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Abstract

A Self-Triggered Control Strategy to Guarantee Forward Invariance and

Uniform Positive Inter-Event Times for Constrained Systems
by
David W. Kooi

Self-triggered control algorithms have the key feature that plant measurements
are only needed at isolated time instances. The information obtained at those
time instances is used by self-triggered control algorithms to update the input
to the plant and to determine the next sampling time event. In between these
events, the input is usually held constant. In this thesis , a self-triggered con-
trol strategy is proposed for forward invariance of a set for constrained (con-
trolled) differential inclusions. Using a (not necessarily periodic) zero-order
hold control scheme, this thesis addresses two key issues: i) the computation
of the next sampling time event, and ii) the assurance of a uniform lower
bound on the inter-event times, both while guaranteeing forward invariance.
Our results allow the sets to render forward invariant to be unbounded. Very
importantly, the results impose mild regularity properties on the data defining
the dynamics of the control system and of the forward invariance certificates,
which are given in terms of barrier functions. Simulations showcase the pro-

posed algorithms and provide comparisons with the literature.



Introduction

Given a continuous-time control system and a control law designed such
that the resulting closed-loop system satisfies a prescribed control objective, it
is not necessarily the case that a digital implementation, where the input is up-
dated only after some fixed inter-event period, determined by a fixed sampling
rate, will still guarantee the control objective, even if the inter-event period
is small [T 2]. Additionally, the assumption of fixed inter-event periods has
limitations in the context of systems with shared resources, such as networked
and embedded control systems [3].

In networked control systems, sensors, actuators, and controllers may be
distributed spatially and connected over a communication network [4]. Fixing
the inter-event period imposes a trade-off between responsiveness of the con-

troller and the demand placed on the communication network. Shorter periods



between data exchanges allow actuators to respond to disturbances quicker,
but at the cost of network demand. On the other hand, longer periods between
data exchanges can reduce demand on the communication network, but at the
cost of controller responsiveness. In embedded control systems, an embed-
ded processor may need to compute high priority control tasks while sharing
computational resources with lower priority tasks [5]. There arises a similar
trade-off between responsiveness of the controller and computational support
for other tasks.

Generalizations of periodic controllers, where the control input is not nec-
essarily periodically updated, find motivation in overcoming this trade-off.
Recent advances in the design of controllers that use aperiodically available
information can be decomposed into event-triggered (ET) and self-triggered
(ST) control approaches, as initiated in [6] and [7], respectively. These meth-
ods show that the control input of a system can be updated on an ’as-needed’
basis, while still preserving system properties such as stability, convergence,
and safety. See [§] for an overview on the topic.

In ET control, continuous availability of the measurements is typically
assumed. Hence, the control input is usually updated whenever the measure-
ments reach a critical region that compromises the control objective. However,
continuous availability of the measurements can be difficult to have in some

applications.



Hence, in ST control, and in periodic ET strategies [9], state measurements
are assumed to be available only at the same sequence of times when the input
can be updated. In general, the challenges when studying ET and ST control

systems are two fold:

1. What is the triggering condition that makes the control objective satis-

fied for the resulting (ET or ST) closed-loop system?

2. Under what conditions is the resulting inter-event period always larger

than a positive constant?

Early results on ST and ET control focus on stability and convergence only.
These results usually assume the existence of a feedback law that renders the
(non-triggered) closed-loop system input to state stable with respect to input
perturbations. The input to state stability property of the system is used to
determine triggering conditions that guarantee stability and convergence. In
ET methods, the triggering condition is a state dependent threshold that is
checked continuously. In ST methods, the triggering condition is a timing
threshold that is determined by the previously sampled state. That is, the
current state is used to determine the duration of the next inter-event period.
For both ET and ST strategies, it is important to show that inter-event periods
are lower bounded by a positive constant. A positive lower bound on inter-

event periods ensures that these periods cannot become arbitrarily small.



In [5] and [10], ET and ST control algorithms are proposed, respectively.
In both works it is shown that the inter-event times are always larger than a
positive constant. In [5], this constant is inversely proportional to the Lipschitz
constant of the dynamics. In [10] this constant is determined in using the well-
known comparison lemma [I1], and further analyzed in [12] when the system is
linear. While a ST method is analyzed only for homogeneous control systems
in [I0], an extension to general smooth control systems is given in [13], where
practical asymptotic stability of the origin is established. In [14], a hybrid
system framework is proposed to analyze and design ET control algorithms
guaranteeing asymptotic stability of a compact set. The obtained inter-event
times are shown to admit a semi-global positive lower bound.

In addition to using ST algorithms to apply static control laws, ST methods
have also been applied to model predictive control (MPC) strategies because
aperiodic sampling can be shown to reduce sensor measurements and control
computations. For example, in [15], a ST MPC strategy is implemented to
asymptotically stabilize a compact set for a specific non-holonomic system.
The Lipschitz constant of the non-holonomic model is used to determine a ST
sampling function which guarantees convergence to the compact set. In [16],
a ST MPC strategy for linear systems is introduced. The inter-event period is
added as a decision variable to the MPC objective function where longer sam-

ple periods are rewarded. Conditions on the system’s data are given which



render the origin asymptotically stable. In [I7], a general ST MPC frame-
work is proposed to render a compact set robustly asymptotically stable for
constrained linear systems. In this strategy, a finite horizon optimal control
problem is solved using a previously computed maximum feasible inter-event
time as a parameter. Both [I6] and [I7] consider discretized linear systems.
Recently, in [18], an ET and ST framework, based on reachable sets, is pro-
posed for the stabilization of compact sets in the case of discretized linear
control systems. ST MPC algorithms are an interesting area of research due
to the computational requirements of MPC and the sampling time relaxations
available in ST strategies.

Along with stability and convergence, safety is one of the most common
control objectives encountered in applications. Such is the case, for example,
in multiagent systems [19, 20], robotic manipulation [21, 22], and autonomous
navigation [23]. Safety is the property that requires the system’s solutions
starting from a given set of initial conditions to remain in a desired safe re-
gion [24], 25]. Safety is equivalent to forward invariance of a set known as
inductive invariant [26]. This set contains the set of initial conditions and
does not intersect with the unsafe region [27]. Existing results guaranteeing
forward invariance using ST and ET control algorithms often assume strong
regularity properties on the data defining the system’s dynamics or bounded-

ness of the set to be rendered forward invariant. Indeed, in [28], a ST control



algorithm is proposed for nonlinear systems while considering a compact set
and using a Lyapunov-based technique. In [29], a ST control algorithm is pro-
posed for perturbed linear systems while considering a convex and compact
set. The resulting inter-event times are shown to admit a positive lower bound.
See also [30], where nonlinear systems with a globally Lipschitz dynamics are
considered. Finally, in [31], an ET control algorithm is proposed for nonlin-
ear systems using continuously differentiable barrier functions. The resulting
inter-event times are shown to admit a positive lower bound provided that the
the right-hand side is globally bounded.

This thesis considers constrained control systems modeled by a control dif-
ferential inclusions with a continuous-time feedback law that renders a given
closed set forward invariant for the (non-triggered) closed-loop system. This
thesis assumes the existence of a barrier function that certifies this invariance
property with some robustness with respect to input perturbations. The thesis
first proposes an approach that efficiently determines the next sampling time
from a given initial condition. This yields a sampling sequence that guarantees
the invariance task for the corresponding ST closed-loop system. Afterwards,
the thesis investigates sufficient conditions for the existence of a sampling
sequence for which the the inter-event times admit a positive lower bound.
Finally, the two results are combined to provide a ST control algorithm that

guarantees both the invariance task for the resulting ST closed-loop system



and a strictly positive lower bound on the inter-event times. Note that the
system’s dynamics and the barrier function are not assumed to be smooth. Fi-
nally, via simulation, we show the effectiveness of our approach on two different
examples. In the first one, the set to render forward invariant is a temporal
funnel; hence, time-varying and unbounded. In the second example, we com-
pare the performance of our method with respect to existing ones. To the
best of our knowledge, this is the first time ST control is studied to guarantee
forward invariance of general closed sets in the general context of constrained
differential inclusions.

The remainder of this thesis is organized as follows. Background tools and
notions are motivated and presented in Chapter [2] Forward invariance and
Constrained differential inclusions are presented in Chapter [3] Two problem
formulations are presented in Chapter [ The main results are developed in
Chapter [l Finally, in Chapter [6] the results of Chapter [5] are applied to
rendering a time-varying set forward invariant and are compared to existing
ET and ST strategies.

Notation

e R" denotes n-dimensional Fuclidean space.

e Ry :=[0,00) denotes the non negative real numbers.

e N:={0,1,...} denotes the natural numbers.



N*:={1,2,..., 00} denotes the extended positive natural numbers.
Given z € R", " denotes the transpose of x.
Given z € R™, |z| denotes the Euclidean norm of x.

Given (z,y) € R* x R", and a set K C R" |z|k = inf cx | — y| defines

the distance between x and the set K.

Given (z,y) € R" x R", [z,y] denotes the line segment [z, y] relating «

to y

Given (z,y) € R*"xR", (x,y) := 2"y denotes the scalar product between

x and y
Given z € R", and aset K CR", (z,K) =2"K :={2"2 : 2z€ K }.

Given a set K C R", int(K) denotes the interior of the set, 0K its
boundary, and cl(K) its closure. U(K) to denotes an open neighborhood

around K.

For aset O C R", and aset K C R", K\O denotes the subset of elements

of K that are not in O.

F: R™ = R"™ denotes a set-valued map associating each element z € R"

into a subset F'(z) C R" U 0.

dom F' denotes the domain of definition of a set-valued map F.



e Given a set K € R" and a set-valued map F, F(K) :={n € F(z):z €

K}

e For a continuously differentiable function p : R" — R, Vp(x) denotes

the gradient of p evaluated at x.

e For a symmetric matrix A € R™*" \,;n(A) and Apq.(A) stand for the

minimum and maximum eigenvalues of A, respectively.



Background

This background chapter provides an overview of tools and useful notions
used in this thesis . This thesis ’s results are applicable to systems modelled as
constrained differential inclusions. Differential inclusions are a generalization
of differential equations and analysis utilizing differential inclusions can allow
for guarantees in the presence of external disturbances and modeling uncer-
tainty. Additionally, since this thesis requires only mild regularity properties
on the data defining the dynamics of the modeled system, as well as the bar-
rier functions employed to certify forward invariance, tools from non-smooth

analysis are also introduced.

10



2.1 Set-Valued Analysis

Many concepts from functional analysis have analogs in set-valued analysis.
The following section defines several of these analogs. For example, a locally

Lipschitz map is the set-valued analog of a locally Lipschitz function.

Definition 2.1.1 (Locally Lipschitz maps) A set-valued map F : R" =
R™ s locally Lipschitz if, for each compact set K C R"™, there exists k > 0

such that, for each x € K and y € K,

F(y) C F(z)+ k|z — y|B. (2.1)
Concepts of continuity can also be extended to handle set-valued maps.

Definition 2.1.2 (Semicontinuous set-valued maps) Consider a set-valued

map F : R™ = R"”.

e The map F s said to be outer semicontinuous at x € R™ if, for all
{z:};2y € R™ and for all {y;};~, C R™ with v; — z, y; € F(x;), and

y; =y € R", we have y € F(x); see [32, Definition 5.9].

o The map F is said to be lower semicontinuous (or, equivalently, inner
semicontinuous) at x € R™ if, for each ¢ > 0 and for each y, € F(z),
there exists U(x) such that, for each z € U(x), there exists y, € F(z)

such that |y, — y.| < €; see [33, Proposition 2.1].

11



o The map F' is said to be upper semicontinuous at x € R™ if, for each
€ > 0, there exists U(z) such that, for eachy € U(x), F(y) C F(z)+€B;

see [3], Definition 1.4.1].

Furthermore, the map F is said to be outer (lower, and upper, respectively)
semicontinuous if it is outer (lower, and upper, respectively) for all x € R™.

Finally, the map F is said to be uniformly upper semicontinuous on a set
K C R™ if there exists § > 0 such that we can choose the neighborhood U (z)

in the third item to satisfy x + 0B C U(z) for all x € K.

Since single-valued maps are used in this thesis , the following definitions

of continuity are recalled.

Definition 2.1.3 (Semicontinuous single-valued maps) Consider a scalar
function B : K — R, where K C R™.
o The scalar function B is said to be lower semicontinuous at x € K

if, for every sequence {xz;};~, C K such that lim; , z; = x, we have

liminf; ,,, B(x;) > B(z).

o The scalar function B is said to be upper semicontinuous at x € K
if, for every sequence {mi}fio C K such that lim;_., x; = x, we have

limsup,_, . B(x;) < B(x).

o The scalar function B is said to be continuous at x € K 1if it is both

upper and lower semicontinuous at x.

12



Furthermore, B is said to be upper, lower semicontinuous, or continuous if it

s upper, lower semicontinuous, or continuous for all x € K, respectively.

Local boundedness allows conclusions to be made about points within a
neighborhood of a point . Roughly speaking, a singled-valued map f is locally
bounded if f is bounded at every point. On the other hand, set-valued map

F is locally bounded if the image of F' is a bounded set at every point.

Definition 2.1.4 (Locally bounded maps) A set-valued map F : R" =
R™ is said to be locally bounded if, for each x € R™, there exist U(zx) and

K > 0 such that

<K VCeF(y) VyeU(x) (2.2)

2.2 Nonsmooth Analysis

Nonsmooth behavior occurs commonly, for example when measuring the
distance to a set, when a function is composed of min or max operators, or
when dealing with hybrid systems [32]. Even if a locally Lipschitz function
is non-differentiable at a point, the Clarke generalized gradient at that point

always exists.

Definition 2.2.1 (Clarke generalized gradient) Let B : R" — R be lo-
cally Lipschitz. Let Q be any subset of zero measure in R, and let Qg be

13



the set of points in R™ at which B fails to be differentiable. Then, the Clarke

generalized gradient at x is defined as

JcB(z) := co { lim VB(xz;) : x; =z, ©; ¢ Qp, ©; ¢ Q} : (2.3)

1—00

Note that when the function B is differentiable, the Clarke generalized gradient
Oc B is equivalent to the gradient VB.

Nonsmooth functions such as min and max occur, for example, in multi-
agent control strategies [20] and systems with multiple control objectives [35].
While the former reference uses smooth approximations of min and max op-

erators, the latter reference uses tools similar to those presented in this thesis

Example 2.2.2 Consider two sets, A:={x € R: 4 —x >0} and B :={z €
R :x — ds}, with 6y > do. Then, distance from a point x to AU B is given by

the function B : R — R defined as
B(z) := min{d; —x,x — §,0},V z € R.

Note that the gradient is undefined for points on the boundary of AU B as

well as when |x|4 = |x|g. The Clarke generalized gradient for B evaluated at

14



a point T is given by

{0,-1} ifz=0,

-1 if > (6 — 6,)/2
OoB(r) = { {~1,1} ifz = (61— 6s)/2

1 Zf$<(51—52)/2

{0,1} if x = 09
\
In the following lemmas, some of the key properties of the Clarke general-
ized gradient d¢ are recalled. The properties in the following lemma can be
found in [36 Proposition 1.5, Proposition 3.1, and Theorem 5.7], [37, Propo-

sition 2.1], and [38, Proposition 1.12], respectively.

Lemma 2.2.3 Let f,g : R" — R be two locally Lipschitz functions on U(z)

an open neighborhood of x € R™.

(P1) Homogeneity rule:
Oc(Af)(z) = Mo f(x) VA eR.
(P2) Nonsmooth sum rule:

dc(f +9)(x) C dcf(x) + Ocy(x). (2.4)

(P3) Continuity: The set-valued map Oc f is locally bounded and upper semi-
continuous on U(zx).

15



(P4) Emistence: For eachy € U(x), dcf(y) # 0.

The following result is in [36, Theorem 2.5], and it extends the chain-rule

property when differentiating the composition of nonsmooth functions.

Lemma 2.2.4 [Nonsmooth Chain Rule] Let f : R™ +— R™ be locally Lipschitz
near r € R™ and g : R" — R be locally Lipschitz near f(x) € R™. Then the

function g o f is locally Lipschitz near x and

dc(go f)(x) Ceofdc(y, f)(z) 1 v € deg(f(2))}, (2.5)
where co is the closed convex hull operation.

Next, we recall from [36, Theorem 2.4] the following version of the mean-

value theorem in the case of locally Lipschitz functions.

Lemma 2.2.5 [Lebourg’s Mean-Value Theorem] Let p : R™ +— R be locally

Lipschitz on U([z,y]), an neighborhood of the line segment [x,y] from x € R"

toy € R™. Then, there exists a point z € [x,y|\{x,y} such that

p(y) — p(x) € {{n,y —x) :n € dep(2)}. (2.6)

The following classical mean-value theorem for differentiable functions fol-

lows as a particular case of Lemma [2.2.5]

Lemma 2.2.6 Let p : R" — R be continuous on U([z,y]) and differentiable

on [x,y\{z,y}. Then, there exists z € [x,y]\{z,y} such that

p(y) — p(z) = (Vp(z),y — z). (2.7)

16



Because the solutions of a constrained system might only evolve in a subset
of Euclidean space, it is important to consider the contingent cone, which can

be used to represent where solutions of a constrained system are allowed to

evolve.

Definition 2.2.7 (Contingent Cone) For a set K C R", according to [39),

the contingent cone of K at x is given by

h—0t

h
Ty(x) == {v ER": hminfmTU”( = o} . (2.8)
We also recall the equivalence (see [3], Page 122])

v €Tk (z) <=

F{hi},en = 07 and {vi},oy = v 2+ hiv; € K. (2.9)

Example 2.2.8 Consider the set C' := [0,b] C R, with b > 0. Then the

contingent cone of C' at x is given by

(

(—00, 0] if t =0,

Te(r) = § (~o00,00)  if0<z<b,

0, 00) if x = 0.

\
The next chapter introduces the modeling methodology used in this the-
sis as well as concepts related to reachability, barrier functions, and forward

invariance.
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Forward Invariance in

Constrained Systems

3.1 Constrained Differential Inclusions

A constrained differential inclusion H := (C, F') is defined as the continuous-

time system
Hy: teF(r) xeCCR", (3.1)

with the state variable x € R", the flow set C' C R™ and the set-valued map
F : R" = R™. Note that the set C' in (3.1]) is not necessarily open and does
not necessarily correspond to R". Next, we introduce the concept of a solution

to Hf.

18



Definition 3.1.1 (Solution to Hy) A function x : domx — R"™ with domx C

R and t — x(t) locally absolutely continuous is a solution to Hy if
(S1) x(0) € cl(C),
(S2) z(t) € C for allt € int(domz),

(83) %(t) € F(x(t))  for almost all t € domuz.

A solution x is complete if dom x is unbounded. It is maximal if there does
not exist another solution y such that dom x is a proper subset of domy and
x(t) = y(t) for all t € domz. Note that each complete solution is maximal,

but not all maximal solutions are complete.

Remark 3.1.2 Condition allows solutions starting from OC\C' to flow
into C' such that is satisfied. Furthermore, allows solutions start-
ing from C to reach OC\C'. Hence, symmetry between forward and backward

solutions is preserved.

As customary in the literature, we assume that the set-valued map F sat-

isfies the following mild conditions:
(A1) F :cl(C) = R™ is outer semicontinuous and locally bounded,

(A2) F(z) is convex for all z € cl(C).

19



Remark 3.1.3 Assumptions (A1) and |(A2) are used in the literature as the
tightest requirements for the existence of solutions and adequate structural

properties for the set of solutions to differential inclusions, see [{0, 139, [36].

When F' is single valued, |(A1) and|(A2) reduce to the classical continuity prop-

erty of the right-hand side of a differential equation. In some of the existing

literature, e.g. [36,(39], assumptions|(A1) and|(A2) are replaced by the equiva-

lent assumption stating that F' needs to be upper semicontinuous with compact
and convez images on cl(C'). Indeed, outer semicontinuous and locally bounded
set-valued maps are upper semicontinuous with compact images [{1, Theorem
5.19], the converse is also true using [32, Lemma 5.15] and the fact that upper

semicontinuous set-valued maps with compact images are locally bounded.

Since ST control strategies are predictive in nature, the following notions

of reachability are defined.

Definition 3.1.4 (Reachability Map) Given z, € cl(C) and T > 0, the

reachability map R : Rso x cl(C) = cl(C) for Hy is given by
R(T,x,) == {x(t) : v € Sy, (w,), t € doma N[0, T]}, (3.2)

where Sy, (x,) is the set of maximal solutions to Hy = (C, F') starting from

T,.

At times it is useful to capture the set of points that are reached at the
end of the horizon in a reachability map, rather than the points captured

20



by R in definition . These points are given by a b-Reachability(branch-

Reachability) map.

Definition 3.1.5 (b-Reachability Map) Given z, € cl(C) and T > 0, the

b-Reachability map is given by

RY(T, @) := {o(t) : ¢ € S, (o),
(3.3)
t € domzn|0,7], At' € [0,T)Ndom ¢ : t' > t}.

where Sy, (x,) is the set of maximal solutions to Hy = (C, F') starting from

To.

3.2 Forward Invariance

Roughly speaking, a set K C R" is forward invariant for a system H; :=
(C, F) if solutions of H starting within K stay within K. The “pre” in forward
pre-invariance is used to accommodate non complete maximal solutions. For
example, if a solution z to a system Hy starts from X and stops evolving once
on the boundary of C, then such a solution can still satisfy z(¢) € X for all

t € dom x, but with dom x bounded.

Definition 3.2.1 (Forward pre-Invariance) The set X is forward pre-invariant
for Hy if, for each initial condition x, € X and for each solution v € Sy, (x,),

x(t) € X for allt € domz.

21



Next, the notion of a barrier function candidate defining a set X C cl(C)

is introduced.

Definition 3.2.2 (Barrier Function Candidate) Given C' C R, the func-

tion p: C' — R is a barrier function candidate defining the set X C cl(C) if

X ={z e€cl(C):p(x) > 0}. (3.4)

Barrier functions can be used to establish certificates of forward invariance.
For example, consider given a set C' C R", a single valued function f : R" — R,
and a set X = {x € cl(C) : p(x) > 0} defined by a continuously differentiable

barrier function candidate p : cl(C) — R. If p satisfies

(Vp(z), f(z)) >0, (3.5)

for all x € C, then X is forward invariant for solutions of f [42]. The satisfac-
tion of by the barrier function candidate p is commonly referred to as a
barrier function certificate.

The technique of guaranteeing forward invariance of a set without the
need computing the solutions of a system originates from the seminal work
of Nagumo [42] and is commonly applied in safety critical control [43].

We also introduce the following set that we use in some statements and

proofs. For a set X given as in (3.4), we define

X :={zx e R": p(x) > 0}. (3.6)

22



Remark 3.2.3 Definitions|5.2.2 and|5.2.1| can be extended to the case where

the set X C R x cl(C) is time-varying and the barrier candidate p : Rsg x
R"™ — R is also time dependent. In this case, it suffices to consider the aug-

mented state variable z, :=[t z']" € Rsq x R™ and the extended system

Hy,

i,€[1 F(2)']" 2,€Cy:=RsoxC. (3.7)

In the next chapter two ST control problems are introduced and formalised.
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Problem Formulation

Consider a constrained control system H} given by

Hy: t€F(v,u) v€CCR", ueR™ (4.1)

Assumption 4.0.1 The set-valued map F : C x R™ == R"™ is outer semi-

continuous and locally bounded with convex images. Additionally, C' is closed.

Remark 4.0.2 We assume C' to be closed without loss of generality. Indeed,
when C' is not closed, we can consider its closure, which can add solutions to

the system, but the conditions we propose do not change.

Given a continuous feedback law k : C' — R™, the resulting closed-loop

system is given by
H;l ; i€ F(r) = F(z,k(z)) x e C. (4.2)
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Note that F¢ satisfies |(A1)| and |(A2)]

In a ST control setting, the measurement of the state x is available only
at sampling instants defining a sequence {t¢;}°, C Rsq such that ;41 > ¢;.
Furthermore, we consider in this thesis the scenario where the control law
remains constant between each two samples ¢; and t;,1; that is, s is subject to
a zero-order sample and hold. Hence, the actual control signal that is applied

to the system is given by
Next, we define the concept of solutions to H} in closed loop with (4.3).

Definition 4.0.3 (Solution to ST closed-loop system) A locally absolutely
continuous function x : domz — C, domx C Rsg, starting from z, € C, is a

solution to H} in closed loop with (4.3) if, in addition to forallt € N,

z(t) € F(x(t),x(z(t;))) for a.at € [t;, ;1] Ndom . (4.4)

Assume that the feedback law x has been carefully designed such that a given
set X C C is forward pre-invariant for the system Hff . One objective in ST
control problems is to use the state measurements available at each sampling
instant ¢; to deduce the largest possible next sampling time ¢;,1 > t; such that
the closed loop of H} using still achieves forward pre-invariance of the

set X. We call the resulting sequence {t;}°, a feasible sampling sequence. In
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the first part of this thesis , we propose a method to efficiently find the next

sampling time to guarantee forward pre-invariance.

Problem 1 (Finding the next sampling time) Consider the control sys-
tem HY%, a closed set X C C, and a continuous feedback law x : C" — R™
such that X s forward pre-invariant for the closed-loop system . Find a
function Ty : C'+— RsqU{oo} such that, for each x, € X and for eacht — x(t)

solution to the system
i€ Fl(x,k(x,)) rxeC (4.5)
starting from x,, we have

z(t)e X Vtel0,Ts(z,)]Ndomuz. (4.6)

One solution to Problem (1] is provided in [44] where F' is single valued
and C' = R". Indeed, consider the system in (4.5) and assume that, for some
V>0,

|F(z,u)| <V  V(z,u) € dom F.

Consider a closed set X admitting a barrier function candidate p as in Defini-

tion [3.2.2] Then, for each z, € X,
Ty(wo) = p(,)/ V. (4.7)
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Note that, although the sampling function in (4.7) solves Problem , it is

conservative as we illustrate in the next example.
Example 4.0.4 Consider the system in (4.5) with
F(x,u):=[u 0]

and C'=TR?% Let X := {x € R? : z, < 10} and note that the barrier function
candidate p given by p(x) := 10 — x5 defines the set X as in Definition .
Now, for z,:=[0 9|7, the sampling function in provides Ty(z,) = 1/10.
However, the solution starting at x, satisfies p(x(t)) > 0 for allt > 0 for any

u.

C\ X

a:2:10
V

) . >
| ) Lo F(z,,u) X

Figure 4.1: Example 4.0.4

A solution similar to is proposed in [30], where T} is proportional to
the inverse of the Lipschitz constant of F. See also [28], where X is compact, F
is smooth, and T} is proportional to the inverse of a function upper bounding
the decrease rate of a Lyapunov-like function. Our approach is compared to
the one in [28] is in Chapter [6]
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Solving Problem [I] allows us to recursively construct a feasible sampling
sequence given by

However, such a sequence is not guaranteed to have the inter-event times
(tix1 — t;) uniformly larger than a positive constant. The absence of such a
guarantee could lead to a Zeno behavior or to arbitrarily small inter-event
times for initial conditions on the boundary of X.

For example, consider the scenario defined in Example [4.0.4] with z, :=
[0 10]" and notice the inter-event time provided by the sampling function

given by (4.7)) is not defined. Hence, we formulate the following problem.

Problem 2 (Uniformly non-vanishing inter-event times) Consider the
control system H} in ({4.1) and a continuous feedback law v : C — R™ such that
X is forward pre-invariant for . Determine conditions guaranteeing the
existence of TY > 0, such that, for each initial condition x, € X, a sampling
sequence {t;}5°, can be constructed such that t;s1 —t; > TF for alli € N, and

each mazimal solution to the ST closed-loop system starting from x, remains

n X. °

Existing solutions to Problem [2]require smoothness of the barrier candidate

p and either boundedness of X [28] or bounded variation of F' [31], 30].
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Main Results

5.1 Solutions to Problem [1

In the following result, we propose an answer to Problem [1l The construc-
tion of the function Ty at x, € X, proposed below, involves an approxima-
tion of how fast a solution x starting from z, can move towards dX during
a forward propagation interval [0,T]. This speed is upper bounded by the
supremum of the scalar product between the gradient of the barrier function
candidate p(-) and F(-,x(x,)) on the set that can be reached by the solution
x to over the interval [0, 7). This set is denoted by R(T, x,), which is an

overapproximation of the reachable set R(T, z,) along the solution to (4.5)).
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Figure 5.1: A positive speed towards 0.X

To illustrate this idea, consider the system H{ in (4.1) with F' single valued,
C = R", and k continuous such that X, defined by a smooth p, is forward
pre-invariant for the system Hfl. Now, the upper bound on the speed towards

0X of a solution z to the system in (4.5)) starting from z, € X is given by

A —

M(T, w,) == sup{(=Vp(y), F(y, £(z,)), y € R(T,,))}.

Indeed, the scalar product (Vp(z(t)), F(x(t), k(z,)) is merely the time deriva-
tive p(z(t)) when k(z,) is applied. Hence, evaluating the supremum of p, over
points in R(T ,T,), provides a scalar value indicating whether the solution x
evolves towards 90X during [0,7] or not. When M(T,x,) > 0, the solution

x flows towards 0.X; hence, the first time x reaches 0.X is lower bounded by

Ts(z,) := min {T plzo) } Figure |5.1| shows the ’speed’ towards 0X from a

» M(T o)
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point y € R(T, z,).
When M (T,z,) < 0, the solution z is not moving towards X along the

interval [0, 7], and the next sampling time can be just T. Figure shows

the 'speed’ away from 0X from a point y € R(T, To).

Figure 5.2: A negative speed towards 0.X

Requiring the barrier function candidate p to be continuously differentiable
can be restrictive when, for example, p is the distance to the set R* \ X or
when p is the minimum or the maximum of multiple functions, in which case,

p is only locally Lipschitz.

Theorem 5.1.1 Consider the control system H} such that Assumption
holds. Consider a locally Lipschitz barrier function candidate p defining a

closed set X and a continuous feedback law k : C' — R™ such that X is
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forward pre-invariant for (£.2)). Then, for any v, € CNX and for any T > 0,
(4.6) is satisfied for

T if My(T,2,) <0
Ty(z,) = (5.1)

min {T, o) _ } otherwise.

where,

M(z,,T) := sup{(—~,n) :
v € deply).n € Fly, k(w,) N Te(y), (5:2)

y € R(T,x,)},

and R : Rsg x C = C is an overestimation of the reachable set R(T, x,) along

the solutions to ({4.5)).

Remark 5.1.2 When p is continuously differentiable, (5.2)) reduces to

M(,, T) := sup{(=Vp(y),n) :
(5.3)

ne F(y> K’(xo)) N Tc(Q),y € R(T7 .CEO)},

Proof. We first prove the statement when p is continuously differentiable. In-
deed, let x be a solution to (4.5)) starting from z, € C such that p(z,) > 0.
Since the solution z is locally absolutely continuous and p is continuously dif-
ferentiable, it follows that the map ¢t +— p(x(t)) is locally absolutely continuous
on dom x. By definition of local absolute continuity, for each T' € dom z, there

exists a sequence {t,}_, C [0,T], where N € N* U {oo} and lim,, ,xt, =T,
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such that t,, — t,—1 > 0 and the map ¢t — p(z(t)) is differentiable on each

interval (¢,_1,t,) for all n € N*. Next, we note that

p(x(T)) = plxo) = > [p(a(t)) — p(x(tn-1))].

n=1
Furthermore, using Lemma we conclude that, for each n € {1,2,..., N},

there exists ¢, € (t,_1,t,) such that

p(a(tn)) = p(z(tn-1)) = %p(fv(t))h:cn (tn = tn-1)

= (Vp(a(cn)), #(cn)) (tn — tn) (5.4)

Then,

p((0) = p(x(T)) = = ) [p(x(tn)) = plx(tr-1))]

n=1
N

-y %p@(t))h_cn (b — tn 1)

< sup {—%p(w(t))\t:% :ne{lL,2, ...,N}} T

A —

< T'sup{(=Vp(y),n) 1y € R(T,x,),

n € F(y,r(z,)) NTe(y)},

where T > T. To obtain the last inequality in (5.5]), we used Lemma to

conclude that

%x(t) € To(a(en))  Wne{1,2,...N}.

t=cn
Now, to guarantee that p(z(t)) > 0 for all ¢ € [0,T], we choose T as

T < p(ao)/My(o, T), (5.6)
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where M (z,,T) is introduced in (5.3)). Since the last inequality in (5.5) is

valid only when T" < T, the function T} at x, that solves Problem [l| can be

chosen as in (5.1]).

Similarly, when p is locally Lipschitz, we let x be a solution to starting
from z, € C'N X. Since F is locally bounded, we conclude that the solution x
is locally Lipschitz. Furthermore, since p is locally Lipschitz, it follows that the
map t — p(x(t)) is also locally Lipschitz on domz. Using Lemma we
conclude that, for each T' € dom x, there exists a sequence {t,}\_, C [0,7],
where N € N* U {0} and lim, ,yt, = T, such that ¢, — ¢, 1 > 0 and
&(t) € Te(x(t)) for all t € (t,-1,%,) and for all n € {1,2,..., N}.

Define the map ¢ — P(t) := p(z(t)). Using Lemma [2.2.5 we conclude
that, for each n € {1,2,..., N}, there exists s, € (t,-1,t,) and ¢, € 0oP(sp)

such that

P(ta_t) — P(tn) = —Co - (tn — tu_r). (5.7)

Furthermore, using Lemma [2.2.4] we know that

OcP(sn) Ceo{0c(y,x(sn)) : v € Ocp(x(sn))}- (5.8)
Moreover, using Lemma [A.0.1, we know that,

Oc (v, x(sn)) C (7,0cx(s,)) Vne{l,2,..,N}. (5.9)
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Next, using Lemma we know that
Oc(sy) C F(x(sy), k(z,)) Vn e {1,2,...,N}.
Further, using Lemma [A.0.3] we know that
Ocx(sn) C Te(x(sy)) Vn e {1,2,..,N}.
From these two facts and using , we conclude that, for each n € {1,2, ..., N},

0o (7, 2(sn)) C (7, 0o (sn))

(5.10)
C (7, Fx(sn), £(2,)) N Te(x(s0))))-
Thus,
dcP(sn) C eof{(y, F(x(sn), 5(x0)) N Te(x(sn)))) :
(5.11)
v € dep(a(sn))}-
Hence, the following upper bound follows for each T' < T":
p(xo) = p(a(T)) = = > (p(x(tn)) — p(a(tn-1)))
= Z(_Cn) ’ (tn - tn—l)
- (5.12)

< T -sup{(—=v,n) : v € dep(y),
n € Fly,r(x,)) NTe(y),
y € R(T,z,)}.
The latter inequality holds because (,, is within the right-hand side of ,
{s,} < [0,T], and x(s,) € R(T,z,) since T > T. To guarantee that

p(z(t)) > 0 for all ¢t € [0, 7], we choose T as

T < pl(xo)/My(o, T) (5.13)
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where M(z,,T) is introduced in (5.2)).
Finally, since the last inequality in (5.12)) is valid only when T < T, the

function T at x, that solves Problem (1| can be chosen as in (/5.1]). [

Remark 5.1.3 Note that the over estimation R of the reachability map R can
be always computed because under Assumption and the continuity of K,
(x,x0) — F(x,k(x,)) is locally bounded on C' x C. Thus, there always exists
a neighborhood around x, where an upper bound on F(x,k(x,)) can be used
to over approximate R. However, the tighter this over approrimation is, the
larger the sampling function Ts will be. Methods to compute R are available in
[45] and [46] for classes of nonlinear systems, in [{7] for linear time-varying

systems, and in [{8] for Lipschitz differential inclusions.

5.2 Solutions to Problem [2

Consider the constrained control system HY, a closed subset X C C, and
a barrier function candidate p defining the set X. Let x : C — R™ be a
continuous feedback law rendering the set X forward pre-invariant for .
Having the set X forward pre-invariant for does not necessarily imply
that the same is true for the ST closed-loop system. Hence, we assume that

the following robustness assumption holds:
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Assumption 5.2.1 There exists a barrier function candidate p that is locally
Lipschitz and defines the sets X and X, as in (3.4) and (3.6), respectively.
Additionally, there exist locally Lipschitz functions o : R™ — R and v : R" x

R" — R satisfying
a(z) >0V z€dX, and (z,z)=0,
such that
(€. f) =z a(@) —~(z,n)
V(C, f) € Ocp(x) x (F(x,k(n)) N To(x)) (5.14)

V(z,n) e X x X.

Remark 5.2.2 Condition (5.14)) implies that the feedback law k renders the
set X pre-contractive for the closed-loop system (4.2)). Pre-contractivity pro-

vides a robustness margin of the forward pre-invariance property; see [49].

We also consider the following additional assumption.

Assumption 5.2.3 There exist Ty > 0 and B > 0 such that, for each solution
x to (4.5)) starting from K :={z € X : |x|ox, > B}, we have x(t) € X for all

t e [O,Tl] °

Remark 5.2.4 Note that Assumption [5.2.5 holds for free when the set K :=
{z € X :|z|opx > B} is compact.
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Figure 5.3: The sets X, X, and K

Indeed, for each neighborhood U(K) C X, there exists 6 > 0 such that
|y — z3| > & for all (x1,25) € K x (X\U(K)). Next, since F is outer

semicontinuous and locally bounded, it follows that
sup{|n| : n € F(z,k(x,)), (x,z,) € U(K) x K} < 0.
Hence, it takes at least a time
T > B/sup{|n| : n € F(z,k(x,)), (z,2,) € U(K) x K} >0

for a solution to (4.5)) from K to reach X\U(K).

In Lemma below, we provide sufficient conditions to verify Assump-

tion [5.2.3] To do so, we assume the following.

Assumption 5.2.5 Given > 0 and T > 0 there exists a locally Lipschitz

function V : R" — R and e; > 0 such that
V() <0 Vrze{reX:p(r)=0} (5.15)
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and, for each x € X, |x|gx > B implies V() > €;. Furthermore, there exists

a locally Lipschitz function o : R x R — R, such that

(Cm) = a(V(z),V(z,))

V(¢ n) € 0V () x (F(z,k(x0)) N Te(x))

V(z,2,) € C xC (5.16)
and
—/VD W (o0, 0|UT,+00) W, > (5.17)
0 O'(V, VO) ) 1 o Z €1. .

Remark 5.2.6 Note that (5.17) holds for free if the function o is linear on

1S arguments.

Lemma 5.2.7 Consider the control system H} such that Assumption
holds. Consider a continuous barrier function candidate p defining a closed
set X C C' and a continuous feedback law k : C — R™. Let >0 and T} > 0
be such that Assumption [5.2.5 holds. Then, Assumption[5.2.5 holds with such

Ty and B.

Proof. Consider a solution x to (4.5) starting from z, € K = {x € X : |z|ox, >

B}; thus, V(z,) > € > 0. Under (5.15), we can show that Assumption [5.2.3]
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holds by showing that
Vz(t)) >0 vVt € [0,T1). (5.18)

Now, to show (5.18]), we first show that there exists a solution y to the scalar

system

y=0(y,4) (5.19)

starting from y, := V(x,) such that
y(t) < V(z(t)) Vt € domx (5.20)

and, second, we show that y(t) >0 V¢ e [0,T}].

Indeed, since F is locally bounded, then the solution x starting from z, € K
is locally Lipschitz on domx. Furthermore, since V is locally Lipschitz, the
mapping ¢ — V(z(t)) is locally Lipchitz on domz. Next, using Lemma [A.0.4]
we can conclude that

%V(fﬂ(t)) e {{¢,z(t)) : ¢ € eV (x(t))} for a.a. t € dom z.

Furthermore, by Lemmas [A.0.2f and [A.0.3| we conclude that

z(t)) € F(x(t), k(z,)) N Te(x(t)) for a.a. t € domx.

Hence, for almost all £ € dom x,

{(¢,2(1)) : ¢ € DV (x(1))} S

{(¢;m) : ¢ € BV (x(t)),n € F(x(t), k(z,)) N To(x(t))}
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Thus, using ([5.16)), we conclude that

%V(m(t)) >o(V(x(t),V(x,)) for a.a. t € domx.

Finally, using the comparison Lemma in [II, Lemma 3.4], we conclude that,

for each solution solution y to (5.19)) starting from y, := V' (z,), (5.20]) holds.

Next, to complete the proof, we use to conclude that
y(t) >0 vVt € [0,T1).
Indeed, since y, > ¢; > 0, we show that either
y(t) >0 Vt € domy,
otherwise, there exists ¢, > 0 such that
y(t) >0 vte|0,t,) and y(t,)=0.

Then by (5.17)) we have that

. :/y(ty) dy :/o dy -
! Yo U(y7y0> Yo U(y;yo) o

]
In the following result, we provide sufficient conditions for the existence of

T > 0 that solves Problem [2|
We consider the case where p, o, and v in are continuously differen-

tiable as well as the case where they are only locally Lipschitz.
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Theorem 5.2.8 Consider the control system H} such that Assumption
holds. Consider a closed subset X C C' and a corresponding barrier function
candidate p. Assume that there exists a continuous feedback law k : C — R™
such that Assumption[5.2.1] holds. Furthermore, assume there exist f > 0 and

Ty > 0 such that Assumption[5.2.3 holds. Then, Problem[d is solved with

T := min{Ty, T} (5.21)
provided that
Ty :=min{T.(z):xz € X, |z|ox, < 5} >0, (5.22)
T if My(T,x) <0
T.(z) = (5.23)
min {T, %ﬂ%} otherwise,
M(T, ) :== My (T, z) + M,(T, z), (5.24)

for any T > 0 and

M(T, z) :==sup{{y1,n) : 11 € dc(y, ),
(5.25)

n € F(y k() NTely),y € R(T, )},

My (T, x) :=sup{(—72,1) : 72 € dca(y),
(5.26)

n € F(y, k(x) NTe(y), y € R(T,z)}.
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Remark 5.2.9 When p, v, and a are continuously differentiable, (5.25) and

(5.26)) reduce to

M, (T, z) = sup{(Vy(y,z),n) :
(5.27)

n € Fly,k(x)NTely), y € R(T, )},

Mo(T, ) := sup{(~Va(y),n) :
(5.28)

ne F(ya ’l{(m)) N TC(y)a y e R(T7 ZE)}
Proof. To prove the statement when p, v, and « are continuously differentiable,
we consider an initial condition z, € G := {x € X : |z|sx. < f}. The prove

follows if we show that, for each solution z to (4.5)) starting from x,, we have
x(t) eX vVt € [O,TQ]
According to ([5.14]), we conclude that

(Vp(z), f) = a(x) = y(z, zo)
(5.29)
Vf e F(z,k(z,) NTe(z) Vre X.
Let x be a solution, starting from z,, to the system (4.5)). Since the solution z
is locally absolutely continuous and the functions o and «y in ((5.29)) are contin-
uously differentiable, it follows that the maps ¢ — «(z(t)) and t — y(z(t), z,)

are both locally absolutely continuous. By definition of local absolute conti-

nuity, for each ¢t € dom z, there exists a sequence {t,}_, C [0, ] such that:

1. N e N*Uoo,
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2. lim, ,nyt,=tand t, —t,_1 >0, and

3. the maps ¢t — «a(z(t)) and ¢t — ~(x(t),z,) are differentiable on each

interval (t,_1,t,) for all n € {1,2,..., N}.

To avoid heavy notations, we use

Y(z(t)) :=v(x(t),z,) Vte€ dome.

Next, we note that

Y(@(t) = (@) = > (Y(@(tn)) = F(tn1)) . (5.30)
and
a(z(t) — alw,) = > (a(x(tn)) — a(z(tn1))) - (5.31)

By Lemma [2.2.6, we conclude that, for each n € {1,2,..., N}, there exists

¢n € (th—1,t,) such that

V(@(t) = V(o) = ﬁ:(

n=1

(tn - 2fn—l)) )
t=cn

and

ala(t) = afa) = 3 ( Gala(t)

n=0

(tns1 — tn)) .

t=cn

Now, we propose to find an upper bound on the map ¢ — 7(x(t)). Indeed,
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starting from ([5.30]), we have

A (t) () = i(g o), - t0)

< tsup{(Vy(z(cn)), &(cn)) :

ne {12, N} (5.32)

< tsup{(V7(y),n) :n € F(y) N Tc(y),

y € }?(T,xo)},

where T > t. Note that the latter inequality in (5.32)) is true using Lemmas

IA.0.2{and [A.0.3] As result, the final upper bound for ¢t — ¥(x(t)) is given by:

Y(z(t)) < tM,(T,z,)  Vte€0,T], (5.33)

where M, (T, z,) is introduced in (5.27). Next, we propose to find a lower

bound for the map t — a(z(t)). Indeed, using (5.31]), we conclude that

N

a@(v) - ale) = Y- (G| (s —1))
> tinf{(Va(z(c,)), #(c))) :
ne{l,2 .. N} (5-34)

> tinf{(Va(y),n) :n € F(y) NTc(y),

y € R(T,x,)},
where T > t. The latter inequality in (5.34) is true using Lemma [A.0.2] As

result, the final lower bound of ¢t — «(z(t)) is given by:
a(z(t)) > alx,) + tMy (T, z,), (5.35)
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where M, (T, z,) is introduced in (5.28). Now, combining (5.33)) and (5.35)),

we will find an estimate of the time 7}.(x,) such that,
p(x(t)) >0 Vte0,T.(x,)], Vo € Sy, (w,). (5.36)

Note that the time derivative of p along a solution = to (5.29), starting from

T,, satisfies:

% (x(t)) = (Vp(x(t)), z(t)) for a.a. t € domx.

Hence, if we integrate the previous equality from 0 to ¢, we get:

pla(®) = ) = [ (Vplas)). o)
Furthermore, using and the fact that
i(s) € F(x(s), k(z,)) N Te(x(s)) for a.a. s € [0,1],

we conclude that

pla(t)) = plz,) = /O [ (s)) = v(2(s), 7o)]ds

> [ fatan) + 5O () = M, ()l

= /0 [a(x,) + sM,.(T, x,)]ds

2 —

t
= ta(x,) + EMT(T’ To),

where T > t and M,(T,x,) is in (5.24). Furthermore, to provide the largest
possible T (z,) € (0, T] such that (4.6) holds, we note that ta(x,)+5t* M, (T, ,)
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is non-negative for all t € [0, —2a(x,)/M, (T, x,)] if M(T,x,) < 0 and for all
t > 0 otherwise. Hence, we take T,.(z,) as in . Finally, it is easy to see
that when holds, Problem [2|is solved.

To prove the statement when p, v, and « are locally Lipschitz, we consider
an initial condition z, € G := {x € X : |z|spx < B}. The proof follows if we

show that, for each solution x to (4.5 starting from z,, we have
z(t) e X Vit € [0, Ty).

According to ([5.14]), we conclude that

(€, ) = alz) —y(z, o)
V(C. £) € Bep(x) x (F(x, k(z,)) N Te(x) (5:37)
Vo e X.

Let = be a solution to starting from x,. Since F' is locally bounded,
we conclude that the solution z is locally Lipschitz. Furthermore, since the
functions p, «, and «y are locally Lipschitz, it follows that the maps t — p(z(t)),
t — a(z(t)), and t — ~(x(t),z,) are locally Lipschitz on domz. To avoid

heavy notations, we use
Y(x(t)) = y(x(t),z,)  Vtedomu,

Next, we use some non-smooth analysis tools to provide an upper and a lower
bound for the maps t — J(x(t)) and t — a(z(t)), respectively. Using Lemma
A.0.3, for each t € dom x, there exists a sequence {t,}"_, C [0,t] such that:
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1. Ne{1,2,..} Uco,
2. lim, ,yt, =tand t, —t,_1 > 0, and
3. the derivative &(t) € Te(z(t)) for each t € (¢,-1,t,) foralln € {1,2,..., N}.

Next, using Theorem [2.2.5 we conclude that, for each n € {1, ..., N}, there

exists s, € [tn_1,tn), Can € Oc(x(sy,)), and (yp, € OcY(x(sy,)) such that

Y(tn) — F(tn-1) = (tn — th=1)Cyn and

(5.38)
alty,) — altn_1) = (tn — th-1)Can-
Furthermore, by Lemma [2.2.4] we conclude that
9cA(sn) C 20{dc (1, 2(sn)) : 11 € Oy (@ (sn))}, (5.39)
and
dca(sn) C co{0c (72, 2(sn)) : 72 € Oca(x(sn))}- (5.40)
Next, using Proposition [A.0.1], we conclude that
Oc {1, (sa)) C {11, 0cx(sn)), (5.41)
and
9 (72, %(8n)) C (72, oz (sn))- (5.42)

Further, using Lemmas [A.0.2| and [A.0.3| under the outer-semicontinuity of

F', we conclude that

(71, 0cx(sn)) C (1, F(2(sn) N To(z(sn)))), (5.43)
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and
(72, 0x(85)) C (72, F(2(sn) NTe(2(50))))- (5.44)

Combining these facts, we will be able formulate bounds on the maps

t— y(z(t),x,) and t — a(z(t)). Indeed, using (5.43) and ([5.39)), we conclude

that, for each n € {1,2,..., N},

O0c(8n) C €o{0c(v1,7rF) :

(5.45)
Y € 0cy(2(sn)), vr € F(2(s,)) N Te(z(sn))}
Hence,
Y(x(t)) — (o) (G (tn = tn1))
n=1 (5.46)
< tMW(T, To),

where t < T, M, (T, z,) is introduced in (5.25).

On the other hand, using (5.44)) and (5.40), we conclude that, for each

ne{l,2, .., N},
dca(sn) C co{0c (2, Vr) 2 € Oca(x(s)),
(5.47)
r € F(x(s))}.
Hence,
Oz($(t)) - O‘(xo) = Z (Com(tn - tn—l))
n=1 (5.48)

> tMy (T, x,),
where t < T, and M, (T, z,) is introduced in ([5.26). Now, combining (5.46])

and ([5.48)), we will find an estimate of the time T, (z,) € [0, 7] such that (4.6))
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holds. Note that the time derivatives £ p(z(t)) and @(t) exist for almost all

t € domx and satisfy

d :
5 Pe(®)) €{(C, 2(2)) : ¢ € ep(a(t))}. (5.49)
The latter inclusion is true using Lemma [A.0.4L Hence, for almost all ¢ €

dom z,

5@ (@) = nf{{C, & (1)) : ¢ € dop(x(1))}- (5.50)

Furthermore, using Lemma we conclude that
x(s) € F(x(s), k(x,)) NTe(x(s)) for a.a. s € [0, ¢].
Hence, using (5.37)), we conclude that

Mﬂm—p@JZAKM$»—%ﬂ$wmw

> [ fatan) + 504 (T ,) = M ()l

_ /0 (o) + sM, (T, x,)|ds

12 _
= ta(z,) + EMT(T’ To),

where T > t and M,(T,x,) is introduced in (5.24). Furthermore, to provide

the largest possible T} (z,) € (0, T] such that (5.36]) holds, we note that

2

ta(z,) + %MT(T, 2) >0 Vte [0, —2%} (5.51)

provided that M,(T,x,) < 0, and the inequality in (5.51]) holds for all ¢t > 0
when M, (T, x,) > 0. Hence, we take T,(z,) as in (5.23)). Finally, it is easy to
see that when ([5.21]) holds, Problem [2|is solved. [
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5.3 Combining the Solutions to Problems

and 2

In the following result, we combine the solutions to Problems [I] and [2|
That is, we propose a ST control strategy for the system H} in that
guarantees a strictly positive lower bound on the sampling period. Roughly
speaking, when the system’s states are deep inside the set X, the next sampling
time is computed using Theorem [5.1.1} Since this result does not guarantee
the existence of a uniform lower bound on inter-event times as the solutions
approach 0X., Theorem [5.2.8| is used to determine the next sampling time

when z is close to 0.X..

Theorem 5.3.1 Consider the control system Hj in such that Assump-
tion holds. Assume that the solutions to H} are unique for any piece-wise
constant input signal u : Rsg — R™. Consider a closed subset X C C and
assume that there exists a continuous feedback law v : C — R™ such that
Assumption holds. Furthermore, suppose there exist 5 > 0 and Ty > 0
such that Assumption holds. Then, given T > 0, the sampling sequence

{t:}32, designed recursively as
tiv1 = t; + max {T., T, (x(t;)), Ts(x(t;))}, (5.52)

where T, T,, and Ty are computed according to (5.21)), (5.23)), and (5.1)),

respectively, guarantees forward pre-invariance of the set X for the ST closed-
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loop system in (4.4). Moreover, the inter-event times are always larger than a

positive constant provided that (5.22)) holds.

Next, we relax Assumption when, for some § > 0, the following

assumption holds.

Assumption 5.3.2 The set K :={x € X : |z|sx, > B} is compact. o

We also need the following assumption.

Assumption 5.3.3 The set-valued map x, — }:E(T, T,), over estimating x, —

R(T,x,) along the solutions to (4.5)), is outer semicontinuous and locally

bounded on X. °

Remark 5.3.4 When the map (z,x,) — F(z,k(x,)) is outer semicontinuous
and locally bounded, we conclude, using [50, Proposition 1], that the map x, —
R(T, z,) is also outer semicontinuous and locally bounded. Hence, assuming

the same reqularity properties to hold for the overestimated reachability map

Ty R(T, T,) 18 not very restrictive.

Theorem 5.3.5 Consider the control system H} such that Assumption
hold. Assume that the solutions to H} are unique for any piece-wise constant
input signal u : R>o — R™. Consider a closed subset X C C and assume that
there exists a continuous feedback law k : C' — R™ such that Assumptions[5.2.1
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and holds. Then, given T > 0, the sampling sequence {t;}32, designed

recursively as:
ti+1 = tl -+ max {TT(QZ(Q)), TS(I(tl))} s (553)

where T, and Ts are computed according to ((5.23|) and (5.1)), respectively, guar-
antees forward pre-invariance of the set X for the ST closed-loop system in

(4.4). Moreover, the sampling period is always larger than a positive constant

provided that there exists B > 0 such that Assumption[5.3.9 holds and provided

that (5.22)) holds.

Proof. Without loss of generality, we establish the proof only for the case

where the functions «, v, and p are locally Lipschitz. Note that according

to Theorem the triggering sequence in (5.53]) guarantees forward pre-

invariance of the set X. Next, to complete the proof, it remains to show that,

there exists 177 > 0, such that
max{7T,(z), Ts(x)} > Tx Vr € X.
By assumption, we already know that
T.(z)>Ty >0 Vee G:={ze X :|z|sx. < B}
Hence, it remains to show the existence of 77 > 0 such that
Ty(z) > T} Ve e K:={x € X : |z|ox, > 5}
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Note that the set K is compact by assumption and Ts(z) > 0 for all x € K.
Hence, to conclude the proof, we will show the existence of a function T, :
K — R such that

A

To(x) <Ts(x) VeelX

and 75 is lower semicontinuous.

Claim 5.3.6 The function

T if My(T,x,) <0
min {T, p(x0)) M(xo, T)} otherwise,

where

M,(z,,T) = sup{(—7,7) :

~ —

v € doply), 1€ Fly,w(w,)), y € R(T,x,)},

18 lower semicontinuous.

Proof. We will start showing upper semicontinuity and local boundedness of
the map z — M(m,T) using Lemma Indeed, note that M can re-

expressed as the following marginal function:
flao) == M,(2,,T
dep(R(T, x,))

’ I0>7 k(7))

,m) is continuous and

sup { (—

Next, we note that g(y



is outer semicontinuous and locally bounded using , Lemma and
Remark Now, since x Ms(x,T) is upper semicontinuous and p is
non-negative and continuous on X, we conclude that z, — p(x,)/M,(z,,T) is
lower semicontinuous.

Finally, to show that T, is lower semicontinuous, we consider a sequence
{2;}2°, C X that converges to =, € X. Since z — M(x,T) is upper semicon-
tinuous, we conclude that lim sup,_, MS(T, x;) < MS(T, x,). Furthermore, by
passing to an adequate subsequence, we can assume without loss of generality

that

lim inf TAS(xl) = lim Ts(xl) =a>0.

17— 00 1—>00
Also, since M, is locally bounded, by passing to another subsequence, we

conclude the existence of § € R such that

lim M,(z;,T) = 8 < My(T, z,).

1—00

Next, we distinguish the following scenarios:

e When § < 0, we conclude that MS(T, x;) < 0 for all ¢ € N sufficiently

large. In this case, Ts(x,) = T for all i € N sufficiently large; thus,

A

iy o Ty () = T > To(,).

e When 8 > 0, we conclude that MS(T ,x;) > 0 for all i € N sufficiently
large. In this case, we conclude that

~

Ts(z;) = min {T, p(wi)/Ms(:z:i, T)}
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for all + € N sufficiently large. Hence,

lim 7, (x;) = min {T, lim p(;) /M, (2, T)}
1—00

1—00

> min {7, p(ao)/ M, (w0, T) } = Ts(w,).

e When 3 = 0, we conclude that |p(z;)/M,(T,z;)] > T for all i € N

sufficiently large. Hence, Ts(xl) =T for all i € N sufficiently large.

|
Next, we propose to relax some of the requirements in Theorem [5.3.5] That

is, we would like to check an inequality similar to (5.22)) only at points in the

set 0X, N X. To do so, in addition to Assumptions [5.2.1} [5.3.2], and for

some $* > 0 and for G* := {z € X : |z|ox, < B*}, we consider the following

assumption.
Assumption 5.3.7 One of the following is true:

1. The set G* is compact.

2. The set-valued maps

=

o OcY(R(T, x,),2,), X+ Oca(R(T,x,)),

(5.54)

[SoN

1o F(R(T, x,),k(1,)), o+ af,)
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are uniformly upper semicontinuous on G and bounded on 0X. N X.

Furthermore,
Ty :=inf{T,(2) : 2 € 0X. N X, M,(z,T) >0} >0, (5.55)
inf{a(z): 2z € 0X. N X} > 0. (5.56)

1) The set G* is compact.

2) The set-valued maps

A — —

Zo = Ocy(R(T, ), %0), 2o — doa(R(T, x,)),
(5.57)

A —

zo = F(R(T, x,), k(x0)), x> afx,)
are uniformly upper semicontinuous on G* and bounded on 0X.NX. Further-

more,

Ty = inf{T,(z) : 2 € 0X. N X, M,(T,z) >0} > 0, (5.58)

inf{a(z): 2z € 0X. N X} >0, (5.59)

where M, (T, z) := sup{(y1,n) : 11 € dc(y,2),n € F(y,k(2)),y € R(T,2)} +

sup{(—y2,7) : 72 € doa(y),n € F(y,x(2)), y € R(T, 2)}, T,(2) := min {T, M%E(T)) }

For the second item in Assumption the lower bound in (5.58)) is key

to build a uniform lower bound on the inter-event times, via the regularity

properties in ((5.57)) and (5.59)).
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Remark 5.3.8 When the sets G* and 0X. N X are bounded and Assumption
holds, the reqularities of the maps in assumed in the second item
of Assumption hold for free. Indeed, each upper semicontinuous set-
valued map is uniformly upper semicontinuous on a compact set. Also, each

continuous map 1s uniformly continuous on a compact set.

Theorem 5.3.9 Consider the control system H} such that Assumption
holds. Assume that the solutions to H} are unique for any piece-wise constant
mput signal u : Rsg — R™. Consider a closed subset X C C and assume

that there exists a continuous feedback law k : C'— R™ such that Assumptions

[5.2.1] and [5.5.3 hold. Furthermore, let B* > 0 such that Assumption [5.5.

holds. Then, given T > 0, the sampling sequence {t;}32, designed in (5.53)
guarantees forward pre-invariance of X for the ST closed-loop system. More-

over, the inter-event times are always larger than a positive constant provided

that Assumption holds for some B € (0, 5*].

Proof. To prove the statement, it is enough to show that, under Assumptions

[5.3.3] and |5.3.7 there exists S > 0 such that (5.22) holds. The rest of the

proof would follow using Theorem [5.3.5] To find a contradiction, we assume

the existence of a sequence {x;}$°, such that

lim |z;|ox = 0 and lim 7,.(x;) = 0. (5.60)
1—00 1—00
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Let

zi = argmin{|z; — 2| : z € 0X} VieN.

Note that lim; ., |2; — 2z;| = 0. Furthermore, using (5.60]), we conclude that

T (z;) = 2a(x;) /M, (23, T) (5.61)

for all i € N sufficiently large. Furthermore, consider the function 7} : G* —

R given by

) T if M,(T,x,) >0
Tr<xo> =
. 7 20(zo) .
min {T 7 (T@O)} otherwise,
where
M (29, T) := My (0, T) + M, (z,, T)
Ma(xo,T) =
4! 8004<R(T7 'ro))
sup ¢ (—v1,7m) : € I, (x,) == o
n F(R(T, x,), (o))
MW(xO,T) =
Y2 807(R<T7 $O),J} )
sup ¢ (7y2,7m) : eIl (x,) = o
7 F(R(T, x,), k()
Note that

~ — —

M, (2o, T) > M, (x,,T) Vz, € G*

and, for all 7 € N sufficiently large,

~
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Hence, lim;_, Tr(xz) = 0 and, for all ¢+ € N sufficiently large, Tr(xz) > 0.

The contradiction follows if we show the following property:

(%) There exists 5 > 0 such that, for each ¢ > 0 sufficiently small, there exists

i, € N such that, for all ¢ > i,
To(z;) > B —e. (5.62)

Each of the cases in Assumption [5.3.7] will now be considered separately.

1. When the set G* is bounded, we use Claim m to conclude that 7} is

lower semicontinuous and strictly positive on G*. Hence,
Tr(iUz) > Tr(zz) —€
and
inf{TT(zi) 1N} >5>0,

which proves .

2. Now, when the set G* is not bounded, the second item in Assumption
is considered and we conclude that the maps IL, and II, are uni-
formly upper semicontinuous on GG*. Hence, for every €; > 0, there exists

11 € N such that, for all « > i1, we have

H,y(il?z) C H'y(zi) + 61B and Ha<l'i) C HQ(ZZ‘) + ElIB.

60



Hence, for all ¢ > 41,

. _ §a!
M, (x;, T) < sup {(—v1,7) : €Il (z) + B
n
. _ 2
Mw(miaT) S sup <727 77> : € HW(Z’L) + €1B
n

Furthermore, using Assumption[5.3.7, we conclude that the maps IT, and
T, are bounded on 90X, N X. Hence, for all e > 0, there exists i, € N

such that, for all ¢ > 19,

0< MT(ZEZ,T> < MT(Z”T) + €.
Finally, since z, — «(x,) is uniformly continuous, we conclude that, for
all e5 > 0 sufficiently small, there exists 73 € N such that, for all ¢ > i3,
alz;) > a(z;) — e > 0.

Hence, for each e, > 0 sufficiently small, there exists iy € N such that,

for all ¢ > iy,

?4(9%) S ?Z(Zi) — €
M, (x;) — M.(z) + e
a(z) e a(zi) +AMT(Z“,T) |

Mo(z)  Mo(2, T)(My (2, T) + €2)
Note that under (5.59) and (5.61)), M, () needs to is always bigger than

a positive constant. Hence, the term that — o(zi)+ Mr (2,7)

My (2, T)(Mr(2:,T) +e2) 15 unlfOI‘mly

bounded. Finally, using (5.58) to conclude that
inf{7,(z):i e N} > 5> 0.
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and , which proves

Remark 5.3.10 Ezamples where Assumption[5.5.3 holds, even though the set
X is unbounded, are when X is a temporal funnel that shrinks asymptotically
i time towards a target set. Hence, we guarantee convergence to the target by

guaranteeing forward pre-invariance of the funnel X, see Chapter[6.1]

Remark 5.3.11 Note that we can design the value of T in (5.52) and ((5.53)
as a function of z(t;). Indeed, although a large value of T seems to allow for a

large sampling period when looking at and , it increases the size
of the overestimated reachable set Ji’(mo,T) and; thus, it can play a negative
role on the size of the sampling period according to or . Hence, an
adequate scaling of T as function of x(t;) should encourage a large T when the

system is slow and vice versa, see Example[6.9
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Examples

In this chapter , we illustrate the ST control strategy proposed in Theorem
on two different examplesﬂ In the first example, the set X is time
dependent, as in Remark [5.3.10] and it represents a temporal funnel [5I]. In
funnel-control techniques, convergence properties with a prescribed transient
behavior are recast into forward invariance of an appropriate temporal funnel
X. In our case, we show, on a simple example, how to render a temporal funnel
X forward invariant using Theorem [5.3.9) Note that the set X is unbounded
in this case. In the second example, we consider a linear control system, where
the set X is a sub-level set of a given quadratic function. The objective in
this example is to compare the inter-event times obtained using Theorem [5.3.9]

with respect to two other methods. One of the methods is an event-triggered

!Code at https://github.com/HybridSystemsLab/SelfTriggeredFunnel, and
https://github.com/HybridSystemsLab/SelfTriggeredSublevelSet.
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strategy. The other method, used for comparison, is based on the ST strategy

proposed in [28, Theorem 4.3].

6.1 Example 1: ST Funnel Control

Consider the augmented control system
Hj, = (Fa, Ca)
with z, = (t,z) € C, := R5¢ x R and
F(2q,u) = (1,u)".

Consider the temporal funnel delimited by the functions ; : R>y — R and

wQ : RZO — R. with

(L) == (—4t% + 2) exp(—t) + 0.1,

Po(t) := (—3.5 — exp(—t)) exp(—0.1¢).

Note that 1 (t) > 19(t) for all ¢ € Rsy. Next, the temporal funnel is then
given by

X = {z, € Cy: € [ho(t), 1 (1)]}.

Hence, the set X admits the barrier function candidate p(x,) := p1(z4)p2(xa),

where

p1(za) =1 (t) —

pa(a) = — Usft).
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The control law

R(2a) = M) (¥ (t) +d) + (1 = Mza)) (41 (1) — d)

is proposed to render X forward invariant for the non-triggered closed-loop

system, where d := 0.4 and

A@a) = (1(t) — ) /(¥1(t) — (1))
for all z, € R>¢ x R. Note that, along the solutions to (4.5]),
p(xg) = alxy) = d(Wr(t) —ha(t)) >0 VY, € 0X. (6.1)

Hence, condition (5.14]) is satisfied with

a(a) = 1 (t)pa(a) — Pa(t)p1(xa) + K(2a) (p1(2a) — pa(a)),
and
Y(a,n) = (p1(za) — pa(a))(K(n) — K(7a)).

In addition, the set ]%(T, Tao), TOr 4o := (Lo, x,), is computed as
]:E(T, Tao) = R(T, T4) + €B,
where
R(T, 240) = {(to + 5,70 + 5K(14,)) : Vs € [0,T]}.

We consider € := 0.25 to capture possible errors in the modeling or the presence

of perturbations.
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Next, we will show that Assumptions [£.0.1 [5.3.2] [5.3.3] and are

satisfied for this example. Indeed, Assumption [4.0.1]is trivially satisfied since
F, is single valued and smooth. Assumption [5.3.2]is verified since the funnel
X shrinks asymptotically in time towards a neighborhood of the set x = 0.
Also, Assumption [5.3.3] is verified using Remark under the fact that
R = R+ €B. Finally, to verify the second item in Assumption , we use
to conclude that holds. Furthermore, multiple values of T are
simulated to determine the largest T, such that holds.

According to Figure [6.1] we obtained Tj := 0.10 for T := 1.5.

Figure 6.1: Dependence of Ty on T

Next, to verify the required regularity properties for the maps in ,
we let 1, := (s,m) € R>g x R and z, := (t,2) € R5y x R. Note that the map
(T4, Ma) = F(na,k(24)) is continuously differentiable and it is bounded with
a bounded derivative whenever x and 7 are bounded. Hence, the map z, —

R(T,z,) is bounded on X, globally Lipschitz on X; thus, uniformly upper
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semicontinuous on X. Finally, we note that the maps (z4,7,) — VY(14, Za),
zqe — Va(x,), x, — az,) are continuously differentiable and bounded with a
bounded derivative whenever x and 7 are bounded. Hence, they are uniformly
upper semicontinuous whenever x and 7 are bounded. This implies that the
maps in verify the required properties.

For the initial condition x4, := (0,0.5), the solution of the ST closed-loop
system and the inter-event period are provided in Figure ??. The average and

minimum inter-event periods of the solution are 0.80 and 0.17, respectively.

2 T T T T
B I
S - = i(t)
s I e v IR e S 1&2(75) .
'4 Le 1 1 ! ! ]
0 2 4 6 8 10
t
E 1.5 . o o o 0
o
A e T
O
2051 :
£
50 | | | |
0 2 4 6 8 10
t

Figure 6.2: ST closed-loop solution with sampling instances marked.
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6.2 Example 2: Comparison to Existing Meth-

ods

Consider the control system H% = (F,R?), where

0 1 0
F(z,u) := T+ u, (6.2)
-2 3 1
r = (x1,79) € R? and v € R. Furthermore, consider the feedback law

k(r) == Kz := [1 —4]z. The origin of the closed-loop system H} using

u = r(z), denoted H¢, is asymptotically stable. Indeed, using the Lyanpunov

function
V(z) := 2" Pux,
1 025

with P := , we conclude that

0.25 1

(VV(z), Az + BKxz) = —2' Qu

0.5 0.25
and ) :=

0.25 1.5

Furthermore, we consider the set X given by
X :={reR*:V(z) <01}

We propose to compare the following strategies.
1- Using an ET strategy: In this approach, we assume that the state x
is measured all the time. Hence, the input is updated according to u = k(z)
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only when the solutions approach the boundary of X. More precisely, given

x, € X, we design the triggering sequence {t;}5°, recursively as follows:
tisn =t +max{t >0:V(z(s+1)) <0.09 Vs e |0,t]},
where x is the solution to ST closed-loop system starting from x, using the
triggering sequence {tx}%_,.
2- Using the strategy in [28, Theorem 4.3]: Consider the set By := {z €
R? : |z| < 4}, and let § := max{|z| : * € X} = 0.364. Furthermore, let
d(x,z,) = BK(z, — ). Along the solution x to & = F'(z, Kx,) starting from
Ty, we let M (x,) = |d(x,, z,)| and
My(z,) := max {|d(f,xo)| ze X, V(z) < V(a:o)} : (6.3)
Furthermore, note that
Amin(P)|z|* < V(@) < Anaa(P) 2],
(VV (), Az + BKz) < —XApin(Q)|2]?,
and
IVV(2)] < A (P)|2].
Using [28, Theorem 4.3] and given x, € X, we can design the triggering
sequence {t;}2, recursively to satisfy:
tis1=t;+max{t>0:
My (z(t:))t + Ma(a(t;))t* <
VX min(Q)Amin (P)/ Amaz(P)?}
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for v := 0.85 tuned to provide the best result and where x is the solution to the

ST closed-loop system starting from z,, using the triggering sequence {t;}i_,.

Remark 6.2.1 One similarity between the strategy in Theorem[5.3.1] and the
one in [28, Theorem 4.3] is that, from an initial condition z, € X, the next
sampling time is computed based on upper bounding a function over a set
including x,. This set is {x € X : V(x) < V(x,)} in [28, Theorem 4.3] and
is R(T,xo) in Them“em see and (5.2), respectively. In (6.3)), the
upper bounded function is the norm of d but, in , it the scalar product
between Vp and F'. When using such a scalar product, we account only for the
component of F' along directions pointing outside the set X. However, in ,
we account for all the components of F'. On the other hand, the evaluation
along (an overestimated) reachable set is less restrictive than on the entire

sub-level set.

3- Using the strategy in Theorem [5.3.9

Note that the set X admits the barrier function candidate
p(z) :=0.1-V(x).
Also note that condition ([5.14) is satisfied with
afr) =" Qu

and

1
y(x,m) = Sz PBK (x —n).
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Next, the overestimation R from z, € X along [t,,t, + T] is computed as

A —

R(T,z,) := R(T, z,) + B,

where

R(T,z,) ={ycR*:3t € [0,T]:y = z(t)},

and x is the solution to starting from z, and r = 0.025 captures possible
errors in the modeling or the presence of perturbations.

Note that Assumption is trivially satisfied since F, is single valued
and smooth. Assumption [5.3.2] is satisfied since the set X is compact. Also,
Assumption is verified using Remark and the fact that R = R+ ¢B.
Finally, Assumption [5.3.7] is satisfied since Assumption [5.3.3]is satisfied and
X is compact. As discussed in Remark , when computing M (x,, T) for
(5.52)), we propose two strategies for selecting the value of T' as a function of
z,. To do so, we first re-express the functions 7, and 7, in and ,
respectively, as functions of both x, and T'; namely, Ty(x,) := Ty(z,, T) and
T, (z,) := Ty (z,,T).

a. Adapting T to the norm of F(x,, x(x,)): We tested both linear and

non-linear relationships between T and |F(z,, x(x,))|. Indeed, consider the

map T : R” v [Tuin, Tinaz) given by

T(xo) = (Tma:r: - Tmzn)(l - FN<on))CS + Tmina (64)
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where ¢, € (0,00), Thnaz > Tonin > 0, and

Fn (o) := |F(wo, i(x0))| / sup{|F'(y, k(y))| : y € X}

For example, for T,,,, = 2 and T,,;, = 0.25, Figure|[6.3|illustrates the nonlinear

scaling when ¢y = 150.

2
1.5 1
I~ 1 |

0.5¢ 2l

0 | | |
0 0.05 0.1 0.15 0.2

FN(xo)

Figure 6.3: Nonlinear scaling of T when ¢, = 150

b. Evaluating multiple values of T over a multiple-step receding
horizon: Given T},40 > Thin > 0, N € N, and A := (T2 — Tonin) /N, we are
interested in finding the value of n € {0,1,..., N} that maximizes the value
function

Jn =y TS+ (1 — )T,
where ¢, € [0,1], T? := f(n,z,),

T = max{f(m,z1) :m € {0,..N}, 21 = 2(Tpin +nd)},

and
f(kv y) = maX{Tr(Tmin + kAa y)v T5<Tmin + kAa y)}
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The constant c;, adjusts the trade-off between the current sample time 7)? and
the best next sample time 7.

This strategy is implemented according to Algorithm [1}

When ¢, = 1 the value function J, is equal to the next sampling period.
However, maximizing the next sample period does not necessary lead to large
sample periods in average. However, when ¢, € (0,1), a weighted average
between the next two inter-events periods should yield to a better average
sampling period.

Comparison: All the solutions are simulated from the initial condition x, :=
(—0.1,-0.3).

Figures[6.4] and [6.5]show the evolution of V" along a ST closed-loop solution
as well as the corresponding inter-events period. Both strategies use T},4, := 2
and T),;, := 0.25. In Figure , the value of T is adapted to the norm of
F(z,,k(z,)) as in (6.4). Furthermore, two different values of ¢, € {1,150}
are tested. From Figure , we can see that the nonlinear scaling (¢, = 150)
adapts the value of T better than the linear one ¢, = 1. In Figure , the value
of T is computed following Algorithm . Furthermore, two different values of
¢ € {0.5,1} are tested.

Figure shows the evolution of V' along a ST closed-loop solution as
well as the corresponding inter-event times. Two strategies based on Theorem

are simulated. In the first one, the value of T is adapted to the norm of
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F(z,,k(z,)) as in (6.4]), where the best performance is obtained for ¢, = 150.
Then, the value of T is computed following the two-steps receding horizon,
where the best performance is obtained for ¢, = 0.5. For these two methods,
we took Th,er := 2 and T,,,;, := 0.25.

Furthermore, Figure compares the strategies proposed in this thesis to
an ET strategy, in which, we update the control input each time the solution
reaches 0X. We also compare to the ST strategy proposed in |28, Theorem
4.3]. The inter-event times obtained using [28, Theorem 4.3] are smaller than
those obtained using Theorem [5.3.9, Remarkably, according to Table our
results are comparable to the ET strategy although our strategy does not
require continuous availability of the measurements.

We observe that, for the strategy in [28, Theorem 4.3], the sampling pe-
riods are typically smaller compared to the other ones because of the reasons
highlighted in Remark . Note that evaluating T over a two-step horizon
yields to the best average sampling period compared to all the other methods,

see Table [6.11
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Sample Period

Figure 6.5: Computation of 7" using Algorithm
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Algorithm 1: Computing T over a two step horizon

input : z,, Thaw, Tonin, N
output: T

A = (Trnae — Timin) /N;

for n € {0,..., N} do

17 = f(an:O);

1 = 2(Thin + nA);
for m € {0,...,N} do
T! = f(m,z1);

n

J=c,T°+ (1 — )T}
if J > J, then
Jn = J;

end

end

n=argmax{J,:n €{0,..., N}};

end
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—m—Theorem 5, ¢, = 0.5
~—pTheorem 5, ¢, = 150

—4—[23, Theorem 4.3]

—@—Event Triggered
b DY AV AV LV U, V V0,

Sample Period

Figure 6.6: Closed-loop solutions using various strategies.

Theorem Average Period Minimum Period

Scaled
cs =1 0.19 0.04
cs = 150 0.53 0.25
Receding horizon
cp=1 0.58 0.425
cp =05 0.92 0.425
[28, Theorem 4.3] 0.26 0.06
Event Triggered 0.59 0.56

Table 6.1: Summary of each inter-event properties
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Conclusion

In this thesis , we present a self-triggered control strategy to guarantee
forward pre-invariance of a closed set for a constrained differential inclusion.
Sufficient conditions are derived such that the inter-event times are guaran-
teed to be always larger than a positive constant. Two numerical examples are
provided to illustrate the effectiveness of this approach. For future work, we
propose to use our results in the context of model predictive control (MPC).
That is, given a continuous-time plant, existing MPC algorithms often only
stabilize a discretized version of plant. However, it is still interesting to pro-
pose a framework where a digital MPC-based implementation stabilizes the
continuous-time plant. One result in this direction is the ST MPC framework
for linear systems proposed in [I7]. Finally, a more thorough study of the

balancing act that occurs between the computational demand required by the
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reachability computation and the increased inter-event time would be useful

for practical application on resource limited platforms.

79



Appendix A

Auxiliary Results

Lemma A.0.1 Consider a locally Lipschitz function z : Rsg — R" and a

constant vector v € R". Then,

Oc (v, x(s)) C (v, 0cx(s)) Vs > 0. (A.1)

Proof.

For v € R", we have

Ocly,w(s)) = de 3 yiwils) (A.2)

By [(P2)|and |(P1)| we conclude that

0c(v,x(s)) €Y dc(yimi)(s) = Y vidowi(s)
i=0 i=0 (A.3)

= <77 8C$(S)>
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Lemma A.0.2 Consider a system Hy = (C, F) such that|(A1) and|(A2) hold

and let x be a solution to Hy. The following hold.

1. For each t € domx such that &(t) exists, @(t) € F(xz(t)).

2. For each t € domx, Ocx(t) C F(x(t)).

Proof. To prove item 1, we use the fact that the solution x is absolutely
continuous. Hence, we can find a sequence {t,}3, C I C domx, with [
compact, such that ¢, — t and @(¢,) exists and satisfies @(t,) € F(z(t,))
for all n € N. Next, since the map F' is locally bounded, we conclude that
the solution x is locally Lipschitz. Hence, using and under Heine-
Cantor Theorem, we conclude that dcx is uniformly upper semicontinuous on
I; namely, for each € > 0, there exists § > 0 such that, for each t; € t, + 0B,
Ocz(ty) C Ocx(t,) + €B for all t, € 1.

Furthermore, by definition of the time derivative, we conclude that, there

exists sequence {t,,}°°_, C Ryg with lim,, o ¢, = 0, such that

#(tn) = lim (2(ty + tw) — 2(ta))/tm  ¥n €N

m—ro0

Let us now consider the sequence
fn,m) == (x(t, + tm) — x(tn))/tm.
We propose to show that

lim #(t,) = @(t). (A4)

n—oo
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To this end, we need to show that

lim lim f(n,m)= lim lim f(n,m). (A.5)

n—oo m—oo mM—00 N—00

To show that (|A.5) holds in our case, we apply Moore-Osgood Theorem [52].

Indeed, note that

lim f(n,m) = (z(t +tm) — z(t))/tm,

n—oo
and the point-wise convergence is guaranteed for each m € N. Hence, it

remains to show that the convergence in the following limit

lim f(n,m) = &(t,)

m—r0o0

is uniform with respect to n; namely, for each € > 0, there exists M € N such

that, for each n € N and for each m > M,
‘f(nam) — lim f(nam)’ = ‘f(nam) - ',L.(tn)’
= ‘f(nam) - aC’x(tn)| <e

Indeed, using Lemma [2.2.5] we conclude that, for each m € N, there exists
A € (tn, tn + t) and (,, € dcx(ayy,) such that f(n,m) = (,,. Hence,
|f(n,m) = dca(tn)| = [Gn — Oca(ts)]
< sup{|Gn — Do (tn)] :

Cm € aC(x(O‘m))}'

Finally, using the uniform upper semicontinuity of dox, we conclude the exis-
tence of M € N and § > 0 such that |t,,| < 0 for all m > M and
Oc(x(am)) C Ocx(t,) + €B.
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Hence,

|f(n,m) —Ocx(ty)| <e Vm>M, VYneN.

Finally, we know that we can find a sequence {t,}) such that ¢, — t and
that &(t,) exists and satisfies @(¢,,) € F(x(t,)). Then, since holds, item
follows using outer semicontinuity of F.

To prove item , we consider a vector ( € Jox(t), for some t € dom z, such
that there exists a sequence {t,}>, such that &(t,) exists for all n € N and
¢ = lim, 00 ©(t,). Next, using item [I} we conclude that i(t,) € F(z(t,)) for
all n € N. Then, since the map F' is outer semicontinuous, we conclude that
limy, 00 #(t,) = ¢ € F(x(t)). Finally, since F(x) is convex, the convex hull of

any set of vectors in F(x) is also a subset of F(z), which proves 2] ]

Lemma A.0.3 Consider a constrained system Hy = (C,F) and let x be a

solution to Hy. Then, for eacht € domx such that &(t) exists, ©(t) € Te(x(t)).

Proof. We consider t € dom z such that @(t) exists. Moreover, let a sequence
{tn},en € dom x such that ¢, — t. That is, for v,,(t) := (z(t,) —x(t))/(tn — 1),
we have lim,, v, (t) = 2(¢) and at the same time z(t) + t,,v,(t) = x(t,) € cl(C).

Hence, using (2.9)), we conclude that z(t) € To(z(t)). [

Lemma A.0.4 Consider a system Hy = (C, F'), with F' locally bounded. Con-

sider a locally Lipschitz function p : R — R and a solution x to Hy. Then,
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for almost all t € domz, Lp(x(t)) exists and the following inclusion is true:

%P(x(ﬂ) € {(¢, (1)) : € € Dep(x(t))}- (A.7)

Proof. Consider a solution z to H. Since F' is locally bounded, it follows that
x is locally Lipschitz. Furthermore, since p is also locally Lipschitz, it follows
that the composition p o x is locally Lipschitz and that the map ¢t — p(x(t))

is absolutely continuous. Let ¢ € dom z such that 4 p(z(t)) exists. Hence,

© o) = g 21D = )

Using Lemma [2.2.5, we conclude that there exists uy belonging to the open

line segment (z(t),xz(t + h)) such that

(p(x(t + h))=p(x(t)))/h €

(A.8)
{(z, z(t + hf)L — x(t)> 1z € 3cp(uh)} :
Hence, there exists wy, € dep(uyp,) such that
(p(z(t +h)) = p(x(8)))/h = (wn, (x(t + h) —x(t)/h). (A.9)

Furthermore, consider a sequence {h,,}>c, C (0, h] with h,, — 0 such that

lim (p(2(t + hn)) = p(2(8))/hn =
e (A.10)

lim (wp,,, (x(t + hy) — (1)) /hn).

n—o0
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Now, since dcp is locally bounded, we conclude that there exist U(x(t)) and

K > 0 such that
(<K V(€ dop(y), VyeU(x(t)).

Furthermore, since the system’s solutions are continuous, it follows that for
h sufficiently small, both x(t + h) and u;, belong to U(xz(t)) for all h € [0, h).

Hence,
lwp, | < K VneN. (A.11)

Similarly, since F' is locally bounded, then, there exists U(z(t)) and K > 0
such that |n| < K for all n € F(y) and for all y € U(z(t)). Furthermore, since
the system’s solutions are continuous, it follows that for A > 0 sufficiently

small, x(s) € U(x(t)) for all s € [0, h]. Hence, in view of the integral

h
z(t+ h) — x(t) :/0 T(t+s)ds i(s) € F(x(s))

for a.a. s € [0, ] and Vh € [0, h], (A.12)

we conclude that
|(z(t + hy) — (b)) /hn] < K VneN. (A.13)
By passing to a subsequence, we conclude the existence of w, € R™ such that

wy, — w, and (x(t+ hy) — x(t))/h, — 2(t).

85



Furthermore, since wy, € dcp(un, ), un, — =(t) and dep is upper semicontin-
uous, we conclude that w, € dcp(z(t)). Hence, (A.7) follows. ]

The following lemma establishes how a marginal function

f(x) :=sup{g(y) : y € lI(x)} (A.14)

inherits the continuity properties of the set valued-map II. The same statement

can be found in [34, Theorem 1.4.16].

Lemma A.0.5 Consider a locally bounded set-valued map 11 : R™ = R™, with

II(xz) nonempty for all x € R™, and a scalar function g : R™ — R and let the

marginal function in (A.14]).

o [f 11 is outer semicontinuous and g is continuous, then f is upper semi-

continuous and locally bounded.

Proof. In order to prove the statement, we use the definition of upper semi-
continuity for scalar functions. That is, for every sequence {z;};-, C R™ such

that lim; .., x; = z,, we will show that

limsup f(x;) = limsup (sup{g(y) : y € I(z;)})

i—00 i—00

<sup{g(y) : y € (o)} = f(wo)

provided that g is continuous and the set-valued map II is outer semicontinu-

ous. Indeed, since the map II is outer semicontinuous, we conclude that, for all
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y; € I(x;) such that lim; ,» y; = y, € R™, we have y, € I[I(z,). Furthermore,

we choose y; € II(z;) such that g(y;) = f(z;). Hence,

limsup f(z;) = limsup (sup{g(y) : y € II(z;)})

1—00 —00

= limsup g(y;). (A.15)

1—00

Since g is continuous, we conclude that

limsup f(z;) = limsup (sup{g(y) : y € II(z;)})

17— 00 i—00

= g(limsup y;).

i—00

Since II is locally bounded, we conclude that the sequence {y;};-, is bounded;
hence, limsup, ,. v; = Yy, € R". Moreover, by passing to a suitable sub-
sequence {¥;, } o, We conclude that limsup; . v; = limy_o0 ¥i, = Yo. Thus,

since II is outer semicontinuous, it follows that y, € II(x,). Finally,

limsup f(z:) = g(yo) < sup{g(y) : y € U(wo)} = f(zo).

1—>00
Local boundedness of f is a straightforward consequence of local bound-

edness of II and the continuity of g. [ |

Lemma A.0.6 Consider two set-valued maps F : dom F == R™ and G :
dom G = dom F' such that dom F' is closed, F' and G are outer semicontinu-

ous, and G is locally bounded. Then, F o G is outer semicontinuous.

Proof. Consider a sequence {x;}°, C dom G and a sequence {y;}2, C R™
such that y; € F o G(x;), lim; o ©; = x, € dom F', and lim; ,, y; = y, € R™.
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We will show that y, € FoG(x,). Indeed, let a sequence {z;}3°, C dom F' such
that z; € G(x;) and y; € F(z;). Since the map G is locally bounded and dom F’
is closed, we conclude, along an adequate subsequence, the existence of z, €
dom F' such that z, = lim;_, z;. Furthermore, since G outer semicontinuous,
we conclude that z, € G(z,). Furthermore, since F' is outer semicontinuous,

we conclude that y, € F(2,) € F o G(z,). ]
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