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ABSTRACT OF THE DISSERTATION

The Role of the Kelvin-Helmholtz Instability in the

Evolution of Magnetized Relativistic Sheared Plasma Flows

Nathaniel Donald Hamlin
Doctor of Philosophy in Physics
University of California, Los Angeles, 2012

Professor William I. Newman, Chair

Our objective is to explore, both analytically and by numerical simulation, the evolu-
tion of the Kelvin-Helmholtz (KH) instability in a relativistic magnetized sheared plasma
flow, with applications to highly energetic astrophysical jets originating from such features
as active galactic nuclei (AGN) and quasars. The Kelvin-Helmholtz instability arises in
the presence of a variation in flow speed in the direction orthogonal to the flow. We use
the conservative single-fluid relativistic magnetohydrodynamic (RMHD) equations of Anile
(1989). Our numerical scheme uses explicit finite-differencing, which is fourth-order in space
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and time, and uses a rapidly-convergent, highly accurate algorithm, developed by New-
man (2002), to invert the RMHD equations. These are major improvements over previous
schemes using artificial viscosity. The exact single-fluid RMHD equations are marginally
stable. However, when discretized in a numerical scheme, they become unstable. Artificial
viscosity is therefore needed in order to restore stability to the system. However, viscosity
also models physical processes such as momentum transfer and conductivity. Diffusion can
also result in an anomaly associated with relativistic effects, however we show in chapter 12
that this anomaly does not in any way affect our simulation results.

The early nonlinear regime of evolution corresponds to the formation of large vortices
connected by a dual filamentary structure. In the absence of a magnetic field, these vortices
persist. A magnetic field stabilizes the system, inhibiting the vortices through a series of
stages. First, the vortices expel the plasma and magnetic field lines, resulting in amplified
field at the vortex extremities. The magnetic field then disrupts the vortices, leading to a
turbulent regime of smaller-scale structures and large-scale magnetic reconnection, followed
by an approach to an equilibrium state consisting of flow-aligned vortex and current filaments
whose widths are at most 1/4 the initial jet width. Qualitatively similar processes are
discussed in MHD literature. We examine in detail how and to what extent these stages
manifest in RMHD for a set of representative field strengths. To characterize the influence of
the magnetic field, we define a relativistic extension of the Alfvenic Mach number. We observe
a close complementarity between magnetic field and fluid behavior. We find qualitative
agreement with observations of numerous jets, including M87, NGC 5128, 3C 273, 3C 120,
HH 30, and HH 34. In particular, the knots in the radio jet M87 are believed to have
amplified fields with transverse components, suggesting that these knots may exhibit vortex-
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like behavior.

For stronger fields, the above inhibition stages occur more rapidly, and for sufficiently
strong fields (Alfven speed greater than about 1/6 the flow speed), vortices are suppressed
entirely. The jet widens to about twice the input perturbation wavelength for weak vortex-
disruptive fields. Stronger fields suppress vortex rotation, magnetic reconnection, and tur-
bulence, resulting in smaller equilibrium jet widths. These features and processes have a
monotonic dependence on field strength. However, certain processes reveal bifurcations, in
that they are maximized for intermediate background field strengths. Maximum jet decel-
eration (i.e., viscous dissipation) occurs for intermediate vortex-disruptive fields, owing to
turbulent reorganization. Maximum extraction of electromagnetic energy occurs for strong
vortex-disruptive fields, and is reduced for vortex-suppressing fields.

While magnetic fields tend to stabilize the system, highly relativistic flows have a desta-
bilizing effect, for example by supporting rapidly-growing modes at wavelengths which are
short compared to the length scale of the velocity shear. This sheds light on a problem
that has plagued artificial viscosity simulations, such as this one, namely the difficulty in
sustaining numerical simulations with Lorentz factors larger than 2.

Our numerical results uncover complex mechanisms by which the magnetic field inhibits
the KH instability in RMHD, showing qualitative consistency with observations of astro-
physical jets. We have also successfully unified the HD, RHD, MHD, and RMHD regimes,

analytically and numerically, in both the linear analysis and nonlinear evolution.
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Chapter 1

Introduction and Overview

We begin, in section 1.1, by presenting tables of acronyms and symbols which are commonly
used throughout the dissertation. In section 1.2, we briefly discuss some important areas
in which the Kelvin-Helmholtz (KH) instability has been studied (to be elaborated on in
chapter 2), and then argue that there is considerable interest in understanding the role
of the Kelvin-Helmholtz instability in the evolution of relativistic magnetized astrophysical

flows. In section 1.3, we present an overview of the dissertation.
1.1 Tables

Table 1.1 contains a list of acronyms and their meanings, while table 1.2 contains a list of
symbols and their meanings, along with mathematical definitions and units, where appro-

priate. These acronyms and symbols appear frequently throughout the dissertation.

It should be noted that throughout the dissertation, we use a system of units for charge
density, current density, electric field, and magnetic field such that the factor of 47 does not
appear in Maxwell’s equations. Therefore, this factor also does not appear in expressions for

energy density, Alfven speed (defined in table 1.2), etc..



Acronym

Meaning

AGN
AV

HD
HLL
HRSC
KH
KP8&4
LRNO09
MHD
MP
ODE
PDE
PK83
RHD
RMHD
RMS
SC

TD

active galactic nuclei

artificial viscosity

hydrodynamic

Harten, Lax, and van Leer
high-resolution shock-capturing
Kelvin-Helmholtz

Kivelson and Pu (1984)

Lovelace, Romanova, and Newman (2009)
magnetohydrodynamic

Miura and Pritchett

ordinary differential equation
partial differential equation

Pu and Kivelson (1983)
relativistic hydrodynamic
relativistic magnetohydrodynamic
root-mean-square
shock-capturing

tangential discontinuity

Table 1.1: Commonly used acronyms




Symbol | Meaning Expression/scaled units
B magnetic field in stationary frame [B] = v/energy density
b magnetic field in co-moving frame [b] = V/energy density
c speed of light unit of relativistic speed
Cs sound speed ¢s = +/I'P/p (non-rel.)
cs = cy/I'P/w (relativistic)
electric field in stationary frame E = B x (v/c)
(fluid with infinite conductivity)
M Mach number (flow speed/sound speed) | My = v/cq
M, | relativistic Alfvenic Mach number Ms = (yv)/(v4v4)
=
P pressure in co-moving frame [P] = energy density
To length scale of simulation unit of length
u velocity in co-moving frame [u] = ¢
v velocity in stationary frame [v] = ¢
Va Alfven velocity va = B/,/p (non-rel.)
va = cB/y/w (relativistic)
V50 background flow speed [v,0] = ¢ (relativistic)
w enthalpy in co-moving frame w = pc®+ PT/(T —1)
T shear (transverse) direction N/A
2z flow direction N/A
I¢] flow speed/(speed of light) B = v/c
B plasma beta B = 2P/(E*+ B?)
r adiabatic index I'=Cp/Cy
ol Lorentz factor of flow v o= 1/4/1—0v2/c?
YA Lorentz factor of Alfven speed ya = 1/4/1—v%/c?
Ner viscosity of quantity « n] = rec
p density in co-moving frame [p] = Venergy density/c?
w complex frequency [w] = ¢/rg
w Doppler-shifted frequency w = w— kv

Table 1.2: Commonly used notation




1.2 Motivation for Research

The Kelvin-Helmholtz (KH) instability arises when a perturbation is applied to a flow that
exhibits a transverse (shear) variation in flow speed, either continuous or discontinuous. The
KH instability was discovered independently by Lord Kelvin in 1871 and by Helmholtz in
1868. Helmholtz (1868; 1882) provided a qualitative discussion of the interaction between
two vertically stratified fluids having different densities. Kelvin (1871; 1910) studied this
instability in the geophysical context of wind-water interactions, or, more generally, a fluid
and an air current in relative motion. This problem was further illuminated by Munk (1947),
who found a critical wind velocity of 6.5 m/s above which white caps suddenly emerge. An
experimental demonstration of the KH instability was provided by Francis (1954) for an
air-oil interface. This has been extended to the problem of vertical stratification of air
currents in the Earth’s atmosphere (Chandrasekhar 1961; Case 1960; Dyson 1960; Drazin
1958; Drazin and Howard 1966). There have been many more recent studies of interactions

between atmospheric air currents (Maslowe 1991; Swaters 1999; Van Dyke 1982).

The KH instability has also been widely studied in many areas of astrophysical inter-
est, including astrophysical jets, and interactions within the Earth’s magnetosphere (Pu
and Kivelson 1983; Kivelson and Pu 1984; Otto and Fairfield 2000; Faganello et al. 2008).
Comparisons between jet observations and simulations have suggested that the KH insta-
bility may play an important role in jet morphology, including vortices, helical structures,
filamentary features, etc. (e.g., Hardee 1987, 2003, 2005, 2007; Lobanov and Zensus 2001;
Bicknell and Begelman 1996). Apparent superluminal motion (i.e., behavior that gives the

appearance of being greater than the speed of light, but is an effect of phase velocity),



and relativistic boosting, demonstrate that many of these jets have highly relativistic flows
(e.g., Readhead 1993), while the presence of magnetic fields is strongly supported by the
commonly accepted model for jet formation from active super-massive black holes (Lovelace

1976; Blandford and Payne 1982; Rees 1971; Scheuer 1974; Blandford and Rees 1974).

It is therefore of great interest to numerically simulate the KH instability in relativistic
magnetized jets. However, the assumptions of relativity and magnetization greatly com-
plicate the conservative equations used in simulations, and until 2006, the growth of the
KH instability had not been accurately simulated in the RMHD regime, according to the
introduction of Bucciantini and Del Zanna (2006). We solve the RMHD equations using a
method which is fourth-order in space and time, instead of the second-order method previ-
ously employed, and an absolutely and more rapidly convergent scheme than has previously
been available, and our results reproduce new and intriguing features of jet behavior and
morphology. We shall present our numerical model of the system at the end of chapter 3,
after surveying prior studies of astrophysical jets (both observational and numerical), and of

the KH instability in sheared and stratified plasma flows.

1.3 Overview of the Dissertation

In chapter 2, we present an overview of prior studies of the Kelvin-Helmholtz instability, not
just as it applies to astrophysical jets, but also to wind-water interactions, cloud formation,
interactions between the Earth’s magnetosphere and solar winds, and other space-related
applications such as protostellar systems. We first discuss studies of the linear regime, then
studies of the nonlinear regime, and then we elaborate on prior studies of astrophysical jets.

We then present an overview of numerical methods used in prior single-fluid simulations,



particularly in the context of how they relate to the method used in the present simulation.
We assume, throughout the dissertation, that the fluid being simulated is compressible,
infinitely conducting, adiabatic, and has an isotropic pressure tensor. We establish the

validity of these assumptions in section 3.6.

In chapter 3, we demonstrate the mathematical equivalence of three formulations of
the relativistic magnetohydrodynamic (RMHD) single-fluid equations which are commonly
used in the literature. This demonstrates that the formulation we use in our simulations,
specifically, the covariant version of Anile (1989), is in fact equivalent to the two other
formulations, where one of these is conservative but written in terms of electric and magnetic
fields in the stationary reference frame, and the other is written in terms of Euler’s and
Maxwell’s equations, and explicitly incorporates charge and current. We also show that
these equations reduce to their expected counterparts in the non-relativistic limit. In the
final section, we show that, for realistic physical parameters, the length scales used in the
simulation are many orders of magnitude larger than length scales associated with electron
and ion behavior. This demonstrates the validity of using a single-fluid model. We finally

present our numerical model of the system being simulated.

In chapter 4, we discuss the linear Kelvin-Helmholtz instability for a velocity profile
with a discontinuous step-function transition between two adiabatic compressible flows. The
purpose of this is two-fold. First, we wish to generate growth rates which can be compared
with numerical growth rates which will be generated in chapter 6 for the continuous velocity
profile used in the numerical simulations. Second, we wish to demonstrate the convergence

between the hydrodynamic (HD), relativistic hydrodynamic (RHD), magnetohydrodynamic



(MHD), and relativistic magnetohydrodynamic (RMHD) regimes.

In each regime, we linearize the appropriate single-fluid equations, obtaining a single-
fluid dispersion relation. We then equate the perturbations to total pressure, and to normal
fluid displacement, across the discontinuity, yielding a dispersion relation for predicting the
KH instability. In the HD and RHD cases, we analytically solve the dispersion relation
for equal and oppositely-directed flows, and find that the system is KH-unstable when the
Mach number (ratio of flow speed to sound speed) has a component along the perturbation
direction which is larger than /2. This corresponds to a maximum unstable flow speed (for
perturbations not perpendicular to the flow), which does not exist for incompressible fluids.
In the RHD case, this recovers the results of Bodo et al. (2004). We will find in chapter 6 that
in the case of a continuous velocity profile, the system can be KH-unstable for much higher
Mach numbers, which is in agreement with Blumen et al. (1975) and Ray (1982), among
others. In chapter 12, we will recover the aforementioned single-fluid dispersion relations by
a different approach, namely, linearization of the single-fluid equations in conservative form

with artificial viscosity, followed by taking the inviscid limit.

We then examine the MHD regime, and show that our results agree with those of Pu and
Kivelson (1983) (hereafter PK83) and Kivelson and Pu 1984 (hereafter KP84). Specifically,
in addition to a maximum unstable flow speed, the magnetic field introduces a non-zero
minimum unstable flow speed which is accurately predicted by the growth rate expression
for a magnetized incompressible fluid. We show that in the incompressible limit, for equal
densities and magnetic fields in both fluids, the system is KH-unstable when the velocity

difference exceeds the Alfven speed by a factor of v/2, which recovers the result of Chan-



drasekhar (1961). We then consider the MHD case where the displacement current cannot
be neglected, and show how the dispersion relation is modified. We recover the result of
Lovelace, Romanova, and Newman (2009) (hereafter LRN09). We finally consider a rela-
tivistic magnetized (RMHD) fluid, restricting our attention to the case where the magnetic
field is aligned with the flow direction. In both the MHD and RMHD cases, the region
of unstable flow speeds narrows with increasing field strength, and there is a critical field
strength above which the system is stabilized. In the HD and RHD regimes, we can analyti-
cally solve the dispersion relation for predicting the KH instability. In the MHD and RMHD
regimes, the dispersion relation can only be solved numerically. In all four regimes (HD,
RHD, MHD, and RMHD), in the case of a step-function profile, the growth rate increases
linearly with wave number, tending to infinity as the wavelength tends to zero. In chap-
ter 6, we will consider the case of a shear variation in velocity, and generate growth rates
by numerically solving a nonlinear second-order ODE, for which analytical results are not
readily obtainable. From these growth rates, we will show graphically that in the case of a
shear layer, there is a minimum wavelength below which the growth rate ceases to increase.
This conclusion is in agreement with the results of numerous studies examining shear layers,

including Chandrasekhar (1961), Ray (1982), and Miura and Pritchett (1982).

We notice that, for a step-function discontinuity, the factor of v/2 emerges both as the
maximum Mach number for KH instability in the HD and RHD cases, and as the minimum
Alfvenic Mach number for KH instability in the incompressible limit of the MHD case. The
number v/2 is a common result for two-dimensional systems (i.e., systems with no variation in

the third dimension), and can be thought of as the hypotenuse of a right triangle whose legs



each have a length of 1. In three-dimensional systems, the number v/3 frequently emerges.
For example, we will see, in chapter 4, that the maximum physically allowable relativistic

adiabatic sound speed is ¢/v/3.

In chapter 5, we extend our linear analysis to a background velocity profile that exhibits
a continuous shear variation, rather than a step-function discontinuity. We assume a two-
dimensional slab geometry in the z — z plane, where z is the flow direction and x the shear
direction. The fluid is relativistic, magnetized, and hydrodynamic (RMHD). We can there-
fore use the single-fluid RMHD equations given in Anile (1989). The background pressure
and density are uniform. The background magnetic field is uniform and aligned with the
flow direction (the z-direction). The wave vector of the perturbation is aligned with the
flow direction. We linearize the single-fluid equations, first in the RHD regime, then in the
RMHD regime. In each case, we derive a second-order ODE in the perturbation to the total
pressure, which is in agreement with results in the literature, e.g., Miura and Pritchett (1982)
and Birkinshaw (1984). To determine the eigenfrequency, and construct an eigenmode, we
must numerically solve the pressure ODE. In particular, two pressure profiles, a right and
left profile, are constructed by numerically integrating inward from the outer transverse
boundaries. This is repeated for an array of complex eigenfrequencies, and the eigenmode is
determined by the eigenfrequency for which the right and left profiles intersect smoothly at
some point close to the central axis. This is known as the shooting method, and is used in

Blumen (1970). We can then launch the simulation in an eigenmode of the system.

In chapter 6, we explore growth rate behavior for the background velocity profile used in

the simulations, known as a “Bickley jet” profile (Bickley 1937), which has a “sech?” shear



variation. This has the appearance of a bell, vanishing at the exterior boundaries, peaking
in the center, and symmetric about the center. We find that the growth rate decreases with
increasing magnetic field strength, and that the system is stabilized above a certain critical
field strength (as we find in chapter 4 for a step-function discontinuity). In particular, the
growth curve is a function of the relativistic Alfvenic Mach number M4, i.e., a relativistic
version of the ratio of flow speed to Alfven speed. Instability is suppressed when M4 < 3, i.e.,
when 1/My > 1/3. We later demonstrate, in the numerical simulations, that the influence
of the magnetic field on vortex development is accurately characterized by M4, as defined

above.

For an unmagnetized case, we plot growth rate as a function of the background flow speed
amplitude. We find that growth rate increases with increasing flow speed, and abruptly drops
to zero for highly relativistic flow speeds close to 0.95c. Instability persists for relativistic
Mach numbers well above the upper limit of 4 which is derived in chapter 4 for the case of
a step-function discontinuity. This observation is consistent with the non-relativistic results
of Blumen et al. (1975), Ray (1982), among others. We plot curves for several different
sound speeds, and find that growth rate increases with increasing sound speed. We finally
plot growth rate as a function of wave number, again for an unmagnetized case, displaying
curves for several different background flow speeds. We find that for less relativistic speeds,
the growth curve takes the shape of a downward-facing parabola, which is to say, there is
a maximum wave number above which the growth rate ceases to increase, and there is a
maximum wave number above which there is no growth, which is consistent with the non-

relativistic results of Ray (1982) and Miura and Pritchett (1982). This is in contrast to the
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case of a step-function velocity profile, where the growth rate increases linearly with wave
number. For more relativistic flow speeds, instability at near-maximum growth extends to
higher wave numbers and therefore to wavelengths which are smaller than the length scale
set by the shear variation in the initial jet. This is one way in which relativistic effects tend

to destabilize a system.

In chapter 7, we plot the shear profiles of perturbations corresponding to numerical
eigenmodes. These are cross-sections of the initial perturbations at the start of the numeri-
cal simulation. By understanding the properties of these profiles, along with their sensitivity
to such parameters as flow speed and magnetic field strength, we can better understand
the evolution and parameter-sensitivity of the flow. In particular, the symmetry properties
of these profiles govern the nature of the development of nonlinear vortices, and the com-
plementarity between magnetic field and fluid behavior. Both real and imaginary parts of
each perturbation have the same symmetry about the central axis, which ensures that for
each quantity, the perturbation has the same symmetry at every cross-section along the flow

direction.

The pressure perturbation, longitudinal (flow) velocity perturbation, and longitudinal
field perturbation are each antisymmetric, while the transverse velocity and field perturba-
tions are each symmetric, which is consistent with the sinuous mode described by Drazin
and Howard (1966) for an unmagnetized incompressible fluid. The other class of modes are
the varicose modes, also described by Drazin and Howard, which have the opposite symme-
tries. The symmetries of the pressure and velocity profiles govern the development, in the

early nonlinear regime, of counter-rotating vortices. In particular, the profile symmetries
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are responsible for the alternation in vortex location along the central axis. There is also
a close complementarity between the flow and magnetic field behavior, which is largely be-
cause the perturbation profile of each field component has the same symmetry as the profile
of the corresponding velocity component (both transverse profiles are symmetric, while both

longitudinal profiles are antisymmetric).

At higher flow speeds, certain profiles show markedly larger amplitudes in their spatial
variation (particularly the imaginary part of the pressure perturbation, but also to some
extent the velocity perturbations). These perturbation amplitudes are largest for background
flow speed amplitudes of at least 0.9 ¢. This may play a role in destabilizing the system in
highly relativistic cases, in which the numerical simulation succumbs to early unphysical
numerical breakdown (i.e., there is a time at which the primitive variable recovery algorithm
begins to compute speeds which exceed the speed of light). In the magnetized cases, we see
that for stronger background magnetic fields, the perturbation amplitudes are slightly larger
in the profiles of pressure and velocity, and are markedly larger for the vortex-suppressing
field, for which the larger amplitude is often accompanied by a change in shape of the
profile. This may explain the bifurcations we will later observe in the dependencies of

certain quantities on magnetic field strength.

In chapter 8, we discuss the numerical evolution of the system. After being launched
in a numerical eigenmode, the system is evolved using the RMHD conservation-diffusion
equations (Anile 1989). The numerical scheme for this is discussed in the first section. This
method is fourth-order in space and time. The use of fourth-order methods gives us explicit

control over the diffusion terms, which are implicitly present in second-order. The exact
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single-fluid RMHD equations are marginally stable, however they become unstable when the
spatial and temporal derivatives are discretized in a numerical scheme. Diffusion is therefore
needed in order to restore numerical stability to the system, but also to model viscous
exchanges of momentum, mass, and energy, along with a magnetic resistivity associated
with electron and ion gyration in relevant astrophysical environments. At a given time step,
we first invert the conserved quantities to compute the primitive variables (density, pressure,
velocity, magnetic field). The magnetic field components are known immediately. However,
the remaining variables cannot be solved for analytically, and must be obtained using a
relaxation scheme. Such a scheme has been developed by Newman (2002), which is more
accurate, efficient, and rapidly convergent than previously used schemes (Newton-Raphson,
etc.). We then compute the flux quantities from the primitive variables, after which we
compute the spatial derivatives of the flux quantities using the fourth-order method of lines
(Schiesser 1991). We use the fourth-order Runge-Kutta method to compute the conserved
quantities at the next time step. Furthermore, we use a grid consisting of 1000 distinct
points in the z-direction (shear direction) and 200 points per wavelength in the z-direction
(flow direction). Such a refined grid allows for greater convergence of the results than is
provided by the coarser grids used in prior studies. Correspondingly, the simulation is also
more temporally resolved (smaller time step), in order to satisfy the Courant-Friedrichs-Lewy
(CFL) condition, which states that a given signal cannot traverse a significant fraction of a

grid cell within a time step of the simulation.

In the next section of chapter 8, we calculate an approximate conductivity from the mag-

netic viscosity (resistivity) used in the simulations. We demonstrate that this conductivity
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is on the same order of magnitude as conductivities associated with relevant astrophysical
environments, including the BL Lacertae object BL Lac OJ287 (Marscher and Jorstad 2011),
along with the radio jet M87 (Hines et al. 1989; Stawarz et al. 2005). This provides phys-
ical significance to the magnetic resistivity used in the simulations, apart from its role in

numerical stability.

In chapter 9, we present graphs showing the time-dependence of the primitive variables
(density, pressure, velocity and magnetic field components), both in the fluctuations (pertur-
bations) of these quantities, and in their spatial averages. The initial stages of the evolution
correspond to the linear regime, in which the perturbations grow exponentially, ideally at
the growth rate corresponding to the eigenmode. However, the presence of artificial diffusion
introduces evanescent modes, resulting in initial deviations of the growth curves from linear
agreement. When the perturbations become sufficiently large compared to their background
values, the growth deviates from linear behavior, corresponding to the onset of the nonlinear
regime. In the early stages of the nonlinear regime, the perturbations reach a saturation
level (maximum growth), after which the growth either decreases or remains at this average
level. This behavior (linear regime, saturation, nonlinear regime) is qualitatively similar to
the evolution of a non-relativistic MHD system, as discussed by Malagoli et al. (1996). The
average density and pressure both increase over time, while the average velocity and Lorentz
factor tend to decrease over time, with each of these quantities approaching an asymptotic
value as the system approaches an equilibrium state. In both the perturbations and the aver-
age values, we notice nonlinear oscillations which correspond to nonlinear transverse acoustic

waves propagating between the jet axis and transverse boundaries. We find that maximum
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jet deceleration (and therefore maximum viscous dissipation into thermal energy) occurs
for intermediate vortex-disruptive fields, due to the complexity of turbulent reorganization

associated with vortex disruption.

We also plot such quantities as the RMS vorticity, RMS current density, and electromag-
netic energy density, none of which exhibit the aforementioned nonlinear oscillations, but
each of which exhibit a peak shortly after saturation, generally corresponding to amplifica-
tion, at the vortex extremities, of field-related quantities. The peak is generally followed by a
gradual decay that asymptotically approaches a small value. Collectively, these graphs show
many interacting processes, among which is the transfer of energy from the bulk flow to the
magnetic field in the early nonlinear regime (as the field lines are expelled by the vortices),
followed by viscous dissipation into thermal energy as the field lines, and resulting filamen-
tary features, gradually become aligned with the flow. We identify several bifurcations, i.e.,
energy transfer processes which are optimized for intermediate field strengths. Maximum jet
deceleration, and viscous dissipation, occurs for intermediate vortex-disruptive fields. Max-
imum field enhancement (which maximizes electromagnetic energy and vorticity) occurs for

strong vortex-disruptive fields, and is reduced for the stronger vortex-suppressing fields.

In chapter 10, we display the numerical evolution of various test cases, and discuss the
behavior exhibited in the displays. In the absence of a magnetic field, the early nonlinear
regime corresponds to the formation of two large counter-rotating vortices. Apart from
gradual viscous dissipation, these vortices essentially persist indefinitely. Sufficiently weak
fields are vortex-disruptive, which is to say, they allow vortex formation, followed by vortex

inhibition through a series of stages. The first stage corresponds to field amplification at the
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vortex boundaries, which results from vortex rotation, which expels plasma and magnetic
field lines, leading to regions of amplified field at the vortex extremities. There is generally
a remarkably close complementarity between fluid behavior and the magnetic field lines
(and other quantities relating to the magnetic field, including electromagnetic pressure and
current layers). In the weak-field regime, vortex twisting leads to magnetic reconnection,
forming magnetic islands. This is qualitatively similar to the magnetic reconnection seen
by Otto and Fairfield (2000) in their MHD studies of the Earth’s magnetosphere. The next
stage is vortex disruption, whereby the field exerts magnetic stresses at the vortex boundaries,
leading to vortex deformation and shedding of enhanced filamentary features with alternating
vorticity. The third stage corresponds to turbulent breakdown into smaller-scale structures.
In the fourth and final stage, the system approaches an equilibrium state consisting of flow-
aligned vortex and current filaments. The jet widens to about twice the input perturbation
wavelength, and decelerates by an amount depending on field strength. These stages of
vortex inhibition are qualitatively similar to those discussed in MHD literature. We examine
how and to what extent these stages manifest in RMHD for a set of representative field
strengths. Our simulations, and linear analysis, reveal that the extent of vortex inhibition
by magnetic fields is characterized by a relativistic Alfvenic Mach number (a relativistic

extension of the ratio of flow speed to Alfven speed), which we define in (6.3).

The vortex behavior, turbulent regime, filamentation, jet widening, and jet deceleration,
are all in qualitative agreement with observations of numerous jets, including M87 (Bicknell
et. al. 1996), NGC 5128, 3C 273 (Lobanov and Zensus 2001), 3C 120, HH 30 (Anglada 2007),

and HH 34. Moreover, the field strengths we examine fall within about an order of magnitude
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of one another, which is well within the range of uncertainty in estimates of field strength in
astrophysical jets, obtained from synchrotron emission spectra. In particular, the radio jet
MST has a primarily flow-aligned background field, as in our simulations, with knots in which
the field is believed to have transverse components (Hines et al. 1989). Stawarz et al. (2005)
examined knot A, and concluded that it has an amplified field of at least 300 uG, where
the surrounding jet has a field of less than 100 4G (Hines et al. 1989). If the knots exhibit
vortex-like behavior, then vortex twisting of the field lines could account for the transverse
components and the field amplification, which would result from field line expulsion due to
vortex rotation. These magnetic field values, and associated electron and ion gyration, yield
a conductivity which is consistent with the conductivity used in the simulations, as discussed

at the end of chapter 8.

Stronger fields inhibit vortices more rapidly, and correspond to a more rapid transition
to a filamented state, with a smaller amount of intermediate small-scale turbulence, and a
narrower equilibrium jet width. A sufficiently strong field (Alfven speed exceeding about
1/6 of the flow speed amplitude) suppresses vortex formation entirely, resulting in a rapid
transition to a filamented state. We also observe several bifurcations, i.e., processes which
are optimized for intermediate field strengths. These are maximum viscous dissipation for
intermediate vortex-disruptive fields and maximum electromagnetic energy extraction for
strong fields which still allow vortex formation. Intermediate vortex-disruptive fields result
in maximum flow deceleration (from 0.7 ¢ to about 0.2 ¢), and maximum viscous dissipation,
resulting in a broad slow-moving equilibrium background flow. Stronger fields inhibit inter-

mediate turbulence and viscous dissipation, and the residual mechanical energy resides in
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a narrow high-speed central flow channel which is only about 1/5 of the initial jet width.
The much narrower central flow channel is associated with the early vortex inhibition of
strong fields, resulting in an extraction of electromagnetic energy directly from the bulk
flow, and minimal diversion of mechanical energy into rotational form. The greatest extrac-
tion of electromagnetic energy occurs for the strongest fields which still allow some vortex
formation. The narrow central flow overlies a slower background flow whose width, for
vortex-suppressing fields, is very nearly equal to the initial jet width. For all field strengths,
the flow, vorticity, and magnetic field assume equilibrium configurations that retain a mem-
ory of the initial configuration in which the system is launched (also seen in Frank et al.

1996 and Ryu et al. 2000).

In chapter 11, we examine the sensitivity of our simulation results to various input param-
eters. We first verify that for all field strengths, the magnetic field remains approximately
divergenceless. We then verify that, for a given numerical grid, the results converge with re-
spect to time step. We then verify that the results converge with respect to grid refinement,
and find that convergence is not achieved until the grid is substantially refined (at least 750
cells in the shear direction, and at least 150 cells per wavelength in the flow direction). We
note that the results are not dependent on the number of longitudinal wavelengths spanned
by the simulation, and are not significantly influenced by the transverse system width. We
then verify convergence of our results between the RMHD, MHD, and RHD regimes. We
then study the sensitivity of our results to viscosity. In general, a higher viscosity results
in slightly smaller values of quantities related to velocity and field strength, and increased

thermal pressure, which is consistent with an increased amount of dissipation into thermal
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energy. The overall behavior of the system has little sensitivity to viscosity, with greatest
sensitivity for the moderate vortex-disruptive field M, = 41.4, probably due to the com-
plexity of the vortex disruption and turbulent breakdown. In short, we verify satisfaction
of the zero-divergence condition, and find convergence of the simulation results with respect
to time increment, spatial increment, system dimensions, viscosity coefficients, and between
the RHD, MHD, and RMHD regimes.

For a given relativistic Alfvenic Mach number M,, we compare simulation results for
background flow speed amplitudes of 0.5 ¢ and 0.7 ¢, and find close agreement. This indicates
that the quantity M, is indeed closely correlated with the influence of a magnetic field on
vortex development. We finally examine the sensitivity of the results to the wavelength of
the perturbation in which the simulation is launched. For the case of a vortex-suppressing
field, we find that for larger wavelengths, quantities related to magnetic field and velocity
are generally larger, while the thermal pressure is generally smaller. Longer wavelengths
lead to modes with larger length scales, which are therefore less correlated with the small
length scales set by diffusion, thus reducing the transfer of energy into dissipative processes.
We find that for a moderate vortex-disruptive field M4 = 41.4, equilibrium jet width and
flow width both scale with the input wavelength, and that for the vortex-suppressing field
M4 = 5.1, the width of the central flow channel, and of the central vortex filaments, both
seem to scale with input wavelength, although the equilibrium jet width is independent of

wavelength.

In chapter 12, we examine an anomaly associated with diffusion. The exact RMHD single-

fluid equations are marginally stable. However, when discretized in a numerical scheme, they
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become slightly unstable, and artificial diffusion is needed in order to restore stability to the
system. An anomaly sometimes arises from the fact that the diffusion operator does not
preserve the Lorentz-invariance of the single-fluid RMHD equations. In our study of the
KH instability this is inconsequential, as we remain in a stationary reference frame defined
by the velocity shear, and diffusion plays the role of stabilizing the system. However, for
a model with a uniform background flow speed, we find that the modes introduced by
diffusion decay in reference frames for which the flow is non-relativistic, but appear to grow
in reference frames for which the flow is relativistic, which is of course erroneous. This
mathematical exercise, however, illustrates that current mathematical models of diffusion
are not well-suited to frame transformations in relativistic systems. One interesting result,
nevertheless, is that when we take the diffusionless limit of our dispersion relation, we recover
the relativistic acoustic that appear in Bodo et al. (2004), and the Alfven and magnetosonic

modes derived in LRNO09.

In chapter 13, we discuss shock-capturing schemes. Unlike our numerical scheme, these
schemes do not require the use of explicit artificial viscosity to stabilize the system, and have
recently been developed to successfully perform RHD simulations with Lorentz factors of up
to 1000. Although shock-capturing schemes have improved stability, their accuracy is at best
second-order. In recent years, these schemes have been extended to multiple dimensions, and
to the RMHD regime, though with more moderate Lorentz factors generally not exceeding
about 5. We suggest that one such scheme, developed by Mignone et al. (2009), could provide
useful insight into our research, and useful numerical results against which to compare our

results.

20



In chapter 14, we summarize the salient results of this study. These include the complex
mechanisms by which the magnetic field inhibits KH-unstable vortices, and the manner in
which these manifest for a set of representative field strengths. We also summarize our
results concerning the destabilizing influence of highly relativistic flows, and our analytical
demonstration that in the highly relativistic regime, diffusion essentially always introduces
growing modes. We then discuss some opportunities for further exploration of this problem,

including ways in which our model can potentially be extended.

Having laid out a road map for the dissertation as a whole, we now proceed to discuss
some of the salient research on the KH instability, first in general, and then as it applies to

astrophysical jets.
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Chapter 2

Prior Research on the KH Instability
and Astrophysical Jets

We now present an overview of the salient research on the KH instability (first the linear
regime of evolution, then the nonlinear regime), followed by a summary of important studies
of astrophysical jets, in particular as they apply to the KH instability. The Kelvin-Helmholtz
(KH) instability arises when a perturbation is applied to a flow that exhibits a transverse
(shear) variation in flow speed, either continuous or discontinuous. See section 1.2 for a brief
discussion of the early research of the KH instability by Helmholtz (1868) in the context
of vertical stratification between fluids, and by Kelvin (1871) in the context of interactions
between fluids and air currents, along with related research by others. In section 2.1, dealing
with the linear regime of the KH instability, we discuss studies that highlight important
differences between the stability properties of a tangential (i.e., step-function) discontinuity
between two flows, and a continuous shear variation used in numerical simulations. In section
2.2, we discuss studies of the nonlinear evolution of the KH instability, and compare and
contrast these with our study, particularly in terms of the influence of the magnetic field and
relativistic flows. In section 2.3, we present an overview of some of the salient simulations of

astrophysical jets, first in the HD regime, then in the RHD and MHD regimes, and finally
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in the RMHD regime. We identify specific astrophysical objects that have been described

using these studies. We finally contrast these studies with our own.
2.1 Linear Regime

We now survey some of the salient research that has explored the linear regime of the KH
instability. A pioneering treatment of the KH instability was performed by Chandrasekhar
(1961) for incompressible fluids, both magnetized and unmagnetized. For unmagnetized
fluids, he demonstrated the role of surface tension in suppressing the growth of the KH in-
stability in a tangential discontinuity between wind and water. A tangential discontinuity
(TD) does not set a length scale, and therefore the system can be unstable to any perturba-
tion wavelength, no matter how small. For magnetized fluids, he demonstrated the analogous
role of a magnetic field in suppressing the KH instability, and derived an expression for the
growth rate as a function of magnetic field and velocity difference across a tangential discon-
tinuity (TD). Consider adjacent fluids 1 and 2, where fluid j has background density, flow
velocity, and magnetic field given, respectively, by p;, v.;, and B;. Let k denote the wave

vector of the perturbation. Then the growth rate is

- . (2.1)

o= [PpehE(ve —va ) (Bi-K)? 4 (B - k)
Z (p1 + p2)? p1+ p2

When we factor out the magnitude of the wave vector k, we see that the above expression
sets a condition on w;/k, the imaginary part of phase velocity, in order for instability. This
expression yields a critical velocity difference above which instability occurs. For a uniform
density and uniform magnetic field aligned with the flow, this velocity difference is Av =
V2v4, where v4 is the Alfven velocity. Lau and Liu (1980) demonstrated that this condition

23



is valid for any velocity profile in an incompressible fluid. Chandrasekhar’s growth rate
expression also demonstrates that when the magnetic field is everywhere parallel to the flow,
it does not suppress instability to modes perpendicular to the flow. In this case, instability
arises for any velocity difference. The most KH-stable system corresponds to the magnetic
fields in the two regions being perpendicular, with one field being aligned with the flow, and

the other perpendicular to the flow.

Numerous studies have lent further insight into instability arising from a tangential dis-
continuity (TD) in the velocity. Fejer (1964) and Southwood (1968) were among the first to
incorporate the assumption of compressibility (i.e., finite sound speed) into a magnetized hy-
drodynamic (MHD) fluid with a TD. They each found separate KH-unstable modes. PK83
and KP84 made considerable advances into our understanding of the KH instability in a
compressible MHD fluid with a TD, particularly as it applies to the Earth’s magnetosphere,
and its interaction with solar winds. They demonstrated that the assumption of compress-
ibility has the effect of stabilizing the system for large velocity differences, so that there is
a minimum and a maximum velocity difference between which instability occurs. The min-
imum velocity difference, and growth rate in this vicinity, are very accurately predicted by
the growth rate expression for incompressible fluids derived by Chandrasekhar (1961). PK83
and KP84 also demonstrated that the unstable modes found by Southwood (1968) and Fejer
(1964) are part of a larger family of unstable slow and fast magnetosonic modes. Turland
and Scheuer (1976) considered a TD in a relativistic HD compressible fluid, with plane ge-
ometry, and found their models to be KH-unstable, also concluding that these results have

some, albeit limited, predictive value in describing energy transfer in radio galaxies. Ferrari
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et al. (1980) considered a TD in a relativistic magnetohydrodynamic (RMHD) compressible
fluid, with plane geometry, in a regime in which they neglected displacement current. For
weak and strong fields, they found two separate ranges of unstable Mach numbers, and for
highly relativistic flows, they found that the system tends to be stable. Birkinshaw (1984)
considered a TD in a relativistic HD fluid in a cylindrical geometry, finding very different re-
sults for the spatial and temporal domains, and finding poor comparison between his results
and jet-like radio sources. Bodo et al. (2004) considered a TD in an RHD compressible fluid
in plane geometry, and were the first to derive an analytical solution for the growth rate of
the Kelvin-Helmholtz instability for flows with equal and opposite velocities. They demon-
strated that the stability criterion (Mach number larger than v/2) applies also to relativistic

fluids, with a suitable definition of a relativistic Mach number.

The KH instability has also been studied extensively in the presence of a shear layer (i.e.,
transition layer) in the velocity profile. For a TD, the growth rate increases linearly with
wave number, so that as the wavelength approaches zero, the growth rate goes to infinity.
As Chandrasekhar (1961) demonstrated, a shear layer introduces a wavelength (i.e., wave
number) above which the growth rate no longer increases, which is related to the width of the
shear layer. The transition layer also typically introduces a wave number above which the
system is stable, so that the dependence of growth rate on wave number has the appearance
of an upside down parabola whose intercepts define the interval of unstable wave numbers.
For steeper shear layers with shorter widths, this growth curve spans a larger range of wave
numbers, and has a larger maximum growth rate, thereby approaching the limit of a linearly

increasing growth rate for a TD, an infinitely steep profile (Blumen et al. 1975; Ray 1982).
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Chandrasekhar (1961) considered several models of transition layers for which he derived
either exact or approximate analytical solutions. Blumen (1970), and later Blumen et al.
(1975), considered a shear layer in a 2D compressible fluid in HD. Blumen (1970) found an
analytical solution for a hyperbolic tangent shear layer, with a corresponding region of KH
instability. Blumen et al. (1975) showed that this region is part of a larger instability region,
and further showed that a hyperbolic tangent shear layer is unstable to two-dimensional
disturbances at all values of the Mach number, which is in contrast to the case of a TD,
where instability is only expected for flows below a certain critical Mach number (in the
frame in which the velocities are equal and opposite, My = V2 for a TD). They also
showed that the growth rates generally decrease as the Mach number increases, owing to
the stabilizing effects of compressibility. Ray (1982) considered a linear shear variation in a
compressible fluid. As with Blumen et al. (1975), he found instability at all Mach numbers.
However, unlike Blumen et al., who used a continuous profile, Ray found that the sharper

linear profile has a greater destabilizing effect at smaller wavelengths.

Miura and Pritchett (1982) (hereafter MP) derived numerical eigenmodes for a sheared
flow (hyperbolic tangent) in a 2D compressible MHD fluid. They numerically solved a
second-order ODE in the total pressure perturbation, using the initial value method, and
examined numerical growth curves. They demonstrated that growth rates decrease with
a decrease in the angle between the flow and field directions, and that this decrease is
larger for stronger fields. For the perpendicular case, MP showed that the sonic Mach
number can simply be extended to a magnetosonic Mach number, such that the behavior is

dominated by the stabilizing effects of compressibility demonstrated by Blumen (1970). MP
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also discussed the effects of perturbation orientation for parallel and perpendicular magnetic
field cases. When the field is perpendicular to the perturbation wave vector, only the fast
magnetosonic mode is present. However, when the field has a parallel component, Alfven
and slow magnetosonic modes are also unstable. MP then discussed the applicability of
these results to the stability of the solar wind-magnetosphere interface. They suggested that
in the presence of sheared plasma flow in the magnetosphere, the MHD KH instability can
produce field-aligned currents. We observe field-aligned current filaments in the equilibrium

state approached by our RMHD simulations.

Choudhury and Lovelace (1984) considered sinusoidal and linear shear profiles in a super-
sonic compressible HD fluid. They derived numerical eigenmodes by minimizing the ratio
of forbidden to physical solutions for the pressure eigenfunction. For both profiles, they
discovered that in one regime (small Mach numbers and wave numbers), there are unstable
standing waves analogous to those produced for a TD, while outside this regime (larger Mach
numbers and wave numbers), there are unstable traveling wave modes which are not seen in
the case of a TD. For large Mach numbers, they discovered that the fastest-growing traveling
waves correspond to perturbations which are nearly aligned with the flow, and that both
parts of the complex eigenfrequency are increasing functions of the Mach number. Birkin-
shaw (1991) solved for analytical eigenmodes for a linear velocity shear in a compressible
RHD fluid with a cylindrical geometry. He found a resemblance between the features of some
radio jets (3C 449 and NGC 6251) and the distorted flows resulting from gradual growth of

long-wavelength modes.

Having surveyed some of the important studies of the KH instability in the linear regime,
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we now survey some important studies of the nonlinear evolution of the KH instability.
2.2 Nonlinear Regime

Computational advances have allowed for numerical simulation of the nonlinear evolution of
the KH instability. Malagoli et al. (1996) performed a 2D MHD simulation, and identified
three important stages of evolution of the KH instability. The first is linear evolution, in
which perturbation amplitudes grow exponentially according to the growth rates predicted
by numerical computation of the eigenmodes. The second phase corresponds to saturation
of the perturbations, and the early nonlinear regime. In the second phase, the magnetic field
and density interact dynamically through the formation of vortices which expel both mass
and field lines, leading to regions of amplified field at the vortex extremities, and resulting in
vortex stretching of the field lines. The third stage corresponds to the onset of turbulence at
small length scales. As we will see later, this closely mirrors our relativistic MHD simulations.
Keppens et al. (1999) obtained similar results in a 2D resistive MHD simulation with a
uniform field. They also simulated anti-parallel magnetic fields, and obtained very different
saturation behavior and vortex evolution. Whereas a uniform field stabilizes the linear
evolution of the KH instability, a reversed field enhances the instability. This applies also in
the nonlinear regime, in which the presence of magnetic field diffusion allows for magnetic
reconnection events in the reversed field case, leading to tearing instabilities. As we will
see later, our relativistic MHD simulations show magnetic reconnection for sufficiently weak
fields. However, because our background field is uniform, significant vortex twisting must

occur before the field lines reconnect.

Magnetic reconnection at the magnetospheric boundary was examined extensively by
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Nykyri and Otto (2001) and Otto and Fairfield (2000). In these papers, the simulation
used an MHD fluid with a 2D slab geometry and shear variations in the background profiles
of density, pressure, velocity, and magnetic field. Otto and Fairfield found that the KH
instability can result in mass transport of magnetosheath material, and that vortex motion
can result in strongly twisted magnetic field lines, which in turn lead to magnetic reconnection
and amplified current layers. These lead to detachment of filaments of high density plasma,
which Otto and Fairfield concluded may explain the presence of such observed filaments
in the magnetosphere. As we will see, our RMHD simulations show similar behavior with
regard to reconnection, amplification, and filament fragmentation, which indicate that a
similar mechanism may underlie the formation of fragmented filamentary features observed

in astrophysical jets.

Baty et al. (2003) simulated the MHD KH instability in a 2D slab geometry, extending
the system to span many wavelengths in the flow direction in order to observe large-scale
coalescence of vortices. They examined the extent of vortex inhibition as a function of the
Alfvenic Mach number (ratio of flow speed to Alfven speed). Over a wide range of magnetic
fields, they observed a sequence of vortex pairing and merging events that eventually produce
a vortex that spans the system. At one point, similar merging of vortices were observed in our
previous relativistic simulations. However, we later discovered that in our case, these events
were the result of numerical roundoff error. In our RMHD simulations, we will examine
vortex inhibition as a function of a relativistic version of the Alfvenic Mach number, as we
find that this parameter is closely correlated with the influence of the magnetic field on the

evolution of the flow.
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LRNO09 studied the KH instability between the magnetopause and accretion disc of disc-
accreting stars, in both the linear and nonlinear regimes, using an MHD model which includes
the effects of displacement current. They determined that the most KH-unstable mode
occurs when the propagation direction is azimuthal, perpendicular to the magnetic field,
and derived an expression for the growth rate of the instability. They also discussed the
nonlinear saturation of the KH instability, and deduced a wave number power spectrum
proportional to k~! of density and temperature fluctuations in the magnetopause. They also
determined that when the magnetic field is perpendicular to the star’s axis of rotation, it

suppresses the KH instability.

We have surveyed some of the important linear and nonlinear studies of the KH insta-
bility in various physical environments. We now examine some of the salient studies of

astrophysical jets, and of the KH instability as it applies to astrophysical jets.
2.3 Astrophysical Jets

As seen in much of the research mentioned above, astrophysical jets have been studied ex-
tensively in the RHD, MHD, and sometimes RMHD regimes, frequently in the context of the
KH instability. Direct evidence for the existence of relativistic jet flows comes from observa-
tions of collimated parsec-scale jets moving outward from their source at speeds which seem
to exceed the speed of light (“superluminal” motion), as discussed in Readhead (1993) and
Zensus and Pearson (1987). AGN jets (jets arising from active galactic nuclei) are commonly
thought to be formed from supermassive black holes which accrete matter onto a surrounding
accretion disk (Begelman et al. 1984). The rapid rotation of the accretion disk is thought
to concentrate magnetic field lines, resulting in the formation of twin collimated jets which
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are perpendicular to and on opposite sides of the plane containing the disk (Blandford and
Payne 1982; Rees 1971; Scheuer 1974; Blandford and Rees 1974). It is therefore reasonable
to suppose that these jets are both relativistic and magnetized. These properties, along with
the role of the KH instability, have been incorporated into numerous studies, as outlined

below (and including some studies mentioned above).

Hardee (1979) suggested that the KH instability may play a role in the filamentary
features observed in the jets 3C 449 and M87. Ray (1981) examined the twin-tail radio
galaxy NGC 1265 (3C83.1B), via a linear stability analysis of a TD in an MHD compressible
fluid in cylindrical coordinates, and demonstrated that its magnetic field could substantially
inhibit the KH instability. Hardee (1987) applied a spatial analysis of the RHD KH instability

to the study of the motions of helical components in the jet 3C 345.

Early nonlinear RHD jet simulations were performed by van Putten (1993), Duncan and
Hughes (1994), and Marti and Muller (1995). Duncan and Hughes examined Lorentz factors
of v =5 and v = 10, finding little instability and less well-defined internal structure in the
faster jet. Marti and Muller considered a jet with higher beam Mach number and Lorentz
factor (7 = 22.4), and found oblique shocks and an extensive cocoon subject to KH-unstable

vortices.

Lobanov and Zensus (2001) used the RHD KH instability to explain the threaded struc-
ture forming a double helix in 3C 273. They based their approach on linear perturbation
analysis of the RHD KH instability in cylindrical coordinates, as developed by Hardee (1987,
2000). Lobanov (2003) also used this approach to accurately determine physical parameters

of M87. Hardee (2003) and Hardee et al. (2005) successfully used the KH instability to
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model the ribbons and threads in the jet in 3C 120. We will see that in the early nonlinear
regime of our simulations, large vortices are connected by a dual filamentary structure which

is reminiscent of the double-helix in 3C 273 and the filamentary features in 3C 120.

Until recently, relativistic magnetohydrodynamic (RMHD) nonlinear jet simulations have
been computationally prohibitive. Komissarov (1999b) performed an early RMHD jet sim-
ulation after developing a numerical code which he was able to validate against standard
shock-tube tests (Komissarov 1999a). He found two regimes of jet development, namely, the
electromagnetically-dominated (i.e., Poynting-dominated) regime close to the central engine,
often characterized by the formation of a nose cone and Mach disk, and the kinetically-
dominated regime further from the central engine, often characterized by the formation of a
cocoon structure around the central jet. Leismann et al. (2005) performed an RMHD simula-
tion of an axisymmetric jet, and compared toroidal and poloidal fields, where toroidal fields
encircle the jet axis and poloidal fields lie in the plane containing the jet axis. They found
that, unlike poloidal fields, toroidal fields produce nose cones and are responsible for accel-
erating the jet along its central axis. Mignone et al. (2010) performed a three-dimensional
RMHD simulation of a jet, and discovered that unlike the axisymmetric case of Leismann
et al. (2005), the toroidal field does not produce a nose cone, and the jet head wanders from
its central axis. Their results do not, however, exhibit good convergence upon refinement
of their numerical grid. These RMHD simulations employ modest Lorentz factors generally

not exceeding 5.

Our RMHD study employs a 2D slab geometry, as opposed to the cylindrical geometries

used in many of the above studies. The slab geometry allows symmetric and antisymmetric
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KH-unstable modes, which are analogous to the so-called pinching and helical modes, re-
spectively, of the cylindrical geometry (referring to cylindrical Bessel functions of zeroth and
first order, respectively) (Perucho et al. 2004). However, our artificial viscosity numerical
scheme allows for more rapid convergence, and better absolute convergence, than the shock-
capturing schemes employed in many of the above studies. Shock-capturing schemes also
encounter many more difficulties when addressing the RMHD regime. Our study is more
applicable to a kinetically-dominated region of a jet, which is further from the central engine.
Our study also examines in detail the manner of inhibition of nonlinear KH-unstable vortices
for a variety of representative field strengths, while the aforementioned recent studies are
concerned with more general aspects of jet evolution. Whereas the above studies are nu-
merical, our study is also analytical in the manner in which we demonstrate the universally

destabilizing influence of artificial diffusion in the highly relativistic regime.

2.4 Conclusion

We have presented an overview of some of the salient research exploring the KH instability in
the linear regime, the nonlinear regime, and as it applies to astrophysical jets. In the linear
regime, these studies have highlighted important differences between a step-function veloc-
ity profile and a profile with continuous shear variation, along with important conclusions
concerning the influence of a magnetic field, which we will discuss further in chapters 4 and
6. These studies have also highlighted important stages associated with nonlinear evolution,
including saturation, amplification, vortex disruption, and turbulent breakdown, all of which
will receive considerable elaboration and extension when we discuss our simulation results.

We have also discussed studies that have revealed potentially important applications of the
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KH instability to astrophysical jets, in the context of flows which are often relativistic and
heavily influenced by a magnetic field. This collectively underscores the relevance of the
problem we are studying. In the next chapter, we present the RMHD transport equations
being used in the numerical simulations. In particular, we present three commonly-used

versions, and demonstrate their mutual equivalence.
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Chapter 3

RMHD Transport Equations for a
Fluid with Infinite Conductivity

The literature on the subject of relativistic magnetohydrodynamics is complicated by the
common usage of three formulations of the underlying single-fluid RMHD transport equa-
tions. We wish to resolve this confusion by demonstrating the mathematical equivalence of
these three versions, the third of which is explicitly used in our numerical formulation and
simulations. We can then conclude that each version constitutes a complete, self-consistent,
closed system. These equations are discussed in Landau and Lifshitz (1959a) and Anile
(1989), and used in numerous RMHD single-fluid numerical studies (Komissarov 1999a;
Balsara 2001; Mignone et al. 2006, 2009, to name a few), and RMHD studies applied to as-
trophysical jets (Ferrari et al. 1978; Koide et al. 1996; Bucciantini and Del Zanna 2006; Zrake
and MacFadyen 2012, to name a few). Consider a relativistic, magnetized, perfectly con-
ducting, adiabatic fluid, with an isotropic pressure tensor. Let the heat function (enthalpy)
be given by

r

where I' is the adiabatic constant. We first present the three versions of the transport
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equations for this fluid, then demonstrate their mathematical equivalence. We then demon-
strate that the RMHD single-fluid equations reduce to the MHD single-fluid equations in
the non-relativistic limit. Finally, we demonstrate the validity of using a single-fluid model
in this study, by showing that the length scales used in our simulations are many orders of

magnitude larger than the length scales associated with electron and ion behavior.

It should be noted that in this chapter, and throughout the dissertation, we use a system
of units for charge density, current density, electric field, and magnetic field such that the
factor of 47 does not appear in Maxwell’s equations. Therefore, this factor also does not

appear in expressions for energy density, Alfven speed, etc..
3.1 Three Versions of the RMHD Equations

The literature dealing with relativistic magnetohydrodynamics contains three equivalent ver-
sions of the RMHD transport equations for the fluid described above. Each version has its
advantages and disadvantages. We begin with version 1, which combines the transport
equations with Maxwell’s equations. In section 2, version 2 is derived from version 1 by
eliminating the charge and current densities and writing the transport equations in conser-
vative form. In section 3, version 3 is obtained by converting version 2 into covariant form.
Version 3, which is conservative and covariant, is the form which is explicitly used in our

simulations.
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We begin with version 1 of the RMHD transport equations:

Ei(vp)4-‘7-(7pV) =0,

ot
0w , w o, B J
§(§7V>+V-(PI+§7VV> = pCE—i-EXB,
%(w”yQ—P)%—V-(w'yQV) = J-E,
J 10E
V xB = E—FEE, (3.2)
VXE = —la—B,
c Ot
V-B = 0,
V'E:pm

E+YxB = 0.
C

This is the most familiar version, from which the other two versions are derived. However,
the equations here are not in conservative form, which presents computational difficulties
when attempting to numerically integrate them. The first equation, i.e., the mass continuity
equation, describes mass transport, the second equation describes momentum transport (and
contains the forces acting on the fluid), and the third equation describes energy transport.
The fourth through seventh equations are Maxwell’s equations, and the eighth equation is the
assumption of infinite (i.e., perfect) conductivity. All quantities are given in the laboratory
frame. This is the version we will use for deriving linear modes of the KH instability in
chapters 4 and 5, as it is the easiest version to linearize. For this reason, this version is
frequently used in linear analysis of the KH instability in RMHD studies (Ferrari et al.
1978, 1980, etc.), in the MHD approximation (LRN09; Newman and Newman 1999; PK83;
KP84; Miura and Pritchett 1982; Choudhury and Lovelace 1986, etc.), and in the RHD limit
(Bodo et al. 2004., etc.). This version also appears in electromagnetism textbooks such as
Jackson (1975), and in plasma textbooks such as Bittencourt (2004), because this version
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is the closest in form to the equations used in multiple component fluid simulations. In the
case of a plasma with multiple components, one typically needs a separate mass, momentum,
and energy equation for each component. Melatos and Melrose (1996) combined a two-fluid
system of equations into a single-fluid system, by defining a composite mass density, charge
density, etc. They obtained a system which resembled the above version, except that they

did not assume infinite conductivity.
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We now present version 2 of the transport equations:

)
5 (1) = =V (),
ofw , 1 E? + B? w
§[§7V+E(EXB)} = —V(P—I-T)—V-(EVVV—EE—BB),
d 1
5;Pf‘P+§u#+gﬂ = =V [wy*v+(c)(E xB)],
10B
——— = _VxE .
- V % E, (3.3)

0 — V-B,
E+YxB = 0.
C

This version is similar to the equations used in Koide et al. (1996), Nishikawa et al. (1997),
among others, and also appearing in electromagnetism textbooks such as Jackson (1975).
The first through third equations describe mass, momentum, and energy transport, respec-
tively. The fourth and fifth equations are the two Maxwell’s equations that don’t involve
charge. The sixth equation is the assumption of perfect (infinite) conductivity. The momen-
tum and energy transport equations are written in conservative form, and for this reason,

numerical simulations are more easily performed with version 2 than version 1.
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We finally present version 3 of the transport equations:

0
Yk
Oxh =0
0
%’T”V = 0, (34)
0
oonr —
&rug 0,
where
nt = put,
)
™ = (w+b2) uHu” + (P—i—%) g — bHbY,
g = bv'u” — b'ut,
' = y(1,8),
b = 4(8-B), (3.5)
’y b
= (ct,r),
v
8 = —.
c

This is the covariant version, which appears in Anile (1989), Komissarov (1999a), Balsara
(2001), Leismann et al. (2005), Mignone et al. (2006, 2009), Mignone et al. (2010), Zrake
and MacFadyen (2012), among others. It is also the most useful representation for numerical
simulations, although unfortunately, the physical meaning of the individual terms is not as
transparent as in the other two representations. Note that ¢ is the standard metric tensor.
The first of equations (3.4) describes mass transport. The time component of the second
equation describes energy transport, while the spatial components of the second equation
describe momentum transport. The time component of the third equation states that B has
zero divergence, while the spatial component of the third equation is Faraday’s law. b is the

magnetic field in the rest frame of the moving fluid.
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3.2 Equivalence of Versions 1 and 2

We wish to demonstrate the equivalence of versions 1 and 2 of the fluid equations in the
previous section. We begin with the energy equation, which, according to version 1, can be

written

% (wy*—P) = =V - (wy’v)+J-E, (3.6)

where J - E is the component of the Lorentz force corresponding to energy transport. In

order to convert to conservative form, we rearrange the Lorentz force:

JE = [(c)(VxB)—%—E;]-E
- [(c)(VxB)—aa—]ﬂ-E—[(c)(VxE)Jr%—]?]-B
= (c)[(VxB)-E—(VxE)-B]—(%—?-E—k%—]?-B) (3.7)

= —(c)V-(ExB) — %% (E*+ B?).

With this result, the energy equation can be written in the conservative form of version 2:

% {m? - P+ % (E* + BQ)} = -V [wy’v+(c) (ExB)]. (3.8)

We now wish to write the momentum equation in the conservative form of version 2. The

momentum equation, according to version 1, can be written
0 (w , w J
= (57 v) - _VP-V. (C—ﬂ vv) + B+ xB. (3.9)

The main expression to evaluate is

£><B: (VxB—la—E)xB. (3.10)
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We evaluate each of the above two terms separately. The first term is

(VxB)xB = —V(%Bz>+(B-V)B

The second term 1is

10E
C@E)XB—

- v(ip)iv.BB -B(V-B
( ) (BB) - B(V-B)

= -V (1}2) +V - (BB).

1

B

170 0B

19 BYE)+(VxE)xE
c Ot

10 1

10 J
10 J

The Lorentz force is therefore given by

J
pcE+—xB
c

- ——(BxE)—V(

ch—i-(VXB—la—E)xB

c Ot
10 E? 4+ B?

2

c Ot

Substituting this result into the momentum equation, we have

J
-VP-V. (%’y?vv> + p.E+ = x B,
c c

w 10
-VP-V- (§72vv> + prr (Bx E)+

ot

2

{—V (E2+BQ> +V-(EE+BB)|.
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The momentum equation can now be written as

) 1
= 20—272v+E(E><B)} - —V<P+

E? + B?

—v. (Y 2yv - EE —
. ) v <027VV EE BB). (3.15)

Versions 1 and 2 of the RMHD fluid equations are therefore equivalent.
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3.3 Equivalence of Versions 2 and 3

We wish to demonstrate the equivalence of versions 2 and 3 of the fluid equations in section

1. To see the equivalence of the two representations, note first that

b2 — bzbz _bObO

= —+*(8-B)’
B? 2 2 2 2
= ?Jr?(ﬁ B)"—+*(8-B)” (1 -5 (3.16)
BQ
= 5 +(8-B)
The conserved electromagnetic energy in version 3 is given by
200, L2 00 1050 2.2 1 2 2
b u’u +§bg -0 = b~y 5] (B-B)
B> (BB .
- — B
22 2 +
B? -B)?
-5 (1-75% (5 5 S p (3.17)
B*3* — (8-B)" + B
2
E2+B2
2 Y

which is consistent with the left side of the energy equation in version 2. The electromagnetic

energy flux in version 3 is given by

] . . ,
b2u0uz+§b2901_bobz — bQ’)/zﬁl—’)/(ﬁB)bZ

2

~ |Z 46850008

g

= B°6;— (B-B) S

Bi++*(B-B) B

(3.18)

= [(B x B) xBJ,

= (ExB),,
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which is consistent with the right side of the energy equation in version 2. The conserved

electromagnetic momentum in version 3 is given by

. 1, . . 1 , .
b2uzu0 + §b2910 o bsz — bQUOUz + §b2g07, - bObz
= (ExB),, (3.19)

which is consistent with the left side of the momentum equation in version 2. To evaluate the

electromagnetic momentum flux in version 3, we must first make the following simplification:

B*Bp; + °BB;— (8- B) (BS; + 8B)
- [B°6-B(8-B)| s+ [’ B—-B(3-B)| B,
= [(BxB)xB|Bi+[(BxB)xg]B;
= (ExB)gi— (ExB)B;
= Ex (Bg;, — 8B)) (3.20)
= [(Bzﬂj - Bjﬁi)Z + (Bif — Bkﬂi)ﬂ e — L Fe; — E ey
= (E* - E?)é;, — E;Ejé; — E;Eyéy,
= FE%¢;, — EE,.

Using this result, the electromagnetic momentum flux in version 3 is given by

. 1 )
bzuu’ + ébzél — bb*

= [f—j+<ﬂ-B>2] (Vzﬂﬁﬂr%éi) - [Bi”Q(f'B)@] {BHQ 558

B? — E? B? BB;
= —5—&+ [7 +(8- B>2] VB~ —5 —7*(B-B)" Bpi-
(8-B) (BB +BB;) (3.21)
B? — E?
= Téi — BB; + B*Bf; + °BB; — (8- B) (BS; + 8B))
B2 _ E2
— Téi — BB; + E%¢; — EE;
E? + B?

which is consistent with the right side of the momentum equation in version 2. Combining
these results, versions 2 and 3 of the RMHD fluid equations are therefore equivalent. There-
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fore, all three versions are equivalent to one another. Having demonstrated the equivalence of
three versions of the relativistic fluid equations, we now demonstrate that in the appropriate

limits, they reduce to the non-relativistic equations.
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3.4 Relativistic vs Non-relativistic Fluid Equations

The KH instability has been studied extensively in the non-relativistic regime (PK83; KP84;
Ray 1982; Miura and Pritchett 1982; Malagoli et al. 1996; Ryu et al. 2000, among others). We
therefore wish to demonstrate that the relativistic and non-relativistic MHD fluid equations

are consistent with one another. We begin with version 1 of the relativistic MHD equations:

O )+ V- (pv) = 0,

0 (w 4 J
a(—va)qLV-(PI—I— 2’}/VV —pCE—f—EXB,
0

g (uw —P)+V-(w72v) = J-E,
1 10E
VxB = -J —a—,
c c Ot
10B
VXE = —— 3.22
% c ot’ (3:22)
V:-B =0,
V-E = p.,
E+YxB = 0,
c
where w is the heat function, given by
rr
2
= _— 3.23
w pc” + 1 ( )

The first equation describes mass continuity, the second momentum transport, and the third
energy transport. The fourth through seventh equations are Maxwell’s laws, and the eighth
equation is the assumption of infinite conductivity. We seek to write these equations in the
non-relativistic limit, i.e., the limit in which the Lorentz factor v &~ 1. The mass transport

equation in this limit becomes simply

0 = gt (vp) + V- (vpv)

= % +V - (pv). (3.24)
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Before addressing the other equations, we first wish to write the relativistic heat function

multiplied by 72 in terms of the non-relativistic heat function.

r
wy? = (ch + —P) 72,

I'—1
T
= P
<pc+r_1 )%
2
~ —P
vpc +F—1 .
c? r
= F—+-—P (3.25)
1-%
N 9 +1v2 n r
= pe 22 ) 11"
2 2
— —P
pc +2PU +P—1 .
= pc + w,

where wy is the non-relativistic heat function, given by

— 1 2 I

In the non-relativistic limit, the left side of the relativistic momentum transport equation

therefore becomes

2 (%’}/2V> +V. <PI + %v2vv>

ot
~ %[ p—l—%)v]—i—V-[PI—i—(p—i—%)vv} (3.27)
~ %(pv)+V~(PI+pvv),

and the left side of the relativistic energy transport equation becomes
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9 (wy? — P) +V - (wy?v) (3.28)

ot
~ 2wy P) + V- [(o +un) V]
= c {@%—V-(pv)} +Q(wo—P)+V~(w0v)
ot ot
0
= 5 (wo — P) 4+ V - (wgv) (3.29)

o (1 , P 1 rp
= (éﬂv —l—m) +V'V(§PU +m)
We see that equations (3.27) and (3.29) are the familiar non-relativistic expressions for mo-
mentum and energy transport. We now consider the right sides of the momentum and energy
transport equations in the non-relativistic limit. First, we assume that the conductivity is
infinite, and the non-relativistic plasma frequencies are low. That is, the characteristic length

and time scales are large compared to the ion gyroradius and gyroperiod. In this case, we

have zero displacement current, i.e.,

=~ 0. (3.30)

VxB =

Q

(3.31)

We also assume electrical neutrality on a macroscopic scale, so that the macroscopic charge
density p. approximately vanishes. Using these results, the right side of the non-relativistic

momentum equation becomes

J
pE+—xB ~ (VxB)xB
c

_ v(ip)is.vB 3.32
()wsn o



Combining these results, we now have a set of non-relativistic MHD equations for a perfectly

conducting fluid:

— +V-(pv) =0

—(pv)+ V- (PI+pvv) = -V (%BQ) + (B-V)B, (3.33)

Jd (1 P 1 , TP v
g (2 o vz " )Y ~-3J.(B _> ,
at(zp”+r—1)+vv<2p”+r—1> J ( -
We have recovered the familiar MHD equations used in numerous papers (e.g. Miura and
Pritchett 1982; PK83; KP84). We therefore see that the RMHD single-fluid transport equa-

tions reduce to the expected non-relativistic result. Having examined the single-fluid equa-

tions, we now wish to demonstrate the validity of using them to model our system.
3.5 Validity of Single-fluid Model

To demonstrate the validity of using a single-fluid model, we wish to demonstrate that
the length scales in our simulations are many orders of magnitude larger than the length
scales associated with electron and ion gyroradii, and the ratio of thermal velocity to plasma
frequency, which in itself defines a length scale. The velocities in our simulations are with
respect to the speed of light ¢ = 3 x 10! cm/s. The lengths are with respect to the scale
length 7 which appears in the background velocity profile v, (x) = v.o sech?(x/r) used in the
simulations. rg is approximately half a jet radius, or between 0.1 and 1 parsec, which is about
10'® cm. In the foregoing calculations, we assume the ions are protons, as is thought to be
the case in most jets. The ranges of densities and magnetic fields correspond approximately
to values derived in various articles from observations of AGN jets, quasars, and BL Lacertae
objects.
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The length scale associated with the electron plasma frequency is approximately

c Me
lpe = = c 5
Wpe 4mnge

9.11 x 1028 5.32 x 10° cm™1/2

= (3% 1010)\/4n(4.8 X 10-10Y2,, e ' (3:34)

The ratio corresponding to electron plasma frequency is approximately

e  5.32x 1071 cm=3/2
e an (3.35)
To Ve
For electron densities ranging from 10712 cm™3 to 107% cm ™3, we have
Lpe
532 x 1071 < 2 < 532x 1077, (3.36)

To
The length scale associated with the ion plasma frequency is approximately

C m;
lpi = — = C 5
Wi 4mn;e

1.67 x 10—24 2.28 x 107 cm~1/2
= 1010 = . 3.37
(310 >\/47r(4.8 % 10-10)2p, NG (3:37)

The ratio corresponding to ion plasma frequency is approximately

Lpi 2.28 x 1071 cm=3/2

= = . 3.38
To Vi ( )
For ion densities ranging from 1072 cm ™3 to 10™* em ™3, we have
Lpi
228 x 1077 < 2 < 228 x107°, (3.39)

To

The length scale associated with the electron gyrofrequency can be approximated as

o1



c mec® (911 x 107%)(3 x 10'°)* 1708 G cm

Wee eB (4.8 x 10719)B B

lce

The ratio corresponding to electron gyrofrequency is approximately

L. 1.71 x 107 @
To B '

For magnetic fields ranging from 107° G to 1 G, we have

lce —_
171 x 10758 < =2 < 1.71 x 107,
To

The length scale associated with the ion gyrofrequency can be approximated as

l c mic® (167 x 1072)(3 x 101°)?  3.13 x 10° G cm

Wei eB (4.8 x 10-19B B B

The ratio corresponding to ion gyrofrequency is approximately

le  313x1072G
To N B ’

For magnetic fields ranging from 107% G to 1 G, we have

lcz’ _
313 x 10712 < 2 < 3.13x 1075,
To

The run time for a typical simulation is about

T A 30020 = 100 g,
C

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

We can now approximate the ratio of the run time to the period associated with the ion

plasma frequency:
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47rn;e? _ 4mn,;(4.8 x 10719)?

WpiTeun A T<1010 ) = g (1009 = (L73x 10" em®) ny. (3.47)
For ion densities ranging from 107!2 cm =3 to 10~* em ™3, we have
1.73 x 10* < wpiTeun < 1.73 x 102 (3.48)

These comparisons collectively demonstrate that for the relevant ranges of densities and mag-
netic field strengths, the length scales in our simulation are many orders of magnitude larger
than the length scales associated with electron and ion behavior, thereby demonstrating the
validity of using a single-fluid model in our simulations. Another important observation is

that for typical parameters, the Larmor frequencies are on the order of 100 s~!

, which is
about 10 orders of magnitude larger than ¢/ry, corresponding to frequencies of typical KH-
unstable perturbations examined in our study. It is therefore highly unlikely that these KH

-unstable perturbations would generate resonance in gyrating particles. We also discuss this

in section 8.2 of chapter 8.

Having justified our use of the single-fluid RMHD equations, and surveyed the salient
research on the KH instability in sheared plasma flows, we are now in a position to present

our model of the system.

3.6 Model Used in Simulations

The fluid in this study is relativistic, magnetized, and hydrodynamic (RMHD). The fluid
is also compressible, infinitely conducting, adiabatic, and has an isotropic pressure tensor.

These are the assumptions made in most single-fluid MHD and RMHD studies (Miura and
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Pritchett 1982; Frank et al. 1996; Malagoli et al. 1996; Ryu et al. 2000; Otto et al. 2000,
among others), including those that involve simulations of jets (Duncan and Hughes 1994;
Koide et al. 1996; Mignone et al. 2010, among others). Some magnetic resistivity is included
in the form of artificial viscosity. However, we will show at the end of chapter 8 that for
physically realistic length scales, this resistivity corresponds to a conductivity which is at
least three orders of magnitude larger than frequencies typical of the system (i.e., growth
rates, eigenfrequencies, etc.). Therefore, the formal inclusion of Ohmic dissipation is not
necessary, and the conductivity is effectively infinite. We also show at the end of chapter
8 that the conductivity modeled by magnetic viscosity is consistent with electron and ion
gyration within relevant astrophysical environments (i.e., regions of astrophysical jets at
sufficient distances from the nucleus). In assuming an isotropic pressure tensor, we assume
that thermal electron and ion interactions are random, i.e., that they do not occur more
strongly in a certain preferred direction with respect to the magnetic field. This assumption
is valid because, as we show at the end of chapter 3, the length scales associated with electron
and ion behavior are much smaller than the length scales relevant to the simulation. Viscous
exchanges of momentum, mass, and energy are instead dominated by interactions of small
eddies (Tennekes and Lumley 1973), whose sizes are intermediate between the molecular level
and the level of structures arising from the simulation. We can therefore use the single-fluid

RMHD equations given in Landau and Lifshitz (1959a) and Anile (1989).

We assume a two-dimensional slab geometry in the z — z plane, where z is the flow direction
and x the shear direction. The background pressure and density are uniform. The back-

ground magnetic field is uniform and aligned with the flow direction (the z-direction). The
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background velocity has the “Bickley jet” shear variation (Bickley 1937):

v,(z) = wvyosech®(z/rg). (3.49)

This profile, also sometimes referred to as the “sech?” velocity profile, has the appearance
of a Gaussian profile, vanishing asymptotically at the exterior boundaries, peaking in the
center, and symmetric about the center. The boundary conditions are periodic in the x and
z-directions. However, the salient research of the Kelvin-Helmholtz instability, as it applies
to compressible, magnetized, or relativistic fluids, has not thus far used a Bickley jet profile,
nor has it been applied to astrophysical jets. Rather, prior studies (Miura and Pritchett
1982; Frank et al. 1996; Otto and Fairfield 2000; Malagoli et al. 1996, among others) have
often used a slab geometry with a single transition layer between jet and ambient medium,
typically a hyperbolic tangent profile. Our background profiles are symmetric about the
central axis, which means that the numerical solutions should exhibit certain symmetry
properties about the central axis which should be preserved through time. This provides a
way of verifying that our solutions sustain their numerical accuracy as they evolve. Other
studies have used a cylindrical geometry (Marti et al. 1995; Koide et al. 1996; Leismann
et al. 2005; Hardee 2003; Hardee 2005; Mignone et al. 2010, among others), which allows
for a more complete exploration of the jet cross section. However, the RMHD cylindrical
studies tend to focus on more general aspects of jet evolution, rather than the specific role
of the KH instability. This is largely due to the many numerical difficulties that arise
when the relativistic magnetohydrodynamic (RMHD) conservation-diffusion equations are
modeled in cylindrical geometry in the presence of a velocity shear. By allowing for the use
of a slab geometry, the Bickley jet profile avoids many of these difficulties, while spanning
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an entire cross section of the jet, and providing a built-in mechanism for validating the
numerical accuracy of the solutions by ascertaining that certain symmetry properties remain
intact throughout the evolution. One example is a condition of alternating symmetry of the

vorticity, which we describe in section 6.1 of chapter 6.

3.7 Conclusion

We have demonstrated the mutual equivalence of three commonly-used versions of the single-
fluid RMHD transport equations, and shown that in the non-relativistic limit they reduce to
the MHD transport equations used in many non-relativistic studies. We have also demon-
strated the validity of using a single-fluid model, by showing that for physically relevant
astrophysical parameters, the length scales of the simulation are many orders of magnitude
larger than the length scales associated with electron and ion behavior. Having also pre-
sented our model of the system, we can now discuss properties of linear modes of the KH
instability. We begin, in the following chapter, by restricting our discussion to the case of
a transverse step-function discontinuity in the flow velocity, in all four regimes (HD, RHD,
MHD, RMHD). We derive important results, and show how they converge between the dif-
ferent regimes. We will then proceed, in chapter 5, to generalize our discussion to the case

of a continuous shear variation in flow velocity.
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Chapter 4

Linear Analysis of the KH Instability:
Step-function Velocity Profile

In this chapter, we wish to derive and solve linear dispersion relations for predicting the
Kelvin-Helmholtz (KH) instability in the case of a tangential discontinuity, i.e., step-function
velocity profile. We frequently use a general reference frame in which the flow speeds are
non-zero on both sides of the discontinuity, which is related by a Doppler shift (in the non-
relativistic case) or Lorentz shift (in the relativistic case) to the frame in which one fluid is
stationary (i.e., the ambient medium). We then wish to solve the dispersion relations, and
from this our aim is two-fold. We wish to derive growth rate results which we can compare
with numerical growth rates to be generated in chapter 6 for the continuous “sech?” velocity
profile used in numerical simulations. This profile has the appearance of a bell, vanishing
at the exterior boundaries, peaking in the center, and symmetric about the center. Sec-
ond, we wish to demonstrate convergence between the hydrodynamic (HD), relativistic hy-
drodynamic (RHD), magnetohydrodynamic (MHD), and relativistic magnetohydrodynamic

(RMHD) regimes.

We perform our analysis first (section 4.1) for a non-relativistic unmagnetized fluid (HD),
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then (section 4.2) for a relativistic unmagnetized fluid (RHD), then (sections 4.3 and 4.5)
for a non-relativistic magnetized fluid (MHD), and finally (sections 4.6 and 4.7) for a rela-
tivistic magnetized fluid (RMHD). In each regime, we linearize the appropriate single-fluid
equations, obtaining a single-fluid dispersion relation. We then equate the perturbations to
total pressure, and to normal fluid displacement, across the discontinuity, yielding a disper-
sion relation for predicting the KH instability. In the HD and RHD cases, we analytically
solve this dispersion relation in the frame of equal and oppositely-directed flows, and in both
regimes, find that the system is stabilized when the Mach number (ratio of flow speed to
sound speed) exceeds V2 (specifically, the projection of the Mach number onto the pertur-
bation direction). For the RHD case, this recovers the stability results found in Bodo et al.
(2004). In chapter 6, when we analyze numerical growth rates for a continuous sech? back-
ground velocity profile, we will see that for flow-aligned perturbations, instability extends to
much higher Mach numbers than predicted by the step-function analysis, which is also ob-
served in the MHD results of Miura and Pritchett (1982). However, in both models, growth
rate increases with increasing sound speed. We also examine the normal wave vectors in
equal and oppositely-directed flows. Here, the system of equations now assumes a complex
form, and is Hermitian. The frequency is either purely imaginary (in the unstable regime)
or purely real (in the stable regime). The normal wave vectors in the two flows are complex
conjugates of one another in the unstable regime. We discover that in the highly relativistic
KH-stable regime, one of these tends to infinity. The appearance of modes with vanishingly
small wavelengths might be one manifestation of the tendency of highly relativistic flows to

destabilize the system.
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In the MHD case, we again derive a dispersion relation for predicting the KH instability,
this time with a magnetized non-relativistic fluid. As with the HD and RHD cases, there is a
maximum unstable flow speed for a given perturbation direction. However, the magnetic field
also introduces a non-zero minimum unstable flow speed, which is accurately predicted by the
growth rate expression for a magnetized incompressible fluid. These results are generated in
section 4.3, by numerically solving the dispersion relation using Mathematica, and, in section
4.4, we recover the results of PK83 and KP84. Our successful comparison indicates that we
have a valid algorithm for generating growth rates via Mathematica, which we can extend to
the relativistic regime. In section 4.5, we consider a fluid with non-relativistic flow speed and
sound speed, but relativistic Alfven speed, so that the effect of the displacement current must
be included in deriving the dispersion relation. We recover the result of LRN09. In section
4.6, we consider the fully relativistic magnetized (RMHD) case, restricting our attention to
the case where the magnetic field is aligned with the flow direction. The MHD and RMHD
dispersion relations for equal and oppositely directed flows have the same aforementioned

Hermiticity properties as the results for the unmagnetized cases.

In the RMHD case, the dispersion relation is solved numerically using Mathematica, and
the results are presented in section 4.7. In particular, we investigate the dependence of the
stability of the system on flow speed and on magnetic field strength. We find that in the
case of a flow-aligned perturbation, the magnetic field eliminates the instability at all flow
speeds if the magnetic pressure is greater than the thermal pressure. Also, the corresponding
non-relativistic results are similar, except that the stabilization of the system occurs at a

smaller value of the magnetic field. In the case of an oblique perturbation, an increasing
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magnetic field can reduce but not eliminate the instability, no matter how strong it is.

We also compute RMHD growth rates for the sound speed ¢, = 0.57 ¢ used in the simula-
tions. We find that there are critical Alfven velocities above which instability is suppressed,
and that these values are consistently less than the values predicted by Chandrasekhar (1961)
for an incompressible fluid. This is consistent with the numerical results to be obtained in
chapter 6 for the sech? background velocity profile. In the case of the sech? velocity profile,
however, we will see that the influence of the magnetic field on the growth curves is heavily
dependent on the relativistic Alfvenic Mach number (a relativistic version of the ratio of
the ratio of flow speed to Alfven speed). Little such dependence exists for a step-function

velocity profile.

We uncover another important difference between the step-function velocity profile and
continuous profiles. For a step-function profile, the growth rate increases linearly with wave
number, and therefore tends to infinity as the wave number tends to infinity (wavelength
tends to zero). For a continuous profile, however, we will see in chapter 6 that there is a wave
number above which the growth rate ceases to increase, i.e., a wave number corresponding
to maximum growth. This conclusion is in agreement with the results of numerous papers

examining shear layers, including Ray (1982) and Miura and Pritchett (1982).

We first consider the HD regime, for which the flow is neither relativistic nor magnetized.
4.1 HD Kelvin-Helmholtz Instability

We begin by examining the KH instability in a non-relativistic unmagnetized HD fluid,

which we assume is compressible and adiabatic. We begin by deriving a dispersion relation
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for adiabatic sound waves in a uniform flow. We then use this result to derive a dispersion
relation for predicting the KH instability in two adjacent flows with equal and opposite flow
directions. We solve this dispersion relation analytically for the growth rate, and recover the
familiar result that the system is unstable only for M < v/2, where M is the Mach number

in the frame of equal and oppositely-directed flow speeds.
4.1.1 Dispersion Relation for an Unmagnetized Fluid
Consider a non-relativistic unmagnetized adiabatic fluid flowing in the positive z-direction

at a speed v,. The fluid also has density p and pressure P. We define the non-relativistic

adiabatic sound speed ¢, by

dP rp
Cg = — = —, (41)
dp p

where I is the adiabatic constant. The HD fluid equations we wish to linearize are

dp
E"‘V‘(pV) = 0,
0
p<§+v-v)v+VP = 0, (4.2)
, dP TP
Cg = —F = —.
dp p

The first equation in (4.2), the mass continuity equation, describes mass transport. The
second equation is Euler’s equation. The third equation is the adiabatic assumption, where

cs is the sound speed. We assume each quantity has the linearized form

g =G+ oge’®Th, (4.3)

Substituting the linearizations into the energy equation, we obtain
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—wip + pk - ov + k. 0,0p = 0,

(4.4)
which can be simplified to give
—wép+ pk - v = 0, (4.5)
where w =w — k,0, . From (4.1), we have
oP oP
2
c: IS or op - (4.6)
Substituting this into (4.5), we have
oP
—w— + pk - v 0. (4.7)
The linearized version of Euler’s equation is
—pwév +kdP = 0. (4.8)
Solving for the velocity perturbations in the above equations, we have
koP
Pl

Substituting these results into (4.7), we have

o k2 Ok E2
St o+ —+= =0,
cs w w w

(4.10)

which, upon simplification, gives

62



W = G(kZ+k + k). (4.11)

This is the familiar dispersion relation for non-relativistic adiabatic sound waves. In the
next subsection, we use these results to derive and solve a dispersion relation for a tangential

discontinuity between two flows.

4.1.2 HD Dispersion Relation for Two Adjacent Flows

We now consider two adjacent flows of a non-relativistic unmagnetized fluid. We derive a
dispersion relation for the Kelvin-Helmholtz instability between these flows, and solve the
dispersion relation analytically, obtaining a growth rate in the event of instability. We then
show that there is an upper-critical Mach number above which the system is unconditionally
stable. All of these results are in agreement with the non-relativistic limit of Bodo et al.

(2004), and the unmagnetized limit of PK83 and KP84.

The boundary between the two flows is the y — z plane. Below the y — 2z plane (denoted
region 1), the unperturbed flow velocity is o, in the positive z-direction. Above the y — z
plane (denoted region 2), the unperturbed flow velocity is 0, in the negative z-direction.
That is, the two flow velocities are equal and opposite. The fluid has uniform unperturbed
density p and uniform unperturbed pressure P. As before, we perturb these quantities, and
write them in linearized form. The linearized density, pressure, x-velocity, and y-velocity,

are, for j = 1,2,
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( ) = p+dpexpli(kyjx + kyy + k.2 — wt)],

Pi(z,y,2,t) = P+ 0Pexpli(kujx + kyy + k.2 — wt)],
( ) = 6vgjexp i (kyjx + kyy + ko2 — wt)], (4.12)
( ) = Ovyjexp i (kpjx + kyy + ko2 — wt)].

The linearized z-velocity is

Va(x,y,2,t) = U, + dvgexpli (knz + kyy + k.2 — wt)],
Vyo(z,y, 2, 1) —0, + dvs exp [i (kpox + kyy + k.2 — wit)]. (4.13)

Based on the results of subsection 4.1.1, the normal wave vector in each region is given by

ko \?
Cs
w + k.0, 2 ) )
ko = C—s — k2 — ky, (4.14)

where

(4.15)

We insert the linearized forms of the primitive variables into the HD equations presented in

subsection 4.1.1, and arrive at the following:

oP
5p = 0_37
kyi0P
57ij = %,
p(w—Fk;0,)
k0P
(5'1) i = %, 4.16
Y3 ,O(CU . kzvzj) ( )
s koP
T p(w = k)
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where v,; = v, and v, = —v,. To arrive at a dispersion relation, we require that the nor-

mal components of the fluid displacements be equal on both sides of the boundary (Chan-

drasekhar 1961):

5vx1 61}:&2
= ) 4.17
w— k0, w + kv, ( )
Using the expressions for dv,; and dv,o, this condition can be rewritten
ky10P k20 P
— = (4.18)
p(w—k.0,) p(w+k.0,)
or simply
k. ks
— R (4.19)
(w—k,0,) (w+ k.7,)

We now insert our expressions for k,; and k., square both sides, and cross-multiply. We

Cs

arrive at
w — kzﬁz 2 9 9 ~ \4 w+ kz({}z 2 2 2 ~ \4
— | —k k| (Wt ko) = — ) - ki —k,| (w—k0.)" . (4.20)

6¢4 and introduce

z78?

This is the non-relativistic version of the dispersion relation presented in Bodo et al. (2004).

To simplify the solution process, we divide both sides of this equation by k

the definitions
w U k
M= = = £ 4.21
, = a=g (121)

The dispersion relation can now be written
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(60— M)’ —1—-0a?] (¢+ M) = [(¢+M)*—1-0a% (¢—M)". (4.22)

We can now write the dispersion relation as the fifth-order polynomial

o\ 6\
where
Al = MZ,
Ay = =2(M*+1+0a%), (4.24)
As = M? —2—20°
The solutions to (4.23) are
¢ =0,
¢? —Ay+ /A2 —4A, A3
— = : 4.2
M? 2A, (4.25)
We now introduce the additional definitions
cos = L
- V1+a?
M, = M cosb. (4.26)

M. is the projection of the Mach number onto the wave vector. The solutions can now be

written in the form

¢ =0,
»? M2+ 14 /( M2+ 1)2 + M2 (2 — M2)
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These are the non-relativistic limit of the roots found in Bodo et al. (2004). Among the
second set of solutions, only the one with the minus sign can potentially yield the Kelvin-

Helmholtz instability, in which case the growth rate is given by

2 2 2 _ 2\ 2 _
b kzﬁz\/\/(/\/leJrl) +Mj\g M2~ M2~ 1 .

An important feature of this expression is that for fixed v,, growth rate increases linearly
with increasing k,. This can be understood intuitively by thinking of k, as representing the
sharpness of an “edge” in the interface between the two fluids. As we make k. larger, this
edge becomes sharper and sharper, which will only make the system more unstable. This
dependence of growth rate on k, applies only to a step-function discontinuity in the velocity
profile. As we will see in chapter 6, when the velocity profile undergoes a continuous shear

variation, there is a critical wave number above which the growth rate no longer increases.

From expression (4.28), instability can only occur when the expression inside the radical
is larger than (M? + 1)2. This can only occur if M? < 2, i.e., if M, < +/2. That is to say,
the projection of the Mach number onto the perturbation wave vector must be less than v/2.

This is the condition for instability, and can be rewritten as follows:

—Zcosh < V2, (4.29)

cos2 @’

Therefore, the criterion for instability also presents an upper limit on the flow speed v,

of each fluid, i.e., a maximum unstable flow speed. This maximum unstable flow speed
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increases with an increase in the sound speed or with an increase in the angle 6 between the
perturbation direction and flow direction. By increasing either of these quantities, we can

increase the region of instability.

We have derived a dispersion relation for a tangential discontinuity separating two fluids
in HD, and analytically solved it, enabling us to predict the occurrence of the KH instability.

We now perform the same analysis in the relativistic (RHD) regime.
4.2 RHD Kelvin-Helmholtz Instability

We seek to derive, interpret, and then extend the analysis of the RHD Kelvin-Helmholtz
instability presented in Bodo et al. (2004). We first consider a single relativistic unmagnetized
adiabatic compressible fluid. We derive a dispersion relation for this scenario, and show
that it is the dispersion relation for relativistic adiabatic sound waves given in Bodo et al.
(2004). We then consider two adjacent flows of the given fluid. The two flows have equal
and oppositely directed relativistic flow speeds, but the same density and pressure (and
therefore sound speed). This is the scenario considered in Bodo et al. (2004). We derive the
dispersion relation for predicting the Kelvin-Helmholtz instability between the two flows, and
analytically solve the dispersion relation for the growth rate. We then demonstrate that there
is a critical relativistic Mach number, and a corresponding critical flow velocity (dependent
on sound speed), above which the system is unconditionally stable. This demonstration
is provided both analytically and graphically. The dispersion relation, growth rate, and
stability condition, are all in agreement with Bodo et al. (2004), and references therein.
These results are also consistent with the those of Bicknell et al. (1996) in the limit of a slab

geometry. When, in chapter 6, we examine numerical growth rates for a continuous velocity
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profile, we will find that instability exists for Mach numbers much larger than the maximum

unstable value for a step-function profile.

We then examine the behavior of the normal wave vector as functions of the flow speed,
both for unstable flow speeds and for stable flow speeds. We discover that for unstable flow
speeds (those below the maximum unstable flow speed), the angular frequency is purely
imaginary, and its curve has the shape of a downward-facing parabola, meaning that a
maximum growth rate is achieved at a certain flow speed. The normal wave vector k, has
equal real parts and equal but opposite imaginary parts in the two fluids. For stable flow
speeds (those above the maximum unstable flow speed), the frequency and normal wave
vectors are purely real. As the flow speed approaches ¢, k, in fluid 1 approaches zero, while
k, in fluid 2 grows rapidly with the Lorentz factor. Therefore, in the highly relativistic
regime, we have very long wavelengths in fluid 1, and very short wavelengths in fluid 2. The
emergence of vanishingly small wavelengths might be one manifestation of the tendency of

highly relativistic flows to destabilize a system.

4.2.1 Dispersion Relation for a Relativistic Unmagnetized Fluid

Consider a relativistic unmagnetized adiabatic fluid flowing in the positive z-direction at a
speed v,. The fluid also has density p and pressure P. We define the heat function w, the

internal energy €, and the relativistic adiabatic sound speed c,, by

2
= ——P
R
p
= p 4+ —— 4.30
€ = p (4.30)
dp rP
2= = — 4.31
A= = (4.31)
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where I is the adiabatic constant. The RHD fluid equations we wish to linearize are

0

BT (w72 — P) + V- (uw?v)

w o, (0 v 0

Yelliy. Yo\ p = 4.32

2! (0t+v V>V+(V+028t) ’ (432)
P ¢

de &
The first equation in (4.32) describes energy transport. The second equation is the relativistic

version of Fuler’s equation, as given by Bodo et al. (2004). The third equation is the adiabatic

assumption, where ¢, is the sound speed. We assume each quantity has the linearized form

qg= Cj‘i‘ 5q€i(k-r7wt)

(4.33)
Let us also define a speed ¢,,, where
i;@: dP _ 1 _ 1 _ c? ‘ (4.34)
c dw d(e+ P) (de/dP) + 1 (2/c2)+1 e+ c?
The linearized version of (4.34) is then
CC—Z’ = (;—i (4.35)
We also note that

1 1 20,00, 2940, 60,
5(72> :5(1—112/02) - (1 ( ) - :

4.36
— 03/02)2 c? c2 ( )

Substituting the linearizations into the energy equation, we obtain

240,60, 2740,6v,
—w (’yzéw — 5P) — wwLﬂ + vk - 6V + k0720w + wkzﬁzu

S =0 (437)
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which can be simplified to give

2945, 0w

—7 00w 4 wdP + 0y’k - 6v — v, = 0, (4.38)

2
where © = w — k,0, . From (4.35), we have dw = c¢?6P/c? . Substituting this into the

above result, and dividing by ¢2, we have

5P
20 v, = 0. (4.39)

A2
20 Ysp Yk sy -
c c?

2
The linearized version of Euler’s equation is
—%72@5% + k0P = 0,
c
(T
27 wovy + k0P = 0, (4.40)
W o WU,
—;fy wov, + (kz - ) oP = 0.

c2?

Solving for the velocity perturbations in the above equations, we have

2k, 0P
(5% = 5
W2
2k 0P
du, = L (4.41)
Wy2w

51}2’ = fQéP, kz - w{)Z .
wy3 c?

Substituting these results into the linearized energy equation, we have

i ke ko ks 0\ _ 2% -
—M+%+—x+—y+—<kz—wv)— e (k—ﬂ) =0, (4.42)
W W

2 2
2 c
which, upon simplification, gives
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2-2 ~ 245 D
Y@ Wi 9 9 2o, wuz\
—~ +?+k1+ky+(kz— > (k—g) = 0. (4.43)

2 2
Ca c

This expression can be simplified as follows:

2~ 2~ ~
2 2 [ w YW 2y v, wo,
e = o (5 ) - (-7 ()
B 5 |w v w 9 v 2w, wu,
-5 (-8) -] (-8) - ()
—9 ~ 2 _ ~9 _ ~ ~
LW 9 wo, o WW 07 o WU, wo,
gt ) e -8) o ()
11 wi, )’
. A242 2 z
Therefore, we have
22 (1 1 2 2 2 wi, )
YW 5_0_2 +k$+k‘y+’}/ kz— 2 = 0. (445)
Now, using
1 1 1
E = L (4.46)
we have, finally,
7w’ 2 2 2 wi, )
R +hk+k,+ (kz 2 ) = 0, (4.47)

s

which is the dispersion relation given in Bodo et al. (2004). Having derived the single-fluid
dispersion relation for acoustic waves in RHD, in the next subsection we use these results in

deriving a dispersion relation for a tangential discontinuity between two fluids in RHD.
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4.2.2 RHD Dispersion Relation for Two Adjacent Flows

We now consider the case presented in Bodo et al. (2004). Specifically, we consider two
adjacent flows of a relativistic unmagnetized fluid. We derive a dispersion relation for the
Kelvin-Helmholtz instability between these flows, and solve the dispersion relation analyti-
cally, obtaining a growth rate in the event of instability. We then show, both graphically and
analytically, that there is an upper-critical relativistic Mach number above which the system
is unconditionally stable. Corresponding to this upper-critical Mach number is a maximum
unstable flow speed, which depends on sound speed. All of these results are in agreement

with those presented in Bodo et al. (2004).

The boundary between the two flows is the y — z plane. Below the y — z plane (denoted
region 1), the unperturbed flow velocity is o, in the positive z-direction. Above the y — z
plane (denoted region 2), the unperturbed flow velocity is 0, in the negative z-direction.
That is, the two flow velocities are equal and opposite. The fluid has uniform unperturbed
density p and uniform unperturbed pressure P. As before, we perturb these quantities, and
write them in linearized form. The linearized density, pressure, x-velocity, and y-velocity,

are, for j = 1,2,

pi(z,y,z,t) = p+dpexpi(kyjz + kyy + k.2 — wt)],
Pi(z,y,2,t) = P+ 8Pexpli(kujx + kyy + k.2 — wt)],
Vi (2, Y, 2,t) = 0vgjexp i (kyjr + kyy + k.2 — wt)], (4.48)
( )

= 0vy; exp [i (kyjx + kyy + k.2 — wit)].

The linearized z-velocity is

Uz1<x7 Y, z, t) = f)z + 5vz1 exXp [l (kxlx + kyy + kzz - Wt)] )
Voo(2,y,2,t) = —0, + 0v0exp [i (kyor + kyy + k.2 — wit)]. (4.49)
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Based on the results of subsection 4.2.1, the normal wave vector in each region is given by

) w— k,v, 2 ) WU, 2 )
ko = AV ———— ) = ke — ) — K,

Cs c

w + k,0, 2 WU, 2
kzZ = \/’}/2 <—) - ’}/2 <kz + C2 ) - k;v (45())

Cs

where

B 1
! V1—02/c2
TP
Cs = C\| —, (451)
w
I -
v = pc*+——P.
A

We insert the linearized forms of the primitive variables into the RHD equations presented

in subsection 4.2.1, and arrive at the following:

1 1
op = | = — ———| P,
g [ (= 1)] |
2k 0P
6ij = = ¢ J = )
w2 (w — k,0,;)
2k, 0P
0V, = Y 4.52
Vv W2 (w — ky0,5) (4.52)
(5'()Zj S C25P _ kz B w@zj ,
Wy (w — k,0y5) c?
where v,; = v, and v, = —v,. To arrive at a dispersion relation, we require that the nor-

mal components of the fluid displacements be equal on both sides of the boundary (Chan-

drasekhar 1961):

5Uzl 51}:52

= . 4.53
w— k0, w + kv, ( )
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Using the expressions for dv,; and dv,s, this condition can be rewritten

2 2
C kzl(SP _ C kxgép - (454)
wy? (w+ k.0,)

2 (w — ko0.)°

or simply

Ky
2 (4.55)

kxl
(w+ kzﬂz)T

(w— kzﬁz)z

We now insert our expressions for k,; and k., square both sides, and cross-multiply. We

arrive at

(4.56)

This is the same dispersion relation presented in Bodo et al. (2004). To simplify the solution

process, we divide both sides of this equation by kSc¢?42, and introduce the definitions

w v k v
= M= = = = = 4.
¢ k.cs’ Cs’ “ k.’ p c (4:57)
The dispersion relation can now be written
) oMcEN® ) A
(6 — M)* — 1-—" — o (1=5%) | (p+M)" =
) oMc2\? ) s
(6+ M) — 1+ Z —a*(1=5%)| (o — M)". (4.58)

We also define a relativistic Mach number M by
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M = M, /11_——62;@/202' (4.59)

We can now write the dispersion relation as a fifth-order polynomial in ¢ (i.e., ¢ multiplied

by a fourth-order polynomial in ¢):

o\ o\
where
A = M 4257
Ay = 2(MP+1+a” -7, (4.61)
A; = M?—2—-2a%
The solutions to (4.60) are
¢ =0,
¢* Ay AT —4A A
e o . (4.62)
We now introduce the additional definitions
1
cosl) = —— M, = Mcosh, B. = Bcosh. (4.63)

V1+a?

M, and (. are the projections of the Mach number and flow velocity, respectively, onto the

wave vector. The solutions can now be written in the form

¢ =0,
¢_2 . S2i\/S§+(Mg+2/BeQ)(2_Mz) (464)
ME Mz + 252 | |
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where

Sy = MZ+1-p2 (4.65)

These are the same roots found in Bodo et al. (2004). Among the second set of solutions,
only the one with the minus sign can potentially yield the Kelvin-Helmholtz instability, in

which case the growth rate is given by

(4.66)

VSR OME 2B 2 - M) - S,
T T zZYZz ME—FQB? .

An important feature of this expression is that for fixed v,, growth rate increases linearly
with increasing k,. This can be understood intuitively by thinking of k, as representing the
sharpness of an “edge” in the interface between the two fluids. As we make k. larger, this
edge becomes sharper and sharper, which will only make the system more unstable. This
dependence of growth rate on k, applies only to a step-function discontinuity in the velocity
profile. As we will see in chapter 6, when the velocity profile undergoes a continuous shear

variation, there is a critical wave number above which the growth rate no longer increases.

From expression (4.66), instability can only occur when the expression inside the radical
is larger than S3. This can only occur if M? < 2, ie., if M, < V2. That is to say, the
projection of the relativistic Mach number onto the perturbation wave vector must be less

than v/2. This is the condition for instability, and can be rewritten as follows:
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or

<
AN
&

2 =" cosh < V2, which yields

<\ 2 2 02
(&) (1 — %) cos?d < 2 (1 — U—;) ; which yields
Cs c ¢

02 (=) cos’d < 26 (- 12), which yields

2
U, < G . 4.67
! ¢ C\/(02 —c2)cos? 0+ 22 (4.67)

Therefore, the criterion for instability also presents an upper limit on the flow speed v, of each
fluid, i.e., a maximum unstable flow speed. This maximum unstable flow speed increases with
an increase in the sound speed or with an increase in the angle # between the perturbation
direction and flow direction. By increasing either of these quantities, we can increase the
region of instability. The maximum allowable sound speed is ¢, = ¢/+/3. Therefore, for a
polarization angle 6, the maximum unstable flow speed is obtained by substituting ¢, = ¢/v/3

into (4.67):

Fomax ﬁ\/(1_1/3>cos29+2/3 -~ VBV 0+l Ve 0+ 1

(4.68)

The corresponding maximum unstable Lorentz factor is

1 Veos2 0+ 1
Ymax — = o8 + . (469)

/1 _ 752 2 cos 6
1 Uz,max/c

For 6§ = 0, i.e., the perturbation polarized along the flow direction, the maximum unstable

flow speed and Lorentz factor are ¢/+/2 and v/2, respectively. As the perturbation direction
is rotated away from the flow direction, this critical flow speed increases, reaching ¢ in the
limit of a perturbation perpendicular to the flow direction. This means that in order to have
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instability at highly relativistic flow velocities, the perturbation direction must be oblique to
the flow direction, i.e., must have a component in the y-direction. When all other variables
are fixed, the growth rate vs v, is a concave downward parabola with intercepts at v, = 0
and at the maximum unstable 0, given by (4.67). It is also important to note that the w
that solves the dispersion relation is either purely real, corresponding to stability, or purely
imaginary, corresponding to instability. w never has both real and imaginary components.

This is a consequence of the Hermiticity of the system.

We seek to graphically illustrate the validity of our stability results. To do this, We plot
below the growth rate distribution as a function of sound speed (horizontal axis) and flow
speed (vertical axis). The component of the wave vector tangential to the interface is fixed

at

ky. = \Jk2+k2 = 5c (1),

k., = k. cos®. (4.70)

We display growth rate plots first for polarization vector parallel to flow direction (6 = 0,
figures 4.1), and then for an oblique polarization of # = 45 degrees (figures 4.2). In both cases,
we see that the instability region is bounded by an upper curve that corresponds precisely to
equation (4.67) for the upper-critical flow velocity. For each polarization angle, there are
three graphs, arranged as follows. The top left graph is a gray-scale distribution, where
white indicates maximum growth rate, and black indicates minimum growth rate. The top
right graph is the corresponding contour plot, where each contour corresponds to a specific
value of the growth rate. That is to say, everywhere along a given contour, the growth

rate is a constant value. The bottom graph displays the critical velocity curve predicted by
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equation (4.67) for the given polarization angle, which agrees with the upper boundary of the
instability regions in the growth rate distributions. These stability results are in agreement

with those of Bodo et al. (2004).
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We now seek to recover the plot given in Bodo et al. (2004). We plot the growth rate “phase
velocity” ¢ as a function of . (horizontal axis) and M, (vertical axis). The left plot is
a gray-scale distribution, for which the minimum growth rate is black, and the maximum
growth rate is white. The right plot is a contour plot, where each curve represents a constant
value of ¢. For these plots, the polarization angle § = 0, which means that the polarization

vector is polarized parallel to the flow. We therefore have

S2 4+ (M2 +262) (2 - M?2) - S
¢ = M\/\/ Al ing(y =5 (4.71)
where
M = /ML= %)+
SQ - M2+1—62,
M = M2, (4.72)

B = B

The plots shown in figure 4.3 agree with the contour plot presented in Bodo et al. (2004).
We are only interested in the growth rate within the region where the adiabatic sound speed
does not exceed its physically allowable maximum value of ¢/ /3. The plots in figure 4.3 are

therefore restricted to the physically allowable region ¢, < ¢/+/3.

The physically allowable region agrees with the one presented in the contour plot in Bodo
et al. (2004). The above graphs confirm that we indeed have unconditional stability (zero

growth) for M, > /2, which is also a conclusion in Bodo et al. (2004).

We now wish to compute growth rates of the step-function profile that can be compared
with the numerical growth rates used in the simulations. We use a flow-aligned perturba-
tion for which k, = 0.8 inverse light seconds, and k, = 0, as in the simulations (although
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Figure 4.1: Critical flow speed vs sound speed at # = 0 (RHD)

82



v_z/c

omega_i(c_s,v_z) [s*(-1)]

1.0

_ omega_i(c_s,v_2) [sY(-1)]

08

06

v_z/c

04

02

03 Y . 0.1
c_slc

black = 0.00, white = 1.43

wi(cs, D), 0=m/4

" . v
Critical flow velocity at 9 = 2
1.0 T T T T T
08}
06
vz,cr
C 04}
02t
0.1 0.2 0.3 04 0.5
c./c
Vz,cr 2
= CS
Cc T
(c2 - cf)cos2 (j + 2]
4

03 04 05
c_slc

Figure 4.2: Critical flow speed vs sound speed at § = 7/4 (RHD)

83



rel, e

Black = 0.00, White = 0.55

1.25 J"‘
—
1.00
reLe o5

C
i c. £ —
Growth rate ¢ restricted to ¢; B

175

0.50

025

0.00
0.0 0.1 0.2 03 04 05 06 07 08

ﬂe

Contour plot: each curve represents
constant ¢.

Figure 4.3: Growth rate vs flow speed and Mach number (RHD)

the simulations define lengths not in terms of light seconds but in terms of a length scale

introduced by the shear variation in velocity). If v, and —wv,o are the equal and opposite

flow velocities in the stationary frame, then the relative flow velocity u.o (in the co-moving

frame of one fluid) is given by

Uz =

21}20
1403/

(4.73)

The relativistic Mach numbers in the stationary frame (M) and the co-moving frame (M ;o)

are given by

V207
M, = 20—
Css
U0V
Ms,rel =
CsYs

V20
cs | 1—v%/c?’

84

1—¢c2/c?

1—¢c2/c?
1 —u?y/c?

(4.74)

(4.75)



Figure 4.4: Growth rate vs flow speed (RHD)
cs/c = 0.2 (black), 0.27 (blue), 0.35 (red), 0.45 (green), 1/4/3 (magenta)

where 7, is the Lorentz factor corresponding to u,o. For purposes of future comparison
with numerical growth curves, the relative flow velocity and Mach number, in the co-moving
frame of one fluid, are more applicable. Figures 4.4 display the growth rate as a function
of flow velocity, where each curve corresponds to a different sound speed. The figure on the
left is in the frame of equal and opposite flow speeds (the stationary frame), while the figure

on the right is in the co-moving frame of one fluid.

Figures 4.5 display the growth rate as a function of relativistic Mach number in the stationary

frame (left graph), and the co-moving frame (right graph).

We see that, for flow-aligned perturbations, and independent of sound speed, the maximum
unstable Mach number is v/2 in the frame of equal and opposite flows. In the co-moving
frame of one fluid, the maximum unstable Mach number is 4 for the maximum sound speed
(c/v/3), and decreases as sound speed decreases. This is in agreement with Bodo et al.
(2004). Also, as sound speed increases, growth rate increases, which is the trend we will
observe in the numerical growth rates for a continuous velocity profile. The growth rates

associated with the continuous profile will be consistently less than those observed with
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Figure 4.5: Growth rate vs Mach number (RHD)
cs/c = 0.2 (black), 0.27 (blue), 0.35 (red), 0.45 (green), 1/4/3 (magenta)

the step-function discontinuity, which is indicative of the stabilizing influence of a smooth
transition in velocity. However, in the case of the continuous (sech?) profile, there is no
maximum unstable Mach number, and we find instability at Mach numbers much larger
than 4 (see chapter 6). Furthermore, as sound speed decreases, the maximum unstable
Mach number becomes larger, not smaller, in the case of a sech? profile. Again, this analysis
pertains specifically to flow-aligned perturbations. For oblique perturbations, the critical

value of /2 pertains to the projection of the Mach number onto the perturbation direction.

We now wish to compare the normal wave vectors in the two fluids in the unstable regime.
The cases of growth correspond to positive imaginary w, i.e., w = iw;, where w; > 0. For

such a case, the squared normal wave vector in fluid 1 is

. ~ \2 L~ 2
2 2 (tw; — k,0,) 1w, 5
k= [T_<kz_ 2 )]_ky

= (K2), +i(k2),, (4.76)

where
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The squared normal wave vector in fluid 2 is

. <2 SN2
2 o | (iw; + kD) 1w; D, 5
ka = 0—2_ (kz+ 2 ) ] —ky
= (k%) +i(k),, (4.78)

where

— (), (4.79)

— (). (4.80)

We can therefore make a general comparison of the squared normal wave vectors in the two
fluids if w is imaginary. Specifically, the real parts are equal, while the imaginary parts are
equal and opposite. We now seek to determine what this implies about the relationship
between k., and k.. To do this, we note that the squared normal wave vectors have equal

magnitudes and opposite phases. Specifically, we write k2, as
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k31 = (k’im + kfﬁlz) exp (iﬁblsq) . (4-81)
We now write k2, as

k2, = (k?cz,r + k§27,) exp (ihasq)
= (kgl,r + ka%l,i) €Xp (Z‘¢25q) (482)
- (kjil,r + kil,i) exp (_i¢lsq) .

The normal wave vectors are then given by

bt = R e (1952
- k?cl,r + kgl,i [cos (%) + i sin (%)} , (4.83)
ko = /K31, + K2y exp (—i%)

= k2, + R, [cos (%) — isin (%)} : (4.84)

Comparing the real and imaginary parts of the normal wave vectors, we see that

ka}l,r = ka,ra

krii = —kaioi (4.85)

This result is a consequence of the Hermiticity of the system, and is consistent with waves
that undergo spatial decay away from the boundary, and vanish as r — oo and as * — —o0.
Note that in taking the square roots of the normal wave vectors, we chose the branch cut
for which the phase of k,; would lie in the same quadrant as the phase of kgj. If we chose
each branch cut to lie in the opposite quadrant as its square, we would still have the same

results as above. If, however, we were inconsistent, and chose the branch cut of k,; to lie in

88



the opposite quadrant as k2, while keeping the quadrants the same for k.2, we would obtain

normal wave vectors with opposite real parts and equal imaginary parts.

We now plot, in figures 4.6, the dependence on flow speed of the angular frequency w and
the normal wave vector k,. Explicit expressions for these quantities are provided below. Each
quantity is complex, and each graph shows both real and imaginary parts simultaneously.
The real part is the black curve, while the imaginary part is the gray curve. For k., the
value in fluid 1 is plotted on the left, while the value in fluid 2 is plotted on the right. The

input parameters for the plots are as follows:

= 05 x 107 g/cm?’,

P

P = 100¢% x 1072 g/em®,

cs = 0.57¢, (4.86)
k., = 2.0c¢ 's71,

k, = 0c's™.

Note that because k, = 0, we have § = 0. The maximum unstable flow speed corresponding

to this case is

. 2
UV, = CCg m = 0.704 c. (487)

The region from 0 to 0.704 ¢ corresponds to instability, while the region from 0.704 ¢ to ¢
corresponds to stability. For unstable flow speeds, only the imaginary part of w is non-zero,
while for stable flow speeds, only the real part of w is non-zero. Each graph exhibits a “kink”

at the critical flow speed.
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Figure 4.6: Frequency and wave number vs flow speed (RHD)
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Explicitly, the above quantities are as follows:

where

w — ko Sy — /53 + (M2 +232) (2 — M?)
- ZYZ M2—|—2ﬁ3 b
Sy = 14+ M? -2

(w — sz&)2 W, 2
ko, = \/”sz — ”yz k, — =2 — k;, (4.88)

Several observations can be made from the previously mentioned graphs. First, we con-
sider the region of instability. The angular frequency is purely imaginary, and this imaginary
part is positive, signifying growth. The growth curve has the shape of a downward-facing
parabola, meaning that a maximum growth rate is reached at a certain flow speed. At v, =0
and at the maximum unstable flow speed, the growth rate is zero. As we determined earlier,
the real parts of k, are the same in both fluids, while the imaginary parts of k, are equal

and opposite.

We now consider the region of stability. In this region all quantities are purely real, and
have no imaginary part. The angular frequency w increases monotonically from 0 to 2 s™1.
Recall that we had k, = 2.0¢ !'s™!. Furthermore, w depends linearly on k., which means
that w/k, will always approach ¢ as 0, approaches c. All velocity perturbations tend to zero
as U, approaches c. However, only in fluid 1 does k, tend to zero in the highly relativistic
limit. k£, in region 2, on the other hand, tends to infinity. This means that at highly
relativistic velocities, we have huge wavelengths in one fluid, and very small wavelengths
in the other fluid. The reason for this is that the Lorentz factor tends to infinity as the
flow speed approaches ¢. However, in this limit, in fluid 1 (see above expression for k,1) the
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Lorentz factor is multiplied by something that tends to zero more quickly, so that the product
tends to zero. In fluid 2 (see above expression for k), the Lorentz factor is multiplied by
a non-zero quantity, and therefore the product tends to infinity. This highly relativistic
behavior can be seen more clearly by plotting the wavelength in each fluid as a function of
the Lorentz factor for the flow velocity, as is done in figures 4.7. Note that in fluid 1, we can
only go out to a Lorentz factor of around 33. Above this, the wavelength in fluid 1 is too

large to be computed accurately without using more refined methods.

In fluid 2, the wavelength approaches zero as the Lorentz factor approaches infinity (i.e.,
as the flow velocity approaches the speed of light). This illustrates the tendency of highly
relativistic flows to break synchronicity between longitudinal and transverse motions, so that
high Lorentz factors tend to excite modes with vanishingly small wavelengths. In chapter
6, when we consider the sech? profile, we will see that highly relativistic velocities excite
modes with near-maximum growth at wavelengths shorter than the length scale set by the
velocity shear. These are two possible manifestations of the destabilizing influence of highly
relativistic flows. No amount or combination of diffusion can sustain a numerical simulation

with a bulk flow Lorentz factor exceeding roughly 2.

In both the HD and RHD cases, we have found that the system is only unstable for Mach
numbers less than /2 in the stationary frame, and less than 4 in the co-moving frame of
one fluid. This is only valid when the velocity profile exhibits a step-function discontinuity
between two flows. When the velocity profile exhibits a continuous shear variation, the region

of instability generally extends to much larger Mach numbers, as we will see in chapter 6.

We have examined the KH instability in the HD and RHD regimes. In the next section,
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Figure 4.7: Wavelength vs Lorentz factor, ¢ =0.57¢, 6 =0 (RHD)

we introduce a magnetic field, and examine the stability of a tangential discontinuity in the

MHD regime.

4.3 MHD Kelvin-Helmholtz Instability

We now consider a magnetized non-relativistic (MHD) fluid. As before, we first derive a
dispersion relation for a uniform background flow by linearizing the single-fluid equations.
We then introduce a step-function discontinuity in the background density, velocity, and
pressure, and derive a linear dispersion relation for predicting the KH instability between
the two flows. In section 4.4, we solve the dispersion relation using Mathematica, and
demonstrate that we recover the results of PK83 and KP84. In particular, we verify that in

the presence of a magnetic field, for a given perturbation orientation, the region of instability
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is bounded by a lower and upper-critical flow velocity. The lower-critical velocity, and growth
rates at lower velocities, are accurately predicted by the expression for MHD growth rates
of an incompressible fluid, as in Chandrasekhar (1961). However, at higher flow speeds,
compressibility has a stabilizing effect. In the limit of zero magnetic field, the lower-critical
velocity is simply zero. In section 4.5, we deal with the case of a relativistic Alfven velocity,

for which the displacement current must be included.

We begin by deriving the dispersion relation for single-fluid MHD modes with a uniform

background flow.

4.3.1 MHD Single-fluid Dispersion Relation

We consider a magnetized non-relativistic compressible perfectly conducting fluid. We also
assume for this section that the Alfven velocity is non-relativistic, so that the effect of the
displacement current can be neglected. The dynamics of this fluid are generally described

by the MHD equations

dp
“r . — 0
<2+V‘V)V% —VP+ — x B,
ot c
VXxB =~ g,
c
V-B =0, (4.89)
10B
VXxE = -2
% c Oot’
E+YxB = 0,
&
2=
S dp

The first equation describes continuity of mass. The second equation is Euler’s equation.
The third through fifth equations are Maxwell’s equations, while the sixth equation is the
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assumption of infinite conductivity. The seventh equation is the adiabatic assumption. These
equations can be combined to yield four equations relating just the pressure, density, velocity,

and magnetic field:

dp
B
Mgy o
= B-V)v-B(V:v)—(v-V)B,
dP
2 -
c, = i

We now consider a single fluid with uniform unperturbed density p, uniform unperturbed
pressure P, flowing with uniform unperturbed velocity @, in the z-direction. The fluid is
immersed in a uniform unperturbed magnetic field B. We perturb each of these quantities

as follows:

Qr,t) = Q+ 6Qe'kr=t), (4.91)
We insert this perturbed form into equations (4.90), thereby yielding the following linearized

equations:

—(w— k) 6p+ (k- Ov) = 0,
(W k) v = —k (5P+B~6B) + (B-k)iB,

—wiB = kx (v X 6B + 0v xB), (4.92)
5P
2 _
c, = 5

Upon solving the above system of linearized equations, we find that the velocity perturbations
are given in terms of the pressure perturbation by
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(w — k’z’ﬁz)2k — ]{2 (VA : k) VA

v = — - —
p(w—k.0,) [(w— k,0.)" — v3k?]

5P, (4.93)

where the Alfven velocity is given by

B

N (4.94)

Vg =

We now substitute this result into the linearized continuity equation, and employ the adia-

batic condition. This leads to the following dispersion relation:

(w—k.0)" — (W= k02 K22 +0%) + AR (va - k)2 = 0. (4.95)

For purposes of defining the modes, we now introduce the total pressure P,, given by

BQ
B = P+—. (4.96)

For a characteristic frequency w that solves the dispersion relation, we can write the corre-
sponding mode in terms of the total pressure perturbation:

SP = M(;pb
@2 —(vy-k)*

1 02— 2k
bp = Ll sp
05@2—(VA-k)
-2, _ 1.2 .
gy = kK (va k) AP, (4.97)
pio [@0? — (va-k)7]
2 1.2y _ . _
5B, — Vaa (K k:a), ko (Va k2 UAaka)(SPb,
\/,B[aﬂ—(VA-k)}

where o« = {z,y,2}, and @w = w — k.0,. Having derived a single-fluid dispersion relation in
MHD, we now apply this result to the case of a tangential discontinuity between two fluids.
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4.3.2 Non-relativistic Magnetized Kelvin-Helmholtz Instability

We now consider the same fluid as in the previous section, but in addition we introduce a
discontinuity in the z-direction in magnetic field, velocity, and density. Each of these quan-
tities is still assumed to be uniform on both sides of the discontinuity. The equations from
the previous section now hold in both half-planes. Furthermore, we have several boundary

constraints, one of which involves the fluid displacement, given by

(% V- V)£ = V. (4.98)

First, the component of the fluid displacement normal to the discontinuity must both be

equal on either side (Chandrasekhar 1961):

Ee1 = an- (4.99)

Second, the total pressure perturbation (thermal and magnetic pressure) must be equal on

either side. This gives the following relation among the unperturbed quantities:

P+=L = P4+ =2 (4.100)

These two conditions must also be applied to the perturbed quantities:

0Py = 0Py,
5Uml 6Um2
= . 4.101
w — szazl W — kZ’&Z2 ( )

We also have boundary conditions on the electric and magnetic fields. Because we assume
the fluid is infinitely conducting, the electric field is given by
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E=Bx_ (4.102)
C

The unperturbed electric field is therefore

E =B

ol

T — B,

o=

: 7. (4.103)

The third condition is equality of the components of the magnetic field normal to the bound-

ary, i.e., in the shear direction. For the unperturbed quantities, this gives simply

The fourth condition is equality of the components of the electric field tangential to the

boundary, which for the unperturbed quantities gives

Ep = Eyp,

B,10; = Baols. (4.105)
Combining these two conditions, we see that the only way to have two distinct unperturbed
flow velocities on either side of the boundary is to set B, = 0 everywhere, so that there is
no component of the magnetic field in the shear direction. That is, the magnetic field is
polarized in the y — z plane.
To complete the dispersion relation, we must solve for each k,; in terms of the other variables,
which is done using the dispersion relation derived in the previous section. The solution for

ky;, for j = 1,2, is

4
J

ol g

2 _ 2 (4.106)
J JQ (vij + cgj) — % (vayjky +va. k) Y

«
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where k7. = k7 + k2. With these values of k,;, the dispersion relation for a magnetic field

perpendicular to the shear direction is given by (13) with v4, ; = 0:

/1-2 W)
i Ky : (4.107)

P1 [(D% - (UAy,lky + UAz,lkz)z} P2 [(D% - (UAy,Qky + UAz,ka)z}

The “—” sign is included because we expect the solution to vanish as © — 4o00. Suppose
fluid 1 occupies the half-space of negative x, and fluid 2 occupies the half-space of positive

2. Then in order to satisfy the above boundary condition, we must have

kxl = _\/k;%]J
koo = 1/K2,. (4.108)

For a given k, and k., the dispersion relation (4.107) generates several values of w. Corre-
sponding to each w is a mode whose perturbation amplitudes are obtained by applying the

relationships (4.97) separately to each fluid, with 6P, k,, and k, the same in both fluids.

In the limit of incompressible fluids, the density p is constant, and ¢? = dP/dp. The incom-
pressible limit therefore corresponds to ¢, — oco. Applying this limit to our expression for

k., we obtain

I —k; + K2, or simply
2 2 2
ky+k,+k; = 0. (4.109)
Therefore, we must have equal normal wave vectors in both fluids. That is, k1 = kuo.

Therefore, the dispersion relation becomes

i = ks (4.110)

p1 [(W —k.0.1)? = (Var - k)ﬂ P2 [(w — k.0.2)? — (Vaz - k)2] .

99



This dispersion relation can be analytically solved for the growth rate:

P1p2 N < \2 1 . 2~ = 2
Wi = k2 (U2 — 021)" — — |p1 (Va1 - k)" + p2 (Vaz - k)7, (4.111)
\/(51 + )’ p1+ P2 [ ]
where, as before,
Vaj- k = vAy,jky + UAz,jkz- (4.112)

The critical velocity difference above which instability occurs is therefore given by

~ ~ ~ k2 ~ k2
(Bog — 01)) = pl;m (V‘”ﬁz ) +(VA%1 | (4.113)

This result agrees with the result of Chandrasekhar (1961). As long as the difference in
flow velocities is sufficiently small, the above dispersion relation and growth rate are ap-
proximately correct in the compressible case. In particular, the lower-critical velocity for
instability in the compressible case is approximately given by expression (4.113) for the in-
compressible case. At large velocity differences, however, the incompressible case continues
to give instability, whereas the compressible case exhibits an upper-critical velocity difference
above which the system is stable, for a given perturbation direction. Compressibility there-
fore stabilizes the system for large velocity differences (PK83; KP84; Southwood 1968, and
references therein). For large relative velocities, the instability is inhibited by the necessity
for the perturbation to perform a large amount of work against the mechanical energy of the
background (bulk) flow. This effect is not present when the Mach number approaches zero,

as in the incompressible case.
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Having derived a dispersion relation for predicting the KH instability in the MHD regime,
we now wish to compare our growth rate results with those of PK83 and KP84, which

demonstrates the validity of our numerical algorithm for solving this dispersion relation.
4.4 Comparison with PK83 and KP84

Through the use of root-finding algorithms in Mathematica, we obtain linear results for the
non-relativistic MHD Kelvin-Helmholtz instability. We wish to compare these results with
the results presented in PK83 and KP84. By doing this, we can validate our method of
analysis in the non-relativistic regime. Once this is done, modified versions of these same
algorithms can then be used to obtain stability results in the relativistic case, discussed in
later sections. As derived in subsection 4.3.2, the dispersion relation for the MHD Kelvin-
Helmholtz instability is

/1.2 _ /1.2
i i (4.114)

- )

P1 [(D% - (UAy,lky + UAz,lkz)2:| P2 [(D% - (UAy,2ky + UAZ,ka)Q}
where, for j =1, 2,
o

k2. = — — k2 — K2 (4.115)
’ i (vz%lj + ) = ¢ (Vayky +vas k) Y

We choose, as our velocity scale, c¢g = 0.001 ¢, where ¢ is the speed of light. We use the

following parameters, which are consistent with the test case of PK83 and KP84:
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I =2 (adiabatic constant),
1= 1.0x 107 g/em™,
po = 10.0 x 1072* g/cm ™,

_(B2\
b = P 71 = 0.64, (4.116)
~ -1
. [ B?
ﬁg - P2 (72) = 25,
Bz 2 10~24 B

ke = (JR24K2 = 1.0 (1)

Note that (; is the ratio of magnetic pressure to thermal pressure. To obtain the remaining
parameters, we invoke equilibrium of total pressure at the interface:

2

2

. . B

P+=t = p4+=2

1+ 2 2+ 27
B2 B2

(61+1)71 = (ﬂ2+1)72, (4.117)

% Pt
B2 fi+1

This gives us the remaining parameters, for j = 1,2 where needed:

Bf L/(B+1Y , —24 -3

— = = 10

5 2(51+1 ch X g/em™7,

~ B?

P = B.—L

J /BJ~2 )
I'P;

;= —2, (4.118)
Pj
B.

J

VAi .
Aj \/Ib,—]

We further assume that the magnetic field in both fluids is parallel to the flow direction, as

is the case with the nightside magnetopause in PK83 and KP84:
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B1 — le 2, B2 — BZQ ZAI (4119)

We define @ as the angle between the flow direction and the direction of the wave vector of

the perturbation.

k, = ky,cos#, k, = ky,sin#. (4.120)

We first perform a comparison for a flow aligned perturbation, for which 6 = 0, so that
k. = ky. and k, = 0. In figure 4.8, we present two plots. The left plot is of the scaled
growth rate w;/(k,.v41) as a function of the scaled flow speed ¥,/v4;. The right plot is of
the base-10 log of w;/(k,.v41) as a function of ¥,/va;. Note that each plot contains two
concave-downward parabolas. The left parabola is referred to, in PK83 and KP&84, as the

slow mode, while the right parabola is referred to as the fast mode.

We present the same graphs for oblique perturbation directions of # = 60 deg, in figures
4.9, and # = 78 deg, in figures 4.10, which are the directions considered in PK83 and KP&4,
for the nightside magnetopause. Note that the horizontal axes are different than for the
previous graphs, due to the range of flow speeds being extended. However, the lower-critical
speed of the fast mode has very little dependence on perturbation direction. We see that
as the perturbation becomes more oblique, the fast mode becomes more dominant, and the

slow mode essentially fades away.

For the three directions considered above, the corresponding results from page 847 of PK83
and KP84 are shown in figure 4.11. We see that these results are in agreement with figures

4.9 and 4.10 (in particular, the logarithmic plots on the right).
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Based on our successful comparison, we see that we have a reliable algorithm for computing
linear growth rates of the MHD Kelvin-Helmholtz instability. We may now proceed with
more confidence in extending our algorithm to the relativistic regime. We have also recov-
ered the expected influence of compressibility on MHD growth rates, as described in the
previous section. Specifically, at lower flow speeds, the growth rates (and lower-critical flow
velocity) are accurately predicted by the growth rate expression for incompressible fluids (see
subsection 4.3.2). At higher growth rates, compressibility stabilizes the system, introducing
an upper-critical velocity. In the next section, we consider the effects of displacement current

on the MHD dispersion relation for predicting the KH instability.
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4.5 MHD KH Instability with Displacement Current

We again consider two magnetized fluids with non-relativistic flow velocities, and non-
relativistic sound speeds, but we now allow for the Alfven velocities to be relativistic, as
would be the case for a magnetically-dominated or low-density jet. In order to ensure that
the phase speed, flow speed, and Alfven speed not exceed the speed of light, we must incor-
porate the contribution from the displacement current into the MHD fluid equations for a
single fluid. Our results are in agreement with the results of LRN09. As we did previously,

we first linearize the MHD equations:

dp
— 4+ V- =0
5 TV (oY) ,
9, J
P —+V.v V+VP:ch+_XB7
ot c
VxE:—la—B,
c Ot
J 10E
B=>-4+-2
v x c+c€9t’
V-B =0, (4.121)
V'E:pca
E+YxB = 0,
&
9P _
dp

The first equation describes mass continuity, while the second equation is Euler’s equation.
The third through sixth equations are Maxwell’s laws, the seventh equation is the assumption
of infinite conductivity, and the eighth equation is the adiabatic assumption. The non-

relativistic sound speed c, is given, as before, by

G = 4| =— = /—. (4.122)



We now consider a single fluid with uniform unperturbed density p, uniform unperturbed
pressure P, flowing with uniform unperturbed velocity v, in the z-direction. The fluid is
immersed in a uniform unperturbed magnetic field B, in the z-direction. We perturb each

of these quantities as follows:

Q(r,t) = Q+ 6Qe'kr—wb), (4.123)

The process of linearizing the equations is greatly simplified by assuming that the magnetic
field and flow direction are both aligned. Because of this, there is no unperturbed electric

field. Therefore, the linearized Lorentz force due to the electric field is zero:

0 (pE) = 6[(V-E)E]

— (k- JE)E = (k- JE) (Bx %) — (k- JE) <By%) ) (4.124)

C

For purposes of linearization, we would like to write the fluid equations entirely in terms of

p, P, v, and B. We do this as follows:

dp B
2
p(%+V‘V)V+VP = —VgB)+(B-V)B+h1,
0B
- = (B-V)v—-B(V-v)—(v-V)B, (4.125)
oP 9
G
where
1 |0B 0B ov ov
hy = c—2[E(B-V)—V(B'E)+B<B'E>—EB}- (4.126)
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Upon substituting the linearizations (4.123) into (4.125), the fluid equations become

5P,
o
—(w—k,0,) 0p+ (k-0v)p = 0,

—p(w— k.t,) 6v + k6P = —k <]§-5B> + (B.k) 0B + hy, (4.127)

(W - k.7,) 0B = (B-k>5V—B(k-5v),

where
[—BzﬁzéB v (B : 513) _B (B : 5v) + cmﬂ . (4.128)

In general, the total pressure the fluid experiences should incorporate both the magnetic

and electric fields:

E? 4 B?
P, — P++. (4.129)

However, because the unperturbed electric field is zero, the electric field does not appear in

the total pressure perturbation, which therefore is the same as in the previous section:

6P, = 6P+ B-0B. (4.130)

By solving the linearized equations, we find that the primitive variable perturbations are

related as follows to the electromagnetic pressure perturbation:
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sp o oK )
203, (B2 —w?/)

1) w? —v?, (k2 —w2/02)5pb

€l

€l

>,
e
I
VR

@) @ — o, (k2 —w?/c2)
e = plw? - viw(l;s? — w2/02)]5pb’
ok
ovy = ple? — Ui:}(ké — w2/02)]5pb’
ov, = p~[(:2[w_2 U_izi,(gf(;gwj/:j)/]cfi by, (4.131)
kok.vas
e = T, (1;;2 —ja)
6B, = — kykva- 5P,

VpIw? =i, (k2 —w?/c?)]

(/'C2 + k’2)UAZ
6B, = v 5P,
VP2 =2, (k2 —w?/2)] "

where

, TP _ B

— 7 w — k,0,. (4.132)
p

|
&
Il

We also obtain the following single-fluid MHD dispersion relation for a flow-aligned unper-

turbed magnetic field:

—4 20722 2_“)_2 2 2.2 12 2_“’_2 _
Wt —w” |k, + | k > | Vi | vk | K = 0. (4.133)
c

2
In the limit of non-relativistic Alfven velocities, this dispersion relation reduces to the
MHD single-fluid dispersion relation given in the previous section, and in PK83 and KP&84.
The above dispersion relation can also be written in the form
2 o w

2
(k2 + kI + kZ) — i k2 (k —) =0, (4.134)

c2
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where

—2
K=k (4.135)

S Cz ‘
This dispersion relation is equivalent to the result of LRN09.

We now introduce a discontinuity at x = 0, so that there are now two fluids, each with its
own unperturbed density, pressure, z-directed flow velocity, and z-directed magnetic field.
From the first boundary condition at the interface, the total electromagnetic pressure must
be equal on both sides of the interface. This must therefore also hold for the electromagnetic

pressure perturbation:

5Py = 6Dp. (4.136)

The perturbation amplitudes are computed by applying equations (4.131) separately to each
fluid, with 0P, k,, and k. the same in each fluid. In particular, the normal velocity pertur-

bation in fluid j is

Dikyi
My = —— T SP,. (4.137)
T [ - vh (B2 - w?/e?)]

We now invoke the second boundary condition, and equate the normal fluid displacements

on either side of the interface (Chandrasekhar 1961). The resulting dispersion relation is

W1 _ &fﬂ, which yields
w1 W2
VKo = —V/kip (4.138)
prlwd — (B2 —w?/c) i) po w3 — (K2 —w?/c?) 02, ,] '

where we solve for k2, in the single-fluid MHD dispersion relation (4.134):

111



]{32 ]C2 2 2 2 ]C2+k72»
kij _ UAZ] ( _22 /C )2 wj( Y sg)’ where
] _UAzjk
-2
Bk
k2 = k;g—CTJ. (4.139)

V)
.

In the limit of non-relativistic Alfven velocities, this dispersion relation reduces to the MHD
Kelvin-Helmholtz dispersion relation from the previous section, and given in PK83 and KP&84.
Having examined the MHD regime, we now derive the corresponding dispersion relation for

a tangential discontinuity in the RMHD regime.
4.6 RMHD Kelvin-Helmholtz Instability

We now wish to derive a dispersion relation for predicting the Kelvin-Helmholtz instability
between two magnetized fluids in the relativistic regime. Our results are consistent with the
dispersion relation presented in Ferrari et al. (1978 and 1980), and the results of Ray (1981)
in the limit of a slab geometry. Our RMHD dispersion relation also has the correct RHD

(Bodo et al. 2004), and MHD (PK83; KP84) limits.

4.6.1 RMHD Single-fluid Dispersion Relation

As we did in the non-relativistic case, we first linearize the relativistic MHD fluid equations

for a single fluid:
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2 (w72 - P) + V- (uw?V) = 0,

ot
w o (0 v 0 J
— — . —— | P = p.E+ — x B,
2! <8t+v V>v+(v+028t) P +cx
VXE = —la—B,
c Ot
J 10E
VxB = —+-——
. c + c ot’
V:-B =0, (4.140)
V-E = p,
E+-xB =0,
c
o°P ¢
de %
where we define the relativistic internal energy by
P
= p + —— 4.141
= Pt (1141)
and the relativistic enthalpy by
5 r
w = pc +ﬁP = e+ P. (4.142)

The first equation describes transport of mechanical energy, while the second equation is Eu-
ler’s equation. The third through sixth equations are Maxwell’s laws, the seventh equation is
the assumption of infinite conductivity, and the eighth equation is the adiabatic assumption.

¢ is the relativistic sound speed, given by

cs = A\ —=— = c\/]—. (4.143)
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We now consider a single fluid with uniform unperturbed density p, uniform unperturbed
pressure P, flowing with uniform unperturbed velocity v, in the z-direction. The fluid is
immersed in a uniform unperturbed magnetic field B, in the z-direction. We perturb each

of these quantities as follows:

Qr,t) = Q + 6Qe'kr=1), (4.144)

The process of linearizing the equations is greatly simplified by assuming that the magnetic
field and flow direction are both aligned. Because of this, there is no unperturbed electric

field. Therefore, the linearized Lorentz force due to the electric field is zero:

0 (pE) = 6[(V-E)E]

— (k-0E)E = (k-0E) (Bx %) — (k- IE) <By%) = 0. (4.145)

C

For purposes of linearization, we would like to write the fluid equations entirely in terms of

p, P, w, v, and B. We do this as follows:

O (a2 P+ V- (1) = 0
wald g voyp . VB 5
=7 <8t+v V)V+(V+c28t)P = 5 +(B-V)B+ hy,
0B
- = (B-V)v—-B(V-v)—(v-V)B, (4.146)
orP _ <
de 2’
where
1 [0B 0B ov ov _,
hy = > {at (B.V)_V<B~ at)+B(B. at)—atB}. (4.147)
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Upon substituting the linearizations (4.144) into (4.146), the fluid equations become

L

se 2’
w—"% o 5 o W 5 W 40,00,
R P+~ gk- v = 20—2w7 o

w . v - -
—272 (w—k,0,) v + (k — wg) 0P = -k (B . 5B> + (B . k) 0B + dhq, (4.148)
(W — k.7,)0B = <]§-k>5v—f§(k-(5v),
where

[—Bzf;zéB 4 (B : 513) _B (B : 5v) + (M?Z} . (4.149)

Because the fluid is relativistic, the total pressure it experiences should incorporate both the

magnetic and electric fields:

B 4 B
P, — P+%. (4.150)

However, because the unperturbed electric field is zero, the electric field does not appear in

the total pressure perturbation, which therefore is the same as its non-relativistic counterpart:

5P, = 6P+ B-0B. (4.151)

By solving the linearized equations (4.148), we find that the primitive variable perturba-

tions are related as follows to the electromagnetic pressure perturbation:
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Vw? — v, (K — w?/c?)

0P = 0P
P =03 (k2 —w?fc)
1 1 202 — 0% (K? —w?/c?
op = 2 2 72*2 ?Z( 2 2/ 2)5P"’
Cs C(F_l) ’}/w—?}Az(kz—W/C)
wk
vy, = — a 0p,,
T o -, (R W)
wk
v, = Y P,
YT O -y, (R - W)
2-2 .2 /{32 o 42/.2 /
5,UZ — _ [/y _W _UAZ( 5 w /C )] kz 5Pb, (4152)
Wy [y2w? —v7, (k2 — w?/c?)]
5Bx _ _ _ kxk;UAz 5Pba
Vo[22 — v, (k2 — w?/c?)]
k. k
0B, = — yltzU4z 5P,

Vi [y2a? — o, (k2 — w?/c2)]
§B _ (kg + k;)UAz §P
Vi e? =g, (k2 —w?e)]

where

P CQFfD
S /II)~,
B,
va. = (c ,
1 = (7=
& = w— k.o, (4.153)

W,
kK = ’y(kz— c2>'

We also obtain the following single-fluid RMHD dispersion relation for a flow-aligned unper-

turbed magnetic field:

2 2

Yot =20 | (k2 + K+ kLK) + <k:2 - w_2> Uiz} + i kLK, <k2 - w_2> = 0. (4.154)
c c

In the non-relativistic limit, this dispersion relation reduces to the MHD single-fluid

dispersion relation given in the previous section, and in LRN(09. The above dispersion
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relation can also be written in the form

2
Vo (k2 + k2 + k2) — viLk? (k2 - w—2> = 0, (4.155)
C
where
wi, \ @?
ke = 9 (k - Cj) -5 (4.156)

4.6.2 The Relativistic Magnetized Kelvin-Helmholtz Instability

We now introduce a discontinuity at x = 0, so that there are two fluids, each with its own
unperturbed density, pressure, z-directed flow velocity, and z-directed magnetic field. From
the first boundary condition at the interface, the total electromagnetic pressure must be
equal on both sides of the interface. This must therefore also hold for the electromagnetic

pressure perturbation:

5Py = 6Py, (4.157)

The perturbation amplitudes are computed by applying equations (4.152) separately to each

fluid, with 65, k,, and k. the same in both fluids. In particular, the normal velocity

perturbation in fluid j is

Wjkaj

Wy [viw] — vl ; (k2 — w?/e?)]

Svgj = 5P, (4.158)

We now invoke the second boundary condition, and equate the normal fluid displacements

on either side of the interface (Chandrasekhar 1961). The resulting dispersion relation is
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5%1 = &jﬂ, which yields

w1 W9
VL _ —Vha (4.150)
Wy (e — (k2 —w?/e) vl ] b [05 — (k2 —w?/c)vh, ]

where we solve for kgj in the single-fluid RMHD dispersion relation derived above:

2 Vi k2 (k2 + k2 —w?/?) — Pl (k2 + K2) L
2 = 22 _ 2 12 ’ where
V595 T Vaz,js;
L2 2
WU Wi
2 = (h-22) -2, (4160
c Z

This dispersion relation is consistent with the one presented in Ferrari et al. (1978 and
1980), and the dispersion relation presented by Ray (1981) in the limit of a slab geometry. In
the limit of no magnetic field, it reduces to the RHD dispersion relation in Bodo et al. (2004).
In the non-relativistic magnetized limit, this dispersion relation reduces to the MHD Kelvin-
Helmholtz dispersion relation from the previous section, which is consistent with PK83 and

KP84, and Southwood (1968).

We have now derived dispersion relations for a tangential discontinuity between two
flows in each of the four regimes, namely HD, RHD, MHD, and RMHD. We now proceed
to numerically solve the RMHD dispersion relation, and examine the stability properties of

the resulting linear modes.

4.7 Numerical Solution to the RMHD Dispersion Re-
lation

We now wish to numerically solve the RMHD dispersion relation for predicting the Kelvin-
Helmholtz instability, derived in the previous section. This will allow us to characterize the
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influence of the magnetic field and flow speed on the stability of the system. We restrict
the foregoing analysis to flow-aligned perturbations (i.e., perturbations for which k, = 0), as
this is the criterion satisfied by the perturbations in which we will later launch our numerical
simulations. We find that, as with the MHD case, for flow-aligned perturbations there is
generally a range of unstable flow speeds, bounded by a lower and an upper-critical flow
speed. We then determine the dependence of these critical flow speeds on the magnetic
field strength. We find that the magnetic field eliminates the instability if the magnetic
pressure is greater than the thermal pressure. We compare these results to non-relativistic
(NR) cases, and find that in the NR flow-aligned case, the magnetic field eliminates the
instability when the magnetic pressure comprises only 40% of the total pressure, compared
to 50% in the relativistic case. We then generate growth rate results for the sound speed of
0.57 ¢ and the wave number of 0.8 inverse light seconds used in the numerical simulations.
These results can be compared with the numerical growth rates generated in chapter 6 for
the sech? velocity profile.

We first wish to characterize the dependence of w and the normal wave vector k, on flow
velocity. We will find many similarities with the relativistic unmagnetized case presented in
section 4.2, which contributes to the validation of our analysis. We consider the following

scenario:

k., = 2c¢'(1s)7 k, = 0,

Yy
p = 0.5x107* g/em™?,
. B2
P+— =10 Zx 107 g/em™?, (4.161)
621 = 6,27 7722 = _@z-

In the studies that follow, we vary the magnetic field, thus varying the magnetic pres-
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sure and thermal pressure, but keeping the total pressure at a constant value of 10¢? x
1072 g/ cm >, To represent the fraction of total pressure consisting of magnetic pressure,

we define the parameter

B2 1
P+B2/2  B+1

(4.162)

where § = 215/ B? is the plasma . When the magnetic field is increased, keeping total
pressure constant, the plasma [ decreases. We can also write
1

B =——1 (4.163)

ap

In figures 4.12(a) and (b), we plot the real and imaginary frequencies, as a function of flow
speed (equal and opposite in each fluid), for an (a) weak field (8 = 9) and (b) strong field
(8 = 2.33). In figures 4.13(a) and (b), we plot the real and imaginary values of k, in fluid 1,
as a function of flow speed, for an (a) weak and (b) strong field. In figures 4.14(a) and (b),
we plot the real and imaginary values of k, in fluid 2, as a function of flow speed, for an (a)
weak and (b) strong field. As these graphs show, the increase in the magnetic field decreases
the interval of unstable flow speeds, and also decreases the maximum absolute imaginary
parts of w and k, in the region of unstable flow speeds. This latter value is close to the local
maximum value of the real part of k, in fluid 1, reached at the maximum unstable flow speed.
In the limit of no magnetic field, these values are equal to k., the wave vector component
along the flow direction. However, the magnetic field has little effect on the behavior of the
real part of the normal wave vector at highly relativistic flow speeds. It seems that regardless

of the strength of the magnetic field, as the Lorentz factor increases in the stable region, the
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real normal wave vector in region 2 approaches infinity, while the real normal wave vector
in fluid 1 approaches 0. This means that, for any magnetic field strength, highly relativistic
flow speeds can excite modes at arbitrarily small wavelengths, i.e., wavelengths which would
be too small to be resolved by the grid used in a numerical simulation. This is one possible

manifestation of numerical destabilization at highly relativistic flow speeds.

Recall that in the unmagnetized case, in the unstable region only, the real parts of k, are
equal, while the imaginary parts of k, are equal and opposite. We expect to observe this in
the magnetized case as well, as long as the magnetic fields are equal in both fluids. This is
indeed observed, as shown by figures 4.13 and 4.14. In the region of low flow speeds, kj1,;
and ko ; approach either 2 or —2 inverse light seconds, while k;;, = 0 and k,2, = 0. Recall
that k, = 2 inverse light seconds. Therefore, we see that we have a region of low flow speeds

where, for fluids j =1, 2,

k2, +k +k = 0. (4.164)

Recall that in this case k, = 0. The above equation corresponds to the limit of an incom-
pressible fluid. Such a limit can only exist at non-relativistic flow speeds. We finally observe
that the basic properties of the w and k, curves are the same as those of the corresponding
curves presented in section 4.2 for the unmagnetized relativistic case. As described above,

the magnetic field merely modifies the extent to which these properties are observed.

In figures 4.15, we plot certain quantities as functions of ag, where ap varies from 0
(no magnetic field, infinite ) to 0.495 (0.5 corresponds to equal magnetic and thermal

pressure, i.e., § = 1). Recall that ap is proportional to the amount of magnetic pressure,
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or strength of the magnetic field. Figure 4.15(a) shows the maximum growth rate as a
function of ap. Figure 4.15(b) shows three critical flow speeds as functions of ap. The
bottom curve is the lower-critical, or minimum unstable, flow speed. The middle curve is
the flow speed corresponding to maximum growth. The top curve is the upper-critical, or
maximum unstable, flow speed. The unstable region is therefore the region between the
bottom and top curves. As the magnetic field increases (increasing agp), the lower and
upper-critical flow speeds move closer together, approaching equality as o approaches 0.5
(8 — 1). The maximum growth rate also decreases, approaching zero as ap approaches 0.5
(8 — 1). This demonstrates the ability of the magnetic field to not only reduce but eliminate
the Kelvin-Helmholtz instability in the relativistic regime for flow-aligned perturbations.

Furthermore, there is no Kelvin-Helmholtz instability predicted by linear theory for flow-
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aligned perturbations in the magnetically dominated (ap > 0.5, i.e., § < 1) relativistic
regime. These results are consistent with Ferrari et al. (1980), and with Ray (1981), in the

limit of a slab geometry.

We now present results for the corresponding case in the non-relativistic regime. In-
stead of being in units of ¢, speeds are now in units of ¢y, where we choose ¢g = 0.001 c.
Correspondingly, lengths are in units of thousandths of a light second. The parameters are

now

k., = 2¢y'(1s)71, k, = 0,

Yy
po = 0.5x 107 g/em™,
. B2
Po = P+ — = 10¢2 x 107 g/em ™, (4.165)
U1 = 777;7 Uy = —U,.

We vary the fractional magnetic pressure ap, and with each value we adjust the density so
that the ratio of flow speed to sound speed and ratio of flow speed to Alfven speed are the

same as the corresponding relativistic values. That is, we do the following for each ap:

P - (1 _aB)-PtOta Bz =V 2aBRot7

r
Cs = 77 Var = . (4166)

o
&

We now present, in figures 4.16, the non-relativistic plots as functions of ag, and compare
these to the above relativistic plots. We see that the qualitative behavior is the same for
the growth rate and critical speeds. However, in the non-relativistic case, the instability is

quenched out at a smaller value of ag = 0.4 (f = 1.5), where in the relativistic case this
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occurs at ag = 0.5 (8 = 1). If in each case we normalize ap relative to its instability-
suppressing value, the values of the growth rates and critical speeds are quite similar in the
relativistic and non-relativistic cases. In fact, in both the non-relativistic and relativistic
cases, a comparison of figures 4.15(b) and 4.16(b) shows that the three critical speeds con-
verge to a normalized value of around 0.57, which is approximately equal to 1//3. This is

equal to the maximum allowable relativistic sound speed of ¢//3.

Again, for the non-relativistic case, we present graphs, in figures 4.17, of the frequency
and normal wave vector k, as functions of the flow velocity. As with the relativistic case,
the real part is the black curve while the imaginary part is the gray curve. The behavior is
similar qualitatively to the corresponding curves in the relativistic case. In both cases, as
the flow speed increases in the stable region, the normal wave vector in region 1 decreases
to zero, while that in region 2 increases monotonically. However, in the non-relativistic case,
the rate of increase of k.5 is slower, and bounded. In the relativistic case, k.o blows up with

the Lorentz factor as the flow speed approaches c.

We now return to the relativistic case, and for purposes of future comparisons with
numerical growth rates, we keep the thermal pressure constant, rather than the magnetic
plus thermal pressure. We consider a sound speed ¢y = 0.57 ¢, near its relativistic limit of
¢/v/3, and a wave number k. = 0.8 inverse light seconds (k, = 0), which are the parameters
used in the numerical simulations, though the simulations use a different (sech?) velocity
profile. We first plot the growth rate as a function of Alfven speed for different bulk flow
speeds. We recall the relationship between the flow velocities v, and —wv.q in the stationary
frame, and the flow velocity u,y of one flow relative to the other:
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2Uz0

_— 4.1
1+ v%/c? (4.167)

Uz =

For purposes of later comparison with numerical growth rates, the relative flow velocity is
more applicable than the velocities in the stationary frame. Figures 4.18 show the growth
rates as a function of Alfven velocity v4,/c, where each curve corresponds to a specific flow

speed .

We note that for each flow speed, there is a critical Alfven velocity above which the system
is stabilized. Chandrasekhar (1961) predicted that for an incompressible fluid, the ratio
of relative flow speed to critical Alfven speed is v/2. We see from figures 4.18 that in our
model, this ratio is consistently less than v/2. This is due, in part, to the stabilizing effects
of compressibility. We will observe the same phenomenon when we examine, in chapter 6,

the numerical growth rates obtained with a sech? velocity profile.

We now plot, in figures 4.19, the scaled growth rate (relative to maximum) as a function of

the inverse relativistic Alfvenic Mach number in the co-moving frame of one fluid. We define

U0V Um0 [1 =03,/
z z 20

where v, and y4 are the Lorentz factors corresponding to u,y and va,, respectively. Our

this Mach number by

definition of M4 is analogous to the definition of a relativistic sonic Mach number in Bodo et
al. (2004). When we plot numerical growth rates for the sech? velocity profile in chapter 6, we
will discover that the influence of the magnetic field on the growth curve is heavily dependent
on the relativistic Alfvenic Mach number M4, so that the growth curves for different flow

126



speeds very nearly overlay one another when plotted as a function of M;'. Figures 4.19

show that this does not occur for the case of a step-function discontinuity.

We now plot, in figures 4.20, the growth rate as a function of flow velocity, where each
curve corresponds to a specific Alfven speed. The left graph is plotted as a function of the
flow speed v, in the stationary frame, while the right graph is plotted as a function of the
relative flow speed u.o. We see that for each Alfven speed, there is a lower and upper-critical
flow velocity for instability, and that as the Alfven speed (magnetic field strength) increases,
the lower-critical velocity increases, and the upper-critical velocity decreases, though the
former effect is more pronounced than the latter. As field strength increases, the region of

instability shrinks, and the growth rates decrease.

We now consider the dependence of growth rate on the relativistic Mach number M, in
the stationary frame (left graph), and M, in the frame of one fluid relative to the other

(right graph). Recall that these are given by

z 2! 1_ 2/c?
M, = 20 - =0 ;2/6 (4.169)
CsYs Cs 1- U,zO/C2

20 fu z 1_ 2 2
M, = 200 B0 ;2/02 (4.170)
CsYs cs \| 1 —uz,/c

The maximum upper-critical Mach number, occurring in the unmagnetized case (black

curve), has a value of v/2 in the stationary frame (left graph), and 4 in the co-moving
frame of one fluid (right graph). These results are in agreement with Bodo et al. (2004)
(again, for flow-aligned perturbations). We will see, when we examine numerical growth
rates for a continuous velocity profile (the sech? profile) in chapter 6, that there is growth

at Mach numbers much larger than the aforementioned upper-critical value of 4.
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Figure 4.15: Max. growth rate and critical flow speeds vs field strength (RMHD)
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Figure 4.16: Max. growth rate and critical flow speeds vs field strength (MHD)

128



@ (s’1 )
075+

X

175¢

150

100

050} e

000

i i i
02 04 06 08 10 12
v: /¢,

Black = real, Gray = imaginary

a, = 0.1

(a)

14

8,
6,
4,
2
2,
0
02 04 06 08 10 12 14
vz /¢,
Black =real, Gray =imaginary

a, = 0.1

()

X

1

Black = real,

a, = 0.1

Figure 4.17: w and k, vs flow speed (MHD)

129

04

I
06 08

v: /¢,

(b)

10

12

Gray = imaginary

14




025 0.2
0.2 0.2
0.15 - 0.15
3 3
0.1 . 0.1
0.0 \ 0.0
\
ot \ ot
_0.0 1 1 1 1 1 1 1 _0.0 1 1 L L L L L
6 01 02 03 04 05 06 07 08 6 01 02 03 04 05 06 07 08
VAZC VA C
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Figure 4.19: Growth rate vs M ' at different flow speeds (RMHD)
left: u,o/c = 0.38 (black), 0.55 (blue), 0.69 (red),
0.8 (green), 0.84 (magenta), 0.88 (cyan)
right: u.o/c = 0.88 (black), 0.91 (blue), 0.92 (red), 0.935 (green), 0.937 (magenta)
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Figure 4.21: Growth rate vs Mach number at different Alfven speeds (RMHD)
va./c =0 (black), 0.1 (blue), 0.2 (red), 0.3 (green), 0.4 (magenta), 0.5 (cyan)
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4.8 Conclusion

We have studied the KH instability for a step-function discontinuity in the HD, RHD, MHD,
and RMHD regimes, in each case deriving dispersion relations which agree with familiar
results. We restricted much of our analysis to flow-aligned perturbations, as these are the
perturbations in which our numerical simulations will be launched. In the HD regime, we
have recovered the familiar result that instability is suppressed when the Mach number,
defined in terms of the equal and oppositely directed flow speed in each fluid, exceeds v/2.
In the RHD regime, we have recovered the result of Bodo et al. (2004), which states that for
flow-aligned perturbations, instability is suppressed when a relativistic version of this Mach
number exceeds v/2, which, in the rest frame of one fluid, corresponds to a critical Mach
number of 4. When, in chapter 6, we examine growth rates for the sech? velocity profile
used in the numerical simulations, we will see that instability to flow-aligned perturbations
extends to Mach numbers much larger than 4. In the MHD regime, we have recovered the
results of PK83 and KP84, showing that for a given perturbation orientation, a magnetic
field introduces a non-zero lower and upper-critical flow speed for instability, where the lower-

critical flow speed is accurately predicted by the growth rate expression for an incompressible

fAuid.

In the RMHD regime, we have examined the case for which the background magnetic field,
and perturbation wave vector, are both aligned with the flow, as this is the geometry we will
later employ on our simulations. We have shown that, in both RMHD and MHD regimes, as
field strength increases, the maximum growth rate decreases, as does the region of unstable

flow speeds, where the lower-critical flow speed increases more rapidly than the upper-critical
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flow speed. In the RMHD case, the magnetic field completely suppresses the instability when
the plasma [ is less than 1, i.e., when magnetic pressure exceeds thermal pressure. In the
MHD case, this complete suppression occurs for f < 1.5. This is qualitatively similar to
what we will see in chapter 6 for a sech? profile. However, we will see that in the case of
a sech? profile, the dependence of growth rate on field strength is heavily correlated with
a relativistic version of the Alfvenic Mach number, which we have seen is not the case for
a step-function discontinuity. Also, for a step-function discontinuity, growth rate increases
linearly with perturbation wave number. For a shear profile, such as the sech? profile, we

will see in chapter 6 that there is a critical wave number corresponding to maximum growth.

For the RHD, MHD, and RMHD regimes, in the frame of equal and opposite flow speeds,
we also examined the behavior of the normal wave vectors k, in each fluid. We found that
the region of instability exhibits Hermiticity, in that k, in this region has equal real parts
and equal and opposite imaginary parts, between the two flows. However, in the stable
region, k, in one region approaches infinity as the flow speed approaches the speed of light.
This supports the notion that highly relativistic flows tend to produce modes with very
small wavelengths, i.e., too small to be resolved by a numerical grid. This will also manifest
in the growth rate behavior to be discussed for the sech? profile in chapter 6. All of this
is associated with the desynchronization between longitudinal and transverse motions that

occurs in highly relativistic flows, leading to numerical instability.

We finally recall that we encountered the value V2 in two different instances: as the max-
imum KH-unstable Mach number in the HD and RHD cases, for flow-aligned perturbations,

and also as the minimum Alfvenic Mach number for KH instability in the incompressible
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limit of the MHD case. This is correlated with the fact that our system is two-dimensional,
exhibiting variation in the flow direction, and normal to the fluid interface. V/2 is a common
result in two-dimensional systems, which makes intuitive sense when we view this value as
the hypotenuse of a right triangle whose legs each have a length of 1. We also found that the
maximum physically allowable relativistic sound speed is ¢/+/3. This result does not restrict
spatial variation to a particular direction or plane, and therefore is three-dimensional. The

value v/3 frequently emerges in three-dimensional systems.

Having considered the case of a discontinuous velocity profile, we now consider the more
general case of a shear variation in velocity, including the sech? profile. In chapter 5, when
we linearize the RMHD equations in the presence of shear variation in velocity, what we will
obtain is not a polynomial dispersion relation (as we derived in this chapter) but rather a

second-order ODE which must generally be solved numerically.
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Chapter 5

KH Instability with Velocity Shear:
Launching a Mode

We have thus far considered how to characterize an eigenmode of the KH instability for
a step-function velocity profile which varies discontinuously between two fluids. In this
case, each fluid had plane wave solutions, and by invoking boundary conditions at the fluid
interface, we were able, in chapter 4, to derive a dispersion relation which is an algebraic
function of w. In the unmagnetized HD and RHD cases, we were able to solve this dispersion
relation analytically. In a numerical simulation, however, a discontinuous transition results
in numerical instability, and we must instead resort to a background velocity profile which
varies continuously in the shear direction. This has the added benefit of providing a minimum
length scale of perturbation wavelengths below which the system is stable. A continuously
varying shear profile is the subject of this chapter. By linearizing the fluid equations, we
derive a second-order differential equation (ODE) of the total pressure perturbation as a
function of z, the shear coordinate. Due to the continuous variation of the background
velocity profile, the pressure ODE does not have simple plane wave solutions, and in fact
is not analytically solvable. It must instead be solved numerically in order to obtain an

eigenmode with which to launch a simulation. We derive the pressure ODE for the RHD
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case (thermal pressure) in the section 5.1, and for the RMHD case (thermal plus magnetic
pressure) in section 5.2. In section 5.3, we demonstrate that in the limit of a step-function
discontinuity, our RMHD pressure ODE yields the dispersion relation derived in chapter 4.
In section 5.4, we demonstrate that the pressure ODEs in each of the four regimes (HD,
RHD, MHD, and RMHD) have a common fundamental self-adjoint structure. In section
5.5, we describe the numerical method used to solve the pressure ODE, thereby yielding a
linear eigenmode with which to perturb the system at the start of the simulation. As before,
we use a single-fluid model, where the fluid is adiabatic, compressible, isotropic in pressure,
and when magnetized, has infinite conductivity. Our results for the pressure ODE are in
agreement with those in the existing literature, including Bodo et al. (2004), LRN09, and
Miura and Pritchett (1982). In the case of a step-function velocity profile, our results reduce

to the plane-wave solutions derived in the previous chapter.

We begin, in section 5.1, by showing how we linearize the RHD equations, in the presence
of a velocity shear, to derive the second-order ODE whose solutions correspond to eigenmodes

in RHD.

5.1 RHD KH Instability with Velocity Shear

We wish to derive a linear mode of the RHD KH instability, where the velocity exhibits
a continuous shear variation instead of a step-function discontinuity. The result will be a
second-order ODE in the perturbation to the thermal pressure. In a later section in this chap-
ter, we then show how to numerically solve this ODE in order to obtain the eigenfrequency

and eigenmodes.

136



We consider a relativistic fluid which is compressible, adiabatic, and isotropic. No magnetic

field is present. Such a fluid obeys the following equations:

2(’V/>)+V-(WV) = 0,

ot
wy? (%+V-V)v+02 (V+%%> P =0,
(%+V~V>P: %(%—FV'V)Q (5.1)
where

r = %, adiabatic constant, (5.2)
v o= \/ﬁw, Lorentz factor, (5.3)
€ = pc® + %, internal energy, (5.4)
w = pc + %, enthalpy, (5.5)
2 = 0268—]: = 02%, relativistic sound speed. (5.6)

The first of equations (5.1) is the mass continuity equation. The second is Euler’s equation,
which describes the forces acting on the fluid. The third equation invokes the adiabatic
assumption. In chapter 3, we demonstrated that the magnetized version of these equations
is equivalent to the conservative form of Anile (1989), i.e., the form used in the numerical
simulations. However, here, we have combined the energy equation with the adiabatic equa-
tion of state. By linearizing these equations, we wish to derive the relations characterizing
a linear mode of the KH instability in RHD. We restrict our attention to the x — z plane,
so that there are no components, nor is there any evolution, in the y-direction. The fluid

has a uniform unperturbed density p, a uniform unperturbed pressure P, and flows in the
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z-direction with some unperturbed velocity profile 0,(x), where z is the direction transverse,

or shear, to the flow.

This is the equilibrium situation. We then perturb the fluid with a perturbation aligned
with the flow, having wave number k,. In the linear regime, the system subsequently evolves

as follows:

p(x,z,t) = p+0po(x)expli(k.z — wt)], (5.7)
P(z,z,t) = P+ 6Py(z)expli(k.z — wt)], (5.8)
ve(x,2,t) = Ovgo(x) expli(k,z — wt)], (5.9)
v,(z,2,t) = 0.(x) + dv,0(x) expli(k,z — wt)]. (5.10)

It should be noted that in the foregoing analysis, the prime symbol denotes differentiation

with respect to x.

To simplify the linearization of the system, we first make the definitions

w— k,0,(z), (5.11)
y(z)20(x)?. (5.12)

w(x)

wa(x)

To solve for dv, and dv, in terms of 0 P, we use Euler’s equation. This can be written

0 0
wy? (a—l—v-V)ijcQ (V—i_%E)P = 0. (5.13)

Linearizing the x-component of the above equation, we have

—iry(z)*w(x)0v, + AOP = 0. (5.14)

We can now readily solve for dv, in terms of § P:

—ic?5 P

RCTOE)

(5.15)

138



We now linearize the z-component of Euler’s equation:

— iwy(z)’0(2)dv, + Wy ()60, 0, (x) + i (k. — wi.(2)) 0P = 0, which yields
P Ak, —wi(z) /0P Fl(x)dP  Ph(x)dP U ()0 P (5.16)
c wy(2)?w(x) wwe(x)? wy(e)?e(r)  wwe(x)? T

We can now write dv, in terms of J P:

Ak, (x)P A0 (x)5P
= - —= = P’ P 5.17
ov: wy(z)?w(z)  Wwe(r)? Cul@)oP + Cola)oF, (5:17)
where
Al (x)
_ 2 1
Cl(x) ww(l(x)za (5 8)
ks ()
Co(z) = 5.19
o) = sy 019
To derive an ODE in terms of 6 P, we linearize the equation of mass continuity:
0
51tV -(ypv) =0, (5.20)
which can be rewritten
0
5:(7P) +0(V - v) + (v V)(yp) = 0. (5.21)
Linearizing this equation, we have
~ 3~
0 = —iw [7(1)5;} + M) zzz(x)%;,} + pry(x) (00, + ik.dv,)
~ ()35 < (N35 (N\
T ik (@) [Mm () l}S(I)éﬂ RPNLAIG LG .
= () A ()35 ~ (o35 (5
0 = oy | AU oy g, PALLED 5, in
= 35 ~/
= o(x)y(2)dp + (kp)s(z)dv, + Z,pv(.r) vz(x)%(x)évx + ipry(z)dvl, (5.22)

C
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where

(kp)u(a) = LD Gy, (529

We wish to write the above equation in terms of §P,. To do this, we first write dp in terms

of d P:
c? oP oP
- A .24
2 T 5 T @paepiT—1) (5:24)
1 1

where ¢, is the relativistic sound speed and de is the perturbation to the system’s internal

energy. We also have

o, _ ICOP
Ww,(7)?
vl = _;62 [ig;ap’w (;’252 +o(x) f;(x)) 5P’] , (5.26)
where
falz) = % La(lx)Q] : (5.27)
Recall that we further have
v, = Cy(x)6P' + Co(z)dP, (5.28)

with the Cj(x) coefficients defined above. Inserting these results into our linearized mass

continuity equation, we have

0 = Fy(2)dP" + Fi(2)0P" + Fy(x)dP, (5.29)
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where Fy(z) is given by

Fo(z) = o(e)y() [1— C

_ Caleh@)p |, [s@h@ e ] k()

T [ G 4 W]m@m)

B zm(a:p)w(ﬁ) [7(‘”);(93) _E'Z(@ (kz_ﬂx)ﬂ(x)c%(x))

_ p V(x)*w(x)? ()2 ()2

_ ﬁ”@“’(”[ e >]

- m(ar:p)w(a:)7(93)2 {W(c—?_@(my ' (5:30)

ko (z) |k, —y(x)? (xlgz@)] = ~(z)%k.(z) [7832 _ W(f”);’z(f)}
~ @)k (@) [k; L ) . w(x)c%@)}
= y(2)*k:(z)’
2 = 02E
D oc> rp _ =2 1 we? _ _
w = pc —f-m—Pc +m(02>’ which yields
R 1 we?
pc _w_m(@)’ or
pc 1 1
oz 2 2l -1) (5.31)

Fi(z) is given by
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Fi(x) = (kp)s(x)Ci(z)

p OSERE) | S0 ] 20 2D L aw)
_ Ae)i() 52
Fy(x) is given by
Byz) = 229 (5.33)
Wwg(T)?
We therefore have the simplification
Fy(2)0P" + Fy(z)0P" = A(x) {wf(f;l)Q} , (5.34)
where
Az) = ﬁ 7<$;w(x> (5.35)
We can now rewrite our pressure ODE as
5P
A(x) Lda(ﬂﬁ)Q] + Fo(z)oP = 0, where
_ p )2 w(r)? —E (1)
Re) = — Ao |45 - ke
Az) = M%w(x), (5.36)

or, equivalently,
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b = 2?25 - k).
we(2)? = ~(z)’@(x)? (5.37)

The above expression for k, is in agreement with that of Bodo et al. (2004), and the unmag-
netized limit of LRN09. The above pressure ODE is in agreement with the unmagnetized

limit of Miura and Pritchett (1982).

We have derived the second-order pressure ODE that yields eigenmodes of the system in

RHD. We now proceed to do the same for the RMHD regime.

5.2 RMHD KH Instability with Velocity Shear

We again consider a sheared relativistic velocity profile, but also introduce a magnetic field.
We wish to derive a linear mode of the KH instability in relativistic magnetohydrodynamics
(RMHD). We consider a fluid which is compressible, adiabatic, isotropic, and infinitely

conducting. Such a fluid obeys the following equations:

9
ot

272 2—|-VV v+ V"’Xﬁ P:ch+£XB7
c2 2 ot &

0 rp (/o0
<E+V-V>P = 7<§+V-V)e,

(vp) + V- (vpv) = 0,

VxB = J la—E,
c cOt
VXE = —la—B,
c ot
V.-B = 0,
E+%><B =0, (5.38)
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where

4
r = 3 adiabatic constant, (5.39)
1
= — Lorentz factor, 5.40
gl ey (5.40)
P
€ = pc2+ﬁ, internal energy, (5.41)
rep
w = pcz—l—ﬁ, enthalpy, (5.42)
oP rep
= 028_ = 2, relativistic sound speed, (5.43)
€ w

where ¢? is the relativistic sound speed, and € is the internal energy. The first of equations
(5.38) describes mass transport (i.e., the mass continuity equation). The second is Euler’s
equation, the right side of which is the Lorentz force. The third equation invokes the adiabatic
assumption. The fourth, fifth, and sixth equations are Maxwell’s equations. The seventh
equation invokes the assumption of infinite conductivity. In chapter 3, we demonstrated
that these equations are equivalent to the conservative form of Anile (1989), i.e., the form
used in the numerical simulations. However, here, we have combined the energy equation
with the adiabatic equation of state. By linearizing these equations, we wish to derive
the relations characterizing a linear mode of the KH instability in RMHD. We restrict our
attention to the x — z plane, so that there are no components, nor is there any evolution, in
the y-direction. We consider a fluid which is compressible, adiabatic, isotropic, and infinitely
conducting. The fluid has a uniform unperturbed density p, a uniform unperturbed pressure
P, and flows in the z-direction with some unperturbed velocity profile 0,(z), where z is the
direction transverse, or shear, to the flow. The fluid is immersed in a uniform unperturbed
magnetic field B = B, 2 aligned with the flow direction. This is the equilibrium situation.
We then perturb the fluid with a perturbation aligned with the flow, having wave number
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k.. In the linear regime, the system subsequently evolves as follows:

p(z,z,t) = p+0po(x)expli(k.z — wt)], (5.44)
P(z,z,t) = P+ 6Py(z)expli(k.z — wt)], (5.45)
ve(x,2,t) = Ovgo(x) expli(k,z — wt)], (5.46)
v, (z,2,t) = ,(x) + 0vyo(x) expli(k,z — wt)], (5.47)

By(z,2,t) = 0Byo(z)expli(k,z — wt)], (5.48)
B.(x,2,t) = B.+ 6B.o(z)expli(k.z — wt)]. (5.49)

It should be noted that in the foregoing analysis, the prime symbol denotes differentiation
with respect to x. We wish to express these perturbations in terms of the perturbation to

the total stress P, where

E? + B2
P, = P+ —; ,
6P, = 0P +E-0E+ B.6B, = 6P + B.4B.. (5.50)

The contribution from the electric field is zero. We see this from our assumption of a perfectly

conducting fluid:

E+YxB = 0,
&

B - ——. (5.51)

Restricting our analysis to two dimensions, we see that the perturbation to the squared

electric field is

E-0E = E,0E, + E,0B, + E.0E,

1
(B,v, — Byv,)d(B,v, — Byv,) = 0, (5.52)

= Ey(SEy == c—2

since both B,v, and B,v, vanish in zeroth order.
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To solve for 6B, and 0B, in terms of dv, and dv,, we use Faraday’s law in conjunction

with the assumption of infinite conductivity and zero divergence in the magnetic field:

108 = -V xE,
c Ot
E+YxB = 0,
C
V-B = 0. (5.53)

Inserting the second of these equations into the first, we have

0B

E = VX(VXB)

= B-V)v+v(V-B)—(v-V)B-B(V - v). (5.54)

Linearizing the z-component of the above equation, we have

—iwdB, = ik,B,0v, — ik, 0,(x)0 By, or

wéB, = —k.B,0v, + k.v,(x)dB,, which yields
k. B.ov, k- B.0v,
0B, = ——l 00 (5.55)
w — k,0,(z) w(z)
where
w(r) = w—k,0,(x).

Linearizing the z-component of (5.54), we have

—iwdB, = ik,B.0v, + 0,(x)(V - B) 4+ 0B, 0.(x) — ik.0,(2)0 B, — B.(0v, + ik.0v.)
= §B,0.(z) + 0.(2)(V - B) — ik,0.(2)6B, — B,0v,,  which yields
0,(x)(V -B) = —iw(z)0B, 4+ B.ov, — 6B, 7. (z), or
0 = —iw(x)0B, + B.0v, — 6B, (x). (5.56)

We arrive at this same equation by directly imposing the condition of zero divergence on B:
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0 =V-B = ik,0B,+ 0B,
— ik.6B. — k.B. {5“ }
w(x)
— k0B, — k.B. l‘sv n kzvj(x)f Uﬂ”] . which yields
() ()
, ~ [ ol k0L(x)dv,
= - 6Bz B. | = = ,z )
o = —im+ B+ BEEE] o
a ~ . kUL (x)dv,
0 = —iw(x)dB. + B, {5% + () ] (5.57)
Substituting (5.55) into (5.57), we recover (5.56):
0 = —i@(z)dB, + B.ov!, — 6B,.(z). (5.58)

Solving this equation for § B,, we obtain

0B, (z) — B,ov,

Before invoking Euler’s equation, we first solve Ampere’s law for the current density:

VxB = £+l@7 which gives
c cOot
10E 1 B
Iy loE _g,p_l9(Bxv) (5.59)
c c Ot c ot c

The magnetic force is therefore

J 10
EXB:<VXB>XB—ga(BXV)XB
1 0
:(VXB)XB—FC—QBX&(BXV)

1 [6B OB )
= (VBB [ PE -y () 4B (F ) - G

= -V (B;) +(B-V)B

+Cl2{%_]?(B.V)_V<%_]?.B)+B(8_B.v)—@BZ}. (5.60)
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Euler’s equation can now be written

wal0 ., . vONp _J
27 <8t+v V>V+(V+c28t)P = CXB

B’ 1 0B OB OB v
—V(7)—I—(B-V)B+C—2[W(B-V)—V<E-B)+B(E-V)—EB].

(5.61)

Linearizing the xz-component of the above equation, we have
W~ . ~

2 [Bzvz(m)cSBJC — B%bv,
i(ky — wi,(z) /) Bk,

w(z)

C

— —B.0B. + — B, — v, (5.62)
C

In the above manipulations, we used equation (5.55) for B, in terms of dv,. This

equation can now be written in terms of the perturbation to the total stress:

6P, = 6P + B.6B,

[w o w k() 5,
— il= - — B h
i [027(3;) w(x) + (c2 o) 2| vy, where
ko(x) = k- “’”;(‘”) (5.63)
We can now readily solve for dv, in terms of § P:
5o — —ic*w(x)o P}
T iy (a)20(2)? + [wo(z) — Rhk.(x)) B2
B —ic*w0(x)d P _ —ic*0(z)d P (5.64)
afy(@)e(r)? - i, (B2 —w?/P)] T dw,(2)? '
where
B
Va: = c—=, (5.65)
Vi
wo(7)? = y(2)’0(r)* — 03, (k2 — w?/cP). (5.66)



Inserting (5.55) into (5.64), we see that 0B, is given by

k.B. 2k.B.0P]
kbeg, _ kD00

0B, = w(2) Wwe(x)?

We now linearize the z-component of Euler’s equation:

i a()e. + (el Sudle) +i k.~ 5| op -

c2

— ik, B.0B, + ik.B.6 B, — C— [B (2)6B. — ¥,(x)B.6B. + B2v. — B26v.| = 0.

Solving the above equation for dv,, we obtain

CQUCz— U.(x)/]6P v (x)0F,

wry(a)2o(x) Twa ()2 W@

2k, (z)6P B 20 (x)0 P}
TPe) w7

ov, =

To express dv, in terms of d P, we first need to write P in terms of § P:

6P = 6P, — B.0B., (5.68)

where we need to write B, in terms of d P;:

5B, — (i)(sBx@;(;zx— ov. B,
- S e et (o)
2 /1
- -5 i o ()
- —0252 Lig)z + f;(:c)éPg} , (5.69)

where

falz) = a%( ! ) (5.70)



Therefore, we have, for P in terms of 0 P,

B 232 SP"
§P = 6P, — B.0B, = “22 |-t 4 /()P + 0P (5.71)

W | we(z)?

We can now write dv, in terms of § Py:

Ak (2)0P  2.(2)0P)

e = e e = CwF + CUw)iF + Cola)iP, (5.72)
where

_ B2k, (z)

) = (e
_ A B2k, () fi(x) _ il(x)

Cilz) = Wy (x)o(r)  dwe(r)?
_ Ak, (z)

o) = el (5.73)

To derive an ODE in terms of 0 P, we linearize the equation of mass continuity:

0
51+ V- (yv) =0, (5.74)
which can be rewritten
0
(vp) +7p(V - v) + (v V)(vp) = 0. (5.75)

ot
Linearizing this equation, we have

0 = —iw [fy(a:)ép + ﬁwx)gf;(x)évz} + pry(x) (00, + ik.dv,)

ﬁv<x>3ﬁz<x)5vz} NPl CNCE COACI I

+ ik, v, (z) [’y(x)dp + 2 2

w (@) py(2)°0.(x) ()0, ()0 (x)

0 = @(z)y(x)dp + [ 5 - ﬁ’y(w)kz] Sv, +i

py(2)°0, ()0 ()

dv, + ipry(z)dvl,

du, + ipry(z)dvl, (5.76)

w(@)y(x)dp + (kp)s(x)dv, + i




where

(kp)s(z)

We wish to write the above equation in terms of d P,. To do this, we first write dp in terms

of OP:

which yields

oP

oP

Qw | mﬁw

1

op = 5P{——

2
Cs

b 2op+oP/(T—1)

(5.77)

(5.78)

where ¢, is the relativistic sound speed and de is the perturbation to the system’s internal

energy. Now recall that

oP = 6P, — B,0B, =

We therefore have

2 B2
c“B;

W

op = szg (% + f;(w)éPg) +0P,
We also have
su. — —lCw(@)or
: Ww(r)?
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Y
wWa()?

S

+&(2) f;(a;)> 513;} .

+ f;(:c)5P4 + 0P,

(5.79)



Recall that we further have

dv, = Cy(z)dP) + Ci(x)dP, + Co(x)d Py,

with the C;(x) coefficients defined in (5.73). Inserting these results into our linearized mass

continuity equation, we have

0 = FQ(.I)éPé/ + Fl(x)cSPé + Fo(a:)éPb,

where Fy(z) is given by

Fe) = (i) |5~ g | + (h(@)Cuto)

B uﬂ(;)/;(x) wx)c?(x) _V(x)%z(xﬂ
_ %7(@2 [”(Cf)z ~Fa(2)?] . (5.80)

In the above manipulation, we used the following results:
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F1($> =

Fy(x) is given by

_ 2 _ (5.81)

w(@)y(@)va.folz

p (2)a) o)

w
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Wwe(T)? 2 Al -1) Wwg(T)?
_ Pe(a)y(@)B? [ pc o(@)py(@)*v(a) - ¢ B2k, (x)
- S (Fa) + [T Pk [wv<x>2w<x>wa<x>2]
N pc;fzﬁx();gx)
_ w(@)y(@)vd, (pe O(@)py(@)*0-(z) Pvi.ks ()
- S (G + [ P |
pcy(z)w(z)
(o) (5.83)
We therefore have the simplification
T /! T / — T 6Pl; /
FQ( )5Pb +F1( )5Pb A( )Lua(x)z} )
where
Alx) — c2m(2)w(:v) +625’7(2c602(x)viz {W(x)m(cf)?’vz(:v) pv(x)k} C?(E;)l;jévx))
_ Ipy(@)w() Vi: | VAka(2)0:(z)  vhk(2)ks
T e ] o
= o ferawr (1) - ki) (- 2R
= s et + dater (U5 - k). (5.54)
We can now rewrite our pressure ODE as
§P 7
A(x) [m] + Fo(z)o P, = 0, where
_ p )2 @(x)z__ )2
Re) = — e |22 - oy
) — p 25(2)2 4 v2 ()2 @<x>2_*x2
M) = s e + dawr (25 -k >2j8,5)
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or, equivalently,

o = Pl + (o (L5 — k),
anlalf = 2ol = 502 - /),
k’z(il?) = kz wv( )a

5P, = 6P+ BzéBZ. (5.86)

We can now multiply both sides of the above ODE by w,(z)?/wy(x)?. We obtain

o | OB , 2 _
wa () [wa(x)2] + ky(z)°0P, = 0, (5.87)
where
2 wa(x)Q
kiﬁ(‘r) - wb(m)2kd( )
v(@)w(r)? — v, (k2 —w?/c?)

[ka()?]. (5.88)

) —
(2)?0(x)? + v ka(2)?

This ODE reduces in the non-relativistic MHD limit to the pressure ODE given in Miura
and Pritchett (1982). The expression for kq(z)? is also equivalent to the dispersion relation
given in LRN09. The above ODE is written in terms of the perturbation to total pres-
sure. However, from the linearization process, we also have the following expressions for the

perturbations of the remaining quantities in terms of the perturbation to total pressure:
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v, =

ov, =

0B, =

0B, =

o°P =

op =

—ic*w(x)o P}

()2
Co(2)0B) + Cr(2)0 5, + Co(2)0 B,
Cyz) = wzy(iﬁilz;()i(x)z’
) = SR -
) = iy M
ic*k. B0 1}

wwe(r)?
CE Lj% " f;<x>6Pé} =
L o] o

where

(5.89)

These expressions allow us to define the perturbation profiles of the eigenmode in which the

system is launched at the start of the simulation. In the limit of zero magnetic field, the

above ODE reduces to the corresponding RHD differential equation in the thermal pressure:

5P/2}/+k:d(x)25P = 0, where
falo)? = () | 255
wa(2)* = y(2)’®(x)”

(5.90)

We have derived the second-order ODE in total pressure whose solution yields eigenmodes

of the system in RMHD. We now wish to show that in the limit of a step-function (tangential)

discontinuity, this ODE recovers the results obtained in chapter 4.
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5.3 RMHD ODE with a Step-function Velocity Profile

We consider the RMHD result from the previous section, and wish to recover the dispersion
relation for a step-function velocity profile, which was derived in chapter 4. Let region 1
correspond to x > 0, and region to correspond to z < 0. The velocity profile has the form

v (z) = v, x>0,
v, (T) = v, z < 0. (5.91)

For notational simplicity, let S = d P, denote the perturbation to total pressure. For a step-
function profile, the RMHD pressure ODE (5.87) reduces to two constant-coefficient ODEs,

one in each half-space:

d*S

w+k§13:0, x>0,

d*S

w + k?iQS = 0, x <0, (592)

where the normal wave vectors are given, from (5.88), by

@] — vi. (k2 — w?/c?)

[ — , (5.93)
J ViwF + vik
and, for j =1, 2,
(Dj = W — k:zvzj, (594)
1
W= ——— (5.95)
1—wv3/c
w2 WU\ 2
2 2 z
K2 = o2 [c_; — (k. —2) ] . (5.96)

The general solutions to (5.92) are, again for j = 1,2,
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Sj(x) = Sjoexp(ikyjz). (5.97)

In order to relate the Sy and derive an algebraic dispersion relation, we must apply boundary
conditions to S(z) at x = 0. To determine these conditions, we note that at z = 0, S(z)

must satisfy the RMHD pressure ODE (5.87):

wg(x)% [ﬁ%} + k2 (2)S = 0. (5.98)

In order for (5.98) to hold at x = 0, we must have continuity, at x = 0, of S, and of the

left-hand term inside the brackets. The boundary conditions are therefore

Sl(O — 52(0 5
S1(0 S5(0
12 ) = 22 )7 (5.99)
Wa1 Wa2
where, for j =1, 2,
2 2-2 2 ,  w
Waj = W5 — Vaz (kz - g) - (5.100)

The first boundary condition states that the total pressure (i.e., thermal plus electromag-
netic) must be equal across the discontinuity. The second condition states that the normal
fluid displacements must be equal across the discontinuity (Chandrasekhar 1961). Substi-

tuting the general solutions (5.97) into the boundary conditions (5.99), we obtain

S1o = Sa, (5.101)
kxlslo kaSQO

= 5.102

Wiy way ( )

or simply
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For _ Raz (5.103)

This is precisely the dispersion relation obtained in chapter 4 for an RMHD fluid with a
step-function discontinuity. The non-relativistic limit of this dispersion relation recovers the

result of LRNQ9.

We have demonstrated that the second-order ODE in total pressure recovers the expected
results obtained in chapter 4 in the limit of a tangential discontinuity. We now wish to
demonstrate that this pressure ODE has the same underlying structure in the HD, RHD,

MHD, and RMHD regimes.

5.4 Underlying Structure of ODE For Pressure Eigen-
functions

In comparing our results for the unmagnetized and magnetized cases, we observe a central
underlying form for the second-order ODE satisfied by the perturbation to the total pressure
when a Kelvin-Helmholtz instability is introduced in a jet with sheared boundaries. There
are four cases: hydrodynamic (HD), relativistic HD (RHD), magnetohydrodynamic (MHD),
and relativistic MHD (RMHD). Recall that the fluid is adiabatic, compressible, and when
magnetized, infinitely conducting. The density and pressure have uniform respective values
p and P. The unperturbed velocity is in the z-direction, and has some shear variation o, (x)

in the z-direction.

The following second-order ODE is used with the shooting method in order to numerically

construct the eigenfunction profiles of the pressure perturbation:
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d{ 1 dop,

Q%)agg 522(x)'755'} + k2(2)dPy(z) = 0, (5.104)

where 0P, is the perturbation to the total stress from thermal pressure and, if present,

magnetic pressure.

In the hydrodynamic (HD) case, Q2%(z) corresponds to Doppler-shifted traveling waves,

while the expression for kZ(z) corresponds to non-relativistic adiabatic sound waves:

IPy(z) = 6P(x), thermal pressure,
P(2) = (w—k0:(2)),

AP 2
kX (z) = (© = ko (2)) —kZ -k}, where

2
Cs

no
Sk

(5.105)

In the relativistic hydrodynamic (RHD) case, Q?(x) corresponds to Lorentz-shifted trav-
eling waves, while the expression for k2(z) corresponds to relativistic adiabatic sound waves,

with Lorentz-shifts in the frequency and wave vector:

IPy(z) = 6P(x), thermal pressure,

P(z) = y(2)*(w — k0.(2))%,
kx(l')Q — ’y(l’) (w ;kavz(x)) —’}/(III)Q (kz_ WU22(37)> _k:za (5106)
where
1
W= e

= CQF—P

- - Qw r -

w = pc +ﬁP. (5.107)



In the magnetohydrodynamic (MHD) case, %(z) corresponds to Alfven waves, while
the expression for k2(x) corresponds to slow and fast magnetosonic waves. This result is in
agreement with Miura and Pritchett (1982) and LRNQ9 in the limit in which we can neglect

displacement current.

oPy(z) = 6P(z) + B - IB, thermal and magnetic pressure,
P(z) = ()’ — (va-k)’,

— (N4
]’1’} 2 — UJ(.Z') _ k? . k? h
»(7) D2 (x)c2 + w(x)?03 2w WHETE
w(r) = w—kv,(x),
B ) rpP
VAo = =, g = —. 5.108)
Vb p (

In the relativistic magnetohydrodynamic (RMHD) case, we consider a flow-aligned mag-

netic field (B, = 0). Q%(x) corresponds to Lorentz-shifted Alfven waves with displacement
current causing a shift of k2, while the expression for k%(z) corresponds to slow and fast
relativistic magnetosonic waves:

dPy(x) = dP(x)+ B-0B, thermal and magnetic pressure
2

o) = aPataf . (K- %)
B R — e (R4 R~ )
Y@PB(a + wleP ’

(5.109)

where
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ta(o? = e (2~ k) - 12
5(1) = w—kd(z),
kla) = k- 20
_ B.
VAz = \/E’ )
y(z) = ! & = 2f (5.110)

V1—0.(z)/c ’ W
Another important observation is that the above pressure ODEs converge to one another
in the appropriate limits. The unmagnetized limit of the RMHD ODE recovers the RHD
ODE. The non-relativistic limit of the RMHD ODE recovers the MHD ODE. The non-

relativistic (unmagnetized) limits of the RHD (MHD) ODEs each recover the HD ODE.

We have demonstrated that the second-order ODE in total pressure has the same under-
lying structure in the HD, RHD, MHD, and RMHD regimes. We now describe the process
by which we numerically solve this ODE in order to construct a numerical eigenmode of the

system, i.e., the eigenmode in which the system is launched at the start of the simulation.

5.5 Numerically Computing an Eigenmode

In the previous sections, we obtained the self-adjoint ODE

P 7’
2 b 2
wa(x) {W} —|—kz(x) 5Pb = O, (5111)
where
6P, = 6P + B.,6B,, in RMHD, and (5.112)
§P, = 6P,  in RHD. (5.113)
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We wish to numerically solve this ODE using what is known as the shooting method,
which is discussed in Blumen (1970). In so doing, we will obtain an eigenmode of the
system. At some location x = xp,, —L,/2 < x,, < L,/2, we divide the system into left and
right regions. For a given eigenfrequency w, we use the fourth-order Runge-Kutta method
to numerically compute §P,(z) in the two regions: a left profile in the region =z < z,,, and
a right profile in the region x > x,,. Our goal is to find the eigenfrequency w for which the
numerically computed left and right profiles of §FP,(x) converge smoothly at z = x,,. We
have then defined a numerical eigenmode. This is the eigenmode that will serve as our initial
perturbation at the start of the simulation. Because we are integrating inward from the outer
boundaries, our direction of integration ensures that the irregular solutions damp out, and
the regular solutions prevail. We have also repeated this method for progressively more
refined meshes (smaller spatial increments), and verified convergence of the eigenfrequency.

We use at least 1001 grid points in our simulations, corresponding to a highly refined grid.

We now show how to compute the numerical profiles for a given eigenfrequency w. We

begin by defining the coefficients

Ci(x) = kx(x)Q = fy(a:)QcTJ(xP—i—vizkd(x)z [kd(x)zL
Co(z) = wa(z)? = y(2)’w(2)* — v, (k2 —w?/?). (5.114)

In the RHD case, these reduce to

Cu) = e = 207 [ A8~ k],
Co(z) = wa(z)? = ~y(z)’0(x)? (5.115)

Our ODE is now
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Cy(z) {52((;’))] + Oy (2)0Py(x) = 0. (5.116)

We then write this second-order equation as a system of two first-order equations in the

variables S(z) = dBy(x) and Q(z) = dP)(x)/Cs(x).

S'(x) = Ca)Q(x),
/ Ci(x)S(x)
r) = ————= 5.117
Q@) = -2 (5.117)
Suppose there are n, spatial points from © = —L,/2 to x = L,/2. We first choose an

index ny satisfying 1 < ny < n,, and the corresponding z,, satisfying —L, /2 < ,,, < L, /2.
In general, z,, should be close, but unequal, to zero. We then compute the left profiles, in
the region x < z,,. We start at the spatial increment n = 1, corresponding to x = —L,/2,
and proceed to n = ny, corresponding to x = x,,. In what follows, we use the subscript [ to
denote “left” meaning that we're computing the left-hand profiles. S;; and @);; are given by

Sll = 5Pb07
Qu = 0. (5.118)

0 Py is a small but non-zero user-specified value that controls the amplitude of the perturba-
tion at © = x,,. Suppose that at spatial index n we have @), and Sj;,,. We wish to compute

Qin+1 and S; 41 at spatial index n + 1.

Because we’re using the fourth-order Runge-Kutta method, the above computation is
made in four iterations. Therefore, we wish to define four spatial locations ranging from x,,

to 11 =z, + Ax. We first define the vector
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1
—1]. 5.119
1) (5.119)

N | —

- o

This vector is motivated by the coefficients of the Runge-Kutta method being used. We can

then define intermediate spatial locations

L,
Tintifd = — 5 + Az(n— 1+ f;),
Tintifatj = Tipyija + JAT,
Tintifa—j = Tinti/4 —]AZL‘ (5120)

We can now make the following definitions:

1
YT T nwre
Ig’z,lj = kz_%flj)v
(Dlj = w—kz’sz(l'lj),

—2
Wi _
2 2 lj 2
kdl,j - ’ylj (CQ - kz,lj) )

2 -2 2 (1.2 2/.2
g o= 2-2 2 1.2 g
Vi;@i; + UAzkdl,j

Cu,; = ﬁjc’ufj — v, (k2 — w?/c?). (5.121)

In the RHD case, the last two definitions reduce to

Cuj = kay,
Coj = V@i (5.122)

This allows us to define the coefficients C4; and Cy; at intermediate spatial locations. In the

RMHD case, we have

2 -2 2 (12 272
C ’Yl,n+i/4wl,n+z‘/4 UAz<kz w /C ) k:2
Un+i/4 — b) o2 —|-1]2 k2 [dl,n+i/4]7
Vinti/a%inyija T VaRa ntija

Cotnrija = %2,n+i/4@l2,n+i/4 - Uiz(kg - WQ/CQ)- (5.123)
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In the RHD case, we have

C’1l,n-i-i/4 - kﬁl,n—&-i/b
C2l,n+i/4 = 7l2,n+i/4@l2,n+i/4' (5124)

We now loop from 7 =1 to ¢ = 4, and at each value of ¢ we compute the following:

i1
. Sl n+i/4) <Sln) d <S)
1 >1: ’ = + Az Yy ap— , 5.125
<Ql,n+i/4 Qun JZ:; Tdx \Q Lntj/4 ( )
. d (S CotnrifaQintisa )
117: — = ' ’ . 5.126
att dx (Q) Lnti/d (_Cll,n+i/4Sl,n+i/4/02l,n+i/4 ( )

The values of @); and 5 at the spatial increment n + 1 are then given by

4
Sln+1) (Sln> d (S>
) — + A i —— .
(Qz,n+1 Qin ) ; 0 dz \Q Ln+i/4

Once we have gone from n = 1 to ny, we have computed the Sy, and @), in the region
r < z,,. That is, we have computed the left-hand profiles. Let us denote our results at

T = x,, as follows:

Sleft(ﬂim) = Sl,nf,
Qleft(wm) = Ql,nf- (5127)

The method used is the “classic” fourth-order Runge-Kutta method. Its o and (8 coefficients

are defined as follows:

an =1/2, a3 =1/2, ass =1 «; =0 otherwise, and
p1=1/6, pPo=1/3, pB3=1/3, [y=1/6. (5.128)
We now compute the right profiles, in the region = > z,,. We start at the spatial
increment n = 1, which now corresponds to # = L,/2, and proceed to n = n, + 1 — ny,
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corresponding to x = x,,. In what follows, we use the subscript r to denote “right,” meaning
that we’re computing the right-hand profiles. S,; and @), are the same as S;; and )1, the
values at the left boundary. That is,

Sri = Su = 0Py,
@ = Qun = 0. (5.129)

Suppose that at spatial index n we have @Q,,, and S,,. We wish to compute @, 11 and S, ;41

at spatial index n + 1.

Because we’re using the fourth-order Runge-Kutta method, the above computation is
made in four iterations. Therefore, we wish to define four spatial locations ranging from x,,

to 41 = x, — Azx. We first define the vector

;= (0, %1)

This vector is motivated by the coefficients of the Runge-Kutta method being used. We can

N | —

then define intermediate spatial locations

L

mr,n—i—i/él - 736 - AZL‘(TL -1+ fz)7
Trntifa+j = Lrnti/d — jAJ;)
xr,n+i/4—j = 'T'r,n—&—i/ll + jALU (5130)

Note that as the index increases, the value of x decreases. We can now make the following

definitions:
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1

’Y’I“j - \/1 — 1~)Z (ij>2/C27
- W, (x,;)
kz,rj = kz - 0—27

(Drj = W — kijz(l'rj)y

—2
Wi
2 _ 2 ) 2
kdr,j - ’yrj ( I kz,rj)a
Cs

Vriry — Vi (K2 — w?/c?)

Clr = E _, [kQT ']a
! fy??ngj + U?‘lzkgr,j i
Cory = nor; — Vi (k2 —w?/c?). (5.131)

In the RHD case, the last two definitions reduce to

Clr,j = kgr,ja
Corj = V505 (5.132)

This allows us to define the coefficients C,. and C5, at intermediate spatial locations. In the

RMHD case, we have

2 —2 2 (12,9272
C o ryr,n+i/4wr,n+i/4 UAz(kz w /C ) 2
1rn+i/4 — D) (DQ +’l]2 k2 [ dr,n+i/4]7
Vrmti/a%rnaija T VA Narnti/a

Cornyija = ’Yz,n+i/4@3,n+i/4 - viz(ki - WZ/CQ)- (5.133)
In the RHD case, we have

Clr»”‘*‘i/‘l = k?lr,n+i/47
Czr,n+i/4 = %%,n+z‘/4a’3,n+z‘/4- (5'134)

We now loop from 7 =1 to ¢ = 4, and at each value of ¢ we compute the following:
i—1
. Srn+i/4) (Srn) d (S)
1>1: ’ = — Az i — , 5.135
(Qr,n+i/4 Qrn ; Tdr \Q rn+j/4 ( )

. d S CZT n+i/4Qr n+i/4 )
all 7 : — = ’ ’ . 5.136
dx (Q> i /4 (_Clr,n+i/4Sr,n+i/4/02r,n+i/4 ( )
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The values of @), and S, at the spatial increment n + 1 are then given by

Sr,n-{—l _ S’rn . - i S
(o) = (@0) Ae) b (@)T,n+z-/4' (>137)

Once we have gone from n = 1 to n, + 1 — ny, we have computed the S,,, and @,, in
the region x > z,,. That is, we have computed the right-hand profiles. Let us denote our

results at x = x,,, as follows:

Sright(mm) = Sr,anrlfnfa
Qright(xm) = Qr,anrlfnf- (5138)

If we have chosen w correctly, then the left and right-hand profiles should converge smoothly

at x = x,,. That is, we should have

Sleft(l‘m) = Sright(xm)a
Qleft(xm) = Qright(«xm)' (5139)

Another way to state this is to say that the Wronskian corresponding to the input w should

be zero at x = x,,:
0 = W(xm) = Sleft(ajm)Qright(xm) - Sright(xm)Qleft<xm)- (5140)

We wish to find the value of w for which the Wronskian vanishes. The method for doing
this depends on the profile of the velocity shear. Consider a hyperbolic tanh profile of the

form

0,(x) = wp, tanh(kz). (5.141)
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In the limit k — oo, this becomes the step-function profile considered earlier, between
—vp, and vg,. Therefore, in this limit, the behavior of the growth rates approaches the
behavior of the growth rates for a step-function profile. The above tanh profile retains the
Hermitian properties of the antisymmetric step-function profile. Therefore, here again, we
can expect the frequency w to either be purely real (stable) or purely imaginary (unstable).
Furthermore, the Wronskian is purely real. Once we have decided whether to search for
stability or instability, the search is one-dimensional, which means it can be facilitated with
the use of the secant method. We begin with two initial guesses of the growth rate, a;
and as. The corresponding values of the Wronskian are, respectively, W; and W5. The line

passing through these two points has the equation

Wy — W1

Qg —

W(a) = Wi+ (a0 — ay). (5.142)

The next estimate of the growth rate is the value ag for which W (a3) is equal to zero. That

is, we have
Wy —W.
Wy 4+ ——(az— ;) = 0,  which yields
o — (1
g — Q1
= — —F(W). 5.143
Qa3 Qi W,y — W1( 1) ( )

We then repeat this process, but now starting with «s and a3 corresponding to W5 and
Ws. The best estimate of the growth rate is the value a4 for which W; and W, differ
negligibly. We see that when the search is over a one-dimensional space, we have a systematic

way of determining the desired frequency.

Consider now the“Bickley” jet velocity profile (Bickley 1937). Its definition, originally
given in section 3.6, is
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0,(r) = wvg.sech®(km). (5.144)

This is the profile which will be used in the nonlinear simulations shown later. It lacks
the Hermiticity of the tanh profile. Therefore, each eigenmode is characterized by a fre-
quency with non-zero real and imaginary parts, so the search for this frequency is now
two-dimensional, across the entire complex frequency plane. This means we can no longer
use the secant method. We search for zeros of the absolute value |W| of the Wronskian. We
iteratively refine the frequency grid over which we search, zooming in on regions where ||
is locally minimized. Through the above algorithm, we obtain an eigenvalue for which the

absolute value of the Wronskian is zero at = = x,,.

We’re not quite done. The maximum value of d P, is probably either too large or too small
compared to the unperturbed quantities. Let |§FP,|; be the current maximum magnitude of
0Py, occurring at & = Tyayx. Let [0F]; be the desired maximum magnitude of § F,. In order

to have this, we simply multiply the computed profiles by the scale factor gg, given by

_ 9By

The perturbations of P, and J P, are given, for 1 <n < ny, by

5an = gOSlna
0Py, = goQun- (5.145)

For 1 <n <n, +1— ny, the perturbations are given by

5Pb,nz+17n = gOSrm
5Plg,nx+1—n = gOan- (5146)
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Once these stress perturbations are computed, we can readily compute the numerical shear

profiles of the perturbations dp;, dv,j, dv.;, 0P}, 6B,;, and 0B,;, for 1 < j < n,.

In the RMHD case, we first compute dv,; and 05,; at each of these spatial points:

c?w;0P!.
Svy = _'NJ—ZI’J
wwaj
kB, k.B.6P,,
w; Ww

We then loop through the spatial points a second time, allowing us to compute 0v!, using
fourth-order finite-differencing schemes, since we now know dv, at multiple locations. This

in turn allows us to compute §B,, and from this, the remaining perturbations.

0B,;v.. — B,ov,.
0B, = (i)—L2 !

wj ’
6P; = 6Py — B.0B.;,

27. 2~/ /
c k)zjépbj c Uzjépbj
5Uzj = - )

Wy;0; ww;
5p; — op |~ — 1 (5.148)
Pi = 0% 2 -1 '

The intermediate quantities are computed as follows:

L, ,
wc21j = 7]2@]2 - Uz%lz(kz - WQ/CQ)a
(I}j = W — kZQN)Zj,
- (AHNJZ]'
Ry = k=30 (5.149)

In the RHD case, we compute the following:
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(SPJ == 5ij,
6ij = —

27. 2~/ /
Ve = = 5-— T =33
Wy5w; W53

1 1

Assume our total initial perturbation consists of a superposition of N,, modes. The jth

mode corresponds to an input wave number k.;, a corresponding eigenfrequency

w; = wTj+iwij, (5151)

and eigenfunctions

dpj(x), 6Pj(x), dvg(x), dvy(x), 0Byj(x), 6B,,(x). (5.152)

Let mode j have amplitude C;. Let the spatial grid, in the  — 2 plane, be defined as follows:

L
Axr = -,
Ny — 1
L
Az = .
n, —1
L, .
Tj = _7+(A"L‘)<]1_1)7 1<]1 < Ny,
zp = (A2)(ja—1),  1<j<n. (5.153)

Then the initial distributions are as follows:
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p('rjm Zjas O) = p + Z 5p]0 Ly eXp[ZkZ JOZJQ]

Jo=1
~ Nm
P(a:jm %2 O) = P+ Z Cjo(spjo (xji) exp[ikz,jozjz]a
Jo=1
NTYL
Va1, 252, 0) = Y Clgbun o () explik 5, 2;,),
Jo=1
Nm
Uz (leﬂ Zjas O) = ?7Z(le) + Z Cjodvz,jo (xj1> eXp[ikz,onjz]ﬂ
jo=1
Nm
B, (lev Zjas O) = Z Cj05B$7j0 (le) exp[ikz,jozh]a
Jo=1
~ Nm
B.(w),,2,0) = B.+ Y CipdB. () explik. jo2,)- (5.154)
jo=1

We evolve only the real parts of these initial distributions. This is the general method for
perturbing the system in a superposition of eigenmodes, thereby initializing the simulation.
We should note, however, that the simulations in our study are launched in a single eigen-
mode, namely, the mode with the fastest growth rate. We have now described the numerical
method by which we solve the second-order ODE in total pressure perturbation and con-
struct the numerical eigenmode of the perturbation in which the system is launched at the

start of the simulation.

5.6 Conclusion

For a continuously varying background velocity profile in RHD and RMHD, we have derived
a second-order ODE in the perturbation to total pressure. We have demonstrated that this
ODE has the same underlying self-adjoint form in the HD, RHD, MHD, and RMHD regimes.

The non-relativistic limit of our RMHD result is in agreement with LRNO09, and with the
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result of Miura and Pritchett (1982). For a step-function velocity profile, the pressure ODE
recovers the results of the previous chapter in each of the four regimes, including the results
of Bodo et al. (2004) in RHD. We have then demonstrated how to numerically solve the
pressure ODE by using the shooting method to integrate inward from the outer transverse
boundaries (Blumen 1970; Miura and Pritchett 1982; Frank et al. 1996). This process is
repeated over an array of complex eigenfrequencies, and a mode corresponds to a frequency
for which the right and left pressure perturbation profiles converge smoothly at a point
near the axis. By inserting this frequency into expressions (5.147) and (5.148), we have
obtained the corresponding eigenfunction profiles of the thermal pressure, density, velocity
components, and magnetic field components. We have now defined a numerical eigenmode
in which to launch the system at the start of a simulation. We have also described how to

launch a superposition of eigenmodes.

In chapter 6, we numerically solve the pressure ODE for the case of a sech? background
velocity profile, which is the profile used in the simulations. We plot the dependence of
numerical growth rate and phase velocity on various parameters, and uncover important

stability properties.
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Chapter 6

Growth Rates of the Bickley Jet
Profile

We wish to examine the growth rate behavior of the KH instability for a velocity shear
profile corresponding to the Bickley jet, namely, a background flow velocity given by v, (x) =
v.0sech?(x/ry) (Bickley 1937), as this is the profile used in the numerical simulations. We
assume a uniform background density pg, background pressure Fy, and flow-aligned magnetic
field B.y. The system is assumed to span a length L,, with N, grid points, in the shear
direction, corresponding to the interval —L,/2 < x < L, /2. The system is perturbed, and
the wave vector of the perturbation has a component k, in the flow direction. For a given
set of these parameters, the corresponding complex eigenfrequency of maximum growth is
computed numerically, as described in chapter 5. For each growth rate and eigenmode we
compute, we use at least 1001 spatial grid points in the shear direction, to ensure convergence
of our results. Throughout this chapter, we refer to “sinuous” and “varicose” modes, also
used in Drazin and Howard (1966) in their linear stability analysis of the Bickley jet. “Sinu-
ous” modes have antisymmetric pressure perturbation profiles, while “varicose” modes have
symmetric pressure perturbation profiles. The sinuous and varicose modes also have opposite

symmetries in the profiles of the remaining quantities (velocity, magnetic field, etc.). The
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growth rates plotted in each case correspond to the fastest-growing sinuous mode, as opposed
to the slower-growing varicose modes, since we select for sinuous modes in our simulations.
Varicose modes occur at low growth rates (w; < 0.01¢/rg), and regularly spaced values of
w,, in the complex frequency plane. When the growth rate of the desired sinuous mode
becomes too low (w; < 0.01¢/7y), it becomes difficult for the search algorithm to distinguish
the sinuous mode from the varicose modes. This accounts for most of the discontinuous
behavior occasionally observed, at low growth rates, in the graphs that follow. Sinuous and
varicose modes were discussed, in the HD regime, by Drazin and Howard (1966).

In section 6.1, we provide an overview of prior usage of the Bickley jet profile. In section
6.2, we recover the results of Drazin and Howard (1966), in the unmagnetized, non-relativistic
regime. In section 6.3, we plot, in the relativistic regime, growth rate versus background
magnetic-to-thermal pressure ratio (inverse plasma () for various flow velocities. We find
that growth rate decreases with increasing field strength, and that the system is stabilized
above a certain field strength, corresponding to a critical inverse § which, for each flow
speed, is considerably less than one in a pressure-dominated system (sound speed near its
relativistic maximum of ¢/ \/3), but comparable to or larger than one in a density-dominated
system (mildly relativistic sound speed). The corresponding critical Alfven velocities are
approximately the same for both pressure and density-dominated systems (i.e., independent
of sound speed). For more relativistic flow speeds, the growth rates are higher, and a stronger
magnetic field is required in order to stabilize the system. Also, for sufficiently small Lorentz
factors, the fractional decrease in growth rate is primarily a function of a relativistic Alfvenic
Mach number M4, which we have defined analogously to the manner in which Bodo et al.

(2004) defined a relativistic sonic Mach number. The system is stabilized for M ;' >~ 1/3.
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This critical value is a consequence of the choice of a sech? background velocity profile.

In section 6.4, we plot unmagnetized growth rate versus flow speed for various sound
speeds, and find that, regardless of sound speed, a flow speed very close to ¢ is required in
order to suppress instability. At higher sound speeds, the growth rate is larger, and increases
with increasing flow speed. At lower sound speeds, the growth rate is approximately constant
over a large range of flow speeds. In section 6.5, we plot growth rate versus the wave number
k. for various flow speeds. In each case, the k, that maximizes the growth rate is slightly less
than 1. We also find that, as the flow speed becomes more relativistic, instability extends to
higher values of k., resulting in the excitation of modes with shorter wavelengths. When the
flow speed is highly relativistic, modes are excited at wavelengths which are smaller than the
length scale set by shear variation, which is one manifestation of the destabilizing tendencies
of relativistic flows.

Throughout this chapter, we assume that the perturbation wave vector is aligned with the
flow (i.e., has no component in the y-direction, which is orthogonal to the plane of the flow),
as this is the nature of the perturbation in which the numerical simulations are launched.

Another important point is that the KH-unstable wave frequencies in the relativistic
regime have frequencies on the order of ¢/rg, which, as discussed in section 8.2, corresponds
to about 1078 s71. As discussed in sections 3.5 and 8.2, this is about 10 orders of magnitude
smaller than the Larmor frequency. It is therefore highly unlikely that our KH-unstable
modes would generate resonance with gyrating particles.

We begin by discussing the prior usage of the Bickley jet profile, which has thus far been
primarily restricted to incompressible fluids in hydrodynamics. Our simulations incorporate
compressibility, magnetization, and relativity.
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6.1 Prior Usage of the Bickley Jet Profile

The salient research of the Kelvin-Helmholtz instability, as it applies to compressible, mag-
netized, or relativistic fluids, has not thus far used a Bickley jet profile, nor has it been
applied to astrophysical jets. Rather, prior studies (Miura and Pritchett 1982; Frank et
al. 1996; Otto and Fairfield 2000; Malagoli et al. 1996, among others) have often used a
slab geometry with a single transition layer between jet and ambient medium, typically a
hyperbolic tangent profile. Our background profiles are symmetric about the central axis,
which means that the numerical solutions should exhibit certain symmetry properties about
the central axis which should be preserved through time. This provides a way of verifying
that our solutions sustain their numerical accuracy as they evolve. Other studies have used
a cylindrical geometry (Marti et al. 1995; Koide et al. 1996; Leismann et al. 2005; Hardee
2005; Mignone et al. 2010, among others), which allows for a more complete exploration of
the jet cross section. However, the RMHD cylindrical studies tend to focus on more general
aspects of jet evolution, rather than the specific role of the KH instability. This is largely due
to the many numerical difficulties that arise when the RMHD conservation-diffusion equa-
tions are modeled in cylindrical geometry in the presence of a velocity shear. By allowing
for the use of a slab geometry, the Bickley jet profile avoids many of these difficulties, while
spanning an entire cross section of the jet, and providing a built-in mechanism for validating
the numerical accuracy of the solutions by ascertaining that certain symmetry properties are
preserved throughout the evolution. One example is a condition on the vorticity Q(z, z,t),

i.e., the curl of the velocity. This condition reads

Qzx, z,t) = =Q(—x, 2+ \/2,1), (6.1)
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where A\ = 27/k, is the longitudinal wavelength of the perturbation in which the system is
launched. As we describe in chapter 11, we have verified that the system remains spatially
periodic in the longitudinal direction, with wavelength A, so that to very high accuracy we

satisfy the condition

Qz, z,t) = Qx,z+ A\ t). (6.2)

We provide a physical interpretation of condition (6.1) in section 7.1, and discuss it in the

context of numerical accuracy in section 10.9 of chapter 10.

Thus far, the Bickley jet has been used in meteorological and oceanographic studies
of incompressible, non-relativistic, unmagnetized fluids. Bickley (1937) originally derived
this profile as a solution to the Prandtl boundary layer equations (i.e., the HD single-fluid
equations in the presence of a viscous boundary layer). Savic (1941) used the Bickley jet to
model vortex motion in gaseous jets. This profile was also used by Lipps (1962) to study the
stability of mid-latitude atmospheric jets, by Stern (1961) to study oceanic thermocline jets
(the “thermocline” layer is the depth corresponding to the largest temperature gradient),
and to examine wakes behind large obstacles (e.g., Mattingly et al. 1972). These studies,
and others, focused on solving the Navier-Stokes equation written as a vorticity equation in
terms of a stream function ¢, whose gradient is perpendicular to the velocity field v, i.e.,
v =1 x Vi, where n is normal to the plane of the flow. Linearizing this equation yields the
Rayleigh equation. Solutions of this equation, i.e., modes, can be divided into two classes.
Modes with even eigenfunctions (of the stream function) are called sinuous, while modes
with odd eigenfunctions are called varicose. Drazin and Howard (1966) found approximate
analytical expressions, and accurate numerical eigenfrequencies, for both types of modes.
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Our numerical method of eigenmode construction, discussed in chapter 5, recovers these
results very accurately. Lipps found several modes whose critical levels (where flow speed
and phase velocity are equal) occur at the inflection points of the profile. Howard and Drazin
(1964) found a sinuous neutral mode whose critical level lies at x = 0, where the profile is
maximized, and where the stream function is singular. Maslowe (1991) demonstrated that
the mode found by Howard and Drazin is part of the lower stability boundary of the varicose
mode found by Lipps. Swaters (1999) examined the nonlinear evolution of a family of sinuous
modes which lie in the vicinity of the mode discovered by Howard and Drazin.

In our numerical simulations, we expand the usage of the Bickley jet profile to fluids
which are compressible, magnetized, and relativistic. We select for sinuous, rather than
varicose, modes, as the sinuous modes have higher growth rates. We begin by demonstrating
that our algorithm for eigenmode construction, explained in chapter 5, recovers the growth

rates obtained by Drazin and Howard (1966) in the HD regime.

6.2 Comparison to Drazin and Howard (1966)

Drazin and Howard (1966) computed complex frequencies for an incompressible fluid in HD,
with a velocity profile v, () = v, sech®(z/ry). For comparison, we use a large enough sound
speed to approximate incompressibility (¢, = 18.3v,9), having found that our results con-
verge at this sound speed. We use a system length of L, = 31.57r5. We compute frequencies
at the same wave numbers used by Drazin and Howard (1966), and report the comparisons
in table 6.2. Specifically, we compare results for the sinuous mode (antisymmetric pressure
perturbation profiles), not the varicose mode (symmetric pressure perturbation profiles), as

we use sinuous modes in the simulations. Let ¢ = wrg/v,9. ¢, and ¢; denote our results,
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koo | &, | &(OH) | ¢ | 6(DH)
0.2 | 0.0334 | 0.0332 | 0.0512 | 0.0514
0.3 | 0.0688 | 0.0687 | 0.0801 | 0.0801
04 | 0.112 0.112 0.105 0.105
0.5 | 0.162 0.162 0.126 0.126
0.6 | 0.217 0.217 0.141 0.142
0.7 | 0.276 0.277 0.152 0.153
0.8 | 0.339 0.339 0.159 0.158
0.9 | 0.406 0.406 0.161 0.161
1.0 | 0475 0.475 0.159 0.159
1.2 | 0.623 0.624 0.145 0.145
1.4 | 0.783 0.783 0.119 0.119
1.6 | 0.955 0.955 | 0.0844 | 0.0848
1.8 | 1.113 1.138 | 0.0480 | 0.0432

Table 6.1: Comparison to Drazin and Howard (1966)

while ¢,.(DH) and ¢;(DH) denote the results of Drazin and Howard (1966).

These results agree very closely, which indicates that the numerical growth rates are
being generated correctly in the HD regime. Figures 6.1 show plots of growth rate and phase
velocity versus wave number for a set of different sound speeds. In each case, there is a
maximum growth rate. With decreasing sound speed, this maximum value decreases, and
occurs at a lower wave number. The growth rates decrease with decreasing sound speeds
(i.e., as the fluid becomes more compressible). A decreasing sound speed corresponds to a
larger density relative to pressure, i.e., a background flow with a larger amount of mechanical
energy and inertia. At a lower sound speed, a perturbation must therefore perform more
work against the bulk flow in order to extract energy and grow. From figure 6.1(b), we
notice that the phase velocity is larger for smaller sound speeds, which again is due to the
correspondence between smaller sound speeds and larger amounts of mechanical energy (and

inertia) in the bulk flow. A noteworthy observation is that the phase velocity remains roughly
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Figure 6.1: Growth rate and phase velocity vs k, for different sound speeds (HD)
¢s/v.0 = 9.13 (black), 2.89 (blue), 0.913 (red), 0.408 (green)

the same for sound speeds of 9.13 v, and 0.913 v,, and all values in between. However, when
we decrease the sound speed from 0.913 v, to 0.408 v.q, the phase velocity increases abruptly.
Evidently, this is the interval of sound speeds within which the inertial effects of the bulk
flow become significantly more important (i.e., within which the background density passes
some critical value). This effect is very pronounced for the phase velocities, but also occurs
to some extent with the growth rates, which are noticeably less at ¢, = 0.408 v, than at the
higher sound speeds. The incompressible case, considered by Drazin and Howard (1966) in
the above table, corresponds most closely to the black curve, for which the ratio of sound

speed to flow speed is largest.

We have verified that our algorithm for eigenmode construction reproduces the results of
Drazin and Howard (1966) in the HD regime. We now proceed to examine the dependence
of the numerical growth rate on various parameters. We begin with the dependence on the

strength of the magnetic field.
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6.3 Dependence of Growth Rate on Magnetic Field

Figures 6.2 displays growth rate (in units of ¢/rg) as a function of the magnetic-to-thermal
pressure ratio ;' = B%,/(2F,) (i.e., the inverse background plasma beta) for several flow
velocities, each flow velocity corresponding to a specific curve. Figure 6.2(a) corresponds to
the pressure-dominated case (relativistic sound speed), while figure 6.2(b) corresponds to a
density-dominated case (non-relativistic sound speed). In both cases, we see that for higher
flow speeds, the growth rates are generally higher, as is the strength of the magnetic field
required to suppress instability. The critical ratio at 0.9 ¢ is nearly double its value at 0.8 c,
which in turn is more than triple its value at 0.5 ¢. This illustrates the rapid increase of this

ratio as the flow speed becomes more relativistic.

In the pressure-dominated case, we see that even for highly relativistic flow speeds, the
critical ratio is substantially less than 1, which is to say, instability is suppressed for back-
ground magnetic pressures which are considerably less than the background thermal pres-
sures. In the density-dominated case, instability is suppressed for much higher magnetic
pressures which are generally larger than the thermal pressure. In fact, the ratio of crit-
ical B, between the two cases is approximately equal to the ratio of the enthalpies. We
will see below that in both cases (pressure-dominated and density-dominated), instability
is suppressed at approximately the same Alfven velocities, where the Alfven velocity is the
magnetic field divided by the square root of enthalpy. Figures 6.3 display the corresponding

ratio of phase velocity to flow speed, w,/(k,v.0).

Figures 6.4 display growth rate (in units of ¢/ry) for the same parameters as in fig-

ures 6.2, but this time as a function of the Alfven speed vy = B,o/\/wy. We see that
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Figure 6.2: Growth rate vs inverse plasma [ at different flow speeds (RMHD)
v,0/c = 0.5 (black), 0.6 (blue), 0.7 (red), 0.8 (green)
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Figure 6.3: Phase velocity vs inverse plasma £ at different flow speeds (RMHD)
v,0/c = 0.5 (black), 0.6 (blue), 0.7 (red), 0.8 (green)
v,0/c = 0.85 (magenta), 0.875 (cyan), 0.9 (dashed blue)
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the critical instability-suppressing Alfven velocities are approximately the same in both the
pressure-dominated and density-dominated cases. Figures 6.5 display the corresponding ra-
tio of phase velocity to flow speed. For both pressure and density-dominated systems, this
ratio is higher for larger flow speeds, and varies little with magnetic field strength in the
pressure-dominated case, but has more field strength dependence in the density-dominated
case. The phase velocities are also consistently larger for the density-dominated case, indi-
cating that phase velocity increases with a decrease in sound speed. We also see that the
phase velocity is consistently less than the flow speed. For highly relativistic flow speeds,
the growth rate changes very little for weaker field strengths, and decreases very rapidly
only as we approach the critical field strength for suppression of the instability. For two
adjacent incompressible flows with a difference v.q in flow speeds, and uniform flow-aligned
Alfven velocity v, instability is suppressed when v, /v.o > v/2 (Chandrasekhar 1961). The
critical Alfven velocities shown in figures 6.4 are consistently less than this, which might be
explained in part by the stabilizing influence of compressibility. In fact, for v,q <~ 0.8¢,
the suppression of instability occurs when M;l >~ 1/3, where M, is a relativistic version

of the Alfvenic Mach number, which we define by

2
vy Vo [1—v3/c?

\/iA pu— pu—
2 )
VAYA va \| 1 —v5/c?

(6.3)

where v,y is the amplitude of the background flow speed, v, is the background Alfven
speed, and v and 4 are the Lorentz factors corresponding to the flow speed and Alfven
speed, respectively. Our definition of M, is analogous to the manner in which Bodo et al.
(2004) defined a relativistic version of the sonic Mach number. We have discovered that, for
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moderately relativistic flow speeds (i.e., v, <~ 0.8¢), My is strongly correlated with the
influence of the magnetic field on growth rate. The fractional decrease in growth rate has a
strong correlation with M4, independently of other parameters. This is seen in figure 6.6,
where the growth rate is plotted as a function of M ;' for each of the flow speeds considered
above. Specifically, the dependent variable is the ratio of the growth rate to its corresponding
value in the unmagnetized case. The curves very closely overlay one another, and have a
common instability threshold of M;l ~ 1/3. This correspondence, however, breaks down for
v,0 > 0.8 c. The correlation of growth rate with My is considerably closer for the pressure-
dominated system (figure 6.6(a)) than for the density-dominated system (figure 6.6(b)). In
our numerical simulations, we will see that M, is the governing parameter in describing the
extent of influence of the magnetic field on vortex formation. The critical stabilizing value

of M;' =1/3 is a consequence of the use of a sech? background velocity profile.

In the plots of phase velocity versus inverse plasma S in figures 6.3, and versus Alfven
speed v,4 in figures 6.5, we notice an abrupt discontinuity in each of the curves, which
corresponds to the value of 57! or v4 at which the growth rate has dropped to zero, and
above which there is no instability, as shown by the corresponding plots of growth rate. In
some of the phase velocity curves, we notice spikes that occur after the stabilizing value of
B~ or vy. These correspond to a family of varicose modes which exist in the region of low
growth rates in the frequency plane. Recall that we are interested in the fastest-growing
sinuous mode. When the growth rate of this mode is too low (w; < 0.01¢), the search

algorithm has difficulty distinguishing the sinuous mode from the varicose modes.

We have examined the influence of the magnetic field on numerical growth rates. We
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Figure 6.4: Growth rate vs Alfven speed at different flow speeds (RMHD)
v,0/c = 0.5 (black), 0.6 (blue), 0.7 (red), 0.8 (green)
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Figure 6.5: Phase velocity vs Alfven speed at different flow speeds (RMHD)
v,0/c = 0.5 (black), 0.6 (blue), 0.7 (red), 0.8 (green)
v,0/c = 0.85 (magenta), 0.875 (cyan), 0.9 (dashed blue)
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Figure 6.6: Growth rate vs M, ' at different flow speeds (RMHD)
v,0/c = 0.5 (black), 0.6 (blue), 0.7 (red), 0.8 (green), 0.85 (magenta)

now turn our attention to an unmagnetized system, and examine the dependence of growth
rate and phase velocity on the background flow speed (in particular, its amplitude, reached

at the center of the velocity profile).

6.4 Dependence of Growth Rate on Flow Speed

Figure 6.7(a) displays growth rate (in units of ¢/r) as a function of flow speed for different
values of the sound speed. There is no magnetic field. At all sound speeds, instability persists
into the highly relativistic regime. As the sound speed increases, the growth rates increase.
As with the hydrodynamic case in figure 6.1(a), figure 6.7(a) illustrates the stabilizing influ-
ence of a small sound speed (greater compressibility) for the relativistic case. Under these
circumstances, the density is more dominant over the pressure, and the perturbation must
perform a greater amount of work against the mechanical energy of the background flow.
Figure 6.7(b) displays the corresponding ratio of phase velocity to flow speed. This ratio
increases as flow velocity increases, which is consistent with our observations for the non-
relativistic case in the first section. For smaller sound speeds, the phase velocity is larger,
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Figure 6.7: Growth rate and phase veloc. vs flow speed at diff. sound speeds (RHD)
cs/c = 0.2 (black), 0.27 (blue), 0.35 (red), 0.45 (green), 1/4/3 (magenta)
BzO = 0, k’z = 0.8/7"0

which is consistent with the non-relativistic case shown in figure 6.1(b). As flow speed in-
creases or sound speed decreases, the phase velocity becomes more comparable to the flow
speed. As with the non-relativistic case considered in the first section, the decrease in sound
speed corresponds to a larger density, giving the bulk flow greater inertia, and hence a greater
influence on the pattern speed of the emergent features. At low flow speeds, we notice two
spikes. These correspond to a family of varicose modes (symmetric shear profiles of pressure
perturbation), which exist at low growth rates and a set of regularly spaced values of w.
For sufficiently low flow speeds, the growth rates are very low, as seen by figure 6.7(a), and
therefore it is difficult to distinguish the sinuous mode from the varicose modes. Recall that

for a given set of parameters, we seek to recover the fastest-growing sinuous mode.

Figures 6.8 display growth rate and phase velocity to flow speed, respectively, as functions

of the relativistic Mach number, given by
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Figure 6.8(a) shows that for smaller sound speeds, the instability region extends to higher
Mach numbers. This is consistent with our observation from figure 6.7(a) that the upper
critical flow velocity is larger than 0.9 ¢, independent of sound speed. Bodo et al. (2004)
demonstrated that for a tangential discontinuity, in the frame in which two adjacent flows
have equal and opposite velocities, instability to flow-aligned perturbations is suppressed for
relativistic Mach numbers larger than v/2, independent of sound speed. This Mach number
is in terms of the individual flow speeds. When we transform to the frame in which one
of the fluids is stationary, which more closely corresponds to the profile v gsech?(x /7o), the
maximum critical Mach number, for any sound speed, is 4. In our case, the critical Mach
numbers are considerably larger than this, and have a strong dependence on sound speed.
Instability therefore exists at much larger Mach numbers, and therefore much higher flow
speeds, for the sech? profile than for the case of two adjacent flows, particularly at low sound
speeds. We see from figure 6.8(b) that the ratio of phase velocity to flow speed is a function

of the Mach number, not of the sound speed and flow speed individually.

In figures 6.9, we plot the (a) growth rate and (b) phase velocity for the same sound
speeds, but this time as a function of the covariant velocity u.,oy = v.,0/c, where v =
(1—v%,/c®)~Y2 is the Lorentz factor. Note that in the highly relativistic regime, the covariant
velocity and Lorentz factor are approximately equal. Figure 6.9(a) illustrates that for any
sound speed, the growth rate decreases with increasing flow speed in the highly relativistic
regime. The most rapid decrease seems to occur for Lorentz factors ranging from about
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Figure 6.8: Growth rate and phase veloc. vs Mach number at diff. sound speeds (RHD)
cs/c = 0.2 (black), 0.27 (blue), 0.35 (red), 0.45 (green), 1/4/3 (magenta)
BzO = 0, k’z = 0.8/7"0

2 to about 20, and the subsequent decrease is more gradual. Most of the curves exhibit
a kink, or noticeable change in behavior, at around v = 20. This most likely corresponds
to some sort of transition from sinuous modes (antisymmetric pressure profiles) to varicose
modes (symmetric pressure profiles). That is, for flow speeds less than about v = 20, the
fastest-growing modes are sinuous, but figure 6.9(a) shows that this growth rate decreases
rapidly from v = 2 to about v = 20. As shown in figure 6.9(b), this corresponds to a rapid

increase in the sinuous phase velocity.

At about v = 20, the growth rate of the sinuous mode drops below the growth rates of the
varicose modes, which, for v < 20, seem to have much less dependence on flow speed than
the growth rate of the sinuous mode. For v larger than roughly 20, the fastest-growing mode
is now a varicose mode. For ¢, = 0.35 ¢, the transition in growth behavior occurs at a larger
value of v &~ 33, as shown by the red curve in figure 6.9(a). After the transition, the phase
velocity of the varicose mode changes very little, as shown in figure 6.9(b). In particular,
this figure shows that the ratio of phase velocity to flow speed seems to asymptotically
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Figure 6.9: Growth rate and phase velocity vs yv,o/c at diff. sound speeds (RHD)
cs/c = 0.2 (black), 0.27 (blue), 0.35 (red), 0.45 (green), 1/4/3 (magenta)
BzO = 0, k’z = 0.8/7’0

approach unity as the flow speed approaches the speed of light (as the Lorentz factor goes
to infinity). Figures 6.9 also show that, even when the growth rate behavior is altered for
highly relativistic flow speeds, the growth rates are still higher, and the phase velocities
lower, for higher sound speeds. This is what we found previously for moderately relativistic

flow speeds.

We see that in the highly relativistic regime, the system becomes more KH-stable to
perturbations with wave numbers on the order of 1/ry, which is the approximate wave
number corresponding to maximum growth for moderately relativistic flow speeds. However,
we show in the next section that highly relativistic flow speeds can render the system less

KH-stable to perturbations with higher wave numbers, i.e., smaller wavelengths.
6.5 Dependence of Growth Rate on Wave Number

Figure 6.10 displays growth rate (in units of ¢/ry) as a function of the wave number k,

(in units of 1/ry), again for several values of the flow speed. As with the HD case, the
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growth curve has a concave-downward shape, with a wave number corresponding to max-
imum growth and a larger wave number above which the system is stabilized. This wave
number corresponds to a wavelength which is on the order of the width of shear variation
(which in our model is half the initial jet width, or about 27y). This is in contrast to the
case of a step-function velocity profile considered earlier, for which the growth rate increases
linearly with k,. We see that with an increase in flow speed, there is an increase in the peak
growth rate and in the range of instability. However, the former trend breaks down for flow
speeds larger than 0.8 ¢, and the maximum growth rate is noticeably less at 0.9 ¢ than at
0.85c¢. Maximum growth occurs at roughly k, = 0.8/ry, and this critical wave number is
independent of flow speed for speeds less than around 0.85c. However, at 0.9 ¢, maximum
growth occurs at roughly k, = 0.7/ry. As the flow speed becomes more relativistic, the
growth rate decreases more slowly for larger k., and this decrease becomes more linear, sug-
gesting the emergence of a complex phase velocity, which is discussed below. At the highly
relativistic flow speed of 0.98 ¢, the growth rates are somewhat lower, but growth rate no
longer decreases with increasing k., and instead continues a gradual increase. At 0.98 ¢, the
system is not stabilized until k, exceeds approximately 5.36/r9, corresponding to a wave-
length of 27 /k, = 1.17ry, which is narrower than the width of shear variation (=~ 2ry) At
highly relativistic velocities, we have near-maximum growth at wavelengths smaller than the
width of shear variation. This is one manifestation of the tendency of relativistic effects to
destabilize the system, and a possible contributing factor to the numerical breakdown ob-
served at Lorentz factors larger than about 2. The growth behavior is qualitatively different
for highly relativistic flows, which is due to the rapid increase in the Lorentz factor, resulting

in higher relativistic boosting in the flow direction.
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Figure 6.10: Growth rate vs k, at different flow speeds (RHD)
v,0/c = 0.5 (black), 0.6 (blue), 0.7 (red), 0.8 (green), 0.85 (cyan)
v.0/c = 0.9 (dashed blue), 0.98 (dashed red),  Fy/(poc?) = 50, B,y =0

When we compare figures 6.10 and 6.11, we notice that at a given flow speed, there is
a change in the behavior of phase velocity when the corresponding growth curve drops to
zero. Again, this is due to the presence, in the complex plane, of a family of varicose modes
at low growth rates (w; < 0.01¢/rp). Recall that the search algorithm attempts to recover
the fastest-growing sinuous mode in each case. When the growth rate of this mode becomes

too low, however, it becomes difficult to distinguish this mode from the varicose modes.
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Figure 6.11: Phase velocity vs k. at different flow speeds (RHD)
v,0/c = 0.5 (black), 0.6 (blue), 0.7 (red), 0.8 (green), 0.85 (cyan)

v,0/c = 0.9 (dashed blue), 0.98 (dashed red), Py/(poc?) = 50, 0=0

Figure 6.12 displays dw;/dk,, and figure 6.13 displays dw,/dk., both as functions of k., for
the cases considered in figures 6.10 and 6.11. These figures show that at highly relativistic
flow speeds, and sufficiently large k., the group velocities approach a characteristic complex
phase velocity. As the flow speed approaches ¢ within this regime, the real component of the
group velocity approaches ¢, while the imaginary component approaches 0 from the negative
region.
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Figure 6.12: dw;/dk, vs k, at different flow speeds (RHD)
v,0/c = 0.5 (black), 0.6 (blue), 0.7 (red), 0.8 (green), 0.825 (magenta)
v,0/c = 0.85 (cyan), 0.9 (dashed blue),  Py/(poc?) =50, B,y=0
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Figure 6.13: dw,/dk, vs k, at different flow speeds (RHD)

v,0/c = 0.5 (black), 0.6 (blue), 0.7 (red), 0.8 (green), 0.825 (magenta)
v,0/c = 0.85 (cyan), 0.9 (dashed blue),  Py/(poc?) =50, B.o=0

6.6 Conclusion

In conclusion, we see that in the presence of a shear variation in the velocity profile, KH
instability to flow-aligned perturbations extends to much higher Mach numbers than the
upper limits corresponding to a step function discontinuity (discussed in chapter 4). For
sound speeds near the relativistic limit of ¢/ V/3, the growth rate increases as the flow speed
becomes more relativistic, and reaches a maximum only at a flow speed of around 0.95c.
This stands in contrast to the commonly held notion that relativistic flows tend to have a
stabilizing effect. We see that the influence of the magnetic field is closely correlated with
a relativistic extension of the Alfvenic Mach number, which we have defined analogously to
the definition of a relativistic sonic Mach number used in Bodo et al. (2004). Consequently,
a stronger magnetic field is required to suppress the instability at higher flow speeds, and
higher densities. As discussed in the introduction to this chapter, the wave frequencies are

many orders of magnitude smaller than typical Larmor frequencies, making it highly unlikely
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for these KH-unstable modes to exhibit resonance with gyrating particles.

Another important difference from the case of a step-function discontinuity involves the
dependence of growth rate on wave number. For a step-function discontinuity, the growth
rate increases linearly with wave number, while in the case of shear variation, the growth rate
ceases to increase above a certain wave number, i.e., the shear variation sets a length scale.
For mildly relativistic flows, the growth rate decreases to zero with increasing wave number,
and the system is stable above a wave number for which the wavelength is roughly the width
of shear variation. For highly relativistic flows, relativistic boosting changes the shape of
the growth curves, and instability with near maximum growth extends to wavelengths which
are smaller than the width of shear variation. This relativistic destabilization offers insight
into the early unphysical breakdown (v > ¢), in the linear regime, of simulations with flow
speeds exceeding 0.9¢. This is a problem that for over 20 years has plagued simulations

using artificial viscosity, such as ours (Marti and Muller 2003).
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Chapter 7

Shear Profiles of the Perturbations

We have considered the growth rates of eigenmodes of a system with a background velocity
profile v,9sech?(x/ry). We now consider the behavior of the shear profiles of the corre-
sponding eigenfunctions of these eigenmodes. These profiles are cross sections of the initial
perturbations at the start of the simulation. Therefore, their sensitivity to flow velocity and
magnetic field could explain the sensitivity, to these parameters, of the subsequent numerical
evolution. We first consider unmagnetized cases, in order to isolate relativistic effects. We

then consider magnetized cases at several different flow speeds.

We find that the symmetry properties of the pressure and velocity profiles have a close
correlation with the pattern of vortex development in the early nonlinear regime of evolution.
These symmetries also play a major role in the complementarity between the nonlinear
evolution of the magnetic field and the flow. In particular, this complementarity arises in
part from the fact that the transverse field and velocity profiles are both symmetric, while
the longitudinal field and velocity perturbations are both antisymmetric. At more relativistic
flow speeds, the perturbation profiles tend to exhibit larger amplitudes of spatial variation,
which may contribute to an instability associated with highly relativistic velocities. There
is also a noticeable change in profile shape, of each perturbation, for magnetic fields which
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are strong enough to suppress vortex formation. This may illuminate the nature of the
bifurcation between the weaker, vortex-disruptive, and stronger, vortex-suppressing regimes

of field strength.

For each perturbation profile dgo(x), the real and imaginary parts of dgo(x) both have
the same symmetry (whether symmetric or antisymmetric). This is due to the symmetric
nature of the background velocity profile v sech?(z /7). As a result, a given perturbation
has the same symmetry at all cross-sections along the flow direction. This emerges from the

perturbation distribution in the xz-plane:

dq(z,z) = Re[dqo(z)exp(ik,z)] = dqo.(x) cos(k,z) — dqo;(x) sin(k,2) (7.1)

If §qo-(z) and dqo;(z) are both symmetric, dq(z, z) is symmetric for any z. If dgo,(x) and
dqoi(x) are both antisymmetric, dq(z, z) is antisymmetric for any z. This preservation of
symmetry (or antisymmetry), along the flow direction, has important consequences for the

evolution of the flow, and its complementarity with the field, as we will see below.

We begin by considering the perturbation profiles of pressure and velocity for unmagne-
tized cases, examining both the symmetries of these profiles and their dependence on the

background flow speed.
7.1 Perturbation Profiles for Unmagnetized Cases

Figures 7.1 through 7.4 show plots of the shear profiles of the normalized perturbation
eigenfunctions for unmagnetized RHD cases. Each plot simultaneously displays the profiles
corresponding to background flow speeds v,o/c = 0.9, 0.85, 0.8, 0.7, and 0.5, to illustrate the
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influence, on the profiles, of the relativistic nature of the flow. It should be noted that the
shear profiles are unchanged when the system length is widened or when the spatial increment
is halved, indicating that these profiles have converged with respect to system length and
spatial step. The pressure and longitudinal velocity perturbations are both antisymmetric,
while the transverse (x) velocity perturbation is symmetric. This is a consequence of choosing
sinuous modes of the sech? profile, as opposed to varicose modes, which have the opposite
symmetries, as discussed in chapter 6, and Drazin and Howard (1966). Recall that the
velocity perturbations can be written as follows in terms of the pressure perturbation (where

the prime symbol denotes differentiation with respect to x, the shear direction):

—ic*0 P!

v, = , 2
! UN)’YQ(W - kzvz0> (7 )
—2 0P + Ak, — wvy/c?)(w — k,v,0)0 P
= :

Y2 (w — k,v,0)

ov, =

Note also that, near the axis at x = 0, the curves overlay one another almost exactly,
indicating that, in this region, the perturbation profiles have very little sensitivity to the
background flow speed. The sensitivity to flow speed only occurs at sufficient distances from
the central axis (i.e., for |x| >~ 21y). Where the profiles are sensitive to flow speed, the
local amplitudes either increase with increasing flow speed, as with Im(6P), Im(déP/dx),
Re(dv,), Im(dv,), and Re(dv,), or decrease with increasing flow speed, as with Re(doP/dx)
and Im(dv,). That is, there is no bifurcation in the dependence of perturbation amplitude on
flow speed. The most pronounced increase in amplitude, with increasing flow speed, occurs
in the plot of Im(JP) versus z, and we generally observe larger-amplitude variations in the
profiles at more relativistic flow speeds, particularly at a background flow speed amplitude of
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0.9 c. These profiles define the perturbation at the start of the simulation. Large-amplitude
spatial variations in these profiles are a likely contributing factor in explaining early numerical

instability that arises at highly relativistic flow speeds.

The symmetries of the perturbation profiles play an important role in vortex development
in the early nonlinear regime of evolution. The early stages of vortex formation are shown
in figure 7.5, where the flow is directed upward (positive z-direction), and the z-axis is the
transverse direction. Each display (vorticity and longitudinal velocity) spans one wavelength
of the perturbation in the z-direction. Each display corresponds to 7.94 growth times, de-
noted 7T;, where T; = 10.17¢/c, i.e., 10.1 clock times. Saturation of the linear perturbations
occurs after 8 to 10 growth times. At the onset of nonlinear evolution, the antisymmetric
pressure perturbations, and symmetric transverse velocity perturbations, have grown to a
point where there are appreciable thermal and transverse mechanical stresses, causing the
flow to bend by different amounts at different points along the flow, depending on the magni-
tude and direction of the transverse velocity (whether in the positive or negative transverse
direction). Where the transverse velocity is a maximum in the positive transverse (z) di-
rection, the flow is maximally displaced in the positive z-direction. A quarter-wavelength
upstream from this point, the transverse velocity is zero, and the flow is not displaced. A
quarter-wavelength further upstream, the transverse velocity is a maximum in the negative
z-direction, and the flow is maximally displaced in the negative z-direction. This initial

twisting of the flow is shown in figure 7.5(b).

This results in the formation of counter-rotating vortices on opposite sides of the flow

axis, which are spaced half a wavelength apart along the flow direction. The vortices form
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around regions of low density and pressure, which, due to the antisymmetry of the pressure
perturbations, are also spaced a half-wavelength apart. These vortices are shown in figure
7.5(a), which displays the curl of the velocity. Because the y-axis points into the page, the
red vortex corresponds to clockwise fluid circulation, and the blue vortex to counterclock-
wise fluid circulation. By the above mechanism, we see that the antisymmetry of pressure
perturbation, and symmetry of transverse velocity perturbation, play a vital role in the half-
wavelength displacement, along the flow axis, of counter-rotating vortices. This corresponds
to the symmetries of a sinuous mode. If the transverse velocity were antisymmetric, as in
a varicose mode, the transverse mechanical stresses would be oppositely directed on either

side of the axis, and would separate the flow into pairs of adjacent vortices.

If we denote the vorticity Q(z, z,t), we can express its alternating symmetry as follows:

Qz, z,t) = =Q(—x, 2+ A\/2,1), (7.4)

where A = 27 /k, is the longitudinal wavelength of the perturbation in which the simulation
is launched. By determining the accuracy with which this condition is satisfied at a given
time in the simulation, we can assess the accuracy of the numerical results. As we discuss

in section 10.9 of chapter 10, this condition is indeed satisfied in each case we examine.

Having examined perturbation profiles in the absence of a magnetic field, we now examine

the influence of magnetic fields of various strengths.
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Figure 7.1: Shear profiles of 0P at different flow speeds (RHD)
v,0/c = 0.5 (black), 0.7 (blue), 0.8 (red), 0.85 (green), 0.9 (magenta)
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Figure 7.2: Shear profiles of ddP/dx at different flow speeds (RHD)
v,0/c = 0.5 (black), 0.7 (blue), 0.8 (red), 0.85 (green), 0.9 (magenta)
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7.2 Perturbation Profiles of Magnetized Cases

We now consider the influence of a magnetic field on the perturbation profiles of the velocity
and magnetic field components. Again, these perturbation profiles are cross-sections of the
initial perturbations at the start of the simulation. Again, the shear profiles are unchanged
when the system length is widened or when the spatial increment is halved, indicating that
these profiles have converged with respect to system length and spatial step. Each of the
figures below contain multiple curves, each curve corresponding to a specific value of the
relativistic Alfvenic Mach number M4, given by (6.3). A black curve corresponds to the
unmagnetized case, a cyan curve to the case M4 = 82.83, a red curve to the case M, = 41.41,
a green curve to the case M, = 20.70, a magenta curve to the case M, = 10.34, and a blue
curve to the case M, = 5.145. For each perturbation, we display graphs for background
flow speed amplitudes of 0.7 ¢ and 0.2 c. Each of the modes graphed have also been evolved
well into the nonlinear regime, as will be discussed later. dv, and dB,, the perturbations to
transverse velocity and field, both have symmetric shear profiles. On the other hand, v,
and 0 B,, the perturbations to longitudinal velocity and field, both have antisymmetric shear
profiles. This, again, is a consequence of choosing sinuous modes of the sech? profile, as
opposed to varicose modes, which have the opposite symmetries (Drazin and Howard 1966).
One important observation is that for each quantity being considered, the graphs for both
flow speeds (0.7c¢ and 0.2 ¢) are remarkably self-similar, differing only in amplitudes. This
indicates that within the moderately relativistic regime, relativity has very little influence

on the form of the spatial variation of the initial perturbations.

There is another fundamental observation that underlies each of the graphs below. Specif-
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ically, for each quantity plotted, the curves corresponding to Alfvenic Mach numbers of 82.83,
41.41, 20.70, and 10.34 are very similar, and overlap very closely. These fields are in the
vortex-disruptive regime, which is to say, they still allow vortex formation in the early non-
linear regime of evolution, and only disrupt the vortices after a certain amount of vortex
development. However, the curve corresponding to M4 = 5.145, the strongest field, has a
noticeably different shape from the other curves. For instance, we see substantially larger
amplitudes in the spatial variation of the velocity components. This field (M4 = 5.145), in
contrast to the others, is in the vortex-suppressing regime, which is to say, it does not allow
complete vortex formation. The vortex-suppressing field also corresponds to a noticeably
lower growth rate, which is only about 75% of the growth rates of the weaker fields, while
the weaker fields correspond to growth rates which are within a few percentage points of
one another. We see that a large fractional reduction in growth rate corresponds to no-
ticeable deviations in the perturbation profiles. We will later see, in chapter 9, that the
magnetic field is enhanced in the early nonlinear regime of evolution, and that this enhance-
ment is largest for strongly vortex-disruptive fields (M4 = 10.34), but is considerably less for
vortex-suppressing fields (M4 = 5.145). That is, field enhancement increases with increasing
field throughout the vortex-disruptive regime, and then decreases in the vortex-suppressive
regime. Evidently, the ability of a field to suppress vortex formation, and the nature of field
enhancement in early nonlinear evolution, are both closely correlated with the influence the

field has on the growth rate and spatial variation of the initial perturbations.

Note that the perturbation profiles are symmetric in transverse velocity and transverse

field, and antisymmetric in longitudinal velocity and longitudinal field. The background
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profiles of the longitudinal field and longitudinal velocity are both symmetric. We see that
the velocity and field components have common symmetry properties in their transverse
profiles. This allows for a close complementarity between the behavior of the flow and the
behavior of the field throughout the nonlinear evolution. This complementarity is shown in
figures 7.14, which display the vorticity, i.e., curl of the velocity field, overlaid with contours
of the magnetic field. This corresponds to the vortex-disruptive field M4 = 41.4, where
figure 7.14(a) displays an early stage of vortex formation at 10.3 growth times, and figure
7.14(b) displays an early stage of vortex disruption at 12.2 growth times. One growth time 7;
is 10.179/c, i.e., 10.1 clock times. Saturation of the linear perturbations occurs after about

8 to 10 growth times.

We begin by considering the profiles of the real and imaginary parts of dv,, the pertur-

bation to transverse velocity, first at 0.7 ¢ (figure 7.6) and then at 0.2 ¢ (figure 7.7).
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Figure 7.6: Shear profiles of dv, at different My for a flow speed of 0.7 ¢ (RMHD)
M, = oo (black), 82.83 (cyan), 41.41 (red), 20.70 (green), 10.34 (magenta), 5.145 (blue)
Py/(poc?) = 50, v0 = 0.7¢ sech?(z/rg)

We now consider the profiles of the real and imaginary parts of §B,, the perturbation in
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Figure 7.7: Shear profiles of dv, at different M, for a flow speed of 0.2 ¢ (RMHD)
M, = oo (black), 82.83 (cyan), 41.41 (red), 20.70 (green), 10.34 (magenta), 5.145 (blue)
Py/(poc®) = 50, v.0 = 0.2¢ sech®(z/r)

We now consider the profiles of the real and imaginary parts of dv,, the perturbation in flow
velocity, first at 0.7 ¢ (figure 7.8) and then at 0.2 ¢ (figure 7.9).
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Figure 7.8: Shear profiles of dv, at different My for a flow speed of 0.7¢ (RMHD)
My = oo (black), 82.83 (cyan), 41.41 (red), 20.70 (green), 10.34 (magenta), 5.145 (blue)
Py/(poc?) = 50, v,0 = 0.7¢ sech?(z/r)

transverse field, first at 0.7 ¢ (figure 7.10) and then at 0.2¢ (figure 7.11). Note that these
graphs are normalized with respect to the perturbation amplitude. The field perturbations

are approximately proportional to the strength of the field, i.e., the inverse of My.

209



Re@® vZ) /c
Im(d vz) /c

(a) Re(dv,) (b) Im(dv,)

Figure 7.9: Shear profiles of v, at different M, for a flow speed of 0.2¢ (RMHD)
M, = oo (black), 82.83 (cyan), 41.41 (red), 20.70 (green), 10.34 (magenta), 5.145 (blue)
Py/(poc?®) = 50, v.0 = 0.2¢ sech?(z/rg)
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Figure 7.10: Shear profiles of § B, at different M4 for a flow speed of 0.7¢ (RMHD)
M, = oo (black), 82.83 (cyan), 41.41 (red), 20.70 (green), 10.34 (magenta), 5.145 (blue)
Py/(poc®) = 50, v.0 = 0.7¢ sech?(z/rg)
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Figure 7.11: Shear profiles of § B, at different M4 for a flow speed of 0.2¢ (RMHD)
M, = oo (black), 82.83 (cyan), 41.41 (red), 20.70 (green), 10.34 (magenta), 5.145 (blue)
Py/(poc®) = 50, v.0 = 0.2¢ sech?(z/rg)

We finally consider the profiles of the real and imaginary parts of 0B,, the perturbation
in longitudinal field, first at 0.7 ¢ (figure 7.12) and then at 0.2¢ (figure 7.13). Note that
these graphs are also normalized with respect to the perturbation amplitude. The field
perturbations are, again, approximately proportional to the strength of the field, i.e., the
inverse of My.
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Figure 7.12: Shear profiles of 6B, at different My for a flow speed of 0.7 ¢ (RMHD)
My = oo (black), 82.83 (cyan), 41.41 (red), 20.70 (green), 10.34 (magenta), 5.145 (blue)
Py/(poc®) = 50, v.0 = 0.7¢ sech?(z/ro)
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Figure 7.13: Shear profiles of 6B, at different My for a flow speed of 0.2¢ (RMHD)
My = oo (black), 82.83 (cyan), 41.41 (red), 20.70 (green), 10.34 (magenta), 5.145 (blue)
Py/(poc®) = 50, v.0 = 0.2¢ sech®(z/ro)
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Figure 7.14: M, = 41.41, va./c = 0.0237, £ = 888.3, v, = 0.7¢
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7.3 Conclusion

We have examined the shear profiles of the perturbations, which are cross-sections of the
initial perturbations in which the simulation is launched. The perturbation profiles have
converged with respect to system width and spatial step. We have seen that the pressure
perturbations are initially antisymmetric, while the transverse velocity perturbations are
initially symmetric. However, we will observe that in the nonlinear regime of the simulations,
there emerge transversely propagating sound waves which are symmetric in the pressure and
antisymmetric in the transverse velocity. Also, the density perturbations are antisymmetric.
However, density diffusion introduces a density depletion layer which is symmetric about the
jet axis (also noticed in the RMHD analysis of Mignone et al. 2009, and the MHD analysis of
Frank et al. 1996). This indicates that certain features emerge whose symmetry is opposite

the symmetry imposed by the perturbations.

In the unmagnetized cases, the perturbation profiles were plotted simultaneously for dif-
ferent background flow speeds. We noticed that at larger flow speeds, the profiles typically
exhibit larger amplitudes of spatial variation, particularly in the case of the imaginary part
of the pressure perturbation. This is especially evident at flow speeds greater than or equal
to 0.9 ¢, and may partially explain why, at these highly relativistic flow speeds, the numer-
ical simulation undergoes early unphysical breakdown (speeds exceeding the speed of light,
negative densities, etc.), a problem that has plagued artificial viscosity simulations for over
20 years (Marti and Muller 2003). In general, large-amplitude spatial variations tend to gen-
erate numerical instability. In the pressure and velocity profiles of the magnetized cases, the

perturbation amplitudes increase with increasing magnetic field strength (decreasing M),
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and the amplitudes are noticeably larger for the strongest, vortex-suppressing field, for which
M, = 5.145. For the strongest fields (those which suppress nonlinear vortex formation), the
perturbation profiles have a somewhat different shape than the profiles of the weaker fields
(those which allow vortex formation, followed by disruption). This observation is correlated
with a substantially reduced growth rate for vortex-suppressing fields. The deviation in pro-
file behavior may also be correlated with a bifurcation in the nature of field enhancement
in the early nonlinear regime of evolution, which will be explored in chapter 9. Through-
out the vortex-disruptive regime, field enhancement increases with increasing field strength.

However, in the vortex-suppressing regime, field enhancement decreases.

We have observed common symmetry properties in the transverse profiles of the velocity
and magnetic field components. This creates the conditions necessary for a close comple-
mentarity between the flow and the magnetic field during nonlinear evolution, as we will
observe in our simulation results. Before we discuss simulation results, however, we must
first describe the numerical scheme for evolving the simulation, which we do in the next

chapter.
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Chapter 8

Numerical Method

We now describe the numerical method for evolving the RMHD single-fluid equations of
Anile (1989) in conservative form. We use explicit finite-differencing in combination with
artificial viscosity. The exact single-fluid RMHD equations are marginally stable, but become
unstable when discretized in a numerical scheme. Artificial viscosity is needed in order to
restore stability to the system, and also has physical significance. The momentum viscosity
represents viscous exchanges of momentum between microscopic eddy structures (Tennekes
and Lumley 1973). Our scheme has fourth-order accuracy in both space and time, and
uses a rapidly convergent algorithm developed by Newman (2002) to recover the primitive
variables from conserved quantities. In section 8.2, we demonstrate the physical significance
of the magnetic viscosity (resistivity), by showing that it corresponds to a conductivity
associated with electron and ion gyration within a range of physically realistic astrophysical
parameters. In particular, we make comparisons to the environment of the BL Lacertae
object BL Lac 0J287 discussed in Marscher and Jorstad (2011). In first and second-order
methods, viscosity is implicitly present in the form of truncation error. The use of fourth-
order spatial and temporal methods gives us explicit control over these viscosity terms.

We begin, in the first section, by describing our numerical scheme.
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8.1 Evolving the Conservation-diffusion Equations

Here, we describe the numerical method for evolving a system in relativistic MHD. We begin
by physically motivating the RMHD single-fluid conservative equations. Within a given
volume of fluid, the total rate of change of a given conserved quantity is equal to the flux
of that quantity through the boundaries of that volume. Let C; is the density of a given
conserved quantity, and Fj; the flux density of that quantity in the direction e;. Let dr
denote a volume element of the volume under consideration (i.e., the volume over which we
integrate C;), and let da; denote the jth component of the area vector normal to a given

location on the surface bounding this volume. Then mathematically, we have

With the use of the Divergence Theorem, we can rewrite (8.1) as follows:

d OFy; .

When we remove the volume integrals, the RMHD conservation equations take the general

form

oC; n OF;;
(375 0xj

= 0, (8.3)

where the z; refer to the z, y, and z directions of a Cartesian coordinate system. This is
the form of the single-fluid RMHD equations used in Landau and Lifshitz (1959a), Anile
(1989), and Komissarov (1999). C; are the conserved quantities. Fj; are the corresponding
flux quantities. If there is no net flux through the boundaries of a given volume of fluid,

216



then the corresponding conserved quantity is conserved within that volume. This is true
of the boundaries of our numerical system, which is a slab in the x — z plane. It therefore
follows that throughout our simulations, the total conserved quantities (integrated over the

numerical system) are in fact conserved. These are the C; listed below in equation (8.6).

When we incorporate viscosity, the RMHD conservation-diffusion equations take the

general form

oc, OF, 92C,
_ 00 A
ot oz, o2 (8.4)

J

The term on the right represents artificial viscosity, which does not influence the conserva-
tive nature of the equations, and which is included for purposes of numerical stability, but
also has physical significance. The exact RMHD single-fluid equations are marginally stable.
However, when we discretize the spatial and temporal derivatives in a numerical scheme,
these equations become unstable. We therefore need to include diffusion in order to restore
stability to the system. Because diffusion is second-order in space, the use of fourth-order
spatial and temporal methods gives us explicit control over the viscosity coefficients, which
in turn represent physical processes. The momentum viscosity represents viscous exchanges
of momentum between microscopic eddy structures (Tennekes and Lumley 1973). The mag-
netic viscosity corresponds to a conductivity associated with electron gyration around the
magnetic field lines, as discussed in the next section. Diffusion can produce certain anomalies
associated with relativistic effects, as we discuss in chapter 12, in which we also discuss why

these anomalies do not emerge in our numerical simulations.
To advance the system one time step, we compute the primitive variables from the con-
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served quantities, using a highly accurate, efficient, and convergent algorithm developed by
Newman (2002). We then compute the necessary spatial derivatives using the fourth-order
method of lines. We finally compute the conserved quantities at the next time step using
the fourth-order Runge-Kutta method. Being a one-step method, the Runge-Kutta method
is superior to multi-step methods in several respects (Ralston 2001). It allows for more
versatility in modifying such parameters as the time step. The Runge-Kutta method is also
self-starting. However, one-step methods are somewhat more computationally expensive.

We first make the definitions

9 rp
w = pc +m,
° =,
u' = vBi,
W = B-3, (8.5)
o B; —Zobou”7

b = byby + byby + bsbs — boby,

where w is the enthalpy and I' is the adiabatic constant. In this section, the speed of light

¢ is normalized to unity. The conserved quantities are then given by

C, = PUO;

Cy = (w+ bud)u’u' — "',

03 _ (U) + baba)uOUZ o bObQ,

Cy = (w4 bab™)u'u® — 0B,

1

Cs = (w+ bab®)ulu® — <P + §bab°‘) — B0, (8.6)
Cﬁ - Bl7

CY7 = B2a

Cg = Bg.

The first quantity represents mass density. The second, third, and fourth components are the
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components of the momentum density. The fifth component is the energy density. The sixth,

seventh, and eighth components are the components of the magnetic field in the stationary

frame.

The corresponding flux quantities are given by

Flz'

F2i

)
pu',

1
(w + bab%)u P+2b ba) S9; — D2V,

(w + bab“)u P—l—;bb)54i—b4bi,
= (w + bub*)u’
= v1By — 0231,
= v B3 — v3By,
= vy By — v1 Bs,
v B3 — v3 By,
= v3B; — v Bs,
v3By — 12 B3,

= I7 = Fgg = 0.

1 .
(U} + b b (P + Qbaba) 532' - bsz’
0

Let At denote the time increment of the simulation. Let Az, Ay, and Az denote the

spatial increments in the x, y, and z directions, respectively. Suppose we know the conserved

quantities at time step n and wish to compute them at time-step n 4+ 1. We use the fourth-

order Runge-Kutta method. We loop from ¢ = 1 to ¢ = 4, and at each value of ¢ we compute

the following, for i > 1:

The value of C"*! i.e., C at the time increment n + 1, is then given by

Cn+i/4 _ Cn+AtZCYij

i—1

oCrils
ot

=1
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6cn+i/4
ot

4
C't!l = C"+ ALY B (8.9)
i=1

The method used is the “classic” fourth-order Runge-Kutta method. The « coefficients for

this method are defined as follows:

an =1/2, az=1/2, ay3=1, «; =0, otherwise. (8.10)

The f coefficients are defined as follows:

ﬂl = 1/67 ﬁ2 = 1/3? 63 = 1/37 54 = 1/6 (811)

We clearly need a method for estimating

(%)

Cgfl/ * Todo this, we must estimate the spatial

at [ =0, 1,2, and 3, from the known quantity
derivatives at time step n + [/4. The primitive variables are recovered from the conserved
quantities using an algorithm developed by Newman (2002). This method reduces a system
of five equations to a single cubic polynomial in the pressure P, and is one order of magnitude
faster than Newton-based methods used to solve equivalent systems. The algorithm is as
follows (methods for solving the cubic equation are described in such articles as McKelvey

(1984) and Nickalls (1993)). We first denote the momentum density, momentum density

squared, and the quantity 7', by
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(w + beb™)uu’ — bV,
C3 +C;5 +C,

(CyBy + C3B3 + CyBy)?.

(8.12)

We begin by making an initial guess for P, which is generally its unperturbed (equilibrium)

value. We denote this Fy. We then compute

B
= C5+P0+7,

2

1

= - (mm32 — T2) )

2

We must now verify that P satisfies the condition

27d\ V/?
> | — .

We now make the following computations:

U

/62

3 3 373

U, — B2,

mmlL? — T?(B? + 2L)
L2(BQ +L)2 )
1

JV1-=p5%

L

uOu0’

C

ud’

ST
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We repeat this process, using P, as an input instead of Fy. This generates a third value P;.
We now perform convergence checks on F,, P;, and P, making sure that the magnitude of
the difference between two successive estimates of P is less than a sufficiently small number
of around 107'2. We can then compute the Lipshitz constant R, given by

P,—P

R =2 8.16
P D, (8.16)

We then compute the Aitken accelerant Pajien, given by

P — P,

Phitken = Po+ ———.
Atk o+ 1R

(8.17)

We perform convergence checks on Py, P, P5, and Pajgen. If necessary, we repeat the
algorithm, using Phjiken as the new Fy, and continue to do so until the convergence checks

are satisfied.

The quantities P, p, w, 32, u°, and B are now known. To compute the remaining quantities,

we do the following:

T
§ =
wulul’
7 SBi
g o= MEPD 93 (8.18)

wulud + B2’
u' = B, i=1,2,3.

Let Az denote the spatial increment in z, Ay the increment in y, and Az the increment
in z. Suppose there are N, grid cells, so that L, = (N, — 1)Az. To estimate the spatial
derivatives of a quantity G, we use the method of lines, which employs the method of
asymptotic matching. Consider the (n +[/4)th time step, and (i, j, k)th spatial location. In
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the following two equations, the j, k indices are omitted from the superscripts, but implicitly
understood. In general, the fourth-order method of lines is used (Schiesser 1991). In fourth-

order, the first derivative of the flux quantity F,;, with respect to x, is given by

OF I (=1 ivonti/a . 2 citimti/a 2 icintia L icontia
o e e T L T D

We must also compute the diffusion terms. The second derivative of the conserved quantity

C,, with respect to x, again in fourth-order, is given by

i,n+l/4
82Cm ~ 1 __10i+277’b+l/4 + %Ci+1,n+l/4
0x? Ax2 \ 12 ™ 3"

+ A%;? (—20@;"““ + %C;’,;lv"““ — %q@;?v”ﬂ“) . (8.20)
We use periodic boundary conditions in each spatial direction. Therefore, when i = N, — 1,
we replace ¢ + 2 with 2, and ¢ + 1 with N,. When @ = N, we replace i + 2 with 2 and 7 + 1
with 1. When ¢ = 1, we replace ¢ — 2 with N, — 2 and ¢ — 1 with N, — 1. When ¢ = 2, we
replace i — 2 with N, — 1 and ¢ — 1 with 1. What we have said about x applies in the same

manner to y and z. In practice, the simulation is performed in two dimensions, with finite

spatial extent in the x and z directions only.

We can now estimate the desired time derivative, at the given spatial location, using the

conservation-diffusion equation:

o, N\ k()[4 OF N\ bkt 92, ij k)4
_ L (CEm . 8.21
<m) @m) +”(%ﬂ (8.21)

We now repeat the process described in equations (8.12) through (8.21) to obtain the nec-
essary intermediate time derivatives of the C),,. We then use equation (8.9) to evaluate the
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conserved quantities C,, at the next time step of the simulation. This is the process by
which we advance the numerical simulation through each time step. Having described our
numerical algorithm, we now describe the physical significance of the magnetic viscosity used

in this algorithm.
8.2 Physical Significance of Magnetic Viscosity

We demonstrate that the magnetic viscosity (i.e., resistivity) used in the simulations corre-
sponds to a conductivity which is consistent with electron and ion gyrations in astrophysical
environments relevant to our study, including the BL Lacertae object OJ287 examined by
Marscher and Jorstad (2011), and the radio jet M87 examined by Hines et al. (1989) and
Stawarz et al. (2005). As we will show, these objects correspond to conductivities on the
order of 107 s7!, which is within an order of magnitude of the conductivity derived from
the magnetic viscosity used in the numerical simulations. We use the following fundamental
constants, which are quoted here for reference:
c = 3x10" cm/s,
e = 4.8 x 1071 statc,
me = 9.11 x 1072 g,
m, = 1.67x 107* g,
kp = 1.38 x 107'% ergs/K. (8.22)
We first estimate the conductivity corresponding to the magnetic viscosity used in the simu-
lations. A typical magnetic viscosity in the numerical simulations is = xroc ~ 0.001 rqc,
where lengths on the numerical grid are measured in units of rg, and velocities are mea-
sured in units of the speed of light c¢. In particular, the background velocity profile varies as

v.0sech?(x/rg), so the simulation length unit 7 is on the order of half a jet radius. We use
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Jackson (1975) to estimate the corresponding conductivity:

c? c?

e A — = ~ 1000-=. (8.23)
n XToC To

In the simulations, typical frequencies are on the order of ¢/ry, so the above result is ap-
proximately consistent with the assumption of effectively infinite conductivity. A typical jet

radius is on the order of a parsec, or 10'® cm, so we have

3 % 1010
O A L0005 = 3x 10777 (8.24)

We denote oy as the conductivity corresponding to the magnetic viscosity used in the
simulations. We now compute a conductivity that would be typical of BL Lacertae OJ287,
using the magnetic field value of 5 G derived in Marscher and Jorstad (2011), along with
parameters typical of jet environments, and therefore plausible for BL. Lacertae OJ287. We
then repeat the process for a field of around 100 uG, which is an estimate of the field in the
radio jet M87 (Hines et al. 1989 and Stawarz et al. 2005). We assume the conductivity to
be dominated by electrons of mass m., charge e, number density n, and having a Larmor
frequency wy,, which is much larger than their collision frequency v with the protons. The

conductivity of the plasma can be approximated as (Bittencourt 2004):

newiay
_ 8.25
T e+ (v — ) (8.25)

where w ~ ¢/ry ~ 1078 s71. We will see that wy,, >> w. Also, as will be shown later,

Wiar >> V. We therefore have

ne

) 8.26
MeWiar ( )
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This can be further simplified as follows:

2

ne
7 MeWiar me ( > (827)
nec (4.8 x 10~ 10)(3 x 1019 (n) (14.4 cm®*G s~ (n)
= 5 ~ = Iz ) (8.28)

In terms of the plasma [, we have

BB?
P~ —. 8.29
. (8.29)
Let a be defined by
P = ap® ~ anm,c, (8.30)

where we assume that the mass density is dominated by the contribution from protons. For
a typical jet environment in which the sound speed is near its relativistic limit, we have

a ~ 50. The number density of electrons (and protons) is therefore related to the magnetic

field by

P B? 26.5 cm™*G %) B?
n ~ 5 R b 5 R ( e )8 : (8.31)
Qamy,c 8mam,,c Q

Inserting this result into our expression for o, we have

g =

14;” ~ (14.4)(26.5 G—ls‘l)%B ~ [380 (G )] —. (8.32)

We assume a plasma [ of around unity. We obtain the following values from the magnetic

field used in Marscher and Jorstad (2011) in their study of the BL Lac object OJ287:
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B ~ 5x107°G, B~ 1, (8.33)
P
o = — =~ 50, (8.34)
pc
32
P = 68_ ~ 1 x107'2 dynes/cm”, (8.35)
T
~ 32y BB 11, -3
n ~ (26.5cm °G™7) ~ 1.3x107" em™°, (8.36)
o
B
e = 2 A 8857 (8.37)
MeC
B
o ~ [380 (Gs)™] LN 3.8x 1077 s (8.38)
a
o 3.8x107°
R ~ 1.3. .
Ovisc 3x 105 k (8:39)

We therefore have very good agreement between the conductivity oy, corresponding to the
magnetic viscosity used in the simulations, and the conductivity o of BL Lac object OJ287,

estimated from the magnetic field quoted in Marscher and Jorstad (2011).

Hines et al. (1989) and Stawarz et al. (2005) both deduced a magnetic field value on the
order of 107* G in one of the knots of extragalactic radio jet M87. In this case, we obtain
approximate agreement between conductivities (from the numerical viscosity and from the

jet) if we assume a more pressure-dominated system, where

P

The knots in M8T7 are in fact believed to be overpressured (Bicknell and Begelman 1996). It
is reasonable to assume that for a larger magnetic field, the pressure will be correspondingly
larger, in order to maintain a plasma [ of order unity. This corresponds to a sound speed
which is even closer to its relativistic limit of ¢/y/3. The corresponding parameters in this

case are as follows:
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B ~ 107 G, B~ 1, (8.41)

P
a = — ~ 500, (8.42)
pc
B2
P ~ /88— ~ 4 x 1071 dynes/cm”, (8.43)
m
—3M1—2 BBZ —10 -3
n ~ (26.5cm ™ G7°)— = 53 x 107" em™", (8.44)
«
B
e = 2~ 18 % 10% 57, (8.45)
meC
B
o ~ [380 (G s)—l]ﬁ— ~ 7.6x107° s, (8.46)
«
o 7.6 x 107°
~ ~ 2.5. 4
Ovisc 3x 105 g <8 7)

We see that in a jet with a 107 G field, we have good agreement between the conductivities
deduced from the magnetic viscosity and from the fields measured in Hines et al. (1989) and
Stawarz et al. (2005) for M87. Note that for typical parameters the Larmor frequency is on
the order of 100 s™!, which is about 10 orders of magnitude larger than frequencies typical of
the perturbations being simulated. It is therefore highly unlikely that the KH-destabilization

being studied would generate resonance in gyrating particles.

We verify below that the Larmor frequency is much larger than the collision frequency.

The collision frequency is given approximately by

Vth

V3

v = nll < nlle, (8.48)

where II is the collisional cross-section. The next term is the thermal velocity in a given
direction, which certainly cannot exceed c. We assume an impact parameter with the protons
on the order of a Bohr radius, i.e., ag = 107 cm. The cross section is therefore approximately

Il = mal ~ 7 x107'% cm?. (8.49)
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The collision frequency is bounded as follows:

v ~ nlle = n(m x 1079 (3 x 10'%) = nr x 107%™, (8.50)

For typical particle densities in the range 10712 < n < 107 cm™3, the corresponding range

of collision frequencies is

Tx107"® < v < 7x1071 (8.51)

We therefore have v << wy,, for even the smallest Larmor frequency calculated above. That
is, the collision frequency is much less than the Larmor frequency, and hence we are justified
in our assumption that the conductivity is dominated by electron and ion gyration. We
also have v << w, where w ~ 1078 s7! are frequencies typical of the KH-unstable waves in
our study. We are therefore justified in our assumption that the plasma is approximately

collisionless.

We have demonstrated that the magnetic viscosity (resistivity) used in the simulations
corresponds, within a range of realistic physical parameters, to conductivities associated with
electron and ion gyration in the environments of relevant astrophysical objects, including
the BL Lacertae object BL Lac OJ287 explored by Marscher and Jorstad (2011), and the

extragalactic radio jet M87 explored by Hines et al. (1989) and Stawarz et al. (2005).
8.3 Conclusion

We have described the numerical method used to evolve the simulation in time, which, as
we have seen, numerically solves the single-fluid RMHD equations in conservative form,
using fourth-order finite-differencing to estimate spatial derivatives of flux quantities, the
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fourth-order Runge-Kutta method to compute the conserved quantities at the next time
step, and a highly accurate, rapidly convergent algorithm developed by Newman (2002) to
recover the primitive variables from the conserved quantities. This scheme has fourth-order
accuracy in space and time. Artificial viscosity is used for numerical stability, but also has
physical significance, as the momentum viscosity models viscous exchanges of momentum
between small-scale eddies, between molecular and integral length scales (Tennekes and
Lumley 1973), and the magnetic viscosity (i.e., resistivity) models electron and ion gyration
for realistic parameters of relevant astrophysical environments. Another important result is

that for typical parameters, the Larmor frequency is on the order of 100 s=*

while typical
perturbation frequencies are on the order of 107 s7!. This means it is highly unlikely that

the perturbations being simulated would exhibit resonance with particles gyrating about the

magnetic field lines.

Another class of schemes, known as high-resolution shock-capturing (HRSC) schemes, do
not require the use of artificial viscosity, though they are not as rapidly convergent as the
scheme being used, and are difficult to employ in the RMHD regime. Nevertheless, Mignone
et al. (2009) have developed an HRSC scheme, for use in the RMHD regime, that overcomes
many of these difficulties. As we will discuss in chapter 13, a useful path of future research
would be to compare results generated in this study with results generated using the scheme

of Mignone et al. (2009). We now present the results of our numerical simulations.

230



Chapter 9

Spatial Averages and Maximum
Values Versus Time

We have described (chapter 5) the algorithm for computing a numerical eigenmode in which
to launch a simulation, and (chapter 8) the scheme used to advance the numerical simulation
in time. We are now in a position to examine the results of our simulations. In this chapter,
we present plots showing the time-dependence of various spatially-averaged or maximized
quantities. We begin with the primitive variables (density, pressure, velocity and magnetic
field components), and examine the time-dependence both in the fluctuations (perturba-
tions) of these quantities, and in their spatial averages. In section 9.1, we consider the linear
regime, i.e., the initial stages of the evolution, in which the perturbations grow exponentially,
ideally at the growth rate corresponding to the eigenmode. As we demonstrate in section
9.2, the real-valued initial perturbation distribution consists of only one positive growth
rate. However, the presence of artificial diffusion introduces evanescent modes, resulting in
initial deviations of the growth curves from linear agreement. When the perturbations be-
come sufficiently large compared to their background values, the growth deviates from linear
behavior, corresponding to the onset of the nonlinear regime. This is what we consider in

section 9.4. In the early stages of the nonlinear regime, the perturbations reach a saturation
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level (maximum growth), after which the growth either decreases or remains at this average
level. In section 9.5, we consider the average values of the primitive variables, which are not
strongly correlated with the fluctuation behavior. The average density and pressure both
increase over time, while the average velocity and Lorentz factor tend to decrease over time,
with each of these quantities approaching an asymptotic value as the system approaches an

equilibrium state.

In both the perturbations and the average values, we notice nonlinear oscillations which
correspond to nonlinear transverse acoustic waves propagating between the jet axis and
transverse boundaries, particularly in the unmagnetized and weakly magnetized cases, and
for more highly relativistic flows. An important point is that the period of these oscillations
is dependent on the transverse system width, which is a numerical parameter. However, as
we will show in sections 11.3 through 11.5, these acoustic oscillations do not significantly
affect the evolution of the flow and its interaction with the magnetic field, the important

properties of which are independent of system width.

In section 9.6, we plot such quantities as the RMS vorticity, RMS current density, and
electromagnetic energy density, none of which exhibit the aforementioned nonlinear oscil-
lations, but each of which exhibit a peak shortly after saturation, generally corresponding
to amplification, at the vortex extremities, of field-related quantities. The peak is generally
followed by a decay which asymptotically approaches some equilibrium value (usually zero).
Collectively, these plots show many interacting processes, among which is the transfer of
energy from the bulk flow to the magnetic field in the early nonlinear regime (as the field

lines are expelled by the vortices), followed by viscous dissipation into thermal energy as the
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field lines, and resulting filamentary features, gradually become aligned with the flow. We
finally examine the numerical accuracy with which the total z-momentum and total energy

are conserved, as shown in table 9.1.

We begin by discussing the initial evolution of the system through the linear regime.
9.1 Growth in the Linear Regime

In its initial equilibrium state, the system has a uniform background density and pres-
sure, and, when magnetized, a uniform background magnetic field in the z-direction. The
background flow velocity has a shear variation of the form v,qsech?(z/rg). To launch the
simulation, the system is perturbed in a numerically-derived linear eigenmode of the system,
as described in chapter 5. For a given perturbation wave number k., there are multiple
modes, each with its own complex eigenfrequency and therefore growth rate (the “sinuous”
and “varicose” modes, so named because of their opposite symmetries, described in chapters
6 and 7). However, we select the sinuous mode with the fastest growth rate, and as we
show in section 7?7, this is the only positive growth rate that emerges in the real-valued
initial perturbation distributions. As a means of validating the numerical code, we need to
compare the linear growth of the primitive variables (density, pressure, velocity, and when
present, magnetic field) with the growth rate of the fastest-growing eigenmode. In the ab-
sence of diffusion, the growth of the primitive variables, in the linear regime, shows excellent

agreement with linear theory.

However, we must include diffusion in order to provide numerical stability to the sys-

tem, particularly in the nonlinear regime. Diffusion is also physically realistic, as it models
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viscous exchanges of mass, momentum, and energy between interacting small-scale eddies
(Tennekes and Lumley 1973). Most of the numerical simulations use equal amounts of x
and z-momentum viscosity, as momentum diffusion is generally isotropic. Density viscosity
is also included in order to prevent the densities from becoming negative in the nonlinear
regime. In the magnetized cases, magnetic viscosity models a conductivity which is con-
sistent with electron and ion gyrations in relevant astrophysical environments (see section

8.2).

However, diffusion also causes initial deviations from linear agreement in the growth of
the primitive variables, and these can be noticeably larger than the deviations caused by
the slower-growing modes described above. We wish to isolate the effects of the individual
viscosity coefficients on linear growth, and identify the physical driving mechanisms of the
evanescent modes that underly the linear deviations. We do this by considering first -
momentum viscosity in isolation, then equal amounts of z-momentum and density viscosity,
and finally equal amounts of z-momentum, density, and z-momentum viscosity. The first two
cases are not entirely realistic physically, as we would generally expect to have comparable
amounts of momentum viscosity in both components. However, this procedure will allow us
to isolate the evanescent modes introduced by each viscosity coefficient. We will see that the
modes introduced by viscosity are either evanescent, or have much smaller growth rates than
that of the numerical mode. Therefore, in the later stages of the linear regime, the modes
introduced by diffusion effectively disappear, and the numerical mode ultimately dominates,

since it has the fastest growth rate.

The fluid is unmagnetized, with a background flow velocity of v.o(z) = 0.7 csech®(x/ry),
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Figure 9.1: Linear growth in 6 P for different values of the z-momentum viscosity
theoretical (Black), n, = 0.00025roc (Blue), n, =0 (Red)
Pressure growth, v0(z) = 0.7csech?(z/rg), Nz = 1, = 0.00025 r9c

a uniform background pressure to density ratio of Py/(poc®) = 50, and a wave number
k., = 0.8/rg. The complex frequency is w = (0.278 + 0.0997) ¢/r¢, and the period is 27 /w, =
22.6r9/c. The results are summarized in the growth curves in figures 9.1 and 9.2, and

explained more fully in what follows.

We begin with a viscosity of 0.00025 roc only in the transverse () component of momen-
tum. This does not introduce any deviation from linear agreement, as shown by the growth

curves in figure 9.3.

We now consider the same case as above, except we introduce a density viscosity equal to
the z-momentum viscosity (0.00025 roc). As shown in figure 9.4, the pressure growth curve
still shows excellent linear agreement, as do the velocity growth curves. However, we now
notice a large deviation in the density agreement. Furthermore, this is not a numerically
stable combination of viscosities, as seen by the early numerical breakdown after only 1.3

periods. We now examine displays of the linear evolution. The z-direction (vertical), is the
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Figure 9.2: Linear growth in dp for different values of the z-momentum viscosity
theoretical (Black), n, = 0.00025roc (Blue), n, =0 (Red)
Density growth, v.0(x) = 0.7csech®(z/rg), Ny = 1, = 0.00025 rgc
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Figure 9.3: Linear growth curves for non-zero z-momentum viscosity

theoretical (Black), p (Blue), v, (Red), v, (Green), P (Magenta)
v.o(z) = 0.7csech?(x/r), n. = 0.000257c
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Figure 9.4: Linear growth curves for non-zero density and xz-momentum viscosity
theoretical (Black), p (Blue), v, (Red), v, (Green), P (Magenta)
v0(z) = 0.7csech?(z/rg), N, = Ny = 0.000257yc

flow direction, where the flow is directed upward, and the displays show only one wavelength
of the perturbation, although the system spans two perturbation wavelengths (for the cases
shown). In some simulations, not shown in this chapter, the system spans up to five per-
turbation wavelengths, however in each case the system remains spatially periodic in the
flow direction, with negligible differences in behavior from one wavelength to the next. The
pressure displays in figures 9.5 show linear behavior, where the pattern speed of the flow is

approximately equal to the phase velocity of 0.347 c.

Each display is labeled underneath with the minimum and maximum values of the quan-
tity being displayed. The minimum value corresponds to dark blue coloration, while the
maximum value corresponds to dark red coloration, and the values in between are assigned
colors according to the visible spectrum. At later times in the linear evolution, the range
of values is typically larger, due to growth of the perturbations, so the color scales do not

correspond to the same values from one display to the next.
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(c) t =13.82r0/c = 0.611T
4.996 < P < 5.004

Figure 9.5: Pressure displays for non-zero density and z-momentum viscosity
Pressure, v.0(z) = 0.7csech?(x/ry), N, = 1Ny = 0.000257ryc
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Figure 9.6: Density displays for non-zero density and z-momentum viscosity
Density, v.o(z) = 0.7csech?(z/ro), M, = N = 0.000257¢c

In the density displays in figures 9.6, we observe that the density viscosity has introduced
a density depletion layer around the central axis, which is evidently responsible for the large
linear deviation in density growth. As illustrated by the density displays below, this depletion
layer persists throughout the linear regime. There is evidently a rapid initial expulsion of
matter from the central axis. This has a profound effect on the density growth, but very
little effect on the growth of the other quantities. Central regions of low density were also
found in the MHD simulations of Frank et al. (1996) and the RMHD simulations of Mignone

et al. (2009).

We now introduce momentum viscosity in the flow direction, also equal to 0.00025 rgc.

As seen in the growth curves in figure 9.7, the z-momentum viscosity is responsible for

239



initial linear deviations in the growth of pressure and the velocity. As seen in the pressure
displays in figures 9.8 and 9.9, the z-momentum diffusion creates two oppositely directed
transverse plane waves that propagate from the central axis to the outer boundaries in z,
at which point they are reflected back inward, and converge once again at the central axis.
The propagation speed is about 0.6 ¢, which is very close to the sound speed for this case
(0.58¢). As the transverse waves return inward, their amplitudes decay, and the pressure
returns to its background value. The generation of the transverse waves results in the initial
linear deviation, and their decay results in the asymptotic approach of the growth curve to
its expected linear behavior. The momentum and pressure therefore respond much more
sharply to the z-momentum viscosity than to the z-momentum viscosity, which suggests
strong relativistic boosting in the flow direction. As shown by the density displays in figures
9.10 and 9.11, the resulting transverse waves have a small amplitude compared to the density

depletion layer.
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Figure 9.7: Linear growth curves for non-zero momentum and density viscosity
theoretical (Black), p (Blue), v, (Red), v, (Green), P (Magenta)
Ny = Ne = 1. = 0.000257rqc
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Figure 9.8: Pressure displays for non-zero momentum and density viscosity

Pressure,

vo(z) = 0.7csech2(a:/7’0)7
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These cases correspond to a maximum background flow speed of 0.7 ¢, but when the
maximum flow speed is instead 0.5 ¢, we obtain the same results as described above. At a
less relativistic maximum flow speed 0.2 ¢, the effect of the density viscosity is the same,
however the z-momentum viscosity no longer introduces transverse plane waves. This latter
effect, therefore, is a relativistic one. In figure 9.12; only the density viscosity is non-zero, and
has the same impact as concluded above. This case is much more numerically stable than
the case in which both density and xz-momentum viscosity are non-zero. In figure 9.13, only
the z-momentum viscosity is non-zero, and its effect is the same as we saw previously. This
latter case is numerically unstable, with numerical breakdown after fewer than two periods.
Many of these cases are somewhat unreasonable physically, but again, our purpose is to
isolate the manner in which each viscosity influences the growth. In most of the numerical
simulations, we use equal non-zero x and z-momentum viscosities, assuming isotropy in the
momentum, and a non-zero density viscosity in order to prevent the densities from becoming
negative in the nonlinear regime. As we will see in the sections that follow, these simulations
show deviations from linear agreement. We have shown the manner in which the viscosities

are responsible for these deviations.

In this section, we have shown that in the linear regime of evolution, the perturbations
grow at approximately the numerical growth rate of the eigenmode in which the system is
launched. However, we have seen that artificial diffusion introduces evanescent modes which
result in deviation from linear agreement. In particular, the density diffusion (included to
prevent densities from becoming negative) introduces a narrow region of low density around

the central axis, resulting in a large deviation in density growth. The diffusion in longitudinal
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Figure 9.10: Density displays for non-zero momentum and density viscosity

Density,

v.o(z) = 0.7csech?(x/ry),
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Figure 9.11: Density displays for non-zero momentum and density viscosity
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Figure 9.12: Linear growth curves for non-zero density viscosity
theoretical (Black), p (Blue), v, (Red), v, (Green), P (Magenta)
v.o(z) = 0.7¢csech?(x/ry),
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Figure 9.13: Linear growth curves for non-zero z-momentum viscosity
theoretical (Black), p (Blue), v, (Red), v, (Green), P (Magenta)
v.0(z) = 0.7csech®(z/rg), n. = 0.00025rqc

momentum introduces a pair of transverse acoustic waves which propagate between the jet
axis and transverse boundaries, resulting in deviations in the growth of density, pressure,
and both velocity components. The transverse momentum viscosity, on the other hand, does
not introduce noticeable waves of any sort, and has much less of an impact on the system
than the longitudinal momentum viscosity. Having examined the influence of diffusion on
the linear behavior of the perturbations, we can now turn our attention to the nonlinear

behavior.

The perturbations eventually grow to a point where their amplitudes are no longer neg-
ligible compared to the values of the background quantities, and we can no longer neglect
terms which are higher than first-order. This marks the transition from the linear to the

nonlinear regime. The early stages of nonlinear evolution involve saturation of each of the
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perturbed quantities. In the sections that follow, we incorporate magnetic fields, and con-
sider the temporal behavior, associated with nonlinear evolution, of not only perturbations
but also average (or RMS) values. Before we do this, we examine analytically the reasons

for near-perfect linear agreement in the absence of diffusion.

9.2 Near-perfect Agreement in the Absence of Diffu-
sion

We have seen that in the absence of diffusion, there is near-perfect agreement with linear

growth, and therefore that deviations from linear behavior are due to evanescent modes

introduced by diffusion. We seek to explain this near-perfect agreement by analytically

examining the properties of the numerical modes resulting from the linearization described

in chapter 5. Our analysis will show that our real-valued initial perturbation distribution

does not consist of modes with multiple positive growth rates.

We seek to show analytically that when the system is linearized in the absence of diffusion,
the initial distributions are a superposition of modes that contain only one growth rate. In
the absence of diffusion, the linearization (see chapter 5) yields a second-order ODE in the
perturbation to total pressure (taking k, = 0 so that the perturbation is aligned with the

flow, as in the simulations):

d 1 déP,

e [ @

}—i—ki(w,w)cSPb(a:) = 0, (9.1)

where
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SPy(z) = 0P(z) 4+ B- B, thermal and magnetic pressure

(o) = el b0 = (12— %)

2
w)2 0% (z,w)

0:(2))? + kg, w)vd,’

E(r,w) = - ]jdgi (9.2)

‘ 7(@)*(

and

= o Y- %% (9.3)

where §Py(x) is the complex shear profile of the total pressure. The corresponding pertur-

bation to the initial distribution is

dPy(x,z) = Re[dPy(x)exp(ik,z)]
1
5 [0Py(x) exp(ik,z) + 0 P; (z) exp(—ik.2)], (9.4)
where dFP,(x) is a solution to equation (9.1) corresponding to eigenfrequency w, and P (x)

is a solution to equation (9.1) corresponding to some eigenfrequency w’. That is, for some

W', we have

1 P,
P = 0. .
P (r,o) da } + ki (z, )P (2) 0 (9.5)

d
Q2(x,w')% [
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In order for 0 Pf(z) to satisfy (9.1), we must have

d[ 1 dspy

W)l oo (Q%(x,w)]* dr

da }Hki(%wﬂ*m‘(w) = 0. (9.6)

Combining (9.5) and (9.6), we must satisfy the conditions

QZ(:U:W/) = [QQ<£L‘,CU)]*,

ka(z,0) = [ki(z,w)]" (9.7)

We first explicitly evaluate the right-hand sides of conditions (9.7). We have

2
Pr,w) = 72w — ko) — V2, (k - ”—)

2

2 .
wy — wj + 2iwrw;

2 Y

9.8)

= ~° [(wr - kzvzo)2 — w? + 2iw; (w, — kzvzo)] - viz [/{:3 -
c

so that

For [k2(x,w)]*, we have

2 * [k?l(x7w>]*[92(xaw)]*
[k (z,w)]" = T o — hoo @)+ IR o (9.10)
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where

2
Cs

2@, )] = ()2 [(“* = k(@) (kz— “*62(“')) ] C where  (9.11)

(W — k0,(2)? = (W — k(1)) — w? — 2iw;(w, — k.7,(2)), and

QQ(QC,W*) = 72(w* - kzvzo)2 — '01242 (kz —

Br,w") = () [(”

We combine this result with the result from (9.14), namely,

QP (z,w*) = [Q(z,w)]".

(9.12)

(9.15)

(9.16)

Conditions (9.7) are therefore satisfied, which shows that 6 Bf(z) is a solution of (9.1) cor-

responding to w' = w*.
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Conditions (9.7) are also satisfied if we choose W' = —w*, provided we replace k, with
—k,. —w* differs from w in the sign of the real part. Therefore, in order to maintain the
direction of the longitudinal phase velocity w,/k,, we must also flip the sign of k,. This

amounts to an exchange of the coefficients exp(ik.z) and exp(—ik.z) in expression (9.4) for

Py(x, z). For w' = —w* and k, replaced with —k,, we have
(W +k.0.(2)? = (—w* +k0.(2) = (W — k.0,(7))? (9.17)
W, (z)\? w D, (x)\” w D, (x)\”
(—kz - 02 = (—kz + 02 = kz - 0—2 (918)
(w')? (—w")? (w")?
(—k.)? — = (—k,)? — o = k2 — 5 (9.19)
Combining (9.17) and (9.19), we have satisfied
O (z, —w*, —k.) = [Q(z,w, k). (9.20)
Combining (9.17) and (9.18), we have satisfied
Ka(x, —w*, —k,) = [k3(z,w, k). (9.21)
Combining (9.17), (9.20), and (9.21), we have satisfied
B2 (1, —w*, —k,) = [k2(x,w,k)]" (9.22)

From (9.20) and (9.22), we have satisfied conditions (9.7). In summary, if 6 P,(x) is a solution
of (9.1) with eigenfrequency w, then 0P} (z) is a solution of (9.1) with eigenfrequency w*, or
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with eigenfrequency —w* and k, replaced by —k, in order to maintain the direction of the
longitudinal phase velocity. Either way, we see that the superposition of § P,(x) and P} (x),
in order to construct the real-valued initial perturbation distribution 0 P,(x, z) via equation
(9.4), only involves a single positive growth rate, which explains the close agreement with

linear theory in the absence of diffusion.

Having examined the linear regime, we now proceed to discuss temporal behavior in the

nonlinear regime of evolution.
9.3 Time-Dependence in the Nonlinear Regime

We now turn our attention to the temporal behavior of various quantities in the nonlinear
regime. We first plot the nonlinear evolution of the fluctuations of the primitive variables
(density, velocity, pressure, and magnetic field), in section 9.4. We notice oscillations in the
growth curves. These correspond to a series of nonlinear transverse acoustic waves, which
propagate back and forth between the jet axis and transverse boundaries. We also plot
the time-dependence of certain spatially-averaged quantities, including the aforementioned
primitive variables, in section 9.5. Many of these plots show the same nonlinear oscillations.
These oscillations are dependent on the location of the transverse boundaries. However, as
we will show in sections 11.3 through 11.5, they do not significantly influence the evolution of
the flow. The average density and pressure both tend to increase over time, with the fastest
increase occurring shortly after saturation. The average flow speed and Lorentz factor tend
to decrease over time. Each of these quantities approach an asymptotic value as the system
tends toward equilibrium, where the asymptote depends on the magnetic field strength, and
to a lesser extent, on the viscosity.
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In the plots in section 9.6, we will notice a peak in the given quantity, occurring shortly
after the saturation stage, typically followed by quasi-exponential decay. This occurs in the
plots of vorticity, RMS current density, RMS electromagnetic energy density, among other
quantities. The peaks generally correspond to amplification of field-related quantities as the
field lines and plasma are expelled by vortices during their formation, resulting in concen-
tration of field lines at the vortex extremities (we will see displays of this in chapter 10).
The vortices extract mechanical energy from the bulk flow, resulting in abrupt deceleration
of the flow (seen in the above plots of flow speed and Lorentz factor), and use energy this
to perform work against the magnetic field lines, thereby converting this energy into elec-
tromagnetic form. This electromagnetic energy then undergoes gradual viscous dissipation
into thermal energy as the system relaxes to an equilibrium state consisting of flow-aligned
filaments. These stages of evolution are also described in the MHD results of Frank et al.

(1996), Malagoli et al. (1996), and Baty et al. (2003).

Collectively, these plots illustrate how the magnetic field modulates the transfer of mo-
mentum and energy between the bulk flow and the field, along with viscous dissipation into
thermal energy. The plots shed light on many complex mechanisms, as seen, for example, in
the bifurcations in the dependence on field strength. That is, maximum field amplification,
flow deceleration, and viscous dissipation all occur for intermediate vortex-disruptive fields,
not for the strongest or weakest fields. This means that these processes are modulated not
only by the extent of vortex formation, but also by the rapidness and complexity of vortex
disruption. Most plots simultaneously display curves for multiple values of the relativistic

Alfvenic Mach number, given by
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vAYA vg \[ 1 —v3/c

where v, is the amplitude of the background flow speed, v, is the background relativistic

Alfven speed, and v and 4 are the respective Lorentz factors. The Alfven speed is given by

_ BzO
Vpo+ (Bo/AT/ (T — 1)

vA (9.24)

where T' is the adiabatic index, here assumed to be 4/3, owing to the sound speed being
approximately at its relativistic maximum value of ¢/v/3. For each Alfvenic Mach number, we
display plots at two different maximum background flow speeds, v, = 0.7 ¢ and v,o = 0.5 ¢,
and find striking similarity between the plots at the two flow speeds. This demonstrates
that within a range of moderately relativistic flow speeds, the relativistic Alfvenic Mach
number is closely correlated with the influence of the magnetic field on the evolution of the
system. The above Alfvenic Mach number is a relativistic extension of the non-relativistic
version (v,9/v4) used by Baty et al. (2003) in their MHD study, in 2D slab geometry, of the

nonlinear KH instability.

In the sections that follow, we plot the time-dependence of quantities of physical interest,
where each quantity corresponds to a given pair of plots, with v.o = 0.7 ¢ the left graph and
v,0 = 0.5 ¢ the right graph. Each graph contains multiple curves, each curve corresponding
to a specific value of the Alfvenic Mach number M,. The same values of M, are studied
at both flow speeds (i.e., in all plots). The independent variable in all plots is the time
in units of the linear growth time. We first consider the time-dependence in the growth of
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fluctuations in the primitive variables (density, velocity, pressure, and magnetic field). We
will see that these quantities first pass through a linear regime in which the perturbations
grow at a certain expected linear growth rate. There is then a transition to a nonlinear
regime, followed shortly by saturation of each of the perturbation amplitudes. We then
consider the time-dependence of quantities which are spatially averaged or maximized over
the numerical grid. In both the fluctuations and average values of the velocity components,
density, and pressure, we will notice oscillations in the nonlinear regime. We will see that
these correspond to nonlinear transverse sound waves which, for weak fields, move back
and forth between the jet axis and transverse boundaries. The period of oscillation is the
sound transit time. We finally consider the time-dependence of certain quantities which
reach a maximum value at or shortly after saturation, and then undergo a quasi-exponential
decay toward an equilibrium state. These include the RMS vorticity, RMS current density,
electromagnetic to thermal pressure (i.e., inverse plasma f3), electromagnetic energy, and

electromagnetic longitudinal momentum.

We list below the parameters for the cases to be considered in the sections that follow,
where ¢ has units of energy density. The primitive variables, sound speed, Mach number,
and plasma [ are background values that characterize the equilibrium at the start of the
simulation. At a given time in the simulation, the minimum plasma £ is often several orders

of magnitude less than the background f.
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The parameters specific to all cases are as follows:

,0002 = 0.1e, Py = be,
cs = 0.576¢,
k., = 0871,",

L./cs = 31.57ry/(0.576¢) = 54.701q/c (sound transit time),

2
15751 < < 157575, 0<z< k—”
N, = 1001, N, = 201,
At = 0.032r0/c, Az = 003157, Az = 0.03937. (9.25)
The parameters specific to simulations performed with v.,o(z) = 0.7 csech®(x/r) are as
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follows:

My =
T, =

(Ma, B,va/c) =
T, =

(MAv B, UA/C> =
T‘i =

(Ma, B,va/c) =
T, =

(MAv B, UA/C> =
T, =

(Ma, B,va/c) =
T, =

104(77p,771'777277731'77732> =
M =

The parameters specific to

= 10.06r¢/c, T =
Wi

(82.83, 3553, 0.0118) : w;
1
— = 10.07ro/c, T =

ws

(41.41, 888.3, 0.0237) :  w;
1

— = 10.107¢/c, T =
Wi

(20.70, 222.1, 0.0473):  w;

1
— = 10.2079/c, T =

i

(10.34, 55.52, 0.0947) :  w;

1
— = 10.677r¢/c, T =

%

(5.145, 13.88, 0.1893) :  w;

2

00, B = oo wio = 0.0994¢/ro, T; = 10.06rq/c,
1

— 22.6170/c,
o ro/cC

— 0.0993¢/ro = 0.9991 wip,
— = 22.61ry/c,

— 0.0990¢/rg = 0.9965 wio,
— = 22.63r9/c,

= 0.0980¢/rg = 0.986 w;o,
— = 22.68ry/c,

= 0.0937¢/ro = 0.943 w;o,
— = 22.897¢/c,

= 0.0738¢/ry = 0.743 w;o,

1

= 135570)e, T = X = 23.70m/c,

w; Wy

(0.25,0.25,0.25,1.2,1.2) roc, magnetized,

N = 1. = 0.00025rqc, unmagnetized. (9.26)
simulations performed with v,o(z) = 0.5csech’(x/ry) are as
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follows:

M4
T;

(Ma, B,va/c)
T,

(MA7 B, UA/C)
T;

(MAa B? UA/C)
T;

(MA7 B, UA/C)
T;

(Ma, B,va/c)
T,

Mp
"Bz

, b = oo: wio = 0.0760¢/rg, T; = 13.161¢/c,

2
= 13.1670/c, T = — = 3451ny/c,
09}

r

=8

(82.83, 10240, 0.0070): w; = 0.0759¢/ro = 0.9991 w;o,
1 2
= 1317ro)e, T = 2 = 34.52r0/c,

Wi Wy

(41.41, 2560, 0.0139) : w; = 0.0757¢/ro = 0.9963 wy,

1 2
— = 1321rp)e, T = = = 34.537/c,

7 Wy

(20.70, 640, 0.0279) :  w; = 0.0749¢/ro = 0.985wjo,

1 2
— = 1336r0/c, T = & = 34.57r/c,

% Wy

(10.34, 160, 0.0558) : w; = 0.0715¢/ro = 0.940 wyo,

1 2
— = 14.00rq/c, T = 34.731¢/c,

7 Wy

(5145, 40, 01115) w; = 005656/7“0 = 0.744001'0,

1 2
= 176970)c, T = 2 = 3534r/c,

W Wy

= Nz = Nz = 0.000257”007
= 1Bz = 0-00067"06. (927)
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9.4 Nonlinear Growth in Fluctuations of the Primitive
Variables

We begin by plotting the growth in fluctuations of the primitive variables (density, pressure,
velocity, and magnetic field). At a given time ¢, the growth in fluctuations of a quantity

Q(z, z,t), which has a background distribution Qo(z, z), is given by

N RMS|Q(x, z,t) — Qo(x, 2)|
¢ =1 (RMS|Q(x,z,0)—Qo(x,Z)I)' 929

The growth of a given quantity describes the magnitude of its fluctuations from a mean
value, and does not contain information about the time-dependence of the mean value of
that quantity. This is a separate issue which will be addressed in the next section. Each of
figures 9.14 through 9.19 displays the time-dependence of the growth of a given primitive
variable. Each graph contains multiple curves, each curve corresponding to a specific value
of the Alfvenic Mach number M,4. The same values of M4 are studied at two maximum
background flow speeds, with v,o = 0.7 ¢ the left graph and v,q = 0.5 ¢ the right graph. In the
linear regime, each growth curve grows at the linear growth rate of the numerically computed
eigenmode in which the system is launched. The linear deviations are due to transient modes
introduced by the artificial viscosity, which is included for numerical stability. However,
the density and momentum viscosity also model viscous exchanges between small eddies
(Tennekes and Lumley 1973), and the magnetic viscosity models a resistivity associated
with gyrations of electrons and protons about the magnetic field lines (see the last section

of chapter 8).

Saturation of density, pressure, and transverse velocity perturbations occur after about
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7 growth times for the strong-field (M4 = 5.145) case, and occurs later for the cases with
weaker fields, requiring about 10 growth times for the unmagnetized case. In each case,
the field components are the last of the perturbations to saturate. This is true at both flow
speeds, 0.5 c and 0.7 c¢. The density, pressure, and velocity component perturbations saturate
at between 7 and 8 powers of e in the case with v,g = 0.7 ¢, and at between 6 and 7 powers of
e in the case with v,g = 0.5 c. This can be explained in terms of the higher flow speed having
the higher growth rate, and in terms of the mechanism of saturation. In the linear regime,
a single linear mode is present. As the perturbations become sufficiently large, relative to
the background values, additional, nonlinear modes begin to influence the evolution of the
system, so that energy is extracted from the linear mode and deposited into these additional
modes, until the linear mode and emergent modes have comparable energy. The linear mode
no longer dominates the evolution of the system, resulting in saturation. A linear mode with
a higher growth rate has more energy, and therefore allows more growth to take place before

this energy is deposited into nonlinear modes.

As seen in figures 9.18 and 9.19, for both flow speeds, the magnetic field perturbations
saturate at about 8 to 9 powers of e, with the transverse field component reaching a slightly
higher level than the longitudinal component, and the saturation levels decreasing with
increasing field (decreasing My4). At both flow speeds, the longitudinal velocity and magnetic
field components do not exhibit oscillations in the linear regime. The field components each
exhibit a slow nonlinear decrease corresponding to gradual decay of field perturbations,
while the longitudinal velocity remains at the level at which it saturates. The magnetic field

components saturate at a higher level, and are generally the last to saturate. This is due
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largely to centrifugal expulsion of the field lines to vortex extremities, resulting in further
amplification of the field and field perturbations as electromagnetic energy is extracted from
the mechanical energy of the bulk flow. Weaker fields are amplified by a larger fraction of
their background field strength, which is why they saturate at higher levels. The subsequent
decay of field perturbations corresponds to the viscous dissipation of electromagnetic energy
into thermal form. This behavior is characteristic of vortex-disruptive fields, but not fields

which completely suppress vortex formation.

However, the results are somewhat different for the strongest, vortex-suppressing, field,
corresponding to M4 = 5.145. In this case, the saturation levels of all perturbations are
nearly the same, and occur after nearly the same number of growth times (about 8.2 growth
times for v, = 0.7 ¢, and 7.8 growth times for v,o = 0.5¢). We notice from figures 9.18 and
9.19 that in the vortex-suppressing case (the cyan-colored curves), the field component per-
turbations have both leveled off after about 40 growth times. This corresponds to alignment
of the field lines with the flow direction, after the system has reached an equilibrium state
consisting of flow-aligned vortex and current filaments. For the weaker fields, the simulations
were not propagated to the point where this level of field alignment was achieved, which is

why the growth curves continue to decrease.

The density, pressure, and transverse velocity perturbations undergo nonlinear oscilla-
tions which correspond to nonlinear transverse sound waves. For weak fields, these waves
travel back and forth between the jet axis and transverse boundaries. At a given maximum
of pressure growth, the pressure is maximized along the jet axis. At the next minimum, the

pressure is more evenly distributed. At the next maximum, the pressure is maximized at
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the transverse boundaries. At the next minimum, the pressure is once again more evenly
distributed, and so on. The oscillation period is approximately equal to the sound transit
time (about 5.4 growth times for v,o = 0.7 ¢ and about 4.2 growth times for v, = 0.5¢).
The oscillations have somewhat larger amplitude for v, = 0.7 ¢ than for v,g = 0.5 ¢, and are
suppressed for stronger fields (M4 = 10.34 or 5.145), indicating that these nonlinear acous-
tic waves are enhanced by relativity. These waves take the form of pressure and density
waves, and are most apparent for weaker fields, and higher (more relativistic) background

flow speeds.

It should be noted that the period of these oscillations is equal to the sound transit time
across the transverse width of the system, and is therefore dependent on the location of the
transverse boundaries, i.e., a numerical constraint. However, as we will show in sections
11.3 through 11.5 of chapter 11, these acoustic oscillations do not significantly influence the

evolution of the flow.

An important observation is that at a given relativistic Alfvenic Mach number M4,
corresponding growth curves are very similar at 0.7 c and 0.5 c. This indicates that within a
regime of moderately relativistic flow speeds, this Alfvenic Mach number is closely correlated
with the influence of a magnetic field on linear and nonlinear fluctuations. Frank et al. (1996)
and Baty et al. (2003) described field strength in terms of the non-relativistic Alfvenic Mach

number.

Each of figures 9.20 through 9.25 corresponds to a given value of the magnetic field,
and simultaneously displays the growth curves for the density (black), transverse velocity

(blue), longitudinal velocity (red), pressure (green), transverse magnetic field (magenta), and
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longitudinal magnetic field (cyan). In the unmagnetized case, the density and pressure curves
are practically indistinguishable in the nonlinear regime. As the field strength increases,
there is an increase in the disparity between the nonlinear behavior of the density and
pressure curves, and an increasingly closer correspondence between the transverse velocity

and pressure curves.

Having examined the time-dependence of the growth in fluctuations of the primitive
variables, we now proceed, in the next section, to examine the time-dependence of the

average values of these, and related, quantities.

% 10 20 30 __ 4 50 6 7 % 10 2 I;;o 20 50 60
uT, T,
(a) voo(z) = 0.7csech?(z/r) (b) vso(x) = 0.5¢sech?(x/rg)

Figure 9.14: Growth in transverse velocity fluctuations vs time at different My
My = oo (Black), 82.8 (Blue), 41.4 (Red), 20.7 (Green), 10.3 (Magenta), 5.15 (Cyan)
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Figure 9.15: Growth in longit. velocity fluctuations vs time at different M4
M, = oo (Black), 82.8 (Blue), 41.4 (Red), 20.7 (Green), 10.3 (Magenta), 5.15 (Cyan)
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Figure 9.16: Growth in density fluctuations vs time at different M4
My = oo (Black), 82.8 (Blue), 41.4 (Red), 20.7 (Green), 10.3 (Magenta), 5.15 (Cyan)
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Figure 9.17: Growth in pressure fluctuations vs time at different M4
M, = oo (Black), 82.8 (Blue), 41.4 (Red), 20.7 (Green), 10.3 (Magenta), 5.15 (Cyan)
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Figure 9.18: Growth in transverse field fluctuations vs time at different M4
My = oo (Black), 82.8 (Blue), 41.4 (Red), 20.7 (Green), 10.3 (Magenta), 5.15 (Cyan)
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Figure 9.19: Growth in longit. field fluctuations vs time at different M4
M, = oo (Black), 82.8 (Blue), 41.4 (Red), 20.7 (Green), 10.3 (Magenta), 5.15 (Cyan)
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Figure 9.20: Growth in fluctuations vs time for unmagnetized case
p (Black), v, (Blue), v, (Red), P (Green), My = o
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Figure 9.21: Growth in fluctuations vs time for weak field (M4 = 83)
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Figure 9.22: Growth in fluctuations vs time for intermediate field (M, = 41)
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Figure 9.23: Growth in fluctuations vs time for intermediate field (M4 =
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Figure 9.24: Growth in fluctuations vs time for intermediate field (M, =
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Figure 9.25: Growth in fluctuations vs time for strong field (M4 = 5)
p (Black), v, (Blue), v, (Red), P (Green), B, (Magenta), B, (Cyan), My = 5.145

9.5 Oscillatory Behavior of Average Values

Having studied the growth behavior of various fluctuations, we now consider the time-
dependence of average values of certain quantities, through the linear and nonlinear regimes.
We begin, in this section, by plotting certain quantities which have nonlinear oscillatory
behavior that mirrors the oscillations in the growth of the fluctuations of velocity, density,
and pressure. These oscillations are due largely to the back and forth motion of nonlinear
transverse sound waves, which propagate between the jet axis and transverse boundaries
at an average velocity that approximates the sound speed of 0.576 ¢, as described below.
Although these oscillations are influenced by the finite width of the numerical system, we
will show in sections 11.3 through 11.5 of chapter 11 that they do not significantly influence
the evolution of the flow. The transverse system width does not influence observations that
do not explicitly refer to oscillations. For example, we will discuss the bifurcation in en-

ergy dissipation, which is maximized for intermediate field strengths, and all aspects of this
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discussion are independent of system width.

Throughout this section, and the sections that follow, each row consists of two plots, with
the left plot corresponding to a central background flow speed of v,y = 0.7 ¢, and the right
plot corresponding to a central background flow speed of v, = 0.5 ¢. By comparing the right
and left plots, it is evident that the influence of the magnetic field, in terms of the relativistic
Alfvenic Mach number M 4, is very similar at both flow speeds. This reinforces the idea that
the influence of the magnetic field, on nonlinear evolution, is very closely correlated with M 4.
In the non-relativistic (MHD) studies of Frank et al. (1996) and Baty et al. (2003), among
others, the magnetic field strength is reported in terms of the non-relativistic Alfvenic Mach

number.

In figures 9.26, we plot the time-dependence of the average longitudinal velocity. In
figures 9.28, we plot the time-dependence of the maximum longitudinal velocity. We also
plot the time-dependence of the transverse velocity, the RMS values in figures 9.27 and
the maximum values in figures 9.29 (the average transverse velocity is zero, to within an
accuracy of 1071 ¢). The averages are taken over the range —7.87579 < z < 7.87570, as
the fluid velocity is negligible outside of this range. Of particular interest is the oscillatory
behavior in the average velocities. The average longitudinal velocity oscillates with a period
of about 5.27;, i.e., 5.2 growth times, in the v,; = 0.7 ¢ unmagnetized case, and a period of
about 4.8 T; in the unmagnetized v, = 0.5 ¢ case. As the magnetic field becomes stronger,
the oscillation period decreases, and this effect is more pronounced in the v,y = 0.5¢ case
than the v,g = 0.7c¢ case. In the v,y = 0.5¢ case, the RMS transverse velocity has an

oscillation period of about 4.7 growth times, but in the v, = 0.7¢ case, this oscillation
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period is about 2.6 growth times, which is almost exactly half of the period of oscillations of
the longitudinal velocity. In figures 9.30 and 9.31, we plot the average and maximum Lorentz
factors, respectively. In figures 9.32 and 9.33, we plot the spatially-averaged thermal pressure
and density, respectively, relative to their background values. The oscillation periods of the
average Lorentz factor, density, and pressure, are roughly the same as the period observed
for the average flow speed. The oscillation amplitudes decrease with increasing field strength

in both the v, = 0.7 ¢ and v,y = 0.5 ¢ cases.

The oscillation period of about 5 growth times is about equal to the period of oscilla-
tions of nonlinear unmagnetized longitudinal velocity fluctuations, and twice the oscillation
period of fluctuations of transverse velocity, density, and pressure, which are associated with
the back and forth motion of nonlinear transverse sound waves, between the jet axis and
transverse boundaries. We therefore see that the breathing of these transverse waves is cou-
pled not only to oscillations in the fluctuations of velocity, density, and pressure, but also
to oscillations in their average values. At a given local maximum of pressure and density,
these quantities are maximized along the jet axis, and the longitudinal velocity is at a lo-
cal minimum. At the next pressure and density local minimum, these quantities are more
evenly distributed. At the next local maximum, the pressure and density are maximized at
the transverse boundaries, and the longitudinal velocity is at a local maximum. At the next
local pressure minimum, the pressure and density are once again more evenly distributed,
and so on. In this way, the oscillation corresponds to a breathing motion. The nonlinear
oscillation period of average longitudinal velocity is therefore equal to the transit time for

sound waves (about 55 ry/c, or 2.4 periods, or 5 growth times), while the oscillation period of
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average pressure is half the sound transit time. The oscillation period of transverse velocity
is equal to that for the average pressure, as seen by comparing figures 9.27 to 9.32. Maximum
outward transverse velocity occurs after the pressure is maximized around the central axis.
Maximum inward transverse velocity occurs after the pressure is maximized at the outer
boundaries. As with the fluctuation curves in the previous section, the nonlinear oscilla-
tions have consistently larger amplitudes at a background flow speed of v, = 0.7 ¢ than at
v,0 = 0.5 ¢, reinforcing the notion that these nonlinear acoustic oscillations are enhanced by

the relativistic nature of the flow.

It should again be emphasized that the oscillation mechanisms described above are de-
pendent on the transverse system width, which is a numerical parameter of the system. For
larger system widths, the period of acoustic oscillations is correspondingly larger. However,
as we will show in sections 11.3 through 11.5, these oscillations do not significantly influ-
ence the evolution of the flow, and its interaction with the magnetic field. Furthermore,
the transverse system width does not significantly influence the time-averaged values of the
quantities being plotted (i.e., when we average the oscillations over time). The conclusions
that do not explicitly refer to oscillations (such as those in the paragraphs that follow) are

therefore unaffected by the transverse width of the system.

For all field strengths, the average and maximum Lorentz factor and flow speed both
decrease over time, and the average thermal pressure and density both increase over time.
Both of these trends (increase in thermal pressure, decrease in Lorentz factor) are consistent
with the viscous dissipation of mechanical bulk flow energy, and electromagnetic energy, into

thermal energy.
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We also notice from these figures that as field strength increases from My = 83 to
41 to 21, there is a decrease in the equilibrium values of the average longitudinal velocity
and average Lorentz factor (and in the corresponding maximum values). However, as the
field strength continues to increase from M, = 21 to 10 to 5, these equilibrium values now
increase, rather than continue to decrease, as shown in figures 9.26, 9.28, 9.30, and 9.31. This
signifies a bifurcation in field behavior, where maximum deceleration occurs for intermediate
vortex-disruptive fields (M4 = 41 or 21). This same bifurcation is also evident in the plots
of average pressure and average density shown in figures 9.32 and 9.33, where there is an
increase in equilibrium pressure and density as field strength increases from M, = 83 to
41 to 21, and then decreases from M, = 21 to 10 to 5. As with deceleration, maximum
dissipation into thermal energy occurs for intermediate vortex-disruptive fields (M, = 41
or 21). This bifurcation can largely be attributed to the complexity of vortex disruption,
which is closely followed by turbulent breakdown into smaller-scale structures. Intermediate
vortex-disruptive fields allow extensive vortex formation followed by rapid disruption, a
combination which maximizes the complexity of turbulent breakdown, thereby maximizing
viscous dissipation of bulk flow energy into thermal energy. At M, = 81, vortex disruption
does not occur rapidly enough, and at My = 10 or 5, the field is too strong to allow
sufficient vortex development, so neither of these regimes create the conditions necessary
for optimally complex breakdown and reorganization. The equilibrium values of RMS and
maximum transverse velocity, on the other hand, decrease with increasing field strength,
with no evident bifurcation, as shown in figures 9.27 and 9.29. The transverse motions
of the flow are strongly correlated with the extent of vortex formation and nonlinear jet

broadening, both of which are inversely correlated with background magnetic field strength,
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as we will see in chapter 10.
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Figure 9.26: Average longitudinal velocity vs time at different field strengths
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Figure 9.27: RMS transverse velocity vs time at different field strengths
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Figure 9.28: Maximum longitudinal velocity vs time at different field strengths
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Figure 9.29: Maximum transverse velocity vs time at different field strengths
Max. v, at M4 = oo (black), 83 (blue), 41 (red), 21 (green), 10 (magenta), 5 (cyan)
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Figure 9.30: Average Lorentz factor vs time at different field strengths
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Figure 9.32: Average thermal pressure vs time at different field strengths
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Figure 9.33: Average density vs time at different field strengths
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9.6 Saturation and Amplification

We now turn our attention to quantities that reach a well-defined maximum value at or
shortly after saturation, and subsequently decrease as mechanical and electromagnetic en-
ergy are dissipated in the form of heat. These maxima correspond closely to the formation of
large vortices, which generate centrifugal forces that expel matter and magnetic field lines,
concentrating the field lines into amplified fields at the vortex extremities. These amplified
fields correspond to amplified vorticity, current layers, and electromagnetic energy and mo-
mentum, each of which reach a maximum, and subsequently undergo a quasi-exponential
decay as the vortices break down into smaller-scale structures, corresponding to a cascade
of energy to smaller length scales, and viscous dissipation into thermal energy. The maxima
frequently extend into the early stages of vortex disruption by the magnetic field. This over-
all behavior, which we further explore in chapter 10, is in agreement with the MHD results
of Malagoli et al. (1996) and Baty et al. (2003), along with the RMHD results of Bucciantini

and Del Zanna (2006).

In figures 9.34, we plot the time-dependence of the RMS vorticity at v, = 0.7¢ (left
graph) and v,g = 0.5¢ (right graph). In figures 9.35, we plot the time-dependence of the
RMS current density at v, = 0.7 ¢ (left graph) and v,y = 0.5¢ (right graph). Each graph
contains multiple curves, each curve corresponding to a specific value of the Alfvenic Mach

number M 4. The same values of M, are studied at both flow speeds (i.e., in all plots).

In figures 9.36, we plot the spatially averaged ratio of electromagnetic to thermal pressure,
(E? + B?)/(2P), in units of the corresponding background value (which, it should be noted,

is different for each magnetic field). In figures 9.37, we plot the maximum value of this
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ratio. Note that because most of the electromagnetic pressure is magnetic, this ratio is

approximately the inverse of the plasma [.

We also plot the relative electromagnetic and thermo-mechanical longitudinal (z) momen-

tum. These are given, respectively, by

S 2y w = pc®+ —FP
Pmech,z = 627 2] = p T — 17
(ExB). EB. (B.v,— Bw.)B.
Pemz = . = - = = : (9.29)

In figures 9.38(a) and 9.39(a), we plot, as a function of time, the spatially averaged fraction

of electromagnetic to total longitudinal (z) momentum, given by

pem,z o (Bzvx - Bacvz>Bz

— . 9.30
Dotz wy?v, + (B,v, — Byv,)B, ( )

In figures 9.38(b) and 9.39(b), we plot, as a function of time, the spatially averaged fraction

of thermo-mechanical to longitudinal (z) momentum, given by

2
Pmech,z WY Vy
=~ = . 9.31
ptot,z w’)/zvz + (BZU:L‘ - Ba:vz)Bz ( )
The total z-momentum of the system remains roughly constant over time. That is,
w 2
Diotz = —2721)2 + (B,v, — Bmvz)—2 = constant. (9.32)
c c
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As shown in table 9.1, this quantity remains roughly constant over time. We expect this,
since piot , 1s one of the conserved quantities in the conservative RMHD equations, and there

is no net flux of conserved quantities through the boundaries of the system.

In the previous section, we observed a bifurcation in the dissipation of energy into ther-
mal form, which is maximized for intermediate vortex-disruptive fields. In this section, we
observe a second bifurcation, this time with regard to the extraction of electromagnetic en-
ergy from the bulk flow, which is maximized for strong vortex-disruptive fields. The RMS
vorticity (figure 9.34), maximum electromagnetic to thermal pressure (figure 9.37), and elec-
tromagnetic momentum (figure 9.38) each have maximum peaks corresponding to a strong
vortex-disruptive field, M4, = 10. This indicates that the amplification of vorticity, corre-
lated with the extraction of electromagnetic energy and momentum from the bulk flow, are
each optimized for rapid vortex inhibition, i.e., when the tension in the magnetic field lines is
able to extract electromagnetic energy directly from the bulk flow, with a minimal amount of
it being diverted into rotational form. However, for the vortex-suppressing field M4 = 5.1,
figures 9.34, 9.37, and 9.38 show smaller peaks, indicating that some vortex formation is
required in order to optimize the extraction of electromagnetic energy. The RMS current
density, on the other hand (figure 9.35), has a maximum peak for a weak vortex-disruptive
field, M4 = 41. The current density is governed by the curl of the magnetic field, not the
magnitude of the field itself. That is, current amplification is maximized when we maximize
the shear across the field lines, which occurs during the concentration of field lines which
are expelled by rotating vortices. Therefore, optimum current amplification requires vortex

formation and development, while the other quantities are governed by processes related to
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the magnitude of the background field. However, the bifurcations show that none of these
processes are optimized by complete vortex suppression (M4 = 5) or maximum vortex devel-
opment (M, = 83). It should be noted, from figure 9.36(b.), that this bifurcation does not
occur when considering the electromagnetic to thermal pressure relative to its background
value B%,/(2F,). Here, we see that for stronger and stronger fields, the amplification of this

ratio is a smaller and smaller fraction of its background value.

0.35 ‘ ‘ ‘ ‘ ‘ ‘ 02
0.18t
0.16
0.14f
g S, o1z}
§ g o1
P Z oosr
0.06f

" : Ui
~ ] 02} o~
% 0 20 % o 0 50 6 10 % 10 20 I?Pi 20 50 60
(a) vao(x) = 0.7csech®(x/rg) (b) v.o(z) = 0.5csech?(z/ro)

Figure 9.34: RMS vorticity vs time at different field strengths
Vorticity at M4 = oo (black), 83 (blue), 41 (red), 21 (green), 10 (magenta), 5 (cyan)
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Figure 9.35: RMS current density vs time at different field strengths
Curr. dens. at My = oo (black), 83 (blue), 41 (red), 21 (green), 10 (magenta), 5 (cyan)
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We now consider the relative thermo-mechanical and electromagnetic energy, given, respec-

tively, by

re
Umec = 2_P = 2 _
po= ey =P w o= pc
E? + B? 1 [(B.v, — Byv,)?
U — + = 5 (B-v _ ) gy (9.33)
c

In figures 9.40(a) and 9.41(a), we plot, as a function of time, the spatially averaged fraction

of electromagnetic to total energy, given by

Uem E? + B%)/2
= ( + )/ . (9.34)
Usot w72 — P+ (E2 + B2)/2

In figures 9.40(b) and 9.41(b), we plot, as a function of time, the spatially averaged fraction

of thermo-mechanical to total energy, given by

Umec 2 — P
L. lth . (9.35)
Utot wy? — P+ (E? + B?)/2
The total energy of the system is given by
E? 4+ B?
Ut = wy? — P+ + — constant. (9.36)

Like the total z-momentum, the total energy is a conserved quantity. As with all conserved
quantities, we do not expect it change over time, since there is no net flux of any conserved
quantity through the system boundaries. By determining the variation of these quantities
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MA €p €y

82.83 [ 1.03 x 107" | 9.11 x 10~
4141 | 1.85x 1078 | 7.41 x 1078
20.70 | 7.34 x 1071% | 8.40 x 10715
10.34 | 8.79 x 1075 | 9.35 x 1071°
5.145 | 8.43 x 107 | 8.02 x 10~

Table 9.1: Fractional errors in total z-momentum and energy

over time, we have one method of verifying the accuracy of our numerical scheme. We define

the following fractional error parameters:

RMS (< patot > — << Pztot >>)

RMS (< Uy > — << Uppy >>)

<< pz,tot >>

€y =

<< Ut >>

: (9.37)

. (9.38)

where p, 1ot is given by (9.32). < @ > denotes a spatial average of @), and << ) >> denotes

an average of ) over space and time (approximately the first 45 growth times). Table 9.1

gives the values of these error parameters for each of the magnetic field strengths plotted,

and corresponding to a maximum background flow speed of 0.7 ¢c. The fractional errors are

generally on the order of 1071°, which indicates that these quantities are conserved to very

high accuracy. For the case M4 = 41.4, the fractional error is on the order of 1078, which

indicates somewhat less accuracy. This is due to a few specific times at which the quantities

deviate from the temporal mean by somewhat larger amounts, though the largest fractional

deviation is on the order of 1079,
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9.7 Conclusion

We have examined the growth of the fluctuations in primitive variables (density, pressure,
velocity, and magnetic field) in the linear and nonlinear regimes. We have seen that in the
linear regime, the fluctuations grow at approximately the expected growth rate of the linear
mode, and that deviations are due to evanescent modes introduced by diffusion. In partic-
ular, we have seen that the diffusion in longitudinal momentum introduces a pair of linear
transverse pressure waves that propagate between the central axis and transverse bound-
aries. The density diffusion introduces a narrow density depletion layer (i.e., a region of
expelled mass) around the central axis, also seen in Frank et al. (1996) and Mignone et
al. (2009). The fluctuations saturate after about 8 to 10 growth times, at 7 to 10 powers
of e, with the magnetic field components saturating at a later time, and at a higher level,
than the density, pressure, and velocity components, probably due to field amplification
at the extremities of large vortices whose formation closely coincides with saturation. Af-
ter saturation, the fluctuations either remain at a roughly constant level (often seen in the
density, pressure, and velocity components) or gradually decrease (often seen in the mag-
netic field components). The density, pressure, and transverse velocity fluctuations exhibit
nonlinear oscillations due to nonlinear transverse sound waves propagating between the jet
axis and transverse boundaries. These oscillations are typically not seen in the nonlinear
fluctuations in longitudinal velocity and magnetic field components. The exception is the
vortex-suppressing field (M4 = 5), for which the fluctuations in transverse and longitudinal
velocity remain at a roughly constant value after saturation, and exhibit little oscillation,

while there is a noticeable decrease in the fluctuation level of the other quantities, and no-
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ticeable nonlinear oscillatory behavior. The fluctuation level, in a given quantity, generally
decreases as we increase the magnetic field strength, with the exception being the fluctua-
tion in longitudinal velocity. It should be emphasized that although these nonlinear acoustic
oscillations are influenced by the location of the transverse boundaries of the system, they
do not in turn significantly influence the evolution of the flow and its interaction with the

magnetic field, as we will show in sections 11.3 through 11.5.

We have also examined the spatially-averaged, RMS, and maximum values of certain
quantities as a function of time, particularly in the nonlinear regime. We have found that
the average (and maximum) velocity components, and Lorentz factor, decrease with time,
while the average pressure and density both increase with time. This corresponds to the
viscous dissipation, into thermal energy, of electromagnetic energy and mechanical energy
in the bulk flow, resulting in deceleration of the jet. Much of the deceleration occurs shortly
after saturation, corresponding to the extraction of electromagnetic energy from the bulk
flow as newly formed vortices expel magnetic field lines to their extremities, resulting in
field amplification. There is also a bifurcation in the dependence of these processes on field
strength. The maximum amount of deceleration, and dissipation into thermal energy, occurs
for the intermediate vortex-disruptive fields for which M4 = 41 or M4 = 21, which are
weak enough to allow extensive vortex formation, but strong enough to drive rapid vortex
disruption. The resulting turbulent breakdown, into smaller-scale structures, is sufficiently
complex to optimize the rate of viscous dissipation of energy into thermal form. In par-
ticular, for complex turbulent breakdown, the smaller-scale turbulent structures are more

comparable to the length scales set by diffusion, and the vorticity decreases to frequencies
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which are comparable to the frequencies of modes introduced by diffusion, as we will discuss
in chapter 10. The aforementioned average quantities also undergo oscillations associated

with nonlinear transverse sound waves.

We have further examined the time-dependence of certain quantities which reach a max-
imum at or shortly after the saturation stage, followed by gradual decay as energy is dissi-
pated into thermal form. These include the RMS vorticity, RMS current density, average and
maximum electromagnetic-to-thermal energy ratio, and average electromagnetic longitudinal
momentum. The peak, immediately following saturation, corresponds to field amplification
at the extremities of newly formed vortices, whose rotation expels the field lines. This be-
havior, which we explore in chapter 10, is consistent with the MHD results of Malagoli et al.
(1996) and Baty et al. (2003), along with the RMHD results of Bucciantini and Del Zanna
(2006). There is also a bifurcation in the dependence of peak amplitude on field strength.
The RMS current density has the largest amplification for the intermediate vortex-disruptive
field corresponding to M4 = 41, indicating that current density is maximized through vortex
formation and development. This is because the current density is the curl of the magnetic
field, and is therefore maximized for maximum shear in field line concentration, as occurs

when field lines are expelled by rotating vortices.

The remaining quantities, however, (vorticity, maximum electromagnetic-to-thermal pres-
sure, electromagnetic longitudinal momentum) are maximized for a strongly vortex-disruptive
field corresponding to M4 = 10. This indicates that the extraction of electromagnetic energy
is maximized not through extensive vortex formation but by rapid vortex disruption. Put

another way, this conversion process is less responsive to amplification by rotational kinetic
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energy, and more responsive to the extraction of electromagnetic energy directly from the
bulk flow by the tension in the field lines. However, some vortex formation must occur in
order to extract the largest possible amount of electromagnetic energy from the bulk flow, as
seen by the reduction in peak values for the vortex-suppressing field M, = 5.1. We will dis-
cuss this further in chapter 10. Here, we must distinguish between electromagnetic energy
and amplification of electromagnetic energy (i.e., maximum value divided by background
value). Maximum amplification of electromagnetic energy occurs for the weakest fields, and

decreases for stronger fields, as in figure 9.36(b.), so here there is no bifurcation.

Finally, we have verified that the total z-momentum and total energy are conserved to a
high order of numerical accuracy for each field strength, as we show in table 9.1. In chapters
10 and 11, we use other methods to validate the accuracy and reliability of our numerical

algorithm.

Having examined the time-dependence of spatial averages (or maximum values) of various
quantities, we now refine our insights, in chapter 10, by examining two-dimensional displays

of some of these quantities.
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Chapter 10

Displays of Simulation Results

Having explored the time-dependence of various spatially-averaged quantities, we seek to
further develop these insights by examining spatial displays of some of these quantities at
different times in the simulations. In particular, the displays will deepen our understanding
of (i) the nonlinear evolution for an unmagnetized case, (ii) the intricate process by which
the magnetic field inhibits vortex development, and (iii) the sensitivities of this process to
background field strength. We describe four stages of vortex inhibition by a magnetic field,
which are qualitatively similar to processes described in MHD literature. We examine in
detail how and to what extent these stages manifest in RMHD for a set of representative

field strengths.

At the start of the simulation, the system is launched in the fastest-growing numeri-
cal eigenmode corresponding to the wave vector of the perturbation (computed using the
method described in chapter 5). As we demonstrated analytically in section 9.2, the real-
valued initial perturbation distribution consists of only one positive growth rate, namely
that of the selected eigenmode. At the start of the linear regime of evolution, the pertur-
bations therefore ideally grow at this growth rate. Additional deviations from ideal growth
are due to evanescent modes introduced by artificial viscosity, as discussed in chapter 9.
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The system then transitions into the nonlinear regime, followed shortly by saturation of the
perturbations, followed by nonlinear evolution. The early nonlinear regime generally corre-
sponds to the formation of two large, counter-rotating vortices on either side of the central
axis. The half-wavelength separation between the vortices is correlated with the symmetries
of the shear profiles of the perturbations (discussed in chapter 7). Driven by mechanical
torques, the vortices rotate in the direction of fluid circulation within them. Section 10.1
discusses the evolution of an unmagnetized (RHD) case. Here, we see that in the early stages
of vortex rotation, the vortices become alternately elongated in the longitudinal and trans-
verse directions, and undergo angular acceleration. Further into the nonlinear development,
the angular velocity relaxes to a roughly constant value. The vortices also assume a much
more circular shape, with less elongation. This corresponds to the conversion of some of the

mechanical stress into thermal stress.

In section 10.2, we introduce a vortex-disruptive field, which is not strong enough to
suppress vortex formation, and discuss the stages of vortex inhibition. The first such stage
is field amplification, where the fluid circulation within the vortices results in expulsion of
the plasma and magnetic field, resulting in regions of amplified field (along with amplified
alternating current layers) at the vortex extremities. As the vortices rotate, they twist the
magnetic field lines, leading to magnetic reconnection. The second stage is vortex disruption
by the field, in which magnetic stresses at the vortex boundaries result in vortex deformation,
and shedding of amplified filamentary features of hybrid vorticity. The third stage corre-
sponds to vortex breakdown into smaller-scale hybrid structures, resulting in a transition

to a turbulent regime. In the fourth stage, the system gradually relaxes to an equilibrium
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state consisting of flow-aligned vortex and current filaments, in which the field is once again
aligned with the flow. Similar stages of vortex inhibition are described in Baty et al. (2003),
Malagoli et al. (1996), and Bucciantini and Del Zanna (2006). The equilibrium filament
width is about 1/4 the width of the initial jet. The jet has also decelerated, and widened to
about 4.5 times its initial width, corresponding to viscous dissipation, into thermal energy,
of mechanical and electromagnetic energy. There is a central region of persistent vortex
structures, which coincides with the central flow region. Throughout the evolution, there is
a remarkable complementarity between fluid and magnetic field behavior, as illustrated by

the displays.

In section 10.5, we consider a field which is strong enough to suppress vortex formation,
and show that this case corresponds to a rapid transition to an equilibrium flow-aligned
filamented state. Here, the filaments are narrower (only about 1/6 the width of the initial
flow), and the jet only widens to about 2.25 times its initial width. In the equilibrium state,
there is a central region of relatively high flow speed, and relatively low density, whose width
is about 1/5 of the initial jet width. Similar low-density regions were also found in Frank et

al. (1996) and Mignone et al. (2009).

The flow also generates nonlinear acoustic waves which reverberate from the transverse
boundaries, and are therefore partly a numerical phenomenon. However, we will show in
sections 11.3 through 11.5 of chapter 11 that these back and forth oscillations have an
insignificant effect on the nonlinear development of the flow and its interaction with the

magnetic field.

The stages of vortex inhibition, by a vortex-disruptive field, are qualitatively consistent
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with observations of numerous jets, including M&7, Centaurus A, 3C 120, 3C 273, and
Herbig-Haro jets such as HH 30. These phenomena include vortex formation, field twisting
and amplification, shedding of filamentary features, turbulent breakdown, jet widening, and
jet deceleration associated with viscous dissipation. In particular, the extragalactic radio jet
MS87 has a background field which is aligned with the flow (as in our simulations), except
in large knots, where it is believed to be transverse (Hines et al. 1989). Stawarz et al. 2005
deduced that the field in knot A is amplified (at least 300 uG) relative to its value elsewhere,
which is less than about 100 G (Hines et al. 1989). These knots may well be exhibiting
vortex-like behavior, twisting the field lines as they rotate, resulting in a partially transverse
configuration, and centrifugally expelling the field lines to the vortex extremities, resulting
in field amplification. This corresponds to the amplification stage of vortex disruption. We

discuss this at the end of the chapter.

We also discuss, in section 10.8, the differences between nonlinear evolution in the RMHD
and MHD regimes. Even for moderately relativistic flows, for which numerical simulations
can be sustained, relativistic effects destabilize the system in certain ways. For highly rela-

tivistic flows, the system cannot be stabilized by any combination or amount of diffusion.

Finally, in section 10.9, we examine the accuracy with which the vorticity displays exhibit
alternating symmetry. This results from the symmetric background velocity and antisym-

metric pressure perturbations.

For each display, there is a corresponding legend to the immediate right of that display,
which indicates the correspondence between colors and values of the given quantity, where

the minimum value corresponds to dark blue, the maximum value corresponds to dark red,
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and intermediate values are assigned colors according to the visible spectrum. Each section
displays results for a given simulation. It should be noted that within a given section,
displays of a given quantity may use different scales at different times, in order to maintain
the contrast between the features being displayed. Therefore, the correspondence between
colors and values may not be the same from one display to the next. This is particularly true
of the displays of the magnetized cases, for which, over the course of nonlinear evolution, a

given quantity often decays considerably from its maximum value.

We often display the vorticity, i.e., curl of the velocity, which tends to exaggerate the
spatial contrast of the nonlinear features, making them easier to examine. However, it should
be noted that one does not directly observe vorticity, but rather the components of the flow

velocity.

Also, many physical mechanisms are discussed in reference to the displays in this chapter,
and it should be noted that these mechanisms are reasoned conjectures that have not been

proven.

10.1 Evolution in RHD

We begin by considering an unmagnetized relativistic case. The background density and

pressure are both uniform, and the background flow has the following shear variation:

v.0(z) = 0.7csech?(x/ro). (10.1)

The sound speed is ¢, = 0.576 ¢, which is near its relativistic maximum value of ¢/v/3
(corresponding to a pressure-dominated system). The system is launched in a numerical
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eigenmode with wave number k, = 0.8/ry along the flow direction, and complex frequency

w = (0.278 +70.099) ¢/ry. We use a viscosity of 0.0002r¢c in the density and momentum

components. The input parameters are as follows:

v,0()

Cs

At
L./cs

Tlp

0.7 csech?(z /7o),

0.576 ¢,

0.8/79,

31570, —L,/2<a<L,/2
1001, N, = 201,

0.0327¢/c, Ax = 0.03157g,
54.7ry/c, sound transit time,

Ne = Nz = 0.0002 rgc.

0<z<2n/k,,

Az = 0.0393 1,

(10.2)

The eigenmode parameters, emerging from the numerical linear analysis described in chapter

6, are as follows, where T; is the growth time:

w = (0.278 +1i0.099) ¢/ro,

T, = 1jw; = 10.067/c,

2
T = 5 = 2261r/ec

T

growth time,

(10.3)

In the linear regime, the perturbations grow at the approximate growth rate of 0.099 ¢/ry,

where deviations are due to evanescent modes introduced by viscosity. After about 7 growth
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times, the perturbation amplitudes become comparable to the background values, and other
modes are introduced into the system. Energy is diverted from the initial mode into these
other modes, resulting in saturation of the perturbations after 8 to 9 growth times (the

different quantities saturate at slightly different times).

Each row of displays below corresponds to a given time in the simulation, where the left
display is of the vorticity, i.e., curl of the velocity, and the right display is of the longitudi-
nal velocity. The a-direction is the shear direction. The z-direction (vertical), is the flow
direction, where the flow is directed upward, and the displays show only one longitudinal
wavelength of the perturbation, although the system spans two perturbation wavelengths
(for the cases shown). In some simulations, not shown in this chapter, the system spans up
to five perturbation wavelengths, however in each case the system remains spatially periodic

in the flow direction, with negligible differences in behavior from one wavelength to the next.

Figures 10.1 and 10.2 depict the early stages of vortex formation, which coincide with
saturation. As discussed in chapter 7, this process is closely correlated with the antisymmetry
of the pressure perturbation, and the symmetry of the transverse velocity perturbation.
These symmetries govern the buildup, during the linear regime, of an antisymmetric thermal

stress, a symmetric transverse momentum, and symmetric transverse mechanical stresses of

2

the form w~y?v,v, and wy?v?. These stresses become large enough, at the start of the
nonlinear regime, to bend the flow. Although the system is pressure-dominated, it is the
mechanical stresses, not the thermal stresses, which govern the initial deformation of the
flow. We first examine the flow velocity shown in figures 10.1(b) and 10.2(b). Where the

transverse velocity (and therefore transverse mechanical stresses) have maximum amplitude
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in the positive z-direction, the flow has maximum lateral displacement in the positive z-
direction. A quarter-wavelength upstream from this point, the transverse velocity is zero, and
the flow is not displaced. A quarter-wavelength further upstream, the transverse velocity and
mechanical stresses have maximum amplitude in the negative z-direction, and the flow has
maximum lateral displacement in the negative z-direction. These stresses vary continuously
along the flow, and therefore the flow assumes a continuous shape as it is bent. This bending
increases the transverse momentum of the flow, in turn resulting in larger mechanical stresses,
which enhance the transverse deformations, as shown by comparing the flow velocities in

figures 10.1(b) and 10.2(b).

The mechanical stress components, together with w~?v?, also modulate the deformation,
resulting in a larger amount of curvature in the central region of high flow velocity (which
experiences a greater amount of mechanical stress), and smaller curvature to the wider
region of slower-moving flow (which experiences less mechanical stress). This is shown in
figure 10.1(b). The coupling between transverse and longitudinal momentum, which are
now comparable, together with the inertial resistance of the bulk flow, result in a buildup
of angular momentum, leading to the formation of two counter-rotating vortices on either
side of the flow axis. This vortex formation is shown in the vorticity displays in figures
10.1(a) and 10.2(a). The vortices form around existing regions of low density and pressure
associated with the distributions of the density and pressure perturbations. In the vorticity
displays, the red coloration corresponds to clockwise fluid circulation, and the blue coloration
to counterclockwise fluid circulation. This is due to the fact that the vorticity is in the y-

direction, which points into the page. As described above, the half-wavelength separation of
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the two vortices is a direct consequence of the symmetries of the perturbations, corresponding
to a sinuous mode (Drazin and Howard 1966). The vortex formation also corresponds to a
rapid deceleration of the longitudinal flow speed from 0.7 ¢ to 0.5 ¢, as translational kinetic
energy is converted into rotational kinetic energy. Driven by torques exerted by mechanical

stresses, the vortices rotate in the direction of fluid circulation within them.

As the vortices rotate, they change shape, alternately being elongated in the transverse
and longitudinal directions, as seen by comparing figures 10.2 through 10.6. In the early
stages of vortex rotation (from 7.94 growth times to 16.49 growth times), the vortices ex-
hibit substantial variation in their angular velocity. In figures 10.2 through 10.6, there
is substantial variation in the time intervals between successive states of longitudinal and
transverse elongation, indicating rotational acceleration. Also, vortex rotation corresponds
to an oscillation in longitudinal velocity, which is minimized during transverse elongation
and maximized during longitudinal elongation. The time-varying angular velocity, and no-
ticeable changes in vortex shape, indicate that the early vortex rotation is dominated by

mechanical stresses, as opposed to thermal stresses.

However, in the later nonlinear regime, mechanical energy is dissipated viscously into
thermal energy. As a result, mechanical stresses become less dominant, and thermal stresses
become more dominant. Upon inspection of figures 10.7 through ??, we notice that after
about 25 growth times, the vortex shape has become considerably less elongated and more
circular, due to the isotropic nature of thermal pressure. In particular, the thermal stresses
are modulated by nonlinear transverse sound waves, which propagate between the jet axis

and transverse boundaries. This decelerates the vortex rotation to a nearly constant angular
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speed. Between figures 10.7 and 10.8, corresponding respectively to about 5 and 6 sound

transit times, the vortices have completed almost exactly one revolution.

Initially, the primary vortices are connected by dual filaments which are reminiscent of
filamentary features observed in various jets, including the cosmic double-helix observed in
the extragalactic jet 3C 273 (Lobanov and Zensus 2001). As the simulation progresses, these
filaments gradually dissipate due to diffusion. During the linear regime, the flow moves at
approximately the phase velocity of w,/k, = 0.347 ¢. During the early nonlinear regime, the
primary vortices only move downstream at 1/2 to 3/4 of the flow speed (their downstream
translational movement, like their rotation, is not constant during this time). During the
latter stages of the nonlinear regime, when the vortices have relaxed to a more circular
shape, and are rotating at roughly constant angular speed, their downstream movement also
relaxes to a roughly constant value of about 60% of the linear phase velocity. The slower
pattern speed is due partly to deceleration of the flow, as kinetic energy is converted from
translational into rotational form, and as this energy undergoes viscous dissipation. After
about 17 growth times, we notice the formation, at the outskirts of either side of the flow,
of a pair of smaller adjacent secondary vortices of opposite vorticity. These vortices do not
move downstream with the flow, perhaps because they lack the size, and therefore inertia,

of the primary vortices.

The rotation speed of the vortices, and their shapes after about 16 growth times, are
therefore influenced, through boundary reverberations of nonlinear acoustic waves, by the
transverse width of the system. However, we show in section 11.5 of chapter 11 that most

aspects of the unmagnetized flow are uninfluenced by the system width. These include the
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transverse location and size of the primary and secondary vortices, the average pattern speed
of the primary vortices, the lack of downstream movement of the secondary vortices, and the
equilibrium shape of the primary vortices, which is slightly ellipsoidal with a small aspect
ratio. When the system is made wider, the primary vortices attain this equilibrium shape

somewhat more quickly.

Having considered the nonlinear evolution of an unmagnetized case, in the next section

we examine how this evolution is modified in the presence of a weak magnetic field.
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10.2 Weak Vortex-disruptive Field (M, = 41.4)

We now consider the same system as above, but we introduce a magnetic field which is
not strong enough to suppress vortex formation but is strong enough to disrupt and inhibit
nonlinear vortices after they have formed. The influence of the magnetic field is closely
correlated with a relativistic extension of the Alfvenic Mach number, which we have defined

as follows:

My = VUZO, where
YAVA
1
V= —,
V1—vl/c
1
y = (10.4)

v,0 18 the amplitude of the background flow speed, and v, is the background Alfven speed.
~v and 74 are the Lorentz factors corresponding, respectively, to the flow speed and Alfven
speed. Our definition of M, is analogous to the manner in which Bodo et al. (2004) defined a
relativistic version of the sonic Mach number. For a “sech?” background velocity profile, the
vortex-disruptive regime corresponds to M4 larger than about 6. For this test case, we use
a field for which M, = 41.4, corresponding to a plasma [ of 888 and an Alfven velocity of
0.0237 c. Note that these are background values, and the plasma 3 decreases to order unity
as the field is amplified during the nonlinear regime. As with the RHD case in the previous
section, we assume uniform background density and pressure. We also assume a uniform
background magnetic field which is aligned with the flow. As shown by the parameter listing

below, all parameters not related to the magnetic field are the same as in the RHD case from

305



the previous section. The magnetic field is also not strong enough to appreciably change the
frequency w, for which the growth rate is 99.65% of the growth rate of the RHD case (denoted
wio below). The parameters related to the magnetic field are Ma, 3, va, the Alfven transit
time, and the magnetic viscosities (i.e., resistivities) np, and np,. The input parameters are

as follows:

v.o(z) = 0.7csech?(x/ro),
cs = 0.576¢,
(My, B,va/c) = (41.41, 888.3, 0.0237), background values,
k. = 0.8/rg,
L, = 31.57rg, —L,/2<z<L,/2, 0<z<2n/k,,
N, = 1001, N, = 201,
At = 0.0327¢/c, Ax = 0.0315 7, Az = 0.0393rg,
L./cs = 54.Try/ec, sound transit time,
L./va = 132971y/c, Alfven transit time,
Ny = Nz = 1. = 0.00027qc,

Nz = Np. = 0.00127rqc. (10.5)

The eigenmode parameters, emerging from the numerical linear analysis described in chapter

6, are as follows:
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w = (0.278 470.099) ¢/ry,
w; = 009900/7"0 = 0.9965%0,

T, = 1/w; = 10.107/c, growth time,

2
T = = 2263r/c. (10.6)
Wy

Figures 10.9 through 10.11 each show displays of the vorticity, at a given time in the
simulation, for the (a) unmagnetized case considered in the previous section, and (b) mag-
netized case described above. In the magnetized case, the display is overlaid with contours
of the magnetic field lines, which demonstrates the close complementarity between flow and
magnetic field behavior. The unmagnetized and magnetized displays have slightly different
sizes, due to the fact that the unmagnetized displays span a larger transverse width of the
system. An important feature of the magnetized evolution, that should be noted in the dis-
plays in this section and other sections discussing magnetized evolution, is the remarkable
complementarity between the fluid behavior and the behavior of the magnetic field. This can
be seen in the close correspondence between the field lines and various flow-related quantities
(vorticity, flow velocity, etc.), shown in the displays onto which the field lines are overlaid.
Physically, the fluid is driving the field via thermal and mechanical stresses, and in turn, the

tension in the field lines is constraining the fluid via electromagnetic stresses.

The evolution in the early nonlinear regime is almost identical to the evolution for the
RHD case, as shown in figure 10.9. For M, = 41.4, the case shown, this close agreement
persists through 10 or 11 growth times, i.e., until just after the saturation stage. This period
of agreement corresponds to the field amplification stage of vortex inhibition, during which
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the counter-rotating vortices expel plasma and magnetic field lines, resulting in low density
and pressure in the vortices, and field amplification at the vortex extremities, along the
filaments connecting the vortices. As the vortices rotate, they twist the field lines, which
will lead to magnetic reconnection. In their studies of the extragalactic radio jet M87, Hines
et al. (1989) observed that while the field is generally aligned with the jet flow, there are
large knots in which the field has a transverse component. Stawarz et al. (2005) deduced
that the magnetic field inside knot A of M87 has an amplified value of at least 300 uG,
where the field elsewhere is less than about 100 4G (Hines et al. 1989). These observations
are consistent with the knots of M87 exhibiting vortex-like behavior, twisting the field lines
into configurations with transverse components, and centrifugally expelling them to vortex

extremities, thereby amplifying them. We will discuss this further in section 10.7.

This amplification results in vortex-shedding of amplified hybrid filamentary features,
which signals the start of the next stage of vortex inhibition, i.e., vortex disruption, where
we begin to see deviations between the magnetized and unmagnetized cases. In figure 10.10,
at 12.2 growth times, the magnetized case contains enhanced filamentary features, and hy-
bridization, not seen in the unmagnetized case. In figure 10.11, at 13.4 growth times, we see
greater deviation between the two cases. The vortex disruption has progressed, and there
is a greater population of features of enhanced vorticity. Also, the unmagnetized vortices
have undergone more rotation than the magnetized vortices. The amplified magnetic field
therefore exerts stresses that substantially decelerate the overall vortex rotation. At the
same time, these stresses result in vortex deformation. Again from examining figure 10.11,

the magnetic field also suppresses the formation of the pairs of secondary vortices seen in
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the unmagnetized case. In their place, we instead see magnetic reconnection occurring in
pocket-like regions on either side of the flow. Filamentary features, as described above, have
been observed in numerous jets, including the cosmic double-helix in 3C 273 (Lobanov and
Zensus 2001), the ribbons and threads in 3C 120 (Hardee 2003, 2005), and the filaments in
the radio lobes of M87 (Hines et al. 1989). These filaments may be the result of field-induced
vortex shedding during the disruptive stage, or may possibly be similar to the dual filaments
connecting the vortices throughout vortex evolution, i.e., the filaments along which the field

is amplified, as discussed in section 10.7.

After vortex-disruption, the next stage of inhibition is turbulent breakdown into smaller-
scale structures, which corresponds to further broadening and deceleration of the jet as
electromagnetic and mechanical energy are viscously dissipated into thermal energy. The
jet then relaxes to an equilibrium configuration consisting of flow-aligned vortex and current
filaments. We will discuss these stages in more detail in what follows. We should mention
that the small-scale features in the turbulent regime are influenced to some extent by rever-
berations of acoustic waves from the transverse boundaries of the system. However, as we
show in sections 11.3 through 11.5 of chapter 11, the vortex-disruptive phase (up to about 16
growth times) is independent of system width, and in the turbulent and equilibrium phases,

the system width does not significantly influence the evolution of the flow or the magnetic

field.

The initial jet width is about 3.6 7¢. Figures 10.12 through 10.17 each show displays of
the (a) vorticity, (b) current density, and (c) longitudinal flow velocity at a sequence of times

in the simulation, tracing through the successive stages of vortex inhibition by the magnetic
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field (amplification, vortex disruption, turbulent breakdown, and relaxation to equilibrium).
Similar stages of vortex inhibition are described in the MHD analyses of Baty et al. (2003)
and Malagoli et al. (1996), and in the RMHD analysis of Bucciantini and Del Zanna (2006).
Each display is overlaid with contours of the magnetic field lines. The current density and
vorticity are the curl of the magnetic field and velocity field, respectively, and are therefore
directed in the positive or negative y-direction, perpendicular to the plane of the page.
Because the y-axis is directed into the page, where current density (vorticity) is positive
(orange or red), the current (vorticity) is directed into the page, and where current density

(vorticity) is negative (blue), the current (vorticity) is directed out of the page.

Figures 10.12, at 7.91 growth times, correspond to the early stages of vortex formation,
at which point, as we saw in the previous discussion, the evolution is almost identical to
the unmagnetized case. However, thin amplified layers of alternating current (only about
1/10 the initial jet width) are already developing at the vortex extremities, indicating that
fluid circulation within the vortices is already expelling the field lines, which concentrate in
bundles along the filaments connecting the vortices. As shown in figure 10.12(c), the central
field lines also closely border the narrow region of central flow that separates the vortices.

The vorticity, current density, and electromagnetic energy are all still increasing.

In figures 10.13, at 11.56 growth times (note change in longitudinal velocity scale), the
vortices have expelled the field lines, resulting in amplified field, along with amplified al-
ternating current layers, at the vortex extremities, and along the filaments connecting the
vortices. These current layers have widened, compared to figure 10.12(b). There is almost

no current in the vortex interiors, but the current diffuses into the regions into which the
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field lines are being twisted by vortex rotation, i.e., the regions where magnetic reconnection
will take place. Vortex rotation is closely correlated with the deformation of the flow, as
seen in figure 10.13(c). This is the approximate time when the vorticity, current density, and
electromagnetic energy reach their maximum values. The minimum plasma ( at this time
is 2.09, which is close to the smallest value that occurs for this simulation, and is less than
1/400 of the background plasma /3. There is minimal vortex disruption by the field, and
therefore the evolution of the flow, until this point, very closely resembles the evolution for
the corresponding unmagnetized case. Although the central flow has not widened noticeably,
the region of non-zero vorticity has widened to almost 3 times the initial jet width, indicating

a broadening of the outer slower-moving regions.

In figures 10.14, at 13.39 growth times, magnetic stresses at the vortex boundaries have
resulted in significant vortex disruption. This disruption takes the form of significant vortex
shedding of amplified hybrid filamentary features (seen in the vorticity display), and defor-
mation of the vortex shape. By examining the previous comparison, in figure 10.11, of the
vorticity display with the corresponding unmagnetized case, we can isolate the vortex defor-
mation which is due specifically to magnetic stresses, as opposed to mechanical and thermal
stresses. Specifically, magnetic stresses have not yet caused significant deformation, but are
gradually making the vortices narrower, more elongated, and more irregular in shape, as will
be seen more clearly in the next display. As shown in figure 10.14(a), the hybrid filamentary
features take the form of thin layers at the vortex boundaries, and a complex structure that
emerges between the vortices. Magnetic stresses also cause rapid angular deceleration, halt-

ing vortex rotation at the orientations shown in the vorticity display. Magnetic reconnection
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has occurred in the pocketed regions into which the vortices have twisted the field lines (i.e.,
the regions into which the current has diffused). The field, and current layers, are still am-
plified along the interconnecting filaments. From the display of longitudinal velocity, we see
that the vortex disruption closely complements the disruption of the flow, due to magnetic
stresses exerted by amplified field lines. The jet has widened to about 10.8 7 (i.e., about 3

times its initial width), and has decelerated to about 0.4 c.

In figures 10.15, at 16.43 growth times (note change in longitudinal velocity scale), the
vortices are almost completely inhibited (barely noticeable), and the system is transitioning
from the disruptive regime to the regime of turbulent breakdown into smaller-scale structures.
The vorticity display shows that the primary vortex filaments have been expelled to the left
and right boundaries of the flow, and narrowed into two amplified vortex filaments. These
filaments will persist throughout the remainder of the evolution. As shown in figure 10.15(b),
the current sheets are also undergoing turbulent breakdown, and the current is greatest in
areas of reconnection within densely packed field lines, not along the aforementioned vortex
filaments. The current is also amplified along a central strip of concentrated field lines,
which zig-zags across the jet, and traces the upper boundaries of what remains of the primary
vortices. From the display of longitudinal velocity, we see that the flow has been significantly
disrupted. However, now that the vortices are almost completely inhibited, we also notice
regions where the flow is no longer skewed by vortex rotation, and has therefore aligned
itself with the downstream direction. The jet has widened to about 12.07q (i.e., about 3.5
times its initial width), and its maximum flow speed is now about 0.35 ¢, only half its initial

maximum speed of 0.7 c.
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In figures 10.16, at 27.38 growth times (note change in color scales), the system is well
into the turbulent regime. The boundaries of many features have been smeared by vis-
cous dissipation. Two factors are likely involved in the enhancement of viscous dissipation.
Turbulent breakdown results in structures whose length scales are more comparable to the
length scales associated with diffusion. Also, the average vorticity has decreased by a factor
of almost 4, which means that it now corresponds to frequencies which are closer to the
frequencies of modes introduced by diffusion. The system therefore has a higher correlation
with viscous processes, enabling a greater amount of energy transfer via viscous interactions.
The field and current have lost much of their amplification, however there are numerous areas
of magnetic reconnection in the central region. Two large central reconnected regions appear
to drive persistent vortical behavior. Filaments of enhanced vorticity are concentrating in
layers on the left and right boundaries of the flow. A downstream-aligned central flow, of
about 7.07y in width, i.e., twice the initial jet width, is in the process of forming, and over
time, is becoming more spatially uniform. This process began as soon as the vortices were
inhibited, and the magnetic field began to lose its amplification. The flow has continued to
decelerate, due to viscous dissipation, and now has a maximum flow speed of about 0.25c.
The central flow is still somewhat heterogeneous, and contains components with flow speeds
ranging from about 0.15¢ to about 0.25¢. The regions of minimum flow speed tend to be
located between vortex filaments of opposite vorticity. The central flow region is a region of

low density, from which plasma has been expelled.

In figures 10.17, at 56.59 growth times (note change in color scales), the system is now

approaching an equilibrium state consisting of flow-aligned vortex and current filaments.
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The width of these filaments is, on average, about 0.9r, (i.e., 1/4 the initial jet width). The
filaments are somewhat smeared due to diffusion, partly for the reasons mentioned in the
previous paragraph (the vorticity is now only about 1/8 of its initial value, and is therefore
more closely tuned to the frequencies of modes associated with diffusion). The filaments
surround a central region of persistent vortical behavior, driven by magnetic reconnection,
though both the field lines and vortical filaments are gradually becoming aligned with the
flow. These reconnected regions correspond to locally amplified current density. We can now
see that this coincides with the low-density central flow region, which has a width of about
7.07ry (about twice the initial jet width). Meanwhile, the jet has widened to about 16.0 7y,
which is roughly 4.5 times its initial width. If the simulation uses less magnetic viscosity
(resistivity), the central flow region is wider, though the overall jet width is the same, as are
the filament widths (see chapter 11). The jet has continued to decelerate, and the central flow
region has become more homogeneous, so that the central flow speeds range from roughly
0.15¢ to 0.2¢c. While the current filaments alternate spatially, the vortex filaments have
more spatial uniformity, with the filaments of positive vorticity to the right of the flow, and
the filaments of negative vorticity to the left of the flow. The flow is maximized in the
central region, and undergoes a continuous transition to zero flow speed at the transverse
boundaries. Though the jet has widened, these equilibrium distributions of vorticity, and
longitudinal flow, are qualitatively similar to their distributions at the start of the simulation.
That is to say, despite the complex intermediate reorganization brought on by magnetic and
mechanical stresses, the flow retains a memory of its initial configuration. Similar results

were also seen in the MHD studies of Ryu et al. (2000) and Frank et al. (1996).

314



We see that for a fairly weak vortex-disruptive field M4 = 41.4, there is considerable
magnetic reconnection. This results from extensive vortex twisting of the field lines, as the
field is sufficiently weak to allow extensive vortex rotation prior to disruption. The magnetic
reconnection, in turn, enhances the complexity of the turbulent regime after the vortices
have been inhibited, and drives persistent vortical behavior in the central region. Extensive
magnetic reconnection was also observed in the MHD studies of Frank et al. (1996), Baty et
al. (2003), and Otto and Fairfield (2000). Otto and Fairfield studied the interaction of the
Earth’s magnetosphere with the solar wind. In this simulation, the perturbation has an input
wave number k, = 0.8/r¢, corresponding to an input wavelength of 7.85ry. The jet widens to
about 16.07¢, or about 2 times the input wavelength. If we decrease the input wave number
(i.e., increase the input wavelength), the equilibrium jet width is proportionally larger (see
chapter 11). We can therefore say, more generally, that the jet widens to about twice the
wavelength of the initial perturbation. This applies to weak vortex-disruptive fields, though,
as we shall see, it is not true of fields which are strong enough to suppress vortex formation,
for which we will discover that equilibrium jet width seems to be independent of the input

wavelength.
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(My,va,/c,B,v.0/c) = (41.4,0.024,888,0.7),  PBmin = 26.4
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Figure 10.13: Various quantities at t = 11.67T; = 5.16T, M, = 41.4
(My,va,/c, B,v.0/c) = (41.4,0.024,888,0.7),  Lmin = 2.09
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Figure 10.15: Various quantities at t = 16.47T; = 7.337T, M, = 41.4
(Ma,va,/c, B,v,0/c) = (41.4,0.024,888,0.7),  SBmin = 10.9
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Figure 10.17: Various quantities at t = 56.6'7; = 25.3T", M4 = 41.4
(Ma,va,/c, B,v.0/c) = (41.4,0.024,888,0.7),  SBmin = 182
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10.3 Intermediate Vortex-disruptive Field (M, = 20.7)

We have examined the stages of vortex inhibition for a fairly weak vortex-disruptive field
for which M4 = 41.4. We now examine how this process is modified for stronger fields. In
general, any field in the vortex-disruptive regime (M, larger than about 6) inhibits vortex
development through the processes described above (field amplification, vortex disruption,
turbulent breakdown into smaller-scale structures, and relaxation to an equilibrium state
consisting of flow-aligned vortex and current filaments). However, for stronger fields, these
processes occur more rapidly (i.e., after a smaller number of growth times), and the jet
does not widen by as large a factor. In the above case (M4 = 41.4), vortex disruption
is not noticeable until 12 growth times, and even after 60 growth times, the system has
not completely relaxed to its equilibrium state, due to the persistent vortical behavior in
the central region. Figures 10.18 through 10.20 show the stages of vortex inhibition for a
field corresponding to M4 = 20.7. Here, vortex disruption is noticeable after 10 growth
times (see figure 10.18(a)), versus about 13 growth times for M, = 41.4, and the system
has almost reached an equilibrium filamented state after 37 growth times (see figure 10.20),
with an equilibrium jet width of about 157 (about 4 times the initial jet width). Recall
that for M4 = 41.4, even after almost 60 growth times, the system still has not reached
an equilibrium state. In the case for which M, = 20.7, there is less magnetic reconnection,
and vortices therefore do not persist in the central region. In particular, for M, = 20.7,
the vortices are inhibited at an earlier point in their rotation, before they can twist the field
lines to the point where they reconnect in pocket-like regions along the sides of the flow (see

figure 10.18 (b)).

320



We now examine the displays for M4 = 20.7 in more detail. Figure 10.18(a), at 10.24
growth times, displays the vorticity when the electromagnetic energy is approaching its ap-
proximate maximum value. The primary vortices have formed (the orange and blue regions),
and as they rotate are expelling the field lines, which as a result are concentrated along the
central filaments. Electromagnetic energy, electromagnetic momentum, current density, and
vorticity are all maximized along the central filaments. The vortices are twisting the field
lines as they rotate. Even though electromagnetic energy, current density, etc. have not yet
reached their maximum values, magnetic stresses have already begun to disrupt the vortices,
as seen by narrow filaments of the opposite vorticity which extend into each primary vortex.
Through vortex twisting and diffusion, the field lines are beginning to infiltrate the regions

between the vortices.

We now proceed to figure 10.18(b), which displays the vorticity at 13.85 growth times.
The electromagnetic energy density and vorticity have previously reached their peak values,
and are now decreasing, as seen by the fact that the field lines are less concentrated. Magnetic
stresses have brought vortex rotation to a halt, so that they remain in the orientations shown.
These stresses also deform the vortices into the irregular shapes shown, and result in the
emergence of enhanced hybrid filamentary features. These include the narrow layers of
opposite vorticity at the vortex boundaries, and the complex hybrid structure in the interior
region between the vortices, which is formed by layers of filament which magnetic stresses
have peeled from the primary filament and the base of the vortex. This latter structure is
modulated by magnetic reconnection occurring among field lines which have infiltrated the

interior, as a result of vortex twisting and field diffusion. Note that the vortices fail to twist
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the field lines to the point where they reconnect in pocket-like regions along the sides of the
jet, as occurs for the weaker field M4 = 41.4. The vorticity and electromagnetic energy are
still maximized in the primary filaments, which are still intact, although these have detached

from the bases of the vortices. The jet has widened to about 3 times its initial width.

We now proceed to figure 10.19(a), which displays the vorticity at 16.26 growth times.
The system has transitioned from the disruptive to the turbulent regime, as the primary
vortices are no longer visible. Electromagnetic and mechanical energy are being viscously
dissipated into thermal energy. Viscous dissipation has smeared the hybrid structures that
emerged in the interior regions, so that these are much less sharply defined, though magnetic
reconnection persists. The dissipation of these hybrid structures is due to their smaller length
scales and smaller vorticity, which are more comparable, respectively, to the length scales
and frequencies associated with diffusion. Vorticity and electromagnetic energy are still
maximized along the primary filaments, which are narrower and have been expelled from the
central region by mechanical stresses, and by magnetic stresses associated with reconnection.
These filaments still retain much of the initial curvature that developed during formation of

the primary vortices. The jet has now widened to about 3.4 times its initial width.

We now proceed to figure 10.19(b), which displays the vorticity at 23.48 growth times
(note change in color scale). The system is well into the turbulent regime. About 2/3 of the
peak electromagnetic energy has been viscously dissipated from the system, resulting in a
loss of field line concentration, and a decrease in vorticity in the primary filaments, which
have now been expelled to the left and right boundaries, and have lost their curvature and

become aligned with the flow. The primary filaments have also shed fragments of enhanced
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vorticity which lie along the central axis, and are interspersed elsewhere in the interior.
Throughout the interior are small turbulent structures, which have been viscously smeared
due to the close correlation between the small length scales and vorticity of these structures,
and the length scales and frequencies introduced by diffusion. The turbulent features are
partly driven by persistent magnetic reconnection. The jet has now widened to about 3.6

times its initial width, and decelerated from a flow speed of 0.7 ¢ to about 0.3 c.

We now consider figures 10.20(a) and (b), which display the vorticity and longitudinal
velocity, respectively, of the system at 37.93 growth times, as it approaches an equilibrium
state consisting of flow-aligned filaments (note change in vorticity color scale). The vorticity
is maximized in the outer filaments, but has decreased to about a quarter of its peak value,
and is therefore more closely tuned to frequencies of modes introduced by diffusion, resulting
in widening of the filaments due to viscous smearing. The magnetic field lines are more
closely aligned with the flow, as are the turbulent features, which are developing into vortex
filaments. The jet has broadened to about 4 times its initial width (based on the vorticity
display), while the central flow region is about 3 times the initial jet width, and is much
broader and more heterogeneous than the equilibrium central flow for the weaker field M4 =
41.4. The central flow consists of several regions whose flow speed is about 0.2 ¢ interspersed
with a background flow whose speed is about 0.12¢. In particular, there is a narrow strip,
along the central axis, whose flow speed is about 0.18 c. For stronger fields, we will also
observe narrow central strips of relatively high flow speed. However, these central channels
will be surrounded by much slower uniform background flows. The central channel in a broad

heterogeneous flow, as shown in figure 10.20(b), represents an intermediate configuration

323



between the broad, more homogeneous equilibrium flow of a weak field, with no central
channel, and the equilibrium flow of a strong field, which has a relatively fast central channel
surrounded by a slower background flow. Recall that a weak field, such as M, = 41.4,
has more magnetic reconnection, resulting in vortical behavior that persists for many more

growth times, than the present case (M, = 20.7).
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Figure 10.20: (a) Vorticity and (b) longitudinal velocity at ¢ = 37.9T;
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10.4 Strong Vortex-disruptive Field (M4 = 10.3)

We now consider the nonlinear evolution of a strong vortex-disruptive field for which M, =
10.34. Figures 10.21 through 10.23 show the stages of vortex inhibition. Here, vortex dis-
ruption is noticeable after 8.5 growth times, i.e., almost immediately after the vortices begin
to form (see figure 10.21), and the system has reached an equilibrium filamented state after
about 25 growth times (see figure 10.23). The field M4 = 10.34 also inhibits magnetic re-
connection, which occurs to a minimal extent after about 12 growth times, as the field lines
diffuse into the partially-formed vortices (see figure 10.22(a)). The equilibrium jet width is
about 127y, which is about 3.2 times the initial jet width. The equilibrium flow contains
a narrow central region of high flow speed, low density, and width about 1/5 the initial
jet width, along with a background flow whose width is about 1.5 times the width of the
initial flow (see figure 10.23(b)). We will observe very similar equilibrium flow properties in
section 10.5, when we consider a field which is strong enough to suppress vortex formation
(M4 = 5.145). For this field, equilibrium is reached after about 20 growth times, and the

jet only widens to about 8 rg, which is about 2.25 times its initial width.

We now examine the displays for M4 = 10.34 in more detail. Figure 10.21(a), at 8.64
growth times, displays the vorticity at the approximate saturation stage in the early nonlin-
ear regime. The partially-formed vortices have already been disrupted by strong magnetic
stresses. As these stresses oppose the rotation of the flow, it develops large shear variations
where the magnetic tension is greatest, resulting in amplified filaments of high vorticity, and
a large amount of electromagnetic energy being extracted directly from the bulk flow, en-

ergy that would otherwise be diverted into rotational form. The magnetic stresses also cause
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the interiors of the partially-formed vortices to separate into regions of opposite vorticity,
resulting in extensive hybridization before the vortices have the opportunity to acquire a
well-defined clockwise or counterclockwise vorticity. The field lines have begun to diffuse
into the partially-formed vortices. We now proceed to figure 10.21(b), after 10.94 growth
times. Maximum vorticity has been reached (after about 10 growth times), along with max-
imum electromagnetic energy. The filaments of maximum vorticity have thickened. The
aforementioned regions of hybrid vorticity, which had permeated the vortical regions, are
now compressed by magnetic tension into densely packed hybrid filament layers. The ends
of these filaments curl sharply in response to the resistance exerted by magnetic stresses.
This high curvature enhances the diffusion of magnetic field lines into the vortical regions,
whose vorticity is almost entirely concentrated in the filaments at the boundaries. The jet

has broadened to slightly over twice its initial width.

We now proceed to figure 10.22(a), after 13.24 growth times. The electromagnetic and
mechanical energy are now being viscously dissipated into thermal energy. As a result, the
vorticity has decreased considerably, and correspondingly, the central filaments have been
viscously “smeared” into broader, more gradually sheared regions. As the magnetic stresses
have decreased, the tips of the outer filaments have lost much of their previous curvature. A
portion of densely packed filament became aligned with the central axis after about 12 growth
times, and now, this filament is separating into a thick hybrid structure in the central region.
A small amount of magnetic reconnection is now visible in the vortical regions into which
the field lines have diffused. Note that for a strong field such as this one, the movement

of magnetic field lines is dominated not by vortex twisting, but by diffusion, which leads

327



to much weaker reconnection, if any. The jet has broadened to almost 3 times its initial
width. All of these processes signify the transition of the system into a turbulent regime.
We now proceed to figure 10.22(b), after 16.70 growth times. The system is now well into
the turbulent regime, and the vorticity has continued to decrease as more electromagnetic
energy is viscously dissipated. The outer filaments have lost more of their curvature, and
are becoming aligned with the flow, signifying the inhibition of the vortices that partially
emerged in the early nonlinear regime. The central trunk, however, has spread into a larger
central region of curved filaments surrounded by almost circular regions of newly emergent

vortical behavior.

Finally, we proceed to figures 10.23(a) and (b), which display the vorticity and longi-
tudinal velocity, respectively, after 27.06 growth times, as the system is approaching an
equilibrium state consisting of flow-aligned filaments (note change in vorticity color scale).
The filament width is about 1/5 the initial jet width, and the filaments are interspersed with
viscously smeared regions of smaller vorticity of the opposite sign. These viscous regions
formed at the boundaries of the jet in the early turbulent regime, as seen in figures 10.22(a)
and (b). The jet has now broadened to about 3.2 times its initial width, which is its approx-
imate equilibrium width. The flow consists of a narrow central strip of relatively high flow
speed of about 0.4 ¢, and whose width is about 1/4 the initial jet width. Surrounding this
narrow flow are two vortex filaments, which show that this flow channel has relatively high
shear at its boundaries. Also surrounding the flow channel is a background flow whose width
is about 1.5 times the initial jet width, and whose flow speed has a nearly uniform value

of about 0.2 c¢. This background flow coincides with the central vortical region described in
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figure 10.22(b). We will see that in the case of a vortex-suppressing field, the width of this

background flow is nearly identical to the initial jet width.

We see that for stronger background fields, the vortices are inhibited at an earlier point
in their rotation, and there is therefore less twisting of the field lines, which results in less
magnetic reconnection. As the amount of reconnection diminishes, the reconnection that
does occur is driven less by vortex twisting and to a greater extent by diffusion of the field
lines. With less magnetic reconnection, the turbulent reorganization of the system is less
complex, and the transition to a flow-aligned filamented state is more rapid. Apart from
more rapid vortex inhibition, stronger fields also result in a suppression of both magnetic
reconnection and of the complexity of turbulent breakdown. Correspondingly, for stronger
background fields, the filament widths are narrower, and the equilibrium jet widths are
narrower. Let W, denote the initial jet width, and W, the equilibrium jet width. For
My = 414, Wy = 4.5W,. For My = 20.7, Wy ~ 4W,. For My = 10.3, Wy = 3.2W,.
And for the vortex-suppressing field M4 = 5.15, Wy ~ 2.25W,. These equilibrium widths
correspond to an input perturbation wavelength of 7.857r5. As we will see in chapter 11,
the equilibrium width seems to scale with input wavelength for weaker fields, but not for

stronger fields.
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10.5 Vortex-suppressing Field (M4 = 5.145)

We now consider a magnetic field which is strong enough to suppress vortex formation, which

means that M, is less than about 6. Specifically, M4 = 5.145. The input parameters for

this case are

vyo(z) =

Cs

(My, B,va/c)

At
Ly/cs
Ly/va
Tlp

"Bz

0.7 csech?(x/rg),
0.576 ¢,

(5.145, 13.88, 0.1893) :

0.8/70,

31.5 79, —L,/2 <x<L./2
1001, N, = 201,

0.032r¢/c, Ax = 0.0315 7,
54.7r¢/c, sound transit time,
166 7¢/c, Alfven transit time,

N, = 1. = 0.00027ryc,

NB> = 0.0012 ToC.

background values,

0<z<2n/k,,

Az = 0.0393 19,

(10.7)

The eigenmode parameters, emerging from the numerical linear analysis described in chapter

6, are as follows:
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w = (0.2654¢0.074) ¢/,
wW; = 007380/7"0 = 0743(4.)10,

T, = 1/w; = 13.551y/c, growth time,

2
T = = 23707r/c. (10.8)
Wy

As before, the initial jet width is about 3.6 ry. Figures 10.24 through 10.26 show the
suppression of vortex formation, and the rapid transition to a flow-aligned filamented state.
As before, each color display (vorticity, current density, and longitudinal velocity) is overlaid
with contours of the magnetic field lines. Recall that the current density is the curl of the
magnetic field, and is therefore directed in the positive or negative y-direction, perpendicular
to the plane of the page. Because the y-axis is directed into the page, where current density
is positive (orange or red), the current is directed into the page, and where current density

is negative (blue), the current is directed out of the page.

We begin by examining figures 10.24. In figures 10.24 (a) and (b), at 8.62 growth times,
we are approximately at the saturation stage of the early nonlinear regime, where vortices
would ordinarily develop. However, the magnetic tension resists vortex formation, resulting
in filaments of enhanced vorticity and enhanced current density. The translational kinetic
energy extracted from the flow is converted mostly into electromagnetic energy, with very
little rotational energy, since the vortices fail to form. As shown in figure 10.24(c), this results
in a deceleration of much of the flow, in particular, the regions of flow that perform the most
work against the magnetic tension in the field lines, i.e., the background flow surrounding a
narrow channel of high flow speed.
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We continue to examine figures 10.24. There remains a central channel of maximum flow
velocity ranging from 0.5 ¢ to 0.6 ¢, whose width is about 1/5 the initial jet width, outside
of which the flow speed drops abruptly to an average of about 0.3¢c. The abrupt shear
at the channel boundaries accounts for the central filaments of high vorticity. The outer
high-vorticity filaments are produced by an abrupt shear in the background flow. However
this background flow is very heterogeneous, varying from about 0.2 ¢ to about 0.35¢. The
complementarity between vorticity and current filaments arises from the complementarity
between the flow and the magnetic field. As seen in figure 10.24(c), the field lines bend
in response to the flow, and are concentrated where the flow exhibits rapid shear. This
behavior gives rise to a large curl of the field, producing the high-density current filaments
seen in figure 10.24(b). Certain field-influenced quantities (vorticity, current density, elec-
tromagnetic pressure, etc.) are enhanced by the direct conversion of bulk flow energy into
electromagnetic energy. Neither the vorticity in figure 10.24(a) nor the current density in

figure 10.24(b) have yet reached their peak values. Both are still increasing.

However, the increase in electromagnetic energy is limited by the complete suppression
of vortex formation, since developing vortices would expel the field lines, providing further
field amplification at the vortex boundaries. This is why, as seen in the time-dependent
graphs in section 9.6 of chapter 9, electromagnetic energy is not maximized for a strong
vortex-suppressing field. Rather, vorticity and electromagnetic pressure are maximized for
the strongest fields that still allow some vortex formation. This indicates that although the
enhancement of these quantities is heavily dependent on mechanical energy extracted directly

from the field lines (proportional to the strength of the background field), this enhancement
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also has some dependence on field amplification due to vortex-induced centrifugal expulsion

of field lines.

We return to the case M4 = 5.145, and progress to 13.15 growth times, for which the
relevant displays are shown in figures 10.25. The vorticity and current density have already
peaked, after about 10 growth times, and are now decreasing, as electromagnetic energy
is now being viscously dissipated into thermal energy. From figures 10.25 (a) and (b), the
vortex and current filaments have become more closely aligned with the flow, and the jet
has widened to about twice its initial width. There are now more filaments of alternating
vorticity and alternating current density. The filaments alternate not only in the direction
of vorticity (or current density) but also in the magnitudes of these quantities. That is, the
vortex filaments in figure 10.25(a) alternate spatially between well-defined, narrow filaments
of high vorticity, and less well-defined, viscously “smeared out” filaments of larger width and
smaller vorticity in the opposite direction. The same happens with the current filaments in
figure 10.25(b). This is a striking manifestation of the viscous dissipation of electromagnetic
energy. The more sharply defined filaments have also narrowed, relative to figures 10.24
(a) and (b), from 1/5 of the initial jet width to only about 1/8 the initial jet width. The
vorticity is maximized around the narrow central flow region, which has also become more
closely aligned with the flow direction. As shown in figure 10.25(c), the flow within this
central strip has become more homogeneous, with a nearly uniform flow speed of 0.5¢. The
background flow surrounding the central strip is still fairly heterogeneous, with flow speeds

ranging from 0.2¢ to 0.3 c.

In figures 10.26, we see that after 21.77 growth times (note change in color scales), the
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flow has relaxed to an equilibrium state in which the filaments are aligned with the flow
direction, and the jet has further widened to about 87y, or 2.25 times its initial width. As
shown in figures 10.26(a) and (b), the vorticity and current density are now only about 1/3
of their peak values. The filaments of relatively high vorticity (and current density) are
now located at the left and right boundaries, and along the central axis. The enhanced
vortex filaments have a width of about 0.6rg, i.e., 1/6 of the initial jet width, while the
current filaments are only about 1/8 the initial jet width. Viscous dissipation has smeared
the vorticity in the region between the central axis and the boundaries. This is likely due
to the same mechanism discussed in the vortex-disruptive case. In particular, the vorticity
has decreased by a factor of about 4, from its initial average value, and is now closer to the
frequencies of modes associated with diffusion. The system therefore has a higher correlation
with viscous processes, enabling a greater amount of energy transfer via viscous interactions.
By comparing figures 10.26(a) and (b), we see that each filament of high vorticity corresponds
to a pair of current filaments of alternating current density. A comparison of figures 10.26(a)
and (c) shows that filaments of high vorticity correspond to locations of large and abrupt

shear variation in the flow.

As shown in figure 10.26(c), the flow speed within the narrow central flow remains at a
uniform value of 0.5¢. Since its formation in the early nonlinear regime, this central flow
region has maintained a nearly constant width of about 0.7rg, or 1/5 the initial jet width,
and corresponds to a narrow region of low density (i.e., a density undershoot, which we also
observed in the vortex-disruptive case, but with a wider flow). Similar density undershoots

were observed in the MHD simulation of Frank et al. (1996) and the RMHD simulation of
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Mignone et al. (2009). This narrow central flow region occurs for stronger fields (M4 = 5.145
and M4 = 10.3), and is a consequence of the field lines having sufficient magnetic tension
to extract large amounts of electromagnetic energy directly from the translational kinetic
energy of the flow, without allowing more of this energy to be diverted into the rotational
kinetic energy of developing vortices. Surrounding this narrow central flow is a region in
which the flow speed is about 0.3 ¢ and whose width is very nearly equal to the initial flow
width (about 3.679). The background flow is also much more homogeneous than at earlier
times. These same flow properties are also observed in the equilibrium state of the strongly
vortex-disruptive field M4 = 10.3 (see figure 10.23). As with the weaker vortex-disruptive
fields, the system has relaxed to an equilibrium configuration which retains a memory of its
initial configuration. In the initial jet, and the equilibrium configurations of vortex-disruptive
and vortex-suppressing fields, we have vortex filaments of positive vorticity to the right of the
axis, and filaments of negative vorticity to the left of the axis, along with flow velocity falling
off with distance from the central axis, asymptotically approaching zero. However, unlike the
vortex-disruptive case M4 = 41.4, the relaxation to equilibrium occurs after about 20 growth
times, whereas in the M4 = 41.4 case, equilibrium still has not been reached after 60 growth
times. There is also greater enhancement of vorticity, along the axis and at the boundaries,
for the vortex-suppressing case than the vortex-disruptive cases. Only the vortex-suppressing
case, and the strongly vortex-disruptive case M4 = 10.3, contain a narrow central region
that retains high flow speed. Only the vortex-suppressing case develops a background flow
region of uniform flow speed whose width very nearly coincides with the width of the initial

jet, as shown in figure 10.26(c).
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We see that maximum flow deceleration, from 0.7c¢ to about 0.2¢, occurs for the in-
termediate vortex-disruptive fields M4 = 41.4 and M4 = 20.7, whereas the stronger fields
only decelerate the jet to about 0.4¢ (M4 = 10.3) or 0.5¢ (M4 = 5.13). The intermedi-
ate vortex-disruptive fields allow a sufficient amount of vortex development to result in a
complex reorganization process associated with vortex disruption, partly driven by extensive
magnetic reconnection. This maximizes the complexity and number of smaller-scale struc-
tures arising from turbulent breakdown, which in turn enhances the amount of correlation
with the small length scales set by diffusion. This maximizes the viscous dissipation of me-
chanical energy into thermal energy. We also discussed this in section 9.5 of chapter 9, in
which we saw this effect in plots of pressure and velocity-related quantities as functions of

time.
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10.6 Evolution with Periodic Boundary Conditions

The evolution we have shown retains longitudinal periodicity, with one spatial period equal
to one wavelength of the perturbation, and these results are independent of the number
of longitudinal wavelengths spanned by the simulation. We wish to relate our temporal
progression of longitudinally periodic snapshots to a single image of an entire jet. A good
example of such an image is shown in figure 10.27, taken from Van Dyke (1982), in which an
axisymmetric jet is formed from a laminar stream of air being injected into a circular tube.
This jet becomes Kelvin-Helmholtz unstable due to the interaction of its boundaries with
the ambient medium, leading to the formation of vortices, followed by turbulent breakdown.
Note that the vortices in this image are symmetric, whereas the vortices in our simulations
are antisymmetric. This is a consequence of our use of a slab geometry, in which symmetric
modes are more stable. In a cylindrical geometry, as with the air stream in figure 10.27,
symmetric modes have higher growth rates. The jet in figure 10.27 is, of course, unmag-
netized, non-relativistic, and not astrophysical, and therefore evolves according to different
mechanisms than are being considered in our models. However, the image provides a good
illustration of how to combine a sequence of spatially periodic snapshots, shown at a sequence
of times, into a single image of the entire jet, comprising all time steps. As our simulation
progresses, our simulation box moves along the jet, away from its point of origin. This is the
relationship we should keep in mind when, in section 10.7, we suggest potential applications
of our simulation results to images of astrophysical jets, each of which shows a snapshot of

an entire jet.
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Figure 10.27: Laminar stream of air, Van Dyke (1982)

10.7 Comparison with Jet Observations

In this section we offer potential applications of our simulation results to jet observations.
However, we do not make any claims as to the accuracy or completeness of our model in
describing the physical mechanisms behind any of the jets mentioned. Other mechanisms

(e.g., radiative cooling, jet precession) are undoubtedly present.

Several extragalactic jets show qualitative agreement with vortex formation, followed by
vortex inhibition by a disruptive magnetic field (including M87, Centaurus A, 3C 120, 3C 273,
HH 30, HH 49, etc.). Closer to the nucleus, we often observe features resembling vortices.
This is often followed by a disruptive stage in which these features break into smaller-scale
structures, qualitatively resembling vortex disruption and turbulent breakdown. Filaments
are observed in such jets as M87 (Hines et al. 1989), 3C 273 (Lobanov and Zensus 2001)

and 3C120 (Hardee 2003, 2005). These might be produced by vortex-shedding during the
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disruptive stage, or might be associated with the dual filamentary structure connecting the
vortices throughout their development. Many images also show significant jet widening,
consistent with the widening observed in the simulations. In the outer regions of the jet,
this widening seems to be coupled with the viscous dissipation and flow deceleration also
observed in the simulations. Note that for the model we are using, a magnetic field is required
in order to qualitatively reproduce these observed features. In particular, the field should be
vortex-disruptive, and not vortex-suppressing, since the features are closely correlated with
the stages of vortex inhibition. In the absence of a magnetic field, the simulation predicts

that the vortices persist almost indefinitely.

Figure 10.28 shows three images of the extragalactic radio jet M87, also known as Virgo
A, and NGC 4486. The X-ray image is produced by Chandra, the radio image by the VLA
(Very Large Array), and the optical image by the Hubble Space Telescope. M8T7 is a highly
energetic plasma jet extending 1.5 kpc, and which emanates from a supermassive central
black hole in a supergiant elliptical galaxy. As in our simulations, the background magnetic
field is believed to be primarily aligned with the flow (Hines et al. 1989). However, in certain
knots (i.e., knot A and knot C), the field is believed to be primarily transverse to the flow
(Hines et al. 1989), which might be consistent with vortex-twisting of field lines within these
knots, resulting in field amplification. Stawarz et al. (2005) estimated an amplified field of
at least 300 G within knot A, where the field elsewhere in the jet is believed to be less than
about 100 G (Hines et al. 1989). So the knots may indeed behave like vortices, twisting the
magnetic field lines into partially transverse configurations, and centrifugally expelling them

to the vortex extremities, resulting in field amplification. As shown in section 8.2 of chapter
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8, the above magnetic fields yield a conductivity, governed by electron and ion gyrations,
which is consistent with the magnetic viscosity used in the simulations. Furthermore, the
field outside the knots is believed to be aligned with the flow (Hines et al. 1989), which is

the equilibrium, and background, field configuration used in our numerical simulations.

Figure 10.29 shows the extragalactic jet Centaurus A, which is the only extragalactic jet
closer to us than M87. Figure 10.30 shows the mildly relativistic jet HH30 (Herbig-Haro 30).
The Herbig-Haro objects are within our own galaxy, and most likely arise from protostellar
systems. These are much less relativistic than the aforementioned extragalactic jets. As with
the images of M87, these images show features which indicate possible vortex disruption,
turbulent breakdown, jet widening, and viscous dissipation, all of which would be consistent

with the stages of vortex inhibition by a vortex-disruptive field.

It should be emphasized that these comparisons only suggest possible physical mecha-
nisms that might offer insight into the observed jet features. Other mechanisms (radiative
cooling, etc.) are undoubtedly present. Another important point is that the field strengths
examined in our study are separated by roughly an order of magnitude, which falls well
within the uncertainty in estimates of field strength in astrophysical jets. These estimates

are obtained from synchrotron emission observations.
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Figure 10.28: M87 (a.k.a. Virgo A, NGC 4486)
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Figure 10.29: Centaurus A, imaged with Chandra in X-ray
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Figure 10.30: Herbig-Haro 30
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10.8 RMHD Versus MHD Results

These relativistic MHD simulation results are qualitatively similar within a range of mod-
erately relativistic flow speeds from 0.5¢ to 0.8¢c. However, when compared with MHD
simulations (non-relativistic flow speeds and sound speeds), there are certain differences.
The growth rates are considerably lower in the MHD case, owing partly to the much smaller
sound speed, for which the rest energy density pc? is much larger than the pressure, so that
the background flow has considerably more inertia against extraction of energy from the
bulk flow. Another effect, particularly for more relativistic sound speeds, is that growth rate
tends to increase with flow speed, due to the increase in velocity shear between the jet and
ambient medium (seen in the linear growth rate analysis of chapter 6). However, for highly
relativistic flow speeds, the system is KH-stable, though other instabilities emerge. RMHD
simulations also produce nonlinear transverse sound waves propagating between the jet axis
and transverse boundaries, and the amplitude of these waves increases with increasing flow
speed, creating large-amplitude oscillations in the time-dependence of certain quantities (dis-
cussed in chapter 9). We have seen, particularly for the unmagnetized RHD case, how these
waves modulate vortex rotation, for which the rotational period is approximately the sound
transit time. In the magnetized cases, these waves influence vortex rotation and orientation
prior to disruption. In sections 11.3 through 11.5 of chapter 11, we show that these acous-
tic waves do not significantly influence the evolution of the flow. In the MHD case, these

nonlinear sound waves, if present, have much smaller amplitudes.

Relativistic effects also introduce a desynchronization between longitudinal and trans-

verse motions, where relativistic boosting exerts a strong preference in the longitudinal di-
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rection. This has the effect of destabilizing the system. In the simulation results, relativistic
desynchronization tends to introduce more complexity into vortex disruption and turbulent
breakdown, particularly in the weak-field regime. This occurs because modes with smaller
wavelengths emerge (see discussion in chapter 6), so that smaller length scales emerge in
the hybrid features arising from vortex disruption. Due to the emergence of smaller length
scales, a considerably larger amount of diffusion is required in order to stabilize relativis-
tic systems than non-relativistic ones. Above a Lorentz factor of about 2, no amount or
combination of diffusion can stabilize the system. Modes with small wavelength can also
give rise to shock-like phenomena, which are more frequently observed in more relativistic
simulations. As we will see in chapter 11, the RMHD and MHD regimes are convergent in

the limit of non-relativistic flow speeds and sound speeds.

We see that even in the moderately relativistic regime, for which numerical simula-
tions can be sustained, relativistic effects destabilize the system through nonlinear sound
waves, desynchronization of longitudinal and transverse motions, and modes with small
length scales. These effects are enhanced for more relativistic flows, leading to unconditional

instability for Lorentz factors exceeding about 2.

We now examine the alternating symmetry of the vorticity displays of our simulation

results.

10.9 Alternating Symmetry of the Vorticity

We notice throughout our vorticity displays that the vorticity satisfies a certain condition

of alternating symmetry, which is dictated by the symmetry of the background velocity
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profile and the antisymmetry of the pressure perturbation profiles. Specifically, we have
equal and opposite vorticity on either side of the central axis at locations separated by
half the longitudinal perturbation wavelength. If we denote the vorticity Q(z,z,t), then

mathematically, this condition reads

Qz,2,t) = —Q(—z,2+ \/2,1). (10.9)

where A = 27 /k, is the wavelength of the input perturbation. This condition is a math-
ematical interpretation of the half-wavelength separation of counter-rotating vortices that
form in the early nonlinear evolution, but is maintained throughout the evolution, in both
the magnetized and unmagnetized cases. The accuracy with which this condition is satisfied
provides a measure of the numerical accuracy of our results. Specifically, we compute the

ratio

1, 2, 1) + A=,z + \/2,0)]

0, 21| (10.10)

The average value of this ratio is roughly 10~° during the nonlinear evolution of a magnetized
case. This provides one method of validation of the numerical accuracy of our simulations,

which we will verify in other ways in chapter 11.
10.10 Conclusion

We have explored the nonlinear evolution of the simulations in the unmagnetized and mag-
netized cases, and found qualitative agreement between observations of several jets and the
stages of vortex inhibition associated with vortex-disruptive magnetic fields (including M87,

Centaurus A, 3C 120, 3C 273, HH 30, etc.). In the unmagnetized case, we found that upon
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saturation of the perturbations, the transverse momentum has built to a point where the
flow is deformed due to transverse components of the mechanical stresses. The growth of this
deformation, along with the interaction of comparable transverse and longitudinal momen-
tum, lead to the formation of two large counter-rotating vortices on opposite sides of the jet
axis. These vortices are connected by a dual filamentary structure, and form around regions
of low density and pressure. Initially driven by mechanical torques, the vortices rotate in the
same direction as fluid circulation within them. However, the flow decelerates as mechanical
energy is dissipated into thermal energy. Correspondingly, some of the mechanical stress is
replaced by thermal stress. Consequently, the vortex rotation is eventually modulated by
thermal stresses associated with nonlinear transverse sound waves propagating between the
jet axis and transverse boundaries. In the latter stages of the nonlinear regime (after about
20 growth times), the vortex rotation has relaxed to a constant angular velocity whose ro-
tation period is equal to the sound transit time. The buildup of thermal stresses also causes
the vortices to become less elongated, and assume a more circular shape. The vortices are
also separated, along the flow direction, by half the perturbation wavelength, which is a
consequence of the antisymmetry of the pressure perturbation profile, and the symmetry of
the transverse velocity profile, discussed in chapter 7. Apart from viscous losses, the vortices
persist essentially indefinitely. Although intermediate vortex shape and rotation are influ-
enced by reverberations of acoustic waves from the transverse system boundaries, we show
in section 11.5 of chapter 11 that most aspects of the unmagnetized evolution are unaffected

by system width.

When the system is magnetized, the vortices are inhibited through a series of stages,
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namely, field amplification, vortex disruption, turbulent breakdown, and approach to an equi-
librium state. These stages have been discussed in prior literature for MHD flows (Malagoli
et al. 1996; Baty et al. 2003, etc.). We have examined in detail how and to what extent these
stages manifest in the RMHD regime for a set of representative field strengths. These field
strengths are within an order of magnitude of one another, which falls within the uncertainty
in estimates of field strengths in astrophysical jets. We have found that the influence of the
magnetic field is closely correlated with a relativistic version of the Alfvenic Mach number
M4, which we have defined analogously to how Bodo et al. (2004) defined a relativistic
version of the sonic Mach number. This close correlation with M, is shown in the linear
analysis in chapter 6 and in the nonlinear evolution in chapter 11. Our expression for M4 is

given by (6.3) in chapter 6.

We first examined a weak vortex-disruptive field corresponding to M4 = 41.4, which
allows vortex formation, and then inhibits the vortices through a series of stages. In stage
1, field amplification occurs when the field lines are centrifugally expelled to the vortex
boundaries. In stage 2, the field disrupts the vortices, resulting in further deformation
due to magnetic stresses, and vortex shedding of amplified hybrid filamentary features. In
stage 3, the vortices undergo turbulent breakdown into smaller-scale structures. In stage
4, the system relaxes to an equilibrium state consisting of flow-aligned vortex and current
filaments. The width of these filaments is about 1/4 the initial jet width. Similar stages of
vortex inhibition were described in Baty et al. (2003), Malagoli et al. (1996), and Bucciantini

and Del Zanna (2006).

Throughout the evolution, there is remarkable complementarity between the flow and

349



the field lines, which is partly due to the fact that the transverse velocity and field both
have symmetric perturbation profiles, while the longitudinal velocity and field both have
antisymmetric perturbation profiles. This complementarity is seen in the displays, in which
the contours of the magnetic field lines correspond closely to the vorticity and flow velocity
distributions onto which they are overlaid. This complementarity describes the close interac-
tion between the field and the flow, whereby the mechanical energy of the flow initially drives
the field, seen in vortex-induced amplification and twisting of the field lines. In response,
the field constrains the flow through electromagnetic stresses, resulting in vortex deformation
and disruption. Vortex rotation also leads to magnetic reconnection, which in turn enhances
the turbulent breakdown, and viscous dissipation, of the faster-moving components of the

flow.

For the weak vortex-disruptive field M4 = 41.4, the jet widens to about 4.5 times its
initial width, and decelerates from flow speed amplitudes of 0.7¢ to about 0.2¢. During
stages 1 and 2, vortex-twisting of the field lines leads to considerable magnetic reconnec-
tion, which drives much of the complexity of the turbulent breakdown, along with persistent
vortical behavior in the central region, where the flow is fairly uniform. For stronger vortex-
disruptive fields, these stages of vortex inhibition occur more rapidly, and at earlier times
in the simulation. Stronger fields also correspond to less magnetic reconnection, and less
widening of the jet. In the later stages of evolution, particularly with weaker fields, the
nonlinear features have boundaries which are less sharply defined, indicating that viscosity
has more of an effect on the system. At least two factors are involved. First, turbulent

breakdown results in structures with smaller length scales, which are therefore more compa-
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rable to the length scales set by diffusion. Second, the vorticity decreases by a factor of at
least 5, from its maximum value, and is therefore more comparable to frequencies of modes
associated with diffusion. These two factors lead to a higher correlation with diffusive pro-
cesses, and therefore a larger transfer of energy to viscous dissipation. We then considered a
vortex-suppressing field (M4 = 5.145) which is strong enough to suppress vortex formation,
resulting in a rapid transition to a filamented flow-aligned state. The filaments are only 1/6
of the initial jet width, and the equilibrium jet width is about 2.25 times its initial value.

Both of these are smaller than the corresponding values for the weaker field M4 = 41.4.

After complete vortex-disruption, small-scale turbulent structures are influenced to some
extent by reverberations of acoustic waves from the transverse boundaries of the system.
However, in sections 11.3 through 11.5, we compare nonlinear evolution for two transverse
system widths at different magnetic field strengths, and find that the system width does not
significantly influence the evolution of the flow and the manner in which it interacts with the
magnetic field. Furthermore, these nonlinear acoustic oscillations are suppressed by fields

which are strong enough to suppress complex turbulent reorganization.

We also observed that weaker fields allow further vortex twisting of the field lines, leading
to a greater amount of magnetic reconnection, which in turn drives a more complex turbulent
reorganization of the system, leading to intermediate states that persist for many growth
times before the filaments finally become aligned with the flow. Stronger fields, which allow
less vortex twisting, exhibit less reconnection, and this reconnection is instead dominated by

diffusion of the field lines. Stronger fields therefore suppress intermediate turbulence.

Maximum flow deceleration (from 0.7 ¢ to about 0.2¢) occurs for intermediate vortex-
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disruptive fields M4 = 41.4 and M4 = 20.7. This field regime allows enough vortex develop-
ment, and disrupts the vortices rapidly enough, to generate a complex turbulent breakdown,
partly driven by extensive magnetic reconnection, thereby maximizing viscous dissipation
into thermal energy (also driven in part by the two factors mentioned above, namely, closer
correlation with length scales and frequencies associated with diffusion). We discussed this
in section 9.5 of chapter 9, in which we saw this effect in graphs of pressure and velocity-
related quantities as functions of time. On the other hand, the largest field-related quantities
(i.e., the highest electromagnetic energy, vorticity, etc.) are generated for the strongly vortex-
disruptive field M, = 10.3, not the vortex-suppressing field M4 = 5.145. Apart from the size
of the background field, whereby the tension in the field lines extracts energy directly from
the flow, some vortex-induced field amplification is required for optimum field enhancement.
We also discussed this in section 9.6 of chapter 9, in which we saw that strongly vortex-
disruptive fields correspond to maximum amplification of such quantities as vorticity and
electromagnetic energy. We have therefore identified two fundamental bifurcations in field
behavior, arising from maximization of two sets of quantities at two different intermediate
field strengths. These are, specifically, maximum viscous dissipation for intermediate vortex-
disruptive fields (20 < M4 < 42), and maximum enhancement of field-related quantities for

strong fields that still allow vortex formation (M4 ~ 10).

The intermediate vortex-disruptive fields M4 = 41.4 and M4 = 20.7 have wide equilib-
rium flow widths (about twice the initial jet width), which is correlated with the maximum
jet deceleration observed for these cases. Equilibrium flow width is smaller for stronger back-

ground fields, due to more rapid longitudinal filament alignment by the magnetic tension.
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The stronger fields M4 = 10.3 and M4 = 5.145, on the other hand, each have equilibrium
states with a narrow central channel of relatively high flow speed, and low density (flow
speed of about 0.4 ¢ to 0.5 ¢, and width about 1/5 the initial jet width). The narrow central
flow is correlated with early vortex inhibition due to high magnetic tension. Stronger fields
suppress intermediate turbulence, and viscous dissipation of mechanical energy. The afore-
mentioned narrow central flow channel is where this residual mechanical energy resides. In
each regime of field strength, the vorticity, flow, and field assume equilibrium configurations
which indicate that the system has retained a memory of its initial configuration (also seen in
the MHD analyses of Frank et al. 1996 and Ryu et al. 2000). For the vortex-suppressing field
M4 = 5.145, this central flow is surrounded by a background flow whose width is very nearly
equal to the initial jet width. This indicates that in the vortex-suppressing case, the system

retains not only a qualitative, but also a quantitative, memory of its initial configuration.

These relativistic MHD simulation results are qualitatively similar for moderately rel-
ativistic flow speeds from 0.5¢ to 0.8c. However, when compared with MHD simulations
(non-relativistic flow speeds and sound speeds), there are certain differences, each of which
illustrate how relativistic effects tend to destabilize the system. The growth rates are con-
siderably higher in the RMHD case, due partly to the larger shear in flow speed between
jet and ambient medium, and partly to the larger (more relativistic) sound speed, which
gives the bulk flow less inertial resistance to perturbation. It should be noted, however,
that the system is linearly less KH-unstable in the highly relativistic regime, although other
instabilities emerge. RMHD simulations also produce large-amplitude nonlinear transverse

sound waves propagating between the jet axis and transverse boundaries, and the amplitude
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of these waves increases with increasing flow speed, creating large-amplitude oscillations in
the time-dependence of certain quantities (discussed in chapter 9). These effects are much

less visible in MHD simulations.

Relativistic effects also desynchronize longitudinal and transverse motions, due to prefer-
ential boosting in the longitudinal direction. This destabilizes the system. In simulations for
weak fields, relativistic desynchronization introduces more complexity into vortex disruption
and turbulent breakdown. This is the result of modes with smaller wavelengths (see chapter
6), so that hybrid features with smaller length scales arise from vortex disruption. Due to
the emergence of smaller length scales, a greater amount of diffusion is required to stabilize
relativistic systems than non-relativistic ones. Above a Lorentz factor of about 2, no amount
or combination of diffusion can stabilize the system. Modes with small wavelength can also
give rise to shock-like phenomena, which are more frequently observed in more relativis-
tic simulations. We will show in chapter 11that the RMHD and MHD results exhibit the

expected convergence.

We have observed qualitative agreement with numerous jet observations, including M87,
Centaurus A, 3C 120, 3C 273, HH 30, and HH 49. These jets contain features resembling
vortices and filamentary features, and appear to exhibit turbulent breakdown, jet widening,
and jet deceleration. In particular, some of the knots in the extragalactic radio jet M87 are
believed to contain amplified fields (Stawarz et al. 2005) with transverse components (Hines
et al. 1989). This suggests possible vortex-like behavior in these knots, which would result in
field amplification due to vortex expulsion of the field lines as they are twisted into transverse

configurations. This behavior is probably most consistent with a weakly vortex-disruptive
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field (M4 = 41.4). Furthermore, the field outside these knots is believed to be aligned with
the flow (Hines et al. 1989), which is the equilibrium (and background) field configuration in
our simulations. In addition, Hines et al. (1989) deduced field strengths of less than 100 uG,
which, as shown at the end of chapter 8, are consistent with conductivities corresponding to
the magnetic viscosity used in our simulations. This assumes that the conductivity emerges
from electron and ion gyration. While we may have found possible mechanisms underlying

these jet observations, other mechanisms are undoubtedly present (radiative cooling, etc.).

Finally, in section 10.9, we verified that the vorticity has an alternating symmetry, which
is due to the symmetric background velocity profile and the antisymmetric pressure pertur-
bation profiles. This provides one method of validation of the accuracy of our simulation.
Another was to determine the accuracy with which certain quantities are conserved, which
we did in table 9.1 of chapter 9. In chapter 11, we will use other methods of examining the

accuracy and reliability of our results.

We have studied the basic properties of the simulation results in various regimes of mag-
netic field strength, and seen how our simulations reproduce certain observed features and
behavior in various astrophysical jets. In chapter 11, we examine the parameter-dependence
of these results. This includes spatial and temporal convergence, convergence between the
RMHD regime and the MHD and RHD regimes, and sensitivity to viscosity, flow speed, and

perturbation wavelength.
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Chapter 11

Sensitivity of Results to Input
Parameters

Having examined various plots and displays of our simulation results, we now examine the
sensitivity of these results to various input parameters. We first verify that, to within
reasonable accuracy, the magnetic field remains divergenceless throughout the evolution. We
then examine convergence with respect to time step, with a fixed spatial grid, and find that
the results have indeed converged temporally. We next examine convergence with respect
to refinement of the numerical mesh. We find that the results are not yet converged for a
501x101 mesh, but, upon comparison between this, the 751x151 mesh, and the 1001x201
mesh, we find that the results show good convergence through the early stages of nonlinear
evolution, and in the later stages show good agreement in terms of the nature of the behavior.
They deviate from one another in the latter stages of evolution in terms of the small-scale
structures emerging from turbulent breakdown. However, we observe convergence in the

turbulent evolution on larger scales.

We next consider the dependence of the simulation results on the transverse width of

the system, which, as we have seen, influences the oscillations of transverse acoustic waves.
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We compare results for two different system widths for both magnetized and unmagnetized
cases. In the magnetized case, we find that the results are almost identical through the
vortex-disruptive stage, and then, after about 16 growth times, begin to show differences in
the small-scale features emerging in the turbulent regime. However, the large-scale struc-
ture of the flow, and its interaction with the magnetic field, are not significantly affected by
system width, in either the turbulent regime or the approach to equilibrium. In the unmag-
netized case, the evolution is nearly identical through the early nonlinear stages, through
about 16 growth times. The nonlinear acoustic waves then exert an influence on vortex
shape and rotation rate. However, numerous properties of the flow are unaffected by system
width, including the sizes and transverse locations of primary and secondary vortices, aver-
age pattern speeds, and the ellipsoidal shape to which the primary vortices eventually relax.
There is also close agreement, between the two system widths, in the time-dependence of
various spatially-averaged or maximized quantities, including flow speed and electromagnetic
energy. This collectively demonstrates that, for magnetized and unmagnetized systems, the
evolution of the flow and magnetic field are not significantly influenced by the transverse
boundaries of the system. The nonlinear evolution also is not affected when we change the
number of wavelengths of the perturbation spanned in the longitudinal direction. There-
fore, the evolution is approximately convergent with respect to time step, spatial step, and

transverse and longitudinal system dimensions.

We next consider an RMHD case with a low flow speed and low sound speed, which is
approximately non-relativistic. We compare results generated with the MHD source code

to those generated with the RMHD source code, and find excellent convergence, thereby
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demonstrating convergence between the RMHD and MHD regimes in the non-relativistic
limit. We then demonstrate convergence between the RHD and RMHD regimes by comparing

an unmagnetized and a weakly magnetized case, both having the same relativistic flow speed.

We examine sensitivity to magnetic viscosity (resistivity) and to momentum viscosity
for several different field strengths (M4 = 41,21, and 5). We find general agreement in
the time-dependence of various quantities, and that increasing momentum viscosity tends
to reduce quantities related to flow velocity, while increasing magnetic viscosity tends to
reduce quantities related to the magnetic field. There is good qualitative agreement between
the displays corresponding to different viscosities, with deviations in the turbulent regime,
although the equilibrium jet width seems to be unaffected by viscosity. However, in the
M, = 41 case, the equilibrium central flow width is narrower in the case with higher magnetic
viscosity. For a given value of M4, we compare results for background flow speed amplitudes
of 0.7 c and 0.5 ¢, juxtaposing displays corresponding to a given number of growth times. We
find good agreement, indicating that the relativistic Alfvenic Mach number M, is indeed
closely correlated with the extent to which the magnetic field influences the evolution, and
also that the growth time is a fundamentally important unit for characterizing the temporal

progression of the evolution.

We then examine the sensitivity of the results to the input wavelength of the perturbation.
We find that for a weaker field (M4 = 41), the equilibrium jet width is equal to roughly twice
this wavelength, and the equilibrium flow width is slightly larger than one wavelength (which
is to say that both of these are proportional to the input wavelength). For the stronger field

(M4 =5), the equilibrium jet width is approximately 4 times the initial width, independent
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of the wavelength, while there is an amplified central flow whose width is about 1/10 of
the wavelength. Quantities related to the magnetic field are larger for longer wavelengths,
for both field strengths. However, quantities related to flow velocity are smaller for longer
wavelengths at M, = 41, and larger for longer wavelengths at M, = 5. We will examine

these trends in terms of length scales set by viscous dissipation.

We demonstrate in this chapter that the magnetic field remains divergenceless, and that
our results are convergent with respect to such parameters as time step, spatial step, system

dimensions, viscosity, and between the RHD, MHD, and RMHD regimes.

Throughout this chapter, we make use of the following quantities. The influence of the

magnetic field is characterized by the relativistic Alfvenic Mach number, given by

2 2
V07 V20 1- UAz,o/ c
My = ) = e (11.1)
2,0VA VAz,0 UZU/C

where v, is the amplitude of the background flow speed, v4, is the background relativistic

Alfven speed, and v and 74 are the respective Lorentz factors. The Alfven speed is given by

UAZ:(>B B

VT oy T 2

where I' is the adiabatic index, generally assumed to be 4/3, owing to the sound speed,
in most cases, being approximately at its relativistic maximum value of ¢/ V3. w is the

enthalpy. The aforementioned relativistic adiabatic sound speed is given by

cs = C\/ﬁ = Lp (11.3)
° w p+ (P/AT/(T —1) '

We begin by demonstrating that the magnetic field remains divergenceless throughout

the simulation.

359



11.1 Zero Divergence of Magnetic Field

We verify that as the simulations progress, the magnetic field remains divergenceless, so that
the solenoidal condition is preserved. Because the magnetic field is restricted to the z — z
plane, its divergence is given by

0B, 0B,
-B = . 114
v ox + 0z ( )

A good measure of satisfaction of the solenoidal condition is to compare the divergence of

the field to each of the spatial derivatives on the right side of (11.4). That is, we define the

ratios
__ Iv-B
T |an/8x|7
|V - B
= -~ 11.
“ = 19B./0:] (11.5)

The solenoidal condition is accurately satisfied if €, << 1 and €, << 1. For ¢, = 0.576 ¢ and
v,0 = 0.7 ¢, and for several field strengths (values of M4) used in our simulations, we present
the average and maximum values of €, and ¢, for a series of representative time intervals,
in units of the growth time, which is 10 clock times. The averages are performed over the
entire spatial grid, and over the indicated time interval. The maximization is performed
over regions where |0B, /0| and |0B,/0z| are at least 107° of B,y/ry, as €, and €, can be

deceptively large where these spatial derivatives vanish. The results are shown in table 11.1.

These results show that for the field strengths used in the simulation, the divergence of
the field is many orders of magnitude lower than either of the spatial derivatives from which
it is computed. This accuracy generally improves somewhat as the simulation progresses,
and is somewhat better for weaker fields (larger M,) than stronger fields.
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time interval

< € >

<€, >

Max(e,)

Max(e,)

41.4
41.4
41.4
414
414
20.7
20.7
20.7
20.7
10.3
10.3
10.3
5.1
5.1
5.1

76T <t<9.1T;
1227, <t < 13.7T;
24.3T; <t < 2597T;
36.5T; <t <38.0T;
48.7T; <t < 50.2T;
76T, <t<9.1T7T;
15.17; <t < 16.67;
20671 <t <27.17T;
37.67T; <t<39.1T,
72T, <t < 86T
24.5T; <t < 2597T;
36.07T; <t <3747,
5.7T; <t < 6.87T;
13.67T; <t < 14.7T;
23.8T; <t <2497,

1.34 x 1077
2.54 x 108
458 x 1079
2.69 x 1079
1.91 x 1079
2.41 x 1077
2.03 x 1078
6.13 x 1072
6.43 x 1079
251 x 1077
3.30 x 107*
6.01 x 107?
1.92 x 106
2.06 x 108
2.65 x 1078

1.34 x 1077
2.54 x 1078
458 x 107*
2.69 x 1079
1.91 x 107
2.46 x 1077
2.03 x 1078
6.13 x 1079
6.43 x 1079
2.51 x 1077
3.30 x 107?
6.00 x 107°
1.88 x 1076
2.06 x 1078
2.66 x 108

2.59 x 107°
6.41 x 1076
6.54 x 1076
3.17 x 1076
1.10 x 107
1.75 x 107°
8.61 x 1076
1.13 x 107°
2.37 x 107°
9.77 x 107°
5.84 x 107°
4.53 x 107>
8.60 x 1074
2.90 x 10~*
1.60 x 1074

2.59 x 107°
6.41 x 1076
6.54 x 1076
3.17 x 1076
1.10 x 107°
1.75 x 10~°
8.61 x 1076
1.13 x 107
2.37 x 107°
9.77 x 107°
5.84 x 107°
4.53 x 107
8.60 x 1074
2.90 x 10~*
1.60 x 1074

Table 11.1: Divergence of magnetic field

Having verified that the magnetic field satisfies the solenoidal condition, we now assess
the convergence of the simulation results with respect to such parameters as time step, spatial

step, and system dimensions.

11.2 Spatio-temporal Convergence of Simulation Re-
sults

In this section, we demonstrate convergence of the simulation results first with respect to
time step, then with respect to refinement of the numerical grid (along with the time step). In
the next sections, we will then demonstrate convergence with respect to system dimensions,
between the RHD, MHD, and RMHD regimes, and with respect to viscosity. This provides
not only further validation of the numerical algorithm, but also greater physical significance

of the results.

We begin by demonstrating convergence with respect to time step. We compare two
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magnetized cases (M4 = 41.41) which differ only in the time step used in the simulation.

Case 1 uses At = 0.0327(/c, while case 2 uses At

both cases are as follows:

phase period : T
growth time : T;

—15.75 To

N,
Az

Np =

"Bz

= O.1€, PO = 56,
= 0.576c, v.o(z) = 0.7csech?(x/r),
= 0.875",
— 0.0237c, 5 — 8883,
= 00: wio = 0.0994 ¢/ry,
= 41.41: w; = 0.0990¢/rg = 0.9965 wjo,
2
= T = 22631/,
wy
1
= — = 10.107¢/c,
Wi
2
<z<1575r, 0<z<%
= 1001, N, = 201, one wavelength,
= 0.03157y, Az = 0.0393rg,
N, = 1, = 0.00027ryc,

N = 0.0012rqc.

= 0.01679/c. The parameters common to

(11.6)

In figures 11.1, we compare graphs showing the time-dependence of certain quantities,

where at each time step, we compute either the spatially averaged value or the maximum

value over the grid. The black curve corresponds to the larger time step, and the red curve

to the smaller time step. In each case, the two curves almost exactly overlay one another,

thereby showing excellent convergence with respect to time step.

In figures 11.2, the display on the left is case 1, at At = 0.0327/c, while the display on

the right is case 2, at At = 0.016r,/c. The displays show close agreement, even well into the

nonlinear evolution. This shows temporal convergence of the simulation for time steps less

than 0.03279/c. Each vorticity display is overlaid with the contours of the magnetic field
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Figure 11.2: Vorticity displays for two time increments: ¢ = 17.07;
t=172.0r¢/c = 7.603T = 17.04T;
vo(z) = 0.7¢ My = 41.41, va, = 0.0237 ¢

We next examine the spatio-temporal convergence of the simulations, as we refine both
the mesh and time step. We use the same case as above, and compare simulation results
for meshes of 501 x 201, 751 x 151, and 1001 x 501. For the 501 x 201 mesh, we consider
two different values of the viscosity coefficients, in order to assess the influence of artificial
diffusion. The ratio of spatial increment to time step is the same in all cases. The parameters

for the three mesh sizes are as follows:

501 x 101: At = 0.064r0/c,
751 x 151: At = 0.04267r/c,
1001 x 201: At = 0.032r/c,

0.0001
0.0001
0.0001
0.0001

2.8,2.8,2.8,24, 24) roc,
4,4,4,24,24) rqc,
2.4,2.4,2.4,18, 18) roc,
2,2,2,12,12) roc.  (11.7)

501 x 101, less diffusion : (> N> Mz Bz, NB=)
501 x 101, more diffusion : (77p,77x,77z7773x7778z) =
751 X 151 :  (Mpy My Ny MB2, MB2)
1001 x 201 : (1, Ms Mz MBa» B2

o~ o~~~

)
)
)
)

A~~~ I/~ —~

For each grid resolution, the initial eigenmode is approximately the same, with the com-
plex eigenfrequencies agreeing to within a fractional difference of about 107, which demon-
strates convergence of the numerical eigenmodes. The relevant displays are shown in figures
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11.3 through 11.5. At a given time, there are four displays, each corresponding to a certain
grid resolution used in the numerical simulations. Displays (a) and (b) both correspond to a
501 by 101 spatial grid, but display (a) uses less momentum and density diffusion than dis-
play (b). Display (c) corresponds to a 751 by 151 grid. Display (d) corresponds to a 1001 by
201 grid. Each vorticity display is overlaid with the contours of the magnetic field lines. The
numerical simulations show good agreement that persists through the early stages of vortex
formation and evolution. However, once the vortices are disrupted by the magnetic field,
the three grids show divergent behavior, seen in the displays at the latest time (156.779/c).
This may be partly due to the larger amounts of artificial viscosity necessary to sustain the

simulations using the coarser meshes.

6 ] 6

z, ] z,

2 ( ] 2

O 0 5o s ‘ o
X

10 15 -15 -10 10 15

=15 -10
(a) 501 x 101 grid, less diffusion (b) 501 x 101 grid, more diffusion

o | 6F 0:4
Z Al | :o A sz
N -0.2
2k 4 2F -0.4
ol A ! , . (01 : -0.8

-5 -10 -5 0 5 10 15 -5 7100 5 0 S

X x/r0
(c) 751 x 151 grid points (d) 1001 x 201 grid points

Figure 11.3: Vorticity displays at different grid resolutions: ¢ = 9.437T;
t=952rg/c=4.209T =9.432T;, V0 =0.7c, My=41.41, w4, =0.0237¢

Having examined the spatial and temporal convergence of the simulations, we now wish
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Figure 11.4: Vorticity displays at different grid resolutions: t = 13.77;
t=13827¢/c=6.110T = 13.697T;, v, = 0.7¢, My =4141, wva, =0.0237¢
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Figure 11.5: Vorticity displays at different grid resolutions: ¢ = 15.57;
t=156.Tr¢/c =6.924T = 15.52T;, v = 0.7c, My =4141, vy, =0.0237c

366



to examine the dependence of the simulation results on the system dimensions. In particular,
we wish to assess the influence of transverse boundary reflections on the development of the

flow.
11.3 Dependence on System Dimensions

We now consider the dependence of our simulation results on the transverse and longitudi-
nal dimensions of the system. Periodic boundary conditions are used in both directions. To
examine the longitudinal dimension, we have compared results obtained for numerical grids
spanning one wavelength, three wavelengths, and five wavelengths of the input perturbation,
where all other input parameters are the same. The results are indistinguishable between
the three cases, and moreover, the system retains a longitudinal spatial period of one per-
turbation wavelength. The results are therefore unaffected by the number of perturbation
wavelengths spanned longitudinally. We now consider the influence of the transverse width
of the system.

We have observed nonlinear oscillatory behavior in our simulation results, and noted that
these oscillations correspond to nonlinear transverse acoustic waves propagating between the
central axis and transverse boundaries. The period of the pressure waves is equal to the
sound transit time across the width of the system, indicating that these waves are influenced
by reverberations from the transverse boundaries (where periodic boundary conditions are
used). We wish to assess the influence of these boundary reflections on the development
of the flow, in order to verify that the nonlinear flow evolution is governed by physical
processes rather than numerical constraints. To make this assessment, we compare results

for numerical simulations using two different transverse system widths, namely L, = 31.57¢
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and L, = 47.25rq, with all other parameters kept the same.

We begin with the case corresponding to the intermediate field M, = 20.7. Figures
11.6 through 11.11 show the time-dependence of various spatially averaged and maximized
quantities. In each plot, there are two curves simultaneously displayed. The blue curve cor-
responds to a transverse width L, = 31.5 7y, while the red curve corresponds to a transverse
width L, = 47.25ry. These curves show very close agreement well into the nonlinear regime,
with fractional deviations not exceeding about 5%. In figures 11.10 and 11.11, the magnetic
field remains slightly stronger for the larger system width, indicating that more frequent
boundary reverberations tend to dissipate slightly more electromagnetic energy from the

system.

We then display the vorticity, overlaid with contours of the magnetic field lines, for each
system width. In each row, the display on the left corresponds to a width of 31.5rg, while the
display on the right corresponds to 47.257y. The displays show almost exact agreement well
into the vortex-disruptive phases of nonlinear evolution (figures 11.12 and 11.13), and we only
begin to notice differences after about 17 growth times, during the turbulent breakdown. The
differences occur with the smaller-scale structures in the interior of the jet, while the larger-
scale structure, including the enhanced filaments, remains fairly unchanged. Consequently,
the equilibrium of the system, shown in figures 11.16, has the same basic properties in terms
of equilibrium jet width, approximate filament width, exterior filaments, and jet alignment.

For M, = 20.7, boundary reflections do not significantly influence the evolution of the flow.

In the next section, we consider the influence of boundary reflections on a more weakly

magnetized flow in which there is more extensive vortex development.
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Figure 11.7: Avg. and max. v, for M4 = 20.7 for L, = 31.5 (blue) and 47.25 (red)
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11.4 Dependence on System Width: Weaker field

We now consider the influence of boundary reverberations for a weaker field corresponding
to M4 = 41.4. As before, in each of the plots of time-dependence, the blue curve corresponds

to a transverse system width of 31.57y and the red curve to a system width of 47.25 r.

In figures 11.17 to 11.22, we display the vorticity for each system width. In each row, the
display on the left corresponds to a width of 31.5 r, while the display on the right corresponds
t047.25ry. Again, the two simulations remain almost identical well into the vortex-disruptive
stage, and only begin to deviate after about 16 growth times, during the transition to the
turbulent regime. However, figure 11.21 shows that the large-scale filamentary structure
remains unaffected, as is the overall jet width at any given time, and that the differences are
in the small-scale turbulent features in the interior of the flow. From figures 11.22, we see
that the system width does not affect the equilibrium jet width and equilibrium filamentary
structure, and also does not influence the nature of the persistent vortical behavior (including

the width of this central region, which corresponds to the equilibrium width of the flow).

We have determined that boundary reverberations do not significantly alter the behavior
of the flow in magnetized cases. We now seek to show that the same holds in the absence of

a magnetic field.
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Figure 11.17: M4 = 41.41, t=12.78T, =5.70T = 129.0ry/c
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11.5 Dependence on System Width: RHD Case

We now consider the influence of boundary reverberations for the unmagnetized case, i.e., the
simulation for which B = 0. As before, in each of the plots of time-dependence, the blue curve
corresponds to a transverse system width of 31.57y and the red curve to a system width of
47.25ry. Because the system is unmagnetized, the acoustic oscillations are more pronounced,
and the curves oscillate with different frequencies which are determined by the system widths.
However, the time-averaged behavior of each of the quantities is approximately the same.
Recall that in chapter 9 we compared the unmagnetized case to the different magnetized
cases, and the relevant parameters to compare were the average values of such quantities
as velocity, Lorentz factor, etc. Our conclusions regarding the influence of a magnetic field

were not based on amplitudes or frequencies of oscillations in these values.

In figures 11.27 to 11.31, we display the vorticity for each system width. In each row, the
display on the left corresponds to a width of 31.5 g, while the display on the right corresponds
to 47.25r9. The displays show almost exact agreement through about 15 growth times, at
which time the vortices begin to rotate at different rates, and assume different shapes, for
the two system widths. In both cases, the vortices eventually relax to a more circular shape
dominated by thermal stresses, though this occurs more quickly for the larger system width.
Also, both cases exhibit agreement in the (i) transverse locations and (ii) average sizes of
the larger primary vortices and of the smaller secondary vortices. Moreover, even as the
secondary vortices move farther from the central axis, each row of figures shows agreement
in their translational positions at a given instant in time. The average pattern speeds of the

large primary vortices are approximately the same in both cases, while in both cases the
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secondary vortices exhibit almost no longitudinal movement. Figure 11.31 shows that for
both system widths, the vortices relax to a smooth ellipsoidal shape of roughly the same size

and aspect ratio.

We have shown that, as long as the transverse system width is sufficient to allow asymp-
totic vanishing of the flow speed, the nonlinear evolution of the flow is not significantly
altered by the system width, i.e., by the presence of boundary reverberations which take
the form of nonlinear acoustic waves. In the presence of a magnetic field, we observe closer
quantitative agreement between results for the two system widths examined. A magnetic
field therefore has the effect of further suppressing the influence of reflected acoustic waves
on the flow. We therefore have approximate convergence of the nonlinear evolution of the
flow with respect to the transverse system width. This demonstrates that our conclusions
from chapters 9 and 10 have physical significance, and are not simply artifacts of numerical

constraints.

We have demonstrated convergence with respect to time step, spatial step, and system
dimensions. In the next section, we proceed to examine convergence between the RMHD,

MHD, and RHD regimes.
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11.6 Convergence Between RMHD, MHD, and RHD
Regimes

We now wish to demonstrate convergence between the RMHD and MHD regimes. For a
non-relativistic flow speed and sound speed, we compare results obtained from an RMHD
simulation and an MHD simulation. We use a non-relativistic adiabatic constant of I' = 5/3.
The parameters for both cases are as follows, where € has units of energy density, 7y has
units of length, and the scale velocity ¢y = ¢ in the RMHD case, but is much less than ¢ in
the MHD case:

pocg = 200¢, Py = be,

vy0(x) = 0.16 ¢y sech?(z/rg),
k., = 08717,

[\)

15757 < < 15757, 0<z< X
N, = 1001, N, = 201,

At = 0.0321¢/cy, Ax = 0.03157, Az = 0.0393 1,
np =M = Ny = Ne = 0.000187“060,

NBz = 1. = 0.000670c0. (11.8)

The parameters specific to the RMHD simulation are as follows:
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= = = 969
/B BEO 9
wy = poc® + Bl/(T —1) = 200+ (5)(2.5) = 2125¢,

B, _ 0.1016¢

vae = 0 = s

z z 1_ 2 2
My = 200 0 ”—32/02:23.3,
VA2 YA va \| 1 —vi/c

= 0.007c,

e = a2 010se,
Wo
w = (0.0553 +40.0235) =,
To
1
T, = — = 42570, (119)
w; c

=23 |
B.o 0.0985
Vi = — = 0.007 ¢,
A VP /200 i
My, = 20— 230,
VA
I'F
Cs = —O = 0-204007
Po
w = (0.05504—2'0.0235)@:
To
1
T, = — = 42.57°, (11.10)
wj Co

Note that the eigenfrequencies agree very closely between the two cases, indicating conver-
gence between the RMHD and MHD algorithms for computing numerical linear eigenmodes
in which to launch the simulations. Figures 11.32 display the growth curves of the primitive
variables for the RMHD case (left figure) and the MHD case (right figure). These show close

agreement. Figures 11.33 through 11.36 each simultaneously display the time-dependence of
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a certain spatially-averaged or maximum quantity for the RMHD case (blue curve) and the

MHD case (red curve).
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Figure 11.32: Growth curves for RMHD and MHD cases
p (black), v, (blue), v, (red), P (green), B, (magenta), B, (cyan)
My = 23, v4, = 0.007 ¢, V,0 = 0.16 ¢g
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Figure 11.33: Vorticity and current density for RMHD (blue) and MHD (red) cases
My = 23, va, = 0.007 ¢, v, = 0.16 ¢g
Displays of the simulation results are shown in figures 11.37 through 11.39. These are
displays of the vorticity, i.e., the curl of the velocity field, superimposed with contours
of the magnetic field. Although the grid used in the simulations spans two wavelengths
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Figure 11.34: Average and max. longit. veloc. for RMHD (blue) and MHD (red) cases
M,y = 23, v4, = 0.007 ¢, vy = 0.16 ¢g
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Figure 11.35: RMS and max. transverse velocity for RMHD (blue) and MHD (red) cases
My = 23, va, = 0.007 ¢, V0 = 0.16 ¢g
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Figure 11.36: Max. v and min. plasma  for RMHD (blue) and MHD (red) cases
My = 23, va, = 0.007 ¢, V0 = 0.16 g

of the perturbation in the flow direction, the displays span only one wavelength, as the
system remains spatially periodic. Each row of displays corresponds to a specific time in
the evolution (the growth time is approximately the same for both cases), where the display
on the left corresponds to the RMHD simulation and the display on the right corresponds
to the MHD simulation. The displays agree very closely, indicating that the RMHD regime

converges to the MHD regime in the limit of non-relativistic flow speed and sound speed.
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Figure 11.37: Vorticity displays for RMHD and MHD cases: t = 9.38T;
My = 23, va, = 0.007 ¢, V.0 = 0.16 ¢y, t =9.3827T; = 399.47¢/co

We now wish to demonstrate convergence between the RMHD and RHD regimes. We
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Figure 11.39: Vorticity displays for RMHD and MHD cases: ¢t = 14.07;
My = 23, v4, = 0.007 ¢, V.0 = 0.16 ¢y, t =14.00T; = 596.0 79 /co
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compare an unmagnetized RHD case with a weakly magnetized RMHD case for which the

Alfvenic Mach number M4 = 82.83. The parameters common to both cases are as follows:

v.0(x) = 0.5csech®(z/rg),
poc2 = 0.1e, Py = 5e,

cs = 0.576¢,
k., = 0.87;",
L./cs = 31.57y/(0.576¢) = 54.70ry/c, (sound transit time),
2
15757 < < 15757, 0<z< k—”
N, = 1001, N, = 201,
At = 0.03271¢/c, Az = 0.03157, Az = 0.0393 r. (11.11)

The parameters specific to the unmagnetized case are as follows:

wro = 0.2779¢/ry,
Wio — 0.09940/7"0,
2

Ty = = 22.617“0/6,
Wro
1
Ty = — = 10.067¢/c,
Wio
Np = N = 1, = 0.00025 rgc. (11.12)

The parameters specific to the magnetized case are as follows:

(M, B,vafc) = (82.83, 3553, 0.0118),
wr = 0.2779¢/ry,
Ww; = 009930/7'0 = O.9991wi0,

2
T = % = 2261r/c,
Wy
1
T, = — = 10.077¢/c,
Wi
N, = Nz = 1, = 0.00027c,
Nz = M. = 0.00127ryc. (11.13)

We see that the complex eigenfrequencies are approximately the same, thereby demon-
strating convergence between the RMHD and RHD regimes in the computation of numerical
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linear eigenmodes. Consequently, the real and growth periods are also very nearly the same.
Displays of the simulation results are shown in figures 11.40 through 11.41. These are displays
of the vorticity, which in the magnetized case are superimposed with contours of the mag-
netic field lines. Each row corresponds to a given time in the simulations, with the displays
on the left and right representing the unmagnetized and magnetized cases, respectively. The
displays show close agreement in the early stages of vortex formation and evolution, and
begin to diverge only when the magnetic field begins to disrupt and strain the vortices,

accompanied by enhanced filamentation, which is not seen in the RHD case.
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Figure 11.40: Vorticity displays for RHD and RMHD cases: t = 11.3T;
t=11.3T; = 113.7ry/c = 2.08 L, /cs,  v.0(x) = 0.7csech?(x/ry)
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Figure 11.41: Vorticity displays for RHD and RMHD cases: ¢t = 13.7T;
t=13.7T; = 13821/c = 2.53 L, /cs,  vy(x) = 0.7csech?(z/ro)
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Having established convergence of our results between the RHD, MHD, and RMHD
regimes. In the next section, we examine the sensitivity of our results to the artificial
viscosity used in the simulations. Throughout the remainder of this chapter, we assume the

following parameters for all cases:

poc® = 0.1¢, Py = 5e,

cs = 0.576¢,
L./cs = 31.5ry/(0.576¢) = 54.7071¢/c, (sound transit time),
2
15757 < < 15757, 0<z< k—”
N, = 1001, N, = 201,
At = 0.0327¢/c, Az = 0.03157, Az = 0.0393 r. (11.14)

11.7 Influence of Viscosity on Nonlinear Evolution

We now wish to assess the influence of viscosity on the simulation results. Viscosity is
included in our simulation for purposes of numerical stability, but also has physical signifi-
cance. Momentum viscosity models viscous momentum transfer between microscopic eddies.
As discussed in section 8.2 of chapter 8, magnetic viscosity models a conductivity which
is consistent with electron and ion gyrations in relevant astrophysical environments. We
begin with two cases for which M, = 41.41, and compare results for magnetic viscosities of
1N = 0.0012r¢c and ng = 0.0006 roc. We use the following parameters for both cases:
cs = 0.576¢, v0(x) = 0.7csech?(z/rg),
My 00, 8 = oo: wio = 0.0994 ¢/,
(My, B,v4/c) (41.41, 888.3, 0.0237) :  w; = 0.0990¢/rg = 0.9965 w;o,

T, = 1/w; = 10.107/c, k. = 08r5",
N, = Nz = 1, = 0.00027rqc. (11.15)

We first examine the time-dependent behavior of certain quantities which at each time
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step are spatially averaged or maximized over the numerical grid. The blue curve corresponds
tonp = 0.0012 roc and the red curve to ng = 0.0006 roc. Figures 11.42 through 11.43 compare
the time-dependence of the growth in fluctuations of the primitive variables. We see very
close agreement in each of these graphs, indicating that magnetic viscosity has little influence
on the behavior of the fluctuations. Figures 11.44 through 11.45 show the time-dependence
of average (or RMS) vorticity, current density, Lorentz factor, and velocity components,
along with the maximum Lorentz factor and velocity components, and minimum plasma (.
The RMS vorticity and current density are consistently higher, and the minimum plasma
[ consistently lower, for the lower magnetic viscosity, indicating that the effective magnetic
field is generally stronger for lower magnetic viscosities. The quantities related to velocity
agree very closely, indicating that these are not significantly influenced by the magnetic

viscosity.

0 10 20 30 40 50 0 10 20 30 40 50
YT, T,

(a) longitudinal velocity fluctuations (b) transverse velocity fluctuations

Figure 11.42: Viscosity-dependence of growth in velocity components: M, = 41
ng/(roc) = 0.0012 (blue), 0.0006 (red)
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(a) pressure fluctuations (b) longitudinal field fluctuations

Figure 11.43: Viscosity-dependence of growth in P and B,: M4 = 41
My = 41, ng/(roc) = 0.0012 (blue), 0.0006 (red)

0.4 T T T T 25

(a) RMS vorticity (b) RMS current density

Figure 11.44: Viscosity-dependence of RMS vorticity and current density: My = 41
My = 41, ng/(roc) = 0.0012 (blue), 0.0006 (red)
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Figure 11.45: Viscosity-dependence of Max. v,, min. plasma §: M, = 41
My = 41, ng/(roc) = 0.0012 (blue), 0.0006 (red)

We now compare displays of the vorticity, in figures 11.46 through 11.49, where each
display is overlaid with contours of the magnetic field lines. Each row corresponds to a given
time step in the simulation, where the display on the left corresponds to ng = 0.0012ryc
and the display on the right to ng = 0.0006 roc. We observe close agreement that persists
through the linear regime and through the early stages of vortex formation and development.
However, the results begin to diverge in the latter stages of vortex disruption by the field,
indicating that this disruption is sensitive to the magnetic viscosity. This seems to emerge
from the complexity of the processes leading to the transition to a turbulent regime, namely,
vortex deformation, filamentation, magnetic reconnection, and reorganization of smaller eddy
structures. For both viscosities, however, the jet widens to an equilibrium width of about

16?"0.

Figures 11.50 and 11.51 show comparisons of displays of the longitudinal velocity, again
superimposed with contours of the magnetic field lines. We see that the flow widens in both

cases, but that in the latter stages of evolution, the equilibrium width of the central flow
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Figure 11.47: Viscosity-dependence of vorticity for My = 41: t = 15.27T;
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Figure 11.48: Viscosity-dependence of vorticity for M4 = 41: t = 32.97;
t=1332r9/c=14.TT =3297T, = 6.07L,/cs, (Ma,va./c,v.0/c) = (41.4,0.0237,0.7)
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Figure 11.49: Viscosity-dependence of vorticity for M4 = 41: t = 52.97T;
t =5351r0/c=23.6T =529T, = 9.77L,/cs, (Ma,va./c,v,0/c) = (41.4,0.0237,0.7)

is about 10% wider in the case with lower magnetic viscosity than in the case with higher
viscosity. However, the equilibrium width of the jet (about 16 ) is approximately the same

for both viscosities, as is the overall structure of the flow.

(a) np = 0.00127rpc, Bmin = 3.38 (b) ng = 0.0006r9c, Bmin = 2.20

Figure 11.50: Viscosity-dependence of longitudinal velocity for M4 = 41: t = 13.47T;
t=135719/c=5.97T =134T, = 247 L,/cs, (Ma,va,/c,v.0/c)=(41.4,0.0237,0.7)

(a) n = 0.00127p¢c, Bmin = 173.8 (b) ng = 0.0006 rgc, Bmin = 70.23

Figure 11.51: Viscosity-dependence of longitudinal velocity for M4 = 41: ¢ = 52.9T;
t =53510/c=23.6T =529T, = 9.77L,/cs, (Ma,va./c,v.0/c)=(41.4,0.0237,0.7)
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We now consider a stronger magnetic field corresponding to M, = 21, and compare two
cases with respective magnetic viscosities of 0.0012ryc and 0.0008 roc. The parameters for

both cases are as follows:

cs = 0.576¢, v0(x) = 0.7csech?(z/rg),

k., = 0.87;",
My = oo: wio = 0.0994 ¢/ry,
My = 20.70: w; = 0.0980c¢/ry = 0.986 w;o,
1
growth time : T, = — = 10.207/c,
Wi
2
period : T = = 22.681¢/c,
wy

vqa = 0.0473¢c, g = 222.1,
L,/va = 31.519/(0.0473¢) = 666.071¢/c, (Alfven transit time),
N, = Ny = 0, = 0.0002rc. (11.16)

As before, we compare the time-dependence of certain quantities which, at each time step,
are either spatially averaged or maximized over the numerical grid. In each of figures 11.52
through 11.56, the black curve corresponds to momentum and field viscosities of 0.0002 ryc
and 0.0012 rgc, respectively. The blue curve corresponds to momentum and field viscosities
of 0.00027yc and 0.0008 roc, respectively. The red curve corresponds to momentum and
field viscosities of 0.00013roc and 0.0012 rgc, respectively. As with the previous cases for
M4 = 41, figures 11.52 through 11.53 show that there is excellent agreement in the growth in
fluctuations of primitive variables (density, velocity, pressure, magnetic field), indicating that,
once again, the growth in fluctuations is not sensitive to field or momentum viscosity. Figures
11.54 through 11.56 show the time-dependence of the RMS vorticity, RMS current density,
maximum longitudinal velocity and Lorentz factor, minimum plasma [, and average pressure.

There is close agreement between quantities related to velocity, indicating that these, again,
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are not heavily affected by momentum and field viscosity. The RMS vorticity and current
density are consistently higher in the cases with more viscosity, while the minimum plasma
[ values are about the same. It appears that in the regime of strongly vortex-disruptive
fields (M4 = 21), these viscosities suppress enhancement of vortices and current sheets, but

have little effect on the magnetic pressure itself.

0 10 20 30 40 50 0 10 20 30 40 50
T, uT

(a) longitudinal velocity fluctuations (b) transverse velocity fluctuations

Figure 11.52: Viscosity-dependence of growth in velocity components: M4 = 21
10000 (ny,nB)/(roc) = (2,12) (black), (2,8) (blue), (1.3,12) (red)

0 10 20 30 40 50 0 10 20 30 40 50
T, uT

(a) pressure fluctuations (b) longitudinal field fluctuations

Figure 11.53: Viscosity-dependence of growth in P and B,: M4 = 21
10000 (n,,mB)/(roc) = (2,12) (black), (2,8) (blue), (1.3,12) (red)
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Figure 11.54: Viscosity-dependence of RMS vorticity and current density: My = 21
10000 (ny,nB)/(roc) = (2,12) (black), (2,8) (blue), (1.3,12) (red)
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Figure 11.55: Viscosity-dependence of max. longit. veloc. and Lorentz factor: M, = 21
10000 (n,,nB)/(roc) = (2,12) (black), (2,8) (blue), (1.3,12) (red)
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Figure 11.56: Viscosity-dependence of min. plasma f and avg. pressure: My = 21
10000 (n,,nB)/(roc) = (2,12) (black), (2,8) (blue), (1.3,12) (red)

Figures 11.57 through 11.59 present displays of the vorticity, overlaid with contours of
the magnetic field lines. Each row corresponds to a given time step, and the displays on
left and right correspond to respective magnetic viscosities of 0.0012 roc and 0.0008 rgc. As
with M, = 41, there is good agreement through the linear regime and early stages of vortex
evolution. However, as before, the two cases diverge in the later stages of vortex disruption
and the transition to a filamented state. Nevertheless, the equilibrium jet width is about
157 in both cases, and the flow-aligned vortex filaments have the same qualitative features,
particularly in the exterior regions (1 7y in width, positive vorticity for = > 0, negative
for # < 0). Close to the axis, the filamentary behavior differs somewhat between the two
viscosities, though the difference is not as great as was the case for the weaker field M4 = 41.
This leads to several conclusions. As we move further from the jet axis, there is a decrease
in sensitivity, to magnetic viscosity, of the equilibrium configuration. Also, weaker fields
correspond to a more complex and turbulent reorganization, and therefore have greater

sensitivity to such input parameters as magnetic viscosity.
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Figure 11.58: Viscosity-dependence of vorticity for M4 = 21: ¢t = 15.17T;
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Figure 11.59: Viscosity-dependence of vorticity for M4 = 21: ¢t = 43.4T;

t=442r¢y/c =19.5T =4347T, =8.09 L, /cs,
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In figure 11.60, we display the longitudinal velocity for the two viscosities, again overlaid
with contours of the magnetic field lines, in a near-equilibrium configuration. The flow width
is about 157 in both cases. In each case, there is also a filamentary region of higher flow
speed, about 1 ry in width, localized around the jet axis. In the less viscous case, 0.0008 ryc,
the flow speed in this region oscillates along the axis between 0.2 ¢ and 0.25¢. In the more
viscous case, 0.0012 roc, the flow speed is only about 0.17 ¢, and remains uniform along the

filament, though this filament is less aligned with the central axis than in the 0.0008 rgc case.
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Figure 11.60: Viscosity-dependence of longitudinal velocity for M4 = 21: t = 43.47T;
t=442r¢g/c =19.5T =434T, =8.09 L, /cs, (Ma,va./c,v,0/c) = (20.7,0.0473,0.7)

We finally consider a strong vortex-suppressing magnetic field corresponding to My =
5.145, with a smaller background flow speed amplitude of 0.5 ¢, and compare two cases with
respective momentum viscosities of 0.0002ryc, 0.00027¢, and 0.00015rgc, and respective
magnetic field viscosities of 0.00127y¢, 0.0008 roc, and 0.0008 roc. Unlike the previous two
fields, this field suppresses vortex formation, resulting in a more rapid transition to a fila-
mented state. Because this transition is less complex, we will see, from the vorticity displays,
that the three cases give results which are qualitatively much more similar than was observed

in the weaker-field cases. The parameters for this magnetic field are as follows:
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cs = 0.576¢, v0(x) = 0.5csech?(z/rg),

k., = 0.8r;",
My = oo: wio = 0.0760 ¢/ro,
MA = 5.145: wW; = 005650/7”0 = 0.744(,%‘0,
1
growth time : T, = — = 17.69r¢/c,
Wi
2
period : T =" = 35.341r0/c,
w,

vy = 0.1115¢, B = 40,
L,/va = 31.519/(0.1115¢) = 282.5rq/c, (Alfven transit time).
(11.17)

As before, we compare the time-dependence of certain quantities which, at each time step,
are either spatially averaged or maximized over the numerical grid. Figures 11.61 through
11.62 show the time-dependence of the growth in fluctuations of the primitive variables (den-
sity, velocity, pressure, magnetic field). The largest discrepancies occur with the growth of the
magnetic field components in the nonlinear regime, which is consistent with the fact that only
the magnetic viscosities are different. Figures 11.63 through 11.65 show the time-dependence
of the RMS vorticity, RMS current density, velocity components, minimum plasma 3, and
pressure. As with the weaker-field cases, quantities related to velocity are in close agreement.
The vorticity and current density are higher, and the minimum plasma [ is lower, for the
lower viscosity case, indicating that, as in the weaker-field M, = 41 case, a lower viscosity
generally corresponds to a stronger magnetic field. The black, blue, and red curves corre-
spond to respective momentum viscosities of 0.0002 roc, 0.0002 roc, and 0.00015 r¢c, and to

respective magnetic field viscosities of 0.0012 roc, 0.0008 roc, and 0.0008 rgc.

Figures 11.66 through 11.68 present displays of the vorticity, overlaid with contours of

the magnetic field lines. Each row corresponds to a given time step, and the displays on
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Figure 11.61: Viscosity-dependence of growth in velocity components: My = 5.1
10000 (1., nB)/(roc) = (2,12) (black), (2,8) (blue), (1.5,8) (red)
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Figure 11.62: Viscosity-dependence of growth in P and B,: M4 = 5.1
10000 (n,,mB)/(roc) = (2,12) (black), (2,8) (blue), (1.5,8) (red)
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Figure 11.63: Viscosity-dependence of vorticity and current density: My, = 5.1
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Figure 11.64: Viscosity-dependence of maximum velocity components: M4 = 5.1

10000 (ny,nB)/(roc) = (2,12) (black), (2,8) (blue), (1.5,8) (red)
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Figure 11.65: Viscosity-dependence of minimum plasma [ and avg. pressure: My = 5.1

10000 (ny,nB)/(roc) = (2,12) (black), (2,8) (blue), (1.5,8) (red)

left and right correspond to respective magnetic viscosities of 0.0006 roc and 0.0004 rgc. As
with M4 = 41 and M, = 21, there is good agreement through the linear regime. The
displays are generally in close qualitative agreement, indicating that the vorticity behavior
has little qualitative dependence on the magnetic viscosity, unlike the weaker-field cases.
The stronger field, corresponding to M, = 5.145, suppresses vortex formation, resulting in
a rapid transition to a filamented state, a transition process which is much less turbulent,
and less complex than in the weaker-field cases that allow vortex formation. With a less
complex evolution, the system can be expected to have less qualitative sensitivity to magnetic
viscosity. However, as the time-dependent curves show, the quantitative sensitivity is about

the same as for the weaker-field cases.

Having examined the sensitivity of our results to viscosity, in the next section we examine

their sensitivity to the background flow speed.
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11.8 Dependence on Flow Speed

In chapter 9, we plotted the time-dependence of certain spatially-averaged quantities, for
background flow speed amplitudes of both 0.7 ¢ and 0.5 ¢, specifically as a function of the
number of growth times. We observed that, at each Alfvenic Mach number M4, correspond-
ing curves were very similar for both flow speeds when plotted as a function of growth time,
and that this agreement persisted well into the nonlinear regime. In figures 11.69 through
11.71, we compare vorticity displays, again overlaid with contours of the magnetic field lines,
for the two flow speeds, at M4 = 10.34. Each row corresponds to a given number of growth
times, where the display on the left corresponds to a flow speed amplitude of 0.7 ¢ and the
display on the right to a flow speed amplitude of 0.5 c. We observe close agreement between
corresponding displays, i.e., after a given number of growth times. The main discrepancy be-
tween these figures is a longitudinal phase shift arising from differences in the pattern speeds,
which would be expected for different background flow speeds. Linear phase velocity, and
hence nonlinear pattern speed, are both dependent on the background flow speed. However,
the influence of the magnetic field on the flow remains roughly the same at both flow speeds.
This supports two important conclusions. First, the relativistic Alfvenic Mach number M4 is
indeed the governing parameter that, within a regime of moderately relativistic flow speeds,
characterizes the influence of the magnetic field on the evolution of the system. Second, it
is the growth time (not acoustic transit time, Alfven transit time, or period) that serves as
the fundamental time unit for characterizing the development of the instability. Notice, in
the parameters below, that for both flow speeds, the fractional reduction in growth rate is

about 94 %, relative to the unmagnetized case. Recall the observation made in an earlier
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chapter, in which we plotted linear growth rate as a function of magnetic field strength. We

concluded that for moderately relativistic flow speeds, the fractional reduction in growth

rate, by the field, is a function of Alfvenic Mach number, not flow speed.

The parameters specific to v.o(z) = 0.7 csech®(z/ry) are as follows:
My = o wio = 0.0994 ¢/ry,
MA = 10.34: W; = 009370/7’0 = 0.943&%0,

growth time : T;
period :
VA

1
— = 10.67ro/c,
w

2
T 22897/,

r

= 0.0947¢, B = 55.52,

L./va 31.570/(0.0947¢) = 332.61¢/c, (Alfven transit time),
Mp M. = 1., = 0.00027ryc,
Nz = M. = 0.00127ryc. (11.18)
The parameters specific to v.o(z) = 0.5csech®(z/ro) are as follows:
MA 10.34 - w; = 007156/7”0 = 0.940%-0,
1
growth time : T; — = 14.007q/c,
Wi
2
period : T il 34.73r0/c,
wy
va = 0.0557¢, B = 160.0,
L,/va 31.57/(0.0557¢) = 564.9ry/c, (Alfven transit time),
Mp N = 1, = 0.00025ryc,
Nz = M. = 0.0006ryc. (11.19)

We now make the same comparison of flow speeds, but this time at twice the Alfvenic

Mach number, M, = 20.70, i.e., half the field strength. As before, we display the vorticity,

overlaid with the magnetic field lines. In figures 11.72 through 11.74, each row of displays

corresponds to a given number of growth times, where the display on the left corresponds
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to a flow speed amplitude of 0.7 ¢ and the display on the right to a flow speed amplitude of
0.5c. Here again, we observe close agreement between corresponding displays, i.e., after a
given number of growth times. As with M4 = 10.34, the main discrepancy is a longitudinal
phase shift associated with differing pattern speeds resulting from the different background
flow speeds. This reinforces the conclusions reached above for M, = 10.34 with regard to
the fundamental importance of Alfvenic Mach number and growth time in characterizing
the evolution of the system. Notice, in the parameters below, that for both flow speeds,
the fractional reduction in growth rate is about 98.5%, relative to the unmagnetized case.
Again, for moderately relativistic flow speeds, the fractional reduction in growth rate, by the

field, is a function of Alfvenic Mach number, not flow speed.

We have examined the sensitivity of our simulation results to background flow speed,
and within a regime of moderately relativistic flow speeds, have found little such sensitivity,
which reinforces the fundamental importance of the relativistic Alfvenic Mach number in
characterizing the influence of the magnetic field on the flow. In the next section we examine

the sensitivity of our results to the wavelength of the initial perturbation.

The parameters specific to v,o(z) = 0.7csech®(z/ry) are as follows:
MA = OO Wio = 0.09940/7"0,
My = 20.70: w; = 0.0980c¢/rg = 0.986 w;o,
1
growth time : T, = — = 10.207/c,
Wi
2
period: T = X = 22.68r/c,
wy

vy = 0.0473¢, B = 2221,
L,/va = 31.571/(0.0473¢) = 666.07¢/c, (Alfven transit time),
Ny, = Nz = 1, = 0.00027rc,
Nz = N, = 0.00127ryc. (11.20)
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The parameters specific to v.o(z) = 0.5csech®(z/rq) are as follows:

growth time :

period : T =

VA
L./va =
Np =
NBz =

= 00: wio = 0.0760 ¢/ry,
20.70 : w; = 0.0749¢/ry = 0.985 wy,
1
— = 13.36719/c,
Wi
2
Rl 34.571o/c,
W
0.0279¢, B = 640,
31.57/(0.0279¢) = 11297/c,

N, = 1, = 0.00025ryc,
"B = 0.00067’00.
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Figure 11.74: Vorticity at two flow speeds, M4 = 20.7: t = 14.5T;

11.9 Dependence on Perturbation Wavelength

We now wish to determine the dependence of the simulation results on the wavelength

(A = 27 /k,) of the initial perturbation in which the system is launched. We consider

two cases, both at Alfvenic Mach number M, = 41.41 (a weak field), where one has an

initial perturbation corresponding to k, = 0.875", A = 7.857,, and the other has an initial

perturbation corresponding to k. = 0.675", A = 10.47 7.

The parameters for both cases are as follows, where € has units of energy density, and rq has

units of length:

¢, = 0.576¢, V,0()
va = 0.0237¢, B =
LI/UA

= 0.7csech?®(z/ry),

888.3,

Ny = Nz = 1. = 0.0002rqc

Nz = M. = 0.0012ryc.
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31.579/(0.0237¢) = 13297/, (Alfven transit time),

magnetized,
(11.22)



The parameters specific to k, = 0.8/r¢ are as follows:

Az = 0.0393 o,

My = 4141:  w; = 0.0990 ¢/ro,
1
growth time : T, = — = 10.107/c,
Wi
. 2m
period : T = — = 22.63rg/c. (11.23)
W

The parameters specific to k, = 0.6/r¢ are as follows:

Az = 0.0524 rg,

My, = 41.41: w; = 0.0920 ¢/,
1
growth time : T, = — = 10.87ry/c,
Wi
. 2
period : T = — = 34.17r/c. (11.24)
Wr

We first examine the time-dependent behavior of certain quantities which at each time
step are spatially averaged or maximized over the numerical grid. The blue curve corre-
sponds to k, = 0.8/r¢ and the red curve to k, = 0.6/ry. Figures 11.75 through 11.76
compare the time-dependence of the growth in fluctuations of the primitive variables. Fig-
ures 11.77 through 11.80 show the time-dependence of average (or RMS) vorticity, current
density and Lorentz factor, along with the maximum Lorentz factor and velocity components,
and minimum plasma . These displays show that for larger perturbation wavelengths, elec-
tromagnetic energy dissipates more slowly, allowing the magnetic field to remain stronger.
This is seen in the larger vorticity, larger current density, and smaller plasma 3 after vortex-
disruption. However, for larger perturbation wavelengths, the system also decelerates to

slower speeds, indicating greater dissipation of mechanical energy from the bulk flow.

In figures 11.81 through 11.84, we display the vorticity overlaid with contours of the
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Figure 11.75: Wavelength-dependence of growth in velocity components: M4 = 41
k.ro = 0.8 (blue), 0.6 (red)
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Figure 11.76: Wavelength-dependence of growth in P and B,: M4 = 41
k,ro = 0.8 (blue), 0.6 (red)
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magnetic field lines. Each row of displays corresponds to a given number of growth times,
where the display on the left corresponds to k. = 0.87;" and the display on the right
corresponds to k. = 0.675'. The behavior exhibits fairly close agreement through the
linear regime and early stages of vortex formation, but diverges in the early stages of vortex
disruption, and the transition to the nonlinear regime. The equilibrium states also differ,
particularly near the central jet axis. In the outer jet, we observe vortex filaments of positive
vorticity for z > 0 and negative vorticity for z < 0. In the k, = 0.67;" case, the vortex
filaments in the outer region exhibit more curvature (less aligned with the flow direction),

and are less densely clustered.

In this weak-field regime, the complexity of vortex disruption and turbulent transition
result in a strong sensitivity to perturbation wavelength. Earlier in the chapter, we saw
very much the same effect for magnetic viscosity. However, the equilibrium jet width is
larger (about 21.37) for the larger wavelength, and smaller (about 167,) for the smaller
wavelength. In particular, the ratio of equilibrium jet widths is approximately equal to the
ratio of input wavelengths, which in this case is 4/3. For M, = 41.41, the ratio of equilibrium

jet width to input wavelength is about

Weq (16)(0.8) 6.4
= = — =~ 2.04. 11.25
A 2 T ( )

There is also an approximate 4/3 ratio in the equilibrium central flow widths, i.e., the width
of the central region surrounded by vortex filaments. Here, the flow width is about 8 r( for
the k, = 0.8 ro_l case, and about 10.7 rq for the k, = 0.6 7“0_1 case. Therefore, for M, = 41.41,

the ratio of equilibrium flow width to input wavelength is about
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It should also be noted that in the longer-wavelength case, the effective field is stronger (the
minimum plasma [ is consistently lower). Consequently, there is more magnetic reconnec-

tion, leading to a more complex, turbulent reorganization process during vortex disruption.
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Figure 11.81: Wavelength-dependence of vorticity for M4 = 41.4: t =127,
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Figure 11.82: Wavelength-dependence of vorticity for M4 = 41.4: t = 147T;
My = 4141, va./c = 0.0237, B = 888.3, v =0.7Tc
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Figure 11.84: Wavelength-dependence of vorticity for M4 = 41.4: t = 607T;
My = 4141, va,/c = 0.0237, B = 888.3, v, =0.7c
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Figure 11.85 displays the longitudinal velocity, with magnetic field lines superimposed, of
the two cases as the system approaches the equilibrium state. As with the vorticity displays,
the jet widths and central widths each have a ratio of 4/3, equal to the wavelength ratio. The
central region, in particular, is seen to be the region of upstream flow, and the flow speed is
considerably less in the outer regions composed of vortex filaments. The flow in the central
region is noticeably more heterogeneous in the k, = 0.67;" case than in the k, = 0.87;"
case. That is, the equilibrium flow is more uniform in the shorter-wavelength case, and is

also more closely aligned in the vertical direction. In the equilibrium configuration of the

longer-wavelength case, both the flow and the vortex filaments exhibit more curvature.

10 ‘ /!
018
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(a) t =60.2T; = 26.9T = 608.37/c (b) t =60.5T; =19.2T = 608.3r¢/c
=11.1L,/cs = 0.458 L, /v, =11.1L,/cs = 0.458 L, /v,
Brin = 185.1, k. =0.87," Bmin = 106.5, k. =0.67,"

Figure 11.85: Wavelength-dependence of longitudinal velocity for My = 41.4: t =607T;
My = 4141, va,/c = 0.0237, B = 888.3, v, =0.7c

We perform the same comparison as above, except this time for a strong magnetic field
for which M4 = 5.145, corresponding to immediate vortex suppression and rapid transition
to a filamented state. The parameters for all cases are as follows, where € has units of energy

density, and ry has units of length:

419



Cs

Va
L./va
Mo

"Bz
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166.4 1/ c, (Alfven transit time),
0.0002 roc magnetized,
0.0012 ryc.

The parameters specific to k, = 0.8/r¢ are as follows:

growth time :

= 5.145 : w; = 0.0738¢/ry,

= 0.0393 r,
1
— = 13.551¢/¢c,
Wi
2
T 23707 /c.
Wy

The parameters specific to k, = 0.6/r¢ are as follows:

growth time :

= 0.0524 1y,

5.145 : w; = 0.0688c¢/rg,
1

— = 14.531¢/c,

Wi

2

= 35597/ c.

Wy

The parameters specific to k, = 0.5/r¢ are as follows:

growth time :

= 0.0628 10,

5.145 : w; = 0.0625¢/rg,
1

— = 16.017¢/c,

Wi

2

T = 46.41r/c.

Wy

(11.27)

(11.28)

(11.29)

(11.30)

We first examine the time-dependent behavior of certain quantities which at each time

step are spatially averaged or maximized over the numerical grid. The black curve corre-

sponds to k, = 0.8/rg, the blue curve to k, = 0.6/rg, and the red curve to k, = 0.5/r.
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Figures 11.86 through 11.87 compare the time-dependence of the growth in fluctuations of
the primitive variables. Figures 11.88 through 11.92 show the time-dependence of average
(or RMS) vorticity, current density, and Lorentz factor, along with the maximum Lorentz
factor and velocity components, minimum plasma 3, and average density and pressure. We
can make an important observation by comparing the three curves in the later stages of
nonlinear evolution. Specifically, with increasing k., i.e., decreasing wavelength, there is
a general decrease in quantities associated with the velocity components (v,, v,, Lorentz
factor), and a general decrease in quantities influenced by the magnetic field (and a cor-
responding increase in the plasma (). As wavelength decreases, there is a corresponding
increase in the average pressure and density, i.e., quantities related to viscous or thermal
processes. As we decrease the wavelength of the perturbation, we decrease the length scales
associated with the emergent nonlinear features of the flow (e.g., the filaments), thereby
making them slightly more comparable to (i.e., not as much larger than) the length scales
associated with diffusion. This enables a greater amount of viscous dissipation of mechanical

and electromagnetic energy into thermal energy.

As before, each row of displays below corresponds to a given number of growth times, and
in each row, the display on the left corresponds to k, = 0.8 ;' while the display on the right
corresponds to k, = 0.67,'. We begin, in figures 11.93 through 11.94, by showing displays
of the vorticity overlaid with contours of magnetic field lines. In figure 11.95, we display
the longitudinal velocity overlaid with magnetic field lines. In both cases, the equilibrium
width of the jet is the same, equal to about 8ry. However, from the longitudinal velocity

displays, there is in both cases a central region where the flow remains at about 0.5¢. For
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Figure 11.86: Wavelength-dependence of growth in velocity components: M4 = 5.1
k.ro = 0.8 (black), 0.6 (blue), 0.5 (red)
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(a) pressure fluctuations (b) longitudinal field fluctuations

Figure 11.87: Wavelength-dependence of growth in P and B,: My = 5.1
k.ro = 0.8 (black), 0.6 (blue), 0.5 (red)
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Figure 11.88: Wavelength-dependence of RMS vorticity and current density: M4 = 5.1

k.ro = 0.8 (black), 0.6 (blue), 0.5 (red)
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Figure 11.89: Wavelength-dependence of Lorentz factor: My = 5.1
k.ro = 0.8 (black), 0.6 (blue), 0.5 (red)
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Figure 11.90: Wavelength-dependence of maximum velocity components: M4 = 5.1
k.ro = 0.8 (black), 0.6 (blue), 0.5 (red)
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Figure 11.91: Wavelength-dependence of plasma §: M4 = 5.1
k.ro = 0.8 (black), 0.6 (blue), 0.5 (red)
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Figure 11.92: Wavelength-dependence of avg. density and pressure: M4 = 5.1
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k. = 0.875", the width of the central flow is about 0.85 7. For k., = 0.675"', the central flow

width is about 1.17ry. The ratio of flow widths is about 1.3, which is approximately equal to

the ratio 4/3 of input perturbation wavelengths. The filament widths are also larger, by a

ratio of about 4/3, in the longer-wavelength case. This indicates that for a strong magnetic

field, the overall jet width is roughly independent of perturbation wavelength, while the

equilibrium central flow width, and the equilibrium filament width, both scale linearly with

the perturbation wavelength. For the flow width, the scale factor is about

Wﬂow ~

(0.85)(0.8)

A

2

For the filament width, the scale factor is about

Wﬁlament ~

(0.6)(0.8)

0.24

~
~

A

2T
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Figure 11.93: Wavelength-dependence of vorticity for M, = 5.1: t = 9.37T;
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Figure 11.94: Wavelength-dependence of vorticity for My = 5.1: t = 24.5T;

va,/c = 0.1893,

£ = 13.88, v, =0."7c¢c
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Figure 11.95: Wavelength-dependence of longitudinal velocity for M4 = 5.1: t = 24.57T;
va./c = 0.1893, B = 13.88, v, =0.7c

11.10 Conclusion

We have examined the sensitivity of our simulation results to various input parameters.
Apart from validating our numerical algorithm, our findings have lent further insight into
the physical mechanisms underlying our model. We first demonstrated that the magnetic
field remains approximately divergenceless. We next showed that our results are convergent
with respect to time step (keeping the spatial grid constant). With respect to refinement
of the numerical grid, our simulation exhibits convergence for an adequately refined grid
(at least 751 points in the shear direction, and at least 151 points spanning a wavelength
in the flow direction). In the latter stages of the nonlinear evolution, this convergence is
preserved in terms of the overall structure of the flow, though there are differences in the
smaller-scale structures emerging from turbulent breakdown. We then demonstrated that,
in both magnetized and unmagnetized cases, the system width does not significantly impact
the nonlinear evolution of the flow and of the magnetic field. This is also true of the system

length, as demonstrated by comparing results for different numbers of wavelengths spanned
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in the flow direction, and finding that in this direction the system remains spatially periodic.
In short, we have demonstrated convergence of our results with respect to spatial step, time

step, and system dimensions.

We compared results, using a non-relativistic flow speed and sound speed, obtained by
evolving the (i) RMHD equations and (ii) MHD equations. We found convergence between
the RMHD and MHD regimes. We also demonstrated convergence between the RMHD and
RHD regimes. We then assessed the viscosity-sensitivity of simulations using several differ-
ent field strengths. From time-dependent graphs of various spatially-averaged or maximized
quantities, we determined that an increase in viscosity generally leads to a slight decrease in
quantities related to magnetic field and velocity, and a corresponding increase in pressure.
This is not surprising, when considering that diffusion represents the dissipation of me-
chanical and electromagnetic energy into thermal energy. When comparing two-dimensional
displays at different viscosities, we found the largest differences for simulations using weaker
fields, as these are the cases for which the vortex inhibition is more complex. For the weak
vortex-disruptive field M4 = 41.4, when we use less magnetic viscosity, we see that the equi-
librium central flow region, in which vortices persist for many growth times, is wider, less
spatially uniform, and contains more magnetic reconnection. For all field strengths exam-
ined, the equilibrium jet width, and filament width, are approximately viscosity-independent,
though viscosity sometimes results in a loss of sharpness of the filament boundaries, so that

the width is less well-defined.

For magnetic fields corresponding to M4 = 10.3 and 20.7, we compared simulation results

for background flow speed amplitudes of 0.7¢ and 0.5¢, and found close agreement that
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persists well into the nonlinear regime. This indicates that, within a regime of moderately
relativistic flow speeds, the relativistic Alfvenic Mach number M, is indeed closely correlated
with the influence of the magnetic field on vortex development. This is consistent with our
observation in chapter 6 that My is closely correlated with the fractional reduction in linear
growth rate, compared to the case with no magnetic field. However, this correlation breaks

down for mildly relativistic, or ultra-relativistic, flow speeds.

We then examined the sensitivity of our results to the wavelength of the perturbation in
which the simulation is launched. For the vortex-disruptive case M, = 41.4, we found that
when the perturbation wavelength is increased by a certain factor, the equilibrium jet width,
and equilibrium central flow width, both increase by roughly this same factor. This leads to
the conclusion that in the equilibrium state for M4 = 41.4, the jet width is roughly twice the
input perturbation wavelength, and the central flow width is roughly equal to the pertur-
bation wavelength. For the vortex-suppressing case M4 = 5.145, the equilibrium jet width
is about 2.25 times the initial jet width, independent of the input wavelength. Therefore,
the equilibrium jet width has far more dependence on input wavelength for weaker fields
than strong fields. One possible explanation is that this input wavelength is longitudinal,
and therefore influences longitudinal dimensions of such features as emerging vortices. For
a weak field, these vortices are allowed to develop extensively, and vortex rotation has the
effect of coupling these longitudinal dimensions to transverse dimensions, thereby influencing
the equilibrium flow width. Strong fields suppress vortex rotation, and therefore inhibit this

coupling between longitudinal and transverse lengths.

However, for the case M4 = 5.145, the widths of many characteristic features seem to
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scale with the input wavelength. These include the width of the narrow central region of
relatively high flow speed, which is about 11% of the wavelength, and the filament width,
which is about 8% of the input wavelength. Again for M4 = 5.145, we plotted the time-
dependence of various spatially-averaged and maximized quantities, and found that when
wavelength is increased, there is a corresponding increase in quantities related to velocity
and magnetic field, and a decrease in average density and pressure. A larger wavelength
tends to generate features with larger length scales, which are therefore less comparable
to the smaller length scales associated with diffusion, so that there is less correlation with
viscous dissipation of mechanical and electromagnetic energy. In the simulations discussed
in chapters 9 and 10, we use a wavelength of (27/0.8) 1y ~ 7.851, which is close to the

wavelength of maximum growth, as shown in chapter 6.

We have examined, through numerical simulation, the manner in which a magnetic field
inhibits the KH instability, and we have verified that our magnetic field remains divergence-
less, and that our results are convergent with respect to time step, spatial step, system
dimensions, viscosity, and between the RHD, MHD, and RMHD regimes. We have also dis-
covered that for background flow speeds exceeding about 0.9 ¢ (corresponding to a Lorentz
factor of about 2), the simulation undergoes early unphysical breakdown (speeds exceeding
the speed of light, negative densities, etc.). This is a problem that has plagued artificial
viscosity simulations for over 20 years (Marti and Muller 2003). Whereas magnetic fields

have a stabilizing effect, we see that relativistic effects are destabilizing.

In chapter 12, we explore a mathematical anomaly associated with diffusion in highly

relativistic systems.
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Chapter 12

Diffusion in Relativistic Flows: A
Mathematical Anomaly

In our studies of the KH instability, we have used artificial viscosity to stabilize the numerical
system, and also to model physical processes. The exact single-fluid RMHD equations are
marginally stable. However, when we discretize the spatial and temporal derivatives in a
numerical scheme, these equations become unstable, and therefore diffusion is needed in order
to restore stability to the system. In chapter 7?7, we verified the convergence of our results
with respect to viscosity, which demonstrates that our results are not significantly influenced
by diffusion. Diffusion also preserves the conservative nature of the RMHD equations. We
have also used a velocity shear which establishes a stationary frame of reference with respect
to the flow. Therefore, we have operated in a single reference frame, and the validity of our
results does not require that the diffusion operator preserve the Lorentz-invariance of the
RMHD equations. In this chapter, we mathematically demonstrate an anomaly that arises
from the lack of Lorentz-invariance of the diffusion operator, but we should emphasize that
the results of this chapter do not in any way undermine the results of our study of the KH

instability.
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The diffusion operator is not Lorentz-invariant in relativistic systems, as we demonstrate
in section 12.1 using the telegraph equation, also used in Morse and Feshbach (1953). This
can produce anomalous results in models which do not establish a well-defined frame of
reference. In this chapter, we consider one such model, in which we perturb the RMHD
single-fluid conservation-diffusion equations in the presence of a uniform background flow.
Because diffusion does not preserve the Lorentz-invariance of the RMHD equations, this
uniform-flow model predicts anomalous growing modes in reference frames in which the flow
speed is highly relativistic. This occurs whether or not a magnetic field is present, as we
demonstrate by first analyzing the RHD case in section 12.2 and then the RMHD case in
section 12.3. One important result of this analysis is that we obtain a dispersion relation
whose diffusionless limit recovers familiar results, including relativistic acoustic waves in the
RHD limit, and the Alfven and magnetoacoustic modes of LRN09 in the RMHD regime. We
have therefore recovered these results using an entirely different method, in a limit in which
the system is marginally stable. However, when we introduce diffusion, the resulting modes
appear to grow rapidly in frames corresponding to highly relativistic flow speeds, but decay
in reference frames corresponding to non-relativistic flow speeds, for which the co-moving

reference frame corresponds to the limit of zero flow speed.

This result, of course, does not make physical sense, since it contradicts two expectations,
namely, that the growth or decay of a mode should not be frame-dependent, and that
diffusion should introduce decaying modes in order to stabilize a system, as it does in our
numerical simulations. Therefore, this analysis can be considered an academic exercise that

reveals the anomalies that can arise from the manner in which current mathematical models
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handle diffusion in relativistic systems. Hence, the results of this chapter have mathematical
implications, but cannot be given physical significance, and do not in any way harm the
validity of our simulation results. It should also be noted that in this chapter when we speak
of a “uniform background flow,” the flow speed is with respect to an arbitrarily chosen frame
of reference, and that a change in flow speed is tantamount to changing the reference frame.
This is in contrast to our studies of the KH instability, in which a well-defined reference

frame is established by the velocity shear.

We begin, in section 12.1, by describing the manner in which linear modes should behave
under Lorentz transformations, and then demonstrating the lack of Lorentz-invariance of
the diffusion operator. This lays the groundwork for the anomalous behavior we will later

observe in modes introduced by diffusion in a model with uniform flow.

12.1 Lorentz-invariance and Diffusion

In this section, we describe certain properties we expect linear modes to have in the pres-
ence of a relativistic uniform flow, one of which is Lorentz-invariance. In the diffusionless
case, these properties are satisfied. We then show that the diffusion operator is not Lorentz-
invariant, which means that when diffusion is introduced into a system with uniform back-
ground flow, we can expect to encounter anomalous frame-dependent results.

We begin by demonstrating the Lorentz-invariance of the linear modes arising from the
uniform-flow model. We do this by demonstrating the Lorentz-invariance of the overall
phase of these linear perturbations, which shows that modal behavior is frame-independent
when examined with respect to the co-moving space and time coordinates of the frame

under consideration. In the absence of diffusion, the modes are indeed Lorentz-invariant and
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marginally stable, and we show in the later sections of this chapter that these correspond
to familiar results (the acoustic and magnetosonic modes of LRN09). We then show that
we expect Lorentz-invariance to be qualitatively preserved when the modal frequencies are
complex, i.e., that the temporal growth or decay of such a mode should be Lorentz-invariant
with respect to the co-moving time coordinate. In a uniform-flow model, diffusion has the
effect of making the frequencies complex, and therefore preserves Lorentz-invariance with
respect to the co-moving time coordinate. However, the diffusion operator, proportional to
V2, is not itself Lorentz-invariant, as we show using the telegraph equation, which is discussed
in Morse and Feshbach (1953). Therefore, the growth or decay of a mode introduced by
diffusion is not Lorentz-invariant when measured with respect to a fixed time coordinate.
This lays the groundwork for later sections, in which the uniform-flow model yields anomalous
modes which decay in some reference frames and appear to grow rapidly in other reference

frames.

Consider a uniform background flow which moves at a relativistic speed v,q, where 2 is
the flow direction and Z is the shear direction. We wish to relate the derivatives 0/0z and
0/0t in the stationary frame to the derivatives 0/0z" and 0/9t" in the co-moving frame of
the flow. We begin by noting that the primed and unprimed quantities are related by a

simple Lorentz transformation:

2= y(z — vyt), (12.1)

o V.02

t = 7(75— - ) (12.2)

z = (2 + v,t'), (12.3)
Vy02
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v = (1 —v2,/c?)~'/% is the Lorentz factor. Using equations (12.1) and (12.2), the unprimed

derivatives can be related as follows to the primed derivatives:

9: _ 0-0. " ovo: 9 2o
0 _ oo 00X (0 0
ot orot oot ! vz0

0 0 07 0 ot 7(8 U0 6)

EA (12.5)

Similarly, using equations (12.3) and (12.4), the primed derivatives can be related as follows

to the unprimed derivatives:

D20, 00 (2 w0y
0z 020z 0t 0z 0z ¢ ot
v~ amtom = 1(mtug) (126)
Suppose we have a linear mode which, in the stationary frame, is given by
f(x,z,t) = fo+ frexpli(k,x + k.2 — wt)]. (12.7)
In the co-moving frame, this mode is given by
flx, ', t) = fo+ frexpli(kyz + kL2 — w't')]. (12.8)

We would like to demonstrate that these two representations are consistent, i.e., that the
overall phase of the linear perturbation is Lorentz-invariant. We first apply the derivative

relations in equations (12.5) to equation (12.8), and obtain

W'V,
— / 4

w = y(w' + Klvy). (12.9)

We then apply the derivative relations in equations (12.6) to equation (12.7), and obtain
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W20
k; - 7<kz_ c? )’

W= y(w = kuy). (12.10)

We have recovered the simple Lorentz transformation of the spatial and temporal frequencies,
employed numerous times in this and previous chapters (k, and z are untransformed). By
combining equations (12.1) through (12.4) with equations (12.9) and (12.10), we wish to
demonstrate that the overall phase of the linear perturbation is Lorentz-invariant. We begin

by writing the phase in the co-moving frame:

WU,

V.02
K2 —wt = 42 (/{;z - ) (2 — va0t) — ¥V (w — k.vs0) (t ~ 2 >

2 2
2 V%0 U0
- (=) (- 2)

= k,z — wt. (12.11)

We therefore have Lorentz-invariance of the overall phase:

kyr + k.2 — 't = koo + k.2 — wt. (12.12)

This means that the overall behavior of a linear mode should not be frame-dependent, as
long as we transform not only the frequencies but also the space and time coordinates, so
that we always measure coordinates in the co-moving frame of the system. In the absence
of diffusion, the modes are indeed Lorentz-invariant, and marginally stable. We show in
sections 12.2 and 12.3 that in the diffusionless limit we recover relativistic acoustic modes in

RHD and the Alfven and magnetoacoustic modes derived in LRN09 in RMHD.

We now wish to verify that if the frequency w is complex, we still expect the mode to
satisfy qualitative Lorentz-invariance, i.e., we expect the growth or decay of a mode to be
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invariant under a Lorentz transformation. When, in section 12.3, we linearize the RMHD
equations in the presence of a uniform background flow, we use a temporal approach, and
therefore the x and z-components of the wave vector are both real. When we solve the
polynomial dispersion relation in w, the presence of diffusion results in complex roots for w,
where they would otherwise be purely real. Suppose that in the stationary frame, a wave

vector with real components k, and k, corresponds to a linear mode with complex frequency

W = w, +iw;, (12.13)

where w; > 0, so that the mode is growing. The fluid flows at a background speed v.o. In the

co-moving frame of the fluid, the frequency and wave vector are given by equation (12.10):

W= y(w — k),

’ WU,
kz =7 (kz - C2 ) ’
K, = k. (12.14)
In particular, w’ is also complex, so we have
(w,)i = Wi,
(w,)r = ’Y(WT - kzvz())- (1215)

Therefore, if in the stationary frame we have a mode growing at a rate w; with respect to
time ¢, then in the co-moving frame we have a mode growing at a rate (w'); = yw; with
respect to time t’, where t and t’ are the time measured in the stationary and co-moving
frames, respectively. These are related by equations (12.1) through (12.4). This tells us that
if a mode is growing in one frame, it is also growing in any other frame, with respect to
the co-moving time-coordinate of that frame. Furthermore, the ratios ¢/t and (w’);/w; are
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both approximately equal to the Lorentz factor, which tells us that the growth rates in each
frame are roughly equal. Following the same reasoning, we can make precisely the same
statement about the frame-independence of decaying modes. In summary, when we have
complex eigenfrequencies, the temporal growth or decay of a mode is Lorentz-invariant with

respect to the co-moving time coordinate.

In the presence of a uniform flow, the introduction of diffusion has the effect of making
the frequencies complex. Therefore, the linear modes introduced by diffusion are Lorentz-
invariant with respect to the co-moving time coordinate of each frame. That is, a mode
that decays with respect to time ¢’ in the co-moving reference frame also decays with respect
to time t in the stationary reference frame. The next question is whether the same is true
of a mode that decays with respect to time ¢ in the co-moving reference frame, i.e., if we
transform reference frames without transforming the time coordinate. The answer is: not
necessarily. This is because, as we show below, the diffusion operator, proportional to V2,
does not itself preserve Lorentz-invariance. Using equation (12.5), we can write the diffusion

operator V2 in terms of the coordinates of the co-moving frame:

0? 0?
2 _ R R
Vi = 0x? * 022

@ (0 w0y
- Oz2 0z ¢ ot
2 ® 1 1
= o2 oy T @owe T e (12.16)

This demonstrates the Lorentz-invariance of the operator

18 ,
VicGer — V-

(12.17)
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which is of course the operator that governs the wave equation, and can be considered a
covariant extension of the diffusion operator. However, the diffusion operator itself is not
Lorentz-invariant. To see this, consider the telegraph equation (Morse and Feshbach 1953),
which we employ in one dimension (i.e., restricted to the flow direction), and which governs
the time-dependence of the diffusion of some quantity f. In terms of stationary coordinates

and a diffusion coefficient 7, the telegraph equation reads as follows:

of  f

We see that in the telegraph equation, the time and diffusion operators act on f in the
same way that they act on the conserved quantities in the RMHD conservation-diffusion

equations. In terms of the co-moving coordinates of the flow, the telegraph equation reads

(12.19)

af o a_f o 8 V20 6 2f
ot oy i

ot (=) o)

We see that in the stationary frame, the rate of diffusion of f has only a spatial dependence,
whereas in the co-moving frame, the diffusion rate has a spatial and a temporal dependence.
This demonstrates that the diffusion operator is not invariant to Lorentz transformation.
This must also be true of the conservation-diffusion equations, which can be thought of as
the telegraph equation onto which we add the divergence of a flux term. We therefore cannot
expect Lorentz-invariance of the growth or decay of a mode introduced by diffusion in a fluid
with uniform flow. That is, we know that a mode that decays with respect to time ¢’ in the
co-moving frame decays with respect to time ¢ in the stationary frame. However, a mode
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that decays with respect to time ¢ in the co-moving frame may in fact appear to grow with
respect to time ¢ in the stationary frame. This is the type of anomalous behavior we will
observe in the upcoming sections, in particular when the stationary frame is with respect to

a highly relativistic flow.

We again emphasize that these results pertain to a model with uniform background flow
speed, and do not in any way undermine our studies of the KH instability, for which we
remain in a stationary frame of reference which is established by the background velocity
shear, and for which diffusion always introduces decaying modes and stabilizes the system, as
expected. Diffusion introduces decaying modes even in the highly relativistic regime of our
KH-unstable simulations. The aforementioned anomalies can only emerge when performing
frame transformations in the presence of a uniform background flow, for which there is no

externally-imposed velocity shear.

In the next section, in which we analyze a uniform flow in RHD, we will obtain results
which bear out the predictions of the analysis we have just performed. Specifically, in the
absence of diffusion, we recover familiar marginally stable modes, but in the presence of
diffusion, we obtain anomalous modes whose growth or decay is not Lorentz-invariant. In
the forthcoming sections, the aforementioned co-moving frame is the zero-velocity limit of

the reference frames corresponding to non-relativistic flow speed.
12.2 RHD Stability Analysis with Diffusion

In this section, we analyze a uniform flow in RHD. We will see that in the absence of diffusion,

we recover familiar marginally stable modes, namely, the relativistic acoustic modes seen in
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Bodo et al. (2004). However, in the presence of diffusion, we will obtain anomalous modes
which decay in a frame of non-relativistic flow speed, but appear to rapidly grow in a frame

of highly relativistic low speed.

We wish to linearize the RHD conservation-diffusion equations in two dimensions. There
is a uniform unperturbed density py and pressure Py, and a uniform unperturbed velocity
U,0 in the z-direction. From the linearization, we derive a dispersion relation which is a
fourth-order polynomial in w. We then show that the growth or decay of these roots is in

fact dependent on the uniform flow speed, i.e., on the frame of reference.

12.2.1 Derivation of RHD Dispersion Relation with Diffusion

We derive the RHD dispersion relation by linearizing the conservation-diffusion equations,

which are
%%(vp) + (%(wﬁz) + %(W)ﬁz) = 1y (a_; + ;—;) (vp),
L) 4 (P + w5 = e (s o) (),
L) + B+ (P = e (4 ) (w)
%% (wy* = P) + %(wfﬁx) + %(wvzﬁz) = e (%22 + 5—;) (wy* = P), (12:20)
where the enthalpy is
w = pc + L (P), (12.21)

r-1

where I' is the adiabatic constant. We define dimensionless heat capacities at constant

volume C), and at constant pressure C),, which are given by
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C, = —— = Cy+1. (12.22)

The first equation in (12.20) describes mass transport, the second and third equations mo-
mentum transport, and the fourth equation energy transport. We assume the following

linearized forms of the variables, corresponding to plane waves:

p(x,z,t) = po+ prexpli(k,x + k.2 — wt)],
Bu(x,2,t) = Pr1expli(kyx + k.2 — wt)],
B.(x,z,t) = B0+ Baaexplilker + k2 — wit)],
P(z,z,t) = Py+ Pyexpli(k,x + k,z — wt)]. (12.23)

We now separately linearize each term of the conservation-diffusion equations. For the

density transport equation, we have

%(70) = —iw (yp1 +7°B:0B:1p0)
%(m@x) = ikyYpoPrt
%(’Yﬂﬁz) = ik, ('ypgﬁzl +vp1B20 + vgﬁfoﬁzlpo) ’
M, (88_:2 + 8_,222> (vp) = —npk:Q (701 + 73620621p0> . (12.24)

For the transport of z-momentum, we have

0 .
a(w’ﬁ@r) - _waoﬁ)/Qﬁxl?

0

9 .
$<w72ﬁxﬂz> = Zksz’yQﬂZOﬂffl’
0?0
0 (a7+a—) (WBs) = —nekPwor*Ban. (12.25)
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For the transport of z-momentum, we have

0
a(w’};ﬁz)
a.. (wfyzﬁazﬁz)

0
ox
0z (
0? 0?
(@ T2

(P uns?)

) (w5

—iw (w0725z1 + w1725zo + 2w0745305z1> ’

— ikxwof}/?ﬁzOﬁxla

ik, (P + w1y B2y + 2wy’ B:08:1 + 2wy B2,8:1)

For the transport of energy, we have

(L
0x?

2

—n.k* (woy?Bar + w172 Bao + 2woy* B2 Bx1) - (12.26)
9 .
ot (wy* = P) = —iw (wy* + 2wy Ba0Ba — Pr)
a_(w’725m) = ik woy? B,
82( V’B.) = ik, (woy*Bar + w1y Bao + 2wy B B:)
(wy* = P) = —nek® (w17* + 2wy BeoBer — P1) - (12.27)

Upon collecting terms, we arrive at the following four linearized equations:

_ I'P, _
0 = wyy (w1 PTI) - ’Ypngkxﬁm + (pr0736z0 - ’YPOCkz) CZlea
0 = —ckyPr + 0,woyBar,
0 = ’Yzﬂzoajzwl - C]’{:zpl - Ck‘wa’YQBZOBxl + 00/8217
0 = ’}/Z(Dewl - (JJ€P1 - Ckxwﬂf}/?ﬁxl + w072 (_Ckz + 2726z0w5) lea (1228)

where we have made the following definitions:

w — ck. B0,

w + inpk:2,

@ + ingk?,

Ok, w. = @+ ks,

w+ink?, we = @+ kv,

wswoy* (14 29°6%) — 2woy’ck.B:0 (1 +7°8) - (12.29)
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We see that the above four linearized equations can be written in the following matrix form:

wq

m| D =0, (12.30)
ﬁxl

ﬁzl

where M is a 4 by 4 matrix. By equating the determinant of this matrix to zero, we obtain

a polynomial dispersion relation which is fourth-order in w:

Fut* + B+ Fpw? + Flw + Fy = 0. (12.31)

Suppose we introduce the following definitions:

n;k w
L = 0 = —
X] c ’ ij
=0 f =L
Po Wo
k. ky
Cz - Z? Ca: - Za
UzOkz
= B¢, = _ 12.32
o= o= 2 (1232

Then the dispersion relation can be written in the following dimensionless form:

G+ G + G+ GO+ Gy = 0. (12.33)

The general solution for €2 is given by the quartic formula, which is determined as follows

(Nickalls 2009). We first define

8G? Gy
B Gg GGy Gy
= 8@ 22 TGy
4 2
" — 3G3 | GhG3  GsGi | Go (1230

S 256G T 16G2 4G2 T Gy
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We then define

(6%
P = —E Qas,
o aas  al
="tz T w
. Q Q2 P3
= 2 4 27’
U = R,
- P
y = %&HU_@, if U 0,
y = LatU-QY iU =0,
W = a+2y. (12.35)

The desired roots are then given by

_ Gg :|:1W Fo \/—(3()(+2y +4 20&2/W>

= 0 12.36

w 4G4 + 9 ) Qg 7é ) ( )
Gg —Q :|:2 a? — 4063

= ——— =+ =0 12.37

w 4G4 1 \/ 9 ) &%) ) ( )

where 4+ and +5 can vary independently of one another, so that each of the above expressions

corresponds to four solutions.

The coefficients G; are as follows, first without diffusion:

Gy = —5272(2—f)_1+0p727
= P -+ (=2+Co+ /)],
Gy = 2n.[-1+ f =27 (=2+ C, + f)),
Goo = (=1+ )G+ Cl(=1+ )1 = B°) +64°8* (=2 + C, + f)],
G = 27— (=14 )+ C(=3+2C, + f —2(=2+ C, + /)],
Goo = (=14 )G +CA=Cot 77 (=2+Cp+ )] (12.38)

In the presence of diffusion, the G; are given by
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Gy = G = =32 - [) -1+ G,
Gy = Gy +i(xe + Xz + Xe + X)) [-8(2— ) =1+ C17,
Gy = Gao+ixaT=[3 = f+7°(2 = [ = 3C, +2(2 = [)5?)]
+ixaT[2 = [+ 97(=2C, + 2(2 - £)5?)]
+ixem:[A—f+7%2 - f—4C, +3(2 - /)5
+ix,m[3+ 72— f—3C, +2(2 - [)B%)]
— Do(Xa + Xz + X F Xe(Xa + X2) + XaXa] [ (2 — /) =14+ Cp?], (12.39)

G1 = G+ ixa[(=1+ ))C + (f =272+ 729°(3C, + 2f — 4+ (f — 2)8%)]
+ix[(=1+ UG +72) + B (=2 + )+ C¢C + (f —2)72)]
+ixelf + B(=5+20)C + (2 = /)¢ — G2 —2¢2 = 372) +5C,¢2)]]
+ixp[—1 =272 +*72(3C, + (f — 2)(2 + 5%))]
+ X XoTe (=14 f+ Oy + (f = 2)6%97
X XeT2 [ =3 4+ [+ 72(3C, + (f = 2)(1+28°))] + xoXeTelf = 2+ 292(C, + (f = 2)57)]
+ X XoT: 2+ V20, + (f = 2)(1+ B2)] + X7 [ 1 +7°(Cp + (f — 2)8%)]
+ XeXoT=[ =3+ 72 (3C, + (f — 2)(1+25%))]
+ilXaX=(Xe + Xp) + XeXp(Xe + X)][1 = Cp7* + (2 = )57, (12.40)

Go = Goo+ixa:C[L— f+ 5272 — [ —C)]
+ixTG = [+ 52— )]
FixeA—f + B2 = N+ 12— = +72) —2C,¢2]])}
+ix, L+ T2 = f = Cp)]
+ XaXCEl=f + (2= )B4+ 8297 (=2C, + (2 — )1+ 5%))]
F XX G A (1= F)m2 + 1292 (=Cp + (2= ) B7)]
F XX G+ B2 = = Cp)] + X [+ (2 = £)577]
+ XX 2 + (2, + (2 (G = E+ 7))
FiXaXoXeTo[f = 1+ 7H(Cp = (2= [)B%)] + ixaXeX,T=[—2 + (20, + (f —2)(1 + 57))]
+ XXX (072 + X)) [—1 4+ Cy? = B292(2 = £)]. (12.41)

Through the normalization with respect to kc, we eliminate any dependence on the wave

number k. Therefore, we see that the roots in w have a simple linear dependence on k.
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12.2.2 RHD Dispersion Relation in Diffusionless Case

We seek to solve the dispersion relation for the RHD case with no diffusion, and recover the
familiar Lorentz-shifted and acoustic modes. We will then take the non-relativistic limit and
recover the Doppler-shifted and non-relativistic acoustic modes. The dispersion relation for

the diffusionless case can be written in the form

CuQ* + C50% + Co% + C1Q + Cy = 0, (12.42)

where

2+ f 2wy + poc?

@ = 1—f wy — poc?’

Cy = VQ+1,

Cs = 27, (Q’YQQ + 1) ;

Cy = 6729°Q —1+72,

Ci = —21.(2729%Q — 1),

Co = m(129°Q - 1). (12.43)

This polynomial can be simplified to read

Q- Czﬁ)Q[Q”YQ(Q - Tz)2 + Q% — 1] 0, or
(Q =GO IQY + 1) = 207’0 + Qv°r2 — 1] = 0. (12.44)

The corresponding roots are

Ql = Tq
o _ @ VIT0r1-1)
’ 14+ Q72 ’
Q7 — 1+ Q2(1—12)
Qs = 12.4

or, in terms of w,
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W = szzO»

QY+ 1+ Qv*(1—72)

Wo = (kzvz(]) 1+ nyQ )
Wy = (/’czvzo)sz - \/1141;27722(1 — Tg)- (12.46)

The first root corresponds to the Lorentz shift, and has a multiplicity of two, which is
why we only have three distinct roots. The second and third roots correspond to relativistic

acoustic waves traveling at the relativistic sound speed

S 3 Wo

— 1 —
B el Rl U f_ ¢ (12.47)

3’LUQ 3 \/Q—f—l‘

We can therefore write the acoustic roots in terms of the sound speed:

2 = 2‘2
2 1— g
Q = Z_g_l = agav
0 — BCQ+ /(1 -1 -2+ Q(1 —12)]
S 1= +Q

BC(1 = a2) + a, /(L= P — B + (L— @) (1 —72)]
21— P) +1—a?

BG(1 —a?) + as/(1 — B?)[a2(1 — 4?) + (1 — a2)(1 — 72)]

1 — [2a? ’
r = P o PR PRy
i = (oD TP P AR

In particular, the dispersion relation satisfied by the acoustic roots can be written in a
more illuminating form:
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QV(Q—7.)+Q*—1 = 0. (12.50)

Writing the dimensionless variables in terms of their definitions in (12.32), we have

2 _ 2
" —c

Y (w = kov.0)? +w? — Pk* = 0. (12.51)

2
Cs

We can also make use of the Lorentz invariance of the quantity w? — ¢?k?, by which we mean
that this quantity is the same regardless of the frame in which it is evaluated. That is, we

have

2272 _ 20 2 22 2 | WUz ?
w”—ck® = (W —kv0) = |k (ke —) |- (12.52)
c
Inserting (12.52) into the dispersion relation (12.51), we have
-, 2, .2 2 2|2 .2 WUz0\?
! (w—k,v,0)" + 7 (w — kov0)° — ¢ |kZ+ 7 (kz - ) = 0. (12.53)

Multiplying both sides of (12.53) by ¢?/c?, we obtain a more transparent version of the
dispersion relation for relativistic acoustic waves, which simply equates the frequency squared

to the product of sound speed squared and wave vector squared:

2
Y (w — k) = {72 <kz — w;;zO) + ki} ) (12.54)

This is similar to the dispersion relation for non-relativistic acoustic waves. However, in the
relativistic case, the frequency and wave vector are both Lorentz-shifted. Taking into account
Lorentz-shifted and acoustic modes, we recover the familiar RHD diffusionless dispersion

relation:
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2
(w — kv)? {72@) — kov.0)? — 2 [72 <kz — WU;O) + ki] } = 0. (12.55)
c

This is identical to the dispersion relation appearing in Bodo et al. (2004), with notational

differences. In the non-relativistic limit, we have

g << 1,
4 = & << 1. (12.56)

We can therefore make the following approximations for the two terms in the numerator of

expressions (12.48) and (12.49) for the acoustic roots wy and ws:

1—a? =~ 1,
V=)l -2+ (1 -a)(l-72)] ~ 1,
1—-p%?2 ~ 1. (12.57)
The non-relativistic acoustic roots therefore have the expected form:
wy A (ck)(T: +as) = kv + ke,
wy & (ck)(m+as) = kv, — kes. (12.58)
These satisfy the dispersion relation
(w—kv0)? = k% = A(k2+ K. (12.59)

Taking into account the Doppler-shifted mode w = k.v,o, we recover the familiar HD diffu-

sionless dispersion relation:

(w — kav:0)*[(w — kav20)? — E(B2+ED)] = 0. (12.60)
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This is simply the non-relativistic limit of the corresponding RHD dispersion relation. Be-
cause ¢y << ¢, we can also make approximations associated with a non-relativistic sound

speed:

p002 >> 1ﬂ_lPO,
I'F,
wy = ,0002+F—_01 ~ poc,

TR ITP,
cs = <C)’/w_00 ~ p—o‘]. (12.61)

In the next section, we show that

12.2.3 Decaying Modes in Non-relativistic Regime

We again consider the non-relativistic limit, this time including diffusion, and seek to show
that in a reference frame in which the flow speed is non-relativistic, the uniform-flow model
generally does not predict that diffusion introduces growing modes. Note that the limit of

zero flow speed corresponds to the co-moving frame discussed in section 12.1.

The momentum viscosities are 0.00025c¢/k. Our reference frame is such that the flow
speed is v;9 = 0.08 c. We plot maximum growth rate verses 7. — 1,, the difference between
energy viscosity and density viscosity. The momentum viscosity is 0.00025¢/k, and the
density viscosity is 0.0002 ¢/k. Figure 12.1 simultaneously plots curves for several different
values of the sound speed. In each case, there is a nearly linear decrease of growth rate for
ne < 1Mp, and a nearly linear increase of growth rate for 7. > 7n,. When 7. = 7,, the rate
of decay is 0.0002 ck, equal to the density viscosity multiplied by k. As the sound speed
increases, there is a decrease in the rate of change of growth rate with viscosity ratio, and
a widening of the interval of energy viscosities corresponding to stability (negative growth
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rate). We obtain these same qualitative results when we alter the values of the viscosities.
Therefore, we obtain decaying modes as long as we relate the energy and density viscosi-
ties in a manner which is consistent with the sound speed of the system. We can interpret
this in terms of frame-invariant properties of the single-fluid equations. Specifically, for non-
relativistic sound speeds, we have pc? >> P, and the density of the system is much more
comparable to the energy. In the non-relativistic limit of the fluid equations in chapter 3,
we can make the approximation w ~ pc? in the momentum equations, and thus we see that
density plays a larger role in the evolution of the system. Thus, it makes sense that in the
regime of non-relativistic flow speed and sound speed, the density and energy viscosity ought
to be comparable (if either of these is nonzero, which generally is not the case). However, as
the sound speed becomes more relativistic, P dominates over pc?, so that the density plays
much less of a role in the fluid equations, and is further decoupled from the evolution of the
system, which is now more heavily influenced by the pressure, in part via the enthalpy. It
therefore makes sense that as sound speed becomes more relativistic, there is also a decou-
pling between density and energy viscosities, which no longer need to be equal in order for

stability.

This shows that in a reference frame corresponding to non-relativistic or mildly relativistic
flow speeds, the modes introduced by diffusion are decaying modes, as we would expect.
However, in the next subsection, we transform into reference frames corresponding to highly

relativistic flow speeds, and observe that these decaying modes now look like growing modes.
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Figure 12.1: Growth rate vs. energy viscosity for different sound speeds
cs/c = 0.05 (black), 0.09 (blue), 0.16 (red), 0.27 (green), 0.37 (magenta), 0.42 (cyan)
v,0 = 0.08 ¢, ne = 1, = 0.00025 ¢/k, n, = 0.0002c/k

12.2.4 Anomalous Growing Modes in Highly Relativistic Regime

We now present a mathematical analysis showing that in a reference frame corresponding
to highly relativistic flow speeds, the uniform-flow model predicts anomalous growing modes
introduced by diffusion, due to the frame-dependence of the diffusion operator in relativistic
systems. For highly relativistic velocities, v >> 1, and the terms in the coefficients which
dominate are those with the highest power of ~, which is 7*. In the relativistic regime, the
adiabatic constant is I' = 4/3, the heat capacity at constant volume is C,, = 3, and the heat

capacity at constant pressure is C}, = 4. We now introduce the dimensionless quantity

\V)

+

—

Q
I

(12.62)

N}
~

In this limit, the coefficients without viscosity are as follows:
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Gz = —4C,
GQO = 6Cz27
GIO = _4<§)7
Goo = (. (12.63)
When we include viscosity, we have
Gy = 1,
G3 = _4§z + (Z)<Xa: + X+ Xe Xp)a

Gz = 6¢2 — [XeXp + XXz + (Xa + X2) (X + Xe)]—
iCs(4xe + 3X, + 33Xz + 2X2),
Gi = —AC +i[—xox=(Xe T Xp) — (Xo + X2) XX+
Colxa (X + 2X + 3Xe) + X=(2Xe + Xp) + 3XpXe)+
i[(3Xa + X= + 3Xp + 5X)EE + (—x= + Xe)Coal,
Go = 2+ xXa [C(—iC — Xp) + Xe[2C:(—C: +iBx,)]] +
X [CaliC. + Xp) + xe (= +ilx,)] —
[iCxp + 2Xe(Xp +1C)]C2 — Xe(Xp +iC:) Car (12.64)

Suppose we make the following definition:

W

{2 (12.65)
s = — = : .
G ke
Then in the diffusionless case, the dispersion relation reduces to
0~ s'—4s’+65°—ds+1 = (s—1)* = f(s). (12.66)

The function f(s) has the root s = 1, corresponding to w = k,c &~ k,v,9, which is the
expected mode corresponding to a Lorentz shift. The relativistic acoustic modes, evidently,

are no longer present in the extreme relativistic case.
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Suppose now we have a sufficiently small amount of diffusion that only terms of order y;

are important. Letting ¢; = x;(,, and oy, = a(;/(,, the polynomial reduces to

0 = (5s—1)* 4 (4) (¢35 + has® + 15 + 1y), where
VY3 = Yp+ . + e + 1y,
Vo = —(3s + 20, + 4 + 31p),
Y1 = 3y + s + 5% + 3, + (. + Ye) s
Yo = —thp — 20 — Py + (2 — e) g

If we now write s = 1+ §, we have

0 = 0"+ (D)[W3(1 + 0)% + a1 + 8) + 1 (1 + &) + o)
= 5+ (i) (¥30° + ¥20” + Y0 + o), where
Yo = 33+t = Y, — 1,
U = 33+ 20+ = (1 — b,
Yoo = Y3+ Yo+ +1y = 0.

The polynomial therefore simplifies to

o
Il

54 + (l)[¢353 + (¢z - ¢e>(52 - awzé)]a or
0 = 6"+ (D)[(o + 1 + the +1,)8° + (2 — 1) (6% — :6)].

This yields the trivial solution dy = 0 multiplied by a third-order polynomial in §.

Because § << 1, we can make the approximations

P30° << Py, Ypd << Uy

The polynomial then reduces to

St 4+ hpd = 0, or
64 - Zaxz(r(/)z - ¢e)6 = 0.
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which has the roots

(50 = 07 and

5123 - awz(qvbz - ¢e)i1/3
= (Y, — ) {exp(in/6), exp(ib7/6), exp(i3m/2)}

= Oé:cz(wz_we){\/g_'_i? _\/g—i_i? _Z}

2
_fe (—w0—2p002> (wz—we){ﬁﬂ, _\/SH, —z}. (12.72)

k. \ w4+ 2poc? 2

The corresponding frequencies are

wy = kv, = k.c, and
Wo — 2ppC? V3+i —/3+i .
w123 = szzO +kmvz0 <w2+—22202> (wz _we){ 92 ) 9 , —1
wo — 2o V34+i —V34+i
~ k, kyc| ——— L — e , , —1p. 12.73
e () (0 w>{ L (1273)

Two of these roots have positive imaginary parts, and are therefore growing roots that lead
to instability. Local stability analysis therefore predicts that in reference frames for which
the flow speed is highly relativistic, any diffusion coefficients satisfying v, # 1. will produce

anomalous modes which appear to grow.

Consider again the polynomial with all coefficients retained:
0 = 6"+ ()[(Ve + Vs + Ve +10,)8° + (2 — 1) (6% — 26)]. (12.74)

If ¥, = 1., we have the trivial solution, along with the decaying root given by

o = =ity = —i(Yy + 1. + Ve +10,) = —i(Yp + 20, + 1),
s1 = 1468 = 1—i(, + 20, +1,). (12.75)
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In this case only, diffusion does not introduce growing modes in the extreme relativistic limit.

We have presented a mathematical demonstration that in a frame in which the flow speed
is highly relativistic, the uniform-flow model predicts that diffusion introduces anomalous
growing modes. In the highly relativistic regime of our simulations, diffusion can no longer
stabilize the system numerically, however, diffusion itself does not introduce growing modes.
The anomalous results of the uniform-flow model are a consequence of the fact that the

diffusion operator, proportional to V2, is fundamentally not Lorentz-invariant.

Specifically, anomalous growing modes generally emerge in a reference frame in which
the flow speed exceeds the sound speed. In figure 12.2; we plot the maximum growth rate as
a function of the apparent flow speed. The variation of flow speed along the horizontal axis
corresponds to a continuous change of the frame of reference. We see that for each curve,
the critical flow speed is nearly equal to the sound speed; 0.58 ¢ for P/(pc?) = 50 (black
curve), 0.436 ¢ for P/(pc®) = 1/3 (blue curve), 0.365 ¢ for P/(pc*) = 1/6 (red curve), 0.289 ¢
for P/(pc*) = 1/12 (green curve), and 0.236 ¢ for P/(pc?) = 1/20 (magenta curve). This
illustrates that in the absence of energy diffusion, anomalous growing modes are predicted to

emerge in reference frames for which the flow speed exceeds the sound speed of the system.

For the same parameters and sound speeds just considered, we now plot the maximum
growth rate as a function of the covariant flow speed u.o = yv.0, where v = (1—v%,/c?)~/? is
the Lorentz factor. This is shown in figure 12.3. In this regime of flow speeds, the covariant
flow speed and Lorentz factor are approximately equal. For each sound speed, the maximum
growth rate increases rapidly with u,o for v on the order of 20 or less, and then tapers off to

an asymptotic value in the ultra-relativistic regime. For smaller sound speeds, the transition
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Figure 12.2: Max. growth rate vs. flow speed for different sound speeds
cs/c = 0.58 (Black), 0.44 (Blue), 0.37 (Red), 0.29 (Green), 0.24 (Magenta)
n, = 0, (nz,m.) = (0.00025,0.00005) ¢/k

to asymptotic behavior occurs at a smaller value of v, and the asymptotic growth rate is
smaller. This is consistent with our above observation that at smaller sound speeds, modes
appear to grow in reference frames corresponding to a smaller flow speed, so it makes sense
that subsequent transitions would also occur in frames corresponding to less relativistic flow

speeds.

Another interesting feature of figure 12.3 is the common intersection point of every growth
curve at a Lorentz factor of roughly 20. At this flow speed, the curves are at different stages in
their transition to asymptotic behavior, however they all have roughly the same growth rate.
This Lorentz factor of 20 may well have some transitional mathematical significance which is
independent of sound speed. Keep in mind that because these results are frame-dependent,

we cannot give them physical significance.
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Figure 12.3: Max. growth rate vs. covariant flow speed for different sound speeds
cs/c = 0.57 (Black), 0.44 (Blue), 0.37 (Red), 0.29 (Green), 0.24 (Magenta)
N, = 0, (nzym2) = (0.00025,0.00005) ¢/k

12.2.5 Summary of RHD Results

In this section, we derived the RHD dispersion relation for a uniform-flow model with dif-
fusion. We showed that in the diffusionless limit of this dispersion relation, we recover the
relativistic acoustic waves seen in Bodo et al. (2004) and the unmagnetized limit of the
result of LRN09. We then demonstrated that in a frame in which the flow speed is highly
relativistic, diffusion appears to introduce rapidly-growing modes, which in a non-relativistic
frame are decaying modes. We then showed that the uniform-flow model generally predicts
these anomalous growing modes when the flow speed exceeds the sound speed in the given

frame of reference.

Recall that these results are mathematical, and cannot be given physical significance, as

they arise from a model in which the diffusion operator is not Lorentz-invariant, and therefore
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does not preserve the Lorentz-invariance of the single-fluid equations. In the next section,
we introduce a magnetic field, and show that this has very little effect on the predictions of
the uniform-flow model. Again, this is only an academic exercise intended to illustrate what

can happen with diffusion in certain highly relativistic systems.
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12.3 RMHD Stability Analysis with Diffusion

We have seen that, in the uniform-flow model, modes introduced by diffusion appear to
grow in a frame in which the flow is highly relativistic. We now want to see what effect,
if any, the presence of a magnetic field has on these results. We first linearize the RMHD
conservation-diffusion equations in two dimensions. There is a uniform unperturbed density
po and pressure Py, a uniform unperturbed velocity v,q in the z-direction, and a uniform
unperturbed magnetic field B,g, also in the z-direction. From the linearization, we derive a
dispersion relation which is a sixth-order polynomial in w. In the diffusionless limit of this
dispersion relation, we recover the Alfven and magnetosonic modes derived in LRN09. We
then characterize the influence of the magnetic field on the anomalous behavior introduced
by diffusion. We find that, as with the unmagnetized RHD case, we observe decaying modes
in reference frames corresponding to non-relativistic flow speed, and anomalous growing
modes in reference frames corresponding to relativistic flow speed. Because these results
are frame-dependent, they have mathematical implications, but cannot be given physical

significance.

12.3.1 Derivation of RMHD Dispersion Relation with Diffusion

We derive the RMHD dispersion relation by linearizing the RMHD conservation-diffusion

equations. We first define the enthalpy:

w = pc’+ —. (12.76)

The conservation-diffusion equations are
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where

fi =
Jiz =
diz =
for =
for =

920 =
9222 =

92z =
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g3z =
93z =

t—an2) (vo) = —

9
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0
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0
C Ox

0 9 0
(a—mV)fg I

1

c
1 /0 )\ . 0,
E(a—nbe)Bm— 5
!
C

P,
P8z,
B,

w’yQﬁw + Esz = waQﬁz +
EyBﬂc = w’y252 - (Bzﬁx - Bxﬁz)Bxa

+ (Bzﬁx -

w’y25z -
1

P+ [B®

w’fﬁ:}cﬁz -
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+2

B, B.,

E2—|—32

w’yZ_P—f_ 2 )

w’y2ﬂx + Esz - w’yQBx +
Ewa = w’}/Qﬁz_

w’yQﬁz -

8E
O

( z/Bx_

0
(vpBz) — 5 —(vpB-),
0

92z — 79222
0277

0
7922 62 922z,

93z + 92 5 932,
0

= B,
— (8.5~ B,
8

B:vﬁz)ﬂ + w726§ o

Bxﬁz)ﬂ + w’YQ/Bg -

B.),
B.),

(Bzﬁx - Bmﬁz)Bz

(Bzﬁz - Bxﬁz)Bw

(12.77)

(12.78)

The first conservation-diffusion equation describes mass transport, and in the absence

of diffusion, is the mass-continuity equation. The second and third equations describe mo-

mentum transport, the fourth equation energy transport, and the fifth and sixth equations

Faraday’s law. We assume the following linearized forms of the variables, corresponding to

plane waves:
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plx,z,t) = po+ prexpli(k,x + k.2 — wt)],
Bu(x,2,t) = Pr1expli(kex + k.2 — wt)],
Bz X, Z,t = /820 + /le exp[i<ka:x + kzz - Wt)]a

= Py + Pyexpli(k,x + k,z — wt)],
= Byiexpli(kyx + k,z — wt)],
B.o + B,y expli(k.x + k,z — wt)]. (12.79)

We now separately linearize each term of the conservation-diffusion equations. For the

mass transport equation, we have

fir = () = 7P1+735z05z1po,
Jiz,1 — (7P5x)1 = vpoPs1,
giz1 = (1pB)1 = YpoBar + Y180 + 7 B2 8100,

0 .
(& - 77pV2> fi= (_ZW + npkz) Ji1,

0 .
%(VPBx) = ikyGran,

0
_ L) = kz 21,
aZ (fypﬁ ) 1Rz012,1
(—iw + pk?) fin = —ickyGion — ick.grz1, or
0 = (w + an)k2) fl,l - Ckl’glzJ - Ckzglz,l- (1280)

For the transport of z-momentum, we have

foz1 = Wwoy* Ber + Bzoﬁm — B.oB:0Bq1,
G20a,1 = P14+ BB,
92221 = wo’YQBzoﬁzl — BBy,

0 .
<_ - UxVQ) f2x = (_ZW + 77ku> f?x,la

ot
0
7 Y2221 — ka zx,ls
0 . L
a5 92221 = Zkzg21z71, which gives
0z
(—iw+7]mk2) fox1 = —ickyGogsa — ick.g2221, or

0 = (W + ”]mk2) f2:}c,1 - Ckrg2mm,1 - Ckzg%cz,l' (1281>
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For the transport of z-momentum, we have

f2z,1 =

92221 =

92221 =

a 2 o
(a_nzv )f2z -
0

%gmg

0
82922,2,1

(—iw +1:K?) fozn =
0 =

woy? Bar + w12 Ba0 + 2wo* B2 61
— [(B.f, — B.B.)B.);
woy? B + w1 Bro + 2wy B2 Ba1,
wo’Yzﬂzoﬁxl — B.oBa1,
Py — B.gB.1 + w1y’ 82 + 2woy* Ba08:1 + 2woy* B2 Ba,

(—iw + k%) faz1,

kag2xz,17
ik.g2221, which gives
_ZCkasz,l - ZCszQZz,l, or

(Cd + ankZ) f2z,1 - Ckasz,l - Cszsz,L

For the transport of energy, we have

ot
0

fs1 = w172 + 2’60074520521 — Py + BB,

93z,1 = w0726x1 + Bgoﬂxl - BZO/BZOBCC].)
9321 = woy?Ba1 + w1y Bao + 2w0745§oﬁz1,

(2 - neVQ) f3 = (_iw + nek2) f3,17

%gfﬂx,l = ika:g?)a:,la

0

0321 = ik.gs.1, which gives
0z7"” ’

(—iw + nek?) f31 = —ickygse1 — ick.gs. 1, or

0 = (w + insk‘z) f31 — ckzg3z1 — ck.gs. 1.

For the z-component of Faraday’s law, we have

0 2
(& — My V ) B,

0
_a(ﬁzBm - ﬁsz)

(—iw + nbxk2)Bx1 =

0

= (_ZW + bek?2) By,

= _Zkz(ﬁZOBa:l - 6:(;le0)7 which giVGS

—ick,(B.0Bz1 — Bx1B20), or
= (w+ inek?®) B — ckz(Ba0Batr — Bu1Bao).
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For the z-component of Faraday’s law, we have

(% - 77sz2) Bz = (_iw + 77bzk2) Bzh

%(/BZB{L‘ - ﬁxBZ) = Zkﬂ?(ﬁzOBafl - ﬁxleO)u

(_iw + nbsz) le - iCkm(ﬁzoBml - ﬁmle0>7
0 = (W + inbzk2) le + Cl{?m(BZOBml - /BIIBZO)'

We can now make the following definitions:

w = w- Ckzﬁan

which gives

or

w, = 0+ ink?, w, = w+ink?,

Oy = @+ ingk?, Wy = W+ ingk?,
0, = w+in.k? w, = w+in.k%
O = @+ ink?, we = w+ink?,
Do = @+ imek?, W = Wik,
Wy = @+ ik, Wy = W ik,

In summary, we have the following linearized equations:

wpfl,l - kmglx,l - k?zglz,l =

wa:f2x,1 - 0k19211,1 - Cszsz,l

wzsz,l - Ckasz,l - Cszsz,l

wef3,1 - Ckxgsx,l - Ckzgzz,l =

wbexl - Ckz(ﬁzOBxl - 5I1BZO)

wszzl + Ckx(ﬁzOBxl - BwleO) -

o 00 o0 oo

The above linearized equations can be written in the following matrix form:

w1
Py
Bxl
M = 0,
le
le

le

465

(12.85)

(12.86)

(12.93)



where M is a 6 by 6 matrix with the following elements:

My = (7@/): —4ryi, _’chkmpoa ’73@01)002@7_7[{2%7 0, 0)7

My = <0, —cky, woyw, + Biws, 0, cBuo <kz—w;§z0>, —C/fsz()),
Ms; = (V*Boow., —ck., —woy’ckyBro, M, ckyB.o, ck.Buy),

My = woy? [(1+2V2 30) (Dz_CkzﬂzO}a

M,y = (72@67 —we, —cky (w072+B§0), My,  B.ockzB0, BzOW6)7

My = woy® (29 Baowe — cks)

My, = (0, 0, ck.B.y, 0, @ 0),

Me; = (0, 0, —ckyB.o, 0, ckiB0, wr2). (12.94)

We now non-dimensionalize the variables as follows:

w c? P
Q0 = R f = IO_7 q = —;
ck w w
B,
/BA - 0 )
v Wo
k. ks
CZ - Ev CCC - ?7
ik
tau, = 6§Zﬁ Xi = 77]_7
c
The matrix equation is now
fi
q1
Y I 0, (12.96)
le
614,:1:1
ﬁA,zl

where the elements of M’ are given by
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My = (9, =49, —Gf, B —1Cf 0, 0),
o =G VLB, 0, Ba(G—QB), —GBa),
My, = (B, —G, =GB, My, GBa, GBa),
[+ 24%8%) Q. — 4],
My = (¥Qe =, —G (B, P (20 —C), BaGB, Bald),
(0, 0, CBa, 0, Qu, 0),
0, —GBa, 0, GBS, Q). (12.97)

2
2

By taking the determinant of M’, and equating this to zero, we obtain a dispersion

relation which can be written as a sixth-order polynomial in 2 = w/(kc):

Ce + C50° + O,Q" + CsP + Cr? + C1Q+Cy = 0. (12.98)

In the absence of diffusion, the coefficients are as follows (where 7, = (.3):
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050

Cio
Ry
Ry
R
Ry

S
So
S3
Sy

020
@1
Q2
OF
Q4

Cho
T

T2 -

C’00

= (B4 + )1+ 02 = 5222 - 1),
= T[BAB+ (2= 3C,)7V* +48%9%) +7°(5+ (2 = 5Cp)7* 4 85°9%)]—

B +72(1+26%) + (1 + 47 (1 + 458%))],

= R1 + R2 -+ f(Rg -+ R4>, where

V=1 =128 + T2 (=9 + 2(—4 + 5C,)77)],
BAl2C 8" + C — Cp* + B (—2C + 7 (2 + (-2 + 3C,) D)),
V[ +6¢28%* + 72(3 + 49%)],

= BACO+ B89+ B(E+(=C+ ),

= 7.[S1+ S + f(S3+ Su), where

V[3+ 828 + T2(7 4 2(6 — 5C,)7?)],
BAl=8"7° (4 + (24 Cp)¢2) — 3¢ — 2¢2 + (=24 3C,)77),
—V*[B+4C28% +312(1 + 297)),

= BB (2E+ )+ +7,

= Q1+ Q2+ f(Q3 — Qu)], where

By [=3 = 228" — T2(2 + (8 — 5C,p)7)],
BAlL+268%% + B2(2 4 (4 — 3C,)7%)],
BB+ CAY + (1 +497)),

= B[l + B + B (1 + 29%)],

= CB(Ty + fTr), where

By — (=24 C )28 + BAl-1+ (=2 + C,) 8277,
B2y — 2B + BA(L+ B,

0. (12.99)

We now introduce a small amount of diffusion, allowing us to retain only terms up to

order x;. Letting 7, = (.3, the coefficients are given by
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Co = Coo = (BA+)[-1+C? = 72— 1)),

Cs = Cso+i(Xae + X2 T Xe + X)) [BA(=1 4+ C* = 26%9%) =4 + Cpy' = 25°Y]
+i(Xae + Xz + Xe + X0) [ 852 +77)
+i(Xea + X0:) (B2 + V) [B(f —2) — 1+ Gy,

Cy = Cio+i(Xee + Xa)T:BA(B3 = f+ (2= f = 3C)7V° +2(2 - /)B%y)
+2A - f+ 2 f—4C) +3(2 - [)B*)]
+i(xe: + XI)TABAB — f+ (2= = 3C)7* +2(2 - /)5*?)
+72 05— f+ 2= f=5C,)7" + 42— )]
+ixTABA(1 = f = C? + (2= [)B*%) + 723 = f = 307" +3(2 — £)5°77)]
+ix,m 832+ (2 f = 2C,)7° + (2 — /)5
+ (44 (2= f—4C)y* +3(2 = /)57, (12.100)

Cs = Cyo+if3[CGE — ¢ — 277 — G2y + B27%(2¢, — 2¢2¢2 — 4¢2 + 3Cp¢2 — 272) | Xea
+ifAfIC + 72+ B2 (=G + G + 26 + )X
+iy?[~1 = 572 + 67292 (—1 + C, — B2)]Xbe
+ay? f[1+ 272 + 3729° (1 + 6%)] Xpw
+ @ﬁi[_ﬁ - 27—3 - CpCZQ'Yz + 6272(_2C;1 + (—4+ 301))(5@2 + (=2 + 301))(;1 - 27}2)]sz
+iv?[—1 — 972 + 729*(=8 + 10C, — 12%)]x.
+iBAfIC + 72+ B2 (14 72))xe: + i f[1L + 372 + 729 (4 + 66%) ] x
+ifal=C =272 + 297 (—4 4+ 3C, - 28%)xs
+iy? =2 = 572 + 6729 (=1 4+ Cp — 87)Ixa
+iBAfIC + 72+ T2 2+ B)xa + I + 270 + 372 (14 5 xa
+if5(1 = C? + 2827 x. + 0* [ — 372 + 829 (—2¢7 + 3C, (2 — 672)]x.
+iy’ f=0% + G+ 272 + 292G + 370X
+if312¢ + 3G + ¢ =212 = Oy + 8297467 + 2C,¢2 — 272)]xe
+iBAFIC + 72+ B2 + D)X
+iy? 972 (=14 Cpy®) + B292(2¢; — 4¢2¢2 — 6¢7 — 1277)]x.
+ iy’ f[1+ 372 4 B2y (= + 22¢ + 3¢2 + 672)]xe
+iB3(C — C* +252(2C2 + Co (D), + v [—1 = 572 + 6729 (=1 + G, = 57)x,
+i2 2 f =62 + 37 (1+ 87X, (12.101)
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Cy = Coo+if3m.[—3C, — 2C2¢2 + (1 + (=4 + 3C,) (27
+ B2 (—4¢, + 2¢2(C2 — ¢2) — Col2)Xe
A fRAG — G+ 2920 + 28220 + G+ )X
+ i1 [2 4+ 272 + T24%(6 — AC, + 28%)]Xba
+ir [ [=2 = 72 = 27 (3 4 B%)|Xtw
+iBAT(3¢ + (¢ - 2¢0
+ '}/2(2@1 + 30p<§§3 + (_2 + 3Cp)§j + 62(4C§ + (2 - Cp)C;?Cf - (2 + Cp)d))]sz
A fAA=C (G = G) + B2 (=2¢; — G+ )
+ i T [3 4+ T2 4+ T2 (12 — 10C, + 85%)]Xs-
+ 7 fy*[=3 = 372 — 729%(6 4 46%)]x-
Hin[BA(C + (2= Cp)2y°) + 7722 + 272 + 729°(6 — 4C, + 28°))Ixa
+ i fBA(=C = T2) + (=2 — 72 = 22 (3 4 7)) Xa
+iT[BA(=1 4+ Cpy? = 28°9%) + (22 + 72
+2 624G — Cpll + (4 = G + 272))Ix-
Hir fIBA(1+ B%9%) + 7 (=2¢F — 72 = B242(2¢7 + 72))Ix-
+imB3[=6C; — 92 = 3¢ + (=24 3C)7* + B9 (=8¢, — 12¢7¢2 — 4¢))Ix
+ir fAAIL 4 26%9%)(2¢; + 3¢ + ¢) + 77X
+im?[Tr2 + B2 (—4G + (2 = TC)CECE + (6 — 7C,) (L + 872)]xe
+iT 77 [=2 = 372 4+ BP47(2¢, — 3¢ — 3¢ — 47D)]x
HAn (=2 + 2(=1+ Cp)v* = 26°9%) + 7°(2 + 277 + 729%(6 — 4G, + 25%))Ix,
+in 7 [BA( 4 %) — T2 (3 + 57)x,, (12.102)
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Ci = Cio+iB3GCERA+ %) + (8 = 3C,) 5% + 26" xee
+ iy 2 (=1 + (=2 + C’p)vag)Xbx
—ifGCBAR2+ B2+ B2 (4 + B)xee + iV TE (1 + T2 Xbw
+ifA1(1+ 28%) (= + ) — 224G, + 3C,C3CE + (3C, — 4)¢2 +26%(¢, — ¢))ee
+ i727'z2[—3 — 27‘3 + 7'3'72(5013 -8 — 2,6’2)])@2
+ifBA(G — I + 72+ 7292 + B)xee +if TIP3+ 72+ T2 (44 B) X
+ iy (= 4+ (Cp = 27297 xe — 17772 (CF + 2C26%9%) X
+if 2L+ B2 )xe + PTG+ 879X
+ifAT2[(1+ 2B (4¢, + 6¢2¢2 +2¢0) + (2 = 2C)7 % Ixe
+ifBA(1+ B29%)[=C2 — 72(2¢; + 3¢2¢2 — (D)X
+ iy T2 B2 =2C0 + (20 + 2C,CCC + 2(=1 4 Cy) (L — 277X
+ify T2+ 72+ B2 - G+ D)X
+iC[BA(1+ (2= Cp)B%°) + 22 (=1 + (Cp — 2)729%)]x,
+ i fY T2 (—=BE + T2V X (12.103)

Co = in.CCBAI-2+ B (Cp — 4)]Xbe
+ 2 fr.CCCBA(L + B9 Xe
+iClRACG — ¢+ B222(C — )+ Cu2)) + B2 (1 + (2 = Co) 729X
+ifrCBAA+ B27)(C = ¢) — B2 (14 7297) | xe-- (12.104)

If we retain all terms, we must first make the following definitions:

v, = —T iy,

Dy = —27,(1+7°8%) +i(1 4 29°5%)x-,

Dy = —C° + 287 (—7 + ixe),

Dy = —Cy+ By (=T +ixp)- (12.105)

The coefficient Cy is then given by
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Co = —ifACCBY’ DibpXe. — iC7* (87 + 7)) Vbe D1ty X0
+ 20577 Dby xe + 205637’ Dibpteaxe — B1C (¢ — i8Xa) DrtpXe-Xe
+ 73¢1sz<iﬁ124xm + 72¢1>D1¢0X6 + 46,241C§7—z75pl¢p¢6
— 485V’ D1 pp e — 4BACA° X2 0 D1t
+ 47 XU (185 X0 + Y20) D1ty — 28322 BYDat), + 1B Gy X0 Doty
+ 02 87 Vha Xz Dathp — 1307 X0= (G — i8Xa) Doty 4 iCAVba Xbz (i85 Xa + V2 U2) Doty
+ 48327 0. Do, + ABLC BY Yraths Dathy + 48377 X2 (G — 18X )10 Doty
— 4By e Xox (183X + VU ) 02 Doty + G2 fhpe Xos Datbe
—iC2BY° fhvaXp=0= D2 + BRI Ube Dstbe f + 183G C 877 X D)= f
+iC BV (B3 + 77 beXoz Db f + BA7 X Datho f[=2iC2C 57 — 2iC2 Btbna
+ ToXo: (G — iBXa)] = BY UbaXp: (183 Xe + Y 0a)Xe D3 f + 28322 87 Datpe f
+ BACCA Ve Dsthe f — iBRCCA Xz Datbe f — iC2BY YaXp- D3t f
+ BV X0 (G — 18Xa) Date f — iC7 Vb X2 (183X + V2 00z) Datbe f- (12.106)

The dimensionless relativistic sound speed is given by

Cs rp
o= 2=
c w
-1\ w—pc?
= 4/

= VI -D1-f) (12.107)

We also denote the Lorentz-shifted wave vector as follows:

kz = k:}ca

N S— <k . wﬁz()) . (12.108)

C

Correspondingly, we define ., the dimensionless version of k., as

(. = ¢ — QB (12.109)
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With these definitions, the above dispersion relation is equivalent to the following:
QQf(Q) = 0, where
f1(Q) = QN = [B3(G +2°C) + BA(1 - 9°)]Q% + B (1 - Q) BAC- (12.110)

Using definitions (12.95) to write (12.110) in terms of the original variables, the dispersion

relation reads as follows:

wwgs(w) = 0, where

_ - w? B w? _
gi(w) = Y@ — | (k2 + 72k + 02, (k2 - —)1 0+ (k2 - §> v k2. (12.111)

The solutions are Q@ = 0 (w = 0), 2 = (.8 (w = k,v.0), and the four magnetosonic modes
to which g4(w) corresponds. The non-relativistic limit of g4(w) is in agreement with the

dispersion relation for magnetosonic modes presented in LRN09.

LRNO9 also present Alfven modes corresponding to

w

folw) = & — 03, (kQ—C—j) = 0. (12.112)

Alfven waves occur when the total stress is spatially uniform, i.e., when we have

B 4 B?
V(P++) _ 0. (12.113)

Substituting the linearized forms (12.79) for P and B into (12.113), we obtain

ik (P, + B,yB.1) = 0. (12.114)
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To show how this corresponds to the familiar Alfven modes, we need an expression for B,
in terms of Py, in the absence of diffusion. We obtain this as follows. From the diffusionless

version of equation (12.91), we can solve for B, in terms of v,;:

A (12.115)

Substituting (12.115) into (12.92) (diffusionless versions), we can solve for B,; in terms of

Vet

k. B
B, = 2, (12.116)

w

The second element of the diffusionless version of (12.93), describing transport of z-momentum,

can be written as follows:

.- B3 Wuz0
—kxpl + Woy W + —2w Up1 + BzO <k’z - 5 ) Ba;l - k’szole = 0. (12117)
C C

We now substitute expressions (12.115) and (12.116) into equation (12.117). This yields the

following expression for v,; in terms of P;:

k0P, kP,
L= - . 12,118
U S i~ B2 W) wela — (R — /) (2115)

Substituting (12.118) into (12.116), we obtain the following expression for B,; in terms of
Pli
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k.Z’BZO CZk:iBz()Pl

LS TS T R o (R~ o)) (12.119)
Substituting this result into (12.114), we obtain
k2 B?
kP |1 L2 = 0. 12.120
B AR T R e ) 2420
Using v%, = ¢?B%,/wy and multiplying (12.120) by the denominator, we obtain
2-2 2 , W’ 22
vt —vy, | kT — "l + kvy, = 0, (12.121)

which, upon combining the second and third term, gives the familiar dispersion relation for

Alfven modes:

2

V@t =2, (k2 - w—2) ~ 0. (12.122)
C

The non-relativistic limit of (12.122) is in agreement with the result of LRN09. In summary,
in the absence of diffusion, we recover the marginally stable Alfven and magnetosonic modes

derived in LRNO09.

12.3.2 Stability for Equal Diffusion Coefficients

Suppose now that the diffusion is non-zero, and that all viscosity coefficients are equal to

a common value x. This amounts to simply replacing €2 with 4 iy in the diffusionless
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version of the linearized system (12.97). We therefore make the substitution y = 2 + iy in

the dispersion relation (12.110) for the diffusionless case:

y(y — 1) faly) = 0, (12.123)

where

fiy) = Ply—m) =BG +C) + LA =)y — =)° + B2(1 — ") BACC. (12.124)

Let y;, for j = 1, ..., 4, denote the four magnetosonic modes satisfying f4(y;) = 0. The y; are
all purely real, as are the solutions y = 0 and y = 7, corresponding to the other two modes.
The corresponding solutions for {2 are therefore

Q5 = —ZX

Qs = 7, —ix (12.125)
The imaginary part of each solution is —y, which indicates that each solution corresponds
to a decaying mode. This leads to an important conclusion, namely, that when all viscosity
coefficients are the same, the uniform-flow model yields decaying modes in all reference

frames.

12.3.3 Decaying Modes in Non-relativistic Regime

We now include diffusion, and show that in reference frames for which the flow speed is non-
relativistic, the uniform-flow model generally yields decaying modes. Note that the limit of
zero flow speed corresponds to the co-moving frame discussed in section 12.1.
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In the non-relativistic limit, the Lorentz factor has the following Taylor expansions:

Vo 14674
P 14267+ (12.126)
The sound speed can be written as
Cg FPO h
- =—=T-D(1-1), so that

o
§

f=1-C,p3 (12.127)

where we have defined the dimensionless sound speed s = ¢;/c and a dimensionless version of
the heat capacity at constant volume, C,, = (I'—1)"!. The usual heat capacity is C!, = kgC,,
where kp is Boltzmann’s constant. Assuming non-relativistic sound speeds, we can make
the approximation f = 1 only in the absence of terms such as 1 — f and f — 1. When these

terms appear, the sound speed must be retained.

We retain only terms up to order 52, and invoke the approximations of a non-relativistic
sound speed, f ~ 1 and (12.127) for 1 — f. Recalling that C, = C, + 1, we have, for the

coefficients of the diffusionless polynomial,

Coo =~ (B3 +268°+1)C,,

Cso ~ —1,C,(36% + B2 — 108° +5),

Ci ~ Cy(=p2 — 5 +10772),

Cso ~ 7.0,(38% + 355 — 1072),

Coo =~ CO[B (=387 +572) + BA(57 — 367,

Cy ~ CUBCZZS[/BE/BZ + 531(_552 + 52)]:

Coo = 0. (12.128)
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We seek the roots of the diffusionless dispersion relation in the non-relativistic limit. From
the factorization (12.110), we know that two of these roots are 3 = 0 and €y = 7,. The
remaining four roots are magnetosonic modes, and can be obtained from the non-relativistic
limit of the dispersion relation for magnetosonic waves, f4(2) = 0, where f;(£2) is given by

(12.110). The non-relativistic limit of this is as follows, where, as before, Q = Q — 7.

QF — (B + B2 + BIBACE = 0. (12.129)

The magnetosonic roots are as follows:

B3 + B4 + /Bt + Bi +2(1 — 2¢2) 8285

QO = B2 = 5 (12.130)
2 2 _ 4 4 _ 2\ 3232
0 = g2 = b; + Pa \/ﬁs+52A+2(1 26)B:Ba. (12.131)

The diffusionless polynomial can now be written in terms of its non-relativistic roots:

QQ-7)[(Q-7)? -] [(Q-7)-52] =0, (12.132)

whose roots are

Ql = 07 QQ = Tz,
Q3 = T, + /BS+7 Q = Ty — ﬂs-ﬁ
Q5 = T, + ﬁs,, Qﬁ = Ty — 637. (12133)
We now wish to introduce a small amount of diffusion into the non-relativistic polynomial,
and write this polynomial in terms of a perturbation ¢ to the diffusionless roots. That is, for

each €2; which is a root of the diffusionless polynomial, 2; + €, is the corresponding root of
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the polynomial with diffusion. For a given €2;, we begin by writing the diffusion-containing

polynomial in the form

6
> Oy +es;)" = 0. (12.134)
h=0

Assuming sufficiently small viscosities, we retain only terms up to order x;. We invoke the
approximations of a non-relativistic sound speed, namely, f ~ 1 and expression (12.127) for

1 — f. Also, recall that C}, = C,, + 1. The coefficients with diffusion can now be written as

Co = Ceo = (B1+28°+1)C,,

Cs =~ Cso+i(Xa + Xz + Xe + Xp T Xz + Xo2)Co (1 + 83 + 28%),

Cy ~ Cio+i(Xow + Xa)T:Co(—385 + 282 — 88% — 4)
4 i (Xpz + Xe)T-Co(—35% + 282 — 108% — 5)
+ix.T[BA(=1 = Cy) + C,f7 — (14 6C,)* — 1 — 3C,]
+ix,T[BA(L = 2C,) + GBS + (1= 8C,)B% +1 - 4G,

Cs & Cs+i[6C,77 — CuB2 + BA(—Cu(E — Cu(2 B2 +3Cu7 — (Cy + 2)C2 )Xt
+i[=Cy 37+ 10C, 72 + B3(=CoCZ = C)xe-
+iC,(=C2B7 + 672 )xa +i[-CoC2B7 + (2 + 3C,) 72 — B¢ — (14 Cy) BAlx-
+ i[l + 5124<1 - Cv)]Xe + i[_l - 63&(1 + Cv)]va

Cy =~ Cy +i.[2C, 57 — 40,2 + (=1 + 3C,) 2 B4 Xba
+i.[3C, 82 — 10C,72 4+ 383(CoCZ + C)xe-
+im.Co[Co (2 B2 — 472 + BA(2C, (282 — 72)|Xa
+iT.[2C,C 07 + (—(1+ C)CE +282) 6% + (1 + C,) BA)x-
+im[=2+ (=2¢2 + 3C,)BAlxXe + iT[2 + (=1 + 2C,) B30,

Cy & Co+ilr2(—Cof2 + Cot2) + BACCE2C, 52 4 36 (4 — Cu)]lXee
+ ZTzQ[_3Cvﬁ§ + 50117-3 + ((_2 - 3Cv)§3 - Cﬁ)ﬁ?ﬁl]sz
+ 2 [Co (=52 + B7)Xa — C(CWB2 + B2)x:] +i(12 — CBA)Xe + i (=72 + B1) X,

Co ~ iBCC2AA[—2C,52 + B2 (—1 + C\)]Xbe
+ i IO (B2 — 72) + (—CuB2(¢2 — ¢) + B2(CG + Cul2)) Bl xee (12.135)
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Each coefficient C; can be written in the form
C; = Cjo+ icH,. (12.136)

The imaginary parts of the C; are given by eH;, where

Hs = 0,
Hs = (Se+S.+Sc+ S, + Spe + ) Co(55 + 1),
Hy = (S + Sp)7.Co(=35% — 4) + (Spz + S)m.Co (=363 = 5)
+ 8. [Bh(=1 = Cy) = 1 = 3C,] + S,7=[B4(1 — 2C,) + 1 — 4C, ],
Hy = [6C,7} — Cuf2 4 BA(=CuCF = Cu(262 + 3C,772)Sha
+[=CuB2 + 100,72 + B3(=CuC = ¢2))S-
+ Oy (=202 4 672)S, + [-Cu(2B2 + (24 3C,) 72 — B¢ — (1 + C,) f3]S.
+ [1 + 6,24(1 - Cv)]Se + [_1 - 5,24(1 + Cv)]sm
Hy = 7.[2C,087 = 4C,72 + (=1 + 3C,)(2 53] She
+ 7:[3C, 52 = 10C, 72 + 3B3(CoCZ + (2)]S-
+ .G [CuC2 P2 — 42 + BA(2C, (267 — 7))
+ 20,0282 + (—(1+ C)C2 +202) 87 + (1 + Cy) 8318
+ 7o [=2 4 (=262 + 3C,) A4S + T [2 + (=1 + 2C,) B3],
Hy = [T2(=C,32 + Curl) + BAC 120,62 + 35%(4 — Cu)]]Sha
+72[=3C, 82 + 50,72 + (=2 — 3C,)¢2 = ¢2) 515
+ 72[C (=52 + ) Se — CG(CLB7 + B°)S:] + (12 — B2 Se + C(—=72 4 52)S,,
Hy = BECRA-2C,82 + B2 (=1 + C,)] St
+ TCIC B2 (BT — 72) + (—CuB(CE — ) + BHEE + Cuc?)) A b (12.137)

where we define x; = €S; for the viscosities. If we further assume 3 << 1, the H; reduce

to

H6 - O,
H5 - (Sm+Sz+Se+Sp+sz+sz>Cw

Hy = —4(Sp + Sp)1.Cy + (Sp. — 5S)7.C, + S.7:(—1 — 3C,) + S,7.(1 — 4C,),
Hy = S.—S,,

Hy = —271,(S.—5,),

Hy = (77 = CB3)Se+ C(=2 + B)S),

Hy = BCCA-20,62 + B2 (—1+ C,)]Ste
+TCICB% (B2 — 72) + (—CuB2(Z = &) + BP(E + Cu(2)) B Se-. (12.138)
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If we now assume [ is much smaller than other terms, we can further simplify the

expressions for H; and Hy:

H, = _@25?4(56 - Sp)a
Hy = —C,BCBIRAI2G Sbe + (C — (2) 2] (12.139)
Substituting expressions (12.136) and (12.138) for the C; into the dispersion relation (12.134),
we have
5
C6O(Qj + €5j)6 + Z(Cho + iEH]J(Qj + Eéj)h = 0. (12140)
h=0

(12.140) can be written in the form

6
Y Fe =0, (12.141)
=0
where
6
Fy = > Cuof, (12.142)
h=0
6 5
Fy = 0; ) hCuQi™ +i)  H,Q (12.143)
h=1 h=0

In order for (12.141) to hold, each of the F; must vanish individually. Fj vanishes auto-
matically, since this is simply the diffusionless polynomial whose roots are the 2;. By setting
F} equal to zero, we arrive at an expression for 9;:

-1

6
> hChQ

h=1

§; = (=) [ithzg (12.144)

Because the unperturbed roots €2; are all real, the stability of a perturbed root is dictated
by the sign of the imaginary part of the perturbation d;, which is purely imaginary. If Im
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(0;) > 0, we have a growing mode, and instability. If Im (J;) < 0, we have a decaying mode
that does not contribute instability. To explicitly compute each §; below, we use expression
(12.144), substituting expressions (12.128) for the C}, and expressions (12.138) and (12.139)

for the H;. We consider cases for which 8 << 3, and § << 4.

Consider the unperturbed root €; = 0. From (12.144), the corresponding perturbation
1s

5 = (-@)Cil(;
CoBCB2B512¢2 She + (2 — (2)Sh:]
CoBCEB28% + BA(— B2 + B2)]
o (o) CICRBRE S + (2 = S
CoBCEB552
= (=9)[2¢%Spe + (2 — ) Sh.]. (12.145)

= (1)

As long as S, is not significantly larger than Sy,, we have Im §; < 0, and root 1 does not

contribute instability.

Consider the unperturbed root s = 7,. Using (12.144), and retaining only the largest

terms, the corresponding perturbation is

A
20207_2 + 010
_31QA2 . B
~ (-Z) CZ BﬂA(f& Sp) — (7/) Se SP )
GCuBABI C, 32

Q

0

(12.146)

As long as S, > S., we have Im d, < 0, and root 2 does not contribute instability.

Consider the unperturbed roots having the form Q, = 7, + 3,, where 3, = 5 +. Because
T, << B,, we can say that Q. ~ £f,. Using (12.144), and retaining only the largest terms,
the corresponding perturbation is
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) H3Q,?f + H,Q,
) 6C5002% + 4C10$2 + 2050,
(_Z.) (Se B Sp)(j:ﬂ? + Czﬁiﬁr)
Cy[£652 F 4(B2 + 53) B3 £ 2¢253820,]
i) (Se = S,)(B2 — ¢2B3) |
Co[68} — 4(B2 + B3) 5% + 2¢25542]

S =~ (

~

(12.147)

From expression (12.130), we see that f,; > (s and 54 > 4. From expression (12.131), on

the other hand, we see that B, < s and B, < B4. We define the ratios

2 <252
Ry = 1 5 2z ;‘ 2 321’
O’U [6Bs+ - 4(532 + BA) s+ + 2435/163]
2 _ C252
R_ = S (12.148)

Col68;- — 4(B2 + B2) BT + 20265362

Given that €, ~ 1, these two quantities both satisfy the diffusionless magnetosonic dis-

persion relation (12.129). That is,

e — (B2 BB+ 8253 = 0. (12.149)

Therefore, R, and R_ can be rewritten as

R — 5 — B
T GABL 282+ 53]
T - ¢h
R_ = (12.150)

ColdBs- —2(82 + B2

where, again,

s B+ VBB 201 —202)826%

2, = ; (12.151)
2 _ B+ 85— B+ f;j‘z +2(1 - 26205 (12.152)
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The magnetosonic perturbations can be written as

0y = (—i)(Se — Sp) R+
5_ = (=i)(S.—S,)R_ (12.153)

We use (12.151) and (12.152) in conjunction with the expressions for R, and R_. The
numerator and denominator of R, are both greater than or equal to zero, so that R, is always
positive. This means that o, yields stability as long as S, > S,. The denominator of R_ is
less than or equal to zero. However, the numerator of R_ can be either positive or negative.
If it’s positive, then R_ < 0, and stability requires S, < S,. If the numerator is negative,
then R_ > 0, and stability requires S. < §,. We see that in some cases stability requires
Se > S,, while in other cases stability requires S < S,. Combining these, we see that as
long as Sc = S, i.e., we have equal energy and density viscosities, we observe decaying or
marginally stable modes in the reference frame corresponding to non-relativistic flow speed.
We now consider reference frames corresponding to highly relativistic flow speed, and show
that this is the limit in which the anomalies emerge. This is identical to the condition

obtained in subsection 12.2.3 of the corresponding RHD (unmagnetized) analysis.

12.3.4 Extreme Relativistic Limit

We now seek to demonstrate that in reference frames for which the flow speed approaches
the speed of light, diffusion yields anomalous growing modes in almost all circumstances. In
the extreme relativistic limit, we retain only terms with the highest power of +, which is v%.

The coeflicients without diffusion then become
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Coo = 4—5°2— 1),

Cso = T.[-18 — f+45°(2 - f)],

Cio = T[40+ f) — 66712 — /)],

Cy = T2[=28—6f +46%(2— f)],
4

Co = 7 [12+4f — 52— f)],
Cio = —12(2+ f),
Coo = 0. (12.154)

The coefficients with diffusion are now given by

Cs =
05 -
Cy =

Cs

Cs

Ch

Co

Coo = 4—B%(2—f),

Cso + i(Xa + Xz + Xe + Xp + Xow + X02)[4 — (2= 1),

Ciyo + im-[—14 — [ 4+ 3(2 = £)5°] (Xox + Xa + Xp)

i [=18 = [+ 4(2 = [)B%](xe- + xe) + i [-12 4 3(2 = £)B)]x-,
Cso +172[3(6 + f) = 3(2 — £) B (Xox + Xa + X0)

+irZ[48 + f) = 6(2 = )B%]xe-

+if%[=20; + 10¢7¢2 +12¢2 + ¢ —3(2 — f)Tl]x-

+if?[(2 = )¢ +2(16 + )G +3(10 + f)¢ = 6(2 — [)771xe,
Coo 4 i [=10 = 3f + (2 = )5 (Xbe + Xa + Xp)

+ir2[-28 — 6 +4(2 — [)B%|x0-

i B[4 + (2 — £)(72 + 260 Ix-

+iT B2 —(26 + f)CC — (224 31)¢ +2(2 = [)(277 = ¢)xe

Cho + 7 (24 £)(Xew + Xz + Xp)

+imi[AB + ) — (2= £)BIxee — T2 CBH2 — [x-

+ir2 282 + (64 )¢ + (2= /(=72 + )X,

—i72(2 + f)Xoe- (12.155)

To first order, the effect of the diffusion is to add an imaginary component to Cy through

(5, so that each of these takes on the form

We now have, for the diffusionless dispersion relation,
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Q[CGOQ5 + 05094 + C40Q3 + 03092 + CgoQ + CIO] - 0, (12157)

with expressions (12.154) for the Cjo. It can be easily verified that Qg = 7, = (.5 is a solution
of (12.157). This corresponds to the angular frequency wy = k,v,0. When we introduce a
small amount of diffusion, we expect this root to be shifted by a small amount §. That is,
we have
6 6
> G40y =) Ci(r.+6) =0, (12.158)
j=0 J=0

where the C; are given by (12.155). Equation (12.158) can be written as a polynomial in §:

D;& = 0, (12.159)

.
I o
(e

where the D; are as follows:

DG - CG?
Ds = Cs5+ 6CsT,

Dy = C4+ 5057, + 15C672,
D3 = O3+ 40,7, + 10C572 + 20Cs 72,
Dy = Cy+ 3C37, + 6Cy72 4+ 10C577 + 15C77,

D1 = Cl + ZCQTz + 3037'3 + 4047'23 + 56157';l + 6067'5,
DO = C() + ClTZ + CQTZ2 + 037'3 + C’47';1 + C5TZ5 + C6T6. (12160)

z

Because 7, is a solution of (12.157), Dy, is purely imaginary:

5
Do = iDy; = (i)Y Cyrl. (12.161)
j=1
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We consider first the general case, for which the D; are non-vanishing. Note that Cs
has no imaginary part. Because we are in a reference frame corresponding to the extreme

relativistic regime, 7, is of order unity, which means that we have

|D;¢’| << |Do|, for j=1,2,..,6. (12.162)

This means that equation (12.159) can be approximated as

Dgd® + Dy = 0. (12.163)

Because Dg = Cj is purely real, and D, is purely imaginary, we have

—~Dy  —iDy, _ |Doz|eXp (ﬂ) (12.164)

D 6 CG Cﬁ 2

We include the £ in the exponent because Dy; can be either negative or positive. Taking

the six roots of (12.164), we have, for j = 1,2,...,6,

| Do\ M/° +inm 27
9, = (CG exp | 5 Jexp{ —~ |- (12.165)

These are six distinct roots, at least two of which are guaranteed to have positive imaginary

parts, and therefore correspond to growing modes. This demonstrates that in the extreme
relativistic magnetized regime, a small amount of diffusion leads to growing modes. This is
identical to the condition obtained in the corresponding RHD (unmagnetized) analysis. This

analysis assumes that the D; are non-vanishing, which is true in almost all circumstances.

As described earlier, there is a special case corresponding to the ; being equal to one

another. In this case, several of the D; vanish, and the resulting polynomial in ¢ yields only
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decaying modes, with imaginary part equal to —x;. For almost all other cases, the D; are

non-vanishing, and diffusion yields anomalous growing modes.

We have shown that the presence of a magnetic field does not suppress the anomalies
of the uniform-flow model. In particular, the modes introduced by diffusion still appear to

grow in reference frames for which the flow speed is highly relativistic.

12.4 Conclusion

The exact single-fluid RMHD equations are marginally stable. However, when these equa-
tions are discretized in a numerical simulation, they become slightly unstable. We therefore
need to include artificial viscosity in order to curtail these effects, and restore stability to the
system. In our studies of the KH instability, diffusion has precisely this effect. The anomaly
introduced by diffusion in no way undermines the results of our numerical simulations.

In particular, we have provided analytical and graphical demonstrations that in the
case of a uniform background flow, the modes introduced by diffusion appear to exhibit
anomalous rapid growth in reference frames for which the flow speed is highly relativistic.
To demonstrate this, we linearized the RHD and RMHD equations, with diffusion, for a
uniform-flow, and in each case derived a dispersion relation which is a polynomial in w
(fourth-order in the RHD case, sixth-order in the RMHD case). In the diffusionless limit
of the RHD polynomial, we recovered the relativistic acoustic modes of Bodo et al. (2004).
In the non-relativistic diffusionless limit of the RMHD polynomial, we recovered the Alfven
and magnetosonic modes of LRN09. We then demonstrated that the presence of a magnetic
field does not suppress the anomalous modes predicted by the uniform-flow model. Diffusion

introduces modes which decay in frames corresponding to non-relativistic flows, but appear
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to grow in frames corresponding to highly relativistic flows. These results cannot be given
physical significance, as they exhibit frame-dependence which arises from a model in which

the diffusion operator does not preserve the Lorentz-invariance of the system.

However, this academic exercise sheds light on a shortcoming of current mathematical
models of diffusion. In particular, the diffusion operator does not preserve the Lorentz-
invariance of the single-fluid RMHD equations, which reveals that these models do not

adequately address the influence of diffusion in the relativistic regime.

We again emphasize that these results do not in any way undermine the results of our
study of the KH instability. Throughout this study, we remained in the rest frame of the
system, for which diffusion introduces decaying modes and provides numerical stability. We
also demonstrated in chapter 11 that our numerical results are convergent with respect to
viscosity. The anomalies encountered in the present chapter are the result of attempting to
Lorentz-transform between different reference frames in a model with uniform background

flow.

We have examined both the stabilizing effects of a magnetic field and an anomaly asso-
ciated with diffusion and relativistic flows. In the next chapter, we discuss an opportunity
for further research of the KH instability using what is known as a high-resolution shock-

capturing (HRSC) scheme.
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Chapter 13

Further Research Using High
Resolution Shock-capturing Methods

For the results obtained in this study, the numerical scheme employs artificial viscosity (AV)
in combination with explicit finite-differencing. This scheme has the advantage of being
absolutely convergent, and more rapidly convergent than other schemes. This scheme also
allows greater flexibility in terms of being able to explicitly control the diffusion of mass,
momentum, energy, and magnetic field. However, many of the simulation results have a
possible sensitivity to viscosity, which can potentially undermine their significance if an
excessive amount of viscosity, or physically unrealistic combination of viscosity coefficients,
is used. As we have seen, artificial viscosity schemes also have difficulty handling high
Lorentz factors (larger than 2). Another class of numerical schemes, the so-called shock-
capturing schemes, have emerged as a possible alternative. High-resolution shock-capturing
(HRSC) schemes are able to stabilize the numerical system without the need for explicit
artificial viscosity, and in RHD, have been able to handle Lorentz factors of up to 1000.
However, most such schemes have at best second-order convergence (compared with fourth-
order convergence in space and time for our AV scheme), and have numerous difficulties

handling the relativistic magnetized hydrodynamic (RMHD) regime. Nevertheless, Mignone
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et al. (2009) have developed an HRSC scheme that overcomes many of these difficulties, and
in future research, could provide results with which to compare the results obtained in this
study. In the next section, we present an overview of the history of the development of AV
and HRSC schemes (along with a few other schemes), and discuss the sequence of advances
that have led to the development of the HRSC scheme of Mignone et al. (2009). In future
research, this scheme could potentially be applied to our model in order to generate results

with which to compare the results of this study.

We begin with an overview of the development of various numerical schemes for solving
RHD and RMHD equations, in particular artificial viscosity (AV) and high-resolution shock-
capturing (HRSC) schemes, culminating in the development of the scheme of Mignone et al.

(2009).

Wilson (1972, 1979) was among the first efforts to solve the RHD equations. He used
an explicit finite-differencing scheme with explicit artificial viscosity. Almost all numerical
codes developed in the 1980s for special and general RHD relied on this scheme (Piran
1980; Stark and Piran 1987; Nakamura 1980, 1981, and 1982; Evans 1986; Centrella and
Wilson 1984). However, such a scheme is unable to accurately simulate ultra-relativistic flows
(Lorentz factors larger than 2). Norman and Winkler (1986) reported on these difficulties,
and proposed a scheme using implicit artificial viscosity along with adaptive mesh refinement.
They were able to obtain accurate results at high Lorentz factors, but only in one dimension.
Our scheme uses explicit finite-differencing and artificial viscosity, and suffers from very much
the same problem with regard to high Lorentz factors. As discussed below, more recent

schemes (e.g. shock-capturing) have been able to obtain accurate results at high Lorentz
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factors in RHD, but are less rapidly convergent than our scheme, and much more difficult

to extend to RMHD regimes, and multiple dimensions.

Starting in the early 1990s, many attempts were made to integrate the RHD equations
without the use of artificial viscosity. Dubal (1991) used a flux-corrected transport (FCT)
algorithm, along with an explicit second-order Lax-Wendroff scheme. Mann (1991) adapted
smoothed particle hydrodynamics (SPH) techniques to the numerical solution of GRHD
equations, and in 1993 applied this method to relativistic spherical collapse. Van Putten
(1993) was among the pioneering efforts in simulating an RHD jet. He used a 2D slab
geometry with a Lorentz factor of 3.25. He also developed an RMHD scheme that uses
Maxwell’s equations in divergence form. However, his method led to oscillations for strong
shocks, which requires a smoothing algorithm, and is limited to moderate Lorentz factors.
In 1D relativistic shock tube tests, these methods performed similarly to Wilson’s approach,

and had little success with high Lorentz factors.

High-resolution shock-capturing (HRSC) methods, which are designed specifically to
solve conservative hyperbolic systems, provide a tremendous improvement to the simula-
tion of ultra-relativistic flows in RHD. Early versions of HRSC methods were developed in
Marti et al. (1991) and Marquina et al. (1992). Eulderink (1993) developed a relativistic
HD version of a Roe-type solver, which applies an approximate Riemann solver locally to
each grid cell, by diagonalizing a Jacobian relating the flux variables to the conserved quan-
tities. Marti and Muller (1996) developed what they called a relativistic piecewise parabolic
method (rPPM) for 1D RHD, which used an exact Riemann solver, although exact solvers

tend to be more computationally expensive (Marti and Muller 2003). Colella and Woodward
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(1984) were among the first to develop and describe the piecewise parabolic method (PPM).

Harten, Lax, and van Leer (1983) proposed a shock-capturing scheme (the HLL scheme)
using a Riemann solver that only requires approximate knowledge of the slow and fast
wave speeds associated with the shocks, and therefore does not require diagonalization of a
Jacobian. Schneider et al. (1993) adapted this method to the relativistic regime. This method
was used by Duncan and Hughes (1994) in the simulation of relativistic extragalactic jets with
Lorentz factors of 10. They were also among the first to simulate an RHD jet in cylindrical
geometry. They used a Newton-Raphson method to compute primitive variables. They
noted from their results that the relativistic nature of the flow inhibits the development of
the KH instability, with no KH instability visible for a Lorentz factor of 10, and hypothesized
that this might explain the smoother structure of QSOs (quasi-stellar objects), which have
more relativistic flows than the more turbulent BL Lacertae objects. Duncan and Hughes
used a small Mach number, while Marti et al. (1995) performed an RHD simulation in
cylindrical geometry with a highly supersonic Mach number. They used an HRSC scheme
with a Riemann solver and Runge-Kutta time discretization to integrate the equations, and,
as with Duncan and Hughes, used a Newton-Raphson method to recover primitive variables.
They observed a jet surrounded by a cocoon with distinct Kelvin-Helmholtz vortices, and
noted that the conclusions of Duncan and Hughes do not apply to jets with high Mach

numbers.

Koide et al. (1996) were among the first efforts to extend HRSC schemes to the simulation
of RMHD fluids, using a simplified total variation diminishing (STVD) scheme developed by

Davis (1984) for HD fluids, rather than a Riemann solver. This can be thought of as the Lax-
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Wendroff method coupled with the formal use of diffusion. As with the other simulations,
they use a Newton-Raphson method to recover primitive variables. They concluded that a
strong magnetic field, coupled with relativistic effects, may explain the collimated, faster,
and smoother flows observed in quasars, in contrast to the bending observed in BL Lacertae
objects and extragalactic jets such as 3C 279 and 3C 454.3, which is largely caused by
propagation into an oblique magnetic field. Nishikawa et al. (1998) performed a 3D RMHD
jet simulation. These studies used a second-order Lax-Wendroff scheme, which has several
disadvantages compared to a Godunov-type scheme. The second-order Lax-Wendroff scheme
incurs a large amount of implicit numerical viscosity. Also, there have been no published
results of a comprehensive set of standard numerical tests to validate the properties of these
codes (convergence, etc.), according to Del Zanna and Bucciantini (2003). This scheme is

limited to moderate Lorentz factors.

Komissarov (1999a) and Balsara (2001) also made important advances toward extend-
ing HRSC schemes to the simulation of RMHD fluids, this time using linearized Riemann
solvers incorporated into second-order Godunov-type schemes. However, these schemes rely
on Roe-type solvers which require complicated diagonalization. Furthermore, they require
the solution of systems of equations in order for primitive variable recovery from conserved
quantities. Del Zanna and Bucciantini (2003) applied the HLL scheme to the RMHD prob-
lem, requiring only the estimation of wave speeds rather than matrix diagonalization. They
also used a third-order essentially non-oscillatory (ENO) central-type scheme. This scheme
has third-order overall accuracy, and is an extension of an RHD scheme presented in Del

Zanna and Bucciantini (2002) and the 3D MHD shock-capturing scheme presented in Lon-
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drillo and Del Zanna (2000). They also reduced the primitive variable recovery process to
the solution of just one nonlinear equation in terms of the enthalpy. The primitive variable

recovery algorithm of Newman (2002) uses a single equation in terms of the pressure.

Bucciantini and Del Zanna (2006) used their shock-capturing scheme to numerically
simulate the growth of the KH instability in RMHD, comparing their results to observed
synchrotron emission spectra in pulsar wind nebulae (PWN). They concluded that the KH
instability might be responsible for time-dependent filamentary structure in the main torus

of a PWN.

Mignone and Bodo (2006) solved the RMHD equations using an HLLC approximate
Riemann solver, which improves upon HLL schemes by resolving the intermediate wave
associated with the contact discontinuity. Mignone and Bodo (2009) improved upon their
HLLC scheme with a so-called HLLD scheme which resolves several other characteristics in
RMHD. Zrake and MacFadyen (2011) used the HLLD Riemann solver in their simulations
of RMHD turbulence. To recover primitive variables, they used a 2D Newton-Raphson
algorithm to solve a system of two equations in two unknowns. These RMHD studies only

considered moderate Lorentz factors.

Newman (2002) introduced an improvement over the above RMHD schemes by present-
ing a rapidly convergent, accurate approach for recovering the primitive variables (density,
pressure, velocity) from the conserved quantities at each time step of a simulation, which is a
vast improvement over other methods, such as the Newton-Raphson method. The scheme of
Newman (2002) is used in our simulations. Furthermore, our numerical integration scheme

has fourth-order convergence in space and time. Our use of explicit finite-differencing and
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artificial viscosity has advantages and disadvantages over shock-capturing schemes. Where
the latest HRSC schemes are able to handle Lorentz factors of up to 1000 in RHD, our scheme
undergoes early numerical breakdown for Lorentz factors larger than around 2. However,
while shock-capturing schemes have at most second-order accuracy, our scheme has fourth-
order accuracy. Also, our scheme can be much more easily extended to the RMHD regimes,
and to multiple dimensions, whereas shock-capturing schemes must address a number of
complications associated with the magnetic field and relativistic effects. There are more
characteristics to identify at each spatial point, and a method needs to be developed to
ensure that the magnetic field remains divergenceless (typically the so-called constrained
transport (CT) method developed for MHD by Evans and Hawley (1988)). Nevertheless,
the HLLD Riemann solver of Mignone et al. (2009) does an effective job of addressing many
of these difficulties, and for purposes of further research into our model, would be a good

scheme against which to compare our results.

We have discussed a high-resolution shock-capturing scheme which could potentially pro-
vide a basis for further exploration of the KH instability problem being studied in this disser-
tation. In the next chapter, we summarize the salient results discussed in this dissertation,

and discuss other opportunities for further exploration.
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Chapter 14

Summary

We have explored, via numerical and analytical methods, the evolution of the KH instability
in magnetized relativistic astrophysical flows with a velocity shear, with applications to
astrophysical jets. The exact RMHD single-fluid equations are marginally stable, however
they become unstable when discretized in a numerical scheme. We therefore need artificial
viscosity in order to restore stability to the system. Viscosity also models physical processes,
such as momentum transfer and conductivity. Due to relativistic effects, viscosity can lead
to anomalous behavior, however we explain in chapter 12 why this behavior does not emerge

in our numerical simulations.

We find that while the magnetic field tends to stabilize the system, relativity tends to
destabilize the system. Through both linear and nonlinear analysis, we have found that the
magnetic field tends to stabilize the system to the KH instability. Through linear analysis, we
demonstrate that the magnetic field has the effect of reducing the linear growth rate, and also
reducing the region of instability. Through nonlinear analysis of the numerical simulations,
we demonstrate that the magnetic field tends to inhibit vortex development through a series
of stages that show qualitative agreement with observations of numerous jets, namely, field
amplification, vortex disruption, turbulent breakdown, and relaxation to an equilibrium
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filamented state. Qualitatively similar processes have been discussed in MHD literature. In
our study, we examine in detail how and to what extent these stages manifest in RMHD for a
set of representative field strengths. These field strengths are within an order of magnitude of
one another, and therefore within the uncertainty in field estimates of astrophysical jets. We
find that in the moderately relativistic regime, the influence of the magnetic field, both on
the linear growth rate and on the nonlinear evolution, is closely correlated with a relativistic
extension of the Alfvenic Mach number, which we define analogously (see equation (6.3))
to the manner in which Bodo et al. (2004) defined a relativistic version of the sonic Mach

number.

We also find that relativistic effects tend to destabilize the system. In our linear analyses
of the KH instability for the continuous velocity profile used in the simulations (chapter 6),
we find that highly relativistic flows tend to support modes with near-maximum growth at

wavelengths which are shorter than the width of the velocity shear.

Through our linear and nonlinear studies, we have successfully unified the HD, MHD,
RHD, and RMHD regimes. Here are some of the many ways in which we have done this.
In chapter 4, we examined the KH instability in the presence of a tangential discontinuity,
and demonstrated convergence between these four regimes in our dispersion relations and
growth rate results. In chapter 5, we derived a second-order ODE in the perturbation to
total pressure for a system with shear in the background velocity, and demonstrated that this
ODE has the same underlying structure in each of the above four regimes. In chapter 6, we
found convergence between the four regimes in our numerical growth rate results obtained by

solving the above second-order ODE. In chapter 11, we demonstrated convergence between
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the four regimes in the nonlinear evolution of the system. In chapter 12, we demonstrated
that when we take the diffusionless limit of the dispersion relations arising from the uniform-

flow model, we recover familiar modes in each of these regimes (Alfven and magnetosonic

modes in MHD and RMHD, along with acoustic modes in RHD and HD).

Below, we summarize our findings. We first discuss our basic model of the system, fol-
lowed by the stabilizing influence of a magnetic field, followed by the destabilizing influence
of relativity. We then proceed to discuss some possible limitations of our model, and oppor-

tunities for further research of this problem.
14.1 Our Model of the System

Our numerical simulations solve the RMHD single-fluid equations in conservative form. In
chapter 3, we demonstrate the mathematical equivalence of three formulations of these equa-
tions which commonly appear in the literature. The first formulation is not written in con-
servative form, but instead explicitly includes the Lorentz force in terms of the charge and
current densities, along with electric and magnetic fields in the stationary frame. This is
closest in form to the equations used to model laboratory plasmas with multiple fluids, which
employ a separate force equation for each fluid. The second formulation, used by Koide et
al. (1996) and Nishikawa et al. (1997), is in conservative form, but is written in terms of the
electric and magnetic fields in the stationary frame. The third formulation, the one used in
the simulations, is in conservative form, and written in the covariant form of Anile (1989), for
which the magnetic fields are given in the co-moving frame of the fluid, and the velocity and
magnetic field are represented as relativistic four-vectors. This is the form most commonly

used in RMHD single-fluid simulations.

499



Upon surveying the salient literature of prior MHD and RMHD single-fluid simulations of
the KH instability, we have developed a model for our numerical simulations. We assume a
fluid which is compressible, adiabatic, has infinite conductivity, and has an isotropic pressure
tensor. We assume a two-dimensional slab geometry, with periodic boundary conditions in
the flow (z) direction, and the shear (z) direction. We assume a uniform background density
and pressure, and a uniform background magnetic field which is aligned with the flow. The
background flow velocity has a sech? shear profile, which peaks at the central axis, and van-
ishes asymptotically at the boundaries. This profile is also known as a Bickley jet (Bickley
1937). We evolve the simulation by numerically solving the single-fluid RMHD equations of
Anile (1989) in conservative form, using a method which is fourth-order accurate in space
and time, and which exploits a rapidly convergent, highly accurate algorithm developed by
Newman (2002) for recovering the primitive variables from the conserved quantities (sig-
nificantly better than methods used in many prior studies, such as the Newton-Raphson
method). The exact RMHD single-fluid equations are marginally stable, but become un-
stable when we discretize the spatial and temporal derivatives in a numerical scheme. We
therefore need to include artificial viscosity for numerical stability, but also to model vis-
cous exchanges of momentum and energy between microscopic eddies, and, in the case of
magnetic viscosity, to model conductivities associated with electron and ion gyration in rel-
evant astrophysical environments. In first and second-order methods, viscosity is implicitly
present as a truncation error. By using fourth-order methods in space and time, we are able
to explicitly control the viscosity coefficients. Viscosity can introduce anomalous results in
relativistic systems, however we explain in chapter 12 why these anomalies are not observed

in our simulations.
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We construct a numerical eigenmode of the system by numerically solving a second-order
ODE in the perturbation to total pressure. This ODE has the same underlying structure in
the HD, RHD, MHD, and RMHD regimes, as discussed in chapter 5. We numerically solve
the ODE using the shooting method, also used in Blumen (1970). For a given frequency,
we construct left and right pressure profiles by integrating inward from the outer transverse
boundaries. In this way, the physical solution prevails over the unphysical one. We repeat
this process over an array of complex frequencies. The frequency of the eigenmode is the
frequency for which the left and right pressure profiles converge smoothly at a point close to

the central axis.

The numerical growth rates increase with increasing velocity within the moderately rel-
ativistic regime, but the system is KH-stable for highly relativistic flow speeds exceeding
about 0.95c¢. The growth rate is also larger for larger sound speeds, as the perturbation
performs less work in order to extract energy from the background flow. There are also
several differences between the numerical growth rates, for a velocity profile with continuous
shear variation, and the growth behavior for a velocity profile with a tangential discontinuity
(TD), as studied, for example, by Bodo et al. (2004). In the case of a TD, the growth rate
increases linearly with the wave number of the perturbation. With a shear variation, there
is a wave number above which the growth rate ceases to grow, and a larger wave number
above which the system is stabilized. This is discussed in section 6.5 of chapter 6. In the case
of a TD, we show in chapter 4, and in agreement with Bodo et al. (2004), that the flow is
KH-stabilized to flow-aligned perturbations when the Mach number exceeds 4 (in the frame

in which one fluid is stationary). However, for a shear variation, we see in section 6.4 of

201



chapter 6 that the flow can be KH-unstable to flow-aligned perturbations at Mach numbers

much larger than this, particularly at low sound speeds.

It should be noted that the numerical eigenfrequencies are about 10 orders of magnitude
smaller than the Larmor frequency. Therefore, it is highly unlikely that the KH-unstable
modes being studied would generate resonance with gyrating particles. We discuss this in

section 8.2 of chapter 8.

Once we have obtained a numerical eigenmode, we launch the simulation by perturbing
the system in this eigenmode. The system then evolves through a linear regime in which
the perturbations grow at approximately the numerical growth rate. Deviations from linear
agreement are due to evanescent modes introduced by artificial diffusion. After about 8 to
10 growth times, the perturbations become comparable to the corresponding background
(unperturbed) values, and energy is diverted from the linear mode into newly emergent
nonlinear modes. This results in saturation of the perturbed quantities. At about this time,
transverse mechanical stresses have become large enough to twist the flow into two large
counter-rotating vortices on either side of the central axis, separated longitudinally by half
the perturbation wavelength. This half-wavelength separation is a direct consequence of the
transverse symmetry of the perturbation profiles of transverse velocity, and the transverse
antisymmetry of the pressure perturbation profiles (as discussed in chapters 7 and 10).
These symmetries are those of a sinuous mode. For a varicose mode, which has the opposite
symmetries, the two vortices would be longitudinally colocated. The terms “sinuous” and
“varicose” are used by Drazin and Howard (1966). In our slab geometry, the fastest-growing

modes are sinuous, while the varicose modes are much more stable.
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The vortices form around regions of low density and pressure, and each rotate in the
direction of fluid circulation within them. In the early nonlinear regime, this rotation is
dominated by mechanical stresses, so that the angular velocity varies irregularly, and the
vortices assume irregular shapes, alternately being elongated in the longitudinal and trans-
verse directions. In the absence of a magnetic field, the vortices persist, and over time,
thermal stresses become more dominant over mechanical stresses. Because thermal stresses
are isotropic, the vortices gradually relax to a more circular shape, and their angular ve-
locity relaxes to a roughly constant value, for which the rotation period is roughly equal
to one sound transit time. This is due to modulation by nonlinear transverse sound waves
which propagate between the jet axis and transverse boundaries. These sound waves cause
nonlinear oscillations in the graphs, versus time, of the spatially-averaged density, pressure,
and velocity components. These oscillations also appear in the graphs, versus time, of the
perturbations of density, pressure, and transverse velocity, though not longitudinal velocity,
as discussed in chapter 9. At a given pressure peak, the pressure is maximized around the
central axis of the flow, and the flow speed is at a local minimum. At the next pressure
peak, the pressure is maximized at the transverse boundaries, and the flow speed is at a
local maximum, and so on. The oscillations in average flow speed therefore have twice the
period of the oscillations in average pressure and density. Sufficiently strong fields suppress
these nonlinear oscillations. Although these acoustic oscillations are influenced by the trans-
verse width of the system, we show in sections 11.3 through 11.5 of chapter 11 that they do

not significantly influence the evolution of the flow.
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14.2 Stabilizing Influence of a Magnetic Field

The presence of a magnetic field has the general effect of inhibiting the KH instability,
both in its linear and nonlinear development. In section 4.7 of chapter 4, we show that
for a tangential discontinuity between two relativistic flows, a flow-aligned magnetic field
stabilizes the system to flow-aligned perturbations when the magnetic pressure exceeds the
thermal pressure. In section6.3 of chapter 6, we show that for a given flow speed, growth
rate decreases with increasing field strength, and that stronger magnetic fields are required
to stabilize systems with higher flow speeds and higher densities. In particular, we find that
within a regime of moderately relativistic flow speeds, the fractional reduction in growth
rate, due to a magnetic field, is closely correlated with a relativistic version of the Alfvenic
Mach number M4, which we have defined analogously to the manner in which Bodo et al.
(2004) defined a relativistic sonic Mach number (see equation (6.3)). The system is stabilized
when M, is less than about 3. However, this correlation breaks down somewhat for flow

speeds less than about 0.3 ¢ or larger than about 0.8 c.

In the nonlinear regime, the magnetic field inhibits vortex development through a se-
ries of stages, described in chapter 10. First, the rotating vortices centrifugally expel the
field lines, resulting in field amplification within the filaments connecting the vortices. The
vortices twist the field lines, and this, in combination with magnetic resistivity, results in
magnetic reconnection. Second, the field disrupts the vortices. Magnetic stresses on the
vortex boundaries inhibit vortex rotation, and deform the vortices into irregular shapes, ac-
companied by vortex shedding of amplified hybrid filamentary features. Third, the vortices

undergo turbulent breakdown into smaller-scale structures, partly driven by magnetic re-
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connection, and the jet continues to broaden as electromagnetic and mechanical energy are
viscously dissipated into thermal energy. In the fourth and final stage, the system gradually
relaxes to an equilibrium state consisting of flow-aligned vortex and current filaments. These
stages of inhibition are qualitatively similar to those discussed in the MHD simulations of
Malagoli et al. (1996) and Baty et al. (2003), and the mildly relativistic MHD simulations
of Bucciantini and Del Zanna (2006). Miura and Pritchett (1982) also noticed the presence
of field-aligned currents in the equilibrium state of their MHD results. We examine in detail
how and to what extent these stages manifest in RMHD for a set of representative field
strengths. These field strengths are separated by roughly an order of magnitude, which falls
well within the uncertainty in estimates of field strength in astrophysical jets (obtained from

synchrotron emission observations).

The final equilibrium state consists of a wide equilibrium flow (broader than the initial
jet width) with an average longitudinal velocity of only about 0.2 ¢ (where it was initially
0.7¢), as shown by the displays in section 10.2. For fields which are stronger than this
intermediate range (i.e., M4 < 20), there is less viscous dissipation and jet deceleration,
because there is less intermediate turbulence. In this regime, the magnetic tension converts
a larger amount of mechanical bulk flow energy directly into electromagnetic form, with
incomplete vortex formation, and minimal magnetic reconnection, if any. This results in an
equilibrium state with a narrow central channel of relatively high flow speed (about 0.4 ¢
for M4 = 10.3, and about 0.5¢ for M4 = 5.15), whose width is about 1/5 the initial jet
width. This narrow channel is bordered on either side by filaments of enhanced vorticity

(i.e., large velocity shear), and corresponds to a region of low density (see the displays in
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sections 10.3, for the strong vortex-disruptive field, and 10.5, for the vortex-suppressing field).
Similar density undershoots were observed in the MHD study of Frank et al. (1996) and the
RMHD study of Mignone et al. (2009). In summary, when fields are strong enough to reduce
the rate of viscous dissipation, most of the residual bulk flow energy resides in a narrow
region surrounding the central flow axis. Fields with this strength also tend to suppress the
propagation of nonlinear transverse sound waves, as seen in the plots in sections 9.4 and 9.5

of chapter 9, in which nonlinear oscillations are suppressed for sufficiently strong fields.

Another observation is the close complementarity between the flow and magnetic field,
seen in the displays in chapter 10, in which the vorticity is overlaid with contours of the
magnetic field lines. This complementarity can be viewed in terms of an interaction between
mechanical energy and electromagnetic stresses. When the vortices form shortly after sat-
uration, the flow initially drives the field, through field amplification by centrifugal vortex
expulsion of field lines, and subsequent twisting of the field lines through vortex rotation.
Then, the field builds up sufficient electromagnetic stresses to constrain the flow, as the
tension in the field lines halts vortex rotation while deforming and disrupting the vortices.
Vortex behavior also leads to magnetic reconnection, which in turn enhances the turbulent

breakdown of the faster-moving components of the flow.

The extent and rapidness of vortex inhibition are closely characterized by M 4, our afore-
mentioned relativistic extension of the Alfvenic Mach number. We demonstrate this correla-
tion in section 11.8 of chapter 11, in which we compare results for a given M4 at two different
background flow speeds, 0.7 ¢ and 0.5 ¢, and find very close agreement well into the nonlinear

regime. Baty et al. (2003) performed non-relativistic MHD simulations in which they found
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close correlation of vortex inhibition with the non-relativistic Alfvenic Mach number. In
chapter 10, we see that for stronger magnetic fields (smaller My), the vortices are disrupted
at an earlier point in their rotation, and after fewer growth times, resulting in less twisting
of the field lines, and therefore less magnetic reconnection. Consequently, the breakdown of
the vortices is less complex, and there is less intermediate turbulence, so that the system
reaches an equilibrium filamented state after fewer growth times. For stronger fields, the
equilibrium jet is not as wide, and the filaments tend to be narrower. Fields for which M4
is less than about 6 suppress vortex formation entirely, resulting in an immediate transition
to an equilibrium filamented state. At all field strengths, the nonlinear features tend to have
less sharply-defined (i.e., more gradually sheared) boundaries in the latter stages of the non-
linear regime (turbulent breakdown, the approach to equilibrium). This is partly due to the
decay of the vorticity to about 0.2 ¢/rg, which is only about one quarter of its initial value.
The smaller vorticity is more closely correlated with frequencies of modes introduced by dif-
fusion, which more strongly couples the evolution to viscous dissipation. Another important
property of the equilibrium flow, and corresponding vorticity, is that they are qualitatively
similar to the initial flow. This indicates that, regardless of the intermediate turbulence and
complexity of vortex disruption, the system retains a memory of its initial configuration, an
observation that was also made in the MHD study of Ryu et al. (2000). In particular, for
the vortex-suppressing field, the equilibrium flow contains a nearly uniform background flow
region whose width is almost identical to the width of the initial jet (see figure 10.26(c) in
section 10.5). In the vortex-suppressing case, the flow therefore retains not just a qualitative

but also a quantitative memory of its initial configuration.
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We see that the extent and rapidness of vortex inhibition are directly correlated with the
field strength. However, there are certain energy-conversion processes for which we observe
bifurcations, i.e., processes which are optimized for intermediate field strengths. We observe
two important bifurcations. The first corresponds to the viscous dissipation of mechanical
energy into thermal energy, which is optimized for intermediate vortex-suppressing fields
(20 < M, < 42). We observe this bifurcation in the plots in section 9.5 of chapter 9, for
which the intermediate fields M4 = 21 and M, = 41 correspond to minimum longitudinal
velocity, minimum Lorentz factor, and maximum pressure in the latter stages of the nonlinear
regime. These fields allow a sufficient amount of vortex development to lead to a large
amount of bulk flow mechanical energy being diverted into rotational form, a large amount
of field amplification by vortex expulsion of field lines, and sufficient vortex twisting to
lead to magnetic reconnection. This, in turn, results in a complex turbulent breakdown,
partly driven by persistent magnetic reconnection. The turbulence generates small-scale
structures whose lengths are comparable to the length scales set by diffusion. This optimizes
viscous dissipation of non-thermal energy into thermal form, and therefore maximizes jet
deceleration. Another consequence of intermediate turbulence is greater broadening of the
jet as directional bulk flow energy is diverted into random motions, which contributes to the
deceleration. For fields which are too weak to optimize viscous dissipation (e.g., M4 = 82),
the vortex disruption is too gradual, and therefore the emergent features are dissipated
before they have the opportunity to interact in a turbulent manner. This bifurcation is not
observed in the transverse velocity, which is correlated with the amount of bulk flow energy
diverted into rotational form, and therefore simply decreases with increasing field strength.
For fields which are too strong to optimize viscous dissipation, the residual mechanical energy
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is concentrated in a narrow central flow channel.

The second bifurcation corresponds to extraction of electromagnetic energy from the bulk
flow in the early nonlinear regime. At this stage, certain field-dependent quantities (e.g.,
electromagnetic energy density, electromagnetic momentum, vorticity) reach a peak near
the onset of vortex disruption by the magnetic field, followed by gradual decay that asymp-
totically approaches equilibrium values. The peak in each of these quantities is maximized
for the strongest vortex-disruptive fields, and is smaller for the vortex-suppressing field, as
shown by the plots in section 9.6 of chapter 9. The strongest vortex-disruptive field studied
corresponds to M4 = 10.3. The early extraction of electromagnetic energy is therefore heav-
ily correlated with the ability of the magnetic tension to extract this energy directly from the
bulk flow, and is less correlated with field amplification due to vortex rotation, associated
with weaker vortex-suppressing fields. However, in order to optimize conversion into electro-
magnetic energy, some of the bulk flow energy must also be diverted into rotational form, as
seen by the observation that the peaks are substantially smaller for the vortex-suppressing
field M4 = 5.15. The strong vortex-disruptive field regime, which optimizes extraction of
electromagnetic energy, is also correlated with the emergence of the aforementioned narrow

central channel of relatively high flow speed and low density.

The current density also reaches a peak in the early nonlinear regime, followed by gradual
decay. However, maximum peak current density occurs for weak vortex-disruptive fields
(among the fields sampled, M4 = 41.4 gives maximum current density). One explanation is
that the current density is given by the curl of the magnetic field, and therefore depends on

the shear in the field, rather than on the strength of the field itself. The greatest shear in field
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strength occurs when we optimize the shear in field line concentration. This occurs when
field lines are expelled by rotating vortices. Strong vortex-disruptive fields suppress vortex
rotation, thereby reducing the current density. Also, although we maximize the amount
of extracted electromagnetic energy with a strong vortex-disruptive field, this is not how
we maximize the amplification of electromagnetic energy, relative to its background value.
This amplification is due to field line concentration, and is correlated with the amount of
vortex development. It therefore simply decreases with increasing field strength, and does

not exhibit a bifurcation.

There are qualitative similarities between our simulation results and certain jet observa-
tions, suggesting that our model might offer insight into some of the physical mechanisms
taking place in these jets. We discuss this in section 10.7. The formation of vortices, tur-
bulent breakdown, jet broadening, and jet deceleration are all qualitatively consistent with
observations (see figure 10.28 of the radio jet M87, figure 10.29 of the jet Centaurus A, and
figure 10.30 of the jet from Herbig-Haro 30). Filamentary features, seen in our vorticity and
current displays, are also consistent with observations. Lobanov and Zensus (2001) used the
KH instability to model the filamentary double-helix in the extragalactic jet 3C 273. Hardee
(2003; 2005) used the KH instability to model filamentary features in the extragalactic jet
3C 120. In our simulations, we observe that the large vortices are initially connected by a
dual filamentary structure, and that for all field strengths, the system relaxes to an equilib-
rium state consisting of flow-aligned vortex and current filaments. All of the aforementioned
jets are extragalactic, though these qualitative similarities are also observed with jets in our

galaxy, such as the Herbig-Haro object HH 30.
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Another potential comparison involves some of the knots in the radio jet M87. Stawarz
et al. (2005) reported amplified fields of at least 300 G in knot A, and Hines et al. (1989)
reported transverse field components in this knot, among others, and that the field outside
the knots has a smaller value of less than 100 uG. These knots may exhibit vortical behavior,
whereby vortex rotation could expel the field lines, resulting in amplified field with transverse
components near the knot boundaries, as occurs in our simulations for weak vortex-disruptive
fields. Furthermore, Hines et al. (1989) deduced that the magnetic field outside the knots
is primarily aligned with the flow, which is consistent with the background field in our

simulations. This is, of course, only one of many possible explanations of these observations.

There are many ways in which we verify the reliability of our numerical results. At the
end of chapter 9, we verify that the total longitudinal momentum and energy are in fact
very nearly constant in time, as we expect, given that these are conserved quantities in
the conservative RMHD equations, and there is no net flux of these quantities through the
system boundaries. At the end of chapter 10, we verify that, to a high level of accuracy, the
vorticity results satisfy the condition of alternating vorticity, which arises from the symmetry
of the background velocity profile and the antisymmetry of the pressure perturbations. In
chapter 11, we demonstrate the convergence of our simulation results. For each magnetic
field studied, the field remains approximately divergenceless throughout the evolution of the
system. Our simulations are rapidly convergent with respect to time step. With respect
to spatial step, convergence is more difficult, and requires a mesh of at least 751 points in
the transverse direction and 151 points per wavelength in the flow direction. Even then, the

evolution diverges somewhat in the latter nonlinear regime in the turbulent features emerging
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within the jet. Our simulations use 1001 points in the transverse direction, and 201 points
per wavelength in the flow direction. Our results are essentially independent of the number of
perturbation wavelengths spanned by the system in the flow direction. The transverse width
has minor effects on the latter nonlinear evolution via boundary reverberations of nonlinear
acoustic waves. However, the vortex-disruptive stage in essentially unaffected, as is the
equilibrium state, and the intermediate turbulent regime is affected only in the details of the
emergent turbulent features interior to the jet. Relevant spatially-averaged or maximized
physical quantities do not vary with system width by more than about 5% or 10%. These
effects are further reduced for strong fields, which suppress nonlinear acoustic oscillations.
In the limit of vanishingly weak magnetic fields, our simulations show good convergence
between the RMHD and RHD regimes. For non-relativistic flow speeds and sound speeds,
our simulations show good convergence between the RMHD and MHD regimes, which we

demonstrate by comparing results from the RMHD and MHD versions of our numerical code.

Our results show a slight sensitivity to the amount of viscosity used. An increase in
viscosity results in a decrease in flow speeds and an increase in density and pressure, which
are consistent with an increased rate of viscous dissipation into thermal energy. Qualita-
tive sensitivity, with respect to the displays, is higher for weaker magnetic fields, due to
the increased complexity of the small-scale structures arising from vortex disruption. For
vortex-suppressing fields, which suppress small-scale turbulence, the displays exhibit little
qualitative sensitivity to viscosity. For the weak-field case, less magnetic viscosity results in a
broader, more heterogeneous background flow, with somewhat more magnetic reconnection.

However, for all field strengths examined, the equilibrium jet width, and filament width, are
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approximately viscosity-independent, though viscosity sometimes results in a loss of sharp-
ness of the filament boundaries, so that the width is less well-defined. For each case, within

a range of physically reasonable viscosities, the results do not vary by more than about 5%.

We also examine, in chapter 11, the sensitivity of our results to the wavelength of the in-
put perturbation. We find that for weak fields, the equilibrium jet width is roughly twice the
input wavelength, and therefore increases linearly with wavelength. For the wavelength of
7.85ry used in the simulations (a wavelength of maximum growth for typical parameters), the
equilibrium jet width is about 4.5 times the initial jet width. For strong vortex-suppressing
fields, on the other hand, the equilibrium jet width is 2.25 times the initial jet width, in-
dependent of the input wavelength. Therefore, equilibrium jet width becomes independent
of wavelength for strong fields. One possible explanation is that weak fields allow extensive
vortex development and intermediate turbulence. The longitudinal dimensions of various
features, including the initial vortices, are dependent on the input wavelength (27/k,, which
is longitudinal). The resulting vortex rotation has the effect of coupling longitudinal di-
mensions to transverse dimensions, and hence to the overall width of the jet, so that for
weak fields, equilibrium jet width scales with input wavelength. Stronger fields inhibit vor-
tex formation and development, thereby inhibiting the coupling between longitudinal and
transverse lengths, and the dependence of jet width on input wavelength. However, for
strong fields, the equilibrium central flow width and equilibrium filament width seem to
both increase linearly with wavelength, with respective values of roughly 0.11 A and 0.08 \.
For strong fields, shorter input wavelengths tend to result in slower flow speeds and higher

pressures. One possible explanation is that these shorter wavelengths are more comparable
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to the length scales set by diffusion, so that nonlinear evolution is more strongly coupled to

viscous dissipation into thermal energy.

14.3 Destabilizing Influence of Relativistic Effects

We have seen that magnetic fields tend to suppress the KH instability, both in the linear
growth and in the nonlinear evolution. Highly relativistic flows, on the other hand, tend to
destabilize the system. For Lorentz factors exceeding about 2, no amount or combination
of diffusion can sustain a numerical simulation using artificial viscosity, which is a problem
that has plagued such simulations for over 20 years (Marti and Muller 2003). We first see
evidence of relativistic destabilization in chapter 4, for a tangential discontinuity between
two relativistic flows. Such a system is KH-stable when the Mach number (specifically, its
projection onto the perturbation wave vector) exceeds a critical value. However, as the flow
speed approaches the speed of light within this regime, we see that in one of the fluids the
wavelengths approach infinite lengths, while in the other fluid the wavelengths approach
zero, suggesting the emergence of modes with vanishingly small length scales. In chapter
6, in which we analyze the linear growth of the KH instability for the Bickley jet (“sech?®”)
velocity profile used in the simulations, we notice a similar result. In particular, when we
plot growth rate as a function of wave number, we notice that for moderately relativistic
flows there is a wave number corresponding to maximum growth and a larger wave number
above which the system is KH-stable. This larger wave number is roughly equal to the width
of the velocity shear across the initial jet. However, for highly relativistic background flow
speeds, instability at near-maximum growth extends to higher values of k., and therefore
to wavelengths which are smaller than the length scale set by the velocity shear. This is
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another manifestation of the tendency of relativistic effects to destabilize the system.

In chapter 12, we present an anomaly associated with diffusion in highly relativistic flows.
Recall that the exact RMHD single-fluid equations are marginally stable, but become slightly
unstable when we discretize the derivative operators in a numerical implementation. This
requires the use of artificial viscosity in order to restore stability to the system, which is how
viscosity behaves in our studies of the KH instability. However, in the presence of a uniform
flow, viscosity can introduce anomalous behavior associated with relativistic effects. We show
this by linearizing the single-fluid equations, including artificial viscosity in each equation, for
a fluid with a uniform background flow. What results is a polynomial in the eigenfrequency,
which can be solved with the aid of suitable approximations. By taking the diffusionless limit
of this polynomial, we recover familiar modes. In the RHD regime, we recover the dispersion
relation for relativistic adiabatic sound waves, which is found, for example, in Bodo et al.
(2004). In the MHD regime, we recover the magnetosonic and Alfven modes found in LRN09
and PK83 and KP84. By analytically solving this polynomial in the presence of diffusion,
we encounter modes which exhibit the expected decay in frames with non-relativistic flow
speeds, but appear to grow rapidly in frames with highly relativistic flow speeds. This result
is unaffected by the presence of a magnetic field, and is a consequence of the fact that
the diffusion operator does not preserve the Lorentz-invariance of the single-fluid RMHD
equations. Our demonstration sheds light on a shortcoming of current mathematical models
to adequately address the behavior of diffusion in highly relativistic systems. However, these
results do not in any way undermine the results of our studies of the KH instability. Our

simulations of the KH instability are always performed in the rest frame of the system, in
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which diffusion only introduces decaying modes and has the expected effect of stabilizing
the evolution. We also verify in chapter 11 that our simulation results are convergent with

respect to viscosity.
14.4 Opportunities for Future Research

There are numerous opportunities for further research into the influence of the Kelvin-
Helmholtz instability on relativistic magnetized astrophysical flows. One possibility is to
explore the influence of density and pressure shears between the jet and ambient medium.
Another possibility is to introduce a shear in the magnetic field. The linearization of the
RMHD equations is more complicated, as there are now four sheared background quantities
(density, pressure, velocity, and magnetic field), and this introduces additional complications
into the computation of a numerical eigenmode. Prior studies have used some of these shears
in non-relativistic environments, though these have not been adapted to the more compli-
cated RMHD equations with the same level of accuracy, convergence, and computational
efficiency as is used in our model. Once these difficulties are overcome, however, we can
examine how these additional shears influence nonlinear evolution, and model astrophysical
environments with potentially higher fidelity. It will also be useful to adapt our model to
more complex geometries, e.g., a three-dimensional slab or cylindrical geometry. Reconnect-
ing field lines can, for example, experience forces which push them in a direction orthogonal
to the plane in which they reconnect, thereby resulting in more complicated relationships
between field and fluid behavior. In three-dimensional space, field lines can wrap around
vortex filaments, rather than coinciding with their contours. See the three-dimensional MHD

study of Ryu et al. (2000). Although MHD studies have been performed in these geome-
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tries, RMHD studies have not, as yet, overcome the difficulties of the RMHD equations to
model the KH instability in a highly accurate, efficient, rapidly-convergent manner. These
difficulties would need to be overcome in order to model each dimension with sufficient grid

resolution.

As mentioned previously, schemes using artificial viscosity, such as this one, encounter
numerical breakdown when the Lorentz factor of the flow exceeds roughly 2. Another class
of schemes, namely, high-resolution shock-capturing (HRSC) schemes, has been developed
as a remedy to this problem. These schemes have been able to handle Lorentz factors of up
to 1000 in RHD (relativistic hydrodynamics). Komissarov (1999a) extended such a scheme
to the RMHD (relativistic magnetohydrodynamic) regime. However, the convergence of this
HRSC scheme, as with most others, is only second-order, while our scheme is fourth-order
in space and time. Also, HRSC schemes face many more difficulties in order to accurately
evolve a complex flow in RMHD, such as a flow that can be subjected to the KH instability.
Nevertheless, Mignone et al. (2009) have recently developed an HRSC scheme in RMHD that
overcomes many of these difficulties, and for purposes of further research into our model,

would be a good scheme against which to compare our results.

14.5 Conclusion

We have examined, both analytically and numerically, the role of the Kelvin-Helmholtz insta-
bility in the evolution of relativistic magnetized plasmas, with applications to astrophysical
jets. We numerically solved the single-fluid RMHD equations of Anile (1989) using a scheme
which is fourth-order in space and time, and uses the highly accurate, rapidly-convergent
relaxation scheme of Newman (2002) to invert the RMHD equations. These equations are
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marginally stable in their exact form, but become unstable when discretized in a numeri-
cal scheme. Therefore, artificial viscosity was included to restore numerical stability to the
system, but also to model physical processes (momentum transfer, conductivity). As we dis-
cuss in chapter 12, there can be situations in which diffusion introduces anomalous behavior
associated with relativistic effects, however this behavior does not occur in our numerical
simulations. As discussed in chapter 11, we have verified the convergence of our results
with respect to time step, spatial step, system dimensions, viscosity, and between the RHD,
MHD, and RMHD regimes. We also verified that the magnetic field remains divergenceless.
We found generally that a magnetic field has a stabilizing effect, while relativistic effects are
destabilizing.

We examined the manner in which a magnetic field inhibits the KH instability. We see
this in the linear analysis, where a stronger magnetic field results in a lower growth rate.
We also find that in the nonlinear evolution, the magnetic field inhibits the development
KH-unstable vortices. We have identified stages of vortex inhibition which are qualitatively
similar to what has been discussed in MHD literature. However, we have examined in detail
the complex mechanisms by which these stages manifest in RMHD for a set of represen-
tative field strengths. We have found that the extent of vortex inhibition, along with the
fractional reduction in linear growth rate, are closely correlated with a relativistic extension
of the Alfvenic Mach number M4, which we have defined analogously to the definition of
a relativistic sonic Mach number found in Bodo et al. (2004). We have found that inter-
mediate fields (20 < My < 45) are weak enough to allow extensive vortex formation and
magnetic reconnection, which then drives a complex turbulent breakdown and intermediate

reorganization of the system, along with maximum viscous dissipation and jet deceleration.
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For fields which are weaker than this, the vortex disruption is too gradual, and therefore
the emergent features are dissipated too quickly to interact in a turbulent manner. For
fields which are stronger than this, the vortices are inhibited while partially formed, which
suppresses magnetic reconnection, intermediate turbulence and viscous dissipation. In these
strong-field cases, the residual mechanical energy is found in a narrow central flow channel
of relatively high speed. We also found that maximum electromagnetic energy is extracted
from the bulk flow by the strongest background fields which still allow partial vortex for-
mation. Electromagnetic energy extraction is substantially reduced for vortex-suppressing
fields. We have seen remarkable complementarity between the behavior of the fluid and
magnetic field, i.e., between the flow driving the field, and the field constraining the flow.
In all cases, the jet broadens, however jet-broadening is correlated with vortex-development,
and is therefore greater for weaker fields. We have also found potential comparisons with
numerous jet observations, particularly some of the knots in the extragalactic radio jet M87.

In our linear analyses and examinations of nonlinear evolution, we have demonstrated
convergence of our results between the RMHD, RHD, MHD, and HD regimes, thereby uni-
fying these four regimes (see the last paragraph of the introduction to this chapter). We look

forward to extending our exploration of this problem in the ways outlined in section 14.4.
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