) + AT (¢, h)| < W} -

6—=0 m—o0 te[0,7—5] he(0,0]

(8.24)
Next, note that by the Portmanteau theorem, Z7"(0) = Z;(0) implies that for each d > 0,
lim inf,, o0 P(d(Z"(0), Z;(0)) < &) = 1. Therefore, applying the definition of the metric

on M, (1.1), we conclude that for each § > 0,

lim inf P{Z7"(0)((t,t + 0]) < Z;(0)(((t — 0)*,t + 20]) + 26 for each t > 0} = 1. (8.25)

m—ro0

Because Z;(0) has no atoms, for any a > 0,

lim P { sup (Liz 2460, 25(0)) < a} =1 (8.26)

6—0 zeR

(For a proof of the equivalence of this with the no atoms condition, see Lemma A.1. in

[11].) Combining (8.25) and (8.26), we see that

€
lim liminf P < sup sup Zm 0O)((t,t+h) < —— > =1 8.27
fmytim { iy 2O R 3<||f||oo+1>} el

Because {Z"(0) + A7(-)}os_, is a tight family of processes, it follows that

limlimian{ sup  sup || f']|sch(Z1(0) + AT(1)) < ;}:1 (8.28)

—0 m—o0 te[0,7—3] he(0,5)

Combining (8.23), (8.24), (8.27), and (8.28), we conclude that
hmhmmfP{ [LZM() e A‘ST} = 1.

6—0 m—oo

This is equivalent to the first part of Lemma 8.2.1 (see, e.g., Theorem 7.3 in [5]).
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For the Lipschitz continuity, we observe that if we restrict to f € €, (7.4) holds,

and then
[(f 2]+ h) = (f, 2" ()] < h!\f’llmoiggTzf(t) 1 flloo (AT (£, h) + S™(¢, h)) (8.29)

can be used in place of (8.23). Applying Lemma 8.2.3 and the convergence we have
established in the proof of Lemma 8.2.2 for {A7'(:)}2_; to a;(-), we see that for each

e € (0,7,

limian{ sup  sup (A7'(t,h) + 8™ (t, h)) < 2€(oy; + Kﬁ)} = 1.

m=—00 te[0,T—¢€] he0,€]

Using the fact that sup,cr Z5*(t) < Zj*(0) + A7(T) and the convergence Z7"(0) +
fl}”(T) — ZOJ +a;T in in distribution as m — oo, we conclude that lim inf,, P{Z;-”(O) +
A™MT) < 2(Zoj +oyT)} = 1.

Applying (8.29), we conclude that

lim inf P {te sup sup [(f, 27" (¢ +h)) — (£, 2" ()] < 2¢ ((Zj.o + aD)|f oo + 0| flloo + 2Kﬂllflloo)} =1

meree [0,T—€] he[0,€]

One can show the desired result for almost sure Lipschitz continuity of a limit Z;(-) on

[0,T") using this fact. O

8.3 Proof of C-Tightness

Proof of the first part of Theorem 5.2.1. By Lemma 8.2.1, it suffices to prove tightness

of {Z™(-)}°_,. By Jakubowski’s Criterion (See, e.g., Theorem 3.1 of [13]), it suffices to

prove:
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(i) For each j € J, 0 >0, T > 0 there exists a compact set Csr in M such that

inf P{Z"(t) € Cs7 Vt €[0,T]} > 1 -6, and

meN

(ii) For each f € Cy(Ry), j € T, {(f, Z]"()) }po_; is tight.

We show (i) by bounding the first moment and total mass. Using (7.4), the

Monotone Convergence Theorem, and a standard truncation argument, we obtain for

T>0,tel0,T],
¢ mggn(t)
. - S 1 j
<X>Zj (t) = <X72j (0)) —/0 <1ij (s))ds + m Z 1{§kvm(Uij’m/m—)7é0 \me;c}gi
=1
mZ ()
- > Laenzar-y} WP ("))
ame04  i=1
mA;”(t)
< (v, Z"™(0 — 14
O 25(0) + — ; i

By Lemma A.2 of [11], %Z?j;n(’) ¢! converges in distribution to a;F[¢,](-), where
a; E[9;](t) = a;E[Y;]t for each t > 0. Because {(x, Z"(0))}5_, is tight by Assump-
tion 1 (vi), this gives compact containment of {(x, Z/"(:))}men on [0,T]. Furthermore,
because Z"(-) < Z7"(0) + A7*(-), we also have compact containment for {Z7"(-)}7_, on
[0, T] because {Z(0)}25_; and {A7'(-)}2_; are tight. In particular, this implies that for

each § > 0, there is Ms > 0 such that
inf P{ sup (x, Z;*(t)) V sup Z(t) < M(;} >1-4. (8.30)
meN 0<t<T 0<t<T

Setting Csr = {0 € M : (x,0),(1,0) < M;s}, we have (i). For (ii), note that for

83



feCyRy)
(f,Z7") < IflleZ](t), te]0,T).

Using (8.30), this implies compact containment for (f, Z/(-)). For controlled oscillations,
we note that by Lemma 8.2.1, for each T' > 0,¢ > 0, > 0, there exists M, > 0 such that
for m > M, P{(f,Z"(-)) € A2} > 1 —n. For each N > 0, all paths z(-) € A? \ have
modulus of continuity w/y(x,d) < €, where the modulus of continuity wy is as defined in

Chapter 3 of [12]. Therefore, {(f, Z"(-))};s_, satisfies the controlled oscillations condition

given in Proposition 3.26 of [12].
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Chapter 9

Fluid Limit Properties

In this chapter, we prove the second part of Theorem 5.2.1, namely that a subse-
quential limit in distribution of {Z™(-)}%_, is almost surely a fluid model solution. First
we give a brief outline of the proof. By Lemma 8.2.1, for each j € J and f € €, (f, Z;(-))
is almost surely Lipschitz continuous and hence absolutely continuous (as a function of
time). It follows that, almost surely, (f, Z;()) can be recovered from its almost everywhere
defined time derivative and its initial value. Note that, by considering left and right
derivatives, a nonnegative, absolutely continuous function x : R, — R has a derivative of
zero at any time ¢ > 0 where it is differentiable and takes the value zero. Because L(t) = 0
implies that Z;(t) = 0 for each j, this implies that, almost surely, for each j € 7, the time
derivative of (f, Z;(+)) is zero at almost every ¢ > 0 such that (f, Z;(-)) is differentiable
at t and L(t) = 0 (see (9.28)). Therefore, almost surely, to determine the time derivative
of (f, Z;(+)) wherever it is defined on (0, ), we need only determine the derivative of
(f,Z;(+)) on the open intervals where £(-) # 0. Finding the derivative on those intervals
is the main part of the proof.

Chapter 9 will be divided into three sections. In §9.1, we will take the limits in
distribution of terms in (8.1) for which it will be helpful to the proof to be on the original
probability space. Then, in §9.2, we will take a Skorokhod representation in order to use

almost sure convergence to find the limits of the remaining terms. In §9.3, we will use
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the limits of all of the terms in (8.1) in order to show that (4.5) holds almost surely with

G() = 25().

9.1 Limits of Some Terms in (8.1) on the Original
Probability Space

Lemma 9.1.1. Fizx T > 0, f € C,(Ry). Then Y™ (f),j € T, Y™, Z™ T3(:) — 0 in

probability, uniformly on [0,T], as m — oo.

Proof. Because T3'(-) is extremely similar to the error term ¢™(-) from Lemma 8.2.3, it
follows from a similar argument to the argument in the proof of that lemma that shows
that €™(-) — 0 in probability, uniformly on compact sets, that T5(-) does as well. We note
that for each m, j, Y™ (f), Y™, %™ as defined in (8.5), (8.6), and (unscaled in) (7.24),
are square-integrable martingales with respect to the filtration {.#Z,, ( t),t > 0} by Lemmas
7.2.1 and 7.2.2. For these martingale terms, we will use Doob’s inequality, similar to what

was done in [2]. By scaling and (7.35), the quadratic variation of Y™ is given by

= (7 (1(3))).

4 Qom
< —|IfIES" (1)

< lIFICm (), 91)

where, as in the proof of Lemma 7.2.2, C™(t) = ijl(ZJm(O) + A7(t)). Using a similar
argument for ™, but instead with the quantities and initial calculations used to obtain

(7.39), we obtain

9 mC™ (t) N2 1\2
V") < — A — |- 9.2
CUEEDY ((mj ) +(mmm)) 92)
By Doob’s inequality, (9.1) and (9.2), and since Y™ (f), Y™ are square-integrable martin-
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gales, we have for each ¢ > 0,

p{ 5770003 €} < EUPRUI] Aot BOUTDIE:

0<t<T €2 me2

and

P{ ap ra‘zmze}smjw

0<t<T

2sup,,eN E[C™(T)] <E |:<man€j v{m) 2} + (manej ﬁ) 2)

2 9

IN

me

where, analogous to what was done in the proof of Lemma 7.2.2, Wald’s inequality was used.
As in the proof of Lemma 7.2.2, a similar argument will yield the same estimate for E[{%™),]
with an additional multiplier of J. Furthermore, because C™(t) = Z‘j]:l Z7(0) + A;(t),
it follows from Assumption 1 (i), (vi) that sup,,cy E[C™(T)] < oo. Therefore, it follows
from Assumption 1 that Y7™(f),)™ %™ — 0 in probability, uniformly on [0, 7], as

m — 00. O

Lemma 9.1.2. For each T >0, j € 7, 3&7]"‘() — 0 in probability, uniformly on [0,T], as

m — oo, where the unscaled Z;(-) is defined in (7.25).

Proof. Fix j € J. This argument will be very similar to the one in the proof of Lemma
9.1.1. By Lemma 7.2.4, 27"(-) = (%;Jm(Agn()) almost surely, and this is a martingale with
respect to {gj?@(t) :0 <t < oo} for each m € N.

The main step in our proof is to fluid-scale and show that the rescaled martingales

go to zero in probability, uniformly on [0, 7]. This will be as in Lemma 9.1.1, so we will
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keep the proof brief. We do this by bounding the quadratic variation:

mA7 (1) 2
Z (l {5km (U™ /m—)=0 for some keK} (Ult]—’—j,m - Lm))
=\ ' Hj
9 7 ®
m?

mA ] 9
S J +7, m (_) ‘
3. (e (i
Using a similar argument to that in Lemma 9.1.1 with Doob’s inequality for )., we obtain

the desired result. In particular, we see using Doob’s and Wald’s inequality that

BUZ)r) _ 2Pmen (BAP(T (B |0F"] + )

)

P{ sup | ()| 26} <

0<t<T €2 me?

(9.4)
the right hand side of which converges to zero by Assumption (1) (i),(iii), (v), and the

fact that v; ™™ has the same distribution as vJ™ so that sup,,.y E[(v] 77"™)?] < co. O

For his model, Aghajani [2] has a result similar to the following. While our proof
for the derivative of S proceeds by also finding upper and lower bounds for an approximate

derivative, it is different in details and gives the additional inequality (9.6).

Lemma 9.1.3. Fiz j € J. Then, {(S™(-), Z™(:))}_, is C-tight. Let (S(-), Z(-)) be
a subsequential limit in distribution of {(S™(-),Z"(-))}>_,. Then almost surely, for
any t > 0 such that L(t) > 0, S(-) is differentiable at t and LS(t) = KL®) where

L(t) 7
L(t) = Z;']:I ijj(t) and L(t) = Z] 1 Zj ZJ( )-

Proof. We first verify the C-tightness of {S™(-)}%°_,. By (2.7), for each m € N, we have
— p— J : -
Sy =8"()+ 3 / L skm(r 20 to some ke AT (). (9.5)

From Lemma 8.2.3, we have that {S™(:)}%_, is C-tight. Next, since the increments of

the second term on the right side of (9.5) are bounded by the increments of the C-tight
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sequence of processes {Z}]:1 flg”(-)}ﬁfzh it follows that the sequence of processes defined
by the second term on the right side of (9.5) is C-tight. Hence, {S™(-)}°_,, the sum
of two sequences of C-tight processes is C-tight. Combining this with the first part
of Theorem 5.2.1 (C-tightness of {Z™(:)}>_,), we conclude that {(S™(-), Z™(-))}>_,
is C-tight. Furthermore, by Lemma 9.1.1, we know that {Y7(:)}2°_, and {Y™}>_,
converge in distribution to processes that are identically zero. Also, by Assumption
1 and Lemma A.2 of [11], we have that for each j € J, {¥;"(-)}p_, converges in
distribution to the continuous deterministic process z—j(), where Z—j(t) = % for t > 0.
Thus, if (S(-), Z(-)) is a subsequential limit in distribution of {(S™(-), Z™(-))}>_,, for
the properties we want to prove, we may further assume (possibly by passing to a
further subsequence) that {(Y7'(-), Y™, {Zm()}]e 7)1°_, is converging in distribution
jointly with such a subsequence. We shall slightly abuse notation below and use the
original index m for the index of such a converging subsequence. Thus for the following
we assume that {(S™(-), Z"(-), T5(-), Y™ {¥/™(-) }jeq) }oo_, converges in distribution to
(S(-), Z(-),0,0, {z—j(~)}j€j), and we will prove the desired differentiability of S(-), as
described in the lemma.

The key inequality, which we prove below, is that almost surely, for each ¢ > 0 and

§ € (—t,00), with Oy 5 = (t,t 4+ 0) if § > 0 and Oy 5 = (t + 0,t) if 6 < 0, we have

J
Q; o _
K Lizyzoydr = f/ 1{£(r):o}d7”—ﬂ/ Liz(r=0ydS(r)
Ot,s j=1 Hj Joy s O,s

L(r)
< 1o —2dS(r) < K1), 9.6
< /OM (020 T ) (r) 6] (9.6)

where

1
i := sup max —. (9.7)
meN J€J 'u;n

Note that fi < oo, since for each j € J, uj* > 0 for each m € N and pJ" — p; > 0 as

m — oo. It follows immediately from (9.6) that, almost surely, for each ¢ > 0 such that
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L(t) > 0, for all § > —t sufficiently small that £(-) > 0 on O, 5, we have

KWSA ?Wmﬂgm& (9.8)

Then, by the continuity of % on such Oy, it follows that S(-) is differentiable at ¢ with

)
derivative 45(t) = KEE(S) Thus, to prove the desired result, we only need to prove (9.6).

We now turn to proving this.

By (7.22) with fluid scaling, we see that for each m € N, ¢ > 0 and ¢ € (—t, 00),

H™(t+ 6) — H™ (1)

= Tt +06) = T™(t) = TPt +06) + T7'(t) = Vs + V" = T3 (t+0) + T5 (). (9.9)

We would like to let m — oo in (9.9) to obtain upper and lower bounds, as in (9.6), for

increments of

Y

However, the integrands in the integrals defining H™, .Z7™ and Y7 have discontinuities,
and so we will approximate them first. For this, let {g,}2, be an increasing sequence of
continuous functions defined on R and taking values in [0, 1], such that 0 < g,(-) T 1{.20
as n — 00, gn(z) =0 for 0 <z < 5=, and g,(z) =1 for z > <.

Towards proving the second inequality in (9.6), for each n,m € N, ¢t > 0, define

1) = [ )T dSm ), H(t) = [ a0 RS0, @)

Using the fact that T7(-) is nondecreasing, we have from (9.9) that for each n,m € N,
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t>0andd >0,

H™ (t+0) — HT,(t) S H™(t+0) — H™(t) < K — Vs + VI = T3t +6) + T3 ().
(9.12)

For each fixed n € N, r > 0, g,(L™(r—)) is zero whenever L™(r—) < ﬁ, since then

L™(r—) < pL™(r—) < 5-. Thus, for fixed n € N, at each r > 0, the integrand in the
definition (see (9.11)) of H™,(-) is a fixed continuous function applied to (2™ (r—), ™).
It follows that for each n € N, as m — oo, the integrand process in 7:[Tn() converges
in distribution to the continuous process gn(f())%, jointly with the convergence in
distribution of {(S™(-), Z™(-), T5'(-), Y™, {¥;"(-)}jeq)}5o_; to the continuous process
(S(+), Z(+), 0,0, {z_j()}]ej> Furthermore, the integrator S™(-) is a nondecreasing process
and S(-) is a continuous, nondecreasing process. It follows, for example by using the
Skorokhod representation theorem and a real analysis argument for integrals where dS™(-)
converges weakly to dS(-) and the integrands converge uniformly on compact time intervals,
that the sequence of integral processes {H™,,(-)}os_; converges in distribution to H_,(-),
jointly with the other processes that are converging in distribution. Then, for each n € N,

t >0 and § > 0, on taking distributional limits in the left and right members of (9.12), we

obtain almost surely,

H_n(t+0) —H_,(t) < K0, (9.13)

where we have used the fact that {(J™, T5(-))}>°_, converges to (0,0). Since the left
and right members of (9.13) are continuous functions of ¢ > 0 and § > 0, and n ranges
over a countable set, it follows that (9.13) holds almost surely for all n € N, ¢ > 0 and
0 > 0, i.e., the exceptional null set on which it may not hold can be chosen independent

of t > 0,6 > 0 and n € N. Using monotone convergence, on letting n — oo in (9.13), we
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obtain that almost surely, for all £ > 0, § > 0,

H(t + ) — H(t) < K. (9.14)

For t > 0 and 6 € (—t,0), by replacing t by t — |0| and ¢ by |d| in the above inequality,
we obtain that almost surely, for all ¢ > 0, § € (—t,0), H(t) — H(t + ) < K|4]|. It follows
from this and (9.14) that almost surely, the second inequality in (9.6) holds for all ¢ > 0
and d € (—t,00).

We now prove that the first inequality in (9.6) holds almost surely for all ¢ > 0 and

d € (—t,00). Towards this end, for each n,m € N, t > 0, define

Tm(t) =K Otgn(ﬁm(r—))dr and  Z,(t) =K Otgn(ﬁ_(r))dr, (9.15)
0= 3 [(a=a e -narre) ama T =32 [0 g )
’ " (9.16)
and
R0 = (0 + it [ (1= 0u(£7(=)d5™(0)
Hn(t) = Hnlt) + i [ (1= 9u(£(r))aS(r). (9.17)

We first note that for each k € IC, for each r > 0, except possibly for the countable set of
r where a service completion occurs (and 5™ (r—) = 0 for some k € K), we have for each

n,m e N,
gn(ﬁ_m(r—)) < 1{5""(7'7)7&0} < 1{51%,m(r7)¢0 VkeK } < 1{5’“’”(7“7)750}' (9.18)

The second inequality follows, for » > 0 other than the service completion times, from the
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fact that if there are jobs in any queue at such a time, then none of the servers is idle. It
follows from the definition of .7™(-) and (9.18), where the countable set of exceptional r

has Lebesgue measure zero, that for each n,m € N, t > 0 and 0 > 0,
Tt +0)— T™t) > Tt +6)— T™({). (9.19)

Also, since almost surely, service completions and arrivals do not occur simultaneously,
we have that almost surely, (9.18) holds at all » where V_jm() increases, and so from the

definition of Y7*(-), we have almost surely, for each n,m € N, t > 0,5 > 0,

Tr(t40) =TT (t) > YT (t 4 6) — TT(t). (9.20)

Now, using the fact that L™ (r—) < L™ (r—) for any r > 0, and (9.9), we have for all

n,meeN, t>0and >0,

N R B O A S Pgts
t+5 Fmip_y
= /t 1{Em<r—>¢0}ﬁd5m(r)
— H(t+8) — H™(t)
= T™t+6)—T™{t) = TPt +6)+ T

Vs Y= TR (4 6) + TI(). (9.21)

By (9.19) and (9.20), the expression after the last equals sign in (9.21) is almost surely

greater than or equal to the following for all n,m € N, t > 0 and § > 0:
Tt +0) = TM(t) =TT (t+0) + T1, (1) — Vits + V" = T5'(t+0) + T5'(t). (9:22)

In a similar manner to the justification given for H™, (-) converging in distribution
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as m — oo, we have that for each n € N, ¢ > 0, § > 0, {(H7,(-), Z"(-), T, () ooy

converges in distribution as m — 00 to (Hy »(+), Zu(+), T1.()), jointly with the convergence

in distribution of
{(5™(), Z" (), X5 (), Y AL () sea) bome

to the continuous process

(50.20.00.2():je 7).

J

Thus, on taking distributional limits as m — oo in the combination of (9.21) and (9.22),

we have for each n € N, £ > 0 and § > 0, almost surely,
7:[+,n<t + 5) - ﬂ—i—,n(t) > jz(t + 5) - jz@) - Tl,n(t + 5) + Tl,n(t)' (923>

Since the left and right members of (9.23) are continuous functions of ¢ > 0 and § > 0,
and n ranges over a countable set, it follows that (9.23) holds almost surely for all n € N,
t > 0 and 6 > 0, i.e., the exceptional null set on which it may not hold can be chosen
independent of ¢ > 0,5 > 0 and n € N. Now, on letting n — oo in (9.23), using monotone

convergence, we obtain almost surely for each ¢ > 0 and 6 > 0,

o 148
K/ Lz ﬂ}fgrids(ﬂﬂﬂi/ Lz(=03dS(7)

>K/ Lz ¢0}dr—z%/ p— (9.24)

This yields the first inequality in (9.6) for O;5 = (¢,£+ ) and ¢ > 0, § > 0. The result for
d € (—t,0) follows by replacing t by t — || and 0 by |0 in the above. This completes the

proof that (9.6) holds almost surely, for all ¢ > 0, § € (—t, 00).
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9.2 Limits of Remaining Terms Under a Skorokhod
Representation

For proving Theorem 5.2.1, we may and do assume that we have already passed to
a subsequence along which {Z™(-)}%°_; converges in distribution to Z(-). Fix f € €. A
main tool used in this section is to use the Skorokhod representation theorem so that we
can give an equivalent distributional representation for a sequence of processes converging
in distribution where the convergence is almost sure.

By Assumption 1 and Lemma A.2 of [11], for each j € J, {A7™(f)}2°_, (defined
in §8.1) converges in distribution to «a;(-)(f,v;), where a;(t) = ot for each t > 0. We also
have that {A™(-)}%°_, converges in distribution to «;(-) for each j € J, {Z™(-)}%°_, con-
verges in distribution to Z(+), and by Lemma 9.1.1, {Y™(f)}2°_, converges in distribution
to the identically zero process. By Lemma 8.2.2, {X"(-)}ps_, converges in probability,
uniformly on compact intervals, to o [, Nj(z)dz, for each j € J, and by Lemma 9.1.3,
{S™(-)}oe_, is C-tight. For each j € J, the C-tightness of {Z7"(-)}oe_, {A7™(f)}o_y,
{S™(-)}pe1 and {XJ"(-)}p_y, implies C-tightness of {R/"™(f)}r_y, {S7"()};m=1 and
{AI™(f)}e°_,. Lastly, note that for 0 < s <t < o00,j € J,m € N,

t . Zm (g
/S 1{Em<r—>¢0}pj<27ij}£3 »dgm(?")’

] 0 1’Z_Jm B am
1{z:m(r)¢0}pJHfHL7i(r_) 4 )>’d5 (r)

[HP™(f) = HI™ ()] =

</
S

< If ool S™ () = S™(s)].

It follows that { H»™(f)}°°_, inherits C-tightness from {S™(-)}°°_,. Thus, the probability

measures induced on M’ x D([0, 0c0), M7 x R¥/*1) by the laws of the sequence {(Z™(0),
Z7(), A7), AT, A (NYieq, S0, AS] O Yiea., AR™()Yjeq. {H™()}jea,

{Y7™(f)}jeq, {X7"(-) e ) boney are tight, and so along a subsequence there is convergence
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in distribution to a limit:

(Z(0), Z(), A(), A () AA (N}ier, SOAS OYiea AR () Yiea AH (N)}ieq AV (HYiea A% () }ies),

(9.25)
where 4;(-) = a;(-), A/(f) = a;(-)(f,9;), X;(-) = a; [y Nj(x)dw, YI(f) = 0 for j € T,
and all the processes in the limit are continuous. To ease the notation, we will index this
subsequence with m as well. By the Skorokhod representation theorem, and since the
limit processes have continuous paths, there is a sequence that is equal to this convergent
sequence in distribution (possibly defined on a different probability space) that converges
almost surely where the process convergence is uniform on compact time intervals. Because
we are only interested in the distributions of limiting quantities, we continue using that
representative sequence for the remainder of this section. For ease of notation, we will
continue to denote it with the same notation and its limit by (9.25) as well. We denote by
o a set of probability one on which the uniform convergence on compact intervals occurs
and the properties of the limit as described in Lemma 9.1.3 all hold. In this section, we
shall usually fix w € {2y and consider processes for this realization. To ease the notation,

we shall suppress the explicit dependence on w in these manipulations.

Lemma 9.2.1. Fixw € Qy,j € J,T > 0. Then as m — 0o, for this w,

Rim(f) = / () dr — / (' 2 ().

uniformly on [0, T.

Proof. Because f’ is a bounded continuous function and Z_Jm() converges uniformly to

Z;(+) on [0, 7], uniform convergence of the integral follows. O

Lemma 9.2.2. Fir w € Qq. Let [u,v] be an interval on which L(-) # 0 for this w. Then
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for this w, foru<s<t<w, j€ J,
_ Kp;(f, Z;(r
HI™(f) — H / pjg ") > r, as m — oo.

Proof. Since {Z™(-)}2°_, converges to the continuous Z(-) as m — oo, and 1, f are
bounded continuous functions on Ry, (f, Z/*(:)), j € J, and L™(-) converge uniformly on
[u,v] to {f, Z;(*)),j € J, and L(-), respectively. Because £(-) is nonzero on the compact
interval [u, v], it must be uniformly bounded below by some € > 0. Thus, for sufficiently

large m, £7(-) # 0 on [u,v]. This implies that 7™ (f) — B3 (f) = [ 220D qgm(y)

s Lm(r
foru <s<t<w,j e J, for those m. Using the limit property in Lemma 9.1.3 and
the uniform convergence of S™ to S on the compact interval [u,v], we have that the

Lebesgue-Stieltjes measure dS™(r) converges weakly to dS(r) = KLO) g on [u,v]. Then,

7
O R

</ (“J;mm o) pﬂfﬁ;“”) 45" ()

| BB g [ |

where the first term on the right hand side converges to 0 as m — oo because the integrand
converges uniformly to zero and the integrator has total mass that is bounded on [s, t] for
all m € N and the second term on the right hand side converges to 0 as m — co by the

weak convergence of dS™ to dS and continuity of the integrand on [s, ]. O

Lemma 9.2.3. Fiz w € Qq. Let [u,v] be an interval in R, on which L(-) # 0 for this w.
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Then for thisw and u < s <t <w, j7€ J, as m — o0,

AP () = AL (F) = o (f,0)(E = ).

Proof. Tt follows from the same argument as in the proof of Lemma 9.2.2 that for sufficiently

large m, L™(-) # 0 on [u,v]. This implies that for u < s <t < v,
AP(f) = AL () = ATT(F) = AL
The result is immediate from the limit already given for {A7™(f)}°_; in (9.25). O

9.3 Proof that Fluid Limits Satisfy Definition 4.0.1

Proposition 9.3.1. Let Z(-) be as in the statement of Theorem 5.2.1. Then, Z(-) satisfies

Definition 4.0.1 almost surely.

Proof. Property (i) of Definition (4.0.1) is immediate from Assumption 1 (vi).
For property (ii), for each m € N,j € J,h > 0,t > 0, combining (2.8), (3.1) with
(8.9) we have

ZMt)([0,h)) < ZM0)([t, t + h)) + X" (L + h) — X (1).

Taking the limit as m — oo, applying Lemma 8.2.2 and the Portmanteau Theorem, we

obtain almost surely
Z;)([0,h)) < Z;(0)([t,t + h]) + /Hh a; N;(r)dr, (9.26)

for ¢ > 0,h > 0. Since the left member of (9.26) is lower semi-continuous in ¢ and left

continuous in h, and, applying the fact that Z;(0) is a continuous measure, the right
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member of (9.26) is continuous in ¢ and h, the almost sure set can be chosen independent
of t, h. Taking h — 0 and again applying the fact that Z;(0) is a continuous measure, we
obtain Z;(¢)({0}) = 0, for all ¢ > 0, almost surely.

Furthermore, for property (iii), there is a countable set of functions %€ C € such
that for each f € €, there is a sequence {f,}>2, C % such that f,, — f, fl— f' pointwise
and boundedly on R,. Then, since % is countable, it suffices to prove that for each
T>0,jeJ,fe%E, (45) holds almost surely for all ¢ € [0,7] with ¢(-) = Z(-). To
prove this, fix f € €,T > 0,5 € J. Note that there exists a nonnegative ¢ € € such
that |f(x)] < g(z) for all z > 0. For instance, take g to be  — ["|f'(y)|dy, modified
for x sufficiently large if necessary to make it bounded. Then by Lemma 8.2.1, with T’
replaced by T + 1, almost surely, (f, Z;(-)) and (g, Z;(+)) are Lipschitz continuous, and
thus absolutely continuous, on [0, T]. It will be convenient to represent the convergence
using the Skorokhod representation theorem, similar to §9.2. We can choose €2 so that
for all w € Qq, (f, Z;(-)) and (g, Z;(-)) are absolutely continuous on [0, T], (8.1), and the
limits in Lemmas 9.1.1, 9.2.1, 9.2.2, and 9.2.3 hold surely. Then for w € )y fixed, we see
that if £(-) # 0 on [u,w] and 0 <u < s <t <w < T, then

(f.2,() = (£, 2(s)) = lim ((f, Z]"(t)) — (f, Z]"(5)))

m—0o0

= lim (=RI™(f) + RI™(f) + A" (f) = AL™()

) + )~ YT + YE()
:_/<f’,z( )ydr + o (f, Y, / Kpjgi;? >d

It follows that for any ¢ € (0,T) at which (f, Z;(-)) is differentiable and L(t) # 0, we have

a0 5 5 Kpilf, Z,(0) 07
200, |

AL Z(0) = = (1 Z5(0)) + ay{£,9;) - L;

For the case in which £(t) = 0, for any ¢ € (0,T) at which (f, Z;(-)) and (g, Z;(-)) are
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differentiable (which is Lebesgue almost everywhere) and £(t) = 0, we have

< i (9 2500 1)
h—0

= |lim
h—0

(f, Z;(t +h)) _
__77__' ~0 (9.28)

because Z;(t) = 0 and since the left and right derivatives of (g, Z;(+)) at t, being of

J
opposite signs, must both be zero. Since (f, Z;(+)) is absolutely continuous, we can recover
it from its almost everywhere defined derivative, and so combining the above we have for

all t € [0, T,

(1. 20) = 1500 - [ (7.2 ds
/1{£(S)¢0}%d8+06j<fﬂ9j>/0 1{2(3)750}d8, (929)

where we used the fact that (f’,Z;(s)) = 0 if £(s) = 0 because then Z;(s) = 0. This
completes the proof of property (iii).

Lastly, we prove property (iv) of Definition (4.0.1). Suppose ¢ > 1. Similar to the
proof of Lemma 4.0.2 (iii), we will show that when p > 1, almost surely, B(t) > 0 for each

t > 0. Note that in the prelimit, by construction, for 0 < s < t,

(1) — ZM(s) = AT (t) — A7 (s) — S7(t) + ST (s) — R™(t) + B™(s), m €N, (9.30)

where R;“() - & ;m') and R7'(r) is the number of jobs that have reneged from class j up
until time r for » > 0 in the mth system. We note that for 0 < s < ¢, using (2.8) and
(3.1), we have

mA™(t)
Dm m m 1 -
RY(t) — R'(s) < Z7"(s) + m Z L g, mE N.

i=mAT (s)+1
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Combining the above, we conclude that for 0 < s < t,

mA;-" ()

- - = - 1
ZP(t) = AP () = A7(s) = SP(O) + 57(s) = — Y Lypg g (9.31)
i=mA7 (s)+1

3

Fixing 0 < s < t, and letting m — o0, passing to a subsequence if necessary to get
joint convergence of (Z"(-),A™(-),8™(:)) along with the last term in (9.31), using
L3 Lo gy = N;(t — s)(-), where N;(t — s)(r) = N,(t — s)r for each r > 0, conver-
gence of AT'(t), A™(s), and independence of interarrival and patience times, for the last

term on the right hand side, we have for fixed 0 < s < t, almost surely,

Zi(t) > a;(t — s) = S;(t) + Sj(s) — a;(t — s) {14y, V),

Let B(-) := Z] 13 L Z ;(+) as in Lemma 4.0.2. It follows from (7.23), Lemmas 9.1.1 and
9.1.2, and the fact that 7 (t)— 7 (s) < K(t—s) that Z}]:1 w < K(t—s). Therefore

J

we obtain for fixed 0 < s < t, almost surely,

| V

B> (a(t—s) — (S50 — 55(5)) — st — ){Tos, 9,))

:1“3

.

1
—a;(t = 8)(Ljp—s), V) (9.32)

Hj

v

K(o—1)(t—s) -

M-

J=1

Now, the left member of (9.32) is a continuous function of ¢, and the right member of
(9.32) is a right continuous function of t —s > 0, and so we have that, almost surely, (9.32)
holds for all 0 < s < t simultaneously, that is, the exceptional null set can be chosen not
to depend on s, t. Since patience times are strictly positive, there exists € > 0 such that

(1p,g,95) < 92;91 for each j € J. Then setting s = (t — €)™, we have that almost surely for
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all t > 0,

since o > 1.
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Chapter 10

Proof of Results for the Invariant
State

We shall prove Theorem 5.3.1 in this chapter by proving the various pieces of its

statement.

10.1 The Invariant State

We first prove the first part of Theorem 5.3.1, namely the characterization of the

invariant state.

Theorem 10.1.1. Fiz fluid model parameters (o, p,p, ) satisfying Definition 3.0.1.
Then there exists a unique invariant state for the associated fluid model. When o < 1, the
imvariant state 1s v = 0. In the case where o > 1, the invariant state is v as defined in

Theorem 5.3.1.

Proof. A vector of J measures ¢ € K” is an invariant state for the fluid model if and
only if {(t) = ¢ for each ¢ > 0 satisfies Definition 4.0.1. For the remainder of this proof,
we indicate quantities associated with such a ¢ by appending a dagger. For example, we
will write CJT, M;’T(aj), or zj

We begin by considering the o < 1 case. It is straightforward to see that {(¢) =0
for all ¢ > 0 satisfies Definition 4.0.1. So ¢! = 0 is an invariant state. Now, suppose that

¢' # 0 is an invariant state with complementary functions M jc’T(x) = (Lz,00), CJT ) for each
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x > 0,7 € J and component masses z]T = (1,CJT>, j € J. Applying (4.6) with x = 0, we

see upon multiplying by ;%’ summing over j € J, using the change of variables t — s — s
J

in the second term on the right hand side, and using the identities Nf(-) =1 — N;(-) and

Mt (z) = z]T — M]T(g;), x > 0, that for each t > 0,

J

J J . J N Kp]McT
Z; 1 a; 2 i1 (t—s)
_ _ CT C j= Hj J
Bf=> 2= —M' /§ —LN;(s ds—/o e ds
st

J Kpj MT J ]

2]1luj ] _ZOZJN
J

Because ¢ < 1, this implies that for all z > 0,

1 K 1
0< Z—Mj(m) < o ZfMj(s)ds.

=1 Hi j=1

Applying Gronwall’s inequality, we see that this implies that ijl tM; () = 0 for
all x > 0. Because each M}(-) is nonnegative, this implies that Mj(m) = 0 for each
j € J,z > 0. This contradiction of ¢! # 0 implies that the zero measure is the unique
invariant state for the o <1 case.

In the o > 1 case, assuming ¢’ is an invariant state, by Definition 4.0.1 (iv), ¢t # 0,
and so t*T = co. Then by (6.2), for each ¢ > 0, G'(t) = %, and so by (6.4),

t . Kp;r Kp;t .
2 = /0 a; Nj(r) exp (_ ETJ ) dr + exp (—E—Tj> M), >0,

Therefore, for each ¢ > 0 we have that

J
Kpj;r p; Kpit\ . e
-— ) dr + ;1 M—jexp ~ M (t).

Taking the limit as t — oo, we see that £ = LT satisfies (5.1). By Lemma 5.3.1, (5.1) has
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a unique positive solution, and so LT = £*. Applying (6.3), we see that this implies that

fort >0,z >0,

t K. Kp;t
M]CT(JJ) _ / exp <_ fjr) a; N3 (r + x)dr + exp <—%) M].C’T(t + ).
0

Taking the limit as t — oo again, we see that any invariant state ¢ satisfies (5.3) with ¢’

in place of v, and hence is unique.

10.2 Asymptotic Properties of Total Mass

In this chapter, we show that for any fluid model solution ¢(-) in the set .Z;, the
associated function L£(-) converges to L* (as defined in Lemma 5.3.1), as its argument
goes to infinity, uniformly for all ¢(-) € .#7. We will first prove the statement for the

overloaded case and then for the other cases.

Lemma 10.2.1. Let (o, pb, p,¥) be a set of fluid model parameters satisfying Definition
3.0.1. For each & € K’ \ {0}, let ¢*(-) be the unique fluid model solution with initial
condition §. Then, denote the associated L¢(-) = Z] iy B, Cg( )). For each M > 0,
define

Ez’M =sup{Le(t) :nM <t < (n+1)M}

and

E,,J\L/{E = inf{Le(t) :nM <t < (n+1)M},

form=20,1,2,3,.... For each ¢ > 0, define

C+a] X, 9;)) . (10.1)

§|’B
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Then for all € € K/ \ {0} and n € N satisfying n < tﬁ‘s — 1, we have

n,M
Eﬁ
max{ﬁg’M, EZ_I’M}

< glmax{ g™, £

e1(M) €a(M) (10.2)
maX{EZ’M, EZ_LM} max{ﬁg’M, ﬁg_l’M} ’
and
Lo e1(M)
n,§ > . M M . 1
mln{ﬁf\ll_l’g,ﬁgfg} - g(mln{ﬁn—l,£7£n7£ ) mln{ﬁi\{lﬁ’ﬁ%g}, (103)

where t; =inf{t > 0: L¢(t) = 0},

o J i —Kp;s 4 Dj —Kp;t
e(t) == / Z J '] exp ( e . ) Ni(s)ds, €(t) = Z ~Lcexp ( e . ) ,
t j=1 y'] c c

g(x) = [° 37 B exp(—Kp;s)N§(sz)ds, x> 0.

J=1
Proof. Fix ¢ > 0. First, applying Lemma 6.2.1, we see that for C, as defined in (10.1),

Le(t) < C, for all t > 0 and Ge(t) = fot ﬁds > CLC for all £ € K/, t < t;. Then,

*

for £ € K/ \ {0} and t < ¢, using (6.4), we have for M > 0, 1 < n < ;—ff -1,

t € [nM,(n+ 1)M],

J

Le(t) = / D P exp(— K (Gelt) = Gelt — s))N; ()

Jj=1

+ 3 P exp(— K pGe (1)) ME(0, 1)

< / > B exp(— K, (Ge(t) — Gelt — )Ny (s)ds + e1 (M) + ea(M)

M J
Y2187, —Kpjs c
< e NS(s)ds + €1 (M) + ea( M), 10.5
—/0 Z — &Xp (max{ﬁz—l,Myﬁz,M}> $(s)ds + e (M) + (M),  (10.5)
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where the last inequality follows from the fact that for each s € [0, M],

S
SUPye[t—s,1] ‘Cﬁ (T) '

Ge(t) — Gelt —5) 2

Because the bound holds for each t € [nM, (n + 1)M], we have

J

M T —Kp;s

Lo < / ) J N¢(s)ds + e (M) + ea(M),
¢ 0 ; Hj maX{EZ_I’M, EZ’M} !

and using a change of variables, we obtain

L’Z’M < max{ﬁZ’M, ﬁzfl’M}g(maX{EZ’M, L'gfl’M})

+ €1(M) —+ €2<M)

En,M
3 nM  pn—1,M
= < gmax{L,", L,
maX{Eg’M,Eg_l’M} ( { ¢ ¢ )

€1 (M) e2(M)
max{/lZ’M, ngl’M} maX{EZ’M, LZﬁLM} ’

as desired for (10.2). For the inequality (10.3), we do similar steps on the other side, to

obtain from (10.5), that for each € € K/\{0}, M >0,1<n < %—1, t € [nM,(n+1)M],

Etz/ I exp - J NE¢(s)ds.
elf) 0 Z Hj mln{‘c’r]y—l,§7[’%§} i)

Jj=1

Taking an infimum on the left hand side and doing the same change of variables as before,

we obtain

o J
P —Kp;s
LY, > I J Nf(s)ds — e (M
;”75_/0 m exp( (LY. :nM,E}) “(s)ds — e (M)

LM ouAD
M, S . M My :
> g(min{ Ly ¢, Ly6}) min{ﬁr]y—l,gﬁ EQ{E}'
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]

Theorem 10.2.1. Let (o, pu, p,¥) be a set of fluid model parameters satisfying Definition

3.0.1 with o > 1. Fix ¢ > 0 and let
J
.,2”0‘]::{ Zp—lcj forsome(E//J}
=1 Mo

where M is as in Theorem 5.3.1. Then L(t) converges to L* as t — oo, uniformly for

all L in L. Here, L* is as defined in Lemma 5.5.1.

Proof. Let € > 0. We want to show that there exists 7" > 0 such that

SUD.()egs SUDist | L£(t) — L] < €. Using the result of Lemma 4.0.3 and shifting the time
origin to ¢y, we can reduce to the case where £(t) > L, for each t > 0, ¢, = € € K7\ {0},
and g = +00. By Lemma 6.2.1, with C.. as in Lemma 10.2.1, we have L¢(t) < C, for all ¢ >
0,€ € K. In order to use the bound obtained in Lemma 10.2.1, we examine the properties
of the function g(-). Notice that g(-) is continuous, strictly decreasing, positive, and tends to
0 at infinity. Therefore, it has an inverse f(-) that is also strictly decreasing and continuous
on (0, ¢(0)]. Note also that by Lemma 5.3.1 and a change of variables in the integral defining
g that g(£*) = 1 and so f(1) = L*. Furthermore, on the compact set [g(C.)/2, g(0)],
f(+) is uniformly continuous. Hence, there is a modulus of continuity function h(-) such
that h(-) is increasing, [f(z) — f(y)| < h(]z —y|) for all z,y € [g(C.)/2,9(0)], and
lims_0 h(6) = 0. Let § > 0 be sufficiently small that 20 < min{1 — g(C.)/2,¢(0) — 1},
h(25) < e. Choose M sufficiently large that EZEMD), 62( ) < min (6/2 g—W) . Consider
€ € K/ \ {0}. We examine three subcases: (i) EZ’M > Cz_l’M, (ii) Ug’M < 52_1’M and
g(ﬁg_l’M)—i— c( ) —l—% > 1—4, and (iii) EZ’M < £Z_1’M and g(ﬁn_l’M)—F%—FM <

min ‘C/min

1 — 4. In case (i), we see that (10.2) gives 1 < g(L’Z’M) (M) + 62 M) . Applying f to both
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sides and using the fact that f(1) = L£*, we see that we have

F) > f (ng’M) + EZ%) * c(f))

— L > f(g(Le™) —h (62%) * G,QC(TZ)>

— L'+h (El(m + 62(‘7\_4)) > LpM,

We conclude that

e1(M) N ea(M)

n,M < [* h
££ o E i < ['min ‘Cmin

)§£*+€.

In case (ii), subtracting % + 62(M from both sides of g(ﬁz_l’M) - % + % >1—0,

applying f to both sides, and using the fact that f is decreasing, we obtain

61(M) i €2(M)

n,M n—1,M *

—1—5) <LF+e

In case (iii),

M (M) e(M)
£ < n—1,M 1 2 1—4§
ﬁzil M g(£§ ) Emm * »Cmm < ’

and so EZ’M < EZ_I’M(l — ). Now we combine the three cases. Let N be such that for
n > N,C.(1-0)" < L*+e¢. Then for n > N, let i, be the largest natural number i less than
or equal to n such that Eé‘l, Ly fall into Case (i) or Case (ii) (with i in place of n there),
taking i,, = 0 if every Eé‘l, Eé has fallen into Case (iii) for all 1 < i < n. Then we see that if
in > 0, then Case (iii) applies from i, + 1 to n, and so £Z’M < (L4e)(1—0)"n < L¥+¢
and if i, = 0, EZ’M < C(1 —0)" < L* + e Taking T = NM, we see that for each
€ € K.\ {0}, suppoq {Le(t)} = supyoy L2V < L7 4

We now apply similar logic to the other side. On this side we will only need two

: M, LM o
subcases: (i) (L 2T <142 and (ii) mln{ﬁM—iﬁM} > 1+32. In case (i), using (10.3)
we have g(min{L)", ., L} }) < mm{ﬁlﬁne 3 + E(M) < 1+ 4. Applying f to both sides,
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we obtain min{£}", ., £}.} > L* — €. In case (ii), it follows that £} > (1 + %) L ..
Using the same argument as we used for {E?M};’f’:l, we conclude that there exists a 7' > 0
such that infecg s\ o infi>7{Le(t)} > L* — €. Combining all of the above, we obtain T, > 0

such that sup, (e ¢ supesr, [L£(t) — L] < e O

Theorem 10.2.2. Let (o, b, p,?) be a set of fluid model parameters satisfying Definition
3.0.1 with o < 1. For ¢ > 0, let K be defined as in Theorem 5.5.1. Then

sup Le(t) =0 (10.6)
geK/

ast — oo.

Proof. Fix ¢ > 0. Let € > 0. We will show that there exists 7. > 0 such that sup,>q, Le(t) <
¢ for all € € K7. In the p < 1 case, we know from (4.10) from the proof of Lemma 4.0.2

that for a fluid model solution ¢(-) with initial condition in K/,

B(t) = i i<1,gj(t)> < K(o—1)t+B(0), 0<t<t. (10.7)

j=1 "7

Furthermore, because £ and B are positive linear combinations of the same J non-negative
functions, there exist Cy, Cy > 0 such that B(-) < C1L(-) < CyB(+). Define € = &. We
claim it suffices to take T, > SUPgexce U7 ¢, where 17, := infi>o{Le(t) < €}, provided that
supremum is finite. Indeed, for € € K/, by continuity of L¢, we see that either tze =10
and L¢(0) < € or Lg(t:) = € In either case, it follows that B(t;,) < éC). By Lemma
4.0.2 (iii), B(+) is nonincreasing when ¢ < 1. Therefore, B(s) < éC; for each s > #7,. It

follows that L¢(s) < Cy€ =€ for s > t2e.

T Lo ce/on\ T
In the ¢ <1 case, we apply (10.7) to sce that ¢z, < T = ( ’ lKﬂf(l_g)l 2) for

each £ € K/. In the 9 = 1 case, noting that tzg=0for £ =0, wefix { #0 € K/ and
examine the interval [0, % ). As in the proof of Theorem 10.2.1, we define f to be the inverse

of g. Because p = 1, g(0) = 1. Therefore, there exists § > 0 such that z € [1 — 4, 1] implies
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that f(z) < €. Choose M sufficiently large that @—f— @ < g. Then, once again, we use
n,M
—1, case (i) will be when =57 > 1—2 and case

£
n, M
(if) will be when —£r5 < 1— 3. Tn case (i), (10.2) gives 1 —§ < g(max{£p ", £gM}).
3

Applying f to both sides, we obtain maX{EZ_LM, EZ’M} < €. In case (ii) we have EZ’M <

teg
M

cases and Lemma 10.2.1. For 1 < n <

EZ_LM (1 — g) . Combining the two cases as was done in the proof of Theorem 10.2.1, we

will obtain a uniform bound on #Z,. In particular, let N > 1 be such that for all n > N,
C. (1 —2)" <& Assuming for the sake of contradiction that tZ¢ > (N +1)M, then either
there is some 1 < n < N such that case (i) occurs and so ¢, < (N + 1)M, or case (ii)
occurs for 1 < n < N implying that [,éV’M < C., (1 — %)N < € and so t;f’g <(N+1)M. It

follows that tZ, < (N + 1)M and hence L¢(t) < e fort > (N +1)M, £ € K. O

10.3 Proof of Uniform Convergence to the Invariant
State

We now prove the last part of Theorem 5.3.1.

Proof. Fix ¢ > 0. First, we prove the o < 1 case. Let £ € K7. Let ¢5(-) be the unique
fluid model solution for the initial condition &. For the remainder of this proof, we indicate
quantities associated with ¢*(-) by appending a &. If £ = 0, then ¢%(t) = 0 = v for
each t > 0 by Lemma 4.0.2 (iii). Otherwise, note that because L¢(-) is a positive linear
combination of the nonnegative Zf(-)’s, Theorem 10.2.2 implies that d(¢*(t),v) — 0 as
t — oo uniformly for all £ € K.

Next we prove the o > 1 case. Let § > 0. Define C, = Z}]:1 Z—j_ (c+a;(x,9;)),
where by Lemma 6.2.1, sup,- £(t) < C, for each L(-) € £/, where £/ is as defined in
Theorem 10.2.1. Similar to the proof of Lemma 5.3.1, define

gi(z,y) = [ exp (%) a;N§(x 4 s)ds for each x > 0,y > 0,5 € J. It is easy to

check that g; is uniformly continuous on Ry X [Lyin, C]. To give a short argument for

this fact, let € > 0. Because [~ a;Nf(s)ds = a;(x,0;) < oo, N§(-) is decreasing, and
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lim o N§(s) = 0, we see that lim, fooo a; N (z+s)ds = 0 by the dominated convergence
theorem. Therefore, there exists M > 0 such that g;(z,y) < [;* o Ni(z + s)ds < € for
each (z,y) € [M,00) X [Lyin, C]. Therefore, for each (z,y), («/,y") € [M,00) X [Luin, C],
we see that 0 < g;(z,y) V g;(2',y") <€, and so |g;(z,y) — g;(2',y")| < €. On the compact
set [0, M] X [Lypin, C] the continuous function g; must be uniformly continuous, so there
exists 0 such that for (z,y), (2',y') € [0, M] X [Lomin, C] satisfying ||(z,y) — (2',1/)|]2 < 4,
we have |g;(x,y) — g;(2/,y')| < € where || - ||2 is the Euclidean norm on R?. Combining

the two facts, we can deduce uniform continuity on the entire domain. Thus, there exists

42 € (0, L£* A1) such that for each (z,y) € Ry X [Luyin, Cl,

sup sup |gj(z,y) — gj(xz,y+h)| < i (10.8)
JET 0<h<d2
Applying Theorem 10.2.1, there exists T} > 0 such that
sup sup |L(t) — L*] < 6. (10.9)

L(HeLd 2T

By Lemma 4.0.2 (i), for £ € K7, &E() = ¢5(- +T1) is also a fluid model solution. Denote
all of the variables associated with such shifted fluid model solutions with a tilde. We
assume without loss of generality that 7} > ¢y as given in Lemma 4.0.3 so that for the

shifted fluid model solutions, the associated £(-) take values in [Lmin, C.]. Then by (10.9),

sup sup |L(t) — L*] < 5. (10.10)
L()egd >0

Combining (10.10) with (6.3) applied to é’g(-), we see that for each x > 0,t > 0,5 €

J,C(:) € A/, the associated ]\;[]C has the property that
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; L =% j
< Me(t, x)
= j P
¢ Kp,r . —Kpit\ ~.
S/O exp (—ﬁ*_:%)aj]\fj(rjtx)dr—l—exp (£*+i52> MZ(0,t + ).

Define the error terms

o0 —Kp;s . —Kpjt
€1,(t) ::/t exp (E* _352) aij(s)ds and e ;(t) == exp (0—4_32) (c+ a;(x,9;)).

Recalling that by Lemma 6.2.1, ¢ 4+ a;(x, ¥;) is a bound on z;(-), it follows that for each
j € jvx Z 07t Z 07C() € '%cja

gj({L‘, ,C* — 52) - 617j(t) S M;(t,iﬁ) S gj(ZL‘, ,C* + 52) + Egvj(t).

Because the error terms converge to zero as t — oo, independent of which {(-) € .#
we are considering, one can find 75 > 0 such that for each t > T,z > 0,57 € J,
max {€; ;(t), €2;(t)} < 5. Combining this with (10.8), we see that for ¢t > T} + Ty, z >
07(() € '%CJaj € \77

) )

In particular, on setting z = 0, we obtain 2} — % < z(t) <z + %, where

z5 = [ a;NE(s) exp <_Iij S) ds. Combining the above inequality with this last inequality,

we obtain

* * 5
i(t,w) < 27 —gj(w, L") + 7

Using (5.3), we see that 25 — [ a;N¢(s + x) exp (71215]'3) ds = (1), V), © > 0, and so
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invoking the definition of the distance metric in (1.1)-(1.2), it follows that d({(t),v) < §

for all t > 71 + 15, ¢(+) € A O
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Chapter 11

Proofs for the Case of Exponential
Patience Times

Proof of Theorem 5.4.1. In this proof, we will first reduce to the interval [0,¢*). We will
then show that, in the case of exponentially distributed patience times and initial conditions,
the system of equations given by (5.5)—(5.6) has a unique solution, and that solution is the
z(-) associated with the fluid model solution {(-). Lastly, we will check that (5.4) satisfies
Definition 4.0.1. Since the fluid model solution ¢(-) is unique by Theorem 5.1.1, it must
be given by (5.4), where x(-) = z(-) is the unique solution to (5.5)—(5.6) on [0, t*).

First, we note that by Definition 4.0.1 (iv), t* = 400 when ¢ > 1. Therefore, solving
for the fluid model solution on [0, ¢*) is the same as solving for the fluid model solution on
[0,00) in this case. When p < 1, it follows from Lemma 4.0.2 (iii) that the fluid model
solution is the zero measure on [t*, 00). Therefore, it suffices to characterize the fluid model
solution on [0, *).

Next, we know from Lemma 6.2.2 that the system of equations given by (6.4),
(6.2) and (4.3) has a unique solution, which is the z(-) associated with the fluid model
solution {(-) for the given parameters. Using an integrating factor argument, we see that
(6.4), (6.2), (4.3), with the complementary cdf of the exponential distribution, exp(—~;-),
substituted in for N¢(-) and M$(0,t) = 2 ; exp(—;t), is equivalent to (5.5)-(5.6) (with

z(+) in place of x(-)) for each j € J. Therefore, by the uniqueness of solutions of the
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former, the system of equations given by (5.5)—(5.6) has a unique solution. Since the total
mass function z(-) also satisfies these equations, it follows that x(-) = 2z(-) is the unique
solution of (5.5)—(5.6).

Now that we have determined that the total mass function z(-) of the fluid model
solution is the solution to (5.5)—(5.6), it remains to check that (5.4) satisfies (i)—(iv) of
Definition (4.0.1), where (iii) only needs to be checked on [0,¢*). It is immediate from (5.4)
that (i) and (ii) of Definition 4.0.1 hold. Furthermore, because we have already shown that
the unique solution of (5.5)—(5.6) is the total mass function of the fluid model solution,
(iv) must hold as well. So the last thing we must check is that (iii) holds. It suffices to do
this on [0,¢*). Substituting (5.4), where (-) = z(-) satisfies (5.5), into the right hand side

of (4.5), we obtain for each j € J, f € €,t € [0,t*),

(o205t} = [ 6080 (L)
_/Ot%g,ﬁjmsmjuf,@ (11.2)
=205l = [ o) 9)ds (113
_/Ot%g,ﬂjmsmjuf,m (11.4)
(£, 9)) (zovj—/ot%zj(s)ds—/ot %;)(‘S’)dsmjt) (11.5)
= (f,9,)z(1) (11.6)
= (f, % ()d;), (11.7)

where (11.3) comes from integration by parts using the fact that f(0) = 0 and -, exp(—7;)
is the density for ¢;, and (11.6) comes from applying (5.5). Thus (iii) of Definition 4.0.1
holds. By the uniqueness of fluid model solutions, (5.4) must be the unique fluid model

solution. O

Proof of Theorem 5.4.2. By Lemma 5.3.1, £L* is the unique fixed point of (5.1). We show
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in the proof of Lemma 5.3.1 that (5.1) is equivalent to (5.2). Substituting exp(—-;-) in for
Ni(+), (5.2) simplifies to (5.8). We conclude that £ = £* is the unique solution of (5.8).

By (5.3), the unique invariant state v satisfies

o —Kp;s
(Lz00), V5) = aj/ exp(—y;(s+x)) exp ( gfj ) ds
0

- exp(—7;7)

for each x > 0. Hence v is of the form (5.7). O

Proof of Theorem 5.4.3. Assume that for each j € J, there exists a probability measure
oJ on [0,00) such that ¢;(-) = z;(-)o?. Suppose ¢(-) # v, the invariant state. Fix
j € J. For g > 0, taking the Laplace transform of the fluid model solution, Lé(t) =
J.” exp(—Bs)d¢;(s),t > 0, we see by setting f(x) = exp(—Sz) — 1 in (4.5), that for each

t € [0,t*), where t* = inf{s > 0: L(s) = 0},

. , t t Kp. L' (s
L%(t)—zj(t):Lé(O)—zj(O)—i—B/0 Lg(s)ds—/o pZTﬁ)()ds

" Kpjz(s) Flexn(—B). 0. —
+/0 ~ st agtllew(=6),95) ~ 1)

Now, define aé := (exp(—p-), 7). Then LJB() = zj(~)ag,. Since > 0, aé < 1. Then, on

multiplying the above equation by — - we obtain for t € [0,t%),
op—

2i(t) = 2;(0) — 16_%]./ zj(s)ds—/ %ﬂ‘)@ds+ajt<l_<e’fp<_f')’ﬁj>). (11.8)
05 0 0 S _05

From (11.8) we see that z;(-) is absolutely continuous on [0, ¢*). Taking the derivative of
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2;(+), we obtain

oo By Kp\ [ L= (exp(=5-),9;) )
Zi(t) = (1 — Ué E(t)) zi(t) + o ( - Ué ) , tel0,t7). (11.9)

For this equation, we reduce to the case where z(+) is not constant. Indeed, if z(-) were
constant, t* would either be 0 or +00. If t* = 0, then ¢ < 1 by our assumptions, and so by
Lemma 4.0.2 (iii) the fluid model solution is {(-) = 0, the invariant solution for o < 1. If
t* = oo, then (;(t) = z;(0)o? for all t > 0, j € J, which would mean that ¢(-) is invariant.
In both cases, this contradicts the assumption that (-) # v. If z(+) is not constant, there
exist s,t € [0,¢*) such that z;(s) # z;(t). Subtracting (11.9) at time s from (11.9) at time

t yields

; Kpjz;(t Kpjz;i(s
g, (0 =) + (U - )

T 5(0) — %(5)

for each 8 > 0, where the right hand side does not depend on (. If we define

Kpjz;(t Kpjzi(s
(50 = =6) + (2"~ %5°)
5(5) — (1) |

(11.10)

it follows that

Bo’
Vj_l Bja ﬂ>0a
and so
j 7j
ol = , [B>0,
P+ 8

which uniquely characterizes 0/ as an exponential distribution with mean A/i Revisiting
J

J
(11.9), if one fixes ¢ and substitutes in -, for I&Lﬂj, it follows that there exists some constant
—o7

o (1 - <exp<—5->,ﬁj>) |

J

C such that
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for each g > 0. Taking ( to infinity we see that C' = 1. Therefore the Laplace transform of
¥, is equal to the Laplace transform of ¢7. It follows that o7 and ¥J; are both exponentially

distributed with mean %

]

The material in this dissertation is currently being prepared for submission for
publication as the paper: Loeser, Eva H. and Williams, Ruth J., Fluid Limit for a Multi-
Server, Multiclass Random Order of Service Queue with Reneging and Tracking of Residual
Patience Times. The dissertation author was a primary investigator and author of this

material.
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