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Notes on Isotopic Spin Hilson J, F'rank 
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Shortly after the discovery of the neutron, Heisenberg introduced 
the idea of isotopic spin: 1na:inly as H mathemat.ical convenience :tn 
dealing with different. types of nuclear forces. From thia vie\orpoint, 
a neutron and a. proton are considered as different states of the s8llle 
particle,. called the nucleono A ueg.:n':.ive proton is not considered 
as a state of the nucleon because (a~cording to Fermios nlow-brow" 
explanation) it is a h()le, a missing positi.ve proton, in ·i:,he negative 
energy proton sea. As far as charge f:{Oes, then, the nucloon has a 
doublet structure, and the mathematical f'orrnalism is set up by the 
analogy to the spin nm.trices and wave functions of a particle of 
ordinary spin t. · 

The operator~ becomes~ , and the matrices oa,~,~ become <;, 
('21 't'"z, (the axes are numbered l, 2, 3 to emphasize that the isotopic 
spin operators and \.;ave functions !!ira in a special space, called 
charge space).. The LW.trix ~' is choson to be diagonal, a.nd is 
related to the charge of the particle,. The eigenfunctions of the 
isotopic spin operators "1!l3·and t; ar.::l the one-column matrices 

l~) ruJd ( ·n . 
'ti ' and t,.Ji.ll be represented 

by Nrc' " The operators an1 wave functions are summarized belm·ro 

I I 0) 
t:~ 0 !\ 0 -I 

t ,, ) 
the proton eigenfunction is Nt »- ~ CJ , 

the neutror, eiganflmction is N~ ~ { ~) 

. ('o o
0

) -r, -· c.. 1"'.1!. :: l 

, .. 
!.t ' ' c 1e .. ·'3 t. _, g JJ. ·.if. .'l , ,-,.:: ·~·~ •. y t. -_, aud thu; c.:. ar~ect 

"· ', t ~ ; ;:. ~ ;.: ~· ~ + ~: • ·'.:, ' ;, ~ ~ ... ·-r , ~ •\:, -: ;.._ 
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These operators have the f'ollc·m.ng propertL:s {e.s they -were 
designed to have): 

_J. .. ). 
l I ' '1. N 1. 

t; Ntl. = I r-J1. t~, N 1- = _ .. ..J._ 

2: 2. ~ 

~~ " 1.. l. 

j.. -!.. •• j.. 
~ .-hl. N ~- l.. f\j .. 

7).~J ~ ~ N .,_ '(' .!. 
... 

= iL .L 4f ~ '1 ...... 1. 
1.. 

I 
- ~L 

).. 

'('t' N I :: 0 't1 N,~.. .,;:. ,..,, : 
2.. ?- 1.. 

I _J,.. 

'4-IJ~ 
1'- N: :; N J.'l. 

"'- i J.. 
= 0 

oz. 7.. (. 

~~·re(t~ i) ·: -te,. t')I.".J-."" e.(-Ji"' i) = 0 

(Historical note on the name "isotopic spin :!i the "spirt" comas 
f'rom the analogy to ordinary spin; the "isotop:t.c" comes from the 
isotopic number of a nucleus, defined as the number of neutrons 
minus the numbe~~ of prot.ons.. This number wa.s probably defined 
in this ~my to give positive integers for most nuclei, but it 
should be multiplied by one·-half to correspond to a 'f' ::. 'Ia for 
nucleons.. This makes the proton have -r, ... - 'k." Some authors have 
changed the signs, so the plus 't'3 value goes 'With \.he plus charge .. 
Both conventions are being used currently. ) 

The isotopic spin formal5.sm c~n be exten.ded to a. group of nucleons .. 
The total isotopic· spin :i.s <('" ~(,) ,. f(z.>.,. ... • 1'(-v..) , and ·t.he thi.:rd axis 
component is P3 .. 'i.~(! h 1;(1) ..... ~ '!;("") o The operators that raise or 
lo'l.rer the T~ value by 1 are ,."' ~ 'tt(l)~ .... ""t~(-.... } , 'r_ ., -r_(l)"' .. · • 1".-('l\.) G 

The spin functions, of 1rThich there are 2'n, are denoted by N~l(~)N;\l}•·· I\J.~{'l\1 
vihile an eigenfunction of t.he opsrators tf~ a.l'ld 'r.J is denoted by I~ , 
and is a linear cor.tbination "f the spin i'u..11c·tio11So The convention 1-.rill 
be used thc'"l.t when the nucleon number i..s omitted; it is understood to be 
indicated by the position rnof ~the function or the operator; for exa.rrtp1ejl 
in the spin function N~ N; Ni . ., : the second 1'-4~ refers to the secon.d 
nucleon, and so forth. 

The Paul:i. principle for neutrons end protor..s can be extended to 
nucleons b;y requiring thai:. the tote.l 11a • e funci:ion (inolud-i.ng space, 
spin, and isotopic spin) be ~mti-.s;pr.!lnetr:tc,. 

As the t1:ro-nuclecn isotopic spin eigenfunctions wi.ll ba neeoed l!.. c·):- 1 

they are c.h~rived her(~ to ill•.tst:.·atE.! -C.he nethod. There :;:re hro possibili ::.L:.s 
for rp : ei 't.h0r t ~ ·(; = l , or k.- 1 N J . '·he ·-t "'· i ~;£.u:;:e is a t:r·ioh:t H.nc :.:::s 

T\o. ..-_ ) , 0 -f • j,,rhilG the 71 .() s~t.Jte is a Sl:l"'let and ~!P.S 7\ ~-;-) Oll].'r. r.' 
~ ~ J ~ ~ ~ • 

on1y the ~)'··one~ fl-( :tt" (•·hi"'} ·!!:: "'''1tTI''"'~ ,-.·:c) i"" <H'!;·-;C::P.••·•·l 1·110 m·;h' S'l,'\t.•·"'.. _. l..,.,.o;a,_,_, ...,.. .... --' • · V • _ _. -j J.O-' "'•- ~ .,; ~o.'" -' _. ! " .. -" ...,! - ... ~ I o. .• ~~-

~3~: '..~c. t1t-,>:.:--.:i•J-.:):~ : ... )1 ;,} E! ~~:.1"Ji -~~·.-~~.--.. "' ~J e: .1.·._"";, .. -~}13 s_~_c~-. L:-.l.c-tl 1jt~- r -~t· ~; .. 
vl ~· , • 1 -~ ·t. u.iiT' """: • • • -, 
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), .. ~ ·\ 4 i 4 t. -1. 
The four possible spin functions are N: N~ N N N N N N 

~ \. ' .&: .... 9 J. .!. ' .!. .1. f.) 

1be two-nucleon operators are: 
.. z. )'1<. 1-l,. 

-r. 't'_ -::. -r, -r, -' 'C', '(\, + ;, 't' ... ·r, -+- -r ~ -r~ 
rr_ 't'.. = 1"1 ~ + l T. "l"a. - i "' •. :c.~ '+' t-J. 't' ~ 

'f", :: "tJ(I) ~ 'ta(2.) 

'l'.!: • 1't,(l} .. 'rt(2.) 

I I I <) I-& I 0 . . 
1' he four eigenfunctions are n 1 , , , , 0 ; since they are 
linear combinations of' the spin functions, they could be found by the 
straight forward way of' evaluating the coefficients.. (For example, 
consider • \.N,. t .. i~ ll.,·• .. ~•\1"' N-t .. N."'-1, w:. ct,N\ ; + <\.~Ni sv., t o.,"'.L N1 • Q.., .! •. " 

I. l- l, ). I. z. 73. 
.,. ... I T' 

The equation 'Ia=a.Atleads to the result that tt, .. 4,~d~"2a .. da1".t4.d~=ta.,o 
The equation 'r,I.'-.tl,'leads to the result that o.. • ""•• """• o ; Q.s• o ;<l9::.-~ .. 
Normalizing imposes the condition that i~ ~ 1 • Thus, I,' ... tJ~ .. N't .. 
This perhaps was obvious f'r?m the bep;~ing since N\Ni is tha only spin 
!'unction having 'f, -= I • SJ.JD.ilarly, I , • r~i~ ~ ., 

Once the "leadn eigenfunction of a mt1ltiplet is known, the rest 
can be gotten by using the 'l'_ operator, since '1' .. 1; « f;.'l',lf-'1', • 1) 1; .. 1 

• 

~"a. \ "" ·\. 
'T .. t,'· 'f!l~. N.LN\ ~ N\N\ 

The :( eigenfunction ca11 be 
same two spin functions as 

'l"he two-nucloon system is 

_, N-+"N·t · I = .. t· ., I ~;a. ._ 

found by noting that it must involve the 
I 1" , and also tJe orthonoTmal to I~ ., I! 

' I" :.: J .. r,·lJ_ • ,"'~:, - N-~ .... t~ ~.] 
• •• o U,l ~rv\, t • •\ 

suillllar::t '3ed in Table I . 
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Table I 

Space and S'pin ,~ Eigenfunction 

{ (f,q) 

0 {~,'!<.) 

l ·- ~ ("1'\,'YI.} 

0 0 (f•") 

Findin§; the eigenftmc.tions f'Or ·i.;hree-m.Icleon gro:rp::! is someft.JhsrG 
lll.Ore complicated (see Schi.f.'f (2.29) for the analogous three-electro:.'l 
ordinary spin case, or Mes:;iah PR 86 (4.30) 1952 for t.he t:b.ree-nu.clao11 
case).. Instead, for these and heavier u.uclel, the nuclet:s w.~.ll be 
·taken as a single particle ui th a certain isctopic spin.. The;, t>.ro 
nuclei, He3 a.nd nJ, will be considered to have tha sa:rue space and 
sp::in configurations, the only difference betloft'len them lying in the 
:isotopic spin part of the va.ve f'unct:tono It is ass:3-ed that they 
.form a doublet {T ~ i), wh:~ch seems reasonable if He :ts looked at 
as a deuteron plus a proton, and H3 ·as a deute:rcm Y.lus a nautrono 
Other exmnples, such as t.he T- 1 triplet c14~ Nl'+ (excited state), 
o14 are discussed by Ade..tr PR 81 (1041) 1952., 

Before extending the. isotopic spin for!Ialis!ll to pions, one 
reason f'or the current interest in isotopic ap:tn might be mentione-1, 
Charge sy:mmetr-J of nuclear' forces assurnefJ that the P-P and n-n forces 
are equal (except for the Coulomb forces). Charge 1ndepenclence ex­
tends this equalit,y to ir.clude n-p forces, r:.nd says all threeJ are 
the same for the same space a.nd spin state. This last hypothesi~! 
places stringent condi.ti.ons on certain rea.c~ions, and predicts, with 
the use of the·isotopic spin forrralism, ratios of cross-sections 
of related processes. l~sny of these e).-per:\ments are now being don.ej 
and their results 1.-.rill help decidf;~ the ~.ra.l:i.::U..ty of the chargE-! in­
dependence hypothesise 

The three 11 -mesozts suggest that the '.)ion has a triplet structure 
(with 1.'~1 , and 1',1: ~·> 1 0g~! for positiv3 1 neut.ral 1 and l'lee:athre 
:?iOI'lS. 'fne isotopic spin notation to be used follows by analogy t::> 
a part:i.cle with ord:tnar'_~ spin of one., The -;[;"~· and t':~ matrices ar~ 
chosen to be diagonal; tbe eigenf'unr;tions of thesa t\..ro operators 
are designated by fi~ and a.re thl'~•!--ro'~, cne~-cohunn mat,ri.ces, 

( I t 
·r .1 - j f.) I The positive pio11 ;;:igen:t'w.1tt.1.on :'s '! .. 1, 

•• ,., r ........ 

tne ne~.1 .1 al 

. \ 

~ 0 \ • '\) 1 
. ~ : :.:- j , I 

'· ... ,1 
. ~. ' :' 

+ ~ .' : .• c·• ; ~- ·' :. • ~ .• !'\ :1 



The pion isotopic aptn operators ~· ·e: 

~,oJ~( ~ l /) \ I, 

--i ~ ) I l •') C) 
I o~) ~. 

~ I .._, 
't• ~ 

) 
a. :: -=: ~ L (~ ~(.. -~ ~ \ ."': 0 (_) 

~2. 11. ,.... ; 0 .0 ' OJ \ 
\C) ..... 0 ·-·I . ' 

0 ~~ 
o o) 

/(; 
-:t· :: ...., • , ., ,r-: { 
" • :. , •· <. (, &. = t J.. I 

\ 
·. 0 

~ ~~·) 
c 

I 

the oion :::hn.rge :is ~ivcm b'<J .. , -:: c.'(';., " 
{I . 

These oper-ators and eigenfunctions have the following prcporties. 

1(31;··; ~ ·~ Tr\ , "' ""f"{~' 
f.!\ ! , I :;.f. 

-I -1 r--l 
r~ rr ll ::-

.} I I 

~·, lTI 2 Tf,1 *!10 '? """" :: II 
~ ':1.,;-\ 
. :1 ' :: 

?l-! 
(. I • I I -· l • t -- . l 

.... iT'. 0 ~c Tf 0 =fin: "f7''1 {:; . .. 0 :: 't: tl I 
,.. ' ... t I 

r-r• --rro. 
'!' re . ·- T'··l -r -·I 

"L . -.~ I ,... ,.., '1 t •.•. I . - l ·- \2. ,( I '- ·I -:: ... 

1-:-t 't {". 
b-:-•"' 

., 0 rk·· -,: . t~ 

Ccr:;;1 · u.ations of pions and nuc.leontJ ara t.routad in tl.•! on.m:-> 
klr.:.L... .rail f?.T•t..?l: ~.: nucl\'C.!'l3 Tht• ru::•c .f l)[le rrH:J,_.. -r: <u.; ._r~ ;•J0•· 

'riJ1 l'e thP. ax;.m?le, s1nco their e.tgcnfur.ctions an:~ .1..-~eded. ~·;w 

possibil:hies _f0r .-!1 arci l + i ~- }a (a quadruplet) and 1- t , t (n 
dn ··let) 'Lld ·)p'3:rators are the eaoe a& t.he two-nur:leon .maE or, 
fXJ(;C J, ezcept that the socond mccleon :ts ~oplaced. '-'.{a pion ';'} n 
D..::.ssit·le ;;nlnfunctiona are· ;-.•1..:( .:· ,_1r' 1\ir,."Ir"' f\. ·Y._-!i'' ~<J~ ... r· · i'·~'"· • 
' . • ... .. .. . ;l I ~ . '... t j •' ,., ,, fr t y !;. ~ f't T i~ 1 . ) " t.., ~ . 
':'h~ r.:u3ad11 f,mction of the qlJ.a~.ruplet is 1~ anti must bE. -~'JUH 
1;.0 • ·} -~ • ai.nc;e that is the only f, ninfunct:idh wi. th ·l • ~: . 1 hl o U 
folloti from ~h·-'l relation ... r'l'J '· ·r;:.·-.:;;-·\:_,;···;.---~-,' ,·,·.-1 

• •·\ ,',. -t , .l !..._ t · .·=~ .1 l · t 

~ . ~ . 0 

I '·' 1 ...-~ !! ~ 'lf ... 

' I 

,., 
. l 

., 
. i 

' ~ 
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'l'he doublet eigenfunctions ara found in this way; for .rt, 
we have the same t'I:70 spin function;:.; as fer !~~ ; these t,\7o oigon ... 
functions must be orthogonal, so I"r:- ... ;b, [i2 ./=v·rr'-· 1\/'"1!"'"] .. 
Similarly, f'4-_J. ..... rN·t,.lt'-lfitl'"l1 .. ,l I,. ... ~'~r .. ' 41.' 

~~ - 1.3 L '•· I . ~.. I -· " 

These ftmctious .?.re summarized for convenience ·in table II .. 

r, J [· -K. rr' · ~-... n"J I .1. = 8 fi.N ~ ,- N ~ I . ~- .a t- "' 

Later the spin fut'.ctions will be. needed expressed :i.n terms of 
the eigenfunctions.. These ars gotten by solving the ~:l!:p1·essions 
of tables I and II backwards, and table III below gives the resulta" 

Table III 



1f thGI Haniltonian is 1l.l:~h.anged by a. rotation ir.:. cool·r:iru:d~9 
space, it commuts~1 wi!Gh the engu.la:c moruent.t~.m: and -the angu.J.;:!t' 
mcmen'tiU!.ll :ls a corwtrurt. of t.he mot:i.on.. Simla.l"ly: if ti.!.e Hamil tor~.u1 
is unchanged by a ro"ta'C.lon in charge r;;paco, it. uill ccra:~uto v.rj:th 
the t.otal iso"~op:'i.c spin ru1ri the t0tal 5-r.~topic spin w.i.11 be a 
constant cf the motion. (TJ is a ccnste.nt of th~ motion, r,.inca 
it is relat-ed to tho charge and charge :l.s conservsdo) If thfl 
Haw.iltou.iru1 io t.o be w1changed by a rotation in chru:ge r;peco, iii 
can•"Io"L contain e.ey isotopic sp.in ope:retors and thus :Hm.not dia­
tinguish betw€lei:?. protons Md nsut::-ons, or between dif.~'m'ent. tYIX:~ 
of p:~c:ms.. As5tmdng t,hat protons and neutrons havll the aume p.rop-s't""· 
tiea ia, of (}0\.U"s.a, the hypotheais of charge :l.nd'apeudm:ce of nu.d,~e.l· 
foroeso Therafo;:-e, the consequences of ohet.X'ge ind::ll:r;xmdence can b~ 
investigated by asaU!.'lli:ng tha.t the total isotopic spin is a (!m~ s.,.;s.nt 
of the motiono Tho method of investigation umzaJ~y ~.rn·olves tha 
comps.rison of croes.,.seoti.ons fo:r:- several simila.:r pro~eow:ta., 

For axamplo,. consider tha l"alated processes~ 
cp+(J' --}Jr &~Tf+ 

')\ -t- r -:-r~ & + n· 0 

'l"\. -t "t\ ~ Jt -t· 1T-

By comparing the c:ross•wsaetions .for the same incident enereiea? 
the phase spn.~e faetors are eliminated. (Since the spac-3 and sp:L"l 
parts of the wave functions .involved are the same 11 the differential 
croas.,.sections can also be compllred at. the sa.me laborgtory F..ngleoo) 
Using F'ermi'a "Golden Rule 1/'2. 11 

_o-4-t -· _,_ .. r~re~ ana s .. ..!.._~~~~ 
O""'nf - I H !\ .. f o;'(f I ~lf\,Gl 

The only difference betwesn the '\f for the thres rea.cd:.iolls lies in. 
the isotropic spln pe.rt, end the int,eraction mo:trix H reduces: to 

H<f" ~d·l [ ~ q~ JJ.n ~ J , H~r:: A i 'a\ G' I A-n"] p and H .. ~:: A.b\'\,.1 &,.l-] ., 
The isotopic spin of the right hdf of the reactions :l.s the same n.s 
tbf:i.t fo:· a pion, since the deuteron has zero isotopi{! spin.o Uoing 

table III, t&~?i•tf!{] .. [I,'\ f,'} '1: [.I,! r,) 

[·k(:r; <r:) I I~] = +t [r, u~J 
[r: 1 r-,' 1 <: [1, 1.r,J 

The factor (~r:! r~J iB zero since the eigenfunctions e:r:c orthogonal;. 
the '1'.3 not,ation :ts dropped from t/u:.~ firu!.l exprassions bccaV.l50 t.ho 
result. is iud;spendant of the che.rge of the :::t~.:-..te., 

The :r·elative crcsfJ-seotions are: 

.another group of l'elo.ted processes is pion eca.tte:d.JliJ from 
hydrogen: 

.. -
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Using table III again, the matrix elements in this case a:ra: 

lotr-1 "'1T~j % [~(I~~-u ~(~~) J -k (IT. f~~ + I-~)] 

:; ~ [r~~.l r1,~.1 - ~ [ r\1,_ 1 r.,,_ 1 

t~n·l~-rr-] "I~ (I~-fi r"~~) l ~(I~-fi I-~.)] 
=: t [rx.l.rY..] 7 t [I~J rvJ 

If we now assume that the scattering is mostly from the 'r:::: ~ stEtta 
and set [I.,.i I~J ... o , the relative croas..,sections s.1·e: 

The·fact that the Chicago ~esults from pion~proton scattering soemad 
to agree with these numbers was responsible to a large degree for the 
present interest in isotopic spin. 

An~ther set of reactions is: <P ~ ~ --»> t +. 11'~ 

II L.L, 0 
" t <ll. _.....,. ,_.., + 1'1' 

The H3 and He.3 ara assumed to behave isotopic-spin wie;a like nucleons)} 
so that the r~sults of table III can be used. The left sid~ of the 
react:i.ons has the isotopic spin of the proton, \thieh is Ii., o 

The matd.x elements are: ~ ~ )J .l"i· [ 1 ] 
[<f.tlbr'] "'l.r~Jfi(I~.tfii~~ "''~ I~,IvA 
h·& \ "~'1to] "' [ r'~ I ti(frr~ -I~)] T: ff [r."-1 r~J 

The relative cross.,.ooctions ara ~ ·~ ~ .2. cJh .. ll11'4> o _ , . 

,. lk r '\i N t ... Tl' N Y~o 1·" J 
This result can aJ.so be seen in the eigenfunction 1\..~ ~ Ll. 'L ~- · v~.- 1 ' ' 
which indj.cates that H3, 11'+ is formed twice as often as He3 ;~ n" o 




