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ABSTRACT OF THE DISSERTATION

A Vector Field Method for Non-Trapping Spacetimes

by

Jests Oliver
Doctor of Philosophy in Mathematics
University of California, San Diego, 2013

Professor Jacob Sterbenz, Chair

Assuming a local smoothing estimate we prove that sufficiently regular so-
lutions to the wave equation Oy¢ = F(t,z) on radiating, non-trapping, time-
dependent, 4-dimensional space-times satisfy a conformal energy estimate and
higher order conformal energy estimate with vector fields. We also establish a

global pointwise decay estimate of the form |p(t,z)| < . >1< 1 for sufficiently
“+7r)(u

regular solutions to the free wave equation.
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Chapter 1
Introduction

In this work we initiate the study of the global pointwise decay proper-
ties of solutions to the inhomogeneous linear wave equation in time-dependent,
radiating spacetimes. Let (M, gn3) be a 4-dimensional, smooth, asymptotically
flat Lorentzian manifold with non-trapping metric g. Let n denote the Minkowski
metric diag[—1,1,1,1]. By asymptotically flat we mean an a priori assignment of
decay rates for the difference (¢ —n) and its derivatives of all orders as |z| — oc.
By non-trapping we mean that there do not exist null geodesics that are confined
to compact regions of M for all time. We also assume that this spacetime is of the
form R x R? and that there exists a globally defined set of coordinates (¢, z*) such
that the level sets of ¢ are space-like. Let O, be the Laplace-Beltrami operator
associated to this metric, given in local coordinates by 0, = ﬁ@a(gaﬁ \/HGB).

We study solutions to the wave equation:

O,0 = F(t,z), 0(0,2) = ¢o(x) ,0:0(0,2) = ¢1(x) (1.1)

with (¢o, 61) € C(R?).

For this initial value problem the case with F' = N(¢, V¢) and N a non-
linear function is of great mathematical and physical interest. In large part this
is because systems of such non-linear equations encompass essentially all rela-
tivistic field theories on isolated backgrounds: Maxwell-Klein-Gordon, Yang-Mills,
Maxwell-Dirac, and Wave Maps. For a number of these applications, one of the

main open problems is to show a small-data global existence result. This amounts



to proving that for sufficiently small, smooth, compactly supported initial data
a smooth global solution for the non-linear problem exists for all time. In order
to prove this type of result it is crucial in a number of cases to first show that
solutions to the linear wave equation in a fixed background, evolving from smooth,
compactly supported initial data, decay at rates similar to those in flat space. Once
we have established this robust pointwise decay result for the linear wave equation,
we may then apply the linear decay to control solutions to some these non-linear
problems in fixed backgrounds with small data. We point out that the method of
proof for the linear decay has to be robust enough to handle not just stationary
metrics but perturbations as well. This is essential in order for this strategy to
work for the type of systems of nonlinear wave equations one would see in most
interesting applications.

For these reasons, the problem of pointwise decay for the linear wave equa-
tion on asymptotically flat backgrounds has seen a tremendous surge in activity
and understanding lately. In the last few years, the main focus has been on the
black hole metrics — Schwarzschild and Kerr — due to interest in proving the non-
linear stability of the Kerr solution in General Relativity. The state-of-the-art for
the linear problem in the black hole spacetimes is the work of Metcalfe-Tataru-
Tohaneanu [MTT12] and Dafermos-Rodnianski [DR10a]. In the first work, a global
pointwise decay estimate is proved for solutions to the linear homogeneous wave
equation for a general class of time-dependent perturbations of the slowly rotating
Kerr metric |a| < M and as well as fast-decaying, time-dependent non-trapping
metrics. In [DR10a] a global pointwise decay estimate is proved for solutions to
the linear homogeneous wave equation for a general class of stationary pertur-
bations of the slowly rotating Kerr metric |a| < M axisymmetric solutions ¢ in
the case |a| < M. Both of these results build on much earlier work by [BS05],
[BS06], [DR09]. In particular, the work on Dafermos-Rodnianski, makes use of the
vector field method which was first established by Klainerman in [Kla85]. This
robust method has been applied to prove small data global existence results for
non-linear problems in a variety of backgrounds: Minkowski [Kla86], Minkowski

with obstacles [MS06], and Kerr [Luk10b]. This method also played a significant



role in the quintessential work of Christodoulou- Klainerman [CK93| showing the
global non-linear stability of the Minkowski space within the framework of the
initial value problem for General Relativity. In some sense this result showed, for
the first time, that the vector field method is particularly well-suited for attacking
problems with a smallness condition on the Ricci curvature — in this case R,z = 0
due to the Einstein vacuum equations.

The black hole case notwithstanding, in this work we focus on a different
but related problem: pointwise linear decay for solutions to (1.1) on radiating,
time-dependent, non-trapping spacetimes. The motivation to look at this particu-
lar problem is both physical and mathematical. From a physical point of view these
space-times are interesting since they correspond to the “far exterior” portion of a
dynamic perturbation of a Black Hole space-time. In particular, it is of interest to
study the properties of the wave flow with the outgoing conditions on the metric be-
ing consistent with the work of Bondi-Sachs (1962) and Christodoulou-Klainerman
(1993) on the the radiation of gravitational waves. From a mathematical point of
view, we are also interested in how far can we push the decay assumptions on
the metric before the pointwise decay rates proved in Minkowski space start to
break down for solutions to the linear problem. In particular, as a first step in this
direction we would like for our decay assumptions to, at the very least, connect to
the weak asymptotic assumptions in recent work of Bieri [BZ09].

Assuming an local integrated energy estimate, in this work we are able to
produce a vector field method yielding a pointwise decay result for linear waves
analogous to what is available on Minkowski (via such methods) for a general
class of radiating, time-dependent, non-trapping space-times satisfying both the
radiating conditions and the weak asymptotic assumptions discussed above. We

will now give a precise description of the space-times we work with.

1.1 Decay Assumptions on the Metric

There are mainly two regions that need to be considered separately: a

sufficiently large compact set and its exterior. In general, what happens outside of



a compact set only needs a detailed description in the “wave-zone” r ~ t. For our

metric the first condition is the following:

Assumption 1.1.1 (The wave-zone is well defined). In the regions T := {5t <
r < 2t} and F = {r > 2t} there ewists 0 > 0 such that:

00, (g —m)| S (t+r) 07l (1.2)

Assumption 1.1.2 (Decay For the Metric in The Interior Region). In the interior
region J there exists v > 0 such that the metric g satisfies:

070 (g =)l < ()R (1.3)

This leaves us the task of describing the metric in the wave zone W :=

2 3

Assumption 1.1.3 (Existence of normalized coordinates). There ezists a function

u(t,z) € C°(M) satisfying the following properties:
i) Inside W, u is an optical function — that is, u solves the Eikonal equation:

gaﬁaauﬁﬁu = 0.

i) u=t—(r) on the set {r < 5} U {2t <r}.

ii) In the region {§ < r < 2t}, the function u is approzimately equal to t — 1 in

the following sense:

O (u— =) < @ =

~Y

iv) In the wave zone we define the following Lie algebra of vector-fields:

L = {f: 18t,§:
t

U

u—ruratJrram @:Qij_ ij &t}’ (1.4)

Uy Uy

then we have the L* bounds,

(LALLLE gl S ), kLT 20, (1.5)



where ﬁAlg = E% — 21Id is the trace-free part of the modified scaling field. We

also assume the corresponding bound for the metric coefficients:

-5
9o = Tasl S (1) (1.6)
where n = diag[—1,1,1,1].

v) (Radiation Condition) In an open neighborhood of the wave zone there exists

has the following symbol properties:

=

a system of normalized coordinates y' = y'(u, x7) such that the inverse metric
u)

- ) , (1.7a)

)
:f;) : (1.7b)

—~

0207 (\/Tglg" + )| < <7">_5_5|<u>—0f|<

o~ o~

023 0" = ) S

—~

with 5; the coordinate derivatives of y', ¢ = ¢%“w;.

Remark 1.1.4. In the sequel we will often refer to the set of normalized coordinates

for the metric g by the name “Bondi” coordinates.

Remark 1.1.5. These decay rates allow for g to be a large perturbation of n for
all time inside {r < 1—1015}. Inside the wave zone this hierarchy of decay for different
(u,i) components of the metric along outgoing null directions is consistent with
the radiation of gravitational waves as in [BvdBM62], [Sac62] and [CK93]. These
decay rates are also consistent with the types of metrics constructed in the stability

of Minkowski space in wave coordinates [LR10].

Remark 1.1.6. The far exterior portion of the Schwarzschild and Kerr space-
times are both examples of Lorentzian metrics having such normalized coordinates.
Roughly, these correspond to using Regge- Wheeler coordinates near spatial infinity.
As we mentioned before, the issue of when such a normalized coordinate system
exists is an interesting problem in its own right. We will discuss this a bit more in

the next chapter.



1.2 Energies and Norms
We define the vector field:
L = —Vu = —gaﬁﬁauag,

which is an outgoing null generator in the wave zone. We let C'(ug) N'W be the
null hypersurfaces defined by u = g in the wave zone and define dV () to be the

Euclidean volume element restricted to C'(up). We also define the vector:

VQS = (60¢7 ceey 83¢) 5

where 0y, ..., 03 denotes any basis which can be written as a bounded linear com-
bination of (¢, x) coordinate derivatives. In the sequel we always use the conven-
tion that Vu, Vt denote the geometric gradients of the functions u,t respectively,

whereas V¢ denotes the vector defined above. We also define the vector:

%Qb = (€3¢7€4¢)a

with {e,}q—34 a basis for the tangent space to the {r = const} N {u = const}
hypersurfaces (see section 2.1.2 for precise definitions). Using this we define the

Energy and Characteristic Energy:

Blot)] = 5 [ Votta)f Viglds.

1

Balotwo) = 5 [ (267 +IFol") ot

with |[V¢|? and | §7¢>|2 denoting the squared 2 norm of the vectors Vo, §7¢ respec-
tively. We introduce now the Conformal Energy which is the main energy in this

work:

cElo) = 5 [ @?(I7oP +122P) Viglas

2
+ %/W(<t+r>2<|w<t>|2+|5<'7¢<>|2+| %)) Viglda.



We will also use two conjugated versions of the energy above. Let the Conjugated

Conformal Energies of the First and Second Kind be given by:

'CE[o(t)]

[ e

F1R0P) + () W‘ Vgl de ) (18)

O ((u) (1) 9)

< 2
wiw | Ve

(1.9)

+ V) + (u)’

where u = u + 2r. The Conformal Characteristic Energies are similarly defined:

CEalotw)] = 5 [ <<t+r>2 He) +<u>2|>?7¢|2> We)
1

HC’ECh[¢(UJo)] = E/C( o <<t+’l“>2 L—u

Define ¢,, to be the vector:

2

+ ()’ §7¢I2> AV (up) -

bm = (0],56.07,96,050) . [Jl=m—1, |K]=m,

and we take ¢g := ¢. In the sequel, when dealing with vectors we will use the

standard convention for differentiating and taking norms:

Oratm = (00a(0/,50). 012(07,26). 012(0/50))
| émll = 10,501 + 110780 || + 19550 . [Tl =m =1, [K|=m.

For any k € Z* we also define the vector V*¢ in the obvious way. We also define

the higher order energies to be:

Eifé(t)] = Y Elpm(t)] , CEx[o(t)] = > CE[pn(t)] ,
Eilo(t)] = > E[@’6(t)], CEx[o(t)] = > CE[9’6(t)] ,
|JI<k [TI<k

with analogous definitions for E,x, CEek, Ech,m C;}Ech,k.



1.3 Local Smoothing
Let € > 0. We introduce the Local Smoothing (LS) norm:
[0 llmston = 1142} 76 ll2guom e -
As well as the weighted norms:

a—b b
1| sato = 1" (W) @ lispors) » @ llisepon) = @ llseopop -

Using this we define the Modified Local Smoothing norms to be:

|| ¢ HLSM[to,tﬂ = H V¢ HLS[toﬂfl] + || <I>_1¢ ||13[t0,t1} )
H ¢ HlSMmt[to,tﬂ = H XréétV(b HIS[tO,h] + H <x>_1Xr<et¢ ||L5'[t0,t1] )
H (b HISM,,gﬁljt[to,tﬂ = H Xré%tV(b ”IS[to,tﬂ + H <x>_1Xr<%t¢ ”IS[to,tﬂ )

with Xy<et; X< 1, smooth cutoff functions supported on the sets {r < et},

{r < 5t} respectively. We also define the dual norm:
1 €
IF s o) = 1@)* ™ F ll2(uo,mixme) -

We also define the weighted norms || ¢ ||L5Mavb[to,t1]7 | ¢ ||LSM?£@O¢1]7 | & HLSMnglOt[tO’“]
and || F' || zg+.anps, 4, in the obvious way. For all non-negative integers k we let the

higher order norms to be:

165,500 = D IV 0 llispoar

J|<k

| ¢||L§Mmt,k[t0,t1] = Z | VJGbHLSMW[to,tI] )

|J|<k

H gb ||[Sk[t07tl] = Z H ¢m Hls[toﬂh] ’

m<k

H (b HISMint,k[thtl] = Z H (bm HISMmt[to,tﬂ )

m<k

with analogous definitions for the weighted norms and the dual norms.

We now proceed to make the non-trapping assumption precise:



Assumption 1.3.1 (Quantitative Non-Trapping for Null Geodesics). For any fized
ro > 0 there exists C' = C(ro, g) such that if v is any forward null geodesic starting
inside the set r < ro with affine parameter s satisfying "ylf!szo =1 with ys = 1,

7(0) € {|z| < ro}, then y(s) ¢ {|x| < 1o} for all s > C.

Using the LS norms we may now state the final decay assumption on the

metric gogs:

Assumption 1.3.2 (Local Smoothing Estimate). For sufficiently small 0 < € and

times 0 < ty < t1 the evolution satisfies the estimate:

1
10 | smot) S EZ[0(t0)] + [ Fllzs o - (1.10)

The assumption of non-trapping is a necessary condition in for (1.10) to
hold in this form. If there’s trapped null rays, the work of Ralston [Ral69] shows
that the estimate must necessarily lose derivatives in a neighborhood of the set
where trapping occurs. In the case of non-trapping spacetimes, estimates such as
(1.10) go all the way back to work of Morawetz [Mor68] and are known to hold in
a variety of settings. In the simplest case of Minkowski space, Keel-Smith-Sogge
proved a limiting version of this estimate and used it to prove small-data, almost
global existence for general nonlinearities [KSS02] (see also [Ste05]). For uniformly
small, time-dependent perturbations of Minkowski, Alinhac [Alil0] and Metcalfe-
Tataru [MT12] both established this result. The work of Bony-Hafner [BH10]
extended the validity of this estimate to the case of large, stationary, non-trapping
perturbations of Minkowski space. Recently, Sterbenz-Tataru [ST13] proved the
LS estimate for the Maxwell field on spherically symmetric Black Hole space-times.
We point out that both the Schwarzschild and Kerr solutions have trapped null

geodesics and therefore our work will not apply to perturbations of such spacetimes.

The importance of the LS estimate for the vector field method took some
time to understand. By now, however, it is clear that a pointwise decay estimate
using the vector field method should be built out of the following three more basic

decay/boundedness statements:

a) An LS estimate
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b) An estimate for E[¢(t)] in terms of initial data (energy boundedness)

¢) An estimate for CE[¢(t)] in terms of initial data (conformal energy estimate)

or a suitable replacement (see [DR10b])

All instances in which the vector field method has been used to prove a pointwise
decay estimate like (1.25) all three of these ingredients are available. We point out
that in some applications Stricharz estimates are proved instead of CE boundedness
or pointwise decay. we will not discuss such applications (see Lindblad-Sogge-
Tohaneanu-Wang in [LMST13]). The LS estimate, in particular, plays a special
role in the proof of pointwise decay. This is because its existence already implies
an integrated local energy result. An alternative way to think of this is to make the
observation that since (1.10) is an L2(L2) estimate, the large deformation tensor
errors in a compact set arising from b) above can be put into this space by a simple
application of the Cauchy-Schwarz inequality, the LS estimate is naturally suited
to handle the error terms in a compact set arising in the proof of boundedness of
energy. Therefore, at least locally, boundedness of E[¢(t)] is a direct consequence
of the LS estimate. Therefore, in some ways, the LS estimate should be thought of
as the starting point for any proof of decay for solutions to the wave equation using
vector field methods. Once this estimate is in place, the vector field method bridges
the gap between the linear and non- linear dynamics — at least for small data —
by providing a method for proving pointwise decay. Certain types of non-linear
problems then become tractable by using the pointwise decay estimate. There
are numerous examples in the literature to illustrate this point. In [KSS02], for
instance, the authors establish a different version of the LS estimate in Minkowski
space and use it to prove almost global existence for problem (1.1) with F =
N(¢p, V) a general quadratic nonlinearity. A generalization of this result is in
[SW10] where the authors use the LS estimates shown in [BH10] to prove almost
global existence as well as Stricharz estimates and the Strauss conjecture for semi-
linear problems with g now a large, stationary, nontrapping perturbation of 7.
Finally, we note that it is generally expected that the LS estimate (1.10)
will hold for a large class of metrics — in particular, it should hold for generic, time-

dependent, non-trapping, asymptotically flat metrics, and it should also hold, with
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loss of derivatives, for the Kerr metric with |a] < M and for small time-dependent
perturbations as well. In view of this, in this work we just assume its existence
and focus on the problem of developing a vector field method robust enough to
yield a pointwise decay result analogous to the Minkowski case. This constitutes
the necessary first step in proving a small-data global existence result for some

non-linear problems with special structure.

1.4 Statement of the Main Theorem

Theorem 1.4.1 (Main Theorem). Let (M, gag) be 4-dimensional, smooth, asymp-
totically flat, Lorentzian manifold of the form R x R® with a globally defined set of
coordinates (t,z') such that the level sets of t are space-like. Assume the metric g
satisfies assumptions 1.1.1-1.3.2 with 0 < v < 6. Let ¢ be a solution to the wave
equation (1.1) with smooth initial data such that CE=[¢(t,)] and || F [——

[tovtl]

are finite for some 0 < ' < . Then there exists ¢ > 0 sufficiently small with:

, )
e<n, 6—|—’}/<§, (1.11)
such that for all to,t; € [0,00) the function ¢ satisfies:
Conformal Energy Fstimate
1 1
sup CEz|p(t)] + su CE? o(u)]) + ! 1.12
. CEHo] + s (CELON + 0l e (112
S CE5[¢(tO)] + H F H[S*‘l"w,‘%[to,tl] :
Additionally, if the initial data are such that CEZ[¢(to)], || F HIS and
k

A+, % ’
2 [to,t1]

| finite for some fived k € 7, 0 < o' < {5, then there exists € > 0

R P

sufficiently small meeting the conditions of (1.11) such that for all to,t; € [0, 00)
the function ¢ satisfies:
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Higher Order Conformal Energy Estimate

sup CELO()] + swp (CEL0) + 110y (113

to<t<t1 Wn([to,t1]

1
S CER[o(to)] + || F “Lg*’””’v%[to t1] tIE HIS%V,’%[to tl
. , k—1 )

Next, we state the L*° estimate below as a standard application:

Theorem 1.4.2 (Global Pointwise Decay). Let (M, gog) satisfy all the assump-

tions of the main theorem. Let ¢ be a solution to the free wave equation:

Dg¢: 0, ¢(O,$) = ¢0(x) 7at¢(0>x) = ¢1($) )

1
with smooth initial data such that CEF[p(to)] is finite. Then, for all (t,z) €

[0,00) x R3, the function ¢ satisfies the pointwise decay estimate:

1

ot @) S ——7
(t+7)(u)?

<CE§ [¢(t0)]) . (1.14)

Remark 1.4.3. The parameter € only depends on || g ||, ,d and all the constants
mvolved in assumptions 1.3.1-1.3.2. In principle, an explicit choice of € involving
such constants can be made. However, as we will only use this parameter to close
a finite number of estimates it s not necessary — or particularly illuminating — to

keep track of its size. From this point on we simply fix € sufficiently small with
(1.11) satisfied.

Remark 1.4.4. For our results below, we will work with data (¢o, $1) which are
smooth and compactly supported. This condition can be relaxed so that the only
reqularity requirements for the data are that they belong to the weighted Sobolev
spaces discussed in the statement of the main theorem. This relaxzation can be

achieved by standard approrimation arguments which we will omat.

Remark 1.4.5. These results in effect reduce the problem of establishing the op-
timal pointwise decay rates consistent with the vector field method for solutions to
the free wave equation for a large class of time-dependent, radiating metrics to just

proving that the LS estimate (1.10) holds in such spacetimes.
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To the best of our knowledge, for outgoing metrics there’s no previous
results in the field other than the stability of Minkowski space [CK93] and [BZ09].
Additionally, no previous work has been done for metrics with the type of ‘mixed’
conditions we deal where both the slow decay for 0;¢g in a compact set and the
slow decay for g —n in W must be dealt with simultaneously. As an application of
this result, we hope to soon be able to prove a small data global existence result
for some simple non-linear problems with special structure. We leave it to future
work to treat the separate problem of reducing these coordinate assumptions to
more basic, geometrically invariant assumptions.

The state-of-the-art for linear decay on time-dependent, asymptotically flat
metrics boils down to two very recent results. The first one is the work of S. Yang
[Yan10] which establishes a pointwise decay rate of (¢ + )" for the linear problem
using a vector field method for compactly supported metrics. As an application, the
author then uses this estimate to establish a small data global existence result for
nonlinearities satisfying the null condition. Just as we do in our work, the estimate
(1.10) is assumed for large perturbations. However, in contrast to our result, the
author only assumes |0Fg| < €* for ¢ > 0 sufficiently small inside a compact set
which allows for a wider class of perturbations there. On the other hand, this is
paired with (g —n) = 0 outside a compact set so there’s no new analysis or results
there. The second pointwise decay result for non-trapping, time- dependent metrics
is the work of [MTT12] where the authors prove a decay rate of (t + )" (t — )~
(Price Law) for non-trapping, time-dependent metrics. The authors assume the
LS estimate together with the interior decay rates dFg ~ (t)"*(r)~" and wave zone

11—k . L. .
which are much more restrictive than ours. Despite

decay rates 9%g ~ (r)
the fact that a lot of decay is achieved for the linear problem, we point out that
the norms for F involved in getting such decay are very costly from the point of
view of working with non-linear problems. For this reason no applications to non-
linear problems using this result have been shown up to date. We also mention
that this work also deals with black-hole spacetimes: the authors also establish the

t=3 interior decay rate for the linear problem for a class of small, time dependent

perturbations of the Kerr metric with |a| < M by assuming the corresponding
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trapping version of the LS estimate.

As we mentioned before, our result differs from the previous two mainly in
the fact that we are able to deal with a radiating metric in the wave zone with while
keeping the slow decay for d;g in a compact set. In the wave zone, the radiation
condition for g requires that we modify our vector fields so that they have better
commutators — at least relative to the standard Minkowski vector fields. In the
wave zone, the process of controlling the errors coming from vector field multipliers
and commutators is very delicate and relies heavily on the Bondi coordinates — plus
a bootstrap procedure. This is in stark contrast with the previous two results since
the conditions imposed on the metric in both of those cases allow for control of the
standard Minkowski vector fields more or less trivially in the wave zone. In the
interior, since t9;(g) ~ 77 is not bounded, commuting with even a single scaling
vector field in this region becomes non-trivial and requires us to prove a weighted
L? elliptic estimate as well as a higher order T-weighted LS estimate with vector
fields.

1.5 Overview of The Vector Field Method

In this section we’ll recall the geometric identities used in the vector field
method. We also review how these identities are used in the case of Minkowski to

prove a pointwise decay result and discuss how that proof differs from our case.

1.5.1 Energy Formalism
Define the Energy-Momentum Tensor associated to g, ¢ by:
Tpld] = 0a0036 — 500506020
Topl@] is related to Oy by the following formula:
DTpslp] = F - 059,

with D denoting the Levi-Civita connection. Given a smooth vector field X, we
define the 1-form:
(X)Pa[¢] = Ta5[¢]X6 :
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Taking the divergence of this 1-form we arrive at the well-known formula:
Lix
D*MP,[¢] = Fo¢- Xo+5 Or P Toslo] (1.15)

where,

Lxg = OV, 2) = (DyX,Z) +(DzX,Y) ,

is the Deformation Tensor of g with respect to X. This symmetric 2-tensor mea-
sures the change of g under the flow generated by X. Integrating (1.15) over the
time slab {(¢,x)| to <t < ¢} and using Stokes’ theorem:

/ “(NIP[¢]) ]gldr = / NP, [¢]) /Jglde
{tzto}ﬂRS {t tl}ﬂRS
t1
/ / (F ng+ BT, 5[0 ]) V |gldzdt
RS

(1.16)

with N = —Vt. Since this identity comes from multiplying the vector field X ¢
times the equation and performing an integration by parts, this is often referred to
as the Multiplier Method and we say that the vector field X is used as a multiplier.
We refer to the integrand on the left hand side as the energy density of X associated
to the foliation by spacelike hypersurfaces ¢t = const.

In order to obtain a useful estimate, in all the classical applications of the
multiplier method one looks for X such that the LHS above is non-negative and
such that the error term on the RHS (7T, 5[¢] is as small as possible. — this
is where the choice of the vector field X and how it interacts with ¢ comes in.
To deal with the positivity of the LHS, we recall that for any Loretzian metric
g the energy momentum tensor T,s[¢] satisfies the Dominant Energy Condition:

For any two timelike, future-directed vector fields Y, Z:

D (0.0 S T(YV,Z) = YoT.s(¢12° . (1.17)

(67

1.5.2 Killing and Conformal Killing Vector Fields

For the error term on the RHS of equation (1.16) there’s no general way

to deal with an arbitrary vector field X, so we must insist that X interact well
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with g. The simplest case is when )7 = 0, that is, X is a Killing field — or
equivalently, the flow of X generates an isometry for g. In this case, we see that
equation (1.16) immediately leads to conservation of the energy density associated
to X. This result is a manifestation of Noether’s theorem relating symmetries of
the space-time to conserved quantities for the flow. As it is to be expected, most
spacetimes do have have any symmetries, so in some sense this case is an idealized
model. The next simplest case is when the flow of X is a conformal transformation

— that is:

Xr = Qg , (1.18)

for some scalar function ) = e*.

In this case we say that the vector field X is
Conformal Killing with respect to the metric g. The classical way of proving an
energy identity for such a field is to use it directly as a multiplier via (1.16). To
take advantage of (1.18) we use the following identity which follows from (1.16)

by an integration by parts:

/ (Na((xma[czﬁ]) - —¢ (N,VQ) + Q¢ (N, V) ) VIgldz

{t=to}NR3

— / <Na((X)Pa[¢]) - —cb (N,VQ) + Q¢ (N, V) ) \/de
{t=t1}NR3
t1 0 1

! / L <X¢+§¢) S Tusld)(M07°7 — Qg°%) — 26°0,(0) Tgldadt

(1.19)

The deformation tensor term vanishes if X is conformal Killing. This cancellation
effectively eliminates the most dangerous term on the RHS. The price for doing
this is that even if X is timelike and future-directed, the energy density could now

have a negative sign due to the two extra terms we have added.

1.5.3 Conformal Energy Estimate in Minkowski Space

Let us recall how this setup helps us prove energy estimates and pointwise

decay in Minkowski space. Let ¢ =1 and X = J; — the infinitesimal generator for
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time translations. In this setting, the vector field 0; is timelike and future-directed
everywhere. Since the t = t; hypersurfaces are spacelike everywhere, the vector
field N = —Vt is also timelike and future directed everywhere, therefore equation
(1.17) together with (1.16) imply that we have fixed-time estimates for the positive
energy density associated to 0; through the foliation by t = ¢, hypersurfaces as
long as we can control the error term T,,5[¢] @) 7. In the case of Minkowski, d; is
Killing so @)1 = 0 - the symmetry in this case corresponding to time-translation
invariance. If ¢ a solution to the Minkowski wave equation O¢ = F', an application

of (1.16) yields the energy estimate:

[ @ersY@erd s [ (@ep+ Y @0 do
{t=t1}NR3 i {t=to}NR3 i
t1
+ / IF - 0,0| ddt . (1.20)
to R3
Next we define the Morawetz vector field by:
K() = <t2 + Tz)at + 2157“(% . (121)

This is a timelike vector field except on the set t = r where it becomes null. The
Morawetz vector field is connected to the conformal structure of Minkowski space
since it is the generator of the inverted time translations — a conformal isometry

for . One can readily compute:
Eolp = 4y,  DO(4t) = 0.

Therefore applying (1.19), using some Hardy estimates and adding the energy
estimate (1.20) one can, after some computation, show the Conformal Energy

FEstimate:

/{tzt e (W) (Lo)* + (u)*(Lo)* + ((u)® + (w)*)| W ol + (%)2 d

(toy

r2

< / WL + (W)LY + () + W) Vol +
{t=to }NR3

+ /tOl/Rs‘F(Egb—thb) | ddt (1.22)

with K, = K, + 0, optical functions u =t —r, u =t+r and L = —Vu = 0, + 0,

and L = —Vu = 0; — 0, the outgoing (resp. incoming) null generators.
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1.5.4 Commutators and Pointwise Decay in Minkowski

Space

With the result (1.22) now in place, the commutator method then allows us
to upgrade this estimate to higher order L? estimates by commuting the equation
O¢ = F with vector fields. The main idea is the following: let I' be a smooth
vector field. The function ['¢ then satisfies the Wave equation:

Or¢g = TF+[0,T]¢ . (1.23)
Applying the conformal energy estimate (1.22) to I'¢ then yields:

sup CELTo(0)] S CEXTota)] + [ | (4 1)TF g d (1.24)

to<t<ty to

[ 0o, i

to
If one has good control of the commutators above, a conformal energy estimate for
['¢ immediately follows. This pairing of (1.23) with an energy estimate to produce
an energy bound for I'¢ is referred to as using I' as a commutator. In Minkowski

space we then commute the equation with I" € {0, , Qaps , S} where:
QOi = xiﬁt —i—t@z s Qij = xiﬁj — Ijai s S = tat +7‘8T .

the Lorentz boosts, rotations, and scaling vector fields, respectively. The commu-
tators are:

[O0,0] = 0, 0,0] = 0, 0,8 = 20.

Commuting with all I" and using the CFE estimate (1.22) leads to an estimate for
CE[l'¢] as well. Once this is in pace, the pointwise decay then follows via the

Klainerman-Sobolev estimates:
1 «
()t —r)2lotz)] S D Tz - (1.25)
la|<2

It is important to note here that since this is the maximum pointwise decay
rate that the vector field method achieves at (and near) flat space, where the best

results are to be expected, it therefore represents the optimal decay rate one would
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also expect to get out of a vector field approach in a curved, asymptotically flat 4-
dimensional space-time which is not close to flat space — such as ours. However, we
point out that other methods can obtain more decay — see in particular [MTT12].
However, it is not yet clear if any other alternative approaches can also work for
small data non-linear problems. By contrast, the vector field method works partic-
ularly well for small data-global existence problems for non-linear wave equations,
where ' = N(¢, Vo) has special algebraic structure — the so-called null condition.
This was first established for Minkowski space by S. Klainerman in [Kla86]. Such
a condition on N is necessary in 4 dimensions since global existence for arbitrary
N fails even in Minkowski space — see[Joh79).

The original proof of estimate (1.22) was done by Morawetz in [Mor62] and
was used to prove the pointwise estimate (1.25) in the work of Klainerman [Kla85].
In the Schwarzschild case, the conformal energy estimate was first proved by Blue-
Sterbenz [BS06] and later on by Dafermos-Rodnianski [DR09]. The case of slowly
rotating Kerr, the conformal energy estimate was proved in [DR11] and then used
by Luk in [Luk12] to prove a pointwise decay result for the free wave equation of

similar form to (1.25).

1.5.5 Conformal Energy Estimate in the General Case

In the case we're interested in we will be able to use the fact that g is a non-
trapping metric satisfying all of our decay assumptions to show that the vector field
0y is timelike everywhere. Since —Vt is assumed timelike and future directed, we
may again apply (1.17) to prove that the energy density associated to J; is a positive
quantity that controls Y (0,¢)?. However, since g in general could be time-
dependent, this vector field will no longer be Killing in such cases. Nevertheless,
our decay assumptions on g,z will imply that 0, is asymptotically Killing outside
of r < et. Thus the deformation tensor of X will satisfy some decay estimates
outside this region which will allow us to control these error terms. Therefore,
modulo control of the deformation tensor and the proof that 0; is timelike, we may
once again apply the strategy discussed above for Minkowski space and produce

an energy estimate for the vector field 9.
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For the conformal energy estimate, we define an analog of Ky for our curved

spacetime (M, gqg) as follows:

Definition 1.5.1. Define the modified Morawetz vector field by:

— 2_2 O,
Ky, = Y (g+ rr u8t +2(u+r)ro, , (t,x) coordinates , (1.26)
U

Ko = 6*0, +2(u+r)rd, , (u,x) coordinates . (1.27)

One option for us at this point would be to follow the classical proof of
the conformal energy estimate and simply emulate what we did in the case of
Minkowski. More specifically, the strategy be to apply (1.19) directly with I?O and
deal with the proof of positivity of the LHS as it stands. However, in a curved, time-
dependent background satisfying our assumptions, there’s several problems with
this strategy. The first difficulty is that since we want to use Bondi coordinates in
the wave zone order to take advantage of the decay rates (1.7a)—(2.8), the proof of
positivity requires some extra cancellations and integrations by parts and wouldn’t
follow in any simple, natural way from asymptotic flatness. A second problem with
this approach is also its lack of characteristic energy estimates. It is well-known
that outside the interior region, null energy estimates are optimal with respect to
decay and peeling requirements for the metric — thus to get a result that is close to
critical in the decay of g we need to make use of energies on null cones in the wave
zone. In order to add energies associated with null cones u = const in the wave
zone, the setup of identity (1.19) would require another round of computations and
integrations by parts. This process would generate some additional error terms,
would not be very natural or illuminating, and would not necessarily make use of
the Bondi coordinates in the most optimal way. However, there’s an alternative
approach which addresses all of these problems all at once and seems robust enough
to handle the proof of the conformal energy estimate in this and many other

Lorentzian backgrounds.
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1.6 The Method of Lindblad-Sterbenz.

The work of Lindblad-Sterbenz [L.S06] provides an alternative method of
proof for the conformal energy estimate (1.22) in Minkowski space. Let’s review
the basic elements of this method, compare it with the standard method of proof

and highlight some of the features which are advantageous in a curved background.

Let be a (smooth) X be a vector-field and g = Q7 2g for some weight
function Q = e¢*. We have the identity:

Lxg = Q *Lxg—207°X(Q)g .

Recall that in the case of Minkowski we have Ly, ,n = 4tn and it is then natural to

look for conformal factors 2 such that:

This leads to two choices: Q0 = r and Q) = 2 — r?> = wu. The crucial observa-
tion now is that the Morawetz field K, is now a Killing field with respect to the

conformal metrics:

1 1
77— Tgnv 77 (

thus Lx,g = 0. Next we recall that the wave equation has the following invariance

with respect to conformal transformations:
Oy = Q%06 — Vo, (1.28)

with ¢ the rescaled solution 1) = Q¢ and V the scalar curvature V = Q30(Q71).
In Minwkoski space, our choices €2 = r,uu make V' = 0. Therefore, we can now

apply Integrating with respect to the volume elements

vy =

1
_d‘/n ) d‘/H =

r4

Using K, as a multiplier for the metrics 17, 7 via identity (1.16) and comput-

ing with the energy momentum tensors corresponding to each of these metrics



22

immediately leads to the First and Second Morawetz estimates:

2 2 )
o[PS e 2] e awer + B
{t=t,}NR3 Q ,
> o | V() [ " Ko(§20)
S /{Ho}ng(to )| —q | drt /to /R3 =2 dadt (1.29)

for Q2 = r,uu. Notice the similarity between this form of the conformal energy
and the conjugated energies (1.8) and (1.9). It is then pretty simple to remove
the conjugation and derive the usual conformal energy estimate (1.22) via the
pointwise estimates:

2

2
u’|Lo* + u’|Lo[* < 2 (uZ L(:¢> 2 @ >+2(u2+u2)|%|2,
2 2
) < 30w [HOS L | KO

Q=ruu

One of the key novelties in our work is that we develop a generalization of this
method and use it to prove the conformal energy estimate for a metric with our
weak decay assumptions. It will turn out that the method of Lindblad-Sterbenz
will have some features which make it much better suited for dealing with curved
spacetimes— and we discuss, in general terms some of these features now. Firstly, we
note that using this approach we immediately get an estimate for a positive energy
density via the dominant energy condition as long as K o is timelike, future-directed
— which will be the case for the interior region. Therefore we have eliminated
the need to do any computations precisely in the region where g could stay far
from the Minkowski metric. A second advantage is that, in contrast with the
classical method, in the wave zone the Bondi coordinates will actually help us
prove positivity for this energy density just by subtracting off the Minkowski energy
density and treating the difference as a small bootstrap error term. Once positivity
is proved it is then pretty straightforward to remove the conjugation and get the
conformal energy estimate using some Hardy estimates. A third reason why this
method is effective is that by using l?o as a multiplier for the conformal metrics we
immediately can add the null energies in conjugated form — without any extra error

terms or integrations by parts. Finally, another good reason to use this method we
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in a curved spacetime is that the identity (1.28) continues to hold verbatim — that
is, the wave equation has the same invariance under conformal transformations in
our setting. Consequently, the energy formalism for conformally deformed metrics
has a natural form suitable for proving energy estimates regardless of the fact that

g now has nontrivial curvature.

1.7 Notation

The following is a list of the notation that will be used in throughout the

work.

As usual we denote A < B (resp. “A< B”; “A~B”)if A < CB” for
some fixed C' > 0 which may change from line to line (resp. A < eB for a small €;
both A < B and B < A).

0; (resp. 0;) will denote coordinate derivatives in the Bondi coordinates
(resp. coordinate derivatives is the (¢, x) coordinates). In general, quantities with

tilde are associated to Bondi coordinates.

Q will denote the collection of modified rotations. On the other hand  will
denote the collection of weights Q2 = (r), TQ = (u)(u).



Chapter 2

Geometry Setup

2.1 Normalized Coordinates

2.1.1 Properties

One of the main properties of the normalized coordinates which makes them
natural to problem (1.1) is the fact that they provide a natural basis in which one
can write the vector fields X € L. Furthermore, in these coordinates, the vector
fields have a very simple form compared to their definition in (¢, x) coordinates
and it is in this simple form that we can more easily see that the fields commute

well with each other.

Lemma 2.1.1. In (u,x) coordinates the vector fields defined in (1.4) are given by:
L = {'T“:au,§:uau+r5“§27j: a:igj—xjgi}, (2.1)

and I forms a Lie algebra on M.

Proof. Using the chain rule, we get the following formula relating coordinate

derivates in Bondi coordinates to coordinate derivatives in (¢, x) coordinates:

B = (u)™'0, By = xi—%at, b, = a,,—%at. (2.2)
t t

Using these identities and applying the chain rule to each vector field we get (2.1).

A simple computation then shows that the commutators are equal to:

[0,, 5] = 8, , 0,,9 =0, 1S,Q] =0, [0, W) = 0wl - (2.3)

24
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The Lie algebra property follows directly.
O

Now we will derive some useful decay conditions for all the metric coeffi-

cients in the wave zone without the extra factor /|gl:

Lemma 2.1.2. In the wave zone we have:

10105 (g% — i) < () Ky (2.4)

~Y

Proof. This is done by induction on the number of derivatives. The case |J| +
| K| = 0 follows at once from (1.6). For the remaining cases we recall that in local

coordinates we have the well-known formula:
(Lxg)*® = Oaf = —X(g°%) + ¢*10,(X") + ¢70,(X) . (2.5)

From this identity the result follows directly for any number of 0, derivatives by

computing in Bondi coordinates. For a single 5; derivative:

(L39)™ = —5(g°°) + ¢*0,(") + ¢718,(2) — 29°7 .
= —udy(9*®) — r0,(g*") .

Therefore, since we already have the result for 9, we conclude:

[S(g°? =) S ()"

~Y

For a rotation ij = 290, — xk’gj we recall:

9710,(0) + 970,(Q) = g7 — g™, a=j.,8=k,
9710,() + 9710,(0) = —¢™ a=j,B#k],
9710,() + 9710,(05) = 297, a=8=7j,
g°710,(Q) + 970,(Q%) = 0, a#kj . B#kj.

With the exception of the a = j, 3 = v and o = k, f = v components, these terms

all have the right form to apply (1.5) and get the decay. For the (j,u) case we
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observe:

(La, 9" = —Q(g™) + ¢70,(Q) + 9"70,(Q))
= —Qu(g™ + o) + Qp(w’) — g™ .
= —ﬁjk(gj“ + w) — Wk — gk (2.6)
The case (k,u) follows similarly. Therefore by (2.5) we conclude for all rotations:

Qg™ =T S ()

Since (i = %(i + f—;ﬁﬂ the result follows immediately for 52 as well. A simple
induction argument proves the remaining cases.

]

Since we will be using the volume forms \/|g|dz to integrate the relevant
geometric quantities, it is important to have some decay estimates for the deter-

minant in Bondi coordinates as well. The result above implies:

Corollary 2.1.3. The determinant in Bondi coordinates \/|g| satisfies:

10708 (gl — 1] < () )~ H=2 (2.7)

Proof. By continuous dependence of the determinant on the components of the
matrix (¢).s we may take the supremum over all components. The decay rates
(2.4) then give us the result.

O

By combining (2.4) and (2.7) get the decay rates for 1/|g|g” as well:

Corollary 2.1.4 (Decay rates for the (i,j) components with \/|g|.). In the wave

zone:

10208 (Vglg? — 7)< ()" Ky (2.8)

It is also important to point out that although the Bondi coordinates are
originally defined only on an open set of W, we may extend them in a natural way
to the region of the space-time in which where we want to prove estimates for our

solution ¢.
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Lemma 2.1.5. In the region [ty, 00) X R? for ty > 0 sufficiently large, the function
uy = Oyu does mot vanish and the Bondi coordinates can be extended to this region

with decay rates given by (1.7a), (1.7a), and(2.8).

Proof. Equation (2.1) gives such an extension provided that d,u in the (¢, z) coor-
dinates does not vanish. By assumption 1.1.3iii, in the neighborhood of the wave

zone:
du = 14+0((r)7") .

Therefore for r sufficiently large these functions do not vanish. However in this
region r & t holds so this is satisfied by requiring ¢y to be sufficiently large. In the
rest of the space-time we have u =t — (r), therefore dyu = 1. The decay rates are
simply a restatement of the decay rates for the metric g,g plus the fact that the

weights relative to each other satisty:
i) In the interior r < et and u ~ t.
ii) In the wave zone |u| < r, t = 7.
iii) In the region {et < r < 2t} U {3t < r < 2t}, therefore t = r and u =~ u
iv) In the far exterior 2t < r.
O

Lastly, we mention that in normalized coordinates the light cones for the
metric g,p are within O(1) of the Minkowski light cones — in particular, we do not
have any logarithmic divergences. This is simply due to the fact that near spatial
infinity these conditions allow us to perform a transformation » — r* analogous to
using Regge-Wheeler coordinates in Schwarzschild or Kerr. We will use this result

throughout the rest of the paper.
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2.1.2 The Radial/Angular Decomposition

In order to better capture the decay and peeling properties of the metric
it is necessary to make a distinction between ‘radial’ and ‘angular’ Bondi deriva-
tives. In particular, this becomes essential whenever we encounter a g“* term of
the metric since our decay rates (1.7a)-(1.7b) will distinguish between radial and
angular components. This fundamental fact not only lies at the heart of our proof
of boundedness of conformal energy, but also is very useful in making calculations
more manageable since, in the wave zone, the conformal and characteristic energies
are defined using L, es, e, derivatives and not 51 derivatives. We now proceed to
make this decomposition for the Bondi coordinate derivatives and to record how

the decay rates (1.7a)-(1.7b) will change in this new basis.

Let {eq}a=s4 be a local basis on {r = const} N {u = const}. We locally

split the coordinate derivatives 5Z in terms of 29; and this basis by:

a3 a
0 = w0, +wie, ,

wh = ez'),  w =w =2a/r,  Ow! =0, [0,,e0] = r e,
(2.9)

with the functions w’, w? being homogeneous of degree zero in the variable r. Note
that these conditions imply that the e, cannot be coordinate derivatives. Since the
{wf} form the components of a rotation matrix, we also have the following basic

formulae:

wwi =0, wpwy = 6y , wiwl = 6 —ww . (2.10)

We define the Bondi Frame to be:

B = {0u, (97«, €3, 64} . (211)

By lemma 2.1.5 this frame is well-defined everywhere on [ty, 00) x R3 for ¢y > 0

sufficiently large. Using this basis our first observation is the following:
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Lemma 2.1.6. For the components g/ in the basis B, conditions (1.7a)- (1.7b)

imply:
a B ur r —5—8] U -« @ %
037 (Il + 101 5 ) (1) (2.12)
<“>> . (2.13)

anB/ ua r —5—8] U -«
) S 7 (4

Proof. We induct on the number of derivatives. For (2.12), we start with the

—~

identity:
(vIglg" +1) Zw g™ + w') . (2.14)

Case a = 8 = 0: since w’ = O(1), v/|g| =1 = O(r=°), using (1.7a) and (1.7b) we
get:

(Vg™ + 01 £ I/l + ) 5 <>(<<i§) (2.15)

Case a + = k: by induction we may assume the result holds for a + 3 < k — 1.
Applying 83515 to (2.14):
00/ (Vlglg" +1) = Y D ()@ (VIglg" +w)) -
i v+0=0

Combining [07w’| < r~¥l and (2.7) for the determinant together with estimates

(1.7a) and (1.7b) gives the result. Next, for (2.13) we begin with:

gui — wzgur + w(zlgau
By wiwi = o
gau — wf(g“i _ wigur) ]

Differentiating, using @”wﬂ < r7 and applying (1.7b):

Z|aaaﬂ au Z Z |87 aaaal z ur)l

a,b ab v+A=06
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An important consequence of these decay rates is the following:

Corollary 2.1.7. Let L = —Vu and ¢ be a test function. Inside the wave zone
W the following estimates hold:

Lo=Gol 50" Wol+ () 007" et (216)

9(L =0, L=0,)| S ()7 . (2.17)
Thus 0, is asymptotically null in this region. In the region {et < %7’} U {%t <r}:
L6 —0rgl S (1) °(10ud] + 10:0] + lesd] + |ead]) - (2.18)

Proof. Computing using the basis B inside W, we have L" = 0 trivially since u is

an optical function. Using this together with the decay rates in (2.12) and (2.13):

=1 = =@+ D] S 07
s 1o s (3

Therefore (2.16) holds. Similarly:

9L =0, L—=0,) < 19" + 11| + 209" + UIg"[Igral + Y 19" 1[Gt
b

07+ () + ()

< (=0,

AN

as r — oo. For the region {et < 2t}U{3t < r}, L* # 0. However, using assumption
1.1.3iii and the decay rates (2.12), (2.13), the rest of the result follows by a similar

calculation.
]

2.1.3 Relationship to Bondi-Sachs Metrics and Examples

Recall that a Bondi-Sachs metric is one for which given a world tube T" and

a set of coordinates z® = (u,r,0,¢), with v null, r radial, and 6, ¢ angular, the
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smooth curves on which (u, 6, ¢) are constant are null geodesics. This implies that

the components of metric tensor in this coordinate basis satisfy:

gu = g12 = g1z =0,
or equivalently:

g0 = g2 = g% —0
An additional requirement — which has nothing to do with the null geodesic struc-
ture — is that the determinant of the angular part of the metric is that of a unit
sphere metric. This definition was originally introduced in [BvdBM62] in order to
study the relationship between gravitational radiation at infinity and mass loss.
This type of metric has also provided a framework for computations in numerical
relativity — see [BV06]. Our normalized coordinates can thought of as a general-
ized Bondi coordinate system whose derivatives are in Cartesian form. The link
between a Bondi-Sachs metric and our normalized coordinates is provided by the
frame B. The main observation in this regard is the following: if a metric g*
has normalized coordinates, then by the remarks above it also has a B basis on
[to, 00) x R3 for ¢y > 0 sufficiently large. The metric components in this basis will
then converge pointwise to a Bondi-Sachs metric as r — oo in the wave zone, with
explicit quantitative decay rates given by (2.12), (2.13) and (2.8).

In particular, we note that any metric which is exactly in Bondi-Sachs form
is an example of a metric which has normalized coordinates. This is because, at
least locally, we can always go from radial /angular derivatives to Cartesian coordi-
nates since all the transformations involved are local diffeomeorphisms. With this
in mind, we proceed to give some examples of metrics which have the normalized

coordinates:

1) Minkowski: In (¢, z") coordinates the optical function is given by v = ¢t —r. The
Bondi coordinates are {0;, d;—w'd;}. The inverse Minkowski metric in this basis
is equal to the matrix 77*? in definition (1.1.3). We can compute det 7] = —1 and

thus it is immediately clear that this satisfies all the conditions in assumption
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1.1.3. Transforming this into a Bondi frame via 9, = 0, 5T =0y — 0, e,, €, we
find:

0 -1 00
-1 1 00
nalg(u7 T7 a7 b) =
0 0
5ab
0 0
where § is the restriction of n to the spheres r = const and det|n~!| =

r~2(sin 0) 2.

Schwarzshild: Define the Regge-Wheeler tortoise coordinate to be r* = r +
2M In(55; — 1). Choosing u = t — 7* and computing the metric in outgoing

Eddington-Finkelstein coordinates (u,r,0, ¢):

2M
Jgs = — (1 — —) du® — 2dudr + r*do? .
r

Therefore the inverse metric is given by:

0 —1 0 0
-1 (1-2M)y o0 o0
05 (s 7y a,b) = ==
0 0
5ab
0 0

with, \/|gs| = r?sin? . We see that in the Wave zone assumption 1.1.3 holds
with the Bondi frame being equivalent to (u,r, 6, ¢).

Kerr: The authors in [BV06] compute the Kerr metric in Bondi-Sachs form up

to r~! errors to be:

2M .
" = -l gt =1 g% = 00T,
_ 1 _
gt = 007, g® = 5 g% =007,
7 = 1

r2sin?6 ’

with \/]gs| = r?sin® 0 + O(r—1).
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More generally, the existence of the function u and the set of normalized
coordinates should follow for any asymptotically flat metric with |8t’fzg| < p0k
(in original coords) and with the mild curvature conditions |Rag,s| S r~2717¢ and

|Rap| S r~2727¢_ We leave the proof of this assertion to future work.

2.1.4 Deformation Tensor Identities
We define the conformal deformation tensor to be:
O = Bmeg — %gaﬁ tr[ )] . (2.19)
A simple calculation then shows:

1 e’
Topld] Mm% = 000 m0 — §9aﬂaa¢5,8¢tr[(x)7r] = D003 M7 .

—_

For simplicity, we also use (X)7 to define a Conformal Killing vector field X with

respect to the metric g, with conformal factor €2 if:

—

X7 +Qg = 0,
holds. This is equivalent to the standard definition of conformal Killing since:

— 1
X7 = Qg — ég(trﬂ) =Qg— 209 =—-Qg .

—

To compute (X7 in local coordinates, we rely on the following:

Lemma 2.1.8. For any smooth vector field X we have, in local coordinates:

VIg®m = — X (/]glg*®) + Vgl (5770,(X?) + g7, (X*) — ¢°%(2,X7)) .
(2.20)

Proof. Plugging in %tr[(x)ﬂ] = Vo X into the identity (2.5) and simplifying:
(X7)8 = (X)08 _ %gaﬁtr[(){)ﬂ

1
= —X(¢°%) + "X + 07X — gaﬁ(—|g|aw(\/|g|xv))

N

1
= —X(¢9") = ¢’ —=X(VIg) + ° X" + 8" X* — P9, X7

VIl

= ———=X(/|g|g*") +0°XP + 0° X — ¢*P0, X7

VIl
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The formula above works only in local coordinates. However, in the wave
zone the conformal energies are defined in terms of the basis B. To remedy this
we could, of course, derive an identity equivalent to (2.20) using a frame but that
would make our calculations below unnecessarily long and tedious. Instead we note
that since (1.7a)-(2.8) have the worst decay rates for g“* terms, it suffices for us
to use the basis B to compute only the compomen‘cs((gﬁr)“"7 1 =r,a,b. To achieve
this, we start with (2.20) in Bondi coordinates and commute with w’, w! to get
the identity corresponding identity with all the metric coefficients computed with
respect to the frame B. For our applications, it will suffice for us to get formulas

for:

V(@m0 @o0,0) . gl (Om)8.0,(6) | (2.21)

—

with X = Ko, S,Q in the B frame. All occurrences of (()7)¥ in the rest of this

work will be of this form.

Definition 2.1.9. Let X a smooth vector field and let the quantities \/|g|, 0,X"

be written in Bondi coordinates. We define:

VIgl®OmgE = = X(/glg™) + Vgl (970,(X7) + ¢70,(X") — g"(0,X7)) .
(2.22)

with © =r,a,b.

Lemma 2.1.10 (Deformation Tensor Identities for (&Er)“Z with ¢ = r,a,b). For

(2.21) computed in Bondi coordinates, the following identities hold:

VI Em) 5 B.60,6) = /gl EIm)E(ei0u) + 2 + )V 910" (cadDud)
2.23

(
S = VIgl(Om)E (e:60.0) (
D) (eitDud) + DO/ Tglg“ (ei0Dus)  (
o) (
(
(

) (
) ( 2.25
V0gl(E0m) 5,0,(0) = VIgl(Fm)g (€:0u0) + 2(u+1)/19]g" (eidus)
0:0(9) (
) (

2.26

)

—

)5 (€i0u0)

—

= V9|

)
)
)
)
)
= Vgl (@Om)g (e:0u0) + DO/ [glg" (e:0u0) . (2.28)
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with:

0, (Per) =

IS
=
2
@
S
SN~—
I
o o
)
a
=
2
@
1S
=
AN N
—
=
~
™
~—
o
W
S
N~—

Proof. Let’s start with the cases X = Ky, S. Using (2.20) in Bondi coordinates
and contracting with w; to get the (u,r) terms:

= X(V1glg") + V19l (9"70,(X7) + ¢70,(X") = g"/(9, X)) (wi0,60,0)

= —X(V9lg"") + Vgl (wig""0,(X") +wig"0, (X") = g (0,X7)) (0,60,0)

+ [ X, wil(V/glg™)

When X = Ky, S, the term [X,w;] = 0. For the two terms missing a ¢*" above we

compute:
wig 0y (Ky) = wig2((u+ )8+ a'wy) = " (u+4r) = ¢ 0. Ky
wig"0,(KY) = ¢ 0. (Ky)

wiguvary(gi) _ gurgrgr
wig"0,(8") = g“9,(S) .

To get the (u,a) terms we use (2.20) in Bondi coordinates and contract with w:

— X(V1919") + V19l (¢"70,(X") + g70,(X") — g“(0,X7)) (wf€apDu®)
= —X(/1919"") + V/]g| (wf g™ 0,(X") + wigd, (X") — ¢"*(0,X")) (0,60,0)

+ X, wi1(Vglg™)
with [X,wf] = 0 again. We compute the two terms missing ¢g“* above to be:

wfgmaw(}?é) = wfg“jZ((u+r)5;+xiwj) = ¢"2(u+r)
wigh0,(KY) = 2uwg™ = g 0.(Ky)

wigh0,(S) = wigWsy = g
wlgzgi’ya’y(su) — W?giu — guaau(su) )
Next we deal with the rotations X = ﬁkl = :Ij'kgl — xlgk. Since the com-

mutators [ X, w?] and [X,w;| no longer vanish, the proof will be a little different in
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this case. Start by noting that 8767 =0 and Q* = 0 so these terms drop out in
equation (2.20) (in Bondi coordinates). Adding and subtracting w'g"" we get:

— 0(/lglg™) + VIl (9705(@) + g70,(@%) = g (2,2) ) (Bi60u0)
= ~0/Jgllg" = ') + Vgl (97 = w7g™)0,(V) ) (Bi00)
O/ Tgl's™) + V/Igl (79" 0,(@)) (Bi60,0) (2.31)

The second line above corresponds to g“* terms. To prove this it suffices to show

that the radial part of this line is zero. This, in turn, reduces to showing:

=0Tl = ') + VIl (7 = w7g™)0,(@))] = 0. (232)

Since w;(g" — w'g"") = 0, commuting with w’ further reduces this to establishing:

D) (9" = w'g™) + (wilg™ = w g Mo(@)) = 0.
Computing each of these terms shows:

A ’L ur xkél l‘(sk u 7, ur
Qwi) (g™ — w'g™) = T(g —w'g"")

— wk(g“l . wlgur) o (JJZ(QUk o wk:gur) ’
wilg" = wg")D, () = (g™ —wFg) — (g —wlg™)
which is enough to prove our claim. In a similar vein, the last line of (2.31)

corresponds to the (u,r) terms. Simplifying, commuting with w® and using the
identity Q(w') — (uﬂ@v(@i» = 0 yields:

O/ lglw'g™) + V/Igl (79" 0,(@))

= —0(/lglg" )’ — Vgl [0(w) — (w70,(5F))]

= —2(Vlglg" )" . (2.33)

Applying (2.32) and (2.33) to identity (2.31) gives us:

= [-/Tal(g™)) + VIgl (5" eu() + (g er(w))] (eat0rs)
+ [—ﬁ( lg[g"") — Q(w') igyg“r}(rqbaucﬁ) ( Qw))V/]glg" )(@wm)-
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2.2 No Superradiance

The fundamental fact which allows us to achieve control of our solution ¢
inside the region r < et is the fact that 9, is timelike everywhere. In order to prove

this fact we will need the following:

Lemma 2.2.1 (Estimate for the coefficients). Let (M, gap) satisfy all the as-
sumptions in the Main Theorem (1.4.1). Let & be a forward null geodesic given in
(t,2%) coordinates by £* with affine parameter s satisfying 7t|8:0 =1 withys =1,
v(0) € {|z| < ro}. Then 3 constant A(rg) > 0 such that:

SUp [€5 | AT < sup|€®ae < sup €A
(0] (3 [0

Proof of Lemma. By our non-trapping assumption 3 C'(A) > 0 such that for all
s >C,v(s) € {lg —n| < A} with A > 0. By choosing A sufficiently small, it is
clear that it suffices to prove the result only for the range s < C. By continuity of
solutions to ODE and compactness we can choose A > 0 with:
sup  {supy*(C)} < 4,
zoe{r<ro} «

inf  {supy*(C)} = A7'.

zoe{r<ro}  «

]

Proposition 2.2.2 (9, is timelike everywhere). Let (M, gag) be a 4-dimensional,
smooth, asymptotically flat Lorentzian manifold with metric g satisfying assump-
tion 1.3.1. Assume that the spacetime is of the form R x R3, with the level sets
of t being space-like and with |Ly,g| < €. Let A be as in the previous lemma, then
there ezists €*(A) > 0 sufficiently small such that for all € < €*(A), Oy is timelike

everywhere on M.

Proof. Assume for a contradiction that there exists a p € M such that 0; is
not timelike. By continuity we may in fact take <8t,8t>|p = 0. Let v(s) be the
unique, affinely parametrized forward null geodesic with v(sg) € T, M with affine

parameter s such that v(sg) = 0y at p. For sufficiently small r € (—rg,79) we may
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then define a smooth 1-parameter family of curves 7,(s) with v(s) = v(s). Let

4 _ ¢ Then, along the geodesic  we have:
E00E) = (Ve &) +1(0,Ve8) = —((0,6).€) +(Va,©
= —(La& 6+ 5006.6)
= —L49(£,€) — %at<§,§> + %&s(&@ -

Integrating this identity along ~:

@0 = [ Lasle. ds

Combining assumption 1.3.1 together with 0, = & at s = sg and taking absolute

value gives us:

(0.8)],_,,| S Aclsi = sl - (2.34)

Let 61 > 0, and let s be as above. The claim is that if the following holds:
lg—nl<o (£H=0,  G=supltw,
then:
(0, &)| > Coy .
Since 07 is small, we have:

& = [(0;+w- V) +0(6)]O(6)

Thus:
(00, €) = 0y = AT
Choosing:
€< C’oA—i1
|53, — sol

gives a contradiction. O]
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2.3 Preliminary Reductions and Setup for the
Proof of the Main Theorem

2.3.1 Reduction to the Case t; >ty >t >> 1

Without loss of generality in all that follows we may reduce to the case
where ¢ > 1. This follows from the fact that for any fixed ¢t* > 1, estimates (1.12)
and (1.13) will hold for tg,#; < t* with constants that depend on the parameter ¢*.
This, in turn, is a direct consequence of the (local) energy estimate:

B 6] < Cor (E°%[¢<to>1+ [ 1FC I dT) (2.35)

to

which will hold for ¢ a solution to the wave equation (1.1), k € ZT, to <t < t; < t*.
Multiplying this estimate by t-weights:

o1 o1 ~ o1 ¢

Boto)] < Bo] < G (Blotwl+ [ 1FG I dr)  (230)

to

with @M* = t*Cy+. Estimates (1.12) and (1.13) follow in the range ¢ty < t <
ty < t*. Thus, the non-trivial problem will be to prove (1.12) and (1.13) with
t1 >ty > t* with t* sufficiently large and with constants that do not depend on t.

In order to simplify the arguments that follow we will now make an explicit choice

of t*. Start with the following:

Definition 2.3.1. Let 8 be given by:

J

B = min{%(v’ —€) 7= '3 '} (2.37)

For our purposes, since ¢ is fixed and small enough to beat all the constants

in the finite number of estimates in use, we take t* sufficiently large so that:

o) ? < @)V < 2. (2.38)

2.3.2 Bootstrap Notation and Conventions

Here we set up some notations to help us deal with bootstrap arguments.

First, every time we encounter an estimate of the form:

LHS < Co(RHS + ¢LHS)
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with absolute constant Cy > 0 and we say that we will “bootstrap the term e LHS”
we simply mean that the parameter € has already been chosen small enough so that
Che < 1 holds and the last term above can be absorbed on the LHS of the estimate.
Second, since (2.37) and (2.38) are both satisfied, whenever we encounter estimates

of the form:

LHSity 1) < Co(RHSjo.0) + (to) "LHSpty 1) (2.39)
LHSity 1 < Co(RHSjso.0) + € to) " LHSpy 1) (2.40)

when we say that we will “bootstrap the term <t0>_BLHS[tO,t1}” or “bootstrap the
term e (to) "LH Slto,t;]” we simply mean that the since parameter ¢* has already
been chosen large enough so that (2.38) holds and since Cye < 1, we may absorb

these terms on the LHS of the estimate to get:

LHS[to,tl] < Cl(RHS[tO,hD'



Chapter 3
Conformal Energy Estimate

Theorem 3.0.2 (Conformal Energy Estimate). Let ¢ be a test function and all the

hypotheses from the Main Theorem 1.4.1 be satisfied. Then, for all 0 <ty <t <t;
the conformal energy estimate (1.12) holds:

sup C’E%[qb(t)] + sup (CE(:%h[¢(“)]) +1l¢ ”LSMi”l' [tota]

to<t<ty WN([to,t1]
1
S CE2 {(b(to)] + H F |‘L51*71+'V/’%[t0,t1} ’

Definition 3.0.3. We define the hybrid vector field Ky in (t,) coordinates by:

— ~ (1 +u? = 2(u+ r)rou

KU = KO =+ (ut)flat = 8 U ) 3,5 + 2<U + T)Tar s
t

with Koy given by (1.26). Equivalently, in (u,z) coordinates this has the form:
Ko = Ko+0, = (1+u®)dy +2(u+r)ro, .
with IN(O in this coordinate system given by (1.27).

The proof of the conformal energy estimate is a direct consequence of the

following two statements:

Proposition 3.0.4 (Output From Using K, as a Multiplier). Let ¢ be a test
function and assume that all the hypotheses from the Main Theorem 1.4.1 are

41
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satisfied. Then, for all to,t; € [t*,00) with t* satisfying (2.38) we have:
1
sup CE2[¢(t)] + sup (CEj[6(u)))
to<t<t1 WnN([to,t1]

S CE2[(to)] + € M| Fl (3.1)

1 o] +¢€l ¢ HLSMi;’;I/Dt[tO’tI] .

Proposition 3.0.5 (T-Weighted LS Estimate). Let ¢ be a test function and as-
sume that all the hypotheses from the Main Theorem 1.4.1 are satisfied. Then, for
all to, t; € [t*,00) with t* satisfying (2.38) we have:

ol

< CE[p(to)]? + || F |

|| gb”LS‘Ml*'Yl/ [tO,tl] ~ + € Sup OE[¢(t)]
Témt

to<t<ty

(3.2)

LS*’17W/’%[t07t1}
Proof of Theorem 3.0.2. By the reduction in section 2.3.1 it suffices to prove the
result for t1,ty > t*. Adding estimates (3.1) and (3.2):

sup CE%W(t)] + sup (CEc%h[¢(u)]) +1le HLSMl‘V{t[to,tﬂ

to<t<ty WNlto,t1] <

1 _
< BB + I F llgerir gy + €10 i

S

*’Y/
<T10t[t07t1]

+e sup CE[p(t)]* .

to<st<sty

Bootstrapping the last two terms finishes the proof. O

3.1 Proof of the T-Weighted LS Estimate

The T-weighted LS estimate is the main tool used to control all the error
terms generated in the region where {r < %t} when using vector fields as multi-
pliers and where {r < et} when using vector fields as commutators. The existence

of this estimate is a direct consequence the basic LS estimate (1.10).
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Proof of Proposition 3.0.5. Apply LS estimate to the function tl_”"XKLtqﬁ:

10

|| (b HLS’M - 1’ [toﬂfl]
TS0t
1 € A
S [tl " Xr<k t¢](t0) + || ()2 =t Dg(tl K Xrgl—lotﬁb) ||L§’z[t0,t1]

tl_‘Y
+ H XT‘th(b HLt x[to,tﬂ

S Ei[tl_V Xre 1€ (o) + [

*,1*"//7%[150 tl]
Iie 1—+/ t
+ [[{z)2 ™[O, 7 Xr< e HLt Llto.tr] T H XTN*t(b HLt 2ltota] -

/

For the last term above we use the fact that (Xrgﬁt)/ ~ r‘lxmﬁt is supported
where r ~ liot. Taking sup, ,<;, and integrating:
t1_7 _ 1
| S Iz, S () sup CElo(0)}

to<t<ty

Expanding the commutator:
[ng tl_’y,Xrg%t]gb = Dg(tl_’y,)xr<%t¢ + Dg(Xrg%t)tl_q/gb + 28a(t1_7/)6a(Xr<%t)¢
+ 27 00X 1)0%0 + 204 (1 )X 1,00

= 1+0+0+1V+V.

Since we are in the region {r < 5t} we compute these terms using d;, d, deriva-

tives. For I we have:

| {x) o )Xr< o) “Lt x[to,tl

\10
XT<10 ¢ X7< 10! ¢
Sl e ||L tota] T || T ||ng[to,t1}
XT< ¢ X'rgwt Qb
~ H t%T ||Lt$[t0,t1] || W HLtz[to,tﬂ
_ 1
< (to)” sup CE[g(t)]2 .

to<t<ty
Since II is supported where r ~ %t we get:

=

1 A
Oy (e 7 0 st S 1=

S (to) ™

XrNLtQS ||Ltz[t0,t1]

sup CE[¢(t)]

to<t<ty

o Nlw

D=
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The term [II is controlled by the same type of proof. IV is controlled since r < %t
implies u =t — (r) and (1 — $5)t < [t — (r)] < ¢

Tte 1 te% —2—v'+e
| <x)2+ = aa(Xm%t)a ¢ HL?’I[to,tﬂ S e o Xr~t tvéb ||L2 Llto.t1]

me >V¢) 1
SJ / \/IR;?’ t1+2fy —2¢ d dt)

< (to) " sup CE[g(t)]? .

to<st<ty

For V' we use the same reasoning;:

1te -\ Ha —5—7'+e
|| <'I>2+ Xrgfl()taa(tl ’Y)a QZSHL2 [totl] N ||t v X’I‘<1 tvqb”[/2 [t() tl]

(Xper a¢) 1
S10
g / /']R,3 ti—l—Q'y’ 2e $dt) :

< (to) ™ sup CE[6(t)]? .

tost<sty

The energy term can be handled similarly:

BHE el S (e
{t=to}NR3

3.2 Conformal Changes for Vector-Fields: Mul-
tipliers

In this section we develop all the necessary geometric machinery for the
method of Lindblad-Sterbenz in section 1.6. In simple terms, the main goal is
to record how all the formulas associated with the multiplier method (see section

1.5.1) change under conformal deformations of the metric gas.

Let ds* = g,pdx®dx” be a Lorentzian metric on an 4 dimensional spacetime.

We consider a conformally equivalent metric ds? = Japdr®dz® where D?Fop = Gap
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for some weight function Q = e*. Let O, = D*D, be the wave equation for g, and
O; = D°D,, the corresponding one for g. Since g = ég we get /[g] = Q7%/|g].
The following basic result shows how the wave equation transforms under such a

conformal change:

Lemma 3.2.1. Let v = Q¢ then,
O+ VY = G = Q°F | (3.3)
where:
Vo= Q*0,07) . (3.4)
Proof. A quick calculation shows:
Oy = Q*0, — 2970, 1n(Q)0ds) .
Rescaling 0,1 = 0,(2¢) and computing:

0y(Q0) = QF + 2979, (In Q)91 — [~0,4(2)¢ + 2Q29°7 0,4 (In Q)95 (In Q)]
= QF +29°°0,(In Q)0 — (W o) , (3.5)

with:
W = Q*0,Q71) .
Therefore it suffices to show:
—0,(Q) = Q*0,(Q7") - 20,(InQ2)0*(In Q)Q, (3.6)
But this follows directly by:

0,() = 220,(Q7) + 0,(@)Q " +20,(22)0%(Q)
= Q20,(Q7Y) + 20,(Q) — 20,(In Q)9*(In Q)< .

Plugging (3.6) into (3.5) gives us the result.
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Let 1Q = (r), TQ = (u){u) and ¢ = 1Q¢, T = TQ¢. Since 79 satisfies
the wave equation with potential (3.3) for each respective weight, we define the

Energy Momentum Tensors of the First and Second Kind to be:

"Toslo] = 0a(1029)05('Q20) (3.7)

1

— 5005 (7770,(190)0,('00) = 'V(100)%)

"Tosld] = 0a("Q0)35(" Q) (3.8)

o %gaﬁ( op) (IIQ¢) (HQ(ZS) —IIV(IIQ¢)2) ’

Using this we define the Conformal Energy Densities Corresponding to (X,1Q)
and (X, Q) by:

I [¢] = Toslg]X?,  DIP[¢] = "Toslg]X? .

Lemma 3.2.2. Let X be a smooth vector field and J = I,1I. Let IIN)“, IDe denote

the Levi-Civita connections of 'g and ''q respectively. The following identities hold:

N*(X) JP
— \/ g dx
/{t:to}mRS ( ‘

JDa (X)JP
:/{tt}R3 \/\gdx—i-/ / \/]gdwdt
=t11N

N« (<X Al
—_— \/ gldx
/{tto}mR3mD (J 2 ‘ |

N (X L (X)Jﬁ
{t=t1}NR3ND ( )

( C(up)ND
JDa (X)JP
// \/ lg|dxdt | (3.10)

where N = —Vt and the domain D consists of the region bounded by the null

hypersurface {u = up} "W and the spacelike hypersurfaces {t =t} and {t =to}.

Proof. Identity (3.9) follows immediately by integrating “D*((X)/B,[¢]) with re-
spect to the volume form dV = \/@dx =0 \/de over time slabs of the form
to < t < t; and applying Stokes’ theorem. Identity (3.10) similarly follows by
integrating 7 D*()/P,[¢]) with respect to the volume form dV sz on D. Since
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the normal to the u = ug hypersurface is L = —Vu, the identity follows by an

application of Stokes’ theorem.

]

In general, computing the divergence on the RHS will lead to error terms

arising from the deformation tensor. We compute these in the following lemma.

Lemma 3.2.3. For J = I, II, the 1-forms ®)7P,[¢] satisfy the following divergence

laws with respect to 7
D (B, [4])
= YOI X(7Q¢) + %JQQ(E)ZQ +2X In(7Q)g) 0, (720)05(720)
- }LJQQ (9*°(Lx9)as”’V —8X In("Q)’V +2X ('V)) 9> . (3.11)

Proof. Rewrite the conformal deformation tensor defined in equation (2.19) as:

- - 1, ~ ~
Lxg = Lxg— 29 (LxG)as T - (3.12)

Computing the RHS of this identity in terms of ¢:
1

LG = 50 (CxT)as G

= Q7Lyxg—207°X(Q)g — %ng"‘ﬁ (Q2(Lxg)as — 207X (Q)gap)g - Q7
— Q2Lyg— 202X (InQ)g — %(gaﬁ (Lxg)as) 20 + X (InQ)dgQ 2
= Q(Lxg +2X In(Q)g). (3.13)
Applying this together with equation (3.13) gives:
D> ()P, [¢))
= OF - X('09) + 3 (£x5)" 0 09)05(’20)
1 E sV +2XCV)) (67
= TOPF - X(7Q¢) + %JQQ(/J/;Z(] +2X In(’Q)g) 0,7 Q0) D5 (7 20)

1
+ ij (9°°(Lxg)ap’V —8X In('Q)V +2X(7V)) 9> .
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We will modify the lower order terms by adding a smooth cutoff x. With

this addition the energy momentum tensors become:

ITX[6] = 0a('Q0)95('Q0) (3.14)
— STes (7°0,(26)0,(120) — VX920 |
TTN[0] = 0a("Q0)95(" Q) (3.15)

- %gaﬁ( w9 (HQ¢) (IIQ¢) —HVX(HQ¢)2) ’

Defining (7Px[¢] and (ZPX[¢] in the same manner as before and using the same

proof as lemma 3.2.2 we get:

Corollary 3.2.4. Let X be a smooth vector field and J = 1,1I. Then:
N« JPX
/ “ \/ |g|dz
{t:to}ﬂR3 (
JPX JDa (X)JP
:/ \/|gdx+/ / \/lgda:dt (3.16)
{t=t1 }NR3
Ne(X)Ip,
/ (J—Z Vlgldx
{t=to}NR3ND (
N (X )Jpx Le((X)TPx[g])
— vV |9 d(L’ + / _ dVC u
/{t =t1 }NR3ND ( | (JQ)2 (o)

(uo)ﬁD

// JDQ JPX \/Edmt (3.17)

L1kew1se, by following the proof of lemma 3.2.3 we get:

Corollary 3.2.5. For J = 1,11, the 1-forms (X)Jﬁgf[gb] satisfy the following diver-

gence laws with respect to 7 q:
D (PX(9)) (3.18)
= TO3F - X ("Q¢) + JQQ( 7 42X In('Q)g) *0.(706)05("Q0)
+ 7Q(x = D)VeX(7Q9) + 1" (9" (Lxg)as("V)x — 8X In("Q)('V)x
+ 2X("Vx))¢® .

Remark 3.2.6. Choosing 2 =1 and x = 0 above we recover the standard multi-

plier method discussed in Section 1.5.
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3.3 Proof of Proposition 3.0.4

In order to prove proposition 3.0.4 we will need the results in the following

lemma. The proof of this lemma will be done in the next section.

Lemma 3.3.1. For all t1,ty > t* the following estimates hold:

(First and Second Morawetz Estimates)

sup 'CE[¢(t)] + sup ('CEam[¢(u)])

to<t<ty Wn([to,t1]
< RHS*(3.1) +¢( sup CE[¢(t)] + sup > ‘CEu[d(u)]), (3.19)
to<t<ty Wﬂ[to,tﬂ J=III
sup "CElp(t)] + sup ("CBu[p(u)])
to<t<t Wn(to,t1]
< RHS*(3.1)+¢( sup CE[p(t)]+ sup ("CEum[p(u)])) (3.20)
tost<ty WnN([to,t1]

(Energy Boundedness)
1 = 1
sup EHp()]+ sup (L) S EH6o)] + | Flispny - (321)
tost<ty WnN([to,t1]
(Conjugation Removal) For any fized t' € [to,t1]:
CE[p(t)) S ) 'CE[6(t)]+ E[6()] < CElp(t)] . (3.22)
J=1,1
Proof of Proposition 3.0.4. Adding the estimates (3.19) and (3.20) and bootstrap-
ping the small characteristic energy error terms:
> JCEpMI+ sup Y T CEa[e(w)]
J=1,11 Wilto.t1] ;=7 1

< RHS*(3.1) +¢ sup CE[$(t)] .

to<t<t
Since we now have the sum of the two conjugated energies we add estimate (3.21)
for fixed ' and get:
> CEb@®)] + Elp(t)] + sup > TCEald(u)
J=LII Wnltota] s 11

< RHS*(3.1) + ¢ sup CE[¢(t)]

to<t<ty
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Using (3.22) we can trade the first two terms on the LHS for conformal energy.

Taking sup,,<,<;,, bootstrapping the last term on the RHS and taking square roots

finishes the proof.

3.4 Proof of Lemma 3.3.1

]

Next we list all the error bounds we need in order to prove lemma 3.3.1.

The proof of the estimates below will be done the next section.

Lemma 3.4.1 (Estimates for Error Terms). Let t' € [to,t1], N = —Vt with
IQ = (ry, TQ = (u)(u) and J = I,1I respectively. Take 'V = (1Q)30,(('Q)~1)
and TV = (1Q)30,(("Q)1) as defined in section 3.2. The following bounds hold

for the error terms in the conformal energy estimate:

Space-time Error Estimates: In the wave zone W:

Iy 1
C2 ™ yetiquye
iy, 1
N At
Outside the wave zone:
v < 1
Q2| ~ <r>2+‘5 )
iy, < 1
(IIQ)Z ~ <U><T>1+6 )
K0<IVXr§%et) < t277/
(1Q)? ~ Xrg bt (ry?Fe
K0<HVX7"§%61€) < 2=
o RS

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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For the Lie derivative space-time error terms:

//Rg

(') (L g + 2Ko In(?Q)g) " 0.(726)95 (" Q) ‘ gldwdt

<||¢||ISMH gt s CEO(0)] +sup (JCEchwwn)) . (3.29)

to<t<ty WnN([to,t1]
t1
/ / (9
to R3

2
|| gb ||[SM Ll [t ,tl] :

<10t

(Jv)Xrgéet QKO( VX’I"< et

dop ~ pap |0 Vi

(3.30)

P(Lz g)ap — 8KoIn(’Q))

Conjugated Energy Comparison Estimates. For any fized t' € [to, t1]:

TCEl(t)]
S /{t:t/}mR3 | (/)2 | \/md

9 (7 ~ J
- <t+r>2<\&"< S 170 + S Vgl
{t=t'}NnWNR3 Q)

(792) (
(Ko)Jp
s [ e Vil
{t=t'}NR3 (
S CE[p(t)] (3.31)
where N = —Vt.

Conjugated Null Energy Comparison Estimates. In the wave zone, for any

null hypersurface u = ugy:
,(’0 =
TCEm[p(uo)] < / (t + T>2|%|2 + (uo)?| Vo* | dVequy)
C(uo)ﬁWﬂ[to t1] ( Q)

Lo (KO)JP
< (R
C(up)NWnN[to,t1] ( Q)

< TCE[¢(uo)] - (3.32)
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Fixed-Time Error Estimates. For any t' € [to,t1]:

0
KO (IV)Xr<let¢2
=3
gldz
2 /{} e | VW

B=t,r

<)
{t=t'}NR3

K B(HV)XKAE#?Q
Z /{tt/}m]R3 0 ([10)2_2 \/Edaj < e sup CE[o(t)] . (3.34)

B=t to<t<ts

W \/E de +¢- sup CE[p(t)] (3.33)

to<t<ty

Hardy Estimates. For any fived t' € [to,t1] and X,r<2, Xju/<2 Smooth cutoff func-
tions supported on the sets {r < 2}, {|u| < 2}:

t(]5 2 51"(HQ¢) 9 au(IIQ¢) )
b < 2
[yl o (B 005) o

+ / [ Xrna \2 dz + E[¢(t')] . (3.35)
{t=t'}NR3 r
0,(100) 12 8.('00) 2
Xu\¢2dx§/ u? | |+ P dx
/{tt’}ﬂR:”‘ i<z9] {t=t'}NR3 | Q) ‘ } Q) ‘
u
+ / Xpuna0|” + |X|u\<2—¢\2 de . (3.36)
{t=t'}NR3 T

Remark 3.4.2. Note, in particular, that estimate (3.31) shows B, can be traded
for L in the conjugate conformal energies in the wave zone and this exchange yields
a norm equivalent to "CE[@]. Similarly, (3.32) shows 8, can be traded for L in the

null energies and this exchange yields a norm equivalent to ' CE[¢].

3.4.1 Proof of Lemma 3.3.1

Proof of (3.19) and (3.20). Plug in Kj into (3.17) with J = I, II, and N = —Vt.
Choose x to be supported in the set {r < %et} and apply the identity:

NoCT o)) (Ro) _Z@@ng;w? _ N Tsld) ()
(9)? (792 SO
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to the t = t; term. Re-arranging the resulting identity we get:

Lo ((Fo)Tpx N ((Fo) JP
/ ( ; [9]) Vet / ( \/Ed:c
C(up)ND ( Q) {t=t1}NR3ND (

N« (Ko) JPX JDa (Ko) JPX
( Vgldz — // \/|g |dxdt
{t=to}NR3ND

(FO )JVX’I"< 1et¢2

— —2 v/ |gldx
ZB:/{t:tl}mR?’mD (JQ)2 | |

Using (3.32) and the positivity given by (3.31), taking absolute value and then

Supuo eWnN [t() ,tl} :

Ne (Ko)Jp
sup  TOEq[0(uo)] + / ( \/ lg|ldx
up€EWN[to,t1] {t*tl}ﬁ[[@ (

</ vV gldz +/ /
™~ Ju=toynrs

(FO )JVXr<let¢2
— vVl gldz .
" ;/{ttl}mR?’ (JQ)2 |g| ’

Na KO)JPX

JDa Ko JPX
| vV |gldzdt

Applying (3.25) and (3.26), together with (3.31) to the t = ¢, term:

(Ko)J D
sup T CE[0(u0)] + / N P D lglde

upEWN[to,t1] {t=t1}NR3 (

JDa KO JPX
< CE[p / / | V |gldxdt
R3

(KO )JVXr<let¢
— vV 0gldz .
" XB:/{ttl}mW (JQ>2 |g| ’

We start by controlling the spacetime error terms on the RHS. The errors corre-
sponding to 0, are just simpler cases of what we prove below for [N(O, therefore we
omit those estimates. For the spacetime errors on the RHS corresponding to K,
we expand using (3.18) followed by (3.29) applied to the terms that are quadratic

in the derivatives. For the terms quadratic in ¢ we use (3.30). Combining these
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results we get:

(Ko)ID
sup  TOFq[0(uo)] —i—/ e P \/de

uoEWﬂ[to,tl] {t:tl}ﬂR?’ (

< JCE[p(to)] + €l ¢ HLSM1 71 o) +e€ ( sup CE[o(t)] + sup (JC’Ech[¢(u)])>

to<t<ty WN[to,t1]

(KO )JVXTS%eth
! Z/{t—t1}mR3 (72)? Viglde. (3.37)

FI0 RKo(00)| + | (e g = 17V ()P Kol'20)| lgldtda

For the term with F' we use Young’s inequality. In the wave zone:

//Wﬂ[toﬂfl]

F-10 Ko (700) ] Vgldtds

< | F? _ +e| sup CE[¢p(t)] + sup (‘]C'Ech[gf)(u)]) )

LS Bt 1] to<t<ty Wnlto,t1]
For the interior we use | | < |0¢] + |2| and apply Young’s inequality again to
get:

t1 .

| [ JoeseF 07 Ra'00)| Vgl
to R
S EI

LS*’HW’%[tO t ” d) ||LSM ’Y [t tl]

For the last spacetime term on the RHS of (3.37) we bound V()72 by using
(3.23), (3.24) in the wave zone and (3.25), (3.26) outside. This yields:

/tl/
to R3

S e( sup CE[¢(t)] + sup (JCECh[¢(u)])> :

to<t<ty Wﬁ[to,tl]

(et = V6 ()P Ko('Q0)| Vigldtda
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Applying these last three estimates to equation (3.37):

N (TP, [6])
oy Vol

sup JCECh[gb(uo)]—i-/

up EWN[to,t1] {t=t1}NR3

< CEb()] + | P2,

1
s+ g [to,t1]

+ e( sup CE[é(t)] + sup (‘]CEch[¢(U)])> + el o]

1—~/
to<t<t: Wn[to,t1] [SMrgﬁt[tO’tl]

8
BV iy
+ E /{t_t s 70)? V0gldz . (3.38)
ﬁ =1

At this point we must treat the estimates for J = I and J = II separately. This
is because we will need to use the estimate for ) in the proof of the estimate for
IQ). This, in turn, is a result of the fact that “V has better decay estimates in the
interior region and gives us a small fixed-time error which can be bootstrapped —
whereas that does not happen in the other case. Choosing J = II in (3.38) then
applying (3.34) to the last term:

N (T, 5[0)) ()
(Ilﬁg)Q \/@dx

sup  TCE[¢(up)] —i—/

u€WN[to,t1] {t=t1}NR3

< JCE[(to)] + € M| F|?

1
LS*17 2 [to ]

+ 6( sup CE[o(t)] + sup ("CEa[o(u)]) + ¢ [1}g- [to,m) |

to<t<ty WN[to,t1]

Using estimate (3.31) rearranging terms and taking sup; <<, :

sup  "CEa[p(uo)] + sup "CE[(t)]

wEWN[to,t1] to<t<t1

S RH52<3.1>+e< sup CE[g()] + sup <”0Ech[¢<u>]>>,

to<t<ty Wﬂ[to,tﬂ
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which is exactly (3.20). Next we work on the 7Q weight. Choosing J = I in (3.38)
and applying (3.33) to the last term:

a(lm §7 G
s tomuotug)+ [ NI,

u€WN[to,t1] {t=t1}NR3 (IQ)

< CE[b(to)] + | F

1
LS*,1+“//7§ [t01t1]

+ € (tosglgtl CE[o(t)] + sup (ICEch[¢(u)])> +¢l| ¢ ”iSM

W t07t1
/ u
{t—t] } RS

2
In contrast with the estimate for 7€, the fixed-time error term on the RHS cannot

17’7’
rgi%t[to,tﬂ

v(1Q)

be bootstrapped. Instead, we apply estimate (3.20) to this term and get:

a(lm §7 G
sup ICECh[¢(u0)]+/ N (Ta5[¢]2)<K0 ) \/Wdl‘

u€WN([to,t1] {t=t1}NR3 (IQ)

< RHS2(3.1)+E( sup CE[p(t)] + sup Z JCECh[qb(u)]) :

to<t<t1 Wnlto,t1] 777

Using estimate (3.31) rearranging terms and taking SUDy <ty -

sup  'CEep[p(uo)] + sup 'CE[o(t)]

weWn[to,t1] to<t<ts

S RH52(3.1)+6( sup CE[¢(t)] + sup Z JC’ECh[<;§(u)]> :

to<t<ty Wilto.t1] j—7 17

this proves (3.19).
[l

Remark 3.4.3. Suppose that W C suppx and let’s consider the spacetime error
term that would arise for ¢? in this case. A quick computation shows in the wave

zone:
9Lz g)ap — 8KoI(’Q)| < ()", (3.39)

Multiplying this by the decay rates in (3.23)-(3.24) we are left with:
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which is not integrable in the wave zone. This is the main reason we set the cutoff

X to be supported in the set {r < iet}.

Proof of (3.21). This follows as a special case of the proof of (3.19) and (3.20)
with Ky = 0, 7Q = 7Q = 1. The main point here is that we use the LS estimate

(1.10) to control the large deformation tensor errors in the interior. The estimate

in the exterior closes by a simple bootstrap argument.
Proof of (3.22). It suffices to prove the bound:

CElp(t)] S Y CElp()] + E[6(t)] .
By (3.31) this reduces to showing;: |
(w)*(0,0)° + (u)*(9u0)’ du

{t=t'}NR3

]

[0.(0)| 2Bl (16 ,
S /{H}ORS (w) o ‘ + (u) m |t dz + E[p(t)], (3.40)
/ @ dx
{t=t'}nR3 T
~ 9 ; ,
s Y [ w20 e 12U s Bl (3.41)
J=1,11 7 {t=t'}Nk
For (3.40) we start with the identities:
()e)\ _ (5, 10
Q( (r) ) - —(8T¢+<T>2> ; (3.42)
@< (0) ) ) = B0+ 7) (3.43

Using the first identity:
(u)*(9,6) + (u)*(9u0)”
= (W)’ (<5T¢)2 Y250 0 (W) — (u)® (251 TO W)z)

CENCE CENCE
_|_ <u>2 au(<r>¢> ?
(r)
N Y S () RV N (Lo 10| W )
< w?| D+ w? (5007 205 )+ 2 | 2B 0O
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which implies:
J((o) | Dul(r)e) |

. |+<u> SO )

Estimate (3.40) follows immediately. For (3.41) we note that the Hardy estimates

(W)(9,6)* + (u)*(0ud)* < 2 [ (w)”

(3.36) and (3.35) imply that we already control the desired quantity on the sets
< 1and u < 1, respectively. Therefore, it suffices to control (£¢)?, ¢*, and (2¢)
everywhere else . To bound (%¢)* we subtract (3.42) from (3.43)

i GO
U 2
- —fo-gpe ()¢
= () e e e G

Rearranging, squaring and using r < |u/:

<1_#)2<%¢>2ggogé;gm,zﬂﬁ%g%uf_j) | (3.45)

Therefore on the set r > 1 we get:

(%) < L Dp, w0l D, & (3.46)

r I0) InQ r2

Integrating this, using a Hardy estimate for the undifferentiated term and combin-

ing with (3.35) we get:

U 2
/{ . (;gb) dr < RHS(3.41) (3.47)
t=t'}NR3

To control ¢ we use the linear combination 0 = 29, — a. This combination has

the properties:
ou) = 0, o(u) = 2, or) = —1. (3.48)

Collectively these imply:

(29 < s 2o (209) <o )
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W9100) _d'0) _ 2020 o (- 1)
-tz ()¢
_ 2(1—<u—1>2>¢+<1—#) %qa (3.49)

Rearranging and squaring;:

1(1- ) @ < 2 (1M A (1 ) o)

Applying (3.45) to the last term, integrating, and using a Hardy estimate together
with (3.36) gives us:

/{ - ¢* dv < RHS(3.41) (3.51)
t=t'}N

The result for [ %—z¢ follows by rearranging (3.49), integrating and applying (3.47)
and (3.51).
O

3.5 Estimates for The Error Terms

The following lemmas are necessary for the proof of Lemma 3.4.1.

Lemma 3.5.1. Let 1) denote the Minkowski metric in Bondi coordinates. Then:

IQDﬁ(%) = % (3.52)
HQDﬁ(L) I (3.53)

1Ee) <U>3<Q>3
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o~

Lemma 3.5.2 (Estimates For ((Ko)7) and ((@r)) Inside the wave zone:

(o)™ 4 4(u +7)g"™ = 0,
(B 4+ du+r)g)er| S (1) (u)?
(o) + d(u+r)g)se] < (up(r)™°

Ry +autr)g] S ()7
(@my = 0,

05 (@my | < () My
0537 (@omye] S (T Py
<

0007 (@m)7] < ()T
Outside the wave zone:

— 2=y
[(Fo)r)o® 4 atg™P| < <L> ’

)
|8fai((gt;r)a5‘ SJ <T>757|J|7k71<7,/t>7(k+1) .
Lemma 3.5.3 (Approximate Normal Lemma). N = —V(u+r) is an approzimate

normal vector to the t = const hypersurfaces such that for any t' € [to, t1]:
N (VP [g]) — N(R0 Pyfg))|
S 07 [@? (|8ea]" + | F6l2) + W) a0 - (3.54)
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3.5.1 Proof of Lemma 3.4.1

Proof of (3.23)— (3.28). For estimate (3.23) we compute in Bondi coordinates in-

side the wave zone:

(9)2(v)

- Ve, - 30 () + 03 (75 )

aB _ 50892 (r af _ 5089 (r)Oa(r
_ \/E(—( lglg mﬁ )0as(r) . (V/Iglg g>2)3a< )05(r)

0l /gl — 7)) ~

) B <<r>

_ \/m(( |g|gf<—r>77 G " 567Vl _<Z;j2) ()0, (7“>
 Oalg/Igl = 79)05(r) 3 )
(r) R

where we used equation (3.52) on the last line. Inside the wave zone, by (1.7a) —

+2

(2.8) the worst decay occurs in the contraction on (u, ) indices. Therefore:

Outside the wave zone the only change to the computations above is that terms
containing ¢“* no longer vanish. By our extension lemma we can swap Gu,gi
derivatives for 0y, 0, derivatives in this equation. The worst term outside the wave

zone occurs when a spatial derivative 0, lands on the metric. Using (2.7) to take

care of the determinant, and the decay rates for the metric:

+— (3.56)
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The inequalities (3.55) and (3.56) together prove the estimates (3.23) and (3.25).

For the other weight, computing in Bondi coordinates in the wave zone:

(HQ)—Q(IIV)

= g 1

()
= VIgl("(V/]glo, — OF) (%) — 1005 (%) )
Sl (v/I9lg°7 — 7°%) 02 5 ((u) ()

+2

)
(v/I9lg°? = 71°%)0a () () I () () Dalg™®/1g] = 71°%)0s () ()

{
u)”) (u) {w)
4

T
where we used equation (3.53) on the last line. Inside the wave zone, by (1.7a) —

(2.8), once again the worst decay occurs in the contraction on (u, ) indices. Using

this together with the estimate (2.7) for the determinant:

<1 0(—1 > . 3.57
~ O\ W) 0

Outside the wave zone the only change to the identity above is that terms contain-

()21

ing ¢ no longer vanish. By our extension lemma we can swap 0, 51 derivatives
for 0;, 0, derivatives in the computations. The worst term outside the wave zone
occurs when a spatial derivative 0, lands on the metric. Using (2.7) to take care

of the determinant, we get outside the wave zone:

1 1
2"y £ ———+0——-—1 . 3.58
LS (<r>5<u><u>> o

The inequalities (3.57) and (3.58) together prove the estimates (3.24) and (3.26).

For (IQ)_2I/(VO(IVXT§%Q5) in the set {r < Let}, the worst case happens when
the operator 20, lands. However, this operator commutes with the weight, so the

only cases of consequence are when it lands on the metric coefficients or the cutoff.
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Applying (3.25) followed by (1.11) for the exponents:

I/—(\’; (IVXrgéet)
(7€)

2= 2

~ Xré%etm +Xr~%etw
2=
< >3+€

For (HQ)*W?B(HVXTS%EJ, the operator t?0; can now land on the weight. Let’s

< (o) P+ e N Xrea e

consider this case: since u = ¢t — (r) in this region, it follows that (u) ~ (t) and
(u) ~ (t). Therefore, bounding all weights from above by ¢, counting weights and
using (3.26) and (1.11) again to fix the exponents gives the result. For all other
cases, the proof is the same as the Q) case.

]

Proof of (3.29). Inside r < 2¢ we have in (¢, 2) coordinates:

—

— ~ N — t
(Lxy9+2K0In('Q)g)"™" = (Kom)*? 4 atg* + O(< e 2)
r

/\ 1

(Lzy9 +2Kon("Q)g)"™ = (Rom)*? 4 d1g™® + o

We drop the faster-decaying terms, use lemma 3.5.2 and apply |2 g;;s | < |09 +] \

)

to get:

/ / r< t
7 Xr< 1 tv¢) (X’r<—t¢
X710 =1
fs / /R3 < 1 —y+4 + <7“>3 'y—(l)-é 1% ’g dtdl‘
! tQ_'Y(XL r<st V) T (X e qpent @
+ / /3 ( mE e Vgldtdz
to R

S (t)™ (wn;MH; oy + s CElo(t >]> .

) <t<
r< gyt to<t<ty

(L g+ 2K, ln(JQ) )20 (720)95(720) ‘ Vgldzdt

For the term supported 1n81de G ST < ?jf in the last line, we traded r decay for ¢

decay and integrated. In the wave zone:

(Lz,9+2KoIn("Q)g) 7= (B 4 4(u+ 1) + O(<7>)
(L0 + 2Ko (")) = (Fo)m)* 4 d(u + 7)™ + Olng) +0lg

)+ O

)

~
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We drop the faster-decaying terms and use the rates in Lemma 3.5.2 to
bound all components. When o = u, # u, we apply Lemma 2.1.10 and use
(2.22) to compute in the frame B. In the case 8 = r, this gives us:

t1 o — ~
/ / XW ‘JQ*Q (ﬁf{Og + 2K, 1H(JQ)9) Wﬁu(‘]Q@ar(JQ(b)‘ dV,
to R3

< /tl/ Xw JO~2 (@T—i—ll(u—l—r)g)
R3
(u)0u("20)| ()0, (’Q9)|
/ /]R3 ,,,, +5/2JQ <u>2+5/2JQ d‘/g

< (t0>_5< sup CE[p(t)] + sup (JCEch[¢(u)])> ,

ur

0.000)3,(99)| v,

to<t<ty WnN([to,t1]

where in the last line we used Young’s inequality followed by (3.32) to trade 57« for
L in the null energy. Similarly, when 8 = a:

/t 1 /R 3 XW‘JQ_Z(E/K{Q—FQIA(:)ln(JQ)g)uaau(Jng)ea(JQqS)‘ qv
- / tl/R xw |7 <@T+4(u+r>g)w8u("ﬂ¢)ea("9¢>‘ v,
: B
" 0."00)| |(wea(’Q9)|
<
< [ Lo W,

2+6/2JQ <r>%+6/2JQ

< (to)™” sup OE[¢< )] -

Y
to<t<ty

For the components without a u coordinate:

/| XW\"Q*Z(E?H2ﬂln<Jﬂ>g)ij5¢<JQ¢>5j<JQ¢>
to R3

8,(7Q w)8;(7Q)
<Z/ /R +5/2.;2| |<‘>;< 9)| av,

(r) 2T9/27Q)

< (to)™” sup OE[qs(t)].

~Y
to<t<ty

For the far exterior the result will follow by a similar argument.

Proof of (3.30). For both Q = 1Q, 7Q:

~ 2=
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Combining this with estimates (3.25)—(3.28):

("V)Xr<ia 2K0( VXr< et
/ Rg\ (9°°(Lz,9)as — 8KoIn(’Q)) (JQ); — |¢? \/|g|dxdt
to

<of /R ()

2

O

Next we will do the proof of (3.31) — (3.32). The strategy of the proof will
be to compute the energy densities and observe that by the decay rates for the
optical function wu, IN((?‘ — K§ with Ky the Minkowski Morawetz field. For the
normal vectors we have N — —0, and L — 0, + 0, by the decay rates for g,gs.
This will allow us to show that these energy densities are upper bounds to the
conjugated conformal energies modulo bootstrap error terms. This specially needs
some care inside W N [tg, t1] since we do not want to run into bad combinations of

weights and derivatives in the error terms.

Proof of (3.31). Let Xr<2e, Xet<r b€ @ smooth partition of unity. For the interior

region we aim to show:

Vil
Xr<oa” CE[(1')] S / Xr<2et< a1V \/|9 |dx
{t=t'}NR3 (
Na (Ko
5 / Xr<2et ( V |g dl’
{t=t'}NR3 (
5 Xr<26tJCE[¢(t/>] ) (3'59>
for J = I,II. We start by noting that N = —Vt is timelike everywhere by

assumption and 0, is timelike everywhere by lemma (2.2.2). Since t > r we can

apply the dominant energy condition and Young’s inequality to produce constants
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C; >0,i=1,2,3, such that for J =1, II:
N(F7P, [9))

- (t2 —2t(r) + (1) + 20t + T<r_> mw) IT(8,,N) — 2(t + 7"<T—> (r)r? I8, N)

+ 'T(8,, N)
> C1t*|Vio(VQ9)|* — CLO(H(r)|Via(VQ0) > + C1|Viu (V) 9) |
> (C1 — €Cs)(w)?|Via('Q0)|7 (3.60)

and on the last line we used the fact that v = ¢ — (r) in this set. Choosing ¢
sufficiently small ensures that this last quantity is nonnegative. For the upper

bound of N ((Ko) p, [¢]) we apply Young’s inequality:
N(FVRG)) S () IVeal"Q0) (3.61)

Combining the pointwise bounds (3.60) and (3.61), multiplying by the cutoff, di-
viding by (/Q2)? and integrating gives us (3.59).

For the region where {et < r} we have asymptotic flatness. Therefore we

define the Minkowski energy density associated to Ky + d; to be:
1 ~ -
MIG] = () (070) + () + 2w+ 1)) (07 ) = ()0 o . (3.62)
We note that (3.62) is simply what would come out if we computed N*(Fo)7P, [4])

using u =t —r and g = 1. We claim:
~ 2 o 2
(41 (18.000)" + QR ) + () |a('20)[* S Mg
< N (FB[0) . (3.63)
To show the claim we expand NoEo) /P, [¢] with approximate normal vector N =
—V(u+7) computed in the frame B. As usual, in the computations below for the

(u,7) terms are done using the B frame and the (i, j) components are done using

the Bondi coordinates. In the wave zone we use g** = 0 and cancel the mixed
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terms K7g" 9,"9,"p below to get:
NP, g
_ _}?gguraquaTJl/J + l?ggur(auJ¢)2 - (gur + grr)aTle?ﬁaﬂJw

1 ~ PR
+ S (K + K§)[2(9" 0,700, 7 + g™ 0, e ) + g7 0,05

2
+ <gua _{_gra)eaJwKﬁaﬁJw - gur(aqu)Q o (gur +grr>arJ¢aqu
1 o~ o~
+ 5 [Q(QuraquaTJw_|_gau8queaJw> +gljaiJ¢8ij] + <gua _i_gm)eaJwaqu

= — (K +1)g" (0,0) = (6" + g )" (KP 05" + 0,7)
+ (K§ +1)g" 0,700, + (K§ + K +1)g" 0, e,
1 ~ o~ o~
5 (K5 + Kg + 1)g 000,70 + (9" + g™)ea b (KPO5% + 0,70) . (3.64)

Subtracting /M[¢] from this:

M

= NeODP ] + (M) — N, )

= NOEDP] + () (9" + 1)(0u70) = (9 + 90 (K057 + 0,70)
+ () (0" + D00 + ((u)* + 2(u +1)r)g" 0 bea
5l + 20+ ) (e — 795707
(9" + e (K 05 + 0,7).

By the decay rates in (2.4) we get, inside the wave zone:

\@ﬂfﬂﬁﬂﬁ@%\ij@
() +2(u+ P)r)(g" — 69)esve; | < 3&?
Mfﬁmxw%m%fwstﬁ]

(u)r? TM[¢]

(9" + g")ea WK 9570| S <r>1+5|auJ¢eaJ¢| S
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By the special decay rate (2.13) we also have:

J
}(<u>2 + 2(u + r)r)g““@uJ@/)ea‘]M 5 <<7“;>17;26 |auJ¢6aJ,¢)| 5 M[¢]
T

(3.65)

In the complement to the wave zone within the region where et < r we can get the
same type of estimates due to the fact that we can trade u weights for u freely.
Combining these results we have, everywhere inside the region et < r :
TM[g]

(r’
Bootstrapping the terms with (r)~° gives bounds for M[¢], “M[¢] in terms of
N(E)IP 4]} and No((E)IE, [¢]) respectively. To swap N for N = —V we note
by (3.54)

M)
< NP o] + (N = NP, [g]
- B ~ ~ 2
< NeER 6]+ ) (w)? (|0.09) + 1R C0)E) + o)) |
the last term can be bootstrapped onto “M]¢]. This proves the upper bounds for
IM[¢] in (3.63). To finish the proof of the claim it suffices to show:

w) (5,00 + 1'QW6) + () [a'20)* < "Mls]  (3.66)

In the wave zone this is a simple consequence of (3.62), Young’s inequality and the

M[g] S No(EIP,[g]) +

=2

estimate |u| < r together with the identity:

K u  u+dur+4r* (u+2r)? WP
KT _— = 2 —_ = —= = —.
+ 5 (u+r)r+ 5 5 5 5

In the region {et < r < 2t} U {3t < r < 2t}, we have u = u, therefore Young’s in-

(3.67)

equality again proves the claim. In the far exterior 2¢ < r, this holds by switching
the roles of t and r and repeating the proof of the case t > r. Since (t +r) ~ (u)

this finishes the proof of the claim everywhere.

Next we observe that the following two estimates hold:
(41 ([LCQ) +17QF62) + () [0, 00) "
S ) (10000 + QW) + () [0’ 20)|
<

Fe(@IR[6) S 0+ (JLEOR0)7 + 12T 6R) + )* a0/ 20)]
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The first one follows directly by Young’s inequality while the second one follows
by using the basis C = {9, L, e, €4} to expand N*(E0)7P,[¢]) followed by Young’s
inequality again. Combining these results with our estimate (3.63) dividing by

(72)? and integrating gives us, in the region where et < r

Xet<TJCE[¢(t/)]

d,(7 Q¢ ~ 0,7 Q) |?

S o (<t+r>2<| S [ %)+ w25 Vglda

{t=t'}NR3 (
< ct<r V |gldx
~ /{t:t'}mRSX1t< JQ

N (Ko) JP

5/ Xet<r ( \/|g |dx

{t=t'}NR3 (
SJ XetérJOE[gb(t,)] ) (368)

for J = I,1I. Adding the two estimates (3.59) and (3.68) finishes the proof of the
lemma.

O

Proof of Lemma (3.32). Inside the wave zone W we define the Minkowski charac-

teristic energy densities associated to Ky + J; to be:

3 K*

TMen[g] = (G+HE + —)(a Ty + ;(1 + K" (e ), (3.69)

with 7¢p = 7Q¢. We note that (3.69) is simply what would come out if we computed
La((fo)Jﬁa[¢]) using v = t —r and g = 177. We claim the following pointwise

estimates hold inside 'W:

(t+ )2 [3,000)] + WAIOT? £ MMl £ VR, (370)

with J = I, II. To prove this we begin by computing the outer unit normal to the
null hypersurfaces u = const using the Bondi frame and applying (2.16):

L = —Vu = —¢"0,—g “’“8 — g ea—8~|—0( _5)8 +O () Zea.

(3.71)
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Since we are in the wave zone we use this plus ¢** = 0 and cancel the mixed terms
T " 0,0, below to get:

L(FVIE, 9]
= 00, KT 4 %g”(éﬂw)%“ LR, JweaJw I
9" 00, b — g*en oL Y + g "0 ) + gma Tpe
b g
= @ KT+ (g @70 (1 K e ey
+ g"e, 9, (1 + K") (3.72)

= %(1 +u?)(0,79)? + %(1 +u?) | W2+ (14 2w+ r)r)g e, v, v .

Subtracting 7M. [¢] from the above we get:

Mol
= L(FVR[3]) + (Manlg] — LTV E )
= (B[] + (0 + D@ KD — (R 1030
KN )en e — g, VB U+ K7)
By the decay rates in (2.4) in the wave zone we get:
o+ 1@ 0+ K] 5 2
e 0@ J“f;;w ,
‘%(1+K")(9“ Mealtbes w‘ < C’g[gb] |
By the special decay rate (2.13) we also have:
e uB 0 10| 5 B eyl ”f;;}qb] Y

Combining these results we have inside the region W :

TMale] < L*(FO7P,[6]) +

~Y
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Bootstrapping leads to bounds ‘M[¢], “M.p[¢] in terms of L*((F9IP,[¢]) and
LB IR, [4]) respectively. To finish the proof of (3.70) it suffices to show:

4+ B0 + @A amer < Ml

this follows by applying (3.67) to (2 + K" + £-) and observing that u ~ ¢ -+ r.
Therefore we have shown (3.70).

Next we observe that squaring identity (3.71) and using Young’s inequality

gives us:
(t+ 1) [LOQ)| + () Qe
S (O + (e ) > o0
S (0+12[3.000) + @?raFe? (374)
as well as:
LB, [g)) < (t+7)2|LOQ8)[ + W) QFf? (3.75)

Combining (3.70), (3.74), and (3.75), dividing by (/Q2)? and integrating finishes
the proof of the lemma.
]

Remark 3.5.4. Notice that in estimates (3.65) and (3.73) we needed the full decay
for g"* given by (2.13) in order to finish the proof of (3.31) and (3.32).

Proof of (3.33)-(3.34). Since these two estimates contain cutoffs Xr<1q We will be
careful when computing the constants in order to keep track of all instances of ¢!

in the proof. For (3.33) we use (3.23) to get:

T\ 1 2 2
(KO) VXrglet(ﬁ — (t¢Xr<let)
/{tt’}nR3 (162)? 2 lgld= / 7”2+; -

{t=t'}NR3

B=t,r



72

Applying a Hardy estimate with 0, in (¢, z) coordinates to the RHS:

/ <t¢Xr< % et)2 d
— dz
{t=t'}NR3 r2+o

2
(X'r le tar¢)2 <XT~%€tt¢>

< G / %d:w/ S e |, (3.76)

{t=t'}NR3 r {t=t'}NR3 r

where we compute the (non-sharp) constant to be C5 = 5. For the last term of

the inequality above, since r ~ %et:

(Xpm1a®)’ 2642
/ St gy € et / LY
re~Llet {
2

r2+o —yms T
<t (s col) @)
to<t<t:
For the remaining term:
bij 2 Q) . Q) 2
B0 — ( 9"90) " _,0.("V6- ¢ |2,(" e ) |
0O Q) ()
An application of Young’s inequality yields:
0.("Q9) " 1 0.("9|’
2 L 2 T
00 <t (W +§(ar¢) +3 g :
Since u =t — (r) in this region:
O, ((w) (U))‘ 2 1
— <, V(t,r) o {r< zet}.
wo | <@ T2 s,

Moving the term 3(8,¢)? to the LHS and applying the above inequality:

+ {f;) . (3.78)

2

0,.(1Q9)
Q)

t2(0,0)* < 24-t2<

Applying this to the first term of inequality (3.76):

/ (tXTgéet r¢)2 dx
{t=t'}NR3 70

2 tar IIQ
< 24 / Xrget ( ¢)
{t=t'}NR3

2
- (X'ré%ettqb) dx) ’
Q

2
dx + € - /
{t=t'}NR3 2o
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we then bootstrap the last term onto the LHS of (3.76) and use the fact that 0,
is a bounded lincar combination of &, and d,. For (3.34) using (3.24) and the fact
that u =t — (r):

—8 2
(KO>IIVXr§let¢ Xrglett2¢2
Z /{tt,}mRB (IQ)? ) Viglde < / —<u§7’1+5 Vgldz

Gt {t=t'}NR3

1 Xp<1gt’ @
< —6/ —SQ; Vglda
2 {t:t/}mR3 T

S e sup CE[p(t)] -

tost<ty

]

Proof of (3.36). Since we have already reduced to the case t, > 1 and we are
working inside the set |u| < 1 we have t ~ r there, and without loss of generality

r > 1 as well. With dz = r?drdw we can compute, with 9, in (¢,z) coordinates:

0 = / 8T(u(r)2¢zx|u|<2)drdw
{t=t/}NR3

- / (8ru)¢zx‘u|<2(r>2drdw + / 2u8r¢gbx|u|<2<r>2drdw
{t=t'}NR3 {t=t'}NR3
+ / u2(r) L¢2X\u|§2 <r>2drdw + / ¢2Xu~2 (r>2drdw
{t=t'}NR3 (r) {t=t'}NR3

= I+0+01+1V .
Since 9,(u) = —1 4+ O(r7%) in this region:

I = (-1+ O(Té))/ ¢2X\u\<2(7°>2 drdw ,

{t=t'}NR3

Therefore we may move this term to the LHS above and absorb the O(r~?) term.

For II, by Young’s inequality and 0, = 5r + U, Oy

St et @ d [ Nadt e
t=t'}NR

t=t' }NR3

-1 > (W00, > (u0,((r)¢))*
5 A /{ttl}mR3 X|U‘<2 <T>2 dr + A /{tt,}mRa X|u|<2 . dr

_ (ug)?
+ A 1/{ — X\2u|<2 <7”>2 dz + A ( JARS X|2u|<2¢2 dx )
t=t' }NR- t=t' }NR
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and we may bootstrap the last term above by choosing A sufficiently small in this

estimate. Similarly:

) <\t 2 (“—Wd A 2 2d
FIES Xjul<2— 2 aT + Xju|<2®” dz
(r) {jul<2}nfro<r}

{t=t'}NR3

bootstrapping the small error term finishes the proof.

O

Proof of (3.35). Applying the Hardy estimate (3.76) with 0, in (¢,x) coordinates

with 0 = 0:
tdx,r<a)?
/ ( ¢X2<2) d
{t=t'}NR3 r

S / (Xr<2u0,¢)? dz + / (Xr<2(r)0,¢)* dx
{t=t'}NR3 {t=t'}NR3

+ / —(XTN2t¢)2 dx
{t=t'}NR3 r?

rrt )’
S [ eenotdermoe)+ [ Lerth g,
{t=t'}NR3 {t=t'}NR3 r
Applying (3.78) to the first term:
a,(1Q) |”

+ XT§2¢2 dz .

/ (Xr<2uar¢)2 dr < / Xr<2U
{t=t'}NR3 {t=t'}NR3

A Hardy estimate for the l.o.t. finishes the proof.

Q)

3.6 Proof of the Remaining Lemmas

3.6.1 Proof of Lemma 3.5.1

The Laplace-Beltrami operator for the Minkowski metric 77 in Bondi coor-

dinates takes the form:

O = 200 BB -0 T (3.79)
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Proof of (3.52). Computing using (3.79):

P N e VR W |
<T>D7Z(<r>> 3< > ( <7">5 )

]

Proof of (3.53). Once again we use the linear combination 0 = 20, — é}. Using

this, the wave equation (3.79) is then equivalent to:

2 ~
S = 00,420, 0N+ ¥ . (3.80)

O —
r

Using properties (3.48):

~ _ _ _ _ 2
— 90, (—<u1 )— 2—@a<i) - o Swr ol g

Wu) ) (w)® \(u) (u)3 (u)® () ()
As well as:
(s ) = L\ L e’ +ufw?
o (<u><ﬂ>> B (u)(g>3 ’ & (<u><g>) o <u>3<g>3 . (3-82)

Combining the last two identities above:

s () - g(—u%ifgu)Q)

_ 2 (
r (u)*(u)’ (u)*(u)’
2 <2ru2+4r2u N —2r )
I N () N (T R (O R (T
Sur 4 4u? —4
R (3.83)
(u)™(w)”  (u)"(w)
Combining this last identity with (3.81) gives us the result.
]

— o

3.6.2 Proof of The Estimates For ((Ko)r) and ((%)7)

Proof of Lemma 3.5.2. We first prove the bounds inside the wave zone. For the

modified Morawetz vector field we have, in Bondi coordinates, &J?g =8(u+r).
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Computing;:
((EO)??“" +4(u + r)g“’")
= (VgD VIgl(FO7 + 4 +1)y/Iglg™)
= (VIaD ™ (= Kolg™v/lgD) +2v/Iglg" 0, (u?) = 4(u + 1)y/Iglg™) = 0.
For the (u,i) components we recall that Lemma 2.1.10 lets us use identity (2.22)

in the frame B — modulo an error term of the form 2(u + r)g“* which is a faster

decaying term thanks to (2.13). This observation together with (2.12) and (2.13):
[(ROR 4 d(u+7)g) s |
= (VI VIgl (% + d(u+ r)g)y |
= 1(V1g) ™ (= Kolg"" V/1gl) + V/1glg" "0, (2(u + 7)) + /]glg"" 0, (u)
—4(u+1)v/lglg")|
= (V19D (= Ko(g""/Igl + 1))
S (02 7°w?)
|(([~(°)”7? + 4(u + T)g);a|
| = (VgD Kolg"*V/Ig]) + 2ug™ — 2(u + r)g™|
(wrr) ™)

For the (7, j) components we use the Bondi coordinate derivatives and (2.8) to get:

S

(BT 4 4(u+1)g")|

VIgD) Vgl (FORY + 4+ 1)g7)|

VIgh ™ (= Kolg" V19l +67) + V/1glg" 0, K] + /19l 0, K

— A(u+1)/]glg")]

= |(V]gD) ™ (= Kolg" Vgl + 67) + 24/1gl[9"27 + ug"s] + g"wia’ + rg"6]
+ g2+ ug’o) + g'wir’ +rg?'6]] — 4(u+1)V/]g9lg7)]

= (V1) ™ (= Kolg” V]9l + ) + 2¢/]gl [+ (¢’ +g”wz)+xi(gj“+gﬂwz)})l

= (V19D (= Ko(g” /gl + 67) + 227 [(V/glg™ + ') + (v/]glg"w — w')]
+ 22" [(/]glg™ + ) + (V]glg"wi — w)])]

)

= |(
(

N
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Outside the wave zone the main change is that the (u,u) component no longer
vanishes since v is not an optical function. However, by a similar computation, we
may use the decay rates (1.3) in the interior and get the result.

The decay rates for ((%)7) and derivatives applied to this quantity are im-
mediate consequences of (2.12), (2.13) and (2.8) in the wave zone, and (1.3) outside

the wave zone.

]

3.6.3 Proof of The Approximate Normal Lemma

For computations in Bondi coordinates it is convenient to replace the time-
like vector field —Vt = N by its approximation —V(u+r) = N. However, Stokes’
theorem demands that the vector in the energy densities be the normal to the
hypersurfaces t = t;. Looking at the difference of the two and using the decay

dates for u we expect for the geometric gradient V:

V(= (utr)] S ()70,

~Y

therefore, a priori we cannot rule out the appearance of a bad combination of
weights and derivatives when replacing N with N. Lemma (3.5.3) shows, however,
that such bad combinations do not occur when we do this replacement in the

energy density associated with K.
Proof of Lemma 3.5.3. Since u, = —1 4+ O(r~%), equation (2.2) gives:

Vt = g*0,t05

_ ~1_uB Ur 13 Ua ap
= (u 05— —g"%05 — 3 g9
(ug)” 9" 0p AR 908

a

= () 0+ g705) — L g,
0
= (w)'V(u+r) - #t)g”ﬁag
= 1+00 )V (u+r)— o) (Error) . (3.84)

Uy
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Contracting the error term with Tos[¢] (K5 + 8,):

. 6
9" Tapld) (K )
~ 1 ~
= gTO‘ aqﬁKgaﬁQZ) - §K6|v¢|§ —f- gTa a¢au¢
~ ~ ~ 1~ ~
= 9" 0.9K50,¢ + g™ (0up)? K§ + K9 0up0r¢ + §K6"g”(3r¢)2

1~ ~ ~
- §Kg[2(gau u¢€a¢ + gur u¢ar¢ + gra r¢€a¢) + gabeaqbebgb] + gra oa¢8u¢ .

Inside the wave zone W, we cancel the I?OT 8u¢5r¢ terms, use g** = 0 as well as the

decay rates for ¢g“*, and apply Young’s inequality to get:
rﬁT fﬁ < 2 5 2 w12 2 o 2
9" Tupld)(Ko)l S (W) (0.0 + Vo) + (u)” [0l .

Outside the wave zone it is clear by Young’s inequality that the error satisfies the

same estimate. Using Young’s inequality and identity (3.64) we also get:
S -~ 5~
Ne(® e < @’ (|Bof +1F0) + (w00

Combining all this with (3.84):

(r) PN (KO P [g]) + |97 Ts 6] (K )|
" [ (180" + 170l + ) 10l -

[N (B P[g]) = N (R Pafg])]

AR YA

]



Chapter 4
Commutators

The main goal in this section is to establish:

Theorem 4.0.1 (Higher Order Conformal Energy Estimate). Assume the confor-
mal enerqy estimate (1.12) and the hypotheses of the Main Theorem. The function
¢ then satisfies the conformal energy estimate with vector fields (1.13):

sup CE{[o(t)] + sup (CESw[o()]) + 116l gy

to<t<ty Wn(to,t1]

1
S CBHOO + I F Il peairy,  + I F o
k ’ k—1

4.1 Proof of The Higher Order Conformal En-
ergy Estimate

In order to prove (1.13) we must start by showing the simplest case of
I' = 9, and improve the estimates one step at a time by adding more vector fields
and derivatives. This is because each successive estimate has error terms that must
be controlled by the previous round of estimates. In order to simplify the proof

below we set up the following notation:

Definition 4.1.1. Define the following auziliary norms:

CEH [0l = sup CELI6(0)] + sup (CE2 4lo(w)]) + ¢

o 1—~/
to<t<ty LSM 1[0, t1]

CEH} (0ljn) = sup CBE[O(] + sup (CES 4160 + 110yt 0,

to<t<ty

79
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Theorem 4.0.1 is a consequence of the following:

Lemma 4.1.2 (Commutator Estimates). For all to,t; € [t*,00) and k € Z* the
following estimates hold:

186, 0710 [l gt by 0

<k g

. o L
SR L lisas o, + CERS)] + F HLS*’””/’%[to,tﬂ

+ €- CEH; [Qb] [tot1] »

(4.1)
| [Dga wa]qb ||L5v*11+“//’%[t0,t1]
. o 1
N z}; | 0/¢ HLgMjrj’[to,tl} +CE [o(to)] + || F HLSZ’“V/’%[tU,tl]
j<
. 1
+ €- CEHE [¢] [to,t1] » (42)

104, 816l sgersirid oy 1 P VD M gt

1
S €16t * OB 0] + I F

+€- CEHE [Cﬂ [to,t1] >

(4.3)
189, 0816, | pgeiirid g T 1P O U gt o

1
. / 2 !’
S Nl on T OGN+ NN oy, A IF
1
+ € CEH [l -

J—O—W’é[to,tﬂ +IF HLS?‘””%[tovtﬂ

1577 2 to.]
(4.4)
Proof of Theorem 4.0.1. By the reduction in section 2.3.1 it suffices to prove the
result for tq,ty > t*. We start by commuting the equation with 0;. Applying the
conformal energy estimate (1.12) to 0;¢ and using (4.1) for the commutator:

toggtl CEz[0,6(t)] + sa}p (CEZ[0:0(u)]) + || D00 ”wM;;ﬂ'[to,tl]

J<l1

. o 1
yi 2
S ey 107 | g1 gy + CE [0(20)] + ||F||[i§j’1+ﬂ//’%[to,t1]

.1
+ €- CEHf [Qb] [to,t1]

Adding the conformal energy estimate (1.12) to this gives us a LHS that can absorb
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the first term above. Thus:

Z( sup CER[o/o(t)] + sup (CES[006(w)) +||8f¢”wmo,m)

to<t<ty

° 1
lto.1] +e- CEH12 [(b] [to,t1] - (4'5)

o 1
S CESt + I F M oy
Now we repeat the proof for spatial derivatives. Applying the conformal energy
estimate (1.12) to 0,¢, followed by estimates (4.2) and (4.5) in succession:
1 1
sup CEZ[V,o(t)] + S&p (CECZh[Vmgb(u)]) + || Va0 ||L9M;7?,[t07t1]

to<t<ty
. o 1
2
S Zk | 07 HLgMgn—tw'[to,tl] + CEY [p(to)] + || F ”[;gj’”“’%[to,tl]
J<
° 1
+ €-CEH [@ito,11]

S A0+ 1l v, e OO Bl (1.6
Adding (4.5) and (4.6) and bootstrapping the last terms gives the estimate for one

derivative:

o

CEH [lito. S CEY[6(t)] + | F Il ey (4.7)

~Y

[to.t1]
To get the estimate for any number of time derivatives we set up an induction:
assume the estimate holds for all 8;2 ¢, 1 < j < k—1. Applying the conformal
energy estimate (1.12) to dF¢ followed by (4.1) to control the error:

1 1
sup CE2[0F¢(t)] + s&p (C’th[ﬁf¢(u)]) + H8f¢HLSM%n_t7/[to7t1]

to<t<ty
. s 1
< e SN0l gt g + € CEH [l

J<k

+ CBp(w)] + I F |

,1+~/,%[t0’t1] :
Adding the estimates from the induction hypothesis and bootstrapping the first
error term above we have established:

S (sup, CER O] + sup (CELIO0]) + 1000y
Jj<k

to<t<ty

(4.8)

[to,t1]

o L o 1
< € CBH} Bl + CE0(0)] + [ F |1
k
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Next we claim the estimate (4.8) also holds for V¥¢ with V¥ = &/ VL. To prove
this we set up an induction on |L|. The case |L| = 0 is already done by (4.8).

Next, using our induction hypothesis we assume the following estimates hold:

to<t<t

S (s, CERIVEG] + sup (CELOVEO(0) + 1950 )
JHILI<k

< € CEH @l + CEL ()] + | F | .. (4.9)
k

BERVEY
A 2 [to,t1] ’

for all |L| < k—1. Commute 8% with the equation and observe that estimate (4.2)

lets us trade 0, for 9, derivatives in the LSM ;;7/ [to, t1] error terms:

sup CEZ[VFg(t)] + sup (CEL V" 6()]) + 119" | gy 0

to<t<ta
. o 1 o L
S D) lole lsnrt= ) T € - CEH[O]t0,01) + CER[@(t0)] + || F ”ES,*,I-M/,%[tO o
i<k F ’
o L . 1
S € CBH[@lion) + CEL W) + 1 F I onirry s (4.10)
& [to.t1]

where we have used the estimate (4.8) on the last line. Adding the estimates (4.8)-
(4.10) and bootstrapping;:

o 1 o L
CEH [Flion) S CERO(t0)] + 1 I orir (4.11)
k

lto,t1]

Next we do the scaling and the rotations. Commuting with S and Q and using

estimate (4.3):

sup CE((50(1), 00(0)] + sup (CEL[S0(w), So(w))

to<t<ty
+ [ (59,99) HLSM};W’[to,tl]
1
5 € || Qb ||L5‘M;;ﬂ1/[to,t1] +e- C(ETII2 [gb][to,tl]

1
+ CEF (o) + | Fll_.roy
1

2[to,t1] I HLSQ—“/’%[to,tl]

Adding estimate (4.7) and the conformal energy estimate (1.12) to this and boot-
strapping:

1 1
CEH [Plitor) S CEL[O(t0)] + I ovirry (4.12)
1

[to,t1] +IF HLSQ‘”"%[to,tl] )
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To get the estimate for V¥~'I'¢ we induct on the number of vector fields. The
k = 1 case is just estimate (4.12). Assume we have the estimates for all V/T'¢,
with 1 < j < k — 2. Apply the conformal energy estimate (1.12) to V¥~ 1T'¢
followed by (4.4) for the commutator:

sup CEXVITG(0)] + sup (CEL [V 'To(w)]) + 1| VT | g0

to<t<t1 fto:t:]
1
5 € H ¢ ||[SM;;V,;[to,t1} te- OEHI? [¢] [to,t1]
1
B2 F p / . 4.1
+ OB O] + 1 F vy FIF oy (113)

Adding the estimates we get from the induction hypothesis as well as (1.12) to this

gives us:

CEH oty S € CEHR Do+ € 6]l o

[to.t1]

1
+ CEZ G + | F Il ey ]
k

2 19,11 1577 2 to.t
Now the LHS can absorb the bootstrap terms. Therefore:
1 1
FH 2 < CEZ[o(t F / F , ) 4.14
CEH} Gl S CEFOM I F vy, N oy o (414)
]

4.2 Proof of the Commutator Estimates

The proof of the commutator estimates (4.1)-(4.4) relies on the following
support lemmas. We will state them here and prove them in the next section

below.

Lemma 4.2.1. Let X be a smooth vector field and (X)%ag be its conformal defor-

mation tensor. The following commutator formula holds in local coordinates:

09 X]6 = ——0a(V/J1O7%056) + ——0a( /][9] X*)F . (4.15)

Vgl Vgl
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Lemma 4.2.2. In the wave zone ()7 and (D7) satisfy:
0257 (Sm)™ +2g™)| = 0,
03 (20021 S ()7 ey (8 ) ,

/\/\/\

0237 (Fm 20021 5 (1

—~

r

~

050 (Om)? +2g9)] < )~y
0307 (@m))| = 0,

5 (@) )| < )0 ()1 (%) ,
2T (@) < ()l (%) ,

—

025 ()| S ()" Pyl
Outside the wave zone:

0F0] (Sm)? +29°)| < 1) VIt

~Y

0F0] (@m)?)| S )5k eyt

Lemma 4.2.3 (Weighted Elliptic Estimates for Two Derivatives).

Z | Xr<et VIO ”LSQ—”/[tOM]

|af=2

1
+ ” F “ +e- C’EI—IlZ [¢][to,t1]

N ||¢||[SM1 ’Y totl]

Z H Xréstv Cb ||131*7'[t0,t1]

|af=2

1
15273 [to,t1]

o L
Z | a]¢ HLSM " [to.t1] +[F H « 1+v' 1[t0 f] +e-CEH{ [¢][to,t1] :

j<1

84

(4.16)

(4.17)
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Lemma 4.2.4. In the wave zone:
/ PSP + [P + [urdB,o /gl
{t=t'}NR3NW
+ / 202¢)? + |2 02| + [urdu0rd|* AV (o)
C(up)NW
< CE\D(t")] + CBuna(uo)] + / ()W F2 /]gldz

{t=t'}NR3NW

+ / () (W) F|* dVe(uy) - (4.18)
C(uo)ﬂw

In addition to the lemmas above, we will need the following notation in the

proof of the commutator estimates:

Definition 4.2.5. Take Xint + Xwave + Xrest t0 be a smooth partition of unity with:

Xint = Xr<et > Xwave = XW , Xrest -— X{tg%r}ﬂ{%t<r<gt}' (419)

4.2.1 Proof of Commutator Estimate (4.3)

Since the proof for the rotations Q follows from the exact same argument

as the scaling we will only deal with S. By (4.19), the result will follow from:

1
1 XitlCr 810 g S 1 F g € 10 gy + € CFHE Bl

(4.20)

|| Xwave[D97 S]¢ ||[S*,1+’y’,% 5 || F ||L5'27'Y/’%[t0,t1] + € CEHIE [gb] [t07t1} ? (421)
~ 1

 XrestBs 10 | o S W F oy oy + € CEH G101 - (4.22)

Using (4.15) with I' = S and (875'7) =4
1 F 1

0 Slo = ——0, (S)zaby Ba SYF
Oy, 519 (V9] W)+ (V/1915%)

a4

1 5 L 3

=0, (S)zab aB) 9 ' ]
00 (VISR +26930) + (=5l + 2F

Proof of (4.20). Using the condition r < et, the decay rates in Lemma 4.2.2 to-
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gether with estimate (2.7) to bound (1/|g]):
(@) xR + 29)°7 020
5 Xe<att?Y
S (to) " SE 1056 + Vol + a9l
()27

@) Nocada (VI91(FF +297))30)

5 Xr<at??
< (o) TS ———(|00] + Vo))

x>372’y’+67€
1., / 5 vV |9 r<e F € !
<£C>2+ e Xrget(%—i_Q) F' : <X>—2<+t€|| < >2+ ¢ XT<€t|F| :
T

Using (1.11) to simplify the exponents:
(@) 34 Xine[ B, S

< (o) ﬁ%uawuw 8l + 10 Va0| + 77 (z) 7 (100] + |V0)))

_I_ t2 7Xr<et’F’

1 /
+ (z >§+Etl+7 Xr<et|F| -
(a7

After squaring and integrating the above estimate, we can use the Hardy estimate
(A.2) to add a space derivative to the lower order terms. The leads to a loss of ¢V’
since the weight must be above the —% threshold — but we can absorb this since
0;(g) gives us one extra t=7". Note also that when the derivatives land on the cutoff,
the term is supported where r ~ et — therefore using (2.38) we account for the left
over e H{to) ™" factors and get a term that is bounded above by e supy, <1<;, CE[@].

Combining these results:

H Xint[Dga §]¢ HLS*71+’Y/
2—/

t
||Xr<et< = ~(1070] + V28l + 10:Vad) 1z fro.0) + I F | g2t 1
T

+ ”XlntFHLg*Hv [t0t1]+€H¢HL5'1 ~! [to t]+6 sup CE[¢]

to<t<ty

Applying the weighted elliptic estimate (4.16) to the first term finishes the proof.
L]
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Proof of (4.21). For the (u, i) terms, lemma 2.1.10 lets us use identity (2.22) to ex-
pand. To control each combination of components we then use the decay obtained

in Lemma 4.2.2:

’<u>§+€<g>1+€Xwave<(S)7/T\ + 29)%r8u5r¢| 5 < >l+é ’Xw(wea &Qﬁl
T 22
1ie € S ua U) (U
’<u>2Jr <Q>1+ Xwave((s)’ﬁ\ + 29)6 8u€a¢| S << >>1<+z ‘XwaveaueaQS’ 5
r 212

1 € € o i i ~, g u ~
)4 (0 Naane (R 26920 5 Ly B

~ 1,9
212

Using (4.18) squaring and integrating yields the result for these terms. For (u,u)
terms we have (97U = . For the Lo.t. we again use the decay obtained in Lemma
4.2.2 together with (2.7) for the determinant. For the (j,u) l.o.t. terms, after using
Lemma 2.1.10:

) ) (gD Nanees (VIO + 20)5) 00| 5

)2+

’Xwaveau¢| .

For the other terms we compute:

() Nuwane (v/[91) 0 (V191 FF +297)) 0
s( o Qé(“f)gjwm 591
(r)? d

(W ()

Lastly:

1 € € g g
(05 N (A 1 9)
V19l
Squaring the the inequalities, integrating, and taking supremum gives us (4.21).

]

< ()2 () Nuwane| | -

Proof of (4.22). For this region the only change is that the (u,u) components no
longer vanish and that all weights are equivalent. The result follows by the same
type of proof as (4.21) above once we apply the decay rates obtained in (1.2). We
also use & < r to trade r decay for ¢ and account for the left over e*1<t0)76 factors

by using (2.38).
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Remark 4.2.6. We are limited to commuting one scaling vector field into the
conformal energy due to the lower order terms in the interior. A quick computation

shows that for two scalings we would get:
Lot ()5 xocal S, O,J6] S expeat™™ [(2) 75277, 0]

Since the Hardy estimate then forces the power of the weight to be greater than —=
we gain a derivative at the cost of losing r~'=2°%¢. The best we could do in thzs

case 18:

lOt |<CL’> %+Et1_’y,XT<6t[SQ7 D9]¢|

< exreat®™ [<x>_%_€vi¢] ~ 6t1_71Xr<et<x>_%_552¢

which is off from being a bootstrap term exactly by the power of r that we lost.
This is a problem where v ~ et; here we are completely off of anything we can
control with a t-weighted LS estimate for S?¢. Conformal energy with two scalings

wouldn’t close using this method.

4.2.2 Proof of Commutator Estimate (4.1)

Using (4.19) the result will follow from:

H Xint[ngaﬂ¢ HLs*vlﬂ ~ Z ” X?‘<6ta (b H[SMI [to t1] "’ H F H B *1+7 .

i<k [t ’tl]
+ e CEHZ [)ton) - (4.23)
L s 1
e B, 010 gy S NF iy € CBH Bl (424)
o 1
ey, 0816 i s S N F | geniny, € CEHE 8o (4.25)
? [to,t1]

Applying (4.15) with T* = 9F:

Oy,

9;1¢
= 2 VIl [ (Va1 52)07 0256 + 0]0a (V/1al 70050
af(

+

\/_ "
N )a F, (4.26)
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Proof of (4.23). By the same type of proof as (4.20):

1 Xint[Og, 10 || g1

S ()7 ( met <|8“2¢y+|v2af¢\+\v 30N iz o
j<k—1
+ ||inta F||LS'1+’Y [to,t1] +e€ sup C’E[@ng])

to<t<t:

Applying estimate (4.17) with &¢ and a Hardy estimate for the term with F

finishes the proof. 0

Proof of (4.24). Tt suffices to do the proof using 9, derivatives since 9, = (u;) "0,
and u; ~ 1. We expand using the Bondi frame B and lemma 2.1.10. To control

each combination of components we then use the decay in Lemma 4.2.2:

S )W) e (V1) TG (PR 0,

j+m=k—1

<

~

> waedy 109

<7”>2+ 6m<k 1
3 ) ) T e (V19D TV IGI(PR) O et
j+m=k—1
< M Z |Xwaveam+16a¢|,

1,15s
<7’>2+2 m<k—1

ST ) ) e (V191) 0 (V191 PR )R o)

j+m=k—1
< > m a2
S — 1w Y a0l 050l

(u) m<k—1

IQ

[N
N[

and @rue = 0. For the lo.t. with (j,u):

S e (VgD 13381 (Vg @R ) 0

j+m=k—1

u
N ) > Xuwaedl )

1,9
<7”> 2tz m<k—1
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For the other components a similar result holds. Lastly:

| aMgD) .
E wy2 " {u wavel), | ——=——=| O'F

< W)W ) N Y OPF]

m<k—1

By (4.26), squaring the inequalities, integrating and taking supremum finishes the
proof.

]

Proof of (4.25). Once again, for this region the only change is that the (u,u)
components no longer vanish and that all weights are equivalent. The result follows
by the same proof as (4.24) above once we use the decay rates in (1.2). We also
use 5- < 7 to trade r decay for ¢ and account for the left over e Lto)~° factors by

using (2.38).

O
4.2.3 Proof of Commutator Estimate (4.2)
Using (4.19) the result will follow from:
N 4
” Xint[Dga at,x]¢ HLs*JM’ S Z}; H Xréetag(b ”LSMl—W’[to,tl] + H F H[j5'271+’y,7%[t07t1}
<
+ e CEHZ [@lito1] - (4.27)
. . 1

|| X’wave[Dg? at,:c]gb ||LS*,1+W’,% 5 || F ||[:9;’1+’Y/’%[to,t1] +e- CEH; [Qb] [to,t1] (428)
el 00 iy S N oring, e CEHEley (429

Since V¥¢ with V¥ = @/VZ we set up an induction on |L|. The case | = 0 is
already done by (4.1). Next we assume that estimates (4.27)-(4.29) hold for all
j + |L| < k— 1. Therefore, it suffices to commute the equation with all OF and
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prove the estimates (4.27)-(4.29) with spatial derivatives only. Applying (4.15):

By, ;)¢

- 2 Vg™ (25070240 + 0104 (/191 707050 )

+ & ( ) OrF (4.30)
Proof of (4.27). By the same proof as in (4.23):

| Xint[Og, O¥1 || o1
7 Xine 2 j 42 j+1
> =107 V6] + V26l + 10V ) Nz o)
j<k—1 )2

U LT

Since [0, 0;] = 0 we can apply the estimate (4.17) k—1 times and get the result. [

Proof of (4.28). It suffices to do the proof using 0, 52 derivatives since by lemma
2.1.5 these are bounded linear combinations of 0;,0, derivatives. By (4.24), it
suffices to control || Xwave[Dg,(?’gj]qﬁ | ge1++5- But this just follows by the same
type of proof as (4.24).

O

Proof of (4.29). This follows immediately by the decay rates in Lemma 3.5.2 plus
a simple interpolation between (4.27) and (4.28). As before, 5- < r lets us r decay
for ¢ and we account for the left over e~1(t,) ™ factors by using (2.38).

]

4.2.4 Proof of Commutator Estimate (4.4)

This will follow easily by induction on the number of vector fields. The case

k = 1 follows by previous results. For k& > 1 we assume that the result holds for



92

all 1 < 7 <k —1 and note that the commutator, schematically, looks like:

[0F7'T, O,)¢ = & (9)(9" T + (x) 0™
+ P (Tg) (%) + () omoT )
+ 0,01 M (9) (0" + (x) " 0" 09))
+ [0, 00 (9) (0" 0P + (x) 0™ D))

with 1 < j, m + j = k. By (2.3), it then follows by induction hypothesis that
we must only deal with the highest order terms. The estimate will follow by a

combination of (4.1)-(4.3).

4.3 Proof of The Supporting Lemmas

4.3.1 Proof of Lemma 4.2.1

Proof. Let D denote the covariant derivative associated to g. Computing in local

coordinates, we have the following identity proved in [Alil0]:

[0y, X]¢ = 7’ D2 6 + (D <X>naﬂ)ag¢—%aa(m)aa¢.
By the definition of 7:

(X aﬁDZB(ﬁ = X )Ao‘ﬁDQﬁ(/b—k ( (X)%)F’

(Do 7)03¢ = (D, <X>Aaﬁ)aﬁ¢+ ) W (tr ) g 00 .
Therefore:

[0y, X]¢p = D7D 6+ l(tﬂX)w)F + (D7) 050
+ 5 Daltr¥IR)g 050 — 0%t Dm0
— Du(7050) + 1<<X>7r>F

= AV PR 0,0) +

9] \/_ VX
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4.3.2 Proof of Lemma 4.2.2

The wave zone W: For the scaling we have in Bondi coordinates 07§7 =4.

Computing and using estimate (2.7) to bound (1/|g]) ™" we get:

= (Vi) VIgl (D7 + 2/ lglg™)
= (VIgD ™ (=5(g™ VIgD) + 2/1lg™ () = 2/Tglg™) = 0.

For the (u,i) components with we recall that Lemma 2.1.10 lets us use identity

(2.20) in the frame B. Therefore by (2.12) and (2.13):

= |(1a) V19l (D7 + 29) 1 |
= (V19D (= S(g"Vlgl) + Vglg" (0yr) + V/1glg™ (05u) — 2/Iglg"")|
= (V19D (= S(g" Vgl + 1))
e
)
(% +20)201 = |- (VDS VIgD + o — 2] % (%) .

For the (7, j) components we use the Bondi coordinate derivatives and (2.8) to get:

(D74 4 24%)|

VIO + 2]

= (V19D (= 5(VIglg? = 87) + V/glg" 9,07 + V/Iglg" 0" — 21/1lg”)|
= |- (VIgh'S(Vlglg"” — 69|

<07

= |(Vldl

)
)
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Similarly, outside the wave zone, in Bondi coordinates:
(D728 4 2g°%)]
= (Vg V19l (P17 + 29°7)]
= [(VIg) ™ (= S(V1glg™” = 8°%) + V/Iglg™ 02" + V/|glg™ 0,2 — 2/]9l9*”)|

| = (V19D "5 (V1glg™ = 6°7)]

S )T/

To get the result with derivatives we differentiate these identities and note that by
Leibniz rule the derivatives either land on (1/|g|)™' — in which case we may again
apply estimate (2.7) — or land on terms to which we can still apply (2.12)—(2.13)

or (2.8) directly. For the rotations the proof is very similar so we omit it.

4.3.3 Proof of Lemma 4.2.3

We will need the following results in the proof of (4.16):

Lemma 4.3.1.
X'réett2_’y/at2¢ < Xr<att2_7/atvx(/5
H <x>%+€ HL%}x[to,tﬂ ~ ” ¢ HISML;”Y{[tOytl] + 6” <x>%+e HL?Ym[to,tﬂ
1
+ € CEHf [925] [t07t1} (4.31)
Xrgettz_vlviﬁb XrgettQ_’y,
| —<x>%+e ez ftot) < N0 HLSM;;?{ o] T 1 —<x>%+6 070 N2 0.t

1
+ € CEH12 [¢] [to,t1] + H F ||[S2—W/[t0,t1] (432>

Let’s first use these results to finish up the proof of lemma 4.2.3. We will

establish lemma 4.3.1 immediately after.

Proof of (4.16). In the region r < et we have u = t — (r) and therefore in (¢, x)

coordinates the scaling vector field is:

~ 1 1
S = (t—w)aﬁ—r&, = S_<7"_)

Therefore, modulo lower order terms we may use S = t0; + r0, as our scaling in

this region. In the sequel, we will use this reduction and ignore the lower order
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terms below since they do not affect the results in any significant way. We start

with the simple pointwise bound:

27OV =Y SV, | |10, V,0
XT‘ B TR ‘ () ‘
P ) AL ) |
(2)2* (x)2* (@)™
Squaring and integrating this gives us:
|| Xr<al® YV OV 10 H Xr<al®™

||Ltz[t07t1] ~ ||¢HL§’ tl[totl] i(b”L?,m[tO:tl} :

()2 (2)2+

(4.33)

Next we combine this with our previous estimates to finish the rest of the proof.

We apply (4.32) and (4.33) in succession to estimate the RHS of (4.31):

Xréett27’yl at2¢
)are

<x || L?Yz[to,tl]

Xrgett2_’ylatvr¢
<Z)3> %-‘re

2” Xrgett v
x>%+e

S H (ZS |’L5117;71' [to,t1] 6” HL%YI[to,tﬂ

~ || ¢ ”LS [to t1] vgqu ||Lg’m[to,t1}

2” _Xrgett2_7/ 2

5 ” ¢ || >%+6 at¢ ||L%,I[t0,t1] + || F ||L92—’Y’,%[t0’t1]

tl[to t1] T

+ 3. C‘EH15 [D]1t0,1]

Bootstrapping the second term gives us the result for 92:

|| XT<€tt2_ 82¢
(22

||Lt z[tO,tl] N || QS || 1’[t07t1} + || F ||[Szi’yly%[t0,t1]

+ 63 . CEH? [¢] [to,t1]

Now that we have the estimate for 97, we apply this result to the RHS of (4.32)
and get the estimate for two space derivatives:

XrgettQ_’ylviQs
|| W ||L?’z[to,t1] 5 || Qb ”LS'},;J{[to,tl] + || F ||L92"Y/’%[to,t1]

+ €CEH? []ito,0,) -
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Applying this result to (4.33) closes the estimate for 0,V ,:

Xrgettz_vlatvﬂﬁ

(z)2+

i ot S 00 ust g + 1 F lusee it
1
+ ¢ CEH? [Bljtop] -

Adding these last three estimates proves estimate (4.16).
[

Proof of (4.17). It suffices to do the proof for two spatial derivatives only. Since

the hypersurfaces ¢ = ¢, are spacelike everywhere, the metric h = g|,_ " is Rieman-

nian. Therefore, the Laplace-Beltrami operator for h is an elliptic operator which

n (¢, x) coordinates has the form:

Ay = ”\/Ea
\/|?
— Dg_QOOat_

(9% V/19107) ~ (9"/1910:)

\/\_ \/|_

Consequently we may apply estimate the weighted L? estimate (A.2) and expand
to get:

tlifle’réet
| ————V2®) L2 fto.1]

()5
tl_’y,Xréet
5 H —< >%+6 o HLf’x[to,tl]
x
t Xr<et tl_’y,Xrget 1 1
S =7 9%0:0;9) I ito.) + |l (9”191 |12 to 11

(z)2* \/@

tli Xr\e 1 Xr<e
+ |l — 9; (9" \/191) 0o 122, ro,6) + Tt 9%02¢ |12
xr

to,t
()2 Vgl 2t el

+ [ F]

(z)*

1
LSI*’Y’;Q [tO,tl]

- tl_%/Xrget 1
,S <t0> BH vaqb ||Lil[to,t1} + Z || ag¢ ”LSM?*’Y'[tO t1] + || F ||[Sl*7,’%[to t1]
T nt ? )

J<1
Using a Hardy estimate on the first term and bootstrapping finishes the proof.
O
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Proof of 4.2.4. 1t suffices to establish the pointwise estimates:
W*1050] + rul0Zo)
S D (MO 6, FT79)| + (|07 8]) + (u) ()| F| + O((r)~")url|0.0,¢] ,

17<1
(4.34)
urd,dr6| S (M@0, WT70)| + ()97 ¢]) + (u)(w)|F] , (4.35)
7<1
with I' € L. To prove (4.34) we start with the identities:
ud,(S¢) = u*0%¢ + urd, 0, + ud,o (4.36)
19, (S¢) = 120%¢ + urd, 0, + r,¢ (4.37)

Since the calculation for 4202 is very similar we only do the case rud?. Adding

and subtracting urF and urOz¢ to twice identity (4.37):
27‘255(25
= 27’(‘1(@2&) — 2ur5r8uq5 — 27‘(:9;(;5 - urgf(b — urOz¢ + wrOp¢ — urF + urF
= 2r0,(S¢) — 2rd,¢ — urgfgb —2u(8, — 8,)¢ — ur §72¢ +ur(Of — Og)¢ +urk

where we have used the identity (3.79) to expand Oj;. Rearraging and taking

absolute value:
rud?¢|
S 110 (56)] + 119l + [u(d, — D)6l + [ur ¥ | + [ur(Tg — 0,)¢] + |urF|
By a straightforward computation:
lur(Og — 0,)¢|
< O(r) )url(19.8:6] + 1526] + | §°6] + 13, F6] + | =09l

)
L (50 79)) .

ol

w2 (r)?

N

We bootstrap the term with 53 and obtain (4.34). Estimate (4.35) follows by
adding (4.36) and (4.37), using (4.34) and bootstrapping the term urd,d,¢.
[l
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Lastly, we now prove the two estimates in Lemma 4.3.1.
Proof of (4.31). A computation gives us:

- || XrgdatSQS) ||LS'1*“Y' + || XT§€tvCC(S¢) ||L5‘1*"/’ + || <x>71XT<EtS¢ ||LS'1*“/
_ ozl 4 1710,00)

< >%+e ||L%,z[t0’tl]
T
X'r<et<t27’y/8tva:¢ + tliylrvmargb)
+ H < >%+6 HL%Z[to,tl]
Xz

3,
+ || {x)"2 Xrget5¢||L§m[to,tﬂ‘

Therefore,

VN
I Xr<at® " ()72 6t2¢HLf,gc[to7t1]
N S vy 1. A
S @72 T Xr<wdi(S9) Nz o] + 11 (2) 727 [Xrat(t 7 10,000) | Nz it
I
+ [ {z) 2 XT<€tS¢”L$’w[t0,tl]
The third term can be grouped with the first to make up || ¢ || g1 on the
int,1

[to,t1]
RHS. Using r < et then gives:

Xrgett2_7/atvx¢
(2)2+

Xr<al® 7 0}
et

||L%’z[to,t1} 5 || gb ||[S};t71,[to,t1] + €|| ||Liz[t0,t1] .

(z T

]

Proof of (4.32). Trading ¢ for u then applying the weighted L? estimate (A.2) once
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| Xrse - ,X'r<et
(z)? Lte
()™

(z)7* ,

2
<U>2 " Xr<et <u> Xletgr
SIS s i+ | 2 An Lz o

V) 2, tto.1

2¢) 22, to.t1)

()3 e ()27
swﬂ%%%fiqmuy[mm+w\<@f:“v%ﬂawwv@m%@ugdmm
+wﬁ fﬁ“}m (9" V/1910:9) 12 o + | <f““my¢m%mm
+n<w1;fﬁ (926, (2) V) o
s|ﬂ—+¥$fw@]@ngﬁmﬂ+u ezt L g 05 005052 o

()2t (z)77¢ \/ Igl
t277/XT<€t 1 Xr<et
+ | 9;(9” V1910 Nl 2 ito.0) + H <— 907 N2 o1
xXr

(@)t Vgl =t

_1 _8 1
Il +€ 2 0t0) 2 sup CEZ[(1)]

to<t<ty

= [+ O+ I+ IV+V+ (e sup CEP[o(t)]) .

tost<ty

=

where we've used the estimate (4.18) to control the terms supported on the set
where {3et < r}. Next we discuss the terms I — V; the terms IV and V are both
acceptable on the RHS. For the term I:

- XT<Et Xr<5t
I S| —3"9"9;(S0) ll 2 jto) + II— 90;(rovd) 12 toa]
x 2+6 <3§' 2+ )
Xr<et Xr<et
S ” —1+6 9%0;(S9) |2 jro.a) + | TQOJ( 00 |22 ft0,t1]
(x)3 (2}
Ttl_le,.get .
P00 o
T

< t2_7/Xr<et %
€ 10l e = FE V20 it + e p, OO0,

1
x) 2 + to<t<ty
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where we used (2.38) on the last line. We bootstrap the last term onto the LHS
of the preceding estimate. For II we use the fact that 0;(g) gives us an extra ¢~

decay and therefore we can apply a Hardy estimate and get:

_1_ _~/ —§—€ —~!
IS el o)™ Xeca (07 V20) 122, o) + 18) 72 Nt (77 Vab) 22, 0.0

_1_ . A 1 _B 1
S el ()2 N7 V20) 112 o) +€ 2 (t0) 2 sup CEF [6(1)]

to<st<ty

_1_. o 1
S el (@) 2 No<a (7T VED) 112 to.00) + € sup CEY (1))
’ to<t<ty
Next:
_3 e 1~ N
i 5 || <£L’> 2t ’YXTéEtSQSHL%w[to,tﬂ_‘_” <[E> 2! 7XT<5t8T¢||Lf’x[to,t1]

~ ” ¢ ||[S37:t7{[t0’t1] .

Combining all these estimates finishes the proof of lemma 4.3.1.



Chapter 5
Pointwise Decay

The main goal in this section is to use the higher order conformal energy

estimate (1.13) to prove:

Theorem 5.0.2 (Global Pointwise Decay). Let (M, gog) satisfy all the assump-

tions of the main theorem. Let ¢ be a solution to the free wave equation:

Oy =0, ¢(07$) = ¢0({L’) ’at¢(0>x) = ¢1(£IZ> )

with smooth initial data such that CEF[¢(to)] is finite. Then, for all (t,z) €
[0,00) x R3 with t >ty > 0, the function ¢ satisfies the pointwise decay estimate:
1

ot z)] S ———=
(t+r){u)?

1
(CES16t0)])
We will need the following interior estimate in the proof:

Lemma 5.0.3 (Elliptic Estimates for Two Derivatives).
D xecal)’ Vool S CEZ6(t)] (5.1)
|a|=2

Proof. By the reduction in section 2.3.1 it suffices to prove the result for ¢ > ¢*. By
Lemma (2.1.1) we may apply the results in [H6r85] and get the pointwise estimate:

1
ot 2)] S ——— T Nz |
{t +7)(u) MZ@ |

[NIES

101
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with ' € L. We use the cutoffs in (4.19) to break up the L? terms into pieces
supported in the interior region, the wave zone and the complement of these two,

respectively. In the interior region where {r < et} we use estimate (5.1):

Dol o®) e S Y 1m0V |12 + CE [(1)]

= laf=2

< CE2[6(1)

In the wave zone we use (4.34) and (4.35) on the terms with two derivatives and

absorb the small error terms to get:

D I Xuwawe0(t) 12 S CE3 [6(1)] -

|| <2

In the complement, since asymptotic flatness holds and all weights are equivalent,

we get, by the same type of argument:

ST veaT000) 12 S CE2[6(1)] -

|a|<2

An application of the higher order conformal energy estimate (1.13) with

k = 2 finishes the proof.

O
Proof of Lemma (5.0.3). For 07 we have:
H XréettQatQ(b HLi N H tXréetat(S(b) HL?D + H Xr<ettT0r0r HLi
1
S CEF [¢(t)] + €]l Xr<at® 0 Va6 | 12 - (5.2)

For the mixed derivatives:

| Xr<al’0i V20| = Xr<6t<
S Xoee ([£9.59] + € |2920| + 11V.01) -

+ [0, V.9

Squaring and integrating this gives us:

IXr<at’OVad 2 S CEF[6()] + €l o<t Vi 122 - (5-3)
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Lastly, for 92 we apply the weighted L? estimate (A.2) once again and follow
the proof of (4.32) to get:

I Xr<at® V20 2 < I (w)?V26 112
S M xreat® D00 |22 + ] X%et<r<u>2(v2¢7 ()7 7V |12
S | Xr<at® 070 || 12 + CEZ [9(1)] - (5.4)

where we've used (4.34) and (4.35) on the terms supported where {iet < r}.
Applying (5.3) to the RHS of (5.4) followed by (5.4) and a bootstrap closes the
estimate for 9?. Adding the resulting estimate to (5.3) and (5.4) and bootstrapping
finishes the proof.

[



Appendix A

Weighted L? Estimates

Our main estimate here is the following:

Theorem A.0.4 (Global weighted elliptic estimates). Let h be a Riemannian

metric such that:

02(h7 — 6T)] < (r)T70 (A1)
Then one has:
_ 1 3
()" (V?¢, (2)'Ve) 2 < || (@) And g2, 5 <K< (A.2)

Proof. Write Ap¢ = F. We approximately solve for F' in terms of a Neumann
series:

6= A RF, R=1-0A".

Then we have:
Ap(¢p— @) = RF .

Therefore, setting L** for the norm on line (A.2) it suffices to show:

VEATL L LA (o) 'VATL LR LR R LR [P
(A.3)

for the range % <pand p+90 < % , followed by the non-perturbative estimate:

I (@) V20, Vo) |z < [ {x)Ang |lz2 - (A.4)

]
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Proof of (A.3). We decompose into dyadic scales |z| ~ 2%, |y| ~ 27 with |z] < 1
when i = 0 since the weights are non-singular. To establish that VA=l : L2+ —

L*# is bounded, it suffices to show:
i,
where K is the kernel:
> F(2)(VA™)G(y) dody
i |z ~28,|y[~27

= Fo)Ki(x —y)G(y) dxd
> o @ )G dedy

We break up the proof into cases:

o O = 0CO) dady| < CIF Ll Gllne - (A
x|~2% |y|~27

Case 1: When |i—j| = O(1) the operator defined above is a singular integral
operator. In this case the weights 27/ ~ 1 and 27# ~ 1 balance since they are

both approximately of size one. Therefore by Cauchy-Schwarz:

>

i+j=0(1)
S D I F el GG e
2%

S D IF sl Gl

i?j

//| |2y QjF(x)Kl(x —y)G(y) dzdy

with x;, x; smooth cutoff functions in supported where |z| ~ 27, |y| ~ 27, respec-

tively.

Case 2: When i > j + ¢ we have |Ki(z — y)| = O(#) therefore, since

convolution with an L! function is a bounded operator in any L? space with p > 1:

D

i>j+c

//| |~2i |y QjF(x)Kl(x —y)G(y) dzdy

< Z 9—5(i—J) . QN(i_j)H XiF || 2o || X3 G || 20

i>j+c
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and we get —% + 1 < 0 to have the sum above converge.

Case 3: When j > i + ¢ by switching the roles of x and y and using the

same argument as case 2:

// oy D@ = Y)C) dady

< 30 2869 D | G F [l GG o

J>i+c

J>i4c

which is convergent as long as —% — o < 0. This proves (A.5) and shows that
V2A~!: LP* — L*Fis bounded. Next, to show () 'VA™!: L¥# — L*Fis
bounded we again aim to show:

2.

1,

//|| PR )6 drdy| S IF sl Gl (A0
x|~2%, |y|~27

with Ky(z,y) the kernel given by:

g F(2)({z) 'VA YG(y) dxd

i,j //w|~2",|y|~27 (@) G) ¢

= E F(z)Ky(x — y)G(y) dzedy .
ij //|$|N2i’|y|w2j ( ) ( y> <y> y

Case 1: When |i — j| = O(1) we have Ky(z,y) = O(m), therefore we
use the Hardy-Littlewood-Sobolev inequality to get:

(0) Kl — 9)C(y) dxdy\

iz O Ja|~21, \y|~2f

N

F)G(y) dxdy‘

_ 2
. o || ~21,|y|~27 (z ’95 Y|

S ZQ’l\IXiFHLgHXjGI!Lg

i oti oij
S > 27220 29 o F e X G e

0]

< ST w56 o

i!j

where we've used 27 & 237 . 237 ~ 1 on the last line.
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Case 2: When i > j + ¢ we have |Ky(z — y)| = O(-=1=) therefore:

()]
2.

1>j+c

// |20, [y QjF(x)KQ(x —y)G(y) dzdy

S ST 2w 27 2D G F | G 2

1>j+c

and since ¢ > j + ¢ the extra 23 helps us get —% + 1 < 0 once again.

Case 3: When j > i + ¢ we have |Ky(z — y)| = O(+=1-) thus:

(z)[yl?
2

// F(z)Ks(z — y)G(y) dady
j>itc || ~27,|y|~27

< Z 951 9(i—j) 2#(i_j)||XiF||L2v*MHXjG 2

j>i+c

and since j > 7 + c the extra 23 gives us the restriction —% —pn<0.

Lastly, for R : L** — L*#*9 we use the expansion:

Ap—A = WV + (h)'V

and by (A.1), h, (h) obey the decay bounds:

Al S ()7

This observation together with the results we have shown above give this result.
O

Proof of (A.4). Let D denote the Levi-Civita connection for h and let dV}, denote

the volume form. We claim:

[ popoavi < [ @rlanf avi. (A7)

RS

This follows from Green’s identity:

_/RSDingDigdeh = /RSAhcb-cdeh,
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by taking absolute value, applying Young’s inequality and using the Hardy esti-

mate:

1= dvi S / IDg|? dVi, . (A.8)
RS

R3 T

To prove the estimate for two derivatives we integrate by parts:
/ (@ (DD (D'DIG)
/RS *(D'D; Do) (D ¢) dV, —/ 2(x)D'((x))(D;D;¢)(D?¢) dV,

RS

— — [ @D,DDD) Vi~ [ 2D ()(DDs0) D) v

R3

/RS (Fiy)(D'9) Vi = /R (x)* (R Dig) (D7) Vi,

= [ @HODODD0) it [ 20D () D)ND;D0) av
/Rd (Rij¢)(D’9) dVi — / ()*(R; D) (D’ ) dVi,
v [ 2D, @)D D) i [ 2D () R (D)

+ DJ(2<3U>DZ(<$>))( i¢>(D]¢) dVy,

R3
Taking absolute value, using (A.1) on the terms with curvature components, and

using the Hardy estimate (A.8) together with (A.7) we get:
[ @D wpe) av
S [ s i+ [ otaniawlos v
« [ ot elpel avi+ [ papie a

()| Andf? dVi + / DD dVi,

<
< [ @ik avi.
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