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ABSTRACT OF THE DISSERTATION

The Role of the Kelvin-Helmholtz Instability in the

Evolution of Magnetized Relativistic Sheared Plasma Flows

by

Nathaniel Donald Hamlin

Doctor of Philosophy in Physics

University of California, Los Angeles, 2012

Professor William I. Newman, Chair

Our objective is to explore, both analytically and by numerical simulation, the evolu-

tion of the Kelvin-Helmholtz (KH) instability in a relativistic magnetized sheared plasma

flow, with applications to highly energetic astrophysical jets originating from such features

as active galactic nuclei (AGN) and quasars. The Kelvin-Helmholtz instability arises in

the presence of a variation in flow speed in the direction orthogonal to the flow. We use

the conservative single-fluid relativistic magnetohydrodynamic (RMHD) equations of Anile

(1989). Our numerical scheme uses explicit finite-differencing, which is fourth-order in space
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and time, and uses a rapidly-convergent, highly accurate algorithm, developed by New-

man (2002), to invert the RMHD equations. These are major improvements over previous

schemes using artificial viscosity. The exact single-fluid RMHD equations are marginally

stable. However, when discretized in a numerical scheme, they become unstable. Artificial

viscosity is therefore needed in order to restore stability to the system. However, viscosity

also models physical processes such as momentum transfer and conductivity. Diffusion can

also result in an anomaly associated with relativistic effects, however we show in chapter 12

that this anomaly does not in any way affect our simulation results.

The early nonlinear regime of evolution corresponds to the formation of large vortices

connected by a dual filamentary structure. In the absence of a magnetic field, these vortices

persist. A magnetic field stabilizes the system, inhibiting the vortices through a series of

stages. First, the vortices expel the plasma and magnetic field lines, resulting in amplified

field at the vortex extremities. The magnetic field then disrupts the vortices, leading to a

turbulent regime of smaller-scale structures and large-scale magnetic reconnection, followed

by an approach to an equilibrium state consisting of flow-aligned vortex and current filaments

whose widths are at most 1/4 the initial jet width. Qualitatively similar processes are

discussed in MHD literature. We examine in detail how and to what extent these stages

manifest in RMHD for a set of representative field strengths. To characterize the influence of

the magnetic field, we define a relativistic extension of the Alfvenic Mach number. We observe

a close complementarity between magnetic field and fluid behavior. We find qualitative

agreement with observations of numerous jets, including M87, NGC 5128, 3C 273, 3C 120,

HH 30, and HH 34. In particular, the knots in the radio jet M87 are believed to have

amplified fields with transverse components, suggesting that these knots may exhibit vortex-

iii



like behavior.

For stronger fields, the above inhibition stages occur more rapidly, and for sufficiently

strong fields (Alfven speed greater than about 1/6 the flow speed), vortices are suppressed

entirely. The jet widens to about twice the input perturbation wavelength for weak vortex-

disruptive fields. Stronger fields suppress vortex rotation, magnetic reconnection, and tur-

bulence, resulting in smaller equilibrium jet widths. These features and processes have a

monotonic dependence on field strength. However, certain processes reveal bifurcations, in

that they are maximized for intermediate background field strengths. Maximum jet decel-

eration (i.e., viscous dissipation) occurs for intermediate vortex-disruptive fields, owing to

turbulent reorganization. Maximum extraction of electromagnetic energy occurs for strong

vortex-disruptive fields, and is reduced for vortex-suppressing fields.

While magnetic fields tend to stabilize the system, highly relativistic flows have a desta-

bilizing effect, for example by supporting rapidly-growing modes at wavelengths which are

short compared to the length scale of the velocity shear. This sheds light on a problem

that has plagued artificial viscosity simulations, such as this one, namely the difficulty in

sustaining numerical simulations with Lorentz factors larger than 2.

Our numerical results uncover complex mechanisms by which the magnetic field inhibits

the KH instability in RMHD, showing qualitative consistency with observations of astro-

physical jets. We have also successfully unified the HD, RHD, MHD, and RMHD regimes,

analytically and numerically, in both the linear analysis and nonlinear evolution.
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Chapter 1

Introduction and Overview

We begin, in section 1.1, by presenting tables of acronyms and symbols which are commonly

used throughout the dissertation. In section 1.2, we briefly discuss some important areas

in which the Kelvin-Helmholtz (KH) instability has been studied (to be elaborated on in

chapter 2), and then argue that there is considerable interest in understanding the role

of the Kelvin-Helmholtz instability in the evolution of relativistic magnetized astrophysical

flows. In section 1.3, we present an overview of the dissertation.

1.1 Tables

Table 1.1 contains a list of acronyms and their meanings, while table 1.2 contains a list of

symbols and their meanings, along with mathematical definitions and units, where appro-

priate. These acronyms and symbols appear frequently throughout the dissertation.

It should be noted that throughout the dissertation, we use a system of units for charge

density, current density, electric field, and magnetic field such that the factor of 4π does not

appear in Maxwell’s equations. Therefore, this factor also does not appear in expressions for

energy density, Alfven speed (defined in table 1.2), etc..
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Acronym Meaning
AGN active galactic nuclei
AV artificial viscosity
HD hydrodynamic
HLL Harten, Lax, and van Leer
HRSC high-resolution shock-capturing
KH Kelvin-Helmholtz
KP84 Kivelson and Pu (1984)
LRN09 Lovelace, Romanova, and Newman (2009)
MHD magnetohydrodynamic
MP Miura and Pritchett
ODE ordinary differential equation
PDE partial differential equation
PK83 Pu and Kivelson (1983)
RHD relativistic hydrodynamic
RMHD relativistic magnetohydrodynamic
RMS root-mean-square
SC shock-capturing
TD tangential discontinuity

Table 1.1: Commonly used acronyms
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Symbol Meaning Expression/scaled units

B magnetic field in stationary frame [B] =
√

energy density
b magnetic field in co-moving frame [b] =

√
energy density

c speed of light unit of relativistic speed

cs sound speed cs =
√

ΓP/ρ (non-rel.)

cs = c
√

ΓP/w (relativistic)
E electric field in stationary frame E = B× (v/c)

(fluid with infinite conductivity)
Ms Mach number (flow speed/sound speed) Ms = v/cs
MA relativistic Alfvenic Mach number MA = (γv)/(γAvA)

= (v/vA)
√

1−v2A/c2
1−v2/c2

P pressure in co-moving frame [P ] = energy density
r0 length scale of simulation unit of length
u velocity in co-moving frame [u] = c
v velocity in stationary frame [v] = c
vA Alfven velocity vA = B/

√
ρ (non-rel.)

vA = cB/
√
w (relativistic)

vz0 background flow speed [vz0] = c (relativistic)
w enthalpy in co-moving frame w = ρc2 + PΓ/(Γ− 1)
x̂ shear (transverse) direction N/A
ẑ flow direction N/A
β flow speed/(speed of light) β = v/c
β plasma beta β = 2P/(E2 +B2)
Γ adiabatic index Γ = CP/CV
γ Lorentz factor of flow γ = 1/

√
1− v2/c2

γA Lorentz factor of Alfven speed γA = 1/
√

1− v2
A/c

2

ηα viscosity of quantity α [η] = r0c
ρ density in co-moving frame [ρ] =

√
energy density/c2

ω complex frequency [ω] = c/r0

ω̄ Doppler-shifted frequency ω̄ = ω − kzvz0

Table 1.2: Commonly used notation
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1.2 Motivation for Research

The Kelvin-Helmholtz (KH) instability arises when a perturbation is applied to a flow that

exhibits a transverse (shear) variation in flow speed, either continuous or discontinuous. The

KH instability was discovered independently by Lord Kelvin in 1871 and by Helmholtz in

1868. Helmholtz (1868; 1882) provided a qualitative discussion of the interaction between

two vertically stratified fluids having different densities. Kelvin (1871; 1910) studied this

instability in the geophysical context of wind-water interactions, or, more generally, a fluid

and an air current in relative motion. This problem was further illuminated by Munk (1947),

who found a critical wind velocity of 6.5 m/s above which white caps suddenly emerge. An

experimental demonstration of the KH instability was provided by Francis (1954) for an

air-oil interface. This has been extended to the problem of vertical stratification of air

currents in the Earth’s atmosphere (Chandrasekhar 1961; Case 1960; Dyson 1960; Drazin

1958; Drazin and Howard 1966). There have been many more recent studies of interactions

between atmospheric air currents (Maslowe 1991; Swaters 1999; Van Dyke 1982).

The KH instability has also been widely studied in many areas of astrophysical inter-

est, including astrophysical jets, and interactions within the Earth’s magnetosphere (Pu

and Kivelson 1983; Kivelson and Pu 1984; Otto and Fairfield 2000; Faganello et al. 2008).

Comparisons between jet observations and simulations have suggested that the KH insta-

bility may play an important role in jet morphology, including vortices, helical structures,

filamentary features, etc. (e.g., Hardee 1987, 2003, 2005, 2007; Lobanov and Zensus 2001;

Bicknell and Begelman 1996). Apparent superluminal motion (i.e., behavior that gives the

appearance of being greater than the speed of light, but is an effect of phase velocity),
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and relativistic boosting, demonstrate that many of these jets have highly relativistic flows

(e.g., Readhead 1993), while the presence of magnetic fields is strongly supported by the

commonly accepted model for jet formation from active super-massive black holes (Lovelace

1976; Blandford and Payne 1982; Rees 1971; Scheuer 1974; Blandford and Rees 1974).

It is therefore of great interest to numerically simulate the KH instability in relativistic

magnetized jets. However, the assumptions of relativity and magnetization greatly com-

plicate the conservative equations used in simulations, and until 2006, the growth of the

KH instability had not been accurately simulated in the RMHD regime, according to the

introduction of Bucciantini and Del Zanna (2006). We solve the RMHD equations using a

method which is fourth-order in space and time, instead of the second-order method previ-

ously employed, and an absolutely and more rapidly convergent scheme than has previously

been available, and our results reproduce new and intriguing features of jet behavior and

morphology. We shall present our numerical model of the system at the end of chapter 3,

after surveying prior studies of astrophysical jets (both observational and numerical), and of

the KH instability in sheared and stratified plasma flows.

1.3 Overview of the Dissertation

In chapter 2, we present an overview of prior studies of the Kelvin-Helmholtz instability, not

just as it applies to astrophysical jets, but also to wind-water interactions, cloud formation,

interactions between the Earth’s magnetosphere and solar winds, and other space-related

applications such as protostellar systems. We first discuss studies of the linear regime, then

studies of the nonlinear regime, and then we elaborate on prior studies of astrophysical jets.

We then present an overview of numerical methods used in prior single-fluid simulations,
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particularly in the context of how they relate to the method used in the present simulation.

We assume, throughout the dissertation, that the fluid being simulated is compressible,

infinitely conducting, adiabatic, and has an isotropic pressure tensor. We establish the

validity of these assumptions in section 3.6.

In chapter 3, we demonstrate the mathematical equivalence of three formulations of

the relativistic magnetohydrodynamic (RMHD) single-fluid equations which are commonly

used in the literature. This demonstrates that the formulation we use in our simulations,

specifically, the covariant version of Anile (1989), is in fact equivalent to the two other

formulations, where one of these is conservative but written in terms of electric and magnetic

fields in the stationary reference frame, and the other is written in terms of Euler’s and

Maxwell’s equations, and explicitly incorporates charge and current. We also show that

these equations reduce to their expected counterparts in the non-relativistic limit. In the

final section, we show that, for realistic physical parameters, the length scales used in the

simulation are many orders of magnitude larger than length scales associated with electron

and ion behavior. This demonstrates the validity of using a single-fluid model. We finally

present our numerical model of the system being simulated.

In chapter 4, we discuss the linear Kelvin-Helmholtz instability for a velocity profile

with a discontinuous step-function transition between two adiabatic compressible flows. The

purpose of this is two-fold. First, we wish to generate growth rates which can be compared

with numerical growth rates which will be generated in chapter 6 for the continuous velocity

profile used in the numerical simulations. Second, we wish to demonstrate the convergence

between the hydrodynamic (HD), relativistic hydrodynamic (RHD), magnetohydrodynamic
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(MHD), and relativistic magnetohydrodynamic (RMHD) regimes.

In each regime, we linearize the appropriate single-fluid equations, obtaining a single-

fluid dispersion relation. We then equate the perturbations to total pressure, and to normal

fluid displacement, across the discontinuity, yielding a dispersion relation for predicting the

KH instability. In the HD and RHD cases, we analytically solve the dispersion relation

for equal and oppositely-directed flows, and find that the system is KH-unstable when the

Mach number (ratio of flow speed to sound speed) has a component along the perturbation

direction which is larger than
√

2. This corresponds to a maximum unstable flow speed (for

perturbations not perpendicular to the flow), which does not exist for incompressible fluids.

In the RHD case, this recovers the results of Bodo et al. (2004). We will find in chapter 6 that

in the case of a continuous velocity profile, the system can be KH-unstable for much higher

Mach numbers, which is in agreement with Blumen et al. (1975) and Ray (1982), among

others. In chapter 12, we will recover the aforementioned single-fluid dispersion relations by

a different approach, namely, linearization of the single-fluid equations in conservative form

with artificial viscosity, followed by taking the inviscid limit.

We then examine the MHD regime, and show that our results agree with those of Pu and

Kivelson (1983) (hereafter PK83) and Kivelson and Pu 1984 (hereafter KP84). Specifically,

in addition to a maximum unstable flow speed, the magnetic field introduces a non-zero

minimum unstable flow speed which is accurately predicted by the growth rate expression

for a magnetized incompressible fluid. We show that in the incompressible limit, for equal

densities and magnetic fields in both fluids, the system is KH-unstable when the velocity

difference exceeds the Alfven speed by a factor of
√

2, which recovers the result of Chan-
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drasekhar (1961). We then consider the MHD case where the displacement current cannot

be neglected, and show how the dispersion relation is modified. We recover the result of

Lovelace, Romanova, and Newman (2009) (hereafter LRN09). We finally consider a rela-

tivistic magnetized (RMHD) fluid, restricting our attention to the case where the magnetic

field is aligned with the flow direction. In both the MHD and RMHD cases, the region

of unstable flow speeds narrows with increasing field strength, and there is a critical field

strength above which the system is stabilized. In the HD and RHD regimes, we can analyti-

cally solve the dispersion relation for predicting the KH instability. In the MHD and RMHD

regimes, the dispersion relation can only be solved numerically. In all four regimes (HD,

RHD, MHD, and RMHD), in the case of a step-function profile, the growth rate increases

linearly with wave number, tending to infinity as the wavelength tends to zero. In chap-

ter 6, we will consider the case of a shear variation in velocity, and generate growth rates

by numerically solving a nonlinear second-order ODE, for which analytical results are not

readily obtainable. From these growth rates, we will show graphically that in the case of a

shear layer, there is a minimum wavelength below which the growth rate ceases to increase.

This conclusion is in agreement with the results of numerous studies examining shear layers,

including Chandrasekhar (1961), Ray (1982), and Miura and Pritchett (1982).

We notice that, for a step-function discontinuity, the factor of
√

2 emerges both as the

maximum Mach number for KH instability in the HD and RHD cases, and as the minimum

Alfvenic Mach number for KH instability in the incompressible limit of the MHD case. The

number
√

2 is a common result for two-dimensional systems (i.e., systems with no variation in

the third dimension), and can be thought of as the hypotenuse of a right triangle whose legs
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each have a length of 1. In three-dimensional systems, the number
√

3 frequently emerges.

For example, we will see, in chapter 4, that the maximum physically allowable relativistic

adiabatic sound speed is c/
√

3.

In chapter 5, we extend our linear analysis to a background velocity profile that exhibits

a continuous shear variation, rather than a step-function discontinuity. We assume a two-

dimensional slab geometry in the x− z plane, where z is the flow direction and x the shear

direction. The fluid is relativistic, magnetized, and hydrodynamic (RMHD). We can there-

fore use the single-fluid RMHD equations given in Anile (1989). The background pressure

and density are uniform. The background magnetic field is uniform and aligned with the

flow direction (the z-direction). The wave vector of the perturbation is aligned with the

flow direction. We linearize the single-fluid equations, first in the RHD regime, then in the

RMHD regime. In each case, we derive a second-order ODE in the perturbation to the total

pressure, which is in agreement with results in the literature, e.g., Miura and Pritchett (1982)

and Birkinshaw (1984). To determine the eigenfrequency, and construct an eigenmode, we

must numerically solve the pressure ODE. In particular, two pressure profiles, a right and

left profile, are constructed by numerically integrating inward from the outer transverse

boundaries. This is repeated for an array of complex eigenfrequencies, and the eigenmode is

determined by the eigenfrequency for which the right and left profiles intersect smoothly at

some point close to the central axis. This is known as the shooting method, and is used in

Blumen (1970). We can then launch the simulation in an eigenmode of the system.

In chapter 6, we explore growth rate behavior for the background velocity profile used in

the simulations, known as a “Bickley jet” profile (Bickley 1937), which has a “sech2” shear
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variation. This has the appearance of a bell, vanishing at the exterior boundaries, peaking

in the center, and symmetric about the center. We find that the growth rate decreases with

increasing magnetic field strength, and that the system is stabilized above a certain critical

field strength (as we find in chapter 4 for a step-function discontinuity). In particular, the

growth curve is a function of the relativistic Alfvenic Mach number MA, i.e., a relativistic

version of the ratio of flow speed to Alfven speed. Instability is suppressed when MA < 3, i.e.,

when 1/MA > 1/3. We later demonstrate, in the numerical simulations, that the influence

of the magnetic field on vortex development is accurately characterized by MA, as defined

above.

For an unmagnetized case, we plot growth rate as a function of the background flow speed

amplitude. We find that growth rate increases with increasing flow speed, and abruptly drops

to zero for highly relativistic flow speeds close to 0.95 c. Instability persists for relativistic

Mach numbers well above the upper limit of 4 which is derived in chapter 4 for the case of

a step-function discontinuity. This observation is consistent with the non-relativistic results

of Blumen et al. (1975), Ray (1982), among others. We plot curves for several different

sound speeds, and find that growth rate increases with increasing sound speed. We finally

plot growth rate as a function of wave number, again for an unmagnetized case, displaying

curves for several different background flow speeds. We find that for less relativistic speeds,

the growth curve takes the shape of a downward-facing parabola, which is to say, there is

a maximum wave number above which the growth rate ceases to increase, and there is a

maximum wave number above which there is no growth, which is consistent with the non-

relativistic results of Ray (1982) and Miura and Pritchett (1982). This is in contrast to the
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case of a step-function velocity profile, where the growth rate increases linearly with wave

number. For more relativistic flow speeds, instability at near-maximum growth extends to

higher wave numbers and therefore to wavelengths which are smaller than the length scale

set by the shear variation in the initial jet. This is one way in which relativistic effects tend

to destabilize a system.

In chapter 7, we plot the shear profiles of perturbations corresponding to numerical

eigenmodes. These are cross-sections of the initial perturbations at the start of the numeri-

cal simulation. By understanding the properties of these profiles, along with their sensitivity

to such parameters as flow speed and magnetic field strength, we can better understand

the evolution and parameter-sensitivity of the flow. In particular, the symmetry properties

of these profiles govern the nature of the development of nonlinear vortices, and the com-

plementarity between magnetic field and fluid behavior. Both real and imaginary parts of

each perturbation have the same symmetry about the central axis, which ensures that for

each quantity, the perturbation has the same symmetry at every cross-section along the flow

direction.

The pressure perturbation, longitudinal (flow) velocity perturbation, and longitudinal

field perturbation are each antisymmetric, while the transverse velocity and field perturba-

tions are each symmetric, which is consistent with the sinuous mode described by Drazin

and Howard (1966) for an unmagnetized incompressible fluid. The other class of modes are

the varicose modes, also described by Drazin and Howard, which have the opposite symme-

tries. The symmetries of the pressure and velocity profiles govern the development, in the

early nonlinear regime, of counter-rotating vortices. In particular, the profile symmetries
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are responsible for the alternation in vortex location along the central axis. There is also

a close complementarity between the flow and magnetic field behavior, which is largely be-

cause the perturbation profile of each field component has the same symmetry as the profile

of the corresponding velocity component (both transverse profiles are symmetric, while both

longitudinal profiles are antisymmetric).

At higher flow speeds, certain profiles show markedly larger amplitudes in their spatial

variation (particularly the imaginary part of the pressure perturbation, but also to some

extent the velocity perturbations). These perturbation amplitudes are largest for background

flow speed amplitudes of at least 0.9 c. This may play a role in destabilizing the system in

highly relativistic cases, in which the numerical simulation succumbs to early unphysical

numerical breakdown (i.e., there is a time at which the primitive variable recovery algorithm

begins to compute speeds which exceed the speed of light). In the magnetized cases, we see

that for stronger background magnetic fields, the perturbation amplitudes are slightly larger

in the profiles of pressure and velocity, and are markedly larger for the vortex-suppressing

field, for which the larger amplitude is often accompanied by a change in shape of the

profile. This may explain the bifurcations we will later observe in the dependencies of

certain quantities on magnetic field strength.

In chapter 8, we discuss the numerical evolution of the system. After being launched

in a numerical eigenmode, the system is evolved using the RMHD conservation-diffusion

equations (Anile 1989). The numerical scheme for this is discussed in the first section. This

method is fourth-order in space and time. The use of fourth-order methods gives us explicit

control over the diffusion terms, which are implicitly present in second-order. The exact
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single-fluid RMHD equations are marginally stable, however they become unstable when the

spatial and temporal derivatives are discretized in a numerical scheme. Diffusion is therefore

needed in order to restore numerical stability to the system, but also to model viscous

exchanges of momentum, mass, and energy, along with a magnetic resistivity associated

with electron and ion gyration in relevant astrophysical environments. At a given time step,

we first invert the conserved quantities to compute the primitive variables (density, pressure,

velocity, magnetic field). The magnetic field components are known immediately. However,

the remaining variables cannot be solved for analytically, and must be obtained using a

relaxation scheme. Such a scheme has been developed by Newman (2002), which is more

accurate, efficient, and rapidly convergent than previously used schemes (Newton-Raphson,

etc.). We then compute the flux quantities from the primitive variables, after which we

compute the spatial derivatives of the flux quantities using the fourth-order method of lines

(Schiesser 1991). We use the fourth-order Runge-Kutta method to compute the conserved

quantities at the next time step. Furthermore, we use a grid consisting of 1000 distinct

points in the x-direction (shear direction) and 200 points per wavelength in the z-direction

(flow direction). Such a refined grid allows for greater convergence of the results than is

provided by the coarser grids used in prior studies. Correspondingly, the simulation is also

more temporally resolved (smaller time step), in order to satisfy the Courant-Friedrichs-Lewy

(CFL) condition, which states that a given signal cannot traverse a significant fraction of a

grid cell within a time step of the simulation.

In the next section of chapter 8, we calculate an approximate conductivity from the mag-

netic viscosity (resistivity) used in the simulations. We demonstrate that this conductivity
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is on the same order of magnitude as conductivities associated with relevant astrophysical

environments, including the BL Lacertae object BL Lac OJ287 (Marscher and Jorstad 2011),

along with the radio jet M87 (Hines et al. 1989; Stawarz et al. 2005). This provides phys-

ical significance to the magnetic resistivity used in the simulations, apart from its role in

numerical stability.

In chapter 9, we present graphs showing the time-dependence of the primitive variables

(density, pressure, velocity and magnetic field components), both in the fluctuations (pertur-

bations) of these quantities, and in their spatial averages. The initial stages of the evolution

correspond to the linear regime, in which the perturbations grow exponentially, ideally at

the growth rate corresponding to the eigenmode. However, the presence of artificial diffusion

introduces evanescent modes, resulting in initial deviations of the growth curves from linear

agreement. When the perturbations become sufficiently large compared to their background

values, the growth deviates from linear behavior, corresponding to the onset of the nonlinear

regime. In the early stages of the nonlinear regime, the perturbations reach a saturation

level (maximum growth), after which the growth either decreases or remains at this average

level. This behavior (linear regime, saturation, nonlinear regime) is qualitatively similar to

the evolution of a non-relativistic MHD system, as discussed by Malagoli et al. (1996). The

average density and pressure both increase over time, while the average velocity and Lorentz

factor tend to decrease over time, with each of these quantities approaching an asymptotic

value as the system approaches an equilibrium state. In both the perturbations and the aver-

age values, we notice nonlinear oscillations which correspond to nonlinear transverse acoustic

waves propagating between the jet axis and transverse boundaries. We find that maximum
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jet deceleration (and therefore maximum viscous dissipation into thermal energy) occurs

for intermediate vortex-disruptive fields, due to the complexity of turbulent reorganization

associated with vortex disruption.

We also plot such quantities as the RMS vorticity, RMS current density, and electromag-

netic energy density, none of which exhibit the aforementioned nonlinear oscillations, but

each of which exhibit a peak shortly after saturation, generally corresponding to amplifica-

tion, at the vortex extremities, of field-related quantities. The peak is generally followed by a

gradual decay that asymptotically approaches a small value. Collectively, these graphs show

many interacting processes, among which is the transfer of energy from the bulk flow to the

magnetic field in the early nonlinear regime (as the field lines are expelled by the vortices),

followed by viscous dissipation into thermal energy as the field lines, and resulting filamen-

tary features, gradually become aligned with the flow. We identify several bifurcations, i.e.,

energy transfer processes which are optimized for intermediate field strengths. Maximum jet

deceleration, and viscous dissipation, occurs for intermediate vortex-disruptive fields. Max-

imum field enhancement (which maximizes electromagnetic energy and vorticity) occurs for

strong vortex-disruptive fields, and is reduced for the stronger vortex-suppressing fields.

In chapter 10, we display the numerical evolution of various test cases, and discuss the

behavior exhibited in the displays. In the absence of a magnetic field, the early nonlinear

regime corresponds to the formation of two large counter-rotating vortices. Apart from

gradual viscous dissipation, these vortices essentially persist indefinitely. Sufficiently weak

fields are vortex-disruptive, which is to say, they allow vortex formation, followed by vortex

inhibition through a series of stages. The first stage corresponds to field amplification at the

15



vortex boundaries, which results from vortex rotation, which expels plasma and magnetic

field lines, leading to regions of amplified field at the vortex extremities. There is generally

a remarkably close complementarity between fluid behavior and the magnetic field lines

(and other quantities relating to the magnetic field, including electromagnetic pressure and

current layers). In the weak-field regime, vortex twisting leads to magnetic reconnection,

forming magnetic islands. This is qualitatively similar to the magnetic reconnection seen

by Otto and Fairfield (2000) in their MHD studies of the Earth’s magnetosphere. The next

stage is vortex disruption, whereby the field exerts magnetic stresses at the vortex boundaries,

leading to vortex deformation and shedding of enhanced filamentary features with alternating

vorticity. The third stage corresponds to turbulent breakdown into smaller-scale structures.

In the fourth and final stage, the system approaches an equilibrium state consisting of flow-

aligned vortex and current filaments. The jet widens to about twice the input perturbation

wavelength, and decelerates by an amount depending on field strength. These stages of

vortex inhibition are qualitatively similar to those discussed in MHD literature. We examine

how and to what extent these stages manifest in RMHD for a set of representative field

strengths. Our simulations, and linear analysis, reveal that the extent of vortex inhibition

by magnetic fields is characterized by a relativistic Alfvenic Mach number (a relativistic

extension of the ratio of flow speed to Alfven speed), which we define in (6.3).

The vortex behavior, turbulent regime, filamentation, jet widening, and jet deceleration,

are all in qualitative agreement with observations of numerous jets, including M87 (Bicknell

et. al. 1996), NGC 5128, 3C 273 (Lobanov and Zensus 2001), 3C 120, HH 30 (Anglada 2007),

and HH 34. Moreover, the field strengths we examine fall within about an order of magnitude
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of one another, which is well within the range of uncertainty in estimates of field strength in

astrophysical jets, obtained from synchrotron emission spectra. In particular, the radio jet

M87 has a primarily flow-aligned background field, as in our simulations, with knots in which

the field is believed to have transverse components (Hines et al. 1989). Stawarz et al. (2005)

examined knot A, and concluded that it has an amplified field of at least 300 µG, where

the surrounding jet has a field of less than 100 µG (Hines et al. 1989). If the knots exhibit

vortex-like behavior, then vortex twisting of the field lines could account for the transverse

components and the field amplification, which would result from field line expulsion due to

vortex rotation. These magnetic field values, and associated electron and ion gyration, yield

a conductivity which is consistent with the conductivity used in the simulations, as discussed

at the end of chapter 8.

Stronger fields inhibit vortices more rapidly, and correspond to a more rapid transition

to a filamented state, with a smaller amount of intermediate small-scale turbulence, and a

narrower equilibrium jet width. A sufficiently strong field (Alfven speed exceeding about

1/6 of the flow speed amplitude) suppresses vortex formation entirely, resulting in a rapid

transition to a filamented state. We also observe several bifurcations, i.e., processes which

are optimized for intermediate field strengths. These are maximum viscous dissipation for

intermediate vortex-disruptive fields and maximum electromagnetic energy extraction for

strong fields which still allow vortex formation. Intermediate vortex-disruptive fields result

in maximum flow deceleration (from 0.7 c to about 0.2 c), and maximum viscous dissipation,

resulting in a broad slow-moving equilibrium background flow. Stronger fields inhibit inter-

mediate turbulence and viscous dissipation, and the residual mechanical energy resides in
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a narrow high-speed central flow channel which is only about 1/5 of the initial jet width.

The much narrower central flow channel is associated with the early vortex inhibition of

strong fields, resulting in an extraction of electromagnetic energy directly from the bulk

flow, and minimal diversion of mechanical energy into rotational form. The greatest extrac-

tion of electromagnetic energy occurs for the strongest fields which still allow some vortex

formation. The narrow central flow overlies a slower background flow whose width, for

vortex-suppressing fields, is very nearly equal to the initial jet width. For all field strengths,

the flow, vorticity, and magnetic field assume equilibrium configurations that retain a mem-

ory of the initial configuration in which the system is launched (also seen in Frank et al.

1996 and Ryu et al. 2000).

In chapter 11, we examine the sensitivity of our simulation results to various input param-

eters. We first verify that for all field strengths, the magnetic field remains approximately

divergenceless. We then verify that, for a given numerical grid, the results converge with re-

spect to time step. We then verify that the results converge with respect to grid refinement,

and find that convergence is not achieved until the grid is substantially refined (at least 750

cells in the shear direction, and at least 150 cells per wavelength in the flow direction). We

note that the results are not dependent on the number of longitudinal wavelengths spanned

by the simulation, and are not significantly influenced by the transverse system width. We

then verify convergence of our results between the RMHD, MHD, and RHD regimes. We

then study the sensitivity of our results to viscosity. In general, a higher viscosity results

in slightly smaller values of quantities related to velocity and field strength, and increased

thermal pressure, which is consistent with an increased amount of dissipation into thermal
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energy. The overall behavior of the system has little sensitivity to viscosity, with greatest

sensitivity for the moderate vortex-disruptive field MA = 41.4, probably due to the com-

plexity of the vortex disruption and turbulent breakdown. In short, we verify satisfaction

of the zero-divergence condition, and find convergence of the simulation results with respect

to time increment, spatial increment, system dimensions, viscosity coefficients, and between

the RHD, MHD, and RMHD regimes.

For a given relativistic Alfvenic Mach number MA, we compare simulation results for

background flow speed amplitudes of 0.5 c and 0.7 c, and find close agreement. This indicates

that the quantity MA is indeed closely correlated with the influence of a magnetic field on

vortex development. We finally examine the sensitivity of the results to the wavelength of

the perturbation in which the simulation is launched. For the case of a vortex-suppressing

field, we find that for larger wavelengths, quantities related to magnetic field and velocity

are generally larger, while the thermal pressure is generally smaller. Longer wavelengths

lead to modes with larger length scales, which are therefore less correlated with the small

length scales set by diffusion, thus reducing the transfer of energy into dissipative processes.

We find that for a moderate vortex-disruptive field MA = 41.4, equilibrium jet width and

flow width both scale with the input wavelength, and that for the vortex-suppressing field

MA = 5.1, the width of the central flow channel, and of the central vortex filaments, both

seem to scale with input wavelength, although the equilibrium jet width is independent of

wavelength.

In chapter 12, we examine an anomaly associated with diffusion. The exact RMHD single-

fluid equations are marginally stable. However, when discretized in a numerical scheme, they
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become slightly unstable, and artificial diffusion is needed in order to restore stability to the

system. An anomaly sometimes arises from the fact that the diffusion operator does not

preserve the Lorentz-invariance of the single-fluid RMHD equations. In our study of the

KH instability this is inconsequential, as we remain in a stationary reference frame defined

by the velocity shear, and diffusion plays the role of stabilizing the system. However, for

a model with a uniform background flow speed, we find that the modes introduced by

diffusion decay in reference frames for which the flow is non-relativistic, but appear to grow

in reference frames for which the flow is relativistic, which is of course erroneous. This

mathematical exercise, however, illustrates that current mathematical models of diffusion

are not well-suited to frame transformations in relativistic systems. One interesting result,

nevertheless, is that when we take the diffusionless limit of our dispersion relation, we recover

the relativistic acoustic that appear in Bodo et al. (2004), and the Alfven and magnetosonic

modes derived in LRN09.

In chapter 13, we discuss shock-capturing schemes. Unlike our numerical scheme, these

schemes do not require the use of explicit artificial viscosity to stabilize the system, and have

recently been developed to successfully perform RHD simulations with Lorentz factors of up

to 1000. Although shock-capturing schemes have improved stability, their accuracy is at best

second-order. In recent years, these schemes have been extended to multiple dimensions, and

to the RMHD regime, though with more moderate Lorentz factors generally not exceeding

about 5. We suggest that one such scheme, developed by Mignone et al. (2009), could provide

useful insight into our research, and useful numerical results against which to compare our

results.
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In chapter 14, we summarize the salient results of this study. These include the complex

mechanisms by which the magnetic field inhibits KH-unstable vortices, and the manner in

which these manifest for a set of representative field strengths. We also summarize our

results concerning the destabilizing influence of highly relativistic flows, and our analytical

demonstration that in the highly relativistic regime, diffusion essentially always introduces

growing modes. We then discuss some opportunities for further exploration of this problem,

including ways in which our model can potentially be extended.

Having laid out a road map for the dissertation as a whole, we now proceed to discuss

some of the salient research on the KH instability, first in general, and then as it applies to

astrophysical jets.
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Chapter 2

Prior Research on the KH Instability
and Astrophysical Jets

We now present an overview of the salient research on the KH instability (first the linear

regime of evolution, then the nonlinear regime), followed by a summary of important studies

of astrophysical jets, in particular as they apply to the KH instability. The Kelvin-Helmholtz

(KH) instability arises when a perturbation is applied to a flow that exhibits a transverse

(shear) variation in flow speed, either continuous or discontinuous. See section 1.2 for a brief

discussion of the early research of the KH instability by Helmholtz (1868) in the context

of vertical stratification between fluids, and by Kelvin (1871) in the context of interactions

between fluids and air currents, along with related research by others. In section 2.1, dealing

with the linear regime of the KH instability, we discuss studies that highlight important

differences between the stability properties of a tangential (i.e., step-function) discontinuity

between two flows, and a continuous shear variation used in numerical simulations. In section

2.2, we discuss studies of the nonlinear evolution of the KH instability, and compare and

contrast these with our study, particularly in terms of the influence of the magnetic field and

relativistic flows. In section 2.3, we present an overview of some of the salient simulations of

astrophysical jets, first in the HD regime, then in the RHD and MHD regimes, and finally

22



in the RMHD regime. We identify specific astrophysical objects that have been described

using these studies. We finally contrast these studies with our own.

2.1 Linear Regime

We now survey some of the salient research that has explored the linear regime of the KH

instability. A pioneering treatment of the KH instability was performed by Chandrasekhar

(1961) for incompressible fluids, both magnetized and unmagnetized. For unmagnetized

fluids, he demonstrated the role of surface tension in suppressing the growth of the KH in-

stability in a tangential discontinuity between wind and water. A tangential discontinuity

(TD) does not set a length scale, and therefore the system can be unstable to any perturba-

tion wavelength, no matter how small. For magnetized fluids, he demonstrated the analogous

role of a magnetic field in suppressing the KH instability, and derived an expression for the

growth rate as a function of magnetic field and velocity difference across a tangential discon-

tinuity (TD). Consider adjacent fluids 1 and 2, where fluid j has background density, flow

velocity, and magnetic field given, respectively, by ρj, vzj, and Bj. Let k denote the wave

vector of the perturbation. Then the growth rate is

ωi =

√
ρ1ρ2k2

z(vz2 − vz1)2

(ρ1 + ρ2)2
− (B1 · k)2 + (B2 · k)2

ρ1 + ρ2

. (2.1)

When we factor out the magnitude of the wave vector k, we see that the above expression

sets a condition on ωi/k, the imaginary part of phase velocity, in order for instability. This

expression yields a critical velocity difference above which instability occurs. For a uniform

density and uniform magnetic field aligned with the flow, this velocity difference is ∆v =

√
2vA, where vA is the Alfven velocity. Lau and Liu (1980) demonstrated that this condition
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is valid for any velocity profile in an incompressible fluid. Chandrasekhar’s growth rate

expression also demonstrates that when the magnetic field is everywhere parallel to the flow,

it does not suppress instability to modes perpendicular to the flow. In this case, instability

arises for any velocity difference. The most KH-stable system corresponds to the magnetic

fields in the two regions being perpendicular, with one field being aligned with the flow, and

the other perpendicular to the flow.

Numerous studies have lent further insight into instability arising from a tangential dis-

continuity (TD) in the velocity. Fejer (1964) and Southwood (1968) were among the first to

incorporate the assumption of compressibility (i.e., finite sound speed) into a magnetized hy-

drodynamic (MHD) fluid with a TD. They each found separate KH-unstable modes. PK83

and KP84 made considerable advances into our understanding of the KH instability in a

compressible MHD fluid with a TD, particularly as it applies to the Earth’s magnetosphere,

and its interaction with solar winds. They demonstrated that the assumption of compress-

ibility has the effect of stabilizing the system for large velocity differences, so that there is

a minimum and a maximum velocity difference between which instability occurs. The min-

imum velocity difference, and growth rate in this vicinity, are very accurately predicted by

the growth rate expression for incompressible fluids derived by Chandrasekhar (1961). PK83

and KP84 also demonstrated that the unstable modes found by Southwood (1968) and Fejer

(1964) are part of a larger family of unstable slow and fast magnetosonic modes. Turland

and Scheuer (1976) considered a TD in a relativistic HD compressible fluid, with plane ge-

ometry, and found their models to be KH-unstable, also concluding that these results have

some, albeit limited, predictive value in describing energy transfer in radio galaxies. Ferrari
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et al. (1980) considered a TD in a relativistic magnetohydrodynamic (RMHD) compressible

fluid, with plane geometry, in a regime in which they neglected displacement current. For

weak and strong fields, they found two separate ranges of unstable Mach numbers, and for

highly relativistic flows, they found that the system tends to be stable. Birkinshaw (1984)

considered a TD in a relativistic HD fluid in a cylindrical geometry, finding very different re-

sults for the spatial and temporal domains, and finding poor comparison between his results

and jet-like radio sources. Bodo et al. (2004) considered a TD in an RHD compressible fluid

in plane geometry, and were the first to derive an analytical solution for the growth rate of

the Kelvin-Helmholtz instability for flows with equal and opposite velocities. They demon-

strated that the stability criterion (Mach number larger than
√

2) applies also to relativistic

fluids, with a suitable definition of a relativistic Mach number.

The KH instability has also been studied extensively in the presence of a shear layer (i.e.,

transition layer) in the velocity profile. For a TD, the growth rate increases linearly with

wave number, so that as the wavelength approaches zero, the growth rate goes to infinity.

As Chandrasekhar (1961) demonstrated, a shear layer introduces a wavelength (i.e., wave

number) above which the growth rate no longer increases, which is related to the width of the

shear layer. The transition layer also typically introduces a wave number above which the

system is stable, so that the dependence of growth rate on wave number has the appearance

of an upside down parabola whose intercepts define the interval of unstable wave numbers.

For steeper shear layers with shorter widths, this growth curve spans a larger range of wave

numbers, and has a larger maximum growth rate, thereby approaching the limit of a linearly

increasing growth rate for a TD, an infinitely steep profile (Blumen et al. 1975; Ray 1982).
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Chandrasekhar (1961) considered several models of transition layers for which he derived

either exact or approximate analytical solutions. Blumen (1970), and later Blumen et al.

(1975), considered a shear layer in a 2D compressible fluid in HD. Blumen (1970) found an

analytical solution for a hyperbolic tangent shear layer, with a corresponding region of KH

instability. Blumen et al. (1975) showed that this region is part of a larger instability region,

and further showed that a hyperbolic tangent shear layer is unstable to two-dimensional

disturbances at all values of the Mach number, which is in contrast to the case of a TD,

where instability is only expected for flows below a certain critical Mach number (in the

frame in which the velocities are equal and opposite, Mcrit =
√

2 for a TD). They also

showed that the growth rates generally decrease as the Mach number increases, owing to

the stabilizing effects of compressibility. Ray (1982) considered a linear shear variation in a

compressible fluid. As with Blumen et al. (1975), he found instability at all Mach numbers.

However, unlike Blumen et al., who used a continuous profile, Ray found that the sharper

linear profile has a greater destabilizing effect at smaller wavelengths.

Miura and Pritchett (1982) (hereafter MP) derived numerical eigenmodes for a sheared

flow (hyperbolic tangent) in a 2D compressible MHD fluid. They numerically solved a

second-order ODE in the total pressure perturbation, using the initial value method, and

examined numerical growth curves. They demonstrated that growth rates decrease with

a decrease in the angle between the flow and field directions, and that this decrease is

larger for stronger fields. For the perpendicular case, MP showed that the sonic Mach

number can simply be extended to a magnetosonic Mach number, such that the behavior is

dominated by the stabilizing effects of compressibility demonstrated by Blumen (1970). MP
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also discussed the effects of perturbation orientation for parallel and perpendicular magnetic

field cases. When the field is perpendicular to the perturbation wave vector, only the fast

magnetosonic mode is present. However, when the field has a parallel component, Alfven

and slow magnetosonic modes are also unstable. MP then discussed the applicability of

these results to the stability of the solar wind-magnetosphere interface. They suggested that

in the presence of sheared plasma flow in the magnetosphere, the MHD KH instability can

produce field-aligned currents. We observe field-aligned current filaments in the equilibrium

state approached by our RMHD simulations.

Choudhury and Lovelace (1984) considered sinusoidal and linear shear profiles in a super-

sonic compressible HD fluid. They derived numerical eigenmodes by minimizing the ratio

of forbidden to physical solutions for the pressure eigenfunction. For both profiles, they

discovered that in one regime (small Mach numbers and wave numbers), there are unstable

standing waves analogous to those produced for a TD, while outside this regime (larger Mach

numbers and wave numbers), there are unstable traveling wave modes which are not seen in

the case of a TD. For large Mach numbers, they discovered that the fastest-growing traveling

waves correspond to perturbations which are nearly aligned with the flow, and that both

parts of the complex eigenfrequency are increasing functions of the Mach number. Birkin-

shaw (1991) solved for analytical eigenmodes for a linear velocity shear in a compressible

RHD fluid with a cylindrical geometry. He found a resemblance between the features of some

radio jets (3C 449 and NGC 6251) and the distorted flows resulting from gradual growth of

long-wavelength modes.

Having surveyed some of the important studies of the KH instability in the linear regime,
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we now survey some important studies of the nonlinear evolution of the KH instability.

2.2 Nonlinear Regime

Computational advances have allowed for numerical simulation of the nonlinear evolution of

the KH instability. Malagoli et al. (1996) performed a 2D MHD simulation, and identified

three important stages of evolution of the KH instability. The first is linear evolution, in

which perturbation amplitudes grow exponentially according to the growth rates predicted

by numerical computation of the eigenmodes. The second phase corresponds to saturation

of the perturbations, and the early nonlinear regime. In the second phase, the magnetic field

and density interact dynamically through the formation of vortices which expel both mass

and field lines, leading to regions of amplified field at the vortex extremities, and resulting in

vortex stretching of the field lines. The third stage corresponds to the onset of turbulence at

small length scales. As we will see later, this closely mirrors our relativistic MHD simulations.

Keppens et al. (1999) obtained similar results in a 2D resistive MHD simulation with a

uniform field. They also simulated anti-parallel magnetic fields, and obtained very different

saturation behavior and vortex evolution. Whereas a uniform field stabilizes the linear

evolution of the KH instability, a reversed field enhances the instability. This applies also in

the nonlinear regime, in which the presence of magnetic field diffusion allows for magnetic

reconnection events in the reversed field case, leading to tearing instabilities. As we will

see later, our relativistic MHD simulations show magnetic reconnection for sufficiently weak

fields. However, because our background field is uniform, significant vortex twisting must

occur before the field lines reconnect.

Magnetic reconnection at the magnetospheric boundary was examined extensively by
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Nykyri and Otto (2001) and Otto and Fairfield (2000). In these papers, the simulation

used an MHD fluid with a 2D slab geometry and shear variations in the background profiles

of density, pressure, velocity, and magnetic field. Otto and Fairfield found that the KH

instability can result in mass transport of magnetosheath material, and that vortex motion

can result in strongly twisted magnetic field lines, which in turn lead to magnetic reconnection

and amplified current layers. These lead to detachment of filaments of high density plasma,

which Otto and Fairfield concluded may explain the presence of such observed filaments

in the magnetosphere. As we will see, our RMHD simulations show similar behavior with

regard to reconnection, amplification, and filament fragmentation, which indicate that a

similar mechanism may underlie the formation of fragmented filamentary features observed

in astrophysical jets.

Baty et al. (2003) simulated the MHD KH instability in a 2D slab geometry, extending

the system to span many wavelengths in the flow direction in order to observe large-scale

coalescence of vortices. They examined the extent of vortex inhibition as a function of the

Alfvenic Mach number (ratio of flow speed to Alfven speed). Over a wide range of magnetic

fields, they observed a sequence of vortex pairing and merging events that eventually produce

a vortex that spans the system. At one point, similar merging of vortices were observed in our

previous relativistic simulations. However, we later discovered that in our case, these events

were the result of numerical roundoff error. In our RMHD simulations, we will examine

vortex inhibition as a function of a relativistic version of the Alfvenic Mach number, as we

find that this parameter is closely correlated with the influence of the magnetic field on the

evolution of the flow.
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LRN09 studied the KH instability between the magnetopause and accretion disc of disc-

accreting stars, in both the linear and nonlinear regimes, using an MHD model which includes

the effects of displacement current. They determined that the most KH-unstable mode

occurs when the propagation direction is azimuthal, perpendicular to the magnetic field,

and derived an expression for the growth rate of the instability. They also discussed the

nonlinear saturation of the KH instability, and deduced a wave number power spectrum

proportional to k−1 of density and temperature fluctuations in the magnetopause. They also

determined that when the magnetic field is perpendicular to the star’s axis of rotation, it

suppresses the KH instability.

We have surveyed some of the important linear and nonlinear studies of the KH insta-

bility in various physical environments. We now examine some of the salient studies of

astrophysical jets, and of the KH instability as it applies to astrophysical jets.

2.3 Astrophysical Jets

As seen in much of the research mentioned above, astrophysical jets have been studied ex-

tensively in the RHD, MHD, and sometimes RMHD regimes, frequently in the context of the

KH instability. Direct evidence for the existence of relativistic jet flows comes from observa-

tions of collimated parsec-scale jets moving outward from their source at speeds which seem

to exceed the speed of light (“superluminal” motion), as discussed in Readhead (1993) and

Zensus and Pearson (1987). AGN jets (jets arising from active galactic nuclei) are commonly

thought to be formed from supermassive black holes which accrete matter onto a surrounding

accretion disk (Begelman et al. 1984). The rapid rotation of the accretion disk is thought

to concentrate magnetic field lines, resulting in the formation of twin collimated jets which
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are perpendicular to and on opposite sides of the plane containing the disk (Blandford and

Payne 1982; Rees 1971; Scheuer 1974; Blandford and Rees 1974). It is therefore reasonable

to suppose that these jets are both relativistic and magnetized. These properties, along with

the role of the KH instability, have been incorporated into numerous studies, as outlined

below (and including some studies mentioned above).

Hardee (1979) suggested that the KH instability may play a role in the filamentary

features observed in the jets 3C 449 and M87. Ray (1981) examined the twin-tail radio

galaxy NGC 1265 (3C83.1B), via a linear stability analysis of a TD in an MHD compressible

fluid in cylindrical coordinates, and demonstrated that its magnetic field could substantially

inhibit the KH instability. Hardee (1987) applied a spatial analysis of the RHD KH instability

to the study of the motions of helical components in the jet 3C 345.

Early nonlinear RHD jet simulations were performed by van Putten (1993), Duncan and

Hughes (1994), and Marti and Muller (1995). Duncan and Hughes examined Lorentz factors

of γ = 5 and γ = 10, finding little instability and less well-defined internal structure in the

faster jet. Marti and Muller considered a jet with higher beam Mach number and Lorentz

factor (γ = 22.4), and found oblique shocks and an extensive cocoon subject to KH-unstable

vortices.

Lobanov and Zensus (2001) used the RHD KH instability to explain the threaded struc-

ture forming a double helix in 3C 273. They based their approach on linear perturbation

analysis of the RHD KH instability in cylindrical coordinates, as developed by Hardee (1987,

2000). Lobanov (2003) also used this approach to accurately determine physical parameters

of M87. Hardee (2003) and Hardee et al. (2005) successfully used the KH instability to
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model the ribbons and threads in the jet in 3C 120. We will see that in the early nonlinear

regime of our simulations, large vortices are connected by a dual filamentary structure which

is reminiscent of the double-helix in 3C 273 and the filamentary features in 3C 120.

Until recently, relativistic magnetohydrodynamic (RMHD) nonlinear jet simulations have

been computationally prohibitive. Komissarov (1999b) performed an early RMHD jet sim-

ulation after developing a numerical code which he was able to validate against standard

shock-tube tests (Komissarov 1999a). He found two regimes of jet development, namely, the

electromagnetically-dominated (i.e., Poynting-dominated) regime close to the central engine,

often characterized by the formation of a nose cone and Mach disk, and the kinetically-

dominated regime further from the central engine, often characterized by the formation of a

cocoon structure around the central jet. Leismann et al. (2005) performed an RMHD simula-

tion of an axisymmetric jet, and compared toroidal and poloidal fields, where toroidal fields

encircle the jet axis and poloidal fields lie in the plane containing the jet axis. They found

that, unlike poloidal fields, toroidal fields produce nose cones and are responsible for accel-

erating the jet along its central axis. Mignone et al. (2010) performed a three-dimensional

RMHD simulation of a jet, and discovered that unlike the axisymmetric case of Leismann

et al. (2005), the toroidal field does not produce a nose cone, and the jet head wanders from

its central axis. Their results do not, however, exhibit good convergence upon refinement

of their numerical grid. These RMHD simulations employ modest Lorentz factors generally

not exceeding 5.

Our RMHD study employs a 2D slab geometry, as opposed to the cylindrical geometries

used in many of the above studies. The slab geometry allows symmetric and antisymmetric
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KH-unstable modes, which are analogous to the so-called pinching and helical modes, re-

spectively, of the cylindrical geometry (referring to cylindrical Bessel functions of zeroth and

first order, respectively) (Perucho et al. 2004). However, our artificial viscosity numerical

scheme allows for more rapid convergence, and better absolute convergence, than the shock-

capturing schemes employed in many of the above studies. Shock-capturing schemes also

encounter many more difficulties when addressing the RMHD regime. Our study is more

applicable to a kinetically-dominated region of a jet, which is further from the central engine.

Our study also examines in detail the manner of inhibition of nonlinear KH-unstable vortices

for a variety of representative field strengths, while the aforementioned recent studies are

concerned with more general aspects of jet evolution. Whereas the above studies are nu-

merical, our study is also analytical in the manner in which we demonstrate the universally

destabilizing influence of artificial diffusion in the highly relativistic regime.

2.4 Conclusion

We have presented an overview of some of the salient research exploring the KH instability in

the linear regime, the nonlinear regime, and as it applies to astrophysical jets. In the linear

regime, these studies have highlighted important differences between a step-function veloc-

ity profile and a profile with continuous shear variation, along with important conclusions

concerning the influence of a magnetic field, which we will discuss further in chapters 4 and

6. These studies have also highlighted important stages associated with nonlinear evolution,

including saturation, amplification, vortex disruption, and turbulent breakdown, all of which

will receive considerable elaboration and extension when we discuss our simulation results.

We have also discussed studies that have revealed potentially important applications of the
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KH instability to astrophysical jets, in the context of flows which are often relativistic and

heavily influenced by a magnetic field. This collectively underscores the relevance of the

problem we are studying. In the next chapter, we present the RMHD transport equations

being used in the numerical simulations. In particular, we present three commonly-used

versions, and demonstrate their mutual equivalence.
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Chapter 3

RMHD Transport Equations for a
Fluid with Infinite Conductivity

The literature on the subject of relativistic magnetohydrodynamics is complicated by the

common usage of three formulations of the underlying single-fluid RMHD transport equa-

tions. We wish to resolve this confusion by demonstrating the mathematical equivalence of

these three versions, the third of which is explicitly used in our numerical formulation and

simulations. We can then conclude that each version constitutes a complete, self-consistent,

closed system. These equations are discussed in Landau and Lifshitz (1959a) and Anile

(1989), and used in numerous RMHD single-fluid numerical studies (Komissarov 1999a;

Balsara 2001; Mignone et al. 2006, 2009, to name a few), and RMHD studies applied to as-

trophysical jets (Ferrari et al. 1978; Koide et al. 1996; Bucciantini and Del Zanna 2006; Zrake

and MacFadyen 2012, to name a few). Consider a relativistic, magnetized, perfectly con-

ducting, adiabatic fluid, with an isotropic pressure tensor. Let the heat function (enthalpy)

be given by

w = ρc2 +
Γ

Γ− 1
P (3.1)

where Γ is the adiabatic constant. We first present the three versions of the transport
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equations for this fluid, then demonstrate their mathematical equivalence. We then demon-

strate that the RMHD single-fluid equations reduce to the MHD single-fluid equations in

the non-relativistic limit. Finally, we demonstrate the validity of using a single-fluid model

in this study, by showing that the length scales used in our simulations are many orders of

magnitude larger than the length scales associated with electron and ion behavior.

It should be noted that in this chapter, and throughout the dissertation, we use a system

of units for charge density, current density, electric field, and magnetic field such that the

factor of 4π does not appear in Maxwell’s equations. Therefore, this factor also does not

appear in expressions for energy density, Alfven speed, etc..

3.1 Three Versions of the RMHD Equations

The literature dealing with relativistic magnetohydrodynamics contains three equivalent ver-

sions of the RMHD transport equations for the fluid described above. Each version has its

advantages and disadvantages. We begin with version 1, which combines the transport

equations with Maxwell’s equations. In section 2, version 2 is derived from version 1 by

eliminating the charge and current densities and writing the transport equations in conser-

vative form. In section 3, version 3 is obtained by converting version 2 into covariant form.

Version 3, which is conservative and covariant, is the form which is explicitly used in our

simulations.
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We begin with version 1 of the RMHD transport equations:

∂

∂t
(γρ) + ∇ · (γρv) = 0,

∂

∂t

(w
c2
γ2v
)

+ ∇ ·
(
P I +

w

c2
γ2vv

)
= ρcE +

J

c
×B,

∂

∂t

(
wγ2 − P

)
+ ∇ ·

(
wγ2v

)
= J · E,

∇×B =
J

c
+

1

c

∂E

∂t
, (3.2)

∇× E = −1

c

∂B

∂t
,

∇ ·B = 0,

∇ · E = ρc,

E +
v

c
×B = 0.

This is the most familiar version, from which the other two versions are derived. However,

the equations here are not in conservative form, which presents computational difficulties

when attempting to numerically integrate them. The first equation, i.e., the mass continuity

equation, describes mass transport, the second equation describes momentum transport (and

contains the forces acting on the fluid), and the third equation describes energy transport.

The fourth through seventh equations are Maxwell’s equations, and the eighth equation is the

assumption of infinite (i.e., perfect) conductivity. All quantities are given in the laboratory

frame. This is the version we will use for deriving linear modes of the KH instability in

chapters 4 and 5, as it is the easiest version to linearize. For this reason, this version is

frequently used in linear analysis of the KH instability in RMHD studies (Ferrari et al.

1978, 1980, etc.), in the MHD approximation (LRN09; Newman and Newman 1999; PK83;

KP84; Miura and Pritchett 1982; Choudhury and Lovelace 1986, etc.), and in the RHD limit

(Bodo et al. 2004., etc.). This version also appears in electromagnetism textbooks such as

Jackson (1975), and in plasma textbooks such as Bittencourt (2004), because this version
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is the closest in form to the equations used in multiple component fluid simulations. In the

case of a plasma with multiple components, one typically needs a separate mass, momentum,

and energy equation for each component. Melatos and Melrose (1996) combined a two-fluid

system of equations into a single-fluid system, by defining a composite mass density, charge

density, etc. They obtained a system which resembled the above version, except that they

did not assume infinite conductivity.
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We now present version 2 of the transport equations:

∂

∂t
(γρ) = −∇ · (γρv) ,

∂

∂t

[
w

c2
γ2v +

1

c
(E×B)

]
= −∇

(
P +

E2 +B2

2

)
−∇ ·

(w
c2
γ2vv − EE−BB

)
,

∂

∂t

[
wγ2 − P +

1

2

(
E2 +B2

)]
= −∇ ·

[
wγ2v + (c) (E×B)

]
,

1

c

∂B

∂t
= −∇× E, (3.3)

0 = ∇ ·B,

E +
v

c
×B = 0.

This version is similar to the equations used in Koide et al. (1996), Nishikawa et al. (1997),

among others, and also appearing in electromagnetism textbooks such as Jackson (1975).

The first through third equations describe mass, momentum, and energy transport, respec-

tively. The fourth and fifth equations are the two Maxwell’s equations that don’t involve

charge. The sixth equation is the assumption of perfect (infinite) conductivity. The momen-

tum and energy transport equations are written in conservative form, and for this reason,

numerical simulations are more easily performed with version 2 than version 1.
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We finally present version 3 of the transport equations:

∂

∂xµ
ηµ = 0,

∂

∂xµ
τµν = 0, (3.4)

∂

∂xµ
Gµν = 0,

where

ηµ = ρuµ,

τµν =
(
w + b2

)
uµuν +

(
P +

b2

2

)
gµν − bµbν ,

Gµν = bµuν − bνuµ,
uµ = γ (1,β) ,

b0 = γ (β ·B) , (3.5)

bi =
Bi + γ2 (β ·B) βi

γ
,

xµ = (ct, r) ,

β =
v

c
.

This is the covariant version, which appears in Anile (1989), Komissarov (1999a), Balsara

(2001), Leismann et al. (2005), Mignone et al. (2006, 2009), Mignone et al. (2010), Zrake

and MacFadyen (2012), among others. It is also the most useful representation for numerical

simulations, although unfortunately, the physical meaning of the individual terms is not as

transparent as in the other two representations. Note that gµν is the standard metric tensor.

The first of equations (3.4) describes mass transport. The time component of the second

equation describes energy transport, while the spatial components of the second equation

describe momentum transport. The time component of the third equation states that B has

zero divergence, while the spatial component of the third equation is Faraday’s law. b is the

magnetic field in the rest frame of the moving fluid.
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3.2 Equivalence of Versions 1 and 2

We wish to demonstrate the equivalence of versions 1 and 2 of the fluid equations in the

previous section. We begin with the energy equation, which, according to version 1, can be

written

∂

∂t

(
wγ2 − P

)
= −∇ ·

(
wγ2v

)
+ J · E, (3.6)

where J · E is the component of the Lorentz force corresponding to energy transport. In

order to convert to conservative form, we rearrange the Lorentz force:

J · E =

[
(c) (∇×B)− ∂E

∂t

]
· E

=

[
(c) (∇×B)− ∂E

∂t

]
· E−

[
(c) (∇× E) +

∂B

∂t

]
·B

= (c) [(∇×B) · E− (∇× E) ·B]−
(
∂E

∂t
· E +

∂B

∂t
·B
)

(3.7)

= −(c)∇ · (E×B)− 1

2

∂

∂t

(
E2 +B2

)
.

With this result, the energy equation can be written in the conservative form of version 2:

∂

∂t

[
wγ2 − P +

1

2

(
E2 +B2

)]
= −∇ ·

[
wγ2v + (c) (E×B)

]
. (3.8)

We now wish to write the momentum equation in the conservative form of version 2. The

momentum equation, according to version 1, can be written

∂

∂t

(w
c2
γ2v
)

= −∇P −∇ ·
(w
c2
γ2vv

)
+ ρcE +

J

c
×B. (3.9)

The main expression to evaluate is

J

c
×B =

(
∇×B− 1

c

∂E

∂t

)
×B. (3.10)
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We evaluate each of the above two terms separately. The first term is

(∇×B)×B = −∇
(

1

2
B2

)
+ (B ·∇) B

= −∇
(

1

2
B2

)
+ ∇ · (BB)−B (∇ ·B) (3.11)

= −∇
(

1

2
B2

)
+ ∇ · (BB) .

The second term is

(
−1

c

∂E

∂t

)
×B =

1

c
B× ∂E

∂t

=
1

c

[
∂

∂t
(B× E)− ∂B

∂t
× E

]
=

1

c

∂

∂t
(B× E) + (∇× E)× E

=
1

c

∂

∂t
(B× E)−∇

(
1

2
E2

)
+ (E ·∇) E (3.12)

=
1

c

∂

∂t
(B× E)−∇

(
1

2
E2

)
+ ∇ · (EE)− E (∇ · E)

=
1

c

∂

∂t
(B× E)−∇

(
1

2
E2

)
+ ∇ · (EE)− ρcE.

The Lorentz force is therefore given by

ρcE +
J

c
×B = ρcE +

(
∇×B− 1

c

∂E

∂t

)
×B

=
1

c

∂

∂t
(B× E)−∇

(
E2 +B2

2

)
+ ∇ · (EE + BB) . (3.13)

Substituting this result into the momentum equation, we have

∂

∂t

(w
c2
γ2v
)

= −∇P −∇ ·
(w
c2
γ2vv

)
+ ρcE +

J

c
×B,

= −∇P −∇ ·
(w
c2
γ2vv

)
+

1

c

∂

∂t
(B× E) +[

−∇
(
E2 +B2

2

)
+ ∇ · (EE + BB)

]
. (3.14)
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The momentum equation can now be written as

∂

∂t

[
w

c2
γ2v +

1

c
(E×B)

]
= −∇

(
P +

E2 +B2

2

)
−∇ ·

(w
c2
γ2vv − EE−BB

)
. (3.15)

Versions 1 and 2 of the RMHD fluid equations are therefore equivalent.
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3.3 Equivalence of Versions 2 and 3

We wish to demonstrate the equivalence of versions 2 and 3 of the fluid equations in section

1. To see the equivalence of the two representations, note first that

b2 = bibi − b0b0

=

[
Bi + γ2 (β ·B) βi

γ

]2

− γ2 (β ·B)2

=
B2

γ2
+ 2 (β ·B)2 − γ2 (β ·B)2 (1− β2

)
(3.16)

=
B2

γ2
+ (β ·B)2 .

The conserved electromagnetic energy in version 3 is given by

b2u0u0 +
1

2
b2g00 − b0b0 = b2

(
γ2 − 1

2

)
− γ2 (β ·B)2

= − B
2

2γ2
− (β ·B)2

2
+B2

= −B
2

2

(
1− β2

)
− (β ·B)2

2
+B2 (3.17)

=
B2β2 − (β ·B)2 +B2

2

=
E2 +B2

2
,

which is consistent with the left side of the energy equation in version 2. The electromagnetic

energy flux in version 3 is given by

b2u0ui +
1

2
b2g0i − b0bi = b2γ2βi − γ (β ·B) bi

=

[
B2

γ2
+ (β ·B)2

]
γ2βi − γ (β ·B)

Bi + γ2 (β ·B) βi
γ

= B2βi − (β ·B) βi (3.18)

= [(B× β)×B]i
= (E×B)i ,
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which is consistent with the right side of the energy equation in version 2. The conserved

electromagnetic momentum in version 3 is given by

b2uiu0 +
1

2
b2gi0 − bib0 = b2u0ui +

1

2
b2g0i − b0bi

= (E×B)i , (3.19)

which is consistent with the left side of the momentum equation in version 2. To evaluate the

electromagnetic momentum flux in version 3, we must first make the following simplification:

B2ββi + β2BBi− (β ·B) (Bβi + βBi)

=
[
B2β −B (β ·B)

]
βi +

[
β2B− β (β ·B)

]
Bi

= [(B× β)×B] βi + [(β ×B)× β]Bi

= (E×B) βi − (E× β)Bi

= E× (Bβi − βBi) (3.20)

=
[
(Biβj −Bjβi)

2 + (Biβk −Bkβi)
2] êi − EiEj êj − EiEkêk

=
(
E2 − E2

i

)
êi − EiEj êj − EiEkêk

= E2êi − EEi.

Using this result, the electromagnetic momentum flux in version 3 is given by

b2uui +
1

2
b2êi − bbi

=

[
B2

γ2
+ (β ·B)2

](
γ2ββi +

1

2
êi

)
−
[
Bi + γ2 (β ·B) βi

γ

] [
B + γ2 (β ·B)β

γ

]
=

B2 − E2

2
êi +

[
B2

γ2
+ (β ·B)2

]
γ2ββi −

BBi

γ2
− γ2 (β ·B)2 ββi−

(β ·B) (Bβi + βBi) (3.21)

=
B2 − E2

2
êi −BBi +B2ββi + β2BBi − (β ·B) (Bβi + βBi)

=
B2 − E2

2
êi −BBi + E2êi − EEi

=
E2 +B2

2
êi − EEi −BBi,

which is consistent with the right side of the momentum equation in version 2. Combining

these results, versions 2 and 3 of the RMHD fluid equations are therefore equivalent. There-
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fore, all three versions are equivalent to one another. Having demonstrated the equivalence of

three versions of the relativistic fluid equations, we now demonstrate that in the appropriate

limits, they reduce to the non-relativistic equations.
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3.4 Relativistic vs Non-relativistic Fluid Equations

The KH instability has been studied extensively in the non-relativistic regime (PK83; KP84;

Ray 1982; Miura and Pritchett 1982; Malagoli et al. 1996; Ryu et al. 2000, among others). We

therefore wish to demonstrate that the relativistic and non-relativistic MHD fluid equations

are consistent with one another. We begin with version 1 of the relativistic MHD equations:

∂

∂t
(γρ) + ∇ · (γρv) = 0,

∂

∂t

(w
c2
γ2v
)

+ ∇ ·
(
P I +

w

c2
γ2vv

)
= ρcE +

J

c
×B,

∂

∂t

(
wγ2 − P

)
+ ∇ ·

(
wγ2v

)
= J · E,

∇×B =
1

c
J +

1

c

∂E

∂t
,

∇× E = −1

c

∂B

∂t
, (3.22)

∇ ·B = 0,

∇ · E = ρc,

E +
v

c
×B = 0,

where w is the heat function, given by

w = ρc2 +
ΓP

Γ− 1
. (3.23)

The first equation describes mass continuity, the second momentum transport, and the third

energy transport. The fourth through seventh equations are Maxwell’s laws, and the eighth

equation is the assumption of infinite conductivity. We seek to write these equations in the

non-relativistic limit, i.e., the limit in which the Lorentz factor γ ≈ 1. The mass transport

equation in this limit becomes simply

0 =
∂

∂t
(γρ) + ∇ · (γρv)

=
∂ρ

∂t
+ ∇ · (ρv) . (3.24)
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Before addressing the other equations, we first wish to write the relativistic heat function

multiplied by γ2 in terms of the non-relativistic heat function.

wγ2 =

(
ρc2 +

Γ

Γ− 1
P

)
γ2,

≈
(
ρc2 +

Γ

Γ− 1
P

)
γ,

≈ γρc2 +
Γ

Γ− 1
P,

=
ρc2√
1− v2

c2

+
Γ

Γ− 1
P, (3.25)

≈ ρc2

(
1 +

1

2

v2

c2

)
+

Γ

Γ− 1
P,

= ρc2 +
1

2
ρv2 +

Γ

Γ− 1
P,

≡ ρc2 + w0,

where w0 is the non-relativistic heat function, given by

w0 ≡
1

2
ρv2 +

Γ

Γ− 1
P. (3.26)

In the non-relativistic limit, the left side of the relativistic momentum transport equation

therefore becomes

∂

∂t

(w
c2
γ2v
)

+∇ ·
(
P I +

w

c2
γ2vv

)
≈ ∂

∂t

[(
ρ+

w0

c2

)
v
]

+ ∇ ·
[
P I +

(
ρ+

w0

c2

)
vv
]

(3.27)

≈ ∂

∂t
(ρv) + ∇ · (P I + ρvv) ,

and the left side of the relativistic energy transport equation becomes
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∂

∂t

(
wγ2 − P

)
+∇ ·

(
wγ2v

)
(3.28)

≈ ∂

∂t

(
ρc2 + w0 − P

)
+ ∇ ·

[(
ρc2 + w0

)
v
]

= c2

[
∂ρ

∂t
+ ∇ · (ρv)

]
+
∂

∂t
(w0 − P ) + ∇ · (w0v)

=
∂

∂t
(w0 − P ) + ∇ · (w0v) (3.29)

=
∂

∂t

(
1

2
ρv2 +

P

Γ− 1

)
+ ∇ · v

(
1

2
ρv2 +

ΓP

Γ− 1

)
.

We see that equations (3.27) and (3.29) are the familiar non-relativistic expressions for mo-

mentum and energy transport. We now consider the right sides of the momentum and energy

transport equations in the non-relativistic limit. First, we assume that the conductivity is

infinite, and the non-relativistic plasma frequencies are low. That is, the characteristic length

and time scales are large compared to the ion gyroradius and gyroperiod. In this case, we

have zero displacement current, i.e.,

∂E

∂t
≈ 0. (3.30)

so that the non-relativistic Ampere’s law becomes simply

∇×B =
J

c
+

1

c

∂E

∂t

≈ J

c
. (3.31)

We also assume electrical neutrality on a macroscopic scale, so that the macroscopic charge

density ρc approximately vanishes. Using these results, the right side of the non-relativistic

momentum equation becomes

ρcE +
J

c
×B ≈ (∇×B)×B

= −∇
(

1

2
B2

)
+ (B ·∇) B. (3.32)
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Combining these results, we now have a set of non-relativistic MHD equations for a perfectly

conducting fluid:

∂ρ

∂t
+ ∇ · (ρv) = 0

∂

∂t
(ρv) + ∇ · (P I + ρvv) = −∇

(
1

2
B2

)
+ (B ·∇) B, (3.33)

∂

∂t

(
1

2
ρv2 +

P

Γ− 1

)
+ ∇ · v

(
1

2
ρv2 +

ΓP

Γ− 1

)
= J ·

(
B× v

c

)
.

We have recovered the familiar MHD equations used in numerous papers (e.g. Miura and

Pritchett 1982; PK83; KP84). We therefore see that the RMHD single-fluid transport equa-

tions reduce to the expected non-relativistic result. Having examined the single-fluid equa-

tions, we now wish to demonstrate the validity of using them to model our system.

3.5 Validity of Single-fluid Model

To demonstrate the validity of using a single-fluid model, we wish to demonstrate that

the length scales in our simulations are many orders of magnitude larger than the length

scales associated with electron and ion gyroradii, and the ratio of thermal velocity to plasma

frequency, which in itself defines a length scale. The velocities in our simulations are with

respect to the speed of light c = 3 × 1010 cm/s. The lengths are with respect to the scale

length r0 which appears in the background velocity profile vz(x) = vz0 sech2(x/r0) used in the

simulations. r0 is approximately half a jet radius, or between 0.1 and 1 parsec, which is about

1018 cm. In the foregoing calculations, we assume the ions are protons, as is thought to be

the case in most jets. The ranges of densities and magnetic fields correspond approximately

to values derived in various articles from observations of AGN jets, quasars, and BL Lacertae

objects.

50



The length scale associated with the electron plasma frequency is approximately

lpe =
c

ωpe
= c

√
me

4πnee2

= (3× 1010)

√
9.11× 10−28

4π(4.8× 10−10)2ne
=

5.32× 105 cm−1/2

√
ne

. (3.34)

The ratio corresponding to electron plasma frequency is approximately

lpe
r0

=
5.32× 10−13 cm−3/2

√
ne

. (3.35)

For electron densities ranging from 10−12 cm−3 to 10−4 cm−3, we have

5.32× 10−11 ≤ lpe
r0

≤ 5.32× 10−7. (3.36)

The length scale associated with the ion plasma frequency is approximately

lpi =
c

ωpi
= c

√
mi

4πnie2

= (3× 1010)

√
1.67× 10−24

4π(4.8× 10−10)2ni
=

2.28× 107 cm−1/2

√
ni

. (3.37)

The ratio corresponding to ion plasma frequency is approximately

lpi
r0

=
2.28× 10−11 cm−3/2

√
ni

. (3.38)

For ion densities ranging from 10−12 cm−3 to 10−4 cm−3, we have

2.28× 10−9 ≤ lpi
r0

≤ 2.28× 10−5. (3.39)

The length scale associated with the electron gyrofrequency can be approximated as
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lce =
c

ωce
=

mec
2

eB
=

(9.11× 10−28)(3× 1010)2

(4.8× 10−10)B
=

1708 G cm

B
. (3.40)

The ratio corresponding to electron gyrofrequency is approximately

lce
r0

=
1.71× 10−15 G

B
. (3.41)

For magnetic fields ranging from 10−6 G to 1 G, we have

1.71× 10−15 ≤ lce
r0

≤ 1.71× 10−9. (3.42)

The length scale associated with the ion gyrofrequency can be approximated as

lci =
c

ωci
=

mic
2

eB
=

(1.67× 10−24)(3× 1010)2

(4.8× 10−10)B
=

3.13× 106 G cm

B
. (3.43)

The ratio corresponding to ion gyrofrequency is approximately

lci
r0

=
3.13× 10−12 G

B
. (3.44)

For magnetic fields ranging from 10−6 G to 1 G, we have

3.13× 10−12 ≤ lci
r0

≤ 3.13× 10−6. (3.45)

The run time for a typical simulation is about

τrun ≈ 300
r0

c
= 1010 s. (3.46)

We can now approximate the ratio of the run time to the period associated with the ion

plasma frequency:
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ωpiτrun ≈
4πnie

2

mi

(1010 s) =
4πni(4.8× 10−10)2

1.67× 10−24
(1010 s) = (1.73× 1016 cm3) ni. (3.47)

For ion densities ranging from 10−12 cm−3 to 10−4 cm−3, we have

1.73× 104 ≤ ωpiτrun ≤ 1.73× 1012. (3.48)

These comparisons collectively demonstrate that for the relevant ranges of densities and mag-

netic field strengths, the length scales in our simulation are many orders of magnitude larger

than the length scales associated with electron and ion behavior, thereby demonstrating the

validity of using a single-fluid model in our simulations. Another important observation is

that for typical parameters, the Larmor frequencies are on the order of 100 s−1, which is

about 10 orders of magnitude larger than c/r0, corresponding to frequencies of typical KH-

unstable perturbations examined in our study. It is therefore highly unlikely that these KH

-unstable perturbations would generate resonance in gyrating particles. We also discuss this

in section 8.2 of chapter 8.

Having justified our use of the single-fluid RMHD equations, and surveyed the salient

research on the KH instability in sheared plasma flows, we are now in a position to present

our model of the system.

3.6 Model Used in Simulations

The fluid in this study is relativistic, magnetized, and hydrodynamic (RMHD). The fluid

is also compressible, infinitely conducting, adiabatic, and has an isotropic pressure tensor.

These are the assumptions made in most single-fluid MHD and RMHD studies (Miura and
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Pritchett 1982; Frank et al. 1996; Malagoli et al. 1996; Ryu et al. 2000; Otto et al. 2000,

among others), including those that involve simulations of jets (Duncan and Hughes 1994;

Koide et al. 1996; Mignone et al. 2010, among others). Some magnetic resistivity is included

in the form of artificial viscosity. However, we will show at the end of chapter 8 that for

physically realistic length scales, this resistivity corresponds to a conductivity which is at

least three orders of magnitude larger than frequencies typical of the system (i.e., growth

rates, eigenfrequencies, etc.). Therefore, the formal inclusion of Ohmic dissipation is not

necessary, and the conductivity is effectively infinite. We also show at the end of chapter

8 that the conductivity modeled by magnetic viscosity is consistent with electron and ion

gyration within relevant astrophysical environments (i.e., regions of astrophysical jets at

sufficient distances from the nucleus). In assuming an isotropic pressure tensor, we assume

that thermal electron and ion interactions are random, i.e., that they do not occur more

strongly in a certain preferred direction with respect to the magnetic field. This assumption

is valid because, as we show at the end of chapter 3, the length scales associated with electron

and ion behavior are much smaller than the length scales relevant to the simulation. Viscous

exchanges of momentum, mass, and energy are instead dominated by interactions of small

eddies (Tennekes and Lumley 1973), whose sizes are intermediate between the molecular level

and the level of structures arising from the simulation. We can therefore use the single-fluid

RMHD equations given in Landau and Lifshitz (1959a) and Anile (1989).

We assume a two-dimensional slab geometry in the x− z plane, where z is the flow direction

and x the shear direction. The background pressure and density are uniform. The back-

ground magnetic field is uniform and aligned with the flow direction (the z-direction). The
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background velocity has the “Bickley jet” shear variation (Bickley 1937):

vz(x) = vz0 sech2(x/r0). (3.49)

This profile, also sometimes referred to as the “sech2” velocity profile, has the appearance

of a Gaussian profile, vanishing asymptotically at the exterior boundaries, peaking in the

center, and symmetric about the center. The boundary conditions are periodic in the x and

z-directions. However, the salient research of the Kelvin-Helmholtz instability, as it applies

to compressible, magnetized, or relativistic fluids, has not thus far used a Bickley jet profile,

nor has it been applied to astrophysical jets. Rather, prior studies (Miura and Pritchett

1982; Frank et al. 1996; Otto and Fairfield 2000; Malagoli et al. 1996, among others) have

often used a slab geometry with a single transition layer between jet and ambient medium,

typically a hyperbolic tangent profile. Our background profiles are symmetric about the

central axis, which means that the numerical solutions should exhibit certain symmetry

properties about the central axis which should be preserved through time. This provides a

way of verifying that our solutions sustain their numerical accuracy as they evolve. Other

studies have used a cylindrical geometry (Marti et al. 1995; Koide et al. 1996; Leismann

et al. 2005; Hardee 2003; Hardee 2005; Mignone et al. 2010, among others), which allows

for a more complete exploration of the jet cross section. However, the RMHD cylindrical

studies tend to focus on more general aspects of jet evolution, rather than the specific role

of the KH instability. This is largely due to the many numerical difficulties that arise

when the relativistic magnetohydrodynamic (RMHD) conservation-diffusion equations are

modeled in cylindrical geometry in the presence of a velocity shear. By allowing for the use

of a slab geometry, the Bickley jet profile avoids many of these difficulties, while spanning

55



an entire cross section of the jet, and providing a built-in mechanism for validating the

numerical accuracy of the solutions by ascertaining that certain symmetry properties remain

intact throughout the evolution. One example is a condition of alternating symmetry of the

vorticity, which we describe in section 6.1 of chapter 6.

3.7 Conclusion

We have demonstrated the mutual equivalence of three commonly-used versions of the single-

fluid RMHD transport equations, and shown that in the non-relativistic limit they reduce to

the MHD transport equations used in many non-relativistic studies. We have also demon-

strated the validity of using a single-fluid model, by showing that for physically relevant

astrophysical parameters, the length scales of the simulation are many orders of magnitude

larger than the length scales associated with electron and ion behavior. Having also pre-

sented our model of the system, we can now discuss properties of linear modes of the KH

instability. We begin, in the following chapter, by restricting our discussion to the case of

a transverse step-function discontinuity in the flow velocity, in all four regimes (HD, RHD,

MHD, RMHD). We derive important results, and show how they converge between the dif-

ferent regimes. We will then proceed, in chapter 5, to generalize our discussion to the case

of a continuous shear variation in flow velocity.
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Chapter 4

Linear Analysis of the KH Instability:
Step-function Velocity Profile

In this chapter, we wish to derive and solve linear dispersion relations for predicting the

Kelvin-Helmholtz (KH) instability in the case of a tangential discontinuity, i.e., step-function

velocity profile. We frequently use a general reference frame in which the flow speeds are

non-zero on both sides of the discontinuity, which is related by a Doppler shift (in the non-

relativistic case) or Lorentz shift (in the relativistic case) to the frame in which one fluid is

stationary (i.e., the ambient medium). We then wish to solve the dispersion relations, and

from this our aim is two-fold. We wish to derive growth rate results which we can compare

with numerical growth rates to be generated in chapter 6 for the continuous “sech2” velocity

profile used in numerical simulations. This profile has the appearance of a bell, vanishing

at the exterior boundaries, peaking in the center, and symmetric about the center. Sec-

ond, we wish to demonstrate convergence between the hydrodynamic (HD), relativistic hy-

drodynamic (RHD), magnetohydrodynamic (MHD), and relativistic magnetohydrodynamic

(RMHD) regimes.

We perform our analysis first (section 4.1) for a non-relativistic unmagnetized fluid (HD),
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then (section 4.2) for a relativistic unmagnetized fluid (RHD), then (sections 4.3 and 4.5)

for a non-relativistic magnetized fluid (MHD), and finally (sections 4.6 and 4.7) for a rela-

tivistic magnetized fluid (RMHD). In each regime, we linearize the appropriate single-fluid

equations, obtaining a single-fluid dispersion relation. We then equate the perturbations to

total pressure, and to normal fluid displacement, across the discontinuity, yielding a disper-

sion relation for predicting the KH instability. In the HD and RHD cases, we analytically

solve this dispersion relation in the frame of equal and oppositely-directed flows, and in both

regimes, find that the system is stabilized when the Mach number (ratio of flow speed to

sound speed) exceeds
√

2 (specifically, the projection of the Mach number onto the pertur-

bation direction). For the RHD case, this recovers the stability results found in Bodo et al.

(2004). In chapter 6, when we analyze numerical growth rates for a continuous sech2 back-

ground velocity profile, we will see that for flow-aligned perturbations, instability extends to

much higher Mach numbers than predicted by the step-function analysis, which is also ob-

served in the MHD results of Miura and Pritchett (1982). However, in both models, growth

rate increases with increasing sound speed. We also examine the normal wave vectors in

equal and oppositely-directed flows. Here, the system of equations now assumes a complex

form, and is Hermitian. The frequency is either purely imaginary (in the unstable regime)

or purely real (in the stable regime). The normal wave vectors in the two flows are complex

conjugates of one another in the unstable regime. We discover that in the highly relativistic

KH-stable regime, one of these tends to infinity. The appearance of modes with vanishingly

small wavelengths might be one manifestation of the tendency of highly relativistic flows to

destabilize the system.
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In the MHD case, we again derive a dispersion relation for predicting the KH instability,

this time with a magnetized non-relativistic fluid. As with the HD and RHD cases, there is a

maximum unstable flow speed for a given perturbation direction. However, the magnetic field

also introduces a non-zero minimum unstable flow speed, which is accurately predicted by the

growth rate expression for a magnetized incompressible fluid. These results are generated in

section 4.3, by numerically solving the dispersion relation using Mathematica, and, in section

4.4, we recover the results of PK83 and KP84. Our successful comparison indicates that we

have a valid algorithm for generating growth rates via Mathematica, which we can extend to

the relativistic regime. In section 4.5, we consider a fluid with non-relativistic flow speed and

sound speed, but relativistic Alfven speed, so that the effect of the displacement current must

be included in deriving the dispersion relation. We recover the result of LRN09. In section

4.6, we consider the fully relativistic magnetized (RMHD) case, restricting our attention to

the case where the magnetic field is aligned with the flow direction. The MHD and RMHD

dispersion relations for equal and oppositely directed flows have the same aforementioned

Hermiticity properties as the results for the unmagnetized cases.

In the RMHD case, the dispersion relation is solved numerically using Mathematica, and

the results are presented in section 4.7. In particular, we investigate the dependence of the

stability of the system on flow speed and on magnetic field strength. We find that in the

case of a flow-aligned perturbation, the magnetic field eliminates the instability at all flow

speeds if the magnetic pressure is greater than the thermal pressure. Also, the corresponding

non-relativistic results are similar, except that the stabilization of the system occurs at a

smaller value of the magnetic field. In the case of an oblique perturbation, an increasing
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magnetic field can reduce but not eliminate the instability, no matter how strong it is.

We also compute RMHD growth rates for the sound speed cs = 0.57 c used in the simula-

tions. We find that there are critical Alfven velocities above which instability is suppressed,

and that these values are consistently less than the values predicted by Chandrasekhar (1961)

for an incompressible fluid. This is consistent with the numerical results to be obtained in

chapter 6 for the sech2 background velocity profile. In the case of the sech2 velocity profile,

however, we will see that the influence of the magnetic field on the growth curves is heavily

dependent on the relativistic Alfvenic Mach number (a relativistic version of the ratio of

the ratio of flow speed to Alfven speed). Little such dependence exists for a step-function

velocity profile.

We uncover another important difference between the step-function velocity profile and

continuous profiles. For a step-function profile, the growth rate increases linearly with wave

number, and therefore tends to infinity as the wave number tends to infinity (wavelength

tends to zero). For a continuous profile, however, we will see in chapter 6 that there is a wave

number above which the growth rate ceases to increase, i.e., a wave number corresponding

to maximum growth. This conclusion is in agreement with the results of numerous papers

examining shear layers, including Ray (1982) and Miura and Pritchett (1982).

We first consider the HD regime, for which the flow is neither relativistic nor magnetized.

4.1 HD Kelvin-Helmholtz Instability

We begin by examining the KH instability in a non-relativistic unmagnetized HD fluid,

which we assume is compressible and adiabatic. We begin by deriving a dispersion relation

60



for adiabatic sound waves in a uniform flow. We then use this result to derive a dispersion

relation for predicting the KH instability in two adjacent flows with equal and opposite flow

directions. We solve this dispersion relation analytically for the growth rate, and recover the

familiar result that the system is unstable only for M <
√

2, where M is the Mach number

in the frame of equal and oppositely-directed flow speeds.

4.1.1 Dispersion Relation for an Unmagnetized Fluid

Consider a non-relativistic unmagnetized adiabatic fluid flowing in the positive z-direction

at a speed vz. The fluid also has density ρ and pressure P . We define the non-relativistic

adiabatic sound speed cs by

c2
s =

dP

dρ
=

ΓP̃

ρ̃
, (4.1)

where Γ is the adiabatic constant. The HD fluid equations we wish to linearize are

∂ρ

∂t
+ ∇ · (ρv) = 0,

ρ

(
∂

∂t
+ ∇ · v

)
v + ∇P = 0, (4.2)

c2
s =

dP

dρ
=

ΓP̃

ρ̃
.

The first equation in (4.2), the mass continuity equation, describes mass transport. The

second equation is Euler’s equation. The third equation is the adiabatic assumption, where

cs is the sound speed. We assume each quantity has the linearized form

q = q̃ + δqei(k·r−ωt). (4.3)

Substituting the linearizations into the energy equation, we obtain
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−ωδρ+ ρ̃k · δv + kzṽzδρ = 0, (4.4)

which can be simplified to give

−ω̄δρ+ ρ̃k · δv = 0, (4.5)

where ω̄ ≡ ω − kzṽz . From (4.1), we have

c2
s =

δP

δρ
, or δρ =

δP

c2
s

. (4.6)

Substituting this into (4.5), we have

−ω̄ δP
c2
s

+ ρ̃k · δv = 0. (4.7)

The linearized version of Euler’s equation is

−ρ̃ω̄δv + kδP = 0. (4.8)

Solving for the velocity perturbations in the above equations, we have

δv =
kδP

ρ̃ω̄
. (4.9)

Substituting these results into (4.7), we have

− ω̄
c2
s

+
k2
x

ω̄
+
k2
y

ω̄
+
k2
z

ω̄
= 0, (4.10)

which, upon simplification, gives
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ω̄2 = c2
s(k

2
x + k2

y + k2
z). (4.11)

This is the familiar dispersion relation for non-relativistic adiabatic sound waves. In the

next subsection, we use these results to derive and solve a dispersion relation for a tangential

discontinuity between two flows.

4.1.2 HD Dispersion Relation for Two Adjacent Flows

We now consider two adjacent flows of a non-relativistic unmagnetized fluid. We derive a

dispersion relation for the Kelvin-Helmholtz instability between these flows, and solve the

dispersion relation analytically, obtaining a growth rate in the event of instability. We then

show that there is an upper-critical Mach number above which the system is unconditionally

stable. All of these results are in agreement with the non-relativistic limit of Bodo et al.

(2004), and the unmagnetized limit of PK83 and KP84.

The boundary between the two flows is the y − z plane. Below the y − z plane (denoted

region 1), the unperturbed flow velocity is ṽz in the positive z-direction. Above the y − z

plane (denoted region 2), the unperturbed flow velocity is ṽz in the negative z-direction.

That is, the two flow velocities are equal and opposite. The fluid has uniform unperturbed

density ρ̃ and uniform unperturbed pressure P̃ . As before, we perturb these quantities, and

write them in linearized form. The linearized density, pressure, x-velocity, and y-velocity,

are, for j = 1, 2,
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ρj(x, y, z, t) = ρ̃+ δρ exp [i (kxjx+ kyy + kzz − ωt)] ,
Pj(x, y, z, t) = P̃ + δP exp [i (kxjx+ kyy + kzz − ωt)] ,
vxj(x, y, z, t) = δvxj exp [i (kxjx+ kyy + kzz − ωt)] , (4.12)

vyj(x, y, z, t) = δvyj exp [i (kxjx+ kyy + kzz − ωt)] .

The linearized z-velocity is

vz1(x, y, z, t) = ṽz + δvz1 exp [i (kx1x+ kyy + kzz − ωt)] ,
vz2(x, y, z, t) = −ṽz + δvz2 exp [i (kx2x+ kyy + kzz − ωt)] . (4.13)

Based on the results of subsection 4.1.1, the normal wave vector in each region is given by

kx1 =

√(
ω − kzṽz

cs

)2

− k2
z − k2

y,

kx2 =

√(
ω + kzṽz

cs

)2

− k2
z − k2

y, (4.14)

where

cs =

√
ΓP̃

ρ̃
. (4.15)

We insert the linearized forms of the primitive variables into the HD equations presented in

subsection 4.1.1, and arrive at the following:

δρ =
δP

c2
s

,

δvxj =
kxjδP

ρ̃ (ω − kzṽzj)
,

δvyj =
kyδP

ρ̃ (ω − kzṽzj)
, (4.16)

δvzj =
kzδP

ρ̃ (ω − kzṽzj)
,
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where ṽz1 = ṽz and ṽz2 = −ṽz. To arrive at a dispersion relation, we require that the nor-

mal components of the fluid displacements be equal on both sides of the boundary (Chan-

drasekhar 1961):

δvx1

ω − kzṽz
=

δvx2

ω + kzṽz
. (4.17)

Using the expressions for δvx1 and δvx2, this condition can be rewritten

kx1δP

ρ̃ (ω − kzṽz)2 =
kx2δP

ρ̃ (ω + kzṽz)
2 , (4.18)

or simply

kx1

(ω − kzṽz)2 =
kx2

(ω + kzṽz)
2 . (4.19)

We now insert our expressions for kx1 and kx2, square both sides, and cross-multiply. We

arrive at

[(
ω − kzṽz

cs

)2

− k2
z − k2

y

]
(ω + kzṽz)

4 =

[(
ω + kzṽz

cs

)2

− k2
z − k2

y

]
(ω − kzṽz)4 . (4.20)

This is the non-relativistic version of the dispersion relation presented in Bodo et al. (2004).

To simplify the solution process, we divide both sides of this equation by k6
zc

4
s, and introduce

the definitions

φ ≡ ω

kzcs
, M ≡ ṽz

cs
, α ≡ ky

kz
. (4.21)

The dispersion relation can now be written
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[
(φ−M)2 − 1− α2

]
(φ+M)4 =

[
(φ+M)2 − 1− α2

]
(φ−M)4 . (4.22)

We can now write the dispersion relation as the fifth-order polynomial

φ

[
A1

(
φ

M

)4

+ A2

(
φ

M

)2

+ A3

]
= 0, (4.23)

where

A1 ≡ M2,

A2 ≡ −2
(
M2 + 1 + α2

)
, (4.24)

A3 ≡ M2 − 2− 2α2.

The solutions to (4.23) are

φ = 0,

φ2

M2
=
−A2 ±

√
A2

2 − 4A1A3

2A1

. (4.25)

We now introduce the additional definitions

cos θ ≡ 1√
1 + α2

,

Me ≡ M cos θ. (4.26)

Me is the projection of the Mach number onto the wave vector. The solutions can now be

written in the form

φ = 0,

φ2

M2
=
M2

e + 1±
√

(M2
e + 1)2 +M2

e (2−M2
e)

M2
e

. (4.27)
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These are the non-relativistic limit of the roots found in Bodo et al. (2004). Among the

second set of solutions, only the one with the minus sign can potentially yield the Kelvin-

Helmholtz instability, in which case the growth rate is given by

ωi = kzṽz

√√
(M2

e + 1)2 +M2
e (2−M2

e)−M2
e − 1

M2
e

. (4.28)

An important feature of this expression is that for fixed ṽz, growth rate increases linearly

with increasing kz. This can be understood intuitively by thinking of kz as representing the

sharpness of an “edge” in the interface between the two fluids. As we make kz larger, this

edge becomes sharper and sharper, which will only make the system more unstable. This

dependence of growth rate on kz applies only to a step-function discontinuity in the velocity

profile. As we will see in chapter 6, when the velocity profile undergoes a continuous shear

variation, there is a critical wave number above which the growth rate no longer increases.

From expression (4.28), instability can only occur when the expression inside the radical

is larger than (M2
e + 1)2. This can only occur if M2

e < 2, i.e., if Me <
√

2. That is to say,

the projection of the Mach number onto the perturbation wave vector must be less than
√

2.

This is the condition for instability, and can be rewritten as follows:

Me <
√

2,

ṽz
cs

cos θ <
√

2, (4.29)

ṽz <
cs
√

2

cos2 θ
.

Therefore, the criterion for instability also presents an upper limit on the flow speed ṽz

of each fluid, i.e., a maximum unstable flow speed. This maximum unstable flow speed
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increases with an increase in the sound speed or with an increase in the angle θ between the

perturbation direction and flow direction. By increasing either of these quantities, we can

increase the region of instability.

We have derived a dispersion relation for a tangential discontinuity separating two fluids

in HD, and analytically solved it, enabling us to predict the occurrence of the KH instability.

We now perform the same analysis in the relativistic (RHD) regime.

4.2 RHD Kelvin-Helmholtz Instability

We seek to derive, interpret, and then extend the analysis of the RHD Kelvin-Helmholtz

instability presented in Bodo et al. (2004). We first consider a single relativistic unmagnetized

adiabatic compressible fluid. We derive a dispersion relation for this scenario, and show

that it is the dispersion relation for relativistic adiabatic sound waves given in Bodo et al.

(2004). We then consider two adjacent flows of the given fluid. The two flows have equal

and oppositely directed relativistic flow speeds, but the same density and pressure (and

therefore sound speed). This is the scenario considered in Bodo et al. (2004). We derive the

dispersion relation for predicting the Kelvin-Helmholtz instability between the two flows, and

analytically solve the dispersion relation for the growth rate. We then demonstrate that there

is a critical relativistic Mach number, and a corresponding critical flow velocity (dependent

on sound speed), above which the system is unconditionally stable. This demonstration

is provided both analytically and graphically. The dispersion relation, growth rate, and

stability condition, are all in agreement with Bodo et al. (2004), and references therein.

These results are also consistent with the those of Bicknell et al. (1996) in the limit of a slab

geometry. When, in chapter 6, we examine numerical growth rates for a continuous velocity
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profile, we will find that instability exists for Mach numbers much larger than the maximum

unstable value for a step-function profile.

We then examine the behavior of the normal wave vector as functions of the flow speed,

both for unstable flow speeds and for stable flow speeds. We discover that for unstable flow

speeds (those below the maximum unstable flow speed), the angular frequency is purely

imaginary, and its curve has the shape of a downward-facing parabola, meaning that a

maximum growth rate is achieved at a certain flow speed. The normal wave vector kx has

equal real parts and equal but opposite imaginary parts in the two fluids. For stable flow

speeds (those above the maximum unstable flow speed), the frequency and normal wave

vectors are purely real. As the flow speed approaches c, kx in fluid 1 approaches zero, while

kx in fluid 2 grows rapidly with the Lorentz factor. Therefore, in the highly relativistic

regime, we have very long wavelengths in fluid 1, and very short wavelengths in fluid 2. The

emergence of vanishingly small wavelengths might be one manifestation of the tendency of

highly relativistic flows to destabilize a system.

4.2.1 Dispersion Relation for a Relativistic Unmagnetized Fluid

Consider a relativistic unmagnetized adiabatic fluid flowing in the positive z-direction at a

speed vz. The fluid also has density ρ and pressure P . We define the heat function w, the

internal energy ε, and the relativistic adiabatic sound speed cs, by

w = ρc2 +
Γ

Γ− 1
P,

ε = ρc2 +
P

Γ− 1
, (4.30)

c2
s = c2dP

dε
= c2 ΓP

w
, (4.31)
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where Γ is the adiabatic constant. The RHD fluid equations we wish to linearize are

∂

∂t

(
wγ2 − P

)
+ ∇ ·

(
wγ2v

)
= 0,

w

c2
γ2

(
∂

∂t
+ ∇ · v

)
v +

(
∇ +

v

c2

∂

∂t

)
P = 0, (4.32)

dP

dε
=

c2
s

c2
.

The first equation in (4.32) describes energy transport. The second equation is the relativistic

version of Euler’s equation, as given by Bodo et al. (2004). The third equation is the adiabatic

assumption, where cs is the sound speed. We assume each quantity has the linearized form

q = q̃ + δqei(k·r−ωt). (4.33)

Let us also define a speed cw, where

c2
w

c2
=

dP

dw
=

dP

d (ε+ P )
=

1

(dε/dP ) + 1
=

1

(c2/c2
s) + 1

=
c2
s

c2 + c2
s

. (4.34)

The linearized version of (4.34) is then

c2
w

c2
=

δP

δw
. (4.35)

We also note that

δ
(
γ2
)

= δ

(
1

1− v2
z/c

2

)
=

1

(1− v2
z/c

2)2

(
2ṽzδvz
c2

)
=

2γ4ṽzδvz
c2

. (4.36)

Substituting the linearizations into the energy equation, we obtain

−ω
(
γ2δw − δP

)
− w̃ω2γ4ṽzδvz

c2
+ w̃γ2k · δv + kzṽzγ

2δw + w̃kzṽz
2γ4ṽzδvz

c2
= 0, (4.37)
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which can be simplified to give

−γ2ω̄δw + ωδP + w̃γ2k · δv − 2γ4ṽzw̃ω̄

c2
δvz = 0, (4.38)

where ω̄ ≡ ω − kzṽz . From (4.35), we have δw = c2δP/c2
w . Substituting this into the

above result, and dividing by c2, we have

−γ2ω̄
δP

c2
w

+
ω

c2
δP +

w̃γ2

c2
k · δv − 2γ4ṽzw̃ω̄

c4
δvz = 0. (4.39)

The linearized version of Euler’s equation is

− w̃
c2
γ2ω̄δvx + kxδP = 0,

− w̃
c2
γ2ω̄δvy + kyδP = 0, (4.40)

− w̃
c2
γ2ω̄δvz +

(
kz −

ωṽz
c2

)
δP = 0.

Solving for the velocity perturbations in the above equations, we have

δvx =
c2kxδP

w̃γ2ω̄
,

δvy =
c2kyδP

w̃γ2ω̄
, (4.41)

δvz =
c2δP

w̃γ2ω̄

(
kz −

ωṽz
c2

)
.

Substituting these results into the linearized energy equation, we have

−γ
2ω̄

c2
w

+
ω

c2
+
k2
x

ω̄
+
k2
y

ω̄
+
kz
ω̄

(
kz −

ωṽz
c2

)
− 2γ2ṽz

c2

(
kz −

ωṽz
c2

)
= 0, (4.42)

which, upon simplification, gives
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−γ
2ω̄2

c2
w

+
ωω̄

c2
+ k2

x + k2
y +

(
kz −

2γ2ω̄ṽz
c2

)(
kz −

ωṽz
c2

)
= 0. (4.43)

This expression can be simplified as follows:

k2
x + k2

y = −ω̄
(
ω

c2
− γ2ω̄

c2
w

)
−
(
kz −

2γ2ω̄ṽz
c2

)(
kz −

ωṽz
c2

)
= −γ2ω̄

[
ω

c2

(
1− ṽ2

z

c2

)
− ω̄

c2
w

]
− γ2

[
kz

(
1− ṽ2

z

c2

)
− 2ω̄ṽz

c2

](
kz −

ωṽz
c2

)
= γ2 ω̄

2

c2
w

− γ2

(
kz −

ωṽz
c2

)2

− γ2ωω̄

c2

(
1− ṽ2

z

c2

)
+ γ2 ω̄ṽz

c2

(
kz −

ωṽz
c2

)
= γ2ω̄2

(
1

c2
w

− 1

c2

)
− γ2

(
kz −

ωṽz
c2

)2

. (4.44)

Therefore, we have

γ2ω̄2

(
1

c2
− 1

c2
w

)
+ k2

x + k2
y + γ2

(
kz −

ωṽz
c2

)2

= 0. (4.45)

Now, using

1

c2
s

=
1

c2
w

− 1

c2
, (4.46)

we have, finally,

−γ
2ω̄2

c2
s

+ k2
x + k2

y + γ2

(
kz −

ωṽz
c2

)2

= 0, (4.47)

which is the dispersion relation given in Bodo et al. (2004). Having derived the single-fluid

dispersion relation for acoustic waves in RHD, in the next subsection we use these results in

deriving a dispersion relation for a tangential discontinuity between two fluids in RHD.
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4.2.2 RHD Dispersion Relation for Two Adjacent Flows

We now consider the case presented in Bodo et al. (2004). Specifically, we consider two

adjacent flows of a relativistic unmagnetized fluid. We derive a dispersion relation for the

Kelvin-Helmholtz instability between these flows, and solve the dispersion relation analyti-

cally, obtaining a growth rate in the event of instability. We then show, both graphically and

analytically, that there is an upper-critical relativistic Mach number above which the system

is unconditionally stable. Corresponding to this upper-critical Mach number is a maximum

unstable flow speed, which depends on sound speed. All of these results are in agreement

with those presented in Bodo et al. (2004).

The boundary between the two flows is the y − z plane. Below the y − z plane (denoted

region 1), the unperturbed flow velocity is ṽz in the positive z-direction. Above the y − z

plane (denoted region 2), the unperturbed flow velocity is ṽz in the negative z-direction.

That is, the two flow velocities are equal and opposite. The fluid has uniform unperturbed

density ρ̃ and uniform unperturbed pressure P̃ . As before, we perturb these quantities, and

write them in linearized form. The linearized density, pressure, x-velocity, and y-velocity,

are, for j = 1, 2,

ρj(x, y, z, t) = ρ̃+ δρ exp [i (kxjx+ kyy + kzz − ωt)] ,
Pj(x, y, z, t) = P̃ + δP exp [i (kxjx+ kyy + kzz − ωt)] ,
vxj(x, y, z, t) = δvxj exp [i (kxjx+ kyy + kzz − ωt)] , (4.48)

vyj(x, y, z, t) = δvyj exp [i (kxjx+ kyy + kzz − ωt)] .

The linearized z-velocity is

vz1(x, y, z, t) = ṽz + δvz1 exp [i (kx1x+ kyy + kzz − ωt)] ,
vz2(x, y, z, t) = −ṽz + δvz2 exp [i (kx2x+ kyy + kzz − ωt)] . (4.49)
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Based on the results of subsection 4.2.1, the normal wave vector in each region is given by

kx1 =

√
γ2

(
ω − kzṽz

cs

)2

− γ2

(
kz −

ωṽz
c2

)2

− k2
y,

kx2 =

√
γ2

(
ω + kzṽz

cs

)2

− γ2

(
kz +

ωṽz
c2

)2

− k2
y, (4.50)

where

γ =
1√

1− ṽ2
z/c

2
,

cs = c

√
ΓP̃

w̃
, (4.51)

w̃ = ρ̃c2 +
Γ

Γ− 1
P̃ .

We insert the linearized forms of the primitive variables into the RHD equations presented

in subsection 4.2.1, and arrive at the following:

δρ =

[
1

c2
s

− 1

c2 (Γ− 1)

]
δP,

δvxj =
c2kxjδP

w̃γ2 (ω − kzṽzj)
,

δvyj =
c2kyδP

w̃γ2 (ω − kzṽzj)
, (4.52)

δvzj =
c2δP

w̃γ2 (ω − kzṽzj)

(
kz −

ωṽzj
c2

)
,

where ṽz1 = ṽz and ṽz2 = −ṽz. To arrive at a dispersion relation, we require that the nor-

mal components of the fluid displacements be equal on both sides of the boundary (Chan-

drasekhar 1961):

δvx1

ω − kzṽz
=

δvx2

ω + kzṽz
. (4.53)
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Using the expressions for δvx1 and δvx2, this condition can be rewritten

c2kx1δP

w̃γ2 (ω − kzṽz)2 =
c2kx2δP

w̃γ2 (ω + kzṽz)
2 , (4.54)

or simply

kx1

(ω − kzṽz)2 =
kx2

(ω + kzṽz)
2 . (4.55)

We now insert our expressions for kx1 and kx2, square both sides, and cross-multiply. We

arrive at

[
γ2

(
ω − kzṽz

cs

)2

− γ2

(
kz −

ωṽz
c2

)2

− k2
y

]
(ω + kzṽz)

4 =[
γ2

(
ω + kzṽz

cs

)2

− γ2

(
kz +

ωṽz
c2

)2

− k2
y

]
(ω − kzṽz)4 . (4.56)

This is the same dispersion relation presented in Bodo et al. (2004). To simplify the solution

process, we divide both sides of this equation by k6
zc

4
sγ

2, and introduce the definitions

φ ≡ ω

kzcs
, M ≡ ṽz

cs
, α ≡ ky

kz
, β ≡ ṽz

c
. (4.57)

The dispersion relation can now be written

[
(φ−M)2 −

(
1− φMc2

s

c2

)2

− α2
(
1− β2

)]
(φ+M)4 =[

(φ+M)2 −
(

1 +
φMc2

s

c2

)2

− α2
(
1− β2

)]
(φ−M)4 . (4.58)

We also define a relativistic Mach number M by
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M ≡ M

√
1− c2

s/c
2

1− β2
. (4.59)

We can now write the dispersion relation as a fifth-order polynomial in φ (i.e., φ multiplied

by a fourth-order polynomial in φ):

φ

[
A1

(
φ

M

)4

+ A2

(
φ

M

)2

+ A3

]
= 0, (4.60)

where

A1 ≡ M2 + 2β2,

A2 ≡ −2
(
M2 + 1 + α2 − β2

)
, (4.61)

A3 ≡ M2 − 2− 2α2.

The solutions to (4.60) are

φ = 0,

φ2

M2
=
−A2 ±

√
A2

2 − 4A1A3

2A1

. (4.62)

We now introduce the additional definitions

cos θ ≡ 1√
1 + α2

, Me ≡ M cos θ, βe ≡ β cos θ. (4.63)

Me and βe are the projections of the Mach number and flow velocity, respectively, onto the

wave vector. The solutions can now be written in the form

φ = 0,

φ2

M2
=

S2 ±
√
S2

2 + (M2
e + 2β2

e ) (2−M2
e)

M2
e + 2β2

e

. (4.64)
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where

S2 ≡ M2
e + 1− β2

e . (4.65)

These are the same roots found in Bodo et al. (2004). Among the second set of solutions,

only the one with the minus sign can potentially yield the Kelvin-Helmholtz instability, in

which case the growth rate is given by

ωi = kzṽz

√√
S2

2 + (M2
e + 2β2

e ) (2−M2
e)− S2

M2
e + 2β2

e

. (4.66)

An important feature of this expression is that for fixed ṽz, growth rate increases linearly

with increasing kz. This can be understood intuitively by thinking of kz as representing the

sharpness of an “edge” in the interface between the two fluids. As we make kz larger, this

edge becomes sharper and sharper, which will only make the system more unstable. This

dependence of growth rate on kz applies only to a step-function discontinuity in the velocity

profile. As we will see in chapter 6, when the velocity profile undergoes a continuous shear

variation, there is a critical wave number above which the growth rate no longer increases.

From expression (4.66), instability can only occur when the expression inside the radical

is larger than S2
2 . This can only occur if M2

e < 2, i.e., if Me <
√

2. That is to say, the

projection of the relativistic Mach number onto the perturbation wave vector must be less

than
√

2. This is the condition for instability, and can be rewritten as follows:
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Me <
√

2, or

ṽz
cs

√
1− c2

s/c
2

1− ṽ2
z/c

2
cos θ <

√
2, which yields(

ṽz
cs

)2(
1− c2

s

c2

)
cos2 θ < 2

(
1− ṽ2

z

c2

)
, which yields

ṽ2
z

(
c2 − c2

s

)
cos2 θ < 2 c2

s

(
c2 − ṽ2

z

)
, which yields

ṽz < csc

√
2

(c2 − c2
s) cos2 θ + 2 c2

s

. (4.67)

Therefore, the criterion for instability also presents an upper limit on the flow speed ṽz of each

fluid, i.e., a maximum unstable flow speed. This maximum unstable flow speed increases with

an increase in the sound speed or with an increase in the angle θ between the perturbation

direction and flow direction. By increasing either of these quantities, we can increase the

region of instability. The maximum allowable sound speed is cs = c/
√

3. Therefore, for a

polarization angle θ, the maximum unstable flow speed is obtained by substituting cs = c/
√

3

into (4.67):

ṽz,max =
c√
3

√
2

(1− 1/3) cos2 θ + 2/3
=

c√
3

√
3

cos2 θ + 1
=

c√
cos2 θ + 1

. (4.68)

The corresponding maximum unstable Lorentz factor is

γmax =
1√

1− ṽ2
z,max/c

2
=

√
cos2 θ + 1

cos θ
. (4.69)

For θ = 0, i.e., the perturbation polarized along the flow direction, the maximum unstable

flow speed and Lorentz factor are c/
√

2 and
√

2, respectively. As the perturbation direction

is rotated away from the flow direction, this critical flow speed increases, reaching c in the

limit of a perturbation perpendicular to the flow direction. This means that in order to have
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instability at highly relativistic flow velocities, the perturbation direction must be oblique to

the flow direction, i.e., must have a component in the y-direction. When all other variables

are fixed, the growth rate vs ṽz is a concave downward parabola with intercepts at ṽz = 0

and at the maximum unstable ṽz given by (4.67). It is also important to note that the ω

that solves the dispersion relation is either purely real, corresponding to stability, or purely

imaginary, corresponding to instability. ω never has both real and imaginary components.

This is a consequence of the Hermiticity of the system.

We seek to graphically illustrate the validity of our stability results. To do this, We plot

below the growth rate distribution as a function of sound speed (horizontal axis) and flow

speed (vertical axis). The component of the wave vector tangential to the interface is fixed

at

kyz =
√
k2
y + k2

z = 5 c−1(1 s)−1,

kz = kyz cos θ. (4.70)

We display growth rate plots first for polarization vector parallel to flow direction (θ = 0,

figures 4.1), and then for an oblique polarization of θ = 45 degrees (figures 4.2). In both cases,

we see that the instability region is bounded by an upper curve that corresponds precisely to

equation (4.67) for the upper-critical flow velocity . For each polarization angle, there are

three graphs, arranged as follows. The top left graph is a gray-scale distribution, where

white indicates maximum growth rate, and black indicates minimum growth rate. The top

right graph is the corresponding contour plot, where each contour corresponds to a specific

value of the growth rate. That is to say, everywhere along a given contour, the growth

rate is a constant value. The bottom graph displays the critical velocity curve predicted by
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equation (4.67) for the given polarization angle, which agrees with the upper boundary of the

instability regions in the growth rate distributions. These stability results are in agreement

with those of Bodo et al. (2004).

80



We now seek to recover the plot given in Bodo et al. (2004). We plot the growth rate “phase

velocity” φ as a function of βe (horizontal axis) and Me (vertical axis). The left plot is

a gray-scale distribution, for which the minimum growth rate is black, and the maximum

growth rate is white. The right plot is a contour plot, where each curve represents a constant

value of φ. For these plots, the polarization angle θ = 0, which means that the polarization

vector is polarized parallel to the flow. We therefore have

φ = M

√√
S2

2 + (M2 + 2β2) (2−M2)− S2

M2 + 2β2
, (4.71)

where

M =
√
M2 (1− β2) + β2,

S2 = M2 + 1− β2,

M2 = M2
e, (4.72)

β2 = β2
e .

The plots shown in figure 4.3 agree with the contour plot presented in Bodo et al. (2004).

We are only interested in the growth rate within the region where the adiabatic sound speed

does not exceed its physically allowable maximum value of c/
√

3. The plots in figure 4.3 are

therefore restricted to the physically allowable region cs ≤ c/
√

3.

The physically allowable region agrees with the one presented in the contour plot in Bodo

et al. (2004). The above graphs confirm that we indeed have unconditional stability (zero

growth) for Me >
√

2, which is also a conclusion in Bodo et al. (2004).

We now wish to compute growth rates of the step-function profile that can be compared

with the numerical growth rates used in the simulations. We use a flow-aligned perturba-

tion for which kz = 0.8 inverse light seconds, and ky = 0, as in the simulations (although
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Figure 4.1: Critical flow speed vs sound speed at θ = 0 (RHD)
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the simulations define lengths not in terms of light seconds but in terms of a length scale

introduced by the shear variation in velocity). If vz0 and −vz0 are the equal and opposite

flow velocities in the stationary frame, then the relative flow velocity uz0 (in the co-moving

frame of one fluid) is given by

uz0 =
2vz0

1 + v2
z0/c

2
. (4.73)

The relativistic Mach numbers in the stationary frame (Ms) and the co-moving frame (Ms,rel)

are given by

Ms =
vz0γ

csγs
=

vz0
cs

√
1− c2

s/c
2

1− v2
z0/c

2
, (4.74)

Ms,rel =
uz0γu
csγs

=
uz0
cs

√
1− c2

s/c
2

1− u2
z0/c

2
, (4.75)
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where γu is the Lorentz factor corresponding to uz0. For purposes of future comparison

with numerical growth curves, the relative flow velocity and Mach number, in the co-moving

frame of one fluid, are more applicable. Figures 4.4 display the growth rate as a function

of flow velocity, where each curve corresponds to a different sound speed. The figure on the

left is in the frame of equal and opposite flow speeds (the stationary frame), while the figure

on the right is in the co-moving frame of one fluid.

Figures 4.5 display the growth rate as a function of relativistic Mach number in the stationary

frame (left graph), and the co-moving frame (right graph).

We see that, for flow-aligned perturbations, and independent of sound speed, the maximum

unstable Mach number is
√

2 in the frame of equal and opposite flows. In the co-moving

frame of one fluid, the maximum unstable Mach number is 4 for the maximum sound speed

(c/
√

3), and decreases as sound speed decreases. This is in agreement with Bodo et al.

(2004). Also, as sound speed increases, growth rate increases, which is the trend we will

observe in the numerical growth rates for a continuous velocity profile. The growth rates

associated with the continuous profile will be consistently less than those observed with
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the step-function discontinuity, which is indicative of the stabilizing influence of a smooth

transition in velocity. However, in the case of the continuous (sech2) profile, there is no

maximum unstable Mach number, and we find instability at Mach numbers much larger

than 4 (see chapter 6). Furthermore, as sound speed decreases, the maximum unstable

Mach number becomes larger, not smaller, in the case of a sech2 profile. Again, this analysis

pertains specifically to flow-aligned perturbations. For oblique perturbations, the critical

value of
√

2 pertains to the projection of the Mach number onto the perturbation direction.

We now wish to compare the normal wave vectors in the two fluids in the unstable regime.

The cases of growth correspond to positive imaginary ω, i.e., ω = iωi, where ωi > 0. For

such a case, the squared normal wave vector in fluid 1 is

k2
x1 = γ2

[
(iωi − kzṽz)2

c2
s

−
(
kz −

iωiṽz
c2

)2
]
− k2

y

=
(
k2
x1

)
r

+ i
(
k2
x1

)
i
, (4.76)

where
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(
k2
x1

)
r

= γ2

[
k2
z ṽ

2
z − ω2

i

c2
s

− k2
z +

(
ωiṽz
c2

)2
]
− k2

y

= γ2

[
k2
z

(
ṽ2
z

c2
s

− 1

)
− ω2

i

(
1

c2
s

− ṽ2
z

c4

)]
− k2

y, (4.77)

(
k2
x1

)
i

= −2γ2ωikzṽz

(
1

c2
s

− 1

c2

)
.

The squared normal wave vector in fluid 2 is

k2
x2 = γ2

[
(iωi + kzṽz)

2

c2
s

−
(
kz +

iωiṽz
c2

)2
]
− k2

y

=
(
k2
x2

)
r

+ i
(
k2
x2

)
i
, (4.78)

where

(
k2
x2

)
r

= γ2

[
k2
z ṽ

2
z − ω2

i

c2
s

− k2
z +

(
ωiṽz
c2

)2
]
− k2

y

= γ2

[
k2
z

(
ṽ2
z

c2
s

− 1

)
− ω2

i

(
1

c2
s

− ṽ2
z

c4

)]
− k2

y

=
(
k2
x1

)
r
, (4.79)

(
k2
x2

)
i

= 2γ2ωikzṽz

(
1

c2
s

− 1

c2

)
= −

(
k2
x1

)
i
. (4.80)

We can therefore make a general comparison of the squared normal wave vectors in the two

fluids if ω is imaginary. Specifically, the real parts are equal, while the imaginary parts are

equal and opposite. We now seek to determine what this implies about the relationship

between kx1 and kx2. To do this, we note that the squared normal wave vectors have equal

magnitudes and opposite phases. Specifically, we write k2
x1 as
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k2
x1 =

(
k2
x1,r + k2

x1,i

)
exp (iφ1sq) . (4.81)

We now write k2
x2 as

k2
x2 =

(
k2
x2,r + k2

x2,i

)
exp (iφ2sq)

=
(
k2
x1,r + k2

x1,i

)
exp (iφ2sq) (4.82)

=
(
k2
x1,r + k2

x1,i

)
exp (−iφ1sq) .

The normal wave vectors are then given by

kx1 =
√
k2
x1,r + k2

x1,i exp

(
i
φ1sq

2

)
=
√
k2
x1,r + k2

x1,i

[
cos

(
φ1sq

2

)
+ i sin

(
φ1sq

2

)]
, (4.83)

kx2 =
√
k2
x1,r + k2

x1,i exp

(
−iφ1sq

2

)
=
√
k2
x1,r + k2

x1,i

[
cos

(
φ1sq

2

)
− i sin

(
φ1sq

2

)]
. (4.84)

Comparing the real and imaginary parts of the normal wave vectors, we see that

kx1,r = kx2,r,

kx1,i = −kx2,i. (4.85)

This result is a consequence of the Hermiticity of the system, and is consistent with waves

that undergo spatial decay away from the boundary, and vanish as x→∞ and as x→ −∞.

Note that in taking the square roots of the normal wave vectors, we chose the branch cut

for which the phase of kxj would lie in the same quadrant as the phase of k2
xj. If we chose

each branch cut to lie in the opposite quadrant as its square, we would still have the same

results as above. If, however, we were inconsistent, and chose the branch cut of kx1 to lie in
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the opposite quadrant as k2
x1, while keeping the quadrants the same for kx2, we would obtain

normal wave vectors with opposite real parts and equal imaginary parts.

We now plot, in figures 4.6, the dependence on flow speed of the angular frequency ω and

the normal wave vector kx. Explicit expressions for these quantities are provided below. Each

quantity is complex, and each graph shows both real and imaginary parts simultaneously.

The real part is the black curve, while the imaginary part is the gray curve. For kx, the

value in fluid 1 is plotted on the left, while the value in fluid 2 is plotted on the right. The

input parameters for the plots are as follows:

ρ̃ = 0.5 × 10−24 g/cm3,

P̃ = 10.0 c2 × 10−24 g/cm3,

cs = 0.57 c, (4.86)

kz = 2.0 c−1s−1,

ky = 0 c−1s−1.

Note that because ky = 0, we have θ = 0. The maximum unstable flow speed corresponding

to this case is

ṽz = ccs

√
2

c2 + c2
s

= 0.704 c. (4.87)

The region from 0 to 0.704 c corresponds to instability, while the region from 0.704 c to c

corresponds to stability. For unstable flow speeds, only the imaginary part of ω is non-zero,

while for stable flow speeds, only the real part of ω is non-zero. Each graph exhibits a “kink”

at the critical flow speed.
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Figure 4.6: Frequency and wave number vs flow speed (RHD)
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Explicitly, the above quantities are as follows:

ω = kzṽz

√
S2 −

√
S2

2 + (M2
e + 2β2

e ) (2−M2
e)

M2
e + 2β2

e

, where

S2 = 1 +M2
e − β2

e

kx1 =

√
γ2

(ω − kzṽz)2

c2
s

− γ2

(
kz −

ωṽz
c2

)2

− k2
y, (4.88)

kx2 =

√
γ2

(ω + kzṽz)2

c2
s

− γ2

(
kz +

ωṽz
c2

)2

− k2
y.

Several observations can be made from the previously mentioned graphs. First, we con-

sider the region of instability . The angular frequency is purely imaginary, and this imaginary

part is positive, signifying growth. The growth curve has the shape of a downward-facing

parabola, meaning that a maximum growth rate is reached at a certain flow speed. At ṽz = 0

and at the maximum unstable flow speed, the growth rate is zero. As we determined earlier,

the real parts of kx are the same in both fluids, while the imaginary parts of kx are equal

and opposite.

We now consider the region of stability . In this region all quantities are purely real, and

have no imaginary part. The angular frequency ω increases monotonically from 0 to 2 s−1.

Recall that we had kz = 2.0 c−1s−1. Furthermore, ω depends linearly on kz, which means

that ω/kz will always approach c as ṽz approaches c. All velocity perturbations tend to zero

as ṽz approaches c. However, only in fluid 1 does kx tend to zero in the highly relativistic

limit. kx in region 2, on the other hand, tends to infinity. This means that at highly

relativistic velocities, we have huge wavelengths in one fluid, and very small wavelengths

in the other fluid. The reason for this is that the Lorentz factor tends to infinity as the

flow speed approaches c. However, in this limit, in fluid 1 (see above expression for kx1) the
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Lorentz factor is multiplied by something that tends to zero more quickly, so that the product

tends to zero. In fluid 2 (see above expression for kx2), the Lorentz factor is multiplied by

a non-zero quantity, and therefore the product tends to infinity. This highly relativistic

behavior can be seen more clearly by plotting the wavelength in each fluid as a function of

the Lorentz factor for the flow velocity, as is done in figures 4.7. Note that in fluid 1, we can

only go out to a Lorentz factor of around 33. Above this, the wavelength in fluid 1 is too

large to be computed accurately without using more refined methods.

In fluid 2, the wavelength approaches zero as the Lorentz factor approaches infinity (i.e.,

as the flow velocity approaches the speed of light). This illustrates the tendency of highly

relativistic flows to break synchronicity between longitudinal and transverse motions, so that

high Lorentz factors tend to excite modes with vanishingly small wavelengths. In chapter

6, when we consider the sech2 profile, we will see that highly relativistic velocities excite

modes with near-maximum growth at wavelengths shorter than the length scale set by the

velocity shear. These are two possible manifestations of the destabilizing influence of highly

relativistic flows. No amount or combination of diffusion can sustain a numerical simulation

with a bulk flow Lorentz factor exceeding roughly 2.

In both the HD and RHD cases, we have found that the system is only unstable for Mach

numbers less than
√

2 in the stationary frame, and less than 4 in the co-moving frame of

one fluid. This is only valid when the velocity profile exhibits a step-function discontinuity

between two flows. When the velocity profile exhibits a continuous shear variation, the region

of instability generally extends to much larger Mach numbers, as we will see in chapter 6.

We have examined the KH instability in the HD and RHD regimes. In the next section,
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Figure 4.7: Wavelength vs Lorentz factor, cs = 0.57 c, θ = 0 (RHD)

we introduce a magnetic field, and examine the stability of a tangential discontinuity in the

MHD regime.

4.3 MHD Kelvin-Helmholtz Instability

We now consider a magnetized non-relativistic (MHD) fluid. As before, we first derive a

dispersion relation for a uniform background flow by linearizing the single-fluid equations.

We then introduce a step-function discontinuity in the background density, velocity, and

pressure, and derive a linear dispersion relation for predicting the KH instability between

the two flows. In section 4.4, we solve the dispersion relation using Mathematica, and

demonstrate that we recover the results of PK83 and KP84. In particular, we verify that in

the presence of a magnetic field, for a given perturbation orientation, the region of instability
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is bounded by a lower and upper-critical flow velocity. The lower-critical velocity, and growth

rates at lower velocities, are accurately predicted by the expression for MHD growth rates

of an incompressible fluid, as in Chandrasekhar (1961). However, at higher flow speeds,

compressibility has a stabilizing effect. In the limit of zero magnetic field, the lower-critical

velocity is simply zero. In section 4.5, we deal with the case of a relativistic Alfven velocity,

for which the displacement current must be included.

We begin by deriving the dispersion relation for single-fluid MHD modes with a uniform

background flow.

4.3.1 MHD Single-fluid Dispersion Relation

We consider a magnetized non-relativistic compressible perfectly conducting fluid. We also

assume for this section that the Alfven velocity is non-relativistic, so that the effect of the

displacement current can be neglected. The dynamics of this fluid are generally described

by the MHD equations

∂ρ

∂t
+ ∇ · (ρv) = 0,(

∂

∂t
+ v ·∇

)
v ≈ −∇P +

J

c
×B,

∇×B ≈ J

c
,

∇ ·B = 0, (4.89)

∇× E = −1

c

∂B

∂t
,

E +
v

c
×B = 0,

c2
s =

dP

dρ
.

The first equation describes continuity of mass. The second equation is Euler’s equation.

The third through fifth equations are Maxwell’s equations, while the sixth equation is the
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assumption of infinite conductivity. The seventh equation is the adiabatic assumption. These

equations can be combined to yield four equations relating just the pressure, density, velocity,

and magnetic field:

∂ρ

∂t
+ ∇ · (ρv) = 0,(

∂

∂t
+ v ·∇

)
v ≈ −∇P + (∇×B)×B,

∂B

∂t
= ∇× (v ×B) (4.90)

= (B ·∇) v −B (∇ · v)− (v ·∇) B,

c2
s =

dP

dρ
.

We now consider a single fluid with uniform unperturbed density ρ̃, uniform unperturbed

pressure P̃ , flowing with uniform unperturbed velocity ṽz in the z-direction. The fluid is

immersed in a uniform unperturbed magnetic field B. We perturb each of these quantities

as follows:

Q(r, t) = Q̃+ δQei(k·r−ωt). (4.91)

We insert this perturbed form into equations (4.90), thereby yielding the following linearized

equations:

− (ω − kzṽz) δρ+ ρ̃ (k · δv) = 0,

− (ω − kzṽz) δv = −k
(
δP + B̃ · δB

)
+ (B · k)δB,

−ωδB = k×
(
ṽ × δB + δv × B̃

)
, (4.92)

c2
s =

δP

δρ
.

Upon solving the above system of linearized equations, we find that the velocity perturbations

are given in terms of the pressure perturbation by
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δv =
(ω − kzṽz)2 k− k2 (vA · k) vA

ρ̃ (ω − kzṽz)
[
(ω − kzṽz)2 − v2

Ak
2
]δP, (4.93)

where the Alfven velocity is given by

vA =
B̃√
ρ̃
. (4.94)

We now substitute this result into the linearized continuity equation, and employ the adia-

batic condition. This leads to the following dispersion relation:

(ω − kzṽz)4 − (ω − kzṽz)2 k2(c2
s + v2

A) + c2
sk

2(vA · k)2 = 0. (4.95)

For purposes of defining the modes, we now introduce the total pressure Pb, given by

Pb = P +
B2

2
. (4.96)

For a characteristic frequency ω that solves the dispersion relation, we can write the corre-

sponding mode in terms of the total pressure perturbation:

δP =
ω̄2 − v2

Ak
2

ω̄2 − (vA · k)2 δPb,

δρ =
1

c2
s

ω̄2 − v2
Ak

2

ω̄2 − (vA · k)2 δPb,

δv =
ω̄2k− k2 (vA · k) vA

ρ̃ω̄
[
ω̄2 − (vA · k)2] δPb, (4.97)

δBα =
vAα (k2 − k2

α)− kα (vA · k− vAαkα)
√
ρ̃
[
ω̄2 − (vA · k)2] δPb,

where α = {x, y, z}, and ω̄ ≡ ω − kzṽz. Having derived a single-fluid dispersion relation in

MHD, we now apply this result to the case of a tangential discontinuity between two fluids.
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4.3.2 Non-relativistic Magnetized Kelvin-Helmholtz Instability

We now consider the same fluid as in the previous section, but in addition we introduce a

discontinuity in the x-direction in magnetic field, velocity, and density. Each of these quan-

tities is still assumed to be uniform on both sides of the discontinuity. The equations from

the previous section now hold in both half-planes. Furthermore, we have several boundary

constraints, one of which involves the fluid displacement, given by

(
∂

∂t
+ v ·∇

)
ξ = v. (4.98)

First, the component of the fluid displacement normal to the discontinuity must both be

equal on either side (Chandrasekhar 1961):

ξx1 = ξx2. (4.99)

Second, the total pressure perturbation (thermal and magnetic pressure) must be equal on

either side. This gives the following relation among the unperturbed quantities:

P̃b,1 = P̃b,2, or

P̃1 +
B̃2

1

2
= P̃2 +

B̃2
2

2
. (4.100)

These two conditions must also be applied to the perturbed quantities:

δPb,1 = δPb,2,

δvx1

ω − kzṽz1
=

δvx2

ω − kzṽz2
. (4.101)

We also have boundary conditions on the electric and magnetic fields. Because we assume

the fluid is infinitely conducting, the electric field is given by
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E = B× v

c
. (4.102)

The unperturbed electric field is therefore

Ẽ = B̃y
ṽ

c
x̂− B̃x

ṽ

c
ŷ. (4.103)

The third condition is equality of the components of the magnetic field normal to the bound-

ary, i.e., in the shear direction. For the unperturbed quantities, this gives simply

B̃x1 = B̃x2. (4.104)

The fourth condition is equality of the components of the electric field tangential to the

boundary, which for the unperturbed quantities gives

Ẽy1 = Ẽy2,

B̃x1ṽ1 = B̃x2ṽ2. (4.105)

Combining these two conditions, we see that the only way to have two distinct unperturbed

flow velocities on either side of the boundary is to set B̃x = 0 everywhere, so that there is

no component of the magnetic field in the shear direction. That is, the magnetic field is

polarized in the y − z plane.

To complete the dispersion relation, we must solve for each kxj in terms of the other variables,

which is done using the dispersion relation derived in the previous section. The solution for

kxj, for j = 1, 2, is

k2
xj =

ω̄4
j

ω̄2
j

(
v2
Aj + c2

sj

)
− c2

sj (vAy,jky + vAz,jkz)
− k2

yz, (4.106)
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where k2
yz ≡ k2

y + k2
z . With these values of kxj, the dispersion relation for a magnetic field

perpendicular to the shear direction is given by (13) with vAx,j = 0:

√
k2
x1

ρ̃1

[
ω̄2

1 − (vAy,1ky + vAz,1kz)
2] =

−
√
k2
x2

ρ̃2

[
ω̄2

2 − (vAy,2ky + vAz,2kz)
2] . (4.107)

The “−” sign is included because we expect the solution to vanish as x → ±∞. Suppose

fluid 1 occupies the half-space of negative x, and fluid 2 occupies the half-space of positive

x. Then in order to satisfy the above boundary condition, we must have

kx1 = −
√
k2
x1,

kx2 =
√
k2
x2. (4.108)

For a given ky and kz, the dispersion relation (4.107) generates several values of ω. Corre-

sponding to each ω is a mode whose perturbation amplitudes are obtained by applying the

relationships (4.97) separately to each fluid, with δPb, ky, and kz the same in both fluids.

In the limit of incompressible fluids, the density ρ is constant, and c2
s = dP/dρ. The incom-

pressible limit therefore corresponds to cs → ∞. Applying this limit to our expression for

kx, we obtain

k2
x = −k2

y + k2
z , or simply

k2
x + k2

y + k2
z = 0. (4.109)

Therefore, we must have equal normal wave vectors in both fluids. That is, kx1 = kx2.

Therefore, the dispersion relation becomes

kx

ρ̃1

[
(ω − kzṽz1)2 − (vA1 · k)2] =

−kx
ρ̃2

[
(ω − kzṽz2)2 − (vA2 · k)2] . (4.110)
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This dispersion relation can be analytically solved for the growth rate:

ωi =

√
ρ̃1ρ̃2

(ρ̃1 + ρ̃2)2k
2
z (ṽz2 − ṽz1)2 − 1

ρ̃1 + ρ̃2

[
ρ̃1 (ṽA1 · k)2 + ρ̃2 (ṽA2 · k)2], (4.111)

where, as before,

ṽAj · k = vAy,jky + vAz,jkz. (4.112)

The critical velocity difference above which instability occurs is therefore given by

(ṽz2 − ṽz1)2
c =

ρ̃1 + ρ̃2

k2
z

[
(ṽA1 · k)2

ρ̃2

+
(ṽA2 · k)2

ρ̃1

]
. (4.113)

This result agrees with the result of Chandrasekhar (1961). As long as the difference in

flow velocities is sufficiently small, the above dispersion relation and growth rate are ap-

proximately correct in the compressible case. In particular, the lower-critical velocity for

instability in the compressible case is approximately given by expression (4.113) for the in-

compressible case. At large velocity differences, however, the incompressible case continues

to give instability, whereas the compressible case exhibits an upper-critical velocity difference

above which the system is stable, for a given perturbation direction. Compressibility there-

fore stabilizes the system for large velocity differences (PK83; KP84; Southwood 1968, and

references therein). For large relative velocities, the instability is inhibited by the necessity

for the perturbation to perform a large amount of work against the mechanical energy of the

background (bulk) flow. This effect is not present when the Mach number approaches zero,

as in the incompressible case.

100



Having derived a dispersion relation for predicting the KH instability in the MHD regime,

we now wish to compare our growth rate results with those of PK83 and KP84, which

demonstrates the validity of our numerical algorithm for solving this dispersion relation.

4.4 Comparison with PK83 and KP84

Through the use of root-finding algorithms in Mathematica, we obtain linear results for the

non-relativistic MHD Kelvin-Helmholtz instability. We wish to compare these results with

the results presented in PK83 and KP84. By doing this, we can validate our method of

analysis in the non-relativistic regime. Once this is done, modified versions of these same

algorithms can then be used to obtain stability results in the relativistic case, discussed in

later sections. As derived in subsection 4.3.2, the dispersion relation for the MHD Kelvin-

Helmholtz instability is

√
k2
x1

ρ̃1

[
ω̄2

1 − (vAy,1ky + vAz,1kz)
2] =

−
√
k2
x2

ρ̃2

[
ω̄2

2 − (vAy,2ky + vAz,2kz)
2] , (4.114)

where, for j = 1, 2,

k2
xj =

ω̄4
j

ω̄2
j

(
v2
Aj + c2

sj

)
− c2

sj (vAy,jky + vAz,jkz)
− k2

y − k2
z . (4.115)

We choose, as our velocity scale, c0 = 0.001 c, where c is the speed of light. We use the

following parameters, which are consistent with the test case of PK83 and KP84:
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Γ = 2 (adiabatic constant),

ρ̃1 = 1.0× 10−24 g/cm−3,

ρ̃2 = 10.0× 10−24 g/cm−3,

β1 = P̃1

(
B̃2

1

2

)−1

= 0.64, (4.116)

β2 = P̃2

(
B̃2

2

2

)−1

= 2.5,

B̃2
2

2
=

c2
0 × 10−24

2
g/cm−3,

kyz =
√
k2
y + k2

z = 1.0 c−1 (1 s)−1.

Note that βj is the ratio of magnetic pressure to thermal pressure. To obtain the remaining

parameters, we invoke equilibrium of total pressure at the interface:

P̃1 +
B̃2

1

2
= P̃2 +

B̃2
2

2
,

(β1 + 1)
B̃2

1

2
= (β2 + 1)

B̃2
2

2
, (4.117)

B̃2
1

B̃2
2

=
β2 + 1

β1 + 1
.

This gives us the remaining parameters, for j = 1, 2 where needed:

B̃2
1

2
=

1

2

(
β2 + 1

β1 + 1

)
c2

0 × 10−24 g/cm−3,

P̃j = βj
B̃2
j

2
,

c2
sj =

ΓP̃j
ρ̃j

, (4.118)

vAj =
B̃j√
ρ̃j
.

We further assume that the magnetic field in both fluids is parallel to the flow direction, as

is the case with the nightside magnetopause in PK83 and KP84:
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B1 = Bz1 ẑ, B2 = Bz2 ẑ. (4.119)

We define θ as the angle between the flow direction and the direction of the wave vector of

the perturbation.

kz = kyz cos θ, ky = kyz sin θ. (4.120)

We first perform a comparison for a flow aligned perturbation, for which θ = 0, so that

kz = kyz and ky = 0. In figure 4.8, we present two plots. The left plot is of the scaled

growth rate ωi/(kyzvA1) as a function of the scaled flow speed ṽz/vA1. The right plot is of

the base-10 log of ωi/(kyzvA1) as a function of ṽz/vA1. Note that each plot contains two

concave-downward parabolas. The left parabola is referred to, in PK83 and KP84, as the

slow mode, while the right parabola is referred to as the fast mode.

We present the same graphs for oblique perturbation directions of θ = 60 deg, in figures

4.9, and θ = 78 deg, in figures 4.10, which are the directions considered in PK83 and KP84,

for the nightside magnetopause. Note that the horizontal axes are different than for the

previous graphs, due to the range of flow speeds being extended. However, the lower-critical

speed of the fast mode has very little dependence on perturbation direction. We see that

as the perturbation becomes more oblique, the fast mode becomes more dominant, and the

slow mode essentially fades away.

For the three directions considered above, the corresponding results from page 847 of PK83

and KP84 are shown in figure 4.11. We see that these results are in agreement with figures

4.9 and 4.10 (in particular, the logarithmic plots on the right).
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Based on our successful comparison, we see that we have a reliable algorithm for computing

linear growth rates of the MHD Kelvin-Helmholtz instability. We may now proceed with

more confidence in extending our algorithm to the relativistic regime. We have also recov-

ered the expected influence of compressibility on MHD growth rates, as described in the

previous section. Specifically, at lower flow speeds, the growth rates (and lower-critical flow

velocity) are accurately predicted by the growth rate expression for incompressible fluids (see

subsection 4.3.2). At higher growth rates, compressibility stabilizes the system, introducing

an upper-critical velocity. In the next section, we consider the effects of displacement current

on the MHD dispersion relation for predicting the KH instability.
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Figure 4.8: Growth rate vs flow speed for θ = 0 deg (MHD)

Figure 4.9: Growth rate vs flow speed for θ = 60 deg (MHD)
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Figure 4.10: Growth rate vs flow speed for θ = 78 deg (MHD)

Figure 4.11: Growth rates of PK83 and KP84 (MHD)
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4.5 MHD KH Instability with Displacement Current

We again consider two magnetized fluids with non-relativistic flow velocities, and non-

relativistic sound speeds, but we now allow for the Alfven velocities to be relativistic, as

would be the case for a magnetically-dominated or low-density jet. In order to ensure that

the phase speed, flow speed, and Alfven speed not exceed the speed of light, we must incor-

porate the contribution from the displacement current into the MHD fluid equations for a

single fluid. Our results are in agreement with the results of LRN09. As we did previously,

we first linearize the MHD equations:

∂ρ

∂t
+ ∇ · (ρv) = 0,

ρ

(
∂

∂t
+ ∇ · v

)
v + ∇P = ρcE +

J

c
×B,

∇× E = −1

c

∂B

∂t
,

∇×B =
J

c
+

1

c

∂E

∂t
,

∇ ·B = 0, (4.121)

∇ · E = ρc,

E +
v

c
×B = 0,

∂P

∂ρ
= c2

s.

The first equation describes mass continuity, while the second equation is Euler’s equation.

The third through sixth equations are Maxwell’s laws, the seventh equation is the assumption

of infinite conductivity, and the eighth equation is the adiabatic assumption. The non-

relativistic sound speed cs is given, as before, by

cs =

√
∂P

∂ρ
=

√
ΓP

ρ
. (4.122)
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We now consider a single fluid with uniform unperturbed density ρ̃, uniform unperturbed

pressure P̃ , flowing with uniform unperturbed velocity ṽz in the z-direction. The fluid is

immersed in a uniform unperturbed magnetic field B̃z in the z-direction. We perturb each

of these quantities as follows:

Q(r, t) = Q̃+ δQei(k·r−ωt). (4.123)

The process of linearizing the equations is greatly simplified by assuming that the magnetic

field and flow direction are both aligned. Because of this, there is no unperturbed electric

field. Therefore, the linearized Lorentz force due to the electric field is zero:

δ (ρcE) = δ [(∇ · E) E]

= (k · δE) Ẽ = (k · δE)

(
B̃× ṽ

c

)
= (k · δE)

(
B̃y
ṽz
c

)
= 0. (4.124)

For purposes of linearization, we would like to write the fluid equations entirely in terms of

ρ, P , v, and B. We do this as follows:

∂ρ

∂t
+ ∇ · (ρv) = 0,

ρ

(
∂

∂t
+ ∇ · v

)
v + ∇P = −∇ (B2)

2
+ (B ·∇) B + h1,

∂B

∂t
= (B ·∇) v −B (∇ · v)− (v ·∇) B, (4.125)

∂P

∂ρ
= c2

s,

where

h1 ≡
1

c2

[
∂B

∂t
(B · v)− v

(
B · ∂B

∂t

)
+ B

(
B · ∂v

∂t

)
− ∂v

∂t
B2

]
. (4.126)
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Upon substituting the linearizations (4.123) into (4.125), the fluid equations become

δP

δρ
= c2

s,

− (ω − kzṽz) δρ+ (k · δv)ρ̃ = 0,

−ρ̃ (ω − kzṽz) δv + kδP = −k
(
B̃ · δB

)
+
(
B̃ · k

)
δB + δh1, (4.127)

− (ω − kzṽz) δB =
(
B̃ · k

)
δv − B̃ (k · δv) ,

where

δh1 =
ω

c2

[
−B̃zṽzδB + ṽ

(
B̃ · δB

)
− B̃

(
B̃ · δv

)
+ δvB̃2

]
. (4.128)

In general, the total pressure the fluid experiences should incorporate both the magnetic

and electric fields:

Pb = P +
E2 +B2

2
. (4.129)

However, because the unperturbed electric field is zero, the electric field does not appear in

the total pressure perturbation, which therefore is the same as in the previous section:

δPb = δP + B̃ · δB. (4.130)

By solving the linearized equations, we find that the primitive variable perturbations are

related as follows to the electromagnetic pressure perturbation:
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δP =
ω̄2 − v2

Az(k
2 − ω2/c2)

ω̄2 − v2
Az (k2

z − ω2/c2)
δPb,

δρ =

(
1

c2
s

)
ω̄2 − v2

Az(k
2 − ω2/c2)

ω̄2 − v2
Az (k2

z − ω2/c2)
δPb,

δvx =
ω̄kx

ρ̃ [ω̄2 − v2
Az (k2

z − ω2/c2)]
δPb,

δvy =
ω̄ky

ρ̃ [ω̄2 − v2
Az (k2

z − ω2/c2)]
δPb,

δvz =
[ω̄2 − v2

Az(k
2 − ω2/c2)] kz

ρ̃ω̄ [ω̄2 − v2
Az (k2

z − ω2/c2)]
δPb, (4.131)

δBx = − kxkzvAz√
ρ̃ [ω̄2 − v2

Az (k2
z − ω2/c2)]

δPb,

δBy = − kykzvAz√
ρ̃ [ω̄2 − v2

Az (k2
z − ω2/c2)]

δPb,

δBz =
(k2
x + k2

y)vAz√
ρ̃ [ω̄2 − v2

Az (k2
z − ω2/c2)]

δPb,

where

c2
s =

ΓP̃

ρ̃
, vAz =

B̃z√
ρ̃
, ω̄ ≡ ω − kzṽz. (4.132)

We also obtain the following single-fluid MHD dispersion relation for a flow-aligned unper-

turbed magnetic field:

ω̄4 − ω̄2

[
k2c2

s +

(
k2 − ω2

c2

)
v2
Az

]
+ c2

sv
2
Azk

2
z

(
k2 − ω2

c2

)
= 0. (4.133)

In the limit of non-relativistic Alfven velocities, this dispersion relation reduces to the

MHD single-fluid dispersion relation given in the previous section, and in PK83 and KP84.

The above dispersion relation can also be written in the form

ω̄2(k2
x + k2

y + k2
s)− v2

Azk
2
s

(
k2 − ω2

c2

)
= 0, (4.134)
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where

k2
s ≡ k2

z −
ω̄2

c2
s

. (4.135)

This dispersion relation is equivalent to the result of LRN09.

We now introduce a discontinuity at x = 0, so that there are now two fluids, each with its

own unperturbed density, pressure, z-directed flow velocity, and z-directed magnetic field.

From the first boundary condition at the interface, the total electromagnetic pressure must

be equal on both sides of the interface. This must therefore also hold for the electromagnetic

pressure perturbation:

δPb1 = δPb2. (4.136)

The perturbation amplitudes are computed by applying equations (4.131) separately to each

fluid, with δPb, ky, and kz the same in each fluid. In particular, the normal velocity pertur-

bation in fluid j is

δvxj =
ω̄jkxj

ρ̃j
[
ω̄2
j − v2

Az,j (k2
z − ω2/c2)

]δPb. (4.137)

We now invoke the second boundary condition, and equate the normal fluid displacements

on either side of the interface (Chandrasekhar 1961). The resulting dispersion relation is

δvx1

ω̄1

=
δvx2

ω̄2

, which yields√
k2
x1

ρ̃1

[
ω̄2

1 − (k2
z − ω2/c2) v2

Az,1

] =
−
√
k2
x2

ρ̃2

[
ω̄2

2 − (k2
z − ω2/c2) v2

Az,2

] , (4.138)

where we solve for k2
xj in the single-fluid MHD dispersion relation (4.134):
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k2
xj =

v2
Az,jk

2
sj

(
k2
y + k2

z − ω2/c2
)
− ω̄2

j (k
2
y + k2

sj)

ω̄2
j − v2

Az,jk
2
sj

, where

k2
sj ≡ k2

z −
ω̄2
j

c2
sj

. (4.139)

In the limit of non-relativistic Alfven velocities, this dispersion relation reduces to the MHD

Kelvin-Helmholtz dispersion relation from the previous section, and given in PK83 and KP84.

Having examined the MHD regime, we now derive the corresponding dispersion relation for

a tangential discontinuity in the RMHD regime.

4.6 RMHD Kelvin-Helmholtz Instability

We now wish to derive a dispersion relation for predicting the Kelvin-Helmholtz instability

between two magnetized fluids in the relativistic regime. Our results are consistent with the

dispersion relation presented in Ferrari et al. (1978 and 1980), and the results of Ray (1981)

in the limit of a slab geometry. Our RMHD dispersion relation also has the correct RHD

(Bodo et al. 2004), and MHD (PK83; KP84) limits.

4.6.1 RMHD Single-fluid Dispersion Relation

As we did in the non-relativistic case, we first linearize the relativistic MHD fluid equations

for a single fluid:
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∂

∂t

(
wγ2 − P

)
+ ∇ ·

(
wγ2v

)
= 0,

w

c2
γ2

(
∂

∂t
+ ∇ · v

)
v +

(
∇ +

v

c2

∂

∂t

)
P = ρcE +

J

c
×B,

∇× E = −1

c

∂B

∂t
,

∇×B =
J

c
+

1

c

∂E

∂t
,

∇ ·B = 0, (4.140)

∇ · E = ρc,

E +
v

c
×B = 0,

∂P

∂ε
=

c2
s

c2
,

where we define the relativistic internal energy by

ε = ρc2 +
P

Γ− 1
, (4.141)

and the relativistic enthalpy by

w = ρc2 +
Γ

Γ− 1
P = ε+ P. (4.142)

The first equation describes transport of mechanical energy, while the second equation is Eu-

ler’s equation. The third through sixth equations are Maxwell’s laws, the seventh equation is

the assumption of infinite conductivity, and the eighth equation is the adiabatic assumption.

cs is the relativistic sound speed, given by

cs = c

√
∂P

∂ε
= c

√
ΓP

w
. (4.143)
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We now consider a single fluid with uniform unperturbed density ρ̃, uniform unperturbed

pressure P̃ , flowing with uniform unperturbed velocity ṽz in the z-direction. The fluid is

immersed in a uniform unperturbed magnetic field B̃z in the z-direction. We perturb each

of these quantities as follows:

Q(r, t) = Q̃+ δQei(k·r−ωt). (4.144)

The process of linearizing the equations is greatly simplified by assuming that the magnetic

field and flow direction are both aligned. Because of this, there is no unperturbed electric

field. Therefore, the linearized Lorentz force due to the electric field is zero:

δ (ρcE) = δ [(∇ · E) E]

= (k · δE) Ẽ = (k · δE)

(
B̃× ṽ

c

)
= (k · δE)

(
B̃y
ṽz
c

)
= 0. (4.145)

For purposes of linearization, we would like to write the fluid equations entirely in terms of

ρ, P , w, v, and B. We do this as follows:

∂

∂t

(
wγ2 − P

)
+ ∇ ·

(
wγ2v

)
= 0,

w

c2
γ2

(
∂

∂t
+ ∇ · v

)
v +

(
∇ +

v

c2

∂

∂t

)
P = −∇ (B2)

2
+ (B ·∇) B + h1,

∂B

∂t
= (B ·∇) v −B (∇ · v)− (v ·∇) B, (4.146)

∂P

∂ε
=

c2
s

c2
,

where

h1 ≡
1

c2

[
∂B

∂t
(B · v)− v

(
B · ∂B

∂t

)
+ B

(
B · ∂v

∂t

)
− ∂v

∂t
B2

]
. (4.147)
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Upon substituting the linearizations (4.144) into (4.146), the fluid equations become

δP

δε
=

c2
s

c2
,(

ω − γ2ω̄

c2
− γ2ω̄

c2
s

)
δP + γ2 w̃

c2
k · δv = 2

w̃

c2
ω̄γ4 ṽzδvz

c2
,

− w̃
c2
γ2 (ω − kzṽz) δv +

(
k− ω ṽ

c2

)
δP = −k

(
B̃ · δB

)
+
(
B̃ · k

)
δB + δh1, (4.148)

− (ω − kzṽz) δB =
(
B̃ · k

)
δv − B̃ (k · δv) ,

where

δh1 =
ω

c2

[
−B̃zṽzδB + ṽ

(
B̃ · δB

)
− B̃

(
B̃ · δv

)
+ δvB̃2

]
. (4.149)

Because the fluid is relativistic, the total pressure it experiences should incorporate both the

magnetic and electric fields:

Pb = P +
E2 +B2

2
. (4.150)

However, because the unperturbed electric field is zero, the electric field does not appear in

the total pressure perturbation, which therefore is the same as its non-relativistic counterpart:

δPb = δP + B̃ · δB. (4.151)

By solving the linearized equations (4.148), we find that the primitive variable perturba-

tions are related as follows to the electromagnetic pressure perturbation:
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δP =
γ2ω̄2 − v2

Az(k
2 − ω2/c2)

γ2ω̄2 − v2
Az (k2

z − ω2/c2)
δPb,

δρ =

[
1

c2
s

− 1

c2 (Γ− 1)

]
γ2ω̄2 − v2

Az(k
2 − ω2/c2)

γ2ω̄2 − v2
Az (k2

z − ω2/c2)
δPb,

δvx =
ω̄kx

w̃ [γ2ω̄2 − v2
Az (k2

z − ω2/c2)]
δPb,

δvy =
ω̄ky

w̃ [γ2ω̄2 − v2
Az (k2

z − ω2/c2)]
δPb,

δvz =
[γ2ω̄2 − v2

Az(k
2 − ω2/c2)] k′z

w̃γ2ω̄ [γ2ω̄2 − v2
Az (k2

z − ω2/c2)]
δPb, (4.152)

δBx = − kxkzvAz√
w̃ [γ2ω̄2 − v2

Az (k2
z − ω2/c2)]

δPb,

δBy = − kykzvAz√
w̃ [γ2ω̄2 − v2

Az (k2
z − ω2/c2)]

δPb,

δBz =
(k2
x + k2

y)vAz√
w̃ [γ2ω̄2 − v2

Az (k2
z − ω2/c2)]

δPb,

where

c2
s = c2 ΓP̃

w̃
,

vAz = (c)
B̃z√
w̃
,

ω̄ ≡ ω − kzṽz, (4.153)

k′z ≡ γ

(
kz −

ωṽz
c2

)
.

We also obtain the following single-fluid RMHD dispersion relation for a flow-aligned unper-

turbed magnetic field:

γ4ω̄4 − γ2ω̄2

[
(k2
x + k2

y + k′zk
′
z)c

2
s +

(
k2 − ω2

c2

)
v2
Az

]
+ c2

sv
2
Azk

′
zk
′
z

(
k2 − ω2

c2

)
= 0. (4.154)

In the non-relativistic limit, this dispersion relation reduces to the MHD single-fluid

dispersion relation given in the previous section, and in LRN09. The above dispersion
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relation can also be written in the form

γ2ω̄2(k2
x + k2

y + k2
s)− v2

Azk
2
s

(
k2 − ω2

c2

)
= 0, (4.155)

where

k2
s ≡ γ2

(
kz −

ωṽz
c2

)2

− γ2 ω̄
2

c2
s

. (4.156)

4.6.2 The Relativistic Magnetized Kelvin-Helmholtz Instability

We now introduce a discontinuity at x = 0, so that there are two fluids, each with its own

unperturbed density, pressure, z-directed flow velocity, and z-directed magnetic field. From

the first boundary condition at the interface, the total electromagnetic pressure must be

equal on both sides of the interface. This must therefore also hold for the electromagnetic

pressure perturbation:

δPb1 = δPb2. (4.157)

The perturbation amplitudes are computed by applying equations (4.152) separately to each

fluid, with δPb, ky, and kz the same in both fluids. In particular, the normal velocity

perturbation in fluid j is

δvxj =
ω̄jkxj

w̃j
[
γ2
j ω̄

2
j − v2

Az,j (k2
z − ω2/c2)

]δPb. (4.158)

We now invoke the second boundary condition, and equate the normal fluid displacements

on either side of the interface (Chandrasekhar 1961). The resulting dispersion relation is
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δvx1

ω̄1

=
δvx2

ω̄2

, which yields√
k2
x1

w̃1

[
γ2

1 ω̄
2
1 − (k2

z − ω2/c2) v2
Az,1

] =
−
√
k2
x2

w̃2

[
γ2

2 ω̄
2
2 − (k2

z − ω2/c2) v2
Az,2

] , (4.159)

where we solve for k2
xj in the single-fluid RMHD dispersion relation derived above:

k2
xj =

v2
Az,jk

2
sj

(
k2
y + k2

z − ω2/c2
)
− γ2

j ω̄
2
j (k

2
y + k2

sj)

γ2
j ω̄

2
j − v2

Az,jk
2
sj

, where

k2
sj ≡ γ2

j

(
kz −

ωṽzj
c2

)2

− γ2
j

ω̄2
j

c2
sj

. (4.160)

This dispersion relation is consistent with the one presented in Ferrari et al. (1978 and

1980), and the dispersion relation presented by Ray (1981) in the limit of a slab geometry. In

the limit of no magnetic field, it reduces to the RHD dispersion relation in Bodo et al. (2004).

In the non-relativistic magnetized limit, this dispersion relation reduces to the MHD Kelvin-

Helmholtz dispersion relation from the previous section, which is consistent with PK83 and

KP84, and Southwood (1968).

We have now derived dispersion relations for a tangential discontinuity between two

flows in each of the four regimes, namely HD, RHD, MHD, and RMHD. We now proceed

to numerically solve the RMHD dispersion relation, and examine the stability properties of

the resulting linear modes.

4.7 Numerical Solution to the RMHD Dispersion Re-

lation

We now wish to numerically solve the RMHD dispersion relation for predicting the Kelvin-

Helmholtz instability, derived in the previous section. This will allow us to characterize the

118



influence of the magnetic field and flow speed on the stability of the system. We restrict

the foregoing analysis to flow-aligned perturbations (i.e., perturbations for which ky = 0), as

this is the criterion satisfied by the perturbations in which we will later launch our numerical

simulations. We find that, as with the MHD case, for flow-aligned perturbations there is

generally a range of unstable flow speeds, bounded by a lower and an upper-critical flow

speed. We then determine the dependence of these critical flow speeds on the magnetic

field strength. We find that the magnetic field eliminates the instability if the magnetic

pressure is greater than the thermal pressure. We compare these results to non-relativistic

(NR) cases, and find that in the NR flow-aligned case, the magnetic field eliminates the

instability when the magnetic pressure comprises only 40% of the total pressure, compared

to 50% in the relativistic case. We then generate growth rate results for the sound speed of

0.57 c and the wave number of 0.8 inverse light seconds used in the numerical simulations.

These results can be compared with the numerical growth rates generated in chapter 6 for

the sech2 velocity profile.

We first wish to characterize the dependence of ω and the normal wave vector kx on flow

velocity. We will find many similarities with the relativistic unmagnetized case presented in

section 4.2, which contributes to the validation of our analysis. We consider the following

scenario:

kz = 2 c−1(1 s)−1, ky = 0,

ρ̃ = 0.5× 10−24 g/cm−3,

P̃ +
B̃2

2
= 10 c2 × 10−24 g/cm−3, (4.161)

ṽz1 = ṽz, ṽz2 = −ṽz.

In the studies that follow, we vary the magnetic field, thus varying the magnetic pres-
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sure and thermal pressure, but keeping the total pressure at a constant value of 10 c2 ×

10−24 g/cm−3. To represent the fraction of total pressure consisting of magnetic pressure,

we define the parameter

αB =
B̃2/2

P̃ + B̃2/2
=

1

β + 1
, (4.162)

where β = 2P̃ /B̃2 is the plasma β. When the magnetic field is increased, keeping total

pressure constant, the plasma β decreases. We can also write

β =
1

αB
− 1. (4.163)

In figures 4.12(a) and (b), we plot the real and imaginary frequencies, as a function of flow

speed (equal and opposite in each fluid), for an (a) weak field (β = 9) and (b) strong field

(β = 2.33). In figures 4.13(a) and (b), we plot the real and imaginary values of kx in fluid 1,

as a function of flow speed, for an (a) weak and (b) strong field. In figures 4.14(a) and (b),

we plot the real and imaginary values of kx in fluid 2, as a function of flow speed, for an (a)

weak and (b) strong field. As these graphs show, the increase in the magnetic field decreases

the interval of unstable flow speeds, and also decreases the maximum absolute imaginary

parts of ω and kx in the region of unstable flow speeds. This latter value is close to the local

maximum value of the real part of kx in fluid 1, reached at the maximum unstable flow speed.

In the limit of no magnetic field, these values are equal to kz, the wave vector component

along the flow direction. However, the magnetic field has little effect on the behavior of the

real part of the normal wave vector at highly relativistic flow speeds. It seems that regardless

of the strength of the magnetic field, as the Lorentz factor increases in the stable region, the
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real normal wave vector in region 2 approaches infinity, while the real normal wave vector

in fluid 1 approaches 0. This means that, for any magnetic field strength, highly relativistic

flow speeds can excite modes at arbitrarily small wavelengths, i.e., wavelengths which would

be too small to be resolved by the grid used in a numerical simulation. This is one possible

manifestation of numerical destabilization at highly relativistic flow speeds.

Recall that in the unmagnetized case, in the unstable region only, the real parts of kx are

equal, while the imaginary parts of kx are equal and opposite. We expect to observe this in

the magnetized case as well, as long as the magnetic fields are equal in both fluids. This is

indeed observed, as shown by figures 4.13 and 4.14. In the region of low flow speeds, kx1,i

and kx2,i approach either 2 or −2 inverse light seconds, while kx1,r = 0 and kx2,r = 0. Recall

that kz = 2 inverse light seconds. Therefore, we see that we have a region of low flow speeds

where, for fluids j = 1, 2,

k2
xj + k2

y + k2
z = 0. (4.164)

Recall that in this case ky = 0. The above equation corresponds to the limit of an incom-

pressible fluid. Such a limit can only exist at non-relativistic flow speeds. We finally observe

that the basic properties of the ω and kx curves are the same as those of the corresponding

curves presented in section 4.2 for the unmagnetized relativistic case. As described above,

the magnetic field merely modifies the extent to which these properties are observed.

In figures 4.15, we plot certain quantities as functions of αB, where αB varies from 0

(no magnetic field, infinite β) to 0.495 (0.5 corresponds to equal magnetic and thermal

pressure, i.e., β = 1). Recall that αB is proportional to the amount of magnetic pressure,
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Figure 4.12: Frequencies (RMHD) for (a) β = 9 and (b) β = 2.33

Figure 4.13: kx in fluid 1 (RMHD) for (a) β = 9 and (b) β = 2.33
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Figure 4.14: kx in fluid 2 (RMHD) for (a) β = 9 and (b) β = 2.33

or strength of the magnetic field. Figure 4.15(a) shows the maximum growth rate as a

function of αB. Figure 4.15(b) shows three critical flow speeds as functions of αB. The

bottom curve is the lower-critical, or minimum unstable, flow speed. The middle curve is

the flow speed corresponding to maximum growth. The top curve is the upper-critical, or

maximum unstable, flow speed. The unstable region is therefore the region between the

bottom and top curves. As the magnetic field increases (increasing αB), the lower and

upper-critical flow speeds move closer together, approaching equality as αB approaches 0.5

(β → 1). The maximum growth rate also decreases, approaching zero as αB approaches 0.5

(β → 1). This demonstrates the ability of the magnetic field to not only reduce but eliminate

the Kelvin-Helmholtz instability in the relativistic regime for flow-aligned perturbations.

Furthermore, there is no Kelvin-Helmholtz instability predicted by linear theory for flow-
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aligned perturbations in the magnetically dominated (αB > 0.5, i.e., β < 1) relativistic

regime. These results are consistent with Ferrari et al. (1980), and with Ray (1981), in the

limit of a slab geometry.

We now present results for the corresponding case in the non-relativistic regime. In-

stead of being in units of c, speeds are now in units of c0, where we choose c0 = 0.001 c.

Correspondingly, lengths are in units of thousandths of a light second. The parameters are

now

kz = 2 c−1
0 (1 s)−1, ky = 0,

ρ0 = 0.5× 10−24 g/cm−3,

Ptot = P̃ +
B̃2

2
= 10 c2

0 × 10−24 g/cm−3, (4.165)

ṽz1 = ṽz, ṽz2 = −ṽz.

We vary the fractional magnetic pressure αB, and with each value we adjust the density so

that the ratio of flow speed to sound speed and ratio of flow speed to Alfven speed are the

same as the corresponding relativistic values. That is, we do the following for each αB:

P̃ = (1− αB)Ptot, B̃z =
√

2αBPtot,

cs =

√
ΓP̃

ρ̃
, vAz =

B̃z√
ρ̃
. (4.166)

We now present, in figures 4.16, the non-relativistic plots as functions of αB, and compare

these to the above relativistic plots. We see that the qualitative behavior is the same for

the growth rate and critical speeds. However, in the non-relativistic case, the instability is

quenched out at a smaller value of αB = 0.4 (β = 1.5), where in the relativistic case this
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occurs at αB = 0.5 (β = 1). If in each case we normalize αB relative to its instability-

suppressing value, the values of the growth rates and critical speeds are quite similar in the

relativistic and non-relativistic cases. In fact, in both the non-relativistic and relativistic

cases, a comparison of figures 4.15(b) and 4.16(b) shows that the three critical speeds con-

verge to a normalized value of around 0.57, which is approximately equal to 1/
√

3. This is

equal to the maximum allowable relativistic sound speed of c/
√

3.

Again, for the non-relativistic case, we present graphs, in figures 4.17, of the frequency

and normal wave vector kx as functions of the flow velocity. As with the relativistic case,

the real part is the black curve while the imaginary part is the gray curve. The behavior is

similar qualitatively to the corresponding curves in the relativistic case. In both cases, as

the flow speed increases in the stable region, the normal wave vector in region 1 decreases

to zero, while that in region 2 increases monotonically. However, in the non-relativistic case,

the rate of increase of kx2 is slower, and bounded. In the relativistic case, kx2 blows up with

the Lorentz factor as the flow speed approaches c.

We now return to the relativistic case, and for purposes of future comparisons with

numerical growth rates, we keep the thermal pressure constant, rather than the magnetic

plus thermal pressure. We consider a sound speed cs = 0.57 c, near its relativistic limit of

c/
√

3, and a wave number kz = 0.8 inverse light seconds (ky = 0), which are the parameters

used in the numerical simulations, though the simulations use a different (sech2) velocity

profile. We first plot the growth rate as a function of Alfven speed for different bulk flow

speeds. We recall the relationship between the flow velocities vz0 and −vz0 in the stationary

frame, and the flow velocity uz0 of one flow relative to the other:
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uz0 =
2vz0

1 + v2
z0/c

2
. (4.167)

For purposes of later comparison with numerical growth rates, the relative flow velocity is

more applicable than the velocities in the stationary frame. Figures 4.18 show the growth

rates as a function of Alfven velocity vAz/c, where each curve corresponds to a specific flow

speed uz0.

We note that for each flow speed, there is a critical Alfven velocity above which the system

is stabilized. Chandrasekhar (1961) predicted that for an incompressible fluid, the ratio

of relative flow speed to critical Alfven speed is
√

2. We see from figures 4.18 that in our

model, this ratio is consistently less than
√

2. This is due, in part, to the stabilizing effects

of compressibility. We will observe the same phenomenon when we examine, in chapter 6,

the numerical growth rates obtained with a sech2 velocity profile.

We now plot, in figures 4.19, the scaled growth rate (relative to maximum) as a function of

the inverse relativistic Alfvenic Mach number in the co-moving frame of one fluid. We define

this Mach number by

MA,rel =
uz0γu
vAzγA

=
uz0
vAz

√
1− v2

Az/c
2

1− u2
z0/c

2
, (4.168)

where γu and γA are the Lorentz factors corresponding to uz0 and vAz, respectively. Our

definition of MA is analogous to the definition of a relativistic sonic Mach number in Bodo et

al. (2004). When we plot numerical growth rates for the sech2 velocity profile in chapter 6, we

will discover that the influence of the magnetic field on the growth curve is heavily dependent

on the relativistic Alfvenic Mach number MA, so that the growth curves for different flow
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speeds very nearly overlay one another when plotted as a function of M−1
A . Figures 4.19

show that this does not occur for the case of a step-function discontinuity.

We now plot, in figures 4.20, the growth rate as a function of flow velocity, where each

curve corresponds to a specific Alfven speed. The left graph is plotted as a function of the

flow speed vz0 in the stationary frame, while the right graph is plotted as a function of the

relative flow speed uz0. We see that for each Alfven speed, there is a lower and upper-critical

flow velocity for instability, and that as the Alfven speed (magnetic field strength) increases,

the lower-critical velocity increases, and the upper-critical velocity decreases, though the

former effect is more pronounced than the latter. As field strength increases, the region of

instability shrinks, and the growth rates decrease.

We now consider the dependence of growth rate on the relativistic Mach number Ms in

the stationary frame (left graph), and Ms,rel in the frame of one fluid relative to the other

(right graph). Recall that these are given by

Ms =
vz0γ

csγs
=

vz0
cs

√
1− c2

s/c
2

1− v2
z0/c

2
, (4.169)

Ms,rel =
uz0γu
csγs

=
uz0
cs

√
1− c2

s/c
2

1− u2
z0/c

2
. (4.170)

The maximum upper-critical Mach number, occurring in the unmagnetized case (black

curve), has a value of
√

2 in the stationary frame (left graph), and 4 in the co-moving

frame of one fluid (right graph). These results are in agreement with Bodo et al. (2004)

(again, for flow-aligned perturbations). We will see, when we examine numerical growth

rates for a continuous velocity profile (the sech2 profile) in chapter 6, that there is growth

at Mach numbers much larger than the aforementioned upper-critical value of 4.
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Figure 4.15: Max. growth rate and critical flow speeds vs field strength (RMHD)

Figure 4.16: Max. growth rate and critical flow speeds vs field strength (MHD)
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(a) (b)

(c)

Figure 4.17: ω and kx vs flow speed (MHD)
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Figure 4.18: Growth rate vs Alfven speed at different flow speeds (RMHD)
left: uz0/c = 0.38 (black), 0.55 (blue), 0.69 (red),

0.8 (green), 0.84 (magenta), 0.88 (cyan)
right: uz0/c = 0.88 (black), 0.91 (blue), 0.92 (red), 0.935 (green), 0.937 (magenta)
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Figure 4.19: Growth rate vs M−1
A at different flow speeds (RMHD)

left: uz0/c = 0.38 (black), 0.55 (blue), 0.69 (red),
0.8 (green), 0.84 (magenta), 0.88 (cyan)

right: uz0/c = 0.88 (black), 0.91 (blue), 0.92 (red), 0.935 (green), 0.937 (magenta)
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Figure 4.20: Growth rate vs flow speed at different Alfven speeds (RMHD)
vAz/c = 0 (black), 0.1 (blue), 0.2 (red), 0.3 (green), 0.4 (magenta), 0.5 (cyan)
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Figure 4.21: Growth rate vs Mach number at different Alfven speeds (RMHD)
vAz/c = 0 (black), 0.1 (blue), 0.2 (red), 0.3 (green), 0.4 (magenta), 0.5 (cyan)
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4.8 Conclusion

We have studied the KH instability for a step-function discontinuity in the HD, RHD, MHD,

and RMHD regimes, in each case deriving dispersion relations which agree with familiar

results. We restricted much of our analysis to flow-aligned perturbations, as these are the

perturbations in which our numerical simulations will be launched. In the HD regime, we

have recovered the familiar result that instability is suppressed when the Mach number,

defined in terms of the equal and oppositely directed flow speed in each fluid, exceeds
√

2.

In the RHD regime, we have recovered the result of Bodo et al. (2004), which states that for

flow-aligned perturbations, instability is suppressed when a relativistic version of this Mach

number exceeds
√

2, which, in the rest frame of one fluid, corresponds to a critical Mach

number of 4. When, in chapter 6, we examine growth rates for the sech2 velocity profile

used in the numerical simulations, we will see that instability to flow-aligned perturbations

extends to Mach numbers much larger than 4. In the MHD regime, we have recovered the

results of PK83 and KP84, showing that for a given perturbation orientation, a magnetic

field introduces a non-zero lower and upper-critical flow speed for instability, where the lower-

critical flow speed is accurately predicted by the growth rate expression for an incompressible

fluid.

In the RMHD regime, we have examined the case for which the background magnetic field,

and perturbation wave vector, are both aligned with the flow, as this is the geometry we will

later employ on our simulations. We have shown that, in both RMHD and MHD regimes, as

field strength increases, the maximum growth rate decreases, as does the region of unstable

flow speeds, where the lower-critical flow speed increases more rapidly than the upper-critical
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flow speed. In the RMHD case, the magnetic field completely suppresses the instability when

the plasma β is less than 1, i.e., when magnetic pressure exceeds thermal pressure. In the

MHD case, this complete suppression occurs for β < 1.5. This is qualitatively similar to

what we will see in chapter 6 for a sech2 profile. However, we will see that in the case of

a sech2 profile, the dependence of growth rate on field strength is heavily correlated with

a relativistic version of the Alfvenic Mach number, which we have seen is not the case for

a step-function discontinuity. Also, for a step-function discontinuity, growth rate increases

linearly with perturbation wave number. For a shear profile, such as the sech2 profile, we

will see in chapter 6 that there is a critical wave number corresponding to maximum growth.

For the RHD, MHD, and RMHD regimes, in the frame of equal and opposite flow speeds,

we also examined the behavior of the normal wave vectors kx in each fluid. We found that

the region of instability exhibits Hermiticity, in that kx in this region has equal real parts

and equal and opposite imaginary parts, between the two flows. However, in the stable

region, kx in one region approaches infinity as the flow speed approaches the speed of light.

This supports the notion that highly relativistic flows tend to produce modes with very

small wavelengths, i.e., too small to be resolved by a numerical grid. This will also manifest

in the growth rate behavior to be discussed for the sech2 profile in chapter 6. All of this

is associated with the desynchronization between longitudinal and transverse motions that

occurs in highly relativistic flows, leading to numerical instability.

We finally recall that we encountered the value
√

2 in two different instances: as the max-

imum KH-unstable Mach number in the HD and RHD cases, for flow-aligned perturbations,

and also as the minimum Alfvenic Mach number for KH instability in the incompressible
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limit of the MHD case. This is correlated with the fact that our system is two-dimensional,

exhibiting variation in the flow direction, and normal to the fluid interface.
√

2 is a common

result in two-dimensional systems, which makes intuitive sense when we view this value as

the hypotenuse of a right triangle whose legs each have a length of 1. We also found that the

maximum physically allowable relativistic sound speed is c/
√

3. This result does not restrict

spatial variation to a particular direction or plane, and therefore is three-dimensional. The

value
√

3 frequently emerges in three-dimensional systems.

Having considered the case of a discontinuous velocity profile, we now consider the more

general case of a shear variation in velocity, including the sech2 profile. In chapter 5, when

we linearize the RMHD equations in the presence of shear variation in velocity, what we will

obtain is not a polynomial dispersion relation (as we derived in this chapter) but rather a

second-order ODE which must generally be solved numerically.
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Chapter 5

KH Instability with Velocity Shear:
Launching a Mode

We have thus far considered how to characterize an eigenmode of the KH instability for

a step-function velocity profile which varies discontinuously between two fluids. In this

case, each fluid had plane wave solutions, and by invoking boundary conditions at the fluid

interface, we were able, in chapter 4, to derive a dispersion relation which is an algebraic

function of ω. In the unmagnetized HD and RHD cases, we were able to solve this dispersion

relation analytically. In a numerical simulation, however, a discontinuous transition results

in numerical instability, and we must instead resort to a background velocity profile which

varies continuously in the shear direction. This has the added benefit of providing a minimum

length scale of perturbation wavelengths below which the system is stable. A continuously

varying shear profile is the subject of this chapter. By linearizing the fluid equations, we

derive a second-order differential equation (ODE) of the total pressure perturbation as a

function of x, the shear coordinate. Due to the continuous variation of the background

velocity profile, the pressure ODE does not have simple plane wave solutions, and in fact

is not analytically solvable. It must instead be solved numerically in order to obtain an

eigenmode with which to launch a simulation. We derive the pressure ODE for the RHD
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case (thermal pressure) in the section 5.1, and for the RMHD case (thermal plus magnetic

pressure) in section 5.2. In section 5.3, we demonstrate that in the limit of a step-function

discontinuity, our RMHD pressure ODE yields the dispersion relation derived in chapter 4.

In section 5.4, we demonstrate that the pressure ODEs in each of the four regimes (HD,

RHD, MHD, and RMHD) have a common fundamental self-adjoint structure. In section

5.5, we describe the numerical method used to solve the pressure ODE, thereby yielding a

linear eigenmode with which to perturb the system at the start of the simulation. As before,

we use a single-fluid model, where the fluid is adiabatic, compressible, isotropic in pressure,

and when magnetized, has infinite conductivity. Our results for the pressure ODE are in

agreement with those in the existing literature, including Bodo et al. (2004), LRN09, and

Miura and Pritchett (1982). In the case of a step-function velocity profile, our results reduce

to the plane-wave solutions derived in the previous chapter.

We begin, in section 5.1, by showing how we linearize the RHD equations, in the presence

of a velocity shear, to derive the second-order ODE whose solutions correspond to eigenmodes

in RHD.

5.1 RHD KH Instability with Velocity Shear

We wish to derive a linear mode of the RHD KH instability, where the velocity exhibits

a continuous shear variation instead of a step-function discontinuity. The result will be a

second-order ODE in the perturbation to the thermal pressure. In a later section in this chap-

ter, we then show how to numerically solve this ODE in order to obtain the eigenfrequency

and eigenmodes.
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We consider a relativistic fluid which is compressible, adiabatic, and isotropic. No magnetic

field is present. Such a fluid obeys the following equations:

∂

∂t
(γρ) + ∇ · (γρv) = 0,

wγ2

(
∂

∂t
+ v ·∇

)
v + c2

(
∇ +

v

c2

∂

∂t

)
P = 0,(

∂

∂t
+ v ·∇

)
P =

ΓP

w

(
∂

∂t
+ v ·∇

)
ε, (5.1)

where

Γ =
4

3
, adiabatic constant, (5.2)

γ =
1√

1− v2/c2
, Lorentz factor, (5.3)

ε = ρc2 +
P

Γ− 1
, internal energy, (5.4)

w = ρc2 +
ΓP

Γ− 1
, enthalpy, (5.5)

c2
s = c2∂P

∂ε
= c2 ΓP

w
, relativistic sound speed. (5.6)

The first of equations (5.1) is the mass continuity equation. The second is Euler’s equation,

which describes the forces acting on the fluid. The third equation invokes the adiabatic

assumption. In chapter 3, we demonstrated that the magnetized version of these equations

is equivalent to the conservative form of Anile (1989), i.e., the form used in the numerical

simulations. However, here, we have combined the energy equation with the adiabatic equa-

tion of state. By linearizing these equations, we wish to derive the relations characterizing

a linear mode of the KH instability in RHD. We restrict our attention to the x − z plane,

so that there are no components, nor is there any evolution, in the y-direction. The fluid

has a uniform unperturbed density ρ̃, a uniform unperturbed pressure P̃ , and flows in the
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z-direction with some unperturbed velocity profile ṽz(x), where x is the direction transverse,

or shear, to the flow.

This is the equilibrium situation. We then perturb the fluid with a perturbation aligned

with the flow, having wave number kz. In the linear regime, the system subsequently evolves

as follows:

ρ(x, z, t) = ρ̃+ δρ0(x) exp[i(kzz − ωt)], (5.7)

P (x, z, t) = P̃ + δP0(x) exp[i(kzz − ωt)], (5.8)

vx(x, z, t) = δvx0(x) exp[i(kzz − ωt)], (5.9)

vz(x, z, t) = ṽz(x) + δvz0(x) exp[i(kzz − ωt)]. (5.10)

It should be noted that in the foregoing analysis, the prime symbol denotes differentiation

with respect to x.

To simplify the linearization of the system, we first make the definitions

ω̄(x) ≡ ω − kzṽz(x), (5.11)

ωa(x)2 ≡ γ(x)2ω̄(x)2. (5.12)

To solve for δvx and δvz in terms of δP , we use Euler’s equation. This can be written

wγ2

(
∂

∂t
+ v ·∇

)
v + c2

(
∇ +

v

c2

∂

∂t

)
P = 0. (5.13)

Linearizing the x-component of the above equation, we have

−iw̃γ(x)2ω̄(x)δvx + c2δP ′ = 0. (5.14)

We can now readily solve for δvx in terms of δP :

δvx =
−ic2δP ′

w̃γ(x)2ω̄(x)
. (5.15)
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We now linearize the z-component of Euler’s equation:

− iw̃γ(x)2ω̄(x)δvz + w̃γ(x)2δvxṽ
′
z(x) + i

(
c2kz − ωṽz(x)

)
δP = 0, which yields

δvz =
c2[kz − ωṽz(x)/c2]δP

w̃γ(x)2ω̄(x)
− c2ṽ′z(x)δP ′

w̃ωa(x)2
=

c2k̄z(x)δP

w̃γ(x)2ω̄(x)
− c2ṽ′z(x)δP ′

w̃ωa(x)2
. (5.16)

We can now write δvz in terms of δP :

δvz =
c2k̄z(x)δP

w̃γ(x)2ω̄(x)
− c2ṽ′z(x)δP ′

w̃ωa(x)2
≡ C1(x)δP ′ + C0(x)δP, (5.17)

where

C1(x) ≡ − c2ṽ′z(x)

w̃ωa(x)2
, (5.18)

C0(x) ≡ c2k̄z(x)

w̃γ(x)2ω̄(x)
. (5.19)

To derive an ODE in terms of δP , we linearize the equation of mass continuity:

∂

∂t
(γρ) + ∇ · (γρv) = 0, (5.20)

which can be rewritten

∂

∂t
(γρ) + γρ(∇ · v) + (v ·∇)(γρ) = 0. (5.21)

Linearizing this equation, we have

0 = −iω
[
γ(x)δρ+

ρ̃γ(x)3ṽz(x)δvz
c2

]
+ ρ̃γ(x)(δv′x + ikzδvz)

+ ikzṽz(x)

[
γ(x)δρ+

ρ̃γ(x)3ṽz(x)δvz
c2

]
+ δvx

ρ̃γ(x)3ṽz(x)ṽ′z(x)

c2
, or

0 = ω̄(x)γ(x)δρ+

[
ω̄(x)ρ̃γ(x)3ṽz(x)

c2
− ρ̃γ(x)kz

]
δvz + i

ρ̃γ(x)3ṽz(x)ṽ′z(x)

c2
δvx + iρ̃γ(x)δv′x

≡ ω̄(x)γ(x)δρ+ (kρ)s(x)δvz + i
ρ̃γ(x)3ṽz(x)ṽ′z(x)

c2
δvx + iρ̃γ(x)δv′x, (5.22)
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where

(kρ)s(x) ≡ ω̄(x)ρ̃γ(x)3ṽz(x)

c2
− ρ̃γ(x)kz. (5.23)

We wish to write the above equation in terms of δPb. To do this, we first write δρ in terms

of δP :

c2
s

c2
=

δP

δε
=

δP

c2δρ+ δP/(Γ− 1)
, (5.24)

δρ = δP

[
1

c2
s

− 1

c2(Γ− 1)

]
, (5.25)

where cs is the relativistic sound speed and δε is the perturbation to the system’s internal

energy. We also have

δvx =
−ic2ω̄(x)δP ′

w̃ωa(x)2
,

δv′x =
−ic2

w̃

[
ω̄(x)

ωa(x)2
δP ′′ +

(
−kzṽ′z
ωa(x)2

+ ω̄(x)f ′a(x)

)
δP ′
]
, (5.26)

where

f ′a(x) ≡ d

dx

[
1

ωa(x)2

]
. (5.27)

Recall that we further have

δvz = C1(x)δP ′ + C0(x)δP, (5.28)

with the Cj(x) coefficients defined above. Inserting these results into our linearized mass

continuity equation, we have

0 = F2(x)δP ′′ + F1(x)δP ′ + F0(x)δP, (5.29)
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where F0(x) is given by

F0(x) = ω̄(x)γ(x)

[
1

c2
s

− 1

c2(Γ− 1)

]
+ (kρ)s(x)C0(x)

=
c2ω̄(x)γ(x)ρ̃

w̃c2
s

+

[
ω̄(x)ρ̃γ(x)3ṽz(x)

c2
− ρ̃γ(x)kz

]
k̄z(x)

w̃γ(x)2ω̄(x)

=
ρ̃

w̃γ(x)ω̄(x)

[
γ(x)2ω̄(x)2

c2
s

− k̄z(x)

(
kz − γ(x)2 ω̄(x)ṽz(x)

c2

)]
=

ρ̃

w̃γ(x)ω̄(x)

[
γ(x)2ω̄(x)2

c2
s

− γ(x)2k̄z(x)2

]
=

ρ̃

w̃γ(x)ω̄(x)
γ(x)2

[
ω̄(x)2

c2
s

− k̄z(x)2

]
. (5.30)

In the above manipulation, we used the following results:

k̄z(x)

[
kz − γ(x)2 ω̄(x)ṽz(x)

c2

]
= γ(x)2k̄z(x)

[
kz

γ(x)2
− ω̄(x)ṽz(x)

c2

]
≈ γ(x)2k̄z(x)

[
kz

(
1− ṽz(x)2

c2

)
− ω̄(x)ṽz(x)

c2

]
= γ(x)2k̄z(x)2 − γ(x)2k̄z(x)kz

ṽz(x)2

c2
+ γ(x)2k̄z(x)kz

ṽz(x)2

c2

= γ(x)2k̄z(x)2,

c2
s = c2 ΓP̃

w̃
,

w̃ = ρ̃c2 +
ΓP̃

Γ− 1
= ρ̃c2 +

1

Γ− 1

(
w̃c2

s

c2

)
, which yields

ρ̃c2 = w̃ − 1

Γ− 1

(
w̃c2

s

c2

)
, or

ρ̃c2

w̃c2
s

=
1

c2
s

− 1

c2(Γ− 1)
. (5.31)

F1(x) is given by
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F1(x) = (kρ)s(x)C1(x)

+
ρ̃γ(x)3ṽz(x)ṽ′z(x)

c2

[
ω̄(x)

w̃ωa(x)2

]
+
ρ̃γ(x)

w̃

[
−kzṽ′z(x)

ωa(x)2
+ ω̄(x)f ′a(x)

]
= −

[
ω̄(x)ρ̃γ(x)3ṽz(x)

c2
− ρ̃γ(x)kz

] [
ṽ′z(x)

w̃ωa(x)2

]
+
ρ̃γ(x)3ṽz(x)ṽ′z(x)

c2

[
ω̄(x)

w̃ωa(x)2

]
+
ρ̃γ(x)

w̃

[
−kzṽ′z(x)

ωa(x)2
+ ω̄(x)f ′a(x)

]
=

ρ̃γ(x)ω̄(x)f ′a(x)

w̃
. (5.32)

F2(x) is given by

F2(x) =
ρ̃γ(x)ω̄(x)

w̃ωa(x)2
. (5.33)

We therefore have the simplification

F2(x)δP ′′ + F1(x)δP ′ = A(x)

[
δP ′

ωa(x)2

]′
, (5.34)

where

A(x) =
ρ̃γ(x)ω̄(x)

w̃
. (5.35)

We can now rewrite our pressure ODE as

A(x)

[
δP ′

ωa(x)2

]′
+ F0(x)δP = 0, where

F0(x) =
ρ̃

w̃γ(x)ω̄(x)
γ(x)2

[
ω̄(x)2

c2
s

− k̄z(x)2

]
,

A(x) =
ρ̃γ(x)ω̄(x)

w̃
, (5.36)

or, equivalently,
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ωa(x)2

[
δP ′

ωa(x)2

]′
+ kx(x)2δP = 0, where

kx(x)2 = γ(x)2

[
ω̄(x)2

c2
s

− k̄z(x)2

]
,

ωa(x)2 = γ(x)2ω̄(x)2. (5.37)

The above expression for kx is in agreement with that of Bodo et al. (2004), and the unmag-

netized limit of LRN09. The above pressure ODE is in agreement with the unmagnetized

limit of Miura and Pritchett (1982).

We have derived the second-order pressure ODE that yields eigenmodes of the system in

RHD. We now proceed to do the same for the RMHD regime.

5.2 RMHD KH Instability with Velocity Shear

We again consider a sheared relativistic velocity profile, but also introduce a magnetic field.

We wish to derive a linear mode of the KH instability in relativistic magnetohydrodynamics

(RMHD). We consider a fluid which is compressible, adiabatic, isotropic, and infinitely

conducting. Such a fluid obeys the following equations:

∂

∂t
(γρ) + ∇ · (γρv) = 0,

w

c2
γ2

(
∂

∂t
+ v ·∇

)
v +

(
∇ +

v

c2

∂

∂t

)
P = ρcE +

J

c
×B,(

∂

∂t
+ v ·∇

)
P =

ΓP

w

(
∂

∂t
+ v ·∇

)
ε,

∇×B =
J

c
+

1

c

∂E

∂t
,

∇× E = −1

c

∂B

∂t
,

∇ ·B = 0,

E +
v

c
×B = 0, (5.38)
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where

Γ =
4

3
, adiabatic constant, (5.39)

γ =
1√

1− v2/c2
, Lorentz factor, (5.40)

ε = ρc2 +
P

Γ− 1
, internal energy, (5.41)

w = ρc2 +
ΓP

Γ− 1
, enthalpy, (5.42)

c2
s = c2∂P

∂ε
= c2 ΓP

w
, relativistic sound speed, (5.43)

where c2
s is the relativistic sound speed, and ε is the internal energy. The first of equations

(5.38) describes mass transport (i.e., the mass continuity equation). The second is Euler’s

equation, the right side of which is the Lorentz force. The third equation invokes the adiabatic

assumption. The fourth, fifth, and sixth equations are Maxwell’s equations. The seventh

equation invokes the assumption of infinite conductivity. In chapter 3, we demonstrated

that these equations are equivalent to the conservative form of Anile (1989), i.e., the form

used in the numerical simulations. However, here, we have combined the energy equation

with the adiabatic equation of state. By linearizing these equations, we wish to derive

the relations characterizing a linear mode of the KH instability in RMHD. We restrict our

attention to the x− z plane, so that there are no components, nor is there any evolution, in

the y-direction. We consider a fluid which is compressible, adiabatic, isotropic, and infinitely

conducting. The fluid has a uniform unperturbed density ρ̃, a uniform unperturbed pressure

P̃ , and flows in the z-direction with some unperturbed velocity profile ṽz(x), where x is the

direction transverse, or shear, to the flow. The fluid is immersed in a uniform unperturbed

magnetic field B = B̃z ẑ aligned with the flow direction. This is the equilibrium situation.

We then perturb the fluid with a perturbation aligned with the flow, having wave number
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kz. In the linear regime, the system subsequently evolves as follows:

ρ(x, z, t) = ρ̃+ δρ0(x) exp[i(kzz − ωt)], (5.44)

P (x, z, t) = P̃ + δP0(x) exp[i(kzz − ωt)], (5.45)

vx(x, z, t) = δvx0(x) exp[i(kzz − ωt)], (5.46)

vz(x, z, t) = ṽz(x) + δvz0(x) exp[i(kzz − ωt)], (5.47)

Bx(x, z, t) = δBx0(x) exp[i(kzz − ωt)], (5.48)

Bz(x, z, t) = B̃z + δBz0(x) exp[i(kzz − ωt)]. (5.49)

It should be noted that in the foregoing analysis, the prime symbol denotes differentiation

with respect to x. We wish to express these perturbations in terms of the perturbation to

the total stress Pb, where

Pb = P +
E2 +B2

2
,

δPb = δP + E · δE + B̃zδBz = δP + B̃zδBz. (5.50)

The contribution from the electric field is zero. We see this from our assumption of a perfectly

conducting fluid:

E +
v

c
×B = 0,

E =
B× v

c
. (5.51)

Restricting our analysis to two dimensions, we see that the perturbation to the squared

electric field is

E · δE = ExδEx + EyδEy + EzδEz

= EyδEy =
1

c2
(Bzvx −Bxvz)δ(Bzvx −Bxvz) = 0, (5.52)

since both Bzvx and Bxvz vanish in zeroth order.

145



To solve for δBx and δBz in terms of δvx and δvz, we use Faraday’s law in conjunction

with the assumption of infinite conductivity and zero divergence in the magnetic field:

1

c

∂B

∂t
= −∇× E,

E +
v

c
×B = 0,

∇ ·B = 0. (5.53)

Inserting the second of these equations into the first, we have

∂B

∂t
= ∇× (v ×B)

= (B ·∇)v + v(∇ ·B)− (v ·∇)B−B(∇ · v). (5.54)

Linearizing the x-component of the above equation, we have

−iωδBx = ikzB̃zδvx − ikzṽz(x)δBx, or

ωδBx = −kzB̃zδvx + kzṽz(x)δBx, which yields

δBx = − kzB̃zδvx
ω − kzṽz(x)

= −kzB̃zδvx
ω̄(x)

, (5.55)

where

ω̄(x) ≡ ω − kzṽz(x).

Linearizing the z-component of (5.54), we have

−iωδBz = ikzB̃zδvz + ṽz(x)(∇ ·B) + δBxṽ
′
z(x)− ikzṽz(x)δBz − B̃z(δv

′
x + ikzδvz)

= δBxṽ
′
z(x) + ṽz(x)(∇ ·B)− ikzṽz(x)δBz − B̃zδv

′
x, which yields

ṽz(x)(∇ ·B) = −iω̄(x)δBz + B̃zδv
′
x − δBxṽ

′
z(x), or

0 = −iω̄(x)δBz + B̃zδv
′
x − δBxṽ

′
z(x). (5.56)

We arrive at this same equation by directly imposing the condition of zero divergence on B:

146



0 = ∇ ·B = ikzδBz + δB′x

= ikzδBz − kzB̃z

[
δvx
ω̄(x)

]′
= ikzδBz − kzB̃z

[
δv′x
ω̄(x)

+
kzṽ

′
z(x)δvx
ω̄(x)2

]
, which yields

0 = −iδBz + B̃z

[
δv′x
ω̄(x)

+
kzṽ

′
z(x)δvx
ω̄(x)2

]
, or

0 = −iω̄(x)δBz + B̃z

[
δv′x +

kzṽ
′
z(x)δvx
ω̄(x)

]
(5.57)

Substituting (5.55) into (5.57), we recover (5.56):

0 = −iω̄(x)δBz + B̃zδv
′
x − δBxṽ

′
z(x). (5.58)

Solving this equation for δBz, we obtain

δBz = (i)
δBxṽ

′
z(x)− B̃zδv

′
x

ω̄(x)
.

Before invoking Euler’s equation, we first solve Ampere’s law for the current density:

∇×B =
J

c
+

1

c

∂E

∂t
, which gives

J

c
= ∇×B− 1

c

∂E

∂t
= ∇×B− 1

c

∂

∂t

(
B× v

c

)
. (5.59)

The magnetic force is therefore

J

c
×B = (∇×B)×B− 1

c2

∂

∂t
(B× v)×B

= (∇×B)×B +
1

c2
B× ∂

∂t
(B× v)

= (∇×B)×B +
1

c2

[
∂B

∂t
(B · v)− v

(
∂B

∂t
·B
)

+ B

(
∂B

∂t
· v
)
− ∂v

∂t
B2

]
= −∇

(
B2

2

)
+ (B ·∇)B

+
1

c2

[
∂B

∂t
(B · v)− v

(
∂B

∂t
·B
)

+ B

(
∂B

∂t
· v
)
− ∂v

∂t
B2

]
. (5.60)
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Euler’s equation can now be written

w

c2
γ2

(
∂

∂t
+ v ·∇

)
v +

(
∇ +

v

c2

∂

∂t

)
P =

J

c
×B

−∇
(
B2

2

)
+ (B ·∇)B +

1

c2

[
∂B

∂t
(B · v)− v

(
∂B

∂t
·B
)

+ B

(
∂B

∂t
· v
)
− ∂v

∂t
B2

]
.

(5.61)

Linearizing the x-component of the above equation, we have

−i w̃
c2
γ(x)2ω̄(x)δvx + δP ′ = −B̃zδBz + ikzB̃zδBx −

iω

c2

[
B̃zṽz(x)δBx − B̃2

zδvx

]
= −B̃zδBz +

iω

c2
B̃2
zδvx −

i(kz − ωṽz(x)/c2)B̃2
zkz

ω̄(x)
δvx. (5.62)

In the above manipulations, we used equation (5.55) for δBx in terms of δvx. This

equation can now be written in terms of the perturbation to the total stress:

δP ′b = δP ′ + B̃zδB
′
z

= i

[
w̃

c2
γ(x)2ω̄(x) +

(
ω

c2
− k̄z(x)kz

ω̄(x)

)
B̃2
z

]
δvx, where

k̄z(x) ≡ kz −
ωṽz(x)

c2
. (5.63)

We can now readily solve for δvx in terms of δPb:

δvx =
−ic2ω̄(x)δP ′b

w̃γ(x)2ω̄(x)2 + [ωω̄(x)− c2kzk̄z(x))B̃2
z

=
−ic2ω̄(x)δP ′b

w̃[γ(x)2ω̄(x)2 − v2
Az(k

2
z − ω2/c2)]

≡ −ic
2ω̄(x)δP ′b
w̃ωa(x)2

, (5.64)

where

vAz ≡ c
B̃z√
w̃
, (5.65)

ωa(x)2 ≡ γ(x)2ω̄(x)2 − v2
Az(k

2
z − ω2/c2). (5.66)
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Inserting (5.55) into (5.64), we see that δBx is given by

δBx = −kzB̃z

ω̄(x)
δvx = i

c2kzB̃zδP
′
b

w̃ωa(x)2
.

We now linearize the z-component of Euler’s equation:

− i w̃
c2
γ(x)2ω̄(x)δvz +

w̃

c2
γ(x)2δvxṽ

′
z(x) + i

[
kz −

ωṽz(x)

c2

]
δP =

− ikzB̃zδBz + ikzB̃zδBz −
iω

c2

[
B̃zṽz(x)δBz − ṽz(x)B̃zδBz + B̃2

zδvz − B̃2
zδvz

]
= 0.

Solving the above equation for δvz, we obtain

δvz =
c2[kz − ωṽz(x)/c2]δP

w̃γ(x)2ω̄(x)
− c2ṽ′z(x)δP ′b

w̃ωa(x)2
=

c2k̄z(x)δP

w̃γ(x)2ω̄(x)
− c2ṽ′z(x)δP ′b

w̃ωa(x)2
. (5.67)

To express δvz in terms of δPb, we first need to write δP in terms of δPb:

δP = δPb − B̃zδBz, (5.68)

where we need to write δBz in terms of δPb:

δBz = (i)
δBxṽ

′
z(x)− δv′xB̃z

ω̄(x)

= −c
2kzṽ

′
z(x)B̃zδP

′
b

w̃ω̄(x)ωa(x)2
− c2B̃z

w̃ω̄(x)

[
ω̄(x)δP ′′b − kzṽ′z(x)δP ′b

ωa(x)2
+ ω̄(x)δP ′b

∂

∂x

(
1

ωa(x)2

)]
= −c

2B̃z

w̃

[
δP ′′b
ωa(x)2

+
∂

∂x

(
1

ωa(x)2

)
δP ′b

]
≡ −c

2B̃z

w̃

[
δP ′′b
ωa(x)2

+ f ′a(x)δP ′b

]
, (5.69)

where

f ′a(x) ≡ ∂

∂x

(
1

ωa(x)2

)
. (5.70)
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Therefore, we have, for δP in terms of δPb,

δP = δPb − B̃zδBz =
c2B̃2

z

w̃

[
δP ′′b
ωa(x)2

+ f ′a(x)δP ′b

]
+ δPb. (5.71)

We can now write δvz in terms of δPb:

δvz =
c2k̄z(x)δP

w̃γ(x)2ω̄(x)
− c2ṽ′z(x)δP ′b

w̃ωa(x)2
≡ C2(x)δP ′′b + C1(x)δP ′b + C0(x)δPb, (5.72)

where

C2(x) ≡ c4B̃2
z k̄z(x)

w̃2γ(x)2ω̄(x)ωa(x)2
,

C1(x) ≡ c4B̃2
z k̄z(x)f ′a(x)

w̃2γ(x)2ω̄(x)
− c2ṽ′z(x)

w̃ωa(x)2
,

C0(x) ≡ c2k̄z(x)

w̃γ(x)2ω̄(x)
. (5.73)

To derive an ODE in terms of δPb, we linearize the equation of mass continuity:

∂

∂t
(γρ) + ∇ · (γρv) = 0, (5.74)

which can be rewritten

∂

∂t
(γρ) + γρ(∇ · v) + (v ·∇)(γρ) = 0. (5.75)

Linearizing this equation, we have

0 = −iω
[
γ(x)δρ+

ρ̃γ(x)3ṽz(x)δvz
c2

]
+ ρ̃γ(x)(δv′x + ikzδvz)

+ ikzṽz(x)

[
γ(x)δρ+

ρ̃γ(x)3ṽz(x)δvz
c2

]
+ δvx

ρ̃γ(x)3ṽz(x)ṽ′z(x)

c2
, or

0 = ω̄(x)γ(x)δρ+

[
ω̄(x)ρ̃γ(x)3ṽz(x)

c2
− ρ̃γ(x)kz

]
δvz + i

ρ̃γ(x)3ṽz(x)ṽ′z(x)

c2
δvx + iρ̃γ(x)δv′x

≡ ω̄(x)γ(x)δρ+ (kρ)s(x)δvz + i
ρ̃γ(x)3ṽz(x)ṽ′z(x)

c2
δvx + iρ̃γ(x)δv′x, (5.76)
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where

(kρ)s(x) ≡ ω̄(x)ρ̃γ(x)3ṽz(x)

c2
− ρ̃γ(x)kz.

We wish to write the above equation in terms of δPb. To do this, we first write δρ in terms

of δP :

c2
s

c2
=

δP

δε
=

δP

c2δρ+ δP/(Γ− 1)
, (5.77)

which yields

δρ = δP

[
1

c2
s

− 1

c2(Γ− 1)

]
, (5.78)

where cs is the relativistic sound speed and δε is the perturbation to the system’s internal

energy. Now recall that

δP = δPb − B̃zδBz =
c2B̃2

z

w̃

[
δP ′′b
ωa(x)2

+ f ′a(x)δP ′b

]
+ δPb.

We therefore have

δρ =

[
c2B̃2

z

w̃

(
δP ′′b
ωa(x)2

+ f ′a(x)δP ′b

)
+ δPb

][
1

c2
s

− 1

c2(Γ− 1)

]
.

We also have

δvx =
−ic2ω̄(x)δP ′b
w̃ωa(x)2

,

δv′x =
−ic2

w̃

[
ω̄(x)

ωa(x)2
δP ′′b +

(
−kzṽ′z
ω2
a

+ ω̄(x)f ′a(x)

)
δP ′b

]
. (5.79)
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Recall that we further have

δvz = C2(x)δP ′′b + C1(x)δP ′b + C0(x)δPb,

with the Cj(x) coefficients defined in (5.73). Inserting these results into our linearized mass

continuity equation, we have

0 = F2(x)δP ′′b + F1(x)δP ′b + F0(x)δPb,

where F0(x) is given by

F0(x) = ω̄(x)γ(x)

[
1

c2
s

− 1

c2(Γ− 1)

]
+ (kρ)s(x)C0(x)

=
c2ω̄(x)γ(x)ρ̃

w̃c2
s

+

[
ω̄(x)ρ̃γ(x)3ṽz(x)

c2
− ρ̃γ(x)kz

]
c2k̄z(x)

w̃γ(x)2ω̄(x)

=
c2ρ̃

w̃γ(x)ω̄(x)

[
γ(x)2ω̄(x)2

c2
s

− k̄z(x)

(
kz − γ(x)2 ω̄(x)ṽz(x)

c2

)]
=

c2ρ̃

w̃γ(x)ω̄(x)

[
γ(x)2ω̄(x)2

c2
s

− γ(x)2k̄z(x)2

]
=

c2ρ̃

w̃γ(x)ω̄(x)
γ(x)2

[
ω̄(x)2

c2
s

− k̄z(x)2

]
. (5.80)

In the above manipulation, we used the following results:
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k̄z(x)

[
kz − γ(x)2 ω̄(x)ṽz(x)

c2

]
= γ(x)2k̄z(x)

[
kz

γ(x)2
− ω̄(x)ṽz(x)

c2

]
≈ γ(x)2k̄z(x)

[
kz

(
1− ṽz(x)2

c2

)
− ω̄(x)ṽz(x)

c2

]
= γ(x)2k̄z(x)2 − γ(x)2k̄z(x)kz

ṽz(x)2

c2
+ γ(x)2k̄z(x)kz

ṽz(x)2

c2

= γ(x)2k̄z(x)2,

c2
s = c2 ΓP̃

w̃
,

w̃ = ρ̃c2 +
ΓP̃

Γ− 1
= ρ̃c2 +

1

Γ− 1

(
w̃c2

s

c2

)
, which yields

ρ̃c2 = w̃ − 1

Γ− 1

(
w̃c2

s

c2

)
, or

ρ̃c2

w̃c2
s

=
1

c2
s

− 1

c2(Γ− 1)
. (5.81)

F1(x) is given by

F1(x) =
c2ω̄(x)γ(x)B̃2

zf
′
a(x)

w̃

[
1

c2
s

− 1

c2(Γ− 1)

]
+ (kρ)s(x)C1(x)

+ ρ̃γ(x)3ṽz(x)ṽ′z(x)

[
ω̄(x)

w̃ωa(x)2

]
+
ρ̃c2γ(x)

w̃

[
−kzṽ′z(x)

ωa(x)2
+ ω̄(x)f ′a(x)

]
=

c2ω̄(x)γ(x)B̃2
zf
′
a(x)

w̃

ρ̃c2

w̃c2
s

+

[
ω̄(x)ρ̃γ(x)3ṽz(x)

c2
− ρ̃γ(x)kz

][
c2B̃2

z k̄z(x)f ′a(x)

w̃2γ(x)2ω̄(x)
− c2ṽ′z(x)

w̃ωa(x)2

]

+ ρ̃γ(x)3ṽz(x)ṽ′z(x)

[
ω̄(x)

w̃ωa(x)2

]
+
ρ̃c2γ(x)

w̃

[
−kzṽ′z(x)

ωa(x)2
+ ω̄(x)f ′a(x)

]
= ω̄(x)γ(x)v2

Azf
′
a(x)

ρ̃c2

w̃c2
s

+

[
ω̄(x)ρ̃γ(x)3ṽz(x)

c2
− ρ̃γ(x)kz

]
c2v2

Azk̄z(x)f ′a(x)

w̃γ(x)2ω̄(x)

+
ρ̃c2γ(x)ω̄(x)f ′a(x)

w̃
. (5.82)

F2(x) is given by
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F2(x) =
c2ω̄(x)γ(x)B̃2

z

w̃ωa(x)2

[
1

c2
s

− 1

c2(Γ− 1)

]
+ (kρ)s(x)C2(x) +

c2ρ̃γ(x)ω̄(x)

w̃ωa(x)2

=
c2ω̄(x)γ(x)B̃2

z

w̃ωa(x)2

(
ρ̃c2

w̃c2
s

)
+

[
ω̄(x)ρ̃γ(x)3ṽz(x)

c2
− ρ̃γ(x)kz

] [
c2B̃2

z k̄z(x)

w̃γ(x)2ω̄(x)ωa(x)2

]

+
ρ̃c2γ(x)ω̄(x)

w̃ωa(x)2

=
ω̄(x)γ(x)v2

Az

ωa(x)2

(
ρ̃c2

w̃c2
s

)
+

[
ω̄(x)ρ̃γ(x)3ṽz(x)

c2
− ρ̃γ(x)kz

] [
c2v2

Azk̄z(x)

w̃γ(x)2ω̄(x)ωa(x)2

]
+
ρ̃c2γ(x)ω̄(x)

w̃ωa(x)2
. (5.83)

We therefore have the simplification

F2(x)δP ′′b + F1(x)δP ′b = A(x)

[
δP ′b
ωa(x)2

]′
,

where

A(x) =
c2ρ̃γ(x)ω̄(x)

w̃
+
c2ρ̃γ(x)ω̄(x)v2

Az

w̃c2
s

+

[
ω̄(x)ρ̃γ(x)3ṽz(x)

c2
− ρ̃γ(x)kz

]
c2v2

Azk̄z(x)

w̃γ(x)2ω̄(x)

=
c2ρ̃γ(x)ω̄(x)

w̃

[
1 +

v2
Az

c2
s

+
v2
Azk̄z(x)ṽz(x)

ω̄(x)c2
− v2

Azk̄z(x)kz
γ(x)2ω̄(x)2

]
=

c2ρ̃

w̃γ(x)ω̄(x)

[
γ(x)2ω̄(x)2

(
1 +

v2
Az

c2
s

)
− v2

Azk̄z(x)

(
kz −

γ(x)2ω̄(x)ṽz(x)

c2

)]
=

c2ρ̃

w̃γ(x)ω̄(x)

[
γ(x)2ω̄(x)2

(
1 +

v2
Az

c2
s

)
− v2

Azγ(x)2k̄z(x)2

]
=

c2ρ̃

w̃γ(x)ω̄(x)

[
γ(x)2ω̄(x)2 + v2

Azγ(x)2

(
ω̄(x)2

c2
s

− k̄z(x)2

)]
. (5.84)

We can now rewrite our pressure ODE as

A(x)

[
δP ′b
ωa(x)2

]′
+ F0(x)δPb = 0, where

F0(x) =
c2ρ̃

w̃γ(x)ω̄(x)
γ(x)2

[
ω̄(x)2

c2
s

− k̄z(x)2

]
,

A(x) =
c2ρ̃

w̃γ(x)ω̄(x)

[
γ(x)2ω̄(x)2 + v2

Azγ(x)2

(
ω̄(x)2

c2
s

− k̄z(x)2

)]
,

(5.85)

154



or, equivalently,

ωb(x)2

[
δP ′b
ωa(x)2

]′
+ kd(x)2δPb = 0, where

kd(x)2 = γ(x)2

[
ω̄(x)2

c2
s

− k̄z(x)2

]
,

ωb(x)2 = γ(x)2ω̄(x)2 + v2
Azγ(x)2

(
ω̄(x)2

c2
s

− k̄z(x)2

)
,

ωa(x)2 = γ(x)2ω̄(x)2 − v2
Az(k

2
z − ω2/c2),

k̄z(x) = kz −
ωṽz(x)

c2
,

δPb = δP + B̃zδBz. (5.86)

We can now multiply both sides of the above ODE by ωa(x)2/ωb(x)2. We obtain

ωa(x)2

[
δP ′b
ωa(x)2

]′
+ kx(x)2δPb = 0, (5.87)

where

kx(x)2 =
ωa(x)2

ωb(x)2
kd(x)2

=
γ(x)2ω̄(x)2 − v2

Az(k
2
z − ω2/c2)

γ(x)2ω̄(x)2 + v2
Azkd(x)2

[kd(x)2]. (5.88)

This ODE reduces in the non-relativistic MHD limit to the pressure ODE given in Miura

and Pritchett (1982). The expression for kd(x)2 is also equivalent to the dispersion relation

given in LRN09. The above ODE is written in terms of the perturbation to total pres-

sure. However, from the linearization process, we also have the following expressions for the

perturbations of the remaining quantities in terms of the perturbation to total pressure:
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δvx =
−ic2ω̄(x)δP ′b
w̃ωa(x)2

,

δvz = C2(x)δP ′′b + C1(x)δP ′b + C0(x)δPb, where

C2(x) ≡ c4B̃2
z k̄z(x)

w̃2γ(x)2ω̄(x)ωa(x)2
,

C1(x) ≡ c4B̃2
z k̄z(x)f ′a(x)

w̃2γ(x)2ω̄(x)
− ṽ′z(x)

w̃ωa(x)2
,

C0(x) ≡ k̄z(x)

w̃γ(x)2ω̄(x)
, and

δBx =
ic2kzB̃zδP

′
b

w̃ωa(x)2
,

δBz = −c
2B̃z

w̃

[
δP ′′b
ωa(x)2

+ f ′a(x)δP ′b

]
,

δP =
c2B̃2

z

w̃

[
δP ′′b
ωa(x)2

+ f ′a(x)δP ′b

]
+ δPb,

δρ = δP

[
1

c2
s

− 1

c2(Γ− 1)

]
. (5.89)

These expressions allow us to define the perturbation profiles of the eigenmode in which the

system is launched at the start of the simulation. In the limit of zero magnetic field, the

above ODE reduces to the corresponding RHD differential equation in the thermal pressure:

ωa(x)2

[
δP ′

ωa(x)2

]′
+ kd(x)2δP = 0, where

kd(x)2 = γ(x)2

[
ω̄(x)2

c2
s

− k̄z(x)2

]
,

ωa(x)2 = γ(x)2ω̄(x)2. (5.90)

We have derived the second-order ODE in total pressure whose solution yields eigenmodes

of the system in RMHD. We now wish to show that in the limit of a step-function (tangential)

discontinuity, this ODE recovers the results obtained in chapter 4.
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5.3 RMHD ODE with a Step-function Velocity Profile

We consider the RMHD result from the previous section, and wish to recover the dispersion

relation for a step-function velocity profile, which was derived in chapter 4. Let region 1

correspond to x > 0, and region to correspond to x < 0. The velocity profile has the form

vz(x) = vz1, x > 0,

vz(x) = vz2, x < 0. (5.91)

For notational simplicity, let S = δPb denote the perturbation to total pressure. For a step-

function profile, the RMHD pressure ODE (5.87) reduces to two constant-coefficient ODEs,

one in each half-space:

d2S

dx2
+ k2

x1S = 0, x > 0,

d2S

dx2
+ k2

x2S = 0, x < 0, (5.92)

where the normal wave vectors are given, from (5.88), by

k2
xj =

γ2
j ω̄

2
j − v2

Az(k
2
z − ω2/c2)

γ2
j ω̄

2
j + v2

Azk
2
dj

, (5.93)

and, for j = 1, 2,

ω̄j = ω − kzvzj, (5.94)

γj =
1√

1− v2
zj/c

2
, (5.95)

k2
dj = γ2

j

[
ω̄2
j

c2
s

−
(
kz −

ωvzj
c2

)2
]
. (5.96)

The general solutions to (5.92) are, again for j = 1, 2,
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Sj(x) = Sj0 exp(ikxjx). (5.97)

In order to relate the Sj0 and derive an algebraic dispersion relation, we must apply boundary

conditions to S(x) at x = 0. To determine these conditions, we note that at x = 0, S(x)

must satisfy the RMHD pressure ODE (5.87):

ω2
a(x)

d

dx

[
1

ωa(x)2

dS

dx

]
+ k2

x(x)S = 0. (5.98)

In order for (5.98) to hold at x = 0, we must have continuity, at x = 0, of S, and of the

left-hand term inside the brackets. The boundary conditions are therefore

S1(0) = S2(0),

S ′1(0)

ω2
a1

=
S ′2(0)

ω2
a2

, (5.99)

where, for j = 1, 2,

ω2
aj = γ2

j ω̄
2
j − v2

Az

(
k2
z −

ω2

c2

)
. (5.100)

The first boundary condition states that the total pressure (i.e., thermal plus electromag-

netic) must be equal across the discontinuity. The second condition states that the normal

fluid displacements must be equal across the discontinuity (Chandrasekhar 1961). Substi-

tuting the general solutions (5.97) into the boundary conditions (5.99), we obtain

S10 = S20, (5.101)

kx1S10

ω2
a1

=
kx2S20

ω2
a2

, (5.102)

or simply

158



kx1

ω2
a1

=
kx2

ω2
a2

. (5.103)

This is precisely the dispersion relation obtained in chapter 4 for an RMHD fluid with a

step-function discontinuity. The non-relativistic limit of this dispersion relation recovers the

result of LRN09.

We have demonstrated that the second-order ODE in total pressure recovers the expected

results obtained in chapter 4 in the limit of a tangential discontinuity. We now wish to

demonstrate that this pressure ODE has the same underlying structure in the HD, RHD,

MHD, and RMHD regimes.

5.4 Underlying Structure of ODE For Pressure Eigen-

functions

In comparing our results for the unmagnetized and magnetized cases, we observe a central

underlying form for the second-order ODE satisfied by the perturbation to the total pressure

when a Kelvin-Helmholtz instability is introduced in a jet with sheared boundaries. There

are four cases: hydrodynamic (HD), relativistic HD (RHD), magnetohydrodynamic (MHD),

and relativistic MHD (RMHD). Recall that the fluid is adiabatic, compressible, and when

magnetized, infinitely conducting. The density and pressure have uniform respective values

ρ̃ and P̃ . The unperturbed velocity is in the z-direction, and has some shear variation ṽz(x)

in the x-direction.

The following second-order ODE is used with the shooting method in order to numerically

construct the eigenfunction profiles of the pressure perturbation:
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Ω2(x)
d

dx

[
1

Ω2(x)

dδPb
dx

]
+ k2

x(x)δPb(x) = 0, (5.104)

where δPb is the perturbation to the total stress from thermal pressure and, if present,

magnetic pressure.

In the hydrodynamic (HD) case, Ω2(x) corresponds to Doppler-shifted traveling waves,

while the expression for k2
x(x) corresponds to non-relativistic adiabatic sound waves:

δPb(x) = δP (x), thermal pressure,

Ω2(x) = (ω − kzṽz(x))2,

k2
x(x) =

(ω − kzṽz(x))2

c2
s

− k2
z − k2

y, where

c2
s =

ΓP̃

ρ̃
. (5.105)

In the relativistic hydrodynamic (RHD) case, Ω2(x) corresponds to Lorentz-shifted trav-

eling waves, while the expression for k2
x(x) corresponds to relativistic adiabatic sound waves,

with Lorentz-shifts in the frequency and wave vector:

δPb(x) = δP (x), thermal pressure,

Ω2(x) = γ(x)2(ω − kzṽz(x))2,

kx(x)2 =
γ(x)2(ω − kzṽz(x))2

c2
s

− γ(x)2

(
kz −

ωṽz(x)

c2

)2

− k2
y, (5.106)

where

γ(x) =
1√

1− ṽz(x)/c2
,

c2
s = c2 ΓP̃

w̃
,

w̃ = ρ̃c2 +
Γ

Γ− 1
P̃ . (5.107)
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In the magnetohydrodynamic (MHD) case, Ω2(x) corresponds to Alfven waves, while

the expression for k2
x(x) corresponds to slow and fast magnetosonic waves. This result is in

agreement with Miura and Pritchett (1982) and LRN09 in the limit in which we can neglect

displacement current.

δPb(x) = δP (x) + B̃ · δB, thermal and magnetic pressure,

Ω2(x) = ω̄(x)2 − (vA · k)2 ,

kx(x)2 =
ω̄(x)4

Ω2(x)c2
s + ω̄(x)2v2

A

− k2
z − k2

y, where

ω̄(x) = ω − kzṽz(x),

vA =
B̃√
ρ̃
, c2

s =
ΓP̃

ρ̃
. (5.108)

In the relativistic magnetohydrodynamic (RMHD) case, we consider a flow-aligned mag-

netic field (B̃y = 0). Ω2(x) corresponds to Lorentz-shifted Alfven waves with displacement

current causing a shift of k2
z , while the expression for k2

x(x) corresponds to slow and fast

relativistic magnetosonic waves:

δPb(x) = δP (x) + B̃ · δB, thermal and magnetic pressure

Ω2(x) = γ(x)2ω̄(x)2 − v2
Az

(
k2
z −

ω2

c2

)
,

k2
x(x) =

γ(x)2ω̄(x)2kd(x)2 − ωd(x)2
(
k2
y + k2

z − ω2/c2
)

γ(x)2ω̄(x)2 + ωd(x)2
, (5.109)

where
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ωd(x)2 = γ(x)2v2
Az

(
ω̄(x)2

c2
s

− k̄z(x)2

)
,

kd(x)2 = γ(x)2

(
ω̄(x)2

c2
s

− k̄z(x)2

)
− k2

y,

ω̄(x) = ω − kzṽz(x),

k̄z(x) = kz −
ωṽz(x)

c2
,

vAz =
B̃z√
w̃
,

γ(x) =
1√

1− ṽz(x)/c2
, c2

s = c2 ΓP̃

w̃
. (5.110)

Another important observation is that the above pressure ODEs converge to one another

in the appropriate limits. The unmagnetized limit of the RMHD ODE recovers the RHD

ODE. The non-relativistic limit of the RMHD ODE recovers the MHD ODE. The non-

relativistic (unmagnetized) limits of the RHD (MHD) ODEs each recover the HD ODE.

We have demonstrated that the second-order ODE in total pressure has the same under-

lying structure in the HD, RHD, MHD, and RMHD regimes. We now describe the process

by which we numerically solve this ODE in order to construct a numerical eigenmode of the

system, i.e., the eigenmode in which the system is launched at the start of the simulation.

5.5 Numerically Computing an Eigenmode

In the previous sections, we obtained the self-adjoint ODE

ωa(x)2

[
δP ′b
ωa(x)2

]′
+ kx(x)2δPb = 0, (5.111)

where

δPb = δP + B̃zδBz, in RMHD, and (5.112)

δPb = δP, in RHD. (5.113)
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We wish to numerically solve this ODE using what is known as the shooting method ,

which is discussed in Blumen (1970). In so doing, we will obtain an eigenmode of the

system. At some location x = xm, −Lx/2 < xm < Lx/2, we divide the system into left and

right regions. For a given eigenfrequency ω, we use the fourth-order Runge-Kutta method

to numerically compute δPb(x) in the two regions: a left profile in the region x ≤ xm, and

a right profile in the region x ≥ xm. Our goal is to find the eigenfrequency ω for which the

numerically computed left and right profiles of δPb(x) converge smoothly at x = xm. We

have then defined a numerical eigenmode. This is the eigenmode that will serve as our initial

perturbation at the start of the simulation. Because we are integrating inward from the outer

boundaries, our direction of integration ensures that the irregular solutions damp out, and

the regular solutions prevail. We have also repeated this method for progressively more

refined meshes (smaller spatial increments), and verified convergence of the eigenfrequency.

We use at least 1001 grid points in our simulations, corresponding to a highly refined grid.

We now show how to compute the numerical profiles for a given eigenfrequency ω. We

begin by defining the coefficients

C1(x) = kx(x)2 =
γ(x)2ω̄(x)2 − v2

Az(k
2
z − ω2/c2)

γ(x)2ω̄(x)2 + v2
Azkd(x)2

[kd(x)2],

C2(x) = ωa(x)2 = γ(x)2ω̄(x)2 − v2
Az(k

2
z − ω2/c2). (5.114)

In the RHD case, these reduce to

C1(x) = kd(x)2 = γ(x)2

[
ω̄(x)2

c2
s

− k̄z(x)2

]
,

C2(x) = ωa(x)2 = γ(x)2ω̄(x)2. (5.115)

Our ODE is now
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C2(x)

[
δPb(x)′

C2(x)

]′
+ C1(x)δPb(x) = 0. (5.116)

We then write this second-order equation as a system of two first-order equations in the

variables S(x) = δPb(x) and Q(x) = δP ′b(x)/C2(x).

S ′(x) = C2(x)Q(x),

Q′(x) = −C1(x)S(x)

C2(x)
. (5.117)

Suppose there are nx spatial points from x = −Lx/2 to x = Lx/2. We first choose an

index nf satisfying 1 < nf < nx, and the corresponding xm satisfying −Lx/2 < xm < Lx/2.

In general, xm should be close, but unequal, to zero. We then compute the left profiles, in

the region x ≤ xm. We start at the spatial increment n = 1, corresponding to x = −Lx/2,

and proceed to n = nf , corresponding to x = xm. In what follows, we use the subscript l to

denote “left”, meaning that we’re computing the left-hand profiles. Sl1 and Ql1 are given by

Sl1 = δPb0,

Ql1 = 0. (5.118)

δPb0 is a small but non-zero user-specified value that controls the amplitude of the perturba-

tion at x = xm. Suppose that at spatial index n we have Qln and Sln. We wish to compute

Ql,n+1 and Sl,n+1 at spatial index n+ 1.

Because we’re using the fourth-order Runge-Kutta method, the above computation is

made in four iterations. Therefore, we wish to define four spatial locations ranging from xn

to xn+1 = xn + ∆x. We first define the vector
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f =

(
0,

1

2
,
1

2
, 1

)
. (5.119)

This vector is motivated by the coefficients of the Runge-Kutta method being used. We can

then define intermediate spatial locations

xl,n+i/4 = −Lx
2

+ ∆x(n− 1 + fi),

xl,n+i/4+j = xl,n+i/4 + j∆x,

xl,n+i/4−j = xl,n+i/4 − j∆x. (5.120)

We can now make the following definitions:

γlj =
1√

1− ṽz(xlj)2/c2
,

k̄z,lj = kz −
ωṽz(xlj)

c2
,

ω̄lj = ω − kzṽz(xlj),

k2
dl,j = γ2

lj

(
ω̄2
lj

c2
s

− k̄2
z,lj

)
,

C1l,j =
γ2
ljω̄

2
lj − v2

Az(k
2
z − ω2/c2)

γ2
ljω̄

2
lj + v2

Azk
2
dl,j

[k2
dl,j],

C2l,j = γ2
ljω̄

2
lj − v2

Az(k
2
z − ω2/c2). (5.121)

In the RHD case, the last two definitions reduce to

C1l,j = k2
dl,j,

C2l,j = γ2
ljω̄

2
lj. (5.122)

This allows us to define the coefficients C1l and C2l at intermediate spatial locations. In the

RMHD case, we have

C1l,n+i/4 =
γ2
l,n+i/4ω̄

2
l,n+i/4 − v2

Az(k
2
z − ω2/c2)

γ2
l,n+i/4ω̄

2
l,n+i/4 + v2

Azk
2
dl,n+i/4

[k2
dl,n+i/4],

C2l,n+i/4 = γ2
l,n+i/4ω̄

2
l,n+i/4 − v2

Az(k
2
z − ω2/c2). (5.123)
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In the RHD case, we have

C1l,n+i/4 = k2
dl, n+i/4,

C2l,n+i/4 = γ2
l,n+i/4ω̄

2
l,n+i/4. (5.124)

We now loop from i = 1 to i = 4, and at each value of i we compute the following:

i > 1 :

(
Sl,n+i/4

Ql,n+i/4

)
=

(
Sln
Qln

)
+ ∆x

i−1∑
j=1

αij
d

dx

(
S
Q

)
l,n+j/4

, (5.125)

all i :
d

dx

(
S
Q

)
l,n+i/4

=

(
C2l,n+i/4Ql,n+i/4

−C1l,n+i/4Sl,n+i/4/C2l,n+i/4

)
. (5.126)

The values of Ql and Sl at the spatial increment n+ 1 are then given by

(
Sl,n+1

Ql,n+1

)
=

(
Sln
Qln

)
+ ∆x

4∑
i=1

βi
d

dx

(
S
Q

)
l,n+i/4

.

Once we have gone from n = 1 to nf , we have computed the Sln and Qln in the region

x ≤ xm. That is, we have computed the left-hand profiles. Let us denote our results at

x = xm as follows:

Sleft(xm) = Sl,nf
,

Qleft(xm) = Ql,nf
. (5.127)

The method used is the “classic” fourth-order Runge-Kutta method. Its α and β coefficients

are defined as follows:

α21 = 1/2, α32 = 1/2, α43 = 1, αij = 0 otherwise, and

β1 = 1/6, β2 = 1/3, β3 = 1/3, β4 = 1/6. (5.128)

We now compute the right profiles, in the region x ≥ xm. We start at the spatial

increment n = 1, which now corresponds to x = Lx/2, and proceed to n = nx + 1 − nf ,
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corresponding to x = xm. In what follows, we use the subscript r to denote “right,” meaning

that we’re computing the right-hand profiles. Sr1 and Qr1 are the same as Sl1 and Ql1, the

values at the left boundary. That is,

Sr1 = Sl1 = δPb0,

Qr1 = Ql1 = 0. (5.129)

Suppose that at spatial index n we have Qrn and Srn. We wish to compute Qr,n+1 and Sr,n+1

at spatial index n+ 1.

Because we’re using the fourth-order Runge-Kutta method, the above computation is

made in four iterations. Therefore, we wish to define four spatial locations ranging from xn

to xn+1 = xn −∆x. We first define the vector

f =

(
0,

1

2
,
1

2
, 1

)
.

This vector is motivated by the coefficients of the Runge-Kutta method being used. We can

then define intermediate spatial locations

xr,n+i/4 =
Lx
2
−∆x(n− 1 + fi),

xr,n+i/4+j = xr,n+i/4 − j∆x,
xr,n+i/4−j = xr,n+i/4 + j∆x. (5.130)

Note that as the index increases, the value of x decreases . We can now make the following

definitions:
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γrj =
1√

1− ṽz(xrj)2/c2
,

k̄z,rj = kz −
ωṽz(xrj)

c2
,

ω̄rj = ω − kzṽz(xrj),

k2
dr,j = γ2

rj

(
ω̄2
rj

c2
s

− k̄2
z,rj

)
,

C1r,j =
γ2
rjω̄

2
rj − v2

Az(k
2
z − ω2/c2)

γ2
rjω̄

2
rj + v2

Azk
2
dr,j

[k2
dr,j],

C2r,j = γ2
rjω̄

2
rj − v2

Az(k
2
z − ω2/c2). (5.131)

In the RHD case, the last two definitions reduce to

C1r,j = k2
dr,j,

C2r,j = γ2
rjω̄

2
rj. (5.132)

This allows us to define the coefficients C1r and C2r at intermediate spatial locations. In the

RMHD case, we have

C1r,n+i/4 =
γ2
r,n+i/4ω̄

2
r,n+i/4 − v2

Az(k
2
z − ω2/c2)

γ2
r,n+i/4ω̄

2
r,n+i/4 + v2

Azk
2
dr,n+i/4

[k2
dr,n+i/4],

C2r,n+i/4 = γ2
r,n+i/4ω̄

2
r,n+i/4 − v2

Az(k
2
z − ω2/c2). (5.133)

In the RHD case, we have

C1r,n+i/4 = k2
dr,n+i/4,

C2r,n+i/4 = γ2
r,n+i/4ω̄

2
r,n+i/4. (5.134)

We now loop from i = 1 to i = 4, and at each value of i we compute the following:

i > 1 :

(
Sr,n+i/4

Qr,n+i/4

)
=

(
Srn
Qrn

)
−∆x

i−1∑
j=1

αij
d

dx

(
S
Q

)
r,n+j/4

, (5.135)

all i :
d

dx

(
S
Q

)
r,n+i/4

=

(
C2r,n+i/4Qr,n+i/4

−C1r,n+i/4Sr,n+i/4/C2r,n+i/4

)
. (5.136)
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The values of Qr and Sr at the spatial increment n+ 1 are then given by

(
Sr,n+1

Qr,n+1

)
=

(
Srn
Qrn

)
−∆x

4∑
i=1

βi
d

dx

(
S
Q

)
r,n+i/4

. (5.137)

Once we have gone from n = 1 to nx + 1 − nf , we have computed the Srn and Qrn in

the region x ≥ xm. That is, we have computed the right-hand profiles. Let us denote our

results at x = xm as follows:

Sright(xm) = Sr,nx+1−nf
,

Qright(xm) = Qr,nx+1−nf
. (5.138)

If we have chosen ω correctly, then the left and right-hand profiles should converge smoothly

at x = xm. That is, we should have

Sleft(xm) = Sright(xm),

Qleft(xm) = Qright(xm). (5.139)

Another way to state this is to say that the Wronskian corresponding to the input ω should

be zero at x = xm:

0 = W (xm) = Sleft(xm)Qright(xm)− Sright(xm)Qleft(xm). (5.140)

We wish to find the value of ω for which the Wronskian vanishes. The method for doing

this depends on the profile of the velocity shear. Consider a hyperbolic tanh profile of the

form

ṽz(x) = v0z tanh(κx). (5.141)
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In the limit κ → ∞, this becomes the step-function profile considered earlier, between

−v0z and v0z. Therefore, in this limit, the behavior of the growth rates approaches the

behavior of the growth rates for a step-function profile. The above tanh profile retains the

Hermitian properties of the antisymmetric step-function profile. Therefore, here again, we

can expect the frequency ω to either be purely real (stable) or purely imaginary (unstable).

Furthermore, the Wronskian is purely real. Once we have decided whether to search for

stability or instability, the search is one-dimensional, which means it can be facilitated with

the use of the secant method. We begin with two initial guesses of the growth rate, α1

and α2. The corresponding values of the Wronskian are, respectively, W1 and W2. The line

passing through these two points has the equation

W (α) = W1 +
W2 −W1

α2 − α1

(α− α1). (5.142)

The next estimate of the growth rate is the value α3 for which W (α3) is equal to zero. That

is, we have

W1 +
W2 −W1

α2 − α1

(α3 − α1) = 0, which yields

α3 = α1 −
α2 − α1

W2 −W1

(W1). (5.143)

We then repeat this process, but now starting with α2 and α3 corresponding to W2 and

W3. The best estimate of the growth rate is the value αj+1 for which Wj and Wj+1 differ

negligibly. We see that when the search is over a one-dimensional space, we have a systematic

way of determining the desired frequency.

Consider now the“Bickley” jet velocity profile (Bickley 1937). Its definition, originally

given in section 3.6, is
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ṽz(x) = v0zsech2(κx). (5.144)

This is the profile which will be used in the nonlinear simulations shown later. It lacks

the Hermiticity of the tanh profile. Therefore, each eigenmode is characterized by a fre-

quency with non-zero real and imaginary parts, so the search for this frequency is now

two-dimensional, across the entire complex frequency plane. This means we can no longer

use the secant method. We search for zeros of the absolute value |W | of the Wronskian. We

iteratively refine the frequency grid over which we search, zooming in on regions where |W |

is locally minimized. Through the above algorithm, we obtain an eigenvalue for which the

absolute value of the Wronskian is zero at x = xm.

We’re not quite done. The maximum value of δPb is probably either too large or too small

compared to the unperturbed quantities. Let |δPb|i be the current maximum magnitude of

δPb, occurring at x = xmax. Let |δPb|f be the desired maximum magnitude of δPb. In order

to have this, we simply multiply the computed profiles by the scale factor g0, given by

g0 =
|δPb|f
|δPb|i

.

The perturbations of δPb and δP ′b are given, for 1 ≤ n ≤ nf , by

δPbn = g0Sln,

δP ′bn = g0Qln. (5.145)

For 1 ≤ n ≤ nx + 1− nf , the perturbations are given by

δPb,nx+1−n = g0Srn,

δP ′b,nx+1−n = g0Qrn. (5.146)
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Once these stress perturbations are computed, we can readily compute the numerical shear

profiles of the perturbations δρj, δvxj, δvzj, δPj, δBxj, and δBzj, for 1 ≤ j ≤ nx.

In the RMHD case, we first compute δvxj and δBxj at each of these spatial points:

δvxj = −i
c2ω̄jδP

′
bj

w̃ω2
aj

,

δBxj = −kzB̃z

ω̄j
δvxj = (i)

c2kzB̃zδP
′
bj

w̃ω2
aj

. (5.147)

We then loop through the spatial points a second time, allowing us to compute δv′x using

fourth-order finite-differencing schemes, since we now know δvx at multiple locations. This

in turn allows us to compute δBz, and from this, the remaining perturbations.

δBzj = (i)
δBxj ṽ

′
zj − B̃zδv

′
xj

ω̄j
,

δPj = δPbj − B̃zδBzj,

δvzj =
c2k̄zjδPbj
w̃γ2

j ω̄j
−
c2ṽ′zjδP

′
bj

w̃ω2
aj

,

δρj = δPj

[
1

c2
s

− 1

c2(Γ− 1)

]
. (5.148)

The intermediate quantities are computed as follows:

xj = −Lx
2

+ ∆x(j − 1),

ω2
aj = γ2

j ω̄
2
j − v2

Az(k
2
z − ω2/c2),

ω̄j = ω − kzṽzj,

k̄zj = kz −
ωṽzj
c2

. (5.149)

In the RHD case, we compute the following:
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δPj = δPbj,

δvxj = −i
c2δP ′bj
w̃γ2

j ω̄
2
j

,

δvzj =
c2k̄zjδPbj
w̃γ2

j ω̄j
−
c2ṽ′zjδP

′
bj

w̃γ2
j ω̄

2
j

,

δρj = δPj

[
1

c2
s

− 1

c2(Γ− 1)

]
. (5.150)

Assume our total initial perturbation consists of a superposition of Nm modes. The jth

mode corresponds to an input wave number kzj, a corresponding eigenfrequency

ωj = ωrj + iωij, (5.151)

and eigenfunctions

δρj(x), δPj(x), δvxj(x), δvzj(x), δBxj(x), δBzj(x). (5.152)

Let mode j have amplitude Cj. Let the spatial grid, in the x−z plane, be defined as follows:

∆x =
Lx

nx − 1
,

∆z =
Lz

nz − 1
,

xj1 = −Lx
2

+ (∆x)(j1 − 1), 1 ≤ j1 ≤ nx,

zj2 = (∆z)(j2 − 1), 1 ≤ j2 ≤ nz. (5.153)

Then the initial distributions are as follows:
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ρ(xj1 , zj2 , 0) = ρ̃+
Nm∑
j0=1

Cj0δρj0(xj1) exp[ikz,j0zj2 ],

P (xj1 , zj2 , 0) = P̃ +
Nm∑
j0=1

Cj0δPj0(xj1) exp[ikz,j0zj2 ],

vx(xj1 , zj2 , 0) =
Nm∑
j0=1

Cj0δvx,j0(xj1) exp[ikz,j0zj2 ],

vz(xj1 , zj2 , 0) = ṽz(xj1) +
Nm∑
j0=1

Cj0δvz,j0(xj1) exp[ikz,j0zj2 ],

Bx(xj1 , zj2 , 0) =
Nm∑
j0=1

Cj0δBx,j0(xj1) exp[ikz,j0zj2 ],

Bz(xj1 , zj2 , 0) = B̃z +
Nm∑
j0=1

Cj0δBz,j0(xj1) exp[ikz,j0zj2 ]. (5.154)

We evolve only the real parts of these initial distributions. This is the general method for

perturbing the system in a superposition of eigenmodes, thereby initializing the simulation.

We should note, however, that the simulations in our study are launched in a single eigen-

mode, namely, the mode with the fastest growth rate. We have now described the numerical

method by which we solve the second-order ODE in total pressure perturbation and con-

struct the numerical eigenmode of the perturbation in which the system is launched at the

start of the simulation.

5.6 Conclusion

For a continuously varying background velocity profile in RHD and RMHD, we have derived

a second-order ODE in the perturbation to total pressure. We have demonstrated that this

ODE has the same underlying self-adjoint form in the HD, RHD, MHD, and RMHD regimes.

The non-relativistic limit of our RMHD result is in agreement with LRN09, and with the
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result of Miura and Pritchett (1982). For a step-function velocity profile, the pressure ODE

recovers the results of the previous chapter in each of the four regimes, including the results

of Bodo et al. (2004) in RHD. We have then demonstrated how to numerically solve the

pressure ODE by using the shooting method to integrate inward from the outer transverse

boundaries (Blumen 1970; Miura and Pritchett 1982; Frank et al. 1996). This process is

repeated over an array of complex eigenfrequencies, and a mode corresponds to a frequency

for which the right and left pressure perturbation profiles converge smoothly at a point

near the axis. By inserting this frequency into expressions (5.147) and (5.148), we have

obtained the corresponding eigenfunction profiles of the thermal pressure, density, velocity

components, and magnetic field components. We have now defined a numerical eigenmode

in which to launch the system at the start of a simulation. We have also described how to

launch a superposition of eigenmodes.

In chapter 6, we numerically solve the pressure ODE for the case of a sech2 background

velocity profile, which is the profile used in the simulations. We plot the dependence of

numerical growth rate and phase velocity on various parameters, and uncover important

stability properties.
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Chapter 6

Growth Rates of the Bickley Jet
Profile

We wish to examine the growth rate behavior of the KH instability for a velocity shear

profile corresponding to the Bickley jet, namely, a background flow velocity given by vz(x) =

vz0 sech2(x/r0) (Bickley 1937), as this is the profile used in the numerical simulations. We

assume a uniform background density ρ0, background pressure P0, and flow-aligned magnetic

field Bz0. The system is assumed to span a length Lx, with Nx grid points, in the shear

direction, corresponding to the interval −Lx/2 ≤ x ≤ Lx/2. The system is perturbed, and

the wave vector of the perturbation has a component kz in the flow direction. For a given

set of these parameters, the corresponding complex eigenfrequency of maximum growth is

computed numerically, as described in chapter 5. For each growth rate and eigenmode we

compute, we use at least 1001 spatial grid points in the shear direction, to ensure convergence

of our results. Throughout this chapter, we refer to “sinuous” and “varicose” modes, also

used in Drazin and Howard (1966) in their linear stability analysis of the Bickley jet. “Sinu-

ous” modes have antisymmetric pressure perturbation profiles, while “varicose” modes have

symmetric pressure perturbation profiles. The sinuous and varicose modes also have opposite

symmetries in the profiles of the remaining quantities (velocity, magnetic field, etc.). The
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growth rates plotted in each case correspond to the fastest-growing sinuous mode, as opposed

to the slower-growing varicose modes, since we select for sinuous modes in our simulations.

Varicose modes occur at low growth rates (ωi < 0.01 c/r0), and regularly spaced values of

ωr, in the complex frequency plane. When the growth rate of the desired sinuous mode

becomes too low (ωi < 0.01 c/r0), it becomes difficult for the search algorithm to distinguish

the sinuous mode from the varicose modes. This accounts for most of the discontinuous

behavior occasionally observed, at low growth rates, in the graphs that follow. Sinuous and

varicose modes were discussed, in the HD regime, by Drazin and Howard (1966).

In section 6.1, we provide an overview of prior usage of the Bickley jet profile. In section

6.2, we recover the results of Drazin and Howard (1966), in the unmagnetized, non-relativistic

regime. In section 6.3, we plot, in the relativistic regime, growth rate versus background

magnetic-to-thermal pressure ratio (inverse plasma β) for various flow velocities. We find

that growth rate decreases with increasing field strength, and that the system is stabilized

above a certain field strength, corresponding to a critical inverse β which, for each flow

speed, is considerably less than one in a pressure-dominated system (sound speed near its

relativistic maximum of c/
√

3), but comparable to or larger than one in a density-dominated

system (mildly relativistic sound speed). The corresponding critical Alfven velocities are

approximately the same for both pressure and density-dominated systems (i.e., independent

of sound speed). For more relativistic flow speeds, the growth rates are higher, and a stronger

magnetic field is required in order to stabilize the system. Also, for sufficiently small Lorentz

factors, the fractional decrease in growth rate is primarily a function of a relativistic Alfvenic

Mach number MA, which we have defined analogously to the manner in which Bodo et al.

(2004) defined a relativistic sonic Mach number. The system is stabilized for M−1
A >≈ 1/3.
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This critical value is a consequence of the choice of a sech2 background velocity profile.

In section 6.4, we plot unmagnetized growth rate versus flow speed for various sound

speeds, and find that, regardless of sound speed, a flow speed very close to c is required in

order to suppress instability. At higher sound speeds, the growth rate is larger, and increases

with increasing flow speed. At lower sound speeds, the growth rate is approximately constant

over a large range of flow speeds. In section 6.5, we plot growth rate versus the wave number

kz for various flow speeds. In each case, the kz that maximizes the growth rate is slightly less

than 1. We also find that, as the flow speed becomes more relativistic, instability extends to

higher values of kz, resulting in the excitation of modes with shorter wavelengths. When the

flow speed is highly relativistic, modes are excited at wavelengths which are smaller than the

length scale set by shear variation, which is one manifestation of the destabilizing tendencies

of relativistic flows.

Throughout this chapter, we assume that the perturbation wave vector is aligned with the

flow (i.e., has no component in the y-direction, which is orthogonal to the plane of the flow),

as this is the nature of the perturbation in which the numerical simulations are launched.

Another important point is that the KH-unstable wave frequencies in the relativistic

regime have frequencies on the order of c/r0, which, as discussed in section 8.2, corresponds

to about 10−8 s−1. As discussed in sections 3.5 and 8.2, this is about 10 orders of magnitude

smaller than the Larmor frequency. It is therefore highly unlikely that our KH-unstable

modes would generate resonance with gyrating particles.

We begin by discussing the prior usage of the Bickley jet profile, which has thus far been

primarily restricted to incompressible fluids in hydrodynamics. Our simulations incorporate

compressibility, magnetization, and relativity.
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6.1 Prior Usage of the Bickley Jet Profile

The salient research of the Kelvin-Helmholtz instability, as it applies to compressible, mag-

netized, or relativistic fluids, has not thus far used a Bickley jet profile, nor has it been

applied to astrophysical jets. Rather, prior studies (Miura and Pritchett 1982; Frank et

al. 1996; Otto and Fairfield 2000; Malagoli et al. 1996, among others) have often used a

slab geometry with a single transition layer between jet and ambient medium, typically a

hyperbolic tangent profile. Our background profiles are symmetric about the central axis,

which means that the numerical solutions should exhibit certain symmetry properties about

the central axis which should be preserved through time. This provides a way of verifying

that our solutions sustain their numerical accuracy as they evolve. Other studies have used

a cylindrical geometry (Marti et al. 1995; Koide et al. 1996; Leismann et al. 2005; Hardee

2005; Mignone et al. 2010, among others), which allows for a more complete exploration of

the jet cross section. However, the RMHD cylindrical studies tend to focus on more general

aspects of jet evolution, rather than the specific role of the KH instability. This is largely due

to the many numerical difficulties that arise when the RMHD conservation-diffusion equa-

tions are modeled in cylindrical geometry in the presence of a velocity shear. By allowing

for the use of a slab geometry, the Bickley jet profile avoids many of these difficulties, while

spanning an entire cross section of the jet, and providing a built-in mechanism for validating

the numerical accuracy of the solutions by ascertaining that certain symmetry properties are

preserved throughout the evolution. One example is a condition on the vorticity Ω(x, z, t),

i.e., the curl of the velocity. This condition reads

Ω(x, z, t) = −Ω(−x, z + λ/2, t), (6.1)
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where λ = 2π/kz is the longitudinal wavelength of the perturbation in which the system is

launched. As we describe in chapter 11, we have verified that the system remains spatially

periodic in the longitudinal direction, with wavelength λ, so that to very high accuracy we

satisfy the condition

Ω(x, z, t) = Ω(x, z + λ, t). (6.2)

We provide a physical interpretation of condition (6.1) in section 7.1, and discuss it in the

context of numerical accuracy in section 10.9 of chapter 10.

Thus far, the Bickley jet has been used in meteorological and oceanographic studies

of incompressible, non-relativistic, unmagnetized fluids. Bickley (1937) originally derived

this profile as a solution to the Prandtl boundary layer equations (i.e., the HD single-fluid

equations in the presence of a viscous boundary layer). Savic (1941) used the Bickley jet to

model vortex motion in gaseous jets. This profile was also used by Lipps (1962) to study the

stability of mid-latitude atmospheric jets, by Stern (1961) to study oceanic thermocline jets

(the “thermocline” layer is the depth corresponding to the largest temperature gradient),

and to examine wakes behind large obstacles (e.g., Mattingly et al. 1972). These studies,

and others, focused on solving the Navier-Stokes equation written as a vorticity equation in

terms of a stream function ψ, whose gradient is perpendicular to the velocity field v, i.e.,

v = n̂×∇ψ, where n̂ is normal to the plane of the flow. Linearizing this equation yields the

Rayleigh equation. Solutions of this equation, i.e., modes, can be divided into two classes.

Modes with even eigenfunctions (of the stream function) are called sinuous, while modes

with odd eigenfunctions are called varicose. Drazin and Howard (1966) found approximate

analytical expressions, and accurate numerical eigenfrequencies, for both types of modes.
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Our numerical method of eigenmode construction, discussed in chapter 5, recovers these

results very accurately. Lipps found several modes whose critical levels (where flow speed

and phase velocity are equal) occur at the inflection points of the profile. Howard and Drazin

(1964) found a sinuous neutral mode whose critical level lies at x = 0, where the profile is

maximized, and where the stream function is singular. Maslowe (1991) demonstrated that

the mode found by Howard and Drazin is part of the lower stability boundary of the varicose

mode found by Lipps. Swaters (1999) examined the nonlinear evolution of a family of sinuous

modes which lie in the vicinity of the mode discovered by Howard and Drazin.

In our numerical simulations, we expand the usage of the Bickley jet profile to fluids

which are compressible, magnetized, and relativistic. We select for sinuous, rather than

varicose, modes, as the sinuous modes have higher growth rates. We begin by demonstrating

that our algorithm for eigenmode construction, explained in chapter 5, recovers the growth

rates obtained by Drazin and Howard (1966) in the HD regime.

6.2 Comparison to Drazin and Howard (1966)

Drazin and Howard (1966) computed complex frequencies for an incompressible fluid in HD,

with a velocity profile vz(x) = vz0 sech2(x/r0). For comparison, we use a large enough sound

speed to approximate incompressibility (cs = 18.3 vz0), having found that our results con-

verge at this sound speed. We use a system length of Lx = 31.5 r0. We compute frequencies

at the same wave numbers used by Drazin and Howard (1966), and report the comparisons

in table 6.2. Specifically, we compare results for the sinuous mode (antisymmetric pressure

perturbation profiles), not the varicose mode (symmetric pressure perturbation profiles), as

we use sinuous modes in the simulations. Let φ = ωr0/vz0. φr and φi denote our results,
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kzr0 φr φr(DH) φi φi(DH)
0.2 0.0334 0.0332 0.0512 0.0514
0.3 0.0688 0.0687 0.0801 0.0801
0.4 0.112 0.112 0.105 0.105
0.5 0.162 0.162 0.126 0.126
0.6 0.217 0.217 0.141 0.142
0.7 0.276 0.277 0.152 0.153
0.8 0.339 0.339 0.159 0.158
0.9 0.406 0.406 0.161 0.161
1.0 0.475 0.475 0.159 0.159
1.2 0.623 0.624 0.145 0.145
1.4 0.783 0.783 0.119 0.119
1.6 0.955 0.955 0.0844 0.0848
1.8 1.113 1.138 0.0480 0.0432

Table 6.1: Comparison to Drazin and Howard (1966)

while φr(DH) and φi(DH) denote the results of Drazin and Howard (1966).

These results agree very closely, which indicates that the numerical growth rates are

being generated correctly in the HD regime. Figures 6.1 show plots of growth rate and phase

velocity versus wave number for a set of different sound speeds. In each case, there is a

maximum growth rate. With decreasing sound speed, this maximum value decreases, and

occurs at a lower wave number. The growth rates decrease with decreasing sound speeds

(i.e., as the fluid becomes more compressible). A decreasing sound speed corresponds to a

larger density relative to pressure, i.e., a background flow with a larger amount of mechanical

energy and inertia. At a lower sound speed, a perturbation must therefore perform more

work against the bulk flow in order to extract energy and grow. From figure 6.1(b), we

notice that the phase velocity is larger for smaller sound speeds, which again is due to the

correspondence between smaller sound speeds and larger amounts of mechanical energy (and

inertia) in the bulk flow. A noteworthy observation is that the phase velocity remains roughly
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Figure 6.1: Growth rate and phase velocity vs kz for different sound speeds (HD)
cs/vz0 = 9.13 (black), 2.89 (blue), 0.913 (red), 0.408 (green)

the same for sound speeds of 9.13 vz0 and 0.913 vz0, and all values in between. However, when

we decrease the sound speed from 0.913 vz0 to 0.408 vz0, the phase velocity increases abruptly.

Evidently, this is the interval of sound speeds within which the inertial effects of the bulk

flow become significantly more important (i.e., within which the background density passes

some critical value). This effect is very pronounced for the phase velocities, but also occurs

to some extent with the growth rates, which are noticeably less at cs = 0.408 vz0 than at the

higher sound speeds. The incompressible case, considered by Drazin and Howard (1966) in

the above table, corresponds most closely to the black curve, for which the ratio of sound

speed to flow speed is largest.

We have verified that our algorithm for eigenmode construction reproduces the results of

Drazin and Howard (1966) in the HD regime. We now proceed to examine the dependence

of the numerical growth rate on various parameters. We begin with the dependence on the

strength of the magnetic field.
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6.3 Dependence of Growth Rate on Magnetic Field

Figures 6.2 displays growth rate (in units of c/r0) as a function of the magnetic-to-thermal

pressure ratio β−1
0 = B2

z0/(2P0) (i.e., the inverse background plasma beta) for several flow

velocities, each flow velocity corresponding to a specific curve. Figure 6.2(a) corresponds to

the pressure-dominated case (relativistic sound speed), while figure 6.2(b) corresponds to a

density-dominated case (non-relativistic sound speed). In both cases, we see that for higher

flow speeds, the growth rates are generally higher, as is the strength of the magnetic field

required to suppress instability. The critical ratio at 0.9 c is nearly double its value at 0.8 c,

which in turn is more than triple its value at 0.5 c. This illustrates the rapid increase of this

ratio as the flow speed becomes more relativistic.

In the pressure-dominated case, we see that even for highly relativistic flow speeds, the

critical ratio is substantially less than 1, which is to say, instability is suppressed for back-

ground magnetic pressures which are considerably less than the background thermal pres-

sures. In the density-dominated case, instability is suppressed for much higher magnetic

pressures which are generally larger than the thermal pressure. In fact, the ratio of crit-

ical β−1
0 between the two cases is approximately equal to the ratio of the enthalpies. We

will see below that in both cases (pressure-dominated and density-dominated), instability

is suppressed at approximately the same Alfven velocities, where the Alfven velocity is the

magnetic field divided by the square root of enthalpy. Figures 6.3 display the corresponding

ratio of phase velocity to flow speed, ωr/(kzvz0).

Figures 6.4 display growth rate (in units of c/r0) for the same parameters as in fig-

ures 6.2, but this time as a function of the Alfven speed vA = Bz0/
√
w0. We see that
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the critical instability-suppressing Alfven velocities are approximately the same in both the

pressure-dominated and density-dominated cases. Figures 6.5 display the corresponding ra-

tio of phase velocity to flow speed. For both pressure and density-dominated systems, this

ratio is higher for larger flow speeds, and varies little with magnetic field strength in the

pressure-dominated case, but has more field strength dependence in the density-dominated

case. The phase velocities are also consistently larger for the density-dominated case, indi-

cating that phase velocity increases with a decrease in sound speed. We also see that the

phase velocity is consistently less than the flow speed. For highly relativistic flow speeds,

the growth rate changes very little for weaker field strengths, and decreases very rapidly

only as we approach the critical field strength for suppression of the instability. For two

adjacent incompressible flows with a difference vz0 in flow speeds, and uniform flow-aligned

Alfven velocity vA, instability is suppressed when vA/vz0 >
√

2 (Chandrasekhar 1961). The

critical Alfven velocities shown in figures 6.4 are consistently less than this, which might be

explained in part by the stabilizing influence of compressibility. In fact, for vz0 <≈ 0.8 c,

the suppression of instability occurs when M−1
A >≈ 1/3, where MA is a relativistic version

of the Alfvenic Mach number, which we define by

MA =
vz0γ

vAγA
=

vz0
vA

√
1− v2

A/c
2

1− v2
z0/c

2
, (6.3)

where vz0 is the amplitude of the background flow speed, vA is the background Alfven

speed, and γ and γA are the Lorentz factors corresponding to the flow speed and Alfven

speed, respectively. Our definition of MA is analogous to the manner in which Bodo et al.

(2004) defined a relativistic version of the sonic Mach number. We have discovered that, for
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moderately relativistic flow speeds (i.e., vz0 <≈ 0.8 c), MA is strongly correlated with the

influence of the magnetic field on growth rate. The fractional decrease in growth rate has a

strong correlation with MA, independently of other parameters. This is seen in figure 6.6,

where the growth rate is plotted as a function of M−1
A for each of the flow speeds considered

above. Specifically, the dependent variable is the ratio of the growth rate to its corresponding

value in the unmagnetized case. The curves very closely overlay one another, and have a

common instability threshold of M−1
A ≈ 1/3. This correspondence, however, breaks down for

vz0 > 0.8 c. The correlation of growth rate with MA is considerably closer for the pressure-

dominated system (figure 6.6(a)) than for the density-dominated system (figure 6.6(b)). In

our numerical simulations, we will see that MA is the governing parameter in describing the

extent of influence of the magnetic field on vortex formation. The critical stabilizing value

of M−1
A = 1/3 is a consequence of the use of a sech2 background velocity profile.

In the plots of phase velocity versus inverse plasma β in figures 6.3, and versus Alfven

speed vA in figures 6.5, we notice an abrupt discontinuity in each of the curves, which

corresponds to the value of β−1 or vA at which the growth rate has dropped to zero, and

above which there is no instability, as shown by the corresponding plots of growth rate. In

some of the phase velocity curves, we notice spikes that occur after the stabilizing value of

β−1 or vA. These correspond to a family of varicose modes which exist in the region of low

growth rates in the frequency plane. Recall that we are interested in the fastest-growing

sinuous mode. When the growth rate of this mode is too low (ωi < 0.01 c), the search

algorithm has difficulty distinguishing the sinuous mode from the varicose modes.

We have examined the influence of the magnetic field on numerical growth rates. We
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now turn our attention to an unmagnetized system, and examine the dependence of growth

rate and phase velocity on the background flow speed (in particular, its amplitude, reached

at the center of the velocity profile).

6.4 Dependence of Growth Rate on Flow Speed

Figure 6.7(a) displays growth rate (in units of c/r0) as a function of flow speed for different

values of the sound speed. There is no magnetic field. At all sound speeds, instability persists

into the highly relativistic regime. As the sound speed increases, the growth rates increase.

As with the hydrodynamic case in figure 6.1(a), figure 6.7(a) illustrates the stabilizing influ-

ence of a small sound speed (greater compressibility) for the relativistic case. Under these

circumstances, the density is more dominant over the pressure, and the perturbation must

perform a greater amount of work against the mechanical energy of the background flow.

Figure 6.7(b) displays the corresponding ratio of phase velocity to flow speed. This ratio

increases as flow velocity increases, which is consistent with our observations for the non-

relativistic case in the first section. For smaller sound speeds, the phase velocity is larger,
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Figure 6.7: Growth rate and phase veloc. vs flow speed at diff. sound speeds (RHD)
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Bz0 = 0, kz = 0.8/r0

which is consistent with the non-relativistic case shown in figure 6.1(b). As flow speed in-

creases or sound speed decreases, the phase velocity becomes more comparable to the flow

speed. As with the non-relativistic case considered in the first section, the decrease in sound

speed corresponds to a larger density, giving the bulk flow greater inertia, and hence a greater

influence on the pattern speed of the emergent features. At low flow speeds, we notice two

spikes. These correspond to a family of varicose modes (symmetric shear profiles of pressure

perturbation), which exist at low growth rates and a set of regularly spaced values of ωr.

For sufficiently low flow speeds, the growth rates are very low, as seen by figure 6.7(a), and

therefore it is difficult to distinguish the sinuous mode from the varicose modes. Recall that

for a given set of parameters, we seek to recover the fastest-growing sinuous mode.

Figures 6.8 display growth rate and phase velocity to flow speed, respectively, as functions

of the relativistic Mach number, given by
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Ms =
vz0
cs

(
γ

γs

)
=

vz0
cs

√
1− c2

s/c
2

1− v2
z0/c

2
. (6.4)

Figure 6.8(a) shows that for smaller sound speeds, the instability region extends to higher

Mach numbers. This is consistent with our observation from figure 6.7(a) that the upper

critical flow velocity is larger than 0.9 c, independent of sound speed. Bodo et al. (2004)

demonstrated that for a tangential discontinuity, in the frame in which two adjacent flows

have equal and opposite velocities, instability to flow-aligned perturbations is suppressed for

relativistic Mach numbers larger than
√

2, independent of sound speed. This Mach number

is in terms of the individual flow speeds. When we transform to the frame in which one

of the fluids is stationary, which more closely corresponds to the profile vz0sech2(x/r0), the

maximum critical Mach number, for any sound speed, is 4. In our case, the critical Mach

numbers are considerably larger than this, and have a strong dependence on sound speed.

Instability therefore exists at much larger Mach numbers, and therefore much higher flow

speeds, for the sech2 profile than for the case of two adjacent flows, particularly at low sound

speeds. We see from figure 6.8(b) that the ratio of phase velocity to flow speed is a function

of the Mach number, not of the sound speed and flow speed individually.

In figures 6.9, we plot the (a) growth rate and (b) phase velocity for the same sound

speeds, but this time as a function of the covariant velocity uz0 = γvz0/c, where γ =

(1−v2
z0/c

2)−1/2 is the Lorentz factor. Note that in the highly relativistic regime, the covariant

velocity and Lorentz factor are approximately equal. Figure 6.9(a) illustrates that for any

sound speed, the growth rate decreases with increasing flow speed in the highly relativistic

regime. The most rapid decrease seems to occur for Lorentz factors ranging from about
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Figure 6.8: Growth rate and phase veloc. vs Mach number at diff. sound speeds (RHD)
cs/c = 0.2 (black), 0.27 (blue), 0.35 (red), 0.45 (green), 1/
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Bz0 = 0, kz = 0.8/r0

2 to about 20, and the subsequent decrease is more gradual. Most of the curves exhibit

a kink, or noticeable change in behavior, at around γ = 20. This most likely corresponds

to some sort of transition from sinuous modes (antisymmetric pressure profiles) to varicose

modes (symmetric pressure profiles). That is, for flow speeds less than about γ = 20, the

fastest-growing modes are sinuous, but figure 6.9(a) shows that this growth rate decreases

rapidly from γ = 2 to about γ = 20. As shown in figure 6.9(b), this corresponds to a rapid

increase in the sinuous phase velocity.

At about γ = 20, the growth rate of the sinuous mode drops below the growth rates of the

varicose modes, which, for γ < 20, seem to have much less dependence on flow speed than

the growth rate of the sinuous mode. For γ larger than roughly 20, the fastest-growing mode

is now a varicose mode. For cs = 0.35 c, the transition in growth behavior occurs at a larger

value of γ ≈ 33, as shown by the red curve in figure 6.9(a). After the transition, the phase

velocity of the varicose mode changes very little, as shown in figure 6.9(b). In particular,

this figure shows that the ratio of phase velocity to flow speed seems to asymptotically
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approach unity as the flow speed approaches the speed of light (as the Lorentz factor goes

to infinity). Figures 6.9 also show that, even when the growth rate behavior is altered for

highly relativistic flow speeds, the growth rates are still higher, and the phase velocities

lower, for higher sound speeds. This is what we found previously for moderately relativistic

flow speeds.

We see that in the highly relativistic regime, the system becomes more KH-stable to

perturbations with wave numbers on the order of 1/r0, which is the approximate wave

number corresponding to maximum growth for moderately relativistic flow speeds. However,

we show in the next section that highly relativistic flow speeds can render the system less

KH-stable to perturbations with higher wave numbers, i.e., smaller wavelengths.

6.5 Dependence of Growth Rate on Wave Number

Figure 6.10 displays growth rate (in units of c/r0) as a function of the wave number kz

(in units of 1/r0), again for several values of the flow speed. As with the HD case, the
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growth curve has a concave-downward shape, with a wave number corresponding to max-

imum growth and a larger wave number above which the system is stabilized. This wave

number corresponds to a wavelength which is on the order of the width of shear variation

(which in our model is half the initial jet width, or about 2 r0). This is in contrast to the

case of a step-function velocity profile considered earlier, for which the growth rate increases

linearly with kz. We see that with an increase in flow speed, there is an increase in the peak

growth rate and in the range of instability. However, the former trend breaks down for flow

speeds larger than 0.8 c, and the maximum growth rate is noticeably less at 0.9 c than at

0.85 c. Maximum growth occurs at roughly kz = 0.8/r0, and this critical wave number is

independent of flow speed for speeds less than around 0.85 c. However, at 0.9 c, maximum

growth occurs at roughly kz = 0.7/r0. As the flow speed becomes more relativistic, the

growth rate decreases more slowly for larger kz, and this decrease becomes more linear, sug-

gesting the emergence of a complex phase velocity, which is discussed below. At the highly

relativistic flow speed of 0.98 c, the growth rates are somewhat lower, but growth rate no

longer decreases with increasing kz, and instead continues a gradual increase. At 0.98 c, the

system is not stabilized until kz exceeds approximately 5.36/r0, corresponding to a wave-

length of 2π/kz = 1.17 r0, which is narrower than the width of shear variation (≈ 2 r0) At

highly relativistic velocities, we have near-maximum growth at wavelengths smaller than the

width of shear variation. This is one manifestation of the tendency of relativistic effects to

destabilize the system, and a possible contributing factor to the numerical breakdown ob-

served at Lorentz factors larger than about 2. The growth behavior is qualitatively different

for highly relativistic flows, which is due to the rapid increase in the Lorentz factor, resulting

in higher relativistic boosting in the flow direction.
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vz0/c = 0.9 (dashed blue), 0.98 (dashed red), P0/(ρ0c
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When we compare figures 6.10 and 6.11, we notice that at a given flow speed, there is

a change in the behavior of phase velocity when the corresponding growth curve drops to

zero. Again, this is due to the presence, in the complex plane, of a family of varicose modes

at low growth rates (ωi < 0.01 c/r0). Recall that the search algorithm attempts to recover

the fastest-growing sinuous mode in each case. When the growth rate of this mode becomes

too low, however, it becomes difficult to distinguish this mode from the varicose modes.
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Figure 6.11: Phase velocity vs kz at different flow speeds (RHD)
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vz0/c = 0.9 (dashed blue), 0.98 (dashed red), P0/(ρ0c
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Figure 6.12 displays dωi/dkz, and figure 6.13 displays dωr/dkz, both as functions of kz, for
the cases considered in figures 6.10 and 6.11. These figures show that at highly relativistic
flow speeds, and sufficiently large kz, the group velocities approach a characteristic complex
phase velocity. As the flow speed approaches c within this regime, the real component of the
group velocity approaches c, while the imaginary component approaches 0 from the negative
region.
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Figure 6.12: dωi/dkz vs kz at different flow speeds (RHD)
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vz0/c = 0.85 (cyan), 0.9 (dashed blue), P0/(ρ0c

2) = 50, Bz0 = 0
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6.6 Conclusion

In conclusion, we see that in the presence of a shear variation in the velocity profile, KH

instability to flow-aligned perturbations extends to much higher Mach numbers than the

upper limits corresponding to a step function discontinuity (discussed in chapter 4). For

sound speeds near the relativistic limit of c/
√

3, the growth rate increases as the flow speed

becomes more relativistic, and reaches a maximum only at a flow speed of around 0.95 c.

This stands in contrast to the commonly held notion that relativistic flows tend to have a

stabilizing effect. We see that the influence of the magnetic field is closely correlated with

a relativistic extension of the Alfvenic Mach number, which we have defined analogously to

the definition of a relativistic sonic Mach number used in Bodo et al. (2004). Consequently,

a stronger magnetic field is required to suppress the instability at higher flow speeds, and

higher densities. As discussed in the introduction to this chapter, the wave frequencies are

many orders of magnitude smaller than typical Larmor frequencies, making it highly unlikely
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for these KH-unstable modes to exhibit resonance with gyrating particles.

Another important difference from the case of a step-function discontinuity involves the

dependence of growth rate on wave number. For a step-function discontinuity, the growth

rate increases linearly with wave number, while in the case of shear variation, the growth rate

ceases to increase above a certain wave number, i.e., the shear variation sets a length scale.

For mildly relativistic flows, the growth rate decreases to zero with increasing wave number,

and the system is stable above a wave number for which the wavelength is roughly the width

of shear variation. For highly relativistic flows, relativistic boosting changes the shape of

the growth curves, and instability with near maximum growth extends to wavelengths which

are smaller than the width of shear variation. This relativistic destabilization offers insight

into the early unphysical breakdown (v > c), in the linear regime, of simulations with flow

speeds exceeding 0.9 c. This is a problem that for over 20 years has plagued simulations

using artificial viscosity, such as ours (Marti and Muller 2003).

198



Chapter 7

Shear Profiles of the Perturbations

We have considered the growth rates of eigenmodes of a system with a background velocity

profile vz0 sech2(x/r0). We now consider the behavior of the shear profiles of the corre-

sponding eigenfunctions of these eigenmodes. These profiles are cross sections of the initial

perturbations at the start of the simulation. Therefore, their sensitivity to flow velocity and

magnetic field could explain the sensitivity, to these parameters, of the subsequent numerical

evolution. We first consider unmagnetized cases, in order to isolate relativistic effects. We

then consider magnetized cases at several different flow speeds.

We find that the symmetry properties of the pressure and velocity profiles have a close

correlation with the pattern of vortex development in the early nonlinear regime of evolution.

These symmetries also play a major role in the complementarity between the nonlinear

evolution of the magnetic field and the flow. In particular, this complementarity arises in

part from the fact that the transverse field and velocity profiles are both symmetric, while

the longitudinal field and velocity perturbations are both antisymmetric. At more relativistic

flow speeds, the perturbation profiles tend to exhibit larger amplitudes of spatial variation,

which may contribute to an instability associated with highly relativistic velocities. There

is also a noticeable change in profile shape, of each perturbation, for magnetic fields which
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are strong enough to suppress vortex formation. This may illuminate the nature of the

bifurcation between the weaker, vortex-disruptive, and stronger, vortex-suppressing regimes

of field strength.

For each perturbation profile δq0(x), the real and imaginary parts of δq0(x) both have

the same symmetry (whether symmetric or antisymmetric). This is due to the symmetric

nature of the background velocity profile vz0sech2(x/r0). As a result, a given perturbation

has the same symmetry at all cross-sections along the flow direction. This emerges from the

perturbation distribution in the xz-plane:

δq(x, z) = Re[δq0(x) exp(ikzz)] = δq0r(x) cos(kzz)− δq0i(x) sin(kzz) (7.1)

If δq0r(x) and δq0i(x) are both symmetric, δq(x, z) is symmetric for any z. If δq0r(x) and

δq0i(x) are both antisymmetric, δq(x, z) is antisymmetric for any z. This preservation of

symmetry (or antisymmetry), along the flow direction, has important consequences for the

evolution of the flow, and its complementarity with the field, as we will see below.

We begin by considering the perturbation profiles of pressure and velocity for unmagne-

tized cases, examining both the symmetries of these profiles and their dependence on the

background flow speed.

7.1 Perturbation Profiles for Unmagnetized Cases

Figures 7.1 through 7.4 show plots of the shear profiles of the normalized perturbation

eigenfunctions for unmagnetized RHD cases. Each plot simultaneously displays the profiles

corresponding to background flow speeds vz0/c = 0.9, 0.85, 0.8, 0.7, and 0.5, to illustrate the
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influence, on the profiles, of the relativistic nature of the flow. It should be noted that the

shear profiles are unchanged when the system length is widened or when the spatial increment

is halved, indicating that these profiles have converged with respect to system length and

spatial step. The pressure and longitudinal velocity perturbations are both antisymmetric,

while the transverse (x) velocity perturbation is symmetric. This is a consequence of choosing

sinuous modes of the sech2 profile, as opposed to varicose modes, which have the opposite

symmetries, as discussed in chapter 6, and Drazin and Howard (1966). Recall that the

velocity perturbations can be written as follows in terms of the pressure perturbation (where

the prime symbol denotes differentiation with respect to x, the shear direction):

δvx =
−ic2δP ′

w̃γ2(ω − kzvz0)
, (7.2)

δvz =
−c2v′zδP

′ + c2(kz − ωvz0/c2)(ω − kzvz0)δP

w̃γ2(ω − kzvz0)
. (7.3)

Note also that, near the axis at x = 0, the curves overlay one another almost exactly,

indicating that, in this region, the perturbation profiles have very little sensitivity to the

background flow speed. The sensitivity to flow speed only occurs at sufficient distances from

the central axis (i.e., for |x| >≈ 2 r0). Where the profiles are sensitive to flow speed, the

local amplitudes either increase with increasing flow speed, as with Im(δP ), Im(dδP/dx),

Re(δvx), Im(δvx), and Re(δvz), or decrease with increasing flow speed, as with Re(dδP/dx)

and Im(δvz). That is, there is no bifurcation in the dependence of perturbation amplitude on

flow speed. The most pronounced increase in amplitude, with increasing flow speed, occurs

in the plot of Im(δP ) versus x, and we generally observe larger-amplitude variations in the

profiles at more relativistic flow speeds, particularly at a background flow speed amplitude of
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0.9 c. These profiles define the perturbation at the start of the simulation. Large-amplitude

spatial variations in these profiles are a likely contributing factor in explaining early numerical

instability that arises at highly relativistic flow speeds.

The symmetries of the perturbation profiles play an important role in vortex development

in the early nonlinear regime of evolution. The early stages of vortex formation are shown

in figure 7.5, where the flow is directed upward (positive z-direction), and the x-axis is the

transverse direction. Each display (vorticity and longitudinal velocity) spans one wavelength

of the perturbation in the z-direction. Each display corresponds to 7.94 growth times, de-

noted Ti, where Ti = 10.1 r0/c, i.e., 10.1 clock times. Saturation of the linear perturbations

occurs after 8 to 10 growth times. At the onset of nonlinear evolution, the antisymmetric

pressure perturbations, and symmetric transverse velocity perturbations, have grown to a

point where there are appreciable thermal and transverse mechanical stresses, causing the

flow to bend by different amounts at different points along the flow, depending on the magni-

tude and direction of the transverse velocity (whether in the positive or negative transverse

direction). Where the transverse velocity is a maximum in the positive transverse (x) di-

rection, the flow is maximally displaced in the positive x-direction. A quarter-wavelength

upstream from this point, the transverse velocity is zero, and the flow is not displaced. A

quarter-wavelength further upstream, the transverse velocity is a maximum in the negative

x-direction, and the flow is maximally displaced in the negative x-direction. This initial

twisting of the flow is shown in figure 7.5(b).

This results in the formation of counter-rotating vortices on opposite sides of the flow

axis, which are spaced half a wavelength apart along the flow direction. The vortices form
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around regions of low density and pressure, which, due to the antisymmetry of the pressure

perturbations, are also spaced a half-wavelength apart. These vortices are shown in figure

7.5(a), which displays the curl of the velocity. Because the y-axis points into the page, the

red vortex corresponds to clockwise fluid circulation, and the blue vortex to counterclock-

wise fluid circulation. By the above mechanism, we see that the antisymmetry of pressure

perturbation, and symmetry of transverse velocity perturbation, play a vital role in the half-

wavelength displacement, along the flow axis, of counter-rotating vortices. This corresponds

to the symmetries of a sinuous mode. If the transverse velocity were antisymmetric, as in

a varicose mode, the transverse mechanical stresses would be oppositely directed on either

side of the axis, and would separate the flow into pairs of adjacent vortices.

If we denote the vorticity Ω(x, z, t), we can express its alternating symmetry as follows:

Ω(x, z, t) = −Ω(−x, z + λ/2, t), (7.4)

where λ = 2π/kz is the longitudinal wavelength of the perturbation in which the simulation

is launched. By determining the accuracy with which this condition is satisfied at a given

time in the simulation, we can assess the accuracy of the numerical results. As we discuss

in section 10.9 of chapter 10, this condition is indeed satisfied in each case we examine.

Having examined perturbation profiles in the absence of a magnetic field, we now examine

the influence of magnetic fields of various strengths.
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Figure 7.1: Shear profiles of δP at different flow speeds (RHD)
vz0/c = 0.5 (black), 0.7 (blue), 0.8 (red), 0.85 (green), 0.9 (magenta)
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Figure 7.2: Shear profiles of dδP/dx at different flow speeds (RHD)
vz0/c = 0.5 (black), 0.7 (blue), 0.8 (red), 0.85 (green), 0.9 (magenta)
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2) = 50, Bz0 = 0

204



−15 −10 −5 0 5 10 15
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

x/r
0

R
e(

δ 
v x) 

/ M
ax

(A
bs

)

(a) Re(δvx)

−15 −10 −5 0 5 10 15

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x/r
0

Im
(δ

 v
x) 

/ M
ax

(A
bs

)

(b) Im(δvx)

Figure 7.3: Shear profiles of δvx at different flow speeds (RHD)
vz0/c = 0.5 (black), 0.7 (blue), 0.8 (red), 0.85 (green), 0.9 (magenta)
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Figure 7.4: Shear profiles of δvz at different flow speeds (RHD)
vz0/c = 0.5 (black), 0.7 (blue), 0.8 (red), 0.85 (green), 0.9 (magenta)
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7.2 Perturbation Profiles of Magnetized Cases

We now consider the influence of a magnetic field on the perturbation profiles of the velocity

and magnetic field components. Again, these perturbation profiles are cross-sections of the

initial perturbations at the start of the simulation. Again, the shear profiles are unchanged

when the system length is widened or when the spatial increment is halved, indicating that

these profiles have converged with respect to system length and spatial step. Each of the

figures below contain multiple curves, each curve corresponding to a specific value of the

relativistic Alfvenic Mach number MA, given by (6.3). A black curve corresponds to the

unmagnetized case, a cyan curve to the case MA = 82.83, a red curve to the case MA = 41.41,

a green curve to the case MA = 20.70, a magenta curve to the case MA = 10.34, and a blue

curve to the case MA = 5.145. For each perturbation, we display graphs for background

flow speed amplitudes of 0.7 c and 0.2 c. Each of the modes graphed have also been evolved

well into the nonlinear regime, as will be discussed later. δvx and δBx, the perturbations to

transverse velocity and field, both have symmetric shear profiles. On the other hand, δvz

and δBz, the perturbations to longitudinal velocity and field, both have antisymmetric shear

profiles. This, again, is a consequence of choosing sinuous modes of the sech2 profile, as

opposed to varicose modes, which have the opposite symmetries (Drazin and Howard 1966).

One important observation is that for each quantity being considered, the graphs for both

flow speeds (0.7 c and 0.2 c) are remarkably self-similar, differing only in amplitudes. This

indicates that within the moderately relativistic regime, relativity has very little influence

on the form of the spatial variation of the initial perturbations.

There is another fundamental observation that underlies each of the graphs below. Specif-
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ically, for each quantity plotted, the curves corresponding to Alfvenic Mach numbers of 82.83,

41.41, 20.70, and 10.34 are very similar, and overlap very closely. These fields are in the

vortex-disruptive regime, which is to say, they still allow vortex formation in the early non-

linear regime of evolution, and only disrupt the vortices after a certain amount of vortex

development. However, the curve corresponding to MA = 5.145, the strongest field, has a

noticeably different shape from the other curves. For instance, we see substantially larger

amplitudes in the spatial variation of the velocity components. This field (MA = 5.145), in

contrast to the others, is in the vortex-suppressing regime, which is to say, it does not allow

complete vortex formation. The vortex-suppressing field also corresponds to a noticeably

lower growth rate, which is only about 75% of the growth rates of the weaker fields, while

the weaker fields correspond to growth rates which are within a few percentage points of

one another. We see that a large fractional reduction in growth rate corresponds to no-

ticeable deviations in the perturbation profiles. We will later see, in chapter 9, that the

magnetic field is enhanced in the early nonlinear regime of evolution, and that this enhance-

ment is largest for strongly vortex-disruptive fields (MA = 10.34), but is considerably less for

vortex-suppressing fields (MA = 5.145). That is, field enhancement increases with increasing

field throughout the vortex-disruptive regime, and then decreases in the vortex-suppressive

regime. Evidently, the ability of a field to suppress vortex formation, and the nature of field

enhancement in early nonlinear evolution, are both closely correlated with the influence the

field has on the growth rate and spatial variation of the initial perturbations.

Note that the perturbation profiles are symmetric in transverse velocity and transverse

field, and antisymmetric in longitudinal velocity and longitudinal field. The background
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profiles of the longitudinal field and longitudinal velocity are both symmetric. We see that

the velocity and field components have common symmetry properties in their transverse

profiles. This allows for a close complementarity between the behavior of the flow and the

behavior of the field throughout the nonlinear evolution. This complementarity is shown in

figures 7.14, which display the vorticity, i.e., curl of the velocity field, overlaid with contours

of the magnetic field. This corresponds to the vortex-disruptive field MA = 41.4, where

figure 7.14(a) displays an early stage of vortex formation at 10.3 growth times, and figure

7.14(b) displays an early stage of vortex disruption at 12.2 growth times. One growth time Ti

is 10.1 r0/c, i.e., 10.1 clock times. Saturation of the linear perturbations occurs after about

8 to 10 growth times.

We begin by considering the profiles of the real and imaginary parts of δvx, the pertur-

bation to transverse velocity, first at 0.7 c (figure 7.6) and then at 0.2 c (figure 7.7).
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Figure 7.6: Shear profiles of δvx at different MA for a flow speed of 0.7 c (RMHD)
MA =∞ (black), 82.83 (cyan), 41.41 (red), 20.70 (green), 10.34 (magenta), 5.145 (blue)

P0/(ρ0c
2) = 50, vz0 = 0.7 c sech2(x/r0)

We now consider the profiles of the real and imaginary parts of δBx, the perturbation in
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Figure 7.7: Shear profiles of δvx at different MA for a flow speed of 0.2 c (RMHD)
MA =∞ (black), 82.83 (cyan), 41.41 (red), 20.70 (green), 10.34 (magenta), 5.145 (blue)

P0/(ρ0c
2) = 50, vz0 = 0.2 c sech2(x/r0)

We now consider the profiles of the real and imaginary parts of δvz, the perturbation in flow
velocity, first at 0.7 c (figure 7.8) and then at 0.2 c (figure 7.9).

−10 −5 0 5 10
−4

−3

−2

−1

0

1

2

3

4
x 10

−4

x/r
0

R
e(

δ 
v z) 

/ c

(a) Re(δvz)

−8 −6 −4 −2 0 2 4 6 8

−3

−2

−1

0

1

2

3
x 10

−4

x/r
0

Im
(δ

 v
z) 

/ c

(b) Im(δvz)

Figure 7.8: Shear profiles of δvz at different MA for a flow speed of 0.7 c (RMHD)
MA =∞ (black), 82.83 (cyan), 41.41 (red), 20.70 (green), 10.34 (magenta), 5.145 (blue)

P0/(ρ0c
2) = 50, vz0 = 0.7 c sech2(x/r0)

transverse field, first at 0.7 c (figure 7.10) and then at 0.2 c (figure 7.11). Note that these

graphs are normalized with respect to the perturbation amplitude. The field perturbations

are approximately proportional to the strength of the field, i.e., the inverse of MA.
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Figure 7.9: Shear profiles of δvz at different MA for a flow speed of 0.2 c (RMHD)
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Figure 7.10: Shear profiles of δBx at different MA for a flow speed of 0.7 c (RMHD)
MA =∞ (black), 82.83 (cyan), 41.41 (red), 20.70 (green), 10.34 (magenta), 5.145 (blue)

P0/(ρ0c
2) = 50, vz0 = 0.7 c sech2(x/r0)
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Figure 7.11: Shear profiles of δBx at different MA for a flow speed of 0.2 c (RMHD)
MA =∞ (black), 82.83 (cyan), 41.41 (red), 20.70 (green), 10.34 (magenta), 5.145 (blue)

P0/(ρ0c
2) = 50, vz0 = 0.2 c sech2(x/r0)

We finally consider the profiles of the real and imaginary parts of δBz, the perturbation
in longitudinal field, first at 0.7 c (figure 7.12) and then at 0.2 c (figure 7.13). Note that
these graphs are also normalized with respect to the perturbation amplitude. The field
perturbations are, again, approximately proportional to the strength of the field, i.e., the
inverse of MA.
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Figure 7.12: Shear profiles of δBz at different MA for a flow speed of 0.7 c (RMHD)
MA =∞ (black), 82.83 (cyan), 41.41 (red), 20.70 (green), 10.34 (magenta), 5.145 (blue)

P0/(ρ0c
2) = 50, vz0 = 0.7 c sech2(x/r0)
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Figure 7.13: Shear profiles of δBz at different MA for a flow speed of 0.2 c (RMHD)
MA =∞ (black), 82.83 (cyan), 41.41 (red), 20.70 (green), 10.34 (magenta), 5.145 (blue)

P0/(ρ0c
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7.3 Conclusion

We have examined the shear profiles of the perturbations, which are cross-sections of the

initial perturbations in which the simulation is launched. The perturbation profiles have

converged with respect to system width and spatial step. We have seen that the pressure

perturbations are initially antisymmetric, while the transverse velocity perturbations are

initially symmetric. However, we will observe that in the nonlinear regime of the simulations,

there emerge transversely propagating sound waves which are symmetric in the pressure and

antisymmetric in the transverse velocity. Also, the density perturbations are antisymmetric.

However, density diffusion introduces a density depletion layer which is symmetric about the

jet axis (also noticed in the RMHD analysis of Mignone et al. 2009, and the MHD analysis of

Frank et al. 1996). This indicates that certain features emerge whose symmetry is opposite

the symmetry imposed by the perturbations.

In the unmagnetized cases, the perturbation profiles were plotted simultaneously for dif-

ferent background flow speeds. We noticed that at larger flow speeds, the profiles typically

exhibit larger amplitudes of spatial variation, particularly in the case of the imaginary part

of the pressure perturbation. This is especially evident at flow speeds greater than or equal

to 0.9 c, and may partially explain why, at these highly relativistic flow speeds, the numer-

ical simulation undergoes early unphysical breakdown (speeds exceeding the speed of light,

negative densities, etc.), a problem that has plagued artificial viscosity simulations for over

20 years (Marti and Muller 2003). In general, large-amplitude spatial variations tend to gen-

erate numerical instability. In the pressure and velocity profiles of the magnetized cases, the

perturbation amplitudes increase with increasing magnetic field strength (decreasing MA),
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and the amplitudes are noticeably larger for the strongest, vortex-suppressing field, for which

MA = 5.145. For the strongest fields (those which suppress nonlinear vortex formation), the

perturbation profiles have a somewhat different shape than the profiles of the weaker fields

(those which allow vortex formation, followed by disruption). This observation is correlated

with a substantially reduced growth rate for vortex-suppressing fields. The deviation in pro-

file behavior may also be correlated with a bifurcation in the nature of field enhancement

in the early nonlinear regime of evolution, which will be explored in chapter 9. Through-

out the vortex-disruptive regime, field enhancement increases with increasing field strength.

However, in the vortex-suppressing regime, field enhancement decreases.

We have observed common symmetry properties in the transverse profiles of the velocity

and magnetic field components. This creates the conditions necessary for a close comple-

mentarity between the flow and the magnetic field during nonlinear evolution, as we will

observe in our simulation results. Before we discuss simulation results, however, we must

first describe the numerical scheme for evolving the simulation, which we do in the next

chapter.
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Chapter 8

Numerical Method

We now describe the numerical method for evolving the RMHD single-fluid equations of

Anile (1989) in conservative form. We use explicit finite-differencing in combination with

artificial viscosity. The exact single-fluid RMHD equations are marginally stable, but become

unstable when discretized in a numerical scheme. Artificial viscosity is needed in order to

restore stability to the system, and also has physical significance. The momentum viscosity

represents viscous exchanges of momentum between microscopic eddy structures (Tennekes

and Lumley 1973). Our scheme has fourth-order accuracy in both space and time, and

uses a rapidly convergent algorithm developed by Newman (2002) to recover the primitive

variables from conserved quantities. In section 8.2, we demonstrate the physical significance

of the magnetic viscosity (resistivity), by showing that it corresponds to a conductivity

associated with electron and ion gyration within a range of physically realistic astrophysical

parameters. In particular, we make comparisons to the environment of the BL Lacertae

object BL Lac OJ287 discussed in Marscher and Jorstad (2011). In first and second-order

methods, viscosity is implicitly present in the form of truncation error. The use of fourth-

order spatial and temporal methods gives us explicit control over these viscosity terms.

We begin, in the first section, by describing our numerical scheme.

215



8.1 Evolving the Conservation-diffusion Equations

Here, we describe the numerical method for evolving a system in relativistic MHD. We begin

by physically motivating the RMHD single-fluid conservative equations. Within a given

volume of fluid, the total rate of change of a given conserved quantity is equal to the flux

of that quantity through the boundaries of that volume. Let Ci is the density of a given

conserved quantity, and Fij the flux density of that quantity in the direction êj. Let dτ

denote a volume element of the volume under consideration (i.e., the volume over which we

integrate Ci), and let daj denote the jth component of the area vector normal to a given

location on the surface bounding this volume. Then mathematically, we have

∂

∂t

∫
Cidτ +

∮
Fijdaj = 0. (8.1)

With the use of the Divergence Theorem, we can rewrite (8.1) as follows:

∂

∂t

∫
Cidτ +

∫
∂Fij
∂xj

dτ = 0. (8.2)

When we remove the volume integrals, the RMHD conservation equations take the general

form

∂Ci
∂t

+
∂Fij
∂xj

= 0, (8.3)

where the xj refer to the x, y, and z directions of a Cartesian coordinate system. This is

the form of the single-fluid RMHD equations used in Landau and Lifshitz (1959a), Anile

(1989), and Komissarov (1999). Cj are the conserved quantities. Fij are the corresponding

flux quantities. If there is no net flux through the boundaries of a given volume of fluid,
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then the corresponding conserved quantity is conserved within that volume. This is true

of the boundaries of our numerical system, which is a slab in the x − z plane. It therefore

follows that throughout our simulations, the total conserved quantities (integrated over the

numerical system) are in fact conserved. These are the Cj listed below in equation (8.6).

When we incorporate viscosity, the RMHD conservation-diffusion equations take the

general form

∂Ci
∂t

+
∂Fij
∂xj

= ηi
∂2Ci
∂x2

j

. (8.4)

The term on the right represents artificial viscosity, which does not influence the conserva-

tive nature of the equations, and which is included for purposes of numerical stability, but

also has physical significance. The exact RMHD single-fluid equations are marginally stable.

However, when we discretize the spatial and temporal derivatives in a numerical scheme,

these equations become unstable. We therefore need to include diffusion in order to restore

stability to the system. Because diffusion is second-order in space, the use of fourth-order

spatial and temporal methods gives us explicit control over the viscosity coefficients, which

in turn represent physical processes. The momentum viscosity represents viscous exchanges

of momentum between microscopic eddy structures (Tennekes and Lumley 1973). The mag-

netic viscosity corresponds to a conductivity associated with electron gyration around the

magnetic field lines, as discussed in the next section. Diffusion can produce certain anomalies

associated with relativistic effects, as we discuss in chapter 12, in which we also discuss why

these anomalies do not emerge in our numerical simulations.

To advance the system one time step, we compute the primitive variables from the con-
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served quantities, using a highly accurate, efficient, and convergent algorithm developed by

Newman (2002). We then compute the necessary spatial derivatives using the fourth-order

method of lines. We finally compute the conserved quantities at the next time step using

the fourth-order Runge-Kutta method. Being a one-step method, the Runge-Kutta method

is superior to multi-step methods in several respects (Ralston 2001). It allows for more

versatility in modifying such parameters as the time step. The Runge-Kutta method is also

self-starting. However, one-step methods are somewhat more computationally expensive.

We first make the definitions

w = ρc2 +
ΓP

Γ− 1
,

u0 = γ,

ui = γβi,

b0 = B · β, (8.5)

bi =
Bi + b0ui

u0
,

b2 = b1b1 + b2b2 + b3b3 − b0b0,

where w is the enthalpy and Γ is the adiabatic constant. In this section, the speed of light

c is normalized to unity. The conserved quantities are then given by

C1 = ρu0,

C2 = (w + bαb
α)u0u1 − b0b1,

C3 = (w + bαb
α)u0u2 − b0b2,

C4 = (w + bαb
α)u0u3 − b0b3,

C5 = (w + bαb
α)u0u0 −

(
P +

1

2
bαb

α

)
− b0b0, (8.6)

C6 = B1,

C7 = B2,

C8 = B3.

The first quantity represents mass density. The second, third, and fourth components are the
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components of the momentum density. The fifth component is the energy density. The sixth,

seventh, and eighth components are the components of the magnetic field in the stationary

frame.

The corresponding flux quantities are given by

F1i = ρui,

F2i = (w + bαb
α)u2ui −

(
P +

1

2
bαb

α

)
δ2i − b2bi,

F3i = (w + bαb
α)u3ui −

(
P +

1

2
bαb

α

)
δ3i − b3bi,

F4i = (w + bαb
α)u4ui −

(
P +

1

2
bαb

α

)
δ4i − b4bi,

F5i = (w + bαb
α)u0ui − b0bi,

F62 = v1B2 − v2B1,

F63 = v1B3 − v3B1, (8.7)

F71 = v2B1 − v1B2,

F73 = v2B3 − v3B2,

F81 = v3B1 − v1B3,

F82 = v3B2 − v2B3,

F61 = F72 = F83 = 0.

Let ∆t denote the time increment of the simulation. Let ∆x, ∆y, and ∆z denote the

spatial increments in the x, y, and z directions, respectively. Suppose we know the conserved

quantities at time step n and wish to compute them at time-step n+ 1. We use the fourth-

order Runge-Kutta method. We loop from i = 1 to i = 4, and at each value of i we compute

the following, for i > 1:

Cn+i/4 = Cn + ∆t
i−1∑
j=1

αij
∂Cn+j/4

∂t
. (8.8)

The value of Cn+1, i.e., C at the time increment n+ 1, is then given by
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Cn+1 = Cn + ∆t
4∑
i=1

βi
∂Cn+i/4

∂t
. (8.9)

The method used is the “classic” fourth-order Runge-Kutta method. The α coefficients for

this method are defined as follows:

α21 = 1/2, α32 = 1/2, α43 = 1, αij = 0, otherwise. (8.10)

The β coefficients are defined as follows:

β1 = 1/6, β2 = 1/3, β3 = 1/3, β4 = 1/6. (8.11)

We clearly need a method for estimating

(
∂Cm
∂t

)n+(l+1)/4

at l = 0, 1, 2, and 3, from the known quantity C
n+l/4
m . To do this, we must estimate the spatial

derivatives at time step n + l/4. The primitive variables are recovered from the conserved

quantities using an algorithm developed by Newman (2002). This method reduces a system

of five equations to a single cubic polynomial in the pressure P , and is one order of magnitude

faster than Newton-based methods used to solve equivalent systems. The algorithm is as

follows (methods for solving the cubic equation are described in such articles as McKelvey

(1984) and Nickalls (1993)). We first denote the momentum density, momentum density

squared, and the quantity T , by
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mi = (w + bαb
α)u0ui − b0bi,

mm = C2
2 + C2

3 + C2
4 , (8.12)

T 2 = (C2B2 + C3B3 + C4B4)2.

We begin by making an initial guess for P , which is generally its unperturbed (equilibrium)

value. We denote this P0. We then compute

a = C5 + P0 +
B2

2
,

d =
1

2

(
mmB2 − T 2

)
. (8.13)

We must now verify that P satisfies the condition

a ≥
(

27d

4

)1/3

. (8.14)

We now make the following computations:

φ = cos−1

[
1

a

√
27d

4a

]
,

U1 =
a

3
− 2a

3
cos

(
2φ

3
+

2π

3

)
,

L = U1 −B2,

β2 =
mmL2 − T 2(B2 + 2L)

L2(B2 + L)2
,

u0 =
1√

1− β2
,

w =
L

u0u0
, (8.15)

ρ =
C1

u0
,

P1 =
Γ− 1

Γ
(w − ρc2).
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We repeat this process, using P1 as an input instead of P0. This generates a third value P2.

We now perform convergence checks on P0, P1, and P2, making sure that the magnitude of

the difference between two successive estimates of P is less than a sufficiently small number

of around 10−12. We can then compute the Lipshitz constant R, given by

R =
P2 − P1

P1 − P0

. (8.16)

We then compute the Aitken accelerant PAitken, given by

PAitken = P0 +
P1 − P0

1−R
. (8.17)

We perform convergence checks on P0, P1, P2, and PAitken. If necessary, we repeat the

algorithm, using PAitken as the new P0, and continue to do so until the convergence checks

are satisfied.

The quantities P , ρ, w, β2, u0, and ~B are now known. To compute the remaining quantities,

we do the following:

S =
T

wu0u0
,

βi =
mi + SBi

wu0u0 +B2
, i = 1, 2, 3, (8.18)

ui = βiu0, i = 1, 2, 3.

Let ∆x denote the spatial increment in x, ∆y the increment in y, and ∆z the increment

in z. Suppose there are Nx grid cells, so that Lx = (Nx − 1)∆x. To estimate the spatial

derivatives of a quantity G, we use the method of lines, which employs the method of

asymptotic matching. Consider the (n+ l/4)th time step, and (i, j, k)th spatial location. In
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the following two equations, the j, k indices are omitted from the superscripts, but implicitly

understood. In general, the fourth-order method of lines is used (Schiesser 1991). In fourth-

order, the first derivative of the flux quantity Fm1, with respect to x, is given by

(
∂Fm1

∂x

)i,n+l/4

≈ 1

∆x

(
−1

12
F
i+2,n+l/4
m1 +

2

3
F
i+1,n+l/4
m1 − 2

3
F
i−1,n+l/4
m1 +

1

12
F
i−2,n+l/4
m1

)
. (8.19)

We must also compute the diffusion terms. The second derivative of the conserved quantity

Cm with respect to x, again in fourth-order, is given by

(
∂2Cm
∂x2

)i,n+l/4

≈ 1

∆x2

(
−1

12
Ci+2,n+l/4
m +

4

3
Ci+1,n+l/4
m

)
+

1

∆x2

(
−5

2
Ci,n+l/4
m +

4

3
Ci−1,n+l/4
m − 1

12
Ci−2,n+l/4
m

)
. (8.20)

We use periodic boundary conditions in each spatial direction. Therefore, when i = Nx − 1,

we replace i+ 2 with 2, and i+ 1 with Nx. When i = Nx, we replace i+ 2 with 2 and i+ 1

with 1. When i = 1, we replace i − 2 with Nx − 2 and i − 1 with Nx − 1. When i = 2, we

replace i− 2 with Nx − 1 and i− 1 with 1. What we have said about x applies in the same

manner to y and z. In practice, the simulation is performed in two dimensions, with finite

spatial extent in the x and z directions only.

We can now estimate the desired time derivative, at the given spatial location, using the

conservation-diffusion equation:

(
∂Cm
∂t

)i,j,k,n+(l+1)/4

= −
(
∂Fmh
∂xh

)i,j,k,n+l/4

+ ηm

(
∂2Cm
∂x2

h

)i,j,k,n+l/4

. (8.21)

We now repeat the process described in equations (8.12) through (8.21) to obtain the nec-

essary intermediate time derivatives of the Cm. We then use equation (8.9) to evaluate the
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conserved quantities Cm at the next time step of the simulation. This is the process by

which we advance the numerical simulation through each time step. Having described our

numerical algorithm, we now describe the physical significance of the magnetic viscosity used

in this algorithm.

8.2 Physical Significance of Magnetic Viscosity

We demonstrate that the magnetic viscosity (i.e., resistivity) used in the simulations corre-

sponds to a conductivity which is consistent with electron and ion gyrations in astrophysical

environments relevant to our study, including the BL Lacertae object OJ287 examined by

Marscher and Jorstad (2011), and the radio jet M87 examined by Hines et al. (1989) and

Stawarz et al. (2005). As we will show, these objects correspond to conductivities on the

order of 10−5 s−1, which is within an order of magnitude of the conductivity derived from

the magnetic viscosity used in the numerical simulations. We use the following fundamental

constants, which are quoted here for reference:

c = 3× 1010 cm/s,

e = 4.8× 10−10 statc,

me = 9.11× 10−28 g,

mp = 1.67× 10−24 g,

kB = 1.38× 10−16 ergs/K. (8.22)

We first estimate the conductivity corresponding to the magnetic viscosity used in the simu-

lations. A typical magnetic viscosity in the numerical simulations is η = χr0c ≈ 0.001 r0c,

where lengths on the numerical grid are measured in units of r0, and velocities are mea-

sured in units of the speed of light c. In particular, the background velocity profile varies as

vz0 sech2(x/r0), so the simulation length unit r0 is on the order of half a jet radius. We use
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Jackson (1975) to estimate the corresponding conductivity:

σvisc ≈
c2

η
=

c2

χr0c
≈ 1000

c

r0

. (8.23)

In the simulations, typical frequencies are on the order of c/r0, so the above result is ap-

proximately consistent with the assumption of effectively infinite conductivity. A typical jet

radius is on the order of a parsec, or 1018 cm, so we have

σvisc ≈ 1000
3× 1010

1018
= 3× 10−5 s−1. (8.24)

We denote σvisc as the conductivity corresponding to the magnetic viscosity used in the

simulations. We now compute a conductivity that would be typical of BL Lacertae OJ287,

using the magnetic field value of 5 µG derived in Marscher and Jorstad (2011), along with

parameters typical of jet environments, and therefore plausible for BL Lacertae OJ287. We

then repeat the process for a field of around 100 µG, which is an estimate of the field in the

radio jet M87 (Hines et al. 1989 and Stawarz et al. 2005). We assume the conductivity to

be dominated by electrons of mass me, charge e, number density n, and having a Larmor

frequency ωlar which is much larger than their collision frequency ν with the protons. The

conductivity of the plasma can be approximated as (Bittencourt 2004):

σ =
ne2ωlar

me[ω2
lar + (ν − iω)2]

, (8.25)

where ω ≈ c/r0 ≈ 10−8 s−1. We will see that ωlar >> ω. Also, as will be shown later,

ωlar >> ν. We therefore have

σ ≈ ne2

meωlar

. (8.26)
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This can be further simplified as follows:

σ ≈ ne2

meωlar

≈ ne2

me

(mec

eB

)
(8.27)

=
nec

B
≈ (4.8× 10−10)(3× 1010)(n)

B
=

(14.4 cm3G s−1)(n)

B
. (8.28)

In terms of the plasma β, we have

P ≈ βB2

8π
. (8.29)

Let α be defined by

P = αρc2 ≈ αnmpc
2, (8.30)

where we assume that the mass density is dominated by the contribution from protons. For

a typical jet environment in which the sound speed is near its relativistic limit, we have

α ≈ 50. The number density of electrons (and protons) is therefore related to the magnetic

field by

n ≈ P

αmpc2
≈ βB2

8παmpc2
≈ (26.5 cm−3G−2)βB2

α
. (8.31)

Inserting this result into our expression for σ, we have

σ ≈ 14.4n

B
≈ (14.4)(26.5 G−1s−1)

βB

α
≈ [380 (G s)−1]

βB

α
. (8.32)

We assume a plasma β of around unity. We obtain the following values from the magnetic

field used in Marscher and Jorstad (2011) in their study of the BL Lac object OJ287:
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B ≈ 5× 10−6 G, β ≈ 1, (8.33)

α =
P

ρc2
≈ 50, (8.34)

P ≈ βB2

8π
≈ 1× 10−12 dynes/cm2, (8.35)

n ≈ (26.5 cm−3G−2)
βB2

α
≈ 1.3× 10−11 cm−3, (8.36)

ωlar =
eB

mec
≈ 88 s−1, (8.37)

σ ≈ [380 (G s)−1]
βB

α
≈ 3.8× 10−5 s−1, (8.38)

σ

σvisc

≈ 3.8× 10−5

3× 10−5
≈ 1.3. (8.39)

We therefore have very good agreement between the conductivity σvisc, corresponding to the

magnetic viscosity used in the simulations, and the conductivity σ of BL Lac object OJ287,

estimated from the magnetic field quoted in Marscher and Jorstad (2011).

Hines et al. (1989) and Stawarz et al. (2005) both deduced a magnetic field value on the

order of 10−4 G in one of the knots of extragalactic radio jet M87. In this case, we obtain

approximate agreement between conductivities (from the numerical viscosity and from the

jet) if we assume a more pressure-dominated system, where

α =
P

ρc2
≈ 500. (8.40)

The knots in M87 are in fact believed to be overpressured (Bicknell and Begelman 1996). It

is reasonable to assume that for a larger magnetic field, the pressure will be correspondingly

larger, in order to maintain a plasma β of order unity. This corresponds to a sound speed

which is even closer to its relativistic limit of c/
√

3. The corresponding parameters in this

case are as follows:
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B ≈ 10−4 G, β ≈ 1, (8.41)

α =
P

ρc2
≈ 500, (8.42)

P ≈ βB2

8π
≈ 4× 10−10 dynes/cm2, (8.43)

n ≈ (26.5 cm−3G−2)
βB2

α
≈ 5.3× 10−10 cm−3, (8.44)

ωlar =
eB

mec
≈ 1.8× 103 s−1, (8.45)

σ ≈ [380 (G s)−1]
βB

α
≈ 7.6× 10−5 s−1, (8.46)

σ

σvisc

≈ 7.6× 10−5

3× 10−5
≈ 2.5. (8.47)

We see that in a jet with a 10−4 G field, we have good agreement between the conductivities

deduced from the magnetic viscosity and from the fields measured in Hines et al. (1989) and

Stawarz et al. (2005) for M87. Note that for typical parameters the Larmor frequency is on

the order of 100 s−1, which is about 10 orders of magnitude larger than frequencies typical of

the perturbations being simulated. It is therefore highly unlikely that the KH-destabilization

being studied would generate resonance in gyrating particles.

We verify below that the Larmor frequency is much larger than the collision frequency.

The collision frequency is given approximately by

ν = nΠ
vth√

3
< nΠc, (8.48)

where Π is the collisional cross-section. The next term is the thermal velocity in a given

direction, which certainly cannot exceed c. We assume an impact parameter with the protons

on the order of a Bohr radius, i.e., a0 = 10−8 cm. The cross section is therefore approximately

Π ≈ πa2
0 ≈ π × 10−16 cm2. (8.49)
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The collision frequency is bounded as follows:

ν ≈ nΠc = n(π × 10−16)(3× 1010) = nπ × 10−6 s−1. (8.50)

For typical particle densities in the range 10−12 < n < 10−4 cm−3, the corresponding range

of collision frequencies is

π × 10−18 < ν < π × 10−10 (8.51)

We therefore have ν << ωlar for even the smallest Larmor frequency calculated above. That

is, the collision frequency is much less than the Larmor frequency, and hence we are justified

in our assumption that the conductivity is dominated by electron and ion gyration. We

also have ν << ω, where ω ≈ 10−8 s−1 are frequencies typical of the KH-unstable waves in

our study. We are therefore justified in our assumption that the plasma is approximately

collisionless.

We have demonstrated that the magnetic viscosity (resistivity) used in the simulations

corresponds, within a range of realistic physical parameters, to conductivities associated with

electron and ion gyration in the environments of relevant astrophysical objects, including

the BL Lacertae object BL Lac OJ287 explored by Marscher and Jorstad (2011), and the

extragalactic radio jet M87 explored by Hines et al. (1989) and Stawarz et al. (2005).

8.3 Conclusion

We have described the numerical method used to evolve the simulation in time, which, as

we have seen, numerically solves the single-fluid RMHD equations in conservative form,

using fourth-order finite-differencing to estimate spatial derivatives of flux quantities, the
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fourth-order Runge-Kutta method to compute the conserved quantities at the next time

step, and a highly accurate, rapidly convergent algorithm developed by Newman (2002) to

recover the primitive variables from the conserved quantities. This scheme has fourth-order

accuracy in space and time. Artificial viscosity is used for numerical stability, but also has

physical significance, as the momentum viscosity models viscous exchanges of momentum

between small-scale eddies, between molecular and integral length scales (Tennekes and

Lumley 1973), and the magnetic viscosity (i.e., resistivity) models electron and ion gyration

for realistic parameters of relevant astrophysical environments. Another important result is

that for typical parameters, the Larmor frequency is on the order of 100 s−1 while typical

perturbation frequencies are on the order of 10−8 s−1. This means it is highly unlikely that

the perturbations being simulated would exhibit resonance with particles gyrating about the

magnetic field lines.

Another class of schemes, known as high-resolution shock-capturing (HRSC) schemes, do

not require the use of artificial viscosity, though they are not as rapidly convergent as the

scheme being used, and are difficult to employ in the RMHD regime. Nevertheless, Mignone

et al. (2009) have developed an HRSC scheme, for use in the RMHD regime, that overcomes

many of these difficulties. As we will discuss in chapter 13, a useful path of future research

would be to compare results generated in this study with results generated using the scheme

of Mignone et al. (2009). We now present the results of our numerical simulations.
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Chapter 9

Spatial Averages and Maximum
Values Versus Time

We have described (chapter 5) the algorithm for computing a numerical eigenmode in which

to launch a simulation, and (chapter 8) the scheme used to advance the numerical simulation

in time. We are now in a position to examine the results of our simulations. In this chapter,

we present plots showing the time-dependence of various spatially-averaged or maximized

quantities. We begin with the primitive variables (density, pressure, velocity and magnetic

field components), and examine the time-dependence both in the fluctuations (perturba-

tions) of these quantities, and in their spatial averages. In section 9.1, we consider the linear

regime, i.e., the initial stages of the evolution, in which the perturbations grow exponentially,

ideally at the growth rate corresponding to the eigenmode. As we demonstrate in section

9.2, the real-valued initial perturbation distribution consists of only one positive growth

rate. However, the presence of artificial diffusion introduces evanescent modes, resulting in

initial deviations of the growth curves from linear agreement. When the perturbations be-

come sufficiently large compared to their background values, the growth deviates from linear

behavior, corresponding to the onset of the nonlinear regime. This is what we consider in

section 9.4. In the early stages of the nonlinear regime, the perturbations reach a saturation
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level (maximum growth), after which the growth either decreases or remains at this average

level. In section 9.5, we consider the average values of the primitive variables, which are not

strongly correlated with the fluctuation behavior. The average density and pressure both

increase over time, while the average velocity and Lorentz factor tend to decrease over time,

with each of these quantities approaching an asymptotic value as the system approaches an

equilibrium state.

In both the perturbations and the average values, we notice nonlinear oscillations which

correspond to nonlinear transverse acoustic waves propagating between the jet axis and

transverse boundaries, particularly in the unmagnetized and weakly magnetized cases, and

for more highly relativistic flows. An important point is that the period of these oscillations

is dependent on the transverse system width, which is a numerical parameter. However, as

we will show in sections 11.3 through 11.5, these acoustic oscillations do not significantly

affect the evolution of the flow and its interaction with the magnetic field, the important

properties of which are independent of system width.

In section 9.6, we plot such quantities as the RMS vorticity, RMS current density, and

electromagnetic energy density, none of which exhibit the aforementioned nonlinear oscil-

lations, but each of which exhibit a peak shortly after saturation, generally corresponding

to amplification, at the vortex extremities, of field-related quantities. The peak is generally

followed by a decay which asymptotically approaches some equilibrium value (usually zero).

Collectively, these plots show many interacting processes, among which is the transfer of

energy from the bulk flow to the magnetic field in the early nonlinear regime (as the field

lines are expelled by the vortices), followed by viscous dissipation into thermal energy as the
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field lines, and resulting filamentary features, gradually become aligned with the flow. We

finally examine the numerical accuracy with which the total z-momentum and total energy

are conserved, as shown in table 9.1.

We begin by discussing the initial evolution of the system through the linear regime.

9.1 Growth in the Linear Regime

In its initial equilibrium state, the system has a uniform background density and pres-

sure, and, when magnetized, a uniform background magnetic field in the z-direction. The

background flow velocity has a shear variation of the form vz0 sech2(x/r0). To launch the

simulation, the system is perturbed in a numerically-derived linear eigenmode of the system,

as described in chapter 5. For a given perturbation wave number kz, there are multiple

modes, each with its own complex eigenfrequency and therefore growth rate (the “sinuous”

and “varicose” modes, so named because of their opposite symmetries, described in chapters

6 and 7). However, we select the sinuous mode with the fastest growth rate, and as we

show in section ??, this is the only positive growth rate that emerges in the real-valued

initial perturbation distributions. As a means of validating the numerical code, we need to

compare the linear growth of the primitive variables (density, pressure, velocity, and when

present, magnetic field) with the growth rate of the fastest-growing eigenmode. In the ab-

sence of diffusion, the growth of the primitive variables, in the linear regime, shows excellent

agreement with linear theory.

However, we must include diffusion in order to provide numerical stability to the sys-

tem, particularly in the nonlinear regime. Diffusion is also physically realistic, as it models
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viscous exchanges of mass, momentum, and energy between interacting small-scale eddies

(Tennekes and Lumley 1973). Most of the numerical simulations use equal amounts of x

and z-momentum viscosity, as momentum diffusion is generally isotropic. Density viscosity

is also included in order to prevent the densities from becoming negative in the nonlinear

regime. In the magnetized cases, magnetic viscosity models a conductivity which is con-

sistent with electron and ion gyrations in relevant astrophysical environments (see section

8.2).

However, diffusion also causes initial deviations from linear agreement in the growth of

the primitive variables, and these can be noticeably larger than the deviations caused by

the slower-growing modes described above. We wish to isolate the effects of the individual

viscosity coefficients on linear growth, and identify the physical driving mechanisms of the

evanescent modes that underly the linear deviations. We do this by considering first x-

momentum viscosity in isolation, then equal amounts of x-momentum and density viscosity,

and finally equal amounts of x-momentum, density, and z-momentum viscosity. The first two

cases are not entirely realistic physically, as we would generally expect to have comparable

amounts of momentum viscosity in both components. However, this procedure will allow us

to isolate the evanescent modes introduced by each viscosity coefficient. We will see that the

modes introduced by viscosity are either evanescent, or have much smaller growth rates than

that of the numerical mode. Therefore, in the later stages of the linear regime, the modes

introduced by diffusion effectively disappear, and the numerical mode ultimately dominates,

since it has the fastest growth rate.

The fluid is unmagnetized, with a background flow velocity of vz0(x) = 0.7 c sech2(x/r0),
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Figure 9.1: Linear growth in δP for different values of the z-momentum viscosity
theoretical (Black), ηz = 0.00025 r0c (Blue), ηz = 0 (Red)

Pressure growth, vz0(x) = 0.7 c sech2(x/r0), ηx = ηρ = 0.00025 r0c

a uniform background pressure to density ratio of P0/(ρ0c
2) = 50, and a wave number

kz = 0.8/r0. The complex frequency is ω = (0.278 + 0.099i) c/r0, and the period is 2π/ωr =

22.6 r0/c. The results are summarized in the growth curves in figures 9.1 and 9.2, and

explained more fully in what follows.

We begin with a viscosity of 0.00025 r0c only in the transverse (x) component of momen-

tum. This does not introduce any deviation from linear agreement, as shown by the growth

curves in figure 9.3.

We now consider the same case as above, except we introduce a density viscosity equal to

the x-momentum viscosity (0.00025 r0c). As shown in figure 9.4, the pressure growth curve

still shows excellent linear agreement, as do the velocity growth curves. However, we now

notice a large deviation in the density agreement. Furthermore, this is not a numerically

stable combination of viscosities, as seen by the early numerical breakdown after only 1.3

periods. We now examine displays of the linear evolution. The z-direction (vertical), is the
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Figure 9.2: Linear growth in δρ for different values of the z-momentum viscosity
theoretical (Black), ηz = 0.00025 r0c (Blue), ηz = 0 (Red)

Density growth, vz0(x) = 0.7 c sech2(x/r0), ηx = ηρ = 0.00025 r0c
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Figure 9.3: Linear growth curves for non-zero x-momentum viscosity
theoretical (Black), ρ (Blue), vx (Red), vz (Green), P (Magenta)

vz0(x) = 0.7 c sech2(x/r0), ηx = 0.00025 r0c
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Figure 9.4: Linear growth curves for non-zero density and x-momentum viscosity
theoretical (Black), ρ (Blue), vx (Red), vz (Green), P (Magenta)

vz0(x) = 0.7 c sech2(x/r0), ηρ = ηx = 0.00025 r0c

flow direction, where the flow is directed upward, and the displays show only one wavelength

of the perturbation, although the system spans two perturbation wavelengths (for the cases

shown). In some simulations, not shown in this chapter, the system spans up to five per-

turbation wavelengths, however in each case the system remains spatially periodic in the

flow direction, with negligible differences in behavior from one wavelength to the next. The

pressure displays in figures 9.5 show linear behavior, where the pattern speed of the flow is

approximately equal to the phase velocity of 0.347 c.

Each display is labeled underneath with the minimum and maximum values of the quan-

tity being displayed. The minimum value corresponds to dark blue coloration, while the

maximum value corresponds to dark red coloration, and the values in between are assigned

colors according to the visible spectrum. At later times in the linear evolution, the range

of values is typically larger, due to growth of the perturbations, so the color scales do not

correspond to the same values from one display to the next.
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Figure 9.5: Pressure displays for non-zero density and x-momentum viscosity
Pressure, vz0(x) = 0.7 c sech2(x/r0), ηρ = ηx = 0.00025 r0c
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Figure 9.6: Density displays for non-zero density and x-momentum viscosity
Density, vz0(x) = 0.7 c sech2(x/r0), ηρ = ηx = 0.00025 r0c

In the density displays in figures 9.6, we observe that the density viscosity has introduced

a density depletion layer around the central axis, which is evidently responsible for the large

linear deviation in density growth. As illustrated by the density displays below, this depletion

layer persists throughout the linear regime. There is evidently a rapid initial expulsion of

matter from the central axis. This has a profound effect on the density growth, but very

little effect on the growth of the other quantities. Central regions of low density were also

found in the MHD simulations of Frank et al. (1996) and the RMHD simulations of Mignone

et al. (2009).

We now introduce momentum viscosity in the flow direction, also equal to 0.00025 r0c.

As seen in the growth curves in figure 9.7, the z-momentum viscosity is responsible for
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initial linear deviations in the growth of pressure and the velocity. As seen in the pressure

displays in figures 9.8 and 9.9, the z-momentum diffusion creates two oppositely directed

transverse plane waves that propagate from the central axis to the outer boundaries in x,

at which point they are reflected back inward, and converge once again at the central axis.

The propagation speed is about 0.6 c, which is very close to the sound speed for this case

(0.58 c). As the transverse waves return inward, their amplitudes decay, and the pressure

returns to its background value. The generation of the transverse waves results in the initial

linear deviation, and their decay results in the asymptotic approach of the growth curve to

its expected linear behavior. The momentum and pressure therefore respond much more

sharply to the z-momentum viscosity than to the x-momentum viscosity, which suggests

strong relativistic boosting in the flow direction. As shown by the density displays in figures

9.10 and 9.11, the resulting transverse waves have a small amplitude compared to the density

depletion layer.
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Figure 9.7: Linear growth curves for non-zero momentum and density viscosity
theoretical (Black), ρ (Blue), vx (Red), vz (Green), P (Magenta)
vz0(x) = 0.7 c sech2(x/r0), ηρ = ηx = ηz = 0.00025 r0c
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Figure 9.8: Pressure displays for non-zero momentum and density viscosity
Pressure, vz0(x) = 0.7 c sech2(x/r0), ηρ = ηx = ηz = 0.00025 r0c
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Figure 9.9: Pressure displays for non-zero momentum and density viscosity
Pressure, vz0(x) = 0.7 c sech2(x/r0), ηρ = ηx = ηz = 0.00025 r0c
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These cases correspond to a maximum background flow speed of 0.7 c, but when the

maximum flow speed is instead 0.5 c, we obtain the same results as described above. At a

less relativistic maximum flow speed 0.2 c, the effect of the density viscosity is the same,

however the z-momentum viscosity no longer introduces transverse plane waves. This latter

effect, therefore, is a relativistic one. In figure 9.12, only the density viscosity is non-zero, and

has the same impact as concluded above. This case is much more numerically stable than

the case in which both density and x-momentum viscosity are non-zero. In figure 9.13, only

the z-momentum viscosity is non-zero, and its effect is the same as we saw previously. This

latter case is numerically unstable, with numerical breakdown after fewer than two periods.

Many of these cases are somewhat unreasonable physically, but again, our purpose is to

isolate the manner in which each viscosity influences the growth. In most of the numerical

simulations, we use equal non-zero x and z-momentum viscosities, assuming isotropy in the

momentum, and a non-zero density viscosity in order to prevent the densities from becoming

negative in the nonlinear regime. As we will see in the sections that follow, these simulations

show deviations from linear agreement. We have shown the manner in which the viscosities

are responsible for these deviations.

In this section, we have shown that in the linear regime of evolution, the perturbations

grow at approximately the numerical growth rate of the eigenmode in which the system is

launched. However, we have seen that artificial diffusion introduces evanescent modes which

result in deviation from linear agreement. In particular, the density diffusion (included to

prevent densities from becoming negative) introduces a narrow region of low density around

the central axis, resulting in a large deviation in density growth. The diffusion in longitudinal
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Figure 9.10: Density displays for non-zero momentum and density viscosity
Density, vz0(x) = 0.7 c sech2(x/r0), ηρ = ηx = ηz = 0.00025 r0c
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Figure 9.11: Density displays for non-zero momentum and density viscosity
Density, vz0(x) = 0.7 c sech2(x/r0), ηρ = ηx = ηz = 0.00025 r0c
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Figure 9.12: Linear growth curves for non-zero density viscosity
theoretical (Black), ρ (Blue), vx (Red), vz (Green), P (Magenta)

vz0(x) = 0.7 c sech2(x/r0), ηρ = 0.00025 r0c
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Figure 9.13: Linear growth curves for non-zero z-momentum viscosity
theoretical (Black), ρ (Blue), vx (Red), vz (Green), P (Magenta)

vz0(x) = 0.7 c sech2(x/r0), ηz = 0.00025 r0c

momentum introduces a pair of transverse acoustic waves which propagate between the jet

axis and transverse boundaries, resulting in deviations in the growth of density, pressure,

and both velocity components. The transverse momentum viscosity, on the other hand, does

not introduce noticeable waves of any sort, and has much less of an impact on the system

than the longitudinal momentum viscosity. Having examined the influence of diffusion on

the linear behavior of the perturbations, we can now turn our attention to the nonlinear

behavior.

The perturbations eventually grow to a point where their amplitudes are no longer neg-

ligible compared to the values of the background quantities, and we can no longer neglect

terms which are higher than first-order. This marks the transition from the linear to the

nonlinear regime. The early stages of nonlinear evolution involve saturation of each of the
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perturbed quantities. In the sections that follow, we incorporate magnetic fields, and con-

sider the temporal behavior, associated with nonlinear evolution, of not only perturbations

but also average (or RMS) values. Before we do this, we examine analytically the reasons

for near-perfect linear agreement in the absence of diffusion.

9.2 Near-perfect Agreement in the Absence of Diffu-

sion

We have seen that in the absence of diffusion, there is near-perfect agreement with linear

growth, and therefore that deviations from linear behavior are due to evanescent modes

introduced by diffusion. We seek to explain this near-perfect agreement by analytically

examining the properties of the numerical modes resulting from the linearization described

in chapter 5. Our analysis will show that our real-valued initial perturbation distribution

does not consist of modes with multiple positive growth rates.

We seek to show analytically that when the system is linearized in the absence of diffusion,

the initial distributions are a superposition of modes that contain only one growth rate. In

the absence of diffusion, the linearization (see chapter 5) yields a second-order ODE in the

perturbation to total pressure (taking ky = 0 so that the perturbation is aligned with the

flow, as in the simulations):

Ω2(x, ω)
d

dx

[
1

Ω2(x, ω)

dδPb
dx

]
+ k2

x(x, ω)δPb(x) = 0, (9.1)

where
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δPb(x) = δP (x) + B̃ · δB, thermal and magnetic pressure

Ω2(x, ω) = γ(x)2(ω − kzṽz(x))2 − v2
Az

(
k2
z −

ω2

c2

)
,

k2
x(x, ω) =

kd(x, ω)2Ω2(x, ω)

γ(x)2(ω − kzṽz(x))2 + k2
d(x, ω)v2

Az

, (9.2)

and

k2
d(x, ω) = γ(x)2

[
(ω − kzṽz(x))2

c2
s

−
(
kz −

ωṽz(x)

c2

)2
]
,

vAz =
B̃z√
4πw̃

,

γ(x) =
1√

1− ṽz(x)/c2
, c2

s = c2 ΓP̃

w̃
. (9.3)

where δPb(x) is the complex shear profile of the total pressure. The corresponding pertur-

bation to the initial distribution is

δPb(x, z) = Re[δPb(x) exp(ikzz)]

=
1

2
[δPb(x) exp(ikzz) + δP ∗b (x) exp(−ikzz)] , (9.4)

where δPb(x) is a solution to equation (9.1) corresponding to eigenfrequency ω, and δP ∗b (x)

is a solution to equation (9.1) corresponding to some eigenfrequency ω′. That is, for some

ω′, we have

Ω2(x, ω′)
d

dx

[
1

Ω2(x, ω′)

dδP ∗b
dx

]
+ k2

x(x, ω
′)δP ∗b (x) = 0. (9.5)
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In order for δP ∗b (x) to satisfy (9.1), we must have

[Ω2(x, ω)]∗
d

dx

[
1

[Ω2(x, ω)]∗
dδP ∗b
dx

]
+ [k2

x(x, ω)]∗δP ∗b (x) = 0. (9.6)

Combining (9.5) and (9.6), we must satisfy the conditions

Ω2(x, ω′) = [Ω2(x, ω)]∗,

k2
x(x, ω

′) = [k2
x(x, ω)]∗. (9.7)

We first explicitly evaluate the right-hand sides of conditions (9.7). We have

Ω2(x, ω) = γ2(ω − kzvz0)2 − v2
Az

(
k2
z −

ω2

c2

)
= γ2

[
(ωr − kzvz0)2 − ω2

i + 2iωi(ωr − kzvz0)
]
− v2

Az

[
k2
z −

ω2
r − ω2

i + 2iωrωi
c2

]
,

(9.8)

so that

[Ω2(x, ω)]∗ = γ2[(ω − kzvz0)2]∗ − v2
Az

[(
k2
z −

ω2

c2

)]∗
= γ2

[
(ωr − kzṽz(x))2 − ω2

i − 2iωi(ωr − kzṽz(x))
]
− v2

Az

[
k2
z −

ω2
r − ω2

i − 2iωrωi
c2

]
.

(9.9)

For [k2
x(x, ω)]∗, we have

[k2
x(x, ω)]∗ =

[k2
d(x, ω)]∗[Ω2(x, ω)]∗

γ(x)2(ω∗ − kzṽz(x))2 + [k2
d(x, ω)]∗v2

Az

, (9.10)
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where

[k2
d(x, ω)]∗ = γ(x)2

[
(ω∗ − kzṽz(x))2

c2
s

−
(
kz −

ω∗ṽz(x)

c2

)2
]
, where (9.11)

(ω∗ − kzṽz(x))2 = (ωr − kzṽz(x))2 − ω2
i − 2iωi(ωr − kzṽz(x)), and (9.12)(

kz −
ω∗ṽz(x)

c2

)2

=

(
kz −

ωrṽz(x)

c2

)2

− ω2
i ṽz(x)2

c4
+ (2i)

ωiṽz(x)

c2

(
kz −

ωrṽz(x)

c2

)
. (9.13)

We first consider ω′ = ω∗. We have

Ω2(x, ω∗) = γ2(ω∗ − kzvz0)2 − v2
Az

(
k2
z −

(ω∗)2

c2

)
= γ2[(ω − kzvz0)2]∗ − v2

Az

[(
k2
z −

ω2

c2

)]∗
= [Ω2(x, ω)]∗,

k2
d(x, ω

∗) = γ(x)2

[
(ω∗ − kzṽz(x))2

c2
s

−
(
kz −

ω∗ṽz(x)

c2

)2
]

= [k2
d(x, ω)]∗. (9.14)

Inserting these results into expression (9.10) for [k2
x(x, ω)]∗, we obtain

k2
x(x, ω

∗) = [k2
x(x, ω)]∗. (9.15)

We combine this result with the result from (9.14), namely,

Ω2(x, ω∗) = [Ω2(x, ω)]∗. (9.16)

Conditions (9.7) are therefore satisfied, which shows that δP ∗b (x) is a solution of (9.1) cor-

responding to ω′ = ω∗.

250



Conditions (9.7) are also satisfied if we choose ω′ = −ω∗, provided we replace kz with

−kz. −ω∗ differs from ω in the sign of the real part. Therefore, in order to maintain the

direction of the longitudinal phase velocity ωr/kz, we must also flip the sign of kz. This

amounts to an exchange of the coefficients exp(ikzz) and exp(−ikzz) in expression (9.4) for

δPb(x, z). For ω′ = −ω∗ and kz replaced with −kz, we have

(ω′ + kzṽz(x))2 = (−ω∗ + kzṽz(x))2 = (ω∗ − kzṽz(x))2 (9.17)(
−kz −

ω′ṽz(x)

c2

)2

=

(
−kz +

ω∗ṽz(x)

c2

)2

=

(
kz −

ω∗ṽz(x)

c2

)2

(9.18)

(−kz)2 − (ω′)2

c2
= (−kz)2 − (−ω∗)2

c2
= k2

z −
(ω∗)2

c2
. (9.19)

Combining (9.17) and (9.19), we have satisfied

Ω2(x,−ω∗,−kz) = [Ω2(x, ω, kz)]
∗. (9.20)

Combining (9.17) and (9.18), we have satisfied

k2
d(x,−ω∗,−kz) = [k2

d(x, ω, kz)]
∗. (9.21)

Combining (9.17), (9.20), and (9.21), we have satisfied

k2
x(x,−ω∗,−kz) = [k2

x(x, ω, kz)]
∗. (9.22)

From (9.20) and (9.22), we have satisfied conditions (9.7). In summary, if δPb(x) is a solution

of (9.1) with eigenfrequency ω, then δP ∗b (x) is a solution of (9.1) with eigenfrequency ω∗, or
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with eigenfrequency −ω∗ and kz replaced by −kz in order to maintain the direction of the

longitudinal phase velocity. Either way, we see that the superposition of δPb(x) and δP ∗b (x),

in order to construct the real-valued initial perturbation distribution δPb(x, z) via equation

(9.4), only involves a single positive growth rate, which explains the close agreement with

linear theory in the absence of diffusion.

Having examined the linear regime, we now proceed to discuss temporal behavior in the

nonlinear regime of evolution.

9.3 Time-Dependence in the Nonlinear Regime

We now turn our attention to the temporal behavior of various quantities in the nonlinear

regime. We first plot the nonlinear evolution of the fluctuations of the primitive variables

(density, velocity, pressure, and magnetic field), in section 9.4. We notice oscillations in the

growth curves. These correspond to a series of nonlinear transverse acoustic waves, which

propagate back and forth between the jet axis and transverse boundaries. We also plot

the time-dependence of certain spatially-averaged quantities, including the aforementioned

primitive variables, in section 9.5. Many of these plots show the same nonlinear oscillations.

These oscillations are dependent on the location of the transverse boundaries. However, as

we will show in sections 11.3 through 11.5, they do not significantly influence the evolution of

the flow. The average density and pressure both tend to increase over time, with the fastest

increase occurring shortly after saturation. The average flow speed and Lorentz factor tend

to decrease over time. Each of these quantities approach an asymptotic value as the system

tends toward equilibrium, where the asymptote depends on the magnetic field strength, and

to a lesser extent, on the viscosity.
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In the plots in section 9.6, we will notice a peak in the given quantity, occurring shortly

after the saturation stage, typically followed by quasi-exponential decay. This occurs in the

plots of vorticity, RMS current density, RMS electromagnetic energy density, among other

quantities. The peaks generally correspond to amplification of field-related quantities as the

field lines and plasma are expelled by vortices during their formation, resulting in concen-

tration of field lines at the vortex extremities (we will see displays of this in chapter 10).

The vortices extract mechanical energy from the bulk flow, resulting in abrupt deceleration

of the flow (seen in the above plots of flow speed and Lorentz factor), and use energy this

to perform work against the magnetic field lines, thereby converting this energy into elec-

tromagnetic form. This electromagnetic energy then undergoes gradual viscous dissipation

into thermal energy as the system relaxes to an equilibrium state consisting of flow-aligned

filaments. These stages of evolution are also described in the MHD results of Frank et al.

(1996), Malagoli et al. (1996), and Baty et al. (2003).

Collectively, these plots illustrate how the magnetic field modulates the transfer of mo-

mentum and energy between the bulk flow and the field, along with viscous dissipation into

thermal energy. The plots shed light on many complex mechanisms, as seen, for example, in

the bifurcations in the dependence on field strength. That is, maximum field amplification,

flow deceleration, and viscous dissipation all occur for intermediate vortex-disruptive fields,

not for the strongest or weakest fields. This means that these processes are modulated not

only by the extent of vortex formation, but also by the rapidness and complexity of vortex

disruption. Most plots simultaneously display curves for multiple values of the relativistic

Alfvenic Mach number, given by
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MA =
vz0γ

vAγA
=

vz0
vA

√
1− v2

A/c
2

1− v2
z0/c

2
, (9.23)

where vz0 is the amplitude of the background flow speed, vA is the background relativistic

Alfven speed, and γ and γA are the respective Lorentz factors. The Alfven speed is given by

vA =
Bz0√

ρ0 + (P0/c2)Γ/(Γ− 1)
, (9.24)

where Γ is the adiabatic index, here assumed to be 4/3, owing to the sound speed being

approximately at its relativistic maximum value of c/
√

3. For each Alfvenic Mach number, we

display plots at two different maximum background flow speeds, vz0 = 0.7 c and vz0 = 0.5 c,

and find striking similarity between the plots at the two flow speeds. This demonstrates

that within a range of moderately relativistic flow speeds, the relativistic Alfvenic Mach

number is closely correlated with the influence of the magnetic field on the evolution of the

system. The above Alfvenic Mach number is a relativistic extension of the non-relativistic

version (vz0/vA) used by Baty et al. (2003) in their MHD study, in 2D slab geometry, of the

nonlinear KH instability.

In the sections that follow, we plot the time-dependence of quantities of physical interest,

where each quantity corresponds to a given pair of plots, with vz0 = 0.7 c the left graph and

vz0 = 0.5 c the right graph. Each graph contains multiple curves, each curve corresponding

to a specific value of the Alfvenic Mach number MA. The same values of MA are studied

at both flow speeds (i.e., in all plots). The independent variable in all plots is the time

in units of the linear growth time. We first consider the time-dependence in the growth of
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fluctuations in the primitive variables (density, velocity, pressure, and magnetic field). We

will see that these quantities first pass through a linear regime in which the perturbations

grow at a certain expected linear growth rate. There is then a transition to a nonlinear

regime, followed shortly by saturation of each of the perturbation amplitudes. We then

consider the time-dependence of quantities which are spatially averaged or maximized over

the numerical grid. In both the fluctuations and average values of the velocity components,

density, and pressure, we will notice oscillations in the nonlinear regime. We will see that

these correspond to nonlinear transverse sound waves which, for weak fields, move back

and forth between the jet axis and transverse boundaries. The period of oscillation is the

sound transit time. We finally consider the time-dependence of certain quantities which

reach a maximum value at or shortly after saturation, and then undergo a quasi-exponential

decay toward an equilibrium state. These include the RMS vorticity, RMS current density,

electromagnetic to thermal pressure (i.e., inverse plasma β), electromagnetic energy, and

electromagnetic longitudinal momentum.

We list below the parameters for the cases to be considered in the sections that follow,

where ε has units of energy density. The primitive variables, sound speed, Mach number,

and plasma β are background values that characterize the equilibrium at the start of the

simulation. At a given time in the simulation, the minimum plasma β is often several orders

of magnitude less than the background β.

255



The parameters specific to all cases are as follows:

ρ0c
2 = 0.1 ε, P0 = 5 ε,

cs = 0.576 c,

kz = 0.8 r−1
0 ,

Lx/cs = 31.5 r0/(0.576 c) = 54.70 r0/c (sound transit time),

−15.75 r0 ≤ x ≤ 15.75 r0, 0 ≤ z ≤ 2π

kz
,

Nx = 1001, Nz = 201,

∆t = 0.032 r0/c, ∆x = 0.0315 r0, ∆z = 0.0393 r0. (9.25)

The parameters specific to simulations performed with vz0(x) = 0.7 c sech2(x/r0) are as
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follows:

MA = ∞, β = ∞ : ωi0 = 0.0994 c/r0, Ti = 10.06 r0/c,

Ti =
1

ωi
= 10.06 r0/c, T =

2π

ωr
= 22.61 r0/c,

(MA, β, vA/c) = (82.83, 3553, 0.0118) : ωi = 0.0993 c/r0 = 0.9991ωi0,

Ti =
1

ωi
= 10.07 r0/c, T =

2π

ωr
= 22.61 r0/c,

(MA, β, vA/c) = (41.41, 888.3, 0.0237) : ωi = 0.0990 c/r0 = 0.9965ωi0,

Ti =
1

ωi
= 10.10 r0/c, T =

2π

ωr
= 22.63 r0/c,

(MA, β, vA/c) = (20.70, 222.1, 0.0473) : ωi = 0.0980 c/r0 = 0.986ωi0,

Ti =
1

ωi
= 10.20 r0/c, T =

2π

ωr
= 22.68 r0/c,

(MA, β, vA/c) = (10.34, 55.52, 0.0947) : ωi = 0.0937 c/r0 = 0.943ωi0,

Ti =
1

ωi
= 10.67 r0/c, T =

2π

ωr
= 22.89 r0/c,

(MA, β, vA/c) = (5.145, 13.88, 0.1893) : ωi = 0.0738 c/r0 = 0.743ωi0,

Ti =
1

ωi
= 13.55 r0/c, T =

2π

ωr
= 23.70 r0/c,

104(ηρ, ηx, ηz, ηBx, ηBz) = (0.25, 0.25, 0.25, 1.2, 1.2) r0c, magnetized,

ηρ = ηx = ηz = 0.00025 r0c, unmagnetized. (9.26)

The parameters specific to simulations performed with vz0(x) = 0.5 c sech2(x/r0) are as
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follows:

MA = ∞, β = ∞ : ωi0 = 0.0760 c/r0, Ti = 13.16 r0/c,

Ti =
1

ωi
= 13.16 r0/c, T =

2π

ωr
= 34.51 r0/c,

(MA, β, vA/c) = (82.83, 10240, 0.0070) : ωi = 0.0759 c/r0 = 0.9991ωi0,

Ti =
1

ωi
= 13.17 r0/c, T =

2π

ωr
= 34.52 r0/c,

(MA, β, vA/c) = (41.41, 2560, 0.0139) : ωi = 0.0757 c/r0 = 0.9963ωi0,

Ti =
1

ωi
= 13.21 r0/c, T =

2π

ωr
= 34.53 r0/c,

(MA, β, vA/c) = (20.70, 640, 0.0279) : ωi = 0.0749 c/r0 = 0.985ωi0,

Ti =
1

ωi
= 13.36 r0/c, T =

2π

ωr
= 34.57 r0/c,

(MA, β, vA/c) = (10.34, 160, 0.0558) : ωi = 0.0715 c/r0 = 0.940ωi0,

Ti =
1

ωi
= 14.00 r0/c, T =

2π

ωr
= 34.73 r0/c,

(MA, β, vA/c) = (5.145, 40, 0.1115) : ωi = 0.0565 c/r0 = 0.744ωi0,

Ti =
1

ωi
= 17.69 r0/c, T =

2π

ωr
= 35.34 r0/c,

ηρ = ηx = ηz = 0.00025 r0c,

ηBx = ηBz = 0.0006 r0c. (9.27)
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9.4 Nonlinear Growth in Fluctuations of the Primitive

Variables

We begin by plotting the growth in fluctuations of the primitive variables (density, pressure,

velocity, and magnetic field). At a given time t, the growth in fluctuations of a quantity

Q(x, z, t), which has a background distribution Q0(x, z), is given by

φQ = ln

(
RMS|Q(x, z, t)−Q0(x, z)|
RMS|Q(x, z, 0)−Q0(x, z)|

)
. (9.28)

The growth of a given quantity describes the magnitude of its fluctuations from a mean

value, and does not contain information about the time-dependence of the mean value of

that quantity. This is a separate issue which will be addressed in the next section. Each of

figures 9.14 through 9.19 displays the time-dependence of the growth of a given primitive

variable. Each graph contains multiple curves, each curve corresponding to a specific value

of the Alfvenic Mach number MA. The same values of MA are studied at two maximum

background flow speeds, with vz0 = 0.7 c the left graph and vz0 = 0.5 c the right graph. In the

linear regime, each growth curve grows at the linear growth rate of the numerically computed

eigenmode in which the system is launched. The linear deviations are due to transient modes

introduced by the artificial viscosity, which is included for numerical stability. However,

the density and momentum viscosity also model viscous exchanges between small eddies

(Tennekes and Lumley 1973), and the magnetic viscosity models a resistivity associated

with gyrations of electrons and protons about the magnetic field lines (see the last section

of chapter 8).

Saturation of density, pressure, and transverse velocity perturbations occur after about
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7 growth times for the strong-field (MA = 5.145) case, and occurs later for the cases with

weaker fields, requiring about 10 growth times for the unmagnetized case. In each case,

the field components are the last of the perturbations to saturate. This is true at both flow

speeds, 0.5 c and 0.7 c. The density, pressure, and velocity component perturbations saturate

at between 7 and 8 powers of e in the case with vz0 = 0.7 c, and at between 6 and 7 powers of

e in the case with vz0 = 0.5 c. This can be explained in terms of the higher flow speed having

the higher growth rate, and in terms of the mechanism of saturation. In the linear regime,

a single linear mode is present. As the perturbations become sufficiently large, relative to

the background values, additional, nonlinear modes begin to influence the evolution of the

system, so that energy is extracted from the linear mode and deposited into these additional

modes, until the linear mode and emergent modes have comparable energy. The linear mode

no longer dominates the evolution of the system, resulting in saturation. A linear mode with

a higher growth rate has more energy, and therefore allows more growth to take place before

this energy is deposited into nonlinear modes.

As seen in figures 9.18 and 9.19, for both flow speeds, the magnetic field perturbations

saturate at about 8 to 9 powers of e, with the transverse field component reaching a slightly

higher level than the longitudinal component, and the saturation levels decreasing with

increasing field (decreasing MA). At both flow speeds, the longitudinal velocity and magnetic

field components do not exhibit oscillations in the linear regime. The field components each

exhibit a slow nonlinear decrease corresponding to gradual decay of field perturbations,

while the longitudinal velocity remains at the level at which it saturates. The magnetic field

components saturate at a higher level, and are generally the last to saturate. This is due
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largely to centrifugal expulsion of the field lines to vortex extremities, resulting in further

amplification of the field and field perturbations as electromagnetic energy is extracted from

the mechanical energy of the bulk flow. Weaker fields are amplified by a larger fraction of

their background field strength, which is why they saturate at higher levels. The subsequent

decay of field perturbations corresponds to the viscous dissipation of electromagnetic energy

into thermal form. This behavior is characteristic of vortex-disruptive fields, but not fields

which completely suppress vortex formation.

However, the results are somewhat different for the strongest, vortex-suppressing, field,

corresponding to MA = 5.145. In this case, the saturation levels of all perturbations are

nearly the same, and occur after nearly the same number of growth times (about 8.2 growth

times for vz0 = 0.7 c, and 7.8 growth times for vz0 = 0.5 c). We notice from figures 9.18 and

9.19 that in the vortex-suppressing case (the cyan-colored curves), the field component per-

turbations have both leveled off after about 40 growth times. This corresponds to alignment

of the field lines with the flow direction, after the system has reached an equilibrium state

consisting of flow-aligned vortex and current filaments. For the weaker fields, the simulations

were not propagated to the point where this level of field alignment was achieved, which is

why the growth curves continue to decrease.

The density, pressure, and transverse velocity perturbations undergo nonlinear oscilla-

tions which correspond to nonlinear transverse sound waves. For weak fields, these waves

travel back and forth between the jet axis and transverse boundaries. At a given maximum

of pressure growth, the pressure is maximized along the jet axis. At the next minimum, the

pressure is more evenly distributed. At the next maximum, the pressure is maximized at
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the transverse boundaries. At the next minimum, the pressure is once again more evenly

distributed, and so on. The oscillation period is approximately equal to the sound transit

time (about 5.4 growth times for vz0 = 0.7 c and about 4.2 growth times for vz0 = 0.5 c).

The oscillations have somewhat larger amplitude for vz0 = 0.7 c than for vz0 = 0.5 c, and are

suppressed for stronger fields (MA = 10.34 or 5.145), indicating that these nonlinear acous-

tic waves are enhanced by relativity. These waves take the form of pressure and density

waves, and are most apparent for weaker fields, and higher (more relativistic) background

flow speeds.

It should be noted that the period of these oscillations is equal to the sound transit time

across the transverse width of the system, and is therefore dependent on the location of the

transverse boundaries, i.e., a numerical constraint. However, as we will show in sections

11.3 through 11.5 of chapter 11, these acoustic oscillations do not significantly influence the

evolution of the flow.

An important observation is that at a given relativistic Alfvenic Mach number MA,

corresponding growth curves are very similar at 0.7 c and 0.5 c. This indicates that within a

regime of moderately relativistic flow speeds, this Alfvenic Mach number is closely correlated

with the influence of a magnetic field on linear and nonlinear fluctuations. Frank et al. (1996)

and Baty et al. (2003) described field strength in terms of the non-relativistic Alfvenic Mach

number.

Each of figures 9.20 through 9.25 corresponds to a given value of the magnetic field,

and simultaneously displays the growth curves for the density (black), transverse velocity

(blue), longitudinal velocity (red), pressure (green), transverse magnetic field (magenta), and
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longitudinal magnetic field (cyan). In the unmagnetized case, the density and pressure curves

are practically indistinguishable in the nonlinear regime. As the field strength increases,

there is an increase in the disparity between the nonlinear behavior of the density and

pressure curves, and an increasingly closer correspondence between the transverse velocity

and pressure curves.

Having examined the time-dependence of the growth in fluctuations of the primitive

variables, we now proceed, in the next section, to examine the time-dependence of the

average values of these, and related, quantities.
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Figure 9.14: Growth in transverse velocity fluctuations vs time at different MA

MA =∞ (Black), 82.8 (Blue), 41.4 (Red), 20.7 (Green), 10.3 (Magenta), 5.15 (Cyan)
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Figure 9.15: Growth in longit. velocity fluctuations vs time at different MA

MA =∞ (Black), 82.8 (Blue), 41.4 (Red), 20.7 (Green), 10.3 (Magenta), 5.15 (Cyan)
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Figure 9.16: Growth in density fluctuations vs time at different MA

MA =∞ (Black), 82.8 (Blue), 41.4 (Red), 20.7 (Green), 10.3 (Magenta), 5.15 (Cyan)
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Figure 9.17: Growth in pressure fluctuations vs time at different MA

MA =∞ (Black), 82.8 (Blue), 41.4 (Red), 20.7 (Green), 10.3 (Magenta), 5.15 (Cyan)
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Figure 9.18: Growth in transverse field fluctuations vs time at different MA

MA =∞ (Black), 82.8 (Blue), 41.4 (Red), 20.7 (Green), 10.3 (Magenta), 5.15 (Cyan)
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Figure 9.19: Growth in longit. field fluctuations vs time at different MA

MA =∞ (Black), 82.8 (Blue), 41.4 (Red), 20.7 (Green), 10.3 (Magenta), 5.15 (Cyan)
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Figure 9.20: Growth in fluctuations vs time for unmagnetized case
ρ (Black), vx (Blue), vz (Red), P (Green), MA = ∞
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Figure 9.21: Growth in fluctuations vs time for weak field (MA = 83)
ρ (Black), vx (Blue), vz (Red), P (Green), Bx (Magenta), Bz (Cyan), MA = 82.83
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Figure 9.22: Growth in fluctuations vs time for intermediate field (MA = 41)
ρ (Black), vx (Blue), vz (Red), P (Green), Bx (Magenta), Bz (Cyan), MA = 41.41

267



0 5 10 15 20 25 30 35 40 45
0

1

2

3

4

5

6

7

8

9

10

t/T
i

φ

(a) vz0(x) = 0.7 c sech2(x/r0)

0 10 20 30 40 50 60
0

1

2

3

4

5

6

7

8

9

t/T
i

φ

(b) vz0(x) = 0.5 c sech2(x/r0)

Figure 9.23: Growth in fluctuations vs time for intermediate field (MA = 21)
ρ (Black), vx (Blue), vz (Red), P (Green), Bx (Magenta), Bz (Cyan), MA = 20.70
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Figure 9.24: Growth in fluctuations vs time for intermediate field (MA = 10)
ρ (Black), vx (Blue), vz (Red), P (Green), Bx (Magenta), Bz (Cyan), MA = 10.34
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Figure 9.25: Growth in fluctuations vs time for strong field (MA = 5)
ρ (Black), vx (Blue), vz (Red), P (Green), Bx (Magenta), Bz (Cyan), MA = 5.145

9.5 Oscillatory Behavior of Average Values

Having studied the growth behavior of various fluctuations, we now consider the time-

dependence of average values of certain quantities, through the linear and nonlinear regimes.

We begin, in this section, by plotting certain quantities which have nonlinear oscillatory

behavior that mirrors the oscillations in the growth of the fluctuations of velocity, density,

and pressure. These oscillations are due largely to the back and forth motion of nonlinear

transverse sound waves, which propagate between the jet axis and transverse boundaries

at an average velocity that approximates the sound speed of 0.576 c, as described below.

Although these oscillations are influenced by the finite width of the numerical system, we

will show in sections 11.3 through 11.5 of chapter 11 that they do not significantly influence

the evolution of the flow. The transverse system width does not influence observations that

do not explicitly refer to oscillations. For example, we will discuss the bifurcation in en-

ergy dissipation, which is maximized for intermediate field strengths, and all aspects of this
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discussion are independent of system width.

Throughout this section, and the sections that follow, each row consists of two plots, with

the left plot corresponding to a central background flow speed of vz0 = 0.7 c, and the right

plot corresponding to a central background flow speed of vz0 = 0.5 c. By comparing the right

and left plots, it is evident that the influence of the magnetic field, in terms of the relativistic

Alfvenic Mach number MA, is very similar at both flow speeds. This reinforces the idea that

the influence of the magnetic field, on nonlinear evolution, is very closely correlated with MA.

In the non-relativistic (MHD) studies of Frank et al. (1996) and Baty et al. (2003), among

others, the magnetic field strength is reported in terms of the non-relativistic Alfvenic Mach

number.

In figures 9.26, we plot the time-dependence of the average longitudinal velocity. In

figures 9.28, we plot the time-dependence of the maximum longitudinal velocity. We also

plot the time-dependence of the transverse velocity, the RMS values in figures 9.27 and

the maximum values in figures 9.29 (the average transverse velocity is zero, to within an

accuracy of 10−15 c). The averages are taken over the range −7.875 r0 ≤ x ≤ 7.875 r0, as

the fluid velocity is negligible outside of this range. Of particular interest is the oscillatory

behavior in the average velocities. The average longitudinal velocity oscillates with a period

of about 5.2Ti, i.e., 5.2 growth times, in the vz0 = 0.7 c unmagnetized case, and a period of

about 4.8Ti in the unmagnetized vz0 = 0.5 c case. As the magnetic field becomes stronger,

the oscillation period decreases, and this effect is more pronounced in the vz0 = 0.5 c case

than the vz0 = 0.7 c case. In the vz0 = 0.5 c case, the RMS transverse velocity has an

oscillation period of about 4.7 growth times, but in the vz0 = 0.7 c case, this oscillation
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period is about 2.6 growth times, which is almost exactly half of the period of oscillations of

the longitudinal velocity. In figures 9.30 and 9.31, we plot the average and maximum Lorentz

factors, respectively. In figures 9.32 and 9.33, we plot the spatially-averaged thermal pressure

and density, respectively, relative to their background values. The oscillation periods of the

average Lorentz factor, density, and pressure, are roughly the same as the period observed

for the average flow speed. The oscillation amplitudes decrease with increasing field strength

in both the vz0 = 0.7 c and vz0 = 0.5 c cases.

The oscillation period of about 5 growth times is about equal to the period of oscilla-

tions of nonlinear unmagnetized longitudinal velocity fluctuations, and twice the oscillation

period of fluctuations of transverse velocity, density, and pressure, which are associated with

the back and forth motion of nonlinear transverse sound waves, between the jet axis and

transverse boundaries. We therefore see that the breathing of these transverse waves is cou-

pled not only to oscillations in the fluctuations of velocity, density, and pressure, but also

to oscillations in their average values. At a given local maximum of pressure and density,

these quantities are maximized along the jet axis, and the longitudinal velocity is at a lo-

cal minimum. At the next pressure and density local minimum, these quantities are more

evenly distributed. At the next local maximum, the pressure and density are maximized at

the transverse boundaries, and the longitudinal velocity is at a local maximum. At the next

local pressure minimum, the pressure and density are once again more evenly distributed,

and so on. In this way, the oscillation corresponds to a breathing motion. The nonlinear

oscillation period of average longitudinal velocity is therefore equal to the transit time for

sound waves (about 55 r0/c, or 2.4 periods, or 5 growth times), while the oscillation period of
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average pressure is half the sound transit time. The oscillation period of transverse velocity

is equal to that for the average pressure, as seen by comparing figures 9.27 to 9.32. Maximum

outward transverse velocity occurs after the pressure is maximized around the central axis.

Maximum inward transverse velocity occurs after the pressure is maximized at the outer

boundaries. As with the fluctuation curves in the previous section, the nonlinear oscilla-

tions have consistently larger amplitudes at a background flow speed of vz0 = 0.7 c than at

vz0 = 0.5 c, reinforcing the notion that these nonlinear acoustic oscillations are enhanced by

the relativistic nature of the flow.

It should again be emphasized that the oscillation mechanisms described above are de-

pendent on the transverse system width, which is a numerical parameter of the system. For

larger system widths, the period of acoustic oscillations is correspondingly larger. However,

as we will show in sections 11.3 through 11.5, these oscillations do not significantly influ-

ence the evolution of the flow, and its interaction with the magnetic field. Furthermore,

the transverse system width does not significantly influence the time-averaged values of the

quantities being plotted (i.e., when we average the oscillations over time). The conclusions

that do not explicitly refer to oscillations (such as those in the paragraphs that follow) are

therefore unaffected by the transverse width of the system.

For all field strengths, the average and maximum Lorentz factor and flow speed both

decrease over time, and the average thermal pressure and density both increase over time.

Both of these trends (increase in thermal pressure, decrease in Lorentz factor) are consistent

with the viscous dissipation of mechanical bulk flow energy, and electromagnetic energy, into

thermal energy.
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We also notice from these figures that as field strength increases from MA = 83 to

41 to 21, there is a decrease in the equilibrium values of the average longitudinal velocity

and average Lorentz factor (and in the corresponding maximum values). However, as the

field strength continues to increase from MA = 21 to 10 to 5, these equilibrium values now

increase, rather than continue to decrease, as shown in figures 9.26, 9.28, 9.30, and 9.31. This

signifies a bifurcation in field behavior, where maximum deceleration occurs for intermediate

vortex-disruptive fields (MA = 41 or 21). This same bifurcation is also evident in the plots

of average pressure and average density shown in figures 9.32 and 9.33, where there is an

increase in equilibrium pressure and density as field strength increases from MA = 83 to

41 to 21, and then decreases from MA = 21 to 10 to 5. As with deceleration, maximum

dissipation into thermal energy occurs for intermediate vortex-disruptive fields (MA = 41

or 21). This bifurcation can largely be attributed to the complexity of vortex disruption,

which is closely followed by turbulent breakdown into smaller-scale structures. Intermediate

vortex-disruptive fields allow extensive vortex formation followed by rapid disruption, a

combination which maximizes the complexity of turbulent breakdown, thereby maximizing

viscous dissipation of bulk flow energy into thermal energy. At MA = 81, vortex disruption

does not occur rapidly enough, and at MA = 10 or 5, the field is too strong to allow

sufficient vortex development, so neither of these regimes create the conditions necessary

for optimally complex breakdown and reorganization. The equilibrium values of RMS and

maximum transverse velocity, on the other hand, decrease with increasing field strength,

with no evident bifurcation, as shown in figures 9.27 and 9.29. The transverse motions

of the flow are strongly correlated with the extent of vortex formation and nonlinear jet

broadening, both of which are inversely correlated with background magnetic field strength,
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as we will see in chapter 10.
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Figure 9.26: Average longitudinal velocity vs time at different field strengths
Average vz at MA = ∞ (black), 83 (blue), 41 (red), 21 (green), 10 (magenta), 5 (cyan)
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Figure 9.27: RMS transverse velocity vs time at different field strengths
RMS vx at MA = ∞ (black), 83 (blue), 41 (red), 21 (green), 10 (magenta), 5 (cyan)

274



0 10 20 30 40 50 60 70
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

t/T
i

M
ax

(v
z)/

c

(a) vz0(x) = 0.7 c sech2(x/r0)

0 10 20 30 40 50 60
0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

t/T
i

M
ax

(v
z)/

c

(b) vz0(x) = 0.5 c sech2(x/r0)

Figure 9.28: Maximum longitudinal velocity vs time at different field strengths
Max. vz at MA = ∞ (black), 83 (blue), 41 (red), 21 (green), 10 (magenta), 5 (cyan)
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Figure 9.29: Maximum transverse velocity vs time at different field strengths
Max. vx at MA = ∞ (black), 83 (blue), 41 (red), 21 (green), 10 (magenta), 5 (cyan)
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Figure 9.30: Average Lorentz factor vs time at different field strengths
MA = ∞ (black), 82.8 (Blue), 41.4 (Red), 20.7 (Green), 10.3 (Magenta), 5.15 (cyan)
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Figure 9.31: Maximum Lorentz factor vs time at different field strengths
Max. γ at MA = ∞ (black), 83 (blue), 41 (red), 21 (green), 10 (magenta), 5 (cyan)
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Figure 9.32: Average thermal pressure vs time at different field strengths
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Figure 9.33: Average density vs time at different field strengths
MA = ∞ (black), 82.8 (Blue), 41.4 (Red), 20.7 (Green), 10.3 (Magenta), 5.15 (cyan)
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9.6 Saturation and Amplification

We now turn our attention to quantities that reach a well-defined maximum value at or

shortly after saturation, and subsequently decrease as mechanical and electromagnetic en-

ergy are dissipated in the form of heat. These maxima correspond closely to the formation of

large vortices, which generate centrifugal forces that expel matter and magnetic field lines,

concentrating the field lines into amplified fields at the vortex extremities. These amplified

fields correspond to amplified vorticity, current layers, and electromagnetic energy and mo-

mentum, each of which reach a maximum, and subsequently undergo a quasi-exponential

decay as the vortices break down into smaller-scale structures, corresponding to a cascade

of energy to smaller length scales, and viscous dissipation into thermal energy. The maxima

frequently extend into the early stages of vortex disruption by the magnetic field. This over-

all behavior, which we further explore in chapter 10, is in agreement with the MHD results

of Malagoli et al. (1996) and Baty et al. (2003), along with the RMHD results of Bucciantini

and Del Zanna (2006).

In figures 9.34, we plot the time-dependence of the RMS vorticity at vz0 = 0.7 c (left

graph) and vz0 = 0.5 c (right graph). In figures 9.35, we plot the time-dependence of the

RMS current density at vz0 = 0.7 c (left graph) and vz0 = 0.5 c (right graph). Each graph

contains multiple curves, each curve corresponding to a specific value of the Alfvenic Mach

number MA. The same values of MA are studied at both flow speeds (i.e., in all plots).

In figures 9.36, we plot the spatially averaged ratio of electromagnetic to thermal pressure,

(E2 +B2)/(2P ), in units of the corresponding background value (which, it should be noted,

is different for each magnetic field). In figures 9.37, we plot the maximum value of this
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ratio. Note that because most of the electromagnetic pressure is magnetic, this ratio is

approximately the inverse of the plasma β.

We also plot the relative electromagnetic and thermo-mechanical longitudinal (z) momen-

tum. These are given, respectively, by

pmech,z =
w

c2
γ2vz, w = ρc2 +

ΓP

Γ− 1
,

pem,z =
(E×B)z

c
=

EyBz

c
=

(Bzvx −Bxvz)Bz

c2
. (9.29)

In figures 9.38(a) and 9.39(a), we plot, as a function of time, the spatially averaged fraction

of electromagnetic to total longitudinal (z) momentum, given by

pem,z

ptot,z

=
(Bzvx −Bxvz)Bz

wγ2vz + (Bzvx −Bxvz)Bz

. (9.30)

In figures 9.38(b) and 9.39(b), we plot, as a function of time, the spatially averaged fraction

of thermo-mechanical to longitudinal (z) momentum, given by

pmech,z

ptot,z

=
wγ2vz

wγ2vz + (Bzvx −Bxvz)Bz

. (9.31)

The total z-momentum of the system remains roughly constant over time. That is,

ptot,z =
w

c2
γ2vz + (Bzvx −Bxvz)

Bz

c2
= constant. (9.32)
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As shown in table 9.1, this quantity remains roughly constant over time. We expect this,

since ptot,z is one of the conserved quantities in the conservative RMHD equations, and there

is no net flux of conserved quantities through the boundaries of the system.

In the previous section, we observed a bifurcation in the dissipation of energy into ther-

mal form, which is maximized for intermediate vortex-disruptive fields. In this section, we

observe a second bifurcation, this time with regard to the extraction of electromagnetic en-

ergy from the bulk flow, which is maximized for strong vortex-disruptive fields. The RMS

vorticity (figure 9.34), maximum electromagnetic to thermal pressure (figure 9.37), and elec-

tromagnetic momentum (figure 9.38) each have maximum peaks corresponding to a strong

vortex-disruptive field, MA = 10. This indicates that the amplification of vorticity, corre-

lated with the extraction of electromagnetic energy and momentum from the bulk flow, are

each optimized for rapid vortex inhibition, i.e., when the tension in the magnetic field lines is

able to extract electromagnetic energy directly from the bulk flow, with a minimal amount of

it being diverted into rotational form. However, for the vortex-suppressing field MA = 5.1,

figures 9.34, 9.37, and 9.38 show smaller peaks, indicating that some vortex formation is

required in order to optimize the extraction of electromagnetic energy. The RMS current

density, on the other hand (figure 9.35), has a maximum peak for a weak vortex-disruptive

field, MA = 41. The current density is governed by the curl of the magnetic field, not the

magnitude of the field itself. That is, current amplification is maximized when we maximize

the shear across the field lines, which occurs during the concentration of field lines which

are expelled by rotating vortices. Therefore, optimum current amplification requires vortex

formation and development, while the other quantities are governed by processes related to
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the magnitude of the background field. However, the bifurcations show that none of these

processes are optimized by complete vortex suppression (MA = 5) or maximum vortex devel-

opment (MA = 83). It should be noted, from figure 9.36(b.), that this bifurcation does not

occur when considering the electromagnetic to thermal pressure relative to its background

value B2
z0/(2P0). Here, we see that for stronger and stronger fields, the amplification of this

ratio is a smaller and smaller fraction of its background value.
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Figure 9.34: RMS vorticity vs time at different field strengths
Vorticity at MA = ∞ (black), 83 (blue), 41 (red), 21 (green), 10 (magenta), 5 (cyan)
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Figure 9.35: RMS current density vs time at different field strengths
Curr. dens. at MA = ∞ (black), 83 (blue), 41 (red), 21 (green), 10 (magenta), 5 (cyan)
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Figure 9.37: Max. electromagnetic to thermal pressure vs time at different field strengths
MA = 82.83 (Blue), 41.41 (Red), 20.70 (Green), 10.34 (Magenta), 5.145 (Cyan)
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We now consider the relative thermo-mechanical and electromagnetic energy, given, respec-

tively, by

Umech = wγ2 − P, w = ρc2 +
ΓP

Γ− 1
,

Uem =
E2 +B2

2
=

1

2

[
(Bzvx −Bxvz)

2

c2
+B2

x +B2
z

]
. (9.33)

In figures 9.40(a) and 9.41(a), we plot, as a function of time, the spatially averaged fraction

of electromagnetic to total energy, given by

Uem

Utot

=
(E2 +B2)/2

wγ2 − P + (E2 +B2)/2
. (9.34)

In figures 9.40(b) and 9.41(b), we plot, as a function of time, the spatially averaged fraction

of thermo-mechanical to total energy, given by

Umech

Utot

=
wγ2 − P

wγ2 − P + (E2 +B2)/2
. (9.35)

The total energy of the system is given by

Utot = wγ2 − P +
E2 +B2

2
= constant. (9.36)

Like the total z-momentum, the total energy is a conserved quantity. As with all conserved

quantities, we do not expect it change over time, since there is no net flux of any conserved

quantity through the system boundaries. By determining the variation of these quantities
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MA εp εU
82.83 1.03× 10−14 9.11× 10−15

41.41 1.85× 10−8 7.41× 10−8

20.70 7.34× 10−15 8.40× 10−15

10.34 8.79× 10−15 9.35× 10−15

5.145 8.43× 10−15 8.02× 10−15

Table 9.1: Fractional errors in total z-momentum and energy

over time, we have one method of verifying the accuracy of our numerical scheme. We define

the following fractional error parameters:

εp =
RMS (< pz,tot > − << pz,tot >>)

<< pz,tot >>
, (9.37)

εU =
RMS (< Utot > − << Utot >>)

<< Utot >>
. (9.38)

where pz,tot is given by (9.32). < Q > denotes a spatial average of Q, and << Q >> denotes

an average of Q over space and time (approximately the first 45 growth times). Table 9.1

gives the values of these error parameters for each of the magnetic field strengths plotted,

and corresponding to a maximum background flow speed of 0.7 c. The fractional errors are

generally on the order of 10−15, which indicates that these quantities are conserved to very

high accuracy. For the case MA = 41.4, the fractional error is on the order of 10−8, which

indicates somewhat less accuracy. This is due to a few specific times at which the quantities

deviate from the temporal mean by somewhat larger amounts, though the largest fractional

deviation is on the order of 10−6.
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Figure 9.40: EM and mechanical energy vs time at different MA (flow speed 0.7 c)
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9.7 Conclusion

We have examined the growth of the fluctuations in primitive variables (density, pressure,

velocity, and magnetic field) in the linear and nonlinear regimes. We have seen that in the

linear regime, the fluctuations grow at approximately the expected growth rate of the linear

mode, and that deviations are due to evanescent modes introduced by diffusion. In partic-

ular, we have seen that the diffusion in longitudinal momentum introduces a pair of linear

transverse pressure waves that propagate between the central axis and transverse bound-

aries. The density diffusion introduces a narrow density depletion layer (i.e., a region of

expelled mass) around the central axis, also seen in Frank et al. (1996) and Mignone et

al. (2009). The fluctuations saturate after about 8 to 10 growth times, at 7 to 10 powers

of e, with the magnetic field components saturating at a later time, and at a higher level,

than the density, pressure, and velocity components, probably due to field amplification

at the extremities of large vortices whose formation closely coincides with saturation. Af-

ter saturation, the fluctuations either remain at a roughly constant level (often seen in the

density, pressure, and velocity components) or gradually decrease (often seen in the mag-

netic field components). The density, pressure, and transverse velocity fluctuations exhibit

nonlinear oscillations due to nonlinear transverse sound waves propagating between the jet

axis and transverse boundaries. These oscillations are typically not seen in the nonlinear

fluctuations in longitudinal velocity and magnetic field components. The exception is the

vortex-suppressing field (MA = 5), for which the fluctuations in transverse and longitudinal

velocity remain at a roughly constant value after saturation, and exhibit little oscillation,

while there is a noticeable decrease in the fluctuation level of the other quantities, and no-
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ticeable nonlinear oscillatory behavior. The fluctuation level, in a given quantity, generally

decreases as we increase the magnetic field strength, with the exception being the fluctua-

tion in longitudinal velocity. It should be emphasized that although these nonlinear acoustic

oscillations are influenced by the location of the transverse boundaries of the system, they

do not in turn significantly influence the evolution of the flow and its interaction with the

magnetic field, as we will show in sections 11.3 through 11.5.

We have also examined the spatially-averaged, RMS, and maximum values of certain

quantities as a function of time, particularly in the nonlinear regime. We have found that

the average (and maximum) velocity components, and Lorentz factor, decrease with time,

while the average pressure and density both increase with time. This corresponds to the

viscous dissipation, into thermal energy, of electromagnetic energy and mechanical energy

in the bulk flow, resulting in deceleration of the jet. Much of the deceleration occurs shortly

after saturation, corresponding to the extraction of electromagnetic energy from the bulk

flow as newly formed vortices expel magnetic field lines to their extremities, resulting in

field amplification. There is also a bifurcation in the dependence of these processes on field

strength. The maximum amount of deceleration, and dissipation into thermal energy, occurs

for the intermediate vortex-disruptive fields for which MA = 41 or MA = 21, which are

weak enough to allow extensive vortex formation, but strong enough to drive rapid vortex

disruption. The resulting turbulent breakdown, into smaller-scale structures, is sufficiently

complex to optimize the rate of viscous dissipation of energy into thermal form. In par-

ticular, for complex turbulent breakdown, the smaller-scale turbulent structures are more

comparable to the length scales set by diffusion, and the vorticity decreases to frequencies
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which are comparable to the frequencies of modes introduced by diffusion, as we will discuss

in chapter 10. The aforementioned average quantities also undergo oscillations associated

with nonlinear transverse sound waves.

We have further examined the time-dependence of certain quantities which reach a max-

imum at or shortly after the saturation stage, followed by gradual decay as energy is dissi-

pated into thermal form. These include the RMS vorticity, RMS current density, average and

maximum electromagnetic-to-thermal energy ratio, and average electromagnetic longitudinal

momentum. The peak, immediately following saturation, corresponds to field amplification

at the extremities of newly formed vortices, whose rotation expels the field lines. This be-

havior, which we explore in chapter 10, is consistent with the MHD results of Malagoli et al.

(1996) and Baty et al. (2003), along with the RMHD results of Bucciantini and Del Zanna

(2006). There is also a bifurcation in the dependence of peak amplitude on field strength.

The RMS current density has the largest amplification for the intermediate vortex-disruptive

field corresponding to MA = 41, indicating that current density is maximized through vortex

formation and development. This is because the current density is the curl of the magnetic

field, and is therefore maximized for maximum shear in field line concentration, as occurs

when field lines are expelled by rotating vortices.

The remaining quantities, however, (vorticity, maximum electromagnetic-to-thermal pres-

sure, electromagnetic longitudinal momentum) are maximized for a strongly vortex-disruptive

field corresponding to MA = 10. This indicates that the extraction of electromagnetic energy

is maximized not through extensive vortex formation but by rapid vortex disruption. Put

another way, this conversion process is less responsive to amplification by rotational kinetic
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energy, and more responsive to the extraction of electromagnetic energy directly from the

bulk flow by the tension in the field lines. However, some vortex formation must occur in

order to extract the largest possible amount of electromagnetic energy from the bulk flow, as

seen by the reduction in peak values for the vortex-suppressing field MA = 5.1. We will dis-

cuss this further in chapter 10. Here, we must distinguish between electromagnetic energy

and amplification of electromagnetic energy (i.e., maximum value divided by background

value). Maximum amplification of electromagnetic energy occurs for the weakest fields, and

decreases for stronger fields, as in figure 9.36(b.), so here there is no bifurcation.

Finally, we have verified that the total z-momentum and total energy are conserved to a

high order of numerical accuracy for each field strength, as we show in table 9.1. In chapters

10 and 11, we use other methods to validate the accuracy and reliability of our numerical

algorithm.

Having examined the time-dependence of spatial averages (or maximum values) of various

quantities, we now refine our insights, in chapter 10, by examining two-dimensional displays

of some of these quantities.
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Chapter 10

Displays of Simulation Results

Having explored the time-dependence of various spatially-averaged quantities, we seek to

further develop these insights by examining spatial displays of some of these quantities at

different times in the simulations. In particular, the displays will deepen our understanding

of (i) the nonlinear evolution for an unmagnetized case, (ii) the intricate process by which

the magnetic field inhibits vortex development, and (iii) the sensitivities of this process to

background field strength. We describe four stages of vortex inhibition by a magnetic field,

which are qualitatively similar to processes described in MHD literature. We examine in

detail how and to what extent these stages manifest in RMHD for a set of representative

field strengths.

At the start of the simulation, the system is launched in the fastest-growing numeri-

cal eigenmode corresponding to the wave vector of the perturbation (computed using the

method described in chapter 5). As we demonstrated analytically in section 9.2, the real-

valued initial perturbation distribution consists of only one positive growth rate, namely

that of the selected eigenmode. At the start of the linear regime of evolution, the pertur-

bations therefore ideally grow at this growth rate. Additional deviations from ideal growth

are due to evanescent modes introduced by artificial viscosity, as discussed in chapter 9.
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The system then transitions into the nonlinear regime, followed shortly by saturation of the

perturbations, followed by nonlinear evolution. The early nonlinear regime generally corre-

sponds to the formation of two large, counter-rotating vortices on either side of the central

axis. The half-wavelength separation between the vortices is correlated with the symmetries

of the shear profiles of the perturbations (discussed in chapter 7). Driven by mechanical

torques, the vortices rotate in the direction of fluid circulation within them. Section 10.1

discusses the evolution of an unmagnetized (RHD) case. Here, we see that in the early stages

of vortex rotation, the vortices become alternately elongated in the longitudinal and trans-

verse directions, and undergo angular acceleration. Further into the nonlinear development,

the angular velocity relaxes to a roughly constant value. The vortices also assume a much

more circular shape, with less elongation. This corresponds to the conversion of some of the

mechanical stress into thermal stress.

In section 10.2, we introduce a vortex-disruptive field, which is not strong enough to

suppress vortex formation, and discuss the stages of vortex inhibition. The first such stage

is field amplification, where the fluid circulation within the vortices results in expulsion of

the plasma and magnetic field, resulting in regions of amplified field (along with amplified

alternating current layers) at the vortex extremities. As the vortices rotate, they twist the

magnetic field lines, leading to magnetic reconnection. The second stage is vortex disruption

by the field, in which magnetic stresses at the vortex boundaries result in vortex deformation,

and shedding of amplified filamentary features of hybrid vorticity. The third stage corre-

sponds to vortex breakdown into smaller-scale hybrid structures, resulting in a transition

to a turbulent regime. In the fourth stage, the system gradually relaxes to an equilibrium
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state consisting of flow-aligned vortex and current filaments, in which the field is once again

aligned with the flow. Similar stages of vortex inhibition are described in Baty et al. (2003),

Malagoli et al. (1996), and Bucciantini and Del Zanna (2006). The equilibrium filament

width is about 1/4 the width of the initial jet. The jet has also decelerated, and widened to

about 4.5 times its initial width, corresponding to viscous dissipation, into thermal energy,

of mechanical and electromagnetic energy. There is a central region of persistent vortex

structures, which coincides with the central flow region. Throughout the evolution, there is

a remarkable complementarity between fluid and magnetic field behavior, as illustrated by

the displays.

In section 10.5, we consider a field which is strong enough to suppress vortex formation,

and show that this case corresponds to a rapid transition to an equilibrium flow-aligned

filamented state. Here, the filaments are narrower (only about 1/6 the width of the initial

flow), and the jet only widens to about 2.25 times its initial width. In the equilibrium state,

there is a central region of relatively high flow speed, and relatively low density, whose width

is about 1/5 of the initial jet width. Similar low-density regions were also found in Frank et

al. (1996) and Mignone et al. (2009).

The flow also generates nonlinear acoustic waves which reverberate from the transverse

boundaries, and are therefore partly a numerical phenomenon. However, we will show in

sections 11.3 through 11.5 of chapter 11 that these back and forth oscillations have an

insignificant effect on the nonlinear development of the flow and its interaction with the

magnetic field.

The stages of vortex inhibition, by a vortex-disruptive field, are qualitatively consistent
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with observations of numerous jets, including M87, Centaurus A, 3C 120, 3C 273, and

Herbig-Haro jets such as HH 30. These phenomena include vortex formation, field twisting

and amplification, shedding of filamentary features, turbulent breakdown, jet widening, and

jet deceleration associated with viscous dissipation. In particular, the extragalactic radio jet

M87 has a background field which is aligned with the flow (as in our simulations), except

in large knots, where it is believed to be transverse (Hines et al. 1989). Stawarz et al. 2005

deduced that the field in knot A is amplified (at least 300 µG) relative to its value elsewhere,

which is less than about 100 µG (Hines et al. 1989). These knots may well be exhibiting

vortex-like behavior, twisting the field lines as they rotate, resulting in a partially transverse

configuration, and centrifugally expelling the field lines to the vortex extremities, resulting

in field amplification. This corresponds to the amplification stage of vortex disruption. We

discuss this at the end of the chapter.

We also discuss, in section 10.8, the differences between nonlinear evolution in the RMHD

and MHD regimes. Even for moderately relativistic flows, for which numerical simulations

can be sustained, relativistic effects destabilize the system in certain ways. For highly rela-

tivistic flows, the system cannot be stabilized by any combination or amount of diffusion.

Finally, in section 10.9, we examine the accuracy with which the vorticity displays exhibit

alternating symmetry. This results from the symmetric background velocity and antisym-

metric pressure perturbations.

For each display, there is a corresponding legend to the immediate right of that display,

which indicates the correspondence between colors and values of the given quantity, where

the minimum value corresponds to dark blue, the maximum value corresponds to dark red,
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and intermediate values are assigned colors according to the visible spectrum. Each section

displays results for a given simulation. It should be noted that within a given section,

displays of a given quantity may use different scales at different times, in order to maintain

the contrast between the features being displayed. Therefore, the correspondence between

colors and values may not be the same from one display to the next. This is particularly true

of the displays of the magnetized cases, for which, over the course of nonlinear evolution, a

given quantity often decays considerably from its maximum value.

We often display the vorticity, i.e., curl of the velocity, which tends to exaggerate the

spatial contrast of the nonlinear features, making them easier to examine. However, it should

be noted that one does not directly observe vorticity, but rather the components of the flow

velocity.

Also, many physical mechanisms are discussed in reference to the displays in this chapter,

and it should be noted that these mechanisms are reasoned conjectures that have not been

proven.

10.1 Evolution in RHD

We begin by considering an unmagnetized relativistic case. The background density and

pressure are both uniform, and the background flow has the following shear variation:

vz0(x) = 0.7 c sech2(x/r0). (10.1)

The sound speed is cs = 0.576 c, which is near its relativistic maximum value of c/
√

3

(corresponding to a pressure-dominated system). The system is launched in a numerical
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eigenmode with wave number kz = 0.8/r0 along the flow direction, and complex frequency

ω = (0.278 + i 0.099) c/r0. We use a viscosity of 0.0002 r0c in the density and momentum

components. The input parameters are as follows:

vz0(x) = 0.7 c sech2(x/r0),

cs = 0.576 c,

kz = 0.8/r0,

Lx = 31.5 r0, −Lx/2 ≤ x ≤ Lx/2, 0 ≤ z ≤ 2π/kz,

Nx = 1001, Nz = 201,

∆t = 0.032 r0/c, ∆x = 0.0315 r0, ∆z = 0.0393 r0,

Lx/cs = 54.7 r0/c, sound transit time,

ηρ = ηx = ηz = 0.0002 r0c. (10.2)

The eigenmode parameters, emerging from the numerical linear analysis described in chapter

6, are as follows, where Ti is the growth time:

ω = (0.278 + i 0.099) c/r0,

Ti = 1/ωi = 10.06 r0/c, growth time,

T =
2π

ωr
= 22.61 r0/c. (10.3)

In the linear regime, the perturbations grow at the approximate growth rate of 0.099 c/r0,

where deviations are due to evanescent modes introduced by viscosity. After about 7 growth
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times, the perturbation amplitudes become comparable to the background values, and other

modes are introduced into the system. Energy is diverted from the initial mode into these

other modes, resulting in saturation of the perturbations after 8 to 9 growth times (the

different quantities saturate at slightly different times).

Each row of displays below corresponds to a given time in the simulation, where the left

display is of the vorticity, i.e., curl of the velocity, and the right display is of the longitudi-

nal velocity. The x-direction is the shear direction. The z-direction (vertical), is the flow

direction, where the flow is directed upward, and the displays show only one longitudinal

wavelength of the perturbation, although the system spans two perturbation wavelengths

(for the cases shown). In some simulations, not shown in this chapter, the system spans up

to five perturbation wavelengths, however in each case the system remains spatially periodic

in the flow direction, with negligible differences in behavior from one wavelength to the next.

Figures 10.1 and 10.2 depict the early stages of vortex formation, which coincide with

saturation. As discussed in chapter 7, this process is closely correlated with the antisymmetry

of the pressure perturbation, and the symmetry of the transverse velocity perturbation.

These symmetries govern the buildup, during the linear regime, of an antisymmetric thermal

stress, a symmetric transverse momentum, and symmetric transverse mechanical stresses of

the form wγ2vzvx and wγ2v2
x. These stresses become large enough, at the start of the

nonlinear regime, to bend the flow. Although the system is pressure-dominated, it is the

mechanical stresses, not the thermal stresses, which govern the initial deformation of the

flow. We first examine the flow velocity shown in figures 10.1(b) and 10.2(b). Where the

transverse velocity (and therefore transverse mechanical stresses) have maximum amplitude
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in the positive x-direction, the flow has maximum lateral displacement in the positive x-

direction. A quarter-wavelength upstream from this point, the transverse velocity is zero, and

the flow is not displaced. A quarter-wavelength further upstream, the transverse velocity and

mechanical stresses have maximum amplitude in the negative x-direction, and the flow has

maximum lateral displacement in the negative x-direction. These stresses vary continuously

along the flow, and therefore the flow assumes a continuous shape as it is bent. This bending

increases the transverse momentum of the flow, in turn resulting in larger mechanical stresses,

which enhance the transverse deformations, as shown by comparing the flow velocities in

figures 10.1(b) and 10.2(b).

The mechanical stress components, together with wγ2v2
z , also modulate the deformation,

resulting in a larger amount of curvature in the central region of high flow velocity (which

experiences a greater amount of mechanical stress), and smaller curvature to the wider

region of slower-moving flow (which experiences less mechanical stress). This is shown in

figure 10.1(b). The coupling between transverse and longitudinal momentum, which are

now comparable, together with the inertial resistance of the bulk flow, result in a buildup

of angular momentum, leading to the formation of two counter-rotating vortices on either

side of the flow axis. This vortex formation is shown in the vorticity displays in figures

10.1(a) and 10.2(a). The vortices form around existing regions of low density and pressure

associated with the distributions of the density and pressure perturbations. In the vorticity

displays, the red coloration corresponds to clockwise fluid circulation, and the blue coloration

to counterclockwise fluid circulation. This is due to the fact that the vorticity is in the y-

direction, which points into the page. As described above, the half-wavelength separation of
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the two vortices is a direct consequence of the symmetries of the perturbations, corresponding

to a sinuous mode (Drazin and Howard 1966). The vortex formation also corresponds to a

rapid deceleration of the longitudinal flow speed from 0.7 c to 0.5 c, as translational kinetic

energy is converted into rotational kinetic energy. Driven by torques exerted by mechanical

stresses, the vortices rotate in the direction of fluid circulation within them.

As the vortices rotate, they change shape, alternately being elongated in the transverse

and longitudinal directions, as seen by comparing figures 10.2 through 10.6. In the early

stages of vortex rotation (from 7.94 growth times to 16.49 growth times), the vortices ex-

hibit substantial variation in their angular velocity. In figures 10.2 through 10.6, there

is substantial variation in the time intervals between successive states of longitudinal and

transverse elongation, indicating rotational acceleration. Also, vortex rotation corresponds

to an oscillation in longitudinal velocity, which is minimized during transverse elongation

and maximized during longitudinal elongation. The time-varying angular velocity, and no-

ticeable changes in vortex shape, indicate that the early vortex rotation is dominated by

mechanical stresses, as opposed to thermal stresses.

However, in the later nonlinear regime, mechanical energy is dissipated viscously into

thermal energy. As a result, mechanical stresses become less dominant, and thermal stresses

become more dominant. Upon inspection of figures 10.7 through ??, we notice that after

about 25 growth times, the vortex shape has become considerably less elongated and more

circular, due to the isotropic nature of thermal pressure. In particular, the thermal stresses

are modulated by nonlinear transverse sound waves, which propagate between the jet axis

and transverse boundaries. This decelerates the vortex rotation to a nearly constant angular
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speed. Between figures 10.7 and 10.8, corresponding respectively to about 5 and 6 sound

transit times, the vortices have completed almost exactly one revolution.

Initially, the primary vortices are connected by dual filaments which are reminiscent of

filamentary features observed in various jets, including the cosmic double-helix observed in

the extragalactic jet 3C 273 (Lobanov and Zensus 2001). As the simulation progresses, these

filaments gradually dissipate due to diffusion. During the linear regime, the flow moves at

approximately the phase velocity of ωr/kz = 0.347 c. During the early nonlinear regime, the

primary vortices only move downstream at 1/2 to 3/4 of the flow speed (their downstream

translational movement, like their rotation, is not constant during this time). During the

latter stages of the nonlinear regime, when the vortices have relaxed to a more circular

shape, and are rotating at roughly constant angular speed, their downstream movement also

relaxes to a roughly constant value of about 60% of the linear phase velocity. The slower

pattern speed is due partly to deceleration of the flow, as kinetic energy is converted from

translational into rotational form, and as this energy undergoes viscous dissipation. After

about 17 growth times, we notice the formation, at the outskirts of either side of the flow,

of a pair of smaller adjacent secondary vortices of opposite vorticity. These vortices do not

move downstream with the flow, perhaps because they lack the size, and therefore inertia,

of the primary vortices.

The rotation speed of the vortices, and their shapes after about 16 growth times, are

therefore influenced, through boundary reverberations of nonlinear acoustic waves, by the

transverse width of the system. However, we show in section 11.5 of chapter 11 that most

aspects of the unmagnetized flow are uninfluenced by the system width. These include the
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transverse location and size of the primary and secondary vortices, the average pattern speed

of the primary vortices, the lack of downstream movement of the secondary vortices, and the

equilibrium shape of the primary vortices, which is slightly ellipsoidal with a small aspect

ratio. When the system is made wider, the primary vortices attain this equilibrium shape

somewhat more quickly.

Having considered the nonlinear evolution of an unmagnetized case, in the next section

we examine how this evolution is modified in the presence of a weak magnetic field.
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Figure 10.1: Unmagnetized evolution: t = 7.33Ti = 3.26T = 73.7 r0/c = 1.35Lx/cs
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Figure 10.2: Unmagnetized evolution: t = 7.94Ti = 3.53T = 79.9 r0/c = 1.46Lx/cs
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Figure 10.3: Unmagnetized evolution: t = 9.16Ti = 4.08T = 92.2 r0/c = 1.68Lx/cs
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Figure 10.4: Unmagnetized evolution: t = 12.21Ti = 5.44T = 122.9 r0/c = 2.25Lx/cs
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Figure 10.5: Unmagnetized evolution: t = 14.04Ti = 6.25T = 141.3 r0/c = 2.58Lx/cs
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Figure 10.6: Unmagnetized evolution: t = 16.49Ti = 7.34T = 165.9 r0/c = 3.03Lx/cs
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Figure 10.7: Unmagnetized evolution: t = 27.48Ti = 12.23T = 276.5 r0/c = 5.05Lx/cs
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Figure 10.8: Unmagnetized evolution: t = 32.97Ti = 14.67T = 331.8 r0/c = 6.07Lx/cs

304



10.2 Weak Vortex-disruptive Field (MA = 41.4)

We now consider the same system as above, but we introduce a magnetic field which is

not strong enough to suppress vortex formation but is strong enough to disrupt and inhibit

nonlinear vortices after they have formed. The influence of the magnetic field is closely

correlated with a relativistic extension of the Alfvenic Mach number, which we have defined

as follows:

MA =
γvz0
γAvA

, where

γ =
1√

1− v2
z0/c

2
,

γA =
1√

1− v2
A/c

2
. (10.4)

vz0 is the amplitude of the background flow speed, and vA is the background Alfven speed.

γ and γA are the Lorentz factors corresponding, respectively, to the flow speed and Alfven

speed. Our definition of MA is analogous to the manner in which Bodo et al. (2004) defined a

relativistic version of the sonic Mach number. For a “sech2” background velocity profile, the

vortex-disruptive regime corresponds to MA larger than about 6. For this test case, we use

a field for which MA = 41.4, corresponding to a plasma β of 888 and an Alfven velocity of

0.0237 c. Note that these are background values, and the plasma β decreases to order unity

as the field is amplified during the nonlinear regime. As with the RHD case in the previous

section, we assume uniform background density and pressure. We also assume a uniform

background magnetic field which is aligned with the flow. As shown by the parameter listing

below, all parameters not related to the magnetic field are the same as in the RHD case from
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the previous section. The magnetic field is also not strong enough to appreciably change the

frequency ω, for which the growth rate is 99.65% of the growth rate of the RHD case (denoted

ωi0 below). The parameters related to the magnetic field are MA, β, vA, the Alfven transit

time, and the magnetic viscosities (i.e., resistivities) ηBx and ηBz. The input parameters are

as follows:

vz0(x) = 0.7 c sech2(x/r0),

cs = 0.576 c,

(MA, β, vA/c) = (41.41, 888.3, 0.0237), background values,

kz = 0.8/r0,

Lx = 31.5 r0, −Lx/2 ≤ x ≤ Lx/2, 0 ≤ z ≤ 2π/kz,

Nx = 1001, Nz = 201,

∆t = 0.032 r0/c, ∆x = 0.0315 r0, ∆z = 0.0393 r0,

Lx/cs = 54.7 r0/c, sound transit time,

Lx/vA = 1329 r0/c, Alfven transit time,

ηρ = ηx = ηz = 0.0002 r0c,

ηBx = ηBz = 0.0012 r0c. (10.5)

The eigenmode parameters, emerging from the numerical linear analysis described in chapter

6, are as follows:
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ω = (0.278 + i 0.099) c/r0,

ωi = 0.0990 c/r0 = 0.9965ωi0,

Ti = 1/ωi = 10.10 r0/c, growth time,

T =
2π

ωr
= 22.63 r0/c. (10.6)

Figures 10.9 through 10.11 each show displays of the vorticity, at a given time in the

simulation, for the (a) unmagnetized case considered in the previous section, and (b) mag-

netized case described above. In the magnetized case, the display is overlaid with contours

of the magnetic field lines, which demonstrates the close complementarity between flow and

magnetic field behavior. The unmagnetized and magnetized displays have slightly different

sizes, due to the fact that the unmagnetized displays span a larger transverse width of the

system. An important feature of the magnetized evolution, that should be noted in the dis-

plays in this section and other sections discussing magnetized evolution, is the remarkable

complementarity between the fluid behavior and the behavior of the magnetic field. This can

be seen in the close correspondence between the field lines and various flow-related quantities

(vorticity, flow velocity, etc.), shown in the displays onto which the field lines are overlaid.

Physically, the fluid is driving the field via thermal and mechanical stresses, and in turn, the

tension in the field lines is constraining the fluid via electromagnetic stresses.

The evolution in the early nonlinear regime is almost identical to the evolution for the

RHD case, as shown in figure 10.9. For MA = 41.4, the case shown, this close agreement

persists through 10 or 11 growth times, i.e., until just after the saturation stage. This period

of agreement corresponds to the field amplification stage of vortex inhibition, during which
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the counter-rotating vortices expel plasma and magnetic field lines, resulting in low density

and pressure in the vortices, and field amplification at the vortex extremities, along the

filaments connecting the vortices. As the vortices rotate, they twist the field lines, which

will lead to magnetic reconnection. In their studies of the extragalactic radio jet M87, Hines

et al. (1989) observed that while the field is generally aligned with the jet flow, there are

large knots in which the field has a transverse component. Stawarz et al. (2005) deduced

that the magnetic field inside knot A of M87 has an amplified value of at least 300 µG,

where the field elsewhere is less than about 100 µG (Hines et al. 1989). These observations

are consistent with the knots of M87 exhibiting vortex-like behavior, twisting the field lines

into configurations with transverse components, and centrifugally expelling them to vortex

extremities, thereby amplifying them. We will discuss this further in section 10.7.

This amplification results in vortex-shedding of amplified hybrid filamentary features,

which signals the start of the next stage of vortex inhibition, i.e., vortex disruption, where

we begin to see deviations between the magnetized and unmagnetized cases. In figure 10.10,

at 12.2 growth times, the magnetized case contains enhanced filamentary features, and hy-

bridization, not seen in the unmagnetized case. In figure 10.11, at 13.4 growth times, we see

greater deviation between the two cases. The vortex disruption has progressed, and there

is a greater population of features of enhanced vorticity. Also, the unmagnetized vortices

have undergone more rotation than the magnetized vortices. The amplified magnetic field

therefore exerts stresses that substantially decelerate the overall vortex rotation. At the

same time, these stresses result in vortex deformation. Again from examining figure 10.11,

the magnetic field also suppresses the formation of the pairs of secondary vortices seen in
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the unmagnetized case. In their place, we instead see magnetic reconnection occurring in

pocket-like regions on either side of the flow. Filamentary features, as described above, have

been observed in numerous jets, including the cosmic double-helix in 3C 273 (Lobanov and

Zensus 2001), the ribbons and threads in 3C 120 (Hardee 2003, 2005), and the filaments in

the radio lobes of M87 (Hines et al. 1989). These filaments may be the result of field-induced

vortex shedding during the disruptive stage, or may possibly be similar to the dual filaments

connecting the vortices throughout vortex evolution, i.e., the filaments along which the field

is amplified, as discussed in section 10.7.

After vortex-disruption, the next stage of inhibition is turbulent breakdown into smaller-

scale structures, which corresponds to further broadening and deceleration of the jet as

electromagnetic and mechanical energy are viscously dissipated into thermal energy. The

jet then relaxes to an equilibrium configuration consisting of flow-aligned vortex and current

filaments. We will discuss these stages in more detail in what follows. We should mention

that the small-scale features in the turbulent regime are influenced to some extent by rever-

berations of acoustic waves from the transverse boundaries of the system. However, as we

show in sections 11.3 through 11.5 of chapter 11, the vortex-disruptive phase (up to about 16

growth times) is independent of system width, and in the turbulent and equilibrium phases,

the system width does not significantly influence the evolution of the flow or the magnetic

field.

The initial jet width is about 3.6 r0. Figures 10.12 through 10.17 each show displays of

the (a) vorticity, (b) current density, and (c) longitudinal flow velocity at a sequence of times

in the simulation, tracing through the successive stages of vortex inhibition by the magnetic
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field (amplification, vortex disruption, turbulent breakdown, and relaxation to equilibrium).

Similar stages of vortex inhibition are described in the MHD analyses of Baty et al. (2003)

and Malagoli et al. (1996), and in the RMHD analysis of Bucciantini and Del Zanna (2006).

Each display is overlaid with contours of the magnetic field lines. The current density and

vorticity are the curl of the magnetic field and velocity field, respectively, and are therefore

directed in the positive or negative y-direction, perpendicular to the plane of the page.

Because the y-axis is directed into the page, where current density (vorticity) is positive

(orange or red), the current (vorticity) is directed into the page, and where current density

(vorticity) is negative (blue), the current (vorticity) is directed out of the page.

Figures 10.12, at 7.91 growth times, correspond to the early stages of vortex formation,

at which point, as we saw in the previous discussion, the evolution is almost identical to

the unmagnetized case. However, thin amplified layers of alternating current (only about

1/10 the initial jet width) are already developing at the vortex extremities, indicating that

fluid circulation within the vortices is already expelling the field lines, which concentrate in

bundles along the filaments connecting the vortices. As shown in figure 10.12(c), the central

field lines also closely border the narrow region of central flow that separates the vortices.

The vorticity, current density, and electromagnetic energy are all still increasing.

In figures 10.13, at 11.56 growth times (note change in longitudinal velocity scale), the

vortices have expelled the field lines, resulting in amplified field, along with amplified al-

ternating current layers, at the vortex extremities, and along the filaments connecting the

vortices. These current layers have widened, compared to figure 10.12(b). There is almost

no current in the vortex interiors, but the current diffuses into the regions into which the
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field lines are being twisted by vortex rotation, i.e., the regions where magnetic reconnection

will take place. Vortex rotation is closely correlated with the deformation of the flow, as

seen in figure 10.13(c). This is the approximate time when the vorticity, current density, and

electromagnetic energy reach their maximum values. The minimum plasma β at this time

is 2.09, which is close to the smallest value that occurs for this simulation, and is less than

1/400 of the background plasma β. There is minimal vortex disruption by the field, and

therefore the evolution of the flow, until this point, very closely resembles the evolution for

the corresponding unmagnetized case. Although the central flow has not widened noticeably,

the region of non-zero vorticity has widened to almost 3 times the initial jet width, indicating

a broadening of the outer slower-moving regions.

In figures 10.14, at 13.39 growth times, magnetic stresses at the vortex boundaries have

resulted in significant vortex disruption. This disruption takes the form of significant vortex

shedding of amplified hybrid filamentary features (seen in the vorticity display), and defor-

mation of the vortex shape. By examining the previous comparison, in figure 10.11, of the

vorticity display with the corresponding unmagnetized case, we can isolate the vortex defor-

mation which is due specifically to magnetic stresses, as opposed to mechanical and thermal

stresses. Specifically, magnetic stresses have not yet caused significant deformation, but are

gradually making the vortices narrower, more elongated, and more irregular in shape, as will

be seen more clearly in the next display. As shown in figure 10.14(a), the hybrid filamentary

features take the form of thin layers at the vortex boundaries, and a complex structure that

emerges between the vortices. Magnetic stresses also cause rapid angular deceleration, halt-

ing vortex rotation at the orientations shown in the vorticity display. Magnetic reconnection

311



has occurred in the pocketed regions into which the vortices have twisted the field lines (i.e.,

the regions into which the current has diffused). The field, and current layers, are still am-

plified along the interconnecting filaments. From the display of longitudinal velocity, we see

that the vortex disruption closely complements the disruption of the flow, due to magnetic

stresses exerted by amplified field lines. The jet has widened to about 10.8 r0 (i.e., about 3

times its initial width), and has decelerated to about 0.4 c.

In figures 10.15, at 16.43 growth times (note change in longitudinal velocity scale), the

vortices are almost completely inhibited (barely noticeable), and the system is transitioning

from the disruptive regime to the regime of turbulent breakdown into smaller-scale structures.

The vorticity display shows that the primary vortex filaments have been expelled to the left

and right boundaries of the flow, and narrowed into two amplified vortex filaments. These

filaments will persist throughout the remainder of the evolution. As shown in figure 10.15(b),

the current sheets are also undergoing turbulent breakdown, and the current is greatest in

areas of reconnection within densely packed field lines, not along the aforementioned vortex

filaments. The current is also amplified along a central strip of concentrated field lines,

which zig-zags across the jet, and traces the upper boundaries of what remains of the primary

vortices. From the display of longitudinal velocity, we see that the flow has been significantly

disrupted. However, now that the vortices are almost completely inhibited, we also notice

regions where the flow is no longer skewed by vortex rotation, and has therefore aligned

itself with the downstream direction. The jet has widened to about 12.0 r0 (i.e., about 3.5

times its initial width), and its maximum flow speed is now about 0.35 c, only half its initial

maximum speed of 0.7 c.
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In figures 10.16, at 27.38 growth times (note change in color scales), the system is well

into the turbulent regime. The boundaries of many features have been smeared by vis-

cous dissipation. Two factors are likely involved in the enhancement of viscous dissipation.

Turbulent breakdown results in structures whose length scales are more comparable to the

length scales associated with diffusion. Also, the average vorticity has decreased by a factor

of almost 4, which means that it now corresponds to frequencies which are closer to the

frequencies of modes introduced by diffusion. The system therefore has a higher correlation

with viscous processes, enabling a greater amount of energy transfer via viscous interactions.

The field and current have lost much of their amplification, however there are numerous areas

of magnetic reconnection in the central region. Two large central reconnected regions appear

to drive persistent vortical behavior. Filaments of enhanced vorticity are concentrating in

layers on the left and right boundaries of the flow. A downstream-aligned central flow, of

about 7.0 r0 in width, i.e., twice the initial jet width, is in the process of forming, and over

time, is becoming more spatially uniform. This process began as soon as the vortices were

inhibited, and the magnetic field began to lose its amplification. The flow has continued to

decelerate, due to viscous dissipation, and now has a maximum flow speed of about 0.25 c.

The central flow is still somewhat heterogeneous, and contains components with flow speeds

ranging from about 0.15 c to about 0.25 c. The regions of minimum flow speed tend to be

located between vortex filaments of opposite vorticity. The central flow region is a region of

low density, from which plasma has been expelled.

In figures 10.17, at 56.59 growth times (note change in color scales), the system is now

approaching an equilibrium state consisting of flow-aligned vortex and current filaments.
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The width of these filaments is, on average, about 0.9 r0 (i.e., 1/4 the initial jet width). The

filaments are somewhat smeared due to diffusion, partly for the reasons mentioned in the

previous paragraph (the vorticity is now only about 1/8 of its initial value, and is therefore

more closely tuned to the frequencies of modes associated with diffusion). The filaments

surround a central region of persistent vortical behavior, driven by magnetic reconnection,

though both the field lines and vortical filaments are gradually becoming aligned with the

flow. These reconnected regions correspond to locally amplified current density. We can now

see that this coincides with the low-density central flow region, which has a width of about

7.0 r0 (about twice the initial jet width). Meanwhile, the jet has widened to about 16.0 r0,

which is roughly 4.5 times its initial width. If the simulation uses less magnetic viscosity

(resistivity), the central flow region is wider, though the overall jet width is the same, as are

the filament widths (see chapter 11). The jet has continued to decelerate, and the central flow

region has become more homogeneous, so that the central flow speeds range from roughly

0.15 c to 0.2 c. While the current filaments alternate spatially, the vortex filaments have

more spatial uniformity, with the filaments of positive vorticity to the right of the flow, and

the filaments of negative vorticity to the left of the flow. The flow is maximized in the

central region, and undergoes a continuous transition to zero flow speed at the transverse

boundaries. Though the jet has widened, these equilibrium distributions of vorticity, and

longitudinal flow, are qualitatively similar to their distributions at the start of the simulation.

That is to say, despite the complex intermediate reorganization brought on by magnetic and

mechanical stresses, the flow retains a memory of its initial configuration. Similar results

were also seen in the MHD studies of Ryu et al. (2000) and Frank et al. (1996).
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We see that for a fairly weak vortex-disruptive field MA = 41.4, there is considerable

magnetic reconnection. This results from extensive vortex twisting of the field lines, as the

field is sufficiently weak to allow extensive vortex rotation prior to disruption. The magnetic

reconnection, in turn, enhances the complexity of the turbulent regime after the vortices

have been inhibited, and drives persistent vortical behavior in the central region. Extensive

magnetic reconnection was also observed in the MHD studies of Frank et al. (1996), Baty et

al. (2003), and Otto and Fairfield (2000). Otto and Fairfield studied the interaction of the

Earth’s magnetosphere with the solar wind. In this simulation, the perturbation has an input

wave number kz = 0.8/r0, corresponding to an input wavelength of 7.85 r0. The jet widens to

about 16.0 r0, or about 2 times the input wavelength. If we decrease the input wave number

(i.e., increase the input wavelength), the equilibrium jet width is proportionally larger (see

chapter 11). We can therefore say, more generally, that the jet widens to about twice the

wavelength of the initial perturbation. This applies to weak vortex-disruptive fields, though,

as we shall see, it is not true of fields which are strong enough to suppress vortex formation,

for which we will discover that equilibrium jet width seems to be independent of the input

wavelength.
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(a) t = 9.77Ti = 4.35T = 98.3 r0/c = 1.80Lx/cs
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(b) t = 9.74Ti = 4.34T = 98.3 r0/c =
1.80Lx/cs, βmin = 4.56

Figure 10.9: Vorticity for B = 0 (left) and MA = 41.41 (right) at 9.8Ti
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(a) t = 12.21Ti = 5.44T = 122.9 r0/c = 2.25Lx/cs
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(b) t = 12.17Ti = 5.43T = 122.9 r0/c =
2.25Lx/cs, βmin = 1.94

Figure 10.10: Vorticity for B = 0 (left) and MA = 41.41 (right) at 12.2Ti
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(a) t = 13.43Ti = 5.98T = 135.2 r0/c = 2.47Lx/cs
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(b) t = 13.39Ti = 5.97T = 135.2 r0/c =
2.47Lx/cs, βmin = 3.38

Figure 10.11: Vorticity for B = 0 (left) and MA = 41.41 (right) at 13.4Ti
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(a) vorticity
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(b) current density
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(c) longitudinal velocity

Figure 10.12: Various quantities at t = 7.91Ti = 3.53T , MA = 41.4
(MA, vAz/c, β, vz0/c) = (41.4, 0.024, 888, 0.7), βmin = 26.4
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(a) vorticity

x /r
0

z 
/r

0

 

 

−8 −6 −4 −2 0 2 4 6 8
0

2

4

6

−4

−2

0

2

4

(b) current density
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(c) longitudinal velocity

Figure 10.13: Various quantities at t = 11.6Ti = 5.16T , MA = 41.4
(MA, vAz/c, β, vz0/c) = (41.4, 0.024, 888, 0.7), βmin = 2.09
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(a) vorticity
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(b) current density
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(c) longitudinal velocity

Figure 10.14: Various quantities at t = 13.4Ti = 5.97T , MA = 41.4
(MA, vAz/c, β, vz0/c) = (41.4, 0.024, 888, 0.7), βmin = 3.38
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(a) vorticity
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(b) current density

x /r
0

z 
/r

0

 

 

−8 −6 −4 −2 0 2 4 6 8
0

2

4

6

0

0.1

0.2

0.3

0.4

(c) longitudinal velocity

Figure 10.15: Various quantities at t = 16.4Ti = 7.33T , MA = 41.4
(MA, vAz/c, β, vz0/c) = (41.4, 0.024, 888, 0.7), βmin = 10.9
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Figure 10.16: Various quantities at t = 27.4Ti = 12.2T , MA = 41.4
(MA, vAz/c, β, vz0/c) = (41.4, 0.024, 888, 0.7), βmin = 27.2
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Figure 10.17: Various quantities at t = 56.6Ti = 25.3T , MA = 41.4
(MA, vAz/c, β, vz0/c) = (41.4, 0.024, 888, 0.7), βmin = 182
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10.3 Intermediate Vortex-disruptive Field (MA = 20.7)

We have examined the stages of vortex inhibition for a fairly weak vortex-disruptive field

for which MA = 41.4. We now examine how this process is modified for stronger fields. In

general, any field in the vortex-disruptive regime (MA larger than about 6) inhibits vortex

development through the processes described above (field amplification, vortex disruption,

turbulent breakdown into smaller-scale structures, and relaxation to an equilibrium state

consisting of flow-aligned vortex and current filaments). However, for stronger fields, these

processes occur more rapidly (i.e., after a smaller number of growth times), and the jet

does not widen by as large a factor. In the above case (MA = 41.4), vortex disruption

is not noticeable until 12 growth times, and even after 60 growth times, the system has

not completely relaxed to its equilibrium state, due to the persistent vortical behavior in

the central region. Figures 10.18 through 10.20 show the stages of vortex inhibition for a

field corresponding to MA = 20.7. Here, vortex disruption is noticeable after 10 growth

times (see figure 10.18(a)), versus about 13 growth times for MA = 41.4, and the system

has almost reached an equilibrium filamented state after 37 growth times (see figure 10.20),

with an equilibrium jet width of about 15 r0 (about 4 times the initial jet width). Recall

that for MA = 41.4, even after almost 60 growth times, the system still has not reached

an equilibrium state. In the case for which MA = 20.7, there is less magnetic reconnection,

and vortices therefore do not persist in the central region. In particular, for MA = 20.7,

the vortices are inhibited at an earlier point in their rotation, before they can twist the field

lines to the point where they reconnect in pocket-like regions along the sides of the flow (see

figure 10.18 (b)).
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We now examine the displays for MA = 20.7 in more detail. Figure 10.18(a), at 10.24

growth times, displays the vorticity when the electromagnetic energy is approaching its ap-

proximate maximum value. The primary vortices have formed (the orange and blue regions),

and as they rotate are expelling the field lines, which as a result are concentrated along the

central filaments. Electromagnetic energy, electromagnetic momentum, current density, and

vorticity are all maximized along the central filaments. The vortices are twisting the field

lines as they rotate. Even though electromagnetic energy, current density, etc. have not yet

reached their maximum values, magnetic stresses have already begun to disrupt the vortices,

as seen by narrow filaments of the opposite vorticity which extend into each primary vortex.

Through vortex twisting and diffusion, the field lines are beginning to infiltrate the regions

between the vortices.

We now proceed to figure 10.18(b), which displays the vorticity at 13.85 growth times.

The electromagnetic energy density and vorticity have previously reached their peak values,

and are now decreasing, as seen by the fact that the field lines are less concentrated. Magnetic

stresses have brought vortex rotation to a halt, so that they remain in the orientations shown.

These stresses also deform the vortices into the irregular shapes shown, and result in the

emergence of enhanced hybrid filamentary features. These include the narrow layers of

opposite vorticity at the vortex boundaries, and the complex hybrid structure in the interior

region between the vortices, which is formed by layers of filament which magnetic stresses

have peeled from the primary filament and the base of the vortex. This latter structure is

modulated by magnetic reconnection occurring among field lines which have infiltrated the

interior, as a result of vortex twisting and field diffusion. Note that the vortices fail to twist
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the field lines to the point where they reconnect in pocket-like regions along the sides of the

jet, as occurs for the weaker field MA = 41.4. The vorticity and electromagnetic energy are

still maximized in the primary filaments, which are still intact, although these have detached

from the bases of the vortices. The jet has widened to about 3 times its initial width.

We now proceed to figure 10.19(a), which displays the vorticity at 16.26 growth times.

The system has transitioned from the disruptive to the turbulent regime, as the primary

vortices are no longer visible. Electromagnetic and mechanical energy are being viscously

dissipated into thermal energy. Viscous dissipation has smeared the hybrid structures that

emerged in the interior regions, so that these are much less sharply defined, though magnetic

reconnection persists. The dissipation of these hybrid structures is due to their smaller length

scales and smaller vorticity, which are more comparable, respectively, to the length scales

and frequencies associated with diffusion. Vorticity and electromagnetic energy are still

maximized along the primary filaments, which are narrower and have been expelled from the

central region by mechanical stresses, and by magnetic stresses associated with reconnection.

These filaments still retain much of the initial curvature that developed during formation of

the primary vortices. The jet has now widened to about 3.4 times its initial width.

We now proceed to figure 10.19(b), which displays the vorticity at 23.48 growth times

(note change in color scale). The system is well into the turbulent regime. About 2/3 of the

peak electromagnetic energy has been viscously dissipated from the system, resulting in a

loss of field line concentration, and a decrease in vorticity in the primary filaments, which

have now been expelled to the left and right boundaries, and have lost their curvature and

become aligned with the flow. The primary filaments have also shed fragments of enhanced
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vorticity which lie along the central axis, and are interspersed elsewhere in the interior.

Throughout the interior are small turbulent structures, which have been viscously smeared

due to the close correlation between the small length scales and vorticity of these structures,

and the length scales and frequencies introduced by diffusion. The turbulent features are

partly driven by persistent magnetic reconnection. The jet has now widened to about 3.6

times its initial width, and decelerated from a flow speed of 0.7 c to about 0.3 c.

We now consider figures 10.20(a) and (b), which display the vorticity and longitudinal

velocity, respectively, of the system at 37.93 growth times, as it approaches an equilibrium

state consisting of flow-aligned filaments (note change in vorticity color scale). The vorticity

is maximized in the outer filaments, but has decreased to about a quarter of its peak value,

and is therefore more closely tuned to frequencies of modes introduced by diffusion, resulting

in widening of the filaments due to viscous smearing. The magnetic field lines are more

closely aligned with the flow, as are the turbulent features, which are developing into vortex

filaments. The jet has broadened to about 4 times its initial width (based on the vorticity

display), while the central flow region is about 3 times the initial jet width, and is much

broader and more heterogeneous than the equilibrium central flow for the weaker field MA =

41.4. The central flow consists of several regions whose flow speed is about 0.2 c interspersed

with a background flow whose speed is about 0.12 c. In particular, there is a narrow strip,

along the central axis, whose flow speed is about 0.18 c. For stronger fields, we will also

observe narrow central strips of relatively high flow speed. However, these central channels

will be surrounded by much slower uniform background flows. The central channel in a broad

heterogeneous flow, as shown in figure 10.20(b), represents an intermediate configuration
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between the broad, more homogeneous equilibrium flow of a weak field, with no central

channel, and the equilibrium flow of a strong field, which has a relatively fast central channel

surrounded by a slower background flow. Recall that a weak field, such as MA = 41.4,

has more magnetic reconnection, resulting in vortical behavior that persists for many more

growth times, than the present case (MA = 20.7).
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(a) t = 10.24Ti = 4.61T = 104.4 r0/c =
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(b) t = 13.85Ti = 6.23T = 141.3 r0/c =
2.58Lx/cs, βmin = 4.26

Figure 10.18: Vorticity at (a) 10.2Ti and (b) 13.9Ti
(MA, vAz/c, β, vz0/c) = (20.7, 0.047, 222, 0.7)
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(a) t = 16.26Ti = 7.31T = 165.9 r0/c =
3.03Lx/cs, βmin = 5.79
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(b) t = 23.48Ti = 10.56T = 239.6 r0/c =
4.38Lx/cs, βmin = 15.4

Figure 10.19: Vorticity at (a) 16.3Ti and (b) 23.5Ti
(MA, vAz/c, β, vz0/c) = (20.7, 0.047, 222, 0.7)
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(a) t = 37.93Ti = 17.07T = 387.1 r0/c =
7.08Lx/cs, βmin = 35.9

x /r
0

z 
/r

0

 

 

−8 −6 −4 −2 0 2 4 6 8
0

2

4

6

0

0.05

0.1

0.15

0.2

0.25

(b) t = 37.93Ti = 17.07T = 387.1 r0/c =
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Figure 10.20: (a) Vorticity and (b) longitudinal velocity at t = 37.9Ti
(MA, vAz/c, β, vz0/c) = (20.7, 0.047, 222, 0.7)

325



10.4 Strong Vortex-disruptive Field (MA = 10.3)

We now consider the nonlinear evolution of a strong vortex-disruptive field for which MA =

10.34. Figures 10.21 through 10.23 show the stages of vortex inhibition. Here, vortex dis-

ruption is noticeable after 8.5 growth times, i.e., almost immediately after the vortices begin

to form (see figure 10.21), and the system has reached an equilibrium filamented state after

about 25 growth times (see figure 10.23). The field MA = 10.34 also inhibits magnetic re-

connection, which occurs to a minimal extent after about 12 growth times, as the field lines

diffuse into the partially-formed vortices (see figure 10.22(a)). The equilibrium jet width is

about 12 r0, which is about 3.2 times the initial jet width. The equilibrium flow contains

a narrow central region of high flow speed, low density, and width about 1/5 the initial

jet width, along with a background flow whose width is about 1.5 times the width of the

initial flow (see figure 10.23(b)). We will observe very similar equilibrium flow properties in

section 10.5, when we consider a field which is strong enough to suppress vortex formation

(MA = 5.145). For this field, equilibrium is reached after about 20 growth times, and the

jet only widens to about 8 r0, which is about 2.25 times its initial width.

We now examine the displays for MA = 10.34 in more detail. Figure 10.21(a), at 8.64

growth times, displays the vorticity at the approximate saturation stage in the early nonlin-

ear regime. The partially-formed vortices have already been disrupted by strong magnetic

stresses. As these stresses oppose the rotation of the flow, it develops large shear variations

where the magnetic tension is greatest, resulting in amplified filaments of high vorticity, and

a large amount of electromagnetic energy being extracted directly from the bulk flow, en-

ergy that would otherwise be diverted into rotational form. The magnetic stresses also cause
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the interiors of the partially-formed vortices to separate into regions of opposite vorticity,

resulting in extensive hybridization before the vortices have the opportunity to acquire a

well-defined clockwise or counterclockwise vorticity. The field lines have begun to diffuse

into the partially-formed vortices. We now proceed to figure 10.21(b), after 10.94 growth

times. Maximum vorticity has been reached (after about 10 growth times), along with max-

imum electromagnetic energy. The filaments of maximum vorticity have thickened. The

aforementioned regions of hybrid vorticity, which had permeated the vortical regions, are

now compressed by magnetic tension into densely packed hybrid filament layers. The ends

of these filaments curl sharply in response to the resistance exerted by magnetic stresses.

This high curvature enhances the diffusion of magnetic field lines into the vortical regions,

whose vorticity is almost entirely concentrated in the filaments at the boundaries. The jet

has broadened to slightly over twice its initial width.

We now proceed to figure 10.22(a), after 13.24 growth times. The electromagnetic and

mechanical energy are now being viscously dissipated into thermal energy. As a result, the

vorticity has decreased considerably, and correspondingly, the central filaments have been

viscously “smeared” into broader, more gradually sheared regions. As the magnetic stresses

have decreased, the tips of the outer filaments have lost much of their previous curvature. A

portion of densely packed filament became aligned with the central axis after about 12 growth

times, and now, this filament is separating into a thick hybrid structure in the central region.

A small amount of magnetic reconnection is now visible in the vortical regions into which

the field lines have diffused. Note that for a strong field such as this one, the movement

of magnetic field lines is dominated not by vortex twisting, but by diffusion, which leads
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to much weaker reconnection, if any. The jet has broadened to almost 3 times its initial

width. All of these processes signify the transition of the system into a turbulent regime.

We now proceed to figure 10.22(b), after 16.70 growth times. The system is now well into

the turbulent regime, and the vorticity has continued to decrease as more electromagnetic

energy is viscously dissipated. The outer filaments have lost more of their curvature, and

are becoming aligned with the flow, signifying the inhibition of the vortices that partially

emerged in the early nonlinear regime. The central trunk, however, has spread into a larger

central region of curved filaments surrounded by almost circular regions of newly emergent

vortical behavior.

Finally, we proceed to figures 10.23(a) and (b), which display the vorticity and longi-

tudinal velocity, respectively, after 27.06 growth times, as the system is approaching an

equilibrium state consisting of flow-aligned filaments (note change in vorticity color scale).

The filament width is about 1/5 the initial jet width, and the filaments are interspersed with

viscously smeared regions of smaller vorticity of the opposite sign. These viscous regions

formed at the boundaries of the jet in the early turbulent regime, as seen in figures 10.22(a)

and (b). The jet has now broadened to about 3.2 times its initial width, which is its approx-

imate equilibrium width. The flow consists of a narrow central strip of relatively high flow

speed of about 0.4 c, and whose width is about 1/4 the initial jet width. Surrounding this

narrow flow are two vortex filaments, which show that this flow channel has relatively high

shear at its boundaries. Also surrounding the flow channel is a background flow whose width

is about 1.5 times the initial jet width, and whose flow speed has a nearly uniform value

of about 0.2 c. This background flow coincides with the central vortical region described in
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figure 10.22(b). We will see that in the case of a vortex-suppressing field, the width of this

background flow is nearly identical to the initial jet width.

We see that for stronger background fields, the vortices are inhibited at an earlier point

in their rotation, and there is therefore less twisting of the field lines, which results in less

magnetic reconnection. As the amount of reconnection diminishes, the reconnection that

does occur is driven less by vortex twisting and to a greater extent by diffusion of the field

lines. With less magnetic reconnection, the turbulent reorganization of the system is less

complex, and the transition to a flow-aligned filamented state is more rapid. Apart from

more rapid vortex inhibition, stronger fields also result in a suppression of both magnetic

reconnection and of the complexity of turbulent breakdown. Correspondingly, for stronger

background fields, the filament widths are narrower, and the equilibrium jet widths are

narrower. Let W0 denote the initial jet width, and Wf the equilibrium jet width. For

MA = 41.4, Wf ≈ 4.5W0. For MA = 20.7, Wf ≈ 4W0. For MA = 10.3, Wf ≈ 3.2W0.

And for the vortex-suppressing field MA = 5.15, Wf ≈ 2.25W0. These equilibrium widths

correspond to an input perturbation wavelength of 7.85 r0. As we will see in chapter 11,

the equilibrium width seems to scale with input wavelength for weaker fields, but not for

stronger fields.
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(a) t = 8.64Ti = 4.03T = 92.2 r0/c =
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(b) t = 10.94Ti = 5.10T = 116.7 r0/c =
2.13Lx/cs, βmin = 2.79

Figure 10.21: Vorticity at (a) 8.6Ti and (b) 10.9Ti
(MA, vAz/c, β, vz0/c) = (10.3, 0.095, 55.5, 0.7)
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(a) t = 13.24Ti = 6.17T = 141.3 r0/c =
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(b) t = 16.70Ti = 7.78T = 178.2 r0/c =
3.26Lx/cs, βmin = 5.76

Figure 10.22: Vorticity at (a) 13.2Ti and (b) 16.7Ti
(MA, vAz/c, β, vz0/c) = (10.3, 0.095, 55.5, 0.7)
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Figure 10.23: (a) Vorticity and (b) longitudinal velocity at t = 27.1Ti
(MA, vAz/c, β, vz0/c) = (10.3, 0.095, 55.5, 0.7)
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10.5 Vortex-suppressing Field (MA = 5.145)

We now consider a magnetic field which is strong enough to suppress vortex formation, which

means that MA is less than about 6. Specifically, MA = 5.145. The input parameters for

this case are

vz0(x) = 0.7 c sech2(x/r0),

cs = 0.576 c,

(MA, β, vA/c) = (5.145, 13.88, 0.1893) : background values,

kz = 0.8/r0,

Lx = 31.5 r0, −Lx/2 ≤ x ≤ Lx/2, 0 ≤ z ≤ 2π/kz,

Nx = 1001, Nz = 201,

∆t = 0.032 r0/c, ∆x = 0.0315 r0, ∆z = 0.0393 r0,

Lx/cs = 54.7 r0/c, sound transit time,

Lx/vA = 166 r0/c, Alfven transit time,

ηρ = ηx = ηz = 0.0002 r0c,

ηBx = ηBz = 0.0012 r0c. (10.7)

The eigenmode parameters, emerging from the numerical linear analysis described in chapter

6, are as follows:
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ω = (0.265 + i 0.074) c/r0,

ωi = 0.0738 c/r0 = 0.743ωi0,

Ti = 1/ωi = 13.55 r0/c, growth time,

T =
2π

ωr
= 23.70 r0/c. (10.8)

As before, the initial jet width is about 3.6 r0. Figures 10.24 through 10.26 show the

suppression of vortex formation, and the rapid transition to a flow-aligned filamented state.

As before, each color display (vorticity, current density, and longitudinal velocity) is overlaid

with contours of the magnetic field lines. Recall that the current density is the curl of the

magnetic field, and is therefore directed in the positive or negative y-direction, perpendicular

to the plane of the page. Because the y-axis is directed into the page, where current density

is positive (orange or red), the current is directed into the page, and where current density

is negative (blue), the current is directed out of the page.

We begin by examining figures 10.24. In figures 10.24 (a) and (b), at 8.62 growth times,

we are approximately at the saturation stage of the early nonlinear regime, where vortices

would ordinarily develop. However, the magnetic tension resists vortex formation, resulting

in filaments of enhanced vorticity and enhanced current density. The translational kinetic

energy extracted from the flow is converted mostly into electromagnetic energy, with very

little rotational energy, since the vortices fail to form. As shown in figure 10.24(c), this results

in a deceleration of much of the flow, in particular, the regions of flow that perform the most

work against the magnetic tension in the field lines, i.e., the background flow surrounding a

narrow channel of high flow speed.
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We continue to examine figures 10.24. There remains a central channel of maximum flow

velocity ranging from 0.5 c to 0.6 c, whose width is about 1/5 the initial jet width, outside

of which the flow speed drops abruptly to an average of about 0.3 c. The abrupt shear

at the channel boundaries accounts for the central filaments of high vorticity. The outer

high-vorticity filaments are produced by an abrupt shear in the background flow. However

this background flow is very heterogeneous, varying from about 0.2 c to about 0.35 c. The

complementarity between vorticity and current filaments arises from the complementarity

between the flow and the magnetic field. As seen in figure 10.24(c), the field lines bend

in response to the flow, and are concentrated where the flow exhibits rapid shear. This

behavior gives rise to a large curl of the field, producing the high-density current filaments

seen in figure 10.24(b). Certain field-influenced quantities (vorticity, current density, elec-

tromagnetic pressure, etc.) are enhanced by the direct conversion of bulk flow energy into

electromagnetic energy. Neither the vorticity in figure 10.24(a) nor the current density in

figure 10.24(b) have yet reached their peak values. Both are still increasing.

However, the increase in electromagnetic energy is limited by the complete suppression

of vortex formation, since developing vortices would expel the field lines, providing further

field amplification at the vortex boundaries. This is why, as seen in the time-dependent

graphs in section 9.6 of chapter 9, electromagnetic energy is not maximized for a strong

vortex-suppressing field. Rather, vorticity and electromagnetic pressure are maximized for

the strongest fields that still allow some vortex formation. This indicates that although the

enhancement of these quantities is heavily dependent on mechanical energy extracted directly

from the field lines (proportional to the strength of the background field), this enhancement
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also has some dependence on field amplification due to vortex-induced centrifugal expulsion

of field lines.

We return to the case MA = 5.145, and progress to 13.15 growth times, for which the

relevant displays are shown in figures 10.25. The vorticity and current density have already

peaked, after about 10 growth times, and are now decreasing, as electromagnetic energy

is now being viscously dissipated into thermal energy. From figures 10.25 (a) and (b), the

vortex and current filaments have become more closely aligned with the flow, and the jet

has widened to about twice its initial width. There are now more filaments of alternating

vorticity and alternating current density. The filaments alternate not only in the direction

of vorticity (or current density) but also in the magnitudes of these quantities. That is, the

vortex filaments in figure 10.25(a) alternate spatially between well-defined, narrow filaments

of high vorticity, and less well-defined, viscously “smeared out” filaments of larger width and

smaller vorticity in the opposite direction. The same happens with the current filaments in

figure 10.25(b). This is a striking manifestation of the viscous dissipation of electromagnetic

energy. The more sharply defined filaments have also narrowed, relative to figures 10.24

(a) and (b), from 1/5 of the initial jet width to only about 1/8 the initial jet width. The

vorticity is maximized around the narrow central flow region, which has also become more

closely aligned with the flow direction. As shown in figure 10.25(c), the flow within this

central strip has become more homogeneous, with a nearly uniform flow speed of 0.5 c. The

background flow surrounding the central strip is still fairly heterogeneous, with flow speeds

ranging from 0.2 c to 0.3 c.

In figures 10.26, we see that after 21.77 growth times (note change in color scales), the
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flow has relaxed to an equilibrium state in which the filaments are aligned with the flow

direction, and the jet has further widened to about 8 r0, or 2.25 times its initial width. As

shown in figures 10.26(a) and (b), the vorticity and current density are now only about 1/3

of their peak values. The filaments of relatively high vorticity (and current density) are

now located at the left and right boundaries, and along the central axis. The enhanced

vortex filaments have a width of about 0.6 r0, i.e., 1/6 of the initial jet width, while the

current filaments are only about 1/8 the initial jet width. Viscous dissipation has smeared

the vorticity in the region between the central axis and the boundaries. This is likely due

to the same mechanism discussed in the vortex-disruptive case. In particular, the vorticity

has decreased by a factor of about 4, from its initial average value, and is now closer to the

frequencies of modes associated with diffusion. The system therefore has a higher correlation

with viscous processes, enabling a greater amount of energy transfer via viscous interactions.

By comparing figures 10.26(a) and (b), we see that each filament of high vorticity corresponds

to a pair of current filaments of alternating current density. A comparison of figures 10.26(a)

and (c) shows that filaments of high vorticity correspond to locations of large and abrupt

shear variation in the flow.

As shown in figure 10.26(c), the flow speed within the narrow central flow remains at a

uniform value of 0.5 c. Since its formation in the early nonlinear regime, this central flow

region has maintained a nearly constant width of about 0.7 r0, or 1/5 the initial jet width,

and corresponds to a narrow region of low density (i.e., a density undershoot, which we also

observed in the vortex-disruptive case, but with a wider flow). Similar density undershoots

were observed in the MHD simulation of Frank et al. (1996) and the RMHD simulation of
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Mignone et al. (2009). This narrow central flow region occurs for stronger fields (MA = 5.145

and MA = 10.3), and is a consequence of the field lines having sufficient magnetic tension

to extract large amounts of electromagnetic energy directly from the translational kinetic

energy of the flow, without allowing more of this energy to be diverted into the rotational

kinetic energy of developing vortices. Surrounding this narrow central flow is a region in

which the flow speed is about 0.3 c and whose width is very nearly equal to the initial flow

width (about 3.6 r0). The background flow is also much more homogeneous than at earlier

times. These same flow properties are also observed in the equilibrium state of the strongly

vortex-disruptive field MA = 10.3 (see figure 10.23). As with the weaker vortex-disruptive

fields, the system has relaxed to an equilibrium configuration which retains a memory of its

initial configuration. In the initial jet, and the equilibrium configurations of vortex-disruptive

and vortex-suppressing fields, we have vortex filaments of positive vorticity to the right of the

axis, and filaments of negative vorticity to the left of the axis, along with flow velocity falling

off with distance from the central axis, asymptotically approaching zero. However, unlike the

vortex-disruptive case MA = 41.4, the relaxation to equilibrium occurs after about 20 growth

times, whereas in the MA = 41.4 case, equilibrium still has not been reached after 60 growth

times. There is also greater enhancement of vorticity, along the axis and at the boundaries,

for the vortex-suppressing case than the vortex-disruptive cases. Only the vortex-suppressing

case, and the strongly vortex-disruptive case MA = 10.3, contain a narrow central region

that retains high flow speed. Only the vortex-suppressing case develops a background flow

region of uniform flow speed whose width very nearly coincides with the width of the initial

jet, as shown in figure 10.26(c).
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We see that maximum flow deceleration, from 0.7 c to about 0.2 c, occurs for the in-

termediate vortex-disruptive fields MA = 41.4 and MA = 20.7, whereas the stronger fields

only decelerate the jet to about 0.4 c (MA = 10.3) or 0.5 c (MA = 5.13). The intermedi-

ate vortex-disruptive fields allow a sufficient amount of vortex development to result in a

complex reorganization process associated with vortex disruption, partly driven by extensive

magnetic reconnection. This maximizes the complexity and number of smaller-scale struc-

tures arising from turbulent breakdown, which in turn enhances the amount of correlation

with the small length scales set by diffusion. This maximizes the viscous dissipation of me-

chanical energy into thermal energy. We also discussed this in section 9.5 of chapter 9, in

which we saw this effect in plots of pressure and velocity-related quantities as functions of

time.
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Figure 10.24: Various quantities at t = 8.62Ti = 4.93T , MA = 5.15
(MA, vAz/c, β, vz0/c) = (5.15, 0.189, 13.9, 0.7), βmin = 1.62
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Figure 10.25: Various quantities at t = 13.2Ti = 7.52T , MA = 5.15
(MA, vAz/c, β, vz0/c) = (5.15, 0.189, 13.9, 0.7), βmin = 3.97
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Figure 10.26: Various quantities at t = 21.8Ti = 12.5T , MA = 5.15
(MA, vAz/c, β, vz0/c) = (5.15, 0.189, 13.9, 0.7), βmin = 8.75
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10.6 Evolution with Periodic Boundary Conditions

The evolution we have shown retains longitudinal periodicity, with one spatial period equal

to one wavelength of the perturbation, and these results are independent of the number

of longitudinal wavelengths spanned by the simulation. We wish to relate our temporal

progression of longitudinally periodic snapshots to a single image of an entire jet. A good

example of such an image is shown in figure 10.27, taken from Van Dyke (1982), in which an

axisymmetric jet is formed from a laminar stream of air being injected into a circular tube.

This jet becomes Kelvin-Helmholtz unstable due to the interaction of its boundaries with

the ambient medium, leading to the formation of vortices, followed by turbulent breakdown.

Note that the vortices in this image are symmetric, whereas the vortices in our simulations

are antisymmetric. This is a consequence of our use of a slab geometry, in which symmetric

modes are more stable. In a cylindrical geometry, as with the air stream in figure 10.27,

symmetric modes have higher growth rates. The jet in figure 10.27 is, of course, unmag-

netized, non-relativistic, and not astrophysical, and therefore evolves according to different

mechanisms than are being considered in our models. However, the image provides a good

illustration of how to combine a sequence of spatially periodic snapshots, shown at a sequence

of times, into a single image of the entire jet, comprising all time steps. As our simulation

progresses, our simulation box moves along the jet, away from its point of origin. This is the

relationship we should keep in mind when, in section 10.7, we suggest potential applications

of our simulation results to images of astrophysical jets, each of which shows a snapshot of

an entire jet.
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Figure 10.27: Laminar stream of air, Van Dyke (1982)

10.7 Comparison with Jet Observations

In this section we offer potential applications of our simulation results to jet observations.

However, we do not make any claims as to the accuracy or completeness of our model in

describing the physical mechanisms behind any of the jets mentioned. Other mechanisms

(e.g., radiative cooling, jet precession) are undoubtedly present.

Several extragalactic jets show qualitative agreement with vortex formation, followed by

vortex inhibition by a disruptive magnetic field (including M87, Centaurus A, 3C 120, 3C 273,

HH 30, HH 49, etc.). Closer to the nucleus, we often observe features resembling vortices.

This is often followed by a disruptive stage in which these features break into smaller-scale

structures, qualitatively resembling vortex disruption and turbulent breakdown. Filaments

are observed in such jets as M87 (Hines et al. 1989), 3C 273 (Lobanov and Zensus 2001)

and 3C120 (Hardee 2003, 2005). These might be produced by vortex-shedding during the
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disruptive stage, or might be associated with the dual filamentary structure connecting the

vortices throughout their development. Many images also show significant jet widening,

consistent with the widening observed in the simulations. In the outer regions of the jet,

this widening seems to be coupled with the viscous dissipation and flow deceleration also

observed in the simulations. Note that for the model we are using, a magnetic field is required

in order to qualitatively reproduce these observed features. In particular, the field should be

vortex-disruptive, and not vortex-suppressing, since the features are closely correlated with

the stages of vortex inhibition. In the absence of a magnetic field, the simulation predicts

that the vortices persist almost indefinitely.

Figure 10.28 shows three images of the extragalactic radio jet M87, also known as Virgo

A, and NGC 4486. The X-ray image is produced by Chandra, the radio image by the VLA

(Very Large Array), and the optical image by the Hubble Space Telescope. M87 is a highly

energetic plasma jet extending 1.5 kpc, and which emanates from a supermassive central

black hole in a supergiant elliptical galaxy. As in our simulations, the background magnetic

field is believed to be primarily aligned with the flow (Hines et al. 1989). However, in certain

knots (i.e., knot A and knot C), the field is believed to be primarily transverse to the flow

(Hines et al. 1989), which might be consistent with vortex-twisting of field lines within these

knots, resulting in field amplification. Stawarz et al. (2005) estimated an amplified field of

at least 300 µG within knot A, where the field elsewhere in the jet is believed to be less than

about 100 µG (Hines et al. 1989). So the knots may indeed behave like vortices, twisting the

magnetic field lines into partially transverse configurations, and centrifugally expelling them

to the vortex extremities, resulting in field amplification. As shown in section 8.2 of chapter
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8, the above magnetic fields yield a conductivity, governed by electron and ion gyrations,

which is consistent with the magnetic viscosity used in the simulations. Furthermore, the

field outside the knots is believed to be aligned with the flow (Hines et al. 1989), which is

the equilibrium, and background, field configuration used in our numerical simulations.

Figure 10.29 shows the extragalactic jet Centaurus A, which is the only extragalactic jet

closer to us than M87. Figure 10.30 shows the mildly relativistic jet HH30 (Herbig-Haro 30).

The Herbig-Haro objects are within our own galaxy, and most likely arise from protostellar

systems. These are much less relativistic than the aforementioned extragalactic jets. As with

the images of M87, these images show features which indicate possible vortex disruption,

turbulent breakdown, jet widening, and viscous dissipation, all of which would be consistent

with the stages of vortex inhibition by a vortex-disruptive field.

It should be emphasized that these comparisons only suggest possible physical mecha-

nisms that might offer insight into the observed jet features. Other mechanisms (radiative

cooling, etc.) are undoubtedly present. Another important point is that the field strengths

examined in our study are separated by roughly an order of magnitude, which falls well

within the uncertainty in estimates of field strength in astrophysical jets. These estimates

are obtained from synchrotron emission observations.
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Figure 10.28: M87 (a.k.a. Virgo A, NGC 4486)

Figure 10.29: Centaurus A, imaged with Chandra in X-ray
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Figure 10.30: Herbig-Haro 30
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10.8 RMHD Versus MHD Results

These relativistic MHD simulation results are qualitatively similar within a range of mod-

erately relativistic flow speeds from 0.5 c to 0.8 c. However, when compared with MHD

simulations (non-relativistic flow speeds and sound speeds), there are certain differences.

The growth rates are considerably lower in the MHD case, owing partly to the much smaller

sound speed, for which the rest energy density ρc2 is much larger than the pressure, so that

the background flow has considerably more inertia against extraction of energy from the

bulk flow. Another effect, particularly for more relativistic sound speeds, is that growth rate

tends to increase with flow speed, due to the increase in velocity shear between the jet and

ambient medium (seen in the linear growth rate analysis of chapter 6). However, for highly

relativistic flow speeds, the system is KH-stable, though other instabilities emerge. RMHD

simulations also produce nonlinear transverse sound waves propagating between the jet axis

and transverse boundaries, and the amplitude of these waves increases with increasing flow

speed, creating large-amplitude oscillations in the time-dependence of certain quantities (dis-

cussed in chapter 9). We have seen, particularly for the unmagnetized RHD case, how these

waves modulate vortex rotation, for which the rotational period is approximately the sound

transit time. In the magnetized cases, these waves influence vortex rotation and orientation

prior to disruption. In sections 11.3 through 11.5 of chapter 11, we show that these acous-

tic waves do not significantly influence the evolution of the flow. In the MHD case, these

nonlinear sound waves, if present, have much smaller amplitudes.

Relativistic effects also introduce a desynchronization between longitudinal and trans-

verse motions, where relativistic boosting exerts a strong preference in the longitudinal di-
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rection. This has the effect of destabilizing the system. In the simulation results, relativistic

desynchronization tends to introduce more complexity into vortex disruption and turbulent

breakdown, particularly in the weak-field regime. This occurs because modes with smaller

wavelengths emerge (see discussion in chapter 6), so that smaller length scales emerge in

the hybrid features arising from vortex disruption. Due to the emergence of smaller length

scales, a considerably larger amount of diffusion is required in order to stabilize relativis-

tic systems than non-relativistic ones. Above a Lorentz factor of about 2, no amount or

combination of diffusion can stabilize the system. Modes with small wavelength can also

give rise to shock-like phenomena, which are more frequently observed in more relativistic

simulations. As we will see in chapter 11, the RMHD and MHD regimes are convergent in

the limit of non-relativistic flow speeds and sound speeds.

We see that even in the moderately relativistic regime, for which numerical simula-

tions can be sustained, relativistic effects destabilize the system through nonlinear sound

waves, desynchronization of longitudinal and transverse motions, and modes with small

length scales. These effects are enhanced for more relativistic flows, leading to unconditional

instability for Lorentz factors exceeding about 2.

We now examine the alternating symmetry of the vorticity displays of our simulation

results.

10.9 Alternating Symmetry of the Vorticity

We notice throughout our vorticity displays that the vorticity satisfies a certain condition

of alternating symmetry, which is dictated by the symmetry of the background velocity
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profile and the antisymmetry of the pressure perturbation profiles. Specifically, we have

equal and opposite vorticity on either side of the central axis at locations separated by

half the longitudinal perturbation wavelength. If we denote the vorticity Ω(x, z, t), then

mathematically, this condition reads

Ω(x, z, t) = −Ω(−x, z + λ/2, t). (10.9)

where λ = 2π/kz is the wavelength of the input perturbation. This condition is a math-

ematical interpretation of the half-wavelength separation of counter-rotating vortices that

form in the early nonlinear evolution, but is maintained throughout the evolution, in both

the magnetized and unmagnetized cases. The accuracy with which this condition is satisfied

provides a measure of the numerical accuracy of our results. Specifically, we compute the

ratio

f =
|Ω(x, z, t) + Ω(−x, z + λ/2, t)|

|Ω(x, z, t)|
. (10.10)

The average value of this ratio is roughly 10−5 during the nonlinear evolution of a magnetized

case. This provides one method of validation of the numerical accuracy of our simulations,

which we will verify in other ways in chapter 11.

10.10 Conclusion

We have explored the nonlinear evolution of the simulations in the unmagnetized and mag-

netized cases, and found qualitative agreement between observations of several jets and the

stages of vortex inhibition associated with vortex-disruptive magnetic fields (including M87,

Centaurus A, 3C 120, 3C 273, HH 30, etc.). In the unmagnetized case, we found that upon
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saturation of the perturbations, the transverse momentum has built to a point where the

flow is deformed due to transverse components of the mechanical stresses. The growth of this

deformation, along with the interaction of comparable transverse and longitudinal momen-

tum, lead to the formation of two large counter-rotating vortices on opposite sides of the jet

axis. These vortices are connected by a dual filamentary structure, and form around regions

of low density and pressure. Initially driven by mechanical torques, the vortices rotate in the

same direction as fluid circulation within them. However, the flow decelerates as mechanical

energy is dissipated into thermal energy. Correspondingly, some of the mechanical stress is

replaced by thermal stress. Consequently, the vortex rotation is eventually modulated by

thermal stresses associated with nonlinear transverse sound waves propagating between the

jet axis and transverse boundaries. In the latter stages of the nonlinear regime (after about

20 growth times), the vortex rotation has relaxed to a constant angular velocity whose ro-

tation period is equal to the sound transit time. The buildup of thermal stresses also causes

the vortices to become less elongated, and assume a more circular shape. The vortices are

also separated, along the flow direction, by half the perturbation wavelength, which is a

consequence of the antisymmetry of the pressure perturbation profile, and the symmetry of

the transverse velocity profile, discussed in chapter 7. Apart from viscous losses, the vortices

persist essentially indefinitely. Although intermediate vortex shape and rotation are influ-

enced by reverberations of acoustic waves from the transverse system boundaries, we show

in section 11.5 of chapter 11 that most aspects of the unmagnetized evolution are unaffected

by system width.

When the system is magnetized, the vortices are inhibited through a series of stages,

348



namely, field amplification, vortex disruption, turbulent breakdown, and approach to an equi-

librium state. These stages have been discussed in prior literature for MHD flows (Malagoli

et al. 1996; Baty et al. 2003, etc.). We have examined in detail how and to what extent these

stages manifest in the RMHD regime for a set of representative field strengths. These field

strengths are within an order of magnitude of one another, which falls within the uncertainty

in estimates of field strengths in astrophysical jets. We have found that the influence of the

magnetic field is closely correlated with a relativistic version of the Alfvenic Mach number

MA, which we have defined analogously to how Bodo et al. (2004) defined a relativistic

version of the sonic Mach number. This close correlation with MA is shown in the linear

analysis in chapter 6 and in the nonlinear evolution in chapter 11. Our expression for MA is

given by (6.3) in chapter 6.

We first examined a weak vortex-disruptive field corresponding to MA = 41.4, which

allows vortex formation, and then inhibits the vortices through a series of stages. In stage

1, field amplification occurs when the field lines are centrifugally expelled to the vortex

boundaries. In stage 2, the field disrupts the vortices, resulting in further deformation

due to magnetic stresses, and vortex shedding of amplified hybrid filamentary features. In

stage 3, the vortices undergo turbulent breakdown into smaller-scale structures. In stage

4, the system relaxes to an equilibrium state consisting of flow-aligned vortex and current

filaments. The width of these filaments is about 1/4 the initial jet width. Similar stages of

vortex inhibition were described in Baty et al. (2003), Malagoli et al. (1996), and Bucciantini

and Del Zanna (2006).

Throughout the evolution, there is remarkable complementarity between the flow and
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the field lines, which is partly due to the fact that the transverse velocity and field both

have symmetric perturbation profiles, while the longitudinal velocity and field both have

antisymmetric perturbation profiles. This complementarity is seen in the displays, in which

the contours of the magnetic field lines correspond closely to the vorticity and flow velocity

distributions onto which they are overlaid. This complementarity describes the close interac-

tion between the field and the flow, whereby the mechanical energy of the flow initially drives

the field, seen in vortex-induced amplification and twisting of the field lines. In response,

the field constrains the flow through electromagnetic stresses, resulting in vortex deformation

and disruption. Vortex rotation also leads to magnetic reconnection, which in turn enhances

the turbulent breakdown, and viscous dissipation, of the faster-moving components of the

flow.

For the weak vortex-disruptive field MA = 41.4, the jet widens to about 4.5 times its

initial width, and decelerates from flow speed amplitudes of 0.7 c to about 0.2 c. During

stages 1 and 2, vortex-twisting of the field lines leads to considerable magnetic reconnec-

tion, which drives much of the complexity of the turbulent breakdown, along with persistent

vortical behavior in the central region, where the flow is fairly uniform. For stronger vortex-

disruptive fields, these stages of vortex inhibition occur more rapidly, and at earlier times

in the simulation. Stronger fields also correspond to less magnetic reconnection, and less

widening of the jet. In the later stages of evolution, particularly with weaker fields, the

nonlinear features have boundaries which are less sharply defined, indicating that viscosity

has more of an effect on the system. At least two factors are involved. First, turbulent

breakdown results in structures with smaller length scales, which are therefore more compa-
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rable to the length scales set by diffusion. Second, the vorticity decreases by a factor of at

least 5, from its maximum value, and is therefore more comparable to frequencies of modes

associated with diffusion. These two factors lead to a higher correlation with diffusive pro-

cesses, and therefore a larger transfer of energy to viscous dissipation. We then considered a

vortex-suppressing field (MA = 5.145) which is strong enough to suppress vortex formation,

resulting in a rapid transition to a filamented flow-aligned state. The filaments are only 1/6

of the initial jet width, and the equilibrium jet width is about 2.25 times its initial value.

Both of these are smaller than the corresponding values for the weaker field MA = 41.4.

After complete vortex-disruption, small-scale turbulent structures are influenced to some

extent by reverberations of acoustic waves from the transverse boundaries of the system.

However, in sections 11.3 through 11.5, we compare nonlinear evolution for two transverse

system widths at different magnetic field strengths, and find that the system width does not

significantly influence the evolution of the flow and the manner in which it interacts with the

magnetic field. Furthermore, these nonlinear acoustic oscillations are suppressed by fields

which are strong enough to suppress complex turbulent reorganization.

We also observed that weaker fields allow further vortex twisting of the field lines, leading

to a greater amount of magnetic reconnection, which in turn drives a more complex turbulent

reorganization of the system, leading to intermediate states that persist for many growth

times before the filaments finally become aligned with the flow. Stronger fields, which allow

less vortex twisting, exhibit less reconnection, and this reconnection is instead dominated by

diffusion of the field lines. Stronger fields therefore suppress intermediate turbulence.

Maximum flow deceleration (from 0.7 c to about 0.2 c) occurs for intermediate vortex-
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disruptive fields MA = 41.4 and MA = 20.7. This field regime allows enough vortex develop-

ment, and disrupts the vortices rapidly enough, to generate a complex turbulent breakdown,

partly driven by extensive magnetic reconnection, thereby maximizing viscous dissipation

into thermal energy (also driven in part by the two factors mentioned above, namely, closer

correlation with length scales and frequencies associated with diffusion). We discussed this

in section 9.5 of chapter 9, in which we saw this effect in graphs of pressure and velocity-

related quantities as functions of time. On the other hand, the largest field-related quantities

(i.e., the highest electromagnetic energy, vorticity, etc.) are generated for the strongly vortex-

disruptive field MA = 10.3, not the vortex-suppressing field MA = 5.145. Apart from the size

of the background field, whereby the tension in the field lines extracts energy directly from

the flow, some vortex-induced field amplification is required for optimum field enhancement.

We also discussed this in section 9.6 of chapter 9, in which we saw that strongly vortex-

disruptive fields correspond to maximum amplification of such quantities as vorticity and

electromagnetic energy. We have therefore identified two fundamental bifurcations in field

behavior, arising from maximization of two sets of quantities at two different intermediate

field strengths. These are, specifically, maximum viscous dissipation for intermediate vortex-

disruptive fields (20 ≤MA ≤ 42), and maximum enhancement of field-related quantities for

strong fields that still allow vortex formation (MA ≈ 10).

The intermediate vortex-disruptive fields MA = 41.4 and MA = 20.7 have wide equilib-

rium flow widths (about twice the initial jet width), which is correlated with the maximum

jet deceleration observed for these cases. Equilibrium flow width is smaller for stronger back-

ground fields, due to more rapid longitudinal filament alignment by the magnetic tension.
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The stronger fields MA = 10.3 and MA = 5.145, on the other hand, each have equilibrium

states with a narrow central channel of relatively high flow speed, and low density (flow

speed of about 0.4 c to 0.5 c, and width about 1/5 the initial jet width). The narrow central

flow is correlated with early vortex inhibition due to high magnetic tension. Stronger fields

suppress intermediate turbulence, and viscous dissipation of mechanical energy. The afore-

mentioned narrow central flow channel is where this residual mechanical energy resides. In

each regime of field strength, the vorticity, flow, and field assume equilibrium configurations

which indicate that the system has retained a memory of its initial configuration (also seen in

the MHD analyses of Frank et al. 1996 and Ryu et al. 2000). For the vortex-suppressing field

MA = 5.145, this central flow is surrounded by a background flow whose width is very nearly

equal to the initial jet width. This indicates that in the vortex-suppressing case, the system

retains not only a qualitative, but also a quantitative, memory of its initial configuration.

These relativistic MHD simulation results are qualitatively similar for moderately rel-

ativistic flow speeds from 0.5 c to 0.8 c. However, when compared with MHD simulations

(non-relativistic flow speeds and sound speeds), there are certain differences, each of which

illustrate how relativistic effects tend to destabilize the system. The growth rates are con-

siderably higher in the RMHD case, due partly to the larger shear in flow speed between

jet and ambient medium, and partly to the larger (more relativistic) sound speed, which

gives the bulk flow less inertial resistance to perturbation. It should be noted, however,

that the system is linearly less KH-unstable in the highly relativistic regime, although other

instabilities emerge. RMHD simulations also produce large-amplitude nonlinear transverse

sound waves propagating between the jet axis and transverse boundaries, and the amplitude
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of these waves increases with increasing flow speed, creating large-amplitude oscillations in

the time-dependence of certain quantities (discussed in chapter 9). These effects are much

less visible in MHD simulations.

Relativistic effects also desynchronize longitudinal and transverse motions, due to prefer-

ential boosting in the longitudinal direction. This destabilizes the system. In simulations for

weak fields, relativistic desynchronization introduces more complexity into vortex disruption

and turbulent breakdown. This is the result of modes with smaller wavelengths (see chapter

6), so that hybrid features with smaller length scales arise from vortex disruption. Due to

the emergence of smaller length scales, a greater amount of diffusion is required to stabilize

relativistic systems than non-relativistic ones. Above a Lorentz factor of about 2, no amount

or combination of diffusion can stabilize the system. Modes with small wavelength can also

give rise to shock-like phenomena, which are more frequently observed in more relativis-

tic simulations. We will show in chapter 11that the RMHD and MHD results exhibit the

expected convergence.

We have observed qualitative agreement with numerous jet observations, including M87,

Centaurus A, 3C 120, 3C 273, HH 30, and HH 49. These jets contain features resembling

vortices and filamentary features, and appear to exhibit turbulent breakdown, jet widening,

and jet deceleration. In particular, some of the knots in the extragalactic radio jet M87 are

believed to contain amplified fields (Stawarz et al. 2005) with transverse components (Hines

et al. 1989). This suggests possible vortex-like behavior in these knots, which would result in

field amplification due to vortex expulsion of the field lines as they are twisted into transverse

configurations. This behavior is probably most consistent with a weakly vortex-disruptive
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field (MA = 41.4). Furthermore, the field outside these knots is believed to be aligned with

the flow (Hines et al. 1989), which is the equilibrium (and background) field configuration in

our simulations. In addition, Hines et al. (1989) deduced field strengths of less than 100 µG,

which, as shown at the end of chapter 8, are consistent with conductivities corresponding to

the magnetic viscosity used in our simulations. This assumes that the conductivity emerges

from electron and ion gyration. While we may have found possible mechanisms underlying

these jet observations, other mechanisms are undoubtedly present (radiative cooling, etc.).

Finally, in section 10.9, we verified that the vorticity has an alternating symmetry, which

is due to the symmetric background velocity profile and the antisymmetric pressure pertur-

bation profiles. This provides one method of validation of the accuracy of our simulation.

Another was to determine the accuracy with which certain quantities are conserved, which

we did in table 9.1 of chapter 9. In chapter 11, we will use other methods of examining the

accuracy and reliability of our results.

We have studied the basic properties of the simulation results in various regimes of mag-

netic field strength, and seen how our simulations reproduce certain observed features and

behavior in various astrophysical jets. In chapter 11, we examine the parameter-dependence

of these results. This includes spatial and temporal convergence, convergence between the

RMHD regime and the MHD and RHD regimes, and sensitivity to viscosity, flow speed, and

perturbation wavelength.
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Chapter 11

Sensitivity of Results to Input
Parameters

Having examined various plots and displays of our simulation results, we now examine the

sensitivity of these results to various input parameters. We first verify that, to within

reasonable accuracy, the magnetic field remains divergenceless throughout the evolution. We

then examine convergence with respect to time step, with a fixed spatial grid, and find that

the results have indeed converged temporally. We next examine convergence with respect

to refinement of the numerical mesh. We find that the results are not yet converged for a

501x101 mesh, but, upon comparison between this, the 751x151 mesh, and the 1001x201

mesh, we find that the results show good convergence through the early stages of nonlinear

evolution, and in the later stages show good agreement in terms of the nature of the behavior.

They deviate from one another in the latter stages of evolution in terms of the small-scale

structures emerging from turbulent breakdown. However, we observe convergence in the

turbulent evolution on larger scales.

We next consider the dependence of the simulation results on the transverse width of

the system, which, as we have seen, influences the oscillations of transverse acoustic waves.
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We compare results for two different system widths for both magnetized and unmagnetized

cases. In the magnetized case, we find that the results are almost identical through the

vortex-disruptive stage, and then, after about 16 growth times, begin to show differences in

the small-scale features emerging in the turbulent regime. However, the large-scale struc-

ture of the flow, and its interaction with the magnetic field, are not significantly affected by

system width, in either the turbulent regime or the approach to equilibrium. In the unmag-

netized case, the evolution is nearly identical through the early nonlinear stages, through

about 16 growth times. The nonlinear acoustic waves then exert an influence on vortex

shape and rotation rate. However, numerous properties of the flow are unaffected by system

width, including the sizes and transverse locations of primary and secondary vortices, aver-

age pattern speeds, and the ellipsoidal shape to which the primary vortices eventually relax.

There is also close agreement, between the two system widths, in the time-dependence of

various spatially-averaged or maximized quantities, including flow speed and electromagnetic

energy. This collectively demonstrates that, for magnetized and unmagnetized systems, the

evolution of the flow and magnetic field are not significantly influenced by the transverse

boundaries of the system. The nonlinear evolution also is not affected when we change the

number of wavelengths of the perturbation spanned in the longitudinal direction. There-

fore, the evolution is approximately convergent with respect to time step, spatial step, and

transverse and longitudinal system dimensions.

We next consider an RMHD case with a low flow speed and low sound speed, which is

approximately non-relativistic. We compare results generated with the MHD source code

to those generated with the RMHD source code, and find excellent convergence, thereby
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demonstrating convergence between the RMHD and MHD regimes in the non-relativistic

limit. We then demonstrate convergence between the RHD and RMHD regimes by comparing

an unmagnetized and a weakly magnetized case, both having the same relativistic flow speed.

We examine sensitivity to magnetic viscosity (resistivity) and to momentum viscosity

for several different field strengths (MA = 41, 21, and 5). We find general agreement in

the time-dependence of various quantities, and that increasing momentum viscosity tends

to reduce quantities related to flow velocity, while increasing magnetic viscosity tends to

reduce quantities related to the magnetic field. There is good qualitative agreement between

the displays corresponding to different viscosities, with deviations in the turbulent regime,

although the equilibrium jet width seems to be unaffected by viscosity. However, in the

MA = 41 case, the equilibrium central flow width is narrower in the case with higher magnetic

viscosity. For a given value of MA, we compare results for background flow speed amplitudes

of 0.7 c and 0.5 c, juxtaposing displays corresponding to a given number of growth times. We

find good agreement, indicating that the relativistic Alfvenic Mach number MA is indeed

closely correlated with the extent to which the magnetic field influences the evolution, and

also that the growth time is a fundamentally important unit for characterizing the temporal

progression of the evolution.

We then examine the sensitivity of the results to the input wavelength of the perturbation.

We find that for a weaker field (MA = 41), the equilibrium jet width is equal to roughly twice

this wavelength, and the equilibrium flow width is slightly larger than one wavelength (which

is to say that both of these are proportional to the input wavelength). For the stronger field

(MA = 5), the equilibrium jet width is approximately 4 times the initial width, independent

358



of the wavelength, while there is an amplified central flow whose width is about 1/10 of

the wavelength. Quantities related to the magnetic field are larger for longer wavelengths,

for both field strengths. However, quantities related to flow velocity are smaller for longer

wavelengths at MA = 41, and larger for longer wavelengths at MA = 5. We will examine

these trends in terms of length scales set by viscous dissipation.

We demonstrate in this chapter that the magnetic field remains divergenceless, and that

our results are convergent with respect to such parameters as time step, spatial step, system

dimensions, viscosity, and between the RHD, MHD, and RMHD regimes.

Throughout this chapter, we make use of the following quantities. The influence of the

magnetic field is characterized by the relativistic Alfvenic Mach number, given by

MA =
vz0γ

vAz,0γA
=

vz0
vAz,0

√
1− v2

Az,0/c
2

1− v2
z0/c

2
, (11.1)

where vz0 is the amplitude of the background flow speed, vAz,0 is the background relativistic

Alfven speed, and γ and γA are the respective Lorentz factors. The Alfven speed is given by

vAz = (c)
Bz√
w

=
Bz√

ρ+ (P/c2)Γ/(Γ− 1)
, (11.2)

where Γ is the adiabatic index, generally assumed to be 4/3, owing to the sound speed,

in most cases, being approximately at its relativistic maximum value of c/
√

3. w is the

enthalpy. The aforementioned relativistic adiabatic sound speed is given by

cs = c

√
ΓP

w
=

√
ΓP

ρ+ (P/c2)Γ/(Γ− 1)
. (11.3)

We begin by demonstrating that the magnetic field remains divergenceless throughout

the simulation.
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11.1 Zero Divergence of Magnetic Field

We verify that as the simulations progress, the magnetic field remains divergenceless, so that

the solenoidal condition is preserved. Because the magnetic field is restricted to the x − z

plane, its divergence is given by

∇ ·B =
∂Bx

∂x
+
∂Bz

∂z
. (11.4)

A good measure of satisfaction of the solenoidal condition is to compare the divergence of

the field to each of the spatial derivatives on the right side of (11.4). That is, we define the

ratios

εx =
|∇ ·B|
|∂Bx/∂x|

,

εz =
|∇ ·B|
|∂Bz/∂z|

. (11.5)

The solenoidal condition is accurately satisfied if εx << 1 and εz << 1. For cs = 0.576 c and

vz0 = 0.7 c, and for several field strengths (values of MA) used in our simulations, we present

the average and maximum values of εx and εz for a series of representative time intervals,

in units of the growth time, which is 10 clock times. The averages are performed over the

entire spatial grid, and over the indicated time interval. The maximization is performed

over regions where |∂Bx/∂x| and |∂Bz/∂z| are at least 10−6 of Bz0/r0, as εx and εz can be

deceptively large where these spatial derivatives vanish. The results are shown in table 11.1.

These results show that for the field strengths used in the simulation, the divergence of

the field is many orders of magnitude lower than either of the spatial derivatives from which

it is computed. This accuracy generally improves somewhat as the simulation progresses,

and is somewhat better for weaker fields (larger MA) than stronger fields.
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MA time interval < εx > < εz > Max(εx) Max(εz)
41.4 7.6Ti < t < 9.1Ti 1.34× 10−7 1.34× 10−7 2.59× 10−5 2.59× 10−5

41.4 12.2Ti < t < 13.7Ti 2.54× 10−8 2.54× 10−8 6.41× 10−6 6.41× 10−6

41.4 24.3Ti < t < 25.9Ti 4.58× 10−9 4.58× 10−9 6.54× 10−6 6.54× 10−6

41.4 36.5Ti < t < 38.0Ti 2.69× 10−9 2.69× 10−9 3.17× 10−6 3.17× 10−6

41.4 48.7Ti < t < 50.2Ti 1.91× 10−9 1.91× 10−9 1.10× 10−5 1.10× 10−5

20.7 7.6Ti < t < 9.1Ti 2.41× 10−7 2.46× 10−7 1.75× 10−5 1.75× 10−5

20.7 15.1Ti < t < 16.6Ti 2.03× 10−8 2.03× 10−8 8.61× 10−6 8.61× 10−6

20.7 25.6Ti < t < 27.1Ti 6.13× 10−9 6.13× 10−9 1.13× 10−5 1.13× 10−5

20.7 37.6Ti < t < 39.1Ti 6.43× 10−9 6.43× 10−9 2.37× 10−5 2.37× 10−5

10.3 7.2Ti < t < 8.6Ti 2.51× 10−7 2.51× 10−7 9.77× 10−5 9.77× 10−5

10.3 24.5Ti < t < 25.9Ti 3.30× 10−9 3.30× 10−9 5.84× 10−5 5.84× 10−5

10.3 36.0Ti < t < 37.4Ti 6.01× 10−9 6.00× 10−9 4.53× 10−5 4.53× 10−5

5.1 5.7Ti < t < 6.8Ti 1.92× 10−6 1.88× 10−6 8.60× 10−4 8.60× 10−4

5.1 13.6Ti < t < 14.7Ti 2.06× 10−8 2.06× 10−8 2.90× 10−4 2.90× 10−4

5.1 23.8Ti < t < 24.9Ti 2.65× 10−8 2.66× 10−8 1.60× 10−4 1.60× 10−4

Table 11.1: Divergence of magnetic field

Having verified that the magnetic field satisfies the solenoidal condition, we now assess

the convergence of the simulation results with respect to such parameters as time step, spatial

step, and system dimensions.

11.2 Spatio-temporal Convergence of Simulation Re-

sults

In this section, we demonstrate convergence of the simulation results first with respect to

time step, then with respect to refinement of the numerical grid (along with the time step). In

the next sections, we will then demonstrate convergence with respect to system dimensions,

between the RHD, MHD, and RMHD regimes, and with respect to viscosity. This provides

not only further validation of the numerical algorithm, but also greater physical significance

of the results.

We begin by demonstrating convergence with respect to time step. We compare two
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magnetized cases (MA = 41.41) which differ only in the time step used in the simulation.

Case 1 uses ∆t = 0.032 r0/c, while case 2 uses ∆t = 0.016 r0/c. The parameters common to

both cases are as follows:

ρ0c
2 = 0.1 ε, P0 = 5 ε,

cs = 0.576c, vz0(x) = 0.7 c sech2(x/r0),

kz = 0.8 r−1
0 ,

vA = 0.0237 c, β = 888.3,

MA = ∞ : ωi0 = 0.0994 c/r0,

MA = 41.41 : ωi = 0.0990 c/r0 = 0.9965 ωi0,

phase period : T =
2π

ωr
= 22.63 r0/c,

growth time : Ti =
1

ωi
= 10.10 r0/c,

−15.75 r0 ≤ x ≤ 15.75 r0, 0 ≤ z ≤ 2π

kz
,

Nx = 1001, Nz = 201, one wavelength,

∆x = 0.0315 r0, ∆z = 0.0393 r0,

ηρ = ηx = ηz = 0.0002 r0c,

ηBx = ηBz = 0.0012 r0c. (11.6)

In figures 11.1, we compare graphs showing the time-dependence of certain quantities,

where at each time step, we compute either the spatially averaged value or the maximum

value over the grid. The black curve corresponds to the larger time step, and the red curve

to the smaller time step. In each case, the two curves almost exactly overlay one another,

thereby showing excellent convergence with respect to time step.

In figures 11.2, the display on the left is case 1, at ∆t = 0.032 r0/c, while the display on

the right is case 2, at ∆t = 0.016 r0/c. The displays show close agreement, even well into the

nonlinear evolution. This shows temporal convergence of the simulation for time steps less

than 0.032 r0/c. Each vorticity display is overlaid with the contours of the magnetic field
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Figure 11.1: Time-dependencies for ∆t = 0.032 r0/c and ∆t = 0.016 r0/c
vz0 = 0.7 c MA = 41.41, vAz = 0.0237c

c∆t/r0 = 0.032 (black), 0.016 (red)
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Figure 11.2: Vorticity displays for two time increments: t = 17.0Ti
t = 172.0 r0/c = 7.603T = 17.04Ti

vz0(x) = 0.7 c MA = 41.41, vAz = 0.0237 c

We next examine the spatio-temporal convergence of the simulations, as we refine both

the mesh and time step. We use the same case as above, and compare simulation results

for meshes of 501 × 201, 751 × 151, and 1001 × 501. For the 501 × 201 mesh, we consider

two different values of the viscosity coefficients, in order to assess the influence of artificial

diffusion. The ratio of spatial increment to time step is the same in all cases. The parameters

for the three mesh sizes are as follows:

501× 101 : ∆t = 0.064 r0/c,

751× 151 : ∆t = 0.04267 r0/c,

1001× 201 : ∆t = 0.032 r0/c,

501× 101, less diffusion : (ηρ, ηx, ηz, ηBx, ηBz) = (0.0001)(2.8, 2.8, 2.8, 24, 24) r0c,

501× 101, more diffusion : (ηρ, ηx, ηz, ηBx, ηBz) = (0.0001)(4, 4, 4, 24, 24) r0c,

751× 151 : (ηρ, ηx, ηz, ηBx, ηBz) = (0.0001)(2.4, 2.4, 2.4, 18, 18) r0c,

1001× 201 : (ηρ, ηx, ηz, ηBx, ηBz) = (0.0001)(2, 2, 2, 12, 12) r0c. (11.7)

For each grid resolution, the initial eigenmode is approximately the same, with the com-

plex eigenfrequencies agreeing to within a fractional difference of about 10−6, which demon-

strates convergence of the numerical eigenmodes. The relevant displays are shown in figures
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11.3 through 11.5. At a given time, there are four displays, each corresponding to a certain

grid resolution used in the numerical simulations. Displays (a) and (b) both correspond to a

501 by 101 spatial grid, but display (a) uses less momentum and density diffusion than dis-

play (b). Display (c) corresponds to a 751 by 151 grid. Display (d) corresponds to a 1001 by

201 grid. Each vorticity display is overlaid with the contours of the magnetic field lines. The

numerical simulations show good agreement that persists through the early stages of vortex

formation and evolution. However, once the vortices are disrupted by the magnetic field,

the three grids show divergent behavior, seen in the displays at the latest time (156.7 r0/c).

This may be partly due to the larger amounts of artificial viscosity necessary to sustain the

simulations using the coarser meshes.
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Figure 11.3: Vorticity displays at different grid resolutions: t = 9.43Ti
t = 95.2 r0/c = 4.209T = 9.432Ti, vz0 = 0.7 c, MA = 41.41, vAz = 0.0237 c

Having examined the spatial and temporal convergence of the simulations, we now wish
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Figure 11.4: Vorticity displays at different grid resolutions: t = 13.7Ti
t = 138.2 r0/c = 6.110T = 13.69Ti, vz0 = 0.7 c, MA = 41.41, vAz = 0.0237 c
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to examine the dependence of the simulation results on the system dimensions. In particular,

we wish to assess the influence of transverse boundary reflections on the development of the

flow.

11.3 Dependence on System Dimensions

We now consider the dependence of our simulation results on the transverse and longitudi-

nal dimensions of the system. Periodic boundary conditions are used in both directions. To

examine the longitudinal dimension, we have compared results obtained for numerical grids

spanning one wavelength, three wavelengths, and five wavelengths of the input perturbation,

where all other input parameters are the same. The results are indistinguishable between

the three cases, and moreover, the system retains a longitudinal spatial period of one per-

turbation wavelength. The results are therefore unaffected by the number of perturbation

wavelengths spanned longitudinally. We now consider the influence of the transverse width

of the system.

We have observed nonlinear oscillatory behavior in our simulation results, and noted that

these oscillations correspond to nonlinear transverse acoustic waves propagating between the

central axis and transverse boundaries. The period of the pressure waves is equal to the

sound transit time across the width of the system, indicating that these waves are influenced

by reverberations from the transverse boundaries (where periodic boundary conditions are

used). We wish to assess the influence of these boundary reflections on the development

of the flow, in order to verify that the nonlinear flow evolution is governed by physical

processes rather than numerical constraints. To make this assessment, we compare results

for numerical simulations using two different transverse system widths, namely Lx = 31.5 r0
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and Lx = 47.25 r0, with all other parameters kept the same.

We begin with the case corresponding to the intermediate field MA = 20.7. Figures

11.6 through 11.11 show the time-dependence of various spatially averaged and maximized

quantities. In each plot, there are two curves simultaneously displayed. The blue curve cor-

responds to a transverse width Lx = 31.5 r0, while the red curve corresponds to a transverse

width Lx = 47.25 r0. These curves show very close agreement well into the nonlinear regime,

with fractional deviations not exceeding about 5%. In figures 11.10 and 11.11, the magnetic

field remains slightly stronger for the larger system width, indicating that more frequent

boundary reverberations tend to dissipate slightly more electromagnetic energy from the

system.

We then display the vorticity, overlaid with contours of the magnetic field lines, for each

system width. In each row, the display on the left corresponds to a width of 31.5 r0, while the

display on the right corresponds to 47.25 r0. The displays show almost exact agreement well

into the vortex-disruptive phases of nonlinear evolution (figures 11.12 and 11.13), and we only

begin to notice differences after about 17 growth times, during the turbulent breakdown. The

differences occur with the smaller-scale structures in the interior of the jet, while the larger-

scale structure, including the enhanced filaments, remains fairly unchanged. Consequently,

the equilibrium of the system, shown in figures 11.16, has the same basic properties in terms

of equilibrium jet width, approximate filament width, exterior filaments, and jet alignment.

For MA = 20.7, boundary reflections do not significantly influence the evolution of the flow.

In the next section, we consider the influence of boundary reflections on a more weakly

magnetized flow in which there is more extensive vortex development.
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Figure 11.6: RMS and max. vorticity for MA = 20.7 for Lx = 31.5 (blue) and 47.25 (red)
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Figure 11.7: Avg. and max. vz for MA = 20.7 for Lx = 31.5 (blue) and 47.25 (red)
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Figure 11.8: Avg. and max. γ for MA = 20.7 for Lx = 31.5 (blue) and 47.25 (red)
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Figure 11.12: MA = 20.70, t = 12.6Ti = 5.69T = 129.0 r0/c
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Figure 11.13: MA = 20.70, t = 15.1Ti = 6.77T = 153.6 r0/c

x /r
0

z 
/r

0

 

 

−8 −6 −4 −2 0 2 4 6 8
0

2

4

6

−0.5

0

0.5

(a) Lx = 31.5 βmin = 7.38

x /r
0

z 
/r

0
 

 

−8 −6 −4 −2 0 2 4 6 8
0

2

4

6

−0.5

0

0.5

(b) Lx = 47.25 βmin = 7.26

Figure 11.14: MA = 20.70, t = 17.5Ti = 7.86T = 178.2 r0/c
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Figure 11.15: MA = 20.70, t = 23.5Ti = 10.6T = 239.6 r0/c
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Figure 11.16: MA = 20.70, t = 42.8Ti = 19.2T = 436.2 r0/c
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11.4 Dependence on System Width: Weaker field

We now consider the influence of boundary reverberations for a weaker field corresponding

to MA = 41.4. As before, in each of the plots of time-dependence, the blue curve corresponds

to a transverse system width of 31.5 r0 and the red curve to a system width of 47.25 r0.

In figures 11.17 to 11.22, we display the vorticity for each system width. In each row, the

display on the left corresponds to a width of 31.5 r0, while the display on the right corresponds

to 47.25 r0. Again, the two simulations remain almost identical well into the vortex-disruptive

stage, and only begin to deviate after about 16 growth times, during the transition to the

turbulent regime. However, figure 11.21 shows that the large-scale filamentary structure

remains unaffected, as is the overall jet width at any given time, and that the differences are

in the small-scale turbulent features in the interior of the flow. From figures 11.22, we see

that the system width does not affect the equilibrium jet width and equilibrium filamentary

structure, and also does not influence the nature of the persistent vortical behavior (including

the width of this central region, which corresponds to the equilibrium width of the flow).

We have determined that boundary reverberations do not significantly alter the behavior

of the flow in magnetized cases. We now seek to show that the same holds in the absence of

a magnetic field.
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Figure 11.17: MA = 41.41, t = 12.78Ti = 5.70T = 129.0 r0/c
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Figure 11.18: MA = 41.41, t = 14.00Ti = 6.25T = 141.3 r0/c
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Figure 11.19: MA = 41.41, t = 15.21Ti = 6.79T = 153.6 r0/c

x /r
0

z 
/r

0

 

 

−8 −6 −4 −2 0 2 4 6 8
0

2

4

6

−0.5

0

0.5

(a) Lx = 31.5 βmin = 10.9

x /r
0

z 
/r

0

 

 

−8 −6 −4 −2 0 2 4 6 8
0

2

4

6

−0.5

0

0.5

(b) Lx = 47.25 βmin = 11.1

Figure 11.20: MA = 41.41, t = 16.43Ti = 7.33T = 165.9 r0/c
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Figure 11.21: MA = 41.41, t = 21.30Ti = 9.50T = 215.0 r0/c
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Figure 11.22: MA = 41.41, t = 52.94Ti = 23.62T = 534.5 r0/c
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11.5 Dependence on System Width: RHD Case

We now consider the influence of boundary reverberations for the unmagnetized case, i.e., the

simulation for which B = 0. As before, in each of the plots of time-dependence, the blue curve

corresponds to a transverse system width of 31.5 r0 and the red curve to a system width of

47.25 r0. Because the system is unmagnetized, the acoustic oscillations are more pronounced,

and the curves oscillate with different frequencies which are determined by the system widths.

However, the time-averaged behavior of each of the quantities is approximately the same.

Recall that in chapter 9 we compared the unmagnetized case to the different magnetized

cases, and the relevant parameters to compare were the average values of such quantities

as velocity, Lorentz factor, etc. Our conclusions regarding the influence of a magnetic field

were not based on amplitudes or frequencies of oscillations in these values.

In figures 11.27 to 11.31, we display the vorticity for each system width. In each row, the

display on the left corresponds to a width of 31.5 r0, while the display on the right corresponds

to 47.25 r0. The displays show almost exact agreement through about 15 growth times, at

which time the vortices begin to rotate at different rates, and assume different shapes, for

the two system widths. In both cases, the vortices eventually relax to a more circular shape

dominated by thermal stresses, though this occurs more quickly for the larger system width.

Also, both cases exhibit agreement in the (i) transverse locations and (ii) average sizes of

the larger primary vortices and of the smaller secondary vortices. Moreover, even as the

secondary vortices move farther from the central axis, each row of figures shows agreement

in their translational positions at a given instant in time. The average pattern speeds of the

large primary vortices are approximately the same in both cases, while in both cases the
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secondary vortices exhibit almost no longitudinal movement. Figure 11.31 shows that for

both system widths, the vortices relax to a smooth ellipsoidal shape of roughly the same size

and aspect ratio.

We have shown that, as long as the transverse system width is sufficient to allow asymp-

totic vanishing of the flow speed, the nonlinear evolution of the flow is not significantly

altered by the system width, i.e., by the presence of boundary reverberations which take

the form of nonlinear acoustic waves. In the presence of a magnetic field, we observe closer

quantitative agreement between results for the two system widths examined. A magnetic

field therefore has the effect of further suppressing the influence of reflected acoustic waves

on the flow. We therefore have approximate convergence of the nonlinear evolution of the

flow with respect to the transverse system width. This demonstrates that our conclusions

from chapters 9 and 10 have physical significance, and are not simply artifacts of numerical

constraints.

We have demonstrated convergence with respect to time step, spatial step, and system

dimensions. In the next section, we proceed to examine convergence between the RMHD,

MHD, and RHD regimes.
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Figure 11.23: RMS and max. vort. for B = 0 for Lx = 31.5 (blue) and 47.25 (red)
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Figure 11.24: Avg. and max. vz for B = 0 for Lx = 31.5 (blue) and 47.25 (red)
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Figure 11.25: RMS and max. vx for B = 0 for Lx = 31.5 (blue) and 47.25 (red)
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Figure 11.26: Avg. and max. γ for B = 0 for Lx = 31.5 (blue) and 47.25 (red)
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Figure 11.27: B = 0, t = 12.21Ti = 5.44T = 122.9 r0/c
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Figure 11.28: B = 0, t = 14.04Ti = 6.25T = 141.3 r0/c
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Figure 11.29: B = 0, t = 15.88Ti = 7.07T = 159.7 r0/c
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Figure 11.30: B = 0, t = 17.10Ti = 7.61T = 172.0 r0/c
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Figure 11.31: B = 0, t = 26.87Ti = 11.96T = 270.3 r0/c
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11.6 Convergence Between RMHD, MHD, and RHD

Regimes

We now wish to demonstrate convergence between the RMHD and MHD regimes. For a

non-relativistic flow speed and sound speed, we compare results obtained from an RMHD

simulation and an MHD simulation. We use a non-relativistic adiabatic constant of Γ = 5/3.

The parameters for both cases are as follows, where ε has units of energy density, r0 has

units of length, and the scale velocity c0 = c in the RMHD case, but is much less than c in

the MHD case:

ρ0c
2
0 = 200 ε, P0 = 5 ε,

vz0(x) = 0.16 c0 sech2(x/r0),

kz = 0.8 r−1
0 ,

−15.75 r0 ≤ x ≤ 15.75 r0, 0 ≤ z ≤ 2π

kz
,

Nx = 1001, Nz = 201,

∆t = 0.032 r0/c0, ∆x = 0.0315 r0, ∆z = 0.0393 r0,

ηρ = ηx = ηz = ηε = 0.00018 r0c0,

ηBx = ηBz = 0.0006 r0c0. (11.8)

The parameters specific to the RMHD simulation are as follows:
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β =
2P0

B2
z0

= 969,

w0 = ρ0c
2 + P0Γ/(Γ− 1) = 200 + (5)(2.5) = 212.5 ε,

vAz = (c)
Bz0√
w0

=
0.1016 c√

212.5
= 0.007 c,

MA =
vz0γ

vAzγA
=

vz0
vAz

√
1− v2

Az/c
2

1− v2
z0/c

2
= 23.3,

cs = c

√
ΓP0

w0

= 0.198 c,

ω = (0.0553 + i 0.0235)
c

r0

,

Ti =
1

ωi
= 42.57

r0

c
. (11.9)

The parameters specific to the MHD simulation are as follows:

β =
2P0

B2
z0

= 1031,

vAz =
Bz0√
ρ0

=
0.0985√

200
= 0.007 c0,

MA =
vz0
vAz

= 23.0,

cs =

√
ΓP0

ρ0

= 0.204 c0,

ω = (0.0550 + i 0.0235)
c0

r0

,

Ti =
1

ωi
= 42.57

r0

c0

. (11.10)

Note that the eigenfrequencies agree very closely between the two cases, indicating conver-

gence between the RMHD and MHD algorithms for computing numerical linear eigenmodes

in which to launch the simulations. Figures 11.32 display the growth curves of the primitive

variables for the RMHD case (left figure) and the MHD case (right figure). These show close

agreement. Figures 11.33 through 11.36 each simultaneously display the time-dependence of
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a certain spatially-averaged or maximum quantity for the RMHD case (blue curve) and the

MHD case (red curve).
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Figure 11.32: Growth curves for RMHD and MHD cases
ρ (black), vx (blue), vz (red), P (green), Bx (magenta), Bz (cyan)

MA = 23, vAz = 0.007 c0, vz0 = 0.16 c0
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Figure 11.33: Vorticity and current density for RMHD (blue) and MHD (red) cases
MA = 23, vAz = 0.007 c0, vz0 = 0.16 c0

Displays of the simulation results are shown in figures 11.37 through 11.39. These are

displays of the vorticity, i.e., the curl of the velocity field, superimposed with contours

of the magnetic field. Although the grid used in the simulations spans two wavelengths
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Figure 11.34: Average and max. longit. veloc. for RMHD (blue) and MHD (red) cases
MA = 23, vAz = 0.007 c0, vz0 = 0.16 c0
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Figure 11.35: RMS and max. transverse velocity for RMHD (blue) and MHD (red) cases
MA = 23, vAz = 0.007 c0, vz0 = 0.16 c0
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Figure 11.36: Max. γ and min. plasma β for RMHD (blue) and MHD (red) cases
MA = 23, vAz = 0.007 c0, vz0 = 0.16 c0

of the perturbation in the flow direction, the displays span only one wavelength, as the

system remains spatially periodic. Each row of displays corresponds to a specific time in

the evolution (the growth time is approximately the same for both cases), where the display

on the left corresponds to the RMHD simulation and the display on the right corresponds

to the MHD simulation. The displays agree very closely, indicating that the RMHD regime

converges to the MHD regime in the limit of non-relativistic flow speed and sound speed.

x /r
0

z 
/r

0

 

 

−15 −10 −5 0 5 10 15
0

2

4

6

−0.1

−0.05

0

0.05

0.1

(a) RMHD βmin = 14.0

x /r
0

z 
/r

0

 

 

−15 −10 −5 0 5 10 15
0

2

4

6

−0.1

−0.05

0

0.05

0.1

(b) MHD βmin = 14.8

Figure 11.37: Vorticity displays for RMHD and MHD cases: t = 9.38Ti
MA = 23, vAz = 0.007 c0, vz0 = 0.16 c0, t = 9.382Ti = 399.4 r0/c0

We now wish to demonstrate convergence between the RMHD and RHD regimes. We
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Figure 11.38: Vorticity displays for RMHD and MHD cases: t = 12.3Ti
MA = 23, vAz = 0.007 c0, vz0 = 0.16 c0, t = 12.27Ti = 522.2 r0/c0
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Figure 11.39: Vorticity displays for RMHD and MHD cases: t = 14.0Ti
MA = 23, vAz = 0.007 c0, vz0 = 0.16 c0, t = 14.00Ti = 596.0 r0/c0
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compare an unmagnetized RHD case with a weakly magnetized RMHD case for which the

Alfvenic Mach number MA = 82.83. The parameters common to both cases are as follows:

vz0(x) = 0.5 c sech2(x/r0),

ρ0c
2 = 0.1 ε, P0 = 5 ε,

cs = 0.576 c,

kz = 0.8 r−1
0 ,

Lx/cs = 31.5 r0/(0.576 c) = 54.70 r0/c, (sound transit time),

−15.75 r0 ≤ x ≤ 15.75 r0, 0 ≤ z ≤ 2π

kz
,

Nx = 1001, Nz = 201,

∆t = 0.032 r0/c, ∆x = 0.0315 r0, ∆z = 0.0393 r0. (11.11)

The parameters specific to the unmagnetized case are as follows:

ωr0 = 0.2779 c/r0,

ωi0 = 0.0994 c/r0,

T0 =
2π

ωr0
= 22.61 r0/c,

Ti0 =
1

ωi0
= 10.06 r0/c,

ηρ = ηx = ηz = 0.00025 r0c. (11.12)

The parameters specific to the magnetized case are as follows:

(MA, β, vA/c) = (82.83, 3553, 0.0118),

ωr = 0.2779 c/r0,

ωi = 0.0993 c/r0 = 0.9991ωi0,

T =
2π

ωr
= 22.61 r0/c,

Ti =
1

ωi
= 10.07 r0/c,

ηρ = ηx = ηz = 0.0002 r0c,

ηBx = ηBz = 0.0012 r0c. (11.13)

We see that the complex eigenfrequencies are approximately the same, thereby demon-

strating convergence between the RMHD and RHD regimes in the computation of numerical
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linear eigenmodes. Consequently, the real and growth periods are also very nearly the same.

Displays of the simulation results are shown in figures 11.40 through 11.41. These are displays

of the vorticity, which in the magnetized case are superimposed with contours of the mag-

netic field lines. Each row corresponds to a given time in the simulations, with the displays

on the left and right representing the unmagnetized and magnetized cases, respectively. The

displays show close agreement in the early stages of vortex formation and evolution, and

begin to diverge only when the magnetic field begins to disrupt and strain the vortices,

accompanied by enhanced filamentation, which is not seen in the RHD case.
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Figure 11.40: Vorticity displays for RHD and RMHD cases: t = 11.3Ti
t = 11.3Ti = 113.7 r0/c = 2.08Lx/cs, vz0(x) = 0.7 c sech2(x/r0)
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Figure 11.41: Vorticity displays for RHD and RMHD cases: t = 13.7Ti
t = 13.7Ti = 138.2 r0/c = 2.53Lx/cs, vz0(x) = 0.7 c sech2(x/r0)
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Having established convergence of our results between the RHD, MHD, and RMHD

regimes. In the next section, we examine the sensitivity of our results to the artificial

viscosity used in the simulations. Throughout the remainder of this chapter, we assume the

following parameters for all cases:

ρ0c
2 = 0.1 ε, P0 = 5 ε,

cs = 0.576 c,

Lx/cs = 31.5 r0/(0.576 c) = 54.70 r0/c, (sound transit time),

−15.75 r0 ≤ x ≤ 15.75 r0, 0 ≤ z ≤ 2π

kz
,

Nx = 1001, Nz = 201,

∆t = 0.032 r0/c, ∆x = 0.0315 r0, ∆z = 0.0393 r0. (11.14)

11.7 Influence of Viscosity on Nonlinear Evolution

We now wish to assess the influence of viscosity on the simulation results. Viscosity is

included in our simulation for purposes of numerical stability, but also has physical signifi-

cance. Momentum viscosity models viscous momentum transfer between microscopic eddies.

As discussed in section 8.2 of chapter 8, magnetic viscosity models a conductivity which

is consistent with electron and ion gyrations in relevant astrophysical environments. We

begin with two cases for which MA = 41.41, and compare results for magnetic viscosities of

ηB = 0.0012 r0c and ηB = 0.0006 r0c. We use the following parameters for both cases:

cs = 0.576 c, vz0(x) = 0.7 c sech2(x/r0),

MA = ∞, β = ∞ : ωi0 = 0.0994 c/r0,

(MA, β, vA/c) = (41.41, 888.3, 0.0237) : ωi = 0.0990 c/r0 = 0.9965ωi0,

Ti = 1/ωi = 10.10 r0/c, kz = 0.8 r−1
0 ,

ηρ = ηx = ηz = 0.0002 r0c. (11.15)

We first examine the time-dependent behavior of certain quantities which at each time
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step are spatially averaged or maximized over the numerical grid. The blue curve corresponds

to ηB = 0.0012 r0c and the red curve to ηB = 0.0006 r0c. Figures 11.42 through 11.43 compare

the time-dependence of the growth in fluctuations of the primitive variables. We see very

close agreement in each of these graphs, indicating that magnetic viscosity has little influence

on the behavior of the fluctuations. Figures 11.44 through 11.45 show the time-dependence

of average (or RMS) vorticity, current density, Lorentz factor, and velocity components,

along with the maximum Lorentz factor and velocity components, and minimum plasma β.

The RMS vorticity and current density are consistently higher, and the minimum plasma

β consistently lower, for the lower magnetic viscosity, indicating that the effective magnetic

field is generally stronger for lower magnetic viscosities. The quantities related to velocity

agree very closely, indicating that these are not significantly influenced by the magnetic

viscosity.
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Figure 11.42: Viscosity-dependence of growth in velocity components: MA = 41
ηB/(r0c) = 0.0012 (blue), 0.0006 (red)
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Figure 11.43: Viscosity-dependence of growth in P and Bz: MA = 41
MA = 41, ηB/(r0c) = 0.0012 (blue), 0.0006 (red)
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Figure 11.44: Viscosity-dependence of RMS vorticity and current density: MA = 41
MA = 41, ηB/(r0c) = 0.0012 (blue), 0.0006 (red)
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Figure 11.45: Viscosity-dependence of Max. vz, min. plasma β: MA = 41
MA = 41, ηB/(r0c) = 0.0012 (blue), 0.0006 (red)

We now compare displays of the vorticity, in figures 11.46 through 11.49, where each

display is overlaid with contours of the magnetic field lines. Each row corresponds to a given

time step in the simulation, where the display on the left corresponds to ηB = 0.0012 r0c

and the display on the right to ηB = 0.0006 r0c. We observe close agreement that persists

through the linear regime and through the early stages of vortex formation and development.

However, the results begin to diverge in the latter stages of vortex disruption by the field,

indicating that this disruption is sensitive to the magnetic viscosity. This seems to emerge

from the complexity of the processes leading to the transition to a turbulent regime, namely,

vortex deformation, filamentation, magnetic reconnection, and reorganization of smaller eddy

structures. For both viscosities, however, the jet widens to an equilibrium width of about

16 r0.

Figures 11.50 and 11.51 show comparisons of displays of the longitudinal velocity, again

superimposed with contours of the magnetic field lines. We see that the flow widens in both

cases, but that in the latter stages of evolution, the equilibrium width of the central flow
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(a) ηB = 0.0012 r0c, βmin = 3.38
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Figure 11.46: Viscosity-dependence of vorticity for MA = 41: t = 13.4Ti
t = 135 r0/c = 5.97T = 13.4Ti = 2.47Lx/cs, (MA, vAz/c, vz0/c) = (41.4, 0.0237, 0.7)
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(a) ηB = 0.0012 r0c, βmin = 7.35

x /r
0

z 
/r

0

 

 

−15 −10 −5 0 5 10 15
0

2

4

6

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8
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Figure 11.47: Viscosity-dependence of vorticity for MA = 41: t = 15.2Ti
t = 154 r0/c = 6.79T = 15.2Ti = 2.81Lx/cs, (MA, vAz/c, vz0/c) = (41.4, 0.0237, 0.7)
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Figure 11.48: Viscosity-dependence of vorticity for MA = 41: t = 32.9Ti
t = 332 r0/c = 14.7T = 32.9Ti = 6.07Lx/cs, (MA, vAz/c, vz0/c) = (41.4, 0.0237, 0.7)
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Figure 11.49: Viscosity-dependence of vorticity for MA = 41: t = 52.9Ti
t = 535 r0/c = 23.6T = 52.9Ti = 9.77Lx/cs, (MA, vAz/c, vz0/c) = (41.4, 0.0237, 0.7)

is about 10% wider in the case with lower magnetic viscosity than in the case with higher

viscosity. However, the equilibrium width of the jet (about 16 r0) is approximately the same

for both viscosities, as is the overall structure of the flow.
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Figure 11.50: Viscosity-dependence of longitudinal velocity for MA = 41: t = 13.4Ti
t = 135 r0/c = 5.97T = 13.4Ti = 2.47Lx/cs, (MA, vAz/c, vz0/c) = (41.4, 0.0237, 0.7)
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Figure 11.51: Viscosity-dependence of longitudinal velocity for MA = 41: t = 52.9Ti
t = 535 r0/c = 23.6T = 52.9Ti = 9.77Lx/cs, (MA, vAz/c, vz0/c) = (41.4, 0.0237, 0.7)
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We now consider a stronger magnetic field corresponding to MA = 21, and compare two

cases with respective magnetic viscosities of 0.0012 r0c and 0.0008 r0c. The parameters for

both cases are as follows:

cs = 0.576 c, vz0(x) = 0.7 c sech2(x/r0),

kz = 0.8 r−1
0 ,

MA = ∞ : ωi0 = 0.0994 c/r0,

MA = 20.70 : ωi = 0.0980 c/r0 = 0.986ωi0,

growth time : Ti =
1

ωi
= 10.20 r0/c,

period : T =
2π

ωr
= 22.68 r0/c,

vA = 0.0473 c, β = 222.1,

Lx/vA = 31.5 r0/(0.0473 c) = 666.0 r0/c, (Alfven transit time),

ηρ = ηx = ηz = 0.0002 r0c. (11.16)

As before, we compare the time-dependence of certain quantities which, at each time step,

are either spatially averaged or maximized over the numerical grid. In each of figures 11.52

through 11.56, the black curve corresponds to momentum and field viscosities of 0.0002 r0c

and 0.0012 r0c, respectively. The blue curve corresponds to momentum and field viscosities

of 0.0002 r0c and 0.0008 r0c, respectively. The red curve corresponds to momentum and

field viscosities of 0.00013 r0c and 0.0012 r0c, respectively. As with the previous cases for

MA = 41, figures 11.52 through 11.53 show that there is excellent agreement in the growth in

fluctuations of primitive variables (density, velocity, pressure, magnetic field), indicating that,

once again, the growth in fluctuations is not sensitive to field or momentum viscosity. Figures

11.54 through 11.56 show the time-dependence of the RMS vorticity, RMS current density,

maximum longitudinal velocity and Lorentz factor, minimum plasma β, and average pressure.

There is close agreement between quantities related to velocity, indicating that these, again,
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are not heavily affected by momentum and field viscosity. The RMS vorticity and current

density are consistently higher in the cases with more viscosity, while the minimum plasma

β values are about the same. It appears that in the regime of strongly vortex-disruptive

fields (MA = 21), these viscosities suppress enhancement of vortices and current sheets, but

have little effect on the magnetic pressure itself.
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Figure 11.52: Viscosity-dependence of growth in velocity components: MA = 21
10000 (ηv, ηB)/(r0c) = (2,12) (black), (2,8) (blue), (1.3,12) (red)
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Figure 11.53: Viscosity-dependence of growth in P and Bz: MA = 21
10000 (ηv, ηB)/(r0c) = (2,12) (black), (2,8) (blue), (1.3,12) (red)
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Figure 11.54: Viscosity-dependence of RMS vorticity and current density: MA = 21
10000 (ηv, ηB)/(r0c) = (2,12) (black), (2,8) (blue), (1.3,12) (red)
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Figure 11.55: Viscosity-dependence of max. longit. veloc. and Lorentz factor: MA = 21
10000 (ηv, ηB)/(r0c) = (2,12) (black), (2,8) (blue), (1.3,12) (red)
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Figure 11.56: Viscosity-dependence of min. plasma β and avg. pressure: MA = 21
10000 (ηv, ηB)/(r0c) = (2,12) (black), (2,8) (blue), (1.3,12) (red)

Figures 11.57 through 11.59 present displays of the vorticity, overlaid with contours of

the magnetic field lines. Each row corresponds to a given time step, and the displays on

left and right correspond to respective magnetic viscosities of 0.0012 r0c and 0.0008 r0c. As

with MA = 41, there is good agreement through the linear regime and early stages of vortex

evolution. However, as before, the two cases diverge in the later stages of vortex disruption

and the transition to a filamented state. Nevertheless, the equilibrium jet width is about

15 r0 in both cases, and the flow-aligned vortex filaments have the same qualitative features,

particularly in the exterior regions (1 r0 in width, positive vorticity for x > 0, negative

for x < 0). Close to the axis, the filamentary behavior differs somewhat between the two

viscosities, though the difference is not as great as was the case for the weaker field MA = 41.

This leads to several conclusions. As we move further from the jet axis, there is a decrease

in sensitivity, to magnetic viscosity, of the equilibrium configuration. Also, weaker fields

correspond to a more complex and turbulent reorganization, and therefore have greater

sensitivity to such input parameters as magnetic viscosity.
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Figure 11.57: Viscosity-dependence of vorticity for MA = 21: t = 12.6Ti
t = 129 r0/c = 5.69T = 12.6Ti = 2.36Lx/cs, (MA, vAz/c, vz0/c) = (20.7, 0.0473, 0.7)
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(a) ηB = 0.0012 r0c, βmin = 7.208
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Figure 11.58: Viscosity-dependence of vorticity for MA = 21: t = 15.1Ti
t = 154 r0/c = 6.77T = 15.1Ti = 2.81Lx/cs, (MA, vAz/c, vz0/c) = (20.7, 0.0473, 0.7)
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Figure 11.59: Viscosity-dependence of vorticity for MA = 21: t = 43.4Ti
t = 442 r0/c = 19.5T = 43.4Ti = 8.09Lx/cs, (MA, vAz/c, vz0/c) = (20.7, 0.0473, 0.7)
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In figure 11.60, we display the longitudinal velocity for the two viscosities, again overlaid

with contours of the magnetic field lines, in a near-equilibrium configuration. The flow width

is about 15 r0 in both cases. In each case, there is also a filamentary region of higher flow

speed, about 1 r0 in width, localized around the jet axis. In the less viscous case, 0.0008 r0c,

the flow speed in this region oscillates along the axis between 0.2 c and 0.25 c. In the more

viscous case, 0.0012 r0c, the flow speed is only about 0.17 c, and remains uniform along the

filament, though this filament is less aligned with the central axis than in the 0.0008 r0c case.
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Figure 11.60: Viscosity-dependence of longitudinal velocity for MA = 21: t = 43.4Ti
t = 442 r0/c = 19.5T = 43.4Ti = 8.09Lx/cs, (MA, vAz/c, vz0/c) = (20.7, 0.0473, 0.7)

We finally consider a strong vortex-suppressing magnetic field corresponding to MA =

5.145, with a smaller background flow speed amplitude of 0.5 c, and compare two cases with

respective momentum viscosities of 0.0002 r0c, 0.0002 r0c, and 0.00015 r0c, and respective

magnetic field viscosities of 0.0012 r0c, 0.0008 r0c, and 0.0008 r0c. Unlike the previous two

fields, this field suppresses vortex formation, resulting in a more rapid transition to a fila-

mented state. Because this transition is less complex, we will see, from the vorticity displays,

that the three cases give results which are qualitatively much more similar than was observed

in the weaker-field cases. The parameters for this magnetic field are as follows:
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cs = 0.576 c, vz0(x) = 0.5 c sech2(x/r0),

kz = 0.8 r−1
0 ,

MA = ∞ : ωi0 = 0.0760 c/r0,

MA = 5.145 : ωi = 0.0565 c/r0 = 0.744ωi0,

growth time : Ti =
1

ωi
= 17.69 r0/c,

period : T =
2π

ωr
= 35.34 r0/c,

vA = 0.1115 c, β = 40,

Lx/vA = 31.5 r0/(0.1115 c) = 282.5 r0/c, (Alfven transit time).
(11.17)

As before, we compare the time-dependence of certain quantities which, at each time step,

are either spatially averaged or maximized over the numerical grid. Figures 11.61 through

11.62 show the time-dependence of the growth in fluctuations of the primitive variables (den-

sity, velocity, pressure, magnetic field). The largest discrepancies occur with the growth of the

magnetic field components in the nonlinear regime, which is consistent with the fact that only

the magnetic viscosities are different. Figures 11.63 through 11.65 show the time-dependence

of the RMS vorticity, RMS current density, velocity components, minimum plasma β, and

pressure. As with the weaker-field cases, quantities related to velocity are in close agreement.

The vorticity and current density are higher, and the minimum plasma β is lower, for the

lower viscosity case, indicating that, as in the weaker-field MA = 41 case, a lower viscosity

generally corresponds to a stronger magnetic field. The black, blue, and red curves corre-

spond to respective momentum viscosities of 0.0002 r0c, 0.0002 r0c, and 0.00015 r0c, and to

respective magnetic field viscosities of 0.0012 r0c, 0.0008 r0c, and 0.0008 r0c.

Figures 11.66 through 11.68 present displays of the vorticity, overlaid with contours of

the magnetic field lines. Each row corresponds to a given time step, and the displays on
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Figure 11.61: Viscosity-dependence of growth in velocity components: MA = 5.1
10000 (ηv, ηB)/(r0c) = (2,12) (black), (2,8) (blue), (1.5,8) (red)
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Figure 11.62: Viscosity-dependence of growth in P and Bz: MA = 5.1
10000 (ηv, ηB)/(r0c) = (2,12) (black), (2,8) (blue), (1.5,8) (red)
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Figure 11.63: Viscosity-dependence of vorticity and current density: MA = 5.1
10000 (ηv, ηB)/(r0c) = (2,12) (black), (2,8) (blue), (1.5,8) (red)
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Figure 11.64: Viscosity-dependence of maximum velocity components: MA = 5.1
10000 (ηv, ηB)/(r0c) = (2,12) (black), (2,8) (blue), (1.5,8) (red)
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Figure 11.65: Viscosity-dependence of minimum plasma β and avg. pressure: MA = 5.1
10000 (ηv, ηB)/(r0c) = (2,12) (black), (2,8) (blue), (1.5,8) (red)

left and right correspond to respective magnetic viscosities of 0.0006 r0c and 0.0004 r0c. As

with MA = 41 and MA = 21, there is good agreement through the linear regime. The

displays are generally in close qualitative agreement, indicating that the vorticity behavior

has little qualitative dependence on the magnetic viscosity, unlike the weaker-field cases.

The stronger field, corresponding to MA = 5.145, suppresses vortex formation, resulting in

a rapid transition to a filamented state, a transition process which is much less turbulent,

and less complex than in the weaker-field cases that allow vortex formation. With a less

complex evolution, the system can be expected to have less qualitative sensitivity to magnetic

viscosity. However, as the time-dependent curves show, the quantitative sensitivity is about

the same as for the weaker-field cases.

Having examined the sensitivity of our results to viscosity, in the next section we examine

their sensitivity to the background flow speed.
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Figure 11.66: Viscosity-dependence of vorticity for MA = 5.1: t = 10.3Ti
t = 10.3Ti = 5.13T = 181 r0/c = 3.31Lx/cs, (MA, vAz/c, β, vz0/c) = (5.2, 0.11, 40, 0.5)
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Figure 11.67: Viscosity-dependence of vorticity for MA = 5.1: t = 17.5Ti
t = 17.5Ti = 8.78T = 310 r0/c = 5.67Lx/cs, (MA, vAz/c, β, vz0/c) = (5.2, 0.11, 40, 0.5)

x /r
0

z 
/r

0

 

 

−15 −10 −5 0 5 10 15
0

2

4

6

−0.1

−0.05

0

0.05

0.1

0.15

(a) (104ηB ,Ωrms, βmin) = (6 r0c, 0.04 c/r0, 33.1)

x /r
0

z 
/r

0

 

 

−15 −10 −5 0 5 10 15
0

2

4

6

−0.1

−0.05

0

0.05

0.1

0.15

(b) (104ηB ,Ωrms, βmin) = (4 r0c, 0.04 c/r0, 32.9)

Figure 11.68: Viscosity-dependence of vorticity for MA = 5.1: t = 28.3Ti
t = 28.3Ti = 14.2T = 501 r0/c = 9.15Lx/cs, (MA, vAz/c, β, vz0/c) = (5.2, 0.11, 40, 0.5)

405



11.8 Dependence on Flow Speed

In chapter 9, we plotted the time-dependence of certain spatially-averaged quantities, for

background flow speed amplitudes of both 0.7 c and 0.5 c, specifically as a function of the

number of growth times. We observed that, at each Alfvenic Mach number MA, correspond-

ing curves were very similar for both flow speeds when plotted as a function of growth time,

and that this agreement persisted well into the nonlinear regime. In figures 11.69 through

11.71, we compare vorticity displays, again overlaid with contours of the magnetic field lines,

for the two flow speeds, at MA = 10.34. Each row corresponds to a given number of growth

times, where the display on the left corresponds to a flow speed amplitude of 0.7 c and the

display on the right to a flow speed amplitude of 0.5 c. We observe close agreement between

corresponding displays, i.e., after a given number of growth times. The main discrepancy be-

tween these figures is a longitudinal phase shift arising from differences in the pattern speeds,

which would be expected for different background flow speeds. Linear phase velocity, and

hence nonlinear pattern speed, are both dependent on the background flow speed. However,

the influence of the magnetic field on the flow remains roughly the same at both flow speeds.

This supports two important conclusions. First, the relativistic Alfvenic Mach number MA is

indeed the governing parameter that, within a regime of moderately relativistic flow speeds,

characterizes the influence of the magnetic field on the evolution of the system. Second, it

is the growth time (not acoustic transit time, Alfven transit time, or period) that serves as

the fundamental time unit for characterizing the development of the instability. Notice, in

the parameters below, that for both flow speeds, the fractional reduction in growth rate is

about 94 %, relative to the unmagnetized case. Recall the observation made in an earlier
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chapter, in which we plotted linear growth rate as a function of magnetic field strength. We

concluded that for moderately relativistic flow speeds, the fractional reduction in growth

rate, by the field, is a function of Alfvenic Mach number, not flow speed.

The parameters specific to vz0(x) = 0.7 c sech2(x/r0) are as follows:

MA = ∞ : ωi0 = 0.0994 c/r0,

MA = 10.34 : ωi = 0.0937 c/r0 = 0.943ωi0,

growth time : Ti =
1

ωi
= 10.67 r0/c,

period : T =
2π

ωr
= 22.89 r0/c,

vA = 0.0947 c, β = 55.52,

Lx/vA = 31.5 r0/(0.0947c) = 332.6 r0/c, (Alfven transit time),

ηρ = ηx = ηz = 0.0002 r0c,

ηBx = ηBz = 0.0012 r0c. (11.18)

The parameters specific to vz0(x) = 0.5 c sech2(x/r0) are as follows:

MA = 10.34 : ωi = 0.0715 c/r0 = 0.940ωi0,

growth time : Ti =
1

ωi
= 14.00 r0/c,

period : T =
2π

ωr
= 34.73 r0/c,

vA = 0.0557 c, β = 160.0,

Lx/vA = 31.5 r0/(0.0557 c) = 564.9 r0/c, (Alfven transit time),

ηρ = ηx = ηz = 0.00025 r0c,

ηBx = ηBz = 0.0006 r0c. (11.19)

We now make the same comparison of flow speeds, but this time at twice the Alfvenic

Mach number, MA = 20.70, i.e., half the field strength. As before, we display the vorticity,

overlaid with the magnetic field lines. In figures 11.72 through 11.74, each row of displays

corresponds to a given number of growth times, where the display on the left corresponds
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Figure 11.69: Vorticity at two flow speeds, MA = 10.3: t = 10.3Ti
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(a) vz0 = 0.7 c, vA/c = 0.0947,
β = 55.52, βmin = 3.09
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(b) vz0 = 0.5 c, vA/c = 0.0557,
β = 160, βmin = 8.74
t = 11.63Ti = 4.69T = 162.8 r0/c
= 2.98Lx/cs = 0.288Lx/vA

Figure 11.70: Vorticity at two flow speeds, MA = 10.3: t = 11.6Ti
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(a) vz0 = 0.7 c, vA/c = 0.0947,
β = 55.52, βmin = 4.84
t = 13.82Ti = 6.44T = 147.5 r0/c
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(b) vz0 = 0.5 c, vA/c = 0.0557,
β = 160, βmin = 13.32
t = 13.83Ti = 5.57T = 193.5 r0/c
= 3.54Lx/cs = 0.342Lx/vA

Figure 11.71: Vorticity at two flow speeds, MA = 10.3: t = 13.8Ti
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to a flow speed amplitude of 0.7 c and the display on the right to a flow speed amplitude of

0.5 c. Here again, we observe close agreement between corresponding displays, i.e., after a

given number of growth times. As with MA = 10.34, the main discrepancy is a longitudinal

phase shift associated with differing pattern speeds resulting from the different background

flow speeds. This reinforces the conclusions reached above for MA = 10.34 with regard to

the fundamental importance of Alfvenic Mach number and growth time in characterizing

the evolution of the system. Notice, in the parameters below, that for both flow speeds,

the fractional reduction in growth rate is about 98.5%, relative to the unmagnetized case.

Again, for moderately relativistic flow speeds, the fractional reduction in growth rate, by the

field, is a function of Alfvenic Mach number, not flow speed.

We have examined the sensitivity of our simulation results to background flow speed,

and within a regime of moderately relativistic flow speeds, have found little such sensitivity,

which reinforces the fundamental importance of the relativistic Alfvenic Mach number in

characterizing the influence of the magnetic field on the flow. In the next section we examine

the sensitivity of our results to the wavelength of the initial perturbation.

The parameters specific to vz0(x) = 0.7 c sech2(x/r0) are as follows:

MA = ∞ : ωi0 = 0.0994 c/r0,

MA = 20.70 : ωi = 0.0980 c/r0 = 0.986ωi0,

growth time : Ti =
1

ωi
= 10.20 r0/c,

period : T =
2π

ωr
= 22.68 r0/c,

vA = 0.0473 c, β = 222.1,

Lx/vA = 31.5 r0/(0.0473 c) = 666.0 r0/c, (Alfven transit time),

ηρ = ηx = ηz = 0.0002 r0c,

ηBx = ηBz = 0.0012 r0c. (11.20)
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The parameters specific to vz0(x) = 0.5 c sech2(x/r0) are as follows:

MA = ∞ : ωi0 = 0.0760 c/r0,

MA = 20.70 : ωi = 0.0749 c/r0 = 0.985 ωi0,

growth time : Ti =
1

ωi
= 13.36 r0/c,

period : T =
2π

ωr
= 34.57 r0/c,

vA = 0.0279 c, β = 640,

Lx/vA = 31.5 r0/(0.0279 c) = 1129 r0/c, (Alfven transit time),

ηρ = ηx = ηz = 0.00025 r0c,

ηBx = ηBz = 0.0006 r0c. (11.21)
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(a) vz0 = 0.7 c, vA/c = 0.0473,
β = 222, βmin = 1.37
t = 10.39Ti = 4.67T = 106.0 r0/c
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(b) vz0 = 0.5 c, vA/c = 0.0279,
β = 640, βmin = 3.72
t = 10.35Ti = 4.00T = 138.2 r0/c
= 2.53Lx/cs = 0.122Lx/vA

Figure 11.72: Vorticity at two flow speeds, MA = 20.7: t = 10.4Ti

x /r
0

z 
/r

0

 

 

−15 −10 −5 0 5 10 15
0

2

4

6

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

(a) vz0 = 0.7 c, vA/c = 0.0473,
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t = 12.19Ti = 4.71T = 162.8 r0/c
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Figure 11.73: Vorticity at two flow speeds, MA = 20.7: t = 12.2Ti

410



x /r
0

z 
/r

0

 

 

−15 −10 −5 0 5 10 15
0

2

4

6

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

(a) vz0 = 0.7 c, vA/c = 0.0473,
β = 222, βmin = 5.72
t = 14.45Ti = 6.50T = 147.5 r0/c
= 2.70Lx/cs = 0.221Lx/vA

x /r
0

z 
/r

0

 

 

−15 −10 −5 0 5 10 15
0

2

4

6

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(b) vz0 = 0.5 c, vA/c = 0.0279,
β = 640, βmin = 10.7
t = 14.49Ti = 5.60T = 193.5 r0/c
= 3.54Lx/cs = 0.171Lx/vA

Figure 11.74: Vorticity at two flow speeds, MA = 20.7: t = 14.5Ti

11.9 Dependence on Perturbation Wavelength

We now wish to determine the dependence of the simulation results on the wavelength

(λ = 2π/kz) of the initial perturbation in which the system is launched. We consider

two cases, both at Alfvenic Mach number MA = 41.41 (a weak field), where one has an

initial perturbation corresponding to kz = 0.8 r−1
0 , λ = 7.85 r0, and the other has an initial

perturbation corresponding to kz = 0.6 r−1
0 , λ = 10.47 r0.

The parameters for both cases are as follows, where ε has units of energy density, and r0 has

units of length:

cs = 0.576 c, vz0(x) = 0.7 c sech2(x/r0),

vA = 0.0237 c, β = 888.3,

Lx/vA = 31.5 r0/(0.0237 c) = 1329 r0/c, (Alfven transit time),

ηρ = ηx = ηz = 0.0002 r0c magnetized,

ηBx = ηBz = 0.0012 r0c. (11.22)
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The parameters specific to kz = 0.8/r0 are as follows:

∆z = 0.0393 r0,

MA = 41.41 : ωi = 0.0990 c/r0,

growth time : Ti =
1

ωi
= 10.10 r0/c,

period : T =
2π

ωr
= 22.63 r0/c. (11.23)

The parameters specific to kz = 0.6/r0 are as follows:

∆z = 0.0524 r0,

MA = 41.41 : ωi = 0.0920 c/r0,

growth time : Ti =
1

ωi
= 10.87 r0/c,

period : T =
2π

ωr
= 34.17 r0/c. (11.24)

We first examine the time-dependent behavior of certain quantities which at each time

step are spatially averaged or maximized over the numerical grid. The blue curve corre-

sponds to kz = 0.8/r0 and the red curve to kz = 0.6/r0. Figures 11.75 through 11.76

compare the time-dependence of the growth in fluctuations of the primitive variables. Fig-

ures 11.77 through 11.80 show the time-dependence of average (or RMS) vorticity, current

density and Lorentz factor, along with the maximum Lorentz factor and velocity components,

and minimum plasma β. These displays show that for larger perturbation wavelengths, elec-

tromagnetic energy dissipates more slowly, allowing the magnetic field to remain stronger.

This is seen in the larger vorticity, larger current density, and smaller plasma β after vortex-

disruption. However, for larger perturbation wavelengths, the system also decelerates to

slower speeds, indicating greater dissipation of mechanical energy from the bulk flow.

In figures 11.81 through 11.84, we display the vorticity overlaid with contours of the
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Figure 11.75: Wavelength-dependence of growth in velocity components: MA = 41
kzr0 = 0.8 (blue), 0.6 (red)
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Figure 11.76: Wavelength-dependence of growth in P and Bz: MA = 41
kzr0 = 0.8 (blue), 0.6 (red)
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Figure 11.77: Wavelength-dependence of RMS vorticity and current density: MA = 41
kzr0 = 0.8 (blue), 0.6 (red)
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Figure 11.78: Wavelength-dependence of Lorentz factor: MA = 41
kzr0 = 0.8 (blue), 0.6 (red)
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Figure 11.79: Wavelength-dependence of maximum velocity components: MA = 41
kzr0 = 0.8 (blue), 0.6 (red)
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Figure 11.80: Wavelength-dependence of minimum plasma β: MA = 41
kzr0 = 0.8 (blue), 0.6 (red)
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magnetic field lines. Each row of displays corresponds to a given number of growth times,

where the display on the left corresponds to kz = 0.8 r−1
0 and the display on the right

corresponds to kz = 0.6 r−1
0 . The behavior exhibits fairly close agreement through the

linear regime and early stages of vortex formation, but diverges in the early stages of vortex

disruption, and the transition to the nonlinear regime. The equilibrium states also differ,

particularly near the central jet axis. In the outer jet, we observe vortex filaments of positive

vorticity for x > 0 and negative vorticity for x < 0. In the kz = 0.6 r−1
0 case, the vortex

filaments in the outer region exhibit more curvature (less aligned with the flow direction),

and are less densely clustered.

In this weak-field regime, the complexity of vortex disruption and turbulent transition

result in a strong sensitivity to perturbation wavelength. Earlier in the chapter, we saw

very much the same effect for magnetic viscosity. However, the equilibrium jet width is

larger (about 21.3 r0) for the larger wavelength, and smaller (about 16 r0) for the smaller

wavelength. In particular, the ratio of equilibrium jet widths is approximately equal to the

ratio of input wavelengths, which in this case is 4/3. For MA = 41.41, the ratio of equilibrium

jet width to input wavelength is about

Weq

λ
=

(16)(0.8)

2π
=

6.4

π
≈ 2.04. (11.25)

There is also an approximate 4/3 ratio in the equilibrium central flow widths, i.e., the width

of the central region surrounded by vortex filaments. Here, the flow width is about 8 r0 for

the kz = 0.8 r−1
0 case, and about 10.7 r0 for the kz = 0.6 r−1

0 case. Therefore, for MA = 41.41,

the ratio of equilibrium flow width to input wavelength is about
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Wcent,eq

λ
=

(8)(0.8)

2π
=

3.2

π
≈ 1.02. (11.26)

It should also be noted that in the longer-wavelength case, the effective field is stronger (the

minimum plasma β is consistently lower). Consequently, there is more magnetic reconnec-

tion, leading to a more complex, turbulent reorganization process during vortex disruption.
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(a) t = 11.6Ti = 5.16T = 116.7 r0/c
= 2.13Lx/cs = 0.088Lx/vA,
βmin = 2.09, kz = 0.8 r−1

0

x /r
0

z 
/r

0

 

 

−15 −10 −5 0 5 10 15
0

2

4

6

8

10

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

(b) t = 11.9Ti = 3.78T = 129.0 r0/c
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Figure 11.81: Wavelength-dependence of vorticity for MA = 41.4: t = 12Ti
MA = 41.41, vAz/c = 0.0237, β = 888.3, vz0 = 0.7 c
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(a) t = 14.0Ti = 6.25T = 141.3 r0/c
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Figure 11.82: Wavelength-dependence of vorticity for MA = 41.4: t = 14Ti
MA = 41.41, vAz/c = 0.0237, β = 888.3, vz0 = 0.7 c
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Figure 11.83: Wavelength-dependence of vorticity for MA = 41.4: t = 19Ti
MA = 41.41, vAz/c = 0.0237, β = 888.3, vz0 = 0.7 c
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Figure 11.84: Wavelength-dependence of vorticity for MA = 41.4: t = 60Ti
MA = 41.41, vAz/c = 0.0237, β = 888.3, vz0 = 0.7 c
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Figure 11.85 displays the longitudinal velocity, with magnetic field lines superimposed, of

the two cases as the system approaches the equilibrium state. As with the vorticity displays,

the jet widths and central widths each have a ratio of 4/3, equal to the wavelength ratio. The

central region, in particular, is seen to be the region of upstream flow, and the flow speed is

considerably less in the outer regions composed of vortex filaments. The flow in the central

region is noticeably more heterogeneous in the kz = 0.6 r−1
0 case than in the kz = 0.8 r−1

0

case. That is, the equilibrium flow is more uniform in the shorter-wavelength case, and is

also more closely aligned in the vertical direction. In the equilibrium configuration of the

longer-wavelength case, both the flow and the vortex filaments exhibit more curvature.
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Figure 11.85: Wavelength-dependence of longitudinal velocity for MA = 41.4: t = 60Ti
MA = 41.41, vAz/c = 0.0237, β = 888.3, vz0 = 0.7 c

We perform the same comparison as above, except this time for a strong magnetic field

for which MA = 5.145, corresponding to immediate vortex suppression and rapid transition

to a filamented state. The parameters for all cases are as follows, where ε has units of energy

density, and r0 has units of length:
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cs = 0.576 c, vz0(x) = 0.7 c sech2(x/r0),

vA = 0.1893 c, β = 13.88,

Lx/vA = 31.5 r0/(0.1893 c) = 166.4 r0/c, (Alfven transit time),

ηρ = ηx = ηz = 0.0002 r0c magnetized,

ηBx = ηBz = 0.0012 r0c. (11.27)

The parameters specific to kz = 0.8/r0 are as follows:

∆z = 0.0393 r0,

MA = 5.145 : ωi = 0.0738 c/r0,

growth time : Ti =
1

ωi
= 13.55 r0/c,

period : T =
2π

ωr
= 23.70 r0/c. (11.28)

The parameters specific to kz = 0.6/r0 are as follows:

∆z = 0.0524 r0,

MA = 5.145 : ωi = 0.0688 c/r0,

growth time : Ti =
1

ωi
= 14.53 r0/c,

period : T =
2π

ωr
= 35.59 r0/c. (11.29)

The parameters specific to kz = 0.5/r0 are as follows:

∆z = 0.0628 r0,

MA = 5.145 : ωi = 0.0625 c/r0,

growth time : Ti =
1

ωi
= 16.01 r0/c,

period : T =
2π

ωr
= 46.41 r0/c. (11.30)

We first examine the time-dependent behavior of certain quantities which at each time

step are spatially averaged or maximized over the numerical grid. The black curve corre-

sponds to kz = 0.8/r0, the blue curve to kz = 0.6/r0, and the red curve to kz = 0.5/r0.
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Figures 11.86 through 11.87 compare the time-dependence of the growth in fluctuations of

the primitive variables. Figures 11.88 through 11.92 show the time-dependence of average

(or RMS) vorticity, current density, and Lorentz factor, along with the maximum Lorentz

factor and velocity components, minimum plasma β, and average density and pressure. We

can make an important observation by comparing the three curves in the later stages of

nonlinear evolution. Specifically, with increasing kz, i.e., decreasing wavelength, there is

a general decrease in quantities associated with the velocity components (vz, vx, Lorentz

factor), and a general decrease in quantities influenced by the magnetic field (and a cor-

responding increase in the plasma β). As wavelength decreases, there is a corresponding

increase in the average pressure and density, i.e., quantities related to viscous or thermal

processes. As we decrease the wavelength of the perturbation, we decrease the length scales

associated with the emergent nonlinear features of the flow (e.g., the filaments), thereby

making them slightly more comparable to (i.e., not as much larger than) the length scales

associated with diffusion. This enables a greater amount of viscous dissipation of mechanical

and electromagnetic energy into thermal energy.

As before, each row of displays below corresponds to a given number of growth times, and

in each row, the display on the left corresponds to kz = 0.8 r−1
0 while the display on the right

corresponds to kz = 0.6 r−1
0 . We begin, in figures 11.93 through 11.94, by showing displays

of the vorticity overlaid with contours of magnetic field lines. In figure 11.95, we display

the longitudinal velocity overlaid with magnetic field lines. In both cases, the equilibrium

width of the jet is the same, equal to about 8 r0. However, from the longitudinal velocity

displays, there is in both cases a central region where the flow remains at about 0.5 c. For
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Figure 11.86: Wavelength-dependence of growth in velocity components: MA = 5.1
kzr0 = 0.8 (black), 0.6 (blue), 0.5 (red)
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Figure 11.87: Wavelength-dependence of growth in P and Bz: MA = 5.1
kzr0 = 0.8 (black), 0.6 (blue), 0.5 (red)
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Figure 11.88: Wavelength-dependence of RMS vorticity and current density: MA = 5.1
kzr0 = 0.8 (black), 0.6 (blue), 0.5 (red)
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Figure 11.89: Wavelength-dependence of Lorentz factor: MA = 5.1
kzr0 = 0.8 (black), 0.6 (blue), 0.5 (red)
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Figure 11.90: Wavelength-dependence of maximum velocity components: MA = 5.1
kzr0 = 0.8 (black), 0.6 (blue), 0.5 (red)
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Figure 11.91: Wavelength-dependence of plasma β: MA = 5.1
kzr0 = 0.8 (black), 0.6 (blue), 0.5 (red)
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Figure 11.92: Wavelength-dependence of avg. density and pressure: MA = 5.1
kzr0 = 0.8 (black), 0.6 (blue), 0.5 (red)

kz = 0.8 r−1
0 , the width of the central flow is about 0.85 r0. For kz = 0.6 r−1

0 , the central flow

width is about 1.1 r0. The ratio of flow widths is about 1.3, which is approximately equal to

the ratio 4/3 of input perturbation wavelengths. The filament widths are also larger, by a

ratio of about 4/3, in the longer-wavelength case. This indicates that for a strong magnetic

field, the overall jet width is roughly independent of perturbation wavelength, while the

equilibrium central flow width, and the equilibrium filament width, both scale linearly with

the perturbation wavelength. For the flow width, the scale factor is about

Wflow

λ
≈ (0.85)(0.8)

2π
=

0.34

π
≈ 0.11. (11.31)

For the filament width, the scale factor is about

Wfilament

λ
≈ (0.6)(0.8)

2π
=

0.24

π
≈ 0.08. (11.32)
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Figure 11.93: Wavelength-dependence of vorticity for MA = 5.1: t = 9.3Ti
vAz/c = 0.1893, β = 13.88, vz0 = 0.7 c
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Figure 11.94: Wavelength-dependence of vorticity for MA = 5.1: t = 24.5Ti
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11.10 Conclusion

We have examined the sensitivity of our simulation results to various input parameters.

Apart from validating our numerical algorithm, our findings have lent further insight into

the physical mechanisms underlying our model. We first demonstrated that the magnetic

field remains approximately divergenceless. We next showed that our results are convergent

with respect to time step (keeping the spatial grid constant). With respect to refinement

of the numerical grid, our simulation exhibits convergence for an adequately refined grid

(at least 751 points in the shear direction, and at least 151 points spanning a wavelength

in the flow direction). In the latter stages of the nonlinear evolution, this convergence is

preserved in terms of the overall structure of the flow, though there are differences in the

smaller-scale structures emerging from turbulent breakdown. We then demonstrated that,

in both magnetized and unmagnetized cases, the system width does not significantly impact

the nonlinear evolution of the flow and of the magnetic field. This is also true of the system

length, as demonstrated by comparing results for different numbers of wavelengths spanned
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in the flow direction, and finding that in this direction the system remains spatially periodic.

In short, we have demonstrated convergence of our results with respect to spatial step, time

step, and system dimensions.

We compared results, using a non-relativistic flow speed and sound speed, obtained by

evolving the (i) RMHD equations and (ii) MHD equations. We found convergence between

the RMHD and MHD regimes. We also demonstrated convergence between the RMHD and

RHD regimes. We then assessed the viscosity-sensitivity of simulations using several differ-

ent field strengths. From time-dependent graphs of various spatially-averaged or maximized

quantities, we determined that an increase in viscosity generally leads to a slight decrease in

quantities related to magnetic field and velocity, and a corresponding increase in pressure.

This is not surprising, when considering that diffusion represents the dissipation of me-

chanical and electromagnetic energy into thermal energy. When comparing two-dimensional

displays at different viscosities, we found the largest differences for simulations using weaker

fields, as these are the cases for which the vortex inhibition is more complex. For the weak

vortex-disruptive field MA = 41.4, when we use less magnetic viscosity, we see that the equi-

librium central flow region, in which vortices persist for many growth times, is wider, less

spatially uniform, and contains more magnetic reconnection. For all field strengths exam-

ined, the equilibrium jet width, and filament width, are approximately viscosity-independent,

though viscosity sometimes results in a loss of sharpness of the filament boundaries, so that

the width is less well-defined.

For magnetic fields corresponding to MA = 10.3 and 20.7, we compared simulation results

for background flow speed amplitudes of 0.7 c and 0.5 c, and found close agreement that

428



persists well into the nonlinear regime. This indicates that, within a regime of moderately

relativistic flow speeds, the relativistic Alfvenic Mach number MA is indeed closely correlated

with the influence of the magnetic field on vortex development. This is consistent with our

observation in chapter 6 that MA is closely correlated with the fractional reduction in linear

growth rate, compared to the case with no magnetic field. However, this correlation breaks

down for mildly relativistic, or ultra-relativistic, flow speeds.

We then examined the sensitivity of our results to the wavelength of the perturbation in

which the simulation is launched. For the vortex-disruptive case MA = 41.4, we found that

when the perturbation wavelength is increased by a certain factor, the equilibrium jet width,

and equilibrium central flow width, both increase by roughly this same factor. This leads to

the conclusion that in the equilibrium state for MA = 41.4, the jet width is roughly twice the

input perturbation wavelength, and the central flow width is roughly equal to the pertur-

bation wavelength. For the vortex-suppressing case MA = 5.145, the equilibrium jet width

is about 2.25 times the initial jet width, independent of the input wavelength. Therefore,

the equilibrium jet width has far more dependence on input wavelength for weaker fields

than strong fields. One possible explanation is that this input wavelength is longitudinal,

and therefore influences longitudinal dimensions of such features as emerging vortices. For

a weak field, these vortices are allowed to develop extensively, and vortex rotation has the

effect of coupling these longitudinal dimensions to transverse dimensions, thereby influencing

the equilibrium flow width. Strong fields suppress vortex rotation, and therefore inhibit this

coupling between longitudinal and transverse lengths.

However, for the case MA = 5.145, the widths of many characteristic features seem to
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scale with the input wavelength. These include the width of the narrow central region of

relatively high flow speed, which is about 11% of the wavelength, and the filament width,

which is about 8% of the input wavelength. Again for MA = 5.145, we plotted the time-

dependence of various spatially-averaged and maximized quantities, and found that when

wavelength is increased, there is a corresponding increase in quantities related to velocity

and magnetic field, and a decrease in average density and pressure. A larger wavelength

tends to generate features with larger length scales, which are therefore less comparable

to the smaller length scales associated with diffusion, so that there is less correlation with

viscous dissipation of mechanical and electromagnetic energy. In the simulations discussed

in chapters 9 and 10, we use a wavelength of (2π/0.8) r0 ≈ 7.85 r0, which is close to the

wavelength of maximum growth, as shown in chapter 6.

We have examined, through numerical simulation, the manner in which a magnetic field

inhibits the KH instability, and we have verified that our magnetic field remains divergence-

less, and that our results are convergent with respect to time step, spatial step, system

dimensions, viscosity, and between the RHD, MHD, and RMHD regimes. We have also dis-

covered that for background flow speeds exceeding about 0.9 c (corresponding to a Lorentz

factor of about 2), the simulation undergoes early unphysical breakdown (speeds exceeding

the speed of light, negative densities, etc.). This is a problem that has plagued artificial

viscosity simulations for over 20 years (Marti and Muller 2003). Whereas magnetic fields

have a stabilizing effect, we see that relativistic effects are destabilizing.

In chapter 12, we explore a mathematical anomaly associated with diffusion in highly

relativistic systems.
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Chapter 12

Diffusion in Relativistic Flows: A
Mathematical Anomaly

In our studies of the KH instability, we have used artificial viscosity to stabilize the numerical

system, and also to model physical processes. The exact single-fluid RMHD equations are

marginally stable. However, when we discretize the spatial and temporal derivatives in a

numerical scheme, these equations become unstable, and therefore diffusion is needed in order

to restore stability to the system. In chapter ??, we verified the convergence of our results

with respect to viscosity, which demonstrates that our results are not significantly influenced

by diffusion. Diffusion also preserves the conservative nature of the RMHD equations. We

have also used a velocity shear which establishes a stationary frame of reference with respect

to the flow. Therefore, we have operated in a single reference frame, and the validity of our

results does not require that the diffusion operator preserve the Lorentz-invariance of the

RMHD equations. In this chapter, we mathematically demonstrate an anomaly that arises

from the lack of Lorentz-invariance of the diffusion operator, but we should emphasize that

the results of this chapter do not in any way undermine the results of our study of the KH

instability.
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The diffusion operator is not Lorentz-invariant in relativistic systems, as we demonstrate

in section 12.1 using the telegraph equation, also used in Morse and Feshbach (1953). This

can produce anomalous results in models which do not establish a well-defined frame of

reference. In this chapter, we consider one such model, in which we perturb the RMHD

single-fluid conservation-diffusion equations in the presence of a uniform background flow.

Because diffusion does not preserve the Lorentz-invariance of the RMHD equations, this

uniform-flow model predicts anomalous growing modes in reference frames in which the flow

speed is highly relativistic. This occurs whether or not a magnetic field is present, as we

demonstrate by first analyzing the RHD case in section 12.2 and then the RMHD case in

section 12.3. One important result of this analysis is that we obtain a dispersion relation

whose diffusionless limit recovers familiar results, including relativistic acoustic waves in the

RHD limit, and the Alfven and magnetoacoustic modes of LRN09 in the RMHD regime. We

have therefore recovered these results using an entirely different method, in a limit in which

the system is marginally stable. However, when we introduce diffusion, the resulting modes

appear to grow rapidly in frames corresponding to highly relativistic flow speeds, but decay

in reference frames corresponding to non-relativistic flow speeds, for which the co-moving

reference frame corresponds to the limit of zero flow speed.

This result, of course, does not make physical sense, since it contradicts two expectations,

namely, that the growth or decay of a mode should not be frame-dependent, and that

diffusion should introduce decaying modes in order to stabilize a system, as it does in our

numerical simulations. Therefore, this analysis can be considered an academic exercise that

reveals the anomalies that can arise from the manner in which current mathematical models
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handle diffusion in relativistic systems. Hence, the results of this chapter have mathematical

implications, but cannot be given physical significance, and do not in any way harm the

validity of our simulation results. It should also be noted that in this chapter when we speak

of a “uniform background flow,” the flow speed is with respect to an arbitrarily chosen frame

of reference, and that a change in flow speed is tantamount to changing the reference frame.

This is in contrast to our studies of the KH instability, in which a well-defined reference

frame is established by the velocity shear.

We begin, in section 12.1, by describing the manner in which linear modes should behave

under Lorentz transformations, and then demonstrating the lack of Lorentz-invariance of

the diffusion operator. This lays the groundwork for the anomalous behavior we will later

observe in modes introduced by diffusion in a model with uniform flow.

12.1 Lorentz-invariance and Diffusion

In this section, we describe certain properties we expect linear modes to have in the pres-

ence of a relativistic uniform flow, one of which is Lorentz-invariance. In the diffusionless

case, these properties are satisfied. We then show that the diffusion operator is not Lorentz-

invariant, which means that when diffusion is introduced into a system with uniform back-

ground flow, we can expect to encounter anomalous frame-dependent results.

We begin by demonstrating the Lorentz-invariance of the linear modes arising from the

uniform-flow model. We do this by demonstrating the Lorentz-invariance of the overall

phase of these linear perturbations, which shows that modal behavior is frame-independent

when examined with respect to the co-moving space and time coordinates of the frame

under consideration. In the absence of diffusion, the modes are indeed Lorentz-invariant and
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marginally stable, and we show in the later sections of this chapter that these correspond

to familiar results (the acoustic and magnetosonic modes of LRN09). We then show that

we expect Lorentz-invariance to be qualitatively preserved when the modal frequencies are

complex, i.e., that the temporal growth or decay of such a mode should be Lorentz-invariant

with respect to the co-moving time coordinate. In a uniform-flow model, diffusion has the

effect of making the frequencies complex, and therefore preserves Lorentz-invariance with

respect to the co-moving time coordinate. However, the diffusion operator, proportional to

∇2, is not itself Lorentz-invariant, as we show using the telegraph equation, which is discussed

in Morse and Feshbach (1953). Therefore, the growth or decay of a mode introduced by

diffusion is not Lorentz-invariant when measured with respect to a fixed time coordinate.

This lays the groundwork for later sections, in which the uniform-flow model yields anomalous

modes which decay in some reference frames and appear to grow rapidly in other reference

frames.

Consider a uniform background flow which moves at a relativistic speed vz0, where ẑ is

the flow direction and x̂ is the shear direction. We wish to relate the derivatives ∂/∂z and

∂/∂t in the stationary frame to the derivatives ∂/∂z′ and ∂/∂t′ in the co-moving frame of

the flow. We begin by noting that the primed and unprimed quantities are related by a

simple Lorentz transformation:

z′ = γ(z − vz0t), (12.1)

t′ = γ
(
t− vz0z

c2

)
, (12.2)

z = γ(z′ + vz0t
′), (12.3)

t = γ

(
t′ +

vz0z
′

c2

)
. (12.4)
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γ = (1− v2
z0/c

2)−1/2 is the Lorentz factor. Using equations (12.1) and (12.2), the unprimed

derivatives can be related as follows to the primed derivatives:

∂

∂z
=

∂

∂z′
∂z′

∂z
+

∂

∂t′
∂t′

∂z
= γ

(
∂

∂z′
− vz0

c2

∂

∂t′

)
,

∂

∂t
=

∂

∂t′
∂t′

∂t
+

∂

∂z′
∂z′

∂t
= γ

(
∂

∂t′
− vz0

∂

∂z′

)
. (12.5)

Similarly, using equations (12.3) and (12.4), the primed derivatives can be related as follows

to the unprimed derivatives:

∂

∂z′
=

∂

∂z

∂z

∂z′
+
∂

∂t

∂t

∂z′
= γ

(
∂

∂z
+
vz0
c2

∂

∂t

)
,

∂

∂t′
=

∂

∂t

∂t

∂t′
+

∂

∂z

∂z

∂t′
= γ

(
∂

∂t
+ vz0

∂

∂z

)
. (12.6)

Suppose we have a linear mode which, in the stationary frame, is given by

f(x, z, t) = f0 + f1 exp[i(kxx+ kzz − ωt)]. (12.7)

In the co-moving frame, this mode is given by

f(x, z′, t′) = f0 + f1 exp[i(kxx+ k′zz
′ − ω′t′)]. (12.8)

We would like to demonstrate that these two representations are consistent, i.e., that the

overall phase of the linear perturbation is Lorentz-invariant. We first apply the derivative

relations in equations (12.5) to equation (12.8), and obtain

kz = γ

(
k′z +

ω′vz0
c2

)
,

ω = γ(ω′ + k′zvz0). (12.9)

We then apply the derivative relations in equations (12.6) to equation (12.7), and obtain
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k′z = γ
(
kz −

ωvz0
c2

)
,

ω′ = γ(ω − kzvz0). (12.10)

We have recovered the simple Lorentz transformation of the spatial and temporal frequencies,

employed numerous times in this and previous chapters (kx and x are untransformed). By

combining equations (12.1) through (12.4) with equations (12.9) and (12.10), we wish to

demonstrate that the overall phase of the linear perturbation is Lorentz-invariant. We begin

by writing the phase in the co-moving frame:

k′zz
′ − ω′t′ = γ2

(
kz −

ωvz0
c2

)
(z − vz0t)− γ2(ω − kzvz0)

(
t− vz0z

c2

)
= γ2

[
kzz

(
1− v2

z0

c2

)
− ωt

(
1− v2

z0

c2

)]
= kzz − ωt. (12.11)

We therefore have Lorentz-invariance of the overall phase:

kxx+ k′zz
′ − ω′t′ = kxx+ kzz − ωt. (12.12)

This means that the overall behavior of a linear mode should not be frame-dependent, as

long as we transform not only the frequencies but also the space and time coordinates, so

that we always measure coordinates in the co-moving frame of the system. In the absence

of diffusion, the modes are indeed Lorentz-invariant, and marginally stable. We show in

sections 12.2 and 12.3 that in the diffusionless limit we recover relativistic acoustic modes in

RHD and the Alfven and magnetoacoustic modes derived in LRN09 in RMHD.

We now wish to verify that if the frequency ω is complex, we still expect the mode to

satisfy qualitative Lorentz-invariance, i.e., we expect the growth or decay of a mode to be
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invariant under a Lorentz transformation. When, in section 12.3, we linearize the RMHD

equations in the presence of a uniform background flow, we use a temporal approach, and

therefore the x and z-components of the wave vector are both real. When we solve the

polynomial dispersion relation in ω, the presence of diffusion results in complex roots for ω,

where they would otherwise be purely real. Suppose that in the stationary frame, a wave

vector with real components kx and kz corresponds to a linear mode with complex frequency

ω = ωr + iωi, (12.13)

where ωi > 0, so that the mode is growing. The fluid flows at a background speed vz0. In the

co-moving frame of the fluid, the frequency and wave vector are given by equation (12.10):

ω′ = γ(ω − kzvz0),

k′z = γ
(
kz −

ωvz0
c2

)
,

k′x = kx. (12.14)

In particular, ω′ is also complex, so we have

(ω′)i = γωi,

(ω′)r = γ(ωr − kzvz0). (12.15)

Therefore, if in the stationary frame we have a mode growing at a rate ωi with respect to

time t, then in the co-moving frame we have a mode growing at a rate (ω′)i = γωi with

respect to time t′, where t and t′ are the time measured in the stationary and co-moving

frames, respectively. These are related by equations (12.1) through (12.4). This tells us that

if a mode is growing in one frame, it is also growing in any other frame, with respect to

the co-moving time-coordinate of that frame. Furthermore, the ratios t′/t and (ω′)i/ωi are
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both approximately equal to the Lorentz factor, which tells us that the growth rates in each

frame are roughly equal. Following the same reasoning, we can make precisely the same

statement about the frame-independence of decaying modes. In summary, when we have

complex eigenfrequencies, the temporal growth or decay of a mode is Lorentz-invariant with

respect to the co-moving time coordinate.

In the presence of a uniform flow, the introduction of diffusion has the effect of making

the frequencies complex. Therefore, the linear modes introduced by diffusion are Lorentz-

invariant with respect to the co-moving time coordinate of each frame. That is, a mode

that decays with respect to time t′ in the co-moving reference frame also decays with respect

to time t in the stationary reference frame. The next question is whether the same is true

of a mode that decays with respect to time t in the co-moving reference frame, i.e., if we

transform reference frames without transforming the time coordinate. The answer is: not

necessarily. This is because, as we show below, the diffusion operator, proportional to ∇2,

does not itself preserve Lorentz-invariance. Using equation (12.5), we can write the diffusion

operator ∇2 in terms of the coordinates of the co-moving frame:

∇2 =
∂2

∂x2
+

∂2

∂z2

=
∂2

∂x2
+

(
∂

∂z′
− vz0

c2

∂

∂t′

)2

=
∂2

∂x2
+

∂2

∂(z′)2
− 1

c2

∂2

∂(t′)2
+

1

c2

∂2

∂t2
. (12.16)

This demonstrates the Lorentz-invariance of the operator

∇2 − 1

c2

∂2

∂t2
= (∇′)2 − 1

c2

∂2

∂(t′)2
, (12.17)
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which is of course the operator that governs the wave equation, and can be considered a

covariant extension of the diffusion operator. However, the diffusion operator itself is not

Lorentz-invariant. To see this, consider the telegraph equation (Morse and Feshbach 1953),

which we employ in one dimension (i.e., restricted to the flow direction), and which governs

the time-dependence of the diffusion of some quantity f . In terms of stationary coordinates

and a diffusion coefficient η, the telegraph equation reads as follows:

∂f

∂t
= η

∂2f

∂z2
. (12.18)

We see that in the telegraph equation, the time and diffusion operators act on f in the

same way that they act on the conserved quantities in the RMHD conservation-diffusion

equations. In terms of the co-moving coordinates of the flow, the telegraph equation reads

∂f

∂t′
− vz0

∂f

∂z′
= ηγ

(
∂

∂(z′)
− vz0

c2

∂

∂(t′)

)2

f. (12.19)

We see that in the stationary frame, the rate of diffusion of f has only a spatial dependence,

whereas in the co-moving frame, the diffusion rate has a spatial and a temporal dependence.

This demonstrates that the diffusion operator is not invariant to Lorentz transformation.

This must also be true of the conservation-diffusion equations, which can be thought of as

the telegraph equation onto which we add the divergence of a flux term. We therefore cannot

expect Lorentz-invariance of the growth or decay of a mode introduced by diffusion in a fluid

with uniform flow. That is, we know that a mode that decays with respect to time t′ in the

co-moving frame decays with respect to time t in the stationary frame. However, a mode
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that decays with respect to time t in the co-moving frame may in fact appear to grow with

respect to time t in the stationary frame. This is the type of anomalous behavior we will

observe in the upcoming sections, in particular when the stationary frame is with respect to

a highly relativistic flow.

We again emphasize that these results pertain to a model with uniform background flow

speed, and do not in any way undermine our studies of the KH instability, for which we

remain in a stationary frame of reference which is established by the background velocity

shear, and for which diffusion always introduces decaying modes and stabilizes the system, as

expected. Diffusion introduces decaying modes even in the highly relativistic regime of our

KH-unstable simulations. The aforementioned anomalies can only emerge when performing

frame transformations in the presence of a uniform background flow, for which there is no

externally-imposed velocity shear.

In the next section, in which we analyze a uniform flow in RHD, we will obtain results

which bear out the predictions of the analysis we have just performed. Specifically, in the

absence of diffusion, we recover familiar marginally stable modes, but in the presence of

diffusion, we obtain anomalous modes whose growth or decay is not Lorentz-invariant. In

the forthcoming sections, the aforementioned co-moving frame is the zero-velocity limit of

the reference frames corresponding to non-relativistic flow speed.

12.2 RHD Stability Analysis with Diffusion

In this section, we analyze a uniform flow in RHD. We will see that in the absence of diffusion,

we recover familiar marginally stable modes, namely, the relativistic acoustic modes seen in
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Bodo et al. (2004). However, in the presence of diffusion, we will obtain anomalous modes

which decay in a frame of non-relativistic flow speed, but appear to rapidly grow in a frame

of highly relativistic flow speed.

We wish to linearize the RHD conservation-diffusion equations in two dimensions. There

is a uniform unperturbed density ρ0 and pressure P0, and a uniform unperturbed velocity

vz0 in the z-direction. From the linearization, we derive a dispersion relation which is a

fourth-order polynomial in ω. We then show that the growth or decay of these roots is in

fact dependent on the uniform flow speed, i.e., on the frame of reference.

12.2.1 Derivation of RHD Dispersion Relation with Diffusion

We derive the RHD dispersion relation by linearizing the conservation-diffusion equations,

which are

1

c

∂

∂t
(γρ) +

∂

∂x
(γρβx) +

∂

∂z
(γρβz) = ηρ

(
∂2

∂x2
+

∂2

∂z2

)
(γρ),

1

c

∂

∂t
(wγ2βx) +

∂

∂x
(P + wγ2β2

x) +
∂

∂z
(wγ2βxβz) = ηx

(
∂2

∂x2
+

∂2

∂z2

)
(wγ2βx),

1

c

∂

∂t
(wγ2βz) +

∂

∂x
(wγ2βzβx) +

∂

∂z
(P + wγ2β2

z ) = ηz

(
∂2

∂x2
+

∂2

∂z2

)
(wγ2βz),

1

c

∂

∂t

(
wγ2 − P

)
+

∂

∂x
(wγ2βx) +

∂

∂z
(wγ2βz) = ηε

(
∂2

∂x2
+

∂2

∂z2

)(
wγ2 − P

)
, (12.20)

where the enthalpy is

w = ρc2 +
Γ

Γ− 1
(P ) , (12.21)

where Γ is the adiabatic constant. We define dimensionless heat capacities at constant

volume Cv and at constant pressure Cp, which are given by
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Cv =
1

Γ− 1
,

Cp =
Γ

Γ− 1
= Cv + 1. (12.22)

The first equation in (12.20) describes mass transport, the second and third equations mo-

mentum transport, and the fourth equation energy transport. We assume the following

linearized forms of the variables, corresponding to plane waves:

ρ(x, z, t) = ρ0 + ρ1 exp[i(kxx+ kzz − ωt)],
βx(x, z, t) = βx1 exp[i(kxx+ kzz − ωt)],
βz(x, z, t) = βz0 + βz1 exp[i(kxx+ kzz − ωt)],
P (x, z, t) = P0 + P1 exp[i(kxx+ kzz − ωt)]. (12.23)

We now separately linearize each term of the conservation-diffusion equations. For the

density transport equation, we have

∂

∂t
(γρ) = −iω

(
γρ1 + γ3βz0βz1ρ0

)
,

∂

∂x
(γρβx) = ikxγρ0βx1,

∂

∂z
(γρβz) = ikz

(
γρ0βz1 + γρ1βz0 + γ3β2

z0βz1ρ0

)
,

ηρ

(
∂2

∂x2
+

∂2

∂z2

)
(γρ) = −ηρk2

(
γρ1 + γ3βz0βz1ρ0

)
. (12.24)

For the transport of x-momentum, we have

∂

∂t
(wγ2βx) = −iωw0γ

2βx1,

∂

∂x
(P + wγ2β2

x) = ikxP1,

∂

∂z
(wγ2βxβz) = ikzw0γ

2βz0βx1,

ηx

(
∂2

∂x2
+

∂2

∂z2

)
(wγ2βx) = −ηxk2w0γ

2βx1. (12.25)
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For the transport of z-momentum, we have

∂

∂t
(wγ2βz) = −iω

(
w0γ

2βz1 + w1γ
2βz0 + 2w0γ

4β2
z0βz1

)
,

∂

∂x
(wγ2βxβz) = ikxw0γ

2βz0βx1,

∂

∂z
(P + wγ2β2

z ) = ikz
(
P1 + w1γ

2β2
z0 + 2w0γ

2βz0βz1 + 2w0γ
4β3

z0βz1
)
,

ηz

(
∂2

∂x2
+

∂2

∂z2

)
(wγ2βz) = −ηzk2

(
w0γ

2βz1 + w1γ
2βz0 + 2w0γ

4β2
z0βz1

)
. (12.26)

For the transport of energy, we have

∂

∂t

(
wγ2 − P

)
= −iω

(
w1γ

2 + 2w0γ
4βz0βz1 − P1

)
,

∂

∂x
(wγ2βx) = ikxw0γ

2βx1,

∂

∂z
(wγ2βz) = ikz

(
w0γ

2βz1 + w1γ
2βz0 + 2w0γ

4β2
z0βz1

)
,

ηε

(
∂2

∂x2
+

∂2

∂z2

)(
wγ2 − P

)
= −ηεk2

(
w1γ

2 + 2w0γ
4βz0βz1 − P1

)
. (12.27)

Upon collecting terms, we arrive at the following four linearized equations:

0 = ω̄ργ

(
w1 −

ΓP1

Γ− 1

)
− γρ0c

3kxβx1 +
(
ω̄ρρ0γ

3βz0 − γρ0ckz
)
c2βz1,

0 = −ckxP1 + ω̄xw0γ
2βx1,

0 = γ2βz0ω̄zw1 − ckzP1 − ckxw0γ
2βz0βx1 + C0βz1,

0 = γ2ω̄εw1 − ωεP1 − ckxw0γ
2βx1 + w0γ

2
(
−ckz + 2γ2βz0ω̄ε

)
βz1, (12.28)

where we have made the following definitions:

ω̄ = ω − ckzβz0,
ω̄ρ = ω̄ + iηρk

2,

ω̄x = ω̄ + iηxk
2,

ω̄z = ω̄ + iηzk
2, ωz = ω̄z + kzvz0,

ω̄ε = ω̄ + iηεk
2, ωε = ω̄ε + kzvz0,

C0 = ωzw0γ
2
(
1 + 2γ2β2

z0

)
− 2w0γ

2ckzβz0
(
1 + γ2β2

z0

)
. (12.29)
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We see that the above four linearized equations can be written in the following matrix form:

M


w1

P1

βx1

βz1

 = 0, (12.30)

where M is a 4 by 4 matrix. By equating the determinant of this matrix to zero, we obtain

a polynomial dispersion relation which is fourth-order in ω:

F4ω
4 + F3ω

3 + F2ω
2 + F1ω + F0 = 0. (12.31)

Suppose we introduce the following definitions:

χj =
ηjk

c
, Ω =

ω

ck
,

h =
w0

ρ0

, f =
ρ0

w0

,

ζz =
kz
k
, ζx =

kx
k
,

τz = βζz =
vz0kz
ck

. (12.32)

Then the dispersion relation can be written in the following dimensionless form:

G4Ω4 +G3Ω3 +G2Ω2 +G1Ω +G0 = 0. (12.33)

The general solution for Ω is given by the quartic formula, which is determined as follows

(Nickalls 2009). We first define

α = −3G2
3

8G2
4

+
G2

G4

,

α2 =
G3

3

8G3
4

− G3G2

2G2
4

+
G1

G4

,

α3 = − 3G4
3

256G4
4

+
G2G

2
3

16G3
4

− G3G1

4G2
4

+
G0

G4

. (12.34)
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We then define

P = −α
2

12
− α3,

Q = − α3

108
+
αα3

3
− α2

2

8
,

R = −Q
2
±
√
Q2

4
+
P 3

27
,

U = R1/3,

y =
−5

6
α + U − P

3U
, if U 6= 0,

y =
−5

6
α + U −Q1/3, if U = 0,

W =
√
α + 2y. (12.35)

The desired roots are then given by

ω = − G3

4G4

+
±1W ∓2

√
−(3α + 2y ±1 2α2/W )

2
, α2 6= 0, (12.36)

ω = − G3

4G4

±1

√
−α±2

√
α2 − 4α3

2
, α2 = 0, (12.37)

where±1 and±2 can vary independently of one another, so that each of the above expressions

corresponds to four solutions.

The coefficients Gj are as follows, first without diffusion:

G40 = −β2γ2(2− f)− 1 + Cpγ
2,

= γ2[1− f + γ2(−2 + Cp + f)],

G30 = 2τz[−1 + f − 2γ2(−2 + Cp + f)],

G20 = (−1 + f)ζ2
x + ζ2

z [(−1 + f)(1− β2) + 6γ2β2(−2 + Cp + f)],

G10 = 2τz[−(−1 + f)ζ2
x + ζ2

z (−3 + 2Cp + f − 2(−2 + Cp + f)γ2)],

G00 = τ 2
z [(−1 + f)ζ2

x + ζ2
z (1− Cp + γ2(−2 + Cp + f))]. (12.38)

In the presence of diffusion, the Gj are given by
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G4 = G40 = −β2γ2(2− f)− 1 + Cpγ
2,

G3 = G30 + i(χx + χz + χε + χρ)[−β2γ2(2− f)− 1 + Cpγ
2],

G2 = G20 + iχxτz[3− f + γ2(2− f − 3Cp + 2(2− f)β2)]

+ iχzτz[2− f + γ2(−2Cp + 2(2− f)β2)]

+ iχετz[4− f + γ2(2− f − 4Cp + 3(2− f)β2)]

+ iχρτz[3 + γ2(2− f − 3Cp + 2(2− f)β2)]

− [χρ(χx + χz + χε) + χε(χx + χz) + χxχz][−β2γ2(2− f)− 1 + Cpγ
2], (12.39)

G1 = G10 + iχx[(−1 + f)ζ2
z + (f − 2)τ 2

z + τ 2
z γ

2(3Cp + 2f − 4 + (f − 2)β2)]

+ iχz[(−1 + f)(ζ2
x + τ 2

z ) + β2γ2((−2 + f)ζ2
x + Cpζ

2
z + (f − 2)τ 2

z )]

+ iχε[f + β2[(−5 + 2f)ζ2
z + γ2((2− f)(ζ4

x − ζ2
xζ

2
z − 2ζ4

z − 3τ 2
z ) + 5Cpζ

2
z )]]

+ iχρ[−1− 2τ 2
z + γ2τ 2

z (3Cp + (f − 2)(2 + β2))]

+ χxχzτz[−1 + f + Cpγ
2 + (f − 2)β2γ2]

+ χxχετz[−3 + f + γ2(3Cp + (f − 2)(1 + 2β2))] + χzχετz[f − 2 + 2γ2(Cp + (f − 2)β2)]

+ χxχρτz[−2 + γ2(2Cp + (f − 2)(1 + β2))] + χzχρτz[−1 + γ2(Cp + (f − 2)β2)]

+ χεχρτz[−3 + γ2(3Cp + (f − 2)(1 + 2β2))]

+ i[χxχz(χε + χρ) + χεχρ(χx + χz)][1− Cpγ2 + (2− f)β2γ2], (12.40)

G0 = G00 + iχxτzζ
2
z [1− f + β2γ2(2− f − Cp)]

+ iχzτzζ
2
x[1− f + β2γ2(2− f)]

+ iχετz{−f + β2[(2− f)ζ2
z + γ2[(2− f)(ζ2

z − ζ2
x + τ 2

z )− 2Cpζ
2
z ]]}

+ iχρτz[1 + τ 2
z γ

2(2− f − Cp)]
+ χxχεζ

2
z [−f + (2− f)β2 + β2γ2(−2Cp + (2− f)(1 + β2))]

+ χzχε[−fζ2
x + (1− f)τ 2

z + τ 2
z γ

2(−Cp + (2− f)β2)]

+ χxχρζ
2
z [1 + β2γ2(2− f − Cp)] + χzχρζ

2
x[1 + (2− f)β2γ2]

+ χεχρβ
2[2ζ2

z + γ2(−2Cpζ
2
z + (2− f)(ζ2

z − ζ2
x + τ 2

z ))]

+ iχxχzχετz[f − 1 + γ2(Cp − (2− f)β2)] + iχxχεχρτz[−2 + γ2(2Cp + (f − 2)(1 + β2))]

+ χzχεχρ(iτz + χx)[−1 + Cpγ
2 − β2γ2(2− f)]. (12.41)

Through the normalization with respect to kc, we eliminate any dependence on the wave

number k. Therefore, we see that the roots in ω have a simple linear dependence on k.
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12.2.2 RHD Dispersion Relation in Diffusionless Case

We seek to solve the dispersion relation for the RHD case with no diffusion, and recover the

familiar Lorentz-shifted and acoustic modes. We will then take the non-relativistic limit and

recover the Doppler-shifted and non-relativistic acoustic modes. The dispersion relation for

the diffusionless case can be written in the form

C4Ω4 + C3Ω3 + C2Ω2 + C1Ω + C0 = 0, (12.42)

where

Q =
2 + f

1− f
=

2w0 + ρ0c
2

w0 − ρ0c2
,

C4 = γ2Q+ 1,

C3 = −2τz
(
2γ2Q+ 1

)
,

C2 = 6τ 2
z γ

2Q− 1 + τ 2
z ,

C1 = −2τz(2τ
2
z γ

2Q− 1),

C0 = τ 2
z (τ 2

z γ
2Q− 1). (12.43)

This polynomial can be simplified to read

(Ω− ζzβ)2[Qγ2(Ω− τz)2 + Ω2 − 1] = 0, or

(Ω− ζzβ)2[(Qγ2 + 1)Ω2 − 2Qγ2τzΩ +Qγ2τ 2
z − 1] = 0. (12.44)

The corresponding roots are

Ω1 = τz

Ω2 =
τzQγ

2 +
√

1 +Qγ2(1− τ 2
z )

1 +Qγ2
,

Ω3 =
τzQγ

2 −
√

1 +Qγ2(1− τ 2
z )

1 +Qγ2
, (12.45)

or, in terms of ω,
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ω1 = kzvz0,

ω2 = (kzvz0)
Qγ2 +

√
1 +Qγ2(1− τ 2

z )

1 +Qγ2
,

ω3 = (kzvz0)
Qγ2 −

√
1 +Qγ2(1− τ 2

z )

1 +Qγ2
. (12.46)

The first root corresponds to the Lorentz shift, and has a multiplicity of two, which is

why we only have three distinct roots. The second and third roots correspond to relativistic

acoustic waves traveling at the relativistic sound speed

cs =

√(
4

3

)
P0

w0

= c

√
w0 − ρ0

3w0

= c

√
1− f

3
=

c√
Q+ 1

. (12.47)

We can therefore write the acoustic roots in terms of the sound speed:

a2
s ≡

c2
s

c2
,

Q =
c2

c2
s

− 1 =
1− a2

s

a2
s

,

Ω2 =
βζzQ+

√
(1− β2)[1− β2 +Q(1− τ 2

z )]

1− β2 +Q

=
βζz(1− a2

s) + as
√

(1− β2)[a2
s(1− β2) + (1− a2

s)(1− τ 2
z )]

a2
s(1− β2) + 1− a2

s

=
βζz(1− a2

s) + as
√

(1− β2)[a2
s(1− β2) + (1− a2

s)(1− τ 2
z )]

1− β2a2
s

,

ω2 = (ck)
τz(1− a2

s) + as
√

(1− β2)[a2
s(1− β2) + (1− a2

s)(1− τ 2
z )]

1− β2a2
s

, (12.48)

ω3 = (ck)
τz(1− a2

s)− as
√

(1− β2)[a2
s(1− β2) + (1− a2

s)(1− τ 2
z )]

1− β2a2
s

. (12.49)

In particular, the dispersion relation satisfied by the acoustic roots can be written in a

more illuminating form:
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Qγ2(Ω− τz)2 + Ω2 − 1 = 0. (12.50)

Writing the dimensionless variables in terms of their definitions in (12.32), we have

c2 − c2
s

c2
s

γ2(ω − kzvz0)2 + ω2 − c2k2 = 0. (12.51)

We can also make use of the Lorentz invariance of the quantity ω2− c2k2, by which we mean

that this quantity is the same regardless of the frame in which it is evaluated. That is, we

have

ω2 − c2k2 = γ2(ω − kzvz0)2 − c2

[
k2
x + γ2

(
kz −

ωvz0
c2

)2
]
. (12.52)

Inserting (12.52) into the dispersion relation (12.51), we have

c2 − c2
s

c2
s

γ2(ω − kzvz0)2 + γ2(ω − kzvz0)2 − c2

[
k2
x + γ2

(
kz −

ωvz0
c2

)2
]

= 0. (12.53)

Multiplying both sides of (12.53) by c2
s/c

2, we obtain a more transparent version of the

dispersion relation for relativistic acoustic waves, which simply equates the frequency squared

to the product of sound speed squared and wave vector squared:

γ2(ω − kzvz0)2 = c2
s

[
γ2
(
kz −

ωvz0
c2

)2

+ k2
x

]
. (12.54)

This is similar to the dispersion relation for non-relativistic acoustic waves. However, in the

relativistic case, the frequency and wave vector are both Lorentz-shifted. Taking into account

Lorentz-shifted and acoustic modes, we recover the familiar RHD diffusionless dispersion

relation:
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(ω − kzvz0)2

{
γ2(ω − kzvz0)2 − c2

s

[
γ2
(
kz −

ωvz0
c2

)2

+ k2
x

]}
= 0. (12.55)

This is identical to the dispersion relation appearing in Bodo et al. (2004), with notational

differences. In the non-relativistic limit, we have

β << 1,

as =
cs
c

<< 1. (12.56)

We can therefore make the following approximations for the two terms in the numerator of

expressions (12.48) and (12.49) for the acoustic roots ω2 and ω3:

1− a2
s ≈ 1,√

(1− β2)[a2
s(1− β2) + (1− a2

s)(1− τ 2
z )] ≈ 1,

1− β2a2
s ≈ 1. (12.57)

The non-relativistic acoustic roots therefore have the expected form:

ω2 ≈ (ck)(τz + as) = kzvz0 + kcs,

ω3 ≈ (ck)(τz + as) = kzvz0 − kcs. (12.58)

These satisfy the dispersion relation

(ω − kzvz0)2 = c2
sk

2 = c2
s(k

2
z + k2

x). (12.59)

Taking into account the Doppler-shifted mode ω = kzvz0, we recover the familiar HD diffu-

sionless dispersion relation:

(ω − kzvz0)2[(ω − kzvz0)2 − c2
s(k

2
z + k2

x)] = 0. (12.60)
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This is simply the non-relativistic limit of the corresponding RHD dispersion relation. Be-

cause cs << c, we can also make approximations associated with a non-relativistic sound

speed:

ρ0c
2 >>

Γ

Γ− 1
P0,

w0 = ρ0c
2 +

ΓP0

Γ− 1
≈ ρ0c

2,

cs = (c)

√
ΓP0

w0

≈

√
ΓP0

ρ0

. (12.61)

In the next section, we show that

12.2.3 Decaying Modes in Non-relativistic Regime

We again consider the non-relativistic limit, this time including diffusion, and seek to show

that in a reference frame in which the flow speed is non-relativistic, the uniform-flow model

generally does not predict that diffusion introduces growing modes. Note that the limit of

zero flow speed corresponds to the co-moving frame discussed in section 12.1.

The momentum viscosities are 0.00025 c/k. Our reference frame is such that the flow

speed is vz0 = 0.08 c. We plot maximum growth rate verses ηε − ηρ, the difference between

energy viscosity and density viscosity. The momentum viscosity is 0.00025 c/k, and the

density viscosity is 0.0002 c/k. Figure 12.1 simultaneously plots curves for several different

values of the sound speed. In each case, there is a nearly linear decrease of growth rate for

ηε < ηρ, and a nearly linear increase of growth rate for ηε > ηρ. When ηε = ηρ, the rate

of decay is 0.0002 ck, equal to the density viscosity multiplied by k2. As the sound speed

increases, there is a decrease in the rate of change of growth rate with viscosity ratio, and

a widening of the interval of energy viscosities corresponding to stability (negative growth
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rate). We obtain these same qualitative results when we alter the values of the viscosities.

Therefore, we obtain decaying modes as long as we relate the energy and density viscosi-

ties in a manner which is consistent with the sound speed of the system. We can interpret

this in terms of frame-invariant properties of the single-fluid equations. Specifically, for non-

relativistic sound speeds, we have ρc2 >> P , and the density of the system is much more

comparable to the energy. In the non-relativistic limit of the fluid equations in chapter 3,

we can make the approximation w ≈ ρc2 in the momentum equations, and thus we see that

density plays a larger role in the evolution of the system. Thus, it makes sense that in the

regime of non-relativistic flow speed and sound speed, the density and energy viscosity ought

to be comparable (if either of these is nonzero, which generally is not the case). However, as

the sound speed becomes more relativistic, P dominates over ρc2, so that the density plays

much less of a role in the fluid equations, and is further decoupled from the evolution of the

system, which is now more heavily influenced by the pressure, in part via the enthalpy. It

therefore makes sense that as sound speed becomes more relativistic, there is also a decou-

pling between density and energy viscosities, which no longer need to be equal in order for

stability.

This shows that in a reference frame corresponding to non-relativistic or mildly relativistic

flow speeds, the modes introduced by diffusion are decaying modes, as we would expect.

However, in the next subsection, we transform into reference frames corresponding to highly

relativistic flow speeds, and observe that these decaying modes now look like growing modes.
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Figure 12.1: Growth rate vs. energy viscosity for different sound speeds
cs/c = 0.05 (black), 0.09 (blue), 0.16 (red), 0.27 (green), 0.37 (magenta), 0.42 (cyan)

vz0 = 0.08 c, ηx = ηz = 0.00025 c/k, ηρ = 0.0002 c/k

12.2.4 Anomalous Growing Modes in Highly Relativistic Regime

We now present a mathematical analysis showing that in a reference frame corresponding

to highly relativistic flow speeds, the uniform-flow model predicts anomalous growing modes

introduced by diffusion, due to the frame-dependence of the diffusion operator in relativistic

systems. For highly relativistic velocities, γ >> 1, and the terms in the coefficients which

dominate are those with the highest power of γ, which is γ4. In the relativistic regime, the

adiabatic constant is Γ = 4/3, the heat capacity at constant volume is Cv = 3, and the heat

capacity at constant pressure is Cp = 4. We now introduce the dimensionless quantity

α =
2− f
2 + f

. (12.62)

In this limit, the coefficients without viscosity are as follows:
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G40 = 1,

G30 = −4ζz,

G20 = 6ζ2
z ,

G10 = −4ζ3
z ,

G00 = ζ4
z . (12.63)

When we include viscosity, we have

G4 = 1,

G3 = −4ζz + (i)(χx + χz + χε + χρ),

G2 = 6ζ2
z − [χεχρ + χxχz + (χx + χz)(χρ + χε)]−

iζz(4χε + 3χρ + 3χx + 2χz),

G1 = −4ζ3
z + i[−χxχz(χε + χρ)− (χx + χz)χεχρ]+

ζz[χx(χz + 2χρ + 3χε) + χz(2χε + χρ) + 3χρχε]+

i[(3χx + χz + 3χρ + 5χε)ζ
2
z + (−χz + χε)ζ

2
xα],

G0 = ζ4
z + χx

[
ζ2
z (−iζz − χρ) + χε[2ζz(−ζz + iβχρ)]

]
+

χz
[
ζ2
xα(iζz + χρ) + χε

(
−ζ2

z + iζzχρ
)]
−

[iζzχρ + 2χε(χρ + iζz)]ζ
2
z − χε(χρ + iζz)ζ

2
xα. (12.64)

Suppose we make the following definition:

s =
Ω

ζz
=

ω

kzc
. (12.65)

Then in the diffusionless case, the dispersion relation reduces to

0 ≈ s4 − 4s3 + 6s2 − 4s+ 1 = (s− 1)4 ≡ f(s). (12.66)

The function f(s) has the root s = 1, corresponding to ω = kzc ≈ kzvz0, which is the

expected mode corresponding to a Lorentz shift. The relativistic acoustic modes, evidently,

are no longer present in the extreme relativistic case.
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Suppose now we have a sufficiently small amount of diffusion that only terms of order χj

are important. Letting ψj = χjζz, and αxz = αζx/ζz, the polynomial reduces to

0 = (s− 1)4 + (i)(ψ3s
3 + ψ2s

2 + ψ1s+ ψ0), where

ψ3 = ψx + ψz + ψε + ψρ,

ψ2 = −(3ψx + 2ψz + 4ψε + 3ψρ),

ψ1 = 3ψx + ψz + 5ψε + 3ψρ + (−ψz + ψε)αxz,

ψ0 = −ψx − 2ψε − ψρ + (ψz − ψε)αxz. (12.67)

If we now write s = 1 + δ, we have

0 = δ4 + (i)[ψ3(1 + δ)3 + ψ2(1 + δ)2 + ψ1(1 + δ) + ψ0]

= δ4 + (i)(ψ3δ
3 + ψb2δ

2 + ψb1δ + ψb0), where

ψb2 = 3ψ3 + ψ2 = ψz − ψε,
ψb1 = 3ψ3 + 2ψ2 + ψ1 = −(ψz − ψε)αxz,
ψb0 = ψ3 + ψ2 + ψ1 + ψ0 = 0. (12.68)

The polynomial therefore simplifies to

0 = δ4 + (i)[ψ3δ
3 + (ψz − ψε)(δ2 − αxzδ)], or

0 = δ4 + (i)[(ψx + ψz + ψε + ψρ)δ
3 + (ψz − ψε)(δ2 − αxzδ)]. (12.69)

This yields the trivial solution δ0 = 0 multiplied by a third-order polynomial in δ.

Because δ << 1, we can make the approximations

ψ3δ
2 << ψb1, ψb2δ << ψb1. (12.70)

The polynomial then reduces to

δ4 + ψb1δ = 0, or

δ4 − iαxz(ψz − ψε)δ = 0. (12.71)
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which has the roots

δ0 = 0, and

δ123 = αxz(ψz − ψε)i1/3

= αxz(ψz − ψε) {exp(iπ/6), exp(i5π/6), exp(i3π/2)}

= αxz(ψz − ψε)

{√
3 + i

2
,
−
√

3 + i

2
, −i

}

=
kx
kz

(
w0 − 2ρ0c

2

w0 + 2ρ0c2

)
(ψz − ψε)

{√
3 + i

2
,
−
√

3 + i

2
, −i

}
. (12.72)

The corresponding frequencies are

ω0 = kzvz0 ≈ kzc, and

ω123 = kzvz0 + kxvz0

(
w0 − 2ρ0c

2

w0 + 2ρ0c2

)
(ψz − ψε)

{√
3 + i

2
,
−
√

3 + i

2
, −i

}

≈ kzc+ kxc

(
w0 − 2ρ0

w0 + 2ρ0

)
(ψz − ψε)

{√
3 + i

2
,
−
√

3 + i

2
, −i

}
. (12.73)

Two of these roots have positive imaginary parts, and are therefore growing roots that lead

to instability. Local stability analysis therefore predicts that in reference frames for which

the flow speed is highly relativistic, any diffusion coefficients satisfying ψz 6= ψε will produce

anomalous modes which appear to grow.

Consider again the polynomial with all coefficients retained:

0 = δ4 + (i)[(ψx + ψz + ψε + ψρ)δ
3 + (ψz − ψε)(δ2 − αxzδ)]. (12.74)

If ψz = ψε, we have the trivial solution, along with the decaying root given by

δ1 = −iψ3 = −i(ψx + ψz + ψε + ψρ) = −i(ψx + 2ψz + ψρ),

s1 = 1 + δ1 = 1− i(ψx + 2ψz + ψρ). (12.75)
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In this case only, diffusion does not introduce growing modes in the extreme relativistic limit.

We have presented a mathematical demonstration that in a frame in which the flow speed

is highly relativistic, the uniform-flow model predicts that diffusion introduces anomalous

growing modes. In the highly relativistic regime of our simulations, diffusion can no longer

stabilize the system numerically, however, diffusion itself does not introduce growing modes.

The anomalous results of the uniform-flow model are a consequence of the fact that the

diffusion operator, proportional to ∇2, is fundamentally not Lorentz-invariant.

Specifically, anomalous growing modes generally emerge in a reference frame in which

the flow speed exceeds the sound speed. In figure 12.2, we plot the maximum growth rate as

a function of the apparent flow speed. The variation of flow speed along the horizontal axis

corresponds to a continuous change of the frame of reference. We see that for each curve,

the critical flow speed is nearly equal to the sound speed; 0.58 c for P/(ρc2) = 50 (black

curve), 0.436 c for P/(ρc2) = 1/3 (blue curve), 0.365 c for P/(ρc2) = 1/6 (red curve), 0.289 c

for P/(ρc2) = 1/12 (green curve), and 0.236 c for P/(ρc2) = 1/20 (magenta curve). This

illustrates that in the absence of energy diffusion, anomalous growing modes are predicted to

emerge in reference frames for which the flow speed exceeds the sound speed of the system.

For the same parameters and sound speeds just considered, we now plot the maximum

growth rate as a function of the covariant flow speed uz0 = γvz0, where γ = (1−v2
z0/c

2)−1/2 is

the Lorentz factor. This is shown in figure 12.3. In this regime of flow speeds, the covariant

flow speed and Lorentz factor are approximately equal. For each sound speed, the maximum

growth rate increases rapidly with uz0 for γ on the order of 20 or less, and then tapers off to

an asymptotic value in the ultra-relativistic regime. For smaller sound speeds, the transition
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Figure 12.2: Max. growth rate vs. flow speed for different sound speeds
cs/c = 0.58 (Black), 0.44 (Blue), 0.37 (Red), 0.29 (Green), 0.24 (Magenta)

ηρ = 0, (ηx, ηz) = (0.00025, 0.00005) c/k

to asymptotic behavior occurs at a smaller value of γ, and the asymptotic growth rate is

smaller. This is consistent with our above observation that at smaller sound speeds, modes

appear to grow in reference frames corresponding to a smaller flow speed, so it makes sense

that subsequent transitions would also occur in frames corresponding to less relativistic flow

speeds.

Another interesting feature of figure 12.3 is the common intersection point of every growth

curve at a Lorentz factor of roughly 20. At this flow speed, the curves are at different stages in

their transition to asymptotic behavior, however they all have roughly the same growth rate.

This Lorentz factor of 20 may well have some transitional mathematical significance which is

independent of sound speed. Keep in mind that because these results are frame-dependent,

we cannot give them physical significance.
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Figure 12.3: Max. growth rate vs. covariant flow speed for different sound speeds
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12.2.5 Summary of RHD Results

In this section, we derived the RHD dispersion relation for a uniform-flow model with dif-

fusion. We showed that in the diffusionless limit of this dispersion relation, we recover the

relativistic acoustic waves seen in Bodo et al. (2004) and the unmagnetized limit of the

result of LRN09. We then demonstrated that in a frame in which the flow speed is highly

relativistic, diffusion appears to introduce rapidly-growing modes, which in a non-relativistic

frame are decaying modes. We then showed that the uniform-flow model generally predicts

these anomalous growing modes when the flow speed exceeds the sound speed in the given

frame of reference.

Recall that these results are mathematical, and cannot be given physical significance, as

they arise from a model in which the diffusion operator is not Lorentz-invariant, and therefore
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does not preserve the Lorentz-invariance of the single-fluid equations. In the next section,

we introduce a magnetic field, and show that this has very little effect on the predictions of

the uniform-flow model. Again, this is only an academic exercise intended to illustrate what

can happen with diffusion in certain highly relativistic systems.
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12.3 RMHD Stability Analysis with Diffusion

We have seen that, in the uniform-flow model, modes introduced by diffusion appear to

grow in a frame in which the flow is highly relativistic. We now want to see what effect,

if any, the presence of a magnetic field has on these results. We first linearize the RMHD

conservation-diffusion equations in two dimensions. There is a uniform unperturbed density

ρ0 and pressure P0, a uniform unperturbed velocity vz0 in the z-direction, and a uniform

unperturbed magnetic field Bz0, also in the z-direction. From the linearization, we derive a

dispersion relation which is a sixth-order polynomial in ω. In the diffusionless limit of this

dispersion relation, we recover the Alfven and magnetosonic modes derived in LRN09. We

then characterize the influence of the magnetic field on the anomalous behavior introduced

by diffusion. We find that, as with the unmagnetized RHD case, we observe decaying modes

in reference frames corresponding to non-relativistic flow speed, and anomalous growing

modes in reference frames corresponding to relativistic flow speed. Because these results

are frame-dependent, they have mathematical implications, but cannot be given physical

significance.

12.3.1 Derivation of RMHD Dispersion Relation with Diffusion

We derive the RMHD dispersion relation by linearizing the RMHD conservation-diffusion

equations. We first define the enthalpy:

w = ρc2 +
ΓP

Γ− 1
. (12.76)

The conservation-diffusion equations are
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1

c

(
∂

∂t
− ηρ∇2

)
(γρ) = − ∂

∂x
(γρβx)−

∂

∂z
(γρβz),

1

c

(
∂

∂t
− ηx∇2

)
f2x = − ∂

∂x
g2xx −

∂

∂z
g2xz,

1

c

(
∂

∂t
− ηz∇2

)
f2z = − ∂

∂x
g2xz −

∂

∂z
g2zz,

1

c

(
∂

∂t
− ηε∇2

)
f3 = − ∂

∂x
g3x +

∂

∂z
g3z,

1

c

(
∂

∂t
− ηbx∇2

)
Bx =

∂Ey
∂z

= − ∂

∂z
(βzBx − βxBz),

1

c

(
∂

∂t
− ηbz∇2

)
Bz = −∂Ey

∂x
=

∂

∂x
(βzBx − βxBz), (12.77)

where

f1 = γρ,

g1x = γρβx,

g1z = γρβz,

f2x = wγ2βx + EyBz = wγ2βx + (Bzβx −Bxβz)Bz,

f2z = wγ2βz − EyBx = wγ2βz − (Bzβx −Bxβz)Bx,

g2xx = P +
1

2

[
B2 + (Bzβx −Bxβz)

2
]

+ wγ2β2
x −B2

x,

g2xz = wγ2βxβz −BxBz,

g2zz = P +
1

2

[
B2 + (Bzβx −Bxβz)

2
]

+ wγ2β2
z −B2

z ,

f3 = wγ2 − P +
E2 +B2

2
,

g3x = wγ2βx + EyBz = wγ2βx + (Bzβx −Bxβz)Bz,

g3z = wγ2βz − EyBx = wγ2βz − (Bzβx −Bxβz)Bx. (12.78)

The first conservation-diffusion equation describes mass transport, and in the absence

of diffusion, is the mass-continuity equation. The second and third equations describe mo-

mentum transport, the fourth equation energy transport, and the fifth and sixth equations

Faraday’s law. We assume the following linearized forms of the variables, corresponding to

plane waves:
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ρ(x, z, t) = ρ0 + ρ1 exp[i(kxx+ kzz − ωt)],
βx(x, z, t) = βx1 exp[i(kxx+ kzz − ωt)],
βz(x, z, t) = βz0 + βz1 exp[i(kxx+ kzz − ωt)],
P (x, z, t) = P0 + P1 exp[i(kxx+ kzz − ωt)],
Bx(x, z, t) = Bx1 exp[i(kxx+ kzz − ωt)],
Bz(x, z, t) = Bz0 +Bz1 exp[i(kxx+ kzz − ωt)]. (12.79)

We now separately linearize each term of the conservation-diffusion equations. For the

mass transport equation, we have

f1,1 = (γρ)1 = γρ1 + γ3βz0βz1ρ0,

g1x,1 = (γρβx)1 = γρ0βx1,

g1z,1 = (γρβz)1 = γρ0βz1 + γρ1βz0 + γ3β2
z0βz1ρ0,(

∂

∂t
− ηρ∇2

)
f1 =

(
−iω + ηρk

2
)
f1,1,

∂

∂x
(γρβx) = ikxg1x,1,

∂

∂z
(γρβz) = ikzg1z,1,(

−iω + ηρk
2
)
f1,1 = −ickxg1x,1 − ickzg1z,1, or

0 =
(
ω + iηρk

2
)
f1,1 − ckxg1x,1 − ckzg1z,1. (12.80)

For the transport of x-momentum, we have

f2x,1 = w0γ
2βx1 +B2

z0βx1 −Bz0βz0Bx1,

g2xx,1 = P1 +Bz0Bz1,

g2xz,1 = w0γ
2βz0βx1 −Bz0Bx1,(

∂

∂t
− ηx∇2

)
f2x =

(
−iω + ηxk

2
)
f2x,1,

∂

∂x
g2xx,1 = ikxg2xx,1,

∂

∂z
g2xz,1 = ikzg2xz,1, which gives(

−iω + ηxk
2
)
f2x,1 = −ickxg2xx,1 − ickzg2xz,1, or

0 =
(
ω + iηxk

2
)
f2x,1 − ckxg2xx,1 − ckzg2xz,1. (12.81)
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For the transport of z-momentum, we have

f2z,1 = w0γ
2βz1 + w1γ

2βz0 + 2w0γ
4β2

z0βz1

− [(Bzβx −Bxβz)Bx]1
= w0γ

2βz1 + w1γ
2βz0 + 2w0γ

4β2
z0βz1,

g2xz,1 = w0γ
2βz0βx1 −Bz0Bx1,

g2zz,1 = P1 −Bz0Bz1 + w1γ
2β2

z0 + 2w0γ
2βz0βz1 + 2w0γ

4β3
z0βz1,(

∂

∂t
− ηz∇2

)
f2z =

(
−iω + ηzk

2
)
f2z,1,

∂

∂x
g2xz,1 = ikxg2xz,1,

∂

∂z
g2zz,1 = ikzg2zz,1, which gives(

−iω + ηzk
2
)
f2z,1 = −ickxg2xz,1 − ickzg2zz,1, or

0 =
(
ω + iηzk

2
)
f2z,1 − ckxg2xz,1 − ckzg2zz,1. (12.82)

For the transport of energy, we have

f3,1 = w1γ
2 + 2w0γ

4βz0βz1 − P1 +Bz0Bz1,

g3x,1 = w0γ
2βx1 +B2

z0βx1 −Bz0βz0Bx1,

g3z,1 = w0γ
2βz1 + w1γ

2βz0 + 2w0γ
4β2

z0βz1,(
∂

∂t
− ηε∇2

)
f3 =

(
−iω + ηεk

2
)
f3,1,

∂

∂x
g3x,1 = ikxg3x,1,

∂

∂z
g3z,1 = ikzg3z,1, which gives(

−iω + ηεk
2
)
f3,1 = −ickxg3x,1 − ickzg3z,1, or

0 =
(
ω + iηεk

2
)
f3,1 − ckxg3x,1 − ckzg3z,1. (12.83)

For the x-component of Faraday’s law, we have

(
∂

∂t
− ηbx∇2

)
Bx =

(
−iω + ηbxk

2
)
Bx1,

− ∂

∂z
(βzBx − βxBz) = −ikz(βz0Bx1 − βx1Bz0), which gives

(−iω + ηbxk
2)Bx1 = −ickz(βz0Bx1 − βx1Bz0), or

0 = (ω + iηbxk
2)Bx1 − ckz(βz0Bx1 − βx1Bz0). (12.84)
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For the z-component of Faraday’s law, we have

(
∂

∂t
− ηbz∇2

)
Bz =

(
−iω + ηbzk

2
)
Bz1,

∂

∂x
(βzBx − βxBz) = ikx(βz0Bx1 − βx1Bz0), which gives(
−iω + ηbzk

2
)
Bz1 = ickx(βz0Bx1 − βx1Bz0), or

0 =
(
ω + iηbzk

2
)
Bz1 + ckx(βz0Bx1 − βx1Bz0). (12.85)

We can now make the following definitions:

ω̄ = ω − ckzβz0,
ω̄ρ = ω̄ + iηρk

2, ωρ = ω + iηxk
2,

ω̄x = ω̄ + iηxk
2, ωx = ω + iηxk

2,

ω̄z = ω̄ + iηzk
2, ωz = ω + iηzk

2,

ω̄ε = ω̄ + iηεk
2, ωε = ω + iηεk

2,

ω̄bx = ω̄ + iηbxk
2, ωbx = ω + iηbxk

2,

ω̄bz = ω̄ + iηbzk
2, ωbz = ω + iηbzk

2. (12.86)

In summary, we have the following linearized equations:

ωρf1,1 − kxg1x,1 − kzg1z,1 = 0, (12.87)

ωxf2x,1 − ckxg2xx,1 − ckzg2xz,1 = 0, (12.88)

ωzf2z,1 − ckxg2xz,1 − ckzg2zz,1 = 0, (12.89)

ωεf3,1 − ckxg3x,1 − ckzg3z,1 = 0, (12.90)

ωbxBx1 − ckz(βz0Bx1 − βx1Bz0) = 0, (12.91)

ωbzBz1 + ckx(βz0Bx1 − βx1Bz0) = 0. (12.92)

The above linearized equations can be written in the following matrix form:

M


w1

P1

βx1

βz1
Bx1

Bz1

 = 0, (12.93)
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where M is a 6 by 6 matrix with the following elements:

M1j =
(
γω̄ρ, −4γω̄ρ, −γc3kxρ0, γ3βz0ρ0c

2ω̄ρ − γkzρ0, 0, 0
)
,

M2j =
(

0, −ckx, w0γ
2ω̄x +B2

z0ωx, 0, cBz0

(
kz −

ωxvz0
c2

)
, −ckxBz0

)
,

M3j =
(
γ2βz0ω̄z, −ckz, −w0γ

2ckxβz0, M34, ckxBz0, ckzBz0

)
,

M34 = w0γ
2
[(

1 + 2γ2β2
z0

)
ω̄z − ckzβz0

]
,

M4j =
(
γ2ω̄ε, −ωε, −ckx

(
w0γ

2 +B2
z0

)
, M44, Bz0ckxβz0, Bz0ωε

)
,

M44 = w0γ
2
(
2γ2βz0ω̄ε − ckz

)
,

M5j = (0, 0, ckzBz0, 0, ω̄bx, 0) ,

M6j = (0, 0, −ckxBz0, 0, ckxβz0, ωbz) . (12.94)

We now non-dimensionalize the variables as follows:

Ω =
ω

ck
, f =

ρc2

w
, q =

P

w
,

βA =
Bz0√
w0

,

ζz =
kz
k
, ζx =

kx
k
,

tauz = βζz, χj =
ηjk

c
,

Ωj = Ω + iχj, Ω̄j = Ωj − ζzβ. (12.95)

The matrix equation is now

M ′


f1

q1

βx1

βz1
βA,x1

βA,z1

 = 0, (12.96)

where the elements of M ′ are given by
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M ′
1j =

(
γΩ̄ρ, −4γΩ̄ρ, −γζxf, γ3βf Ω̄ρ − γζzf, 0, 0

)
,

M ′
2j =

(
0, −ζx, γ2Ω̄x + β2

AΩx, 0, βA (ζz − Ωxβ) , −ζxβA
)
,

M ′
3j =

(
γ2βΩ̄z, −ζz, −γ2ζxβ, M ′

34, ζxβA, ζzβA
)
,

M ′
34 = γ2

[(
1 + 2γ2β2

)
Ω̄z − ζzβ

]
,

M ′
4j =

(
γ2Ω̄ε, −Ωε, −ζx

(
γ2 + β2

A

)
, γ2

(
2γ2βΩ̄ε − ζz

)
, βAζxβ, βAΩε

)
,

M ′
5j =

(
0, 0, ζzβA, 0, Ω̄bx, 0

)
,

M ′
6j = (0, 0, −ζxβA, 0, ζxβ, Ωbz) . (12.97)

By taking the determinant of M ′, and equating this to zero, we obtain a dispersion

relation which can be written as a sixth-order polynomial in Ω = ω/(kc):

C6Ω6 + C5Ω5 + C4Ω4 + C3Ω3 + C2Ω2 + C1Ω + C0 = 0. (12.98)

In the absence of diffusion, the coefficients are as follows (where τz = ζzβ):
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C60 = (β2
A + γ2)[−1 + Cpγ

2 − β2γ2(2− f)],

C50 = τz[β
2
A(3 + (2− 3Cp)γ

2 + 4β2γ2) + γ2(5 + (2− 5Cp)γ
2 + 8β2γ2)]−

τzf [β2
A(1 + γ2(1 + 2β2)) + γ2(1 + γ2(1 + 4β2))],

C40 = R1 +R2 + f(R3 +R4), where

R1 = γ2[−1− 12ζ2
zβ

4γ2 + τ 2
z (−9 + 2(−4 + 5Cp)γ

2)],

R2 = β2
A[−2ζ2

zβ
4γ2 + ζ2

x − Cpγ2 + β2(−2ζ2
z + γ2(2ζ2

x + (−2 + 3Cp)ζ
2
z ))],

R3 = γ2[1 + 6ζ2
zβ

4γ2 + τ 2
z (3 + 4γ2)],

R4 = β2
A[ζ2

z (1 + β4γ2) + β2(ζ2
z + γ2(−ζ2

x + ζ2
z ))],

C30 = τz[S1 + S2 + f(S3 + S4)], where

S1 = γ2[3 + 8ζ2
zβ

4γ2 + τ 2
z (7 + 2(6− 5Cp)γ

2)],

S2 = β2
A[−β2γ2(4ζ2

x + (2 + Cp)ζ
2
z )− 3ζ2

x − 2ζ2
z + (−2 + 3Cp)γ

2],

S3 = −γ2[3 + 4ζ2
zβ

4γ2 + 3τ 2
z (1 + 2γ2)],

S4 = β2
A[β2γ2(2ζ2

x + ζ2
z ) + ζ2

x + γ2],

C20 = ζ2
z [Q1 +Q2 + f(Q3 −Q4)], where

Q1 = β2γ2[−3− 2ζ2
zβ

4γ2 − τ 2
z (2 + (8− 5Cp)γ

2)],

Q2 = β2
A[1 + 2β4γ2 + β2(2 + (4− 3Cp)γ

2)],

Q3 = β2γ2[3 + ζ2
zβ

4γ2 + τ 2
z (1 + 4γ2)],

Q4 = β2
A[1 + β4γ2 + β2(1 + 2γ2)],

C10 = ζ3
zβ(T1 + fT2), where

T1 = β2γ2 − (−2 + Cp)ζ
2
zβ

4γ4 + β2
A[−1 + (−2 + Cp)β

2γ2],

T2 = −β2γ2 − ζ2
zβ

4γ4 + β2
A(1 + β2γ2),

C00 = 0. (12.99)

We now introduce a small amount of diffusion, allowing us to retain only terms up to

order χj. Letting τz = ζzβ, the coefficients are given by
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C6 = C60 = (β2
A + γ2)[−1 + Cpγ

2 − β2γ2(2− f)],

C5 = C50 + i(χx + χz + χε + χρ)[β
2
A(−1 + Cpγ

2 − 2β2γ2)− γ2 + Cpγ
4 − 2β2γ4]

+ i(χx + χz + χε + χρ)fβ
2γ2(β2

A + γ2)

+ i(χbx + χbz)(β
2
A + γ2)[β2γ2(f − 2)− 1 + Cpγ

2],

C4 = C40 + i(χbx + χx)τz[β
2
A(3− f + (2− f − 3Cp)γ

2 + 2(2− f)β2γ2)

+ γ2(4− f + (2− f − 4Cp)γ
2 + 3(2− f)β2γ2)]

+ i(χbz + χε)τz[β
2
A(3− f + (2− f − 3Cp)γ

2 + 2(2− f)β2γ2)

+ γ2(5− f + (2− f − 5Cp)γ
2 + 4(2− f)β2γ2)]

+ iχzτz[β
2
A(1− f − Cpγ2 + (2− f)β2γ2) + γ2(3− f − 3Cpγ

2 + 3(2− f)β2γ2)]

+ iχρτz[β
2
A(2 + (2− f − 2Cp)γ

2 + (2− f)β2γ2)

+ γ2(4 + (2− f − 4Cp)γ
2 + 3(2− f)β2γ2)], (12.100)

C3 = C30 + iβ2
A[ζ2

x − ζ2
z − 2τ 2

z − Cpζ2
xγ

2 + β2γ2(2ζ4
x − 2ζ2

xζ
2
z − 4ζ4

z + 3Cpζ
2
z − 2τ 2

z )]χbx

+ iβ2
Af [ζ2

z + τ 2
z + β2γ2(−ζ4

x + ζ2
xζ

2
z + 2ζ4

z + τ 2
z )]χbx

+ iγ2[−1− 5τ 2
z + 6τ 2

z γ
2(−1 + Cp − β2)]χbx

+ iγ2f [1 + 2τ 2
z + 3τ 2

z γ
2(1 + β2)]χbx

+ iβ2
A[−ζ2

x − 2τ 2
z − Cpζ2

zγ
2 + β2γ2(−2ζ4

x + (−4 + 3Cp)ζ
2
xζ

2
z + (−2 + 3Cp)ζ

4
z − 2τ 2

z )]χbz

+ iγ2[−1− 9τ 2
z + τ 2

z γ
2(−8 + 10Cp − 12β2)]χbz

+ iβ2
Af [ζ2

z + τ 2
z + β2γ2(1 + τ 2

z )]χbz + iγ2f [1 + 3τ 2
z + τ 2

z γ
2(4 + 6β2)]χbz

+ iβ2
A[−ζ2

z − 2τ 2
z + τ 2

z γ
2(−4 + 3Cp − 2β2)]χx

+ iγ2[−ζ2
z − 5τ 2

z + 6τ 2
z γ

2(−1 + Cp − β2)]χx

+ iβ2
Af [ζ2

z + τ 2
z + τ 2

z γ
2(2 + β2)]χx + iγ2f [ζ2

z + 2τ 2
z + 3τ 2

z γ
2(1 + β2)]χx

+ iβ2
A(1− Cpγ2 + 2β2γ2)χz + iγ2[−ζ2

x − 3τ 2
z + β2γ2(−2ζ2

x + 3Cpζ
2
z − 6τ 2

z )]χz

+ iγ2f [−β2
A + ζ2

x + 2τ 2
z + β2γ2(ζ2

x + 3τ 2
z )]χz

+ iβ2
A[2ζ4

x + 3ζ2
xζ

2
z + ζ4

z − 2τ 2
z − Cpγ2 + β2γ2(4ζ2

x + 2Cpζ
2
z − 2τ 2

z )]χε

+ iβ2
Af [ζ2

z + τ 2
z + β2γ2(−2ζ2

x + τ 2
z )]χε

+ iγ2[9τ 2
z (−1 + Cpγ

2) + β2γ2(2ζ4
x − 4ζ2

xζ
2
z − 6ζ4

z − 12τ 2
z )]χε

+ iγ2f [1 + 3τ 2
z + β2γ2(−ζ4

x + 2ζ2
xζ

2
z + 3ζ4

z + 6τ 2
z )]χε

+ iβ2
A[ζ2

x − Cpγ2 + γ2β2(2ζ2
x + Cpζ

2
z )]χρ + iγ2[−1− 5τ 2

z + 6τ 2
z γ

2(−1 + Cp − β2)]χρ

+ iβ2γ2f [−β2
Aζ

2
x + 3ζ2

zγ
2(1 + β2)]χρ, (12.101)
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C2 = C20 + iβ2
Aτz[−3ζ4

x − 2ζ2
xζ

2
z + ζ4

z + (−4 + 3Cp)ζ
2
xγ

2

+ β2γ2(−4ζ4
x + 2ζ2

z (ζ2
z − ζ2

x)− Cpζ2
z )]χbx

+ iτzfβ
2
A[ζ4

x − ζ4
z + 2γ2ζ2

x + γ2β2(2ζ4
x + ζ2

xζ
2
z + ζ4

z )]χbx

+ iγ2τz[2 + 2τ 2
z + τ 2

z γ
2(6− 4Cp + 2β2)]χbx

+ iτzfγ
2[−2− τ 2

z − τ 2
z γ

2(3 + β2)]χbx

+ iβ2
Aτz[3ζ

4
x + ζ2

xζ
2
z − 2ζ4

z

+ γ2(2ζ4
x + 3Cpζ

2
xζ

2
z + (−2 + 3Cp)ζ

4
z + β2(4ζ4

x + (2− Cp)ζ2
xζ

2
z − (2 + Cp)ζ

4
z ))]χbz

+ iτzfβ
2
A[−ζ2

x + γ2(ζ4
z − ζ4

x) + β2γ2(−2ζ4
x − ζ2

xζ
2
z + ζ4

z )]χbz

+ iγ2τz[3 + 7τ 2
z + τ 2

z γ
2(12− 10Cp + 8β2)]χbz

+ iτzfγ
2[−3− 3τ 2

z − τ 2
z γ

2(6 + 4β2)]χbz

+ iτz[β
2
A(ζ2

z + (2− Cp)τ 2
z γ

2) + γ2(2ζ2
z + 2τ 2

z + τ 2
z γ

2(6− 4Cp + 2β2))]χx

+ iτzf [β2
A(−ζ2

z − τ 2
z γ

2) + γ2(−2ζ2
z − τ 2

z − τ 2
z γ

2(3 + β2))]χx

+ iτz[β
2
A(−1 + Cpγ

2 − 2β2γ2) + γ2(2ζ2
x + τ 2

z

+ γ2β2(4ζ4
x − Cpζ4

z + (4− Cp)ζ2
xζ

2
z + 2τ 2

z ))]χz

+ iτzf [β2
A(1 + β2γ2) + γ2(−2ζ2

x − τ 2
z − β2γ2(2ζ2

x + τ 2
z ))]χz

+ iτzβ
2
A[−6ζ4

x − 9ζ2
xζ

2
z − 3ζ4

z + (−2 + 3Cp)γ
2 + β2γ2(−8ζ4

x − 12ζ2
xζ

2
z − 4ζ4

z )]χε

+ iτzfβ
2
A[(1 + 2β2γ2)(2ζ4

x + 3ζ2
xζ

2
z + ζ4

z ) + γ2]χε

+ iτzγ
2[7τ 2

z + β2γ2(−4ζ4
x + (2− 7Cp)ζ

2
xζ

2
z + (6− 7Cp)ζ

4
z + 8τ 2

z )]χε

+ iτzfγ
2[−2− 3τ 2

z + β2γ2(2ζ4
x − ζ2

xζ
2
z − 3ζ4

z − 4τ 2
z )]χε

+ iτz[β
2
A(−2 + 2(−1 + Cp)γ

2 − 2β2γ2) + γ2(2 + 2τ 2
z + τ 2

z γ
2(6− 4Cp + 2β2))]χρ

+ iτzfγ
2[β2

A(1 + β2)− τ 2
z γ

2(3 + β2)]χρ, (12.102)
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C1 = C10 + iβ2
Aζ

2
xζ

2
z [2(1 + β2) + (8− 3Cp)β

2γ2 + 2β4γ2]χbx

+ iγ2τ 2
z (−1 + (−2 + Cp)τ

2
z γ

2)χbx

− ifζ2
xζ

2
zβ

2
A[2 + β2 + β2γ2(4 + β2)]χbx + ifγ2τ 2

z (1 + τ 2
z γ

2)χbx

+ iβ2
A[(1 + 2β2)(−ζ4

xζ
2
z + ζ6

z )− τ 2
z γ

2(4ζ4
x + 3Cpζ

2
xζ

2
z + (3Cp − 4)ζ4

z + 2β2(ζ4
x − ζ4

z ))]χbz

+ iγ2τ 2
z [−3− 2τ 2

z + τ 2
z γ

2(5Cp − 8− 2β2)]χbz

+ ifβ2
A(ζ4

x − ζ4
z )[ζ2

z + τ 2
z + τ 2

z γ
2(2 + β2)]χbz + ifτ 2

z γ
2[3 + τ 2

z + τ 2
z γ

2(4 + β2)]χbz

+ iγ2τ 2
z (−ζ2

z + (Cp − 2)τ 2
z γ

2)χx − iγ2τ 2
z (ζ2

x + 2ζ2
xβ

2γ2)χz

+ ifγ2τ 2
z ζ

2
z (1 + β2γ2)χx + ifγ2τ 2

z ζ
2
x(1 + β2γ2)χz

+ iβ2
Aτ

2
z [(1 + γ2β2)(4ζ4

x + 6ζ2
xζ

2
z + 2ζ4

z ) + (2− 2Cp)γ
2]χε

+ ifβ2
A(1 + β2γ2)[−ζ2

z − τ 2
z (2ζ4

x + 3ζ2
xζ

2
z − ζ4

z )]χε

+ iγ2τ 2
z β

2[−2ζ2
z + γ2(2ζ4

x + 2Cpζ
2
xζ

2
z + 2(−1 + Cp)ζ

4
z − 2τ 2

z )]χε

+ ifγ2τ 2
z [1 + τ 2

z + β2γ2(ζ4
z − ζ4

x + τ 2
z )]χε

+ iζ2
z [β2

A(1 + (2− Cp)β2γ2) + τ 2
z γ

2(−1 + (Cp − 2)τ 2
z γ

2)]χρ

+ ifγ2τ 2
z (−β2

A + τ 2
z γ

2)χρ (12.103)

C0 = iτzζ
2
z ζ

2
xβ

2
A[−2 + β2γ2(Cp − 4)]χbx

+ 2ifτzζ
2
z ζ

2
xβ

2
A(1 + β2γ2)χbx

+ iτzζ
2
z [β2

A(ζ4
x − ζ4

z + β2γ2(2(ζ2
x − ζ2

z ) + Cpζ
2
z )) + β2γ2(1 + (2− Cp)τ 2

z γ
2)]χbz

+ ifτzζ
2
z [β2

A(1 + β2γ2)(ζ4
z − ζ4

x)− β2γ2(1 + τ 2
z γ

2)]χbz. (12.104)

If we retain all terms, we must first make the following definitions:

ψj = −τz + iχj,

D1 = −2τz(1 + γ2β2) + i(1 + 2γ2β2)χz,

D2 = −ζzγ2 + 2βγ4(−τz + iχε),

D3 = −ζzγ + βγ3(−τz + iχρ). (12.105)

The coefficient C0 is then given by
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C0 = −iβ2
Aζ

2
xζzβγ

3D1ψρχbz − iζ2
xγ

3(β2
A + γ2)ψbxD1ψρχbz

+ 2iβ2
Aζ

2
xτzγ

3D1ψρχε + 2iβ2
Aζ

2
xγ

3D1ψρψbxχε − β2
Aζzγ

3(ζz − iβχx)D1ψρχbzχε

+ γ3ψxχbz(iβ
2
Aχx + γ2ψx)D1ψρχε + 4β2

Aζ
2
xτzγ

5D1ψρψε

− 4β2
Aζ

2
xγ

5D1ψρψεψbx − 4iβ2
Aζzγ

5χbzψxD1ψρψε

+ 4iγ5χbzψbx(iβ
2
Aχx + γ2ψx)D1ψρψε − 2β2

Aζ
2
xζ

2
zβγD2ψρ + iβ2

Aζ
2
xζzγχbzD2ψρ

+ iζ2
xβγ

3ψbxχbzD2ψρ − iβ2
Aζ

2
zγχbz(ζz − iβχx)D2ψρ + iζzγψbxχbz(iβ

2
Aχx + γ2ψx)D2ψρ

+ 4β2
Aζ

2
xζzβ

2γ3ψzD2ψρ + 4β2
Aζ

2
xβγ

3ψbxψzD2ψρ + 4iβ2
Aτzγ

3χbz(ζz − iβχx)ψzD2ψρ

− 4iβγ3ψbxχbz(iβ
2
Aχx + γ2ψx)ψzD2ψρ + iζ2

xγ
5fψbxχbzD2ψε

− iζ2
xβγ

3fψbxχbzψzD2 + β2
Aζ

2
xζzγ

2ψbxD3ψεf + iβ2
Aζ

2
xζzβ

2γ2χbzD3ψzf

+ iζ2
xβγ

2(β2
A + γ2)ψbxχbzD3ψzf + β2

Aγ
2χεD3ψzf [−2iζ2

xζzβ
2 − 2iζ2

xβψbx

+ τzχbz(ζz − iβχx)]− βγ2ψbxχbz(iβ
2
Aχx + γ2ψx)χεD3ψzf + 2β2

Aζ
2
xζ

2
zβγ

2D3ψεf

+ β2
Aζ

2
xζzγ

2ψbxD3ψεf − iβ2
Aζ

2
xζzγ

2χbzD3ψεf − iζ2
xβγ

4ψbxχbzD3ψεf

+ iβ2
Aζ

2
zγ

2χbz(ζz − iβχx)D3ψεf − iζzγ2ψbxχbz(iβ
2
Aχx + γ2ψx)D3ψεf. (12.106)

The dimensionless relativistic sound speed is given by

βs =
cs
c

=

√
ΓP

w

=

√
Γ

(
Γ− 1

Γ

)
w − ρc2

w

=
√

(Γ− 1)(1− f). (12.107)

We also denote the Lorentz-shifted wave vector as follows:

k̄x = kx,

γk̄z = γ

(
kz −

ωβz0
c

)
. (12.108)

Correspondingly, we define ζ̄z, the dimensionless version of k̄z, as

ζ̄z = ζz − Ωβ. (12.109)
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With these definitions, the above dispersion relation is equivalent to the following:

ΩΩ̄f4(Ω) = 0, where

f4(Ω) = γ2Ω̄4 − [β2
s (ζ

2
x + γ2ζ̄2

z ) + β2
A(1− Ω2)]Ω̄2 + β2

s (1− Ω2)β2
Aζ̄

2
z . (12.110)

Using definitions (12.95) to write (12.110) in terms of the original variables, the dispersion

relation reads as follows:

ωω̄g4(ω) = 0, where

g4(ω) = γ2ω̄4 −
[
c2
s(k

2
x + γ2k̄2

z) + v2
Az

(
k2 − ω2

c2

)]
ω̄2 + c2

s

(
k2 − ω2

c2

)
v2
Azk̄

2
z . (12.111)

The solutions are Ω = 0 (ω = 0), Ω = ζzβ (ω = kzvz0), and the four magnetosonic modes

to which g4(ω) corresponds. The non-relativistic limit of g4(ω) is in agreement with the

dispersion relation for magnetosonic modes presented in LRN09.

LRN09 also present Alfven modes corresponding to

f2(ω) = ω̄2 − v2
Az

(
k2
z −

ω2

c2

)
= 0. (12.112)

Alfven waves occur when the total stress is spatially uniform, i.e., when we have

∇
(
P +

E2 +B2

2

)
= 0. (12.113)

Substituting the linearized forms (12.79) for P and B into (12.113), we obtain

ik (P1 +Bz0Bz1) = 0. (12.114)
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To show how this corresponds to the familiar Alfven modes, we need an expression for Bz1

in terms of P1, in the absence of diffusion. We obtain this as follows. From the diffusionless

version of equation (12.91), we can solve for Bx1 in terms of vx1:

Bx1 =
−kzBz0

ω̄
vx1. (12.115)

Substituting (12.115) into (12.92) (diffusionless versions), we can solve for Bz1 in terms of

vx1:

Bz1 =
kxBz0

ω̄
vx1. (12.116)

The second element of the diffusionless version of (12.93), describing transport of x-momentum,

can be written as follows:

−kxP1 +

(
w0γ

2ω̄ +
B2
z0

c2
ω

)
vx1 +Bz0

(
kz −

ωvz0
c2

)
Bx1 − kxBz0Bz1 = 0. (12.117)

We now substitute expressions (12.115) and (12.116) into equation (12.117). This yields the

following expression for vx1 in terms of P1:

vx1 =
c2kxω̄P1

w0γ2ω̄2 −B2
z0(k2 − ω2/c2)

=
c2kxω̄P1

w0(γ2ω̄2 − v2
Az(k

2 − ω2/c2))
. (12.118)

Substituting (12.118) into (12.116), we obtain the following expression for Bz1 in terms of

P1:
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Bz1 =
kxBz0

ω̄
vx1 =

c2k2
xBz0P1

w0(γ2ω̄2 − v2
Az(k

2 − ω2/c2))
. (12.119)

Substituting this result into (12.114), we obtain

ikP1

[
1 +

c2k2
xB

2
z0

w0(γ2ω̄2 − v2
Az(k

2 − ω2/c2))

]
= 0. (12.120)

Using v2
Az = c2B2

z0/w0 and multiplying (12.120) by the denominator, we obtain

γ2ω̄2 − v2
Az

(
k2 − ω2

c2

)
+ k2

xv
2
Az = 0, (12.121)

which, upon combining the second and third term, gives the familiar dispersion relation for

Alfven modes:

γ2ω̄2 − v2
Az

(
k2
z −

ω2

c2

)
= 0. (12.122)

The non-relativistic limit of (12.122) is in agreement with the result of LRN09. In summary,

in the absence of diffusion, we recover the marginally stable Alfven and magnetosonic modes

derived in LRN09.

12.3.2 Stability for Equal Diffusion Coefficients

Suppose now that the diffusion is non-zero, and that all viscosity coefficients are equal to

a common value χ. This amounts to simply replacing Ω with Ω + iχ in the diffusionless
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version of the linearized system (12.97). We therefore make the substitution y = Ω + iχ in

the dispersion relation (12.110) for the diffusionless case:

y(y − τz)f4(y) = 0, (12.123)

where

f4(y) = γ2(y − τz)4 − [β2
s (ζ

2
x + γ2ζ̄2

z ) + β2
A(1− y2)](y − τz)2 + β2

s (1− y2)β2
Aζ̄

2
z . (12.124)

Let yj, for j = 1, ..., 4, denote the four magnetosonic modes satisfying f4(yj) = 0. The yj are

all purely real, as are the solutions y = 0 and y = τz corresponding to the other two modes.

The corresponding solutions for Ω are therefore

Ωj = yj − iχ, j = 1, ..., 4

Ω5 = −iχ
Ω6 = τz − iχ (12.125)

The imaginary part of each solution is −χ, which indicates that each solution corresponds

to a decaying mode. This leads to an important conclusion, namely, that when all viscosity

coefficients are the same, the uniform-flow model yields decaying modes in all reference

frames.

12.3.3 Decaying Modes in Non-relativistic Regime

We now include diffusion, and show that in reference frames for which the flow speed is non-

relativistic, the uniform-flow model generally yields decaying modes. Note that the limit of

zero flow speed corresponds to the co-moving frame discussed in section 12.1.
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In the non-relativistic limit, the Lorentz factor has the following Taylor expansions:

γ2 ≈ 1 + β2 + ....,

γ4 ≈ 1 + 2β2 + .... . (12.126)

The sound speed can be written as

c2
s

c2
=

ΓP0

w0

= (Γ− 1) (1− f) , so that

1− f =
1

Γ− 1

(
c2
s

c2

)
=

β2
s

Γ− 1
= Cvβ

2
s ,

f = 1− Cvβ2
s , (12.127)

where we have defined the dimensionless sound speed βs = cs/c and a dimensionless version of

the heat capacity at constant volume, Cv = (Γ−1)−1. The usual heat capacity is C ′v = kBCv,

where kB is Boltzmann’s constant. Assuming non-relativistic sound speeds, we can make

the approximation f ≈ 1 only in the absence of terms such as 1− f and f − 1. When these

terms appear, the sound speed must be retained.

We retain only terms up to order β2, and invoke the approximations of a non-relativistic

sound speed, f ≈ 1 and (12.127) for 1 − f . Recalling that Cp = Cv + 1, we have, for the

coefficients of the diffusionless polynomial,

C60 ≈ (β2
A + 2β2 + 1)Cv,

C50 ≈ −τzCv(3β2
A + β2

s − 10β2 + 5),

C40 ≈ Cv(−β2
s − β2

A + 10τ 2
z ),

C30 ≈ τzCv(3β
2
s + 3β2

A − 10τ 2
z ),

C20 ≈ ζ2
zCv[β

2(−3β2
s + 5τ 2

z ) + β2
A(β2

s − 3β2)],

C10 ≈ Cvβζ
3
z [β2

sβ
2 + β2

A(−β2
s + β2)],

C00 = 0. (12.128)
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We seek the roots of the diffusionless dispersion relation in the non-relativistic limit. From

the factorization (12.110), we know that two of these roots are Ω1 = 0 and Ω2 = τz. The

remaining four roots are magnetosonic modes, and can be obtained from the non-relativistic

limit of the dispersion relation for magnetosonic waves, f4(Ω) = 0, where f4(Ω) is given by

(12.110). The non-relativistic limit of this is as follows, where, as before, Ω̄ = Ω− τz:

Ω̄4 − (β2
s + β2

A)Ω̄2 + β2
sβ

2
Aζ

2
z = 0. (12.129)

The magnetosonic roots are as follows:

Ω̄2
+ = β2

s+ =
β2
s + β2

A +
√
β4
s + β4

A + 2(1− 2ζ2
z )β2

sβ
2
A

2
, (12.130)

Ω̄2
− = β2

s− =
β2
s + β2

A −
√
β4
s + β4

A + 2(1− 2ζ2
z )β2

sβ
2
A

2
. (12.131)

The diffusionless polynomial can now be written in terms of its non-relativistic roots:

Ω(Ω− τz)
[
(Ω− τz)2 − β2

s+

] [
(Ω− τz)2 − β2

s−
]

= 0, (12.132)

whose roots are

Ω1 = 0, Ω2 = τz,

Ω3 = τz + βs+, Ω4 = τz − βs+,
Ω5 = τz + βs−, Ω6 = τz − βs−. (12.133)

We now wish to introduce a small amount of diffusion into the non-relativistic polynomial,

and write this polynomial in terms of a perturbation δ to the diffusionless roots. That is, for

each Ωj which is a root of the diffusionless polynomial, Ωj + εδj is the corresponding root of
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the polynomial with diffusion. For a given Ωj, we begin by writing the diffusion-containing

polynomial in the form

6∑
h=0

Ch(Ωj + εδj)
h = 0. (12.134)

Assuming sufficiently small viscosities, we retain only terms up to order χj. We invoke the

approximations of a non-relativistic sound speed, namely, f ≈ 1 and expression (12.127) for

1− f . Also, recall that Cp = Cv + 1. The coefficients with diffusion can now be written as

C6 ≈ C60 = (β2
A + 2β2 + 1)Cv,

C5 ≈ C50 + i(χx + χz + χε + χρ + χbx + χbz)Cv(1 + β2
A + 2β2),

C4 ≈ C40 + i(χbx + χx)τzCv(−3β2
A + 2β2

s − 8β2 − 4)

+ i(χbz + χε)τzCv(−3β2
A + 2β2

s − 10β2 − 5)

+ iχzτz[β
2
A(−1− Cv) + Cvβ

2
s − (1 + 6Cv)β

2 − 1− 3Cv]

+ iχρτz[β
2
A(1− 2Cv) + Cvβ

2
s + (1− 8Cv)β

2 + 1− 4Cv],

C3 ≈ C30 + i[6Cvτ
2
z − Cvβ2

s + β2
A(−Cvζ2

x − Cvζ2
zβ

2
s + 3Cvτ

2
z − (Cv + 2)ζ2

xβ
2)]χbx

+ i[−Cvβ2
s + 10Cvτ

2
z + β2

A(−Cvζ2
z − ζ2

x)]χbz

+ iCv(−ζ2
zβ

2
s + 6τ 2

z )χx + i[−Cvζ2
xβ

2
s + (2 + 3Cv)τ

2
z − β2ζ2

x − (1 + Cv)β
2
A]χz

+ i[1 + β2
A(1− Cv)]χε + i[−1− β2

A(1 + Cv)]χρ,

C2 ≈ C20 + iτz[2Cvβ
2
s − 4Cvτ

2
z + (−1 + 3Cv)ζ

2
xβ

2
A]χbx

+ iτz[3Cvβ
2
s − 10Cvτ

2
z + 3β2

A(Cvζ
2
z + ζ2

x)]χbz

+ iτzCv[Cvζ
2
zβ

2
s − 4τ 2

z + β2
A(2Cvζ

2
zβ

2
s − τ 2

z )]χx

+ iτz[2Cvζ
2
xβ

2
s + (−(1 + Cv)ζ

2
z + 2ζ2

x)β2 + (1 + Cv)β
2
A]χz

+ iτz[−2 + (−2ζ2
x + 3Cv)β

2
A]χε + iτz[2 + (−1 + 2Cv)β

2
A]χρ,

C1 ≈ C10 + i[τ 2
z (−Cvβ2

s + Cvτ
2
z ) + β2

Aζ
2
xζ

2
z [2Cvβ

2
s + 3β2(4− Cv)]]χbx

+ iτ 2
z [−3Cvβ

2
s + 5Cvτ

2
z + ((−2− 3Cv)ζ

2
z − ζ2

x)β2
A]χbz

+ iτ 2
z [Cvζ

2
z (−β2

s + β2)χx − ζ2
x(Cvβ

2
s + β2)χz] + i(τ 2

z − ζ2
zβ

2
A)χε + iζ2

z (−τ 2
z + β2

A)χρ,

C0 ≈ iβζ3
z ζ

2
xβ

2
A[−2Cvβ

2
s + β2(−1 + Cv)]χbx

+ iτzζ
2
z [Cvβ

2(β2
s − τ 2

z ) + (−Cvβ2
s (ζ

2
z − ζ2

x) + β2(ζ2
x + Cvζ

2
z ))β2

A]χbz. (12.135)
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Each coefficient Cj can be written in the form

Cj = Cj0 + iεHj. (12.136)

The imaginary parts of the Cj are given by εHj, where

H6 = 0,

H5 = (Sx + Sz + Sε + Sρ + Sbx + Sbz)Cv(β
2
A + 1),

H4 = (Sbx + Sx)τzCv(−3β2
A − 4) + (Sbz + Sε)τzCv(−3β2

A − 5)

+ Szτz[β
2
A(−1− Cv)− 1− 3Cv] + Sρτz[β

2
A(1− 2Cv) + 1− 4Cv],

H3 = [6Cvτ
2
z − Cvβ2

s + β2
A(−Cvζ2

x − Cvζ2
zβ

2
s + 3Cvτ

2
z )]Sbx

+ [−Cvβ2
s + 10Cvτ

2
z + β2

A(−Cvζ2
z − ζ2

x)]Sbz

+ Cv(−ζ2
zβ

2
s + 6τ 2

z )Sx + [−Cvζ2
xβ

2
s + (2 + 3Cv)τ

2
z − β2ζ2

x − (1 + Cv)β
2
A]Sz

+ [1 + β2
A(1− Cv)]Sε + [−1− β2

A(1 + Cv)]Sρ,

H2 = τz[2Cvβ
2
s − 4Cvτ

2
z + (−1 + 3Cv)ζ

2
xβ

2
A]Sbx

+ τz[3Cvβ
2
s − 10Cvτ

2
z + 3β2

A(Cvζ
2
z + ζ2

x)]Sbz

+ τzCv[Cvζ
2
zβ

2
s − 4τ 2

z + β2
A(2Cvζ

2
zβ

2
s − τ 2

z )]Sx

+ τz[2Cvζ
2
xβ

2
s + (−(1 + Cv)ζ

2
z + 2ζ2

x)β2 + (1 + Cv)β
2
A]Sz

+ τz[−2 + (−2ζ2
x + 3Cv)β

2
A]Sε + τz[2 + (−1 + 2Cv)β

2
A]Sρ,

H1 = [τ 2
z (−Cvβ2

s + Cvτ
2
z ) + β2

Aζ
2
xζ

2
z [2Cvβ

2
s + 3β2(4− Cv)]]Sbx

+ τ 2
z [−3Cvβ

2
s + 5Cvτ

2
z + ((−2− 3Cv)ζ

2
z − ζ2

x)β2
A]Sbz

+ τ 2
z [Cvζ

2
z (−β2

s + β2)Sx − ζ2
x(Cvβ

2
s + β2)Sz] + (τ 2

z − ζ2
zβ

2
A)Sε + ζ2

z (−τ 2
z + β2

A)Sρ,

H0 = βζ3
z ζ

2
xβ

2
A[−2Cvβ

2
s + β2(−1 + Cv)]Sbx

+ τzζ
2
z [Cvβ

2(β2
s − τ 2

z ) + (−Cvβ2
s (ζ

2
z − ζ2

x) + β2(ζ2
x + Cvζ

2
z ))β2

A]Sbz. (12.137)

where we define χj = εSj for the viscosities. If we further assume β2
A << 1, the Hj reduce

to

H6 = 0,

H5 = (Sx + Sz + Sε + Sρ + Sbx + Sbz)Cv,

H4 = −4(Sbx + Sx)τzCv + (Sbz − 5Sε)τzCv + Szτz(−1− 3Cv) + Sρτz(1− 4Cv),

H3 = Sε − Sρ,
H2 = −2τz(Sε − Sρ),
H1 = (τ 2

z − ζ2
zβ

2
A)Sε + ζ2

z (−τ 2
z + β2

A)Sρ,

H0 = βζ3
z ζ

2
xβ

2
A[−2Cvβ

2
s + β2(−1 + Cv)]Sbx

+ τzζ
2
z [Cvβ

2(β2
s − τ 2

z ) + (−Cvβ2
s (ζ

2
z − ζ2

x) + β2(ζ2
x + Cvζ

2
z ))β2

A]Sbz. (12.138)
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If we now assume β is much smaller than other terms, we can further simplify the

expressions for H1 and H0:

H1 = −ζ2
zβ

2
A(Sε − Sρ),

H0 = −Cvβζ3
zβ

2
sβ

2
A[2ζ2

xSbx + (ζ2
z − ζ2

x)Sbz]. (12.139)

Substituting expressions (12.136) and (12.138) for the Cj into the dispersion relation (12.134),

we have

C60(Ωj + εδj)
6 +

5∑
h=0

(Ch0 + iεHh)(Ωj + εδj)
h = 0. (12.140)

(12.140) can be written in the form

6∑
i=0

Fiε
i = 0, (12.141)

where

F0 =
6∑

h=0

Ch0Ωh
j , (12.142)

F1 = δj

6∑
h=1

hCh0Ωh−1
j + i

5∑
h=0

HhΩ
h
j . (12.143)

In order for (12.141) to hold, each of the Fi must vanish individually. F0 vanishes auto-

matically, since this is simply the diffusionless polynomial whose roots are the Ωj. By setting

F1 equal to zero, we arrive at an expression for δj:

δj = (−i)

[
5∑

h=0

HhΩ
h
j

][
6∑

h=1

hCh0Ωh−1
j

]−1

. (12.144)

Because the unperturbed roots Ωj are all real, the stability of a perturbed root is dictated

by the sign of the imaginary part of the perturbation δj, which is purely imaginary. If Im
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(δj) > 0, we have a growing mode, and instability. If Im (δj) < 0, we have a decaying mode

that does not contribute instability. To explicitly compute each δj below, we use expression

(12.144), substituting expressions (12.128) for the Cj0 and expressions (12.138) and (12.139)

for the Hj. We consider cases for which β << βs and β << βA.

Consider the unperturbed root Ω1 = 0. From (12.144), the corresponding perturbation

is

δ1 = (−i)H0

C10

= (i)
Cvβζ

3
zβ

2
sβ

2
A[2ζ2

xSbx + (ζ2
z − ζ2

x)Sbz]

Cvβζ3
z [β2

sβ
2 + β2

A(−β2
s + β2)]

≈ (−i)Cvβζ
3
zβ

2
sβ

2
A[2ζ2

xSbx + (ζ2
z − ζ2

x)Sbz]

Cvβζ3
zβ

2
Aβ

2
s

= (−i)[2ζ2
xSbx + (ζ2

z − ζ2
x)Sbz]. (12.145)

As long as Sbz is not significantly larger than Sbx, we have Im δ1 < 0, and root 1 does not

contribute instability.

Consider the unperturbed root Ω2 = τz. Using (12.144), and retaining only the largest

terms, the corresponding perturbation is

δ2 ≈
H1τz

2C20τz + C10

≈ (−i)−ζ
3
zββ

2
A(Sε − Sρ)

ζ3
zCvβ

2
Aβ

2
sβ

= (i)
Sε − Sρ
Cvβ2

s

. (12.146)

As long as Sρ > Sε, we have Im δ2 < 0, and root 2 does not contribute instability.

Consider the unperturbed roots having the form Ωr = τz ± βr, where βr = βs,±. Because

τz << βr, we can say that Ωr ≈ ±βr. Using (12.144), and retaining only the largest terms,

the corresponding perturbation is
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δr ≈ (−i) H3Ω3
r +H1Ωr

6C60Ω5
r + 4C40Ω3

r + 2C20Ωr

≈ (−i) (Sε − Sρ)(±β3
r ∓ ζ2

zβ
2
Aβr)

Cv[±6β5
r ∓ 4(β2

s + β2
A)β3

r ± 2ζ2
zβ

2
Aβ

2
sβr]

= (−i) (Sε − Sρ)(β2
r − ζ2

zβ
2
A)

Cv[6β4
r − 4(β2

s + β2
A)β2

r + 2ζ2
zβ

2
Aβ

2
s ]
. (12.147)

From expression (12.130), we see that βs+ ≥ βs and βs+ ≥ βA. From expression (12.131), on

the other hand, we see that βs− ≤ βs and βs− ≤ βA. We define the ratios

R+ =
β2
s+ − ζ2

zβ
2
A

Cv[6β4
s+ − 4(β2

s + β2
A)β2

s+ + 2ζ2
zβ

2
Aβ

2
s ]
,

R− =
β2
s− − ζ2

zβ
2
A

Cv[6β4
s− − 4(β2

s + β2
A)β2

s− + 2ζ2
zβ

2
Aβ

2
s ]
. (12.148)

Given that Ωr ≈ βs,±, these two quantities both satisfy the diffusionless magnetosonic dis-

persion relation (12.129). That is,

β4
s,± − (β2

s + β2
A)β2

s,± + β2
sβ

2
Aζ

2
z = 0. (12.149)

Therefore, R+ and R− can be rewritten as

R+ =
β2
s+ − ζ2

zβ
2
A

Cv[4β2
s+ − 2(β2

s + β2
A)]

,

R− =
β2
s− − ζ2

zβ
2
A

Cv[4β2
s− − 2(β2

s + β2
A)]

, (12.150)

where, again,

β2
s+ =

β2
s + β2

A +
√
β4
s + β4

A + 2(1− 2ζ2
z )β2

sβ
2
A

2
, (12.151)

β2
s− =

β2
s + β2

A −
√
β4
s + β4

A + 2(1− 2ζ2
z )β2

sβ
2
A

2
. (12.152)
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The magnetosonic perturbations can be written as

δ+ = (−i)(Sε − Sρ)R+

δ− = (−i)(Sε − Sρ)R− (12.153)

We use (12.151) and (12.152) in conjunction with the expressions for R+ and R−. The

numerator and denominator of R+ are both greater than or equal to zero, so that R+ is always

positive. This means that δ+ yields stability as long as Sε ≥ Sρ. The denominator of R− is

less than or equal to zero. However, the numerator of R− can be either positive or negative.

If it’s positive, then R− < 0, and stability requires Sε ≤ Sρ. If the numerator is negative,

then R− > 0, and stability requires Sε ≤ Sρ. We see that in some cases stability requires

Sε ≥ Sρ, while in other cases stability requires Sε ≤ Sρ. Combining these, we see that as

long as Sε = Sρ, i.e., we have equal energy and density viscosities, we observe decaying or

marginally stable modes in the reference frame corresponding to non-relativistic flow speed.

We now consider reference frames corresponding to highly relativistic flow speed, and show

that this is the limit in which the anomalies emerge. This is identical to the condition

obtained in subsection 12.2.3 of the corresponding RHD (unmagnetized) analysis.

12.3.4 Extreme Relativistic Limit

We now seek to demonstrate that in reference frames for which the flow speed approaches

the speed of light, diffusion yields anomalous growing modes in almost all circumstances. In

the extreme relativistic limit, we retain only terms with the highest power of γ, which is γ4.

The coefficients without diffusion then become
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C60 = 4− β2(2− f),

C50 = τz[−18− f + 4β2(2− f)],

C40 = τ 2
z [4(8 + f)− 6β2(2− f)],

C30 = τ 3
z [−28− 6f + 4β2(2− f)],

C20 = τ 4
z [12 + 4f − β2(2− f)],

C10 = −τ 5
z (2 + f),

C00 = 0. (12.154)

The coefficients with diffusion are now given by

C6 = C60 = 4− β2(2− f),

C5 = C50 + i(χx + χz + χε + χρ + χbx + χbz)[4− (2− f)β2],

C4 = C40 + iτz[−14− f + 3(2− f)β2](χbx + χx + χρ)

+ iτz[−18− f + 4(2− f)β2](χbz + χε) + iτz[−12 + 3(2− f)β2)]χz,

C3 = C30 + iτ 2
z [3(6 + f)− 3(2− f)β2](χbx + χx + χρ)

+ iτ 2
z [4(8 + f)− 6(2− f)β2]χbz

+ iβ2[−2ζ4
x + 10ζ2

xζ
2
z + 12ζ4

z + fζ2
x − 3(2− f)τ 2

z ]χz

+ iβ2[(2− f)ζ4
x + 2(16 + f)ζ2

xζ
2
z + 3(10 + f)ζ4

z − 6(2− f)τ 2
z ]χε,

C2 = C20 + iτ 3
z [−10− 3f + (2− f)β2](χbx + χx + χρ)

+ iτ 3
z [−28− 6f + 4(2− f)β2]χbz

+ iτzβ
2[−4ζ2

z + (2− f)(τ 2
z + 2ζ2

x)]χz

+ iτzβ
2[−(26 + f)ζ2

xζ
2
z − (22 + 3f)ζ4

z + 2(2− f)(2τ 2
z − ζ4

x)]χε,

C1 = C10 + iτ 4
z (2 + f)(χbx + χx + χρ)

+ iτ 4
z [4(3 + f)− (2− f)β2]χbz − iτ 2

z ζ
2
xβ

2(2− f)χz

+ iτ 2
z β

2[8ζ2
xζ

2
z + (6 + f)ζ4

z + (2− f)(−τ 2
z + ζ4

x)]χε,

C0 = −iτ 5
z (2 + f)χbz. (12.155)

To first order, the effect of the diffusion is to add an imaginary component to C0 through

C5, so that each of these takes on the form

Cj = Cj0 + iCji. (12.156)

We now have, for the diffusionless dispersion relation,
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Ω[C60Ω5 + C50Ω4 + C40Ω3 + C30Ω2 + C20Ω + C10] = 0, (12.157)

with expressions (12.154) for the Cj0. It can be easily verified that Ω0 = τz = ζzβ is a solution

of (12.157). This corresponds to the angular frequency ω0 = kzvz0. When we introduce a

small amount of diffusion, we expect this root to be shifted by a small amount δ. That is,

we have

6∑
j=0

Cj(Ω0 + δ)j =
6∑
j=0

Cj(τz + δ)j = 0, (12.158)

where the Cj are given by (12.155). Equation (12.158) can be written as a polynomial in δ:

6∑
j=0

Djδ
j = 0, (12.159)

where the Dj are as follows:

D6 = C6,

D5 = C5 + 6C6τz,

D4 = C4 + 5C5τz + 15C6τ
2
z ,

D3 = C3 + 4C4τz + 10C5τ
2
z + 20C6τ

3
z ,

D2 = C2 + 3C3τz + 6C4τ
2
z + 10C5τ

3
z + 15C6τ

4
z ,

D1 = C1 + 2C2τz + 3C3τ
2
z + 4C4τ

3
z + 5C5τ

4
z + 6C6τ

5
z ,

D0 = C0 + C1τz + C2τ
2
z + C3τ

3
z + C4τ

4
z + C5τ

5
z + C6τ

6
z . (12.160)

Because τz is a solution of (12.157), D0i is purely imaginary:

D0 = iD0i = (i)
5∑
j=1

Cjiτ
j
z . (12.161)
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We consider first the general case, for which the Dj are non-vanishing. Note that C6

has no imaginary part. Because we are in a reference frame corresponding to the extreme

relativistic regime, τz is of order unity, which means that we have

|Djδ
j| << |D0|, for j = 1, 2, ..., 6. (12.162)

This means that equation (12.159) can be approximated as

D6δ
6 +D0 = 0. (12.163)

Because D6 = C6 is purely real, and D0 is purely imaginary, we have

δ6 =
−D0

D6

=
−iD0i

C6

=
|D0i|
C6

exp

(
±iπ

2

)
. (12.164)

We include the ± in the exponent because D0i can be either negative or positive. Taking

the six roots of (12.164), we have, for j = 1, 2, ..., 6,

δj =

(
|D0i|
C6

)1/6

exp

(
±iπ
12

)
exp

(
2πij

6

)
. (12.165)

These are six distinct roots, at least two of which are guaranteed to have positive imaginary

parts, and therefore correspond to growing modes. This demonstrates that in the extreme

relativistic magnetized regime, a small amount of diffusion leads to growing modes. This is

identical to the condition obtained in the corresponding RHD (unmagnetized) analysis. This

analysis assumes that the Dj are non-vanishing, which is true in almost all circumstances.

As described earlier, there is a special case corresponding to the χj being equal to one

another. In this case, several of the Dj vanish, and the resulting polynomial in δ yields only
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decaying modes, with imaginary part equal to −χj. For almost all other cases, the Dj are

non-vanishing, and diffusion yields anomalous growing modes.

We have shown that the presence of a magnetic field does not suppress the anomalies

of the uniform-flow model. In particular, the modes introduced by diffusion still appear to

grow in reference frames for which the flow speed is highly relativistic.

12.4 Conclusion

The exact single-fluid RMHD equations are marginally stable. However, when these equa-

tions are discretized in a numerical simulation, they become slightly unstable. We therefore

need to include artificial viscosity in order to curtail these effects, and restore stability to the

system. In our studies of the KH instability, diffusion has precisely this effect. The anomaly

introduced by diffusion in no way undermines the results of our numerical simulations.

In particular, we have provided analytical and graphical demonstrations that in the

case of a uniform background flow, the modes introduced by diffusion appear to exhibit

anomalous rapid growth in reference frames for which the flow speed is highly relativistic.

To demonstrate this, we linearized the RHD and RMHD equations, with diffusion, for a

uniform-flow, and in each case derived a dispersion relation which is a polynomial in ω

(fourth-order in the RHD case, sixth-order in the RMHD case). In the diffusionless limit

of the RHD polynomial, we recovered the relativistic acoustic modes of Bodo et al. (2004).

In the non-relativistic diffusionless limit of the RMHD polynomial, we recovered the Alfven

and magnetosonic modes of LRN09. We then demonstrated that the presence of a magnetic

field does not suppress the anomalous modes predicted by the uniform-flow model. Diffusion

introduces modes which decay in frames corresponding to non-relativistic flows, but appear
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to grow in frames corresponding to highly relativistic flows. These results cannot be given

physical significance, as they exhibit frame-dependence which arises from a model in which

the diffusion operator does not preserve the Lorentz-invariance of the system.

However, this academic exercise sheds light on a shortcoming of current mathematical

models of diffusion. In particular, the diffusion operator does not preserve the Lorentz-

invariance of the single-fluid RMHD equations, which reveals that these models do not

adequately address the influence of diffusion in the relativistic regime.

We again emphasize that these results do not in any way undermine the results of our

study of the KH instability. Throughout this study, we remained in the rest frame of the

system, for which diffusion introduces decaying modes and provides numerical stability. We

also demonstrated in chapter 11 that our numerical results are convergent with respect to

viscosity. The anomalies encountered in the present chapter are the result of attempting to

Lorentz-transform between different reference frames in a model with uniform background

flow.

We have examined both the stabilizing effects of a magnetic field and an anomaly asso-

ciated with diffusion and relativistic flows. In the next chapter, we discuss an opportunity

for further research of the KH instability using what is known as a high-resolution shock-

capturing (HRSC) scheme.
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Chapter 13

Further Research Using High
Resolution Shock-capturing Methods

For the results obtained in this study, the numerical scheme employs artificial viscosity (AV)

in combination with explicit finite-differencing. This scheme has the advantage of being

absolutely convergent, and more rapidly convergent than other schemes. This scheme also

allows greater flexibility in terms of being able to explicitly control the diffusion of mass,

momentum, energy, and magnetic field. However, many of the simulation results have a

possible sensitivity to viscosity, which can potentially undermine their significance if an

excessive amount of viscosity, or physically unrealistic combination of viscosity coefficients,

is used. As we have seen, artificial viscosity schemes also have difficulty handling high

Lorentz factors (larger than 2). Another class of numerical schemes, the so-called shock-

capturing schemes, have emerged as a possible alternative. High-resolution shock-capturing

(HRSC) schemes are able to stabilize the numerical system without the need for explicit

artificial viscosity, and in RHD, have been able to handle Lorentz factors of up to 1000.

However, most such schemes have at best second-order convergence (compared with fourth-

order convergence in space and time for our AV scheme), and have numerous difficulties

handling the relativistic magnetized hydrodynamic (RMHD) regime. Nevertheless, Mignone
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et al. (2009) have developed an HRSC scheme that overcomes many of these difficulties, and

in future research, could provide results with which to compare the results obtained in this

study. In the next section, we present an overview of the history of the development of AV

and HRSC schemes (along with a few other schemes), and discuss the sequence of advances

that have led to the development of the HRSC scheme of Mignone et al. (2009). In future

research, this scheme could potentially be applied to our model in order to generate results

with which to compare the results of this study.

We begin with an overview of the development of various numerical schemes for solving

RHD and RMHD equations, in particular artificial viscosity (AV) and high-resolution shock-

capturing (HRSC) schemes, culminating in the development of the scheme of Mignone et al.

(2009).

Wilson (1972, 1979) was among the first efforts to solve the RHD equations. He used

an explicit finite-differencing scheme with explicit artificial viscosity. Almost all numerical

codes developed in the 1980s for special and general RHD relied on this scheme (Piran

1980; Stark and Piran 1987; Nakamura 1980, 1981, and 1982; Evans 1986; Centrella and

Wilson 1984). However, such a scheme is unable to accurately simulate ultra-relativistic flows

(Lorentz factors larger than 2). Norman and Winkler (1986) reported on these difficulties,

and proposed a scheme using implicit artificial viscosity along with adaptive mesh refinement.

They were able to obtain accurate results at high Lorentz factors, but only in one dimension.

Our scheme uses explicit finite-differencing and artificial viscosity, and suffers from very much

the same problem with regard to high Lorentz factors. As discussed below, more recent

schemes (e.g. shock-capturing) have been able to obtain accurate results at high Lorentz
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factors in RHD, but are less rapidly convergent than our scheme, and much more difficult

to extend to RMHD regimes, and multiple dimensions.

Starting in the early 1990s, many attempts were made to integrate the RHD equations

without the use of artificial viscosity. Dubal (1991) used a flux-corrected transport (FCT)

algorithm, along with an explicit second-order Lax-Wendroff scheme. Mann (1991) adapted

smoothed particle hydrodynamics (SPH) techniques to the numerical solution of GRHD

equations, and in 1993 applied this method to relativistic spherical collapse. Van Putten

(1993) was among the pioneering efforts in simulating an RHD jet. He used a 2D slab

geometry with a Lorentz factor of 3.25. He also developed an RMHD scheme that uses

Maxwell’s equations in divergence form. However, his method led to oscillations for strong

shocks, which requires a smoothing algorithm, and is limited to moderate Lorentz factors.

In 1D relativistic shock tube tests, these methods performed similarly to Wilson’s approach,

and had little success with high Lorentz factors.

High-resolution shock-capturing (HRSC) methods, which are designed specifically to

solve conservative hyperbolic systems, provide a tremendous improvement to the simula-

tion of ultra-relativistic flows in RHD. Early versions of HRSC methods were developed in

Marti et al. (1991) and Marquina et al. (1992). Eulderink (1993) developed a relativistic

HD version of a Roe-type solver, which applies an approximate Riemann solver locally to

each grid cell, by diagonalizing a Jacobian relating the flux variables to the conserved quan-

tities. Marti and Muller (1996) developed what they called a relativistic piecewise parabolic

method (rPPM) for 1D RHD, which used an exact Riemann solver, although exact solvers

tend to be more computationally expensive (Marti and Muller 2003). Colella and Woodward
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(1984) were among the first to develop and describe the piecewise parabolic method (PPM).

Harten, Lax, and van Leer (1983) proposed a shock-capturing scheme (the HLL scheme)

using a Riemann solver that only requires approximate knowledge of the slow and fast

wave speeds associated with the shocks, and therefore does not require diagonalization of a

Jacobian. Schneider et al. (1993) adapted this method to the relativistic regime. This method

was used by Duncan and Hughes (1994) in the simulation of relativistic extragalactic jets with

Lorentz factors of 10. They were also among the first to simulate an RHD jet in cylindrical

geometry. They used a Newton-Raphson method to compute primitive variables. They

noted from their results that the relativistic nature of the flow inhibits the development of

the KH instability, with no KH instability visible for a Lorentz factor of 10, and hypothesized

that this might explain the smoother structure of QSOs (quasi-stellar objects), which have

more relativistic flows than the more turbulent BL Lacertae objects. Duncan and Hughes

used a small Mach number, while Marti et al. (1995) performed an RHD simulation in

cylindrical geometry with a highly supersonic Mach number. They used an HRSC scheme

with a Riemann solver and Runge-Kutta time discretization to integrate the equations, and,

as with Duncan and Hughes, used a Newton-Raphson method to recover primitive variables.

They observed a jet surrounded by a cocoon with distinct Kelvin-Helmholtz vortices, and

noted that the conclusions of Duncan and Hughes do not apply to jets with high Mach

numbers.

Koide et al. (1996) were among the first efforts to extend HRSC schemes to the simulation

of RMHD fluids, using a simplified total variation diminishing (STVD) scheme developed by

Davis (1984) for HD fluids, rather than a Riemann solver. This can be thought of as the Lax-
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Wendroff method coupled with the formal use of diffusion. As with the other simulations,

they use a Newton-Raphson method to recover primitive variables. They concluded that a

strong magnetic field, coupled with relativistic effects, may explain the collimated, faster,

and smoother flows observed in quasars, in contrast to the bending observed in BL Lacertae

objects and extragalactic jets such as 3C 279 and 3C 454.3, which is largely caused by

propagation into an oblique magnetic field. Nishikawa et al. (1998) performed a 3D RMHD

jet simulation. These studies used a second-order Lax-Wendroff scheme, which has several

disadvantages compared to a Godunov-type scheme. The second-order Lax-Wendroff scheme

incurs a large amount of implicit numerical viscosity. Also, there have been no published

results of a comprehensive set of standard numerical tests to validate the properties of these

codes (convergence, etc.), according to Del Zanna and Bucciantini (2003). This scheme is

limited to moderate Lorentz factors.

Komissarov (1999a) and Balsara (2001) also made important advances toward extend-

ing HRSC schemes to the simulation of RMHD fluids, this time using linearized Riemann

solvers incorporated into second-order Godunov-type schemes. However, these schemes rely

on Roe-type solvers which require complicated diagonalization. Furthermore, they require

the solution of systems of equations in order for primitive variable recovery from conserved

quantities. Del Zanna and Bucciantini (2003) applied the HLL scheme to the RMHD prob-

lem, requiring only the estimation of wave speeds rather than matrix diagonalization. They

also used a third-order essentially non-oscillatory (ENO) central-type scheme. This scheme

has third-order overall accuracy, and is an extension of an RHD scheme presented in Del

Zanna and Bucciantini (2002) and the 3D MHD shock-capturing scheme presented in Lon-
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drillo and Del Zanna (2000). They also reduced the primitive variable recovery process to

the solution of just one nonlinear equation in terms of the enthalpy. The primitive variable

recovery algorithm of Newman (2002) uses a single equation in terms of the pressure.

Bucciantini and Del Zanna (2006) used their shock-capturing scheme to numerically

simulate the growth of the KH instability in RMHD, comparing their results to observed

synchrotron emission spectra in pulsar wind nebulae (PWN). They concluded that the KH

instability might be responsible for time-dependent filamentary structure in the main torus

of a PWN.

Mignone and Bodo (2006) solved the RMHD equations using an HLLC approximate

Riemann solver, which improves upon HLL schemes by resolving the intermediate wave

associated with the contact discontinuity. Mignone and Bodo (2009) improved upon their

HLLC scheme with a so-called HLLD scheme which resolves several other characteristics in

RMHD. Zrake and MacFadyen (2011) used the HLLD Riemann solver in their simulations

of RMHD turbulence. To recover primitive variables, they used a 2D Newton-Raphson

algorithm to solve a system of two equations in two unknowns. These RMHD studies only

considered moderate Lorentz factors.

Newman (2002) introduced an improvement over the above RMHD schemes by present-

ing a rapidly convergent, accurate approach for recovering the primitive variables (density,

pressure, velocity) from the conserved quantities at each time step of a simulation, which is a

vast improvement over other methods, such as the Newton-Raphson method. The scheme of

Newman (2002) is used in our simulations. Furthermore, our numerical integration scheme

has fourth-order convergence in space and time. Our use of explicit finite-differencing and
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artificial viscosity has advantages and disadvantages over shock-capturing schemes. Where

the latest HRSC schemes are able to handle Lorentz factors of up to 1000 in RHD, our scheme

undergoes early numerical breakdown for Lorentz factors larger than around 2. However,

while shock-capturing schemes have at most second-order accuracy, our scheme has fourth-

order accuracy. Also, our scheme can be much more easily extended to the RMHD regimes,

and to multiple dimensions, whereas shock-capturing schemes must address a number of

complications associated with the magnetic field and relativistic effects. There are more

characteristics to identify at each spatial point, and a method needs to be developed to

ensure that the magnetic field remains divergenceless (typically the so-called constrained

transport (CT) method developed for MHD by Evans and Hawley (1988)). Nevertheless,

the HLLD Riemann solver of Mignone et al. (2009) does an effective job of addressing many

of these difficulties, and for purposes of further research into our model, would be a good

scheme against which to compare our results.

We have discussed a high-resolution shock-capturing scheme which could potentially pro-

vide a basis for further exploration of the KH instability problem being studied in this disser-

tation. In the next chapter, we summarize the salient results discussed in this dissertation,

and discuss other opportunities for further exploration.
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Chapter 14

Summary

We have explored, via numerical and analytical methods, the evolution of the KH instability

in magnetized relativistic astrophysical flows with a velocity shear, with applications to

astrophysical jets. The exact RMHD single-fluid equations are marginally stable, however

they become unstable when discretized in a numerical scheme. We therefore need artificial

viscosity in order to restore stability to the system. Viscosity also models physical processes,

such as momentum transfer and conductivity. Due to relativistic effects, viscosity can lead

to anomalous behavior, however we explain in chapter 12 why this behavior does not emerge

in our numerical simulations.

We find that while the magnetic field tends to stabilize the system, relativity tends to

destabilize the system. Through both linear and nonlinear analysis, we have found that the

magnetic field tends to stabilize the system to the KH instability. Through linear analysis, we

demonstrate that the magnetic field has the effect of reducing the linear growth rate, and also

reducing the region of instability. Through nonlinear analysis of the numerical simulations,

we demonstrate that the magnetic field tends to inhibit vortex development through a series

of stages that show qualitative agreement with observations of numerous jets, namely, field

amplification, vortex disruption, turbulent breakdown, and relaxation to an equilibrium
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filamented state. Qualitatively similar processes have been discussed in MHD literature. In

our study, we examine in detail how and to what extent these stages manifest in RMHD for a

set of representative field strengths. These field strengths are within an order of magnitude of

one another, and therefore within the uncertainty in field estimates of astrophysical jets. We

find that in the moderately relativistic regime, the influence of the magnetic field, both on

the linear growth rate and on the nonlinear evolution, is closely correlated with a relativistic

extension of the Alfvenic Mach number, which we define analogously (see equation (6.3))

to the manner in which Bodo et al. (2004) defined a relativistic version of the sonic Mach

number.

We also find that relativistic effects tend to destabilize the system. In our linear analyses

of the KH instability for the continuous velocity profile used in the simulations (chapter 6),

we find that highly relativistic flows tend to support modes with near-maximum growth at

wavelengths which are shorter than the width of the velocity shear.

Through our linear and nonlinear studies, we have successfully unified the HD, MHD,

RHD, and RMHD regimes. Here are some of the many ways in which we have done this.

In chapter 4, we examined the KH instability in the presence of a tangential discontinuity,

and demonstrated convergence between these four regimes in our dispersion relations and

growth rate results. In chapter 5, we derived a second-order ODE in the perturbation to

total pressure for a system with shear in the background velocity, and demonstrated that this

ODE has the same underlying structure in each of the above four regimes. In chapter 6, we

found convergence between the four regimes in our numerical growth rate results obtained by

solving the above second-order ODE. In chapter 11, we demonstrated convergence between
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the four regimes in the nonlinear evolution of the system. In chapter 12, we demonstrated

that when we take the diffusionless limit of the dispersion relations arising from the uniform-

flow model, we recover familiar modes in each of these regimes (Alfven and magnetosonic

modes in MHD and RMHD, along with acoustic modes in RHD and HD).

Below, we summarize our findings. We first discuss our basic model of the system, fol-

lowed by the stabilizing influence of a magnetic field, followed by the destabilizing influence

of relativity. We then proceed to discuss some possible limitations of our model, and oppor-

tunities for further research of this problem.

14.1 Our Model of the System

Our numerical simulations solve the RMHD single-fluid equations in conservative form. In

chapter 3, we demonstrate the mathematical equivalence of three formulations of these equa-

tions which commonly appear in the literature. The first formulation is not written in con-

servative form, but instead explicitly includes the Lorentz force in terms of the charge and

current densities, along with electric and magnetic fields in the stationary frame. This is

closest in form to the equations used to model laboratory plasmas with multiple fluids, which

employ a separate force equation for each fluid. The second formulation, used by Koide et

al. (1996) and Nishikawa et al. (1997), is in conservative form, but is written in terms of the

electric and magnetic fields in the stationary frame. The third formulation, the one used in

the simulations, is in conservative form, and written in the covariant form of Anile (1989), for

which the magnetic fields are given in the co-moving frame of the fluid, and the velocity and

magnetic field are represented as relativistic four-vectors. This is the form most commonly

used in RMHD single-fluid simulations.
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Upon surveying the salient literature of prior MHD and RMHD single-fluid simulations of

the KH instability, we have developed a model for our numerical simulations. We assume a

fluid which is compressible, adiabatic, has infinite conductivity, and has an isotropic pressure

tensor. We assume a two-dimensional slab geometry, with periodic boundary conditions in

the flow (z) direction, and the shear (x) direction. We assume a uniform background density

and pressure, and a uniform background magnetic field which is aligned with the flow. The

background flow velocity has a sech2 shear profile, which peaks at the central axis, and van-

ishes asymptotically at the boundaries. This profile is also known as a Bickley jet (Bickley

1937). We evolve the simulation by numerically solving the single-fluid RMHD equations of

Anile (1989) in conservative form, using a method which is fourth-order accurate in space

and time, and which exploits a rapidly convergent, highly accurate algorithm developed by

Newman (2002) for recovering the primitive variables from the conserved quantities (sig-

nificantly better than methods used in many prior studies, such as the Newton-Raphson

method). The exact RMHD single-fluid equations are marginally stable, but become un-

stable when we discretize the spatial and temporal derivatives in a numerical scheme. We

therefore need to include artificial viscosity for numerical stability, but also to model vis-

cous exchanges of momentum and energy between microscopic eddies, and, in the case of

magnetic viscosity, to model conductivities associated with electron and ion gyration in rel-

evant astrophysical environments. In first and second-order methods, viscosity is implicitly

present as a truncation error. By using fourth-order methods in space and time, we are able

to explicitly control the viscosity coefficients. Viscosity can introduce anomalous results in

relativistic systems, however we explain in chapter 12 why these anomalies are not observed

in our simulations.
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We construct a numerical eigenmode of the system by numerically solving a second-order

ODE in the perturbation to total pressure. This ODE has the same underlying structure in

the HD, RHD, MHD, and RMHD regimes, as discussed in chapter 5. We numerically solve

the ODE using the shooting method, also used in Blumen (1970). For a given frequency,

we construct left and right pressure profiles by integrating inward from the outer transverse

boundaries. In this way, the physical solution prevails over the unphysical one. We repeat

this process over an array of complex frequencies. The frequency of the eigenmode is the

frequency for which the left and right pressure profiles converge smoothly at a point close to

the central axis.

The numerical growth rates increase with increasing velocity within the moderately rel-

ativistic regime, but the system is KH-stable for highly relativistic flow speeds exceeding

about 0.95 c. The growth rate is also larger for larger sound speeds, as the perturbation

performs less work in order to extract energy from the background flow. There are also

several differences between the numerical growth rates, for a velocity profile with continuous

shear variation, and the growth behavior for a velocity profile with a tangential discontinuity

(TD), as studied, for example, by Bodo et al. (2004). In the case of a TD, the growth rate

increases linearly with the wave number of the perturbation. With a shear variation, there

is a wave number above which the growth rate ceases to grow, and a larger wave number

above which the system is stabilized. This is discussed in section 6.5 of chapter 6. In the case

of a TD, we show in chapter 4, and in agreement with Bodo et al. (2004), that the flow is

KH-stabilized to flow-aligned perturbations when the Mach number exceeds 4 (in the frame

in which one fluid is stationary). However, for a shear variation, we see in section 6.4 of
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chapter 6 that the flow can be KH-unstable to flow-aligned perturbations at Mach numbers

much larger than this, particularly at low sound speeds.

It should be noted that the numerical eigenfrequencies are about 10 orders of magnitude

smaller than the Larmor frequency. Therefore, it is highly unlikely that the KH-unstable

modes being studied would generate resonance with gyrating particles. We discuss this in

section 8.2 of chapter 8.

Once we have obtained a numerical eigenmode, we launch the simulation by perturbing

the system in this eigenmode. The system then evolves through a linear regime in which

the perturbations grow at approximately the numerical growth rate. Deviations from linear

agreement are due to evanescent modes introduced by artificial diffusion. After about 8 to

10 growth times, the perturbations become comparable to the corresponding background

(unperturbed) values, and energy is diverted from the linear mode into newly emergent

nonlinear modes. This results in saturation of the perturbed quantities. At about this time,

transverse mechanical stresses have become large enough to twist the flow into two large

counter-rotating vortices on either side of the central axis, separated longitudinally by half

the perturbation wavelength. This half-wavelength separation is a direct consequence of the

transverse symmetry of the perturbation profiles of transverse velocity, and the transverse

antisymmetry of the pressure perturbation profiles (as discussed in chapters 7 and 10).

These symmetries are those of a sinuous mode. For a varicose mode, which has the opposite

symmetries, the two vortices would be longitudinally colocated. The terms “sinuous” and

“varicose” are used by Drazin and Howard (1966). In our slab geometry, the fastest-growing

modes are sinuous, while the varicose modes are much more stable.
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The vortices form around regions of low density and pressure, and each rotate in the

direction of fluid circulation within them. In the early nonlinear regime, this rotation is

dominated by mechanical stresses, so that the angular velocity varies irregularly, and the

vortices assume irregular shapes, alternately being elongated in the longitudinal and trans-

verse directions. In the absence of a magnetic field, the vortices persist, and over time,

thermal stresses become more dominant over mechanical stresses. Because thermal stresses

are isotropic, the vortices gradually relax to a more circular shape, and their angular ve-

locity relaxes to a roughly constant value, for which the rotation period is roughly equal

to one sound transit time. This is due to modulation by nonlinear transverse sound waves

which propagate between the jet axis and transverse boundaries. These sound waves cause

nonlinear oscillations in the graphs, versus time, of the spatially-averaged density, pressure,

and velocity components. These oscillations also appear in the graphs, versus time, of the

perturbations of density, pressure, and transverse velocity, though not longitudinal velocity,

as discussed in chapter 9. At a given pressure peak, the pressure is maximized around the

central axis of the flow, and the flow speed is at a local minimum. At the next pressure

peak, the pressure is maximized at the transverse boundaries, and the flow speed is at a

local maximum, and so on. The oscillations in average flow speed therefore have twice the

period of the oscillations in average pressure and density. Sufficiently strong fields suppress

these nonlinear oscillations. Although these acoustic oscillations are influenced by the trans-

verse width of the system, we show in sections 11.3 through 11.5 of chapter 11 that they do

not significantly influence the evolution of the flow.
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14.2 Stabilizing Influence of a Magnetic Field

The presence of a magnetic field has the general effect of inhibiting the KH instability,

both in its linear and nonlinear development. In section 4.7 of chapter 4, we show that

for a tangential discontinuity between two relativistic flows, a flow-aligned magnetic field

stabilizes the system to flow-aligned perturbations when the magnetic pressure exceeds the

thermal pressure. In section6.3 of chapter 6, we show that for a given flow speed, growth

rate decreases with increasing field strength, and that stronger magnetic fields are required

to stabilize systems with higher flow speeds and higher densities. In particular, we find that

within a regime of moderately relativistic flow speeds, the fractional reduction in growth

rate, due to a magnetic field, is closely correlated with a relativistic version of the Alfvenic

Mach number MA, which we have defined analogously to the manner in which Bodo et al.

(2004) defined a relativistic sonic Mach number (see equation (6.3)). The system is stabilized

when MA is less than about 3. However, this correlation breaks down somewhat for flow

speeds less than about 0.3 c or larger than about 0.8 c.

In the nonlinear regime, the magnetic field inhibits vortex development through a se-

ries of stages, described in chapter 10. First, the rotating vortices centrifugally expel the

field lines, resulting in field amplification within the filaments connecting the vortices. The

vortices twist the field lines, and this, in combination with magnetic resistivity, results in

magnetic reconnection. Second, the field disrupts the vortices. Magnetic stresses on the

vortex boundaries inhibit vortex rotation, and deform the vortices into irregular shapes, ac-

companied by vortex shedding of amplified hybrid filamentary features. Third, the vortices

undergo turbulent breakdown into smaller-scale structures, partly driven by magnetic re-
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connection, and the jet continues to broaden as electromagnetic and mechanical energy are

viscously dissipated into thermal energy. In the fourth and final stage, the system gradually

relaxes to an equilibrium state consisting of flow-aligned vortex and current filaments. These

stages of inhibition are qualitatively similar to those discussed in the MHD simulations of

Malagoli et al. (1996) and Baty et al. (2003), and the mildly relativistic MHD simulations

of Bucciantini and Del Zanna (2006). Miura and Pritchett (1982) also noticed the presence

of field-aligned currents in the equilibrium state of their MHD results. We examine in detail

how and to what extent these stages manifest in RMHD for a set of representative field

strengths. These field strengths are separated by roughly an order of magnitude, which falls

well within the uncertainty in estimates of field strength in astrophysical jets (obtained from

synchrotron emission observations).

The final equilibrium state consists of a wide equilibrium flow (broader than the initial

jet width) with an average longitudinal velocity of only about 0.2 c (where it was initially

0.7 c), as shown by the displays in section 10.2. For fields which are stronger than this

intermediate range (i.e., MA < 20), there is less viscous dissipation and jet deceleration,

because there is less intermediate turbulence. In this regime, the magnetic tension converts

a larger amount of mechanical bulk flow energy directly into electromagnetic form, with

incomplete vortex formation, and minimal magnetic reconnection, if any. This results in an

equilibrium state with a narrow central channel of relatively high flow speed (about 0.4 c

for MA = 10.3, and about 0.5 c for MA = 5.15), whose width is about 1/5 the initial jet

width. This narrow channel is bordered on either side by filaments of enhanced vorticity

(i.e., large velocity shear), and corresponds to a region of low density (see the displays in
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sections 10.3, for the strong vortex-disruptive field, and 10.5, for the vortex-suppressing field).

Similar density undershoots were observed in the MHD study of Frank et al. (1996) and the

RMHD study of Mignone et al. (2009). In summary, when fields are strong enough to reduce

the rate of viscous dissipation, most of the residual bulk flow energy resides in a narrow

region surrounding the central flow axis. Fields with this strength also tend to suppress the

propagation of nonlinear transverse sound waves, as seen in the plots in sections 9.4 and 9.5

of chapter 9, in which nonlinear oscillations are suppressed for sufficiently strong fields.

Another observation is the close complementarity between the flow and magnetic field,

seen in the displays in chapter 10, in which the vorticity is overlaid with contours of the

magnetic field lines. This complementarity can be viewed in terms of an interaction between

mechanical energy and electromagnetic stresses. When the vortices form shortly after sat-

uration, the flow initially drives the field, through field amplification by centrifugal vortex

expulsion of field lines, and subsequent twisting of the field lines through vortex rotation.

Then, the field builds up sufficient electromagnetic stresses to constrain the flow, as the

tension in the field lines halts vortex rotation while deforming and disrupting the vortices.

Vortex behavior also leads to magnetic reconnection, which in turn enhances the turbulent

breakdown of the faster-moving components of the flow.

The extent and rapidness of vortex inhibition are closely characterized by MA, our afore-

mentioned relativistic extension of the Alfvenic Mach number. We demonstrate this correla-

tion in section 11.8 of chapter 11, in which we compare results for a given MA at two different

background flow speeds, 0.7 c and 0.5 c, and find very close agreement well into the nonlinear

regime. Baty et al. (2003) performed non-relativistic MHD simulations in which they found
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close correlation of vortex inhibition with the non-relativistic Alfvenic Mach number. In

chapter 10, we see that for stronger magnetic fields (smaller MA), the vortices are disrupted

at an earlier point in their rotation, and after fewer growth times, resulting in less twisting

of the field lines, and therefore less magnetic reconnection. Consequently, the breakdown of

the vortices is less complex, and there is less intermediate turbulence, so that the system

reaches an equilibrium filamented state after fewer growth times. For stronger fields, the

equilibrium jet is not as wide, and the filaments tend to be narrower. Fields for which MA

is less than about 6 suppress vortex formation entirely, resulting in an immediate transition

to an equilibrium filamented state. At all field strengths, the nonlinear features tend to have

less sharply-defined (i.e., more gradually sheared) boundaries in the latter stages of the non-

linear regime (turbulent breakdown, the approach to equilibrium). This is partly due to the

decay of the vorticity to about 0.2 c/r0, which is only about one quarter of its initial value.

The smaller vorticity is more closely correlated with frequencies of modes introduced by dif-

fusion, which more strongly couples the evolution to viscous dissipation. Another important

property of the equilibrium flow, and corresponding vorticity, is that they are qualitatively

similar to the initial flow. This indicates that, regardless of the intermediate turbulence and

complexity of vortex disruption, the system retains a memory of its initial configuration, an

observation that was also made in the MHD study of Ryu et al. (2000). In particular, for

the vortex-suppressing field, the equilibrium flow contains a nearly uniform background flow

region whose width is almost identical to the width of the initial jet (see figure 10.26(c) in

section 10.5). In the vortex-suppressing case, the flow therefore retains not just a qualitative

but also a quantitative memory of its initial configuration.
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We see that the extent and rapidness of vortex inhibition are directly correlated with the

field strength. However, there are certain energy-conversion processes for which we observe

bifurcations, i.e., processes which are optimized for intermediate field strengths. We observe

two important bifurcations. The first corresponds to the viscous dissipation of mechanical

energy into thermal energy, which is optimized for intermediate vortex-suppressing fields

(20 ≤ MA ≤ 42). We observe this bifurcation in the plots in section 9.5 of chapter 9, for

which the intermediate fields MA = 21 and MA = 41 correspond to minimum longitudinal

velocity, minimum Lorentz factor, and maximum pressure in the latter stages of the nonlinear

regime. These fields allow a sufficient amount of vortex development to lead to a large

amount of bulk flow mechanical energy being diverted into rotational form, a large amount

of field amplification by vortex expulsion of field lines, and sufficient vortex twisting to

lead to magnetic reconnection. This, in turn, results in a complex turbulent breakdown,

partly driven by persistent magnetic reconnection. The turbulence generates small-scale

structures whose lengths are comparable to the length scales set by diffusion. This optimizes

viscous dissipation of non-thermal energy into thermal form, and therefore maximizes jet

deceleration. Another consequence of intermediate turbulence is greater broadening of the

jet as directional bulk flow energy is diverted into random motions, which contributes to the

deceleration. For fields which are too weak to optimize viscous dissipation (e.g., MA = 82),

the vortex disruption is too gradual, and therefore the emergent features are dissipated

before they have the opportunity to interact in a turbulent manner. This bifurcation is not

observed in the transverse velocity, which is correlated with the amount of bulk flow energy

diverted into rotational form, and therefore simply decreases with increasing field strength.

For fields which are too strong to optimize viscous dissipation, the residual mechanical energy
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is concentrated in a narrow central flow channel.

The second bifurcation corresponds to extraction of electromagnetic energy from the bulk

flow in the early nonlinear regime. At this stage, certain field-dependent quantities (e.g.,

electromagnetic energy density, electromagnetic momentum, vorticity) reach a peak near

the onset of vortex disruption by the magnetic field, followed by gradual decay that asymp-

totically approaches equilibrium values. The peak in each of these quantities is maximized

for the strongest vortex-disruptive fields, and is smaller for the vortex-suppressing field, as

shown by the plots in section 9.6 of chapter 9. The strongest vortex-disruptive field studied

corresponds to MA = 10.3. The early extraction of electromagnetic energy is therefore heav-

ily correlated with the ability of the magnetic tension to extract this energy directly from the

bulk flow, and is less correlated with field amplification due to vortex rotation, associated

with weaker vortex-suppressing fields. However, in order to optimize conversion into electro-

magnetic energy, some of the bulk flow energy must also be diverted into rotational form, as

seen by the observation that the peaks are substantially smaller for the vortex-suppressing

field MA = 5.15. The strong vortex-disruptive field regime, which optimizes extraction of

electromagnetic energy, is also correlated with the emergence of the aforementioned narrow

central channel of relatively high flow speed and low density.

The current density also reaches a peak in the early nonlinear regime, followed by gradual

decay. However, maximum peak current density occurs for weak vortex-disruptive fields

(among the fields sampled, MA = 41.4 gives maximum current density). One explanation is

that the current density is given by the curl of the magnetic field, and therefore depends on

the shear in the field, rather than on the strength of the field itself. The greatest shear in field
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strength occurs when we optimize the shear in field line concentration. This occurs when

field lines are expelled by rotating vortices. Strong vortex-disruptive fields suppress vortex

rotation, thereby reducing the current density. Also, although we maximize the amount

of extracted electromagnetic energy with a strong vortex-disruptive field, this is not how

we maximize the amplification of electromagnetic energy, relative to its background value.

This amplification is due to field line concentration, and is correlated with the amount of

vortex development. It therefore simply decreases with increasing field strength, and does

not exhibit a bifurcation.

There are qualitative similarities between our simulation results and certain jet observa-

tions, suggesting that our model might offer insight into some of the physical mechanisms

taking place in these jets. We discuss this in section 10.7. The formation of vortices, tur-

bulent breakdown, jet broadening, and jet deceleration are all qualitatively consistent with

observations (see figure 10.28 of the radio jet M87, figure 10.29 of the jet Centaurus A, and

figure 10.30 of the jet from Herbig-Haro 30). Filamentary features, seen in our vorticity and

current displays, are also consistent with observations. Lobanov and Zensus (2001) used the

KH instability to model the filamentary double-helix in the extragalactic jet 3C 273. Hardee

(2003; 2005) used the KH instability to model filamentary features in the extragalactic jet

3C 120. In our simulations, we observe that the large vortices are initially connected by a

dual filamentary structure, and that for all field strengths, the system relaxes to an equilib-

rium state consisting of flow-aligned vortex and current filaments. All of the aforementioned

jets are extragalactic, though these qualitative similarities are also observed with jets in our

galaxy, such as the Herbig-Haro object HH 30.
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Another potential comparison involves some of the knots in the radio jet M87. Stawarz

et al. (2005) reported amplified fields of at least 300 µG in knot A, and Hines et al. (1989)

reported transverse field components in this knot, among others, and that the field outside

the knots has a smaller value of less than 100 µG. These knots may exhibit vortical behavior,

whereby vortex rotation could expel the field lines, resulting in amplified field with transverse

components near the knot boundaries, as occurs in our simulations for weak vortex-disruptive

fields. Furthermore, Hines et al. (1989) deduced that the magnetic field outside the knots

is primarily aligned with the flow, which is consistent with the background field in our

simulations. This is, of course, only one of many possible explanations of these observations.

There are many ways in which we verify the reliability of our numerical results. At the

end of chapter 9, we verify that the total longitudinal momentum and energy are in fact

very nearly constant in time, as we expect, given that these are conserved quantities in

the conservative RMHD equations, and there is no net flux of these quantities through the

system boundaries. At the end of chapter 10, we verify that, to a high level of accuracy, the

vorticity results satisfy the condition of alternating vorticity, which arises from the symmetry

of the background velocity profile and the antisymmetry of the pressure perturbations. In

chapter 11, we demonstrate the convergence of our simulation results. For each magnetic

field studied, the field remains approximately divergenceless throughout the evolution of the

system. Our simulations are rapidly convergent with respect to time step. With respect

to spatial step, convergence is more difficult, and requires a mesh of at least 751 points in

the transverse direction and 151 points per wavelength in the flow direction. Even then, the

evolution diverges somewhat in the latter nonlinear regime in the turbulent features emerging
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within the jet. Our simulations use 1001 points in the transverse direction, and 201 points

per wavelength in the flow direction. Our results are essentially independent of the number of

perturbation wavelengths spanned by the system in the flow direction. The transverse width

has minor effects on the latter nonlinear evolution via boundary reverberations of nonlinear

acoustic waves. However, the vortex-disruptive stage in essentially unaffected, as is the

equilibrium state, and the intermediate turbulent regime is affected only in the details of the

emergent turbulent features interior to the jet. Relevant spatially-averaged or maximized

physical quantities do not vary with system width by more than about 5% or 10%. These

effects are further reduced for strong fields, which suppress nonlinear acoustic oscillations.

In the limit of vanishingly weak magnetic fields, our simulations show good convergence

between the RMHD and RHD regimes. For non-relativistic flow speeds and sound speeds,

our simulations show good convergence between the RMHD and MHD regimes, which we

demonstrate by comparing results from the RMHD and MHD versions of our numerical code.

Our results show a slight sensitivity to the amount of viscosity used. An increase in

viscosity results in a decrease in flow speeds and an increase in density and pressure, which

are consistent with an increased rate of viscous dissipation into thermal energy. Qualita-

tive sensitivity, with respect to the displays, is higher for weaker magnetic fields, due to

the increased complexity of the small-scale structures arising from vortex disruption. For

vortex-suppressing fields, which suppress small-scale turbulence, the displays exhibit little

qualitative sensitivity to viscosity. For the weak-field case, less magnetic viscosity results in a

broader, more heterogeneous background flow, with somewhat more magnetic reconnection.

However, for all field strengths examined, the equilibrium jet width, and filament width, are

512



approximately viscosity-independent, though viscosity sometimes results in a loss of sharp-

ness of the filament boundaries, so that the width is less well-defined. For each case, within

a range of physically reasonable viscosities, the results do not vary by more than about 5%.

We also examine, in chapter 11, the sensitivity of our results to the wavelength of the in-

put perturbation. We find that for weak fields, the equilibrium jet width is roughly twice the

input wavelength, and therefore increases linearly with wavelength. For the wavelength of

7.85 r0 used in the simulations (a wavelength of maximum growth for typical parameters), the

equilibrium jet width is about 4.5 times the initial jet width. For strong vortex-suppressing

fields, on the other hand, the equilibrium jet width is 2.25 times the initial jet width, in-

dependent of the input wavelength. Therefore, equilibrium jet width becomes independent

of wavelength for strong fields. One possible explanation is that weak fields allow extensive

vortex development and intermediate turbulence. The longitudinal dimensions of various

features, including the initial vortices, are dependent on the input wavelength (2π/kz, which

is longitudinal). The resulting vortex rotation has the effect of coupling longitudinal di-

mensions to transverse dimensions, and hence to the overall width of the jet, so that for

weak fields, equilibrium jet width scales with input wavelength. Stronger fields inhibit vor-

tex formation and development, thereby inhibiting the coupling between longitudinal and

transverse lengths, and the dependence of jet width on input wavelength. However, for

strong fields, the equilibrium central flow width and equilibrium filament width seem to

both increase linearly with wavelength, with respective values of roughly 0.11λ and 0.08λ.

For strong fields, shorter input wavelengths tend to result in slower flow speeds and higher

pressures. One possible explanation is that these shorter wavelengths are more comparable
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to the length scales set by diffusion, so that nonlinear evolution is more strongly coupled to

viscous dissipation into thermal energy.

14.3 Destabilizing Influence of Relativistic Effects

We have seen that magnetic fields tend to suppress the KH instability, both in the linear

growth and in the nonlinear evolution. Highly relativistic flows, on the other hand, tend to

destabilize the system. For Lorentz factors exceeding about 2, no amount or combination

of diffusion can sustain a numerical simulation using artificial viscosity, which is a problem

that has plagued such simulations for over 20 years (Marti and Muller 2003). We first see

evidence of relativistic destabilization in chapter 4, for a tangential discontinuity between

two relativistic flows. Such a system is KH-stable when the Mach number (specifically, its

projection onto the perturbation wave vector) exceeds a critical value. However, as the flow

speed approaches the speed of light within this regime, we see that in one of the fluids the

wavelengths approach infinite lengths, while in the other fluid the wavelengths approach

zero, suggesting the emergence of modes with vanishingly small length scales. In chapter

6, in which we analyze the linear growth of the KH instability for the Bickley jet (“sech2”)

velocity profile used in the simulations, we notice a similar result. In particular, when we

plot growth rate as a function of wave number, we notice that for moderately relativistic

flows there is a wave number corresponding to maximum growth and a larger wave number

above which the system is KH-stable. This larger wave number is roughly equal to the width

of the velocity shear across the initial jet. However, for highly relativistic background flow

speeds, instability at near-maximum growth extends to higher values of kz, and therefore

to wavelengths which are smaller than the length scale set by the velocity shear. This is
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another manifestation of the tendency of relativistic effects to destabilize the system.

In chapter 12, we present an anomaly associated with diffusion in highly relativistic flows.

Recall that the exact RMHD single-fluid equations are marginally stable, but become slightly

unstable when we discretize the derivative operators in a numerical implementation. This

requires the use of artificial viscosity in order to restore stability to the system, which is how

viscosity behaves in our studies of the KH instability. However, in the presence of a uniform

flow, viscosity can introduce anomalous behavior associated with relativistic effects. We show

this by linearizing the single-fluid equations, including artificial viscosity in each equation, for

a fluid with a uniform background flow. What results is a polynomial in the eigenfrequency,

which can be solved with the aid of suitable approximations. By taking the diffusionless limit

of this polynomial, we recover familiar modes. In the RHD regime, we recover the dispersion

relation for relativistic adiabatic sound waves, which is found, for example, in Bodo et al.

(2004). In the MHD regime, we recover the magnetosonic and Alfven modes found in LRN09

and PK83 and KP84. By analytically solving this polynomial in the presence of diffusion,

we encounter modes which exhibit the expected decay in frames with non-relativistic flow

speeds, but appear to grow rapidly in frames with highly relativistic flow speeds. This result

is unaffected by the presence of a magnetic field, and is a consequence of the fact that

the diffusion operator does not preserve the Lorentz-invariance of the single-fluid RMHD

equations. Our demonstration sheds light on a shortcoming of current mathematical models

to adequately address the behavior of diffusion in highly relativistic systems. However, these

results do not in any way undermine the results of our studies of the KH instability. Our

simulations of the KH instability are always performed in the rest frame of the system, in
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which diffusion only introduces decaying modes and has the expected effect of stabilizing

the evolution. We also verify in chapter 11 that our simulation results are convergent with

respect to viscosity.

14.4 Opportunities for Future Research

There are numerous opportunities for further research into the influence of the Kelvin-

Helmholtz instability on relativistic magnetized astrophysical flows. One possibility is to

explore the influence of density and pressure shears between the jet and ambient medium.

Another possibility is to introduce a shear in the magnetic field. The linearization of the

RMHD equations is more complicated, as there are now four sheared background quantities

(density, pressure, velocity, and magnetic field), and this introduces additional complications

into the computation of a numerical eigenmode. Prior studies have used some of these shears

in non-relativistic environments, though these have not been adapted to the more compli-

cated RMHD equations with the same level of accuracy, convergence, and computational

efficiency as is used in our model. Once these difficulties are overcome, however, we can

examine how these additional shears influence nonlinear evolution, and model astrophysical

environments with potentially higher fidelity. It will also be useful to adapt our model to

more complex geometries, e.g., a three-dimensional slab or cylindrical geometry. Reconnect-

ing field lines can, for example, experience forces which push them in a direction orthogonal

to the plane in which they reconnect, thereby resulting in more complicated relationships

between field and fluid behavior. In three-dimensional space, field lines can wrap around

vortex filaments, rather than coinciding with their contours. See the three-dimensional MHD

study of Ryu et al. (2000). Although MHD studies have been performed in these geome-
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tries, RMHD studies have not, as yet, overcome the difficulties of the RMHD equations to

model the KH instability in a highly accurate, efficient, rapidly-convergent manner. These

difficulties would need to be overcome in order to model each dimension with sufficient grid

resolution.

As mentioned previously, schemes using artificial viscosity, such as this one, encounter

numerical breakdown when the Lorentz factor of the flow exceeds roughly 2. Another class

of schemes, namely, high-resolution shock-capturing (HRSC) schemes, has been developed

as a remedy to this problem. These schemes have been able to handle Lorentz factors of up

to 1000 in RHD (relativistic hydrodynamics). Komissarov (1999a) extended such a scheme

to the RMHD (relativistic magnetohydrodynamic) regime. However, the convergence of this

HRSC scheme, as with most others, is only second-order, while our scheme is fourth-order

in space and time. Also, HRSC schemes face many more difficulties in order to accurately

evolve a complex flow in RMHD, such as a flow that can be subjected to the KH instability.

Nevertheless, Mignone et al. (2009) have recently developed an HRSC scheme in RMHD that

overcomes many of these difficulties, and for purposes of further research into our model,

would be a good scheme against which to compare our results.

14.5 Conclusion

We have examined, both analytically and numerically, the role of the Kelvin-Helmholtz insta-

bility in the evolution of relativistic magnetized plasmas, with applications to astrophysical

jets. We numerically solved the single-fluid RMHD equations of Anile (1989) using a scheme

which is fourth-order in space and time, and uses the highly accurate, rapidly-convergent

relaxation scheme of Newman (2002) to invert the RMHD equations. These equations are
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marginally stable in their exact form, but become unstable when discretized in a numeri-

cal scheme. Therefore, artificial viscosity was included to restore numerical stability to the

system, but also to model physical processes (momentum transfer, conductivity). As we dis-

cuss in chapter 12, there can be situations in which diffusion introduces anomalous behavior

associated with relativistic effects, however this behavior does not occur in our numerical

simulations. As discussed in chapter 11, we have verified the convergence of our results

with respect to time step, spatial step, system dimensions, viscosity, and between the RHD,

MHD, and RMHD regimes. We also verified that the magnetic field remains divergenceless.

We found generally that a magnetic field has a stabilizing effect, while relativistic effects are

destabilizing.

We examined the manner in which a magnetic field inhibits the KH instability. We see

this in the linear analysis, where a stronger magnetic field results in a lower growth rate.

We also find that in the nonlinear evolution, the magnetic field inhibits the development

KH-unstable vortices. We have identified stages of vortex inhibition which are qualitatively

similar to what has been discussed in MHD literature. However, we have examined in detail

the complex mechanisms by which these stages manifest in RMHD for a set of represen-

tative field strengths. We have found that the extent of vortex inhibition, along with the

fractional reduction in linear growth rate, are closely correlated with a relativistic extension

of the Alfvenic Mach number MA, which we have defined analogously to the definition of

a relativistic sonic Mach number found in Bodo et al. (2004). We have found that inter-

mediate fields (20 < MA < 45) are weak enough to allow extensive vortex formation and

magnetic reconnection, which then drives a complex turbulent breakdown and intermediate

reorganization of the system, along with maximum viscous dissipation and jet deceleration.
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For fields which are weaker than this, the vortex disruption is too gradual, and therefore

the emergent features are dissipated too quickly to interact in a turbulent manner. For

fields which are stronger than this, the vortices are inhibited while partially formed, which

suppresses magnetic reconnection, intermediate turbulence and viscous dissipation. In these

strong-field cases, the residual mechanical energy is found in a narrow central flow channel

of relatively high speed. We also found that maximum electromagnetic energy is extracted

from the bulk flow by the strongest background fields which still allow partial vortex for-

mation. Electromagnetic energy extraction is substantially reduced for vortex-suppressing

fields. We have seen remarkable complementarity between the behavior of the fluid and

magnetic field, i.e., between the flow driving the field, and the field constraining the flow.

In all cases, the jet broadens, however jet-broadening is correlated with vortex-development,

and is therefore greater for weaker fields. We have also found potential comparisons with

numerous jet observations, particularly some of the knots in the extragalactic radio jet M87.

In our linear analyses and examinations of nonlinear evolution, we have demonstrated

convergence of our results between the RMHD, RHD, MHD, and HD regimes, thereby uni-

fying these four regimes (see the last paragraph of the introduction to this chapter). We look

forward to extending our exploration of this problem in the ways outlined in section 14.4.
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