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ABSTRACT OF THE DISSERTATION

Topics in Nonparametric Machine Learning: Subgroup Analysis and Deep Neural
Networks Regression

by
Mingming Liu

Doctor of Philosophy, Graduate Program in Applied Statistics
University of California, Riverside, December 2021
Dr. Shujie Ma, Chairperson

In recent years, modern technology has facilitated the collection of large-scale data from
medical records, health insurance databases, and other platforms. Due to the complex
structure, the analysis of such data is very challenging. The dissertation focuses on the
nonparametric machine learning techniques in subgroup analysis and deep neural networks
regression.

The first part of the dissertation studies the heterogeneity in the disease pro-
gression, which is essential to the development of precision medicine that aims to tailor
treatments to subgroups of patients with similar characteristics. Without a priori knowl-
edge of grouping information, our goal is to identify subgroups of individuals who share a
common disorder progress over time, i.e. longitudinal trajectory. We develop a subject-
specific nonparametric regression model, where the heterogeneous trajectories are modeled
through the subject-specific unknown functions and can be approximated by B-splines. We
then apply the fusion penalized method that can automatically divide the individuals into

different subgroups based on the B-spline coefficients as well as estimating the coefficients si-
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multaneously. We also illustrate the performance of this method through simulation studies
and a biomedical data application.

The second part of the dissertation considers a sparse deep ReLLU network (SDRN)
estimator obtained from empirical risk minimization with a Lipschitz loss function in the
presence of a large number of features. Instead of utilizing full grids, the unknown target
function is approximated by a deep ReLLU network with sparse grids. Our framework can be
applied to a variety of regression and classification problems. The unknown target function
to estimate is assumed to be in a Sobolev space with mixed derivatives. Functions in
this space only need to satisfy a smoothness condition rather than having a compositional
structure. We develop non-asymptotic excess risk bounds for our SDRN estimator. We
further derive that the SDRN estimator can achieve the same minimax rate of estimation
(up to logarithmic factors) as one-dimensional nonparametric regression when the dimension
of the features is fixed, and the estimator has a suboptimal rate when the dimension grows
with the sample size. We show that the depth and the total number of nodes and weights of
the ReLU network need to grow as the sample size increases to ensure a good performance,
and also investigate how fast they should increase with the sample size. These results
provide an important theoretical guidance and basis for empirical studies by deep neural

networks.
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Chapter 1

Introduction

In recent years, advances in modern technologies have facilitated the collection
of complex and large-scale data. To study the relationships among variables, regression
analysis has been widely used. For instance, parametric regression models such as linear
regression models are very convenient to study the relationships between the response vari-
able and predictors. They are easy to understand and interpret. However, they may not be
flexible enough to capture the hidden patterns in large-scale data. The linearity assump-
tion (model assumption) can be easily violated due to the complex structure of the data in
practice. The mis-specified models will lead to large bias in the estimators and false con-
clusions. In this dissertation, we focus on the nonparametric machine learning techniques
used in subgroup analysis and deep neural networks regression, which can provide flexibility
in modeling complex data without making restrictive structural assumptions and also have
been shown to be very effective and powerful for estimating the unknown functions.

Chapter 2 reviews the basis functions of B-splines and sparse grids, which can be



used to approximate the nonparametric functions. In addition, to solve the high-dimensional
problem, it introduces some penalized (regularized) regression models, such as Lasso, Ridge,
MCP (minimax concave penalty) and SCAD (smoothly clipped absolute deviation penalty).
Moreover, this chapter presents the alternating direction method of multipliers (ADMM)
algorithm and Adam (adaptive moment estimation) algorithm that are well suited to the
optimization problems.

Chapter 3 concentrates on the one-dimensional nonparametric regression in sub-
group analysis. Subgroup analysis plays an important role in precision medicine. Uncovering
the heterogeneity in the disease progression is a key factor to disease understanding and
treatment development, so that interventions can be tailored to target the subgroups that
will benefit most from the treatment, which is an important goal of precision medicine.
However, in practice, one top methodological challenge hindering the heterogeneity investi-
gation is that the true subgroup membership of each individual is often unknown. In this
chapter, we aim to identify latent subgroups of individuals who share a common disorder
progress over time, to predict latent subgroup memberships, and to estimate and infer the
heterogeneous trajectories among the subgroups. To achieve these goals, we apply a concave
fusion learning method proposed in [60], [61] to conduct subgroup analysis for longitudinal
trajectories of the Alzheimer’s disease data. The heterogeneous trajectories are represented
by subject-specific unknown functions which are approximated by B-splines. The concave
fusion method can simultaneously estimate the spline coefficients and merge them together
for the subjects belonging to the same subgroup to automatically identify subgroups and

recover the heterogeneous trajectories. The resulting estimator of the disease trajectory of



each subgroup is supported by an asymptotic distribution. It provides a sound theoretical
basis for further conducting statistical inference in subgroup analysis. We also demon-
strate the performance of this method through extensive simulation studies and a real data
application.

Different from Chapter 3, which uses B-splines to approximate the unknown func-
tions of one variable, Chapter 4 focuses on the nonparametric problems in high dimensions.
If we have more variables, i.e. high dimensions, the approximation procedure will be more
complicated. For instance, to predict an organism’s phenotype (such as human disease,
crop yield and drought resistance), which results from its genotype and environment, the
researchers need to consider more factors such as genes, sunlight and nutrients. However,
adding more factors will make the sample size you need grow exponentially and quickly
become unmanageable. As a result, it will become more difficult to approximate the un-
known predictive function and the computational cost is also very expensive. To address
this problem, Chapter 4 considers a sparse deep ReLU network (SDRN) estimator obtained
from empirical risk minimization with a Lipschitz loss function in the presence of a large
number of features. More specifically, the estimator of the target function is built upon a
network architecture of sparsely-connected deep neural networks with the rectified linear
unit (ReLU) activation function. We consider the Sobolev spaces with square-integrable
mixed second derivatives, which are commonly used for the sparse grids methods when
dealing with the high-dimensional problems. Rather than requiring a compositional struc-
ture assumption, functions in this space only need to satisfy a smoothness condition, which is

more flexible. In addition, regularization is used for preventing possible over fitting. Many



regression and classification problems can be solved by our framework. We also develop
statistical properties of the proposed methodology. We derive non-asymptotic excess risk
bounds for our SDRN estimator. We further show that our SDRN estimator can achieve the
same optimal minimax estimation rate as one-dimensional nonparametric regression when
the dimension of the features is fixed. Meanwhile, the SDRN estimator has a suboptimal
rate when the dimension grows with the sample size. Moreover, to ensure a good perfor-
mance, we show that the depth and the total number of nodes and weights of the ReLU
network need to grow as the sample size increases. Simulation studies are conducted to
evaluate the performance of the proposed method. We also illustrate the method through
four real data applications.

The conclusions are given in Chapter 5. And the related technical proofs are

included in the Appendix.



Chapter 2

Basis Functions and

High-dimensional Regression

2.1 Basis Functions

Nonparametric regression is widely used when there is not a predetermined form
to describe the relationship between the response variable and explanatory variables. To
approximate the nonparametric components, we can use the basis functions, which consist
of a particular basis for a function space. Functions in the function space can be uniquely
represented by a linear combination of these basis functions. In this section, we introduce

the basis functions of B-splines and sparse grids.

2.1.1 B-splines

In mathematics, a B-spline (basis spline) is a spline function that has minimal

support with respect to a given degree, smoothness, and domain partition. Any spline



function of a given degree can be represented by a linear combination of B-splines of that
degree. A spline function is a piecewise polynomial function. B-spline curves are determined
by the order ¢ and the number of interior knots IN. A spline of order ¢ is a piecewise

polynomial function of degree ¢ — 1. We start with the definition of knots. Let
ap=1tg <t1 < <ty <iny1=bo

be a knot sequence, where tg and ¢ty are the two end points, and {t; };V: | is the interior

knots sequence. The B-spline basis functions [20] are defined recursively as

1, ift<x<tip
Bll(l‘) =

)

0, otherwise
Bik11(z) =wi k(%) B k() + [1 — wip1,1(2)] Big1,k(2),
where

— if tiyr #

tivk—ti’

wi k(x) =

0. otherwise

Note that B, 1(x) are the B-splines of order 1, which satisfy ). B;1(z) = 1, and B; j+1(x)
are the higher order B-splines.

Let G = G2 be the space spanned by the B-splines with order ¢. For any
function f in this space, it can be expressed uniquely by the linear combination of B-spline

basis functions, i.e.
N+q

f(@) =3 Big(®)Bi
i=1
where N + ¢ is the number of basis functions and 3;’s are B-spline coefficients. When f(-)

is a function of multiple variables, it can be estimated through the tensor product of B-

spline basis functions for each variable (full grids method). However, in high-dimensional



problems, it is very complex to implement that. Therefore, in the following, we present the

sparse grids basis.

2.1.2 Sparse Grids

We first introduce a hierarchical basis of piecewise linear functions. To approxi-
mate functions of one variable z on [0, 1], a simple choice of a basis function is the standard

hat function ¢(z):

1—|z|, ifxel-1,1]
¢(z) =

0, otherwise.

To generate a one-dimensional hierarchical basis, we consider a family of grids €, of level ¢
characterized by a grid size hy = 2~fand 2 4+ 1 points xy s = shy for 0 < s < 2¢. On each

(¢, the piecewise linear basis functions ¢, ; are given as

xr — .Z'g}s)

,0< s <2,
hy =85>

525@75(1') = d)(

on the support [xps — hy,x¢ s + he] N [0,1]. The hierarchical increment spaces Wy on each
Qy are given by

Wy = span{¢y s : s € Iy},

where I; = {s € N: 0 < 5 < 2% s are odd numbers for £ > 1} and N = {0,1,2,...,}.
We can see that for each ¢ > 1, the supports of all basis functions ¢, spanning W, are

mutually disjoint. Then the hierarchical space of functions up to level L is

Vi = @ Wy =span{¢ys:s € 1;,0 <l < L},
0<(<L

To approximate functions of d-dimensional variables € = (z1,...,24)' on X =

[0, l]d, we employ a tensor product construction of the basis functions. We consider a



family of grids Qg of level £ = (41, ...,Ed)T with interior points xps = s - hy, where hy =
(heyy ..oy hey) T with he, = 274 and s = (s1,...,54) " for 0 < s; < 26 and j = 1,...,d. On

each (1, the basis functions ¢y s are given as

d
(bi,s(w) = H (Zs@j,sj (xj)a 04 <s< 2£’
J=1

The hierarchical increment spaces W, are given by

We = span{¢g s(x) : s € I},

where Iy = I, x -+ x Iy, and Ipj = {s; e N: 0 < 55 < 2€i,sj are odd numbers for ¢; > 1}.
Then the hierarchical space of functions up to level L = (L1, ..., Lg) " is
Vi= (D We=span{pes:s€lp,0s<L< L}
0<¢<L

For any function f in the space Vr, it can be represented by the hierarchical basis:

f@) = Y D A0 desl@) = D gelw), (2.1)

04<€<oo sely 0,4<£<oc0o

where 70 are the hierarchical coefficients and gy(x) = > sel, V0 ¢us(x) € W

In practice, one can use a truncated version to approximate the function f(-) given

in (2.1]), so that

fx) =~ Zogmmgm D ies, VosPs(@) = Zoﬂe'mgm ge(x),

which is constructed based on the space with full grids: VTSLOO) = D We=span{¢ss :
0< €)oo <m

s € Iy,0 < |€]oo < m}. The dimension of the space ASRUR ]V,%Oo)| = (2™ + 1)%, which

increases with d in an exponential order.



For dimension reduction, we consider the hierarchical space with sparse grids:

v = EB We = span{¢g s : s € Iy, [£]1 < m}.

[€[1<m

The function f(-) given in (2.1)) can be approximated by

Jm(@) = Z\Ehgm Zse[e ,YE'SQSLS(:B) - Z|e|1§m ge(@).

Clearly, when d = 1, the dimension of the hierarchical space with sparse grids is the same
as that of the space with full grids. The dimensionality issue does not exist. Table

provides the number of basis functions for the hierarchical space with sparse grids V,(nl) and

the space with full grids n(loo) when the dimension of the covariates d increases from 2 to
8 and the m value increases from 0 to 4. We see that the number of basis functions for
the space with sparse grids is dramatically reduced compared to the space with full grids,

when the dimension d or m value become larger, so that the dimensionality problem can be

lessened.



Sparse grids Full grids

m=0 m=1 m=2 m=3 m=4|m=0 m=1 m=2 m=23 m=4
d=2 4 8 17 37 81 4 9 25 81 289
d=3 8 20 50 123 297 8 27 125 729 4913
d=14 16 48 136 368 961 16 81 625 6561 83521

d=5 32 112 352 1032 2882 32 243 3125 59049 1419857

d=6 64 256 880 2768 8204 64 729 15625 531441 24137569

d=7 128 576 2144 7184 22472 128 2187 78125 4782969 410338673

d=8 256 1280 5120 18176 59744 256 6561 390625 43046721 6975757441

Table 2.1: The number of basis functions for the space with sparse grids and the space with

full grids.

10



2.2 High-dimensional Regression

We assume that the relationship between the response variable and covariates can
be described as

yi=xl B+e, i=1,...,n, (2.2)

where y; is the response variable, x; is a p-vector of covariates, 3 = (B1,...,8,)7 is the
vector of the unknown regression coefficients, and ¢; are i.i.d random errors with mean 0
and constant variance. The first entry in each «; is 1 so that the intercept is included in
B. Let Y = (y1,...,yn)", X = (x1,...,2,)T and € = (¢1,...,&,)T. Model (2.2)) can be
rewritten as

Y =XB+e, i=1,...,n. (2.3)

Define L(B) = Y1 (yi — zI'B)? = (Y — XB)T(Y — XB). When p < n, the

ordinary least square estimator can be obtained through

B = arg rrgnL(ﬁ). (2.4)

has a closed-form solution with 3 = (X7 X) 1 XTY, in which it is assumed that
(XTX)~1 is well defined. However, in high-dimensional problems, the number of covariates
can be larger than the number of observations in practice, i.e. p > n. In this situation,
model can not be identified since X7 X is not invertible due to the multicollinearity.
Even in low-dimensional problems (p < n), the predictors variables (covariates) can also be
highly correlated. To tackle this problem, we consider the penalized regression methods,
in which all the predictor variables are kept in the model but regularize the regression

coefficients B by shrinking them toward 0.

11



2.2.1 Penalized Regression

The commonly used penalized regression methods include ridge regression and
lasso regression, in which the ridge penalty (Lo penalty) or lasso penalty (L; penalty) is
added in the minimization criterion. The penalty term will control the size of 3. Addi-
tionally, we introduce MCP and SCAD penalties. In penalized regression, to obtain the

coefficients, we minimize
P

Li(8) = L(B) + Y_p(B;, ),

j=1

where p(- , A) is a penalty function and A > 0 is a penalization tuning parameter controlling

the strength of the penalty term.

Ridge

In ridge regression [35], we minimize

Li(B)=L(B) + 1> _ 5.
Jj=1

We then get the ridge estimator Bridge = (XTX +\I,) ' XTY, where I, is a p x p identity
matrix. In this case, X7 X + A, is always invertible for A > 0. Clearly, when A = 0,
the ridge estimator is the same as the ordinary least square estimator. As A increases, the
bias in the estimator increases but the variance decreases. Therefore, the ridge regression
works well to avoid over fitting issue. When A is very large, the ridge regression shrinks the
estimator Bridge toward 0, but not to be exactly 0. As a result, ridge regression are usually

used to deal with multicollinearity issue instead of performing variable selection.

12



Lasso

[86] first introduced the lasso penalty p(t,\) = A|t|. In lasso regression, we mini-
mize
P
Li(B) = L(B) + A Y |6l

j=1
It can be seen that lasso regression uses a Lj penalty, while ridge regression considers a
Lo penalty. Although the problems seems similar, their solutions behave very differently.
Compared to ridge penalty, lasso penalty can shrink some coefficients to be 0 exactly when
A increases, which leads to a sparse estimator. Based on this, lasso regression can remove
the insignificant predictors from the model. In other words, lasso regression additionally
performs variable selection. However, as lasso penalty applies the same penalization to each
coefficient, it tends to over-shrink the large coefficients, and thus results in biased estimates.
In the following, we introduce two concave penalties, MCP (minimax concave penalty [98])
and SCAD (smoothly clipped absolute deviation penalty [27]), which not only induce the

nearly unbiased estimates, but also enjoy the sparsity property.

MCP and SCAD
For MCP, it has the form

[¢]
pr(t,A) = )\/0 (1 —x/(TA)4dx, T>1,

and the SCAD penalty has the form

It]
pr(t,\) = A ; min {1, (7 —z/N)y/(t = 1)}, 7> 2,

where 7 is a parameter that controls the concavity of the penalty function, and (z); = =z,

if x > 0; ()4 = 0, otherwise. In particular, when 7 — oo, both penalties converge to
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the lasso penalty (L; penalty). Similar to lasso penalty, these two concave penalties enjoy
the sparsity as well. That is, as A increases, they can shrink some coefficients to 0 exactly.
In practice, we only want to shrink small coefficients, and do not want to shrink the large
coefficients. This can be achieved by employing MCP and SCAD penalties. Therefore, both

of them produce nearly unbiased estimates. To estimate the coefficients here, we minimize

Li(B) = L(B)+ Y _ - (B, \),
j=1

where p.(- , \) represents the MCP or SCAD penalty.

2.2.2 ADMM Algorithm

Recently, statistics and machine learning with large-scale data is a very popular
topic of widespread interest, such as in medicine, artificial intelligence, computational biol-
ogy, etc. Many such problems can be posed in the framework of convex optimization. The
alternating direction method of multipliers (ADMM), as a simple but powerful algorithm,
has been widely used for solving the structured convex optimization problems. From the
discussion of a number of examples, [9] showed that ADMM is well suited for the large-scale
distributed problems arising in applied statistics and machine learning.

Following [9], the ADMM algorithm solves problems in the form

minimize f(x)+ g(2)
(2.5)

subject to Ax 4+ Bz =c
where f and ¢ are convex functions, © € R",z €¢ R™, A € RP*", B € RP*™ and ¢ € RP.

The augmented Lagrangian for this problem is

Ly(z,z,p) = f(x) + g(2) + p* (Az + Bz — ¢) + (p/2) | Az + Bz — c|3,

14



where ||-||, is the Ly norm with ||la|l, = (3 ]ai*)!/?, p is the dual variable or Lagrange

multiplier and p > 0 is a penalty parameter. Then ADMM consists of the iterations

"t = argmin L,(x, 2", pu*) (2.6)
xT

2M = argmin L,(z*!, 2, u¥) (2.7)
z

ukJrl _ “k —|—p(A$Ck+1 + sz+1 _ C) (28)

It can be seen that ADMM updates & and z in an alternating or sequential way, which
accounts for the term alternating direction. At step k + 1, we have the primal residual
rktl = Aghtl + B2z*1 — ¢ and dual residual s¥T! = pATB(zF+! — 2F). As ADMM

proceeds, the primal residual and dual residual converge to zero.

2.2.3 Adam Algorithm

Adam (adaptive moment estimation) algorithm [44] is another popular optimiza-
tion algorithm, which is of great importance in deep learning. Even though ADMM presents
promising performance in many conventional machine learning applications and can be ap-
plied to deep learning, there still exist some challenges. For instance, it converges slowly to
high accuracy. Moreover, it is very time-consuming to implement when there are a large
number of features and a big sample size, which also needs a big memory. In contrast, Adam
algorithm considers first-order gradient-based optimization with little memory requirement.
It is straightforward to implement and also computationally efficient.

Referring to [44], let f(6) be a stochastic scalar function that is differentiable with
respect to the parameters #. To minimize the objective function, the Adam algorithm

proposed in [44] is given as follows.
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Algorithm 1 Adam algorithm

Require: 6): Initial parameter vector

mgy <— 0 (Initialize 15" moment vector)
v — 0 (Initialize 274 moment Vector)
t +— 0 (Initialize timestep)

while 6; not converged do
t+—t+1
gt <— Vofi(0:—1) (Get gradient w.r.t. stochastic objective at timestep t)
my <— Prmy—1 + (1 — B1)g: (Update biased first moment estimate)
vy +— Bovi—1 + (1 — B2)g? (Update biased second raw moment estimate)
my +— my/(1 — BY) (Compute bias-corrected first moment estimate)
0 «— v/(1 — B) (Compute bias-corrected second raw moment estimate)
0 +— 0;—1 — amy/(v/r + €) (Update parameters)

end while

return 6,

Note that, g = Vg fi(0) represents the gradient, i.e. the vector of partial deriva-
tives of f; with respect to @ evaluated at ¢, and g? indicates the elementwise square g; ) g;.
« is the step size, and 1, B2 € [0,1] are the exponential decay rates for the moment esti-

mates. The good default choices are o = 0.001, 31 = 0.9, B2 = 0.999 and € = 1078,
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Chapter 3

A Fusion Learning Method to
Subgroup Analysis of Alzheimer’s

Disease

3.1 Introduction

Alzheimer’s disease (AD) is the leading cause of dementia for adults. It is a progressive
disease that worsens over time. Patients with AD show symptoms of memory loss, mental
decline, delusion and so forth as the disease progresses. The progression of AD varies from
person to person, and patients with AD have experienced it in different ways. The lack of a
good understanding of the heterogeneity in the disease progression through the population
is a key reason for failures of disease-modifying treatments for AD. As a result, very little

progress has been made for the AD treatment development since 2003 [96]. To overcome
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this difficulty, one has to first understand the heterogeneity in the disease trajectories, so
that interventions can be tailored to target the subgroups that will benefit most from the
treatment, which is an important goal of precision medicine. The progression of AD is often
measured by cognitive scores at multiple time points, resulting in a collection of longitudinal
data. One major methodological challenge hindering the heterogeneity investigation is that
the true subgroup membership of each individual is often unknown.

The growth mixture modeling (GMM) method [28] [82], 42} [65] has been popularly
used for the identification and prediction of latent subpopulations for longitudinal data.
This method requires to specify the underlying distribution of the data, which is often
hard to obtain for longitudinal data, because of their complex structure. The k-means
algorithm [34] is another popular clustering method. It divides the data into subgroups
based on the distances between measurement vectors of subjects. It is difficult to apply
this method to cluster functional curves, especially arising from longitudinal data with
missing measurements. Moreover, both GMM and k-means methods need to pre-specify
the number of subgroups, which is often unknown in practice, and thus introduces additional
complications in the estimation procedure.

To overcome these challenges, we apply the concave fusion learning method pro-
posed in [60} 61] to conduct subgroup analysis for longitudinal trajectories of the AD data.
This semi-supervised machine learning method applies concave penalty functions to pairwise
differences of clinical outcomes or unknown treatment coefficients in a regression model. It
can automatically identify memberships from latent subgroups and estimate the number of

subgroups simultaneously without specifying the underlying distribution. Although the fu-
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sion learning method was originally considered in [60} [61] for the cross-sectional data setting
with independent observations, it also has a great potential for subgroup analysis of other
data settings such as longitudinal data and survival data. In this article, we extend this
method to the longitudinal AD data, and investigate its numerical performance through ex-
tensive simulation studies with both balanced and unbalanced correlated repeated measures
designs. Moreover, we propose two different data-driven methods based on the modified
Bayes Information Criterion BIC and the Calinski-Harabasz (CH) index, respectively, for
selecting the optimal tuning parameter involved in the concave fusion penalization method,
while the CH method was not considered in [60, [61]. We also thoroughly investigate the
performance of these two data-driven methods through numerical studies.

To cluster the AD patients based on their cognitive scores observed over time, we
consider a subject-specific nonparametric regression model, in which the heterogeneity can
be driven by observed or unobserved latent covariates. More specifically, we model each
patient’s cognitive scores through an unknown functional curve of time. We approximate
each curve by B-splines [20, [51], 93, [58], and then apply pairwise fusion penalties to the
spline coeflicients, so that patients with similar disease trajectories can be automatically
clustered into the same homogeneous subgroup. As a result, patients in the same identified
subgroup share the same disease progressive curve. We use an alternating direction method
of multipliers (ADMM) algorithm [9] that has a good convergence property to solve the
optimization problem. Different from the GMM method, our method does not require to
pre-specify the number of subgroup, nor does it need to provide the underlying distribution

of the data. Instead, our estimation procedure only involves a working correlation matrix
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[49, 90, 57, 62] for the repeated measures of each subject. We show that the resulting
estimator of the functional curve for each subgroup is robust to the specification of the
correlation matrix, i.e., it is still a consistent estimator even if the working correlation
matrix is mis-specified. Moreover, we establish point-wise asymptotic normality of the
functional curve estimator for each subgroup, so that statistical inference can be further
conducted based on our clustering and estimation results.

The rest is organized as follows. Section [3.2]describes the proposed model. Section
introduces the model estimation procedure using concave fusion penalization method. In
Section [3.4] we establish the theoretical properties of the proposed estimators. Simulation
studies are presented in Section Section [3.6| illustrates the application of the proposed
method to Alzheimer’s disease data. Discussions are provided in Section (3.7, The related

technical proofs are included in the Appendix A.

3.2 Model

In a longitudinal study, subjects are usually measured repeatedly over a time period. Sup-
pose the data consist of (Y;(t;;),ti),i =1,...,n,5 =1,...,m;, where {t;;,j =1,...,m;}
are the distinct time points that the measurements of the ith subject are taken, and Y;(t;;)
is the observed response for the ith subject at time ¢;;. Our goal of this article is to un-
derstand how the change of trajectories may differ across individual subjects. To study the
longitudinal trajectories of the ith subject, we consider the subject-specific nonparametric

regression model:

Yi(tij) = Bi(tij) + eiltij), (3.1)

20



where f3;(t)’s are the unknown smooth functions of ¢, and the errors €;(t)’s satisfy E(e;(t)) =
0 and Cov(g;(t),ei(t')) = (¢, t)I{i = '} with I{-} being an indicator function. For

simplicity, we denote Y;; = Y;(t;;) and €;; = €;(t;;). Model ({3.1)) can be rewritten as
Y;‘j = /B’L(t’bj) + €i5. (32)

In this model, the trajectory of the ith subject over time is represented by the
subject-specific unknown function (3;(t). Due to the heterogeneity of the trajectories, we
assume [3;(t)’s arise from K different groups with K > 1. To be specific, we have (;(t) =
ai(t) for all i € Gy, where G = (Gy, ..., Gk ) is a mutually exclusive partition of {1,...,n} and
ay(t) is the common function for all the §;(t)’s from group Gi. In practice, the number of

subgroups K can be much smaller than the sample size n, and it is often unknown.

3.3 Estimation

In order to identify the subgroups of the heterogeneous trajectories, we first approximate
the nonparametric functions g;(+)’s in using B-splines. Referring to [59], let ag = {p <
(1 <+ <y <Cy41 = bp be a partition of [ag, bp] into J + 1 subintervals I} = [(;, (j4+1),] =
0,---,J —1and I; = [(s,bo], where {Q};]:l is a sequence of interior knots. Denote the
rth order normalized B-spline basis as {B(t), ..., Bs(t)}” (see [20]), in which S = J +r
is the number of basis functions. Then, f;(t;;) in can be approximated by a linear

combination of the B-spline functions,

S
Bi(ti)) ~ Y _iaBalti;) = B(tiy)™vi, i=1,...,n, j=1,...,m, (3.3)
d=1
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where B(t;;) = (Bi(tij), ..., Bs(ti;))T and v; = (i1, ..., 7is)?. In this case, the trajectory
heterogeneity represented by (;(t) is reflected on the B-spline coefficient «;. Therefore, our
goal can be transformed into identifying the subgroups based on the ~;’s.

Let Y; = (Yi1, ... ,Yimi)T,si = (&i1,--- ,eimi)T and X; = (B, ... ,Bimi)T, where

B;; = B(t;j). Given (3.3)), for each ¢, model (3.2) can be written in matrix notation as
Y~ Xvi+e, i=1,--- ,n. (34)

As in [49, 90, 62], we let 3; and V; be the true and assumed working covariance of Y;, where
¥, = Var(Y;) and V; = A3/2RiA3/2, A; represents a m; x m; diagonal matrix containing
the marginal variances of Y;;, and R; is an invertible working correlation matrix. The true
covariance X; is often unknown in practice, so we use a working covariance V; to replace X;
in the estimation procedure. The structure of the working correlation R, is pre-specified.
Throughout, we assume that V; depends on a nuisance finite dimensional parameter vector
n.

Following [61], we utilize a fusion learning approach with concave penalty to esti-
mate model . For any vector a, define its Ly norm as ||al, = (3" a?)!/2. The objective

function is constructed as

n

1 _
Qn (v A) = 5 Z(YE — X)) 'V Y - Xv) + Z p (v —lly.A), (3.5)
i=1 1<i<j<n
where v = (’le yoe Y )T and p (-, A) is a concave penalty function with a tuning parameter

A > 0. For a given A > 0, define

Y(A) = arg min Qn(7; ). (3.6)
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When A is large enough, the penalty shrinks some pairs of |v; —;||, to zero. For two
subjects with [[4;(A) —4;(A)[|, = 0, they are clustered into the same group. Based on this
fact, we can partition the heterogeneous trajectories into subgroups. For convenience, we
write 4(A) = 4. Let {91, . ,éK} be the unique values of 4, where K is the number of
these distinct values. In the kth subgroup, we denote the set of the corresponding indices
by Gr = {z A= 0, 1<i< n} with 1 < k < K. To select the optimal tuning parameter
A, a data-driven procedure such as BIC or the Calinski-Harabasz index is considered. It
is noteworthy that our method can also be applied to the case that the true number of
subgroups K is known. In this scenario, we will choose a A\ value that corresponds to the
estimated number of subgroups K which is equal to or the closest one to the true number
of subgroups K. If two K values are equally distant from K, we use the larger one to
determine the A value.

An appropriate selection of the penalty is very critical to the model estimation.
Instead of choosing lasso penalty p,(t, A) = A|t| [86], which results in biased estimates due
to the over-shrinkage of large coefficients, we use the minimax concave penalty (MCP) [98]

by inducing nearly unbiased estimators with the form

It]
pr(t,\) = )\/O (1 —x/(TA)ydx, T>1,

where 7 is a parameter controlling the concavity of the penalty function, and (a);+ = a,
if a > 0 and (a);+ = 0, otherwise. Moreover, it is more aggressive in enforcing a sparser
solution. Consequently, MCP is a more desirable choice.

Another problem is how to choose the working covariance matrix V;. Here we

consider an unequally spaced AR(1) structure for the working covariance matrix V;, such
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that Vi(t,s) = a2p"*=3l, where k = with (1), (2) being the first two time points.

1
[ty —t2)l
Note that our estimator of the functional curve for each subgroup is consistent even if the
working covariance matrix is mis-specified, i.e., V; # 3;. First, we estimate o2 by taking

2

79

2

the mean of the estimated variance 67, i = 1,...,n, where &7 is calculated within subject
by using ordinary least squares (OLS) residuals. Due to the fact that these residuals may
be small and thus underestimate the true errors, we modify these residuals by replacing
€;j with &7, = &;j/(1 — hy;), where h;; is the jth diagonal element of the projection matrix
H; for subject i. This modification is suggested by [63]. Given (3.4), we have H; =
Xi(XZ»T Xi)_lXiT . Next, we estimate correlation p by taking the average of the estimated
correlation between the two adjacent time points, in which we only consider the adjacent

time points having the scaled distance equalling 1, i.e. k|t —s| = 1. Accordingly, V; can

be obtained.

Computation Using ADMM Algorithm

It is worth noting that the penalty function in (3.5 is not separable in +;’s. To
obtain the solution of (3.6)), following [61], we derive an ADMM algorithm to minimize the
objective function (3.5). By introducing a new set of parameters d;; = 7; —;, the problem

can be reformulated as the following constrained optimization:

n

1 -
min o (Y- Xew) "V Y- Xev) + D pe (18l500)

i=1 1<i<j<n
subject to v; —; — d;; = 0. (3.7)
Denote by (a,b) = a’b the inner product of two vectors. The above constrained op-

timization can be transformed into its augmented Lagrangian optimization problem, i.e,
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minimize:

1 n
L(v,6,v) = §ZY X))V Y= X))+ D pr (185 0)

1<i<j<n

+ > (v yi =5 — 8i) ZH% v = il (3.8)

i<j 1<J

T T
where § = {6;‘5, i< j} , the dual variables v = { v, 1 < j} are the Lagrange multipliers
and 9 is the penalty parameter. Then we can compute the estimates of (v, d,v) through
iterations using the ADMM algorithm.

Given the value of 6™, v™ at step m, we update the estimates at step m + 1 as

follows:

‘Ym—H = argmin L (v, 6™, 0v™), (3.9)
¥
6™t = argmin L ('ym‘H, 9, 'vm) , (3.10)
o
1 1 1 1
Ot = o 9 (- - g (3.11)

Notice that the problem in (3.9) is equivalent to minimizing the function

n

1

F) =352 (% = Xim) V7 (Yi = Xiyi) + ZH% ~j — 8 4+ 9|2 + Co
=1 Z<J
%(Y Xv)'VHY - Xv) + —HA*y & + 97 0™ + Co,

where Y = (Y/,....¥D)", X = diag(X),.., X,), V = diag(Wi,..,V,,), A = D® Is
(Kronecker product) and Cj is a constant independent of . Here D = {(e; —e;),i < j W

in which e; is a n x 1 vector with the ¢ th element being 1 and the remaining ones being 0,

and Ig is a S x S identity matrix. Thus, we can update v *! by
= (XTV X +9ATA) T [XTV Y 04T (5™ — 9 lo™)]. (3.12)
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In (3.10), given 4™ "1 and v™, the minimization problem is the same as minimizing

U\
5 HCij - 5@'3’“2 + pr (H‘sijum)‘)

with respect to d;;, where Ci’? = 'ylmﬂ — 7}”“ + 19*11);?. Consequently, for MCP penalty

with 7 > 1/49, we have:

ST A/D) .
Ty G2 < 7A,
D g (3.13)

ij if (|G ll2 > 7A,

where ST(z,t) = (1 —t/||z||,)+2 is the groupwise soft thresholding operator.

Given the discussion above, we summarize the detailed ADMM algorithm as follows:

Algorithm 2 ADMM algorithm

1: Initialize 6°, v°.

2: for m=0,1,2,--- do

3: Update v™*1 using
4: Update 6™*! using
5: Update v™*! using

6: if the convergence criterion is met, then
7 Stop and denote the last iteration by 4(A),
8: else
9: m=m+ 1.
10: end if
11: end for

Ensure: Output

We stop the ADMM algorithm when the primal residual »™+! = Ay™m+1 _ g+l

is close to zero such that Hrm+1 H2 < ¢ for some small value € > 0.
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Solution path

Figure 3.1: Solution path for (%31(A),...,93,(N\)) against A with n = 100,7 = 20 for
balanced data of Middle case from Three Subgroup Example in Section

Remark 3.1 To start ADMM algorithm, an appropriate initial value is very important.
First, given model , we use the ordinary least squares estimate of each subject as the
initial estimate v°, i.e. 'y? = (XZ-TXi)*lXZ.TYi,i =1,---,n, which is a consistent estimate.

Then, let initial estimates 6% =~ — ')/;-] in 6% and v° = 0.

Remark 3.2 To compute the solution path of v against X\, we consider a grid of A\ values
WIth Apin = Ao < A1 < -+ < Ak = Ajaz, where 0 < Apin < Az < 00. Given a A value in
[Amins Amaa), we can compute Y(X) given in (3.6) by using ADMM algorithm. Referring to
[61], a warm start and continuation strategy is used for updating the solutions. Specifically,
we compute Y(N\g) by using ¥° as the initial value, then 4(\,) by using ¥(A,_1) as the initial

value (k=1,--- | K).

Figure [3.1] illustrates the solution path for the estimates of B-spline coefficients
(A31(A)y ..., A43n(N)) against A. It is computed on a grid of A values in interval [Amin, Amax]-

From Figure [3.1] we observe that when A is very small, too many subgroups are identified.
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With A value increasing, the estimated number of subgroups decreases, then becomes to
1 for a large A value. If the actual number of subgroups is given (K = 3), based on the
solution path, we can select a A\ between 0.6 and 0.8 as the tuning parameter, where K
equals the true number of subgroups; otherwise, BIC or the Calinski-Harabasz index is

used to decide the optimal tuning parameter A.

3.4 Theoretical Properties

In this section, we establish the theoretical properties of the proposed estimators. We first
introduce some notations. Let B(t) = (B1(t), ..., Bn(t))T with B;(t) being the function of
the ith subject, and a(t) = (ay(t),...,ax(t))T with ai(t) being the common function
for the kth subgroup. For any square integrable function g(¢) on the compact support T,
denote its Ly norm by ||gll2 = {ng(t)Zdt}1/2 and squared Ly norm by ||g||3 = [; g(t)%dt.
Then, for a vector valued function g(t) = (g1(t),...,gr(t))", its squared Lo norm is defined
as g3 = S, lall3 Let b = mingp ||ax — ap|l2 be the minimum distance between
smoothing functions a and o from any two clusters.

We also give the definitions for notations O(-) and O,(-) as follows. If {z,}7° is
any real sequence, {by }7° is a sequence of positive real numbers, and there exists a constant
C < oo such that |z,|/b, < C, for all n, we say that x,, is at most of the order of magnitude
of by, and write x,, = O(by,). If, for any € > 0, there exists C. < oo such that the stochastic
sequence { X, }7° satisfies sup,, P(|X,,| > C;) < ¢, we write X;,, = O,(1). If {¥},}1° is another
sequence, either stochastic or nonstochastic, and X,,/Y,, = O,(1), we say that X,, = O,(Y3),

or in words, X, is at most of order Y;, in probability.
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Asymptotic properties

Definition. A random sequence {&x, k > 1} is said to be a-mixing if the a-mixing

coefficient
def o i
a(s) = supsup{|P(ANB) — P(A)P(B)|: Ac F}},,B € Fi'}
E>1
converges to 0 as s — 00, where FU is the o algebra generated by &4, &at1, - .., &

Among various mixing conditions used in the literature, the c-mixing is reasonably
weak and is known to be fulfilled by many stochastic processes including many time series
models. For instance, [31] derived the conditions under which a linear process is a-mixing.
The linear autoregressive and the bilinear time series models are strongly mixing with
mixing coefficients decaying exponentially under very mild assumptions, see the page 99 of
[21] for more details. We refer to [45, [11] and references therein for more discussions on the
a-mixing condition.

We denote by C'(") = {¢|¢(r) S C’(']T)} the space of the rth order smooth functions
on the compact support T such that their rth order derivatives belong to C(T), which is

the class of all continuous functions on T.

Regularity Conditions:

(C1) The observation time points ¢;;, i =1,...,n, j = 1,...,m;, are chosen independently
from a distribution F(-) with the density f(-). Moreover, the density function f(t) is
uniformly bounded away from 0 and infinity on its compact support T. Without loss

of generality, we assume T = [ag, by].

(C2) There exists a positive constant M such that E(e(t)*) < M for all t € T. In addition,
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the random sequence {¢;;} for each i satisfies a-mixing condition with the a-mixing

coefficient satisfying a(s) < C*s™® for a > %fzg, where 0 < k9 < 1, and C* is a

positive constant with 0 < C* < oc.
(C3) The functions 3;(-) € CM), fori=1,...,n.

(C4) The spline knot sequences {¢;}; ;' have bounded mesh ratio. That is, for some positive

constant Coq,

maxo<i< |G = Gl _ Cor
ming<i< g [G+1 — G| ~

(C5) There exist positive constants 0 < C; < Cy < oo such that the eigenvalues of

Y=diag(X,...,%,) and V=diag(Vy,..., V,) lie between C; and Cs.

Condition (C1) is identical to condition (C1) in [40] and assumption (A1) in [70].
This condition ensures that the observation time points are randomly scattered and it can
be modified or weakened according to Remarks 3.1 and 3.2 in [40]. Condition (C2) is
a standard requirement for moments and the mixing coefficient for an a-mixing process
as assumed in [45] and [I1]. This condition allows the errors to be weakly dependent.
Many linear and nonlinear time series models like the linear autoregressive and the bilinear
time series models are strongly mixing with the mixing coefficients decaying exponentially,
see [21] (page 99) for more details. Conditions (C3)-(C4) are frequently assumed in the
spline approximation literature; see for example [100, 89, 58]. The smoothness condition on
Bi(+) given by Condition (C3) determines the rate of the approximation error of the spline
estimator B3;(-). Condition (C4) ensures that the knot sequence has a bounded mesh ratio;
that is, the knots are quasi-uniform. Condition (C5) is commonly used in the literature

related to longitudinal data, such as in [41] [62] and the references therein.
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Let the nonparametric function subspace Mgﬁ corresponding to the group parti-
tion be MY = {B():Bi(-) = aw(), Bil-) € Cc" forie Gy 1<k< K}, while the subspace
Mg of B-spline coeflicients corresponding to the group partition is denoted by Mg =
{‘y v =0, v €RY forieGyl<k< K}, where @ is the common B-spline coeffi-
cients in the kth subgroup. By using the proposed method, we have 4 = (4{,...,4)T

where 4; is the estimated B-spline coefficient for subject ¢ with 4; = ék for all i € Gy. Then,

the estimated function for each 7 is
Bi(t) = B(t) 44, (3.14)

for any ¢t € T. Let & (t) = (&9"(t),...,a%(t)), where &}’ (t) is the estimated common

function for group Gi by assuming that the true memberships are known.

Theorem 3.1 Suppose conditions (C1)-(C5) hold, and for any fized K, if J = O(N)
with 0 < s < 1, the oracle estimator &°" satisfies | &°" — a3 = O,(J/No + J~2"), where

No = minlngK Nk and Nk = Ziegk my;.

It is worth noting that the convergence rate given in Theorem consists of
two parts, which are the approximation error of order J~2" and the estimation error of
order J/Ny. We can see that the increase of J leads to smaller approximation error but
larger estimation error, whereas the decrease of J leads to larger approximation error but
smaller estimation error, i.e., there is a trade-off between the bias and variance. By letting
J/Nog = J~?", we can obtain the optimal order of J which is N&/(QTH). Plugging it into

: A0r 2 —2r —2r/(2r+1)
the convergence rate, it follows that |G — al|5 = Op(J/No + J~ ") = O, <N0 ),

which reaches the minimax convergence rate for spline regression.
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The following Theorem gives the convergence rate of the estimated function

Bi(t) in (3.14) for each i.

Theorem 3.2 Suppose conditions (C1)-(C5) hold, if there exists a constant C' > 0 such that
Cb>71AandJ = O(m?n)) with 0 < ¢ < 1, then, for each i, ||fi— B2 = Op(J/mpy+J727),

where M) = MiN << My

Theorem 3.3 Assume G and Gy respectively be the estimated and true subgroup member-

ship. Under the same conditions in Theorem we have P (,C’; = QO> — 1 as M(p) — 00.

Theorem [3.3] gives the model selection consistency result for the penalized method.

Thus, given the estimated subgroup membership, we may write &(t) = (a1 (t), ..., ax ()"

for any given t € T, and the following theorem holds.
Theorem 3.4 Under the same conditions in Theorem . If J/ngwﬂ) — 00, we have
~ —1/2 /A d
Var (a(t)) " (a(t) — a(t)) = N(0, Ik ),

where I is a K-dimensional identity matriz and Var (&(t)) is given in of Appendiz
A. In particular,

Var (G5, (£)) 2 (ax(t) — an(t)) > N(0,1)

fork=1,...,K, where Var (4(t)) = el Var (&(t)) ex, and ey, is the K -dimensional vector

with the kth element taken to be 1 and 0 elsewhere.

We can use the asymptotic distribution established in Theorem to construct

pointwise confidence intervals of the functional curve for each subgroup.
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3.5 Simulation Studies

In this section, we investigate the performance of our proposed approach by con-
ducting simulation studies. Balanced and unbalanced data are both considered.

Two different criteria are used to select the optimal tuning parameter. One is
the modified Bayes Information Criterion (BIC) [88] for high-dimensional data settings by
minimizing

BIC() = log | 3 (¥ — XA R (¥ - X/ | + €Y ks, (315)
=1

where Cj, is a positive number which can depend on n and N = """ ; m;. Following [60],
we let C), = ¢ log(log(nS)), where ¢ is a positive constant, and we choose ¢ = 0.6. The

other criterion is the Calinski-Harabasz index [12] by maximizing

S

CH(\) = — & oo/ B — 1) (3.16)

where B RO and Wf(()\) are the between and within group sum of square errors of the
estimated subgroups given a A value. We apply this index to the initial value '7? ’s, which
are the ordinary least squares estimates of given in Remark Note that CH(A) is
not defined for K (\) = 1. Based on these criteria, we can select the optimal A and obtain
the corresponding group membership. Here we use fixed values for ¥ and 7 in ADMM
algorithm: 9 =1 and 7 = 3.

To evaluate the accuracy of the clustering results, we provide three measures: Rand
Index (RI) [72], Normalized Mutual Information (NMI) [87] and accuracy percentage (%).
The accuracy percentage (%) is defined as the proportion of subjects that are correctly

identified. These three values are between 0 and 1, with higher values indicating better
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performance.

3.5.1 Two Subgroups Example

We simulate data from the heterogeneous model with two subgroups
YL] :5l(t1])+51]7 Z: 17"‘7”7 ]: 17"'7mi7

where §;(t) = a1(t) if i € G; and B;(t) = as(t) if i € Go.

We first consider balanced data. In this situation, we have m; = T for all 7’s. The
time points ¢;;’s are chosen equally spaced on [0,1.2]. The error term ; = (&1, ... ceir)T
is generated from N(0,Xg), in which ¥ has AR(1) covariance structure with p = 0.3
and o = 0.5. Four setups of (n,T) are considered: {n = 100,7 = 20}, {n = 100,T = 50},
{n =150,T = 20} and {n = 150,7 = 50}. Moreover, to choose {a1(t), a2(t)}, we also con-
sider three different cases by increasing the distance between the two functions from close

to middle, then to far, which are shown below:

7

ai(t) = —0.5t2 + 1.25t, ai(t) = —0.5t2 + 1.25¢,
Close Middle

as(t) = —t% + 2.5¢, as(t) = —1.3t2 + 3.25¢,

ai(t) = —0.5t2 + 1.25¢,
Far

as(t) = —2.5t% + 6.25¢.

\

Figure shows the true functions (black line) and simulated trajectories (blue
line and red line) of the three distance cases, respectively, based on one sample with n =
100, T' = 20 for balanced data. We can see that there are a lot of overlaps in Close and

Middle cases, especially in Close case, it looks more like one group.
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Close Middle Far

Figure 3.2: The black lines represent the true functions, while the red and blue lines repre-
sent the simulated trajectories of the corresponding subgroups under one replication when
n = 100, T = 20 for balanced data in Two Subgroups Example. The distance between the
true functions increases from close, to middle, to far.

The unbalanced data is based on the balanced data setting. However, we randomly
allow 50% of the subjects to miss either 30% or 40% or 50% of time points. Next, we conduct
simulations to illustrate the performance of our proposed method. 100 replications are taken
here. Quadratic splines with one interior knot are used to approximate the nonparametric
components. The quadratic splines are B-splines with order r = 3. As the order of the
B-splines increases, the estimated curve becomes smoother. The quadratic splines can yield
smooth enough curves while preventing over-smoothing. Based on the convergence rate
given in Theorem 4.2 on page 8, the optimal order of the number of interior knots J is

1 1

1 1
m(i’l';rl by letting J/m,y = J~*". We choose J = {m(i:)“J = {m{n)

J, where |a] denotes
the largest integer no bigger than a. Then J = {m(;n)J = 1 when m,) = 10,20,25,50 in
our simulation settings.

Table not only reports the summary measurements of the estimated number

of subgroups K (sample mean, median, per, where per is the percentage of K equaling

to the true number of subgroups), but also the summary measurements of the clustering
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accuracy (average values of RI, NMI, %) by using different model selection criteria (BIC,
CH) under different setups of {n, T'} when the distance between functions increases (Close,
Middle, Far). Balanced and unbalanced data are both included. Note that when calculating
RI, NMI and %, we only include the replications with K equaling to the true number of
subgroup (K = 2).

From Table we can see that both BIC and CH criteria perform well and give
the similar results for most of the cases. When T increases, the summary measurements
of K (mean, median, per) and accuracy measurements (RI, NMI, %) both increase. In
details, the mean of K gets close to 2 and median K becomes to 2, where 2 is the true
number of subgroups, while the accuracy measurements (RI, NMI, %) are close to 1 or even
become to 1 for both balanced and unbalanced data, which indicates good clustering results.
What’s more, with the distance between the true functions getting larger, it is much easier
to correctly identify the subgroups. Accordingly, we observe that the mean and median of
K become to 2, while the RI, NMI and % become to 1 when the distance is sufficiently large
(Far case). On the contrary, in Close case, since the trajectories of the two subgroups in
Figure show a lot of overlaps, it is more difficult to identify the subgroups, which results
in the low percentage (per) of correctly selecting the number of subgroups when 7' = 20.
Under this case, if we can cluster the subjects into two subgroups, BIC criterion presents
higher accuracy performance in group membership. However, if T" increases to 50, all the

measurements become much better and it is more likely to correctly identify the subgroups.

Compared with unbalanced data, balanced data shows slightly better results.

36



Balanced Unbalanced

Functions setting criterion mean median per RI NMI % mean median  per RI NMI %

BIC 1.34 1.00 0.20 0.9089 0.7459 0.9515 1.43 1.00 0.08 0.9015 0.7289 0.9475

n=100, T=20

CH 1.55 1.00 0.35 0.8729 0.6818 0.9223 1.73 1.50 0.28 0.7652 0.4861 0.8304

BIC 1.98 2.00 0.98 0.9953 0.9836 0.9977 1.97 2.00 0.97 0.9855 0.9510 0.9927
n=100, T=50

CH 1.98 2.00 0.98 0.9953 0.9834 0.9977 1.97 2.00 0.97 0.9855 0.9510 0.9927

Close

BIC 1.45 1.00 0.23 0.9271 0.7820 0.9620 1.50 1.00 0.08 0.8868 0.6855 0.9400
n=150, T=20

CH 1.57 1.00 0.31 0.8746 0.6876 0.9178 1.72 1.00 0.24 0.6563 0.2940 0.7131

BIC 2.00 2.00 1.00 0.9923 0.9719 0.9961 2.00 2.00 1.00 0.9855 0.9484 0.9927
n=150, T=50

CH 2.00 2.00 1.00 0.9922 0.9717 0.9961 1.98 2.00 0.98 0.9852 0.9472 0.9925

BIC 2.00 2.00 1.00 0.9960 0.9859 0.9980 2.00 2.00 1.00 0.9903 0.9664 0.9951
n=100, T=20

CH 2.00 2.00 1.00 0.9952 0.9830 0.9976 2.00 2.00 1.00 0.9901 0.9655 0.9950

BIC 2.00 2.00 1.00 0.9998 0.9993 0.9999 2.00 2.00 1.00 0.9996 0.9985 0.9998
n=100, T=50

CH 2.00 2.00 1.00 0.9998 0.9993 0.9999 2.00 2.00 1.00 0.9996 0.9985 0.9998

Middle

BIC 2.00 2.00 1.00 0.9967 0.9870 0.9983 2.00 2.00 1.00 0.9874 0.9535 0.9937
n=150, T=20

CH 2.00 2.00 1.00 0.9967 0.9870 0.9983 2.00 2.00 1.00 0.9865 0.9503 0.9932

BIC 2.00 2.00 1.00 1.0000 1.0000 1.0000 2.00 2.00 1.00 0.9999 0.9995 0.9999
n=150, T=>50

CH 2.00 2.00 1.00 0.9999 0.9995 0.9999 2.00 2.00 1.00 0.9997 0.9990 0.9999

BIC 2.00 2.00 1.00 1.0000 1.0000 1.0000 2.00 2.00 1.00 1.0000 1.0000 1.0000
n=100, T=20

CH 2.00 2.00 1.00 1.0000 1.0000 1.0000 2.00 2.00 1.00 1.0000 1.0000 1.0000

BIC 2.00 2.00 1.00 1.0000 1.0000 1.0000 2.00 2.00 1.00 1.0000 1.0000 1.0000
n=100, T=50

CH 2.00 2.00 1.00 1.0000 1.0000 1.0000 2.00 2.00 1.00 1.0000 1.0000 1.0000

Far

BIC 2.00 2.00 1.00 1.0000 1.0000 1.0000 2.00 2.00 1.00 1.0000 1.0000 1.0000
n=150, T=20

CH 2.00 2.00 1.00 1.0000 1.0000 1.0000 2.00 2.00 1.00 1.0000 1.0000 1.0000

BIC 2.00 2.00 1.00 1.0000 1.0000 1.0000 2.00 2.00 1.00 1.0000 1.0000 1.0000
n=150, T=>50

CH 2.00 2.00 1.00 1.0000 1.0000 1.0000  2.00 2.00 1.00 1.0000 1.0000 1.0000

Table 3.1: The sample mean and median of K , the percentage (per) of K equaling to the
true number of subgroups, the Rand Index (RI), Normalized mutual information (NMI),
and accuracy percentage (%) equaling the proportion of subjects that are identified correctly
under BIC and CH criteria based on 100 realizations in Two Subgroups Example. Balanced
and unbalanced data are both included under different {n, T} setups and function distances.

Furthermore, to study the estimation accuracy, we calculate the square root of

the mean squared error (RMSE) of the estimated function in each subgroup only when K
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equals the true number of subgroups K. In the kth subgroup, we use the formula below to

find the corresponding RMSE of the estimated function &g () (RMSEy):

H 1 H

1 . .
RMSE;, = Vi Z[ak(th) — ag(tp))? = T Z[B(k) ) A@w) —antn))?, k=1,.... K,
h=1 h=1

where By, (t) is the B-spline basis vector of the kth subgroup, (k) is the corresponding
estimated B-spline coefficient after refitting model and {t1,---,tg} is a grid of equally
spaced points spanning the original time range [0, 1.2] with H = 50.

For oracle (Oracle) method, we use the true group membership to calculate RMSE.
As shown in Table the RMSE values under different model selection criteria (BIC, CH)
and {n, T} setups are comparable to those of the oracle ones for almost all cases.

Lastly, the estimated nonparametric curves dy(t) (blue, red lines) and true curves
ai(t) (black line) of the two subgroups for balanced data among the 100 replications are
plotted in Figure Notice that we only plot the replications when the estimated number
of subgroups equals the true number of subgroups. On each row, from left to right, it
represents the Close, Middle, and Far cases with same setting of {n, T} respectively. Then
either n or T is increased compared to the first row. Given each column, it is obvious that
the bands consisting by red or blue lines becomes narrower as 1" or n increases. Besides, no
matter for which setups of {n, T'}, the estimated curves are very close to the true ones for

all distance cases.
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Close Middle Far

Balanced Unbalanced Balanced Unbalanced Balanced Unbalanced

n=100, T=20 a(t) as(t) ai(t) asot) a(t) aot) @)  aolt) ()  as(t) au(t)  as(t)

Oracle 0.0363 0.0369 0.0385 0.0400 0.0363 0.0369 0.0385 0.0400 0.0363 0.0369 0.0385 0.0400
BIC 0.0512 0.0467 0.0570 0.0461 0.0365 0.0377 0.0394 0.0408 0.0363 0.0369 0.0385 0.0400
CH 0.0626 0.0610 0.1075 0.1128 0.0364 0.0375 0.0395 0.0407 0.0363 0.0369 0.0385 0.0400

n=100, T=50 & (f) d(t) au(t) Go(t) au(t) Go(t) &a(t)  G2(t) ()  Go(t)  du(t)  da(t)

Oracle 0.0247 0.0235 0.0261 0.0243 0.0247 0.0235 0.0261 0.0243 0.0247 0.0235 0.0261 0.0243
BIC 0.0253 0.0236 0.0276 0.0252 0.0248 0.0234 0.0262 0.0243 0.0247 0.0235 0.0261 0.0243
CH 0.0253 0.0237 0.0276 0.0253 0.0248 0.0234 0.0262 0.0243 0.0247 0.0235 0.0261 0.0243

n=150, T=20 G&(t) aG2(t) ai(t) a2(t) ()  Go(t) ()  aa(t)  au(t)  ao(t)  ai(t)  Go(t)

Oracle 0.0314 0.0281 0.0337 0.0302 0.0314 0.0281 0.0337 0.0302 0.0314 0.0281 0.0337 0.0302
BIC 0.0387 0.0403 0.0432 0.0435 0.0317 0.0282 0.0344 0.0302 0.0314 0.0281 0.0337 0.0302
CH 0.0602 0.0606 0.1762 0.1698 0.0317 0.0281 0.0347 0.0303 0.0314 0.0281 0.0337 0.0302

n=150, T=50 ai(t) G2(t) a(t) G2(t) () Ga(t) ()  Ga(t)  aa(t)  Ge(t)  Galt)  Go(t)

Oracle 0.0199 0.0212 0.0214 0.0221 0.0199 0.0212 0.0214 0.0221 0.0199 0.0212 0.0214 0.0221
BIC 0.0204 0.0217 0.0221 0.0228 0.0199 0.0212 0.0214 0.0221 0.0199 0.0212 0.0214 0.0221
CH 0.0204 0.0217 0.0220 0.0227 0.0199 0.0213 0.0214 0.0221 0.0199 0.0212 0.0214 0.0221

Table 3.2: The mean of square root of the MSE (RMSE) for the estimated functions
a1 (t), &a(t) under BIC, CH and Oracle methods in Two Subgroups Example.

To further illustrate the performance of our proposed method in unbalanced data,
we generate data with m; ~ Uniform {5,6,...,20},i = 1,...,n, n = 100,1000, and keep
other simulation settings the same as before. We report the numerical results for Middle
and Far cases in Table [3.3[ and as the curves from different subgroups in the Close case
are too close to be separated based on the previous simulation results; see Table Table

ﬁ shows that the median value of K equals to the true number of subgroups, which is 2.

As the mean functions of the subgroups become more separated (from Middle to Far case),
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the mean value of K gets closer to 2, and the average values of RI, NMI and the accuracy

percentage (%) approach to 1. Moreover, Table shows that the RMSE values of the

estimated functions by our method are comparable to those of the oracle ones obtained

by assuming that the true memberships are known. These results demonstrate that our

proposed method performs well for clustering heterogeneous trajectories from unbalanced

data.
Functions setting criterion mean median per RI NMI %
BIC 2.11 2.00 0.91 0.9526 0.8526 0.9756
n=100
CH 2.07 2.00 0.94 0.9542 0.8563 0.9765
Middle
BIC 2.02 2.00 0.98 0.9483 0.8293 0.9734
n=1000
CH 2.01 2.00 0.99 0.9491 0.8318 0.9738
BIC 2.00 2.00 1.00 0.9962 0.9865 0.9981
n=100
CH 2.00 2.00 1.00 0.9960 0.9857 0.9980
Far
BIC 2.00 2.00 1.00 0.9963 0.9830 0.9982
n=1000
CH 2.00 2.00 1.00 0.9962 0.9828 0.9981

Table 3.3: The sample mean and median of K , the percentage (per) of K equaling to the
true number of subgroups, the Rand Index (RI), Normalized mutual information (NMI),
and accuracy percentage (%) equaling the proportion of subjects that are identified correctly
under BIC and CH criteria based on 100 realizations with m; ~ Uniform {5,6,...,20} in

Two Subgroups Example.

3.5.2 Three Subgroups Example

We simulate data from the heterogeneous model with three subgroups

Yij = Bi(tyy) + &5, i=1,...
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Close: n=100, T=20

Middle: n=100, T=20

Far: n=100, =20

Close: n=100, T=50

Middle: n=100, T=50

Far: n=100, T=50

Close: n=150, T=20

Middle: n=150, T=20

Far: n=150, T=20

Close: n=150, T=50

Middle: n=150, T=50

Far: n=150, T=50

Figure 3.3: The black lines represent the true functions, while the red and blue lines are
the corresponding fitted curves for the estimated subgroups by using BIC criterion when
K=2 among the 100 replications for balanced data in Two Subgroups Example. On each
row, from left to right, it corresponds to close, middle, and far cases with the same setting
of {n, T}.



Middle

n=100 n=1000

Oracle 0.0427 0.0399 0.0127 0.0131

0.0427 0.0399 0.0127 0.0131

BIC  0.0449 0.0434 0.0165 0.0154 0.0424 0.0401 0.0131 0.0131

CH 0.0446 0.0443 0.0163 0.0155 0.0424 0.0401 0.0131 0.0132

Table 3.4: The mean of square root of the MSE (RMSE) for the estimated functions
&1 (t), do(t) under BIC, CH and Oracle methods with m; ~ Uniform {5,6,...,20} in Two

Subgroups Example.

where §;(t) = ai1(t) if i € G1, Bi(t) = aa(t) if i € G2 and B;(t) = as(t) if i € G3. We generate

data in the same way as that in Two Subgroups Example. The three functions for Close,

Middle and Far cases are chosen as:
ai(t) = —0.6t% + 1.5t
Close §  ay(t) = —1.3t2 + 3.25t + 0.2,

az(t) = —2.2t2 + 5.5t + 0.1,

a1(t) = —0.3t2 + 0.75¢,

Far ¢ a,(t) = —4t2 + 10t + 0.2,

as(t) = —8.5t% + 21.25¢ + 0.3.
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ai(t) = —0.4t% + t,
as(t) = —1.3t2 + 3.25t 4 0.2,

az(t) = —2.4t2 + 6t + 0.1,



Close Middle Far

Figure 3.4: The black lines represent the true functions, while the grey, red and blue lines
represent the simulated trajectories of the corresponding subgroups under one replication
when n = 100, 7" = 20 for balanced data. The distance between the true functions increases
from close, to middle, to far.

Figure displays the true functions and corresponding trajectories of the three
subgroups under one sample with n = 100, T" = 20 for balanced data. From left to right, the
distance between true functions gets larger. We next conduct simulations to do subgroup
analysis by using our method. Table based on 100 realizations, presents the mean,
median, per of K and the average values of RI, NMI, % for all setups under BIC and CH
criteria, respectively. In this table, we observe that the performance for balanced data is
better than the corresponding unbalanced data. BIC and CH criteria are consistent due
to similar results. When T or the distance between true functions increases, the values of
RI, NMI, and % become larger. Moreover, to demonstrate the estimation accuracy, Table
lists the average values of RMSE for the estimated functions éy(t) (k = 1,2,3) when K
equals 3, while Figure shows the estimated nonparametric curves (grey, red, blue lines)
and true curves (black lines). From Table it can be seen that the RMSE of d(t)’s are
close to those of the oracle estimators. In Figure [3.5] we also observe that the estimated

curves are very close to the true curves. And the bands formed by the corresponding
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estimated curves become narrower as n or 1’ increases.

Balanced Unbalanced

Functions setting criterion mean median per RI NMI % mean median per RI NMI %

BIC 3.00 3.00  1.00 0.9962 0.9882 0.9971  3.00 3.00  1.00 0.9870 0.9603 0.9899

n=100, T=20

CH 2.79 3.00 0.79 0.9965 0.9891 0.9973 2.52 3.00 0.52 0.9887 0.9665 0.9915

BIC 2.98 3.00  0.98 1.0000 1.0000 1.0000 2.98 3.00 0.98 0.9998 0.9993 0.9998
n=100, T=50

CH 2.98 3.00 0.98 1.0000 1.0000 1.0000 2.98 3.00 0.98 0.9996 0.9988 0.9997

Close

BIC 3.00 3.00 1.00 0.9982 0.9939 0.9987 3.00 3.00 1.00 0.9910 0.9709 0.9931
n=150, T=20

CH 2.91 3.00 0.91 0.9982 0.9940 0.9987 2.69 3.00 0.69 0.9903 0.9691 0.9928

BIC 3.00 3.00 1.00 1.0000 1.0000 1.0000 3.00 3.00 1.00 0.9999 0.9997 0.9999
n=150, T=50

CH 3.00 3.00 1.00 1.0000 1.0000 1.0000 3.00 3.00 1.00 0.9999 0.9997 0.9999

BIC 3.00 3.00 1.00 0.9996 0.9988 0.9997 3.00 3.00 1.00 0.9965 0.9889 0.9973
n=100, T=20

CH 3.00 3.00 1.00 0.9995 0.9983 0.9996 2.98 3.00 0.98 0.9962 0.9880 0.9970

BIC 3.00 3.00 1.00 1.0000 1.0000 1.0000 3.00 3.00 1.00 1.0000 1.0000 1.0000
n=100, T=50

CH 3.00 3.00 1.00 1.0000 1.0000 1.0000 3.00 3.00 1.00 1.0000 1.0000 1.0000

Middle

BIC 3.00 3.00 1.00 0.9998 0.9994 0.9999 3.00 3.00 1.00 0.9978 0.9925 0.9983
n=150, T=20

CH 3.00 3.00 1.00 0.9999 0.9997 0.9999 3.00 3.00 1.00 0.9978 0.9929 0.9984

BIC 3.00 3.00 1.00 1.0000 1.0000 1.0000 3.00 3.00 1.00 1.0000 1.0000 1.0000
n=150, T=50

CH 3.00 3.00 1.00 1.0000 1.0000 1.0000 3.00 3.00 1.00 1.0000 1.0000 1.0000

BIC 3.00 3.00 1.00 1.0000 1.0000 1.0000 3.00 3.00 1.00 1.0000 1.0000 1.0000
n=100, T=20

CH 3.00 3.00 1.00 1.0000 1.0000 1.0000 3.00 3.00 1.00 1.0000 1.0000 1.0000

BIC 3.00 3.00 1.00 1.0000 1.0000 1.0000 3.00 3.00 1.00 1.0000 1.0000 1.0000
n=100, T=50

CH 3.00 3.00 1.00 1.0000 1.0000 1.0000 3.00 3.00 1.00 1.0000 1.0000 1.0000

Far

BIC 3.00 3.00 1.00 1.0000 1.0000 1.0000 3.00 3.00 1.00 1.0000 1.0000 1.0000
n=150, T=20

CH 3.00 3.00 1.00 1.0000 1.0000 1.0000 3.00 3.00 1.00 1.0000 1.0000 1.0000

BIC 3.00 3.00 1.00 1.0000 1.0000 1.0000 3.00 3.00 1.00 1.0000 1.0000 1.0000
n=150, T=50

CH 3.00 3.00  1.00 1.0000 1.0000 1.0000 3.00 3.00  1.00 1.0000 1.0000 1.0000

Table 3.5: The sample mean and median of K, the percentage (per) of K equaling to the
true number of subgroups, the Rand Index (RI), Normalized mutual information (NMI),
and accuracy percentage (%) equaling the proportion of subjects that are identified cor-
rectly under BIC and CH criteria based on 100 realizations in Three Subgroups Example.
Balanced and unbalanced data are both considered under different {n, 7'} setups and func-
tion distances.
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Close: n=100, T=20

Middle: n=100, T=20

Far: n=100, =20

Close: n=100, T=50

Middle: n=100, T=50

Far: n=100, T=50

Close: n=150, T=20

Middle: n=150, T=20

Far: n=150, =20

Close: n=150, T=50

Middle: n=150, T=50

Far: n=150, T=50

Figure 3.5: The black lines represent the true functions, while the grey, red and blue lines
are the corresponding fitted curves for the estimated subgroups by using BIC criterion when

A

K = 3 among the 100 replications for balanced data in Three Subgroups Example. On each
row, from left to right, it corresponds to close, middle, and far cases with the same setting

of {n, T}.
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3.6 Real Data Application

In this section, we apply our method to Alzheimer’s disease (AD) data, which
can be obtained from the Alzheimer’s Disease Neuroimaging Initiative (ADNI) database
(adni.loni.usc.edu). The ADNI was launched in 2003 as a public-private partnership,
led by Principal Investigator Michael W. Weiner, MD. The primary goal of ADNI is to test
whether serial magnetic resonance imaging (MRI), positron emission tomography (PET),
other biological markers, and clinical and neuropsychological assessment can be combined to
measure the progression of mild cognitive impairment (MCI) and early Alzheimer’s disease
(AD). For up-to-date information, see www.adni-info.org.

We consider two steps in our analytic procedure. The first step is to use the
proposed method to identify the latent subgroups and recover the memberships in each
subgroup using the observed data. The second step is to use the information from the
identified subgroups and the baseline covariates to classify future patients into the identified
subgroups.

In the first step, to conduct latent subgroup analysis, we use the longitudinal data
of ADASCOG13 (Alzheimer’s Disease Assessment Scale-Cognitive Subscale) for each patient
from ADNI1, ADNIGO and ADNI2 at different time points (0, 6, 12, 18, 24, 36, 48, 60, 72,
84, 96, 108, 120 months). The data are unbalanced due to the fact that patients may have
missing measurements at some time points. Thus, the number of observed measurements
for all patients ranges from 1 to 13. ADASCOGI13 is widely used as a test of cognitive
functions, consisting of thirteen tests, with the values ranging from 0 to 85 to assess the

severity of the dementia. Higher values indicate more severe of the dementia due to more
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cognitive errors. To apply our subgroup analysis method, we delete patients with less than
4 measurements. As a result, there are 1253 patients used in our analysis.

We take ADASCOGI13 as the response to fit the heterogeneous model . The
values of ADASCOG13 are standardized to apply the fusion penalized method. Following
the guidance from our simulation studies, we use quadratic splines with one interior knot
to approximate the nonparametric functions. As a result, we identify two subgroups, one
subgroup with 892 patients and the other one with 361 patients. Figure displays the
trajectories of individual patients within each subgroup and the estimated mean curve for
each subgroup. Clearly, the subgroup depicted in red can be viewed as a non-progression
group as the values of the estimated mean curve for this subgroup remain constant over
time. In contrast, the subgroup shown in blue can be viewed as a progression group, as
we can observe a clear increasing trend of the estimated mean curve for this subgroup over
time. Note that the increasing value of ADASCOG13 indicates cognitive decline. Therefore,
the progression group is potentially of interest to be recruited in clinical trials when testing
whether a drug can slow down the cognitive decline. By our proposed fusion learning
method, we can successfully identify two subgroups with their memberships recovered.

In the second step, we are interested in classifying future patients into the two
identified subgroups using information from baseline covariates. We collect information of
several baseline covariates, including ADASCOG13, mmseTOT (Mini-Mental State Exam-
ination total score), FAQTOTAL (functional activities questionnaires total score), cdrSB
(clinical dementia rating sum of boxes), ApoE4 (Apolipoprotein E4) status and Education.

Among them, ADASCOG13, mmseTOT, FAQTOTAL and cdrSB are the baseline mea-
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Figure 3.6: The trajectories of individual patients within each identified subgroup (blue,
red solid lines) and the estimated mean curve (dashed lines) for each subgroup based on
ADASCOG13. The blue group is the progression group, with higher values of ADASCOG13,
indicating faster cognition decline.

surements of cognition or functional activities. We exclude the 8 patients whose covariates
are not observed at the baseline in the classification step. Thus, there are 889 patients in
the non-progression group and 356 patients in the progression group. To understand which
covariates that contribute to the group difference, we conduct a two-sample test to compare
the means between the two subgroups for each covariate. The P-values are reported in Table
and they are very small for all covariates. Compared with the non-progression group,
patients in the progression group clearly have more severe dementia symptoms given that
they have higher ADASCOG13, FAQTOTAL and cdrSB and lower mmseTOT at baseline,
as well as more AopE4 carriers. Moreover, they also have less education. These findings
corroborate the results given in the literature. In general, the cognition tends to decline

more quickly if the disease of a patient is more severe at baseline. ApoE4 is known as one
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Non-progression group | Progression group
Baseline Covariates Mean (SD) Mean (SD) P-value
ADASCOG13 11.61 (5.15) 24.91 (6.42) < 0.001
mmseTOT 28.46 (1.62) 25.31 (2.41) < 0.001
FAQTOTAL 1.46 (3.05) 7.67 (6.71) < 0.001
cdrSB 0.81 (0.96) 2.70 (1.66) < 0.001
ApoEA4 carrier (%) 35% (0.02) 69% (0.02) < 0.001
Education 16.21 (2.71) 15.36 (3.05) < 0.001

Table 3.7: Mean and standard deviation (SD) for each baseline covariate; P-value shows
the significant difference existing in the two subgroups. ApoE4 is tested by two proportion
z-test, while other covariates are tested by two sample t-test.

important risk factor for AD onset, and ApoE4 carriers tend to show earlier cognitive de-
cline onset than the non-carriers [75]. Additionally, some studies have shown that patients
with lower education are more likely to develop AD [43]. Based on the results in Table
we include all baseline covariates in the classification step.

Next, we use the two identified subgroups obtained from our fusion learning
method, and the six baseline covariates given in Table [3.7] to perform classification. Binary
variables created from the memberships of the progression group and the non-progression
group are used as the responses, and the six baseline covariates are used as the predictors
in the classification task. We randomly split the dataset into 80% training data and 20%
test data. The training data is used to fit a predictive model, while the test data is used
to examine the prediction performance. We apply four popular supervised methods (pre-
dictive models) for classification, including the logistic regression, random forest, boosting
(gradient boosting machines) and support vector machine (SVM) with linear kernel. The

four methods are implemented using the R packages “stats”, “randomForest”, “gbm” and
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“e1071”, respectively. For the methods involving hyper parameters, we apply 5-fold cross
validation (CV) based on a grid search to select the optimal hyper parameters that maxi-
mize the accuracy. Table[3.§ reports the accuracy, specificity, precision, recall, F1 score and
AUC (area under the ROC curve) obtained from the test data for the four predictive mod-
els. They are commonly used metrics to evaluate the classification performance. Accuracy
is the percentage of correct predictions. Specificity is the proportion of true negatives out
of the total actual negatives, and it measures how well a method can identify the true neg-
atives. Precision is the ratio of true positives to all positives, while recall refers to the ratio
of true positives to the size of the actual positive class. Precision measures the ability of a
classification (predictive) model to identify the true positives, and recall assesses its ability
to find all the positive cases. F'1 score is the weighted average between precision and recall.
AUC measures the ability of a classifier to distinguish between classes. From Table we
observe that the values of accuracy, specificity and AUC are all above 0.9 for the four clas-
sification methods (predictive models). The values of recall and F1 score for the boosting
method also exceed 0.9. In general, boosting outperforms the other three methods based on
all metrics, and therefore it is recommended for the classification task. In conclusion, our
two-step procedure is useful for identifying latent subgroups and then further classifying

future patients into the identified subgroups based on their baseline characteristics.

3.7 Discussion

In this chapter, we consider the subgroup analysis for longitudinal trajectories of

the AD data based on a heterogeneous nonparametric regression model. We use B-splines to
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Predictive Models | accuracy specificity precision recall F1 score AUC
logistic 0.924 0.944 0.859 0.871 0.865 0.908
random forest 0.920 0.939 0.847 0.871 0.859 0.905
boosting 0.944 0.955 0.889 0.914 0.901 0.935
SVM 0.932 0.950 0.873 0.886 0.879 0.918

Table 3.8: Accuracy, specificity, precision, recall, F1 score and AUC obtained from the test
data. The progression group is defined as the positive class.

approximate the nonparametric functional curves, and cluster the subjects into subgroups
by applying concave pairwise fusion penalties on the spline coefficients. Our method can
automatically identify the latent memberships, and recover the disease trajectory curves
of subgroups simultaneously without a prior knowledge of the number of the subgroups.
Different from the GMM method that requires to specify an underlying distribution of the
data, our method only needs a working correlation matrix of the repeated measures within
each subject. Moreover, the resulting estimators of the functional curves are robust to
the specification of the working correlation matrix. Simulation studies indicate promising
performance of our proposed method. It has been demonstrated as an effective tool for
subgroup analysis of the AD data considered in this chapter. As a future work, we plan to
extend the proposed method to the joint modeling of survival and longitudinal data, which
commonly occur in clinical studies. However, further investigations are needed to develop

the computational algorithm and theoretical properties.
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Chapter 4

Sparse Deep Neural Networks

Regression

4.1 Introduction

Advances in modern technologies have facilitated the collection of large-scale data
that are growing in both sample size and the number of variables. Although the conven-
tional parametric models such as generalized linear models are convenient for studying the
relationships between variables, they may not be flexible enough to capture the complex
patterns in large-scale data. With a large sample size, the bias due to model misspecification
becomes more prominent compared to sampling variability, and may lead to false conclu-
sions. The problem of model mis-specification can be solved by nonparametric regression
methods that are capable of approximating the unknown target function well without a

restrictive structural assumption. Theoretically, we hope that both the bias and the vari-
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ance of the functional estimator decrease as the sample size increases. Moreover, the bias
is reduced by increasing the variance and vice versa, so that a tradeoff between bias and
variance can be achieved for an accurate prediction.

In the classical multivariate regression context with a smoothness condition im-
posed on the target function, the conventional nonparametric smoothing methods such as
local kernels and splines [85] 16, 24 [74, 01, 56] suffer from the so-called “curse of dimen-
sionality” [6], i.e., the convergence rate of the resulting functional estimator deteriorates
sharply as the dimension of the predictors increases. As such it is desirable to develop
analytic tools that can alleviate the curse of dimensionality while preserving sufficient flex-
ibility, to accommodate the large volume as well as the high dimensionality of the modern
data.

In recent years, deep neural networks with multiple hidden layers have been demon-
strated to be powerful and effective for approximating multivariate functions, and have been
successfully applied to many fields, including computer vision, language processing, speech
recognition and biomedical studies [47, [76, 26]. Curiosity has been aroused among re-
searchers about why deep neural networks are so effective in prediction and classification,
and thus investigation of their theoretical properties has received increasing attention. One
immediate and important research problem would be to figure out under what circum-
stances and how the deep neural networks can circumvent the curse of dimensionality when
estimating a multivariate function. It is worth noting that the alleviation of the dimen-
sionality effect happens at the cost of sacrificing flexibility and generality. To this end,

approximation theory using deep neural networks has been established for different classes
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of functions [50, [71} [68], which are more restrictive than the traditional smoothness spaces
such as Holder and Sobolev spaces. An alternative way to handle the dimensionality prob-
lem is to assume that the target function is defined on a low-dimensional manifold, so that
dimensionality reduction can be achieved [14, [77, [8T].

Although deep learning has already been widely applied in analysis of modern data
because of its impressive empirical performance, the investigation of statistical properties
of the estimators from deep learning is still in an early stage, and needs a great deal of
efforts. In regression analysis, some inspirational works have shown that the least squares
estimator based on deep neural networks can achieve an optimal rate of convergence [83],
when the regression function has a compositional structure [5] [78], or the covariates lie
on a low-dimensional manifold [17, 14} [77, [69]. The structures considered in [71], [5] and
[78] cover several nonparametric and semiparametric models, such as the additive models
[29, [84], 37, B6), 53| [99] 97], single-index models and their variants [92] (48, [55].

In this chapter, we consider the Sobolev spaces of functions with square-integrable
mixed second derivatives (also called Korobov spaces), which are commonly assumed for
the sparse grid approaches addressing the high dimensional problems [32] 68]. Functions in
the Korobov spaces only need to satisfy a smoothness condition rather than having a com-
positional structure, and thus can be more flexible and general for exploring the hidden pat-
terns between the response and the predictors. Moreover, instead of using the least-squares
method considered in most works [5l 69] [78], we estimate the target function through em-
pirical risk minimization (ERM) with a Lipschitz loss function satisfying mild conditions.

Regularization is also employed for preventing possible over fitting. The family of loss func-
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tions that we consider is a general class, and it includes the quadratic, Huber, quantile and
logistic loss functions as special cases, so that many regression and classification problems
can be solved by our framework. Classification is a crucial task of supervised learning, and
robust regression is an important tool for analyzing data with heavy tails. Our estimator of
the target function is built upon a network architecture of sparsely-connected deep neural
networks with the rectified linear unit (ReLU) activation function. ReLU has been shown to
have computational advantage over the sigmoid functions used mainly in shallow networks
[19]. Although shallow networks enjoy the Universal Approximation property [19] and can
achieve fast convergence rates for functions with structural assumptions [4], their compu-
tational complexity can be exponential and they may need to be converted to incremental
convex programming [§]. To alleviate the computational burden, we can consider deeper
networks that often require fewer parameters [7), 23] (67 [66].

We develop statistical properties of our proposed methodology. The statistical
theory is essential for a better understanding of the analytic procedure. We derive non-
asymptotic excess risk bounds for our sparse deep ReLU network (SDRN) estimator ob-
tained from empirical risk minimization with the Lipschitz loss function. Specifically, we
provide an explicit bound, as a function of the dimension of the feature space, network
complexity and sample size, for both of the approximation error and the estimation error
of our SDRN estimator, while [68] uses an accuracy value ¢ > 0 for the approximation
error without data fitting. Moreover, we derive a non-asymptotic bound for the network
complexity, from which we can see more clearly how the network increases with the dimen-

sion, and how large the dimension is allowed to be. This bound has not been provided in
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[68]. These newly established bounds provide an important theoretical guidance on how
the network complexity should be related to the sample size, so that a tradeoff between the
two errors can be achieved to secure an optimal fitting from the dataset.

It is of interest to find out that in our framework, the dimension of the feature
space is allowed to increase with the sample size n with a rate slightly slower than log(n),
while most existing theories on neural network estimators focus on the scenario with a fixed
dimension. We further show that that our SDRN estimator can achieve the same optimal
minimax estimation rate (up to logarithmic factors) as one-dimensional nonparametric re-
gression when the dimension is fixed; the effect of the dimension is passed on to a logarithmic
factor, so the curse of dimensionality is alleviated. The SDRN estimator has a suboptimal
(slightly slower than the optimal rate) when the dimension increases with the sample size.
To ensure a good performance, the depth and the total number of nodes and weights of the
network, which are used to measure the network complexity [2], need to grow as the sample
size n increases. We establish that when the depth increases with n at a logarithmic rate,
the number of nodes and weights only need to grow with n at a polynomial rate. These
results provide a theoretical basis for empirical studies by deep neural networks, and are
also demonstrated from our numerical analysis.

This chapter is organized as follows. Section [£.2] provides the basic setup. Sec-
tion discusses approximation of the target function by the ReLLU networks. Section
introduces the sparse deep ReLLU network estimator obtained from empirical risk minimiza-
tion and establishes the theoretical properties. Section further discusses the conditions

imposed on the loss function. Section [4.6| reports results from simulation studies, and Sec-

o7



tion illustrates the proposed method through real data applications. Some concluding

remarks are given in Section All the technical proofs are provided in the Appendix B.

4.2 Basic Setup

Notations: Let a; = (a,...,a)’ be a d-dimensional vector of a’s. let |A| be

the cardinality of a set A. Denote |al, = (31", |ai|?)"/? as the LP-norm of a vector
a= (ai,...,an)", and |a|e = max;—1i,.m |ai|. For two vectors a = (ai,...,a,)" and
b= (by,...,by)", denote a-b = > it a;b;. Moreover, for any arithmetic operations involv-

ing vectors, they are performed element-by-element. For any two values a and b, denote
a Vb = max(a,b). For two sequences of positive numbers a,, and b, a, < b, means that
b, ta, = o(1), a, < b, means that there exists a constant C' € (0,00) and ng > 1 such that
a, < Cb, for n > ng, and a, < b, means that there exist constants C,C" € (0,00) and
ng > 1 such that a,, < Cb,, and b,, < C’a,, for n > ng.

We consider a general setting of many supervised learning problems. Let Y €
Y CR be a real-valued response variable and X= (X1,...,X,)" be d-dimensional indepen-
dent variables with values in a compact support X CR?. Without loss of generality, we let
X =[0,1]%. Let (X, ,Y;)T, i =1,...n be i.i.d. samples (a training set of n examples)
drawn from the distribution of (X T,Y)T. We consider the mapping f: X — R. Our goal
is to estimate the unknown target function f (x) using sparse deep neural networks from
the training set.

Let u: X xY — [0,1] be a Borel probability measure of (XT,Y)T. For every

x € X, let pu(y|x) be the conditional (w.r.t. @) probability measure of Y. Let ux be the
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marginal probability measure of X. For any 1 < p < oo, let LP(X) ={f : X = R, f

is lebesgue measurable on X' and ||f|[zr < oo}, where ||f]|zr = ([,

o |f @) Pd) P for
1 < p < oo, and ||f||lre = [|flloo = Supgex |f(x)]|. For 1 < p < oo, denote ||f|[, =
(Joere |f (@) Pdpx ()7 and || f[lpn = (7320 [ (X3) [P)VP. Let p: X x Y — R be a

loss function. The true target function fj is defined as

fo=axg min, E(f), where £(1) = [ @)ty (4.1)

Next we introduce the Korobov spaces, in which the functions need to satisfy a certain
smoothness condition. The partial derivatives of f with multi-index k = (&1, ..., kd)—r e Nd
k
is given as D*f = %, where N ={0,1,2,..., } and |k|; = Zc-lzl k;.
accllu-aazdd J

Definition. For 2 < p < oo, the Sobolev spaces of mixed second derivatives (also

called Korobov spaces) W2P?(X) are define by

W2P(X) = {f € LP(X): D¥f € LP (X)), |Kk|o < 2}, where |k|o = max k.
J:

2ttty

Assumption 4.1 We assume that fo € W*P(X), for a given 2 < p < oc.

Remark 4.1 Assumption imposes a smoothness condition on the target function [10,
39, [68]. The Korobov spaces W2P(X) are subsets of the regular Sobolev spaces defined as
SZP(X) = {f € LP(X): D*f € LP(X), |k|; < 2} assumed in the traditional nonparametric
regression setting [91]. For instance, when d = 2, k|~ = max(ki, k) < 2 implies |k|; =
ki +ko <4. If f € W2P(X), it needs to satisfy

of o°f 9f  f  f 9y
oxj’ 61’]2’ O0x10xy” 022029 021023 22023

e Lr(X).

If f € S?P(X), it needs to satisfy of f 01 & rp (X). The nonparametric regression

873" %?7 Ox10x2

methods built upon the reqular Sobolev spaces often suffer from the “curse of dimensionality”.

59



The Korobov spaces are commonly assumed for the sparse grid approaches addressing the
high dimensional problems, and many popular structured nonparametric models satisfy this
condition; see [32]. Note that when d =1 (one-dimensional nonparametric regression), the
Korobove and the Sobolev spaces are the same, i.e., if f € W2P(X) or f € S*P(X), it needs

to satisfy 2L Pf e cp (X).

0x1’ Oz7

Assumption 4.2 For any y € Y, the loss function p(-,y) is convex and it satisfies the

Lipschitz property such that there exists a constant 0 < C, < oo, for almost every (xz,y) €

X x Y, lp(filz),y) —p(fa(x),y)| < Colfi(x) — fo(x)|, for any fi, fo € F , where F is a

neural network space given in Section [{.4.

Remark 4.2 The above Lipschitz assumption is satisfied by many commonly used loss func-

tions. Several examples are provided below.

Example 1 Quadratic loss used in mean regression is given as p (f(x),y) = (y— f(x))?.
Assuming that f : X — R is M-bounded such that sup e |f (x) —y| < M holds for almost

every (x,y) € X XY, where M is a positive constant, the quadratic loss satisfies Assumption

with C, = 2M.
Example 2 Huber loss is popularly used for robust regression, and it is defined as

27y — f(x)*  if [f(x)-y[<o
p(f(@),y) = ! i : (4.2)

Sy — f(x)] —6%/2 if |f(x)—y|>6
It satisfies Assumption with C, = 6.

Example 3 Quantile loss is another popular loss function for robust regression, and it
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is defined as

p(f(x),y) = (y— flz)(r — Hy — f(z) <0} (4.3)
for T € (0,1). It satisfies Assumption with C, = 1.

Example 4 Logistic loss is used in logistic regression for binary responses as well as for
classification. The loss function is p (f(x),y) = log(1 4+ /@) — yf(x) for y € {0,1}. It

satisfies Assumption with C, = 2.

4.3 Approximation of The Target Function by ReLU Net-

works

We consider feedforward neural networks which consist of a collection of input
variables, one output unit and a number of computational units (nodes) in different hidden
layers. In our setting, the d-dimensional covariates X are the input variables, and the
approximated function is the output unit. Each computational unit is obtained from the

units in the previous layer by using the form:

N
z2=0 (ijl w;zj + b> ,

where {Z;,1 < j < N} are the computational units in the previous layer, and {w;,1 < j <
N} are the weights. Following [2], we measure the network complexity by using the depth
of the network defined as the number of layers, the total number of units (nodes), and the
total number of weights, which is the sum of the number of connections and the number of
units. Moreover, o : R — R is an activation function which is chosen by practitioners. We

use the rectified linear unit (ReLU) function given as o (x) = max(0, z).
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For any function f € W2P(X), it has a unique expression in a hierarchical basis

d

([I0]) such that f(x) = Zodgegoo ZSEI@ 725¢£,s(w)> where ¢ps(x) = H1¢gj,5j($j) are
j=

the tensor product piecewise linear basis functions defined on the grids €, of level £ =
(€1,...,49) " and I, are the index sets of level £. We refer to Section for a detailed
discussion on the hierarchical basis functions. The hierarchical coefficients 723 € R are

given as (Lemma 3.2 of [10]):
d
Yoo = /X I1 (‘2_(ej+l)¢ej,5j (fvj)) D? f(x)de (4.4)
j=1

where 2 = 21,4, and satisfy (Lemma 3.3 of [10])

we}s+h

L
0| < 6422~ (/2 / D2 f(a)2da)/? < 67422~ G/ D2 p|| b (4.5)

Tgs—he

Moreover, the above result leads to (Lemma 3.4 of [10])
loellie < 312724 [ |D3f(@)Pde)'? =370 2 D3 o, (40)
X

Assumption 4.3 Assume that for all x € X, 0 < py(x) < ¢, for some constant ¢, €

(0, 00).
Assumption and (4.6) imply that
1gell2 < cullgellz> < ¢u3727 2| D2 ] 2. (4.7)

For any f € W2P(X), Section shows that it can be well approximated by the

hierarchical basis functions with sparse grids such that

f@ & @) =32, > e Pes(@):
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Then the hierarchical space with sparse grids is given as
V,T(Ll) =span{ogs : s € Ip, |€]1 < m}.

The hierarchical space with sparse grids achieves great dimension reduction compared to
the space with full grids as shown in Table (2.1). In the following proposition, we provide

an upper and a lower bounds for the dimension (cardinality) of the space Vé}).

Proposition 4.1 The dimension of the space Vrg) satisfies

2 Vd—-1 m—+d -1
2d=1om y < |V <o /2 X" —om (e~ .
@7+ = Vo'l < m(m+d) “d-1

Remark 4.3 [10] gives an asymptotic order for the cardinality of VY which is \Vn(ll)] =
O(c(d)2™ma=1), where c(d) is a constant depending on d, and the form of c(d) has not been
provided. [68] numerically demonstrated how quickly c¢(d) can increase with d. In Proposion
we give an explicit form for the upper bound of |Vn(q,1)| that has not been derived in
the literature. From this explict form, we can more clearly see how the dimension of Vn(ql)
increases with d. This established bound is important for studying the tradeoff between the

bias and variance of the estimator obtained from ERM.

The following proposition provides the approximation error of the approximator

fm (+) obtained from the sparse grids to the true unknown function f € W?2P(X).

Proposition 4.2 For any f € W?P(X), 2 < p < oo, under Assumption one has that

ford=2,||fm — fll2 < 18*10“2*2m(m+3)\|D2fHL2; ford >3,

——2m em+d\"!
= 1l <2 VA= 3 ($5H) D2 (4.8

where ¢ = 271¢,(3v/2me) L.
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Proposition shows that the approximator error decreases as the m value in-
creases.

Moreover, it is interesting to see that there is a mathematical connection between
those hierarchical basis functions and the ReLU networks [50} 94] 68]. In the following, we
will present several results given in [94], and discuss how to approximate the basis functions
¢e,s(x) using the ReLU networks. Consider the “tooth” function ¢ : [0,1] — [0, 1] given

as g(x) = 2z for < 1/2 and g(x) = 2(1 — z) for x > 1/2, and the iterated functions

gr(r) =gogo---og(x). Let
——_

r

fr(z) =z - ZR gggf)-

r=1
It is clear that fg(0) = 0. It is shown in [94] that for the function f(x) = 22 with x € [0, 1],

it can be approximated by fr(z) such that

If — frlleo < 272872,

Moreover, the tooth function g can be implemented by a ReLU network: g (z) = 20(z) —
40(x —1/2) + 20(x — 1) which has 1 hidden layer and 3 computational units. Therefore,
fr(z) can be constructed by a ReLU network with the depth R 4 2 , the computational
units 3R 4 1, and the number of weights 12R — 54+ 3R + 1 = 15R — 4. The plot in Figure
shows the construction of the function fr(-) by a ReLU network (denoted as Subl).
Next, we approximate the function xy = 271 ((z +y)? — 22 — y?) for = € [0, 1] and
y € [0,1] by a ReLU network as follows. By the above results, we have ]fg(%) — (IQﬂ)Ql <

27272 1272 fp(x) — 27222 < 272272872 and 272 fr(y) — 27 %% < 272272072 Let

_ fr(z) fR(y)}
22 22 ’

r+y
2

Fale.y) = 2 {fR< )
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Figure 4.1: The construction of the function fr(-) by a ReLU network, denoted as sub
network 1 (Subl).

N
%“v“ﬁv‘ £
ANEK
O \ V

e

l l

r=1 r=2 r=R
z11 = o(x) g=2z11 — 4221 + 223 gr1 =2z1p1 — 42,1 + 223,11
w1 =o0(z—1/2) 212 =0(g) 21, = 0(gr-1)
231 = o(z — 1) 22 = 0(g—1/2) 22 = 0(gr1 —1/2)
2 =0(g—1) 23 = 0(gr—1 — 1)

and J?R(x, y) can be implemented by a ReLU network having the depth, the computational
units and the number of weights being ¢; R + c2, where the constants ¢; and co can be

different for these three measures. Moreover, fR(x, y) =0 if zy = 0. For all z € [0,1] and

y €10,1],
r T T T 22 2
- <o 1))
< 2(272072 4 972722 | 9729 2R) g g2 (4.9)

Figure depicts the construction of fR(:c, y) from the Subl’s, and we denote it as sub
network 2 (Sub2).

If there are two covariates X = (X1, X2) T, then ¢p () = ¢y, s, (71)Pr, 5, (T2) can
be approximated by fR(cbgl,sl(wl),QO (2)). Next we approximate ¢y ¢(x) by a ReLU
network from a binary tree structure for the general setting with d-dimensional covariates
X = (Xi,...,X4)". For notational simplicity, we denote [ j, . ; = bej, 55, (Tj) X oo X
By 55, (@5,) and Fj o o= fR(Fjl,...,jq,Fj;,...,j,g)- Then for any 1 < ji # j» < d,
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Sub1

x >
Tty
T+y Subf ‘/{R( 2 )
D) [
Sub1 R fr(v)
Y >

Figure 4.2: The construction of fR(x,y) from the Subl’s, we denote it as subnetwork 2
(Sub2).

FiFj, = ;55 (le)d)gjy% (zj,) can be approximated by F j,j, = fR(Fjl, Fj,), and
leads to |F jj, — F jiF jo| < 3-272872. Next, we approximate [ j, j,F jyjs With F j jpjsjs =
FR(F jujar T jsia), and
IF jusgin = Fjrial jagal <3-272072

These results lead to
F i gsis = F b b isF il = FjuiaF jsga = FirF b jajs + F i joF jaga — F i F ioF gal gl

< N jue = F i llF gojal + 1F 50 F oI jojs = FjsF 4l

< 2.3.272072

Thus

\F jrjagsis = FjnFiaF jsF sl < |F jujajaja = F jrjaF dsjal + |F jugaF jaja — F i F joF jsF jul

By following the same argument, we have

\F jrjagajagsisiris — F i F joF jsF al jsF jeF jrF js|

< |Fjijs = FjujajsiaF jsjejnis| + |F jrjagsia — F v F o jsF jallF jsgegris|
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HE G E gol gsF allF ssiuieis = Fist ik g2l js]
< (142(1+42)-3-27282=(14+242%.3.272872
Define
G.s(®) = F 1.
We continue the above process and it can be shown from mathematical induction [68] that

forall x € X,

|$f,8(m) - ¢£,s(m)| = |F1...d —F1 XX Fd’

< (1424224 4 2olosdl=ly 3. 972R=2 < 3 9=2R=2(g _ 1) (4.10)

where |a] is the largest integer no greater than a. Moreover, ggvs(sc) = 0 if ¢ps(x) = 0.
The ReLU network used to approximate ¢g s(x) has depth O(R) x logyd = O(Rlog, d),
the computational units O(R) x (d +27'd 4 - - - + 2~ leg2dl+14) — O(Rd), and the number
of weights O(Rd). Figure shows the construction of each approximated basis function
approximator @,S(az) from the Sub2’s, and we denote it as sub network 3 (Sub3).

Then the ReLU network approximator of the unknown function f(x) is

fr@)= D" > A0 des(x) = > Gelm). (4.11)

[€]1<m s€ly [€[1<m

The following proposition provides the approximation error of the approximator

fr () obtained from the ReLU network to the true unknown function f (-).

Proposition 4.3 For any f € W2P(X), 2 < p < oo, under Assumption one has for

1fr = fll2 < {\/32_23(61 - 1)(\/2)‘1_1 +97 e, 27 (m + 3)} 102 fl| 23
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¢l1,51 (xl)

z1

Fr(S (21), Pa 0 (22))
Bly. 5, (2)

¢l,s(z)

Td-3

Td-2

(R+1)log, d

&
‘\
N

Blusa(Ta)

Figure 4.3: The construction of ¢~557s($) from the Sub2’s, we denote it as subnetwork 3
(Sub3).
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ford >3,

~ d—1
1Fr = fll < {\/32-%— 1)(@‘“ teTnVd-2 <37§_+2d) } 102112,

where ¢ = 27'¢,(3v/2me)™t. The ReLU network that is used to construct the approz-
imator fr has depth O(Rlogyd), the number of computational units O(Rd) x |VT£LI)\ =
d—1

O <2md3/2R (m+d)~" <4e%+1d> >, and the number of weights O(Rd) x \Vn(11)|

d—1
—0 <2md3/23 (m+d)~" (46%) >

Remark 4.4 From Figure and the mathematical expression , we see that the
approzximator fR(-) of the unknown function f(+) is constructed from a sparse deep ReLU
network, as the nodes on each layer are not fully connected with the nodes from the previous

layer, and the depth of the network has the order of Rlogs d which increases with R.

Remark 4.5 [68] showed that the approzimation error of the deep ReLU network can
achieve accuracy € > 0. We further derive an explicit form of the bound to see how it
depends on the dimension and the network complexity. In Theorem [[.3, we will show that
m and R need to grow with the sample size n slowly at a logarithmic rate to achieve tradeoff
between bias and variance, so the depth of the ReLU network grow with n at a logarithmic

rate, and the number of computational units increase with n at a polynomial rate.

4.4 Sparse Deep ReLU Network Estimator

In this section, we will introduce the sparse deep ReLU network (SDRN) estimator
of the unknown function fy obtained from (4.1). As discussed in Section for fo €

W2P(X), there exists a sparse deep ReLU approximator fg(x) = Dolel<m 2usely 7235273(33)’
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where the expression of 47 is given in || which has the approximation error given in
Theorem [4.3| with f (-) replaced by the true target function fp (-) in (4.1).

Define the ReLU network class as

F(¢ym,B) = {frr: X > R, fre(x) = > > 7,,00s@),7,, €R,|frrlle < B},
|f|1§m$€1g
(4.12)
with B > max(||follos || fR||o). Then fr € F(b,m,B). Denote v = {7, : s € I¢, €] <
m}T and a(zc) = {@’s(m) cs €Iy, €1 < m}T, frr(x) can be written as frr(x) = g(x)T'y.

We obtain the unpenalized SDRN estimator f}({L of fo from minimizing the following em-

pirical risk:

fRo=arg  min  E(frr), where Eu(fre) =n"" Y p(frL(X)), V7). (4.13)
fRLe}-(‘z)vmvB) i=1

Similarly, we can also obtain the penalized SDRN estimator J/”;‘E{L of fy from minimizing

fho=arg  min  {E(fre) +2 M| frel2),
frLEF(d,m,B)

where A > 0 is a tuning parameter for the Lo penalty, and || frL||3 = [f{(;S T}dw]
The Lo penalty is often used to prevent overfitting. Here, we let ¥ = { i {qﬁ }dw} 1,
so that HfRLH%p =~ 'A.

We use ]?RL as a generic notation for a SDRN estimator; it can be either the
unpenalized or the penalized estimator. For a given estimator fRL, we define the overall
error as £ (fRL) — &(fo), which is used to measure how close the estimator fRL to the true

target function fy. Let

fRp=arg  min  E(frr), where E(frL) = / p(fre(x), y)du(z,y). (4.14)
frLEF($,m,B) xXxY
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Then the overall error of the estimator fRL can be splitted into the approximation error

E(f%r) — E(fo) and the sampling error S(J?RL) — &(f%;) such that

E(fre) = E(fo) = E(fRr) = E(fo) + E(JrL) — E(fRr)-

~~ ~~ ~~

overall error approximation error estimation error

We will establish the upper bounds for the approximation error and the estimation error,
respectively, as follows.
We introduce the following Bernstein condition that is required for obtaining the

probability bound for the estimation error of our SDRN estimator.

Assumption 4.4 There exists a constant 0 < a, < oo such that

apllf = fRoll3 < E(f) — E(fRe) (4.15)

for any f € f(g,m, B).

Remark 4.6 The Bernstein condition given in for Lipschitz loss functions is used in
the literature in order to establish probability bounds of estimators obtained from empirical
risk minimization [1]. A more general form is a,||f — for |35 < E(f)—E(f%;) for some K >
1. The parameter K can affect the estimator’s rate of convergence. For proof convenience,
we let k = 1 which is satisfied by many commonly used loss functions. We will give a detailed
discussion on this Bernstein condition, and will present different examples in Section [{.5

of the Appendix.

Remark 4.7 From the Lipschitz condition given in Assumption [{.3, we have that there
exists a constant 0 < M, < oo such that |p (f(x),y)| < M,, for almost every (x,y) € X x)

and any f € F(¢,m, B).
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Another condition is given below and it is used for controlling the approximation

error from the ReLU networks.

Assumption 4.5 There exists a constant 0 < b, < oo such that

E(f) = E(fo) < bollf — foll3 (4.16)
forany f € f(g,m, B).

Remark 4.8 Assumption is introduced for controlling the approzimation error &( f% L)—
E(fo), but it is not required for establishing the upper bound of the sampling error S(fRL) -
E(f%;). The approzimation error E(f%;) — E(fo) can be well controlled based on the result
from Proposition [{.3 together with Assumption[{.5, Without this assumption, the approzi-
mation error will have a slower rate. Assumption[{.5 is satisfied by the quadratic, logistic,
quantile and Huber loss functions under mild conditions. More discussions on this assump-

tion will be provided in Section [{.5 of the Appendix.

Under Condition (4.16)) given in Assumption by the definition of fY, given in

(4.14) and Proposition the approximation error
E(fhn) — E(fo) < E(fr) = E(fo) < byl fr = foll5-

Since fp satisfies Assumption then ||D?fo||z2 < Cf for some constant C; € (0, 00).
Next proposition presents an upper bound for the approximation error when the unknown

function fy is approximated by the SDRN obtained from the ERM in (4.14).

Proposition 4.4 Under Assumptions and and m~! = o(1) and m < R, one

has

E(fan) — E(fo) < Crmas
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where

2\ 2d-1)
Chma = 4b,C322~4mq (;%) Cford>3

CRma = 817'0,C7c227""(m +3), ford=2. (4.17)

Note that without Assumption we obtain a looser bound for £(f%,) —E&(fo) =

(’)(C}{;ﬂ based on the result £(fr) — E(fo) < C,l | fr — foll2 which is directly implied from
Assumption [4:2]

Next we establish the bound for the sampling error £(fzy) —&(f%,). Let N(3,F, ||

||so) be the covering number, that is, the minimal number of || - ||~ balls with radius § that

covers 7~ and whose centers reside in F. Let A ;== Amin {f o(x)d(x) T dux (m)} In the

theorem below, we provide an upper bound for the estimation error £ (fRL) —E(f%,).
Theorem 4.1 Under Assumptions we have that for any € >0, i)

P (E(FRL) = E(Fhr) > €) S N(V2C,€/8. F(d,m, B). || - [|oc) exp (~me/C7).
and i) with )\)\l;ilm(g < 5_1(12/2 min(a,l)/Q, B\/¢/2),

PE(FEL) — £(7) > 2¢} < N(VIC; "e/8, F(3,m, B) || lo0) exp (~ne/C7),

where C* = 64(Ca, ' +4M,/3), in which Cy, a, and M, are constants given in Assumptions

[4.3 and[{.4] and Remark[{.7.

Remark 4.9 Letd =1 if fRL = fgL and d =2 if fRL = f}I;L' The two probability bounds

established in Theorem[{.1] can be summarized as
P{E(Tre) = E(ff) > de} < N(V2C; ¢/8, F(dym, B, || lloc) exp (—ne/C).

where f R can be both the unpenalized and penalized estimators.
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Theorem 4.2 Under the same assumptions as given in Theorem [{.1],

max(1,log

- VY C*n
P (g(fRL) _g(f%L) > |n | |V(1)|§)) <G,

where ¢ = 1 if fry = ]/”EL and ¢ = 2 if fr = fgL, C* is given in Theorem C** =

12C,B/C* and ¢ = (@)\Véﬂ exp (—ne/C*), for any € € (0,C,B/2).

Based on the upper bound for the estimation error given in Theorem and the
bound for the approximation error given in (4.17)), we can further obtain the risk rate of

the SDRN estimator fRL presented in the following theorems.

Theorem 4.3 Under Assumptions 2m = /5 and m < R, if (i) d < (logyn)*
for some constant k € (0,1), then E(fy) — E(fo) = o(n™>T(logy n)3*2) and E(frn) —

E(fon) = Op(n=4/5+=/2(log, n)3*/2), for an arbitrarily small @ > 0. Thus
E(frn) — E(fo) = op(n™*/*" (logy n)**2).

The above rate is satisfied by both J?[}{N and ng with A = (’)(Amin,gn_z/“w/‘l(logz n)3%/4).
If R < logyn, the ReLU network that is used to construct the estimator fRN has
depth Ollogy n{logs(logy n)}], the number of computational units O{(log, n)5'{/2_1 nl/5+@/2)
and the number of weights O{(log, n)5"“/2_1 nt/5+=/2}
If (i) d = 1, then £(f3y) — £(fo) = O(n~/3(d " logy n)*~?) and &(Frx) —

E(fO) = Op(n~4/3(d " logy n)%). Thus
g(fRN) —&(fo) = Op(”74/5(d71 logyn)**~2).

The above rate is satisfied by both ng and ,]/"EN with A = O\ . =n~2/5(d"" logy n)¥/?).

min,¢
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If R < logyn, the ReLU network that is used to construct the estimator J?RN has
depth O(logy n), the number of computational units Of (logy n)*~* n/5}, and the number of

weights O{(logyn)?~ nl/5}.

Remark 4.10 Note that Assumption[{.5 is not required for obtaining the convergence rate
of the sampling error E(fRN) —E(f%y), it is only needed for the rate of the approximation

error E(f%x) — E(fo). Without this assumption, the rate of E(f3y) — E(fo) is slower.

Remark 4.11 The risk rates in Theorem are summarized as E(]?RN) —&(fo)
= 0p(n~4+% (logy n)3~2) if d < (logyn)"* and S(fRN) —&(fo) = Op(n=45(d logy n)?4—2)

ifd=1.

Remark 4.12 We focus on deriving the optimal risk rate for the SDRN estimator of the
unknown function fo when it belongs to the Korobov space of mized derivatives of order
B =2. Then the derived rate can be written as n~2#/ P+ (d=1log, n)%4=2 when d is fized.
It is possible to derive a similar estimator for a smoother regression function that has mized
derivatives of order f > 2 when Jacobi-weighted Korobov spaces [T9] are considered. This

can be an interesting topic for future work.

Remark 4.13 [t is worth noting that for the classical nonparametric regression estimators
such as spline estimators [83)], the optimal minimaz risk rate is n~4/W+d) it the regression
function belongs to the Sobolev spaces S*P(X). This rate suffers from the curse of dimen-
stonality as d increases. For one-dimensional nonparametric regression with d = 1, the
optimal rate becomes n~4/5.

[3] showed that their least squares neural network estimator can achieve the rate

n 28/ (26+d") (up to a log factor), if the regression function satisfies a B-smooth generalized
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hierarchical interaction model of order d*. When 8 = 2, the rate is n=%+4")  The rates
mentioned above require d to be fized. [J] consider a smooth activation function, while [78]
established a similar optimal rate for ReLU activation function.

Theorem shows that when fy belongs to the Korobov spaces W*P(X), our SDRN
estimator has the risk rate n=*/°(d='logy n)?*~2 and it achieves the optimal minimaz rate
(up to a log factor) as one-dimensional nonparametric regression, if the dimension d is
fized. The effect of d is passed on to a logarithm order, so the curse of dimensionality can
be alleviated. When d increases with n with an order (logyn)®, the risk rate is slightly slower

than n~=4/°.

ADAM Algorithm

To estimate the coefficients in the penalized SDRN estimator of the target function,
we use the Adam algorithm [44]. Let ® = {¢(X}),...,¢(X,)}". Then the estimate of
the coefficient vector « in the penalized SDRN estimate of the target function solves the

following optimization:
n ~
g(y) =min}_ p(6(Xi) "y, Yi) + 27Ny T,
=1

where A* = nA. We adopt the Adam algorithm studied in [44] for obtaining the estimate

of «v. This algorithm considers first-order gradient-based optimization, and it is straightfor-

ward to implement and has little memory requirements. It is well suited for optimization

with large number of parameters and sample size. The algorithm is given as follows.
Require: ~p: Initial parameter vector

mg <— 0 (Initialize 15" moment Vector)
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vo <— 0 (Initialize 274 moment Vector)

t +— 0 (Initialize timestep)

while

t«—1t+1

hi <— V4g¢(vi—1) (Get gradient w.r.t. stochastic objective at timestep t)
my <— Pimy—1 + (1 — B1)hy (Update biased first moment estimate)

vy ¢— Bovyi_1 + (1 — B2)h? (Update biased second raw moment estimate)
my +— my/(1 — BY) (Compute bias-corrected first moment estimate)

0 «— v /(1 — B4) (Compute bias-corrected second raw moment estimate)
i «— Yi—1 — aimng/ (V0 + €) (Update parameters)

end while until convergence

return

We set the step size o = 0.1, f; = 0.9, B2 = 0.999 and ¢ = 10~® as suggested in

the literature.

4.5 Discussions on Assumptions and

We first state a general condition given in Assumption presented below. We
will show that if a loss function satisfies this condition, then it will satisfy Assumption [.4]

(Bernstein condition) and Assumption

Assumption 4.6 For all y € Y, the loss function p(-,y) is strictly conver and it has
a bounded second derivative such that p" (-,y) € [2a,,2b,] almost everywhere, for some

constants 0 < a, < b, < o00.
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Assumption [4.6|is satisfied by a variety of classical loss functions such as quadratic
loss and logistic loss. For example, for the quadratic loss p (f(x),y) = (y — f(x))?, clearly
p'(y)=2,s0a,=0b,=1.

Let f, solve fy o' (fo(x),y)du(y|z) = 0 and fo € W2P(X). Then f, is the target
function that minimizes the expected risk given in . Lemma given below will show

that Assumptions [£.4] and are implied from Assumption

Lemma 4.1 Under Assumption for any f € F(¢,m,B), one has a,||f — fO |13 <

E(f) = E(fRe) and E(f) — E(fo) < bollf — fol 3.

It is easy to see that the quantile and Huber loss functions do not satisfy Assump-
tion In the lemmas below we will show that under mild conditions, Assumptions [4.4]

and are satisfied by the quantile and Huber loss functions.

Lemma 4.2 Assume that for all x € X, it is possible to define a conditional density func-
tion of Y| X = @ such that 1/Cy < p/(u|z) < 1/Cy for some Cy > Cy > 0 for allu € {u € R:
lu— fRr(x)| < 2B or |u— fo(x)| < 2B}. Then for any f € F(¢,m, B), the quantile loss

given in [{3) satisfies a,||f — f|3 < E(F) — E(fhy) and E(f) — E(fo) < bl|f — foll3 with

a, = (2C1)~1 and b, = (2C2) L.

Lemma 4.3 Assume that for allx € X, 1/c1 < p(u + 0|lx) — p(u — d|lx) < 1/ca for some
c1 >c2 >0 forallu € {u € R: |u— f2(x)] <2B or|u— folz)| < 2B}, where p(u|z)
is the conditonal cumulative function of Y given Y|X = x. Then for any f € f(g,m, B),

the Huber loss given in satisfies ay||f — o, |13 < E(f) — E(f%y) and E(f) — E(fo) <

bollf = fol3 with a, = (2¢1)™" and b, = (2¢2) L.
The proofs of Lemmas are provided in Section of the Appendix.
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4.6 Simulation Studies

In this section, we conduct simulation studies to assess the finite-sample perfor-

mance of the proposed methods.

Date generating process

For illustration of the methods, we generate data from the following nonlinear

models:

_ Xis

XE 4 X541
sin(27(X;3+X44)) i
e le

t -

+ an(Xiz2 + X4 +2

Model 1: E(Yi|X;) = X7 + X + 1.5sin(V15m(Xi1 + Xi2)) + +1; Xy ~ U ([0,1)%) 5

Model 2 : E(Y;]|X;) = X1 X2 + ) Xi ~U([0,1]7);

1+ ecos(2mX;5)

2Xi7

Model 3 : E(Y;|X;) = 1.5 X scos(Xi1 Xia + Xiz + Xia) + X5 X7V Xi6 Xis + X0 4+ 0.1 + 5wz ovi Th
2+ X5+ X
X; ~U ([0, 1]10) ;
Model 4 : E(Y;| X PY; =1|X e
ode (z| i)—(i—|i)_m7
X;
pi = Xiscos(Xi Xz + Xis + Xia) + Xi3 Xor v/ Xio Xis + Xio + 0.1+ ; — 3Kt 1

X; ~U ([0,1');

For Models 1-3, we generate the responses from Y; = E(Y; | X;) + ¢, and ¢; are in-
dependently generated from the standard normal distribution and Laplace distribution,
respectively, for 1 <7 < n. For each setting, we run n,., = 100 replications. For the SDRN
estimator, we use m = max(|0.2logy n|+c¢,0) and R = 3max(|0.21logy n| , m), which satisfy
the conditions in Theorem for different choices of c. Let the tuning parameter for the
ridge penalty be A = kn~!.

For Models 1-3, we evaluate the estimated function based on the same set of the

covariate values xf(1 < ¢ < n), which are independently generated from # ([0,1]P). Let

79



f(z}) be the estimate of the target function f(x}). We report

. 1 n 1 Nrep * *
average bias? = - Zi:l{ Z ’ fzi) — f(xi)}27

Nyep Jj=1
average variance = 1 Zn { ! anw ,}?(:L‘*f)2 —( ! anp f($*))2}
& n f=i=1"n,, =1 ! Npep “—i=1 E ’
1 n ]- Nrep - * E3 2
average mse = - Zi:1 Torep Zj:l {f(z7) — f(27)}"

Tables and report the average mean squared error (MSE), average bias?
and average variance the SDRN estimators obtained from the quadratic and quantile (7 =
0.5, 0.25) loss functions for Model 1 when n = 2000, 5000. We let s equal 0.1, 0.5, 1, 2, 4
and c equal -2, -1, 0, 1, 2, respectively. From Table[d.I|with n = 2000, we observe that when
the value of x is fixed, the increase of the ¢ value results in an overall trend of decreasing
bias? and increasing variance. When c¢ is too small (for example, ¢ = —2), the estimator
can have a large bias due to possible underfitting. For a larger value of ¢, it correspondingly
needs a larger value of x for the ridge penalty to prevent overfitting. A good choice of
(k, ¢) leads to an optimal fitting with the smallest MSE. The smallest MSE value for each
case is highlighted in bold and red, corresponding to the optimal fitting. We see that the
estimate with the smallest MSE for each case achieves a good balance between the bias? and
variance. Moreover, when the error is generated from the Laplace distribution, the estimate
from the quantile (7 = 0.5) loss, which is a robust estimate, has smaller MSE compared
to that obtained from the quadratic loss. Table shows the results for n = 5000. We
observe similar patterns as Table Clearly, when n increases, the MSE values become
smaller. This corroborates our convergence results in Theorem Tables [4.3|and [4.4] show
the average MSE, average bias? and average variance for Model 2 when n = 2000, 5000.

The results in Model 2 show similar pattens as those observed from Table for Model 1.
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quadratic quantile (7 = 0.5) quantile (7 = 0.25)

K c=—2c=—-1c=0 c¢c=1 ¢c=2|c=—2c=—-1c=0 c¢c=1 ¢c=2|c=—2c=—-1c¢c=0 c¢c=1 c=2

0.1 bias2 0.4970 0.0879 0.0206 0.0096 0.0146|0.5036 0.0932 0.0258 0.0120 0.0143[0.5723 0.0949 0.0265 0.0190 0.0681

var  0.0235 0.0504 0.1331 0.3420 0.7154|0.0301 0.0530 0.1300 0.3031 0.6141|0.0367 0.0604 0.1415 0.3069 0.5728

mse 0.5205 0.1383 0.1538 0.3516 0.7300|0.5336 0.1463 0.1558 0.3151 0.6283|0.6090 0.1553 0.1680 0.3259 0.6408

0.5 bias2 0.5019 0.1046 0.0341 0.0178 0.0194|0.5303 0.1563 0.0582 0.0299 0.0253(0.6317 0.1714 0.0607 0.0291 0.0321

var  0.0181 0.0328 0.0746 0.1594 0.2975]0.0179 0.0304 0.0633 0.1285 0.2450|0.0192 0.0331 0.0667 0.1297 0.2334

mse 0.5199 0.1375 0.1087 0.1772 0.3169]0.5483 0.1867 0.1215 0.1584 0.2703|0.6509 0.2046 0.1274 0.1588 0.2655

1 bias2 0.5100 0.1347 0.0498 0.0273 0.0262|0.5718 0.2449 0.0998 0.0520 0.0405|0.6922 0.2805 0.1078 0.0522 0.0402
Normal var  0.0146 0.0257 0.0544 0.1101 0.1997]0.0126 0.0229 0.0439 0.0848 0.1540|0.0126 0.0238 0.0452 0.0850 0.1506
o mse 0.5246 0.1604 0.1042 0.1374 0.2259|0.5843 0.2678 0.1436 0.1369 0.1945|0.7048 0.3044 0.1530 0.1372 0.1907
2 bias2 0.5301 0.1980 0.0811 0.0448 0.0387|0.6567 0.3917 0.1792 0.0949 0.0695|0.7878 0.4587 0.2013 0.1007 0.0685

var 0.0110 0.0195 0.0384 0.0741 0.1314]0.0080 0.0166 0.0296 0.0545 0.0964|0.0075 0.0160 0.0298 0.0541 0.0934

mse 0.5411 0.2175 0.1195 0.1189 0.1701]0.6647 0.4083 0.2088 0.1495 0.1658|0.7954 0.4747 0.2311 0.1547 0.1620

4 bias2 0.5766 0.3063 0.1395 0.0769 0.0610|0.8157 0.5864 0.3171 0.1776 0.1245(0.9401 0.6628 0.3666 0.1969 0.1290

var  0.0076 0.0144 0.0264 0.0487 0.0845|0.0046 0.0111 0.0194 0.0343 0.0590|0.0040 0.0098 0.0186 0.0333 0.0577

mse 0.5843 0.3207 0.1659 0.1256 0.1456|0.8203 0.5975 0.3365 0.2119 0.1834|0.9441 0.6727 0.3851 0.2303 0.1867

0.1 bias2 0.4989 0.0894 0.0225 0.0131 0.0220{0.5079 0.0940 0.0273 0.0136 0.0176(0.5950 0.1035 0.0308 0.0136 0.0369

var  0.0370 0.0948 0.2634 0.6866 1.4377|0.0327 0.0560 0.1388 0.3628 0.8235|0.0443 0.0851 0.2007 0.4450 0.8621

mse 0.5359 0.1842 0.2859 0.6998 1.4597|0.5406 0.1501 0.1661 0.3764 0.8411|0.6393 0.1886 0.2315 0.4586 0.8990

0.5 bias2 0.5037 0.1068 0.0362 0.0195 0.0230{0.5370 0.1600 0.0613 0.0328 0.0287(0.6609 0.2065 0.0767 0.0361 0.0290

var 0.0285 0.0611 0.1446 0.3141 0.5887(0.0192 0.0329 0.0646 0.1356 0.2757|0.0226 0.0470 0.0926 0.1785 0.3214

mse 0.5322 0.1679 0.1807 0.3337 0.6118]0.5562 0.1929 0.1259 0.1684 0.3044|0.6834 0.2535 0.1693 0.2147 0.3504

1 bias2 0.5117 0.1373 0.0521 0.0290 0.0291|0.5809 0.2552 0.1050 0.0559 0.0444|0.7295 0.3370 0.1361 0.0668 0.0462
Faplace var 0.0231 0.0471 0.1040 0.2144 0.3914|0.0133 0.0255 0.0448 0.0866 0.1641|0.0146 0.0323 0.0622 0.1160 0.2030
o mse 0.5348 0.1844 0.1561 0.2434 0.4205|0.5942 0.2806 0.1498 0.1425 0.2085|0.7440 0.3693 0.1982 0.1828 0.2492
2 bias2 0.5316 0.2012 0.0839 0.0468 0.0410|0.6705 0.4119 0.1883 0.1006 0.0745|0.8384 0.5216 0.2493 0.1281 0.0850

var  0.0174 0.0349 0.0720 0.1422 0.2546|0.0085 0.0185 0.0309 0.0551 0.0987|0.0087 0.0206 0.0396 0.0731 0.1258

mse 0.5490 0.2361 0.1558 0.1890 0.2956|0.6790 0.4305 0.2191 0.1557 0.1733|0.8471 0.5423 0.2888 0.2012 0.2108

4 bias2 0.5777 0.3097 0.1428 0.0794 0.0632|0.8425 0.6109 0.3352 0.1875 0.1325|1.0066 0.7201 0.4291 0.2448 0.1616

var  0.0121 0.0249 0.0483 0.0917 0.1615]0.0048 0.0121 0.0208 0.0352 0.0594|0.0046 0.0123 0.0238 0.0438 0.0775

mse 0.5898 0.3347 0.1911 0.1711 0.2246|0.8473 0.6230 0.3560 0.2227 0.1919|1.0111 0.7324 0.4528 0.2886 0.2391

Table 4.1: The average MSE, bias? and variance of the SDRN estimators obtained from the
quadratic and quantile (7 = 0.5, 0.25) loss functions based on the 100 simulation replica-
tions when n = 2000 for Model 1.
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quadratic quantile (7 = 0.5) quantile (7 = 0.25)

K c=—2c=—-1c=0 ¢c=1 ¢c=2|c=—2c=—-1c=0 c¢c=1 ¢c=2|c=—2c=-1c=0 c=1 c=2

0.1 bias2 0.4761 0.0921 0.0163 0.0049 0.0070|0.4789 0.0930 0.0185 0.0063 0.0073(0.5261 0.0944 0.0191 0.0075 0.0250

var  0.0099 0.0222 0.0608 0.1666 0.4315]|0.0138 0.0273 0.0690 0.1735 0.4026|0.0171 0.0307 0.0774 0.1854 0.4014

mse 0.4860 0.1143 0.0770 0.1715 0.4384]0.4927 0.1203 0.0875 0.1798 0.4099|0.5432 0.1251 0.0965 0.1929 0.4263

0.5 bias2 0.4765 0.0957 0.0222 0.0087 0.0087|0.4830 0.1105 0.0324 0.0146 0.0120|0.5446 0.1151 0.0338 0.0143 0.0140

var  0.0086 0.0170 0.0407 0.0944 0.2018]0.0102 0.0179 0.0398 0.0861 0.1780(0.0112 0.0195 0.0431 0.0899 0.1794

mse 0.4851 0.1127 0.0630 0.1031 0.2105]|0.4933 0.1284 0.0723 0.1007 0.1900(0.5558 0.1346 0.0770 0.1042 0.1934

1 bias2 0.4775 0.1041 0.0290 0.0129 0.0118|0.4920 0.1422 0.0486 0.0241 0.0188]0.5677 0.1531 0.0514 0.0234 0.0179
Normel var  0.0076 0.0141 0.0318 0.0693 0.1400|0.0081 0.0139 0.0290 0.0599 0.1166|0.0083 0.0148 0.0309 0.0618 0.1178
. mse 0.4851 0.1182 0.0608 0.0822 0.1517]0.5001 0.1561 0.0776 0.0839 0.1354|0.5760 0.1680 0.0823 0.0852 0.1358
2 bias2 0.4807 0.1259 0.0414 0.0207 0.0175|0.5161 0.2106 0.0807 0.0417 0.0311|0.6098 0.2347 0.0871 0.0418 0.0298

var  0.0063 0.0112 0.0238 0.0490 0.0947|0.0060 0.0104 0.0204 0.0402 0.0748|0.0057 0.0108 0.0211 0.0409 0.0757

mse 0.4870 0.1371 0.0652 0.0697 0.1122]0.5221 0.2210 0.1011 0.0820 0.1059|0.6155 0.2455 0.1082 0.0828 0.1055

4 bias2 0.4907 0.1744 0.0656 0.0346 0.0275|0.5721 0.3294 0.1421 0.0744 0.0537|0.6815 0.3751 0.1575 0.0781 0.0531

var  0.0049 0.0086 0.0171 0.0336 0.0624|0.0041 0.0076 0.0138 0.0262 0.0472|0.0035 0.0076 0.0139 0.0261 0.0469

mse 0.4956 0.1830 0.0827 0.0682 0.0899]0.5761 0.3370 0.1559 0.1006 0.1010(0.6851 0.3827 0.1714 0.1042 0.1000

0.1 bias2 0.4759 0.0920 0.0168 0.0062 0.0112{0.4811 0.0928 0.0184 0.0066 0.0089(0.5514 0.0976 0.0213 0.0077 0.0118

var  0.0162 0.0418 0.1194 0.3319 0.8607|0.0166 0.0274 0.0680 0.1889 0.4871|0.0237 0.0445 0.1130 0.2686 0.5857

mse 0.4920 0.1338 0.1362 0.3381 0.8719]0.4976 0.1202 0.0864 0.1955 0.4960 (0.5

751 0.1421 0.1343 0.2763 0.5976
0.5 bias2 0.4763 0.0953 0.0223 0.0093 0.0103|0.4863 0.1086 0.0316 0.0145 0.0127(0.5737 0.1257 0.0392 0.0166 0.0128

var  0.0143 0.0318 0.0797 0.1868 0.4003|0.0121 0.0181 0.0386 0.0864 0.1917|0.0153 0.0283 0.0615 0.1269 0.2455

mse 0.4906 0.1272 0.1020 0.1961 0.4106|0.4985 0.1267 0.0702 0.1009 0.2043|0.5889 0.1541 0.1006 0.1435 0.2583

1 bias2 0.4774 0.1035 0.0288 0.0133 0.0127|0.4967 0.1402 0.0472 0.0236 0.0191|0.6008 0.1764 0.0613 0.0283 0.0199
Faplace var 0.0127 0.0264 0.0621 0.1368 0.2767|0.0096 0.0145 0.0284 0.0588 0.1235|0.0111 0.0216 0.0435 0.0862 0.1603
o mse 0.4901 0.1299 0.0909 0.1501 0.2894]0.5063 0.1547 0.0756 0.0824 0.1426|0.6120 0.1980 0.1049 0.1145 0.1802
2 bias2 0.4808 0.1251 0.0411 0.0208 0.0179]0.5235 0.2118 0.0792 0.0409 0.0313|0.6499 0.2778 0.1067 0.0514 0.0349

var  0.0106 0.0209 0.0461 0.0963 0.1863]|0.0070 0.0114 0.0203 0.0390 0.0742|0.0074 0.0155 0.0296 0.0565 0.1019

mse 0.4914 0.1459 0.0872 0.1171 0.2042]0.5305 0.2232 0.0995 0.0799 0.1055(0.6572 0.2933 0.1363 0.1079 0.1368

4 bias2 0.4911 0.1734 0.0651 0.0344 0.0275|0.5847 0.3397 0.1421 0.0734 0.0536|0.7315 0.4324 0.1941 0.0968 0.0644

var  0.0083 0.0159 0.0328 0.0654 0.1222]0.0046 0.0088 0.0144 0.0256 0.0461|0.0045 0.0104 0.0194 0.0357 0.0638

mse 0.4994 0.1893 0.0979 0.0999 0.1496|0.5893 0.3484 0.1565 0.0990 0.0996|0.7360 0.4428 0.2135 0.1324 0.1282

Table 4.2: The average MSE, bias? and variance of the SDRN estimators obtained from the
quadratic and quantile (7 = 0.5, 0.25) loss functions based on the 100 simulation replica-
tions when n = 5000 for Model 1.
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quadratic quantile (7 = 0.5) quantile (7 = 0.25)

K c=—2c=-1¢=0 ¢c=1 ¢=2|c=—-2c=—-1¢c=0 ¢c=1 ¢c=2|c=—2c=-1c=0 c=1 c=2

0.1 bias2 0.2400 0.1005 0.0936 0.0462 0.0392(0.2423 0.1098 0.0971 0.0512 0.0392|0.2500 0.1163 0.1058 0.1105 0.1629

var  0.0414 0.1149 0.2878 0.5325 0.6728(0.0357 0.0949 0.2274 0.4545 0.6739|0.0358 0.0943 0.2189 0.4127 0.6366

mse 0.2814 0.2154 0.3814 0.5787 0.7119]0.2780 0.2047 0.3246 0.5058 0.7131|0.2858 0.2106 0.3247 0.5232 0.7995

0.5 bias2 0.2417 0.1222 0.1033 0.0644 0.0476(0.2568 0.1532 0.1189 0.0791 0.0538|0.2625 0.1649 0.1216 0.0870 0.0918

var  0.0184 0.0479 0.1096 0.2110 0.3344/0.0120 0.0349 0.0794 0.1617 0.3090|0.0111 0.0334 0.0757 0.1534 0.3129

mse 0.2601 0.1701 0.2129 0.2754 0.3820]0.2688 0.1881 0.1983 0.2408 0.3628|0.2737 0.1983 0.1973 0.2404 0.4048

1 bias2 0.2470 0.1426 0.1138 0.0772 0.0563|0.2877 0.1822 0.1407 0.0990 0.0690(0.2814 0.1934 0.1438 0.1003 0.0802
Nomel var  0.0113 0.0310 0.0697 0.1363 0.2282]0.0063 0.0210 0.0482 0.0985 0.1842|0.0056 0.0196 0.0453 0.0925 0.2465
. mse 0.2583 0.1735 0.1834 0.2135 0.2845/0.2940 0.2031 0.1888 0.1975 0.2532|0.2871 0.2130 0.1892 0.1928 0.3267
2 bias2 0.2639 0.1687 0.1315 0.0941 0.0695|0.3649 0.2154 0.1720 0.1271 0.0922|0.3156 0.2226 0.1731 0.1260 0.0926

var  0.0063 0.0192 0.0432 0.0855 0.1487]0.0030 0.0118 0.0282 0.0580 0.1100|0.0025 0.0108 0.0260 0.0562 0.1547

mse 0.2702 0.1879 0.1747 0.1796 0.2182]0.3679 0.2272 0.2002 0.1850 0.2023|0.3181 0.2334 0.1991 0.1822 0.2473

4 bias2 0.3108 0.1982 0.1582 0.1177 0.0884(0.5242 0.2598 0.2112 0.1657 0.1246|0.3629 0.2551 0.2051 0.1583 0.1209

var  0.0032 0.0113 0.0260 0.0518 0.0926(0.0013 0.0062 0.0157 0.0329 0.0696|0.0009 0.0054 0.0141 0.0339 0.1028

mse 0.3140 0.2095 0.1842 0.1696 0.1810]0.5255 0.2660 0.2269 0.1986 0.1942|0.3639 0.2606 0.2193 0.1922 0.2237

0.1 bias2 0.2410 0.1021 0.0946 0.0521 0.0448|0.2431 0.1104 0.0966 0.0535 0.0449|0.2559 0.1258 0.1019 0.0822 0.1605

var 0.0774 0.2202 0.5546 1.0523 1.3398(0.0382 0.1015 0.2661 0.5975 1.0618|0.0466 0.1294 0.3051 0.6110 0.9585

mse 0.3184 0.3224 0.6492 1.1044 1.3846|0.2813 0.2118 0.3627 0.6510 1.1067|0.3025 0.2552 0.4070 0.6932 1.1189

0.5 bias2 0.2416 0.1231 0.1033 0.0661 0.0501|0.2595 0.1557 0.1196 0.0803 0.05800.2693 0.1785 0.1307 0.0869 0.0661

var  0.0350 0.0917 0.2105 0.4144 0.6626(0.0124 0.0362 0.0847 0.1821 0.3908|0.0139 0.0440 0.1018 0.2093 0.4346

mse 0.2766 0.2148 0.3139 0.4805 0.7127]0.2719 0.1919 0.2043 0.2624 0.4488|0.2832 0.2224 0.2325 0.2962 0.5006

1 bias2 0.2461 0.1431 0.1137 0.0779 0.0578]0.2915 0.1855 0.1424 0.1002 0.0719(0.2912 0.2061 0.1562 0.1075 0.0775
Faplace var  0.0217 0.0592 0.1336 0.2664 0.4505/0.0065 0.0218 0.0506 0.1063 0.2153|0.0069 0.0253 0.0601 0.1257 0.3346
o mse 0.2678 0.2023 0.2473 0.3443 0.5083(0.2980 0.2073 0.1930 0.2066 0.2872]0.2982 0.2314 0.2162 0.2332 0.4121
2 bias2 0.2619 0.1688 0.1315 0.0943 0.0702|0.3702 0.2192 0.1750 0.1291 0.0938|0.3284 0.2345 0.1863 0.1380 0.0985

var  0.0122 0.0366 0.0825 0.1660 0.292310.0031 0.0123 0.0295 0.0612 0.1209|0.0031 0.0135 0.0338 0.0749 0.1876

mse 0.2742 0.2054 0.2139 0.2603 0.3625(0.3733 0.2316 0.2046 0.1903 0.2147|0.3314 0.2481 0.2202 0.2130 0.2861

4 bias2 0.3076 0.1976 0.1580 0.1177 0.0886|0.5337 0.2647 0.2149 0.1693 0.1273|0.3748 0.2680 0.2178 0.1752 0.1332

var  0.0063 0.0216 0.0494 0.0998 0.1808(0.0013 0.0064 0.0165 0.0344 0.0712|0.0012 0.0067 0.0180 0.0436 0.0918

mse 0.3139 0.2191 0.2074 0.2175 0.2694]0.5351 0.2711 0.2315 0.2036 0.1985|0.3759 0.2747 0.2358 0.2188 0.2250

~

Table 4.3: The average MSE, bias? and variance of the SDRN estimators obtained from the
quadratic and quantile (7 = 0.5, 0.25) loss functions based on the 100 simulation replica-
tions when n = 2000 for Model 2.
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quadratic quantile (7 = 0.5) quantile (7 = 0.25)

K c=—2c=—-1¢=0 ¢c=1 ¢=2|c=-2c=—-1¢c=0 ¢c=1 ¢=2 |c=—-2c=-1c¢c=0 ¢c=1 c=2

0.1 bias2 0.2328 0.0938 0.0851 0.0282 0.0210|0.2343 0.0970 0.0863 0.0316 0.0211 |0.2432 0.1011 0.0900 0.0628 0.1419

var  0.0226 0.0677 0.1927 0.4270 0.7133]0.0235 0.0636 0.1660 0.3637 0.6593 |0.0244 0.0652 0.1670 0.3485 0.5866

mse 0.2554 0.1614 0.2777 0.4552 0.7343|0.2578 0.1605 0.2524 0.3952 0.6804 |0.2676 0.1663 0.2570 0.4114 0.7285

0.5 bias2 0.2335 0.1020 0.0886 0.0389 0.0240|0.2389 0.1198 0.0961 0.0517 0.0289 |0.2476 0.1293 0.0989 0.0591 0.0645

var  0.0130 0.0330 0.0816 0.1686 0.3035/0.0104 0.0273 0.0638 0.1341 0.2846 |0.0104 0.0272 0.0631 0.1323 0.3053

mse 0.2465 0.1350 0.1702 0.2075 0.3275|0.2493 0.1471 0.1599 0.1858 0.3135 [0.2579 0.1565 0.1620 0.1914 0.3698

1 bias2 0.2350 0.1130 0.0933 0.0489 0.0292]0.2476 0.1412 0.1070 0.0664 0.0396 |0.2547 0.1528 0.1108 0.0700 0.0478
Normad var  0.0090 0.0226 0.0537 0.1102 0.2014|0.0063 0.0177 0.0403 0.0840 0.1811 |0.0061 0.0173 0.0394 0.0824 0.2271
o mse 0.2440 0.1357 0.1470 0.1591 0.2305|0.2538 0.1589 0.1473 0.1504 0.2207 |0.2608 0.1701 0.1503 0.1524 0.2749
2 bias2 0.2395 0.1310 0.1018 0.0620 0.0380|0.2709 0.1686 0.1259 0.0849 0.0546 |0.2705 0.1806 0.1310 0.0872 0.0577

var  0.0057 0.0149 0.0343 0.0703 0.1300(0.0034 0.0109 0.0248 0.0510 0.0982 |0.0031 0.0104 0.0239 0.0506 0.1100

mse 0.2451 0.1459 0.1362 0.1323 0.1679|0.2743 0.1795 0.1507 0.1360 0.1528 |0.2736 0.1910 0.1549 0.1378 0.1677

4 bias2 0.2524 0.1554 0.1168 0.0782 0.0512(0.3296 0.2001 0.1547 0.1102 0.0763 |0.3004 0.2095 0.1589 0.1117 0.0770

var  0.0032 0.0094 0.0214 0.0437 0.0813]0.0017 0.0063 0.0148 0.0302 0.0575 |0.0014 0.0058 0.0139 0.0301 0.0719

mse 0.2556 0.1648 0.1382 0.1219 0.1325]|0.3313 0.2064 0.1695 0.1404 0.1337|0.3018 0.2153 0.1728 0.1418 0.1489

0.1 bias2 0.2329 0.0937 0.0862 0.0326 0.0281|0.2356 0.0963 0.0860 0.0334 0.0248 |0.2495 0.1072 0.0920 0.0467 0.0884

var  0.0407 0.1280 0.3696 0.8463 1.4189(0.0244 0.0647 0.1831 0.4419 0.9316 |0.0301 0.0883 0.2283 0.4951 0.8929

mse 0.2736 0.2218 0.4558 0.8790 1.4470(0.2600 0.1610 0.2691 0.4753 0.9564 |0.2796 0.1955 0.3203 0.5417 0.9813

0.5 bias2 0.2336 0.1019 0.0890 0.0405 0.0270|0.2413 0.1195 0.0956 0.0522 0.0308 |0.2545 0.1409 0.1057 0.0613 0.0432

var  0.0233 0.0620 0.1562 0.3317 0.5988/0.0105 0.0266 0.0650 0.1426 0.3189 |0.0121 0.0350 0.0824 0.1769 0.3833

mse 0.2569 0.1638 0.2452 0.3722 0.6257]0.2519 0.1461 0.1605 0.1948 0.3498 |0.2666 0.1759 0.1881 0.2382 0.4264

1 bias2 0.2352 0.1129 0.0935 0.0499 0.0311]0.2513 0.1417 0.1064 0.0664 0.0408 |0.2633 0.1663 0.1203 0.0765 0.0488
Laplace var  0.0162 0.0422 0.1024 0.2157 0.3966|0.0063 0.0171 0.0402 0.0858 0.2053 |0.0070 0.0218 0.0509 0.1080 0.2877
o mse 0.2514 0.1551 0.1959 0.2656 0.4277/0.2576 0.1588 0.1466 0.1522 0.2461 |0.2703 0.1881 0.1711 0.1845 0.3365
2 bias2 0.2398 0.1310 0.1019 0.0626 0.0392|0.2766 0.1704 0.1257 0.0846 0.0552 |0.2823 0.1945 0.1434 0.0972 0.0636

var  0.0103 0.0277 0.0651 0.1367 0.2551(0.0034 0.0106 0.0243 0.0509 0.1027 |0.0036 0.0128 0.0304 0.0642 0.1811

mse 0.2501 0.1586 0.1669 0.1993 0.2943]0.2800 0.1810 0.1500 0.1354 0.1579 |0.2859 0.2073 0.1738 0.1613 0.2447

4 bias2 0.2530 0.1556 0.1168 0.0786 0.0519|0.3377 0.2036 0.1554 0.1098 0.0763 |0.3157 0.2235 0.1731 0.1251 0.0866

var  0.0059 0.0173 0.0401 0.0841 0.1588]0.0017 0.0062 0.0144 0.0297 0.0586 |0.0017 0.0070 0.0174 0.0386 0.0943

mse 0.2589 0.1729 0.1569 0.1626 0.2108]0.3394 0.2099 0.1698 0.1395 0.13490.3174 0.2306 0.1905 0.1637 0.1809

Table 4.4: The average MSE, bias? and variance of the SDRN estimators obtained from the
quadratic and quantile (7 = 0.5, 0.25) loss functions based on the 100 simulation replica-
tions when n = 5000 for Model 2.
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Quadratic (Normal) Quantile (Laplace)

SDRN FNN  Kernel GAM GBM RF SDRN FNN  Kernel GAM GBM RF

bias2 0.0188 0.0164 0.0359 0.0438 0.0308 0.0339 | 0.0225 0.0164 0.0434 0.0440 0.0362 0.0375

var  0.0275 0.0335 0.0413 0.0139 0.0260 0.0188 | 0.0289 0.0366 0.0437 0.0112 0.0262 0.0229

mse 0.0462 0.0499 0.0773 0.0578 0.0568 0.0527 | 0.0514 0.0530 0.0871 0.0552 0.0623 0.0604

Table 4.5: The average MSE, bias? and variance of the six methods obtained from the
quadratic loss for normal error and quantile (7 = 0.5) loss for Laplace error based on the
100 simulation replications when n = 2000 for Model 3.

Next, we use Model 3 to compare the performance of our proposed SDRN estima-
tor with that of four other popular nonparametric methods, including the fully-connected
feedforward neural networks (FNN), the local linear kernel regression (Kernel), the gen-
eralized additive models (GAM), the gradient boosted machines (GBM) and the random
forests (RF). For FNN, ReLU is used as the activation function. For GAM, we use a cu-
bic regression spline basis. For all methods, we report the results from the optimal fitting
with the optimal tuning parameters that minimize the MSE value based on a grid search.
Table reports the average MSE, bias? and variance for the six methods based on the
100 replicates when n = 2000. The quadratic loss and the quantile (7 = 0.5) loss are used,
respectively, for the normal and Laplace errors for all methods. We observe that our SDRN
has the smallest average MSEs under both settings. Among all methods, the GAM method
has the largest bias due to model misspecification, and the Kernel has the largest variance
due to the dimensionality problem.

For Model 4, we use the metrics, accuracy, sensitivity, specificity, precision, recall
and F1 score, to evaluate the classification performance of different methods. The estimates

of parameters are obtained from the training dataset, and the evaluation is performed on the
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n=2000 SDRN FNN GAM GBM RF

Accuracy 0.9328 0.9301 0.9254 0.9287 0.9214

Sensitivity /Recall  0.9309 0.9333 0.9202 0.9260 0.9232

Specificity 0.9347 0.9268 0.9308 0.9314 0.9197
Precision 0.9374 0.9294 0.9312 0.9335 0.9234
F1 0.9327 0.9303 0.9253 0.9287 0.9217
n=>5000 SDRN FNN GAM GBM RF
Accuracy 0.9568 0.9472 0.9508 0.9442 0.9379

Sensitivity /Recall 0.9578 0.9573 0.9492 0.9400 0.9327

Specificity 0.9558 0.9366 0.9526 0.9488 0.9434
Precision 0.9593 0.9425 0.9554 0.9519 0.9470
F1 0.9580 0.9492 0.9521 0.9455 0.9392

Table 4.6: The average of accuracy, sensitivity, precision, recall and F1 score of the five
methods based on the 100 simulation replications for Model 4.

test dataset. The training and test datasets are generated independently from Model 4 with
the same sample size. For all methods, we report the results from the optimal fitting with
the optimal tuning parameters that minimize the prediction error based on a grid search.
Table shows the average value of accuracy, sensitivity, specificity, precision, recall and
F1 score based on 100 replications for the SDRN, FNN, GAM, GBM and RF methods using
logistic loss. We observe that SDRN outperforms other methods in terms of accuracy and
F1 score. The F1 score conveys the balance between the precision and the recall. When the

sample size n is increased from 2000 to 5000, the performance of all methods is improved.
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4.7 Real Data Application

In this section, we illustrate our proposed method by using two datasets with
continuous response variables (Boston housing data and Abalone data) and two datasets
with binary responses (Haberman’s survival data and BUPA data). Each dataset is ran-
domly split into 75% training data and 25% test data. The training data is used to fit the
model, whereas the test data is used to examine the prediction accuracy. Then, we compare
our SDRN with five methods, including LM/GLM (linear model/generalized linear model),
FNN, GBM, RF and GAM. For all methods, the tuning parameters are selected by 5-fold

cross validations based on a grid search.

4.7.1 Boston Housing Data

The Boston housing data set [33] is available in the R package (mlbench). It
contains 506 census tracts of Boston from the 1970 census. Each census tract represents
one observation. Thus, there are 506 observations and 14 attributes in the dataset, where
MEDV (the median value of owner-occupied homes) is the response variable. Following
[25], seven explanatory variables are considered: CRIM (per capita crime rate by town),
RM (average number of rooms per dwelling), tax (full-value property-tax rate per USD
10,000), NOX (nitric oxides concentration in parts per 10 million), PTRATIO (pupil-teacher
ratio by town), AGE (proportion of owner-occupied units built prior to 1940) and LSTAT
(percentage of lower status of the population). Since the value of the MEDV variable is
censored at 50.0 (corresponding to a median price of $50,000), we remove the 16 censored

observations and use the remaining 490 observations for analysis.
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Figure 4.4: Scatter plot of MEDV versus each covariate, where the red line represents the
fitted mean curve by using cubic B-splines.

For preliminary analysis of nonlinear patterns, Figure shows the scatter plots
of the response MEDYV against each covariate with the red lines representing the fitted mean
curves by using cubic B-splines. We observe that the MEDV value has a clear nonlinear
changing pattern with these covariates. The MEDV value has an overall increasing pattern
with RM, whereas it decreases as CRIM, NOX, PTRATIO, TAX and LSTAT increase. The
MEDV value starts decreasing slowly as AGE increases. However, when the AGE passes
60, it starts dropping dramatically.

Next, we use our SDRN method with quadratic loss to fit a mean regression
of this data, and compare it with LM, FNN, GBM, RF and GAM methods. Table
shows the mean squared prediction error (MSPE) from the six methods. We observe that
SDRN outperforms other methods with the smallest MSPE. The LM method has the largest
MSPE, as it cannot capture the nonlinear relationships between MEDV and the covariates.

GAM has the second largest MSPE due to its restrictive additive structure without allowing
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interaction effects. The coefficient of determination R? for SDRN is 0.953, while it is 0.743

for LM.

SDRN LM FNN GBM RF GAM

MSPE | 7.316 15815 7.655 7.351 7.617 9.297

Table 4.7: The mean squared prediction error (MSPE) from six different methods using
quadratic loss for the Boston housing data.
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Figure 4.5: The estimated mean (solid lines) and median (dashed lines) curves of MEDV
against each covariate, while other covariates are fixed at their mean values for Boston
housing data.

To explore the nonlinear patterns between MEDV and each covariate, in Figure [£.5]
we plot the estimated conditional mean function of MEDV versus each covariate (solid lines),
and the estimated conditional median function of MEDV versus each covariate (dashed

lines), obtained from our SDRD method with the quadratic loss and the quantile (7 = 0.5)

loss, respectively, while other covariates are fixed at their mean values. We see that the
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fitted MEDV has a clear decreasing trend with CRIM, AGE and TAX, while it increases
with RM. The estimated MEDYV value drops steadily as CRIM is climbing while the values
of other covariates are controlled, indicating that crime rates can significant impact the
house prices. The relationship between MEDV and AGE is more nonlinear, although it has
an overall declining pattern. The estimated MEDV maintains a relatively stable value when
AGE is between 0-30, and then it begins to drop progressively after the AGE passes 30.
When AGE is 50-70, it becomes stable again, and then declines after AGE passes 70. The
estimated MEDYV value increases a bit as NOX level increases. However, it drops sharply
after the NOX value is greater than 0.6. The increasing pattern in the beginning can be
explained by the fact that a higher NOX implies that a region can be more industrialized and
thus has a higher home price. When the NOX value passes a certain value, the air pollution
is more severe and becomes a major concern, the home prices will go down quickly. For
CRIM, RM, AGE, NOX and TAX, the conditional mean and median curves are similar to
each other. For PTRATIO, the median curve has a more stable value, whereas the mean
curve has an increasing pattern. There is a visible difference between the two curves when
the PTRATIO value is small. After PTRATIO is larger than 17, the two curves become
similar to each other. The difference at the small value of PTRATIO can be caused by a few
outliers, as the mean curve fitting can be more sensitive to outliers. For LSTAT, after its
value is greater than 5, we can see a steady decreasing trend of MEDV as LSTAT increases.

And the decreasing pattern is more dramatic as the LSTAT value becomes larger.
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4.7.2 Abalone Data

The abalone dataset is available at the UCI Machine Learning Repository [22],
which contains 4177 observations and 9 attributes. The attributes are: Sex (male, fe-
male and infant), Length (longest shell measurement), Diameter (perpendicular to length),
Height (with meat in shell), Whole weight (whole abalone), Shucked weight (weight of meat),
Viscera weight (gut weight after bleeding), Shell weight (after being dried) and Rings (+1.5
gives the age in years). The goal is to predict the age of abalone based on these physical
measurements. Since the age depends on the Rings, we take the Rings as the response
variable. Since Length and Diameter are highly correlated with the correlation coefficient
0.9868 and infant has no gender, we delete Length and Sex and use the remaining six covari-
ates, Diameter, Height, Whole weight, Shucked weight, Viscera weight and Shell weight, in
our analysis. In the dataset, there are two observations with zero value for Height, and two
other observations are outliers, so we delete these four observations and use the remaining
4173 observations in our analysis.

For exploratory analysis, Figure depicts the scatter plots of the response vari-
able Rings versus Diameter, Height, Whole weight and Shell weight, and the fitted mean
curves using cubic B-splines. Clearly, the response has an increasing pattern with these co-
variates. It has a stronger nonlinear relationship with Whole weight and Shell weight. Table
presents the MSPE values in the test data for six different methods using the quadratic
loss. We observe that SDRN has a slightly smaller MSPE value than other methods. The
coefficient of determination R? obtained from SDRN is 0.587. It is larger than the R? from

LM, which is 0.533, due to a clear nonlinear pattern between the response and some of the
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covariates. Additionally, Figure depicts the fitted mean curves (solid lines) and me-
dian curves (dashed lines) of the response Rings versus each of the four covariates obtained
from our SDRN method with the quadratic loss and quantile (7 = 0.5) loss, respectively,
while other covariates are fixed at their mean values. We see an overall increasing trend
of the fitted lines for the four covariates. For Diameter, Whole.weight and Shell.weight,
the fitted value of Rings increases steadily as the covariate value increases. However, after
the covariate value is beyond a certain point, the estimated value of Rings becomes stable.
For Height, the estimated value of Rings increases with Height in the beginning stage, it
becomes stable when Height is from 0.7-0.13, and then it increases again. Moreover, the
estimated conditional mean function is similar to the estimated conditional median function

in general for this dataset.

93



Diameter Height

25

20
1

0 0
2 19 2 94
[4 [4
o | o
] S
n - w o
o - o 4
T T T T T T T T T T T
0.1 0.2 0.3 0.4 0.5 0.6 0.05 0.10 0.15 0.20 0.25
Diameter Height
Whole.weight Shell.weight
o _J o ]
™ [
w | w |
N ~N
o o
N ~N
@ o
g 9+ g 9
x [4
o o
S 3
w0 - w
o — o —
T T T T T T T T T T T T
0.0 0.5 1.0 15 20 25 0.0 0.2 0.4 0.6 0.8 1.0
Whole.weight Shucked.weight

Figure 4.6: Scatter plots of the response Rings versus four covariates and the fitted mean
curve using cubic B-splines.

SDRN LM FNN GBM RF GAM

MSPE | 4.414 4.957 4.482 4.636 4.564 4.560

Table 4.8: The mean squared prediction error (MSPE) from the six different methods for
the abalone data.
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Figure 4.7: The estimated mean (solid lines) and median (dashed lines) curves of Rings
against each covariate, while other covariates are fixed at their mean values for Boston
housing data for Abalone data.

4.7.3 Haberman’s Survival Data

The Haberman’s Survival data is available at the UCI Machine Learning Reposi-
tory [22]. The dataset contains cases from a study conducted at the University of Chicago’s
Billings Hospital on the survival of patients who had undergone surgery for breast cancer.
It has 306 observations and 4 attributes, which are age of patient at time of operation, pa-
tient’s year of operation (minus 1900), the number of positive axillary nodes detected and

survival status (survived 5 years or longer or died within 5 years). Based on the survival
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status column, we define Y; = 1 if the ith patient survived 5 years or longer, otherwise
Y; = 0. Then we apply different machine learning methods to this dataset for classification.

Table presents the accuracy, precision, recall, F1 and AUC (area under the
ROC curve) obtained from the test data for the survival group. We observe that SDRN
outperforms other methods with the highest accuracy, precision, F1 score and AUC. Figure
[4.8 shows the estimated log-odds functions versus Age and the number of positive axillary
nodes, respectively, while other covariates are fixed at their mean values. With age increas-
ing, the estimated log-odds value decreases, indicating decreasing survival probabilities. For
the number of positive axillary nodes, the estimated log-odds function drops quickly to a
small value when the number of positive axillary nodes increases from 0 to 12, and then
it becomes stable and remains at a low point. This result indicates that when the number
of positive axillary nodes is within a threshold value, it has a strong adverse effect on the
survival probability. However, when it passes the threshold value, the survival probability
remains at a very small value. In summary, we can clearly observe a nonlinear pattern of
the estimated function in both plots. [46] also mentioned that the GLM could have a poor

performance for this dataset because of the nonlinearity. Moreover, we use McFadden’s

logL(M 1)

2 1 _
pseudo R* =1 ogT (Myart)

to further evaluate the model fitting, where ﬁ(M full) is the
estimated likelihood with all predictors and f/(Mnuzz) is the estimated likelihood without
any predictors. The higher value of the pseudo R? indicates better model fitting. The

pseudo R? from SDRN is 0.2012, and it is larger than the pseudo R? = 0.1056 from GLM.
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SDRN GLM FNN GBM RF GAM

Accuracy | 0.714 0.701 0.701 0.688 0.688 0.688
Precision | 0.754 0.735 0.750 0.738 0.746 0.738
Recall 0.891 0909 0.872 0.873 0.845 0.873
F1 0.817 0.813 0.807 0.800 0.797 0.800

AUC 0.677 0.633 0.635 0.641 0.641 0.667

Table 4.9: Accuracy, Precision, Recall, F1 and AUC for the survival group obtained by
different methods with logistic loss for Haberman’s Survival Data.
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Figure 4.8: The estimated log-odds functions versus Age and the number of positive axillary
nodes, respectively, while other covariates are fixed at their mean values.

4.7.4 BUPA Data

The BUPA Liver Disorders dataset is available at the UCI Machine Learning
Repository [22]. It has 345 rows and 7 columns, with each row constituting the record of
a single male individual. The first 5 variables are blood tests that are considered to be

sensitive to liver disorders due to excessive alcohol consumption; they are mean corpuscular
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volume (mcv), alkaline phosphotase (alkphos), alanine aminotransferase (sgpt), aspartate
aminotransferase (sgot) and gamma-glutamyl transpeptidase (gammagt). We use them as
covariates. The 6th variable is the number of half-point equivalents of alcoholic beverages
drunk per day. Following [64], we dichotomize it to a binary response by letting Y; = 1 if
the number of drinks is greater than 3, otherwise Y; = 0. The 7th column in the dataset
was created by BUOA researchers for traing and test data selection.

We first calculate the McFadden-pseudo R? for GLM and SDRN with logistic loss,
respectively. The pseudo R? for GLM is 0.2355, while it is 0.2584 for SDRN, indicating that
the SDRN method yields a better prediction. In addition, Table shows the accuracy,
precision, recall, F1 and AUC for the group with the number of drinks greater than 3
obtained from the six methods with logistic loss. We see that SDRN has the largest accuracy,
recall, F1 and AUC. The accuracy from GLM and GAM is smaller than other methods
due to possible model misspecification of these two methods. To explore the nonlinear
patterns, Figure depicts the estimated log-odds functions versus the mcv, alkphos, sgot
and gammagt predictors, respectively, while other covariates are fixed at their mean values.
We can see that the estimated log-odds has a clear increaing pattern with mcv and sgot,
indicating that the mcv and sgot levels can be strong indicators for alcohol consumption. For
gammagt, the estimated log-odds increases quickly as the the level of gammagt is elevated.
Its value remains to be positive as gammagt passes a certain value. The estimated log-odds
has a quadratic nonlinear relationship with alkphos. Abnormal (either low or high) levels of
alkphos is connected to a few health problems. Low levels of alkphos indicate a deficiency in

zinc and magnesium, or a rare genetic disease called hypophosphatasia, which effects bones
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Table 4.10: Accuracy, Precision Recall, F1 and AUC for the group with the number of
drinks greater than 3 of the BUPA data for different methods with logistic loss.

SDRN GLM FNN GBM RF GAM

Accuracy | 0.620 0.595 0.615 0.615 0.610 0.605
Precision | 0.650 0.634 0.667 0.672 0.653 0.627
Recall 0.520 0.450 0.460 0.450 0.470 0.520
F1 0.578 0.526 0.544 0.539 0.547 0.568

AUC 0.637 0.618 0.629 0.613 0.608 0.624

and teeth. High levels of alkphos can be an indicator of liver disease or bone disorder.

4.8 Discussion

In this chapter, we propose a sparse deep ReLU network estimator (SDRN) ob-
tained from empirical risk minimization with a Lipschitz loss function satisfying mild con-
ditions. Our framework can be applied to a variety of regression and classification problems
in machine learning. In general, deep neural networks are effective tools for lessening the
curse of dimensionality under the condition that the target functions have certain special
properties. We assume that the unknown target function belongs to Korobov spaces, which
are subsets of the Sobolev spaces commonly used in the nonparametric regression litera-
ture. Functions in the Korobov spaces need to have partial mixed derivatives rather than a
compositional structure, and thus can be more flexible for investigating nonlinear patterns

between the response and the predictors.
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Figure 4.9: The estimated log-odds functions versus mcv, alkphos, sgot and gammagt ,
respectively, while other covariates are fixed at their mean values, for the BUPA data.
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We derive non-asymptotic excess risk bounds for SDRN estimator. Our framework
allows the dimension of the feature space to increase with the sample size with a rate slightly
slower than log(n). We further show that our SDRN estimator can achieve the same optimal
minimax rate (up to logarithmic factors) as one-dimensional nonparametric regression when
the dimension is fixed, and the dimensionality effect is passed on to a logarithmic factor, so
the curse of dimensionality is alleviated. The SDRN estimator has a suboptimal rate when
the dimension increases with the sample size. Moreover, the depth and the total number
of nodes and weights of the network need to increase with the sample size with certain
rates established in the paper. These statistical properties provide an important theoretical
basis and guidance for the analytic procedures in data analysis. Practically, we illustrate
the proposed method through simulation studies and several real data applications. The
numerical studies support our theoretical results.

Our proposed method provides a reliable solution for mitigating the curse of di-
mensionality for modern data analysis. Meanwhile it has opened up several interesting
new avenues for further work. One extension is to derive a similar estimator for smoother
regression functions with mixed derivatives of order greater than two; Jacobi-weighted Ko-
robov spaces [79] may be considered for this scenario. Our method can be extended to
other settings such as semiparametric models, longitudinal data and L; penalized regres-
sion. Moreover, it can be a promising tool for estimation of the propensity score function or
the outcome regression function used in treatment effect studies. These interesting topics

deserve thorough investigations for future research.
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Chapter 5

Conclusions

In this dissertation, we mainly illustrate the nonparametric machine learning tech-
niques used in subgroup analysis (Chapter 3) and deep neural network regression (Chapter
4), in which they focus on the one-dimensional and high-dimensional problems, respectively.

In Chapter 3, to cluster the heterogeneous longitudinal trajectories of AD data,
we propose a subject-specific nonparametric regression model, in which the heterogeneity
can be driven by unobserved latent factors. We first use B-splines to estimate the nonpara-
metric functions, and then apply the concave penalty to pairwise the B-spline coefficients so
that we can merge the individuals with similar progression curves into the same subgroup.
Our proposed method can automatically identify the latent memberships and estimate the
parameters in the model simultaneously without knowing the grouping information. For
implementation, we develop an ADMM algorithm. Through simulation studies, we demon-
strate the promising performance of our proposed method. Meanwhile, the real data (AD

data) application also indicates the meaningful subgroups in clinical trials. We hope this
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chapter could provide researchers a new idea for subgroup analysis when involving nonpara-
metric components.

In Chapter 4, we study the nonparametric functions in high-dimensional data set-
ting. We propose a sparse deep ReLU network estimator (SDRN) obtained from empirical
risk minimization with a Lipschitz loss function satisfying mild conditions. The estima-
tor of the target function is built upon a network architecture of sparsely-connected deep
neural networks with the rectified linear unit (ReLU) activation function. We assume that
the unknown target function belongs to Korobov spaces, which are subsets of the Sobolev
spaces commonly used in the nonparametric regression literature. Rather than having a
compositional structure, functions belongs to this space only need to satisfy a smoothness
condition. Thus, it is more flexible for capturing the nonlinear patterns between the re-
sponse and predictors. Our framework is applicable to both regression and classification
problems. We also develop statistical properties of the proposed methodology, which pro-
vide an important guidance for the data analytic procedures. Practically, we illustrate the
proposed method through simulation studies and several real data applications. The nu-
merical studies support our theoretical results. In general, our proposed method provides
a reliable solution for mitigating the curse of dimensionality for modern large-scale data

analysis.
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Appendix A

Supplementary Materials for

Chapter 3

A.1 Computational Complexity of ADMM Algorithm

The computational complexity can be expressed in terms of floating point oper-
ations per second (flops) required to find the solution [9]. Our ADMM algorithm involves
updating the estimates of §, v and ~ given in , and through iterations.
It costs O((n — 1)nS) = O(n?S) flops for computing the updates of § and v, given that
0 and v are 0.5n(n — 1)S x 1 vectors, where S is the number of B-spline basis functions.
Following [9] (see pages 27-29), the computational cost for updating ~ given in is
dominated by V! and (XTV~1X +9AT A)~1, which require O3}, m?) and O(n®S?)
flops, respectively. Therefore, it takes O(>_; m3 + n3S3) flops to update v in the first

iteration. Since the values ( X7V !X +9ATA)~! and X7V ~1Y remain the same through

111



iterations, and we only need to compute them once, in the subsequent iterations, the com-
putational cost for updating ~ is reduced to O(nS x 0.5n(n — 1)S) = O(n3S?), which is
cost of computing A7 (5 — 19_11)) given in . In sum, the overall cost of updating
(7,8,v) is O(n?S + Y1 m3 +n3S%) = O3, m3 4+ n3S3) in the first iteration, and it is

O(n?S 4+ n35?) = O(n39?) in the subsequent iterations.

A.2 Consistency and Convergence

Let C denotes a generic constant that might assume different values at different
places. Without loss of generality, we consider the following B-spline basis functions that
span G, that is, B} = Sl/zBl*, I =1,...,8, where {B;}? | are the B-splines defined in

Chapter 5 of [52]. It follows from Theorem 4.2 of [52] that

S 2
M1||’YH§</{ZBz(t)%} dt < Mo||~f3 (A1)
=1

for some constants 0 < M; < Ms < oo, where v = (71, ...,7s)".

Lemma A.1 For each i, there exist some constants 0 < My < Mo < oo such that, except

on an event whose probability tends to zero, all the eigenvalues of XlTX'Z/mz fall between

My and Ms.

Lemma A.2 Assume the random variables & andn be Flk—measumble and FQ -measurable,
respectively. If E(|¢|P) < oo, E(n|?) < oo for some p,q > 1 and 1/p+ 1/q < 1. Then,
under a-mixing,

1—1_1

[E(&n) — E@)EMm)| < 10a(s) 7« [llplnllg,
where |||, = EYP(|€|P) denotes the L,-norm of .
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The proof of Lemma, and Lemma can be respectively referred to Lemma
2 of [39] and Theorem 7.3 of [73].
Define ﬁl*(t) = B(t)T")’* € G such that ||ﬁ;|< — BlHQ = inngG ||g — Bz||2 £ Wi, it

follows from the result on page 149 of [20] that w; = J " if §;(-) € C")

A.2.1 Consistency of Initial Estimator

Proposition A.3 Under conditions (C1)-(C4), the initial estimators BAZ-(O) (t),i=1,...,n,

satisfy HBI-(O) — 51”% = Op(J/m; + J=).
Proof. Recall that
3" = argmin(¥; — Xim0) " (Yi - Xoy) = (X[ X) ' XY

and Bl-(o) (t) = B(t)T'?Z-(O). Now, define ’yi(o) = (XZ-TXi)_lXiT}N’;-, Bfo) (t) = B(t)T’y(O), where

)

Y~; = (ﬁi(til), ey B@(tzml))T Obviously,
A =40 = (xT X)X (Y - V) = (X] X)X e,

where &; = (i1, .,&m,;). . It follows from Lemma that there exists a constant C' > 0,
such that

1
E (el XX X)) M(XT X)X e)) < C—E (e] X, X[e;) .
m;
Taking p = ¢ = 4 in Lemma[A.2] and by the properties of B-splines, we can obtain

2

S m; m; S
E(EZTXzXZTEZ) = F Z ZBl(tij)Eij =F Z ZEijgij’Bl(tij)Bl(tij’)
=1 j=1 7,4'=11=1

< 5 Z |Bleiei)l <108 Y- alli — 3DV B eyl )V E (e )]V

J.J'= 1<4,5'<m;

= OP(‘]ml)a
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where the last equality holds because >, a(s)/2[E(lei;|")]Y4[E(|ei|*)]/* is bounded
from condition (C2). Thus, H”yi(o) — :yi(o)H% = Op(J/m;). This together with expression
(A.1]) leads to

182 = 8713 = 0 (15 =4 13) = OpJ/m). (A.2)

On the other hand, by Lemma we have

< * I . * = *
179 — ;13 = 0, (m(%@) — " xE X3 — )) :

2

Noting that Xfy.(o) = Xz(XlTXz)_lXZTf’l is an orthogonal projection of Y;. Hence,

)

L. * = * 1 < * \ *
— 3" - XIXE - < (Y- X)) (Y- X))
1 & .
= — Z (Bi(tij) — B (tij)”
m; 4
7j=1
= O(w}),
It follows from expression (A.1]) that
~(0 * ~(0 *
18 = 113 = 0 (15 = ¥:13) = Op(=)). (A.3)

Therefore, by the definition of w;, equations (A.2))-(A.3)) and the triangle inequality, we

have

(0
18 - ;12
< 18 = BN+ 1B — 813+ 118 — Bill

= Op(J/mi) + Op(w}) + Op(wy) = Op(J/mi + J2").

This completes the proof.
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A.2.2 Convergence of ADMM

Proposition A.4 Let ™+l = AymHl — §m+L gnd st = 9 AT (§™FL — 6™) respectively
be the primal residual and dual residual in the ADMM. Then, lim, oo |3 = 0 and

limyy, 00 |8™Y|3 = 0 hold for MCP penalty.

Proof. Taking a careful examination of our constructed objective function L(7,d,v) with

that of [61], the conclusion lim,, o [|7™ 11 ||3

= 0 can be directly derived by a similar proof
of proposition 1 in [61]. Recall that 4™ *! minimize L(~, 8™,v™) by definition, thus

0 = M — XTV*l(X,merl o Y) + AT{I/m + 19(A,7m+1 _ 5m)}
o y=ymHt
—_ XTV_I(X‘)/m+1 _ Y) + AT{[Vm—H _ 19(A")/m+1 _ 6m+1)] + 19(A,ym+1 _ (Sm)}
— XTVfl(X,ym+1 _ Y) + ATVerl 4 ﬁAT((strl _ (Sm)7
which implies
Sm—i—l — ﬁAT(am—H _ ém) — _{XTV—I(X,Ym—H _ Y) + ATI/m_H}.

In view of limy, o0 ||7™ |3 = limy, 00 ||AY™ — ™3 = 0, we have

L 6m m
0= fim OEO:O"VM) = lim {XTV Xy —Y)+ ATy ) = lim —s™ L

m—0o0 a"y y=m+1 m—00 m—00

"

Therefore, we obtain lim,, ,« ||s = 0, this completes the proof.

A.3 Proof of Theorems

To prove the main theoretical results in this article, we first present the following

lemma which will be frequently used in the sequel. Let 3;(t) = BT (t)~;, where
i = argmin(Y; — X))V, Y - Xoy) = (X VLX) T X VY (A.4)
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Lemma A.5 Under conditions (C1)-(C5), we have ||B; — Bil|3 = Op(J/mi + J~2), i =

1,...,n.

Proof. For i = 1,...,n, let f;(t) = B(t)T4; and 4; = (X V7' X)) ' X[V, 7Y,
where Y; is defined as above. Obviously, 5;(t) — fi(t) = B()T (X V' X)) ' XTIV, e,
By Lemma and the bounded assumption on the eigenvalues of V', it is easy to verify

that there exist two constants 0 < C; < (s < oo, such that

1 - ~ 1
C— BTV XXV, e) < B (1B:i0) - B0I3) < Co—5 BTV XXV, ey).
m; m;

According to the operation properties of the trace and expectation, we have
E(e] 7' X, XS e;) = trace {E(e] 7' X, X[ 57 'e;)} = E (trace{ X' Z; 'eie] B, X;})
= E (trace{X] V;'2, V' X;}) = trace { B(X] V'S,V X))
= Op(m;J),
where the last equality holds due to condition (C5) and Lemma Hence, we obtain
18 = Bill3 = Op(J /mi). (A.5)
Furthermore, as Vi_1/2Xi(XiTV;*1Xi)_1Xfolf’} is an orthogonal projection of Vi_1/2f’¢,

we have

11-(:)’1 — )XV X (A - A)
v XV - XV (T X)XV -
— VXXV X)XV Y - VX

- ”1%”‘/;_1/2?; B V;—l/QXW;H% _ Wlll(i,z — X)TVUY - X))

1 * *
= 0y (¥~ Xt ) = 0 (13 - 51 13) = Oyl
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where the antepenult equality holds by the bounded assumption on the eigenvalues of V.

Combining the expression ({A.1]), condition (C5) as well as Lemma leads to

2 * < * 1. * — N <%
16 = 5718 = O (15 = 713) = Op (-G = )" X2 Xl ~ 30) ) = Op(). (A)

7

Consequently, it follows from equations (A.5]), (A.6) and the definition of wo; that
18i = Bill3 < 11Bi = Bill + 118: = BE 113 + 18] = Bill3 = Op(J/mi + @F) = Op(J fmi + T 2").

This finishes the proof.

Proof of Theorem H Notice that, it is equivalent to individually obtaining 8), = arg ming, (Y —

~1
1 -1 -1
X900 Vi) (Y = Xo0s) = (X5 Vi) X)) X Vi Yo for k= 1, K, where

Yo = (Y7 i€}  Xp = {XF:ieG)' and Vyy = diag{V;:i€Gy}. Then

i (t) = B(t)T6y, for any t € T. According to Lemma we have
Ik — |3 = Op(J/Ni + J7) < Op(J/No + J727),
where ay(t) is the true function in the kth group. As a result,
K
16" — all3 = 67" — axll3 = Op(J/No + J77)
k=1

for any fixed K. This completes the proof.

Proof of Theorem . Let Bfr(t) and 47" be the estimated function and estimated B-
spline coefficient for subject ¢ given the true membership, respectively. We first prove

16 — B |13 = Op(J/mn) 4+ J~?") for each i, where . Let 86, = J/m,) + J ", if one can
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show that for any w > 0, there exists a large enough constant M > 0 satisfying

P inf Lo(y) > La(37) ¢ > 1 —w, (A.7)
1Xs (737" [3=M6n

which means a local minimizer of L, (v) existed in the region By = {~ : || Xi(vi — 42")|3 <
M$¢,}. Then, ||8; — 57|13 = Op(J/mp) + J~2") can be proved.

Let Ly = 3(Y — Xv)TV-Y(Y — X~), thus ¥ = (3{,...,4])T minimize Ly,
where 7;, i = 1,...,n are defined in (A.4)). It follows from Lemma that ||||8; — Bill2 =

Op(J/myyy 4+ J ") for each i. Combining this result with Theorem [3.1|leads to
18: = B 113 < 1B: = Bill3 + 187" — Bill3 = Op(J /muy + T2,
which is equivalent to
1Xi(3 — A3 < Cobn (A.8)
for some constant Cy from expression (A.1]). Moreover, for any k # k',
|an — aprll2 = |lGp — on + ap — dar + oy — a2

> |l — awrll2 — [|ax — agllz — ||dw — a2

A\

b—[lag — akll2 — [|dw — ap||2.

Thus, we have |G — dy||2 > b for sufficiently large Ny from Theorem Accordingly,
||ék —ék/Hg > Cb for some constant C' > 0. Similarly, for any i € Gy, j € Gy, k # k', we can

derive that [|v; — ;[|2 > Cb for any = lies in the constraint By and sufficiently large m,,.
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In addition, as P-(-,A) > 0 and P-(0,\) = 0, then

> Lpi(y) = Lin (") + > {Pr(lvi = jll2s M} = D Pr(l0k — O ll2, M.
kK
i € G, J € Gir
kK

As ||6), — Oyl2 > Cb and ||v; — ~4ll2 > Cb for any i € Gy, j € G, k # k' from previous

arguments, it follows from the condition Cb > 7 that

> {Pr(lvi —jll2,A)} =0

i € Gk,j € G
k#K
and
> Pr([|0k — Owll2, \) =0
kK
Thus,

Ln(7y) = Ln(¥") = Laa(v) = Lna (%7).

Further by the definition of 4 and (A.8|), we have L,i(vy) > L,1(%°") for any ~
satisfying || X;(y; — 497)||3 = M4, with sufficiently large M. Therefore, (A.7) is proved,
which means

18; = 57113 = Op(J fmgny + J72).

Combing this result with Theorem [3.1] yields

18; = Bill3 < 18: = BYII3 + 157" = Bill3 = Op(J/mgny + T 72).
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This completes the proof of Theorem

Proof of Theorem . (i) For i,j € Gy, we have f3; = §;. Then

18 = Bill3 < 1B = Bill3 + 118 — Bill3 + 1165 — 5513

< 2max||B; — Bill3 + 0= 0p(J/mpy +J ) =0

as m,) — 00, where the last equality holds from Theorem This means BZ and Bj will

fall into the same group with probability approaching to 1.

(ii) For any i € Gy, j € G, k # K/, it follows from Theorem [3.2| that

1B — Bil3 = 1B — Bi+ Bi — B; + B — B3

. 2 A 2
> min ”51‘—ﬂj|’2—2lrg%ﬁ”5i—ﬁi”2
i € Gk, J € Gi
k # kK

= V= Op(J/mpny +J7) = b* >0,

which implies that ﬂAZ and Bj will fall into the different groups with probability approaching

to 1. Therefore, the proof is completed by the combinations of conclusions (i) and (ii).

In what follows, let a,, =< b, mean that a,/b, and b,/a, are bounded for given
sequences of positive numbers a,, and b,. For a square integrable function g on T, we define

the norms [|g]|* = E(g(t)?) and ||g]lec = super [9(t)]-
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Proof of Theorem [3.J. We can conclude from the results of Theorems that the
proposed penalized estimators performs asymptotically equivalent to the oracle ones as
m,, approaching to infinite. Thus, we only need to prove the asymptotic normalities of
the oracle estimators &% (t) = (ayi(t),...,ax(t))T = B(t)8, where B(t) = Ix ® B(t)T

(Kronecker product) and 8 = (67 ,...,8%)T. To this end, we first show that
Var (a5() Y2 {ax(t) — E(ar(®)} S N(0,1), k=1,...,K. (A.9)

Recall that for kK =1,..., K, we have

01 = argmin(Y(s) = X 06)" Vi (Vi) = X)00) = (X<Tk>V<E>1X<k>) X (Vi) Yo
where Y(;,) = {y':ie gk}T,X(k) ={XI:ie gk}T and V() = diag{V; :i € Gx}. We
only consider an fixed k here since other cases can be proved in the same way. For
any t € T, ax(t) = B(t)T; = B(t)T< Vi )X(k)) ' X1 Vi Yy, and E (ax(t) =

B()" (X5, Vi 1X(,€))71XT

) V;)lak(t). Thus,

-1
() — E(ar(t) T(X<k X)Xl Vi'ew
—1
T T 1521/252-1/2
O (Xl Vi Xw) X0 Vi 202 "o
1
T T
(X(kV Xk)) Zhew,

where Z ;) = 22/)2‘/(E)IX(,€) and e() = E(kl)/Q &) Obviously, we have E(e(;)) = 0 and
Var(e()) = I, which means that the elements {e(), f\ﬁl can be seen as independent random
variables with zero mean and unit variance.

Denote Z(Lk.) as a S-dimensional column vector comprised by the tth row of Z,

it follows that

g (t) — E(an(t) = > B(1)" (X(ZQ)V(;)IX(kO Z Dk). (k).

=1
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and

Var(dy (¢ Z d)

-1
where ¢y, = B(t 7 (XT Vle(k)> Z(Lk). Therefore, if the Lindeberg condition holds,

(k) " (k)

that is, max, ¢ /Z 2]€)L — 0, we can obtain that
—ZL 00 4 g 1y, (A.10)
PO
=1 Py

which indicates the result (A.9)).

In fact, by the definition of Z(,, condition (C5) and Lemma we have

2 _ T (T vr—1 - 2 _ 1 T \2
S
S ¥ ZBZ )Y B (twy): (A.11)
k=1 =1

where the last step holds by the Cauchy-Schwarz inequality and condition (C5). Moreover,

based on the same rationale as above, it follows that

1 e

g?ﬁkn = B@)" <X< ) lek)z ( 0 Vi) X(k)) 'B()
= B (Xw)V(E) X(k))il (X0 Vo B Vi) X)) (XC )"(zc)lX(k))ilB(t)
= B0 (X[ X)) B(t)x]\lfkiBf(t). (A.12)
=1
Combining the expressions and leads to

2
(k)
N,
ZL:kl %k)L

Observing that

S S

> | B (t)b, > | B(t)b
s ZBQ ) — sup sup St BB swpier S BOb] _ gl
teT teT b / 15—1 blz b / 29_1 bz2 geG H9H2
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where the last step due to expression (A.1]). Based on the definitions of norms and condition
(C1) that the density function f(¢) is uniformly bounded away from 0 and infinity on T, it

is easy to verify [[g[l2 < ||g]|. Let An = supyeq [|9lloo/lgll, hence

2
L (TR <L ] S <l ] 3
T 02 T Negeo 93 = N gec llglP

(I +0p(1)) = — (1 +0p(1)).

Based on conditions (C1) and (C4), we have A2 < S. Therefore,

W CAZ

cOS Ve g2 T N (1+0P(1))X£(1+0p(1))—>07

Ny

which implies the validation of Lindeberg condition. Consequently, (A.10]) is proved, and
then holds.

On the other hand, according to conditions (C3) and (C4), it is easy to verity that
all the conditions assumed in Theorem 5.1 of [38] hold. This implies, by virtue of condition
(C5), that

B (ak(t)) — ar(t)| = Op(J 7).
Moreover, it follows from , condition (C5), Lemma and the properties of B-spline

that

—1 —1
~ T T -1 T —1 —1 T —1
Var(ap(t)) = B(t) (X(k)V(k) X(k)) (X(k)V(k) S Vi X(k)> (X(k)V(k) X(k)> B(t)

= S/Ng,

2r+1)

where Xy = diag {X; : i € Gi}. Taking into account of J/mgég — 00, we have

| LAk (?) — )| _ A
teﬂrl‘) v/ Var(éag(t)) v(1): (A.13)
Combining the results of (A.9)) and (A.13)) leads to
Var (A5(6)) ™2 (6 (t) — ax(t) > N(0,1), (A.14)
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We further let Xy = diag (X(l),...,X(K)) , Vo = diag (V(l),...,V(K)) and ¥y =
diag (1), ... (k)), where Y = {YiT:iegk}T, Vi = diag{V;:i€ G}, Xy =
{x]:ie Q’k}T and X = diag{X; :i € Gr}. Finally, by the expression of &°"(t) and

the independence assumption of different subgroup, we can obtain
~or —1/2 ( ~or d
Var (a7 (1) ™2 (67 (1) — () > N(0, Iic),
where

1

Var (&7 (1)) = B(t) (XTVy ' Xo) ™ (XTVy 'S0V ' Xo) (XTVy ' X0) T BT (A.15)

with B(t) = Ix ® B(t)" (Kronecker product). Therefore, we complete the proof of Theorem

based on (A.14)) and the conclusions of Theorems 3.3
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Appendix B

Supplementary Materials for

Chapter 4

B.1 Proof of Proposition 4.1

In this section, we provide the proof of Proposition The dimension of W,

satisfies
’W£’ < Hd 2Zj\/271 — 22?:1 ijQ*d'
=11,
Thus,
1) < i1 tv2—d |1 +d _  oprd(d—1+k
V'l < Z|£|13m2 Y SZ\€|1§m2 D2 d—1
k=0
m d—1
d—1+k m m+d 1
k=0 k=0
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where the last equality follows from (3.62) of [10]. We assume that d is even. The result

for odd d can be proved similarly. Then

d/2—1

2 (e = () o )

s

Moreover,
m+d m+d
(d—(1+20)> 2<d—(2+2v))
_ (m +d)! Ly (m +d)!
(d— (14 2v))l(m+1+20v)! (d—(2+2v))l(m + 2v + 2)!
_ (m+d)! 1 2
T (d—(2+2v))! (m+1+2v)'{d—(1+2v)_m+2v+2}
_ (mA+d)!(m+6v—2d+4)
(d— (1 +2v)(m +2v + 2)!
_ (mAd)(m+d—1)x---x (m+2v+3)(m+6v—2d+4)
B (d — (14 2v))!
- (m_l_d)(d—(2+2v)).
—  (d—(1+2v))!
Thus,
d m -+ d d/2—1 U(m+d)( —(2+2v)) . (m—|—d)(d_2)
Z( > d1k<222 d—(1+20))! <27 (d—1)!

k=0

By stirling’s formula,

(d—1)! > V2r(d —1)37 121,

Therefore,
d—1 _
— k - V2r(d — 1)d-1/2¢=(d=1)’
and hence
(d—2) ,(d—1) _ d—1
‘V7£L1)’ < 2d+12m+12d72 (m + d) € —9 2 d—1 om 4€m +d )
V2m(d —1)d-1/2 m(m +d) d—1
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Moreover, let £_1 = ({3,...,£4)". Then, Wo(l)| = > |e}1=0 H?Zl 2 =24 and for m > 1,
OIS d d 61 _ od | od—1 01
V'l 2 Zlﬂlzo szl2+lez1§my|efl|1:o(nj:2 2)2 22 leelsm2
— 2d + 2d71(2m _ 1) — 2d71(2m _ 1 + 2) Z 2d71(2m + 1)

Therefore, |Vn(11)| > 24=1(2™ + 1) for any m > 0.

B.2 Proof of Proposition

This section provides the proof of Proposition Based on and -, one

has

W = Fllz =11 D ge(@) = Y ge@llz=11 Y ge(@)ll2.

1,<¢<oc0 |1 <m |1 >m

By (4.7) and Assumption 3, one has

1> ge@)llz < D lgella< Y 372720 |D? |2

|€|1>m |K|1>m |£|1>m
—d 2 -2
= 3Dl Y 27

|£]1>m

Then, one has that for arbitrary s € N,

Z o—sltli i st/<k +d— > 223(’““”“ <k+m+1+d—1>
[£]1>m k'=m+1 d—1
= k+m+1+d—1
= 2_S(m+1) 2_5k
2 i1

< 275D A(d, m),

where A(d,m) = Zg;é (m,jd), where the last inequality follows from Lemma 3.7 of [10].

A

1fm = Fll2 < Y7 llgell2 < 37 D?f[] 2272+ D2A(d, m)

‘e|1>m

= 271,223 A(d, m)| | D2
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Moreover, for d > 3, A(d,m) < (d—1) (m(”;fl)lj;l = ("E;_d;;l, and by stirling’s formula,

d—2)! > V2r(d — 2)43/2¢—(d-2)
( "> ( )

Then
d—1
A(d,m) < (m+d) _Vd—=2(m+d e(d_Q).
’ - d — 2)d-3/2¢—(d-2) /o d—2
V2r(d -2)
Therefore,
m m+d\" .
= fll < 27 lge Y2 (12 2) 2| D2
m em+d
= @ () o

where ¢ = 271¢,,(3v/2me) 1. Ford = 2, A(d,m) = m+3. Thus, || fn—f||2 < 271372¢,272™(m+

D2 S|z

B.3 Proof of Proposition

In this section, we provide the proof of Proposition It is clear that HfR— fll2 =
fr = fn + fm — fll2 < Ifr = fumll2 + || fm — fll2. The rate of ||fm — f||2 is provided in
Proposition Next we derive the rate of ||fz — fm||2 as follows. By (2.1.2) and (4.11)),

we have

||fR_fm||2<SuP 7D eslldes(@) — des(w)].

\2|1<m SEIZ

Since a given x belongs to at most one of the disjoint supports for ¢p s(x), this result

together with (4.10]) lead to

1fr = fmlla <3-272F72(d = 1) Y |ves,l,

|5|1Sm
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for some sg. Moreover, by (4.5)), we have

Z ‘,yl,se| < Z 6_d/22_(3/2)|£|1HszHLQ

[£]1<m [€[1<m

62D |2 S 2GRN = =2 D2y S

k=0
|€l1<m

o-(3/2k (F+d—1
i-1 )

k d
Since > 77, (%) ( - ﬁ) (ﬁﬁ;l) = 1, it implies that

m k+d—1 © k+d-—1 1\ ¢
(3/2)k (3/2)k _ _
S () e e () - (- %)

and thus

> I'Ve,s,glé{\/é(l—1)}_dIIsz\ILzS(\/ﬁ)_dllszlle- (B.1)

|€]1<m

=

Therefore,

1fr—=Fulls < 3-272772(d = 1)(v/3/2)||D?f|| 2

= (3/4)27(d—1)(v/3/2) I D* /|| 2.

The above result and (4.8) lead to

Ifr—fll2 < |If&— fmllz + | fm — fll2
d—1
{(3/4)2_2R(d —1)(/3/2)" + @22/ — 2 (””d> } D2 f|| 2

IN

3d—-2

3,-2R 204-1 | ~o-2m em+d\"! 2
{\/;2 @2 ey (50 }HD fllze

for d > 3. The result for d = 2 follows from the same procedure. Moreover, the ReLU

IN

network used to construct the approximator fR has depth O(Rlogy d), the computational
units O(Rd) x \Vw(})], and the number of weights O(Rd) x \Vyg)]. By the upper bound

for ]V,,g)| established in |D we have that the number of the computational units is
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d—1 d=1
O(Rd)x O ((m@d) 2m (46%) ) =0 <2md3/2R (m+d)~! (46%) ), and the num-

d—1

ber of weights is O <2md3/2R (m+d)~" (4€df+1d>

B.4 Proofs of Proposition 4.4

Under Condition (4.16) given in Assumption by the definition of f%N given in

(4.14]) and Proposition the approximation error

E(fan) — E(fo) < E(Fr) — E(fo) < bpllfr — foll}

3 o 2. 41 —om em+d\*! ’ 2112
<bpiy/52 (d - 1)( §) +@72m/d—1 373 1D foll72,

for d > 3, and

2
Effw) ~ o) < b {ﬁz”ﬂ(d S s 2 3)} 1D fol.

for d = 2. Assuming that m~! = o(1) and m < R as n — oo, since §
d—1
that for sufficiently large n, \/%2_2}%((1 — 1)(\/2)‘1_1 <e@7?my/d—1 (g%) for d > 3,

and \/22*2R(d — 1)(\/%‘[*1 < 18*10M2*2m(m + 3) for d = 2. Thus,

E(fan) — E(fo) < Crmas
where
2(d—1)
_ 920—am , (€M +d
CR,m,d = 4prfC 2 d <3d—2> s ford >3

CRama = 817'0,CFc527 4™ (m + 3)%, for d = 2.
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B.5 Proofs of Theorems 4.1 and 4.2

We first introduce a Bernstein inequality which will be used to establish the bounds

in Theorems (4.1l and [4.2]

Lemma B.1 Let G be a set of scalar-valued functions on X XY such that for each & (X,Y) €
g; ]E{f <X7 Y)} > 0; ]E{f (X7 Y)Q} < Cl]E{f (X7 Y)} and ’f (Xa Y) - E{€ (X7 Y)}’ < ¢ al-
most everywhere for some constants ci,ca € (0,00). Then for every e >0 and 0 < a < 1,

we have

COB(EXY)) T Y (XY
i {EEE VEE(X. V)] + ¢ . \[}

a2n€
< N(ae,G, || ||s) exp (_2C1+262/3) '

Proof. Let {¢; 3]:1 € G with J = N(ae,G,|| - ||oc) being such that G is cov-
ered by || - ||c- balls centered on §; with radius ce. Denote u(§) = E{{(X,Y)} and
02(¢) =var{¢ (X,Y)}. For each j, the one-side Bernstein inequality in Corollary 3.6 of [18]

implies that

P { pg) —n ' 30§ (X, V) > aﬁ}
n(&5) + e

exp | — a2”(#(§j) +€)e
= ( 2{o%(&) + cQamﬁB}) : (B.2)

Since 0%(£;) < E{¢; (X,Y)?} < c1u(§;), then

o?(&5) + caay/ (&) + ev/e/3

c1pu(&5) + e2(u(&y) +€)/3

IN

IN

c1 (u(&5) +€) + c2(u(é5) +€)/3
= (c1 +c2/3)(u(&5) +e).
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The above result together with (B.2|) implies that

P{M(fj) —n YR (X, Y)) < aﬁ}

n(&j) + e
< oxp (_ a?n(u(&;) + €)e > ~ oxp (_ o’ne ) (B.3)
- 2(c1 + c2/3)(1(&5) +€) 2(c1 +¢2/3) ) '

For each § € G, there exists some j such that || — &j||oc < ae. Then |u(§) — u(&;)| and
In=! S0 E(X;,Y;) —n S0 & (X, Ys) | are both bounded by ae. Hence,

&) —m&)l _ e 7t E(Xa Ye) - n T T 6 (X Y | Ve
w@+e 7 u(€) +e

This implies that

p&) +e = pl&) — (&) +ul) +e
av/er/u(€) + e+ {u(&) + €}
< VeVn©) +e+{ue) + ¢}
< 2{u(S) + €},
so that \/u(&;) + € < 2¢/{u(€) + €}. Therefore, {u(&) —n~ 130 € (X4, Vi) }//1u(€) + € >

da/e implies that {u(&;) — n~' S, € (X, Y} /y/i(@) € = 2av/€ and thus {u(€;) —
n~ESN L& (X, i) A/ 1(E)) + € > av/e. This result together with implies

p {Sup p(€) —n '3 E(X, V) . 4@\@}

IN

¢eg n(§) +e
J u(&) —n Y00 & (X6, YS) a’ne
< PO s e} v (- ).

Based on the Bernstein inequality given in Lemma we next provide a prob-
ability bound that will be used for establishing an upper bound for the sampling error
E(fre) — E(fhr)-
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Lemma B.2 Under Assumptions 4.4, we have that for any e >0 and 0 < a < 1,

, { SO =)~ () = Eulth)) ﬁ}
fEF($,m,B) \/5 E(f%) +e

< NG, 'le, F(g,m,B), || - |loo) € o’ne
€, ) ) y 1 o) €X - ’
- v P\ 2020, 80,3

where C,,a, and M, are constants given in Assumptions and [{.4] and Remark [{.7,

Proof. Let G = {&(z,y) = p(f(x),y) — p (f(x),y); f € F(d,m,B),(z,y) €

X x Y}. For any f € ]:(g,m, B),

E{¢(X,Y)} =E{p(f(X),Y)} — E{p (frL(X),Y)} > 0,

based on the definition of f%; given in (4.14). By Remark we have £ (x,y) | < 2M,,

for almost every (x,y) € X x ), so that
[$(X,Y) —E{¢ (X, Y)}| < 4M),

almost surely. Moreover, Assumptionfurther implies that |¢ (z,y) | < C,|f(z)— f%; (z)]

for almost every (z,y) € X x Y. Then
B (X)) < €3 [ 17(@) ~ fhu(@)Pdux(e) = CEI = Ml (Ba)
Moreover, under Condition in Assumption
If = facll3 < a, HE() — E(fRu)}-

Thus

E{¢(X.Y)"} < a,'CHE(S) — E(fRe)} = a, ' CIE{E (X, Y)}. (B.5)
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By the Bernstein inequality given in Lemma for every € > 0 and 0 < o < 1, we have

P sup &(f) - (fl%L) (Enlf) — &n (f?%L)) >4oz\/g}
feF(@m,B) \/5 E(f%,) +e

a2n6
< N sy I || 7 loo
> (Oéeg H H )exp< 202 1+8Mp/3>

Since [p (/(@),4) — p (Fh(@).y) | < Colf(@) — fhy(@)] for almost every (z,y) € X x Y, it
follows that

N(a€,G, ]| - [loo) < N(aC, e, F(6,m, B), || - [|oo).

Proof of Theorem Let f = fro, A = E(frL) — E(f9;) and o = /2/8.

From the result in Lemma we have

A = (Ea(frL) = Ea(f31))
P{ Ve RLZ > m} <Q, (B.6)

where
Q = N(vV2C, " ¢/8, F(§,m, B), || - ||oc) exp (—ne/C*),
in which C* = 64(C2a,! +4M,/3).
a) When frr = fY,, we have &,(f5,) — En(f%,) < 0. Then,
P(A > e/2vA+e) <Q
Moreover,
A>\e/2VA + e
— A% > (¢/2)(A + )
— (A —€/4)? > (9/16)€?

= A>eor A< —(1/2)e.
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Since A > 0, then P(A > /€/2v/A + ¢€) < Q is equivalent to P(A > ¢) < Q.
b) When fry = E%DL, let FRDL(ac) = ¢(x) " qpL and [ (x) = 5(w)T7%L. Moreover,

let A, = (En(fgL) + 27\ ARL — En(fr) — 27 Y8 A% ). We have A, < 0. Then

A— (5n(J?1§L) — & fBr)) _ A+t 2" MY ARL — 27 MR YRL) — An
VA +e VA +e
S A 4 (2~ )\7RL’YRL - 27 1)‘7RL7RL) (B.7)
T VA +e VA + €

Since [rr — Yprl3 < A 1R, — f3.113, where Aping = Amin {f ﬁg(x)g(m)TdMX(x)},

then under Condition (4.15) in Assumption [4.4], we have
Frull3 <AL sa HE(TRL) — EUfRL)} = A sa," A (B.S)

ArL — g3 <AL ~HfRL

min,¢

Since [¥f 13 <A (;Hf%LH% <A (;B?, then by (B.8)),

2 ' NARLARL — YRLYRL|
<27 AARL — YRel3 + AVRel2ArL — YRLl2
min,¢ mmqb p

32_1)\>\;i1n$a;1A—|—)\)\__1/2 (AL _as A2

=270 s "A AN SBaPVA,

Assume that A\ (ga;l <51 and )\)\_,1 ~Ba;1/2 <571/¢/2.

min,

Then )\)\ 1 <5 /mln ap B\/ , and

7

2N LARL — Yo Y%L < 10A + FVe€ /2VA.

This result together with (B.7) imply that

A= (Eafh) —Ealfh) - 09A 02 /e/2VA _ 09A -
VA +e 2\/A—l—e VA +e Z\/A—I—e 0:2V/e/2.
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The above result and lead to

0.9A
P{\/AiJre > sz+0.2¢72} <Q.

Moreover,

0.9A A
> 1.24/€/2 <—
VA +e€ ¢/ VA +e€

4
— AZ> ge(A +€) = (A - §e)2 > (136/81)€? <= A >

4 4
> g\/G/Q = A> g\/é/Q\/A +€

4+ 234
— €
9 i

where the last step follows from A > 0. Therefore, we have P {A > %e} < Q. Since
%@ <2,then P{A>2}<Q. m
Proof of Theorem The dimension of the space F(¢,m, B) is |Vn(11)|. By

Theorem 5.3 of [18], we have

N(BO; /8, F(Gm B |- o) < (028 1yt < (208t
when € < C,B/2. Let
¢ = () exp (—nef ). (B.9)
By the above results and Lemma |4.1} we have
P (&(fan) = E(fhn) > de) <. (B.10)

where ¢ = 1 when fRN = ng, and ¢ = 2 when fRN = ]agN. Moreover, leads to
% |V(1>| —1/‘V(1)| ‘V(l)l . . .
exp (ne/C*) eVm | = (12C,Bg m )IVm 1 which is equivalent to

exp(xe)e = v <= exp(xe)(xe) = nv,

where »x = n/(C*]Vng)\) and v = 12CpB§*1/‘Vﬂ(11)|. Applying the monotone increasing

Lambert W-function: W : [0,00) — [0,00) defined by W (texp(t)) = ¢ on both sides of the
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above equation, we have
W (5ev) = e,

which is equivalent to € = W (sev) /3¢ < max(1,log(sr))/s, since W(s) < log(s) for all

s > e. Then,

(1)
e < max(1,log(»v))/x = Mmax(l,log 12(16;an o)
n C*| Vi |1/ V"]
w1
mmax(l,log 120%)
n C*|V'|s

Therefore, we have

N w111 sk
P (6(fRN) () > ¢ (1, 1og CJ))
n ‘Vm |§

for C** = 12C,BC*~! based on (B.9). m

B.6 Proofs of Theorem 4.3

Proof of Theorem Let 2 =< n'/5 and m < R. When i) d < (logy n)* for

some constant £ € (0, 1), then for any constant ¢ € (0, c0), (c’(’}j‘zd

2
) < n® for an arbitrary
small @ > 0. Therefore, the bias term satisfies

_ em+d\ 2 /em+d\ ¥
E(fan) —E(fo) < CR,m,d§n4/5d<3d_2> <3d—2>

< n—4/5(10g2 n)n(10g2 n)Q(K—I)nw _ ,n—4/5-i—w(10g2 n)?m—Z’

where (g m g is given in (4.17). Then the bias term satisfies

E(fhin) = E(fo) = o(n™ 7+ (logy n)**~2). (B.11)
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Moreover, Proposition [.1] leads to

VI < 54V (m o+ a) ! <4e7:;_+1d> - (4673_—’_1d>d
< n'5(logyn) /2 L(logy ) In®/2 = pl/5+=/2(log, n)3/22,
and n'/5 < VY| Let € = n=4/5+%/2(log, n)3*/2. Then ¢ given in satisfies
¢ < {n4/5—w/2(10g2 n)—3n/2}n1/5+w/2(10g2 n)3r/2-2 exp{—n1/5+w/2(log2 n)3n/2}
< exp{n!/F /2 (log, n)*/2=2 log, n} exp{ —n!/" /2 (logy n) ™2}
= exp{n!/7*=/2 logy )7 (1~ logy )} < exp{— gn'/F =/ (logy )2},
when n > 4. Thus, ¢ — 0 as n — oo. Therefore, the above results and lead to

E(frn) = E(fin) = Op(n™/>+=/% (logy n)**/2). (B.12)

The rate given in 1) is satisfied by both ng and fg N For ‘)/‘%DN, the tuning parameter

needs to satisfy )\)\;iln ;= O(e) = O(n=2/5t=/4(log, n)3+/4).

)

From the results in (B.11)) and (B.12), we have

E(frn) — E(fo) = E(Frn) — E(fEn) + E(fon) — E(fo)

_ Op(n—4/5+w/2(10g2 n)3n/2) + o(n_4/5+w(log2 n)3ﬁ—2) _ Op(n—4/5+m'(log2 n)3l§2—2)‘

If R =< logyn, the ReLU network that is used to construct the estimator ]?RN has depth
O(Rlog, d) = Ollog, n{logy(logy n)}], the number of computational units O(Rd) x |Vw(11)| =
O{(logy n) 1 nt/5+=/2(log, n)3+/2-2} = Of(logy n)**/*> 1 n!/5+%=/2} and the number of
weights O(Rd) x [V,Y| = Of{(log, n)?/?~ 1 nl/5+=/2},

When ii) d < 1, the bias term satisfies

< Y5(d oy n) 7,

em+d 2d—2
3d—-2

E(f0%) — E(fo) < Croma < n~Y5d (
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for d > 3, and
E(fhn) = E(fo) < Crma S 1" (logyn)® = 20~ */7(d " logy n)** 2,
for d = 2, where (g mq is given in . Then,
E(fin) = E(fo) = On™/7(d ™" logy n)*?). (B.13)

Moreover, Proposition [.1] leads to

m+d
d—1

VLS00 ™ (1) 2 0 gy,
and n'/5 < ]VW(L1)|. Let € = n=*/%(d~'logyn)%. Then ¢ given in satisfies
< S {0 logym) Y0 exp{—n!P(d 7 logy )}
S exp{n'/5(logy )~ (logy n)} exp{—n'/(logy n)*}
= exp{n'/*(logyn) (1~ logy )} S exp{~ gn'/(0gy m)").
Thus, ¢ — 0 as n — oo. Therefore, the above results and lead to

E(frn) — E(fhn) = Op(n™/5(d ™ logy n)?). (B.14)

The rate given in 1) is satisfied by both ng and E;N, For ‘)/"EN, the tuning parameter

needs to satisfy )\)\;nln 5= O(/e) = O(n2/5(d " logy n)¥?).

)

From the results in (B.13) and (B.14), we have

E(frn) = E(fo) = E(Frn) = E(fR) + E (i) — E(fo) = Op(n">(d " logy n) ™).
If R =< logyn, the ReLU network that is used to construct the estimator fRN has depth

O(Rlog, d) = O(logy n), the number of computational units
O(Rd) x [V, = O{(logy n) n'/®(logy )} = O (logy n) ™' 0/},
and the number of weights O(Rd) x |V7£11)\ = O{(loggn)* " n/%}. m
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B.7 Proofs of Lemmas 4.1/4.3
A lemma is presented below and it is used to prove the lemmas given in Section

Lemma B.3 For any f € ]:(gz~5,m,B), one has

lim E(fpr +6(f — fan) —EfRr)
6—0t 0

> 0.

Proof. Let 6 € (0,1). Based on the definition of (¢, m, B) given in , we
can see that fo + 0(f — fo) € F(¢, m, B). Moreover E(fo +6(f — o) —E(f2) = 0Dy
the definition of f9, given in (4.14). m

Proof of Lemma Denote to = f5, (x) and t = f(z). By Taylor’s expansion

and Assumption we have

1
p(t,y) — p(to,y) = p (to,y) (t —to) + /0 271" (to + (t — to)w,y) (t — to) dw.

Moreover, by the dominated convergence theorem and Lemma [B:3]

/ P (Far(@),y) (@) — fib (x))dp(z, y)
X xY

_ / i PR 00 = T ) = 2 (Thee¥) g
XXy §—0+ )
=0t Jxxy d
~ lim E(fpp +o(f —(Sf}%/;)) —E(far) > 0.
d—0t

Therefore,

E(f)— E(f%) = /X U@~ p (fha ), 1) b,

v

/. | anlF@) = fho(e) e ) = allf = Thul
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Since [y, p'(fo(x),y)du(ylz) =0, then [, 0" (fo(z),y) (f(2) — fo(x))du(z,y) = 0. Thus,

) —E(fo) = /X U @)9) = o (fofa) p)dutas)

IA

/ bo(f () — fol@))2du(zsy) = byl|f — fol .
XxY

Proof of Lemma In the following, we will show the results in Lemma
when the loss function p (f(x),y) is the quantile loss given in (4.3]). We follow a proof

procedure from [I]. We have

E(f)—E(f) = /X Xy(p(f(m»y)—p(f%L<w>,y)>du<m,y>
- / / p (F9 (), v) )dpa(yle) dpaxc ()

Then for all x € X,

/y o (f(@),y) du(ylz)
- / Hy > f(@)}(y — f()dutylz) + (r - 1) / (v — f(@))dp(yle)
Yy %
= gl f(@) + (r—1) / ydu(y|),
Yy

where g(z,u) = [}, I{y > u}(1-p(ylz))dy+(1—7)u, and E(f)=E(f) = [y 9(, f())dpx (x)—
[y 9(, fi(x))dux (x). Denote tg = f3, (x) and t = f(x). By Taylor’s expansion, we have
g(x,t) — gz, o) = g'(z,t0)(t — to) + /0 271" (x,to + (t — to)w) (t — to)dw.

0 20 Y)_ 0
Since o(@Shy +3 f’}L)) 9@ /s () < (2 - 1)|f(x) — f9%, (x)|, by the dominated
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convergence theorem and Lemma

/X g (@, Fu (@) (f(z) — 1Y (x))dpx ()

:/ lim g(w»f%L“‘(s(f_f(}%L)) _g(m’f}%L(m))d/,LX(m)

x 6—0t
0—=0% Jxxy )
~ lim E(fpp +0(f = far) — EfAL) > 0.
6—0t 1)

The above results together with 9%g(x,u)/0u? = y'(u|x) imply that

E(f) —E(f) = /X {g(e. f(@)) — g, £ (@)} dpux (@)
1
> 27! / (f(z) — frr(x))? / g" (z. for(@) + (f(z) — fRp(®)w) dwdpx ()
X 01
_ / (@) — £ (@) / W (f% (@) + (fl@) — fo(@)wle)dwdux ()
X 0

s [ @) = hu@)Pdnx(@) = 3 11f = Fhal

v

Note that dg(x,u)/Ou|y=f, = 0 and 8?g(z,u)/Ou® = p/(u|z). Thus by Taylor’s

expansion,
E(f) —Efo) = / {9(e. (@) — gl fola))}dux (@)
1
- / (@) — fol))? / §" (. folw) + (F() — fola))w) dwdpx ()
X O1
e / (@) — fol))? / W (fol@) + (f(e) - fola))wle)dwdux (@)
X 0
< s /X (@) — fol) Pdux (@) = 5-11f — ol
| |

Proof of Lemma The proof of Lemma [4.3] follows the same procedure as

the proof of Lemma and thus it is omitted. m
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