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DISCLAIMER 

THE COMPUTER SIMULATION OF THE FORMATION OF "TWEED" 
AND MODULATED STRUCTURES IN DECOMPOSITION REACTIONS 

Sheree Chen, J. W. Morris, Jr., & A. G. Khachaturyan* 
Department of Materials Science and Mineral Engineering and 

Materials and Molecular Research Division 
Lawrence Berkeley Laboratory 

University of California, Berkeley 

ABSTRACT 
A model of coarsening in a heterogeneous ct ic alloy with cubic or 

tetragonal precipitates is proposed. According to the model the coarsen
ing is controlled by the relaxation of the elasti strain energy. The 
computer simulation of coarsening demonstrates go i agreement with elec
tron microscopic observation of the structure and diffraction pattern. 

INTRODUCTION 
Electron microscopic observations of the decomj sition of alloys 

very often reveal regular substructures which arise uring the aging 
process. These substructures are formed by new phas< precipitates whose 
positions are correlated with one another. Regular t. :uctures have been 
observed in cubic alloys containing precipitates havii ̂  either cubic or 
tetragonal structures. The morphology depends on the structure of the 
precipitate. When the precipitates are tetragonal the so-called "tweed" 
structure is formed which involves an alignment along [110] directions 
of the cubic parent phase. The "tweed" structure has been found in many 
systems such as Cu-Bel, dental Cu-Au based alloy^, Nb-O^, Ni-V^ and 
others. A typical example of the "tweed" structure is presented in Fig. 
1. Modulated structures formed by cubic precipitates in cubic matrices 
have been also observed in many papers. Unlike the "tweed" structure, 
modulated structures in this case display an alignment along [100] direc
tions with pseudopericdical spatial distributions along these directions. 
In this case, the regularity in the precipitate distribution can be so 
high that the diffraction pattern shows extra spots along [100] direc
tions on either side of the fundamental reflections, which arise from 
the pseudoperiod of the precipitate distribution. An example of a modu
lated structure and its diffraction pattern for Cu-Mn-Al alloy^ is 
shown in Fig. 2. 

The development of a regular distribution of precipitates during 
the aging process is presumed to begin from a random distribution in the 
as-quenched state. The coarsening process which occurs during aging re
sults in the aggregation of the initial precipitates through diffusional 
movement to yield the spatially correlated distributions, i.e., the for
mation of either "tweed" or modulated structure. This process is con
trolled primarily by the relaxation of the elastic strain energy which 
depends on precipitate distribution. 

*0n leave from Institute for Crystallography, USSR, Moscow 
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Fig. 1: The Tweed structure in a Fi g. 2: The modulated structure in 
Cu-2% Be alloy (Rioja & Laughlin 1 2) a Cu-Mn-Al alloy (Bouchard & Thomas') 

Previous work^ has proceeded from consideration of the elastic 
energy of specific periodical distributions of precipitates and has 
chosen those distributions which correspond to minimum elastic energy. 
This approach is, however, limited in two ways: (1) There may be other 
distributions (periodical or non-periodical) which have not been consid
ered but which provide still lower elastic strain energy. (2) Even if 
the preferred metastable periodical distribution is found, it is not cer
tain that this metastable state can be reached through the coarsening 
process. Below we consider a model of a coarsening process which is 
free from these disadvantages and which may offer a quantitative treat
ment of the formation of those regular structures obtainable through a 
simple coarsening processes. 

MODEL OF THE COARSENING PROCESS 
A coarsening process which is controlled by the relaxation of elas

tic strain energy can be described if we can find an appropriate method 
for the quantitative treatment of an arbitrary distribution of precipi
tates with arbitrary shape. This is accomplished by introducing the 
concept of an elementary particle of the new phase- the minimum size 
"brick" of the new phase. Using these "bricks" as a "construction ma
terial", we can always build up any desirable spatial distribution of 
arbitrary precipitates of the new phase. To do this we also have to in
troduce some grid lattice whose Nigner-Seitz cell coincides with the 
elementary particles in size and shape. This grid now becomes a frame
work whose Wigner-Seitz cells can be filled by the elementary particles 
in any desired order. Since the total volume of a new phase does not 
change during <_he coarsening, the total number of elementary particles 
is conserved and the coarsening influences only the spatial redistribu
tion of elementary particles over the grid lattice. 

If the symmetry of the precipitate differes from that of the macrix 
there will be several distinguishable precipitate types which differ 
from one another through their orientation relative to the matrix. In 
the context of the elastic theory of inclusions these carry stress-free 
strains E<?.(1), EP. (2) ,.. . E9 , (p) , ... which are connected to one another 
by the symmetry operations of the matrix phase. Any arbitrary config
uration (arbitrary substructure) of elementary particles (EP) can be 
described by the function £ (R) which takes the value one if an (EP) of 
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type p is at site R, and is zero otherwise. During coarsening the (EP) 
are assumed to redistribute by diffusion. We assume that each elementary 
step in the reconfiguration of the EP is one of three events: (i) trans
lation of one of the EPs to the nearest neighbor vacant site of the grid 
without change of kind, (ii) translation with a change in the kind of EP, 
(iii) change of the kind of EP without translation. It will be easily 
seen that each of these events is equivalent to the annihilation of an 
EP and the subsequent creation of an EP modified in kind or location. 

To treat the coarsening process we introduce the concept of a 
thermoelastic potential <}> (R)-the change of the total free energy (the 
sum of the bulk chemical free energy, interphase energy and elastic 
strain energy) due to the creation of an EP of the kind of p at the point 
R. Any elementary event in the evolution of the system consisting of 
the annihilation of an EP of the kind of q at site R' and creation of 
the new EP of kind p at site R (the transition (q,Rr)-> (p,R) results in 
the energy change: 

A<Kp,R;q,R' = <Kp,R)- Kq.R') (1) 
where JJ is either equal to R/ or differs from R/ by a nearest neighbor 
distance. The elementary act is thermodynamically favorable if the ther
moelastic potential is negative and unfavorable if the thermoelastic po
tential is positive. We model the step-by-step evolution of the alloy 
due to coarsening by choosing the sequence of elementary events which 
provides the maximum possible decrease of the total free energy, i.e. by 
selecting e; -h to give the minimum possible value, of the thermoelastic 
potential. 

If we assume uniform elastic constants and ignore anharmonic effects 
the thermoelastic potential for the event (p,R) given an arbitrary dis-
bution of EP may be found in the real-space form 7 

<Kp,R) = Au(P,T) + $° + q^u p q(R-R')C q(R') ( 2 ) 

where Au(p,T) is the chemical free energy change on formation of an EP of 
type p, <(>° is the elastic self-energy of the EP, and w (R-R') is a two-
body elastic interaction between an EP of type p at R and an EP of type 
q at R'. The elastic energy terms in equation (1) depend on the elastic 
constants of the matrix, the stress-free strains of the precipitates, 
and the size and shape of the EP, and may be easily calculated in the 
long-wavelength approximation through the use of Fourier transform tech
niques 8. 

COMPUTER SIMULATION OF COARSENING 
For simplicity our initial computer simulation studies have treated 

coarsening in a quasi-two-dimensional system. The term, quasi-two-dimen
sional, means that we assume that all precipitates are infinite rods nor
mal to the planar lattice simulated whose cross sections are coincident 
with the two-dimensional Wigner-Seitz cells. 

The coarsening of either tetragonal or cubic inclusions may be treated 
by making an appropriate choice of the stress-free strains e°. (p). The 
strains eo (p) f o r tetragonal precipitates in a cubic matrixJare, in the 
quasi-two-dimensional case, 2x2 tensors with non-equal principal strains 
eo and eg (>ej) along the [10] and [01] directions in the plane. Two 
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variants exist, differing in the direction associated with the strain 
E° (the tetragonal axis) which may be along [10] or [01]. The strains 
for a cubic precipitate in a cubic matrix is simpler: e = e°l, where 
1 is the 2x2 unit tensor and e° is the magnitude of the strain. In this 
case the precipitate is a simple center of dilatation and only one vari
ant exists. 

In the cubic-cubic and cubic-tetragonal cases the computer has gen
erated random distributions of EPs which are taken to be the initial, 
"as-quenched" state. Figures 3a, 3b, 3c demonstrate the development of 
the alignment along (110) directions, i.e. the development of the "tweed" 
structure during coarsening in a cubic alloy with tetragonal precipitates. 
The comparison of Fig. 3c with Fig. 1 shows excellent agreement between 
the calculated and the observed "tweed" structure. It is interesting 
to note that the calculated diffraction patterns (Fig. 3d) associated 
with elastic strain closely resemble diffraction patterns observed in 
selected area electron diffraction from the "tweed" structure. Figures 
Aa, Ab, Ac demonstrate the development of the modulated structure during 
coarsening in a cubic alloy with cubic precipitates. Comparison of Fig. 
Ac with Fig. 2 establishes the agreement between the computer simulation 
results and the electron microscopic observations. The computed diffrac
tion patterns (Fig. Aa', Ab', Ac') corresponding to the structures pre
sented in Fig. Aa to Ac demonstrate the most typical feature of the mod
ulated structure: the development of side bands on the diffraction pat
tern (extra spots situated in the directions [100] on both sides of the 
fundamental reflections). 

We conclude that the observed morphology of two-phase alloys aris
ing during aging can be reasonably well modeled as due to the relaxation 
of the elastic strain energy caused by the mismatch between the crystal 
lattices of the matrix and precipitates. It is particularly important 
to note that the spinodal-like structure obtained in the cubic-cubic 
case (Fig. 4) is obtained from the initial random distribution of pre
cipitates through direct coarsening. It does not require the continuous 
development of periodic concentration waves as is accepted in the con
ventional approach of the theory of spinodal decomposition. 

(a) (b) (c) (d) 
Fig. 3: Computer simulation of the development of the tweed structure, 

(a),(b),(c) microstructures, (d) diffraction pattern. 
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Fig. 4: Computer simulation of the development of the modulated 
structure. (a), (b), (c) microstructures. (a'), (b'), 
( c M diffraction patterns. 
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