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Shortly after the discovery of the neutron, Heisenberg introduced
the idea of isotople spin, mainly as & mathemeticel convenience in
dealing with different types of nuclsar forces, From this viewpoint,
e neutron and a proton are considered ag different states of the same
particle, called the nucleon. A negative proton is not counsidered
as a state of the nueleon bscause (aeeord1nﬂ to Fermils "low-brow®
explanation) it is 2 hole, a misging positive proton, in %he negative
energy proton sea. A4s far as chsrge goes, then, the nucloon hss a
doublet structure, and the mathematical formalism is set up by the
analogy to the spin mstrices and wave functions of a partxcle of
ordinary spin 3.

The ¢perator F vecomes T , end the metrlces o, <,% become %,
T, T (the axes are mumbered 1, 2, 3 to emphasize that the isotopie
spin operators and wave functions are in a specisl space, called
charge space). The matrixz <, is chosen to be diagonal, and is
related to the charge of the particle. The eigenfunctions of the
isotopic spin operators %t and G arz the ome-column matrices

\ »
I\ and { Q s
O,J N
G ¥ and i1l be reprcsented
by N@ o The operastors and wave functions are summarized below,
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These operators have the follicwing propertizs (as they wers
designed tc have): :

R 5 e
GIVE?}.L‘;N;L ’f(z.,N;:w{;_N;
o Ni =0 o NE =N
9ot e(274] = ve b= e(-114) 0

{Historical note on the name "isotopic spin:®  the "spia" comss
from the analogy to ordinary spin; the "isotopic" comes from the
isotopic number of a nucleus, defined as the number of neutrons
nimus the mxmber of protong. This number was probably defined

in this way to give pOSJ_t’LVG integers for most nuclei, but it
should be multlplled by one-hslf to correspond to & v= Y% for
nucleons, This mekes the proton bave T,=-'%., Some authors have
changed the signs, so the plus T, value goes with {he plus charge.
Both conventions are being used currently.)

- The isotopic spin formelism cen be extended to a group of nucleons.
The total isotopic Spin is ¥ RWT(2 1+ F(w) , and the third axis
component is T3 = GU)+GQ)+«.« Gin) . The operators that raise or
lower the Ty value by Tare T=CQUreatyln) , T = T()v v v T ('m‘) .
The spin functions, of vhich there are 27, are demoted by NI(NNF RO {»‘L
while an eigenfumction of the operators ‘%‘ end T, iz denoted by I
and is a llnear combination of the spin {functions. The convention will
be used that vhen the nucleon number is omitted; it is understood to be
indicated by the pogition of the fimction or ’c.he operatory for example,
in the spin funetion N"’M N"’.u . the second Ni refers to the second
nucleon, and so forth, :

The Pauli principle for neutrons and protons can he extended o
nucleons by requiring that the toital wa-e fupction {including space,
spin, and isotopic spin) be :mti—.,d e tric.

As the two-nuclecn isotopie spin eizenfunctions will be needed le:

<

2

"'(n
0

they are derived here te illusiirate the nethod. There zre itwe posgibliliszics
for Tz elther £+ 4= , or 4{~1-7 . "heT=! siaie is a trislet and “na

Ty = 1,0,-1, vhile the T. c) state i3 a siaclet and hes T —~:’) onlr.
only the 8 space state (tbhiel dis cyumelirsic) ie ur*ﬂcn":zv},
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Y
The four possible spin functions are N{ N,, ,N, NL 9N N N N L

The two-nucleon operstors are:
P[0 2@ = B+ T 2% 20)

T)TQ) = O 4 OO BT

Tt = QT ~{0T +(00,+ 7,73,
T.TCy = @‘T '?l:Tyer' -i't‘..‘(’, *T;T\_

A R(). () = [e,c +o.0,] + B

‘f" e )10 4 f‘.n 1 27,G

Ty = 50) + ty(2)

Te = TO) + Tul2)

[} -] - . '
fhe four eigenfunctions are I“ ’ I. 2 I,a , I: ; since they are
" linear combinations of the spin functions, they could bs found by the
straight forward way of evaluating the coefficients. (For example,

consider I aN} N‘ta.N‘iN» §q,,N NL Ha..,N N .

The equation ?I aLleads to the result that a.sa.,,a, zg“q,,zq,_ 5 Qg Qo
The equation %I -1I,1eads to the result that e+2,;a,¢0; a0 q.,--a.,e.
Normelizing imposes the condition that €ai =1 Thus, 1~ - N% N e

This perhaps was obvious from the begimmin since N* N& is the only spin
function having T3 =1 . Smilarly, I, ‘N,,:N"‘ o

Once the "lead" eigenfmxctmn of a mxltiplet is known, the rest
can be gotten by using the T.operator, since T, 1? = NPT 1) ]_70

' ° % - %
T RIY = NN+ NN AT RN NN ]
("I 0+N N 4N N *0 \ 4 . -
T..I [ | % ] ."I: zN’sz’L

The L elgenfunction can be found by noting that it must involve the
same two spin functlons as I , and also bg orthonormal %o AN

L TG - S[VNE SR

The two-nucleon system is sumsrized in Table T.
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Space and Spin T Wg Bigenfunciion
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Finding the eigenfunciions for three-nacleon groups 1s somewhat
more complicated {see Schiff (229) for the amalogous three-electroa
ordinsry spin case, or Messiah PR 86 (430) 1952 for the three-nuclson
case)o Instead; for these and heavier muclel, the nuclevs will be
taken as & single particle with a certain isctopic spin., The tuo
nuclei, He3 and B3, will be considered to have the same space and
gpin configurations, the onmly difference betwsen them lying in the
isctopic spin pari of the vave function, It ie ass 1§ed that they
form a doublet (T = %), which seemg reasonable if He’ is looked at
as a deuteron plus a proton, and H2'as a deateron ?ldg 2 nautron.
Other examples, such as the T = 1 tadplet Cl4, N4 (exclted state),
0l4 are discussed by Adeir PR 87 (1041) 1952,

Before extending the isotopic spin forralism to pions, one
reagon for the current interest in isotopic spin might be mentioned.
Charge symmetry of nuclear forces assumes that the p-p and n-n forces
are equal {except for the Coulomb forces). Charge independence ex-
tends this equality to include n-p forces, snd says all three are
. the same for the same space and spin state. This last hypothesis
places stringent conditions on certain reactions, and predicts, with
the use of the isotopic spin fornmaligm, ratios of crogs-sections
of related processes. Yany of these experimenis are now being donsy
and their results will help decide the walidity of the charge in-
dependence hypothesis,

The three w-mesons suggest thet the »ion has a triplet structura
(with T<i , and = +;,0,-1 for positiv:, neutral, and negative
wions. The isotopic snﬁn notation to be used follows by analogy o
a particle with ordtnurv spin of one. The T and ¢ matrices are
chosen to be diagonal; the eigenfunciions of thesz two operators
are designated by ﬁ“ and azre thresrov, cue-colum matrices.

) ls‘

The positive pion cigenfunction ‘s T ". D,
PRel R
- o)
, e Y
thne nev.aal wien ¢ oanalcisp ip : oy E
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The pion isolopic spin operators = e:

] AY
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c o0 ' A e ¥ \\.L) Q i,
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OO ,)‘ el i
Vo oo
oio [0 0 <
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These operators and eigenfunctions have the following properties.

T, = 4 T wT a0 S N LA

eI =2 T =27 EARIINE 2??'.’

R CRUAEIER b RN Ok

IR e T LB 2T L
%r-r Tre G 0 Tar % 0 €

Cerouations of pions and nucleonsz ars treuted in tho same
Heal, .7 83 gneens ~f noelecns The cece f ope mucle moan: e plor
31 bve the sxw .arle, sinco thelr sigenfurctions sre aseded. 7Tae

[}

possibilivies for 7 are isi- % (& quadruplet) and t-4: § (a
de "\let)  Taa oparstors are the same as the two~nuciseon ones on
paga 3, e<cept that the second m*.cl.eon m aplaced Uy @ plon  Tha
possible spinfunctions are: a':* NI Y ?‘“ Iy ‘H,,“‘:f,".' WS

. H
e r*ead“ fonction of the ou‘,\auplet is i— dnd mist be ‘srua”

vo 1T since that is the only evinfunction with 5 % . Ths ot

followi from the relation P Yy Ry 1
oA )' t .4: S\ o
R S A g L SRR AN
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The doublet eigenfunctions are found in this way: for ff
we have the same two spin functicnu aq for T”— 3 thGSr two e;gﬂns
functions must be orthognnal go = [\2»& TT f\h T ]
Similarly, I, = & [N *ﬂ" ‘l‘"N '{; ]
Theso functions ere summerized for convenience'in table Ii.
Tabic 11

e X . T &

3 uot
Tk Ip= NgT, ()

-V AR | % . ~h ! g - K
Met Ip- k[N ENET ] Rt T Vi 1Y B CR AR
uyL - ey | RS —K- "'x o - "L -y 7 a -
e TREENTLT] TRl -aT] Gre)

S A -
Bt I eNST ()

Later the spin funcitions will be needsd expressed in terms of
the eigenfunctions. These are gotten by solving the expiessions
of tables I and II backwards, ancd teble III below gives the results,

Table IiX

(¢.®) N;;N:} T,
y\_ -9;. e 3 Q
(g N%N ,,L = %’i Ll, ’r'Ic]

e =t

+ Y.
(SPJ‘" ) N?:}T: = Iy\‘

%
{nr®) N V{f = [ﬁr k*‘
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if the Hanilivonlan is unchanzed by a volatlon in coordinats
apace, it commutes with the sngular nmomentum, and the angulor
mermenium 1s & constant of the motion, Similavly, if the Hamlltiorien
is unchanged by & roitation in charge space, it will cormute with
the totai dsotopie spin and the total isoteple spin will be a
constant ¢f the wmotion. (Tg is a constent of the motion, since
it is related to the cherge and charge is conserved.) if the
Hamiltonian ie to be uwnchanged by e rotation in chaevrge specs, it
canmol contain eny lsotople spin operators and thus ssnnst dis-
tinguish hetwesn protons and msutrens, or betwsen diffevent typec
of pions. Assuming that proions and neutrens heve the seme propzv-
ties Le, of courss, the hypothesis of charge indspendones of nuclesr
forass, Therefore, the consequences of churge indepondence can bz
investigated by cssuning thsel the total isotopie spin is a conglant
of the motion. The method of investigation usually involves the
comparison of crossegections for several similar prozesscs,

For example, consider ths rslated processes:
d?+(f-}-&'l-1?+

ne p-» dow®

nt+m > L+m”

By comparing the cross-soetions for the same incident energies,

the phase space factors are eliminstled. (Sinca ths spaes and apin
parts of the wave funciions involvaed are ths same, the differeatial
cross~sections can also be compared at the same laboratory esngles.)
Using Fermits "Golden Rule #2¢ :

y 2. ; 1.
Gﬂ’q’ - l Ha P ang i, - 3 H) [ where 5~1‘ - gva‘{f'(gg \H.‘ &}:“

The only difference betwesn the Y for the ithrea reactions lies in
the isotopic spir pert; and the interaction metrix H reduces to

Hog= A Lopldot] , Hups Alagldnc] , and Y. .« Hbmlé"n':i o
The dsctoplc spin of the right half of the reactions is the same as
that for a plon, since the deuteron has zerc isotopic spin, Uslng
table IIL,

E@@i&ﬂ"‘} ® [I,“I,‘l = {.IaiIR} )
Tewlawel « D(Toe 1Y TS] = R ILIT]
bwlbn = LT ] = [3,100]

e 3§ 0] - .
The ractor LIS|T2] 1s zero since the eigenfunctions ere crthogonaly.
the Tg notation is dropped from the finel expregsions becauvso the
result is independent of the charge of tne state.

The relative cress-sections are: O = E:w;@ = T .

Anothey group of relatad processzes is plon scattering from
hydrogens

s
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Using table III again, the matrix elements in this case are:

Lev* L gw i {. ﬁ%} {I*/..’I%?
Lo b} = [B(T -0 0}) | & (2 T3+ 1)

‘S

)

i

S.';?:' [Iﬁ’; ;r’;'z ] - % i I""L ’ r‘&}

lewlen ][5 (m-mr) | (T2 -6 1) ]

<4 (iG] » 21,01,

If we now assume that the scattering is mostly from the T= %_ stute
and set [,LJIVL} = O , the relative cross-sections sres

1:6;

s
wd T 23 10T 0%

G'éw °q
The" fact that the Chicsgo i°esul1:s from pion-profton scattering scemsd
to agree with these numbers was responsible to a large degree for the
present interest in isotopic spin.

Another set of reactions is: @ § > t+

@1- &'—‘9 HQ!“} '“'o

The H3 and He? are assumed to behave isotopic-spin wise like nuclecns,
so that the results of table III can be used. The left s 1(1% of the
resctions bas the isctopic spin of the proton, which iz I,
The matrix elements ere:

)] = {; [I&}IVL}

Lokl tw] ~ LI% | &(15+ BT, , ‘
ted bwe} « [ &(Ts -1)] = (F [Tal L]

The relative cross-gectlons ara Opys = 2 Sppef o

¥ w0
This result can also be seen in the eigenfunction lg‘_ ‘\"’LﬁN "ﬂ Nyt 1
which indicates that H3,n™ is formed twice as often as HeZ, n°,





