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ABSTRACT OF THE DISSERTATION

Probing Dark Matter Physics With Supermassive Black Holes

by

Wei-Xiang Feng

Doctor of Philosophy, Graduate Program in Physics
University of California, Riverside, September 2023

Dr. Hai-Bo Yu, Chairperson

We explore the connection between supermassive black hole (SMBH) formation

and self-interacting dark matter in the early universe. Observations reveal SMBHs with ∼

109 M� masses when the universe was only 6% of its current age. Our scenario involves self-

interacting dark matter halos undergoing gravothermal instability, forming seed black holes,

to account for their existence. In particular, baryonic matter in protogalaxies accelerates

halo evolution. We further examine the angular momentum dissipation and conditions for

dynamical (general relativistic) instability. We also explore quantum instability in self-

gravitating thermal systems, emphasizing quantum degeneracy pressure’s role in black hole

formation. Additionally, we study spike mass density distribution in a scalar field dark halo,

considering self-interaction and relativistic Bondi accretion onto non-spinning black holes.

For primordial black holes (PBHs) as dark matter, we compare merger rates of PBH binaries

to extremely mass ratio inspirals into SMBHs, which are detectable with gravitational wave

technology.
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Chapter 1

Introduction

Understanding the origins of supermassive black holes (SMBHs) represents one of

the most profound and enduring challenges in astrophysics and cosmology. These enigmatic

cosmic monsters, with masses often exceeding billions of times solar masses, are known to

exist as early as when the universe was a mere fraction of its current age. The forma-

tion mechanisms of such colossal entities have captivated the imaginations of scientists for

decades, prompting investigations into the interplay between gravity, dark matter, and the

matter that populates our cosmos.

The foundations of this research are rooted in several key observations and theo-

retical frameworks. Foremost among these is the revelation that SMBHs, with masses on

the order of 109 M�, existed when the universe had reached a mere 6% of its present age [1].

This astonishing fact poses a profound question:

How did such colossal black holes emerge in the cosmos when the universe was still

in its cosmic infancy?
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The formation of SMBHs can be quite intricate, with several proposed mechanisms

each offering unique advantages and facing distinct challenges; see the flowchart by Martin

Rees [2] (Fig. 1). In general, there are two main pathways to their formation. One involves

the “mergers” of stellar-mass black holes (formed from dead stars), while the other results

from the “direct collapse” of dense gas clouds. The former could potentially explain binary

SMBHs but may not fully account for the presence of early universe SMBHs, as it often

takes too long to reach supermassive proportions. Consequently, it is challenging to explain

the existence of high-redshift (z & 7) SMBHs. On the other hand, the latter allows for rapid

SMBH formation but faces the rarity of suitable conditions, such as the requirement that

the temperature must be sufficiently high to prevent the gas cloud from fragmentation, the

efficient disposal of angular momentum. Accretion, however, is the most widely accepted

mechanism responsible for SMBH growth. Over billions of years, gas and dust gradually

accumulate around a central black hole, forming an accretion disk, and are consumed by

the black hole, steadily increasing its mass. Additionally, intermediate-mass black holes,

larger than stellar-mass ones but smaller than supermassive ones, might serve as seeds for

SMBHs. They could form through the collapse of massive stars and evolve into SMBHs

through accretion and mergers. In contrast to astrophysical processes, primordial black

holes (PBHs) offer an explanation for early universe SMBHs but lack direct evidence and

clear formation mechanisms. All these mechanisms collectively contribute to our evolving

understanding of the SMBHs at the centers of galaxies. However, we aim to propose a

mechanism that can overcome the shortcomings of these models and predict the abundance

of SMBHs in the early universe. We outline the dissertation as follows.
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In Chapter 2, this dissertation embarks on a journey into the depths of the uni-

verse, seeking to unravel the mysteries surrounding the birth of SMBHs. While the existence

of these gargantuan black holes is well-established, their origin remains a topic of intense

scrutiny and debate. To navigate this complex cosmic terrain, we delve into a scenario that

explores the pivotal role of self-interacting dark matter in the formation of SMBHs during

the early epochs of the universe. One of the central propositions of this dissertation is the

concept of gravothermal instability within self-interacting dark matter halos. Gravothermal

instability, a phenomenon within the realm of gravity and thermodynamics, posits that the

central regions of these dark matter halos can undergo a collapse process that ultimately

gives birth to a seed black hole. This idea forms the core of our exploration into the genesis

of SMBHs. Crucially, we recognize that the presence of baryons within protogalaxies can

significantly influence the dynamics of dark matter halos. This influence, as we shall eluci-

date, has the potential to accelerate the gravothermal evolution of these halos, shortening

the timescales for the central collapse. The interplay between dark matter and baryonic

matter in the early universe is a key focus of our inquiry. Moreover, this research delves into

the dissipative aspects of this process, where viscosity induced by self-interactions acts as a

catalyst for the dissipation of angular momentum within the central halo. This mechanism

is integral to the subsequent formation of SMBHs and is a critical element of our proposed

scenario. However, the emergence of SMBHs through this mechanism is not a ubiquitous

outcome. It is contingent upon the host halo being situated on the high tails of density fluc-

tuations. In other words, high-redshift SMBHs are expected to be rare occurrences within

this framework, offering an explanation for their scarcity in the early universe.
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In Chapter 3, the dissertation further delves into the dynamics of this central core

within the framework of general relativity. By assuming a truncated Maxwell-Boltzmann

distribution to model the dark matter distribution in the central core, the Tolman-Oppenheimer-

Volkoff equation is employed to analyze a series of equilibrium configurations. We investigate

the conditions under which general relativistic instability is triggered within the collapsed

region. This analysis allows us to examine the dynamical instability of the core by consid-

ering various factors, including total energy, binding energy, fractional binding energy, and

the adiabatic index. The results obtained shed light on the conditions under which these

cores collapse into the seed black holes that eventually evolve into SMBHs. This repre-

sents a crucial step in the evolution from a dense core to a bona fide black hole. Through

a rigorous numerical analysis, we ascertain the specific criteria that must be met for this

transition to occur.

The implications of this work are profound. Not only does it offer a plausible

mechanism for the formation of SMBHs, but it also provides crucial constraints on various

collapse models, particularly those involving dissipative dark matter interactions. These

constraints are invaluable for refining our understanding of the early Universe’s structure

and the role dark matter plays in shaping it. Furthermore, these findings extend beyond the

formation of SMBHs. Indeed, they offer a unified explanation for the diverse dark matter

distributions observed within galaxies today. By shedding light on the intricate interplay

between self-interacting dark matter and the dynamics of the early universe, this research

bridges the gap between cosmological observations and theoretical astrophysics. However,

the dissertation is not only limited to the classical realm of astrophysics.
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In Chapter 4, we extend the investigation into the realm of spacetime dimension-

ality. We explore the impact of higher dimensions on the dynamical instability, revealing

that (3+1)-dimensional spacetime holds a unique position as the “marginal dimensional-

ity.” This dimensionality facilitates the stability of the ideal monatomic fluid while avoiding

excessive stability. It is also the unique dimensionality allowing stable hydrostatic equilib-

rium in the presence of a positive cosmological constant—a key feature in understanding the

cosmic evolution. In contrast, higher dimensions (N > 3) exhibit genuine instability, while

(2+1)-dimensional spacetime is deemed “too stable,” offering insights into cosmic censor-

ship conjectures and the formation of Bañados-Teitelboim-Zanelli (BTZ) black holes. Here,

the role of a negative cosmological constant becomes paramount, leading to the emergence

of BTZ black holes and fluid disk equilibrium configurations. This dimensionality analysis

has profound implications for our understanding of the cosmos.

In Chapters 5, however, we examine the dynamical instability of self-gravitating

thermal systems in the quantum realm. Quantum degeneracy pressure, often considered an

obstacle to gravitational collapse, emerges as a pivotal role in triggering general relativis-

tic instability. Additionally, we discuss the formation of massive black holes in the early

universe from the collapse of thermalized dark matter clumps. These insights contribute to

our understanding of the intricate interplay between quantum effects and gravitation in the

cosmos. Intriguingly, the research explores the role of Fermi-degeneracy pressure and Bose-

Einstein condensates in the dynamical instability of self-gravitating thermal systems. Our

analyses broaden the scope of applicability, highlighting the relevance of these mechanisms

in various cosmological scenarios.
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In Chapters 6 and 7, we consider two possible probes that could bridge theoreti-

cal studies to observation. In Chapter 6, we examine the self-interacting dark scalar spike

around a non-spinning black holes by self-consistently solving the relativistic Bondi accre-

tion, in which a quartic self-interaction is considered. The analysis reveals critical insights

into the interplay between dark matter and black holes, unveiling a lower bound on the

accretion rates and the peculiar density profile within the self-gravitating regime. In Chap-

ter 7, we compare the merger rates of PBH binaries with masses around the solar scale

to the extremely mass ratio inspirals (EMRIs) into SMBHs, in which the detectability is

accessible given the gravitational wave technology. The study helps differentiate various

black hole seeding mechanisms and the potential dark matter candidates, setting up an

upper bound on the merger rates through gravitational waves.

All in all, this dissertation embarks on a multifaceted journey through the cosmos,

exploring the intricate relationships between SMBHs, self-interacting dark matter, space-

time dimensionality, accretion, and the merger rates. It seeks to unravel the enigma of early

universe SMBHs and the role dark matter plays in their formation, while also shedding light

on fundamental questions surrounding the nature of spacetime itself. Through investigation

with mathematical rigor, this work contributes valuable insights to our evolving understand-

ing of the cosmic tapestry that surrounds us, pushing the boundaries of human knowledge

ever further into the cosmic unknown.
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Chapter 2

Seeding Supermassive Black Holes

with Self-interacting Dark Matter

Astrophysical observations of high-redshift quasars indicate that ∼ 109 M� black

holes exist when the Universe is just 800 Myr old after the Big Bang (z ∼ 7), see [1] for

a review. The origin of these supermassive black holes (SMBHs) is still a mystery. In

particular, it is extremely puzzling how they could become so massive in such a short time.

A popular idea is that there exist heavy seed black holes in the early Universe and they

grow massive by accreting baryons. Assuming Eddington accretion, we can relate the black

hole mass (MBH) and its seed mass (Mseed) as [3]

MBH = Mseed exp(∆t/τ), (2.1)

where ∆t is the elapse time and τ = (450/fEdd)[ε/(1− ε)] Myr. ε is the radiative efficiency

assumed to be 0.1 [4], and fEdd is the Eddington ratio, characterizing the accretion efficiency.
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Consider J1007+2115, the most massive known quasar with MBH ≈ 1.5× 109 M�

at z > 7.5 [5]. Taking fEdd ' 1, we estimate Mseed ∼ 104 M� if it forms at z ∼ 30,

i.e., ∆t = 597 Myr to its observed z = 7.51. Such a seed is too massive to be produced

from collapsed Pop III stars [1], but it could form through the direct collapse of pristine

baryonic gas [6, 7]; see also [8]. The latter scenario predicts Mseed ∼ 105–106 M�. However,

observations show there is another population of high-z SMBHs with fEdd much less than

1 [9, 10]. For example, J1205-0000 is observed at z = 6.7 with MBH = 2.2 × 109 M� and

fEdd = 0.16 [9]. The Eddington accretion then implies it grows from a seed with a mass of

2× 108 M� at z ∼ 30, too heavy to be produced via the direct collapse of gas.

In this chapter, we study the scenario of gravothermal collapse of self-interacting

dark matter (SIDM) [11, 12, 13] in explaining the origin of high-z SMBHs. Dark matter

self-interactions can transport heat in the halo over cosmological timescales [14, 15, 16, 17].

As a gravothermal system, the SIDM halo has negative heat capacity [18]. The central

region could become hot and collapse to a singular state with a finite mass at late stages

of the evolution [19, 20]. Thus SIDM has a natural mechanism in triggering gravitational

stabilities, a necessary condition to form a black hole. Recent studies also show that SIDM

is favored for explaining diverse dark matter distributions over a wide range of galactic

systems, see [13] for a review. It is intriguing to explore an SIDM scenario that may explain

the origin of the high-z SMBHs and observations of galaxies at z ∼ 0.

We adopt a typical baryon mass profile for high-z protogalaxies, and show the

collapse time can be shortened by a factor of 100, compared to the SIDM-only case. Even for

the self-scattering cross section per unit mass σ/m ∼ 1 cm2/g, broadly consistent with the
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value used to explain galactic observations [13], the central halo could collapse sufficiently

fast to form a seed for z & 7. Depending on the halo mass, this scenario could explain

both populations of high-z SMBHs with fEdd ∼ 1 and 0.1. It also has a built-in mechanism

to dissipate angular momentum remanent of the central halo, i.e., viscosity induced by the

self-interactions. We will further show when the 3D velocity dispersion of SIDM particles

in the collapsed central region reaches 0.57c, the general relativistic (GR) instability can

be triggered. We demonstrate a unified SIDM scenario that could explain observations of

galaxies today and high-z SMBHs. In the appendices, we provide additional information.

2.1 Gravothermal evolution

We use a conducting fluid model [19, 21] to study the gravothermal evolution of

an SIDM halo, as it yields high resolution for us to closely trace the collapse process. To

capture the influence of baryons, we extend the original model with a baryonic component.

The evolution of the halo can be described by the following equations

∂Mχ

∂r
= 4πr2ρχ,

∂(ρχν
2
χ)

∂r
= −G(Mχ +Mb)ρχ

r2
,

∂Lχ
∂r

= −4πρχr
2ν2
χDt ln

ν3
χ

ρχ
,

Lχ
4πr2

= −κ
∂(mν2

χ/k)

∂r
, (2.2)

where Mχ, ρχ, νχ, and Lχ are dark matter mass, density, 1D velocity dispersion, and lumi-

nosity profiles, respectively, and they are dynamical variables and evolve with time; Mb is the

baryon mass profile in the host galaxy; k is the Boltzmann constant, G is the Newton con-

stant, and Dt denotes the Lagrangian time derivative. Heat conductivity of the dark matter
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fluid κ can be expressed as κ = (κ−1
lmfp + κ−1

smfp)−1, where κlmfp ≈ 0.27Cρχν
3
χσk/(Gm

2) and

κsmfp ≈ 2.1νχk/σ denote conductivity in the long- and short-mean-free-path regimes, re-

spectively, and we set C ' 0.75 based on calibrations with N-body simulations [22, 23].

In the short-mean-free-path regime, heat conduction can be characterized by the self-

interaction mean free path λ = m/ρχσ and Kn = λ/H < 1, where H = (ν2
χ/4πGρχ)1/2 is

the scale height. In the long-mean-free-path regime, it’s characterized by H and Kn > 1.

We assume the initial halo follows a Navarro-Frenk-White (NFW) profile [24] with

rs and ρs as its scale radius and density, respectively. The boundary conditions are Mχ = 0

at r = 0, Mχ = M200 and Lχ = 0 at r = r200, where M200 and r200 are the virial halo mass

and radius, respectively. We adopt the baryon mass profile Mb(r) ≈ 0.1(4πρsr
3
s)(r/rs)

0.6,

based on cosmological hydrodynamical simulations of protogalaxies at z ∼ 17 [25]; see

Appendix A. As an approximation, we assume the baryon mass profile is static and it does

not evolve with time. In SIDM, the baryon profile may become more diffuse because of

halo core formation [26, 27]. However, if baryon infall occurs early before a large core

forms, the distribution can be as compact as the one in the collisionless limit [28, 29]. In

addition, since the baryons would further contract as the collapse starts, our approximation

could be conservative, see, e.g., [29]. We then recast the fluid equations with dimensionless

variables and solve them numerically using the method as in [22, 23]. The fiducial quantities

relevant for later discussions are M0 = 4πρsr
3
s , t0 = 1/

√
4πGρs and (σ/m)0 = 1/(rsρs);

hence Mb(r) = 0.1M0(r/rs)
0.6. We then map dimensionless outputs from the simulations to

physical ones assuming Planck cosmology, i.e., h = 0.67, Ωm = 0.315, and ΩΛ = 0.685 [30].

10



10−4 10−3 10−2 10−1 100

Mχ/M0

10−2

100

102

104

106

108

1010

1012

ρ
χ
/ρ

s

ρb(Mb)

M
in
/M

0
=

1.
8
×

10
−

3

t/t0 = 0

2.0
4.0

6.0

8.0

8.4

8.41

100 101 102 103

t/t0

10−1

101

103

105

107

〈ρ
χ
,i

n
〉/
ρ
s

w
/

b
ar

yo
n

S
ID

M
on

ly

Figure 2.1: Gravothermal evolution of the dark matter density vs. enclosed mass in the
presence of the baryonic potential (solid), as well as the fixed baryon profile (dash-dotted).
Each dark matter profile is labeled with its corresponding evolution time, and the vertical
dotted line indicates the mass of the central halo that would eventually collapse into a seed
black hole. The insert panel illustrates the evolution of the averaged dark matter density
of the central halo with (solid) and without (dashed) including the baryons.

2.2 Roles of baryons

Fig. 2.1 shows the gravothermal evolution of the dark matter density vs. enclosed

mass (solid) in the presence of the baryons (dash-dotted), where we fix (σ/m)(rsρs) = 0.2.

The insert panel illustrates the average inner density vs. evolution time with (solid) and

without (dashed) including the baryon mass. The average inner density 〈ρχ,in〉 is calculated

within the central region where the enclosed mass equals to that of the seed black hole, as

we will explain later. With the baryons, the halo does not form a large density core and it

quickly evolves into the collapse phase [31, 32]. Its density keeps increasing and eventually

becomes super-exponential in the end. The collapse timescale is tc = 8.41t0, a factor of

∼ 100 shorter than the one predicted in the SIDM-only case with the same interaction
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strength. We have also considered a Hernquist profile [33] to model the baryon distribution

and obtained a similar result if the baryon distribution is compact.

We also see that as the central density increases for t & 8.4t0, the enclosed mass

for a central region remains almost a constant Min ≈ 1.8×10−3M0. This is the region where

the halo is in the short-mean-free-path regime. A similar phenomenon also occurs without

including the baryons [19]. For the SIDM-only case we consider, the corresponding Min/M0

value is 4.2 × 10−2, which is larger than the one with the baryons. As the halo evolves

further, the density continues increasing and the central halo (Kn . 1) would eventually

collapse into a singular state, a seed black hole. We assume the seed mass Mseed = Min,

suggested by numerical studies of collapsed massive stars [34].

2.3 Seeding supermassive black holes

To explain the origin of high-z SMBHs, the initial halo must be sufficiently heavy

and collapse fast enough. We first check the scaling relations Min ∝ M0 ∝ M200, and

tc ∝ r−1
s ρ

−3/2
s ∝M−1/3

200 c
−7/2
200 (1 + z)−7/2 [23], where c200 = r200/rs is the halo concentration.

Apparently, tc is very sensitive to c200. There is a tight correlation between c200 and M200

for halos at z . 5, but the c200 distribution at higher redshifts is less known. There is

a trend that c200 gradually becomes independent of M200 and its median asymptote to

c200 ∼ 3 at z ∼ 5–10 [35, 36]. We fix c200 = 3, and leave with two parameters M200 and z

to vary.

Fig. 2.2 shows benchmarks (red) that could explain the origin of the SMBHs

J1205-0000 with the Eddington ratio fEdd = 0.16 [9] (upper panel) and J1007+2115 with
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respectively, and the horizontal difference between the two ends indicates the timescale of
gravothermal collapse. The blue shaded regions indicate the ratio of the critical density
fluctuation to the halo mass variance. The magenta bands denote the mass range of the
seed produced via the direct collapse of pristine gas. The gray curves are Eddington growth
history of other high-z SMBHs with fEdd ∼ 0.1 (upper) and ∼ 1 (lower).
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fEdd = 1.06 [5] (lower panel). The black curves indicate their Eddington accretion history

reconstructed using Eq. 2.1. For reference, the gray ones denote the accretion history of

other high-z SMBHs with fEdd ∼ 0.1 (upper) [9, 10] and those fEdd ∼ 1 (lower) [5, 37, 38,

39, 40]. We have checked all of them (gray) could also be explained within our scenario.

The direct collapse of pristine gas could provide massive enough seeds (magenta) for the

SMBHs with fEdd ∼ 1, but not those with fEdd ∼ 0.1 [9].

As the redshift of the initial halo increases, the favored halo mass becomes smaller,

because the seed black hole has more time to grow. To explain the origin of the SMBHs

with fEdd ∼ 1, the mass is in a range of M200 ∼ 109–1011 M� for z ∼ 11–9. For those with

fEdd ∼ 0.1, M200 needs to be relatively higher, ∼ 1011–1012 M�, as their growth rate is

much smaller and a heavier seed is required. We have checked that the overall trend holds

for halos with z & 11.

As an example, we take the case with (M200/M�, z) = (6.8 × 1011, 8) that seeds

J1205-0000, the most challenging SMBH, to demonstrate our derivation. For the halo,

ρs ≈ 8.1 × 107 M�/kpc3 and rs ≈ 10 kpc. Hence the fiducial parameters are t0 = 15 Myr,

M0 = 1.1 × 1012 M� and (σ/m)0 = 5.8 cm2/g. The seed mass is Min = 1.8 × 10−3M0 ≈

1.9×109 M� and the collapse time tc= 8.4t0 ≈ 126 Myr, and the self-scattering cross section

σ/m ≈ 1.2 cm2/g. Since z = 8 is equivalent to t = 642 Myr after the Big Bang, the seed

forms at 766 Myr (z = 7). For an SIDM-only halo with the same parameters, we find

tc ≈ 103t0 ≈ 15 Gyr, too long to form a seed.

To speed up the collapse process in the absence of the baryonic influence, one would

need to take much larger σ/m and c200 [22], or consider dissipative self-interactions [41,
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23, 42]. For comparison, our scenario predicts σ/m ∼ 1 cm2/g within a minimal elastic

SIDM model that has been shown to explain dark matter distributions in the spirals [43],

Milky Way satellites [44], and dark-matter-deficient galaxies [45]. It’s important to note

dwarf galaxies at present that favor a large density core are those with diffuse baryon

distributions [46]. Thus their host SIDM halos would still be in the core-expansion phase

and a shallow density profile is expected.

2.4 Density fluctuations

For the benchmark cases, the halo mass is in the range of 109–1012 M� for z ∼ 11–8.

We use the standard Press-Schechter formalism [47] to examine conditions for realizing

those halos in the early Universe. The halo mass function scales as dn(M, z)/dM ∝

exp
[
−δ2

c (z)/2σ2(M)
]

[48], where δc(z) is the critical density fluctuation at z and σ(M)

the mass variance. We shaded the regions with various values of δc(z)/σ(M) in Fig. 2.2

(blue). As expected, the halo mass increases as the density fluctuation increases and more

massive halos form at later times.

The halos for seeding the SMBHs with a sub-Eddington (Eddington) accretion

rate correspond to δc(z)/σ(M) ∼ 4–6 (3–5). In addition, the baryon concentration of host

galaxies needs to be high as well such that the gravothermal collapse could occur fast

enough. Thus our scenario predicts that high-z SMBHs should be rare. Indeed, obser-

vations show they are extremely rare in the Universe. Quasar surveys indicate that the

number density of luminous (LAGN & 1046 erg/s) high-z SMBHs with MBH ∼ 109 M� is

. 10−7 Mpc−3 [49, 1, 50]. The ratio of their mass to the dynamical (gas+stars) mass is
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Figure 2.3: The pressure-averaged adiabatic index 〈γ〉 (red) and the critical index γcr (black)
vs. the central 3D velocity dispersion for each GR configuration (dot). When 〈γ〉 < γcr,
the system triggers the GR instability. In the Newtonian limit, 〈γ〉 = 5/3 for a monatomic
ideal gas, and the instability condition is 〈γ〉 < 4/3.

MBH/Mb ∼ 1/100–1/30 [50]. Taking Mb/M200 ∼ 0.2, we find MBH/M200 ∼ (2–7) × 10−3,

broadly consistent with our prediction. We also note that baryon infall can occur for a halo

heavier than 5× 103[(1 + z)/10]1.5 M� [48], and all of the benchmarks satisfy this condition

easily.
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2.5 Angular momentum

The angular momentum remnant of the inner halo could counter gravity and even

slow down the gravothermal collapse. Besides, there is an upper limit on the specific angular

momentum of a black hole, JBH/MBH ≤ (G/c)MBH ≈ 1.4×10−4(MBH/107 M�) kpc · km/s [51].

Consider the benchmark with (M200/M�, z) = (6.8 × 1011, 8) again, dark matter particles

within the radius rin = 0.063rs ≈ 0.63 kpc of the initial NFW halo would collapse to a seed,

where the total enclosed mass is Min. We find Jχ/Min ≈ 8 kpc · km/s for the halo within

rin, based on a universal fitting formula [52]. This is a factor of 100 larger than the allowed

value for a 109 M� seed.

Fortunately, dark matter self-interactions that lead to heat conductivity also in-

duce viscosity, which dissipates the angular momentum remnant. In the long-mean-free-

path regime, we find it decays as

Jfχ ≈ J iχ exp

[
− 20√

27π

∫
dt
ρχ(σ/m)ν3

χrin

GMχ

]
, (2.3)

where J iχ and Jfχ are the initial and final angular momenta of the central halo within rin,

respectively; see Appendix C for the derivation. For the benchmark, we have rin = 0.063rs,

Mχ = Min = 1.8×10−3M0, ρχ(rin) = 14ρs, σ/m = 0.2/(rsρs) and νχ(rin) ≈ 0.48
√

4πGρsrs.

We find the timescale for achieving Jfχ ∼ 10−2J iχ is ∆t ≈ 0.2t0, much shorter than that

of gravothermal collapse tc = 8.4t0. We have checked that the other five benchmarks in

Fig. 2.2 satisfy the dissipation condition. In SIDM, viscosity and conductivity share the

same microscopic nature, and both effects are critical for seeding the SMBHs in our scenario.
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2.6 Relativistic instability

As the central density increases, the velocity dispersion of the collapsed central

region increases as well [19], and it would eventually approach the relativistic limit. To

see the fate of the central halo where Kn . 1, we examine conditions for reaching GR

instability. Motived by early studies on globular cluster systems [53, 54], we assume that

the number density of SIDM particles in the central halo at late stages follow a truncated

Maxwell-Boltzmann distribution

dn(r) ∝


(e−ε/kT − e−εc/kT )d3p(ε) (ε ≤ εc)

0 (ε > εc),

(2.4)

where T , ε, and p are temperature, energy, and momentum; respectively; εc is the cutoff

energy, above which the particle escapes to the boundary. Given the distribution in Eq. 2.4,

we use the method in [54] and solve the Tolman-Oppenheimer-Volkoff equation to find

density and pressure profiles for the collapsed central region, where we impose the boundary

condition kT = 0.1mc2. For each configuration, we follow Chandrasekhar’s criterion [55],

and calculate the critical adiabatic index γcr and the pressure-averaged adiabatic index 〈γ〉.

The sufficient condition for the system to collapse into a black hole is 〈γ〉 < γcr. We will

discuss technical details in a companion paper [56] (also in Appendix E and Chapter 3).

Fig. 2.3 shows the averaged adiabatic index 〈γ〉 (red) and the critical index γcr

(black) vs. 3D velocity dispersion at the center for each configuration denoted as a dot.

As the velocity dispersion increases, its averaged index 〈γ〉 gradually decreases from its

non-relativistic limit for monatomic ideal gas 5/3 towards the ultra-relativistic limit 4/3.
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In contrast, the critical index γcr increases from the Newtonian limit 4/3 [57]. This is

because as the pressure starts to dominate the energy density towards the GR limit, it

destabilizes the system instead. The relativistic instability occurs when the 3D central

velocity dispersion approaches 0.57c and 〈γ〉 = γcr ≈ 1.62, at which the corresponding

fractional binding energy is 0.033.

2.7 Conclusions

We have presented a scenario that could explain the origin of high-z SMBHs with

Eddington and sub-Eddington accretion rates. The presence of baryons in protogalaxies

could deepen the gravitational potential and expedite the gravothermal collapse of an SIDM

halo. The favored self-scattering cross section is broadly consistent with the one used to

explain diverse dark matter distributions of galaxies. In this scenario, dark matter self-

interactions induce viscosity that dissipates the angular momentum remnant of the central

halo. The initial halo must be on high tails of density fluctuations, which may explain why

high-z SMBHs are extremely rare in observations. We also checked that the GR instability

condition can be satisfied. The upcoming and future facilities are expected to search for

quasars with a wide range of luminosities [50]. The observations would provide a more

complete picture of populations of high-z SMBHs and further test our scenario.
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Chapter 3

Dynamical Instability of Collapsed

Dark Matter Halos

The study of dynamical instability of a self-gravitating system and its collapse

to a black hole has a long history [55, 58]. Early work analyzed the evolution of stellar

clusters in general relativity and examined conditions for their relativistic instability with

linear perturbation theory [59, 60, 61]. The techniques and tools of numerical relativity and

N-body simulations were further developed in [62, 63, 64], which can be used to trace full

evolution in the nonlinear regime.

Recently, we proposed a scenario to explain the origin of supermassive black holes

in the early universe [65]; see also [22, 41, 66]. This is based on the mechanism that a

self-interacting dark matter halo can experience gravothermal collapse. Dark matter self-

interactions can thermalize the inner halo over cosmological timescales [11, 14, 15, 16, 67,

12, 68, 69]; see [13] for a review. As a self-gravitating system with a finite size, the halo
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has negative heat capacity, and the self-interactions transport heat from the central region

at late stages of the evolution, resulting in a core with an ultrahigh density [19, 21, 23,

42]. The core can further contact and collapse into a seed black hole [20], which would

grow into a supermassive one by accreting baryonic matter. We used a semi-analytical

method and derived the condition for triggering dynamical instability of the core. Following

Chandrasekhar’s criterion [55], i.e., requiring the pressure averaged adiabatic index of the

gravothermal system to be less than its critical adiabatic index, we found the instability

occurs when the 3D central velocity dispersion of dark matter particles reaches ∼ 0.57c at

which the adiabatic index is 1.62.

In this chapter, we systematically study the dynamical instability of a collapsed

halo. We use a truncated Maxwell-Boltzmann distribution to model the dark matter distri-

bution near the relativistic limit. This is well motivated, as the self-interactions thermalize

dark matter particles. In addition, the core is gravitationally bound and particles with a

sufficiently high velocity can evaporate and escape from the gravitational pull of the core.

We then implement the distribution with the Tolman-Oppenheimer-Volkoff equation [70, 71]

and find a series of equilibrium solutions. For each of them, we evaluate its thermal dy-

namical properties and test its instability. Besides the Chandrasekhar’s criterion, we will

use the turning-point method [72, 73, 74] to examine instability conditions based on con-

siderations of total energy, binding energy, and fractional binding energy, as illustrated in

Fig. 3.1 schematically.

We will compare our numerical results to those from relativistic N-body simula-

tions [63] and show that the agreement is excellent, i.e., they all indicate that the system
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can collapse into a black hole when the fractional binding energy reaches 0.035 with a

central gravitational redshift of 0.5. Thus the method developed in this work may have

broad applications as it is computationally inexpensive. We will further study conditions

for the classical Maxwell-Boltzmann distribution to be valid, and discuss their implications

for constraining models proposed to explain the origin of supermassive black holes via the

gravothermal collapse of dark matter halos. In particular, we show that although the pres-

ence of dissipative interactions could help speed up the gravothermal evolution of a halo,

they may make it difficult for the core to eventually collapse into a black hole because of

energy loss.

The chapter is organized as follows: We present the classical truncated Maxwell-

Boltzmann distribution and its Tolman-Oppenheimer-Volkoff equation in Sec. 3.1. We

discuss instability conditions and numerical results in Sec. 3.2. We study conditions for the

classical distribution to be valid and constraints on dark matter models in Sec. 3.3, discuss

connections with the nonrelativistic fluid model in Sec. 3.4, and conclude in Sec. 3.5.

3.1 The truncated Maxwell-Boltzmann model

We treat the high-density central region of a collapsed SIDM halo as a gravi-

tationally bound system. Since dark matter particles with sufficiently high energies will

evaporate and move to the outer envelope, it is natural to introduce a distribution function

with an energy cutoff to model the system. In this work, we take a truncated Maxwell-

Boltzmann distribution, based on Michie-King models [75, 76]. Consider the following

general form [77, 54]
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Figure 3.1: Schematic illustration of the formation of a seed black hole via the gravothermal
collapse of a self-interacting dark matter halo. At late stages of gravothermal evolution,
the halo can be divided into two regimes, i.e., a collapsed central core with an ultrahigh
density (orange) and a cuspy outer envelope (gray). As it further contracts, the total mass
of the collapsed core remains almost constant. The elliptical circles denote the sequence of
dynamical instability conditions when the core collapses into a seed black hole.

f(ε ≤ εc) =
1− e(ε−εc)/kBT

e(ε−µ)/kBT − η , f(ε > εc) = 0, (3.1)

where ε is the kinetic energy, εc the cutoff energy, T the temperature and µ the chemical

potential. And they are a function of radius. The number factor η is +1 and −1 for bosons

and fermions, respectively, and kB is the Boltzmann constant. Note ε =
√
|p|2c2 +m2c4 −

mc2, where |p| is the momentum and m the mass of dark matter particles, and we have

subtracted the rest mass in defining µ. For a dilute gas of classical particles, ε− µ� kBT ,

the distribution function reduces to the truncated Maxwell-Boltzmann form

f(ε ≤ εc) = eµ/kBT (e−ε/kBT − e−εc/kBT ), f(ε > εc) = 0. (3.2)
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We introduce the following dimensionless variables [78], w(r) ≡ εc(r)/kBT (r),

α(r) ≡ µ(r)/kBT (r), and b ≡ kBT (R)/mc2, where R is the boundary radius of the system.

Following the Tolman-Klein law [79, 80] for a gravothermal system, we have the relation

w(r) = α(r) − α(R). The temperature at a given radius is related to the one at r = R

as T (r) = T (R)/[1 − bw(r)]. It indicates that the system does not follow an isothermal

distribution globally in general relativity, although it can be achieved locally.

Given the distribution function, one can readily derive the equation of state and

express the number density n, energy density ρ, thermal energy density u, and pressure p

as

n(r) =4
√

2πgm3(c3/h3)eα(R)In(b, w),

ρ(r) =4
√

2πgm4(c3/h3)eα(R)Iρ(b, w),

u(r) =4
√

2πgm4(c5/h3)eα(R)Iu(b, w),

p(r) =(8/3)
√

2πgm4(c5/h3)eα(R)Ip(b, w),

(3.3)

respectively, where g = 2s+ 1 is the spin multiplicity of dark matter particles, h the Planck

constant as a normalization factor, and c the speed of light; the I(b, w) functions stand for

integrals of [54]

In(b, w) ≡
(

b

1− bw

)3/2 ∫ w

0
(ew−x − 1)

(
1 +

bx/2

1− bw

)1/2(
1 +

bx

1− bw

)
x1/2dx,

Iρ(b, w) ≡
(

b

1− bw

)3/2 ∫ w

0
(ew−x − 1)

(
1 +

bx/2

1− bw

)1/2(
1 +

bx

1− bw

)2

x1/2dx,

Iu(b, w) ≡
(

b

1− bw

)5/2 ∫ w

0
(ew−x − 1)

(
1 +

bx/2

1− bw

)1/2(
1 +

bx

1− bw

)
x3/2dx,

Ip(b, w) ≡
(

b

1− bw

)5/2 ∫ w

0
(ew−x − 1)

(
1 +

bx/2

1− bw

)3/2

x3/2dx.

(3.4)
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For the model we consider, the Tolman-Oppenheimer-Volkoff equation can be writ-

ten as

dM

dr
= 4πr2ρ,

dw

dr
= − G

rc2

(
1− bw
b

)
4πpr3 +Mc2

rc2 − 2GM
, (3.5)

where G is the Newton constant, M(r) is the enclosed mass at radius r, and ρ(r) the density.

We impose the following boundary conditions: M = 0 and w = w(0) at r = 0; M = M(R)

and w = 0 at r = R. To further simplify the calculation, we introduce a fiducial length

scale defined as [54]

ζ = λC

(mPl

m

)( 8π3

geα(R)

)1/2

with r = ζr̂, (3.6)

where mPl = (~c/G)1/2 is the Planck mass and λC = ~/mc the Compton wavelength of

the particle. With the fiducial length, we can express thermal dynamical quantities of

the system using their corresponding dimensionless counterpart denoted with a “hat” as

n = (c2/Gmζ2)n̂, ρ = (c2/Gζ2)ρ̂, u = (c4/Gζ2)û, p = (c4/Gζ2)p̂ and M = (c2ζ/G)M̂ , and

uniquely determine their profiles for a given set of b and w(0).

To trigger the onset of dynamical instability, the system needs to be in the rela-

tivistic limit. This requirement puts constraints on b and w(0). It is useful to consider the

product of b and w(r), the normalized cutoff energy

bw(r) =
εc(r)/mc

2

1 + εc(r)/mc2
, (3.7)

where we have used the relation T (r) =
[
1 + εc(r)/mc

2
]
T (R). In the ultrarelativistic limit
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Figure 3.2: 3D velocity dispersion (left) and adiabatic index γ (right) vs. normalized cutoff
energy bw = εc/(mc

2 + εc) for b = kBT (R)/mc2 = (0.5, 0.1, 0.03, 0.01, 0.001). The
dashed horizontal lines denote v/c = 0.57 (left) and γ = 1.59 (right), at which the system
approaches the relativistic regime and dynamical instability may occur.

εc � mc2, bw → 1. In the opposite limit, bw → 0. Since b = kBT (R)/mc2 determines the

temperature at the core boundary, a higher b value indicates a hotter thermal bath. w(r)

is related to the cutoff energy as w(r) = εc(r)/kBT (r). For w � 1, the distribution reduces

to the usual Maxwell-Boltzmann form without a truncation, as indicated in equation (3.2).

The 3D velocity dispersion v(r) ≡
√

3p/ρ = c
√

2Ip(b, w)/Iρ(b, w) also character-

izes the relativistic extent of the system. In [65], we showed that when v(0) approaches

0.57c, dynamical instability can be triggered. In addition, the adiabatic index of the system

γ(r) = 1 +
p

u
= 1 +

2

3

Ip(b, w)

Iu(b, w)
(3.8)

approaches 4/3 and 5/3 in ultra- and nonrelativistic limits, respectively; see Appendix E.1

for detailed derivation.
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To gain insight into instability conditions, we first use Eqs. (3.3) and (3.4), and

find the radially independent equation of state without imposing constraints from Eq. (3.5).

We choose b = 0.001, 0.01, 0.03, 0.1, and 0.5 and evaluate v and γ as a function of bw, as

shown in the left and right panels of Fig. 3.2, respectively. We see that it is easier to reach

the relativistic limit if b is higher, i.e., a hotter thermal bath. For b = 0.5, bw ∼ 0.3 for

achieving v ∼ 0.57c at which γ ∼ 1.59. But when b decreases to 10−3, bw needs to be close

to 1. For the latter case, both v and γ are hardly changed over the wide range of bw. For

low b, the equation of state is stiff, indicating that the system is hard to compress and reach

instability. The results shown in Fig. 3.2 provide guidance in choosing boundary conditions

as we discuss further in the next section.

3.2 Dynamical instability

The instability of a self-gravitating spherical system sets in when the gravitational

energy becomes comparable to its mass energy, GM2/R ∼ Mc2, where M and R are

the total mass and characteristic radius, respectively. To be more quantitative, one often

considers the compactness of a system calculated as C = GM/c2R [57]. For a typical

neutron star, M ∼ 2 M� and R ∼ 12 km, we have C ∼ 0.25. For a M ∼ 109 M� black hole,

R ∼ 2GM/c2 ∼ 3 × 109 km and C ∼ 0.5. Its average density is ∼ 6 × 102 kg/m3, lower

than the water density. As we will discuss later, for a gaseous sphere with M ∼ 109 M�,

C ∼ 0.04 when the instability is triggered. Overall, the heavier the system, the easier for it

to collapse.
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3.2.1 The adiabatic index

A more concrete way to determine the system’s instability is by checking its adia-

batic index. Chandrasekhar first derived the instability conditions for a spherical system in

the context of general relativity [55]. Consider the background metric ds2 = gαβdxαdxβ =

−e2Φ(r)c2dt2 + e2Λ(r)dr2 + r2dΩ, where Φ(r) and Λ(r) satisfy the following conditions

e2Φ(r) = exp

(∫ ∞
r

4p(r′)r′3 +M(r′)c2

r′(r′c2)− 2GM(r′)
dr′
)
, e2Λ(r) =

(
1− 2GM(r)

c2r

)−1

. (3.9)

The pulsation equation of a perfect fluid is given by [55]

ω2e2(Λ−Φ)
(
ρ+

p

c2

)
ξ =

4

r

dp

dr
ξ − e−(2Φ+Λ) d

dr

[
e3Φ+Λγp

r2

d(r2e−Φξ)

dr

]
+

8πG

c2
e2Λp

(
ρ+

p

c2

)
ξ − 1

ρc2 + p

(
dp

dr

)2

ξ, (3.10)

where ξ is the Lagrangian displacement and ω is its corresponding oscillation frequency. If

ω2 < 0, the Lagrangian displacement ξ receives unbounded growth and the self-gravitating

system becomes unstable. The boundary conditions for Eq. (3.10) are ξ(0) = 0 and p(R) =

0.

Choosing the Lagrangian displacement ξ = reΦ that satisfies the boundary con-

ditions, one can show that the system becomes unstable if the pressure-averaged adiabatic

index 〈γ〉 is less than the critical adiabatic index γcr

〈γ〉 ≡
∫ R

0 γe3Φ+Λpd3r∫ R
0 e3Φ+Λpd3r

< γcr, (3.11)
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where

γcr ≡
4

3
+

1

36

∫ R
0 e3Φ+Λ[16p+ (e2Λ − 1)(ρc2 + p)](e2Λ − 1)r2dr∫ R

0 e3Φ+Λpr2dr
(3.12)

+
4πG

9c2

∫ R
0 e3(Φ+Λ)[8p+ (e2Λ + 1)(ρc2 + p)]pr4dr∫ R

0 e3Φ+Λpr2dr
+

16π2G2

9c4

∫ R
0 e3Φ+5Λ(ρc2 + p)p2r6dr∫ R

0 e3Φ+Λpr2dr
;

see Appendix E.2. The choice of ξ is not unique, but the result is not sensitive to the

particular form of ξ as long as the boundary conditions are satisfied [55]. In the limit

ρ � p/c2 and Φ,Λ → 0, the pulsation equation (3.10) reduces to its Newtonian form

and γcr = 4/3; see Appendix E.3 for a heuristic derivation in the Newtonian limit. For a

monatomic ideal gas, 4/3 < 〈γ〉 < 5/3 [81, 82, 57]. Thus the instability could hardly occur in

the context of Newtonian gravity. On the other hand, in general relativity γcr increases due

to relativistic corrections, which are O(p/ρc2). As a result, the spherical system can reach

the dynamical instability condition 〈γ〉 < γcr before the particles become ultrarelativistic,

i.e., 〈γ〉 → 4/3 as p→ ρc2/3.

3.2.2 The turning-point method

Aside from the instability condition based on the adiabatic index, we will also

use the turning-point method [72, 73, 74] and show the former could be conservative, i.e.,

dynamical instability could occur before the condition shown in Eq. (3.11) is satisfied. Once

the boundary temperature parameter b is fixed, the equation of state only depends on one

parameter, i.e., the central energy cutoff w(0). We can define an energy functional S as a

function of those two variables,

S = S [b, w(0)] . (3.13)
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The turning-point ansatz [74] states, for a fixed b value, the marginally stable

configuration reaches at

∂S

∂w(0)

∣∣∣∣
b

= 0 (3.14)

This tuning point separates the stable and unstable branches along the one parameter

sequence of w(0). The turning-point method has been applied to study various stellar

systems [83, 84, 85, 86] and gaseous spheres [87, 88]. Our application is similar to those to a

rotating relativistic star [85] with its angular momentum being replaced by b in our model.

We consider S = {E, B, ε}, where E, B, ε are total energy, binding energy,

fractional binding energy, respectively. The total energy E = Mc2 is associated with the

Schwarzschild mass M of the sphere, the binding energy B = Erest − E, and Erest is the

total rest energy calculated as [82]

Erest =

∫ R

0
mn(r)c2

(
1− 2GM(r)

rc2

)−1/2

d3r. (3.15)

The fractional binding energy is ε = B/Erest. It is easy to see that the internal energy of

the system E − Erest = −B can be written as the sum of kinetic and potential energies,

E − Erest =

∫ R

0

[
1− 2GM(r)

rc2

]−1/2

u(r)d3r +

∫ R

0

[
1−

(
1− 2GM(r)

rc2

)−1/2
]
ρ(r)c2d3r,

(3.16)

respectively, where u = (ρ − mn)c2. We will find the parameter regions that satisfy

∂S/∂w(0)|b = 0 for S = E, B and ε, respectively. The corresponding turning points sepa-

rate the stable and unstable branches of the sequence, and delineate various extents of insta-

bilities. We again convert E, Erest, and B into dimensionless quantities Ê = (G/c4ζ)E = M̂ ,
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Êrest = (G/c4ζ)Erest and B̂ = (G/c4ζ)B. We will also use the interior redshift

Z(r) = e−Φ(r) − 1 =

(
1 +

εc(r)

mc2

)(
1− 2GM(R)

c2R

)−1/2

− 1 (3.17)

to indicate the relativistic extent of the system. Either high εc or high compactness

GM(R)/c2R will lead to high interior redshift, though they are interrelated.

3.2.3 Numerical results

We use the fourth-order Runge-Kutta algorithm [89] to solve the Tolman-Oppenheimer-

Volkoff equation (3.5), together with Eq. (3.4), assuming the two input parameters b =

kBT (R)/mc2 and w(0) = εc(0)/kBT (0). The algorithm is robust and well-suited to solve

implicit differential equations, especially when they are stiff as in our case. Given the re-

sults shown in Fig. 3.2, we choose b = {0.1, 0.2, 0.3, 0.5}. For each fixed b value, we scan

over the central energy cutoff w(0) and find corresponding equilibrium configurations. We

then evaluate their thermal quantities and examine their stability conditions. We collect

our numerical results in Table G.1, Appendix G, and highlight the main findings in what

follows for b = 0.1.

Fig. 3.3 (top left) shows pressure-averaged adiabatic index 〈γ〉 (blue) and critical

index γcr (orange) vs. 3D velocity dispersion v(0), and gravitational redshift Z(0). As v(0)

increases, 〈γ〉 gradually decreases from its value in the nonrelativistic limit 5/3, while the

γcr increases from ∼ 4/3 due to corrections in general relativity. It reaches the critical value

1.62 when v(0) = 0.566c [65], which corresponds to Z(0) = 0.750. The results are largely

insensitive to a specific value of b. For b = 0.1–0.5 we consider, according to the adiabatic
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index criterion, dynamical instability occurs when 〈γ〉 reaches 1.62 at v(0) = (0.566–0.564)c,

corresponding to Z(0) = 0.750–0.622; see Table G.1.

The “insensitivity” reflects the degeneracy between the boundary temperature

b and the central cutoff energy w(0) in determining the equation of state as indicated

in Fig. 3.2. In our numerical study, for given b, we scan w(0) to find the configuration

that satisfies the instability condition. If a system has a low boundary temperature, the

instability can be triggered only if the central cutoff is high enough so that the evaporation

effect is suppressed and more particles are retained on the high-energy tail. For example,

to satisfy the adiabatic index criterion, w(0) = 0.662 for b = 0.5, while w(0) = 4.05 for

b = 0.1, as shown in Table G.1.

Fig. 3.3 (top right) shows the fractional binding energy ε = (Êrest − Ê)/Êrest

(blue) vs. v(0) and Z(0). As v(0) increases, ε first increases and reaches its maximum

εmax = 0.0352 at v(0) = 0.506c, corresponding to Z(0) = 0.548, then decreases. From the

turning-point method, εmax separates the equilibrium configuration into two branches, i.e.,

stable (solid) and unstable (dashed). The pattern is universal, i.e., εmax = 0.0352–0.0356

at Z(0) = 0.548–0.522 is the turning point for b = 0.1–0.5. We also find that 〈γ〉 = 1.63 at

the turning point of the fractional binding energy, which is slightly higher than 1.62 from

the adiabatic index criterion.

Earlier studies [59, 60, 61] suggest that a system becomes dynamically unstable

when its fractional binding energy reaches maximum. Fully relativistic N-body simula-

tions [63] show that the system can collapse to a black hole when ε ≈ 0.035 at Z(0) ≈ 0.5,

in excellent agreement with what we find based on the semi-analytical method. In several
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unstable cases found in [63], the oscillation frequency of radial linear perturbations is still

positive, i.e., the adiabatic index condition is not satisfied. Thus the criterion γcr > 〈γ〉 is

a sufficient, but may not be necessary condition for the dynamical stability.

Fig. 3.3 (bottom left) shows binding energy B̂ = (Êrest− Ê) vs. v(0) and Z(0). B̂

reaches its maximum B̂max = 8.49× 10−4 at v(0) = 0.395c, corresponding to Z(0) = 0.297,

then decreases. B̂max separates the configuration into stable (solid) and unstable (dashed)

branches. Similarly, Fig. 3.3 (bottom right) shows the total energy Ê vs. v(0) and Z(0).

The maximum value of the total energy is Êmax = 3.47 × 10−2 at v(0) = 0.225c and

Z(0) = 0.087. According to the turning-point method, the system becomes unstable when

Êmax or B̂max is reached. However, it is unlikely that the system could collapse into a black

hole at this stage. Instead, it would further evolve until the instability condition based

on fractional binding energy or adiabatic index is met. Fig. 3.1 summarizes our numerical

results schematically and illustrates the sequence of dynamical instability conditions when

a self-interacting dark matter halo collapses to a black hole.

To see whether the four collapsing stages denoted in Fig. 3.1 occur chronologically,

we need to trace the time evolution of a collapsing system. In Sec. 3.4, we will estimate the

dynamical timescale for collapsing into a seed black hole for the configurations satisfying

the instability conditions shown in Fig. 3.3. It turns out that the timescale associated with

the total energy criterion is a factor of ∼ 3 longer than the other three ones, which are

comparable. In this work, we search for quasi-equilibrium, static solutions to the Tolman-

Oppenheimer-Volkoff equation. It is interesting to see if the system deviates from quasi-

equilibrium after passing the total energy criterion, and we will leave it for future work.
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In Fig. 6.2, we show radial profiles for normalized cutoff energy bw (top left),

cutoff energy εc/mc
2 (top right), density ρ̂ (middle left), 3D velocity dispersion v/c (middle

right), temperature kBT/mc
2 (bottom left), and adiabatic index γ (bottom right), for

marginally stable configurations with criteria based on the adiabatic index (dash-dotted

orange), fractional binding energy (dotted purple), binding energy (dashed blue) and total

energy (solid magenta). We fix the boundary temperature to be b = kBT (R)/mc2 = 0.1 and

adjust the central cutoff function w(0) to find the corresponding marginal configurations.

It is clear that εc/mc
2, so as for bw(0), becomes higher for a stronger instability condition,

which is expected. For a given configuration, the cutoff energy drops significantly towards

outer regions r̂ → 1. The v and ρ̂ profiles follow a similar behavior. The temperature

becomes higher towards the center due to the gravitational redshift effect. The adiabatic

index decreases towards inner regions as the pressure increases and the equation of state

becomes softer accordingly. And it is much softer for a stronger instability criterion, in

particular, the configuration with γ(0) ≈ 1.59 has 〈γ〉 = γcr ≈ 1.62.

We have also performed a finer scan of b values for marginally stable configura-

tions under the adiabatic index criterion, and the results are summarized in Table G.2,

Appendix G. For b = 0.09–5.0, the configurations that satisfy 〈γ〉 ≈ γcr = 1.62 have a

central velocity dispersion of v(0) = (0.588–0.566)c, compactness of C ' 0.0236–0.0793,

and the central redshift of Z(0) ' 0.889–0.613. Thus the instability condition exhibits a

universal pattern. For b & 1, pair production of dark matter particles could be relevant,

and we will leave it for future work.
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3.3 Constraining dark matter models

We have demonstrated the conditions of dynamical instability for a gravothermal

system. Our study assumes a classical truncated Maxwell-Boltzmann distribution, which

neglects quantum statistics. To examine the validity of this assumption, it is useful to

calculate the de Broglie thermal wavelength in relativistic thermodynamics λdB = ~/|p|.

Setting ε = [
√

1 + (pc/mc2)2 − 1]mc2 = 3kBT/2, we have

λdB = λC

[(
1 +

3kBT

2mc2

)2

− 1

]−1/2

. (3.18)

In the nonrelativistic limit kBT/mc
2 � 1, this reduces to the familiar expression λdB =

λC

√
mc2/3kBT , where λC is the Compton wavelength, and typically λdB � λC. They

become compatible, λdB ∼ λC, when the temperature is comparable to the particle rest

mass, i.e., in the relativistic regime. When the ultrahigh density core collapses, we demand

the thermal de Broglie wavelength much smaller than the average separation distance, i.e.,

nλ3
dB � 1, where n is the number density of dark matter particles. In the relativistic

regime λdB ' λC, so we have nλ3
dB ∼ (Mseed/mR

3)λ3
C � 1, where Mseed is the mass of

seed black holes. Using the compactness relation C = GMseed/Rc
2, we can write nλ3

dB =

C3(mPl/Mseed)2(mPl/m)4, and hence

nλ3
dB ≈ 0.27

(
C

0.04

)3(109 M�
Mseed

)2(
5 keV

mc2

)4

� 1. (3.19)

Thus for given Mseed, we can derive a lower limit on the particle mass m.
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Consider a benchmark case discussed in [65], where the core of a 6.8×1011 M� halo

collapses to a seed black hole with Mseed = 1.9×109 M�. Such a seed could further grow into

a supermassive black hole with a mass of 2.2× 109 M� through accreting baryonic matter,

to be consistent with observations of the J1205-0000 quasar at redshift 6.7 [9]. J1205-0000

has a low accretion efficiency, and hence a massive ∼ 109 M� seed is needed, assuming an

Eddington accretion history. Taking these into account, the particle mass needs to be larger

than a few keV such that the classical truncated Maxwell-Boltzmann distribution is valid.

We further check constraints on the boundary temperature b = kBT (R)/mc2 and

the central cutoff energy w(0) = εc(0)/kBT (0). Consider a 109 M� core, when the onset of

dynamical instability occurs, the boundary radius is R = GMseed/Cc
2 ≈ 10−3 pc, where we

take C = 0.04. Setting the characteristic length scale ζ = λC(mPl/m)(8π3/geα(R))1/2 to be

R/R̂ and taking m = 1 GeV/c2 and R̂ = 0.37, see Table G.1 (b = 0.1), we find α(R) ≈ −44

for fermionic dark matter, g = 2. The central degeneracy α(0) = α(R)+w(0) must be much

less than −1 for classical distribution to be valid, i.e., −µ(0)/kBT (0) � 1; see Eq. (3.2).

Thus there is an upper limit on w(0), i.e., w(0) � 43. As shown in Fig. 6.2 (top left), the

instability condition requires bw(0) & 0.3. For b ∼ 0.1, we have w(0) & 3. In this case, the

core can collapse to a seed black hole when the system is still in the classical regime where

quantum effects are negligible. On the other hand, for b ∼ 0.001, the required w(0) would

be larger than 300. Thus for the core to collapse to a black hole in the classical regime, the

boundary temperature needs to be b & 0.1 at the onset of the instability.

This can be used to test the collapse models based on self-interacting dark matter.

In [65], the self-interactions are purely elastic and gravothermal collapse could occur early
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enough to explain the origin of supermassive black holes at high redshifts after taking into

account the effects of baryons. Recent studies [41, 66] consider dissipative interactions, as

they could speed up the onset of gravothermal collapse [23, 42, 90]. However, it is not

clear whether dynamical instability can be triggered in this case, as the temperature of

the central core may not reach the quasirelativistic limit, i.e., b ∼ 0.1, due to the energy

loss induced by the dissipative interactions. It is possible that the energy release could be

confined within the collapsing core as the radiation particle has a mean free path much less

than the core radius. A detailed study is needed to further assess those models.

In this study, we have assumed a spherical symmetry. Dark matter self-interactions

lead to a spherical shape of the inner halo [14, 91]. They also induce viscosity that can

dissipate away net angular momentum of the core inherited from the main halo in a short

timescale [65]. Thus our spherical assumption is self-consistent and well justified. It is

interesting to see whether our work can be generalized to axisymmetric cases. However,

fully relativistic numerical simulations show that a marginally unstable system can collapse

into a black hole containing 90% of the total mass even if it rotates at the mass shedding

limit (Keplerian speed) [92, 93, 94].

3.4 Connecting to the conducting fluid model

Another direction is to develop a formalism that bridges the relativistic truncated

Maxwell-Boltzmann model in this work, the analytical SIDM halo model [12], as well as

the nonrelativistic conducting fluid model [19]. The latter has been widely used to study

the gravothermal collapse of SIDM halos. The two essential parameters in our model, i.e.,
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boundary temperature b = kBT (R)/mc2 and central energy cutoff w(0) = εc(0)/kBT (0),

would be ultimately related to the halo parameters and the self-interacting cross section.

To fully establish such relations, one would need simulations with a relativistic fluid model,

which is beyond the scope of this work. Here, we highlight a few useful comparisons between

our results and those in the relevant literature.

In the nonrelativistic limit bw(r) � 1, the Tolman-Oppenheimer-Volkoff equa-

tion (3.5) for w(r) becomes dw/dr = −GM(r)/(br2c2). For the truncated model, one can

show [54]

dp

dr
=

b

1− bw
(
p+ ρc2

) dw

dr
= bρc2 dw

dr
, (3.20)

where the last equality assumes the nonrelativistic limit. Thus we obtain the Newtonian

hydrostatic equation dp/dr = −GM(r)ρ/r2. Ref. [12] uses the hydrostatic equation and

proposes an analytical model to describe an SIDM halo when it reaches the maximal

gravothermal expansion. It further assumes an isothermal equation of state p = ρv2/3

over the inner halo, where the 3D velocity dispersion v is a constant, and hence the adia-

batic index is fixed to γ = 5/3. In this case, kBT/m = v2/3 is a constant, and we have a

simple relation of b = kBT/mc
2 = (v/c)2/3. Using the relation εc(r) = w(r)kBT , we find

dεc/dr = −GM(r)m/r2, thus εc is the escape energy as expected.

When the SIDM halo reaches its maximal expansion, v ≈ Vmax = 1.64rs
√
Gρs [12],

where Vmax is the maximal circular velocity of the initial halo, rs and ρs are its scale radius

and density, respectively. Since rs ∝ M
1/3
200 /c200 and ρs ∝ c3

200/f200, where M200 is the

halo mass, c200 is the concentration and f200 = ln(c200 + 1) − c200/(c200 + 1), we obtain a

scaling relation of b ∝M2/3
200 c200/f200 in the context of the analytical SIDM halo model [12].
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For a collapsed halo, v increases with the evolution time and it becomes much larger than

Vmax, as we will show an example later. It is interesting to see whether the scaling relation

b ∝ M
2/3
200 c200/f200 still holds in the collapse phase. Qualitatively, if the initial halo has a

high mass and concentration, the collapsed inner halo has a large energy reservoir, leading

to a high boundary temperature.

We further compare our numerical results with simulations in [65] based on the

nonrelativistic conducting fluid model. Consider the J1205-0000 benchmark case again [65],

where ρs ≈ 8.1×107 M�/kpc3 and rs ≈ 10 kpc for the halo with a mass of 6.8×1011 M� and

Mseed = 1.9 × 109 M� [65]. Taking b = 0.1, the instability occurs when the compactness

reaches C = 3.9 × 10−2, see Table G.1, and we can obtain the boundary radius as R =

GMseed/Cc
2 ≈ 2.3× 10−3 pc. The average density within R is 〈ρseed〉 = 3Mseed/(4πR

3) ≈

3.5×1025 M�/kpc3. For comparison, the simulations based on the nonrelativistic fluid model

find that the average density of the collapsed halo is 〈ρin〉 ∼ 1011ρs = 8.1× 1018 M�/kpc3

at the last snapshot shown in Fig. 1 of [65]. We see that 〈ρseed〉 / 〈ρin〉 ∼ 4.4 × 106, a

significant difference. Thus the simulated halo needs to evolve further for matching 〈ρseed〉,

which requires a relativistic version of the conducting fluid model towards the end.
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When the instability occurs, the central 3D velocity dispersion reaches the rela-

tivistic limit, v(0)/c =
√

3p/ρc2 ≈ 0.57, but on the boundary v(R)/c ≈ 8.8×10−3 (b = 0.1),

see Table G.2. Interestingly, v(R)/c is comparable to the velocity dispersion found in the

fluid simulations v/c ≈ 10 ×
√

12πρsr2
s/c

2 = 37.4Vmax/c ≈ 3.8 × 10−2, derived from the

last snapshot in Fig. 1 of [65] assuming the hydrostatic condition. During the gravothermal

collapse the change in the velocity dispersion is much milder than that in the density, as

the pressure increases as well and v ∝
√
p/ρ. One may consider exactly mapping the ther-

mal quantities, such as ρ and p, from the truncated Maxwell-Boltzmann model, to those

from the fluid model. However, this is challenging because the adiabatic index γ varies dy-

namically towards the onset of the instability, as illustrated in Figure 3.3, but the original

nonrelativistic fluid model assumes a specific value of γ = 5/3 [19]. To resolve this, we could

consider a relativistic fluid model and find a class of solutions by varying γ from γ = 5/3

to 4/3.

Lastly, we examine timescales for the ultrahigh density core to collapse into a black

hole. For the gravothermal collapse of an SIDM halo, thalo ∼ O(100)/[rsρs(σ/m)
√

4πGρs] [19],

where σ/m is the self-scattering cross section. The presence of the baryonic potential

could shorten the collapse timescale by a factor of ∼ 100 [65] and rsρs(σ/m) is typically

0.1–1 [23], we take thalo ∼ 1/
√

4πGρs after neglecting O(1) numerical factors. We esti-

mate the timescale for collapsing into a seed as tseed ∼ 1/
√

4πG 〈ρseed〉. For the J1205-

0000 benchmark, 〈ρseed〉 ≈ 3.5× 1025 M�/kpc3 based on the adiabatic index criterion and

ρs ≈ 8.1× 107 M�/kpc3, and hence tseed ∼
√
ρs/ 〈ρseed〉 = 1.5× 10−9thalo ∼ 69 days, where

we take thalo = 124 Myr for J1205-0000 [65]. Thus the timescale for collapsing into a seed
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black hole is extremely short compared to that of the gravothermal collapse of an SIDM

halo.

For the J1205-0000 benchmark, we have further checked that the tseed values asso-

ciated with the adiabatic index, fractional binding energy, and binding energy criteria are

comparable, but a factor of ∼ 3 shorter than the one with the total energy criterion. This

indicates that the total energy criterion may not be a sufficient condition for collapsing into

a black hole. On the other hand, the system may deviate from a hydrostatic equilibrium

after the total energy criterion is satisfied, which we will leave for future work. In addition,

we have a scaling relation of 〈ρseed〉 ∝Mseed/R
3 ∝ 1/M2

seed, where R = GMseed/Cc
2 is used.

For the SIDM model, Mseed ∼ 10−3M200 [19, 65], and we expect that the compactness C, a

dimensionless quantity, is largely independent of specific halo parameters. Thus the collapse

time increases with the initial halo mass as tseed ∝ 1/
√
〈ρseed〉 ∝M200.

3.5 Conclusions

The origin of supermassive black holes remains unknown and the gravothermal

collapse of dark matter halos is a promising mechanism to explain the puzzle. In this chap-

ter, we have investigated a key aspect of this mechanism, i.e., dynamical instability of the

ultrahigh density core produced at late stages of gravothermal evolution. We used a trun-

cated Maxwell-Boltzmann distribution to model the dark matter distribution in the core,

solved the Tolman-Oppenheimer-Volkoff equation in a self-consistent way, and obtained a

series of equilibrium configurations. We examined four instability conditions based on con-

siderations of total energy, binding energy, fractional binding energy, and adiabatic index.
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As the core contracts, these conditions would be satisfied in sequential order. The adiabatic

index criterion is the strongest among the four. We have also compared our results from

the semi-analytical method to those from fully relativistic N-body simulations and found

a good agreement. In particular, both show the instability can occur when the fractional

binding energy reaches 0.035 with a central gravitational redshift of 0.5.

We further found that to meet the instability condition in the classical regime,

the boundary temperature of the core should be at least 10% of the mass of dark matter

particles. In addition, the classical Maxwell-Boltzmann distribution is valid only if the

particle mass is larger than a few keV for a 109 M� seed black hole. We have also shown

that the timescale for collapsing into a seed black hole is extremely short compared to that

of the gravothermal collapse of an SIDM halo. In the future, we could extend our work to

study dynamical instability of a self-gravitating quantum sphere, and whether the presence

of a baryonic potential would help trigger the instability. In addition, signatures of the

gravothermal collapse could be tested using observations of satellite dwarf galaxies of the

Milky Way [44, 95, 96, 97, 98, 99, 100, 101, 102] and substructures of galaxy clusters [32],

as the interplay between self- and tidal interactions could seed up the process. It would be

interesting to explore formation of seed black holes in those systems.
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Figure 3.3: Dynamical variables vs. central 3D velocity dispersion v(0) and redshift Z(0)
of a gravothermal system near the onset of general relativistic instability. From top left
to bottom right panels, the blue curves denote the pressured-averaged adiabatic index 〈γ〉,
fractional binding energy ε, binding energy B̂, and total energy Ê, for stable (solid) and
unstable (dashed) configurations, respectively. The vertical line indicates where the insta-
bility condition is reached (dotted). In the top left panel, the orange curve denotes the
critical adiabatic index γcr (solid), horizontal lines denote 〈γ〉 = 5/3 in the Newtonian limit
and 4/3 in the ultrarelativistic limit (dotted). In the other panels, the horizontal line indi-
cates the maximal value of the corresponding dynamical variable (dotted). The boundary
temperature is fixed to be b = kBT (R)/mc2 = 0.1.
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Figure 3.4: Radial profiles of bw = εc(r)/[mc
2 + εc(r)], cutoff energy εc/mc

2, density ρ̂,
3D velocity dispersion v/c, temperature kBT/mc

2, and adiabatic index γ, for marginally
stable configurations with the criteria based on the adiabatic index (dash-dotted orange),
fractional binding energy (dotted purple), binding energy (dashed blue) and total energy
(solid magenta). We fix b = kBT (R)/mc2 = 0.1.
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Chapter 4

Gravothermal Phase Transition,

Black Holes and Space

Dimensionality

Black holes (BHs) are the most profound prediction of Einstein’s general rela-

tivity (GR), though their existence is questionable in the early days. Oppenheimer and

Snyder [103] first demonstrated the dynamical process of forming a BH from dust collapse,

and the spacetime singularity is inevitable. However, the idealized collapsing process of

spherical symmetry might be unrealistic. Until 1965, Penrose showed [104] mathematically

that whenever matter satisfies reasonable energy conditions, a BH is a generic consequence

of GR regardless of spherical symmetry. In astrophysics, a BH is the end state of a conven-

tional star running out of fuel. But it could also emerge from the direct collapse of clouds

of gas without igniting a nuclear reaction.
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In the context of Newtonian gravity (NG), the self-gravitating ideal monatomic

fluid is too stable [57]. The pressure always counteracts gravitational attraction and stabi-

lizes the fluid. In GR, the pressure in the fluid is a double-edged sword. Because not only

the energy density but also the pressure is sourcing gravity, once the pressure starts to dom-

inate energy density at some point, it will destabilize the fluid. This is why the instability

and collapse into BHs from a fluid can happen in the framework of GR. All of the above

concern BHs in (3+1)-dimensional spacetime. Of course, there is nothing to hinder theorists

from considering BHs in (N+1) dimensions with N 6= 3. BHs in higher dimensions have

been studied thoroughly in the literature [105, 106, 107]. Although the stability of a fluid

sphere and its dimensional constraint has been explored somewhat [108], less investigated

is the instability condition of the higher-dimensional BHs coming from collapsing fluids. As

we shall see, the ideal fluids in the context of NG are genuinely unstable for N > 3, and

the GR effect makes the situation worse. However, the presence of cosmological constant λ

will modify the situation, in particular, λ < 0 can stabilize the fluid sphere. We also note

that the dynamical instability of stellar equilibrium for N = 3 with cosmological constant

was studied to some extent in Refs. [109, 110, 111].

In lower dimensions, i.e., N = 2, gravity is bizarre. The Bañados-Teitelboim-

Zanelli (BTZ) BH solution exists only if a “negative” cosmological constant λ = −1/`2 < 0

is introduced, where ` is the background radius of curvature [112]. This can be under-

stood from the unit of Newton’s constant in (N+1) dimensions: [GN ] = [M]−1[L]N [T]−2.

For N = 2, setting c = 1 determines the fundamental “mass scale” in terms of the New-

ton’s constant G2, but the fundamental “length scale” cannot be settled down. Thus an
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independent length scale ` = (−λ)−1/2 must be introduced independently. Moreover, the

negativeness of λ permits the BH solution [113]. In addition, there is no Newtonian limit

in (2+1) dimensions. Gravity has no local degrees of freedom (locally flat), thus no grav-

itational wave (or graviton) can propagate. This reflects the fact that static particles do

not gravitate [114, 115, 116]. In contrast, the collective behavior of thermal particles will

gravitate and demand the fluid description under its self-gravity. Crucially, λ < 0 is also to

guarantee the hydrostatic equilibrium (the pressure is monotonically decreasing) [117].

The basic mechanism of hierarchical structure formation (stars, galaxies, halos,

etc.) relies on the Jeans instability [118], which determines the largest mass (Jeans mass,

also called Bonnor-Ebert mass [119, 120]) of an isothermal gas sphere can still remain in

hydrostatic equilibrium. For the gas sphere heavier than this, it will further collapse or frag-

ment into smaller and denser objects [121]. Then it transitions into gravothermal evolution.

As a gravitationally bound system, it gets hotter and hotter as it releases thermal energy

through dissipation [18, 122, 123]. If the mass sphere is sufficiently heavy (& 106 M�), this

process will persist without triggering the thermonuclear sources of energy, while it behaves

as a “supermassive star.” Nevertheless, the gravothermal evolution will end eventually and

probably collapse into a BH once relativistic instability is triggered [56]. It serves as the

prototype of supermassive BHs from direct collapse of pristine gas [7, 124, 125, 126, 127] or

dark matter halo with self-interaction [20, 19, 22, 128, 65].

As long as heat transport occurs, a self-gravitating monatomic fluid (or super-

massive star) will relax and shrink automatically due to the negative specific heat of a

gravitationally bound system [19, 65]. During the gravothermal process in the hydrostatic
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limit, the thermal evolution timescale of the contraction is much larger its free-fall (dynam-

ical) timescale tff ∼ 1/
√
GNρ, where ρ is the (mean) energy density of the fluid [57]. In

this scenario, we can idealize the evolution process by a sequence of virialized quasiequi-

libria characterized by the mass and radius of the fluid sphere. In particular, the particles

in the fluid will follow the same distribution function, albeit the dispersion varies during

the process until the onset of relativistic instability. Moreover, we assume no extra de-

grees of freedom, e.g., nuclear reaction of our universe in (3+1) dimensions, will be ignited

to halt the direct collapse into a BH. We note that the final BH formation near the end

of the gravothermal evolution requires dynamically evolving the fluid and the spacetime

given initial data [129, 130, 131, 132], which is beyond the scope of this study. With-

out a cosmological constant in (3+1), it has been shown that unstable static spherical

Tolman-Oppenheimer-Volkoff solutions exist on saddle points that, when perturbed from

their unstable equilibrium, will tend to either black hole formation or a perturbed stable

solution [132]; while with positive cosmological constant, the dynamical evolution of a ho-

mogeneous dust would drag the entire spacetime into a “big crunch” singularity if the fluid

mass is sufficiently large [129].

The goal of this chapter is to examine the sufficient condition that can naturally

trigger the instability of a self-gravitating monatomic fluid in (N+1) dimensions, in partic-

ular, in the presence of cosmological constant. We adopt homogeneous solutions, which are

adequate for the purpose. In the end, we will briefly discuss the implications on the dimen-

sionality of spacetime. The geometric unit GN = c = 1 is used, unless noted otherwise.
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4.1 Dynamical instability in (N+1) dimensions

The method exploited by Chandrasekhar [55] is to examine the radial pulsation

equation of a perturbed fluid sphere of mass M within radius R:

δR̈+ ω2δR = 0 with ω2 ∝ 〈γ〉 − γcr, (4.1)

where ω is oscillation frequency, the critical adiabatic index γcr depends on the given equi-

librium configuration, and 〈γ〉 is the pressured-averaged adiabatic index of the fluid sphere.

Thus the stability problem boils down to the Sturm-Liouville eigenvalue problem. The suf-

ficient condition for the fluid to become unstable is γcr > 〈γ〉 such that ω2 < 0, implying

the perturbation δR ∼ eiωt would be an exponential growth.

The adiabatic index of a fluid,

γ =

(
∂ ln p

∂ lnn

)
s

, (4.2)

is a stiffness/compressibility parameter signifying how the fluid pressure p responds to

the adiabatic (ds = 0) compression on number density n. In particular, an ideal fluid

parametrized by the γ-law form p = K(mn)γ [133], where m is the particle’s mass, satisfies

the above definition as long as γ and K are not explicit functions of n under adiabatic

perturbation. The first law of thermodynamics results in [82, 57, 134] γ = 1 + p/(ρ−mn).

Given a distribution function f(x,p) of monatomic particles with phase space measure

dNx dNp, the adiabatic index of the ideal fluid merely depends on its velocity dispersion
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v ≡
√
Np/ρ < 1 and the degrees of freedom N , specifically

γ = 1 +
1 +
√

1− v2

N
(4.3)

ranges from 1 + 2/N (nonrelativistic v → 0) to 1 + 1/N (ultrarelativistic v → 1) [134].

Considering NG in (N+1)-dimensional spacetime, one can derive the critical adi-

abatic index [134]:

γcr(NG) = 2

(
1− 1

N

)
. (4.4)

In order to have a stable configuration, it is necessary that 〈γ〉 > γcr(NG). For ultrarelativis-

tic (nonrelativistic) ideal fluids, this implies the spatial dimensions must be N < 3 (N < 4)

in order to have a stable sphere. From this viewpoint, the privilege of (3+1) dimensions is

manifest because the fluid sphere is stable but not too stable. However, in (2+1) dimensions

the fluid disk is too stable because γcr(NG) = 1 < 1.5 (2) = γ as always for an ultrarelativis-

tic (nonrelativistic) fluid. Nevertheless, in the context of GR the pressure effect is crucial to

destabilize the fluid disk. Besides, in order for the fluid to have equilibrium configurations

and a BTZ solution, a negative cosmological constant is required [112].

Thus we have to first examine the equilibrium configurations with cosmological

constant λ = ±1/`2 in (N+1) dimensions. For homogeneous solutions, the critical adiabatic

index (the exact expression is derived in Ref.[134] and see also Appendix F.1)

γcr(GR) =
λR2

(N − 2)M/RN−2 − λR2

+
∑

j,k=0,1,...

f
(N)
jk

( M
RN−2

)j (
λR2

)k
, (4.5)
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where the post-Newtonian coefficients f
(N)
jk depend on the density distribution and spatial

dimensions N , except f
(N)
00 = γcr(NG); and the stabilizer/destabilizer :

λR2

(N − 2)M/RN−2 − λR2


stabilizer if negative

destabilizer if positive

(4.6)

characterizes the relative competition between compactness and background curvature. We

note that its appearance is generically from GR as long as λ is switched on, and cannot be

regarded as post-Newtonian correction.

Qualitatively, the GR instability depends on the pressure effect of the fluid through

p/ρ ∝ M/RN−2 ≡ CN , the compactness parameter in (N+1) dimensions. On the other

hand, the stability of a fluid will also depend on the relative size of the fluid to the radius of

curvature of the space, specifically, the curvature parameter λR2. As was mentioned, in the

context of NG, fluid spheres are genuinely subject to dynamical instability for N > 3. Even

worse, the corrections from GR deteriorate the situation, especially if λ > 0. However, it is

possible to have stable hydrostatic equilibrium if λ < 0. We also note that for λ = 0 the

post-Newtonian approximation f
(3)
10 = 19/21 is exactly the result shown in Ref. [55].

4.2 Gravitationally bound systems

In GR, the gravitational mass of a fluid sphereM is the corresponding Schwarzschild

mass (N ≥ 3) if it were to collapse into a BH. It includes the energy of self-gravity due to

the curved spacetime, which is thus not conserved during the gravothermal evolution. By

contrast, the rest mass Mrest of the fluid is conserved (see Appendix F.2 for definition). It
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is the mass of total particles in the fluid when they are dispersed to infinity. Therefore, to

form a gravitationally bound state the total internal energy must be

M−Mrest < 0. (4.7)

Before we are able to examine the dynamical instability reasonably, it is necessary to see if

the quasistatic equilibrium is gravitationally bound during the gravothermal evolution. The

solutions can be categorized as stable or unstable only if they are gravitationally bound. If

the initial configuration is a unbound state,M−Mrest > 0, dynamical evolution of the fluid

and the spacetime is required to determine the final fate (BH or naked singularity) [130],

which is again beyond the scope of the chapter.

4.3 Fluid spheres in (3+1) and higher dimensions

Assuming a fluid sphere in (N+1) dimensions is in hydrostatic quasiequilibrium,

the fluid (rest) mass Mrest = const during the gravothermal evolution. The radius will

contract such that CN increases gradually as more and more thermal energy dissipates until

reaching the critical compactness as 〈γ〉 = γcr. Given λ = const, we can tell from the phase

diagrams (Figs. 4.1 and 4.2) when the phase transition into BH could be triggered. For

N ≥ 3 the evolution follows Mrest|λ|(N−2)/2 = const, only those paths passing through the

stable bound region will be in the “long-lived” stage of gravothermal evolution.

As we have already noted, a fluid sphere is genuinely unstable for N ≥ 4, and

λ > 0 just deteriorates the situation. Remarkably, the privileged position of N = 3 can be
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Figure 4.1: C3 − λR2 phase diagram of homogeneous fluid spheres in (3+1) dimensions.
Bound states are to the right of the brown dashed line. The stable and unstable regions
are separated by the marginal stable curve (black solid), and the black dot denotes the end
point (−0.0949, 0.248) at the causal limit. As the radius contracts with Mrest = const, the
orange path follows λ = 0, and the circle denotes the critical point (0, 0.189) of instability;
the blue paths (I), (II), (III) follow Mrest

√
|λ| = 0.02(λ < 0), 0.01(λ > 0), 0.02(λ > 0),

respectively.

seen also from the fact that it is the unique dimensionality that allows stable hydrostatic

equilibrium with positive cosmological constant. From Fig. 4.1, we see that for λ > 0

stable hydrostatic equilibrium exists only between some upper bound and lower bound of

compactness, and the stable region of compactness diminishes as λR2 increases; for λ < 0,

the stable region enlarges as
∣∣λR2

∣∣ increases until the critical compactness C3 = 0.248

at causal limit v(0) ≡ vc = 1. However, bound states no longer exist well before this

critical point. The orange path (λ = 0) will gravothermally transition from a stable region

into an unstable one after passing critical compactness C3 = 0.189 and the collapse into

BH might ensue. The blue path (I), which follows Mrest

√
|λ| = 0.02(λ < 0), will be

gravothermally transitioning from the stable region into the unstable one after hitting the

marginal stable curve if it starts from the region of bound states; while the blue path (II),
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which follows Mrest

√
|λ| = 0.01(λ > 0), starting from the unstable region could directly

collapse into the stable region of gravothermal evolution until exceeding the upper critical

compactness; however, if the mass is sufficiently heavy as blue (dashed) path (III) with

Mrest

√
|λ| = 0.02(λ > 0), there is no long-lived gravothermal evolution of the fluid.
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Figure 4.2: C4 − λR2 phase diagram of homogeneous fluid spheres in (4+1) dimensions.
Bound states are to the right of the brown dashed line. The stable and unstable regions
are separated by the marginal stable curve (black solid), and the black dot denotes the end
point (−0.135, 0.118) at the causal limit. As the radius contracts with Mrest = const, the
orange path follows λ = 0, which is unbound; the blue paths (I), (II) follow Mrest|λ| =
0.002(λ < 0), 0.001(λ > 0), respectively.

On the other hand, in Fig. 4.2, we see that for N = 4 there is no stable hydrostatic

equilibrium for λ ≥ 0. A stable region emerges if λ < 0, and the critical compactness

increases as
∣∣λR2

∣∣ increases until C4 = 0.118 at vc = 1. Nevertheless, no bound state exists

in the domain of λ ≤ 0. For instance, there is no stable bound state along the orange dashed

path (λ = 0). Although the blue dashed path (I), following Mrest|λ| = 0.002(λ < 0), could

transition from the stable region into an unstable one, it is by no means gravothermal as

no static bound state is available along this path. Finally, the blue dashed path (II), which
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N CN λR2 〈γ〉 = γcr

2 0.518001 −0.060912 1.81893
3 0.248179 −0.094853 1.56387
4 0.117505 −0.134605 1.43352
5 0.062846 −0.151149 1.35328
6 0.037099 −0.154395 1.29861
7 0.023595 −0.151406 1.25884

Table 4.1: End points of marginal stable curves for N = 2, 3, 4, 5, 6, and 7 with λ < 0 at
causal limit vc = 1.

followsMrest|λ| = 0.001(λ > 0), always lies in the unstable region no matter if it starts from

a bound or an unbound state. The phase diagrams are similar for N > 4 but it becomes

less compact on the marginal stable curves as N increases. In Table 4.1, we show the end

points (vc = 1) of the marginal stable curves for N = 2, 3, 4, 5, 6 and 7.

Remarkably, the region of bound states never overlaps with the stable region

for N ≥ 4. Dynamically, if the fluid starts from any point on the dashed paths in

Figs. 4.1 and 4.2, BH formation, dispersal of the fluid to infinity, or gravitationally bound

and oscillatory states could be the possible outcome depending on the initial velocity per-

turbation and density [132], which deserves further investigation.

4.4 Fluid disks in (2+1) dimensions

By matching the junction conditions, the mass of the BTZ BH is related to the

gravitational mass of the fluid disk by [134]

MBTZ = 2M− 1, (4.8)
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thus M > 0.5 is the threshold to have MBTZ > 0, the excited state, if collapse ensues.

Dynamical collapse into BTZ BHs and naked singularities has been shown possible from

pressureless dust [135]. However, static stars of perfect fluid qualitatively differ in their

behavior from static stars of dust [114]; it is curious to see if the GR instability will be

triggered in (2+1), especially under the influence of a negative cosmological constant.

Therefore we have to examine the critical adiabatic index for N = 2:

γcr(GR) = −1 +
∑

j,k=0,1,...

f
(2)
jk Mj

(
λR2

)k
(4.9)

starts from −1 + f
(2)
00 = −1 + γcr(NG) = 0 with “post-Newtonian” corrections, thus the

Einsteinian stars are much stabler than Newtonian stars in (2+1). We note that for N =

2 the “compactness” parameter reduces to M, the gravitational mass of the disk itself.

That manifests the reason why there is no Buchdahl-like bound in (2+1) dimensions [117].

Furthermore, this also implies that a self-gravitating disk cannot gravothermally evolve to a

singular state on its own because the compactnessM always decreases withMrest = const

due to the gravothermal dissipation. However, it can become unstable by external agents,

such as compression by external force while adding mass to keep M large [134].

To illustrate, we see from Fig. 4.3 that as the negative cosmological constant is

switched on, there is no unstable configuration for γcr to cross 〈γ〉 of the fluid disk as the

fluid mass grows from M = 0 to 0.5 (the would-be MBTZ = −1 to MBTZ = 0), which

means there is no instability for a fluid disk to collapse into a naked singularity from an

ideal fluid within causal region vc ≤ 1. Therefore, along the solid blue path (I),Mrest = 0.5
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Figure 4.3: C2 − λR2 phase diagram of homogeneous fluid disks in (2+1) dimensions.
Bound states are to the right of the brown dashed line. The stable and unstable regions
are separated by the marginal stable curve (solid black), and the black dot denotes the end
point (−0.0609, 0.518) at the causal limit. The shaded region (λ > 0) is forbidden to have
hydrostatic equilibrium. The circle denotesM = 0.5 exactly at λ = 0, which is independent
of central velocity dispersion. The upper bound of fluid mass is M = 0.5208 at the causal
limit. The region underM = 0.5 is stable, which means that no homogeneous fluid disk can
trigger the instability and collapse into a naked singularity. Path (I) follows Mrest = 0.5
under gravothermal evolution; (II) follows λR2 = −0.02 by adding mass. Only path (II)
could transition into a BTZ BH under the causal limit.
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in Fig. 4.3, the compactness decreases from M = 0.495 to 0.375 during the gravothermal

shrinking, it never meets the instability. That is to say, although dissipation or thermal

radiation can make the disk shrink naturally given λ = const, it never drives the fluid into

an unstable state. Nevertheless, in the range −0.061 . λR2 < 0 a BTZ BH could emerge

from a collapsing fluid of 0.5 <M . 0.518 without violating causality. For example, under

the background λ = const this can be achieved by “adding more mass” to the fluid disk,

while the radius remains fixed, as shown by the dashed blue path (II): λR2 = −0.02 in

Fig. 4.3.

4.5 Discussions and implications

In the context of gravothermal evolution, we have examined the dynamical insta-

bility of a self-gravitating fluid sphere in (N+1)-dimensional spacetime by adopting homo-

geneous fluid solutions. Although the critical CN may vary quantitatively depending on the

density distribution, the main conclusion generally holds as it is based on the three assump-

tions made implicitly [134]: (i) The monatomic fluids obey the first law of thermodynamics,

and the pressure is isotropic due to equipartition theorem. (ii) The particles composing the

fluid follow the mass-energy dispersion relation. (iii) Gravity is governed by Einstein field

equations in (N+1) dimensions.

From the dynamical instability viewpoint, we can reexamine why (3+1) is priv-

ileged rather than why it must be (3+1). If BH is the pathway to generate a baby

universe [136, 137, 138, 139, 140, 141], the collapsing matter squeezing into a (N+1)-

dimensional BH near the classical singularity would result in a new-born universe of ar-
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bitrary dimensions. If the spacetime dimensionality reshuffling [142] is a random process in

the reign of quantum gravity near singularity, it repeats this process again and again until

the new-born universe is just (3+1)-dimensional, in which the fluid sphere is stable but not

too stable. As a self-gravitating fluid sphere (or a star) in N ≥ 4 is genuinely subject to

dynamical instability, and could transition into a BH automatically without undergoing the

stage of long-lived gravothermal evolution. Although a fluid star can be stabilized by in-

troducing a negative cosmological constant, no gravitationally bound state of a monatomic

fluid could exist in this region.

Remarkably, (3+1) is the unique dimensionality that allows stable hydrostatic

equilibrium with positive cosmological constant. Given the cosmological constant ob-

served [143] (or ` ∼ 1061`Pl, where `Pl is the Planck length), the mass of a virialized stellar

object, e.g., dark matter halo, must be M� 0.02`c2/G3 ∼ 1021 M� (see Fig. 4.1) in order

to avoid the dynamical instability and a possible BH formation from its direct collapse.

However, a big crunch singularity would form ifM > (1/3
√

3)`c2/G3 ∼ 1022 M� [129]. On

the other hand, (2+1)-dimensional gravity is bizarre. The fluid disk cannot gravothermally

evolve into a singular state through dissipation, but a BTZ hole could emerge from a col-

lapsing fluid disk with external agents, while a naked singularity cannot emerge from a fluid

disk, which supports the cosmic censorship conjecture [144].
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Chapter 5

Dynamical Instability in the

Quantum Limit

Black holes (BHs) are the inevitable consequence of gravitational collapse regard-

ing Einstein’s general relativity (GR). In conventional astrophysics, a BH of solar-mass scale

results from a dying star; while much massive BHs could emerge from the direct collapse

of the pristine gas [6, 7, 2] without undergoing the star formation. Given that, various

mechanisms to produce massive BHs have been proposed in the literature [2] in order to

account for those at central galaxies. However, the origin of high-redshift (z & 6 − 8) su-

permassive black holes (SMBHs) remains a big puzzle [5, 9, 10, 37, 39, 40, 145, 146, 147]

(see [1, 148, 149, 150] for a review). By contrast, there are other possibilities, including

primordial black holes (PBHs) produced from large density fluctuations near the end of

inflation [151, 152, 153, 154, 155]; PBHs generated from the first-order phase transition

before the matter-radiation equality [156, 157, 158, 159, 160, 161]; or astrophysical BHs

60



from turbulence of cold gas flows [162]. Moreover, the idea of BH formation from the col-

lapse of dark matter has been extensively explored. This especially includes those BHs that

originate from the collapsed halos of non-cold dark matter, such as self-interacting dark

matter [20, 22, 41, 65] or the ultralight dark matter [163]. The idea could also explain those

BHs in the mass gap [164].

However, it is necessary to carefully examine the corresponding dynamical insta-

bility to form the BH, which, in turn, could bridge the theories of dark matter and the

BH populations. The dynamical instability of the self-gravitating system, in the framework

of GR, was first studied in the context of supermassive stars [55, 58, 165, 166, 167, 168].

As a gravitationally-bound thermal system, a supermassive star evolves and shrinks due to

thermal dissipations until triggering the dynamical instability, and results in the seed BHs.

Although the exact conditions rely on the accretion models (see [148, 149] for a review), a

star generally tends to collapse into a BH when its gravitational energy is comparable with

the mass energy, i.e., GM2/R ∼Mc2, where R is characteristic radius of the star. One can

then roughly examine the instability regarding the compactness parameter C ≡ GM/c2R.

Other factors, such as the cosmological constant [109, 110, 111, 169] and space dimension-

ality [169], also impact the stability.

In Ref. [56] (Chapter 3), we show that the dynamical instability of gravother-

mal spheres in the classical limit, in which the local distribution function of the gaseous

sphere is a truncated Maxwell-Boltzmann (MB) distribution, agrees well with those from

the N -body simulations [62, 63, 64]. However, particles in nature, making up the ordinary

matter or the dark matter, follow the quantum statistics and have phenomena such as Pauli
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blocking, Bose-Einstein condensation (BEC), and particle production/annihilation. Those

phenomena are hard to deal with by N -body simulation.

In this chapter, we apply the truncated quantum distributions and focus on the

impact of the quantum pressure and the pair production/annihilation on the dynamical

instability on a self-gravitating quantum gaseous system. The resulting condition for the

dynamical instability is generic and is applicable to systems made of baryonic matter, dark

matter, and other exotic particles. As a concrete example, we apply the condition to DM

systems that seed BHs from their collapse. First, we derive the equation-of-state (EoS)

from the distribution function following the methodology in [56]. Second, by solving the

Tolman-Oppenheimer-Volkoff (TOV) equation [70, 71] given that EoS, one can determine if

the mass sphere is gravitationally bound or not. Lastly, we examine its stability according

to the Chandrasekhar’s method [55]. The resulting condition for the dynamical instability

is generic and applicable to systems made of baryonic matter, dark matter, and other exotic

particles. In Supplemental Material, we provide additional details and numerical results.

5.1 The truncated Fermi-Dirac and Bose-Einstein models

We introduce a truncated quantum distribution function [56, 77] for the ideal-gas

sphere,

fη(ε) =


1−e(ε−εc)/kBT
e(ε−µ)/kBT−η , ε ≤ εc;

0, otherwise
(5.1)

where ε is the kinetic energy, εc the cutoff energy, T the temperature, and µ is the chemical

potential with the particle’s rest energy mc2 subtracted off. They are functions of the radius

r. kB is the Boltzmann constant and c is the speed of light. The number factor η is +1
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(−1) for bosons (fermions), and the quantum effect kicks in if e(ε−µ)/kBT . 1, or µ/kBT & 0

as ε ≥ 0. The temperature profile is given by [56]

T (r) =
(
1 + εc(r)/mc

2
)
T (R), (5.2)

meaning the system cannot follow an isothermal distribution globally due to the gravita-

tional redshift [79].

For convenience, we introduce the dimensionless variables, cutoff function w(r) ≡

εc(r)/kBT (r), degeneracy α(r) ≡ µ(r)/kBT (r), and b ≡ kBT (R)/mc2. The cutoff function

is connected to the degeneracy contrast to that of the boundary

w(r) = α(r)− α(R) (5.3)

by Tolman-Klein law [79, 80] for a gravothermal system. Although we consider a specific

truncated model in this work, it must be emphasized that Eqs. 5.2 and 5.3 are only based

on laws of thermodynamics and GR. They are generic and independent of specific forms of

the truncation. One can then determine the number density n, energy density ρ, internal

energy density u, and pressure p, as functions of b, w and α(R). Thus once the profile w(r)

is solved by the TOV equation [56] for a given set of boundary conditions, b, w(0) and α(R),

all the thermodynamic profiles are determined.
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5.2 Dynamical instability

Qualitatively, to trigger the onset of dynamical instability, the system needs to be

in the relativistic limit, which imposes constraints on b and w(0). It is indicative to consider

their product, the normalized cutoff energy [56]:

bw(r) =
εc(r)/mc

2

1 + εc(r)/mc2
. (5.4)

In the ultrarelativistic limit εc � mc2, bw → 1; in the non-relativistic limit, bw → 0.

Since b = kBT (R)/mc2 determines the temperature at the core boundary, a higher b value

indicates a hotter thermal bath. Either high b with small cutoff w or vice versa can drive

the core into relativistic regime, i.e., bw . 1. In the former situation, the evaporation

effect is significant and one needs to take into account the pair production/annihilation

effect if b . 1; in the latter of w � 1 the distribution reduces to the usual form without

a truncation, while Pauli blocking kicks in if α(R) > −w. To quantitatively determine

the instability, however, we resort to the Chandrasekhar’s criterion [55], as this method

is physically intuitive. Specifically, one can determine the marginally stable configuration

〈γ〉 = γcr [56] for a given set of {b, w(0), α(R)}.

5.3 Gravitationally bound systems

When a gravitationally bound sphere contracts, it will heat up by converting its

gravitational energy. To examine whether the system remains gravitationally bound in
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Figure 5.1: Schematic cartoons of quantum spheres for the Fermi-Dirac (FD) or the Bose-
Einstein (BE) statistics. The values of α is ≥ 0 (= 0) for the FD (BE) quantum sphere.
The quantum sphere is surrounded by the outer region with α < 0. The outer radius for
the quantum sphere and outer region are rc and R, respectively.

GR, it is pivotal to differentiate the gravitational mass M with the rest mass Mrest of the

sphere [82, 56]. M involves not only the thermal but also the gravitational energy of the

particles bound into the sphere. Whereas Mrest is the sum of the total rest mass of the

particles as if they were dispersed to infinity, thus M < Mrest is required for the sphere to

be gravitationally bound. In the regime kBT ∼ mc2, the pair production/annihilation of

(anti)particles, χχ̄↔ radiations, is relevant to make gravitationally bound spheres unbound.

Here the radiations could be the Standard Model particles such as photons or neutrinos,

or dark radiations such as dark photons, whose rest mass can be ignored and the equation

of state prad/ρrad = c2/3. For a particle χ with chemical potential µ and degeneracy α,

the corresponding quantities for its antiparticle χ̄ are given by µ̄ = µ − 2mc2 or ᾱ =

α− 2mc2/kBT . With this replacement for antiparticles, the (net) number density becomes
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Figure 5.2: EoS for truncated MB and FD distributions with and without pair pro-
duction/annihilation effect: 3D velocity dispersion v/c =

√
3p/ρc2 and adiabatic in-

dex γ vs. normalized cutoff energy bw = εc/(mc
2 + εc) for b = kBT (R)/mc2 =

(0.5, 0.3, 0.1, 0.03, 0.01). For FD model, we take α(R) = −10 for illustration. The
3D velocity dispersion (adiabatic index) can increase (decrease) significantly even in low
temperature due to the Fermi-degeneracy pressure when α = w + α(R) > 0. In high tem-
perature (b & 0.1) regime, evaporation (lower cutoff w) makes pair production/annihilation
effect more significant because the (massless) radiations dominate the EoS.

n = nχ − nχ̄ and the energy density of radiation ρrad = 2ρχ̄. The abundance ratio of

antiparticles to particles, nχ̄/nχ ' e−2/b = e−2mc2/kBT (R), is Boltzmann suppressed if b� 1.

To examine the stability, however, we have to adopt the effective adiabatic index γ (see

Appendix H) for this two-fluid (χ + radiations) model when b & 0.1. In addition, as the

mass of the resultant radiations through pair annihilation is negligible in the sphere, the

rest mass Mrest decreases as the temperature increases. If the temperature is sufficiently

high (b & 0.5), the sphere becomes unbound as M &Mrest.
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5.4 Fermi-degeneracy pressure

For Fermi-degeneracy supported mass sphere consisting of M/m fermions with rest

mass m, Landau estimated [72, 170] the gravitational energy per fermion ∼ GMm/R; while

the typical separation between fermions is R/(M/m)1/3, and thus the relativistic Fermi

energy ∼ ~c(M/m)1/3/R. In order for the degeneracy pressure to balance the gravitational

attraction, GMm/R ∼ ~c(M/m)1/3/R. Therefore, Landau’s estimate gives the maximal

mass sphere M ∼ m3
Pl/m

2, with mPl = (~c/G)1/2 the Planck mass. Thereafter, the folklore

say that the quantum degeneracy pressure prevents the gravitational collapse. However, this

estimate is in the context of Newtonian gravity and concerns only the equilibrium condition,

rather than its stability.

To see how the quantum pressure plays a role, we have to first examine the de-

generacy α(R). The numerical results for a quantum system with α(R) . −50 are almost

the same as the truncated MB for a classical system [56], thus we take α(R) = −50 as the

benchmark for the classical regime. In terms of physical units, however, the border between

classical and quantum regimes is determined by nλ3
dB = g, where g = 2s + 1 is the spin

multiplicity and λdB the de Broglie thermal wavelength [56].

For Fermi-Dirac (FD) statistics, we categorize two cases: (i) α(R) < 0, but the

sphere is partially degenerate α(r) ≥ 0 for r ≤ rc < R, where α(rc) = 0, and (ii) α(R) ≥ 0,

the sphere is completely degenerate α(r) > 0 for r < rc = R, see Fig. 5.1 for illustration.

Before examining the stable/unstable configurations, we first discuss the stiffness of the EoS

by its adiabatic index γ. We take α(R) = −10, for example, in Fig. 5.2. At low b = 10−2,
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Figure 5.3: Central normalized cutoff energy bw(0) = εc(0)/
(
mc2 + εc(0)

)
vs. boundary

temperature b = kBT (R)/mc2. The stable (blue shaded) and unstable (red shaded) for FD
statistics. The gray dashed line delineates the border between the classical (nλ3

dB < g) and
the quantum (nλ3

dB > g) regimes.

the EoS gets softened (γ decreases) significantly when w & 30, compared to the MB model,

as the particles become relativistically (bw & 0.3) degenerate (α = w + α(R) > 0) by Pauli

blocking. Although for b & 0.5 the radiations from pair annihilations soften the EoS, it

can barely remain gravitationally bound due the evaporation effect (w . 0.6). However,

for completely degenerate case α(R) & 0, the threshold decreases down to b & 0.4 to be

gravitationally unbound (see Appendix I). This is because the Pauli blocking takes energy

to bind fermions together. Thus slightly lower temperature is sufficient to break them apart.

For partially degenerate spheres, there is no unstable configuration for 10−2 .

b . 0.1 if α(R) = −10, see Fig. 5.3 (left panel). In contrast to the classical spheres, the

instability can still happen in the low b . 10−2 is due to the Fermi-degeneracy pressure

as α(r) = w(r) + α(R) > 0 (degenerate regime) with bw(0) ' 0.3 (relativistic regime);
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Figure 5.4: Critical mass M , supported by thermal pressure for α(R) = (−50,−10,−5)
in high temperature 0.1 . b . 0.5; supported by degeneracy pressure in low temperature
b . 10−2, as functions of particle mass m.

while the high b & 0.1 is due to the highly random thermal pressure as in the classical MB

case. The gap in temperature exists because of the thermal effect interferes the quantum

degeneracy, but not sufficiently strong to reach the GR instability. Interestingly, this gap

shrinks as α(R) increases and vanishes for α(R) & −5, and thus the instability becomes

b-independent, see Fig. 5.3 (right panel). Generally for α(R) < 0, one can extrapolate the

temperature b below which the degeneracy pressure is significant to trigger the instability

by observing bα(R) & −0.1 or −µ(R) . 0.1mc2, equivalently.

At the marginally stable point 〈γ〉 = γcr, the critical compactness C ' 0.04–0.08

slightly increases as α(R) increases in high temperature b & 0.1; whereas C ' 0.04–0.13

is more compact for b . 10−2 owing to the Fermi-degeneracy pressure. As for the critical
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mass, Landau’s estimate [170] gives the critical mass M ∼ m3
Pl/m

2, while the exact values

in high and low temperature thermal baths, depending on α(R), can be quite disparate. At

the onset of instability, we find that in high temperature 0.1 . b . 0.5, the critical mass,

M & 0.2 g−1/2e−α(R)/2m3
Pl/m

2 (5.5)

for α(R) ≤ 0. Therefore it is easier to have heavier BH seeds in the classical regime,

α(R) � −1, see Fig. 5.4. For example, taking α(R) = −50 with mc2 = 1 GeV gives

M & 109 M�. On the other hand, in low temperature b . 10−2 the critical mass,

M & 0.54 g−1/2m3
Pl/m

2 (5.6)

universally in the nearly degenerate regime α(R) & −10, and it still holds for b & 10−2

when α(R) & −1 and ≥ 0.

5.5 Bose-Einstein condensation

The concept of BEC forming a self-gravitating bound state, known as a boson star,

traces back to Ref. [171, 172, 173, 174, 175]. If there is no self-interaction between the ground

state bosons, the supporting pressure, primarily given by Heisenberg’s uncertainty principle,

leads to a condensate of mass M ∼ m2
Pl/m, which is much smaller than the Chandrasekhar

mass, approximately M ∼ m3
Pl/m

2. On the other hand, BEC with attractive self-interaction

is inherently unstable, even in the absence of gravity [176]. However, it can form a stable
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Figure 5.5: EoS for truncated MB and BE distributions with and without pair pro-
duction/annihilation effect: 3D velocity dispersion v/c =

√
3p/ρc2 and adiabatic in-

dex γ vs. normalized cutoff energy bw = εc/(mc
2 + εc) for b = kBT (R)/mc2 =

(0.5, 0.3, 0.1, 0.03, 0.01). For BE model, we take α(R) = −10 for illustration. It is
required that α = w + α(R) < 0 and the behavior is similar to MB if there is no con-
densate. In high temperature (b & 0.1) regime, evaporation (lower cutoff w) makes pair
production/annihilation effect more significant because the (massless) radiations dominate
the EoS.

gravitationally bound sphere, roughly on the order of m3
Pl/m

2, even with a small repulsive

self-interaction [174], which can be comparable to conventional stellar objects. Additionally,

the repulsive nature can be realized through particle physics considerations [177], see also the

recent studies within the context of cosmology [178, 179, 180] and structure formation [163,

181, 182, 183, 184, 185].

For Bose-Einstein (BE) statistics it must be α(r) ≤ 0, thus w(r) = α(r)−α(R) ≤

−α(R) and w(r ≤ rc) = wmax = −α(R) as α(r ≤ rc) = 0. Because of the cutoff wmax,

we find nλ3
dB < g for BE statistics, where g = 2s + 1 is the spin multiplicity and λdB
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Figure 5.6: Number density nλ3
C/g as functions of critical temperature bbec =

kBTbec(R)/mc2 given the phase space in Eq. 5.1 saturated at wmax = −α(R), where
λC = ~/mc is the Compton wavelength.

the de Broglie thermal wavelength [56]. And the EoS behaves as the MB case at b > 0.1,

see Fig. 5.5; whereas it becomes softened due to pair annihilations, similar to the FD

case [186]. Thus the system stays classical unless BEC is triggered at r ≤ rc to enter the

quantum regime nλ3
dB & g. We assume rc = 0 (R) if the system consists 0% (100%) BEC,

see Fig. 5.1 for illustration.

BEC can happen even in the presence of antibosons [187], and one can determine

the critical temperature of the BEC formation bbec(n(r)) when the particle occupation

number n saturates the phase space in Eq. 5.1 at wmax = −α(R). For a given temperature,

the BEC formation threshold is lower if α(R) increases, see Fig. 5.6. In addition, according

to bw < 1 in Eq. 5.4, BEC will form well before reaching the ultrarelativistic limit as
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Figure 5.7: Central normalized cutoff energy bw(0) = εc(0)/
(
mc2 + εc(0)

)
vs. boundary

temperature b = kBT (R)/mc2. The stable (blue shaded) and unstable (red shaded) for
BE statistics. The gray dashed line delineates the available (w < wmax) and the forbidden
(w > wmax) regions (gray shaded).

long as bwmax = −bα(R) < 1, which implies −µ(R) < mc2 is a necessary condition. If

BEC happens, we have to deal with a mixture of two fluids, with net number density

n = nbec + nthermal, one is the thermal bosons nthermal and the other is the non-thermal

condensate nbec residing in the ground state. In the two-fluid formalism, assuming no

mutual interaction [188], the total energy density ρ = ρbec+ρthermal, and the BEC happening

at r ≤ rc is governed by

dpbec

dr
= −

(
ρbecc

2 + pbec

) G (4πpr3 +M(r)c2
)

rc2 (rc2 − 2GM(r))
, (5.7)

where M(r) = 4π
∫ r

0 r
′2ρ dr′ and p = pbec + pthermal are the enclosed gravitational mass

and pressure, respectively. While the thermal bosons always saturate its phase space given
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{b, wmax} for r ≤ rc when BEC is present, we only need to solve w(r) for rc < r ≤ R. As the

BEC deepens the potential well and increases the cutoff energy for the thermal bosons at

r ≤ rc, we note that Eq. 5.4 is valid only for r > rc. In this case, however, one should derive

εc(r ≤ rc) through gravitational redshift in temperature [79] regarding wmax = εc/kBT .

5.5.1 Thermal bosons

Consider the sphere composed of purely thermal bosons, i.e., n = nthermal and rc =

0. As there is no Fermi-degeneracy pressure for thermal bosons, no relativistic instability

will occur at low temperature without BEC. In other words, the instability is determined by

the thermal effect as the MB case. However, the threshold of the boundary temperature b

to reach instability increases as α(R) approaches zero. We find b ≥ 0.09 for α(R) = −10;

b ≥ 0.11 for α(R) = −5; whereas b & 0.4 is required for α(R) = −1 as w(0) = wmax = 1

at the central core. The available unstable region shrinks as α(R) increases, see Fig. 5.7.

In the regime kBT ∼ mc2, the sphere becomes unbound as M (gravitational mass) &

Mrest (rest mass) due to the pair production/annihilation if b & 0.5; while it increases up

to b & 0.7 in the nearly degenerate limit α(R) = −0.5 (see Appendix J). This is in contrast

to the Pauli blocking of fermions, bosons tend to party and are easier to be gravitationally

bound. Thus slightly higher temperature is required to break them apart.

5.5.2 Pure condensate

We now consider another extreme case, nthermal � nbec, namely the whole sphere

is just a condensate, n = nbec with α(R) = 0 and rc = R. As a relativistic extension

to Gross-Pitaevskii equation governing nonrelativistic BEC, we consider the condensate of
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non-thermal bosons in the ground state to be described by a coherent scalar field ϕ, obeying

Klein-Gordon equation, with quartic and repulsive self-interaction Vint(ϕ) = λ
4 |ϕ|

4 (λ > 0).

The constant (dimensionless) self-coupling strength λ is related to the s-wave scattering

length as by λ ≡ 8πas/λC, where λC = ~/mc is the Compton wavelength. As a good

mean-field approximation, the self-interaction range should be much smaller than the mean

interparticle distance, i.e., na3
s � 1. Macroscopically, this interaction results in the quantum

pressure of the condensate. In the Thomas-Fermi (fast oscillation) limit, λm2
Pl/m

2 � 1,

the effective EoS reads [174, 178, 189],

pbec =
1

3
ρλc

2
[√

1 + ρbec/ρλ − 1
]2
, (5.8)

where ρλ = m/3λλ3
C is the fiducial density. The corresponding adiabatic index

γbec =
4

3

[
1 +

1

2
√

1 + ρbec/ρλ

]
(5.9)

and number density

nbec =
2

3

ρλ
m

(√
1 + ρbec/ρλ − 1

)√
3
(

1 + 2
√

1 + ρbec/ρλ

)
(5.10)

are obtained with the aid of mass-energy conservation (∂ρ/∂n)s = (ρ+ p) /n [190]. We

note that the EoS reduces to nonrelativistic condensate, pbec ∝ n2
bec and γbec → 2 as

ρbec � ρλ [176, 191]; while it becomes radiationlike, pbec → ρbecc
2/3 and γbec → 4/3 when

ρbec � ρλ.
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Figure 5.8: Fractional binding energy ε vs. central density ρbec(0) along a sequence of
solutions of completely condensate spheres. The insert panel represents the mass-radius
relation of the completely condensate sphere.

As the fiducial length in this scenario depends on λ, i.e., ζλ =
√
c2/Gρλ =

√
3λλC(mPl/m), the mass scale ∼ c2ζλ/G explicitly depends on λ. Compared to the

turning-point method [56], Fig. 5.8 shows that the critical values ρbec(0) = 5.64ρλ at

〈γbec〉 = γcr = 1.72569, which occurs shortly after the maximum of fractional binding

energy εmax = 0.065 at ρbec(0) = 4.80ρλ. At this marginal point, we find the compactness

C = GM/c2R = 0.165 and M = 0.0353 c2ζλ/G, thus the critical mass

M & 0.061 λ1/2m3
Pl/m

2. (5.11)

In the Thomas-Fermi regime, it is required that M & λ1/2
(
mc2/MeV

)−2
104 M� �
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(
mc2/eV

)−1
10−12 M�. However, bound states cannot form if ρbec(0) & 58.2ρλ, where

M &Mrest as the EoS becomes radiationlike (pbec ' ρbecc
2/3).

In the case of the mixture, when the BEC core, wrapped with thermal bosons,

transitions to a radiationlike state and reduces the effective adiabatic index of the entire

sphere, especially at sufficiently high central densities, it is expected to trigger the collapse

even at low temperatures. However, a detailed analysis of this phenomenon is reserved for

future work.

5.6 Applications and discussions

According to our model at low temperature b � 1, say α(R) = 0 and g = 2 in

Appendix I, marginally stable neutron stars of mass ' 0.7 M� with C ' 0.12 is obtained

if the neutrons formed a degenerate cold Fermi gas. This agrees remarkably well with the

results of [71], while the discrepancy with observation of ' 2 M� with C ' 0.25 simply

means that the ideal-gas assumption is no longer valid in the neutron cores.

Now we consider dark matter clumps as gravothermal systems under the ideal-gas

assumption. Dark matter clumps could form even in the radiation dominated era [192,

193, 194, 195]. In order to describe them as gravothermal spheres, the clumps must be

well thermalized, i.e., its relaxation time . its dynamical time. Therefore the dark matter

clumps are assumed to be in thermal (quasi)equilibrium with the homogeneous cosmological

background. However, they can become gravitationally bounded only after the temperature

drops down to b . 0.5 due to radiations. In addition, nχ − nχ̄ 6= 0 suitably fits into the

scenario of asymmetric dark matter [196, 197, 198, 199, 200, 201].
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For fermions to form the observed dark matter halo, the Tremaine-Gunn bound [202,

203] requires the fermion mass m & 0.4 keV/c2, while it can be relaxed if many distinct

species of fermions are allowed [204]. In the degenerate regime α(R) & −1, the would-be

seed BH mass from fermionic dark matter, Mseed ∼ 105 M�
(
mc2/MeV

)−2
, is indepen-

dent of the thermal bath (if b . 0.5) at the onset of instability. Specifically, if we take

mc2 ' 0.4 keV with α(R) = 0 and g = 2 at b � 1, Mseed ' 3.9× 1012 M�, which is much

larger than the most massive SMBH we have observed. Incidentally, if mc2 & MeV, the

dark clumps of mass . 104 M� [205] could have formed after the quantum chromodynamics

phase transition kBT ∼ 200 MeV and before the neutrino decoupling at ∼ MeV. One can

then examine whether those dark clumps would evolve into PBHs. On the other hand, our

model can be also applied to the gravothermal core-collapse of self-interacting dark matter

halos [20, 65, 56] after cosmological recombination (redshifts z < 1100).

For ultralight bosons as dark matter [206], the boson mass ranges from & 10−22 eV/c2

to . 10 eV/c2. Therefore we have Mseed � 1010 M� (m = 10−22 eV/c2) or Mseed �

10−13 M� (m = 10 eV/c2) in Thomas–Fermi regime. However, the boson mass could be

even heavier if the condensate results from BCS-BEC crossover [207, 208], in which the boson

mass is not fundamental but determined by the fermion pairs. If the BEC were to account

for 100% of dark matter, cosmological constraints [178] require that 1.75 × 107 eV/cm3 ≤

ρλc
2 ≤ 4.17 × 1015 eV/cm3 1 and m ≥ 2.4 × 10−21 eV/c2. However, it can be even more

constrained to ρλc
2 ' 3.8×1010–13 eV/cm3 regarding the local structures (galaxies and clus-

ters) [190]. Since the unstable bound condensates could form if 5ρλ . ρbec(0) . 60ρλ in the

1In Ref. [178], it is written as 1.9× 10−8 eV−1cm3 ≤ λλ3
C/mc

2 ≤ 8× 10−17 eV−1cm3. The difference in
numerics here comes from the factor in defining the self-interacting potential λ|ϕ|4.
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overdense region, this implies the they could abundantly generate seed BHs roughly before

the matter-radiation equality era where the EoS transitions from radiationlike to CDM-like

phase [178]. Given the constraints on ρλ above, one can obtain Mseed ∼ 1016–18 M�, al-

though stupendously huge [209], which still lies in the allowed window where PBHs could

have an appreciable density [210].

In this chapter, we have examined the dynamical instability of a gravitationally-

bound and thermalized sphere in the quantum limit, i.e., the particles in the gaseous

sphere follows the FD and BE distributions, where the quantum pressure and pair pro-

duction/annihilation effects are significant. At high temperature when the pair produc-

tion/annihilation into radiations (massless particles) is significant, the sphere can be grav-

itationally bound only if the boundary temperature is less than half of the particle’s rest

energy, kBT (R) . 0.5 mc2 in the classical limit. However, the threshold temperature

decreases (increases) as the degeneracy increases for fermions (bosons).

Furthermore, we emphasize the importance of the quantum pressure, in contrast

to the thermal pressure (kBT (R) & 0.1 mc2) in the classical limit [56], to trigger the

collapse. The condition can be applied to various self-gravitating dark matter systems.

For fermionic dark matter, the quantum pressure from Pauli blocking in low temperature

is pivotal to trigger the instability. While for bosonic dark matter at low temperature

(kBT (R) < 0.1 mc2), the lack of Fermi-degeneracy pressure prevents it from collapse if

there is no BEC. Nevertheless, the repulsive self-interaction in the BEC is expected to

trigger the instability, where the details will be presented in the future [186].
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Chapter 6

Dark Matter Density Spikes

around Supermassive Black Holes

It is well established that dark matter (DM) contributes about one quarter of the

total energy of the universe [211]. Many DM models have been proposed, in particular,

the introduction of new stable particles. However, the natural properties of DM are still

elusive. In the standard ΛCDM cosmology, DM is assumed to be collisionless. Despite

the success of ΛCDM on large scales, difficulties remain to explain the sub-galactic scales.

The core-cusp and missing satellites problems are the discrepancies between the numeri-

cal N-body simulations and astrophysical observations on small scales of structure. The

deviations may come from the insufficient implementation of the baryonic processes such

as the supernova feedback and photoionization or might be due to the unknown properties

of DM. Self-interacting dark matter (SIDM) was first proposed to reconcile these issues

with the cross-section per unit mass in the range of 0.45 cm2/g < σ/m < 450 cm2/g (m
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denotes the DM mass) [11]. It should be mentioned that some investigations showed that

the velocity-independent cross-sections cannot account for the observed ellipticities in clus-

ters [212, 213]. Furthermore, bullet cluster 1E 0657-56 seems to constrain σ/m to be less

than 0.7 cm2/g, and the cross-section of SIDM would be too small to be distinguished

from the collisionless DM [214, 215]. While some studies indicate the SIDM with velocity-

dependent cross-sections can provide a broader parameter region, σ/m ∼ 0.1 − 50 cm2/g,

to accommodate above puzzles [216, 217, 218, 219]. (see Ref. [13] for a review). The issues

of SIDM are still under investigation, in this chapter we adopt the constraint in the range

of

0.1 cm2/g < σ/m < 1 cm2/g (6.1)

in our study.

It is generally believed that all large galaxies immersed in dark halos host central

supermassive black holes (SMBHs). The dynamics of the presence of a central black hole

(BH) will alter the surrounding stellar distribution and generate a density cusp within its

radius of influence [220, 221, 222, 223, 224, 225, 226, 227, 228, 229, 230]. It was Peebles [231]

who first derived a power law for the stellar distribution function based on the scaling argu-

ment. He adopted the picture that the stars are bounded in orbits due to the gravitational

potential of the central BH and then diffuse into another bound orbit via the star-star gravi-

tational scattering. Bahcall and Wolf obtained the scaling law of steady-state stellar density

profile as nstar(r) ∝ r−7/4 in the cusp region by numerically solving the one-dimensional

Fokker-Planck equation for spherical clusters and isotropic velocity distribution [232]. The

study is then extended to two-dimensional problems after considering the anisotropy in ve-
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locity space and the effect of high eccentricity/low angular momentum orbits (the so-called

loss-cone in J-space) considered by Frank and Rees [233] and Lightman and Shapiro [234].

Monte-Carlo simulations as well as numerical integration of two-dimensional Fokker-Planck

equation were also performed in Refs [235, 236, 237, 238]. Some recent studies taking into

account the nonspherical clusters, relativistic corrections, and extreme mass ratio inspirals,

etc. can be referred to [239] for a review. On the other hand, for the galactic nuclei one

may address the similar question where the DM distributes in the center region of galaxies,

and will be entrained towards the massive BH. The redistribution of DM density profile

around the massive BH is usually called the central “spike,” that might be observed as a

point sources of gamma rays [240] and neutrinos [241] or through the dephasing of the

gravitational waveform induced by DM [242, 243] that can be probed with future inter-

ferometers. Different investigations have shown the adiabatic growth of spike density to be

ρ(r) ∝ r−1.5 and ρ(r) ∝ r−β with 2.25 ≤ β ≤ 2.5 under the assumptions of isothermal DM

distribution [244] and singular power-law cusp DM distribution [221, 245], respectively.

In this chapter, we aim to provide a self-consistent study of the spike density

formed by Bondi accretion [246, 247] onto a central BH in a typical dark halo dominated

by SIDM. The motivation for choosing this setup is as follows. The Bondi accretion is the

simplest mechanism to study the accretion near a massive object. Later, one can extend to

more realistic accretion dynamics based on the results derived from Bondi accretion. The

model of SIDM considered in this chapter is a Standard Model gauge singlet self-interacting

scalar field with interaction potential 1
4!λ|φ|4. From the perspective of particle physics, this

model is one of the simplest SIDM models satisfying the current detections [248]. Due to its
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simplicity and elegance, this SIDM model or its simple extension with interaction potential

1
n!λn|φ|n have been widely adopted in the context of cosmology [191, 249, 250, 251, 252, 253,

254, 255, 256], or the construction of dark boson stars [174, 171, 172, 257, 258, 259, 260,

261, 262]. Especially, in [174] it is for the first time shown that this model can form compact

objects due to nonzero self-interaction. Moreover, an EoS of this model is also extracted

in the isotropic limit [174], which can then be adopted for hydrodynamical studies, such as

Bondi accretion considered in this chapter. Given the exact form of equation of state (EoS),

we are able to solve the relativistic Bondi accretion of the flow of this SIDM analytically,

and obtain the spike density profile within the range of self-gravitating regime.

Inspired by the early works [263, 264, 265], there are recent studies on the spike

or cusp profiles around a BH by quite different approaches for various DM models [266,

267, 268, 269, 270, 271, 272]. Our work can be seen as an extension along the same line

but consider a nontrivial SIDM with a closed form of non-polytropic EoS. This contrasts

with the results obtained based on either polytropic EoS or the assumption of velocity-

dependent cross-section. The rest of the chapter is organized as follows. In Sec. 6.1 we

study the relativistic Bondi accretion of SIDM in DM halo. We then apply the observational

constraints in our model parameters and adopt the fluid description for the spike density

profile in Sec. 6.2. We conclude in Sec. 6.3. Throughout the chapter, G = ~ = c = 1 is

adopted unless otherwise noted.
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6.1 Relativistic Bondi accretion of self-interacting dark scalar

The resultant profile of the accreting matter due to the Bondi accretion is sup-

posed to depend on the EoS. The simplest EoS is the polytropic type, p = KρΓ
0 with ρ0

indicating the mass density, which, however, may not be the realistic one for nontrivial

DM. In this chapter, we will consider a nontrivial but simple DM model which goes beyond

the polytropic one. This is just a massive canonical scalar field with quartic self-coupling,

which was first proposed in [174] for boson stars, with the following Lagrangian,

L = −1

2
gµνφ∗;µφ;ν − V (|φ|) (6.2)

where the scalar potential is given by

V (|φ|) =
1

2
m2|φ|2 +

λ

4!
|φ|4. (6.3)

Here m is the mass of DM mass and λ represents the self-coupling strength. This is a

simple and viable DM model with discrete symmetry. The resulting cross-section of DM-

DM scattering is [273]

σ =
λ2

64πm2
(6.4)

in the non-relativistic limit. This cross-section should be constrained by Eq. 6.1 to yield

profiles of DM halos consistent with the observed ones.
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To consider the accretion of the above scalar SIDM by a central massive object

such as a BH or a compact star of mass M , which is described by the Schwarzschild metric

ds2 = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2(dθ2 + sin2 θdφ2) . (6.5)

Instead of directly solving the above Einstein-scalar system in such a background spacetime

for the hydrodynamics of the accreting matter, we can consider the regime with λm2
Pl/m

2 �

1, where mPl is the Planck mass, for which the scalar field only varies on a relatively large

length scale λm2
Pl/m

3 � 1/m. Therefore, the stationary scalar field configuration in this

regime can be approximated by a perfect fluid for the hydrodynamical study with the

following EoS [174]

p

ρB
=

4

9

[(
1 +

3ρ

4ρB

)1/2

− 1

]2

or
ρ

ρB
=

3p

ρB
+ 4

√
p

ρB
, (6.6)

where the free parameter ρB is given by

ρB =
3m4

2λ
=

3.48

λ

( m

GeV

)4
× 1020 kg m−3. (6.7)

The EoS Eq. 6.6 reduces to a condensate fluid p ∝ ρ2 [176] in the non-relativistic limit,

p � ρ � ρB; while ρ ' 3p � ρB as a radiation fluid in the relativistic limit. To study

the Bondi accretion for the considered SIDM, we can start with either the non-relativistic

formulation or the relativistic one. The corresponding sets of the continuity equation and

the Euler equation are given in Appendix K.1 and K.2, respectively. However, as shown in

Appendix K.1, the non-relativistic Bondi accretion of the SIDM with EoS Eq. 6.6 gives the
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relativistic sound speed near the sonic horizon, so that this formulation is not appropriate

for our consideration. Therefore, we will adopt the relativistic formulation to consider the

Bondi accretion in the following.

Start with the continuity equation, which can be understood as the expression for

the constant accretion rate Ṁ ≡ dM/dt, i.e.,

Ṁ ≡ 4πr2ρ0u = constant, (6.8)

where u is the negative radial component of 4-velocity of the hydrodynamic flow and ρ0

represents the rest mass density. The mass-energy conservation [57] yields the relation

between the total energy density ρ and ρ0, i.e.,

(
∂ρ

∂ρ0

)
ad

=
ρ+ p

ρ0
, (6.9)

where the subscript “ad” denotes the variation is adiabatic during the accretion process.

Based on Eq. 6.6 and Eq. 6.9, one can then derive

ρ0

ρB
=

8

9

(√
1 +

3ρ

4ρB
− 1

)√
3

(
1 + 2

√
1 +

3ρ

4ρB

)
(6.10)

and the (adiabatic) sound speed square

a2 ≡
(
∂p

∂ρ

)
ad

=
1

3

(
1− 1√

1 + 3ρ/4ρB

)
=

√
p/ρB

3
√
p/ρB + 2

. (6.11)

It is obvious that the existence of a sound barrier at a = 1/
√

3 when ρ, p� ρB. Considering
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that the sound speed profile a = a(r) is the elementary dynamical quantity characterizing

the fluid dynamics, we can invert Eq. 6.10 and Eq. 6.11 to express ρ0, ρ and p in terms of

a. The results are

ρ0

ρB
=

8a2

1− 3a2

√
1− a2

1− 3a2
,

ρ

ρB
=

4a2(2− 3a2)

(1− 3a2)2
and

p

ρB
=

4a4

(1− 3a2)2
. (6.12)

As for the relativistic Euler equation (see Appendix K.2), we can integrate it with

the help of Eq. 6.9 to the relativistic Bernoulli equation [57]

(
P + ρ

ρ0

)2(
1 + u2 − 2M

r

)
=

(
p∞ + ρ∞
ρ0,∞

)2

, (6.13)

or equivalently by Eq. 6.12,

(
1− a2

1− 3a2

)2(
1 + u2 − 2M

r

)
=

(
1− a2

∞
1− 3a2

∞

)2

, (6.14)

where the quantity with the subscript ∞ denotes its value at r = ∞ at which u vanishes.

Given an accretion rate and the sound speed at a particular location, we can first solve

u = u(a, r) and then turn the Bernoulli equation Eq. 6.14 to a profile equation for the

sound speed. See Appendix K.3 for details. Besides, the relativistic sonic horizon is better

to be defined by the radial location rs where the local Mach number [57]

M =
u/a√

1− 2M/r + u2
, (6.15)

takes the unity value, i.e., Ms ≡ M |r=rs = 1. In Appendix K.4, we sketch how M
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characterizes the “local” fluid speed over the sound speed. Note that both Ms and Mh ≡

M |r=rh = 1/a at event horizon rh = 2M are independent of u. Later on, we will use M

instead of u to characterize the local stream speed of fluid.

The profile equation of sound speed, i.e., Eq. K.16, does not admit analytical

solutions, we will instead solve it numerically in the next section to yield the spike profile of

the mass density. Despite that, one can determine the sound speed at sonic horizon rs and

the event horizon rh (if the center object is a BH) without solving the complicated profile

equation. At the sonic horizon, the degenerate feature of the relativistic Euler equation

yields the relations [57]

u2
s =

a2
s

1 + 3a2
s

=
M

2rs
. (6.16)

This reduces the Bernoulli equation Eq. 6.14 which solves the sound speed at sonic horizon,

as by

a2
s =

1− 3a2
∞ +

√
1 + 66a2

∞ − 63a4
∞

18(1− a2
∞)

. (6.17)

On the other hand, the continuity equation implies r2
hρ0huh = r2

sρ0sus, which we can solve

for the sound speed at the horizon uh in terms of as with the help of Eqs. 6.10 and 6.16.

Impose the right-side of Eq. 6.14 at the event horizon, then solve it with the above uh =

uh(as) for the sound speed ah at r = rh, we obtain

a2
h =

1

3
− 1

3

[
3

16

(
1 + 3a2

s

1− 3a2
s

)3/2
√

1− a2
s

a2
s

√
1− 3a2

∞
1− a2

∞
+ 1

]−1

, (6.18)

where as is given by Eq. 6.17. See the top panel of Fig. 6.1 for the numerical profiles of
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Eqs. 6.17 and 6.18. Therefore, the physical range of 0 ≤ a2
∞ < 1/3 implies

1

5
≤ a2

h <
1

3
, and

1

9
≤ a2

s <
1

3
. (6.19)

Remarkably, no matter what value a∞ takes, the sound speeds at event and sound hori-

zons are always the order of light speed. This justifies the use of the relativistic formal-

ism. Furthermore, given the boundary condition, i.e., fixing the value of as (or a∞), then

the accretion rate Ṁ is fixed up to the dimensional parameters M and ρB. Specifically

by Eqs. 6.10, 6.8 and 6.16, one obtains the accretion rate

Ṁ = 8π

(
1 + 3a2

s

1− 3a2
s

)3/2
√

1− a2
s

a2
s

M2ρB. (6.20)

In an astrophysical system, it is useful to define the Bondi (capture) radius of the accretion

range

rB ≡
2M

a2
∞
, (6.21)

beyond which the accretion becomes less significant as the particles of the fluid around are

no longer gravitationally bound. Consider the two extreme cases: (i) a2
s = 1/9 (a∞ = 0)⇒

Ṁ = 64πM2ρB, rs = 6M , and rB → ∞; (ii) a2
s → 1/3 (a∞ → 1/3) ⇒ Ṁ → ∞, rs = 3M ,

and rB = 6M . Therefore, one can conclude:

64πM2ρB ≤ Ṁ <∞, (6.22)
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Figure 6.1: Sound speed squares a2
h, a2

s at different radii (top panel), inverse accretion rate
128πM2ρB/Ṁ (middle panel) and inverse radii 2M/rs and 2M/rB (bottom panel), which
are the results of Sec. 6.1 given a2

∞ (or adiabatic index γ∞) at infinity. We note that as
γ∞ → 4/3, the sound speeds in all range approach the sound barrier a2

∞ → a2
s → a2

h → 1/3.
The accretion rate increases Ṁ rapidly as the adiabatic index becomes softer, and diverges
as γ∞ → 4/3 (a2

∞ → 1/3). The sound horizon rs is bounded between 3M and 6M ; while the
Bondi radius rB between 6M and ∞. They both decrease as the adiabatic index becomes
softer, and vice versa. While the Bondi radius diverges as γ∞ → 2 (a2

∞ → 0).
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and

3M ≤ rs ≤ 6M ≤ rB <∞ (6.23)

depending on the boundary condition. It is interesting to note that the sonic horizon is

bound between the smallest circular orbits of massless (photon sphere 3M) and massive

(innermost stable circular orbit 6M) particles. We see that the accretion rate increases

rapidly as the sound speed a∞ increases, and becomes divergent when approaching the

sound barrier, see the middle panel of Fig. 6.1. This contrasts with the result of [269] in

considering the relativistic Bondi accretion of the matter with polytropic EoS, for which

the accretion rate remains finite as a∞ increases.

However, there is a trade-off between the accretion rate (Ṁ) and accretion range

(rB): The larger the accretion rate, the smaller the accretion range, see Fig. 6.1 (middle

and bottom panels). As long as rB is finite, once the self-interacting bosons are vacuumed

up within the region set by rB, the accretion will stop so that it cannot grow indefinitely.

Via integration of Eq. 6.22, we can obtain the accretion time given the initial and final BH

mass, (
1

Mi
− 1

Mf

)
≥ 64πρB (tf − ti) . (6.24)

Note that the model parameter ρB is crucial to the accretion time scale, and it can be

determined given ρ∞/ρB from astrophysical observations.
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6.2 Spike profile of the dark halo density around a BH

In this section, we would like to apply the results derived in the last section to

obtain the accreting spike density profile around the central massive object. This is the

ideal case of accreting the DM in the halo by a central massive object such as a BH. We will

first obtain the numeric windows for the model parameters of the considered SIDM model

from the astrophysical observational constraints. With these numerical values of the model

parameters, we then numerically solve the profile equation of the sound speed Eq. K.16,

and thus obtain the spike profile of the halo density.

6.2.1 Parameters of SIDM for a typical dark halo

For a virialized system in the fluid description, it is more useful to measure the

velocity dispersion square

v2
dis ≡

3p

ρ
= 1− 2

1 +
√

1 + 3ρ/4ρB
(6.25)

rather than the sound speed square Eq. 6.11. However, they are at the same order of

magnitude if ρ∞/ρB � 1 far away from the Bondi radius. Specifically, one can determine

the model parameter

ρB '
3

16

ρ∞
v2

dis,∞
(6.26)

if v2
dis,∞ � 1. This is reasonable as the DM halos are generally non-relativistic. In reality,

the dispersion of DM itself is not directly measurable, while it is correlated to that of

baryonic matter if the whole system is virialized through gravitational interaction [274].
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On galactic (cluster) scale, ρ∞ ∼ 10−2 (10−3) M� pc−3 and vdis,∞ ∼ 102 (103) km s−1 [13],

for example, we can determine ρB ∼ 104 (10) M� pc−3 = 6.77 × 10−16 (10−19) kg m−3.

This implies the parameters in our SIDM model to have the relation by utilizing Eq. 6.7,

m ∼ 10−9 (10−10) λ1/4 GeV. (6.27)

We note that even though the possible ρB ranges three orders of magnitude from galaxies

to clusters, the mass is still constrained in a narrow window as m ∝ ρ
1/4
B . Moreover, for

typical halos considered above, the lower bound of the accretion rate of Eq. 6.22 yields

Ṁmin = 64πM2ρB ' 1.41× 10−9 (10−6) M� yr−1 (6.28)

for BHs of mass M = 106 (109) M� at the central galactic (cluster) mass halos [275], which is

subdominant compared to the Eddington accretion [3] of baryons ' 2×10−2 (101) M� yr−1.

If the SIDM model could also resolve the small-scale structure problem, the con-

straint of Eq. 6.1 together with the cross-section in Eq. 6.4 would impose

30
( m

GeV

)3/2
< λ < 90

( m

GeV

)3/2
, (6.29)

where the upper (lower) corresponds to the galactic (cluster) scale [13]. Combining Eqs. 6.27

and 6.29, we have the self-coupling constant to be constrained in the range of

10−22 . λ . 10−19 (6.30)
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or expressed in terms of scalar mass

10−7 eV . m . 10−5 eV, (6.31)

which overlaps the range of axion DM [276, 277]. In addition, the mass window Eq. 6.31

satisfies the Bullet Cluster constraint 2.92× 10−22 eV < m < 1.10× 10−3 eV [256], and is

compatible with 4.17 eV4 < m4/λ < 6.25 eV4 window1 determined from the rotation curve

of the dwarf spiral galaxy, DDO 154 [255].

On the other hand, the accretion time for Mf �Mi from Eq. 6.24 results in

tf − ti ≡ ∆t .
1

64πρBMi
= 4.8× 1012

(
ρ∞
ρB

)(
10−2 M� pc−3

ρ∞

)(
106 M�
Mi

)
Gyr, (6.32)

which is significantly longer than a Hubble time for a galactic halo of ρ∞/ρB ' 10−6 with a

central BH of initial mass Mi = 106 M�. If this SIDM model dominates the main component

of the dark halo, it is expected that the accretion is still persisting even for the most massive

BHs in our universe. Therefore, it is reasonable to see how the accretion shapes the DM

density spikes around BHs.

6.2.2 Position-dependent adiabatic index

Most EoSs for realistic astrophysical consideration are not polytropic, instead they

can be approximated as piecewise polytropic functions. We can extend this approximation

1The values shown here are not exactly the same as in [255] because of the different convention defining
the Lagrangian L and the scalar potential V (|φ|).
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by introducing the following position-dependent adiabatic index,

γ(r) ≡
(
∂ ln p

∂ ln ρ0

)
ad

. (6.33)

The introduction of γ(r) helps to compare with the usual polytropic results whenever dγ/dr

is small over some region. Besides, γ is related to sound speed in a simple manner via Eq. 6.9,

i.e.,

a2(r) ≡
(
∂p

∂ρ

)
ad

=
p

ρ+ p
γ = 1− γ(r)

2
. (6.34)

Applying to EoS Eq. 6.6, we have

γ(r) =
4

3

(
1 +

1

2
√

1 + 3ρ/4ρB

)
(6.35)

which ranges from 2 (p � ρ � ρB) to 4/3 (ρ ' 3p � ρB)2. Note that ρ → ρ0 when

p � ρ � ρB in the non-relativistic limit, thus p ∝ ρ2
0 from Eq. 6.6, which implies the

adiabatic index γ(r) ' 2 in sharp contrast to the non-relativistic monatomic ideal gas with

the corresponding γ = 5/3 < 2. Since the adiabatic index characterizes the compressibility

of a fluid, the EoS Eq. 6.6 is stiffer due to the repulsive self-interaction.

6.2.3 Spike profile

Since the Bondi radius is the range in which the self-gravity effect is relevant for

accretion, we shall just consider the spike density profile around the BH within this range.

2This lower bound happens when the sound speeds a∞ (and as) reaches the sound barrier 1/
√

3. However,
as shown in Fig. 6.2 for non-relativistic a∞ ' 10−7, the sound speed can only reach its maximum 1/

√
5 at

the event horizon so that the lower bound of γ is 8/5 instead of 4/3.
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Applying the typical velocity dispersion vdis,∞ ∼ a∞ of galactic halos as discussed, the

Bondi radius

rB =
2M

a2
∞
' 107 × rh '

(
M

106 M�

)
pc . (6.36)

To obtain the profiles of the sound speed and mass density, we solve the profile equation

Eq. K.16 for the sound speed numerically within the aforementioned range of Bondi radius,

and then obtain the density profile accordingly via Eq. K.16. Our results are shown in

Fig. 6.2 for the local Mach numberM (top panel) to characterize the local stream speed of

the fluid, the position-dependent adiabatic index γ (middle panel) to characterize the sound

speed, and the dimensionless spike density profile ρ0/ρB (bottom panel). We see that the

local Mach number ranges from unity at the sonic horizon to about 10−3 near the Bondi

radius with a slowly varying log r profile.

As discussed, the position-dependent index γ (or equivalently the sound-speed-

squared a2) can help to characterize the piecewise feature of EoS. From the variational

behavior shown in Fig. 6.2 this feature is manifest for the EoS we consider, and it can be

divided into three regions: (1) the near zone region ranging from the event horizon rh to the

sonic horizon 3rh; (2) the middle zone ranging from the sonic horizon about 3rh to 100rh;

(3) the far zone ranging from 100rh to the Bondi radius. The far zone is a region of almost

constant γ ' 2, and can be thought of as the region with EoS p ∝ ρ2
0. On the other hand,

γ other than the far zone changes more rapidly and ranges from 1.6 at event horizon to

about 2 around 100rh, so that it cannot be well-approximated by a single polytropic EoS

over the near and middle zones.
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Figure 6.2: Profiles of local Mach number M (top panel), position-dependent adiabatic
index γ (middle panel) and mass density ρ0 (bottom panel) for accreting SIDM with EoS
Eq. 6.6 around a massive BH. The data are the solutions of Eq. K.16 with a2

∞ = 10−7.
The profile ofM characterizes the local fluid speed. The profile of γ characterizes the local
behavior of EoS, which remains stiff (γ ≈ 2) in the spike and starts to decrease promptly
from 200M towards the central BH (γ → γh = 8/5). The profile of ρ0 shows the spike profile,
which can be fitted well by double-power law of Eq. 6.37, but not by the single-power law as
shown. As shown, we also fit the mass density profile by single-power law for three regions
defined in the main text with small relative error: (1) ρ0/ρB = 5.62(2M/r)1.20 for near zone
(red); (2) ρ0/ρB = 4.98(2M/r)1.08 for middle zone (orange); (3) ρ0/ρB = 4.07(2M/r)1.00

for far zone (blue).
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Guided by the power-law spike ρ0(r) ∝ r−β in the literature [232, 234, 278] when

considering the stellar density around a SMBH, it is tempting to also fit the mass density

profile shown in Fig. 6.2 by the power law. However, the power-law fitting to the whole

region turns out to be not good. This could be due to the non-polytropic nature of our

EoS, i.e., non-constant γ. Instead, double-power law gives a better fit of our model,

ρ0(r) =

[
1.82

(
2M

r

)1.81

+ 3.84

(
2M

r

)0.99
]
ρB (6.37)

with quite small relative error, i.e., 0.558%. The second term ρ0(r) ∝ r−0.99 ≈ r−1 dom-

inates at large radii near the Bondi radius, which can match the Navarro-Frenk-White

(NFW) [24] cusp outside the Bondi radius of the BH.

On the other hand, we can fit some particular region over which γ remains constant.

In such cases, the result shall take the limiting power-law form obtained in [269] (see (A.8)

therein)

ρ0(r) ∝ r− 1
Γ−1 with Γ >

5

3
. (6.38)

for the accreted matter with polytropic EoS, i.e., p ∝ ρΓ
0 . Indeed, if we fit our mass

density profile in the far zone, it is consistent with Eq. 6.38 with Γ = γ
∣∣
far zone

' 2, i.e.,

ρ0(r) ∝ r−1. Similarly, in the region near the sonic horizon, γ
∣∣
sonic

' 16/9 so that the

mass density fit to Eq. 6.38 with Γ = 16/9, i.e., ρ0(r) ∝ r−1.29. Therefore, our results are

consistent with the polytropic ones. We have also fit the mass density in the near, middle,

and far zones separately, and the results are: (1) ρ0(r)/ρB = 5.62(rh/r)
1.20 for near zone (2)

ρ0(r)/ρB = 4.98(rh/r)
1.08 for middle zone (3) ρ0(r)/ρB = 4.07(rh/r)

1.00 for far zone. We
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see that in all three cases, the spike profiles are less cuspy than the one from the usual Bondi

accretion of non-relativistic monatomic fluid with Γ = 5/3, for which the spike behaves as

ρ0(r) ∝ r−1.5 [57]. This is due to the repulsive nature of self-interaction of the chosen SIDM

model.

In our scenario, the spike profile is formed by accreting the DM, this is differ-

ent from the Bahcall-Wolf scaling law for the cusp in the number density of stars, i.e.,

nstar(r) ∝ r−7/4 by considering the accretion of stars into a SMBH at the center of

galaxy or cluster. However, we can compare our result with the ones for the accretion of

SIDM but different nature of self-interactions. In [266], the SIDM with velocity-dependent

cross-section σ ∝ v−α is considered for the spike profile, and the resultant spike profile

is ρ0(r) ∝ r−(α+3)/4. Therefore, the Bahcall-Wolf exponent β = 7/4 can be obtained for

α = 4, which corresponds to the Coulomb-like self-interaction. This contrasts with the

results obtained by our velocity-independent cross-section, for which the steepest spike in

the near zone is ρ0(r) ∝ r−1.20. Thus, the steepest spike profile from our model is still less

cuspy than the Bahcall-Wolf law. Again, this is due to the repulsive self-interaction of the

chosen SIDM model.

In a broader scenario, the core-expansion phase of SIDM halos can resolve the core-

cusp problem of dwarf galaxies [44] if there is no central BH. During the core-collapse phase,

a central BH could form directly from DM via gravothermal catastrophe3 [19, 20, 22, 65].

After that, the cusp could still behave as the NFW, ρ0(r) ∝ r−1 with the central BH, and

match Eq. 6.37. Some comments of possible extensions are made. The velocity-independent

3Although the SIDM we consider here is stiffer (γ = 2) than the traditional ideal gas (γ = 5/3) in
non-relativistic regime [56], it could still trigger the relativistic instability and collapse into a BH if the core
density is sufficiently high such that γ varies from 2 towards 4/3.
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cross-section σ/m ∼ λ2/m3 was used in our calculation, therefore, it predicts a constant

cross-section universally over all scales and might not be able to describe dwarf halos and

clusters simultaneously. In general, for the interaction mediated via a force-carrier might

induce velocity-dependent cross-sections and enhance the cross-section by Sommerfeld effect

or resonance scattering [279, 280].

6.3 Conclusions

Inspired by obtaining the spike profile by accreting the DM into a central BH inside

the dark halo, in this chapter we consider the relativistic Bondi accretion of a specific type

of DM. This DM model is a massive scalar field with quartic self-interaction, which results

in the non-polytropic EoS. This model is well motivated from the perspective of particle

physics by its simplicity and elegance. Our work can then be viewed as an interesting

interplay between astrophysics and particle physics.

By solving the relativistic Bondi accretion problem, we find that the corresponding

accretion rate, Ṁ ≥ 96πG2M2m4/λ~3, is bounded from below, and can become divergently

large when the initial sound speed approaches the sound barrier. This is quite different from

the one for the polytropic type of matter [269]. Assuming this scalar field dominates the

main component of DM around the BH, the shape of the density spike is determined by the

model parameters of the DM model, i.e., mass and quartic coupling. Thus, the observation

of the spike profile will then put a severe constraint on these model parameters. Moreover,

due to the repulsive nature of the self-interaction, the spike found in this work is less cuspy

than the one predicted by the polytropic type of DM, and also the Bahcall-Wolf power law
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of the stellar accretion. Specifically, we find the power law varies from ρ0(r) ∝ r−1.2 near

the BH to r−1 towards the Bondi radius for typical dark halos, which are all independent

of the mass of the central BH. Overall, the spike density within the self-gravitating region

can be well-fitted by a double-power law of Eq. 6.37. This is the main prediction of our

model, which can be scrutinized by the observational spike data.

Our formalism can be easily extended to the SIDM with more generic self-coupling.

For example, the SIDM with V (φ) = 1
2m

2|φ|2 + λn
n! |φ|

n (for n > 2) can yield EoS of the

form ρ/ρ∗ = n+2
n−2 p/ρ∗ + 1

2

(
2n
n−2 p/ρ∗

)2/n
, which becomes p ∝ ρ

n/2
0 in the non-relativistic

limit [191]. Following the same procedure of this work, one can solve the spike density

due to the relativistic Bondi accretion on to a central BH, although the numerical solution

could be more complicated. In the long run, one may pin down the SIDM model by the

observation data of spike densities. For indirect detection, the self-annihilation of DM can

differentiate the small difference in the logarithmic density slope as the annihilation rate

depends on the square of the density [221, 230], though the annihilation effect could also

soften the spike [229]. In particular, Event Horizon Telescope can serve as a powerful probe

of the DM spikes near BHs [228, 230]. However, this deserves further scrutiny for future

works.
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Chapter 7

Extremely Mass Ratio Inspirals

from Supermassive Black Holes

The nature of dark matter represents one of the most enduring and perplexing

enigmas in physics. Cosmological measurements have now determined the abundance of

dark matter with exquisite precision, and from both observations and numerical simula-

tions, we have gained substantial insights into its distribution within Galactic halos. Yet,

the identity of dark matter remains shrouded in mystery. An alternative hypotheses for

dark matter, primordial black holes (PBHs) of ∼ 30 M�, has been explored through their

binary merger rate [281, 282], which overlaps 2−53 Gpc−3 yr−1 estimated from GW150914

by LIGO. Moreover, the merger rate enhancement inside the dark matter spikes around

supermassive black holes (SMBHs) is expected due to the higher dark matter density [283].

However, extreme mass ratio inspirals (EMRIs), which involve binary systems

consisting of a compact stellar-mass object orbiting a SMBH, are expected to be among the
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primary sources of gravitational waves (GWs) for the upcoming LISA mission [284, 285, 286].

Therefore, in this chapter, we aim to compute the EMRI merger rate resulting from PBHs

within dark matter spikes and compare it with the PBH binary merger rate. Although our

study only considers redshift z = 0, the results can be generally extended to higher redshifts

and used to infer the abundance of SMBHs in the early universe.

7.1 Merging via gravitational radiation

First, we review the basics for moving objects to merge through emitting gravita-

tional waves. If the two point masses with initial relative velocity vrel pass away narrowly,

where the eccentricity e & 1, we can assume it is close parabolic orbit and consider the lead-

ing term for e → 1. The distance of closest approach of two massive objects of parabolic

orbit (e = 1),

rmin =
`2

2µk
=

(µvrelb)
2

2µGm1m2
=

b2v2
rel

2G(m1 +m2)
(7.1)

with µ ≡ m1m2
m1+m2

the reduced mass and b the impact parameter. The quadrupole formalism

gives the total energy of the gravitational radiation at Newtonian order

∆E =
8

15

G7/2

c5

(m1 +m2)1/2m2
1m

2
2

r
7/2
min

g(e) (7.2)

with g(e = 1) = 425π/32
√

2 [287]. The condition for the two masses to pass away is

∆E =
8

15

G7/2

c5

(m1 +m2)1/2m2
1m

2
2

r
7/2
min

g(e) <
1

2
µv2

rel =
1

2

m1m2

m1 +m2
v2

rel. (7.3)
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Combined with Eq. 7.1 one obtains

b >

(
8

15
g(e)

)1/7

29/14 G

c5/7

(m1 +m2)5/7m
1/7
1 m

1/7
2

v
9/7
rel

≡ bmerging (7.4)

the minimum (maximum) impact parameter for them to pass away (merge). Therefore, the

merging cross section [288, 289]

σmerging ≡ πb2merging = 2π

(
85π

6
√

2

)2/7 G2(m1 +m2)10/7m
2/7
1 m

2/7
2

c10/7v
18/7
rel

. (7.5)

If m1 = m2 = m, we have, in terms of Schwarzschild cross section σSch =
(
2Gm/c2

)2
,

σmerging =

(
85π

3

)2/7

π

(
2Gm

c2

)2( c

vrel

)18/7

'
(

85π

3

)2/7

σSch

(
c

vrel

)18/7

,

or, in terms of gravitational scattering cross-section1 σscattering '
(
2Gm/v2

rel

)2
,

σmerging =

(
85π

3

)2/7

π

(
2Gm

v2
rel

)2 (vrel

c

)10/7
'
(

85π

3

)2/7

σscattering

(vrel

c

)10/7
.

Thus, it is clear that if vrel � c,

σSch '
(vrel

c

)18/7
σmerging � σmerging �

(
c

vrel

)10/7

σmerging ' σscattering, (7.6)

1To be precise, the gravitational (Coulomb-like) scattering cross section [123, 290, 291]

σscattering = 2π

(
2Gm

v2
rel

)2

ln Λ,

where ln Λ = ln (bmax/bmin) is the Coulomb logarithm, with bmax ∼ (4πρ/3m)−1/3 being the average sepa-
ration between objects at a mass density ρ = mn, and bmin ∼ 2Gm/v2

rel is the impact parameter for a 90◦

deflection.
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which means that for non-relativistically moving objects to merge through emitting gravi-

tational waves, they can be far from head-on collision; while the merging cross-section must

be much smaller than the gravitational scattering cross-section if they were to scatter off.

7.2 Primordial black hole binary mergers

In this section, we review the methodology in Ref. [281] to calculate the merger

rate of PBHs inside halos. Given the merging cross-section in the previous section, we can

calculate the merger rate of PBHs within each halo. Since these things are just like large

dark matter particles, we use the same calculation as for dark matter annihilation

R = 4π

∫ r200

0

1

2
n2(r)〈σmergingv〉r2dr = 4π

∫ r200

0

1

2

(
ρNFW(r)

m

)2

〈σmergingv〉r2dr, (7.7)

where

ρNFW(r) =
ρs

(r/rs) (1 + r/rs)
2 (7.8)

is the Navarro-Frenk-White (NFW) profile [24] and r200 = c200rs the virial radius with c200

the concentration, m is the mass of the PBH and v = vrel is the relative velocity of two

PBHs. We also want the cross-section for two PBHs to form a binary and ultimately collide.

The merging cross-section for two PBHs of equal mass is then

σmerging = 4π

(
85π

3

)2/7 G2m2

c4

(v
c

)−18/7
. (7.9)
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To approximate v, the relative velocity of two PBHs, we assume their velocity distribution

follows the standard halo model assumption of a Maxwell-Boltzmann distribution with a

cut-off vcut:

P(v, vdm) = F0

[
exp

(
− v2

v2
dm

)
− exp

(
−v

2
cut

v2
dm

)]
; P(v, vdm) = 0 for v > vcut, (7.10)

where F0 = F0(vdm) is the normalization factor determined by 4π
∫ vcut

0 P(v)v2dv = 1 and

the cut-off velocity

vcut =

√
2GM200

r200
(7.11)

is determined by the escape velocity in a dark halo, and M200 = 4πρsr
3
sf(c200) with f(x) =

ln(1 + x) − x/(1 + x) for an NFW profile. Comparison to N -body simulations shows that

this assumption works well for the small velocities which will dominate our event rate.

For an NFW halo, the Keplerian velocity has a maximum at rmax = cmaxrs =

2.1626rs. Then the velocity dispersion of dark matter can be assumed to be

vdm =

√
GMmax

rmax
(7.12)

where Mmax = 4πρsr
3
sf(cmax) is the mass within rmax, given by integrating the NFW profile.

Therefore, we have

vdm =

√
4πGρsr3

sf(cmax)

cmaxrs
=

√
4πGρsr3

sf(c200)

c200rs

√
f(cmax)c200

f(c200)cmax
=
vcut√

2

√
f(cmax)c200

f(c200)cmax
.

(7.13)

Then the total cross-section in each halo can be computed by integrating over the velocity
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distribution, i.e.,

〈σmergingv〉 = (4π)2

(
85π

3

)2/7 G2m2

c3

∫ vcut

0
c3P(v, vdm)

(v
c

)3/7
d
(v
c

)
(7.14)

which can be evaluated in terms of gamma functions. Note that it has units of volume per

unit time as c3P is dimensionless. Since the cross-section is independent of r, we can do

the NFW integral to get the merger rate

R =
4π〈σmergingv〉

2

∫ r200

0
r2
(ρNFW

m

)2
dr =

〈σmergingv〉
m2

M2
200

8πr3
s

1

3

[
1− 1

(1 + c200)3

]
1

f2(c200)
.

=
8π2

3

(
85π

3

)2/7 G2ρsM200

c3

[
1− 1

(1 + c200)3

]
1

f(c200)

∫ vcut

0
c3P(v, vdm)

(v
c

)3/7
d
(v
c

)
.

(7.15)

The PBH mass drops out, thus the merger rate R ∝ (G2ρs/c
3)M200 only depends on the

properties of halos. For a Milky Way halo, c200 ∼ 7, and this is 10−19 s−1 or 2×10−12 yr−1.

7.3 Extremely mass ratio inspirals

We now consider the EMRI merger rate from PBHs plunging into a central SMBH

of mass M in each halo. As accretion of dark matter (assuming all of them are PBHs)

around a SMBH develops a density spike within the radius of influence rsp of the SMBH,

we only consider the PBHs residing in the spike. The merging rate within the spike

Γ = 〈n〉〈σmergingv〉, (7.16)
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where 〈n〉 is the averaged number density of the PBHs in the spike. Taking m1 = M =

10βm = 10βm2 with β & 4 for EMRIs, the merging cross-section

σmerging = 2π

(
85π

6
√

2

)2/7 G2(m1 +m2)10/7m
2/7
1 m

2/7
2

c10/7v18/7

' 2π

(
85π

6
√

2

)2/7

1012β/7G
2m2

c4

(v
c

)−18/7
. (7.17)

Note that there is a 1012β/7 enhancement compared to the equal mass merger. To approxi-

mate v, the relative velocity of the compact object to the SMBH, we assume their velocity

distribution follows a Maxwell-Boltzmann distribution with a cut-off vcut:

P(v, vsp) = F0

[
exp

(
− v

2

v2
sp

)
− exp

(
−v

2
cut

v2
sp

)]
; P(v, vsp) = 0 for v > vcut, (7.18)

where F0 = F0(vsp) is the normalization factor and the cut-off velocity

vcut =

√
2G (Msp +M)

rsp
(7.19)

is determined by the escape velocity in the density spike, where Msp is the spike mass. And

the velocity dispersion of dark matter in the spike is assumed to be

vsp =

√
G (Msp +M)

rsp
=
vcut√

2
. (7.20)
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Then the total cross-section in each halo can be computed by integrating over the velocity

distribution

〈σmergingv〉 = (4π)2

(
85π

96

)2/7

1012β/7G
2m2

c3

∫ vcut

0
c3P(v, vsp)

(v
c

)3/7
d
(v
c

)
. (7.21)

Without loss of generality, we could assume a power-law density spike

ρ(r) = ρsp (r/rsp)−α (7.22)

within rsp, where 1 ≤ α < 3 depending on the matter properties. For example, stellar

objects in bound orbits in the gravitational potential well of the central black hole diffuse

from one bound orbit to another via gravitational (Coulomb-like) scattering will follow the

Bahcall-Wolf power-law α = 7/4 [232, 266], which has generally been assumed for EMRI

formation for stellar objects surrounding a SMBH [292]. Then the total mass of the spike

Msp =
4πρspr

3
sp

3− α

[
1−

(
2GM

c2rsp

)3−α
]
, (7.23)

thus

〈n〉 =
Msp/m

4πr3
sp/3

=
(ρsp

m

)( 3

3− α

)[
1−

(
2GM

c2rsp

)3−α
]
. (7.24)

Here we set the lower bound of the spike profile at 2GM/c2, although a more detailed

consideration gives 8GM/c2 [221] or 4GM/c2 in generally relativistic treatment [293, 294]

due to the SMBH capture, the difference is negligible. In practice, we can take the Bondi

radius as the radius of influence of the SMBH, rsp = rB = 2GM/v2
dm, where vdm is the
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velocity dispersion of dark matter far away from the Bondi accretion radius. As before, we

can approximate vdm =
√
GMmax/rmax in an NFW halo. Therefore,

〈n〉 =
(ρsp

m

)( 3

3− α

)[
1−

(
GMmax

c2rmax

)3−α
]
'
(ρsp

m

)( 3

3− α

)

as vdm � c. Now the task is to determine ρsp. Observationally, Msp must be smaller

than the uncertainty in determining the dynamical mass M of the SMBH, thus we can set

Msp = ∆M with ∆ . 0.1, and

∆M = Msp '
4πρspr

3
sp

3− α =
32πρsp

3− α (cmaxrs)
3

[
M

4πρsr3
sf(cmax)

]3

so the spike density scale

ρsp =
(3− α)∆M

32π

(
4πρsr

2
s

M

)3(
f(cmax)

cmax

)3

=
(3− α)∆

8
ρs

(
M200

M

)2 1

f2(c200)

(
f(cmax)

cmax

)3

.

Then we can rewrite

〈n〉 =
3∆

8

(ρs
m

)(M200

M

)2 1

f2(c200)

(
f(cmax)

cmax

)3

(7.25)

which depends on the properties of NFW profile while the power-law index α drops out.

Thus the merger rate

Γ = 〈n〉〈σmergingv〉

= 6π2

(
85π

96

)2/7

1012β/7∆
G2ρsm

c3

(
M200

M

)2 1

f2(c200)

(
f(cmax)

cmax

)3 ∫ vcut

0
c3P(v, vsp)

(v
c

)3/7
d
(v
c

)
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= 6π2

(
85π

96

)2/7

105β/7∆
G2ρsM

c3

(
M200

M

)2 1

f2(c200)

(
f(cmax)

cmax

)3 ∫ vcut

0
c3P(v, vsp)

(v
c

)3/7
d
(v
c

)
,

(7.26)

where we have used m = 10−βM .

7.3.1 PBH binary mergers in the spike

Similar to the PBH mergers in whole halo discussed in Sec. 7.2, we now focus on

the mergers happening in the spike, i.e.,

R = 4π

∫ rsp

2GM/c2

1

2
n2(r)〈σmergingv〉r2dr = 2π

〈σmergingv〉
m2

ρ2
spr

3
sp

(
1

3− 2α

)[
1−

(
2GM

c2rsp

)3−2α
]

= π2(3− α)2∆2

(
85π

3

)2/7 G2ρsM

c3

(
M200

M

)2 1

f2(c200)

(
f(cmax)

cmax

)3

×

(
1

3− 2α

)[
1−

(
4πGρsr

2
s

c2

f(cmax)

cmax

)3−2α
]
×
∫ vcut

0
c3P(v, vsp)

(v
c

)3/7
d
(v
c

)
, (7.27)

where we have used

rsp =
M

2πρsr2
s

(
cmax

f(cmax)

)
and ρsp =

(3− α)∆

8
ρs

(
M200

M

)2 1

f2(c200)

[
f(cmax)

cmax

]3

as well as

〈σmergingv〉 = (4π)2

(
85π

3

)2/7 G2m2

c3

∫ vcut

0
c3P(v, vsp)

(v
c

)3/7
d
(v
c

)
.

It is indicative to compare the EMRI merger rate Eq. 7.26 to the PBH binary

merger rate Eq. 7.27 inside the spike. The inspiral merger rate Γ ∼ [105β/7/∆(3 − α)2]R,
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roughly a factor of [105β/7/∆(3 − α)2] enhancement compared to the binary merger rate

R. In particular, the merger rate is sensitive to the ratio Msp/M = ∆ (assuming ∆ = 0.1

hereafter), and the inspiral merger rate Γ ∝ ∆; while the PBH binary merger rate R ∝ ∆2.

Thus if we assume that only a fraction fPBH of the dark matter is PBHs, Γ ∝ fPBH; while

R ∝ f2
PBH.

7.3.2 Merger rate as function of SMBH mass

The merger rate generally depends on redshift z through the scale density and

radius of NFW, given by [24]

ρs(z) =
200c3

200ρc(z)

3f(c200)
and rs(z) =

(
3M200

800πc3
200ρc(z)

)1/3

with

ρc(z) =
3H2

0

8πG

[
ΩM,0(1 + z)3 + ΩΛ

]
,

H0 = 1.02 × 10−4h Myr−1, ΩM,0 = 0.315 and ΩΛ = 0.685 [30]. In addition, we need to

relate the halo properties to the harbored SMBH mass. Therefore, we consider the M -σ

relation [295, 296]

log (M/M�) = a+ b log
(
σ/200 km s−1

)
with the parameters a = 8.12± 0.08, b = 4.24± 0.41 in Refs. [297, 298], and we assume

σ = vdm =

√
GMmax

rmax
=

√
4πGρsr2

sf(c200)

c200

√
f(cmax)c200

f(c200)cmax
.

112



1010 1011 1012 1013

106

107

108

109

1010

Figure 7.1: SMBH mass vs. halo mass at redshift z = 0, according to M -σ relation and
concentration mass relation in Prada (2012).

To determine the SMBH mass and merger rate, however, we also need the concentration-

mass (c200-M200) relation as a function of redshift [299, 300, 301]. We adopt the empirical

(fitted from observations rather than simulations2) in Prada (2012) [299, 302]:

log c200 = 4.23− 0.25 log(M200/M�)− 0.16 log

(
1 + z

1.47

)
.

In Fig. 7.1, we plot the SMBH mass as a function of halo mass at redshift z = 0; see

Fig. 7.2 for the comparison of merger rates. The merger rates of EMRIs and PBH binaries

are about the same at M ∼ 105− 106 M�, however, EMRI merger rate increases as the BH

mass increases up to 10−3 yr−1 at M = 1010 M�.
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Figure 7.2: Merger rate per halo at redshift z = 0, assuming all the matter in the spikes
around the central SMBHs is composed of PBHs of mass 30 M�. Here we use α = 7/4
for Coulomb-like interaction between PBHs, following the Bahcall-Wolf power-law of the
density spike.

7.3.3 Total merger rate

We can determine the total merger rate per unit volume by

V{R,Γ} =

∫
dn

d logM
(M)

 R(M)

Γ(M)

 d logM, (7.28)

where dn/d logM(M) is the SMBH mass function. Now, we consider two example SMBH

mass functions. First, the estimated SMBH mass function according to kinematic and

photometric data based on the empirical relation between the halo velocity dispersion and

2See Ref. [301] for a semi-analytic, physically motivated model through fits to the results of numerical
simulations.
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Figure 7.3: Estimated SMBH mass functions according to kinematic and photometric data
based on the empirical relation between the halo velocity dispersion and the SMBH mass
in Shankar (2004), and based on the assumption that all spheroids contain SMBHs at their
center, using 1743 galaxies from the Millennium Galaxy Catalogue in Vika (2009).
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Figure 7.4: The total merger rate per unit volume as a function of SMBH mass, based on
the estimated SMBH mass function in Left : Shankar (2004); Right : Vika (2009).

the SMBH mass in Shankar (2004) [303],

dn

d logM
(M) = φ∗

(
M

M∗

)α+1

exp

[
−
(
M

M∗

)β]
(7.29)
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with φ∗ = 7.7 × 106 Gpc−3, M∗ = 6.4 × 107 M�, α = −1.11 and β = 0.49. On the

other hand, the estimated SMBH mass function based on the assumption that all spheroids

contain SMBHs at their center, using 1743 galaxies from the Millennium Galaxy Catalogue

in Vika (2009) [304],

dn

d logM
(M) = φ∗

(
M

M∗

)α+1

exp

[
1−

(
M

M∗

)]
(7.30)

with φ∗ = 7.07946×105 Gpc−3, M∗ = 108.71 M� and α = −1.2. See Fig. 7.3 for comparison

of the two mass functions. Multiplied by the mass functions, we see that in Fig. 7.4, the

merger rates of EMRIs and PBH binaries are about the same at M ∼ 105−106 M�, however,

EMRI rate increases and peaks up to 102 yr−1 Gpc−3 dex−1 at M = 108 − 109 M�.

After integrating Fig. 7.4 over d logM , the area under the graphs represents the

contribution of different types of SMBH. For PBH mergers, we obtain VR = 12.68 yr−1 Gpc−3

(Shankar(2004)) and 8.508 yr−1 Gpc−3 (Vika(2009)). Interestingly, the high density en-

hancement in the spikes makes the merger rate comparable to the mergers inside the

whole dark matter halos [281]. For EMRI mergers, we obtain VΓ = 177.3 yr−1 Gpc−3

(Shankar(2004)) and 188.1 yr−1 Gpc−3 (Vika(2009)). Therefore, the two mass functions

only result in a little different merger rates.

7.4 Discussion

In summary, we have determined the overall merger rate in the spikes at z = 0 to

be VR ' 10 yr−1 Gpc−3 for PBH binaries, and VΓ ' 180 yr−1 Gpc−3 for EMRIs, assuming

a PBH dark matter fraction of fPBH = 1 (generally, VR ∝ f2
PBH while VΓ ∝ fPBH).
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Since the change in merger rate is negligible from z = 0 to z = 1, assuming the

same SMBH mass functions, we can ignore redshift evolution. Then, the comoving volume

is approximately ∼ 200 Gpc3 for z < 1, which corresponds to approximately ∼ 3.6 × 104

EMRI events per year. However, if we assume a relatively high signal-to-noise ratio of 20 is

required for EMRI detection [284, 285], we obtain a maximal redshift of 0.05 and a comoving

volume of approximately ∼ 0.025 Gpc3, which results in approximately ∼ 4.5 events per

year. In addition, the merger frequency of these EMRIs ranges from 10−2 Hz down to

10−6 Hz for SMBH masses ranging from 106 M� up to 1010 M�. Therefore, the EMRI

signal falls within the LISA band and is not detectable by a midband experiment [305].

Nevertheless, the methodology developed in this study is general, and EMRIs can

also result from conventional stellar objects, not necessarily PBHs. In particular, it can be

used to infer the high-redshift SMBH population in various seeding models, such as the one

discussed in Chapter 2. However, for mergers at redshift z > 1, the effects of frequency

redshifting and source evolution will become important. We will leave this aspect for future

investigation.
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Chapter 8

Summary and Conclusions

In the quest to unravel the enigma of supermassive black hole (SMBH) formation,

this dissertation has embarked on a multifaceted exploration that traverses the realms of

cosmology, astrophysics, and quantum physics. Our journey began with the recognition

that SMBHs, with staggering masses of around 109 M�, have existed since the universe

was but a cosmic toddler at 6% of its present age. This astounding observation served as

the impetus for our investigation into the role of self-interacting dark matter in the birth

of these celestial giants.

The central tenet of our research rests upon the concept of gravothermal instability

within self-interacting dark matter halos. We uncovered a scenario where the presence of

baryons in protogalaxies accelerates the gravothermal evolution of these halos, shortening

the timescales for central collapse. Viscosity induced by self-interactions emerged as a

pivotal factor, aiding in the dissipation of angular momentum and ultimately culminating

in the formation of seed black holes. However, the rarity of high-redshift SMBHs in this
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scenario underscores the unique conditions required for their genesis. Furthermore, we

delved into the conditions for triggering general relativistic instability within the collapsed

region, elucidating the precise criteria for the transformation from a dense core to a black

hole. These findings not only shed light on the formation of SMBHs but also provide a

unified explanation for the diverse dark matter distributions observed in galaxies today.

Our cosmic voyage extended beyond classical astrophysics, venturing into higher

dimensions and the quantum realm. In (3+1)-dimensional spacetime, the balance between

stability and instability in ideal monatomic fluids became evident, offering insights into the

cosmic architecture. Quantum physics, often perceived as an impediment to gravitational

collapse, emerged as a catalyst for instability in self-gravitating thermal systems. The dis-

sertation also explored the formation of massive black holes from thermalized dark matter

clumps and the role of Fermi-degeneracy pressure and Bose-Einstein condensates. These

diverse inquiries have collectively illuminated the intricate tapestry of forces and phenom-

ena that shape the cosmos, bringing us closer to demystifying the genesis of SMBHs and

the profound role of self-interacting dark matter in the cosmic drama. Furthermore, we de-

rived the density profile of Bose-Einstein condensate dark matter around SMBHs, assuming

relativistic Bondi accretion. Finally, we analyzed the gravitational wave signals originating

from dark matter density spikes around SMBHs, considering primordial black holes as an

alternative dark matter candidate. As we conclude this odyssey, we are left with a richer

and more nuanced understanding of the universe’s earliest epochs and the celestial giants

that punctuate its history. The mysteries that remain continue to beckon, inspiring future

explorations and discoveries in the ever-evolving field of astrophysics and cosmology.
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[120] R. Ebert, Über die Verdichtung von H I-Gebieten. Mit 5 Textabbildungen, Z.
Astrophys. 37 (1955) 217.

[121] P.-H. Chavanis, Gravitational instability of finite isothermal spheres, Astron.
Astrophys. 381 (2002) 340, [astro-ph/0103159].

[122] I. Hachisu and D. Sugimoto, Gravothermal catastrophe and negative specific heat of
self-gravitating systems, Prog. Theor. Exp. Phys. 60 (1978) 123–135.

[123] L. Spitzer, Dynamical evolution of globular clusters. Princeton University Press,
Princeton N.J., 1987.

[124] C. Shang, G. Bryan and Z. Haiman, Supermassive Black Hole Formation by Direct
Collapse: Keeping Protogalactic Gas H 2–Free in Dark Matter Halos with Virial
Temperatures T vir >˜ 10ˆ4 K, Mon. Not. Roy. Astron. Soc. 402 (2010) 1249,
[0906.4773].

[125] B. Agarwal, S. Khochfar, J. L. Johnson, E. Neistein, C. D. Vecchia and M. Livio,
Ubiquitous seeding of supermassive black holes by direct collapse, Mon. Not. Roy.
Astron. Soc. 425 (2012) 2854–2871.

[126] G. Dunn, J. Bellovary, K. Holley-Bockelmann, C. Christensen and T. Quinn, Sowing
black hole seeds: Direct collapse black hole formation with realistic lyman–werner
radiation in cosmological simulations, Astrophys. J. 861 (2018) 39.

[127] J. H. Wise, J. A. Regan, B. W. O’Shea, M. L. Norman, T. P. Downes and H. Xu,
Formation of massive black holes in rapidly growing pre-galactic gas clouds, Nature
566 (2019) 85–88.

[128] S. L. Shapiro, Star clusters, self-interacting dark matter halos, and black hole cusps:
The fluid conduction model and its extension to general relativity, Phys. Rev. D 98
(2018) 023021, [1809.02618].

[129] D. Markovic and S. Shapiro, Gravitational collapse with a cosmological constant,
Phys. Rev. D 61 (2000) 084029, [gr-qc/9912066].

[130] R. Goswami and P. S. Joshi, Spherical gravitational collapse in N-dimensions, Phys.
Rev. D 76 (2007) 084026, [gr-qc/0608136].

128

https://doi.org/10.1016/0003-4916(84)90025-3
https://doi.org/10.1088/0264-9381/12/4/008
https://doi.org/10.1088/0264-9381/12/4/008
https://arxiv.org/abs/gr-qc/9411032
https://doi.org/10.1098/rsta.1902.0012
https://doi.org/10.1098/rsta.1902.0012
https://doi.org/10.1093/mnras/116.3.351
https://doi.org/10.1093/mnras/116.3.351
https://doi.org/10.1051/0004-6361:20011438
https://doi.org/10.1051/0004-6361:20011438
https://arxiv.org/abs/astro-ph/0103159
https://doi.org/10.1111/j.1365-2966.2009.15960.x
https://arxiv.org/abs/0906.4773
https://doi.org/10.1111/j.1365-2966.2012.21651.x
https://doi.org/10.1111/j.1365-2966.2012.21651.x
https://doi.org/10.3847/1538-4357/aac7c2
https://doi.org/10.1038/s41586-019-0873-4
https://doi.org/10.1038/s41586-019-0873-4
https://doi.org/10.1103/PhysRevD.98.023021
https://doi.org/10.1103/PhysRevD.98.023021
https://arxiv.org/abs/1809.02618
https://doi.org/10.1103/PhysRevD.61.084029
https://arxiv.org/abs/gr-qc/9912066
https://doi.org/10.1103/PhysRevD.76.084026
https://doi.org/10.1103/PhysRevD.76.084026
https://arxiv.org/abs/gr-qc/0608136


[131] C. W. Lai and M. W. Choptuik, Final fate of subcritical evolutions of boson stars,
0709.0324.

[132] S. C. Noble and M. W. Choptuik, Driven neutron star collapse: Type I critical
phenomena and the initial black hole mass distribution, Phys. Rev. D 93 (2016)
024015, [1512.02999].

[133] R. F. Tooper, Adiabatic fluid spheres in general relativity., Astrophys. J. 142 (1965)
1541.

[134] W.-X. Feng, On the Dynamical Instability of Monatomic Fluid Spheres in (N +
1)-Dimensional Spacetime, Astronomy 2 (2023) 22–46, [2111.05341].

[135] S. F. Ross and R. B. Mann, Gravitationally collapsing dust in (2+1)-dimensions,
Phys. Rev. D 47 (1993) 3319–3322, [hep-th/9208036].

[136] R. K. Pathria, The universe as a black hole, Nature 240 (1972) 298–299.

[137] V. P. Frolov, M. A. Markov and V. F. Mukhanov, Black Holes as Possible Sources of
Closed and Semiclosed Worlds, Phys. Rev. D 41 (1990) 383.

[138] V. P. Frolov, M. A. Markov and V. F. Mukhanov, Through a black hole into a New
Universe?, Phys. Lett. B 216 (1989) 272–276.

[139] D. A. Easson and R. H. Brandenberger, Universe generation from black hole
interiors, JHEP 06 (2001) 024, [hep-th/0103019].

[140] N. J. Pop lawski, Cosmology with torsion: An alternative to cosmic inflation, Phys.
Lett. B 694 (2010) 181–185, [1007.0587].

[141] R. Brandenberger, L. Heisenberg and J. Robnik, Non-singular black holes with a
zero-shear S-brane, JHEP 05 (2021) 090, [2103.02842].

[142] M. Tegmark, On the dimensionality of space-time, Class. Quant. Grav. 14 (1997)
L69–L75, [gr-qc/9702052].

[143] J. Prat, C. Hogan, C. Chang and J. Frieman, Vacuum energy density measured from
cosmological data, JCAP 06 (2022) 015, [2111.08151].

[144] R. Penrose, Gravitational collapse: The role of general relativity, Riv. Nuovo Cim. 1
(1969) 252–276.

[145] D. J. Mortlock, S. J. Warren, B. P. Venemans, M. Patel, P. C. Hewett, R. G.
McMahon et al., A luminous quasar at a redshift of z = 7.085, Nature 474 (2011)
616–619, [1106.6088].

[146] F. Wang, J. Yang, X. Fan, J. F. Hennawi, A. J. Barth, E. Banados et al., A
luminous quasar at redshift 7.642, Astrophys. J. Lett. (2021) L1, [2101.03179].

129

https://arxiv.org/abs/0709.0324
https://doi.org/10.1103/PhysRevD.93.024015
https://doi.org/10.1103/PhysRevD.93.024015
https://arxiv.org/abs/1512.02999
https://doi.org/10.1086/148435
https://doi.org/10.1086/148435
https://doi.org/10.3390/astronomy2010004
https://arxiv.org/abs/2111.05341
https://doi.org/10.1103/PhysRevD.47.3319
https://arxiv.org/abs/hep-th/9208036
https://doi.org/10.1038/240298a0
https://doi.org/10.1103/PhysRevD.41.383
https://doi.org/10.1016/0370-2693(89)91114-3
https://doi.org/10.1088/1126-6708/2001/06/024
https://arxiv.org/abs/hep-th/0103019
https://doi.org/10.1016/j.physletb.2010.09.056
https://doi.org/10.1016/j.physletb.2010.09.056
https://arxiv.org/abs/1007.0587
https://doi.org/10.1007/JHEP05(2021)090
https://arxiv.org/abs/2103.02842
https://doi.org/10.1088/0264-9381/14/4/002
https://doi.org/10.1088/0264-9381/14/4/002
https://arxiv.org/abs/gr-qc/9702052
https://doi.org/10.1088/1475-7516/2022/06/015
https://arxiv.org/abs/2111.08151
https://doi.org/10.1023/A:1016578408204
https://doi.org/10.1023/A:1016578408204
https://doi.org/10.1038/nature10159
https://doi.org/10.1038/nature10159
https://arxiv.org/abs/1106.6088
https://doi.org/10.3847/2041-8213/abd8c6
https://arxiv.org/abs/2101.03179


[147] R. L. Larson, S. L. Finkelstein, D. D. Kocevski, T. A. Hutchison, J. R. Trump, P. A.
Haro et al., A ceers discovery of an accreting supermassive black hole 570 myr after
the big bang: Identifying a progenitor of massive z ¿ 6 quasars, 2303.08918.

[148] T. E. Woods et al., Titans of the Early Universe: The Prato Statement on the
Origin of the First Supermassive Black Holes, Publ. Astron. Soc. Austral. 36 (2019)
e027, [1810.12310].
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Appendix A

The Gas Density Profile

To model the gas distribution of protogalaxies, we adopt simulation results in [25]

(simulation B). Their simulated gas and dark matter distributions are fitted with a single

power law of ρb ∼ r−2.4 and the NFW profile, respectively. We find the following ansatz

works well for the gas.

ρb(r) = ρb,s

(
r

rs

)−2.4

, (A.1)

where ρb,s is the scale density of the gas and rs is the scale radius of the simulated halo.

The corresponding mass profile is

Mb(r) = 1.67× ρb,s
ρs

(4πρsr
3
s)

(
r

rs

)0.6

(A.2)

We use simulation data shown in Fig. 4 (right, panel b) in [25] to fix the model parameters,

rs = 73 pc, ρs = 2.6 M�/pc3, and ρb,s = 0.19 M�/pc3; see Fig. A.1 for comparison. Since

1.67 × ρb,s/ρs ≈ 0.1, we take Mb(r) = 0.1M0(r/rs)
0.6 for the static baryon distribution in
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our semi-analytical simulations, shown as the dash-dotted line in the left panel of Fig. B.1.

Note that the results from [25] have high enough resolutions for setting initial conditions in

our simulations, where we trace the collapse process with the conducting fluid model.
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Figure A.1: Dark matter (red) and gas (black) density profiles after fitting to the simulated
ones.
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Appendix B

Numerical Procedure of

Gravothermal Evolution

The procedure of our semi-analytical simulations is largely based on the treatment

given in [22, 23]. We first translate a relevant physical quantity x to a dimensionless one x̂

as x̂ = x/x0, where x0 is its corresponding fiducial value built from the halo parameters ρs

and rs, as shown in Table B.1.

M0 = 4πρsr
3
s (σ/m)0 = (rsρs)

−1

ν0 = (4πGρs)
1/2rs L0 = (4π)5/2G3/2ρ

5/2
s r5

s

t0 = (4πGρs)
−1/2

Table B.1: Fiducial quantities used in our numerical simulations.

The self-gravitating halo is segmented to N = 182 evenly log-spaced concentric

shells in radius {r̂1, r̂2, · · · , r̂N} with r̂1 = 10−4 and r̂N = 100. The halo is assumed to

be in a quasi-hydrostatic equilibrium and each shell is assumed to be in its local thermal
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Figure B.1: Left: Evolution of dark matter mass profiles (solid) with (σ/m)rsρs = 0.2,
together with the fixed baryon mass profile (dash-dotted). Each dark matter profile is
labeled with its corresponding evolution time. The dashed line indicates the mass of the
central halo with Kn < 1. Right: Corresponding Kn value vs. enclosed mass. The dotted
horizontal line indicates Kn = 1, the boundary between short- and long-mean-free-path
regimes, where Kn < 1 and > 1, respectively.

equilibrium. The values of extensive quantities (M̂i, L̂i) and intensive quantities (ρ̂i, ν̂i) are

taken as the value at r̂i and the average between values at r̂i and r̂i−1, respectively. We fix

the baryon mass profile M̂b,i as

M̂b,i = M̂b(r̂i) = 0.1× r̂0.6
i . (B.1)

Consequently, we only use one set of Lagrangian zone radius for the halo through the

simulations and dynamically update the enclosed baryon mass according to Eq. (B.1). The

workflow is as follows:

1. Compute the initial 1D velocity dispersion profile ν̂χ,i based on the input r̂i, ρ̂χ,i, and
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ρ̂b,i under the hydrostatic equilibrium condition,

∂(ρ̂χν̂
2
χ)

∂r̂
= −(M̂χ + M̂b)ρ̂χ

r̂2
. (B.2)

2. Compute the luminosity profile L̂χ,i based on r̂i, ρ̂χ,i, ν̂χ,i and σ̂ according to Eq. (2)

of the main text.

3. Allow a small passage of time ∆t̂ and compute the specific energy change ∆ûχ,i,

ûχ,i ≡ 3ν̂2
χ,i/2, due to heat conduction,

∆ûχ,i

∆t̂
= −

(
∂L̂χ

∂M̂χ

)
i

, (B.3)

where the dark matter density is fixed. We then update ûχ,i with ûχ,i + ∆ûχ,i. The

time step ∆t̂ is sufficiently small, i.e., |∆ûχ,i/ûχ,i| < 10−4. such that the linear

approximations used in step 4 below are valid.

4. Upon updating ûχ,i, the i-th dark matter halo shell is no longer virialized. To re-

turn to hydrostatic equilibrium, we perturb r̂i, ρ̂χ,i, and ν̂χ,i, while keeping the mass

M̂χ,i and specific entropy ŝχ,i = ln
(
ν̂3
χ,i/ρ̂χ,i

)
of the shell fixed. We treat mass con-

servation, specific entropy conservation, kinetic energy conservation, and hydrostatic

equilibrium relations, shown in the main text, at the linear order and solve them for

all shells simultaneously. For the hydrostatic equilibrium relation, we take the sum of

M̂χ,i and M̂b,i = M̂b(r̂i) to compute the gravitational potential. For numerical accu-

racy, we iteratively perform the perturbation 10 times until hydrostatic equilibrium

is established everywhere.
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5. Re-establishing hydrostatic equilibrium gives new values for r̂i, ρ̂χ,i, and ν̂χ,i. We

return to step 1 and update the luminosity L̂i.

6. Track the Knudsen number Kn ≡ λ/H for the innermost shell. The evolution is

terminated when Kn drops below 10−4.

The above procedure is coded in C++ with the eigen 3.2 library for linear algebra [306].

In Fig. B.1, we show evolution of dark matter mass profile (left panel) and the

corresponding Kn value vs. enclosed mass (right panel). These results are complementary

to those presented in Fig. 1 of the main text.
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Appendix C

Angular Momentum Dissipation

Dark matter self-interactions provide an important avenue to transport angular

momentum. To estimate this effect, we keep track of the collapsing central halo with a mass

of Min, in a Lagrangian zone manner, i.e., the number of particles in each shell is conserved.

In SIDM, the mass distribution of the central halo is spherically symmetric [14, 91]. We

further assume it is a rigid body through the evolution, and its angular momentum is given

by

Jχ,in =
2

5
Minr

2
inω ' const., (C.1)

where ω is the rotational frequency of the inner region, rin is its boundary that changes

with time. This leads to

d

dt
(rinω) =

d

dt

(
5Jχ,in

2Minrin

)
' − 5Jχ,in

2Minr2
in

(
drin

dt

)
. (C.2)
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The bulk velocity is vφ = rinω sin θ along φ-direction of the rotational axis. θ is the polar

angle. The bulk velocity increases (decreases) dvφ/dt > 0 (< 0) as the boundary of the

inner region shrinks (expands) drin/dt < 0 (> 0). An increasing in vφ will drag the ambient

regions just outside the boundary and exert a shear pressure on the boundary bulk surface,

1

Ain

d

dt
(Nrinmvφ)± = ∓ηrin

dvφ
drin

(C.3)

where m is the dark matter particle mass, Ain = 4πr2
in is the surface area of the inner

region, ηrin ≡ η(rin) is the viscosity of the SIDM fluid, and Nrin is number of particles, on

the bulk surface. The subscript +/− indicates if the quantity increases/decreases. Given

the Lagrangian zone setup, Nrin is a constant through the evolution, and from Eq. (C.3) we

can show (
drin

dt

)
∓

= ∓4πr2
inηrin

Nrinm
(C.4)

The bulk momentum can be transported out through the shear pressure due to viscosity.

Combining Eq. (C.2) and Eq. (C.4), we obtain the rate of momentum transport to the

surroundings

d

dt
(rinω)± = ±10πηrinJχ,in

MinNrinm
.
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As the total angular momentum is conserved, the loss of the angular momentum of the

inner region (shrinking case) is given by

dJχ,in
dt

' −Nrinm

∫
dΩ

4π
[rin sin θ × d

dt
(rinω sin θ)]

= −
∫

sin3 θdθdφ

4π
rin

d

dt
(Nrinmrinω)+

= − 20π

3

Jχ,in
Min

ηrinrin. (C.5)

We have

Jχ,in(t;Min) = J iχ,in exp

(
−20π

3

∫ t

ti

ηrinrin(t′)

Min
dt′
)
, (C.6)

where J iχ,in is the initial angular momentum of the inner region. As for conductivity [19], the

viscosity for both long-mean-free-path and short-mean-free-path regimes can be combined

into a single expression,

η =
1

3
mnv̄

(
1

λ
+
νtr
H2

)−1

=
1

3
α(σ/m)v̄

[
α(σ/m)2 +

4πG

ρν2

]−1

, (C.7)

where we have used the gravitational scale height H =
√
ν2/4πGρ, the mean free path

λ = 1/nσ and the relaxation time tr = 1/(αnνσ) with number density n, cross section σ,

and α = (16/π)1/2 ≈ 2.26 for hard spheres.

We evaluate η at the boundary rin and take v̄ '
√

3ν, and obtain

Jχ,in = J iχ,in exp

[
− 20√

27π

∫ t

tinit

ρrin(t′)(σ/m)νrin(t′)3rin(t′)

GMin
dt′
]

(C.8)
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in the long-mean-free-path limit, and

Jχ,in = J iχ,in exp

[
− 20π

3
√

3

∫ t

tinit

νrin(t′)rin(t′)

Min(σ/m)
dt′
]

(C.9)

in the short-mean-free-path limit, where we have used the density ρrin ≡ ρ(rin) = mn(rin)

and νrin ≡ ν(rin) the 1D velocity dispersion at the boundary. In our scenario, the charac-

teristic timescale to dissipate the angular momentum is 0.2t0, during which the central halo

is largely in the long-mean-free-path regime, see the right panel of Fig. B.1.
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Appendix D

The Sample of High-z SMBHs

Label Name MBH [109M�] z fEdd Ref.
1 J1205−0000 2.2+0.2

−0.6 6.699+0.007
−0.001 0.16+0.04

−0.02 [9]

2 J1243+0100 0.33+0.2
−0.2 7.07+0.01

−0.01 0.34+0.02
−0.02 [10]

3 J2239+0207 1.1+0.3
−0.2 6.245+0.008

−0.007 0.17+0.04
−0.05 [9]

4 J2216−0016 0.7+0.14
−0.23 6.109+0.007

−0.008 0.15+0.05
−0.03 [9]

5 J1208−0200 0.71+0.24
−0.52 6.144+0.008

−0.010 0.24+0.18
−0.08 [9]

6 J1007+2115 1.5+0.2
−0.2 7.5149+0.0004

−0.0004 1.06+0.2
−0.2 [5]

7 J1342+0928 0.78+0.33
−0.19 7.5413+0.0007

−0.0007 1.5+0.5
−0.4 [37]

8 J1120+0641 2.0+1.5
−0.7 7.085+0.003

−0.003 1.2+0.6
−0.5 [38]

9 J0038−1527 1.33+0.25
−0.25 7.021+0.005

−0.005 1.25+0.19
−0.19 [39]

10 J0100+2802 12.4+1.9
−1.9 6.30+0.01

−0.01 0.99+0.22
−0.22 [40]

Table D.1: The sample of high-z SMBHs shown in Fig. 2.2 of the main text.

In Table D.1, we list high-z SMBHs shown in Fig. 2.2 of the main text, in

the order of their labeling number in the figure. The Eddington ratio is calculated as

fEdd = Lbol/LEdd, where Lbol is the observed bolometric luminosity and LEdd = 1.3 ×

1038(MBH/M�) erg/s is the Eddington luminosity.
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Appendix E

The Adiabatic Index

We consider a perfect fluid with energy density ρ(r)c2 and pressure p(r) in a

Schwarzschild metric [55]

ds2 = −e2Φ(r)c2dt2 + e2Λ(r)dr2 + r2(dθ2 + sin2 θ dφ2),

where e2Φ = exp
[
2
∫∞
r (dp/dr′)/(p+ ρc2)dr′

]
and e2Λ = [1 − 2GM(r)/rc2]−1. The critical

adiabatic index is

γcr ≡
4

3
+

∫
e3Φ+Λ[16p+ (e2Λ − 1)(ρ+ p)](e2Λ − 1)r2dr

36
∫
e3Φ+Λpr2dr

+
4πG

∫
e3(Φ+Λ)[8p+ (e2Λ + 1)(ρc2 + p)]pr4dr

9c4
∫
e3Φ+Λpr2dr

+
16π2G2

∫
e3Φ+5Λ(ρc2 + p)p2r6dr

9c8
∫
e3Φ+Λpr2dr

(E.1)

and the pressure-averaged adiabatic index is 〈γ〉 ≡
∫
e3Φ+Λγ(r)pr2dr/(

∫
e3Φ+Λpr2dr).
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E.1 Adiabatic index for an ideal fluid

The adiabatic index of a fluid is defined as γ ≡ (∂ ln p/∂ lnn)s locally in spacetime.

The solution for an ideal fluid is often parametrized as p = K(mn)γ , where K and γ are

not explicit functions of n in an adiabatic process. We show the derivation of the adiabatic

index of an ideal fluid. For an adiabatic process, the first law of thermodynamics tells

dU = −p dV , where U is the total internal energy and V is the volume. Suppose N is

the total number of particles, u is the internal energy density and n is the number density,

U = Nu/n and V = N/n. Since N is a constant, we have

d
(u
n

)
= −p d

(
1

n

)
= Kmγnγ−2dn, (E.2)

where the ansatz p = K(mn)γ is used for the last equality. For ideal gas, K and γ are

independent of n. Integrating both sides of Eq. (E.2) gives u = Kmγ(γ − 1)−1nγ = (γ −

1)−1p. Since u = (ρ−mn)c2, there is a general relation between ρ and p, i.e., (ρ−mn)c2 =

p(γ−1)−1 [133, 82, 57]. Thus we have γ = 1+p/u, which can be further expressed in terms

of b and w,

γ(b, w) = 1 +
p

u
= 1 +

2

3

Ip(b, w)

Iu(b, w)
, (E.3)

where Ip and Iu are given in Eq. (3.4). In the nonrelativistic limit bw → 0 (Ip ' Iu),

γ → 5/3; in the ultrarelativistic limit bw → 1 (Ip ' Iu/2), γ → 4/3.
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E.2 Chandrasekhar’s instability condition

The pulsation equation (3.10) is derived by perturbing the equilibrium solution to

the Einstein equation with a Lagrangian displacement ξ [55]. Here we take a series of steps

and convert it into an integral form. Multiplying its both sides by a factor of r2eΦ+Λξ and

integrating it over r, we get (G = c = 1)

ω2

∫ R

0
e3Λ−Φ(ρ+ p)r2ξ2dr = −

∫ R

0
(r2e−Φξ)

[
e3Φ+Λγp

r2
(r2e−Φξ)′

]′
dr + 4

∫ R

0
eΦ+Λr

dp

dr
ξ2dr

−
∫ R

0
eΦ+Λ

(
dp

dr

)2 r2ξ2

ρ+ p
dr + 8π

∫ R

0
e3Λ+Φp(ρ+ p)r2ξ2dr, (E.4)

where “′” denotes “d/dr” for simplicity. Taking the first term on the right hand side

of Eq. (E.4), and integrating it by parts, we have

−
∫ R

0
(r2e−Φξ)

[
e3Φ+Λγp

r2
(r2e−Φξ)′

]′
dr =

∫ R

0
e3Φ+Λγp

r2

[
(r2e−Φξ)′

]2
dr

− ξe2Φ+Λγp(r2e−Φξ)′
∣∣R
0
, (E.5)

where the total derivative term vanishes after imposing the boundary condition ξ(0) = 0

and p(R) = 0. Integrating the second term by parts gives rise to

4

∫ R

0
eΦ+Λr

dp

dr
ξ2dr = −4

∫ R

0
eΦ+Λ[ξ2 + 2rξξ′ + rξ2(Φ′ + Λ′)]pdr

= −4

∫ R

0
eΦ+Λ(ξ2 + 2rξξ′)pdr − 16π

∫ R

0
e3Λ+Φp(ρ+ p)r2ξ2dr, (E.6)

where we have used 2e−2Λ(Φ′ + Λ′)/r = 8π(ρ+ p) from the Einstein equation.
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For the third term on the right hand side of Eq. (E.4), we substitute dp/dr with

dp

dr
= −(ρ+ p)

[
M + 4πpr3

r(r − 2M)

]
= −(ρ+ p)

[
1

2r
(e2Λ − 1) + 4πpre2Λ

]
(E.7)

and find

−
∫ R

0
eΦ+Λ

(
dp

dr

)2 r2ξ2

ρ+ p
dr =

−
∫ R

0
eΦ+Λ(ρ+ p)

[
1

4
(e2Λ − 1)2 + 4πpr2(e2Λ − 1)e2Λ + 16π2p2r4e4Λ

]
ξ2dr. (E.8)

We take ξ(r) = reΦ as the trial function, which satisfies the boundary condition

ξ(0) = 0. From the Einstein equation, we have 2Φ′e−2Λ/r − (1− e−2Λ)/r2 = 8πp, thus

ξ2 + 2rξξ′ = r2e2Φ + 2r2(1 + rΦ′)e2Φ =
[
3r2 + 8πpr4e2Λ + r2(e2Λ − 1)

]
e2Φ. (E.9)

Putting all the relevant terms together, we have

ω2

∫ R

0
e3Λ+Φ(ρ+ p)r4dr = 9

∫ R

0
e3Φ+Λγpr2dr

− 4

∫ R

0
e3Φ+Λ[3r2 + 8πpr4e2Λ + r2(e2Λ − 1)]pdr − 8π

∫ R

0
e3(Φ+Λ)p(ρ+ p)r4dr

−
∫ R

0
e3Φ+Λ

[
r2

4
(e2Λ − 1)2 + 4πpr4(e2Λ − 1)e2Λ + 16π2p2r6e4Λ

]
(ρ+ p)dr

=

∫ R

0
e3Φ+Λ(9γ − 12)pr2dr − 1

4

∫ R

0
e3Φ+Λ[16p+ (e2Λ − 1)(ρ+ p)](e2Λ − 1)r2dr

− 4π

∫ R

0
e3(Φ+Λ)[8p+ (e2Λ + 1)(ρ+ p)]pr4dr − 16π2

∫ R

0
e3Φ+5Λ(ρ+ p)p2r6dr. (E.10)

We determine the critical stability condition by setting the right hand side of Eq. (E.10) to
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0 and rewrite it as 〈γ〉 − γcr = 0, where

〈γ〉 ≡
∫ R

0 e3Φ+Λγpr2dr∫ R
0 e3Φ+Λpr2dr

(E.11)

is the pressure-averaged adiabatic index of the system, and

γcr ≡
4

3
+

1

36

∫ R
0 e3Φ+Λ[16p+ (e2Λ − 1)(ρ+ p)](e2Λ − 1)r2dr∫ R

0 e3Φ+Λpr2dr

+
4π

9

∫ R
0 e3(Φ+Λ)[8p+ (e2Λ + 1)(ρ+ p)]pr4dr∫ R

0 e3Φ+Λpr2dr
+

16π2

9

∫ R
0 e3Φ+5Λ(ρ+ p)p2r6dr∫ R

0 e3Φ+Λpr2dr
(E.12)

is the critical adiabatic index. A similar derivation can also be found in [307].

E.3 Critical adiabatic index in the Newtonian limit: a heuris-

tic derivation

For the illustration purpose, we follow [81] and show a heuristic derivation of the

instability condition in the Newtonian limit. The idea is to obtain the pulsation equation

of a Newtonian star of mass M and radius R with spherical symmetry, δR̈+ (k/M)δR = 0

and determine the effective “spring constant” k of the star. A tachyonic instability will

develop if k/M < 0.

Consider a particle on the surface, it is pulled by an inward gravitational force

f̄g = GM/R2 ≈ Gρ̄2R and an outward force due to pressure f̄p ≈ p̄/R, with the boundary

condition p(r = R) = 0. The system is in equilibrium when f̄g − f̄p = 0. Let’s perturb the

system radius R→ R + δR while keep its total mass M fixed. This leads to perturbations
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in the density and pressure δρ̄ = −3ρ̄δR/R and δp̄ = −3γ̄p̄δR/R, respectively, where

have used γ̄ ≈ (∂ ln p̄/∂ ln ρ̄)s and ρ̄ = mn̄. The resulting changes in the force are δf̄p =

− (3γ̄ + 1) f̄pδR/R and δf̄g = −5f̄gδR/R. The acceleration related to the net force is δR̈ =

(δ̄fp − δ̄fg)/ρ̄ = −3 (γ̄ − 4/3)Gρ̄δR. We can identify 3 (γ̄ − 4/3)Gρ̄ as k/M . The spherical

system will undergo an exponential growth or decay under small radical perturbation if

γ̄ − 4/3 < 0.
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Appendix F

(N+1)-dimensional spacetime

F.1 Critical adiabatic index

In (N+1) dimensions, ds2 = −e2Φ(t,r)dt2 + e2Λ(t,r)dr2 + r2dΩ2
N−1 one can show

that [134]

γcr(GR) =2

(
1− 1

N

)
+

∫
e3Φ+Λ[8(N − 1)p+ (N − 2)(e2Λ − 1)(ρ+ p)](N − 2)(e2Λ − 1)rN−1dr

4N2
∫
e3Φ+ΛprN−1dr

+
κN
∫
e3(Φ+Λ)

{
[4(N − 1)p+ (N − 2)(e2Λ + 1)(ρ+ p)](p+ pλ)− 2(N − 1)pλ(ρ+ p)

}
rN+1dr

N2(N − 1)
∫
e3Φ+ΛprN−1dr

+
κ2
N

∫
e3Φ+5Λ(ρ+ p)(p+ pλ)2rN+3dr

N2(N − 1)2
∫
e3Φ+ΛprN−1dr

, (F.1)

where κN = (N − 1)ωN is the (Einstein’s) gravitational constant in N -dimensional space

(GN = c = 1) with

ωN =
2πN/2

Γ(N/2)
(F.2)
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being the area of the unit sphere in N -dimensional space; and

〈γ〉 ≡
∫
e3Φ+ΛγprN−1dr∫
e3Φ+ΛprN−1dr

(F.3)

the “effective” (pressure-averaged) adiabatic index of the fluid sphere.

F.2 Gravitational and rest masses of fluid sphere

Due to the radiation of internal (thermal) energy during gravothermal evolution,

the gravitational mass of the fluid sphere

M≡ ωN
∫
ρ(r)rN−1dr (F.4)

is not conserved ; whereas the rest mass of the sphere

Mrest ≡ ωN
∫
mn(r)eΛ(r)rN−1dr (F.5)

is conserved, where the rest mass density mn(r) = ρ(r)
√

1− v2(r) with N -dimensional

velocity dispersion v =
√
Np/ρ. The total internal energy, including the gravitational

potential, must be M−Mrest < 0 for a gravitationally bound system.
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F.3 Homogeneous solution

The profile of the pressure of an homogeneous density (ρ = const.) fluid sphere of

radius R is given by

p(r)

ρ
=

[Nρ− 2(ρ+ ρλ)]
[
e−Λ(r) − e−Λ(R)

]
Nρ e−Λ(R) − [Nρ− 2(ρ+ ρλ)]e−Λ(r)

, (F.6)

and the metric potential

eΦ(r) =
Nρ e−Λ(R) − [Nρ− 2(ρ+ ρλ)]e−Λ(r)

2(ρ+ ρλ)
, (F.7)

where

e−Λ(r) =

√
1− 2κN (ρ+ ρλ)

N(N − 1)
r2. (F.8)

If the mass of the fluid sphere is M, we can express the fluid density

ρ =
N(N − 1)M

κNRN
(F.9)

and the cosmological constant

ρλ =
N(N − 1)

2κN
λ = −pλ, (F.10)

where λ = ±1/`2, the “+/−” sign corresponds to the positive/negative cosmological con-

stant (scalar curvature). Incidentally, demanding p(0) < ∞ and eΦ(0) > 0 leads to the
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Buchdahl bound in (N + 1)-dimension with cosmological constant λ:

N − 1

N2

(
1−

√
1− N2a

(N − 1)2

)
< CN <

N − 1

N2

(
1 +

√
1− N2a

(N − 1)2

)
, (F.11)

where the compactness CN = M/RN−2 and the curvature parameter a = λR2. Further-

more, the solution can be parametrized in terms of CN and a:

p(x)

ρ
=

[(N − 2) CN − a]
[√

1− (2CN + a)x2 −
√

1− (2CN + a)
]

NCN
√

1− (2CN + a)− [(N − 2) CN − a]
√

1− (2CN + a)x2
≡ y (CN , a;x) (F.12)

and

eΦ(x) =
NCN

√
1− (2CN + a)− [(N − 2) CN − a]

√
1− (2CN + a)x2

2CN + a
, (F.13)

where x = r/R is the normalized radius, and we have used

e−Λ(x) =
√

1− (2CN + a)x2. (F.14)

The parametrization makes sense only when ρ 6= 0 or CN 6= 0. With all of the above, the

rest mass compactness Eq. F.5 turns out to be:

Crest,N ≡
Mrest

RN−2
= NCN

∫ 1

0

√
1−Ny eΛxN−1dx. (F.15)
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Moreover, the critical adiabatic index for homogeneous sphere can be expressed as:

γcr(GR) ≡ 2

(
1− 1

N

)
+

∫ 1
0 e

3Φ+Λ[8(N − 1)y + (N − 2)(e2Λ − 1)(1 + y)](N − 2)(e2Λ − 1)xN−1dx

4N2
∫ 1

0 e
3Φ+ΛyxN−1dx

+
CN
∫ 1

0 e
3(Φ+Λ)

{
[4(N − 1)y + (N − 2)(e2Λ + 1)(1 + y)](y − a/2CN ) + (N − 1)(a/CN )(1 + y)

}
xN+1dx

N
∫ 1

0 e
3Φ+ΛyxN−1dx

+
C2
N

∫ 1
0 e

3Φ+5Λ(1 + y)(y − a/2CN )2xN+3dx∫ 1
0 e

3Φ+ΛyxN−1dx
. (F.16)

In the “post-Newtonian” approximations (CN � 1 and a� 1), we have

γcr(GR) =
a

(N − 2) CN − a
+

∑
j,k=0,1,...

f
(N)
jk C

j
Na

k, (F.17)

where f
(N)
00 = γcr(NG) = 2 (1− 1/N), and the stabilizer/destabilizer characterizing the com-

petition between the compactness and the background curvature (cosmological constant)

can be expanded as

a

(N − 2) CN − a
=


∑∞

n=1 (a/ (N − 2) CN )n if |a| < (N − 2) CN

−1−∑∞n=1 [(N − 2) CN/a]n if |a| > (N − 2) CN .
(F.18)

162



Appendix G

Numerical Results of the

Truncated Maxwell-Boltzmann

Distribution

In this Appendix, we tabulate the numerical results of the truncated Maxwell-

Boltzmann (MB) models. In Table G.1, we show properties of equilibrium configurations

for boundary temperature parameter as b = kBT (R)/mc2 = 0.1, 0.2, 0.3, and 0.5 and

scan over the central energy cutoff w(0) = εc(0)/kBT (0) for each b. In Table G.2, we show

marginally stable configurations that satisfy the adiabatic index criterion 〈γ〉 = γcr, given

different values of the boundary temperature b = kBT (R)/mc2. Generally, the velocity

dispersion on the core boundary v(R)/c is not equivalent to b = kBT (R)/mc2.
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Table G.1: Properties of equilibrium configurations scanned over the central energy cutoff
w(0) = εc(0)/kBT (0) for b = kBT (R)/mc2 = 0.1, 0.2, 0.3, and 0.5. From the 2nd to
14th columns, we show their total energy Ê = M̂ , total rest energy Êrest, binding energy
B̂, fractional binding energy ε, system radius R̂, compactness C = GM(R)/c2R = M̂/R̂,
central interior redshift Z(0), central energy cut off εc(0), central energy density ρ̂(0), central
pressure p̂(0), central velocity dispersion v(0), pressure averaged adiabatic index 〈γ〉, and
critical adiabatic index γcr, respectively. For each case, we underscore marginally stable
configurations following instability criteria based on total energy, binding energy, fractional
binding energy, and adiabatic index by underscoring w(0) and the corresponding critical
values.

b = kBT (R)/mc2 = 0.1
w(0) Ê = M̂ Êrest B̂ ε R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c 〈γ〉 γcr

0.1 2.72074× 10−2 2.72729× 10−2 6.54443× 10−5 2.39961× 10−3 6.82000× 100 3.98936× 10−3 1.41544× 10−2 1.01010× 10−2 4.99973× 10−4 1.42585× 10−6 9.24965× 10−2 1.66545 1.34070
0.3 3.29993× 10−2 3.32285× 10−2 2.29264× 10−4 6.89961× 10−3 2.89200× 100 1.41053× 10−2 4.28931× 10−2 3.09277× 10−2 8.69198× 10−3 7.40805× 10−5 1.59902× 10−1 1.66301 1.35554
0.6 3.47240× 10−2 3.51790× 10−2 4.54900× 10−4 1.29311× 10−2 1.63800× 100 2.11990× 10−2 8.71214× 10−2 6.38296× 10−2 5.82063× 10−2 9.86165× 10−4 2.25450× 10−1 1.65936 1.37799
1.1 3.29600× 10−2 3.36735× 10−2 7.13463× 10−4 2.11877× 10−2 9.64001× 10−1 3.41909× 10−2 1.64064× 10−1 1.23591× 10−1 3.55962× 10−1 1.09378× 10−3 3.03616× 10−1 1.65331 1.41580
1.5 3.02662× 10−2 3.10835× 10−2 8.17290× 10−4 2.62934× 10−2 7.25001× 10−1 4.17464× 10−2 2.28846× 10−1 1.76464× 10−1 9.92442× 10−1 4.12090× 10−2 3.52943× 10−1 1.64851 1.44620
1.9 2.72897× 10−2 2.81385× 10−2 8.48824× 10−4 3.01659× 10−2 5.81001× 10−1 4.69701× 10−2 2.96903× 10−1 2.34552× 10−1 2.33058× 100 1.21454× 10−1 3.95398× 10−1 1.64377 1.47651
2.3 2.43394× 10−2 2.51671× 10−2 8.27673× 10−4 3.28872× 10−2 4.88001× 10−1 4.98757× 10−2 3.68726× 10−1 2.98693× 10−1 4.95282× 100 3.09617× 10−1 4.33059× 10−1 1.63912 1.50646
2.7 2.15635× 10−2 2.23348× 10−2 7.71245× 10−4 3.45311× 10−2 4.25001× 10−1 5.07375× 10−2 4.44974× 10−1 3.69819× 10−1 9.88713× 100 7.19304× 10−1 4.67177× 10−1 1.63459 1.53571
3.2 1.84498× 10−2 1.91224× 10−2 6.72639× 10−4 3.51754× 10−2 3.78001× 10−1 4.88088× 10−2 5.47883× 10−1 4.70526× 10−1 2.22039× 101 1.89599× 100 5.06132× 10−1 1.62919 1.57054
3.4 1.73316× 10−2 1.79606× 10−2 6.28996× 10−4 3.50209× 10−2 3.68001× 10−1 4.70966× 10−2 5.91899× 10−1 5.15125× 10−1 3.03421× 101 2.74353× 100 5.20825× 10−1 1.62714 1.58366
3.7 1.58026× 10−2 1.63652× 10−2 5.62545× 10−4 3.43745× 10−2 3.61001× 10−1 4.37745× 10−2 6.61622× 10−1 5.87271× 10−1 4.80814× 101 4.71035× 100 5.42124× 10−1 1.62423 1.60212
4.05150 1.42556× 10−2 1.47424× 10−2 4.86859× 10−4 3.30243× 10−2 3.68001× 10−1 3.87378× 10−2 7.50107× 10−1 6.81035× 10−1 8.17923× 101 8.74006× 100 5.66189× 10−1 1.62117 1.62117
4.2 1.36891× 10−2 1.41457× 10−2 4.56567× 10−4 3.22761× 10−2 3.78001× 10−1 3.62145× 10−2 7.90144× 10−1 7.24120× 10−1 1.02219× 102 1.13099× 101 5.76136× 10−1 1.62002 1.62810
4.5 1.27271× 10−2 1.31271× 10−2 4.00052× 10−4 3.04753× 10−2 4.13001× 10−1 3.08160× 10−2 8.76941× 10−1 8.18182× 10−1 1.60208× 102 1.89661× 101 5.95948× 10−1 1.61808 1.63933

b = kBT (R)/mc2 = 0.2
w(0) Ê = M̂ Êrest B̂ ε R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c 〈γ〉 γcr

0.05 3.87808× 10−2 3.88743× 10−2 9.34786× 10−5 2.40464× 10−3 9.67200× 100 4.00960× 10−4 1.41753× 10−2 1.01010× 10−2 2.46406× 10−4 7.04972× 10−7 9.26448× 10−2 1.66545 1.34072
0.15 4.77866× 10−2 4.81207× 10−2 3.34059× 10−4 6.94210× 10−3 4.12300× 100 1.15903× 10−2 4.30859× 10−2 3.09278× 10−2 4.15840× 10−3 3.57900× 10−5 1.60686× 10−1 1.66299 1.35569
0.4 5.18443× 10−2 5.27274× 10−2 8.83084× 10−4 1.67481× 10−2 1.84400× 100 2.81151× 10−2 1.18857× 10−1 8.69556× 10−2 5.93008× 10−2 1.37078× 10−3 2.63338× 10−1 1.65680 1.39423
0.65 4.97407× 10−2 5.09868× 10−2 1.24612× 10−3 2.44400× 10−2 1.20100× 100 4.14160× 10−2 2.00179× 10−1 1.49422× 10−1 2.47787× 10−1 9.37848× 10−3 3.36967× 10−1 1.65052 1.43435
0.85 4.67140× 10−2 4.81152× 10−2 1.40117× 10−3 2.91212× 10−2 9.36001× 10−1 4.99081× 10−2 2.69793× 10−1 2.04808× 10−1 5.80946× 10−1 2.89401× 10−2 3.86583× 10−1 1.64544 1.46752
1.05 4.32590× 10−2 4.47129× 10−2 1.45394× 10−3 3.25173× 10−2 7.65001× 10−1 5.65476× 10−2 3.44027× 10−1 2.65807× 10−1 1.19109× 100 7.38002× 10−2 4.31138× 10−1 1.64034 1.50157
1.2 4.05844× 10−2 4.20226× 10−2 1.43828× 10−3 3.42264× 10−2 6.73001× 10−1 6.03036× 10−2 4.03116× 10−1 3.15789× 10−1 1.92873× 100 1.37321× 10−1 4.62161× 10−1 1.63649 1.52760
1.35 3.79259× 10−2 3.93103× 10−2 1.38436× 10−3 3.52163× 10−2 6.00001× 10−1 6.32097× 10−2 4.65490× 10−1 3.69827× 10−1 3.01906× 100 2.43204× 10−1 4.91598× 10−1 1.63264 1.55399
1.5 3.53324× 10−2 3.66322× 10−2 1.29981× 10−3 3.54828× 10−2 5.43001× 10−1 6.50687× 10−2 5.31533× 10−1 4.28522× 10−1 4.60834× 100 4.14967× 10−1 5.19751× 10−1 1.62879 1.58064
1.65 3.28360× 10−2 3.40276× 10−2 1.19160× 10−3 3.50187× 10−2 4.98001× 10−1 6.59355× 10−2 6.01703× 10−1 4.92480× 10−1 6.90365× 100 6.88165× 10−1 5.46849× 10−1 1.62497 1.60740
1.7 3.20294× 10−2 3.31808× 10−2 1.15138× 10−3 3.47003× 10−2 4.86001× 10−1 6.59040× 10−2 6.26103× 10−1 5.15151× 10−1 7.87346× 100 8.10392× 10−1 5.55681× 10−1 1.62370 1.61631
1.73635 3.14517× 10−2 3.25728× 10−2 1.12106× 10−3 3.44172× 10−2 4.77001× 10−1 6.59364× 10−2 6.44181× 10−1 5.31996× 10−1 8.65548× 100 9.11403× 10−1 5.62044× 10−1 1.62278 1.62278
1.85 2.96954× 10−2 3.07167× 10−2 1.02133× 10−3 3.32499× 10−2 4.53001× 10−1 6.55526× 10−2 7.02657× 10−1 5.87236× 10−1 1.15907× 101 1.30712× 100 5.81653× 10−1 1.61994 1.64293
2.0 2.75004× 10−2 2.83817× 10−2 8.81323× 10−4 3.10525× 10−2 4.29001× 10−1 6.41034× 10−2 7.84825× 10−1 6.66595× 10−1 1.69159× 101 2.07718× 100 6.06946× 10−1 1.61625 1.66912

b = kBT (R)/mc2 = 0.3
w(0) Ê = M̂ Êrest B̂ ε R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c 〈γ〉 γcr

0.033 4.75157× 10−2 4.76291× 10−2 1.13485× 10−4 2.38268× 10−3 1.19480× 101 3.97687× 10−3 1.40394× 10−2 9.99899× 10−3 1.59375× 10−4 4.51884× 10−7 9.22282× 10−2 1.66546 1.34065
0.133 6.14737× 10−2 6.20370× 10−2 5.63289× 10−4 9.07989× 10−3 4.03500× 100 1.52351× 10−2 5.77953× 10−2 4.15580× 10−2 5.77271× 10−3 6.64531× 10−5 1.85835× 10−1 1.66176 1.36328
0.267 6.48158× 10−2 6.59264× 10−2 1.11061× 10−3 1.68462× 10−2 2.27100× 100 2.85406× 10−2 1.19486× 10−1 8.70740× 10−2 3.81380× 10−2 8.90310× 10−4 2.64638× 10−1 1.65674 1.39468
0.467 6.22397× 10−2 6.38962× 10−2 1.65647× 10−3 2.59245× 10−2 1.38700× 100 4.48736× 10−2 2.18873× 10−1 1.62921× 10−1 1.94114× 10−1 8.05085× 10−3 3.52738× 10−1 1.64910 1.44387
0.633 5.78329× 10−2 5.96955× 10−2 1.86259× 10−3 3.12016× 10−2 1.04400× 100 5.53954× 10−2 3.09024× 10−1 2.34409× 10−1 5.08491× 10−1 2.89754× 10−2 4.13460× 10−1 1.64265 1.48675
0.733 5.48232× 10−2 5.67169× 10−2 1.89374× 10−3 3.33894× 10−2 9.07001× 10−1 6.04445× 10−2 3.67187× 10−1 2.81887× 10−1 8.33940× 10−1 5.54914× 10−2 4.46793× 10−1 1.63871 1.51344
0.8 5.27484× 10−2 5.46295× 10−2 1.88110× 10−3 3.44338× 10−2 8.33001× 10−1 6.33234× 10−2 4.07959× 10−1 3.15788× 10−1 1.13380× 100 8.28133× 10−2 4.68104× 10−1 1.63606 1.53165
0.867 5.06592× 10−2 5.25040× 10−2 1.84479× 10−3 3.51361× 10−2 7.70001× 10−1 6.57911× 10−2 4.50296× 10−1 3.51529× 10−1 1.51812× 100 1.20871× 10−1 4.88730× 10−1 1.63340 1.55012
0.967 4.75566× 10−2 4.93089× 10−2 1.75236× 10−3 3.55384× 10−2 6.92001× 10−1 6.87233× 10−2 5.16649× 10−1 4.08626× 10−1 2.29463× 100 2.05574× 10−1 5.18428× 10−1 1.62942 1.57809
1.033 4.55399× 10−2 4.72098× 10−2 1.66994× 10−3 3.53727× 10−2 6.49001× 10−1 7.01692× 10−2 5.62702× 10−1 4.49016× 10−1 2.97846× 100 2.86744× 10−1 5.37417× 10−1 1.62678 1.59677
1.067 4.45149× 10−2 4.61367× 10−2 1.62176× 10−3 3.51513× 10−2 6.30001× 10−1 7.06585× 10−2 5.87183× 10−1 4.70792× 10−1 3.39660× 100 3.38804× 10−1 5.47032× 10−1 1.62543 1.60645
1.12526 4.27849× 10−2 4.43162× 10−2 1.53130× 10−3 3.45539× 10−2 5.99001× 10−1 7.14271× 10−2 6.30406× 10−1 5.09562× 10−1 4.23693× 100 4.48081× 10−1 5.63266× 10−1 1.62311 1.62311
1.167 4.15683× 10−2 4.30293× 10−2 1.46104× 10−3 3.39546× 10−2 5.80001× 10−1 7.16693× 10−2 6.62419× 10−1 5.38688× 10−1 4.95051× 100 5.45061× 10−1 5.74723× 10−1 1.62145 1.63507
1.267 3.87411× 10−2 4.00187× 10−2 1.27768× 10−3 3.19270× 10−2 5.40001× 10−1 7.17426× 10−2 7.42982× 10−1 6.13138× 10−1 7.13493× 100 8.60887× 10−1 6.01643× 10−1 1.61750 1.66373

b = kBT (R)/mc2 = 0.5
w(0) Ê = M̂ Êrest B̂ ε R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c 〈γ〉 γcr

0.02 6.16063× 10−2 6.17550× 10−2 1.48683× 10−4 2.40763× 10−3 1.53190× 101 4.02156× 10−3 1.41877× 10−2 1.01010× 10−2 9.77183× 10−5 2.80107× 10−7 9.27331× 10−2 1.66544 1.34073
0.1 8.22824× 10−2 8.32134× 10−2 9.31015× 10−4 1.11883× 10−2 4.35600× 100 1.88894× 10−2 7.30960× 10−2 5.26315× 10−2 6.19205× 10−3 8.99255× 10−5 2.08730× 10−1 1.66049 1.37116
0.18 8.51525× 10−2 8.67687× 10−2 1.61614× 10−3 1.86259× 10−2 2.66900× 100 3.19043× 10−2 1.35727× 10−1 9.89006× 10−2 3.06823× 10−2 8.12905× 10−4 2.81927× 10−1 1.65545 1.40298
0.28 8.26154× 10−2 8.48251× 10−2 2.20966× 10−3 2.60497× 10−2 1.80700× 100 4.57196× 10−2 2.19883× 10−1 1.62788× 10−1 1.10025× 10−1 4.61268× 10−3 3.54643× 10−1 1.64901 1.44473
0.36 7.85954× 10−2 8.10666× 10−2 2.47127× 10−3 3.04845× 10−2 1.43200× 100 5.48850× 10−2 2.92500× 10−1 2.19510× 10−1 2.38590× 10−1 1.30406× 10−2 4.04932× 10−1 1.64376 1.47970
0.44 7.38054× 10−2 7.63684× 10−2 2.56300× 10−3 3.35610× 10−2 1.18200× 100 6.24411× 10−2 3.70462× 10−1 2.82048× 10−1 4.59406× 10−1 3.11249× 10−2 4.50833× 10−1 1.63843 1.51604
0.48 7.12704× 10−2 7.38231× 10−2 2.55277× 10−3 3.45795× 10−2 1.08600× 100 6.56264× 10−2 4.11664× 10−1 3.15783× 10−1 6.18568× 10−1 4.60437× 10−2 4.72555× 10−1 1.63574 1.53470
0.54 6.73963× 10−2 6.98728× 10−2 2.47644× 10−3 3.54421× 10−2 9.67001× 10−1 6.96962× 10−2 4.76532× 10−1 3.69836× 10−1 9.40223× 10−1 7.95828× 10−2 5.03912× 10−1 1.63168 1.56326
0.58 6.48033× 10−2 6.71929× 10−2 2.38964× 10−3 3.55639× 10−2 9.02001× 10−1 7.18439× 10−2 5.21991× 10−1 4.08438× 10−1 1.22500× 100 1.12170× 10−1 5.24119× 10−1 1.62896 1.58265
0.6 6.35111× 10−2 6.58478× 10−2 2.33667× 10−3 3.54860× 10−2 8.72001× 10−1 7.28337× 10−2 5.45434× 10−1 4.28534× 10−1 1.39327× 100 1.32452× 10−1 5.34038× 10−1 1.62759 1.59243
0.64 6.09453× 10−2 6.31589× 10−2 2.21356× 10−3 3.50475× 10−2 8.19001× 10−1 7.44142× 10−2 5.93835× 10−1 4.70546× 10−1 1.79139× 100 1.82965× 10−1 5.53541× 10−1 1.62486 1.61217
0.662445 5.95204× 10−2 6.16558× 10−2 2.13537× 10−3 3.46337× 10−2 7.93001× 10−1 7.50572× 10−2 6.21927× 10−1 4.95258× 10−1 2.05635× 100 2.18273× 10−1 5.64303× 10−1 1.62333 1.62333
0.72 5.59314× 10−2 5.78406× 10−2 1.90924× 10−3 3.30086× 10−2 7.33001× 10−1 7.63046× 10−2 6.97282× 10−1 5.62469× 10−1 2.90495× 100 3.38632× 10−1 5.91365× 10−1 1.61940 1.65214
0.76 5.35030× 10−2 5.52369× 10−2 1.73389× 10−3 3.13901× 10−2 6.98001× 10−1 7.66518× 10−2 7.52709× 10−1 6.12854× 10−1 3.67288× 100 4.55200× 10−1 6.09759× 10−1 1.61668 1.67225

Table G.2: Properties of marginally stable configurations that satisfy the adiabatic index
criterion 〈γ〉 = γcr, given different values of the boundary temperature b = kBT (R)/mc2.

b w(0) Ê = M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr

5.0 6.48150× 10−2 2.06015× 10−1 2.59700× 100 7.93280× 10−2 6.12906× 10−1 4.79448× 10−1 1.60344× 10−1 1.71013× 10−2 5.65650× 10−1 3.36500× 10−3 1.62358
3.0 1.08185× 10−1 1.58573× 10−1 2.00600× 100 7.90492× 10−2 6.13491× 10−1 4.80491× 10−1 2.71859× 10−1 2.89847× 10−2 5.65552× 10−1 5.01669× 10−3 1.62356
2.0 1.62585× 10−1 1.28444× 10−1 1.63300× 100 7.86552× 10−2 6.14252× 10−1 4.81854× 10−1 4.16754× 10−1 4.44142× 10−2 5.65434× 10−1 8.39347× 10−4 1.62354
1.0 3.27070× 10−1 8.86277× 10−2 1.14300× 100 7.75395× 10−2 6.16612× 10−1 4.86021× 10−1 8.91191× 10−1 9.48500× 10−2 5.65059× 10−1 5.65015× 10−3 1.62347
0.5 6.62445× 10−1 5.95204× 10−2 7.93001× 10−1 7.50572× 10−2 6.21927× 10−1 4.95258× 10−1 2.05635× 100 2.18273× 10−1 5.64303× 10−1 3.66372× 10−3 1.62333
0.3 1.12526× 100 4.27849× 10−2 5.99001× 10−1 7.14271× 10−2 6.30406× 10−1 5.09562× 10−1 4.23693× 100 4.48081× 10−1 5.63266× 10−1 9.11920× 10−3 1.62311
0.2 1.73635× 100 3.14517× 10−2 4.77001× 10−1 6.59364× 10−2 6.44181× 10−1 5.31996× 10−1 8.65548× 100 9.11403× 10−1 5.62044× 10−1 7.05363× 10−3 1.62278
0.15 2.39865× 100 2.41230× 10−2 4.07001× 10−1 5.92702× 10−2 6.63548× 10−1 5.61946× 10−1 1.68117× 101 1.76500× 100 5.61211× 10−1 9.52828× 10−3 1.62239
0.14 2.60081× 100 2.24259× 10−2 3.93001× 10−1 5.70632× 10−2 6.70637× 10−1 5.72538× 10−1 2.03949× 101 2.14055× 100 5.61128× 10−1 1.01614× 10−2 1.62225
0.13 2.84350× 100 2.06203× 10−2 3.80001× 10−1 5.42638× 10−2 6.80073× 10−1 5.86379× 10−1 2.56589× 101 2.69362× 100 5.61190× 10−1 8.83738× 10−3 1.62209
0.12 3.14240× 100 1.86835× 10−2 3.69001× 10−1 5.06326× 10−2 6.93337× 10−1 6.05343× 10−1 3.40099× 101 3.57521× 100 5.61577× 10−1 5.28167× 10−3 1.62188
0.11 3.52490× 100 1.65825× 10−2 3.62001× 10−1 4.58080× 10−2 7.13594× 10−1 6.33260× 10−1 4.88977× 101 5.16148× 100 5.62734× 10−1 6.38807× 10−3 1.62159
0.1 4.05150× 100 1.42556× 10−2 3.68001× 10−1 3.87378× 10−2 7.50107× 10−1 6.81035× 10−1 8.17923× 101 8.74006× 100 5.66189× 10−1 8.76561× 10−3 1.62117
0.09 5.08620× 100 1.13990× 10−2 4.83001× 10−1 2.36004× 10−2 8.89250× 10−1 8.44163× 10−1 2.57654× 102 2.96813× 101 5.87872× 10−1 5.72277× 10−3 1.62023
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Appendix H

Truncated Quantum Distributions

Given the distribution function of the particles with a cutoff w = εc/kBT ,

f(x ≤ w) =
1− ex−w
ex−α − η =

eα(R)(ew−x − 1)

1− ηeα(R)+w−x , (H.1)

where x = ε/kBT and the number factor η is +1 (−1) for bosons (fermions).

H.1 Equation-of-state with pair production/annihilation

In the regime kBT ∼ mc2, the pair production of quantum particles (χχ̄ ↔

radiations) is relevant. The chemical potential of the antiparticles is µ̄ = µ − 2mc2 or

ᾱ = α− 2mc2/kBT . Therefore,

ᾱ(R) = α(R)− 2mc2

kBT (R)
= α(R)− 2

b
(H.2)
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and thus the distribution function of the antiparticles is

f̄(x ≤ w) =
1− ex−w
ex−ᾱ − η =

eᾱ(R)(ew−x − 1)

1− ηeᾱ(R)+w−x =
eα(R)(ew−x − 1)

e2/b − ηeα(R)+w−x . (H.3)

Then the (net) number density becomes

n(r) = nχ − nχ̄ = 4
√

2πgm3(c3/h3)eα(R)

(
b

1− bw

)3/2

×

∫ w

0

[
sinh (1/b) e−α(R)−w+x (ew−x − 1)

cosh (1/b− α(R)− w + x)− η cosh (1/b)

](
1 +

bx/2

1− bw

)1/2(
1 +

bx

1− bw

)
x1/2dx.

(H.4)

Clearly, the ratio of antiparticles to particles, nχ̄/nχ ' e−2/b = e−2mc2/kBT (R), is Boltzmann

suppressed if b = kBT (R)/mc2 � 1.

The energy density, with radiation energy urad = 2ρχ̄,

ρ(r) = ρχ − ρχ̄ + urad = ρχ + ρχ̄ = 4
√

2πgm4(c3/h3)eα(R)

(
b

1− bw

)3/2

×

∫ w

0

[(
cosh (1/b) e−α(R)−w+x − ηe−1/b

)
(ew−x − 1)

cosh (1/b− α(R)− w + x)− η cosh (1/b)

](
1 +

bx/2

1− bw

)1/2(
1 +

bx

1− bw

)2

x1/2dx.

(H.5)

While the internal energy,

u(r) = uχ − uχ̄ + urad = uχ − uχ̄ + 2ρχ̄ = uχ − uχ̄ + 2
(
uχ̄ + nχ̄mc

2
)

= uχ + uχ̄ + 2nχ̄mc
2,

where 2nχ̄mc
2 is the energy threshold of pair production.
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The pressure, with radiation pressure prad = 1
3urad = 2

3ρχ̄,

p(r) = pχ − pχ̄ + prad = pχ − pχ̄ +
2

3
ρχ̄ =

8
√

2π

3
gm4(c5/h3)eα(R)

(
b

1− bw

)5/2

×

∫ w

0

[
sinh (1/b) e−α(R)−w+x (ew−x − 1)

cosh (1/b− α(R)− w + x)− η cosh (1/b)

](
1 +

bx/2

1− bw

)3/2

x3/2dx

+
8
√

2π

3
gm4(c5/h3)eα(R)

(
b

1− bw

)3/2

×∫ w

0

(ew−x − 1)

e2/b − ηeα(R)+w−x

(
1 +

bx/2

1− bw

)1/2(
1 +

bx

1− bw

)2

x1/2dx. (H.6)

Similar to internal energy, pressure can also be written as pχ + pχ̄+ pressure threshold of

pair production, via

p(r) = pχ − pχ̄ +
2

3
ρχ̄ = pχ − pχ̄ +

2

3

(
uχ̄ + nχ̄mc

2
)

= pχ − pχ̄ +
2

3

[
pχ̄

γχ̄ − 1
+ nχ̄mc

2

]

= pχ + pχ̄ −
2

3

[
3γχ̄ − 4

γχ̄ − 1

]
pχ̄ +

2

3
nχ̄mc

2 = pχ + pχ̄ +
2

3

[
nχ̄mc

2 − 3γχ̄ − 4

γχ̄ − 1
pχ̄

]

= pχ + pχ̄ +
2

3

[
nχ̄mc

2 − (3γχ̄ − 4)uχ̄
]

= pχ + pχ̄ + 2

[
(γχ̄ − 1)nχ̄mc

2 −
(
γχ̄ −

4

3

)
ρχ̄c

2

]
.

For the antiparticles, if they are: ultrarelativistic, γχ̄ → 4/3, 3pχ̄ ' ρχ̄c
2 � nχ̄mc

2 ⇒ p '

pχ + pχ̄; nonrelativistic, γχ̄ → 5/3, pχ̄ � nχ̄mc
2 ' ρχ̄c2 ⇒ p ' pχ + 2

3nχ̄mc
2.

H.2 Effective adiabatic index of multi-component fluids

If there are multi-component fluids without mutual interactions in hydrostatic

equilibrium in a spherically symmetric spacetime, ds2 = −e2Φ(r)c2dt2 +e2Λ(r)dr2 +r2(dθ2 +
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sin2 θ dφ2), the pressure-averaged adiabatic index is given by

〈γ〉 ≡
∫
e3Φ+Λ

∑
i γipir

2dr∫
e3Φ+Λ

∑
i pir

2dr
, (H.7)

where γi ≡ (∂ ln pi/∂ lnni)s for the i-th fluid, and for ideal fluids, γi = 1+pi/ui. The above

definition follows closely from the Chandrasekhar’s derivation, which means the effective

adiabatic index

γ ≡
∑

i γipi∑
i pi

=

∑
i ni (∂pi/∂ni)s∑

i pi
. (H.8)

For ideal fluids with pair production/annihilation and condensate, the effective adiabatic

index

γ =
γχ(pχ − pχ̄) + γradprad + γbecpbec

(pχ − pχ̄) + prad + pbec
=

(
1 +

pχ−pχ̄
uχ−uχ̄

)
(pχ − pχ̄) + 8

9ρχ̄ + γbecpbec

(pχ − pχ̄) + 2
3ρχ̄ + pbec

, (H.9)

where we have used prad = 1
3urad = 2

3ρχ̄.

H.3 Characteristic scales

The characteristic size of the self-gravitating thermal system can be determined

using the fiducial length of the numerical implementation,

ζ ≡ λC

(mPl

m

)( 8π3

geα(R)

)1/2

with r ≡ ζr̂, (H.10)

where g = 2s + 1 is the spin degeneracy of particles, mPl = (~c/G)1/2 the Planck mass,

λC = ~/mc the Compton wavelength of the particle, and r̂ the dimensionless radius. Using
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ζ, we can translate the dimensionful quantities of the system using their corresponding

dimensionless counterpart denoted with a “hat,” i.e., n = (c2/Gmζ2)n̂, ρ = (c2/Gζ2)ρ̂,

u = (c4/Gζ2)û, p = (c4/Gζ2)p̂ and M = (c2ζ/G)M̂ .

According to Eq. H.10, the gravitational mass of the bound sphere

M =
m3

Pl

m2

(
8π3

geα(R)

)1/2

M̂

= 2.57× 107 M�

(
MeV

mc2

)2 M̂√
geα(R)

. (H.11)

For pure BEC, the effective equation of state, pbec = (1/3) ρλc
2
[
(1 + ρbec/ρλ)1/2 − 1

]2
,

where ρλ = m/3λλ3
C =

(
8π3/3λ

) (
c2/Gζ2

)
is the fiducial density with g = 1 and α(R) = 0.

The fiducial length in this situation also depends on the self-coupling strength λ, i.e.,

ζλ =

√
c2

Gρλ
=

√
3λ

8π3
ζ = λC

(mPl

m

)√
3λ. (H.12)

Thus the gravitational mass of the pure condensate

M =
c2ζλ
G

M̂ =
√

3λ
m3

Pl

m2
M̂

= 1.63× 106 M�

(
MeV

mc2

)2√
3λM̂, (H.13)

which is valid if λ� m2/m2
Pl (Thomas–Fermi regime).
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Appendix I

Numerical Results of the

Truncated Fermi-Dirac

Distribution

In this appendix, we tabulate the numerical results of the truncated Fermi-Dirac

(FD) models with and without pair production/annihilation effect, which is significant

for b & 0.1. Generally, given α(R) < 0 there is a corresponding (critical) temperature

b below which the degeneracy pressure is significant such that a marginally stable point

exists for FD statistics. In Tables. I.1, I.2, I.3, I.4, I.5, I.6, and I.7, we show marginally

stable configurations for α(R) = −50,−10,−5,−1, 0, 0.5, and 1, respectively, that satisfy the

adiabatic index criterion 〈γ〉 = γcr, given different values of the boundary temperature b =

kBT (R)/mc2. From the 2nd to 12th columns, we show their central cutoff function w(0) =

εc(0)/kBT (0), gravitational mass M̂ , system radius R̂, compactness C = GM(R)/c2R =
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Table I.1: MB with α(R) → −∞ (non-degenerate core): Marginally stable points corre-
sponding to different temperature parameters b = kBT (R)/mc2. For MB distribution, it
cannot achieve the GR instability for b . 0.1, as the concentration has to be extremely
high (relativistic degenerate gas). More precisely, no unstable configuration exists between
0 . b . 0.09. The results of FD statistics with α(R) ≤ −50 are indistinguishable from MB
statistics for b ≥ 0.09. The pair production/annihilation effect is significant only if b & 0.1;
while no gravitational bound state exists when b & 0.49 as Mrest −M . 0.

b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr

5.0 6.48150× 10−2 2.06015× 10−1 2.59700× 100 7.93280× 10−2 6.12906× 10−1 4.79448× 10−1 1.60344× 10−1 1.71013× 10−2 5.65650× 10−1 3.36500× 10−3 1.62358
3.0 1.08185× 10−1 1.58573× 10−1 2.00600× 100 7.90492× 10−2 6.13491× 10−1 4.80491× 10−1 2.71859× 10−1 2.89847× 10−2 5.65552× 10−1 5.01669× 10−3 1.62356
2.0 1.62585× 10−1 1.28444× 10−1 1.63300× 100 7.86552× 10−2 6.14252× 10−1 4.81854× 10−1 4.16754× 10−1 4.44142× 10−2 5.65434× 10−1 8.39347× 10−4 1.62354
1.0 3.27070× 10−1 8.86277× 10−2 1.14300× 100 7.75395× 10−2 6.16612× 10−1 4.86021× 10−1 8.91191× 10−1 9.48500× 10−2 5.65059× 10−1 5.65015× 10−3 1.62347
0.5 6.62445× 10−1 5.95204× 10−2 7.93001× 10−1 7.50572× 10−2 6.21927× 10−1 4.95258× 10−1 2.05635× 100 2.18273× 10−1 5.64303× 10−1 3.66372× 10−3 1.62333
0.3 1.12526× 100 4.27849× 10−2 5.99001× 10−1 7.14271× 10−2 6.30406× 10−1 5.09562× 10−1 4.23693× 100 4.48081× 10−1 5.63266× 10−1 9.11920× 10−3 1.62311
0.2 1.73635× 100 3.14517× 10−2 4.77001× 10−1 6.59364× 10−2 6.44181× 10−1 5.31996× 10−1 8.65548× 100 9.11403× 10−1 5.62044× 10−1 7.05363× 10−3 1.62278
0.15 2.39865× 100 2.41230× 10−2 4.07001× 10−1 5.92702× 10−2 6.63548× 10−1 5.61946× 10−1 1.68117× 101 1.76500× 100 5.61211× 10−1 9.52828× 10−3 1.62239
0.14 2.60081× 100 2.24259× 10−2 3.93001× 10−1 5.70632× 10−2 6.70637× 10−1 5.72538× 10−1 2.03949× 101 2.14055× 100 5.61128× 10−1 1.01614× 10−2 1.62225
0.13 2.84350× 100 2.06203× 10−2 3.80001× 10−1 5.42638× 10−2 6.80073× 10−1 5.86379× 10−1 2.56589× 101 2.69362× 100 5.61190× 10−1 8.83738× 10−3 1.62209
0.12 3.14240× 100 1.86835× 10−2 3.69001× 10−1 5.06326× 10−2 6.93337× 10−1 6.05343× 10−1 3.40099× 101 3.57521× 100 5.61577× 10−1 5.28167× 10−3 1.62188
0.11 3.52490× 100 1.65825× 10−2 3.62001× 10−1 4.58080× 10−2 7.13594× 10−1 6.33260× 10−1 4.88977× 101 5.16148× 100 5.62734× 10−1 6.38807× 10−3 1.62159
0.1 4.05150× 100 1.42556× 10−2 3.68001× 10−1 3.87378× 10−2 7.50107× 10−1 6.81035× 10−1 8.17923× 101 8.74006× 100 5.66189× 10−1 8.76561× 10−3 1.62117
0.09 5.08620× 100 1.13990× 10−2 4.83001× 10−1 2.36004× 10−2 8.89250× 10−1 8.44163× 10−1 2.57654× 102 2.96813× 101 5.87872× 10−1 5.72277× 10−3 1.62023

with pair production/annihilation
b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R) 〈γ〉 = γcr M̂rest − M̂
0.5 5.74700× 10−1 6.38546× 10−2 9.11001× 10−1 7.00928× 10−2 5.13186× 10−1 4.03186× 10−1 1.20516× 100 1.19761× 10−1 5.46005× 10−1 1.89809× 10−1 1.56780 −1.10416× 10−4

0.49 5.93850× 10−1 6.27608× 10−2 8.91001× 10−1 7.04386× 10−2 5.21631× 10−1 4.10402× 10−1 1.29191× 100 1.29021× 10−1 5.47360× 10−1 1.82251× 10−1 1.57193 7.73207× 10−5

0.48 6.13470× 10−1 6.16778× 10−2 8.71001× 10−1 7.08126× 10−2 5.29751× 10−1 4.17344× 10−1 1.38267× 100 1.38736× 10−1 5.48650× 10−1 1.74864× 10−1 1.57591 2.50896× 10−4

0.45 6.75730× 10−1 5.84763× 10−2 8.16001× 10−1 7.16621× 10−2 5.52360× 10−1 4.36905× 10−1 1.68242× 100 1.71017× 10−1 5.52220× 10−1 1.52609× 10−1 1.58697 6.90315× 10−4

0.4 7.93200× 10−1 5.32861× 10−2 7.37001× 10−1 7.23013× 10−2 5.83600× 10−1 4.64700× 10−1 2.28321× 100 2.36114× 10−1 5.56992× 10−1 1.15930× 10−1 1.60207 1.17611× 10−3

0.3 1.11485× 100 4.30373× 10−2 6.04001× 10−1 7.12537× 10−2 6.22366× 10−1 5.02460× 10−1 4.07942× 100 4.29395× 10−1 5.61940× 10−1 5.15468× 10−2 1.61903 1.42876× 10−3

0.2 1.73580× 100 3.14591× 10−2 4.77001× 10−1 6.59519× 10−2 6.43899× 10−1 5.31727× 10−1 8.64353× 100 9.10013× 10−1 5.62003× 10−1 1.25884× 10−2 1.62264 1.11842× 10−3

0.15 2.39860× 100 2.41235× 10−2 4.07001× 10−1 5.92713× 10−2 6.63529× 10−1 5.61927× 10−1 1.68101× 101 1.76480× 100 5.61207× 10−1 9.73977× 10−3 1.62238 8.54384× 10−4

0.14 2.60081× 100 2.24259× 10−2 3.93001× 10−1 5.70631× 10−2 6.70637× 10−1 5.72538× 10−1 2.03949× 101 2.14056× 100 5.61129× 10−1 1.02232× 10−2 1.62225 7.92345× 10−4

0.13 2.84350× 100 2.06203× 10−2 3.80001× 10−1 5.42638× 10−2 6.80073× 10−1 5.86379× 10−1 2.56589× 101 2.69362× 100 5.61190× 10−1 8.86114× 10−3 1.62209 7.26080× 10−4

0.12 3.14240× 100 1.86835× 10−2 3.69001× 10−1 5.06326× 10−2 6.93337× 10−1 6.05343× 10−1 3.40099× 101 3.57522× 100 5.61577× 10−1 5.29271× 10−3 1.62188 6.54548× 10−4

0.11 3.52490× 100 1.65825× 10−2 3.62001× 10−1 4.58080× 10−2 7.13594× 10−1 6.33260× 10−1 4.88977× 101 5.16148× 100 5.62734× 10−1 6.39008× 10−3 1.62159 5.76084× 10−4

0.1 4.05150× 100 1.42556× 10−2 3.68001× 10−1 3.87378× 10−2 7.50107× 10−1 6.81035× 10−1 8.17923× 101 8.74006× 100 5.66189× 10−1 8.76585× 10−3 1.62117 4.86859× 10−4

M̂/R̂, central interior redshift Z(0) = e−Φ(0) − 1, central energy cut off εc(0), central

energy density ρ̂(0), central pressure p̂(0), central velocity dispersion v(0), boundary velocity

dispersion v(R), and 〈γ〉 = γcr.

When pair production/annihilation is taken into account, we add the 13th column

for the binding energy M̂rest−M̂ to examine if the gravitational bound state exists. Although

this can still make the system unstable, it becomes gravitationally unbound M̂ − M̂rest & 0

when b & 0.4–0.5 (depending on α(R)). In the classical Maxwell-Boltzmann (MB) limit, the

threshold is b & 0.49, and it decreases as α(R) increases. For completely degenerate case

α(R) = 0, 0.5, and 1, the threshold decreases down to b & 0.4, 0.38, and 0.36, respectively.

This is because the Pauli blocking takes energy to bind fermions together. Thus slightly

lower temperature is sufficient to break them apart.
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Table I.2: FD with α(R) = −10 (partially degenerate core when b . 0.014): Marginally
stable points corresponding to different temperature parameters b = kBT (R)/mc2. No
marginal stable point exists between 0.014 . b . 0.09. The pair production/annihilation
effect is significant only if b & 0.1; while no gravitational bound state exists when b & 0.49
as Mrest −M . 0.

b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R) 〈γ〉 = γcr

5.0 6.48150× 10−2 2.06020× 10−1 2.59700× 100 7.93298× 10−2 6.12906× 10−1 4.79447× 10−1 1.60337× 10−1 1.71005× 10−2 5.65651× 10−1 3.62915× 10−3 1.62358
3.0 1.08185× 10−1 1.58577× 10−1 2.00600× 100 7.90511× 10−2 6.13491× 10−1 4.80490× 10−1 2.71846× 10−1 2.89833× 10−2 5.65552× 10−1 5.19761× 10−3 1.62356
2.0 1.62585× 10−1 1.28447× 10−1 1.63300× 100 7.86571× 10−2 6.14253× 10−1 4.81853× 10−1 4.16733× 10−1 4.44120× 10−2 5.65434× 10−1 1.59714× 10−3 1.62354
1.0 3.27070× 10−1 8.86301× 10−2 1.14300× 100 7.75416× 10−2 6.16613× 10−1 4.86020× 10−1 8.91143× 10−1 9.48450× 10−2 5.65059× 10−1 5.81049× 10−3 1.62347
0.5 6.62440× 10−1 5.95226× 10−2 7.93001× 10−1 7.50600× 10−2 6.21922× 10−1 4.95251× 10−1 2.05615× 100 2.18251× 10−1 5.64302× 10−1 3.96802× 10−3 1.62333
0.3 1.12526× 100 4.27867× 10−2 5.99001× 10−1 7.14300× 10−2 6.30409× 10−1 5.09561× 10−1 4.23656× 100 4.48046× 10−1 5.63268× 10−1 9.20451× 10−3 1.62311
0.2 1.73630× 100 3.14543× 10−2 4.77001× 10−1 6.59418× 10−2 6.44161× 10−1 5.31971× 10−1 8.65321× 100 9.11156× 10−1 5.62042× 10−1 7.22504× 10−3 1.62278
0.15 2.39855× 100 2.41259× 10−2 4.07001× 10−1 5.92774× 10−2 6.63521× 10−1 5.61909× 10−1 1.68047× 101 1.76427× 100 5.61213× 10−1 9.57081× 10−3 1.62239
0.14 2.60070× 100 2.24288× 10−2 3.93001× 10−1 5.70707× 10−2 6.70611× 10−1 5.72501× 10−1 2.03854× 101 2.13959× 100 5.61133× 10−1 1.01503× 10−2 1.62226
0.13 2.84330× 100 2.06239× 10−2 3.80001× 10−1 5.42732× 10−2 6.80023× 10−1 5.86315× 10−1 2.56416× 101 2.69183× 100 5.61193× 10−1 8.77667× 10−3 1.62209
0.12 3.14215× 100 1.86872× 10−2 3.69001× 10−1 5.06427× 10−2 6.93282× 10−1 6.05269× 10−1 3.39819× 101 3.57239× 100 5.61586× 10−1 4.92349× 10−3 1.62188
0.11 3.52430× 100 1.65879× 10−2 3.62001× 10−1 4.58227× 10−2 7.13454× 10−1 6.33090× 10−1 4.88239× 101 5.15369× 100 5.62735× 10−1 5.71357× 10−3 1.62159
0.1 4.05000× 100 1.42556× 10−2 3.68001× 10−1 3.87591× 10−2 7.49753× 10−1 6.80629× 10−1 8.15368× 101 8.71221× 100 5.66172× 10−1 7.35478× 10−3 1.62117
0.09 5.06130× 100 1.14308× 10−2 4.76001× 10−1 2.40141× 10−2 8.82317× 10−1 8.36583× 10−1 2.48175× 102 2.84782× 101 5.86729× 10−1 4.63031× 10−3 1.62027
0.08 —————— —————— —————— —————— —————— —————— —————— —————— —————— —————— ———
0.05 —————— —————— —————— —————— —————— —————— —————— —————— —————— —————— ———
0.014 2.60950× 101 2.47115× 10−4 5.18000× 10−2 4.77055× 10−3 5.83182× 10−1 5.75618× 10−1 8.73487× 104 9.65477× 103 5.75842× 10−1 1.94373× 10−3 1.62470
0.013 2.75480× 101 2.43927× 10−4 1.77000× 10−2 1.37812× 10−2 5.79839× 10−1 5.57927× 10−1 8.73394× 104 9.63790× 103 5.75369× 10−1 2.85818× 10−3 1.62480
0.012 2.92505× 101 2.41484× 10−4 1.05000× 10−2 2.29984× 10−2 5.77219× 10−1 5.40731× 10−1 8.74315× 104 9.63809× 103 5.75072× 10−1 1.34216× 10−2 1.62489
0.011 3.12650× 101 2.39448× 10−4 7.50001× 10−3 3.19264× 10−2 5.75073× 10−1 5.24112× 10−1 8.75621× 104 9.64569× 103 5.74869× 10−1 1.14238× 10−2 1.62497
10−2 3.36825× 101 2.37725× 10−4 5.80001× 10−3 4.09870× 10−2 5.73283× 10−1 5.07737× 10−1 8.77049× 104 9.65655× 103 5.74725× 10−1 1.63905× 10−2 1.62504
10−3 2.72040× 102 2.31026× 10−4 1.90001× 10−3 1.21592× 10−1 5.66625× 10−1 3.70760× 10−1 8.85156× 104 9.73440× 103 5.74388× 10−1 5.49270× 10−2 1.62534
10−4 2.65480× 103 2.30790× 10−4 1.80001× 10−3 1.28216× 10−1 5.66484× 10−1 3.58606× 10−1 8.85619× 104 9.74112× 103 5.74436× 10−1 9.06083× 10−2 1.62533
10−5 2.64762× 104 2.30707× 10−4 1.80001× 10−3 1.28170× 10−1 5.66413× 10−1 3.57643× 10−1 8.85773× 104 9.74346× 103 5.74455× 10−1 8.99450× 10−2 1.62532

with pair production/annihilation
b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr M̂rest − M̂
0.5 5.74700× 10−1 6.38565× 10−2 9.11001× 10−1 7.00949× 10−2 5.13187× 10−1 4.03186× 10−1 1.20508× 100 1.19755× 10−1 5.46007× 10−1 1.89818× 10−1 1.56780 −1.10551× 10−4

0.49 5.93820× 10−1 6.27645× 10−2 8.91001× 10−1 7.04427× 10−2 5.21598× 10−1 4.10371× 10−1 1.29159× 100 1.28983× 10−1 5.47349× 10−1 1.82269× 10−1 1.57192 7.72089× 10−5

0.48 6.13470× 10−1 6.16797× 10−2 8.71001× 10−1 7.08147× 10−2 5.29752× 10−1 4.17343× 10−1 1.38259× 100 1.38728× 10−1 5.48652× 10−1 1.74873× 10−1 1.57591 2.50793× 10−4

0.45 6.75730× 10−1 5.84782× 10−2 8.16001× 10−1 7.16643× 10−2 5.52361× 10−1 4.36904× 10−1 1.68231× 100 1.71007× 10−1 5.52222× 10−1 1.52618× 10−1 1.58697 6.90254× 10−4

0.4 7.93200× 10−1 5.32879× 10−2 7.37001× 10−1 7.23037× 10−2 5.83602× 10−1 4.64699× 10−1 2.28304× 100 2.36099× 10−1 5.56994× 10−1 1.15940× 10−1 1.60207 1.17611× 10−3

0.3 1.11485× 100 4.30390× 10−2 6.04001× 10−1 7.12566× 10−2 6.22369× 10−1 5.02459× 10−1 4.07906× 100 4.29362× 10−1 5.61943× 10−1 5.15631× 10−2 1.61903 1.42880× 10−3

0.2 1.73575× 100 3.14617× 10−2 4.77001× 10−1 6.59572× 10−2 6.43879× 10−1 5.31702× 10−1 8.64126× 100 9.09766× 10−1 5.62001× 10−1 1.26856× 10−2 1.62264 1.11852× 10−3

0.15 2.39850× 100 2.41264× 10−2 4.07001× 10−1 5.92785× 10−2 6.63502× 10−1 5.61890× 10−1 1.68030× 101 1.76406× 100 5.61209× 10−1 9.78142× 10−3 1.62238 8.54495× 10−4

0.14 2.60060× 100 2.24297× 10−2 3.93001× 10−1 5.70728× 10−2 6.70576× 10−1 5.72465× 10−1 2.03815× 101 2.13910× 100 5.61544× 10−1 1.02744× 10−2 1.62225 7.92500× 10−4

0.13 2.84330× 100 2.06239× 10−2 3.80001× 10−1 5.42731× 10−2 6.80023× 10−1 5.86315× 10−1 2.56416× 101 2.69183× 100 5.61193× 10−1 8.80059× 10−3 1.62209 7.26218× 10−4

0.12 3.14210× 100 1.86875× 10−2 3.69001× 10−1 5.06436× 10−2 6.93267× 10−1 6.05253× 10−1 3.39790× 101 3.57203× 100 5.61582× 10−1 4.96071× 10−3 1.62188 6.54706× 10−4

0.11 3.52430× 100 1.65879× 10−2 3.62001× 10−1 4.58227× 10−2 7.13454× 10−1 6.33090× 10−1 4.88239× 101 5.15369× 100 5.62735× 10−1 5.71582× 10−3 1.62159 5.76300× 10−4

0.1 4.05005× 100 1.42632× 10−2 3.68001× 10−1 3.87585× 10−2 7.49766× 10−1 6.80643× 10−1 8.15429× 101 8.71297× 100 5.66175× 10−1 7.37119× 10−3 1.62117 4.87194× 10−4

Table I.3: FD with α(R) = −5 (partially degenerate core when b . 0.08): Marginally stable
points corresponding to different temperature parameters b = kBT (R)/mc2. The instability
is independent of b. The pair production/annihilation effect is significant only if b & 0.1;
while no gravitational bound state exists when b & 0.49 as Mrest −M . 0.

b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr

5.0 6.48140× 10−2 2.06732× 10−1 2.60600× 100 7.93293× 10−2 6.12906× 10−1 4.79440× 10−1 1.59225× 10−1 1.69823× 10−2 5.65657× 10−1 2.49564× 10−3 1.62358
3.0 1.08180× 10−1 1.59140× 10−1 2.01300× 100 7.90562× 10−2 6.13475× 10−1 4.80460× 10−1 2.69885× 10−1 2.87747× 10−2 5.65557× 10−1 4.66725× 10−3 1.62356
2.0 1.62570× 10−1 1.28920× 10−1 1.63800× 100 7.87056× 10−2 6.14210× 10−1 4.81768× 10−1 4.13567× 10−1 4.40748× 10−2 5.65435× 10−1 6.03557× 10−3 1.62354
1.0 3.27010× 10−1 8.89895× 10−2 1.14700× 100 7.75845× 10−2 6.16534× 10−1 4.85882× 10−1 8.83448× 10−1 9.40293× 10−2 5.65069× 10−1 6.55257× 10−3 1.62347
0.5 6.62150× 10−1 5.98192× 10−2 7.96001× 10−1 7.51496× 10−2 6.21728× 10−1 4.94923× 10−1 2.03283× 100 2.15800× 10−1 5.64334× 10−1 4.76202× 10−3 1.62333
0.3 1.12412× 100 4.30752× 10−2 6.02001× 10−1 7.15534× 10−2 6.29916× 10−1 5.08818× 10−1 4.16478× 100 4.40566× 10−1 5.63339× 10−1 4.99364× 10−3 1.62312
0.2 1.73222× 100 3.17787× 10−2 4.79001× 10−1 6.63436× 10−2 6.42888× 10−1 5.30065× 10−1 8.39869× 100 8.84912× 10−1 5.62218× 10−1 6.48972× 10−3 1.62281
0.15 2.38570× 100 2.45354× 10−2 4.08001× 10−1 6.01358× 10−2 6.60194× 10−1 5.57237× 10−1 1.58716× 101 1.66837× 100 5.61560× 10−1 8.15146× 10−3 1.62245
0.14 2.58305× 100 2.28743× 10−2 3.93001× 10−1 5.82041× 10−2 6.66221× 10−1 5.66395× 10−1 1.90079× 101 1.99796× 100 5.61548× 10−1 1.15083× 10−2 1.62234
0.13 2.81771× 100 2.11203× 10−2 3.79001× 10−1 5.57262× 10−2 6.73895× 10−1 5.77974× 10−1 2.34430× 101 2.46531× 100 5.61681× 10−1 9.85743× 10−3 1.62220
0.12 3.10200× 100 1.92611× 10−2 3.66001× 10−1 5.26259× 10−2 6.83976× 10−1 5.62103× 10−1 3.00599× 101 3.16591× 100 5.67382× 10−1 6.30871× 10−3 1.62358
0.11 3.45460× 100 1.72843× 10−2 3.54001× 10−1 4.88255× 10−2 6.97738× 10−1 6.12842× 10−1 4.06396× 101 4.29571× 100 5.63123× 10−1 1.03703× 10−2 1.62182
0.1 3.90455× 100 1.51841× 10−2 3.47001× 10−1 4.37581× 10−2 7.17285× 10−1 6.40510× 10−1 5.91033× 101 6.29776× 100 5.65390× 10−1 8.80445× 10−3 1.62155
0.09 4.49800× 100 1.29781× 10−2 3.50001× 10−1 3.70802× 10−2 7.46112× 10−1 6.80146× 10−1 9.49222× 101 1.02939× 101 5.70384× 10−1 4.80109× 10−3 1.62124
0.08 5.29500× 100 1.07669× 10−2 3.74001× 10−1 2.87884× 10−2 7.87032× 10−1 7.34871× 10−1 1.69995× 102 1.91071× 101 5.80683× 10−1 6.39985× 10−3 1.62092
0.05 8.47930× 100 5.68169× 10−3 3.95001× 10−1 1.43840× 10−2 7.61525× 10−1 7.36004× 10−1 5.22206× 102 6.23475× 101 5.98479× 10−1 8.27190× 10−4 1.62164
10−2 3.00295× 101 2.87811× 10−3 3.3001× 10−2 8.72129× 10−2 5.71331× 10−1 4.28740× 10−1 5.90467× 102 6.49386× 101 5.74400× 10−1 2.93362× 10−2 1.62511
10−3 2.68270× 102 2.81430× 10−3 2.3001× 10−2 1.22355× 10−1 5.66349× 10−1 3.65189× 10−1 5.95686× 102 6.54783× 101 5.74250× 10−1 4.96081× 10−2 1.62534
10−4 2.65000× 103 2.81169× 10−3 2.2001× 10−2 1.27798× 10−1 5.66258× 10−1 3.58108× 10−1 5.96047× 102 6.55313× 101 5.74308× 10−1 8.67470× 10−2 1.62533
10−5 2.64620× 104 2.81155× 10−3 2.2001× 10−2 1.27792× 10−1 5.66215× 10−1 3.57587× 10−1 5.95992× 102 6.55228× 101 5.74297× 10−1 8.63942× 10−2 1.62533

with pair production/annihilation
b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr M̂rest − M̂
0.5 5.73800× 10−1 6.41894× 10−2 9.16001× 10−1 7.00757× 10−2 5.12249× 10−1 4.02314× 10−1 1.18726× 100 1.17952× 10−1 5.45934× 10−1 1.90355× 10−1 1.56739 −1.30531× 10−4

0.49 5.92940× 10−1 6.30935× 10−2 8.95001× 10−1 7.04955× 10−2 5.20705× 10−1 4.09497× 10−1 1.27269× 100 1.27066× 10−1 5.47284× 10−1 1.82949× 10−1 1.57154 5.99049× 10−5

0.48 6.12610× 10−1 6.20047× 10−2 8.75001× 10−1 7.08625× 10−2 5.28904× 10−1 4.16504× 10−1 1.36257× 100 1.36692× 10−1 5.48596× 10−1 1.75498× 10−1 1.57556 2.36010× 10−4

0.45 6.74900× 10−1 5.87934× 10−2 8.20001× 10−1 7.16991× 10−2 5.51616× 10−1 4.36140× 10−1 1.65828× 100 1.68540× 10−1 5.52184× 10−1 1.53071× 10−1 1.58669 6.82149× 10−4

0.4 7.92400× 10−1 5.35885× 10−2 7.40001× 10−1 7.24168× 10−2 5.83019× 10−1 4.63998× 10−1 2.25041× 100 2.32727× 10−1 5.56998× 10−1 1.16435× 10−1 1.60190 1.17632× 10−3

0.3 1.11365× 100 4.33292× 10−2 6.07001× 10−1 7.13825× 10−2 6.21825× 10−1 5.01677× 10−1 4.00936× 100 4.22125× 10−1 5.62010× 10−1 5.12401× 10−2 1.61901 1.43750× 10−3

0.2 1.73163× 100 3.17866× 10−2 4.79001× 10−1 6.63603× 10−2 6.42586× 10−1 5.29776× 10−1 8.38628× 100 8.83456× 10−1 5.62171× 10−1 1.23751× 10−2 1.62266 1.13046× 10−3

0.15 2.38570× 100 2.45354× 10−2 4.08001× 10−1 6.01357× 10−2 6.60194× 10−1 5.57237× 10−1 1.58716× 101 1.66838× 100 5.61562× 10−1 8.35089× 10−3 1.62245 8.69873× 10−4

0.14 2.58300× 100 2.28747× 10−2 3.93001× 10−1 5.82052× 10−2 6.66203× 10−1 5.66377× 10−1 1.90061× 101 1.99773× 100 5.61544× 10−1 1.15942× 10−2 1.62233 8.09350× 10−4

0.13 2.81770× 100 2.11204× 10−2 3.79001× 10−1 5.57264× 10−2 6.73892× 10−1 5.77971× 10−1 2.34426× 101 2.46526× 100 5.61680× 10−1 9.88443× 10−3 1.62220 7.45214× 10−4

0.12 3.10200× 100 1.92611× 10−2 3.66001× 10−1 5.26259× 10−2 6.83976× 10−1 5.92938× 10−1 3.00599× 101 3.16591× 100 5.62103× 10−1 6.31803× 10−3 1.62203 6.77000× 10−4

0.11 3.45460× 100 1.72843× 10−2 3.54001× 10−1 4.88255× 10−2 6.97738× 10−1 6.12842× 10−1 4.06396× 101 4.29571× 100 5.63123× 10−1 1.03716× 10−2 1.62182 6.04079× 10−4

0.1 3.90455× 100 1.51841× 10−2 3.47001× 10−1 4.37581× 10−2 7.17285× 10−1 6.40510× 10−1 5.91033× 101 6.29776× 100 5.65390× 10−1 8.80469× 10−3 1.62155 5.25946× 10−4
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Table I.4: FD with α(R) = −1 (partially degenerate core when b . 0.3): Marginally stable
points corresponding to different temperature parameters b = kBT (R)/mc2. The instability
is independent of b. The pair production/annihilation effect is significant only if b & 0.1;
while no gravitational bound state exists when b & 0.45 as Mrest −M . 0.

b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr

5.0 6.47360× 10−2 2.42184× 10−1 3.04400× 100 7.95612× 10−2 6.12415× 10−1 4.78585× 10−1 1.15599× 10−1 1.23323× 10−2 5.65724× 10−1 3.00356× 10−3 1.62359
3.0 1.07963× 10−1 1.87069× 10−1 2.35500× 100 7.94347× 10−2 6.12668× 10−1 4.79041× 10−1 1.94126× 10−1 2.07066× 10−2 5.65684× 10−1 3.24415× 10−3 1.62358
2.0 1.62070× 10−1 1.52214× 10−1 1.92000× 100 7.92780× 10−2 6.12965× 10−1 4.79590× 10−1 2.93887× 10−1 3.13420× 10−2 5.65632× 10−1 3.37873× 10−3 1.62357
1.0 3.24880× 10−1 1.06550× 10−1 1.35100× 100 7.88676× 10−2 6.13870× 10−1 4.81189× 10−1 6.03788× 10−1 6.43667× 10−2 5.65521× 10−1 7.20175× 10−3 1.62355
0.5 6.52250× 10−1 7.39634× 10−2 9.48001× 10−1 7.80204× 10−2 6.15322× 10−1 4.83954× 10−1 1.26653× 100 1.34949× 10−1 5.65375× 10−1 1.18484× 10−3 1.62351
0.3 1.09082× 100 5.61277× 10−2 7.26001× 10−1 7.73107× 10−2 6.16473× 10−1 4.86372× 10−1 2.21714× 100 2.36252× 10−1 5.65395× 10−1 9.89832× 10−3 1.62347
0.2 1.63855× 100 4.50009× 10−2 5.86001× 10−1 7.67932× 10−2 6.16588× 10−1 4.87394× 10−1 3.44629× 100 3.67762× 10−1 5.65807× 10−1 1.01965× 10−2 1.62347
0.15 2.18075× 100 3.86021× 10−2 5.03001× 10−1 7.67436× 10−2 6.15194× 10−1 4.86114× 10−1 4.62583× 100 4.94868× 10−1 5.66514× 10−1 5.65521× 10−3 1.62351
0.14 2.33410× 100 3.72481× 10−2 4.84001× 10−1 7.69588× 10−2 6.14570× 10−1 4.85301× 10−1 4.94221× 100 5.29158× 10−1 5.66751× 10−1 1.22325× 10−2 1.62353
0.13 2.51005× 100 3.58709× 10−2 4.66001× 10−1 7.69760× 10−2 6.13756× 10−1 4.84352× 10−1 5.29293× 100 5.67283× 10−1 5.67038× 10−1 2.12217× 10−3 1.62355
0.12 2.71390× 100 3.44727× 10−2 4.46001× 10−1 7.72929× 10−2 6.12694× 10−1 4.82905× 10−1 5.68106× 100 6.09621× 10−1 5.67382× 10−1 8.82191× 10−3 1.62358
0.11 2.95270× 100 3.30576× 10−2 4.26001× 10−1 7.75998× 10−2 6.11298× 10−1 4.81022× 10−1 6.10855× 100 6.56424× 10−1 5.67785× 10−1 5.00084× 10−3 1.62362
0.1 3.23630× 100 3.16303× 10−2 4.05001× 10−1 7.80994× 10−2 6.09503× 10−1 4.78477× 10−1 6.57701× 100 7.07950× 10−1 5.68261× 10−1 2.73960× 10−3 1.62367
0.09 3.57870× 100 3.01981× 10−2 3.83001× 10−1 7.88460× 10−2 6.07229× 10−1 4.75096× 10−1 7.08595× 100 7.64245× 10−1 5.68824× 10−1 4.49398× 10−3 1.62374
0.08 4.00040× 100 2.87721× 10−2 3.60001× 10−1 7.99223× 10−2 6.04347× 10−1 4.70621× 10−1 7.63014× 100 8.24800× 10−1 5.69467× 10−1 8.11910× 10−3 1.62383
0.05 6.18610× 100 2.47018× 10−2 2.87001× 10−1 8.60687× 10−2 5.91211× 10−1 4.47810× 10−1 9.34675× 100 1.01863× 100 5.71791× 10−1 3.66863× 10−3 1.62427
10−2 2.76760× 101 2.10095× 10−2 1.88001× 10−1 1.11752× 10−1 5.67938× 10−1 3.82386× 10−1 1.08281× 101 1.18911× 100 5.73978× 10−1 2.50725× 10−2 1.62524
10−3 2.65650× 102 2.07922× 10−2 1.70001× 10−1 1.22306× 10−1 5.65813× 10−1 3.61522× 10−1 1.08849× 101 1.19536× 100 5.73982× 10−1 2.29994× 10−2 1.62534
10−4 2.64470× 103 2.07897× 10−2 1.68001× 10−1 1.23748× 10−1 5.65793× 10−1 3.59224× 10−1 1.08856× 101 1.19545× 100 5.73984× 10−1 3.09253× 10−2 1.62534
10−5 2.64340× 104 2.07890× 10−2 1.68001× 10−1 1.23743× 10−1 5.65788× 10−1 3.59048× 10−1 1.08859× 101 1.19549× 100 5.73986× 10−1 2.99647× 10−2 1.62534

with pair production/annihilation
b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr M̂rest − M̂
0.5 5.30430× 10−1 8.04343× 10−2 1.16400× 100 6.91016× 10−2 4.65998× 10−1 3.60939× 10−1 6.06069× 10−1 5.9186× 10−2 5.41264× 10−1 2.20388× 10−1 1.54624 −1.44481× 10−3

0.49 5.51020× 10−1 7.91081× 10−2 1.13200× 100 6.98835× 10−2 4.76952× 10−1 3.69860× 10−1 6.58229× 10−1 6.4705× 10−2 5.43052× 10−1 2.11825× 10−1 1.55171 −1.09617× 10−3

0.48 5.72050× 10−1 7.77960× 10−2 1.10100× 100 7.06594× 10−2 4.87550× 10−1 3.78497× 10−1 7.12946× 10−1 7.05305× 10−2 5.44780× 10−1 2.03352× 10−1 1.55703 −7.70918× 10−4

0.45 6.38070× 10−1 7.39481× 10−2 1.01900× 100 7.25692× 10−2 5.17079× 10−1 4.02751× 10−1 8.92377× 10−1 8.98466× 10−2 5.49588× 10−1 1.77631× 10−1 1.57196 6.95902× 10−5

0.4 7.59880× 10−1 6.78419× 10−2 9.07001× 10−1 7.47981× 10−2 5.57855× 10−1 4.36661× 10−1 1.23988× 100 1.27851× 10−1 5.56190× 10−1 1.35135× 10−1 1.59285 1.05588× 10−3

0.3 1.07621× 100 5.65034× 10−2 7.36001× 10−1 7.67709× 10−2 6.05004× 10−1 4.76757× 10−1 2.10809× 100 2.23273× 10−1 5.63682× 10−1 5.96790× 10−2 1.61732 1.80370× 10−3

0.2 1.63770× 100 4.50126× 10−2 5.87001× 10−1 7.66823× 10−2 6.16139× 10−1 4.87070× 10−1 3.43962× 100 3.66971× 10−1 5.65746× 10−1 1.17112× 10−2 1.62323 1.60997× 10−3

0.15 2.18070× 100 3.86026× 10−2 5.03001× 10−1 7.67445× 10−2 6.15174× 10−1 4.86097× 10−1 4.62544× 100 4.94821× 10−1 5.66511× 10−1 6.18798× 10−3 1.62350 1.38681× 10−3

0.14 2.33408× 100 3.72483× 10−2 4.84001× 10−1 7.69591× 10−2 6.14563× 10−1 4.85294× 10−1 4.94206× 100 5.29140× 10−1 5.66750× 10−1 1.23311× 10−2 1.62352 1.33847× 10−3

0.13 2.51005× 100 3.58709× 10−2 4.66001× 10−1 7.69760× 10−2 6.13756× 10−1 4.84352× 10−1 5.29294× 100 5.67285× 10−1 5.67039× 10−1 2.25558× 10−3 1.62355 1.28926× 10−3

0.12 2.71390× 100 3.44727× 10−2 4.46001× 10−1 7.72929× 10−2 6.12694× 10−1 4.82905× 10−1 5.68106× 100 6.09621× 10−1 5.67383× 10−1 8.83112× 10−3 1.62358 1.23932× 10−3

0.11 2.95270× 100 3.30576× 10−2 4.26001× 10−1 7.75998× 10−2 6.11298× 10−1 4.81022× 10−1 6.10855× 100 6.56424× 10−1 5.67785× 10−1 5.00443× 10−3 1.62362 1.18884× 10−3

0.1 3.23630× 100 3.16303× 10−2 4.05001× 10−1 7.80994× 10−2 6.09503× 10−1 4.78477× 10−1 6.57701× 100 7.07950× 10−1 5.68261× 10−1 2.74067× 10−3 1.62367 1.13801× 10−3

Table I.5: FD with α(R) = 0 (completely degenerate core): Marginally stable points cor-
responding to different temperature parameters b = kBT (R)/mc2. The instability is inde-
pendent of b. The pair production/annihilation effect is significant only if b & 0.1; while no
gravitational bound state exists when b & 0.4 as Mrest −M . 0.

b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr

5.0 6.46710× 10−2 2.94115× 10−1 3.68700× 100 7.97708× 10−2 6.12023× 10−1 4.77869× 10−1 7.81440× 10−2 8.33855× 10−3 5.65794× 10−1 4.40456× 10−3 1.62360
3.0 1.07780× 10−1 2.27846× 10−1 2.85600× 100 7.97778× 10−2 6.11999× 10−1 4.77836× 10−1 1.30191× 10−1 1.38924× 10−2 5.65796× 10−1 4.49651× 10−3 1.62360
2.0 1.61655× 10−1 1.86075× 10−1 2.33200× 100 7.97921× 10−2 6.11951× 10−1 4.77769× 10−1 1.95139× 10−1 2.08233× 10−2 5.65800× 10−1 4.73966× 10−3 1.62360
1.0 3.23190× 10−1 1.31718× 10−1 1.64900× 100 7.98772× 10−2 6.11796× 10−1 4.77498× 10−1 3.88896× 10−1 4.15081× 10−2 5.65861× 10−1 6.26828× 10−3 1.62361
0.5 6.45350× 10−1 9.35447× 10−2 1.16700× 100 8.01582× 10−2 6.11080× 10−1 4.76365× 10−1 7.66630× 10−1 8.18806× 10−2 5.66054× 10−1 7.43761× 10−3 1.62363
0.3 1.07176× 100 7.31815× 10−2 9.06001× 10−1 8.07742× 10−2 6.09507× 10−1 4.73861× 10−1 1.23686× 100 1.32302× 10−1 5.66479× 10−1 8.46604× 10−3 1.62368
0.2 1.59765× 100 6.08360× 10−2 7.43001× 10−1 8.18788× 10−2 6.06833× 10−1 4.69514× 10−1 1.75163× 100 1.87835× 10−1 5.67189× 10−1 1.03413× 10−2 1.62376
0.15 2.11415× 100 5.38941× 10−2 6.48001× 10−1 8.31698× 10−2 6.03689× 10−1 4.64346× 10−1 2.17671× 100 2.34054× 10−1 5.67961× 10−1 9.15085× 10−3 1.62385
0.14 2.26000× 100 5.24381× 10−2 6.28001× 10−1 8.35000× 10−2 6.02774× 10−1 4.62840× 10−1 2.28244× 100 2.45619× 10−1 5.68188× 10−1 2.48344× 10−3 1.62388
0.13 2.42735× 100 5.09607× 10−2 6.06001× 10−1 8.40934× 10−2 6.01719× 10−1 4.60972× 10−1 2.39629× 100 2.58106× 10−1 5.68448× 10−1 1.11196× 10−2 1.62392
0.12 2.62130× 100 4.94640× 10−2 5.85001× 10−1 8.45536× 10−2 6.00480× 10−1 4.58903× 10−1 2.51850× 100 2.71548× 10−1 5.68739× 10−1 3.2558× 10−3 1.62396
0.11 2.84880× 100 4.79502× 10−2 5.62001× 10−1 8.53205× 10−2 5.99026× 10−1 4.56333× 10−1 2.64931× 100 2.85982× 10−1 5.69068× 10−1 9.85064× 10−3 1.62400
0.1 3.11960× 100 4.64223× 10−2 5.39001× 10−1 8.61266× 10−2 5.97349× 10−1 4.53364× 10−1 2.78900× 100 3.01466× 10−1 5.69450× 10−1 8.63863× 10−3 1.62406
0.09 3.44745× 100 4.48864× 10−2 5.15001× 10−1 8.71578× 10−2 5.95385× 10−1 4.49793× 10−1 2.93687× 100 3.17934× 10−1 5.69884× 10−1 9.79655× 10−3 1.62413
0.08 3.85285× 100 4.33505× 10−2 4.90001× 10−1 8.84703× 10−2 5.93079× 10−1 4.45477× 10−1 3.09161× 100 3.35258× 10−1 5.70371× 10−1 1.28836× 10−2 1.62421
0.05 5.98040× 100 3.88844× 10−2 4.12001× 10−1 9.43795× 10−2 5.83694× 10−1 4.26527× 10−1 3.56856× 100 3.89383× 10−1 5.72141× 10−1 9.74573× 10−3 1.62455
10−2 2.73890× 101 3.45579× 10−2 3.03001× 10−1 1.14052× 10−1 5.67411× 10−1 3.77171× 10−1 3.98720× 100 4.37833× 10−1 5.73959× 10−1 8.36024× 10−3 1.62526
10−3 2.65345× 102 3.42798× 10−2 2.80001× 10−1 1.22427× 10−1 5.65797× 10−1 3.61045× 10−1 4.00419× 100 4.39725× 10−1 5.73976× 10−1 1.81042× 10−2 1.62534
10−4 2.64440× 103 3.42765× 10−2 2.78001× 10−1 1.23296× 10−1 5.65796× 10−1 3.59399× 10−1 4.00461× 100 4.39783× 10−1 5.73984× 10−1 1.67281× 10−2 1.62535
10−5 2.64330× 104 3.42758× 10−2 2.78001× 10−1 1.23294× 10−1 5.65767× 10−1 3.59244× 10−1 4.00429× 100 4.39734× 10−1 5.73975× 10−1 1.37005× 10−2 1.62534

with pair production/annihilation
b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr M̂rest − M̂
0.5 4.65550× 10−1 1.03921× 10−1 1.61200× 100 6.44671× 10−2 3.96497× 10−1 3.03390× 10−1 2.52824× 10−1 2.38938× 10−2 5.32468× 10−1 2.63570× 10−1 1.51285 −4.60647× 10−3

0.49 4.89090× 10−1 1.02217× 10−1 1.55200× 100 6.58617× 10−2 4.11430× 10−1 3.15191× 10−1 2.83256× 10−1 2.70165× 10−2 5.34916× 10−1 2.53507× 10−1 1.52020 −3.92886× 10−3

0.48 5.13020× 10−1 1.00523× 10−1 1.49600× 100 6.71944× 10−2 4.25966× 10−1 3.26698× 10−1 3.15703× 10−1 3.03796× 10−2 5.37295× 10−1 2.43440× 10−1 1.52741 −3.29188× 10−3

0.45 5.87300× 10−1 9.55365× 10−2 1.35100× 100 7.07153× 10−2 4.66849× 10−1 3.59208× 10−1 4.24691× 10−1 4.18869× 10−2 5.43956× 10−1 2.13096× 10−1 1.54796 −1.62083× 10−3

0.4 7.21030× 10−1 8.76858× 10−2 1.16800× 100 7.50734× 10−2 5.24332× 10−1 4.05289× 10−1 6.40734× 10−1 6.53718× 10−2 5.53245× 10−1 1.62655× 10−1 1.57760 4.10689× 10−4

0.3 1.04949× 100 7.38234× 10−2 9.26001× 10−1 7.97228× 10−2 5.91896× 10−1 4.59512× 10−1 1.14760× 100 1.21704× 10−1 5.64050× 10−1 7.14177× 10−2 1.61403 2.18779× 10−3

0.2 1.59635× 100 6.08552× 10−2 7.44001× 10−1 8.17946× 10−2 6.06136× 10−1 4.68976× 10−1 1.74665× 100 1.8725× 10−1 5.67112× 10−1 1.57011× 10−2 1.62337 2.17615× 10−3

0.15 2.11410× 100 5.38945× 10−2 6.48001× 10−1 8.31704× 10−2 6.03669× 10−1 4.64329× 10−1 2.17654× 100 2.34036× 10−1 5.67961× 10−1 9.61245× 10−3 1.62384 1.94206× 10−3

0.14 2.26000× 100 5.24380× 10−2 6.28001× 10−1 8.34998× 10−2 6.02774× 10−1 4.62840× 10−1 2.28245× 100 2.45623× 10−1 5.68191× 10−1 2.95561× 10−3 1.62388 1.89032× 10−3

0.13 2.42730× 100 5.09612× 10−2 6.06001× 10−1 8.40943× 10−2 6.01702× 10−1 4.60957× 10−1 2.39611× 100 2.58083× 10−1 5.68442× 10−1 1.12380× 10−2 1.62391 1.83772× 10−3

0.12 2.62129× 100 4.94640× 10−2 5.85001× 10−1 8.45538× 10−2 6.00477× 10−1 4.58900× 10−1 2.51846× 100 2.71544× 10−1 5.68739× 10−1 3.34270× 10−3 1.62396 1.78432× 10−3

0.11 2.84880× 100 4.79502× 10−2 5.62001× 10−1 8.53205× 10−2 5.99026× 10−1 4.56333× 10−1 2.64931× 100 2.85982× 10−1 5.69068× 10−1 9.85333× 10−3 1.62400 1.73035× 10−3

0.1 3.11965× 100 4.64220× 10−2 5.39001× 10−1 8.61259× 10−2 5.97362× 10−1 4.53376× 10−1 2.78916× 100 3.01489× 10−1 5.69456× 10−1 8.55584× 10−3 1.62406 1.67588× 10−3
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Table I.6: FD with α(R) = 0.5 (overly degenerate core): Marginally stable points corre-
sponding to different temperature parameters b = kBT (R)/mc2. The instability is inde-
pendent of b. The pair production/annihilation effect is significant only if b & 0.1; while no
gravitational bound state exists when b & 0.38 as Mrest −M . 0.

b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr

5.0 6.46370× 10−2 3.39241× 10−1 4.24800× 100 7.98589× 10−2 6.11818× 10−1 4.77507× 10−1 5.86445× 10−2 6.25860× 10−3 5.65830× 10−1 1.67907× 10−3 1.62361
3.0 1.07685× 10−1 2.63201× 10−1 3.29200× 100 7.99518× 10−2 6.11652× 10−1 4.77213× 10−1 9.73051× 10−2 1.03853× 10−2 5.65853× 10−1 4.59333× 10−3 1.62361
2.0 1.61447× 10−1 2.15349× 10−1 2.69000× 100 8.00554× 10−2 6.11458× 10−1 4.76859× 10−1 1.45130× 10−1 1.54919× 10−2 5.65893× 10−1 5.15083× 10−3 1.62362
1.0 3.22360× 10−1 1.53287× 10−1 1.90700× 100 8.03813× 10−2 6.10798× 10−1 4.75691× 10−1 2.84959× 10−1 3.04326× 10−2 5.66029× 10−1 5.86189× 10−3 1.62364
0.5 6.42189× 10−1 1.10020× 10−1 1.35600× 100 8.11353× 10−2 6.09199× 10−1 4.72927× 10−1 5.46316× 10−1 5.84123× 10−2 5.66357× 10−1 7.55503× 10−3 1.62368
0.3 1.06375× 100 8.71760× 10−2 1.06000× 100 8.22414× 10−2 6.06723× 10−1 4.68683× 10−1 8.53315× 10−1 9.14147× 10−2 5.66910× 10−1 5.22698× 10−3 1.62376
0.2 1.58197× 100 7.34611× 10−2 8.76001× 10−1 8.38596× 10−2 6.03347× 10−1 4.62797× 10−1 1.16992× 100 1.25675× 10−1 5.67685× 10−1 7.92247× 10−3 1.62386
0.15 2.09042× 100 6.57972× 10−2 7.69001× 10−1 8.55619× 10−2 5.99945× 10−1 4.56746× 10−1 1.41940× 100 1.52895× 10−1 5.68467× 10−1 9.88243× 10−3 1.62397
0.14 2.23398× 100 6.41939× 10−2 7.46001× 10−1 8.60507× 10−2 5.98997× 10−1 4.55034× 10−1 1.47998× 100 1.59541× 10−1 5.68682× 10−1 1.02912× 10−2 1.62400
0.13 2.39875× 100 6.25678× 10−2 7.23001× 10−1 8.65390× 10−2 5.97929× 10−1 4.53125× 10−1 1.54469× 100 1.66661× 10−1 5.68927× 10−1 6.15021× 10−3 1.62404
0.12 2.58980× 100 6.09207× 10−2 6.99001× 10−1 8.71539× 10−2 5.96709× 10−1 4.50902× 10−1 1.61361× 100 1.74264× 10−1 5.69199× 10−1 3.07272× 10−3 1.62408
0.11 2.81410× 100 5.92542× 10−2 6.74001× 10−1 8.79141× 10−2 5.95329× 10−1 4.48323× 10−1 1.68695× 100 1.82383× 10−1 5.69512× 10−1 4.28778× 10−3 1.62413
0.1 3.08114× 100 5.75729× 10−2 6.48001× 10−1 8.88469× 10−2 5.93727× 10−1 4.45289× 10−1 1.76439× 100 1.90986× 10−1 5.69855× 10−1 8.27089× 10−3 1.62418
0.09 3.40490× 100 5.58803× 10−2 6.22001× 10−1 8.98396× 10−2 5.91927× 10−1 4.41837× 10−1 1.84607× 100 2.00109× 10−1 5.70256× 10−1 1.76092× 10−3 1.62425
0.08 3.80560× 100 5.41863× 10−2 5.94001× 10−1 9.12226× 10−2 5.89821× 10−1 4.37643× 10−1 1.93082× 100 2.09615× 10−1 5.70692× 10−1 1.12090× 10−2 1.62432
0.05 5.91600× 100 4.92322× 10−2 5.08001× 10−1 9.69136× 10−2 5.81521× 10−1 4.20037× 10−1 2.19034× 100 2.39117× 10−1 5.72282× 10−1 5.41712× 10−3 1.62464
10−2 2.72990× 101 4.43385× 10−2 3.85001× 10−1 1.15165× 10−1 5.67263× 10−1 3.75354× 10−1 2.41939× 100 2.65677× 10−1 5.73964× 10−1 1.80675× 10−2 1.62527
10−3 2.65250× 102 4.40157× 10−2 3.60001× 10−1 1.22266× 10−1 5.65797× 10−1 3.60993× 10−1 2.42868× 100 2.66710× 10−1 5.73977× 10−1 5.72791× 10−3 1.62534
10−4 2.64430× 103 4.40119× 10−2 3.57001× 10−1 1.23282× 10−1 5.65794× 10−1 3.59392× 10−1 2.43112× 100 2.66740× 10−1 5.73722× 10−1 1.59381× 10−2 1.62535
10−5 2.64335× 104 4.40110× 10−2 3.57001× 10−1 1.23280× 10−1 5.65781× 10−1 3.59261× 10−1 2.42885× 100 2.66731× 10−1 5.73980× 10−1 1.28157× 10−2 1.62534

with pair production/annihilation
b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr M̂rest − M̂
0.5 4.04250× 10−1 1.24244× 10−1 2.13200× 100 5.82759× 10−2 3.33419× 10−1 2.53325× 10−1 1.19420× 10−1 1.09154× 10−2 5.23651× 10−1 2.99936× 10−1 1.48259 −8.65551× 10−3

0.49 4.30850× 10−1 1.22276× 10−1 2.02600× 100 6.03535× 10−2 3.51807× 10−1 2.67611× 10−1 1.39199× 10−1 1.28713× 10−2 5.26689× 10−1 2.88762× 10−1 1.49144 −7.59957× 10−3

0.48 4.57750× 10−1 1.20288× 10−1 1.93100× 100 6.22931× 10−2 3.69752× 10−1 2.81591× 10−1 1.60739× 10−1 1.50295× 10−2 5.29630× 10−1 2.77493× 10−1 1.50016 −6.59957× 10−3

0.45 5.40800× 10−1 1.14293× 10−1 1.69500× 100 6.74294× 10−2 4.20900× 10−1 3.21630× 10−1 2.36281× 10−1 2.27964× 10−2 5.37997× 10−1 2.43372× 10−1 1.52541 −3.94246× 10−3

0.4 6.87710× 10−1 1.04702× 10−1 1.41800× 100 7.38374× 10−2 4.94179× 10−1 3.79464× 10−1 3.94455× 10−1 3.97448× 10−2 5.49797× 10−1 1.86288× 10−1 1.56278 −6.42921× 10−4

0.39 7.18630× 10−1 1.02883× 10−1 1.37400× 100 7.48781× 10−2 5.06709× 10−1 3.89378× 10−1 4.29963× 10−1 4.36374× 10−2 5.51791× 10−1 1.75134× 10−1 1.56933 −1.42421× 10−4

0.38 7.50150× 10−1 1.01102× 10−1 1.33400× 100 7.57885× 10−2 5.18450× 10−1 3.98693× 10−1 4.66390× 10−1 4.76541× 10−2 5.53651× 10−1 1.63954× 10−1 1.57552 3.08839× 10−4

0.37 7.82330× 10−1 9.93597× 10−2 1.29700× 100 7.66073× 10−2 5.29384× 10−1 4.07376× 10−1 5.03571× 10−1 5.17741× 10−2 5.55375× 10−1 1.52857× 10−1 1.58132 7.12838× 10−4

0.36 8.15250× 10−1 9.76548× 10−2 1.26200× 100 7.73809× 10−2 5.39506× 10−1 4.15398× 10−1 5.41361× 10−1 5.59792× 10−2 5.56969× 10−1 1.42006× 10−1 1.58674 1.07165× 10−3

0.35 8.48990× 10−1 9.59862× 10−2 1.22900× 100 7.81010× 10−2 5.48807× 10−1 4.22753× 10−1 5.79595× 10−1 6.02478× 10−2 5.58430× 10−1 1.31402× 10−1 1.59175 1.38747× 10−3

0.3 1.03363× 100 8.81354× 10−2 1.09100× 100 8.07840× 10−2 5.82871× 10−1 4.49434× 10−1 7.71830× 10−1 8.17669× 10−2 5.63753× 10−1 8.22142× 10−2 1.61061 2.40460× 10−3

0.2 1.58020× 100 7.34895× 10−2 8.77001× 10−1 8.37964× 10−2 6.02392× 10−1 4.62039× 10−1 1.16546× 100 1.25155× 10−1 5.67591× 10−1 1.74522× 10−2 1.62332 2.62279× 10−3

0.15 2.09035× 100 6.57977× 10−2 7.69001× 10−1 8.55626× 10−2 5.99916× 10−1 4.56722× 10−1 1.41924× 100 1.52879× 10−1 5.68468× 10−1 1.04596× 10−2 1.62395 2.37308× 10−3

0.14 2.23397× 100 6.41938× 10−2 7.46001× 10−1 8.60506× 10−2 5.98992× 10−1 4.55030× 10−1 1.47996× 100 1.59542× 10−1 5.68686× 10−1 1.04743× 10−2 1.62400 2.31635× 10−3

0.13 2.39875× 100 6.25677× 10−2 7.23001× 10−1 8.65389× 10−2 5.97929× 10−1 4.53125× 10−1 1.54469× 100 1.66662× 10−1 5.68929× 10−1 6.24222× 10−3 1.62404 2.25852× 10−3

0.12 2.58980× 100 6.09206× 10−2 6.99001× 10−1 8.71539× 10−2 5.96709× 10−1 4.50902× 10−1 1.61361× 100 1.74264× 10−1 5.69200× 10−1 3.12404× 10−3 1.62408 2.19982× 10−3

0.11 2.81410× 100 5.92542× 10−2 6.74001× 10−1 8.79141× 10−2 5.95329× 10−1 4.48323× 10−1 1.68695× 100 1.82383× 10−1 5.69512× 10−1 4.29598× 10−3 1.62413 2.14041× 10−3

0.1 3.08115× 100 5.75728× 10−2 6.48001× 10−1 8.88468× 10−2 5.93730× 10−1 4.45292× 10−1 1.76441× 100 1.90989× 10−1 5.69856× 10−1 8.25373× 10−3 1.62418 2.08051× 10−3

Table I.7: FD with α(R) = 1 (overly degenerate core): Marginally stable points correspond-
ing to different temperature parameters b = kBT (R)/mc2. The instability is independent
of b. The pair production/annihilation effect is significant only if b & 0.1; while no gravita-
tional bound state exists when b & 0.36 as Mrest −M . 0.

b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr

5.0 6.46050× 10−2 4.02755× 10−1 5.03700× 100 7.99592× 10−2 6.11611× 10−1 4.77152× 10−1 4.15454× 10−2 4.43410× 10−3 5.65850× 10−1 3.53112× 10−3 1.62361
3.0 1.07604× 10−1 3.12882× 10−1 3.90600× 100 8.01029× 10−2 6.11366× 10−1 4.76684× 10−1 6.87023× 10−2 7.33400× 10−3 5.65908× 10−1 4.49437× 10−3 1.62362
2.0 1.61260× 10−1 2.56419× 10−1 3.19500× 100 8.02562× 10−2 6.10998× 10−1 4.76057× 10−1 1.02011× 10−1 1.08918× 10−2 5.65960× 10−1 1.65126× 10−3 1.62363
1.0 3.21650× 10−1 1.83381× 10−1 2.27000× 100 8.07845× 10−2 6.09944× 10−1 4.74163× 10−1 1.97820× 10−1 2.11365× 10−2 5.66163× 10−1 1.82056× 10−3 1.62366
0.5 6.39610× 10−1 1.32760× 10−1 1.62100× 100 8.19001× 10−2 6.07691× 10−1 4.70157× 10−1 3.70892× 10−1 3.96896× 10−2 5.66598× 10−1 4.19084× 10−3 1.62373
0.3 1.05751× 100 1.06243× 10−1 1.27300× 100 8.34589× 10−2 6.04620× 10−1 4.64647× 10−1 5.65332× 10−1 6.06340× 10−2 5.67240× 10−1 6.98121× 10−3 1.62382
0.2 1.57027× 100 9.04316× 10−2 1.05900× 100 8.53933× 10−2 6.00850× 10−1 4.57813× 10−1 7.57414× 10−1 8.14694× 10−2 5.68056× 10−1 7.20648× 10−3 1.62394
0.15 2.07315× 100 8.16331× 10−2 9.35001× 10−1 8.73080× 10−2 5.97334× 10−1 4.51280× 10−1 9.03894× 10−1 9.74910× 10−2 5.68832× 10−1 8.85254× 10−3 1.62406
0.14 2.21515× 100 7.97954× 10−2 9.09001× 10−1 8.77836× 10−2 5.96378× 10−1 4.49515× 10−1 9.38887× 10−1 1.01338× 10−1 5.69037× 10−1 5.19705× 10−3 1.62409
0.13 2.37820× 100 7.79315× 10−2 8.82001× 10−1 8.83576× 10−2 5.95328× 10−1 4.47524× 10−1 9.76111× 10−1 1.05443× 10−1 5.69272× 10−1 1.66351× 10−3 1.62413
0.12 2.56730× 100 7.60441× 10−2 8.54001× 10−1 8.90445× 10−2 5.94136× 10−1 4.45242× 10−1 1.01552× 100 1.09799× 10−1 5.69530× 10−1 2.74336× 10−3 1.62417
0.11 2.78940× 100 7.41345× 10−2 8.25001× 10−1 8.98599× 10−2 5.92805× 10−1 4.42637× 10−1 1.05722× 100 1.14426× 10−1 5.69823× 10−1 6.11333× 10−3 1.62422
0.1 3.05400× 100 7.22071× 10−2 7.95001× 10−1 9.08264× 10−2 5.91289× 10−1 4.39630× 10−1 1.10108× 100 1.19309× 10−1 5.70146× 10−1 9.65430× 10−3 1.62427
0.09 3.37490× 100 7.02665× 10−2 7.65001× 10−1 9.18516× 10−2 5.89579× 10−1 4.36224× 10−1 1.14701× 100 1.24444× 10−1 5.70511× 10−1 6.72757× 10−3 1.62433
0.08 3.77260× 100 6.83210× 10−2 7.34001× 10−1 9.30802× 10−2 5.87648× 10−1 4.32269× 10−1 1.19468× 100 1.29804× 10−1 5.70925× 10−1 1.73542× 10−3 1.62440
0.05 5.87160× 100 6.26124× 10−2 6.34001× 10−1 9.87576× 10−2 5.80093× 10−1 4.15554× 10−1 1.33967× 100 1.46309× 10−1 5.72398× 10−1 8.43759× 10−3 1.62470
10−2 2.72360× 101 5.69005× 10−2 4.92001× 10−1 1.15651× 10−1 5.67146× 10−1 3.74223× 10−1 1.46781× 100 1.61181× 10−1 5.73963× 10−1 1.37775× 10−2 1.62528
10−3 2.65180× 102 5.65170× 10−2 4.62001× 10−1 1.22331× 10−1 5.65787× 10−1 3.60864× 10−1 1.47302× 100 1.61760× 10−1 5.73973× 10−1 5.57449× 10−3 1.62534
10−4 2.64430× 103 5.65117× 10−2 4.59001× 10−1 1.23119× 10−1 5.65805× 10−1 3.59472× 10−1 1.47455× 100 1.61801× 10−1 5.73749× 10−1 6.52385× 10−3 1.62534
10−5 2.64335× 104 5.65113× 10−2 4.58001× 10−1 1.23387× 10−1 5.65782× 10−1 3.59210× 10−1 1.47317× 100 1.61780× 10−1 5.73980× 10−1 1.82917× 10−2 1.62534

with pair production/annihilation
b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr M̂rest − M̂
0.5 3.08600× 10−1 1.51671× 10−1 3.24800× 100 4.66966× 10−2 2.41847× 10−1 1.82450× 10−1 3.75023× 10−2 3.24992× 10−3 5.09880× 10−1 3.49075× 10−1 1.43970 −1.64021× 10−2

0.49 3.40120× 10−1 1.49808× 10−1 3.00000× 100 4.99361× 10−2 2.64792× 10−1 1.99986× 10−1 4.77962× 10−2 4.20552× 10−3 5.13776× 10−1 3.36509× 10−1 1.45034 −1.47314× 10−2

0.48 3.71900× 10−1 1.47743× 10−1 2.78900× 100 5.29735× 10−2 2.87386× 10−1 2.17299× 10−1 5.96323× 10−2 5.32493× 10−3 5.17579× 10−1 3.23806× 10−1 1.46093 −1.31151× 10−2

0.45 4.69100× 10−1 1.40833× 10−1 2.31200× 100 6.09138× 10−2 3.52640× 10−1 2.67578× 10−1 1.04894× 10−1 9.76385× 10−3 5.28440× 10−1 2.84958× 10−1 1.49214 −8.69390× 10−3

0.4 6.37680× 10−1 1.28777× 10−1 1.82000× 100 7.07563× 10−2 4.48833× 10−1 3.42411× 10−1 2.11826× 10−1 2.08973× 10−2 5.44021× 10−1 2.19147× 10−1 1.54006 −3.00119× 10−3

0.39 6.72550× 10−1 1.26442× 10−1 1.74900× 100 7.22938× 10−2 4.65631× 10−1 3.55551× 10−1 2.37261× 10−1 2.36364× 10−2 5.46686× 10−1 2.06076× 10−1 1.54869 −2.11911× 10−3

0.38 7.07900× 10−1 1.24152× 10−1 1.68400× 100 7.37246× 10−2 4.81510× 10−1 3.67977× 10−1 2.63764× 10−1 2.65184× 10−2 5.49195× 10−1 1.93156× 10−1 1.55692 −1.31877× 10−3

0.37 7.4370× 10−1 1.21918× 10−1 1.62600× 100 7.49802× 10−2 4.96360× 10−1 3.79625× 10−1 2.91066× 10−1 2.95111× 10−2 5.51515× 10−1 1.80230× 10−1 1.56470 −5.97478× 10−4

0.36 7.80050× 10−1 1.19738× 10−1 1.57200× 100 7.61692× 10−2 5.10186× 10−1 3.90451× 10−1 3.19034× 10−1 3.2599× 10−2 5.53662× 10−1 1.67601× 10−1 1.57202 4.78257× 10−5

0.35 8.17020× 10−1 1.17614× 10−1 1.52300× 100 7.72253× 10−2 5.22960× 10−1 4.00460× 10−1 3.47480× 10−1 3.57591× 10−2 5.55634× 10−1 1.55096× 10−1 1.57884 6.20467× 10−4

0.3 1.01455× 100 1.07803× 10−1 1.32800× 100 8.11766× 10−2 5.70643× 10−1 4.37525× 10−1 4.90296× 10−1 5.17848× 10−2 5.62901× 10−1 9.69969× 10−2 1.60501 2.52592× 10−3

0.2 1.56771× 100 9.04779× 10−2 1.06100× 100 8.52760× 10−2 5.99464× 10−1 4.56736× 10−1 7.53286× 10−1 8.09893× 10−2 5.67930× 10−1 1.92587× 10−2 1.62315 3.21586× 10−3

0.15 2.07300× 100 8.16347× 10−2 9.35001× 10−1 8.73098× 10−2 5.97273× 10−1 4.51229× 10−1 9.03681× 10−1 9.74663× 10−2 5.68827× 10−1 9.85822× 10−3 1.62403 2.94573× 10−3

0.14 2.21510× 100 7.97957× 10−2 9.09001× 10−1 8.77840× 10−2 5.96359× 10−1 4.49500× 10−1 9.38820× 10−1 1.01331× 10−1 5.69037× 10−1 5.81550× 10−3 1.62408 2.88111× 10−3

0.13 2.37817× 100 7.79318× 10−2 8.82001× 10−1 8.83579× 10−2 5.95317× 10−1 4.47516× 10−1 9.76071× 10−1 1.05438× 10−1 5.69271× 10−1 2.34635× 10−3 1.62412 2.81500× 10−3

0.12 2.56730× 100 7.60441× 10−2 8.54001× 10−1 8.90445× 10−2 5.94136× 10−1 4.45242× 10−1 1.01552× 100 1.09800× 10−1 5.69531× 10−1 2.82371× 10−3 1.62417 2.74780× 10−3

0.11 2.78943× 100 7.41342× 10−2 8.25001× 10−1 8.98595× 10−2 5.92814× 10−1 4.42644× 10−1 1.05726× 100 1.14432× 10−1 5.69827× 10−1 6.04083× 10−3 1.62422 2.67971× 10−3

0.1 3.05400× 100 7.22071× 10−2 7.95001× 10−1 9.08264× 10−2 5.91289× 10−1 4.39630× 10−1 1.10108× 100 1.19309× 10−1 5.70146× 10−1 9.65514× 10−3 1.62427 2.61106× 10−3
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Appendix J

Numerical Results of the

Truncated Bose-Einstein

Distribution

In this appendix, we tabulate the numerical results of the truncated Bose-Einstein

(BE) models with and without pair production/annihilation effect, which is significant for

b & 0.1. Generally, given α(R) < 0 there is a corresponding (critical) temperature b below

which the condensate pressure has to happen such that a marginally stable point exists for

BE statistics. In Tables. J.1, J.2, J.3, J.4, and J.5, we show marginally stable configurations

for α(R) = −50,−10,−5, −1, and −0.5, respectively, that satisfy the adiabatic index

criterion 〈γ〉 = γcr, given different values of the boundary temperature b = kBT (R)/mc2.

From the 2nd to 12th columns, we show their central cutoff function w(0) = εc(0)/kBT (0),

gravitational mass M̂ , system radius R̂, compactness C = GM(R)/c2R = M̂/R̂, central
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Table J.1: MB with α(R) → −∞ (non-degenerate core): Marginally stable points corre-
sponding to different temperature parameters b = kBT (R)/mc2. For MB distribution, it
cannot achieve the GR instability for b . 10−1, as the concentration has to be extremely
high (relativistic degenerate gas). More precisely, no unstable configuration exists between
0 . b . 0.09. The results of BE statistics with α(R) ≤ −50 are indistinguishable from MB
statistics for b ≥ 0.09. The pair production/annihilation effect is significant only if b & 0.1;
while no gravitational bound state exists when b & 0.49 as Mrest −M . 0.

b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr

5.0 6.48150× 10−2 2.06015× 10−1 2.59700× 100 7.93280× 10−2 6.12906× 10−1 4.79448× 10−1 1.60344× 10−1 1.71013× 10−2 5.65650× 10−1 3.36500× 10−3 1.62358
3.0 1.08185× 10−1 1.58573× 10−1 2.00600× 100 7.90492× 10−2 6.13491× 10−1 4.80491× 10−1 2.71859× 10−1 2.89847× 10−2 5.65552× 10−1 5.01669× 10−3 1.62356
2.0 1.62585× 10−1 1.28444× 10−1 1.63300× 100 7.86552× 10−2 6.14252× 10−1 4.81854× 10−1 4.16754× 10−1 4.44142× 10−2 5.65434× 10−1 8.39347× 10−4 1.62354
1.0 3.27070× 10−1 8.86277× 10−2 1.14300× 100 7.75395× 10−2 6.16612× 10−1 4.86021× 10−1 8.91191× 10−1 9.48500× 10−2 5.65059× 10−1 5.65015× 10−3 1.62347
0.5 6.62445× 10−1 5.95204× 10−2 7.93001× 10−1 7.50572× 10−2 6.21927× 10−1 4.95258× 10−1 2.05635× 100 2.18273× 10−1 5.64303× 10−1 3.66372× 10−3 1.62333
0.3 1.12526× 100 4.27849× 10−2 5.99001× 10−1 7.14271× 10−2 6.30406× 10−1 5.09562× 10−1 4.23693× 100 4.48081× 10−1 5.63266× 10−1 9.11920× 10−3 1.62311
0.2 1.73635× 100 3.14517× 10−2 4.77001× 10−1 6.59364× 10−2 6.44181× 10−1 5.31996× 10−1 8.65548× 100 9.11403× 10−1 5.62044× 10−1 7.05363× 10−3 1.62278
0.15 2.39865× 100 2.41230× 10−2 4.07001× 10−1 5.92702× 10−2 6.63548× 10−1 5.61946× 10−1 1.68117× 101 1.76500× 100 5.61211× 10−1 9.52828× 10−3 1.62239
0.14 2.60081× 100 2.24259× 10−2 3.93001× 10−1 5.70632× 10−2 6.70637× 10−1 5.72538× 10−1 2.03949× 101 2.14055× 100 5.61128× 10−1 1.01614× 10−2 1.62225
0.13 2.84350× 100 2.06203× 10−2 3.80001× 10−1 5.42638× 10−2 6.80073× 10−1 5.86379× 10−1 2.56589× 101 2.69362× 100 5.61190× 10−1 8.83738× 10−3 1.62209
0.12 3.14240× 100 1.86835× 10−2 3.69001× 10−1 5.06326× 10−2 6.93337× 10−1 6.05343× 10−1 3.40099× 101 3.57521× 100 5.61577× 10−1 5.28167× 10−3 1.62188
0.11 3.52490× 100 1.65825× 10−2 3.62001× 10−1 4.58080× 10−2 7.13594× 10−1 6.33260× 10−1 4.88977× 101 5.16148× 100 5.62734× 10−1 6.38807× 10−3 1.62159
0.1 4.05150× 100 1.42556× 10−2 3.68001× 10−1 3.87378× 10−2 7.50107× 10−1 6.81035× 10−1 8.17923× 101 8.74006× 100 5.66189× 10−1 8.76561× 10−3 1.62117
0.09 5.08620× 100 1.13990× 10−2 4.83001× 10−1 2.36004× 10−2 8.89250× 10−1 8.44163× 10−1 2.57654× 102 2.96813× 101 5.87872× 10−1 5.72277× 10−3 1.62023

with pair production/annihilation
b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr M̂rest − M̂
0.5 5.74700× 10−1 6.38546× 10−2 9.11001× 10−1 7.00928× 10−2 5.13186× 10−1 4.03186× 10−1 1.20516× 100 1.19761× 10−1 5.46005× 10−1 1.89809× 10−1 1.56780 −1.10416× 10−4

0.49 5.93850× 10−1 6.27608× 10−2 8.91001× 10−1 7.04386× 10−2 5.21631× 10−1 4.10402× 10−1 1.29191× 100 1.29021× 10−1 5.47360× 10−1 1.82251× 10−1 1.57193 7.73207× 10−5

0.48 6.13470× 10−1 6.16778× 10−2 8.71001× 10−1 7.08126× 10−2 5.29751× 10−1 4.17344× 10−1 1.38267× 100 1.38736× 10−1 5.48650× 10−1 1.74864× 10−1 1.57591 2.50896× 10−4

0.45 6.75730× 10−1 5.84763× 10−2 8.16001× 10−1 7.16621× 10−2 5.52360× 10−1 4.36905× 10−1 1.68242× 100 1.71017× 10−1 5.52220× 10−1 1.52609× 10−1 1.58697 6.90315× 10−4

0.4 7.93200× 10−1 5.32861× 10−2 7.37001× 10−1 7.23013× 10−2 5.83600× 10−1 4.64700× 10−1 2.28321× 100 2.36114× 10−1 5.56992× 10−1 1.15930× 10−1 1.60207 1.17611× 10−3

0.3 1.11485× 100 4.30373× 10−2 6.04001× 10−1 7.12537× 10−2 6.22366× 10−1 5.02460× 10−1 4.07942× 100 4.29395× 10−1 5.61940× 10−1 5.15468× 10−2 1.61903 1.42876× 10−3

0.2 1.73580× 100 3.14591× 10−2 4.77001× 10−1 6.59519× 10−2 6.43899× 10−1 5.31727× 10−1 8.64353× 100 9.10013× 10−1 5.62003× 10−1 1.25884× 10−2 1.62264 1.11842× 10−3

0.15 2.39860× 100 2.41235× 10−2 4.07001× 10−1 5.92713× 10−2 6.63529× 10−1 5.61927× 10−1 1.68101× 101 1.76480× 100 5.61207× 10−1 9.73977× 10−3 1.62238 8.54384× 10−4

0.14 2.60081× 100 2.24259× 10−2 3.93001× 10−1 5.70631× 10−2 6.70637× 10−1 5.72538× 10−1 2.03949× 101 2.14056× 100 5.61129× 10−1 1.02232× 10−2 1.62225 7.92345× 10−4

0.13 2.84350× 100 2.06203× 10−2 3.80001× 10−1 5.42638× 10−2 6.80073× 10−1 5.86379× 10−1 2.56589× 101 2.69362× 100 5.61190× 10−1 8.86114× 10−3 1.62209 7.26080× 10−4

0.12 3.14240× 100 1.86835× 10−2 3.69001× 10−1 5.06326× 10−2 6.93337× 10−1 6.05343× 10−1 3.40099× 101 3.57522× 100 5.61577× 10−1 5.29271× 10−3 1.62188 6.54548× 10−4

0.11 3.52490× 100 1.65825× 10−2 3.62001× 10−1 4.58080× 10−2 7.13594× 10−1 6.33260× 10−1 4.88977× 101 5.16148× 100 5.62734× 10−1 6.39008× 10−3 1.62159 5.76084× 10−4

0.1 4.05150× 100 1.42556× 10−2 3.68001× 10−1 3.87378× 10−2 7.50107× 10−1 6.81035× 10−1 8.17923× 101 8.74006× 100 5.66189× 10−1 8.76585× 10−3 1.62117 4.86859× 10−4

interior redshift Z(0) = e−Φ(0)− 1, central energy cut off εc(0), central energy density ρ̂(0),

central pressure p̂(0), central velocity dispersion v(0), boundary velocity dispersion v(R),

and 〈γ〉 = γcr.

When pair production/annihilation is taken into account, we add the 13th column

for the binding energy M̂rest−M̂ to examine if the gravitational bound state exists. Although

this can still make the system unstable, it becomes gravitationally unbound M̂ − M̂rest & 0

when b & 0.5–0.7 (depending on α(R)). In the classical Maxwell-Boltzmann (MB) limit, the

threshold is b & 0.49. As α(R) increases, the threshold increases up to b & 0.7 in the nearly

degenerate limit α(R) = −0.5. This is in contrast to the Pauli blocking of fermions, bosons

tend to party and are easier to be gravitationally bound. Thus slightly higher temperature

is required to break them apart.
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Table J.2: BE with α(R) = −10 (partially condensate core when b . 0.09): Marginally
stable points corresponding to different temperature parameters b = kBT (R)/mc2. No
marginal stable point exists for 0 ≤ b . 0.09 if the particles are purely thermal. BEC must
happen for w(0 ≤ r ≤ rc) = 10 at b . 0.09 in order to have marginal stable points. The pair
production/annihilation effect is significant only if b & 0.1; while no gravitational bound
state exists when b & 0.49 as Mrest −M . 0.

b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr

5.0 6.48150× 10−2 2.06010× 10−1 2.59700× 100 7.93261× 10−2 6.12905× 10−1 4.79449× 10−1 1.60352× 10−1 1.71021× 10−2 5.65650× 10−1 3.07825× 10−3 1.62358
3.0 1.08185× 10−1 1.58569× 10−1 2.00600× 100 7.90474× 10−2 6.13491× 10−1 4.80492× 10−1 2.71872× 10−1 2.89860× 10−2 5.65552× 10−1 4.82900× 10−3 1.62356
2.0 1.62585× 10−1 1.28441× 10−1 1.63200× 100 7.87014× 10−2 6.14252× 10−1 4.81828× 10−1 4.16774× 10−1 4.44163× 10−2 5.65433× 10−1 6.91964× 10−3 1.62354
1.0 3.27070× 10−1 8.86253× 10−2 1.14300× 100 7.75374× 10−2 6.16612× 10−1 4.86022× 10−1 8.91240× 10−1 9.48549× 10−2 5.65058× 10−1 5.48513× 10−3 1.62347
0.5 6.62445× 10−1 5.95185× 10−2 7.93001× 10−1 7.50548× 10−2 6.21926× 10−1 4.95259× 10−1 2.05649× 100 2.18287× 10−1 5.64302× 10−1 3.41271× 10−3 1.62333
0.3 1.12528× 100 4.27826× 10−2 5.99001× 10−1 7.14233× 10−2 6.30419× 10−1 5.09578× 10−1 4.23762× 100 4.48158× 10−1 5.63269× 10−1 8.96816× 10−3 1.62311
0.2 1.73638× 100 3.14495× 10−2 4.77001× 10−1 6.59317× 10−2 6.44190× 10−1 5.32011× 10−1 8.65730× 100 9.11592× 10−1 5.62043× 10−1 6.92353× 10−3 1.62278
0.15 2.39870× 100 2.41206× 10−2 4.07001× 10−1 5.92642× 10−2 6.63557× 10−1 5.61965× 10−1 1.68171× 101 1.76551× 100 5.61204× 10−1 9.52818× 10−3 1.62239
0.14 2.60090× 100 2.24231× 10−2 3.93001× 10−1 5.70561× 10−2 6.70656× 10−1 5.72569× 10−1 2.04037× 101 2.14141× 100 5.61121× 10−1 1.01851× 10−2 1.62225
0.13 2.84370× 100 2.06167× 10−2 3.80001× 10−1 5.42544× 10−2 6.80122× 10−1 5.86444× 10−1 2.56761× 101 2.69541× 100 5.61187× 10−1 8.89810× 10−3 1.62209
0.12 3.14270× 100 1.86794× 10−2 3.69001× 10−1 5.06216× 10−2 6.93407× 10−1 6.05434× 10−1 3.40408× 101 3.57841× 100 5.61572× 10−1 5.59585× 10−3 1.62188
0.11 3.52555× 100 1.65770× 10−2 3.62001× 10−1 4.57926× 10−2 7.13749× 10−1 6.33445× 10−1 4.89757× 101 5.16977× 100 5.62738× 10−1 6.99840× 10−3 1.62159
0.1 4.05285× 100 1.42484× 10−2 3.69001× 10−1 3.86133× 10−2 7.50422× 10−1 6.81476× 10−1 8.20304× 101 8.76572× 100 5.66196× 10−1 1.22065× 10−3 1.62117
0.09 5.12000× 100 1.13595× 10−2 4.93001× 10−1 2.30416× 10−2 8.98789× 10−1 8.54564× 10−1 2.70931× 102 3.13829× 101 5.89492× 10−1 5.95293× 10−3 1.62019

with pair production/annihilation
b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr M̂rest − M̂
0.5 5.74700× 10−1 6.38527× 10−2 9.11001× 10−1 7.00907× 10−2 5.13186× 10−1 4.03187× 10−1 1.20523× 100 1.19767× 10−1 5.46003× 10−1 1.89801× 10−1 1.56780 −1.10282× 10−4

0.49 5.93850× 10−1 6.27590× 10−2 8.91001× 10−1 7.04365× 10−2 5.21630× 10−1 4.10403× 10−1 1.29199× 100 1.29028× 10−1 5.47358× 10−1 1.82243× 10−1 1.57193 7.74387× 10−5

0.48 6.13490× 10−1 6.16748× 10−2 8.71001× 10−1 7.08091× 10−2 5.29773× 10−1 4.17365× 10−1 1.38293× 100 1.38765× 10−1 5.48657× 10−1 1.74849× 10−1 1.57592 2.50989× 10−4

0.45 6.75730× 10−1 5.84745× 10−2 8.16001× 10−1 7.16598× 10−2 5.52359× 10−1 4.36905× 10−1 1.68253× 100 1.71027× 10−1 5.52218× 10−1 1.52601× 10−1 1.58697 6.90375× 10−4

0.4 7.93200× 10−1 5.32843× 10−2 7.37001× 10−1 7.22988× 10−2 5.83599× 10−1 4.64701× 10−1 2.28337× 100 2.36129× 10−1 5.56990× 10−1 1.15920× 10−1 1.60207 1.17612× 10−3

0.3 1.11485× 100 4.30356× 10−2 6.04001× 10−1 7.12508× 10−2 6.22364× 10−1 5.02461× 10−1 4.07977× 100 4.29428× 10−1 5.61937× 10−1 5.15305× 10−2 1.61903 1.42871× 10−3

0.2 1.73580× 100 3.14573× 10−2 4.77001× 10−1 6.59481× 10−2 6.43893× 10−1 5.31727× 10−1 8.64467× 100 9.10113× 10−1 5.61997× 10−1 1.25533× 10−2 1.62264 1.11836× 10−3

0.15 2.39870× 100 2.41206× 10−2 4.07001× 10−1 5.92642× 10−2 6.63556× 10−1 5.61965× 10−1 1.68171× 101 1.76553× 100 5.61206× 10−1 9.69811× 10−3 1.62238 8.54273× 10−4

0.14 2.60090× 100 2.24231× 10−2 3.93001× 10−1 5.70561× 10−2 6.70656× 10−1 5.72569× 10−1 2.04037× 101 2.14142× 100 5.61122× 10−1 1.02468× 10−2 1.62225 7.92244× 10−4

0.13 2.84370× 100 2.06167× 10−2 3.80001× 10−1 5.42544× 10−2 6.80122× 10−1 5.86444× 10−1 2.56761× 101 2.69541× 100 5.61188× 10−1 8.92169× 10−3 1.62209 7.25942× 10−4

0.12 3.14270× 100 1.86794× 10−2 3.69001× 10−1 5.06216× 10−2 6.93407× 10−1 6.05434× 10−1 3.40408× 101 3.57841× 100 5.61572× 10−1 5.60627× 10−3 1.62188 6.54390× 10−4

0.11 3.52555× 100 1.65772× 10−2 3.62001× 10−1 4.57934× 10−2 7.13735× 10−1 6.33430× 10−1 4.89718× 101 5.16928× 100 5.62734× 10−1 7.00196× 10−3 1.62159 5.75868× 10−4

0.1 4.05285× 100 1.42484× 10−2 3.69001× 10−1 3.86133× 10−2 7.50422× 10−1 6.81476× 10−1 8.20304× 101 8.76572× 100 5.66196× 10−1 1.22235× 10−3 1.62117 4.86545× 10−4

Table J.3: BE with α(R) = −5 (partially condensate core when b . 0.11): Marginally stable
points corresponding to different temperature parameters b = kBT (R)/mc2. No marginal
stable point exists for 0 ≤ b . 0.11 if the particles are purely thermal. BEC must happen
for w(0 ≤ r ≤ rc) = 5 at b . 0.11 in order to have marginal stable points. The pair
production/annihilation effect is significant only if b & 0.1; while no gravitational bound
state exists when b & 0.49 as Mrest −M . 0.

b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr

5.0 6.48170× 10−2 2.05293× 10−1 2.58800× 100 7.93249× 10−2 6.12918× 10−1 4.79468× 10−1 1.61489× 10−1 1.72233× 10−2 5.65648× 10−1 3.78285× 10−3 1.62358
3.0 1.08190× 10−1 1.58004× 10−1 1.99900× 100 7.90413× 10−2 6.13507× 10−1 4.80523× 10−1 2.73861× 10−1 2.91975× 10−2 5.65547× 10−1 5.25971× 10−3 1.62356
2.0 1.62600× 10−1 1.27966× 10−1 1.62700× 100 7.86517× 10−2 6.14294× 10−1 4.81913× 10−1 4.19988× 10−1 4.47585× 10−2 5.65432× 10−1 3.61058× 10−3 1.62354
1.0 3.27130× 10−1 8.82646× 10−2 1.13900× 100 7.74930× 10−2 6.16690× 10−1 4.86160× 10−1 8.99061× 10−1 9.56836× 10−2 5.65047× 10−1 4.47708× 10−3 1.62347
0.5 6.62740× 10−1 5.92204× 10−2 7.90001× 10−1 7.49625× 10−2 6.22122× 10−1 4.95593× 10−1 2.08035× 100 2.20794× 10−1 5.64269× 10−1 1.93680× 10−3 1.62332
0.3 1.12642× 100 4.24925× 10−2 5.97001× 10−1 7.11766× 10−2 6.30902× 10−1 5.10392× 10−1 4.31154× 100 4.55841× 10−1 5.63185× 10−1 4.75599× 10−3 1.62309
0.2 1.74070× 100 3.11191× 10−2 4.75001× 10−1 6.55138× 10−2 6.45551× 10−1 5.34033× 10−1 8.93060× 100 9.39739× 10−1 5.61854× 10−1 7.86951× 10−3 1.62275
0.15 2.41305× 100 2.36937× 10−2 4.07001× 10−1 5.82154× 10−2 6.67340× 10−1 5.67286× 10−1 1.78990× 101 1.87641× 100 5.60802× 10−1 3.41279× 10−3 1.62231
0.14 2.62130× 100 2.19518× 10−2 3.94001× 10−1 5.57150× 10−2 6.75861× 10−1 5.79734× 10−1 2.20708× 101 2.31239× 100 5.60637× 10−1 4.67995× 10−4 1.62216
0.13 2.87470× 100 2.00797× 10−2 3.82001× 10−1 5.25646× 10−2 6.87796× 10−1 5.96673× 10−1 2.85165× 101 2.98724× 100 5.60594× 10−1 7.02863× 10−3 1.62196
0.12 3.19540× 100 1.80339× 10−2 3.74001× 10−1 4.82189× 10−2 7.06181× 10−1 6.21886× 10−1 3.97295× 101 4.16615× 100 5.60882× 10−1 7.19578× 10−3 1.62169
0.11 3.63692× 100 1.57129× 10−2 3.77001× 10−1 4.16787× 10−2 7.40772× 10−1 6.66758× 10−1 6.45488× 101 6.80229× 100 5.62269× 10−1 1.00370× 10−2 1.62125

with pair production/annihilation
b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr M̂rest − M̂
0.5 5.75630× 10−1 6.35168× 10−2 9.07001× 10−1 7.00294× 10−2 5.14156× 10−1 4.04127× 10−1 1.22368× 100 1.21638× 10−1 5.46087× 10−1 1.89058× 10−1 1.56821 −9.04833× 10−5

0.49 5.94730× 10−1 6.24288× 10−2 8.86001× 10−1 7.04613× 10−2 5.22521× 10−1 4.11240× 10−1 1.31130× 100 1.30985× 10−1 5.47420× 10−1 1.81771× 10−1 1.57231 9.45706× 10−5

0.48 6.14350× 10−1 6.13486× 10−2 8.67001× 10−1 7.07595× 10−2 5.30619× 10−1 4.18205× 10−1 1.40339× 100 1.40845× 10−1 5.48709× 10−1 1.74222× 10−1 1.57627 2.65611× 10−4

0.45 6.76550× 10−1 5.81586× 10−2 8.13001× 10−1 7.15357× 10−2 5.53091× 10−1 4.37705× 10−1 1.70701× 100 1.73533× 10−1 5.52247× 10−1 1.51867× 10−1 1.58725 6.98360× 10−4

0.4 7.94020× 10−1 5.29816× 10−2 7.34001× 10−1 7.21819× 10−2 5.84197× 10−1 4.65420× 10−1 2.31701× 100 2.39606× 10−1 5.56988× 10−1 1.15416× 10−1 1.60224 1.17578× 10−3

0.3 1.11610× 100 4.27424× 10−2 6.02001× 10−1 7.10006× 10−2 6.22936× 10−1 5.03349× 10−1 4.15233× 100 4.36963× 10−1 5.61871× 10−1 5.06917× 10−2 1.61906 1.41989× 10−3

0.2 1.74010× 100 3.11273× 10−2 4.75001× 10−1 6.55310× 10−2 6.45244× 10−1 5.33739× 10−1 8.91704× 100 9.38146× 10−1 5.61805× 10−1 1.30815× 10−2 1.62261 1.10624× 10−3

0.15 2.41305× 100 2.36937× 10−2 4.07001× 10−1 5.82154× 10−2 6.67340× 10−1 5.67286× 10−1 1.78991× 101 1.87642× 100 5.60804× 10−1 3.85887× 10−3 1.62231 8.38163× 10−4

0.14 2.62130× 100 2.19518× 10−2 3.94001× 10−1 5.57150× 10−2 6.75861× 10−1 5.79734× 10−1 2.20708× 101 2.31240× 100 5.60638× 10−1 1.21278× 10−3 1.62216 7.74288× 10−4

0.13 2.87470× 100 2.00797× 10−2 3.82001× 10−1 5.25646× 10−2 6.87796× 10−1 5.96673× 10−1 2.85165× 101 2.98725× 100 5.60594× 10−1 7.05825× 10−3 1.62196 7.05209× 10−4

0.12 3.19540× 100 1.80339× 10−2 3.74001× 10−1 4.82189× 10−2 7.06181× 10−1 6.21886× 10−1 3.97295× 101 4.16615× 100 5.60882× 10−1 7.20382× 10−3 1.62169 6.28892× 10−4

0.11 3.63692× 100 1.57129× 10−2 3.77001× 10−1 4.16787× 10−2 7.40772× 10−1 6.66758× 10−1 6.45488× 101 6.80229× 100 5.62269× 10−1 1.00383× 10−2 1.62125 5.40028× 10−4
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Table J.4: BE with α(R) = −1 (partially condensate core when b . 0.4): Marginally stable
points corresponding to different temperature parameters b = kBT (R)/mc2. No marginal
stable point exists for 0 ≤ b . 0.4 if the particles are purely thermal. BEC must happen
for w(0 ≤ r ≤ rc) = 1 at b . 0.4 in order to have marginal stable points. The pair
production/annihilation effect is significant only if b & 0.1; while no gravitational bound
state exists when b & 0.57 as Mrest −M . 0.

b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr

5.0 6.49895× 10−2 1.61952× 10−1 2.05500× 100 7.88089× 10−2 6.13979× 10−1 4.81355× 10−1 2.61607× 10−1 2.78834× 10−2 5.65469× 10−1 4.41211× 10−3 1.62355
3.0 1.08694× 10−1 1.23652× 10−1 1.58300× 100 7.81126× 10−2 6.15396× 10−1 4.83859× 10−1 4.53639× 10−1 4.83113× 10−2 5.65236× 10−1 1.24702× 10−3 1.62350
2.0 1.63800× 10−1 9.90824× 10−2 1.28300× 100 7.72271× 10−2 6.17320× 10−1 4.87201× 10−1 7.16945× 10−1 7.62675× 10−2 5.64921× 10−1 3.89377× 10−3 1.62345
1.0 3.33030× 10−1 6.58069× 10−2 8.88001× 10−1 7.41068× 10−2 6.24505× 10−1 4.99309× 10−1 1.71610× 100 1.81808× 10−1 5.63762× 10−1 3.79838× 10−3 1.62326
0.5 7.05170× 10−1 3.90184× 10−2 6.08001× 10−1 6.41748× 10−2 6.54289× 10−1 5.44561× 10−1 6.09851× 100 6.34601× 10−1 5.58726× 10−1 8.27840× 10−3 1.62257
0.40208 1.00000× 100 2.84108× 10−2 5.89001× 10−1 4.82357× 10−2 7.59446× 10−1 6.72449× 10−1 2.99265× 101 2.37776× 100 4.88222× 10−1 4.44351× 10−3 1.62105

with pair production/annihilation
b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr M̂rest − M̂
0.6 4.82330× 10−1 5.10951× 10−2 7.84001× 10−1 6.51722× 10−2 5.09036× 10−1 4.07257× 10−1 1.95507× 100 1.88812× 10−1 5.38263× 10−1 2.11376× 10−1 1.56067 −3.14878× 10−4

0.59 4.96570× 10−1 5.01640× 10−2 7.68001× 10−1 6.53176× 10−2 5.16850× 10−1 4.14358× 10−1 2.10220× 100 2.03818× 10−1 5.39318× 10−1 2.05641× 10−1 1.56410 −1.83122× 10−4

0.58 5.11230× 10−1 4.92315× 10−2 7.53001× 10−1 6.53804× 10−2 5.24581× 10−1 4.21468× 10−1 2.26070× 100 2.20019× 10−1 5.40342× 10−1 1.99782× 10−1 1.56746 −5.96554× 10−5

0.57 5.26320× 10−1 4.82983× 10−2 7.39001× 10−1 6.53562× 10−2 5.32208× 10−1 4.28573× 10−1 2.43145× 100 2.37499× 10−1 5.41325× 10−1 1.93787× 10−1 1.57074 5.56315× 10−5

0.56 5.41880× 10−1 4.73632× 10−2 7.25001× 10−1 6.53285× 10−2 5.39749× 10−1 4.35649× 10−1 2.61599× 100 2.56415× 10−1 5.42268× 10−1 1.87857× 10−1 1.57394 1.62873× 10−4

0.55 5.57950× 10−1 4.64252× 10−2 7.11001× 10−1 6.52956× 10−2 5.47214× 10−1 4.42711× 10−1 2.81609× 100 2.76948× 10−1 5.43171× 10−1 1.82003× 10−1 1.57705 2.62196× 10−4

0.5 6.47400× 10−1 4.16647× 10−2 6.50001× 10−1 6.40995× 10−2 5.83606× 10−1 4.78629× 10−1 4.13293× 100 4.11996× 10−1 5.46862× 10−1 1.51831× 10−1 1.59116 6.44714× 10−4

0.49 6.67550× 10−1 4.06879× 10−2 6.39001× 10−1 6.36742× 10−2 5.90845× 10−1 4.86103× 10−1 4.48658× 100 4.48121× 10−1 5.47395× 10−1 1.45764× 10−1 1.59367 6.99305× 10−4

0.48 6.88650× 10−1 3.96982× 10−2 6.28001× 10−1 6.32135× 10−2 5.98144× 10−1 4.93748× 10−1 4.88463× 100 4.88659× 10−1 5.47833× 10−1 1.39837× 10−1 1.59606 7.46874× 10−4

0.45 7.59180× 10−1 3.66118× 10−2 5.99001× 10−1 6.11214× 10−2 6.21204× 10−1 5.18898× 10−1 6.47621× 100 6.49183× 10−1 5.48382× 10−1 1.21704× 10−1 1.60254 8.48139× 10−4

0.4 9.29193× 10−1 3.03549× 10−2 5.70001× 10−1 5.32541× 10−2 6.83616× 10−1 5.91499× 10−1 1.41131× 101 1.36907× 100 5.39465× 10−1 9.25160× 10−2 1.61057 8.65748× 10−4

0.39327 1.00000× 100 2.84061× 10−2 5.88001× 10−1 4.83096× 10−2 7.33929× 10−1 6.48123× 10−1 2.80443× 101 2.17340× 100 4.82179× 10−1 8.87732× 10−2 1.61089 8.19088× 10−4

Table J.5: BE with α(R) = −0.5 (partially condensate core when b . 0.7 or 0.8): Marginally
stable points corresponding to different temperature parameters b = kBT (R)/mc2. No
marginal stable point exists for 0 ≤ b . 0.4 if the particles are purely thermal. BEC
must happen for w(0 ≤ r ≤ rc) = 1 at b . 0.7 or 0.8 (with or without pair produc-
tion/annihilation) in order to have marginal stable points. The pair production/annihilation
effect is significant only if b & 0.1; while no gravitational bound state exists when b & 0.7
as Mrest −M . 0.

b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr

5.0 6.52990× 10−2 1.25310× 10−1 1.60900× 100 7.78809× 10−2 6.15922× 10−1 4.84763× 10−1 4.43484× 10−1 4.72153× 10−2 5.65149× 10−1 3.53529× 10−3 1.62349
3.0 1.09642× 10−1 9.42484× 10−2 1.23200× 100 7.65003× 10−2 6.19037× 10−1 4.90113× 10−1 8.02845× 10−1 8.53158× 10−2 5.64624× 10−1 7.86822× 10−3 1.62340
2.0 1.66259× 10−1 7.38859× 10−2 9.93001× 10−1 7.44066× 10−2 6.23831× 10−1 4.98159× 10−1 1.35464× 100 1.43552× 10−1 5.63836× 10−1 3.77504× 10−3 1.62327
1.0 3.51100× 10−1 4.41888× 10−2 6.80001× 10−1 6.49834× 10−2 6.52009× 10−1 5.41017× 10−1 4.67989× 100 4.87236× 10−1 5.58872× 10−1 9.09096× 10−3 1.62262
0.79835 5.00000× 10−1 3.21537× 10−2 6.51001× 10−1 4.93912× 10−2 7.53085× 10−1 6.64326× 10−1 2.24706× 101 1.78692× 100 4.88434× 10−1 8.22334× 10−3 1.62112

with pair production/annihilation
b w(0) M̂ R̂ C = M̂/R̂ Z(0) εc(0)/mc2 ρ̂(0) p̂(0) v(0)/c v(R)/c 〈γ〉 = γcr M̂rest − M̂
0.8 3.51600× 10−1 4.31632× 10−2 7.39001× 10−1 5.84076× 10−2 4.80415× 10−1 3.91334× 10−1 2.63651× 100 2.38916× 10−1 5.21397× 10−1 2.56511× 10−1 1.54028 −8.71148× 10−4

0.71 4.62120× 10−1 3.42885× 10−2 6.50001× 10−1 5.27514× 10−2 5.73545× 10−1 4.88294× 10−1 7.59216× 100 6.70590× 10−1 5.14762× 10−1 2.18430× 10−1 1.56509 −2.32943× 10−5

0.7 4.90300× 10−1 3.24569× 10−2 6.53001× 10−1 4.97042× 10−2 6.04345× 10−1 5.22542× 10−1 1.13357× 101 9.31147× 10−1 4.96416× 10−1 2.13955× 10−1 1.56744 4.94255× 10−5

0.69958 5.00000× 10−1 3.19603× 10−2 6.59001× 10−1 4.84981× 10−2 6.18445× 10−1 5.37960× 10−1 1.55491× 101 1.07425× 100 4.55261× 10−1 2.13735× 10−1 1.56742 5.57749× 10−5
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Appendix K

Formulation of the Relativistic

Bondi Accretion

K.1 Inconsistency of non-relativistic Bondi accretion for the

SIDM

In this appendix, we show that the non-relativistic Bondi accretion of SIDM obey-

ing Eq. 6.6 is not consistent because it yields relativistic sound speed and fluid speed.

We start with the non-relativistic continuity equation and Euler equation

1

r2

d

dr
(r2ρv) = 0 , (K.1)

v
dv

dr
+

1

ρ

dp

dr
+
M

r2
= 0 . (K.2)

Note that in the non-relativistic limit, the rest mass density ρ0 and the total energy density
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ρ are approximately equal, thus we do not distinguish them here. The continuity equation

Eq. K.1 implies a constant accretion rate,

Ṁ = 4πr2ρv. (K.3)

Instead of directly solving the Euler equation Eq. K.2, we rewrite it into the following

“Bondi equation” [246, 247]:

1

2

(
1− a2

v2

)
dv2

dr
= −M

r2

[
1−

(
2a2r

M

)]
. (K.4)

Assuming a2(r) does not increase too rapidly as r increases, we can see that the RHS will

change from positive value to the negative one at the sonic horizon r = rs with

rs =
M

2a2(rs)
. (K.5)

This implies that the LHS shall also change the sign accordingly. Since dv2/dr < 0, a

physically reasonable initial condition [246, 247] is as follows:

v2 → 0 as r →∞ and v2(rs) = a2
s := a2(rs). (K.6)

This condition implies that the fluid starts as subsonic fluid at large r and then turns into

the supersonic one after crossing the sonic horizon as r decreases. Subject to the above

initial condition, we will now solve the Euler equation Eq. K.2 based on the EoS Eq. 6.6.

By the definition of sound speed a2 = (∂p/∂ρ)ad, the EoS Eq. 6.6 can be put into
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the following form:

ρ

ρB
=

4a2(2− 3a2)

(1− 3a2)2
or

√
p

ρB
=

2a2

1− 3a2
. (K.7)

The second expression implies a2 ≤ 1/3 which is the so-called sound barrier. Integrating

Eq. K.2 and using Eq. K.7 we obtain

v2

2
+

2

3
ln

(
2− 3a2

1− 3a2

)
− M

r
=

2

3
ln

(
2− 3a2

∞
1− 3a2

∞

)
. (K.8)

where a∞ = a(∞). At the sonic horizon r = rs, i.e., Eq. K.5, v2(rs) = a2
s. We can then

use this equation to relate the sound speed at sound horizon to the asymptotic sound speed

0 ≤ a∞ ≤ 1/
√

3, and find that

0.38c . as ≤ 0.58c (K.9)

where we have recovered the speed of light c. We see that the sound speed at the sound

horizon is of the order of c, which implies that the non-relativistic formulation of Bondi

accretion is not consistent, at least near the sound horizon region. Therefore, a relativistic

formulation of Bondi accretion is needed for the SIDM with EoS given by Eq. 6.6.
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K.2 Relativistic Euler equation in Schwarzschild spacetime

By the conservation law of spherically symmetric stationary inflow in Schwarzschild

background, one obtains the relativistic Euler equation [57]:

u′

u
+
ρ′0
ρ0

= −2

r
,

uu′ +

(
1− 2M

r
+ u2

)
a2

ρ0
ρ′0 = −M

r2
,

(K.10)

where “prime” denotes the derivative with respect to the radial coordinate. The solution is

u′ =
∆1

∆
and ρ′0 =

∆2

∆
, (K.11)

where

∆ ≡ 1

ρ0u

[(
1− 2M

r
+ u2

)
a2 − u2

]
,

∆1 ≡
1

ρ0

[
M

r2
− 2a2

r

(
1− 2M

r
+ u2

)]
and ∆2 ≡

1

u

(
2u2

r
− M

r2

)
. (K.12)

Remark (i) ∆ > 0 as r → ∞, u → 0 and a → a∞ (subsonic u2 < a2) (ii) ∆ =

(u/ρ0)(a2−1) < 0 at r = 2M as a < 1. (iii) ∆ must pass through zero at some critical point

r = rs outside r = 2M . To avoid the singularities in the stationary flow, one demands ∆ =

∆1 = ∆2 = 0 at r = rs. Thus, at this critical point (sound horizon), one derives Eq. 6.16.
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K.3 Deriving profile equation for sound speed

We determine the spatial profile of the Bondi accretion from the relativistic Bernoulli

equation Eq. 6.13 given the boundary condition to fix

cB ≡
(
p∞ + ρ∞
ρ0,∞

)2

. (K.13)

We aim to solve Eq. 6.13 for the sound speed profile. However, there is still u in the LHS

of Eq. 6.13. We can use Eqs. 6.8 and 6.10 to express u = u(a, r̄) and the result is

u =
cA(1− 3a2)3/2

a2r̄2
√

1− a2
(K.14)

where

cA ≡
Ṁ

128πM2ρB
, (K.15)

and we have introduced the radius coordinate r̄ = r/2M in the unit of Schwarzschild radius.

With Eq. K.14, we can turn Eq. 6.13 into the following to solve for x ≡ a2:

(27c2
A − r̄3 + r̄4 − 3cB r̄

4)x3 − (27c2
A − r̄3 + r̄4 − cB r̄4)x2 + 9c2

Ax− c2
A = 0 . (K.16)

Once the boundary condition is specified, the profile of sound speed can be obtained and, in

turn, the density profile around the central hole. We need to specify the physical boundary

conditions, such as a∞, of the dark halo to fix cA, cB and select the right and physical

profile. As for the dark halo, the typical value for the fluid velocity dispersion is about

100 km s−1, which is roughly also the value of a∞ ≈ 10−3.5 in unit of light speed. Thus, we
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solve x = x(r̄), or equivalently r̄ = r̄(x), from Eq. K.16, and only real solution can satisfy

the boundary conditions. Given the sound speed profile, we can in turn obtain the mass

density profile ρ0(r̄).

K.4 Local Mach number

The proper speed of the fluid v ≡ |vr| = |drobs/dtobs| measured by a “local” and

“stationary” observer at r with the observer’s proper length drobs(r) = dr/
√

1− 2M/r and

proper time dtobs(r) =
√

1− 2M/rdt, thus

vr =
drobs

dtobs
=

dr/dt

1− 2M/r
=

ur/ut

1− 2M/r

and with the normalization

−1 = −
(
ut
)2(

1− 2M

r

)
+ (ur)2

(
1− 2M

r

)−1

,

one can readily solve for

v =
u√

1− 2M/r + u2
. (K.17)

Hence at r � 2M , v ' u� 1 and is subsonic; while at r = 2M , v ≡ 1 > a, independent of

u, supersonic. Then we define the “local” Mach number

M≡ v

a
=

u/a√
1− 2M/r + u2

. (K.18)
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Note that at the sound horizon (vs = as), Ms = vs/as = 1; at the event horizon (vh = 1),

Mh = vh/ah = 1/ah.
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