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ABSTRACT

A réview is given of the present siate of knowledge concerning

the condensed phases of HbB. Attention is confined to the pure substance,

and emphasis is placed upon the theoretical understanding of the material.



HELTUM THREE*

“Andrew M. Sessler

lavwrence Radiation Iaboratory
University of California
Berkeley, California

September 11, 1962

I. INTRODUCTION

A. Outline

ot snaste.

3

- In presénting this erynote“ lecture on He s I obviaﬁsly caﬂ;ndt
--and éﬂ&ﬁl& not--give an exhaustive sumaryyof the present state df'
knowledge of the subject. i proposé to spend the available time looking
at the fleld from a broad point of view, with emphasis on what is under-
stood and understandable and lﬁftle mention given to those more complicated
parts of the subject which aré.still pfimarily unrélated experinental |
results. T will thus concentrate on a "theoretical approach,” employing
the experiments in a corrcborative mannér, although it should be realized
that this is not an historically accurate presentation.

To remove, somewhat, the blas of this approach I include references

to a number of review ;peapez:s,nﬂ5 and will refer at the appropriate junctures

to the recent original literature.
Unfortunately, because of lack of time, I must concentrate on the
 § ‘ o pure substance and not coﬁment.at all on the interesting properties of
'yﬁ mixtures (both Eolid and liquid) of He:j and th; or upon ions and impurities

)

in He” .

¥ Tnis work was done under the auspices of the U. S. Atomic Energy Commission.



B. Interest in Hb3

I think 1t is appropriate to ask--not too frequently, but perhaps

at a time like this--why we are interested in He”. Certainly, we can
3

not claim that research on He”’ is on the front line of fundamental research.

3

That is, we know the basic laws.of Thysics gbverning He”, énd ve can't

reasonably expect to diséover in the study of He3 any modifications in

the principles of quentum mechanies, 3ubt that, I would suggest, does

not make it an uwninteresting subject, for the bhasic laws may be Va.cuous =

or almost so~~in a complicated problem. To understand a couplicated

éituation'we must develop new laws--usually called “approximationg'--

which in’princiﬁle'afe-derivable from fhc fundamental laws, bubt in practice

are not. so derived. The investigation of coaplicated systems for the
purpose_of:disc&vering such laws is, I believe, as fundamental as research on the
"front line of physics”.

Of the complicated systems-~nanmely meny~body cystems-~there-are.
some which are sufficiently simple tha® we now believe that we wnderstand
then very well. . I think, for example, of a photoﬁ gas. or a classical gas
such as air under normal'conditiéns. The simpiest many-body system that
we, do not entirely widerstand is an isotropic, homogeneous, collecﬁion
of a sinpgle species of fermions that have no charge and spin 1/2, and -
interact with central forces. (I choose fermiqns because this seems;;»ﬂ' ~
a priori simpler in not having a Bose condensation, so perturbation methods
showld be valild, but this argument may be specious.. Cértainly a corve~ il
sponding system of bosons is of equal fUndamental-importance;).Now;-of
course, I have jﬁst described He3 end, except for the complicating fact
that the'interatomic forces are strong rather than weak, one can see that

it plays a fTundomental role in the phyasics of many-bedy systems. I think, '
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3

that this is basically the reason we are interested in He”.
Unfortunately, our theoretical understanding of even sacsimple

> is essentially limited to the very-low-

& many~body problem as He
temperature region below 0.19kx (I am, of course, excluding the high-

temperature classical range), and so--in line with the approach of this

- lecture-~I shall summarily exclude from consideration almost all properties

~of - the substance above lpK.A Although the high~temperéture range 1ls beyond

our comprehension at present, we shall see that theré is plenty.belawtO:lStK

, tB#intéréShabothithéfthéoréticalwandztheiexpgriméntal;physiciste In fact,

the‘subject should prove exciting for many years to come.,

II. THE FERMI LINUID, He’

- In 1956, Iandau6 proposed a phencuenological theory of a strongly
interacting system of fermions at very low temperatures. The most significant

3

development in research on He” since the Low Temperature Conference,df‘v
1660 has been the complete acceptance of Iandau's theory by (thinking) -
physicists. On the one hand, the experimentalists have confirmed the

predictlons of the:theory for all quantities, both measured and computed

(and only a few remain yet to be tested, as we shall see), while on the

other hand, the theorists have succeeced in supplying the theory with a

- rigorous uhderfooting by starting from microscopic theory and making (only

& few) well-defined hypotheses.:

Although Iandaﬁ's work mway be familiar to most.oﬁ;&pu, in view
of its significance, I will review his fheory in the next section.
Subsequently 1t ﬁill be compared with experiment, after which zero sound
will be discussed. We will end the discussion of the liquid with comments

upon various microscopic theories. -
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"A. Iandau's Phenomenoclogical Theory

Iandau's theory is based on the assumed validity of perturbation
theory stérting from a gas of noninteracting atoms. By perturbation theory
one does not mean Jjust a low-order calculation, but simply that the theory
converges. Froofs of this have been given by Bloch and de DOminicis,7
Klein,8 Nozieres and Luttinger,9 and other workers. Iater in the lecture
Vwe will explore the possible comsequences of nonconvergence, but it should!
be realized that, except possibly at low temperatures, the validity of
‘ﬁerturbatipnvtheory 1s well supported by experiment. |

A consequence of this assumption is that the elementary excifations
of the true system can be related to the properties of the noninteracting

system. It thus follows that the elemsntary excitations--or gquasi-

particleg--are egual in number to the number of e’ atoms, obey Ferml -

statistics, and can be characterized by a momentum quantum number, »They~f*ﬂ--"

wsy be thought of as atoms surrounded by their polarization fileld. (It
should be noted that there may be excitaticas of the real system which
can not be realted to the unperturbed system, because they disappear when
the interaction is reduced to zero. Such an exéitation nay stillfbe
congidered in'thé ILandau theory, as a collective'interaction'bétwéen_
guasi-particles. An example is zero sound.) Actually the'concep% of -
a ‘quasi-particle 1s common to the theory of mony complicated systéms._V‘-f
One thinks, for'examplé,‘of phonons and‘rofons in liqﬁid Hey, phonons and
Bloch waves in a solid, andithe shell model and optical model of nuclear
physics.*'- | |

Tt is realized that in & many~body systemAﬁhe elementary excitations

will not be stable in the sense that e quasi-particle will excite other
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quasl-particles and thus degrade its cnergy by the creation of wany
-excitations.- For.a déscription_ of the system in terms of Quasi-particles
to be vallid, we must demand that the quasi-particles have long lifetimes.
That is, the energy of a quasi-particle €(p) must be much larger than h/'r,
vwhere T 1s the life time of tho excitation. The lifetime is dominated
(at low temperatures) by the exclusion prn’:ﬁciple, and 1/t varies as the
square of the distance from the Ferms surface {int momentum units). For
He3 s We find x\felél.-defined guasi~-particles assocaited with thermal .
exeitations having températures less than O.OSO K.
The sbove ideas may be formalized by letbing n(g, g) be the

rdistribution function for quasi-particles of momentum.g and spin
orientation ’g. - If B ig the total energy of N atoms of mass m in &

volume V, then we may define the enérg;y of a quasi-particle e_(g, g) by

thevvzwia'tion in the total energy upon adding one quasi~particle, that is

- BE= Z]‘“:(Pss) ol @) —=—5 . T ¢}
& ~ ~ (2nhr) - : ‘ S

Similarly, we may ask how one gquasi-particle influences the energy of
another, thus defining the basic funchion of the Landau theory

£(pp’s 9 ¢') by the relatian

, - o 3 )
) d 1 .
Se(p, o) = Z j £(pp's o 9') on(p' ') -——-9—5 o (@

a——

“In an ideal ges, T is zero, but in the theory of a Fermi liquid, £ plays
a vital role. It is considered to be determined pheriomenologically,

although it can be derived from any nicroscoplc theory of the liquid.
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© It is now very easy Lo shov thet the quasi-particle distribution

6

function is Just

-1
- )/ :
n(p, 0) = G(€ wy/ + 1 ; - B ¢

I~

where the chemical potential g is determined (as usual) by the normalization

. :

|
n(p, )~ (%)

1
<t
\_\___\
K
P& =
el I
&
L
<

It is convenient to define an cffective miss (at the Fermi

sufface) by: ' ' y
v elma) | =L, (5)
pEp,

vhere the Fermi monentun is

o 1 1/5 |
e .'.Z.-t IJ .
Py '—-= 3] %ﬁf‘ . _ (6)

The effective mass plays an inporiact role in the theory since at low
temperature only the region near the Fermi surface is of importance.

(In fact, it is only in this region that the quasi-particles are welle

defined.) In the same manner; we my sce that £ will only be needed

[N

Loth

or 1ts argunents near the Fermi suxface, so we write



£(e, g,0') = £(p,p', 99') , f—l- }" (7, +00’Z)P(cos e),
| ,P’.P'Tg‘,-PF g
(7)
where invariance arguments have been eumployed to fix the spin dependénce,
@ is the angle between p and p', and the constants Fz and Z g ore to be
determined by eicperiment. (The notation is that of Hone.loﬂ)
With this formalism Iandau derived a relation between m* and f
(from Galilean invariance):
- = Y €(p,0) - L f(PJP JUJG ) v n(P U') ) (8)
o! , _
- which may be written as
Foo= 30 ) . (9)
1 \ & °
Landau also showed that in the limit of low temperature the specific
heat C was related to that of the ideal gas CF by
¢ m* . _
. T @ 7. s ; N ¢ 1))
¥
(end thus was predicted to have a lincar dependence on the temperature),
vhile the velocity of sound S was given by
~ .
Pp [ 1+ Fg ] /e |
S = = P (11)
7, }
L+ 5
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and the susceptibility X was related to that of the ideal gas XF by

=
.

!

ﬁ ON!W[HP?

(12)

X
s

-
+

(and thus approaches a constant at low teumperatures).

The transpert properties of the liquild have been considered by
Ianﬁza.u, 6 Khalatnikov and Abrikosov, 1 and Hone.:L2 The calculations
prﬁceed as in kinetic theory, and the result involves a quasi~-particle--
quasi-particle scattering function w(€.P). The Fermi liquid;behavior
does not appear Iin the viscosity k, but does appear explicitly in the
spin sélf—diffusion coefficient D. A4s can readily be undéfétood in térms
of the éxclusioh~ rinciple effect on quasi-partiéle scattering, iﬁ is
predicted that for low temperatures 7 and D vary as T'g, and X varies
as T“l. |

Landaul‘7) has suggested approximeting the scattering functiom
w(6,$) by the forward-scattering amplitude a(o, 9, 0') for two quasi-

particles colliding at initial angle 6, waich can be written

o d) ~2l,000) . (13)
av.

Now interestingly enough, the quantity (6, A gj) may be related to

f(@,g,_g_' )7 Hovever, it is not equal to f since in a we consider a

séaﬁtering with no energy change but some (small) momentum transfer,

while in £ the quasi-particles travel strictly forward but scatter

13

with some (swall) energy transfer. Iandau has shown how to relate

£ and a, and thus allowed numerical estimate of 1, k, and D.



B, Comparison With Experiment

A camparison of the landau theory with experiment has been given
in a receﬁt papef by Hone,lo so we limit ourselves to only a brief:
summafy of the results at the satwrated vapor pressure, where froﬁ the
observed density one congludes that pF/h = 0.735 x lO8 cm-l . The
velocity of sound, low-temperatwre sp2cific heat, and susceptibility all
have the appropriate temperature dependence and imply that m*/m = 2.8,

Fy = 9.25; Fi = 5.46, and Z. = -2.80. The other parameters of the theory

0
have not yet been evaluated. Note the rather large value of w*, while
the value of ZO = ~0,7 shows via Eq. (12) that the sysitem is very close
to being ferromagnetic. This large spin-spin interaction comes Irom the
exclusion principle of course and is not o magnetic spin-spin effect.

i
{

It is an important aspect of the behavicr of the liquid (and the solid).

From these experimentally determined parameters, using the theory
one can predict that as the temperatwre goes Lo zero, nTg = 1.3 i 10‘6,
kT = 57, and e = b2 x 10—6 (in eczs units). Recent experiments confirm
the predicted temperature behavior (which should be contrasted with the
situation precented alt the Low Temperabture Conference of 1960h), aﬁd
yield -r;'rg = 2.8 x 10"6, kD = 48 £ 3, and DI = 1.54 x 10‘6 . The
numerical agreement should be considerved good, in view of the approximate
theoretical work. In fact, the atienpt to relate w(@,¢) to £ should
probably be ahandonedAand the experiments used simply to deteraine w.
Altefnétively; perhaps microscopic theory can be -employed to shed light
‘on the § dependence of w and so inprove the Theoretical estimates.

Tt sheuld be noted that the viscosity measurement (below 0.1° K)

is not a direct measurement, but is deduced from the absorptlon of sound

and thus involves additional theory. A direct measurement would be most



welceone, as would measurements of the density dependence of 1 and g in
‘ -~
the Fermi liquid region. This latter mensurement would afford additional
checks on the theory, because the cquilibriuvm properties are known, and
. iy . - .. 10
k and 7 heve already been estimated og funcilons of density.
The experimental situation with regard to ﬁhe,spin-spin relaxation
is =till not res olvbd, but the spin~lettice relaxation tine

time T2

has been measured recently dova to a relutively low temperatufe of
. i

o
J.l \
0.1° ¥ (Communication 1.21). At these temperatures it is startipg to

dilsplay departures from the clagsical theory. It will be most iﬁteresting
to obtain experimental results at lower temperatures, althouzh Tl and

T remaLn to e calewlated for a TFermi liguid.

C. Zero Sound
As the temperature approachzs zere, ordinary sound in ligquid Hej
i strongly attenwated; but landauv has pointed cut that a new possibility

4

existe in & Fermi liquld, namely the ogcilleation of the self-consistent
poténtial in which quasi-particles 1':101/‘@.3“};'r This collectlve motion 1s
closely related to plasma oscillations, and to the vibrational and
rotatloqal states of atomic nuclei.

For propagation of ordimmry scund local thermal equilibrium must
be maintoined; while zero sound reguires the opposite; criterion, namely
that the mean free path of quasi-particles be lerge compared to the wave-
length of the collective oscillation. anerically_this requires, for
exampls, that at 1000 Mc/oec the temperature must be below O. 05 h to
propagate zero sound. For six years this has discouraged the experimentalists,

but & serious attempt is now being madz to observe it (Communication 1.1h).

The mothematics requ1¢:d to derive zero sound is rather simple.

One allows for spatial ¢nbomo*ono¢cy in the Fermi liguid theory, and



treats the variation from equilibriwa to first order. Thus, we have

n(p, 1, 5 t) = ny(p, 0) + dulp,r, g t)

e(,?)if 9_3t) = € (D; G) (T;~} 9, 4) . (115)
Now Eq. {(2) becomes |
oe(pyz,06) = ) [ £(mp760) Bnlp',z, 0%st) -(;—3)3- : (15)
~ wth
G'

Since at low temperatures the quasi-rerticle mean free putn is very long,
we mzy approximate the Boltzmann eguetlon by ignoring the colliaion ‘term.

Thus we have

n
5t *YB-Ye-Ynves=0, o (16)
which can be linearized to
(S D) 4 v (en)Ve. - (8e)Vn =0 . | Q@)
~r PO PP

Clearly, this equation has solutions in which 8e and &n wvary harmonically
in space and time. Inserting Eqg. (15), and the properties of do and €, ,
- et A I <. 4.7, ll I K1 .
one can find the disperslon relation for these waves. Depending upon

|

the parameters, the waves can either vnropagate without dampingé(in this

approximaticn of ignoring the collicion term), prop

rate with damping

R

or propagate with ever~increasing amnplitude. The last would indicate that

the Fermi 1iquid theory is inappropriate for describing the systen;



nunerically one finds that He” coyrecponds to the first case, that is,

the attenuatlion of zero sound decyreasing as the temperature decreases.

This resullt refers only to the simplest mode of density fluctuation.

More complicated density wodes, and all spin-dependent modes, seen to

be daaped; althovgh there appearsz to te the possibility of propag athg

spin-~dependent mode in the presence of wun external : icLi,%l

t

The most naive theory of liquid Ji
Fermi gas. As we have seen above, this cin not be very good, because

the function f(p,p’,d g') (which is zero for an ideal gas) plays a vital
o

role in the description of Tej. A Hartrze-Fock theory sulffers from the

facz that the interatomic potential is strongly singular et short

distance s 50 that two~bddy correlaticns wust be included to obtain

-

even finite vesultg.

Considerable study has been mede of g hard-sphere gas in the

-

lovw~density limit. This work is of fornzl iwterest, but may not be

3

, which can nct bz considered dilute in that

i

1/z . . , , . | .
rO(N/V) /j > 1 (where r. is the range of the forces between atoms), while

applied directly to He

the velidity of the theory.

%N
9]
o]
[
0
@
9]
G
[l
=3
B
s
9
oy

the reverse inequality
The cnly serious atbtempt to caleuwlate the properties of He” from

y

firet principles is due to Brueckner end CGommel.”
now four years old and has been freguently discussed, so that I will
only comment briefily upon it. Proceeding sowewhat intuitively, they

calevlate the interaction between two atous carefully, while taking into

accovnt the rest of the medium in only T i 5. The first is
through the effect of the exclusica princinle whi its the states

ct
=
0]
0

avallable Tor %the two atoms under consideraticn, and

- 1

a self-consistent potential in which

the two atoms move. It can be seen

ccond is through



that the theory has many of the features of Landan's theory, and can be

al case of the Fermi liguid. The numerical results

0
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are rather rezsonable (but only geod to aboub a factor of two) and can
perhaps be interpreted as suggestior that tuo-body correlations are the
cst important in describing the liguid.
In the past few years many of the noverful techniques of formal
qpantum ficld theory have been applied to the quantum statistical mechanics
, 16
ofthe many-body problemy, notably by CGelitsklil and Migdal, . Luttinger and
: 1T 18 . - 19 . 5
Ward, Matsubara, and Martin and Schwinger This work has led uc
5 ' e g1 7)6)9 % . o
to a derivaticn of the Landau theory, showing that it follows from
& microscopic thecry in vhich the true system iIs reluted to the system

of nonwntcracthaq n&rt‘cloa by means of & convergent perturbatioa theory.
L) -

This is & wost important result, and is coially welcome in that it
o 2

»

allows a clear and precise definiticon of a quasi-particle.  One can

describe the present sibuvation by saying thot we know what a quasi-

particle is, but we do nobt yet knoy how to caleulate its properties from

-

the properties of free Ee” atoms. In a seange, doing the hard calewlatlon
to relate o juasi-particle to 2 porticle is not sorimportent as knowing .
that there is such a relation and
defined concepb

Nevertheless, the formal technldies do suzgest & number of new
epproximation methods. In particular, one cad formulate a consistent
two=body correlation approximetion to the ligquid. . Such a method has been

. . 20 . . . . o
applicd to nuclear matter by Puff,” and is aow being applied (and extended)

. R T . 21 . 22 . . s

o liquid re’ by B, B. Milla™ and D. Beck. 1 think it will be most
creiting to see 1T euch a (COHCGW'U:LJJ) simple annrorvma ion yields a
wantitative deseription of the {fluid.
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Anot‘cr" ceres clu~ cone equence of the formal work is the possibility

l\‘

of extending the Iandau theory to hiphcr tenperatures. The microscopic

theory is not limited to the rapze ia vhich quasi-particles are a welle

defined concept, and 2 study of the theory mny suggest new phenomenological

' -

descriptions valid atv higher ternperatures. Mr. C. Sung has undertoken
such a study, in an atbtempt to predict the high-teuprrature deviation of

the transport coefficients from Ferai ilauid behavior (in terms of the
().{
measured equilibrium properuies) )‘ An atte n this d¢rect10n, but

rather different in approach, has recently been wade by Nishimura dnd

I would like to call attenbion “o o rather original approach

25 3

Flrst they relate He” to a

recently put forward by Wu and Feenberg.

boson system of payrticles of the st 2585, ond preliminery calculations
seem to indlcate tha;,'given the prepertics of the boson system, they
have a rapidly convergent approzimation for the fersion system. They
then sugge st & two~body correlative apjromization to the boson system,
which hypothesis they can check againss exmerinments on liquid Heh. if
they are‘succcqsful in this test, they will repeat the computatiog'for
bosons of wass 3 and thus have o theory of the ground state of liguid Hea.
The wethod seems more suited to congubing ground-state properties than

(>

the properties of the low-lying cxeitations.

IIT. SOLID Ho”

The experimental information concerning the solid is not nearly

as coaplete as bhﬁu dboat the liquid. Although gqualitatively no doubt

correct, the theories of the solid arc still in need of gquantitative

.

nts. In view of this, and in the spirit of this lecture, I

atures of th2 solid without going into

)
o
£
&
[

will comment nowWw on the general



conferences we shall surely

any of ©
devcte more attenvion to the solid plhaszu.
"gquantum
ther

i3
me comment way Do onni the golid g
)

nd He can be W waderstosd by treating the dynamics
lagsical theory, wut lie” con not, because the zero-
iotion of on atom from its lattice site

1

curve.

ation at the melting

3

the interrarticle sconur
As o conseguence, the S0lid proysstics are sensitive to the symmetry of
the nuclear wive fumetion end thus en effective coupling is created
stween the nuclear spins, as wag first observed by Prinakofl, and
o 27
ardes and Zrimakoll.
in the

subs couﬂnbly egtimated by Berr
arge in the solid

DLILZ L8 oYU &8

The coupling between spi

the so0lid; SS 3

about 1%)

beeonss R

T the solid

tropy of th
the melting curve

siuvre at whicn ©
s been guantitatively confirmed

o
below G.D 0 X, and
has a minimem and 8, = 5 « This equalisy a

A =3

at the meliinz-~curve minimum = 0., 35 X (Communication 1.7)
As Tne temperature decreases further the golid spins align and thus S_
o
drops to zZero as TB. In this region, §, verles as I, and therefore Ss

o
beonces maximom
the most

tenperature of about

in the melving
thecoretical treatment of Ssunders predict
but studies of the

o
. O
0.05° %.5° e mavimum hos



susceptibility indicete that it is boing approached,” and give an

"extrapolated ! temperature in sgrecmint with theory.

2

o) pooze jJust above the melting

e
[0

T oy
The soll

curve, then converis #0 vressures of the order of

XN

() .
. R . 0 4r
lOkag/me. At very high pressurcs, ond ebove 187 K, it converts to

an fce lattice. ‘

{
)

The behsvior near the melting cuywve has recently been clarified

29

§

.OllOWL-é confusion. The conversion

from @ to B rhase has been 2s, who has showm that the
relative stability is a very subltle guestion; but that the experimental

.

ata on thermal conductivity end speciflic hwesi are both consistent with

joT

each other and with a simple crystallosraphic transition (and not a

. ] -90
WTCnCtLC transition as was previcusly s%”eu*~+od).7 The theory of

%)

Saunders doeg predict the : 28 the wore stoble phase near the

imteresting predictions COﬂcernlnﬂ

. )

the ragnetic properties under pressuwra.  In particuler, it is shown that

réering ccewrg at relatively high temperatures,

the nearest-v 'Q‘OXVHJULCQ M and next-nearest neighbors must

be simultanecusly considered (which is oriunately beyond the present
O =1

thecry) The theory of Bernardes™ is ia good agreement with the

measured CGrueneisen constants For bhoth the ¢ and f phases. Saunders
has successivlly used the spin reiaxation
test of his theory. An anomaly in the specific heat of the « phase
tas yet to bo explained,fh but is prosumably a consequence of the bee

structure



becn exanined thecretlcally,

=0
8

The hep-to-~fce transit

se 1t occurs under

b presunably is quilte clagsical in

et to be

observed exnor There rezzsons for believing
. , s

review the predent
4

the existence of such a

= S - 1,:
possible phase. Properoics of »3

naw philae have been reviewed elcevhere.

A, Prealdown of Poriiy

mechanice is wvalid if the rezl systen

rarticles by

of ligquid He” way be related to o

criurbatica theory. Thig allows ioa of a clearly def 1ned

telow which perturbation

theory

N

concept. icn, but therc can be

no doubt

it was cobserved that
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